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Foreword

This book is a source of knowledge and inspiration not only for geodesists and
mathematicians, but also for engineers in general, as well as natural scientists and
economists. Inference on effects which result in observations via linear and non-
linear functions is a general task in science. The authors provide a comprehensive
in-depth treatise on the analysis and solution of such problems. They start with
the treatment of underdetermined or/and overdetermined linear systems by methods
of minimum norms, weighted least squares and regularization, respectively. Con-
sidering the observations as realizations of random variables leads to the question
of how to balance bias and variance in linear stochastic regression estimation.
In addition, the causal effects are allowed to be random (general linear Gauss–
Markov model of estimation and prediction), even the model function; conditions
are allowed, too (Gauss–Helmert model). Nonlinear functions are comprehended via
Taylor expansion or by their special structures, e.g., within the context of directional
observations.

The self-contained monograph is comprehensive in its inclusion of the more
fundamental elements of the topic to the state of the art, complemented by
an extensive list of references. All chapters have an introduction, often with
an indication of fast track reading and with an explanation addressed to non-
mathematicians which are of interest also to me as a mathematician. The book
contains a great variety of case studies and numerical examples ranging from
classical geodesy to dynamic systems theory. The background and much more
is provided by appendices dealing with linear algebra, probability, statistics and
stochastic processes as well as numerical methods. The presentation is lucid and
elegant, with historical remarks and humorous interpretations, such that I took great
pleasure in reading the individual chapters.

I wish all readers of this brilliant encyclopaedic book this pleasure and much
benefit.

Prof. Dr. Harro Walk
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Preface

“Probability does not exist”, such a statement is at the beginning of the book by
B. de Finetti dedicated to the foundation of probability, nowadays called “probability
theory”. We believe that such a statement is overdone. The target of the reference
is made very clear, namely the analysis of the random effects or of a random
experiment. The result of an experiment like throwing dice or a LOTTO outcome is
not predictable. Such an indeterminism is characteristic analysis of an experiment.
In general, we analyze here nonlinear relations between random effects, maybe
stochastic or not. Obviously, the center of interest is on linear models, which are
able to approximate nonlinear relations. There are typical nonlinear models, which
cannot be linearized. Our experimental world is divided into linear or linearized and
nonlinear models. Sometimes, nonlinear models can be transformed into polynomial
equations, also called algebraic, which allow a rigorous solution set. A prominent
example is the resection problem of overdetermined type. If we are able to express
the characteristic rotation matrix between reference frames by quaternions, an
algebraic equation of known high order arrives. But, in contrast to linear models,
there exist a whole world of solutions, which have to be discussed. P. Lohse
presented in his Ph.D thesis wonderful examples of which we refer.

A.N. Kolmogorov founded the axiomatic (mathematical) theory of probability.
Typical for the axiomatic treatment, there are special rules relating to measure
theory. Here, we only refer to excellent introductions of measure theory, for instance
H. Bauer (1992), J. Elstrodt (2005) or W. Rudin (1987). Of course, there are very
good textbooks on the theory of probability, for instance H. Bauer (2002), K.L.
Chung (2001), O. Kallenberg (2002), M. Loeve (1977), and A.N. Shiryaev (1996).

It is important to inform our readers about these many subjects, which are not
treated here: robust estimation, Bayes statistics (only examples), stochastic integra-
tion, IT OO stochastic processes, stochastic signal processing, martingales, Markov
processes, limit theorems for associated random fields, modeling, measuring, and
managing risks, genetic algorithms, chaos, turbulence, fractals, neural networks,
wavelets, Gibbs field, Monte Carlo, and many, indeed very important subjects. This
statement refers to an overcritical reviewer who complained of the subject, which we
did not treat. Unfortunately we had to strongly restrict our subjects. Our contribution
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is only an atom in the 108 atoms.

What will be treated?

It is the task of the observer or the designer to decide: what is the best fit between
a linear or nonlinear model or the “real world” of the observer. Both types of analysis
have to make an a priori statement about a lot of facts.

• “Are the observations random or not, a stochastic effect or a fixed effect?”
• “What are the parameters in the model space or would you prefer a ‘model free’

concept?”
• “What is the nature of the parameters, random effects or fixed effects?”
• “Could you find the conditions between the observations or between the param-

eters? What is the nature of the conditions, linear or nonlinear, random or not?”
• “What is the bias between the model, and its estimation or prediction?”

There are various criteria, which characterize the observation space or the
parameter space:

linear or nonlinear, estimation theory, linear and nonlinear distributions,
lr � optimality, (LESS: l2), restrictions, mixed models of fixed and random
effects, zero-, first-, and second order design, nonlinear statistics on curved
manifolds, minimal bias estimation, translational invariance, total least squares,
generalized least squares, minimal distance estimation, optimal design, and
optimal prediction.

Of key interest is to find equivalence lemmas, for instance: Assume direct
observations. Then a least squares fit (LESS) is equivalent to a best linear uniformly
unbiased estimation (BLUUE).

The Chap. 1 deals with the first problem of algebraic regression, the consistent
system of linear observational equations or a system of underdetermined linear
equations. From the first page, examples onwards, we treat MINOS and the
“horizontal rank partitioning”. In detail, we give the eigenvalue decomposition
of weighted minimum norm solution. Examples are FOURIER series, FOURIER-
LEGENDRE series including the NYQUIST frequency for special data. Special
nonlinear models with datum defects in terms of Taylor polynomials and the
generalized Newton iterations are introduced.

The Chap. 2 is based on the special first problem, the bias problem expressed
by the Equivalence Theorem of the adjusted minimum norm solution (Gx-MINOS)
and linear uniformly minimum biased estimator (S-LUMBE).

The second problem of algebraic regression, namely solving an inconsistent
system of linear observational equations as an overdetermined system of linear
equations is extensively treated in Chap. 3. We start with a front example for the
Least Squares Solution (LESS). Indeed we discuss alternative solutions depending
on the metric of the observation space like Second Order Design, the Taylor-
Karman structure, an optimal choice of the weight matrix and the Fuzzy sets.
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By an eiqenvalue decomposition ofGy-LESS, we introduce “canonical LESS”. Our
case studies range from partial redundancies, latent conditions, the theory of high
leverage points versus breaking points, direct and inverse Grassman coordinates
and PLÜCKER coordinates. We conclude with historical notes on C.F. Gauss, A.M.
Legendre and generalizations.

In another extensive review, we concentrate on the second problem of proba-
bilistic regression, namely the special Gauss–Markov model without datum defect
of Chap. 5. We set up the best, linear, uniformly unbiased estimator (BLUUE) for
moments of the first order and the best, quadratically uniformly unbiased estimator
for the central moments of the second order (BIQUUE). We depart again from
a detailed example BLUUE and BIQUUE. We set up ˙y-BLUUE and note the
Equivalence Theorem of Gy-LESS and ˙y-BLUUE. For BIQUUE, we study the
block partitioning of the dispersion matrix, the invariant quadratic estimation of
types IQE, IQUUE, HIQUUE versus HIQE according to F.R. Helmert, variance-
component estimation, simultaneous estimation of the first moments and the second
central moments, the so called E-D correspondence, inhomogeneous multilinear
estimation, and BAYES design of moments estimation.

The third problem of algebraic regression of Chap. 5 is defined as the problem to
solve inconsistent systems of linear observation equations with datum defect as an
overdetermined and indetermined system of linear equations. In the introduction,
we begin with the front page example, subject to the minimum norm- least squares
solution of the front page example, namely by the technique of additive rank
partitioning as well as multiplicative rank partitioning. In more detail, we present
MINOS in the second section including the weights of the MINOS as well as LESS.
Especially, we interpret Gy;Gx-MINOS in terms of the generalized inverse. By
eigenvalue decomposition, we find the solution toGy;Gx-MINOS. A special section
is devoted to total least squares in terms of ˛-weighted hybrid approximate solution
(˛-HAPS) within Tykhonov-Phillips regularization.

The third problem of probabilistic regression as a special Gauss–Markov model
with datum problem is treated in Chap. 6. We set up best linear minimum unbiased
estimators of type BLUMBE and best linear estimators of type hom BLE, hom S-BLE
and hom-˛-BLE depending on the weight assumption for the bias. For example, we
introduce continuous networks of first and second derivatives. Finally, we discuss
the limit process of discrete network into continuum.

The overdetermined system of nonlinear equations on curved manifolds in
Chap. 7 is presented for inconsistent system of directional observation equations,
namely by minimal geodesic distance (MINGEODISC). A special example is
the directional observation from circular normal distribution of type von MISES-
FISHER with a note of angular metric.

Chapter 8 is relating to the fourth probabilistic regression as a setup of type BLIP
and VIP for the central moments of first order. We begin the definition of a random
effect model according to our magic triangle. Three examples relate to

(i) Nonlinear error propagation with random effect components
(ii) Nonlinear vector-valued error propagation with random effect in

Geoinformatics
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(iii) Nonlinear vector-valued error propagation for distance measurements
including HESSIANS.

The fifth problem of algebraic regression in Chap. 9 is defined as solving
conditional equations of type homogeneous and inhomogeneous.

Alternatively, the fifth problem of probabilistic regression in Chap. 10 is treated
as inhomogeneous general linear GAUSS–MARKOV model including fixed and
random effects. In an explicit representation of errors in the general GAUSS–
MARKOV model with mixed effects, we present an example, “collocation”. Our
comments relate to the KOLMOGOROV–WIENER prediction and more up-to-date
literature.

The sixth problem of probabilistic regression in Chap. 11 is defined as a special
random effect model called “error-variables”. Here, we assume with respect to the
second order statistics the first order design matrix to be random. Another name
for this is the Total Least Squares as an algebraic analogue. At first, we relate
the Total Least Squares to the nonlinear system “error-in-variables”. Secondly, we
introduce the models SIMEX and SYMEX from the approach of Carroll–Cook–
Stefanski–Polzehl–Zwanzig depending on the variance-covariance matrix of the
random effects.

As special problem of nonlinearity, we treat the popular 3d-datum transformation
and the PROCRUSTES Algorithm in Chap. 12.

As the sixth problem of generalized algebraic regression, we introduce finally the
GAUSS–HELMERT problem as a system of conditional equations with unknowns.
One part is the variance-covariance estimation Dfyg, second the variance-
covariance model of conditional equations, and finally the complete conditional
equations with unknown in the third model AxC By D C. As a result of Chap. 13,
we present the block-structure of the dispersion matrix.

As special problems of algebraic regression as well as stochastic estimation, we
treat in Chap. 14 the multivariate GAUSS–MARKOV model, especially the n-way
classification model and dynamical systems.

We conclude with algebraic solution of systems of equations of type linear,
bilinear, quadratic and so on referring to combinatoric subsets, the GROEBNER
basis method, and the Multipolynomial resultants in Chap. 15.

A very important part of our contribution is included in the appendices. Appendix
A is an introduction to tensor algebra, linear algebra, matrix algebra as well
as multilinear algebra. Topics are multilinear functions and their decomposition,
matrix algebra and the Hodge star operator including self duality. But the major
parts in linear algebra are “Ass”, “Uni”, and “Comm”, Rings, spaces, division
algebra, Lie algebra, de Witt algebra, composition algebra, generalized inverse,
special matrix like Helmert, Hankel, Vandemonte, scalar measures of matrices,
complex algebra, quaternion algebra, octonian algebra, and Clifford algebra.

A short introduction is given on sampling distribution and their uses in con-
fidence intervals and confidence region in Appendix B. Sampling distribution for
the GAUSS–LAPLACE normal distribution and its generalization to the multidi-
mensional GAUSS–LAPLACE normal distribution as well as the distribution of the
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sample mean and variance-covariance matrix including the correlation coefficients
are reviewed.

An introduction into statistical notions, random events and stochastic processes
in Appendix C range from the moment representation of a probability, the GAUSS–
LAPLACE and other normal distributions, to error propagation, scalar-, vector-
and tensor valued stochastic processes of one- and multiparameter systems. Simple
examples of one parameter include (i) cosine oscillation with random amplitudes
and phases (ii) superposition of two uncorrelated random functions (iii) pulse
modulation, (iv) random sequences with constant and moving averages of type
ARMA (r,s), (v) WIENER processes, (vi) special analysis of the parameter sta-
tionary and non-stationary stochastic processes with discrete and continuous
spectrum white and coloured noise with band limitation, (vii) multiparameter
systems homogeneous and isotropic multipoint systems are given. Examples are
(i) two-dimensional EUCLIDEAN networks, (ii) criterion matrices, (iii) space
gravity spectroscopy based on the TAYLOR-KARMAN structures, (iv) nonlinear
prediction and (v) nonlocal time series analysis.

Appendix D is devoted to GROEBNER basis algebra, the BUCHBERGER
Algorithm, and C.F. GAUSS combinatorial formulation.
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Chapter 1
The First Problem of Algebraic Regression

Consistent system of linear observational equations – underdetermined
system of linear equations: Ax D yjA 2 R

n�m; y 2 R.A/ � rkA D n; n D
dim 2 R.

The optimisation problem which appears in treating underdetermined linear
system equations and weakly nonlinear system equations is a standard topic in many
textbooks on optimisation. Here we define a nearly nonlinear system of equations
as a problem which allows Taylor expansion. We start in the first section with a
front example, the transformation of a threedimensional parameter space into a
twodimensional observation space. The Minimum Norm Solution, in short MINOS,
leads to the solution (1.21) and (1.22). We determine as an example the range and
the kernel of the mapping, namely by “horizontal rank partitioning”. In particular,we
refer to three types of analysis of underdetermined linear systems : (i) algebraic,
(ii) geometric and (iii) set theoretical. The second section is based on a review
of Minimum Norm Solution of an underdetermined linear system, for instance
using the reflexive generalized inverse called RAO’s Pandora Box. (C.R. Rao and
S.K.Mitra 1971 : pages 44-47, “three basic g-inverses, section 3.1 : minimum norm
solution). We apply the method of Lagrange multiplyer, or the Implicit Function
Theorem, or the theory of extrema with side conditions. The numerical example is
the eigenspace -eigenvector decomposition , namely the left and right eigenspace
elements. While the theory of solving rank deficient linear equations is well known
since the seventeenth of the 20st century, it is not so for many important applications.

Beside economical model theory we present applications in (i) Fourier series
and (ii) Fourier-Legendre series enriched by NYQUIST Frequency Analysis of
spherical data. For instance, for data on a grid 5 minutes by 5 minutes of arc
resulting in n D 9,331,200 observations the NYQUIST Frequency N(f) D 2,160
as a limit when we develop the series by degree and order. Example (iii) introduces
Taylor polynomials and generalized Newton iteration, namely in applying within
twodimensial network analysis,in particular linearized models with Datum Defects.
Such a problem arises when we have measured distances and want to derive absolute
coordinates of network stations. Finally, as example (iv) we take reference of the
General Datum Problem in R(n) including coordinate differences, distances, angles,
angle ratios, cross-ratios and area elements presented in an extended reference list.

E. Grafarend and J. Awange, Applications of Linear and Nonlinear Models,
Springer Geophysics, DOI 10.1007/978-3-642-22241-2 1,
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2 1 The First Problem of Algebraic Regression

Fast track reading: read only Lemma 1.3. Compare with the guideline of Chap. 1.

The minimum norm solution of a system of consistent linear equations Ax D y
subject to A 2 R

n�m, rkA D n; n < m, is presented by Definition 1.1, Lemma 1.2,
and Lemma 1.3. Lemma 1.4 characterizes the solution of the quadratic optimization
problem in terms of the (1, 2, 4)-generalized inverse, in particular the right inverse.
The system of consistent nonlinear equations Y D F.X/ is solved by means of two
examples. Both examples are based on distance measurements in a planar network,
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namely a planar triangle. In the first example, Y D F.X/ is linearized at the point
x, which is given by prior information and solved by means of Newton iteration.
The minimum norm solution is applied to the consistent system of linear equations
4y D A4x and interpreted by means of first and second moments of the nodal
points. In contrast, the second example aims at solving the consistent system of
nonlinear equations Y D F.X/ in a closed form.

Since distance measurements as Euclidean distance functions are left equivariant
under the action of the translation group as well as the rotation group – they are
invariant under translation and rotation of the Cartesian coordinate system – at first
a TR-basis (translation-rotation basis) is established. Namely the origin and the axes
of the coordinate system are fixed. With respect to the TR-basis (a set of “free
parameters” has been fixed), the “bounded parameters” are analytically fixed. Since
no prior information is built in, we prove that two solutions of the consistent system
of nonlinear equations Y D F.X/ exist. The mapping y 7�! X/ is 1 7�! 2. In the
chosen TR-basis the solution vector X is not of minimum norm. Accordingly, we
apply a datum transformation X 7�! X/ of type “group of motion” (decomposed
into the translation group and the rotation group). The parameters of the “group
of motion” (2 for translation, 1 for rotation) are determined under the condition of
minimum norm of the unknown vector x, namely by means of a special Procrustes
algorithm. As soon as the optimal datum parameters are determined, we are able to
compute the unknown vector x, which is minimum norm. Finally, the notes are an
attempt to explain the origin of the injectivity rank deficiency, namely the dimension
of the null space N .A/;m�rkA of the consistent system of linear equations subject
to A 2 R

n�m and rkA D n; n < m as well as of the consistent system of nonlinear
equations subject to a Jacobi matrix J 2 R

n�m, rkJ D n; n < m D dimX. The
fundamental relation to the datum transformation, also called transformation groups
(conformal group, dilatation group (scale), translation group, rotation group, and
projective group), as well as to the “soft” Implicit Function Theorem is outlined.

By means of a certain algebraic objective function which geometrically are
called minimum distance functions, we solve the first inverse problem of linear
and nonlinear equations, in particular of algebraic type, which relate observations
to parameters. The system of linear or nonlinear equations we are solving here
is classified as underdetermined. The observations, also called measurements, are
elements of a certain observation space Y of integer dimension dimY D n, which
may be metrical, especially Euclidean, pseudo-Euclidean, in general a differentiable
manifold. In contrast, the parameter space X of integer dimension dimX D m is
metrical as well, especially Euclidean, pseudo-Euclidean, in general a differentiable
manifold, but its metric is unknown. A typical feature of algebraic regression is the
fact that the unknown metric of the parameter space X is induced by the functional
relation between observations and parameters.

We shall outline three aspects of any discrete inverse problem: (i) set-theoretic
(fibering), (ii) algebraic (rank partitioning, IPM, the Implicit Function Theorem)
and (iii) geometrical (slicing). Here, we treat the first problem of algebraic regres-
sion. A consistent system of linear observational equations, which is also called
underdetermined system of linear equations (“more unknowns than equations”), is
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Fig. 1.1 The trinity

solved by means of an optimization problem. The following introduction presents
us a front page example of two inhomogeneous linear equations with unknowns. In
terms of five boxes and five figures, we review the minimum norm solution of such
a consistent system of linear equations which is based upon the trinity that is shown
in Fig. 1.1.

1-1 Introduction

With the introductory paragraph, we explain the fundamental concepts
and basic notions of this section. For you, the analyst, who has the
difficult task to deal with measurements, observational data, modeling,
and modeling equations, we present numerical examples and graphical
illustrations of all abstract notions. The elementary introduction is written
not for a mathematician, but for you, the analyst, with limited remote control
of the notions given hereafter. May we gain your interest.

Assume an n-dimensional observation space Y, here a linear space parameterized
by n observations (finite, discrete) as coordinates yD Œy1; : : : ; yn�0 2 R

n in which
an r-dimensional model manifold is embedded (immersed). The model manifold is
described as the range of a linear operator Of from an m-dimensional parameters
space X into the observation space Y. The mapping f is established by the
mathematical equations which relate all observables to the unknown parameters.
Here, the parameters space X, the domain of the linear operator Of , will be restricted
also to a linear space which is parameterized by coordinates x D Œx1; : : : ; xn�0 2 R

n.
In this manner, the linear operator Of can be understood as a coordinate mapping

of type A W x 7�! y D Ax. The linear mapping f W X �! Y is geometrically
characterized by its range R.f /, namely R.A/, defined by R.f / WD fy 2 Y j
y D f .x/8x 2 Xg, which in general is a linear subspace of Y, and its null space
defined by N .f / WD fy 2 Y j f .x/ D 0g. Here, we restrict the rangeR.f /, namely
R.A/, to coincide with the n D r-dimensional observation space Y such that
y 2 R.f /, namely y 2 R.A/. Note that Example 1.1 will therefore demonstrate the
range space R.f /, namely R.A/, which coincides here with the observation space
Y (f is surjective or “into”) as well as the null space N .f /, namely N .A/, which
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is not empty (f is not injective or “one-to-one”). Furthermore, note that Box 1.1
will introduce the special linear model of interest. By means of Box 1.2, it will be
interpreted as a polynomial of degree two based upon two observations and three
unknowns, namely as an underdetermined system of consistent linear equations.
Box 1.3 reviews the formal procedure in solving such a system of linear equations
by means of “horizontal” rank partitioning and the postulate of the minimum norm
solution of the unknown vector. In order to identify the range space R.A/, the
null space N .A/, and its orthonormal compliment N?.A/, Box 1.4 by means of
algebraic partitioning (“horizontal” rank partitioning) outlines the general solution
of a system of homogeneous linear equations approaching zero. With a background,
Box 1.5 presents the diagnostic algorithm for solving an underdetermined system
of linear equations. In contrast, Box 1.6 is a geometric interpretation of a special
solution of a consistent system of inhomogeneous linear equations of type MINOS
(minimum norm solution). The g-inverse A�m of type MINOS is characterized by
three conditions collected in Box 1.7. Moreover, note that Fig. 1.2 illustrates the
range space R.A/, while Figs. 1.3 and 1.4 demonstrate the null space N .A/ as
well as its orthogonal compliment N?.A/. Figure 1.5 illustrates the orthogonal
projection of an element of the null space N .A/ onto the range space R.A�/.
In terms of fibering, the set of points of the parameter space as well as of the
observation space, Fig. 1.6 introduces the related Venn diagrams.

1-11 The Front Page Example

Example 1.1. (Polynomial of degree two, consistent system of linear equa-
tions, i.e. fAx D y;x 2 X D R

m;dimX D mI y 2 Y D R
n;dimY D n; r D

rkA D dimYg.

As a front page example, consider the following front page consistent system of
linear equations:

x1 C x2 C x3 D 2
x1 C 2x2 C 4x3 D 3

(1.1)

Obviously, in general, it deals with the linear space X D R
m 3 x; dimX D m, here

m D 3, called the parameter space, and the linear space Y D R
n 3 y; dimY D n,

here n D 2, called the observation space.

1-12 The Front Page Example: Matrix Algebra

By means of Box 1.1 and according to A. Cayley’s doctrine, let us specify (1.1) in
terms of matrix algebra.



6 1 The First Problem of Algebraic Regression

Box 1.1. (A special linear model: polynomial of degree two, two observa-
tions, and three unknowns).

y D
�
y1
y2

�
D
�
a11 a12 a13
a21 a22 a23

�24x1x2
x3

3
5

”

x D Ax W
�
2

3

�
D
�
1 1 1

1 2 4

�24x1x2
x3

3
5

”

(1.2)

x0 D Œx1; x2; x3�; y0 D Œy1; y2� D Œ2; 3�
x 2 R

3�1; y 2 ZC�2�1 � R
2�1 (1.3)

A W D
�
1 1 1

1 2 4

�
2 ZC�2�3 � R

2�3

r D rkA D dimY D n D 2
(1.4)

The matrix A 2 R
n�m is an element of Rn�m, the n � m array of real numbers.

dimX D m defines the number of unknowns (here m D 3) and dimY D n defines
the number of observations (here n D 2). A mapping { is called linear if f .x1 C
x2/D f .x1/ C f .x2/ holds. Beside the range R.f /, the range space R.A/, the
linear mapping is characterized by the kernel N .f / WD fx 2 R

njf .x/ D 0g, the
null space N .A/ WD fx 2 R

mjA§ D 0g to be specified later on.

Why is the front page consistent system of linear equations to be
considered here called underdetermined? Just observe that we are left
with only two linear equations for three unknowns Œx1; x2; x3�. Indeed, the
system of inhomogeneous linear equations is underdetermined. Without
any additional postulate, we shall be unable to inverse those equations
for Œx1; x2; x3�. In particular, we shall outline how to find such an additional
postulate.

Beforehand, we here have to introduce some special notions that are known from
operator theory. Within matrix algebra, the index of the linear operator A is the
rank r D rkA, here r D 2, which coincides with the dimension of the observation
space, here n D dimY D 2. A system of linear equations is called consistent if
rkA D dimY. Alternatively, we say that the mapping f W x 7�! y D f .x/ 2 R.f /
or A W x 7�! A§ D † 2 R.A/ takes an element x 2 X into the range R.f / or R.A/,
also called the column space of the matrix A: compare with (1.5). Here, the column
space is spanned by the first column c1 and the second column c2 of the matrix A,
the 2 � 3 array: compare with (1.6). The right complementary index of the linear
operator A 2 R

n�m accounts for the injectivity defect that is given by d D m::rkA
(here d D m::rkA D 1). Injectivity relates to the kernel N .f / or the null space we
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shall constructively introduce later on.

f W x 7�! y D f .x/; f .x/ 2 R.f /;
A W x 7�! Ax D y; y 2 R.A/; (1.5)

R.A/ D span

��
1

1

�
;

�
1

2

��
: (1.6)

How can such a linear model of interest, namely a system of consistent linear
equations, be generated? Let us assume that we have observed a dynamical system
y(t) which is represented by a polynomial of degree two with respect to time
t 2 R, namely y.t/ D x1 C x2t C x3t

2. Due to y D 2x3, it is a dynamical
system with constant acceleration or constant second derivative with respect to
time t. The unknown polynomial coefficients are collected in the column array
x D Œx1; : : : ; xn�0; x 2 X D R

3; dimX D 3. They constitute the coordinates of the
three-dimensional parameter space X. If the dynamical system y.t/ is observed
at two instants, say y.t1/ D y1 D 2 and y.t2/ D y2 D 3, say at t1 D 1

and t2 D 2, respectively, and if we collect the observations in the column array
y D Œy1; y2�0 D Œ2; 3�0; y 2 Y D R

2; dimY D 2, they constitute the coordinates of
the two-dimensional observation space Y. Thus, we are left with a special linear
model interpreted in Box 1.2.

Box 1.2. (A special linear model: polynomial of degree two, two observa-
tions, and three unknowns).

y D
�
y1
y2

�
D
"
1 t1 t

2
1

1 t2 t
2
2

#2
4x1x2
x3

3
5

”
(1.7)

t1 D 1; y1 D 2
t2 D 2; y2 D 3 W�

2

3

�
D
�
1 1 1

1 2 4

�24x1x2
x3

3
5

�

(1.8)

y D Ax
r D rkA D dimY D n D 2 (1.9)

In the next section, let us begin with a more detailed analysis of the linear
mapping f WAx D y, namely of the linear operator A 2 R

n�m; r D rkA D dimY D
n. We shall pay special attention to the three fundamental partitioning, namely
(i) algebraic partitioning, called rank partitioning of the matrix A, (ii) geometric
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partitioning, called slicing of the linear space X, and (iii) set-theoretical partitioning,
called fibering of the domain D.f /.

1-13 The Front Page Example: MINOS, Horizontal Rank
Partitioning

Let us go back to the front page consistent system of linear equations, namely the
problem to determine three unknown polynomial coefficients from two sampling
points which we classified as an underdetermined one. Nevertheless we are able to
compute a unique solution of the underdetermined system of inhomogeneous linear
equations Ax D y; y 2 R.A/ or rkA D dimY, here A 2 R

2�3, x 2 R
3�1, y 2

R
2�1, if we determine the coordinates of the unknown vector x of minimum norm

(minimal Euclidean length, l2 � norm), here kxk21 D xx D x21 C x22 C x23 D min.
Box 1.3 outlines the solution of the related optimization problem.

Box 1.3. (MINOS (minimum norm solution) of the front page consistent
system of inhomogeneous linear equations, horizontal rank partitioning).

The solution of the optimization problem kxk2I D minxAx D yI rkA D dimYg

is directly based upon the horizontal rank partitioning of the linear mapping f W
x 7�! y D Ax; rkA D dimY, which we already have introduced. As soon as
x1 D �A1

1A2x2CA1
1y is implemented in the norm kxk2I , we are prepared to compute

the first derivatives of the unconstrained Lagrangean (1.10), which constitutes the
necessary conditions. (The theory of vector derivatives is presented in Appendix B.)
Following Appendix A, which is devoted to matrix algebra, namely applying .IC
AB/�1A D A.ICBA/�1 and .BA/�1 D A�1B�1 for appropriate dimensions of the
involved matrices such that the identities (1.12) hold, we finally derive (1.13).

L.x1; x2/ D kxk21 D x21 C x22 C x23
D .y �A2x2/0.A1A1

0/�1..y �A2x2//C x20x2
D y0.A1A1

0/�1y�2x20A2.A1A1
0/�1yCx20A2

0.A1A1
0/�1A2x2Cx20x2

D minx

@L
@x2

.x2m/ D 0 (1.10)

”

�A2
0.A1A1

0/�1yC ŒA2
0.A1A1

0/�1A2 C I�x2m D 0
”

x2m D ŒA2
0.A1A1

0/�1A2 C I��1A2
0.A1A1

0/�1y;
(1.11)
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x2m D ŒA2
0.A1A1

0/�1A2 C I��1A2
0.A1A1

0/�1y
D A2

0.A1A1
0/�1ŒA2A2

0.A1A1
0/�1 C I��1y

D A2
0ŒA2A2

0.A1A1
0/�1 C I��1.A1A1

0/�1y;
(1.12)

x2m D A2
0.A1A1

0 C A2A2
0/�1y (1.13)

The second derivatives that are given by (1.13), due to positive-definiteness of
the matrix A2

0.A1A1
0/�1A2C I, generate the sufficiency condition for obtaining the

minimum of the unconstrained Lagrangean. Carrying out the backward transform
x2m 7�! x1m D �A�1

1 A2x2 C A�1
1 y, we obtain (1.15).

@2L
@x2@x20 .x2m/ D 2ŒA2

0.A1A1
0/�1A2 C I� > 0; (1.14)

x2m D A�1
1 A2A2

0.A1A1
0 C A2A2

0/�1yC A�1
1 y: (1.15)

Let us additionally right multiply the identity A1A1
0 D �A2A2

0C .A1A1
0CA2A2

0/
by .A1A1

0 C A2A2
0/�1, such that (1.16) holds, and left multiply by A1

0, such that
(1.17) holds. Obviously, we have generated the linear forms (1.18)–(1.20).

A1A1
0.A1A1

0 C A2A2
0/�1 D �A2A2

0.A1A1
0 C A2A2

0/�1 C I; (1.16)

A1
0.A1A1

0 C A2A2
0/�1 D A�1

1 A2A2
0.A1A1

0 C A2A2
0/�1 C A�1

1 ; (1.17)

x1m D A1
0.A1A1

0 C A2A2
0/�1y;

D A2
0.A1A1

0 C A2A2
0/�1y

(1.18)

�
x1m
x2m

�
D
�

A1
0

A2
0
�
.A1A1

0 CA2A2
0/�1y (1.19)

xm D A0.AA0/�1y (1.20)

The following relations supply us with a numerical computation with respect to the
introductory example.

.A1A1
0 CA2A2

0/ D
�
3 C7
C7 21

�
; .A1A1

0 CA2A2
0/�1 D

2
4 21 �7
�7 3

3
5

A1
0.A1A1

0 C A2A2
0/�1 D 1

14

�
14 �4
7 �1

�
; A2

0.A1A1
0 C A2A2

0/�1 D 1

14
Œ�7; 6� ;

(1.21)
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x1m D
�
3=7

11=14

�
; x2m D 1=14; kxmkI D 3

p
42=14;

@2L
@x2@x20 .x2m/ D 28 > 0; (1.22)

y.t/ D 8

7
C 11

14
t C 1

14
t2: (1.23)

In the next section, let us go into the detailed analysis of R.f /, N .f /, and N?.f /
with respect to the front page example. Actually how can we identify the range space
R.A/, the null space N .A/ or its orthogonal complement N?.A/.

1-14 The Range R.f / and the Kernel N .f /

The range space R.A/ is conveniently described by the first column c1 D Œ1; 1�0
and the second column c2 D Œ1; 2�0 of the matrix A, namely 2-leg with respect
to the orthogonal base vector e1 and e2, respectively, attached to the origin O.
Symbolically, we write the 2-leg in the form (1.24). Symbolically, we write R.A/
in the form (1.25). As a linear space, R.A/ � y is illustrated by Fig. 1.2.

fe1 C e2; e1C 2e2jOg or fec1; ec2jOg I (1.24)

R.A/ D span Œe1 C e2; e1C 2e2jO� : (1.25)

By means of Box 1.4, we identify N .f / or the null space N .A/ and give its
illustration by Fig. 1.2. Such a result has paved the way to the diagnostic algorithm
for solving an underdetermined system of linear equations by means of rank
partitioning presented in Box 1.5.

Box 1.4. (General solution of a system of homogeneous linear equations
Ax D 0, horizontal rank partitioning).

ec1

ec2

y

e1

e2

O

1

1
Fig. 1.2 Range R.f /, range
space R.A/, y 2 R.A/
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The matrix A is called horizontally rank partitioned if (1.26) holds. (In the
introductory example, A 2 R

2�3, A1 2 R
2�2, A2 2 R

2�1, and d.A/ D 1 applies.)
A consistent system of linear equations Ax D y; rkA D dimY is horizontally rank
partitioned if (1.27) for a partitioned unknown vector (1.28) applies.

A 2 R
n�m ^A D ŒA1;A2�

8<
:
r D rkA D rkA1 D n;
A1 2 R

n�r ;A2 2 R
n�d ;

d D d.A/ D m � rkA;
(1.26)

Ax D y; rkA D dimY” A1x1 C A2x2 D y; (1.27)
�

x 2 R
n�m ^ A D

�
x1
x2

�
jx1 2 R

r�1; x2 2 R
d�1

�
: (1.28)

The horizontal rank partitioning of the matrix A as well as the horizontally rank
partitioned consistent system of linear equations Ax D y; rkA D dimY of the
introductory example is

A D
�
1 1 1

1 2 4

�
; A1 D

�
1 1

1 2

�
; A2 D

�
1

4

�
; (1.29)

Ax D y; rkA D dimY” A1x1 C A2x2 D y;

x1 D Œx1; x2� 2 R
r�1; x2 D Œx3� 2 R;�

1 1

1 2

� �
x1
x2

�
C
�
1

4

�
x3 D y:

(1.30)

By means of the horizontal rank partitioning of the system of homogenous linear
equations, an identification of the null space (1.31) is provided by (1.32). In
particular, in the introductory example, we are led to (1.33) and (1.34).

N .A/ D fx 2 R
mjAx D A1x1 C A2x2 D 0g ; (1.31)

A1x1 C A2x2 D 0” x1 D �A�1
1 A2x2; (1.32)

�
x1
x2

�
D
�
2 �1
�1 1

� �
1

4

�
x3; (1.33)

x1 D 2x3 D 2�; x2 D �3x3 D �3�; x3 D �: (1.34)

Here, the two equations Ax D 0 for any x 2 X D R
2 constitute the linear space

N .A/; dimN .A/ D 1, a one-dimensional subspace of X D R
2. For instance, if

we introduce the parameter x3 D � , the other coordinates of the parameter space
X D R

2 amount to x1 D 2x3 D 2�; x2 D �3x3 D �3. In geometric language, the
linear space N .A/ is a parameterized straight line L10 through the origin O illustrated
by Fig. 1.3. The parameter space X D R

r (here r = 2) is sliced by the subspace, the
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Fig. 1.3 The parameter
space X D R

3 (x3 is not
displayed) sliced by the null
space, the linear manifold
N .A/ D L

1
0 � R

2

linear space N .A/, also called linear manifold, and dimN .A/ D d.A/ D d (here a
straight line L10 through the origin O).

In the following section, let us consider the interpretation of MINOS by the three
fundamental partitionings: algebraic (rank partitioning), geometric (slicing), and
set-theoretical (fibering).

1-15 The Interpretation of MINOS

The diagnostic algorithm for solving an underdetermined system of linear equations
Ax D y, rkA D dimY D n, n < m D dimX; y 2 R.A/ by means of rank
partitioning is presented to you in Box 1.5 While we have characterized the general
solution of the system of homogenous linear equations Ax D 0, we are left with
the problem of solving the consistent system of inhomogeneous linear equations.
Again, we take advantage of the rank partitioning of the matrix A summarized in
Box 1.6.

Box 1.5. (A diagnostic algorithm for solving an underdetermined system of
linear equations by means of rank partitioning).

A diagnostic algorithm for solving an underdetermined system of linear equa-
tions AxD y, rkAD dimY; y2R.A/ by means of rank partitioning is immediately
introduced by the following chain of statements.

Determine the rank of the matrix A W
rkA D dimY D n:

+

Compute the horizontal rank partitioning W
A D ŒA1; A2�; A1 2 R

r�r D R
n�n; A2 2 R

n�.m�r/ D R
n�.m�n/

m � r D m � n is called right complementary index.
A as a linear operator is not injective, but surjective.

+
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Compute the null space N .A/ W
N .A/ D fx 2 R

mjAx D 0g D fx 2 R
mjx1 C A�1

1 A2x2 D 0g:
+

Compute the unknown parameter vector of type MINOS:
xm D A0.AA0/�1y:

Box 1.6. (A special solution of a consistent system of inhomogeneous linear
equations Ax D y, horizontal rank partitioning).

Ax D y
�
rkA D dimY

y 2 R.A/ ” A1x1 C A2x2 D y (1.35)

Since the matrix A1 is of full rank, it can be regularly inverted (Cayley inverse). In
particular, we solve for x1:

x1 D �A�1
1 A2x2 C A�1

1 y (1.36)

or

�
x1
x2

�
D
�
2 �1
�1 1

� �
1

4

�
x3 C

�
2 �1
�1 1

� �
y1
y2

�
; (1.37)

x1 D 2x3 C 2y1 � y2; x2 D �3x3 � y1 C y2: (1.38)

For instance, if we introduce the parameter x3 D � , the other coordinates of the
parameter space X D R

2 amount to (1.39). In geometric language, the admissible
parameter space is a family of a one-dimensional linear space, a family of one-
dimensional parallel straight lines dependent on y D Œy1; y2�

0, here Œ2; 3�0, in
particular, the family (1.40), including the null space L10;0 D N .A/.

x1 D 2� C 2y1 � y2;
x2 D �3� � y1 C y2;

(1.39)

L
1
y1;y2
D fx 2 R

3j2x3 C 2y1 � y2; x2 D �3x3 � y1 C y2g: (1.40)

Figure 1.4 illustrates (i) the admissible parameter space L
1
.y1;y2/

, (ii) the line L
1?

which is orthogonal to the null space called N?.A/, and (iii) the intersection
L
1
.y1;y2/

\N?.A/, generating the solution point xm as will be proven now.

The geometric interpretation of the minimum norm solution is the following:
With reference to Fig. 1.5, we decompose the vector x D xN .A/ C xN?.A/, where
xN .A/ is an element of the null space N .A/ (here the straight line L

1
0;0), and

xN?.A/ � x0 is an element of the null space N .A/ (here the straight line L
1
0;0),

while iN .A/ D im is an element of the rang space R.A�/ (here the above outlined



14 1 The First Problem of Algebraic Regression

   (A)~  1(0, 0)

O

x2

x1

  1(2, 3)

  1⊥~    (A)⊥

Fig. 1.4 The range space
R.A�/ (the admissible
parameter space), parallel
straight lines L1.y1;y2/,

namely L
1
.2;3/

Fig. 1.5 Orthogonal
projection of an element
of N .A/ onto the range
space R.A�/

straight line L
1
y1;y2

, namely L
1
2;3 of the generalized inverse matrix A� of type

minimum norm solution, which in this book mostly is abbreviated as “MINOS”.
k x k2IDk xN .A/ C xN?.A/ k2Dk x k2I C2 < x j i > C k i k2 is minimal
if and only if the inner product < x j i >D 0 and xN .A/ and iN?.A/ D im are
orthogonal. The solution point xm is the orthogonal projection of the null point
onto R.A�/: PR.A�/ D A�Ax D A�y for all x 2 D.A/. Alternatively, if the
vector xm of minimal length is orthogonal to the null space N .A/, being an element
of N?.A/ (here the line L

1
0;0), we may say that N?.A/ intersects R.A�/ in the

solution point xm. Or we may say that the normal space NL
1
0 with respect to the

tangent space TL10 – which is in linear models identical to L
1
0, the null space N .A/

– intersects the tangent space TL10, the range space R.A�/ in the solution point xm.
In summary, xm 2 N?.A/\R.A�/.

Let the algebraic partitioning and the geometric partitioning be merged to
interpret the minimum norm solution of the consistent system of linear equations of
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type underdetermined MINOS. As a summary of such a merger, we take reference
to Box 1.7.

Box 1.7. (General solution of a consistent system of inhomogeneous linear
equations Ax D y/.

Consistent system of equationsf Wx 7�! y D Ax, x 2 X D R
n (parameter space),

y 2 Y D R
n(observation space), r D rkA D dimY;A� generalized inverse of type

MINOS.

Condition#1 W
f .x/ D f .g.y//

”
f D f ı g ı f:

Condition#1 W
Ax D AA�Ax
”

AA�A D A:

(1.41)

Condition#2 W
(reflexive g-inverse mapping)

x D g.y/ D g.f .x//

Condition#2 W
(reflexive g-inverse)

x� D A�y D A�AA�y
”

A�AA� D A�:

(1.42)

Condition#3 W
g.f .x// D xR.A�/

”
g ı f D ProjR.A�/:

Condition#3 W
A�A D xR.A�/

”
A�A D ProjR.A�/:

(1.43)

Regarding the above first condition AA�A D A (let us here depart from MINOS
of y D Ax, x 2 X D R

n, y 2 Y D R
n, r D rkA D n, i.e., xm D A�

my D
A0.AA0/�1y: see (1.44). Concerning the above second condition A�AA� D A� see
(1.45). Concerning the above third condition A�A D ProjR.A�/: see (1.46).

Axm D AA�
my D AA�

mAxm H) Axm D AA�
mAxm” AA�A D A; (1.44)

xm D A0.AA0/�1y D A�
my D AA�

mAx H) xm D A�
my D A�

mAA�
my H)

H) A�
my D A�

mAA�
my” A�AA� D A�;

(1.45)

xm D A�
my D A�

mAxm” A�A D ProjR.A�/ WD ProjR.A�/ (1.46)

How are rkA�
m D rkA and A�

mA interpreted? On the interpretation of rkA�
m D

rkA: the g-inverse of type MINOS is the generalized inverse of maximal rank
since in general rkA� � rkA holds. On the interpretation of A�

mA: A�
mA is

an orthogonal projection onto R.A�/, but im D I � A�
mA onto its orthogonal

complement R?.A�/.
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Fig. 1.6 Venn diagram,
trivial fibering of the domain
D.f /, trivial fibers N .f / and
N?.f /, f W Rn D X �!
Y D R

n;Y D R.f /, X is the
set system of the parameter
space, Y is the set system of
the observation space

If the linear mapping f W x 7�! y D f .x/, y 2 R.f / is given, we are aiming
at a generalized inverse (linear) mapping y 7�! x D g.y/ in such a manner that
y D f .x/ D f .g.y// D f .g.f .x/// or f D f ıgıf as a first condition is fulfilled.
Alternatively, we are going to construct a generalized inverse AA� W y 7�! A�y D
x� in such a manner that the first condition y D Ax� D AA�Ay or A D AA�A
holds. Though the linear mapping f W x 7�! y D f .x/, y 2 R.f / or the system of
linear equations Ax D y, rkA D dimY is consistent, it suffers from the (injectivity)
deficiency of the linear mapping f .x/ or of the matrix A. Indeed, it recovers from the
(injectivity) deficiency if we introduce the projection x 7�! g.f .x// D q 2 R.g/
or x 7�! A�Ax D q 2 R.A�/ as the second condition. The projection matrix A�A
is idempotent, which follows from P2 D P or .A�A/.A�A/ D A�AA�A D A�A.

Let us here finally outline the set-theoretical partitioning, the fibering of the set
system of points which constitute the parameters space X, the domain D.f /. Since
the set system X (the parameters space) is R

r , the fibering is called trivial. Non-
trivial fibering is reserved for nonlinear models in which case we are dealing with a
parameters space X which is a differentiable manifold. Here, the fibering D.f / D
N .f / [ N?.f / produces the trivial fibers N .f / and N?.f /, where the trivial
fiber N?.f / is the quotient set Rn=N .f /. By means of a Venn diagram (John
Venn 1834–1928), also called Euler circles (Leonhard Euler 1707–1783), Fig. 1.6
illustrates the trivial fibers of the set system X D R

m that is generated by N .f / and
N?.f /. Of course, the set system of points which constitute the observation space
Y is not subject to fibering since all points of the set system D.f / are mapped into
the range R.f /.

1-2 Minimum Norm Solution (MINOS)

The system of consistent linear equations Ax D y.A 2 R
n�m; rkA D n < m/

allows certain solutions which we introduce by means of Definition 1.1 as a
solution of a certain optimization problem. Lemma 1.2 contains the normal
equations of the optimization problem. The solution of such a system of normal
equations is presented in Lemma 1.3 as the minimum norm solution (MINOS)
with respect to the Gx-seminorm. Finally, we discuss the metric of the parameter
space and alternative choices of its metric before we identify by Lemma 1.4 the
solution of the quadratic optimization problem in terms of the (1, 2, 4)-generalized
inverse.
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By Definition 1.1, we characterize Gx-MINOS of the consistent system of linear
equations Ax D y subject to A 2 R

n�m, rkA D n < m (algebraic condition)
or y 2 R.A/ (geometric condition). Loosely speaking, we are confronted with a
system of linear equations with more unknowns m than equations n, namely n < m.
Gx-MINOS will enable us to find a solution of this underdetermined problem. By
means of Lemma 1.2, we shall write down the “normal equations” of Gx-MINOS.

Definition 1.1. (The minimum norm solution (MINOS) with respect to the
Gx-seminorm).

A vector xm is called Gx-MINOS (minimum norm solution (MINOS) with
respect to the Gx-seminorm) of the consistent system of linear equations (1.47) if
both Axm D y and – in comparison to all other vectors of solution x 2 X � R

n – the
inequality k xm k2Gx WD x0

mGxxm � x0Gxx WDk x k2Gx holds. The system of inverse
linear equations A�yC i D x, rkA� ¤ m or x 62 R.A�/ is inconsistent.

Ax D y; y 2 Y � R
n

8̂
<
:̂
rkA D rkŒA; y� D n < m

A 2 R
n�m

y 2 R.A/:
(1.47)

Lemma 1.2. (The minimum norm solution (MINOS) with respect to the Gx

seminorm).

A vector xm 2 X � R
n is Gx-MINOS of (1.47) if and only if the system of

equations (1.48) with the vector � 2 R
n � 1 of Lagrange multipliers is fulfilled. xm

exists always and is, in particular, unique if rkŒGx;A0� D m holds or, equivalently,
if the matrix Gx C A0A is regular.

�
Gx A0
A 0

� �
xm
�

�
D
�

0
y

�
(1.48)

Proof. Gx-MINOS is based on the constrained Lagrangean (1.49) such that the first
derivatives (1.50) constitute the necessary conditions. The second derivatives (1.51),
according to the positive semi-definiteness of the matrix Gx, generate the sufficiency
condition for obtaining the minimum of the constrained Lagrangean. According to
the assumption rkA D rkŒA; y� D n or y 2 R.A/ the existence of Gx-MINOS xm
is guaranteed. In order to prove uniqueness of Gx-MINOS xm, we have to consider
case (i) (Gx positive-definite) and we have to consider case (ii) (Gx positive semi-
definite).

L.x; �/ D x0GxxC 2�0.Ax � y/ D minx;� (1.49)
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1

2

@L
@x
.xm; �m/ D Gxxm C A0�m D 0

1

2

@L
@�
.xm; �m/ D Axm � y D 0

9>>=
>>;
”

�
Gx A0
A 0

� �
xm
�

�
D
�

0
y

�
;(1.50)

1

2

@2L
@x@x0 .xm; �m/ D Gx 	 0: (1.51)

Case (i) (Gx positive-definite):

Due to rkGx D m and jGxj ¤ 0, the partitioned system of normal equations (ref)
is uniquely solved. The theory of inverse partitioned matrices (IPM) is presented in
Appendix A.

jGxj ¤ 0;
�

Gx A0
A 0

� �
xm
�

�
D
�

0
y

�
: (1.52)

Case (ii) (Gx positive semi-definite):
Follow these algorithmic steps. Multiply the second normal equation by A0 in order
to produce A0Ax � A0y D 0 or A0Ax D A0y and add the result to the first normal
equation, which generates Gxxm C A0Axm C A0�m D A0y and therefore .Gx C
A0A/xm C A0�m D A0y. The augmented first normal equation and the original
second normal equation build up the equivalent system of normal equations (1.53),
which is uniquely solved due to rkŒGx C A0A�D m; jGx C A0Aj ¤ 0.

jGx C A0Aj ¤ 0;
�

Gx C A0A A0
A 0

� �
xm
�

�
D
�

A0
In

�
y: (1.53)

The solution of the system of normal equations directly leads to the linear form
xm D Ly, which is Gx-MINOS of (1.48) and can be represented as follows.

Lemma 1.3. (The minimum norm solution (MINOS) with respect to the Gx-
seminorm).

xm D Ly is Gx-MINOS of the consistent system of linear equations (1.48), i.e.
Ax D y and rkA D rkŒA; y� D n or y 2 R.A/, if and only if L 2 R

m�n is
represented by the following “relations”.

Case (i) .Gx D Im/ W

L D A�
g D A0.AA0/�1 (right inverse); (1.54)

xm D A�
g y D A0.AA0/�1y; x D xm C im: (1.55)

x D xm C im is an orthogonal decomposition of the unknown vector x 2 X � R
m

into the I-MINOS vector xm 2 L
n and the I-MINOS vector of inconsistency im 2 L

d

subject to xm D A0.AA0/�1Ax and im D x�xm D ŒIm�A0.AA0/�1A�x. (According
to xm D A0.AA0/�1Ax, I-MINOS has the reproducing property. As projection
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matrices, the matrix A0.AA0/�1A with rkA0.AA0/�1A D rkA D n and the matrix
ŒIm � A0.AA0/�1A� with rkŒIm � A0.AA0/�1A� D n � rkA D d are independent).
Their corresponding norms are positive semi-definite, namely k xm k2Im and k im k2Im
yield k xm k2ImD y0AA0/�1y D x0A0.AA0/�1Ax D x0Gmx and k im k2ImD
x0ŒIm �A0.AA0/�1A�x. In particular, note that

xm D A0.AA0/�1Ax; im D x � xm D ŒIm �A0.AA0/�1A�x: (1.56)

Case (ii) .Gx positive-definite/ W

L D G�1
x A0.AG�1

x A0/�1 (weighted right inverse); (1.57)

xm D G�1
x A0.AG�1

x A0/�1y; x D xm C im: (1.58)

x D xm C im is an orthogonal decomposition of the unknown vector x 2 X � R
m

into the Gx-MINOS vector xm 2 L
n and the Gx-MINOS vector of inconsistency

im 2 L
d .xm D G�1

x A0.AG�1
x A0/�1Ax; im D ŒIm � G�1

x A0.AG�1
x A0/�1Ax/. (Due

to xm D G�1
x A0.AG�1

x A0/�1Ax, Gx-MINOS has the reproducing property. As pro-
jection matrices, the matrix G�1

x A0.AG�1
x A0/�1A with rkG�1

x A0.AG�1
x A0/�1A D

rkA D n and ŒIm�G�1
x A0.AG�1

x A0/�1A�with rkŒIm�G�1
x A0.AG�1

x A0/�1A� D n�
rkA D d are independent). Their corresponding norms are positive semi-definite,
namely these are given by k xm k2GxD y0.AG�1

x A0/�1y D x0A0.AG�1
x A0/�1Ax D

x0Gmx and k im k2Gx
D x0ŒGx � A0.AG�1

x A0/�1A�x. In particular, note that

xm D G�1
x A0.AG�1

x A0/�1Ax; im D ŒIm �G�1
x A0.AG�1

x A0/�1Ax: (1.59)

Case (iii) (Gx positive-definite):

L D .Gx C AA0/�1A0/ŒA0.Gx C AA0/�1A0��1; (1.60)

xm D .Gx C AA0/�1A0/ŒA0.Gx C AA0/�1A0��1y; (1.61)

xm D xm C im: (1.62)

x D xm C im is an orthogonal decomposition of the unknown vector x 2 X � R
m

into the Gx C AA0-MINOS vector xm 2 L
n and the Gx C AA0-MINOS vector of

inconsistency im 2 L
d subject to

xm D .Gx C AA0/�1A0/ŒA0.Gx CAA0/�1A0��1Ax; (1.63)

im D .Im � .Gx CAA0/�1A0ŒA0.Gx C AA0/�1A0��1A/x: (1.64)

Due to xm D .Gx C AA0/�1A0ŒA0.Gx C AA0/�1A0��1Ax, Gx C AA0-MINOS has
the reproducing property. As projection matrices, the two matrices (1.65) and (1.66)

.Gx C AA0/�1A0ŒA.Gx C AA0/�1A0��1A
rkŒGx C AA0��1A0ŒA.Gx C AA0/�1A0��1A D rkA D n (1.65)
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.Im � .Gx C AA0/�1A0ŒA.Gx C AA0/�1A0��1A/
rkŒIm � .Gx C AA0/�1A0ŒA.Gx C AA0/�1A0��1A D n � rkA D d: (1.66)

Their corresponding norms are positive semi-definite, namely the corresponding
norms read

k xm k2GxCAA0 D y0ŒA.Gx C AA0/�1A0��1y

D x0A0ŒA.Gx CAA0/�1A0��1Ax D x0Gmx; (1.67)

k im k2GxCAA0 D x0.Im � .Gx C AA0/�1A0ŒA.Gx C AA0/�1A0��1A/x (1.68)

Proof. A basis of the proof could be C.R. Rao’s Pandora Box, the theory of inverse
partitioned matrices. (Appendix A. Fact: Inverse Partitioned Matrix (IPM) of a
symmetric matrix). Due to the rank identity rkA D rkAG�1

x A0 D n < m, the
normal equations of the case (i) and the case (ii) (�!(1.69)) can be directly solved
by Gauss elimination. For the case (iii), we add to the first normal equation the term
AA0xm D A0y. Due to the rank identity rkA D rkA0.Gx C AA0/�1A D n < m,
the modified normal equations of the case (i) and the case (ii) (�!(1.70)) can be
directly solved by Gauss elimination.

�
Gx A0
A 0

� �
xm
�

�
D
�

0
y

�
; (1.69)

�
Gx C A0A A0

A 0

� �
xm
�

�
D
�

A0
In

�
y: (1.70)

Multiply the first equation of (1.69) by AG�1
x and subtract the second equation

of (1.69) from the modified first one to obtain (1.71). The forward reduction step
is followed by the backward reduction step. Implement �m into the first equation
of (1.71) and solve for xm to obtain (1.72). Thus, Gx-MINOS xm and �m are
represented by (1.73).

Axm C AG�1
x A0�m D 0;

Axm D y;
�m D �.AG�1

x A0/�1y;
(1.71)

Gxxm � .AG�1
x A0/�1y D 0;

xm D G�1
x A0.AG�1

x A0/�1y
(1.72)

xm D G�1
x A0.AG�1

x A0/�1y;
�m D �.AG�1

x A0/�1y
(1.73)

Multiply the first equation of (1.70) by AG�1
x and subtract the second equation

of (1.70) from the modified first one to obtain (1.74). The forward reduction step
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is followed by the backward reduction step. Implement �m into the first equation
of (1.74) and solve for xm to obtain (1.75). Thus, Gx-MINOS xm and �m are
represented by (1.76).

Axm C A.Gx C A0A/�1A0�m D A.Gx C A0A/�1A0y;

Axm D y (1.74)

�m D ŒA.Gx C A0A/�1A0��1ŒA.Gx C A0A/�1A0 � In�y

D �.ŒA.Gx CA0A/�1A0��1 � In/y:

.Gx C A0A/xm � A0ŒA.Gx C A0A/�1A0��1y D 0;

xm D .Gx C A0A/�1A0ŒA.Gx C A0A/�1A0��1y; (1.75)

xm D .Gx C A0A/�1A0ŒA.Gx C A0A/�1A0��1y;

�m D �.ŒA.Gx CA0A/�1A0��1 � In/y: (1.76)

1-21 A Discussion of the Metric of the Parameter Space X

With the completion of the proof, we have to discuss in more detail the basic results
of Lemma 1.3. At first, we have to observe that the matrix Gx of the metric of
the parameter space X has to be given a priori. We classified MINOS according to
(i) Gx D Im, (ii) Gx positive-definite, and (iii) Gx positive semi-definite.

But how do we know the metric of the parameters space? Obviously, we need
prior information about the geometry of the parameter space X, namely from the
empirical sciences like physics, chemistry, biology, geosciences, social sciences.

If the parameter space X 2 R
m is equipped with an inner product < x1jx2 > of the

type < x1jx2 >D x10Gxx2, with x1 2 X and x2 2 X, where the matrix Gx of the
kxk2 metric kxk2 D x0Gxx is positive-definite, we refer to the metric space X 2 R

m

as Euclidean E
m. In contrast, if the parameter space X 2 R

m is restricted to a metric
space with a matrix Gx of the metric which is positive semi-definite, we call the
parameter space semi-Euclidean E

m1;m2 . m1 is the number of positive eigenvalues,
m2 is the number of zero eigenvalues of the positive semi-definite matrix Gx of
the metric .m D m1 C m2/. In various applications, namely in the adjustment of
observations which refer to Special Relativity or General Relativity, we have to
generalize the metric structure of the parameter space X: if the matrix Gx of the
pseudometric kxk2 D x0Gxx is built on m1 positive eigenvalues (signature C),
m2 zero eigenvalues, and m3 negative eigenvalues (signature �), we call the
pseudometric parameter space pseudo EuclideanEm1;m2;m3 ;m D m1Cm2Cm3. For
such a parameter space, MINOS has to be generalized to kxk2 = extr., for instance,
maximum norm solution.
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1-22 An Alternative Choice of the Metric of the Parameter
Space X

Another problem that is associated with the parameter space X is the so-called norm
choice problem. Here, we have used the l2-norm, for instance, the l2vnorm (1.77).
An alternative norm of choice is the lp-norm (1.78) with 1 � p < 1. Beside the
choice of the matrix Gx of the metric within the l2-norm and of the lp-norm itself,
we like to discuss the result of the MINOS matrix Gm of the metric. Indeed, we have
constructed MINOS from an a priori choice of the metric G, called Gx, and were led
to the a posteriori choice of the metric Gm of the types (1.79). The matrices (1.79)
are (i) idempotent, (ii) Gx idempotent, and (iii) ŒA.Gx C A0A/�1A0��1 idempotent,
namely projection matrices. Similarly, the norms kimk2 of the types (1.80) measure
the distance of the solution point xm 2 X from the null space N .A/. The matrices
(1.80) are (i) idempotent, (ii) G�1

x idempotent, and (iii) .GxCA0A/�1A idempotent,
namely projection matrices.

kxk2 WD
WD px0x Dq

x21 C x22 C : : : x2m�1 C x2m;
(1.77)

kxkp WD
p

q
x
p
1 C xp2 C : : : xpm�1 C xpm;

(1.78)

.i/ Gm D A0.AA0/�1A;
.ii/ Gm D A0.AG�1

x A0/�1A;
.iii/ Gm D A0ŒA.Gx C A0A/�1A0��1A;

(1.79)

Im �A0.AA0/�1A;
Gx � A0.AG�1

x A0/�1A;
Im � .Gx CA0A/�1A0ŒA.Gx C A0A/�1A0��1A

(1.80)

1-23 Gx-MINOS and Its Generalized Inverse

By Lemma 1.4, a more formal version of the generalized inverse which is character-
istic for Gx-MINOS is presented.

Lemma 1.4. (Characterization of Gx-MINOS).

xm D Ly is I-MINOS of the consistent system of linear equations (1.47) (i.e. AxD y
and rkA D rk.A; y/ or y 2 R.A/) if and only if the matrix L 2 R

m�n fulfils the
two conditions (1.81). The matrix L is reflexive and is the A1;2;4 generalized inverse.
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ALA D A; LA D LA0 (1.81)

xm D Ly is Gx-MINOS of the consistent system of linear equations (1.47) (i.e.
Ax D y and rkA D rk.A; y/ or y 2 R.A/) if and only if the matrix L 2 R

m�n
fulfils the two conditions (1.82). The reflexive matrix L is the Gx-weighted A1;2;4

generalized inverse.

ALA D A; GxLA D .GxLA/0 (1.82)

Proof.

According to the theory of the general solution of a system of linear equations
which is presented in Appendix A, the conditions ALA D L or L D A� guarantee
the solution x D Ly of (1.47) .rkA D rk.A; y//. The general solution (1.83) with
an arbitrary vector x 2 R

m�1 leads to the appropriate representation of the Gx-
seminorm by means of (1.84), where the arbitrary vector y 2 Y � R

n holds, if
and only if y0L0Gx.I � LA/z D 0 for all z 2 R

m � 1 or A0L0Gx.I � LA/ D 0 or
A0L0Gx D A0L0GxLA. The right hand side is a symmetric matrix. Accordingly, the
left hand side must have this property, too, namely GxLA D .GxLA/0, what had to
be shown.

x D xm C .I � LA/z (1.83)

kxmk2Gx
D kLyk2Gx

� kxk2Gx
D kxm C .I� LA/zk2Gx

D kxmk2Gx
C 2x0

mGx.I � LA/zC k.I � LA/zk2Gx
(1.84)

D kLyk2Gx
C 2y0L0Gx.I� LA/zC k.I � LA/zk2Gx

D y0L0GxLyC 2y0L0Gx.I � LA/zC z0.I � A0L0/Gx.I � LA/z

Reflexivity of the matrix L originates from the consistency condition, namely
.I � AL/y D 0 for all y 2 R

m�1 or AL D I. The reflexive condition of the
Gx weighted,minimum norm generalized inverse imŒIm � G�1

x A0.AG�1
x A0/�1A�x,

GxLAL D GxL, is a direct consequence. Consistency of the normal equations
(1.48) or, equivalently, the uniqueness of Gxxm follows from (1.85) for arbitrary
matrices L1 2 R

m�n and L2 2 R
m�n which satisfy xm D G�1

x A0.AG�1
x A0/�1Ax.

GxL1y D A0L0
1GxL1y D GxL1AL1y D GxL1AL2y D A0L0

1AL02GxL2y

D A0L2GxL2y D GxL2y (1.85)
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1-24 Eigenvalue Decomposition of Gx-MINOS: Canonical
MINOS

In the empirical sciences, we meet quite often the inverse problem to determine the
infinite set of coefficients of a series expansion of a function or a functional (Taylor
polynomials) from a finite set of observations.

Mind the following examples.

(i) Determine the Fourier coefficients (discrete Fourier transform, trigonometric
polynomials) of a harmonic function with circular support from observations in a
one-dimensional lattice. (ii) Determine the spherical harmonic coefficients (discrete
Fourier–Legendre transform) of a harmonic function with spherical support from
observations in a two-dimensional lattice.

End of examples.

Typically, such expansions generate an infinite dimensional linear model based
upon orthogonal (orthonormal) functions. Naturally, such a linear model is under-
determined since a finite set of observations is confronted with an infinite set of
unknown parameters. In order to make such an infinite dimensional linear model
accessible to the computer, the expansion into orthogonal (orthonormal) functions
is truncated or band-limited. Note that the observables y 2 Y and dim Y D n

are related to parameters x 2 X and dimX D m 
 n D dimY (namely the
unknown coefficients) by a linear operator A 2 R

m�n, which is given in the form
of an eigenvalue decomposition. Furthermore, note that we are confronted with the
problem to construct canonical MINOS, also called eigenvalue decomposition of
Gx-MINOS.

First, we intend to canonically represent the parameter space X as well as
the observation space Y. Here, we shall assume that both spaces are Euclidean,
equipped with a symmetric, positive-definite matrix of the metric Gx and Gy ,
respectively. Enjoy the diagonalization procedure of both matrices that is reviewed
in Box 1.8. The inner products aa0 and bb0, respectively, constitute the matrix of
the metric Gx and Gy , respectively. The base vectors fa1; : : : ; am j 0g span the
parameter space X, dim X D m, and the base vectors fb1; : : : ;bm j 0g span the
observation space Y, dimY D n. Note the rank identities rkGx D m and rkGy D n,
respectively. The left norm kxk2Gx

D x0Gxx is taken with respect to the left matrix
of the metric Gx . In contrast, the right norm kyk2Gy

D y0Gyy refers to the right
matrix of the metric Gy . In order to diagonalize the left quadratic form as well as
the right quadratic form, we transform Gx 7�! G�

x D diagŒ�x1 ; : : : ; �
x
m� D V0GxV

as well as Gy 7�! G�
y D diagŒ�y1 ; : : : ; �

y
n� D U0GyU into the canonical form

by means of the left orthonormal matrix V and by means of the right orthonormal
matrix U. Such a procedure is called eigenspace analysis of the matrix Gx as well
as eigenspace analysis of the matrix Gy . ƒx constitutes the diagonal matrix of the
left positive eigenvalues (�x1 ; : : : ; �

x
m/, the right positive eigenvalues (�y1 ; : : : ; �

y
n)

the n-dimensional right spectrum. The inverse transformation G�x D ƒx 7�! Gx
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as well as G�
y D ƒy 7�! Gy is denoted as left eigenspace synthesis as well as right

eigenspace synthesis.

Box 1.8. (The canonical representation of the matrix of the metric, parame-
ter space versus observation space).

Parameter Space W
spanŒa1; : : : ; am� D X

< aj1 jaj2 >D gj1j2
8j1j2 2 f1; : : : ; mg

aa0 D Gx;

rkGx D m:

Observation Space:
spanŒb1; : : : ;bn� D Y

< bk1 jbk2 >D gk1k2
8k1k2 2 f1; : : : ; ng

bb0 D Gy;

rkGy D n:

(1.86)

Left norms W
kxk2Gx

D x0Gxx D x�0

x�
Right norms W

kyk2Gy
D y0Gyy D y�0

y�: (1.87)

Eigenspace analysis.Gx/ W
G�
x D V0GxV D

D diagŒ�x1 ; : : : ; �
x
m� D ƒx;

subject to:

Eigenspace analysis.Gy/ W
G�
y D U0GyU D

D diagŒ�y1 ; : : : ; �
y
n� D ƒy;

subject to:

(1.88)

VV0 D V0V D Im;
.Gx � �xj Im/vj D 0:

UU0 D U0U D In;
.Gy � �ykIn/uj D 0:

(1.89)

Eigenspace synthesis.Gx/ W
Gx D VG�

xV0 D VƒxV0:
Eigenspace synthesis.Gy/ W
Gy D UG�

yU0 D UƒyU0: (1.90)

Second, let us here study the impact of the left diagonalization of the metric Gx

as well as right diagonalization of the matrix of the metric Gy on the coordinates
x 2 X and y 2 Y, the parameter systems of the left Euclidean space X, dim X D m,
and of the right Euclidean space Y. Enjoy the way how we have established in
Box 1.9 the canonical coordinates x� WD Œx�

1 ; : : : ; x
�
m�

0 of X as well as the canonical
coordinates y� WD Œy�

1 ; : : : ; y
�
n �, which are called the left and right star coordinates

of X and Y, respectively. In terms of the star coordinates (1.92), the left norm kx�k2
of the type (1.90, left) as well as the right norm ky�k2 of type (1.90, right) take the
canonical left and right quadratic form. The transformations x 7�! x� as well as
y 7�! y� of type (1.92, left) and (1.92, right) are special versions of the left and
right polar decomposition: a rotation constituted by the matrices U;V is followed
by a stretch constituted by the matrices fƒ1=2

x ;ƒ1=2
y g as diagonal matrices. The

forward transformations x 7�! x� and y 7�! y� are computed by the backward
transformations x� 7�! x and y� 7�! y. fƒ1=2

x and ƒ1=2
y g, respectively, denote

those diagonal matrices which are generated by the positive roots of the left and right
eigenvalues, respectively. Equation (1.94) defines corresponding direct and inverse
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matrix identities. We conclude with the proof that the ansatz (1.92) indeed leads to
the canonical representation (1.91) of the left and right norms.

Box 1.9. (The canonical coordinates x� 2 X and y� 2 Y, parameter space
versus observation space).

Canonical coordinates
(parameter space) W
kx�k2 D x�0

x� D

Canonical coordinates
(observation space) W
ky�k2 D y�0

y� D
(1.91)

Ansatz W
x� D V0ƒ1=2

x x
Ansatz) W

y� D U0ƒ1=2
y y

(1.92)

versus
x D ƒ�1=2

x Vx�
versus)

y D ƒ�1=2
y Uy� (1.93)

ƒC1=2
x WD diag

hp
�x1 ; : : : ;

p
�xm

i
;

ƒ�1=2
x DWD diag

�
1p
�x1
; : : : ; 1p

�xm

�
:

ƒC1=2
y WD diag

�q
�
y
1 ; : : : ;

p
�
y
m

�
;

ƒ�1=2
y D

�
1p
�
y
1

; : : : ; 1p
�
y
m

�
:

(1.94)
Ansatz proof W
Gx D VƒxV0;
kxk2Gx

D
D x0Gxx D

D x0Vƒ1=2
x ƒ1=2

x V0x D
x�0

ƒ�1=2
x V0Vƒxƒ

1=2
x �

�V0Vƒ�1=2
x x� D

D x�0

x� D
D kx�k2:

Ansatz proof W
Gy D UƒyU0;
kyk2Gy

D
D y0Gyy D

D y0Uƒ1=2
y ƒ1=2

y U0y D
y�0

ƒ�1=2
y U0Uƒyƒ

1=2
y �

�U0Uƒ�1=2
y y� D

D y�0

y� D
D ky�k2:

(1.95)

Third, let us here study the dual operations of coordinate transformations x 7�! x�
and y 7�! y�, namely the behavior of canonical bases, which are also called
orthonormal bases ex and ey , or Cartan frames of reference fex1 ; : : : ; exmj0g spanning
the parameter space X and fey1 ; : : : ; eyn j0g spanning the observation space Y, here
a 7�! ex and b 7�! ey . In terms of orthonormal bases ex and ey , as outlined
in Box 1.10, the matrix of the metric exe0

x D Im and e0
yey D In takes the

canonical form (“modular”). Compare the relations (1.97, left) and (1.99, left).
Equations (1.97, right) and (1.99, right) are achieved by the changes of bases
(“CBS”) of type left ex 7�! a, a 7�! ex , compare with (1.100, left) and (1.101,
left), and of type right ey 7�! b, b 7�! ey , compare with (1.100, right) and
(1.101, right). Indeed, the transformations x 7�! x�, a 7�! ex , and y 7�! y�,
b 7�! ey are dual or inverse. Fourth, let us begin the eigenspace analysis versus
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eigenspace synthesis of the rectangular matrix, A 2 R
n�m, r WD rkA D n; n < m.

Indeed, the eigenspace of the rectangular matrix looks differently when compared
to the eigenspace of the quadratic, symmetric, positive-definite matrix Gx 2 R

m�m,
rkGx D m and Gy 2 R

n�n, rkGy D n of the left and the right metric. At first, we
have to generalize the transpose of a rectangular matrix by introducing the adjoint
operator A#, which takes into account the matrices fGx;Gyg of the left and the right
metric. The definition of the adjoint operator A#, compare with Definition 1.5, is
followed by its representation, compare with Lemma 1.6.

Box 1.10. (The general bases versus the orthonormal bases spanning the
parameter space as well as the observation space).

Left
.parameter spaceX;
general left base/ W

spanŒa1; : : : ; am� D X:

Right
.observation spaceY;
general right base/ W

spanŒb1; : : : ;bn� D Y:

(1.96)

Matrix of the metric
aa0 D Gx:

Matrix of the metric
bb0 D Gy:

(1.97)

Orthonormal left base
spanŒex1 ; : : : ; e

x
m� D X:

Orthonormal right base
spanŒey1 ; : : : ; e

y
n� D Y:

(1.98)

Matrix of the metric
exe0

x D Im:
Matrix of the metric

e0
yey D In:

(1.99)

Base transformation
a D ƒ1=2

x Vex:
Base transformation

b D ƒ1=2
y Uey:

(1.100)

versus
ex D V0ƒ�1=2

x a;
spanŒex1 ; : : : ; e

x
m� D X:

versus
ey D U0ƒ�1=2

y b;
spanŒey1 ; : : : ; e

y
n� D Y:

(1.101)

Definition 1.5. (Adjoint operators A#).

The adjoint operator A# 2 R
m�n of the matrix A 2 R

n�m is defined by the inner
product identity

< yjAx >GyD< xjA#y >Gx ; (1.102)

where the left inner product operates on the symmetric, full rank matrix Gy of
the observation space Y, while the right inner product is taken with respect to the
symmetric full rank matrix Gx of the parameter space X.
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Lemma 1.6. (Adjoint operators A#/.

A representation of the adjoint operator A# 2 R
m�n of the matrix A 2 R

n�m is
provided by

A# D G�1
x A0Gy: (1.103)

Proof.

For the proof, we take advantage of the symmetry of the left inner product,
namely

< yjAx >GyD y0GyAx versus < xjA#y >GxD x0GxA#y; (1.104)

y0GyAx D x0A0Gyy D x0GxA#y
”

A0Gy D GxA#

”
G�1
x A0Gy D A#

(1.105)

Fifth, we additionally solve the underdetermined system of linear equations
fAx D yjA 2 R

n�m; rkA D n; n<mg by introducing the eigenspace of the
rectangular matrix A 2 R

n�m of rank r WD rkA D n; n < m.A 7�! A�/ and
the left and right canonical coordinates x 7�! x� and y 7�! y�. Compare with the
relations that are supported by Box 1.11.

Box 1.11. (Canonical representation, underdetermined system of linear
equations).

Left
.parameter space X W

x� D V0G1=2
x x;

x D G�1=2
x Vx�:

Right
.observation space Y W

y� D U0G1=2
y y;

y D G�1=2
y Uy�:

(1.106)

Underdetermined system of linear equations
.fAx D yjA 2 R

n�m; rkA D n; n < mg/ W

y D Ax;
G�1=2
y Uy� D AG�1=2

x Vx�;
y� D .U0G1=2

y AG�1=2
x V/x�

y� D A�x�;
U0G1=2

y y D A�V0G1=2
x x;

y D .G�1=2
y UA�V0G1=2

x /x

(1.107)

subject to
U0U D UU0 D In:

subject to
V0V D VV0 D Im:

(1.108)
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Left and right eigenspace.

Left
eigenspace analysis W

A� D U0G1=2
y AG�1=2

x ŒV1;V2� D ŒV; 0�:

Right

eigenspace synthesis W
A D G�1=2

y UŒV; 0�
�

V0
1

V0
2

�
G1=2
x :

(1.109)

Dimension identities

ƒ 2 R
r�r ; 0 2 R

r�.m�r/; r WD rkA D n; n < m
V1 2 R

m�r ;V2 2 R
m�.m�r/;U 2 Rr�r

Left eigenspace W

L WD G
� 1

2
y U) L�1 D U0G

1
2
y

Right eigenspace W

R WD G
� 1

2
x V) R�1 D V0G

1
2
x

R1 WD G
� 1

2
x V1; R2 WD G

� 1
2

x V2

R�
1 WD V0

1G
1
2
x ; R�

2 WD V0
2G

1
2
x

(1.110)

LL0 D G�1
y ) .L�1/0L�1 D Gy RR0 D G�1

x ) .R�1/0R�1 D Gx (1.111)

A D LA�R�1 versus A� D L�1AR (1.112)

A D L Œƒ; 0�
�

R�
1

R�
2

�
versus

A� D Œƒ; 0� D
D L�1A ŒR1;R2�

(1.113)

AA#L D Lƒ2 versus

�
A#AR1 D R1ƒ

2

A#AR2 D 0
(1.114)

Underdetermined system of linear equations
solved in canonical coordinates:

y� D A�x� D Œƒ; 0�
�

x�
1

x�
2

�
D ƒx�

1 ; x
�
1 2 R

r�1; x�
2 2 R

.m�r/�1

H)�
x�

1

x�
2

�
D
�
ƒ�1y�

x�
2

�

if x� is MINOS, then x�
2 D 0 W

�
x�

1

�
m
D ƒ�1y�:

(1.115)

The transformations x 7! x�, y 7! y� from the original coordinates Œx1; : : : ; xm�/,
the parameters of the parameter space X X, to the canonical coordinates
Œx�
1 ; : : : ; x

�
m�, the left star coordinates, as well as from the original coordinates
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Œy1; : : : ; yn�, the parameters of the observation space Y Y, to the canonical
coordinates Œy�

1 ; : : : ; y
�
n �, the right star coordinates are polar decompositions: a

rotation fU;Vg is followed by a general stretch fG1=2
y ;G1=2

x g. The matrices G1=2
y as

well as G1=2
x are product decompositions of type Gy D SyS0

y and Gx D S0
xSx. If

we substitute Sy D G1=2
y or Sx D G1=2

x symbolically, we are led to the methods

of general stretches G1=2
y and G1=2

x respectively. Let us substitute the inverse

transformations x� 7! x D G�1=2
x Vx� and y� 7! y D G�1=2

y Uy� into our system
of linear equations y D Ax or its dual y� D A�x�. Such an operation leads us
to y� D f .x�/ as well as y D f .x/. Subject to the orthonormality conditions
U0U D In and V0V D Im we have generated the matrix A� of left-right eigenspace
analysis (1.109, left), namely (1.116), subject to the horizontal rank partitioning of
the matrix V D ŒV1;V2�. Alternatively, the left-right eigenspace synthesis (1.109,
right), namely (1.117), is based upon the left matrix L WD G�1=2

y U and the right

matrix R WD G�1=2
x V.

A� D Œƒ; 0� ; (1.116)

A D G
� 1

2
y U Œƒ; 0�

"
V0

1

V0
2

#
G1=2

x : (1.117)

Indeed the left matrix L by means of LL0 D G�1
y reconstructs the inverse matrix

of the metric of the observation space Y. Similarly, the right matrix R by means of
RR0 D G�1

x generates the inverse matrix of the metric of the parameter space X.
In terms of L and R we have summarized the eigenvalue decompositions (1.112)–
(1.114). Such an eigenvalue decomposition helps us to canonically invert y� D
A�x� by means of (1.115), namely the rank partitioning of the canonical unknown
vector x� into x�

1 2 R
r and x�

2 2 R
m�r to determine x�

1 D ƒ�1y�, but leaving x�
2

underdetermined. Consult the commutative diagram that is shown in Fig. 1.7 for a
short hand summary of the introduced transformations of coordinates of both the
parameter space X and the observation space Y. Next we shall proof that x�

2 D 0 if
x� is MINOS.

Six, we prepare ourselves for MINOS of the underdetermined system of lin-
ear equations fy D AxjA 2 R

n�m; rkA D n; n < m; jjxjj2Gx
D ming by introducing

Lemma 1.7, namely the eigenvalue–eigencolumn equations of the matrices A#A and
AA#, respectively, as well as Lemma 1.8, our basic result on canonical MINOS,
subsequently completed by proofs.

Lemma 1.7. (eigenspace analysis versus eigenspace synthesis of the
matrix fA 2 R

n�m; r WD rkA D n < mg)

The pair of matrices fL;Rg for the eigenspace analysis and the eigenspace
synthesis of the rectangular matrix A 2 R

n�m of rank r WD rkA D n < m, namely
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A*

A

∋ x*

1
2V′Gx

1
2U′Gy

y* ∈

y ∈∋ x
Fig. 1.7 Commutative
diagram of coordinate
transformations

A� D L�1AR versus A D LA�R�1 (1.118)

or

A� D Œƒ; 0� D L�1A ŒR1;R2� versus A D L Œƒ; 0�
�

R�1
1

R�1
2

�
; (1.119)

is determined by the eigenvalue–eigencolumn equations (eigenspace equations) of
the matrices A#A and AA#, respectively, namely

A#AR1 D R1ƒ
2 versus AA#L D ƒ2 (1.120)

subject to

ƒ2 D

2
64
�21 : : : 0
:::
: : :

:::

0 � � � �2r

3
75 ; ƒ D Diag

�
C
q
�21; : : : ;C

q
�2r

	
: (1.121)

Proof.

Let us prove first AA#L D Lƒ2, second A#AR1 D R1ƒ
2.

AA#L D AG�1
x A0GyL

D L Œƒ; 0�
�

V0
1

V0
2

�
G1=2

x G�1
x .G

� 1
2

x /0 ŒV1;V2�

�
ƒ

00
�

U0.G
� 1

2
y /0GyG

� 1
2

y U;
(1.122)

AA#L D L Œƒ; 0�
�

V0
1V1 V0

1V2

V0
2V1 V0

2V2

� �
ƒ

00
�
D L Œƒ; 0�

�
Ir 0
0 Im�r

� �
ƒ

00
�
: (1.123)
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A#AR D G�1
x A0GyAR

D G�1
x G1=2

x V
�
ƒ

00
�

U0.G
� 1

2
y /0GyG

� 1
2

y U Œƒ; 0�V0G
1
2
x G

� 1
2

x V; (1.124)

A#AR D G
� 1

2
x V

�
ƒ

00
�
Œƒ; 0� D G

� 1
2

x ŒV1;V2�

�
ƒ2 0
0 0

�
;

A#A ŒR1;R2� D G
� 1

2
x


V1ƒ

2; 0
�
;A#AR1 D R1ƒ

2: (1.125)

Lemma 1.8. (The canonical MINOS).

Let y� D A�x� be a canonical representation of the underdetermined system
of linear equations fy D AxjA 2 R

n�m; r WD rkA D n;n < mg. Then the rank
partitioning of x�

m is Gx-MINOS. In terms if the original coordinates Œx1; : : : ; xm�
0

of the parameter space X a canonical representation of Gx-MINOS is provided by
(1.127). The Gx-MINOS solution xm is built on the canonical fGx;Gyg weighted
reflexive inverse of A provided by (1.128).

x�
m D

�
x�

1

x�
2

�
D
�
ƒ�1y�

0

�
; x�

1 2 R
r�1; x�

2 2 R
.m�r/�1; (1.126)

xm D G�1=2
x ŒV1;V2�

�
ƒ�1

00
�

U0G1=2
y y D G�1=2

x V1ƒ
�1U0G1=2

y (1.127)

D R1ƒ
�1L�1y;

A�
m D G�1=2

x V1ƒ
�1U0G1=2

y :
(1.128)

Proof.

For the proof we depart from Gx-MINOS (1.58) and replace the matrix A 2
R
n�m by its canonical representation, namely eigenspace synthesis.

xm D G�1
x A0 �AG�1

x A0��1
y; A D G

� 1
2

y U Œƒ; 0�
�

V0
1

V0
2

�
G1=2

x ; (1.129)

AG�1
x A0 D G

� 1
2

y U Œƒ; 0�
�

V0
1

V0
2

�
G1=2

x G�1
x .G1=2

x /0 ŒV1;V2�

�
ƒ

0

�
U0.G

� 1
2

y /0 (1.130)

D G
� 1

2
y Uƒ2U0.G

� 1
2

y /0;
�
AG�1

x A0��1 D �G1=2
y

�0
Uƒ�2U0G

1
2
y ;
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xm D G�1
x

�
G1=2

x


0
ŒV1;V2�

�
ƒ

0

�
U0
 

G
� 1

2
y

!0 �
G1=2

y


0
Uƒ�2U0G

1
2
y y

D G
� 1

2
x ŒV1;V2�

�
ƒ�1

0

�
U0G

1
2
y y D G

� 1
2

x V1ƒ
�1U0G

1
2
y y D A�

my;

(1.131)

A�
m D G

� 1
2

x V1ƒ
�1U0G

1
2
y 2 A1;2;4

Gx
.Gx weighted reflexive inverse of A/; (1.132)

x�
m D

�
x�

1

x�
2

�
D V0G

1
2
x xm D

�
ƒ�1

0

�
U0G

1
2
y y D

�
ƒ�1

0

�
y� D

�
ƒ�1y�

0

�
: (1.133)

The pair of eigensystems AA#L D Lƒ2;A#AR1 D R1ƒ
2 is unfortunately based

upon non-symmetric matrices AA# D AG�1
x A0Gy and A#A D G�1

x A0GyA which
make the left and right eigenspace analysis numerically more complex. It appears
that we are forced to use the Arnoldi method rather than the more efficient
Lanczos method used for symmetric matrices. In this situation we look out for
an alternative. Indeed when we substitute fL;Rg by fG�1=2

y U;G�1=2
x Vg into the

pair of eigensystems and consequently left multiply AA#L by G�1=2
x , we achieve

a pair of eigensystems identified in Corollary 1.9 relying on symmetric matrices.
In addition, such a symmetric pair of eigensystems produces the canonical base,
namely orthonormal eigencolumns. Such a procedure requires two factorizations,
namely Gx D .G1=2

x /0G1=2
x ;G�1

x D G�1=2
x .G�1=2

x /0 and Gy D .G1=2
y /0Gy;G�1

y D
G�1=2

y .G�1=2
y /0 via Cholesky factorization or eigenvalue decomposition of the

matrices Gx and Gy.

Corollary 1.9. (symmetric pair of eigensystems)

The pair of eigensystems (1.134) is based upon symmetric matrices. The left and
right eigencolumns are orthogonal.

G1=2
y AG�1

x A0.G1=2
y /0U D ƒ2U versus .G�1=2

x /0A0GyAG�1=2
x V1 D V1ƒ

2; (1.134)

ˇ̌
ˇG1=2

y AG�1
x A0.G�1=2

y /0 � �2
i Ir

ˇ̌
ˇ D 0;ˇ̌̌

.G�1=2
x /0A0GyAG�1=2

x � �2
j Im

ˇ̌̌
D 0: (1.135)

The important result of x�
m based on the canonical Gx-MINOS of (1.136) needs a

short comment. The rank partitioning of the canonical unknown vector x�, namely
x�

1 2 R
r , x�

2 2 R
m�r again paved the way for an interpretation. First, we

acknowledge the “direct inversion” (1.137), for instance (1.138). Second, x�
2 D 0,

for instance (1.139) introduces a fixed datum for the canonical coordinates that are
given by ŒxrC1; : : : ; xm�.

y� D A�x�jA� 2 R
n�m; rkA� D rkA D n; n < m; (1.136)
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1
2U′Gy

1
2V′Gx

∋ y

∋ y*

A−
m

(A*)−
m

xm∈

x*
m ∈

Fig. 1.8 Commutative
diagram of inverse coordinate
transformations

x�
1 D ƒ�1y�; ƒ D Diag

�
C
q
�21; : : : ;C

q
�2r

�
; (1.137)

Œx�
1 ; : : : ; x

�
r �

0 D Œ��1
1 y1; : : : ; �

�1
r yr �

0 (1.138)

Œx�
rC1; : : : ; x�

m�
0 D Œ0; : : : ; 0�0 (1.139)

Beyond it, enjoy the commutative diagram of Fig. 1.8 illustrating our previously
introduced transformations of type MINOS and canonical MINOS, by means of A�

m
and .A�/�m. Finally in Box 1.12, let us compute canonical MINOS for the Front Page
Example, specialized by Gx D I3 and Gy D I2. Note that the eigenspace analysis,
in summary, leads to the result

ƒ D Diag

�q
12Cp130;

q
12�p130

�
; (1.140)

U D

2
6664

7p
260C 18p130

7p
260� 18p130p

211C 18p130p
260C 18p130

p
211C 18p130p
260� 18p130

3
7775; (1.141)

V D

2
666666664

62C 5p130p
102700C 9004p130
105C 9p130p

102700C 9004p130
191C 17p130p

102700C 9004p130

62� 5p130p
102700� 9004p130
105� 9p130p

102700� 9004p130
�191C 17p130p
102700� 9004p130

ˇ̌̌
ˇ̌
ˇ̌̌
ˇ̌
ˇ̌
ˇ̌

2p
14
3p
14
1p
14

3
777777775
D ŒV1;V2�:

(1.142)
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Box 1.12. (The computation of canonical MINOS for the Front Page
Example):

y D Ax W
�
2

3

�
D
�
1 1 1

1 2 4

�24x1x2
x3

3
5 ; r WD rkA D 2 (1.143)

Left eigenspace Right eigenspace

AA#U D AA0U D Uƒ2; A#AV1 D A0AV1 D V1ƒ
2;

A#AV2 D A0AV2 D 0;

AA0 D
�
3 7

7 21

�
;

2
4 2 3 53 5 9

5 9 17

3
5 D A0A:

(1.144)

Eigenvalues:

ˇ̌
AA0 � �2i I2

ˇ̌ D 0 ˇ̌
ˇA0A � �2j I3

ˇ̌
ˇ D 0

,
�21 D 12C

p
130 �22 D 12 �

p
130; �23 D 0

(1.145)

Left eigencolumns (1st): Right eigencolumns (1st):

�
3� �21 7

7 21 � �21

� �
u11
u21

�
D 0

2
4 2 � �

2
1 3 5

3 5 � �21 9

5 9 17� �21

3
5
2
4 v11

v21
v31

3
5 D 0

.subject to u211 C u221 D 1/ .subject to v211 C v221 C v231 D 1/
(1.146)

.3 � �21/u11 C 7u21 D 0; .2 � �21/v11 C 3v21 C 5v31 D 0
3v11 C .5 � �21/v21 C 9v31 D 0 (1.147)

u211 D
49

49C .3 � �21/2
D 49

260C 18p130;

u221 D
.3 � �21/2

49C .3� �21/2
D 211C 18p130
260C 18p130

; (1.148)

2
4 v211

v221
v231

3
5 D 1

.2C 5�21/2 C .3 � 9�21/2 C .�1C 7�21 � �41/2

2
4 .2C 5�21/2

.3 � 9�21/2
.1 � 7�21 C �41/2

3
5;

(1.149)
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2
4 v211

v221
v231

3
5 D 1

102700C 9004p130

2
66664

�
62C 5p130


2
�
�105 � 9p130


2
�
191C 17p130


2

3
77775:

Left eigencolumns (2nd): Right eigencolumns (2nd):

�
3 � �22 7

7 21 � �22

� �
u12
u22

�
D 0

2
4 2 � �

2
2 3 5

3 5 � �22 9

5 9 17� �22

3
5
2
4 v12

v22
v32

3
5 D 0

.subject to u212 C u222 D 1/; .subject to v212 C v222 C v232 D 1/;
(1.150)

.3 � �22/u12 C 7u22 D 0; .2 � �22/v12 C 3v22 C 5v32 D 0;
3v12 C .5 � �22/v22 C 9v32 D 0; (1.151)

u212 D
49

49C .3 � �22/2
D 49

260� 18p130;

u222 D
.3� �22/2

49C .3 � �22/2
D 211� 18p130
260� 18p130;

(1.152)

2
4 v212

v222
v232

3
5 D 1

.2C 5�22/2 C .3 � 9�22/2 C .�1C 7�22 � �42/2

2
4 .2C 5�22/2

.3 � 9�22/2
.1 � 7�22 C �42/2

3
5 ;

2
4 v212

v222
v232

3
5 D 1

102700� 9004p130

2
66664

�
62� 5p130


2
�
�105C 9p130


2
�
191� 17p130


2

3
77775 :

(1.153)

Right eigencolumns (3rd):

2
4 2 3 53 5 9

5 9 17

3
5
2
4 v13

v23
v33

3
5 D 0 (1.154)

(subject to v213 C v223 C v233 D 1),

2v13 C 3v23 C 5v33 D 0
3v13 C 5v23 C 9v33 D 0 (1.155)

�
2 3

3 5

� �
v13
v23

�
D
��5
�9
�

v33,
�

v13
v23

�
D �

�
5 �3
�3 2

� �
5

9

�
v33 (1.156)

v13 D 2v33; v23 D �3v33; v213 D
2

7
; v223 D

9

14
; v233 D

1

14
: (1.157)

There are four combinatorial solutions to generate square roots.
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�
u11 u12
u21 u22

�
D
2
4˙

q
u211 ˙

q
u212

˙
q

u221 ˙
q

u222

3
5; (1.158)

2
4 v11 v12 v13

v21 v22 v23
v31 v32 v33

3
5 D

2
6664
˙
q

v211 ˙
q

v212 ˙
q

v213

˙
q

v221 ˙
q

v222 ˙
q

v223

˙
q

v231 ˙
q

v232 ˙
q

v233

3
7775: (1.159)

Here we have chosen the one with the positive sign exclusively.

ƒ D Diag

�q
12Cp130;

q
12�p130

�
; (1.160)

U D

2
6664

7p
260C 18p130

7p
260� 18p130p

211C 18p130p
260C 18p130

p
211C 18p130p
260� 18p130

3
7775; (1.161)

V D

2
666666664

62C 5p130p
102700C 9004p130
105C 9p130p

102700C 9004p130
191C 17p130p

102700C 9004p130

62� 5p130p
102700� 9004p130
105� 9p130p

102700� 9004p130
�191C 17p130p
102700� 9004p130

ˇ̌
ˇ̌
ˇ̌̌
ˇ̌
ˇ̌̌
ˇ̌

2p
14
3p
14
1p
14

3
777777775
D ŒV1;V2�:

(1.162)

1-3 Case Study

Let us continue this chapter by considering some important case studies. Let
us consider orthogonal functions and let us study Fourier series versus Fourier–
Legendre series and circular harmonic versus spherical harmonic regression. In
empirical sciences, we continuously meet the problems of underdetermined linear
equations. Typically we develop a characteristic field variable into orthogonal
series, for instance into circular harmonic functions (discrete Fourier transform) or
into spherical harmonics (discrete Fourier–Legendre transform) with respect to a
reference sphere. We are left with the problem of algebraic regression to determine
the values of the function at sample points, an infinite set of coefficients of the
series expansion from a finite set of observations. An infinite set of coefficients, the
coordinates in an infinite-dimensional Hilbert space, cannot be determined by finite
computer manipulations. Instead, band-limited functions are introduced. Only a
finite set of coefficients of a circular harmonic expansion or of a spherical harmonic
expansion can be determined. It is the art of the analyst to fix the degree/order of
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the expansion properly. In a peculiar way the choice of the highest degree/order of
the expansion is related to the Uncertainty Principle, namely to the width of lattice
of the sampling points.

Another aspect of any series expansion is the choice of the function space.
For instance, if we develop scalar-valued, vector-valued or tensor-valued functions
into scalar-valued, vector-valued or tensor-valued circular or spherical harmonics,
we generate orthogonal functions with respect to a special inner product, also
called scalar product on the circle or spherical harmonics are eigenfunctions of
the circular or spherical Laplace–Beltrami operator. Under the postulate of the
Sturm–Liouville boundary conditions, the spectrum (namely the eigenvalues) of
the Laplace–Beltrami operator are positive and integer. We here note that the
eigenvalues of the circular Laplace–Beltrami operator are l2 for integer values l 2
f0; 1; : : : ;1g, of the spherical Laplace–Beltrami operator

˚
k.k C 1/; l2� for integer

values k 2 f0; 1; : : : ;1g, l 2 f�k;�k C 1; : : : ;�1; 0; 1; : : : ; k � 1; kg. Thanks
to such a structure of the infinite-dimensional eigenspace of the Laplace–Beltrami
operator we discuss the solutions of the underdetermined regression problem (linear
algebraic regression) in the context of “canonical MINOS”. We solve the system
of linear equations fAx D yjA 2 R

n�m; rkA D n; n�mg by singular value
decomposition as shortly outlined in Appendix A.

1-31 Fourier Series

Fourier series represent the periodic behavior of a function x.�/ on a circle S
1.

Fourier series are also called trigonometric series since trigonometric functions
f1; sin�; cos�, sin 2�; cos 2�; : : : ; sin `�; cos `�g represent such a periodic signal.
Here we have chosen the parameter “longitude �” to locate a point on S

1. Instead
we could exchange the parameter � by time t , if clock readings would substitute
longitude, a conventional technique in classical navigation. In such a setting,

� D !t D 2�

T
t D 2�	t; `� D `!t D 2�` t

T
D 2�`	t: (1.163)

(In such a setting, the longitude � would be exchanged by 2� , the product of ground
period T and time t or by 2� , the product of ground frequency 	. In contrast, `� for
all ` 2 f0; 1; : : : ; Lgwould be substituted by 2� the product of overtones `=T or `	
and time t , where ` is integer, i.e., l 2 Z. According to classical navigation,! would
represent the rotational speed of the Earth.) Let us refer to Box 1.13 as a summary
of the Fourier representation of a function x.�/, � 2 S

1. Note that a Fourier series
(1.164) or (1.165) can be understood as an infinite-dimensional vector space (linear
space, Hilbert space) since the base functions e`.�/ generate a complete orthogonal
(orthonormal) system based on trigonometric functions. The countable base, namely
the base functions e`.�/ or f1; sin�; cos�; sin 2�; cos 2�; : : : ; sin `�; cos `�g
span the Fourier space L2Œ0; 2��. According to the ordering by means of positive
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and negative indices f�L;�LC 1; : : : ;�1; 0;C1; : : : ; L � 1;Lg (0.4) x^.�/ is an
approximation of the function x.�/ up to order three, also denoted by xL.

Box 1.13. (Fourier series):

x.�/ D x1 C .sin�/x2 C .cos�/x3 C .sin 2�/x4 C .cos 2�/x5C
CO3.sin `�; cos `�/

(1.164)

x.�/ D lim
L!1

CLX
`D�L

e`.�/x`; e`.�/ WD
2
4 cos `� 8` > 0

1 8` D 0
sin j`j� 8` < 0:

(1.165)

Example (approximation of order three):

x^.�/ D e0x1 C e�1x2 C eC1x3 C e�2x4 C eC2x5 CO3: (1.166)

What is an infinite dimensional vector space? What is a Hilbert space? What makes
up the Fourier space? An infinite dimensional vector space (linear space) is similar
to a finite dimensional vector space: As in an Euclidean space an inner product and
a norm is defined. While the inner product and the norm in a finite dimensional
vector space required summation of their components, the inner product (1.167),
(1.168) and the norm (1.170) in an infinite-dimensional vector space force us to
integration. Indeed the inner products (scalar products) (1.167) and (1.168) are
integrals over the line element of S

1
r applied to the vectors x.�/, y.�/ or e`1 ,

e`2 , respectively. Those integrals are divided by the length s of a total arc of
S
1
r . Alternative representations of < xjy > and < e`1 je`2 > (Dirac’s notation

of brackets, decomposed into “bra” and “ket”) based upon ds D rd�, s D 2�r ,
lead us directly to the integration over S1, the unit circle. Let us refer to Box 1.14
as a summary of the most essential features of the Fourier space.

Box 1.14. (Fourier space):

The base functions e`.�/; ` 2 f�L;�LC 1; : : : ;�1; 0;C1; : : : ; L� 1;Lg, span
the Fourier space L2 Œ0; 2��: they generate a complete orthogonal (orthonormal)
system of trigonometric functions.

Inner product .x 2 FOURIER; y 2 FOURIER/ W

hx j yi WD 1

s

Z 1

0

dsx.s/y.s/ D 1

2�

Z 2�

0

d�x.�/y.�/ (1.167)

Normalization:

< e`1.�/je`2.�/ >WD
1

2�

Z 2�

0

d� e`1.�/ e`2.�/ D �`1ı`1`2 (1.168)

subject to
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�
�`1 D 18`1 D 0;
�`1 D 1

2
8`1 ¤ 0 (1.169)

Norms, convergence

jjxjj2 D 1
2�

R 2�
0 d� x2.�/ D lim

L!1
CLP
`D�L

�`x2` <1;
lim
L!1 jjx� xL̂jj2 D 0 .convergence in the mean/:

(1.170)

Synthesis versus analysis:

x D lim
L!1

CLX
`D�L

e`x` versus x`D 1

�`
< e`jx >WD 1

2��`

Z 2�

0

d� e` .�/ x .�/ ;

(1.171)

x D lim
L!1

CLX
`D�L

1

�`
e` < xje` >: (1.172)

Canonical basis of the Hilbert space “FOURIER” (orthonormal basis)

e�̀ WD
2
4
p
2 sin `� 8` > 0;
1 8` D 0;p

2 cos `� 8` < 0:
(1.173)

e�̀ D 1p
�`

e` versus e` D
p
�`e�̀;

x�̀ D p�`x` versus x` D 1p
�`
x�̀;

(1.174)

x D lim
L!1

CLX
`D�L

e�̀ < xje�̀ > (1.175)

Orthonormality:

< e�̀
1
.x/je�̀

2
.x/ >D ı`1`2 (1.176)

Fourier space L!1
FOURIER D span fe�L; e�LC1; : : : ; e�1; e0; e1; : : : ; eL�1; eLg;

dimFOURIER D lim
L!1.2LC 1/ D 1;

(1.177)

“FOURIER” D “HARM”L2.S1/: (1.178)

A further comment has to be made to the normalization (1.168). Thanks to <
e`1.�/je`2.�/ >D 0 for all `1 ¤ `2.

for instance< e1.�/je1.�/ >D 0, the base functions e`.�/ are called orthogonal.
But according to < e`.�/je`.�/ >D 1

2
; for instance < e1.�/je1.�/ >D

jje1.�/jj2 D 1
2
, < e2.�/je2.�/ >D jje2.�/jj2 D 1

2
, they are not normalized to
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1. Note that a canonical basis of the Hilbert space “FOURIER” has been introduced
by e�̀. Indeed the base functions e�̀.�/ fulfil the condition of orthonormality.

The crucial point of an infinite dimensional vector space is convergency. When
we write x.�/ (�! (1.164)) as an identity of infinite series we must be sure that
the series converge. In infinite dimensional vector space no pointwise convergency
is required. In contrast, convergence in the mean (�! (1.170)) is postulated. The
norm jjxjj2 (�! (1.170)) equals the limes of the infinite sum of the �` weighted,
squared coordinate x`, the coefficient in the trigonometric function (1.164), jjxjj2 D
lim
L!1

CLP
`D�L

�`x
2
` < 1, which must be finite. As soon as convergence in the mean

is guaranteed, we move from a pre-Fourier space of trigonometric functions to a
Fourier space we shall define more precisely later on. (i) Fourier analysis as well
as Fourier synthesis, represented by (1.171, left) versus (1.171, right), is meanwhile
well prepared. First, given the Fourier coefficients x` we are able to systematically
represent the vector x 2 “FOURIER00 in the orthogonal base e`.�/. Second, the
projection of the vector x 2 “FOURIER00 onto the base vectors e`.�/ agrees
analytically to the Fourier coefficients as soon as we take into account the proper
matrix of the metric of the Fourier space. Note the reproducing representation “from
x to x” (�! (1.172)). (ii) The transformation from the orthogonal base e`.�/ to
the orthonormal base e�̀, also called canonical or modular as well as its inverse
is summarized by (1.174). The dual transformations from Fourier coefficients x`
to canonical Fourier coefficients x�̀ as well as its inverse is also summarized by
(1.174). Note the canonical reproducing representation “from x to x” (�! (1.175)).
(iii) The space (1.177) has the dimension of hyperreal number 1. As already
mentioned in the introduction, (1.178) is identical with the Hilbert space L2.S1/
of harmonic functions on the circle S1.
What is a harmonic function which has the unit circle S1 as a support? A harmonic
function “on the unit circle” S

1 is a function x.�/; � 2 S
1, which fulfils on

one hand fulfills the one-dimensional Laplace equation (the differential equation)
of a harmonic oscillator) and on the other hand fulfills a special Sturm–Liouville
boundary condition. The special Sturm–Liouville equation force the frequency to
be integer, which is proven subsequently.

(1st):


1x.�/ D 0 , .
d 2

d�2
C !2/x.�/ D 0 (1.179)

(2nd):

2
4 x.0/ D x.2�/�

d

d�
x.�/

�
.0/ D

�
d

d�
x.�/

�
.2�/:

(1.180)
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Proof.

“Ansatz”:

x.�/ D c! cos!�C s! sin!� (1.181)

“Initial conditions”:

x.0/ D x.2�/, (1.182)

Consequences:

c! D c! cos 2�! C s! sin 2�!;�
d

d�
x.�/

�
.0/ D

�
d

d�
x.2�/

�
.2�/ (1.183)

”

s!! D �c!! sin 2�! C s!! cos 2�!
”

, cos 2�! D 0
sin 2�! D 0

�
) ! D ` 8` 2 f0; 1; : : : ; L � 1;Lg :

(1.184)

! D `, ` 2 f0; 1; : : : ; L � 1;Lg concludes the proof.

How can we setup a linear model for Fourier analysis? The linear model of Fourier
analysis which relates the elements x 2 X of the parameter space X to the elements
y 2 Y of the observation space Y is setup in Box 1.15. Here we shall assume that
the observed data have been made available on an equidistant angular grid, in
short equidistant lattice of the unit circle parameterized by .�1; : : : ; �n/. For the
optimal design of the Fourier linear model it has been proven that the equidistant
lattice �i D .i � 1/ 2�

I
8i 2 f1; : : : ; I g is “D-optimal”. Box 1.15 contains four

examples for such a lattice. Figure 1.9 shows such a lattice. In summary, the finite
dimensional observation space Y, dimY D n, n D I , has integer dimension I . In
contrast, the parameter space X, dimX D 1, is infinite dimensional. The unknown
Fourier coefficients, conventionally collected in a Pascal triangular graph is shown
in Fig. 1.10, are vectorized by (1.188) in a peculiar order (1.190). Indeed, the linear
model (1.189) contains m D 2LC 1, L ! 1, m ! 1, unknowns, a hyperreal
number. The linear operator A W X 7�! X is generated by the base functions
of lattice points. Equation (1.191) is a representation of the linear observational
equations (1.189) in Ricci calculus which is characteristic for Fourier analysis.
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0° 180° 360°

0° 120° 240° 360°

0° 90° 180° 270° 360°

0° 72° 144° 216° 288° 360°

I=2

I=3

I=4

I=5

Fig. 1.9 Equidistance lattice on S
1. I D 2 or 3 or 4 or 5

level L = 3

level L = 1
level L = 0

level L = 2

Fig. 1.10 Fourier series. Pascal triangular graph, weights of the graph: unknown coefficients of
Fourier series

Box 1.15. (Fourier analysis as an underdetermined linear model)

The observation space Y:2
666664

y1
y2
:::

yn�1
yn

3
777775
WD

2
666664

x.�1/

x.�2/
:::

x.�n�1/
x.�n/

3
777775
D Œx.�i /� 8i 2 f1; ::; I g; � 2 Œ0; 2�� (1.185)
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Equidistant lattice on S
1:

�i D .i � 1/2�
I
8i 2 f1; : : : ; I g: (1.186)

Examples:

I D 2 W �1 D 0; �2 D � � 180ı;

I D 3 W �1 D 0; �2 D 2�

3
� 120ı; �3 D 4�

3
� 240ı;

I D 4 W �1 D 0; �2 D 2�

4
� 90ı; �3 D � � 180ı;

�4 D 3�

2
� 270ı;

I D 5 W �1 D 0; �2 D 2�

5
� 72ı; �3 D 4�

5
� 144ı;

�4 D 6�
5
� 216ı; �5 D 8�

5
� 288ı

Example (1.187)

The parameter space X

x1 D x0; x2 D x�1; x3 D xC1; x4 D x�2;
x5 D xC2; : : : ; xm�1 D x�L; xm D xL;

dimX D m � 2LC 1:
; (1.188)

The underdetermined linear model (n < m W I < 2LC 1:

y WD

2
666664

y1
y2

: : :

yn�1
yn

3
777775
D

2
666664

1 sin�1 cos�1 : : : sinL�1 cosL�1
1 sin�2 cos�2 : : : sinL�2 cosL�2

1 sin�n�1 cos�n�1 : : : sinL�n�1 cosL�n�1
1 sin�n cos�n : : : sinL�n cosL�n

3
777775

2
666664

x1
x2

: : :

xm�1
xm

3
777775
:

(1.189)
X D span

L!1
fx0; x�1; xC1; : : : ; x�L; xCLg; dimX D m D 1 (1.190)

yi D y.�i / D lim
L!1

LX
`D�L

e`.�i /x` 8i 2 f1; : : : ; ng (1.191)

The portray of Fourier analysis which for the readers’ convenience is outlined in
Box 1.16 summarizes its peculiarities effectively. A finite number of observations
is confronted with an infinite number of observations. Such a linear model of type
“underdetermined of power 2” cannot be solved in finite computer time. Instead one
has to truncate the Fourier series, a technique or approximation to make up Fourier
series “finite” or “bandlimited”. We have to consider three cases that are shown in
Box 1.16.
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Box 1.16. The portray of Fourier analysis

Number of observed data at versus number of unknown

lattice points: Fourier coefficients:

n D I m D 2LC 1!1
(finite) (infinite)

The three cases:
n > m

(Overdetermined case)
n D m

(regular case)
n < m

(underdetermined case).

First, we can truncate the infinite Fourier series such that n > m holds. In this
case of an overdetermined problem, we have more observations than equations.
Second, we alternatively balance the number of unknown Fourier coefficients such
that n D m holds. Such a model choice assures a regular linear system. Both
linear Fourier models which are tuned to the number of observations suffer from a
typical uncertainty. What is the effect of the forgotten unknown Fourier coefficients
m > n? Indeed a significance test has to decide upon any truncation to be
admissible. We are in need of an objective criterion to decide upon the degree m
of bandlimit. Third, in order to be as objective as possible we follow the third case
of “less observations than unknowns” such that n < m holds. Such a Fourier linear
model which generates an underdetermined system of linear equations is explicitly
considered in Box 1.17 and Box 1.18. Note that the first example that is presented
in Box 1.17 (n �m D 1) as well as the second example that is present in Box 1.18
(n�m D 2) demonstrate MINOS of the Fourier linear model.

Box 1.17. (The first example).

Fourier analysis as an underdetermined linear model:

n � rk A D n �m D 1; L D 1
dimY D n D 2; dimX D m D 3; (1.192)

�
y1
y2

�
D
�
1 sin�1 cos�1
1 sin�2 cos�2

�24x1x2
x3

3
5 � y D Ax: (1.193)
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Example .I D 2/ W �1 D 0ı; �2 D 180ı:

sin�1 D 0; cos�1 D 1; sin�2 D 0; cos�2 D �1
A WD

�
1 0 1

1 0 �1
�
D
�
1 sin�1 cos�1
1 sin�2 cos�2

�
2 R

2�3 (1.194)

AA0 D 2I2 , .AA0/�1 D 1

2
I2 (1.195)

AA0 D
�

2 1C sin�1 sin�2 C cos�1 cos�2
1C sin�2 sin�1 C cos�2 cos�1 2

�
:

(1.196)

if �i D .i � �/2�I , then

1C 2 sin�1 sin�2 C 2 cos�1 cos�2 D 0 (1.197)

or

L D 1 W
CLP
`D�L

e`.�i1/e`.�i2/ D 0 8i1 ¤ i2;

L D 1 W
CLP
`D�L

e`.�i1/e`.�i2/ D LC 1 8i1 D i2;
(1.198)

x` D
2
4x1x2
x3

3
5
`

D A0.AA0/�1y D 1
2

2
4 1 1

0 0

1 �1

3
5 y D 1

2

2
4y1 C y20

y1 � y2

3
5;

jjx`jj2 D 1

2
y0y

(1.199)

Box 1.18. (The second example)

Fourier analysis as an underdetermined linear model:

n � rk A D n �m D 2; L D 2
dimY D n D 3; dimX D m D 5; (1.200)

2
4y1y2
y3

3
5 D

2
4 1 sin�1 cos�1 sin 2�1 cos 2�1
1 sin�2 cos�2 sin 2�2 cos 2�2
1 sin�3 cos�3 sin 2�3 cos 2�3

3
5

2
666664

x1
x2
x3

x4
x5

3
777775
: (1.201)

Example .I D 3/ W �1 D 0ı; �2 D 120ı ; �3 D 240ı
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sin�1 D 0; sin�2 D 1

2

p
3; sin�3 D �1

2

p
3;

cos�1 D 1; cos�2 D �1
2
; cos�3 D �1

2
;

sin 2�1 D 0; sin 2�2 D �1
2

p
3; sin 2�3 D 1

2

p
3;

cos 2�1 D 1; cos 2�2 D �1
2
; cos 2�3 D �1

2
;

(1.202)

A WD

2
666664

1 0 1 0 1

1
1

2

p
3 �1

2
�1
2

p
3 �1

2

1 �1
2

p
3 �1

2

1

2

p
3 �1

2

3
777775
; (1.203)

AA0 D 3I3 , .AA0/�1 D 1
3
I3 (1.204)

AA0 D
2
4 3 .AA0/12 .AA0/13
.AA0/21 3 .AA0/23
.AA0/31 .AA0/32 3

3
5; (1.205)

.AA0/12 D
1C sin�1 sin�2 C cos�1 cos�2 CC sin 2�1 sin 2�2 C cos 2�1 cos 2�2

.AA0/13 D
1C sin�1 sin�3 C cos�1 cos�3 CC sin 2�1 sin 2�3 C cos 2�1 cos 2�3

.AA0/21 D
1C sin�2 sin�1 C cos�2 cos�1 CC sin 2�2 sin 2�1 C cos 2�2 cos 2�1

.AA0/23 D
1C sin�2 sin�3 C cos�2 cos�3 CC sin 2�2 sin 2�3 C cos 2�2 cos 2�3

.AA0/31 D
1C sin�3 sin�1 C cos�3 cos�1 CC sin 2�3 sin 2�1 C cos 2�3 cos 2�1

.AA0/32 D
1C sin�3 sin�2 C cos�3 cos�2 CC sin 2�3 sin 2�2 C cos 2�3 cos 2�2

(1.206)

if �i D .i � 1/2�
I

, then

1C sin�1 sin�2 C cos�1 cos�2 C sin 2�1 sin 2�2 C cos 2�1 cos 2�2 D
D 1 � 1

2
� 1
2
D 0

1C sin�1 sin�3 C cos�1 cos�3 C sin 2�1 sin 2�3 C cos 2�1 cos 2�3 D
D 1 � 1

2
� 1
2
D 0

1C sin�2 sin�3 C cos�2 cos�3 C sin 2�2 sin 2�3 C cos 2�2 cos 2�3 D
D 1 � 3

4
� 1
4
� 1
4
C 1

4
D 0

(1.207)
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L D 2 W
CLP
`D�L

e`.�i1/e`.�i2/ D 08i1 ¤ i2;

L D 2 W
CLP
`D�L

e`.�i1/e`.�i2/ D LC 18i1 D i2;
(1.208)

x` D A0.AA0/�1y D 1

3

2
66666666664

1 1 1

0
1

2

p
3 �1

2

p
3

1 �1
2

�1
2

0 �1
2

p
3
1

2

p
3

1 �1
2

�1
2

3
77777777775

2
4y1y2
y3

3
5

D x` D

2
666664

x1
x2

x3
x4
x5

3
777775
`

D 1

3

2
66666666664

y1 C y2 C y3
1

2

p
3y2 � 1

2

p
3y3

y1 � 1
2
y2 � 1

2
y3

�1
2

p
3y2 C 1

2

p
3y3

y1 � 1
2
y2 � 1

2
y3

3
77777777775
;

jjxjj2 D 1

3
y0y: (1.209)

Lemma 1.9. (Fourier analysis).

If finite Fourier series (1.210) or (1.211) are sampled at observations points
�l 2 S

1 on an equidistance lattice (equiangular lattice) (1.212), then discrete
orthogonality (1.213) applies.

yi D y.�i/

D Œ1; sin�i ; cos�i ; : : : ; cos.L � 1/�i ; sinL�i ; cosL�i �

2
66666666664

x1
x2

x3
:::

xm�2
xm�1
xm

3
77777777775
;

(1.210)

y D Ax; A 2 R
n�m; rkA D n; I D n < m D 2LC 1

A 2 O.n/ WD fA 2 R
n�mjAA0 D .LC 1/Ing

(1.211)
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�i D .i � 1/2�
I
8i; i1; i2 2 f1; : : : ; I g ; (1.212)

AA0 D .LC 1/In �
CLX
`D�L

e`.�i1/e`.�i2/ D
�

0 8i1 ¤ i2
LC 1 8i1 D i2 (1.213)

A is an element of the orthogonal group O.n/. MINOS of the underdetermined
system of linear equations is

xm D 1

LC 1A0y; kxmk2 D 1

LC 1y0y: (1.214)

1-32 Fourier–Legendre Series

Fourier–Legendre series represent the periodic behavior of a function x.�; �/ on a
sphere S

2. They are called spherical harmonic functions since f1; P11.sin �/ sin�,
P10.sin �/, P11.sin �/ cos�; : : : ; Pkk.sin �/ cosk�g represent such a periodic sig-
nal. Indeed they are a pelicular combination of Fourier’s trigonometric polynomials
fsin `�; cos `�g and Ferrer’s associated Legendre polynomials Pk`.sin �/. Here we
have chosen the parameters longitude � and latitude � to locate a point on S

2.
Instead we could exchange the parameter � by time t , if clock readings would
submit longitude, a conventional technique in classical navigation. In such a setting,

� D !t D 2�

T
t D 2�	t; `� D `!t D 2�` t

T
D 2�`	t: (1.215)

In such a setting, longitude � would be exchanged by 2� multiplied with the time t
and divided by the ground period T or by the product of 2� , the ground frequency
	, and the time t . In contrast, `� for all ` 2 f�k;�kC1; : : : ;�1; 0; 1; : : : ; k�1; kg
would be substituted by 2� the product of overtones `=T or `	 and time t , where
k; ` are integer, i.e., k; ` 2 Z. According to classical navigation, ! would represent
the rotational speed of the Earth. Let us refer to Box 1.19 as a summary of the
Fourier–Legendre representation of a function x.�; �/, where � 2 Œ0; 2�� and � 2
Œ��=2;C�=2�.

Box 1.19. (Fourier–Legendre series).

x.�; �/ D P00.sin �/x1

CP1�1.sin�/ sin�x2 C P10.sin �/x3 C P1C1.sin �/ cos�x4

CP2�2.sin�/ sin 2�x5 C P2�1.sin �/ sin�x6 (1.216)

CP20.sin�/x7 C P21.sin�/ cos�x8 C P22.sin �/ cos 2�x9

CO3ŒPk`.sin �/fcos `�; sin `�g�
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x.�; �/ D lim
K!1

KX
kD0

CkX
`D�k

ek`.�; �/xk` (1.217)

ek`.�; �/ WD
8<
:

Pk`.sin �/ cos `� 8` > 0
Pk0.sin �/ 8` D 0

Pkj`j.sin�/ sin j`j� 8` < 0
(1.218)

x.�; �/ D lim
K!1

KX
kD0

kX
`D�k

Pkj`j.sin �/.ck` cos `�C sk` sin `�/ (1.219)

“Legendre polynomials of the first kind” (recurrence relation):

kPk.t/ D .2k � 1/tPk�1.t/ � .k � 1/Pk�2.t/
initial data W P0.t/ D 1; P1.t/ D t

�
) (1.220)

Example:

2P2.t/ D 3tP1.t/ � P0.t/ D 3t2 � 1) P2.t/ D 3

2
t2 � 1

2
(1.221)

if t D sin �, then P2.sin �/ D 3

2
sin2 � � 1

2

Ferrer’s associates Legendre polynomials of the first kind:

Pk`.t/ WD .1 � t2/l=2 d
`Pk.t/

dt`
(1.222)

Example:

P11.t/ D
p
1 � t2 d

dt
P1.t/; P11.t/ D

p
1 � t2 (1.223)

if t D sin �, then P11.sin�/ D cos�.

Example:

P21.t/ D
p
1 � t2 d

dt
P2.t/; P21.t/ D

p
1 � t2 d

dt

�
3

2
t2 � 1

2

	

P21.t/ D 3t
p
1 � t2

(1.224)

if t D sin�, then P21.sin �/ D 3 sin� cos�.

Example:

P22.t/ D .1 � t2/ d
2

dt2
P2.t/; P22.t/ D 3.1� t2/ (1.225)

if t D sin �, then P22.sin�/ D 3 cos2 �

Example (approximation of order three):



1-3 Case Study 51

k−1, 

k, 

k−1,  −1 k−1,  +1Fig. 1.11 A formal
representation of the vertical
recurrence relation

x^.�; �/
D e00x1 C e1�1x2 C e10x3 C e11x4

Ce2�2x5 C e2�1x6 C e20x7 C e21x8 C e22x9 CO3
(1.226)

Pk`.sin�/ D sin �Pk�1;`.sin �/� cos� ŒPk�1;`C1.sin �/� Pk�1;`�1.sin �/�
(vertical recurrence relation)

P00.sin �/ D 1; Pkj`j D Pk�`8` < 0
(1.227)

(initial data).
Compare with Fig. 1.11.

We note that the Fourier–Legendre series (1.216) can be understood as an
infinite-dimensional vector space (linear space, Hilbert space) since the base
functions ek`.�; �/ generate a complete orthogonal (orthonormal) system based on
surface spherical functions. The countable base, i.e., the base functions ek`.�; �/
or f1; cos� sin�, sin �, cos� cos�; : : : ; Pkj`j.sin �/ sin `�g, span the Fourier–
Legendre space L2fŒ0; 2�Œ � � � �=2;C�=2g. According to our order Ox.�; �/ is
an approximation of the function x.�; �/ up to order Pk`.sin�/ fcos `�; sin jl j�g
for all ` > 0; ` D 0 and ` < 0; respectively. Let us refer to Box 1.20 as a summary
of the essential features of the Fourier–Legendre space.

Box 1.20. (The Fourier–Legendre space)

The base functions ek`.�; �/, k 2 f1; : : : ; Kg, ` 2 f�K;�K C 1; : : : ;�1; 0;
1; : : : ; K � 1;Kg span the Fourier–Legendre space L2fŒ0; 2���� � �=2;C�=2g.
The base function generate a complete orthogonal (orthonormal) system of surface
spherical functions.

Inner product
(x 2 FOURIER–LEGENDRE and y 2 FOURIER–LEGENDRE)

< xjy > D 1

S

Z
dSx.�; �/T y.�; �/

D 1

4�

2�Z
0

d�

C�=2Z
��=2

d� cos�x.�; �/y.�; �/: (1.228)
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Normalization:

< ek1`1.�; �/jek2`2 > .�; �/ >

D 1
4�

R 2�
0 d�

C�=2R
��=2

d� cos�ek1`1.�; �/ek2`2.�; �/

D �k1`1ık1k2ı`1`28k1; k2 2 f0; : : : ; Kg; `1; `2 2 f�k; : : : ; Ckg;

�k1`1 D
1

2k1 C 1
.k1 � j`1j/Š
.k1 C `1/Š :

(1.229)

Norms, convergence:

jjxjj2 D 1

4�

2�Z
0

d�

C�=2Z
��=2

d� cos�x2.�; �/

D lim
K!1

KX
kD0

CkX
`D�k

�k`x2k` <1;
(1.230)

lim
K!1 jjx� xK̂ jj2 D 0 (convergence in the mean). (1.231)

Synthesis versus analysis:

x D lim
K!1

KX
kD0

CkX
`D�k

ek`xk` versus xk` D 1

�
< ek`jx >

WD 1

4��k`

2�Z
0

d�

C�=2Z
��=2

d� cos�ek`.�; �/x.�; �/;

(1.232)

x D lim
K!1

KX
kD0

CkX
`D�k

1

�k`
ek` < xjek` > (1.233)

Canonical basis of the Hilbert space : Fourier–Legendre series

e�
k`.�; �/ WD

p
2k C 1

s
.k C j`j/Š
.k � j`j/Š Pk`.sin�/

2
4
p
2 cos `� 8` > 0
1 8` D 0p

2 sin j`j� 8` < 0
(1.234)

(orthonormal basis),

e�
k` D

1p
�k`

ek` versus ek` D
p
�k`e�

k`;

x�
k` D

p
�k`xk` versus xk` D 1p

�k`
x�
k`;

(1.235)
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x D lim
K!1

KX
kD0

CkX
`D�k

e�
k` < xj: e�

k` > (1.236)

Orthonormality:

< e�
k`.�; �/je�

k`.�; �/ >D ık1k2ı`1`2 : (1.237)

Fourier–Legendre space
K !1:

“FOURIER� LEGENDRE”

D spanŒeK;�L; eK;�LC1; : : : ; eK;�1; eK;0; eK;1; : : : ; eK;L�1; eK;L�;

dim “FOURIER v LEGENDRE”

D lim
K!1.K C 1/

2

D 1;

(1.238)

“FOURIER – LEGENDRE” = “HARM”L2.S2/:

We note that an infinite-dimensional vector space (linear space) is similar to a finite-
dimensional vector space: As in an Euclidean space an inner product and a norm is
defined. While the inner product and the norm in a finite-dimensional vector space
required summation of their components, the inner product (1.228) and (1.229) and
the norm (1.230) in an infinite-dimensional vector space force us to integration.
Indeed the inner products (scalar products) (1.228) and (1.229) are integrals over
the surface element of S

2
r applied to the vectors x.�; �/; , y.�; �/ or ek1`1 , ek2`2

respectively. Those integrals are divided by the size of the surface element 4� of S2r .
Alternative representations of < x; y > and <ek1`1 ; ek2`2> (Dirac’s notation of a
bracket decomposed into “bra” and “txt”) based upon dS D rd�d� cos�; and
S D 4�r2, lead us directly to the integration over S2r , the unit sphere.

Let us adopt the definitions of Fourier–Legendre analysis as well as Fourier–
Legendre synthesis following (1.228)–(1.237). Here we concentrate on the key
problem: What is a harmonic function which has the sphere as a support?
A harmonic function “on the unit sphere S

2
r”is a function x.�; �/; .�; �/ 2

Œ0; 2�Œ � � � �=2;C�=2 which fulfils (i) the two-dimensional Laplace equation
(the differential equation of a two-dimensional harmonic osculator) and (ii) a spe-
cial Sturm–Liouville boundary condition (1.239) plus the harmonicity condition
(1.240) for
k . Note that the special Strum–Liouville equation force the frequency
to be integer!

(1st)


kj`jx.�; �/ D 0,
�
d2

d�2
C !

	
x.�/ D 0: (1.239)

(2nd)



54 1 The First Problem of Algebraic Regression

x.0/ D x.2�/;
�
d

d�
x.�/

�
.0/ D

�
d

d�
x.�/

�
.2�/: (1.240)

How can we setup a linear model for Fourier–Legendre analysis? The linear model
of Fourier–Legendre analysis which relates the elements x 2 X of the parameter
space X to the elements y 2 Y of the observations space Y is again setup in
Box 1.21. Here we shall assume that the observed data have been made available
on a special grid which extents to � 2 Œ0; 2��; � 2 Œ��=2;C�=2� and I D 2J ,
�j8j 2 f1; : : : ; I g, �i D .i � 1/ 2�I8 i 2 f1; : : : ; I g. Longitudinal interval:

� DW �iC1 � �i D 2�

I
. Lateral interval: J.even/ W 
� DW �jCi � �j D �

J
,

J.odd/ W 
� DW �jC1 � �j D �
JC1 . In addition, we shall review the data sets

fix J even as well as for J odd. Examples are given for (i) J D 1; I D 2 and
(ii) J D 2; I D 4. The number of observations which correspond to these data
sets have been (i) n D 18 and (ii) n D 32.

Box 1.21. The Fourier–Legendre analysis as an underdetermined linear
model. The observation space Y

Equidistant lattice on S
2 (equiangular):

� 2 Œ0; 2��; � 2
h
��
2
;C�

2

i
; (1.241)

I D 2J
�
�i D .i � 1/ 2�I 8i 2 f1; : : : ; I g;

�j 8j 2 f1; : : : ; I g; (1.242)

J.even/

8̂
<̂
ˆ̂:
�k D �

J
C .k � 1/�

J
8k 2

�
1; : : : ;

J

2

�
;

�k D ��
J
� .k � 1/�

J
8k 2

�
J C 2
2

; : : : ; J

�
;

J.odd/

8̂
<
:̂
�k D .k � 1/ �

J C 1 8k 2
�
1; : : : ;

J C 1
2

�

�k D �.k � 1/ �

J C 1 8k 2 f
J C 3
2

; : : : ; J g

(1.243)

longitudinal interval:


� WD �iC1 � �i D 2�

I
(1.244)

lateral interval:
8̂<
:̂

J even:
� WD �jC1 � �j D �

J

J odd:
� WD �jC1 � �j D �

J C 1
(1.245)

Initiation: choose J , derive I D 2J
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J.even/

( 26664
�k D 
�

2
C .k � 1/
� 8k 2

�
1; : : : ;

J

2

�

�k D �
�
2
� .k � 1/
� 8k 2

�
J C 2
2

; : : : ; J

�

J.odd/

8̂
ˆ̂<
ˆ̂̂:

�k D .k � 1/
� 8k 2
�
1; : : : ;

J C 1
2

�

�k D �.k � 1/
� 8k 2
�
J C 3
2

; : : : ; J

�

(1.246)

�i D .i � 1/
�8i 2 f1; : : : ; I g ; I D 2J: (1.247)

Multivariate setup of the observation space:

yij D x.�i ; �j / (1.248)

Vectorizations of the matrix of observations:

Example .J D 1; I D 2/
Sample points Observation vector y
.�1; �1/

.�2; �1/

�
.�1; �1/

.�2; �1/

�
DD y 2 R

8x1

Example .J D 2; I D 4/
Sample points Observation vector y
.�1; �1/

.�2; �1/

.�3; �1/

.�4; �1/

.�1; �2/

.�2; �2/

.�3; �2/

.�4; �2/

2
666666666664

.�1; �1/

.�2; �1/

.�3; �1/

.�4; �1/

.�1; �2/

.�2; �2/

.�3; �2/

.�4; �2/

3
777777777775

DD y 2 R
8x1

Number of observations: n D IJ D 2J 2

Example:

J D 1) n D 2;

J D 3) n D 18;

J D 2) n D 8;

J D 4) n D 32:

(1.249)
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Table 1.1. Equidistant lattice on S
2. The lateral lattice

lateral grid
J Δf

1 - 0°

-78.75°

1 2 3 4 5 6 7 8 9 10

2 90° 45° -45°

3 45° 0° 45° -45°

4 45° 22.5° 67.5° -22.5° -67.5°

5 30° 0° 30° 60° -30° -60°

6 30° 15° 45° 75° -15° -45° -75°

7 22.5° 0° 22.5° 45° 67.5° -22.5° -45° -67.5°

8 22.5° 11.25° 33.75° 56.25° 78.75° -11.25° -33.75° -56.25°

9 18° 0° 18° 36° 54° 72° -18° -36° -54° -72°

10 18° 90° 27° 45° 63° 81° -9° -27° -45° -63° -81°

Table 1.2. Equidistant lattice on S
2. The longitudinal lattice

Longitudinal grid
J I = 2J Δl

1 2 3 4 5 6 7 8 9 10

1 2 180° 0° 180°

2 4 90° 0° 90° 180° 270°

3 6 60° 0° 60° 120° 180° 240° 300°

4 8 45° 0° 45° 90° 135° 180° 225° 270° 315°

5 10 36° 0° 36° 72° 108° 144° 180° 216° 252° 288° 324°

For the optimal design of the Fourier–Legendre linear model it has been
shown that the equidistant lattice (1.242) and (1.243) is “D-optimal”. Tables 1.1
and 1.2 contain samples of an equidistant lattice on S, especially in a lateral
and a longitudinal lattice. As samples, via Fig. 1.12, we have computed various
horizontal and vertical sections of spherical lattices, for instants, fJ D 1; I D 2g,
fJD 2; I D 4g, fJ D 3; I D 6g, fJ D 4; I D 8g, and fJ D 5; I D 10g.
By means of Fig. 1.13, we have added the corresponding Platt–Carré Maps. The
unknown Fourier–Legendre coefficients, collected in a Pascal triangular graph of
Fig. 1.12 are vectorized by (1.250). Indeed, the linear model (1.175) contains
m D IJ D 2J 2 observations and m ! 1 unknowns, a hyperreal number. The
linear operator A W X ! Y is generated by the base functions of lattice points
(1.251). Equation 1.251 is a representation of the linear observational equations
(1.175) in Ricci calculus which is characteristic for Fourier–Legendre analysis.
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J = 1, I = 2

J = 2, I = 4

J = 1, I = 2

J = 2, I = 4

J = 3, I = 6 J = 3, I = 6

J = 4 , I = 8J = 4 , I = 8

J = 5 , I = 10 J = 5 , I = 10

Fig. 1.12 The spherical
lattice. Left: vertical section,
trace of parallel circles. Right
row: horizontal section, trace
of meridians

X D spanfx00; x1�1; x10; x11; : : : ; xkj`jg
k !1; k D 0 : : : k; j`j D 0 : : : k
dimX D m D1;

(1.250)

jij D y.xij / D lim
K!1

KX
kD0

CkX
`D�k

ek`.�i ; �j /xk`8i; j 2 f1; : : : ; ng: (1.251)
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Fig. 1.13 Platt–Carré Map of
longitude-latitude lattice

Note that the finite dimensional observation space Y has integer dimension, i.e.
dim Y D n D IJ , I D 2J and the parameter space X is infinite dimensional, i.e.
dim X D m D 1. The portray of Fourier–Legendre analysis which for the readers’
convenience is outlined in Box 1.22 summarizes effectively its peculiarities. A finite
number of observations is confronted with an infinite number of observations. Such
a linear model of type “underdetermined of power 2” cannot be solved in finite
computer time. Instead, one has to truncate the Fourier–Legendre series, leaving the
series “bandlimited”. We consider the three cases shown in Box 1.22.
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Box 1.22. (The portray of Fourier–Legendre analysis)

Number of observed data at versus Number of unknown
lattice points Fourier–Legendre coefficients:

n D IJ D 2J 2 m D lim
K!1

KP
kD0

CkP
`D�k

ek`

(finite). (infinite).
The three cases:

n > m n D m n < m

(overdetermined case), (regular cases), (underdetermined case).

First, we have to truncate the. infinite Fourier–Legendre series that n > m

hold. In this case of an overdetermined problem, we have more observations
than equations. Second, we alternatively balance the number of unknown Fourier–
Legendre coefficients such that n D m holds. Such a model choice assures a regular
linear system. Both linear Fourier–Legendre models which are tuned to the number
of observations suffer from a typical uncertainty. What is the effect of the forgotten
unknown Fourier–Legendre coefficients m > n? Indeed a significance test has to
decide upon any truncation to be admissible. We need an objective criterion to
decide upon the degreem of bandlimit. Third, in order to be as objective as possible
we again follow the third case of “less observations than unknowns” such that
n < m holds. Such a Fourier–Legendre linear model generating an underdetermined
system of linear equations will consequently be considered in Boxes 1.23 and 1.24.
Note that the first example that is presented in Box 1.23 demonstrates MINOS of
the Fourier–Legendre linear model for n D IJ D 2J 2 D 2 and k D 1;m D
.k C 1/2 D 4 as observations and unknowns. Furthermore, note that the second
example presented in Box 1.24 refers to MINOS of the Fourier–Legendre linear
model for n D 8 and m D 9. In the framework of the second example, we have
computed the design matrix A 2 R

8�9.

Box 1.23. (Example)

Fourier–Legendre analysis as an underdetermined linear model:
m � rkA D m � n D 2,

dim Y D n D 2 versus dim X D m D 4,
J D 1; I D 2J D 2) n D IJ D 2J 2 D 2 versus K D 1) m D .kC1/2 D 4

�
y1
y2

�
D
"
1

1

P11 .sin �1/ sin�1

P11 .sin �2/ sin�2

P10 .sin �1/

P10 .sin �2/

P11 .sin �1/ cos�1

P11 .sin �2/ cos�2

#2664
x1
x2
x3

x4

3
775 (1.252)
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subject to .�1; �1/ D .0ı; 0ı/and .�2; �2/ D .180ı; 0ı/,

fy D Ax j A 2 R
2�4; rkA D n D 2;m D 4; n D m D 2g; (1.253)

A WD
�
1 0 0 1

1 0 0 �1
�
D
�
1

1

P11 .sin �1/ sin�1
P11 .sin �2/ sin�2

P10 .sin�1/
P10 .sin�2/

P11 .sin �1/ cos�1
P11 .sin �2/ cos�2

�
;

(1.254)

P11 .sin �/ D cos�;

P10 .sin �/ D sin �;

P11 .sin �1/ D P11.sin �2/ D 1; (1.255)

P10 .sin �1/ D P10.sin �2/ D 0;

sin�1 D sin�2 D 0; cos�1 D 1; cos�2 D �1; (1.256)

AA0 D
�
.AA0/11 .AA0/12
.AA0/21 .AA0/22

�
(1.257)

.AA0/11 D 1C P2
11 .sin�1/C P2

10.sin �1/;

.AA0/12 D 1C P11 .sin�1/ P11.sin �2/ sin�1 sin�2

CP10 .sin �1/ P10.sin �2/

CP11 .sin �1/ P11.sin �2/ cos�1 cos�2

.AA0/21 D 1C P11 .sin�2/ P11.sin �1/ sin�2 sin�1 (1.258)

CP10 .sin �2/ P10.sin �2/

CP11 .sin �2/ P11.sin �1/ cos�2 cos�1

.AA0/22 D 1C P2
11 .sin�2/C P2

10.sin �2/;

AA0 D 2I2, .AA0/�1D1

2
I2; (1.259)

KD1P
k1;k2D0

Ck1;Ck2P
`1D�k1;`2D�k2

ek1`1.�i1 ; �i1/ek2`2.�i2 ; �i2/ D 0;8i1 ¤ i2;
KD1P

k1;k2D0

Ck1;Ck2P
`1D�k1;`2D�k2

ek1`1 .�i1; �i1/ek2`2 .�i2; �i2/ D 2;8i1 D i2;
(1.260)
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x` D

2
664
x1
x2

x3
x4

3
775 .MINOS/ D

2
664
c00
s11

c10
c11

3
775 .MINOS/ D 1

2
A0y

D 1

2

2
664
1 1

0 0

0 0

1 �1

3
775
�
y1
y2

�
D 1

2

2
664
y1 C y2
0

0

y1 � y2

3
775 :

(1.261)

Fourier–Legendre analysis as an underdetermined linear model:

m � rkA D m � n D 1;

dim Y D n D 8 versus dim X D m D 9;
J D 2; I D 2J D 4) n D IJ D 2J 2 D 8 versus k D 2) m D .k C 1/2 D 9;2

64
y1
:::

y2

3
75 D

2
64
1
:::

1

P11 .sin �1/ sin�1
:::

P11 .sin �8/ sin�8

P10 .sin �1/
:::

P10 .sin �8/

P11 .sin �1/ cos�1
:::

P11 .sin �8/ cos�8

: : :

: : :

P22 .sin �1/ sin 2�1
:::

P22 .sin �8/ sin 2�8

P21 .sin �1/ sin�1
:::

P21 .sin �8/ sin�8

P20 .sin �1/
:::

P20 .sin �8/

: : :

: : :

P21 .sin �1/ cos�1
:::

P21 .sin �8/ cos�8

P22 .sin�1/ cos 2�1
:::

P22 .sin�8/ cos 2�8

3
75
2
64
x1
:::

x9

3
75 :

(1.262)

Equidistant lattice (longitudinal width 
�, lateral width 
� ”

� D 90ı; 
� D 90ı/:

.�1; �1/ D .0ı;C45ı/;

.�2; �2/ D .90ı;C45ı/;

.�3; �3/ D .180ı;C45ı/;

.�4; �4/ D .270ı;C45ı/;

.�5; �5/ D .0ı;�45ı/;

.�6; �6/ D .90ı;�45ı/;

.�7; �7/ D .180ı;�45ı/;

.�8; �8/ D .270ı;�45ı/;

(1.263)

P11.sin �/ D cos�;P10.sin �/ D sin �;
P22.sin �/ D 3 cos2 �; P21.sin �/ D 3 sin� cos�;

P20.sin �/ D .3=2/ sin2 � � .1=2/;
(1.264)
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Table 1.3 (Number of observed data at lattice points versus the number of Fourier–
Legendre Coefficients)

Finite Infinite

Number of observed data Number of unknown Fourier–Legendre
at lattice Coefficients

n D IJ D 2J 2 m D lim
K!1

KP
KD0

.2K C 1/=
= lim
K!1.K C 1/

2

finite
J D 1 H) n D 2 MINOS:K D 1; .K C 1/2 D 4;m � n D 4 � 2 D 2

LESS:K D 0; .K C 1/2 D 1;m� n D 2 � 1 D 1
J D 2 H) n D 8 MINOS:K D 2; .K C 1/2 D 9;m � n D 1

LESS:K D 1; .K C 1/2 D 4;m � n D 4
J D 3 H) n D 18 MINOS:K D 4; .K C 1/2 D 25;m� n D 17

LESS:K D 2; .K C 1/2 D 9;m � n D 9
K D 3; .K C 1/2 D 16

J D 4 H) n D 32 MINOS:K D 5; .K C 1/2 D 36;m� n D 4
K D 3; .K C 1/2 D 16; n�m D 16
K D 4; .K C 1/2 D 25

1-33 Nyquist Frequency for Spherical Data

We repeat our introduction of a regular grid analysis for data on the unit sphere with
identical intervals in longitude and latitude. See our Box 1.21 which is enlarged by
Table 1.3 generalizing to MINOS and LESS (LEast Squares Solution) Table 1.4
lists the various Nyguist frequencies for data on the unit sphere depending on

(i) The number of observations
(ii) The number of unknown parameters

(iii) The Nyguist frequenciesNf D �=
� D �=
�.

For instance the number of estimable parameters for a 5
0 � 50

regular grid and
9,326,916 unknowns account for Nf D 2;160 quantities. But for a 5” � 5” regular
grid and 3; 356; 224 � 1010 unknowns, the number of the estimable quantities sum
up to Nf D 129;600 as the Nyguist frequencies.
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Table 1.4 (Nyquist frequency, data on the reference sphere)

Number of Number of Nyquist frequency
observations parameters Nf D �=
� D �=
�
n D IJ D 2J 2 m D .K C 1/2 p

n � 1 	 K
5ı � 5ı m D 2;500 Nf D 36
regular grid K D 49
n D 2;529
1ı � 1ı m D 64;516 Nf D 180
regular grid K D 253
n D 64;800
5

0 � 50

m D 9;326;916 Nf D 2;160
regular grid K D 3;053
n D 9;331;200
5” � 5” m D 3;356;224 � 1010 Nf D 129;600
regular grid K D 1;831
n D 3;359;232 � 1010
1” � 1” m D 8;398;072;88 � 1011 Nf D 648;000
regular grid K D 916;409
n D 8;398;08 � 1011

1-4 Special Nonlinear Models

Let us finish this chapter by considering an example of a consistent system
of linearized observational equations Ax D y and rkA D rk.A; y/ where the
matrix Ax D R

n�m is the Jacobi matrix (Jacobi map) of the nonlinear model.
Let us present a planar triangle whose nodal points have to be coordinated
from three distance measurements and the minimum norm solution of type
I-MINOS.

1-41 Taylor Polynomials, Generalized Newton Iteration

In addition we review the invariance properties of the observational equations with
respect to a particular transformation group which makes the a priori indeterminism
of the consistent system of linearized observational equations plausible. The obser-
vation vector is an element of the column space Y 2 R.A/. The geometry of the
planar triangle is illustrated in Fig. 1.14. The point of departure for the linearization
process of nonlinear observational equations is the nonlinear mapping X 7! F.X/ D
Y. The Taylor expansion is truncated to the order O Œ.X� x/˝ .X� x/˝ .X� x/�,
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Fig. 1.14 Barycentric
rectangular coordinates of the
nodal points, namely of the
equilateral triangle p˛pˇp� .

Y D F.X/ D F.x/C J.x/.X � x/CH.x/.X� x/˝ .X � x/

CO Œ.X � x/˝ .X � x/˝ .X � x/�: (1.265)

J.x/ represents the Jacobi matrix of the first partial derivatives, while H.x/ is the
Hesse matrix of second derivatives of the vector-valued function F.X/ with respect
to the coordinates of the vector X, both taken at the evaluation point x. A linearized
nonlinear model is generated by truncating the vector-valued function F.x/ to the
order O Œ.X � x/˝ .X � x/�, namely


y WD F.X/� F.x/ D J.x/.X� x/CO Œ.X � x/˝ .X � x/�: (1.266)

A generalized Newton iteration process for solving the nonlinear observational
equations by solving a sequence of linear equations of (injectivity) defect by means
of the right inverse of type Gx-MINOS is the algorithm that is shown in Box 1.24.

Box 1.24. Newton iteration, I-MINOS, rkA D rk.A; y/

Level 0 W
x0 D x0; 
y0 D F.X/ � F.x0/; 
x1 D ŒJ.x0/��R 
y0:

(1.267)

Level 1 W
x1 D x0 C
x1 ; 
y1 D F.x/� F.x1/; 
x2 D ŒJ.x1/��R 
y1:

(1.268)

Level i W
xi D xi�1 C
xi ; 
yi D F.x/� F.xi / 
xiC1 D ŒJ.xi /��R 
yi :

(1.269)

Level n (i.e. the reproducing point in the computer arithmetric):
xnC1 D 
xn.
The planar triangle P˛PˇP� is approximately an equilateral triangle p˛pˇp�

whose nodal points are a priori coordinated by Box 1.25. Obviously, the approximate
coordinates of the three nodal points are barycentric, namely characterized by
Boxes 1.27 and 1.28. Their sum as well as their product sum vanish.
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Box 1.25. (Barycentric rectangular coordinates of the equilateral triangle
p˛pˇp�/

p˛ D

2
664
x˛ D �1

2

y˛ D �1
6

p
3

pˇ D

2
664
xˇ D 1

2

yˇ D �1
6

p
3

p� D

2
64
x� D 0

y� D 1

3

p
3:

(1.270)

Box 1.26. (First and second moments of nodal points, approximate coordi-
nates).

x˛ C xˇ C x� D 0; y˛ C yˇ C y� D 0; (1.271)

Jxy D x˛y˛ C xˇyˇ C x�y� D 0;

Jxx D �.y2˛ C y2ˇ C y2� / D �
1

2
; Jyy D �.x2˛ C x2ˇ C x2� / D �

1

2
; (1.272)

ŒIi � D
�
Ix
Iy

�
D
�
x˛ C xˇ C x�
y˛ C yˇ C y�

�
D
�
0

0

�
8i 2 f1; 2g ; (1.273)



Iij
� D

�
Ixx Ixy
Ixy Iyy

�

D
"
�.y2˛ C y2ˇ C y2� / x˛y˛ C yˇxˇ C x�y�
x˛y˛ C yˇxˇ C x�y� � .x2˛ C x2ˇ C x2� /

#

D

2
64�

1

2
0

0 �1
2

3
75 D �1

2
I2 8i; j 2 f1; 2g:

(1.274)

Box 1.27. (First and second moments of nodal points, inertia tensors).

I1 D
2X
iD1

ei Ii D e1I1C e2I2;

Ii D
C1Z

�1
dx

C1Z
�1

dy
.x; y/xi 8i 2 f1; 2g ;
(1.275)
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I2 D
2X

i;jD1
ei ˝ ej Iij

D e1 ˝ e1I11 C e1 ˝ e2I12 C e2 ˝ e1I21 C e2 ˝ e2I22;

Iij D
C1Z

�1
dx

C1Z
�1

dy
.x; y/.xixj � r2ıij / 8i; j 2 f1; 2g :

(1.276)

subject to

r2 D x2 C y2; (1.277)


.x; y/ D ı.x; y; x˛y˛/C ı.x; y; xˇyˇ/C ı.x; y; x�y� /: (1.278)

The product sum of the approximate coordinates of the nodal points constitute the
rectangular coordinates of the inertia tensor (1.279) and (1.280). The mass density
distribution 
.x; y/ generates directly the coordinates Ixy; Ixx; Iyy of the inertia
tensor. (ı.:::/ denotes the Dirac generalized function. The nonlinear observational
equations of distance measurements are generated by the Pythagoras representation
presented in Box 1.28.

I D
2X

i;jD1
ei ˝ ej Iij (1.279)

Iij D
C1Z

�1
dx

C1Z
�1

dy
.x; y/.xi xj � r2ıij / 8i; j 2 f1; 2g; (1.280)

r2 D x2 C y2;

.x; y/ D ı.x; y; x˛y˛/C ı.x; y; xˇyˇ/C ı.x; y; x�y� /: (1.281)

Box 1.28. (Nonlinear observational equations of distance measurements in
the plane, geometric notation versus algebraic notation).

Taylor expansion of the nonlinear distance observational equations

Y1 D F1.X/ D S2˛ˇ D .Xˇ �X˛/2 C .Yˇ � Y˛/2
Y2 D F2.X/ D S2ˇ� D .X� � Xˇ/2 C .Y� � Yˇ/2
Y3 D F3.X/ D S2�˛ D .X˛ � X�/2 C .Y˛ � Y�/2:

(1.282)

Y0 WD
h
S2˛ˇ; S

2
ˇ� ; S

2
�˛

i
; X0 WD 
X˛; Y˛;Xˇ; Yˇ;X� ; Y� �

x0 D 
x˛; y˛; xˇ; yˇ; x� ; y� � D
�
�1
2
;�1
6

p
3;
1

2
;�1
6

p
3; 0;

1

3

p
3

�
:

(1.283)

Jacobi map:
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J.x/ WD

2
6666664

@F1
@X˛

@F1
@Y˛

@F1
@Xˇ

@F1
@Yˇ

@F1
@X�

@F1
@Y�

@F2
@X˛

@F2
@Y˛

@F2
@Xˇ

@F2
@Yˇ

@F2
@X�

@F2
@Y�

@F3
@X˛

@F3
@Y˛

@F3
@Xˇ

@F3
@Yˇ

@F3
@X�

@F3
@Y�

3
7777775
.x/

D
2
4�2.xˇ � x˛/ �2.yˇ � y˛/ 2.xˇ � x˛/ 2.yˇ � y˛/

0 0 �2.x� � xˇ/ �2.y� � yˇ/
2.x˛ � x� / 2.y˛ � y� / 0 0

: : :

: : :

0 0

2.x� � xˇ/ 2.y� � yˇ/
�2.x˛ � x�/ �2.y˛ � y� /

3
5 D

2
4�2 0 2 0 0 0

0 0 1 �p3 �1 p3
�1 �p3 0 0 1

p
3

3
5:

(1.284)

Let us analyze “observed minus computed”, namely the expression (1.285), here
specialized to Box 1.29. The sum of the final coordinates is zero. However, due
to the non-symmetric displacement field Œ
x˛; 
y˛; 
xˇ; 
yˇ; 
x� ; 
y� �0 the
coordinate Jxy of the inertia tensor does not vanish. These results are collected in
Box 1.30.


y WD F.X/� F.x/ D J.x/.X� x/CO Œ.X � x/˝ .X � x/�
D J
xCO Œ.X � x/˝ .X � x/� ;

(1.285)

Box 1.29. (Linearized observational equations of distance measurements
in the plane, I-MINOS, rkA= dim Y).

“Observed minus computed”:


y WD F.X/� F.x/ D J.x/.X� x/CO Œ.X � x/˝ .X � x/�
D J
xCO Œ.X � x/˝ .X � x/�;

(1.286)

2
64

s2˛ˇ

s2ˇ�

s2�˛

3
75 D

2
64
S2˛ˇ � s2˛ˇ
S2ˇ� � s2ˇ�
S2�˛ � s2�˛

3
75 D

2
4 1:1 � 10:9 � 1
1:2 � 1

3
5 D

2
6666664

1

10

� 1
10
1

5

3
7777775
; (1.287)

2
64

s2˛ˇ

s2ˇ�

s2�˛

3
75 D

2
4 a˛ˇ b˛ˇ � a˛ˇ � b˛ˇ 0 0

0 0 aˇ� bˇ� � aˇ� � bˇ�
�a�˛ � b�˛ 0 0 a�˛ b�˛

3
5

2
66666664


x˛


y˛

xˇ

yˇ


x�

y�

3
77777775
: (1.288)
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linearized observational equations:

A D
2
4�2 0 2 0 0 0

0 0 1 �p3 �1 p3
�1 �p3 0 0 1

p
3

3
5 ; (1.289)

A0.AA0/�1 D 1

36

2
66666664

�9 3 � 3p
3
p
3 � 5p3

9 3 � 3p
3 � 5p3 p

3

0 � 6 6

�2p3 4
p
3 4

p
3

3
77777775
: (1.290)

Minimum norm solution:

xm D

2
66666664


x˛


y˛

xˇ

yˇ


x�

y�

3
77777775
D 1

36

2
66666664

�9y1 C 3y2 � 3y3p
3y1 C

p
3y2 � 5

p
3y3

9y1 C 3y2 � 3y3p
3y1 � 5

p
3y2 C

p
3y3

�6y2 C 6y3
�2p3y1 C 4

p
3y2 C 4

p
3y3

3
77777775
; (1.291)

x0
m D 1

180

h
�9;�5p3; 0; 4p3;C9;p3

i
; (1.292)

xC
x/0
D 
x˛ C
x˛; y˛ C
y˛; xˇ C
xˇ; yˇ C
yˇ; x� C
x�; y� C
y� �

D 1

180

h
�99;�35p3;C90;�26p3;C9;C61p3

i
:

(1.293)

Box 1.30. (First and second moments of nodal points, final coordinates):

y˛ C
y˛ C yˇ C
yˇ C y� C
y�
D y˛ C yˇ C y� C
y˛ C
yˇ C
y� D 0; (1.294)

Jxy D Ixy C
Ixy
D .x˛ C
x˛/.y˛C
y˛/C .xˇ C
xˇ/.yˇ C
yˇ/C .x�C
x�/.y�C
y�/
D x˛y˛CxˇyˇCx�y�Cx˛
y˛ C y˛
x˛Cxˇ
yˇCyˇ
xˇCx�
y�Cy�
x�
CO.
x˛
y˛;
xˇ
yˇ;
x�
y�/

D p3=15; (1.295)
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Jxx D Ixx C
Ixx
D �.y˛ C
y˛/2 � .yˇ C
yˇ/2 � .
y� � y�/2
D �.y2˛Cy2ˇCy2� / � 2y˛
y˛�2yˇ
yˇ � 2y�
y� �O.
y2˛;
y2ˇ;
y2� /
D �7=12; (1.296)

Jyy D Iyy C
Iyy
D �.x˛ C
x˛/2 � .xˇ C
xˇ/2 � .
x� � x� /2
D �.x2˛ C x2ˇ C x2� / � 2x˛
x˛ � 2xˇ
xˇ � 2x�
x� �O.
x2˛;
x2ˇ;
x2� /
D �11=20: (1.297)

1-42 Linearized Models with Datum Defect

More insight into the structure of a consistent system of observational equations
with datum defect is gained in the case of a nonlinear model. Such a nonlinear model
may be written Y D F.X/ subject to Y 2 R

n and X 2 R
m, or fYi D Fi .Xj / j i 2

f1; : : : ; ng; j 2 f1; : : : ; mgg. A classification of such a nonlinear function can
be based upon the “soft” Implicit Function Theorem, which is a substitute for the
theory of algebraic partitioning, i.e., rank partitioning, and which is reviewed in
Appendix C. Let us compute the matrix of first derivatives Œ@Fi =@Xj 2 R

n�m�,
which is a rectangular matrix of dimension n � m. The set of n independent
columns builds up the Jacobi matrix (1.298), which is the rectangular matrix of
first derivatives (1.299) subject to (1.300). The term m � rkA is called the datum
defect of the consistent system of nonlinear equations yDF.X/, which is a priori
known. By means of such a rank partitioning, we decompose the vector of unknowns
(1.301) into “bounded parameters” X1 and “free parameters” X2 subject to (1.302).
Let us apply the “soft” Implicit Function Theorem to the nonlinear observational
equations of distance measurements in the plane which we already introduced
in the previous example. Box 1.31 outlines the nonlinear observational equations
for Y1 D S2˛ˇ; Y2 D S2ˇ� ; Y3 D S2�˛.. The columns c1; c2; c3 of the matrix
Œ@Fi =@Xj � 2 R

n�m are linearly independent and accordingly build up the Jacobi
matrix J of full rank. Let us partition the unknown vector X0 D ŒX0

1; X0
2�,

namely into the “free parameters” ŒX˛; Y˛; Yˇ� and the “bounded parameters”
ŒXˇ; X� ; Y� �

0.
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A WD

2
66666666664

@F1

@X1

@F1

@X2
� � � @F1

@Xn
@F2

@X1

@F2

@X2
� � � @F2

@Xn

� � �
@Fn

@X1

@Fn

@X2
� � � @Fn

@Xn

3
77777777775
; (1.298)

A WD ŒA1; A2� D ŒJ; K�;
r D rkA D n; (1.299)

A 2 R
n�m; A1 D J 2 R

n�n D R
r�r ;

A2 D K 2 R
n�.m�n/ D R

r�.n�r/; (1.300)

X0 D ŒX0
1; X0

2; (1.301)

X1 2 R
n D R

r ; X2 2 R
m�n D R

m�r : (1.302)

Box 1.31. (Nonlinear observational equations of distance measurements in
the plane, geometric notation versus algebraic notation).

Geometric notation:

S2˛ˇ D .Xˇ � X˛/2 C .Yˇ � Y˛/2;
S2ˇ� D .X� � Xˇ/2 C .Y� � Yˇ/2;
S2�˛ D .X˛ � X�/2 C .Y˛ � Y�/2:

(1.303)

Algebraic notation:

Y1 D F1.X/ D S2˛ˇ D .Xˇ �X˛/2 C .Yˇ � Y˛/2;
Y2 D F2.X/ D S2ˇ� D .X� �Xˇ/2 C .Y� � Yˇ/2;
Y3 D F3.X/ D S2�˛ D .X˛ �X�/2 C .Y˛ � Y�/2:

(1.304)

Y0 WD ŒY1; Y2; Y3� D ŒS2˛ˇ; S2ˇ� ; S2�˛�
X0 WD ŒX1;X2;X3;X4;X5;X6� D ŒX˛; Y˛;Xˇ; Yˇ;X�; Y� � (1.305)

Jacobi matrix:

�
@Fi

@Xj

�
D 2

2
4�.X3 � X1/ �.X4 �X2/ .X3 � X1/0 0 �.X5 � X3/
.X1 � X5/ .X2 �X6/ 0

: : :

: : :

.X4 �X2/ 0 0

�.X6 � X4/ .X5 �X3/ .X6 �X4/
0 �.X1 � X5/ �.X2 �X6/

3
5;

(1.306)

rk

�
@Fi

@Xj

�
D 3; (1.307)
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�
@Fi

@Xj

�
D 3 � 6; (1.308)

J D
2
4�.X3 �X1/ �.X4 � X2/ .X3 �X1/0 0 �.X5 � X3/
.X1 �X5/ .X2 � X6/ 0

3
5 ; rkJ D 3; (1.309)

K D
2
4 .X4 � X2/ 0 0

�.X6 � X4/ .X5 �X3/ .X6 � X4/
0 �.X1 �X5/ �.X2 � X6/

3
5 (1.310)

“Free parameters” W “Bounded parameters” W
X1 D X˛ D 0; X3 D Xˇ D C

.�/
S˛ˇ;

X2 D Y˛ D 0; X5 D X� D C
.�/

q
S2˛ˇ � S2ˇ� C S2�˛

D C
.�/

q
Y 23 � Y 22 C Y 21

X4 D Yˇ D 0: X6 D Y� D C
.�/

q
S2ˇ� � S2˛ˇ

C
.�/

q
Y 22 � Y 21 :

(1.311)

Here, we have made the following choice for the “free parameters”. The origin of
the coordinate system, we have fixed by fX˛ D 0; Y˛ D 0g. Obviously, the point
P˛ is this origin. The orientation of the X axis is given by Yˇ D 0. In consequence,
the “bounded parameters” are now derived by solving a quadratic equation, indeed
a very simple one: due to the datum choice, we find (1.312). Indeed, we meet the
characteristic problem of nonlinear observational equations. There are two solutions
which we indicate by˙. Only prior information can tell us what is the realized one
in our experiment. Such a prior information has been built into by “approximate
coordinates” in the previous example, a prior information, we lack now. For special
reasons, we have chosen here the C solution, which is in agreement with Box 1.25.

Xˇ D ˙
q
S2˛ˇ D ˙

p
Y1

X� D ˙.S2˛ˇ � S2ˇ� C S2�˛/=.2S˛ˇ/ D ˙.Y1 � Y2 C Y3/=.2
p
Y1/

Y� D ˙
q
S2�˛ � .S2˛ˇ � S2ˇ� C S2�˛/2=.4S2˛ˇ/ (1.312)

D ˙
p
Y3 � .Y1 � Y2 C Y3/2=.4Y1/:

An intermediate summary of our first solution of a set of nonlinear observational
equations is the following. By the choice of the datum parameters (here, the
choice of origin and orientation of the coordinate system) as “free parameters”, we
were able to compute the “bounded parameters” by solving a quadratic equation.
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The solution space, which could be constructed in a closed form, was nonunique.
Uniqueness was only achieved by prior information. Note that the closed form
solution X D ŒX1;X2;X3;X4;X5;X6�

0 D ŒX˛; Y˛;Xˇ; Yˇ;X� ; Y� �
0 has another

deficiency, namely X is not MINOS: it is for this reason that we apply the
datum transformation .X; Y / 7! .x; y/ that is outlined in Box 1.32 subject to
k x k2D min, namely I-MINOS. Since we have assumed distance observations,
the datum transformation is described as a rotation (rotation group SO(2)) and
a translation (translation group T(2)) with three parameters (1 rotation parameter
called � and two translational parameters called tx; ty). A pointwise transformation
.X˛; Y˛/ 7! .x˛; y˛/; .Xˇ; Yˇ/ 7! .xˇ; yˇ/ and .X� ; Y� / 7! .x� ; y� / is presented
in Box 1.32. The datum parameters �, tx and ty are determined by I-MINOS, in
particular, by a special Procrustes algorithm. There are various representations
of the Lagrangean of type MINOS. For instance, as it is outlined in Box 1.33,
we could use the representation of k x k2 in terms of observations Y1 D S2˛ˇ ,

Y2 D S2ˇ� , and Y3 D S2�˛, which transforms k x k2 of (1.318) into k x k2
.Y1; Y2; Y3/ of (1.319). k x k2 of (1.329) is equivalent to minimizing the product
sums of Cartesian coordinates. As soon as we substitute the datum transformation
of Box 1.32, which we illustrate by Figs. 1.15 and 1.16, into the Lagrangean
L.tx; ty; �) of type MINOS (k x k2D min), we arrive at the quadratic objective
function of Box 1.34. In the first forward step of the special Procrustes algorithm,
we obtain the minimal solution for the translation parameters Otx and Oty . The second
forward step of the special Procrustes algorithm is built on (i) the substitution of
Otx and Oty in the original Lagrangean, which leads to the reduced Lagrangean of
Box 1.35, and (ii) the minimization of the reduced Lagrangean L(�) with respect
to the rotation parameter �. In an intermediate phase, we introduce “centralized
coordinates” .
X;
Y /, namely coordinate differences with respect to the centre
Po D .Xo; Yo/ of the polyhedron, namely the triangle P˛; Pˇ; P� . In this way,
we are able to generate the simple (standard form) tan 2�^ of the solution �^,
the argument of L1 D L1.�/ D min or L2 D L2.�/. The special Procrustes
algorithm is completed by the backforward steps outlined in Box 1.36. Firstly, we
convert tan 2�^ to .cos�^; sin �^/. Secondly, we substitute .cos�^; sin �^/ into
the translation formula .tx̂ ; tŷ /. Thirdly, we substitute .tx̂ ; tŷ ; cos�^; sin �^/ into
the Lagrangean L.tx; tx; �/, thus generating the optimal objective function k x k2

P
X XO

x
PO

O

Fig. 1.15 Commutative
diagram (P diagram).
PO D centre of polyhedron
(triangle p˛pˇp� ). Action of
the translation group



1-4 Special Nonlinear Models 73

{e1, e2|PO}
R–1(φ)

{E1, E2|PO}

I

R(φ)

E1, E2|O

Fig. 1.16 Commutative diagram (E diagram). Orthonormal 2-legs fE1;E2jPO at PO and
fe1; e2jPOg at PO at PO . Action of the translation group

at .tx̂ ; tŷ ; �
^/. Finally, as step four, we succeed to compute the centric coordinates

(1.313, left) with respect to the orthonormal 2-leg fe1; e2jPO at PO from the given
coordinates (1.313, right) with respect to the orthonormal 2-leg fe1; e2jO at O and
the optimal datum parameters .tx̂ ; tŷ ; cos�^; sin�^/.

�
x˛ xˇ x�
y˛ yˇ y�

�
;

�
X˛ Xˇ X�
Y˛ Yˇ Y�

�
(1.313)

Box 1.32. (Datum transformation of Cartesian coordinates):

�
x

y

�
D R

�
X

Y

�
C
�
tx
ty

�
(1.314)

R 2 SO.2/ WD fR 2 R
2�2jR0R D I2;detR D C1g: (1.315)

(representation of a 2 � 2 orthonormal matrix):

R D
�

cos� sin �
� sin� cos�

�
(1.316)

x˛ D X˛ cos� C Y˛ sin � � tx
y˛ D �X˛ sin� C Y˛ cos� � ty

xˇ D Xˇ cos� C Yˇ sin � � tx
yˇ D �Xˇ sin� C Yˇ cos� � ty

x� D X� cos� C Y� sin � � tx
y� D �X� sin � C Y� cos� � ty :

(1.317)
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Box 1.33. (Various forms of MINOS).

(i)

k x k2D x2˛ C y2˛ C x2ˇ C y2ˇ C x2� C y2� D min
�;tx ;ty
I (1.318)

(ii)

k x k2D 1
2
.S2˛ˇ C S2ˇ� C S2�˛/C

Cx˛xˇ C xˇx� C x�x˛ C y˛yˇ C yˇy� C y�y˛ D min
�;tx ;ty
I (1.319)

(iii)

k x k2D min ,
�
x˛xˇ C xˇx� C x�x˛ D min
y˛yˇ C yˇy� C y�y˛ D min :

(1.320)

Proof.

The representation of the objective function of type MINOS in terms of the
observations Y1 D S2˛ˇ; Y2 D S2ˇ� , and Y3 D S2�˛ can be proven as follows:

S2˛ˇ D .xˇ � x˛/2 C .yˇ � y˛/2 D x2˛ C y2˛ C x2ˇ C y2ˇ � 2.x˛xˇ C y˛yˇ/

D ) 1

2
S2˛ˇ C x˛xˇ C y˛yˇ D

1

2
.x2˛ C y2˛ C x2ˇ C y2ˇ/; (1.321)

k x k2 D x2˛ C y2˛ C x2ˇ C y2ˇ C x2� C y2�
D 1

2
.S2˛ˇ C S2ˇ� C S2�˛/C
Cx˛xˇ C xˇx� C x�x˛ C y˛yˇ C yˇy� C y�y˛

D 1

2
.Y1 C Y2 C Y3/ (1.322)

Cx˛xˇ C xˇx� C x�x˛ C y˛yˇ C yˇy� C y�y˛:

Box 1.34. (Minimum norm solution, special Procrustes algorithm, 1st for-
ward step).

k x k2

WD x2˛ C y2˛ C x2ˇ C y2ˇ C x2� C y2�
D min

tx ;ty ;�

(1.323)

Lagrangean
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L.tx; ty; �/
WD .X˛ cos� C Y˛ sin � � tx/2

C.�X˛ sin � C Y˛ cos� � ty/2

C.Xˇ cos� C Yˇ sin � � tx/2

C.�Xˇ sin � C Yˇ cos� � ty/2

C.X� cos� C Y� sin� � tx/2

C.�X� sin � C Y� cos� � ty/2:

(1.324)

1st forward step

1

2

@L
@tx
.tx̂ / D .X˛ CXˇ CX�/ cos� C .Y˛ C Yˇ C Y�/ sin � � 3tx̂ D 0;

1

2

@L
@ty

.tŷ / D �.X˛ CXˇ CX�/ sin � C .Y˛ C Yˇ C Y�/ cos� � 3tŷ D 0;
(1.325)

tx̂ D C
1

3
f.X˛ CXˇ CX�/ cos� C .Y˛ C Yˇ C Y�/ sin �g;

tŷ D C
1

3
f�.X˛ CXˇ CX�/ sin� C .Y˛ C Yˇ C Y�/ cos�g;

(1.326)

ftx̂ ; tŷ g D argŒL.tx ; ty; �/ D min�: (1.327)

Box 1.35. (Minimum norm solution, special Procrustes algorithm, second
forward step).

Solution ftx̂ ; tŷ g in Lagrangean (reduced Lagrangean):

L.�/ W D
W D ˚

X˛ cos� C Y˛ sin � � 1
3
Œ.X˛ CXˇ CX�/ cos� C .Y˛ C Yˇ C Y� / sin ��

�2
C ˚

Xˇ cos� C Yˇ sin � � 1
3
Œ.X˛ CXˇ CX�/ cos� C .Y˛ C Yˇ C Y�/ sin ��

�2
C ˚

X� cos� C Y� sin � � 1
3
Œ.X˛ CXˇ CX�/ cos� C .Y˛ C Yˇ C Y� / sin ��

�2
C ˚�X˛ sin � C Y˛ cos� � 1

3
Œ�.X˛ CXˇ CX�/ sin � C .Y˛ C Yˇ C Y�/ cos��

�2
C ˚�Xˇ sin � C Yˇ cos� � 1

3
Œ�.X˛ CXˇ CX�/ sin � C .Y˛ C Yˇ C Y� / cos��

�2
Cf�X� sin � C Y� cos� � 1

3
Œ�.X˛ CXˇ CX�/ sin � C .Y˛ C Yˇ C Y� / cos��g2

D min
�

(1.328)
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L.�/ D

D
��
X˛ � 1

3
.X˛CXˇCX�/

�
cos� C

�
Y˛ � 1

3
.Y˛ C Yˇ C Y�/

�
sin�

� 2

C
��
Xˇ � 1

3
.X˛CXˇCX�/

�
cos�C

�
Yˇ � 1

3
.Y˛CYˇCY�/

�
sin �

� 2

C
��
X��1

3
.X˛CXˇ CX�/

�
cos� C

�
Y� � 1

3
.Y˛ C YˇCY�/

�
sin �

� 2

C
�
�
�
X˛ � 1

3
.X˛CXˇCX�/

�
sin �C

�
Y˛ � 1

3
.Y˛CYˇCY�/

�
cos�

� 2

Cf�ŒXˇ � 1
3
.X˛CXˇ CX�/� sin � C ŒYˇ � 1

3
.Y˛CYˇCY�/� cos�g2

C
�
�
�
X��1

3
.X˛CXˇCX�/� sin �CŒY��1

3
.Y˛CYˇCY�/

�
cos�

� 2
:

(1.329)

Centralized coordinate:


X WD X˛ � 1
3
.X˛ CXˇ CX�/ D 1

3
.2X˛ �Xˇ �X�/


Y WD Y˛ � 1
3
.Y˛ C Yˇ C Y�/ D 1

3
.2Y˛ � Yˇ � Y�/

(1.330)

Reduced Lagrangean:

L1.�/ D .
X˛ cos� C
Y˛ sin �/2 C .
Xˇ cos� C
Yˇ sin �/2

C.
X� cos� C
Y� sin �/2

L2.�/ D .�
X˛ sin� C
Y˛ cos�/2 C .�
Xˇ sin � C
Yˇ cos�/2

C.�
X� sin � C
Y� cos�/2

(1.331)

1

2

@L
@�
.�^/ D 0
,

C.
X˛ cos�^ C
Y˛ sin �^/.�
X˛ sin�^ C
Y˛ cos�^/

C.
Xˇ cos�^ C
Yˇ sin �^/2.�
Xˇ sin�^ C
Yˇ cos�^/

C.
X� cos�^ C
Y� sin �^/2.�
X� sin �^ C
Y� cos�^/ D 0

(1.332)
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,
�.
X2

˛ C
X2
ˇ C
X2

� / sin �^ cos�^

C.
X˛
Y˛ C
Xˇ
Yˇ C
X�
Y�/ cos2 �^

�.
X˛
Y˛ C
Xˇ
Yˇ C
X�
Y�/ sin2 �^

C.
Y 2˛ C
Y 2ˇ C
Y 2� / sin�^ cos�^ D 0
,

Œ.
X2
˛ C
X2

ˇ C
X2
� / � .
Y 2˛ C
Y 2ˇ C
Y 2� /� sin 2�^

D 2Œ
X˛
Y˛ C
Xˇ
Yˇ C
X�
Y � cos 2�^;

(1.333)

tan 2�^ D 2 
X˛
Y˛ C
Xˇ
Yˇ C
X�
Y
.
X2

˛ C
X2
ˇ C
X2

� /� .
Y 2˛ C
Y 2ˇ C
Y 2� /
: (1.334)

Orientation parameter in terms of Gauss brackets:

tan 2�^ D 2Œ
X
Y�
Œ
X2� � Œ
Y2�

�^ D argfL1.�/ D ming D argŒL2.�/ D min�:
(1.335)

Box 1.36. (Special Procrustes algorithm, backward steps).

Step one:

tan 2�^ D 2Œ
X
Y�
Œ
X2� � Œ
Y2�

)
�

cos�^;
sin�^:

(1.336)

Step two:

tx̂ D
1

3
.ŒX� cos �^ C ŒY� sin �^/;

tŷ D
1

3
.�ŒX� sin �^ C ŒY� cos�^/:

(1.337)

Step three:

k x^ k2D L.tx̂ ; tŷ ; �^/: (1.338)

Step four:
�
x˛ xˇ x�
y˛ yˇ y�

�
D
�

cos�^ sin�^
� sin �^ cos�^

� �
X˛ Xˇ X�
Y˛ Yˇ Y�

�
�
"
tx̂
tŷ

#
10: (1.339)

We leave the proof of the following relations as an exercise to the reader: Œx� D
x˛CxˇCx� D 0; Œy� D y˛CyˇCy� D 0, and Œxy� D x˛y˛CxˇyˇCx�y� ¤ 0.
A numerical example is provided by Example 1.2.
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Example 1.2. (A numerical example).

S˛ˇ D 1:1; Sˇ� D 0:9; S�˛ D 1:2;
Y1 D 1:21 ; Y2 D 0:81; Y3 D 1:44;

(1.340)

X˛ D 0; Xˇ D 1:10; X� D 0:84;
Y˛ D 0 ; Yˇ D 0 ; Y� D 0:86;

(1.341)


X˛ D �0:647; 
Xˇ D C0:453; 
X� D C0:193;

Y˛ D �0:287 ; 
Yˇ D �0:287; 
Y� D C0:573:

(1.342)

Test:

Œ
X� D 0; Œ
Y� D 0; (1.343)

Œ
X
Y� D 0:166; Œ
X2� D 0:661; Œ
Y2� D 0:493; (1.344)

tan 2�^ D 1:979; �^ D 31ı:598; 828; 457
�^ D 31ı 350 5500:782;

cos�^ D 0:851; 738; sin �^ D 0:523; 968;
tx̂ D 0:701; tŷ D �0:095;

(1.345)

�
x˛ D �0:701; xˇ D C0:236; x� D C0:465;
y˛ D C0:095; yˇ D �0:481; y� D C0:387; (1.346)

Test:

Œx� D x˛ C xˇ C x� D 0; Œy� D y˛ C yˇ C y� D 0; (1.347)

Œxy� D C0:019 ¤ 0 (1.348)

1-5 Notes

Table 1.5 contains a list of observables in R
n, equipped with a metric and

their corresponding transformation groups. The number of the datum parameters
coincides with the injectivity rank deficiency in a consistent system of linear
(linearized) observational equations Ax D y subject to d.A/ D m � rkA.

What is the origin of the rank deficiency three of the linearized observa-
tional equations, namely the three distance functions observed in a planar
triangular network, we present in paragraph three. In geometric terms,
the a priori indeterminancy of relating observed distances to absolute
coordinates placing points in the plane can be interpreted easily: the
observational equation of distances in the plane is invariant with respect
to a translation and a rotation of the coordinate system.
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Table 1.5. Observables and transformation groups

Observed quantities Transformation group Datum
parameters

Coordinate differences in R
2 Translation group T(2) 2

Coordinate differences in R
3 Translation group T(3) 3

Coordinate differences in R
n Translation group T(n) n

Distances in R
2 Group of motion T(2),SO(2) 3

Distances in R
3 Group of motion T(3),SO(3) 3C3 D 6

Distances in R
n Group of motion T(n),SO(n) n C (nC 1) D 2

Angles, distance ratios in R
2 Conformal group C4(2) 4

Angles, distance ratios in R
3 Conformal group C7(3) 7

Angles, distance ratios in R
n Conformal group C.nC1/.nC2/=2.n/ (n + 1)(n + 2)/2

Cross-ratios of area elements Projective group 8
in the projective plane

Mind the following note. The structure group of the two-dimensional Euclidean
space is the group of motion decomposed into the translation group (two parameters)
and the rotation group (one parameter). Under the action of the group of motion
(three parameters) Euclidean distance functions are left equivariant. The three
parameters of the group of motion cannot be determined from distance measure-
ments: they produce a rank deficiency of three in the linearized observational
equations. A detailed analysis of the relation between the transformation groups
and the observational equations has been presented by Grafarend (1974, 1976).

Mind also the following notes. (i) More generally, the structure group of a
three-dimensional Weitzenboeck space is the conformal group which is decomposed
into the translation group (3 parameters), the special orthogonal group SO(3) (3
parameters) and the dilatation group (“scale”, 1 parameter). Under the action of
the conformal group – in total 7 parameters – distance ratios and angles are left
equivariant. The conformal group generates a transformation of Cartesian coordi-
nates covering which is called similarity transformation or datum transformation.
Any choice of an origin of the coordinate system, of the axes orientation, and
of the scale constitutes an S-base following W. Baarda (1962, 1967, 1973, 1979,
1995), J. Bossler (1973), M. Berger (1994), A. Dermanis (1998), A. Dermanis,
and E. Grafarend (1993), A. Fotiou and D. Rossikopoulis (1993), E. Grafarend
(1973, 1979, 1983), E. Grafarend, E. H. Knickmeyer, and B. Schaffrin (1982), E.
Grafarend and G. Kampmann (1996), G. Heindl (1986), M. Molenaar (1981), H.
Quee (1983), P.J.G. Teunissen (1960, 1985), and H. Wolf (1990). (ii) In projective
networks (image processing, photogrammetry, robot vision), the projective group
is active. The projective group generates a perspective transformation which is
outlined in E. Grafarend and J. Shan (1997). Under the action of the projective
group, cross-ratios of areal elements in the projective plane are left equivariant. For
more details, let us refer to M. Berger (1994), M.H. Brill, and E.B. Barrett (1983),
R.O. Duda and P.E. Heart (1973), E. Grafarend and J. Shan (1997), F. Gronwald
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and F.W. Hehl (1996), M.R. Haralick (1980), R.J. Holt, and A.N. Netrawalli (1995),
R.L. Mohr, L. Morin, and E. Grosso (1992), J.L. Mundy and A. Zisserman (1992a,
b), R.F. Riesenfeldt (1981), J.A. Schouten (1954). (iii) In electromagnetism (Maxwell
equations), the conformal group is active. The conformal group generates a transfor-
mation of “space-time” by means of 16 parameters (6 rotational parameters three for
rotation, three for “hyperbolic rotation”, 4 translational parameters, 5 “involutary”
parameters, 1 dilatation (scale) parameter) which leaves the Maxwell equations in
vacuum as well as pseudo-distance ratios and angles equivariant. Sample references
are A.O. Barut (1972), H. Bateman (1910), F. Bayen (1976), J. Beckers, J. Harnard,
M. Perroud, and M. Winternitz (1976), D.G. Boulware, L.S. Brown, R.D. Peccei
(1970), P. Carruthers (1971), E. Cunningham (1910), T. tom Dieck (1967), N. Euler,
and W.H. Steeb (1992), P.G.O. Freund (1974), T. Fulton, F. Rohrlich, and L. Witten
(1962), J. Haantjes (1937), H.A. Kastrup (1962, 1966), R. Kotecky, and J. Niederle
(1975), K.H. Marivalla (1971), D.H. Mayer (1975), J.A. Schouten, and J. Haantjes
(1936), D.E. Soper (1976) and J. Wess (1990).



Chapter 2
The First Problem of Probabilistic Regression:
The Bias Problem

Minimum Bias solution of problems with datum defects. LUMBE of fixed
effects.

The bias problem in probabilistic regression has been the subject of Sect. 4-37
for simultaneous determination of first moments as well as second central moments
by inhomogeneous multilinear, namely bilinear, estimation. Based on the review
of the first author “Variance-covariance component estimation: theoretical results
and geodetic application” (Statistical and Decision, Supplement Issue No. 2, pages
401–441, 105 references, Oldenbourg Verlag, München 1989), we collected 5
postulates for simultaneous determination of first and second central moments.
A first reference is J. Kleffe (1978). It forms the basis of Sect. 4-37:

ansatz

Efyg D A� D Ax1; vech Dfyg D B� D Bx2

estimation:
ansatz: bilinearity

�bx1 D K 1 CL1y CM 1.y ˝ y/bx2 D K 2 CL2y CM 2.y ˝ y/
�
bx W �

�bx1bx2

�

1st postulate

“inhomogeneous, bilinear estimation”

X WD
�
K 1 L1 M 1

K 2 L2 M 2

�
; Y WD

2
4 1

y
y˝ y

3
5

2nd postulate

“invariance”
Q� is invariant in the sense y 7! y �A�

3rd postulate

“unbiased in the mean” versus “minimum bias”
bias vector, bias matrix

E. Grafarend and J. Awange, Applications of Linear and Nonlinear Models,
Springer Geophysics, DOI 10.1007/978-3-642-22241-2 2,

81
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b WD Ef Oxg � x D Sx;S WD X
�
A

B

�
� I

4th postulate

“Df Oxg contains second, third and fourth order moments which are based on a quasi-
Gauss normal structure.”

5th postulate

“best estimation”

kDf Oxgk D min

Here we need only two postulates, namely (i) linear: .x1/ D L1y and (ii)
minimum bias in the mean when we consider the simple model Efyg D A� D
Ax1.A 2 R n�m; n<m/ for the moment of first order and Dfyg D I �2 D I x2
for the central moment of the second order (�2 > 0), one parameter of type
variance. You find the estimate of type linear bx1 D L1y and type minimum bias
in the mean and of type FROBENIUS matrix norm kBk2 for the case m > n, here
kBk2 D d D m � n.

Real World Problems are nonlinear. We have to divide the solution space
into those classes: (a) strong nonlinear, (b) weak nonlinear, and (c) linear. Weak
nonlinearity is defined by nonlinear system which allows a Taylor series approx-
imation. Linear system equations, for instance the minimum bias problem in
the FROBENIUS matrix norm with respect to linear estimation theory, have the
advantage that its norm of equations has only one minimum solution. We call that
solution “global” and “uniform”. In contrast to linear estimation, weak nonlinear
equations produce “local” solutions. They experience a great disadvantage: there
exist many local solutions. A typical example is a geodetic network analysis by P.
LOHSE (1994). Another example is also C.R. RAO and J. KLEFFE (1999, pages
161–180).

Minimum bias solutions of rank deficient linear systems have been discussed
in detail by C.R. RAO (1974). He introduces the notation of the substitute matrix S
referring the matrix ��0 by the matrix S of arbitrary rank, for instance rkSDm. Note
that the rank of the matrix ��0 is one by the technique of LAGRANGE multiplyer
the minimization of the S weighted FROBENIUS norm k.Im � LA/0k2L within
Theorem 2.3. Obviously, S-weighted homogeneous linear uniform by minimum
bias estimator (“hom S-LUMBE”) is equivalent to the weighted minimum norm
solutions (“G-MINOS”) subject of the RAO-Theorem. Our example is the special
model forS D Im called “unity substitute matrix”, obviously kBk2 D d D m�n D
m � rkA.

In practice, it is difficult to determine the rank of matrix A. For instance,
in problems of Configuration Defects in Geodetic Sciences E. Grafarend and
E. Livieratos (1979), E. Grafarend and K. Heinz (1978), E. Grafarend and V.
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Lemma 2.2
x̂ hom S-LUMBE of x

Definition 2.1
x̂ hom S-LUMBE of x

Theorem 2.3
x̂ hom S-LUMBE of x

Theorem 2.4
equivalence of Gx -MINOS 

and S-LUMBE 

Fig. 2.1 The guideline of chapter two: definition, lemma and theorems

Miller (1985) and E. Grafarend and A. Mader (1989). Critical comments of the
RAO bias problem solution have been raised by Arne Bjerhammar and Jujit Kumar
Mitra (private communication to the first author). They argue that bias has nothing
to do with rank definition of the type m-n. They use the argument that you need
PRIOR INFORMATION, for instance of BAYES type: Bayes Estimation x0. Here
we leave this question open.

In summary, the minimum of the trace of the matrix valued bias leads to the rank
deficiency d subject to dD m � n, m > n.

Please pay attention to the guideline of Chap. 2 shown in Fig. 2.1. In particular,
mind the structure of definitions, lemma, and theorems. Fast track reading: consult
Box 2.1 and read only Theorem 2.3.

In the first chapter, we have solved a special algebraic regression problem, namely
the inversion of a system of consistent linear equations which is classified as
underdetermined. By means of the postulate of a minimum norm solution, namely
jjxjj2 D min, we were able to determine m unknowns (m > n, say m D 106) from
n observations (more unknowns m than equations n, say n D 10). Indeed, such a
mathematical solution may surprise the analyst: in the example, MINOS produces
one million unknowns from 10 observations. Though MINOS generates a rigorous
solution, we are left with some doubts.

How can we conveniently interpret such an “unbelievable solution”? The key
for an evaluation of MINOS is handed over to us by treating the special algebraic
regression problem with datum defect. The bias generated by any solution of an
underdetermined or ill-posed problem will be introduced as a decisive criterion
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for evaluating MINOS, now in the context of a probabilistic regression problem.
In particular, a special form of LUMBE, the linear uniformly minimum bias
estimator jjLA � Ijj2D min leads us to a solution which is equivalent to “MINOS”.
Alternatively we may say that in the various classes of solving an underdetermined
problem “LUMBE” generates a solution of minimal bias.

What is a underdetermined regression problem of type MINOS? By means of
a certain objective function, here of type “minimum bias”, we solve the inverse
problem of linear and nonlinear equations with fixed effects. In particular, in order
to minimize the bias vector Ef O�g � � we meet the problem that its minimum norm
kEf O�g � �k2 D t rŒ.Ef O�g � �/.Ef O�g � �/0

� subject to O� D Ly depends on the
product ��

0

where � denotes the unknown parameter vector. In this section C.R. Rao
proposed the use instead of the matrix ��

0

; rk��
0 D 1, the substitute matrix S with

full rank, for instance.

2-1 Linear Uniformly Minimum Bias Estimator (LUMBE)

Let us introduce the special consistent linear Gauss–Markov model specified in
Box 2.1, which is given form of a consistent system of linear equations relating
non-stochastic, real-valued vector � of unknowns to the observation vector y. Here,
the rank rkA of the matrix A connecting the observations and unknown parameters
equals the number n of observations y 2 R

n.

Box 2.1. (Special consistent linear Gauss–Markov model of fixed effects.
Bias vector, bias matrix, vector and matrix bias norms).

fy D A�jA 2 Rn�m; rkA D n; n < mg
� unknown

“ansatz”

O� D Ly (2.1)

“bias vector”

ˇ WD Ef O�g � � D �ŒIm � LA� �; 8� 2 R
m (2.2)

“bias matrix”

B0 D Im � LA (2.3)

“bias norms00
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jjˇjj2 D ˇ0ˇ D �0ŒIm � LA�0ŒIm � LA�� (2.4)

jjˇjj2 D trˇˇ0 D trŒIm � LA���0ŒIm � LA�0 D jjBjj2��0 (2.5)

jjˇjj2S W D trŒIm � LA�SŒIm � LA�0 DW jjBjj2S (2.6)

Since we deal with a linear model, it is “a natural choice” to setup a homogeneous
linear form to estimate the parameters � of fixed effects, at first, namely (2.1) where
is a matrix-valued fixed unknown. In order to determine the real-valued m � n
matrix L, the homogeneous linear estimation O� of the vector � of fixed effects has
to fulfil a certain optimality condition, which we will outline. Let us try to analyze
the bias in solving an underdetermined system of linear equations. Take reference
to Box 2.1, where we systematically introduce (i) the bias vector ˇ, (ii) the bias
matrix, (iii) the S-modified bias matrix norm as a weighted Frobenius norm. In
detail, let us discuss the bias terminology: For a homogeneous linear estimation
(2.1), the vector-valued bias ˇ WD ŒEf O�g � �� takes over the special form (2.2),
which led us to the definition of the bias matrix .I � LA/0. The norm of the bias
vector ˇ, namely jjˇjj2 WD ˇ0ˇ, coincides with the ��0 weighted Frobenius norm of
the bias matrix B, namely jjBjj2

��0 . Here, we meet the central problem that the weight
matrix ��0, rk��0 D 1, has rank one. In addition, ��0 is not accessible since � is
unknown. In this problematic case we replace the matrix ��0 by a fixed positive-
definite m � m matrix S, rkS D m, C.R. Rao’s substitute matrix and define the
S-weighted Frobenius matrix norm (2.6) Indeed, the substitute matrix S constitutes
the matrix of the metric of the bias space.

Being prepared for optimality criteria we give a precise definition of O� of type
hom S-LUMBE in Definition 2.1. The estimations O� of type hom S-LUMBE can be
characterized by Lemma 2.2.

Definition 2.1. ( O� hom S-LUMBE of � )

An m � 1 vector O� is called hom S-LUMBE (homogeneous Linear Uniformly
Minimum Bias Estimation) of � in the special consistent linear Gauss–Markov
model of fixed effects of Box 2.1, if (1st) O� is a homogeneous linear form (2.7)
(2nd) – in comparison to all other linear estimation O� has the minimum bias in the
sense of (2.8).

O� D Ly; (2.7)

jjBjj2S WD j j.Im � LA/0jj2S: (2.8)

Lemma 2.2. ( O� hom S-LUMBE of �).

An m � 1 vector O� is hom S-LUMBE of � in the special consistent linear Gauss–
Markov model with fixed effects of Box 2.1, if and only if the matrix OL fulfils the
normal equations
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ASA0 OL0 D AS: (2.9)

Proof.

The S-weighted Frobenius norm jj .Im � LA/0 jj2S establishes the Lagrangean
(2.10) for S-LUMBE. The necessary conditions for the minimum of the quadratic
Lagrangean L.L/ are provided by (2.11).

L.L/ WD tr .Im � LA/S .Im � LA/0 D min L; (2.10)

@L
@L

� OL


WD 2

h
ASA0 OL0 �AS

i0 D 0: (2.11)

The second derivatives (2.12) at the “point” OL constitute the sufficiency conditions.
In order to compute such a mn � mn matrix of second derivatives we have to
vectorize the matrix normal equation by (2.13)

@2L
@.vecL/@.vecL/0

� OL
 > 0; (2.12)

@L
@L

� OL
 D 2
h OLASA0 � SA0

i
; (2.13)

@L
@.vecL/

� OL
 D vec2
h OLASA0 � SA0i ; (2.14)

@L
@.vecL/

� OL
 D 2


ASA0 ˝ Im

�
vec OL � 2vec

�
SA0�: (2.15)

The Kronecker–Zehfuss product A ˝ B of two arbitrary matrices as well as
Kronecker-Zehfuss product .AC B/˝C D A˝CCB˝C of three arbitrary matrices
subject to the dimension condition dim A D dim B is introduced in Appendix A.
The vec operation (vectorization of an array) is reviewed in Appendix A as well as
vecAB D .B0 ˝ I0̀ /vecA for suitable matrices A and B. Now, we are prepared to
compute (2.16) as a positive-definite matrix.

@2L
@.vecL/@.vecL/0

�
L0� D 2.ASA0/˝ Im > 0 (2.16)

For an explicit representation of O� of type hom LUMBE in the special consistent
linear Gauss–Markov model of fixed effects of Box 2.1, we solve the normal
equations for (2.17). Beside the explicit representation of O� of type hom LUMBE
in (2.15) we attempt to calculate the bias by (2.19). Of course, the bias computation
depends on C.R. Rao’s substitute matrix S, rkS D m. Indeed we can associate any
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element of the solution vector, the dispersion matrix as well as the bias vector with
a particular weight which can be “designed” by the analyst.

OL D argfL.L/ D min
L
g (2.17)

Theorem 2.3. ( O� hom LUMBE of �)

Let O� D Ly be hom LUMBE in the special consistent linear Gauss–Markov model
of fixed effects of Box 2.1. Then the solution of the normal equation is completed
by bias vector

O� D SA0.ASA0/�1y (2.18)

ˇ WD Ef O�g � � D � 
Im � SA0.ASA0/�1A
�
�; 8� 2 R

m: (2.19)

Indeed, the bias computation is problematic since we have no prior information of
the parameter vector �. We could indeed use an a posteriori information, for instance
�0 D O�.

2-2 The Equivalence Theorem of Gx-MINOS and S-LUMBE

Of course, we have included the second chapter on hom S-LUMBE in order to
interpret Gx-MINOS of the first chapter. When are hom S-LUMBE and Gx-MINOS
equivalent is answered will by Theorem 2.4.

Theorem 2.4. (equivalence of Gx-MINOS and S-LUMBE).

With respect to the special consistent linear Gauss–Markov model (2.1), (2.2) O� D
Ly is hom S-LUMBE for a positive-definite matrix S if �m D Ly is Gx-MINOS of
the underdetermined system of linear equations (1.47) for

Gx D S�1 � G�1
x D S (2.20)

The proof is straight forward if we compare directly the solution (1.55) of Gx-
MINOS and (2.20) of hom S-LUMBE. Obviously the inverse matrix of the metric
of the parameter space X is equivalent to the matrix of the metric of the bias space
B. Or conversely, the inverse matrix of the metric of the bias space B determines
the matrix of the metric of the parameter space X. In particular, the bias vector ˇ of
type (2.19) depends on the vector � which is inaccessible. The situation is similar
to the one in hypothesis testing. We can produce only an estimation Ǒ of the bias
vector ˇ if we identify � by the hypothesis �0 D O�.
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2-3 Example

Due to the Equivalence Theorem Gx-MINOS is equivalent to S-LUMBE the only
new item is the bias matrix Bf O�j hom LUMBEg. For our example, let us use
the simple assumption S D Im. Such an assumption is called “u.s.” or “unity
substituted” or unity substitute matrix. For our case the matrix Im �A0.AA0/�1A is
idempotent. Note the fact that trA D rkA is idempotent. Indeed the Frobenius norm
of the u.s. bias matrix B .hom LUMBE/ equalizes the square root

p
m � n D pd

of the right complementary index of the matrix A

jjBjj2 D trŒIm �A0.AA0/�1A� (2.21)

jjBjj2 D d D m � n D m � rkA (2.22)

Box 2.2 summarizes those data outputs of the front examples of the first chapter
relating to jjB.hom BLUMBE/jj.

Box 2.2. Simple matrix of type u.s., Frobenius norm of the simple bias
matrix, front page example.

A 2 R
2�3;

n D 2; m D 3;

A WD
�
1 1 1

1 2 4

�
;AA0 D

�
3 7

7 21

�
; .AA0/�1 D 1

14

�
21 �7
�7 3

�

rkA D 2

A0.AA0/�1 D 1

14

2
4 14 �47 �1
�7 5

3
5 ;A0.AA0/�1A D 1

14

2
4 10 6 �26 5 3

�2 3 13

3
5

.AA0/�2 D 1

98

�
245 �84
�84 29

�
;A0.AA0/�2A D 1

98

2
4 106 51 �59
51 25 �27
�59 �27 37

3
5

† O� D A0.AA0/�2A�2
y D

1

98

2
4 106 51 �59
51 25 �27
�59 �27 37

3
5 �2

y

jjBjj2 D tr


Im � A0.AA0/�1A

� D trI3 � trA0.AA0/�1A

jjBjj2 D 3 � 1
14
.10C 5C 13/ D 3 � 2 D 1 D d
jjBjj D 1 D

p
d :



Chapter 3
The Second Problem of Algebraic Regression

Overdetermined system of linear equations: fAX C i D yjA 2 R
n�m

y 2 R.A/ � rkA D m; m D dimXg
The optimization problem which appears in treating overdetermined linear

system equations is a standard topic in any textbook on optimization. Here we
consider again a weak nonlinear system as a problem which allows a Taylor
expansion. We start from the first section with a front page example, an inconsistent
linear system of a threedimensional observation space with a parameter space of two
dimensions. Its Least Squares Solution, in short “LESS”, for such an overdetermined
linear system leads to the solution xl D .A0A/�1A0y subject to the condition of a
positive-definite second derivative. Again – as an example for non-mathematicians –
we derive the range and the kernel of the mapping, namely by “vertical rank
partitioning.” Finally, we give a geometric interpretation of the Least Squares
Solution. In the second section we are turned to weighted Least Squares with weight
matrix Gy in its semi-norm. As a generalized inverse (C.R. Rao and S.K. Mitra
1971, page 48–50, “three basic g-inverses, Sect. 3-2: g-inverse for a least squares
solution”) it produces the Left Inverse. We apply alternatively by the method of
Lagrange multiplier, or the theorem of extrema with side conditions in (3.16)–
(3.18), a technique which is based on the theory of inverse partitioned matrices of
type “C.R. Rao’s Pandora Box”. We extend the theory by means of a canonical
representation of a rank deficient matrix within the overdetermined observation
space, namely the eigenspace analysis and the eigenspace synthesis, as an example
for non-mathematicians. The discussion of the metric of the observation space leads
us to the notion of the weighted Least Squares Solution with a remarkable extention
to a non-Euclidean observation space. An example is the metric of type von Mises-
Fisher, measuring the spherical distance of a circle, a sphere or a hyper-sphere in
Chap. 7.

A geodetic example is the problem of an optimal choice of the weight matrix
called Second Order Design. We call the First Order Design as the problem
of Datum Determination. We take special reference to the excellent textbook
by Friedrich Pukelsheim (Optimal Design of Experiments, J. Wiley Publication,
New York, 1990). Here we base our analysis on the Taylor-Karman structure of a
homogeneous and isotropic tensor-valued, two-point function of a twodimensional
planar network.

For the example of Gravimetric Leveling we analyze the projection matrices
by horizontal rank partitioning. The importance of the “Hat Matrix” for robust
estimates is highlighted as well as the Gy orthogonality between the matrices A and
B, namely parameter fitting as well as applying conditions following G. Kampmann
et al. (1992, 1994, 1997), for example. The Grassmann-Plücker coordinates which

E. Grafarend and J. Awange, Applications of Linear and Nonlinear Models,
Springer Geophysics, DOI 10.1007/978-3-642-22241-2 3,
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span the normal space R(AC) will be discussed in Chap. 10 when we discuss
condition equations.

Of key importance is the application of the concept of FUZZI Sets which we
define carefully. An example is given for Deformation Analysis of Surface referring
to E. Grafarend (2006), E. Grafarend and F. Krumm (2006), B. Voosoghi (2006), as
well as B. Waelder (2008). We give more than 20 references to application of FUZZI
SETS.

A special subsection is devoted to the genesis of Gy-LESS and its related
Generalized Inverse characterized by (3.38)–(3.39). Associated to this topic of our
review of the special Eigenvalue Decomposition of Gy-LESS called canonical and
canonical LESS, illustrated by an extensive example.

A special section gives a number of important case studies:

1. Partial redundancies, latent conditions, high leverage points versus break points,
direct and inverse GRASSMANN coordinates, Plcker coordinates: overview

2. Multilinear Algebra, “Join” and “Meet” operators, the HODGE Star operator
3. From A to B: latent restrictions, Grassmann and Plücker coordinates
4. From B to A: Latent parameter equations, dual GRASSMANN coordinates, dual

PLÜCKER coordinates
5. Break points, Gauss-Jacobi combinatorial Algorithms

We conclude with a review of a family of means by direct observations as well
as a historical note of C.F. GAUSS and A.M. Legendre.

Fast track reading: Read only Lemma 3.7.

By means of a certain algebraic objective function which geometrically is called
a minimum distance function, we solve the second inverse problem of linear and
nonlinear equations, in particular of algebraic type, which relate observations to
parameters. The system of linear or nonlinear equations we are solving here
is classified as overdetermined. The observations, also called measurements, are
elements of a certain observation space Y of integer dimension, dim Y D n,
which may be metrical, especially Euclidean, pseudo-Euclidean, in general a
differentiable manifold. In contrast, the parameter space X of integer dimension,
dim X D m, is metrical as well, especially Euclidean, pseudo-Euclidean, in
general a differentiable manifold, but its metric is unknown. A typical feature
of algebraic regression is the fact that the unknown metric of the parameter
space X is induced by the functional relation between observations and parame-
ters.

We shall outline three aspects of any discrete inverse problem: (i) set-theoretic
(fibering), (ii) algebraic (rank partitioning, “IPM”, the Implicit Function Theorem)
and (iii) geometrical (slicing).

Here we treat the second problem of algebraic regression: An inconsistent system
of linear observational equations: AXC i D yjA 2 R

n�m, rkA D m; n > m; also
called “overdetermined system of linear equations”, in short
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Lemma 3.2
x  Gy -LESS of x

Lemma 3.3
x  Gy -LESS of x

Lemma 3.4
x  Gy -LESS of x

constrained Lagrangean

Lemma 3.5
x  Gy -LESS of x

constrained Lagrangean

Theorem 3.6
bilinear form

Lemma 3.7
Characterization of Gy -LESS

“more observations than unknowns”

is solved by means of an optimization problem. The introduction presents us a front
page example of three inhomogeneous equations with two unknowns. In terms of
31 boxes and 12 figures we review the least-squares solution of such a inconsistent
system of linear equations which is based upon the trinity.
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3-1 Introduction

With the introductory paragraph we explain the fundamental concepts and
basic notions of section. For you, the analyst, who has the difficult task
to deal with measurements, observational data, modeling and modeling
equations we present numerical examples and graphical illustrations of
all abstract notions. The elementary introduction is written not for a
mathematician, but for you, the analyst, with limited remote control of the
notions given hereafter. May we gain your interest

.

Assume an n-dimensional observation space Y, here a linear space param-
eterized by n observations (finite, discrete) as coordinates yD Œy1; : : : ; yn�0 2Rn
in which an m-dimensional model manifold is embedded (immersed). The model
manifold is described as the range of a linear operator f from an m-dimensional
parameter space X into the observation space Y. The mapping f is established by
the mathematical equations which relate all observables to the unknown parameters.
Here the parameter space X, the domain of the linear operator f , will also
be restricted to a linear space which is parameterized by coordinates X D
Œx1; : : : ; xn�

0 2 R
m. In this way the linear operator f can be understood as a

coordinate mapping A W x 7! y D Ax: The linear mapping f W X �! Y is
geometrically characterized by its range R.f /, namely R.A/, defined by R.f / WD
fy 2 Yjy D f .xg/8x 2 X which in general is a linear subspace of Y and its kernel
N .f /, namely N .f /, defined by N .f / WD x 2 Xjf .x/ D 0g. Here the range
R.f /, namely R.A/, does not coincide with the n-dimensional observation space
Y such that y … R.f /, namely y … R.A/. In contrast, we shall assume that the null
space element N .f / D 0 “is empty”: it contains only the element x D 0.

Example 3.1 will therefore demonstrate the range space R.f /, namely the range
space R.A/, which does not coincide with the observation space Y, (f is not
surjective or “onto”) as well as the null space N .f /, namely N .A/, which is empty.
f is not surjective, but injective. Box 3.21 will introduce the special linear model of
interest. By means of Box 3.22 it will be interpreted.

3-11 The Front Page Example

Example 3.1. (polynomial of degree two, inconsistent system of linear equa-
tions fAXC i D y; x 2 X D R

m; dimX D m; y 2 Y D R
n; rkA D dimX D

m; y 2 N .A/ W

First, the introductory example solves the front page inconsistent system of linear
equations,

x1 C x2 :D 1 x1 C x2 C i1 D 1;
x1 C 2x2 :D 3 or x1 C 2x2 C i2 D 3
x1 C 3x2 :D 4 x1 C 3x2 C i3 D 4;
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obviously in general dealing with the linear space X D R
m Ö x, dim X D m, here

m=2, called the parameter space, and the linear space dim Y D R
n Ö y, here n D 3,

called the observation space.

3-12 The Front Page Example in Matrix Algebra

Second, by means of Box 3.1 and according to A. Cayley’s doctrine let us specify
the inconsistent system of linear equations in terms of matrix algebra.

Box 3.1. (Special linear model: polynomial of degree one, three observa-
tions, two unknowns).

y D
2
4y1y2
y3

3
5 D

2
4a11 a12a21 a22
a31 a32

3
5�x1

x2

�

, y D AxC i W
2
4 12
4

3
5 D

2
4 1 11 2
1 3

3
5�x1

x2

�
C
2
4 i1i2
i3

3
5 ) A D

2
4 1 11 2
1 3

3
5

x0 D Œx1; x2�; y0 D Œy1; y2; y3� D Œ1; 2; 3�; i0 D Œi1; i2; i3; �
A 2 Z

�3�2C � R
3�2; x 2 R

2�1; y 2 Z
�3�1C � R

3�1

r D rkA D dimX D m D 2:
As a linear mapping f W x 7! y

:D Ax can be classified as following: f is
injective, but not surjective. (A mapping f is called linear if f .x1Cx2/ D f .x1/C
f .x2/ holds.) Denote the set of all x 2 X by the domain D.f / or the domain space
D.A/. Under the mapping f we generate a particular set called the range R.f /
or the range space R.A/. Since the set of all y 2 Y is not in the range R.f / or
the range space R.A/, namely y … R.f / or y … R.A/, the mapping f is not
surjective. Beside the range R.f /, the range space R.A/, the linear mapping is
characterized by the kernel N .f/ WD fx 2 R

mjAx D 0g or the null space N .A/ WD
fx 2 R

mjAx D 0g. Since the inverse mapping g W R.f / Ö y^ 7�! x 2 D.f /
is one-to-one, the mapping f is injective. Alternatively we may identify the kernel
N .f /, or the null space N .A/ with f0g.
? Why is the front page system of linear equations called inconsistent?

For instance, let us solve the first two equations, namely x1 D 0; x2 D 1.
As soon as we substitute this solution in the third one, the inconsistency 3 ¤ 4

is met. Obviously such a system of linear equations needs general inconsistency
parameters .i1; i2; i3/ in order to avoid contradiction. Since the right-hand side of
the equations, namely the inhomogeneity of the system of linear equations, has been
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measured as well as the model (the model equations) have been fixed, we have no
alternative but inconsistency.

Within matrix algebra the index of the linear operator A is the rank r D rkA,
here r D 2, which coincides with the dimension of the parameter space X,
dim X D m, namely r D rkA D dimX D m, here r D m D 2. In
the terminology of the linear mapping f , f is not “onto” (surjective), but “one-to-
one” (injective). The left complementary index of the linear operator A 2 R

n�m,
which account for the surjectivity defect is given by ds D n � rkA; also called
“degree of freedom” (here ds D n � rkA D 1 ). While “surjectivity” related
to the range R.f / or “the range space R.A/” and “injectivity” to the kernel
N .f / or “the null space N .A/” we shall constructively introduce the notion of

range R.f / versus kernel N .f /
range spaceR.A/ null space N .f /

by consequently solving the inconsistent system of linear equations. But before-
hand let us ask:

How can such a linear model of interest, namely a system of inconsistent linear
equations, be generated ? With reference to Box 3.2 let us assume that we have
observed a dynamical system y(t) which is represented by a polynomial of degree
one with respect to time namely

y.t/ D x1 C x2t:

(Due to y�.t/ D x2 it is a dynamical system with constant velocity or constant
first derivative with respect to time t.) The unknown polynomial coefficients are
collected in the column array xD Œx1; x2�0 ; x2XDR

2; dimXD 2, and constitute
the coordinates of the two-dimensional parameter space X. If the dynamical system
y(t) is observed at three instants, say y.t1/ D y1 D 1; y.t2/ D y2 D 2; y.t3/ D
y3 D 4, and if we collect the observations in the column array y D Œy1; y2; y3�

0 D
Œ1; 2; 4�

0

; y 2 Y D R
3; dimY D 3, they constitute the coordinates of the three-

dimensional observation space Y. Thus we are left with the problem to compute
two unknown polynomial coefficients from three measurements.

Box 3.2. (Special linear model: polynomial of degree one, three observa-
tions, two unknowns).

y D
2
4y1y2
y3

3
5 D

2
4 1 t11 t2
1 t3

3
5�x1

x2

�
C
2
4 i1i2
i3

3
5

,
2
4 t1 D 1; y1 D 1
t2 D 2; y2 D 2
t3 D 3; y3 D 4

W
2
4 12
4

3
5 D

2
4 1 11 2
1 3

3
5�x1

x2

�
C
2
4 i1i2
i3

3
5:
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Thirdly, let us begin with a more detailed analysis of the linear mapping f W
Ax D y or Ax C i D y; namely of the linear operator, A 2 R

n�m; r D rkA D
dimX D m. We shall pay special attention to the three fundamental partitionings,
namely

(i) Algebraic partitioning called rank partitioning of the matrix A
(ii) Geometric partitioning called slicing of the linear space Y (observation

space)
(iii) Set-theoretical partitioning called fibering of the set Y of observations.

3-13 Least Squares Solution of the Front Page Example
by Means of Vertical Rank Partitioning

Let us go back to the front page inconsistent system of linear equations, namely the
problem to determine two unknown polynomial coefficients from three sampling
points which we classified as an overdetermined one. Nevertheless we are able to
compute a unique solution of the overdetermined system of inhomogeneous linear
equations Ax C i D y; y … R.A/ or r D rkA D dimX, here A 2 R

3�2; x 2
R
2�1; y 2 R

3�1 if we determine the coordinates of the unknown vector x as well
as the vector i of the inconsistency by least squares (minimal Euclidean length,
l2-norm), here k i k2ID i 21 C i 22 C i 23 D min :

Box 3.3 outlines the solution of the related optimization problem.

Box 3.3. (Least squares solution of the inconsistent system of inhomoge-
neous linear equations, vertical rank partitioning).

The solution of the optimization problem

f k i k2ID min
x
jAxC i D y; rkA D dimXg

is based upon the vertical rank partitioning of the linear mapping f W x 7! y D
AxC i; rkA D dimX which we already introduced. As soon as

�
y1
y2

�
D
�

A1

A2

�
xC

�
i1
i2

�
subjecttoA1 2 R

r�r

x D �A�1
1 i1 C A�1

1 y1
y2 D �A2A�1

1 i1 C i2 C A2A�1
1 y1

) i2 D A2A�1
1 i1 � A2A�1

1 y1 C y2
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is implemented in the norm k i k2I we are prepared to compute the first derivatives
of the unconstrained Lagrangean

L.i1; i2/ W D k i k2ID i01i1 C i02i2

D i01i1 C i01A0�1
1 A0

2A2A�1
1 i1 � 2i01A0�1

1 A0
2.A2A�1

1 y1 � y2/

C.A2A�1
1 y1 � y2/0.A2A�1

1 y1 � y2/

D min
i1

@L
@i1
.i1l / D 0

, �A0�1
1 A0

2.A2A�1
1 y1 � y2/C ŒA0�1

1 A0
2A2A�1

1 C I� i1l D 0
, i1l D ŒIC A0�1

1 A0
2A2A�1

1 �
�1A0�1

1 A0
2.A2A�1

1 y1 � y2/

which constitute the necessary conditions.

1st term

.IC A0�1
1 A0

2A2A�1
1 /

�1A0�1
1 A0

2A2A�1
1 y1 D .A0

1 CA0
2A2A�1

1 /
�1A0

2A2A�1
1 y1

D A1.A0
1A1 C A0

2A2/
�1A0

2A2A�1
1 y1 D �A1.A0

1A1 C A0
2A2/

�1A0
1y1

C A1.A0
1A1CA0

2A2/
�1.A0

2A2A�1
1 CA0

1/y1D�A1.A0
1A1CA0

2A2/
�1A0

1y1

C .A0
1A1CA0

2A2/
�1.A0

2A2 C A0
1A1/y1 D �A1.A0

1A1CA0
2A2/

�1A0
1y1Cy1

2nd term

� .IC A0�1
1 A0

2A2A�1
1 /

�1A0�1
1 A2y2 D �.A0

1 C A0
2A2A�1

1 /
�1A2y2

D �A1.A0
1A1 C A0

2A2/
�1A0

2y2 )
, i1l D �A1.A0

1A1 CA0
2A2/

�1.A0
1y1 C A0

2y2/C y1:

The second derivatives

@2L
@i1@i01

.i1l / D 2Œ.A2A�1
1 /

0.A2A�1
1 /C I� > 0

due to positive-definiteness of the matrix .A2A�1
1 /

0.A2A�1
1 / C I generate the

sufficiency condition for obtaining the minimum of the unconstrained Lagrangean.
Finally let us backward transform i1l 7! i2l D A2A�1

1 i1l � A2A�1
1 y1 C y2.

i2l D �A2.A0
1A1 C A0

2A2/
�1.A0

1y1 C A0
2y2/C y2:
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Obviously we have generated the linear form

i1l D �A1.A0
1A1 C A0

2A2/
�1.A0

1y1 C A0
2y2/C y1

i2l D �A2.A0
1A1 C A0

2A2/
�1.A0

1y1 C A0
2y2/C y2

or
�

i1l
i2l

�
D �

�
A1

A2

�
.A0

1A1 CA0
2A2/

�1ŒA0
1; A0�

�
y1
y2

�
C
�

y1
y2

�

or

il D �A.A0A/�1yC y:

Finally we are left with the backward step to compute the unknown vector of
parameters x 2 X :

xl D �A�1
1 i1l CA�1

1 y1

xl D .A0
1A1 C A0

2A2/
�1.A0

1y1 C A0
2y2/

or

xl D .A0A/�1A0y:

A numerical computation with respect to the introductory example is

A0
1A1 C A0

2A2 D
�
3 6

6 14

�
; .A0

1A1 C A0
2A2/

�1 D 1

6

�
14 �6
�6 3

�
;

A1.A0
1A1 C A0

2A2/
�1 D 1

6

�
8 �3
2 0

�
;

A2.A0
1A1 CA0

2A2/
�1 D 1

6
Œ�4; 3�;

A0
1y1 C A0

2y2 D
�
8

19

�
; y1 D

�
1

3

�
; y2 D 4

i1l D 1

6

��1
2

�
; i2l D �1

6
; k il k ID 1

6

p
6;

xl D 1

6

��2
9

�
; k xl kD 1

6

p
85;

y.t/ D �1
3
C 3

2
t

1

2

@2L
@x2@x0

2
.x2m/ D Œ.A2A�1

1 /
0.A2A�1

1 /C I� D
�
2 �2
�2 5

�
> 0;
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“First eigenvalue�1

��
2 �2
�2 5

�	
D600; “Second eigenvalue�2��

2 �2
�2 5

�	
D1:00

The diagnostic algorithm for solving an overdetermined system of linear equa-
tions y D Ax; rkA D dimX D m; m < n D dimY; y ¤ Y by means of rank
partitioning is presented to you by Box 3.4.

3-14 The Range R.f / and the Kernel N .f /, Interpretation
of “LESS” by Three Partitionings

(i) algebraic (rank partitioning)
(ii) geometric (slicing)

(iii) set-theoretical (fibering)

Fourthly, let us go into the detailed analysis of R.f /, R.f /?, N .f /, with respect
to the front page example. Beforehand we begin with a comment.

We want to emphasize the two step procedure of the least squares solution
(LESS) once more: The first step of LESS maps the observation vector y onto the
range space R.f / while in the second step the LESS point y 2 R.A/ is uniquely
mapped to the point xl 2 X, an element of the parameter space. Of course, we
directly produce xl D .A0A/�1A0y just by substituting the inconsistency vector
i D y � Ax into the l2 � norm k i k2ID .y � Ax/0.y � Ax/ D min : Such a direct
procedure which is common practice in LESS does not give any insight into the
geometric structure of LESS.

But how to identify the range R.f /, namely the range space R.A/, or the kernel
N .f /, namely the null space N .A/ in the front page example?

By means of Box 3.4 we identify R.f / or “the null space R.A/” and give
its illustration by Fig. 3.1. Such a result has paved the way to the diagnostic
algorithm for solving an overdetermined system of linear equations by means of
rank partitioning presented in Box 3.5.

The kernel N .f / or “the null space” is immediately identified as f0g D N .A/ D
fx 2 R

mjAx D 0g D fx 2 R
mjA1x D 0g by means of rank partitioning (A1x D

0, x D 0g.

Box 3.4. (The range space of the system of inconsistent linear equations
AxC i D y; “vertical” rank partitioning)

The matrix A is called “vertically rank partitioned”, if

8<
:A 2 R

n�m ^ A D
�

A1

A2

� ˇ̌ˇ̌̌
ˇ
r D rkA D rkA1 D m;
A1 2 R

r�r ; A2 2 R
d�r

d D d.A/ D m � rkA

9=
;
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ec1

0
2

e1

O e2

y

e3

Fig. 3.1 Range R.f /, range
space R.A/, y … R.A/,
observation space Y D R

3,
slice by y D e1u C e2v C
e3.�u C 2v/ 2 R.A/

holds. (In the introductory example A 2 R
3�2; A1 2 R

2�2, A2 2 R
1�2; rkA D 2;

d.A/ D 1 applies.) An inconsistent system of linear equations is “vertically rank
partitioned” if

Ax D y; rkA D dimX, y D
�

A1

A2

�
xC

�
i1
i2

�

,
�

y1 D A1xC i1
y2 D A2xC i2

for a partitioned observation vector

fy 2 R
n ^ y D

�
y1
y2

�
j y1 2 R

r�1; y2 2 R
d�1g

and a partitioned inconsistency vector

fi 2 R
n ^ i D

�
i1
i2

�
j i1 2 R

r�1; i2 2 R
d�1g;

respectively, applies. (The “vertical” rank partitioning of the matrix A as well
as the “vertically rank partitioned” inconsistent system of linear equations Ax C
iD y; rkA D dimX D m, of the introductory example is
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2
4 1 11 2
1 3

3
5 D A D

�
A1

A2

�
D
2
4 1 11 2
1 3

3
5;

�
y1
y2

�
D
2
4 13
4

3
5; y1 2 R

2�1; y2 2 R:

By means of the vertical rank partitioning of the inconsistent system of inhomoge-
neous linear equations an identification of the range space R.A/, namely

R.A/ D fy 2 R
njy2 � A2A�1

1 y1 D 0g

is based upon

y1 D A1xC i1 ) x1 D �A�1
1 .y1 � i1/

y2 D A2xC i2 ) x2 D �A2A�1
1 .y1 � i1/C i2 )

y2 �A2A�1
1 y1 D i2 � A2A�1

1 i1

which leads to the range space R.A/ for inconsistency zero, particularly in the
introductory example

y3 � Œ1; 3�
�
1 1

1 2

��1 �
y1
y2

�
D 0:

For instance, if we introduce the coordinates y1 D u; y2 D v; the other coordinate
y3 of the range space R.A/ � Y D R

3 amounts to

y3 D Œ1; 3�
�
2 �1
�1 1

� �
u
v

�
D Œ�1; 2�

�
u
v

�

) y3 D �uC 2v:

In geometric language the linear spaceR.A/ is a parameterized plane through the
origin illustrated by Fig. 3.1. The observation space Y D R

n (here n D 3) is sliced
by the subspace, the linear space (linear manifold) R.A/, dimR.A/D rk.A/D r ,
namely a straight line, a plane (here), a higher dimensional plane through the
origin O.

What is the geometric interpretation of the least-squares solution k i k2ID
min?

With reference to Fig. 3.2 we additively decompose the observation vector
accordingly to
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Compute
the inconsistency vector of type LESS

il  = − A(A′A)−1 y + y
test : A′il  = 0

Compute
the unknown parameter vector of type LESS

xl  = (A′A)–1A′y.

♣

Algorithm
Box 3.5:

Diagnostic algorithm for solving an overdetermined system of
linear equations y = Ax + i, rk A = dim    , y ∉    (A) by means
of rank partitioning 

Determine
the rank of the matrix A

 rk A = dim   = m

Compute
the “vertical rank partitioning”

,
A1A = A1∈   r×r =    m×n, A2 ∈   (n−r)×r =    (n−m)×m

A2
¢¢n – r = n – m = ds  is called
left complementary index¢¢ 

″A as a linear operator is not
surjective, but injective″

Compute
the range space     (A)

  (A) := {y∈   n | y2 − A2A1
−1y1 = 0}

y D yR.A/ C yR.A/? ;

where yR.A/ 2 R.A/ is an element of the range space R.A/, but the inconsistency
vector il D iR.A/? 2 R.A/? an element of its orthogonal complement, the
normal space R.A/?. HereR.A/ is the central plane P

2
0; yR.A/2P20; but R.A/?

the straight line L
1, il 2 R.A/?. k i k2IDk y � yR.A/? k2D min can be

understood as the minimum distance mapping of the observation point y 2 Y onto
the range space R.A/. Such a mapping is minimal, if and only if the inner product
hyR.A/j iR.A/? i D 0 approaches zero, we say

“yR.A/ and iR.A/? are orthogonal00
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Fig. 3.2 Orthogonal
projection of the observation
vector y 2 Y onto the range
space R.A/; R.A/ WD
R
njfy2 � A2A�1

1 y1 D 0g,
il 2 R.A/?, here: yR.A 2 P

2
0

(central plane), y 2 L
1

(straight line), representation
of yR.A/.LESS/: y D
e1uCe2vCe3.�uC2v/ 2 R

3

,R.A/ D spanfeu; evg

The solution point yR.A/ is the orthogonal projection of the observation point
y 2 Y onto the range spaceR.A/; an m-dimensional linear manifold, also called
a Grassmann manifold Gn;m.

Gram�Schmidt W

2
6664

eu WD DuyR.A/= k DuyR.A/ kD .e1 � e3/=
p
2

ev WD DvyR.A/� < DvyR.A/jeu > eu

k DvyR.A/� < DvyR.A/jeu > eu k D .e1 C e2 C e3/=
p
3

< eujev >D 0; DvyR.A/ D e2 C 2e3

As an “intermezzo” let us consider for a moment the nonlinear model by means
of the nonlinear mapping

“X Ö x 7! f .x/ D yR.A/; y 2 Y
00:

In general, the observation space Y as well as the parameter space X may be
considered as differentiable manifolds, for instance “curved surfaces”. The range
R.f / may be interpreted as the differentiable manifolds. X embedded or more
generally immersed, in the observation space Y D R

n for instance: X � Y.
The parameters Œx1; : : : ; xm� constitute a chart of the differentiable manifolds
X D M

m � M
m D Y. Let us assume that a point p 2 R.f / is given and we

are going to attach the tangent space TpM
m locally. Such a tangent space TpM

m

at p 2 R.f / may be constructed by means of the Jacobi map, parameterized by
the Jacobi matrix J; rkJ D m, a standard procedure in Differential Geometry. An
observation point y 2 Y D R

n is orthogonally projected onto the tangent space
TpM

m at p 2 R.f /, namely by LESS as a minimum distance mapping. In a second
step – in common use is the equidistant mapping – we bring the point which is
located in the tangent spaceTpMm at p 2 R.f / back to the differentiable manifold,
namely y� 2 R.f /: The inverse map
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“R.f / Ö y� 7! g.y�/ D xl 2 X
00

maps the point y� 2 R.f / to the point xl of the chosen chart of the parameter X as
a differentiable manifold. Examples follow later on.

Let us continue with the geometric interpretation of the linear model of this
paragraph. The range space R.A/, dimR.A/ D rk.A/ D m is a linear space
of dimension m, here mD rkA, which slices Rn. In contrast, the subspace R.A/?
corresponds to a n � rkA D ds dimensional linear space L

n�r here n � rkA D
n �m; r D rkA D m.

Let the algebraic partitioning and the geometric partitioning be merged to
interpret the least squares solution of the inconsistent system of linear equations as
a generalized inverse (g-inverse) of type LESS. As a summary of such a merger we
take reference to Box 3.7.

The first condition:

AA�A D A

Let us depart from LESS of y D AxC i; namely

xl D A�
l y D .A0A/�1A0y; il D .I � AA�

l /y D ŒI � A.A0A/�1A0�y:

Axl D AA�
l y D AA�

l .Axl C il /

A0il D A0ŒI � A.A0A/�1A0�y D 0) A�
l il D .A0A/�1A0il D 0

#
)

) Axl D AA�
l Axl , AA�A D A:

The second condition

A�AA� D A�

xl D .A0A/�1A0y D A�
l y D A�

l .Axl C il /
A�
l il D 0

�
)

xl D A�
l y D A�

l AA�
l y )

) A�
l y D A�

l AA�
l y , A�AA� D A�:

rkA�
l D rkA is interpreted as following: the g-inverse of type LESS is the

generalized inverse of maximal rank since in general rkA� � rkA holds.

The third condition

AA� D PR.A�/
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y D Axl C il D AA�
l C .I � AA�

l /y

y D Axl C il D A.A0A/�1A0yC ŒI � A.A0A/�1A0�y
y D yR.A/ C iR.A/?

�
)

) A�A D PR.A�/; .I � AA�/ D PR.A�/? :

Obviously AA�
l is an orthogonal projection onto R.A/, but I � AA�

l onto its
orthogonal complement R.A/?:

Box 3.6. (The three condition of the generalized inverse mapping (general-
ized inverse matrix) LESS type).

Condition #1 Condition #1
f .x/ D f .g.y//

,
f D f ı g ı f

Ax D AA�Ax
,

AA�A D A
Condition #2 Condition #2

x D g.y/
D g.f .x//

x� D A�y D A�AA�y
, A�AA� D A�

Condition #3 Condition #3
.reflexive g-inverse mapping/ .reflexive g-inverse/

f .g.y// D yR.A/
,

f ı g D projR.f/

A�Ay D yR.A/
,

A�A D PR.A/ :

The set-theoretical partitioning, the fibering of the set system of points which
constitute the observation space Y, the range R.f /, will be finally outlined. Since
the set system Y (the observation space) is Rn, the fibering is called “trivial”. Non-
trivial fibering is reserved for nonlinear models in which case we are dealing with a
observation space as well as an range space which is a differentiable manifold. Here
the fibering

Y D R.f /[R.f /?

produces the trivial fibers R.f / andR.f /? where the trivial fibers R.f /? is the
quotient set Rn=R.f /. By means of a Venn diagram (John Venn 1834–1928) also
called Euler circles (Leonhard Euler 1707–1783). Figure 3.3 illustrates the trivial
fibers of the set system Y D R

n generated by R.f / and R.f /?. The set system
of points which constitute the parameter space X is not subject to fibering since all
points of the set system R.f / are mapped into the domain D.f /.
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Fig. 3.3 Venn diagram, trivial fibering of the observation space Y, trivial fibersR.f / and
R.f /?, f W R

m D X 7�! Y D R.f / [ R.f /?, X set system of the parameter space, Y
set system of the observation space

3-2 The Least Squares Solution: “LESS”

The system of inconsistent linear equations Ax C i D y subject to A 2 R
n�m.

rkA D m < n, allows certain solutions which we introduce by means of
Definition 3.1 as a solution of a certain optimization problem. Lemma 3.2 contains
the normal equations of the optimization problem. The solution of such a system
of normal equations is presented in Lemma 3.3 as the least squares solution with
respect to the Gy-norm. Alternatively Lemma 3.4 shows the least squares solution
generated by a constrained Lagrangean. Its normal equations are solved for (i) the
Lagrange multiplier, (ii) the unknown vector of inconsistencies by Lemma 3.5.
The unconstrained Lagrangean where the system of linear equations has been
implemented as well as the constrained Lagrangean lead to the identical solution for
(i) the vector of inconsistencies and (ii) the vector of unknown parameters. Finally
we discuss the metric of the observation space and alternative choices of its metric
before we identify the solution of the quadratic optimization problem by Lemma 3.7
in terms of the (1, 2, 3)-generalized inverse.

Definition 3.1. (least squares solution w.r.t. the Gy-seminorm):

A vector xl 2 X D R
m is called Gy-LESS (LEast Squares Solution with respect

to the Gy-seminorm) of the inconsistent system of linear equations

AxC i D y; y 2 Y � R
n;

2
4 rkA D dimX D m

or
y … R.A/

(3.1)

(the system of inverse linear equations A�y D x; rkA� D dimX D m or
x 2 R.A�/, is consistent) if in comparison to all other vectors x 2 X � R

m; the
inequality
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k y � Axl k2Gy
D .y �Axl /0Gy.y � Axl /

� .y � Ax/0Gy.y � Ax/ Dk y �Ax k2Gy

(3.2)

holds, in particular if the vector of inconsistency il WD y � Axl has the least Gy-
seminorm.

The solution of type Gy-LESS can be computed as following

Lemma 3.2. (least squares solution with respect to the Gy-seminorm):

A vector xl 2 X � R
m; is Gy-LESS of (3.1) if and only if the system of normal

equations

A0GyAxl D A0Gyy (3.3)

is fulfilled. xl always exists and is in particular unique, if A0GyA is regular.

Proof.

Gy-LESS is constructed by means of the Lagrangean

L.x/ W D k i k2Gy
Dk y � Ax k2Gy

D �b ˙
p
b2 � 4ac
2a

D x0A0GyAx � 2y0GyAxC y0Gyy D min
x

such that the first derivatives

@L
@x
.xl / D @ i0Gyi

@x
.xl / D 2A0Gy.Axl � y/ D 0

constitute the necessary conditions. The theory of vector derivative is presented in
Appendix B. The second derivatives

@2L
@x @x0 .xl / D

@2 i0Gyi
@x @x0 .xl / D 2A0GyA 	 0

due to the positive semidefiniteness of the matrix A0GyA generate the sufficiency
condition for obtaining the minimum of the unconstrained Lagrangean. Because of
the R.A0GyA/ D R.A0Gy/ there always exists a solution xl whose uniqueness is
guaranteed by means of the regularity of the matrix A0GyA:

It is obvious that the matrix A0GyA is in particular regular, if rkA D dimX D m,
but on the other side the matrix Gy is positive definite, namely k i k2Gy

is a Gy-norm.
The linear form xl D Ly which for arbitrary observation vectors y 2 Y � R

n;

leads to Gy-LESS of (3.1) can be represented as following.
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Lemma 3.3. (least squares solution with respect to the Gy- norm, rkA D
dimX D m or (x 2 R.A�/):

xl D Ly is Gy-LESS of the inconsistent system of linear equations (3.1) Ax C
i D y restricted to rk.A0GyA/DrkADdimX (or R.A0Gy/ D R.A0/ and x 2 R.A�/) if
and only if L 2 R

n�m is represented by

Case (i) :

Gy D I

OL D A�
L D .A0A/�1A0 .left inverse/ (3.4)

xl D A�
Ly D .A0A/�1A0y: (3.5)

y D yl C il (3.6)

is an orthogonal decomposition of the observation vector y 2 Y � R
n into the

I-LESS vector yl 2 Y � R
n and the I-LESS vector of inconsistency il 2 Y � R

n;

subject to

yl D Axl D A.A0A/�1A0y (3.7)

il D y � ylD ŒIn �A.A0A/�1A0� y: (3.8)

Due to yl D A.A0A/�1A0y, I-LESS has the reproducing property. As projection
matrices A.A0A/�1A0 and ŒIn � A.A0A/�1A0� are independent. The “goodness of
fit” of I-LESS is

ky �Axlk2i D kilk2i D y
0

ŒIn � A.A0A/�1A0� y: (3.9)

Case (ii) : Gy positive definite, rkA D dimX

OL D .A0GyA/�1A0Gy .weighted left inverse/ (3.10)

xl D .A0GyA/�1A0Gyy: (3.11)

y D yl C il (3.12)

is an orthogonal decomposition of the observation vector y 2 Y � R
n into the Gy-

LESS vector yl 2 Y � R
n and the Gy-LESS vector of inconsistency il 2 Y � R

n

subject to

yl D Axl D A.A0GyA/�1A0Gyy (3.13)

il D y �AxlD ŒIn � A.A0GyA/�1A0Gy� y (3.14)
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Due to yl D A.A0GyA/�1A0Gyy Gy-LESS has the reproducing property. As pro-
jection matrices A.A0GyA/�1A0Gy and ŒIn � A.A0GyA/�1A0Gy� are independent.
The “goodness of fit” of Gy-LESS is

ky �Axlk2Gy
D kilk2Gy

D y
0

ŒIn �A.A0GyA/�1A0Gy� y: (3.15)

The third case Gy positive semidefinite will be treated independently. The proof
of Lemma 3.1 is straightforward. The result that LESS generates the left inverse,
Gy-LESS the weighted left inverse will be proved later.

An alternative way of producing the least squares solution with respect to the
Gy-seminorm of the linear model is based upon the constrained Lagrangean (3.16),
namely L.i; x; �/. Indeed L.i; x; �/ integrates the linear model (3.1) by a vector
valued Lagrange multiplier to the objective function of type “least squares”, namely
the distance function in a finite dimensional Hilbert space. Such an approach will
be useful when we apply “total least squares” to the mixed linear model (error-in-
variable model).

Lemma 3.4. (least squares solution with respect to the Gy-norm, rkA D
dimX, constrained Lagrangean):

Gy-LESS is assumed to be defined with respect to the constrained Lagrangean

L.i; x; �/ WD i0GyiC 2�0.AxC i � y/ D min
i; x; �

: (3.16)

A vector Œi0l ; x0
l ; �

0
l �

0 2 R
.nCmCn/�1 is Gy-LESS of (3.1) in the sense of the

constrained Lagrangean L.i; x; �/= min if and only if the system of normal
equations

2
4Gy 0 In
0 0 A0
In A 0

3
5
2
4 il

xl
�l

3
5 D

2
4 00

y

3
5 (3.17)

with the vector �l 2 R
n�1 of “Lagrange multiplier” is fulfilled. .il ; xl ; �l / exists

and is in particular unique, if Gy is positive semidefinite. There holds

.il ; xl ; �l / D argfuser1L.i; x; �/ D ming: (3.18)

Proof.

Gy-LESS is based on the constrained Lagrangean

L.i; x; �/ WD i0GyiC 2�0.AxC i � y/ D min
i; x; �
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such that the first derivatives

@L
@ i
.il ; xl ; �l / D 2.Gyil C �l/ D 0

@L
@ x
.il ; xl ; �l / D 2A0�l D 0

@L
@ �
.il ; xl ; �l / D 2.Axl C il � y/ D 0

or

2
4Gy 0 In
0 0 A0
In A 0

3
5
2
4 il

xl
�l

3
5 D

2
4 00

y

3
5

constitute the necessary conditions. (The theory of vector derivative is presented in
Appendix B.) The second derivatives

1

2

@2L
@ i @ i0

.xl / D Gy 	 0

due to the positive semidefiniteness of the matrix Gy generate the sufficiency
condition for obtaining the minimum of the constrained Lagrangean.

Lemma 3.5. (least squares solution with respect to the Gy-norm, rkA D
dimX, constrained Lagrangean)

If Gy-LESS of the linear equations (3.1) is generated by the constrained
Lagrangean (3.16) with respect to a positive definite weight matrix Gy, rkGy D n;
then the normal equations (3.17) are uniquely solved by

xl D .A0GyA/�1A0Gyy; (3.19)

il D ŒIn � A.A0GyA/�1A0Gy� y; (3.20)

�l D ŒGyA.A0GyA/�1A0 � In�Gyy: (3.21)

Proof.

A basis of the proof could be C.R. Raos Pandora Box, the theory of inverse
partitioned matrices (Appendix A: Fact: Inverse Partitioned Matrix /IPM/ of a
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symmetric matrix). Due to the rank identities rk Gy D n; rk A D rk .A0GyA/ D
m < n, the normal equations can be solved faster directly by Gauss elimination.

Gyil C �l D 0
A0�l D 0

Axl C il � y D 0:

Multiply the third normal equation by A0Gy, multiply the first normal equation by
A0 and substitute A0 �l from the second normal equation in the modified first one.

A0GyAxl C A0Gyil �A0Gyy D 0
A0Gyil C A0�l D 0

A0�l D 0

3
5)

) A0GyAxl C A0Gyil � A0Gyy D 0
A0Gyil D 0

�
)

) A0GyAxl � A0Gyy D 0; )

xl D .A0GyA/�1A0Gyy:

Let us subtract the third normal equation and solve for il .

il D y � Axl ;

ilD ŒIn �A.A0GyA/�1A0Gy� y:

Finally we determine the Lagrange multiplier: substitute il in the first normal
equation in order to find

�l D �Gyil

�lD ŒGyA.A0GyA/�1A0Gy �Gy� y:

Of course the Gy-LESS of type (3.2) and the Gy-LESS solution of type
constrained Lagrangean (3.16) are equivalent, namely (3.11)–(3.19) and (3.14)–
(3.20).

In order to analyze the finite dimensional linear space Y called “the observation
space”, namely the case of a singular matrix of its metric, in more detail, let us take
reference to the following.
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Theorem 3.6. (bilinear form) :

Suppose that the bracket h:j:i or g.:; :/ W Y � Y �! R is a bilinear form or a
finite dimensional linear space Y, dimY D n, for in-stance a vector space over the
field of real numbers. There exists a basis fe1; : : : ; eng such that

(i)
˝
ei
ˇ̌

ej
˛ D 0 or g.ei; ej/ D 0 for i ¤ j

(ii)

8̂
<
:̂

hei1 j ei1i D C1 or g .ei1 ; ei1 / D C1 for 1 � i1 � p
hei2 j ei2i D �1 or g .ei2 ; ei2 / D �1 for p C 1 � i2 � p C q D r

hei3 j ei3i D 0 or g .ei3 ; ei3 / D 0 for r C 1 � i3 � n :

The numbers r and p are determined exclusively by the bilinear form. r is called the
rank, r�p D q is called the relative index and the ordered pair .p; q/ the signature.
The theorem states that any two spaces of the same dimension with bilinear forms of
the same signature are isometrically isomorphic. A scalar product (“inner product”)
in this context is a nondegenerate bilinear form, for instance a form with rank equal
to the dimension of Y. When dealing with low dimensional spaces as we do, we will
often indicate the signature with a series of plus and minus signs when appropriate.
For instance the signature of R41 may be written .C C C�/ instead of (3,1). Such
an observation space Y is met when we are dealing with observations in Special
Relativity.

For instance, let us summarize the peculiar LESS features if the matrix Gy 2
R
n�n of the observation space is semidefinite, rkGy WD ry < n. By means of

Box 3.7 we have collected the essential items of the eigenspace analysis as well
as the eigenspace synthesis G�

y versus Gy of the metric.ƒy DD Diag.�1; : : : ; �ry /
denotes the matrix of non-vanishing eigenvalues f�1; : : : ; �ry g. Note the norm
identity

jjijj2Gy
D jjijj2U1ƒyU0

1
(3.22)

which leads to the U1ƒyU0
1-LESS normal equations

A0U1ƒyU0
1x` D A0U1ƒyU0

1y: (3.23)

Box 3.7. (Canonical representation of the rank deficient matrix of the matrix
of the observation space Y).

rk Gy DW ry; ƒy WD Diag.�1; : : : ; �ry /:

“eigenspace analysis” “eigenspace synthesis”
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G�
y D

�
U0

1
U0

2

�
Gy ŒU1;U2� D Gy D ŒU1;U2�

�
ƒy 01

02 03

� �
U0

1
U0

2

�
(3.24)

D
�
ƒy 01

02 03

�
2 R

n�n 2 R
n�n

subject to

U 2 SO.n.n � 1/=2/ WD ˚U 2 Rn�njU0U D In; jUj D C1
�

U1 2 Rn�ry ; U2 2 Rn�.n�ry/; ƒy 2 Rry�ry

01 2 Rry�n; 02 2 R.n�ry/�ry ; 03 2 R.n�ry/�.n�ry/

“norms”

jjijj2Gy
D jjijj2U1ƒyU0

1
i0Gyi D i0U1ƒyU0

1i (3.25)

LESS: jjijj2Gy
D min

x
, jjijj2

U1ƒyU0

1
D min

x

, A0U1ƒyU0
1x` D A0U1ƒyU0

1y:

Another example relates to an observation space

Y D R
2k
1 .k 2 f1; : : : ; Kg/

of even dimension, but one negative eigenvalue. In such a pseudo-Euclidean space
of signature .C � � � C �/ the determinant of the matrix of metric Gy is negative,
namely det Gy D ��1 : : : �2K�1 j�2K j. Accordingly

xmax D argfjjijj2Gy
D max jy D AxC i; rkA D mg

is Gy-MORE (Maximal ObseRvational inconsistEncy solution), but not Gy-
LESS. Indeed, the structure of the observational space, either pseudo-Euclidean
or Euclidean, decides upon MORE or LESS.

3-21 A Discussion of the Metric of the Parameter Space X

With the completion of the proof we have to discuss the basic results of Lemma 3.3
in more detail. At first we have to observe that the matrix Gy of the metric of the
observation space Y has to be given a priori. We classified LESS according to (i)
Gy D In, (ii) Gy positive definite and (iii) Gy positive semidefinite. But how do we
know the metric of the observation space Y? Obviously we need prior information
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about the geometry of the observation space Y, namely from the empirical sciences
like physics, chemistry, biology, geosciences, social sciences. If the observation
space Y 2 R

n is equipped with an inner product hy1jy2iD y0
1Gyy2; y1 2Y; y2 2Y

where the matrix Gy of the metric k y k2D y0Gyy is positive definite, we refer to
the metric space Y 2 R

n as Euclidean E
n. In contrast, if the observation space is

positive semidefinite we call the observation space semi Euclidean E
n1;n2 . n1 is the

number of positive eigenvalues, n2 the number of zero eigenvalues of the positive
semidefinite matrix Gy of the metric (n D n1Cn2 ). In various applications, namely
in the adjustment of observations which refer to Special Relativity or General
Relativity we have to generalize the metric structure of the observation space Y: If
the matrix Gy of the pseudometric k y k2D y0Gyy is built on n1 positive eigenvalues
(signature +), n2 zero eigenvalues and n3 negative eigenvalues (signature -), we call
the pseudometric parameter space pseudo Euclidean E

n1;n2;n3 , n D n1 C n2 C n3.
For such an observation space LESS has to be generalized to k y � Ax k2Gy

D extr,
for instance “maximum norm solution”.

3-22 Alternative Choices of the Metric of the Observation Y

Another problem associated with the observation space Y is the norm choice
problem. Up to now we have used the `2-norm, for instance

`2-norm W k y �Ax k 2W D
p
.y �Ax/.y �Ax/ D pi0 i

D
q
i 21 C i 22 C � � � C i 2n�1 C i 2n ;

`p-norm W k y � Ax k pW D p

q
ji1jp C ji2jp C � � � C jin�1jp C jinjp;

1 < p <1
`1-norm W k i k1 WD max jii j

1�i�n

are alternative norms of choice.
Beside the choice of the matrix Gy of the metric within the weighted `2-norm

we like to discuss the result of the LESS matrix Gl of the metric. Indeed we have
constructed LESS from an a priori choice of the metric G called Gy and were led to
the a posteriori choice of the metric Gl of type (3.9) and (3.15). The matrices

.i/ Gl D In �A.A0
yA/�1A0

y .3:9/

.ii/ Gl D In � A.A0GyA/�1A0Gy .3:15/

are (i) idempotent and (ii) G�1
y idempotent, in addition. There are various alternative

scales or objective functions for projection matrices for substituting Euclidean
metrics termed robustifying. In special cases those objective functions operate on
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.3:11/ xl D Hy subject to Hx D .A0GyA/�1AGy;

.3:13/ y` D Hyy subject to Hy D A.A0GyA/�1AGy

.3:14/ i` D H`y subject to H` D


In � A.A0GyA/�1AGy

�
y;

where fHx;Hy;H`g are called “hat matrices”. In other cases analysts have to accept
that the observation space is non-Euclidean. For instance, direction observations in
R
P locate points on the hypersphere SP�1. Accordingly we have to accept an objec-

tive function of von Mises–Fisher type which measures the spherical distance along
a great circle between the measurement points on S

P�1 and the mean direction.
Such an alternative choice of a metric of a non-Euclidean space Y will be presented
in Chap. 7. Here we discuss in some detail alternative objective functions, namely

• Optimal choice of the weight matrix Gy: second order design SOD
• Optimal choice of the weight matrix Gy by means of condition equations
• Robustifying objective functions

3-221 Optimal Choice of Weight Matrix: SOD

The optimal choice of the weight matrix, also called second order design (SOD),
is a traditional topic in the design of geodetic networks. Let us refer to the review
papers by A. A. Seemkooei (2001), W. Baarda (1968, 1973), P. Cross (1985), P. Cross
and K. Thapa (1979), E. Grafarend (1970, 1972, 1974, 1975), E. Grafarend and
B. Schaffrin (1979), B. Schaffrin (1981, 1983, 1985), F. Krumm (1985), S. L. Kuang
(1991), P. Vanicek, K. Thapa and D. Schröder (1981), B. Schaffrin, E. Grafarend
and G. Schmitt (1977), B. Schaffrin, F. Krumm and D. Fritsch (1980), J. van Mierlo
(1981), G. Schmitt (1980, 1985), C. C. Wang (1970), P. Whittle (1954, 1963),
H. Wimmer (1982) and the textbooks by E. Grafarend, H. Heister, R. Kelm, H. Knopff
and B. Schaffrin (1979) and E. Grafarend and F. Sanso (1985, editors).

What is an optimal choice of the weight matrix Gy, what is “a second order
design problem”?

Let us begin with Fisher’s Information Matrix which agrees to the half of the
Hesse matrix, the matrix of second derivatives of the LagrangeanL.x/ WD jjijj2Gy

D
jjy� Axjj2Gy

, namely

Gx D A0.x/GyA.x/ D 1

2

@2L
@x`@x0

`

DW FISHER

at the “point” x` of type LESS. The first order design problem aims at determining
those points x within the Jacobi matrix A by means of a properly chosen risk oper-
ating on “FISHER”. Here, “FISHER” relates the weight matrix of the observations
Gy, previously called the matrix of the metric of the observation space, to the weight
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matrix Gx of the unknown parameters, previously called the matrix of the metric of
the parameter space.

Gx Gy

weight matrix of weight matrix of
the unknown parameters the observations

or or
matrix of the metric of matrix of the metric of
the parameter space X the observation space Y.

Being properly prepared, we are able to outline the optimal choice of the weight
matrix Gy or X, also called the second order design problem, from a criterion
matrix Y, an ideal weight matrix Gx (ideal) of the unknown parameters, We hope
that the translation of Gx and Gy “from metric to weight” does not cause any
confusion. Box 3.9 elegantly out-lines SOD.

Box 3.8. (Second order design SOD, optimal fit to a criterion matrix of
weights).

“weight matrix of 3-21 weight matrix of
the parameter space” the observation space”

Y WD 1

2

@2L
@x`@x0̀ D Gx X WD Gy D Diag

�
g

y
1 ; : : : ; g

y
n

�
(3.26)

x WD 
gy
1; : : : ; g

y
n

�0
“inconsistent matrix equation of the second order design problem”

A0XAC A D Y (3.27)

“optimal fit”

jj�jj2 D tr�0� D .vec�/0.vec�/ D min
X

(3.28)

xS WD argfjj�jj2 D min jA0XAC� D Y;X D Diag xg (3.29)

vec� D
D vecY � vec.A0XA/ D vecY � .A0 ˝A0/vecX (3.30)

vec� D vecY � .A0 ˝ A0/x

x 2 R
n; vecY 2 R

n2�1; vechY 2 R
n.nC1/=2�1

vec� 2 R
n2�1; vecX 2 R

n2�1; .A0 ˝ A0/ 2 R
n2�n2 ;A0 ˇ A0 2 R

n2�n

xS D


.A0 ˇ A0/0.A0 ˇ A0/

��1
.A0 ˇ A0/vecY: (3.31)
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In general, the matrix equation A0XA C � D Y is inconsistent. Such a matrix
inconsistency we have called� 2 R

m�m: For a given ideal weight matrix Gx.ideal/,
A0GyA is only an approximation. The unknown weight matrix of the observations
Gy, here called X 2 R

n�n, can only be designed in its diagonal form. A general
weight matrix Gy does not make any sense since “oblique weights” cannot be
associated to experiments. A natural restriction is therefore X D Diag

�
g

y
1 ; : : : ; g

y
n

�
.

The “diagonal weights” are collected in the unknown vector of weights

x WD 
gy
1; : : : ; g

y
n

�0 2 R
n

The optimal fit “A0XA to Y ” is achieved by the Lagrangean jj�jj2 D min, the
optimum of the Frobenius norm of the inconsistency matrix�. The vectorized form
of the inconsistency matrix, vec�, leads us first to the matrix .A0˝A0/, the Zehfuss
product of A0, second to the Kronecker matrix .A0 ˇ A0/, the Khatri–Rao product
of A0, as soon as we implement the diagonal matrix X. For a definition of the
Kronecker–Zehfuss product as well as of the Khatri–Rao product and related laws
we refer to Appendix A. The unknown weight vector x is LESS, if

xS D


.A0 ˇ A0/0.A0 ˇ A0/

��1
.A0 ˇ A0/0vecY

Unfortunately, the weights xS may come out negative. Accordingly we have to
build in extra condition, X D Diag.x1; : : : ; xm/ to be positive definite. The given
references address this problem as well as the datum problem inherent in Gx.ideal/.

Example 3.2. (Second order design):

The introductory example we outline here may serve as a firsthand insight into
the observational weight design, also known as second order design. According to
Fig. 3.4 we present you with the graph of a two-dimensional planar network. From
three given points fP˛; Pˇ; P�g we measure distances to the unknown point Pı , a

Pd

Pb
Pa

y1 = 13.58km y2 = 9.15km

y3 = 6.94km

Pg

Fig. 3.4 Directed graph of a
trilateration network, known
points fP˛; Pˇ; P�g,
unknown point Pı , distance
observations Œy1; y2; y3�

0 2 Y
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typical problem in densifying a geodetic network. For the weight matrix Gx � Y
of the unknown point we postulate I2, unity. In contrast, we aim at an observational
weight design characterized by a weight matrix

Gx � X D Diag.x1; x2; x3/:

The second order design equation

A0Diag.x1; x2; x3/AC� D I2

is supposed to supply us with a circular weight matrix Gy of the Cartesian
coordinates .xı; yı/ of Pı . The observational equations for distances .s˛ı ; sˇı; s�ı/
D .13:58; 9:15; 6:94 km/ have already been derived in Sect. 1-4. Here we just take
advantage of the first design matrix A as given in Box 3.10 together with all further
matrix operations.

A peculiar situation for the matrix equation A0XA C � D I2 is met: In the
special configuration of the trilateration network the characteristic equation of the
second order design problem is consistent. Accordingly we have no problem to get
the weights

Gy D
2
4 0:511 0 0

0 0:974 0

0 0 0:515

3
5;

which lead us to the weight Gx D I2 a posteriori. Note that the weights came out
positive.

Box 3.9. (Example for a second order design problem, trilateration net-
work).

A D
2
4�0:454 �0:891�0:809 C0:588
C0:707 C0:707

3
5;X D Diag.x1; x2; x3/;Y D I2

A0Diag.x1; x2; x3/A D I2

,
�
0:206x1 C 0:654x2 C 0:5x3 0:404x1 � 0:476x2 C 0:5x3
0:404x1 � 0:476x2 C 0:5x3 0:794x1 C 0:346x2 C 0:5x3

�

D
�
1 0

0 1

�

“inconsistency� D 0”
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.1st/ 0:206x1 C 0:654x2 C 0:5x3 D 1
.2nd/ 0:404x1 � 0:476x2 C 0:5x3 D 0
.3rd/ 0:794x1 C 0:346x2 C 0:5x3 D 1
x1 D 0:511; x2 D 0:974; x3 D 0:515:

3-222 The Taylor Karman Criterion Matrix

? What is a proper choice of the ideal weight matrix Gx ?
There has been made a great variety of proposals.

First, Gx.ideal/ has been chosen simple: A weight matrix Gx is called ideally
simple if Gx.ideal/ D Im. For such a simple weight matrix of the unknown
parameters Example 3.2 is an illustration of SOD for a densification problem in
a trilateration network.

Second, nearly all geodetic networks have been SOD optimized by a criterion
matrix Gx.ideal/which is homogeneous and isotropic in a two- or three-dimensional
Euclidean space. In particular, the Taylor–Karman structure of a homogeneous and
isotropic weight matrix Gx.ideal/ has taken over the SOD network design. Box 3.11
summarizes the TK-Gx.ideal/ of a two-dimensional, planar network. Worth to be
mentioned, TK-Gx.ideal/ has been developed in the Theory of Turbulence, namely
in analyzing the two-point correlation function of the velocity field in a turbulent
medium. (G. I. Taylor 1935, 1936, T. Karman (1937), T. Karman and L. Howarth
(1936), C. C. Wang (1970), P. Whittle (1954, 1963)).

Box 3.10. (Taylor–Karman structure of a homogeneous and isotropic
tensor-valued, two-point function, two-dimensional, planar network).

Gx D

2
6664

�
gx1x1 gx1y1
gy1x1 gy1y1

�
gx1x2 gx1y2
gy1x2 gy1y2

gx2x1 gx2y1
gy2x1 gy2y1

�
gx2x2 gx2y2
gy2x2 gy2y2

�
3
7775Gx.x˛; xˇ/

“Euclidean distance function of points P˛ � .x˛; y˛/ and Pˇ � .xˇ; yˇ/”

s˛ˇ WD jjx˛ � xˇjj D
q
.x˛ � xˇ/2 C .y˛ � yˇ/2

“decomposition of the tensor-valued, two-point weight function Gx.x˛; xˇ/ into the
longitudinal weight function f` and the transversal weight function fm”
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Gx.x˛; xˇ/ D


gj1j2.x˛; xˇ/

�

D fm.s˛ˇ/ıj1j2 C


f`.s˛ˇ/� fm.s˛ˇ/

� 
xj1.P˛/ � xj1.Pˇ/� 
xj2 .P˛/ � xj2 .Pˇ/�
s2˛ˇ

8j1; j2 2 f1; 2g ; .x˛; y˛/ D .x1; y1/; .xˇ; yˇ/ D .x2; y2/:
(3.32)

3-223 Optimal Choice of the Weight Matrix: The Space R .A/
and R.A/?

In the introductory paragraph we already outlined the additive basic decomposition
of the observation vector into

y D yR.A/ C yR.A/? D y` C i`;

yR.A/ D PR.A/y; yR.A/? D PR.A/? y;

where PR.A/ and PR.A/? are projectors as well as

y` 2 R .A/ is an element of
the range space R .A/?, in
general the tangent space
TxM of the mapping f .x/

versus i` 2 R .A/ is an element of its
orthogonal complement in
general the normal space R .A/?.

Gy-orthogonality hy` j i`iGy
D 0 is proven in Box 3.12.

Box 3.11. (Gy-Orthogonality of y` D y.LESS/ and i` D i.LESS/)

“Gy-orthogonality”

hy` j i`iGy
D 0 (3.33)

hy` j i`iG`
D y0 
GyA.A0GyA/�1A0�Gy



In �A.A0GyA/�1A0Gy

�
y

D y0GyA.A0GyA/�1A0Gy � y0GyA.A0GyA/�1A0GyA.A0GyA/�1A0Gyy D 0:

There is an alternative interpretation of the equations of Gy-orthogonality
hi` j y`iGy

D i0̀ Gyy` D 0 of i` and y`. First, replace i` D PR.A/C y where PR.A/C
is a characteristic projection matrix. Second, substitute y` D Ax` where x` is
Gy-LESS of x. As outlined in Box 3.13, Gy-orthogonality i0̀ Gyy` of the vectors
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i` and y` is transformed into the Gy-orthogonality of the matrices A and B. The
columns of the matrices A and B are Gy-orthogonal. Indeed we have derived the
basic equations for transforming

parametric adjustment into adjustment of
conditional equations

y` D Ax`; B0Gyy` D 0;
by means of

B0GyA D 0:

Box 3.12. Gy-orthogonality of A and B

i` 2 R.A/?; dim R.A/? D n � rkA D n �m
y` 2 R .A/ ; dimR .A/ D rkA D m

hi` j y`iGy
D 0, 


In �A.A0GyA/�1A0Gy
�0

GyA D 0 (3.34)

rk


In �A.A0GyA/�1A0Gy

� D n � rkA D n �m (3.35)

“horizontal rank partitioning”



In �A.A0GyA/�1A0Gy

� D ŒB;C� (3.36)

B 2 R
n�.n�m/;C 2 R

n�m; rkB D n �m
hi` j y`iGy

D 0, B0GyA D 0: (3.37)

Example 3.3 finally illustrates Gy-orthogonality of the matrices A and B.

Example 3.3. (gravimetric leveling, Gy-orthogonality of A and B).

Let us consider a triangular leveling network fP˛; Pˇ; P� g which consists of
three observations of height differences. These height differences are considered
holonomic, determined from gravity potential differences, known as gravimetric
leveling. Due to

h˛ˇ WD hˇ � h˛; hˇ� WD h� � hˇ; h�˛ WD h˛ � h�
the holonomity condition

Z
dh D 0 or h˛ˇ C hˇ� C h�˛ D 0
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applies. In terms of a linear model the observational equations can accordingly be
established by 2

4 ˛ˇ

ˇ�

�˛

3
5 D

2
4 1 0

0 1

�1 �1

3
5�h˛ˇ

hˇ�

�
C
2
4 i˛ˇiˇ�
i�˛

3
5

y WD
2
4 ˛ˇ

ˇ�

�˛

3
5;A WD

2
4 1 0

0 1

�1 �1

3
5; x WD

�
h˛ˇ
hˇ�

�

y 2 R
3�1;A 2 R

3�2; rkA D 2; x 2 R
2�1:

First, let us compute .x`; y`; i`; jji`jj/ I-LESS of .x; y; i; jjijj/. A. Bjerhammar’s left
inverse supplies us with

x` D A�̀y D .A0A/�1A0y D 1

3

�
2 �1 �1
�1 2 �1

�24y1y2
y3

3
5

x` D
�
h˛ˇ
hˇ�

�
`

D 1

3

�
2y1 � y2 � y3
�y1 C 2y2 � y3

�

y` D Ax` D AA�̀y D A.A0A/�1A0y D 1

3

2
4 2 �1 �1
�1 2 �1
�1 �1 2

3
5 y

y` D 1

3

2
4 2y1 � y2 � y3
�y1 C 2y2 � y3
�y1 � y2 C 2y3

3
5

i` D y �Ax` D
�
In � AA�

`

�
y D 
In � A.A0A/�1A0� y

i` D 1

3

2
4 1 1 11 1 1

1 1 1

3
5y D 1

3

2
4y1 C y2 C y3y1 C y2 C y3
y1 C y2 C y3

3
5

jji`jj2 D y0.In �AA�
` /y D y0 
In � A.A0A/�1A0� y

jji`jj2 D Œy1; y2; y3�
1

3

2
4 1 1 11 1 1

1 1 1

3
5
2
4y1y2
y3

3
5

jji`jj2 D 1

3
.y21 C y22 C y23 C 2y1y2 C 2y2y3 C 2y3y1/:
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Second, we identify the orthogonality of A and B. A is given, finding B is the
problem of horizontal rank partitioning of the projection matrix.

G` WD In �Hy D In �AA�
` D In � A.A0A/�1A0 D 1

3

2
4 1 1 11 1 1

1 1 1

3
5 2 R

3�3;

with special reference to the “hat matrix HyWDA.A0A/�1A0”. The diagonal elements
of G` are of special interest for robust approximation. They amount to the uniform
values

hii D 1

3
.2; 2; 2/; .gi i /` D .1 � hii / D 1

3
.1; 1; 1/:

Note
det G` D det

�
In � AA�

`

� D 0; rk.In �AA�
` / D n �m D 1

G` D


I3 �AA�

`

� D ŒB;C� D 1

3

2
4 1

1

1

ˇ̌
ˇ̌
ˇ̌
1

1

1

1

1

1

3
5:

B 2 R
3�1;C 2 R

3�2

The holonomity condition h˛ˇChˇ�Ch�˛ D 0 is reestablished by the orthogonality
of B0A D 0.

B0A D 0, 1

3
Œ1; 1; 1�

2
4 1 0

0 1

�1 �1

3
5 D Œ0; 0�:

The Gy-orthogonality condition of the matrices A and B has been successfully used
by G. Kampmann (1992, 1994, 1997), G. Kampmann and B. Krause (1996, 1997),
R. Jurisch, G. Kampmann and B. Krause (1997), R. Jurisch and G. Kampmann
(1997, 1998, 2001 a, b, 2002), G. Kampmann and B. Renner (1999), R. Jurisch,
G. Kampmann and J. Linke (1999 a, b, c, 2000) in order to balance the observational
weights, to robustify Gy-LESS and to identify outliers. The Grassmann–Plücker
coordinates which span the normal space R .A/? will be discussed in Chap. 10
when we introduce condition equations.

3-224 Fuzzy Sets

How are fuzzy sets defined?

Let us start from uncertain quantities based on interval calculus. Inaccurate numbers
are defined by convex sets demonstrated by Fig. 3.5. We define the determination
of an interval by a lower and upper limit and its weighted center by its maximum of
the property maximum. Let us call by

A WD Œa�; a0; aC� and B WD Œb�; b0; bC�
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0

1

a- b- a0 a+ b0 b+

Fig. 3.5 Schematic
representation of two
inaccurate intervals
A WD Œa�; a0; aC� and
B WD Œb�; b0; bC� as well as
the weighted centre, Œ0; 1�
weight set

two inaccurate intervals. The lower and upper limit as well as the weighted center are
called parameters. We need the following operations based on inaccurate intervals
A and B:

.i/ sum AC B
.ii/ difference A � B
.iii/ product A:B

.iv/ substruction A=B

As a result of these operations is built a new interval C WD Œc�; c0; cC�, namely

.i/ C D AC B W c� D a� C b�; c0 D a0 � b0; cC D aC C bC

.ii/ C D A � B W c� D a� � bC; c0 D a0 � b0; cC D aC � b�

.iii/ C D A:B W c� D minfa�b�; a�bC; aCbCg
c0 D a0b0

cC D minfa�b�; aCb�; a�bC; aCbCg
.iv/ C D A=B W c� D minfa�=b�; aC=b�; a�=bC; aC=bCg

c0 D a0=b0

cC D maxfa�=b�; aC=b�; a�=bC; aC=bCg
if b� > 0 or bC < 0

In addition, we define the square C WD A2 and the root C WD pA with respect to
inaccurate intervals:

.v/ C WD A2 D A:A8̂
ˆ̂̂̂̂
<
ˆ̂̂̂̂
:̂

c� D minfa�a�; aCaCg; c0 D .c0/2; cC D maxfa�a�; aCaCg
if a� 	 0 or aC � 0

c� D 0; c0 D .a�/2; cC D maxfa�a�; aCaCg
if a� < 0 andaC > 0

.vi/ C WD pA
c� D pa�; c0 D pa0; cC D paC; if a� 	 0:
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Example: Mathematical modelling of inaccurate surfaces

Let us consider inaccurate height measurement by the interval zni WD Œz�
i ; z

0
i ; z

C
i �

for all i 2 Œ1; : : : ; n� with sharp coordinates .xi ; yi / for all i 2 Œ1; : : : ; n�. If these
measurement data are given at a sharp grid .Xj ; Yk/ for all j 2 Œ1; : : : ; N � and k 2
Œ1; : : : ;M � and followed by an interpolation, then the interpolated heights Znjk WD
ŒZ�

jk ; Z
0
jk; Z

C
jk � at the nodal point of the grid are also inaccurate. The results depend

on the method of interpolation which are functions of inaccurate intervals.
We will use distance depending weight functions such that

Zn
jk D ˛jk1 zn1 C ˛jk2 zn2 C � � � C ˛jkn znn

subject to
nP
iD1

˛
jk
i D 1; ˛jki D ˛jki .d iji /

d
ij
i D .xi�Xj /2 C .yi�Yk/2 for all i 2 Œ1; : : : ; n�; j 2 Œ1; : : : ; N �; k2Œ1; : : : ;M �

The assumption is the one that weights are inversely proportional to the square of
distances:

Zn
jk D ˛jk1 zn1 C � � � C ˛jkn znn

˛
jk
i D .wjki /=Œ

nX
iD1
.wjki /�

subject to

wjki D 1=djki C " for all " > 0:

By the choice of an artificial constant "we are able to tune in such a way that weights
gets inaccurate if the prediction point is a measurement point.

In summary, we can represent the interpolated height measurements for position
weight functions by the intervals

Z�
jk D ˛jk1 z�

1 C � � � C ˛jkn z�
n D

nP
iD1

˛
jk
i z�

i

Z0
jk D ˛jk1 z01 C � � � C ˛jkn z0n D

nP
iD1

˛
jk
i z0i

ZC
jk D ˛jk1 zC

1 C � � � C ˛jkn zC
n D

nP
iD1

˛
jk
i zC

i

Please not our indices i 2 Œ1; : : : ; n�, j 2 Œ1; : : : ; N � and k 2 Œ1; : : : ;M �. In the next
step, we relate the inaccurate interpolated measurements to an analytical surface.
Again, such a resulting surface is inaccurate, too. Here we use a two-dimensional
Lagrange polynomial, for instance
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�j .x/ D
˘

j 2 Œ1; : : : ; N �
i ¤ j

x � Xj
.Xj � Xi/

�k.y/ D
˘

i 2 Œ1; : : : ;M �

i ¤ k
y � Yi
.Yk �Xi/ :

These polynomial transfer the well known property at the nodal point fXj ; Ykg for
j 2 Œ1; : : : ; N �, k 2 Œ1; : : : ;M �:

�j .xp/ D ıjp D
�
1; p D j
0; p ¤ j ; �k.yp/ D ıip D

�
1; p D k
0; p ¤ k

Now we are able to represent the approximating polynomial by inaccurate surface
data by

Qp.x; y/ D P
j 2 Œ1; : : : ; N �
k 2 Œ1; : : : ;M �

QZjk�j .x/�k.y/ D

P
j 2 Œ1; : : : ; N �
k 2 Œ1; : : : ;M �

QZjkLjk.x; y/

subject to

Ljk.x; y/ WD �j .x/�k.y/
and

p�.x; y/ D P
j 2 Œ1; : : : ; N �
k 2 Œ1; : : : ;M �

Ljk 	 0

Z�
jkLjk.x; y/ C

P
j 2 Œ1; : : : ; N �
k 2 Œ1; : : : ;M �

Ljk < 0

ZC
jkLjk.x; y/

p0.x; y/ D P
j 2 Œ1; : : : ; N �
k 2 Œ1; : : : ;M �

Z0
jkLjk.x; y/

pC.x; y/ D P
j 2 Œ1; : : : ; N �
k 2 Œ1; : : : ;M �

Ljk 	 0

ZC
jkLjk.x; y/ C

P
j 2 Œ1; : : : ; N �
k 2 Œ1; : : : ;M �

Ljk < 0

Z�
jkLjk.x; y/

These three sets of surfaces relate to the lower, the middle and the upper limits
of uncertain surfaces. These surfaces are continuous and differentiable. How to
calculate inaccurate first differentials given inaccurate surfaces? We propose the
following processes.
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Q4x WD d

dx
Qp.x; y/ D d

dx

P
j 2 Œ1; : : : ; N �
k 2 Œ1; : : : ;M �

QZjk�j .x/�k.y/ D

D P
j 2 Œ1; : : : ; N �
k 2 Œ1; : : : ;M �

QZjk�k.y/ d
dx
�j .x/

Q4y WD d

dy
Qp.x; y/ D d

dy

P
j 2 Œ1; : : : ; N �
k 2 Œ1; : : : ;M �

QZjk�j .x/�k.y/ D

D P
j 2 Œ1; : : : ; N �
k 2 Œ1; : : : ;M �

QZjk�j .x/ d
dy
�k.y/

and

4�
x WD P

j 2 Œ1; : : : ;N �

k 2 Œ1; : : : ;M �

�k.y/
d

dx
�j .x/ 	 0

Z�

jk�k.y/
d

dx
�j .x/C P

j 2 Œ1; : : : ;N �

k 2 Œ1; : : : ;M �

�k.y/
d

dx
�j .x/ < 0

Z
C

jk�k.y/
d

dx
�j .x/

40
x WD P

j 2 Œ1; : : : ;N �

k 2 Œ1; : : : ;M �

Z0jk�k.y/
d

dx
�j .x/

4C
x WD P

j 2 Œ1; : : : ; N �

k 2 Œ1; : : : ;M �

�k.y/
d

dx
�j .x/ 	 0

Z
C

jk�k.y/
d

dx
�j .x/C P

j 2 Œ1; : : : ;N �

k 2 Œ1; : : : ;M �

�k.y/
d

dx
�j .x/ < 0

Z�

jk�k.y/
d

dx
�j .x/

An analog formula exist for f4�
y ;40

y;4C
y g. The propagation of inaccurate data can

be achieved by the following:

(i) Mean operation

Define the mean Qm and separate the three parts belonging to inaccurate means.

mC WD
LX

j; k D 1
ˇjk 	 0

ˇjkz�
i C

LX
j; k D 1
ˇjk < 0

ˇjkzC
i
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m0 WD
NX

j;kD1
ˇjkz0i

m� WD
LX

j; k D 1
ˇjk 	 0

ˇjkzC
i C

LX
j; k D 1
ˇjk < 0

ˇjkz�
i

The window is chosen by L D 3; 5; 7 etc.

Partial derivatives

Q4jk
x WD

1

xjC1 � xj�1
Œ QZ.jC1/k � QZ.j�1/k�

Q4jk
y WD

1

yjC1 � yj�1
Œ QZj.kC1/ � QZj.k�1/�

respectively

Q4jk�
x WD 1

xjC1 � xj�1
Œ QZ�

.j�1/k � QZC
.j�1/k�;

Q4jk0
x WD 1

xjC1 � xj�1
Œ QZ0

.j�1/k � QZ0
.j�1/k�;

Q4jkC
x WD 1

xjC1 � xj�1
Œ QZC

.j�1/k � QZ�
.j�1/k�;

for all j 2 Œ2; : : : ; N � 1� and k 2 Œ2; : : : ;M � 1�.
The partial derivatives with respect to y can be determined in an analog manner.

Higher derivatives can be computed in a recursive way, for instance

Q4x.p/
jk� WD 1

xjC1 � xj�1
Œ Q4.jC1/k�

x.p�1/ � Q4.j�1/kC
x.p�1/ �

Q4x.p/
jk0 WD 1

xjC1 � xj�1
Œ Q4.jC1/0

x.p�1/ � Q4.j�1/0
x.p�1/�

Q4x.p/
jkC WD 1

xjC1 � xj�1
Œ Q4.jC1/kC

x.p�1/ � Q4.j�1/k�
x.p�1/ �

In analogous manner, we compute the derivatives with respect to y.

Example: Deformation analysis of surfaces (E. Grafarend (2006),
E, Grafarend and F. Krumm (2006), B. Voosoghi (2000), D. Waelder (2008))

Here we will apply the theory of inaccurate data to surface deformation, namely
surface dilatation and surface maximum shear. In detail we refer to the sum of
eigenvalues ADIL, namely �1 C �2, and its difference e� 2

, namely Q�1 C Q�2 subject
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to the eigenvalue representation

Q�1 WD 1

2
Œtr.ET

r G
�1
r /˙

q
Œtr.ErG�1

r /�2 C 4 det ŒErG�1
r �

Q�2 WD 1

2
Œtr.ET

r G
�1
r /˙

q
Œtr.ErG�1

r /�2 � 4 det ŒErG�1
r �

The eigenvalues, namely in E. Grafarend and F. Krumm (2006 p.29), refer to
the Hilbert basis invariants trace determinant. They are built on Euler–Lagrange
strain ET

r G
�1
r where ET

r is the “right strain component” and Gr is the matrix of
“right Gauss metric”. Indeed we map from a left metric Gl and a right metric Gr ,
for instance from an ellipsoid to a sphere. The Hilbert basis invariants relate to

dilatation ADIL and surface maximum shear e� 2
by the following representation,

ADIL D Q�1 C Q�2 and e� 2 D Q�1 � Q�2
ADIL D tr.ET

r G
�1
r / and e� 2 D Œtr. QET

r
QG�1
r /�2 � 4 det . QEr QG�1

r /

For detail computation we use right Gauss metric as well as the left Gauss metric

and derive the corresponding operators ADIL and e� 2
, respectively.

Coordinates of the right metric matrix

Gr WD
"
1C . Q4jk

x /
2
r . Q4jk

x /r . Q4jk
y /r

. Q4jk
x /r . Q4jk

y /r 1C . Q4jk
y /

2
r

#

Gl WD
"
1C . Q4jk

x /
2
l . Q4jk

x /l . Q4jk
y /l

. Q4jk
x /l . Q4jk

y /l 1C . Q4jk
y /

2
l

#

In order to calculate the Euler–Lagrange tensor QEr WD .Gr � Cr /=2 based on
the Cauchy–Green tensor Cr WD UTGlU; U WD Œ@u=@U � we need mapping
equations, namely the partial derivatives @u˛=@UA u˛ D u˛.U A/, indeed the
mapping equations from the ellipsoid to the sphere. Then finally we are able to
calculate the right Euler–Lagrange tensor QEr WD .Gr � Cr /=2. We are ready to
present you the test results.

Finally we refer to some recent publication on fuzzy sets and systems: H. Bunke
and O. Bunke (1989), J. C. Bezdek (1973), G. Alefeld and J. Herzberger
(1974,1983), H. Bandemer and S. Gottwald (1993), R. Fletling (2007), K. Grahisch
(1998), O. Kaleva (1994), B. F. Arnold and P. Stahlecker (1999), A. Chaturvedi and
A. T. K. Wan (1999), S. M. Guu, Y. Y. Lur and C. T. Pang (2001), H. Jshibuchi,
K. Nozaki and H. Tanaka (1992), H. Jshibuchi, K. Nozaki, N. Yamamoto
and H. Tanaka (1995), B. Kosko (1992), H. Kutterer (1994, 1999), V. Ravi,
P. J. Reddy and H. J. Zimmermann (2000), V. Ravi and H. J. Zimmermann (2000),
S. Wang, T. Shi and C. Wu (2001), L. Zadch (1965), B. Voosoghi (2000), and
H. J. Zimmermann (1991).
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Geodetic applications were reported by H. Kutterer (2002), J. Neumann and
H. Kutterer (2007), S. Schön (2003), S. Schön and H. Kutterer (2006), W. Näther
and K. Wälder (2003,2007), O. Wälder (2006, 2007a,b) and O. Wälder and
M. Buchroithner (2004).

3-23 Gx-LESS and Its Generalized Inverse

A more formal version of the generalized inverse which is characteristic for Gy-
LESS is presented by

Lemma 3.7. (characterization of Gy-LESS):

x` D Ly is I-LESS of the inconsistent system of linear equations (3.1) AxCi D y,
rkA D m, (or y … R.A/) if and only if the matrix L 2 R

m�n fulfils�
ALA D A

AL D .AL/0:
(3.38)

The matrix L is the unique A1;2;3 generalized inverse, also called left inverse A�
L .

x` D Ly is Gy-LESS of the inconsistent system of linear equations (3.1) AxC
i D y, rkA D m (or y … R.A/) if and only if the matrix L fulfils

�
GyALA D GyA

GyAL D .GyAL/0:
(3.39)

The matrix L is the Gy weighted A1;2;3 generalized inverse, in short A�̀, also called
weighted left inverse.

Proof.

According to the theory of the generalized inverse presented in Appendix A
x`DLy is Gy-LESS of (3.1) if and only if A0GyALDA0Gy is fulfilled. Indeed
A0GyAL D A0Gy is equivalent to the two conditions GyALA D GyA and
GyAL D .GyAL/0. For a proof of such a statement multiply A0GyAL D A0Gy

left by L0 and receive
L0A0GyAL D L0A0Gy:

The left-hand side of such a matrix identity is a symmetric matrix. In consequence,
the right-hand side has to be symmetric, too. When applying the central symmetry
condition to

A0GyAL D A0Gy or GyA D L0A0GyA;

we are led to
GyAL D L0A0GyAL D .GyAL/;

what had to be proven.
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? How to prove uniqueness of A1;2;3 D A` ?

Let us fulfil GyAx` by

GyAL1y D GyAL1AL1y D L0
1A0GyAL1y D L0

1A0L0
1A0Gyy D

D L0
1A0L0

2A0Gyy D L0
1A0GyL2y D GyAL1AL2y D GyAL2y;

in particular by two arbitrary matrices L1 and L2, respectively, which fulfil

.i/ GyALA D GyA as well as

.ii/ GyAL D .GyAL/0:

Indeed we have derived one result irrespective of L1 or L2.
If the matrix of the metric Gy of the observation space is positive definite, we

can prove the following duality

Theorem 3.8. (duality):

Let the matrix of the metric Gx of the observation space be positive definite. Then
x` D Ly is Gy-LESS of the linear model (3.1) for any observation vector y 2 R

n, if
x

m D L0y
 is G�1

y -MINOS of the linear model y
 D A0x for all m � 1 columns
y
 2 R.A0/.

Proof. If Gy is positive definite, there exists the inverse matrix G�1
y . Equation (3.39)

can be transformed into the equivalent condition

A0 D A0L0A and G�1
y L0A0 D .G�1

y L0A0/0;

which is equivalent to (1.81).

3-24 Eigenvalue Decomposition of Gy-LESS: Canonical LESS

For the system analysis of an inverse problem the eigenspace analysis and
eigenspace synthesis of x` Gy-LESS of x is very useful and gives some peculiar
insight into a dynamical system. Accordingly we are confronted with the problem to
construct “canonical LESS”, also called the eigenvalue decomposition of Gy-LESS.

First, we refer to the canonical representation of the parameter space X as well
as the observation space introduced to you in the Chap. 1, Box 1.8 and Box 1.9.
But here we add by means of Box 3.14 the comparison of the general bases versus
the orthonormal bases spanning the parameter space X as well as the observation
space Y. In addition, we refer to Definition 1.5 and Lemma 1.6 where the adjoint
operator A# has been introduced and represented.
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Box 3.13. (General bases versus orthonormal bases spanning the param-
eter space X as well as the observation space Y)

“left” “right”
“parameter space” “observation space”
“general left base” “general right base”

span fa1; : : : ; amg D X Y D span fb1; : : : ;bng
: matrix of the metric : : matrix of the metric :

aa0 D Gx bb0 D Gy (3.40)

“orthonormal left base” “orthonormal right base”

span fex
1; : : : ; e

x
mg D X Y D span fey

1; : : : ; e
y
ng

: matrix of the metric : : matrix of the metric :

exe0
x D Im eye0

y D In (3.41)

“base transformation” “base transformation”

a D ƒ 1
2
x Vex b D ƒ 1

2
y Uey (3.42)

versus versus

ex D V0ƒ
� 1

2
x a ey D U0ƒ

� 1
2

y b (3.43)

span fex
1; : : : ; e

x
mg D X Y D span fey

1; : : : ; e
y
ng

Second, we are going to solve the overdetermined system of

fy D AxjA 2 R
n�m; rkA D n; n > mg

by introducing

• The eigenspace of the rectangular matrix A 2 R
n�m of rank r WD rkA D m,

n > m : A 7! A�
• The left and right canonical coordinates: x! x�, y! y�

as supported by Box 3.15. The transformations x 7! x�, y 7! y� (3.44) from
the original coordinates .x1; : : : ; xm/ to the canonical coordinates .x�

1 ; : : : ; x
�
m/,

the left star coordinates, as well as from the original coordinates .y1; : : : ; yn/
to the canonical coordinates .y�

1 ; : : : ; y
�
n /, the right star coordinates, are polar

decompositions: a rotation fU;Vg is followed by a general stretch fG
1
2
y ;G

1
2
x g. Those
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root matrices are generated by product decompositions of type Gy D .G
1
2
y /

0G
1
2
y as

well as Gx D .G
1
2
x /

0G
1
2
x . Let us substitute the inverse transformations x� 7! x D

G
� 1
2

x Vx� and y� 7! y D G
� 1
2

y Uy� in (3.45) into the system of linear equations
(3.1) y D Ax C i or its dual (3.46) y� D A�x� C i�. Such an operation leads
us to y� D f .x�/ as well as y D f .x/ in (3.47). Subject to the orthonormality
conditions U0U D In and V0V D Im in (3.48) we have generated the left-right
eigenspace analysis (3.49)

ƒ� D
�
ƒ

0

�

subject to the horizontal rank partitioning of the matrix U D ŒU1;U2�. Alternatively,
the left-right eigenspace synthesis (3.50)

A D G
� 1

2
y ŒU1;U2�

�
ƒ

0

�
V0G

1
2
x

is based upon the left matrix L WD G
� 1

2
y U and the right matrix R WD G

� 1
2

x V in
(3.51). Indeed the left matrix L in (3.52) LL0 D G�1

y reconstructs the inverse matrix
of the metric of the observation space Y. Similarly, the right matrix R by means
of (3.52) RR0 D G�1

x generates the inverse matrix of the metric of the parameter
space X. In terms of “L, R” we have summarized the eigenvalue decompositions
(3.53)–(3.55). Such an eigenvalue decomposition helps us to canonically invert
y� D A�x� C i� by means of (3.56), (3.57), namely the rank partitioning of the
canonical observation vector y� into y�

1 2 R
r�1 and y�

2 2 R
.n�r/�1 to determine

x�̀ D ƒ�1y�
1 leaving y�

2 “unrecognized”. Next we shall proof i�1 D 0 if i�1 is LESS.

Box 3.14. (Canonical representation, overdetermined system of linear
equations)

“parameter space X” versus “observation space Y”

x� D V0G
1
2
x x y� D U0G

1
2
y y (3.44)

and and

x D G
� 1

2
x Vx� y D G

� 1
2

y Uy� (3.45)

“overdetermined system of linear equations”

fy D AxC ijA 2 R
n�m; rkA D m; n > mg

y D AxC i versus y� D A�x� C i� (3.46)
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G
� 1

2
y Uy� D AG

� 1
2

x Vx� CG
� 1

2
y Ui� U0G

1
2
y y D A�V0G

1
2
x xC U0G

1
2
y i

y� D
 

U0G
1
2
y AG

� 1
2

x V

!
x� C i� y D

 
G

� 1
2

y UA�V0G
1
2
x

!
xC i (3.47)

subject to subject to

U0U D UU0 D In versus V0V D VV0 D Im (3.48)

“left and right eigenspace”

“left eigenspace analysis00 W A� D
�

U0
1

U0
2

�
G

1
2
y AG

� 1
2

x V D
�
ƒ

0

�
(3.49)

“right eigenspace analysis00 W A D G
� 1

2
y ŒU1;U2�

�
ƒ

0

�
V0G

1
2
x (3.50)

“dimension identities”

ƒ 2 R
r�r ;U1 2 R

n�r

0 2 R
.n�r/�r ;U2 2 R

n�.n�r/;V 2 R
r�r

r WD rkA D m; n > m
“left eigenspace” “right eigenspace”

L WD G
� 1

2
y U) L�1 D U0G

1
2
y versus R WD G

� 1
2

x V) R�1 D V0G
1
2
x (3.51)

L1 WD G
� 1
2

y U1;L2 WD G
� 1
2

y U2 )

LL0 D G�1
y ) .L�1/0L�1 D Gy versus RR0 D G�1

x ) .R�1/0R�1 D Gx

(3.52)

L�1 D
�

U0
1

U0
2

�
G
1
2
y DW

�
L�

1
L�

2

�

A D LA�R�1 versus A� D L�1AR (3.53)

A D ŒL1;L2�A#R�1 versus A� D
�
ƒ

0

�
D
�

L�
1

L�
2

�
AR (3.54)

�
A#AL1 D L1ƒ

2

A#AL2 D 0
versus AA#R D Rƒ2 (3.55)

“overdetermined system of linear equations solved in canonical coordinates”
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∋ x

∋ x*

A*

(A) ⊂y ∈

(A*) ⊂y*∈

1
2U′Gy

1
2V′Gy

AFig. 3.6 Commutative
diagram of coordinate
transformations

y� D A�x� C i� D
�
ƒ

0

�
x� C

�
i�1
i�2

�
D
�

y�
1

y�
2

�
(3.56)

“dimension identities”

y�
1 2 R

r�1; y�
2 2 R

.n�r/�1; i�1 2 R
r�1; i�2 2 R

.n�r/�1

y�
1 D ƒx� C i�1 ) x� D ƒ�1.y�

1 � i�1 /
“if i� is LESS, then x�̀ D ƒ�1y�

1 ; i
�
1 D 0

(3.57)

Consult the commutative diagram of Fig. 3.6 for a shorthand summary of the
newly introduced transformations of coordinates, both of the parameter space X

as well as the observation space Y. Third, we prepare ourselves for LESS of the
overdetermined system of linear equations

fy D AxC ijA 2 R
n�m; rkA D m; n > m; jjijj2Gy

D ming

by introducing Lemma 3.9, namely the eigenvalue-eigencolumn equations of the
matrices A#A and AA#, respectively, as well as Lemma 3.11, our basic result of
“canonical LESS”, subsequently completed by proofs. Throughout we refer to the
adjoint operator which has been introduced by Definition 1.5 and Lemma 1.6.

Lemma 3.9. (eigenspace analysis versus eigenspace synthesis of the
matrix A 2 R

n�m; r WD rkA D m < n)

The pair of matrices fL;Rg for the eigenspace analysis and the eigenspace
synthesis of the rectangular matrix A 2 R

n�m of rank r WD rkA D m < n, namely

A� D L�1AR versus A D LA�R�1

or
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A� D
�
ƒ

0

�
D
�

L�
1

L�
2

�
AR versus A D ŒL1;L2�

�
ƒ

0

�
R

are determined by the eigenvalue-eigencolumn equations (eigenspace equations) of
the matrices A#A and AA#, respectively, namely

A#AR D Rƒ2 versus

�
AA#L1 D L1ƒ

2

AA#L2 D 0

subject to

ƒ2 D

2
64
�21 : : : 0
:::
: : :

:::

0 � � � �2r

3
75;ƒ D Diag

�
C
q
�21; : : : ;C

q
�2r

	
:

Let us prove first A#AR D Rƒ2, second A#AL1 D L1ƒ
2, AA#L2 D 0:

(i) A#AR D Rƒ2

A#AR D G�1
x A0GyAR

D G�1
x G

1
2
x V Œƒ; 00�

�
U0

1

U0
2

�
.G

� 1
2

y /0GyG
� 1

2
y ŒU1;U2�

�
ƒ

0

�
V0G

1
2
x G

� 1
2

x V

A#AR D G
� 1

2
x V



ƒ; 00� �ƒ

0

�
D G

� 1
2

x Vƒ2

A#AR D Rƒ2:

(ii) AA#L1 D L1ƒ
2;AA#L2 D 0

AA#L D AG�1
x A0GyL

D G
� 1

2
y ŒU1;U2�

�
ƒ

0

�
V0G

1
2
x G�1

x G
1
2
x V Œƒ; 00�

�
U0

1

U0
2

�
.G

� 1
2

y /0GyG
� 1

2
y ŒU1;U2�

AA#L D ŒL1;L2�

�
ƒ

0

� 

ƒ; 00� �U0

1U1 U0
1U2

U0
2U1 U0

2U2

�

AA#L D ŒL1;L2�

�
ƒ2 00
0 0

� �
Ir 0
0 In�r

�

AA# ŒL1;L2� D


L1ƒ

2; 0
�
;AA#L1 D L1ƒ

2;AA#L2 D 0:

The pair of eigensystems fA#AR D Rƒ2;AA# ŒL1;L2� D


L1ƒ

2; 0
�g is unfor-

tunately based upon non-symmetric matrices AA# D AG�1
x A0Gy and A#A D

G�1
x A0GyA which make the left and right eigenspace analysis numerically more

complex. It appears that we are forced to use the Arnoldi method rather than the
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more efficient Lanczos method used for symmetric matrices. In this situation we
look out for an alternative. Actually as soon as we substitute

fL;Rg by fG� 1
2

y U;G
� 1

2
x Vg

into the pair of eigensystems and consequently multiply AA#L by G
� 1

2
x , we achieve

a pair of eigensystems identified in Corollary 3.10 relying on symmetric matrices.
In addition, such a pair of eigensystems produces the canonical base, namely
orthonormal eigencolumns.

Corollary 3.10. (symmetric pair of eigensystems):

The pair of eigensystems

G
1
2
y AG�1

x A0.G
1
2
y /

0U1 D ƒ2U1 versus .G
� 1

2
x /0A0GyAG

� 1
2

x V D Vƒ2 (3.58)

jG
1
2
y AG�1

x A0.G
� 1

2
y /0 � �2

i Inj D 0 versus j.G� 1
2

x /0A0GyAG
� 1

2
x � �2

j Irj D 0
(3.59)

is based upon symmetric matrices. The left and right eigencolumns are orthogonal.
Such a procedure requires two factorizations,

Gx D .G
1
2
x /

0G
1
2
x ;G�1

x D G
� 1

2
x .G

� 1
2

x /0 and Gy D .G
1
2
y /

0G
1
2
y ;G�1

y D G
� 1

2
y .G

� 1
2

y /0

via Choleski factorization or eigenvalue decomposition of the matrices Gx and Gy:

Lemma 3.11. (canonical LESS):

Let y� D A�x� C i� be a canonical representation of the overdetermined system
of linear equations

fy D AxC ijA 2 Rn�m; r WD rkA D m; n > mg:

Then the rank partitioning of y� D 

.y�

1 /
0; .y�

2 /
0�0 leads to the canonical unknown

vector

x�̀ D 
ƒ�1; 0
� � y�

1

y�
2

�
D ƒ�1y�

1 ; y
� D

�
y�

1

y�
2

�
;

y�
1 2 R

r�1
y�

2 2 R
.n�r/�1 (3.60)

and to the canonical vector of inconsistency

i�̀ D
�

i�1
i�2

�
`

WD
�

y�
1

y�
2

�
`

�
�
ƒ

0

�
ƒ�1y�

1 or
i�1 D 0
i�2 D y�

2
(3.61)
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of type Gy-LESS. In terms if the original coordinates a canonical representation of
Gy-LESS is

x` D G
� 1

2
x V



ƒ�1; 0

� �U0
1

U0
2

�
G

1
2
y y (3.62)

x` D G
� 1

2
x Vƒ�1U0

1G
1
2
y y D Rƒ�1L�

1 y: (3.63)

x` D A�̀y is built on the canonical .Gx;Gy/weighted right inverse. For the proof we
depart from Gy-LESS (3.11) and replace the matrix by its canonical representation,
namely by eigenspace synthesis.

x` D
�
A0GyA

��1
A0Gyy

A D G
� 1

2
y ŒU1;U2�

"
ƒ

0

#
V0G

1
2
x

3
75

) A0GyA D .G
1
2
x /

0V Œƒ; 0�
"

U0
1

U0
2

#
.G

� 1
2

y /0GyG
� 1

2
y ŒU1;U2�

"
ƒ

0

#
V0G

1
2
x

A0GyA D .G
1
2
x /

0Vƒ2V0G
1
2
x ;
�
A0GyA

��1 D G
� 1

2
x Vƒ�2V0.G

� 1
2

x /0

) x` D G
� 1

2
x Vƒ2V0.G

� 1
2

x /0.G
1
2
x /

0V Œƒ; 0�
"

U0
1

U0
2

#
.G

� 1
2

y /0Gyy

x` D G
� 1

2
x V



ƒ�1; 0

� "U0
1

U0
2

#
G

1
2
y y

x` D G
� 1

2
x Vƒ�1U0

1G
1
2
y y D A�̀y

A�̀ D G
� 1

2
x Vƒ�1U0

1G
1
2
y 2 A1;2;3

Gy

(Gy weighted reflexive inverse)

x�̀ D V0G
1
2
x x` D ƒ�1U0

1G
1
2
y y D 
ƒ�1; 0

� �U0
1

U0
2

�
G

1
2
y y

y� D
�

y�
1

y�
2

�
D
�

U0
1

U0
2

�
G

1
2
y y

3
7775)

) x�̀ D 
ƒ�1; 0
� � y�

1
y�

2

�
D ƒ�1y�

1 :
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Thus we have proven the canonical inversion formula. The proof for the canon-
ical representation of the vector of inconsistency is a consequence of the rank
partitioning

i�l D
�

i�1
i�2

�
`

WD
�

y�
1

y�
2

�
�
�
ƒ

0

�
x�̀; i�1 ; y�

1 2 R
r�1

i�2 ; y�
2 2 R

.n�r/�1 ;

i�̀ D
�

i�1
i�2

�
`

D
�

y�
1

y�
2

�
�
�
ƒ

0

�
ƒ�1y�

1 D
�

0
y�
2

�
:

The important result of x�̀ based on the canonical Gy-LESS of fy� D A�x� C
i�jA� 2 R

n�m, rkA� D rkA D m; n > mg needs a comment. The rank partitioning
of the canonical observation vector y�, namely y�

1 2 R
r ; y�

2 2 R
.n�r/ again paved

the way for an interpretation. First, we appreciate the simple “direct inversion” x�̀ D
ƒ�1y�

1 , ƒ D Diag

�
C
q
�21; : : : ;C

p
�2r

	
, for instance

2
4 x�

1

: : :

x�
m

3
5
`

D
2
4�

�1
1 y�

1

: : :

��1
r y�

r

3
5:

Second, i�1 D 0, eliminates all elements of the vector of canonical inconsistencies,
for instance



i�1 ; : : : ; i�r

�0
`
D 0, while i�2 D y�

2 identifies the deficient elements of
the vector of canonical inconsistencies with the vector of canonical observations
for instance



i�rC1; : : : ; i�n

�0
`
D 


y�
rC1; : : : ; y�

n

�0
`
. Finally, enjoy the commutative

diagram of Fig. 3.6 illustrating our previously introduced transformations of type
LESS and canonical LESS, by means of A�̀ and .A�/�` , respectively (Fig. 3.7). A
first example is canonical LESS of the Front Page Example by Gy D I3, Gx D I2.

y D AxC i W
2
4 12
4

3
5 D

2
4 1 11 2
1 3

3
5�x1

x2

�
C
2
4 i1i2
i3

3
5; r WD rkA D 2

Al
–

(A*)l
–

xl ∈∋ y

xl
*
 ∈∋ y*

1
2U′Gy

1
2V′Gy

Fig. 3.7 Commutative
diagram of inverse coordinate
transformations
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left eigenspace right eigenspace

AA#U1 D AA0U1 D U1ƒ
2 A#AV D A0AV D Vƒ2

AA#U2 D AA0U2 D 0

AA0 D
2
4 2 3 4

3 5 7

4 7 10

3
5 �

3 6

6 14

�
D A0A

eigenvalues

jAA0 � �2i I3j D 0, jA0A � �2j I2j D 0,
8i 2 f1; 2; 3g 8j 2 f1; 2g

, �21 D
17

2
C 1

2

p
265; �22 D

17

2
� 1
2

p
265; �23 D 0

left eigencolumns right eigencolumns

(1st)

2
4 2 � �

2
1 3 4

3 5 � �21 7

4 7 10 � �21

3
5
2
4 u11

u21
u31

3
5 D 0 (1st)

�
3 � �21 6

6 14� �21

� �
v11
v21

�
D 0

subject to subject to

u211 C u221 C u231 D 1 v211 C v221 D 1�
.2 � �21/u11 C 3u21 C 4u31 D 0
3u11 C .5 � �21/u21 C 7u31 D 0 versus .3 � �21/v11 C 6v21 D 0

2
664

v211 D
36

36C .3 � �21/2
D 72

265C 11p265
v2
21 D

.3 � �21/2
36C .3 � �21/2

D 193C 11p265
265C 11p2652

4 u211
u221
u231

3
5 D 1

.1C 4�21/2 C .2 � 7�21/2 C .1 � 7�21 C �41/2

2
4 .1C 4�21/2

.2 � 7�21/2
.1 � 7�21 C �41/2

3
5

2
4 u211

u221
u231

3
5 D 2

43725C 2685p265

2
666664

�
35C 2p265


2
�
115

2
C 7

2

p
265

	2
�
80C 5p265


2

3
777775
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(2nd)

�
3 � �22 7

7 21� �22

� �
u12
u22

�
D 0 (2nd)

2
42 � �

2
2 3 5

3 5 � �22 9

5 9 17 � �22

3
5
2
4 v12

v22
v32

3
5D0

subject to subject to

u212 C u222 C u232 D 1 v212 C v222 D 1�
.2 � �22/u12 C 3u22 C 4u32 D 0
3u12 C .5 � �22/u22 C 7u32 D 0 versus .3 � �22/v12 C 6v22 D 0

2
6664

v212 D
36

36C .3 � �22/2
D 72

265� 11p265

v222 D
.3 � �22/2

36C .3 � �22/2
D 193� 11p265
265� 11p2652

4 u212
u222
u232

3
5 D 1

.1C 4�22/2 C .2 � 7�22/2 C .1 � 7�22 C �42/2

2
4 .1C 4�22/2

.2 � 7�22/2
.1 � 7�22 C �42/2

3
5

2
4 u212

u222
u232

3
5 D 2

43725� 2685p265

2
66664

.35 � 2p265/2
�
115

2
� 7
2

p
265

	2

.80 � 5p265/2

3
77775

(3rd)

2
4 2 3 43 5 7

4 7 10

3
5
2
4 u13

u23
u33

3
5 D 0 subject to u213 C u223 C u233 D 1

2u13 C 3u23 C 4u33 D 0
3u13 C 5u23 C 7u33 D 0

�
2 3

3 5

� �
u13
u23

�
D
��4
�7
�

u33,
�

u13
u23

�
D �

�
5 �3
�3 2

� �
4

7

�
u33

u13 D Cu33; u23 D �2u33

u213 D
1

6
; u223 D

2

3
; u233 D

1

6
:

There are four combinatorial solutions to generate square roots.

2
4 u11 u12 u13

u21 u22 u23
u31 u32 u33

3
5 D

2
6664
˙
q

u211 ˙
q

u212 ˙
q

u213

˙
q

u221 ˙
q

u222 ˙
q

u223

˙
q

u231 ˙
q

u232 ˙
q

u233

3
7775
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�
v11 v12
v21 v22

�
D
2
4˙

q
v211 ˙

q
v212

˙
q

v221 ˙
q

v222

3
5:

Here we have chosen the one with the positive sign exclusively. In summary, the
eigenspace analysis gave the result as follows.

ƒ D Diag

0
@
s
17Cp265

2
;

s
17�p265

2

1
A

UD

2
6666666664

p
2

35C 2p265p
43725C 2685p265p

2

2

115C 7p265p
43725C 2685p265

p
2

80C 5p265p
43725C 2685p265

p
2

35� 2p265p
43725� 2685p265p

2

2

115� 7p265p
43725� 2685p265

p
2

80� 5p265p
43725� 2685p265

ˇ̌
ˇ̌̌
ˇ̌
ˇ̌
ˇ̌̌
ˇ̌
ˇ

1

6

p
6

1

3

p
6

1

6

p
6

3
7777777775
D ŒU1;U2�

V D

2
66664

72p
265C 11p265

72p
265� 11p265p

193C 11p265p
265C 11p265

p
193� 11p265p
265� 11p265

3
77775:

3-3 Case Study

Partial redundancies, latent conditions, high leverage points versus break
points, direct and inverse Grassmann coordinates, Plücker coordinates

This case study has various targets. First we aim at a canonical analysis of the
hat matrices Hx and Hy for a simple linear model with a leverage point. The
impact of a high leverage point is studied in all detail. Partial redundancies are
introduced and interpreted in their peculiar role of weighting observations. Second,
preparatory in nature, we briefly introduce multilinear algebra, the operations
“join and meet”, namely the Hodge star operator. Third, we go “from A to B”:
Given the columns space R.A/ D Gm;n.A/, identified as the Grassmann space
Gm;n � R

n of the matrix A 2 R
n�m; n > m; rkA D m, we construct the

column space R.B/ D R?.A/ D Gn�m;n � R
n of the matrix B which agrees

to the orthogonal column space R?.A/ of the matrix A. R?.A/ is identified
as Grassmann space Gn�m;n � R

n and is covered by Grassmann coordinates,
also called Plücker coordinates pij . The matrix B, alternatively the Grassmann
coordinates (Plücker coordinates), constitute the latent restrictions, also called
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latent condition equations, which control parameter adjustment and lead to a proper
choice of observational weights. Fourth, we reverse our path: we go “from B
to A”: Given the column space R.B/ of the matrix of restrictions B 2 R

`�n,
` < n, rkB D ` we construct the column space R?.B/ D R.A/ � R

n, the
orthogonal column space of the matrix B which is apex to the column space R.A/
of the matrix A. The matrix A, alternatively the Grassmann coordinates (Plücker
coordinates) of the matrix B constitute the latent parametric equations which are
“behind a conditional adjustment”. Fifth, we break-up the linear model into pieces,
and introduce the notion of break points and their determination.

The present analysis of partial redundancies and latent restrictions has been
pioneered by Kampmann (1992), as well as R. Jurisch and G. Kampmann (2002
a, b). Additional useful references are D. W. Behmken and N. R. Draper (1972),
S. Chatterjee and A. S. Hadi (1988), R. D. Cook and S. Weisberg (1982). Multilinear
algebra, the operations “join and meet” and the Hodge star operator are reviewed in
W. Hodge and D. Pedoe (1968), C. Macinnes (1999), S. Morgera (1992), W. Neutsch
(1995), B. F. Doolin and C. F. Martin (1990). A sample reference for break point
synthesis is C. H. Mueller (1998), N. M. Neykov and C. H. Mueller (2003) and
D. Tasche (2003).

3-31 Canonical Analysis of the Hat Matrix, Partial
Redundancies, High Leverage Points

A beautiful example for the power of eigenspace synthesis is the least squares fit
of a straight line to a set of observation: Let us assume that we have observed a
dynamical system y.t/ which is represented by a polynomial of degree one with
respect to time t.

y.ti / D 1ix1 C ti x2 8 i 2 f1; � � � ; ng:
Due to y�.t/ D x2 it is a dynamical system with constant velocity or constant first
derivative with result to time t0. The unknown polynomial coefficients are collected
in the column array xD Œx1; x2�0; x 2 XDR

2; dim XD 2 and constitute the
coordinates of the two-dimensional parameter space X. For this example we choose
n D 4 observations, namely y D Œy.t1/; y.t2/; y.t3/; y.t4/�0, y 2 Y D R

4, dimY D
4. The samples of the polynomial are taken at t1 D 1; t2 D 2; t3 D 3 and t4 D a.
With such a choice of t4 we aim at modeling the behavior of high leverage points,
e.g. a >> .t1; t2; t3/ or a ! 1, illustrated by Fig. 3.8. Box 3.16 summarizes
the right eigenspace analysis of the hat matrix Hy WD A.A0A/�A0. First, we have
computed the spectrum of A0A and .A0A/�1 for the given matrix A 2 R

4�2,
namely the eigenvalues squared �21;2 D 59 ˙ p3261. Note the leverage point
t4 D a D 10. Second, we computed the right eigencolumns v1 and v2 which
constitute the orthonormal matrix V 2 SO.2/. The angular representation of the
orthonormal matrix V 2 SO.2/ follows: Third, we take advantage of the sine-
cosine representation (3.64) V 2 SO.2/, the special orthonormal group over R2.
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*

*
y2

t

*

t1 = 1 t2 = 2 t3 = 3 t4 = a

y4

y3

y1 *

y(t)

Fig. 3.8 Graph of the
function y.t/, high leverage
point t4 D a

Indeed, we find the angular parameter � D 81ı530

25:4
00

. Fourth, we are going to
represent the hat matrix Hy in terms of the angular parameter namely (3.65)–(3.68).
In this way, the general representation (3.69) is obtained, illustrated by four cases.
Equation (3.65) is a special case of the general angular representation (3.69) of the
hat matrix Hy. Five, we sum up the canonical representation AV0ƒ�2V0A0 (3.70),
of the hat matrix Hy, also called right eigenspace synthesis. Note the rank of the
hat matrix, namely rkHy D rkA D m D 2, as well as the peculiar fourth adjusted
observation

Oy4 D y4.I � LESS/ D 1

100
.�11y1 C y2 C 13y3 C 97y4/;

which highlights the weight of the leverage point t4: This analysis will be more
pronounced if we go through the same type of right eigenspace synthesis for the
leverage point t4 D a, a1, outlined in Box 3.19.

Box 3.15. Right eigenspace analysis of a linear model of an univariate
polynomial of degree one – high leverage point a D 10 –

“Hat matrix Hy D A.A0A/�1A D AVƒ�2V0A0”

right eigenspace analysis:

2
4A0AV D Vƒ2

subject to
VV0 D I2

A WD

2
664
1 1

1 2

1 3

1 10

3
775; A0A D

�
4 16

16 114

�
; .AA/�1 D 1

100

�
57 �8
�8 2

�

spec.A0A/ D f�21; �22g W
ˇ̌
ˇA0A � �2j I2

ˇ̌
ˇ D 0; 8 j 2 f1; 2g ,

ˇ̌
ˇ̌4 � �2 16

16 114� �2
ˇ̌
ˇ̌ D 0, �4 � 118�2 C 200 D 0

�21;2 D 59˙
p
3281 D 59˙ 57:26 D 0
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spec.A0A/ D f�21; �22g D f116:28; 1:72g
versus

spec.A0A/�1 D f 1
�21
;
1

�22
g D f8:60 � 10�3; 0:58g

right eigencolumn analysis:

2
4 .A

0A � �2j I2/V D 0
subject to
VV0 D I2

.1st/ .A0A � �21I/
�

v11
v21

�
D 0 subject to v211 C v221 D 1

.4 � �21/v11 C 16v21 D 0
v211 C v221 D 1

#
)

v11 D C
q

v211 D
16q

256C .4 � �21/2
D 0:141

v21 D C
q

v221 D
4 � �21q

256C .4 � �21/2
D �0:990

.2nd/ .A0A � �22I2/
�

v12
v22

�
D 0 subject to v212 C v222 D 1

.4 � �22/v12 C 16v22 D 0
v212 C v222 D 1

3
5)

v12 D C
q

v212 D
16q

256C .4 � �22/2
D 0:990

v22 D C
q

v222 D
4 � �22q

256C .4 � �22/2
D 0:141

right eigenspace:

2
664

spec .A0A/ D f116:28; 1:72g
spec .A0A/�1 D f8:60 � 10�3; 0:58g
V D

�
v11 v12
v21 v22

�
D
�
0:141 0:990

�0:990 0:141
�
2 SO.2/

“Angular representation of V 2 SO.2/”



3-3 Case Study 145

V D
�

cos � sin �
� sin � cos �

�
D
�
0:141 0:990

�0:990 0:141
�

(3.64)

sin � D 0:990; cos � D 0:141; tan � D 7:021
� D 81ı:890; 386 D 81ı53025:4”

hat matrix Hy D A.A0A/�1A0 D AVƒ�2V0A0

.A0A/�1 D V��2V D

2
664

1

�21
cos2 � C 1

�22
sin2 �

�
� 1
�21
C 1

�22

	
sin � cos ��

� 1
�21
C 1

�22

	
sin � cos �

1

�21
sin2 � C 1

�22
cos2 �

3
775

(3.65)

.A0A/�1j1j2 D
mD2X
j3D1

1

�2j3
cos �j1j3 cos �j2j3 (3.66)

subject to

VV0 D I2
mD2X
j3D1

cos �j1j3 cos �j2j3 D ıj1j2 (3.67)

case 1: j1 D 1; j2 D 1: case 2: j1 D 1; j2 D 1:

cos2 �11 C cos2 �12 D 1
.cos2 � C sin2 � D 1/

cos �11 cos �21 C cos �12 cos �22 D 0
.� cos � sin � C sin � cos � D 0/

case 3: j1 D 1; j2 D 1: case 4: j1 D 1; j2 D 1:

cos �21 cos �11 C cos �22 cos �12 D 0
.� sin � cos � C cos � sin � D 0/

cos2 �21 C cos2 �22 D 1
.sin2 � C cos2 � D 1/

.A0A/�1 D�
��2
1 cos2 �11C��2

2 cos2 �12 ��2
1 cos �11 cos �21C��2

2 cos �12 cos �22
��2
1 cos �21 cos �11C��2

2 cos �22 cos �12 ��2
1 cos2 �21C��2

2 cos2 �22

�

(3.68)

Hy D AVƒ�2V0A0 hi1i2 D
mD2X

j1;j2;j3D1
ai1j1ai2j2

1

�2j3
cos �j1j3 cos �j2j3 (3.69)

Hy D A.A0A/�1A0 D AVƒ�2V0A0 (3.70)

A WD AV D

2
664
�0:849 1:131
�1:839 1:272
�2:829 1:413
�9:759 2:400

3
775; ƒ�2 D Diag.8:60 � 10�3; 0:58/
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Hy D A ƒ�2.A /0 D 1

100

2
664
43 37 31 �11
37 33 29 1

31 29 27 13

�11 1 13 97

3
775

rkHy D rkA D m D 2

Oy4 D y4.I-LESS/ D 1

100
.�11y1 C y2 C 13y3 C 97y4/:

By means of Box 3.17 we repeat the right eigenspace analysis for one leverage
point t4 D a, later on a1, for both the hat matrix Hx W D .A0A/�1A0and Hy W D
A.A0A/�1A0. First, Hx is the linear operator producing Ox D x`.I-LESS/. Second,
Hy as linear operator generates Oy D y`.I-LESS/. Third, the complementary operator
I4 � Hy DW R as the matrix of partial redundancies leads us to the inconsistency
vector Oi D i`.I-LESS/. The structure of the redundancy matrix R; rkR D n �m, is
most remarkable. Its diagonal elements will be interpreted soonest. Fourth, we have
computed the length of the inconsistency vector jjOijj2, the quadratic form y0Ry.

The highlight of the analysis of hat matrices is set by computing

1st W Hx.a!1/ versus 2nd W Hy.a!1/

3rd W R.a!1/ versus 4th W jjOi.a!1/jj2
for “highest leverage point” a ! 1, in detail reviewed Box 3.18. Please, notice
the two unknowns Ox1 and Ox2 as best approximations of type I-LESS. Ox1 resulted in
the arithmetic mean of the first three measurements. The point y4; t4 D a ! 1,
had no influence at all. Here, Ox2 D 0 was found. The hat matrix Hy.a ! 1/
has produced partial hats h11 D h22 D h33 D 1=3, but h44 D 1 if a ! 1.
The best approximation of the I-LESS observations were Oy1 D Oy2 D Oy3 as the
arithmetic mean of the first three observations but Oy4 D y4 has been a reproduction
of the fourth observation. Similarly the redundancy matrix R.a ! 1/ produced
the weighted means Oi1, Oi2 and Oi3. The partial redundancies r11 D r22 D r33 D
2=3; r44 D 0, sum up to r11 C r22 C r33 C r44 D n � m D 2. Notice the value
Oi4 D 4 : The observation indexed four is left uncontrolled.

Box 3.16. The linear model of a univariate polynomial of degree one – one
high leverage point –

y D AxC i

2
664
y1
y2
y3

y4

3
775 D

2
664
1 1

1 2

1 3

1 a

3
775
�
x1
x2

�
C

2
664
i1
i2
i3

i4

3
775

x 2 R
2; y 2 R

4; A 2 R
4�2; rkA D m D 2
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dimX D m D 2 versus dimY D n D 4
.1st/Ox D x`.I-LESS/ D .A0A/�1A0y D Hxy (3.71)

Hx D 1

18 � 12aC 3a2
�
8 � aC a2 2 � 2aC a2 �4 � 3aC a2 14 � 6a
�2 � a 2 � a 6 � a �6C 3a

�
2
664
y1
y2

y3
y4

3
775

.2nd/Oy D y`.I-LESS/ D A0.A0A/�1A0y D Hyy (3.72)

“hat matrix”: Hy D A0.A0A/�1A0; rkHy D m D 2

Hy D 1

18�18aC3a2

�

2
664
6 � 2aC a2 4 � 3aC a2 2 � 4aC a2 8 � 3a
4� 3aC a2 6 � 4aC a2 8 � 5aC a2 2

2 � 4aC a2 6 � 5aC a2 14 � 6aC a2 �4C 3a
8 � 3a 2 �4C 3a 14� 12aC 3a2

3
775

(3rd) Oi D i`.I-LESS/ D .I4 �A.A0A/�1A0/y D Ry

“redundancy matrix”:R D I4 �A.A0A/�1A0; rkR D n �m D 2
“redundancy”: n - rk A = n - m = 2

R D 1

18� 12aC 3a2

�

2
664
12 � 10aC 2a2 �4C 3a � a2 �2C 4a � a2 �8C 3a
�4C 3a � a2 12� 6aC 2a2 �8C 5a � a2 �2
�2C 4a � a2 �8C 5a � a2 4 � 6aC 2a2 4 � 3a
�8C 3a �2 4 � 3a 4

3
775

.4th/jjOijj2 D jji`.I-LESS/jj2 D y0Ry:

At this end we shall compute the LESS fit

lim
a!1 jjOi.a/jj

2;

which turns out to be independent of the fourth observation.

Box 3.17. The linear model of a univariate polynomial of degree one –
extreme leverage point a!1 –

(1st ) Hx.a!1/
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Hx D 1

18

a2
� 12
a
C 3

2
64
8

a2
� 1
a
C 1 C 2

a2
� 2
a
C 1 � 4

a2
� 3
a
C 1 14

a2
� 6
a

� 2
a2
� 1
a

C 2

a2
� 1
a

C 6

a2
� 1
a
� 6
a2
C 3

a

3
75

lim
a!1 Hx D 1

3

�
1 1 1 0

0 0 0 0

�
)

Ox1 D 1

3
.y1 C y2 C y3/; Ox2 D 0

(2nd ) Hy.a!1/

Hy D 1

18

a2
� 12
a
C 3

2
66666666664

6

a2
� 2
a
C 1 4

a2
� 3
a
C 1 2

a2
� 4
a
C 1 8

a2
� 3
a

4

a2
� 3
a
C 1 6

a2
� 4
a
C 1 8

a2
� 5
a
C 1 2

a2

2

a2
� 4
a
C 1 8

a2
� 5
a
C 1 14

a2
� 6
a
C 1 � 4

a2
C 3

a

8

a2
� 3
a

2

a2
� 4
a2
C 3

a

14

a2
� 12
a
C 3

3
77777777775

lim
a!1 Hy D 1

3

2
664
1 1 1 0

1 1 1 0

1 1 1 0

0 0 0 3

3
775; lim

a!1h44 D 1)

Oy1 D Oy2 D Oy3 D 1

3
.y1 C y2 C y3/; Oy4 D y4

(3rd ) R.a!1/

R D 1

18

a2
� 12
a
C 3

2
666666666664

10

a2
� 10
a
C 2 � 4

a2
C 3

a
� 1 � 2

a2
C 4

a
� 1 � 8

a2
C 3

a

� 4
a2
C 3

a
� 1 12

a2
� 8
a
C 2 � 8

a2
C 5

a
� 1 � 2

a2

� 2
a2
C 4

a
� 1 � 8

a2
C 5

a
� 1 4

a2
� 6
a
C 2 4

a2
� 3
a

� 8
a2
C 3

a
� 2
a2

4

a2
� 3
a

4

a2

3
777777777775

lim
a!1 R.a/ D 1

3

2
664
2 �1 �1 0
�1 2 �1 0
�1 �1 2 0

0 0 0 0

3
775:
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Oi1 D 1

3
.2y1�y2�y3/; Oi2 D 1

3
.�y1C2y2�y3/; Oi3 D 1

3
.�y1�y2C2y3/; Oi4 D 0

(4th) LESS fit :jjOi jj2

lim
a!1 jjOi.a/jj

2 D 1

3
y0

2
664
2 �1 �1 0
�1 2 �1 0
�1 �1 2 0

0 0 0 0

3
775 y

lim
a!1 jjOi.a/jj

2 D 1

3
.2y21 C 2y22 C 2y23 � 2y1y2 � 2y2y3 � 2y3y1/:

A fascinating result is achieved upon analyzing (the right eigenspace of the hat
matrix Hy.a ! 1/. First, we computed the spectrum of the matrices A0A and
.A0A/�1. Second, we proved �1.a ! 1/ D 1, �2.a ! 1/ D 3 or ��1

1 .a !
1/ D 0, ��1

2 .a!1/ D 1=3.

Box 3.18. Right eigenspace analysis of a linear model of a univariate
polynomial of degree one – extreme leverage point a!1-.

“Hat matrix Hy D A0.A0A/�1A0”

right eigenspace analysis:

2
4A0AV D Vƒ2

subject to
VV0 D Im0

spec.A0A/ D f�21; �22g W
ˇ̌
ˇA0A � �2j I

ˇ̌
ˇ D 0 8 j 2 f1; 2g ,

ˇ̌
ˇ̌4 � �2 6C a
6C a 14C a2 � �2

ˇ̌
ˇ̌ D 0, �4 � �2.18C a2/C 20� 12aC 3a2 D 0

�21;2 D
1

2
tr .A0A/˙

p
.trA0A/2 � 4 det A0A

trA0A D 18C a2; det A0A D 20 � 12aC 3a3
.trA0A/2 � 4 det A0A D 244C 46aC 25a2 C a4

�21;2 D 9C
a2

2
˙
r
61C 12aC 6a2 C a4

4

spec.A0A/ D f�21; �22g D
D
(
9C a2

2
C
r
61C 12aC 6a2 C a4

4
; 9C a2

2
�
r
61C 12aC 6a2 C a4

4

)

“inverse spectrum”

spec.A0A/ D f�21; �22g , spec.A0A/�1 D
�
1

�21
;
1

�22

�
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1

�22
D
9C a2

2
�
r
61C 12aC 6a2 C a4

4
20� 12aC 3a2 D

9

a2
C 1

2
�
r
61

a4
C 12

a3
C 6

a2
C 1

4
20

a2
� 12
a
C 3

lim
a!1

1

�21
D 0

1

�21
D
9C a2

2
C
r
61C 12aC 6a2 C a4

4
20 � 12aC 3a2 D

9

a2
C 1

2
C
r
61

a4
C 12

a3
C 6

a2
C 1

4
20

a2
� 12
a
C 3

lim
a!1

1

�22
D 1

3

lim
a!1 spec.A0A/.a/ D f1; 3g , lim

a!1 spec.A0A/�1 D f0; 1
3
g

A0AV D Vƒ2

VV0 D Im

�
) A0A D Vƒ2V0 , .A0A/�1 D Vƒ�2V0

“Hat matrix Hy D AVƒ�2V0A0”.

3-32 Multilinear Algebra, “Join” and “Meet”, the Hodge Star
Operator

Before we can analyze the matrices “hat Hy” and “red R” in more detail, we have
to listen to an “intermezzo” entitled multilinear algebra, “join” and “meet” as well
as the Hodge star operator. The Hodge star operator will lay down the foundation
of “latent restrictions” within our linear model and of Grassmann coordinates, also
referred to as Plücker coordinates.

Box 3.20 summarizes the definitions of multilinear algebra, the relations “join
and meet”, denoted by “^ ” and “*”, respectively. In terms of orthonormal base
vectors ei1 ; : : : ; eik , we introduce by (3.73) the exterior product ei1 ^ � � � ^ eim
also known as “join”, “skew product” or 1st Grassmann relation. Indeed, such an
exterior product is antisymmetric as defined by (3.74), (3.75), (3.76) and (3.77).
The examples show e1 ^ e2 D -e2 ^ e1 and e1 ^ e1D 0, e2 ^ e2D 0. Though the
operations“join”, namely the exterior product, can be digested without too much of
an effort, the operation “meet”, namely the Hodge star operator, needs much more
attention. Loosely speaking the Hodge star operator or 2nd Grassmann relation is
a generalization of the conventional “cross product” symbolized by “�”. Let there
be given an exterior form of degree k as an element of �k.Rn/ over the field of real
numbers Rn. Then the “Hodge *” transforms the input exterior form of degreem to
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the output exterior form of degree n�m, namely an element of �n�k.Rn/.

Input W X 2 �m.Rn/! Output W �X 2 �n�m:

Applying the summation convention over repeated indices, (3.79) introduces the
input operation “join”, while (3.80) provides the output operation “meet”. We say
that �X, (3.80) is a representation of the adjoint form based on the original form
X, (3.79). The Hodge dualizer is a complicated exterior form (3.80) which is
based upon Levi–Civita’s symbol of antisymmetry (3.81) which is illustrated by
3 examples. "k1���k` is also known as the permutation operator. Unfortunately, we
have no space and time to go deeper into “join and meet”. Instead we refer to those
excellent text-books on exterior algebra and exterior analysis, differential topology,
in short exterior calculus.

Box 3.19. (“join and meet”):

“Hodge star operator ”^; �
I WD fi1; : : : ; ik; ikC1; : : : ; ing � f1; : : : ; ng

“join”: exterior product, skew product,
1st Grassmann relation

ei1���im WD ei1 ^ � � � ^ ej ^ ejC1 ^ � � � ^ eim (3.73)

“antisymmetry”:

ei1���ij���im D �ei1���ji���im 8i ¤ j (3.74)

ei1 ^ : : : ^ ejk ^ ejkC1
^ : : : ^ eim D �ei1 ^ : : : ^ ejkC1

^ ejk ^ : : : ^ eim (3.75)

ei1���ii ij ���im D 0 8i D j (3.76)

ei1 ^ � � � ei ^ ej ^ � � � ^ eim D 0 8i D j (3.77)

Example: e1 ^ e2 D �e2 ^ e1 or ei ^ ej D �ej ^ ei 8i ¤ j
Example: e1 ^ e1 D 0; e2 ^ e2 D 0 or ei ^ ej D 0 8i D j

“meet”: Hodge star operator, Hodge dualizer 2nd Grassmann relation

� W ƒm.Rn/! n�mƒ.Rn/ (3.78)

“a m degree exterior form X 2 ƒm.Rn/ over R
n is related to a n � m degree

exterior form �X called the adjoint form”

:summation convention:
“sum up over repeated indices” input: “join”
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X D 1

mŠ
ei1 ^ � � � ^ eimXi1���im (3.79)

output: “meet”

� X WD 1

mŠ.n�m/Š
p
g ej1 ^ � � � ^ ejn�m "i1���imj1���jn�mXi1���im (3.80)

antisymmetry operator (“Eddington’s epsilons”):

"k1���k` WD
2
4C1 for an even permutation of the indicesk1 � � �k`
�1 for an oded permutation of the indicesk1 � � �k`
0 otherwise (for a repetition of the indices) :

(3.81)

Example W "123 D "231 D "312 D C1
Example W "213 D "321 D "132 D �1
Example W "112 D "223 D "331 D 0:

For our purposes two examples on “Hodge’s star” will be sufficient for the following
analysis of latent restrictions in our linear model. In all detail, Box 3.21 illustrates
“join and meet” for

ƒ2.R3/! �1.R3/:

Given the exterior product a ^ b of two vectors a and b in R
3 with

ai11 D col1A; ai22 D col2A

as their coordinates, the columns of the matrix A with respect to the orthonormal
frame of reference fe1; e2; e3j 0g at the origin 0.

a ^ b D
nD3X
i1;i2D1

ei1 ^ ei2 ai11ai22 2 ƒ2.R3/

is the representation of the exterior form a^b DW X in the multibasis ei1i2 D ei1^ei2 .
By cyclic ordering, (3.105) is an explicit write-up of a ^ b 2 R.A/. Please, notice
that there are �

n

m

	
D
�
3

2

	
D 3

subdeterminants of A. If the determinant of the matrix G D I4,
p

det G
D 1pg D 1, then according to (16.80), (3.86)

�.a ^ b/ 2 R.A/? D G1;3

represent the exterior form �X, which is an element of R.A/ called Grassmann
space G1;3. Notice that �.a ^ b/ is a vector whose Grassmann coordinate (Plücker
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coordinate) are �
n

m

	
D
�
3

2

	
D 3

subdeterminants of the matrix A, namely

a21a32 � a31a22; a31a12 � a11a32; a11a23 � a21a12:

Finally, (3.87) �.e2 ^ e3/ D e2 � e3 D e1 for instance demonstrates the relation
between called “join, meet” and the “cross product”.

Box 3.20. (The first example: )

“join and meet”

� W �2.R3/! �2.R3/

Input: “join”

a D
nD3X
iD1

ei1ai11; b D
nD3X
iD1

ei2ai22 (3.82)

ai11 D col1AI ai22 D col2A

a ^ b D 1

2Š

nD3X
i1;i2D1

ei1^ei2 ai11ai22 2 ƒ2.R3/ (3.83)

“cyclic order”

a ^ b D 1

2Š
e2 ^ e3.a21a32 � a31a22/

C 1

2Š
e3 ^ e1.a31a12 � a11a32/ (3.84)

C 1

2Š
e1 ^ e2.a11a23 � a21a12/ 2 R.A/ D G2;3:

Output: “meet00.pg D 1; Gy D I3; m D 2; n D 3; n �m D 1/

� .a ^ b/ D
nD2X

i1;i2;jD1

1

2Š
ej "i1;i2;j ai11ai22 (3.85)
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�.a ^ b/ D 1

2Š
e1.a21a32 � a31a22/

C 1

2Š
e2.a31a12 � a11a32/ (3.86)

C 1

2Š
e3.a11a23 � a21a12/ 2 R?.A/ D G1;3

�
n

m

	
D
�
3

2

	
subdeterminant of A

Grassmann coordinates (Plücker coordinates)

� .e2 ^ e3/ D e1; �.e3 ^ e1/ D e2; �.e1 ^ e2/ D e3 (3.87)

Alternatively, Box 3.22 illustrates “join and meet” for selfduality

� W �2.R4/! �2.R4/:

Given the exterior product a^ b of two vectors a 2 R
4 and b 2 R

4, namely the two
column vectors of the matrix A 2 R

4�2

ai11 D col1A; ai22 D col2A

as their coordinates with respect to the orthonormal frame of reference
fe1; e2; e3; e4 j 0 g at the origin 0. is the representation of the exterior form a^b WD X
in the multibasis ei1i2 D ei1 ^ ei2 . By lexicographic ordering, (3.90) is an explicit
write-up of a ^ b .2 R.A//. Notice that these are�

n

m

	
D
�
4

2

	
D 6

subdeterminants of A. If the determinant of the matrix G of the metric is one G D
I4;
p

det G D pg D 1, then according to (3.91), (3.92)

�.a ^ b/ 2 R.A/? DW G2;4

represents the exterior form �X, an element of R.A/?; called Grassmann space
G2;4. Notice that �.a ^ b/ is an exterior 2-form which has been generated by an
exterior 2-form, too. Such a relation is called “selfdual”. Its Grassmann coordinates
(Plücker coordinates) are �

n

m

	
D
�
4

2

	
D 6

subdeterminants of the matrix A, namely

a11a12 � a21a12; a11a32 � a31a22; a11a42 � a41a12;

a21a32 � a31a22; a21a42 � a41a22; a31a41 � a41a32:
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Finally, (3.92), for instance �.e1 ^ e2/ D e3 ^ e4, demonstrates the operation called
“join and meet”, indeed quite a generalization of the “cross product”.

Box 3.21. (The second example: )

“join and meet”

� W �2.R4/! �2.R4/

“selfdual”

Input: “join”

a D
nD4X
i1D1

ei1ai11; b D
nD4X
i2D1

ei2ai22 (3.88)

.ai11 D col1.A/; ai22 D col2.A//

a ^ b D 1

2Š

nD4X
i1;i2D1

ei1^ei2 ai11ai22 2 ƒ2.R4/ (3.89)

“lexicographical order”

a ^ b D 1

2Š
e1 ^ e2.a11a22 � a21a12/

C 1

2Š
e1 ^ e3.a11a32 � a31a22/ (3.90)

C 1

2Š
e1 ^ e4.a11a42 � a41a12/

C 1

2Š
e2 ^ e3.a21a32 � a31a22/

C 1

2Š
e2 ^ e4.a21a42 � a41a22/

C 1

2Š
e3 ^ e4.a31a42 � a41a32/ 2 R.A/? D G2;4

�
n

m

	
D
�
4

2

	
subdeterminants of A W

Grassmann coordinates ( Plücker coordinates).

Output:“meet00pg D 1; Gy D I4; m D 2; n D 4; n�m D 2
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�.a ^ b/ D 1

2Š

nD4X
i1;i2;j1;j2D1

1

2Š
ej1 ^ ej2 "i1i2j1j2 ai11ai22

D 1

4
e3 ^ e4.a11a22 � a21a12/

C 1

4
e2 ^ e4.a11a32 � a31a22/ (3.91)

C 1

4
e3 ^ e2.a11a42 � a41a12/

C 1

4
e4 ^ e1.a21a32 � a31a22/

C 1

4
e3 ^ e1.a21a22 � a41a22/

C 1

4
e1 ^ e2.a31a42 � a41a32/ 2 R.A/? D G2;4

�
n

m

	
D
�
4

2

	
subdeterminants of A W

Grassmann coordinates (Plücker coordinates).

�.e1 ^ e2/ D e3 ^ e4; �.e1 ^ e3/ D e2 ^ e4; �.e1 ^ e4/ D e3 ^ e2;
�.e2 ^ e3/ D e4 ^ e1; �.e2 ^ e4/ D e3 ^ e1;
�.e3 ^ e4/ D e1 ^ e2:

(3.92)

3-33 From A to B: Latent Restrictions, Grassmann
Coordinates, Plücker Coordinates

Before we return to the matrix A 2 R
4�2 of our case study, let us analyze the

matrix A 2 R
2�3 of Box 3.23 for simplicity. In the perspective of the example of

our case study we may say that we have eliminated the third observation, but kept
the leverage point. First, let us go through the routine to compute the hat matrices
Hx D .A0 A/�1A0 and Hy D A.A0 A/�1A0, to be identified by (3.93) and (3.94). The
corresponding estimations Ox D x`.I-LESS/, (3.94), and y D y`.I-LESS/, (3.96),
prove the different weights of the observations .y1; y2; y3/ influencing Ox1 and Ox2 as
well as . Oy1; Oy2; Oy3/. Notice the great weight of the leverage point t3 D 10 on Oy3.

Second, let us interpret the redundancy matrix RD I3�A.A0A/�1A0, in particular
the diagonal elements.

r11 D A0A.1/

det A0A
D 64

146
; r22 D A0A.2/

det A0A
D 81

146
; r33 D A0A.3/

det A0A
D 1

146
;

trR D 1

det A0A
nD3P
iD1

.A0A/.i/ D n � rkA D n �m D 1;
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the degrees of freedom of the I3-LESS problem. There, for the first time, we meet
the subdeterminants .A0A/.i/ which are generated in a two step procedure.

“First step” “Second step”
eliminate the i th row from A as well as compute the determinant A0

.i/A.i/.
the i th column of A.

Example :.A0A/1

A0
.1/A.1/

–1 –1
1 2

1 10

–1 1 1

–1 2 10
2 12

12 104

.A0A/.1/ D det A0
.1/A.1/ D 64

det A0A D 146

Example:.A0A/2

A0
.2/A.2/

1 1

–1 –2
1 10

1 –1 1

1 –2 10
2 11

11 101

.A0A/.2/ D det A0
.2/A.2/ D 81

det A0A D 146

Example:.A0A/3

A0
.3/A.3/

1 1

1 2

–1 –10
1 1 –1
1 2 –10

2 3

3 5

.A0A/.3/ D det A0
.3/A.3/ D 1

det A0A D 146

Obviously, the partial redundancies .r11; r22; r33/ are associated with the influ-
ence of the observation y1; y2ory3 on the total degree of freedom. Here the
observation y1 and y2 had the greatest contribution, the observation y3 at a leverage
point a very small influence.

The redundancy matrix R, properly analyzed, will lead us to the latent restric-
tions or “from A to B”. Third, we introduce the rank partitioning R D ŒB; C�,
rkR D rk BD n � mD 1; (3.98), of the matrix R of spatial redundancies. Here,
b 2 R

3�1, (3.100), is normalized to generate b� D b=jjbjj 2, (3.101). Note,
C 2 R

3�2 is a dimension identity. We already introduced the orthogonality condition

b0A D 0 or b0Ax` D b0 Oy D 0
.b�/0A D 0 or .b�/0Ax` D .b�/0 Oy D 0 ;

which establishes the latent restrictions (3.127)

8 Oy1 � 9 Oy2 C Oy3 D 0 :
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We shall geometrically interpret this essential result as soon as possible. Fourth,
we aim at identifying R.A/ and R.A/? for the linear model fAx C i D y;A 2
R
n�m; rkA D m D 2g

t1 WD @y
@x1
D Œey1 ; ey2 ; ey3 �

2
4 11
1

3
5;

t2 WD @y
@x2
D Œey1 ; ey2 ; ey3 �

2
4 12
10

3
5;

as derivatives of the observation functional yDf .x1; x2/ establish the tangent
vectors which span a linear manifold called Grassmann space.

G2;3 D spanft1; t2g � R
3;

in short GRASSMANN (A). Such a notation becomes more obvious if we compute

y D Œey1 ; ey2 ; ey3 �
2
4a11x1 C a12x2a21x1 C a22x2
a31x1 C a32x2

3
5 D

nD3X
iD1

mD2X
jD1

eyi aij xj ;

@y
@x1

.x1; x2/ D Œey1 ; ey2 ; ey3 �
2
4a11a21
a31

3
5 D

nD3X
iD1

eyi ai1

@y
@x2

.x1; x2/ D Œey1 ; ey2 ; ey3 �
2
4a12a22
a32

3
5 D

nD3X
iD1

eyi ai2:

Indeed, the columns of the matrix A lay the foundation of GRASSMANN (A). Five,
let us turn to GRASSMANN (B) which is based on the normal space R.A/?. The
normal vector n D t1 � t2 D �.t1 ^ t2/ which spans GRASSMANN (B) is defined
by the “cross product” identified by “^;�”, the skew product symbol as well as
the Hodge star symbol. Alternatively, we are able to represent the normal vector n,
(3.107), (3.109), (3.112), constituted by the columns col1A, col2A of the matrix, in
terms of the Grassmann coordinates (Plücker coordinates).

p23 D
ˇ̌
ˇ̌a21 a22
a31 a32

ˇ̌
ˇ̌ D 8; p31 D

ˇ̌
ˇ̌a31 a32
a11 a12

ˇ̌
ˇ̌ D �9; p12 D

ˇ̌
ˇ̌a11 a12
a21 a22

ˇ̌
ˇ̌ D 1;

identified as the subdeterminants of the matrix A, generated by
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nD3X
i1;i2D1

�.ei1 ^ ei2 /ai11ai22:

If we normalize the vector b to b� D b=jjbjj2 and the vector n to n� D n=jjnjj2,
we are led to the first corollary b� D n�. The space spanned by the normal vector
n, namely the linear manifold G1;3 � R

3 defines GRASSMANN (B). In exterior
calculus, the vector built on Grassmann coordinates (Plücker coordinates) is called
Grassmann vector g or normalized Grassmann vector g*, here

g WD
2
4p23p31
p12

3
5 D

2
4 8

�9
1

3
5; g� WD g

k g k 2

D 1

146

2
4 8

�9
1

3
5:

The second corollary identifies b� D n� D g�.
“The vector b� which constitutes the latent restriction (latent condition equation)

coincides with the normalized normal vector n� 2 R.A/?, an element of the space
R.A/?, which is normal to the column space R.A/ of the matrix A. The vector
b� is built on the Grassmann coordinates (Plücker coordinates), Œp23; p31; p12�0,
subdeterminant of vector g� in agreement with b�.”

Box 3.22. (Latent restrictions Grassmann coordinates (Plücker coordi-
nates) the second example):

2
4y1y2
y3

3
5 D

2
4 1 11 2
1 10

3
5�x1

x2

�
, A D

2
4 1 11 2
1 10

3
5; rkA D 2

.1st/ Hx D .A0A/�1A0

Hx D .A0A/�1A0 D 1

146

�
92 79 �25
�10 �7 17

�
(3.93)

Ox D x`.I � LESS/ D 1

146

�
92y1 C 79y2 � 25y3
�10y1 � 7y2 C 17y3

�
(3.94)

.2nd/ Hy D A.A0A/�1A0

Hy D .A0A/�1A0 D 1

146

2
4 82 72 �872 65 9

�8 9 145

3
5; rkHy D rkA D 2 (3.95)

Oy D y`.I � LESS/ D 1

146

2
4 82y1 C 72y2 � 8y372y1 C 65y2 C 3y3
�8y1 C 9y2 C 145y3

3
5 (3.96)
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Oy3 D 1

146
.�8y1 C 9y2 C 145y3/ (3.97)

.3rd/ R D I3 �A.A0A/�1A0

R D I3 � A.A0A/�1A0 D 1

146

2
4 64 �72 8

�72 81 �9
8 �9 1

3
5 (3.98)

r11 D 64

146
D A0A.1/

det A0A
; r22 D 81

146
D A0A.2/

det A0A
; r33 D 1

146
D A0A.3/

det A0A

trR D 1

det A0A

nD3X
iD1

.A0A/.i/ D n � rkA D n �m D 1

latent restriction

R D ŒB;C� D 1

146

2
4 64 �72 8

�72 81 �9
8 �9 1

3
5; rkR D 1 (3.99)

b WD 1

146

2
4 64

�72
8

3
5 D

2
4 0:438

� 0:493
0:053

3
5 (3.100)

b� WD b
k b k D

1p
146

2
4 8

�9
1

3
5 D

2
4 0:662

�0:745
0:083

3
5 (3.101)

b0A D 0 , .b�/0A D 0 (3.102)

b0 Oy D 0, .b�/0 Oy D 0 (3.103)

8 Oy1 � 9 Oy2 C Oy3 D 0 (3.104)

“R.A/ and R.A/?

Tangent space TxM
2 versus normal space NxM2

Grassmann manifold G2;3
m � R

3 versus Grassmann manifold G1;3
n�m � R

3”

“the first tangent vector00 W t1 WD @y
@x1
D Œey

1; e
y
2; e

y
3�

2
4 11
1

3
5 (3.105)

“the second tangent vector00 W t2 WD @y
@x2
D Œey

1; e
y
2; e

y
3�

2
4 12
10

3
5 (3.106)

Gm;n
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G2;3 D spanft1; t2g 2 R3 W Grassman.A/

“the normal vector”

n WD t1 � t2 D �.t1 ^ t2/ (3.107)

t1 D
nD3X
iD1

ei1ai11 and t1 D
nD3X
iD1

ei2ai22 (3.108)

n D
nD3X
i1;i2D1

ei1ei2ai11ai22 D
nD3X
i1;i2D1

.ei1 ^ ei2 /ai11ai22 (3.109)

8i; i1; i2 2 f1; : : : ; n D 3g
n D versus n

D e2 � e3.a21a32 � a31a22/
Ce3 � e1.a31a12 � a11a32/
Ce1 � e2.a11a22 � a21a12/

D �.e2 � e3/.a21a32 � a31a22/
C � .e3 � e1/.a31a12 � a11a32/
C � .e1 � e2/.a11a22 � a21a12/

(3.110)

Hodge star operator W
2
4�.e2 ^ e3/ D e2 � e3 D e1
�.e3 ^ e1/ D e3 � e1 D e2
�.e1 ^ e2/ D e1 � e2 D e3

(3.111)

n D t1 � t2 D �.t1 � t2/ D Œey1 ; ey2 ; ey3 �
2
4 8�9
1

3
5 (3.112)

n� WD n
jjnjj D Œe

y
1 ; e

y
2 ; e

y
3 �

1p
146

2
4 8�9
1

3
5 (3.113)

Corollary: b� D n�

“Grassmann manifold Gn�m;n”

G1;3 D span n � R
3 W Grassman.B/

Grassmann coordinates (Plücker coordinates)

A D
2
4 1 1

1 2

10 10

3
5; g.A/ WD

� ˇ̌ˇ̌a21 a22
a31 a32

ˇ̌
ˇ̌ ;
ˇ̌
ˇ̌a31 a32
a11 a12

ˇ̌
ˇ̌ ;
ˇ̌
ˇ̌a11 a12
a21 a22

ˇ̌
ˇ̌�

D
� ˇ̌ˇ̌1 2
1 10

ˇ̌
ˇ̌ ;
ˇ̌
ˇ̌1 10
1 1

ˇ̌
ˇ̌ ;
ˇ̌
ˇ̌1 1
1 2

ˇ̌
ˇ̌� D f8;�9; 1g

(3.114)

(cyclic order)
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g.A/ D fp23; p31; p12g
p23 D 8; p31 D �9; p12 D 1

Grassmann vector W g WD
2
4p23p31
p12

3
5 D

2
4 8�9
1

3
5 (3.115)

normalized Grassmann vector W g� WD g
jjgjj D

1p
146

2
4 8�9
1

3
5 (3.116)

Corollary : b� D n� D g�

Now we are prepared to analyze the matrix A 2 R
2�4 of our case study. Box 3.24

outlines first the redundancy matrix R 2 R
2�4 (3.117) used for computing the

inconsistency coordinates Oi4 D i4.I � LESS/, in particular. Again it is proven
that the leverage point t4 D 10 has little influence on this fourth coordinate of
the inconsistency vector. The diagonal elements .r11; r22; r33; r44/ of the redundancy
matrix are of focal interest. As partial redundancy numbers in (3.123) r11 D

AA.1/
det A0A D 57

100
; r22 D AA.2/

det A0A D 67
100
; r33 D AA.3/

det A0A D 73
100
; r44 D AA.4/

det A0A D 3
100
;

they sum up to

trR D 1

det A0A

nD4X
iD1

.A0A/.i/ D n� rk;A D n �m D 2

the degree of freedom of the I4-LESS problem. Here for the second time we meet the
subdeterminants .A0A/.i/ which are generated in a two-step procedure. “First step”
“Second step” eliminate the i th row from A as well ascompute the determinant of
the i th column of A0A0

.i/A.i/.

Box 3.23. (Redundancy matrix of a linear model of a uninvariant polynomial
of degree one)

– light leverage point a D 10 –

“Redundancy matrix R D .I4 � A.A0A/�1A0/”

I4 �A.A0A/�1A0 D 1

100

2
664
57 �37 �31 11

�37 67 �29 �1
�31 �29 73 �13
11 �1 �13 3

3
775 (3.117)

Oi4 D i4.I-LESS/ D Ry (3.118)
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Oi4 D i4.I-LESS/ D 1

100
.11y1 � y2 � 13y3 C 3y4/ (3.119)

r11 D 57

100
; r22 D 67

100
; r33 D 73

100
; r44 D 3

100
(3.120)

“rank partitioning”

R 2 R4�4; rkR D n � rkA D n �m D 2;B 2 R4�2;C 2 R4�2
R D I4 �A.A0A/�1A0 D ŒB;C� (3.121)

“if B WD 1

100

2
664

57 �37
�37 67

�31 �29
11 �1

3
775; then B0A D 000 (3.122)

r11 D A0A.1/

det A0A
; r22 D A0A.2/

det A0A
; r33 D A0A.3/

det A0A
; r44 D A0A.4/

det A0A
(3.123)

trR D 1

det A0A

nD4X
iD1

.A0A/.i/ D n � rkA D n �m D 2 (3.124)

Example: .A0A/.1/:

A0
.1/A.1/

–1 –1
1 2

1 3

1 10

–1 1 1 1

–1 2 3 10
3 15

15 113

.A0A/.1/ D det.A0
.1/A.1// D 114, det A0A D 200

Example: .A0A/.2/:

A0
.2/A.2/

1 1

–1 –2
1 3

1 10

1 –1 1 1

1 –2 3 10
3 14

14 110

.A0A/.2/ D det.A0
.2/A.2// D 134, det A0A D 200

Example:.A0A/.3/

A0
.3/A.3/

1 1

1 2

–1 –3
1 10

1 1 –1 1

1 2 –3 10
3 13

13 105

.A0A/.3/ D det.A0
.3/A.3// D 146, det A0A D 200
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Example:.A0A/.4/

A0
.2/A.2/

1 1

1 2

1 3

–1 –10
1 1 1 –1
1 2 3 –10

3 6

6 10

.A0A/.4/ D det.A0
.4/A.4// D 6, det A0A D 200 d

Again, the partial redundancies .r11; : : : ; r44/ are associated with the influence
of the observation y1; y2; y3 or y4 on the total degree of freedom. Here the
observations y1; y2 and y3 had the greatest influence, in contrast the observation
y4 at the leverage point a very small impact.

The redundancy matrix R will be properly analyzed in order to supply us with
the latent restrictions or the details of “from A to B”. The rank partitioning R D
ŒB;C�; rkR D rk B D n � m D 2, leads us to (3.22) of the matrix R of partial
redundancies. Here, B 2 R

4�2, with two column vectors is established. Note C 2
R
4�2 is a dimension identity. We already introduced the orthogonality conditions

in (3.22)
B0A D 0 or B0Ax` D B0y` D 0;

which establish the two latent conditions

57

100
Oy1 � 37

100
Oy2 � 31

100
Oy3 C 11

100
Oy4 D 0

� 37
100
Oy1 C 67

100
Oy2 � 29

100
Oy3 � 1

100
Oy4 D 0:

Let us identify in the context of this paragraph R.A/ and R.A/? for the linear
model

fAxC i WD y;A 2 R
m�n; rkA D m D 2g:

The derivatives

t1 WD @y
@x1
D Œey1 ; ey2 ; ey3 ; ey4 �

2
664
1

1

1

1

3
775; t2 WD @y

@x2
D Œey1 ; ey2 ; ey3 ; ey4 �

2
664
1

2

3

10

3
775;

of the observational functional y D f .x1; x2/ generate the tangent vectors which
span a linear manifold called Grassmann space

G2;4 D spanft1; t2g � R
4;

in short GRASSMANN (A). An illustration of such a linear manifold is
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y D Œey1 ; ey2 ; ey3 ; ey4 �

2
664
a11x1 C a12x2
a21x1 C a22x2
a31x1 C a32x2
a41x1 C a42x2

3
775 D

nD4X
iD1

nD2X
jD1

eyi aij xj ;

@y
@x1

.x1; x2/ D Œey1 ; ey2 ; ey3 ; ey4 �

2
664
a11
a21
a31
a41

3
775 D

nD4X
iD1

eyi ai1;

@y
@x2

.x1; x2/ D Œey1 ; ey2 ; ey3 ; ey4 �

2
664
a12
a22
a32

a42

3
775 D

nD4X
iD1

eyi ai2:

Box 3.24. (Latent restrictions Grassmann coordinates (Plücker coordi-
nates): the first example)

B0A D 0, B0y D 0 (3.125)

A D

2
664
1 1

1 2

1 3

1 10

3
775) B D 1

100

2
664
57 �37
�37 67

�31 �29
11 �1

3
775 (3.126)

“latent restriction”

57 Oy1 � 37 Oy2 � 31 Oy3 C 11 Oy4 D 0 (3.127)

� 37 Oy1 C 67 Oy2 � 29 Oy3 � Oy4 D 0 (3.128)

R.A/ W the tangent space TxM
2

the Grassmann manifold G2;4

“the first tangent vector00 W t1 WD @y
@x1

Œey
1; e

y
2; e

y
3; e

y
4�

2
664
1

1

1

1

3
775 (3.129)

“the second tangent vector00 W t2 WD @y
@x2

Œey
1; e

y
2; e

y
3; e

y
4�

2
664
1

2

3

10

3
775 (3.130)

G2;4 D spanft1; t2g � R
4; Grassman.A/
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“the first normal vector” W n�
1 WD

b1
jjb1jj (3.131)

jjb1jj2 D 10�4.572 C 372 C 312 C 112/ D 57 � 10�2 (3.132)

n�
1 D Œey1 ; ey2 ; ey3 ; ey4 �

2
664
0:755

�0:490
�0:411
�0:146

3
775 (3.133)

“the second normal vector00 W n�
2 WD

b2

jjb2jj (3.134)

jjb2jj2 D 10�4.372 C 672 C 292 C 12/ D 67 � 10�2 (3.135)

n�
2 D Œey1 ; ey2 ; ey3 ; ey4 �

2
664
�0:452
0:819

�0:354
�0:012

3
775 (3.136)

Grassmann coordinates (Plücker coordinates)

A D

2
664
1 1

1 2

1 3

1 10

3
775) g.A/ WD

� ˇ̌̌
ˇ 1 11 2

ˇ̌̌
ˇ ;
ˇ̌̌
ˇ1 11 3

ˇ̌̌
ˇ ;
ˇ̌̌
ˇ1 11 10

ˇ̌̌
ˇ ;
ˇ̌̌
ˇ1 21 3

ˇ̌̌
ˇ ;
ˇ̌̌
ˇ1 21 10

ˇ̌̌
ˇ ;
ˇ̌̌
ˇ1 31 10

ˇ̌̌
ˇ
�
D

D fp12; p13; p14; p23; p24; p34g
(3.137)

p12 D 1; p13 D 2; p14 D 9; p23 D 1; p24 D 8; p34 D 7:
Again, the columns of the matrix A lay the foundation of GRASSMANN (A).

Next we turn to GRASSMANN (B) to be identified as the normal space R.A/?.
The normal vectors

n�
1 D Œey1 ; ey2 ; ey3 ; ey4 �

2
664
b11
b21
b31

b41

3
775
 jjcol1Bjj; n�

2 D Œey1 ; ey2 ; ey3 ; ey4 �

2
664
b21
b22
b32

b42

3
775
 jjcol2Bjj

are computed from the normalized column vectors of the matrix BD Œb1;b2�.
The normal vectors fn1;n2g span the normal space R.A/?, also called GRASS-
MANN(B). Alternatively, we may substitute the normal vectors n1 and n2 by
the Grassmann coordinates (Plücker coordinates) of the matrix A, namely by the
Grassmann column vector.
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p12 D
ˇ̌̌
ˇ1 11 2

ˇ̌̌
ˇ D 1; p13 D

ˇ̌̌
ˇ 1 11 3

ˇ̌̌
ˇ D 2; p14 D

ˇ̌̌
ˇ1 11 10

ˇ̌̌
ˇ D 9

p23 D
ˇ̌
ˇ̌1 2
1 3

ˇ̌
ˇ̌ D 1; p24 D

ˇ̌
ˇ̌ 1 2
1 10

ˇ̌
ˇ̌ D 8; p34 D

ˇ̌
ˇ̌1 3

1 10

ˇ̌
ˇ̌ D 7

n D 4;m D 2; n �m D 2
nD4X
i1;i2D1

�.ei1 ^ ei2 /ai11ai22 D
1

2Š

nD4X
i1;i2;j1;j2D1

ej1^ej2"i1;i2;j1;j2ai11ai22

g WD

2
66666664

p12
p13
p14

p23
p24
p34

3
77777775
D

2
66666664

1

2

9

1

8

7

3
77777775
2 R

6�1:

?How do the vectors b1, b2,n1, n2 and g relate to each other?

Earlier we already normalized, fb�
1 ;b

�
2 g to fb�

1 ; b�
2 g;when we constructed fn�

1 ; n�
2 g.

Then we are left with the question how to relate fb�
1 ;b

�
2 g and fn�

1 ; n�
2 g to the

Grassmann column vector g. The elements of the Grassmann column vector
g.A/ associated with matrix A are the Grassmann coordinates (Plücker coordi-
nates)fp12; p13; p14; p23; p24; p34g in lexicographical order. They originate from the
dual exterior form �˛m D ˇn�m where ˛m is the original m-exterior form associated
with the matrix A.

n D 4; n �m D 2

˛2 WD 1

2Š

nD4X
i1;i2D1

ei1 ^ ei2ai1ai2

D 1

2Š
e1 ^ e2.a11a22 � a21a12/C 1

2Š
e1 ^ e3.a11a32 � a31a22/

C 1

2Š
e1 ^ e4.a11a42 � a41a12/C 1

2Š
e2 ^ e3.a21a32 � a31a22/

C 1

2Š
e2 ^ e4.a21a42 � a41a22/C 1

2Š
e3 ^ e4.a31a42 � a41a32/

ˇ WD �˛2.R4/ D 1

4

nD4X
i1;i2;j1;j2D1

ej1 ^ ej2"i1i2j1j2ai11ai12
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D 1

4
e3 ^ e4p12 C 1

4
e2 ^ e4p13 C 1

4
e3 ^ e2p14

C 1

4
e4 ^ e1p23 C 1

4
e3 ^ e1p24 C 1

4
e1 ^ e2p34:

The Grassmann coordinates (Plücker coordinates) fp12; p13; p14; p23; p24; p34g
refer to the basis

fe3 ^ e4; e2 ^ e4; e3 ^ e2; e4 ^ e1; e3 ^ e1; e1 ^ e2g:

Indeed the Grassmann space G2;4 spanned by such a basis can be alternatively
covered by the chart generated by the column vectors of the matrix B,

�2 WD
nD4X
j1;j2

ej1ej2bj1bj2 2 GRASSMANN.B/;

a result which is independent of the normalisation of fbj11;bj22g.
As a summary of the result of the two examples (i) A 2 R

3�2 and (ii) A 2 R
4�2

for a general rectangular matrix A 2 R
n�m is needed.

“The matrix B constitutes the latent restrictions also called latent condition
equations. The column space R.B/ of the matrix B coincides with com-
plementary column space R.A/? orthogonal to column space R.A/ of the
matrix A. The elements of the matrix B are the Grassmann coordinates,
also called Plücker coordinates, special sub determinants of the matrix
A D Œai1; : : : ; aim�

pj1j2 WD
nX

i1;:::;imD1
"i1���imj1���jn�mai11 � � �aimm:

The latent restrictions control the parameter adjustment in the sense of
identifying outliers or blunders in observational data.”

3-34 From B to A: Latent Parametric Equations, Dual
Grassmann Coordinates, Dual Plücker Coordinates

While in the previous paragraph we started from a given matrix A 2 R
n�m,

n > m; rkA D m representing a special inconsistent systems of linear equations
y D Ax C i, namely in order to construct the orthogonal complement R.A/?
of R.A/, we now reverse the problem. Let us assume that a matrix B 2 R

l�n,
` < n, rkB D ` is given which represents a special inconsistent system of linear
homogeneous condition equations B0y D B0i. How can we construct the orthogonal
complement R.A/? of R.B/ and how can we relate the elements of R.B/? to the
matrix A of parametric adjustment?
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First, let us depart from the orthogonality condition B0A D 0 or A0B D 0

we already introduced and discussed at length. Such an orthogonality condition had
been the result of the orthogonality of the vectors y` D Oy.LESS/ and i` D Oi.LESS/.
We recall the general condition of the homogeneous matrix equation.

B0A D 0 , A D ŒI` � B.B0B/�1B0�Z;

which is, of course, not unique since the matrix Z 2 R
l�l is left undetermined. Such

a result is typical for an orthogonality conditions.
Second, let us construct the Grassmann space G`;n, in short GRASSMANN (B)

as well as the Grassmann space Gn�`;n, in short GRASSMANN (A) representing
R.B/ and R.B/?, respectively.

�` D 1

`Š

nX
j1���j`D1

ej1 ^ � � � ^ ej`bj11 � � � bj`` (3.138)

ın�` WD ��` D 1

.n � `/Š
nX

i1;:::;in�`;j1;:::;j`D1

1

`Š
ei1 ^ � � � ^ ein�`

"i1���in�`j1���j`bj11 � � �bj``:

The exterior form �` which is built on the column vectors fbj11; : : : ; bj``g of the
matrix B 2 R

l�n is an element of the column space R.B/. Its dual exterior form
�� D ın�`, in contrast, is an element of the orthogonal complement R.B/?.

qi1���in�`
WD "i1���in�`j1���j`bj11 � � �bj`` (3.139)

denote the Grassmann coordinates (Plücker coordinates) which are dual to the
Grassmann coordinates (Plücker coordinates) pj1���jn�mq WD Œqi1 : : : qn�`� is con-
stituted by subdeterminants of the matrix B, while pWDŒpj1 : : : pn�m� by subdeter-
minants of the matrix A.

The .˛; ˇ; �; ı/-diagram of Fig. 3.9 is commutative. If R.B/ D R.A/?, then
R.B/? D R.A/. Identify ` D n � m in order to convince yourself about the
.˛; ˇ; �; ı/- diagram to be commutative.

˛m ! �˛m D ˇn�m D �n�m ! ��n�m D �ˇn�m D � � ˛m D .�1/m.n�m/˛m

id (l = n – m) id (l = n – m)

g1

bn–m = ∗am

dn–l = ∗g1

am
Fig. 3.9 Commutative
diagram
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Third, let us specialize R.A/ D R.B/? and R.A/? D R.B/ by ` D n �m.

˛m ! �˛m D ˇn�m D �n�m ! ��n�m D �ˇn�m D � � ˛m D .�1/m.n�m/˛m
(3.140)

The first and second example will be our candidates for test computations of
the diagram of Fig. 3.9 to be commutative. Box 3.26 reviews direct and inverse
Grassmann coordinates (Plücker coordinates) for A 2 R

3�2, B 2 R
3�1, Box 3.27

for A 2 R
4�2, B 2 R

4�1.

Box 3.25. (Direct and inverse Grassmann coordinates (Plücker coordi-
nates))

first example
The forward computation

A D
2
4 1 11 2
1 10

3
5 2 R

3�2 W a1 D
nD3X
i1D1

ei1ai11 and a2 D
nD3X
i2D1

ei2ai22

˛2 WD
nD3X
i1;i2D1

1

2Š
ei1 ^ ei2ai11ai22 2 ƒ2.R3/ � ƒm.Rn/

ˇ1 WD �˛2 WD
nD3X

i1;i2;j1D1

1

2Š
ej1"i1i2j1ai11ai22 2 ƒ2.R3/ � ƒm.Rn/

Grassmann coordinates (Plücker coordinates)

ˇ1 D 1

2
e1p23 C 1

2
e2p31 C 1

2
e3p12

p23 D a21a32 � a31a22; p31 D a31a12 � a11a32;
p12 D a11a22 � a21a12; p23 D 8; p31 D �9; p12 D 1

The backward computation

�1 WD
nD3X

i1;i2;j1D1

1

1Š
ej1"i1i2j1ai11ai22 D e1p23 C e2p31 C e3p12 2 ƒ1.R3/

ı2 WD ��1 WD 1

2Š

nD3X
i1;i2;j1;j2;j3D1

ei1 ^ ei2"i1i2j1"j2j3j1aj21aj32 )

ı2 D 1

2Š

nD3X
i1;i2;j1;j2;j3D1

ei1 ^ ei2 .ıi1j2ıi2j3 � ıi1j3ıi2j2/aj21aj32



3-3 Case Study 171

ı2 D 1

2

nD3X
i1;i2D1

ei1 ^ ei2ai11ai22 D ˛2 2 ƒ2.R3/ � ƒm.Rn/

inverse Grassmann coordinates
(dual Grassmann coordinates, dual Plücker coordinates)

ı2 D ˛2 D 1

2
e2 ^ e3.a21a32 � a31a22/C 1

2
e3 ^ e1.a31a12 � a11a32/

C 1

2
e1 ^ e2.a11a22 � a21a12/

ı2 D ˛2 D 1

2
e2 ^ e3q23 C 1

2
e2 ^ e3q31 C 1

2
e2 ^ e3q12 2 ƒ2.R3/:

Box 3.26. (Direct and inverse Grassmann coordinates (Plücker coordi-
nates))

second example
The forward computation

A D

2
664
1 1

1 2

1 3

1 10

3
775 2 R

4�2 W a1 D
nD4X
i1D1

ei1ai11 and a2 D
nD4X
i2D1

ei2ai22

˛2 WD
nD4X
i1;i2D1

1

2Š
ei1 ^ ei2ai11ai22 2 ƒ2.R4/ � ƒm.Rn/

ˇ2 WD �˛2 WD 1

2Š

nD4X
i1;i2;j1;j2D1

1

2Š
ej1 ^ ej2"i1i2j1j2ai11ai22 2 ƒ2.R4/ � ƒn�m.Rn/

ˇ2 D 1

4
e3 ^ e4p12 C 1

4
e2 ^ e4p13 C 1

4
e3 ^ e2p14C

C1
4

e4 ^ e1p23 C 1

4
e3 ^ e1p24 C 1

4
e1 ^ e2p34

p12 D 1; p13 D 2; p14 D 9; p23 D 1; p34 D 7
The backward computation

�2 W D 1

2Š

nD4X
i1;i2;j1;j2D1

ej1 ^ ej2"i1i2j1j2ai11ai22 � ƒ2.R4/ � ƒn�m.Rn/

ı2 W D ��2 WD 1

2Š

nD4X
i1;i2;j1;j2;j 3;j4D1

1

2Š
ei1 ^ ei2"i1i2j1j2"j1j2j3j4aj31aj42 D
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D ˛2 2 ƒ2.R4/ � ƒm.Rn/

ı2 D ˛2 D 1

4

nD4X
i1;i2D1

ei1 ^ ei2ai11ai22

ı2 D ˛2 D 1

4
e3 ^ e4q12 C 1

4
e2 ^ e4q13 C 1

4
e3 ^ e2q14 C

C1
4

e4 ^ e1q23 C 1

4
e3 ^ e1q24 C 1

4
e1 ^ e2q34

q12 D p12; q13 D p13; q14 D p14; q23 D p23; q24 D p24; q34 D p34.

3-35 Break Points

Throughout the analysis of high leverage points and outliers within the observa-
tional data we did assume a fixed linear model. In reality such an assumption
does not apply. The functional model may change with time as Fig. 3.9 indicates.
Indeed we have to break-up the linear model into pieces. Break points have to be
introduced as those points when the linear model changes. Of course, a hypothesis
test has to decide whether the break point exists with a certain prob-ability. Here
we only highlight the notion of break points in the context of leverage points.
For localizing break points we apply the Gauss–Jacobi Combinatorial Algorithm
following J.L. Awange and E. W. Grafarend 2005 (2002), J. L. Awange (2002),
A. T. Hornoch (1950), S. Wellisch (1910).
Table 3.1 summarises a set of observations yi with nD 10 elements. Those
measurements have been taken at time instants ft1; : : : ; t10g. Figure 3.9 illustrates
the graph of the corresponding function y.t/. By means of the celebrated Gauss–
Jacobi Combinatorial Algorithm we aim at localizing break points. First, outlined
in Box 3.28 we determine all the combinations of two points which allow the fit

Table 3.1 Test “ break points” observations for a piecewise linear model

y t

y1 1 1 t1
y2 2 2 t2
y3 2 3 t3
y4 3 4 t4
y5 2 5 t5
y6 1 6 t6
y7 0.5 7 t7
y8 2 8 t8
y9 4 9 t9
y10 4.5 10 t10
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Table 3.2

of a straight line without any approximation error. As a determined linear model
y D Ax, A 2 R

2�2, rkA D 2 namely x D A�1y we calculate (3.142) x1 and (3.143)
x2 in a closed form. For instance, the pair of observations .y1; y2/, in short (1, 2) at
.t1; t2/ D .1; 2/ determines .x1; x2/ D .0; 1/. Alternatively, the pair of observations
.y1; y3/, in short (1, 3), at .t1; t3/ D .1; 3/ leads us to .x1; x2/ D .0:5; 0:5/. Table 3.2
contains the possible 45 combinations which determine .x1; x2/ from .y1; : : : ; y10/.
These solutions are plotted in Figure 3.10.



174 3 The Second Problem of Algebraic Regression

Fig. 3.10 Top left: Graph of the function y(t), two break points. Top right: Gauss–Jacobi
Combinatorial Algorithm, piecewise linear model, 1st cluster: (ti ; tj ). Bottom left: Gauss–Jacobi
Combinatorial Algorithm, 2nd cluster: (ti ; tj ). Bottom right: Gauss–Jacobi Combinatorial Algo-
rithm, 3rd cluster: (ti ; tj )

Box 3.27. (Piecewise linear model Gauss–Jacobi combinatorial algorithm)

1st step

y D
�
y.ti /

y.tj /

�
D
�
1 ti

1 tj

� �
x1

x2

�
D Ax 8i < j 2 f1; : : : ; ng (3.141)

y 2 R
2; A 2 R

2�2I rkA D 2; x 2 R
2

x D A�1y,
�
x1
x2

�
D 1

tj � ti
�
tj �ti
�1 1

� �
y.ti /

y.tj /

�
(3.142)

x1 D tj y1 � ti y2
tj � ti and x2 D yj � yi

tj � ti (3.143)

Example:
ti D t1 D 1; tj D t2 D 2
y.t1/ D y1 D 1; y.t2/ D y2 D 2
x1 D 0; x2 D 1:



3-3 Case Study 175

Example:
ti D t1 D 1; tj D t3 D 3
y.t1/ D y1 D 1; y.t3/ D y3 D 2
x1 D 0:5 and x2 D 0:5 :

Second, we introduce the pullback operation Gy ! Gx: The matrix of the metric
Gy of the observation space Y is pulled back to generate by (3.144) the matrix
of the metric Gx of the parameter space X for the “determined linear model”
y D Ax, A 2 R

2�2; rkA D 2, namely Gx D A0GyA. If the observation space
Y D spanfey1 ; ey2 g is spanned by two orthonormal vectors ey1 ; e

y
2 relating to a pair

of observations .yi ; yj /; i < j; i; j 2 f1; : : : ; 10g, then the matrix of the metric
Gy D I2 of the observation space is the unit matrix. In such an experimental
situation (3.145) Gx D A0A is derived. For the first example .ti ; tj / D .1; 2/ we are
led to vech Gx D Œ2; 3; 5�0. “Vech half ” shortens the matrix of the metric Gx 2 R

2�2
of the parameter space X Ö .x1; x2/ by stacking the columns of the lower triangle
of the symmetric matrix Gx. Similarly, for the second example .ti ; tj / D .1; 3/ we
produce vech Gx D Œ2; 4; 10�0. For all the 45 combinations of observations .yi ; yj /.

In the last column Table 3.2 contains the necessary information of the matrix
of the metric Gx of the parameter space X formed by .vech Gx/

0. Indeed, such a
notation is quite economical.

Box 3.28. (Piecewise linear model: Gauss–Jacobi combinatorial algorithm)

2nd step
pullback of the matrix GX the metric from Gy

Gx D A0GyA (3.144)

“if Gy D I2, then Gx D A0A”

Gx D A0A D
"

2 ti C tj
ti C tj t2i C t2j

#
8 i < j 2 f1; : : : ; ng: (3.145)

Example: ti D t1 D 1, tj D t2 D 2

Gx D
�
2 3

3 5

�
; vechGx D Œ2; 3; 5�0:

Example: ti D t1 D 1, tj D t3 D 3

Gx D
�
2 4

4 10

�
; vechGx D Œ2; 4; 10�0:

Third, we are left the problem to identify the break points. C.F. Gauss (1828) and
C.G.J. Jacobi (1841) have proposed to take the weighted arithmetic mean of the
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combinatorial solutions .x1; x2/.1;2/; .x1; x2/.1;3/, in general .x1; x2/.i;j /; i < j ,
are considered as

Pseudo-observations.

Box 3.29. (Piecewise linear model: Gauss–Jacobi combinatorial algorithm)

3rd step

pseudo-observations

Example

2
6664
x
.1;2/
1

x
.1;2/
2

x
.1;3/
1

x
.1;3/
2

3
7775 D

2
664
1 0

0 1

1 0

0 1

3
775
�
x1

x2

�
C

2
664
i1
i2

i3
i4

3
775 2 R

4�1 (3.146)

Gx-LESS

x` WD Ox D
� Ox1
Ox2
�
D 
G.1;2/

x CG.1;3/
x

��1 

G.1;2/
x ;G.1;3/

x

�
2
6664
x
.1;2/
1

x
.1;2/
2

x
.1;3/
1

x
.1;3/
2

3
7775 2 R

2�1

(3.147)
vechG.1;2/

x D Œ2; 3; 5�0; vechG.1;3/
x D Œ2; 4; 10�0

G.1;2/
x D

�
2 3

3 5

�
;G.1;3/

x D
�
2 4

4 10

�

"
x
.1;2/
1

x
.1;2/
2

#
D
�
0

1

�
;

"
x
.1;3/
1

x
.1;3/
2

#
D
�
0:5

0:5

�

G�1
x D

�
4 7

7 15

��1
D 1

11

�
15 �7
�7 4

�
D ŒG.1;2/

x CG.1;3/
x ��1

x` WD
� Ox1
Ox2
�
D 1

11

�
6

6

�
, Ox1 D Ox2 D 6

11
D 0:545; 454:

Box 3.30 provides us with an example. For establishing the third step of the Gauss–
Jacobi Combinatorial Algorithm. We outline GX-LESS for the set of pseudo-
observations (3.146) .x1; x2/.1;2/ and .x1; x2/.1;3/ solved by (3.177) x` D . Ox1; Ox2/.
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The matrices G.1;2/
x and G.1;3/

x representing the metric of the parameter space X

derived from .x1; x2/
.1;2/ and .x1; x2/.1;3/ are additively composed and inverted, a

result which is motivated by the special design matrix A D ŒI2; I2�0 of “direct”
pseudo-observations. As soon as we implement the weight matrices G.1;2/

x and G.1;3/
x

from Table 3.2 as well as .x1; x2/.1;2/ and .x1; x2/.1;3/ we are led to the weighted
arithmetic mean Ox1 D Ox2 D 6=11. Such a result has to be compared with the
componentwise median x1 (median) = 1/4 and x2.median/ D 3=4.

2
666664

.1; 2/; .1; 3/ .1; 2/; .1; 3/

combination
Gx-LESS

combination
median

Ox1 D 0:545; 454 x1.median/ D 0:250
Ox2 D 0:545; 454 x2.median/ D 0:750 :

Here, the arithmetic mean of x.1;2/1 ; x
.1;3/
1 and x

.1;2/
2 ; x

.1;3/
2 coincides with the

median neglecting the weight of the pseudo-observations.

Box 3.30. (Piecewise linear models and two break points: “Example”)

2
4y1y2
y3

3
5 D

2
4 1n1 tn1 0 0 0 0

0 0 1n2 tn2 0 0

0 0 0 0 1n3 tn3

3
5

2
66666664

x1
x2

x3
x4
x5

x6

3
77777775
C
2
4 iy1iy2
iy3

3
5 (3.148)

In1-LESS; In2-LESS; In3-LESS;�
x1

x2

�
`

D 1
n1t0

n1tn1 � .10
n1tn1/2

�
.t0
n1tn1/.1

0
n1yn1/ � .10

n1tn1/.t
0
n1yn1/

�.10
n1tn1/.1

0
n1y1/C n1t0

n1y1

�
(3.149)

�
x3
x4

�
`

D 1

n2t0
n2tn2 � .10

n2tn2/2

�
.t0
n2tn2/.1

0
n2yn2/ � .10

n2tn2/.t
0
n2yn2/

�.10
n2tn2/.1

0
n2y2/C n2t0

n2y2

�
(3.150)

�
x5
x6

�
`

D 1

n3t0
n3tn3 � .10

n3tn3/2

�
.t0
n3tn3/.1

0
n3yn3/ � .10

n3tn3/.t
0
n3yn3/

�.10
n3tn3/.1

0
n3y3/C n3t0

n3y3

�
: (3.151)

Box 3.31. (Piecewise linear models and two break points: “Example”)

1st interval: n = 4, m = 2, t 2 ft1; t2; t3; t4g
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y1 D

2
664
1 t1
1 t2

1 t3
1 t4

3
775
�
x1

x2

�
C iy1 D 1nx1 C tnx2 C iy1 (3.152)

2nd interval: n = 4, m = 2, t 2 ft4; t5; t6; t7g

y2 D

2
664
1 t4

1 t5
1 t6
1 t7

3
775
�

x3
x4

�
C iy2 D 1nx3 C tnx4 C iy2 (3.153)

3rd interval: n = 4, m = 2, t 2 ft7; t8; t9; t10g

y3 D

2
664
1 t7
1 t8
1 t9

1 t10

3
775
�
x5
x6

�
C iy3 D 1nx5 C tnx6 C iy3 : (3.154)

Figure 3.10 have illustrated the three clusters of combinatorial solutions referring to
the first, second and third straight line. Outlined in Box 3.31 and Box 3.31, namely
by (3.148) to (3.151), n1 D n2 D n3 D 4, we have computed .x1; x2/` for the
first segment, .x3; x4/` for the second segment and .x5; x6/` for the third segment
of the least squares fit of the straight line. Table 3.3 contains the results explicitly.
Similarly, by means of the Gauss–Jacobi Combinatorial Algorithm of Table 3.4 we
have computed the identical solution .x1; x2/`, .x3; x4/` and .x5; x6/` as “weighted
arithmetic means” numerically presented only for the first segment.

Table 3.3 (In-LESS solutions for those segments of a straight line, two
break points)

I4-LESS W
�
x1

x2

�
`

D
�
0:5

0:6

�
W y.t/ D 0:5C 0:6t

I4-LESS W
�
x3
x4

�
`

D 1

20

�
126

�17
�
W y.t/ D 6:30 � 0:85t

I4-LESS W
�
x5
x6

�
`

D 1

20

��183
28

�
W y.t/ D �9:15C 1:40t

Table 3.4 (Gauss–Jacobi Combinatorial Algorithm for the first segment of a
straight line)
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� Ox1
Ox2
�
D
h
G.1;2/
x CG.1;3/

x CG.1;4/
x CG.2;3/

x CG.2;4/
x CG.3;4/

x

i�1 �

h
G.1;2/
x ;G.1;3/

x ;G.1;4/
x ;G.2;3/

x ;G.2;4/
x ;G.3;4/

x

i

2
6666666666666666666664

x
.1;2/
1

x
.1;2/
2

x
.1;3/
1

x
.1;3/
2

x
.1;4/
1

x
.1;4/
2

x
.2;3/
1

x
.2;3/
2

x
.2;4/
1

x
.2;4/
2

x
.3;4/
1

x
.3;4/
2

3
7777777777777777777775

(3.155)



G.1;2/
x CG.1;3/

x CG.1;4/
x CG.2;3/

x CG.2;4/
x CG.3;4/

x

��1 D 1

30

�
15 �5
�5 2

�

G.1;2/
x

"
x
.1;2/
1

x
.1;2/
2

#
D
�
2 3

3 5

� �
0

1

�
D
�
3

5

�

G.1;3/
x

"
x
.1;3/
1

x
.1;3/
2

#
D
�
2 4

4 10

� �
0:5

0:5

�
D
�
3

7

�

G.1;4/
x

"
x
.1;4/
1

x
.1;4/
2

#
D
�
2 5
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� �
0:333

0:666

�
D
�
4
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�
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x

"
x
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1

x
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2

#
D
�
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� �
2

0

�
D
�
4

10

�
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x

"
x
.2;4/
1

x
.2;4/
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#
D
�
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1

0:5

�
D
�
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�
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"
x
.3;4/
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x
.3;4/
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#
D
�
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� ��1
1

�
D
�
5
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�

� Ox1
Ox2
�
D 1
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�
15 �5
�5 2

� �
24

69

�
D
�
0:5

0:6

�
:
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3-4 Special Linear and Nonlinear Models: A Family of
Means for Direct Observations

In case of direct observations, LESS of the inconsistent linear model y D 1nx C i
has led to

x` D argfy D 1nxC i
ˇ̌ jj i jj2 D min g; x` D .101/�110y D 1

n
.y1 C � � � C yn/:

Such a mean has been the starting point of many alternatives we present to you by
Table 3.5 based upon S.R. Wassels (2002) review.

3-5 A Historical Note on C.F. Gauss and A.M. Legendre

The inventions of Least Squares and its generalization
The historian S.M. Stigler (1999, pp 320, 330–331) made the following comments
on the history of Least Squares.

“The method of least squares is the automobile of modern statistical analysis: despite its
limitations, occasional accidents, and incidental pollution, this method and its numerous
variations, extensions, and related conveyances carry the bulk of statistical analyses, and
are known and valued by nearly all. But there has been some dispute, historically, as to
who is the Henry Ford of statistics. Adrian Marie Legendre published the method in 1805,
an American, Robert Adrian, published the method in late 1808 or early 1809, and Carl
Fiedrich Gauss published the method in 1809. Legendre appears to have discovered the
method in early 1805, and Robert Adrain may have “discovered” it in Legendre’s 1805 book
(Stigler 1977c, 1978c), but in 1809 Gauss had the temerity to claim that he had been using
the method since 1795, and one of the most famous priority disputes in the history of science
was off and running. It is unnecessary to repeat the details of the dispute – R.L. Plackett
(1972) has done a masterly job of presenting and summarizing the evidence in the case.

Table 3.5 (A family of means)

Name Formula
arithmetic mean

x` D 1

n
.y1 C � � � C yn/

n D 2 W x` D 1

2
.y1 C y2/

x` D .10Gy1/�110Gyy
if Gy D Diag.g1; : : : ; g1/

weighted arithmetic mean x` D g1y1 C gnyn
g1 C � � � C gn

(continued)
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Table 3.5 (continued)

Name Formula

geometric mean
xg D n

p
y1 � � �yn D

�
nQ
iD1

yi

	1=n

n D 2 W xg D py1y2
logarithmic mean xlog D 1

n
.ln y1 C � � � C lnyn/

xlog D lnxg

y.1/ < � � � < y.n/

ordered set of observations

median med y D

2
664

y.kC1/ if n D 2k C 1
“add00

.y.k/ C y.kC1//=2 if n D 2k
“even00

Wassels family of means xp D .y1/
pC1 C � � � C .yn/pC1

.y1/p C � � � C .yn/p
xp D

nP
iD1

.yi /
pC1

�
nP
iD1

.yi /
p

Case p D 0 W xp D x`
Case p D �1=2; n D 2 W xp D x`

Hellenic mean Casep D �1 W
n D 2 W

H D H.y1; y2/ D
�
y�1
1 C y�1

2

2

	�1
D 2y1y2

y1 C y2 :

Let us grant, then, that Gauss’s later accurate were substantially accunate, and that he did
device the method of least squares between 1794 and 1799, independently of Legendre or
any other discoverer. There still remains the question, what importance did he attach to the
discovery? Here the answer must be that while Gauss himself may have felt the method
useful, he was unsuccessful in communicating its importance to other before 1805. He may
indeed have mentioned the method to Olbers, Lindemau, or von Zach before 1805, but in
the total lack of applications by others, despite ample opportunity, suggests the message
was not understood. The fault may have been more in the listener than in the teller, but
in this case its failure serves only to enhance our admiration for Legendre’s 1805 success.
For Legendre’s description of the method had an immediate and widespread effect – as we
have seen, it even caught the eye and under-standing of at least one of those astronomers
(Lindemau) who had been deaf to Gauss’s message, and perhaps it also had an influence
upon the form and emphasis of Gauss’s exposition of the method.
When Gauss did publish on least squares, he went far beyond Legendre in both conceptual
and technical development, linking the method to probability and providing algorithms
for the computation of estimates. His work has been discussed often, including by
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H.L. Seal (1967), L. Eisenhart (1968), H. Goldsteine (1977, �� 4.9, 4.10), D.A. Sprott
(1978), O.S. Sheynin (1979, 1993, 1994), S.M. Stigler (1986), J.L. Chabert (1989),
W.C. Waterhouse (1990), G.W. Stewart (1995), and J. Dutka (1996). Gauss’s development
had to wait a long time before finding an appreciative audience, and much was intertwined
with other’s work, notably Laplace’s. Gauss was the first among mathematicians of the
age, but it was Legendre who crystallized the idea in a form that caught the mathematical
public’s eye. Just as the automobile was not the product of one man of genius, so too the
method of least squares is due to many, including at least two independent discoverers.
Gauss may well have been the first of these, but he was no Henry Ford of statistics. If these
was any single scientist who first put the method within the reach of the common man, it
was Legendre.”

Indeed, these is not much to be added. G.W. Stewart (1995) recently translated
the original Gauss text “Theoria Combinationis Observationum Erroribus Min-
imis Obmaxial, Pars Prior. Pars Posterior” from the Latin origin into English.
F. Pukelsheim (1998) critically reviewed the sources, the reset Latin text and the
quality of the translation. Since the English translation appeared in the SIAM series
“Classics in Applied Mathematics”, he concluded: “Opera Gaussii contra SIAM
defensa”.

“Calculus probilitatis contra La Place defenses.” This is Gauss’s famous diary
entry of 17 June 1798 that he later quoted to defend priority on the Method of Least
Squares (Werke, Band X, 1, p.533).

C.F. Gauss goes Internet

With the Internet Address http://gallica.bnf.fr you may reach the catalogues of
digital texts of Bibliotheque Nationale de France. Fill the window “Auteur” by
“Carl Friedrich Gauss” and you reach “Types de documents”. Continue with “Touts
les documents” and click “Rechercher” where you find 35 documents numbered
1 to 35. In total, 12732 “Gauss pages” are available. Only the Gauss–Gerling
correspondence is missing. The origin of all texts are the resources of the Library
of the Ecole Polytechnique. Meanwhile Gauss’s Werke are also available under
http://www.sub.uni-goettingen.de/. A CD-Rom is available from “Niedersächsische
Staats- und Universitätsbibliothek.”

For the early impact of the Method of Least Squares on Geodesy, namely
W. Jordan, we refer to the documentary by S. Nobre and M. Teixeira (2000).



Chapter 4
The Second Problem of Probabilistic Regression

Special Gauss–Markov method without Datum Defect

Setup of BLUUE for the moments of first order and of BIQUUE for the
central moment of second order

In probabilistic regression we study the determination of first moments as well
as second central moments of type special Gauss–Markov model without Datum
Defect. Theoretical results and geodetic applications are taken from E. Grafarend’s
“Variance–covariance component estimation” (Statistical and Decision, Supple-
ment Issue No. 2, pages 401–441, 105 references, Oldenburg Verlag, München
1989). The original contributions of variance–covariance component estimation as
well as geodetic examples are presented in “Gewichtsschätzung in Geodätischen
Netzen” (weight estimation in geodetic networks) by E. Grafarend and A. d’Hone
(Deutsche Geodätische Kommission, Bayerische Akademie der Wissenschaften,
Series A, Report 88, pages 1–43, 46 references, München 1978) namely introducing
(a) quadratic unbiased estimators: QUE (b), invariant quadratic unbiased estimators:
IQUE, (c) locally best, quadratic unbiased estimators, (d) locally best, invariant
quadratic unbiased estimators, (e) best QUE and best IQUE, (f) quadratic unbiased
estimators of minimum norm: MINQUE. The geodetic examples are reproduced
here.

The references include G. Dewess (1973), H. Drygas (1972, 1977), H. Ebner
(1977), J. Focke and G. Dewess (1972), E. Grafarend (1974, 1978), F. Graybill
(1954), G. Hein (1977), F.R. Helmert (1907), C.R. Hendersen (1953), S.D. Horn,
R.A. Horn and D.B. Dungan (1975), P.L. Hsu (1938), R. Keln (1978), J. Kleffe
(1975 i, ii, 1976, 1977), J. Kleffe and R. Pincus (1974 i,ii), K.R. Koch (1976, 1977),
K. Kubik (1970), L.R. Lamotte (1973), H. Neudecker (1969), R. Pincus (1974),
F. Pukelsheim (1976), C.R. Rao (1970, 1971 i,ii, 1972), C.R. Rao and S.K. Mirra
(1971), J.N.K. Rao (1973), R. Rudolph (1976), M. Schuler (1932), M. Schuler
and H. Wolf (1954), R.S. Searle (1971), J. Seely (1970 i,ii, 1971), J. Seely and
C. Zyskind (1971), E.C. Townsend and S.R. Searle (1971), W. Welsch (1977) and
H. Wolf (1975).

Real problems are nonlinear. We have to divide the solutions space into three
classes: .a/ strong nonlinear, .b/ weak nonlinear and .c/ linear. Weak nonlinearity
is defined by nonlinear systems which allow a Taylor series approximation. Linear
system equations, for instance “linear best uniformly unbiased estimator” or “best
invariant quadratic uniformly unbiased estimator,” have the advantage that their
normal equation have only one minimum solution. We call such a solution “global”
or “uniform.” In contrast to linear estimation, weak nonlinear equations produce

E. Grafarend and J. Awange, Applications of Linear and Nonlinear Models,
Springer Geophysics, DOI 10.1007/978-3-642-22241-2 4,

183

© Springer-Verlag Berlin Heidelberg 2012
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“local” solutions. They have the disadvantage that many local solutions may exist.
A typical example is a geodetic network analysis by P. Lohse (1994). For more
details read C.R. Rao and J. Kleffe (1969, pages 161–180).

For beginners, not for mathematicians, is our introductory example (see
Tables 4.1 and 4.2) in Sect. 4-1. In Sect. 4-2 we introduce the “Best Linear
Uniformly Unbiased estimator” by means of Gauss elimination. Famous is
the Gauss–Markov Equivalence Theorem (Gy–LESS) � (†y–BLUUE), namely
weighted least squares solution equivalent to †y – best linear uniformly unbiased
estimator. For instance, F. Pukelsheim (1990, pages 20–24) is an excellence
reference. For the setup of the “best invariant quadratic uniformly unbiased”
estimation in Sect. 4-3, namely by BLOCK PARTITIONING, we use the E-D
equivalence presented in Sect. 4-37. Alternative estimators of type IQE, “Invariant
Quadratic Uniformly Unbiased Estimation” of variance–covariance components
of type IQUUE, especially F.R. Helmer’s BIQUUE which was developed as early
as 1907 by two methods. He used two setups presented in detail by Sect. 4-35
“Invariant Quadratic Uniformly Unbiased Estimators” of variance–covariance
components of Helmert type: HIQUUE versus HIQE. We give credit to B. Schaffrin
(1983) who classified the Helmert test matrix for the first time correctly. E.
Grafarend (1994) used variance–covariance component estimation of Helmert type
for condition equations in the model B© = By–c, By … R(A) + c (E. Grafarend 1994,
pages 38–40) as well as for condition equations with unknown parameters in the
model Ax + B© = By–c, By … R(A) + c (E. Grafarend 1994, pages 41–43), geodetic
are also given.

The various methods for solving the basic problem of variance–covariance
component estimation was the final in the eighties of the twentieth century.

Since F.R. Helmerts invention of the variance–covariance estimation in the early
twentieth century, geodesists have used his results in many contributions listed in
Sect. 4-37. The first example is a linear model Efyg = Ay = Ax1, Dfyg = I�2 = Ix2
with one covariance component. We estimate (x1ˆ, x2ˆ) of type linear and unbiased.
We apply again the IPM method in order to find x1ˆ by (4.176), (4.177) and x2ˆ by
(4.82), (4.183). The second example is variance component estimation of Helmert
type resulting in two cases (a) det(H)¤ 0 and (b) det(H) = 0 in a two step procedure.
The result is given by (4.210)–(4.212).

Special geodetic problems will be discussed in Examples 3 and 4. Example 3
treats a two variance component model for a hybrid direction – distance network, the
Huaytapallana network in Peru illustrated by Fig. 4.2 and resulted in Tables 4.1–4.3.
Figure 4.3 illustrates the two variance component estimation of Helmert type for
the reproducing point for this network. Example 4 is based on a two variance
component, multivariate gyrocompass observation model for a first order Markov
process: special attention is payed to the reproducing point.

Example 5 is a special treatment of Bayes design for first and second order
statistics, the moment estimation using prior information for the mean parameter
vector Ÿ as well as the model variance �2. We have followed F. Pukelsheim (1990
pp. 270–272).
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Finally we have highlighted the five postulates for inhomogeneous, bilinear
estimation:

1. Inhomogeneous, multilinear
2. Invariance
3. “unbiased” or “minimum bias in the mean”
4. Second order statistics, quasi-Gauss normal distribution
5. Best estimation of the first and central second order moments

In particular, we emphasize the “E-D-correspondance”.

Fast track reading : Read only Theorem 4.3 and Theorem 4.13.

Lemma 4.2
ξ : Σy - BLUUE of ξˆ

Definition 4.1
ξ : Σy - BLUUE of ξˆ

Theorem 4.3
ξ : Σy - BLUUE of ξˆ

ˆ
Lemma 4.4

E{y}, Σy -BLUUE of E{y}
ey, D{ey}, D{y}%%

“The first guideline of chapter four: definition, lemmas and theorem”

In 1823, supplemented in 1828, C.F. Gauss put forward a new substantial
generalization of “least squares” pointing out that an integral measure of loss,
more definitely the principle of minimum variance, was preferable to least squares
and to maximum likelihood. He abandoned both his previous postulates and set
high store by the formula O�2 which provided an unbiased estimate of variance �2.
C. F. Gauss’s contributions to the treatment of erroneous observations, later on
extended by F. R. Helmert, defined the state of the classical theory of errors.

To the analyst C.F. Gauss’s preference to estimators of type BLUUE (Best
Linear Uniformly Unbiased Estimator) for the moments of first order as well as
of type BIQUUE (Best Invariant Quadratic Uniformly Unbiased Estimator) for the
moments of second order is completely unknown. Extended by A.A. Markov who
added correlated observations to the Gauss unbiased minimum variance estimator
we present to you BLUUE of fixed effects and †y-BIQUUE of the variance
component.

“The second guideline of chapter four:
definitions, lemmas, corollaries and theorems”
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In the third chapter we have solved a special algebraic regression problem,
namely the inversion of a system of inconsistent linear equations of full column
rank classified as “overdetermined”. By means of the postulate of a least squares
solution jjijj2 D jjy � Axjj2 D min we were able to determine m unknowns from
n observations (n > m: more equations n than unknowns m). Though “LESS”
generated a unique solution to the “overdetermined” system of linear equations with
full column rank, we are unable to classify “LESS”. There are two key questions we
were not able to answer so far: In view of “MINOS” versus “LUMBE” we want to
know whether “LESS” produces an unbiased estimation or not. How can we attach
to an objective accuracy measure “LESS”?

Theorem 4.5
equivalence of Sy-BLUUE

and Gy-LESS 

Definition 4.7
invariant quadratic estimation

ŝ2
 of s2

: IQE  

Corollary 4.6
multinomial inverse 

Lemma 4.8
invariant quadratic estimation

s2
 of s2

: IQE ˆ

Lemma 4.10
invariant quadratic

estimation sk of sk : IQE ˆ

Lemma 4.13
var-cov components:

IQUUE

Lemma 4.12
invariant quadratic unformly
unbiased estimation: IQUUE 

Definition 4.9
variance-covariance components 

model sk  IQE of sk
ˆ

Corollary 4.14
translational invariance 

Definition 4.11
invariant quadratic unformly
unbiased estimation: IQUUE 

Corollary 4.15
IQUUE of Helmert type:

HIQUUE 

Corollary 4.16
Helmert equation

det H ≠ 0

Corollary 4.17
Helmert equation

det H = 0

Definition 4.18
best IQUUE  

Corollary 4.19
Gauss normal IQE 

Lemma 4.20
Best IQUUE 

Theorem 4.21
s BIQUUE of s2ˆ

The key for evaluating “LESS” is handed over to us by treating the special
algebraic regression problem by means of a special probabilistic regression prob-
lem, namely a special Gauss–Markov model without datum defect. We shall prove
that uniformly unbiased estimations of the unknown parameters of type “fixed
effects” exist. “LESS” is replaced by “BLUUE” (Best Linear Uniformly Unbiased
Estimation). The fixed effects constitute the moments of first order of the under-lying
probability distributions of the observations to be specified. In contrast, its central
moments of second order, known as the variance-covariance matrix or dispersion
matrix, open the door to associate to the estimated fixed effects an objective accuracy
measure.
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? What is a probabilistic problem ?

By means of certain statistical objective function, here of type

“best linear uniformly “best quadratic invariant uniformly
unbiased estimation” unbiased estimation”

(BLUUE) (BIQUUE)
for moments of for the central moments of

first order second order

we solve the inverse problem of linear, lateron nonlinear equations with fixed effects
which relates stochastic observations to parameters. According to the Measurement
Axiom, observations are elements of a probability space. In terms of second
order statistics the observation space Y of integer dimension, dimY D n, is
characterized by

the first momentEfyg, the central second momentDfyg
the expectation of and the dispersion matrix or

(BLUUE) (BIQUUE)
y 2 fY; pdfg variance-covariance matrix†y:

In the case of “fixed effects” we consider the parameter space „, dim„ D m, to
be metrical. Its metric is induced from the probabilistic measure of the metric, the
variance-covariance matrix†y of the observations y 2 fY; pdfg.

In particular, its variance-covariance matrix is pulled-back from the variance-
covariance matrix †y. In the special probabilistic regression model with unknown
“fixed effects” � 2 „ (elements of the parameter space) are estimated while the
random variables like y � Efyg are predicted.

4-1 Introduction

Our introduction has four targets. First, we want to introduce O�, a linear estimation
of the mean value of “direct” observations, and O�2, a quadratic estimation of their
variance component. For such a simple linear model we outline the postulates of
uniform unbiasedness and of minimum variance. We shall pay special attention to
the key role of the invariant quadratic estimation (“IQE”) O�2 of �2. Second, we
intend to analyse two data sets, the second one containing an outlier, by comparing
the arithmetic mean and the median as well as the “root mean square error” (r.m.s.)
of type BIQUUE and the “median absolute deviation” (m.a.d.). By proper choice
of the bias term we succeed to prove identity of the weighted arithmetic mean and
the median for the data set corrupted by an obvious outlier. Third, we discuss the
competitive estimator “MALE”, namely Maximum Likelihood Estimation which
does not produce an unbiased estimation O�2 of �2, in general. Fourth, in order to
develop the best quadratic uniformly unbiased estimation O�2 of �2, we have to
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highlight the need for fourth order statistic. “IQE” as well as “IQUUE” depend on
the central moments of fourth order which are reduced to central moments of second
order if we assume “quasi-normal distributed” observations.

4-11 The Front Page Example

By means of Table 4.1 let us introduce a set of “direct” measurements yi ; i 2
1; 2; 3; 4; 5 of length data. We shall outline how we can compute the arithmetic
mean 13.0 as well as the standard deviation of 1.6.

In contrast, Table 4.2 presents an augmented observation vector: The observa-
tions six is an outlier. Again we have computed the new arithmetic mean 30:1N6
as well as the standard deviation 42.1. In addition, for both examples we have
calculated the sample median and the sample absolute deviation for comparison.
All definitions will be given in the context as well as a careful analysis of the two
data sets.

Table 4.1 “direct” observations, comparison of mean and median
(meany D 13;med y D 13; Œn=2� D 2; Œn=2�C 1 D 3;med y D y.3/; mad y D
med jy.i/ �med yj=1; r:m:s:.I � BIQUUE/ D 1:6)

Number Observ. Difference of Difference of Ordered set Ordered Ordered
of yi observation observation of obser- set of jy.i/ set of y.i/
observ. and mean and median vations y.i/ �med yj �mean y
1 15 C2 C2 11 0 C2
2 12 �1 �1 12 1 �1
3 14 C1 C1 13 1 C1
4 11 �2 �2 14 2 �1
5 13 0 0 15 2 0

Table 4.2 ”direct” observations, effect of one outlier (mean y D 30:1N6;
med y D .13 C 14/=2 D 13:5; r:m:s:.I � BLUUE/ D 42:1;med

ˇ̌
y.i/

�medyj D mady D 1:5)
Number Observ. Difference of Difference of Ordered set Ordered Ordered
of yi observation observation of obser- set of jy.i/ set of y.i/
observ. and mean and median vations y.i/ �med yj �mean y
1 15 �15:1N6 C1.5 11 0.5 �15:1N6
2 12 �18:1N6 �1.5 12 0.5 �16:1N6
3 14 �16:1N6 C0.5 13 1.5 �17:1N6
4 11 �19:1N6 �2.5 14 1.5 �18:1N6
5 13 �17:1N6 �0.5 15 2.5 �19:1N6
6 116 C85:8N3 C102.5 116 C102.5 C85:8N3



4-1 Introduction 189

4-12 Estimators of Type BLUUE and BIQUUE of the Front
Page Example

In terms of a special Gauss–Markov model our data set can be described as
following. The statistical moment of first order, namely the expectationEfyg D 1�
of the observation vector y 2 R

n, here n D 5 and the central statistical moment of
second order, namely the variance-covariance matrix†y, also called the dispersion
matrix Dfyg D In�2; Dfyg DW †y 2 R

n�n; rk†y D n; of the observation vector
y 2 R

n, with the variance �2 characterize the stochastic linear model. The mean
� 2 R of the “direct” observations and the variance factor �2 are unknown. We
shall estimate .�; �2/ by means of three postulates:

• First postulate: O� W linear estimation, O�2: quadratic estimation

O� D
nX

pD1
lpyp or O� D l0y

O�2 D
nX

p;qD1
mpqypyq or

O�2 D y0My D .y0 ˝ y0/.vecM/
D .vecM/0.y˝ y/

• The second postulate: uniform unbiasedness

Ef O�g D � for all � 2 R

Ef O�2g D �2 for all �2 2 R
C

• The third postulate: minimum variance

Df O�g D EfŒ O�� Ef O�g�2g D min
`

and Df O�2g D EfŒ O�2 � Ef O�2g�2g D min
M

O� D arg min
`
Df O�j O� D `0y; Ef O�g D �g

O�2 D arg min
M
Df O�2j O�2 D y0My; Ef O�2g D �2g:

First, we begin with the postulate that the fixed unknown parameters .�; �2/ are
estimated by means of a certain linear form O� D `0y C � D y0` C � and by
means of a certain quadratic form O�2 D y0My C x0y C ! D .vecM/0.y ˝ y/C
Cx0y C ! of the observation vector y, subject to the symmetry condition M 2
SYM WD fM 2 R

n�njM D M0g; namely the space of symmetric matrices. Second
we demand Ef O�g D �; Ef O�2g D �2, namely unbiasedness of the estimations
. O�; O�2/. Since the estimators . O�; O�2/ are special forms of the observation vector
y 2 R

n, an intuitive understanding of the postulate of unbiasedness is the following:
If the dimension of the observation space Y Ö y, dimY D n, is going to infinity, we
expect information about the “two values” .�; �2/, namely
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lim
n!1 O�.n/ D �; lim

n!1 O�
2.n/ D �2:

Let us investigate how LUUE (Linear Uniformly Unbiased Estimation) of � as well
as IQUUE (Invariant Quadratic Uniformly Unbiased Estimation) operate.

LUUE

Ef O�g D Efl 0

yC �g D l 0

Efyg C �
Efyg D 1n�

�
)

Ef O�g D l 0

Efyg C � D l 0

1n�C �
Ef O�g D �, � D 0; .l 0

1n � 1/� D 0
, � D 0; l 0

1n � 1 D 0 for all � 2 R:

Indeed O� is LUUE if and only if � D 0 and .l
0

1n � 1/� D 0 for al l� 2 R. The
zero identity .`01n � 1/� D 0 is fulfilled by means of `01n � 1 D 0; `01n D 1; if
we restrict the solution by the quantor “for al l� 2 R”. � D 0 is not an admissible
solution. Such a situation is described as “uniformly unbiased”. We summarize that
LUUE is constrained by the zero identity

`01n � 1 D 0:

Next we shall prove that O�2 is IQUUE if and only if

IQUUE

Ef O�2g D Efy0MyC x0yC !g D
Ef.vecM/0.y˝ y/C x0yC !g D
.vecM/0Efy˝ yg C x0Efyg C !

Ef O�2g D Efy0MyC x0yC !g D
Ef.y0˝ y0/.vecM/0 C y0xC !g D
Efy0˝ y0g.vecM/0 C Efy0gxC !:

O�2 is called translational invariant with respect to y 7! y � Efyg if

O�2 D y0MyC x0yC ! D .y � Efyg/0M.y �Efyg/C x0.y �Efyg/C !

and uniformly unbiased if

Ef O�2g D .vecM/0Efy˝ yg C x0Efyg C ! D �2 for all �2 2 R
C:

Finally we have to discuss the postulate of a best estimator of type BLUUE of � and
BIQUUE of �2. We proceed sequentially, first we determine O� of type BLUUE and
second O�2 of type BIQUUE. At the end we shall discuss simultaneous estimation of
. O�; O�2/.
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The scalar O�D `0y is BLUUE of � (Best Linear Uniformly Unbiased Esti-
mation) with respect to the linear model

Efyg D 1n�; Dfyg D In�2;

if it is uniformly unbiased in the sense of and in comparison of all linear,
uniformly unbiased estimations possesses the smallest variance in the
sense of

Df O�g D EfŒ O�� Ef O�g�2g
D �2`0` D �2tr`0` D �2jj`jj2 D min :

The constrained Lagrangean L.`; �/, namely

L.`; �/ W D �2`0`C 2�.`01n � 1/
D �2`0`C 2.1n` � 1/� D min

`;�
;

produces by means of the first derivatives

1

2

@L
@l
. Ol ; O�/ D �2 Ol C 1n O� D 0

1

2

@L
@�
. Ol ; O�/ D Ol 01n � 1 D 0

the normal equations for the augmented unknown vector .`; �/, also known as the
necessary conditions for obtaining an optimum. Transpose the first normal equation,
right multiply by 1n, the unit column and substitute the second normal equation in
order to solve for the Lagrange multiplier O�. If we substitute the solution O� in the
first normal equation, we directly find the linear operator Ò.

�2 Ò0 C 10
n
O� D 00

�2 Ò01n C 10
n1n O� D �2 C 10

n1n O� D 0

) O� D � �2

10
n1n
D ��

2

n

�2 Ò C 1n O� D �2 Ol � 1n
�2

n
D 00

) Ò D 1n
1

n
and O� D Ò0y D 1

n
10
ny:

The second derivatives
1

2

@2L
@`@`0 . Ò; O�/ D �2In > 00



192 4 The Second Problem of Probabilistic Regression

constitute the sufficiency condition which is automatically satisfied. Let us briefly
summarize the first result O� BLUUE of �. The scalar O� D `0y is BLUUE of � with
respect to the linear model

Efyg D 1n�;Dfyg D In�2;

if and only if

Ò0 D 1

n
10
n and O� D 1

n
10
ny

is the arithmetic mean. The observation space y 2 fY; pdf g is decomposed into

y.BLUUE/ WD 1n O� versus ey.BLUUE/ WD y � y.BLUUE/;

y.BLUUE/ D 1

n
1n10

ny versus ey.BLUUE/ D ŒIn � 1
n
.1n10

n/�y;

which are orthogonal in the sense of

˝
ey.BLUUE/

ˇ̌
y.BLUUE/

˛ D 0 or
�

In � 1
n
.1n10

n/

�
1

n
.1n10

n/ D 0:

Before we continue with the setup of the Lagrangean which guarantees BIQUUE,
we study beforehand ey WD y � Efyg and ey.BLUUE/ WD y � y.BLUUE/. Indeed
the residual vector ey.BLUUE/ is a linear form of residual vector ey.

ey.BLUUE/ D
�

In � 1
n
.1n10

n/

�
ey:

For the proof we depart from

ey.BLUUE/ W D y � 1n O� D
�

In � 1
n
.1n10

n/

�
y

D
�

In � 1
n
.1n10

n/

�
.y� Efyg/

D In � 1
n
.1n10

n/;

where we have used the invariance property y 7! y � Efyg based upon the
idempotence of the matrix ŒIn � .1n10

n/=n�.
Based upon the fundamental relation ey.BLUUE/ D Dey, where D WD In�

.1n10
n/=n is a projection operator onto the normal space R.1n/?, we are able to

derive an unbiased estimation of the variance component �2. Just compute
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Efe0
y.BLUUE/ey.BLUUE/g D trEfey.BLUUE/e0

y.BLUUE/g
D trDEfeye0

ygD0 D �2trD D0 D �2trD
trD D tr .In/� tr 1

n
.1n10

n/ D n � 1
Efe0

y.BLUUE/ey.BLUUE/g D �2.n � 1/:

Let us define the quadratic estimator O�2 of �2 by

O�2 D 1

n � 1e0
y.BLUUE/ey.BLUUE/;

which is unbiased according to

Ef O�2g D 1

n� 1Efe
0
y.BLUUE/ey.BLUUE/g D �2:

Let us briefly summarize the first result O�2 IQUUE of �2. The scalar

O�2 D e0
y.BLUUE/ey.BLUUE/=.n� 1/

is IQUUE of �2 based upon the BLUUE-residual vector

ey.BLUUE/ D 
In � 1
n
.1n10

n/
�

y:

Let us highlight O�2 BIQUUE of �2.

A scalar O�2 is BIQUUE of �2 (Best Invariant Quadratic Uniformly Unbiased
Estimation) with respect to the linear model

Efyg D 1n�;Dfyg D In�2;

if it is

(i) Uniformly unbiased in the sense of Ef O�2g D �2 for all �2 2 R
C

(ii) Quadratic in the sense of O�2 D y0My for all M DM0
(iii) Translational invariant in the sense of y0My D .y � Efyg/0M.y � Efyg/ D

.y � 1n�/0M.y � 1n�/
(vii) Best if it possesses the smallest variance in the sense of Df O�2g D EfŒ O�2 �

Ef O�2g�2g D min
M

.

First, let us consider the most influential postulate of translational invariance of the
quadratic estimation

O�2 D y0My D .vecM/0.y˝ y/ D .y0 ˝ y0/.vecM/

to comply with



194 4 The Second Problem of Probabilistic Regression

O�2 D e0
yMey D .vecM/0.ey ˝ ey/ D .e0

y ˝ e0
y/.vecM/

subject to

M 2 SYM: D fM 2 R
n�njM D M0g:

Translational invariance is understood as the action of transformation group

y D Efyg C ey D 1n�C ey

with respect to the linear model of “direct” observations. Under the action of such a
transformation group the quadratic estimation O�2 of �2 is specialized to

O�2 D y0My D 
Efyg C ey
�0

M


Efyg C ey

� D .10
n�C e0

y/M.1n�C ey/

O�2 D �210
nM1n C �10

nMey C �e0
yM1n C e0

yMey

y0My D e0
yMey , 10

nM D 00 and 10
nM0 D 00:

IQE, namely 10
nMD 00 and 10

nM0D 00 has a definite consequence. It is independent
of �, the first moment of the probability distribution (“pdf ”). Indeed, the estimation
procedure of the central second moment �2 is decoupled from the estimation of
the first moment �. Here we find the key role of the invariance principle. Another
aspect is the general solution of the homogeneous equation 10

nM D 00 subject to
the symmetry postulate M DM0.

10M D 00 ,
�

M D 
In � 10
n.10

n1n/�110
n
�

Z
M D .In � 1

n
1n10

n/Z ;

where Z is an arbitrary matrix. The general solution of the homogeneous matrix
equation contains the left inverse (generalized inverse .10

n1n/�110
n D 1�

n ) which
takes an exceptionally simple form, here. The general form of the matrix Z 2 R

n�n
is in no agreement with the symmetry postulate M DM0.

10
nM D 00

M DM0 , M D ˛.In � 1
n

1n10
n/:

Indeed, we made the choice ZD˛In which reduces the unknown parameter space
to one-dimension. Now by means of the postulate “best” under the constraint
generated by “uniform unbiasedness” O�2 of �2 we shall determine the parameter
˛ D 1=.n� 1/.

The postulate IQUUE is materialized by

Ef O�2j†y D In�2g D �2 , trM D 1, trM� 1 D 0:

For the simple case of “i.i.d.” observations, namely†y D In�2, Ef O�2g D �2 for an
IQE, IQUUE is equivalent to trM D 1 or .trM/ � 1 D 0 as a condition equation.
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trM D 1,
˛tr.In � 1

n
1n10

n/ D ˛.n � 1/ D 1
˛ D 1

n � 1:

IQUUE of the simple case

invariance W .i/10M D 00 and M DM0
QUUE W .ii/trM� 1 D 0

�
)M D 1

n � 1
�

In � 1
n

1n10
n

	

has already solved our problem of generating the symmetric matrix M:

O�2 D y0My D 1

n � 1y0.In � 1
n

1n10
n/y 2 IQUUE

1.1 Is there still a need to apply “best” as an optimability condition for
BIQUUE ?

Yes, there is! The general solution of the homogeneous equations 10
nM D 00

and M01n D 0 generated by the postulate of translational invariance of IQE did
not produce a symmetric matrix. Here we present the simple symmetrization. An
alternative approach worked depart from

1

2
.MCM0/ D 1

2
fŒIn � 1n.10

n1n/�110
n�ZC Z0ŒIn � 1n.10

n1n/�110
n�g;

leaving the general matrix Z as an unknown to be determined. Let us therefore
develop BIQUUE for the linear model

Efyg D 1n�;Dfyg D In�2

Df O�2g D Ef. O�2 � Ef O�2g/2g D Ef O�4g � Ef O�2g2:
Apply the summation convention over repeated indices i; j; k; ` 2 f1; : : : ; ng:

1st W Ef O�2g2
Ef O�2g2 D mijEfeyi eyj gmk`Efeyk ey` g D mijmkl�ij �k`

subject to

�ij W D Efeyi eyj g D �2ıij and�k` WD Efeyk ey` g D �2ık`
Ef O�2g2 D �4mij ıijmk`ık` D �4.trM/2

2nd W Ef O�4g
Ef O�4g D mijmk`Efeyi eyj eyk ey` g D mijmk`�ijk`

subject to
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�ijk` W D Efeyi eyj eyk ey` g8i; j; k; ` 2 f1; : : : ; ng:

For a normal pdf, the fourth order moment �ijk` can be reduced to second
order moments. For a more detailed presentation of “normal models” we refer to
Appendix A-7

�ijk` D �ij �k` C �ik�j` C �i`�jk D �4.ıij ık` C ıikıj`C ıi`ıjk/
Ef O�4g D �4mijmk`.ıij ık` C ıikıj` C ıi`ıjk/
Ef O�4g D �4Œ.trM/2 C 2trM0M�:

Let us briefly summarize the representation of the variance Df O�2g D Ef. O�2 �
Ef O�2g/2g for normal models.

Let the linear model of i.i.d. direct observations be defined by

Efyjpdf g D 1n�;Dfyjpdfg D In�2:

The variance of a normal IQE can be represented by

Df O�2g W D Ef. O�2 � Ef O�2g/2g D
D 2�4Œ.trM/2 C tr.M2/�:

In order to construct BIQUUE, we shall define a constrained Lagrangean which
takes into account the conditions of translational invariance, uniform unbiased-ness
and symmetry.

L.M; �0; �1; �2/ WD 2trM0MC2�0.trM�1/C2�110
nM1nC2�210

nM01nD min
M;�0;�1;�2

:

Here we used the condition of translational invariance in the special form

10
n

1

2
.MCM0/1n D 0, 10

nM1n D 0 and 10
nM01n D 0;

which accounts for the symmetry of the unknown matrix. We here conclude with
the normal equations for BIQUUE generated from

@L
@.vecM/

D 0; @L
@�0
D 0; @L

@�1
D 0; @L

@�2
D 0:

2
664
2.In ˝ In/ vecIn In ˝ 1n 1n ˝ In
.vecIn/0 0 0 0

In ˝ 10
n 0 0 0

10
n ˝ In 0 0 0

3
775
2
664

vecM
�0

�1
�2

3
775 D

2
664

0
1
0
0

3
775:
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These normal equations will be solved lateron. Indeed M D .In �
1
n

1n10
n/= .n � 1/ is a solution.

BIQUUE W
O�2 D 1

n � 1y0.In � 1
n

1n10
n/y

Df O�2g D 2

n � 1�
4

Such a result is based upon

.trM/2.BIQUUE/ D 1

n � 1 ; .trM
2/.BIQUUE/ D 1

n � 1 ;

Df O�2jBIQUUEg D Df O�2g D 2�4Œ.trM/2 C .trM2/�.BIQUUE/;

Df O�2g D 2

n � 1�
4:

Finally, we are going to outline the simultaneous estimation of f�; �2g for the linear
model of direct observations.

• First postulate: inhomogeneous, multilinear (bilinear) estimation

O� D �1 C `0
1yCm0

1.y˝ y/

O�2 D �2 C `0
2yC .vecM2/

0.y˝ y/� O�
O�2
�
D
�
�1

�2

�
C
�
`0
1 m0

1

`0
2 .vecM2/

0
� �

y
y˝ y

�

x D XY, x WD
� O�
O�2
�
; X D

�
�1 `

0
1 m0

1

�2 `
0
2 .vecM2/

0
�

Y W D
2
4 1

y
y˝ y

3
5

• Second postulate: uniform unbiasedness

E fxg D E
�� O�
O�2
��
D
�
�

�2

�

• Third postulate: minimum variance

Dfxg WD trEfŒx �E fxg� Œx � E fxg�0g D min :
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4-13 BLUUE and BIQUUE of the Front Page Example,
Sample Median, Median Absolute Deviation

According to Tables 4.1 and 4.2 we presented you with two sets of observations
yi 2 Y, dimY D n; i 2 f1; : : : ; ng the second one qualifies to certain “one outlier”.
We aim at a definition of the median and of the median absolute deviation which
is compared to the definition of the mean (weighted mean) and of the root-mean-
square error. First we order the observations according to y.1/ < y.2/ < : : : <

y.n�1/ < y.n/ by means of the permutation matrix

2
666664

y.1/

y.2/
: : :

y.n�1/
y.n/

3
777775
D P

2
666664

y1

y2
: : :

yn�1
yn

3
777775
;

namely
data set one data set two

2
666664

11

12

13

14

15

3
777775
D

2
666664

0 0 0 1 0

0 1 0 0 0

0 0 0 0 1

0 0 1 0 0

1 0 0 0 0

3
777775

2
666664

15

12

14

11

13

3
777775

versus

2
66666664

11

12

13

14

15

116

3
77777775
D

2
66666664

0 0 0 1 0 0

0 1 0 0 0 0

0 0 0 0 1 0

0 0 1 0 0 0

1 0 0 0 0 0

0 0 0 0 0 1

3
77777775

2
66666664

15

12

14

11

13

116

3
77777775

P5 D

2
666664

0 0 0 1 0

0 1 0 0 0

0 0 0 0 1

0 0 1 0 0

1 0 0 0 0

3
777775

versus P6 D

2
66666664

0 0 0 1 0 0

0 1 0 0 0 0

0 0 0 0 1 0

0 0 1 0 0 0

1 0 0 0 0 0

0 0 0 0 0 1

3
77777775
:

Note PP0 D I, P�1 D P0. Second, we define the sample median med y as well as
the median absolute deviation mad y of y 2 Y by means of

medy WD
2
4 y.Œn=2�C1/ if n is an odd number
1

2
.y.n=2/ C y.n=2C1// if n is an even number

mady WD medjy.i/ �medyj;
where Œn=2� denotes the largest integer (“natural number”)� n=2.
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Third, we compute I-LESS, namely mean y D .101/�1y D 1
n

10y listed in
Table 4.3. Obviously for the second observational data set the Euclidean metric
of the observation space Y is not isotropic. Indeed let us compute Gy-LESS, namely
the weighted mean y D .10Gy1/�110Gyy. A particular choice of the matrix of the
metric, also called “weight matrix”, is Gy D Diag.1; 1; 1; 1; 1; x/ such that

weighted mean y D y1 C y2 C y3 C y4 C y5 C y6x
5C x ;

where x is the unknown weight of the extreme value (“outlier”) y6. A special robust
design of the weighted mean y is the median y, namely

weighted mean y D med y

such that

x D y1 C y2 C y3 C y4 C y5 � 5med y
med y � y6

here

x D 0:024; 390; 243 � 24

1000
:

Indeed the weighted mean with respect to the weight matrix Gy D Diag.1; 1; 1; 1,
1; 24=1000/ reproduces the median of the second data set. The extreme value has
been down-weighted by a weight 24=1000 approximately. Four, with respect to the

Table 4.3 “direct” observations, comparison two data sets by means of med
y, mad y (I-LESS, Gy-LESS), r.m.s. (I-BIQUUE)

data set one data set two
n D 5 (“odd”) n D 6 (“even”)
n=2 D 2:5; Œn=2� D 2 n=2 D 3; n=2C 1 D 4
Œn=2�C 1 D 3
medy D y.3/ D 13 medy D 13:5
mady D 1 mady D 1:5
mean y.I -LESS/ D 13 mean y.I -LESS/ D 30:1N6

weighted mean y
.Gy-LESS/ D 13:5
Gy D Diag.1; 1; 1; 1; 1; 24

1000
/

O�.I-BLUUE/ D 13 O�.I-BLUUE/ D 30:1N6
O�2.I-BIQUUE/ D 2:5 O�2.I-BIQUUE/ D 1770:1
r.m.s. .I-BIQUUE/ D r.m.s. .I-BIQUUE/ D
O�.I-BIQUUE/ D 1:6 O�.I-BIQUUE/ D 42:1
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simple linear model Efyg D 1�, Dfyg D I�2 we compute I-BLUUE of � and
I-BIQUUE of �2, namely

O� D .101/�110y D 1
n

10y

O�2 D 1

n � 1y0 
I� 1.101/�1
�

y D 1

n � 1y0 
I � 1
n

110� y D 1

n � 1.y�1 O�/0.y�1 O�/:
Obviously the extreme value y6 in the second data set has spoiled the specification of
the simple linear model. The r.m.s. (I-BLUUE) = 1.6 of the first data set is increased
to the r.m.s. (I-BIQUUE) = 42.1 of the second data set.

Five, we setup the alternative linear model for the second data set, namely

E

8̂̂
ˆ̂̂̂
<̂
ˆ̂̂̂
ˆ̂̂:

2
66666664

y1
y2
y3

y4
y5
y6

3
77777775

9>>>>>>>=
>>>>>>>;
D

2
66666664

�1
�1
�1

�1
�1
�2

3
77777775
D

2
66666664

�

�

�

�

�

�C 	

3
77777775
D

2
66666664

1

1

1

1

1

1

3
77777775
�C

2
66666664

0

0

0

0

0

1

3
77777775
	

Efyg D A� W
�

A WD Œ1; a� 2 5�2; 1 WD Œ1; 1; 1; 1; 1; 1�0 2 R
6�1

� WD Œ�; 	�0 2 2�1; a WD Œ0; 0; 0; 0; 0; 1�0 2 R
6�1

Dfyg D

2
66666664

1 0 0 0 0 0

0 1 0 0 0 0

0 0 1 0 0 0

0 0 0 1 0 0

0 0 0 0 1 0

0 0 0 0 0 1

3
77777775
�2 2 R

6�6

Dfyg D I6�
2; �2 2 R

C;

adding to the observation y6 the bias term 	. Still we assume the variance-covariance
matrix Dfyg of the observation vector y 2 R

6�6 to be isotropic with one variance
component as an unknown. . O�; O	/ is I6-BLUUE if

� O�
O	
�
D .A0A/�1A0y

� O�
O	
�
D
�
13

103

�

O� D 13; O	 D 103; �1 D O� D 13; Oy2 D 116
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D

�� O�
O	
��
D .A0A/�1�2

D

�� O�
O	
��
D �2

5

�
1 �1
�1 6

�

�2O� D
�2

5
; �2O	 D

6

5
�2; � O�O	 D �1

5
�2

O�2

is I6-BIQUUE if

O�2 D 1

n � rkA
y0 
I6 � A.A0A/�1A0� y

I6 � A.A0A/�1A0 D 1

5

2
66666664

4 �1 �1 �1 �1 0
�1 4 �1 �1 �1 0
�1 �1 4 �1 �1 0
�1 �1 �1 4 �1 0
�1 �1 �1 �1 4 0

0 0 0 0 0 5

3
77777775

ri WD


I6 �A.A0A/�1A0�

i i
D
�
4

5
;
4

5
;
4

5
;
4

5
;
4

5
; 1

	
8i 2 f1; : : : ; 6g

are the redundancy numbers.

y0.I6 � A.A0A/�1A0/y D 13;466

O�2 D 1

4
13;466 D 3;366:5; O� D 58:02

�2O�. O�2/ D
3;366:5

5
D 673:3; � O�. O�/ D 26

�2O	 . O�2/ D
6

5
3;366:5 D 4;039:8; �O	. O�/ D 63:6:

Indeed the r.m.s. value of the partial mean O� as well as of the estimated bias
O	 have changed the results remarkably, namely from r.m.s. (simple linear model)
42.1 to r.m.s. (linear model) 26. A r.m.s. value of the bias O	 in the order of 63.6
has been documented. Finally let us compute the empirical “error vector” Ql and is
variance-covariance matrix by means of

Qey D


I6 � A.A0A/�1A0� y;

DfQeyg D


I6 � A.A0A/�1A0��2;
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Qey D


2 �1 1 �2 0 116 �0

D
nQlo D

2
66666664

4 �1 �1 �1 �1 0
�1 4 �1 �1 �1 0
�1 �1 4 �1 �1 0
�1 �1 �1 4 �1 0
�1 �1 �1 �1 4 0

0 0 0 0 0 5

3
77777775
�2

5

Df Ql j O�2g D 673:3 �

2
66666664

4 �1 �1 �1 �1 0
�1 4 �1 �1 �1 0
�1 �1 4 �1 �1 0
�1 �1 �1 4 �1 0
�1 �1 �1 �1 4 0

0 0 0 0 0 5

3
77777775
:

4-14 Alternative Estimation Maximum Likelihood (MALE)

Maximum Likelihood Estimation (“MALE”) is a competitor to BLUUE of the first
moments Efyg and to the BIQUUE of the second central moments Dfyg of a
random variable y 2 fY; pdf g, which we like to present at least by an example.

Maximum Likelihood Estimation
:linear model:

Efyg D 1n�;Dfyg D In�2

“independent, identically normal distributed observations”
Œy1; : : : ; yn�

0
“direct observations”

unknown parameter: f�; �g 2 fR;RCg DW X
“simultaneous estimations of f�; �2g”.

Given the above linear model of independent, identically, normal distributed
observations Œy1; : : : ; yn�0 D y 2 fRn; pdf g. The first moment � as well as the
central second moment �2 constitute the unknown parameters .�; �2/ 2 R � R

C
where R � R

C is the admissible parameter space. The estimation of the unknown
parameters .�; �2/ is based on the following optimization problem

Maximize the log-likelihood function

ln f .y1; : : : ; yn
ˇ̌
�; �2/ D ln

nY
iD1

f .yi
ˇ̌
�; �2/
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D ln

(
1

.2�/
n
2 �

n exp

 
� 1

2�2

nX
iD1

.yi � �/2
!)
D

D �n
2

ln 2� � n
2

ln �2 � 1

�2

nX
iD1

.yi � �/2 Dmax
�;�2

of the independent, identically normal distributed random variables fy1; : : : ; yng.
The log-likelihood function is simple if we introduce the first sample moment m1

and the second sample momentm2, namely

m1 W D 1

n

nX
iD1

yi D 1

n
10y;m2 WD 1

n

nX
iD1

y2i D
1

n
y0y

lnf
�
y1; : : : ; yn

ˇ̌
�; �2

� D �n
2

ln 2� � n
2

ln �2 � n

2�2

�
m2 � 2m1�C �2

�
;

Now we are able to define the optimization problem

`
�
�; �2

� WD ln f
�
y1; : : : ; yn

ˇ̌
�; �2

� D max
�; �2

more precisely.
Definition. (Maximum Likelihood Estimation, linear model Efyg D 1n�,
Dfyg D In�2, independent, identically normal distributed observations
fy1; : : : ; yng):

A 2x1 vectorŒ�`; �2` �
0 is called MALE of Œ�; �2�0, (Maximum Likelihood

Estimation) with respect to the linear model 0.1 if its log-likelihood function

`.�; �2/ W D lnf .y1; : : : ; yn
ˇ̌
�; �2 / D

D �n
2

ln 2� � n
2

ln �2 � n

2�2
.m2 � 2m1 C �2/

is minimal. The simultaneous estimation of .�; �2/ of type MALE can be
characterized as following.
Corollary. (MALE with respect to the linear model Efyg D 1n�;Dfyg D
In�2, independent identically normal distributed observations fy1; : : : ; yng):

The log-likelihood function `
�
�; �2

�
with respect to the linear model Efyg D

1n�;Dfyg D In�
2,.�; �2 2 R � R

C/, of independent, identically normal
distributed observations fy1; : : : ; yng is maximal if

�` D m1 D 1

n
10y; �2` D m2 �m2

1 D
1

n
.y � y`/0.y � y`/
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is a simultaneous estimation of the mean volume (first moment) �` and of the
variance (second moment) �2` .

Proof. The Lagrange function

L.�; �2/ WD �n
2

ln �2 � n

2�2
.m2 � 2m1�C �2/ D max

�;�2

leads to the necessary conditions

@L

@�
.�; �2/ D nm1

�2
D n�

�2
D 0

@L

@�2
.�; �2/ D � n

2�2
C n

2�4
.m2 � 2�m1 C �2/ D 0;

also called the likelihood normal equations. Their solution is�
�1
�2`

�
D
�

m1

m2 �m2
1

�
D 1

n

�
10y

y0y � .10y/2
�
:

The matrix of second derivates constitutes as a negative matrix the sufficiency
conditions.

@2L

@.�; �2/@.�; �2/0
.�`; �`/ D �n

2
664
1

�2`
0

0
1

�4`

3
775 > 0:

Finally we can immediately check that `.�; �2/ ! �1 as .�; �2/ approaches
the boundary of the parameter space. If the log-likelihood function is sufficiently
regular, we can expand it as

`.�; �2/ D `.�`; �2` /CD`.�`; �2` /
�
� � �`
�2 � �2`

�
C

C1
2
D2`.�`; �

2
` /

�
� � �`
�2 � �2`

�
˝
�
� � �`
�2 � �2`

�
CO3:

Due to the likelihood normal likelihood equations D`.�`; �2` / vanishes. Therefore
the behavior of `.�; �2/ near.�`; �2` / is largely determined by D2`.�`; �

2
` /2 R � R

C, which is a measure of the local curvature the log-likelihood function
`.�; �2/. The non-negative Hesse matrix of second derivatives

I.�`; �
2
` / D �

@2`

@.�; �2/@.�; �2/0
.�`; �

2
` / > 0

is called observed Fischer information. It can be regarded as an index of the
steepness of the log-likelihood function moving away from .�; �2/, and as an
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Table 4.4 .�`; �2` / MALE of .�; �2/ 2 fR;RCg: the front page examples

�` �2` j�`j
1st example (nD 5) 13 2

p
2

2nd example (nD 6) 30.16 1474.65 36.40

indicator of the strength of preference for the MLE point with respect to the other
points of the parameter space. Finally, compare by means of Table 4.4 .�`; �2` /
MALE of .�; �2/ for the front page example of Tables 4.1 and 4.2

4-2 Setup of the Best Linear Uniformly Unbiased Estimator

of type BLUUE for the moments of first order

Let us introduce the special Gauss–Markov model y D A� C e specified in Box
4.1, which is given for the first order moments in the form of a inconsistent
system of linear equations relating the first non-stochastic (“fixed”), real-valued
vector � of unknowns to the expectationEfyg of the stochastic, real-valued vector
y of observations, A� D Efyg, sinceEfyg 2 R.A/ is an element of the column
spaceR.A/ of the real-valued, non-stochastic (“fixed”) “first order design matrix”
A 2 R

n�m. The rank of the fixed matrix A; rkA, equals the numberm of unknowns,
� 2 R

m. In addition, the second order central moments, the regular variance-
covariance matrix†y, also called dispersion matrixDfyg constitute the second
matrix †y 2 R

n�m of unknowns to be specified as a linear model further on.

Box 4.1. (Special Gauss–Markov model y D A� C e)

1st moments

A� D Efyg; A 2 R
n�m; Efyg 2 R.A/; rkA D m (4.1)

2nd moments

†y D Dfyg 2 R
n�n; †y positive definite; rk†y D n (4.2)

„; Efyg; y �Efyg D e unknown

†y unknown :
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4-21 The Best Linear Uniformly Unbiased Estimation
O� of � W †y-BLUUE

Since we are dealing with a linear model, it is “a natural choice” to setup a linear
form to estimate the parameters � of fixed effects, namely

O� D LyC �; (4.3)

where fL 2 R
m�n; � 2 R

mg are fixed unknowns. In order to determine the
real-valued m � n matrix L and the real-valued m � 1 vector �; independent of
the variance-covariance matrix †y; the inhomogeneous linear estimation O� of the
vector � of fixed effects has to fulfil certain optimality conditions.

(1st) O� is an inhomogeneous linear unbiased estimation of �

Ef O�g D EfLyC �g D � for all � 2 R
m; (4.4)

and (2nd) in comparison to all other linear uniformly unbiased estimations O� has
minimum variance

trDf O�g WD Ef. O� � �/0. O� � �/g D
D trL†y L0 D jjL0jj† D min

L
:

(4.5)

First the condition of a linear uniformly unbiased estimationEf O�g DEfLyC�g D �
with respect to the Special Gauss–Markov model (4.1), (4.2) has to be considered
in more detail. As soon as we substitute the linear model (4.1) into the postulate of
uniformly unbiasedness (4.4) we are led to

Ef O�g D EfLyC �g D LEfyg C � D � for all � 2 R
m (4.6)

and

LA� C � D � for all � 2 R
m: (4.7)

Beside � D 0 the postulate of linear uniformly unbiased estimation with respect to
the special Gauss–Markov model (4.1), (4.2) leaves us with one condition, namely

LA � Im� D 0 for all � 2 R
m (4.8)

or

LA � Im D 0: (4.9)

Note that there are locally unbiased estimations such that .LA � Im/�0 D 0 for
LA � Im ¤ 0: Alternatively, B. Schaffrin (2000) has softened the constraint of
unbiasedness (4.9) by replacing it by the stochastic matrix constraint A0L0 D Im C
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E0 subject to Efvec E0g D 0; Dfvec E0g D .Im ˝ †0/; †0 a positive definite
matrix. For †0 ! 0, uniform unbiasedness is restored. Estimators which fulfill
the stochastic matrix constraint A0L0 D Im C E0 for finite †0 are called “softly
unbiased” or “unbiased in the mean”.

Second, the choice of norm for “best” of type minimum variance has to be
discussed more specifically. Under the condition of a linear uniformly unbiased
estimation let us derive the specific representation of the weighted Frobenius matrix
norm of L0. Indeed let us define the dispersion matrix

Df O�g WD Ef. O� � Ef O�g/. O� � Ef O�g/0g D
D Ef. O� � �/. O� � �/0g ; (4.10)

which by means of the inhomogeneous linear form O� D LyC � is specified to

Df O�g D LDfygL0 (4.11)

and

Definition 4.1. ( O� †y-BLUUE of �):

An m1 vector O� D Ly C � is called †y-BLUUE of � (Best Linear Uniformly
Unbiased Estimation) with respect to the†y-norm in (4.1) if
(1st) O� is uniformly unbiased in the sense of

trDf O�g WD trLDfygL0 D jjL0jj†y : (4.12)

Now we are prepared for

Lemma 4.2. ( O� †y-BLUUE of � ):

An m1 vector O� D LyC � is †y-BLUUE of � in (4.1) if and only if

� D 0 (4.13)

holds and the matrix L fulfils the system of normal equations

�
˙y A
A0 0

� �
L0
ƒ

�
D
�

0
Im

�
(4.14)

or
˙yL0 CA� D 0 (4.15)
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and
A0L0 D Im (4.16)

with the m �m matrix of “Lagrange multipliers”.

Proof. Due to the postulate of an inhomogeneous linear uniformly unbiased
estimation with respect to the parameters � 2 R

m of the special Gauss–Markov
model we were led to � D 0 and one conditional constraint which makes it plausible
to minimize the constraint Lagrangean

L.L;ƒ/ WD tr L†yL0 C 2trƒ.A0L0 � Im/ D min
L;ƒ

(4.17)

for †y-BLUUE. The necessary conditions for the minimum of the quadratic
constraint Lagrangean L.L; ƒ/ are

@L
@L
. OL; Oƒ/ WD 2.†y OL0 C A Oƒ/0 D 0 (4.18)

@L
@ƒ

. OL; Oƒ/ WD 2.A0 OL0 � Im/ D 0 (4.19)

which agree to the normal equations (4.14).
The second derivatives

@2L
@.vecL/@.vecL/0

. OL; Oƒ/ D 2.†y ˝ Im/ > 0 (4.20)

constitute the sufficiency conditions due to the positive-definiteness of the matrix†
for L.L;ƒ/ D min |.

Obviously, a homogeneous linear form O� D Ly is sufficient to generate †-
BLUUE for the special Gauss–Markov model (4.1), (4.2). Explicit representations
of †-BLUUE of type O� as well as of its dispersion matrix Df O�j O� †y-BLUUE
generated by solving the normal equations (4.14) are collected in

Theorem 4.3. ( O� †y-BLUUE of � ):

Let O� D Ly be†-BLUUE of �, in the special linear Gauss–Markov model (4.1),
(4.2). Then

O� D .A0†�1
y A/�1A0†�1

y y (4.21)

O� D † O�A
0†�1

y y (4.22)

are equivalent to the representation of the solution of the normal equations (4.14)
subjected to the related dispersion matrix

Df O�g WD † O� D .A0†�1
y A/�1:
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Proof. We shall present two proofs of the above theorem: The first one is based
upon Gauss elimination in solving the normal equations (4.14), the second one uses
the power of the IPM method (Inverse Partitioned Matrix, C.R. Rao’s Pandora Box).

(i) forward step (Gauss elimination):

Multiply the first normal equation by †�1
y , multiply the reduced equation by A0

and subtract the result from the second normal equation. Solve forƒ

˙y OL0 C Aƒ D 0 .first equation:
multiply by�A0˙�1

y /

A OL0 D Im .second equation/

3
5 ,

, �A0 OL0 �A0˙�1
y A Oƒ D 0

A0 OL0 D Im

#
,

, �A0˙�1
y A Oƒ D I )

) Oƒ D �.A0˙�1
y A/�1 (4.23)

(ii) backward step (Gauss elimination):

Substitute Oƒ in the modified first normal equation and solve for OL.

, OL0 C˙�1
y A Oƒ D 0, OL D Oƒ0A0˙�1

yOƒ D �.A0˙�1
y A/�1

#
,

) OL D .A0˙�1
y A/�1A0˙�1

y : (4.24)

(iii) IPM (Inverse Partitioned Matrix):

Let us partition the symmetric matrix of the normal equations (4.14)

�
˙y A
A0 0

�
D
�

A11 A12

A0
12 0

�
:

�
˙y A
A0 0

��1
D
�

A11 A12

A0
12 0

��1
D
�

B11 B12
B0
12 B22

�

B11 D Im �˙�1
y A.A0˙�1

y A/�1A0˙�1
y

B0
12 D .A0˙�1

y A/�1A0˙�1
y

B22 D �.A0˙�1
y A/�1:
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The normal equations are now solved by

� OL0
Oƒ
�
D
�

A11 A12

A0
12 0

��1 �
0

Im

�
D
�

B11 B12
B0
12 B22

� �
0

Im

�

OL D B0
12 D .A0˙�1

y A/�1A0˙�1
yOƒ D B22 D �.A0˙�1

y A/�1:
(4.25)

(iv) dispersion matrix The related dispersion matrix is computed by means of the
“Error Propagation Law”.

Df O�g D DfLy j OL D .A0†�1
y A/�1g D OLDfyg OL0

Df O�g D .A0†�1
y A/�1A0†�1

y †y†
�1
y A.A0†�1

y A/�1

Df O�g D .A0†�1
y A/�1: (4.26)

Here is our proof’s end.
By means of Theorem 4.3 we succeeded to produce O�-BLUUE of �. In

consequence, we have to estimate 1Efyg as†y-BLUUE ofEfyg as well as the “error
vector”

ey WD y � Efyg (4.27)

Qey WD y �1Efyg D y �A O� D .In �AL/y (4.28)

out of

Lemma 4.4. (1Efyg †y-BLUUE of Efyg, Qey; DfQeyg; Dfyg):

(i) Let 1Efyg be †-BLUUE of Efyg D A� with respect to the special Gauss–
Markov model (4.1), (4.2), then

1Efyg D A O� D A.A0†�1
y A/�1A0†�1

y y (4.29)

leads to the singular variance-covariance matrix (dispersion matrix)

DfA O�g D A.A0†�1
y A/�1A0: (4.30)

(ii) If the error vector e is empirically determined, we receive for

Qey D ŒIn � A.A0†�1
y A/�1A0†�1

y �y (4.31)

and its singular variance-covariance matrix (dispersion matrix)

DfQeyg D †y �A.A0†�1
y A/�1A0; rkDfQeyg D n � m (4.32)
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(iii) The dispersion matrices of the special Gauss–Markov model (4.1), (4.2) are
related by

Dfyg D DfA O� C Qeyg D DfA O�g CDfQeyg
D DfQey � eyg CDfQeyg; (4.33)

C fQey; A O�g D 0; C fQey; Qey � eyg D 0: (4.34)

Qey and A O� are uncorrelated:
Proof.

.i/ 1Efyg D A O� D A.A0†�1
y A/�1A0†�1

y y

As soon as we implement O� †y-BLUUE of � , namely (4.21), into A O� we are directly
led to the desired result.

.ii/ DfA O�g D A.A0†�1
y A/�1A0

O� †y-BLUUE of � ; namely (4.21), implemented in

DfA O�g W D EfA. O� � Ef O�g/. O� � Ef O�g/0A0g
DfA O�g D AEf. O� � Ef O�g/. O� � Ef O�g/0gA0

DfA O�g D A.A0†�1
y A/�1A0†�1

y Ef.y� Efyg/.y�Efyg/0g†�1
y A.A0˙�1

y A/�1A0

DfA O�g D A.A0†�1
y A/�1A0†�1

y A.A0†�1
y A/�1A0

DfA O�g D A.A0†�1
y A/�1A0

leads to the proclaimed result.

.iii/ Qey D ŒIn � A.A0†�1
y A/�1A0†�1

y �y:

Similarly if we substitute†y-BLUUE of � , namely (4.21), in

Qey D y �1Efyg D y �A O� D ŒIn � A.A0†�1
y A/�1A0†�1

y �y

we gain what we wanted!

.iv/ DfOeyg D † � A.A0†�1
y A/�1A0

DfQeyg WD Ef.Qey � EfQeyg/.Qey �EfQeyg/0g:
As soon as we substitute

EfQeyg D ŒIn � A.A0†�1
y A/�1A0†�1

y �Efyg
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in the definition of the dispersion matrixDfQeyg; we are led to

DfQeyg W D ŒIn � A.A0†�1
y A/�1A0†�1

y �† ŒIn �†�1
y A.A0†�1

y A/�1A0�;

DfQeyg D Œ†y �A.A0†�1
y A/�1A0� ŒIn �†�1

y A.A0†�1
y A/�1A0�

D †y � A.A0†�1
y A/�1A0 � A.A0†�1

y A/�1A0 C A.A0†�1
y A/�1A0

D †y � A.A0†�1
y A/�1A0:

rkDfQeyg D rkDfyg � rkA.A†�1
y A/�1A0 D n �m:

.v/ Dfyg D DfA O� C Qeyg D DfA O�g CDfQeyg D DfQey � eyg CDfQeyg
y � Efyg D y � A� D y �A O� C A. O� � �/
y � Efyg D A. O� � �/C Qey:

The additive decomposition of the residual vector y � Ey left us with two terms,
namely the predicted residual vector Qey and the term which is a linear functional of
O� � �: The corresponding product decomposition

Œy � Efyg�Œy�Efyg�0 D A. O� � �/. O� � �/0 C A. O� � �/Qe0
y

CQey. O� � �/0A0 C Qey Qe0
y

for O� †y-BLUUE of �, in particular Ef O�g D �; and

Œy �Efyg�Œy� Efyg�0 D A. O� � Ef O�g/. O� �Ef O�g/0 C A. O� � Ef O�g/Qe0
y

CQey. O� � Ef O�g/0A0 C Qey Qe0
y

Dfyg D EfŒy �Efyg�Œy� Efyg�0g D DfA O�g CDfQeyg
D DfQey � eyg CDfQeyg

due to

EfA. O� �Ef O�g/Qe0
yg D EfA. O� �Ef O�g/.y� A O�/0g D 0

EfQey. O� � Ef O�g/0A0g D EfQey. O� �Ef O�g/0A0g D 0
or

C fA O�; Qeyg D 0; C fQey; A O�g D 0:
These covariance identities will be proven next.

C fA O�; Qeyg D A.A0†�1
y A�/�1A0†�1

y Ef.y� Efyg/.y�Efyg/0g
� ŒIn � A.A0†�1

y A/�1A0†�1
y �0
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C fA O�; Qeyg D A.A0†�1
y A/�1A0†�1

y †yŒIn �†�1
y A.A0†�1

y A/�1A0�

C fA O�; Qeyg D A.A0†�1
y A/�1A0 � A.A0†�1

y A/�1A0 D 0:

Here is our proof’s end.

We recommend to consider the exercises as follows.

Exercise 4.1. (translation invariance: y 7! y � Efyg):
Prove that the error prediction of type O� †y-BLUUE of � , namely

Qey D ŒIn � A.A0†�1
y A/�1A0†�1

y �y

is translation invariant in the sense of y 7! y � Efyg that is

Qey D ŒIn � A.A0†�1
y A/�1A0†�1

y �ey

subject to ey WD y � Efyg:
Exercise 4.2. (idempotence):

Is the matrix In �A.A0†�1
y A/�1A0†�1

y idempotent?

Exercise 4.3. (projection matrices):

Are the matrices A.A0†�1
y A/�1A0†�1

y and In � A.A0†�1
y A/�1A0†�1

y projection
matrices?

4-22 The Equivalence Theorem of Gy-LESS and †y-BLUUE

We have included the fourth chapter on †y-BLUUE in order to interpret Gy-LESS
of the third chapter. The key question is open:

?When are†y-BLUUE and Gy-LESS equivalent?

The answer will be given by

Theorem 4.5. (equivalence of †y-BLUUE and Gy-LESS):

With respect to the special linear Gauss–Markov model of full column rank (4.1),
(4.2) O� D Ly is †y-BLUUE, if �` D Ly is Gy-LESS of (3.1) for

Gy D †�1
y � G�1

y D †y: (4.35)

In such a case, O� D �` is the unique solution of the system of normal equations

.A0†�1
y A/ O� D A0†�1

y y (4.36)
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attached with the regular dispersion matrix

Df O�g D .A0†�1
y A/�1: (4.37)

The proof is straight forward if we compare the solution (3.11) of Gy-LESS
and (4.21) of †y-BLUUE: Obviously the inverse dispersion matrix Dfyg; y 2
fY; pdf g is equivalent to the matrix of the metric Gy of the observation space Y. Or
conversely the inverse matrix of the metric of the observation space Y determines
the variance-covariance matrix Dfyg � †y of the random variable y 2 fY; pdf g.

4-3 Setup of the Best Invariant Quadratic Uniformly
Unbiased Estimator

of type BIQUUE for the central moments of second order

The subject of variance-covariance component estimation within Mathematical
Statistics has been one of the central research topics in the nineteen eighties. In
a remarkable bibliography up-to-date to the year 1977 H. Sahai listed more than
1,000 papers on variance-covariance component estimations, where his basic source
was “Statistical Theory and Method” abstracts (published for the International
Statistical Institute by Longman Groups Limited), “Mathematical Reviews” and
“Abstract Service of Quality Control and Applied Statistics”. Excellent review
papers and books exist on the topic of variance-covariance estimation such as
C.R. Rao and J. Kleffe (1988), R.S. Rao (1977) S. B. Searle (1978), L.R. Verdooren
(1980), J. Kleffe (1980), and R. Thompson (1980). The PhD Thesis of B. Schaffrin
(1983) offers a critical review of state-of-the-art of variance-covariance component
estimation.

In Geodetic Sciences variance components estimation originates from
F.R. Helmert (1924) who used least squares residuals to estimate heterogeneous
variance components. R. Kelm (1974) and E. Grafarend, A. Kleusberg and
B. Schaffrin (1980) proved the relation of †0 Helmert type IQUUE balled
†-HIQUUE to BIQUUE and MINQUUE invented by C.R. Rao. Most notable
is the Ph.D. Thesis of M. Serbetci (1968) whose gravimetric measurements were
analyzed by †0-HIQUUE Geodetic extensions of the Helmert method to compete
variance components originate from H. Ebner (1972, 1977), W. Förstner (1979,
1980), W. Welsch (1977, 1978, 1979, 1980), K. R. Koch (1978, 1981), C. G. Persson
(1981), L. Sjoeberg (1978), E. Grafarend and A. d’Hone (1978), E. Grafarend
(1984) B. Schaffrin (1979, 1980, 1981). W. Förstner (1979), H. Fröhlich (1980),
and K.R. Koch (1981) used the estimation of variance components for the adjustment
of geodetic networks and the estimation of a length dependent variance of
distances. A special field of geodetic application has been oscillation analysis
based upon a fundamental paper by H. Wolf (1975), namely M. Junasevic (1977)
for the estimation of signal-to-noise ratio in gyroscopic azimuth observations. The
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Helmert method of variance component estimation was used by E. Grafarend
and A. Kleusberg (1980) and A. Kleusberg and E. Grafarend (1981) to estimate
variances of signal and noise in gyrocompass observations. Alternatively K. Kubik
(1967a, b, c, 1970) pioneered the method of Maximum Likelihood (MALE) for
estimating weight ratios in a hybrid distance–direction network. “MALE” and
“FEMALE” extensions were proposed by B. Schaffrin (1983), K. R. Koch (1986),
and Z. C. Yu (1996).

A typical problem with †0-Helmert type IQUUE is that it does not pro-
duce positive variances in general. The problem of generating a positive-definite
variance-covariance matrix from variance-covariance component estimation has
already been highlighted by J. R. Brook and T. Moore (1980), K.G. Brown (1977,
1978), O. Bemk and H. Wandl (1980), V. Chew (1970), Han Chien-Pai (1978),
R. R. Corbeil and S. R. Searle (REML, 1976), F. J. H. Don and J. R. Magnus (1980),
H. Drygas (1980), S. Gnot, W. Klonecki and R. Zmyslony (1977). H. O. Hartley and
J. N. K. Rao (ML, 1967), in particular J. Hartung (1979, 1980), J. L. Hess (1979),
S. D. Horn and R. A. Horn (1975), S. D. Horn, R. A. Horn and D. B. Duncan
(1975), C. G. Khatri (1979), J. Kleffe (1978, 1980), ), J. Kleffe and J. Zöllner
(1978), in particular L. R. Lamotte (1973, 1980), S. K. Mitra (1971), R. Pincus
(1977), in particular F. Pukelsheim (1976, 1977, 1979, 1981 a, b), F. Pukelsheim
and G. P. Styan (1979), C. R. Rao (1970, 1978), S. R. Searle (1979), S. R. Searle
and H. V. Henderson (1979), J. S. Seely (1972, 1977), in particular W. A. Thompson
(1962, 1980), L. R. Verdooren (1979), and H. White (1980).

In view of available textbooks, review papers and basic contributions in scientific
journals we are only able to give a short introduction. First, we outline the general
model of variance-covariance components leading to a linear structure for the
central second order moment, known as the variance-covariance matrix. Second, for
the example of one variance component we discuss the key role of the postulate’s
(i) symmetry, (ii) invariance, (iii) uniform unbiasedness, and (iv) minimum variance.
Third, we review variance-covariance component estimations of Helmert type.

4-31 Block Partitioning of the Dispersion Matrix and Linear
Space Generated by Variance-Covariance Components

The variance-covariance component model is defined by the block partitioning
(4.33) of a variance-covariance matrix †y, also called dispersion matrix Dfyg,
which follows from a corresponding rank partitioning of the observation vector
y D Œy0

1; : : : ; y
0̀ �0. The integer number l is the number of blocks. For instance, the

variance-covariance matrix † 2 R
n�n in (4.41) is partitioned into l D 2 blocks.

The various blocks consequently factorized by variance �2j and by covariances
�jk D 
jk�j �k . 
jk 2 Œ�1;C1� denotes the correlation coefficient between the
blocks. For instance,Dfy1g D V11�

2
1 is a variance factorization, whileDfy1; y2g D

V12�12 D V12
12�1�2 is a covariance factorization. The matrix blocks Vjj are built
into the matrix Cjj , while the off-diagonal blocks Vjk;V0

jk into the matrix Cjk of
the same dimensions.
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dim† D dim Cjj D dim Cjk D n � n:

The collective matrices Cjj and Cjk enable us to develop an additive decomposi-
tion (4.36), (4.43) of the block partitioning variance-covariance matrix†y. As soon
as we collect all variance-covariance components in an peculiar true order, namely

� WD Œ�21 ; �12; �22 ; �13; �23; �23 ; : : : ; �`�1`;; �2` �0;

we are led to a linear form of the dispersion matrix (4.37), (4.43) as well as of the
dispersion vector (4.39), (4.44). Indeed the dispersion vector d.y/ D X� builds up
a linear form where the second order design matrix X, namely

X WD ŒvecC1; : : : ; vecC`.`C1/� 2 R
n2�`.`C1/=2;

reflects the block structure. There are l.l C 1/=2 matrices Cj ; j 2 f1; : : : ; `
.`C 1/=2g. For instance, for l D 2 we are left with 3 block matrices fC1;C2;C3g.

Before we analyze the variance-covariance component model in more detail, we
briefly mention the multinominal inverse †�1 of the block partitioned matrix †.
For instance by “JPM” and “SCHUR” we gain the block partitioned inverse matrix
†�1 with elements fU11;U12;U22g (4.51)–(4.54) derived from the block partitioned
matrix † with elements fV11;V12;V22g (4.47). “Sequential JPM” solves the block
inverse problems for any block partitioned matrix. With reference to Box 4.2 and
Box 4.3

† D C1�1 C C2�2 C C3�3 ) †�1 D E1.�/C E2.�/CE3.�/

is an example.

Box 4.2. (Partitioning of variance-covariance matrix):

† D

2
666664

V11�
2
1 V12�12 � � � V1`�1�1`�1 V1`�1`

V0
12�12 V22�

2
2 � � � V2`�1�2`�1 V2`�2`

:::
:::

:::
:::

V0
1`�1�1`�1 V0

2`�1�2`�1 � � � V`�1`�1�2`�1 V`�1`�`�1`
V0
1`�1` V0

2`�2` � � � V0
`�1`�`�1` V``�

2
`

3
777775
> 0 (4.38)

l second moments �2 of type variance, `.` � 1/=2 second moment �jk of type
covariance

matrix blocks of second order design
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Cjj WD

2
64
0 � � � 0
::: Vjj

:::

0 � � � 0

3
75 8j 2 f1; : : : ; `g (4.39)

Cjk WD

2
666664

0 0

� � � 0 Vjk � � �
Vkj

� � � � � �
0 0

3
777775
"

subject to j < k
and j; k 2 f1; : : : ; `g (4.40)

† D
X̀
jD1

Cjj �
2
j C

`�1;`X
jD1;kD2;j<k

Cjk�jk (4.41)

† D
`.`C1/=2X
jD1

Cj �j 2 R
n�m (4.42)

Œ�21 ; �12; �
2
2 ; �13; �23; �

2
3 ; : : : ; �`�1`;; �2` �0 DW � (4.43)

“dispersion vector”

Dfyg WD †y , d fyg D vecDfyg D vec†

d.y/ D
`.`C1/=2X
jD1

.vecCj /�j D X� (4.44)

“X is called second order design matrix”

X WD ŒvecC1; : : : ; vecC`.`C1/=2� (4.45)

“dimension identities.”

d.y/ 2 R
n2�1; � 2 R;X 2 R

n2�`.`C1/=2:

Box 4.3. (Multinomial inverse):

W Input W

† D
�
†11 †12

†
0

12 †22

�
D
�

V11�
2
1 V12�12

V0
12�12 V22�22

�

D
�

V11 0

0 0

�
�21 C

�
0 V12

V0
12 0

�
�12 C

�
0 0

0 V22

�
�22 2 R

n�m (4.46)
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C11 WD C1 WD
�

V11 0

0 0

�
;C12 WD C2 WD

�
0 V12

V0
12 0

�
;C22 WD C3 WD

�
0 0

0 V22

�

(4.47)

† D C11�
2
1 C C12�12 C C22�

2
2 D C1�1 C C2�2 C C3�3 D

3X
jD1

Cj �j (4.48)

vec˙ D
3X

jD1
.vecCj /�j DŒvecC1; vecC2; vecC3�

2
4 �1�2
�3

3
5 D X� (4.49)

vecCj 2 R
n2�1 8j 2 f1; : : : ; `.`C 1/=2g

“X is called second order design matrix”

X WD ŒvecC1; : : : ; vecC`.`C1/=2� 2 R
n2�`.`C1/=2

here: l D 2 :output:

†�1 D
�

U11 0

0 0

�
��2
1 C

�
0 U12

U0
12 0

�
��1
12 C

�
0 0

0 U22

�
��2
2 (4.50)

subject to

U11 D V�1
11 C qV�1

11 V12SV0
12V�1

11 (4.51)

U12 D U0
21 D �qV�1

11 V12S (4.52)

U22 D S D .V22 � qV0
12V�1

11 V12/
�1 (4.53)

q WD �212
�21 �

2
2

(4.54)

†�1 D E1 C E2 C E3 D
`.`C1/=2D3X

jD1
Ej (4.55)

E1.�/ WD
�

U11 0

0 0

�
��2
1 ;E2.�/ WD

�
0 U12

U0
12 0

�
��1
12 ;E3.�/ WD

�
0 0

0 U22

�
��2
2

(4.56)
The general result that inversion of a block partitioned symmetric matrix conserves
the block structure is presented in

Corollary 4.6. Corollary 4.6 (multinomial inverse):

† D
`.`C1/=2X
jD1

Cj �j , †�1 D
`.`C1/=2X
jD1

Ej .�/ (4.57)

We shall take advantage of the block structured multinominal inverse when we are
reviewing HIQUUE or variance-covariance estimations of Helmert type.
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The variance component model as well as the variance-covariance model are
defined next. A variance component model is a linear model of type

† D

2
666664

V11�
2
1 0 � � � 0 0

0 V22�
2
2 � � � 0 0

:::
:::

: : :
:::

:::

0 0 � � � V`�1`�1�2`�1 0

0 0 � � � 0 V``�
2
`

3
777775

(4.58)

d fyg D vec† D ŒvecC11; : : : ; vecCjj �

2
4 �

2
1

� � �
�2`

3
5 (4.59)

d fyg D X� 8 � 2 R
C: (4.60)

In contrast, the general model (4.49) is the variance-covariance model with a linear
structure of type

d fyg D vec† D ŒvecC11; vecC12; vecC12; : : : ; vecC``�

2
666664

�21
�12
�22
� � �
�2`

3
777775

(4.61)

d fyg D X� 8 �2j 2 RC; † positive definite: (4.62)

The most popular cases of variance-covariance components are collected in the
examples.

Example 4.1. (one variance components, i.i.d. observations)

Dfyg W †y D In�2 subject to†y 2 SYM.Rn�n/; �2 2 R
C:

Example 4.2. (one variance component, correlated observations)

Dfyg W †y D Vn�
2 subject to†y 2 SYM.Rn�n/; �2 2 R

C:

Example 4.3. (two variance components, two sets of totally uncorrected
observations “heterogeneous observations”)

Dfyg W †y D
�

In1�
2
1 0

0 In2�
2
2

�
subject to

2
4 n D n1 C n2
†y D SYM.Rn�n/
�21 2C; �22 2 R

C:
(4.63)

Example 4.4. (two variance components, one covariance components, two
sets of correlated observations “heterogeneous observations”)
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Dfyg W †y D
�

V11�
2
1 V12�12

V0
12�12 V11�

2
2

�
subject to

2
4 n D n1 C n2

V11 2 R
n1�n1 ;V22 2 R

n2�n2
V12 2 R

n1�n2
†y 2 SYM.Rn�n/; �21 2 R

C; �22 2 R
C; †y positive definite:

(4.64)

Special case: V11 D In1 ; V22 D In2 :

Example 4.5. (elementary error model, random effect model)

ey D y � Efy jz g D
X̀
jD1

Aj .zj � Efzj g/ D
X̀
jD1

Aj ejz (4.65)

Efejz g D 0; Efejz ; e0k
z g D ıjkIq (4.66)

Dfyg W †y D
X̀
jD1

AjA0
j �

2
j C

X̀
j;kD1;j<k

.AjA0
k C AkA0

j /�jk (4.67)

At this point, we should emphasize that a linear space of variance-covariance
components can be build up independently of the block partitioning of the dispersion
matrix Dfyg. For future details and explicit examples let us refer to B. Schaffrin
(1983).

4-32 Invariant Quadratic Estimation of Variance-Covariance
Components of Type IQE

By means of Definition 4.2 (one variance component) and Definition 4.9 (variance-
covariance components) we introduce

O�2 IQE of �2 and O�k IQE of �k:

Those conditions of IQE, represented in Lemmas 4.7 and 4.9 enable us to separate
the estimation process of first moments �j (like BLUUE) from the estimation
process of central second moments �k (like BIQUUE). Finally we provide you with
the general solution (4.74) of the in homogeneous matrix equations M1=2

k A D 0

(orthogonality conditions) for all k21,� � � ,l(l+1)/2 where l.l C 1/=2 is the number
of variance-covariance components, restricted to the special Gauss–Markov model
E fyg D A�, d fyg D X� of “full column rank”, A 2 R

n�m, rkA D m.

Definition 4.2. (invariant quadratic estimation O�2 of �2 : IQE ):
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The scalar O�2 is called IQE (Invariant Quadratic Estimation) of �2 2 R
C with

respect to the special Gauss–Markov model of full column rank.

Efyg D A�; A 2 R
n�m; rkA D m

Dfyg D V�2; V 2 R
n�n; rkV D n; �2 2 R

C;
(4.68)

if the “variance component �2 is �”
(i) a quadratic estimation

O�2 D y0My D .vecM/0.y˝ y/ D .y0 ˝ y0/.vecM/ (4.69)

subject to

M 2 SYM WD fM 2 R
n�njM0 DMg (4.70)

(ii) transformational invariant: y! y � Efyg DW ey in the sense of

O�2 D y0My D e0
yMey (4.71)

or
O�2 D .vecM/0.y˝ y/ D .vecM/0.ey ˝ ey/ (4.72)

or
O�2 D tr.Myy0/ D tr.Meye0

y/ (4.73)

Already in the introductory paragraph we emphasized the key of “IQE”. Indeed by
the postulate “IQE” the estimation of the first moments Efyg D A� is supported by
the estimation of the central second moments Dfyg D V�2 or d fyg D X� . Let us
present to you the fundamental result of “ O�2 IQE OF �2”.

Lemma 4.8. (invariant quadratic estimation O�2 of O�2 :IQE):

Let MD .M1=2/0M1=2 be a multiplicative decomposition of the symmetric matrix
M. The scalar O�2 is IQE of �2, if and only if

M1=2 D 0 or A0.M1=2/0 D 0 (4.74)

for all M1=2 2 R
n�n.

Proof. First, we substitute the transformation y D EfygC ey subject to expectation
identity Efyg D A�; A 2 R

n�m; rkA D m; into y0My:
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y0My D � 0A0MA� C � 0A0Mey C e0
yMA� C e0

yMey:

Second, we take advantage of the multiplicative decomposition of the matrix M,
namely

M D .M1=2/0M1=2; (4.75)

which generates the symmetry of the matrix

M 2 SYM: D fM 2 R
m�njM0 DMg

y0My D � 0A0.M1=2/0M1=2A� C � 0A0.M1=2/0M1=2ey

Ce0
y.M

1=2/0M1=2A� C e0
yMey:

Third, we postulate “IQE”.

y0My D e0
yMey , M1=2A D 0, A0.M1=2/0 D 0:

For the proof, here is our journey’s end.
Let us extend “IQE” from a “one variance component model” to a “variance-

covariance components model”. First, we define “IQE” (4.81) for variance-
covariance components, second we give necessary and sufficient conditions
identifying “IQE”.

Definition 4.9. (variance-covariance components model O�k IQE of �k):

The dispersion vector Od.y/ is called IQE (“Invariant Quadratic Estimation”)
with respect to the special Gauss–Markov model of full column rank.

�
Efyg D A�; A 2 fRn�mgI rkA D m
d fyg D X� ;Dfyg � †y positive definite; rk†y D n; (4.76)

if the variance-covariance components

� WD Œ�21 ; �12; �22 ; �13; �23; : : : ; �2` �0 (4.77)

(i) bilinear estimations

O�k D y0My D .vecM/0.y˝ y/ D trMkyy0

8Mk 2 R
n�n�`.`C1/=2

(4.78)

subject to

Mk 2 SYM WD fMk 2 R
n�n�`.`C1/=2jMk D M0

kg; (4.79)

(ii) translational invariant

y! y � Efyg DW ey
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O�k D y0Mky D e0
yMkey (4.80)

O�k D .vecMk/
0.y˝ y/ D .vecMk/

0.ey ˝ ey/: (4.81)

Note the fundamental lemma “ O�k IQE of �k” whose proof follows the same line as
the proof of Lemma 4.7.

Lemma 4.10. (invariant quadratic estimation O�k of �k : IQE):

Let Mk D .M1=2

k /0M1=2

k be a multiplicative decomposition of the symmetric
matrix Mk . The dispersion vector O�k is IQE of �k , if and only if

M1=2

k A D 0 or A0.M1=2

k /0 D 0 (4.82)

for all M1=2

k 2 Rn�n�`.`C1/=2.
? How can we characterize “ O�2 IQE of �2” or “ O�k IQE of �k” ?

The problem is left with the orthogonality conditions (4.74) and (4.82). Box 4.4
reviews the general solutions of the homogeneous equations (4.83) and (4.85) for
our “full column rank linear model”.

Box 4.4. (General solutions of homogeneous matrix equations):

M1=2

k D 0 , MkD Zk.In�AA�/ (4.83)

“for all A� 2 G WD fA� 2 R
n�mjAA�A D Ag00

W rkA D m
A� D A�

L D .A0GyA/�1A0Gy (4.84)

“for all left inverses A�
L 2 fA� 2 Rm�nj.A�A/0 D A�Ag00

M1=2

k D 0
rkA � m

#
) M1=2

k D ZkŒIn � A.A0GyA/�1A0Gy� (4.85)

“unknown matrices : Zk and Gy.”
First, (4.83) is a representation of the general solutions of the inhomogeneous

matrix equations (4.82) where Zk; k 2 f1; : : : ; `.`C 1/=2g; are arbitrary matrices.
Note that kD 1;M1 describes the “one variance component model”, otherwise the
general variance-covariance components model. Here we are dealing with a special
Gauss–Markov model of “full column rank”, rkA D m. In this case, the generalized
inverse A� is specified as the “weighted left inverse” A�

L of type (4.70) whose
weight Gy is unknown. In summarizing, representations of two matrices Zk and

Gy to be unknown, given H1=2

k , Mk is computed by
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Mk D .M1=2

k /0M1=2

k D ŒIn �GyA.A0GyA/�1A0�Z0
kZkŒIn �A.A0GyA/�1A0Gy�

(4.86)
definitely as a symmetric matrix.

4-33 Invariant Quadratic Uniformly Unbiased Estimations
of Variance-Covariance Components of Type IQUUE

Unbiased estimations have already been introduced for the first moments Efyg D
A�;A 2 R

n�m; rkA D m. Similarly we like to develop the theory of the one
variance component �2 and the variance-covariance unbiased estimations for the
central second moments, namely components �k , k 2 f1; : : : ; `.` C 1/=2g, where
l is the number of blocks. Definition 4.11 tells us when we use the terminology
“invariant quadratic uniformly unbiased estimation” O�2 of �2 or O�k of �k , in short
“IQUUE” Lemma 4.12 identifies O�2IQUUE of �2 by the additional trVM D 1.
In contrast, Lemma 4.12 focuses on O�kIQUUE of �k by means of the additional
conditions trCjMk D ıjk . Examples are given in the following paragraphs.

Definition 4.11. (invariant quadratic uniformly unbiased estimation O�2 of �2

and O�k of �k : IQUUE):

The vector of variance-covariance components O�k is called IQUUE (Invariant
Quadratic Uniformly Unbiased Estimation) of �k with respect to the special Gauss–
Markov model of full column rank.

2
4Efyg D A�;A 2 R

n�m; rkA D m
d fyg D X� ;X 2 R

n2�`.`C1/=2;Dfyg � †y positive definite; rk†y

rk˙y D n; vechDfyg D d fyg;
(4.87)

if the variance-covariance components

� WD Œ�21 ; �12; �22 ; �13; �23; : : : ; �2` � (4.88)

are
(i) a bilinear estimation

O�k D y0Mky D .vecMk/
0.y˝ y/ D trMkyy0

8Mk 2 Rn�n�`.`C1/=2 (4.89)

subject to

Mk D .M1=2

k /0.M1=2

k / 2 SYM WD fMk 2 Rn�m�`.`C1/=2jMk DM0
kg (4.90)

(ii) translational invariant in the sense of
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y! y � Efyg DW ey

O�k D y0Mky D e0
yMkey (4.91)

or
O�k D .vecMk/

0.y˝ y/ D .vecMk/
0.ey ˝ ey/ (4.92)

or
O�k D trMkyy0 D trMkeye0

y; (4.93)

(iii) uniformly unbiased in the sense of

k D 1 (one variance component):

Ef O�2g D �2;8�2 2 R
C; (4.94)

k 	 1 (variance-covariance components):

Ef O�kg D �k;8�k 2 fR`.`C1/=2j†y positive definiteg; (4.95)

with l variance components and l.l � 1/=2 covariance components.

Note the quantor “for all �2 2 R
C” within the definition of uniform unbi-

asedness (4.79) for one variance component. Indeed, weakly unbiased estimators
exist without the quantor (B. Schaffrin 2000). A similar comment applies to the
quantor “for all �k 2 fR`.`C1/=2j†y positive definite” within the definition of uni-
form unbiasedness (4.80) for variance-covariance components. Let us characterize
“ O�2IQUUE of �2”.

Lemma 4.12. ( O�2 IQUUE of �2):

The scalar O�2 is IQUUE of �2 with respect to the special Gauss–Markov model
of full column rank.

�
“first moment00 W Efyg D A�;A 2 R

n�m; rkA D m
“central second moment00 W Dfyg D �2;V 2 R

n�n; rkV D n; �2 2 R
C;

if and only if

.i/M1=2A D 0 (4.96)

and
.i i/ trVM D 1: (4.97)

:Proof :

First, we compute Ef O�2g.
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O�2 D trMeye0
y ) Ef O�2g D trM†y D tr†yM:

Second, we substitute the “one variance component model”†y D V�2.

Ef O�2g WD �2 8�2 2 R
� , trVM D 1:

Third, we adopt the first condition of type “IQE”.
The conditions for “ O�k IQUUE of �k” are only slightly more complicated.

Lemma 4.13. ( O�k IQUUE of �2):

The vector O�k , k 2 f1; : : : ; `.`C 1/=2g is IQUUE of �k with respect to the block
partitioned special Gauss–Markov model of full column rank.

“first moment”

E

8̂
ˆ̂̂̂<
ˆ̂̂̂̂
:

2
666664

y1
y2
:::

y`�1
y`

3
777775

9>>>>>=
>>>>>;
D

2
666664

A1

A2

:::

A`�1
A`

3
777775
� D A�;A 2 R

n1n2���n`�1;n`�m; rkA D m (4.98)

n1 C n2 C � � � C n`�1 C n` D n
“central second moment”

D

8̂
ˆ̂̂̂<
ˆ̂̂̂̂
:

2
666664

y1
y2
:::

y`�1
y`

3
777775

9>>>>>=
>>>>>;
D

2
666664

V11�
2
1 V12�12 � � � V1`�1�1`�1 V1`�1l

V12�12 V22�
2
2 � � � V2`�1�2`�1 V2`�2`

:::
:::

:::
:::

V1`�1�1`�1 V2`�1�2`�1 � � � V`�1;`�1�2`�1 V`�1;`�`�1;`
V1`�1l V1`�1l � � � V`�1;`�`�1;` V`;`�

2
`

3
777775

(4.99)

Dfyg D
X̀
jD1

Cjj �
2
j C

`.`C1/=2X
j;kD1
j<k

Cjk�jk (4.100)

Dfyg D
`.`C1/=2X
jD1

Cj �j (4.101)

� WD Œ�21 ; �12; �22 ; �13; �23; �23 ; : : : ; �2` � 2 R
`.`C1/=2C1 (4.102)

Cj 2 R
n�n�`.`C1/=2 .3d array/ (4.103)

V11 2 R
n1�n1 ;V12 2 R

n1�n2 ; : : : ;V`�1;` 2 R
n`�1�nl ;V`` 2 R

n`�n` (4.104)
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Dfyg � †y 2 R
n�n D R

.n1C:::Cnl /�.n1C:::Cnl / (4.105)

rk†y D n; †y positive definite (4.106)

if and only if

.i/M1=2

k A D 0 (4.107)

and
.i i/ trCjMk D ıjk: (4.108)

Before we continue with the proof we have to comment on our setup of the variance-
covariance components model. For a more easy access of an analyst we have
demonstrated the blocks partitioning of

the observation vector and the variance-covariance

2
64

y1
:::

y`

3
75
; dim y1 D n1

:::

; dim y` D n`
; †y D

2
64

V11�
2
1 � � � V1`�1`

:::
:::

V1`�1` � � � V``�
2
`

3
75:

n1 observations build up the observation vector y1 as well as the variance factor
V11. Similarly, n2 observations build up the variance factor V22. Both observations
collected in the observations vectors y1 and y2, constitute the covariance factor V12.

This scheme is to be continued for the other observations and their corresponding
variance and covariance factors. The matrices Cjj and Cjk which map variance
components �jk.k >j / to the variance-covariance matrix †y contain the vari-
ance factors Vjj at colj, rowj while the covariance factors containfV0

jk;Vjkg at
colk; rowj and colj ; rowk , respectively. The following proof of Lemma 4.12 is
based upon the linear structure (4.85).

:Proof:

First, we computeEf O�kg.

Ef O�kg D trMk†y D tr†yMk:

Second, we substitute the block partitioning of the variance-covariance matrix †y.

†y D
`.`C1/=2P
jD1

Cj �j

Ef O�kg D tr†yMk

3
75) tr†yMk D tr

`.`C1/=2X
jD1

CjMk�j (4.109)

trCjMk � ıjk D 0:
Third, we adopt the first conditions of the type “IQE”.
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4-34 Invariant Quadratic Uniformly Unbiased Estimations
of One Variance Component (IQUUE) from †y-BLUUE:
HIQUUE

Here is our first example of “how to use IQUUE”. Let us adopt the residual
vector Qey as predicted by †y-BLUUE for a “one variance component” dispersion
model, namely Dfyg D V�2; rkV D m. First, we prove that M1=2 generated
by V-BLUUE fulfils both the conditions of IQUUE namely M1=2A D 0 and
trVM D trV.M1=2/0M1=2 D 1. As outlined in Box 4.5, the one condition of
uniform unbiasedness leads to the solutions for one unknown ˛ within the “ansatz”
Z0Z D ˛V�1; namely the number n�m of “degrees of freedom” or the “surjectivity
defect”. Second, we follow “Helmert’s” ansatz to setup IQUUE of Helmert type, in
Short “HIQUUE”.

Box 4.5. (IQUUE : one variance component)

1st variations

fEfyg D Ax; A 2 R
n�m; rkA D m; Dfyg D V�2; rkV D m; �2 2 R

Cg
Qey D ŒIn � A.A0V�1A/�1A0V�1�y(4.31)

1st test: IQE

M1=2A D 0
“if M1=2 D ZŒIn � A.A0V�1A/�1A0V�1�; ; then M1=2A D 000

2nd test : IQUUE “if trVM D 1, then

trfVŒIn �V�1A.A0V�1A/�1A0�Z0ZŒIn �A.A0V�1A/�1A0V�1�g D 1
ansatz W Z0Z D ˛V�1 (4.110)

trVM D ˛trfVŒV�1 � V�1A.A0V�1A/�1�ŒIn �A.A0V�1A/�1A0V�1
�g D 1

trVM D ˛trŒIn � A.A0V�1A/A0V�1
� D 1

trIn D 0
trŒA.A0V�1A/�1A0V�1� D trA.A0V�1A/�1A0V�1A D trIm D m

�
)

trVM D ˛.n �m/ D 1) ˛ D 1

n �m (4.111)

Let us make a statement about the translational invariance of Qey predicted by †y-
BLUUE and specified by the “one variance component” model†y D V�2.

Qey D ey.†y-BLUUE/ D ŒIn � A.A0†�1
y A/�1A0†�1

y �y: (4.112)
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Corollary 4.14. (translational invariance):

Qey D ŒI �A.A0†�1
y A/�1A0†�1

y �ey D Pey (4.113)

subject to

P WD In �A.A0†�1
y A/�1A0†�1

y : (4.114)

The proof is “a nice exercise”: Use Qey D Py and replace y D Efyg C ey D A� C
ey . The result is our statement, which is based upon the “orthogonality condition”
PA D 0. Note that P is idempotent in the sense of P D P2. In order to generate “ O�2
IQUUE of �2” we start from “Helmert’s ansatz”.

Box 4.6. (Helmert’s ansatz)

one variance component

Qe0
y†

�1
y Qey D e0

yP0†�1
y Pey D tr P†�1

y Peye0
y (4.115)

EfQe0
y†

�1
y Qeyg D tr.P0†�1

y PEfeye0
yg/ D tr.P0†�1

y P†y/ (4.116)

“one variance component”

†y D V�2 D C1�2

EfQe0
yV�1 Qeyg D .tr P0V�1PV/�2 8�2 2 R

2 (4.117)

t r P0V�1PV D tr ŒIn �V�1A.A0V�1A/A0� D n �m (4.118)

EfQe0
yV�1 Qeyg D .n �m/�2 (4.119)

O�2 W D 1

n �m Qe
0
yV�1 Qey ) Ef O�2g D �2: (4.120)

Let us finally collect the result of “Helmert’s ansatz” in

Corollary 4.15. ( O�2 of HIQUUE of �2):

Helmert’s ansatz

O�2 D 1

n �me0
yV�1ey (4.121)

is IQUUE, also called HIQUUE.
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4-35 Invariant Quadratic Uniformly Unbiased Estimators
of Variance Covariance Components of Helmert Type:
HIQUUE Versus HIQE

In the previous paragraphs we succeeded to prove that first M1=2 generated by
Qey D ey.†y-BLUUE/ with respect to “one variance component” leads to IQUUE
and second Helmert’s ansatz generated “ O�2IQUUE of �2”. Here we reverse the
order. First, we prove that Helmert’s ansatz for estimating variance-covariance
components may lead (or may, in general, not) lead to

“ O�k IQUUE of �k
00:

Second, we discuss the proper choice of M1=2

k and test whether (i) M1=2

k A D 0 and

(ii) tr "jMk D ıjk is fulfilled by HIQUUE of whether M1=2

k A D 0 is fulfilled by
HIQE.

Box 4.7. (Helmert’s ansatz variance-covariance components):

step one: make a sub order device of variance-covariance components:

�0 WD Œ�21 ; �12; �22 ; �13; �12; : : : ; �2` �00

step two W compute†0 WD .†y/0 D †
`.`C1/=2X
jD1

Cj �j .�0/ (4.122)

step three: compute Qey D ey.†0�BLUUE/, namely

P.�0/ WD .I �A.A0†�1
0 A/�1A0†�1

0 (4.123)

Qey D P0y D P0ey (4.124)

step four: Helmert’s ansatz

Qe0
y†

�1
0 Qey D e0

yP0
0†

�1
0 P0ey D tr.P0†�1

0 P0
0eye0

y/ (4.125)

EfOe0
y†

�1
0 Qeyg D t r.P0†�1

0 P0
0†/ (4.126)

“variance-covariance components”

†y D †
`.`C1/=2X
kD1

Ck�k (4.127)

EfQe0
y†

�1
0 Qe0

yg D tr.P0†�1
0 P0

0Ck/�k (4.128)
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step five: multinomial inverse

† D
`.`C1/=2X
kD1

Ck�k , †�1 D
`.`C1/=2X
kD1

Ek.�j / (4.129)

input:�0;†0; output:Ek.�0/:
step six: Helmert’s equation

i; j 2 f1; : : : ; `.`C 1/=2g
EfQe0

yEi .�0/Qeyg D
`.`C1/=2P
kD1

.trP.�0/Ei .�0/P0.�0/Cj /�j
(4.130)

“Helmert’s choice”

e0
yEi .�0/ ey D

`.`C1/=2X
jD1

.trP.�0/Ei .�0/P0.�0/Cj /�j (4.131)

q D H O�

2
6664
q WD Qey0Ei .�0/Qey

H WD trP.�0/Ei .�0/P0.�0/Cj .Helmert’s process/

O� WD Œ O�21 ; O�12; O�22 ; O�13; O�23; O�23 ; : : : ; O�2` � :
(4.132)

Box 4.7 summarizes the essential steps which lead to “ O�k HIQUUE of �k”
if det HD 0, where H is the Helmert matrix. For the first step, we use some
prior information �0 D O�0 for the unknown variance-covariance components. For
instance, .†y/0 D †0 D DiagŒ.�21 /0; : : : ; .�

2
` /0� may be the available information

on variance components, but leaving the covariance components with zero. Step
two enforces the block partitioning of the variance-covariance matrix generating
the linear space of variance-covariance components. Qey DD0ey in step three is the
local generator of the Helmert ansatz in step four. Here we derive the key equation
EfQe0

y†
�1
0 Qeyg D t r.D0†

�1
0 D0

0†/ �k . Step five focuses on the multinormal inverse of
the block partitioned matrix †, also called “multiple IPM”. Step six is taken if we
replace˙�1

0 by the block partitioned inverse matrix, on the “Helmert’s ansatz”. The
fundamental expectation equation which maps the variance-covariance components
�j by means of the “Helmert traces” H to the quadratic terms q.�0/. Shipping the
expectation operator on the left side, we replace �j by their estimates O�j . As a result
we have found the aborted Helmert equation q D H O� which has to be inverted.
Note Efqg D H� reproducing unbiasedness.

Let us classify the solution of the Helmert equation qDH� with respect to bias.
First let us assume that the Helmert matrix is of full rank, vkH D `.` C 1/=2 the
number of unknown variance-covariance components. The inverse solution, Box 4.8,
produces an update O�1 D H�1. O�0/0q. O�0/ out of the zero order information O�0 we
have implemented. For the next step, we iterate O�2 D H�1. O�1/q. O�1/ up to the
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reproducing point O�w D O�w�1 with in computer arithmetic when iteration ends.
Indeed, we assume “Helmert is contracting”.

Box 4.8. (Solving Helmert’s equation):

the fast case : rkH D ` .`C 1/ =2; det H ¤ 0
“iterated Helmert equation00 W

O�1 D H�1. O�0/q. O�0/; : : : ; O�! D H�1
! . O�!�1/q. O�!�1/ (4.133)

“reproducing point00

start W �0 D O�0) O�1 D H�1
0 q0) O�2 D H�1

1 q1

subject to H1 WD H. O�1/; q1 WD q. O�1/
) � � � ) O�! D O�!�1 .computer arithmetic/ W end:

?Is the special Helmert variance-covariance estimator
Corollary 4.16 gives a positive answer.

Corollary 4.16. (Helmert equation, det H¤ 0);

In case the Helmert matrix H is a full rank matrix, namely rkH D ` .`C 1/ =2

O� D H�1q (4.134)

is †1-HIQUUE at reproducing point.

Proof.

q WD Qe0
yEi Qey

Ef O�g D H�1Efqg D H�1H� D �: |
For the second case of our classification, let us assume that Helmert matrix is no

longer of full rank, rk H < `.`C 1/=2, det H D 0. Now we are left with the central
question.

? Is the special Helmert variance-covariance estimator � D H�
ln�1

q D HCq
of type “MINOLESS” “IQUUE”?

Unfortunately, the MINOLESS of the rank factorized Helmert equation q D
JK O� outlined in Box 4.9 by the weighted Moore–Penrose solution, indicates a
negative answer. Instead, Corollary 4 proves O� is only HIQE, but resumes also
in establishing estimable variance-covariance components as “Helmert linear
combinations” of them.
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Box 4.9. (Solving Helmerts equation the second case):

rk H < `.`C 1/=2, det H D 0 “rank factorization” “MINOLESS”

H D JK; rkH D rkF D rkG DW v (4.135)

“dimension identities00

H 2 R
`.`C1/=2�`.`C1/=2; J 2 R

`.`C1/=2�v; G 2 R
v�`.`C1/=2

H�
lm D HC.weighted/ D K�

R.weighted/ D J�
L.weighted/ (4.136)

O�lm D G�1
� K0.KG�1

� K�1/.J0GqJ/�1Gqq D HC
�;qq: (4.137)

In case “det H D 0” Helmerts variance-covariance components estimation is no
longer unbiased, but estimable functions like H O� exist:

Corollary 4.17. (Helmert equation, det H=0):

In case the Helmert matrix H, rkH¡`.`C 1/=2, det H D 0, is rank deficient, the
Helmert equation no longer generates an unbiased IQE. An estimable parameter set
is H O� :

.i/H O� D HHCq is†0 � HIQUUE (4.138)

.ii/ O� is IQE:
Proof.

.i/ Ef O�g D HCEfqg D HCH� ¤ �; O� 2 IQE

.ii/ EfH O�g D HHCEfqg D HHCH� D H�; H O� 2 HIQUUE:

|
In summary, we lost a bit of our illusion that Q�y.†y�BLUUE/ now always produces
IQUUE.

“The illusion of progress is short, but exciting”
“Solving the Helmert equations”

Figure 4.1 illustrates the result of Corollary 4 and Corollary 5. Another draw-
back is that we have no guarantee that

HIQE or HIQUUE
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IQUUE versus IQE

det H0

ŝk is Â0 −HIQUUE of σk

det H0

ŝk is only HIQE of sk

Hŝk is Â0 -IQUUE.

Fig. 4.1 Solving the Helmert
equation for estimating
variance-covariance-
components

generates a positive definite variance-covariance matrix O†. Such a postulate can
be enforced by means of an inequality constraint on the Helmert equationH O� D q
of type “ O� > 0” or “ O� > �” in symbolic writing. Then consult the text books
on “positive variance-covariance component estimation”. At this end, we have to
give credit to B. Schaffrin (1983, p. 62) who classified Helmerts variance-covariance
components estimation for the first time correctly.

4-36 Best Quadratic Uniformly Unbiased Estimations
of One Variance Component: BIQUUE

First, we give a definition of “best” O�2IQUUE of �2 within Definition 4.18 namely
for a Gauss normal random variable y 2 Y D fRn; pdf g. Definition 4.19 presents
a basic result representing “Gauss normal” BIQUUE. In particular we outline the
reduction of fourth order moments to second order moments if the random variable
y is Gauss normal or, more generally, quasi-normal. At same length we discuss the
suitable choice of the proper constrained Lagrangean generating O�2 BIQUUE of
�2. The highlighted is Lemma 4 where we resume the normal equations typical for
BIQUUE and Theorem 4 with explicit representations of O�2, Df O�2g and ODf O�2g of
type BIQUUE with respect to the special Gauss–Markov model with full column
rank.
? What is the “best” O�2 IQUUE of �2?

First, let us define what is “best” IQUUE.

Definition 4.18. ( O�2 best invariant quadratic uniformly unbiased estimation
of �2 : BIQUUE)

Let y 2 fRn; pdf g be a Gauss normal random variable representing the
stochastic observation vector. Its central moments up to order four
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Efey
i g D 0;

Efey
i e

y
j g D �ij D vij �

2 (4.139)

Efey
i e

y
j e

y
kg D �ijk D 0; .obliquity/ (4.140)

Efey
i e

y
j e

y
ke

y
l g D �ijkl D �ij �kl C �ik�jl C �il�jk
D .vij vkl C vikvjl C vi lvjk/�

4 (4.141)

relate to the “centralized random variable”

ey WD y �Efyg D Œey
i �: (4.142)

The moment arrays are taken over the index set i; j; k; l 2 1;000; nwhen the natural
number n is identified as the number of observations. n is the dimension of the
observation space y 2 fRn; pdf g.

The scalar O�2 is called BIQUUE of �2(Best Invariant Quadratic Uniformly
Unbiased Estimation) of the special Gauss–Markov model of full column rank.

“first moments00 W

Efyg D A�; A 2 R
n�m; ¸ 2 R

m; rkA D m (4.143)

“central second moments00 W
Dfyg � ay D V�2;V 2 R

n�m; �2 2 R
C; rkV D n (4.144)

where ¸ 2 R
m is the first unknown vector and �2 2 R

C the second un-known “one
variance component”, if it is.

(i) a quadratic estimation (IQE):

O�2 D y0My D .vecM/0y˝ y D trMyy0 (4.145)

subject to

M D .M 1
2 /0M

1
2 2 SYM WD fM 2 R

n�m jM DM0g (4.146)

(ii) translational invariant, in the sense of

y! y � Efyg DW ey (4.147)

O�2 D y0My D e0
yMey (4.148)

or equivalently

O�2 D .vecM/0y ˝ y D .vecM/0ey ˝ ey (4.149)

O�2 D trMyy0 D trMeye0
y (4.150)
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(iii) uniformly unbiased in the sense of

Ef O�2g D �2;8�2 2 R
C (4.151)

and

(iv) of minimal variance in the sense

Df O�2g WD EfŒ O�2 �Ef O�2g�2g D min
M
: (4.152)

In order to produce “best” IQUUE we have to analyze the variance EfŒ O�2 �
Ef O�2g��1g of the invariant quadratic estimation O�2 the “one variance component”,
of �2. In short, we present to you the result in

Corollary 4.19. (the variance of O� with respect to a Gauss normal IQE):

If O�2is IQE of �2, then for a Gauss normal observation space Y D fRn; pdf g
the variance of �2 of type IQE is represented by

EfŒ O�2 � Ef O�2g�2g D 2trM0VMV: (4.153)

Proof.ansatz W IQE

O�2 D trMeye0
y ) Ef O�2g D .trMV/�2

EfŒ O�2 � Ef O�2g�g D EfŒtrMeye0
y � .trMV/�2�ŒtrMeye0

y � .trMV/�2�g
D Ef.trMeye0

y/.trMeye0
y/g � .trMV/2�4 ) (4.153): |

With the “ansatz” O�2 IQE of �2 we have achieved the first decomposition of
varf O�2g. The second decomposition of the first term will lead us to central moments
of fourth order which will be decomposed into central moments of second order for
a Gauss normal random variable y. The computation is easiest in “Ricci calculus”.
An alternative computation of the reduction “fourth moments to second moments”
in “Cayley calculus” which is a bit more advanced, is gives in Appendix A-7.

Ef.trMeye0
y/.trMeye0

y/g D
nX

i;j;k;lD1
mijmklEfeyi eyj eykeyl g D

nX
i;j;k;lD1

mijmklßijkl

D
nX

i;j;k;lD1
mijmkl .ßijßkl C ßikßjl C ßi lßjk/

D
nX

i;j;k;lD1
mijmkl .vijvkl C vikvjl C vi lvjk/�4

Ef.trMeye0
y/.trMeye0

y/g D �4.trMV/2 C 2�4tr.MV/2: (4.154)

A combination of the first and second decomposition leads to the final result.
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EfŒ O�2 � Ef O�2g�g D Ef.trMeye0
y/.trMeye0

y/g � �4.trMV/

D 2�4.trMVMV/: |

A first choice of a constrained Lagrangean for the optimization problems
“BIQUUE”, namely (4.158) of Box 4.10, is based upon the variance

EfŒ O�2 � Ef O�2g� j IQEg

constrained to “IQE” and

(i) the condition of uniform unbiasedness

.trVM/� 1 D 0

as well as
(ii) the condition of the invariant quadratic estimation A0.M1=2/ D 0.

A second choice of a constrained Lagrangean generating O�2 BIQUUE of �2,
namely (4.160) of Box 4.10, takes advantage of the general solution of the
homogeneous matrix equation M1=2A D 0 which we already obtained for “IQE”.
Equation (4.72) is the matrix container for M. In consequence, building into the
Lagrangean the structure of the matrix M, desired by the condition of the invariance
quadratic estimation O�2 IQE of�2 reduces the first Lagrangean by the second
condition. Accordingly, the second choice of the Lagrangean (4.160) includes only
one condition, in particular the condition for an uniformly unbiased estimation
.trVM/� 1 D 0. Still we are left with the problem to make a proper choice for the
matrices Z0Z and Gy. The first “ansatz” Z0Z D ˛Gy produces a specific matrix
M, while the second “ansatz” Gy D V�1 couples the matrix of the metric of the
observation space to the inverse variance factor V�1. Those “natural specifications”
reduce the second Lagrangean to a specific form (4.161), a third Lagrangean which
only depends on two unknowns, ˛ and �0. Now we are prepared to present the basic
result for O�2 BIQUUE of �2.

Box 4.10. (Choices of constrained Lagrangeans generating O�2 BIQUUE of
�2)

“a first choice”

L.M1=2; �0;A1/ WD 2tr.MVMV/C 2�0Œ.trVM/� 1�C 2trA1A0.M1=2
/0 (4.155)

“a second choice”

M D .M1=2/0M1=2 D ŒIn�GyA.A0GyA/�1A0�Z0ZŒIn �A.A0GyA/�1A0Gy�

(4.156)
ansatz : Z0Z D ˛Gy

M D ˛GyŒIn � A.A0GyA/�1A0Gy� (4.157)
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VM D ˛VGyŒIn � A.A0GyA/�1A0Gy� (4.158)

ansatz W Gy D V�1

VM D ˛ŒIn � A.A0V�1A/�1A0V�1
� (4.159)

L.˛; �0/ D trMVMVC 2�0Œ.VM � 1/� (4.160)

trMVMV D ˛2trŒIn �A.A0V�1A/�1A0V�1
� D ˛2.n �m/

trVM D ˛trŒIn �A.A0V�1A/�1A0V�1
� D ˛.n �m/

L.˛; �0/ D ˛2.n �m/C 2�0Œ˛.n �m/� 1� D min
˛;�0

: (4.161)

Lemma 4.20. ( O�2 BIQUUE of �2):

The scalar O�2 D y0My is BIQUUE of �2 with respect to special Gauss–Markov
model of full column rank, if and only if the matrix ˛ together with the “Lagrange
multiplier” fulfills the system of normal equations

�
1 1

n �m 0

�" Ǫ
O�0

#
D
�
0

1

�
(4.162)

solved by

Ǫ D 1

n�m; �0 D � 1

n �m: (4.163)

: Proof:

Minimizing the constrained Lagrangean

L.˛; �0/ D ˛2.n �m/C 2�0Œ˛.n �m/� 1� D min
˛;�0

leads us to the necessary conditions

1

2

@L

@˛
. Ǫ ; O�0/ D Ǫ .n�m/C O�0.n �m/ D 0

1

2

@L

@�0
. Ǫ ; O�0/ D Ǫ .n�m/� 1 D 0

or�
1 1

n �m 0

�" Ǫ
O�0

#
D
�
0

1

�

solved by Ǫ D �O�0 D 1
n�m .
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1

2

@2L

@˛2
. Ǫ ; O�0/ D n �m � 0

constitutes the necessary condition, automatically fulfilled. Such a solution for the
parameter ˛ leads us to the “BIQUUE” representation of the matrix M.

M D 1

n �mV�1ŒIn � A.A0V�1A/�1A0V�1
� (4.164)

Explicit representations O�2 BIQUUE of�2, of the variance Df O�2g and its estimate
Df O�2g are highlighted by

Theorem 4.21. ( O� BIQUUE of �2):

Let O�2 D y0My D .vecM/0.y˝ y/ D trMyy0 be BIQUUE of �2 with reseat to
the special Gauss–Markov model of full column rank.

(i) O�2 BIQUUE of �2

Explicit representations of O�2 BIQUUE of �2

O�2 D .n �m/�1y0ŒV�1 � V�1A.A0V�1A/�1A0V�1
�y (4.165)

O�2 D .n �m/�1 Qe0V�1 Qe (4.166)

subject toQe D Qe
( BLUUE).

(ii) D O�2 j BIQUUE
BIQUUEs variance is explicitly represented by

Df O�2jBIQUUEg D EfŒ O�2 � Ef O�2g�2 j BIQUUEg D 2.n�m/�1.�2/2:
(4.167)

(iii) QDf O�2g
An estimate of BIQUUEs variance is

ODf O�2g D 2.n�m/�1. O�2/ (4.168)

ODf O�2g D 2.n�m/�3.Qe0V�1 Qe/2: (4.169)

: Proof:

We have already prepared the proof for (i). Therefore we continue to prove (ii)
and (iii)

.ii/Df O�2 j BIQUUEg
Df O�2g D EfŒ O�2 � Ef O�2g�2g D 2�2trMVMV;
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MV D 1

n �mŒIn � A.A0V�1A/�1A0V�1
�;

MVMV D 1

.n �m/2 ŒIn �A.A0V�1A/�1A0V�1
�;

trMVMV D 1

n �m )

) Df O�2g D 2.n�m/�1.�2/2:
.iii/Df O�2g

Just replace within Df O�2g the variance �2 by the estimate O�2.
ODf O�2g D 2.n�m/�1. O�2/2: |

Upon writing the chapter on variance-covariance component estimation we learnt about
the untimely death of J.F. Seely, Professor of Statistics at Oregon State University, on 23
February 2002. J.F. Seely, born on 11 February 1941 in the small town of Mt. Pleasant,
Utah, who made various influential contributions to the theory of Gauss–Markov linear
model, namely the quadratic statistics for estimation of variance components. His Ph.D.
adviser G. Zyskind had elegantly characterized the situation where ordinary least squares
approximation of fixed effects remains optimal for mixed models: the regression space
should be invariant under multiplication by the variance-covariance matrix. J.F. Seely
extended this idea to variance-covariance component estimation, introducing the notion
of invariant quadratic subspaces and their relation to completeness. By characterizing the
class of admissible unbiased estimators of variance-covariance components. In particular,
the usual ANOVA estimator in 2-variance component models is inadmissible. Among other
contributions to the theory of mixed models, he succeeded in generalizing and improving
on several existing procedures for tests and confidence intervals on variance-covariance
components.

Additional Reading

Seely. J. and Lee, Y. (confidence interval for a variance: 1994), Azzam, A., Birkes,
A.D. and Seely, J. (admissibility in linear models, polyhydral covariance structure:
1988), Seely, J. and Rady, E. (random effects–fixed effects, linear hypothesis: 1988),
Seely, J. and Hogg, R.V. (unbiased estimation in linear models: 1982), Seely, J.
(confidence intervals for positive linear combinations of variance components,
1980), Seely, J. (minimal sufficient statistics and completeness, 1977), Olsen, A.,
Seely, J. and Birkes, D. (invariant quadratic unbiased estimators for two variance
components, 1975), Seely, J. (quadratic sub-spaces and completeness, 1971) and
Seely, J. (linear spaces and unbiased estimation, 1970).
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4-37 Simultaneous Determination of First Moment and the
Second Central Moment, Inhomogeneous Multilinear
Estimation, the E �D Correspondence, Bayes Design
with Moment Estimations

The general linear model with linear dispersion structure is reviewed with respect to
(i) unbiasedness, (ii) invariance and (iii) nonnegativeness of the variance-covariance
component estimation. The E � D correspondence is outlined as well as the
importance of quadratic dispersion component estimations and their reproducing
property. We illustrate the theoretical investigations by two examples: (i) one
variance component estimation and (ii) variance-covariance component estimation
of Helmert type. These results are extended by three other examples: (iii) hybrid
direction-distance network, (iv) gyroscopic azimuth observations and (v) Bayes
design with moment estimation.

The subject of variance-covariance component estimation within an adjustment
process was one of the central research topics in the last decade, both in geodesy and
mathematical statistics. In a remarkable bibliography which up-to-date to the year
1977 H. Sahai listed more than 1,000 papers on variance component estimation
where the basic source was “Statistical Theory and Method Abstracts”, published
for the International Statistical Institute by Longman Group Limited, “Mathematical
Reviews” and “Abstract Service of Quality Control and Applied Statistics”. Let us
refer also to his bibliography (1979) as well as H. Sahai, A.J. Khuri and C.H. Kapa-
dia (1985), C.R. Rao and J. Kleffe (1988), R.D. Anderson (1979), C.R. Henderson
(1953), J. Kleffe (1975, 1977), H. Drygas (1977,1981), S. Gnot and J. Kleffe (1983),
S. Gnot, J. Kleffe and R. Zymslong (1985), P.S.R.S. Rao (1977), S.R. Searle(1978,
1979), L.R. Verdooren (1979,1980) and R. Thompson (1962, 1980). The PhD thesis
of B. Schaffrin (1983) offers a critical review of the state-of-the-art.

In Geodetic Sciences variance component estimation originates from F.R. Helmert
(1907) who used least squares residuals to estimate heterogeneous variance
components. Instead K. Kubik (1967 i, ii, iii, 1970) used early the method on
Maximum Likelihood for estimating weight ratios in a hybrid distance-direction
network. In this context we refer also to H.O Hartley and J.N.K Rao, H.D. Patterson
and R. Thompson 1971) and K. R. Koch (1986). R. Kelm (1978) and E. Grafarend
(1978 i, ii, 1982) used Helmert’s variance component estimation for geodetic
examples. Monte-Carlo algorithms were used for variance components estimation
by J. Kusche (2003). In his PhD thesis M. Serbetci analyzed gravimetric measure-
ments by the Helmert estimation techniques. Numerical extensions of his estimation
method originate from H. Ebner (1972, 1977), W. Foerstner (1979, 1982) and
W. Welsch (1977, 1978, 1979, 1980). MINQUE estimators were used by R. Kelm
(1978), with respect to the Gauss–Markov model various geodetic applications
have proven the power of variance component estimation: H. Fröhlich (1982, 1983,
1984), H. Fröhlich and D. Duddek (1983), K. R. Koch (1981) and L. Sjöberg (1980)
used variance component estimation for the analysis of the constant and distance
dependent variance factor in electro-optical distance measurements.
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The analysis of deforming networks was based on variance component estimation
by Y. Chen (1983), K. R. Koch(1981), B. Schaffrin (1981, 1983) and P. Schwintzer
(1984). H. Pelzer (1982) presented a special variance component model for eccen-
tric direction measurements . J. D. Bossler and R.H. Hanson (1980) used Bayesian
variance component estimation for densification networks. A first application
of variance component estimation of Helmert type has been in heterogeneously
observed networks, for instance direction and distance measurements characterized
by an unknown variance component. Examples are given by E. Grafarend and
A. d’Hone (1978), E. Grafarend, A. Kleusberg and B. Schaffrin (1980), K. Kubik
(1967), O. Remmer (1971) and W. Welsch (1978, 1979, 1980). A special field of
geodetic application has been oscillation analysis based on a basic contribution
of H. Wolf (1975) which was applied by M. Junasevic (1977) for estimating the
signal-to-noise ratios in gyroscopic azimuth observations and has been extended
by E. Grafarend and A. Kleusberg (1980) and A. Kleusberg and E. Grafarend
(1981). Geodetic examples in Condition Adjustment and Condition Adjustment
with Unknowns (Gauss–Helmert model) including variance-covariance component
estimation, namely in collocation problems, have been given by E. Grafarend
(1984), C. G. Persson (1981, 1982) and L. Sjöberg (1983 i, ii, 1983, 1984 i, ii,
1985, 1995).

A. Amiri-Simkooej (2007) applied variance component estimation to GPS
(Global Positioning System). W. Lindlohr (1983) used variance component
estimation for the analysis of a special auto regression process in photogrammetric
networks. P. Xu et al. (2007) discussed the estimating problem of variance-
covariance components and proved conditions with respect to the rank of the
variance-covariance matrix to be estimate. Of course, not all components of a
full variance and covariance matrix are estimated, only r.r � 1/j2 when we
assume a variance–covariance matrix of rank r.r � 1/. In a definition in P. Xu
et al (2006), they presented a zero order Thykhonov regularization method for
estimating variance-covariance components. A basic result which they found is
the simultaneous estimation of the regularization parameter and related variance
component estimation is advantages. P.J.G. Teunissen and A. R. Amiri-Simkooej
(2008) studied least-squares variance component estimation: they treated an
elliptical contoured distribution, best linear uniformly unbiased estimator (BLUE),
best invariant quadratic unbiased estimator (BIQUE), minimum norm quadratic
unbiased estimator (MINQUE) and restricted maximum likelihood estimator
(REML). N. Crocetto, M. Gatti and P. Russo (2000) presented simplified formulae
for the BIQUE estimation observation groups. K. R. Koch (1986, 1987) compares
Maximum Likelihood Estimation and Bayesian Inference for variance components.
They also studied in K. R. Koch and J. Kusche (2002) the regularization of
potential determination from satellite data by variance components. J. Kusche
(2003) analyzed noise variance estimation and optimal weight determination for
GOCE gravity recovery. Z. Ou (1989, 1991) discussed various methods for variance-
covariance component estimation and applied it to approximation Bayes estimation.

A special procedure for estimating the variance function of linear models for
GPS carrier-phase observations has been developed by W. Bischoff et al (2006).
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C. C. J. M. Tiberius and F. Kenselaar applied variance components estimation
for precise GPS positioning. Z. Yu (1992, 1996) tried to generalizes variance-
covariance component estimation and applied it to Maximum Likelihood Estimation.
Finally we have to refer to the most important geodetic contributions of K. R. Koch
(1980, 1990, 1999, 2000) and K.R. Koch and M. Schmidt (1994): They estimated
a set-up of a covariance and designed a test about the identity with respect to
a prescribed design matrix in K. R. Koch (1976). Various estimators of vari-
ance components were analyzed in K. R. Koch (1978, 1979i (mixed models),
1979ii(Gauss–Helmert)) of variance-covariance components in K. R. Koch (1981,
“Gauge unknown in distance measurements”, 1983 “Multivariate and incomplete
multivariate models”), Bayes estimates of variance and Bayes Inference (1994,
1988i, ii) as well as maximum likelihood estimates of variance components in
K. R. Koch and A. J. Pope (1986). Notable is also the contribution “Comments on
P. Xu et al.” in K. R. Koch and J. Kusche (2006) relating to variance component
estimation in linear inverse ill-posed models.

The basic problem with the analysis of first moments and central second
moments with second order statistics is their problematic structure design of their
components. Have the first order moments a linear or nonlinear structure? Is the
rank detectable? With respect to second order control moments it is very difficult to
design. How many variances and covariances are needed for a reasonable structure?
In case of variances it is very difficult to find out what is the rank of the variance
matrix. A more question is the structure of covariances or of a variance-covariance
matrix. What is the rank of an estimate set of the variances and of the covariances.
Who decides upon a fixing those variances and covariances?

One key problem, in addition, is the one how to produce realistic, non-negative
variances or non-negative variance-covariance components. Most of the analysis
programs work well to determine variances and covariances when there is no bias
among the observations and the redundancy of the observations is “reasonable
high”. How good are the initial values when variance-covariance values in an
iteration process are used? How can we guarantee non-negative estimates for a
variance-covariance matrix without any physical meaning? L.R. La Motte (1973)
presented “a” non-negative quadratic unbiased estimation procedure for variance
components. An alternative non-negative estimation procedure for variance which
is “almost” unbiased non-negative iterative estimator was designed by S.D. Horn
(1975). W. Foerstner (1979) came up with another non-negative estimator of
variances. It is well-known that MINQUE (“Minimum Norm Quadratic Unbiased
Estimator”) and the Foerstner’s estimator provide the same results in an itera-
tive process.

If the a priori weights are correct, no bias exist in the model as was proven
by C. G. Persson (1980). It is also well known that MINQUE produces the same
result as

Best Quadratic Unbiased Estimator (BQUE)

for instance shown by L. Sjöberg (1984i). Based on results by F. Pukelsheim
(1981) and L. R. la Motte (1973),
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Best Quadratic Unbiased Non-negative Estimator (BQUNE)

were defined by L. Sjöberg (1984i) for the linear Gauss–Markov model and
generalized to the Gauss–Helmert model. A special contribution of L . Sjöberg
(1984i) is appreciated which is taken care of the problem when negative variance
components appear. However, the two constraints of unbiasedness and non-negative
of variance components cannot necessarily be satisfied simultaneously, an effect
which led L . Sjöberg (1984) to consider.

Best Quadratic Minimum Bias Non-negative Estimator (BQMBNE)

presented in M. Eshagh and L. Sjöberg (2008) partially. They focussed mainly
on a Modified Best-Quadratic unbiased Non-negative Estimator.

Example 1 (one variance components)

Assume a linear model which will be characterized by first and second moments
on the n � 1 vector of observations

Efyg D A� D Ax1 Dfyg D I�2 D Ix2;

where A is the n�m first order design matrix, I the n�n second order design matrix
(here: a unit matrix). � D x1 is the n � 1 vector of unknown parameters, �2 D x2
the 1 � 1 vector (scalar) of unknown variance components.

We intend to estimate the unknown vector � or x1 linearly from the vector y
of observations, the unknown �2 or x2 quadratically from the observation vector y.
1st postulate

Q�i D
nX

pD1
Lipyp or Q� D Ly (4.170)

Q�2 D
nX

p;qD1
Mpqypyq or Q�2 D y0My (4.171)

In the classical procedure we at first estimate x1: (i) Estimation of x1

2nd postulate
We postulate unbiased estimation of x1:

EfQx1g D x1 8x1

Corollary 1.

Efyg D Ax1

Efx1g D x1

Qx1 D Ly

3
5) LA � I D 0
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PROOF:

Ef Qx1g D EfLyg D LEfyg D LAx1 D x1

8x1 ” .LA � I/x1 D 0 8x1 ” LA � I D 0

Corollary 2.

LA � I D 0 has a solution ” rkA D m

x1 is unbiased estimable if and only if the rank rkA D r of the first order design
matrix is identical with the number m of unknown parameters: r D m.
3rd postulate

var Qx1 D min or

EfŒQx1 � EfQx1g�0ŒQx1 � EfQx1g�g D min

L

Corollary 3.

var Qx1 D tr�2LL0

Proof:

var Qx1 D EfŒy � Efyg�0L0LŒy � Efyg�g
D Ef"0L0L"g D trLEf""0gL0 D trLDfygL0 D tr�2LL0

In order to assure BLUE (best linear unbiased estimations) of the vector x1 of
unknowns we minimize

tr�2LL0 C 2tr.LA � I/� D min

L;A

where the postulate of x1 – unbiasedness is added by the matrix � of the Lagrange
multipliers. As a result we find

�
�2I A
A0 0

�" OL0

O�

#
D
�
0

I

�

det

�
�2I A
A0 0

�
D det.�2I/det.�A��2A/ ¤ 0; (4.172)

if rkA D m

IPM-method (‘Pandora Box’ of C.R. Rao, “inverse partitioned matrix”) :
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�
�2I A
A0 0

� �
��2D C

C0 E

�
D
�
��2D C

C0 E

� �
�2I A
A0 0

�
D
�

In 0
0 Im

�
(4.173)

IDC AC0 D DIC CA0 D In

A0C D C0A D Im

�2ICC AE D ��2DA D 0
A0D��2 D C0�2I # EA0 D 0

9>>>>=
>>>>;
)

D D I � ��2A.A0��2A/�1A0 D I � A.A0A/�1A0

C D ��2A.A0��2A/�1 D A.A0A/�1

E D �.A0��2A/�1
(4.174)

Result:

OL D C0 D .A0��2A/�1A0��2 D .A0A/�1A0 (4.175)

Corollary 4.

x1 � BLUE

Ox1 D OLy D .A0A/�1A0y (4.176)

DfOx1g D �2.A0A/�1 D �E (4.177)

Next in the classical procedure we shall estimate x2: (ii) Estimation of x2 The
residual vector O" is defined by

O" WD y� OE.y/ D y �A O�

Corollary 5.

O" D D" (4.178)

Proof:

.a/ O" D y � O� D y � A.A0A/�1Ay D .I �A.A0A/�1A0/y D Dy
D WD .I � A.A0A/�1A0/ “projection operator,

idempotent matrix”
(4.179)
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.b/ Dy D D.y �A�/ D D" “invariance property
y 7! y � A�”

(4.180)

since
.I � A.A0A/�1A0/.y �A�/
D .I �A.A0A/�1A0/y � .�A.A0A/�1A0A/�
D .I �A.A0A/�1A0/y

Corollary 6.

Ef O"0 O"g D �2.n �m/ (4.181)

Proof:

Ef O"0 O"g D trEf O"O"0g D tr�2DD0 D �2trD
D �2tr.In/� �2tr.A.A0A/�1A0/

D �2tr.In/� �2tr..A0A/�1A0A/

D �2tr.In/� �2tr.Im/ D �2.n �m/

2nd postulate
We postulate unbiased estimation of x2:

Ef Qx2g D x2 8x2

Corollary 7.
If

�2 D .n �m/�1 O"0 O" (4.182)

then
Ef O�2g D �2 or Ef Ox2g D x2 (4.183)

It can also be shown that Ox2 D O�2 is BIQUE (best invariant quadratic unbiased
estimation). The construction of an unbiased estimation of N�2 described above
is the guiding principle for the estimation of variance components according to
F.R. Helmert.

Example 2 (variance component estimation of Helmert type):

Assume a linear model which will be characterized by first and second moments of
the n � 1 vector of observations

Efyg D
mX
iD1

ai�i (4.184)
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Dfyg D
lX

jD1
Cjj �

2
j C

l�1X
jD1

lX
kD2

Cjk�jk D (4.185)

D

2
664
�21 Q11 �12 Q12 : : : �1l Q1l

�212 Q12 �2 Q22 : : : �2l Q2l

: : :

�21l Q0
11 �2l Q0

2l : : : �
2
l Ql l

3
775 (4.186)

where the dispersion or variance-covariance matrix Dfyg is assumed to be positive
definite.

Cjj D
2
4 0 : : : 0

: : : Qjj : : :

0 : : : 0

3
5 row j (4.187)

column j

j D 1; : : : ; l

column k

Cjk D

2
666664

0 0

0 Qjk

: : : : : :

Q0
jk 0

0 0

3
777775

row j

row k
(4.188)

column j

A WD Œa1; : : : ; am� is the n � m first order design matrix, Cjj , Cjk are n x n
second order design matrix blocks. m first moments (regression parameter), l second
moments �2j of type variance and l.l�1/=2 second moments �2jk of type covariance
are unknown. The above linear dispersion structure may be derived from the linear
structure of the residual vector

" WD y � Efyg D y �A� DPl
jD1 Aj"j

Ef"j g D 0;Ef"j"0
kg D ıjkI

#
) (4.189)

Dfyg D
lX

jD1
AjA0

j �
2
j C

lX
j;k

.AjA0
k C AkA0

j �
2
jk (4.190)

j<k

The variance-covariance model of Helmert type may be referred to as a linear
dispersion structure of heterogeneous, but independent observations with respect
to each other.
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Let us rewrite the first two moments in vector form.

Efyg D
mX
iD1

ai�i or Efyg D A� D Ax1 (4.191)

Dfyg D
l.lC1/=2X
jD1

Cj �j or d fyg WD vecDfyg D B� D Bx2 (4.192)

x1 WD Œ�1; : : : ;�m�0 D �; o.�/ D m � 1
x2 WD Œ�2i ; �12; �22 ; �13; �23; �23 ; : : : ; �l�1;l ; �2l �0 DW �

o.�/ D l.l C 1/=2

The first step : estimation of �k (reverse of the classical procedure)

Q�k D
nX

p;qD1
Mkpqypyq (4.193)

(0)
Choose a priori a vector �o of variance-covariance components such that

Dofyg D †.�o/ D †o

is positive definite. Construct the residual vector O" which belongs to the †o – least
square solution

(1)

O" WD y � OEfyg D y �A O� D .In �A.A0†�1
o A/�1A0†�1

o /y

D D.�o/y D D.�o/.y �A�/ D D.�o/" (4.194)

Thus the estimator O" is invariant with respect to y 7! y � A�
(2)

O"0
†�1
o O" D "0D0.�o/†�1

o D.�o/" D trD0.�o/†�1
o D.�o/""0 (4.195)

(3)
Ef O"0

†�1
o O"g D trD0.�o/†�1

o D.�o/† (4.196)

Corollary. (multinomial inverse):

† D
l.lC1/=2X
kD1

Ck�k ) †�1 D
l.lC1/=2X
kD1

Ek (4.197)
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e.g.

† D �21

�
Q11 0

0 0

�
C �12

�
0 Q12

Q0
12 0

�
C �22

�
0 0

0 Q22

�
D (4.198)

D �21C11 C �12C12 C �22C22

†�1 D ��2
1

�
P11 0
0 0

�
C ��1

12

�
0 P12

P0
12 0

�
C ��2

2

�
0 0

0 P22

�
D (4.199)

D E1 C E2 C E3

P11 D Q�1
11 C kKP22K0 (4.200)

P12 D P0
12 D �kKP22 (4.201)

P22 D .Q22 � kK0Q11K/�1 (4.202)

k WD �212

�21 �
2
2

; K WD Q�1
11 Q12 (4.203)

Once we apply the above corollary for the multinomial inverse we arrive at

Ef O"0Ei .�o/ O"g D
l.lC1/=2X
jD1

trD0.�o/Ei .�o/D.�o/Cj �j (4.204)

The Helmert equation for variance-covariance component estimation is now gained
once we write for all i D 1; : : : ; l.l C 1/=2

O"0Ei .�o/ O" D
l.lC1/=2X
jD1

trD0.�o/Ei .�o/D.�o/Cj O�j (4.205)

or in a more suitable form

q D H O� (4.206)

q � qi WD O"0Ei .�o/ O" D D0.�o/Ei .�o/D.�o/y (4.207)

H � Hij WD trD0.�o/Ei .�o/D.�o/Cj (4.208)

O� D H�q (4.209)

is the g-inverse solution of the Helmert equation. The inversion of the Helmert
equation is supposed to give the factors which latter on guarantee an unbiased
estimation of variance-covariance estimation. Two cases will be reported.
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Case 1:

detH ¤ 0) rkH D l.l C 1/=2)
O� is †o �HIQUE.†o � Helmert type IQUE/

¤ †o �HIQUE

¤ †o �MINIQUE.†o �minimum IQUE/

Case 2:

detH D 0) rkH < l.l C 1/=2)
O� is †o � HIQUE.†o �Helmert type invariant quadratic estimation/

Note that in case 2 there is no word about unbiasedness. Still there remains the
problem of positive variance components O�21 ; O�22 ; : : : ; O�2l .

Actually the estimated variance-covariance matrix O† may differ significantly
from the assumed dispersion matrix †o. But the special case O† D †o is called
of reproducing type. We also say a priori and a posteriori variance-covariance
components coincide.

The second step: estimation of �i (reverse of the classical procedure)

Q�i D
mX
pD1

Lipyp (4.210)

If Q� solves the consistent system of equations

A0†�1. O�/A O� D A0†�1. O�/y (4.211)

then O� is called O� � least squares solution where

L. O�/ D .A0†�1. O�/A/�1A0†�1. O�/ (4.212)

Many problems in regression parameter estimation, e.g. deformation analysis,
are characterized by a more general linear dispersion structure that the Helmert
one. A lot of study has been done for the linear model with linear dispersion
structure, namely:

Efyg D A� D Ax1
vec Dfyg D B� D Bx2

Solution for the unknown variance-covariance components are called admissible,
if the dispersion matrix Dfyg is nonnegative definite and the variance components
O�2j are nonnegative

The procedure of the simultaneous estimation of the unknowns x1 and x2 of first
and second moment type is the proper estimation concept pioneered by J. Kleffe
(1978), S. Gnot et al. (1977).
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x D
�

x1
x2

�

Qx1 D K1 C L1yCM1.y˝ y/

Qx2 D K2 C L2yCM2.y˝ y/� Qx1
Qx2
�
D
�

K1

K2

�
C
�

L1 M1

L2 M2

� �
y

y˝ y

�

“˝” indicates the “Kronecker-Zehfuß product”.
1st postulate

“inhomogeneous, multilinear (bilinear) estimation”

Qx D XY

X WD
�

K1 L1 M1

K2 L2 M2

�
;Y WD

2
4 1

y
y˝ y

3
5

2nd postulate

“invariance”
y 7! y �A� W O� invariant

3rd postulate

“unbiasedness” or “minimum bias”
Let us define the bias vector b and the bias matrix S by

b W EfQxg � x D Sx; S WD X
�

A
B

�
� I

kSk D ptrS0S D minkOSk D minfkSk jS D X
�

A
B

�
� Ig

The resulting condition equations have to be added via Lagrange multipliers to the
postulate kDfQxgk = min of best estimation. A special case will be noted:

K1 D 0; M1 D 0 W b1 D .LA � I/�

K2 D 0; M2 D 0 W b2 DM2.A�˝ A�/CM2 vec † � �

4th postulate

Note that the dispersion matrixDfQxg contains beside second moments also third and
fourth moments of the observation vector y. In order to restrict the multilinear esti-
mation process to second order statistics, normally (or quasinormally) distributed
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observations are introduced which guarantee the reduction, for instance,

�ijk D Ef"i"j"kg D 0
�ijkl D Ef"i"j"k"l g D �ij �kl C �ik�jl C �il�jk

or

�ijk D D 0
�ijkl D fijklpqrs�pq�rs

5th postulate
“best estimation”

DfQxg WD EfŒQx� EfQxg�ŒQx �EfQxg�0g
kDfQxgk WD

p
trDfQxg D min

X

Finally within the context of the five postulates important results will be
mentioned.

(1) For the linear modelEfyg D A�, vecDfyg D B� ,Dfyg positive definite, there
always exist linear unbiased estimations Oz D ZY of block-diagonal structure

Z WD
�

L 0

0 M

�
;Y WD

�
y

y˝ y

�
; o.Y/ D n.nC 1/� 1

z WD vecŒF�;G��

of certain optimality properties.
(2) For the linear model Efyg D A�, vecDfyg D B� , Dfyg positive definite,

there exist invariant quadratic estimations of arbitrary vectors G� which are
independent of the special estimations of vectors A� by Ly D AA�y. This
result motivates the two steps estimation process: At first the vector G� is
invariant estimated, secondly the vector F� is estimated dependent of G O� .

(3) “E-D-correspondence”
Once we construct invariant quadratic estimation of vectors G� , namely
linear in Py ˝ Py where P WD I� A.A0A/�A0, then the whole theory
of regression parameter estimation with respect to a singular Gauß–Markov
model can be transferred to the estimation of dispersion components, if the
observation vector y is at least quasi-normally distributed. This idea has been
pioneered by S.K. Mitra (1971), F.Pukelsheim (1976,1977,1979,1981) and
J. Seely (1971,1972,1977).
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(4) We have briefly mentioned that the dispersion component estimation based on
the a priori dispersion matrix†o leads to the concept of reproducing estimations
in the sense of †o D O†. Actually an initial estimate †o does not lead to the
value O†. We have to iterate, e.g. the Helmert equation, up to the reproducing
by iteration. B. Schaffrin (1983) has described quite a number of iteration
procedures. For instance, he proved that the diagonalization technique of the
Helmert equation pioneered by W. Förstner (1979) leads to repro-BIQUE.

(5) With respect to the Helmert equation we have mentioned that unbiased disper-
sion component estimations might not exist. Then we would prefer minimum
bias estimation. In addition, variance component might be negative, a well-
known result from practical work. In this context we mention the nonnegative
quadratic minimum bias estimator, pioneered by J. Hartung (1979,1980).
B. Schaffrin (1981ii) has efficiently used the linear complementarity problem
(LCP algorithm), e.g. to solve the Helmert equation under the constraints of
nonnegative variance components.

Let us discuss the intuitive Helmert estimation of variance-covariance compo-
nents with respect to the linear model with linear dispersion structure. We take
advantage of the quadratic set-up of variance-covariance components estimation of
invariant type, namely

O� D XO"˝ O" D Xvec O"O"0

O" D Do" D Doy

where the projection matrix Do WD I � A.A0†�1
o A/�1A0†�1

o refers to †o � � by
4.194. Combine (4.213) in order to find

O� D Xvec Do""
0D0
o D XDo ˝Dovec ""0 (4.213)

The postulate of unbiased variance-covariance component estimation and the
linear dispersion structure lead to

Ef O�g D XDo ˝ Dovec† D XDo ˝ DoB� D � for all � (4.214)

or
XDo ˝ DoB D I (4.215)

Obviously
X D Œ.Do ˝ Do/B��l (4.216)

is the left generalized inverse which solve (4.215) such that

O� D Œ.Do ˝ Do/B��l Do ˝ Do vec yy0 (4.217)

We mention two general representations of the left generalized inverse which are
equivalent, namely
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X D fB0.Do ˝ Do/
0R.Do ˝ Do/Bg�1B0.Do ˝ Do/

0R (4.218)

and

X D fS0.Do ˝ Do/Bg�1S0 (4.219)

R D SfB0.Do ˝ Do/
0Sg�1fS0.Do ˝ Do/Bg�1S0 (4.220)

The arbitrary matrices R and S have to be chosen in such a way that the regular
inverse of the matrices f g exist.The equivalence of the various representations can
be shown once we use R D X0X, for instance. The Helmert estimator is obtained
once we choose

SH D fŒ†�1
o �†�1

o A.A0†�1
o A/�1A0†�1

o �˝
†�1
o �†�1

o A.A0†�1
o A/�1A0†�1

o gf†o ˝†ogBo

(4.221)

where we have introduced the vector of a multinomial inverse of †o according to
(4.197) namely

vec †�1
o D Eos (4.222)

and s the “summation vector”.
Finally we present two characteristic geodetic numerical example:

Example 3. (two variance components, hybrid direction-distance network):
An example for a combined distance-direction two-dimensional network has been
taken from W. Welsch. Figure 4.2 is the network graph, Table 4.1 the set of
approximate (x,y)-coordinates, Table 4.2, the set of 40 distance and 99 direction
observations. There are 12 points, 21 coordinate correction unknowns and 23

Fig. 4.2 Huaytapallana network, Peru
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Table 4.1 Approximate
coordinates, Huaytapallana
network, Peru

y x

2 2 175.874 m 1 737.156 m
3 2 577.368 m 1 148.348 m
5 1 252.818 m 1 893.092 m
6 1 774.584 m 1 778.635 m
7 1 262.644 m 1 596.958 m
8 1 725.782 m 1 596.606 m
9 2 253.863 m 1 554.891 m
10 2 424.436 m 1 237.101 m
11 2 053.959 m 1 282.128 m
12 1 252.980 m 1 871.469 m
1 2 232.194 m 1 000.000 m
4 1 000.000 m 1 000.000 m

Table 4.2 Distance
observations, Huaytapallana
network, Peru

1 5 1325.4268 m 4 6 1098.2724 m
1 4 1232.1958 m 4 8 939.4676 m
1 3 375.7020 m 4 11 1091.0600 m
1 11 333.6888 m 5 6 534.1382 m
1 10 305.2402 m 5 8 558.1884 m
2 3 712.6460 m 5 12 21.6076 m
2 10 558.3987 m 6 7 543.2001 m
2 8 471.5552 m 6 9 528.9682 m
2 6 403.4410 m 6 8 188.4908 m
2 4 1387.8132 m 6 10 845.9200 m
2 9 198.2577 m 7 8 463.1096 m
2 7 923.9211 m 7 11 851.6534 m
2 5 936.1232 m 7 12 274.6834 m
3 11 540.2310 m 8 9 529.7660 m
3 5 1519.5508 m 8 11 454.5350 m
3 4 1584.3316 m 8 10 785.7282 m
3 6 1020.6574 m 9 3 519.5172 m
3 10 176.8214 m 9 11 338.1710 m
4 7 652.1740 m 9 10 360.6380 m
4 5 928.1742 m 10 11 373.1988 m

orientation unknowns. The coordinate system is geodetically oriented (y right, x
top) Œ
x1;
x4;
y4�0 D 0 has been chosen for the network datum. Units of the
computations are meter for distances and rad for directions. Figure 6.183 is the

plot of a posteriori variance ratio O�21 = O�22 as a function of the a priori variance
ration �21 =�

2
2 in the interval 102 � �21 =�

2
2 � 105 with the reproducing point

O�21 = O�22 D �21 =�
2
2 D 2:2 � 104 or O�1 D 0:0022m for distances and O�2 D 9; 4cc

for directions. Example 3 has been taken from E. Grafarend, A Kleusberg and
B. Schaffrin (1980). Note that the abscissa in Fig. 4.3 contains logarithmic scale
while its ordinate linear scale which explains the dashed curve which in linear-linear
scale is a straight line.
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Table 4.3 Direction
observations, Huaytapallana
network, Peru

1 11 0 11 4 0
10 79.24383 g 8 65.28951 g
3 110.03086 g 10 224.34846 g
4 335.87130 g 3 232.58056 g

1 280.78056 g
2 3 0

10 8.73148 g 2 8 0
9 12.35741 g 7 9.57346 g
4 102.45062 g 6 25.82932 g
8 118.82870 g 5 29.92500 g
6 144.65833 g

3 10 59.31235 g
3 1 0 6 68.20741 g

4 19.87037 g 2 87.73488 g
11 41.76821 g
5 58.44753 g 4 5 0
2 87.73951 g 8 38.63519 g

11 65.78457 g
4 5 0 3 76.46451 g

7 8.82377 g 1 82.43395 g
6 32.26790 g
8 38.63395 g 5 3 0
2 46.78519 g 8 3.04444 g

1 14.45988 g
5 2 0 12 66.93951 g

6 3.09259 g 4 84.95370 g
8 24.99630 g
4 106.90741 g 6 3 0

10 1.85370 g
6 2 0 4 107.46080 g

9 21.24722 g 5 171.37500 g
8 110.11574 g
4 143.27346 g 7 12 0
7 171.73210 g 8 102.29383 g
5 207.18827 g 11 126.34753 g

4 228.62654 g
7 6 0

2 12.01327 g 8 10 0
8 21.76358 g 11 18.38642 g
4 148.09691 g 4 125.94784 g

5 205.39877 g
8 2 0

9 24.28580 g 10 11 0
4 175.47037 g 8 22.55494 g
7 219.32438 g 6 36.53086 g
5 254.92191 g 9 60.94383 g
6 335.94846 g 11 4 0

7 40.75679 g
(Continued)
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Table 4.3 (Continued) 9 3 0 9 156.91512 g
10 11.42994 g 3 232.57685 g
11 83.05864 g
8 147.80833 g 1 4 0
6 170.59784 g 5 47.06883 g
2 217.04722 g 1 4 0

10 143.37284 g
10 1 0

11 64.32253 g 12 5 0
6 100.85370 g 7 198.20988 g
2 127.25864 g
3 290.10370 g

Fig. 4.3 Two variance component estimations of Helmert type: O�21 = O�22 D f .�21 =�
2
2 /, Huaytapal-

lana network, Peru, O�1 D 0:0022m, O�2 D 9; 4cc at reproducing point

Example 4. (two variance components, multivariate gyrocompass observa-
tions):

An experimental data set of gyrocompass reversal point observations has been taken
from M. Junasevic (1977) and are listed in Table 4.4: They include 18 reversal points
with our TK3 instrument. The data analysis was based on a frequency oscillation
model with linear damping and disturbances of first order Markov type, namely
"i D � i C 
"i�1. The variance components within E.�i�j / D �21 ıij , E."20/ D �22
have been estimated according to the Helmert method. Figure 4.4 is a plot of the a

posteriori variance ratios as a function of a priori variance ratios O�21 = O�22 D f .�21 =�22 /
and of different values 
 we could find positive variances. For 
 D 0:6 we arrived
at �1 D 7”, �2 D 97” and for 
 D 0:6 �1 D 9”, �2 D 75” at the reproducing point.
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Fig. 4.4 Two variance component estimations of Helmert type: O�21 = O�22 D f .�21 =�
2
2 /, linear

damping, first order Markov model 
 D 0:5, O�1 D 7”, O�2 D 97” at reproducing point, 
 D 0:6,
O�1 D 9”, O�2 D 75” at the righthand true reproducing point

Table 4.4 Data set of 18
reversal points, gyrocompass
TK3

68.g080 70.g114 68.g072 70.g108 68.g072 70.g104
68.080 70.094 68.085 70.092 68.090 70.083
68.110 70.071 68.113 70.070 68.118 70.064

Inputs of 
 � 0:4 or 
 � 0:7 led to instabilities. The examples has been chosen
since it demonstrates that, in general, there might exist more than one reproducing
point, e.g. at �21 =�

2
2 D 0; 0005 and �21 =�

2
2 D 0; 015 for 
 D 0:6. Only in the

latter case the single variance components have been reproducing. Thus in using
numerical algorithms to find the reproducing point by iteration, there is the danger
that alternative reproducing points are overlooked. Example 4 has been taken from
E. Grafarend and A. Kleusberg (1980). Again we note the logarithmic-linear scale
of Fig. 4.4 similar to Fig. 4.3.

Example 5. (Bayes design with moment estimation)

A Bayes linear model with moment assumption is using, for instance, prior
information of type mean parameter vector � and the model variance �2: This
is taking into account by using � and �2 follow a distribution, turned the prior
distribution which is to be special by the experiment at the beginning of the
modelling phase. Thus the parameters � and �2 become random variables, in
addition the response vector y. The model lying distribution now determines the
joint distribution of y, � and �2. The expecting vector and the dispersion matrix
of the response vector y conditionally with � and �2 given, are given by 4.223.
The expectation vector and the dispersion matrix is determined by the prior mean
vector �o, a prior dispersion matrix Ro, non-negative definite and a prior sample
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size �o 	 0, given by 4.224. Finally we take advantage of prior model variance
�2 > 0 being the expected value of the model variance �2 of type 4.223. The
assumption (i) 4.223 (ii) 4.224, and (iii) 4.225 are called the Bayes linear model
with moment assumptions.

The assumption (ii) 4.224 are the critical ones: The prior estimation for �,
before any sampling evidence is available, is �o and has uncertainty .�2=�o/Ro.
In case of a full rank m, the Gauss–Markov theorem yields the sampling estimate
O� D .A0A/�1A0y, with dispersion matrix .�2=�/M�1, where M WD A0A=�. The
uncertainty of the prior estimate and the variability of the sampling estimate are
made comparable to the experimentor through specifying �o, assesses the weight
of the prior information on the same observation basis that applies to the sampling
information. The scaling issue is of central importance because it touches on the
essence of the Bayes philosophy, namely to combine prior information and sampling
information being insured in comparable units. Accordingly the optimal estimator
is easily understood. Otherwise, looks bad.
Bayes design with moment estimation

Assumption of type one

Epfyj�; �2g D A�;Dpfyj�; �2g D In�2 (4.223)

Assumption of type two

Epf�j�2g D �o;Dpf�j�2g D �2

�o
Ro (4.224)

Assumption of type three

Epf�2g D �2o (4.225)

Matrix-valued risk function (mean squared error matrix)

MSEfT.y/IK0�g D EpŒ.T.y/�K0�/.T.y/�K0�/0� (4.226)

Let us assume a full column rank coefficient matrix K in order to transform the
parameter system K0� into estimated quantities T(y). A proper choice of a matrix-
valued risk function called mean squared error of type 4.227 is used to minimize
the mean squared error matrix among all affine estimators ByCb where the matrix
B 2 R

l�n and the shift B 2 R
l . The shift b is needed since prior to sampling there

is a bias.
EpfK0�g D EpŒEp.K0�k�2/� D Ep.K0�o/ D K0�o (4.227)

Unless �oD 0, Any affine estimator that guarantees the minimum mean squared
error matrix is called

a Bayes estimator for K0�
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In the prescribed Bayes linear model with moment assumptions, let the prior
dispersion matrix Ro be positive definite, Then the unique Bayes estimator for K0�
is K0� given by 4.228. The mean squared error matrix is accordingly given by
4.229. For the proof we leave it to F. Pukelheim (1990), pp. 270–272. Unique Bayes
estimator for K0�

Q� D .�oR�1
o C A0A/�1.�oR�1

o �o C A0y/ (4.228)

Minimum mean squared error matrix

MSEp.K0 Q�IK0�/ D �2oK0.�oR�1
o C A0A/�1K (4.229)



Chapter 5
The Third Problem of Algebraic Regression

Inconsistent system of linear observational equations with datum defect:
overdetermined – undetermined system of linear equations: fAx C i D
yjA 2 R

n�m; y … R .A/ � rkA < minfm; ngg
The optimisation problem which appears in general linear systems and weakly

nonlinear systems is a standard topic in many textbooks on optimization. Here we
again define nearly nonlinear systems of equations as a problem which allows a
Taylor expansion. We start in the first section with a front example, an inconsistent
system of linear equations with datum defect. We illustrate (a) algebraic partitioning
(b) geometric partitioning and (c) set-theoretic partitioning. This setup is written not
for mathematicians, but for the analyst with remote control of the notions herein.
We construct the minimum norm-least squares solution (MINOLESS) leads to the
solution by additive or multiplicative rank partitioning (5.55). The second section is
based on a review of Minimum Norm - Least Squares Solution, both weighted norms,
based on the four axioms of the generalized inverse, again called Rao’s Pandora
box (C.R. Rao and S.K. Mitra (1971, pages 50–55, ”three basic g-inverses, Sect.
5.3.3: minimum norm least squares solution”)). A special highlight is the eigenvalue
decomposition of (Gx;Gy)-MINOLESS and its canonical representation: “left” and
“right” eigenspace analysis versus synthesis. Please, pay attention to our notes. In
Sect. 5-3 we shortly review Total Least Squares, namely the hybrid approximation
solution of type “’-HAPS” and the celebrated Tykhonov-Phillips regularization,
also called “Ridge Estimation” or “’-HAPS”: (5.108–5.110).

Read only Lemma 5.6 (MINOS) and Lemma 5.9 (HAPS).

We shall outline three aspects of the general inverse problem given in discrete
form (i) set-theoretic (fibering), (ii) algebraic (rank partitioning; “IPM”, the Implicit
Function Theorem) and (iii) geometrical (slicing). Here we treat the third problem of
algebraic regression, also called the general linear inverse problem: An inconsistent
system of linear observational equations

fAxC i D y jA 2 R
n�m; rk A < min fn; mgg

also called “under determined – over determined system of linear equations” is
solved by means of an optimization problem. The introduction presents us with the
front page example of inhomogeneous equations with unknowns. In terms of boxes
and figures we review the minimum norm, least squares solution (“MINOLESS”) of
such an inconsistent, rank deficient system of linear equations which is based upon
the trinity.

E. Grafarend and J. Awange, Applications of Linear and Nonlinear Models,
Springer Geophysics, DOI 10.1007/978-3-642-22241-2 5,

263

© Springer-Verlag Berlin Heidelberg 2012
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Lemma5.2
Gx -minimum norm,

Gy -least squares solution 

Lemma 5.3
Gx -minimum norm,

Gy -least squares solution 

Lemma 5.4
MINOLESS,

rank factorization 

Definition 5.1
Gx-minimum norm,

Gy-least squares solution 

Lemma 5.5
MINOLESS

additive rank partitioning

Lemma 5.6
characterization of
Gx, Gy -MINOS

Lemma 5.7
eigenspace analysis

versus eigenspace synthesis 

Lemma 5.9
α-HAPS

Definition 5.8
α-HAPS 

Lemma 5.10
α-HAPS
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5-1 Introduction

With the introductory paragraph we explain the fundamental concepts
and basic notions of this section. For you, the analyst, who has the
difficult task to deal with measurements, observational data, modeling
and modeling equations we present numerical examples and graphical
illustrations of all abstract notions. The elementary introduction is written
not for a mathematician, but for you, the analyst, with limited remote control
of the notions given hereafter. May we gain your interest?

Assume an n-dimensional observation space, here a linear space parameterized
by n observations (finite, discrete) as coordinates yD Œy1; : : : ; yn�0 2 R

n in which
anm-dimensional model manifold is embedded (immersed). The model manifold is
described as the range of a linear operator f from an m-dimensional parameter
space X into the observation space Y. As a mapping f is established by the mathe-
matical equations which relate all observables to the unknown parameters. Here the
parameter space X, the domain of the linear operator f , will be also restricted to a
linear space which is parameterized by coordinates x D Œx1; : : : ; xm�

0 2 R
m:

In this way the linear operator f can be understood as a coordinate mapping
A W x 7! y D Ax. The linear mapping f W X ! Y is geometrically charac-
terized by its range R.f /, namely R.A/, defined by R.f / WD fy 2 R

njy D
f.x/ forsome x 2 Xg which in general is a linear subspace of Y and its kernel
N .f /, namely N .A/, defined by N .f / WD fx 2 jf .x/ D 0g: Here the range
R.f /, namely the range space R.A/, does not coincide with the n-dimensional
observation space Y such that y … R.f /, namely y … R.A/. In addition, we shall
assume here that the kernel N .f /, namely null space N .A/ is not trivial: Or we
may write N .f / ¤ 0.

First, Example 1.3 confronts us with an inconsistent system of linear equations
with a datum defect. Second, such a system of equations is formulated as a
special linear model in terms of matrix algebra. In particular we are aiming at
an explanation of the terms “inconsistent” and “datum defect”. The rank of the
matrix A is introduced as the index of the linear operator A. The left complementary
index n � rk A is responsible for surjectivity defect, which its right complementary
index m � rk A for the injectivity (datum defect). As a linear mapping f is neither
“onto”, nor “one-to-one” or neither surjective, nor injective. Third, we are going to
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open the toolbox of partitioning. By means of additive rank partitioning (horizontal
and vertical rank partitioning) we construct the minimum norm – least squares
solution (MINOLESS) of the inconsistent system of linear equations with datum
defect Ax C i D y; rkA � minfn; mg. Box 5.3 is an explicit solution of the
MINOLESS of our front page example.

Fourth, we present an alternative solution of type “MINOLESS” of the front page
example by multiplicative rank partitioning. Fifth, we succeed to identify the range
space R.A/ and the null space N .A/ using the door opener “rank partitioning”.

5-11 The Front Page Example

Example 5.1. (inconsistent system of linear equations with datum defect:
AxC i D y; x 2 X D R

m; y 2 Y 2 R
n A 2 R

n�m; r D rkA � minfn; mg):

Firstly, the introductory example solves the front page inconsistent system of linear
equations with datum defect,

�x1 C x2 :D 1 �x1 C x2 C i1 D 1
�x2 C x3 :D 1 or �x2 C x3 C i2 D 1
Cx1 � x3 :D �3 Cx1 � x3 C i3 D �3

obviously in general dealing with the linear space X D R
m Ö x; d imX D m, here

m D 3, called the parameter space, and the linear space Y D R
n Ö y; d imY D n,

here n = 3, called the observation space.

5-12 The Front Page Example in Matrix Algebra

Secondly, by means of Box 5.1 and according to A. Cayley’s doctrine let us specify
the inconsistent system of linear equations with datum defect in terms of matrix
algebra.

Box 5.1. (Special linear model):

three observations, three unknowns, rk A D 2

y D
2
4y1y2
y3

3
5 D

2
4a11 a12 a13a21 a22 a23
a31 a32 a33

3
5
2
4x1x2
x3

3
5C

2
4 i1i2
i3

3
5,

, y D AxC i W
2
4 1

1

�3

3
5 D

2
4�1 1 0

0 �1 1

1 0 �1

3
5
2
4x1x2
x3

3
5C

2
4 i1i2
i3

3
5 ,
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, x0 D Œx1; x2; x3�; y0 D Œy1; y2; y3� D Œ1; 1; �3�; i0 D Œi1; i2; i3�
x 2 R

3�1; y 2 Z
3�1 � R

3�1

A WD
2
4�1 1 0

0 �1 1

1 0 �1

3
5 2 Z

3�3 � R
3�3

r D rkA D 2:
The matrix A 2 R

n�m; here A 2 R
3�3; is an element of Rn�m generating a linear

mapping f W x 7! Ax. A mapping f is called linear if f .�x1 C x2/ D �f .x1/C
f .x2/ holds. The range R.f /, in geometry called “the range space R.A/”, and
the kernel N .f /, in geometry called “the null space N .A/” characterized the linear
mapping as we shall see.
? Why is the front page system of linear equations called inconsistent ?

For instance, let us solve the first two equations, namely �x1 C x3 D 2 or x1 �
x3 D �2, in order to solve for x1 and x3. As soon as we compare this result to
the third equation we are led to the inconsistency �2 D �3: Obviously such a
system of linear equations needs general inconsistency para-meters .i1; i2; i3/ in
order to avoid contradiction. Since the right-hand side of the equations, namely the
inhomogeneity of the system of linear equations, has been measured as well as
the linear model (the model equations) has been fixed, we have no alternative but
inconsistency.

Within matrix algebra the index of the linear operator A is the rank r D rk A,
here r = 2, which coincides neither with dimX D m, (“parameter space”) nor
with dimY D n (“observation space”). Indeed r D rk A < minn;m, here r D
rk A < min3; 3. In the terminology of the linear mapping f , f is neither onto
(“surjective”), nor one-to-one (“injective”). The left complementary index of the
linear mapping f , namely the linear operator A, which accounts for the surjectivity
defect, is given by ds D n � rkA, also called “degree of freedom” (here ds D
n � rkA D 1). In contrast, the right complementary index of the linear mapping f ,
namely the linear operator A, which accounts for the injectivity defect is given by
d D m � rkA (here d D m � rkA D 1 ). While “surjectivity” relates to the range
R.f / or “the range space R.A/” and “injectivity” to the kernel N .f / or “the null
space N .A/” we shall constructively introduce the notion of

rangeR.f / versus kernelN .f /
range spaceR.A/ nullspaceN .f /

by consequently solving the inconsistent system of linear equations with datum
defect. But beforehand let us ask:

? Why is the inconsistent system of linear equations called deficient with
respect to the datum ?
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At this point we have to go back to the measurement process. Our front
page numerical example has been generated from measurements with a leveling
instrument: Three height differences .y˛ˇ; yˇ� ; y�˛/ in a triangular network have
been observed. They are related to absolute height x1 D h˛; x2 D hˇ; x3 D h� by
means of h˛ˇ D hˇ �h˛; hˇ� D h� �hˇ; h�˛ D h˛ �h� at points fP˛; Pˇ; P�g,
outlined in more detail in Box 5.1.

Box 5.2. (The measurement process of leveling and its relation to the linear
model):

y1 D y˛ˇ D h˛ˇ C i˛ˇ D �h˛ C hˇ C i˛ˇ
y2 D yˇ� D hˇ� C iˇ� D �hˇ C h� C iˇ�
y3 D y�˛ D h�˛ C i�˛ D �h� C h˛ C i�˛2

4y1y2
y3

3
5D

2
4�h˛ChˇCi˛ˇ�hˇCh�Ciˇ�
�h�Ch˛Ci�˛

3
5D

2
4�x1Cx2Ci1�x2Cx3Ci2
�x3Cx1Ci3

3
5D

2
4�1 1 0

0 �1 1

1 0 �1

3
5
2
4x1x2
x3

3
5C

2
4 i1i2
i3

3
5:

Thirdly, let us begin with a more detailed analysis of the linear mapping f W Ax
:D y

or AxC i D y; namely of the linear operator A 2 R
n�m, r D rk A � minfn;mg.

We shall pay special attention to the three fundamental partitioning, namely

(i) Algebraic partitioning called additive and multiplicative rank partitioning of
the matrix A

(ii) Geometric partitioning called slicing of the linear space X (parameter space)
as well as of the linear space Y (observation space)

(iii) Set-theoretical partitioning called fibering of the set X of parameter and the set
Y of observations.

5-13 Minimum Norm: Least Squares Solution of the Front
Page Example by Means of Additive Rank Partitioning

Box 5.3 is a setup of the minimum norm – least squares solution of the inconsistent
system of inhomogeneous linear equations with datum defect following the first
principle “additive rank partitioning”). The term “additive” is taken from the
additive decomposition y1 D A11x1 C A12x2 and y2 D A21x1 C A22x2 of the
observational equations subject to A11 2 R

n�m, rk A11 � minfn;mg.

Box 5.3. (Minimum norm-least squares solution of the inconsistent system
of inhomogeneous linear equations with datum defect, “additive rank
partitioning”.
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The solution of the hierarchical optimization problem (1st) jjijj2I D min
x
W

xl D argfjjy� Axjj2I D min jAxC i D y; A 2 R
n�m; rkA � minfn; mgg

.2nd/ jjxl jj2I D min
xl
W

xlm D argfjjxl jj2I D min jA0Axl D A0y; A0A 2 R
m�m; rkA0A � mg

is based upon the simultaneous horizontal and vertical rank partitioning of the
matrix A, namely

A D
�

A11 A12

A21 A22

�
; A11 2 R

r�r ; rkA11 D rkA DW r

with respect to the linear model

y D AxC i�
y1
y2

�
D
�

A11 A12

A21 A22

� �
x1
x2

�
C
�

i1
i2

�
;

ˇ̌̌
ˇ y1 2 R

r�1; x1 2 R
r�1

y2 2 R
.n�r/�1; x2 2 R

.m�r/�1:

First, as shown before, we compute the least-squares solution jjijj2I D min
x

orjjy �
Axjj2I D min

x
which generates standard normal equations

A0Axl D A0y

or

�
A0
11A11 C A0

21A21 A0
11A12 C A0

21A22

A0
12A11 C A0

22A21 A0
12A12 C A0

22A22

� �
x1
x2

�
D
�

A0
11 A0

21

A0
12 A0

22

� �
y1
y2

�

or

�
N11 N12

N21 N22

� �
x1l
x2l

�
D
�

m1

m2

�

subject to

N11 WD A0
11A11 C A0

21A21; N12 WD A0
11A12 C A0

21A22; m1 D A0
11y1 C A0

21y2
N21 WD A0

12A11 C A0
22A21; N22 WD A0

12A12 C A0
22A22; m2 D A0

12y1 C A0
22y2;

which are consistent linear equations with an (injectivity) defect d D m� rkA. The
front page example leads us to
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A D
�

A11 A12

A21 A22

�
D

��1 1

0 �1
� �

0

1

�


1 0

�
-1

or

A11 D
��1 1

0 �1
�
; A12 D

�
0

1

�

A21 D


1 0

�
; A22 D �1

A0A D
2
4 2 �1 �1
�1 2 �1
�1 �1 2

3
5

N11 D
�
2 �1
�1 2

�
; N12 D

��1
�1
�
; jN11j D 3 ¤ 0;

N21 D

�1 �1 � ; N22 D 2

y1 D
�
1

1

�
; m1 D A0

11y1 C A0
21y2 D

��4
0

�

y2 D �3; m2 D A0
12y1 C A0

22y2 D 4:
Second, we compute as shown before the minimum norm solution jjxl jj2I D
min

xl
or x0

1x1Cx0
2x2 which generates the standard normal equations in the following

way.

L.x1; x2/ D x0
1x1 C x0

2x2

D .x0
2lN0

12N�1
11 �m0

1N�1
11 /.N

�1
11 N12x2l � N�1

11 m1/C x0
2lx2l D min

x2

“additive decomposition of the Lagrangean”

L D L0 C L1 C L2
L0 WD m0

1N�2
11 m1; L1 WD �2x0

2lN0
12N�2

11 m1

L2 WD x0
2lN0

12N�2
11 N12x2l C x0

2lx2l

@L
@x2

.x2lm/ D 0, 1

2

@L 1

@x2
.x2lm/C 1

2

@L 2

@x2
.x2lm/ D 0

, �N0
12N�2

11 m1 C .IC N0
12N�2

11 N12/x2lm D 0,
, x2lm D .IC N0

12N�2
11 N12/

�1N0
12N�2

11 m1;

which constitute the necessary conditions. Using Cayley inverse sum of two
matrices formula, namely .IC BC�1A0/�1BC�1 D B.ABC C/�1 for appropriate
dimensions of the involved matrices, such that the identities holds
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.IC N0
12N�2

11 N12/
�1N0

12N�2
11 D N0

12.N12N0
12 C N2

11/
�1

we finally find

x2lm D N0
12.N12N0

12 C N2
11/

�1m1:

The second derivatives

1

2

@2L
@x2@x0

2

.x2lm/ D .N0
12N�2

11 N12 C I/ > 0

due to positive-definiteness of the matrix I C N0
12N�2

11 N12 generate the sufficiency
condition for obtaining the minimum of the unconstrained Lagrangean. Finally let
us backward transform

x2l 7! x1m D �N�1
11 N12x2l C N�1

11 m1;

x1lm D �N�1
11 N12N0

12.N12N0
12 C N2

11/
�1m1 CN�1

11 m1:

Let us right multiply the identity

N12N0
12 D �N11N0

11 C N12N0
12 C N11N0

11

by .N12N0
12 C N11N0

11/
�1 such that

N12N0
12.N12N0

12 C N11N
0
11/

�1 D �N11N
0
11.N12N0

12 C N11N
0
11/

�1 C I

holds, and left multiply by N�1
11 , namely

N�1
11 N12N0

12.N12N0
12 C N11N

0
11/

�1 D �N0
11.N12N0

12 C N11N
0
11/

�1 C N�1
11 :

Obviously we have generated the linear form

�
x1lm D N0

11.N12N0
12 CN11N0

11/
�1m1

x2lm D N0
12.N12N0

12 CN11N0
11/

�1m1

or

xlm D
�

x1lm
x2lm

�
D
�

N0
11

N0
12

�
.N12N0

12 C N11N0
11/

�1m1

or

xlm D
�

A0
11A11 C A0

21A21

A0
12A11 C A0

22A21

�

�Œ.A0
11A12 CA0

21A22/.A0
12A11 C A0

22A21/C .A0
11A11 CA0

21A21/
2��1

�Œ.A0
11y1 C A0

21y2�:
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Let us compute numerically xlm for the front page example.

N11N
0
11 D

�
5 �4
�4 5

�
; N12N0

12 D
�
1 1

1 1

�

N12N0
12 C N11N

0
11 D

�
6 �3
�3 6

�
; ŒN12N0

12 C N11N
0
11�

�1 D 1

27

�
6 3

3 6

�

m1 D
��4
0

�
) x1lm D 1

3

��4
0

�
; x2lm D 4

3
; jjxlmjj2I D

4

3

p
2

x1lm D Oh˛ D �4
3
; x2lm D Ohˇ D 0; x3lm D Oh� D 4

3

jjxlmjj2I D
4

3

p
2

x1lm C x2lm C x3lm D 0 � Oh˛ C Ohˇ C Oh� D 0:
The vector ilm of inconsistencies has to be finally computed by means of

ilm D y � Axlm

ilm D �1
3

2
4 11
1

3
5 ; A0il D 0; jjilmjj2I D

1

3

p
3:

The technique of horizontal and vertical rank partitioning has been pioneered by
H. Wolf (1972,1973). |

5-14 Minimum Norm: Least Squares Solution of the Front
Page Example by Means of Multiplicative Rank
Partitioning

Box 5.4 is a setup of the minimum norm-least squares solution of the inconsistent
system of inhomogeneous linear equations with datum defect following the first
principle “multiplicative rank partitioning”. The term “multiplicative” is taken
from the multiplicative decomposition yDAxC iDDEyC i of the observational
equations subject to

A D DE; D 2 Rn�r ; E 2 Rr�m; rkA D rkD D rkE � minfn; mg:

Box 5.4. (Minimum norm-least squares solution of the inconsistent system
of inhomogeneous linear equations with datum defect multiplicative rank
partitioning)

The solution of the hierarchical optimization problem
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.1st/jj ijj2I D min
x

xl D argfjjy� Axjj2I D min jAxC i D y; A 2 R
n�m; rkA � minfn; mg

.2nd/jjxl jj2I D min
xl

xlm D argfjjxl jj2I D min jA0Axl D A0y; A0A 2 R
m�m; rkA0A � mg

is based upon the rank factorization A D DE of the matrix A 2 R
n�m subject to

simultaneous horizontal and vertical rank partitioning of the matrix A, namely

A D DE D
�

D 2 R
n�r ; rkD D rkA DW r � minfn; mg

E 2 R
r�m; rkE D rkA DW r � minfn; mg

with respect to the linear model

y D AxC i

y D AxC i D DExC i
�

Ex DW z
DEx D Dz

) y D DzC i:

First, as shown before, we compute the least-squares solution jjijj2I D min
x

orjjy �
Axjj2I D min

x
which generates standard normal equations

D0Dzl D D0y ) zl D .D0D/�1D0y D D0
ly;

which are consistent linear equations of rank rkD D rkD0D D rkA D r: The front
page example leads us to

A D DE D
�

A11 A12

A21 A22

�
D

��1 1

0 �1
� �

0

1

�


1 0

�
-1

; D D
2
4�1 1

0 �1
1 0

3
5 2 R

3�2

or

D0DE D D0A ) E D .D0D/�1D0A

D0D D
�
2 �1
�1 2

�
; .D0D/�1 D 1

3

�
2 1

1 2

�
) E D

�
1 0 �1
0 1 �1

�
2 R

2�3

zl D .D0D/�1D0 D 1

3

�
1 0 �1
0 1 �1

�
y
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y D
2
4 1

1

�3

3
5 ) zl D �4

3

�
2

1

�

zl D .D0D/�1D0 D 1

3

�
1 0 �1
0 1 �1

�
y

y D
2
4 1

1

�3

3
5 ) zl D �4

3

�
2

1

�
:

Second, as shown before, we compute the minimum norm solution jjx`jj2I D min
x`

of

the consistent system of linear equations with datum defect, namely

xlm D argfjjxl jj2I D min
xl
j Exl D .D0D/�1D0y g :

As outlined in Box 1.3 the minimum norm solution of consistent equations with
datum defect namely Exl D .D0D/�1D0y; rkE D rkA D r is

xlm D E0.EE0/�1.D0D/�1D0y
xlm D E�

mD�
l y D A�

lmy D ACy;

which is limit on the minimum norm generalized inverse. In summary, the minimum
norm-least squares solution generalized inverse (MINOLESS g-inverse) also called
pseudo-inverse AC or Moore–Penrose inverse is the product of the MINOS
g-inverse E�

m (right inverse) and the LESS g-inverse D�
l (left inverse). For the front

page example we are led to compute

E D
�
1 0 �1
0 1 �1

�
; EE0 D

�
2 1

1 2

�

.EE0/�1 D 1

3

�
2 �1
�1 2

�
; E0.EE0/�1 D 1

3

2
4 2 �1
�1 2

�1 1

3
5

xlm D E0.EE0/�1.D0D/�1D0y D 1

3

2
4�1 0 1

1 �1 0

0 1 �1

3
5 y

y D
2
4 1

1

�3

3
5) xlm D 1

3

2
4�40
C4

3
5 D 4

3

2
4�10
C1

3
5 ; jjxlmjj D 4

3

p
2
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xlm D
2
4x1lmx2lm
x3lm

3
5 D

2
64
Oh˛
Ohˇ
Oh�

3
75 D 4

3

2
4�10
C1

3
5

jjxlmjj D 4

3

p
2

x1lm C x2lm C x3lm D 0 � Oh˛ C Ohˇ C Oh� D 0:
The vector ilm of inconsistencies has to be finally computed by means of

ilm WD y � Axlm D ŒIn �AA�
lm�y;

ilm D ŒIn � E0.EE0/�1.D0D/�1D0�yI

ilm D �1
3

2
4 11
1

3
5 ; A0il D 0; jjilmjj D 1

3

p
3

|
Box 5.5 summarizes the algorithmic steps for the diagnosis of the simultaneous
horizontal and vertical rank partitioning to generate (Fm1 Gy)-MINOS.

Box 5.5. (algorithm):

The diagnostic algorithm for solving a general rank deficient system of linear
equations

y D Ax; A 2 R
n�m; rkA < minfn; mg

by means of simultaneous horizontal and vertical rank partioning

Determine
the rank of the matrixA rkA < min fn;mg:

#
Compute

“the simultaneous horizontal and vertical rank partioning00

A D
"

A11 A12
A21 A22

#
;

A11 2 R
r�r ; A12 2 R

r�.m�r/
A21 2 R

.n�r/�r ; A22 2 R
.n�r/�.m�r/

“n � r is called the left complementary index;

m� r the right complementary index00
“Aas a linear operator is neither injective .m � r ¤ 0/ ;

nor surjective .n � r D 0/ :00

#
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Compute
the range spaceR.A/and the null spaceN .A/

of the linear operatorA
R.A/ D span fwl1.A/; : : : ; wlr .A/g

N .A/ D fx 2 R
n jN11x1` C N12x2` D 0g
or

x1` D �N�1
11 N12x2`:

#
Compute

.Tm; Gy/�MINOS
x`m D

�
x1
x2

�
D
�

N0
11

N0
12

�
D ŒN12N0

12 CN11N0
11�

�1ŒA0
11G

y
11;A

0
21G

y
12�

�
y1
y2

�

N11 WD A0
11G

y
11A11 C A0

21G
y
22A21; N12 WD A0

11G
y
11A12 C A0

21G
y
22A22

N21 WD N0
12; N22 WD A0

12G
y
11A12 C A0

21G
y
22A22:

5-15 The Range R(f) and the Kernel N(f) Interpretation
of “MINOLESS” by Three Partitionings

(i) Algebraic (rank partitioning)
(ii) Geometric (slicing)

(iii) Set-theoretical (fibering)

Here we will outline by means of Box 5.6 the range space as well as the null space
of the general inconsistent system of linear equations.

Box 5.6. (The range space and the null space of the general inconsistent
system of linear equations):

AxC i D y; A 2 R
n�m; rkA � min fn; mg

“additive rank partitioning”.

The matrix A is called a simultaneous horizontal and vertical rank partitioning, if

A D
�

A11 A12

A21 A22

�
; A11 D R

r�r ; rkA11 D rkA DW r

with respect to the linear model
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ec2
ec1

O

e3

e2
e1

y

Fig. 5.1 Range R.f / range space R.A/, .y … R.A//

   (A) =   10

x2

x3

   (A) = G1, 3 3

Fig. 5.2 Kernel N .f /, null space N .A/, “the null space N .A/ as the linear manifold (Grassmann
space G1;3) slices the parameter space X D R

3”, x3 is not displayed

y D AxC i; A 2 R
n�m; rkA � min fn; mg

identification of the range space

R.A/ D span f
nX
iD1

ei aij j j 2 f1; : : : ; rgg

“front page example”

�
y1
y2

�
D
�
1
1

�3

�
; A D

2
4�1 1 0

0 �1 1

1 0 �1

3
5 2 R

3�3; rkA DW r D 2

R.A/ D span fe1a11 C e2a21 C e3a31; e1a12 C e2a22 C e3a32g � R
3

or

R.A/ D span f�e1 C e3; e1 � e2g � R
3 D Y

c1 D Œ�1; 0; 1�; c2 D Œ1; �1; 0�; R3 D spanf e1; e2; e3g
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A

A-

  (A-)

  (A)

(A-)

  (A)

  (A-) ⊂   (A)

  (A) ⊂   (A-)
P

  (A-)

(A)
A

A-

Fig. 5.3 Least squares, minimum norm generalized inverse A�

`m.A
1;2;3;4 or AC/, the Moore–

Penrose-inverse (Tseng inverse)

identification of the null space

N11x1` CN12x2` D A0
11y1 C A0

21y2
N12x1` CN22x2` D A0

12y1 C A0
22y2

N .A/ WD fx 2 R
njN11x1` CN12x2` D 0g

or

N11x1` C N12x2` D 0 , x1` D �N�1
11 N12x2`

“front page example”

�
x1
x3

�
`

D �1
3

�
2 1

1 2

� ��1
�1
�

x3` D
�

x3
x3

�
`

N11 D
�
2 �1
�1 2

�
; N�1

11 D
1

3

�
2 1

1 2

�
; N12 D

��1
�1
�

x1` D u; x2` D u; x3` D u

N .A/ D H1
0 D G1;3:

Box 5.7 is a summary of MINOLESS of a general inconsistent system of linear
equations y D AxC i. Based on the notion of the rank r D rkA < minfn; mg, we
designed the generalized inverse of

MINOS type
or

A�̀
m or A1;2;3;4
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Box 5.7. (MINOLESS of a general inconsistent system of linear equations):

f W x! y D AxC i; x 2 X D R
m .parameter space/;

y 2 Y D R
n .observation space/

r WD rkA < minfn; mg
A � generalized inverse of MINOS type W

A1;2;3;4 or A�̀
m

Condition#1 Condition#1
f .x/ D f .g.y// Ax D AA�Ax

, ,
f D f ı g ı f AA�A D A

Condition#2 Condition#2
g.y/ D g.f .x// A�y D A�Ax D A�AA�y

, ,
g D g ı f ı g A�AA� D A�

Condition#3 Condition#3
f .g.y// D yR.A/ A�Ay D yR.A/

, ,
f ı g D PR.A/ A�A D PR.A�/

Condition#4 Condition#4

g.f .x// D yR.A/? AA� D PR.A/

g ı f D PR.g/
A�A D PR.A�/:

AA� D PR.A/
f ı g D PR.f /

A similar construction of the generalized inverse of a matrix applies to the diagrams
of the mappings:
(1) Under the mapping A:

D.A/! R.A/
AA� D PR.A/
f ı g D PR.f /

(2) Under the mapping A�:

R.A/! PR.A�/

A�A D PR.A�/

g ı f D PR.g/:



280 5 The Third Problem of Algebraic Regression

AA

A− = A*

X Y

A+  = A*

YX

(A*GyA)− (A*Gy*A)−
A*GyA Gy

(G
y
)−1 = Gy*

Gx* = (Gx)
−1

Gx A*GyA

Y*A* Y*X* A*

y |→ y*= Gvy ∀ y ∈Y, y* ∈ Y*

X*

Fig. 5.4 Orthogonal inverses and adjoints in reflexive dual Hilbert spaces

Fig. 5.5 Venn diagram, trivial fibering of the domain D.f /: Trivial fibers N .f /?, trivial fibering
of the range R.f / W trivial fibers R.f / andR.f /?, f W Rm D X ! Y D R

n; X set system of
the parameter space, Y set system of the observation space

In addition, we follow Figs. 5.4 and 5.5 for the characteristic diagrams describing:
(i) Orthogonal inverses and adjoints in reflexive dual Hilbert spaces
(ii) Venn diagrams, trivial fiberings

In particularly, if Gy is rank defect we proceed as follows.

Gy G�
y D

�
�y 0

0 0

�

synthesis analysis

Gy D UG�
y U0

D U1ƒyU0
1

G�
y D U0GyU D

�
U0
1

U0
2

�
GyŒU1;U2�

D
�

U0
1GyU1 U0

1GyU2

U0
2GyU0

1 U0
2GyU2

�

ƒy D U0
1GyU1) U1ƒy D GyU1

0 D GyU0
2 and U0

1GyU2 D 0
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jjy �Axjj2Gy
D jjijj2 D i0Gyi

Gy D U0
1ƒyU1

#
)

.y � Ax/0U0
1ƒyU1.y �Ax0/ D min

x
)

) U1.y �Ax/ D U1i D i�

If we use simultaneous horizontal and vertical rank partitioning

y D
�

y1
y2

�
C
�

i1
i2

�
D
�

A11 A12

A21 A22

� �
x1
x2

�
C
�

i1
i2

�

subject to special dimension identities

y1 2 R
r�1; y2 2 R

.n�r/�1
A11 2 R

r�r ; A12 2 R
r�.m�r/

A21 2 R
.n�r/�r ; A22 2 R

.n�r/�.m�r/;

we arrive at Lemma 5.0.

Lemma 5.1. (Gx;Gy)-MINOLESS, simultaneous horizontal and vertical rank
partitioning):

y D
�

y1
y2

�
C
�

i1
i2

�
D
�

A11 A12

A21 A22

� �
x1
x2

�
C
�

i1
i2

�
(5.1)

subject to the dimension identities

y1 2 R
r�1; y2 2 R

.n�r/�1; x1 2 R
r�1; x2 2 R

.m�r/�1
A11 2 R

r�r ; A12 2 R
r�.m�r/

A21 2 R
.n�r/�r ; A22 2 R

.n�r/�.m�r/

is a simultaneous horizontal and vertical rank partitioning of the linear model (5.1)

fy D AxC i; A 2n�m; r WD rkA < minfn; mgg (5.2)

r is the index of the linear operator A,
n � r is the left complementary index and
m � r is the right complementary index.
x` is Gy-LESS if it fulfils the rank x`m is MINOS of A0GyAx` D A0Gyy, if
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.x1/`m D �N�1
11 N12ŒN

0
12N�1

11 Gx
11 � 2Gx

21N
�1
11 N12 CGx

22�
�1

�.N0
12N�1

11 Gx
11N

�1
11 � 2Gx

21N
�1
11 /m1 C N�1

11 m1

(5.3)

.x2/`m D ŒN0
12N�1

11 Gx
11N

�1
11 N12 � 2Gx

21N
�1
11 N12 CGx

22�
�1

�.N0
12N�1

11 Gx
11N

�1
11 � 2Gx

21N
�1
11 /m1:

(5.4)

The symmetric matrices .Gx;Gy/ of the metric of the parameter space X as well
as of the observation space Y are consequently partitioned as

Gy D
�

Gy
11 Gy

12

Gy
21 Gy

22

�
and

�
Gx
11 Gx

12

Gx
21 Gx

22

�
D Gx (5.5)

subject to the dimension identities

Gy
11 2 R

r�r ; Gy
12 2 R

r�.n�r/
Gy
21 2 R

.n�r/�r ; Gy
22 2 R

.n�r/�.n�r/ versus
Gx
11 2 R

r�r ; Gx
12 2 R

r�.m�r/
Gx
21 2 R

.m�r/�r ; Gx
22 2 R

.m�r/�.m�r/

deficient normal equations

A0GyAx` D A0Gyy (5.6)

or

�
N11 N12

N21 N22

� �
x1
x2

�
`

D
�

M11 M12

M21 M22

� �
y1
y2

�
D
�

m1

m2

�
(5.7)

subject to

N11 WD A0
11G

y
11A11 CA0

21G
y
21A11 CA0

11G
y
12A21 CA0

21G
y
22A21 (5.8)

N12 WD A0
11G

y
11A12 C A0

21G
y
21A12 C A0

11G
y
12A22 C A0

21G
y
22A22; (5.9)

N21 D N0
12; (5.10)

N22 WD A0
12G

y
11A12 C A0

22G
y
21A12 C A0

12G
y
12A22 C A0

22G
y
22A22; (5.11)

M11 WD A0
11G

y
11 C A0

21G
y
21; M12 WD A0

11G
y
12 C A0

21G
y
22; (5.12)

M21 WD A0
12G

y
11 C A0

22G
y
21; M22 WD A0

12G
y
12 C A0

22G
y
22; (5.13)

m1 WD M11y1 CM12y2; m2 WD M21y1 CM22y2: (5.14)
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5-2 MINOLESS and Related Solutions Like Weighted
Minimum Norm-Weighted Least Squares Solutions

5-21 The Minimum Norm-Least Squares Solution:
“MINOLESS”

The system of the inconsistent, rank deficient linear equations AxC i D y subject
to A 2 R

n�m; rkA < min fn; mg allows certain solutions which we introduce by
means of Definition 5.1 as a solution of a certain hierarchical optimization problem.
Lemma 5.2 contains the normal equations of the hierarchical optimization problems.
The solution of such a system of the normal equations is presented in Lemma 5.3
for the special case (i) jGxj ¤ 0 and case (ii) jGx C A0GyAj ¤ 0; but jGxj D 0.
For the analyst:

Lemma 5.4
presents the toolbox of

MINOLESS for multiplicative
rank partitioning, known as

rank factorization:

and

Lemma 5.5
presents the toolbox of
MINOLESS for additive
rank partitioning.

Definition 5.1. (Gx-minimum norm-Gy-least squares solution):

A vector x`m 2 X D R
m is called Gx, Gy-MINOLESS (MInimum NOrm

with respect to the Gx-seminorm-Least Squares Solution with respect to the Gy-
seminorm) of the inconsistent system of linear equations with datum defect

AxC i D y

2
64

rkA � min
A2Rn�m

fn; mg
y … R.A/; N .A/ ¤ f0g

x`m 2 X D R
m; y 2 Y D R

n;

(5.15)

if and only if

first
x` D argfjjijjGy D min

x
jAxC i D y; rkA � minfn; mgg; (5.16)

second
x`m D argfjjxjjGx D min

x
jA0GyAx` D A0Gyyg (5.17)

is Gy-MINOS of the system of normal equations A0GyAx` D A0Gyy which are
Gx-LESS. The solutions of type Gx, Gy-MINOLESS can be characterized as
following.
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Lemma 5.2. (Gx-minimum norm, Gy least squares solution):

A vector x`m 2 X D R
m is called Gx, Gy-MINOLESS of (5.1), if and only if the

system of normal equations

�
Gx A0GyA

A0GyA 0

� �
x`m
�`m

�
D
�

0
A0Gyy

�
(5.18)

with respect to the vector �`m of “Lagrange multipliers” is fulfilled. x`m always
exists and is uniquely determined, if the augmented matrix ŒGx;A0GyA� agrees to
the rank identity

rkŒGx;A0GyA� D m (5.19)

or, equivalently, if the matrix Gx C A0GyA is regular.

Proof. Gy-MINOS of the system of normal equations A0GyAx` D A0Gy is con-
structed by means of the constrained Lagrangean

L.x`; �`/ WD x0
`Gxx` C 2�0̀ .A0GyAx` � A0Gyy/ D min

x;�
;

such that the first derivatives

1

2

@L
@x
.x`m; �`m/ D Gxx`m C A0GyA�`m D 0

1

2

@L
@�
.x`m; �`m/ D A0GyAx`m � A0Gyy D 0

3
7775,

,
�

Gx A0GyA
A0GyA 0

� �
x`m
�`m

�
D
�

0
A0Gyy

�

constitute the necessary conditions. The second derivatives

1

2

@2L
@x@x0 .x`m; �`m/ D Gx 	 0 (5.20)

due to the positive semidefiniteness of the matrix Gx generate the sufficiency
condition for obtaining the minimum of the constrained Lagrangean. Due to the
assumptionA0Gyy 2 R.A0GxA/ the existence of Gy-MINOS x`m is granted. In
order to prove uniqueness of Gy-MINOS x`m we have to consider

case (i) and case (ii)
Gx positive definite Gx positive semidefinite.

case (i): Gx positive definite
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ˇ̌̌
ˇ Gx A0GyA
A0GyA 0

ˇ̌̌
ˇ D jGxj

ˇ̌�A0GyAG�1
x A0GyA

ˇ̌ D 0: (5.21)

First, we solve the system of normal equations which characterize x`m Gx, Gy-
MINOLESS of x for the case of a full rank matrix of the metric Gx of the parametric
space X, rkGx D m in particular. The system of normal equations is solved for

�
x`m
�`m

�
D
�

Gx A0GyA
A0GyA 0

�� �
0

A0Gyy

�
D
�

C1 C2

C3 C4

� �
0

A0Gyy

�
(5.22)

subject to

�
Gx A0GyA

A0GyA 0

� �
C1 C2

C3 C4

� �
Gx A0GyA

A0GyA 0

�
D
�

Gx A0GyA
A0GyA 0

�
(5.23)

as a postulate for the g-inverse of the partitioned matrix. Cayley multiplication of
the three partitioned matrices leads us to four matrix identities.

GxC1Gx CGxC2A0GyAC A0GyAC3Gx C A0GyAC4A0GyA D Gx (5.24)

GxC1A0GyAC A0GyAC3A0GyA D A0GyA (5.25)

A0GyAC1Gx C A0GyAC2A0GyA D A0GyA (5.26)

A0GyAC1A0GyA D 0: (5.27)

Multiply the third identity by G�1
x A0GyA from the right side and substitute the

fourth identity in order to solve for C2.

A0GyAC2A0GyAG�1
x A0GyA D A0GyAG�1

x A0GyA (5.28)

C2 D G�1
x A0GyA.A0GyAG�1

x A0GyA/�

solves the fifth equation

A0GyAG�1
x A0GyA.A0GyAG�1

x A0GyA/�A0GyAG�1
x A0GyA

D A0GyAG�1
x A0GyA

(5.29)

by the axiom of a generalized inverse

x`m D C2A0Gyy (5.30)

x`m D G�1
y A0GyA.A0GyAG�1

x A0GyA/�A0Gyy: (5.31)

We leave the proof for “G�1
x A0GyA.A0GyAG�1

x A0GyA/�A0Gy is the weighted
pseudo-inverse or Moore Penrose inverse AC

GyGx
” as an exercise.

case (ii): Gx positive semidefinite
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Second, we relax the condition rkGx D m by the alternative rkŒGx;A0GyA� D m

Gx positive semidefinite. Add the second normal equation to the first one in order to
receive the modified system of normal equations

�
Gx C A0GyA A0GyA

A0GyA 0

� �
x`m
�`m

�
D
�

A0Gyy
A0Gyy

�
(5.32)

rk.Gx C A0GyA/ D rkŒGx;A0GyA� D m: (5.33)

The condition rkŒGx;A0GyA� D m follows from the identity

Gx C A0GyA D ŒGx;A0GyA�
�

G�
x 0

0 .A0GyA/�
� �

Gx

A0GyA

�
; (5.34)

namely
ˇ̌
Gx C A0GyA

ˇ̌ ¤ 0: The modified system of normal equations is solved for

�
x`m
�`m

�
D
�

Gx C A0GyA A0GyA
A0GyA 0

�� �
A0Gyy
A0Gyy

�

D
�

C1 C2

C3 C4

� �
A0Gyy
A0Gyy

�
D
�

C1A0GyyC C2A0Gyy
C3A0GyyC C4A0Gyy

� (5.35)

subject to

�
Gx CA0GyA A0GyA

A0GyA 0

� �
C1 C2

C3 C4

� �
Gx CA0GyA A0GyA

A0GyA 0

�

D
�

Gx C A0GyA A0GyA
A0GyA 0

� (5.36)

as a postulate for the g-inverse of the partitioned matrix. Cayley multiplication of
the three partitioned matrices leads us to the four matrix identities

“element (1,1)”

.Gx C A0GyA/C1.Gx CA0GyA/C A0GyAC3.Gx C A0GyA/
C.Gx C A0GyA/C2A0GyAC A0GyAC4A0GyA D Gx C A0GyA

(5.37)

“element (1,2)”

.Gx C A0GyA/C1A0GyACA0GyAC3 D A0GyA (5.38)

“element (2,1)”

A0GyAC1.Gx C A0GyA/C A0GyAC2A0GyA D A0GyA (5.39)

“element (2,2)”



5-2 MINOLESS and Related Solutions Like Weighted Minimum 287

A0GyAC1A0GyA D 0: (5.40)

First, we realize that the right sides of the matrix identities are symmetric matrices.
Accordingly the left sides have to constitute symmetric matrices, too.

.1; 1/ W .Gx C A0GyA/C0
1.Gx C A0GyA/C .Gx C A0GyA/C0

3A0GyA
CA0GyAC0

2.Gx C A0GyA/CA0GyAC0
4A0GyA D Gx C A0GyA

.1; 2/ W A0GyAC0
1.Gx C A0GyA/C C0

3A0GyA D A0GyA

.2; 1/ W .Gx C A0GyA/C0
1A0GyAC A0GyAC0

2A0GyA D A0GyA

.2; 2/ W A0GyAC0
1A0GyA D A0GyAC1A0GyA D 0:

We conclude
C1 D C0

1; C2 D C0
3; C3 D C0

2; C4 D C0
4: (5.41)

Second, we are going to solve for C1; C2; C3 D C2 and C4.

C1 D .Gx C A0GyA/�1fIm �A0GyAŒA0GyA.Gx C A0GyA/�1A0GyA��
�A0GyA.Gx C A0GyA/�1g (5.42)

C2 D .Gx C A0GyA/�1A0GyAŒA0GyA.Gx C A0GyA/�1A0GyA�� (5.43)

C3 D ŒA0GyA.Gx CA0GyA/�1A0GyA��A0GyA.Gx C A0GyA/�1 (5.44)

C4 D �ŒA0GyA.Gx CA0GyA/�1A0GyA��: (5.45)

For the proof, we depart from (1,2) to be multiplied by A0GyA.Gx C A0GyA/�1
from the left and implement (2,2)

A0GyAC2A0GyA.Gx C A0GyA/�1A0GyA D A0GyA.Gx C A0GyA/�1A0GyA:

Obviously, C2 solves the fifth equation on the basis of the g-inverse

ŒA0GyA.Gx C A0GyA/�1A0GyA��

or

A0GyA.Gx C A0GyA/�1A0GyAŒA0GyA.Gx C A0GyA/�1A0GyA�
�A0GyA.Gx C A0GyA/�1A0GyA D A0GyA.Gx C A0GyA/�1A0GyA:

(5.46)

We leave the proof for

“.Gx C A0GyA/�1A0GyAŒA0GyA.Gx C A0GyA/�1A0GyA��A0Gy
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is the weighted pseudo-inverse or Moore–Penrose inverse AC
Gy.GxCA0GyA/” as an

exercise. Similarly,

C1 D .Im � C2A0GyA/.Gx C A0GyA/�1 (5.47)

solves (2,2) where we again take advantage of the axiom of the g-inverse, namely

A0GyAC1A0GyA D 0, (5.48)

A0GyA.Gx C A0GyA/�1A0GyA.Gx C A0GyA/�1A0GyA
�A0GyA.Gx C A0GyA/�1A0GyAŒA0GyA.Gx C A0GyA/�1A0GyA��

�A0GyA.Gx C A0GyA/�1A0GyA.Gx C A0GyA/�1A0GyA D 0,
, A0GyA.Gx C A0GyA/�1A0GyA
�A0GyA.Gx C A0GyA/�1A0GyA.A0GyA.Gx C A0GyA/�1A0GyA/�

�A0GyA.Gx C A0GyA/�1A0GyA D 0:
For solving the system of modified normal equations, we have to compute

C1A0Gy D 0, C1 D A0GyA D 0, A0GyAC1A0GyA D 0;

a zone identity due to (2,2). In consequence,

x`m D C2A0Gyy (5.49)

has been proven. The element (1,1) holds the key to solve for C4. As soon as we
substitute C1, C2 D C0

3; C3 D C0
2 into (1,1) and multiply

left by and right by
A0GyA.Gx C A0GyA/�1 .Gx C A0GyA/�1A0GyA;

we receive

2A0GyA.Gx CA0GyA/�1A0GyAŒA0GyA.Gx C A0GyA/�1A0GyA��A0GyA
�.GxCA0GyA/�1A0GyACA0GyA.GxCA0GyA/�1A0GyAC4A0GyA.GxCA0GyA/�1

A0GyA D A0GyA.Gx C A0GyA/�1A0GyA:

Finally, substitute

C4 D �ŒA0GyA.Gx C A0GyA/�1A0GyA�� (5.50)

to conclude

A0GyA.Gx C A0GyA/�1A0GyAŒA0GyA.Gx C A0GyA/�1A0GyA��A0GyA
�.Gx C A0GyA/�1A0GyA D A0GyA.Gx C A0GyA/�1A0GyA;
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namely the axiom of the g-inverse. Obviously, C4 is a symmetric matrix such that
C4 D C0

4.

Here ends our elaborate proof.

The results of the constructive proof of Lemma 5.2 are collected in Lemma 5.3.

Lemma 5.3. (Gx-minimum norm, Gy-least squares solution: MINOLESS):

x`m D OLy is Gx-minimum norm, Gy-least squares solution of (5.1) subject to

r WD rkA D rk.A0GyA/ < minfn; mg
rk.Gx C A0GyA/ D m

if and only if
OL D AC

GyGx
D .A�̀

m/GyGx (5.51)

OL D .Gx CA0GyA/�1A0GyAŒA0GyA.Gx C A0GyA/�1A0GyA��A0Gy (5.52)

x`m D .Gx C A0GyA/�1A0GyAŒA0GyA.Gx C A0GyA/�1A0GyA��A0Gyy (5.53)

where AC
GyGx

D A1;2;3;4
GyGx

is the Gy; Gx-weighted Moore–Penrose inverse. If
rkGx D m, then

OL D G�1
x A0GyA.A0GyAG�1

x A0GyA/�A0Gy (5.54)

x`m D G�1
x A0GyA.A0GyAG�1

x A0GyA/�A0Gyy (5.55)

is an alternative unique solution of type MINOLESS.

Perhaps the lengthy formulae which represent Gy; Gx-MINOLESS in terms of a
g-inverse motivate to implement

explicit representations for the analyst

of the Gx-minimum norm (seminorm), Gy-least squares solution, if multiplication
rank partitioning, also known as rank factorization, or additive rank partitioning of
the first order design matrix A is available. Here, we highlight both representations
of AC D A�̀

m.

Lemma 5.4. (Gx-minimum norm, Gy-least squares solution: MINOLESS,
rank factorization):

x`m D OLy is Gx-minimum norm, Gy-least squares solution (MINOLLES) of
(5.1)

fAxC i D yjA 2 R
n�m; r WD rkA D rk.A0GyA/ < minfn; mgg;

if it is represented by multiplicative rank partitioning or rank factorization
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A D DE; D 2n�r ; E 2 R
r�m (5.56)

as

case .i/ W Gy D In; Gx D Im

OL D A�̀
m D E0.EE0/�1.D0D/�1D0 (5.57)

OL D E�
RD�

L

�
E�
R D Em D E0.EE0/�1 right inverse
D�
L D D�̀ D .D0D/�1D0 left inverse

(5.58)

x`m D A�̀
my D ACy D E0.EE0/�1.D0D/�1D0y: (5.59)

The unknown vector x`m has the minimum Euclidean length

jjx`mjj2 D x0
`mx`m D y0.AC/0ACy D y0.D�̀/0.EE0/�1D�̀y: (5.60)

y D y`m C i`m (5.61)

is an orthogonal decomposition of the observation vector y 2 Y D R
n into

Ax`m D y`m 2 R.A/ and y � Ax`m D i`m 2 R.A/?; (5.62)

the vector of inconsistency.

y`m D Ax`m D AACy
D D.D0D/�1D0y D DD�̀y

and
i`m D y � y`m D .In � AAC/y
D ŒIn �D.D0D/�1D0�y D .In � DD�̀/y

AACy D D.D0D/�1D0y D DD�̀y D y`m is the projection PR.A/ and .In �
AAC/y D ŒIn � D.D0D/�1D0�y D .In � DD�̀/y is the projection PR.A/? .
i`m and y`m are orthogonal in the sense of hi`mjy`mi D 0 or .In � AAC/0A D
ŒIn �D.D0D/�1D0�0D D 0. The “goodness of fit” of MINOLESS is

jjy� Ax`mjj2 D jji`mjj2 D y0.In � AAC/y
D y0ŒIn � D.D0D/�1D0�y D y0.In �DD�1

` /y:
(5.63)

case .i i/ W Gx and Gy positive definite

OL D .A�
m`/ .weighted/ D G�

x E0.EG�1
x E0/�1.D0GyD/�1D0Gy (5.64)

OL D E�
R .weighted/D�

L .weighted/

�
E�
R D Em weighted right inverse
E�
L D E` weighted left inverse

(5.65)
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x`m D .A�̀
m/GyGx y � AC

GyGx
y

D G�1
x E0.EG�1

x E0/�1.D0GyD/�1DGyy:
(5.66)

The unknown vector x`m has the weighted minimum Euclidean length

jjx`mjj2Gx
D x0

`mGxx`m D y0.AC/0GxACy
D y0GyD.D0GyD/�1.EG�1

x E0/�1EE0.EG�1
x E0/�1.D0GyD/�1D0Gyy0:

(5.67)

y D y`m C i`m (5.68)

is an orthogonal decomposition of the observation vector y 2 Y D R
n into

Ax`m D y`m 2 R.A/ and y �Ax`m DW i`m 2 R.A/? (5.69)

of inconsistency.

y`m D AAC
GyGx

y and i` D .In � AAC
GyGx

/y

AAC
GyGx
D PR.A/ In �AAC

GyGx
D PR.A/?

(5.70)

are Gy-orthogonal

hi`mjy`miGy D 0 or .In �AAC.weighted//0GyA D 0: (5.71)

The “goodness of fit” of Gx; Gy-MINOLESS is

jjy� Ax`mjj2Gy
D jji`mjj2Gy

D y0ŒIn � AAC
GyGx

�0GyŒIn �AAC
GyGx

�y

D y0ŒIn � D.D0GyD/�1D0Gy�
0GyŒIn �D.D0GyD/�1D0Gy�y

D y0ŒGy �GyD.D0GyD/�1D0Gy�y:

(5.72)

While Lemma 5.4 took advantage of rank factorization, Lemma 5.5 will alternatively
focus on additive rank partitioning.

Lemma 5.5. (Gx-minimum norm, Gy-least squares solution: MINOLESS,
additive rank partitioning)

x`mD OLy is Gx-minimum norm, Gy-least squares solution (MINOLESS) of (5.1)

fAxC i D yjA 2 R
n�m; r WD rkA D rk.A0GyA/ < minfn; mgg;

if it is represented by additive rank partitioning
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A D
�

A11 A12

A21 A22

�
;

A11 2 R
r�r ; A12 2 R

r�.m�r/
A21 2 R

.n�r/�r ; A22 2 R
.n�r/�.m�r/ (5.73)

subject to the rank identity

rkA D rkA11 D r (5.74)

as

case (i): Gy D In; Gx D Im

OL D A�̀
m D

�
N0
11

N0
12

�
.N12N0

12 C N11N0
11/

�1ŒA0
11; A0

21� (5.75)

subject to

N11 WD A0
11A11 CA0

21A21; N12 WD A0
11A12 C A0

21A22 (5.76)

N21 WD A0
12A11 CA0

22A21; N22 WD A0
12A12 C A0

22A22 (5.77)

or

x`m D
�

N0
11

N0
12

�
.N12N0

12 CN11N0
11/

�1ŒA0
11; A0

21�

�
y1
y2

�
: (5.78)

The unknown vector x`m has the minimum Euclidean length

jjx`mjj2 D x0
`mx`m

D Œy0
1; y0

2�

�
A11

A21

�
.N12N0

12 C N11N0
11/

�1ŒA0
11; A0

21�

�
y1
y2

�
: (5.79)

y D y`m C i`m

is an orthogonal decomposition of the observation vector y 2 Y D R into

Ax`m D y`m 2 R.A/ and y �Ax`m DW i`m 2 R.A/?; (5.80)

the vector of inconsistency.

y`m D Ax`m D AA�
`my and i`m D y �Ax`m

D .In � AA�
`m/y

are projections onto R(A) and R.A/?, respectively. i`m and y`m are orthogonal
in the sense of hi`mjy`mi D 0 or .In � AA�

`m/
0A D 0. The “goodness of fit” of

MINOLESS is
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jjy� Ax`mjj2 D jji`mjj2 D y0.In � AA�
`m/y:

In � AA�̀
m; rk.In � AA�̀

m/ D n � rkA D n � r , is the rank deficient a posteriori
weight matrix .Gy/`m.

case (ii): Gx and Gy positive definite

OL D .A�̀
m/GyGx :

5-22 .Gx; Gy/-MINOS and Its Generalized Inverse

A more formal version of the generalized inverse which is characteristic for Gx-
MINOS, Gy-LESS or .Gx; Gy/-MINOS is presented by

Lemma 5.6. (characterization of Gx; Gy-MINOS):

rk.A0GyA/ D rkA � R.A0Gy/ D R.A0/ (5.81)

is assumed. x`m D Ly is .Gx; Gy/-MINOLESS of (5.1) for all y 2 R
n if and only if

the matrix L 2 R
m�n fulfils the four conditions

GyALA D GyA (5.82)

GxLAL D GxL (5.83)

GyAL D .GyAL/0 (5.84)

GxLA D .GxLA/0: (5.85)

In this case Gxx`m D GxLy is always unique. L, fulfilling the four conditions, is
called the weighted MINOS inverse or weighted Moore–Penrose inverse.

Proof. The equivalence of (5.81) follows from

R.A0Gy/ D R.A0GyA/:

.i/GyALA D GyA and GyAL D .GyAL/0:

Condition (i) GyALA D GyA and (iii) GyAL D .GyAL/0 are a consequence of
Gy-LESS.

jjijj2Gy
D jjy� Axjj2Gy

D min
x
) A0GyAx` D A0Gyy:
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If Gx is positive definite, we can represent the four conditions (i)–(iv) of L by
.Gx; Gy/-MINOS inverse of A by two alternative solutions L1 and L2, namely

AL1 D A.A0GyA/�A0GyAL1 D A.A0GyA/�A0L0
1Gy

D A.A0GyA/�A0Gy

D A.A0GyA/�A0L0
2A0Gy D A.A0GyA/�A0GyAL2 D AL2

and

L2A D G�1
x .A0L0

2Gx/ D G�1
x .A0L0

2A0L0
2Gx/ D G�1

x .A0L0
1A0L0

2Gx/

D G�1
x .A0L0

1GxL2A/ D G�1
x .GxL1AL2A/

D G�1
x .GxL1AL1A/ D L1A;

L1 D G�1
x .GxL1AL1/ D G�1

x .GxL2AL2/ D L2

concludes our proof.
The inequality

jjx`mjj2Gx
D jjLyjj2Gx

� jjLyjj2Gy
C 2y0L0Gx.In � LA/z

Cjj.Im � LA/zjj2Gx
8y 2 R

n
(5.86)

is fulfilled if and only if the “condition of Gx-orthogonality”

L0Gx.Im � LA/ D 0 (5.87)

applies. An equivalence is

L0Gx D L0GxLA or L0GxL D L0GxLAL;

which is produced by left multiplying with L. The left side of this equation is a
symmetric matrix. Consequently, the right side has to be a symmetric matrix, too.

GxLA D .GxLA/0:

Such an identity agrees to condition (iv). As soon as we substitute in the “condition
of Gx-orthogonality” we are led to

L0Gx D L0GxLA) GxL D .GxLA/0L D GxLAL ;

a result which agrees to condition (ii).

? How to prove uniqueness of A1;2;3;4 D A`m D AC ?
Uniqueness of Gxx`m can be taken from Lemma 1.4 (characterization of Gx-
MINOS).

Substitute x` D Ly and multiply the left side by L.

A0GyALy D A0Gyy, A0GyAL D A0Gy
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L0A0GyAL D L0A0Gy , GyAL D .GyAL/0 D L0A0Gy:

The left side of the equation L0A0GyAL D L0A0Gy is a symmetric matrix. Conse-
quently the right side has to be symmetric, too. Indeed we have proven condition (iii)
.GyAL/0 D GyAL. Let us transplant the symmetric condition (iii) into the original
normal equations in order to benefit from

A0GyAL D A0Gy or GyA D L0A0GyA D .GyAL/0A D GyALA:

Indeed, we have succeeded to have proven condition (i), in condition

.i i/GxLAL D GxL and GxLA D .GxLA/0:

Condition (ii) GyLAL D GxL and (iv) GxLA D .GxLA/0 are a consequence of
Gx-MINOS.

The general solution of the normal equations A0GyAx` D A0Gyy is

x` D x`m C ŒIm � .A0GyA/�.A0GyA/�z (5.88)

for an arbitrary vector z 2 R
m. A0GyALA D A0GyA implies

x` D x`m C ŒIm � .A0GyA/�A0GyALA�z
D x`m C ŒIm � LA�z:

Note 1: The following conditions are equivalent:

.1st/

2
664

.1/AA�A D A
.2/A�AA� D A

.3/ .AA�/0Gy D GyAA�

.4/ .A�A/0Gx D GxA�A

.2nd/

�
A#GyAA� D A0Gy

.A�/0GxA�A D .A�/0Gx

“if Gx and Gy are positive definite matrices, then

A#Gy D GxA#

or

A# D G�1
x A0Gy

are representations for the adjoint matrix” “if Gx and Gy are positive definite
matrices, then
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.A0GyA/AA� D A0Gy

.A�/0GxA�A D .A�/0G00
x

.3rd/

�
AA� D PR.A/

A�A D PR.A�/ :

The concept of a generalized inverse of an arbitrary matrix is originally due
to E.H. Moore (1920) who used the 3rd definition. R. Penrose (1955), unaware
of E.H. Moores work, defined a generalized inverse by the 1st definition to
Gx D Im; Gy D In of unit matrices which is the same as the Moore inverse. Y. Tseng
(1949, a, b, 1956) defined a generalized inverse of a linear operator between function
spaces by means of

AA� D PR.A/; A�A D PR.A�/;

where R.A/; R.A�/, respectively are the closure of R.A/, R.A�/, respec-
tively. The Tseng inverse has been reviewed by B. Schaffrin, E. Heidenreich and
E. Grafarend (1977). A. Bjerhammar (1951, 1957, 1956) initiated the notion of the
least-squares generalized inverse. C.R. Rao (1967) presented the first classification
of g-inverses.
Note 2: Let jjyjjGy D .y0Gyy/1=2 and jjxjjGx D .x0Gxx/1=2, where Gy and Gx are
positive semidefinite. If there exists a matrix A� which satisfies the definitions of
Note 1, then it is necessary, but not sufficient that

.1/GyAA�A D GyA

.2/GxA�AA� D GxA�

.3/ .AA�/0Gy D GyAA�

.4/ .A�A/0Gx D GxA�A:

Note 3: A g-inverse which satisfies the conditions of Note 1 is denoted by AC
GyGx

and referred to as Gy; Gx-MINOLESS g-inverse of A.

AC
GyGx

is unique if Gx is positive definite. When both Gx and Gy are

general positive semi definite matrices, AC
GyGx

may not be unique. If

jGx C A0GyAj ¤ 0 holds, AC
GyGx

is unique.

Note 4: If the matrices of the metric are positive definite, jGxj ¤ 0;
ˇ̌
Gy
ˇ̌ ¤ 0,

then

(i) .AC
GyGx

/CGxGy
D A,

(ii) .AC
GyGx

/# D .A0/CG�1
x G�1

y
.
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5-23 Eigenvalue Decomposition of .Gx; Gy/-MINOLESS

For the system analysis of an inverse problem the eigenspace analysis and
eigenspace synthesis of x`m.Gx; Gy/-MINOLESS of x is very useful and give
some peculiar insight into a dynamical system. Accordingly we are confronted
with the problem to develop “canonical MINOLESS”, also called the eigenvalue
decomposition of .Gx; Gy/-MINOLESS.

First we refer again to the canonical representation of the parameter space X

as well as the observation space Y introduced to you in the first chapter, Box 1.6
and Box 1.9. But we add here by means of Box 5.8 the forward and backward
transformation of the general bases versus the orthogonal bases spanning the
parameter space X as well as the observation space Y. In addition, we refer to
Definition 1.5 and Lemma 1.6 where the adjoint operator A� has been introduced
and represented.

Box 5.8. General bases versus orthogonal bases spanning the parameter
space X as well as the observation space Y.

“left” “right”
“parameter space” “observation space”
“general left base” “general right base”

span fa1; : : : ; amg D X Y D span fb1; : : : ; bng
W matrix of the metric: W matrix of the metric W

aa0 D Gx bb0 D Gy (5.89)

“orthogonal left base” “orthogonal right bsase”
span fex

1; : : : ; ex
mg D X Y D span fey

1; : : : ; ey
ng

W matrix of the metric: :matrix of the metric W

exe0
x D Im eye0

y D In (5.90)

“base transformation” “base transformation”

a D ƒ1=2
x Vex b D ƒ1=2

y Uey (5.91)

versus versus

ex D V0ƒ�1=2
x a ey D U0ƒ�1=2

y b (5.92)

span fex
1; : : : ; ex

mg D X Y D span fey
1; : : : ; ey

ng:
Second, we are solving the general system of linear equations

fy D AxjA 2 R
n�m; rkA < minfn; mgg



298 5 The Third Problem of Algebraic Regression

by introducing

• The eigenspace of the rank deficient, rectangular matrix of rank r WD rkA <

minfn; mg W A 7! A�
• The left and right canonical coordinates: x 7! x�; y 7! y�

as supported by Box 5.9. The transformations x 7! x� (5.92), y 7! y�(5.93,
left) from the original coordinates .x1; : : : ; xm/ to the canonical coordinates
.x�
1 ; : : : ; x

�
m/, the left star coordinates, as well as from the original coordinates

(y1; : : : ; yn) to the canonical coordinates (y�
1 ; : : : ; y�

n ), the right star coordinates,
are polar decompositions: a rotation U;V is followed by a general stretch
fG1=2

y ; G1=2
x g. Those root matrices are generated by product decompositions

of type Gy D .G1=2
y /0G1=2

y as well as Gx D .G1=2
x /0G1=2

x . Let us substitute

the inverse transformations (5.93, right) x� 7! xDG�1=2
x Vx� and (5.94, left)

y� 7! y D G�1=2
y Uy� into the system of linear equations (5.1), (5.94, right)

y D Ax C i; rkA < minfn; mg or its dual (5.95, left) y� D A�x� C i�. Such
an operation leads us to (5.95, right) y� D f .x�/ as well as (5.96, left) y D f .x/:
Subject to the orthonormality condition (5.96, right) U0U D In and (5.97, left)
V0V D Im we have generated the left-right eigenspace analysis (5.97, right)

ƒ� D
�
ƒ O1

O2 O3

�

subject to the rank partitioning of the matrices U D ŒU1; U2� and V D ŒV1; V2�.
Alternatively, the left-right eigenspace synthesis (5.104, left)

A D G�1=2
y ŒU1; U2�

�
ƒ O1

O2 O3

� �
V0

1

V0
2

�
G1=2

x

is based upon the left matrix (5.99) L WD G�1=2
y U decomposed into (5.111)

L1 WD G�1=2
y U1 and L2 WD G�1=2

y U2 and the right matrix (5.94, left) R WD G�1=2
x V

decomposed into R1 WD G�1=2
x V1 and R2 WD G�1=2

x V2. Indeed the left matrix L by
means of (5.101, right) LL0 D G�1

y reconstructs the inverse matrix of the metric
of the observation space Y. Similarly, the right matrix R by means of (5.102, left)
RR0 D G�1

x generates the inverse matrix of the metric of the parameter space X. In
terms of “L;R” we have summarized the eigenvalue decompositions (5.103, right)–
(5.106, left).

Such an eigenvalue decomposition helps us to canonically invert y� D A�x�Ci�
by means of (5.106, right), namely the “full rank partitioning” of the system of
canonical linear equations y� D A�x� C i�. The observation vector y� 2 R

n is
decomposed into y�

1 2 R
r�1 and y�

2 2 R
.n�r/�1 while the vector x� 2 R

m of
unknown parameters is decomposed into x�

1 2 R
r�1 and x�

2 2 R
.m�r/�1.
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.x�
1 /`m D ƒ�1y�

1

is canonical MINOLESS leaving y�
2 “unrecognized” and x�

2 D 0 as a “fixed datum”.

Box 5.9. (Canonical representation, the general case: overdetermined and
underdetermined system without full rank):

“parameter spaceX” versus “observation space”

x� D V0G1=2
x x y� D U0G1=2

y y (5.93)

and and

x D G�1=2
x Vx�y D G�1=2

y Uy� (5.94)

“overdetermined and unterdetermined system without full rank00

fy D AxC ijA 2 R
n�m; rkA < minfn; mgg

y D AxC i versus y� D A�x� C i� (5.95)

G�1=2
y Uy� D AG�1=2

x x�

CG�1=2
y Ui�

U0G1=2
y y D A�V0G�1=2

x x
CUG1=2

y i

y� D .U0G1=2
y AG�1=2

x V/x� versus y D .G�1=2
y UA�V0G�1=2

x /xC i
(5.96)

subject to subject to

U0U D UU0 D In versus V0V D VV0 D Im (5.97)

“left and right eigenspace synthesis”

A� D
�

U0
1

U0
2

�
G1=2

y AG�1=2
x ŒV1; V2�

D
�
ƒ O1

O2 O3

� (5.98)

A D G�1=2
y ŒU1; U2�

�
ƒ O1

O2 O3

� �
V0

1

V0
2

�
G1=2

x (5.99)

“dimension identities”
ƒ 2 R

r�r ; O1 2 R
r�.m�r/; U1 2 R

n�r ; V1 2 R
m�r

O2 2 R
.n�r/�r ; O3 2 R

.n�r/�.m�r/; U2 2 R
n�.n�r/; V2 2 R

m�.m�r/

“left eigenspace” “right eigenspace”



300 5 The Third Problem of Algebraic Regression

L WD G�1=2
y U) L�1 D U0G1=2

y R WD G�1=2
x V) R�1 D V0G1=2

x
(5.100)

L1 WD G�1=2
y U1; L2 WD G�1=2

y U2 R1 WD G�1=2
x V1; R2 WD G�1=2

x V2

(5.101)
LL0 D G�1

y ) .L�1/0L�1 D Gy RR0 D G�1
x ) .R�1/0R�1 D Gx

(5.102)

L�1 D
�

U0
1

U0
2

�
G1=2

y DW
�

L�
1

L�
2

�
R�1 D

�
V0
1

V0
2

�
G1=2

x DW
�

R�
1

R�
2

�

(5.103)

A D LA�R�1 versus A� D L�1AR (5.104)

A D ŒL1; L2�A�
�

R�
1

R�
2

�
versus

A� D
�
ƒ O1

O2 O3

�

D
�

L�
1

L�
2

�
AŒR1; R2�

(5.105)

AA#L1 D L1ƒ2

AA#L2 D 0
�

versus

�
A#AR1 D R1ƒ

2

A#AR2 D 0 (5.106)

“inconsistent system of linear equations without full rank”

y� D A�x� C i� D
�
ƒ O1

O2 O3

� �
x�
1

x�
2

�
C
�

i�1
i�2

�
D
�

y�
1

y�
2

�
(5.107)

y�
1 2 R

r�1; y�
2 2 R

.n�r/�1; i�1 2 R
r�1; i�2 2 R

.n�r/�1
x�
1 2 R

r�1; x�
2 2 R

.m�r/�1

“if .x�; i�/ is MINOLESS, then x�
2 D 0; i� D 0:

.x�
1 /`m D ƒ�1y�

1 : ”

Consult the commutative diagram of Fig. 5.6 for a shortened summary of the newly
introduced transformation of coordinates, both of the parameter space X as well as
the observation space Y.

Third, we prepare ourselves for MINOLESS of the general system of linear
equations

fy D AxC ijA 2n�m; rkA < minfn; mg
jjijj2Gy

D min; subject to jjxjj2Gx
D ming

by introducing Lemmas 5.4 and 5.5, namely the eigenvalue-eigencolumn equations
of the matrices A#A and AA#, respectively, as well as Lemma 5.6, our basic result of
“canonical MINOLESS”, subsequently completed by proofs. Throughout we refer
to the adjoint operator which has been introduced by Definition 1.5 and Lemma 1.6.
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A

 (A) ⊂ 

 (A) ⊂ 

∋x

∋x*

V′Gx
1/2

U′Gy
1/2

y∗ ∈

Fig. 5.6 Commutative
diagram of coordinate
transformations

Lemma 5.7. (eigenspace analysis versus eigenspace synthesis A 2 R
n�m,

r WD rkA < minfn; mg):

The pair of matrices L;R for the eigenspace analysis and the eigenspace
synthesis of the rectangular matrix A 2 R

n�m of rank r WD rkA < minfn; mg,
namely

A� D L�1AR versus A D LA�R�1

or or

A� D
�
ƒ O1

O2 O3

�

D
�

L�
1

L�
2

�
AŒR1; R2�

versus
A

D ŒL1; L2�A�
�

R�
1

R�
2

�

are determined by the eigenvalue-eigencolumn equations (eigenspace equations)

A#AR1 D R1ƒ
2

A#AR2 D 0 versus
AA#L1 D L1ƒ2

AA#L2 D 0

subject to

2
64
�21 � � � 0
:::
: : :

:::

0 � � � �2r

3
75 ; ƒ D Diag.C

q
�21; : : : ; C

q
�2r /:

5-24 Notes

The algebra of eigensystems is treated in varying degrees by most books on
linear algebra, in particular tensor algebra. Special mention should be made of
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R. Bellman’s classic “Introduction to matrix analysis” (1970) and Horn’s and
Johnson’s two books (1985, 1991) on introductory and advanced matrix analysis.

More or less systematic treatments of eigensystem are found in books on matrix
computations. The classics of the field are Householder’s “Theory of matrices in
numerical analysis” (1964) and Wilkinson’s “The algebraic eigenvalue problem”
(1965). G. Golub’s and Van Loan’s “Matrix computations” (1996) is the currently
definite survey of the field. Trefethen’s and Bau’s “Numerical linear algebra”
(1997) is a high-level, insightful treatment with a welcomed stress on geometry.
G.W. Stewart’s “Matrix algorithm: eigensystems” (2001) is becoming a classic
as well.

The term “eigenvalue” derives from the German Eigenwert, which was intro-
duced by D. Hilbert (1904) to denote for integral equations the reciprocal of the
matrix eigenvalue. At some point Hilbert’s Eigenwert inverted themselves and
became attached to matrices. Eigenvalues have been called many things in their
day. The “characteristic value” is a reasonable translation of Eigenwert. However,
“characteristic” has an inconveniently large number of syllables and survives
only in the terms “characteristic equation” and “characteristic polynomial”. For
symmetric matrices the characteristic equation and its equivalent are also called
the secular equation owing to its connection with the secular perturbations in the
orbits of planets. Other terms are “latent value” and “proper value” from the French
“valeur propre”.

Indeed the day when purists and pedants could legitimately object to “eigen-
value” as a hybrid of German and English has long since passed. The German
“eigen” has become thoroughly materialized English prefix meaning having to do
with eigenvalues and eigenvectors. Thus we can use “eigensystem”, “eigenspace” or
“eigenexpansion” without fear of being misunderstood. The term “eigenpair” used
to denote an eigenvalue and eigenvector is a recent innovation.

5-3 The Hybrid Approximation Solution: ˛-HAPS
and Tykhonov–Phillips Regularization

Gx;Gy-MINOLESS has been built on sequential approximations. First, the sur-
jectivity defect was secured by Gy-LESS. The corresponding normal equations
suffered from the effect of the injectivity defect. Accordingly, second Gx-LESS
generated a unique solution the rank deficient normal equations. Alternatively,
we may constitute a unique solution of the system of inconsistent, rank deficient
equations

fAxC i D yjA 2 R
n�m; r WD rkA < minfn;mgg

by the ˛-weighted hybrid norm of type “LESS” and “MINOS”. Such a solution of
a general algebraic regression problem is also called

• Tykhonov–Phillips regularization
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Fig. 5.7 Balance of LESS
and MINOS to general
MORE

• Ridge estimator
• ˛ �HAPS:

Indeed, ˛ � HAPS is the most popular inversion operation, namely to regularize
improperly posed problems. An example is the discretized version of an integral
equation of the first kind.

Definition 5.2. Definition 5.8 (˛ �HAPS ):

An m � 1 vector x is called weighted ˛ � HAPS (Hybrid APproximative
Solution) with respect to an ˛-weighted Gx;Gy-seminorm of (5.1), if

xh D argfjjy�Axjj2Gy
C ˛jjxjj2Gx

D min jAxC i D y;

A 2 R
n�mI rkA � minfn;mgg: (5.108)

Note that we may apply weighted ˛ � HAPS even for the case of rank identity
rkA � minfn;mg. The factor ˛ 2 R

C balances the least squares norm and the
minimum norm of the unknown vector which is illustrated by Fig. 5.7.

Lemma 5.8. .˛ �HAPS/:

xh is weighted ˛ � HAPS of x of the general system of inconsistent, possibly
weakly inconsistent, rank deficient system of linear equations (5.1) if and only if the
system of normal equations

.˛Gx C A0GyA/xh D A0Gyy or
�

Gx C 1

˛
A0GyA

	
xh D 1

˛
A0Gyy (5.109)

is fulfilled. xh always exists and is uniquely determined if the matrix

˛Gx C A0GyA is regular or rkŒGx;A0GyA� D m: (5.110)

Proof. ˛ �HAPS is constructed by means of the Lagrangean

L.x/ WD jjy� Axjj2Gy
C ˛jjxjj2Gy

D .y � Ax/0Gy.y � Ax/C ˛.x0Gyx/ D min
x
;

such that the first derivatives

dL
dx
.xh/ D 2.˛Gx C A0GyA/xh � 2A0Gyy D 0
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constitute the necessary conditions. The second derivatives

@2L
@x@x0 .xh/ D 2.˛Gx C A0GyA/ 	 0

generate the sufficiency conditions for obtaining the minimum of the uncon-
strained Lagrangean. If ˛Gx C A0GyA is regular of rkŒGy;A0GyA� D m, there
exists a unique solution.

Lemma 5.9. .˛ �HAPS/:

If xh is ˛ �HAPS of x of the general system of inconsistent, possibly weakly
inconsistent, possibly rank deficient system of linear equations (5.1) fulfilling the
rank identity

rkŒGy;A0GyA� D mor det.˛Gx C A0GyA/ ¤ 0

then

xh D .˛Gx C A0GyA/�1A0Gyy

or

xh D .Gx C 1

˛
A0GyA/�1

1

˛
A0Gyy

or

xh D .˛ICG�1
x A0GyA/�1G�1

x A0Gyy

or

xh D .IC 1

˛
G�1

x A0GyA/�1
1

˛
G�1

x A0Gyy

are four representations of the unique solution.



Chapter 6
The Third Problem of Probabilistic Regression

Special Gauss–Markov Model with Datum Defect

Setup of BLUMBE and BLE for the moments of first order and of BIQUUE
and BIQE for the central moment of second order fyDA� C cy;A 2
R
n�m; rkA < minfn;mgg
The Special Gauss-Markov model with datum defect – the stochastic analogue

of Minimum Norm Least-Squares, is treated here first by the Best Linear Minimum
Bias Estimator (BLUMBE), namely by Theorem 6.3, in the first section. Theorem
6.5 offers the estimation of ¢2 by Best Invariant Quadratic Uniformly Unbiased
Estimation to be compared with the result of Theorem 6.6, namely the estimation
of �2 by Best Invariant Quadratic Estimation. Six numerical models are compared
based on practical leveling measurements. In the second section, we setup the Best
Linear Estimation (hom BLE), (hom S-BLE) as well as (hom ’-BLE) for fixed effect
based on the decomposition

OŸ � Ÿ D L.y � Efyg/� ŒIm � LA� Ÿ

This setup produces the weighting of two norms:

1. The average variances kL0k2
2. The average bias k.Im � LA/0k2.
˛-BLE balances the variance and the bias illustrated by Fig. 6.1. Theorems 6.12

and 6.13 compare (hom S-BLE) and (hom ˛-BLE, also called ridge estimator or
Tykhonov-Phillips regularization published by many authors (J. Cai, E. Grafarend
and B. Schaffrin (2004, 92 references))).

A key example is our treatment of continuous networks in the third section,
namely of second derivative type and finally approximated by a discrete setup.

Finally we intend to state our assumption of C.R. Rao’s design of the substitute
matrix S or ˛-I which solves the missing information of the variable Ÿ, perhaps by
Prior Information Ÿ0, subject of Bayes-estimation.

E. Grafarend and J. Awange, Applications of Linear and Nonlinear Models,
Springer Geophysics, DOI 10.1007/978-3-642-22241-2 6,

305

© Springer-Verlag Berlin Heidelberg 2012
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Read only Definition 6.1, Theorem 6.3, Definition 6.4–6.6, Theorem 6.8–6.11.

Lemma 6.2
ξ hom Sy , S-BLUMBE of ξˆ

Definition 6.1
ξ hom Sy, S-BLUMBEˆ

Lemma 6.4
E{y}, D{Aξ}, D{ey}ˆ

Theorem 6.3
hom Sy, S-BLUMBE of ξ

Theorem 6.5
s2 BIQUUE of s2

Theorem 6.6
s2 BIQE of s2ˆ

ˆ

Definition 6.7 and Lemma 6.2, Theorem 6.3, Lemma 6.4, Theorems 6.5 and
6.6 review O� of type hom †y, S-BLUMBE, BIQE, followed by the first example.
Alternatively, estimators of type best linear, namely hom BLE, hom S-BLE and
hom ˛-BLE are presented. Definitions 6.7, 6.8 and 6.9 relate to various estimators
followed by Lemma 6.10, Theorems 6.11, 6.12 and 6.13.

In Chap. 5, we have solved a special algebraic regression problem, namely the
inversion of a system of inconsistent linear equations with a datum defect. By means
of a hierarchic postulate of a minimum norm jjxjj2D min, least squares solution
jjy�Axjj2D min (“MINOLESS”) we were able to determinem unknowns from n

observations through the rank of the linear operator, rkAD r < minfn;mg, was
less than the number of observations or less the number of unknowns. Though
“MINOLESS” generates a rigorous solution, we were left with the problem to
interpret our results.

The key for an evolution of “MINOLESS” is handed over to us by treating the
special algebraic problem by means of a special probabilistic regression problem,
namely as a special Gauss–Markov model with datum defect. The bias generated by
any solution of a rank deficient system of linear equations will again be introduced
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6

Lemma 6.10
hom BLE, hom S-BLE, hom a-BLE

Definition 6.8
x S-BLE of  xˆ

Theorem 6.11
x hom BLEˆ

Theorem 6.12
x hom S-BLEˆ

Definition 6.9
x hom hybrid var-min biasˆ

Definition 6.7
x hom BLE of  xˆ

α

α

α

Theorem 6.13
x hom α-BLEˆ

as a decisive criterion for evaluating “MINOLESS”, now in the context of a
probabilistic regression problem. In particular, a special form of “LUMBE” the
linear uniformly minimum bias estimator jjLA � Ijj D min, leads us to a solution
which is equivalent to “MINOS”. “Best” of LUMBE in the sense of the average
variance jjDf O�gjj2D trDf O�gD min also called BLUMBE, will give us a unique
solution of O� as a linear estimation of the observation vector y 2 fY; pdf g with
respect to the linear model EfygDA�, DfygD†y of “fixed effects” � 2 � .

Alternatively, in Chap. 5, we had solved the ill-posed problem yDAx C i;
A 2 R

n�m; rkA < minfn;mg, by means of ˛-HAPS. Here with respect
to a special probabilistic regression problem we succeed to compute ˛-BLE
(˛ weighted, S modified Best Linear Estimation) as an equivalence to ˛-HAPS of a
special algebraic regression problem. Most welcomed is the analytical optimization
problem to determine the regularization parameter ˛ by means of a special form of
jjMSEf˛gjj2D min, the weighted Mean Square Estimation Error. Such an optimal
design of the regulator ˛ is not possible in the Tykhonov–Phillips regularization in
the context of ˛-HAPS, but definitely in the context of ˛-BLE.
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6-1 Setup of the Best Linear Minimum Bias Estimator
of Type BLUMBE

Box 6.1 is a definition of our special linear Gauss–Markov model with datum
defect. We assume (6.1) EfygDA�; rkA < minfn;mg (1st moments) and (6.2)
DfygD†y, †y positive definite, rk†y D n (2nd moments). Box 6.2 reviews the
bias vector as well as the bias matrix including the related norms.

Box 6.1. (Special linear Gauss–Markov model with datum defect):

fyDA� C cy; A 2 R
n�m; rkA < minfn;mgg

1st moments

EfygDA� ; rkA < minfn;mg (6.1)

2nd moments

DfygD W †y; †y positive definite; rk†yD n; (6.2)

� 2 R
m; vector of“fixed effects00; unknown;

†y unknown or known from prior information:

Box 6.2. (Bias vector, bias matrix Vector and matrix bias norms Special
linear Gauss–Markov model of fixed effects subject to datum defect)

A 2 R
n�m; rkA < minfn;mg

EfygDA�; DfygD†y (6.3)

“ansatz”

O�DLy (6.4)

bias vector

ˇ WD Ef O� � �gDEf O�g � � ¤ 0 (6.5)

ˇ D LEfyg � �D � ŒIm � LA�� ¤ 0 (6.6)

bias matrix
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B W D In � LA (6.7)

“bias norms”

jjˇjj2 D ˇ0ˇD � 0ŒIm � LA�0ŒIm � LA�� (6.8)

jjˇjj2 D trˇˇ0D trŒIm � LA��� 0ŒIm � LA�0DjjBjj2��0 (6.9)

jjˇjj2S WD trŒIm � LA�SŒIm � LA�0DjjBjj2S (6.10)

“dispersion matrix”

Df O�gDLDfygL0DL†yL0 (6.11)

“dispersion norm, average variance”

jjDf O�gjj2 W D trLDfygL0D trL˙yL0D W jjL0jj†y (6.12)

“decomposition”

O� � � D . O� � Ef O�g/C .Ef O�g � O�/ (6.13)

O� � � D L.y � Efyg/� ŒIm � LA�� (6.14)

“Mean Square Estimation Error”

MSEf O�g WD Ef. O� � �/. O� � �/0g (6.15)

MSEf O�g D LDfygL0 C ŒIm � LA��� 0ŒIm � LA�0 (6.16)

“modified Mean Square Estimation Error”

MSESf O�g W DLDfygL0 C ŒIm � LA�SŒIm � LA�0 (6.17)

“MSE norms, average MSE”

jjMSEf O�gjj2 W D trEf. O� � �/. O� � �/0g (6.18)

jjMSEf O�gjj2
D trLDfygL0 C trŒIm � LA��� 0ŒIm � LA�0

D jjL0jj2†y
C jj.Im � LA/0jj2��0

(6.19)
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jjMSESf O�gjj2 W
W D trLDfygL0 C trŒIm � LA�SŒIm � LA�0

DjjL0jj2†y
C jj.Im � LA/0jj2��0 :

(6.20)

Definition 6.1 defines (1st) O� as a linear homogenous form, (2nd) of type “minimum
bias” and (3rd) of type “smallest average variance”.

Section 6.11 is a collection of definitions and lemmas, theorems basic for the
developments in the future.

6-11 Definitions, Lemmas and Theorems

Definition 6.1. ( O� hom†y; S�BLUMBE):

An m � 1 vector O�DLy is called homogeneous †y; S-BLUMBE (homogeneous
Best Linear Uniformly Minimum Bias Estimation) of � in the special inconsistent
linear Gauss–Markov model of fixed effects of Box 6.1, if (1st) O� is a homogeneous
linear form

O�DLy (6.21)

(2nd) in comparison to all other linear estimations O� has the minimum bias in the
sense of

jjBjj2S W D jj.Im � LA/0jj2SD min
L
; (6.22)

(3rd) in comparison to all other minimum bias estimations O� has the smallest
average variance in the sense of

jjDf O�gjj2D trL˙yL0DjjL0jj2†y
D min

L
: (6.23)

The estimation O� of type hom†y, S-BLUMBE can be characterized by

Lemma 6.2. . O� hom†y ; S�BLUMBE of �/:

An m � 1 vector O�DLy is hom†y; S-BLUMBE of � in the special inconsistent
linear Gauss–Markov model with fixed effects of Box 6.1, if and only if the matrix L
fulfils the normal equations

�
†y ASA0

ASA0 0

� �
L0
ƒ

�
D
�

0
AS

�
(6.24)

with the n � n matrix ƒ of “Lagrange multipliers”.
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: Proof :

First, we minimize the S-modified bias matrix norm, second the MSE( O�) matrix
norm. All matrix norms have been chosen “Frobenius”.

.i/ jj.Im � LA/0jj2SD min
L
:

The S-weighted Frobenius matrix norm jj.Im �LA/0jj2S establishes the Lagrangean

L.L/ W D tr.Im � LA/S.Im � LA/0D min
L

for S-BLUMBE.

L.L/D min
L
,

�
ASA0 OL0 �ASD 0
.ASA0/˝ Im > 0;

according to Theorem 2.3.

"
†y ASA0

ASA0 0

#"
C1 C2

C3 C4

#"
†y ASA0

ASA0 0

#
D
"
†y ASA0

ASA0 0

#

(6.25)

†yC1†y C†yC2ASA0 C ASA0C3†y C ASA0C4ASA0 D †y (6.26)

†yC1ASA0 C ASA0C3ASA0 D ASA0 (6.27)

ASA0C1†y C ASA0C2ASA0 D ASA0 (6.28)

ASA0C1ASA0 D 0: (6.29)

Let us multiply the third identity by†�1
y ASA0D 0 from the right side and substitute

the fourth identity in order to solve for C2.

ASA0C2ASA0†�1
y ASA0 D ASA0†�1

y ASA0 (6.30)

C2 D †�1
y ASA0.ASA0†�1

y ASA0/� (6.31)

solves the fifth equation

A0SA†�1
y ASA0.ASA0†�1

y ASA0/�ASA0†�1
y ASA0

DASA0†�1
y ASA0 (6.32)

by the axiom of a generalized inverse.

.ii/ jjL0jj2†y
D min

L
:

The †y-weighted Frobenius matrix norm of L subject to the condition of LUMBE
generates the constrained Lagrangean
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L.L;ƒ/D trL†yL0 C 2trƒ0.ASA0L0 �AS/D min
L;ƒ

:

According to the theory of matrix derivatives outlined in Appendix B

@L
@L
. OL; Oƒ/ D 2.†y OL0 CASA0 Oƒ/0D 0;

@L
@ƒ

. OL; Oƒ/ D 2.ASA0L0 � AS/D 0;

at the “point” . OL; Oƒ/ constitute the necessary conditions, while

@2L
@.vecL/@.vecL0/

. OL; Oƒ/D 2.†y ˝ Im/ > 0;

to be a positive definite matrix, the sufficiency conditions. Indeed, the first matrix
derivations have been identified as the normal equations of the sequential optimiza-
tion problem.

For an explicit representation of O�hom †y, S-BLUMBE of � we solve the
normal equations for

OLD argfjjD. O�/jj D min
L
jASA0L0 � ASD 0g:

In addition, we compute the dispersion matrix Df O�j hom BLUMBEg as well as the
mean square estimation error MSE f O�j hom BLUMBEg.

Theorem 6.3. (hom†y; S-BLUMBE of �):

Let O�DLy be hom†y; S-BLUMBE in the special Gauss–Markov model
of Box 6.1. Then independent of the choice of the generalized inverse
.ASA0†yASA0/� the unique solution of the normal equations (6.24) is

O�D SA0.ASA0†�1
y ASA0/�ASA0†�1

y y; (6.33)

completed by the dispersion matrix

D. O�/DSA0.ASA0†�1
y ASA0/�AS (6.34)

the bias vector

ˇD � ŒIm � SA0.ASA0†�1
y ASA0/�ASA0†�1

y A� � (6.35)

and the matrix MSE f O�g of mean estimation errors
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Ef. O� � �/. O� � �/0gDDf O�g C ˇˇ0 (6.36)

modified by

Ef. O� � �/. O� � �/0g D Df O�g C ŒIm � LA�SŒIm � LA�0

D Df O�g C ŒS � SA0.ASA0†�1
y ASA0/�ASA0†�1

y AS�;
(6.37)

based upon the solution of �� 0 by S.

rkMSEf O�gD rkS (6.38)

is the corresponding rank identity.

:Proof:

.i/ O�hom†y; S � BLUMBE of �:

First, we prove that the matrix of the normal equations

�
†y ASA0

ASA0 0

�
;

�
†y ASA0

ASA0 0

�
D 0

is singular. ˇ̌
ˇ̌ †y ASA0
ASA0 0

ˇ̌
ˇ̌ Dj†yj j �ASA0†�1

y ASA0j D 0;

due to rkŒASA0†�1
y ASA0�D rkA < minfn;mg assuming rkSDm, rk†yDn. Note

ˇ̌
ˇ̌A11 A12

A21 A22

ˇ̌
ˇ̌ DjA11j jA22 � A21A�1

11 A12j if
�

A11 2m1�m1
rkA11Dm1

if with reference to Appendix A.7. Thanks to the rank deficiency of the partitioned
normal equation matrix, we are forced to compute secondly its generalized inverse.

The system of normal equations is solved for� OL0
Oƒ
�
D
�
†y ASA0

ASA0 0

� �
0

AS

�
D
�

C1 C2

C3 C4

� �
0

AS

�
(6.39)

OL0DC2AS (6.40)

, OLD SA0C0
2 (6.41)

OLD SA.ASA0†�1
y ASA0/�ASA0†�1

y (6.42)

such that
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O�D OLyDSA0.ASA0†�1
y ASA0/�ASA0†�1

y y: (6.43)

We leave the proof for

“SA0.ASA0†�1
y ASA0/�ASA0†�1

y

is a weighted pseudo-inverse or Moore-Penrose inverse” as an exercise.

.ii/Dispersion matrixDf O�g:

The residual vector
O� �EfygD OL.y �Efyg/ (6.44)

leads to the variance-covariance matrix

Df O�g D OL†y OL0

D SA0.ASA0†�1
y ASA0/�ASA0†�1

y ASA0.ASA0†�1
y ASA0/�AS (6.45)

D SA0.ASA0†�1
y ASA0/�AS :

.iii/Bias vectorˇ

ˇ WD Ef O� � �gD � .Im � OLA/�

D �ŒIm � SA0.ASA0†�1
y ASA0/�ASA0†�1

y A��: (6.46)

Such a bias vector is not accessible to observations since � is unknown. Instead it
is common practice to replace � by O� (BLUMBE), the estimation O� of � of type
BLUMBE.

(iv) Mean Square Estimation Error MSEf O�g

MSEf O�g WD Ef. O� � �/. O� � �/0gDDf O�g C ˇˇ0

D OL†y OL0 C .Im � OLA/�� 0.Im � OLA/0 : (6.47)
Neither Df O�j†yg, nor ˇˇ0 are accessible to measurements. �� 0 is replaced by C.R.
Rao’s substitute matrix S,†yDV�2 by a one variance component model �2 by O�2
(BIQUUE) or O�2(BIQE), for instance.

Lemma 6.4. (1Efyg, DfA O�g, Qey, Dfeyg for O� hom †y, S of �):

(i) With respect to the model (1st) A�DEfyg, Efyg 2 R.A/, rkAD W
r � m and V�2DDfyg, V positive definite, rkV Dn under the condition
dimR.SA0/D rk.SA0/D rkAD r , namely V, S-BLUMBE, is given by
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1EfygDA O�DA.A0V�1A/�A0V�1y (6.48)

with the related singular dispersion matrix

DfA O�gD�2A.A0V�1A/�A0 (6.49)

for any choice of the generalized inverse .A0V�1A/�:
(ii) The empirical error vector eyD y � Efyg results in the residual error vector
QeyD y� A O� of type

QeyD ŒIn � A.A0V�1A/A0V�1By� (6.50)

with the related singular dispersion matrices

DfQeygD �2ŒV � A.A0V�1A/�A0� (6.51)

for any choice of the generalized inverse .A0V�1A/�:
(iii) The various dispersion matrices are related by

Dfyg D DfA O� C QeygDDfA O�g CDfQeyg (6.52)

D DfQey � eyg CDfQeyg;

where the dispersion matrices

Qey and A O� (6.53)

are uncorrected, in particularly,

C fQey;A O�gDC fQey; Qey � eygD 0: (6.54)

When we compute the solution by O� of type BIQUUE and of type BIQE we arrive
at Theorems 6.5 and 6.6.

Theorem 6.5. ( O�2 BIQUUE of �2, special Gauss–Markov model: EfygDA�,
DfygDV�2, A 2 R

n�m; rkAD r � m, V 2 R
n�m; rkVDn):

Let O�2D y0MyD .vecM/0y˝yD y0˝y0.vecM/ be BIQUUE with respect to the
special Gauss–Markov model 6.1. Then

O�2 D .n � r/�1y0ŒV�1 � V�1A.A0V�1A/�A0V�1
�y (6.55)

O�2 D .n � r/�1y0ŒV�1 � V�1ASA0.ASA0V�1ASA0/�ASA0V�1
�y (6.56)

O�2 D .n � r/�1y0V�1 QeyD .n � r/�1 Qe0
yV�1 Qey (6.57)
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are equivalent representations of the BIQUUE variance component O�2 which are
independent of the generalized inverses

.A0V�1A/� or .ASA0V�1A0SA/�:

The residual vector Qey , namely

Qey.BLUMBE/D ŒIn �A.A0V�1A/�1A0V�1
�y (6.58)

is of type BLUMBE. The variance of O�2 BIQUUE of �2

Df O�2gD 2.n� r/�1�4D 2.n� r/�1.�2/2 (6.59)

can be substituted by the estimation

Df O�2gD 2.n� r/�1. O�2/2D 2.n � r/�1.Qe0
yV�1 Qey/

2 (6.60)

Theorem 6.6. ( O�2 BIQE of �2, special Gauss–Markov model: EfygDA�,
DfygDV�2, A 2 R

n�m; rkAD r � m, V 2 R
n�m; rkVDn):

Let O�2D y0MyD .vecM/0y ˝ yD y0 ˝ y0.vecM/ be BIQE with respect to
the special Gauss–Markov model 6.1. Independent of the matrix S and of the
generalized inverses

.A0V�1A/� or .ASA0V�1A0SA/�;

O�2D .n � r C 2/�1y0ŒV�1 � V�1A.A0V�1A/�1A0V�1
�y (6.61)

O�2D .n � r C 2/�1y0ŒV�1 � V�1ASA0.ASA0V�1ASA0/�1ASA0V�1
�y (6.62)

O�2D .n � r C 2/�1y0V�1 QeyD .n � r C 2/�1 Qe0
yV�1 Qey (6.63)

are equivalent representations of the BIQE variance component O�2. The residual
vector Qey, namely

Qey.BLUMBE/D ŒIm �A.A0V�1A/�1A0V�1
�y; (6.64)

is of type BLUMBE. The variance of O�2 BIQE of �2

Df O�2gD 2.n � r/.n � r C 2/�2�4D 2.n� r/Œ.n � r C 2/�1�2�2 (6.65)

can be substituted by the estimation

ODf O�2gD 2.n � r/.n � r C 2/�4.Qe0
yV�1 Qey/

2: (6.66)
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The special bias

ˇ�2 W DEf O�2 � �2gD � 2.n� r C 2/�1�2 (6.67)

can be substituted by the estimation

Ǒ
�2 D OEf O�2 � �2gD � 2.n� r C 2/�2 Qe0

yV�1 Qey: (6.68)

Its MSE. O�2/ (Mean Square Estimation Error)

MSEf O�2g W D OEf. O�2 � �2/2gDDf O�2g C .�2 �Ef O�2g/2 (6.69)

D 2.n� r C 2/�1.�2/2

can be substituted by the estimation

bMSEf O�2g D OEf. O�2 � �2/2gD ODf O�2g C . OEf�2g/2 (6.70)

D 2.n� r C 2/�3.Qe0
yV�1 Qey/:

6-12 The First Example: BLUMBE Versus BLE, BIQUUE
Versus BIQE, Triangular Leveling Network

The first example for the special Gauss–Markov model with datum defect

fEfyg D A�; A 2 R
n�m; rkA < minfn;mg;

Dfyg D V�2; V 2 R
n�m; �2 2 R

C; rkVDng

is taken from a triangular leveling network. 3 modal points are connected, by
leveling measurements Œh˛ˇ; hˇ� ; h�˛�

0, also called potential differences of absolute
potential heights Œh˛; hˇ; h� �0 of “fixed effects”. Alternative estimations of type

.i/ I; I�BLUMBE of � 2 R
m

.ii/V;S�BLUMBE of � 2 R
m

.iii/ I; I�BLE of � 2 R
m

.iv/V;S�BLE of � 2 R
m

.v/BIQUUE of �2 2 R
C

.vi/BIQE of�2 2 R
C

will be considered. In particular, we use consecutive results of Appendix A.7,
namely from solving linear system of equations based upon generalized inverse,
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in short g-inverses. For the analyst, the special Gauss–Markov model with datum
defect constituted by the problem of estimating absolute heights Œh˛; hˇ; h� � of
points fP˛; Pˇ; P�g from height differences is formulated in Box 6.3.

Box 6.3. (The first example)

E

8̂
<
:̂

2
64
h˛ˇ
hˇ�
h�˛

3
75
9>=
>; D

2
4�1 C1 0

0 �1 C1
C1 0 �1

3
5
2
4 h˛hˇ
h�

3
5

y WD

2
64
hˇ
hˇ�
h�˛

3
75; A W D

2
4�1 C1 0

0 �1 C1
C1 0 �1

3
5 2 R

3�3; � W D
2
4 h˛hˇ
h�

3
5

D

8̂
<
:̂

2
64
h˛ˇ
hˇ�
h�˛

3
75
9>=
>; D DfygDV�2; �2 2C

:dimensions:

� 2 R
3; dim �D 3; y 2 R

3; dimfY; pdf gD 3
mD 3; nD 3; rkAD 2; rkVD 3:

6-121 The First Example: I3, I3-BLUMBE

In the first case, we assume

a dispersion matrix a unity substitute matrix
DfygD I3�2 of i.i.d. and S D I3, in short u.s..
observations Œy1; y2; y3�0

Under such a specification O� is I3; I3-BLUMBE of � in the special Gauss–Markov
model with datum defect.

O� D A0.AA0AA0/�AA0y

AA0AA0 D 3
2
4 2 �1 �1
�1 2 �1
�1 �1 2

3
5; .AA0AA0/�D 1

9

2
4 2 1 01 2 0

0 0 0

3
5:

? How did we compute the g-inverse .AA0AA0/� ?

The computation of the g-inverse .AA0AA0/� has been based upon bordering.
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.AA0AA0/�D
2
4 6 �3 �3
�3 6 �3
�3 �3 6

3
5

�

D

2
64
�
6 �3
�3 6

��1
0

0

0 0 0

3
75 D 1

9

2
4 2 1 01 2 0

0 0 0

3
5:

Please, check by yourself the axiom of a g-inverse:

2
4C6 �3 �3�3 C6 �3
�3 �3 C6

3
5
2
4C6 �3 �3�3 C6 �3
�3 �3 C6

3
5

�2
4C6 �3 �3�3 C6 �3
�3 �3 C6

3
5 D

2
4C6 �3 �3�3 C6 �3
�3 �3 C6

3
5

or

2
4C6 �3 �3�3 C6 �3
�3 �3 C6

3
5 1
9

2
4 2 1 01 2 0

0 0 0

3
5

�2
4C6 �3 �3�3 C6 �3
�3 �3 C6

3
5 D

2
4C6 �3 �3�3 C6 �3
�3 �3 C6

3
5

O�D
2
4h˛hˇ
h�

3
5 .I3; I3�BLUMBE/D 1

3

2
4�y1 C y3y1 � y2
y2 � y3

3
5

O�1 C O�2 C O�3D 0:
Dispersion matrix Df O�g of the unknown vector of “fixed effects”

Df O�gD �2A0.AA0AA0/�A

Df O�gD �
2

9

2
4C2 �1 �1�1 C2 �1
�1 �1 C2

3
5

replace �2 by O�2 (BIQUUE):”

O�2 D .n � rkA/�1 Qe0
y Qey

Qey.I3; I3�BLUMBE/ D ŒI3 � A.AA0/�A0�y

Qey D 1

3

2
4 1 1 11 1 1

1 1 1

3
5 yD 1

3
.y1 C y2 C y3/

2
4 11
1

3
5

Qe0
y Qey D 1

9
y0
2
4 1 1 11 1 1

1 1 1

3
5
2
4 1 1 11 1 1

1 1 1

3
5 y
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Qe0
y Qey D 1

3
.y21 C y22 C y23 C 2y1y2 C 2y2y3 C 2y3y1/

O�2.BIQUUE/ D 1

3
.y21 C y22 C y23 C 2y1y2 C 2y2y3 C 2y3y1/

Df O�g D 1

9

2
4C2 �1 �1�1 C2 �1
�1 �1 C2

3
5 O�2.BIQUUE/

replace �2 by O�2 (BIQE):

O�2 D .nC 2 � rkA/�1 Qe0
yQey

Qey.I3; I3�BLUMBE/ D ŒI3 � A.AA0/�A0�y

Qey D 1

3

2
4 1 1 11 1 1

1 1 1

3
5 yD 1

3
.y1 C y2 C y3/

2
4 11
1

3
5

O�2.BIQE/ D 1

9
.y21 C y22 C y23 C 2y1y2 C 2y2y3 C 2y3y1/

Df O�g D 1

9

2
4C2 �1 �1�1 C2 �1
�1 �1 C2

3
5 O�2.BIQE/:

For practice, we recommend Df O�.BLUMBE/, O�2.BIQE/g, since the disper-
sion matrix Df O�g is remarkably smaller when compared to Df O�.BLUMBE/,
O�2.BIQUUE/g, a result which seems to be unknown!

Bias vector ˇ.BLUMBE/ of the unknown vector of “fixed effects”

ˇ D �ŒI3 �A0.AA0AA0/�AA0A��;

ˇ D �1
3

2
4 1 1 11 1 1

1 1 1

3
5 �

“replace � which is inaccessible by O�.I3; I3�BLUMBE/”

ˇD � 1
3

2
4 1 1 11 1 1

1 1 1

3
5 O�.I3; I3�BLUMBE/;

ˇD 0
(due to O�1 C O�2 C O�3D 0).
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Mean Square Estimation Error MSEf O�.I3; I3�BLUMBE/g

MSEf O�g D Df O�g C ŒI3 � A0.AA0AA0/�AA0A��2;

MSEf O�g D ��
2

9

2
4 5 2 22 5 2

2 2 5

3
5:

replace �2 by O�2 (BIQUUE): O�2D .n � rkA/�1e0
yey

O�2.BIQUUE/ D 1

3
.y21 C y22 C y23 C 2y1y2 C 2y2y3 C 2y3y1/;

MSEf O�g D �1
9

2
4 5 2 22 5 2

2 2 5

3
5 O�2.BIQUUE/:

“replace �2 by O�2 (BIQE): O�2D .nC 2 � rkA/�1e0
yey”

O�2.BIQE/ D 1

9
.y21 C y22 C y23 C 2y1y2 C 2y2y3 C 2y3y1/

MSEf O�g D �1
9

2
4 5 2 22 5 2

2 2 5

3
5 O�2.BIQE/:

Residual vector Qey and dispersion matrixDfQeyg of the “random effect” ey

Qey.I3; I3�BLUMBE/ D ŒI3 � A.A0A/�A0�y

Qey D 1

3

2
4 1 1 11 1 1

1 1 1

3
5 y D 1

3
.y1 C y2 C y3/

2
4 11
1

3
5

DfQeyg D �2ŒI3 �A.A0A/�A0�

DfQeyg D �2

3

2
4 1 1 11 1 1

1 1 1

3
5:

“replace �2 by O�2 (BIQUUE) or O�2 (BIQE)”:

DfQeygD 1
3

2
4 1 1 11 1 1

1 1 1

3
5 O�2.BIQUUE/
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or

DfQeygD 1
3

2
4 1 1 11 1 1

1 1 1

3
5 O�2.BIQE/:

Finally note that O� .I3; I3�BLUMBE/ corresponds xlm.I3; I3�MINOLESS/ dis-
cussed in Chapter 5. In addition,DfQeyjI3; I3�BLUUEgDDfQeyjI3; I3�BLUMBEg.

6-122 The First Example: V, S-BLUMBE

In the second case, we assume

a dispersion matrix and a weighted substitute
DfygDV�2 of weighted matrix S, in short w.s.
observationsŒy1; y2; y3�

Under such a specification O� is V, S-BLUMBE of � in the special Gauss–Markov
model with datum defect.

O�DSA0.ASA0V�1ASA0/�1ASA0V�1y:

As dispersion matrixDfygDV�2 we choose

V D 1

2

2
4 2 1 11 2 1

1 1 2

3
5; rkVD 3Dn

V�1 D 1

2

2
4 3 �1 �1
�1 3 �1
�1 �1 3

3
5; but

S D Diag.0; 1; 1/; rkSD 2

as the bias semi-norm. The matrix S fulfils the condition

rk.SA0/D rkAD r D 2:

?How did we compute the g-inverse .ASA0V�1ASA0/� ?

The computation of the g-inverse .ASA0V�1ASA0/� has been based upon
bordering.
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V�1 D 1

2

2
4C3 �1 �1�1 C3 �1
�1 �1 C3

3
5; SDDiag.0; 1; 1/; rkSD 2

O� D SA0.ASA0V�1ASA0/�ASA0V�1

ASA0V�1ASA0 D 2
2
4 2 �3 1

�3 6 �3
1 �3 2

3
5

.ASA0V�1ASA0/� D 1

6

2
4 2 0 �1

0 0 �3
�1 0 2

3
5

O� D
2
4h˛hˇ
h�

3
5

V;S�BLUMBE

D 1
3

2
4 0

2y1 � y2 � y3
y1 C y2 � 2y3

3
5:

Dispersion matrix Df O�g of the unknown vector of “fixed effects”

Df O�g D �2SA0.ASA0V�1ASA0/�AS

Df O�g D �2

6

2
4 0 0 00 2 1

0 1 2

3
5

“replace �2 by O�2 (BIQUUE): O�2D .n � rkA/�1 Qe0
y Qey”

Qey D .V;S�BLUMBE/D ŒI3 �A.A0V�1A/�A0V�1
�y

Qey D 1

3

2
4 1 1 11 1 1

1 1 1

3
5 yD y1 C y2 C y3

3

2
4 11
1

3
5

Qe0
yQey D 1

9
y0
2
4 1 1 11 1 1

1 1 1

3
5
2
4 1 1 11 1 1

1 1 1

3
5 y

Qe0
yQey D 1

3
.y21 C y22 C y23 C 2y1y2 C 2y2y3 C 2y3y1/

O�2.BIQUUE/ D 1

3
.y21 C y22 C y23 C 2y1y2 C 2y2y3 C 2y3y1/
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D f O�g D ŒVC A.A0V�1A/�A0� O�2.BIQUUE/

D f O�g D 2

3

2
4 1 1 11 1 1

1 1 1

3
5 O�2.BIQUUE/:

“replace �2 by O�2 (BIQE): O�2D .nC 2 � rkA/�1 Qe0
yQey”

Qey.V;S�BLUMBE/ D ŒI3 �A.A0V�1A/�A0V�1
�y

Qey D 1

3

2
4 1 1 11 1 1

1 1 1

3
5 yD y1 C y2 C y3

3

2
4 11
1

3
5

O�2.BIQE/ D 1

9
.y21 C y22 C y23 C 2y1y2 C 2y2y3 C 2y3y1/

D f O�g D 1

9

2
4C2 �1 �1�1 C2 �1
�1 �1 C2

3
5 O�2.BIQE/:

We repeat the statement that we recommend the use ofDf O�.BLUMBE/; O�.BIQE/g
since the dispersion matrix Df O�g is remarkably smaller when compared to
Df O� .BLUMBE/; O�2.BIQUUE/g!
Bias vector ˇ(BLUMBE) of the unknown vector of “fixed effects”

ˇD � ŒI3 � SA0.ASA0V�1ASA0/�ASA0V�1A��

ˇD �
2
4 1 0 01 0 0

1 0 0

3
5 �D �

2
4 �1�1
�1

3
5;

“replace � which is inaccessible by O� (V,S-BLUMBE)”

ˇD �
2
4 11
1

3
5 O�; .V;S�BLUMBE/ ¤ 0:

Mean Square Estimation Error MSEf O�.V;S�BLUMBE/g
MSEf O�g D Df O�g C ŒS � SA0.ASA0V�1ASA0/�ASA0V�1AS��2

MSEf O�g D �2

6

2
4 0 0 00 2 1

0 1 2

3
5 DDf O�g:
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“replace �2 by O�2 (BIQUUE): O�2D .n � rkA/�1e0
yey”

O�2.BIQUUE/D 3�2

MSEf O�gDDf O�g:
Residual vector Qey and dispersion matrixDfQeyg of the “random effect” ey

Qey.V;S�BLUMBE/ D ŒI3 � A.A0V�1A/�A0V�1
�y

Qey D 1

3

2
4 1 1 11 1 1

1 1 1

3
5 yD y1 C y2 C y3

3

2
4 11
1

3
5

DfQeyg D �2ŒV �A.A0V�1A/�A0�

DfQeyg D 2

3
�2

2
4 1 1 11 1 1

1 1 1

3
5:

“replace �2 by O�2 (BIQE): O�2D .nC 2 � rkA/�1e0
yey”

O�2.BIQE/versus

MSEf O�gD 1
6

2
4 0 0 00 2 1

0 1 2

3
5 �2.BIQE/:

Residual vector Qey and dispersion matrixDfQeyg of the “random effects” ey

Qey.V;S�BLUMBE/ D ŒI3 � A.A0V�1A/�A0V�1
�y

Qey D 1

3

2
4 1 1 11 1 1

1 1 1

3
5 yD y1 C y2 C y3

3

2
4 11
1

3
5

DfQeyg D �2ŒV �A.A0V�1A/�A0�

DfQeyg D 2

3
�2

2
4 1 1 11 1 1

1 1 1

3
5:

“replace �2 by O�2 (BIQUUE) or O�2 (BIQE)”:
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DfQeygD 2
3

2
4 1 1 11 1 1

1 1 1

3
5 O�2.BIQUUE/

or

DfQeygD 2
3

2
4 1 1 11 1 1

1 1 1

3
5 O�2.BIQE/:

6-123 The First Example: I3, I3-BLE

In the third case, we assume

a dispersion matrix and a unity substitute matrix
DfygD I3�2 S D I3, in short u.s.
observations Œy1; y2; y3�.

Under such a specification O� is I3; I3-BLE of � in the special Gauss–Markov
model with datum defect.

O�.BLE/D .I3 C A0A/�1A0y

I3 C A0AD
2
4C3 �1 �1�1 C3 �1
�1 �1 C3

3
5; .I3 C A0A/�1D 1

4

2
4 2 1 11 2 1

1 1 2

3
5

O�.BLE/D 1
4

2
4�1 0 1

1 �1 0

0 1 �1

3
5 yD 1

4

2
4�y1 C y3Cy1 � y2
Cy2 � y3

3
5:

O�1 C O�2 C O�3D 0:
Dispersion matrixDf O�jBLEg of the unknown vector of “fixed effects”

Df O�jBLEgD �2A0A.I3 C A0A/�2

Df O�jBLEgD �
2

16

2
4C2 �1 �1�1 C2 �1
�1 �1 C2

3
5:

Bias vector ˇ.BLE/ of the unknown vector of “fixed effects”

ˇ D �ŒI3 C A0A��1�
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ˇ D �1
4

2
4 2 1 11 2 1

1 1 2

3
5 �D � 1

4

2
4 2�1 C �2 C �3�1 C 2�2 C �3
�1 C �2 C 2�3

3
5:

Mean Square Estimation Error MSEf�.BLE/g

MSEf O�.BLE/g D �2ŒI3 C A0A��1

MSEf O�.BLE/g D �2

4

2
4 2 1 11 2 1

1 1 2

3
5:

Residual vector Qey and dispersion matrixDfQeyg of the “random effect” ey

Qey.BLE/ D ŒAA0 C I3��1y

Qey.BLE/ D 1

4

2
4 2 1 11 2 1

1 1 2

3
5 yD 1

4

2
4 2y1 C y2 C y3y1 C 2y2 C y3
y1 C y2 C 2y3

3
5

DfQey.BLE/g D �2ŒI3 C AA0��2

DfQey.BLE/g D �2

16

2
4 6 5 55 6 5

5 5 6

3
5:

Correlations

C fQey;A O�g D �2ŒI3 CAA0��2AA0

C fQey;A O�g D �2

16

2
4C2 �1 �1�1 C2 �1
�1 �1 C2

3
5:

Comparisons BLUMBE-BLE

.i/ O�BLUMBE � O�BLE

O�BLUMBE � O�BLE D A0.AA0AA0/�AA0.AA0 C I3/�1y

O�BLUMBE � O�BLE D 1

12

2
4�1 0 1

1 �1 0

0 1 �1

3
5 yD 1

12

2
4�y1 C y3Cy1 � y2
Cy2 � y3

3
5:
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.ii/Df O�BLUMBEg �Df O�BLEg
Df O�BLUMBEg �Df O�BLEg

D �2A0.AA0AA0/�AA0.AA0 C I3/�1AA0.AA0AA0/�A

C �2A0.AA0AA0/�AA0.AA0 C I3/�1AA0.AA0 C I3/�1AA0.AA0AA0/�A

Df O�BLUMBEg �Df O�BLEgD 7

144
�2

2
4C2 �1 �1�1 C2 �1
�1 �1 C2

3
5 positive semidefinite:

.iii/MSEf O�BLUMBEg �MSEf O�BLEg
MSEf O�BLUMBEg �MSEf O�BLEg
D �2A0.AA0AA0/�AA0.AA0 C I3/�1AA0.AA0AA0/�A

MSEf O�BLUMBEg �MSEf O�BLEgD �
2

36

2
4C2 �1 �1�1 C2 �1
�1 �1 C2

3
5 positive semidefinite:

6-124 The First Example: V, S-BLE

In the fourth case, we assume

a dispersion matrix DfygDV�2 of and a weighted substitute
matrix S,
weighted observations Œy1; y2; y3� in short w.s. .

We choose

V D 1

2

2
4 2 1 11 2 1

1 1 2

3
5 positive definite; rkVD 3Dn;

V�1 D 1

2

2
4C3 �1 �1�1 C3 �1
�1 �1 C3

3
5;

and

SDDiag.0; 1; 1/; rkSD 2;
O�D .I3 C SA0V�1A/�1SA0V�1y;
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I3 C SA0V�1AD
2
4 1 0 0

�2 5 �2
�2 �2 5

3
5; .I3 C SA0V�1A/�1D 1

21

2
4 21 0 0

14 5 2

14 2 5

3
5;

O�.V;S�BLE/D
2
4h˛hˇ
h�

3
5

V;S�BLE

D 1
21

2
4 0 0 0

14 �6 �4
4 6 �10

3
5 yD 1

21

2
4 0

10y1 � 6y2 � 4y3
4y1 C 6y2 � 10y3

3
5:

Dispersion matrix Df O�jV;S�BLEg of the unknown vector of “fixed effects”

Df O�jV;S�BLEg D �2SA0V�1AŒI3 C SA0V�1A��1S;

Df O�jV;S�BLEg D �2

441

2
4 0 0 0

0 76 22

0 22 76

3
5:

Bias vector ˇ.V;S�BLE/ of the unknown vector of “fixed effects”

ˇD � ŒI3 C SA0V�1A��1�

ˇD � 1

21

2
4 21 0 014 5 2

14 2 5

3
5 �D � 1

21

2
4 21�1
14�1 C 5�2 C 2�3
14�1 C 2�2 C 5�3

3
5:

Mean Square Estimation Error MSEf�jV;S�BLEg

MSEf�jV;S�BLEgD �2ŒI3 C SA0VA��1S

MSEf�jV;S�BLEgD �
2

21

2
4 0 0 00 5 2

0 2 5

3
5:

Residual vector Qey and dispersion matrixDfQeyg of the “random effect” ey

Qey.V;S�BLE/D ŒI3 C ASA0V�1
��1y

QeyfV;S�BLEgD 1

21

2
4 11 6 46 9 6

4 6 11

3
5 yD 1

21

2
4 11y1 C 6y2 C 4y36y1 C 9y2 C 6y3
4y1 C 6y2 C 11y3

3
5

DfQey.V;S�BLE/gD �2ŒI3 C ASA0V�1
��2V
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DfQey.V;S�BLE/gD �2

882

2
4 614 585 565585 594 585

565 585 614

3
5:

Correlations

C fQey;A O�gD �2.I3 C ASA0V�1
/�2ASA0

C fQey;A O�gD �2

441

2
4 29 �9 �20
�9 18 �9
�20 �9 29

3
5:

Comparisons BLUMBE-BLE

.i/ O�BLUMBE � O�BLE

O�V;S�BLUMBE � O�V;S�BLEDSA0.ASA0V�1ASA0/�ASA0.ASA0 C V/�1y

O�V;S�BLUMBE � O�V;S�BLED 1

21

2
4 0 0 0

4 �1 3

3 1 �4

3
5 yD 1

21

2
4 0

4y1 � y2 � 3y3
3y1 C y2 � 4y3

3
5:

.ii/Df O�BLUMBEg �Df O�BLEg
Df O�V;S�BLUMBEg �Df O�V;S�BLEg

D �2SA0.ASA0V�1ASA0/�ASA0.ASA0 C V/�1

ASA0.ASA0V�1ASA0/�AVC
�2SA0.ASA0V�1ASA0/�ASA0.ASA0 C V/�1ASA0.ASA0 C V/�1

ASA0.ASA0V�1ASA0/�AS

Df O�V;S�BLUMBEg �Df O�V;S�BLEgD �2

882

2
4 0 0 0

0 142 103

0 103 142

3
5 positive semidefinite.

.iii/MSEf O�BLUMBEg �MSEf O�BLEg
MSEf O�V;S�BLUMBEg �MSEf O�V;S�BLEg

D �2SA0.ASA0V�1ASA0/�ASA0.ASA0 C V/�1ASA0.ASA0V�1ASA0/�AS

MSEf O�V;S�BLUMBEg �MSEf O�V;S�BLEgD �
2

42

2
4 0 0 00 4 3

0 3 4

3
5 positive semidefinite:
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Summarizing, let us compare

I; I � BLUMBE versus I; I � BLE
and

V;S� BLUMBE versusV;S � BLEŠ

O�BLUMBE � O�BLE, Df O�BLUMBEg � Df O�BLEg and MSEf O�BLUMBEg � MSEf O�BLEg
as well as O�V;S�BLUMBE � O�V;S�BLE, Df O�V;S�BLUMBEg � Df O�V;S�BLEg and
MSEf O�V;S�BLUMBEg �MSEf O�V;S�BLEg result positive semidefinite: In consequence,
for three different measures of distortions

BLE is in favor of BLIMBE:

BLE produces smaller errors in comparing with BLIMBE! Finally let us compare
weighted BIQUUE and weighted BIQE:
(i) Weighted BIQUUE O�2 and weighted BIQE O�2

O�2D .n� r/�1y0V�1 Qey

D .n � r/�1 Qe0
yV�1 Qey

versus
O�2D .n � r C 2/y0V�1 QeyD
D .n � r C 2/Qe0

yV�1 Qey

.Qey/V;S�BLUMBED 1
6

2
4 4 1 11 4 1

1 1 4

3
5 y

rD rkAD 2; nD 3; V�1D 1
2

2
4C3 �1 �1�1 C3 �1
�1 �1 C3

3
5

O�2D 1
2
.y21 C y22 C y23/ versus O�2D 1

6
.y21 C y22 C y23 /

.ii/ Df O�2jBIQUUEg versus Df O�2jBIQEg
Df O�2gD 2.n� r/�1�4 versus Df O�2gD 2.n� r/.n � r C 2/�1�4

Df O�2gD 2�4 versus Df O�2gD 2
9
�4

ODf O�2gD 2.n� r/�1. O�2/2 versus
OEf O�2 � �2gD
D � 2.n� r C 2/�1 Qe0

yV�1 Qey

ODf O�2gD 1
2
.y21 C y22 C y23/ versus

OEf O�2 � �2gD � 1
9
.y21 C y22 C y23/OEf O�2 � �2gD 2.n� r C 2/�1.Qe0

yV�1 Qey/
2

OEf. O�2 � �2/gD 1
54
.y21 C y22 C y23 /:

.iii/ .Qey/BLUMBED ŒIn � A.A0V�1A/�AV�1�.Qey/BLE

. O�2/BIQUUED .n � r/.Qe0
y/BLEŒV�1 �V�1A.A0V�1A/�AV�1�.Qey/BLE
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O�2BIQUUE � O�2BIQED
1

3
.y21 C y22 C y23 / posi tive:

We repeat that the difference O�2BIQUUE � O�2BIQE is in favor of O�2BIQE < O�2BIQUUE.

6-2 Setup of the Best Linear Estimators of Type hom BLE,
hom S-BLE and hom a-BLE for Fixed Effects

The topic of this section has been the subject of Jianqing Cai’s Ph.D. Thesis,
Deutsche Geodätische Kommission, Bayerische Akademie der Wissenschaft,
Report C 377, München 2004.

Numerical tests have documented that O� of type †-BLUUE of � is not robust
against outliers in the stochastic vector y of observations. It is for this reason
that we give up the postulate of unbiasedness, but keeping the set up of a linear
estimation O�DLy of homogeneous type. The matrix L is uniquely determined by
the ˛-weighted hybrid norm of type minimum variance jjDf O�gjj2 and minimum bias
jjI � LAjj2. For such a homogeneous linear estimation (2.21) by means of Box 6.4
let us specify the real-valued, nonstochastic bias vector ˇ W DEf O���g D Ef O�g��
of type (6.11), (6.12), (6.13) and the real-valued, non-stochastic bias matrix Im�LA
(6.74) in more detail.

First, let us discuss why a setup of an inhomogeneous linear estimation is not
suited to solve our problem. In the case of an unbiased estimator, the setup of an
inhomogeneous linear estimation O�DLy C � led us to Ef O�gD � the postulate of
unbiasedness if and only if Ef O�g � � W DLEfyg � � C �D � .Im � LA/� C
�D 0 for all � 2 R

m or LA D I and � D 0. Indeed the postulate of unbiasedness
restricted the linear operatorL to be the (non-unique) left inverse LDA�

L as well as
the vector � of inhomogeneity to zero. In contrast the bias vector ˇ W DEf O���gD
Ef O�g � �DLEfyg � �D � .Im � LA/� C � for a setup of an inhomogeneous
linear estimation should approach zero if �D 0 is chosen as a special case. In order
to include this case in the linear biased estimation procedure we set �D 0.

Second, we focus on the norm (2.79) namely jjˇjj2 W DEf. O� � �/0. O� � �/g
of the bias vector ˇ, also called Mean Square Error MSEf O�g of O� . In terms of a
setup of a homogeneous linear estimation, O�DLy, the norm of the bias vector is
represented by .Im � LA/0�� 0.Im � LA/ or by the weighted Frobenius matrix norm
jj.Im � LA/0jj2��0 where the weight matrix �� 0; rk�� 0D 1; has rank one. Obviously

jj.Im � LA/0jj2
��0 is only a semi-norm. In addition, �� 0 is not accessible since � is

unknown. In this problematic case we replace the matrix �� 0 by a fixed, positive
definite m �m matrix S and define the S-weighted Frobenius matrix norm jj.Im �
LA/0jj2S of type (6.6) of the bias matrix Im � LA. Indeed by means of the rank
identity, rkS D m we have chosen a weight matrix of maximal rank. Now we are
prepared to understand intuitively the following.
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Here we focus on best linear estimators of type hom BLE, hom S-BLE and hom
a-BLE of fixed effects �; which turn out to be better than the best linear uniformly
unbiased estimator of type hom BLUUE, but suffer from the effect to be biased.
At first let us begin with a discussion about the bias vector and the bias matrix as
well as the Mean Square Estimation Error MSEf O�g with respect to a homogeneous
linear estimation O�DLy of fixed effects � based upon Box 6.4.

Box 6.4. (Bias vector, bias matrix Mean Square Estimation Error in the
special Gauss–Markov model with fixed effects):

EfygDA� (6.71)

DfygD†y (6.72)

“ansatz”

O�DLy (6.73)

bias vector

ˇ W DEf O� � �gDEf O�g � � (6.74)

ˇDLEfyg � �D � ŒIm � LA� � (6.75)

bias matrix

B W D Im � LA (6.76)

decomposition

O� � �D . O� � Ef O�g/C .Ef O�g � �/ (6.77)

O� � �DL.y � Efyg/� ŒIm � LA� � (6.78)

Mean Square Estimation Error

MSEf O�g W DEf. O� � �/. O� � �/0g (6.79)

MSEf O�gDLDfygL0 C ŒIm � LA� �� 0 ŒIm � LA�0 (6.80)

.Ef O� �Ef O�ggD 0/
modified Mean Square Estimation Error

MSESf O�g W DLDfygL0 C ŒIm � LA�S ŒIm � LA�0 (6.81)

Frobenius matrix norms
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jjMSEf O�gjj2 W D trEf. O� � �/. O� � �/0g (6.82)

jjMSEf O�gjj2
D tr LDfygL0 C tr ŒIm � LA� �� 0 ŒIm � LA�0

D jjL0jj2˙y
C jj.Im � LA/0jj2

��0

(6.83)

jjMSESf O�gjj2
W D tr LDfygL0 C tr ŒIm � LA�SŒIm � LA�0

D jjL0jj2˙y
C jj.Im � LA/0jj2S

(6.84)

hybrid minimum variance – minimum bias norm ˛-weighted

L.L/ W D jjL0jj2˙y
C 1

˛
jj.Im � LA/0jj2S (6.85)

special model

dim R.SA0/D rkSA0D rkADm: (6.86)

The bias vector ˇ is conventionally defined byEf O�g�� subject to the homogeneous
estimation form O�DLy. Accordingly the bias vector can be represented by (6.75)
ˇD�ŒIm�LA� �. Since the vector � of fixed effects is unknown, there has been made
the proposal to use instead the matrix Im � LA as a matrix-valued measure of bias.
A measure of the estimation error is the Mean Square estimation error MSEf O�g of
type (6.79). MSEf O�g can be decomposed into two basic parts:

• the dispersion matrixDf O�gDLDfygL0
• the bias product ˇˇ0.

Indeed the vector O� � � can be decomposed as well into two parts of type (6.77),
(6.78), namely (i) O� � Ef O�g and (ii)Ef O�g � � which may be called estimation
error and bias, respectively. The double decomposition of the vector O� � � leads
straightforward to the double representation of the matrix MSEf O�g of type (6.80).
Such a representation suffers from two effects: Firstly the vector � of fixed effects
is unknown, secondly the matrix �� 0 has only rank 1. In consequence, the matrix
ŒIm � LA� �� 0 ŒIm � LA�0 has only rank 1, too. In this situation there has been made
a proposal to modify MSEf O�g with respect to �� 0 by the regular matrix S. MSESf O�g
has been defined by (6.81). A scalar measure of MSEf O�g as well as MSESf O�g are
the Frobenius norms (6.82), (6.83), (6.84). Those scalars constitute the optimal
risk in Definition 6.7 (hom BLE) and Definition 6.8 (hom S-BLE). Alternatively
a homogeneous ˛-weighted hybrid minimum variance–minimum bias estimation
(hom ˛-BLE) is presented in Definition 6.9 (hom ˛-BLE) which is based upon the
weighted sum of two norms of type (6.85), namely

• Average variance jjL0jj2˙y
D t rL˙yL0

• Average bias jj.Im � LA/0jj2SD t r ŒIm � LA�S ŒIm � LA�0.
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min bias min variancebalance
between variance and bias

Fig. 6.1 Balance of variance and bias by the weight factor ˛

The very important estimator ˛-BLE is balancing variance and bias by the weight
factor a which is illustrated by Fig. 6.1.

Definition 6.7. ( O� hom BLE of �):

An m1 vector O� is called homogeneous BLE of � in the special linear Gauss–
Markov model with fixed effects of Box 6.3, if
(1st) O� is a homogeneous linear form

O�DLy (6.87)

(2nd) in comparison to all other linear estimations O� has the minimum Mean Square
Estimation Error in the sense of

jjMSEf O�gjj2
D tr LDfygL0 C tr ŒIm � LA� �� 0 ŒIm � LA�0

D jjL0jj2˙y
C jj.Im � LA/0jj2��0 :

(6.88)

Definition 6.8. ( O� S-BLE of �):

An m1 vector O� is called homogeneous S-BLE of � in the special linear Gauss–
Markov model with fixed effects of Box 6.3, if
(1st) O� is a homogeneous linear form

O�DLy (6.89)

(2nd) in comparison to all other linear estimations O� has the minimum S-modified
Mean Square Estimation Error in the sense of

jjMSESf O�gjj2
W D tr LDfygL0 C tr ŒIm � LA�SŒIm � LA�0
D jjL0jj2˙y

C jj.Im � LA/0jj2SD min
L
:

(6.90)

Definition 6.9. ( O� hom hybrid min var-min bias solution, a-weighted or hom
a-BLE):
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Anm�1 vector O� is called homogeneous˛-weighted hybrid minimum variance–
minimum bias estimation (hom a-BLE) of � in the special linear Gauss–Markov
model with fixed effects of Box 6.3, if

(1st) O� is a homogeneous linear form

O�DLy (6.91)

(2nd) in comparison to all other linear estimations O� has the minimum variance-
minimum bias in the sense of the ˛-weighted hybrid norm

tr LDfygL0 C 1
˛

tr .Im � LA/ S .Im � LA/0
D jjL0jj2˙y

C 1
˛
jj.Im � LA/0jj2SD min

L
;

(6.92)

in particular with respect to the special model

˛ 2 R
C; dim R.SA0/D rkSA0D rkADm:

The estimations O� hom BLE, hom S-BLE and hom ˛-BLE can be characterized as
following:

Lemma 6.10. (hom BLE, hom S-BLE and hom ˛-BLE):

An m1 vector O� is hom BLE, hom S-BLE or hom ˛-BLE of � in the special linear
Gauss–Markov model with fixed effects of Box 6.3, if and only if the matrix OL fulfils
the normal equations
(1st) hom BLE:

.†y C A��0A0/ OL0DA�� 0A0 (6.93)

(2nd) hom S-BLE:
.†y CASA0/ OL0DAS (6.94)

(3rd) hom ˛-BLE:
.†y C 1

˛
ASA0/ OL0D 1

˛
AS (6.95)

:Proof:
(i) hom BLE:

The hybrid norm jjMSEf O�gjj2 establishes the Lagrangean

L.L/ W D tr L˙yL0 C tr .Im � LA/ �� 0 .Im � LA/0D min
L

for O� hom BLE of �. The necessary conditions for the minimum of the quadratic
Lagrangean L.L/ are
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@L
@L
. OL/ W D 2Œ˙y OL0 C A��0A0 OL0 �A��0�D 0

which agree to the normal equations (6.93). (The theory of matrix derivatives is
reviewed in Appendix A.7 (Facts: derivative of a scalar-valued function of a matrix:
trace).

The second derivatives

@2L
@.vecL/@.vecL/0

. OL/ > 0

at the “point” OL constitute the sufficiency conditions. In order to compute such an
mn � mn matrix of second derivatives we have to vectorize the matrix normal
equation

@L
@L
. OL/ WD 2 OL.˙y CA��0A0/� 2�� 0A0;

@L
@.vecL/

. OL/ WD vecŒ2 OL.˙y C A�� 0A0/ � 2�� 0A0�:

(ii) hom S-BLE:

The hybrid norm jjMSEsf O�gjj2 establishes the Lagrangean

L.L/ W D tr L˙yL0 C tr .Im � LA/ S .Im � LA/0D min
L

for O� hom S-BLE of �. Following the first part of the proof we are led to the
necessary conditions for the minimum of the quadratic Lagrangean L.L/

@L
@L
. OL/ W D 2Œ˙y OL0 C ASA0 OL0 �AS�0D 0

as well as to the sufficiency conditions

@2L
@.vecL/@.vecL/0

. OL/D 2Œ.†y C ASA0/˝ Im� > 0:

The normal equations of hom S-BLE @L=@L. OL/D 0 agree to (6.92).

(iii) hom ˛-BLE:

The hybrid norm jjL0jj2˙y
C 1

˛
jj.Im�LA/0jj2S establishes the Lagrangean

L.L/ W D tr L˙yL0 C 1
˛

tr .Im�LA/S.Im�LA/0D min
L

for O� hom ˛-BLE of �. Following the first part of the proof we are led to the
necessary conditions for the minimum of the quadratic Lagrangean L.L/
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@L
@L
. OL/D 2Œ.†y C A�� 0A0/˝ Im�vec OL � 2vec.�� 0A0/:

The Kronecker–Zehfuss product A ˝ B of two arbitrary matrices as well as .A C
B/ ˝ CDA ˝ B C B ˝ C of three arbitrary matrices subject to dim A = dim B
is introduced in Appendix A.7, “Definition of Matrix Algebra: multiplication of
matrices of the same dimension (internal relation) and Laws”. The vec operation
(vectorization of an array) is reviewed in Appendix A.7, too, “Definition, Facts:
vecABD .B0 ˝ I0

`/vecA for suitable matrices A and B”. Now we are prepared to
compute

@2L
@.vecL/@.vecL/0

. OL/D 2Œ.˙y C A��0A0/˝ Im� > 0

as a positive definite matrix. The theory of matrix derivatives is reviewed in
Appendix A.7 “Facts: Derive of a matrix-valued function of a matrix, namely
@.vecX/=@.vecX/0”.

@L
@L
. OL/D 2Œ 1

˛
ASA0 OL0 C†y OL0 � 1

˛
AS�0˛

as well as to the sufficiency conditions

@2L
@.vecL/@.vecL/0

. OL/D 2Œ. 1
˛

ASA0 C†y/˝ Im� > 0 :

The normal equations of hom ˛-BLE @L=@L. OL/D 0 agree to (6.93).
For an explicit representation of O� as hom BLE, hom S-BLE and hom ˛-BLE

of � in the special Gauss–Markov model with fixed effects of Box 6.3, we solve the
normal equations (6.94), (6.95) and (6.96) for

OLD argfL.L/D min
L
g:

Beside the explicit representation of O� of type hom BLE, hom S-BLE and
hom ˛-BLE we compute the related dispersion matrix Df O�g, the Mean Square
Estimation Error MSEf O�g, the modified Mean Square Estimation Error MSESf O�g
and MSE˛;Sf O�g in

Theorem 6.11. ( O� hom BLE):

Let O�DLy be hom BLE of � in the special linear Gauss–Markov model with fixed
effects of Box 6.3. Then equivalent representations of the solutions of the normal
equations (6.93) are

O�D �� 0A0Œ†y C A�� 0A0��1y (6.96)

(if Œ˙y C A��0A0��1 exists)
and completed by the dispersion matrix
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Df O�gD �� 0A0Œ†y C A��0A0��1†y

�Œ†y C A��0A0��1A��0 ;
(6.97)

by the bias vector

ˇ WD Ef O�g � �
D �ŒIm � �� 0A0.A��0A0 C†y/

�1A� �
(6.98)

and by the matrix of the Mean Square Estimation Error MSEf O�g:

MSEf O�g WD Ef. O� � �/. O� � �/0g
D Df O�g C ˇˇ0 (6.99)

MSEf O�g
D Df O�g C ŒIm � �� 0A0.A�� 0A0 C†y/

�1A�

� �� 0 ŒIm � A0.A�� 0A0 C†y/
�1A��0�:

(6.100)

At this point we have to comment what Theorem 6.11 tells us. hom BLE has
generated the estimation O� of type (6.96), the dispersion matrixDf O�g of type (6.97),
the bias vector of type (6.98) and the Mean Square Estimation Error of type (6.100)
which all depend on the vector � and the matrix �� 0, respectively. We already
mentioned that � and the matrix �� 0 are not accessible from measurements. The
situation is similar to the one in hypothesis testing. As shown later in this section we
can produce only an estimatorb� and consequently can setup a hypothesis �0 of the
“fixed effect” �. Indeed, a similar argument applies to the second central moment
Dfyg � †y of the “random effect” y, the observation vector. Such a dispersion
matrix has to be known in order to be able to compute O� Df O�g, and MSEf O�g. Again
we have to apply the argument that we are only able to construct an estimate O†y and
to setup a hypothesis about Dfyg � ˙y.

Theorem 6.12. ( O� hom S-BLE):

Let O�DLy be hom S-BLE of � in the special linear Gauss–Markov model with
fixed effects of Box 6.3. Then equivalent representations of the solutions of the
normal equations (6.94) are

O�DSA0.†y CASA0/�1y (6.101)

O�D .A0†�1
y AC S�1/�1A0†�1

y y (6.102)

O�D .Im C SA0†�1
y A/�1SA0˙�1

y y (6.103)
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(if S�1; †�1
y exist) are completed by the dispersion matrices

Df O�gDSA0.ASA0 C†y/
�1†y.ASA0 C†y/

�1AS (6.104)

Df O�gD .A0†�1
y AC S�1/�1A0˙�1

y A.A0†�1
y AC S�1/�1 (6.105)

(if S�1; †�1
y exist) by the bias vector

ˇ WD Ef O�g � �
D �ŒIm � SA0.ASA0 C†y/

�1A� �

ˇ D �ŒIm � .A0†�1
y AC S�1/�1A0˙�1

y A� � (6.106)

(if S�1; †�1
y exist)

and by the matrix of the modified Mean Square Estimation Error MSEf O�g:

MSESf O�g WD Ef. O� � �/. O� � �/0g (6.107)

D Df O�g C ˇˇ0

MSESf O�gDSA0.ASA0 C†y/
�1†y.ASA0 C†y/

�1AS (6.108)

C ŒIm � SA0.ASA0 C†y/
�1A� �� 0 ŒIm �A0.ASA0 C†y/

�1AS�

DS � SA0.ASA0 C†y/
�1AS

MSESf O�g D .A0†�1
y AC S�1/�1A0†�1

y A.A0†�1
y AC S�1/�1

C ŒIm � .A0†�1
y AC S�1/�1A0†�1

y A� �� 0 (6.109)

� ŒIm �A0†�1
y A.A0†�1

y AC S�1/�1�

D .A0†�1
y AC S�1/�1

(if S�1; †�1
y exist).

The interpretation of hom S-BLE is even more complex. In extension of the
comments to hom BLE we have to live with another matrix-valued degree of
freedom, O� of type (6.101), (6.102), (6.103) and Df O�g of type (6.104), (6.105) do
no longer depend on the inaccessible matrix �� 0, rk.�� 0/, but on the “bias weight
matrix” S, rkSDm. Indeed we can associate any element of the bias matrix with
a particular weight which can be “designed” by the analyst. Again the bias vector
ˇ of type (6.106) as well as the Mean Square Estimation Error of type (6.107),
(6.108), (6.109) depend on the vector � which is inaccessible. Beside the “bias
weight matrix S” O� , Df O�g, ˇ and MSEsf O�g are vector-valued or matrix-valued
functions of the dispersion matrix Dfyg � ˙y of the stochastic observation vector
which is inaccessible. By hypothesis testing we may decide upon the construction
of Dfyg � ˙y from an estimate ḃy.
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Theorem 6.13. ( O� hom ˛-BLE):

Let O�DLy be hom ˛-BLE of � in the special linear Gauss–Markov model with
fixed effects Box 6.3. Then equivalent representations of the solutions of the normal
equations (6.95) are

O�D 1
˛

SA0.†y C 1
˛

ASA0/�1y (6.110)

O�D .A0†�1
y AC ˛S�1/�1A0†�1

y y (6.111)

O�D .Im C 1
˛

SA0†�1
y A/�1 1

˛
SA0†�1

y y (6.112)

(if S�1; †�1
y exist)

are completed by the dispersion matrix

Df O�gD 1
˛

SA0.†y C 1
˛

ASA0/�1†y.†y C 1
˛

ASA0/�1AS 1
˛

(6.113)

Df O�gD .A0†�1
y AC ˛S�1/�1A0†�1

y A.A0†�1
y AC ˛S�1/�1 (6.114)

(if S�1; †�1
y exist),

by the bias vector

ˇ WD Ef O�g � �
D �ŒIm � 1

˛
SA0. 1

˛
ASA0 C†y/

�1A� �

ˇ D �ŒIm � .A0†�1
y AC ˛S�1/�1A0†�1

y A� � (6.115)

(if S�1; †�1
y exist) and by the matrix of the Mean Square Estimation Error MSEf O�g:

MSEf O�g WD Ef. O� � �/. O� � �/0g
D Df O�g C ˇˇ0 (6.116)

MSE˛; Sf O�gDSC0.ASA0 C†y/
�1†y.ASA0 C†y/

�1AS

C ŒIm� 1
˛

SA0. 1
˛

ASA0 C†y/
�1A� �� 0

� ŒIm�A0. 1
˛

ASA0 C†y/
�1AS 1

˛
�

D 1
˛

S� 1
˛

SA0. 1
˛

ASA0 C†y/
�1 1

˛
AS

(6.117)

MSE˛; Sf O�gD .A0†�1
y AC ˛S�1/�1A0†�1

y A.A0†�1
y AC ˛S�1/�1

C ŒIm�.A0†�1
y AC ˛S�1/�1A0†�1

y A� �� 0 (6.118)

� ŒIm�A0†�1
y A.A0†�1

y AC ˛S�1/�1�
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D .A0†�1
y AC ˛S�1/�1

(if S�1; †�1
y exist).

The interpretation of the very important estimator hom ˛-BLE O� of � is as follows:
O� of type (6.111), also called ridge estimator or Tykhonov–Phillips regulator,
contains the Cayley inverse of the normal equation matrix which is additively
decomposed into A0†�1

y A and ˛ S�1. The weight factor ˛ balances the first inverse
dispersion part and the second inverse bias part. While the experiment informs
us of the variance-covariance matrix †y, say b†y, the bias weight matrix S and
the weight factor ˛ are at the disposal of the analyst. For instance, by the choice
SDDiag.s1; :::; s`/ we may emphasize increase or decrease of certain bias matrix
elements. The choice of an equally weighted bias matrix is SD Im. In contrast the
weight factor ˛ can be determined by the A-optimal design of type

• trDf O�gD min
˛

• ˇˇ0D min
˛

• trMSE˛; Sf O�gD min
˛

.

In the first case we optimize the trace of the variance-covariance matrix Df O�g
of type (6.113), (6.114). Alternatively by means of ˇˇ0D min

˛
we optimize

the quadratic bias where the bias vector ˇ of type (6.115) is chosen, regardless
of the dependence on �. Finally for the third case – the most popular one –
we minimize the trace of the Mean Square Estimation Error MSE˛; Sf O�g of type
(6.118), regardless of the dependence on �� 0. But beforehand let us present the
proof of Theorem 6.10, Theorem 6.11 and Theorem 6.8.

Proof:

.i/ O�D �� 0A0Œ†y C A�� 0A0��1y

If the matrix†yCA�� 0A0 of the normal equations of type hom BLE is of full rank,
namely rk.†y C A�� 0A0/Dn, then a straightforward solution of (6.93) is

OLD �� 0A0Œ†y C A��0A0��1:

.ii/ O�D SA0.†y C ASA0/�1y

If the matrix†yCASA0 of the normal equations of type hom S-BLE is of full rank,
namely rk.†y C ASA0/D n, then a straightforward solution of (6.94) is

OLDSA0.†y CASA0/�1:

.iii/ QzD .A0†�1
y AC S�1/�1A0†�1

y y
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Let us apply by means of Appendix A.7 (Fact: Cayley inverse: sum of two matrices,
s(10), Duncan–Guttman matrix identity) the fundamental matrix identity

SA0.†y CASA0/�1D .A0†�1
y AC S�1/�1A0†�1

y ;

if S�1 and†�1
y exist. Such a result concludes this part of the proof.

.iv/ O�D .Im C SA0†�1
y A/�1SA0†�1

y y

Let us apply by means of Appendix A.7 (Fact: Cayley inverse: sum of two matrices,
s(9)) the fundamental matrix identity

SA0.†y C ASA0/�1D .Im C SA0†�1
y A/�1SA0†�1

y ;

if†�1
y exists. Such a result concludes this part of the proof.

.v/ O�D 1
˛

SA0.†y C 1
˛

ASA0/�1y

If the matrix †y C 1
˛

ASA0 of the normal equations of type hom ˛-BLE is of full
rank, namely rk.†y C 1

˛
ASA0/Dn, then a straightforward solution of (6.95) is

OLD 1
˛

SA0Œ†y C 1
˛

ASA0��1:

.vi/ O�D .A0†�1
y AC ˛S�1/�1A0†�1

y y

Let us apply by means of Appendix A (Fact: Cayley inverse: sum of two matrices,
s(10), Duncan–Guttman matrix identity) the fundamental matrix identity

1
˛

SA0.†y CASA0/�1D .A0†�1
y AC ˛S�1/�1A0†�1

y

if S�1 and†�1
y exist. Such a result concludes this part of the proof.

.vi i/ O�D .Im C 1
˛

SA0†�1
y A/�1 1

˛
SA0†�1

y y

Let us apply by means of Appendix A (Fact: Cayley inverse: sum of two matrices,
s(9), Duncan–Guttman matrix identity) the fundamental matrix identity

1
˛

SA0.†y CASA0/�1D .Im C 1
˛

SA0†�1
y A/�1 1

˛
SA0†�1

y

if†�1
y exist. Such a result concludes this part of the proof.

.viii/ hom BLE:Df O�g

Df O�g WD EfŒ O� � Ef O�g�Œ O� �Ef O�g�0g
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D �� 0A0Œ†y C A�� 0A0��1†yŒ†y C A��0A0��1A��0:

By means of the definition of the dispersion matrix Df O�g and the substitution of O�
of type hom BLE the proof has been straightforward.

.ix/ homS -BLE W Df O�g .1st representation/

Df O�g WD EfŒ O� �Ef O�g�Œ O� �Ef O�g�0g
D SA0.ASA0 C†y/

�1†y.ASA0 C†y/
�1AS:

By means of the definition of the dispersion matrix Df O�g and the substitution of O�
of type hom S-BLE the proof of the first representation has been straightforward.

.x/ hom S-BLE W Df O�g .2nd representation/

Df O�g WD EfŒ O� � Ef O�g�Œ O� � Ef O�g�0g
D .A0†�1

y AC S�1/�1A0˙�1
y A.A0†�1

y AC S�1/�1;
if S�1and†�1

y exist. By means of the definition of the dispersion matrix Df O�g and

the substitution of O� of type hom S-BLE the proof of the second representation has
been straightforward.

.xi/ hom˛-BLE W Df O�g .1st representation/

Df O�g WD EfŒ O� � Ef O�g�Œ O� �Ef O�g�0g
D 1

˛
SA0.†y C 1

˛
ASA0/�1†y.†y C 1

˛
ASA0/�1AS 1

˛
:

By means of the definition of the dispersion matrix Df O�g and the substitution of O�
of type hom ˛-BLE the proof of the first representation has been straightforward.

.xii/ hom˛-BLE W Df O�g.2nd representation/

Df O�g WD EfŒ O� � Ef O�g�Œ O� � Ef O�g�0g
D .A0†�1

y AC ˛S�1/�1A0†�1
y A.A0†�1

y AC ˛S�1/�1;

if S�1and†�1
y exist. By means of the definition of the dispersion matrix and the

Df O�g substitution of O� of type hom ˛-BLE the proof of the second representation
has been straightforward.

(xiii) bias ˇ for hom BLE, hom S-BLE and hom ˛-BLE

As soon as we substitute into the bias ˇ W DEf O�g � �D � � C Ef O�g the various
estimators O� of the type hom BLE, hom S-BLE and hom ˛-BLE we are directly led
to various bias representations ˇ of type hom BLE, hom S-BLE and hom ˛-BLE.
.xiv/MSEf O�g of type hom BLE, hom S-BLE and hom ˛-BLE
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MSEf O�g W DEf. O� � �/. O� � �/0g
O� � �D O� � Ef O�g C .Ef O�g � �/

Ef. O� � �/. O� � �/0gD
Ef. O� �Ef O�g/.. O� � Ef O�g/0g
C.Ef O�g � �/.Ef O�g � �/0

MSEf O�gDDf O�g C ˇˇ0:

At first we have defined the Mean Square Estimation Error MSEf O�g of O� . Secondly
we have decomposed the difference O� � � into the two terms

• O� � Ef O�g
• Ef O�g � �

in order to derive thirdly the decomposition of MSEf O�g, namely

• The dispersion matrix of O�, namelyDf O�g
• The quadratic bias ˇˇ0.

As soon as we substitute MSEf O�g the dispersion matrix Df O�g and the bias vector
ˇ of various estimators O� of the type hom BLE, hom S-BLE and hom ˛-BLE we
are directly led to various representations ˇ of the Mean Square Estimation Error
MSEf O�g.

Here is our proof’s end.

6-3 Continuous Networks

Criterion matrices/ideal variance-covariance matrices are constructed from
continuous networks being observed by signal derivatives of first and second
order. The method of constrained least-squares leads to differential equations up
to fourth order, to characteristic boundary values and constraints according to the
datum choice. Here only one-dimensional networks on a line and on a circle are
discussed. Their characteristic (modified) Green function is constructed and used
for the computation of the variance-covariance function of adjusted mean signal
functions. Finally numerical aspects originating from the discrete nature of real
observational series are discussed. In detail, the transformation of a criterion matrix
into a network datum and its comparison with the variance-covariance matrix of an
ideally configurated network is presented.

The aim of a study of continuous geodetic network is to find idealized variance-
covariance matrices, also called criterion matrices, for various types of geodetic net-
works. From standard geodesy textbooks, e.g. W. Jordan, O. Eggert and M. Kneissl
(1956 p. 123) it is well known for instance, that the error propagation on a leveling
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line is proportional to its length or in a two-dimensional leveling or distance network
proportional to the logarithm of the distance between points. Here we concentrated
on one-dimensional geodetic networks, especially on variance-covariance matrices
of first and second order derivative observations on a line and on a circle. Higher
dimensional continuous networks are introduced by B. Benciolini in the following
contribution. For the related Fourier analysis of geodetic networks we refer to
the contribution of H. Sünkel. In addition, more extensive studies on continuous
geodetic networks are referenced to K. Borre and T. Kraup (1974), K Borre
(1977,1978, 1979i-iii, 1980), E. Grafarend (1977) and E. Grafarend et al (1979).

At first we shall review continuous network of first derivative type, namely
on a line and on a circle, by means of the least-squares variational principle and
(modified) Green functions. Secondly, we give a similar analysis of one-dimensional
geodetic networks of second derivative type. Thirdly we summarize the network
analysis based on boundary value problems and (modified) Green functions and
introduce discrete approximation techniques. In addition we discuss Taylor Karman
structured criterion matrices in the context of ideally configurated discrete networks.

6-31 Continuous Networks of Second Derivatives Type

This treatment is based on the contribution of E. Grafarend and F. Krumm (1985).
Green’s function approach can be studied more deeply from reading R.P. Kanwal
(1971) under the title “Linear Integral Equations, Theory and Technique”, in
particular “integration by parts.”

At first we discuss one-dimensional networks assuming second derivatives of
signal functions to be observed. For network on a line we compute the characteristic
differential equations, boundary values and constraints by the method of least-
squares constrained by the datum choice of fix and free type. The solutions are
constructed by direct integration leading to the characteristic (modified) Green
function. The important result that up to a variance factor the variance-covariance
function of the adjusted signal function coincides with the (modified) Green
function is proven. Two exercises extend the problems.

Assume an observational series s00
i .x/ D d2

dx2 si .x/, i D 1.1/n, 0 � x � 1,
of second derivatives of signal functions si .x/ on a line n is the total number of
measurement series. As an example think of acceleration measurements on a line.
The random function s00

i .x/will be characterized by the first two moments, the mean
value and the variance-covariance matrix, namely

Efs00
i .x/g D ei�00.x/ 8i D 1.1/n (6.119)

EfŒs00
i .x/ �Efs00

i .x/g�Œs00
j .y/� Efs00

j .y/g�g D †ij .x,y/ (6.120)

D ıij ı.x,y/�2 8i; j D 1.1/n
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where ei is the vector of ones, ıij the Krockener or unit matrix, ı.x; y/ the Dirac
or unit function,�.x/ the unknown mean value function of continuity class C4Œ0; 1�

and �2 the unknown variance of the observational series. Thus we have assumed no
correlation between observations within a series and no correlation of observations
between series.

As an example consider a one-dimensional network of a second derivatives of
signal functions si .x/ where we choose

R 1
0
�.x/dx D 0 and

R 1
0
�0.x/dx D 0 as the

network datum of free type.
Then the constrained least-squares variational principle is used to determine the

mean value function �.x/ of continuity class C4Œ0; 1�:

L.�; �1; �2/ D 1

2

1Z
0

"00
i .x/"

00
i .x/dxC �1

1Z
0

�.x/dxC �2
1Z
0

�0.x/dx

D 1

2

1Z
0

Œs00
i .x/� ei�00.x/�Œs00

i .x/� ei�00.x/�dx (6.121)

C�1
1Z
0

�.x/dxC �2
1Z
0

�0.x/dxDmin
�;�1;�2

ıL.�; �1; �2/ D
1Z
0

Œ�ei s00
i .x/C n O�00.x/�ı�00.x/dxC �1

1Z
0

ı�.x/dx

C�2
1Z
0

ı�0.x/dx D 0 (6.122)

ı2L.�; �1; �2/ D
1Z
0

nı�002.x/dxC �1
1Z
0

ı�2.x/dx

C�2
1Z
0

ı�02.x/dxC
1Z
0

Œ�ei s00
i .x/

Cn O�00.x/�ı2�00.x/dx (6.123)

“integration by parts”:

(IBPB):

ıL.�; �1; �2/ D Œ�ei s00
i .1/C n O�00.1/�ı�0.1/
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� Œ�ei s00
i .0/C n O�00.0/�ı�0.0/

� Œ�ei s000
i .1/C n O�000.1/� �2�ı�.1/ (6.124)

C Œ�ei s000
i .0/C n O�000.0/� �2�ı�.0/

C
1Z
0

Œ�ei si .x/C n�.x/C �1�ı�.x/dxD0

8 ı�.x/; ı�0.0/; ı�0.1/

Boundary Value Problem

(i) differential equation

O�IV .x/ D d2

dx2
Os00.x/� O�1; O�1 WD 1

n
�1 (6.125)

(ii) boundary values

O�000

.0/ D d

dx
Os00

.0/C O�2; O�2 WD 1

n
�2 (6.126)

O�000

.1/ D d

dx
Os00

.0/C O�2 (6.127)

O�00

.0/ D Os00

.0/ (6.128)

O�00

.1/ D Os00

.1/ (6.129)

(iii) constraints

1Z
0

�.x/dxD0
1Z
0

�0.x/dxD 0 (6.130)

Integration

• 1st step

xZ
0

O�IV .x1/dx1 D
h
O�000

.x1/
ix

0
D �O�1xC

xZ
0

dx1OsIV .x1/ (6.131)

) O�000

.x/ D O�000

.0/� O�1xC
xZ
0

dx1OsIV .x1/ (6.132)
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• 2nd step

xR
0

O�000

.x2/dx2 D
h
O�00

.x2/
ix

0
D Os000

.0/xC O�2x � 1
2
O�1x2 (6.133)

C
xR
0

dx2
x2R
0

dx1 OsIV .x1/

) O�00

.x/ D Os00

.0/C Os000

.0/xC O�2xC 1
2
O�1x2

C
xR
0

dx2
x2R
0

dx1OsIV .x1/ (6.134)

• 3rd step

xZ
0

O�00

.x3/dx3 D
h
O�0

.x3/
ix

0
D Os00

.0/xC 1

2
Os000

.0/x2 C 1

2
O�2x2

�1
6
O�1x3 C

xZ
0

dx3

x3Z
0

dx2

x2Z
0

dx1OsIV .x1/ (6.135)

)
O�0

.x/ D O�0

.x/C Os00

.0/xC 1

2
Os000

.0/x2 C 1

2
O�2x2 � 1

6
O�1x3

C
xZ
0

dx3

x3Z
0

dx2

x2Z
0

dx1OsIV .x1/ (6.136)

• 4th step

xZ
0

O�0

.x4/dx4 D

 O�.x4/�x

0
D O�0

.0/xC 1

2
Os00

.0/x2 C 1

6
Os000.0/x3

C1
6
O�2x3 � 1

24
O�1x4 C

xZ
0

dx4

x4Z
0

dx3

x3Z
0

dx2

x2Z
0

dx1OsIV .x1/ (6.137)

)
O�.x/ D O�.0/C O�0

.0/xC 1

2
Os00

.0/x2 C 1

6
Os000

.0/x3 C 1

6
O�2x3

� 1
24
O�1x4 C

xZ
0

dx4

x4Z
0

dx3

x3Z
0

dx2

x2Z
0

dx1OsIV .x1/ (6.138)
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O�000

.1/ D Os000

.1/C O�2 D Os000

.0/C O�2 � O�1 C
1Z
0

dx1OsIV .x1/ (6.139)

O�1 D Os000

.0/� Os000

.1/C
1Z
0

dx1OsIV .x1/ (6.140)

O�00

.1/ D Os00

.1/ D Os00

.0/C Os000

.0/C O�2 � 1
2
O�1

C
1Z
0

dx2

x2Z
0

dx1 OsIV .x1/

)

O�2 D Os00

.1/� Os00

.0/� Os000

.0/C 1

2
O�1 �

1Z
0

dx2

x2Z
0

dx1OsIV .x1/ (6.141)

O�2 D Os00

.1/� Os00

.0/� 1
2
Os000

.0/� 1
2
Os000

.1/C 1

2

1Z
0

dx1OsIV .x1/

�
1Z
0

dx2

x2Z
0

dx1OsIV .x1/ (6.142)

1Z
0

O�.x/dx D O�.0/C 1

2
O�0

.0/C 1

6
Os00

.0/C 1

24
Os000

.0/C 1

24
O�2

� 1

120
O�1 C

1Z
0

dx5

x5Z
0

dx4

x4Z
0

dx3

x3Z
0

dx2

x2Z
0

dx1OsIV .x1/ D 0 (6.143)

)
O�.0/ D 1

12
Os00

.0/C 1

24
Os000

.0/C 1

24
O�2 � 1

80
O�1

C1
2

xZ
0

dx4

x4Z
0

dx3

x3Z
0

dx2

x2Z
0

dx1OsIV .x1/

�
1Z
0

dx5

x5Z
0

dx4

x4Z
0

dx3

x3Z
0

dx2

x2Z
0

dx1OsIV .x1/ (6.144)
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O�0

.0/ D 1

2
Os00

.0/� 1
6
Os000

.0/� 1
6
O�2 C 1

24
O�1

�
1Z
0

dx4

x4Z
0

dx3

x3Z
0

dx2

x2Z
0

dx1OsIV .x1/ (6.145)

Following R.P. Kanwal (1971 p. 285) by means of the Heaviside function H(x-y)
we can rewrite

1Z
0

dx2

x2Z
0

dx1f .x1/ D
1Z
0

.1 � x1/f .x1/dx1 (6.146)

1Z
0

dx3

x3Z
0

dx2

x2Z
0

dx1f .x1/ D 1

2

1Z
0

.1 � x1/2f .x1/dx1 (6.147)

1Z
0

dx4

x4Z
0

dx3

x3Z
0

dx2

x2Z
0

dx1f .x1/D 1
6

xZ
0

.x � x1/3f .x � 1/dx1

D 1
6

1Z
0

.x � x1/3H.x� x1/f .x1/dx1 (6.148)

1Z
0

dx5

x5Z
0

dx4

x4Z
0

dx3

x3Z
0

dx2

x2Z
0

dx1f .x1/ D 1

24

1Z
0

.x � x1/4f .x1/dx1

(6.149)

such that

O�.x/ D �G0.x; 0/Os00

.0/CG0.x; 1/Os00

.1/�G.x; 1/Os000

.1/

CG.x; 0/Os000

.0/C
1Z
0

G.x; y/OsIV .y/dy

where the modified Green function is defined by
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G.x; y/ D 1

120
� 1

24
.xC y/� 1

12
.x3 � y3/ � 1

24
.x4 C y4/

C x
�
1

3
y � 1

2
y2 C 1

6
y3
	
C 1

6
x3yC 1

6
.x � y/3H.x � y/

G.x; x/ D 1

120
� 1

12
xC 1

3
x2 � 1

2
x3 C 1

4
x4

x > y W G.x; y/ D 1

120
.1 � 5y � 10y3 � 5y4 � 5xC 40xy

C 20xy3 C 10x3 � 60x2yC 20x3y � 5x4/

x < y W G.x; y/ D 1

120
.1 � 5yC 10y3 � 5y4 � 5xC 40xy

� 60xy2 C 20xy3 � 10x3 C 20x3y � 5x4/

G.x; 0/ D 1

120
� 1

24
xC 1

12
x3 � 1

24
x4

G.x; 1/ D 1

120
� 1

24
xC 1

12
x3 � 1

24
x4

G
0

.x; 0/ D � 1
24
C 1

3
x � 1

2
x2 C 1

6
x3

G
0

.x; 1/ D 1

24
� 1
6

xC 1

6
x3

G
0

.x; y/ D � 1
24
C 1

4
y2 � 1

6
y3 C x.

1

3
� yC 1

2
y2/

C 1
6

x3 � 1
2
.x � y/2H.x � y/

G
00

.x; y/ D 1

2
y � 1

2
y2 � xC xyC .x � y/H.x � y/

G
000

.x; y/ D 1

2
� yC x �H.x� y/

GIV .x; y/ D �1C ı.x� y/

3
7777777777777777777777777777777777777777777777777777775

(6.150)

and plotted in Figs. 6.2 and 6.3 The result can be rewritten in a simpler form by
applying integration by part.
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Fig. 6.2 G.x/D 1
120

� 1
12

x C 1
3
x2 � 1

2
x3 C 1

4
x4

Fig. 6.3 G.x; y/D 1
120

� 1
24
.x C y/� 1

12
.x3�y3/� 1

24
.x4Cy4/C 1

6
.x3yCxy3/Cx. 1

3
y� 1

2
y2/C

1
6
.x � y/3H.x � y/
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1R
0

dyG.x; y/ d
2

dy2 Os
00

.y/ D
h
G.x; y/ d

dy Os
00

.y/
i1
0
�

1R
0

@G
@y .x; y/

d
dy Os

00

.y/

D
h
G.x; y/ d

dy Os
00

.y/
i1
0
�
h
@G
@y .x; y/Os

00

.y/
i1
0

C
1R
0

dy @
2G
@y2 .x; y/Os

00

.y/

D G.x; 1/Os000

.1/�G.x; 0/Os000

.0/

�G
0

.x; 1/Os00

.1/CG
0

.x; 0/Os00

.0/C
1R
0

dy @
2G
@y2 .x; y/Os

00

.y/

(6.151)
such that

O�.x/ D
1R
0

@2G
@y2 .x; y/Os

00

.y/dy

Now once again we base the error propagation study on ... : In general

† O�.x1; x2/ D 1

n2

nX
i;jD1

1Z
0

dy1

1Z
0

dy2
@2G

@y21
.x1; y1/

@2G

@y22
.x2; y2/

s00X
ij

.y1; y2/ (6.152)

is the transformation of the variance-covariance function of s00
i .x/ into the variance-

covariance function of O�.x/. Due to the dispersion matrix model.

s00X
ij

.y1; y2/ D ıij ı.y1; y2/�
2
s00 (6.153)

can be transformed into

† O�.x1; x2/ D 1
n
�2s00

1R
0

@2G
@y2 .x1; y/ @

2G
@y2 .x2; y/

Again we integrated by parts:

1Z
0

dyG
00

.x1; y/G
00

.x2; y/ D ŒG00

.x1; y/;G
0

.x2; y/�

ˇ̌̌
ˇ̌
ˇ
1

0

�
1Z
0

dyG
000

.x1; y/G
0

.x2; y/ D ŒG00

.x1; y/;G
0

.x2; y/�

ˇ̌
ˇ̌
ˇ̌
1

0

(6.154)

� ŒG000

.x1; y/G.x2; y/�
ˇ̌̌1
0
C

1Z
0

dy
@4G
@y4

.x1; y/G.x2; y/
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Since GIV .x; y/D � 1 C ı.x� y/, G
00

.x; 1/ D 0, G
00

.x; 0/ D 0, G
000

.x; 0/ D
G

000

.x; 1/, G.x; 0/ D G.x; 1/ hold, takes the simple form

1Z
0

dyGIV .x1; y/G.x2; y/ D �
1Z
0

G.x2; y/dyCG.x1; x2/ (6.155)

A lengthy computation proves

1Z
0

dyG.x2; y/ D
x2Z
0

dyG.x2; y/C
1Z

x2

dyG.x2; y/D 0 (6.156)

† O�.x1; x2/ D 1
n
�2s00 G.x1; x2/

�2O�.x/ D
1

n
�2s00

�
1

120
� 1

12
xC 1

3
x2 � 1

2
x3 C 1

4
x4
	

(6.157)

˙ O�.x1; x2/ D 1

n
�2s00

�
1

120
� 1

24
.x1 C x2/� 1

12
.x3

1 C x3
2/

� 1
24

�
x4

1 C x4
2

�C x1
�
1

3
x2 � 1

2
x22 C

1

6
x32

	
(6.158)

C 1

6
x31x2 C

1

6
.x1 � x2/

3H.x1 � x2/

�

Again we have to discuss the contradictory boundary value problem. What are the
condition of existence, especially with respect to the observation that the unobserved
derivatives Os000

.0/, Os000

.1/ appear in ... Thus let us compute the general solution of the
boundary value problem of the homogenous differential equation, namely

.i/ O�IV1 .x/ D 0
.ii/ O�000

1 .0/ D Os
000

.0/C O�2 I O�000

1 .1/ D Os
000

.1/C O�2
O�00

1 .0/ D Os
00

.0/ I O�00

1 .1/ D Os
00

.1/

.iii/

1Z
0

O�.x/dx D 0 I
1Z
0

O�0

.x/dx D 0

The fundamental solution

O�1.x/ D AC BxCCx2 C Dx3

leads to
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O�000

1 .x/ D 6D) O�000

1 .1/ D O�
000

1 .0/D 6D/)
Os000

.1/ D Os000

.0/ (6.159)

1Z
0

OsIV .x/dx D 0 (6.160)

and, in addition,

O�00

1 .x/ D 2CC 6D)
� O�00

1 .1/ D 2CC 6D
O�00

1 .0/D 2C

�
)

6DD O�00

1 .1/� O�
00

1 .0/D Os
00

.1/� Os00

.0/

Os00

.1/� Os00

.0/D Os000

.1/D Os000

.0/ (6.161)

1Z
0

Os000

.x/dxD Os000

.1/D Os000

.0/ (6.162)

has therefore to be transformed into

O�.x/ D Œ�G
0

.x; 0/CG.x; 1/ �G.x; 0/�Os00

.0/

C ŒG0

.x; 1/ �G.x; 1/CG.x; 0/�Os00

.1/

C
1R
0

G.x; y/sIV .y/dy

(6.163)

Exercise

Where are the minima and where is the maximum of the variance function �2O�.x/
located?

d

dx
�2O�.x/ D

1

n
�2s00.� 1

12
C 2

3
x � 3

2
x2 C x3/ D 0 (6.164)

, Ox1 D 0:211; 324; 865 I Ox2 D 0:5 I Ox3 D 0:788; 675; 135 (6.165)
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Table 6.1 Summary of (modified) Green functions

Type of continuous network (modified) Green function

1st order derivative, “fixed” x � .x � y/H.x � y/

2nd order derivative, “free”
1

3
� y C x2 C y2

2
� .x � y/H.x � y/

1st order derivative, “circle”,
“free”

2

3
� � �y C 1

4�
.�2x C �2y /� .�x � �y/H.�x � �y/

2nd order derivative, “free”
1

120
C 1

24
.x C y/ � 1

12
.x3 � y3/ � 1

24
.x4 � y4/ C

x

�
1

3
y � 1

2
y2 C 1

6
y3
	

C 1

6
x3y C 1

6
.x � y/3H.x � y/

d 2

dx2
�2O�.x/ D

1

n
�2s00.

2

3
� 3xC 3x2/ (6.166)

d2

dx2
�2O�.Ox1/ �

1

6
> 0 (minimum!) (6.167)

d2

dx2
�2O�.Ox2/ � �

1

12
< 0 (maximum!) (6.168)

d2

dx2
�2O�.Ox3/ �

1

6
> 0 (minimum!) (6.169)

Finally note Table 6.1 where all (modified) Green functions we have derived so
far are collected.

6-32 Discrete Versus Continuous Geodetic Networks

K. Borre and T. Krarup (1974) developed the general theory using the method of
finite elements to perform the transition from the actual discrete network to a two-
dimensional continuum. Of course, we can consider the real network situation from
another point of view: Once the characteristic continuous boundary value problem
is formulated for the observed signal derivative function and solved by the method
of (modified) Green functions we can interpret discrete measurement series as
approximations of the continuous approach. (Compare the geodetic boundary value
problem in physical geodesy, namely the Stokes integral, which can be discretized
by means of finite elements, splines.) In using the concept of approximation to the
solution of the continuous boundary value problem we avoid the inversion of the
discrete normal equations as the following example will demonstrate.
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Example

Consider the solution of the adjustment of the free, first derivative network on
a finite line. The modified Green function is given by Table 6.1. Now assume the
Dirac series of discrete first derivative data of type

s0
i .y/ D

p�1X
˛D1

ı.y; y˛/s
0
i .y˛/ (6.170)

where p is the number of points where the data are given. ı.y; y˛/ is the chosen base
function of minimum local support. We are led to the solution

O�.x/ D
1Z
0

@G
@y
.x; y/Os0.y/dyD

p�1X
˛D1

G
0

.x; y˛/s
0
i .y˛/ (6.171)

The error propagation study based on the modified Green function ( ...) and the
dispersion matrix model

†s0

ij .y˛; yˇ/ D ıij ı˛;ˇ�2s0 (6.172)

leads to the variance-covariance function of O�.x/:

† O�.x1; x2/ D 1

n
�2s0

p�1X
˛D1

G
0

.x1; y˛/G
0

.x2; y˛/ (6.173)

D 1

n
�2s0

p�1X
˛D1

Œ�1C y˛ CH.x1 � y˛/�Œ�1C y˛ CH.x2 � y˛/� (6.174)

For more elaborate treatment of discrete networks and their finite element
continuation we refer to the literature. We finally discuss Taylor-Karman structured
networks, namely for didactic reasons on a line.

Example

Consider an absolute signal network whose variance -covariance function is
assumed to be homogeneous:

† O�.˛; ˇ/ D
�
f .0/ D const 8˛ D ˇ;
f .j˛ � ˇj/ 8˛ ¤ ˇ; ˛ D 1.1/p; ˇ D 1.1/p (6.175)
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p again is the number of discrete points equally distant on a line. We are interested
to transform the ideal variance-covariance function into the one with respect to a
network datum is fixed or free type. Assume an inconsistent linear observational
equation yDAxDA1x1 CA2x2 whose design matrix A and unknown vector x is
partitioned according to the rank of the matrix A. The method of least-squares leads
to the normal equations

AT
1 A1 Ox1 C AT

1 A2 Ox2 D AT
1 y

Ox2 D 0
�

(6.176)

where Ox2D 0 is the fixed datum choice.

Ox1 D .AT
1 A1/

�1AT
1 y Ox2 D 0 (6.177)

x1 WD
� Ox1
Ox2
�
D
�
.AT

1 A1/
�1AT

1

0

�
yD

�
.AT

1 A1/
�1AT

1

0

�
AxII (6.178)

†I D
�
.AT

1 A1/
�1AT

1

0

�
A†IIATŒA1.AT

1 A1/
�1
; 0� (6.179)

†I will be identify with the variance-covariance matrix of the network in the
fixed datum.†II with the one of the homogeneous type† O�.˛; ˇ/.
For a discrete network of observed signal differences the .p � 1/� p design matrix
A is given by

AD .aij /D
2
4�1 8i D j i D 1.1/p � 1

1 8j D i C 1
0 otherwise

(6.180)

Let us choose the point p as the fix-point. The rank partitioning of the design
matrix leads to

A1 D .aij /1D
2
4�1 8i D j i D 1.1/p � 1

1 8j D i C 1 i D 1.1/p � 2
0 otherwise

(6.181)

A2 D .aij /2D
�
0 8i D 1.1/p � 2
1 8i D p � 1 j D p (6.182)

The .p � 1/ � .p � 1/ normal equation matrix AT
1 A1 is structured according

.AT
1A1/ij D

2
666664

1 8i D j D 1
2 8i D j ¤ 1 i D 2.1/p � 1
�1 8j D i C 1 i D 1.1/p � 2

i D j C 1 j D 1.1/p � 2
0 otherwise
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Thus the inverse .AT
1 A1/

�1 enjoys the simple structure

.AT
1 A1/

�1
ij D

2
4 p � i 8i D j; i D 1.1/p � 1

i > j; j D 1.1/p � 1
p � j j > i:

Œ.AT
1 A1/

�1A1�ij D
��1 j 	 i; i; j D 1.1/p � 1

0 otherwise

A† O�AT D 2f .jj � i j/� f .ji C 1 � j j/ � f .ji � j � 1j/

f.AT
1A1/

�1AT
1 A˙ O�ATgij D �f .ji � j j/ � f .jj � p C 1j/C f .ji � j � 1j/

Cf .jp � j j/C f .ji � j � 1j/8i; j D 1.1/p � 1

˙I .˛; ˇ/D f .0/ � f .j˛ � pj/� f .jˇ � pj/C f .j˛ � ˇj/ (6.183)

Note that the point p was the datum point. In order to determine the unknown
function f .˛; ˇ/D f .j˛ � ˇj/ we compare .ATA1

1 /�1 and †I .˛; ˇ/ 8˛; ˇD 1.1/
p � 1. It is easily seen that

f .j˛ � ˇj/ D C � 1
2
j˛ � ˇj 8˛; ˇD 1.1/p � 1; C�RC

f .0/DC (6.184)

or equivalently

˙ O�.˛; ˇ/Df .0/ � 1
2
j˛ � ˇj (6.185)

Obviously to the ideally configured discrete network on a line there corresponds
an ideal variance-covariance function of homogeneous type. The result can be
generalized into homogeneous and isotropic networks of more than one dimension.



Chapter 7
Overdetermined System of Nonlinear Equations
on Curved Manifolds

The spherical problem of algebraic regression – inconsistent system of
directional observational equations

Here we review a special issue of distributions on manifolds, in particular the
spherical problem of algebraic regression or analyse the inconsistent of directional
observational equations. The first section introduces loss functions on longitudinal
data (ˆ D 1) and (p D 2) on the circle or on the sphere as a differential manifold of
dimension ˆD 1 and pD 2. Section 6.2 introduces the minimal distance mapping
on S1 and S2 and constructs the related normal equations. Section 6.3 reviews
the transformation from the circular normal distribution to an oblique normal
distribution including a historical note to von Mises analyzing data on a circle,
namely atomic weights. We conclude with note on the “angular metric.” As a
case study in section four we analysze 3D angular observations with two different
theodolites, namely Theodolite I and Theodolite II. The main practical result is the
set of data from (tan^n; tanˆn), its solution (^n; ˆn) is very different from the Least
Squares Solution.

Finally we discuss the von Mises-Fisher distribution for dimension 1, 2, 3
and 4, namely Relativity and Earth Sciences (for instance phase observations for
the Global Positioning System (GPS)), Biology, Meteorology, Psychology, Image
Analysis and Astronomy. A detailed reference list stays at the end.

Read only Sect. 7-2 for a careful treatment(HAPS).

“Least squares regression is not appropriate when the response variable is circular, and
can lead to erroneous results. The reason for this is that the squared difference is not an
appropriate measure of distance on the circle.” – U. Lund (1999)

A typical example of a nonlinear model is the inconsistent system of nonlinear
observational equations generated by directional measurements (angular observa-
tions, longitudinal data). Here the observation space Y as well as the parameter
space X is the hypersphere S

p � R
pC1: the von Mises circle S

1; p D 2 the
Fisher sphere S

2 in general the Langevin sphere S
p . For instance, assume repeated

measurements of horizontal directions to one target which are distributed as polar
coordinates on a unit circle clustered around a central direction. Alternatively,
assume repeated measurements of horizontal and vertical directions to one target
which are similarly distributed as spherical coordinates (longitude, latitude) on a
unit sphere clustered around a central direction. By means of a properly chosen loss
function we aim at a determination of the central direction. Let us connect all points

E. Grafarend and J. Awange, Applications of Linear and Nonlinear Models,
Springer Geophysics, DOI 10.1007/978-3-642-22241-2 7,

361
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Lemma 7.2
minimum geodesic distance:   1

Lemma 7.3 
minimum geodesic distance:   1

Lemma 7.5
minimum geodesic distance:   2

Lemma 7.6
minimum geodesic distance:   2

Definition 7.4
minimum geodesic distance:   2

Definition 7.1
minimum geodesic distance:   1

on S
1, S2 or in general Sp the measurement points, by a geodesic, here the great

circle, to the point of the central direction. Indeed the loss function will be optimal
at a point on S

1, S2 or in general Sp called the central point. The result for such a
minimum geodesic distance mapping will be presented.

7-1 Introduction

Directional data, also called “longitudinal data” or “angular data”, arise in sev-
eral situations, notable geodesy, geophysics, geology, oceanography, atmospheric
science, meteorology and others. The von Mises or circular normal distribution
CN .�; �/ with mean direction parameter � .0 � � � 2�/ and concentration
parameter � .� > 0/, the reciprocal of a dispersion measure, plays the role in
circular data parallel to that of the Gauss normal distribution in linear data. A natural
extension of the CN distribution to the distribution on a p-dimensional sphere
S
P � R

PC1 leads to the Fisher-von Mises or Langevin distribution L.�; �/. For
p D 2, namely for spherical data (spherical longitude, spherical latitude), this
distribution has been studied by R. A. Fisher (1953), generalizing the result of R. von
Mises (1918) for p D 1, and is often quoted as the Fisher distribution. Further
details can be taken from K. V. Mardia (1972), K. V. Mardia and P.E. Jupp (2000),
G. S. Watson (1986, 1998) and A. Sen Gupta and R. Maitra (1998).

Box 7.1. (Fisher-von Mises or Langevin distribution):

p D 1 .R: von Mises 1918/

f .�j�; �/ D Œ2�I0.�/��1 expŒ� cos.� � ��/� (7.1)
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f .�j�; �/ D Œ2�I0.�/��1 exp � < �jX > (7.2)

cos� WD (7.3)

WD< �jX >D �xX C �yY D cos�� cos�C sin�� sin�
cos� D cos.� � ��/ (7.4)

� D e1 cos�� C e2 sin�� 2 S
1 (7.5)

X D e1 cos� C e2 sin� 2 S
1 (7.6)

p D 2 .R:A:Fisher 1953/

f .�;˚ j��; �˚; �/
D �

4� sinh �
expŒcos˚ cos�˚ cos.� � ��/C sin˚ sin�˚� (7.7)

D �

4� sinh �
exp � < �jX >

cos� WD< �jX >D �xX C �yY C �zZ

D cos�˚ cos�� cos˚ cos�C cos�˚ sin�� cos˚ sin�C sin�˚ sin˚
cos� D cos˚ cos�˚ cos.� � ��/C sin˚ sin�˚

(7.8)

� D e1�x C e2�y C e3�z

D e1 cos�˚ cos�� C e2 cos�˚ sin�� C e3 sin�˚ 2 S
2 (7.9)

X D e1X C e2Y C e3Z
D e1 cos˚ cos�C e2 cos˚ sin�C e3 sin˚ 2 S2 : (7.10)

Box 7.1 is a review of the Fisher-von Mises or Langevin distribution. First, we
setup the circular normal distribution on S

1 with longitude � as the stochastic
variable and .��; �/ the distributional parameters called “mean direction �”
and “concentration measure”, the reciprocal of a dispersion measure. Due to the
normalization of the circular probability density function (“pdf”) I0.�/ as the zero
order modified Bessel function of the first kind of � appears. The circular distance
between the circular mean vector � 2 S

1 and the placement vector X 2 S
1 is

measured by “cos�”, namely the inner product< �jX >, both� and X represented
in polar coordinates .��; �/, respectively. In summary, (7.1) is the circular normal
pdf, namely an element of the exponential class.

Second, we refer to the spherical normal pdf on S
2 with spherical longitude �,

spherical latitude ˚ as the stochastic variables and .��; �˚; �/ the distributional
parameters called “longitudinal mean direction, lateral mean direction .��; �˚/”
and “concentration measure �”, the reciprocal of a dispersion measure. Here the
normalization factor of the spherical pdf is �=.4� sinh �/. The spherical distance
between the spherical mean vector � 2 S

2 and the placement vector X 2 S
2 is

measured by “cos�”, namely the inner product < �jX >, both � and X repre-
sented in polar coordinates – spherical coordinates .��; �˚ ; �;˚/, respectively.
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In summary, (7.7) is the spherical normal pdf, namely an element of the exponential
class.

Box 7.2. (Loss function):

pD 1: longitudinal data

type 1 W
nX
iD1

cos�i D max � 10 cos‰ D max (7.11)

type 2 W
nX
iD1

.1� cos�i/ D min � 10.1 � cos‰/ D min (7.12)

type 3 W
nX
iD1

sin2 �i=2 D min �
�

sin
‰

2

	0 �
sin
‰

2

	
D min (7.13)

transformation

1 � cos� D 2 sin2 �=2 (7.14)

cos�i D cos.�i � x/ D cos�i cos x C sin�i sin x (7.15)

2 sin2 �i=2 D 1 � cos�i D 1 � cos�i cos x C sin�i sin x (7.16)

cos‰ D

2
64

cos�1
:::

cos�n

3
75 ; cos y WD cosƒ WD

2
64
y1
:::

yn

3
75 D

2
64

cos�1

:::

cos�n

3
75 (7.17)

cos‰ D cos y cosx C sin y sin x: (7.18)

How to generate a loss function substituting least squares ?

Obviously the von Mises pdf .p D 1/ has maximum likelihood if˙n
iD1 cos�i D

˙n
iD1 cos.�i � x/ is maximal. Equivalently ˙n

iD1.1 � cos�i/ is minimal. By
transforming 1 � cos�i by (7.14) into 2 sin2 �=2, an equivalent loss function is
˙n
iD1 sin2 �=2 to be postulated minimal. According to Box 7.2 the geodetic distance

is represented as a nonlinear function of the unknown mean direction � � x. (7.17)
constitutes the observation vector y 2 S

1.
Similarly the Fisher pdf .p � 2/ has maximum likelihood if ˙n

iD1 cos�i is
maximal. Equivalent postulates are (7.20) ˙n

iD1.1 � cos�i/ D min and (7.21)
˙n
iD1 sin2 �i=2 D min. According to Box 7.3 the geodetic distance (7.23) is

represented as a nonlinear function of the unknown mean direction .��; �˚/ �
.x1; x2/. (7.24), (7.25) constitute the nonlinear observational equations for direct
observations of type “longitude latitude” .�i ; ˚i / 2 S

2, the observation space Y,
and unknown parameters of type mean longitudinal, lateral direction .��; �˚/ 2
S
2, the parameter space X.
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Box 7.3. (Loss function):

pD 2: longitudinal data

type 1 W
nX
iD1

cos�i D max � 10 cos‰ D max (7.19)

type 2 W
nX
iD1

.1 � cos�i/ D min � 10.1 � cos‰/ D min (7.20)

type 3 W
nX
iD1

sin2 �i=2 D min � .sin
‰

2
/0 .sin

‰

2
/ D min (7.21)

transformation

1 � cos� D 2 sin2 �=2 (7.22)

cos�i D cos˚i cosx2 cos.�i � x1/C sin˚i sinx2
D cos˚i cos�i cos x1 cos x2 C cos˚i sin�i sin x1 cos x2 C sin˚i sin x2

(7.23)

cos‰ WD

2
64

cos�1
:::

cos�n

3
75 ; cos y1 WD cosƒ WD

2
64

cos�1

:::

cos�n

3
75 (7.24)

cos y2 WD cosˆ WD

2
64

cos˚1
:::

cos˚n

3
75 ; sin y1; sin y2 correspondingly

cos‰ D

2
64

cos˚1 cos�1

:::

cos˚n cos�n

3
75 cos x1 cos x2 C

2
64

cos˚1 sin�1

:::

cos˚n sin�n

3
75 sin x1 cos x2

C

2
64

sin˚1
:::

sin˚n

3
75 sinx2 : (7.25)

7-2 Minimal Geodesic Distance: MINGEODISC

By means of Definition 7.1 we define the minimal geodetic distance solution (MIN-
GEODISC) on S

2. Lemma 7.2 presents you the corresponding nonlinear normal
equation whose close form solution is explicitly given by Lemma 7.5 in terms of
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Gauss brackets (special summation symbols). In contrast Definition 7.4 confronts
us with the definition of the minimal geodetic distance solution (MINGEODISC)
on S

2. Lemma 7.7 relates to the corresponding nonlinear normal equations which
are solved in a closed form via Lemma 7.8, again taking advantage of the Gauss
brackets.

Definition 7.1. (minimum geodesic distance: S1):

A point �g 2 S
1 is called at minimum geodesic distance to other points �i 2

S
1; i 2 f1; � � � ; ng if the circular distance function

L.�g/ WD
nX
iD1

2.1� cos�i/ D
nX
iD1

2Œ1 � cos.�i ��g/� D min
�g

(7.26)

is minimal.

�g D arg

(
nX
iD1

2.1� cos�i/ D min j cos�i D cos.�i ��g/

)
(7.27)

Lemma 7.2. (minimum geodesic distance, normal equation: S1):

A point �g 2 S
1 is at minimum geodesic distance to other points �i 2 S

1; i 2
f1; � � � ; ng if �g D x fulfils the normal equation

� sin x

 
nX
iD1

cos�i

!
C cosx

 
nX
iD1

sin�i

!
D 0: (7.28)

Proof. �g is generated by means of the Lagrangean (loss function)

L.x/ WD
nX
iD1

2Œ1 � cos.�i � x/�

D 2n � 2 cosx
nX
iD1

cos�i � 2 sinx
nX
iD1

sin�i D min
x
:

The first derivatives

dL.x/
dx

.�g/ D 2 sin�g

nX
iD1

cos�i � 2 cos�g

nX
iD1

sin�i D 0
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constitute the necessary conditions. The second derivative

d2L.x/
dx2

.�g/ D 2 cos�g

nX
iD1

cos�i C 2 sin�g

nX
iD1

sin�i > 0

builds up the sufficiency condition for the minimum at �g .

Lemma 7.3. (minimum geodesic distance, solution of the normal equation:
S
1):

Let the point�g 2 S
1 be at minimum geodesic distance to other points�i 2 S

1; i 2
f1; � � � ; ng. Then the corresponding normal equation (7.28) is uniquely solved by

tan�g D Œsin��=Œcos��; (7.29)

such that the circular solution point is

Xg D e1 cos�g C e2 sin�g D 1p
Œsin��2 C Œcos��2

fe1Œcos��C e2Œsin��g
(7.30)

with respect to the Gauss brackets

Œsin��2 WD
 

nX
iD1

sin�i

!2
(7.31)

Œcos��2 WD
 

nX
iD1

cos�i

!2
: (7.32)

Next we generalize MINGEODISC .p D 1/ on S
1 to MINGEODISC .p D 2/

on S
1.

Definition 7.4. (minimum geodesic distance: S2):

A point .�g; ˚g/ 2 S
2 is called at minimum geodesic distance to other points

.�g; ˚g/ 2 S
2; i 2 f1; � � � ; ng if the spherical distance function

L.�g; ˚g/ WD
nX
iD1

2.1� cos�i/ (7.33)

D
nX
iD1

2Œ1 � cos˚i cos˚g cos.�i ��g/� sin˚i sin˚g� D min
�g;˚g

is minimal.
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.�g; ˚g/ D arg f
nX
iD1

2.1 � cos�i/ D min j (7.34)

j cos�i D cos˚i cos˚g cos.�i ��g/C sin˚i sin˚gg:

Lemma 7.5. (minimum geodesic distance, normal equation: S2):

A point .�g; ˚g/ 2 S
2 is called at minimum geodesic distance to other points

.�g; ˚g/ 2 S
2; i 2 f1; � � � ; ng if �g D x1; ˚g D x2 fulfils the normal equations

� sinx2 cosx1
nP
iD1

cos˚i cos�i � sinx2 sinx1
nP
iD1

cos˚i sin�i

C cosx2
nP
iD1

sin˚i D 0
(7.35)

cos x2 cosx1

nX
iD1

cos˚i sin�i � cos x2 sin x1

nX
iD1

cos˚i cos�i D 0: (7.36)

Proof. .�g;˚g/ is generated by means of the Lagrangean (loss function)

L.x1; x2/ W D
nX
iD1

2Œ1 � cos˚i cos�i cos x1 cos x2

� cos˚i sin�i sin x1 cosx2 � sin˚i sin x2�

D 2n � 2 cosx1 cos x2

nX
iD1

cos˚i cos�i

�2 sinx1 cos x2

nX
iD1

cos˚i sin�i � 2 sinx2

nX
iD1

sin˚i :

The first derivatives

@L.x/
@ x1

.�g;˚g/ D 2 sin�g cos˚g

nX
iD1

cos˚i cos�i

�2 cos�g cos˚g

nX
iD1

cos˚i sin�i D 0

@L.x/
@ x2

.�g;˚g/ D 2 cos�g sin˚g

nX
iD1

cos˚i cos�i
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C2 sin�g sin˚g

nX
iD1

cos˚i sin�i

�2 cos˚g

nX
iD1

sin˚i D 0

constitute the necessary conditions. The matrix of second derivative

@2L.x/
@ x@ x0 .�g;˚g/ 	 0

builds up the sufficiency condition for the minimum at .�g; ˚g/.

@2L.x/
@ x21

.�g;˚g/ D 2 cos�g cos˚gŒcos˚ cos��

C2 sin�g cos˚gŒcos˚ sin��

@2L.x/
@ x1x2

.�g;˚g/ D �2 sin�g sin˚gŒcos˚ cos��

C2 cos�g sin˚gŒcos˚ sin��

@2L.x/
@ x22

.�g;˚g/ D 2 cos�g cos˚gŒcos˚ cos��

C2 sin�g cos˚gŒcos˚ sin��

C sin˚gŒsin˚�:

Lemma 7.6. (minimum geodesic distance, solution of the normal equation:
S
2):

Let the point .�g; ˚g/ 2 S
2 be at minimum geodesic distance to other points

.�g; ˚g/ 2 S
2; i 2 f1; � � � ; ng. Then the corresponding normal equations (7.35),

(7.36) are uniquely solved by

tan�g D Œcos˚ sin��=Œcos˚ cos�� (7.37)

tan˚g D Œsin˚�p
Œcos˚ cos��2 C Œcos˚ sin��2

such that the circular solution point is

Xg D e1 cos˚g cos�g C e2 cos˚g sin�g C e3 sin˚g

D 1p
Œcos˚ cos��2 C Œcos˚ sin��2 C Œsin˚�2

� (7.38)

�fe1Œcos˚ cos��2 C e2Œcos˚ sin��2 C e3Œsin˚�g
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subject to

Œcos˚ cos�� WD
nX
iD1

cos˚i cos�i (7.39)

Œcos˚ sin�� WD
nX
iD1

cos˚i sin�i (7.40)

Œsin˚� WD
nX
iD1

sin˚i :

7-3 Special Models: From the Circular Normal Distribution
to the Oblique Normal Distribution

First, we present a historical note about the von Mises distribution on the circle.
Second, we aim at constructing a two-dimensional generalization of the Fisher
circular normal distribution to its elliptic counterpart. We present 5 lemmas
of different type. Third, we intend to prove that an angular metric fulfils the four
axioms of a metric.

7-31 A Historical Note of the von Mises Distribution

Let us begin with a historical note:

The von Mises Distribution on the Circle

In the early part of the last century, Richard von Mises (1918) considered the table
of the atomic weights of elements, seven entries of which are as follows (Table 7.1):

He asked the question “Does a typical element in some sense have integer atomic
weight ?” A natural interpretation of the question is “Do the fractional parts of
the weight cluster near 0 and 1?” The atomic weight W can be identified in a
natural way with points on the unit circle, in such a way that equal fractional parts
correspond to identical points. This can be done under the mapping

W ! xeD
�

cos �1
sin �1

�
; �1 D 2�.W � ŒW �/;

where Œu� is the largest integer not greater than u. Von Mises’ question can now be
seen to be equivalent to asking “Do this points on the circle cluster near eeD Œ1 0�0?”.
Incidentally, the mappingW ! xecan be made in another way:

W ! xeD
�

cos �2
sin �2

�
; �2 D 2�.W � ŒW C 1

2
�/:
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Table 7.1

Element Al Sb Ar As Ba Be Bi

Atomic Weight W 26.98 121.76 39.93 74.91 137.36 9.01 209.00

Table 7.2

Element Al Sb Ar As Ba Be Bi Average

�1=2� 0.98 �0.76 �0.93 �0.91 0.36 0.01 0.00 N�1=2� D 0:566
�2=2� �0.02 �0.24 �0.06 �0.09 0.36 0.01 0.00 N�2=2� D 0:006

The two sets of angles for the two mappings are then as follows (Table 7.2):
We note from the discrepancy between the averages in the final column that our

usual ways of describing data, e.g., means and standard deviations, are likely to fail
us when it comes to measurements of direction.

If the points do cluster near ee1 then the resultant vector ˙N
jD1xej .here ND 7/

should point in that direction, i.e., we should have approximately Nxe=jjxejj D ee1,
where NxeD ˙xej =N and jjxejj D .xe

0

xe/1=2 is the length of xe. For the seven elements
whose weights are considered here, we find

Nxe=jjxejj D
�
0:9617

�0:2741
�
D
�

cos 344:09ı
sin 344:09ı

�
D
�

cos�15:91ı
sin �15:91ı

�
;

a direction not far removed from ee1. Von Mises then asked “For what distribution of

the unit circle is the unit vector O� D Œcos O�0 sin O�0�0 D Nxe=jjxejj a maximum likelihood
estimator (MLE) of a direction �0 of clustering or concentration ?” The answer is
the distribution now known as the von Mises or circular normal distribution. It has
density, expressed in terms of random angle � ,

expfk cos.� � �0/g
I0.k/

d�

2�
;

where �0 is the direction of concentration and the normalizing constant I0.k/ is a
Bessel function. An alternative expression is

exp.kxe0�e/
I0.k/

dS

2�
; �e D

"
cos O�0
sin O�0

#
; jjxjj D 1:

Von Mises’ question clearly has to do with the truth of the hypothesis

H0 W �0 D 0 or � D e1 D
�
1

0

�
:
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It is worth mentioning that Fisher found the same distribution in another context
(Fisher, 1956, SMSI, pp. 133–138) as the conditional distribution of xe, given
kxek D 1 when xe is N2.¯e; k�1I2/.

7-32 Oblique Map Projection

A special way to derive the general representation of the two-dimensional general-
ized Fisher sphere is by forming the general map of S2 onto R

2. In order to follow a
systematic approach, let us denote

by fA;�g the “real” meta- versus by f˛; rg resp. fx; yg,
longitude/meta-colatitude the meta-longitude/meta-
representing a point on the latitude representing the plane
sphere given by f��;�˚ g mapped values on the tangential

given by f��;�˚ g, alternatively
by its polar coordinates fx; yg

At first, we want to derive the equations generating an oblique map projection of S2R
onto T0S

2
R of equiareal type.

˛ D A; r D 2R sin�=2

versus

x D 2R sin�=2 cosA
y D 2R sin�=2 sinA:

Second, we intend to derive the transformation from the local surface element
dAd� sin� to the alternate local surface element jJjd˛dr sin�.˛; r/ by means of
the inverse Jacobian determinant

2
64
d˛

dA
0

0
dr

d�

3
75 D jJ�1j � jJj D

2
64
dA

d˛
0

0
d�

dr

3
75

J�1 D

2
64
@˛

@A

@˛

@�
@r

@A

@r

@�

3
75 D

�
DA˛ 0

0 D�r

�

J D
�
D˛A DrA

D˛� Dr�

�
D
"
1 0

0 1
R cos�=2

#
; jJj D 1

R cos�=2
:

Third, we read the inverse equations of an oblique map projection of S2
R

of equiareal
type.
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A D ˛; sin
�

2
D r

2R
; cos

�

2
D
r
1 � r2

4R2

sin� D 2 sin
�

2
cos

�

2
D 2 sin

�

2

r
1 � sin2

�

2
D r

R
�
r
1 � r2

4R2
:

We collect our basic results in a few lemmas.

Lemma 7.7.

dAd� sin� D rd˛dr

R2

Lemma 7.8. (oblique azimuthal map projection of S2
R
/ of equiareal type):

direct equations

˛ D A; r D 2R sin�=2

inverse equations

A D ˛; sin� D r

R

r
1 �

� r
2R


2
:

Lemma 7.9.

dAd� sin� D 1

R2
dxdy D d˛ rdr

R2
:

Lemma 7.10. (oblique azimuthal map projection of S2
R
/ of equiareal type):

direct equations

x D 2R sin
�

2
cosA; y D 2R sin

�

2
sinA

inverse equations

tanA D y

x
; sin

�

2
D 1

2R

p
x2 C y2

sin� D 1

R

p
x2 C y2

r
1 � x

2 C y2
4R2

D 1

2R2

p
x2 C y2

p
4R2 � .x2 C y2/:
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Fig. 7.1 Left: Tangential plane. Right: Tangential plane

Lemma 7.11. (change from one chart in another chart (“cha-cha-cha”),
Kartenwechsel):

The direct equations of the transformation of spherical longitude and spherical
latitude f��; ˚�g into spherical meta-longitude and spherical meta-colatitude
fA; �g are established by

�
cotA D Œ� cos˚ tan˚� C sin˚ cos.�� ��/�= sin.�� ��/
cos� D cos˚ cos˚� cos.�� ��/C sin˚ sin˚�/

with respect to a meta-North pole f�;˚g. In contrast, the inverse equations of the
transformation of spherical meta-longitude and spherical meta-colatitude fA;�g
into spherical longitude and spherical latitude f��; ˚�g read

�
cot.�� ��/ D Œ� sin˚ cosAC cos˚ cot��= sinA
sin˚� D sin˚ cos� C cos˚ sin� cosA :

We report two key problems (Fig. 7.1).
First, in the plane located at .��; �˚/ we place the circular normal distribution

x D 2.1� cos�/ cosA D r.�/ cos˛
y D 2.1� cos�/ sinA D r.�/ sin ˛

or

A D ˛; r D 2.1� cos�/

as an alternative. A natural generalization towards an oblique normal distribution
will be given by

x D x� cos " � y� sin " x� D x cos "C y sin "

or

y� D �x sin "C y cos " y D x� sin "C y� cos "
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and

.x�/2�x C .y�/2�y D .x cos "C y sin "/2�x C .�x sin "C y cos "/2�y

D x2 cos2 " �x C x2 sin2 " �y C y2 sin2 " �x C y2 cos2 " �y

Cxy.sin " cos " �x � sin " cos " �y/

D x2.cos2 " �x C sin2 " �y/C y2.sin2 " �x C cos2 " �y/

Cxy sin " cos ".�x � �y/:

The parameters .�x; �y/ determine the initial values of the elliptic curve
representing the canonical data set, namely .1=

p
�x; 1=

p
�y/. The circular normal

distribution is achieved for the data set �x D �y D 1:
Second, we intend to transform the representation of coordinates of the oblique

normal distribution from Cartesian coordinates in the oblique equatorial plane to
curvilinear coordinates in the spherical reference frame:

x2.cos2 "�x C sin2 "�y/C y2.sin2 "�xC cos2 " �y/C xy sin " cos ". �x � �y/
D r2 cos2 ˛.cos2 " �x C sin2 " �y/C r2 sin2 ˛.sin2 " �x C cos2 " �y/

C r2 sin ˛ cos˛ sin " cos ". �x � �y/
D r2.�;A/ cos2 A.cos2 "�x C sin2 "�y/Cr2.�;A/ sin2 A.sin2 "�xC cos2 "�y/

C r2.�;A/ sinA cosA sin " cos ".�x � �y/:

Characteristically, the radical component r.�;A/ be a function of the colatitude �
and of the azimuth A. The angular coordinate is preserved, namely ˛ D A. Here,
our comments on the topic of the oblique normal distribution are finished.

7-33 A Note on the Angular Metric

We intend to prove that an angular metric fulfils all the four axioms of a metric. Let
us begin with these axioms of a metric, namely

cos˛ D < xjy >
jjxjj jjyjj ;80 � ˛ � � , ˛ D arccos�1 < xjy >

jjxjj jjyjj
based on Euclidean metric forms. Let us introduce the distance function

d

�
x
jjxjj ;

y
jjyjj

	
D arccos

< xj y >
jjxjj jjyjj
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to fulfill
M1 W d.x; y/ 	 0
M2 W d.x; y/ D 0, x D y
M3 W d.x; y/ D d.y; x/
M4 W d.x; z/ � d.x; y/C .y; z/ W Triangular Inequality:

Assume jjxjj2 D jjyjj2 D jjzjj2 D 1: Axioms M1 and M3 are easy to prove, Axiom
M 2 is not complicated, but the Triangular Inequality requires work. Let x; y; z2
X; ˛ D d.x; y/; ˇ D d.y; z/and� D d.x; z/, i.e.

˛; ˇ; � 2 Œ0; ��;
cos˛ D< x; y >; cosˇ D< y; z >; cos � D< x; z > :

We wish to prove � � ˛ C ˇ. This result is trivial in the case cos 	 � , so we
may assume ˛ C ˇ 2 Œ0; ��. The third desired inequality is equivalent to cos � 	
cos.˛ C ˇ/. The proof of the basic formulas relies heavily on the properties of the
inverse product:

< uC u0; v >D< u; v > C < u0; v >
< u; vC v0 >D< u; v > C < u; v0 >
< �u; v > D � < u; v > D < u; �v >

3
5 for all u;u0; v; v0 2 R

3; and � 2 R:

Define x0; z0 2 R
3 by x D .cos˛/yC x0; z D .cosˇ/y � z0; then

< x0; z0 >D< x � .cos˛/y;�zC .cosˇ/y >
D � < x; z > C.cos˛/ < y; z > C.cosˇ/ < x; y > �.cos˛/.cosˇ/ < y; y >
D � cos � C cos˛ cosˇ C cos˛ cosˇ � cos˛ cosˇ D cos � C cos˛ cosˇ:

In the same way

jjx0jj2 D< x; x0 >D 1 � cos2 ˛ D sin2 ˛

so that, since 0 � ˛ � �; jjx0jj D sin ˛: Similarly, jjz0jj D sinˇ: But by
Schwarz’ Inequality,< x0; z0 >� jjx0jj jjz0jj: It follows that cos � 	 cos˛ cosˇ �
sin ˛ sinˇ D D cos.˛ C ˇ/ and we are done!

7-4 Case Study

Table 7.3 collects 30 angular observations with two different theodolites. The first
column contains the number of the directional observations �i ; i 2 f1; : : : ; 30g;
n D 30. The second column lists in fractions of seconds the directional data,
while the third column/fourth column is a printout of cos�i= sin�i . Table 7.4
is a comparison of �g and O� as the arithmetic mean. Obviously, on the level of
concentration of data, �g and O� are nearly the same.
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Table 7.3 (The directional observation data using two theodolites and its
calculation):

No.

Theodolite 2Theodolite 1

Valueof
Observation

(Λi)
cos Λi sin Λi

Valueof
observation

(Λi)
cos Λi sin Λi

1 76º42′ 17.2′′ 0.229969 0.973198 76º42′19.5′′ 0.229958 0.973201

2 19.5 0.229958 0.973201 19.0 0.229960 0.973200
3 19.2 0.229959 0.973200 18.8 0.229961 0.973200
4 16.5 0.229972 0.973197 16.9 0.229970 0.973198
5 19.6 0.229957 0.973201 18.6 0.229962 0.973200
6 16.4 0.229972 0.973197 19.1 0.229960 0.973200
7 15.5 0.229977 0.973196 18.2 0.229964 0.973199
8 19.9 0.229956 0.973201 17.7 0.229966 0.973199
9 19.2 0.229959 0.973200 17.5 0.229967

0.229962
0.973198

10 16.8 0.973198 18.6 0.973200
11 15.0 0.229979

0.229970
0.973196 16.0 0.229974 0.973197

12 16.9 0.229970 0.973198 17.3 0.229968 0.973198
13 16.6 0.229971 0.973197 17.2 0.229969 0.973198
14 20.4 0.229953 0.973202 16.8 0.229970 0.973198
15 16.3 0.229973 0.973197 18.8 0.229961 0.973200
16 16.7 0.229971 0.973197 17.7 0.229966 0.973199
17 16.0 0.229974 0.973197 18.6 0.229962 0.973200
18 15.5 0.229977 0.973196 18.8 0.229961 0.973200
19 19.1 0.229960 0.973200 17.7 0.229966 0.973199
20 18.8 0.229961

0.229962
0.973200 17.1 0.229969

0.229970
0.973198

18.7 0.973200 16.9 0.973198
22
22

19.2 0.229959 0.973200 17.6 0.229967 0.973198
23 17.5 0.229967 0.973198 17.0 0.229970 0.973198
24
25

16.7 0.229971 0.973197 17.5 0.229967 0.973198
19.0 0.229960

0.229970
0.973200 18.2 0.229964 0.973199

16.8 0.973198 18.3 0.973199
27
26

19.3 0.229959 0.973200 19.8 0.229956
0.229963

0.973201
28 20.0 0.229955 0.973201 18.6 0.229962 0.973200
29 17.4 0.229968 0.973198 16.9 0.229970 0.973198
30 16.2 0.229973 0.973197 16.7 0.229971 0.973197

∑ 6.898982 29.195958 6.898956 29.195968
Λ̂ L =

76º42′17.91′′
ŝ = ± 0.94′′

Λ̂ L =
76º42′17.73′′
ŝ = ± 1.55′′

“The precision of the theodolite two is higher compared to the theodolite one”.
Alternatively, let us present a second example. Let there be given observed azimuths
�i and vertical directions ˚i , by Table 7.3 in detail. First, we compute the solution
of the optimization problem (Table 7.5)
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Table 7.4 (Computation of theodolite data Comparison of O�and �g):

Left data set versus Right data set

Theodolite1 W O� D 76ı42017:7300; Os D 1:5500

Theodolite2 W O� D 76ı42017:9100; Os D 0:9400

Table 7.5 (Data of type azimuth �i and vertical direction ˚i ):

�i ˚i �i ˚i

124ı9 88ı1 125ı0 88ı0
125ı2 88ı3 124ı9 88ı2
126ı1 88ı2 124ı8 88ı1
125ı7 88ı1 125ı1 88ı0

nX
iD1

2.1� cos�i/ D
nX
iD1

2Œ1 � cos˚i cos˚� cos.�i ���/ � sin˚i sin˚��

D min
��; ˚�

subject to values of the central direction

tan O�D

nP
iD1

cos˚i sin�i

nP
iD1

cos˚i cos�i

; tan O̊ D

nP
iD1

sin˚i
s�

nP
iD1

cos˚i cos�i

	2
C
�

nP
iD1

cos˚i sin�i

	2 :

This accounts for measurements of data on the horizontal circle and the vertical
circle being Fisher normal distributed. We want to tackle two problems:

Problem 1: Compare . O�; O̊ / with the arithmetic mean . N�; N̊ / of the data
set. Why do the results not coincide?
Problem 2: In which case . O�; O̊ / and . N�; N̊ / do coincide?

Solving Problem 1

Let us compute

. N�; N̊ / D .125ı:212; 5; 88ı:125/ and . O�; O̊ /
D .125ı:206; 664; 5; 88ı:125; 050; 77/

j
�j D 0ı:005; 835; 5D 2100:007; 8;

j
˚ j D 0ı:000; 050; 7D 000:18:
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The results do not coincide due to the fact that the arithmetic means are obtained by
adjusting direct observations with least-squares technology.

Solving Problem 2

The results do coincide if the following conditions are met.

• All vertical directions are zero
• O� D N� if the observations �i ;˚i fluctuate only “a little” around the constant

value �0;˚0
• O� D N� if ˚i D const:
• O̊ D N̊ if the fluctuation of �i around �0 is considerably smaller than the

fluctuation of ˚i around ˚0.

Note the values

8X
iD1

cos˚i sin�i D 0:213; 866; 2I
� 8X
iD1

cos˚i sin�i


2 D 0:045; 378; 8

8X
iD1

cos˚i cos�i D �0:750; 903; 27I
� 8X
iD1

cos˚i cos�i


2 D 0:022; 771; 8
8X
iD1

cos˚i D 7:995; 705; 3

and

�i D �0 C ı�i versus ˚i D ˚0 C ı˚i
Nı N� D 1

n

nX
iD1

ı�i versus Nı N̊ D 1

n

nX
iD1

ı˚i

nX
iD1

cos˚i sin�i D n cos˚0 sin�0 C cos˚0 cos�0

nX
iD1

ı�i

� sin˚0 sin�0

nX
iD1

ı˚i

D n cos˚0.sin�0 C ı� cos�0 � ı˚ tan�0 sin�0/

nX
iD1

cos˚i cos�i D n cos˚0 cos�0 � cos˚0 sin�0

nX
iD1

ı�i

� sin˚0 sin�0

nX
iD1

ı˚i

D n cos˚0.cos�0 � ı� sin�0 � ı˚ tan�0 cos�0/
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tan O� D sin�0 C Nı N� cos�0 � Nı N̊ tan˚0 sin�0

cos�0 � Nı N� sin�0 � Nı N̊ tan˚0 cos�0

tan N� D sin�0 C Nı N� cos�0

cos�0 � Nı N� sin�0

.
nP
iD1

cos˚i sin�i/
2 C .

nP
iD1

cos˚i cos�i/
2

D n2.cos2 ˚0 C cos2 ı�
2 C sin2 ı˚ � 2 sin˚0 cos ı˚/

nX
iD1

sin˚i D n sin˚0 C Nı N̊ cos˚0

tan O̊ D n sin˚0 C Nı N̊ cos˚0

n
p

cos2 ˚0 C Nı N�2 cos2 ˚0 C Nı N̊ 2 sin2 ˚0 � 2 Nı N̊ sin˚0 cos˚0

tan N̊ D sin˚0 C Nı N̊ cos˚0
cos˚0 � Nı N̊ sin˚0

:

In consequence, O� ¤ N�; O̊ ¤ N̊ holds in general.
At the end we will summarize to additional references like E. Batschelet (1965),

T.D. Downs and A.L. Gould (1967), E.W. Grafarend (1970), E.J. Gumbel et al
(1953), P. Hartmann et al (1974), and M.A. Stephens (1969).

Comments

Data on the circle or on the sphere are examples for measurements of a Riemann
manifold with curvature called RIEMANN of dimension p. A circle is a Riemann
manifold if dimensionp D 1, but a sphere a Riemann manifold of dimensionp D 2.
A minimum atlas of the circle can be constructed by two charts, a minimum atlas
of the sphere again by two charts. In simple words, we need two charts to cover the
circle or the sphere. For instance, by the stereographic projection of the following
type.

.i/First Chart

Stereographic projection with projection centre at the South pole and projection
plane at the North pole.

.ii/ Second Chart

Stereographic projection with projection centre at the North pole and projection
plane at the South pole.

An illustration is referred to E. Grafarend and F. Krumm (pages 168f, 211f and
217f (2006)). These projections are classified as conformal, they establish a con-
formism. A p-dimension of type von Mises–Fisher (or Langevin, in G.S. Watson’s
terminology) distribution Mp.��/ is a uniform distribution if
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f .xI�; �/ D
��
2


.p�1/=2 1

T .
p�1
2
/I.

p�1
2
/.�/

exp.� < �jx >/

holds. The embedding of a p-dimension Riemann manifold into a p.p C 1/-
dimensional Euclidean manifold is an important issue. For instance

p D 1) Riemann M1, Euclid E1

p D 2) Riemann M2, Euclid E3

p D 3) Riemann M3, Euclid E4

p D 4) Riemann M4 , Euclid E10:

.Ex W relativity/

K.V. Mardia and P.E. Jupp (2000) mention applications of the von Mises–Fisher
distribution in

Earth Sciences, meteorology, biology, physics, psychology, image analysis and
astronomy.

For instance, GPS (Global Positioning System) for the analysis of phase observa-
tions (J. Cai and E. Grafarend 2007) is a very important area of research as well as
the diagnosis of directional data in gravitostatics, magnetostatics, and electrostatics
and in problems dealing with spherical harmonics, both in synthetic as well as in
analysis, namely Fourier and Fourier–Legendre series.

An open question is still the type of distribution on other Riemann manifolds like
ellipse, hyperbola or ellipsoid hyperboloids, one sided or two sided, for instance.
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Chapter 8
The Fourth Problem of Probabilistic Regression

Special Gauss–Markov model with random effects

Setup of BLIP and VIP for the central moments of first order

The random effect model as a special Gauss-Markov model with random effects
is an extension of the classical Gauss-Markov model: both effect, namely the
vector y of observations as well as the vector of the regressor z (derived from
the German “Zufall”) are random. Box 1 is a review of the model. Solutions are
offered as (a) homogeneous best linear, minimum mean square predictor (hom
BLIP), (b) homogeneous S-weighted best linear, minimum mean square predictor
(hom S-BLIP) and (c) homogeneous˛-weighted linear predictor (hom ˛-VIP). Over
we take advantage of C.R. Rao’s definition of “bias in the mean” by his substitute
matrix S. Essential is the decomposition.

QZ � Z D L.y � Efyg/� .z � Efzg/� ŒIl � LC�Efzg

As well as the Mean Square Prediction Error, the modified Mean Square Prediction
Error and the related Frobenius matrix norms. Another decomposition is essential:
MSPE fzNg can be divided in three components:

1. The dispersion matrix DfzNg
2. The dispersion matrix Dfzg
3. The bias product ““0

zN hom BLIP of z, zN S-hom BLIP and Qz normhybrid min var-min bias, ˛-
weighted or hom ˛-VIP are defined in Definitions 8.1–8.3. Theorems 8.5–8.7 collect
the related representations of the solutions for the moments of first order. The open
problem which is left, namely the choice of weight of the bias matrix, manifest of
the weight factor. We discuss the A-optimal design of

• tr D(zN/ D min
• ““0 D min
• tr MSPEfzNg D min˛

While the theory of the random effect model is well established, this is not true
for various applications. Therefore, we pay attention to three examples.

The first example concentrates on three cases of nonlinear scalar error propa-
gation with the random effect model. In case 1, we assume the mean value �z is
known, while for case 2 this value is unknown. Case 3 is built on �z unknown, but
z0 known as a random effect approximation.

The second example is oriented to nonlinear vector-valued error propagation
with random effect model taken from a geoinformatics, the quality design of a nearly
rectangular planar surface element. We pose two questions:

E. Grafarend and J. Awange, Applications of Linear and Nonlinear Models,
Springer Geophysics, DOI 10.1007/978-3-642-22241-2 8,
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1. What is the structure of the variance-covariance matrix?
2. How to approximate the chosen criterion matrix in terms of absolute coordinates?

We have chosen a statical homogeneous and isotropic network of Taylor-
Karman type within two dimensions.

The third example treats nonlinear vector valued error propagation with random
effects applied to two-dimensional distance network. We have computed the Jacobi
as well as the Hesse matrix for the Taylor-Karman structured criterion matrix.

Fast track reading : Read only Theorems 8.5, 8.6 and 8.7.

Lemma 8.4
hom BLIP, hom S-BLIP

and hom α-VIP 

Definition 8.1
z: hom BLIP of z~

Theorem  8.5
z: hom BLIP of z

Definition  8.2
z: S-hom BLIP of z~

Theorem 8.6
z: S-hom BLIP of z

Definition  8.3
z: hom α-VIP of z~

Theorem 8.7
z: hom α-VIP of z ~

~

~

The general model of type “fixed effects”, “random effects” and “error-in-
variables” will be presented in our final chapter: Here we focus on “random effects”
(Fig. 8.1).

8-1 The Random Effect Model

Let us introduce the special Gauss–Markov model with random effects y D Cz C
ey � Cez specified in Box 8.1. Such a model is governed by two identities,
namely the first identity CEfzg D Efyg of moments of first order and the second
identityDfy � Czg C CDfzgC0 D Dfyg of central moments of second order.
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Fig. 8.1 Magic triangle

The first order moment identity CEfzg D Efyg relates the expectation Efzg of
the stochastic, real-valued vector z of unknown random effects (“Zufallseffekte”)
to the expectation Efyg of the stochastic, real-valued vector y of observations by
means of the non-stochastic (“fixed”) real-valued matrix C 2 R

n�l of rank C D
1; n DD dimY is the dimension of the observation space Y, l D dimZ the dimen-
sion of the parameter spaceZ of random effects z. The second order central moment
identity †y�Cz C C†zC0 D †y relates the variance-covariance matrix†y�Cz of
the random vector y�Cz, also called dispersion matrixDfy�Czg and the variance-
covariance matrix†z of the random vector z, also called dispersion matrixDfzg, to
the variance-covariance matrix †y of the random vector y of the observations, also
called dispersion matrixDfyg. In the simple random effect model we shall assume
(i) rk†y D n and (ii) C fy; zg D 0, namely zero correlation between the random
vector y of observations and the vector z of random effects. (In the random effect
model of type Kolmogorov–Wiener we shall give up such a zero correlation.) There
are three types of unknowns within the simple special Gauss–Markov model with
random effects: (i) the vector z of random effects is unknown, (ii) the fixed vectors
Efyg; Efzg of expectations of the vector y of observations and of the vector z of
random effects (first moments) are unknown and (iii) the fixed matrices †y; †z of
dispersion matricesDfyg; Dfzg (second central moments) are unknown.

Box 8.1. (Special Gauss–Markov model with random effects):

y D CzC ey � Cez

Efyg D CEfzg 2 R
n

Dfyg D Dfy �Czg C CDfzgC0 2 R
n�n

C fy; zg D 0
z; Efzg; Efyg; †y�Cz; †z unknown

dim R.C0/ D rkC D l:
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Here we focus on best linear predictors of type hom BLIP, hom S-BLIP and hom
˛-VIP of random effects z, which turn out to be better than the best linear uniformly
unbiased predictor of type hom BLUUP. At first let us begin with a discussion
of the bias vector and the bias matrix as well as of the Mean Square Prediction
Error MSPEfQzgwith respect to a homogeneous linear prediction Qz D Ly of random
effects z based upon Box 8.2.

Box 8.2. (Bias vector, bias matrix Mean Square Prediction Error in the spe-
cial Gauss–Markov model with random effects)

Efyg D CEfzg (8.1)

Dfyg D Dfy� Czg C CDfzgC0 (8.2)

“ansatz”

Qz D Ly (8.3)

bias vector

ˇ WD EfQz� zg D EfQzg �Efzg (8.4)

ˇ D LEfyg � Efzg D �ŒI` � LC�Efzg (8.5)

bias matrix

B WD I` � LC (8.6)

decomposition

Qz � z D
Qz � EfQzg � .z � Efzg/C .EfQzg �Efzg/ (8.7)

Qz � z D
L.y � Efyg/� .z � Efzg/� ŒI` � LC�Efzg (8.8)

Mean Square Prediction Error

MSPEfQzg WD Ef.Qz � z/.Qz � z/0g (8.9)

MSPEfQzg D LDfygL0 CDfzg C ŒI` � LC�EfzgEfzg0ŒI` � LC�0 (8.10)

.C fy; zg D 0; EfQz� EfQzgg D 0; Efz� Efzgg D 0/
modified Mean Square Prediction Error

MSPESfQzg WD LDfygL0 CDfzg C ŒI` � LC�S ŒI` � LC�0 (8.11)



8-1 The Random Effect Model 387

Frobenius matrix norms

jjMSPEfQzgjj2 WD trEf.Qz� z/.Qz � z/0g (8.12)

jjMSPEfQzgjj2
D tr LDfygL0 C trDfzg C tr ŒI` � LC�EfzgEfzg0ŒI` � LC�0
D jjL0jj2˙y

C jj.I` � LC/0jj2
Ef.z/E.z/0 C trEf.z �Efzg/.z� Efzg/0g

(8.13)

jjMSPESfQzgjj2 W
WD tr LDfygL0 C tr ŒI` � LC�SŒI` � LC�0 C trDfzg
D jjL0jj2˙y

C jj.I` � LC/0jj2S C trEf.z� Efzg/.z�Efzg/0g
(8.14)

hybrid minimum variance – minimum bias norm
˛-weighted

L.L/ WD jjL0jj2˙y
C 1

˛
jj.I` � LC/0jj2S (8.15)

special model

dim R.SC0/ D rkSC0 D rkC D l: (8.16)

The bias vector ˇ is conventionally defined byEfQzg�Efzg subject to the homo-
geneous prediction form QzDLy. Accordingly the bias vector can be represented
by (8.5) ˇ D �ŒI` � LC�Efzg. Since the expectation Efzg of the vector z of
random effects is unknown, there has been made the proposal to use instead the
matrix I` � LC as a matrix-valued measure of bias. A measure of the prediction
error is the Mean Square prediction error MSPEfQzg of type (8.9).MSPEfQzg can be
decomposed into three basic parts:

• The dispersion matrix DfQzg D LDfygL0
• The dispersion matrix Dfzg
• The bias product ˇˇ0.

Indeed the vector Qz � z can also be decomposed into three parts of type (8.7),
(8.8) namely (i) Qz � EfQzg, (ii) z � Efzg and (iii) EfQzg � Efzg which may
be called prediction error, random effect error and bias, respectively. The triple
decomposition of the vector Qz � z leads straightforward to the triple representation
of the matrix MSPEfQzg of type (8.10). Such a representation suffers from two
effects: Firstly the expectation Efzg of the vector z of random effects is unknown,
secondly the matrix EfzgEfz0g has only rank 1. In consequence, the matrix ŒI` �
LC�EfzgEfzg0ŒI` �LC�0 has only rank 1, too. In this situation there has made the
proposal to modify MSPEfQzg by the matrix EfzgEfz0g and by the regular matrix
S.MSPEfQzg has been defined by (8.11). A scalar measure ofMSPEfQzg as well as
MSPEfQzg are the Frobenius norms (8.12), (8.13), (8.14). Those scalars constitute
the optimal risk in Definition 8.1 (hom BLIP) and Definition 8.2 (hom S-BLIP).
Alter-natively a homogeneous ˛-weighted hybrid minimum variance–minimum
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min bias min variancebalance
between variance and bias

Fig. 8.2 Balance of variance and bias by the weight factor ˛

bias prediction (hom VIP) is presented in Definition 8.3 (hom ˛-VIP) which is based
upon the weighted sum of two norms of type (8.15), namely

• Average variance jjL0jj2˙y
D t rL˙yL0

• Average bias jj.I` � LC/0jj2S D t r ŒI` � LC�S ŒI` � LC�0.

The very important predictor ˛-VIP is balancing variance and bias by the weight
factor ˛ which is illustrated by Fig. 8.2.

Definition 8.1. (Qz hom BLIP of z):

An l1 vector Qz is called homogeneous BLIP of z in the special linear Gauss–
Markov model with random effects of Box 8.1, if
(1st) Qz is a homogeneous linear form

Qz D Ly; (8.17)

(2nd) in comparison to all other linear predictions Qz has the minimum Mean Square
Prediction Error in the sense of

jjMSPEfQzgjj2 D tr LDfygL0 C trDfzg C tr ŒI` � LC�EfzgEfzg0ŒI` � LC�0

D jjL0jj2˙y
Cjj.I`�LC/0jj2Ef.z/E.z/0CtrEf.z�Efzg/.z�Efzg/0g:

(8.18)

Definition 8.2. (Qz S-hom BLIP of z):

An l1 vector Qz is called homogeneous S-BLIP of z in the special linear Gauss–
Markov model with random effects of Box 8.1, if
(1st) Qz is a homogeneous linear form

Qz D Ly; (8.19)

(2nd) in comparison to all other linear predictions Qz has the minimum S-modified
Mean Square Prediction Error in the sense of
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jjMSPESfQzgjj2
WD tr LDfygL0 C tr ŒI` � LC�SŒI` � LC�0 C trEf.z �Efzg/.z�Efzg/0g

D jjL0jj2˙y
C jj.I` � LC/0jj2S C trEf.z� Efzg/.z�Efzg/0g D min

L
: (8.20)

Definition 8.3. (Qz hom hybrid min var-min bias solution, ˛-weighted or hom
˛-VIP):

An l1 vector Qz is called homogeneous ˛-weighted hybrid minimum variance–
minimum bias prediction (hom ˛-VIP) of z in the special linear Gauss–Markov
model with random effects of Box 8.1, if
(1st) Qz is a homogeneous linear form

Qz D Ly; (8.21)

(2nd) in comparison to all other linear predictions Qz has the minimum variance-
minimum bias in the sense of the ˛-weighted hybrid norm

tr LDfygL0 C 1

˛
tr .I` � LC/ S .I` � LC/0

D jjL0jj2˙y
C 1

˛
jj.I` � LC/0jj2S D min

L

(8.22)

in particular with respect to the special model

˛ 2 R
C; dim R.SC0/ D rkSC0 D rkC D l:

The predictions Qz hom BLIP, hom S-BLIP and hom ˛-VIP can be characterized as
follows:

Lemma 8.4. (hom BLIP, hom S-BLIP and hom ˛-VIP):

An l1 vector Qz is hom BLIP, hom S-BLIP or hom ˛-VIP of z in the special linear
Gauss–Markov model with random effects of Box 8.1, if and only if the matrix OL
fulfils the normal equations
(1st) hom BLIP:

.˙y CCEfzgEfzg0C0/ OL0 D CEfzgEfzg0 (8.23)

(2nd) hom S-BLIP:
.˙y C CSC0/ OL0 D CS (8.24)

(3rd) hom ˛-VIP: �
˙y C 1

˛
CSC0

	
OL0 D 1

˛
CS (8.25)
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Proof. (i) hom BLIP:

The hybrid norm jjMSPEfQzgjj2 establishes the Lagrangean

L.L/ WD tr L˙yL0 C tr .Il � LC/EfzgEfzg0.Il � LC/0 C tr˙z D min
L

for Qz hom BLIP of z. The necessary conditions for the minimum of the quadratic
Lagrangean L.L/ are

@L
@L
. OL/ WD 2Œ˙y OL0 C CEfzgEfzg0C0 OL0 �CEfzgEfzg0� D 0;

which agree to the normal equations (8.23). (The theory of matrix derivatives is
reviewed in Appendix A.7 (Facts: derivative of a scalar-valued function of a matrix:
trace)). The second derivatives

@2L
@.vecL/@.vecL/0

. OL/ > 0

at the “point” OL constitute the sufficiency conditions. In order to compute such an
lnln matrix of second derivatives we have to vectorize the matrix normal equation

@L
@L
. OL/ WD 2 OL.˙y C CEfzgEfzg0C0/� 2EfzgEfzg0C0

@L
@.vecL/

. OL/ WD vecŒ2 OL.˙y C CEfzgEfzg0C0/� 2EfzgEfzg0C0� :

(ii) hom S-BLIP:

The hybrid norm jjMSPEsfQzgjj2 establishes the Lagrangean

L.L/ WD tr L˙yL0 C tr .I` � LC/S.I` � LC/0 C tr˙z D min
L

for Qz hom S-BLIP of z. Following the first part of the proof we are led to the
necessary conditions for the minimum of the quadratic Lagrangean L.L/

@L
@L
. OL/ WD 2Œ˙y OL0 C CSC0 OL0 � CS�0 D 0

as well as to the sufficiency conditions

@2L
@.vecL/@.vecL/0

. OL/ D 2Œ.˙y C CSC0/˝ I`� > 0:

The normal equations of hom S-BLIP @L=@L. OL/ D 0 agree to (8.24).
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(iii) hom ˛-VIP:

The hybrid norm jjL0jj2˙y
C 1

˛
jj.I`�LC/0jj2S establishes the Lagrangean

L.L/ WD tr L˙yL0 C 1

˛
tr .I`�LC/S.I`�LC/0 D min

L

for Qz hom ˛-VIP of z. Following the first part of the proof we are led to the
necessary conditions for the minimum of the quadratic Lagrangean L.L/

@L
@L
. OL/ D 2Œ.˙y C CEfzgEfzg0C0/˝ I`�vec OL � 2vec.EfzgEfzg0C0/:

The Kronecker–Zehfuss Product A ˝ B of two arbitrary matrices as well as
.ACB/˝C D A˝BCB˝C of three arbitrary matrices subject to dimA D dimB
is introduced in Appendix A. (Definition of Matrix Algebra: multiplication matrices
of the same dimension (internal relation) and multiplication of matrices (internal
relation) and Laws). The vec operation (vectorization of an array) is reviewed in
Appendix A, too. (Definition, Facts: vecAB D .B0˝ I0

`/vecA for suitable matrices
A and B.) Now we are prepared to compute

@2L
@.vecL/@.vecL/0

. OL/ D 2Œ.˙y C CEfzgEfzgC0/˝ I`� > 0

as a positive definite matrix. (The theory of matrix derivatives is reviewed in
Appendix B (Facts: derivative of a matrix-valued function of a matrix, namely
@.vecX/=@.vecX/0).

@L
@L
. OL/ D 2Œ 1

˛
CSC0 OL0 C˙y OL0 � 1

˛
CS�0˛ D 0

as well as to the sufficiency conditions

@2L
@.vecL/@.vecL/0

. OL/ D 2Œ. 1
˛

CSC0 C˙y/˝ I`� > 0:

The normal equations of hom ˛-VIP @L=@L. OL/ D 0 agree to (8.25). |
For an explicit representation of Qz as hom BLIP, hom S-BLIP and hom ˛-VIP of

z in the special Gauss–Markov model with random effects of Box 8.1, we solve the
normal equations (8.23), (8.24) and (8.25) for

OL D argfL.L/ D min
L
g:

Beside the explicit representation of Qz of type hom BLIP, hom S-BLIP and hom ˛-
VIP we compute the related dispersion matrix DfQzg, the Mean Square Prediction
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Error MSPEfQzg, the modified the Mean Square Prediction Error MSPESfQzg and
MSPE˛;SfQzg and the covariance matrices C fz; Qz � zg in

Theorem 8.5. (Qz hom BLIP):

Let Qz D Ly be hom BLIP of z in the special linear Gauss–Markov model with
random effects of Box 8.1. Then equivalent representations of the solutions of the
normal equations (8.23) are

Qz D EfzgEfzg0C0Œ˙y C CEfzgEfzg0C0��1y

D EfzgEfzg0C0Œ˙y�Cz C C˙zC0 C CEfzgEfzg0C0��1y
(8.26)

(if Œ˙y CCEfzgEfzg0C0��1 exists)

are completed by the dispersion matrix

DfQzg D EfzgEfzg0C0Œ˙y C CEfzgEfzg0C0��1˙y

�Œ˙y C CEfzgEfzg0C0��1CEfzgEfzg0
(8.27)

by the bias vector (8.5)
ˇ W D EfQzg � Efzg
D �ŒI` � EfzgEfzg0C0.CEfzgEfzg0C0 C˙y/

�1C�Efzg
(8.28)

and by the matrix of the Mean Square Prediction Error MSPEfQzg:

MSPEfQzg WD Ef.Qz � z/.Qz � z/0g

D DfQzg CDfzg C ˇˇ0
(8.29)

MSPEfQzg WD DfQzg CDfzg C ŒI` �EfzgEfzg0C0.CEfzgEfzg0C0 C˙y/
�1C�

� EfzgEfzg0ŒI` � C0.CEfzgEfzg0C0 C˙y/
�1CEfzgEfzg0�:

(8.30)

At this point we have to comment what Theorem 8.5 tells us. hom BLIP has
generated the predictionQz of type (8.26), the dispersion matrix DfQzg of type (8.27),
the bias vector of type (8.28) and the Mean Square Prediction Error of type (8.30)
which all depend on the vector Efzg and the matrix EfzgEfzg0, respectively. We
already mentioned thatEfzg andEfzgEfzg0 are not accessible from measurements.
The situation is similar to the one in hypothesis theory. As shown later in this section
we can produce only an estimator bEfzg and consequently can setup a hypothesis
first moment Efzg of the “random effect” z. Indeed, a similar argument applies to
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the second central moment Dfyg � ˙y of the “random effect” y, the observation
vector. Such a dispersion matrix has to be known in order to be able to compute Qz,
DfQzg, and MSPEfQzg. Again we have to apply the argument that we are only able
to construct an estimate Ȯ 0

y and to setup a hypothesis aboutDfyg � ˙y.

Theorem 8.6. (Qz hom S-BLIP):

Let Qz D Ly be hom S-BLIP of z in the special linear Gauss–Markov model with
random effects of Box 8.1. Then equivalent representations of the solutions of the
normal equations (8.24) are

Qz D SC0.˙y C CSC0/�1y
D SC0.˙y�Cz C C˙zC0 C CSC0/�1y

(8.31)

Qz D .C0˙�1
y CC S�1/�1C0˙�1

y y (8.32)

Qz D .I` C SC0˙�1
y C/�1SC0˙�1

y y (8.33)

(if S�1; ˙�1
y exist)

are completed by the dispersion matrices

DfQzg D SC0.CSC0 C˙y/
�1˙y.CSC0 C˙y/

�1CS (8.34)

DfQzg D .C0˙�1
y CC S�1/�1C0˙�1

y C.C0˙�1
y CC S�1/�1 (8.35)

(if S�1; ˙�1
y exist)

by the bias vector (8.5)

ˇ WD EfQzg �Efzg
D �ŒI` � SC0.CSC0 C˙y/

�1C�Efzg
ˇ D �ŒIl � .C0˙�1

y CC S�1/�1C0˙�1
y C�Efzg (8.36)

(if S�1; ˙�1
y exist)

and by the matrix of the modified Mean Square Prediction Error MSPEfQzg:

MSPESfQzg WD Ef.Qz� z/.Qz � z/0g
D DfQzg CDfzg C ˇˇ0 (8.37)

MSPESfQzg D ˙z C SC0.CSC0 C˙y/
�1˙y.CSC0 C˙y/

�1CS

CŒI` � SC0.CSC0 C˙y/
�1C�EfzgEfzg0ŒIl �C0.CSC0 C˙y/

�1CS�
(8.38)
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MSPESfQzg D ˙z C .C0˙�1
y CC S�1/�1C0˙�1

y C.C0˙�1
y CC S�1/�1CS

C ŒI` � .C0˙�1
y CC S�1/�1C0˙�1

y C�EfzgEfzg0

� ŒI` � C0˙�1
y C.C0˙�1

y CC S�1/�1� (8.39)

(if S�1; ˙�1
y exist).

The interpretation of hom S-BLIP is even more complex. In extension of the
comments to hom BLIP we have to live with another matrix-valued degree of
freedom, Qz of type (8.31), (8.32), (8.33) andDfQzg of type (8.34), (8.35) do no longer
depend on the inaccessible matrix EfzgEfzg0, rk.EfzgEfzg0), but on the “bias
weight matrix” S, rk S = l. Indeed we can associate any element of the bias matrix
with a particular weight which can be “designed” by the analyst. Again the bias
vector ˇ of type (8.36) as well as the Mean Square Prediction Error of type (8.37),
(8.38), (8.39) depend on the vector Efzg which is inaccessible. Beside the “bias
weight matrix S” Qz, DfQzg, ˇ and MSPEfQzg are vector-valued or matrix-valued
functions of the dispersion matrix Dfyg � ˙y of the stochastic observation vector
which is inaccessible. By hypothesis testing we may decide upon the construction
of Dfyg � ˙y from an estimate ḃy.

Theorem 8.7. (Qz hom a-VIP):

Let Qz D Ly be hom ˛-VIP of z in the special linear Gauss–Markov model with
random effects Box 8.1. Then equivalent representations of the solutions of the
normal equations (8.25) are

Qz D 1

˛
SC0

�
˙y C 1

˛
CSC0

	�1
y

D 1

˛
SC0

�
˙y�Cz CC˙zC0 C 1

˛
CSC0

	�1
y

(8.40)

Qz D .C0˙�1
y CC ˛S�1/�1C0˙�1

y y (8.41)

Qz D .I` C 1

˛
SC0˙�1

y C/�1
1

˛
SC0˙�1

y y (8.42)

(if S�1; ˙�1
y exist)

are completed by the dispersion matrix

DfQzg D 1

˛
SC0

�
˙y C 1

˛
CSC0

	�1
˙y

�
˙y C 1

˛
CSC0

	�1
CS

1

˛
(8.43)

DfQzg D �C0˙�1
y CC ˛S�1��1 C0˙�1

y C
�
C0˙�1

y CC ˛S�1��1 (8.44)
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(if S�1; ˙�1
y exist)

by the bias vector (8.5)

ˇ WD EfQzg � Efzg

D �
"

I` � 1
˛

SC0
�
1

˛
CSC0 C˙y

	�1
C

#
Efzg

ˇ D �ŒI` � .C0˙�1
y CC ˛S�1/�1C0˙�1

y C�Efzg (8.45)

(if S�1; ˙�1
y exist)

and by the matrix of the Mean Square Prediction Error MSPEfQzg:

MSPEfQzg WD Ef.Qz � z/.Qz � z/0g
D DfQzg CDfzg C ˇˇ0 (8.46)

MSPEfQzg D ˙z C SC0.CSC0 C˙y/
�1˙y.CSC0 C˙y/

�1CS (8.47)

C
"

I`� 1
˛

SC0
�
1

˛
CSC0 C˙y

	�1
C

#
EfzgEfzg0

�
"

I`�C0
�
1

˛
CSC0 C˙y

	�1
CS

1

˛

#

MSPEfQzg D ˙zC.C0˙�1
y CC˛S�1/�1C0˙�1

y C.C0˙�1
y CC˛S�1/�1CS (8.48)

C ŒI`�.C0˙�1
y CC ˛S�1/�1C0˙�1

y C�EfzgEfzg0

� ŒI`�C0˙�1
y C.C0˙�1

y CC ˛S�1/�1�

(if S�1; ˙�1
y exist).

The interpretation of the very important predictors hom ˛-VIP Qz of zis as follows: Qz
of type (8.41), also called ridge estimator or Tykhonov–Phillips regulator, contains
the Cayley inverse of the normal equation matrix which is additively decomposed
into C0˙�1

y C and ˛ S�1. The weight factor ˛ balances the first inverse dispersion
part and the second inverse bias part. While the experiment informs us of the
variance-covariance matrix ˙y, say ḃy, the bias weight matrix S and the weight
factor ˛ are at the disposal of the analyst. For instance, by the choice S D
Diag.s1; :::; s`/ we may emphasize increase or decrease of certain bias matrix
elements. The choice of an equally weighted bias matrix is S D I`. In contrast
the weight factor ˛ can be determined by the A-optimal design of type
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• t rDfQzg D min
˛

• ˇˇ0 D min
˛

• trMSPEfQzg D min
˛
:

In the first case we optimize the trace of the variance-covariance matrixDfQzg of
type (8.43), (8.44). Alternatively by means of ˇˇ0 D min

˛
we optimize the quadratic

bias where the bias vector ˇ of type (8.45) is chosen, regardless of the dependence
on Efzg. Finally for the third case – the most popular one – we minimize the trace
of the Mean Square Prediction Error MSPEfQzg of type (8.48), regardless of the
dependence onEfzgEfzg0. But beforehand let us present the proof of Theorem 8.5,
Theorem 8.6 and Theorem 8.7.

Proof.
.i/ Qz D EfzgEfzg0C0Œ˙y C CEfzgEfzg0C0��1y

If the matrix ˙y C CEfzgEfzg0C0 of the normal equations of type hom BLIP is of
full rank, namely rk.˙y C CEfzgEfzg0C0/ D n; then a straightforward solution of
(8.23) is

OL D EfzgEfzg0C0Œ˙y C CEfzgEfzg0C0��1:

.ii/ Qz D SC0.˙y C CSC0/�1y

If the matrix˙yCCSC0 of the normal equations of type hom S-BLIP is of full rank,
namely rk.˙y C CSC0/ D n; then a straightforward solution of (8.24) is

OL D SC0Œ˙y C CSC0��1:

.iii/ Qz D .C0˙�1
y CC S�1/�1C0˙�1

y y

Let us apply by means of Appendix A (Fact: Cayley inverse: sum of two matrices,
s(10), Duncan–Guttman matrix identity) the fundamental matrix identity

SC0.˙y CCSC0/�1 D .C0˙�1
y CC S�1/�1C0˙�1

y ;

if S�1 and˙�1
y exist. Such a result concludes this part of the proof.

.iv/ Qz D .I` C SC0˙�1
y C/�1SC0˙�1

y y

Let us apply by means of Appendix A (Fact: Cayley inverse: sum of two matrices,
s(9)) the fundamental matrix identity

SC0.˙y C CSC0/�1 D .I` C SC0˙�1
y C/�1SC0˙�1

y ;

if ˙�1
y exists. Such a result concludes this part of the proof.
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.v/ Qz D 1

˛
SC0

�
˙y C 1

˛
CSC0

	�1
y

If the matrix ˙y C 1

˛
CSC0 of the normal equations of type hom ˛-VIP is of full

rank, namely rk

�
˙y C 1

˛
CSC0

	
D n; then a straightforward solution of (8.25) is

OL D 1

˛
SC0

�
˙y C 1

˛
CSC0

��1
:

.vi/ Qz D .C0˙�1
y CC ˛S�1/�1C0˙�1

y y

Let us apply by means of Appendix A (Fact: Cayley inverse: sum of two matrices,
s(10), Duncan–Guttman matrix identity) the fundamental matrix identity

1

˛
SC0.˙y CCSC0/�1 D .C0˙�1

y CC ˛S�1/�1C0˙�1
y ;

if S�1and˙�1
y exist. Such a result concludes this part of the proof.

.vii/ Qz D
�

I` C 1

˛
SC0˙�1

y C
	�1

1

˛
SC0˙�1

y y

Let us apply by means of Appendix A (Fact: Cayley inverse: sum of two matrices,
s(9), Duncan–Guttman matrix identity) the fundamental matrix identity

1

˛
SC0.˙y C CSC0/�1 D

�
Il C 1

˛
SC0˙�1

y C
	�1

1

˛
SC0˙�1

y ;

if ˙�1
y exist. Such a result concludes this part of the proof.

.viii/ hom BLIP W DfQzg

DfQzg W D EfŒQz� EfQzg�ŒQz �EfQzg�0g
D EfzgEfzg0C0Œ˙y C CEfzgEfzg0C0��1˙y

�Œ˙y C CEfzgEfzg0C0��1CEfzgEfzg0:

By means of the definition of the dispersion matrix DfQzg and the substitution of Qz
of type hom BLIP the proof has been straightforward.

.ix/ hom S-BLIP W DfQzg .1st representation/
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DfQzg W D EfŒQz �EfQzg�ŒQz � EfQzg�0g
D SC0.CSC0 C˙y/

�1˙y.CSC0 C˙y/
�1CS:

By means of the definition of the dispersion matrix DfQzg and the substitution of Qz
of type hom S-BLIP the proof of the first representation has been straightforward.

.x/ hom S-BLIP W DfQzg .2nd representation/

DfQzg W D EfŒQz � EfQzg�ŒQz �EfQzg�0g
D .C0˙�1

y CC S�1/�1C0˙�1
y C.C0˙�1

y CC S�1/�1;

if S�1 and ˙�1
y exist. By means of the definition of the dispersion matrix DfQzg and

the substitution of Qz of type hom S-BLIP the proof the second representation has
been straightforward.

.xi/ hom˛-VIP W DfQzg .1st representation/

DfQzg W D EfŒQz �EfQzg�ŒQz �EfQzg�0g D

D 1

˛
SC0

�
˙y C 1

˛
CSC0

	�1
˙y

�
˙y C 1

˛
CSC0

	�1
CS

1

˛
:

By means of the definition of the dispersion matrix DfQzg and the substitution of Qz
of type hom ˛-VIP the proof the first representation has been straightforward.

.xi i/ hom˛-VIP W DfQzg .2nd representation)

DfQzg W D EfŒQz � EfQzg�ŒQz �EfQzg�0g
D .C0˙�1

y CC ˛S�1/�1C0˙�1
y C.C0˙�1

y CC ˛S�1/�1;

if S�1and˙�1
y exist. By means of the definition of the dispersion matrix and the

substitution of Qz of type hom ˛-VIP the proof of the second representation has been
straightforward.

(xiii) bias ˇ for hom BLIP, hom S-BLIP and hom ˛-VIP

As soon as we substitute into the bias ˇ WD EfQzg � Efzg D �Efzg C EfQzg the
various predictors Qz of the type hom BLIP, hom S-BLIP and hom ˛-VIP we are
directly led to various bias representations ˇ of type hom BLIP, hom S-BLIP and
hom ˛-VIP.

(xiv) MSPEfQzg of type hom BLIP, hom S-BLIP and hom ˛-VIP
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MSPEfQzg WD Ef.Qz � z/.Qz � z/0g
Qz � z D Qz � EfQzg � .z �Efzg/ D Qz � EfQzg � .z �Efzg/� .Efzg �EfQzg/

Ef.Qz� z/.Qz � z/0g D
Ef.Qz� EfQzg/..Qz� EfQzg/0g C Ef.z� Efzg/.z� Efzg/0gC

C.EfQzg �Efzg/.EfQzg �Efzg/0
MSPEfQzg D DfQzg CDfzg C ˇˇ0:

At first we have defined the Mean Square Prediction Error MSPEfQzg of Qz.
Secondly we have decomposed the difference Qz � z into the three terms

• Qz �EfQzg
• z �Efzg
• Efzg � EfQzg
in order to derive thirdly the decomposition of MSPEfQzg, namely

• The dispersion matrix of Qz, namelyDfQzg
• The dispersion matrix of z, namelyDfzg
• The quadratic bias ˇˇ0.

As soon as we substitute MSPEfQzg the dispersion matrixDfQzg and the bias vector
ˇ of various predictors Qz of the type hom BLIP, hom S-BLIP and hom ˛-VIP we
are directly led to various representations ˇ of the Mean Square Prediction Error
MSPEfQzg. Here is our proof’s end. |

8-2 Examples

Example 8.1 Nonlinear error propagation with random effect models
Consider a function y D f .z/ where y is a scalar valued observation and z a

random effect. Three cases can be specified as follows:
Case 1 (�z assumed to be known):
By Taylor series expansion we have

f .z/ D f .�z/C 1

1Š
f 0.�z/.z � �z/C 1

2Š
f 00.�z/.z � �z/

2 CO.3/

Efyg D Eff .z/g D f .�z/C 1

2Š
f 00.�z/Ef.z� �z/

2g CO.3/
leading to (cf. E. Grafarend and B. Schaffrin 1983, p. 470)

Efyg D f .�z/C 1

2Š
f 00.�z/�

2
z CO.3/
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Ef.y � Efyg/2g D EfŒf 0.�z/.z� �z/C 1

2Š
f 00.�z/.z� �z/

2 CO.3/

� 1
2Š
f 00.�z/�

2
z �O.3/�2g;

hence EfŒy � Efyg�ŒŒy � Efyg�g is given by

�2y D f 02.�z/�
2
z �

1

4
f 002.�z/�

4
z C f 0f 00.�z/Ef.z� �z/

3g

C1
4
f 002Ef.z� �z/

4g CO.3/:

Finally if z is quasi-normally distributed, we have

�2y D f 02.�z/�
2
z C

1

2
f 002.�z/�

4
z CO.3/:

Case 2 (�z unknown, but �0 known as a fixed effect approximation (this model is
implied in E. Grafarend and B. Schaffrin 1983, p.470, �0 ¤ �z )):

By Taylor series expansion we have f .z/ D f .�0/C 1
1Š
f 0.�0/.z��0/C 1

2Š
f 00.�0/.z�

�0/
2 CO.3/ using

�0 D �z C .�0 � �z/) z � �0 D z � �z C .�z � �0/

we have

f .z/ D f .�0/C 1

1Š
f 0.�0/.z� �z/C 1

1Š
f 0.�0/.z� �0/

C 1
2Š
f 00.�0/.z � �z/

2 C 1

2Š
f 00.�0/.z� �0/2

Cf 00.�0/.z � �z/.z � �0/CO.3/

and

Efyg D Eff .z/g D f .�0/C f 0.�0/.�z � �0/C 1

2
f 00.�0/�2z

C1
2
f 00.�0/.�z � �0/2 CO.3/

leading to EfŒy �Efyg�ŒŒy � Efyg�g as
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�2z D f 02.�0/�2z C f 0f 00.�0/Ef.z� �z/
3g C 2f 0f 00.�0/�2z .�z � �0/

C1
4
f 002.�0/Ef.z� �z/

4g C f 002.�0/Ef.z� �z/
3g.�z � �0/

�1
4
f 002.�0/�4z C f 002.�0/�2z .�z � �0/2 CO.3/

and with z being quasi-normally distributed, we have

�2zDf 02.�0/�2zC2f 0f 00.�0/�2z .�z��0/C1
2
f 002.�0/�4zCf 002.�0/�2z .�z��0/2CO.3/

with the first and third terms (on the right hand side) being the right hand side-terms
of case 1 (cf. E. Grafarend and B. Schaffrin 1983, p.470).
Case 3 (�z unknown, but z0 known as a random effect approximation):
By Taylor series expansion we have

f .z/ D f .�z/C 1

1Š
f 0.�z/.z � �z/C 1

2Š
f 00.�z/.z � �z/

2 C

C 1
3Š
f 000.�z/.z � �z/

3 CO.4/

changing
z� �z D z0 � �z D z0 �Efz0g � .�z � Efz0g/

and the initial bias

�.�z �Efz0g/ D Efz0g � �z DW ˇ0
leads to

z � �z D z0 � Efz0g C ˇ0:
Consider

.z� �z/
2 D .z0 �Efz0g/2 C ˇ20 C 2.z0 �Efz0g/ˇ0

we have

f .z/ D f .�z/C 1

1Š
f 0.�z/.z0 �Efz0g/C 1

1Š
f 0.�z/ˇ0

C 1
2Š
f 00.�z/.z0�Efz0g/2C 1

2Š
f 00.�z/ˇ

2
0Cf 00.�z/.z0 � Efz0g/ˇ0CO.3/

Efyg D f .�z/C f 0.�z/ˇ0 C 1

2
f 00.�z/�

2
z0 C

1

2
f 00.�z/ˇ

2
0 CO.3/

leading to EfŒy �Efyg�ŒŒy � Efyg�g as
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�2y D f 02.�z/�
2
z0
C f 0f 00.�z/Ef.z0 �Efz0g/3g

C2f 0f 00.�z/�
2
z0ˇ0 C

1

4
f 002.�z/Ef.z0 � Efz0g/4g

Cf 002.�z/Ef.z0 �Efz0g/3gˇ0 C f 002.�z/�
2
z0ˇ

2
0

C1
4
f 002.�z/�

4
z0 �

1

2
f 002.�z/Ef.z0 � Efz0g/2g�2z0 CO.3/

and with z0 being quasi-normally distributed, we have

�2y D f 02.�z/�
2
z0
C 2f 0f 00.�z/�

2
z0
ˇ0 C 1

2
f 002.�z/�

4
z0
C f 002.�z/�

2
z0
ˇ20 CO.3/

with the first and third terms (on the right-hand side) being the right-hand side terms
of case 1.
Example 8.2 Nonlinear vector valued error propagation with random effect
models

In a GeoInformation System we ask for the quality of a nearly rectangular
planar surface element. Four points fP1; P2; P3; P4g of an element are assumed to
have the coordinates .x1; y1/; .x2; y2/; .x3; y3/; .x4; y4/ and form a 88 full variance-
covariance matrix (central moments of order two) and moments of higher order. The
planar surface element will be computed according the Gauß trapezoidal:

F D
4X
iD1

yi C yiC1
2

.xi � xiC1/

with the side condition x5 D x1; y5 D y1. Note that within the Error Propagation
Law

@2F

@x@y
¤ 0

holds (Fig. 8.3).

First question

? What is the structure of the variance-covariance matrix of the four points
if we assume statistical homogeneity and isotropy of the network (Taylor–
Karman structure)?

Second question

! Approach the criterion matrix in terms of absolute coordinates. Interpolate
the correlation function linear! (Tables 8.1 and 8.2)

Our example refers to the Taylor–Karman structure or the structure function
introduced in Sect. 3-222.
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P1

P4

P3

P2

e2

e1

Fig. 8.3 Surface element of a building in the map

Table 8.1 Coordinates of a
four-dimensional simplex

Point x y

P1 100.00m 100.00m
P2 110.00m 117.32m
P3 101.34m 122.32m
P4 91.34m 105.00m

Table 8.2 Longitudinal and
lateral correlation functions
˙m and ˙` for a
Taylor–Korman structured
4 point network

jxj ˙m.jxj/ ˙l .jxj/
10m 0.700 0.450
20m 0.450 0.400
30m 0.415 0.238

:Solution:

The Gauß trapezoidal surface element has the size:

F D y1 C y2
2

.x1�x2/C y2 C y3
2

.x2�x3/C y3 C y4
2

.x3�x4/C y4 C y1
2

.x4�x1/:

Once we apply the “error propagation law” we have to use.

�2
F D J†J0 C 1

2
H.vec†/.vec†/0H0:

In our case, n D 1 holds since we have only one function to be computed. In
contrast, the variance-covariance matrix enjoys the format 88, while the Jacobi
matrix of first derivatives is a 18 matrix and the Hesse matrix of second derivatives
is a 164 matrix.
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Table 8.3 Distances and meridian correlation function ˙m and longitudinal correlation function
˙`

p � q jxp � xq j jxp � xq j2 ˙m ˙l xp � xq yp � yq

1-2 20.000 399.982 0.45 0.40 �10 �17.32
1-3 22.360 499.978 0.44 0.36 �1.34 �22.32
1-4 10.000 100.000 0.70 0.45 8.66 �5
2-2 10.000 100.000 0.70 0.45 8.66 �5
2-4 22.360 499.978 0.44 0.36 18.66 12.32
3-4 20.000 399.982 0.45 0.40 10 17.32

Table 8.4 Distance function
versus ˙m.x/; ˙`.x/

jxj ˙m.x/ ˙`.x/

10-20 0:95� 0:025jxj 0:5� 0:005jxj
20-30 0:52� 0:0035jxj 0:724� 0:0162jxj

Table 8.5 Taylor–Karman matrix for the case study

x1 y1 x2 y2 x3 y3 x4 y4

x1 1 0 0.438 –0.022 0.441 –0.005 0.512 0.108

y1 1 –0.022 0.412 –0.005 0.361 0.108 0.638

x2 1 0 0.512 0.108 0.381 –0.037

y2 1 0.108 0.634 –0.037 0.417

x3 symmetric 1 0 0.438 –0.022

y3 1 –0.022 0.412

x4 1 0

y4 1

(i) The structure of the homogeneous and isotropic variance-covariance matrix
is such that locally 22 variance-covariance matrices appear as unit matrices
generating local error circles of identical radius.

(ii) The celebrated Taylor–Karman matrix for absolute coordinates is given by

†ij .xp; xq/ D ˙m.jxp � xqj/ıij C Œ˙`.jxp � xqj/ �˙m.jxp � xqj/� 
xi
xjjxp � xqj2
subject to


x1 WD 
x D xp�xq; 
x2 WD 
y D yp�yq; i; j 2 f1; 2gI p; q 2 f1; 2; 3; 4g:
By means of a linear interpolation we have derived the Taylor–Karman matrix by
Tables 8.3 and 8.4.

Once we take care of
P

m and
P

` as a function of the distance for gives values
of tabulated distances we arrive at the Taylor–Karman correlation values of type
Table 8.5.
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Finally, we have computed the Jacobi matrix of first derivatives in Table 8.6 and
the Hesse matrix of second derivatives in Table 8.7.

Table 8.6 Table of the Jacobi matrix

“Jacobi matrix”

J D
�
@F

@x1
;
@F

@y1
; : : : ;

@F

@x4
;
@F

@y4

�

J D 1

2
Œy2 � y4; x4 � x2; y3 � y1; x1 � x3; y4 � y2; x2 � x4; y1 � y3; x3 � x1�

J D 1
2
Œ12:32; �18:66; 22:32; �1:34; �12:32; 18:66; �22:32; 1:34�:

Note:

@F

@xi
D yiC1 � yi�1

2

@F

@yi
D xiC1 � xi�1

2

3
775

x0 D x4
y0 D y4
x5 D x1
y5 D y1:

Table 8.7 Table Hesse matrix

“Hesse matrix”

H D @
@x0 ˝ @

@x0F .x/D

D @

@x0 ˝
�
@F

@x1
;
@F

@y1
; : : : ;

@F

@x4
;
@F

@y4

�

D
�
@2F

@x21
;
@2F

@x1@y1
; : : : ;

@2F

@x1@y4
;
@2F

@y1@x1
; : : : ;

@2F

@y4@x4
;
@2F

@y2

�

D
�
@

@x1

�
@F

@x1
; : : : ;

@F

@y4

	
; : : : ;

@

@y4

�
@F

@x1
; : : : ;

@F

@y4

	�
:

Note the detailed computation in Table 8.8.

Table 8.8 Second derivatives 0, +1/2, -1/2

:“interims formulae: Hesse matrix”:
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@2F

@xi @xj
D @2F

@yi@yj
D 0 8 i; j D 1; 2; 3; 4

@2F

@xi @yi
D @2F

@yi@xi
D 0 8 i D 1; 2; 3; 4

@2F

@xi@yi�1
D @2F

@yi@xiC1
D �1

2
8 i D 1; 2; 3; 4

@2F

@yi@xi�1
D @2F

@xi@yiC1
D 1

2
8 i D 1; 2; 3; 4:

Results

At first, we list the distances fP1P2; P2P3; P3P4; P4P1g of the trapezoidal finite
element by jP1P2j D 20 (for instance 20 m), jP2P3j D 10 (for instance 10 m),
jP3P4j D 20 (for instance 20 m) and jP4P1j D 10 (for instance 10 m).

Second, we compute �2
F .first term/ D J˙J0 by

�2
F .first term/

D 1

2
Œ12:32; �18:66; 22:32; �1:34; �12:32; 18:62; �22:32; 1:34�

�

2
666666666664

1 0 0:438 �0:022 0:442 �0:005 0:512 0:108
0 1 �0:022 0:412 �0:005 0:362 0:108 0:638

0:438 �0:022 1 0 0:512 0:108 0:386 �0:037
�0:022 0:412 0 1 0:108 0:638 �0:037 0:418
0:442 �0:005 0:512 0:108 1 0 0:438 �0:022
�0:005 0:362 0:108 0:638 0 1 �0:022 0:412
0:512 0:108 0:386 �0:037 0:438 �0:022 1 0
0:108 0:638 �0:037 0:418 �0:022 0:412 0 1

3
777777777775

�1
2
Œ12:32; �18:66; 22:32; �1:34; �12:32; 18:62; �22:32; 1:34�0

D 334:7117:

Third, we need to compute �2
F .second term/ D 1

2
H.vec†/.vec†/0H0 by

�2
F .second term/ D 1

2
H.vec†/.vec†/0H0 D 7:2222� 10�35

where
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H D vec

2
6666666666666666666664

0 0 0
1

2
0 0 0 �1

2

0 0 �1
2

0 0 0
1

2
0

0 �1
2

0 0 0
1

2
0 0

1

2
0 0 0 �1

2
0 0 0

0 0 0 �1
2

0 0 0
1

2

0 0
1

2
0 0 0 �1

2
0

0
1

2
0 0 0 �1

2
0 0

�1
2
0 0 0

1

2
0 0 0

3
7777777777777777777775

;

and

vec† D vec

2
666666666664

1 0 0:438 �0:022 0:442 �0:005 0:512 0:108
0 1 �0:022 0:412 �0:005 0:362 0:108 0:638

0:438 �0:022 1 0 0:512 0:108 0:386 �0:037
�0:022 0:412 0 1 0:108 0:638 �0:037 0:418
0:442 �0:005 0:512 0:108 1 0 0:438 �0:022
�0:005 0:362 0:108 0:638 0 1 �0:022 0:412
0:512 0:108 0:386 �0:037 0:438 �0:022 1 0
0:108 0:638 �0:037 0:418 �0:022 0:412 0 1

3
777777777775

:

Finally, we get the variance of the planar surface element F

�2
F D 334:7117C 7:2222 � 10�35D 334:7117

i.e.
�F D ˙18:2951.m2/:

Example 8.3 Nonlinear vector valued error propagation with random effect
models

The distance element between P1 and P2 has the size:

F D
p
.x2 � x1/2 C .y2 � y1/2:

Once we apply the “error propagation law” we have to use.

�2
F D J†J0 C 1

2
H.vec†/.vec†/0H0:

Table 8.6: Table of the Jacobi matrix

“Jacobi matrix”
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J D
�
@F

@x1
;
@F

@y1
; : : : ;

@F

@x4
;
@F

@y4

�

J D
��.x2 � x1/

F
;
�.y2 � y1/

F
;
.x2 � x1/

F
;
.y2 � y1/

F
; 0; 0; 0; 0

�

J D Œ�0:5; �0:866; 0:5; 0:866; 0; 0; 0; 0�:

Table 8.7: Table Hesse matrix

“Hesse matrix”

H D @

@x0 ˝
@

@x0F .x/

D @

@x0 ˝
�
@F

@x1
;
@F

@y1
; : : : ;

@F

@x4
;
@F

@y4

�

D
�
@2F

@x21
;
@2F

@x1@y1
; : : : ;

@2F

@x1@y4
;
@2F

@y1@x1
; : : : ;

@2F

@y4@x4
;
@2F

@y2

�

D
�
@

@x1

�
@F

@x1
; : : : ;

@F

@y4

	
; : : : ;

@

@y4

�
@F

@x1
; : : : ;

@F

@y4

	�
:

Note the detailed computation in Table 8.8.
Table 8.8: Second derivatives

: “interims formulae: Hesse matrix”:

@

@x1

�
@F

@x1
; : : : ;

@F

@y4

	
D
�
1

F
� .x2 � x1/

2

F 3
; � .x2 � x1/.y2 � y1/

F 3
;

� 1

F
C .x22 � x21/

F 3
;
.x2 � x1/.y2 � y1/

F 3
; 0; 0; 0; 0

�
;

@

@y1

�
@F

@x1
; : : : ;

@F

@y4

	
D
�
� .x2 � x1/.y2 � y1/

F 3
;
1

F
� .y2 � y1/

2

F 3
;

.x2 � x1/.y2 � y1/
F 3

; � 1
F
C .y22 � y21/

F 3
; 0; 0; 0; 0

�

@

@x2

�
@F

@x1
; : : : ;

@F

@y4

	
D
�
� 1
F
C .x2 � x1/2

F 3
;
.x2 � x1/.y2 � y1/

F 3
;

1

F
� .x

2
2 � x21/
F 3

; � .x2 � x1/.y2 � y1/
F 3

; 0; 0; 0; 0

�
;
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@

@y2

�
@F

@x1
; : : : ;

@F

@y4

	
D
�
.x2 � x1/.y2 � y1/

F 3
; � 1

F
C .y2 � y1/2

F 3
;

� .x2 � x1/.y2 � y1/
F 3

;
1

F
� .y

2
2 � y21/
F 3

; 0; 0; 0; 0

�
;

@

@xi

�
@F

@x1
; : : : ;

@F

@y4

	
D Œ0; 0; 0; ; 0; 0; 0; 0; 0�

@

@yi

�
@F

@x1
; : : : ;

@F

@y4

	
D Œ0; 0; 0; ; 0; 0; 0; 0; 0�

3
775 ; 8 i D 3; 4:

Results

At first, we list the distance fP1P2g of the distance element by jP1P2j D20 (for
instance 20m).

Second, we compute �2
F .first term/ D J˙J0 by

�2
F .first term/

D Œ�0:5; �0:866; 0:5; 0:866; 0; 0; 0; 0�

�

2
666666666664

1 0 0:438 �0:022 0:442 �0:005 0:512 0:108
0 1 �0:022 0:412 �0:005 0:362 0:108 0:638

0:438 �0:022 1 0 0:512 0:108 0:386 �0:037
�0:022 0:412 0 1 0:108 0:638 �0:037 0:418
0:442 �0:005 0:512 0:108 1 0 0:438 �0:022
�0:005 0:362 0:108 0:638 0 1 �0:022 0:412
0:512 0:108 0:386 �0:037 0:438 �0:022 1 0
0:108 0:638 �0:037 0:418 �0:022 0:412 0 1

3
777777777775

�Œ�0:5; �0:866; 0:5; 0:866; 0; 0; 0; 0�0
D 1:2000:

Third, we need to compute �2
F .second term/ D 1

2
H.vec†/.vec†/0H0 by

�2
F .second term/ D 1

2
H.vec†/.vec†/0H0 D 0:0015

where

H D vec

2
666666666664

0:0375 �0:0217 �0:0375 0:0217 0 0 0 0

�0:0217 0:0125 0:0217 �0:0125 0 0 0 0
�0:0375 0:0217 0:0375 �0:0217 0 0 0 0
0:0217 �0:0125 �0:0217 0:0125 0 0 0 0

0 0 0 0 0 0 0 0

0 0 0 0 0 0 0 0

0 0 0 0 0 0 0 0

0 0 0 0 0 0 0 0

3
777777777775

;
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and

vec† D vec

2
666666666664

1 0 0:438 �0:022 0:442 �0:005 0:512 0:108
0 1 �0:022 0:412 �0:005 0:362 0:108 0:638

0:438 �0:022 1 0 0:512 0:108 0:386 �0:037
�0:022 0:412 0 1 0:108 0:638 �0:037 0:418
0:442 �0:005 0:512 0:108 1 0 0:438 �0:022
�0:005 0:362 0:108 0:638 0 1 �0:022 0:412
0:512 0:108 0:386 �0:037 0:438 �0:022 1 0
0:108 0:638 �0:037 0:418 �0:022 0:412 0 1

3
777777777775

:

Finally, we get the variance of the distance element F

�2
F D 1:2000C0:0015 D 1:2015

i.e.
�F D ˙1:0961.m/:



Chapter 9
The Fifth Problem of Algebraic Regression:
The System of Conditional Equations:
Homogeneous and Inhomogeneous Equations:
fBy D Bi versus �c C By D Big

Conditional equations in its linear form are a standard topic in Geodetic Sciences.
We mention for example F.R. Helmert (1907) and H. Wolf (1986). Here we
start with weighted Least Squares (Gy - LESS) of inconsistent homogeneous and
inhomogeneous linear conditional equations. Simple examples are .i/ the triplet of
angular observations and .i i/ the sum of planar triangles. The stochastic approach
is left to Chapter 13.

Here we shall outline two systems of poor conditional equations, namely
homogeneous and inhomogeneous inconsistent equations. First, Definition 9.1 gives
us Gy-LESS of

inconsistent homogeneous conditional equations

which we characterize as the least squares solution with respect to the Gy-seminorm
(Gy -norm) by means of Lemma 9.2, Lemma 9.3 (Gy-norm) and Lemma 9.4
(Gy-seminorm). Second, Definition 9.5 specifies Gy/-LESS of

inconsistent inhomogeneous conditional equations

which alternatively characterize as the corresponding least squares solution with
respect to the Gy-seminorm by means of Lemma 9.6. Third, we come up with
examples.

9-1 Gy-LESS of a System of a Inconsistent Homogeneous
Conditional Equations

Our point of departure is Definition 9.1 by which we define Gy-LESS of a system of
inconsistent homogeneous conditional equations.

Definition 9.1. (Gy-LESS of a system of inconsistent homogeneous condi-
tional equations):

E. Grafarend and J. Awange, Applications of Linear and Nonlinear Models,
Springer Geophysics, DOI 10.1007/978-3-642-22241-2 9,
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Lemma 1.2
xm Gx-MINOS of x

Definition 1.1
xm Gx-MINOS of x

Lemma 1.3
xm Gx-MINOS of x

Lemma 1.4
characterization  of Gx-MINOS

Lemma 1.6
adjoint operator A#

Lemma 1.7
eigenspace analysis versus

eigenspace synthesis

Corollary 1.8
Symmetric pair of eigensystems

Lemma 1.9
Canonical MINOS

Definition 1.5
Adjoint operator A#

The guideline of chapter one: definitions, lemmas and corollary 

An n� 1 vector i` of inconsistency is called Gy-LESS (LEast Squares Solution
with respect to the Gy-seminorm) of the inconsistent system of linear conditional
equations

Bi D By; (9.1)

if in comparison to all other vectors i 2 R
n the inequality

jji`jj2Gy
WD i0`Gyi` � i0Gyi DW jjijj2Gy

(9.2)

holds in particular if the vector of inconsistency i` has the least Gy-seminorm.
Lemma 9.2 characterizes the normal equations for the least squares solution of
the system of inconsistent homogeneous conditional equations with respect to the
Gy-seminorm.
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Lemma 9.2. (least squares solutions of the system of inconsistent homoge-
neous conditional equations with respect to the Gy-seminorm):

An n � 1 vector i` of the system of inconsistent homogeneous conditional
equations

Bi D By (9.3)

is Gy-LESS if and only if the system of normal equations

�
Gy B0
B 0

� �
i`
�`

�
D
�
0

By

�
(9.4)

with the q� 1 vector �` of “Lagrange multipliers” is fulfilled.

Proof. Gy-LESS of Bi D By is constructed by means of the Lagrangean

L.i; �/ WD i0GyiC 2�0.Bi � By/ D min
i; �

:

The first derivatives

@L
@i
.i`; �`/ D 2.Gyi` C B0�`/ D 0

@L
@�
.i`; �`/ D 2.Bi` � By/ D 0

constitute the necessary conditions. (The theory of vector-valued derivatives is
presented in Appendix B). The second derivatives

@L
@i@i0

.i`; �`/ D 2Gy 	 0

build up due to the positive semidefiniteness of the matrix Gy the sufficiency
condition for the minimum. The normal equations (9.4) are derived from the two
equations of first derivatives, namely

�
Gy B0
B 0

� �
i`
�`

�
D
�
0

By

�
:

Lemma 9.3 is a short review of the system of inconsistent homogeneous conditional
equations with respect to the Gy-norm, Lemma 9.4 alternatively with respect to the
Gy-seminorm.

Lemma 9.3. (least squares solution of the system of inconsistent homoge-
neous conditional equations with respect to the Gy-norm):
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An n � 1 vector i` of the system of inconsistent homogeneous conditional
equations Bi D By is the least squares solution with respect to the Gy-norm if
and only if it solves the normal equations

Gyi` D B0.BG�1
y B0/�1By: (9.5)

The solution
i` D G�1

y B0.BG�1
y B0/�1By (9.6)

is unique. The “goodness of fit” of Gy-LESS is

jji`jj2Gy
D i0`Gyi` D y0B0.BG�1

y B0/�1By: (9.7)

Proof. A basis of the proof could be C.R. Rao’s Pandora Box, the theory of inverse
partitioned matrices (Appendix A: Fact: Inverse Partitioned Matrix /IPM/ of a
symmetric matrix). Due to the rank identity rkGy D n, the normal equations (9.4)
can be faster solved by Gauss elimination.

Gyi` C B0�` D 0

Bi` D By:

Multiply the first normal equation by BG�1
y and substitute the second normal

equation for Bi`.
BG�1

y Gyi` D Bi` D �BG�1
y B0�`

Bi` D By

#
)

�BG�1
y B0�` D By

�` D �.BG�1
y B0/�1By:

Finally we substitute the “Lagrange multiplier” �` back to the first normal equation
in order to prove

Gyi` C B0�` D Gyi` � B0.BG�1
y B0/�1By D 0

i` D G�1
y B0.BG�1

y B0/�1By:

We switch immediately to Lemma 9.4.

Lemma 9.4. (least squares solution of the system of inconsistent homoge-
neous conditional equations with respect to the Gy-seminorm):

An n � 1 vector i` of the system of inconsistent homogeneous conditional
equations Bi D By is the least squares solution with respect to the Gy-seminorm if
the compatibility condition

R.B0/ � R.Gy/ (9.8)



9-2 Solving a System of Inconsistent Inhomogeneous Conditional Equations 415

is fulfilled, and solves the system of normal equations

Gyi` D B0.BG�1
y B0/�1By; (9.9)

which is independent of the choice of the g-inverse G�
y .

9-2 Solving a System of Inconsistent Inhomogeneous
Conditional Equations

The text point of departure is Definition 9.5, a definition of Gy-LESS of a system of
inconsistent inhomogeneous condition equations.

Definition 9.5. (Gy-LESS of a system of inconsistent inhomogeneous con-
ditional equations):

An n� 1 vector i` of inconsistency is called Gy-LESS (LEast Squares Solution
with respect to the Gy-seminorm) of the inconsistent system of inhomogeneous
conditional equations

� cC By D B i (9.10)

(the minus sign is conventional),

if in comparison to all other vectors i 2 R
n the inequality

jji`jj2 WD i0`Gyi` � i0Gyi DW jjijj2Gy
(9.11)

holds, in particular if the vector of inconsistency i` has the least Gy-seminorm.
Lemma 9.6 characterizes the normal equations for the least squares solution of

the system of inconsistent inhomogeneous conditional equations with respect to the
Gy-seminorm.

Lemma 9.6. (least squares solution of the system of inconsistent inhomo-
geneous conditional equations with respect to the Gy-seminorm):

An n � 1 vector i` of the system of inconsistent homogeneous conditional
equations

Bi D By � c D B.y � d/ (9.12)

is Gy-LESS if and only if the system of normal equations

�
Gy B0
B O

� �
i`
�`

�
D
�

O
By � c

�
; (9.13)

with the q� 1 vector � of Lagrange multipliers is fulfilled. i` exists surely if
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R.B0/ � R.Gy/ (9.14)

and it solves the normal equations

Gyi` D B0.BG�1
y B0/�1.By � c/; (9.15)

which is independent of the choice of the g-inverse G�
y . i` is unique if the matrix

Gy is regular and in consequence positive definite.

9-3 Examples

Our two examples relate to the triangular condition, the so-called zero misclosure,
within a triangular network, and the condition that the sum within a flat triangle
accounts to 180o.

(i) The first example: triplet of angular observations
We assume that three observations of height differences within the triangle
P˛PˇP� sum up to zero. The condition of holonomic heights says

h˛ˇ C hˇ� C h�˛ D 0;

namely

B WD Œ1; 1; 1�; y WD

2
64
h˛ˇ
hˇ�
h�˛

3
75 ; i WD

2
4 i˛ˇiˇ�
i�˛

3
5 :

The normal equations of the inconsistent condition read for the case Gy D I3:

i` D B0.BB0/�1By;

B0.BB0/B D 1

3

2
4 1 1 11 1 1

1 1 1

3
5;

.i˛ˇ/` D .iˇ� /` D .i�˛/` D 1

3
.h˛ˇ C hˇ� C h�˛/

(ii) The second example: sum of planar triangles
Alternatively, we assume: three angles which form a planar triangle of sum to

˛ C ˇ C � D 180ı

namely
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The normal equations of the inconsistent condition equation read in our case
Gy D I3:

i` D B0.BB0/�1.By � c/;

B0.BB0/�1 D 1

3

2
4 11
1

3
5 ; By � c D ˛ C ˇ C � � 180ı;

.i˛/` D .iˇ/` D .i� /` D 1

3

2
4 11
1

3
5 .˛ C ˇ C � � 180ı/:



Chapter 10
The Fifth Problem of Probabilistic Regression

Setup of BLUUE for the moments of first order (Kolmogorov–Wiener
prediction)

We define the fifth problem of probabilistic regression by the inhomogeneous
general linear Gauss-Markov model including fixed effects as well as random effect,
namely by AŸ + CEfzg + y = Efyg together with variance-covariance matrices †z

and †y being unknown as well as Ÿ, Efzg, and Efyg, y. It is the standard model of
Kolmogorov-Wiener Prediction in its general form. By Theorem 10.3 we estimate Ÿ
and Efzg by (OŸ, EfOzg†y - Best Linear Uniformly Unbiased Estimation (OŸ, EfOzg†y
– BLUUE)) following C.R. Rao and J. Kleffe (1988 pp. 161 – 180) in section one.
Section two is an attempt to construct an explicit representation of the error budget
in the general Gauss-Markov model with mixed effects. Restrictive is the assumption
Dfyg = V�2 (one parameter) and Dfzg = Z�2 (one parameter) and the correlations
(V,Z) to be known! For such a model, we will be able by Theorem 10.5 to construct
a homogeneous quadratic estimate of �2. We leave the question open whether such
a model is realistic.

Instead we will give an example from linear collocation with Ÿ, Efzg, Efyg,
†z, †y to be unknown, but y&$$$; to be known. We depart from analyzing a
height network observed at two epochs. At the initial epoch three height differences
have been observed. From the first epoch to the second epoch we assume height
differences which change linear in time, for instance caused by an Earthquake. We
apply a height varying model

h˛ˇ.�/ D h˛ˇ.O/C h˛ˇ.O/� CO.�2/

where � denotes the time difference from the first epoch to the second epoch.
Section four will be a list of comments about linear and nonlinear prediction

of type Kolmogorov-Wiener, an extensive list of geodetic examples from hybrid
concepts of vertical deflections, gravity gradients and gravity values and specific
trend model. An extensive list of references is given. Finally, we comment on

(i) best inhomogeneous linear prediction,
(ii) best homogeneous linear prediction

(iiii) best homogeneous linear unbiased prediction by the dispersion ordering
D3 � D2 � D1

When we apply instead of Kolmogorov-Wiener linear prediction for absolute
quantities, we arrive at the more general concept of Krige prediction when we use
differences, for instance

kyP1 � yP2k2 D E fyP1 � yP2 � .EfyP1g � EfyP2g/g2

E. Grafarend and J. Awange, Applications of Linear and Nonlinear Models,
Springer Geophysics, DOI 10.1007/978-3-642-22241-2 10,
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For a weakly relative translational invariant stochastic process establishing the
Kolmogorov’s structure function. Alternatively, we are able to analyze higher order
variance-covariance function, for instance designed by E. Grafarend (1984).

Fast track reading: Read only Theorems 10.3 and 10.5.

“Prediction company’s chance of success is not zero, but close to it.”–Eugene Fama

“The best way to predict the future is to invent it.”–Alan Kay

Lemma 10.2

Sy - BLUUE of x and E{z}:

Definition 10.1
Sy − BLUUE of x and E{z}: 

Theorem 10.3
x, E{z} : Sy  − BLUUE of

x and E{z}:   

ˆ

Lemma 10.4
E{y} : x,  E{z}  Sy − BLUUE

of x and E{z}    

ˆ

10.1.1.1      Theorem 10.5
Homogeneous quadratic setup

 of σ2ˆ

The inhomogeneous general linear Gauss–Markov model with fixed effects and
random effects will be presented first. We review the special Kolmogorov–Wiener
model and extend it by the proper stochastic model of type BIQUUE given by
Theorem 10.5.

The extensive example for the general linear Gauss–Markov model with fixed
effects and random effects concentrates on a height network observed at two epochs.
At the first epoch we assume three measured height differences. Inbetween the first
and the second epoch we assume height differences which change linear in time, for
instance as a result of an earthquake we have found the height difference model

h˛ˇ.�/ D h˛ˇ.0/C h�̨
ˇ� CO.�2/:

Namely, indicates the time interval from the first epoch to the second epoch relative
to the height difference h�̨

ˇ . Unknown are
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• The fixed effects h˛ˇ
• The expected values of stochastic effects of type height difference velocities h˛ˇ

given the singular dispersion matrix of height differences. Alternative estimation
and prediction producers of

• type .V C CZC0/-BLUUE for the unknown fixed parameter vector � of height
differences of initial epoch and

• the expectation data Efzg of stochastic height difference velocities z, and
• of type .VC CZC0/-BLUUE for the expectation data Efyg of height difference

measurements y,
• of type Qey of the empirical error vector,
• as well as of type .V C CZC0/-BLUUP of the stochastic vector Qz of height

difference velocities.

For the unknown variance component �2 of height difference observations we
review estimates of type BIQUUE. At the end, we intend to generalize the concept
of estimation and prediction of fixed and random effects by a short historical remark.

10-1 Inhomogeneous General Linear Gauss–Markov Model
(Fixed Effects and Random Effects)

Here we focus on the general inhomogeneous linear Gauss–Markov model includ-
ing fixed effects and random effects. By means of Definition 10.1 we review
†y-BLUUE of � and Efzg followed by the related Lemma 10.2, Theorem 10.3 and
Lemma 10.4.

Box 10.1. Inhomogeneous general linear Gauss–Markov model (fixed
effects and random effects)

A� C CEfzg C � D EfNyg (10.1)

CfNy; zg D 0
†z WD Dfzg; † Ny WD DfNyg

C fNy; zg D 0
�;Efzg; EfNyg;†z;† Ny unknown

� unknown

EfNyg � � 2 .ŒA;C�/ (10.2)

The n�1 stochastic vector Ny of observations is transformed by means of Ny�� DW y
to the new n � 1 stochastic vector y of reduced observations which is characterized
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by second order statistics, in particular by the first momentsEfyg and by the central
second momentsDfyg.

Definition 10.1. (†y-BLUUE of � and Efzg):

The partitioned vector � D LyC �; namely

" O�
O 

#
D
" O�
bEfzg

#
D
"

L1

L2

#
yC

"
�1

�2

#

is called†y-BLUUE of � (Best Linear Uniformly Unbiased Estimation with respect
to †y- norm) in (10.1) if (1st) O� is uniformly unbiased in the sense of

Ef O�g D EfLyC �g D � for all � 2 R
mCl (10.3)

or

Ef O�g D EfL1yC �1g D � for all � 2 R
m

Ef O g D EfbEfzgg D EfL2yC �2g D  D Efzg for all  2 R
l (10.4)

and (2nd) in comparison to all other linear uniformly unbiased estimation O� has
minimum variance.

trDf O�g WD Ef. O� � �/0. O� � �/g D trL†yL0 D jjL0jj2†y
D min

L
(10.5)

or

trD f O g WD trDf1E fzgg WD E ˚. O �  /0. O �  /�
D Ef.1E fzg�Efzg/0.1E fzg�Efzg fzg/gDtrL2†yL0

2DjjL0jj2†y
D min

L2
:

(10.6)

We shall specify†y-BLUUE of � andEfzg by means of �1 D 0, �2 D 0 and writing
the residual normal equations by means of “Lagrange multipliers”.

Lemma 10.2. (˙ y-BLUUE of � and Efzg):

An .mC l/ � 1 vector Œ O� 0; O 0�0 D Œ O� 0; 1Efzg0�0 D ŒL0
1; L0

2 �
0 yC Œ�0

1; �
0
2 �

0 is †y-

BLUUE of Œ� 0; 1Efzg0�0 in (10.1), if and only if

�1 D 0; �2 D 0
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hold and the matrices L1 and L2 fulfill the system of normal equations

2
4†y A C

A0 0 0
C0 0 0

3
5
2
4 L0

1 L0
2

ƒ11 ƒ12

ƒ21 ƒ22

3
5 D

2
4 0 0

Im 0

0 Il

3
5 (10.7)

or
†yL0

1 C A�11 C C�21 D 0; †yL0
2 C A�12 C C�22 D 0

A0L0
1D Im; A0L0

2 D 0
C0L0

1D 0; C0L0
2 D Il

(10.8)

with suitable matrices ƒ11; ƒ12; ƒ21 and ƒ22 of “Lagrange multipliers”.
Theorem 10.3 specifies the solution of the special normal equations by means
of (10.9) relative to the specific “Schur complements” (10.10)–(10.13).

Theorem 10.3. ( O�; bEfzg†y-BLUUE of � and Efzg):

Let Œ O� 0; 1Efzg0�0 be †y-BLUUE of the Œ� 0; Efzg0�0 in the mixed Gauss–Markov
model (10.1). Then the equivalent representations of the solution of the normal
equations (10.7)

O� WD
" O�
O 

#
WD
" O�
1E fzg

#
D
"

A0†�1
y A A0†�1

y C
C0†�1

y A C0†�1
y C

#�
A0
C0
�
†�1

y y (10.9)

O� D fA0†�1
y ŒIn�C.C0†�1

y C/�1C0†�1
y �Ag�1 �A0†�1

y ŒIn�C.C0†�1
y C/�1C0†�1

y � y

O D1E fzg D
n
C0†�1

y ŒIn�A.A0†�1
y A/�1A0†�1

y �C
o�1

�C0†�1
y ŒIn�A.A0†�1

y A/�1A0†y�1� y

O� D S�1
A sA

O WD1E fzg D S�1
C sC

O� D .A0†�1
y A/�1A0†�1

y .y �1E fzg/
O WD1E fzg D .C0†�1

y C/�1C0†�1
y .y � A O�/

are completed by the dispersion matrices and the covariance matrices.

D
n O�o WD D

(" O�
O 

#)
WD D

(" O�
1E fzg

#)
D
"

A0†�1
y A A0†�1

y C
C0†�1

y A C0†�1
y C

#�1
DW † O�
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D
n O�o D ˚

A0†�1
y ŒIn�C.C0†�1

y C/�1C0†�1
y �A

��1 DW † O�

Cf O�; O g D Cf O�; bEfzggg
D � ˚A0†�1

y ŒIn�C.C0†�1
y C/�1C0†�1

y �A
��1

A0†�1
y C.C0†�1

y C/�1

D �.A0†�1
y A/�1A0†�1

y C
˚
C†�1

y ŒIn�A.A0†�1
y A/�1A0†�1

y �C
��1

D f O g WD DfbEfzgg D fC0†�1
y ŒIn�A.A0†�1

y A/�1A0†�1
y �Cg�1 DW † O 

Cf O�; zg D 0

Cf O ; zg WD CfbEfzg; zg D 0;

where the “Schur complements” are defined by

SA WD A0†�1
y ŒIn�C.C0†�1

y C/�1C0†�1
y �A; (10.10)

sA WD A0†�1
y ŒIn�C.C0†�1

y C/�1C0†�1
y �y; (10.11)

SC WD C0†�1
y ŒIn�A.A0†�1

y A/�1A0†�1
y �C; (10.12)

sC WD C0†�1
y ŒIn�A.A0†�1

y A/�1A0†�1
y �y (10.13)

Our final result (10.14)–(10.23) summarizes (i) the two forms (10.14) and (10.15)
of estimating 1Efyg and Df1Efygg as derived covariance matrices, (ii) the empirical
error vector Qey and the related variance-covariance matrices (10.19)–(10.21) and
(iii) the dispersion matricesDy by means of (10.22)–(10.23).

Lemma 10.4. (1Efyg W O�; bEfzg †y-BLUUE of � and Efzg):

(i) With respect to the mixed Gauss–Markov model (10.1) †y-BLUUE of the
Efyg D A� CCEfzg is given by

1Efyg D A O� C C bEfzg
D AS�1

A sA C C.C0†�1
y C/�1C0†�1

y .y �AS�1
A sA/ (10.14)

or

1Efyg D A O� C C bEfzg
D A.A0†�1

y A/�1A0†�1
y .y � AS�1

C sC/C CS�1
C sC (10.15)

with the corresponding dispersion matrices

Df1Efygg D DfA O� C C bEfzgg
D ADf O�gA0 C Acovf O�; bEfzggC0 C Ccovf O�; bEfzggA0 C CDfbEfzggC0
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Df1Efygg D DfA O� CC bEfzgg
D C.C0†�1

y C/�1C0CŒIn�C.C0†�1
y C/�1C0†�1

y �AS�1
A

A0ŒIn�†�1
y C.C0†�1

y C/�1C0�

Df1Efygg D DfA O� CC bEfzgg
D A.A0†�1

y A/�1A0 C ŒIn�A.A0†�1
y

A/�1A0†�1
y �CS�1

C C0ŒIn�†�1
y A.A0†�1

y A/�1A0�;

ey

where SA; sA; SC; sC are “Schur complements” (10.10), (10.11), (10.12) and
(10.13).

The covariance matrix of 1Efyg and z amounts to

covf1Efyg; zg D CfA O� C C bEfzg; zg D 0: (10.16)

(ii) If the “error vector” is empirically determined by means of the residual vector
Qey D y �1Efyg we gain the various representations of type

Qey D ŒIn � C.C0†�1
y C/�1C0†�1

y �.y � AS�1
A sA/ (10.17)

or
Qey D ŒIn � A.A0†�1

y A/�1A0†�1
y �.y � CS�1

C sC/ (10.18)

with the corresponding dispersion matrices

DfQeyg D †y �C.C0†�1
y C/�1C0

�ŒIn�C.C0†�1
y C/�1C0†�1

y �AS�1
A A0ŒIn�†�1

y C.C0†�1
y C/�1C0� (10.19)

or

DfQeyg D †y � A.A0†�1
y A/�1A0

�ŒIn�A.A0†�1
y A/�1A0†�1

y �CS�1
C C0ŒIn�†�1

y A.A0†�1
y A/�1A0�; (10.20)

where SA; sA; SC; sC are “Schur complements” (10.10), (10.11), (10.12) and
(10.13). Qey and z are uncorrelated because of

CfQey; zg D 0: (10.21)

(iii) The dispersion matrices of the observation vector is given by
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Dfyg D DfA O� C C bEfzg C Qeyg D DfA O� CC bEfzgg CDfQeyg
Dfyg D DfQey � eyg CDfQeyg:

(10.22)

Qey and 1Efyg are uncorrelated since

CfQey; 1Efygg D CfQey; A O� C C bEfzgg D CfQey; Qey � eyg D 0 : (10.23)

10-2 Explicit Representations of Errors in the General
Gauss–Markov Model with Mixed Effects

A collection of explicit representations of errors in the general Gauss–Markov
model with mixed effects will be presented: �, Efzg, Ny � � D y, †z, †y will be
assumed to be unknown, � known. In addition, CfNy; zg will be assumed to vanish.
The prediction of random effects will be summarized here. Note our simple model

A� C CEfzg D Efyg; Efyg 2 R.ŒA;C�/; rkŒA;C� D mC ` < n;

Efzg unknown, Z�2 D Dfzg, Z positive definite rkZ D s � `,
V�2 D Dfy �Czg, V positive semidefinite

rkV D t � n; rkŒV;CZ� D n, Cfz; y� Czg D 0.

A homogeneous-quadratic ansatz O�2 D y0My will be specified now.

Theorem 10.5. (homogeneous-quadratic setup of O�2):

(i) Let O�2 D y0My D .vecM/0.y˝ y/ be BIQUUE of �2 with respect to the model
of the front desk.

Then

O�2 D .n �m � `/�1Œy0fIn � .VC CZC0/�1AŒA0.VC CZC0/�1A��1A0g
.VC CZC0/�1y � s0

AS�1
C sC�

O�2 D .n �m � `/�1Œy0Q.VC CZC0/�1y � s0
AS�1

A sA�

Q WD In � .VCCZC0/�1CŒC0.VCCZC0/�1C��1C0

subject to

ŒSA; sA� WD A0.VCCZC0/�1fIn �CŒC0.VC CZC0/�1C��1C0.VC CZC0/�1g
ŒA; y� D A0Q.VC CZC0/�1ŒA; y�

and
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ŒSC; sC� WD C0.VCCZC0/�1fIn�AŒA0.VCCZC0/�1A��1A0.VCCZC0/�1gŒC; y�;

where SA and SC are “Schur complements”.
Alternately, we receive the empirical data based upon

O�2 D .n �m � `/�1y0.VC CZC0/�1 Qey

D .n �m � `/�1 Qe0
y.VC CZC0/�1 Qey

and the related variances

Df O�2g D 2.n�m � `/�1�4 D 2.n�m � `/�1.�2/2

or replacing by the estimations

Df O�2g D 2.n�m � `/�1. O�2/2
D 2.n �m � `/�1Œ Qe0

y.VC CZC0/�1 Qey�
2:

(ii) If the cofactor matrix V is positive definite, we will find for the simple
representations of type BIQUUE of �2 the equivalent representations

O�2 D .n �m � `/�1y0fV�1 � V�1ŒA;C�
�

A0V�1A A0V�1C
C0V�1A C0V�1C

� �
A0
C0
�

A�1gy

O�2 D .n �m � `/�1.y0QV�1y � s0
AS�1

A sA/

O�2 D .n �m � `/�1y0V�1
ŒIn � A.A0V�1A/�1A0V�1

�.y �CS�1
C sC/

subject to the projection matrix

Q D In �V�1C.C0V�1C/�1C0

and

ŒSA; sA� WD A0V�1
ŒIn �C.C0V�1C/�1C0V�1

�ŒA; y� D A0QV�1
ŒA; y�

ŒSC; sC� WD fI` CC0V�1
ŒIn � A.A0V�1A/�1A0V�1

�CZg�1
�C0V�1

ŒIn � A.A0V�1A/�1A0V�1
�ŒC; y�:

Alternatively, we receive the empirical data based upon

O�2 D .n �m � `/�1y0V�1 Qey D .n �m � `/�1 Qe0
yV�1 Qey

and the related variances

Df O�2g D 2.n�m � `/�1�4 D 2.n�m � `/�1.�2/2
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ODf O�2g D 2.n�m � `/�1. O�2/2 D 2.n�m � `/�1. Qe0
yV�1 Qey/

2:

The proofs are straight forward.

10-3 An Example for Collocation

Here we will focus on a special model with fixed effects and random effects, in
particular with �, Efzg, EfNyg,†z, †y unknown, but � known.

We depart in analyzing a height network observed at two epochs. At the initial
epoch three height differences have been observed. From the first epochs to the
second epoch we assume height differences which change linear in time, for
instance caused by an Earthquake. There is a height varying model

h˛ˇ.�/ D h˛ˇ.0/C h�̨
ˇ.0/� CO.�2/;

where � notes the time difference from the first epoch to the second epoch, related
to the height difference. Unknown are the fixed height differences h˛ˇ and the
expected values of the random height difference velocities h�̨

ˇ . Given is the singular
dispersion matrix of height difference measurements. Alternative estimation and
prediction data are of type .V C CZC0/-BLUUE for the unknown parameter �
of height difference at initial epoch and the expected data Efzg of stochastic
height difference velocities z, of type .V C CZC0/-BLUUE of the expected data
Efyg of height difference observations y, of type Qey of the empirical error vector
of observations and of type .V C CZC0/-BLUUP for the stochastic vector Qz of
height difference velocities. For the unknown variance component �2 of height
difference observations we use estimates of type BIQUUE. In detail, our model
assumptions are

epoch 1

E

8̂<
:̂

2
64
he˛ˇ
heˇ�
he�˛

3
75
9>=
>; D

2
64
1 0

0 1

�1 1

3
75
"
he˛ˇ
heˇ�

#

epoch 2

E

8̂
<
:̂

2
64
he˛ˇ
heˇ�
he�˛

3
75
9>=
>; D

2
64
1 0

0 1

�1 1

3
75
2
64

� 0

0 �

�� �

3
75

2
66664

h˛ˇ

hˇ�

Efh�̨
ˇg

Efh�̌
�g

3
77775
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epoch 1 and 2

E

8̂
ˆ̂̂̂̂
ˆ̂̂<
ˆ̂̂̂
ˆ̂̂̂̂
:

2
6666666664

he˛ˇ
heˇ�
he�˛
ke˛ˇ
keˇ�
ke�˛

3
7777777775

9>>>>>>>>>=
>>>>>>>>>;

D

2
6666666664

1 0

0 1

�1 1
1 0

0 1

�1 1

3
7777777775

"
h˛ˇ

hˇ�

#
C

2
6666666664

0 0

0 0

0 0

� 0

0 �

�� �

3
7777777775

"
Efh�̨

ˇg
Efh�̌

�g

#

y WD

2
6666666664

he˛ˇ
heˇ�
he�˛
ke˛ˇ
keˇ�
ke�˛

3
7777777775
; A WD

2
6666666664

1 0

0 1

�1 1
1 0

0 1

�1 1

3
7777777775
� WD

"
h˛ˇ

hˇ�

#

C WD

2
6666666664

0 0

0 0

0 0

� 0

0 �

�� �

3
7777777775
; Efzg D

"
Efh�̨

ˇg
Efh�̌

�g

#

rank identities
rkA D 2; rkC D 2; rkŒA;C� D mC l D 4.

The singular dispersion matrix Dfyg D V�2 of the observation vector y and
the singular dispersion matrix Dfzg D Z�2 are determined in the following. We
separate 3 cases.

(i) rkV D 6; rkZ D 1

V D I6; Z D 1

�2

�
1 1

1 1

�

(ii) rkV D 5; rkZ D 2

V D Diag.1; 1; 1; 1; 1; 0/; Z D 1

�2
I2; rk.VCCZC0/ D 6

(iii) rkV D 4; rkZ D 2

V D Diag.1; 1; 1; 1; 0; 0/; Z D 1

�2
I2; rk .VCCZC0/ D 6:
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In order to be as simple as possible we use the time interval � D 1.
With the numerical values of matrix inversion and of “Schur-complements”, e.g.

Table 10.1: .VCCZC0/�1

Table 10.2: fIn�AŒA0.VCCZC0/�1A��1A0.VCCZC0/�1g
Table 10.3: fIn�CŒC0.VCCZC0/�1C��1C0.VCCZC0/�1g
Table 10.4: “Schur-complements” SA, SC

Table 10.5: vectors sA, sC

1st case: O� , Df O�g, bEfzg, Df1Efygg

O� D 1

3

�
2 1 �1 0 0 0
1 2 1 0 0 0

�
y D 1

3

�
2y1 C y2 � y3
y1 C 2y2 C y3

�
;

Df O�g D �2

3

�
2 1

1 2

�
;

bEfzg D
��2 �1 1 2 1 �1
�1 �2 �1 1 2 1

�
y D

��2y1 � y2 C y3 C 2y4 C y5 � y6
�y1 � 2y2 � y3 C y4 C 2y5 C y6

�
;

DfbEfzgg D �2

3

�
7 5

5 7

�
;

2nd case: O�, Df O�g, bEfzg, DfbEfzgg

O� D 1

3

�
2 1 �1 0 0 0
1 2 1 0 0 0

�
y D 1

3

�
2y1 C y2 � y3
y1 C 2y2 C y3

�
;

Df O�g D �2

3

�
2 1

1 2

�
;

bEfzg D
��4 �2 2 3 3 �3
�2 �4 �2 3 3 3

�
y;

DfbEfzgg D �2

6

�
13 5

5 13

�
;

3rd case: O� , Df O�g, bEfzg, DfbEfzgg

O� D 1

3

�
2 1 �1 0 0 0
1 2 1 0 0 0

�
y D 1

3

�
2y1 C y2 � y3
y1 C 2y2 C y3

�
;

Df O�g D �2

3

�
2 1

1 2

�
;

bEfzg D
��2 �1 1 3 0 0

�1 �2 �1 0 3 0
�
1

3

��2y1 � y2 C y3 C 3y4
�y1 � 2y2 � y3 C 3y5

�
;



10-3 An Example for Collocation 431

Table 10.1 Matrix inverse .VCCZC0/�1 for a mixed Gauss–Markov model
with fixed and random effects

VCCZC0 .VCCZC0/�1

1st case

2
66666664

1 0 0

0 1 0

0 0 1

0 0 0

0 0 0

0 0 0

0 0 0

0 0 0

0 0 0

2 1 0

1 2 0

0 0 1

3
77777775

1

3

2
66666664

3 0 0

0 3 0

0 0 3

0 0 0

0 0 0

0 0 0

0 0 0

0 0 0

0 0 0

2 �1 0
�1 2 0

0 0 3

3
77777775

2nd case

2
66666664

1 0 0

0 1 0

0 0 1

0 0 0

0 0 0

0 0 0

0 0 0

0 0 0

0 0 0

2 0 �1
0 2 1

�1 1 2

3
77777775

1

4

2
66666664

4 0 0

0 4 0

0 0 4

0 0 0

0 0 0

0 0 0

0 0 0

0 0 0

0 0 0

3 �1 2

�1 3 �2
2 �2 4

3
77777775

3rd case

2
66666664

1 0 0

0 1 0

0 0 1

0 0 0

0 0 0

0 0 0

0 0 0

0 0 0

0 0 0

1 0 �1
0 1 1

�1 1 3

3
77777775

2
66666664

1 0 0

0 1 0

0 0 1

0 0 0

0 0 0

0 0 0

0 0 0

0 0 0

0 0 0

2 �1 1

�1 2 �1
1 �1 1

3
77777775

Table 10.2 Matrices fInCŒA0.VCCZC0/�1A��1A0.VCCZC0/�1g for a mixed
Gauss–Markov model with fixed and random effects

fIn�AŒA0.VCCZC0/�1A��1A0.VCCZC0/�1g

1st case
1

24

2
66666664

13 �7 4 �5 �1 4

�7 13 �4 �1 �5 �4
4 �4 16 4 �4 �8
�11 �7 4 19 �1 4

�7 �11 �4 �1 19 �4
4 �4 �8 4 �4 16

3
77777775

2nd case
1

24

2
66666664

13 �5 6 �4 �4 3

�5 13 �6 �4 �4 �3
6 �6 12 0 0 �6
�11 �5 6 20 �4 3

�5 �11 �6 �4 20 �3
6 �6 �12 0 0 18

3
77777775

(Continued)
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Table 10.2 Continued

3rd case
1

8

2
66666664

5 �1 2 �3 �1 0
�1 5 �2 �1 �3 0
2 �2 4 2 �2 0
�3 �1 2 5 �1 0
�1 �3 �2 �1 5 0

2 �2 �4 2 �2 8

3
77777775

Table 10.3 Matrices fIn�CŒC0.VCCZC0/�1C0��1C0.VCCZC0/�1g for a mixed
Gauss–Markov model with fixed and random effects

fIn�CŒC0.VCCZC0/�1C��1C0.VCCZC0/�1g

1st case
1

3

2
66666664

3 0 0 0 0 0

0 3 0 0 0 0

0 0 3 0 0 0

0 0 0 1 �1 1
0 0 0 �1 1 1

0 0 0 0 0 0

3
77777775

2nd case

2
66666664

2 0 0 0 0 0

0 2 0 0 0 0

0 0 2 0 0 0

0 0 0 1 �1 1

0 0 0 �1 1 �1
0 0 0 0 0 0

3
77777775

3rd case

2
66666664

1 0 0 0 0 0

0 1 0 0 0 0

0 0 1 0 0 0

0 0 0 0 0 0

0 0 0 0 0 0

0 0 0 1 �1 1

3
77777775

Table 10.4 “Schur-complements” SA, SC, three cases, for a mixed Gauss–
Markov model with fixed and random effects

SA (10.10) SA
�1 SC (10.12) SC

�1

1st case

�
2 �1
�1 2

�
1

3

�
2 1

1 2

�
1

8

�
7 �5
�5 7

�
1

3

�
7 5

5 7

�

2nd case

�
2 �1
�1 2

�
1

3

�
2 1

1 2

�
1

24

�
13 �5
�5 13

�
1

6

�
13 5

5 13

�

3rd case

�
2 �1
�1 2

�
1

3

�
2 1

1 2

�
1

8

�
5 �1
�1 5

�
1

3

�
5 1

1 5

�
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Table 10.5 Vectors sA and sC, three cases, for a mixed Gauss–Markov
model with fixed and random effects

sA (10.11) sC (10.13)

1st case

�
1 0 �1 0 0 0
0 1 1 0 0 0

�
y

1

8

��9 3 12 9 �3 �12
3 �9 �12 �3 9 12

�
y

2nd case

�
1 0 �1 0 0 0
0 1 1 0 0 0

�
y

1

24

��7 �1 6 4 4 �9
�1 �7 �6 4 4 �9

�
y

3rd case

�
1 0 �1 0 0 0
0 1 1 0 0 0

�
y

1

8

��3 �1 2 5 �1 0
�1 �3 �2 �1 5 0

�
y

Table 10.6 Numerical values, Case 1

1st case: 1Efyg, Df1Efygg, Qey , DfQey1g

1Efyg D

2
66666664

2 1 �1 0 0 0

1 2 1 0 0 0

�1 1 2 0 0 0

0 0 0 2 1 �1
0 0 0 1 2 1

0 0 0 �1 1 2

3
77777775

y D

2
66666664

2y1 C y2 � y3
y1 C 2y2 C y3
�y1 C 2y2 C 2y3
2y4 C y5 � y6
y4 C 2y5 � y6
�y4 C y5 C 2y6

3
77777775

Df1Efygg D �2

3

2
66666664

2 1 �1 0 0 0

1 2 1 0 0 0

�1 1 2 0 0 0

0 0 0 5 4 �1
0 0 0 4 5 1

0 0 0 �1 1 2

3
77777775

Qey D 1

12

2
66666664

�1 �5 8 5 1 �4
�5 �1 �8 1 5 4

8 �8 �4 �4 4 8

11 7 �4 �7 �11 8

7 11 4 �11 �7 �8
�4 4 8 8 �8 �4

3
77777775

DfQeyg D �2

3

2
66666664

1 �1 1 0 0 0

�1 1 �1 0 0 0

1 �1 1 0 0 0

0 0 0 1 �1 1
0 0 0 1 1 1

0 0 0 1 �1 1

3
77777775
:
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First case:
O� , Df O�g, bEfzg, DfbEfzgg

Second case:
O� , Df O�g, bEfzg, DfbEfzgg

Third case:
O�, Df O�g, bEfzg, DfbEfzgg.

Here are the results of computing

1Efyg, DfbEfzgg, Qey andDfQeyg,
ordered as case 1, case 2, and case 3 (Tables 10.6–10.10).

Table 10.7 Numerical values, Case 2

2nd case: 1Efyg, Df1Efygg, Qey , DfQey1g

1Efyg D 1

6

2
66666664

4 2 �2 0 0 0

2 4 2 0 0 0

�2 2 4 0 0 0

0 0 0 3 3 �3
0 0 0 3 3 3

0 0 0 0 0 6

3
77777775

Df1Efygg D �2

3

2
66666664

2 1 �1 0 0 0

1 2 1 0 0 0

�1 1 2 0 0 0

0 0 0 5 4 �1
0 0 0 4 5 1

0 0 0 �1 1 2

3
77777775

Qey D 1

6

2
66666664

2 �2 2 0 0 0

�2 2 �2 0 0 0

2 �2 2 0 0 0

0 0 0 3 �3 3

0 0 0 �3 3 �3
0 0 0 0 0 0

3
77777775

y D

2
66666664

2y1 � 2y2 C 2y3
�2y1 C 2y2 � 2y3
2y1 � 2y2 C 2y3
3y4 � 3y5 C 3y6
3y4 � 3y5 C 3y6
�3y4 C 3y5 � 3y6

3
77777775

DfQeyg D �2

6

2
66666664

2 �2 2 0 0 0

�2 2 �2 0 0 0

2 �2 2 0 0 0

0 0 0 3 �3 0
0 0 0 �3 3 0

0 0 0 0 0 0

3
77777775



10-3 An Example for Collocation 435

1st case: 1Efyg, Df1Efygg, Qey, DfQeyg

1Efyg D

2
66666664

2 1 �1 0 0 0

1 2 1 0 0 0

�1 1 2 0 0 0

0 0 0 2 1 �1
0 0 0 1 2 1

0 0 0 �1 1 2

3
77777775

y D

2
66666664

2y1 C y2 � y3
y1 C 2y2 C y3
�y1 C 2y2 C 2y3
2y4 C y5 � y6
y4 C 2y5 � y6
�y4 C y5 C 2y6

3
77777775

Df1Efygg D �2

3

2
66666664

2 1 �1 0 0 0

1 2 1 0 0 0

�1 1 2 0 0 0

0 0 0 5 4 �1
0 0 0 4 5 1

0 0 0 �1 1 2

3
77777775

Qey D 1

12

2
66666664

�1 �5 8 5 1 �4
�5 �1 �8 1 5 4

8 �8 �4 �4 4 8

11 7 �4 �7 �11 8

7 11 4 �11 �7 �8
�4 4 8 8 �8 �4

3
77777775

DfQeyg D �2

3

2
66666664

1 �1 1 0 0 0

�1 1 �1 0 0 0

1 �1 1 0 0 0

0 0 0 1 �1 1
0 0 0 1 1 1

0 0 0 1 �1 1

3
77777775
:

Table 10.8 Numerical values, Case 3

3rd case: 1Efyg, Df1Efygg, Qey, DfQeyg

1Efyg D 1

3

2
66666664

0 0 0 0 0 0

0 0 0 0 0 0

0 0 0 0 0 0

�2 �1 1 0 0 0

�1 �2 �1 0 3 0

1 �1 0 �3 3 0

3
77777775
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Df1Efygg D �2

3

2
66666664

2 1 �1 0 0 0

1 2 1 0 0 0

�1 1 2 0 0 0

0 0 0 3 0 �3
0 0 0 0 3 3

0 0 0 �3 3 6

3
77777775

Qey D 1

3

2
66666664

1 �1 1 0 0 0

�1 1 �1 0 0 0
1 �1 1 0 0 0

0 0 0 0 0 0

0 0 0 0 0 0

0 0 0 0 0 0

3
77777775

y D

2
66666664

y1 � y2 C y3
�y1 C 2y2 � y3
y1 � y2 C y3

0

0

0

3
77777775

DfQeyg D �2

3

2
66666664

1 �1 1 0 0 0

�1 1 �1 0 0 0
1 �1 1 0 0 0

0 0 0 0 0 0

0 0 0 0 0 0

0 0 0 0 0 0

3
77777775
:

Table 10.9 Data of type Qz, DfQzg for 3 cases

1st case:

Qz D 1

3

��2 �1 1 2 1 �1
�1 �2 �1 1 2 2

�
y;

DfQzg D �

3

�
7 5

5 7

�
;

2nd case:

Qz D 1

3

��4 �2 2 3 3 �3
�2 �4 �2 3 3 3

�
y;

DfQzg D �

6

�
13 5

5 13

�
;

3rd case:

Qz D 1

3

��2 �1 1 3 0 0

�1 �2 �1 0 3 0
�

y;

DfQzg D �

3

�
5 1

1 5

�
;
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Table 10.10 Data of type O�2, Df O�2g, ODf O�2g for 3 cases

1st case: n D 6;m D 2, ` D 2, n �m � ` D 2

O�2 D 1

12
y0

2
66666664

7 �1 �2 �5 �1 4

�1 7 2 �1 �5 �4
�2 2 10 4 �4 �8
�5 �1 4 7 �1 �2
�1 �5 �4 �1 7 2

4 �4 �8 �2 2 10

3
77777775

y; Df O�2g D �4;

ODf O�2g D 1

144
fy0

2
66666664

7 �1 �2 �5 �1 4

�1 7 2 �1 �5 �4
�2 2 10 4 �4 �8
�5 �1 4 7 �1 �2
�1 �5 �4 �1 7 2

4 �4 �8 �2 2 10

3
77777775

yg2;

2nd case: n D 6;m D 2, ` D 2, n �m � ` D 2

O�2 D 1

12
y0

2
66666664

2 �2 2 0 0 0

�2 2 �2 0 0 0

2 �2 2 0 0 0

0 0 0 3 �3 3

0 0 0 �3 3 �3
0 0 0 3 �3 3

3
77777775

y; Df O�2g D �4;

ODf O�2g D 1

144
fy0

2
66666664

2 �2 2 0 0 0

�2 2 �2 0 0 0

2 �2 2 0 0 0

0 0 0 3 �3 3

0 0 0 �3 3 �3
0 0 0 3 �3 3

3
77777775

yg2;

3rd case: n D 6;m D 2, ` D 2, n �m� ` D 2

O�2 D 1

6
y0

2
66666664

1 �1 1 0 0 0

�1 1 �1 0 0 0
1 �1 1 0 0 0

0 0 0 0 0 0

0 0 0 0 0 0

0 0 0 0 0 0

3
77777775

y; Df O�2g D �4;
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ODf O�2g D 1

144

8̂̂
ˆ̂̂̂
<̂
ˆ̂̂̂
ˆ̂̂:

y0

2
66666664

1 �1 1 0 0 0

�1 1 �1 0 0 0
1 �1 1 0 0 0

0 0 0 0 0 0

0 0 0 0 0 0

0 0 0 0 0 0

3
77777775

y

9>>>>>>>=
>>>>>>>;

2

:

Here is my journey’s end.

10-4 Comments

(i) In their original contribution A. N. Kolmogorov (1941 a, b, c) and N. Wiener
(“yellow devil”, 1939) did not depart from our general setup of fixed effects and
random effects. Instead they departed from the model

“yP˛ D cP˛ C
qX

ˇD1
cP˛Qˇ

yQˇ
C

qX
ˇ;�D1

cP˛QˇQ� yQˇ
yQ� CO.y3/00

of nonlinear prediction, e.g. homogeneous linear prediction

yP1 D yQ1cP1Q1 C yQ2cP1Q2 C � � � C yQqcP1Qq

yP2 D yQ1cP2Q1 C yQ2cP2Q2 C � � � C yQqcP2Qq

� � �
yPp�1 D yQ1cPp�1Q1 C yQ2cPp�1Q2 C � � � C yQqcPp�1Qq

yPp D yQ1cPpQ1 C yQ2cPpQ2 C � � � C yQqcPpQq :

From given values of “random effects” .yQ1; : : : ; yQp / other values of “random
effects” .yP1 ; : : : ; yPp / have been predicted, namely under the assumption of “equal
correlation” P of type

P1 �—–�P2 = Q1 �—–�Q2

2EfyP g D C.C†�1
yP

C/�1C†�1
yP
yP

Df2EfyP gg D C.C†�1
yP

C/�1C0

or

for all yP 2 fyP1; : : : ; yPP g
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jjyP � OyP jj WD Ef.yP � OyP /g2 � min;

Ef.yP � OyP /2g D Ef.y2i �
QqX
Q1

y0
1j cij /

2g D min.KW /

for homogeneous linear prediction.

“ansatz00

EfyP � Ef OyP gg WD 0; Ef.yP1 � Ef OyP1g/.yP2 �Ef OyP2g/g D cov.yP1 ; yP2/

Ef.yP � OyP /2g D cov.P; P / �
QDQqX
QDQ1

cpj cov.P;Qj /

C
X
Qj

X
Qk

cpj cpkcov.Qj ;Qk/ D min

“Kolmogorov–Wiener prediction”

cpj .KW /D
kDqX
kD1

Œcov.Qj ;Qk/�
�1cov.Qk; P /

Ef.yP� OyP /2jKW g Dcov.P; P /�
qX

jD1

qX
kD1

cov.P;Qj /cov.P;Qk/Œcov.Qj ;Qk/�
�1

constrained to

jQj �Qkj
Qj—+—–+—–+—–+—–+—Qk

cov.Qj ;Qk/ D cov.Qj �Qk/

“yP � EfyP g is weakly translational invariant 00

KW prediction suffers from the effect that “a priori” we know only one realization
of the random function y.Q1/; : : : ; y.Qq/, for instance.

1cov.�/ D 1

Nı

X
jQj�Qk j

.yQj �EfyQj g/.yQk
� EfyQk

g/ :

Modified versions of the KW prediction exist if we work with random fields in the
plane (weak isotropy) or on the plane (rotational invariances).
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As a model of “random effects” we may write

X
Qˇ

cP˛Qˇ
EfyQˇ

g D EfyP˛g � CEfzg D Efyg:

(ii) The first model applies if we want to predict data of one type to predict data of
the same type. Indeed, we have to generalize if we want to predict, for instance,

vertical deflections;
gravity gradients;

gravity values;

3
5 from gravity disturbances:

The second model has to start from relating one set of heterogeneous data to another
set of heterogeneous data. In the case we have to relate the various data sets to each
other. An obvious alternative setup is

X
Qˇ

c1P˛Qˇ
Efz1Qˇ

g C
X
R�

c2P˛R� Efz2R� g C � � � D EfyP˛g:

(iii) The level of collocation is reached if we include a trend model in addition to
Kolmogorov–Wiener prediction, namely

Efyg D A� C CEfzg;

the trend being represented by A�. The decomposition of “trend” and “signal”
is well represented in E. Grafarend (1976), E. Groten (1970), E. Groten and
H. Moritz (1964), S. Heitz (1967, 1968, 1969), S. Heitz and C.C. Tscherning (1972),
R.A. Hirvonen (1956, 1962), S. K. Jordan (1972 a, b, c, 1973), W.M. Kaula (1959,
1963, 1966 a, b, c, 1971), K.R. Koch (1973 a, b), K.R. Koch and S. Lauer (1971),
L. Kubackove (1973, 1974, 1975), S. Lauer (1971 a, b), S.L. Lauritzen (1972, 1973,
1975), D. Lelgemann (1972, 1974), P. Meissl (1970, 1971), in particular H. Moritz
(1961, 1962, 1963 a, b, c, d, 1964, 1965, 1967, 1969, 1970 a, b, c, d, e, 1971, 1972,
1973 a, b, c, d, e, f, 1974 a, b, 1975), H. Moritz and K.P. Schwarz (1973), W. Mundt
(1969), P. Naicho (1967, 1968), G. Obenson (1968, 1970), A.M. Obuchow (1947,
1954), I. Parzen (1960, 1963, 1972), L.P. Pellinen (1966, 1970), V.S. Pugachev
(1962), C.R. Rao (1971, 1972, 1973 a, b), R. Rupp (1962, 1963, 1964 a, b, 1966 a,
b, c, 1972, 1973 a, b, c, 1974, 1975), H. P. Robertson (1940), M. Rosenblatt (1959,
1966), R. Rummel (1975 a, b), U. Schatz (1970), I. Schoenberg (1942), W. Schwahn
(1973, 1975), K.P. Schwarz (1972, 1974 a, b, c, 1975 a, b, c), G. Seeber (1972),
H.S. Shapiro (1970), L. Shaw et al (1969), L. Sjoeberg (1975), G. N. Smith (1974),
F. Sobel (1970), G.F. Taylor (1935, 1938), C. Tscherning (1972, a, b, 1973, 1974 a,
b, 1975 a, b, c, d, e), C. Tscherning and R.H Rapp (1974), V. Vyskocil (1967, 1974 a,
b, c), P. Whittle (1963 a, b), N. Wiener (1958, 1964), H. Wolf (1969, 1974), E. Wong
(1969), E. Wong and J.B. Thoma (1961), A.M. Yaglom (1959, 1961).
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(iv) An interesting comparison is the various solutions of type

� Oy2 D Ol C OLy1 .best inhomogeneous linear prediction/
� Oy2 D OLy1 .best homogeneous linear prediction/

� Oy2 D OLy1 .best homogeneous linear unbiased prediction/

dispersion identities

D3 � D2 � D1:

(v) In spite of the effect that “trend components” and “KW prediction” may serve
well the needs of an analyst, generalizations are obvious. For instance, in
Krige’s prediction concept it is postulated that only

jjyp1 � yp2 jj2 DW Ef.yp1 � yp2 � .Efyp1g �Efyp2g//2g

is a weakly relative translational invariant stochastic process. A.N. Kolmogorov has
called the weakly relative translational invariant random function

“structure function”

Alternatively, higher order variance-covariance functions have been proposed:

jjy1; y2; y3jj2 DW Ef.y1 � 2y2 C y3/� .Efy1g � 2Efy2g C Efy3g/2g
jjy1; y2; y3; y4jj2 DW Ef.y1 � 3y2 C 3y3 � y4/� .Efy1g � 3Efy2g

C 3Efy3g � Efy4g/2g

etc..

(vi) Another alternative has been the construction of higher order absolute
variance-covariance functions of type

jj.yQ1 � EfyQ1g/ .yQ2 � EfyQ2g/ .yQ3 �EfyQ3g/jj
jj.yQ1 �EfyQ1g/ .:::/ .yQn �EfyQng/jj

like in E. Grafarend (1984) derived from the characteristic functional, namely a
series expression of higher order variance-covariance functions.



Chapter 11
The Sixth Problem of Probabilistic Regression
- the random effect model – “errors-in-variable”

“In difference to classical regression error-in-variables models here measurements
occurs in the regressors. The naive use of regression estimators leads to severe
bias in this situation. There are consistent estimators like the total least squares
estimator (TLS) and the moment estimator (MME).

J. Polzehl and S. Zwanzig
Department of Mathematics

Uppsala University, 2003 A.D.”

Read Definition in Tables 11.1, 11.2 and 11.3 and Lemma 11.1 as well as
SIMEX/SYMEX in Table 11.4

In contrast to the conventional regression models, error-in-variable models
(Error-in-Variables Models: EVM) have characteristic measurement error or resid-
uals in the regressor, with respect to such a model, those regression estimators lend
to a severe bias problem. Here we only review linear and nonlinear error in variable
models which are based on Bayes Statistic. Very often the EVM are called

Total Least Squares

when we use an extension of classical Least Squares.
There is a vast literature about EVMs. Examples of Bayesian Statistics for EVMs

are S.M. Berry et al (2002), R.J. Carrol et al (1996i,ii), W.A. Fuller (1984) and
J. Pilz (1994).

Notable algebraic contributions are Z. Bai and J. Demmel (1993), A. Björek,
P. Heggernes and P. Matstoms (2000), G.H. Golub, P.C. Hansen and D.P. O’Leary
(1999), G.H. Golub and C. van Loan (1980, 1996), H. Guo and R.H. Renant (2002),
P.C. Hansen (1989,1992, 1994), P.C. Hansen and D.O’Leary (1993), R.H. Horn

E. Grafarend and J. Awange, Applications of Linear and Nonlinear Models,
Springer Geophysics, DOI 10.1007/978-3-642-22241-2 11,

443

© Springer-Verlag Berlin Heidelberg 2012
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Table 11.1 Second order Statistics “Error-in-Variables”

Efyg D EfXg�
i; j 2 f1; : : : ; ng; k; l 2 f1; : : : ; mg

(i) Efyig D �i 
 Efyg D �y First order moment of
observation space Y

Efyi � Efyigg D 0

(ii) EfŒyi � Efyig�Œyj � Efyjg� D Dij Second order moment of
observation space Y

(iii) Ef
2
4 xi1
: : :

xim

3
5g D EfŒxik �g D �x First order moments of

random effects xik
Efxik �Efxikgg D 08i 2 f1; : : : ; ng; k 2 f1; : : : ; mg
2
66664

x11 x12 x1m�1 x1m
x21 x22 x2m�1 x2m
: : :

xn�11 xn�12 xn�1m�1 xn�1m

xn1 xn2 xnm�1 xnm

3
77775 D X

(iv) EfŒxik �Efxikg�Œxjl � Efyjlg�g WD �ijkl Second order moment of
random effects Xik2

4 �11 : : : �1n: : : : : : : : :

�n1 : : : �nn

3
5 var-cov matrix of

observation space Y2
4 �ij11 : : : �ij1m: : : : : : : : :

�ijm1 : : : �ijmn

3
5 var-cov matrix of

random effects Xik

model assumptions

(iv-1) assumptions : Dij D Diagf�21 ; : : : ; �2ng
“variance component model of observation space Y”

(iv-2) assumptions : Dij 
 �1j “full symmetric matrix of observation space Y”
(iv-3) assumptions: ‘‘simple model” Dij 
 ıij �

2

(iv-4) assumptions: Dfxijkl g DW �ijkl
“fourth order tensor” : �ijkl D �2Diagf�1; : : : ; �mg

(iv-5) assumptions:�ij �kl D �ijkl “decomposition”
(iv-6) assumptions:�ijkl D �ij �

2ıkl “simple model”
(iv-7) assumptions:�ijkl D �2ıij ıkl “super simple model”

and C.R. Johnson (1985), S. van Huffel and J. Vanderwalle (1991), B.N. Parlett
(1980), S. van Huffel and H. Zha (1993), A.N. Tikhonov (1963), A.N. Tikhonov and
V. Y. Arsenin (1977), R. A. Renaut and H. Guo (2005).

Contribution on straight-line-fit were presented by A. Acar et al (2006), M. Bipp
and H. Krans (199), S. Kupferer (2005), J. Reinkind (2008), B. Schaffrin (1983,
2002, 2008) and B. Schaffrin and A. Wieser (2008). Linear and quadratic constraints
were used in B. Schaffrin and Y.A. Fellus (2009).
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Table 11.2 Explicit and implicit models

(i) Explicit model E

Efyi g D EfXT
i g� D �T Xi for all � 2 � WD f1; : : : ; mg

yi D Efyi g C ey ;Xik D EfXikg C EX for all Y 2 f1; : : : ; ng;X 2 fX11; : : : ;Xnmg
“ey error vector, EX error matrix”

(ii) Implicit model

“We design our model that there no distinction between response variables Y and the predictor
variables X”

Y are called response variables, X are called predictor variables.
Definitions: (i) ZTi WD fYi ;XT

i g
(ii) ˛T WD f�1; �1; : : : ; �mg
(iii)  Ti WD f�i ;MT

i g
“Implicit model”

Oi WD f�1; �1; : : : ; �mgŒEfy1g; EfXi1g; : : : ; Efxi1g�
Zi WD  i C EZ;Z0

i WD .Yi ;X0

i /, varEZ WD ImC1�
2

References relating to stochastic formulations of EVMs are also very extensive.
For instance, we mention to works of SIMEX models (SIMulation EXtrapolation
estimators) by R.J. Carroll et al (1961i,ii), R.J. Carroll et al and L.A. Stefanski
(1997), J. R. Cook and L.A. Stefanski (1987), X. Lin and R.J. Carroll et al
(1999,2000), J. P. Holcomb (1999), L.A. Stefanski and J. R. Cook (1995),
N. Wang et al (1998), in particular S. Zwanzig (1987,1989,1997,1998, 1999,
2000), A. Kukash and S. Zwanzig(2002), J. Polzehl and S. Zwanzig (2005),
S. Zwanzig(2005), J. Polzehl and S. Zwanzig (2005) and S. Zwanzig(1998).

Finally, let us refer to Fig. 11.1 in order to illustrate the model “errors-in-
variables”.

We already mentioned them in contrast to standard regression models, EVMs
have “measurement errors” in the regressor. The naive use of regression estimators
leads to severe bias problems: The main idea of

SIMEX
(SIMulation EXtrapolation estimator)

is to eliminate the effect of “measurement errors” by extrapolation. Now samples
with arbitrary larger variances are generated by added simulated errors to the origi-
nal observed regressor variables. Here we follow to a large part the contribution of
J. Polzehl and S. Zwanzig (2003) which summarizes a great number of contribution
of SIMEX.
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Table 11.3 Inverse parameter transformation, naive estimator and Total Least
Squares

(11.31) O�
i D Œ�Efyig; �iEfxij g; : : : ; �iEfximg�=Œ��`�

for all i D 1; : : : ; n; k D 1; : : : ; m
(11.32) ˛` WD .�˛/=�` for ` D 1; : : : ; m; ˛0 WD ˛

“inverse parameter transformation”
(11.33) �k D �.˛`k/=˛`0 for k D 1; : : : ; m
(11.34) O�

i Di �` � .˛`.�`//�i.�`/
“explicit rewritten EVM”

(11.35) Z` D .˛`.�`/�.�`/ C E` for ` D 0; 1; : : : ; m � 1;m
“naive regression model”

(11.36) Z` D .˛`.�`//0Z�` C E`

“The `th variable is considered as response and
error in the other predictor variables are ignored”

(11.37) Ǫ `.�`/ WD .Z0
.�`/Z�`/�1Z0

.�`/Z`
(11.38) ˛`` D �1

“solution of the naive estimator and its bias”

min ˛0;Z0;Z˛
˛; ˛` D �1

“bias”
(11.30) Ef Ǫ `.�`/g D EfŒ.� 0

.�`/ C E
0
.�`//.�.�`/ C E.�`//��1.� 0

.�`/ C E
0
.�`//g

:D .� 0
.�`/�.�`/ C �2Im/�1� 0

.�`/�.�`/.˛`.�`/
“criterion function for the `th naive regression”

(11.40) O�naive;` D arg min
�

1

�2`
Œ�1; ��Z0

Z

��1
�

�

“Total Least Squares Estimator O�TLS,
maximum likelihood estimator for a Gaussian error distribution”

(11.41) TLS: O�TLSD arg min
�

Pn
iD1 min

Efxikg 2 R
m

.kYi � Efx0
ik
g�k�kxik �Efxikgk2/

TLS.�/ D 1
1Ck�k2 Œ�1; ��Z0

Z

��1
�

�

(11.42)
Pm

`D1 Naive`.�/�1 D TLS.�/�1

(11.43)
Pm

`D1 max
�

Naive`.�/�1 	 max
�

TLS.�/�1
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Fig. 11.1 Magic triangle

11-1 The Model of Error-in-Variables or Total Least Squares

Let us in more detail introduce the model definition of Error-in-Variables, also
called Total Least Squares, in a statistical reference frame.

The observation space Y is generated by the first order moments Efyig, the
mean value operator, and the central second order moments Dfyig DW Dij , the
variance-covariance matrix in the observation space. In contrast the random effects
matrix-valued space X is represented by the first order, second order tensor Efxyg
and by the central second order, fourth order tensor Dfyikg DW �ijkl . In modeling
we present 7 sub-models, of variances and of covariances, of course, we assume
that the observation space Y and the random effects space Xik are uncorrelated.

cov.yi ; xik/ D 0

We leave the formulation of Bayesian estimation for a model to the references.
Instead we formulate equivalent models of type “implicit” and “explicit” here.

The implicit model underlines the symmetry structure of the “error-in-variable
models.”

Here we will proceed as following: First we will solve the nonlinear system of
type “error-in-variables” by generalized least-squares. Second we use a straight
line fit by technique of GLS (“generalized least squares”). Third we use the
symmetry of EVM in order to introduce SYMEX for “Total Least Squares” and
demonstrate its properties by a simulated example.
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11-2 Algebraic Total Least Squares for the Nonlinear System
of the Model “Error-in-Variables”

First, we define the random effect model of type “errors-in-variables” subject to the
minimum condition i 0yWy iyCtr=0

XWX=X D min. Second, we form the derivations,
the partial derivations i 0yWy iy C tr=0

XWX=X C 2�0fy � X� C =X� � iyg, the
necessary conditions for obtaining the minimum.

Definition 11.1. (the random effect model: “errors-in-variables”)

The nonlinear model of type “errors-in-variables” is solved by “total least
squares” based on the risk function

y D Efyg C ey � y D y0 C iy (11.1)

X D EfXg C EX � X D X0 C=X (11.2)

subject to

Efyg 2 R
n � y0 2 R

n (11.3)

EfXg 2 R
n�m � X0 2 R

n�m (11.4)

rkEfXg D m � rk X0 D m
andn 	 m (11.5)

L1 WD P
i1; i2

wii i2 ii1 ii2 and L2 WD P
i1; k1; k2

wk1k2 ii1k1 ii1k2

L1 WD i0yWiy and L2 WD tr=0
XWX=X

L1 C L2 D i0yWyiy C tr=0
XWX=X D min

y0;X0

L DW jjiyjj2Wy
C jj=Xjj2WX

(11.6)

subject to

y �X� C=X� � iy D 0: (11.7)
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The result of the minimization process is given by Lemma 11.1:

Lemma 11.1. (error -in-variables model, normal equations):

The risk function of the model “errors-in-variables” is minimal, if and only if

1

2

@L
@�
D �X0�` C=0

X�` D 0 (11.8)

1

2

@L
@iy
DWyiy � �` D 0 (11.9)

1

2

@L
@IX
DWX=X C ��0

` (11.10)

1

2

@L
@�
D y �Xy C=X� � iy D 0 (11.11)

and

det

�
@2L
@�i@�j

	
(11.12)

Proof. First, we begin with the modified risk function

jjiyjj2Wy
C jj=Xjj2 C 2�0.y � X� C=X� � iy/ D min;

where the minimum condition is extended over

y; X; iy; =X; �;

when � denotes the Lagrange parameter.

i0yWyiy C tr=0
XWX=X C 2�0.y � X� C=X� � iy/ D min (11.13)

if and only if

1

2

@L
@�
D �X0�` C=0

X�` D 0 (11.14)

1

2

@L
@iy
DWyiy � �` (11.15)

1

2

@L
@.tr=0

XWX=X/
DWX=X D 0 (11.16)
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1

2

@L
@�`
D y �X� C=X� � iy D 0 (11.17)

and

@2L
@� @� 0 positive semidefinite: (11.18)

The first derivatives guarantee the necessity of the solution, while the second
derivatives being positive semidefinite assure the sufficient condition.

Second, we have the nonlinear equations, namely

.�X0 C=0
X/�` D 0 .bilinear/ (11.19)

Wyiy � �` D 0 .linear/ (11.20)

WX=X D 0 .bilinear/ (11.21)

y �X� C=X� � iy D 0; .bilinear/ (11.22)

which is a problem outside our orbit-of-interest. An example is given in the next
chapter. Consult the literature list at the end of this chapter.

11-3 Example: The Straight Line Fit

Our example is based upon the “straight line fit”
y D axC b1

where .x; y/ has been measured, in detail

Efyg D aEfxg C b1

D ŒEfxg; 1�
�

a
b

�

or

�1 WD a; �2 WD b; x�1 C 1�2 D Œx; 1�
�
�1
�2

�

and

y � x�1 � 1�2 C e0
x�1 � e0

y D 0:
(�1; �2) are the two unknowns in the parameter space. It has to be noted that the
term ex�1 includes two coupled unknowns, namely ex and �1.

Second, we formulate the modified method of least squares.
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L.�1; �2; ex; ey; �/

D i0WiC 2.y0 � x0�1 � 1�2 C i0x�1 � i0y/�

D i0WiC 2�0.y � x�1 � 1�2 C i0x�1 � iy/

or

i0yWyiy C i0xWxix

C2.y0 � x0�1 � 10�2 C i0x�1 � i0y/�:

Third, we present the necessary and sufficient conditions for obtaining the
minimum of the modified method of least squares.

1

2

@L
@�1
D �x0�` C i0x�` D 0 (11.23)

1

2

@L
@�2
D �10˘` D 0 (11.24)

1

2

@L
@iy
D Wyiy � �` D 0 (11.25)

1

2

@L
@ix
D Wxix C �l�1 D 0 (11.26)

1

2

@L
@�
D y� x�1 � 1�2 C ix� � iy D 0 (11.27)

and

det

�
@2L=@2�1 @2L=@�1@�2
@2L=@�1@�2 @2L=@2�2

�
	 0: (11.28)

Indeed, these conditions are necessary and sufficient for obtaining the minimum of
the modified method of least squares.

By Gauss elimination we receive the results

.�x0 C i0x/�` D 0 (11.29)

�1 C � � � C �n D 0 (11.30)

Wyiy D �` (11.31)

Wxix D ��`�1 (11.32)

Wyy DWyx�1 CWy1�2 �Wyix�1 CWyiy (11.33)

or
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Wyy DWyx�1 �Wy1�2 � .Ix � �21 /�` D 0
if Wy DWx DW

(11.34)

and

x0Wy � x0Wx�1 � x0W1�2 � x0.Ix � �21 /�` D 0 (11.35)

y0Wy � y0Wx�1 � y0W1�2 � y0.Ix � �21 /�` D 0 (11.36)

C x0�l D Ci0x�` (11.37)

�;C:::C �n D 0 (11.38)

,�
x0
y0
�

Wy �
�

y0
x0
�

Wx�1 �
�

x0
y0
�

W1�2 �
�

x0
y0
�
.Ix � �21 /�` D 0 (11.39)

subject to

�1 C � � � C �n D 0; (11.40)

x0
1�l D i0x�l : (11.41)

Let us iterate the solution.
2
666664

0 0 0 0 .x0
n � i0x/

0 0 0 0 10
n

0 0 Wx 0 �1In
0 0 0 Wy �In
xn 1n ��1In In 0

3
777775

2
666664

�1
�2

ix
iy
�`

3
777775
D

2
666664

0

0

0

0

yn

3
777775
:

We meet again the problem that the nonlinear terms �1 and ix appear. Our iteration
is based on the initial data

.i/ Wx DWy DW D In; .ii/ .ix/0 D 0; .iii/ .�1/n D �1.y�.iy/0 D x.�1/0C1n.�2/0/

in general

2
666664

0 0 0 0 .x0 � i0x/
0 0 0 0 1
0 0 Wx 0 �1.i/In
0 0 0 Wy �In
xn 1n ��1.i/In In 0

3
777775

2
666664

�1.iC1/
�2.iC1/
ix.iC1/
iy.iC1/
�l.iC1/

3
777775
D

2
666664

0

0

0

0

yn

3
777775

x1 D �1; x2 D �1; x3 D ix; x4 D iy; x5 D �`:
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0 2 4 6 8 10 12
0

2

4

6

8

10

12Fig. 11.2 General linear
regression

The five unknowns have led us to the example within Fig. 11.2. Our solutions are
collected as follows:

�1 W 0:752; 6 0:866; 3 0:781; 6
�2 W 0:152; 0 �1:201; 6 �0:244; 6

case : case : our general
�y.i/ D 0; �X.i/ D 0 result after
�X.i/ ¤ 0; �y.i/ ¤ 0 iteration

11-4 The Models SIMEX and SYMEX

(R.J. Carroll, J.R. Cook, L.A.Stefanski, J. Polzehl and S. Zwanzig)

Many authors take advantage of the symmetry of the implicit model of Total Least
Squares or the simulation of random condition equation given before.

Using the alternative formulation of type (11.26) by dividing our model equation
by minus �` and taking care of the inverse parameter transformation (11.28).
Equation (11.30) is a rewritten explicit model of EVM. We put emphasis on the
“naive regression model” by means of (11.31), (11.29) and (11.33). Finally we
estimate the bias within naive regression within (11.34). The related solution of
type “Total Least Squares” which is maximum likelihood estimation is presented
by (11.36) to (11.39). SIMEX and SYMEX is reviewed in special table, enriched by
simulated examples and tables.
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SIMEX versus SYMEX

Following J.R. Cook and L.A. Stefanski(1994), L.A. Stefanski and J.R. Cook (1995)
on the one side and J. Polzehl and S. Zwanzig (2007) on the other side we compare
SIMEX and SYMEX.

SIMEX SYMEX

First step : Simulation
For any values out of the set

f�˛ W ˛ D 0; : : : ; Ag starting with �0 we
simulate samples with increased

measurement variance
Xˇik.�/ WD Xik C �1=2ıikˇ

for all
ˇ D 1; : : : ; nˇI i D 1; : : : ; nI k D

1; : : : ; K

with independent identical distributed
ıikˇ � N.0; 1/, replace the new

observation matrix Z.�/ using Xikˇ.�/

instead of Xik

First step : Simulation
For values � out of the set

f�˛ W ˛ D 0; : : : ; Ag starting with �0
we simulate samples with increased

measurement variance as
Z.�`/ikˇ.�/ WD Z.�`/ik C �1=2

ˇ D 1; : : : ; nˇI i D 1; : : : ; nI k D
1; : : : ; K

with independent identical distributed
ıikˇ � N.0; 1/, for instance by adding
independent error with variance � in

each component of the resulting
matrix. Define the observation matrix
Z.�/ as the matrix containing the

value Zikˇ.�/, note that Z.�0/
contains the nˇ-times replicated the

original sample.

Second step : Estimation
Calculate the naive regression estimate
O�.�/ D ŒZ.�`/.�/0Z.�`/.�/��1Y

for all values of �

Second step : Estimation
For all simulated samples, for

instance values �˛, calculate the naive
estimates Q̨ .�˛/ in our model by

Q̨ `.�`/.�/ D
ŒZ0
.�`/.�/Z.�`/.�/��1Z0

.�`/.�/Z`
subject to Q̨ ``.�/ D �1
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Third step : Estimation
Fit the model

�.�; �/ WD .Z0
.�`/Z.�`/ C �Im/�1�

with unknown parameter �, used to
describe the expectation of O�.�/ as a

function of �. Fit this model by
weighted least squares.

O� WD arg min

AX
˛D1

w˛k O�.�˛/� �.�˛; �/k2

subject to w0 
 1 and w˛ D 1 for all
˛ > 0. A large value of w0 can be used

in order to force the model to fit
perfectly for the informative estimate

for instance � D 0

Third step : Estimation
Fit the model
˛`.�`/.�; �/ WD

.Z0
.�`/Zn.�`/ C �Im/�1�

subject to
˛``.�; �/ WD �1

with parameter � 2 R
m. The estimate

of � is given by
O�` WD arg min

AX
˛D0

w˛k Ǫ `.�˛/� ˛`.�˛; �/k2

subject to w0 
 1 and w˛ D 1 for all
˛ > 0. Using our inverse
transformation, we define

O�k` .�; O�`/ WD ˛k` .�; O�`/=˛0`.�; O�`/
for all k D 1; : : : ; m, � arbitrary

Fourth step : Extrapolation
O�.�; �/ is used to extrapolate to the
case of zero measurement variance

using � D �2. Such a result leads us to
the SIMEX estimate
O�.SIMEX/ D �.��2; O�/

Fourth step : Extrapolation
Determine an optimal value �� for

extrapolation to the case of zero
measurement variance of type

�� WD arg min
� 2 .�min; 0/

mX
`D0

mX
mD`C1

k O�`.�/� O�m.�/k2

under the constraint

�min D min
�

f� 2 R W

1
n

Z0
.�`/Z.�`/ C �Im/ > 0g
for all ` D 0; : : : ; m
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Fifth step : SYMEX estimation
Estimate � by

O�.SIMEX/ D O�.��/ D 1

mC 1
mX
`D0
O�`.��/

The key idea of SIMEX as well as of SYMEX is to include the extrapolation
generalized to the case of zero variance in using �D �2 in the extrapolation step.
The value �� WD �2 can be interpreted as an estimate of the measurement error
variance, In addition, J.Polzehl and S.Zwanzig (2007) give a simple relation for
SYMEX to calculate the naive estimator O�.naive/; �; � formulated in a special
theorem. After all they conclude that SYMEX, in general, has smaller root-mean-
square errors and less outliers when compared to SIMEX. This can be due to an
approximation to the

optimal TLS estimate.

In all simulations SYMEX was not worse than SIMEX, namely with an improvement
being largest for larger values � or �2.

SIMULATION
All our simulations are of size 250 as presented by J.Polzehl and S.Zwanzig

(2007). The grid of the quantities � used �˛ D 0:2˛�2 with A D 10. We generate
samples of increased measurement variance with n D 100. The parameter space
built on value � and �2 are collected in Tables 11.3 up to 11.5.

Example 11.1. (one parameter �1 D � )

Efyig D �Efxig;Yi D EfYig C ey;Xi D EfXig C EX

subject to

Efeyg D 0;EfEXg D 0;Dfeyg D �2;DfEXg D �2
.i D 1; : : : ; n/

Design details

EfXig 2 f�1;C1g;P.Xi D �1/ D PfXi D C1g D 0:5

sample size: n=20
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Example 11.2. (two parameter �1 and �2)

Efyig D �1Efxi1g C �2Efxi2g;Yi D EfYig C ey;Xi1 D EfXi1g C EXi1

Xi2 D EfXi2g C EXi2

subject to

Efeyg D 0;EfXi1g D EfXi2g D 0;Dfeyg D �2;DfEikg D ıik�2
for all i 2 f1; : : : ; ng; k 2 f1; 2g

Design details

EfXikg 2 f�1;C1g;PfXik D �1g D PfXik D C1g D 0:5

sample size: n D 25

Example 11.3. (two parameters �1 and �2)
We use the second example, but we vary the design towards a two point design

in terms of Xik � N.0; I2/

Table 11.5 Median absolute error, bias and standard deviation of estimates for simulation
in Example 11.1 (m D 1)

� � MAE bias sd

Naive SIMEX SYMEX Naive SIMEX SYMEX Naive SIMEX SYMEX

0.125 2 0.0453 0.0411 0.0403 �0.025 0.0065 0.007 0.042 0.041 0.04
0.25 2 0.117 0.0847 0.0814 �0.11 0.012 0.011 0.088 0.087 0.082
0.5 2 0.389 0.19 0.173 �0.39 0.014 0.01 0.18 0.23 0.18
0.125 1 0.0285 0.027 0.0258 �0.015 �5.6e-05 0.0015 0.026 0.026 0.026
0.25 1 0.0702 0.0611 0.053 �0.059 �1.6e-05 �0.00091 0.055 0.055 0.051
0.5 1 0.195 0.137 0.116 �0.19 0.013 �0.0033 0.11 0.14 0.11
0.125 0.5 0.0211 0.0222 0.0214 �0.0058 0.0019 0.00029 0.02 0.02 0.02
0.25 0.5 0.0493 0.0467 0.0459 �0.025 0.0037 �0.0014 0.042 0.042 0.041
0.5 0.5 0.111 0.1 0.0965 �0.095 0.011 �0.0067 0.084 0.1 0.092
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Table 11.6 Median absolute error of estimates for simulation in Example 11.2 (m D 2)

� �1 �2

true Naive SIMEX SYMEX true Naive SIMEX SYMEX

0.125 2 0.059 0.0502 0.0481 2 0.0534 0.0534 0.0522
0.25 2 0.14 0.104 0.101 2 0.128 0.108 0.106
0.5 2 0.417 0.241 0.215 2 0.386 0.263 0.201
0.125 1 0.0382 0.0343 0.0319 1 0.0409 0.0353 0.0348
0.25 1 0.0761 0.0655 0.06 1 0.0719 0.0626 0.0573
0.5 1 0.216 0.147 0.137 1 0.185 0.155 0.125
0.125 0.5 0.0193 0.0211 0.021 0.5 0.0214 0.0224 0.0224
0.25 0.5 0.0443 0.0425 0.0408 0.5 0.0429 0.0453 0.0428
0.5 0.5 0.12 0.103 0.0991 0.5 0.0979 0.103 0.082
0.125 0.5 0.045 0.038 0.0369 0.5 0.0417 0.0406 0.0416
0.25 0.5 0.1343 0.0866 0.0763 0.5 0.0772 0.0854 0.0835
0.5 0.5 0.398 0.21 0.158 0.5 0.146 0.187 0.173

Table 11.7 Median absolute error of estimates for simulation in Example 11.2 (m D 2)

� �1 �2

true Naive SIMEX SYMEX true Naive SIMEX SYMEX

0.125 2 0.0492 0.0411 0.0412 2 0.0399 0.0333 0.00316
0.25 2 0.132 0.0874 0.0847 2 0.108 0.0713 0.0627
0.5 2 0.402 0.195 0.178 2 0.372 0.168 0.137
0.125 1 0.027 0.0235 0.0227 1 0.0207 0.0194 0.0175
0.25 1 0.0688 0.0476 0.0467 1 0.0554 0.0403 0.0369
0.5 1 0.205 0.105 0.0994 1 0.189 0.0966 0.0753
0.125 0.5 0.0174 0.0158 0.0161 0.5 0.0143 0.0129 0.013
0.25 0.5 0.0403 0.0331 0.0314 0.5 0.0346 0.0275 0.0255
0.5 0.5 0.105 0.0711 0.0688 0.5 0.0983 0.0681 0.0567
0.125 0.5 0.0393 0.0289 0.0305 0.5 0.024 0.0239 0.024
0.25 0.5 0.123 0.0596 0.0579 0.5 0.0526 0.0499 0.0491
0.5 0.5 0.407 0.143 0.121 0.5 0.111 0.112 0.107

sample size: n D 25

Tables 11.4-11.4 provide the results of simulations in terms of median absolute error for
the naive regression estimates. The SIMEX estimate, for instance using extrapolation with
� D ��2, and SYMEX estimate. In addition, estimated bias and standard deviation are
given

J. Polzehl and S. Zwanzig (2003)



11-5 References 459

11-5 References

Please, contact the following references.
Abatzoglou, J.T. and Mendel, J.M. (1987), Abatzoglou, J.T. and Mendel, J.M.
and Harada, G.A. (1991), Bajen, M.T., Puchal, T., Gonzales, A., Gringo, J.M.,
Castelao, A., Mora, J. and Comin, M. (1997), Berry, S.M., Carroll, R.J. and
Ruppert, D. (2002), Bjrck, A. (1996), Bjrck, A. (1997), Bjrck, A., Elfving,
T. and Strakos, Z. (1998), Bjrck, A., Heggernes, P. and Matstoms, P. (2000),
Bojanczyk, A.W., Bront, R.P., Van Dooren, P., de Hoog, F.R. (1987), Bunch,
J.R., Nielsen, C.P. and Sorensen, D.C. (1978), Bunke, H. and Bunke, O. (1989),
Cap-derou, A., Douguet, D., Simislowski, T., Aurengo, A. and Zelter, M. (1997),
Car-roll, R.J., Ruppert, D. and Stefanski, L.A. (1996), Carroll, R.J., Kschenhoff, H.,
Lombard, F. and Stefanski, L.A. (1996), Carroll, R.J. and Stefanski, L.A. (1997),
Chandrasekuran, S. and Sayed, A.H. (1996), Chun, J. Kailath, T. and Lev-Ari, H.
(1987), Cook, J.R. and Stefanski, L.A. (1994), Dembo, R.S., Eisenstat, S.C. and
Steihaug, T. (1982), De Moor, B. (1994), Fuller, W.A. (1987), Golub, G.H. and
Van Loan, C.F. (1980), Hansen, P.C. (1998), Higham, N.J. (1996), Holcomb, J.
P. (1996), Humak, K.M.S. (1983), Kamm, J. and Nagy, J.G. (1998), Kailath, T.
Kung, S. and More, M. (1979), Kailath, T. and Chun, J. (1994), Kailath, T. and
Sayed, A.H.(1995), Kleming, J.S. and Goddard, B.A. (1974), Kung, S.Y., Arun,
K.S. and Braskar Rao, D.V. (1983), Lemmerling, P., Van Huffel, S. and de Moor, B.
(1997), Lemmerling, P., Dologlou, I. and Van Huffel, S. (1998), Lin, X. and Carroll,
R.J. (1999), Lin, X. and Carroll, R.J. (2000), Mackens, W. and Voss, H. (1997),
Mastronardi, N, Van Dooren, P. and Van Huffel, S., Mastronardi, N., Lemmerling,
P. and Van Huffel, S. (2000), Nagy, J.G. (1993), Park, H. and El-den, L. (1997),
Pedroso, J.J. (1996), Polzehl, J. and Zwanzig, S. (2003), Rosen, J.B., Park, H.
and Glick, J. (1996), Stefanski, L.A. and Cook, J.R. (1995), Stew-art, M. and Van
Dooren, P. (1997), Van Huffel, S. (1991), Van Huffel, S. and Vandewalle, J. (1991),
Van Huffel, S., Decanniere, C., Chen, H. and Van Hecke, P.V. (1994), Van Huffel,
S., Park, H. and Rosen, J.B. (1996), Van Huffel, S., Vandewalle, J., de Rao, M.C.
and Willems, J.L.,Wang, N., Lin, X., Gutierrez, R.G. and Carroll, R.J. (1998), and
Yang, T. (1996), Berry, S.M., Carroll, R.J. and D. Ruppert (2002), Bunke, H. and
O. Bunke (1989), Carrol, R.J., Ruppert, D. and L.A. Stefanski (1996), Carroll, R.J.,
et al (1996), Carroll, R.J. and L.A. Stefanski (1997), Cook, J.R. and L.A. Stefanski,
Fuller W.A (1987), Hollomb, J.R. (1999), Lin, X. and J. R. Cook (1999), Stefanski,
L.A. and J.R. Cook (1995), Lin, X. and R.J. Carroll (2000), Wang et al. (1998)



Chapter 12
The Nonlinear Problem of the 3d Datum
Transformation and the Procrustes Algorithm

A special nonlinear problem is the three-dimensional datum transformation solved
by the Procrustes Algorithm. A definition of the three-dimensional datum transfor-
mation with the coupled unknowns of type dilatation unknown, also called scale
factor, translation and rotation unknown follows afterwards.

Fast track reading: Read Definition 12.1, Corollary 12.2-12.4, 12.6 and
Lemma 12.5 and Lemma 12.7.

Corollary 12.2: translation partial
W - LESS for x2 

Corollary 12.3: scale partial
W - LESS for x1

Corollary 12.4: rotation partial
W - LESS for X3

Definition 12.1:   7(3)
3d datum transformation 

Theorem 12.5: W – LESS of
(Y'1 = Y2X'3 x1 + 1x'2 + E)

Corollary 12.6: I – LESS of
(Y1 – Y2X'3 x1 + 1x'2 + E)

Let us specify the parameter space X, namely

1 the dilatation parameter
– the scale factor –

1 ∈

Versus 2 the column vector
of translation parameter

2 ∈    3×1

Versus

  X3 ∈    + (3) =: {X3 ||   
3×3 | X3*X3 = I3 and | X3 | = +1}

X3 is an orthonormal matrix, rotation matrix of three parameters 

E. Grafarend and J. Awange, Applications of Linear and Nonlinear Models,
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which is built on the scalar x1, the vector x2 and the matrix X3. In addition, by the
matrices

Y1 WD
2
4x1 x2 : : : xn�1 xn
y1 y2 : : : yn�1 yn
z1 z2 : : : zn�1 zn

3
5 2 R

3�n and Y2 WD
2
4X1 X2 : : : Xn�1 Xn
Y1 Y2 : : : Yn�1 Yn
Z1 Z2 : : : Zn�1 Zn

3
5 2 R

3�n

we define a left and right three-dimensional coordinate arrays as an n-dimensional
simplex of observed data. Our aim is

to determine the parameters of the three-dimensional datum transfor-
mation fx1; x2; X3g out of a nonlinear transformation (conformal group
C7.3/). x1 2 R stands for the dilatation parameter, also called scale
factor, x2 2 R

3�1 denotes the column vector of translation parameters, and
X3 2 OC.3/ DW fX3 2 R

3�3jX0
3X3 D I3; jX3j D C1g the orthonormal matrix,

also called rotation matrix of three parameters.

The key problem is

how to determine the parameters for the unknowns of type fx1; x2; X3g,
namely scalar dilatation x1, vector of translation and matrix of rotation, for
instance by weighted least squares.

Example 12.1. (simplex of minimal dimension, n D 4 points tetrahedron):

Y1 WD
2
4x1 x2 x3 x4y1 y2 y3 y4

z1 z2 z3 z4

3
5

0

,
2
4X1 X2 X3 X4Y1 Y2 Y3 Y4
Z1 Z2 Z3 Z4

3
5

0

DW Y

2
664
x1 y1 z1
x2 y2 z2
x3 y3 z3
x4 y4 z4

3
775 D

2
664
X1 Y1 Z1

X2 Y2 Z2
X3 Y3 Z3
X4 Y4 Z4

3
775X3x1 C 1x0

2 C

2
664

e11 e12 e13
e21 e22 e23
e31 e32 e33
e41 e42 e43

3
775:

Example 12.2. (W-LESS)

We depart from the setup of the pseudo-observation equation given in Example
12.1 (simplex of minimal dimension, n D 4 points, tetrahedron). For a diagonal
weight W D Diag.w1; : : : ;w4/ 2 R

4�4 we compute the Frobenius error matrix W-
seminorm

jjEjj2W WD tr.E0WE/Dtr

0
BB@
2
4 e11 e21 e31 e41

e12 e22 e32 e42
e13 e23 e33 e43

3
5
2
664

w1 0 0 0

0 w2 0 0

0 0 w3 0
0 0 0 w4

3
775�

2
664

e11 e12 e13
e21 e22 e23
e31 e32 e33
e41 e42 e43

3
775
1
CCA
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D tr

0
BB@
2
4 e11w1 e21w2 e31w3 e41w4

e12w1 e22w2 e32w3 e42w4
e13w1 e23w2 e33w3 e43w4

3
5 �

2
664

e11 e12 e13
e21 e22 e23
e31 e32 e33
e41 e42 e43

3
775
1
CCA

D w1e211 C w2e221 C w3e231 C w4e241 C w1e212 C w2e222C
C w3e232 C w4e242 C w1e213 C w2e223 C w3e233 C w4e243 :

Obviously, the coordinate

errors .e11; e12; e13/ have the same weight w1, .e21; e22; e23/ have the same weight
w2, .e31; e32; e33/ have the same weight w3, and finally .e41; e42; e43/ have the same
weight w4. We may also say that the error weight is pointwise isotropic,

weight e11 D weight e12 D weight e13 D w1

etc. However, the error weight is not homogeneous since

w1 D weight e11 ¤ weight e21 D w2:

Of course, an ideal homogeneous and isotropic weight distribution is guaranteed
by the criterion w1 D w2 D w3 D w4:

12-1 The 3d Datum Transformation and the Procrustes
Algorithm

First, we present W-LESS for our nonlinear adjustment problem for the unknowns
of type scalar, vector and special orthonormal matrix. Second, we review the
Procrustes Algorithm for the parameters fx1; x2; X3g.

Definition 12.1. (nonlinear analysis for the three-dimensional datum trans-
formation: the conformal group C7.3/):

The parameter array fx1`; x2`; X3`g is called W-LESS (LEast Squares Solution
with respect to the W - Seminorm) of the inconsistent linear system of equations

Y2X0
3x1 C 1x0

2 C E D Y1 (12.1)

subject to

X0
3X3 D I3; jX3j D C1 (12.2)

of the field of parameters in comparison with alternative parameter arrays
fx1`; x2`; X3`g fulfils the inequality equation
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jjY1 �Y2X0
3`x1` � 1x0

2`jj2W
WD tr..Y1 � Y2X0

3`x1` � 1x0
2`/

0W.Y1 �Y2X0
3`x1` � 1x0

2`// �
DW tr..Y1 �Y2X0

3x1 � 1x0
2/

0W.Y1 � Y2X0
3x1 � 1x0

2//

DW jjY1 �Y2X0
3x1 � 1x0

2jj2W (12.3)

in other words if
E` WD Y1 � Y2X0

3`x1` � 1x0
2` (12.4)

has the least W - seminorm.

? How to compute the three unknowns fx1; x2; X3g by means of W-LESS ?

Here we will outline the computation of the parameter vector by means of partial
W-LESS: At first, by means of W-LESS we determine x2`, secondly by means of
W-LESS x1`, followed by thirdly means of W-LESS X3. In total, we outline the
Procrustes Algorithm.

Step one: x2

Corollary 12.2. (partial W-LESS for x2` ):

A 3� 1 vector x2` is partial W-LESS of (12.1) subject to (12.2) if and only if x2`
fulfils the system of normal equations

10W1x2` D .Y1 � Y2X0
3x1/

0W1: (12.5)

x2` always exists and is represented by

x2`D .10W1/�1.Y1�Y2X0
3x1/

0W1: (12.6)

For the special case W D In the translated parameter vector x2` is given by

x2` D 1

n
.Y1 � Y2X0

3x1/
01: (12.7)

For the proof, we shall first minimize the risk function

.Y1 � Y2X0
3x1 � 1x0

2/
0.Y1 �Y2X0

3x1 � 1x0
2/ D min

x2

with respect to x2!

:Detailed Proof of Corollary 12.2:

W-LESS is constructed by the unconstrained Lagrangean
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L.x1; x2;X3/ WD 1

2
jjEjj2W D jjY1 � Y2X0

3x1 � 1x0
2jj2W

D 1

2
tr.Y1 � Y2X0

3x1 � 1x0
2/

0W.Y1 �Y2X0
3x1 � 1x0

2/

D min
x1	0;x22R3�1;X0

3X3DI3

@L

@x;2
.x2`/ D .10W1/x2 � .Y1 � Y2X0

3x1/
0W1 D 0

constitutes the first necessary condition. Basics of the vector-valued differentials
are found in E. Grafarend and B. Schaffrin (1993, pp. 439–451). As soon as we
backward substitute the translational parameter x2`, we are led to the centralized
Lagrangean

L.x1;X3/ D 1

2
trfŒY1 � .Y2X0

3x1 C .10W1/�1110W.Y1 �Y2X0
3x1//�

0W�

�ŒY1 � .Y2X0
3x1 C .10W1/�1110W.Y1 �Y2X0

3x1//�g

L.x1;X3/ D 1

2
trfŒ.I� .10W1/�1110/W.Y1 �Y2X0

3x1/�
0W�

�Œ.I � .10W1/�1110/W.Y1 �Y2X0
3x1/�g

C WD In � 1
2

110

being a definition of the centering matrix, namely for W D In

C WD In � .10W1/�1110W (12.8)

being in general symmetric. Substituting the centering matrix into the reduced
Lagrangean L.x1;X3/, we gain the centralized Lagrangean

L.x1;X3/ D 1

2
trfŒY1 � Y2X0

3x1�
0C0WCŒY1 �Y2X0

3x1�g: (12.9)

Step two: x1

Corollary 12.3. (partial W-LESS for x1`):

A scalar x1` is partial W-LESS of (12.1) subject to (12.3) if and only if

x1` D trY0
1C

0WCY2X0
3

trY0
2C

0WCY2

(12.10)
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holds. For the special case W D In the real parameter is given by

x1` D trY0
1C

0CY2X0
3

trY0
2C

0CY2

: (12.11)

The general condition is subject to

C WD In � .10W1/�1110W: (12.12)

:Detailed Proof of Corollary 12.3:

For the proof we shall newly minimize the risk function

L.x1;X3/ D 1

2
trfŒY1 �Y2X0

3x1�
0C0WCŒY1 �Y2X0

3x1�g D min
x1

subject to

X0
3X3 D I3:

@L

@x1
.x1`/ D x1`trX3Y0

2C
0WCY2X0

3 � trY0
1C

0WCY2X0
3 D 0

constitutes the second necessary condition. Due to

trX3Y0
2C

0WCY2X0
3 D trY0

2C
0WCY2X0

3X3 D Y0
2C0WCY2

lead us to x1`. While the forward computation of.@L=@x1/.x1`/ D 0 enjoyed a
representation of the optimal scale parameter x1`, its backward substitution into the
LagrangeanL.x1;X3/ amounts to

L.X3/ D tr

��
Y1�Y2X0

3

trY0
1C

0WCY2X0
3

trY 0
2C0WCY2

�
C0WC�

�
Y1�Y2X0

3

trY0
1C

0WCY2X0
3

trY 0
2C0WCY2

��

L.X3/ D 1

2
tr

�
.Y0

1C
0WCY1/ � tr.Y0

1C
0WCY2X0

3/ �
trY0

1C
0WCY2X0

3

trY0
2C

0WCY2

�

�tr.X3Y0
2C

0WCY1/
trY0

1C
0WCY2X0

3

trY0
2C

0WCY2

C

Ctr.X3Y0
2C

0WCY2X0
3/
ŒtrY0

1C
0WCY2X0

3�
2

ŒtrY0
2C

0WCY2�2

L.X3/ D 1

2
tr.Y0

1C
0WCY1/ � ŒtrY

0
1C

0WCY2X0
3�
2

ŒtrY0
2C

0WCY2�
C 1

2

ŒtrY0
1C

0WCY2X0
3�
2

ŒtrY0
2C

0WCY2�
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L.X3/ D 1

2
tr.Y0

1C
0WCY1/� 1

2

ŒtrY0
1C

0WCY2X0
3�
2

ŒtrY0
2C

0WCY2�
D min

X0

3X3DI3
: (12.13)

Third, we are left with the proof for the Corollary 12.4, namely X3.

Step three: X3

Corollary 12.4. (partial W-LESS for X3` ):

A 3 � 1 orthonormal matrix X3 is partial W-LESS of (12.1) subject to (12.3) if
and only if

X3` D UV0 (12.14)

holds where A WD Y0
1C

0WCY2 D U†sV0 is a singular value decomposition
with respect to a left orthonormal matrix U;U0U D I3, a right orthonormal
matrix V;VV0 D I3, and †s D Diag.�1; �2; �3/ a diagonal matrix of singular
values .�1; �2; �3/: The singular values are the canonical coordinates of the right
eigenspace .A0A �†2

s I/V D 0: The left eigenspace is based upon U D AV†�1
s :

:Detailed Proof of Corollary 12.4:

The form L.X3/ subject to X0
3X3 D I3 is minimal if

tr.Y0
1C

0WCY2X0
3/ D max

x1	0;X0

3X3DI3
:

Let A WD Y0
1C

0WCY2 D U†V 0, a singular value decomposition with respect to a
left orthonormal matrix U;U0U D I3, a right orthonormal matrix V;VV0 D I3 and
†s D Diag.�1; �2; �3/ a diagonal matrix of singular values .�1; �2; �3/. Then

tr.AX0
3/ D tr.U†sV0X0

3/ D tr.†sV0X3U/ D
3X
iD1

�i rii �
3X
iD1

�i

holds, since

R D V0X0
3U D Œrij� 2 R

3�3 (12.15)

is orthonormal with jjriijj � 1. The identity tr.AX0
3/ D

3P
iD1

�i applies, if

V0X0
3U D I3; i:e:X0

3 D VU0;X3 D UV0;

namely, if tr.AX0
3/ is maximal
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tr.AX0
3/ D max

X0

3X3DI3
, trAX0

3 D
3X
iD1

�i , R D V0X0
3U D I3 : (12.16)

An alternative proof of Corollary 12.4 based on formal differentiation of traces
and determinants has been given by P.H. Schönemann (1966) and P.H. Schönemann
and R.M. Carroll (1970). Finally, we collect our sequential results in Theorem 12.5
identifying the stationary point of W-LESS specialized for W D I in Corollary 12.5.
The highlight is the Procrustes Algorithm we review in Table 12.1.

Theorem 12.5. (W-LESS of Y0
1 D Y2X0

3x1 C 1x0
2 C E):

(i) The parameter array fx1; x2;X3g is W-LESS if

x1` D trY0
1C

0WCY2X0
3`

trY0
2C

0WCY2

(12.17)

x2` D .10W1/�1.Y1 �Y2X0
3`x1`/

0W1 (12.18)

X3 D UV0 (12.19)

subject to the singular value decomposition of the general 3 � 3 matrix

Y0
1C

0WCY2 D UDiag.�1; �2; �3/V0 (12.20)

namely
Œ.Y0

1C
0WCY2/

0.Y0
1C

0WCY2/� �i I�vi D 0 (12.21)

V D Œv1; v2; v3�;VV0 D I3 (12.22)

U D Y0
1C

0WCY2VDiag.��1
1 ; ��1

2 ; ��1
3 /; (12.23)

U0U D I3 (12.24)

and as well as the centering matrix

C WD In � .10W1/�1110W: (12.25)

(ii) The empirical error matrix of type W-LESS accounts for

E` D ŒIn � 110W.10W1/�1�
�

Y1 � Y2VU0 trY0
1C

0WCY2VU0

trY0
2C

0WCY2

	
(12.26)

with the related Frobenius matrix W-seminorm

jjE`jj2W D tr.E0̀ WE`/ D trf
�

Y1 � Y2VU0 trY0
1C

0WCY2VU0

trY0
2C

0WCY2

	0
�
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�ŒIn � 110W.10W1/�1�0WŒIn � 110W.10W1/�1��

�
�

Y1 �Y2VU0 trY0
1C

0WCY2VU0

trY0
2C

0WCY2

	�
(12.27)

and the representative scalar measure of the error of type W-LESS

jjE`jjW D
q

tr.E0̀ WE`/=3n : (12.28)

A special result is obtained if we specialize Theorem 12.5 to the case W D In:

Corollary 12.6. (I-LESS of Y0
1 D Y2X0

3x1 C 1x0
2 C E):

(i) The parameter array fx1; x2;X3g is I-LESS of Y0
1 D Y2X0

3x1 C 1x0
2 C E if

x1` D trY0
1CY2X0

3`

trY0
2CY2

(12.29)

x2` D 1

n
.Y1 � Y2X0

3`x1`/
01 (12.30)

X3` D UV0 (12.31)

subject to the singular value decomposition of the general 3 � 3 matrix

Y0
1CY2 D UDiag.�1; �2; �3/V0 (12.32)

namely

Œ.Y0
1CY2/

0.Y0
1CY2/��2

i �Ivi D 0;8i 2 f1; 2; 3g;V D Œv1; v2; v3�;VV0 D I3
(12.33)

U D Y0
1CY2VDiag.��1

1 ; ��1
2 ; ��1

3 /;UU0 D I3 (12.34)

and as well as the centering matrix

C WD In � 1
n

110: (12.35)

(ii) The empirical error matrix of type I- LESS accounts for

E` D
�

In � 1
n

110
��

Y1 �Y2VU0 trY0
1C

0Y2VU0

trY0
2CY2

	
(12.36)

with the related Frobenius matrix W-seminorm

jjEjj2I D tr.E0̀ E`/ D trf
�

Y1 � Y2VU0 trY0
1CY2VU0

trY0
2CY2

	0
�
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�
�

In � 1
n

110
��

Y1 � Y2VU0 trY0
1CY2VU0

trY0
2CY2

	�
(12.37)

and the representative scalar measure of the error of type I-LESS

jjE`jjI D
q

tr.E0̀ E`/=3n: (12.38)

In the proof of Corollary 12.6 we only sketch the result that the matrix In�.1=n/110
is idempotent:

�
In � 1

n
110
	�

In � 1
n

110
	
D In � 2

n
110 C 1

n2
.110/2

D In � 2
n

110 C 1

n2
n110 D In � 1

n
110:

As a summary of the various steps of Corollary 12.2–12.4, 12.5 and Theorem 12.5,
Table 12.1 presents us the celebrated Procrustes Algorithm, which is followed by
one short and interesting Citation about “Procrustes”.

Following Table 12.1, we present the celebrated Procrustes Algorithm which is a
summary of the various steps of Corollary 12.2–12.4, 12.5 and Theorem 12.5.

Procrustes (the subduer), son of Poseidon, kept an inn benefiting from what
he claimed to be a wonderful all-fitting bed. He lopped of excessive limbage
from tall guests and either flattened short guests by hammering or stretched them
by racking. The victim fitted the bed perfectly but, regrettably, died. To exclude
the embarrassment of an initially exact-fitting guest, variants of the legend allow
Procrustes two, different-sized beds. Ultimately, in a crackdown on robbers and
monsters, the young Theseus fitted Procrustes to his own bed.

12-2 The Variance: Covariance Matrix of the Error Matrix E

By Lemma 12.7 we review the variance–covariance matrix, namely the vector
valued form of the transposed error matrix, as a function of

†vecY1 ;†vecY2and
the covariance matrix
†vecY0

1;.In˝x1X3/vec†Y0
2

:

Lemma 12.7. (Variance–covariance “error propagation”):

Let vecE0 be the vector valued form of the transposed error matrix E WD Y1 �
Y2X0

3x1 � 1x0
2. Then
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Table 12.1 (Procrustes Algorithm):

Step 1: Read Y1 D

2
664
x1 y1 z1
:
:
:
:
:
:
:
:
:

xn yn zn

3
775 and

2
664
X1 Y1 Z1
:
:
:

:
:
:

:
:
:

Xn Yn Zn

3
775 D Y2

Step 2: Compute: Y0

1CY2subjecttoC WD In � 1
n

110

Step 3: Compute: SVDY0

1CY2 D U Diag.�1; �2; �3/V0

3-1 j.Y0

1CY2/
0.Y0

1CY2/� �2i Ij D 0 ) .�1; �2; �3/

3-2 ..Y0

1CY2/
0.Y0

1CY2/� �2i I/vi D 0;8i 2 f1; 2; 3g
V D Œv1; v2;v3�right eigenvectors (right eigencolumns/

3-3 U D Y0

1CY2VDiag.��1
1 ; ��1

2 ; ��1
3 / left eigenvectors (left eigencolumns)

Step 4: Compute: X3` D UV0 rotation

Step 5: Compute: x1` D trY0

1CY2X0

3

trY0

2CY2

(dilatation)

Step 6: Compute: x2` D 1

n
.Y1 � Y2X0

3x1/
01 (translation)

Step 7: Compute: E` D C.Y1 � Y2VU0
trY0

1CY2VU0

trY0

2CY2

/ (error matrix)

‘optional control0 E` WD Y1 � .Y2X0

3x1` C 1x0

2`/

Step 8: Compute: jjE`jjI WD p
tr.E0

`E`/ (error matrix)

Step 9: Compute: jjE`jjI WD p
tr.E0

`E`/=3n (mean error matrix)

†vecE0 D †vecY0
1
C.In˝x1X3/†vecY0

2
.In˝x1X3/

0�2†vecY0
1;.In˝x1X3/vecY0

2
(12.39)

is the exact representation of the dispersion matrix (variance–covariance matrix)
†vecE0 of vecE0 in terms of dispersion matrices (variance–covariance matrices)
†vecY0

1
and †vecY0

2
of the two coordinates sets vecY0

1 and vecY0
2 as well as their

covariance matrix
†vecY0

1;.In˝X3/vecY0
2
:

The proof follows directly from “error propagation”. Obviously the variance–
covariance matrix of †vecE0 can be decomposed in the variance–covariance matrix
†vecY0

1
, the product .In˝ x1X3/†vecY0

2
.In˝X3/

0 using prior information of x1 and
X3 and the covariance matrix †vecY0

1;.In˝x1X3/vecY0

2
again using prior information of

x1 and X3.

12-21 Case Studies: The 3d Datum Transformation and the
Procrustes Algorithm

By Tables 12.1 and 12.2 we present two sets of coordinates, first for the local system
A, second for the global system B, also called “World Geodetic System 84”. The
units are in meter. The results of
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Table 12.2 Coordinates for system A (local system)

Station Name X.m/ Y.m/ Z.m/ Positional error sphere

Solitude 4157222.543 664789.307 4774952.099 0.1433
Buoch Zeil 4149043.336 688836.443 4778632.188 0.1551
Hohenneuffen 4172803.511 690340.078 4758129.701 0.1503
Kuehlenberg 4177148.376 642997.635 4760764.800 0.1400
Ex Mergelaec 4137012.190 671808.029 4791128.215 0.1459
Ex Hof Asperg 4146292.729 666952.887 4783859.856 0.1469
Ex Kaisersbach 4138759.902 702670.738 4785552.196 0.1220

Table 12.3 Coordinates for system B (WGS 84)

Station Name X.m/ Y.m/ Z.m/ Positional error sphere

Solitude 4157870.237 664818.678 4775416.524 0.0103
Buoch Zeil 4149691.049 688865.785 4779096.588 0.0038
Hohenneuffen 4173451.354 690369.375 4758594.075 0.0006
Kuehlenberg 4177796.064 643026.700 4761228.899 0.0114
Ex Mergelaec 4137659.549 671837.337 4791592.531 0.0068
Ex Hof Asperg 4146940.228 666982.151 4784324.099 0.0002
Ex Kaisersbach 4139407.506 702700.227 4786016.645 0.0041

I-LESS, Procrustes Algorithm

are listed in Table 12.3, especially

jjE`jjI WD
q

tr.E0̀ E`/; jjjE`jjjI WD
q

tr.E0̀ E`/=3n

and

W-LESS, Procrustes Algorithm

in Table 12.4, specially

jjE`jjW WD
q

tr.E0̀ WE`/; jjjE`jjjW WD
q

tr.E0̀ WE`/=3n

completed by Table 12.5 of residuals from the Linearized Least Squares and by
Table 12.6 listing the weight matrix.

Discussion

By means of the Procrustes Algorithm which is based upon W-LESS with respect
to Frobenius matrix W-norm we have succeeded to solve the normal equations
of Corollary 12.2 and 12.4 (necessary conditions) of the matrix-valued “error
equations”
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Table 12.4 Results of the I-LESS Procrustes transformation

Values

Rotation Matrix 0.999999999979023 �4.33275933098276e- 6 4.81462518486797e-6

X3 2 R
3�3 �4.8146461589238e-6 0.999999999976693 �4.84085332591588e-6

4.33273602401529e-6 4.84087418647916e-6 0.999999999978896

Translation 641.8804

x2 2 R
3�1.m/ 68.6553

416.3982

Scale x1 2 R 1.00000558251985

Residual matrix E.m/ Site X.m/ Y.m/ Z.m/

Solitude 0.0940 0.1351 0.1402

Buoch Zeil 0.0588 �0.0497 0.0137

Hohenneuffen �0.0399 �0.0879 �0.0081

Kuelenberg 0.0202 �0.0220 �0.0874

Ex Mergelaec �0.0919 0.0139 �0.0055

Ex Hof Asperg �0.0118 0.0065 �0.0546

Ex Keisersbach �0.0294 0.0041 0.0017

Error matrix norm (m)

jk El kjWWD p
tr.E�

l El / 0.2890

Mean error matrix norm (m)

jk El kjWWD p
tr.E�

l El /=3n 0.0631

Table 12.5 Results of the W-LESS Procrustes transformation

Values

Rotation Matrix 0.999999999979141 4.77975830372179e-6 �4.34410139438235e-6

X3 2 R
3�3 �4.77977931759299e-6 0.999999999976877 �4.83729276438971e-6

4.34407827309968e-6 4.83731352815542e-6 0.999999999978865

Translation 641.8377

x2 2 R
3�1.m/ 68.4743

416.2159

Scale x1 2 R 1.00000561120732

Residual matrix E.m/ Site X.m/ Y.m/ Z.m/

Solitude 0.0948 0.1352 0.1407

Buoch Zeil 0.0608 �0.0500 0.0143

Hohenneuffen �0.0388 �0.0891 �0.0072

Kuelenberg 0.0195 �0.0219 �0.0868

Ex Mergelaec �0.0900 0.0144 �0.0052

Ex Hof Asperg �0.0105 0.0067 �0.0542

Ex Keisersbach �0.0266 0.0036 0.0022

Error matrix norm (m)

jk El kjWWD p
tr.E�

l WEl / 0.4268

Mean error matrix norm (m)

jk El kjWWD p
tr.E�

l WEl /=3n 0.0930

vecE0 D vecY0
1 � .In ˝ x1X3/vecY0

2 � vecx210 subject to

X0
3X3 D I3; jX3j D C1:

The scalar - valued unknown x1 2 R represented dilatation (scale factor), the
vector - valued unknown x2 2 R

3�1 the translation vector, and the matrix - valued



474 12 The Nonlinear Problem of the 3d Datum Transformation and the Procrustes Algorithm

Table 12.6 Residuals from the linearized LS solution

Site X.m/ Y.m/ Z.m/

Solitude 0.0940 0.1351 0.1402
Buoch Zeil 0.0588 �0.0497 0.0137
Hohenneuffen �0.0399 �0.0879 �0.0081
Kuelenberg 0.0202 �0.0220 �0.0874
Ex Mergelaec �0.0919 0.0139 �0.0055
Ex Hof Asperg �0.0118 0.0065 �0.0546
Ex Keisersbach �0.0294 0.0041 �0.0017

Table 12.7 Weight matrix

W D

2
6666666664

1:8110817 0 0 0 0 0 0

0 2:1843373 0 0 0 0 0

0 0 2:1145291 0 0 0 0

0 0 0 1:9918578 0 0 0

0 0 0 0 2:6288452 0 0

0 0 0 0 0 2:1642460 0

0 0 0 0 0 0 2:359370

3
7777777775
;

unknown X3 2 SO.3/ the orthonormal matrix. The conditions of sufficiency,
namely the Hesse matrix of second derivatives, of the Lagrangean L.x1; x2;X3/

are not discussed here. They are given in the Procrustes references. In order to
present you with a proper choice of the isotropic weight matrix W, we introduced
the corresponding “random regression model” (Table 12.7)

EfvecE0g D EfvecY0
1g � .In ˝ x1X3/EfvecY0

2g � vecx210 D 0

first moment identity,

DfvecE0g D DfvecY0
1g � .In ˝ x1X3/DfvecY0

2g.In ˝ x1X3/
0�

�2CfvecY0
1; .In ˝ x1X3/vecY0

2g;
second central moment identity.
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Chapter 13
The Sixth Problem of Generalized Algebraic
Regression

the system of conditional equations with unknowns - (Gauss–Helmert
model)

C.F. Gauss and F.R. Helmert introduced the generalized algebraic regression problem
which can be identified as a system of conditional equations with unknowns. Here we
present variance-covariance component estimation of Helmert type in the Gauss–Helmert
model.

Here we follow E.Grafarend: “Variance-covariance-component estimation of
HELMERT type in the Gauss-Helmert model” in detail. In the first section we
carefully define the Gauss-Helmert model of condition equations with unknown
parameters in a linear model. The second section is E.Grafarend‘s model of
variance-covariance-component estimation of HELMERT type within linear models
of inhomogeous condition equations: B " D By�c, By not an element of R.A/Cc.
In contrast, section three is E.Grafarend’s model of variance-covariance-component
estimation of HELMERT type within the linear model of inhomogeneous condition
equations with unknown parameters, namely within the linear model model Ax C
"C B" D By � c, By not an element of R.A/C c.

Finally we discuss in section four the block structure of the dispersion matrix
D(y) and give two detailed examples for the variance-covariance estimation within
the Gauss-Helmert model of Helmert type.

In order to improve an adjustment result in the Gauss–Helmert model (condition
equations with unknowns: AxC Be D By � c) the stepwise procedure of estimation
of variance-covariance components of the observation vector y originating from
F.R. Helmert for the Gauss–Markov model is developed. The basic result is the
construction of a local Helmert-type inhomogeneous, invariant, quadratic and
unbiased estimator of variance-covariance components. First results are presented
for (i) a parameter matrix A of full column rank, (ii) a condition matrix B of full
row rank and (iii) a positive-definite dispersion matrix of the observations. Two
example are given.

F.R. Helmert (1924, pp. 258–267) introduced a stepwise procedure for the esti-
mation of variance-covariance components in the Gauss–Markov model of param-
eter adjustment which will be extended here for variance-covariance-component
estimation in the model of condition adjustment in the general model of condition
equations with unknown parameters or the Gauss–Helmert model according to
H. Wolf (1978). In contrast to other estimation techniques which are reviewed by
B. Schaffrin (1983) the Helmert method has the following advantages:

E. Grafarend and J. Awange, Applications of Linear and Nonlinear Models,
Springer Geophysics, DOI 10.1007/978-3-642-22241-2 13,

477

© Springer-Verlag Berlin Heidelberg 2012
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In the first step unknowns and inconsistencies of the observations with respect
to the model (“measurement errors”) are determined by the classical model of
weighted least-squares assuming a priori variances and covariances of the obser-
vations. In the second step the a priori values of the observational variances are
corrected by solving the famous Helmert system of linear equations. In case that
the corrected variance-covariance-component differ significantly from the a priori
ones the estimation process can be started again, now with the new variances and
covariances of the observations. The stepwise procedure can come to an end when a
priori and a posteriori variance-covariance-component coincide, a situation we call
“reproducing”.

There has been the argument the argument that “variance-covariance-component
estimation” has no practical impact on the adjustment result. But referring to
our own experience the contrary is true. From an adjustment of heterogeneously
observed three-dimensional networks we found improvements of adjustment results
through the stepwise Helmert procedure of more than a hundred percent.

E.Grafarend’s contribution on “variance-covariance-component estimation of
HELMERT type in the Gauss–Helmert model” (Zeitschrift für Vermessungswesen
109 (1984) 34–44), namely condition equations with unknowns, is organized in
the following way: The first paragraph reviews the classical variance-covariance-
component estimation of Helmert type of the linear Gauss–Markov model of
parameter adjustment. A first extension for the model of linear inhomogeneous
condition equations between the observations is given in paragraph two. As a
notable result we mention the character of an inhomogeneous, quadratic unbiased
of the generalized Helmert estimator for this model, in general. Paragraph three
is devoted to variance-component of Helmert type in the linear Gauss–Helmert
model, also called “inhomogeneous, inconsistent condition equations with unknown
parameter”. A local Helmert-type invariant, inhomogeneous, quadratic an unbiased
estimator is constructed. Finally, the fourth paragraph is an introduction into the
block structure of the variance-covariance matrix of the observations.

Our first results of variance-covariance-component estimation with respect to
the model Ax C B" D By � c are restricted to (i) a parameter matrix A of full
column rank, (ii) a condition matrix B of full row rank and (iii) a positive-definite
variance-covariance matrix of the observations. More general results will be given
elsewhere. Here we have generalized the variance-covariance-componentestimation
of Helmert Type of Gauss–Markov model given by E. Grafarend, A. Kleusberg
and B. Schaffrin (1980), first results for condition adjustment without parameter
unknowns of L. Sjöberg (1983a,b) and four condition adjustment with unknowns of
C.G Person (1982). Finally we mention a peculiar use of our variance-covariance-
component estimation technique, the estimation of variance-covariance functions of
“signals” and “noise” within “collocation”, e.g. in the version of H. Wolf (1977).
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13-1 Variance-Covariance-Component Estimation in the
Linear Model Ax C " D y; y … R.A/

According to E.Grafarend (1984): Variance-covariance-component estimation of
Helmert type in the Gauss-Helmert model, Zeitschrift fuer Vermessungswesen 109
(1984) pp. 30–40 we follow his text: we assume that the system of linear equations
Ax C " D y is formulated by (13.1) and (13.2). The n � m fixed matrix A of full
column rank r.A/ D m connects the m � 1 fixed unknown vector x of parameters
and the n � 1 stochastic vector y of observations. The n � 1 stochastic vector " of
inconsistency accounts for the fact that the observation vector y does not belong to
the range R.A/ of the matrix A spanned by its columns. " is chosen in such a way
that y� " is an element of the column space of A. Within second order statistics the
linear model AxC " D y is characterized by the first and second order moments of
the vector y of observations.

E.y/ D
mX
lD1

ai�i (13.1)

D.y/ D
lX

jD1
Cjj �

2
j C

l�1X
jD1

lX
kD2

Cjk�jk D
l.lC1/=2X
jD1

Cj �j (13.2)

j < k

The first order design matrix A WD Œa1; : : : ; am� of order o.A/ D n � m and
the symmetric second order design matrix blocks Cjj ;Cjk or order n �m or C WD
ŒC11;C12;C22; : : : ;Cl�1lCl l � of order o.C/ D n � nl.l C 1/=2 such that D.y/ is
positive definite are a priori given. For more details about block structure we refer to
Appendix. The first moments �j , the l second moments �2j of type variance and the
l.l �1/=2 second moments �jk of type covariance are unknown. They are collected
in the m � 1 vector � WD Œ�1; : : : ; �m�, or x1 and in the l.l C 1/=2 � 1 vector
� WD Œ�21 ; �12; �22 ; : : : ; �l;l�1; �2l � or x � 2.

The idea of stepwise estimation of variance-covariance-component of
F.R. Helmert is the following one:

The initial step
In the first step of .�; �/ or .x1; x2/ estimation process we depart from an initial

variance-covariance matrix†0 of the dispersion matrix D.y/ D � of the observation
vector y, or equivalently, from an initial set �0 of variance-covariance-components.
Using the initial dispersion matrix †0, the unknown parameter vector � or x1 D x2

is estimated by “weighted least-squares”.

(i) Langarange-function

L."/ WD "0†�1
0 " D .y � Ax/0†�1

0 .y �Ax/ D min (13.3)
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@L

@"
."l / D 2†�1

0 ""l D 0 (13.4)

@L

@x
.xl / D 2.A0†�1

0 Ax1 � A†�1
0 y/ D 0 (13.5)

@2L

@""0 ."l / D 2†�1
0 	 0 (13.6)

The first derivatives of the Lagrange-function constitute the necessary condition,
the second derivatives the sufficiency condition. Since we have assumed a positive
definite dispersion matrix †0 (13.25) is always fulfilled. (Here it would have
been sufficient to have started from a positive-semidefinite weight matrix, but this
generalization will be treated elsewhere.) Thus we arrive at the classical least-square
solution

x1 D .A0†�1
0 A/�1A0†�1

0 y (13.7)

(ii) The invariance of the estimation
Let us make use of the estimation x1 in order to compute the stochastic vector "l of
inconsistency.

"l D y � Ax1 D ŒI � A.A0†�1
0 A/

�1A0†�1
0 �y D D0y (13.8)

D0 WD I� A.A0†�1
0 A/�1A0†�1

0 (13.9)

Lemma 13.1. Let "l DD0y be the weighted least-squares estimation of the
stochastic vector " of inconsistency. "l is invariant with respect to the
transformation y! y �Ax D " such that

"l D D0" (13.10)

holds. D0 is an idempotent matrix.
For the proof replace y by y �Ax within (13.10).

ŒI �A.A0†�1
0 A/�1A0†�1

0 �.y �Ax/

ŒI �A.A0†�1
0 A/�1A0†�1

0 �y � ŒA � ŒI �A.A0†�1
0 A/�1A0†�1

0 ��x

ŒI �A.A0†�1
0 A/�1A0†�1

0 �y“q:e:d”

Next we compute

D2
0 D ŒI � A.A0†�1

0 A/�1A0†�1
0 �ŒI � A.A0†�1

0 A/�1A0†�1
0 �

I � A.A0†�1
0 A/�1A0†�1

0 �A.A0†�1
0 A/�1A0†�1

0

CA.A0†�1
0 A/�1A0†�1

0 A.A0†�1
0 A/�1A0†�1

0

I � A.A0†�1
0 A/�1A0†�1

0 D D0

which is by definition the postulate of idempotence.
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The underlying ideas of the variance-covariance-component estimation tech-
niques of Helmert type are as following. At first we compute Ef"0

l†
�1
0 "lg which

can be expressed via (13.10). "l D D0" in the terms of E.""0/ D †. Secondly we
partition †�1

0 and † into consistent blocks. Once we combine those procedure we
gain a linear system of equations from which an unbiased estimation �H of variance-
covariance-components, based on the †�1

0 weighted least-square estimation "l can
be constructed. We give the steps of calculations in details, now.

Ef"0
l†

�1
0 "lg D Ef"0D0

0†
�1
0 D0"g D trD0

0†
�1
0 D0.""

0/ D trD0
0†

�1
0 D0† (13.11)

† D
l.lC1/=2X
jD1

Cj �j ;†0
�1 D

l.lC1/=2X
jD1

Ej .�0/ (13.12)

l.lC1/=2X
iD1

Ef"0
lEi .�0/"lg D

l.lC1/=2X
iD1

l.lC1/=2X
jD1

trD0
0ei .�0/D0Cj �j (13.13)

Ef"0
lEi .�0/"lg D

l.lC1/=2X
jD1

trD0
0Ei .�0/D0Cj �j .i D 1; : : : ; l.l C 1/=2/

(13.14)

E.qi/ D
l.lC1/=2X
iD1

Hij �j .i D 1; : : : ; l.l C 1/=2/ (13.15)

qi WD "0
lEi .�0/"l D y0D0

0Ei .�0/D0y .i D 1; : : : ; l.l C 1/=2/ (13.16)

Hij WD trD0
0Ei .�0/D0Cj .i; J D 1; : : : ; l.l C 1/=2/ (13.17)

Hij � H is the famous l.l C 1/=2/ � l.l C 1/=2/ Helmert matrix. Let us assume
Hij � H is a regular matrix such that � D H�1Efqg. Now we choose

�H WD H�1q (13.18)

as the local variance-covariance-component estimation of Helmert type, we can
guarantee unbiasedness, E.�H / D � , due to

E.�H / D H�1Eq D �

Theorem 13.1. Assume the Helmert matrix H to be regular. Then �H
is unique and �0-HIQUE (�0-Helmert type invariant quadratic unbiased
estimation).

Uniqueness is obvious from (13.18). Invariance with respect to y! y �Ax D "
is consequence of Lemma 13.1 while the property of a quadratic unbiased estimation
follows directly from construction principle. A more general theorem, especially
based on a singular Helmert matrix, ha been given by E. Grafarend, A Kleusberg
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and B. Schaffrin (1980, pp. 165–167) to which we refer. We note that even if H is
regular, �H is not �0-BIQUE (�0-best IQUE).

Step of higher order
It has been stated that the �0-Helmert type variance-covariance-component estima-
tion �H is a local one. The function �H .�0/ illustrates this property. Conventionally,
geodesists have designed algorithms which iterate the function �H .�0/ to the point
�H D �0, the �0-reproducing variance-covariance-component estimation such that
�H DH�1.�0/q.�0/ D �0. But it has been shown by E. Grafarend and A. Kleusberg
(1980, pp. 133–135) that there are more than one reproducing points. We have
therefore advocated to make a plot of the function �H .�0/ and �H D �0 in order to
have a deeper insight into the local behavior of the estimation process. Anyway the
higher order steps of iteration �H .�0/ will be stopped at some point �H D �0

13-2 Variance-Covariance-Component Estimation in the
Linear Model B" D By � c;By … R.A/C c

According to E.Grafarend (1984): Variance-covariance-component estimation of
HELMERT type in the Gauss-Helmert model, Zeitschrift fuer Vermessungswesen
109 (1984) pp. 30–40 we follow his text: given the system of linear condition
equation B"DBy � c: The q � n fixed matrix B of full row rank r.B/D q connects
to n � 1 stochastic vector " of inconsistency and the q � 1 stochastic vector By � c
where the q�1 fixed vector c of inhomogeneity accounts for the condition equations
or constraints. The n � 1 vector of " of inconsistency is chosen in such a way that
By does not belong to the range R.B/ of the matrix B (spanned by its columns)
and being translated by the vector c of inhomogeneity and that BE.y/ D c holds.
Within second order statistics the linear model B" D By � c is characterized by the
first and second order moments of the vector y of observations.

E.y/ D y � "; E.By/ D BE.y/ D c (13.19)

D.y/ D
lX

jD1
Cjj �

2
j C

l�1X
jD1

jX
kD2

Cjk�jk D
l.lC1/=2X
jD1

Cj �j ;D.By/ D BD.y/B0(13.20)

j < k

The block structure of the dispersion matrix D.y/ is discussed in more detail
in the first paragraph and in the Appendix. Here we develop the ides of stepwise
estimation of variance-covariance-components of F.R. Helmert type with respect to
the model of condition adjustment B" D By � c.

The initial step
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In the first step of the estimation process of fE.y/;D.y/g we depart from an
initial variance-covariance matrix †0 of the dispersion matrix D.y/D† of the
observation vector y, or equivalently, from an initial set �0 of variance-covariance-
components. Using the initial dispersion matrix †0, the unknown vector " of
inconsistency are estimated by “constrained least-squares”:

(i) Lagrange-function

L."; �/ WD "0��1
0 "C 2�0.B" � ByC c/ (13.21)

D Œy � E.y/�0��1
0 Œy � E.y/�C 2�0Œ�BE.y/C c D min

"; �

@L

@"
."l ; �l / D 2��1

0 "l C 2B0�l D 0 (13.22)

@L

@"
."l ; �l / D 2.B"l � ByC c/ D 2fBŒE.y/�l C cg D 0 (13.23)

@L

@"
fŒE.y/�l ; �lg D �2��1

0 fy � ŒE.y/�lg � 2B0�l D 0 (13.24)

@2L

@"@"0 ."l ; �l / D 2��1
0 	 0 (13.25)

The first derivatives of the Lagrange-function constitute the necessary conditions,
the second derivatives the sufficiency condition. Since we assume a positive-definite
dispersion matrix �0 in paragraph one, (13.25) is always fulfilled. (Here it would
have been sufficient to have started from a positive-semidefinite weight matrix, but
this generalization will be treated elsewhere.) Thus we arrive at the classical system
of normal equations �

†�1
0 B0

B 0

� �
"l

�l

�
D
�

0

By � c

�
(13.26)

where the block matrix of normal equations is called the fundamental matrix of
constrained minimization. (For more details see S.L Campbell and C.D Meyer
(1979, pp. 63–70).)

For a q � n matrix B of full row rank, r.B/D q, and for a positive-definite
variance-covariance matrix �0 the vector "l of inconsistency and the vector �l of
Lagrange-multipliers can be easily obtained from the system of normal equations.

"l D †0B0.B†0B0/�1.By � c/; �l D �.B†0B0/�1.By � c/ (13.27)

ŒE.y/�l D y � "l D ŒI � �0B0.B†0B0/�1B�y �†0B0.B†0B0/�1c (13.28)
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(ii) The invariance of estimation
Let us discuss the “constrained least-squares” estimation "l of the vector " of

inconsistency. Once write

"l D †0B0.B†0B0/�1.By � c/ D lC L0y (13.29)

ŒE.y/�l D ŒI �†0B0.B†0B0/�1B�y �†0B0.B†0B0/�1c D l0 CM0y (13.30)

l0 W D �†0B0.B†0B0/�1c (13.31)

L0 W D †0B0.B†0B0/�1B; M0 WD I � L0 (13.32)

It is obvious that (13.29), (13.30) represent linear, but inhomogeneous estimations.

Lemma 13.2. Let "l D †0B0.B†0B0/�1.By � c/ D lC L0y be the constrained
least-squares estimations of the stochastic vector " of inconsistency. "l is
invariant with respect to the transformation By � c! BŒy �E.y/� such that

"l D L0" (13.33)

holds. L0 is an idempotent matrix.

The proof follows the lines of the one of Lemma 13.1.

(iii) Variance-covariance-component estimation of Helmert type
For a study of the underlying ideas of the variance-covariance-component

estimation techniques of Helmert type we refer to paragraph 1 (iii). We only have to
exchange D0 D I � A.A0†�1

0 A/�1A0†�1
0 by L0 D �0B0.B�0B0/�1B , e.g.

Ef"0
lEi .�0/"lg D

l.lC1/=2X
jD1

trL0
0Ei .�0/L0Cj �j .i D 1; : : : ; l.l C 1/=2 (13.34)

E.qi/ D
l.lC1/=2X
jD1

Hij �j .i D 1; : : : ; l.l C 1/=2 (13.35)

qi WD "0
lEi .�0/"l D .lC L0y/0Ei .�0/.lC L0y/ .i D 1; : : : ; l.l C 1/=2 (13.36)

Hij WD trL0
0Ei .�0/L0Cj .i; j D 1; : : : ; l.l C 1/=2 (13.37)

Hij � H is the generalized l.l C 1/=2� l.l C 1/=2 Helmert matrix. Let us assume
Hij � H is a regular matrix such that � D H�1E.q/. Now we choose

�H WD H�1q (13.38)

as the local variance-covariance-component estimation of Helmert type, we can
guarantee unbiasedness, E.�H / D � , due to E.�H / D H�1�E.q/ D � .
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Theorem 13.2. Assume the g-Helmert matrix H to be regular. Then �H is
unique and �0-Helmert type invariant inhomogeneous quadratic unbiased
estimation.

Uniqueness is obvious from (13.38). Invariance with respect to By � c! BŒy�
E.y/� is a consequence Lemmas 2 which the property of an inhomogeneous mixed
linear-quadratic estimation follows directly form the construction principle. Note
c D 0 the �0-Helmert type estimation �H is �0-HIQUE. A more general theorem,
especially based on a singular g-Helmert matrix, will be given elsewhere.

Steps of high order

The nature of a local estimation �H .�0/ leads again to an iteration scheme to
a point �H D �0, the �0-reproducing variance-covariance-component estimation
such that �H D H�1.�0/q.�0/ D �0. Again we advocate the computation of the
complete graph �H .�0/ since more than one reproducing point might appear.

13-3 Variance-Covariance-Component Estimation in the
Linear Model Ax C "C B" D By � c;By … R.A/C c

According to E.Grafarend (1984): Variance-covariance-component estimation of
HELMERT type in the Gauss-Helmert model, Zeitschrift fuer Vermessungswesen
109 (1984) pp. 40–42 we follow his text: given the system of linear equations
AxC"CB" D By � c: The stochastic n�1 vector " of inconsistency pays attention
to the fact that the q � 1 vector By does not belong to the range, spanned by the
column space of the n�m matrix A and translated by the q� 1 vector c. The vector
" is chosen in such a way that the vector By � c is an element of the column space
of the matrix A translated by the vector c. The fixed q�mmatrix A is full of column
rank, r.A/ D m, but the fixed q � n matrix B of full row rank r.B/ D q. Within
second order statistics the linear model AxC "C B" D By � c is characterized by
the first and second order moments of the n � 1 vector y of observation.

Ey D y � " (13.39)

BE.y/ D
mX
iD1

ai�i C c D AxC c (13.40)

D.y/ D
lX

jD1
Cjj �j C

l�1X
jD1

lX
kD2

Cjk�jk D
l.lC1/=2X
jD1

Cj �j (13.41)

D.By/ D BD.y/B0 (13.42)

The block structure of the dispersion matrix D(y) is discussed in more detail in
Sect. 13-1 and in Sect. 13-4. Here we develop the idea of stepwise estimation of
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variance-covariance-component of F.R. Helmert type with respect to the linear
model of condition equations with unknown AxC "C B" D By � c

The initial step

In the first step of the estimation process of .�; �/ or .x1; x2/ we depart from
initial variance-covariance matrix †0 of the dispersion matrix D.y/ D † of the
observation vector y, or, equivalently, from an initial set �0 of variance-covariance-
components. Using the initial dispersion matrix†0, the unknown vector x and " are
estimated by “constrained least-squares”:

(i) Lagrange-function

L."; x; �/ WD "0†�1
0 " C 2�0.AxC B" � ByC c/ D min

"; x; �

(13.43)

@L

@"
."l ; xl ; �l / D 2†�1

0 "l C 2B0�l D 0

@L

@x
."l ; xl ; �l / D 2A0�l D 0 (13.44)

@L

@�
."l ; xl ; �l / D 2.Axl C B"l � ByC c/ D 0 (13.45)

@0L
@"@"0 ."l ; xl ; �l / D 2†�1

0 	 0 (13.46)

The first derivatives of the Lagrange-function constitute the necessary conditions,
the second derivatives the sufficiency condition. Since we have assumed a positive-
definite dispersion matrix †0 in paragraph one, (13.46) is always fulfilled. (Here it
would have been sufficient to have started from a positive-definite weight matrix,
but this generalization will be treated elsewhere.) Thus we arrive at the classical
system of normal equations.

2
4†

�1
0 B0 0

B 0 A
0 A0

3
5
2
4 "l�l

xl

3
5 D

2
4 0

By � c
0

3
5 (13.47)

with the conventional block matrix of constrained minimization.
For a q � m matrix A of full column rank, r.A/ D m, a q � n matrix B of full

rank, r.B/ D q and a positive-semidefinite weight matrix †0 the unknown vectors
"l ; �l and xl can be easily obtained by successive reduction of the system of normal
equations.
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"l D †0B0.B†0B0/�1fI�AŒA0.B†0B0/�1A��1A0.B†0B0/�1g.By�c/ (13.48)

†0B0.B†0B0/�1f.By � c/� Axlg
�l D .B†0B0/�1fAŒA0.B†0B0/�1A��1A0.B†0B0/�1 � Ig.By � c/ (13.49)

xl D ŒA0.B†0B0/�1A��1A0.B†0B0/�1.By � c/ (13.50)

(ii) The variance of the estimation
Let us discuss the “constrained least-squares” estimation "l of the vector " of

inconsistency. Once write

"l D †0B0.B†0B0/�1fI� AŒA0.B†0B0/�1A��1A0.B†0B0/�1g.By � c/ (13.51)

D f0 C F0y

f0 WD �†0B0.B†0B0/�1fI� AŒA0.B†0B0/�1A��1A0.B†0B0/�1gc (13.52)

F0 WD †0B0.B†0B0/�1fI� AŒA0.B†0B0/�1A��1A0.B†0B0/�1gB (13.53)

it is obvious that (13.52) represents a linear, but inhomogeneous estimation.

Lemma 13.3. Let "l D f0C F0y be the constrained least-squares estimation
of the stochastic vector " of inconsistency. "l is invariant with respect to the
transformation By � c! AxC BŒy � E.y/� such that

"l D F0" (13.54)

holds. F0 is an idempotent matrix
The proof follows the lines of Lemma 13.1.

(iii)Variance-covariance-components estimation of Helmert type
Again we refer for a motivation of the variance-covariance-componentestimation

technique of Helmert type to paragraph 1 (iii). We only have to exchange

Dl D I� A.A0†�1
0 A/�1A0†�1

0 byF0 (13.55)

in (13.53)

Ef"0
lEi .�0/"lg D

l.lC1/=2X
jD1

trF0
0Ei .�0/F0Cj �j .i D 1; : : : ; l.l C 1/=2 (13.56)

E.qi / D
l.lC1/=2X
jD1

Hij �j .i D 1; : : : ; l.l C 1/=2 (13.57)

qi W D "0
lEi .�0/"l D .f0 C F0y/0Ei .�0/.f0 C F0y/
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.i D 1; : : : ; l.l C 1/=2 (13.58)

Hij W D trF0
0Ei .�0/F0Cj .i; j D 1; : : : ; l.l C 1/=2 (13.59)

Hij � H is the generalized l.l C 1/=2� l.l C 1/=2 Helmert matrix. Let us assume
Hij � H is a regular matrix such that � D H�1E.q/. Now we choose

�H WD H�1q (13.60)

as the local variance-covariance-component estimation of Helmert type, we can
guarantee unbiasedness, E.�H / D � , due to E.�H / D H�1�E.q/ D � .

Theorem 13.3. Assume the g-Helmert matrix H to be regular. Then �H is
unique and �0-Helmert type invariant inhomogeneous quadratic unbiased
estimation.

Uniqueness is obvious from (13.60). Invariance with respect to By � c !
AxC BŒy � E.y/� is a consequence of Lemma 13.3 while the property of an
inhomogeneous mixed linear-quadratic estimation follows directly from the con-
struction principle, especially (13.52). Note that for c D 0 the �0-Helmert type
estimation �H is �0-HIQUE. A more general theorem, especially based on a
singular g-Helmert matrix, will be given elsewhere.

Steps of high order

The local property of estimation �H .�0/ leads to the standard iteration problem.
From the complete graph �H .�0/ we gain insight into the locations of the
�0-reproducing variance-covariance-components estimation such that �H D
H�1.� 0/q.� 0/ D .� 0/ In the applications of general linear model AxC "C B" D
By � c a partitioned version appears:

A WD
2
4 0

A2

A3

3
5 ; B WD

2
4B1

B2
0

3
5 ; c WD

2
4 c1

c2
c3

3
5 ; c3 2 R.A3/ (13.61)

(i) first partitioning
inconsistent system of inhomogeneous condition equations between the observa-
tions only: B1" D B1y � c1

(ii) second partitioning
inconsistent system of inhomogeneous condition equations with unknowns: A2xB2"
D B2y � c2

(iii) third partitioning
consistent system of inhomogeneous condition equations between unknowns only:
A3 D c3; c3 2 R.A3/
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13-4 The Block Structure of Dispersion Matrix Dfyg

According to E.Grafarend (1984): Variance-covariance-component estimation of
HELMERT type in the Gauss-Helmert model, Zeitschrift fuer Vermessengswesen
109(1984) pp.42-44 at first we will review the block-partitioning of the dispersion
matrix Dfyg of the observation vector y. An example from leveling and another
one from distance observations will illustrate the technique of decomposition into
blocks.

The variance-covariance matrix Dfyg of the stochastic vector y of observations
is decomposed into

D.y/ D
lX

jD1
Ci i �

2
i C

l�1X
jD1

lX
kD1

Cjk�jk D

2
664
�21Q11 �12Q12 : : : �1lQ1l

�12Q
0
12 �

2
2Q22 : : : �2lQ2l

: : :

�1lQ
0
1l �2lQ

0
2l : : : s2l Ql l

3
775 (13.62)

Cjj WD
2
4 0 : : : 0

: : : Qjj : : :

0 : : : 0

3
5 row j .j D 1; : : : ; l/ (13.63)

column j

Cjk WD

2
6664
0 : : : 0

: : : 0 Qjk : : :

Q0
jk 0

0 : : : 0

3
7775 row j .j; k D 1; : : : ; l/ (13.64)

column j

Example A1 (leveling)

Let us estimate the variance-components of forward and backward observations
in a triangular leveling network, namely at two different epochs of observation.
The 4 � 4 dispersion matrix D.y/ D †.h12; h23; h21; h32 D † of the observations
h12; h23 at epoch one and h21; h32 at epoch two can be block-partitioned into

† D

2
66666664

�11 C �22 � 2�12 �12 C �23 � �22 � �13 �
1
2 C �21 � �11 � �22 �22 C �31 � �21 � �32

�12 C �23 � �13 � �22 �22 C �33 � 2�23 �22 C �13 � �12 � �23 �32 C �13 � �22 � �33

�21 C �12 � �11 � �22 �22 C �13 � �12 � �32 �11 C �22 � 2�12 �12 C �23 � �2 � �13

�31 C �22 � �21 � �32 �32 C �23 � �22 � �33 �21 C �32 � �31 � �22 �22 C �33 � 2�23

3
77777775

(13.65)
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where

�ij D EŒ"i .t1/"j .t1/� D �i .t1/�j .t1/%ij D ˚ij .t1; t1/ (13.66)

�
j
i D EŒ"i .t1/"j .t2/� D �i .t1/�j .t2/%ji D ˚ij .t1; t2/ (13.67)

�ij D EŒ"i .t2/"j .t2/� D �i .t2/�j .t2/%ij D ˚ij .t2; t2/ (13.68)

(13.69)

We call �ii D ˚ii .t1; t2/ autovariance and �ji D ˚ij .t1; t2/; i ¤ j , crossvariance.
In a first design of second order let us assume that the absolute heights are

uncorrelated, their variances to be identical within one epoch, but varying from
epoch to epoch. Then the second order design matrix of observed height differences
can be represented by

† D

2
664
2�2.t1/ ��2.t1/ 0

��2.t1/ 2�2.t1/
0 0 2�2.t21/ ��2.t1/
0 0 ��2.t1/ 2�2.t21/

3
775

D �21

2
664
2 �1 0 0

�1 2 0 0

0 0 0 0

0 0 0 0

3
775C �22

2
664
0 0 0 0

0 0 0 0

0 0 2 �1
0 0 �1 2

3
775

D �21
�

Q11 0

0 0

�
C �22

�
0 0

0 Q22

�
D C11.�1/

2 C C22.�2/
2

where �2.t1/ D .�1/2; �2.t2/ D .�2/2 are unknown variance-covariance-component
of absolute heights at epoch t1 and t2.

Q11 D Q22 D
�
2 �1
�1 2

�
(13.70)

Here the open problem is to estimate �2.t1/ and �2.t2/

Example A2 (distance observations):

Three targets at distances 1, 2 and 4 km will be observed twice by distances. The
two sets of observations lead to the conditions

E.y1/ D E.y4/; E.y2/ D E.y5/; E.y3/ D E.y6/

or
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B" D
2
4 1 0 0 �1 0 0

0 1 0 0 �1 0

0 0 1 0 0 �1

3
5 " DBy (13.71)

Let us assume that the observations are uncorrelated, but the variances will be
represented by

�2yi D �21 C ��2
i �22 (13.72)

where �21 is the distance-independent part, but �22 the distance-dependent part of the
observational variance. Thus the 6 � 6 dispersion matrix D.y/ D †.y1; : : : ; y6/ D
† of observations y1; : : : ; y6 can be represented by

† D

2
6666666666664

�21C�22 0 0 0

�21C
1

4
�22 0 0 0

�21C
1

16
�22 0 0 0

0 0 0 �21C�22
0 0 0 �21C

1

4
�22

0 0 0 �21C
1

16
�22

3
7777777777775

(13.73)

D �21 IC �22 diag

�
1;
1

4
;
1

16
; 1;

1

4
;
1

16

	
(13.74)

D C11.�1/
2 C C22.�2/

2

C11 D I;C22 D diag

�
1;
1

4
;
1

16
; 1;

1

4
;
1

16

	
(13.75)

Here the open problem is to estimate .�1/2 and .�2/2.
This introduction into conditional equation with unknowns–the Gauss–Helmert

model–is based on our contribution in Zeit schrift für Vermessungswesen 109(1984)
32–44, the first contribution which is based on variance-covariance-component esti-
mation. The question is our model can be based on Bayesian estimation is still open.
Model studies of our type we performed by S.L Campbell and C.D. Meyer (1979),
E. Grafarend and A. Kleusberg (1980), A. Kleusberg and B. Schaffrin(1980), in
particular F.R. Helmert (1924), E. Grafarend and A. Kleusberg (1980), A. Kleusberg
and E. Grafarend (1981), L.E. Sjöberg (1983a,b) and in particular on H. Wolf (1978,
1988).



Chapter 14
Special Problems of Algebraic Regression
and Stochastic Estimation

multivariate Gauss–Markov model, the n-way classification model, dynam-
ical systems

Up to now, we have only considered an “univariate Gauss–Markov model”. Its gen-
eralization towards a multivariate Gauss–Markov model will be given in Sect. 14-1.
At first, we define a multivariate linear model by Definition 14.1 by giving its first
and second order moments. Its algebraic counterpart via multi-variate LESS is sub-
ject of Definition 14.2. Lemma 14.3 characterizes the multi-variate LESS solution.
Its multivariate Gauss–Markov counterpart is given by Theorem 14.4. In case we
have constraints in addition, we define by Definition 14.5 what we mean by “mul-
tivariate Gauss–Markov model with constraints”. The complete solution by means
of “multivariate Gauss–Markov model with constraints” is given by Theorem 14.5.

In contrast, by means of a MINOLESS solution we present the celebrated “n-way
classification model”. Examples are given for a 1-way classification model, for a
2-way classification model without interaction, for a 2-way classification model
with interaction with all numerical details for computing the reflexive, symmetric
generalized inverse .A0A/�rs . The higher classification with interaction is finally
reviewed. We especially deal with the problem how to compute a basis of unbiased
estimable quantities from biased solutions.

Finally, we take account of the fact that in addition to observational models, we
have dynamical system equations. Additionally, we therefore review the Kalman
Filter (Kalman–Bucy Filter). Two examples from tracking a satellite orbit and from
statistical quality control are given. In detail, we define the stochastic process of
type ARMA and ARIMA. A short introduction on “dynamical system theory” is
presented. By two examples we illustrate the notions of “a steerable state” and
of “observability”. A careful review of the conditions “steerability” by Lemma 14.7
and “observability” by Lemma 14.8 is presented. Traditionally the state differential
equation as well as the observational equation are solved by a typical Laplace
transformation which we will review shortly. At the end, we focus on the modern
theory of dynamic nonlinear models and comment on the theory of chaotic
behaviour as its upto date counterpart.

14-1 The Multivariate Gauss–Markov Model: A Special
Problem of Probabilistic Regression

Let us introduce the multivariate Gauss–Markov model as a special problem of the
probabilistic regression. If for one matrix A of dimension O.A/ D n � m in a
Gauss–Markov model instead of one vector of observations several observation

E. Grafarend and J. Awange, Applications of Linear and Nonlinear Models,
Springer Geophysics, DOI 10.1007/978-3-642-22241-2 14,

493

© Springer-Verlag Berlin Heidelberg 2012
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vectors yi of dimension O.yi / D n � p with identical variance-covariance matrix
†ij are given and the fixed array of parameters �i has to be determined, the model
is referred to as a

Multivariate Gauss–Markov model.

The standard Gauss–Markov model is then called a univariate Gauss–Markov
model. The analysis of variance-covariance is applied afterwards to a multivariate
model if the effect of factors can be referred to not only by one characteristic of
the phenomenon to be observed, but by several characteristics. Indeed this is the
multivariate analysis of variance-covariance. For instance, the effects of different
regions on the effect of a species of animals are to be investigated, the weight of
the animals can serve as one characteristic and the height of the animals as a
second one.

Multivariate models can also be setup, if observations are repeated at different
times, in order to record temporal changes of a phenomenon. If measurements
in order to detect temporal changes of manmade constructions are repeated with
identical variance-covariance matrices under the same observational program,
the matrix A of coefficients in the Gauss–Markov model stays the same for each
repetition and each repeated measurement corresponds to one characteristic.

Definition 14.1. (multivariate Gauss–Markov model):

Let the matrix A of the order n � m be given, called the first order design matrix,
let �i denote the matrix of the orderm � p of fixed unknown parameters, and let yi
be the matrix of the order n � p called the matrix of observations subject to p � n.
Then we speak of a “multivariate Gauss–Markov model” if

Efyig D A�i subject to

2
4 Ofyig D n � p
OfAg D n �m
Of�i g D m � p

(14.1)

Dfyi ; yj g D Inıij subject to Ofıij g D p � p and p:d: (14.2)

for all i; j 2 f1; : : : ; pg apply for a second order statistics. Equivalent vector and
matrix forms are

EfYg D A„ and EfvecY g D .Ip ˝ A/vec„ (14.3)

DfvecYg D †˝ In and d fvecYg D d.†˝ In/ (14.4)

subject to

Of†g D p � p; Of†˝ Ig D np � np;
OfvecYg D np � 1; OfYg D n � p

OfDfvecYgg D np � np; Ofd.vecY/g D np.np C 1/=2:
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The matrix DfvecYg builds up the second order design matrix as the Kronecker–
Zehfuss product † and In.

In the multivariate Gauss–Markov model both the matrices �i and �ij or „ and
† are unknown. An algebraic equivalent of the multivariate linear model would read
as given by Definition 14.2.

Definition 14.2. (multivariate linear model):

Let the matrix A of the order n � m be given, called first order algebraic design
matrix, let xi denote the matrix of the order of fixed unknown parameter, and yi be
the matrix of order n � p called the matrix of observations subject to p � n. Then
we speak of an algebraic multivariate linear model if

pX
iD1
jjyi �Axi jj2Gy

D min
xi
� jjvecY � .Ip ˝ A/vecXjj2GvecY

D min (14.5)

establishing a Gy� or GvecY-weighted least squares solution of type multivariate
LESS.

It is a standard solution of type multivariate LESS if

X D .A0GyA/�A0GyY

2
4 OfXg D m � pOfAg D n �m
OfYg D n � p ;

(14.6)

which nicely demonstrates that the multivariate LESS solution is built on a series of
univariate LESS solutions. If the matrix A is regular in the sense of rk.A0GyA/ D
rkA D m, our multivariate solution reads

X D .A0GyA/�1A0GyY (14.7)

excluding any rank deficiency caused by a datum problem. Such a result may be
initiated by fixing a datum parameter of type translation (3 parameters at any
epoch), rotation (3 parameters at any epoch) and scale (1 parameter at any epoch).
These parameters make up the seven parameter conformal groupC7.3/ at any epoch
in a three-dimensional Euclidian space (pseudo-Euclidian space).

Lemma 14.3. (general multivariate linear model):

A general multivariate linear model is multivariate LESS if

p; pX
i; jD1

.yi �Axi /Gij .yj � Axj / D min
x

(14.8)

or
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nX
˛D1

m;mX
ˇ; �

p; pX
i; j

.y˛i � a˛ˇxˇi /Gij .y j̨ � a˛�x�j / D min
x

(14.9)

or

.vecY � .Ip ˝ A/vecX/0.In ˝Gy.vecY � .Ip ˝ A/vecX/ D min
x
: (14.10)

An array X; dim X D m � p is multivariate LESS, if

vecX D Œ.Ip ˝ A/0.In ˝GY/ .Ip ˝ A/��1.Ip ˝ A/0.In ˝GY/vecY (14.11)

and

rk.In ˝GY/ D np: (14.12)

End of Lemma 14.3

Thanks to the weight matrix Gij the multivariate least squares solution (14.3) differs
from the special univariate model (14.7). The analogue to the general LESS model
(14.8)–(14.10) of type multivariate BLUUE is given next.

Theorem 14.4. (multivariate Gauss–Markov model of type �i , in particular
.†; In/-BLUUE):

A multivariate Gauss–Markov model is .†; In/-BLUUE if the vector vec„ of an
array „, dim„ D n � p, dim.vec„/ D np � 1 of unknowns is estimated by the
matrixb�i , namely

vec O„ D Œ.Ip ˝ A/0.†˝ In/�1.Ip ˝ A/��1.Ip ˝ A/0.†˝ In/�1vecY (14.13)

subject to

rk.†˝ In/�1 D np: (14.14)

† � �ij denotes the variance-covariance matrix of multivariate effects y˛i for all
˛ D 1; : : : ; n and i D 1; : : : ; p. An unbiased estimator of the variance-covariance
matrix of multivariate effects is

2
664
i D j W O�2i D

1

n � q .yi �A O�i /0.yi �A O�i /

i ¤ j W O�ij D 1

n � q .yi � A O�i /0.yj � A O�i /
(14.15)

because of
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Ef.yi � A O�i /0.yjA O�j /g D Efy0
i .I �A.A0A/�1A0/yj g D �ij .n � q/: (14.16)

A nice example is given in K.R. Koch (1988 pp. 281–286). For practical applications
we need the incomplete multivariate models which do not allow a full rank matrix
�ij . For instance, in the standard multivariate model, it is assumed that the matrix
A of coefficients has to be identical for p vectors yi and the vectors yi have to be
completely given.

If due to a change in the observational program in the case of repeated
measurements or due to a loss of measurements, these assumptions are not fulfilled,
an incomplete multivariate model results. If all the matrices of coefficients are
different, but if p vectors yi of observations agree with their dimension, the
variance-covariance matrix † and the vectors �i of first order parameters can
be iteratively estimated. For example, if the parameters of first order, namely �i ,
and the parameters of second order, namely �ij , the elements of the variance-
covariance matrix, are unknown, we may use the hybrid estimation of first and
second order parameters of type f�i ; �ij g as outlined in Chap. 3, namely Helmert
type simultaneous estimation of f�i ; �ij g (B. Schaffrin 1983, p. 101).

An important generalization of the standard multivariate Gauss–Markov model
taking into account constraints, for instance caused by rank definitions, e.g. the
datum problem at r epochs, is the

multivariate Gauss–Markov model
with constraints

which we will treat at the end.

Definition 14.5. (multivariate Gauss–Markov model with constraints):

If in a multivariate model (14.1) and (14.2) the vectors �i of parameters of first order
are subject to constraints

H�i D wi ; (14.17)

where H denotes the r �m matrix of known coefficients with the restriction

H.A0A/�A0A D H; rkH D r � m (14.18)

and wi known r � 1 vectors, then

Efyig D A�i ; (14.19)

Dfyi ; yj g D In�ij (14.20)

subject to

H�i D wi (14.21)



498 14 Special Problems of Algebraic Regression and Stochastic Estimation

is called “the multivariate Gauss–Markov model with linear homogeneous
constraints”. If the p vectors wi are collected in the r�p matrix W, dim W D r�p;
the corresponding matrix model reads

EfYg D A„; DfvecYg D †˝ In; H„ DW (14.22)

subject to

Of†g D p � p; Of†˝ Ing D np � np;
OfvecYg D np � 1; OfYg D n � p
OfDfvecYgg D np � np;
OfHg D r �m; Of„g D m � p; OfWg D r � p:

(14.23)

The vector forms

EfvecYg D .Ip ˝ A/vec„; DfvecYg D †˝ In; vecW D .Ip ˝H/vec„

are equivalent to the matrix forms.
A key result is Lemma 15.6 in which we solve for a given multivariate weight

matrix Gij – being equivalent to .†˝ In/�1 – a multivariate LESS problem.

Theorem 14.6. (multivariate Gauss–Markov model with constraints):

A multivariate Gauss–Markov model with linear homogeneous constraints is
.†; In/-BLUUE if

vec O„ D .Ip ˝ .A0A/�A0/vecYC Y.Ip ˝ .A0A/H0.H.A0A/�H0/�1/vecY

�.Ip ˝ .A0A/�H0/�1H.A0A/�A0/vecY (14.24)

or

O„ D .A0A/�.A0YCH0.H.A0A/�H0/�1.W �H.A0A/�A0Y// (14.25)

An unbiased estimation of the variance-covariance matrix † is

Q† D 1

n �mC r f.A
O„� Y/0.A O„ �Y/

C.H O„�W/0.H.A0A/�A0/�1.H O„�W/g:
(14.26)

End of Theorem 14.6

14-2 n-Way Classification Models

Another special model is called

n-way classification model.
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We will define it and show how to solve its basic equations. Namely, we begin with
the 1-way classification and to continue with the 2- and 3-way classification models.
A specific feature of any classification model is the nature of the specific unknown
vector which is either zero or one. The methods to solve the normal equation vary: In
one approach, one assumption is that the unknown vector of zeros or ones is a fixed
effect. The corresponding normal equations are solved by standard MINOLESS,
weighted or not. Alternatively, one assumes that the parameter vector consists of
random effects. Methods of variance-covariance component estimation are applied.

Here we only follow a MINOLESS approach, weighted or not. The interested
reader of the alternative technique of variance-covariance component estimation is
referred to our Chap. 3 or to the literature, for instance H. Ahrens and J. Laeuter
(1974) or S.R. Searle (1971), my favorite.

14-21 A First Example: 1-Way Classification

A one-way classification model is defined by

yij D Efyij g C eij D �C ˛i C eij (14.27)

y0 W D Œy0
1 y0

2 : : : y
0
p�1y0

p�; x0 WD Œ� ˛1 ˛2 : : : ˛p�1 ˛p� (14.28)

where the parameters � and ˛i are unknown. It is characteristic for the model that
the coefficients of the unknowns are either one or zero. A MINOLESS (Minimum
Norms LEast Squares Solution) for the unknown parameters �, ˛i is based on

jjy �Axjj2I D min
x

and jjxjj2I D min
x

we built around a numerical example.

Numerical example: 1-way classification

Here we will investigate data concerning the investment on consumer durables of
people with different levels of education. Assuming that investment is measured
by an index number, namely supposing that available data consist of values of this
index for seven people: Table 14.1 illustrates a very small example, but adequate for
our purposes.

A suitable model for these data is

yij D �C ˛i C eij ; (14.29)

where yij is investment index of the j th person in the i th education level, � is a
general mean, ˛i is the effect on investment of the i th level of education and eij
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Table 14.1 (investment indices of seven people):

Level of education Number of people Indices Total
1 (High School incomplete) 3 74, 68, 77 219
2 (High School graduate) 2 76, 80 156
3 (College graduate) 2 85,93 178
Total 7 553

is the random error term peculiar to yij . For the data of Table 14.1 there are three
educational levels and i takes the values j D 1; 2; : : : ; ni � 1; ni where ni is the
number of observations in the i th educational level, in our case n1 D 3; n2 D 2

and n3 D 2 in Table 14.1. Our model is the model for the 1-way classification. In
general, the groupings such as educational levels are called classes and in our model
yij as the response and levels of education as the classes, this is a model we can
apply to many situations.

The normal equations arise from writing the data of Table 14.1 in terms of our
model equation.

2
6666666664
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3
7777777775
D

2
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�C ˛2 C e22
�C ˛3 C e31
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3
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; O.y/ D 7 � 1
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D y D
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3
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2
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D AxC ey

and

A D

2
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1 1 0 0

1 1 0 0

1 1 0 0

1 0 1 0

1 0 1 0

1 0 0 1

1 0 0 1

3
7777777775
; x D

2
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�

˛1
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˛3

3
775 ; O .A/ D 7 � 4; O.x/ D 4 � 1
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with y being the vector of observations and ey the vector of corresponding error
terms. As an inconsistent linear equation

y� ey D Ax; Ofyg D 7 � 1; OfAg D 7 � 4; Ofxg D 4 � 1

we pose the key question:

?What is the rank of the design matrix A?

Most notable, the first column is 1n and the sum of the other three columns is also
one, namely c2 C c3 C c4 D 1n! Indeed, we have a proof for a linear dependence:
c1 D c2 C c3 C c4. The rank rkA D 3 is only three which differs from OfAg D
7� 4:We have to build in this rank deficiency. For example, we could postulate the
condition x4 D ˛3 D 0 eliminating one component of the unknown vector. A more
reasonable approach would be based on the computation of the

symmetric reflexive generalized inverse
such that

xlm D .A0A/�rsA0y; (14.30)

which would guarantee a least squares minimum norm solution or a V;S-BLUMBE
solution (Best Linear V-Norm Uniformly Minimum Bias S-Norm Estimation) for
V D I;S D I and

rkA D rkA0A D rk.A0A/�rs D rkAC (14.31)

A0A is a symmetric matrix) .A0A/�rs is a symmetric matrix

or called

:rank preserving identity:
!symmetry preserving identity!

We intend to compute xlm for our example (Table 14.2).

Summary

The general formulation of our 1-way classification problem is generated by
identifying the vector of responses as well as the vector of parameters (Table 14.3):

n D n1 C n2 C : : :C np D
pX
iD1

ni (14.32)

experimental design W number of rank of the
number of observations parameters W design matrix W
n D n1 C n2 C : : :C np 1C p 1C .p � 1/ D p

(14.33)
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Table 14.2 (1-way classification, example: normal equation):

A0A D

2
664
1 1 1 1 1 1 1

1 1 1 0 0 0 0

0 0 0 1 1 0 0

0 0 0 0 0 1 1

3
775

2
6666666664

1 1 0 0

1 1 0 0

1 1 0 0

1 0 1 0

1 0 1 0

1 0 0 1

1 0 0 1

3
7777777775
D

2
664
7 3 2 2

3 3 0 0

2 0 2 0

2 0 0 2

3
775

A0A D DE; OfDg D 4 � 3; OfEg D 3 � 4

D0D D

2
664
7 3 2

3 3 0

2 0 2

2 0 0

3
775 ; E to be determined W

D0A0A D D0DE ) .D0D/�1D0A0A D E

D0D D
2
4 7 3 2 23 3 0 0

2 0 2 0

3
5
2
664
7 3 2

3 3 0

2 0 2

2 0 0

3
775 D

2
4 66 30 1830 18 6

18 6 8

3
5

:compute .D0D/�1 and .D0D/�1D0 W

) E D .D0D/�1D0A0A D
2
4 1 0 0 1

0 1 0 �1
0 0 1 1

3
5

.A0A/�rs D E0.EE0/�1.D0D/�1D0 D

D

2
664
0:0833 0 0:0417 0:0417

0 0:2500 �0:1250 �0:1250
0:0417 �0:1250 0:3333� 0:1667
0:0417 �0:1250 �0:1667 0:3333

3
775

.A0A/�rsA0 D
2
664
0:0833 0:0833 0:0833 0:1250 0:1250 0:1250 0:1250

0:2500 0:2500 0:2500 �0:1250 �0:1250 �0:1250 �0:1250
�0:0833 �0:0833 �0:0833 0:3750 0:3750 �0:1250 �0:1250
�0:0833 �0:0833 �0:0833 �0:1250 �0:1250 0:3750 0:3750

3
775
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xlm D .A0A/�rsA0y D

2
664
60:0

13:0

18:0

29:0

3
775 :

Table 14.3 (1-way classification):

y0 WD Œy11; y12 : : : y1.n1�1/y1n1 jy21y22 : : : y2.n2�1/y2n2 j : : : jyp1yp2 : : : yp.np�1/y.pnp/�

x0 WD Œ� ˛1 ˛2 : : : ˛p�1 ˛p�

A WD

2
6666666666666664

1 1 0 0

� � � � � � � � �
1 1 0 0

1 0 1 0

� � � � � � � � �
1 0 1 0

� � � � � � � � �
1 0 0 1

� � � � � � � � �
1 0 0 1

3
7777777777777775

; O.A/ D n � .p C 1/

:MINOLESS:

jjy �Axjj2 D min
x

and jjxjj2 D min (14.34)

xlm D .A0A/�rsA0y: (14.35)

14-22 A Second Example: 2-Way Classification
Without Interaction

A two-way classification model without interaction is defined by

“MINOLESS”

yijk D Efyijkg C eijk D �C ˛i C ˇj C eijk (14.36)

y0 WD Œy0
11; y0

21; : : : ; y0
p�1 1; y0

p1; y0
12; y0

22; : : : ; y0
p q�1; y0

pq�

x0 D Œ�; ˛1; : : : ; ˛p; ˇ1; : : : ; ˇq� (14.37)

jjy� Axjj2I D min
x

and jjxjj2 D min
x
: (14.38)
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Table 14.4 Level of factors

Level of the factor B 1 2 : : : q

Level of factor A n11 n12 : : : n1q
2 n21 n22 : : : n2q
: : : : : : : : : : : : : : :

p np1 np2 : : : npq

Table 14.5 Number of seconds beyond 3 minutes, taken to boil 2 quarts of water

Make of Pan Number of
A B C total observations mean

X 18 12 24 54 3 18

Brand of Y � � 9 9 3 18

Stove Z 3 � 15 18 3 18

W 6 3 18 27 3 18

Total 27 15 66 108

no. of. obs 3 2 4

mean 9 71
2

16 1
2

The factor A appears in p levels and the factor B in g levels. If nij denotes the
number of observations under the influence of the i th level of the factor A and the
j th level of the factor B, then the results of the experiment can be condensed in
Table 14.4. If ˛i and ˇy denote the effects of the factors A and B, � the mean of all
observations, we receive

�C˛iCˇj D Efyijkg for all i 2 f1; : : : ; pg; j 2 f1; : : : ; qg; k 2 f1; : : : ; nij g
(14.39)

as our model equation.

If nij D 0 for at least one pairfi; j g, then our experimental design is called
incomplete. An experimental design for which nij is equal of all pairs fij g, is
said to be balanced. The data of Table 14.5 describe such a general model of yijk
observations in the i th row (brand of stove) and j th column (make of the pan), � is
the mean, ˛i is the effect of the i th row, ˇj is the effect of the j th column, and eijk
is the error term.

Outside the context of rows and columns ˛i is equivalently the effect due to the
i th level of the ˛ factor and ˇj is the effect due to the j th level of the ˇ factor. In
general, we have p levels of the ˛ factor with i D 1; : : : ; p and q levels of the ˇ
factor with j D 1; : : : ; q: in our example p D 4 and q D 3.
With balanced data every one of the pq cells in Table 14.5 would have one (or n)
observations and n � 1 would be the only symbol needed to describe the number
of observations in each cell. In our Table 14.5 some cells have zero observations
and some have one. We therefore need nij as the number of observations in the i th
row and j th column. Then all nij D 0 or 1, and the number of observations are the
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values of

ni D
qX

jD1
nij ; nj D

pX
iD1

nij ; n D
pX
iD1

qX
jD1

nij : (14.40)

Corresponding totals and means of the observations are shown, too. For the
observations in Table 14.5 the linear equations of the model are given as
follows, 2
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where dots represent zeros. In summary,
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with y being the vector of observations and ey the vector of corresponding error
terms. As an inconsistent linear equation

y � ey D Ax; Ofyg D 9 � 1; OfAg D 9 � 8; Ofxg D 8 � 1

we pose the key question:

? What is the rank of the design matrix A ?

Most notable, the first column is 1n and the sum of the next 4 columns is also 1n as
well as the sum of the remaining 3 columns is 1n, too, namely c2Cc3Cc4Cc5 D 1n
and c6 C c7 C c8 D 1n. The rank rkA D 1C .p � 1/C .q � 1/ D 1C 3C 2 D 6

is only six which differs from OfAg D 9 � 8: We have to take advantage of this
rank deficiency. For example, we could postulate the condition x5 D 0 and x8 D 0

eliminating two components of the unknown vector. A more reasonable approach
would be based on the computation of the symmetric reflexive generalized inverse

such that

xlm D .A0A/�rsA0y; (14.41)

which would guarantee a least square minimum norm solution or a I; I-BLUMBE
solution (Best Linear I-Norm Uniformly Minimum Bias I-Norm Estimation) and

rkA D rkA0A D rk.A0A/�rs D rkA0 (14.42)

A0A is a symmetric matrix) .A0A/�rs is a symmetric matrix

or called

:rank preserving identity:
:symmetry preserving identity (Table 14.6):

Summary

The general formulation of our 2-way classification problem without interaction is
generated by identifying the vector of responses as well as the vector of parameters
(Table 14.7).

subject to

c2 C : : :C cp D 1; cpC1 C : : :C cq D 1

ni D
qX

jD1
nij ; nj D

pX
iD1

nij ; n D
p; qX

iD1; jD1
nij (14.43)
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Table 14.6 2-way classification without interaction, example: normal
equation
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A0A D DE; OfDg D 8 � 6; OfEg D 6 � 8

D D

2
6666666664

9 3 1 2 3 2

3 3 0 0 1 1

1 0 1 0 0 0

2 0 0 2 1 0

3 0 0 0 1 1

3 1 0 1 3 0

2 1 0 0 0 2

3
7777777775
; E to be determined

D0A0A D D0DE) .D0D/�1D0A0A D E

D0D D

2
66666664

133 45 14 29 44 28

45 21 4 8 15 11

14 4 3 3 3 2

29 8 3 10 11 4

44 15 3 11 21 8

28 11 2 4 8 10

3
77777775

compute .D0D/�1 and .D0D/�1D0
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E D .D0D/�1D0A0A

D

2
66666664

1:0000 0:0000 0:0000 0:0000 1:0000 0:0000 0:0000 1:0000

0:0000 1:0000 0:0000 0:0000 �1:0000 0:0000 0:0000 0:0000

0:0000 0:0000 1:0000 0:0000 �10:0000 0:0000 0:0000 0:0000

0:0000 0:0000 0:0000 1:0000 �1:0000 0:0000 0:0000 0:0000

0:0000 0:0000 0:0000 0:0000 0:0000 1:0000 0:0000 �1:0000
0:0000 0:0000 0:0000 0:0000 0:0000 0:0000 1:0000 �1:0000

3
77777775

.A0A/�rs D E0.EE0/ .D0D/�1D0

D

2
666666666664

0:0665 �0:0360 0:1219 0:0166 �0:0360 0:0222 0:0748 �0:0305
�0:0360 0:3112 �0:2327 �0:0923 �0:0222 �0:0120 �0:0822 0:0582

0:1219 �0:2327 0:8068 �0:2195 �0:2327 0:1240 0:1371 �0:1392
0:0166 �0:0923 �0:2195 0:4208 �0:0923 �0:0778 0:1020 �0:0076
�0:0360 �0:0222 �0:2327 �0:0923 0:3112 �0:0120 �0:0822 0:0582

0:0222 �0:0120 0:1240 �0:0778 �0:0120 0:2574 �0:1417 �0:0935
0:0748 �0:0822 0:1371 0:1020 �0:0822 �0:1417 0:3758 �0:1593
�0:0305 0:0582 �0:1392 �0:0076 0:0582 �0:0935 �0:1593 0:2223

3
777777777775

.A0A/�rsA

D

2
666666666664

0:0526 0:1053 0:0000 0:1579 0:1053 0:0526 0:0526 0:1053 0:0000

0:2632 0:1930 0:3333 �0:2105 �0:1404 �0:0702 �0:0702 �0:1404 0:0000

0:0132 0:0263 �0:2500 0:7895 0:0263 �0:2368 0:0132 0:0263 �0:2500
0:1535 0:0263 �0:0833 �0:2105 0:3596 0:4298 �0:1535 0:0263 �0:0833
�0:0702 �0:1404 0:0000 �0:2105 �0:1404 �0:0702 0:2632 0:1930 0:3333

0:2675 �0:1316 �0:0833 0:0526 0:2018 �0:1491 0:2675 �0:1316 �0:0833
�0:1491 0:3684 �0:1667 0:0526 0:0351 0:0175 �0:1491 0:3684 �0:1667
�0:0658 �0:1316 0:2500 0:0526 �0:1316 0:1842 �0:0658 �0:1316 0:2500

3
777777777775

xlm D .A0A/�rsA0y D

2
666666666664

5:3684
10:8421
�6:1579
�1:1579
1:8421
�0:2105
�4:2105
9:7895

3
777777777775

:
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Table 14.7 (2-way classification without interaction):

y0 WD Œy0
11; : : : ; y0

p1; y0
12; : : : ; y0

pq�1 y0
pq�

x0 WD Œ�; ˛1; : : : ; ˛p; ˇ1; : : : ; ˇq�
A WD Œ1n; c2; : : : ; cp; cpC1; : : : ; cq�

experimental design W number of rank of the
number of observations parameters W design matrix W

n D
p;qP
i;jD1

nij 1C p C q 1C .p � 1/C .q � 1/ D p C q � 1

(14.44)

:MINOLESS:

jjy �Axjj2 D min
x

and jjxjj2 D min (14.45)

xlm D .A0A/�rsA0y:

14-23 A Third Example: 2-Way Classification with Interaction

A two-way classification model with interaction is defined by

“MINOLESS”

yijk D Efyijkg C eijk D �C ˛i C ǰ C .˛ˇ/ij C eijk (14.46)

subject to

i 2 f1; : : : ; pg; j 2 f1; : : : ; qg; k 2 f1; : : : ; nij g
y0 WD Œy0

11; : : : ; y
0
p�1; y0

p; y
0
12y

0
22 ; : : : y

0
nq�1y0

pq�

x0 WD Œ�; ˛1; : : : ; ˛p; ˇ1; : : : ; ˇq; .˛ˇ/11; : : : ; .˛ˇ/pq� (14.47)

jjy� Axjj2I D min
x

andjjxjj2I D min
x
: (14.48)

It was been in the second example on 2-way classification without interaction that
the effects of different levels of the factors A and B were additive. An alternative
model is a model in which the additivity does not hold: the observations are not
independent of each other. Such a model is called a model with interaction between
the factors whose effect .˛ˇ/ij has to be reflected by means of

�C ˛i C ˇj C .˛ˇ/ij D Efyijkg for all

2
4 i 2 f1; : : : ;pgj 2 f1; : : : ;qg
k 2 f1; : : : ;nij g

(14.49)
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like our model equation. As an example we consider by means of Table 14.8 a plant
breeder carrying out a series of experiments with three fertilizer treatments on each
of four varieties of grain. For each treatment-by-variety combination when he or
she plants several 40�40 plots. At harvest time she or he finds that many of the plots
have been lost due to being wrongly ploughed up and all he or she is left with are
the data of Table 14.8.

With four of the treatment-in-variety combinations there are no data at all, and
with the others there are varying numbers of plots, ranging from 1 to 4 with a total
of 18 plots in all. Table 14.8 shows the yield of each plot, the total yields, the
number of plots in each total and the corresponding mean, for each treatment-variety
combination having data. Totals, numbers of observations and means are also shown
for the three treatments, the four varieties and for all 18 plots. The symbols for the
entries in the table, are also shown in terms of the model.

The equations of a suitable linear model for analyzing data of the nature of Table
14.8 is for yijk as the kth observation in the i th treatment and j th variety. In our
top table, � is the mean, ˛i is the effect of the i th treatment, ˇj is the effect of
the j th variety, .˛ˇ/ij is the interaction effect for the i th treatment and the j th
variety and `ijk is the error term. With balanced data every one of pq cells of our
table would have n observations. In addition there would be pq levels of the .˛ˇ/
factor, the interaction factor. However, with unbalanced data, when some cells have
no observations they are only as many .˛ˇ/ij -levels in the data as there are non-
empty cells. Let the number of such cells be s (s = 8 in Table 14.8). Then, if nij

Table 14.8 Weight of grain form 40 � 40 trial plots

Variety

Treatment 1 2 3 4 Totals

1 8 12 7

13 - 11

9 – –

30 12 18 60

y11.n11/ y31.n13/ y41.n14/

2 6 12

12 14 - -

18 26

3 - 9 14 10

7 16 14

11

– – 13

16 30 48 94
Total 48 42 42 66 198
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is the number of observations in the .i; j /th cell of type “treatment i and variety j ”,
s the number of cells in which nij ¤ 0, in all other cases nij > 0. For these cells

yij D
nijX
kD1

yijk; Nyij D yij =nij (14.50)

is the total yield in the .i; j /th cell, and Nyij is the corresponding mean. Similarly,

y D
pX
iD1

yi D
qX

jD1
yj D

p;qX
i;jD1

yij D
p;q;nijX

iD1;jD1;kD1
yijk (14.51)

is the total yield for all plots, the number of observations called “plots” therein being

n D
pX
iD1

ni D
qX

jD1
nj D

p;qX
i;j

nij : (14.52)

We shall continue with the corresponding normal equations being derived from the
observational equations.

�˛1 ˛2 ˛3ˇ1ˇ2 ˇ3ˇ4

.˛ˇ/
‚ …„ ƒ
11 13 14 21 22 31 33 342

6666666666666666666666666666666664

8

13

9

12

7

11

6

12

12

14

9

7

14

16

10

14

11

13

3
7777777777777777777777777777777775

D

2
6666666666666666666666666666666664

y111
y112
y113

y131
y141
y142

y211
y212
y221

y222
y321
y322
y331

y332
y341
y342

y343
y344

3
7777777777777777777777777777777775

D

2
6666666666666666666666666666666664

1

1

1

1

1

1

1

1

1

1

1

1

1

1

1

1

1

1

1 � �
1 � �
1 � �
1 � �
1 � �
1 � �
� 1 �
� 1 �
� 1 �
� 1 �
� � 1
� � 1
� � 1
� � 1
� � 1
� � 1
� � 1
� � 1

1 � � �
1 � � �
1 � � �
� � � �
� � � �
� � � �
1 � � �
1 � � �
� 1 � �
� 1 � �
� 1 � �
� 1 � �
� � 1 �
� � 1 �
� � � 1
� � � 1
� � � 1
� � � 1

1 � � � � � � �
1 � � � � � � �
1 � � � � � � �
� 1 � � � � � �
� � 1 � � � � �
� � 1 � � � � �
� � � 1 � � � �
� � � 1 � � � �
� � � � 1 � � �
� � � � 1 � � �
� � � � � 1 � �
� � � � � 1 � �
� � � � � � 1 �
� � � � � � 1 �
� � � � � � � 1
� � � � � � � 1
� � � � � � � 1
� � � � � � � 1

3
7777777777777777777777777777777775

�

2
666666666666666666666666666664

�

˛1
˛2
˛3

ˇ1
ˇ2

ˇ3
ˇ4

.˛ˇ/11

.˛ˇ/13

.˛ˇ/14

.˛ˇ/21

.˛ˇ/22

.˛ˇ/32

.˛ˇ/33

.˛ˇ/34

3
777777777777777777777777777775

C

2
6666666666666666666666666666666664

e111
e112
e113

e131
e141
e142

e211
e212
e221

e222
e321
e322
e331

e332
e341
e342

e343
e344

3
7777777777777777777777777777777775
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where the dots represent zeros.

2
666666666666666666666666666664

18
6
4
8
5

4

3

6

3

1

2

2

2

2

2

4

6 4 8

6 � �
� 4 �
� � 8
3 2 �
� 2 2
1 � 2
2 � 4
3 � �
1 � �
2 � �
� 2 �
� 2 �
� � 2
� � 2
� � 4

5 4 3 6

3 � 1 2
2 2 � �
� 2 2 4
5 � � �
� 4 � �
� � 3 �
� � � 6
3 � � �
� � 1 �
� � � 2
2 � � �
� 2 � �
� 2 � �
� � 2 �
� � � 4

3 1 2 2 2 2 2 4
3 1 2 � � � � �
� � � 2 2 � � �
� � � � � 2 2 4
3 � � 2 � � � �
� � � � 2 2 � �
� 1 � � � � 2 �
� � 2 � � � � 4
3 � � � � � � �
� 1 � � � � � �
� � 2 � � � � �
� � � 2 � � � �
� � � � 2 � � �
� � � � � 2 � �
� � � � � � 2 �
� � � � � � � 4

3
777777777777777777777777777775

2
666666666666666666666666666664

�

˛1

˛2

˛3

ˇ1

ˇ2

ˇ3

ˇ4

.˛ˇ/11

.˛ˇ/13

.˛ˇ/14

.˛ˇ/21

.˛ˇ/22

.˛ˇ/32

.˛ˇ/33

.˛ˇ/34

3
777777777777777777777777777775

D

2
666666666666666666666666666664

y

y1

y2

y3

y�1
y�2
y�3
y�4
y11

y13

y14

y21

y22

y32

y33

y34

3
777777777777777777777777777775

D

2
666666666666666666666666666664

198

60

44

94

48

42

42

66

30

12

18

18

26

16

30

48

3
777777777777777777777777777775

� A0Ax` D A0y:

Now we again pose the key question:

?What is the rank of the design matrix A?

The first column is 1n and the sum of other columns is c2 C c3 C c4 D 1n and
c5Cc6Cc7Cc8 D 1n. How to handle the remaining sum .˛ˇ/ : : : of our incomplete
model? Obviously, we experience rkŒc9; : : : ; c16� D 8, namely

rkŒ.˛ˇ/ij � D 8 for .˛ˇ/ij 2 f�11; : : : ; �34g: (14.53)

As a summary, we have computed rk.A0A/ D 8, a surprise for our special case.
A more reasonable approach would be based on the computation of the symmetric
reflexive generalized inverse such that

x`m D .A0A/�rsA0y; (14.54)

which would assure a minimum norm, least squares solution or a I; I-BLUMBE
solution (Best Linear I-Norm Uniformly Minimum Bias I-Norm Estimation) and

rkA D rkA0A D rk.A0A/�rs D rkAC (14.55)

A0A is a symmetric matrix) .A0A/�rs is a symmetric matrix

or called
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Table 14.9 (2-way classification with interaction):

y0 WD Œy0
11; : : : ; y

0
p1; y

0
12; : : : ; y

0
pq�1; y0

pq�

x0 WD Œ�; ˛1; : : : ; ˛p; ˇ1; : : : ; ˇq; .˛ˇ/11; : : : ; .˛ˇ/pq�
A WD Œ1n; c1; : : : ; cp; cpC1; : : : ; cq; c11; : : : ; cpq�

subject to

c2 C : : :C cp D 1; cpC1 C : : :C cq D 1;
p;qX
i;jD1

cij D .p � 1/.q � 1/

n D
pX
iD1

ni D
qX

jD1
nj D

p;qX
i;j

ni;j

:rank preserving identity:
!symmetry preserving identity!

Table 14.9 summarizes all the details of 2-way classification with interaction. In
general, for complete models our table lists the general number of parameters and
the rank of the design matrix which differs from our incomplete design model.

experimental design W number of rank of the
number of observations parameters W design matrix W

n D
p;qP
i;j

ni;j 1C p C q C pq 1C .p � 1/C .q � 1/C
C.p � 1/.q � 1/

(14.56)
jjy� Axjj2 D min

x
and jjxjj2 D min

x
(14.57)

x`m D .A0A/�rsA0y: (14.58)

For our key example we get from the symmetric normal equation A0Ax` D A0y the
solution

x`m D .A0A/�rsA0y

given A0AandA0y

OfA0Ag D 16 � 16;Of�; : : : ; .˛ˇ/31g D 16 � 1;OfA0yg D 16 � 1
A0A D DE; OfDg D 18 � 12;OfEg D 12 � 16



514 14 Special Problems of Algebraic Regression and Stochastic Estimation

D D

2
66666666666666666666666666664

3 1 2 2 2 2 2 4

3 1 2 0 0 0 0 0

0 0 0 2 2 0 0 0

0 0 0 0 0 2 2 4

3 0 0 2 0 0 0 0

0 0 0 0 2 2 0 0

0 1 0 0 0 0 2 0

0 0 2 0 0 0 0 4

3 0 0 0 0 0 0 0

0 1 0 0 0 0 0 0

0 0 2 0 0 0 0 0

0 0 0 2 0 0 0 0

0 0 0 0 2 0 0 0

0 0 0 0 0 2 0 0

0 0 0 0 0 0 2 0

0 0 0 0 0 0 0 4

3
77777777777777777777777777775

D0A0A D D0DE) .D0D/�1D0A0A D E

E D .D0D/�1D0A0A D2
666666666664

1:0000 1:0000 0:0000 0:0000 1:0000 0:0000 0:0000

1:0000 1:0000 0:0000 0:0000 0:0000 0:0000 1:0000

1:0000 1:0000 0:0000 0:0000 0:0000 0 0:0000

1:0000 0:0000 1:0000 0:0000 1:0000 0:0000 0:0000

1:0000 0 1:0000 0:0000 0 1:0000 0:0000

1:0000 0 0 1:0000 0 1:0000 0

1:0000 0:0000 0:0000 1:0000 0 0:0000 1:0000

1:0000 0 0:0000 1:0000 0 0:0000 0

3
777777777775

x`m D .A0A/�rsA0y D
D Œ6:4602; 1:5543; 2:4425; 2:4634; 0:6943; 1:0579; 3:3540; 1:3540;

1:2912; 0:6315;�0:3685;�0:5969; 3:0394;�1:9815; 2:7224; 1:72245�0 :

14-24 Higher Classifications with Interaction

If we generalize 1-way and 2-way classifications with interactions we arrive at a
higher classification of type

�C ˛i C ˇj C �k C : : :C
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C .˛ˇ/ij C .˛�/ik C .˛ˇ/jk C : : :C .˛ˇ�/ijk C : : : D Efyijk:::`g (14.59)

for all

i 2 f1; : : : ; pg; j 2 f1; : : : ; qg; k 2 f1; : : : ; rg; : : : ; ` 2 f1; : : : ; nijk ; : : :g:
An alternative stochastic model assumes a fully occupied variance–covariance
matrix of the observations, namely Dfyg � EfŒy � Efyg�Œy � Efyg�0g � †ij .
Variance–covariance estimation techniques are to be applied. In addition, a mixed
model for the effects are be applied, for instance of type

Efyg D A� C CEfzg (14.60)

Dfyg D CDfzgC0: (14.61)

Here we conclude with a discussion of what is unbiased estimable:

Example (1-way classification):

If we depart from the modelEfyij g D �C˛i and note rkA D rkA0A D 1C .p�1/
for i 2 f1; : : : ; pg; namely rkA D p; we realize that the 1C p parameters are not
unbiased estimable: The first column results from the sum of the other columns. It
is obvious the difference ˛i � ˛1 is unbiased estimable. This difference produces a
column matrix with full rank.

Summary
˛i � ˛1 quantities are unbiased estimable

Example (2-way classification with interaction):

Our first statement relates to the unbiased estimability of the terms ˛1; : : : ; ˛p and
ˇ1; : : : ; ˇq : obviously, the differences ˛i �˛1 and ˇj �ˇ1 for i; j < 1 are unbiased
estimable. The first column is the sum of the other terms. For instance, the second
column can be eliminated which is equivalent to estimating ˛i�˛1 in order to obtain
a design matrix of full column rank. The same effect can be seen with the other effect
ˇj for the properly chosen design matrix:ˇj�ˇ1 for all j >1 is unbiased estimable!
If we add the pq effect .˛ˇ/ij of interactions, only those interactions increase the
rank of the de-sign matrix by one respectively, which refer to the differences ˛i �˛1
and ˇj � ˇ1, altogether .p � 1/.q � 1/ interactions. To the effect .˛ˇ/ij of the
interactions are estimable, pq � .p � 1/.q � 1/ D p C q � 1 constants may be
added, that is to the interactions

.˛ˇ/i1; .˛ˇ/i2; : : : ; .˛ˇ/iq

with
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i 2 f1; : : : ; pg
the constants

�.˛ˇ�1/;�.˛ˇ�2/; : : : ; �.˛ˇ�q/

and to the interactions
.˛ˇ/2j ; .˛ˇ/3j ; : : : ; .˛ˇ/pj

with
j 2 f1; : : : ; qg

the constants
�.˛ˇ2�/;�.˛ˇ3 �/; : : : ; �.˛ˇp�/:

The constants�.˛ˇ1�/ need not to be added which can be interpreted by�.˛ˇ�1/ D
�.˛ˇ1 �/. A numerical example is

p D 2; q D 2

x0 D Œ�; ˛1; ˛2;ˇ1; ˇ2; .˛ˇ/11; .˛ˇ/12; .˛ˇ/22� :
Summary

�˛ D ˛2 � ˛1;
�ˇ D ˇ2 � ˇ1 for all i 2 f1; 2g; j 2 f1; 2g (14.62)

as well as

�.˛ˇ�1/;�.˛ˇ�2/;�.˛ˇ2�/ (14.63)

are unbiased estimable.

At the end we review the number of parameters and the rank of the design matrix
for a 3-way classification with interactions according to the following example.

3-way classification with interactions

experimental design W number of rank of the
number of observations parameters W design matrix W

n D
p;q;rP
i;j;kD1

nijk

1C p C q C rC
Cpq C pr C qrC

Cpqr

1C .p � 1/C .q � 1/C .r � 1/
C.p � 1/.q � 1/C

C.p � 1/.r � 1/C .q � 1/.r � 1/C
.p � 1/.q � 1/.r � 1/ D pqr

(14.64)
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14-3 Dynamical Systems

There are two essential items in the analysis of dynamical systems: First, there
exists a “linear or linearized observational equation y.t/ D Cz.t/” connecting
a vector of stochastic observations y to a stochastic vector z of so called “state
variables”. Second, the other essential is the characteristic differential equation of
type “z0.t/ D F.t; z.t//”, especially linearizied “z0.t/ D Az.t/ ”, which maps
the first derivative of the “state variable” to the “state variable” its off. Both,
y.t/andz.t/ are functions of a parameter, called “time t”. The second equation
describes the time development of the dynamical system. An alternative formulation
of the dynamical system equation is “z.t/ D Az.t � 1/ ”. Due to the random nature
“of the two functions” y.t/ D Cz.t/ and z0 D Az the complete equations read

Efy.t/g D CEfzg and
"

Vfey.t1/; ey.t2/g D †y.t1; t2/

Dfey.t/g D †y.t/;
(14.65)

Efz0.t/g D AEfz.t/g and
"

Dfez.t/g D †z.t/;

Vfez.t1/; ez.t2/g D †z.t1; t2/
(14.66)

Here we only introduce “the time invariant system equations” characterized by
A.t/ D A: z0.t/ abbreviates the functional dz.t/=dt: There may be the case that the
variance-covariance functions†y.t/ and †z.t/ do not change in time: †y.t/ D †y;

†z.t/ D †z equal a constant. Various models exist for the variance-covariance
functions †y.t1; t2/ and †z.t1; t2/, e.q. linear functions as in the case of a Gauss
process or a Brown process†y.t2� t1/,†z.t2� t1/. The analysis of dynamic system
theory was initiated by R.E. Kalman (1960) and by R.E. Kalman and R.S. Bucy
(1961): “KF” stand for “Kalman filtering”.

Example 1 (tracking a satellite orbit):

Tracking a satellite’s orbit around the Earth might be based on the unknown state
vector z.t/ being a function of the position and the speed of the satellite at time t
with respect to a spherical coordinate system with origin at the mass center of the
Earth. Position and speed of a satellite can be measured by GPS, for instance. If
distances and accompanying angles are measured, they establish the observation
y.t/. The principles of space-time geometry, namely mapping y.t/ into z.t/, would
be incorporated in the matrix C while ey.t/ would reflect the measurement errors
at the time instant t . The matrix A reflects the situation how position and speed
change in time according the physical lows governing orbiting bodies, while ez

would allow for deviation from the lows owing to factors as none uniformity of the
Earth gravity field.

Example 2 (statistical quality control):

Here the observation vector y.t/ is a simple approximately normal transformation
of the number of derivatives observed in a sample obtained at time t , while y1.t/
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and y2.t/ represent respectively the refractive index of the process and the drift of
the index. We have the observation equation and the system equations

y.t/ D z1.t/C ey.t1/ and z1.t/ D z2.t/C ez1

z2.t/ D z2.t � 1/C ez2 :

In vector notation, this system of equation becomes

z.t/ D Az.t � 1/C ez

namely

z.t/ D
"

z1.t/

z2.t/

#
; ez D

"
1 1

0 1

#"
ez1

ez2

#
; A D

"
0 1

0 1

#

do not change in time.
If we examine y.t/ � y.t � 1/ for this model, we observe that under the

assumption of constant variance, namely ey.t/ D ey and ez.t/ D ez, the auto-
correlation structure of the difference is identical to that of an ARIMA (0,1,1)
process. Although such a correspondence is sometimes easily discernible, we should
in general not consider the two approaches to be equivalent.

A stochastic process is called an ARMA process of the order .p; q/ if

z.t/ D a1z.t � 1/C a2z.t � 2/C : : :C apz.t � p/ D
D b0u.t/C b1u.t � 1/C b2u.t � 2/C : : :C bqu.t � q/

forallt 2 f1; : : : ; T g
(14.67)

also called a mixed autoregressive/moving – average process.
In practice, most time series are non-stationary. In order to fit a stationary model,

it is necessary to remove non-stationary sources of variation. If the observed time
series is non-stationary in the mean, then we can use the difference of the series.
Differencing is widely used in all scientific disciplines. If z.t/; t 2 f1; : : : ; T g, is
replaced by rd z.t/, then we have a model capable of describing certain types of
non-stationary signals. Such a model is called an “integrated model” because the
stationary model that fits to the difference data has to the summed or “integrated”
to provide a model for the original non-stationary data. Writing

W.t/ D rd z.t/ D .1 � B/d z.t/ (14.68)

for all t 2 f1; : : : ; T g
the general autoregressive integrated moving-average (ARIMA) process is of the
form

ARIMA
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W.t/ D ˛1W.t � 1/C : : :C ˛pW.t � p/C b0u.t/C : : :C bqu.t � q/ (14.69)

or

ˆ.B/W.t/ D #.B/ (14.70)

ˆ.B/.1 � B/d z.t/ D #.B/u.t/: (14.71)

Thus we have an ARMA .p; q/model forW.t/, t 2 f1; : : : ; T g, while the model for
W.t/ describing the d th differences for z.t/ is said to be an ARIMA process of order
.p; d; q/. For our case, ARIMA (0,1,1) means a specific process p D 1; r D 1,
q D 1. The model for z.t/; t 2 f1; : : : ; T g, is clearly non-stationary, as the AR
operators ˆ.B/.1 � q/d has d roots on the unit circle since patting B D 1 makes
the AR operator equal to zero. In practice, first differencing is often found to the
adequate to make a series stationary, and accordingly the value of d is often taken
to be one. Note the random part could be considered as an ARIMA (0,1,0) process.

It is a special problem of time-series analysis that the error variances are
generally not known a priori. This can be dealt with by guessing, and then updating
them in an appropriate way, or, alternatively, by estimating then forming a set of
data over a suitable fit period.

In the state space modeling, the prime objective is to predict the signal in the
presence of noise. In other words, we want to estimate them�1 state vectorEfz.t/g
which cannot usually be observed directly. The Kalman filter provides a general
method for doing this. It consists of a set of equations that allow us to update the
estimate ofEfz.t/gwhen a new observation becomes available. We will outline this
updating procedure with two stages, called

• The prediction stage
• The updating stage.

Suppose we have observed a univariate time series up to time .t � 1/, and that
Efz.t�1/g is “the best estimator”Efz.t�1/g based on information up to this time.
For instance, “best” is defined as an PLUUP estimator. Note that z.t/, z.t � 1/ etc
is a random variable. Further suppose that we have evaluated the m �m variance-
covariance matrix of Ef2z.t � 1/g which we denote by P ft � 1g. The first stage
called the prediction stage is concerned with forecasting Efz.t/g from data up to
the time .t � 1/, and we denote the resulting estimator in a obvious notation by
Efbz.t/jz.t�1/g. Considering the state equations whereDfez.t�1/g is still unknown
at time .t � 1/ the obvious estimator for Efz.t/g is given by

Efz.t/jOz.t � 1/g D G.t/Ef2z.t � 1/g (14.72)

and the variance-covariance matrix

Vft jt � 1g D G.t/Vft � 1gG0 CW ftg (14.73)
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called prediction equations. The last equations follows from the standard results
on variance-covariance matrices for random vector variables. When the new
observation at time t , namely when y.t/ has been observed the estimator forEfz.t/g
can be modified to take account of the extra information. At time .t � 1/, the best
forecast of y.t/ is given by h0 Efz.t/jOz.t�1/g so that the prediction error is given by

Oey.t/ D y.t/ � h0.t/Efz.t/jz.t � 1/g: (14.74)

This quantity can be used to update the estimate of Efz.t/g and its variance-
covariance matrix.

EfOz.t/g D Efz.t/jOz.t � 1/g CK.t/Oey (14.75)

Vftg D Vft jt � 1g �K.t/h0.t/Vft jt � 1g (14.76)

Vftg D Vft; t � 1gh0.t/=Œh0.t/Vft jt � 1ghC �2n�: (14.77)

Vftg is called the gain matrix. In the univariate case, K.t/ is just a vector of size
.m�1/. The previous equations constitute the second updating stage of the Kalman
filter, thus they are called the updating equations.

A major practical advantage of the Kalman filter is that the calculations are
re-cursive so that, although the current estimates are based on the whole past
history of measurements, there is no need for an ever expanding memory. Rather
the near estimate of the signal is based solely on the previous estimate and the
latest observations. A second advantage of the Kalman filter is that it converges
fairly quickly when there is a constant underlying model, but can also follow the
movement of a system where the underlying model is evolving through time.

For special cases, there exist much simpler equations. An example is to consider
the random walk plus noise model where the state vector z.t/ consist of one state
variable, the current level �.t/. It can be shown that the Kalman filter for this model
in the steady state case for t !1 reduces the simple recurrence relation

O�.t/ D O�.t � 1/C ˛Oe.t/;

where the smoothing constant ˛ is a complicated function of the signal-to-noise
ratio �2w=�

2
n . Our equation is simple exponential smoothing. When �2w tends to zero,

�.t/ is a constant and we find that ˛ ! 0 would intuitively be expected, while as
�2w=�

2
n becomes large, then ˛ approaches unity.

For a multivariate time series approach we may start from the vector-valued
equation of type

Efy.t/g D CEfzg; (14.78)

where C is a known nonsingularm �m matrix.
By LESS we are able to predict

Efbz.t/g D C�1E1fy.t/g: (14.79)
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Once a model has been put into the state-space form, the Kalman filter can be used to
provide estimates of the signal, and they in turn lead to algorithms for various other
calculations, such as making prediction and handling missing values. For instance,
forecasts may be obtained from the state-space model using the latest estimates of
the state vector. Given data to time N, the best estimate of the state vector is written
Ef1z.N /g and the h-step-ahead forecast is given by

Ef1y.N /g D h0.N C h/Ef3z.N C h/g
D h.N C h/G.N C h/GfN C h � 1g : : : G.N C 1/Ef1z.N /g (14.80)

where we assume h .N Ch/ and future values ofG.t/ are known. Of course, ifG.t/
is a constant, say G, then we get

Ef2y.N jh/g D h0.N C h/GhEf1z.N /g: (14.81)

If future values of h.t/orG.t/ are not known, then they must themselves be
forecasted or otherwise guessed.

Up to this day a lot of research has be been done on nonlinear models in
prediction theory relating to state-vectors and observational equations. There are
excellent reviews, for instance by P. H. Frances (1988), C. W. J. Granger and
P. Newbold (1986), A. C. Harvey (1993), M. B. Priestley (1981, 1988) and H. Tong
(1990). C. W. Granger and T. Teräsvirta (1993) is a more advanced text.

In terms of the dynamical system theory we regularly meet the problem that the
observational equation is not of full column rank. A state variable leads to a relation
between the system input-output solution, especially a statement on how a system
is developing in time. Very often it is reasonable to switch from a state variable, in
one reference system to another one with special properties. Let T this time be a
similarity transformation, namely described by a non-singular matrix of type

z WD Tz� � z� D T�1z (14.82)

d

dt
z� D T�1ATz� C T�1Bu.t/; z�

0 D T�1z0 (14.83)

y.t/ D CTz�.t/C Du.t/: (14.84)

The key question is now whether to the characteristic state equation there belongs
a transformation matrix such that for a specific matrix A� and B� there exists an
integer number r, 0 � r < n, of the form

A� D
"

A�
11 A�

12

0 A�
22

#
; OfA�g D

"
r � r r � .n� r/

.n � 1/ � r .n� r/ � .n � r/

#
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B� D
"
B�
1

0

#
; OfB�g D

"
q � r

q � .n � r/

#
:

In this case the state equation separates in two distinct parts.

d

dt
z�
1 .t/ D A�

11z
�
1 CA�

12z
�
2 .t/CB�

1 h.t/; z
�
1 .0/ D z�

10 (14.85)

d

dt
z�
2 .t/ D A�

22z
�
2 .t/; z�

2 .0/ D z�
20: (14.86)

The last n�r elements of z� cannot be influenced in its time development. Influence
is restricted to the initial conditions and to the eigen dynamics of the partial
system 2 (characterized by the matrix A�

22 ). The state of the whole system cannot be
influenced completely by the artificially given point of the state space. Accordingly,
the state differential equation in terms of the matrix pair .A;B/ is not steerable.

Example 3 (steerable state):

If we apply the dynamic matrix A and the introductory matrix of a state model of
type

A D

2
664
�4
3

2

3

1

3
�5
3

3
775 ; B D

�
1

0:5

�
;

we are led to the alternative matrices after using the similarity transformation

A� D
"
�1 1

0 �2

#
; B� D

"
1

0

#
:

If the initial state is located along the z�
1 -axis, for instance z�

20 D 0, then the state
vector remains all times along this axis. It is only possible to move this axis along a
straight line “up and down”.

In case that there exists no similarity transformation we call the state matrices
.A;B/ steerable. Steerability of a state differential equation may be tested by

Lemma 14.7. (Steerability):

The pair .A;B/ is steerable if and only if

rkŒBAB : : :An�1B� D rkF.A;B/ D n: (14.87)

F.A;B/ is called matrix of steerability. If its rank r < n, then there exists a
transformation T such that A� D T�1AT and B� D T�1B has the form



14-3 Dynamical Systems 523

A� D
"

A�
11 A�

12

0 A�
22

#
; B� D

"
B�
1

0

#
(14.88)

and .A�
11;B

�
1 / is steerable.

Alternatively we could search for a transformation matrix T such that transforms
the dynamic matrix and the exit matrix of a state model to the form

A� D
"

A�
11 0

A�
21 A�

22

#
; OfA�g D

"
r � r r � .n� r/

.n � 1/ � r .n� r/ � .n � r/

#

C� D ŒC�
1 ; 0�; OfC�g D Œr � p; .n� r/ � p� :

In this case the state equation and the observational equations read

d

dt
z�
1 .t/ D A�

11z
�
1 .t/C B�

1u.t/; z�
1 .0/ D z�

10 (14.89)

d

dt
z�
2 .t/ D A�

21z
�
1 .t/CA�

22z
�
2 .t/C B�

2 u.t/; z�
2 .0/ D z�

20 (14.90)

y.t/ D C�
2 z�
1 .t/CDu.t/: (14.91)

The last n�r elements of the vector z� are not used in the exit variable y. Since they
do not have an effect to z�

1 , the vector g contains no information of the component
of the state vector. This state moves in the n � r dimensional subspace of R

n

without any change in the exit variables. Our model .C;A/ is in this case called
non-observable.

Example 4 (observability):

If the exit matrix and the dynamic matrix of a state model can be characterized by
the matrices

C D
�
4

5
� 2
3

�
; A D

"
0 �1
2 �3

#
;

an application of the transformation matrix T leads to the matrices

C� D Œ1 ; 0� ; A� D
"
�1 0

1 �2

#
:

For an arbitrary motion of the state in the direction of the z�
2 axis has no influence

on the existing variable. If there does not exist a transformation T, we call the state
vector observable.

A rank study helps again!
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Lemma 14.8. (Observability test):

The pair .C;A/ is observable if and only if

rk

2
666664

C

CA
:::

Cn�1

3
777775
D rkG.C;A/ D n: (14.92)

G.C;A/ is called observability matrix. If its rank r <n, then there exists a
transformation matrix T such that A� D T�1AT and C � D CT is of the form

A� D
"

A�
11 0

A�
21 A�

22

#
; OfA�g D

"
r � r r � .n � r/

.n � 1/ � r .n � r/ � .n � r/

#
(14.93)

C� D ŒC�
1 ; 0�; OfC�g D Œr � p; .n� r/ � p� (14.94)

and C �
1 ; A

�
11 is observable.

With Lemma 14.7 and Lemma 14.8 we can only state whether a state model
is steerable or observable or not, or which dimension has a partial system being
classified as non-steerable and non-observable. In order to determine which part of
a system is non-steerable or non-observable – which eigen motion is not excited or
non-observable – we have to be able to construct proper transformation matrices T.
A tool is the PBH-test we do not analyze here.

Both the state differential equation as well as the initial equation we can Laplace
transform easily. We only need the relations between the input, output and state
variable via polynom matrices. If the initial conditions z0 vanish, we get the Laplace
transformed characteristical equations

.sIn �A/z.s/ D Bu.s/ (14.95)

y.s/ D Cz.s/C Du.s/: (14.96)

For details we recommend to check the reference list. We only refer to solving both
the state differential equation as well as the initial equation: Eliminating the state
vector z.s/ lead us to the algebraic relation between u.s/andy.s/ W

G.s/ D C.sIn �A/�1BCD (14.97)

or
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G.s/ D 
C�
1C�

2

�  
s

"
Ir 0

0 In�r

#
�
"

A�
11 A�

12

0 A�
22

#!�1 "
B�
1

0

#
CD (14.98)

D C�
1 .sIn � A�

11/
�1B�

1 C D:

Recently, the topic of chaos has attracted much attention. Chaotic behavior arises
from certain types of nonlinear models, and a loose definition is apparently random
behavior that is generated by a purely deterministic, nonlinear system.

Refer to the contributions of K.S. Chan and H. Tong (2001), J. Gleick (1987),
V. Isham (1983), H. Kants and I. Schreiber (1997).



Chapter 15
Algebraic Solutions of Systems of Equations

Linear and Nonlinear Systems of Equations.

15-1 Introductory Remarks

Algebraic techniques of Groebner bases and Multipolynomial resultants are pre-
sented in this Chapter as efficient tools for solving explicitly systems of linear and
nonlinear equations. Similar to the Gauss elimination technique applied to linear
systems of equations, Groebner bases and Multipolynomial resultants are useful in
eliminating several variables in multivariate systems of nonlinear equations in such
a manner that the end product results into univariate polynomial equations whose
roots are readily determined using existing functions such as the roots command
in MATLAB.

The capability of Groebner bases and Multipolynomial resultants to solve
explicitly nonlinear geodetic problems enables them to be used as the computational
engine in the Gauss–Jacobi combinatorial algorithm proposed by C.F. Gauss
(published posthumously, e.g., Appendix D-3) and C.G.I. Jacobi (1841) to solve
the nonlinear Gauss–Markov model. By converting nonlinear geodetic observation
equations into algebraic (polynomial) form, the Gauss–Jacobi combinatorial algo-
rithm solves an overdetermined system of equations in two steps as follows:

1. In the first step, all the m combinations of minimal subsets of the observation
equations are formed, and the n unknowns of each subset rigorously solved by
means of Groebner bases or Multipolynomial resultants. The m solution sets are
then represented as points in an n-dimensional space R

n.
2. In a second step, the solution of the overdetermined Gauß-Markov-model is

constructed as a weighted arithmetic mean of those m solution points, where
the weights are obtained from the Error propagation law/variance-covariance
propagation.

This chapter presents the theory of Groebner basis, multipolynomial resul-
tants and the Gauss–Jacobi combinatorials methods, and is organized as follows.
Section 15-2 provides the background to the algebraic and numerical methods used
to derive exact solutions. In Sect. 15-3, the algebraic algorithms needed to solve the
nonlinear system of equations are presented, and enriched with examples to help
the reader understand them. The algorithms are finally applied successfully to three
real-time geodetic problems in Sect. 15-4; transforming in a closed form geocentric
coordinates to Gauss ellipsoidal coordinates (geodetic) through Minimum Distance
Mapping (MDM); solution of GNSS pseudorange equations (using the GPS satellite

E. Grafarend and J. Awange, Applications of Linear and Nonlinear Models,
Springer Geophysics, DOI 10.1007/978-3-642-22241-2 15,
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vehicle as example); and to obtain the seven datum transformation parameters
from two sets of coordinates. By means of Groebner basis, the scale parameter
(in the seven parameters datum transformation problem) is shown to fulfill be
a univariate algebraic equation of fourth order (quartic polynomial), while the
rotation parameters are functions in scale and the coordinates differences. What we
present in this chapter is a nutshell of algebraic treatment of systems of polynomial
equations. For a complete coverage, we refer to J.L. Awange and E.W. Grafarend
(2005), and J.L. Awange et al. (2010).

15-2 Background to Algebraic Solutions

In Geodesy, Photogrammetry and Computer Vision, nonlinear equations are often
encountered in several applications as they often relate the observations (mea-
surements) to the unknown parameters to be determined. In case the number of
observations n and the number of unknowns m are equal (n D m), the unknown
parameters may be obtained by solving explicitly or in a closed form the system of
equations relating observations to the unknown parameters. For example, D. Cox et
al. (1998, pp. 28–32) illustrated that for systems of equations with exact solution,
the system becomes vulnerable to small errors introduced during root findings and
in case of extending the partial solution to the complete solution of the system,
the errors may accumulate and thus become so large. If the partial solution is
derived by iterative procedures, then the errors incurred during the root-finding may
blow up during the extension of the partial solution to the complete solution (back
substitution).

In some applications, symbolic rather than numerical solution are desired. In such
cases, explicit procedures are usually employed. The resulting symbolic expres-
sions often consists of univariate polynomials relating the unknown parameters
(unknown variables) to the known variables (observations). By inserting known
values into these univariate polynomials, numerical solutions are readily computed
for the unknown variables. Advantages of explicit solutions are listed, e.g., by
E. L. Merritt (1949) as; provision of satisfaction to the users (Photogrammetrist and
Mathematicians) of the methods, provision of data tools for checking the iterative
methods, desired by Geodesist whose task of control densification does not favor
iterative procedures, provision of solace and the requirement of explicit solutions
rather than iterative by some applications. In Geodesy for example, the Minimum
Distance Mapping problem considered by E. Grafarend and P. Lohse (1991) relates
a point on the Earth’s topographical surface uniquely (one-to-one) to a point on the
International Reference Ellipsoid. The solution of such an optimization problem
requires that the equations be solved explicitly.

The draw back that was experienced with explicit solutions was that they were
like rare jewels. The reason for this was partly because the methods required exten-
sive computations for the results to be obtained, and partly because the resulting
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symbolic expressions were too large and required computers with large storage
capacity. Until recently, the computers that were available could hardly handle
large computations due to lack of faster Central Processing Unit (CPU), shortage
of Random Access Memory (RAM) and limited hard disk space for storage. The
other set back experienced by the explicit procedures was that some of the meth-
ods, especially those from algebraic fields, were formulated based on theoretical
concepts that were hard to realize or comprehend without the help of computers.
For a long time, these setbacks hampered progress of the explicit procedures. The
advances made in computer technology in recent years, however, has changed the
tides and led to improvements in explicit computational procedures which hitherto
were difficult to achieve. Apart from the improvements in existing computational
procedures, new computational techniques are continuously being added to the
increasing list of computational methods with an aim of optimizing computational
speed and effeiciency (see, e.g., Palancz and Awange 2012). In this category are the
algebraic methods of Groebner bases and Multipolynomial resultants.

This Chapter presents algebraic computational techniques of Groebner bases and
Multipolynomial resultants as suitable tools for solving explicitly nonlinear systems
of observation equations that have been converted into algebraic (polynomial) forms
in Geodesy and Geoinformatics. The algebraic techniques of Groebner bases and
Sylvester resultant (resultant of two polynomials) for solving polynomial equations
in Geodesy have been mentioned and examples of their applications to the two-
dimensional case given in the work of P. Lohse (1994, pp. 36–39, 71–76). We
will demonstrate using examples how the Groebner bases and Multipolynomial
resultants (resultant of more than two polynomials) can be used to solve problems
of three-dimensional nature inherent in Geodesy. E. Grafarend (1989) already
suggested the use of Groebner bases approach in solving the perspective center
problem in photogrammetry.

Other than revolutionizing computation procedures, the advances made in
computer technology have also led to improvement in instrumentation for data
acquisition as exemplified in the case of GPS positioning satellites. Since its
inception as a positioning tool, the Global Positioning System (GPS) – referred to by
E. Grafarend and J. Shan (1996) as the Global Problem Solver – has revolutionized
geodetic positioning techniques and maintained its supremacy as a positioning tool.
These improvements on instrumentation for data acquisition have led to improved
data collection procedures and increase in accuracy. Lengthy geodetic procedures
such as triangulation that required a lot of time, intervisibility between stations, and
a large manpower are rapidly being replaced by satellite positioning techniques,
which require shorter observation periods, no intervisibility requirement, weather
independent and less manpower leading to optimization of time and money.
Such improvements can be seen by the number of Global Navigation Satellite
Systems (GNSS) being launched by various countries. These includes; Chinese’s
Compass/Beidou and Russian’s GLONASS (see, e.g., Wellenhof 2008; Awange
2012). Whereas improved instrumentation is applauded, it comes a long with its
own difficulties. One of the difficulties is that a lot of data is collected than required
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to determine unknown parameters leading to redundancies. In positioning with GPS
for example, due to its constellation that offer a wider coverage, more than four
satellites can be observed at any point of the earth. In the minimal case, only
four satellites are required to fix the receiver position and the receiver clock bias
assuming that the transmitter clock bias and the transmitter-receiver bias have been
neglected for the pseudo-range type of observations. More than four satellites as
is nowadays the case, therefore, leads to superfluous observations. In such cases,
where n>m, the explicit solutions give way to optimization procedures such as
least squares solution which work very well for linear models under specified
conditions discussed in other chapters of this book.

In Geodesy and Geoinformatics, however, the observation equations are normally
nonlinear thus requiring the use of nonlinear Gauss–Markov model, which is nor-
mally solved either by first linearizing the observation equations using Taylor series
expansion to the second order terms about approximate values of the unknowns then
applying linear model estimation procedures, or by using iterative procedures such
as the Gauss–Newton approach. The linearization approach has the disadvantage
that the linearized approximation of the nonlinear models may still suffer from
nonlinearity and thus resulting in the estimates of such models being far from the
real estimates of the nonlinear models. This can easily be checked by re-substituting
the estimates from the linearized model into the original nonlinear model.

For the iterative procedures, the greatest undoing may be the requirement of the
initial approximate values to start off the iterations, which may not be available
for some applications. For simper models, the approximate initial values may
be computed, for others however, the approximate values may be impossible to
compute. Apart from the problem of getting the initial approximate values, there
also exists the problem that poor choice of approximate values may lead to lack
of convergence, or if the approximate values are far from the real solutions, then
a large number of iterations may be required to get close to the real solutions thus
rendering the whole procedure to be quite slow, especially where multiple roots are
available. For other procedures, such as the 7-parameter datum transformation that
requires linearization and iterative methods, it is not feasible to take into account
the stochasticity of both systems involved.

Clearly, a procedure for solving nonlinear Gauss–Markov model that can avoid
the requirement of initial approximate starting values for iteration and linearization
approaches, and also take into consideration the stochasticity of the systems
involved is the desire of modern day geodesist and geoinformatist (see, e.g.,
J. L. Awange and E. W. Grafarend 2005; J. L. Awange et al. 2010). With this
background, this chapter aims at answering the following questions:

• For geodetic, geoinformatics and Earth Science related problems requiring
explicit solutions, can the algebraic tools of Groebner bases and Multipolynomial
resultants that have found applications in other fields such as Robotics (for
kinematic modelling of robots), Visions, Computer Aided Design (CAD), Engi-
neering (offset surface construction in solid modelling), Computer Science
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(automated theorem proving) be used to solve systems of nonlinear observation
equations of algebraic (polynomial) type?

• Is there any alternative for solving the nonlinear Gauss–Markov model without
resorting to linearization or iterative procedures that require approximate starting
values?

To answer the first question, the chapter uses the Groebner bases and Multipolyno-
mial resultants to solve explicitly three geodetic problems of; Minimum Distance
Mapping, GPS four-point pseudo-ranging, and the 7-parameter transformation
problem in Sect. 15-4. The answer to the second problem becomes clear once the
first question has been answered. Should the algebraic techniques of Groebner bases
or Multipolynomial resultants be successful in solving explicitly the selected geode-
tic problems, they are then used as the computational engine of the combinatorial
algorithm that was first suggested by C.F. Gauss and later on by C. G. I. Jacobi
(1841) and extended by P. Werkmeister (1920). We refer to this algorithm simply as
the Gauss–Jacobi combinatorial algorithm. In attempting to answer the questions
above, the objectives of this chapter are:

(1) To help you, the reader, understand the algebraic computational procedures of
type Groebner bases and Multipolynomial resultants as applied to solve explic-
itly (in closed form) geodetic nonlinear problems. In this respect, the Groebner
bases and Multipolynomial resultants techniques are used to solve explicitly
(symbolically) geodetic problems of GPS pseudo-ranging four-point P4P,
Minimum Distance Mapping and the 7-parameter transformation. By convert-
ing the nonlinear observation equations of these selected geodetic problems
into algebraic (polynomial), Groebner bases and Multipolynomial resultants
techniques are used to eliminate several variables in a multivariate systems of
nonlinear polynomial equations in such a manner that the end products from
the initial systems of nonlinear observation equations result in univariate
polynomials. The elimination procedure is similar to the Gauss elimination
approach in linear systems.

(2) To introduce to you, the reader, an algebraic approach of Gauss–Jacobian
combinatorial for solving overdetermined problems that are traditionally solved
using least squares, which peg their operations on assumptions of linearity and
prior information about the unknown values. From the principle of weighted
arithmetic mean and using the Gauss–Jacobi combinatorial lemma (C. G. I.
Jacobi 1841), an adjustment procedure that neither linearizes the nonlinear
observation equations nor uses iterative procedures to solve the nonlinear
Gauss–Markov model is developed. Linearization is permitted only for non-
linear error propagation/variance-covariance propagation. Such a procedure
is only realized, thanks to the univariate polynomial generated by the algebraic
computational procedures of type Groebner bases or Multipolynomial resul-
tants as the computing engine for its minimal combinatorial sets.
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15-3 Algebraic Methods for Solving Nonlinear Systems of
Equations

In the present Section, we depart from the traditional iterative procedures for
estimating the unknown fixed parameters of the nonlinear Gauss–Markov model
and present a combinatorial approach that traces its roots back to the work of
C.F. Gauss. C.F. Gauss first proposed the combinatorial approach using the products
of squared distances (from unknown point to known points) and the square of
the perpendicular distances from the sides of the error triangle to the unknown
point as the weights, see, e.g., Appendix D3. According to W.K. Nicholson (1999,
pp. 272–273), the motto in Gauss seal read “pauca des matura” meaning few but
ripe. This belief led C. F. Gauss not to publish most of his important contributions.
For instance, W. K. Nicholson (1999, pp. 272–273) writes “Although not all his
results were recorded in the diary (many were set down only in letters to friends),
several entries would have each given fame to their author if published. Gauss new
about the quartenions before Hamilton. . . ”. The combinatorial method, like many of
his works, was later to be published after his death. Several years later, the method
was to be developed further by C. G. I. Jacobi (1841) who used the square of
the determinants as the weights in estimating the unknown parameters from the
arithmetic mean. P. Werkmeister (1920) later established the relationship between
the area of the error figure formed by the combinatorial approach and the standard
error of the determined point. We will refer to this combinatorial approach as the
Gauss–Jacobi combinatorial algorithm needed to solve an overdetermined system
of equations algebraically.

While the solution of the linear Gauss–Markov model by Best Linear Uniformly
Unbiased Estimator (BLUUE) is straight forward, the solution of the nonlinear
Gauss–Markov model has no straight forward procedure owing to the nonlinearity
of the injective function (or map function) that maps R

m to R
n. The Gauss–

Jacobi combinatorial algorithm is presented as a possible algebraic solution to the
nonlinear Gauss–Markov model. In Sect. 15-31, we demonstrate how the procedure
can be used to solve the nonlinear Gauss–Markov model.

15-31 Solution of Nonlinear Gauss–Markov Model

The nonlinear Gauss–Markov model is solved in two steps:

• Step 1: Combinatorial minimal subsets of observations are constructed and
rigorously solved by means of the Multipolynomial resultant or Groebner basis
(J.L . Awange and E.W. Grafarend 2005; J. L . Awange et al. 2010).

• Step 2: The combinatorial solution points of step 1 are reduced to their final
adjusted values by means of an adjustment procedure where the Best Linear
Uniformly Unbiased Estimator (BLUUE) is used to estimate the vector of fixed
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parameters within the linear Gauss–Markov model with the dispersion matrix of
the real valued random vector of pseudo-observations from Step 1 generated via
the nonlinear error propagation law also known in this case as the nonlinear
variance-covariance propagation.

15-311 Construction and Solution of the Combinatorial Subsets

Since n>m we construct a minimal combinatorial subsets comprisingm equations
solvable in closed form using either Groebner bases or Multipolynomial resultants
which we present in Sects. 15-312 and 15-313. We begin by the following elemen-
tary definitions:

Definition 15.1 (Permutation). Given a set S with elements fi; j; kg 2 S , the
arrangement obtained by placing fi; j; kg 2 S in some sequence is called
permutation. If we choose any of the elements say i first, then each of the
remaining elements j; k can be put in the second position, while the third
position is occupied by the unused letter either j or k. For the set S , the
following permutations can be made:

ijk ikj jik

jki kij kji

#
: (15.1)

From (15.1), there exist three ways of filling the first position, two ways of
filling the second position, and one way of filling the third position. Thus the
number of permutations is given by 3 � 2 � 1 D 6. In general, for n different
elements, the number of permutation is equal to n � : : : � 3 � 2 � 1 D nŠ
Definition 15.2 (Combination). If for n elements only m elements are used
for the permutation, then we have a combination of the mth order. If we
follow the definition above, then the first position can be filled in n ways,
the second in n � 1 ways and the mth in n � .m � 1/ ways. In (15.1) above,
the combinations are identical and contain the same elements in different
sequences. If the arrangement is to be neglected, then we have for n
elements, a combination of mth order being given by

�
n

m

	
D nŠ

mŠ.n�m/Š D
n.n � 1/ : : : .n �mC 1/
m � � � � � 3 � 2 � 1 : (15.2)

Given n nonlinear equations to be solved, we first form

�
n

m

	
minimal com-

binatorial subsets each consisting of m elements (where m is the number of
the unknown elements). Each minimal combinatorial subset is solved using the
algebraic procedures discussed in Sects. 15-312 and 15-313. In geodesy, the number
of elements n normally consist of the observations in the vector y , while the number
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of elements m normally consist of the unknown fixed parameters in the vector �.
In the following Sections, we present two algebraic algorithms that are used to
solve the minimal combinatorial subsets (15.2) in closed form. We first present the
approach based on the Groebner bases and thereafter consider the Multipolynomial
resultants approach.

15-312 Groebner Basis Method

Groebner basis is the greatest common divisors of a multivariate system of equations
(J.L . Awange and E.W. Grafarend 2005; J. L . Awange et al. 2010). Its direct
application is the elimination of variables in nonlinear systems of equations. Let
us start by the problem of finding the greatest common divisors in Example 15.1:

Example 15.1. (Greatest common divisors (gcd)):

Given the numbers 12, 20, and 18, find their greatest common divisor. We proceed
by writing the factors as

12 D 22:31:50
20 D 22:30:51
18 D 21:32:50

3
75! 21:30:50 D 2; (15.3)

leading to 2 as the greatest common divisor of 12, 20 and 18. Next, let us consider
the case of univariate polynomials f1; f2 2 kŒx� in (15.4).

f1 D 3x4 � 3x3 C 8x2 C 2x � 5
f2 D 5x4 � 4x2 � 9x C 21

#
! Euclidean algorithm D f 2 kŒx�: (15.4)

Equation (15.4) employs the Euclidean algorithm which obtains one univariate
polynomial as the gcd of the two univariate polynomials f1 and f2. If on the other
hand expressions in (15.4) were not univariate but multivariate, e.g., g1; g2 2 kŒx; y�
as in (15.5), then one applies the Buchberger algorithm which then computes the
Groebner bases. For example,

g1 D xy C x � y � 1
g2 D xy � x � y C 1

#
! Buchberger algorithm D Groebner basis: (15.5)

Groebner basis therefore, is the greatest common divisors of a multivariate system
of polynomial equations fg1; g2g.

As stated earlier, it is useful for eliminating variables in nonlinear systems of
equations. Gauss elimination technique on the other hand is applicable for linear
cases as shown in Example 15.2.
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Example 15.2. (Gauss elimination technique)

Solve the linear system of equations

2
64
�x C y C 2z D 2
3x � y C z D 6
�x C 3y C 4z D 4:

(15.6)

The first step is to eliminate x in the second and third expressions of (15.6). This
is achieved by multiplying the first expression by 3 and adding to the second
expression to give the second expression of (15.7). The third expression of (15.7) is
obtained by subtracting the first expression from the third expression in (15.6).

2
64
�x C y C 2z D 2
2y C 7z D 12
2y C 2z D 2:

(15.7)

The second step is to eliminate y in the second and third expressions of (15.7). This
is achieved by subtracting the second expression from the third expression in (15.7)
to give (15.8). 2

64
�x C y C 2z D 2
2y C 7z D 12
�5z D �10:

(15.8)

The solution of z D 2 in (15.8) can now be substituted back into the second equation
2y C 7z D 12 to give the value of y D �1, which together with the value of z D 2
are substituted into the first equation to give the value of x D 1 to complete the
Gauss elimination technique.

In many applications however, equations relating unknown variables to the
measured (observed) quantities are normally nonlinear and often consist of many
variables (multivariate). In such cases, the Gauss elimination technique for the
univariate polynomial equations employed in Example 15.2 gives way to Groebner
basis as illustrated in Examples 15.3 and 15.4. In general, the Groebner basis
algorithm reduces a system of multivariate polynomial equations. This is done by
employing operations “addition” and “multiplication” on a polynomial ring (see,
e.g., Awange and Grafarend 2005; Awange et al. 2010) to give more simplified
expressions. Given a system of polynomial equations which are to be solved explic-
itly for unknowns, e.g., (15.5), Groebner basis algorithm is applied to reduce the set
of polynomials into another set (e.g., from a system F.x; y; z/ to another system
G.x; y; z/) of polynomials with suitable properties that allow solution. If F.x; y; z/
is a set of nonlinear system of polynomial equations, Groebner basis eliminates vari-
ables in a manner similar to Gauss elimination technique for linear cases to reduce it
toG.x; y; z/. With Lexicographic ordering of the monomials (see Definition D1.2 in
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Appendix D), one expression in G.x; y; z/ always turns out to be a univariate poly-
nomial. Its roots are easily obtained using algebraic software of Matlab, Mathemat-
ica or Maple (see e.g., Appendix D3), and can be substituted in the other elements
of the set G.x; y; z/ to obtain a complete solution which also satisfy the original set
F.x; y; z/. Examples 15.3 and 15.4 elaborate on the application of Groebner basis.

Example 15.3. (Groebner basis computation)

Let us consider a simple example from Buchberger (2001). Consider a set
F.x; y/ D ff1; f2g to have as its elements

"
f1 D xy � 2y
f2 D 2y2 � x2;

(15.9)

where ff1; f2g 2 I are the generators of the Ideal I (see definition of Ideal on
p. 537). We now seek a simplified set of generators of this Ideal using Buchberger
algorithm. By employing operations “addition” and “multiplication”, the Groebner
basis algorithm (also called Buchberger algorithm) reduces the system of nonlinear
equations (15.9) into another set G of F as

G WD f�2x2 C x3;�2y C xy;�x2 C 2y2g: (15.10)

In Mathematica software, using the lexicographic order x > y, i.e., x comes before
y, the Groebner basis could simply be computed by entering the command

Groebner BasisŒF; fx; yg�: (15.11)

The setG in (15.10) contains one univariate polynomial�2x2Cx3, which can easily
be solved using roots command in Matlab for solutions fx D 0; x D 0; x D 2g
and substituted in any of the remaining elements of the set G to solve for y.
The solutions of G, i.e., the roots fx D 0; x D 0; x D 2g/ and those of y satisfy
polynomials in F . This can be easily tested by substituting these solutions into
(15.9) to give 0. Let us consider as a second example an optimization problem.

Example 15.4. (Minimum and maximization problem)

Find the minimum and maximum of f .x; y; z/ D x3 C 2xyz � z2, such that
g.x; y; z/ D x2Cy2Cz2�1. First, we obtain the partial derivatives of f �Lg D 0
with respect to fx; y; z; Lg, where L is the Lagrangean multiplier as

@f

@fx; y; z; Lg WD F D

2
66664

3x2 C 2yz� 2xL D 0
2xz � 2yL D 0
2xy � 2z� 2zL D 0
x2 C y2 C z2 � 1 D 0:

(15.12)
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Groebner basis is invoked in Mathematica by

Groebner BasisŒfF g; fx; y;L; zg�;

which leads to

G D

2
66664

L � 1:5x � 1:5yz� 43:7z6 � 62:2z4 � 17:5z2 D 0
x2 C y2 C z2 � 1 D 0
y2z� 1:8z5 C 2:8z3 � z D 0
z7 � 1:5z5 C 0:6z3 � 0:04z D 0:

(15.13)

The solution of z in (15.13) can then be substituted into the third equation y2z �
1:8z5 C 2:8z3 � z D 0 to give the value of y. The obtained values of z and
y are then substituted into the second equation to give the value of x, and thus
complete the Groebner basis solution. Later in the chapter, we will introduce the
reduced Groebner basis which can be used to obtain directly the last expression
of (15.13), i.e., the univariate polynomial in z. The theory behind the operation
of Groebner basis is however not so simple. In the remainder of this chapter, we
will try to present in a simplified form the algorithm behind the computation of
Groebner bases. The computation of Groebner basis is achieved by the capability to
manipulate the polynomials to generate Ideals defined as

Definition 15.3 (Ideal). An Ideal is generated by a family of generators as
consisting of the set of linear combinations of these generators with polyno-
mial coefficients. Let f1; : : : ; fs and c1; : : : ; cs be polynomials in k Œx1; : : : ; xn�,
then

hf1; : : : ; fsi D
sX
iD1

cifi : (15.14)

In (15.14), hf1; : : : ; fsi is an Ideal and if a subset I � k Œx1; : : : ; xn� is an
Ideal, it must satisfy the following conditions (Cox 1997, p. 29);

• 0 2 I
• If f; g 2 I; then f C g 2 I (i.e., I is an additive subgroup of the additive

group of the field k)
• If f 2 I and c 2 k Œx1; : : : ; xn�, then cf 2 I (i.e., I is closed under

multiplication ring element).

Example 15.5. (Ideal)

Consider equations expressed algebraically as

"
f1 WD .x1 � x0/2 C .y1 � y0/2 � d21
f2 WD .x2 � x0/2 C .y2 � y0/2 � d22 ;

(15.15)
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where polynomials ff1; f2g belong to the polynomial ring RŒx0; y0�. If the
polynomials "

c1 WD 4x0 C 6
c2 WD x0 C y0

(15.16)

also belong to the same polynomial ring RŒx0; y0�, an Ideal is generated by a linear
combination

I WD
" hf1; f2i D c1f1 C c2f2
D .4x0 C 6/f1 C .x0 C y0/f2:

(15.17)

In this case, ff1; f2g are said to be generators of the Ideal I . Definition (15.3) of an
Ideal can be presented in terms of polynomial equations f1; : : : ; fs 2 k Œx1; : : : ; xn�.
This is done by expressing the system of polynomial equations as

2
66666664

f1 D 0
f2 D 0
:

:

fs D 0;

(15.18)

and using them to derive others by multiplying each individual equation fi by
another polynomial ci 2 k Œx1; : : : ; xn� and summing to get c1f1 C c2f2 C : : : C
csfs D 0 (cf., 15.14). The Ideal hf1; : : : ; fsi thus consists of a system of equations
f1 D f2 D : : : D fs D 0, thus indicating that if f1; : : : ; fs 2 k Œx1; : : : ; xn�, then
hf1; : : : ; fsi is an Ideal generated by f1; : : : ; fs , i.e., being the basis of the Ideal I .

In this case, a collection of these nonlinear algebraic equations forming Ideals
are referred to as the set of polynomials generating the Ideal and forms the elements
of this Ideal. Perhaps a curious reader may begin to wonder why the term Ideal is
used. To quench this curiosity we refer to Nicholson (1999, p. 220) and quote from
Becker (1993, p. 59) who wrote:

“On the origin of the term Ideal, the concept is attributed to Dedekind who
introduced it as a set theoretical version of Kummer’s “Ideal number” to
circumvent the failure of unique factorization in certain natural extension of
the domain Z. The relevance of Ideal in the theory of polynomial rings was
highlighted by Hilbert Basis Theorem. The systematic development of Ideal
theory; in more general rings is largely due to E. Noether . In the older literature,
the term “module” is sometimes used for “Ideal” (cf., Macaulay, 1916). The term
“ring” seems to be due to D. Hilbert; Kronecker used the term “order” for ring”.

Example 15.6. (Ideal)

Consider example (15.3) with polynomials in R Œx; y�. The Ideal I D hxy �
2y; 2y2 � x2i. The generators of an Ideal can be computed using the division
algorithm defined as
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Definition 15.4 (Division algorithm). Fix a monomial order of polynomials
say x > y for polynomials F D .h1; : : : ; hs/. Then every f 2 k Œx; y� can
be written in the form f D a1h1 C a2h2C : : :C ashs C r; where ai ; r 2 k Œx; y�
and either r D 0 or a linear combination with coefficients in k of monomials,
none of which is divisible by any of LT .f1/; : : : ; LT .fs/ (see Definition D1.5
in Appendix D for leading term LT).

Example 15.7. (Division algorithm in a univariate case)

Divide the polynomial f D x3C2x2CxC5 by h D x2�2. We proceed as follows:

2
6666666666664

x C 2
x2 � 2 j x3 C 2x2 C x C 5

x3 � 2x
2x2 C 3x C 5
2x2 � 4
3x C 1;

(15.19)

implying x3 C 2x2 C x C 5 D .x C 2/.x2 � 2/ C .3x C 1/, with a D .x C 2/
and r D .3x C 1/. The division algorithm given in definition (15.4) fits well to
the case of univariate polynomials as the remainder r can uniquely be determined.
For multivariate polynomials, the remainder may not be uniquely determined as
this depends on the order of the divisors. The division of the polynomial F by
ff1; f2g where f1 comes before f2 may not necessarily give the same remainder
as the division of F by ff2; f1g in whose case the order has been changed. This
problem is overcome if we pass over to Groebner basis where the existence of every
Ideal is assured by the Hilbert Basis Theorem (Cox 1997, pp. 47–61). The Hilbert
Basis Theorem assures that every Ideal I � k Œx1; : : : ; xn� has a finite generating
set, that is I D hg1; : : : ; gsi for some fg1; : : : ; gsg 2 I: The finite generating set
G in Hilbert Basis Theorem is what is known as a basis. Suppose every non-zero
polynomial is written in decreasing order of its monomials:

nX
iD1

dixi ; di ¤ 0; xi > xiC1; (15.20)

if we let the system of generators of the Ideal be in a set G, a polynomial f
is reduced with respect to G if no leading monomial of an element of G (LM
(G)) divides the leading monomial of f (LM(f )). The polynomial f is said to
be completely reduced with respect to G if no monomials of f is divisible by the
leading monomial of an element of G (Davenport 1988, pp. 96–97). The basis G,
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which completely reduces the polynomial f and uniquely determines the remainder
r is also known as the Groebner basis and is defined as follows:

Definition 15.5 (Groebner basis). A system of generators G of an Ideal I is
called a Groebner basis (with respect to the order <) if every reduction of
f 2 I to a reduced polynomial (with respect to G) always gives zero as
a remainder. This definition is a special case of a more general definition
given as: Fix a monomial order and let G D fg1; : : : ; gt g � k Œx1; : : : ; xn�:

Given f 2 k Œx1; : : : ; xn� ; then f reduces to zero Modulo G, written as

f !G 0; (15.21)

if f can be written in the form (cf., 15.18 on p. 538)

f D a1g1 C : : :C atgt ; (15.22)

such that whenever aigi ¤ 0; we have multideg(f )	 multideg(ai gi ) (see
Definition D1.5 in Appendix D for leading term LT, LM and Multideg).

Following Definition 15.5, the reader can revisit Examples 15.3 and 15.4 which
present the Groebner basis G of the original system F of equations.

Groebner basis has become a household name in algebraic manipulations and
finds application in fields such as mathematics and engineering for solving partial
differential equations, e.g.,(Lidl 1998, p. 432). It has also found use as a tool for
discovering and proving theorems to solving systems of polynomial equations as
elaborated in publications by Buchberger and Winkler (1998). Groebner basis also
give a solution to the Ideal membership problem. By reducing a given polynomial
f with respect to the Groebner basisG, f is said to be a member of the Ideal if zero
remainder is obtained. This implies that if G D fg1; : : : ; gsg is a Groebner basis of
an Ideal I � k Œx1; : : : ; xn� and f 2 k Œx1; : : : ; xn� a polynomial, f 2 I if and only
if the remainder on division of f by G is zero. Groebner bases can also be used to
show the equivalence of polynomial equations. Two sets of polynomial equations
will generate the same Ideal if and only if their Groebner bases are equal with
respect to any term ordering, e.g., the solutions of (15.10) satisfy those of (15.9).
This property is important in that the solutions of the Groebner basis will satisfy the
original system formed by the generating set of nonlinear equations. It implies that
a system of polynomial equations f1.x1; : : : ; xn/ D 0; : : : ; fs.x1; : : : ; xn/ D 0 will
have the same solutions with a system arising from any Groebner basis of f1; : : : ; fs
with respect to any term ordering. This is the main property of Groebner basis that
is used to solve systems of polynomial equations as will be explained in the next
section.

B. Buchberger algorithm

Given polynomials g1; : : : ; gs 2 I , the B. Buchberger algorithm seeks to derive
the standard generators or the Groebner basis of this Ideal. Systems of equations
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g1 D 0; : : : ; gs D 0 to be solved in practise are normally formed by these
same polynomials which here generating the Ideal. The B. Buchberger algo-
rithm computes the Groebner basis by making use of pairs of polynomials from
the original polynomials g1; : : : ; gs 2 I and computes the subtraction polyno-
mial known as the S -polynomial explained in D. Cox et al. (1997; p. 81) as
follows:

Definition 15.6 (S -polynomial). Let f; g 2 k Œx1; : : : xn� be two non-zero poly-
nomials. If multideg .f / D ˛ and multideg .g/ D ˇ, then let � D �1; : : : ; �n,
where �i D max f˛i ; ˇi g for each i . x� is called the Least Common Multiple
(LCM) of LM(f ) and LM(g) expressed as x� D LCM fLM.f /;LM.g/g. The
S -polynomial of f and g is given as

S.f; g/ D x�

LT .f /
f � x�

LT .g/
g: (15.23)

The expression above gives S as a linear combination of the monomials
x�

LT .f /
,

x�

LT .g/
with polynomial coefficients f and g and thus belongs to the Ideal

generated by f and g.

Definition 15.7 (Groebner basis in terms of S -polynomial). A basis G is Groeb-
ner basis if and only if for every pair of polynomials f and g of G, S.f; g/
reduces to zero with respect to G. More generally a basis G D fg1; : : : ; gsg
for an Ideal I is a Groebner basis if and only if S.f; g/!G 0; i ¤ j .

The implication of Definition 15.7 is the following: Given two polynomialsf; g 2 G
such thatLCM.LM.f /; LM.g//D LM.f /:LM.g/, the leading monomials of f
and g are relatively prime leading to S.f; g/ !G 0: The concept of prime integer
is clearly documented in K. Ireland and M. Rosen (1990 pp. 1–17).

Example 15.8. (S-Polynomial):

Consider the two polynomials

2
4g1 D x

2
1 C 2a12x1x2 C x22 C aoo

g2 D x22 C 2b23x2x3 C x23 C boo:
(15.24)

The S -polynomial can then be computed as follows: First we choose a lexicographic
ordering fx1 > x2 > x3g then
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2
666666666664

LM.g1/ D x21 ; LM.g2/ D x22 ;LT .g1/ D x21; LT .g2/ D x22
LCM.LM.g1/;LM.g2// D x21x22

S.g1; g2/ D
x21x

2
2

x21
.x21 C 2a12x1x2 C x22 C aoo/ �

x21x
2
2

x22
.x22 C 2b23x2x3 C x23 C boo/

D x22x21 C 2a12x1x32 C x42 C aoox22 � x21x22 � 2b23x21x2x3 � x21x23 � boox21/
D �boox21 � 2b23x21x2x3 � x21x23 C 2a12x1x32 C x42 C aoox22

(15.25)

Example 15.9. (S-Polynomial):

Consider two polynomial equations given as

2
64
g3 D x21 � 2a0x1 C x22 � 2b0x2 C x23 � 2c0x3 � x24 C 2d0x4 C a20 C b20 C c20 C d20
g4 D x21 � 2a1x1 C x22 � 2b1x2 C x23 � 2c1x3 � x24 C 2d1x4 C a21 C b21 C c21 C d21 :

(15.26)

By choosing the lexicographic ordering fx1 > x2 > x3 > x4g, the S -polynomial is
computed as follows

2
66666666664

LM.g3/ D x21 ; LM.g4/ D x21 ; LT .g3/ D x21 ; LT .g4/ D x21
LCM.LM.g3/; LM.g4// D x21
S.g3; g4/ D x21

x21
.g3/ � x

2
1

x21
.g4/ D g3 � g4

S.g3; g4/ D 2.a1 � ao/x1 C 2.b1 � bo/x2 C 2.c1 � co/x3C
C2.do � d1/x4 C ao � a1 C bo � b1 C co � c1 C d0 � d1

(15.27)

Example 15.10. (S-Polynomial):

As an additional example on the computation of S -polynomial, let us consider
the minimum distance mapping problem. The last two polynomials equations are
given as "

g5 D x3 C b2x3x4 �Z
g6 D b2x21 C b2x22 C a2x23 � a2b2:

(15.28)

By choosing the lexicographic ordering fx1 > x2 > x3 > x4g, the S -polynomial is
computed as follows
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2
66666664

LM.g5/ D x3; LM.g6/ D x21 ; LT .g5/ D x3; LT .g6/ D b2x21
LCM.LM.g5/; LM.g6// D x21x3

S.g5; g6/ D x21x3

x3
.x3 C b2x3x4 �Z/ � x

2
1x3

b2x21
.b2x21 C b2x22 C a2x23 � a2b2/

S.g5; g6/ D �Zx21 C b2x21x3x4 � x22x3 � a2

b2
x33 C a2x3

(15.29)

Example 15.11. (computation of Groebner basis from the S-polynomials):

By means of an Example given by J. H. Davenport et al. (1988, pp. 101–102),
we illustrate how the B. Buchberger algorithm works. Let us consider the Ideal
generated by the polynomial equations

2
664
g1 D x3yz � xz2

g2 D xy2z � xyz

g3 D x2y2 � z

(15.30)

with the lexicographic ordering x > y > z adopted. The S -polynomials to
be considered are S.g1; g2/, S.g2; g3/ and S.g1; g3/. We consider first S.g2; g3/
and show that the result is used to suppress g1 upon which any pair S.g1; gi /
(e.g. S.g1; g2/ and S.g1; g3/) containing g1 will not be considered. LT .g2/ D
xy2z; LT .g3/ D x2y2; then LCM.g2; g3/ D x2y2z respectively

2
66664
S.g2; g3/ D x2y2z

xy2z
g2 � x

2y2z

x2y2
g3

D .x2y2z � x2yz/� .x2y2z � z2/

D �x2yzC z2

(15.31)

We immediately note that the leading term of the resulting polynomial
LT(S.g2; g3/) is not divisible by any of the leading terms of the elements of G,
and thus the remainder upon the division of S.g2; g3/ by the polynomials in G
is not zero (i.e. when reduced with respect to G) thus G is not a Groebner basis.
This resulting polynomial after the formation of the S -polynomial is denoted g4
and its negative (to make calculations more reliable) added to the initial set of G
leading to 2

666664

g1 D x3yz � xz2

g2 D xy2z � xyz

g3 D x2y2 � z

g4 D x2yz � z2:

(15.32)
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The S -polynomials to be considered are now S.g1; g2/; S.g1; g3/; S.g1; g4/;

S.g2; g4/ and S.g3; g4/: In the set of G, one can write g1 D xg4 leading without
any change in G to the suppression of g1 leaving only S.g2; g4/ and S.g3; g4/ to be
considered. Then "

S.g2; g4/ D xg2 � yg4
D �x2yzC yz2

(15.33)

which can be reduced by adding g4 to give g5 D yz2 � z2, a non zero value thus the
set G is not a Groebner basis. This value is added to the set of G to give

2
666664

g2 D xy2z� xyz;

g3 D x2y2 � z;

g4 D x2yz � z2;

g5 D yz2 � z2;

(15.34)

the S -polynomials to be considered are now S.g3; g4/; S.g2; g5/; S.g3; g5/ and
S.g4; g5/: We then compute

"
S.g3; g4/ D zg3 � yg4

D yz2 � z2
(15.35)

which upon subtraction from g5 reduces to zero. Further,

2
664
S.g2; g5/ D zg2 � xyg5
D �xyz2 C xyz2

D 0
(15.36)

and

�
S.g4; g5/ D zg4 � x2yg5

D x2z2 � z3;
(15.37)

which is added to G as g6 giving

2
6666666664

g2 D xy2z� xyz;

g3 D x2y2 � z;

g4 D x2yz � z2;

g5 D yz2 � z2;

g6 D x2y2 � z3;

(15.38)
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The S polynomials to be considered are now S.g3; g5/; S.g2; g6/; S.g3; g6/;

S.g4; g6/ and S.g5; g6/: We now illustrate that all this S -polynomials reduces to
zero as follows

2
6666666664

S.g3; g5/ D z2g3 � x2yg5 D x2yz2 � z3 � zg4 D 0
S.g2; g6/ D xzg2 � y2g6 D �x2y2z2 C y2z3 C y2g4 D 0
S.g3; g6/ D z2g3 � y2g6 D y2z3 � z3 � .yz � z/g5 D 0
S.g4; g6/ D zg4 � yg6 D yz3 � z3 � zg5 D 0
S.g5; g6/ D x2g5 � yg6 D �x2z2 C yz3 C g6 � zg5 D 0:

(15.39)

Thus (15.39) comprise the Groebner basis of the original set in (15.30).
The importance of the S -polynomials is that they lead to the cancelation of the

leading terms of the polynomial pairs involved. In so doing the polynomial variables
are systematically eliminated according to the polynomial ordering chosen. For
example if the lexicographic ordering x > y > z is chosen, x will be eliminated
first, followed by y and the final expression may consist only of the variable z.
D. Cox et al. (1998, p.15) has indicated the advantage of lexicographic ordering as
being the ability to produce Groebner basis with systematic elimination of variables.
Graded lexicographic ordering on the other hand has the advantage of minimizing
the amount of computational space needed to produce the Groebner basis. The
procedure is thus a generalisation of the Gauss elimination procedure for linear
systems of equations. If we now put our system of polynomial equations to be solved
in a set G, S -pair combinations can be formed from the set of G as explained in
the definitions above. The theorem, known as the Buchberger’s S -pair polynomial
criterion, gives the criterion for deciding whether a given basis is a Groebner basis
or not. It suffices to compute all the S -polynomials and check whether they reduce
to zero. Should one of the polynomials not reduce to zero, then the basis fails to be
a Groebner basis. Since the reduction is a linear combination of the elements of G,
it can be added to the set G without changing the Ideal generated. B. Buchberger
(1979) gives an optimisation criterion that reduces the number of the S -polynomials
already considered in the algorithm. The criterion states that if there is an element
p of G such that the leading monomial of p (LM(p )) divides the LCM(f; g 2 G),
and if S.f; p/ ; S.p; g/ have already been considered, then there is no need of
considering S.f; g/ as this reduces to zero.

The essential observation in using the Groebner bases to solve a system of
polynomial equations is that the variety (simultaneous solution of system of
polynomial equations) does not depend on the original system of the polynomials
F WD ff1; : : : ; fsg but instead on the Ideal I generated by F . This therefore
means that for the variety V DV.I /, one makes use of the special generating set
(Groebner basis) instead of the actual system F . Since the Ideal is generated by
F , the solution obtained by solving for the affine variety of this Ideal satisfies the
original system F of equations. B. Buchberger (1970) proved that V.I / is void,
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and thus giving a test as to whether the system of polynomial F can be solved,
if and only if the computed Groebner basis of polynomial Ideal I has f1g as
its element. B. Buchberger (1970) further gives the criterion for deciding if V.I /
is finite. If the system has been proved to be solvable and finite then F. Winkler
(1996, theorem 8.4.4, p.192) gives a theorem for deciding whether the system has
finitely or infinitely many solutions. The theorem states that if G is a Groebner
basis, then a solvable system of polynomial equations has finitely many solutions
if and only if for every xi ; 1 � i � n; there is a polynomial gi 2 G such that
LM.gi / is a pure power of xi . The process of addition of the remainder after the
reduction by the S -polynomials and thus expanding the generating set is shown by
B. Buchberger (1970), D. Cox et al. (1997 p.88) and J. H. Davenport et al. (1988
p.101) to terminate.

The B. Buchberger algorithm (see Appendix D2), more or less a generalization of
the Gauss elimination procedure, makes use of the subtraction polynomials known
as the S -polynomials in Definition 15.7 to eliminate the leading terms of a pair
of polynomials. In so doing and if lexicographic ordering is chosen, the process
end up with one of the computed S -polynomials being a univariate polynomial
which can be solved and substituted back in the other S -polynomials using the
Extension Theorem (D. Cox et al. 1998, pp. 25–26) to obtain the other variables. The
Groebner bases approach adds to the treasures of methods that are used to solve
nonlinear algebraic systems of equations in Geodesy, Photogrammetry, Machine
Vision, Robotics and Surveying.

Having defined the term Groebner basis and illustrated how the B. Buchberger
algorithm computes the Groebner bases, we briefly mention here how the Groebner
bases can be computed using algebraic softwares of Mathematica and Maple. In
Mathematica Versions 8, the Groebner basis command is executed by writing
In[1]:=GroebnerBasis[fpolynomoialsg,fvariablesg,felimsg] (where In[1]:= is the
mathematica prompt) which computes the Groebner basis for the ideal generated
by the polynomials with respect to the monomial order specified by monomial
order options with the variables specified as in the executable command giving
the reduced Groebner basis. Without specifying the elims part that indicates the
elimination order, one gets too many elements of the Groebner basis which may
not be relevant. In Maple Version 5 the command is accessed by typing > with
(grobner); (where > is the Maple prompt and the semicolon ends the Maple
command). Once the Groebner basis package has been loaded, the execution
command then becomes > g basis (polynomials, variables, termorder) which
computes the Groebner basis for the ideal generated by the polynomials with respect
to the monomial ordering specified by termorder and variables in the executable
command. Following suggestions from B. Buchberger (1999), Mathematica
software is applied to the examples presented in Sect. 15-4.

15-313 Multipolynomial Resultants Method

Whereas the resultant of two polynomials is well known and algorithms for
computing it are well incorporated into computer algebra packages such as Maple,
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the Multipolynomial resultant, i.e. the resultant of more than two polynomials still
remain an active area of research. In Geodesy, the use of the two polynomial
resultant also known as the Sylvester resultant is exemplified in the work of P. Lohse
(1994, pp. 72–76). This section therefore extends on the use of Sylvester resultants
to resultants of more than two polynomials of multiple variables (Multipolynomial
resultant). J.L. Awange and E.W. Grafarend (2005) and J. L. Awange et al. (2010)
illustrate how the tool can be exploited in Geodesy and Geoinformatics to solve
nonlinear system of equations.

The necessity of Multipolynomial resultant method in Geodesy is due to the fact
that many geodetic problems involve the solution of more than two polynomials
of multiple variables. This is true since we are living in a three-dimensional
world. We shall therefore understand the term multipolynomial resultants to mean
resultants of more than two polynomials. We treat it as a tool besides the Groebner
bases and perhaps more powerful to eliminate variables in solution of polynomial
systems. Publications on the subject can be found in the works of G. Salmon
(1876), F. Macaulay (1902, 1916), A. L. Dixon (1908), C. Bajaj et al. (1988),
J. F. Canny (1988), J. F. Canny et al. (1989), I. M. Gelfand et al. (1990, 1994),
D. Manocha (1992, 1993, 1994a,b,c), D. Manocha and J.F. Canny (1991, 1992,
1993), G. Lyubeznik (1995), S. Krishna and D. Manocha (1995), J. Guckenheimer
et al.(1997), B. Sturmfels (1994, 1998) and E. Cattani et al. (1998). Text books on
the subject have been written by I. Gelfand et al. (1994), by D. Cox et al. (1998,
pp.71–122) and, more recently, by J.L. Awange and E.W. Grafarend (2005), and
J. L. Awange et al. (2010) who provides interesting material.

In order to understand the Multipolynomial resultants technique, we first present
the simple case; the resultant of two polynomial also known as the Sylvester
resultant.

Resultant of two polynomials

Definition 15.8 (Homogeneous polynomial). If monomials of a polynomial p
with non zero coefficients have the same total degree, the polynomial p is
said to be homogeneous.

Example 15.12. (Homogeneous polynomial equation):

A homogeneous polynomial equation of total degree 2 is p D x2Cy2C z2CxyC
xz C yz since the monomials fx; y; z; xy; xz; yzg all have the sum of their powers
(total degree) being 2.

To set the ball rolling, we examine next the resultant of two univariate polynomi-
als p; q 2 kŒx� of positive degree as

p D k0xi C : : : :C ki ; k0 ¤ 0; i > 0
q D l0xj C : : : :C lj ; l0 ¤ 0; j > 0

�
(15.40)
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the resultant of p and q, denoted Res.p; q/; is the .i C j / � .i C j / determinant

Res .p; q/ D det

2
666666666666666666664

k0 k1 k2 : : : ki 0 0 0 0 0

0 k0 k1 k2 : : : ki 0 0 0 0

0 0 k0 k1 k2 : : : ki 0 0 0

0 0 0 k0 k1 k2 : : : ki 0 0

0 0 0 0 k0 k1 k2 : : : ki 0

0 0 0 0 0 k0 k1 k2 : : : ki
l0 l1 l2 : : : lj 0 0 0 0 0

0 l0 l1 l2 : : : lj 0 0 0 0

0 0 l0 l1 l2 : : : lj 0 0 0

0 0 0 l0 l1 l2 : : : lj 0 0

0 0 0 0 l0 l1 l2 : : : lj 0

0 0 0 0 0 l0 l1 l2 : : : lj

3
777777777777777777775

(15.41)

where the coefficients of the first polynomial p of (15.40) occupies j rows while
those of the second polynomial q occupies i rows. The empty spaces are occupied
by zeros as shown above such that a square matrix is obtained. This resultant is
also known as the Sylvester resultant and has the following properties (B. Sturmfels
1998, D. Cox et al. 1998, �3.5)

1. Res.p; q/ is a polynomial in k0; : : : ; ki ; l0; : : : ; lj with integer coefficients
2. Res.p; q/ D 0 if and only if p.x/ and q.x/ have a common factor in QŒx�
3. There exist a polynomial r; s 2 QŒx� such that rp C sq D Res.p; q/

Sylvester resultants can be used to solve two polynomial equations as shown in the
example below

Example 15.13. (D. Cox et al.1998, p.72):

Consider the two equations

p WD xy � 1 D 0
q WD x2 C y2 � 4 D 0:

)
(15.42)

In order to eliminate one variable, we use the hide variable technique i.e. we
consider one variable say y as a constant (of degree zero). We then have the Sylvester
resultant from (15.41) as

Res .p; q; x/ D det

2
664
y �1 0

0 y �1
1 0 y2 � 4

3
775 D y4 � 4y2 C 1 (15.43)
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which can be readily solved for the variable y and substituted back in any of the
equations in (15.42) to get the values of the other variable x. For two polynomials,
the construction of resultant is relatively simpler and algorithms for the execution
are incorporated in computer algebra algorithms. For the resultant of more than 2
polynomials of multiple variables, we turn to the Multipolynomial resultants.

Multipolynomial resultants

In defining the term multipolynomial resultant, D. Manocha (1994c) writes:
“Elimination theory, a branch of classical algebraic geometry, deals with con-

ditions for common solutions of a system of polynomial equations. Its main result
is the construction of a single resultant polynomial of n homogeneous polynomial
equations in n unknowns, such that the vanishing of the resultant is a necessary and
sufficient condition for the given system to have a non-trivial solution. We refer to
this resultant as the multipolynomial resultant and use it in the algorithm presented
in the paper”.

We present here two approaches for the formation of the design matrix whose
determinant we need; first the approach based on F. Macaulay (1902) formulation
and then a more modern approach based on B. Sturmfels (1998) formulation.

Approach based on F. Macaulay (1902) formulation: With n polynomials, the
construction of the matrix whose entries are the coefficients of the polynomials
f1; : : : ; fn can be done in five steps as illustrated in the following approach of
F. Macaulay (1902):

Step 1: The given polynomials f1 D 0; : : : ; fn D 0 are considered to be homoge-
neous equations in the variables x1; : : : ; xn and if not, they are homogenized. Let
the degree of the polynomial fi be di . The first step involves the determination
of the critical degree given by C. Bajaj et al. (1988) as

d D 1C
X

.di � 1/: (15.44)

Step 2: Once the critical degree has been established, the given monomials of the
polynomial equations are multiplied with each other to generate a set X whose
elements consists of monomials whose total degree equals the critical degree.
Thus if we are given the polynomial equations f1 D 0; : : : ; fn D 0, then each
monomial of f1is multiplied by those of f2; : : : ; fn, those of f2 are multiplied
by those of f3; : : : ; fn until those of fn�1 are multiplied by those of fn. The set
X of monomials generated in this form is

Xd D fxd j d D ˛1 C ˛2 C � � � C ˛ng (15.45)

and the variable xd D x˛11 : : : x˛nn .
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Step 3: The set X containing the monomials each of total degree d is now
partitioned according to the following criteria (J. F. Canny 1988, p. 54)

8̂̂
ˆ̂̂̂
ˆ̂̂̂̂
<̂
ˆ̂̂̂̂
ˆ̂̂̂
ˆ̂̂:

Xd
1 D fx˛ 2 Xd j ˛1 	 d1g

Xd
2 D fx˛ 2 Xd j ˛2 	 d2 and ˛1 < d1g

: : :

: : :

: : :

Xd
n D fx˛ 2 Xd j ˛n 	 dn and ˛i < di ; for i D 1; : : : ; n � 1g:

(15.46)

The resulting sets of Xd
i are disjoint and every element of Xd is contained in

exactly one of them.

Step 4: From the resulting subsets Xd
i � Xd , a set of polynomials Fi which are

homogeneous in n variables are defined as follows

Fi D Xd
i

x
di
i

fi (15.47)

from which a square matrix A is now formed with the row elements being the
coefficients of the monomials of the polynomials Fi jiD1;:::;n and the columns
correspond to the N monomials of the set Xd . The formed square matrix is of

the order

�
d C n � 1

d

	
�
�
d C n � 1

d

	
and is such that for a given polynomial Fi

in (15.47), the row is made up of the symbolic coefficients of each polynomial.
The square matrix A has a special property that the non trivial solution of the
homogeneous equationsFi which also form the solution of the original equations fi
are in its null space. This implies that the matrix must be singular or its determinant,
det.A/, must be zero. For the determinant to vanish therefore, the original equations
fi and their homogenized counterparts Fi must have the same non trivial solutions.

Step 5: After computing the determinant of the square matrixA above, F. Macaulay
(1902) suggests the computation of extraneous factor in order to obtain the
resultant. D. Cox et al. (1998, Proposition 4.6, p.99) explains the extraneous
factors to be integer polynomials in the coefficients of NF0; : : : ; NFn�1, where
NFi D Fi .x0; : : : ; xn�1; 0/ and is related to the determinant via

determinant D Res.F1; : : : ; Fn/:Ext (15.48)

with the determinant computed as in step 4, Res.F1; : : : ; Fn/ being the Multipoly-
nomial resultant and Ext the extraneous factor. This expression was established
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as early as 1902 by F. Macaulay (1902) and this procedure of resultant
formulation named after him. F. Macaulay (1902) determines the extraneous
factor from the sub-matrix of the N � N square matrix A and calls it a factor
of minor obtained by deleting rows and columns of the N � N matrix A. A
monomial x˛ of total degree d is said to be reduced if xdii divides x˛ for exactly
one i . The extraneous factor is obtained by computing the determinant of the
sub-matrix of the coefficient matrix A obtained by deleting rows and columns
corresponding to reduced monomials x˛:

From the relationship of step 5, it suffices for our purpose to solve for the
unknown variable hidden in the coefficients of the polynomials fi by obtaining
the determinant of theN �N square matrixA and equating it to zero neglecting the
extraneous factor. This is because the extraneous factor is an integer polynomial and
as such not related to the variable in the determinant ofA. The existence of the non-
trivial solution provides the necessary and sufficient conditions for the vanishing
of the determinant. It should be pointed out that there exists several procedures
for computing the resultants as exemplified in the works of D. Manocha (1992,
1993, 1994a,b,c) who solves the Multipolynomial resultants using the eigenvalue-
eigenvector approach, J. F. Canny (1988) who solves the resultant using the
characteristic polynomial approach and B. Sturmfels (1994, 1998) who proposes
a more compact approach for solving the resultants of a ternary quadric using the
Jacobian determinant approach which we present below.

Approach based on B. Sturmfels (1998, p.26) formulation: Given three homoge-
neous equations of degree two as follows

F1 WD a11x2 C a12y2 C a13z2 C a14xy C a15xzC a16yz D 0

F2 WD a21x2 C a22y2 C a23z2 C a24xy C a25xzC a26yz D 0

F3 WD a31x2 C a32y2 C a33z2 C a34xy C a35xzC a36yz D 0

(15.49)

we compute the Jacobian determinants of (15.49) by

J D det

2
66666666664

@F1

@x

@F1

@y

@F1

@z

@F2

@x

@F2

@y

@F2

@z

@F3

@x

@F3

@y

@F3

@z

3
77777777775

(15.50)

which is a cubic polynomial in the coefficients fx; y; zg. Since the determinant
polynomial J in (15.50) is a cubic polynomial, its partial derivatives will be
quadratic polynomials in variables fx; y; zg and can be written in the form
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@J

@x
WD b11x2 C b12y2 C b13z2 C b14xy C b15xzC b16yz D 0

@J

@y
WD b21x2 C b22y2 C b23z2 C b24xy C b25xzC b26yz D 0 (15.51)

@J

@z
WD b31x2 C b32y2 C b33z2 C b34xy C b35xzC b36yz D 0:

The coefficients bij in (15.51) are quadratic polynomials in aij of equation
(15.49). The final step in computing the resultant of the initial system (15.49)
involves the computation of the determinant of a 6 � 6 matrix given by

Res222.F1; F2; F3/ D det

2
6666666664

a11 a12 a13 a14 a15 a16

a21 a22 a23 a24 a25 a26

a31 a32 a33 a34 a35 a36

b11 b12 b13 b14 b15 b12

b21 b22 b23 b24 b25 b26

b31 b32 b33 b34 b35 a36

3
7777777775
: (15.52)

The resultant (15.52) vanishes if and only if (15.49) have a common solution
fx; y; zg; where fx; y; zg are complex numbers or real numbers not all equal zero.
In Sect. 15-4, we use the procedure to solve the GPS pseudo-range equations.

15-32 Adjustment of the combinatorial subsets

Once the combinatorial minimal subsets have been solved using either the Groebner
bases or the Multipolynomial resultant approach, the resulting sets of solution are
considered as pseudo-observations. For each combinatorial, the obtained minimal
subset solutions considered as pseudo-observations are used as the approximate
values to generate the dispersion matrix via the nonlinear error propagation
law/variance-covariance propagation (e.g. E. Grafarend and B. Schaffrin, 1993,
pp. 469–471) as follows:

From the nonlinear geodetic observation equations that have been converted into
its algebraic (polynomial) form, the combinatorial minimal subsets will consist
of polynomials f1; : : : ; fm 2 kŒx1; : : : ; xm� with fx1; : : : ; xmg being the unknown
variables (fixed parameters) to be determined and fy1; : : : ; yng the known variables
comprising the observations or pseudo-observations. We write the polynomials as
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f1 WD g.x1; : : : ; xm; y1; : : : ; yn/ D 0
f2 WD g.x1; : : : ; xm; y1; : : : ; yn/ D 0

:

:

:

fm WD g.x1; : : : ; xm; y1; : : : ; yn/ D 0

9>>>>>>>=
>>>>>>>;

(15.53)

which is expressed in matrix form as

f WD g.x;y/ D 0 (15.54)

where the unknown variables fx1; : : : ; xmg are placed in a vector x and the known
variables fy1; : : : ; yng are placed in the vector y. Next, we implement the error prop-
agation from the observations (pseudo-observations) fy1; : : : ; yng to the parameters
fx1; : : : ; xmg that are to be explicitly determined namely characterized by the first
moments, the expectation Efxg D �x and Efyg D �y , as well as the second
moments, the variance-covariance matrices/dispersion matrices Dfxg D ˙ x and
Dfyg D ˙ y . From E. Grafarend and B. Schaffrin (1993, pp. 470–471), we have up
to nonlinear terms

Dfxg D J�1
x J y˙ yJ

0
y.J

�1
x /

0 (15.55)

with J x;J y being the partial derivatives of (15.54) with respect to x,y respectively
at the Taylor points .�x;�y/. The approximate values of unknown parameters
fx1; : : : ; xmg 2 x appearing in the Jacobi matrices J x;J y are obtained from
Groebner bases or Multipolynomial resultants solution of the nonlinear system of
equations (15.53).

Given J i D J�1
xi
J yi from the i th combination and J j D J�1

xj
J yj from the j th

combinatorials, the correlation between the i th and j th combination is given by

˙ ij D J j˙ yj yiJ
0
i (15.56)

The sub-matrices variance-covariance matrix for the individual combinatorials
˙ 1;˙ 2;˙ 3; : : : ;˙ k (where k is the number of combinations ) obtained via
(15.55) and the correlations between combinatorials obtained from (15.56) form
the variance-covariance/dispersion matrix

˙ D

2
66666664

˙ 1 ˙ 12 : : : ˙ 1k

˙ 21 ˙ 2 : : : ˙ 2k

: ˙ 3

: :

: :

˙ k1 : : : ˙ k

3
77777775

(15.57)

for the entire k combinations. The obtained dispersion matrix ˙ is then used in the
linear Gauss–Markov model to obtain the estimates O� of the unknown parameters
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� with the combinatorial solution points in a polyhedron considered as pseudo-
observations in the vector y of observations while the design matrix A comprises
of integer values 1 being the coefficients of the unknowns as in (15.60). In order to
understand the adjustment process, we consider the following example.

Example 15.14.

Consider that one has four observations in three unknowns in a nonlinear problem.
Let the observations be given by fy1; y2; y3; y4g leading to four combinations giving
the solutions zI .y1; y2; y3/, zII .y2; y3; y4/, zIII .y1; y3; y4/ and zIV .y1; y2; y4/. If
the solutions are placed in a vector zJ D Œ zI zII zIII zIV �0; the adjustment model
is then defined as

EfzJ g D I12�3�3�1;DfzJ g from Variance=Covariance propagation: (15.58)

Let

�n D LzJ subject to zJ WD

2
664

zI
zII

zIII

zIV

3
775 2 R

12�1 (15.59)

such that the postulations trDf�ng D min i.e. “best” andEf�ng D � for all �n 2 R
m

i.e. “uniformly unbiased” holds. We then have from (15.57), (15.58) and (15.59) the
result

O� D .I 0
3�12˙ zJ I12�3/I 0

3�12˙�1
zJ zJ (15.60)

OL D argft rDf�ng D trL˙ yL
0 D min j UUEg

The dispersion matrix Df O�g of the estimates O� is obtained. The shift from
arithmetic weighted mean to the use of linear Gauss Markov model is necessitated
as we do not readily have the weights of the minimal combinatorial subsets
but their dispersion which we obtain via error propagation/Variance-Covariance
propagation. If we employ the equivalence theorem of E. Grafarend and B. Schaffrin
(1993, pp. 339–341), an adjustment using linear Gauss markov model instead of
weighted arithmetic mean is permissible.

Example 15.15. (error propagation for planar ranging problem):

Let us consider a simple case of the planar ranging problem. From an unknown
point P.X; Y / 2 E

2, let distances S1 and S2 be measured to two known points
P1.X1; Y1/ 2 E

2 and P2.X2; Y2/ 2 E
2 respectively. We have the distance equations

expressed as "
S21 D .X1 �X/2 C .Y1 � Y /2

S22 D .X2 �X/2 C .Y2 � Y /2
(15.61)
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which we express in algebraic form (15.53) as

2
4f1 WD .X1 �X/

2 C .Y1 � Y /2 � S21 D 0

f2 WD .X2 �X/2 C .Y2 � Y /2 � S22 D 0
: (15.62)

On taking total differential of (15.62) we have

2
66664

df1 WD 2.X1 � X/dX1 � 2.X1 � X/dX C 2.Y1 � Y /dY1�
�2.Y1 � Y /dY � 2S1dS1 D 0

df2 WD 2.X2 � X/dX2 � 2.X2 � X/dX C 2.Y2 � Y /dY2�
�2.Y2 � Y /dY � 2S2dS2 D 0

(15.63)

which on arranging the differential vector of the unknown terms fX; Y g D
fx1; x2g 2 x on the left hand side and that of the known terms fX1; Y1;X2; Y2; S1;
S2g D fy1; y2; y3; y4; y5; y6g 2 y on the right hand side leads to

J x

"
dX

dY

#
D J y

2
6666666664

dS1

dX1

dY1

dS2

dX2

dY2

3
7777777775

(15.64)

with

J x D

2
6664

@f1

@X

@f1

@Y

@f2

@X

@f2

@Y

3
7775 D

"�2.X1 � X/ �2.Y1 � Y /
�2.X2 � X/ �2.Y2 � Y /

#
(15.65)

and

J y D

2
6664

@f1

@S1

@f1

@X1

@f1

@Y1
0 0 0

0 0
@f2

@S2

@f2

@X2

@f2

@Y2

3
7775 D

D
"
2S1 �2.X1 �X/ �2.Y1 � Y / 0 0 0

0 0 0 2S2 �2.X2 �X/ �2.Y2 � Y /

#

3
777777777775

(15.66)



556 15 Algebraic Solutions of Systems of Equations

If we consider that

Dfxg D ˙ x D
"
�2X �XY

�YX �2Y

#
(15.67)

and

Dfyg D ˙ y D

2
6666666666664

�2S1 �S1X1 �S1Y1 �S1X2 �S1S2 �S1Y2

�X1S1 �2X1 �X1Y1 �X1S2 �X1X2 �X1Y2

�Y1S1 �Y1X1 �2Y1 �Y1S2 �Y1X2 �Y1Y2

�S2S1 �S2X1 �S2Y1 �2S2 �S2X2 �S2Y2

�X2S1 �X2X1 �X2Y1 �X2S2 �2X2 �X2Y2

�Y2S1 �Y2X1 �Y2Y1 �Y2S2 �Y2X2 �2Y2

3
7777777777775

(15.68)

we obtain with (15.64), (15.65) and (15.66) the dispersion (15.55) of the unknown
variables fX; Y g D fx1; x2g 2 x. The unknown values of fX; Y g D fx1; x2g 2 x
appearing in the Jacobi matrices (15.65) and (15.66) are obtained from Groebner
bases or Multipolynomial resultants solution of the nonlinear system of equa-
tions (15.61).

15-4 Examples

In this section, we present three examples from J.L. Awange and E.W. Grafarend
(2005) and J. L. Awange et al. (2010) based on geodetic problems of Minimum
Distance Mapping, GPS pseudo-ranging four-point P4P, and the 7-parameter
transformation.

Example 15.16. (Minimum distance mapping)

In order to relate a point P on the Earth’s topographic surface to a point on the
international reference ellipsoid E

2
a;a;b , a bundle of half straight lines so called

projection lines which depart from P and intersect E2a;a;b either not at all or in
two points are used. There is one projection line which is at minimum distance
relating P to p. Figure 15.1 is an illustration of such a minimum distance mapping.
Let us formulate such an optimization problem by means of the Lagrangean
£.x1; x2; x3; x4/ in Solution 15.1.
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Fig. 15.1 Minimum distance
mapping of a point P on the
Earth’s topographic surface to
a point p on the international
reference ellipsoid E

2
a;a;b

Solution 15.1 (Constraint minimum distance mapping in terms of Cartesian
coordinates).

£.x1; x2; x3; x4/ WD 1

2
kX � xk2 C 1

2
x4


b2.x21 C x22/C ax23 � a2b2

�

D 1

2
f.X � x1/2 C .Y � x2/2 C .Z � x3/2

Cx4


b2.x21 C x22/C ax23 � a2b2

�g

D min

.x1; x2; x3; x4/
(15.69)

x 2 X WD fx 2 R
3jx

2
1 C x22
a2

C x23
b2
D 1g DW E2a;a;b (15.70)

In the first case, the Euclidean distance between points P and p in terms of Cartesian
coordinates of P.X; Y;Z/ and of p.x1; x2; x3/ is represented. The Cartesian
coordinates .x1; x2; x3/ of the projection point P are unknown. The constraint that
the point p is an element of the ellipsoid of revolution

E
2
a;a;b WD fx 2 R

3jb2.x21 C x22/C a2x32 � a2b2 D 0;RC 3 a > b 2 R
Cg

is substituted into the Lagrangean by means of the Lagrange multiplier x4, which is
unknown too. f.x1̂ ; x2̂ ; x3̂ ; x4̂ / D argf£.x1; x2; x3; x4/ D ming is the argument
of the minimum of the constrained Lagrangean £.x1; x2; x3; x4/. The result of the
minimization procedure is presented by Lemma 15.10. Equation (15.71) provides
the necessary conditions to constitute an extremum: The normal equations are
of bilinear type. Products of the unknowns for instance x1x4; x2x4; x3x4 and
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squares of the unknowns, for instance x21 ; x
2
2 ; x

2
3 appear. Finally the matrix of

second derivatives H3 in (15.73) which is positive definite constitutes the sufficient
condition to obtain a minimum. Fortunately the matrix of second derivatives H3 is
diagonal. Using (15.72i–15.72iv), together with (15.75) leads to (15.76), which are
the eigenvalues of the Hesse matrix H3. These values are�1 D �2 D Xnx1̂ ;�3 D
Znx3̂ and must be positive.

Lemma 15.10 (Constrained minimum distance mapping).
The functional £.x1; x2; x3; x4/ is minimal, if the conditions (15.71) and
(15.73) hold.

@£

@xi
..x1̂ ; x2̂ ; x3̂ ; x4̂ // D 0 8 i=1,2,3,4: (15.71)

On taking partial derivatives with respect to xi , we have

2
66666666666666664

.i/
@£

@.x1̂ /
D �.X � x1̂ /C b2x1̂ x4̂ D 0

.ii/
@£

@.x2̂ /
D �.Y � x2̂ /C b2x2̂ x4̂ D 0

.iii/
@£

@.x3̂ /
D �.Z � x3̂ /C a2x3̂ x4̂ D 0

.iv/
@£

@.x4̂ /
D 1

2
Œb2.x^2

1 C x^2
2 /�C a2x^2

3 � a2b2 D 0

(15.72)

@2£

@xi @xj
.x1̂ ; x2̂ ; x3̂ ; x4̂ // > 0 8 i,j 2 f1,2,3g: (15.73)

H3 WD
�

@2£

@xi @xj
.x^/

�

D
2
4 1C b

2x4̂ 0

0 1C b2x4̂ 0

0 0 1C a2x4̂

3
5 2 R

3�3 (15.74)

“eigenvalues”

jH3 ��I3j D 0 ” (15.75)
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2
664
�1 D �2 WD 1C b2x4̂ D

X

x1̂
D Y

x2̂

�3 WD 1C a2x4̂ D
Z

x3̂

(15.76)

Without the various forward and backward reduction steps, we could automati-
cally generate an equivalent algorithm for solving the normal equations (15.72i)–
(15.72iv) in a closed form by means of Groebner basis approach.

Groebner basis computation of the normal equations (15.72i)–(15.72iv) leads to
14 elements presented in Solution 15.2 interpreted as follows: The first expression
is a univariate polynomial of order four (quartic) in the Lagrange multiplier, i.e.,

2
6666666666664

�

�

�

�

c4x
4
4 C c3x34 C c2x24 C c1x4 C co D 0

c4 D a6b6
c3 D .2a6b4 C 2a4b6/
c2 D .a6b2 C 4a4b4 C a2b6 � a4b2X2 � a4b2Y 2 � a2b4Z2/

c1 D .2a4b2 C 2a2b4 � 2a2b2X2 � 2a2b2Y 2 � 2a2b2Z2/

co D .a2b2 � b2X2 � b2Y 2 � a2Z2/:

(15.77)

With the admissible values x4 substituted in the linear equations (4),(8),(12) of the
computed Groebner basis, i.e.,

2
4 .1C a

2x4/x3 �Z
.1C b2x4/x2 � Y
.1C b2x4/x1 � X;

(15.78)

the values .x1; x2; x3/ D .x; y; z/ are finally produced.

Solution 15.2 (Groebner basis MDM solution; see Awange et al. 2010 for
further details and examples).

(1)

2
664
a2b2x44 C .2a6b4 C 2a4b6/x34 C .a6b2 C 4a4b4 C a2b6 � a4b2X2 � a4b2Y 2�
a2b4Z2/x24 CC.2a4b2 C 2a2b4 � 2a2b2X2 � 2a2b2Y 2 � 2a2b2Z2/x4

C.a2b2 � b2X2 � b2Y 2 � a2Z2/:

(2)
2
664
.a4Z � 2a2b2Z C b4Z/x3 � a6b6x34 � .2a6b4 C a4b6/x24
�.a6b2 C 2a4b4 � a4b2X2 � a4b2Y 2 � a2b4Z2/x4

�a2b4 C a2b2X2 C a2b2Y 2 C 2a2b2Z2 � b4Z2:
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(3) 2
664
.2b2Z C b4x4Z � a2Z/x3 C a4b6x34 C .2a4b4 C a2b6/x24
C.a4b2 C 2a2b4 � a2b2X2 � a2b2Y 2 � b4Z2/x4

Ca2b2 � b2X2 � b2Y 2 � 2b2Z2:

(4) .1C a2x4/x3 �Z

(5)
"
.a4 � 2a2b2 C b4/x23 C .2a2b2Z � 2b4Z/x3
�a4b6x24 � 2a4b4x4 � a4b2 C a2b2X2 C a2b2Y 2 C b4Z2/:

(6)
2
64
.2b2 � a2 C b4x4/x23 � a2Zx3 C a4b6x34 C .2a4b4 C 2a2b6/x24
CC .a4b2 C 4a2b4 � a2b2X2 � a2b2Y 2 � b4Z2/x4

C2a2b2 � 2b2X � 2bY 2 � 2b2Z2:

(7)
"
.X2 C Y 2/x2 C a2b4Yx24 C Y.a2b2 � b2x23 � b2Zx3/x4
CYx23 � Y 3 � YZx3 � YX2:

(8) .1C b2x4/x2 � Y

(9) a2x3 � b2x3 C b2Z/x2 � a2x3Y

(10) Yx1 �Xx2

(11) Xx1C a2b4x24 C .a2b2C b2x23 � b2Zx3/x4C x23 �Zx3 C Yx2 �X2 � Y 2:
(12) .1C b2x4/x1 � X

(13) .a2x3 � b2x3 C b2Z/x1 � a2Xx3

(14) x21Ca2b4x24C .2a2b2Cb2x23 �b2Zx3/x4C2x23 �2Zx3Cx22 �X2�Y 2:

Example 15.17. (GNSS positioning)

E. Grafarend and J. Shan (1996) have defined the GPS pseudo-ranging four-
point problem (“pseudo 4P”) as the problem of determining the four unknowns
comprising the three components of the receiver position and the stationary receiver
range bias from four observed pseudo-ranges to four satellite transmitter of given
geocentric position. Geometrically, the four unknowns are obtained from the
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intersection of four spherical cones given by the pseudo-ranging equations. Several
procedures have been put forward for obtaining closed form solution of the problem.
Amongst the procedures include the vectorial approach evidenced in the works of
S. Bancroft (1985), P. Singer et al. (1993), H. Lichtenegger (1995) and A. Kleusberg
(1994,1999). E. Grafarend and J. Shan (1996) propose two approaches.

One approach is based on the inversion of a 3 � 3 coefficient matrix of a
linear system formed by differencing of the nonlinear pseudo-ranging equations
in geocentric coordinates, while the other approach uses the coefficient matrix from
the linear system to solve the same equations in barycentric coordinates. In this
example we present both the approaches of Groebner bases and Multipolynomial
resultants (B. Sturmfel 1998 approach) to solve the same problem. We demonstrate
our algorithms by solving the GPS Pseudo-ranging four-point problem already
solved by A. Kleusberg (1994) and E. Grafarend and J. Shan (1996). Both the
Groebner basis and the Multipolynomial resultant solve the same linear equations
as those of E. Grafarend and J. Shan (1996) and lead to identical results (see also
J. L . Awange and E. Grafarend 2002). We start with the pseudo-ranging equations
written algebraically as

2
6666666666666666666664

.x1 � a0/2 C .x2 � b0/2 C .x3 � c0/2 � .x4 � d0/2 D 0

.x1 � a1/2 C .x2 � b1/2 C .x3 � c1/2 � .x4 � d1/2 D 0

.x1 � a2/2 C .x2 � b2/2 C .x3 � c2/2 � .x4 � d2/2 D 0

.x1 � a3/2 C .x2 � b3/2 C .x3 � c3/2 � .x4 � d3/2 D 0
where x1; x2; x3; x4 2

.a0; b0; c0/ D .x0; y0; z0/ � P0

.a1; b1; c1/ D .x1; y1; z1/ � P1

.a2; b2; c2/ D .x2; y2; z2/ � P2

.a3; b3; c3/ D .x3; y3; z3/ � P3

(15.79)

with
˚
P0; P 1; P 2; P 3

�
being the position of the four GPS satellites, their ranges to

the stationary receiver at P given by fd0; d1; d2; d3g. The parameters

.fa0; b0; c0g ; fa1; b1; c1g ; fa2; b2; c2g ; fa3; b3; c3g ; fd0; d1; d2; d3g/

are elements of the spherical cone that intersect at P to give the coordinates
fx1; x2; x3g of the receiver and the stationary receiver range bias x4. The equations
above is expanded and arranged in the lexicographic order fx1 > x2 > x3 > x4g
and re-written with the linear terms on one side and the nonlinear terms on the other
as (Awange and Grafarend 2005; Awange et al. 2010)
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2
6666664

x21 C x22 C x23 � x24 D 2a0x1 C 2b0x2 C 2c0x3 � 2d0x4 C d20 � a20 � b20 � c20
x21 C x22 C x23 � x24 D 2a1x1 C 2b1x2 C 2c1x3 � 2d1x4 C d21 � a21 � b21 � c21
x21 C x22 C x23 � x24 D 2a2x1 C 2b2x2 C 2c2x3 � 2d2x4 C d22 � a22 � b22 � c22
x21 C x22 C x23 � x24 D 2a3x1 C 2b3x2 C 2c3x3 � 2d3x4 C d23 � a23 � b23 � c23 :

(15.80)

On subtracting (15.80 iv) from (15.80 i), (15.80 ii), and (15.80 iii), to three equations
which are linear with four unknowns are derived (see, e.g., Awange et al. 2010,
p. 177). Treating the unknown variable x4 as a constant, both Groebner bases and
the Multipolynomial resultant techniques are applied to solve the linear system of
equation for x1 D g.x4/; x2 D g.x4/; x3 D g.x4/, where g.x4/ is a univariate
polynomial (see Awange and Grafarend 2005 or Awange et al 2010, pp. 177–180
for further details).

Example 15.18. (7-parameter datum transformation)

Consider a case where coordinates have been given in two systems, A and B.
For clarity purposes, let us assume the two coordinate systems to be e.g., photo
image coordinates in system A and ground coordinates in system B. The ground
coordinates fXi; Yi ; Zi ji; : : : ; ng of the objects are obtained from, say, GPS mea-
surements. Given the photo coordinates fai D xi ; bi D yi ; ci D �f ji; : : : ; ng and
their equivalent ground coordinates fXi; Yi ; Zi ji; : : : ; ng, the 7-parameter datum
transformation problem concerns itself with determining;

(1) The scale parameter x1 2 R

(2) Three translation parameters x2 2 R
3

(3) The rotation matrix X3 2 R
3�3 comprising three rotation elements.

Once the listed unknowns have been determined, coordinates can subsequently be
transformed from one system onto another. The nonlinear equations relating these
unknowns and coordinates from both systems are given by

2
4aibi
ci

3
5 D x1X3

2
4XiYi
Zi

3
5C x2 j i D 1; 2; 3; : : : ; n; (15.81)

subject to

�

�

�

�

X0
3X3 D I3 : (15.82)

In (15.81), fai ; bi ; ci g and fXi; Yi ; Zi g are the coordinates of the same points, e.g.,
in both photo and ground coordinate systems respectively. The determination of the
unknowns x1 2 R, x2 2 R

3, X3 2 R
3�3 require a minimum of three points in both
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systems whose coordinates are known. Owing to the nonlinearity of (15.81), the
solutions have always been obtained using a least squares approach iteratively. With
this approach, (15.81) is first linearized and some initial approximate starting values
of the unknown parameters used. The procedure then iterates, each time improving
on the solutions of the preceding iteration step. This is done until a convergence
criteria is achieved.

Where the rotation angles are small e.g., in photogrammetry, the starting values
of zeros are normally used. In other fields such as geodesy, the rotation angles
are unfortunately not small enough to be initialized by zeros, thereby making the
solution process somewhat difficult and cumbersome. Bad choices of initial starting
values often lead to many iterations being required before the convergence criteria
is achieved. In some cases, where the initial starting values are far from those
of the unknown parameters, iteration processes may fail to converge. With these
uncertainties in the initial starting values, the cumbersomeness of the linearization
and iterations, procedures that would offer an exact solution to the 7-parameter
datum transformation problem would be desirable. To answer this challenge, we
propose algebraic approaches whose advantages over the approximate numerical
methods have already been mentioned.

Apart from the computational difficulties associated with numerical procedures,
the 7-parameter datum transformation problem poses another challenge to existing
algorithms. This is, the incorporation of the variance-covariance (weight) matrices
of the two systems involved. In practice, users have been forced to rely on
iterative procedures and linearized least squares solutions which are incapable
of incorporating the variance-covariance matrices of both systems in play. This
challenge is addressed algebraically in J.L. Awange and E.W. Grafarend (2005) or
J.L. Awange et al. (2010, Chap. 17).

15-5 Notes

The current known techniques for solving nonlinear polynomial equations can be
classified into symbolic, numeric and geometric methods (D. Manocha 1994c).
Symbolic methods, discussed in this chapter for solving closed form geodetic
problems, apply the Groebner bases and the Multipolynomial resultants techniques
to eliminate several variables in a multivariate system of equations in such a
manner that the end product often consist of univariate polynomials whose roots
can be determined by existing programs, however, such as the roots command in
MATLAB. The current available programs however are efficient only for sets of
low degree polynomial systems consisting of upto three to four polynomials due to
the fact that computing the roots of the univariate polynomials can be ill conditioned
for polynomials of degree greater than 14 or 15 (D. Manocha 1994c).

Elaborate literature on Groebner bases can be found in the works of
B. Buchberger (1965, 1970), J. H. Davenport et al. (1988, pp. 95–103), F. Winkler
(1996), D. Cox et al. (1997, pp.47-99), H. M. Mller (1998), W. V. Vasconcelos
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(1998), T. Becker and V. Weispfenning (1993,1998), B. Sturmfels (1996), G. Pistone
and H. P. Wynn (1996), D. A. Cox (1998) and D. Cox et al.(1998, pp. 1–50), while
literature on Multipolynomial resultants procedure include the works of G. Salmon
(1876), F. Macaulay (1902, 1921), A. L. Dixon (1908), B. L. van Waerden (1950),
C. Bajaj et al. (1988), J. F. Canny (1988), J. F. Canny et al. (1989), I. M. Gelfand
et al. (1990), J. Weiss (1993), D. Manocha (1992, 1993, 1994a,b,c, 1998),
D. Manocha and J. F. Canny (1991, 1992, 1993), I. M. Gelfand et al. (1994),
G. Lyubeznik (1995), S. Krishna and D. Manocha (1995), J. Guckenheimer
et al.(1997), B. Sturmfels (1994, 1998), E. Cattani et al. (1998) and D. Cox
et al. (1998, pp.71–122). Besides the Groebner bases and resultant techniques,
there exists another approach for variable elimination developed by WU Wen Tsün
(W. T. Wu 1984) using the ideas proposed by J. F. Ritt (1950). This approach is based
on Ritts characteristic set construction and was successfully applied to automated
geometric theorem by Wu. This algorithm is referred by X. S. Gao and S. C. Chou
(1990) as the Ritt-Wu’s algorithm (D. Manocha and F. Canny 1993). C. L. Cheng
and J. W. Van Ness (1999) have presented polynomial measurement error models.

Numeric methods for solving polynomials can be grouped into iterative and
homotopy methods. For homotopy we refer to A. P. Morgan (1992). Also in this
category are geometric methods which have found application in curve and surface
intersection whose convergence are however said to be slow (D. Manocha 1994c).
In general, for low degree curve intersection, the algebraic methods have been found
to be the fastest in practice. In Sect. 15-312 and 15-313 we present in a nut shell the
theories of Groebner bases and Multipolynomial resultants.

The problem of nonlinear adjustment in Geodesy as in other fields continues
to attract more attention from the modern day researchers as evidenced in the
works of R. Mautz (2001) and L. Guolin (2000) who presents a procedure that
tests using the F-distribution whether a nonlinear model can be linearized or not.
The solution to the minimization problem of the nonlinear Gauss–Markov model
unlike its linear counter part does not have a direct method for solving it and as
such, always relies on the iterative procedures such as the Steepest-descent method,
Newton’s method and the Gauss-Newton’s method discussed by P. Teunissen
(1990). In particular, P. Teunissen (1990) recommends the Gauss-Newton’s method
as it exploits the structure of the objective function (sum of squares) that is to be
minimized. P. Teunissen and E. H. Knickmeyer (1988) considers in a statistical
way how the nonlinearity of a function manifests itself during the various stages of
adjustment. E. Grafarend and B. Schaffrin (1989, 1991) while extending the work of
T. Krarup (1982) on nonlinear adjustment with respect to geometric interpretation
have presented the necessary and sufficient conditions for least squares adjustment
of nonlinear Gauss–Markov model and provided the geometrical interpretation of
these conditions.

Other geometrical approaches include the works of G. Blaha and R. P. Besette
(1989) and K. Borre and S. Lauritzen (1983) while non geometrically treatment
of nonlinear problems have been presented by K. K. Kubik (1967), T. Saito
(1973), H. J. Schek and P. Maier (1976), A. Pope (1982) and H. G. Bähr (1988).
A comprehensive review to the iterative procedures for solving the nonlinear



15-5 Notes 565

equations is presented in the work of P. Lohse (1994). M. Gullikson and I. Sderkvist
(1995) have developed algorithms for fitting surfaces which have been explicitly or
implicitly defined to some measured points with negative weights being acceptable
by the algorithm.

Our approach in the present chapter goes back to the work of C. F. Gauss
(Published posthumously e.g. Awange et al. 2010) and C. G. I. Jacobi (1841).
Within the framework of arithmetic mean, C. F. Gauss and C. G. I. Jacobi (1841)
suggest that given n linear(ized) observation equations with m unknowns .n > m/;
� combinations, each consisting ofm equations be solved for the unknown elements
and the weighted arithmetic mean be applied to get the final solution. Whereas
C.F. Gauss proposes weighting by using the products of the square of the measured
distances from the unknown point to known points and the distances of the side
of the error triangles, C. G. I. Jacobi (1841) proposed the use of the square of the
determinants as weights. In tracing the method of least squares to the arithmetic
mean, A. T. Hornoch (1950) shows that the weighted arithmetic mean proposed by
C. G. I. Jacobi (1841) leads to the least squares solution only if the weights used
are the actual weights and the pseudo-observations formed by the combinatorial
pairs are uncorrelated. Using a numerical example, S. Wellisch (1910, pp. 41–49)
has shown the results of least squares solution to be identical to those of the Gauss–
Jacobi combinatorial algorithm once proper weighting is applied.

P. Werkmeister (1920) illustrated that for planar resection case with three
directional observations from the unknown point to three known stations, the area
of the triangle (error figure) formed by the resulting three combinatorial coordinates
of the new point is proportional to the determinant of the dispersion matrix of the
coordinates of the new station. In this chapter, these concepts of the combinatorial
linear adjustment were extended to nonlinear adjustment. Awange and Grafarend
(2005) illustrated using a leveling network and planar ranging problem that the
results of Gauss–Jacobi combinatorial algorithm are identical to those of linear
Gauss–Markov model if the actual variance-covariance matrices are used.

To test the algebraic computational tools of Groebner bases and Multipoly-
nomial resultants, geodetic problems of Minimum Distance Mapping and GNSS
pseudo-ranging four-point P4P, and 7-parameter transformation were solved. The
procedures are, however, not limited only to these three examples but have been
shown, e.g., in J.L . Awange and E.W. Grafarend (2005) and J. L . Awange et al.
(2010) to be applicable to many problems in geodesy and geoinformatics. An
example is the classical problem of resection. In general, the search towards the
solution of the three-dimensional resection problem traces its origin to the work of
a German mathematician J. A. Grunert (1841) whose publication appeared in the
year 1841. J. A. Grunert (1841) solved the three-dimensional resection problem
– what was then known as the “Pothenot’s” problem – in a closed form by
solving an algebraic equation of degree four. The problem had hitherto been solved
by iterative means mainly in Photogrammetry and Computer Vision. Procedures
developed later for solving the three-dimensional resection problem revolved around
the improvements of the approach of J. A. Grunert (1841) with the aim of searching
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for the optimal means of distances determination. Whereas J. A. Grunert (1841)
solves the problem by substitution approach in three steps, the more recent desire
has been to solve the distance equations in lesser steps as exemplified in the works of
S. Finsterwalder and W. Scheufele (1937), E. L . Merritt (1949), M. A. Fischler and
R. C. Bolles (1981), S. Linnainmaa et al. (1988) and E. Grafarend, P. Lohse and B.
Schaffrin (1989). Other research done on the subject of resection include the works
of F. J. Mller (1925), E. Grafarend and J. Kunz (1965), R. Horaud et al. (1989), P.
Lohse (1990), and E. Grafarend and J. Shan (1997a, 1997b). An extensive review
of some of the procedures above are presented by F. J. Müller (1925) and R. M.
Haralick et al. (1991, 1994).

R. M. Haralick et al. (1994) reviewed the performance of six direct solutions
(J. A. Grunert 1841, S. Finsterwalder and W. Scheufele 1937, E. L. Merritt 1949,
M. A. Fischler and R. C. Bolles 1981, Linnainmaa et al. 1988, and E. Grafarend,
P. Lohse and B. Schaffrin 1989) with the aim of evaluating the numerical stability
of the solutions and the effect of permutation within the various solutions. All
the six approaches follow the outline adopted by J. A. Grunert (1841) with the
major differences being the change in variables, the reduction of these variables,
and the combination of different pairs of equations. The study revealed that the
higher the order of the polynomials, the more complex the computations became and
thus the less accurate the solutions were due numerical instabilities. Consequently,
S. Finsterwalder’s (SF) procedure which solves a third order polynomial is ranked
first, J. A Grunert (JG), Fischler and Bolles (FB), and Grafarend et al. (GLS)
solutions are ranked second, Linnainmaa et al. solution which generates an eighth
order polynomial is ranked third. Though it does not solve the eight order poly-
nomial, the complexity of the polynomial is still found to be higher than those
of the other procedures. An amazing result is that of Merritt’s procedure which
is ranked last despite the fact that it is a fourth order polynomial and is similar to
Grunert’s approach except for the pairs of equations used. R. M. Haralick et al.
(1994) attributes the poor performance of Merritt’s procedure to the conversion
procedure adopted by E. L Merritt (1949) in reducing the equations from forth
to third order. For planar resection problem, solutions have been proposed e.g. by
D. Werner (1913), G. Brandsttter (1974) and J. van Mierlo (1988).

Overdetermined planar resection problem has been treated graphically by
E. Hammer (1896), C. Runge (1900), P. Werkmeister (1916) and P. Werkmeister
(1920). E. Gotthardt (1940,1974) dealt with the overdetermined two-dimensional
resection where more than four points were considered with the aim of studying the
critical configuration that would yield a solution. The work was later to be extended
by K. Killian (1990). A special case of an overdetermined two-dimensional resection
has also been considered by H. G. Bähr (1991) who uses six known stations and
proposes the measuring of three horizontal angles which are related to the two
unknown coordinates by nonlinear equations. By adopting approximate coordinates
of the unknown point, an iterative adjustment procedure is performed to get the
improved two-dimensional coordinates of the unknown point. It should be noted
that the procedure is based on the coordinate system of the six known stations.
K. Rinner (1962) has also contributed to the problem of overdetermined two-
dimensional resection.
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In order to relate a point on the Earth’s topographical surface uniquely (one-
to-one) to a point on the International Reference Ellipsoid, E. Grafarend and
P. Lohse (1991) have proposed the use of the Minimum Distance Mapping (i.e.,
Example 15.16). Other procedures that have been proposed are either iterative,
approximate “closed”, closed or higher order equations. Iterative procedures include
the works of N. Bartelme and P. Meissl. (1975), W. Benning (1987), K. M. Borkowski
(1987, 1989), N. Croceto (1993), A. Fitzgibbon et al. (1999), T. Fukushima (1999),
W. Gander et al. (1994), B. Heck (1987), W. Heiskannen and H. Moritz (1976),
R. Hirvonen and H. Moritz (1963), P. Loskowski (1991), K. C. Lin and J. Wang
(1995), M. K. Paul (1973), L. E. Sjoeberg (1999), T. Soler and L. D. Hothem (1989),
W. Torge (1976), T. Vincenty (1978) and R. J. You (2000).

Approximate “closed” procedures include B. R. Bowring (1976, 1985), A. Fotiou
(1998), B. Hofman-Wellenhof et al. (1992), M. Pick (1985) and T. Vincenty
(1980), while closed procedures include W. Benning (1987), H. Frhlich and
H. H. Hansen (1976), E. Grafarend et al. (1995) and M. Heikkinen (1982).
Procedures that required the solution of higher order equations include M. Lapaine
(1990), M. J. Ozone (1985), P. Penev (1978), H. Snkel (1976), and P. Vaniceck and
E. Krakiwski (1982). In this chapter, the Minimum Distance Mapping problem is
solved using the Groebner bases approach. A univariate polynomial of fourth order
is obtained together with 13 other elements of the Groebner basis. The obtained
univariate polynomial and the linear terms are compared to those of E. Grafarend
and P. Lohse (1991). Other reference include E. Grafarend and W. Keller (1995) and
Mukherjee, K. (1996)

The GNSS four-point pseudo-ranging problem presented in Example 15.17 is
concerned with the determination of the coordinates of a stationary receiver together
with its range bias. Several closed form procedures have been put forward for
obtaining closed form solution of the problem. Amongst the procedures include
the vectorial approach as evidenced in the works of L. O. Krause (1987), J. S. Abel
and J. W. Chaffee (1991), P. Singer et al. (1993), J. W. Chaffee and J. S. Abel (1994),
H. Lichtenegger (1995) and A. Kleusberg (1994, 1999). E. Grafarend and J. Shan
(1996) propose two approaches; one approach is based on a closed form solution
of the nonlinear pseudo-ranging equations in geocentric coordinates while the other
approach solves the same equations in barycentric coordinates.

S. C. Han et al. (2001) have developed an algorithm for very accurate absolute
positioning through Global Positioning System (GPS) satellite clock estimation
while S. Bancroft (1985) provides an algebraic closed form solution of the overdeter-
mined GPS pseudo-ranging observations. In this chapter we solved using Groebner
basis and Multipolynomial resultants GPS four-point pseudo-ranging problem. For
literature on three-dimensional positioning models, we refer to E. W. Grafarend
(1975), V. Ashkenazi and S, Grist (1982), G. W. Hein (1982a, 1982b), J. Zaiser
(1986), F. W. O. Aduol (1989), U. Klein (1997) and S. M. Musyoka 1999).

In J.L. Awange and E.W. Grafarend (2005) and J. L. Awange et al. (2010),
two case studies; the conversion of the geocentric GPS points for the Baltic Sea
level Project into the Gauss–Jacobi ellipsoidal coordinates and the determination of
the seven datum transformation parameters are presented. Datum transformation
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models have been dealt with e.g. in E. Grafarend, F. Okeke (1998), F. Krumm
and F. Okeke (1995), E. Grafarend and F. Okeke (1998) and E. Grafarend and R.
Syffus (1998).

In summary, this chapter has demonstrated the power of the algebraic com-
putational tools of Groebner bases and the Multipolynomial resultants in solving
selected geodetic problems. In the case of the minimal combinatorial set, we have
demonstrated how the problems of minimum distance mapping (Example 15.16)
and the pseudo-ranging four-point problem (Example 15.17) could be solved
in a closed form using either Groebner bases approach or the Multipolynomial
resultants approach. We have succeeded in demonstrating that by converting
the nonlinear observation equations of the selected geodetic problems above
into algebraic (polynomials), the multivariate system of polynomial equations
relating the unknown variables (indeterminate) to the known variables can be
reduced into polynomial equations consisting of a univariate polynomial once
lexicographic monomial ordering is specified. We have therefore managed to
provide symbolic solutions to the problems of 7-parameter transformation, minimum
distance mapping and the GPS pseudo-ranging four-point P4P by obtaining in
each case a univariate polynomial that can readily be solved numerically once
the observations are available. Although the algebraic techniques of Groebner
bases and Multipolynomial resultants were applied to these selected geodetic
problems, the tools can be used to solve explicitly any closed form problem in
Geodesy. The only limitation may be the storage and computational speed of the
computers when compounded with problems involving many variables. The ability
of the algebraic tools (Groebner bases and the Multipolynomial resultants) to
solve closed form solutions gave the Gauss–Jacobi combinatorial algorithm the
required operational engine as evidenced in the solution of the overdetermined
GPS pseudo-ranging problem in J.L . Awange and E.W. Grafarend (2005) and J.
L . Awange et al. (2010) where the solutions are obtained without reverting to
iterative or linearization procedures. The results of J.L. Awange and E.W. Grafarend
(2005) and J. L . Awange et al. (2010) compared well with the solutions obtained
using the linearized Gauss–Markov model giving legitimacy to the Gauss–Jacobi
combinatorial procedure.

For the case studies (see e.g., J.L. Awange and E.W. Grafarend (2005) and
J. L . Awange et al. (2010)), the Groebner bases algorithm successfully determines
explicitly the 7-parameters of the datum transformation problem and shows the scale
parameter to be represented by a univariate polynomial of fourth order while the
rotation parameters are represented by linear functions comprising the coordinates
of the two systems and the scale parameter. The admissible value of the scale is
readily obtained by solving the univariate polynomial and restricting the scale to a
positive real value x1 2 R:C This eliminates the negative components of the roots
and the complex values. The admissible value x1 2 R

C of the scale parameter is
chosen and substituted in the linear functions that characterize the three elements of
the skew-symmetric matrix S leading to the solution of the elements of the rotation
matrix X 3. The translation elements are then deduced from the transformation
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equation. The advantage of using the Groebner bases algorithm is the fact that
there exists no requirement for prior knowledge of the approximate values of the
7-transformation parameters as is usually the case.

The Groebner bases algorithm managed to solve the Minimum Distance Map-
ping problem and in so doing, enabling the mapping of points from the topograph-
ical surface to the International Reference Ellipsoid of Revolution. The univariate
polynomial obtained was identical to that obtained by Grafarend and Lohse (1991).
This implies that the algebraic tools of Groebner bases and the Multipolynomial
resultants can also be used to check the validity of existing closed form procedures
in Geodesy.

The Gauss–Jacobi combinatorial algorithm highlighted one important fact
while solving the overdetermined 7 parameter transformation problem; that the
stochasticity of both systems involved can be taken into account. This has been
the bottleneck of the problem of 7-datum transformation parameters.



Appendix A
Tensor Algebra, Linear Algebra, Matrix
Algebra, Multilinear Algebra

The key word “algebra” is derived from the name and the work
of the nineth-century scientist Mohammed ibn Mûsâ al-Khowârizmi
who was born in what is now Uzbekistan and worked in Bagdad at
the court of Harun al-Rashid’s son. “al-jabr” appears in the title of
his book Kitab al-jabr wail muqabala where he discusses symbolic
methods for the solution of equations, K. Vogel: Mohammed Ibn
Musa Alchwarizmi’s Algorismus; Das forested Lehrbuch zum Rechnen
mit indischen Ziffern, 1461, Otto Zeller Verlagsbuchhandlung, Aalen
1963). Accordingly what is an algebra and how is it tied to the notion
of a vector space, a tensor space, respectively? By an algebra we
mean a set S of elements and a finite set M of operations. Each
operation .opera/k is a single-valued function assigning to every finite
ordered sequence .x1; : : : ; xn/ of n D n.k/ elements of S a value
.opera/k .x1; : : : ; xk/ D xl in S. In particular for .opera/k.x1; x2/ the
operation is called binary, for .opera/k.x1; x2; x3/ ternary, in general
for .opera/k.x1; : : : ; xn/ n-ary. For a given set of operation symbols
.opera/1, .opera/2; : : :, .opera/k we define a word. In linear algebra
the set M has basically two elements, namely two internal relations
.opera/1 worded “addition” (including inverse addition: subtraction)
and .opera/2 worded “multiplication” (including inverse multiplication:
division). Here the elements of the set S are vectors over the field R

of real numbers as long as we refer to linear algebra. In contrast, in
multilinear algebra the elements of the set S are tensors over the field
of real numbers R. Only later modules as generalizations of vectors of
linear algebra are introduced in which the “scalars” are allowed to be
from an arbitrary ring rather than the field R of real numbers.

Let us assume that you as a potential reader are in some way familiar with the
elementary notion of a threedimensional vector space Xwith elements called vectors
x 2 R

3, namely the intuitive space “ we locally live in”. Such an elementary vector
space X is equipped with a metric to be referred to as threedimensional Euclidean.

E. Grafarend and J. Awange, Applications of Linear and Nonlinear Models,
Springer Geophysics, DOI 10.1007/978-3-642-22241-2,

571
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As a real threedimensional vector space we are going to give it a linear and
multilinear algebraic structure. In the context of structure mathematics based upon

(a) Order structure
(b) Topological structure
(c) Algebraic structure

an algebra is constituted if at least two relations are established, namely one
internal and one external. We start with multilinear algebra, in particular with the
multilinearity of the tensor product before we go back to linear algebra, in particular
to Clifford algebra.

A-1 Multilinear Functions and the Tensor Space Tpq

Let X be a finite dimensional linear space, e.g. a vector space over the field R of real
numbers, in addition denote by X

� its dual space such that n D dimX D dimX
�.

Complex, quaternion and octonian numbersC, H and O as well as rings will only be
introduced later in the context. For p; q 2 Z

C being an element of positive integer
numbers we introduce

T
p
q .X;X

�/

as the p-contravariant, q-covariant tensor space or space of multilinear functions

f W X� � : : : � X
� � X � : : : �X �! R

p dimX��q dimX :

If we assume x1; : : : ;xp 2 X
� and x1; : : : ;xq 2 X, then

�

�

�

�

x1 ˝ : : :˝ xp ˝ x1 ˝ : : :˝ xq 2 T
p
q .X

�;X/

holds. Multilinearity is understood as linearity in each variable. “˝” identifies
the tensor product, the Cartesian product of elements .x1; : : : ;xp;x1; : : : ;xq/.

�

�

�

	

Example A.1: Bilinearity of the tensor product x1 ˝ x2
For every x1;x2 2 X, x;y 2 X and r 2 R bilinearity implies

.x C y/˝ x2 D x ˝ x2 C y ˝ x2 .internal left-linearity/
x1 ˝ .x C y/ D x1 ˝ x C x1 ˝ y .internal right-linearity/
rx ˝ x2 D r.x ˝ x2/ .external left-linearity/
x1 ˝ ry D r.x1 ˝ y/ .external right-linearity/: |
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The generalization of bilinearity of x1 ˝ x2 2 T
0
2 to multilinearity of

x1 ˝ : : :˝ xp ˝ x1 ˝ : : :˝ xq 2 T
p
q

is obvious.

Definition A.1. (multilinearity of tensor space T
p
q ):

For every x1; : : : ;xp 2 X
� and x1; : : : ;xq 2 X as well as u; v 2 X

�, x;y 2 X

and r 2 R multilinearity implies

.uC v/˝ x2 ˝ : : :˝ xp ˝ x1 ˝ : : :˝ xq
D u˝ x2 ˝ : : :˝ xp ˝ x1 ˝ : : :˝ xq C v˝ x2 ˝ : : :˝ xp ˝ x1
˝ : : :˝ xq .internal left-linearity/

x1 ˝ : : :˝ xp ˝ .x C y/˝ x2 ˝ : : :xq
D x1 ˝ : : :˝ xp ˝ x ˝ x2 ˝ : : :˝ xq C x1 ˝ : : :˝ xp ˝ y ˝ x2
˝ : : :˝ xq .internal right-linearity/

ru˝ x2 ˝ : : :˝ xp ˝ x1 ˝ : : :˝ xq
D r.u˝ x2 ˝ : : :˝ xp ˝ x1 ˝ : : :˝ xq/ .external left-linearity/

x1 ˝ : : :˝ xp ˝ rx ˝ x2 ˝ : : :˝ xq
D r.x1 ˝ : : :˝ xp ˝ x ˝ x2 ˝ : : :˝ xq/ .external right-linearity/:

A possible way to visualize the different multilinear functions which span
fT00;T10;T01;T20;T11;T02; : : : ;Tpq g is to construct a hierarchical diagram or a special
tree as follows.

{0}∈   0
0S

x1
 ∈   10 x1 ∈   1

0

x1⊗ x2∈   0
2 x1 ⊗ x1 ∈   11 x1 ⊗ x2 ∈   2

0

x1 ⊗ x2 ⊗ x3∈   30 ; x1 ⊗ x2 ⊗ x1 ∈   21 ; x1 ⊗ x2 ⊗ x1∈   1
2; x1 ⊗ x2 ⊗ x3 ∈   03
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When we learnt first about the tensor product symbolised by “˝” as well as its
multilinearity we were left with the problem of developing an intuitive under-
standing of x1 ˝ x2 , x1 ˝ x1 and higher order tensor products. Perhaps it is
helpful to represent ”the involved vectors” in a contravariant or in a covariant
basis. For instances, x1 D e1x1 C e2x2 C e3x3 or x1 D e1x1 C e2x2 C e3x3 is
a left representation of a three-dimensional vector in a 3-left basis fe1; e2; e3gl of
contravariant type or in a 3-left basis fe1; e2; e3gl of covariant type. Think in terms of
x1 or x1 as a three-dimensional position vector with right coordinates fx1; x2; x3g or
fx1; x2; x3g , respectively. Since the intuitive algebras of vectors is commutative we
may also represent the three-dimensional vector in a in a 3-right basis fe1; e2; e3gr
of contravariant type or in a 3-right basis fe1; e2; e3gr of covariant type such that
x1 D x1e1 C x2e2 C x3e3 or x1 D x1e1 C x2e2 C x3e3 is a right representation
of a three-dimensional position vector which coincides with its left representation
thanks to commutativity. Further on, the tensor product x ˝ y enjoys the left and
right representations

�
e1x1 C e2x2 C e3x3

�˝ �e1y1 C e2y2 C e3y3
� D

3X
iD1

3X
jD1

ei ˝ ej xi yj

and

�
x1e1 C x2e2 C x3e3

�˝ �y1e1 C y2e2 C y3e3� D
3X
iD1

3X
jD1

xiyj ei ˝ ej

which coincides again since we assumed a commutative algebra of vectors. The
product of coordinates .xiyj /; i; j 2 f1; 2; 3g is often called the dyadic product.
Please do not miss the alternative covariant representation of the tensor product
x˝ y which we introduced so far in the contravariant basis, namely

�
e1x1 C e2x2 C e3x3

�˝ �e1y1 C e2y2 C e3y3
� D

3X
iD1

3X
jD1

ei ˝ ej xi yj

of left type and

�
x1e1 C x2e2 C x3e3

�˝ �y1e1 C y2e2 C y3e3� D
3X
iD1

3X
jD1

xi yj ei ˝ ej

of right type. In a similar way we produce

x˝ y˝ z D
3;3;3X
i;j;kD1

ei ˝ ej ˝ ekxiyj zk D
3;3;3X
i;j;kD1

xi yj zkei ˝ ej ˝ ek

of contravariant type and
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x˝ y˝ z D
3;3;3X
i;j;kD1

ei ˝ ej ˝ ekxiyj zk D
3;3;3X
i;j;kD1

xi yj zkei ˝ ej ˝ ek

of covariant type. “Mixed covariant-contravariant” representations of the tensor
product x1 ˝ y1 are

x1 ˝ y1 D
3X
iD1

3X
jD1

ei ˝ ejxiyj D
3X
iD1

3X
jD1

xiyj ei ˝ ej

or

x1 ˝ y1 D
3X
iD1

3X
jD1

ei ˝ ejxiyj D
3X
iD1

3X
jD1

xiyj ei ˝ ej :

In addition, we have to explain the notion x1 2 X
�; x1 2 X: While the vector x1 is

an element of the vector space X , x1 is an element of its dual space. What is a dual
space? Indeed the dual space X

� is the space of linear functions over the elements
of X. For instance, if the vector space X is equipped with inner product, namely
hei je j i D gij ; i; j 2 f1; 2; 3g, with respect to the base vectors fe1; e2; e3g which
span the vector space X, then

ej D
3X
iD1

ei gij

transforms the covariant base vectors fe1; e2; e3g into the contravariant base vectors
fe1; e2; e3g D span X

� by means of Œgij � D G�1, the inverse of the matrix Œgij � D
G 2 R

3�3 . Similarly the coordinatesgij of the metric tensor g are used for “raising”
or “lowering” the indices of the coordinates xi ; xj , respectively, for instance

xi D
3X

jD1
gij xj ; xi D

3X
jD1

gij x
j :

In a finite dimensional vector space, the power of a linear space X and its dual
X
? does not show up. In contrast, in an infinite dimensional vector space X the

dual space X
? is the space of linear functionals which play an important role

in functional analysis. While through the tensor product “˝” which operated on
vectors, e.g. x˝ y, we constructed the p-contravariant, q-covariant tensor space or
space of multilinear functions Tpq .X;X�/ , e.g. T20;T

0
2;T

1
1 , we shall generalise the

representation of the elements of Tpq by means of

f D
nDdim X

�X
i1;:::;ipD1

ei1 ˝ : : :˝ eipfi1:::ip 2 T
p
0
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f D
nDdim X

�X
i1;:::;iqD1

ei1 ˝ : : :˝ eiqf
i1:::iq 2 T

0
q

f D
nDdim X

�X
i1;:::;ipD1

nDdim XX
j1;:::;jqD1

ei1 ˝ : : :˝ eip ˝ ej1 ˝ : : :˝ ejqf
i1;:::;ip
j1;:::;jq

2 T
p
q

for instance

f D
3X

i;jD1
ei ˝ ej fij D

3X
i;jD1

fij ei ˝ ej 2 T
2
0

f D
3X

i;jD1
ei ˝ ej f ij D

3X
i;jD1

f ij ei ˝ ej 2 T
0
2

f D
3X

i;jD1
ei ˝ ej f i

j D
3X

i;jD1
f i
j ei ˝ ej 2 T

1
1

We have to emphasize that the tensor coordinates fi1;:::;ip ; f
i1;:::;iq , f

i1;:::;ip
j1;:::;jp

are no
longer of dyadic or product type. For instance, for

�

�

�

�
(2,0)-tensor : bilinear functions:

f D
nX

i;jD1
ei ˝ ej fij D

nX
i;jD1

fij ei ˝ ej 2 T
2
0

fij ¤ fifj
�

�

�

�
(2,1)-tensor : trilinear functions:

f D
nX

i;j;kD1
ei ˝ ej ˝ ekf k

ij D
nX

i;jD1
f k
ij ei ˝ ej ˝ ek 2 T

2
1

f k
ij ¤ fifj f k

�

�

�

�

(3,1)-tensor : ternary functions:

f D
nX

i;j;k;lD1
ei ˝ ej ˝ ek ˝ el f l

ijk D
nX

i;jD1
f l
ijkei ˝ ej ˝ ek ˝ el 2 T

3
1

f l
ijk ¤ fifj fkf l
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holds. Table A.1 is a list of .p; q/-tensors as they appear in various sciences.
Of special importance is the decomposition of multilinear functions as elements
of the space T

p
q into their symmetric, antisymetric and residual constituents we are

going to outline.

Table A.1 Various examples of tensor spaces T
p
q (p& q W rank of

tensor) (2,0) tensor, tensor space T
2
0

Metric tensor Differential
Gauss curvature tensor geometry
Ricci curvature tensor

Gravity gradient tensor Gravitation
Faraday tensor, Maxwell tensor Electromagnetic
Tensor of dielectric constant
Tensor of permeability

Strain tensor, stress tensor Continuum mechanics

Energy momentum tensor Mechanics
Electromagnetism
General relativity

Second order multipole Gravitostatics
tensor Magnetostatics

Electrostatics

Variance-covariance Mathematical
matrix statistics

Table A.2 Various examples of tensor spaces T
p
q (p C q W rank of

tensor) (2,1) tensor, tensor space T
2
1

Cartaan torsion tensor Differential
Deometry

Third order multipole Gravitostatics
tensor Magnetostatics

Electrostatics

skewness tensor Mathematical
Third momentum tensor Statistics
of probability distribution

Tensor of piezoelectric Coupling of stress
constant and electrostatic field
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Table A.3 Various examples of tensor spaces T
p
q (p C q W rank of

tensor) (3,1) tensor, (2,2) tensor, tensor space T
3
1, T

2
2

Riemann curvature tensor Differential
Geometry

Fourth order multipole Gravitostatics
tensor Magnetostatics

Electrostatics

Hooke tensor Stress-strain relation
Constitutive equation
Continuum mechanics
Elasticity, viscosticity

Curtosis tensor Mathematical
Fourth moment tensor of Statistics
a probability distribution

A-2 Decomposition of Multilinear Functions into
Symmetric Multilinear Functions, Antisymmetric
Multi-linear Functions and Residual Multilinear
Functions TT pq D S

p
q ˚ Apq ˚ R

p
q

T
p
q as the space of multilinear functions follows the decomposition T

p
q D S

p
q ˚

Ap
q ˚R

p
q into the subspace Spq of symmetric multilinear functions, the subspace Ap

q

of antisymmetric multilinear functions and the subspace R
p
q of residual multilinear

functions:

Box A.2i. (Antisymmetry of the symbols fi1:::ip ):

fij D �fj i
fijk D �fikj ; fjki D �fj ik; fkij D �fkj i

fijkl D �fijlk; fjkli D �fjkil ; fklij D �fklj i ; fkijk D �flikj

Box A.2ii. (Symmetry of the symbols fi1:::ip ):

fij D fj i
fijk D fikj ; fjki D fj ik; fkij D fkj i

fijkl D fijlk; fjkli D fjkil ; fklij D fklj i ; fkijk D flikj
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Box A.2iii. (The interior product of bases, span S
p, n D dim X D dimX

� D
3):

S
1 W 1
1Š
ei

S
2 W 1
2Š
.ei ˝ ej C ej ˝ ei /

DW ei _ ej ; ei _ ej D Cej _ e i

S
3 W 1
3Š
.ei ˝ ej ˝ ek C ei ˝ ek ˝ ej C ej ˝ ek ˝ ei

C ej ˝ ei ˝ ek C ek ˝ ei ˝ ej C ek ˝ ej ˝ ei /
DW ei _ ej _ ek

ei _ ej _ ek D ei _ ek _ ej D ek _ e i _ ej D ek _ ej _ e i D ej _ ek _ ei

D ej _ ei _ ek

Box A.2iv. (The exterior product of bases, span Ap, nD dim XD dimX
�D 3):

A1 W 1
1Š
ei

A2 W 1
2Š
.ei ˝ ej � ej ˝ ei /

DW ei ^ ej ; e i ^ ej D �ej ^ e i

A3 W 1
3Š
.ei ˝ ej ˝ ek � ei ˝ ek ˝ ej C ej ˝ ek ˝ ei

� ej ˝ ei ˝ ek C ek ˝ ei ˝ ej � ek ˝ ej ˝ ei /
DW ei ^ ej ^ ek

ei ^ ej ^ ek D �e i ^ ek ^ ej D Cek ^ ei ^ ej D �ek ^ ej ^ e i

D ej ^ ek ^ ei D �ej ^ e i ^ ek
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Box A.2v. (Sp, symmetric multilinear functions):

T
1
0 � S

1 3 f D
8<
:
nD dimX�X

iD1
ei fi

9=
;

T
2
0 � S

2 3 f D
8<
:
1

2Š

nD dimX�X
i;jD1

ei _ ej fij
9=
;

D
8<
:
nD dimX�X

i�j
ei _ ej f.ij /jf.ij / WD 1

2Š
.fij C fj i /

9=
;

T
3
0 � S

3 3 f D
8<
:
1

3Š

nD dimX�X
i;j;kD1

e i _ ej _ ekfijk
9=
;D

8<
:

nX
i<j<k

ei _ ej _ ekf.ijk/jf.ijk/

WD 1

3Š
.fijk C fikj C fjki C fj ik C fkij C fkj i /

9=
;

T
p
0 � S

p 3 f D
8<
:
1

pŠ

nD dimX�X
i1;i2;:::;ipD1

ei1 _ ee2 _ : : : _ eip fi1i2:::ip

9=
;

D
8<
:

nD dimX�X
i1�i2�:::�ip

ei1 _ ei2 _ : : : _ eipf.i1i2:::ip/jf.i1i2:::ip/

WD 1

pŠ
.fi1:::ip�1ip C fi1:::ip ip�1 C : : :C fip:::i1i2 C fip:::i2i1 /

9=
; :




�

�




Corollary: dimS
pD

�
nCp� 1

p

	
, in particular if nDp, then dimS

pD
�
2p� 1
p

	
.

Box A.2vi. (Ap, antisymmetric multilinear functions):

T
1
0 � A1 3 f D

8<
:
nD dimX�X

iD1
ei fi

9=
;
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T
2
0 � A2 3 f D

8<
:
1

2Š

nD dimX�X
i;jD1

ei ^ ej fij
9=
;

D
8<
:
nD dimX�X

i<j

ei ^ ej fŒij �jfŒij � WD 1

2Š
.fij C fj i /

9=
;

T
3
0 � A3 3 f D

8<
:
1

3Š

nD dimX�X
i;j;kD1

ei ^ ej ^ ekfijk
9=
;

D
8<
:

nX
i<j<k

ei ^ ej ^ ekfŒijk�jfŒijk�

WD 1

3Š
.fijk � fikj C fjki � fj ik C fkij � fkj i /

9=
;

T
p
0 � Ap 3 f D

8<
:
1

pŠ

nD dimX�X
i1;i2;:::;ipD1

ei1 ^ ee2 ^ : : : ^ eip fi1i2:::ip

9=
;

D
8<
:
nD dimX�X
i1<i2<:::<ip

ei1 ^ ei2 ^ : : : ^ eipfŒi1i2:::ip�jfŒi1i2:::ip �

WD 1

pŠ
.fi1:::ip�1ip � fi1:::ip ip�1 C : : :C fip:::i1i2 � fip:::i2i1 /

9=
; :




�

�




Corollary: dim Ap D nŠ=.pŠ.n�p/Š/D
�
n

p

	
in particular if nDp, then dim ApD1.

Box A.2vii. (Aq, antisymmetric multilinear functions, exterior product
Proposition):

(a) For every x1; : : : ;xi�1;xiC1; : : : ;xq 2 X as well as x;y 2 X and r; s 2 R

multilinearity implies

x1 ^ : : : ^ xi�1 ^ .rx C sy/ ^ xiC1 ^ : : : ^ xq
D r.x1 ^ : : : ^ xi�1 ^ x ^ xiC1 ^ : : : ^ xq
C s.x1 ^ : : : ^ xi�1 ^ y ^ xiC1 ^ : : : ^ xq:
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(b) For every permutation � of f1; 2; : : : ; qg we have

x�1 ^ x�2 ^ : : : ^ x�q D sign .�/x1 ^ x2 ^ : : : ^ xq:
(c) Let A 2 Aq.X/, B 2 As.X/; then

B ^ A D .�1/qsA ^B:
(d) For every q, 0 � q � n, the tensor space Aq of antisymmetric multilinear

functions has dimension

dim Aq D
�
n

q

	
D nŠ=.qŠ.n � q/Š/:

As detailed examples we like to decompose fT10;T01;T20;T02g in R
2 and R

3,
respectively, into symmetric and antisymmetric constituents.

Example A.2. (Tpq D S
p
q ˚ Ap

q ˚ R
p
q , decomposition of multilinear functions

into symmetric and antisymmetric constituents):

As a first example of the decomposition of multilinear functions (tensor space)
into symmetric and antisymmetric constituents we consider a linear space X (vector
space) of dimension dimX D n D 2. Its dual space X�, dimX

� D dimX D n D 2,
is spanned by orthonormal contravariant base vectors fe1; e2g. Choose q D 0,
p D 1 and p D 2.

X D span fe1; e2g versus X
� D span fe1; e2g

T
1
0 D A1 D S

1 3 f D
(

2X
iD1
ei fi

)
D e1f1 C e2f2 2 X

T
2
0 D A2 ˚ S

2

T
2
0 3 f D

8<
:

2X
i;jD1

ei ˝ ej fij
9=
;

D e1 ˝ e1f11 C e1 ˝ e2f12 C e2 ˝ e1f21 C e2 ˝ e2f22
D e1 ˝ e1f11 C e2 ˝ e2f22 C 1

2
.e1 ˝ e2 � e2 ˝ e1/f12

C 1

2
.e1 ˝ e2 C e2 ˝ e1/f12 � 1

2
.e1 ˝ e2 � e2 ˝ e1/f21

C 1

2
.e1 ˝ e2 C e2 ˝ e1/f21

D e1 _ e1f11C e2 _ e2f22C e1 ^ e2.f12� f21/=2Ce1 _ e2.f12Cf21/=2
dimS

2 D 3; dim A2 D 1:
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As a second example of the decomposition of multilinear functions (tensor space)
into symmetric and antisymmetric constituents we consider a linear space X (vector
space) of dimension dimX D n D 3, spanned by orthonormal contravariant base
vectors fe1; e2; e3g. Choose p D 0, q D 1 and 2.

spanX D fe1; e2; e3g

T
0
1 D A1 D S1 3 f D

(
3X
iD1

ei f
i

)
D e1f 1 C e2f 2 C e3f 3 2 X

T
0
2 D A2 ˚ S2

T
0
2 3 f D

8<
:

3X
i;jD1

ei ˝ ej f ij

9=
;

D
(

3X
iD1

ei ˝ e1f i1 C
3X
iD1
ei ˝ e2f i2 C

3X
iD1

ei ˝ e3f i3

)

D e1 ˝ e1f 11 C e2 ˝ e1f 21 C e3 ˝ e1f 31 C e1 ˝ e2f 12 C e2 ˝ e2f 22

C e3 ˝ e2f 32 C e1 ˝ e3f 13 C e2 ˝ e3f 23 C e3 ˝ e3f 33

C 1

2
.e1 ˝ e2 � e2 ˝ e1/f 12 C 1

2
.e1 ˝ e2 C e2 ˝ e1/f 12

� 1
2
.e1 ˝ e2 � e2 ˝ e1/f 21 C 1

2
.e1 ˝ e2 C e2 ˝ e1/f 12

C 1

2
.e2 ˝ e3 � e3 ˝ e2/f 23 C 1

2
.e2 ˝ e3 C e3 ˝ e2/f 23

� 1
2
.e2 ˝ e3 � e3 ˝ e2/f 32 C 1

2
.e2 ˝ e3 C e3 ˝ e2/f 32

C 1

2
.e3 ˝ e1 � e1 ˝ e3/f 31 C 1

2
.e3 ˝ e1 C e1 ˝ e3/f 31

� 1
2
.e3 ˝ e1 � e1 ˝ e3/f 13 C 1

2
.e3 ˝ e1 C e1 ˝ e3/f 13 |

Since the subspaces S
p
q , Ap

q and R
p
q are independent, Spq ˚ Ap

q ˚ R
p
q denotes

the direct sum of subspace S
p
q , Ap

q and R
p
q . Unfortunately T

p
q as the space of

multilinear functions cannot be completely decomposed in the space of symmetric
and antisymmetric multilinear functions: For instance, the dimension identities
apply dimTp D np , dimSp D .nCp�1

p /, dim Ap D .np/ with respect of a vector
space X of dimension dimX D n, such that dimRp D dimTp �dim Sp �dim Ap D
np � .nCpC1

p / � .np/ < np , in general. There is one exception, namely the (2,0) or
(1,1) or (0,2) tensor space where the dimension of the subspace R

2
0 , R1

1 or R0
2 of

residual multilinear functions is zero. An example is dimR2 D n2 � .nC1

2 / � .n2/ D
n2 � .nC 1/n=2� n.n � 1/2 D 0.
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A-3 Matrix Algebra, Array Algebra, Matrix Norm and
Inner Product

Symmetry and antisymmetry of the symbols fi1:::ip can be visualized by the
trees of Box A.2i and A.2ii. With respect to the symbols of the interior
product “_” and the exterior product “^” (“wedge product”) we are able to
redefine symmetric and antisymmetric functions according to Box A.2iii–vi.
Note the isomorphism of tensor algebra T

p
q and array algebra, namely of

(a) Œfi � 2 R
n (onedimensional array, “column vector”,

dim Œfi � D n � 1)
(b) Œfij � 2 R

n�n (twodimensional array, column-row array, “matrix”,
dim Œfij � D n � n)

(c) Œfijk � 2 R
n�n�n (threedimensional array, “indexed matrix”,

dim Œfijk � D n � n � n)

etc. For the base space x 2 ˝ � R
3 to be threedimensional Euclidean we had

answered the question how to measure the length of a vector (“norm”) and the angle
between two vectors (“inner product”). The same question will finally been raised
for tensors tpq 2 T

p
q . The answer is constructively based on the vectorization of the

arrays Œfij �, Œfijk �, : : : Œfi1:::ip � by taking advantage of the symmetry-antisymmetry
structure of the arrays and later on applying the Euclidean norm and the Euclidean
inner product to the vectorized array.

For a 2-contravariant, 0-covariant tensor we shall outline the procedure.

(a) Firstly let F D Œfij � be the quadratic matrix of dimension dimF D n � n,
an element of T20. Accordingly vecF is the vector

vecF D

2
666664

fi1
fi2
:::

fin�1

fin

3
777775
; dim vecF D n2 � 1

which is generated by stacking the elements of the matrix F columnwise in a
vector. The Euclidean norm and the Euclidean inner product of vecF , vecG ,
respectively is

�

�

�

�

kvecF k2 WD .vecF /T .vecF / D trF TF ;

hvecF jvecG i WD .vecF /T vecG D trF TG :

(b) Secondly let F D Œfij � D Œfj i � be the symmetric matrix of dimension
dimF Dn�n, an element of S2. Accordingly vechF (read “vector half”) is
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the n.nC 1/=2 � 1 vector which is generated by stacking the elements on and
under the main diagonal of the matrix F columnwise in a vector:

F D Œfij � D Œfj i � D F T H) vechF WD

2
666666666664

f11
:

fn1

f22
:

f2n

:

fnn

3
777777777775

; dim vechF D n.nC 1/=2

vechF D H vecF ; dimH D n.nC 1/=2 � n2:

The Euclidean norm and the Euclidean inner product of vechF , vechG ,
respectively is

F D Œfij � D Œfj i � D F T

G D Œgij � D Œgj i � D GT

#
H)

�

�

�

�

kvechF k2 WD .vechF /T .vechF /

hvechF jvechG i WD .vechF /T .vechG /:

(c) Thirdly let F D Œfij � D �Œfj i � be the antisymmetric matrix of dimension
dimF D n � n, an element of A2. Accordingly veckF (read “vector skew”)
is the n.n� 1/=2� 1 vector which is generated by stacking the elements under
the main diagonal of the matrix F columnwise in a vector:

F D Œfj i �D �Œfj i �D �F T H) veckF WD

2
666666666664

f21
:

fn1

f32

:

fn2

:

fn�1n

3
777777777775

; dim veckF Dn.n� 1/=2

veckF D K vecF ; dimK D n.n � 1/=2 � n2:

The Euclidean norm and the Euclidean inner product of veckF , veckG ,
respectively
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F D Œfij � D �Œfj i � D �F T

G D Œgij � D �Œgj i � D �GT

#
H)

�

�

�

�

kveckF k2 WD .veckF /T .veckF /

hveckF jveckG i WD .veckF /T .veckG /
:

You will find the forms (a) vec F and (b) VechF in the standard book of
(Harville, 1997, Chap. 16, 2001, Chap. 16) including many examples. Here we
will present Example A.3 in computing the norm as well as the inner product of
a 2-contravariant, 0-covariant tensor for the operator vec, vech and veck. The veck
operator has been introduced by (Grafarend and Schaffrin, 1993, pp. 418–419).

Example A.3. (Norm and inner product of a 2-contravariant, 0-covariant
tensor):

.a/ A WD
2
4 a d g

b e h

c f k

3
5 ; dim A D 3 � 3 H) vec A D Œa; b; c; d; e; f; g; h; k�T ;

dim vec A D 9 � 1
k vec Ak2 D .vec A/T .vec A/ D tr ATA D a2 C : : :C k2

.b/ A WD
2
4 a b c

b d e

c e f

3
5D AT ; dim A D 3 � 3 H) vech A D Œa; b; c; d; e; f �T ;

dim vech A D 6 � 1
vech A D H vec A

8 H WD

2
66666664

1 0 0 0 0 0 0 0 0

0 1=2 0 1=2 0 0 0 0 0

0 0 1=2 0 0 0 0 0 0

0 0 0 0 1 0 0 0 0

0 0 0 0 0 1=2 0 1=2 0

0 0 0 0 0 0 0 0 1

3
77777775
; dimH D 6 � 9

kvech Ak2 D .vech A/T .vech A/ D a2 C b2 C c2 C d2 C e2 C f 2

(Henderson and Searle (1978, p. 68–69))

.c/ A WD

2
664
0 �a �b �c
a 0 �d �e
b d 0 �f
c e f 0

3
775D �AT ; dim A D 3 � 3 H)

veck A D Œa; b; c; d; e; f �T ; dim veck A D 6 � 1
veck A D K vec A
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8 K WD 1

2

2
66666664

0 1 0 0 �1 0 0 0 0 0 0 0 0 0 0 0

0 0 1 0 0 0 0 0 �1 0 0 0 0 0 0 0

0 0 0 1 0 0 0 0 0 0 0 0 �1 0 0 0

0 0 0 0 0 0 1 0 0 �1 0 0 0 0 0 0

0 0 0 0 0 0 0 1 0 0 0 0 0 �1 0 0

0 0 0 0 0 0 0 0 0 0 0 1 0 0 �1 0

3
77777775
;

dimK D 6 � 16
kveck Ak2 D a2 C b2 C c2 C d2 C e2 C f 2 |

A-4 The Hodge Star Operator, Self Duality

In Chap. 3, we took advantage of the Hodge star operator, for instance for
transforming an overdetermined system of linear equations (inconsistent system)
into a system of condition equations. There we referred to multilinear operations
“join” and“meet”.
The most important operator of the algebra of antisymmetric multilinear functions
is the “Hodge star operator” which we shall present finally. In addition, we shall
bring to you the surprising special feature of skew algebra called “selfduality”.
The algebra Ap

q of antisymmetric multilinear functions has been based on the
exterior product “^” (“wedge product”). There has been created a duality operator
called the Hodge star operator � which is a linear map of Ap �! An�p where
n D dimX D dimX

� denotes the dimension of the base space X � R
3. The

basic idea of such a map of antisymmetric multilinear functions f 2 Ap into
antisymmetric linear functions �f 2 An�p originates according to Box A.2vii from
the following situation: The multilinear base of Ap is spanned by

f1; ei1 ; ei1 ^ ei2 ; : : : ei1 ^ e i2 ^ : : : ^ eip g

once we focus on p D 0; 1; 2; : : : n, respectively. Obviously for any dimension
number n and p-contravariant, q-covariant index of the skew tensor space Ap

q there
is an associated cobasis, namely

n D 1 ; p D 0; 1 W

8̂
<
:̂

basis W f1; ei1g
associated
cobasis W fei1 ; 1g

n D 2 ; p D 0; 1; 2 W

8̂<
:̂

basis W f1; ei1 ; ei1 ^ ei2g
associated
cobasis W fei1 ^ ei2 ; ei2 ; 1g
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n D 3 ; p D 0; 1; 2; 3 W

8̂<
:̂

basis W f1; ei1 ; ei2 ^ ei3 ; e i1 ^ ei2 ^ ei3g
associated
cobasis W fei1 ^ e i2 ^ ei3 ; ei2 ^ ei3 ; ei3 ; 1g:

in general, for arbitrary n 2 N, p D 0; 1; : : : ; n � 1; n
�

�

�

�

basis W
f1; ei1 ; : : : ; e i1 ^ : : : ^ eing
associated cobasis W
fei1 ^ ei2 ^ : : : ^ ein�1 ^ ein ; ei2 ^ : : : e in�1 ^ e in ; : : : ; e in�1 ^ ein ; ein ; 1;

as long as we concentrate on p-contravariant Ap only. A similar set-up of basis-
associated cobasis for q-covariant Aq and mixed Ap

q can be made. The linear map
Ap �! An�p, the Hodge star operator

�

�

�

�

�.ei1 ^ : : : ^ eip / WD 1

.n � p/Š�
i1:::ip
ipC1:::in

eipC1 ^ : : : ^ ein

maps by means of the permutation symbol

�
i1 ::: ip
ipC1 ::: in

WD

2
6666664

C 1 for an even permutation
of f1; 2; : : : ; n � 1; ng

� 1 for an odd permutation
of f1; 2; : : : ; n � 1; ng

0 otherwise

– sometimes called Eddington’s epsilons – on orthonormal (“unimodular”) base of
Ap onto an orthonormal (“unimodular”) base of An�p.

For antisymmetric multilinear functions also called antisymmetric tensor-valued
functions represented in an orthonormal (“unimodular”) base the Hodge star
operator is the following linear map

T
p
0 � Ap 3 f D

8<
:
1

pŠ

nDdimX�X
i1;:::;ipD1

ei1 ^ : : : ^ eip fi1:::ip

9=
; ;

�
T
p
0 �An�p 3 � f WD

8<
:

1

.n � p/Š
nDdimX�X
ipC1;:::;in

nDdimXX
i1;:::;ip

1

pŠ
�
i1:::ip
ipC1:::in

eipC1 ^ : : : ^ einfi1:::ip

9=
;:

As soon as the base space x 2 ˝ � R
3 is not covered by Cartesian coordinates,

rather by curvilinear coordinates, its coordinates base
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fb1;b2;b3g D fdy1; dy2; dy3g versus fb1;b2;b3g D
�
@

@y1
;
@

@y2
;
@

@y3

�

of contravariant versus covariant type is neither orthogonal nor normalized. It is for
this reason that finally we present �f , the Hodge star operator of an antisymmetric
multilinear function f , also called the dual of f , in a general coordinate base.

Definition A.2. (Hodge star operator, the dual of an antisymmetric multilin-
ear function):

If an antisymmetric .p; 0/ multilinear function is an element of the skew algebra
Ap with respect, to a general base fbi1 ^ : : : ^ bipg is given

f D
8<
:
1

pŠ

nDdimX�X
i1;:::;ipD1

bi1 ^ : : : ^ bip fi1:::ip

9=
;

then the Hodge star operator, the dual of f , can be uniquely represented by

(a) �f D
8<
:

1

.n � p/Š
nDdimX�X
ipC1;:::;in

nDdimX�X
i1;:::ip

nDdimX�X
j1;:::;jp

1

pŠ
bipC1 ^ : : : ^ bip

� pg�i1:::ip ipC1:::ing
i1j1 : : : gipjpfj1:::jp

)

(b) �f D
8<
:

1

.n�p/Š
nDdimX�X
ipC1;:::;in

nDdimX�X
i1;:::;ip

1

pŠ
bipC1 ^ : : : ^ binpg�i1:::ipipC1:::inf

i1:::ip

9=
;

(c) .�f /k1:::kn�p D
(
nDdimX�P
i1;:::ip

p
g�i1:::ipk1:::kn�pf

i1:::ip

)

as an element of the skew algebra An�p in the general associated cobase fbpC1^
: : :^bingwith respect to the base space x 2 X � R

n of dimension n D dimX D
dimX

� and Œgkl � D G�1 D adjG=detG ,
p
g Dpjgkl j.

If we extend the algebra Ap of antisymmetric multilinear functions by �1 D e1 ^
: : : en 2 An and �e1 ^ : : : ^ en D 1 2 A0 D R, respectively, let us collect some
properties of �f , the dual of f .

�

�

�

�

Proposition A.1. (Hodge star operator, the dual of an antisymmetric multi-
linear function):

Let the linearly ordered base fe1; : : : ; eng be orthonormal (“unimodular”).
Then the Hodge star operator of an antisymmetric multilinear function f , the
dual of f , with respect to fe1; : : : eng satisfies the following:
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(a) � maps antisymmetric p-contravariant tensor-valued functions to antisymmet-
ric .n � p/-contravariant tensor-valued functions:
� W Ap �! An�p

(b)

( �1 D e1 ^ : : : ^ en DW e for every 1 2 A0; e 2 A

�e D 1 for every e 2 An; 1 2 Ap

(c) � � f D .�1/p.n�p/f for every f 2 Ap

(d) f ^ �f D kf k2e1 ^ : : : ^ en with respect to the norm

kf k2 WD 1

pŠ

nDdimXX
i1;:::;ipD1

fi1:::ip f
i1:::ip :

Example A.4. (Hodge star operator n D dimX D dimX
� D 3, spanX

� D
fe1; e2; e3g, Ap �! An�p):

n D 3 ; p D 0 W � 1 D e1 ^ e2 ^ e3

n D 3 ; p D 1 W � ei1 D 1

2
�
i1
i2i3
ei2 ^ ei3

2
66666664

�e1 D 1

2
.e2 ^ e3 � e3 ^ e2/ D e2 ^ e3

�e2 D 1

2
.e3 ^ e1 � e1 ^ e3/ D e3 ^ e1

�e3 D 1

2
.e1 ^ e2 � e2 ^ e1/ D e1 ^ e2

n D 3 ; p D 2 W � ei1 ^ ei2 D �i1i2i3
e i3

2
64
�e1 ^ e2 D e3
�e2 ^ e3 D e1
�e3 ^ e1 D e2

n D 3 ; p D 3 W � ei1 ^ ei2 ^ e i3 D 1 |

Example A.5. (Hodge star operator of an antisymmetric tensor-valued func-
tion, n D dimX D dimX

� D 3, Ap �! An�p):

Throughout we apply the summation convention over repeated indices.

n D 3 ; p D 0 W
(

f “0-differential form”

�f D fdx1 ^ dx2 ^ dx3 “3-differential form’’
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n D 3 ; p D 1 W

8̂
ˆ̂̂̂
<̂
ˆ̂̂̂̂
:̂

f D dxi1fi1 “1-differential form”

�f D 1

2
�
i1
i2i3
dxi2 ^ dxi3fi1

D f1dx2 ^ dx3 C f2dx3 ^ dx1
C f3dx1 ^ dx2 “2-differential form”

n D 3 ; p D 2 W

8̂̂
ˆ̂<
ˆ̂̂̂
:

f D 1

2
dxi1 ^ dxi2fi1i2 “2-differential form”

�f D 1

2
�
i1i2

i3
dxi3fi1i2

D f23dx1 C f31dx2 C f12dx3 “1-differential form”

n D 3 ; p D 3 W

8̂
<̂
ˆ̂:

f D 1

6
dxi1 ^ dxi2 ^ dxi3fi1i2i3 “3-differential form”

�f D 1

6
�i1i2i3fi1i2i3 D f123 “0-differential form” |

Example A.6. (Hodge star operator, n D dimX D dimX
� D 3, “�” product

(cross product)):

By means of the Hodge star operator we are able to interpret the “�” product
(“cross product”) in threedimensional vector space. If the vectorsx;y 2X, dimX D
3, presented in the orthonormal (“unimodular”) base fe1; e2; e3g the following
equivalence between �x ^ y and x � y holds:

x D e ixi ; y D ejyj .summation convention

x 2 X ; y 2 X i; j 2 f1; 2; 3; g/

#
H)

x ^ y D ei ^ ejxiyj

D e1 ^ e2.x1y2 � x2y1/C e2 ^ e3.x2y3 � x3y2/
C e3 ^ e1.x3y1 � x1y3/

H) �.x ^ y/ D �.e1 ^ e2/.x1y2 � x2y1/
C �.e2 ^ e3/.x2y3 � x3y2/
C �.e3 ^ e1/.x3y1 � x1y3/ D �kij ekxiyj

�.x ^ y/ D e3.x1y2 � x2y1/C e1.x2y3 � x3y2/C e2.x3y1 � x1y3/
D e1.x2y3 � x3y2/C e2.x3y1 � x1y3/C e3.x1y2 � x2y1/

x � y D ei � ejxixj
ei � ej WD � k

ij ek

#
H)
�

�

�

�

x � y D �.x ^ y/ |
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Example A.7. (Hodge star operator, n D dimX D dimX
� D 4;X 2 R

4,
Minkwinski space, self-duality (Atiyah et al., 1978)):

By means of the Examples A-5–A-7 we like to make you familiar with (a) the Hodge
star operator of an antisymmetric tensor-valued function overR3, (b) its equivalence
to the “x” product (“cross product”) and (c) selfduality in a fourdimensional space.
Such a selfduality plays a key role in differential geometry and physics as being
emphasized by Atiyah et al. (1978).

�

�

�

	

Historical Aside

Thus we have constructed an anticommutative algebra by implement-
ing the “exterior product” “^”, also called “wedge product”, initiated by
H. Grassmann in “Ausdehnungslehre” (second version published in 1882).
See also his collected works, H. Grassmann (1911). In addition the work by
G. Peano (Calcolo geometrico secondo, l’Ausdehnungslehre di Grassmann,
Fratelli Bocca Editori, Torino 1888) should be mentioned here. The historical
development may be documented by the work of Forder (1960). A modern
version of the “wedge product” is given by Berman (1961). In particular we
mention the contribution by Barnabei et al. (1985) where by avoiding the notion
of the dual X� of a linear space X and based upon operations like union,
intersection, and complement – i.e. known in Boolean algebra – have developed
a double algebra with exterior products of type one (“wedge product”, “the
join”) and of type two (“the meet”), namely “to restore H. Grassmanns original
ideas to full geometrical power”. The star operator “�” has been introduced by
W. V. D. Hodge, being implemented into algebra in the work Hodge (1941) and
Hodge and Pedoe (1968), pp. 232–309). Here the star operation has been called
“dual Grassmann coordinates”; in addition “intersections and joins” have been
introduced.

A-5 Linear Algebra

Multilinear algebra is built on linear algebra we are going into now. At first we give
a careful definition of linear algebra which secondly we deepen by the diagrams
“Ass”, “Uni” and “Comm”. The subalgebra “ring with identity” which is of central
importance for solving polynomial equations by means of Groebner bases, the
Buchberger algorithm and the multipolynomial resultant method is our third subject.
Section 4 introduces the motion of division algebra and the non-associative algebra.
Fifthly, we confront you with Lie algebra (“God is a lie Group”); in particular with
Witt algebra. Section 6 compares Lie algebra and Killing analysis. Here we add
some notes on the difficulties of a composition algebra in Sect. 7. Finally in Sect. 8
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matrix algebra is presented again, but this time as a division algebra. As examples
of a division algebra as well as composition algebra we introduce complex algebra
(Clifford algebra C l.0; 1/ ) in Sect. 9 and quaternion algebra in Sect. 10 (Clifford
algebra C l.0; 2/ ) which is followed by an interesting letter of W. R. Hamilton
(16 October 1943) to his son reproduced in Sect. 11. Octonian algebra (Clifford
algebra with respect to H � H) in Sect. 12 is an example for a “non associative”
algebra as well as a composition algebra. Of course, we have reserved “Sect. 13”
for the fundamental Hurwitz theorem of composition algebra and the fundamental
Frobenius theorem of division algebra.

A-51 Definition of a Linear Algebra

Up to now we have succeeded to introduce the base space X of vectors x 2 X D R
3

equipped with a metric and specialized to be threedimensional Euclidean. We have
extended the base space to a tensor space, namely from vector-valued functions to
tensor-valuedfunctions on fRn; gij g. Now we proceed to give linear and multilinear
functions an algebraic structure, namely by the definition of two binary operations,
(two internal relations) .opera/1 D ˛, .opera/2 D � and one binary operation
(external relation) .opera/3 D ˇ.

Definition A.51. (linear algebra over the field of real numbers, linearity of
vector space X):

Let R be the field of real numbers. A linear algebra over R or R-algebra
consists of a set X of objects, two internal relations (either “additive” or
“multiplicative”) and one external relation

.opera/1 DW ˛ W X �X �! X

.opera/2 DW ˇ W R �X �! X or X �R �! X

.opera/3 DW � W X �X �! X:

1 With respect to the internal relation ˛ (“join”) X as a linear space is a vector
space over R, an Abelian group written “additively” or “multiplicatively” :

x;y ; z 2 X

additively written multiplicatively written
Abelian group Abelian group

˛.x;y/ DW x C y ˛.x;y/ DW x ı y
.G1C/ .x C y/C z D x C .y C z/ .G1ı/ .x ı y/ ı z D x ı .y ı z/

.additive associativity/ .multiplicative associativity/
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.G2C/ x C 0 D x .G2ı/ x ı 1 D x
.additive identity; .multiplicative identity;
neutral element/ neutral element/

.G3C/ x C .�x/ D 0 .G3ı/ x ı x�1 D 1
.additive inverse/ .multiplicative inverse/

.G4C/ x C y D y C x .G4ı/ x ı y D y ı x
.additive commutativity; .multiplicative commutativity;
Abelian axiom/ Abelian axiom/:

The triplet of axioms f.G1C/; .G2C/; .G3C/g or f.G1ı/; .G2ı/; .G3ı/g
constitutes the set of group axioms.

2 With respect to the external relation ˇ the following compatibility conditions
are satisfied:

x;y 2 X;r; s 2 R

ˇ.r;x/ DWr � x
.D1C/ r � .x C y/ D .x C y/ � r .D1ı/ r � .x ı y/ D .x ı y/ � r

D r � x C r � y D .r � x/ ı y
D x � r C y � r D x ı .y ı r/
.1st additive distributivity/ .1st multiplicative

distributivity/

.D2C/ .r C s/ � x D x � .r C s/ .D2ı/ .r ı s/ � x D x � .r ı s/
D r � x C s � x D r � .s � x/
D x � r C x � s D .x � r/ � s
.2nd additive distributivity/ .2nd multiplicative

distributivity/

.D3/ 1 � x D x � 1 D x
.left and right identity/

3 With respect to the internal relation � (“meet”) the following compatibility
conditions are satisfied:

x;y ; z 2 X; r 2 R

�.x;y/ DW x � y
.G1�/ .x � y/ � z D x � .y � z/

.associativity w.r.t internal multiplication/
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.D1 � C/ x � .y C z/ D x � y C x � z
.x C y/ � z D x � zC y � z

.left and right additive distributivity
w.r.t internal multiplication/

.D1 � ı/ x � .y ı z/ D .x � y/ ı z
.x ı y/ � z D x ı .y � z/

.left and right multiplicative distributivity
w.r.t internal multiplication/

.D2 � �/ r � .x � y/ D .r � x/ � y
.x � y/ � r D x � .yr/
.left and right distributivity of internal
and external multiplication/

Please, in the following pay attention to the 3 axiom sets of the linear algebra.
We specify now the three axiomatic sets called “associativity” (ass), “unity” (Uni)
and “commutativity” (comm).

A-52 The Diagrams “Ass”, “Uni” and “Comm”

Conventionally a linear algebra is minimally constituted by the triplet (X; ˛; ˇ/
where X as a linear space is a vector space equipped with the linear maps
˛ W X � X �! X and ˇ W R � X �! X satisfying the axioms (Ass) and (Uni)
according to the following diagrams:

(Uni):(Ass):
The diagram

The square

Commutes.

a × id
b × id id × b 

α

αid × a

Commutes.

(Comm):

The triangle

α α

× ×

×

× ×× ×
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Axiom (Ass) expresses the requirement that the multiplication ˛ is associative
whereas Axiom (Uni) means that the element ˇ.1/ of X is a left as well as a right
unit for ˛. The algebra .X; ˛; ˇ/ is commutative if in addition it satisfies the axiom
(Comm): commutes where �X;X is the flip switching the factors: �X;X.x ı y/ D
y ı x. |
Indeed we have expressed a set of axioms both explicitly as well as in a diagram-
matic approach which minimally constitute a linear algebra .X; ˛; ˇ/. In addition,
beside the first internal relation ˛ called “join” we have experienced a second
internal relation � called “meet” which had to be made compatible with the other
relations ˛ and ˇ, respectively. Actually the diagram for the axiom (Dis) is left as
an exercise.
Obviously we have experienced the words “addition” and “multiplication” for
various binary operations. Note that in the linear algebra isomorphic to the vector
space as its geometric counterpart we have not specified the inner multiplication
�.x;y/ 2 X. In a threedimensional vector space of Euclidean type

�.x;y/ DW �.x ^ y/ D x � y

namely the star � of the exterior product x ^ y or the “cross product” x � y, for
x 2 R

3, y 2 R
3 is an example. Sometimes

�.x;y/ DW Œx;y �

is written by rectangular brackets.

�

�

�

	

Historical Aside

Following a proposal of L. Kronecker (“Über die algebraisch auflösbaren
Gleichungen (Abhandlung, 1929) the axiom of commutativity .G4C/ or .G4ı/
is called after N. H. Abel (Memoire sur un classe particulière d’equations
résolable algébraique, Crelle’s J. reine angewandte Mathematik 4 (1828)
131–156 Oeuvres vol. 1, pp. 478–514, vol. 2, pp. 217–243, 329–331 edited
by S. Lie and L. Sylow, Christiana 1881) who dealt with a particular class of
equations of all degrees which are solvable by radicals, e.g. the cyclotomic
equation xn�1 D 0. N. H. Abel has proved the following general theorem: If the
roots of an equation are such that all roots can be expressed as rational functions
of one of them, say x, and if any two of the roots, say r1x and r2x where r1 and
r2 are rational functions are connected in such a way that r2r1x D r1r2x, then
the equation can be solved by radicals. Refer r2r1x D r1r2x to .G1/.
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A-53 Ringed Spaces: The Subalgebra “Ring with Identity”

In .G2ı/ the neutral element 1 as well as in .G3ı/ the inverse element has been
multiplied from the right. Similarly left multiplication .G2ı/ by the neutral element
1 as well as .G3ı/ by the inverse element are defined. Indeed it can be shown that
there exist exactly one neutral element which is both left-neutral and right-neutral
as well as exactly one inverse element which is both left-inverse and right-inverse.
A subalgebra is called a “ring with identity” if the following seven conditions hold:

A ring with identity .G3�/ is a division ring if every nonzero element of the
ring has a multiplicative inverse. A commutative ring is a ring with commutative
multiplication .G4�/. Modules are generalizations of the vector spaces of linear
algebra in which the “scalars” are allowed to be from an arbitrary ring, rather than a
field of real numbers. They will be discussed as soon as we introduce superalgebras.
Now we take reference to
�

�

�

�

Lemma A.53. (anticommutativity): x ı x D 0 for all x 2 X” x ı y D
�y ı x for all x;y 2 X. “ı” is used in the notation “^” accordingly.

Proof.

“ H) ”x ı y C y ı x D x ı x C x ı y C y ı x C y ı y
D x ı .x C y/C y ı .x C y/ D .x C y/ ı .x C y/ D 0

“(H ”x D y H) x ı x D �x ı x H) x ı x D 0:

|Later on we refer to the following algebras.
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A-54 Definition of a Division Algebra and Non-Associative
Algebra

Definition A.23. (division algebra):

A R-algebra is called division algebra over R, if all non-null elements of
X

0 WDX n f0g form additionally a group with respect to inner multiplication
� DW x ı y , namely

x;y; z 2 Xnf0g
.G1ı/ .x ı y/ ı z D x ı .y ı z/

(associativity of inner multiplication)

.G2ı/ x ı 1 D x
(identity of inner multiplication)

.G3ı/ x ı x�1 D 1
(inverse of inner multiplication)

Definition A.24. (non-associative algebra):

A weaking of a R-algebra is the non-associative algebra over R, if the axioms
1 , 2 and 3 of linear algebra according to Definition A.21 hold with the
exception of .G1ı/, that is the associativity of inner multiplication is cancelled.

A-55 Lie Algebra, Witt Algebra

“perhaps god is a lie group”

Many physicists believe that all modern physics is based on the operation called
“Lie algebra”. Indeed more than 1000 textbooks and papers are written on this
most important subject. Indeed many physicists believe in “perhaps god is a lie
group”. Here, we can give a very short notice of “Lie algebra”. We skip a note of
comparison “Lie algebra” and its brother “Killing analysis”.

Definition A.25. (Lie algebra):

A non-associative algebra is called Lie algebra over R, if the following opera-
tions with respect to inner multiplication � WD x ı y hold:
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.L1/ x ı x D 0

.L2/ .x ı y/ ı zC .y ı z/ ı x C .z ı x/ ı y D 0:
.Jacobi identity/

The examples of the Lie algebra are numerous. As a special Lie algebra we present
the Witt algebra which is applied to Laurent polynomials.

Example A.8. (Witt algebra on the ring of Laurent polynomials (Chen,
1995)):

The Witt algebra W is the complex Lie algebra of polynomial fields on the unit
circle S

1. An element of W is a linear combination of the elements of the form
ein� @

@�
, where � is a real parameter, and the Lie bracket of W is given by

�
eim�

@

@�
; ein�

@

@�

�
D i.n�m/ei.mCn/ @

@�
:

A-56 Definition of a Composition Algebra

Various algebras are generated by adding an additional structure to the minimal set
of axioms of a linear algebra blocked by (a), (b) and (c). Later on we use such an
additional structure for matrix algebra.

Definition A.26. (composition algebra):

A non-associative algebra with 1 as identity of inner multiplication is called
composition algebra over R, if there exists a regular quadratic formQ WX �!R

which is compatible with the corresponding operations that is the following
operations hold:

.K1/ Q W X �! R is a regular quadratic form;

x; y; z 2 R; r 2 R

Q.r � x/ D r2 �Q.x/ .quadratic form/

Q.xCyC z/DQ.xC y/CQ.xC z/CQ.yC z/�Q.x/�Q.y/�Q.z/
Q.r � x C y/� r �Q.x C y/ D .r � 1/ � Œr �Q.x/�Q.y/�
Q.x/ D 0” x D 0 .regularity/

.K2/ Q.x ^ y/ D Q.x/ �Q.y/ .multiplicativity/

Q.1/ D 1
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The quadratic form introduced by Definition A.55 leads to the topological notion of
scalar products, norm and metric we already used:

Lemma A.56. (scalar product, norm, metric):

In a composition algebra with a positive-definite quadratic form a scalar product
(“inner product”) is defined by the bilinear form h�j�i W X � X

� �! R with

hxjyi WD 1

2
ŒQ.x C y/ �Q.x/�Q.y/�I

a norm is defined by k � k W X �! R with

kxk WD CŒQ.x/�1=2

and metric is defined by the bilinear form


.x;y/ WD CŒQ.x � y/�1=2:

Thus to the algebraic structure a topological structure is added, if in addition

.K3/ Q.x/ 	 0

for all x 2 X holds.

Proof.
�

�

�

�

(i) scalar product

h�j�i W X �X �! R is a scalar product since

.1/ hxjyi D 1

2
ŒQ.x C y/ �Q.x/�Q.y/�

D 1

2
ŒQ.y C x/ �Q.y/ �Q.x/� D hyjxi .symmetry/

.2/ hx C yjzi D 1

2
ŒQ.x C y C z/�Q.x C y/ �Q.z/�

D 1

2
ŒQ.x C z/ �Q.x/�Q.z/�

C 1

2
ŒQ.y C z/ �Q.y/ �Q.z/�

D hxjzi C hyjzi .additivity/
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.3/ hrxjyi D 1

2
ŒQ.rx C y/ �Q.rx/�Q.y/�

D 1

2
rŒQ.x C y/ �Q.x/�Q.y/�

D r � hxjyi .homogenity/

.4/ hxjxi D 1

2
ŒQ.x C x/�Q.x/�Q.x/�

D 1

2
ŒQ.2x/� 2 �Q.x/� D Q.x/ 	 0 .positivity/

�

�

�

�
(ii) norm

k � k W X �! R is a norm since

.N1/ kxk D CŒQ.x/�1=2 	 0
(positivity) and

kxk D 0 ” x D 0

.N2/ krxk D CŒQ.rx/�1=2D CŒr2 �Q.x/�1=2Djr j � kxk
(homogenity)

.N3/ kx C yk D CŒQ.xCy/�1=2 D CŒQ.x/CQ.y/C 2hxjyi�1=2

D C
h
kxk2 C kyk2 C 2kxk � kyk

i1=2 � kxk C kyk:
.Cauchy-Schwarz’ inequality/“triangle inequality”/

�

�

�

�
(iii) metric


 W X �X �! R is a metric since

.M1/ 
.x;y/ D CŒQ.x � y/�1=2 D kx � yk 	 0 .posi tivi ty/

and


.x;y/ D 0 ” x � y D 0 ” x D y
.M2/ 
.x;y/ D kx � yk D j � 1j � ky � xk D 
.y ;x/ .symmetry/

.M3/ 
.x;y/ D kx � yk D k.x � z/C .z � y/k
� kx � zk C kz � xk D 
.x; z/C 
.z;y/

(triangle inequality) |
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We treat in the next section a special case of a division algebra, namely matrix
algebra.

A-6 Matrix Algebra Revisited, Generalized Inverses

It is known that every nonsingular matrix A has a unique inverse, usually denoted
by A�1 such that AA�1 D A�1A D I, where I is the unit matrix. A matrix has a
inverse only if it is square, and even then only if it is nonsingular, or alternatively
if its columns or rows are linearly independent. Over the many years past it was
felt the need of some kind of partial inverse of a matrix that is singular or even
rectangularsingular matrix. By the term generalized inverse of a given matrix A we
shall mean a matrix X associated in some way with the matrix A that (a) exists for
a class of matrices larger than the class of nonsingular matrices, (b) has some of the
properties of the usual inverse, and (c) reduces to the usual inverse when A is non
singular. Some others have used the term “pseudoinvese” rather than general inverse
without specifying the chosen type of general inverse.
For a given matrix A, the matrix equation AXA D A alone characterizes those
generalized inverses X that are of use in analyzing the solutions of the linear system
Ax D b. For other purposes, other relationships play an essential role. Thus if we
are concerned with least squares properties, the equation AXA D A is not enough
and must be supplemented by other relations. There results a more restricted class of
generalized inverses. Here we are limited to generalized inverses finite matrices, but
extension to infinite-dimensional space and to differential and integral operations
are very well known.
E.H. Moore is attributed to have written one of the first papers on the topic
of generalized inverses called by him the “general reciprocal” of any finite
matrix,square or rectangular. His first publication on the subject was an abstract
talk given at a meeting of the American Mathematical Society which appeared in
1920. Details of his talk were published only in 1935 (Moore, 1920), Moore (1935);
(Moore and Nashed, 1974) after Moore’s death! Little note was taken of Moore’s
discovery for 30 years after his first publication, during which time generalized
inverses were taken for matrices by C. L. Siegel and for operators by Tseng (1936),
Tseng (1949a)–Tseng (1949c), Tseng (1956), Murray and von Neumann (1936) and
many others. A surprising revival of interest in general inverses appeared in 1950s
when least squares properties were analyzed. The important properties were realized
by Bjerhammar (1951a), Bjerhammar (1951b), (1968), one swedish colleague
teaching LESS and geodetic applications of the subject. In 1955 R. Penrose extended
A. Bjerhammar’s results on linear systems and showed that E.H. Moore inverse
satisfied four equations of type (a) AXA D A, (b)XAX D X, (c) AX

0 D AX, and
(d) XA

0 D XA nowadays called the axioms of the Moore-Penrose inverse, often
denoted by AC.
There are excellent textbooks on matrix algebra and generalized inverses of
matrices including many examples upto 500! We like to mention the excellent text



A-6 Matrix Algebra Revisited, Generalized Inverses 603

of Ben-Israel and Greville (1974), Bjerhammar (1973), Gere and Weaver (1965),
Graybill (1963), Mardia et al. (1979), Nashed (1974), Rao and Mitra (1971), Rao
and Rao (1998), Scarle (1982), Styan (1983). Here we will be unable to compete
with the dense information given by these special texts.

We assume that the reader is familiar with the standard notion of a matrix
as a rectangular array of numbers offered by any undergraduate text of applied
mathematics. Familiarity of various notion, for instance the dimension of a matrix
of type n � m, multiplication and addition of two matrices of type (a) “Cayley”
or simply the matrix product C WDA:B, (b)“Kronecker-Zehfuss” denoted by C WD
B˝ A, (c) “Katri-Rao” denoted by C WD Bˇ A, and (d)“Hadamard” attributed by
K WD G �H.

How are the various matrix product defined? Who defined the various
algebras?

Matrix algebra is the special division algebra over the field of real numbers. There
is a natural generalization in terms of complex numbers for instance.

The three axioms

Let A D Œaij � 2 R
n�m be a rectangular matrix

1 A;B;C 2 R
nm; first set of axiom ˛.A;B/ DW ACB

.G1C/ .ACB/C C D AC .B C C /

.G2C/ AC 0 D A

.G3C/ A �A D 0

.G4C/ ACB D B C A

2 A;B 2 R
nm ; second set of axiom r; s 2 R; ˇ.r;A/ DW r � A

.D1C/ r � .ACB/ D r � AC r �B

.D2C/ .r C s/ � A D r � AC sA

.D3/ 1 � A D A

3 “multiplication of matrices”

(a) “Cayley-product” (just “the matrix product”)

A D Œaij � 2 R
n�l ; dim A D n � l

B D Œbij � 2 R
l�m ; dimB D l �m

#
H) C WD A �B D Œcij � 2 R

nm ;

dimC D n �m cij WD
lP

kD1
aikbkl :
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The product was introduced by Cayley (1857); see also his Collected
Works, vol. 2, 475–496. A historical perspective is given in Feldmann
(1962).

(b) “Kronecker-Zehfuß-product”

A D Œaij � 2 R
n�m ; dim A D n �m

B D Œbij � 2 R
k�l dimB D k � l

#

H) C WD B ˝ A D Œcij � 2 R
kn�lm;

dimC D kn � lm; B ˝ A WD ŒbijA�:

The product was early referenced to L. Kronecker by Mac Duffee (1946).
The other reference is Zehfuss (1858). See also Henderson et al. (1983)
and Horn and Johnson (1990). Reference is also made to Steeb (1991) and
Graham (1981).

(c) “Khatri-Rao-product” (two rectangular matrices of identical column
number)

A D Œa1; : : : ; am� 2 R
n�m ; dim A D n �m

B D Œb1; : : : ;bm� 2 R
k�m ; dimB D k �m

#

H) C WD B ˇ A WD Œb1 ˝ a1; : : : ;bm ˝ am� 2 R
kn�m

dimC D kn �m:

“two rectangular matrices of identical column numbers are multiplied.”
The product was introduced by Khatri and Rao (1968).

(d) “Hadamard product” (two rectangular matrices of the same dimension,
elementwise product)

G D Œgij � 2 R
n�m ; dimG D n �m

H D Œhij � 2 R
m�m ; dimH D n �m

#

H) K WD G �H D Œkij � 2 R
n�m ;

dimK D n �m; kij WD gij hij .no summation/:

“two rectangular matrices of the same dimension define the elementwise
product.”
The product was introduced by Hadamard (1899). See also Moutard
(1894), as well as Hadamard (1949) and Schur (1911) and Horn and
Johnson (1991) and Styan (1973).
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Example:

(a)

A D
�
1 2 3

4 5 6

�
2 Z

2�3; B D
2
4 2 34 5
6 7

3
5 2 Z

3�2 H)

(b)

H) A �B D
�
28 34

64 79

�
2 Z

2�2 .“integer numbers”/:

A D
�
1 2 3

4 5 6

�
2 Z

2�3 ; B D
2
4 1 23 4
5 6

3
5 2 Z

3�2 H) B ˝A D ŒbijA�

D
2
4
2
4 1 23 4
5 6

3
5˝ A

3
5 D

2
6666666664

1 2 3 2 4 6

4 5 6 8 10 12

3 6 8 4 8 12

12 15 18 16 20 24

5 10 15 6 12 18

20 25 30 24 30 36

3
7777777775
2 Z

6�6

(c)

A D
�
1 2 3

4 5 6

�
2 Z

2�3; B D
2
4 1 2 34 5 6

7 8 9

3
5 2 Z

3�3

H) B ˇ A D
2
4
2
4 14
7

3
5˝

2
4 1
4

3
5 ;

2
4 25
8

3
5˝

2
4 2
5

3
5 ;

2
4 36
9

3
5˝

2
4 3
6

3
5
3
5

D

2
66666664

1 4 9

4 10 18

4 10 18

16 25 36

7 16 27

23 40 54

3
77777775
2 Z

6�3
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(d)

G D
�
1 2 3

4 5 6

�
2 Z

2�3 ; H D
�
2 3 4

5 6 7

�
2 Z

2�3

H) G �H D Œgij hij � D
�
2 6 12

20 30 42

�
2 Z

2�3:

A-61 Special Matrices: Helmert, Hankel, and Vandemonte

All the quoted textbooks review effectively special matrices of various types:
symmetric, antisymmetric, diagonal, unity, zero, triangular, idempotent, normal,
orthogonal, orthonormal, positive-definite, positive-semidefinite, permutation, and
commutation matrices.
Here, we review only orthonormal matrices of various representations. The Helmert
representation of orthonomal matrix is given in various forms. In addition, we give
examples for an orthogonal matrix, for instance the Hankel matrix of power sums
and the Vandermonde matrix.

Definition (orthogonal matrix) :

The matrix A is called orthogonal if AA0 and A0A are diagonal matrices. (The rows
and columns of A are orthogonal.)

Definition (orthonormal matrix): The matrix A is called orthonormal if
AA0 D A0A D I. (The rows and columns of A are orthonormal.)

Facts (representation of a 22 orthonormal matrix) X 2 SO.2/: A 2 � 2 orthonormal
matrix X 2 SO.2/ is an element of the special orthogonal group SO(2) defined by

SO.2/ WD fX 2 R
2�2 jX0X D I2 and det X D C1g

8<
:X D

�
x1 x2

x3 x4

�
2 R

2�2
ˇ̌
ˇ̌̌
ˇ
x21 C x22 D 1
x1x3 C x2x4
x23 C x24 D 1

D 0; x1x4 � x2x3 D C1
9=
;

(a)

X D
�

cos� sin �
� sin � cos�

�
2 R

2�2; � 2 Œ0; 2��

is a trigonometric representation of X 2 SO.2/.
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(b)

X D
"

x
p
1 � x2

�p1 � x2 x

#
2 R

2�2; x 2 ŒC1;�1�

is an algebraic representation of X 2 SO.2/

�
x211C x212D 1; x11x21Cx12x22D �x

p
1�x2C x

p
1� x2D 0; x221Cx222D 1



:

(c)

X D
"

1�x2
1Cx2 C 2x

1Cx2
� 2x
1Cx2

1�x2
1Cx2

#
2 R

2�2; x 2 R

is called a stereographic projection of X (stereographic projection of SO(2) S
1

onto L
1).

(d)

X D .I2 C S/.I2 � S/�1; S D
�
0 x

�x 0
�
;

where S D �S0 is a skew matrix (antisymmetric matrix), is called a Cayley-Lipschitz
representation of X 2 SO.2/. (e) X 2 SO.2/ is a commutative group (“Abel”)
(Example: X1 2 SO.2/, X2 2 SO.2/, then X1X2 D X2X1) (SO(n) for n D 2 is the
only commutative group, SO(nj n ¤ 2) is not “Abel”).

Facts (representation of an n � n orthonormal matrix) X 2 SO.n/:

An n � n orthonormal matrix X 2 SO.n/ is an element of the special orthogonal
group SO(n) defined by

SO.n/ WD fX 2 R
n�njX0X D In and det X D C1g:

As a differentiable manifold SO(n) inherits a Riemann structure from the ambient
space n2 with a Euclidean metric (vecX0 2 R

n2 ; dim vecX0 D n2). Any atlas of
the special orthogonal group SO(n) has at least four distinct charts and there is one
with exactly four charts. (“minimal atlas”: Lusternik-Schnirelmann category) (a)

X D .In C S/.In � S/�1;

where

S D �S0
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is a skew matrix (antisymmetric matrix), is called a Cayley-Lipschitz representation
of X 2 SO.n/. (nŠ=2.n� 2/Š is the number of independent parameters/coordinates
of X) (b) If each of the matrices R1; : : : ;Rk is an n � n orthonormal matrix, then
their product

R1R2 � � �Rk�1Rk 2 SO.n/

is an n � n orthonormal matrix.

Facts (orthonormal matrix: Helmert representation):

Let a0 D Œa1; : : : ; an� represent any row vector such that ai ¤ 0 .i 2 f1; : : : ; ng/ is
any row vector whose elements are all nonzero. Suppose that we require an n � n
orthonormal matrix, one row which is proportional to a0. In what follows one such
matrix R is derived. Let Œr0

1; : : : ; r0
n� represent the rows of R and take the first row

r0
1 to be the row of R that is proportional to a0. Take the second row r0

2 to be
proportional to the n-dimensional row vector

Œa1;�a21=a2; 0; 0; : : : ; 0�; .H2/

the third row r0
3 proportional to



a1; a2;�.a21 C a22/=a3; 0; 0; : : : ; 0

�
.H3/

and more generally the first through nth rows r0
1; : : : ; r0

n proportional to

"
a1; a2; : : : ; ak�1;�

k�1X
iD1

a2i =ak; 0; 0; : : : ; 0

#
.Hn � 1/

for k 2 f2; : : : ; ng;

respectively confirm to yourself that the n-1 vectors (Hn�1) are orthogonal to each
other and to the vector a0. In order to obtain explicit expressions for r0

1; : : : ; r0
n it

remains to normalize a0 and the vectors (Hn�1). The Euclidean norm of the kth of
the vectors (Hn�1) is

8<
:
k�1X
iD1

a2i C
 
k�1X
iD1

a2i

!2.
a2k

9=
;
1=2

D
( 

k�1X
iD1

a2i

!  
kX
iD1

a2i

!.
a2k

) 1=2
:

Accordingly for the orthonormal vectors r0
1; : : : ; r0

n we finally find

(1st row) r0
1 D

"
nX
iD1

a2i

#�1=2
.a1; : : : ; an/
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(kth row) r0
k D

2
66664

a2k 
k�1P
iD1

a2i

!  
kP
iD1

a2i

!

3
77775

�1=2

�
 

a1; a2; : : : ; ak�1;�
k�1X
iD1

a2i
a k
; 0; 0; : : : ; 0

!

.nth row/ r0
n D

2
6664

a2n�
n�1P
iD1

a2i

	 �
nP
iD1

a2i

	
:

3
7775

�1=2 "
a1; a2; : : : ; an�1;�

n�1X
iD1

a2i
an

#
:

The recipe is complicated: When a0 D Œ1; 1; : : : ; 1; 1�, the Helmert factors in the
1st row, : : : ; kth row,. . . , nth row simplify to

r0
1 D n�1=2Œ1; 1; : : : ; 1; 1� 2n

r0
k D Œk.k � 1/��1=2Œ1; 1; : : : ; 1; 1� k; 0; 0; : : : ; 0; 0� 2n

r0
n D Œn.n � 1/��1=2Œ1; 1; : : : ; 1; 1 � n� 2 R

n:

The orthonormal matrix
2
66666666664

r0
1

r0
2

� � �
r0
k�1
r0
k

� � �
r0
n�1
r0
n

3
77777777775
2 SO.n/

is known as the Helmert matrix of order n. (Alternatively the transposes of such a
matrix are called the Helmert matrix.)

Example (Helmert matrix of order 3):

2
664
1=
p
3 1=

p
3 1=

p
3

1=
p
2 �1=p2 0

1=
p
6 1=

p
6 �2=p6

3
775 2 SO.3/:

Check that the rows are orthogonal and normalized.
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Example (Helmert matrix of order 4):

2
66664

1=2 1=2 1=2 1=2

1=
p
2 �1=p2 0 0

1=
p
6 1=

p
6 �2=p6 0

1=
p
12 1=

p
12 1=

p
12 �3=p12

3
77775 2 SO.4/:

Check that the rows are orthogonal and normalized.

Example (Helmert matrix of order n):

2
66666666664

1=
p
n 1=

p
n 1=

p
n 1=

p
n � � � 1=

p
n 1=

p
n

1=
p
2 �1=p2 0 0 � � � 0 0

1=
p
6 1=

p
6 �2=p6 0 � � � 0 0

� � � � � �
1p

.n�1/.n�2/
1p

.n�1/.n�2/
1p

.n�1/.n�2/ � � � � � �
1�.n�1/p
.n�1/.n�2/ 0

1p
n.n�1/

1p
n.n�1/

1p
n.n�1/ � � � � � � 1p

n.n�1/
1�np
n.n�1/

3
77777777775
2 SO.n/:

Check that the rows are orthogonal and normalized. An example is the nth row

1

n.n � 1/ C � � � C
1

n.n � 1/ C
.1 � n/2
n.n � 1/ D

n� 1
n.n � 1/ C

1 � 2nC n2
n.n � 1/

D n2 � n
n.n � 1/ D

n.n � 1/
n.n � 1/ D 1;

where .n � 1/ terms 1=Œn.n � 1/� have to be summed.

Definition (orthogonal matrix):

A rectangular matrix A D Œaij � 2 R
n�m is called “a Hankel matrix” if the nCm�1

distinct elements of A,

2
666664

a11
a21
� � �
an�11
an1 an2 � � � anm

3
777775

only appear in the first column and last row.
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Example: Hankel matrix of power sums

Let A 2 R
n�m be a nm rectangular matrix (n 6 m) whose entries are power sums.

A WD

2
6666666664

nP
iD1

˛ixi
nP
iD1

˛i x
2
i � � �

nP
iD1

˛ix
m
i

nP
iD1

˛ix
2
i

nP
iD1

˛i x
3
i � � �

nP
iD1

˛ix
mC1
i

:::
:::

:::
:::

nP
iD1

˛ix
n
i

nP
iD1

˛ix
nC1
i � � �

nP
iD1

˛ix
nCm�1
i

3
7777777775

A is a Hankel matrix.

Definition (Vandermonde matrix):

Vandermonde matrix: V 2 R
n�n

V W D

2
66664

1 1 � � � 1

x1 x2 � � � xn
:::

:::
:::

:::

xn�1
1 xn�1

2 � � � xn�1
n

3
77775 ;

det V D
Y
i;j
i>j

n

.xi � xj /:

Example: Vandermonde matrix V 2 R
3�3

V WD

2
64
1 1 1

x1 x2 x3

x21 x
2
2 x

2
3

3
75 ; det V D .x2 � x1/.x3 � x2/.x3 � x1/:

Example: Submatrix of a Hankel matrix of power sums Consider the submatrix
P D Œa1; a2; : : : ; an� of the Hankel matrix A 2 R

n�m .n 6 m/ whose entries are
power sums. The determinant of the power sums matrix P is

det P D
 

nY
iD1

˛i

! 
nY
iD1

xi

!
.det V/2;

where det V is the Vandermonde determinant. Example: Submatrix P 2 R
3�3 of a

3 � 4 Hankel matrix of power sums (n D 3, m D 4)
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A D

2
6664
˛1x1 C ˛2x2 C ˛3x3 ˛1x

2
1 C ˛2x

2
2 C ˛3x

2
3 ˛1x

3
1 C ˛2x

3
2 C ˛3x

3
3 ˛1x

4
1 C ˛2x

4
2 C ˛3x

4
3

˛1x
2
1 C ˛2x

2
2 C ˛3x

2
3 ˛1x

3
1 C ˛2x

3
2 C ˛3x

3
3 ˛1x

4
1 C ˛2x

4
2 C ˛3x

4
3 ˛1x

5
1 C ˛2x

5
2 C ˛3x

5
3

˛1x
3
1 C ˛2x

3
2 C ˛3x

3
3 ˛1x

4
1 C ˛2x

4
2 C ˛3x

4
3 ˛1x

5
1 C ˛2x

5
2 C ˛3x

5
3 ˛1x

6
1 C ˛2x

6
2 C ˛3x

6
3

3
7775

P D Œa1; a2; a3�

2
6664
˛1x1 C ˛2x2 C ˛3x3 ˛1x

2
1 C ˛2x

2
2 C ˛3x

2
3 ˛1x

3
1 C ˛2x

3
2 C ˛3x

3
3

˛1x
2
1 C ˛2x

2
2 C ˛3x

2
3 ˛1x

3
1 C ˛2x

3
2 C ˛3x

3
3 ˛1x

4
1 C ˛2x

4
2 C ˛3x

4
3

˛1x
3
1 C ˛2x

3
2 C ˛3x

3
3 ˛1x

4
1 C ˛2x

4
2 C ˛3x

4
3 ˛1x

5
1 C ˛2x

5
2 C ˛3x

5
3

3
7775 :

A-62 Scalar Measures of Matrices

All reference textbooks review various scalar measures of matrices like

• Linear independence
• Column and row rank
• Rank identities

to which we refer. Permanently, we referred to a special technique called IPM
(“Inverse Partitioned Matrix”) of a symmetric matrix we will review now.

Facts: (Inverse Partitional Matrix/IPM/of a symmetric matrix):

Let the symmetric matrix A be partitioned as

A WD
"

A11 A12

A0
12 A22

#
; A0

11 D A11; A0
22 D A22:

Then its Cayley inverse A�1 is symmetric and can be partitioned as well as

A�1 D
2
4 A11 A12

A0
12 A22

3
5

�1

D
2
4 ŒI C A�1

11 A12.A22 � A0
12A�1

11 A12/
�1A0

12�A�1
11 �A�1

11 A12.A22 � A0
12A�1

11 A12/
�1

�.A22 � A0
12A�1

11 A12/
�1A0

12A�1
11 .A22 � A0

12A�1
11 A12/

�1

3
5 ;

if A�1
11 exists;

A�1 D
2
4 A11 A12

A0
12 A22

3
5

�1

D
2
4 .A11 � A0

12A�1
22 A12/

�1 �.A11 � A0
12A�1

22 A12/
�1A12A�1

22

�A�1
22 A0

12.A11 � A0
12A�1

22 A12/
�1 ŒI C A�1

22 A0
12.A11 � A12A�1

22 A0
12/

�1A12�A�1
22

3
5 ;
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if A�1
22 exists:

S11 WD A22 � A0
12A�1

11 A12 and S22 WD A11 � A0
12A�1

22 A12

are the minors determined by properly chosen rows and columns of the matrix A
called “Schur complements” such that

A�1 D
"

A11 A12

A0
12 A22

#�1
D
"
.IC A�1

11 A12S�1
11 A0

12/A�1
11 �A�1

11 A12S�1
11

�S�1
11 A0

12A�1
11 S�1

11

#

if A�1
11 exists;

A�1 D
"

A11 A12

A0
12 A22

#�1
D
"

S�1
22 �S�1

22 A12A�1
22

�A�1
22 A0

12S�1
22 ŒIC A�1

22 A0
12S�1

22 A12�A�1
22

#

if A�1
22 exists;

are representations of the Cayley inverse partitioned matrix A�1 in terms of “Schur
complements”.
The formulae S11 and S22 were first used by J. Schur (1917). The term “Schur
complements” was introduced by Haynsworth (1968). Albert (1969) replaced the
Cayley inverse A�1 by the Moore-Penrose inverse AC. For a survey we recommend
Cottle (1974), Ouellette (1981), Carlson (1986) and Styan (1985).

Proof.

For the proof of the “inverse partitioned matrix” A�1 (Cayley inverse) of the
partitioned matrix A of full rank we apply Gauss elimination (without pivoting).

AA�1 D A�1A D I

A D
�

A11 A12

A0
12 A22

�
; A0

11 D A11; A0
22 D A22

"
A11 2 R

m�m; A12 2 R
m�l

A0
12 2 R

l�m; A22 2 R
l�l

A�1 D
�

B11 B12
B0
12 B22

�
; B0

11 D B11; B0
22 D B22

"
B11 2 R

m�m; B12 2 R
m�l

B0
12 2 R

l�m; B22 2 R
l�l

AA�1 D A�1A D I,

2
6664

A11B11 C A12B0
12 D B11A11 C B12A0

12 D Im .1/

A11B12 C A12B22 D B11A12 C B12A22 D 0 .2/

A0
12B11 C A22B0

12 D B0
12A11 C B22A0

12 D 0 .3/

A0
12B12 C A22B22 D B0

12A12 C B22A22 D Il : .4/
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Case (a) W A�1
11 exists

“forward step”

A11B11 CA12B0
12 D Im .first left equation:multiply by �A0

12A�1
11 /

A0
12B11 C A22B0

12 D 0 .secondrightequation)

#

, �A0
12B11 �A0

12A�1
11 A12B0

12 D A0
12A�1

11

A0
12B11 CA22B0

12 D 0

#

,
"

A11B11 C A12B0
12 D Im

.A22 � A0
12A�1

11 A12/B0
12 D �A0

12A�1
11

) B0
12 D �.A22 �A0

12A�1
11 A12/

�1A0
12A�1

11

B0
12 D �S�1

11 A0
12A�1

11

or "
Im 0

�A0
12A�1

11 Il

#"
A11 A12

A0
12 A22

#
D
"

A11 A12

0 A22 � A0
12A�1

11 A12

#
:

Note the “Schur complement” S11 WD A22 �A0
12A�1

11 A12.

“backward step”

A11B11 C A12B0
12 D Im

B0
12 D �.A22 � A0

12A�1
11 A12/

�1A0
12A�1

11

#

) B11 D A�1
11 .Im � A12B0

12/ D .Im � B12A0
12/A�1

11

B11 D ŒIm C A�1
11 A12.A22 �A0

12A�1
11 A12/

�1A0
12�A�1

11

B11 D A�1
11 C A�1

11 A12S�1
11 A0

12A�1
11

A11B12 C A12B22 D 0 .second left equation/

) B12 D �A�1
11 A12B22 D �A�1

11 A12.A22 � A0
12A�1

11 A12/
�1

, B22 D .A22 �A0
12A�1

11 A12/
�1

B22 D S�1
11 :

Case (b) W A�1
22 exists

“forward step”
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A11B12 C A12B22 D 0 .third right equation)

A0
12B12 C A22B22 D Il .fourth left equation: multiply by � A12A�1

22 /

#

, A11B12 C A12B22 D 0

�A12A�1
22 A0

12B12 �A12B22 D �A12A�1
22

#

,
"

A0
12B12 C A22B22 D Il

.A11 � A12A�1
22 A0

12/B12 D �A12A�1
22

) B12 D �.A11 �A12A�1
22 A0

12/
�1A0

12A�1
22

B12 D �S�1
22 A12A�1

22 or"
Im �A12A�1

22

0 Il

#"
A11 A12

A0
12 A22

#
D
"

A11 �A12A�1
22 A0

12 0

A0
12 A22

#
:

Note the “Schur complement”

S22 WD A11 � A12A�1
22 A0

12:

“backward step”

A0
12B12 C A22B22 D Il

B12 D �.A11 � A12A�1
22 A0

12/
�1A12A�1

22

#

) B22 D A�1
22 .Il � A0

12B0
12/ D .Il � B0

12A12/A�1
22

B22 D ŒIl C A�1
22 A0

12.A11 � A12A�1
22 A0

12/
�1A12�A�1

22

B22 D A�1
22 C A�1

22 A0
12S�1

22 A12A�1
22

A0
12B11 C A22B0

12 D 0 .third left equation/

) B0
12 D �A�1

22 A0
12B11 D �A�1

22 A0
12.A11 � A12A�1

22 A0
12/

�1

,
B11 D .A11 � A12A�1

22 A0
12/

�1

B11 D S�1
22 :

|

The representations B11;B12;B21DB0
12;B22 in terms of A11;A12;A21 D A0

12;A22

have been derived by Banachiewicz (1937). Generalizations are referred to Ando
(1979), Brunaldi and Schneider (1963), Burns et al. (1974), Carlson (1980), Meyer
(1973) and Mitra (1982), Li and Mathias (2000). We leave the proof of the following
fact as an exercise.
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Fact (Inverse Partitioned Matrix /IPM/ of a quadratic matrix):

Let the quadratic matrix A be partitioned as

A WD
"

A11 A12

A21 A22

#
:

Then its Cayley inverse A�1 can be partitioned as well as

A�1 D
"

A11 A12

A21 A22

#�1
D
"

A�1
11 C A�1

11 A12S�1
11 A21A�1

11 �A�1
11 A12S�1

11

�S�1
11 A21A�1

11 S�1
11

#
;

if A�1
11 exists

A�1 D
"

A11 A12

A21 A22

#�1
D
"

S�1
22 �S�1

22 A12A�1
22

�A�1
22 A21S�1

22 A�1
22 CA�1

22 A21S�1
22 A12A�1

22

#
;

if A�1
22 exists

and the “Schur complements” are defined by

S11 WD A22 �A21A�1
11 A12 and S22 WD A11 � A12A�1

22 A21:

Facts: Cayley Inverse, DG matrix identity, SMW matrix identity, sum of two
matrices

.DG id/ BD.AC CBD/�1 D .B�1 C DA�1C/�1DA�1
(Duncan-Guttman matrix identity):

.SMW id/ .AC CBD/�1 D A�1 � A�1C.B�1 C DA�1C/�1DA�1
(Sherman - Morrison - Woodbury matrix identity):

Duncan (1944) calls (DG) the Sherman-Morrison-Woodbury matrix identity. If the
matrix A is singular consult Henderson and Searle (1981a), Henderson and Searle
(1981b), Ouellette (1981), Hager (1989), Stewart (1977) and Riedel (1992). (SMW)
has been noted by Duncan (1944) and Guttman (1946): The result is directly derived
from the identity

.AC CBD/.AC CBD/�1 D I

) A.ACCBD/�1 CCBD.AC CBD/�1 D I

.AC CBD/�1 D A�1 � A�1CBD.AC CBD/�1
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A�1 D .AC CBD/�1 C A�1CBD.AC CBD/�1

DA�1 D D.AC CBD/�1 C DA�1CBD.AC CBD/�1

DA�1 D .ICDA�1CB/D.AC CBD/�1

DA�1 D .B�1 C DA�1C/BD.AC CBD/�1

.B�1 C DA�1C/�1DA�1 D BD.AC CBD/�1:

Up to now we presented IPM of a symmetric matrix. Alternatively, we review rank
factorization of a symmetric and positive semidefinite/definite matrix.

Facts (rank factorization):

(a) If the n � n matrix is symmetric and positive semidefinite, then its rank
factorization is

A D
"

G1

G2

# 

G0

1 G0
2

�
;

where G1 is a lower triangular matrix of the order O.G1/ D rk A � rk A with
rk G2 D rk A, whereas G2 has the format O.G2/ D .n � rk A/ � rk A: In this
case we speak of a Choleski decomposition.

(b) In case that the matrix A is positive definite, the matrix block G2 is not needed
anymore: G1 is uniquely determined. There holds

A�1 D .G�1
1 /

0G�1
1 :

Various notions, for instance submatrices adjoint, traces and determinants, as scalar
measures of a matrix are given by D. A. Harville (2001, examples, Sects. 2,5 and 13)
to which we refer. We already introduced vector-valued matrix forms by means of
the operations vec, vech and veck. Please pay attention to the vec-forms

(a) vecA � B � C0 D .A˝ C/vecB
(b) .A/0vecB D tr.A � B0/
(c) vec xy0 D x˝ y

(d) vec(A � B/ D .B0 ˝ In/vecA D .B0 ˝ A/vecIm

D .Iq ˝ A/vecB; for all A 2 R
n�m; B 2 R

m�q

given by Pukelsheim (1977), pp. 324, 326 or Harville (2001), examples,
Sect. 16, 22 pp.
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A-63 Three Basic Types of Generalized Inverses

In Chaps. 1, 3 and 5 we obtained the complete class of solution of equation “AxD y00
and showed that every solution can be expressed in the form x D Gy where G is
the properly chosen generalized inverse. Here we inquire to find solutions for such
generalized inverses which are of the following type

.i/ rk A D rk .AA0/ D n W “minimum norm”

Consistent system of observation equations: Underdetermine.

Theorem (“minimum norm”: Rao and Mitra (1971), pp. 44–47)

Let G be a generalized inverse of the matrix A such that Gy is a minimum norm
solution of the equation Ax D y; rkA D rk .AA0/ D n. Then it is necessary and
sufficient that

(a) kxk2 D kGyk2 D Min

Ax D y
or

(b) AGA D A and .GA/0 D GA. or
(c) A�

mr D A0.AA0/� (reflexive generalized inverse which is minimum norm).

If we use the weighted generalized inverse of the type
n
Min

Ax D y
kxk2 D x0Gx

o
we get the Gx-MINOS solution of Chap. 1, case (a), case (b) and case (c).

.ii/ rk A D rk .A0A/ D m W “generalized least-squares solution for Ax D y”

Inconsistent system of linear observation equations: overdetermine.

Theorem (“Least-squares”: Rao and Mitra (1971), pp. 48–50)

Let G be a matrix (not necessarily a generalized inverse) such that Gy is a least-
squares solution of Ax D y such that rkA D rk .A0A/ D m. Then it is necessary
and sufficient that

(a) ky �Axk2 D min .inconsistent/
or

(b) AGA D A and .GA/0 D GA:
or

(c) Alr D .A0A/�A (reflexive generalized inverse which is least-squares).

If we use the weighted generalized inverse of the type
n
Min

x
ky � Axk2Gy

D

.y � Ax/0Gy.y � Ax/
o

we enjoy receiving the Gy-LESS solution of Chap. 3,

case (a), case (b) and case (c).
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.iii/ rkA < min fm; ng W “generalized inverse for a minimum norm least-
squares solution”

Inconsistent system of linear observation equations with a datum defect:
overdetermine-underdetermined. ut

Here we start with a definition

Definition (“MINOLESS”: Rao and Mitra (1971), p. 51)

G is said to be a minimum norm, least-squares generalized inverse of the matrix A,
if G is A�

l and for any y 2 Y

kGykm � kxkm for all x 2 fx j ky � Axkm � ky � Azkm for all z 2 X

where k:kn and k:km are norms in X
m and Y

n respectively. Finally we will refer to
the basic results generating “MINOLESS”.

Theorem (“MINOLESS”: Rao and Mitra (1971), pp. 50–54,64)

Let G be a matrix such that Gy is a minimum norm, least-squares solution of the
inconsistent equation Ax D yC i. Then it is necessary and sufficient that x D ACy
namely, (a) AGA D A, (b) .AG/0 D AG, (c) GAG/ D G, (d) .GA/0 D GA
(Penrose 1955). or

AC D A0AŒ.A0A/2��A0 D .IC A0A/�A0ŒA0A.IC A0A/�A��A� or

AC D k lim�!1
kX

kD1
A0.IC AA0/�k D k lim�!1

kX
kD1

.IC A0A/�kA0 or

AC D � lim�! 0CA0.�IC AA0/�1 D � lim�! 0C.I�C A0A/�1A0

If we use the weighted norms kxk2Px and ky � Axk2Py , we receive the Gx-minimum
norm, Gy- least squares solution of Chap. 5, case (a), case (b) and case (c).

A-7 Complex Algebra, Quaternion Algebra, Octonian
Algebra, Clifford Algebra, Hurwitz Theorem

The greatest advantage of Clifford algebra is the following fact: We are able to write
down the field equations namely “rot” and “div” equation of gravitational field and
electromagnetic field in one equation. The related literature is very rich and we
could recommend the book by Meetz and Engl (1980). A more detailed introduction
into Clifford algebra and its fascinating chess board as well as Clifford analysis is
listed in Grafarend (2004) with more than 300 references. From some point of view,
the variona algebra presented here are rather out of fashion. Indeed
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• Complex algebra, Clifford algebra Cl.0; 1/
• Quaternion algebra, Clifford algebra Cl.0; 2/

A-71 Complex Algebra as a Division Algebra as well
as a Composition Algebra, Clifford algebra Cl.0; 1/

Here we present to you “complex algebra” and refer it to Clifford algebra C l.0; 1/.
The “complex algebra” C due to C. F. Gauß is a division algebra over R as well as
a composition algebra.

x 2 C

x D e0x0 C e1x1 subject to fx0; x1g 2 R
2

span C D f1; e1g

1 x;y; z 2 R
2

˛.x;y/ DW x C y :

The axioms .G1C/, .G2C/, .G3C/, .G4C/ of an Abelian group apply.

2 x;y 2 R
2; r; s 2 R

ˇ.r;x/ DW r � x:

The axioms .D1C/, .D2C/, .D3/ of additive distributivity apply.

3 One way to explicitly describe a multiplicative group with finitely many
elements is to give a table listing the multiplications just representing the map
� W C � C �! C.

�

�

�

�
multiplication diagram, Cayley diagram

1 e1

1 1 e1

e1 e1 �1

Note that in the multiplication table each entry of a group appears exactly once
in each row and column. The multiplication has to be read from left to right
that is, the entry at the intersection of the row headed by e1 and the column
headed by e1 is the product e1 � e1. Such a table is called a Cayley diagram
of the multiplicative group.
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Here note in addition the associativity of the internal multiplication given in
the table. Such a “complex algebra” C is not a Lie algebra since neither x �
x D 0 .L1/ nor .x �y/� zCC.y � z/�xC .z�x/�y D 0 (Jacobi identity)
.L2/ hold. Just by means of the multiplication table compute

x � x D 1f.x0/2 � .x1/2g C 2e1x0x1 6D 0:

4 Begin with the choice

x�1 D 1

.x0/2 C .x1/2 .1x
0 � e1x1/

in order to end up with

x � x�1 D .1x0 C e1x1/ � 1x0 � e1x1
.x0/2 C .x1/2 D 1

Accordingly .G1�/, .G2�/, .G3�/ of a division algebra apply.

5 Begin with the choice

Q.x/ D Q.1x0 C e1x1/ WD .x0/2 C .x1/2

in order to prove (K1), (K2) and (K3). We only focus on (K2i):

Q.x � y/ D Q.x/ �Q.y/ .multiplicativity/

Q.x � y/ D Qf1.x0y0 � x1y1/C e1.x1y0 C x0y1/g
D .x0/.y0/2 C .x1/2.y1/2 C .x1/2.y0/2 C .x0/2.y1/2

Q.x/ �Q.y/ D f.x0/2 C .x1/2g � f.y0/2 C .y1/2g
D .x0/2.y0/2 C .x1/2.y1/2 C .x1/2.y0/2 C .x0/2.y1/2
�

�

�

�

Q.x � y/ D Q.x/ �Q.y/ q:e:d:

How can be one dream about such a complex algebra C? Gauss (1887) had been
motivated in his number theory to introduce complex numbers with i WD p�1 as
the “imaginary unit”. Identify 1x0 with the “real part” and e1x1 D ix1 with the
“imaginary part” of x and we are left with the standard theory of complex numbers.
x�1 is based upon the complex conjugate 1x0�e1x1 of x being divided by the norm
of x. There is a remarkable isomorphism between complex numbers and complex
algebra.
The proper algebraic interpretation of complex numbers is in terms of Clifford
algebra C l.0; 1/. Observe g.e1; e1/ D �1 which interprets the binary operation
of the base vector which spans the vector part of a complex number. Now translate
the multiplication table into the language of the Clifford product, namely



622 A Tensor Algebra, Linear Algebra, Matrix Algebra, Multilinear Algebra

�

�

 

!

1
�^ 1 D 1; 1

�^ e1 D e1
e1

�^ 1 D e1; e1
�^ e1 D �1

in order to convince yourself that the Clifford algebra C l.0; 1/ is algebraically
isomorphic to the space of complex numbers. |
How can we relate complex numbers to Clifford algebra C l1? Observe g.e1; e1/ D
�1 which interprets the binary operation of the base vector which spans the vector
part of a complex number. While the scalar part of a complex number is an element
of A0, its vector part can be considered to be an element ofA1. The direct sum

A0 ˚A1

of spaces A0, A1 is algebraically isomorphic to the space of complex numbers,
being an element of the Clifford algebra C l1. |

A-72 Quaternion Algebra as a Division Algebra as well
as a Composition Algebra, Clifford algebra Cl.0; 2/

Next we review “quaternion algebra” quoting W. R. Hamilton and refer it to Clifford
algebra C l.0; 2/. The ”quaternion algebra” H due to Hamilton (1843) is a division
algebra over R as well as a composition algebra:

x 2 H

x D 1x0 C e1x1 C e2x2 C e3x3 subject to fx0; x1; x2; x3g 2 R
4

span H D f1; e1; e2; e3g

1 x;y ; z 2 R
4

˛.x;y/ DW x C y :

The axioms .G1C/, .G2C/, .G3C/, .G4C/ of an Abelian additive group
apply.

2 x;y 2 R
4; r; s 2 R

ˇ.r;y/ DW r � x:

The axioms .D1C/, .D2C/, .D3/ of additive distributivity apply.
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3 One way to explicitly describe a multiplicative group with finitely many
elements is to give a table listing the multiplications just representing the map
� W H �H �! H.

�

�

�

�

multiplication table, Cayley diagram

1 e1 e2 e3

1 1 e1 e2 e3

e1 e1 �1 e3 �e2
e2 e2 �e3 �1 e1

e3 e3 e2 �e1 �1

:

Note that in the multiplication table each antry of a group appears exactly once
in each row and column. The multiplication has to be read from left to right
that is, the entry at the intersection of the row headed by e1 and the column
headed by e2 is the product e1 � e2. Such a table is called a Cayley diagram of
the multiplicative group.
Here note in addition the associativity of the internal multiplication given by
the table, e.g. e1 � .e2 � e3/ D e1 � e1 D �1 D e3 � e3 D .e1 � e2/ � e3 or

x � y D 1
 
xıyı �

3X
kD1

xkyk

!
C
X
i;j;k

ek.x
ıyk C xkyı C �kij xiyj /

such that .x � y/ � z D x � .y � z/.
Such a “Hamilton algebra” H is not a Lie algebra since neither x � x D 0

(L1) nor .x � y/ � zC .y � z/ � x C .z � x/ � y D 0 (L2) (Jacobi identity)
hold. Just by means of the multiplication table compute

x � x D 1f.xı/2 � .x1/2 � .x2/2 � .x3/2g
C 2e1xıx1 C 2e2xıx2 C 2e3xıx3 6D 0

4 Begin with the choice

x�1 D 1

.xı/2 C .x1/2 C .x2/2 C .x3/2 .1x
ı � e1x1 � x2x2 � e2x3/

in order to to end up with

x � x�1D Œ1xıC e1x1C e2x2C e3x3� � 1xı � e1x1 � e2x2 � e3x3
.xı/2C .x1/2C .x2/2C .x3/2 D 1:

Accordingly .G1�/, .G2�/, .G3�/ of a division algebra apply.

5 Begin with the choice
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Q.x/ D Q.1C e1x1 C e2x2 C e3x3/ WD .x0/2 C .x1/2 C .x2/2 C .x3/2

in order to prove .K1/. .K2/ and .K3/.

The laborious proofs are left as an exercise.
How can one dream about such a “quaternion algebra” H? Hamilton (16 October
1843) invented quaternion numbers as outlined in a letter (1865) to his son
A. H. Hamilton for the following reason:

“If I may be allowed to speak of myself in connexion with the subject,
I might do so in a way which would bring you in, by referring to an
antequaternionic time, when you were a mere child, but had caught from
me the conception of a Vector, as represented by a Triplet; and indeed
I happen to be able to put the finger of memory upon the year and
month – October, 1843 – when having recently returned from visits to Cork
and Parsonstown, connected with a Meeting of the British Association, the
desire to discover the laws of the multiplication referred to regained with
me a certain strength and carnestness, which had for years been dormant,
but was then on the point of being gratified, and was occasionally talked
of with you. Every morning in the early part of the above cited month, on
my coming down to breakfast, your (then) little brother William Edwin, and
yourself, used to ask me, “Well, Papa, can you multiply triplets”? Whereto
I was always obliged to reply, with a sad shake of the head: “No, I can only
add and subtract them.”

But on the 16th day of the same month – which happened to be a Monday,
and a Council day of the Royal Irish Academy – I was walking in to attend
and preside, and your mother was walking with me, along the Royal Canal,
to which she had perhaps driven; and although she talked with me now
and then, yet an under-current of thought was going on in my mind, which
gave at last a result, whereof it is not too much to say that I felt at once
the importance. An electric circuit seemed to close; and a spark flashed
forth. The herald (as I foresaw, immediately) of many long years to come
of definitely directed thought and work, by myself if spared, and at all
events on the part of others, if should even be allowed to live long enough
distinctly to communicate the discovery. Nor could I resist the impulse –
unphilosophical as it may have been – to cut with a knife on a stone
of Brougham Bridge, as we passed it, the fundamental formula with the
symbols, i; j; k; namely

i 2 D j 2 D k2 D ijk D �1



A-7 Complex Algebra, Quaternion Algebra, Octonian Algebra, Clifford Algebra 625

which contains the Solution of the Problem, but of course, as an inscription,
has long since moldered away. A more durable notice remains, however, on the
Council Books of the Academy for that day (October 16th, 1843), which records
the fact, that I then asked for and obtained base to read a Paper on Quaternion, at
the First General Meeting of the Session: which reading took place accordingly,
on Monday the 13th of the November following.”

Obviously the vector part e1x1Ce2x2Ce3x3 D ix1Cj x2Ckx3 of a quaternion
number replaces the imaginary part of a complex number, the scalar part 1x0 the
real part. The quaternian conjugate

1xı �
3X

kD1
ekx

k DW x�

substitutes the complex conjugate of ta complex number, leading to the quaternion
inverse

x�1 D x�

Q.x/
:

The proper algebraic interpretation of quaternion numbers is in terms of Clifford
algebra C l.0; 2/. If n D dimX D 2 is the dimension of the linear space X which
we base the Clifford algebra on, its basis elements are

f1; e1; e2; e1 �^ e2g
subject to

e1
�^ e2 C e2 �^ e1 D 0;

e1
�^ e1 D g.e1; e1/1 D �1 ; e2 �^ e2 D g.e2; e2/1 D �1;

.e2
�^ e2/2 D .e1 �^ e2/ �^ .e1 �^ e2/ D �e2 �^ .e1 �^ e1/ �^ e1 D Ce2 �^ e2 D �1

.e2
�^ e2/ �^ e1 D �e2 �^ .e1 �^ e1/ D e2

.e2
�^ e2/ �^ e2 D e1 �^ .e2 �^ e2/ D �e1

and

e3 WD e1 �^ e2
by classical notation. Obviously

x D 1xı C e1x1 C e2x2 C e1 �^ e2x3 2 C l.0; 2/

is an element of Clifford algebra C l.0; 2/.
There is an algebraic isomorphism between the quaternion algebra H of vectors and
the quaternion algebra of matrices, namely either M.R4�4/ of 4 � 4 real matrices
or M.C2�2/ of 2 � 2 complex matrices.
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Firstly we define the 4 � 4 real matrix basis E and decompose it into the
four constituents ˙ 0, ˙ 1, ˙ 2, ˙ 3 of 4 � 4 real Pauli matrices which form a
multiplicative group of the multiplication table of Hamilton type

E WD

2
664

1 e1 e2 e3

�e1 1 �e3 e2

�e2 e3 1 �e1
�e3 �e2 e1 1

3
775 D 1˙ 0 C e1˙ 1 C e2˙ 2 C e3˙ 3 2 R

4�4

˙ 0 D

2
664
1 0 0 0

0 1 0 0

0 0 1 0

0 0 0 1

3
775 ; ˙ 1 WD

2
664

0 1 0 0

�1 0 0 0

0 0 0 �1
0 0 1 0

3
775 ;

˙ 2 D

2
664

0 0 1 0

0 0 0 1

�1 0 0 0

0 �1 0 0

3
775 ; ˙ 3 WD

2
664

0 0 0 1

0 0 �1 0
0 1 0 0

�1 0 0 0

3
775 ;

�

�

�

�

multiplication table, Cayley diagram

˙ 0 ˙ 1 ˙ 2 ˙ 3

˙ 0 ˙ 0 ˙ 1 ˙ 2 ˙ 3

˙ 1 ˙ 1 �˙ 0 ˙ 3 �˙ 2

˙ 2 ˙ 2 �˙ 3 �˙ 0 ˙ 1

˙ 3 ˙ 3 ˙ 2 �˙ 1 �˙ 0

or

˙ 0˙ 0 D ˙ 0;˙ 0˙ i D ˙ i˙ 0 D ˙ i for all i 2 f1; 2; 3g
˙ i˙ j D �ıij˙ 0 C �ijk˙ k for all i; j; k 2 f1; 2; 3g

LetA, B, C 2 M (R4�4, Hamilton) constituted by means of

2
664

a1 a2 a3 a4
�a2 a1 �a4 a3
�a3 a4 a1 �a2
�a4 �a3 a2 a1

3
775 DW A

2
664

b1 b2 b3 b4
�b2 b1 �b4 b3

�b3 b4 b1 �b2
�b4 �b3 b2 b1

3
775 DW B
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such that the Cayley-product

AB D

2
664

c1 c2 c3 c4

�c2 c1 �c4 c3
�c3 c4 c1 �c2
�c4 �c3 c2 c1

3
775 DW C 2M .R4�4; Hamilton/

c1 D a1b1 � a2b2 � a3b3 � a4b4
c2 D a1b2 C a2b1 C a3b4 � a4b3
c3 D a1b3 � a2b4 C a3b1 C a4b2
c4 D a1b4 C a2b3 � a3b2 C a4b1

fulfilling the axioms .G1ı/, .G2ı/, .G3ı/ of a non-Abelian multiplicative group,
namely

.G1ı/ .AB/C D A.BC/ .associativity/

.G2ı/ AI D A .identity/

.G3ı/ AA�1 D I .inverse/;

but .G4ı/ does not apply, in particular

detA D a21 C a22 C a23 C a24; detB D b21 C b22 C b23 C b24
det .AB/ D .detA/.detB/:

Secondly we define the 2 � 2 complex matrix basis E and decompose it into the
four constituents ˙0, ˙1, ˙2, ˙3 of 2 � 2 complex Pauli matrices which form a
multiplicative group of the multiplication table of Hamilton type

E WD
"
1C ie1 e2 C ie3
�e2 C ie3 1 � ie1

#
D 1˙ 0 C e1˙ 1 C e2˙ 2 C e3˙3 2 C

2�2

˙ 0 WD
�
1 0

0 1

�
; ˙ 1 WD

�
i 0

0 �i
�
;

˙ 2 WD
�
0 1

1 0

�
; ˙ 3 WD

�
0 i

i 0

�

�

�

�

�

multiplication table, Cayley diagram
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˙0 ˙1 ˙2 ˙3

˙0 ˙0 ˙1 ˙2 ˙3

˙1 ˙1 �˙0 ˙3 �˙2

˙2 ˙2 �˙3 �˙0 ˙1

˙3 ˙3 ˙2 �˙1 �˙0

:

Note thatE 2 C
2�2 is “Hermitean”. LetA,B,C 2M .C2�2, Hamilton) constituted

by means of

"
a1 C ia2 a3 C ia4
�a3 C ia4 a1 � ia2

#
DW A

"
b1 C ib2 b3 C ib4
�b3 C ib4 b1 � ib2

#
DW B

such that the Cayley-product

AB D
"
c1 C ic2 c3 C ic4
�c3 C ic4 c1 � ic2

#
DW C 2M .C2; Hamilton/

det .AB/ D .detA/.detB/ D �a21 C a22 C a23 C a24� �b21 C b22 C b23 C b24�
D c21 C c22 C c23 C c24

c1 C ic2 D .a1 C ia2/.b1 C ib2/C .a3 C ia4/.�b3 C ib4/
D a1b1 � a2b2 � a3b3 � a4b4 C i.a1b2 C a2b1 C a3b4 � a4b3/

c3 C ic4 D .a1 C ia2/.b3 C ib4/C .a3 C ia4/.b1 � ib2/
D a1b3 � a2b4 C a3b1 C a4b2 C i.a1b4 C a2b3 � a3b2 C a4b1/

fulfilling the axioms .G1ı/, G2ı/, .G3ı/ of a non-Abelian multiplicative group.
The spinor

s WD
"
1C ie1
e2 C ie3

#
D
"
s1

s2

#

as a vector of length zero relates to the 2 � 2 complex matrix basis by

E D
"

s1 s2

�s�
2 s

�
1

#
: |
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A-73 Octanian Algebra as a Non-Associative Algebra
as well as a Composition Algebra, Clifford algebra
with Respect to H � H

The octanian algebra O also called “the algebra of octaves” due to Graves (1843)
and Cayley (1845) is a composition algebra over R as well as a non-associative
algebra:

x 2 O

x D 1xıC e1x1C e2x2C e3x3C e4x4C e5x5C e6x6C e7x7 subject to

fxı; x1; : : : ; x6; x7g 2 R
8

spanO D f1; e1; e2; e3; e4; e5; e6; e7g

1 x;y; z 2 R
8

˛.x;y/ DW x C y

The axioms .G1C/, .G2C/, .G3C/, .G4C/ of an Abelian additive group
apply.

2 x;y 2 R
8; r; s 2 R

ˇ.r;x/ DW r � x

The axioms .D1C/, .D2C/, .D3/ of additive distributivity apply.
3 One way to explicitly describe a multiplicative group with finitely many

elements is to give a table listing the multiplications just representing the map
� W O �O �! O.

�

�

�

�

multiplication table, Cayley diagram

1 e1 e2 e3 e4 e5 e6 e7

1 1 e1 e2 e3 e4 e5 e6 e7

e1 e1 �1 e3 �e2 e5 �e4 �e7 e6

e2 e2 �e3 �1 e1 �e6 e7 �e4 �e5
e3 e3 e2 �e1 �1 e7 �e6 e5 �e4
e4 e4 �e5 �e6 �e7 �1 �e1 �e2 �e3
e5 e5 e4 �e7 e6 �e1 �1 �e3 e2

e6 e6 e7 e4 �e5 �e2 e3 �1 �e1
e7 e7 �e6 e5 e4 �e3 �e2 e1 �1
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Note that in the multiplication table each entry of a group appears exactly once
in each row and column. The multiplication has to be read from left to right that
is, the entry at the intersection of the row headed by e5 is the product e3 � e5.
Such a table is called a Cayley diagram of the multiplicative group.
Note the non-associativity of the internal multiplication given by the table, e.g.
e2�.e3�e4/ 6D .e2�e3/�e4, namely by means of e3�e4 D e7, e2�.e3�e4/ D
e2 � e7 D �e5 versus e2 � e3 D e1, .e2 � e3/ � e4 D e1 � e4 D Ce5. Such
an “octonian algebra” O is not a Lie algebra since neither x � x D 0 (L1) nor
.x � y/zC .y � z/ � x C .z � x/ � y D 0 (L2) (Jacobi identity) hold. Just by
means of the multiplication table compute

.e2 � e3/ � e4 C .e3 � e4/ � e2 C .e4 � e2/ � e3 D e5 6D 0:

4 does not apply.

5 Begin with the choice

Q.x/ D Q.1xı C e1x1 C � � � C e6x6 C e7x7/
D .xı/2 C .x1/2 C � � � C .x6/2 C .x7/2

in order to prove (K1), (K2), (K3). The laborious proofs are left as an exercise.

The proper algebraic interpretation of octonian numbers is in terms of Clifford
algebra, namely with respect to the eight dimensional set H � H DW H2 where
H is the usual skew field of Hamilton’s quaternions, algebraically isomorphic to
C l.0; 2/. Indeed it would have been temptating to base “octonian algebra” O on
C l.0; 3/, dimC l.0; 3/ D 23 D 8, but its generic elements

f1; e1; e2; e3; e1 �^ e2; e2 �^ e3; e3 �^ e1; e1 �^ e2 �^ e3g

are not representing the octonian multiplication table e.g.

e1
�^ e2 �^ e3/2 D g.e1 �^ e2 �^ e3; e1 �^ e2 �^ e3/

D .e1 �^ e2 �^ e3/ �^ .e1 �^ e2 �^ e3/

D �e1 �^ e2 �^ e1 �^ e3 �^ e2 �^ e3 D e1 �^ e2 �^ e1 �^ e2 �^ .e3 �^ e3/

D �e1 �^ e2 �^ e1 �^ e2 D �e1 �^ .e2 �^ e2/ �^ e1 D �.e2 �^ e1/ D C1

In contrast, let us introduce the pair

x WD .a;b/ 2 fX j a 2 H;b 2 Hg
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1 x 2 H
2; x

0 2 H
2; x

00 2 H
2

˛.x;x
0 DW x C x0

/

x C x0 D .aC a0

;bC b0

/:

The axioms .G1C/, .G2C/, .G3C/, .G4C/ of an Abelian additive group
apply.

2 x:x
0 2 H

2; r; r
0 2 R

ˇ.r;x/ DW r � x
r � x D .r � a; r � b/:

The axioms .D1C/, .D2C/, .D3/ of additive distributivity apply.

3 x 2 H �H D H
2; x

0 2 H �H D H
2

�.x;x
0

/ DW x � x0

x � x0 DW .aa0 � b0

b;b
0

aC ba0

/

a, b denote the conjugate of a 2 H, b 2 H, respectively. If .a;b/, .a
0

;b
0

/ are
represented by
0
@1˛ı C

3X
iD1

ei ˛
i ; 1ˇı C

3X
jD1

ej ˇ
j

1
A ;

0
@1˛0ı C

3X
i 0D1

ei 0˛
0i ; 1ˇ

0ı C
3X

jD1
ej 0ˇ

0j

1
A

respectively, where

spanH D f1; e1; e2; e1 �^ e2 D e3g or

spanH D f10

; e10 ; e20 ; e10

�^ e20 D e30g D f10

; e5; e6; e7g

the “octonian product” x � x0

results in
�

�

�

	

x � x0 D
�
1

�
˛ı˛0ı � ˇıˇ0ı �

3P
kD1
.˛k˛‘k � ˇkˇ0k/

�

C
3P

i;j;kD1
ekŒ˛

ıˇk C ˛kˇı C �kij .˛i˛0j � ˇjˇ0i /�;

� 1
�
˛ıˇ0ı � ˛0ıˇı �

3P
kD1
.˛kˇ‘k � ˛0kˇk/

�

C
3P

i;j;kD1
ekŒ˛

ıˇ0k C ˛kˇ0ı C �kij .˛j ˇ0i � ˛0j ˇi /�

!
:
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the axioms .D1 � C/, .D2 � �/ of distributivity apply. The pair .1; 0/ is the
neutral element.

4 Begin with the choice of

.1st/ the transpose x WD a;�b/ of x 2 H
2

.2nd/ x � x D Q.x/ or x � x D .aaC bb; 0/

.3rd/ x�1 D x

Q.x/
if x 6D 0

in order to end up with

x � x�1 D 1:

A historical perspective of octonian numbers is given by Van Der Waerden
(1950). Reference is made to Graves (1848) and A. Caley: Collected Mathe-
matical Papers, vol. 1, p. 127 and vol. 11, pp. 368–371. |

The exceptional role of the examples on complex, quaternion and octonian algebra
illustrating Clifford algebra C l.0; 1/, C l.0; 2/ as well as Clifford algebra with
respect to H

2 is established by the following theorems:
�

�

�

	

Theorem (“Hurwitz’ theorem of composition algebras”):

A complete list of composition algebras over R consists of
(a) the real numbers R,

(b) the complex numbers C,

(c) the quaternions H,

(d) the octonians O .

�

�

�

	

Theorem (“Frobenius’ theorem of division algebras”):

The only finite-dimensional division algebra over R are
(˛) the real numbers R,

(ˇ) the complex numbers C,

(� ) the quaternions H .

Historical Aside

For details consult the historical texts Hurwitz (1898), Frobenius (1878) as well as
Hazlett (1917). A more recent reference is Jacobson (1974), pp. 425 and 430.
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A-74 Clifford Algebra

We already took advantage of the notion of Clifford algebra when we referred
to complex algebra, quaternion algebra, and octonian algebra. Here we finally
confront you with the definition of “orthogonal clifford algebra C l.p; q/”. But on
our way to Clifford algebra we have to generalize at first the notion of a basis, in
particular its bilinear form.
�

�

�

	

Theorem (bilinear form):

Suppose that the bracket h�j�i or g.�; �/ W X�X� �! R is a bilinear form on
a finite dimensional linear space X, e. g. a vector space, over the field R of
real numbers, in addition X

� its dual space such that n D dimX
� D dimX.

There exists a basis fe1; : : : ; eng such that

(a) hei j ej i D 0 or g.ei ; ej / D 0 for i 6D j

(b)

2
664
hei1 j ei1i D C1 or g.ei1 ; e i1 / D C1 for 1 � i1 < p ;
hei2 j ei2i D �1 or g.e i2 ; ei2 / D �1 for p C 1 � i2 � p C q D r ;
hei3 j ei3i D 0 or g.e i3 ; ei3 / D 0 for r C 1 � i3 � n

holds.

The numbers r and p are determined exclusively by the bilinear form. r is called the
rank, r � p D q is called the index and the ordered pair .p; q/ the signature. The
theorem assures that any two spaces of the same dimension with bilinear forms of
the same signature are isometrically isomorphic. A scalar product (“inner product”)
in this context is a nondegenerate bilinear form, i.e., a form with rank equal to
the dimension of X. When dealing with low dimensional spaces as we do, we will
often indicate the signature with a series of plus and minus signs and zeroes where
appropriate. For example, the signature of R41 may be written .C C C�/ instead
of .3; 1/. If the bilinear form is nondegenerate, a basis with the properties listed in
corresponding Theorem is called an orthonormal basis (“unimodular”) for X with
respect to the bilinear form.

Definition (orthogonal Clifford algebra C l.p; q/):

The orthogonal Clifford algebraC l.p; q/ is the algebra of polynomials generated
by the direct sum of the space of multilinear functions

˚nmD0
�^
m

.X�/

on a linear space X, respectively its dual X� over the field of real numbers Rnp of
dimension
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dim˚nmD0
�^
m

.X�/ D 2n

and signature .p; q/, namely
�

�

�

�

1f0 C
nDdimX

�P
i1D1

ei1fi1 C
nDdimX

�P
i1;i2D1

ei1
�^ ei2fi1i2

C
nDdimX

�P
i1;i2;i3D1

ei1
�^ ei2 �^ ei3fi1i2i3 C � � � C

nDdimX
�P

i1;:::;inD1
ei1

�^ � � � �^ einfi1���in

subject to the Clifford product, also called the Clifford dualizer,

"

#

$

%

.i/ ei
�^ ej D �ej �^ ei for i 6D j

.ii/

2
664
ei1

�^ ei1 D g.ei1 ; ei1/ D C1 for 1 � i1 � p ;
ei2

�^ ei2 D g.ei2 ; ei2/ D �1 for p C 1 � i2 � p C q D r ;
ei3

�^ ei3 D g.ei3 ; ei3/ D 0 for r C 1 � i3 � n ;

or

e1
�^ ej C ej �^ ei

D 2g.ei ; ej /ıij 1 subject to

2
664
g.e i1 ; ei1 / D C1 for 1 � i1 � p
g.e i2 ; ei2 / D �1 for pC 1� i2�pC qD r
g.e i3 ; ei3 / D 0 for r C 1 � i3 � n

1 being the neutral element. If ek
�^ ek D 0 or g.ek; ek/ D 0 holds uniformly

the orthogonal Clifford algebra C l.p; q/ reduces to the polynomial algebra of
antisym-metric multilinear functions

˚nmD0Am D ˚nmD0�m.X�/ D �.X�/

dim ˚nmD0 Am D dim ˚nmD0 �m.X�/ D dim .X�/ D 2n

represented by

"

#

$

%

1f0 C 1

1Š

nDdimX
�X

i1D1
ei1fi1 C

1

2Š

nDdimX
�X

i1;i2D1
ei1 ^ ei2fi1i2

C 1
3Š

nDdimX
�X

i1;i2;i3D1
ei1 ^ ei2 ^ ei3fi1i2i3 C � � � C

1

nŠ

nDdimX
�X

i1;:::;inD1
ei1 ^ � � � ^ e infi1���in :
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�

�

�

	

Example: Clifford product: x � y, x � y 2 X; signX D .3; 0/
Let x � y 2 X be a real three-dimensional vector space X of signature (3,0).
then x � y (read: “x Clifford y”) with respect to a set of the bases fe1; e2; e3g
accounts for

x
�^ y D

3X
iD1

3X
jD1

ei
�^ ej xiyj D

3X
iD1

3X
jD1

xiyj ei
�^ ej

x
�^ y D .e1x1 C e2x2 C e3x3/

�^.e1y1 C e2y2 C e3y3/

x
�^ y D 1.x1y1 C x2y2 C x3y3/C e1 ^ e2.x1y2 � x2y1/

C e2 ^ e3.x2y3 � x3y2/C e3 ^ e1.x3y1 � x1y3/

Indeed x
�^ y as a Clifford number is decomposed into a scalar part and an

antisymmetric tensor part with respect to the bilinear basis fe1 ^ e2; e2 ^ e3;
e3 ^ e1g.

Tensor algebra or the algebra of multilinear functions, namely

1f0 C
nDdimX

�X
i1D1

ei1fi1 C
nDdimX

�X
i1;i2D1

ei ˝ ei2fi1i2

C
nDdimX

�X
i1;i2;i3D1

ei1 ˝ ei2 ˝ ei3fi1i2i3 C � � � C
nDdimX

�X
i1;:::;inD1

ei1 ˝ � � � ˝ einfi1���in

2 ˚nmD0 ˝ .X�/ D ˝.X/ D T C ˚ T �

subject to

"
T C D ˚hD0 ˝2h .X/ .“even”/

T � D ˚kD0 ˝2kC1 .X/ .“odd”/

is the sum of two spaces, T C and T �, respectively, in particular

C lC 3 1f0C 1

2Š

nX
i1;i2D1

ei1
�^ ei2fi1i2 C

1

4Š

nX
i1;i2;i3;i4

ei1
�^ ei2 �^ e i3 �^ ei4fi1i2i3i4 C � � � ;

C l� 3 1

1Š

nX
i1D1

ei1fi1 C
1

3Š

nX
i1;i2;i3D1

ei1
�^ ei2 �^ ei3fi1i2i3 C � � � :
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Obviously C lC as well as C l� are subalgebras of C l . Let the Clifford numbers z
be divided into zC 2 C lC and z� 2 C l�, then the properties

�

�

�

�
zC �^ zC 2 C lC; z� �^ z� 2 C lC; zC �^ z� 2 C l�

prove that C l.p; q/ is graded over the cydric group Z2 D f0; 1g. |



Appendix B
Sampling Distributions and Their Use:
Confidence Intervals and Confidence Regions

We begin with sampling distributions by two sections on the transformation of
random variables. A first confidence interval for Gauss-Laplace normal distribution
observations �1�2 known is constructed, including its famous Three Sigma Rule.
The second confidence interval of Gauss-Laplace i.i.d. observations is derived for
the sample mean b� BLUE of �1 when the variance is known. We take advantage
of the forward-backward Helmert transformation leading to Helmert chi-square
�2 probability distribution (Helmert, 1875). In contrast, the sampling distributions
from Gauss-Laplace i.i.d. normal distributions within the third confidence interval
is analyzed for the mean, but an unknown variance. Our basis is student’s
t-distribution on the random variable

p
n.b� � �/=b� where the sample mean b� –

is BLUE of � whereas the sample confidence for the “true” mean �, variance
�2 unknown which is based on student’s probability distribution. In detail, we
derive the related Uncertainty Principle generated by the Magic Triangle of (a)
length of the confidence interval, (b) coefficient of negative confidence called the
uncertainty number and (c) the number of observations. For more details we refer
to Lemma B.12 of W.S. Gosset. The sampling from the Gauss-Laplace normal
distribution, namely the fourth confidence interval for the variance is reviewed: We
introduce the missing confidence interval for the “true” variance �2: Table B.18
as a flow chart summarizes the various steps in computing a confidence interval
for the variance. This time the related Uncertainty Principle is built on (a) the
coefficient of complementary confidence ˛, also called uncertainty number (b) the
number of observations, n, and (c) the length ı�2.n; ˛/ of the confidence interval
the “true” variance �2. The most detailed sampling theory from multidimensional
Gauss-Laplace normal distribution, namely for the confidence region for the fixed
parameters in the linear Gauss–Markov, is stated by an extensive Example B.19.
We need the Principle Component Analysis PCA, also called Singular Value
Decomposition (SVD) or Eigenvalue Analysis (EIGEN). Theorem B.17 summarizes
the marginal distributions special linear Gauss–Markov model with datum defect.
In our appendix we concentrate on multidimensional variance analysis, namely
sampling form the multivariate Gauss-Laplace normal distribution. In short

E. Grafarend and J. Awange, Applications of Linear and Nonlinear Models,
Springer Geophysics, DOI 10.1007/978-3-642-22241-2,
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introduction we review the distribution of sample mean and variance-covariance.
We define the k-dimensional noncentral WHISHART distribution by (B377) and the
characteristic function of a vector-valued random variate of type Gauss-Laplace
distribution. Our highlight is the distribution of xN̂ and SN of type WHISHART.
Another highlight is the distribution related to the correlation coefficients originated
by R.A. Fisher (1915), programmed by F.N. David (1954).

B-1 A First Vehicle: Transformation of Random Variables

If the probability density function (pdf ) of a random vector yD Œy1; : : : ; yn�0 is
known, but we want to derive the probability density function (pdf ) of a random
vector x D Œx1; : : : ; xn�

0 (pdf ) which is generated by an injective mapping x =g(y)
or xi D gi Œy1; : : : ; yn� for all i 2 f1; : : : ; ng we need the results of Lemma B.1.

Lemma B.1. (transformation of pdf):

Let the random vector y WD Œy1; : : : ; yn�
0 be transformed into the random vector

x D Œx1; : : : ; xn�
0 by an injective mapping xDg.y/ or xi Dgi Œy1; : : : ; yn� for all

i 2 f1; : : : ; ng which is of continuity class C
1 (first derivatives are continuous).

Let the Jacobi matrix Jx W D .@gi =@yi / be regular (det Jx ¤ 0), then the inverse
transformation yDg � 1.x/ or yi Dg�1

i Œx1; : : : ; xn� is unique. Let fx.x1; : : : ; xn/
be the unknown pdf, but fy.y1; : : : ; yn/ the given pdf, then

fx.x1; : : : ; xn/ D f .g�1
1 .x1; : : : ; xn/; : : : ; g

�1
1 .x1; : : : ; xn//

ˇ̌
det Jy

ˇ̌

with respect to the Jacobi matrix

Jy WD
�
@yi

@xj

�
D
�
@g�1

i

@xj

�

for all i; j 2 f1; : : : ; ng holds. Before we sketch the proof we shall present two
examples in order to make you more familiar with the notation.

Example B.1. (“counter example”):

The vector-valued random variable .y1; y2/ is transformed into the vector-valued
random variable .x1; x2/ by means of

x1 D y1 C y2; x2 D y21 C y22

Jx W D
�
@x

@y0

�
D
�
@x1=@y1 @x1=@y2

@x2=@y1 @x2=@y2

�
D
�
1 1

2y1 2y2

�
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x21 D y21 C 2y1y2 C y22 ; x2 C 2y1y2 D y21 C 2y1y2 C y22
x21 D x2 C 2y1y2; y2 D .x21 � x2/=.2y1/

x1 D y1 C y2 D y1 C
1

2

x21 � x2
y1

; x1y1 D y21 C
1

2
.x21 � x2/

y21 � x1y1 C
1

2
.x21 � x2/ D 0

y1̇ D �
1

2
x1 ˙

s
x21
4
� 1
2
.x21 � x2/

y2̇ D
1

2
x1 �

s
x21
4
� 1
2
.x21 � x2/:

At first we have computed the Jacobi matrix Jx , secondly we aimed at an inversion
of the direct transformation .y1; y2/ 7! .x1; x2/. As the detailed inversion step
proves, namely the solution of a quadratic equation, the mapping xDg.y/ is not
injective.

Example B.2.

Suppose .x1; x2/ is a random variable having pdf

fx.x1; x2/ D
�

exp .�x1 � x2/; x1 	 0; x2 	 0
0 ; otherwise:

We require to find the pdf of the random variable

.x1 C x2; x2=x1/:

The transformation

y1 D x1 C x2; y2 D x2

x1

has the inverse

x1 D y1

1C y2 ; x2 D
y1y2

1C y2 :

The transformation provides a one-to-one mapping between points in the first
quadrant of the .x1; x2/ – plane P2x and in the first quadrant of the .y1; y2/ – plane
P
2
y . The absolute value of the Jacobian of the transformation for all points in the

first quadrant is



640 B Sampling Distributions and Their Use: Confidence Intervals and Confidence Regions

ˇ̌
ˇ̌@.x1; x2/
@.y1; y2/

ˇ̌
ˇ̌ D

ˇ̌̌
ˇ̌
@x1
@y1

@x1
@y2

@x2
@y1

@x2
@y2

ˇ̌̌
ˇ̌ D

ˇ̌
ˇ̌ .1C y2/�1 �y1.1C y2/�2
y2.1C y2/�1 y1.1C y2/�2Œ.1C y2/ � y2�

ˇ̌
ˇ̌

D y1.1C y2/�3 C y1y2.1C y2/�3 D y1

.1C y2/2 :

Hence we have found for the pdf of .y1; y2/

fy.y1; y2/ D
"

exp.�y1/ y1
.1Cy2/2 ; y1 > 0; y2 > 0

0 ; otherwise:

Incidentally it should be noted that y1 and y2 are independent random variables,
namely

fy.y1; y2/ D f1.y1/f .y2/ D y1 exp.�y1/.1C y2/�2: |

Proof. The probability that the random variables y1; : : : ; yn take on values in the
region˝y is given by

Z
� � �

˝y

Z
fy.y1; : : : ; yn/dy1 � � �dyn:

If the random variables of this integral are transformed by the function
xi Dgi .y1; : : : ; yn/ for all i 2 f1; : : : ; ng which map the region ˝y onto the
regions˝x, we receive

Z
� � �

˝y

Z
fy.y1; : : : ; yn/dy1 � � �dyn

D
Z
� � �

˝x

Z
fy.g

�1
1 .x1; : : : ; xn/; : : : ; g

�1
n .x1; : : : ; xn//

ˇ̌
det Jy

ˇ̌
dx1 � � �dxn

from the standard theory of transformation of hypervolume elements, namely

dy1 � � �dyn D j det Jy jdx1 � � �dxn
or

�.dy1 ^ � � � ^ dyn/ D j det Jy j � .dx1 ^ � � � ^ dxn/:
Here we have taken advantage of the oriented hypervolume element dy1 ^ � � � ^ dyn
(Grassmann product, skew product, wedge product) and the Hodge star operator *
applied to the n – differential form dy1 ^ � � � ^ dyn 2 �n (the exterior algebra�n).
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The star * : �p ! �n�p in R
n maps a p – differential form onto a .n � p/ –

differential form, in general. Here p D n, n � p D 0 applies. Finally we define

fx.x1; : : : ; xn/ WD f .g�1
1 .x1; : : : ; xn/; : : : ; g

�1
n .x1; : : : ; xn//j det Jyj

as a function which is certainly non-negative and integrated over˝x to one. |
In applying the transformation theorems of pdf we meet quite often the problem that
the function xi D gi .y1; : : : ; yn/ for all i 2 f1; : : : ; ng is given but not the inverse
function yi Dg�1

i .x1; : : : ; xn/ for all i 2 f1; : : : ; ng. Then the following results are
helpful.

Corollary B.1. (Jacobian):

If the inverse Jacobian j det Jx j D j det.@gi =@yj /j is given, we are able to compute

j det Jyj D j det
@g�1

i .x1; : : : ; xn/

@xj
j D j det Jj�1 D j det

@gi .y1; : : : ; yn/

@yj
j�1:

Example B.3. (Jacobian):

Let us continue Example B.2. The inverse map

y D
�
g�1
1 .y1; y2/

g�1
2 .y1; y2/

�
D
�
x1 C x2

x2= x1

�
) @y

@x0 D
�

1 1

�x2= x21 1= x1
�

jy D jJyj D
ˇ̌
ˇ̌ @y
@x0

ˇ̌
ˇ̌ D 1

x1
C x2

x21
D x1 C x2

x21

jx D jJxj D j�1
y D jJyj�1 D

ˇ̌
ˇ̌ @x
@y0

ˇ̌
ˇ̌ D x21

x1 C x2 D
x21
y1

allows us to compute the Jacobian Jx from Jy . The direct map

x D
�
g1.y1; y2/

g2.y1; y2/

�
D
�
x1

x2

�
D
�
y1=.1C y2/
y1y2=.1C y2/

�

leads us to the final version of the Jacobian.

jx D jJxj D y1

.1C y2/2 :

For the special case that the Jacobi matrix is given in a partitioned form, the results
of Corollary B.3 are useful.
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Corollary B.2. (Jacobian):

If the Jacobi matrix Jx is given in the partitioned form

jJxj D
�
@gi

@yj

	
D
�

U
V

�
;

then

det Jx D
q
j det JxJ0

x j D
p

det.UU0/ detŒVV0 � .VU0/.UU0/�1UV0�

if det.UU0/ ¤ 0

det Jx D
q
j det JxJ0

x j D
p

det.VV0/ detŒUU0 � UV0.VV0/�1VU0�;

if det.VV0/ ¤ 0
j det Jyj D j det Jxj�1:

Proof. The Proof is based upon the determinantal relations of a partitioned matrix
of type

det

�
A U
V D

�
D det A det.D � VA�1U/ if det A ¤ 0

det

�
A U
V D

�
D det D det.A � UD�1U/ if det D ¤ 0

det

�
A U
V D

�
D D det A �V.adjA/U;

which have been introduced by Frobenius (1908) and Schur (1917).

B-2 A Second Vehicle: Transformation of Random Variables

Previously we analyzed the transformation of the pdf under an injective map of
random variables y 7! g.y/Dx. Here we study the transformation of polar
coordinates Œ�1; �2; : : : ; �n�1; r� 2 Y as parameters of an Euclidian observation
space to Cartesian coordinates Œy1; : : : ; yn� 2 Y. In addition we introduce the
hypervolume element of a sphere S

n�1 � Y; dim YDn. First, we give three
examples. Second, we summarize the general results in Lemma B.4.
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Example B.4. (polar coordinates: “2d”):

Table B.1 collects characteristic elements of the transformation of polar coordinates
.�1; r/ of type “longitude, radius” to Cartesian coordinates .y1; y2/; their domain
and range, the planar elements dy1; dy2 as well as the circle S1 embedded into E

2 WD
fR2; ıklg, equipped with the canonical metric I2D Œıkl � and its total measure of
arc !1.

Table B.1

Cartesian and polar coordinates of a two-dimensional observation space, total
measure of the arc of the circle

.�1; r/ 2 Œ0; 2�� � �0;1Œ; .y1; y2/ 2 R
2

dy1dy2 D rdrd�1
S
1 WD fy 2 R

2jy21 C y22 D 1g

!1 D
2�Z
0

d�1 D 2�:

Example B.5. (polar coordinates: “3d”):

Table B.2 is a collectors’ item for characteristic elements of the transformation
of polar coordinates .�1; �2; r/ of type “longitude, latitude, radius” to Cartesian
coordinates .y1; y2; y3/; their domain and range, the volume element dy1; dy2; dy3
as well as of the sphere S

2 embedded into E
3 WD fR3; ıklg equipped with the

canonical metric I3 D Œıkl � and its total measure of surface !2.

Table B.2

Cartesian and polar coordinates of a three-dimensional observation space, total
measure of the surface of the circle

y1 D r cos�2 cos�1; y2 D r cos�2 sin �1; y3 D r sin�2

.�1; �2; r/ 2 Œ0; 2�� � � � �
2
;
�

2
Œ� �0; rŒ; .y1; y2/ 2 R

2

.y1; y2; y3/;2 R
3

dy1dy2dy3 D r2dr cos�2d�1d�2

S
2 WD fy 2 R

�jy21 C y22 C y23 D 1g

!2 D
2�Z
0

d�1

C�=2Z
��=2

d�2 cos�2 D 4�:
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Example B.6. (polar coordinates: “4d”):

Table B.3 is a collection of characteristic elements of the transformation of polar
coordinates .�1; �2; �3; r/ to Cartesian coordinates .y1; y2; y3; y4/; their domain and
range, the hypervolume element dy1; dy2; dy3; dy4 as well as of the 3 - sphere S

3

embedded into E
4 WD fR4; ıklg equipped with the canonical metric I4D Œıkl � and

its total measure of hypersurface.

Table B.3

Cartesian and polar coordinates of a four-dimensional observation space total
measure of the hypersurface of the 3-sphere

y1 D r cos �3 cos�2 cos �1; y2 D r cos �3 cos �2 sin�1;

y3 D r cos �3 sin�2; y4 D r sin�3

.�1; �2; �3; r/ 2 Œ0; 2�� � �� �

2
;
�

2
Œ� �� �

2
;
�

2
Œ� �0; 2�Œ

dy1dy2dy3dy4 D r3 cos2 �3 cos �2drd�3d�2d�1

Jy WD @.y1; y2; y3; y4/

@.�1; �2; �3; r/

D

2
6664

�r cos �3 cos �2 sin �1 �r cos�3 sin�2 cos �1 �r sin �3 cos �2 cos �1 cos �3 cos �2 cos�1
Cr cos �3 cos �2 cos �1 �r cos�3 sin�2 sin�1 �r sin�3 cos �2 sin�1 cos �3 cos �2 sin�1

0 Cr cos �3 cos �2 �r sin�3 sin�2 cos �3 cos �2
0 0 r cos�3 sin�3

3
7775

j det Jy j D r3 cos2 �3 cos�2

S
3 WD fy 2 R

4jy21 C y22 C y23 C y24 D 1g
!3 D 2�2:

Lemma B.2. (polar coordinates, hypervolume element, hypersurface element):

Let

2
66666666666664

y1
y2

y3
y4
� � �
yn�3
yn�2
yn�1
yn

3
77777777777775

D r

2
66666666666664

cos�n�1 � cos�n�2 � cos�n�3 � � � � � cos�2 � cos �1
cos�n�1 � cos�n�2 � cos�n�3 � � � � � cos�2 � sin �1
cos�n�1 � cos�n�2 � cos�n�3 � � � � � sin �2
cos�n�1 � cos�n�2 � � � � � cos�3
� � �
cos�n�1 � cos�n�2 � sin �n�3
cos�n�1 � cos�n�2
cos�n�1 � sin �n�2
sin �n�1

3
77777777777775



B-2 A Second Vehicle: Transformation of Random Variables 645

be a transformation of polar coordinates .�1; �2; : : :,�n�2; �n�1; r/ to Cartesian
coordinates .y1; y2; : : :,yn�1; yn/, their domain and range given by

.�1; �2; : : : ; �n�2; �n�1; r/ 2 Œ0; 2�� � � � �
2
;C�

2
Œ � � � � � � � �

2
;

C�
2
Œ � � � �

2
;C�

2
Œ � �0;1Œ ;

then the local hypervolume element

dy1 � � �dyn
D rn�1dr cosn�2 �n�1 cosn�3 �n�2 : : : cos2 �3 cos�2d�n�1d�n�2 : : : d�3d�2d�1;

as well as the global hypersurface element

!n�1 D 2 � �.n�1/=2

� .n�1
2
/
WD

C�=2Z
��=2

cos�n�2
n�1d�n�1 � � �

C�=2Z
��=2

cos�2d�2

2�Z
0

d�1;

where �.X/ is the gamma function. Before we care for the proof, let us define
Euler’s gamma function.

Definition B.1. (Euler’s gamma function):

� .x/ D
1Z
0

e�t tx�1dt .x > 0/

is Euler’s gamma function which enjoys the recurrence relation

� .x C 1/ D x� .x/

subject to

� .1/ D 1 or �

�
1

2

	
D p�

� .2/ D 1 �

�
3

2

	
D 1

2
�

�
1

2

	
D 1

2

p
�

� � � � � �
� .nC 1/ D nŠ �

�
p

q

	
D p � q

q
�

�
p � q
q

	

if n is integer, n 2 Z
C if

p

q
is a rational number, p=q 2 Q

C.



646 B Sampling Distributions and Their Use: Confidence Intervals and Confidence Regions

Example B.7. (Euler’s gamma function):

(a) � .1/ D 1 .i/ �

�
1

2

	
D p�

(b) � .2/ D 1 .ii/ �

�
3

2

	
D 1

2
�

�
1

2

	
D 1

2

p
�

(c) � .3/ D 1 � 2 D 2 .iii/ �

�
5

2

	
D 3

2
�

�
3

2

	
D 3

4

p
�

(d) � .4/ D 1 � 2 � 3 D 6 .iv/ �

�
7

2

	
D 5

2
�

�
5

2

	
D 15

8

p
�:

Proof. Our proof of Lemma B.4 will be based upon computing the image of the
tangent space TyS

n�1 � E
n of the hypersphere S

n�1 � E
n. Let us embed the

hypersphere S
n�1 parameterized by .�1; �2; : : : ; �n�2; �n�1/ in E

n parameterized
by .y1; : : : ; yn/, namely y 2 E

n,

y D e1r cos�n�1 cos�n�2 � � � cos�2 cos�1

C e2r cos�n�1 cos�n�2 � � � cos�2 sin �1 C � � �
C en�1r cos�n�1 sin�n�2

C enr sin �n�1:

Note that �1 is a parameter of type longitude, 0 � �1 � 2� , while �2; : : : ; �n�1
are parameters of type latitude, ��=2 < �2 < C�=2; : : : ;��=2 < �n�1 < C�=2
(open intervals). The images of the tangent vectors which span the local tangent
space are given in the orthonormal n- leg fe1; e2; : : : ; en�1; enj0g by

g1 WD D�1y D � e1r cos�n�1 cos�n�2 � � � cos�2 sin �1

C e2r cos�n�1 cos�n�2 � � � cos�2 cos�1

g2 WD D�2y D � e1r cos�n�1 cos�n�2 � � � sin �2 cos�1

� e2r cos�n�1 cos�n�2 � � � sin �2 sin �1

C e3r cos�n�1 cos�n�2 � � � cos�2

: : :

gn�1 WD D�n�1y D � e1r sin �n�1 cos�n�2 � � � cos�2 cos�1 � � � �
� en�1r sin �n�1 sin �n�2

C enr cos�n�1
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gn WD D�ny D e1r cos�n�1 cos�n�2 � � � cos�2 cos�1

C e2r cos�n�1 cos�n�2 � � � sin �2 sin �1 C � � �
C en�1r cos�n�1 cos�n�2

C enr sin �n�1 D y=r:

fg1; : : : ; gn�1g span the image of the tangent space in E
n. gn is the hypersphere

normal vector, kgnk D 1. From the inner products hgi jgj i D gij , i; j 2 f1; : : : ; ng,
we derive the Gauss matrix of the metric G WD Œgij �.

hg1jg1i D r2 cos2 �n�1 cos2 �n�2 � � � cos2 �3 cos2 �2

hg2jg2i D r2 cos2 �n�1 cos2 �n�2 � � � cos2 �3

� � �
hgn�1jgn�1i D r2;
hgnjgni D 1:

The off-diagonal elements of the Gauss matrix of the metric are zero. Accordingly

p
det Gn D

p
det Gn�1 D rn�1.cos�n�1/n�2.cos�n�2/n�3 � � � .cos�3/2 cos�2:

The square root
p

det Gn,
p

det Gn�1 elegantly represents the Jacobian determinant

Jy WD @.y1; y2; : : : ; yn/

@.�1; �2; : : : ; �n�1; r/
D
p

det Gn:

Accordingly we have found the local hypervolume element
p

det Gn dr d�n�1
d�n�2 � � �d�3 d�2 d�1. For the global hypersurface element !n�1, we integrate

2�Z
0

d�1 D 2�

C�=2Z
��=2

cos�2d�2 D Œsin �2�
C�=2
��=2 D 2

C�=2Z
��=2

cos2 �3d�3 D 1

2
Œcos�3 sin�3 � �3�C�=2��=2 D ��=2
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C�=2Z
��=2

cos3 �4d�4 D 1

3
Œcos2 �4 sin �4 � 2 sin�4�

C�=2
��=2 D �

4

3

: : :

C�=2Z
��=2

.cos�n�1/n�2d�n�1 D 1

n � 2Œ.cos�n�1/n�3�C�=2��=2

C 1

n � 3

C�=2Z
��=2

.cos�n�1/n�4d�n�1

recursively. As soon as we substitute the gamma function, we arrive at !n�1.

B-3 A First Confidence Interval of Gauss–Laplace Normally
Distributed Observations �, � 2 Known, the Three
Sigma Rule

The first confidence interval of Gauss-Laplace normally distributed observations
constrained to .�; �2/ known, will be computed as an introductory example. An
application is the Three Sigma Rule.
In the empirical sciences, estimates of certain quantities derived from observations
are often given in the form of the estimate plus or minus a certain amount. For
instance, the distance between a benchmark on the Earth’s surface and a satellite
orbiting the Earth may be estimated to be

.20; 101; 104:132˙ 0:023/m

with the idea that the first factor is very unlikely to be outside the range

20; 101; 104:155m to 20; 101; 104:109m :

A cost accountant for a publishing company in trying to allow for all factors which
enter into the cost of producing a certain book,

actual production costs, proportion of plant overhead, proportion of executive
salaries,

may estimate the cost to be 21˙ 1; 1 Euro per volume with the implication that the
correct cost very probably lies between 19.9 and 22.1 Euro per volume. The Bureau
of Labor Statistics may estimate the number of unemployed in a certain area to be
2:4˙ 0:3 million at a given time though intuitively it should be between 2.1 and 2.7
million. What we are saying is that in practice we are quite accustomed to seeing
estimates in the form of intervals. In order to give precision to these ideas we shall
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consider a particular example. Suppose that a random sample x 2 fR; pdf g is taken
from a Gauss-Laplace normal distribution with known mean � and known variance
�2. We ask the key question.

What is the probability � of the random interval .� � c�; � C c�/ to cover
the mean � as a quantile c of the standard deviation �?

To put this question into a mathematical form we write the probabilistic two-sided
interval identity.

P.x1 < X < x2/ D P.� � c� < X < �C c�/ D �;
x2D�Cc�Z
x1D��c�

1

�
p
2�

exp

�
� 1

2�2
.x � �/2

	
dx D �

with a left boundary l Dx1 and a right boundary r Dx2. The length of the interval
is x2 � x1 D r � l . The center of the interval is .x1 C x2/=2 or �. Here we have
taken advantage of the Gauss-Laplace pdf in generating the cumulative probability

P.x1 < X < x2/ D F.x2/ � F.x1/

F.x2/ � F.x1/ D F.�C c�/ � F.�C c�/:

Typical values for the confidence coefficient � are � D 0:95 (� D 95% or 1�� D 5%
negative confidence), � D 0:99 (� D 1% or 1 � � D 1% negative confidence) or
� D 0:999 (� D 999%O or 1 � � D 1%O negative confidence).
Consult Fig. B.1 for a geometric interpretation. The confidence coefficient � is a
measure of the probability mass between x1 D � � c� and x2 D � C c� . For a
given confidence coefficient �

x2Z
x1

f .xj�; �2/dx D �

establishes an integral equation. To make this point of view to be better under-stood
let us transform the integral equations to its standard form.

x 7! z D 1
�
.x � �/, x D �C �z

x2D�Cc�Z
x1D��c�

1

�
p
2�

exp

�
� 1

2�2
.x � �/2

	
dx D

CcZ
�c

1p
2�

exp

�
�1
2

z2
	
d z D �

x2Z
x1

f .xj�; �2/dx D
CcZ

�c
f .zj0; 1/d z D �:
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μ–3σ μ–2σ μ–σ μ μ+σ μ+2σ μ+3σ
x

f(x)

Fig. B.1 Probability mass in a two-sided confidence interval x1 < X < x2 or � � c� < X <

�C c� , three cases: (a) c D 1, (b) c D 2 and (c) c D 3

The special Helmert transformation maps x to z, now being standard Gauss-
Laplace normal:��1 is the dilatation factor, also called scale variation, but � the
translation parameter.
The Gauss-Laplace pdf is symmetric, namely f .�x/ D f .Cx/ or f .�z/ D
f .Cz/. Accordingly we can write the integral identity

x2Z
x1

f .xj�; �2/dx D 2
x2Z
0

f .xj�; �2/dx D �

,
CcZ

�c
f .zj0; 1/d z D 2

cZ
0

f .zj0; 1/d z D �:

The classification of integral equations tells us that

�.z/ D 2
zZ

0

f .z�/d z�

is a linear Volterra integral equation the first kind.
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In case of a Gauss-Laplace standard normal pdf, such an integral equation is solved
by a table. In a forward computation

F.z/ WD
zZ

�1
f .z�j0; 1/d z� or ˚.z/ WD

zZ
�1

1

2�
exp

�
�1
2

z�2
	
d z�

are tabulated in a regular grid. For a given value F.z1/ or F.z2/, z1 or z2
are determined by interpolation. C.F. Gauss did not use such a procedure. He
took advantage of the Gauss inequality which has been reviewed in this context
by Pukelsheim (1994). There also the Vysochanskii-Petunin inequality has been
discussed. We follow here a two-step procedure. First, we divide the domain
z 2 Œ0; 1� into two intervals z 2 Œ0; 1� and z 2 Œ1;1�. In the first interval f .z/ is
isotonic, differentiable and convex, f 00.z/ D f .z/.z2 � 1/ < 0; while in the second
interval isotonic, differentiable and concave, f 00.z/ D f .z/.z2�1/ > 0. z D 1 is the
point of inflection. Second, we setup Taylor series of f .z/ in the interval z 2 Œ0; 1�
at the point z D 0, while in the interval z 2 Œ1;1� at the point z D 1 and z 2 Œ2;1�
at the point z D 2.
Three examples of such a forward solution of the characteristic linear Volterra
integral equation of the first kind will follow. They establish:

The One Sigma Rule 

The Two Sigma Rule The Three Sigma Rule 

Box B.1. (Operational calculus applied to the Gauss-Laplace probability
distribution):

“generating differential equations”

f 00.z/C 2f 0.z/C f .z/ D 0

subject to

C1Z
�1

f .z/d z D 1
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“recursive differentiation”

f .z/ D 1p
2�

exp

�
�1
2

z2
	

f 0.z/ D �zf .z/ DW g.z/
f 00.z/ D g0.z/ D �f .z/ � zg.z/ D .z2 � 1/f .z/
f 000.z/ D 2zf .z/C .z2 � 1/g.z/ D .�z3 C 3z/f .z/

f .4/.z/ D .�3z2 C 3/f .z/C .�z3 C 3z/g.z/ D .z4 � 6z2 C 3/f .z/
f .5/.z/ D .4z3 � 12z/f .z/C .z4 � 6z2 C 3/g.z/ D .�z5 C 10z3 � 15z/f .z/

f .6/.z/ D .�5z4 C 30z2 � 15/f .z/C .�z5 C 10z3 � 15z/g.z/

D .z6 � 15z4 C 45z2 � 15/f .z/
f .7/.z/ D .6z5 � 60z3 C 90z/f .z/C .z6 � 15z4 C 45z2 � 15/g.z/

D .�z7 C 21z5 � 105z3 C 105z/f .z/

f .8/.z/ D .�7z6 C 105z4 � 315z2 C 105/f .z/
C.�z7 C 21z5 � 105z3 C 105z/f .z/

D .z8 � 28z6 C 210z4 � 420z2 C 105/f .z/
f .9/.z/ D .8z7 � 168z5 C 840z3 � 840z/f .z/

C.z8 � 28z6 C 210z4 � 420z2 C 105/g.z/
D .�z9 C 36z7 � 378z5 C 1260z3 � 945z/f .z/

f .10/.z/ D .�9z8 C 252z6 � 1890z4 C 3780z2 � 945/f .z/C
C.�z9 C 36z7 � 378z5 C 1260z3 � 945/g.z/

D .z10 � 45z8 C 630z6 � 3150z4 C 4725z2 � 945/f .z/

“upper triangle representation of the matrix transforming f .z/! f n.z/”

2
6666666666666666664

f .z/
f 0.z/
f 00.z/
f 000.z/
f .4/.z/
f .5/.z/
f .6/.z/
f .7/.z/
f .8/.z/
f .9/.z/
f .10/.z/

3
7777777777777777775

D f .z/

2
6666666666666666664

1 0 0 0 0 0 0 0 0 0 0

0 �1 0 0 0 0 0 0 0 0 0

�1 0 1 0 0 0 0 0 0 0 0

0 3 0 �1 0 0 0 0 0 0 0

3 0 �6 0 1 0 0 0 0 0 0

0 �15 0 10 0 �1 0 0 0 0 0

�15 0 45 0 �15 0 1 0 0 0 0

0 105 0 �105 0 21 0 �1 0 0 0

105 0 �420 0 210 0 �28 0 1 0 0

0 �945 0 1260 0 �378 0 36 0 �1 0
�945 0 �4725 0 �3150 0 630 0 �45 0 1

3
7777777777777777775

2
6666666666666666664

1

z
z2

z3

z4

z5

z6

z7

z8

z9

z10

3
7777777777777777775

:
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B-31 The Forward Computation of a First Confidence Interval
of Gauss–Laplace Normally Distributed Observations:
�; � 2 Known

We can avoid solving the linear Volterra integral equation of the first kind if we
push forward the integration for a fixed value z.

Example B.8. (Series expansion of the Gauss-Laplace integral, first
interval):

Let us solve the integral

�.z D 1/ WD 2
1Z
0

f .z�/d z�

in the first interval 0 � z � 1 by Taylor expansion with respect to the successive
differentiation of f .z/ outlined in Box B.1 and the specific derivatives f n.0/ given
in Table B.4. Based on those auxiliary results, Box B.2 presents us the detailed
interpretation. First, we expand exp.�z2=2/ up to order O.14/. The specific Taylor
series are uniformly convergent. Accordingly, in order to compute the integral,
second we integrate termwise up to order O.15/. For the specific value zD 1, we
have computed the coefficient of confidence �.1/ D 0:683. The result

P.� � � < X < �C �/ D 0:683

is known as the One Sigma Rule.

68.3% of the sample are in the interval ��� 1�; �C 1� Œ, 0.317% outside. If
we make three experiments, one experiment is outside the one interval.

Box B.2. A specific integral

“expansion of the exponential function”

expx D 71C x

1Š
C x2

2Š
C x3

3Š
C � � � C xn

nŠ
CO.n/ 8 jxj <1

x WD �1

2
z2

exp

�
�1

2
z2
	
D 1� 1

2
z2C 1

8
z4 � 1

48
z6C 1

384
z8� 1

3840
z10C 1

46080
z12CO.14/
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“the specific integral”

zZ
0

f .z�/d z� D 1p
2�

zZ
0

exp
�
�z�2



d z� D 1p

2�

�
z � 1

6
z3 C 1

40
z5 � 1

336
z7

C 1

3456
z9 � 1

42240
z11 C 1

599040
z13 CO.15/

	

“the specific values z D 1”

�.1/ D 2
1Z
0

f .z/d z

D 2p
2�

�
1 � 1

6
C 1

40
� 1

336
C 1

3456
� 1

42240
C 1

599040
CO.15/

	

D 2p
2�
.1 � 0:166;667C 0:025;000/

�0:002;976C 0:000;289
�0; 000;024C 0:000;002/

D 2p
2�
0:855;624 D 0:682;689

D 0:683

“coefficient of confidence”

0:683 D 1 � 317:311 � 10�3 D 1 � 1
3
:

Table B.4 (Special values of derivatives- Gauss-Laplace probability distribution):

z D 0

1p
2�
D 0:398; 942

f .0/ D 1p
2�
; f 0.0/ D 0;

f 00.0/ D � 1p
2�
;
1

2Š
f 00.0/ D �0:199; 471



B-3 A First Confidence Interval of Gauss–Laplace Normally Distributed Observations 655

f 000.0/ D 0; f .4/.0/ D C 3p
2�
;
1

4Š
f .4/.0/ D C0:049; 868

f .5/.0/ D 0; f .6/.0/ D � 15p
2�
;
1

6Š
f .6/.0/ D �0:008; 311:

Example B.9. (Series expansion of the Gauss-Laplace integral, 2nd inter-
val):

Let us solve the integrals

�.z D 2/ WD 2

2Z
0

f .z�/d z� D 2
1Z
0

f .z�/d z�C2
2Z
1

f .z�/d z�

�.z D 2/ D �.z D 1/C 2
2Z
1

f .z�/d z�;

namely in the second interval 1 � z � 2. First, we setup Taylor series of f .z/
“around the point z D 1”. The derivatives of f .z/ “at the point z=1” are collected
up to order 10 in Table B.5. Second, we integrate the Taylor series termwise and
receive the specific integral of Box B.3. Note that termwise integrated is permitted
since the Taylor series are uniformly convergent. The detailed computation up to
order O(12) has led us to the coefficient of confidence �.2/ D 0:954. The result

P.� � 2� < X < �C 2�/ D 0:954

is known as the Two Sigma Rule.

95.4% of the sample interval ��� 2�; �C 2� Œ, 0.046% outside. If we make
22 experiments, one experiment is outside the 2� interval.

Box B.3. (A specific integral):

“expansion of the exponential function”

f .z/ WD 1p
2�

exp

�
�1
2

z2
	

f .z/ D f .1/C 1

1Š
f 0.1/.z� 1/C 1

2Š
f 00.1/.z � 1/2 C � � � C 1

10Š
f 10.1/.z� 1/10

C O.11/
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“the specific integral”

2Z
1

f .z�/d z� D f .1/.z � 1/C 1

2

1

1Š
f 0.1/.z� 1/2 C 1

3

1

2Š
f 00.1/.z� 1/3

C 1

4

1

3Š
f 000.1/.z� 1/4 C 1

5

1

4Š
f .4/.1/.z� 1/5

C 1

6

1

5Š
f .5/.1/.z � 1/6 C � � � C 1

11

1

10Š
f .10/.1/.z� 1/11 C O.12/

case z D 2

�.2/ D �.1/C 2
2Z
1

f .z/d z D�.1/C 2.0:241; 971

� 0:120; 985C 0:020; 122� 0:004; 024
� 0:002; 016C 0:000; 768C 0:000; 120
� 0:000; 088� 0:000; 002� 0:000; 050C O.12//

D 0:682; 690C 0:271; 632
D 0:954

“coefficient of confidence”

0:954 D 1 � 45:678 � 10�3 D 1 � 1

22
:

Table B.5 (Special values of derivatives – Gauss-Laplace probability distri-
bution):

z D 1

1p
2�
D 0:398; 942; exp

�
�1
2

	
D 0:606; 531

f .1/ D 1p
2�

exp

�
�1
2

	
D 0:241; 971

f 0.1/ D �f .1/ D � 1p
2�

exp

�
�1
2

	
D �0:241; 971; f 00.1/ D 0

f 000.1/ D 2f .1/ D 2p
2�

exp

�
�1
2

	
D 0:482; 942
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1

3Š
f 000.1/ D C0:080; 490

f .4/.1/ D �2f .1/ D �0:482; 942
1

4Š
f .4/.1/ D �0:020; 122

f .5/.1/ D �6f .1/ D � 6p
2�

exp

�
�1
2

	
D �1:451; 826

1

5Š
f .5/.1/ D �0:012; 098

f .6/.1/ D 16f .1/ D 16p
2�

exp

�
�1
2

	
D 3:871; 536

1

6Š
f .6/.1/ D 0:005; 377

f .7/.1/ D 20f .1/ D 20p
2�

exp

�
�1
2

	
D 4:829; 420

1

7Š
f .7/.1/ D 0:000; 958

f .8/.1/ D �132f .1/ D �31:940; 172
1

8Š
f .8/.1/ D �0:000; 792

f .9/.1/ D �28f .1/ D �6:775; 188
1

9Š
f .9/.1/ D �0:000; 019

f .10/.1/ D �8234f .1/ D �1992:389
1

10Š
f .10/.1/ D �0:000; 549:

Example B.10. (Series expansion of the Gauss-Laplace integral, third inter-
val):

Let us solve the integrals

�.z D 3/ WD 2

3Z
0

f .z/d z D 2
1Z
0

f .z/d zC 2
2Z
1

f .z/d zC 2
3Z
2

f .z/d z

�.z D 3/ D �.z D 1/C �.z D 2/C 2
3Z
2

f .z/d z;
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namely in the third interval 2 � z � 3. First, we setup Taylor series of f(z) “around
the point z D 2”. The derivatives of f .z/ “at the point z D 2” are collected up to
order 10 in Table B.6. Second, we integrate the Taylor series termwise and receive
the specific integral of Box B.4. Note that termwise integration is permitted since
the Taylor series are uniformly convergent. The detailed computation up to order
O(12) leads us to the coefficient of confidence �.3/ D 0:997. The result

P.� � 3� < X < �C 3�/ D 0:997
is known as the Three Sigma Rule.

99.7% of the sample are in the interval �� � 3�; �C 3�Œ, 0.003% outside.
If we make 377 experiments, one experiment is outside the 3� interval.

Table B.6 (Special values of derivatives Gauss-Laplace probability distribu-
tion):

z D 2
1p
2�
D 0:398; 942; exp .�2/ D 0:135; 335

f .2/ D 1p
2�

exp .�2/ D 0:053; 991

f 0.2/ D �2f .2/ D �0:107; 982

f 00.2/ D 3f .2/; 1

2Š
f 00.2/ D C0:080; 986

f 000.2/ D �2f .2/; 1

3Š
f 000.2/ D �0:017; 997

f .4/.2/ D �5f .2/; 1

4Š
f .4/.2/ D �0:011; 248

f .5/.2/ D 18f .2/; 1

5Š
f .5/.2/ D C0:008; 099

f .6/.2/ D �11f .2/; 1

6Š
f .6/.2/ D �0:000; 825

f .7/.2/ D �86f .2/; 1

7Š
f .7/.2/ D �0:000; 921

f .8/.2/ D C249f .2/; 1

8Š
f .8/.2/ D C0:000; 333

f .9/.2/ D 190f .2/; 1

9Š
f .9/.2/ D C0:000; 028

f .10/.2/ D �2621f .2/; 1

10Š
f .10/.2/ D �0:000; 039:
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Box B.4 (A specific integral)

“expansion of the exponential function”

f .z/ WD 1p
2�

exp

�
�1
2

z2
	

f .z/ D f .2/C 1

1Š
f 0.2/.z� 2/C 1

3Š
f 00.2/.z� 2/2 C � � � C 1

10Š
f .10/.2/.z� 2/10

CO.11/
“the specific integral”

zZ
2

f .z�/d z� D f .2/.z� 2/C 1

2

1

1Š
f 0.2/.z� 2/2 C 1

3

1

2Š
f 00.2/.z � 2/3

C 1

4

1

3Š
f 000.2/.z � 2/4 C 1

5

1

4Š
f .4/.2/.z� 2/5

C 1

6

1

5Š
f .5/.2/.z� 2/6 C � � � C 1

11

1

10Š
f .10/.2/.z� 2/11 CO.12/

case z D 3

�.3/ D �.1/C �.2/C 2
3Z
2

f .z/d z

D 0:682; 690C 0:271; 672C 2.0:053; 991� 0:053; 991C 0:026; 995
� 0:004; 499� 0:002; 250C 0:001; 350� 0:000; 118C 0:000; 037
C 0:000; 003� 0:000; 004CO.12// D 0:682; 690C 0:271; 632
C 0:043; 028D 0:997

“coefficient of confidence”

0:997 D 1 � 2:65 � 10�3 D 1 � 1

377
:

B-32 The Backward Computation of a First Confidence
Interval of Gauss–Laplace Normally Distributed
Observations: �; � 2 Known

Finally we solve the Volterra integral equation of the first kind by the technique
of series inversion, also called series reversion. Let us recognize that the interval
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integration of a Taylor series expanded Gauss-Laplace normal density distribution
led us to a univariate homogeneous polynomial of arbitrary order. Such a univariate
homogeneous polynomial y D a1x C a2x2 C � � � C anxn (“input”) can be reversed
as a univariate homogeneous polynomial x D b1y C b2y2 C � � � C bnyn (“output”)
as outlined in Table B.7. Consult Abramowitz and Stegun (1965), p. 16 for a review,
but Grafarend (1996) for a derivation based upon Computer Algebra.

Table B.7 (Series inversion (Grafarend, 1996)):

“input: univariate homogeneous polynomial”

y D a1x C a2x2 C a3x3 C a4x4 C a5x5 C a6x6 C a7x7 CO.x8/

“output: reverse univariate homogeneous polynomial”

x D b1y C b2y2 C b3y3 C b4y4 C b5y5 C b6y6 C b7y7 CO.y8/

“coefficient relation”

(a) a1b1 D 1
(b) a31b2 D �a2
(c) a51b3 D 2a22 � a1a3
(d) a71b4 D 5a1a2a3 � a21a4 � 5a32
(e) a91b5 D 6a21a2a4 C 3a21a23 C 14a42 � a31a5 � 21a1a22a3
(f) a111 b6 D 7a31a2a5C7a31a2a4C84a1a32a3�a41a6�28a1a2a23�42a52�28a21a22a4
(g) a131 b7 D 6a41a2a6 C 8a41a2a5 C 4a41a24 C 120a21a32a4 C 180a21a22a23 C 132a62
� a51a7 � 36a31a22a5 � 72a31a2a3a4 � 12a31a33 � 330a1a42a3.

Example B.11. (Solving the Volterra integral equation of the first kind):

Let us define the coefficient of confidence � D 0:90 or 90%. We want to know the
quantile c0:90 which determines the probability identity

P.� � c� < X < �C c�/ D 0:90:

If you follow the detailed computation of Table B.5, namely the input as well as the
output data up to order O(5), you find the quantile

c0:90 D 1:64;

as well as the confidence interval

P.� � 1:64� < X < �C 1:64�/ D 0:90:
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90% of the sample are in the interval �� � 1:64�; �C 1:64�Œ, 10% outside. If we
make 10 experiments one experiment is outside the 1.62� interval.

Table B.8 (Series inversion quantile c0:90):

(i) input

�.z/ D 2
1Z
0

f .z�/d z� C 2
zZ

0

f .z�/d z� D 0:682; 689C 2Œf .1/.z� 1/

C 1

2

1

1Š
f 0.1/.z� 1/2 C � � � C 1

n

1

.n � 1/Šf
.n�1/.1/.z� 1/n CO.nC 1/�

1

2
Œ�.z/ � 0:682; 689�D f .1/.z� 1/C 1

2

1

1Š
f 0.1/.z� 1/2 C � � �

C 1

n

1

.n � 1/Šf
.n�1/.1/.z� 1/n CO.nC 1/�

y D a1x C a2x2 C � � � C anxn CO.nC 1/
x WD z � 1
y WD .0:900; 000� 0:682; 689/=2D 0:108; 656
a1 WD f .1/ D 0:241; 971

a2 WD 1

2

1

1Š
f 0.1/ D �0:241; 971

a3 WD 1

3

1

2Š
f 00.1/ D 0

a4 WD 1

4

1

3Š
f 000.1/ D 0:020; 125

a5 WD 1

5

1

4Š
f .4/.1/ D �0:004; 024
� � �

an WD 1

n

1

.n� 1/Šf
.n�1/.1/:

(ii) output

b1 D 1

a1
D 4:132; 726

b2 D � 1
a31
a2 D 8:539; 715
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b3 D 1

a51
.2a22 � a1a3/ D 35:292; 308

b4 D 1

a71
.5a1a2a3 � a21a4 � 5a32/ D 158:070

b5 D 1

a91
.6a21a2a4 C 3a21a23 C 14a42 � a31a5 � 21a1a22a3/ D 475:452; 152

b1y D 0:449; 045; b2y2 D 0:100; 821;
b3y

3 D 0:045; 273; b4y4 D 0:022; 032;
b5y

5 D 0:007; 201
x D b1y C b2y2 C b3y3 C b4y4 C b5y5 CO.6/ D 0:624; 372
z D xC 1 D 1:624; 372 D c0:90:

At this end we would like to give some sample references on computing the “inverse
error function”

y D F.x/ WD
xZ
0

1p
2�

exp

�
�1
2

z2
	
d z DW erfx versus

x D F�1.y/ D inverfy;

namely Carlitz (1963) and Strecok (1968).

B-4 Sampling from the Gauss–Laplace Normal Distribution:
A Second Confidence Interval for the Mean, Variance
Known

The second confidence interval of Gauss-Laplace i.i.d. observations will be con-
structed for the mean b� BLUUE of �, when the variance �2 is known. “n” is the
size of the sample, namely to agree to the number of observations. Before we present
the general sampling distribution we shall work through two examples. Example
B.12 has been chosen for a sample size n D 2, while Example B.12 for nD 3
observations. Afterwards the general result is obvious and sufficiently motivated.

Example B.12. (Gauss-Laplace i.i.d. observations, observation space Y,
dim Y)

In order to derive the marginal distributions of b� BLUUE of � and b�2 BIQUUE
of �2 for a two dimensional Euclidean observation space we have to introduce
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ˆx: = σ2 / σ2

ˆf2(x) = f2(σ
2 / σ2 )

Fig. B.2 Special Helmert pdf of �2p for one degree of freedom, p D 1

various images. First, we define the probability function of two Gauss-Laplace i.i.d.
observations and consequently implement the basic .b�;b�2/ decomposition into the
pdf. Second, we separate the quadratic form .y � 1�/0.y � 1�/ into the quadratic
form .y � 1b�/0.y � 1b�/, the vehicle to introduce b�2 BIQUUE of �2, and into the
quadratic form .b� � �/2 the vehicle to bring in b� BLUUE of �. Third, we aim at
transforming the quadratic form .y � 1b�/0.y � 1b�/D y0 My; rk MD 1, into the
special form 1=2.y1 � y2/2 DW x. Fourth, we generate the marginal distributions
f1.b� ˇ̌�; �2=2/ of the mean b� BLUUE of � and f2.�2/ of the sample varianceb�2
BIQUUE of �2. The basic results of the example are collected in Corollary B.6. The
special Helmert pdf �2 with one degree of freedom is plotted in Fig. B.2, but the
special Gauss-Laplace normal pdf of variance �2=2 in Fig. B.3.

The first action item

Let us assume an experiment of two Gauss-Laplace i.i.d. observations. Their pdf is
given by

f .y1; y2/ D f .y1/f . y2/;

f .y1; y2/ D 1

2��2
exp

�
� 1

2�2
Œ.y1 � �/2 C .y2 � �/2�

	
;

f .y1; y2/ D 1

2��2
exp

�
� 1

2�2
.y � 1�/0.y � 1�/

	
:
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–5 –4 –3 –2 –1 0 1 2 3 4 5
0

0.1

0.2

0.3

0.4

f1(z | 0, 1)

ˆ s2

2
z = (m − m)/

Fig. B.3 Special Gauss-Laplace normal pdf of .b�� �/=�2=2

The second action item

The coordinates of the observation vector have been denoted by Œy1; y2�
0 D

y2Y; dim YD 2. The quadratic form .y � 1�/0.y � 1�/ allows the fundamental
decomposition

y � 1� D .y � 1b�/C 1.b� � �/
.y � 1�/0.y � 1�/ D .y � 1b�/0.y � 1b�/C 101.b� � �/2
.y � 1�/0.y � 1�/ D b�2 C 2.b�� �/2:

Here, b� is BLUUE of � and b�2 BIQUUE of �2. The detailed computation proves
our statement.

Œ.y1 �b�/C .b�� �/�2 C Œ.y2 �b�/C .b� � �/�2
D .y1 �b�/2 C .y2 �b�/2 C 2.b�� �/2 C 2.b�� �/Œ.y1 �b�/C .y2 �b�/�
D .y1 �b�/2 C .y2 �b�/2 C 2.b�� �/2 C 2b�.y1 �b�/C 2b�.y2 �b�/
� 2.y1 �b�/� � 2.y2 �b�/�



B-4 Sampling from the Gauss–Laplace Normal Distribution: 665

b� D 1

2
.y1 C y2/

b�2 D .y1 �b�/2 C .y2 �b�/2:
As soon as we substituteb� andb�2 we arrive at

.y1 � �/2 C .y2 � �/2 D Œ.y1 �b�/C .b� � �/�2 C Œ.y2 �b�/C .b� � �/�2
D b�2 C 2.b�� �/2;

since the residual terms vanish:

2b�.y1 �b�/C 2b�.y2 �b�/� 2.y1 �b�/�� 2.y2 �b�/�
D 2b�y1 � 2b�2 C 2b�y2 � 2b�2 � 2�y1 C 2�b� � 2�y2 C 2�b�
D 2b�.y1 C y2/� 4b�2 � 2�.y1 C y2/C 4�b�
D 4b�2 � 4b�2 � 4�b�C 4�b� D 0:

The third action item

The cumulative pdf

dF D f .y1; y2/dy1dy2 D f1.b�/f2.x/db�dx D f1.b�/f2
�b�2
�2

	
db� db�2

�2

has to be decomposed into the first pdf f1.b� j� ; �2=n/ representing the pdf of
the sample mean b� and the second pdf f2.x/ of the new variable x WD .y1 �
y2/

2=.2�2/ D b�2=�2 representing the sample varianceb�2, normalized by �2.

How can the second decomposition f1f2 be understood?

Let us replace the quadratic form .y � 1�/0.y � 1�/ D b�2 C 2.b� � �/2 in the
cumulative pdf

dF D f .y1; y2/dy1dy2 D 1

2��2
exp

�
� 1

2�2
.y � 1�/0.y � 1�/

	
dy1dy2

D 1

2��2
exp

�
� 1

2�2
Œb�2 C 2.b�� �/2�

	
dy1dy2

dF D f .y1; y2/dy1dy2

D 1p
2�
� 1

�p
2

exp

�
�1
2

.b�� �/2
�2=2

	
� 1p

2�
� 1p

2�
exp

�
�1
2

b�2
�2

	
dy1dy2:
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The quadratic formb�2, conventionally given in terms of the residual vector y � 1b�
will be rewritten in terms of the coordinates Œy1; y2�0 D y of the observation vector.

b�2 D .y1 �b�/2 C .y2 �b�/2 D
�
y1 � 1

2
.y1 C y2/

�2
C
�
y2 � 1

2
.y1 C y2/

�2

b�2 D 1

4
.y1 � y2/2 C 1

4
.y2 � y1/2 D 1

2
.y1 � y2/2:

The fourth action item

The new variable x WD 1
2�2
.y1 � y2/2 will be introduced in the cumulative pdf

dF D f .y1; y2/dy1dy2. The new surface element db�dx will be related to the old
surface element dy1dy2.

db�dx D
ˇ̌
ˇ̌̌ det

"
Dy1b� Dy2b�
Dy1x Dy2x

#ˇ̌ˇ̌̌
dy1dy2 D jJjdy1dy2

Dy1b� WD @b�
@y1
D 1

2
; Dy2b� WD @b�

@y2
D �1

2

Dy1x WD
@x

@y1
D y1 � y2

�2
; Dy2x WD

@x

@y2
D �y1 � y2

�2
:

The absolute value of the Jacobi determinant amounts to

jJj D
ˇ̌
ˇ̌̌ det

"
1
2

1
2

y1�y2
�2
� y1�y2

�2

# ˇ̌ˇ̌̌ D y1 � y2
�2

; jJj�1 D �2

y1 � y2 :

In consequence, we have derived

dy1dy2 D �2

y1 � y2 db�dx D
�p
2
p
x
db�dx

based upon

x D 1

2�2
.y1 � y2/2)

p
2x D 1

�
.y1 � y2/:

In collecting all detailed partial results we can formulate a corollary.
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Corollary B.3. (marginal probability distributions ofb�; �2 given, and b�2):
The cumulative pdf of a set of two observations is represented by

dF D f .y1; y2/dy1dy2Df1.b� j�; �2=2/f2.x/db�dx subject to

f1.b� j�; ; �2=2/ WD 1p
2�
� 1

�p
2

exp

�
�1
2

.b�� �/2
�2=2

	

f2.x/ D f2

�b�2
�2

	
WD 1p

2�

1p
x

exp

�
�1
2
x

	
subject to

C1Z
�1

f1.b�/ db� D 1 and

C1Z
0

f2.x/ dx D 1:

f1.b�/ is the pdf of the sample mean b� D .y1 C y2/=2 and f2.x/ the pdf of the
sample variance b�2 D .y1 � y2/2=2 D �2x. f1.b�/ is a Gauss-Laplace pdf with
mean� and variance �2=n, while f2.x/ is a Helmert �2 with one degree of freedom.

Example B.13. (Gauss-Laplace i.i.d. observations, observation space Y,
dim YD 3):

In order to derive the marginal distribution of b� BLUUE of � and b�2 BIQUUE of
�2 for a three-dimensional Euclidean observation space, we have to act in various
scenes. First, we introduce the probability function of three Gauss-Laplace i.i.d.
observations and consequently implement the .b�; b�2/ decomposition in the pdf.
Second, we force the quadratic form .y � 1b�/0.y � 1b�/ to be decomposed into b�2
and .b���/2, actually a way to introduce the sample varianceb�2 BIQUUE ofb�2 and
the sample meanb� BLUUE of �. Third, we succeed to transform the quadratic form
.y � 1b�/0.y � 1b�/ D yMy; rkM D 2 into the canonical form z21 C z22 by means of
Œz1; z2�

0 D HŒy1; y2; y3�0. Fourth, we produce the right inverse H�
k D H0 in order to

invert H, namely Œy1; y2; y3�0 D H0Œz1; z2�0. Fifth, in order to transform the original
quadratic form ��2.y�1b�/0.y�1b�/ into the canonical form z21Cz22Cz23 we review
the general Helmert transformation z D ��1H.y��/ and its inverse y�� D �H0z
subject to H 2 SO.3/ and identify its parameters translation, rotation and dilatation
(scale). Sixth, we summarize the marginal probability distributions f1.b� j� ; �2=3/
of the sample mean b� BLUUE of � and f2.2b�2=�2/ of the sample variance b�2
BIQUUE of �2. The special Helmert pdf �2 with two degrees of freedom is plotted
in Fig. B.4 while the special Gauss-Laplace normal pdf of variance �2=3 in Fig. B.5.
The basic results of the example are collected in Corollary B.7.
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f2(2s2 | s2)ˆ

x := 2s2 | s2

Fig. B.4 Special Helmert pdf of �2p for two degrees of freedom, p D 2

3
ˆ )s2

f1(m | m,

ˆ(m − m) / s2

3

Fig. B.5 Special Gauss-Laplace normal pdf of .b�� �/= �
2

3
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The first action item

Let us assume an experiment of three Gauss-Laplace i.i.d. observations. Their pdf
is given by

f .y1; y2; y3/ D f .y1/f . y2/f . y3/;

f .y1; y2; y3/ D .2�/�3=2��3 exp

�
� 1

2�2
Œ.y1 � �/2C .y2��/2C .y3 ��/2�

	
;

f .y1; y2; y3/ D .2�/�3=2��3 exp

�
� 1

2�2
.y � 1�/0.y � 1�/

	
:

The coordinates of the observation vector have been denoted by Œy1; y2; y3�0D y2Y,
dimY D 2.

The second action item

The coordinates of the observation vector have been denoted byD y2Y, dimYD 2.
The quadratic form .y1 � 1�/0.y2 � 1�/ allows the fundamental decomposition

y � 1� D .y � 1b�/C 1.b� � �/;
.y � 1�/0.y � 1�/ D .y � 1b�/0.y � 1b�/C 101.b� � �/2

.y � 1�/0.y � 1�/ D 2b�2 C 3.b�� �/2:
Here, b� is BLUUE of � and b�2 BIQUUE of �2. The detailed computation proves
our statement.

Œ.y1 �b�/C .b� � �/�2 C Œ.y2 �b�/C .b�� �/�2 C Œ.y3 �b�/C .b� � �/�2
D .y1 �b�/2 C .y2 �b�/2 C .y3 �b�/2 C 3.b�� �/2 C 2b�.y1 �b�/
C 2b�.y2 �b�/C 2b�.y3 �b�/� 2.y1 �b�/�� 2.y2 �b�/� � 2.y3 �b�/�

b�BLUUE of� W b� D 1

3
.y1 C y2 C y3/

b�2 BIQUUE of �2 W b�2 D 1

2
Œ.y1 �b�/2 C .y2 �b�/2 C .y3 �b�/2�:

As soon as we substituteb� andb�2 we arrive at

.y1 � �/2 C .y2 � �/2 C .y3 � �/2

D Œ.y1 �b�/2C .b���/�2C Œ.y2 �b�/2C .b���/2�2C Œ.y3 �b�/2C .b���/2�2
D 2b�2 C 3.b�� �/2:
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The third action item

Let us begin with transforming the cumulative probability function

dF D f .y1; y2; y3/dy1dy2dy3

D .2�/�3=2��3 exp

�
� 1

2�2
.y � 1�/0.y � 1�/

	
dy1dy2dy3

D .2�/�3=2��3 exp

�
� 1

2�2
Œ2b�2 C 3.b� � �/2�

	
dy1dy2dy3

into its canonical form. In detail, we transform the quadratic form b�2 BIQUUE of
�2 canonically.

y1 �b� D y1 � 1
3
y1 � 1

3
.y2 C y3/ D 2

3
y1 � 1

3
.y2 C y3/ D 2

3
y1 � 1

3
y2 � 1

3
y3

y2 �b� D y2 � 1
3
y2 � 1

3
.y1 C y3/ D �1

3
y1 C 2

3
y2 � 1

3
y3

y3 �b� D y3 � 1
3
y3 � 1

3
.y1 C y2/ D �1

3
y1 � 1

3
y2 C 2

3
y3

as well as

.y1 �b�/2 D 4

9
y21 C

1

9
y22 C

1

9
y23 �

4

9
y1y2 C 2

9
y2y3 � 4

9
y3y1

.y2 �b�/2 D 1

9
y21 C

4

9
y22 C

1

9
y23 �

4

9
y1y2 � 4

9
y2y3 C 2

9
y3y1

.y3 �b�/2 D 1

9
y21 C

1

9
y22 C

4

9
y23 C

2

9
y1y2 � 4

9
y2y3 � 4

9
y3y1

and

.y1 �b�/2 C .y2 �b�/2 C .y3 �b�/2 D 2

3
.y21 C y22 C y23 � y1y2 � y2y3 � y3y1/:

We shall prove

.y � 1b�/0.y � 1b�/ D y0My D z21 C z22; rkM D 2; M 2 R
3�3

that the symmetric matrix M,

M D
2
4 2 �1 �1
�1 2 �1
�1 �1 2

3
5
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has rank 2 or rank deficiency 1. Just compute jMj D 0 as a determinant identity as
well as the subdeterminant

ˇ̌
ˇ̌ 2 �1
�1 2

ˇ̌
ˇ̌ D 3 ¤ 0

.y � 1b�/0.y � 1b�/ D y0My D 1

3
Œy1; y2; y3�

2
4 2 �1 �1
�1 2 �1
�1 �1 2

3
5
2
4y1y2
y3

3
5 :

How to transform a degenerate quadratic form to a canonical form?

Helmert (1875) had the bright idea to implement what we call nowadays the forward
Helmert transformation

z1 D 1p
1 � 2.y1 � y2/

z2 D 1p
2 � 3.y1 C y2 � 2y3/ or

z21 D
1

2
.y21 � 2y1y2 C y22/

z22 D
1

6
.y21 C y22 C 4y23 C 2y1y2 � 4y2y3 � 4y3y1/

z21 C z22 D
2

3
.y21 C y22 C y23 � y1y2 � y2y3 � y3y1/ :

Indeed we found

.y � 1b�/0.y � 1b�/ D .y1 �b�/2 C .y2 �b�/2 C .y3 �b�/2 D z21 C z22:

In algebraic terms, a representation of the rectangular Helmert matrix is

z D
�

z1
z2

�
D
"

1p
1�2 � 1p

1�2 0

1p
2�3

1p
2�3 � 2p

2�3

#2
4y1y2
y3

3
5

z D H23y; H23 WD
"

1p
1�2 � 1p

1�2 0

1p
2�3

1p
2�3 � 2p

2�3

#
:
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The rectangular Helmert matrix is right orthogonal,

H23H0
23 D

"
1p
1�2 � 1p

1�2 0

1p
2�3

1p
2�3 � 2p

2�3

#2664
1p
1�2

1p
2�3

� 1p
1�2

1p
2�3

0 � 2p
2�3

3
775 D

�
1 0

0 1

�
D I2:

The fourth action item

By means of the forward Helmert transformation we could prove that z21 C z22
represents the quadratic form .y�1b�/0.y�1b�/. Unfortunately, the forward Helmert
transformation only allows indirectly by a canonical transformation. What would be
needed is the inverse Helmert transformation z 7! y, also called backward Helmert
transformation. The rectangular Helmert matrix has the disadvantage to have no
Cayley inverse. Fortunately, its right inverse

H�
R WD H0

23.H23H0
23/

�1 D H0
23 2 R

3�2

solves our problem. The inverse Helmert transformation

y D H�
Rz D H0

23z

brings

.y � 1b�/0.y � 1b�/ D 2

3
.y21 C y22 C y23 � y1y2 � y2y3 � y3y1/

via

y D H
0

23z or

2
664
y1 D 1p

1�2 z1 C 1p
2�3 z2

y2 D � 1p
1�2 z1 C 1p

2�3 z2

y3 D � 2p
2�3 z2;

y21 C y22 C y23 D
1

2
z21 C

1

6
z22 C

1p
3

z1z2 C 1

2
z22 C

1

6
z22 �

1p
3

z1z2 C 2

3
z22;

y1y2 C y2y3 C y3y1 D �1
2

z21 C
1

6
z22 C

1p
3

z1z2 � 1
3

z22 �
1p
3

z1z2 � 1
2

z22;

2

3
.y21 C y22 C y23 � y1y2 � y2y3 � y3y1/ D

2

3

�
3

2
z21 C

3

2
z22

	
D z21 C z22;

into the canonical form.
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The fifth action item

Let us go back to the partitioned pdf in order to inject the canonical representation
of the deficient quadratic form y0My; M 2 R

3�3, rkM D 2. Here we meet first the
problem to transform

dF D .2�/�3=2��3 exp

�
� 1

2�2
Œ2b�2 C 3.b� � �/2�

	
dy1dy2dy3

by an extended vector Œz1; z2; z3�0 DW z into the canonical form dF D .2�/�3=2
exp

�� 1
2
.z21 C z22 C z23/

�
d z1d z2d z3, which is generated by the general forward

Helmert transformation

z D ��1H.y � 1�/

2
4 z1

z2
z3

3
5 D 1

�

2
664

1p
1�2

1p
1�2 0

1p
2�3

1p
2�3 � 2p

2�3
1p
3

1p
3

1p
3

3
775
2
4y1 � �y2 � �
y3 � �

3
5

or its backward Helmert transformation, also called the general inverse Helmert
transformation

2
4y1 � �y2 � �
y3 � �

3
5 D �

2
664

1p
1�2

1p
2�3

1p
3

1p
1�2

1p
2�3

1p
3

0 � 2p
2�3

1p
3

3
775
2
4 z1

z2
z3

3
5 :

y � 1� D �H0z

thanks to the orthonormality of the quadratic Helmert matrix H3, namely H3H0
3 D

H0
3H3 D I3 or H�1

3 D H0
3.

Secondly, notice the transformation of the volume element

dy1dy2dy3 D d.y1 � �/d.y2 � �/d.y3 � �/ D �3d z1d z2d z3;

which is due to the Jacobi determinant

J D �3 ˇ̌H0ˇ̌ D �3 jHj D �3:
Let us prove that

z3 WD
p
3��1.b� � �/ D b� � �

�p
3
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brings the first marginal density

f1 D
�
b�j�; �2

3

	
WD 1p

2�
� 1

�p
3

� exp

�
� 1

2�2
3.b�� �/2

	

into the canonical form

f1.z3 j0; 1/ D 1p
2�

exp

�
�1
2

z23

	
:

Let us computeb� � � as well as 3.b�� �/2 which concludes the proof.

z3 D ��1
�
1p
3
;
1p
3
;
1p
3

�24y1 � �y2 � �
y3 � �

3
5

z3 D ��1 y1 C y2 C y3 � 3�p
3

y1 C y2 C y3
3

D b� ) y1 C y2 C y3 D 3b�

3
775

) z3 D 3��1b� � �p
3
; z23 D

1

�2
3.b�� �/2:

Indeed the extended Helmert matrix H3 is ingenious to decompose

1

�2
.y � 1b�/0.y � 1b�/ D z21 C z22 C z23

into a canonical quadratic form relating z21 C z22 to b�2 and z23 to .b� � �/2. At this
point, we have to interpret the general Helmert transformation z D ��1H.y � �/:
Structure elements of the Helmert transformation

scale or dilatation ��1

rotation H

translation �

��1 2RC produces a dilatation or a scale change, H2SO.3/ WD fH2R3�3 jH0H D
I3 and jHj D C1g a rotation (3 parameters) and 1� 2 R

3 a translation. Please,
prove for yourself that the quadratic Helmert matrix is orthonormal, that is HH0 D
H0H D I3 and jHj D C1.
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The sixth action item

Finally we are left with the problem to split the cumulative pdf into one part f1.b�/
which is a marginal distribution of the arithmetic meanb� BLUUE of � and another
part f2.b�/which is a marginal distribution of the standard deviationb� ,b�2 BIQUUE
of �2, Helmert’s �22 with two degrees of freedom.
First let us introduce polar coordinates .�1; r/ which represent the Cartesian coor-
dinates z1D r cos�1, z2D r sin �1. The index 1 is needed for later generalization to
higher dimension. As a longitude, the domain of �1 is �1 2 Œ0; 2�� or 0 � �1 � 2� .
The new random variable z21 C z22 D kzk2 DW x or radius r relates to Helmert’s

�2 D z21 C z22 D
2b�2
�2
D 1

�2
.y � 1b�/0.y � 1b�/ :

Secondly, the marginal distribution of the arithmetic meanb�, b� BLUUE of �,

f1

�
b� j� ; �p

3

	
db� D f1.z3 j0; 1 /d z3 � N

�
�;

�p
3

	

is a Gauss-Laplace normal distribution with mean � and variance �2=3 gener-
ated by

dF1 D f1
�
b� j� ; �p

3

	
db� D f1.z3 j0; 1/d z3

D .2�/�1=2 exp

�
�1
2

z23

	
d z3

C1Z
�1

C1Z
�1

.2�/�1 exp

�
�1
2
.z21 C z22/

	
d z1d z2 or

f1

�
b� j� ; �p

3

	
db� D .2�/�1=2

p
3

�
exp

�
� 3

2�2
.b�� �/2

	
db�:

Third, the marginal distribution of the sample variance 2b�2=�2 D z21 C z22 DW x,
Helmert’s �2 distribution for p D n � 1 D 2 degrees of freedom,

f2.2b�2=�2/ D f2.x/ D 1

2p=2� .
p

2
/
x
p
2 �1 exp

�
�x
2




is generated by

dF2 D
C1Z

�1
.2�/�1=2 exp

�
�1
2

z23

	
d z3

2�Z
0

d�1.2�/
�1 1
2

exp

�
�1
2
x

	
dx
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dF2 D .2�/�1!2 1
2

exp

�
�1
2
x

	
dx subject to !2 D

2�Z
0

d�1 D 2�

dF2 D 1

2
exp

�
�1
2
x

	
dx

and

x WD z21 C z22 D r2) dx D 2rdr; dr D dx

2r

d z1d z2 D rdrd�1 D
1

2
dxd�1

is the transformation of the surface element d z1d z2. In collecting all detailed results
let us formulate a corollary.

Corollary B.7. (marginal probability distributions ofb�, �2 given, and ofb�2):
The cumulative pdf of a set of three observations is represented by

dF D f .y1; y2; y3/dy1dy2dy3 D f1
�
b�j�; �2

3

	
f2.x/db�dx

subject to

f1

�
b�j�; �2

3

	
WD 1p

2�
� 1

�=
p
3
� exp

�
�1
2

.b� � �/2
�2=3

	

f2.x/ D 1

2
exp

�
�1
2
x

	

subject to

x WD z21 C z22 D 2b�2=�2; dx D 2

�2
db�2

and

1Z
�1

f1.b�/ db� D 1 versus

1Z
0

f2.x/ dx D 1:

f1.b�/ is the pdf of the sample mean b�D .y1 C y2 C y3/=3 and f2.x/ the pdf
of the sample variance b�2D .y0 � 1b�/0.y � 1b�/=2 normalized by �2. f1.b�/ is a
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Gauss-Laplace pdf with meanb� and variance �2=3, while f2.x/ a Helmert �2 with
two degrees of freedom.
In summary, an experiment with three Gauss-Laplace i.i.d. observations is charac-
terized by two marginal probability densities, one for the meanb� BLUUE of � and
another one forb�2 BIQUUE of �2:

Marginal probability densities n D 3, Gauss-Laplace i.i.d. observations

b� W f1
�
b� j� ; �p

3

	
db� b�2 W f2.2b�2=�2/db�2

D .2�/�1=2 1

�=
p
3

exp

�
�1
2

.b� � �/2
�2=3

	
db� D b�2

�2
exp

�
�b�2
�2

	
db�2

or or

f1.z3 j0; 1/d z3 f2.x/dx

D .2�/�1=2 exp

�
�1
2

z23

	
d z3 D 1

2
exp

�
�1
2
x

	
dx

z3 WD b� � �
3�

x WD 2b�2
�2

B-41 Sampling Distributions of the Sample Mean b�, � 2

Known, and of the Sample Variance b� 2

The two examples have prepared us for the general sampling distribution of the
sample mean b�, �2 known, and of the sample varianceb�2 for Gauss-Laplace i.i.d.
observations, namely samples of size n. By means of Lemma B.8 on the rectangular
Helmert transformation and Lemma B.9 on the quadratic Helmert transformation
we prepare for Theorem B.10 which summaries both the pdfs for b� BLUUE of �,
�2 known, for the standard deviationb� and forb�2 BIQUUE of �2. Corollary B.11
focusses on the pdf of

�

� D qb� where
�

� is an unbiased estimation of the standard
deviation � , namely Ef��g D � .

Lemma B.3. (rectangular Helmert transformation):

The rectangular Helmert matrix Hn�1;n 2 R
n�.n�1/ transforms the degenerate

quadratic form

.n � 1/b�2 WD .y � 1b�/0.y� 1b�/ D y0My; rkMDn�1

subject to

b� D 1

n
10y
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into the canonical form

.n � 1/b�2 D z0
n�1zn�1 D z21 C � � � C z2n�1:

The special Helmert transformation yn 7! Hn�1;nyn D zn�1 is represented by

Hn�1;n WD2
6666664

1p
1�2

1p
1�2 0 0 � � � 0 0

1p
2�3

1p
2�3 � 2p

2�3 0 � � � 0 0

� � � � � � � � � � � � � � � � � � � � �
1p

.n�1/.n�2/
1p

.n�1/.n�2/
1p

.n�1/.n�2/
1p

.n�1/.n�2/ � � � � n�1p
.n�1/.n�2/ 0

1p
n.n�1/

1p
n.n�1/

1p
n.n�1/

1p
n.n�1/ � � � 1p

n.n�1/ � np
n.n�1/

3
7777775
:

The inverse Helmert transformation z 7! y D H�
Rz D H0z or yn D H0

n�1�nzn is
based on its right inverse which thanks to the right orthogonality Hn�1;nH0

n;n�1 D
In�1 coincides with its transpose,

H�
R D H0.HH0/�1 D H0 2 R

n�.n�1/:

Lemma B.4. (quadratic Helmert transformation):

The quadratic Helmert matrix H 2 R
n�n, also called extended Helmert matrix or

augmented Helmert matrix, transforms the quadratic form

1

�2
.y � 1�/0.y � 1�/ D 1

�2
Œ.y � 1b�/C 1.b�� �/�0Œ.y � 1b�/C 1.b�� �/�

subject to

b� D 1

n
10y

by means of

z D ��1H.y � 1�/ or y D �H0.z � 1�/

into the canonical form

1

�2
.y � 1�/0.y � 1�/ D z21 C � � � C z2n�1 C z2n D

n�1X
jD1

z2j C z2n

z2n D n.b� � �/2:
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Such a Helmert transformation y 7! z D ��1H.y � 1�/ is represented by
displaylines

H WD
2
6666666666666664

1p
1�2

1p
1�2 0 0 � � � 0 0

1p
2�3

1p
2�3 � 2p

2�3 0 � � � 0 0

1p
3�4

1p
3�4

1p
3�4 � 3p

34
� � � 0 0

� � � � � �
1p

.n�1/.n�2/
1p

.n�1/.n�2/
1p

.n�1/.n�2/
1p

.n�1/.n�2/ � � � � n�1p
.n�1/.n�2/ 0

1p
n.n�1/

1p
n.n�1/

1p
n.n�1/

1p
n.n�1/ � � � 1p

n.n�1/ � np
n.n�1/

1p
n

1p
n

1p
n

1p
n

� � � 1p
n

1p
n

3
7777777777777775

Since the quadratic Helmert matrix is orthonormal, the inverse Helmert transfor-
mation is generated by

z 7! y � 1� D �H0z:

The proofs for Lemmas B.8 and B.9 are based on generalizations of the special cases
for n D 2, Example B.11, and for n D 3, Example B.12. Any proof will be omitted
here.
The highlight of this paragraph is the following theorem.

Theorem B.10. (marginal probability distribution of .b�; �2/ and b�2):
The cumulative pdf of a set of n observations is represented by

dF D f .y1; : : : ; yn/dy1 � � �dyn
D f1.b�/f4.b�/db�db� D f1.b�/f2.b�2/db�db�2

as the product of the marginal pdf f1.b�/ of the sample mean b�D n�11y
and the marginal pdf f2.b�/ of the sample standard deviation b� Dp
.y � 1b�/0.y � 1b�/=.n� 1/, also called r.m.s. (root mean square error), or

the marginal pdf f2.b�2/ of the sample variance b�2. Those marginal pdfs are
represented by

dF1 D f1.b�/db�
dF4 D f4.b�/db� and dF2 D f2.b�2/db�2;
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(a) sample mean b�

f1.b�/ D f1
�
b�j�; �2

n

	
WD 1

�p
n

p
2�

exp

�
�1
2

.b� � �/2
�2=n

�

z WD
p
n

�
.b� � �/ W f1.z/d z D 1p

2�
exp

�
�1
2

z2
	
d z

(b) sample r.m.s.b�
p WD n � 1

dF4 D f4.b�/db�
f4.b�/ D 2pp

�p2p=2� .
p

2
/
b�p�1 exp

�
�p
2

b�2
�2

	

x WD pn � 1b�
�
D
p
p

�
b�

f4.x/dx D 2

2p=2� .
p

2
/
xp�1 exp

�
�1
2
x2
	
dx

dF4 D f4.x/dx

(c) sample varianceb�2
p WD n � 1

f2.b�2/ D 1

�p2p=2� .
p

2
/
pp=2b�p�2 exp

�
�1
2
p
b�2
�2

	
;

x WD .n � 1/b�2
�2
D p

�2
b�2 W

f2.x/dx D 1

2p=2� .
p

2
/
x
p
2 �1 exp

�
�1
2
x

	
dx:

f1.b�j�; �2n / as the marginal pdf of the sample mean BLUUE of � is a Gauss-
Laplace pdf with mean � and variance �2=n. f2.x/; x WDppb�=� , is the standard
pdf of the normalized root-mean-square error with p degrees of freedom. In
contrast, f2.x/; x W Dpb�2=�2 is a Helmert Chi Square �2p pdf with p D n � 1
degrees of freedom.
Before we present a sketch of a proof of Theorem B.10 which will be run with
five action items and a special reference to the first and second vehicle, we give
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some historical comments. Kullback (1934) refers the marginal pdf f1.b�/ of the
“arithmetic mean” b� to Poisson (1827), Haussdorff (1901) and Irwins (1937). He
has also solved the problem to find the marginal pdf of the “geometric mean”.
The marginal pdf f2.b�2/ of the sample variance b�2 has been originally derived
by Helmert (1875), Helmert (1876a), Helmert (1876b). A historical discussion of
Helmert’s distribution is offered by David (1957), Kruskal (1946), Lancaster (1965),
Lancaster (1966), Pearson (1931) and Sheynin (1995).
The marginal pdf f4.b�/ has not found any interest in practice so far. The reason may
be found in the effect that b� is not an unbiased estimate of the standard deviation
� , namely Efb�gD� . According to Czüber (1891), p. 162, Rosèen (1948), p. 37,
Schmetterer (1956), p. 203, Stoom (1967), p. 199, 218, Fisz (1971), p. 240 and
Richter and Mammitzsch (1973), p. 42 have documented that

�

� D
r
p

2

�
�p
2




�

�
p C 1
2

	b� D qb�

is an unbiased estimation
�

� of the standard deviation � , namely Efb�g D � . p D
n � 1 again denotes the number of degrees of freedom. Schaffrin (1979), p. 240 has
proven that

b�p WD
p
.y � 1b�/0.y � 1�/r

p � 1
2

D b�
p
2pp

2p � 1

r
p � 1

2

is an asymptotic (“from above”) unbiased estimation b�p of the standard deviation
� . Let us implement

�

� BLUUE of � into the marginal pdf f .b�/:
Corollary B.8. (marginal probability distributions of

�

� for Gauss-Laplace i.i.d.
observations, Ef��g D �):

The marginal pdf of
�

� , an unbiased estimation of the standard deviation, is
represented by

dF4 D f4.�

�/d
�

�

f4.
�

�/ D 2pp

�p2p=2

� p

�
p C 1
2

	

�p
2


 p
2
� pC1

�p
2


�

�p�1 exp

0
BBB@�

0
BB@
�

�
p C 1
2

	

�
�p
2



1
CCA
2

�

�2

1
CCCA
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Fig. B.6 Marginal pdf for the sample standard deviation
�

� (r.m.s.)

and

dF4 D f4.x/dx

x WD
p
2

�

�

�
p C 1
2

	

�
�p
2


 b�

f4.x/ D 2

2p=2�
�p
2


xp�1 exp

�
�1
2
x2
	

subject to

Efxg D p2
�

�
p C 1
2

	

�
�p
2


 :

Figure B.6 illustrates the marginal pdf for “degrees of freedom” p 2 f1; 2; 3; 4; 5g.



B-4 Sampling from the Gauss–Laplace Normal Distribution: 683

Proof.

The first action item

The pdf of n Gauss-Laplace i.i.d. observations is given by

f .y1; : : : ; yn/ D f .y1/ � � �f .yn/ D
nY
iD1

f .yi /

f .y1; : : : ; yn/ D .2�/�n=2��n exp

�
� 1

2�2
.y � 1�/0.y � 1�/

	
:

The coordinates of the observation space Y have been denoted by Œy1; : : : ; yn�0 D y.
Note dim Y D n.

The second action item

The quadratic form .y� 1�/0.y � 1�/ > 0 allows the fundamental decomposition

y � 1� D .y� 1b�/C 1.b�� �/;
.y � 1�/0.y � 1�/ D .y� 1b�/0.y � 1b�/C 101.b� � �/2

101 D n

.y � 1�/0.y � 1�/ D .n � 1/b�2 C n.b� � �/2:
Here,b� is BLUUE of � andb�2 BIQUUE of �2. The decomposition of the quadratic
.y�1�/0.y�1�/ into the sample varianceb�2 and the square .b���/2 of the shifted
sample meanb��� has already been proved for n D 2 and n=3. The general result
is obvious.

The third action item

Let us transform the cumulative probability into its canonical forms.

dF D f .y1; : : : ; yn/dy1 � � �dyn
D .2�/�n=2��n exp

�
� 1

2�2
.y � 1�/0.y� 1�/

	
dy1 � � �dyn

D .2�/�n=2��n exp

�
� 1

2�2



.n � 1/b�2 C n.b� � �/2�

	
dy1 � � �dyn

z D ��1H.y� 1�/ or y � 1� D �H0z
1

�2
.y � 1�/0.y � 1�/ D z21 C z22 C � � � C z2n�1 C z2n:

Here, we have substituted the divert Helmert transformation (quadratic Helmert
matrix H) and its inverse. Again ��1 is the scale factor, also called dilatation,
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H an orthonormal matrix, also called rotation matrix, and 1� 2 R
n the translation,

also called shift.

dF D f .y1; : : : ; yn/dy1 � � �dyn
D 1p

2�
exp

�
�1
2

z2n
1

.2�/.n�1/=2

	
exp

�
�1
2
.z21 C � � � C z2n/

	
dz1dz2 � � � dzn�1dzn

based upon

dy1dy2 � � �dyn�1dyn D �nd z1d z2 � � �d zn�1d zn

J D �njH0j D �njHj D �n:

J again denotes the absolute value of the Jacobian determinant introduced by the
first vehicle.

The fourth action item

First, we identify the marginal distribution of the sample meanb�.

dF1 D f1
�
b�j�; �2

n

	
db�:

According to the specific structure of the quadratic Helmert matrix zn is gener-
ated by

zn D ��1
�
1p
n
; : : : ;

1p
n

�264
y1 � �
:::

yn � �

3
75 D ��1 y1 C � � � C yn � n�p

n
;

upon substituting

b� D 1

n
10y D y1 C � � � C yn

n
) y1 C � � � C yn D nb�)

zn D ��1 n.b� � �/p
n

) z2n D n
.b� � �/2
�2

; d zn D 1

�

p
n db�:

Let us implement d zn in the marginal distribution.

dF1 D 1p
2�

exp

�
�1
2

z2n

	
d zn�
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�
C1Z

�1
� � �

C1Z
�1

.2�/�.n�1/=2 exp

�
�1
2
.z21 C � � � C z2n�1/

�
d z1 � � �d zn�1;

C1Z
�1
� � �

C1Z
�1

.2�/�.n�1/=2 exp

�
�1
2
.z21 C � � � C z2n�1/

�
d z1 � � �d zn�1 D 1

dF1 D 1p
2�

exp

�
�1
2

z2n

	
d zn

dF1 D 1p
2�

1
�p
n

exp

 
�1
2

.b� � �/2
�2

n

!
db� D f1

�
b�j�; �2

n

	
db�:

The fifth action item

Second, we identify the marginal distribution of the sample varianceb�2. We depart
the ansatz

dF2 D f2.b�/db� D f2.b�2/db�2
in order to determine the marginal distribution f2.b�/ of the sample root-mean-
square errors b� and the marginal distribution f2.b�2/ of the sample variance b�2.
A first version of the marginal probability distribution dF2 is

dF2 D 1p
2�

1Z
�1

exp

�
�1
2

z2n

	
d zn�

� 1

.2�/.n�1/=2 exp

�
�1
2
.z21 C � � � C z2n�1/

�
d z1 � � �d zn�1:

Transform the Cartesian coordinates .z1 C � � � C zn�1/ 2 R
n�1 to spherical

coordinates .˚1; ˚2; : : : ; ˚n�2; rn�1/. From the operational point of view,p D n�1,
the number of “degrees of freedom”, is an optional choice. Let us substitute the
global hypersurface element !n�1 or !p into dF2, namely

1p
2�

1Z
�1

exp

�
�1
2

z2n

	
d zn D 1

dF2 D 1

2.n�1/=2 r
n�2 exp

�
�1
2
r2
	
dr�
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�
C�=2Z

��=2
cosn�3�n�2d�n�2

C�=2Z
��=2

cosn�4�n�3d�n�3 � � �
C�=2Z

��=2
cos�2d�2

2�Z
0

d�1

dF2 D 1

.2�/p=2
rp�1 exp

�
�1
2
r2
	
dr�

�
C�=2Z

��=2
cosp�2�p�1

C�=2Z
��=2

cosp�3�p�2d�p�2 � � �
C�=2Z

��=2
cos2�3d�3

C�=2Z
��=2

cos�2d�2

2�Z
0

d�1

!n�1 D !p D 2

�

�
n � 1
2

	�.n�1/=2 D 2

�
�p
2


�p=2

D
�=2Z

��=2
cosp�2�p�1d�p�1

�=2Z
��=2

cosp�3�p�2d�p�2 � � �

�=2Z
��=2

cos2�3d�3

�=2Z
��=2

cos�2d�2

2�Z
0

d'1

dF2 D !p

.2�/p=2
rp�1 exp

�
�1
2
r2
	
dr

dF2 D 2

2p=2�
�
p

2

� rp�1 exp

�
�1
2
r2
	
dr :

The marginal distribution of the r.m.s. f2.b�/ is generated as soon as we substitute

the radius r D
q

z21 C � � � C z2n�1 D
p
n � 1 b�1=� . Alternatively the marginal

distribution of the sample variance f2.b�2/ is produced when we substitute the radius
square r2 D z21 C � � � C z2n�1 D .n � 1/b�2=�2.
Project A

r D pn � 1 b�=� D ppb�
�
) dr D

p
p

�
db�

dF2 D f2.b�/db�
f2.b�/ D 2pp

�p2p=2
b�p�1 exp

�
�1
2

p

�2
b�2
	
:
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Indeed, f2.b�/ establishes the marginal distribution of the root-mean-square errorb�
with p D n � 1 degrees of freedom.

Project B

x WD r2 D .n � 1/b�2
�2
D pb�2

�2
DW �2p )

2
64
dx D 2rdr
dr D dx

2r
D 1

2

dxp
x

rp�1dr D 1

2
x
p
2 �1dx

dF2 D f2.x/dx

f2.x/ WD 1

2p=2� .
p

2
/
x
p
2 �1 exp

�
�1
2
x

	
:

Finally, we have derived Helmert’s Chi Square �2p distribution f2.x/dxDdF2 by
substituting r2, rp�1 and dr in factor of x WD r2 and dx D 2rdr .

Project C
Replace the radical coordinate squared r2 D .n � 1/b�2=�2 D pb�2=�2 by rescaling
on the basis p=�2

x D r2 D z21 C � � � C z2n�1 D z21 C � � � C z2p D .n� 1/
b�2
�2
D p

�2
b�2

dx D p

�2
db�

within Helmert’s �2p with p D n � 1 degrees of freedom

dF2 D f2.b�2/db�2

f2.b�2/ D 1

�p2p=2� .
p

2
/
pp=2b�p�2 exp

�
�1
2

p

�2
b�2
	
:

Recall that f2.b�2/ establishes the marginal distribution of the sample varianceb�2
with pDn � 1 degrees of freedom. Both, the marginal pdf f2.b�/ of the sample
standard deviation b� , also called root-mean-square error, and the marginal pdf
f2.b�2/ of the sample varianceb�2 document the dependence on the variance �2 and
its power �p .

“Here is our journey’s end.”(W. Shakespeare: Hamlet) |
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B-42 The Confidence Interval for the Sample Mean,
Variance Known

An application of Theorem B.10 is Lemma B.12 where we construct the confidence
interval for the sample mean b�, BLUUE of �, variance �2 known, on the basis of
its sampling distribution. Example B.14 is an example of a random sample of size
n D 4.

Lemma B.12. (confidence interval for the sample mean, variance known):

The sampling distribution of the sample meanb� D n�1 10y, BLUUE of �, is Gauss-
Laplace normal,

�

� � N .b�j�; �2=n/, if the observations yi ; i 2 f1; : : : ; ng, are
Gauss-Laplace i.i.d. The “true” mean � is an element of the two-sided confidence
interval.

� 2�b� � �p
n
c1�˛=2;b�C �p

n
c1�˛=2Œ

with confidence

P

�
b� � �p

n
c1�˛=2 < � < b�C �p

n
c1�˛=2

�
D 1 � ˛

of level 1 � ˛. For three values of the coefficient of confidence � D 1 � ˛, Table
B.9 is a list of associated quantiles c1�˛=2.

Example B.14. (confidence interval for the sample mean b�, �2 known):

Suppose that a random sample

y WD

2
664
y1
y2
y3
y4

3
775 D

2
664
1:2

3:4

0:6

5:6

3
775 ; b� D 2:7; �2 D 9; r:m:s: W 3

of four observation is known from a Gauss-Lapace normal distribution with
unknown mean � and a known standard deviation � D 3. b� BLUUE of � is the
arithmetic mean. We intend to determine upper and lower limits which are rather
certain to contain the unknowns parameter� between them. Previously, for samples
of size 4 we have known that the random variable

z D b� � �
�p
n

D b� � �
3
2
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is normally distributed with mean zero and unit variance. b� is the sample mean
2.7 and 3/2 is �=

p
n. The probability � D 1 � ˛ that z will be between any two

arbitrarily chosen numbers c1 D �c and c2 D c is

P f�c1 < z < Cc2g D
c2Z
c1

f .z/d z D � D 1 � ˛;

P f�c < 2 < Ccg D
CcZ

�c
f .z/d z D � D 1 � ˛;

cZ
�1

f .z/d z D 1 � ˛
2
;

�cZ
�1

f .z/d z D ˛

2
:

� is the coefficient of confidence, ˛ the coefficient of negative confidence, also called
complementary coefficient of confidence. The four representations of the probability
� D 1 � ˛ to include z in the confidence interval �c < z < Cc have led to the
linear Voltera integral equation of the first kind

cZ
�1

f .z/d z D 1� ˛
2
D 1C �

2
:

Three values of the coefficient of confidence � or its compliment ˛ are popular and
listed in Table B.9.

Table B.9 (Values of the coefficient of confidence):

� 0:950 0:990 0:999

˛ 0:050 0:010 0:001
˛
2

0:025 0:005 0:000; 5

1 � ˛
2
D 1C�

2
0:975 0:995 0:999; 5

In solving the linear Voltera integral equation of the first kind

zZ
�1

f .z�/d z� D 1 � 1
2
˛.z/ D 1

2
Œ1C �.z/�:

Table B.10 collects the quantiles c1�˛=2 given the coefficients of confidence on their
complements which we listed in Table B.10.
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Table B.10 (Quantiles for the confidence interval of the sample mean,
variance unknown):

1 � ˛
2
D 1C�

2
� ˛ c1�˛=2

0:975 0:95 0:05 1:960

0:995 0:99 0:01 2:576

0:999; 5 0:999 0:001 3:291

Given the quantiles c1�˛=2, we are going to construct the confidence interval for
the sample mean b�, the variance �2 to be known. For this purpose, we convert the
forward transformationsb�! z D pn.b� � �/=� to �.

b�� �p
n

z D �

b�1 WD b� � �p
n
c1�˛=2 < � < b�C �p

n
c1�˛=2 DW b�2:

The interval b�1 < � < b�2 for the fixed value z D c1�˛=2 contains the “true” mean
� with probability � D 1 � ˛.

P

�
b� � �p

n
c1� ˛

2
< � < b�C �p

n
c1� ˛

2

�

D
cZ

�c
f .z/d z D

b�2Z

b�1
f

�
b�j�; �2

n

	
db� D � D 1 � ˛

since

b�2Z
�1

f .b�/db� D
b�C �p

n
c1�˛=2Z

�1
f .b�/db� D

c1�˛=2Z
�1

f .b�/db� D 1 � ˛
2
:

An animation of the coefficient of confidence and the probability functions of a
confidence interval is offered by Figs. B.7 and B.8.

b�1 D b� � c1�˛=2 �p
n
; b�2 D b�C c1�˛=2 �p

n

Let us specify all the integrals to our example

c1�˛=2Z
�1

f .z/d z D 1 � ˛=2
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ˆf(m | m, σ2) ˆf(m | m, σ2)

a / 2 a / 2g = 1-a

m1ˆ
m1ˆ

μ m2ˆ

Fig. B.7 Two-sided
confidence interval
� 2�b�1;b�2Œ; f .b�j�; �2=n/
pdf :

m1 = m − c1−a /2
mˆ ˆ

n

σ m1 = m + c1−a /2ˆ ˆ
n

σ

Fig. B.8 Two-sided confidence interval, quantile c1�˛=2

1:960Z
�1

f .z/d z D 0:975;
2:576Z

�1
f .z/d z D 0:995;

3:291Z
�1

f .z/d z D 0:999; 5:

Those data lead to a triplet of confidence intervals.

case .a/ D 0:95; D 0:05; c1�˛=2 D 1:960

P

�
2:7 � 3

2
1:96 < � < 2:7C 3

2
1:96

�
D 0:95

P f�0:24 < � < C5:64g D 0:95
case .b/ D 0:99; D 0:01; c1�˛=2 D 2:576

P

�
2:7 � 3

2
2:576 < � < 2:7C 3

2
2:576

�
D 0:99

P f�1:164 < � < 6:564g D 0:99
case .c/ D 0:999; D 0:001; c1�˛=2 D 3:291

P

�
2:7 � 3

2
3:291 < � < 2:7C 3

2
3:291

�
D 0:999

P f�2:236 < � < 7:636g D 0:999 :

With probability 95% the “true” mean � is an element of the interval ]�0.24,
C5.64[. In contrast, with probability 99% the “true” mean � is an element of the
larger interval ]�1.164, C6.564[. Finally, with probability 99.9% the “true” mean
� is an element of the largest interval [�2.236,C7.636].
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B-5 Sampling from the Gauss–Laplace Normal Distribution:
A Third Confidence Interval for the Mean, Variance
Unknown

In order to derive the sampling distributions for the sample mean, variance un-
known, of Gauss-Laplace i.i.d. observation B51 introduces two examples (two and
three observations, respectively, for generating Student’s t distribution. Lemma B.13
reviews Student’s t-distribution of the random variable

p
n0.b� � �/=b� where the

sample mean b� is BLUUE of �, whereas the sample variance b�2 is BIQUUE of
�2. B52 by means of Lemma B.13 introduces the confidence interval for the “true”
mean � variance �2 unknown, which is based on Student’s probability distribution.
For easy computation, Table B.12 is its flow chart. B53 discusses The Uncertainly
Principle generated by The Magic Triangle of (a) length of confidence interval,
(b) coefficient of negative confidence, also called the uncertainty number, and (c) the
number of observations. Various figures and examples pave the way for the routine
analyst’s use of the confidence interval for the mean, variance unknown.

B-51 Student’s Sampling Distribution of the Random Variable
.b� � �/=b�

Two examples for nD 2 or nD 3Gauss-Laplace i.i.d. observations keep us to derive
Student’s t-distribution for the random variable

p
n.b� � �/=b� where b� is BLUUE

of �, whereas p D n�1 is BIQUUE of 2. Lemma B.12 and its proof is the highlight
of this paragraph in generating the sampling probability distribution of Student’s t .

Example B.15 (Student’s t-distribution for two Gauss-Laplace i.i.d. observa-
tions):

First, assume an experiment of two Gauss-Laplace i.i.d. observations called y1 and
y2: We want to prove that .y1 C y2/=2 and .y1 � y2/2=2 or the sample meanb� and
the sample varianceb�2 are stochastically independent. y1 and y2 are elements of the
joint pdf.

f .y1; y2/ D f .y1/f .y2/

f .y1; y2/ D 1

2��2
exp

�
� 1

2�2
Œ.y1 � �/2 C .y2 � �/2�

	

f .y1; y2/ D 1

2��2
exp

�
� 1

2�2
.y � 1�/0.y � 1�/

	
:

The quadratic form .y � 1�/0.y � 1�/ is decomposed into the sample varianceb�2,
BIQUUE of �2, and the deviate of the sample mean b�, BLUUE of �, from � by
means of the fundamental separation
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y � 1� D y � 1b�C 1.b� � �/
.y � 1�/0.y � 1�/ D .y � 1b�/0.y � 1b�/C 101.b� � �/2
.y � 1�/0.y � 1�/ D b�2 C 2.b�� �/2

f .y1; y2/ D 1

2��2
exp

�
� 1

2�2
b�2
	

exp

�
� 2

2�2
.b� � �/2

	
:

The joint pdf f .y1; y2/ is transformed into a special form if we replace

b� D .y1 C y2/=2;
b�2 D .y1 �b�/2 C .y2 �b�/2 D 1

2
.y1 � y2/2;

namely

f .y1; y2/ D 1

2��2
exp

�
� 1

2�2
1

2
.y1 � y2/2

	
exp

�
� 1
�2
.
y1 C y2
2

� �/2
	
:

Obviously the product decomposition of the joint pdf documented that (y1+y2)/2
and (y1-y2)2/2 orb� andb�2 are independent random variables.
Second, we intend to derive the pdf of Student’s random variable t WD p2.b� �
�/=b� , the deviate of the sample meanb� form the “true” mean �, normalized by the
sample standard deviationsb� . Let us introduce the direct Helmert transformation

z1 D 1

�

y1 � y2p
2
D b�
�
; z2 D

p
2

�

�
y1 C y2
2

� �
	
D 2

�

b� � �p
2
;

or

�
z1
z2

�
D 1

�

"
1p
2
� 1p

2
1p
2

1p
2

#�
y1 � �
y2 � �

�
;

as well as the inverse

�
y1 � �
y2 � �

�
D �

"
1p
2

1p
2

� 1p
2

1p
2

#�
z1
z2

�
;

which brings the jointpdf dF Df .y1; y2/dy1dy2 D f .z1; z2/d z1d z2 into the
canonical form.
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dF D 1p
2�

exp

�
�1
2

z21

	
1p
2�

exp

�
�1
2

z22

	
d z1d z2

1

�2
dy1dy2 D

ˇ̌
ˇ̌̌ 1p

2

1p
2

� 1p
2

1p
2

ˇ̌
ˇ̌̌
d z1d z2 D d z1d z2:

The Helmert random variable x WD z21 or z1 D px replaces the random variable z1
such that

d z1d z2 D 1

2

1p
x
dxd z2

dF D 1p
2�

1

2
p
x

exp

�
�1
2
x

	
1p
2�

exp

�
�1
2

z22

	
dxd z2

is the joint pdf of x and z2. Finally, we introduce Student’s random variable

t W D p2b�� �b�
z2 D

p
2

�
.b�� �/) b�� � D �p

2
z2

z1 D
p
x D b�

�
) b� D �z1 D �

p
x

t D z2p
x
, z2 D

p
x t ) z22 D x t2 :

Let us transform dF D f .x; z2/dxd z2 to dF Df .t; x/dtdx, namely from the joint
pdf of the Helmert random variable x and the Gauss-Laplace normal variate z2 to
the joint pdf of the Student random variable t and the Helmert random variable x.

d z2dx D
ˇ̌
ˇ̌̌Dt z2 Dxz2
Dtx Dxx

ˇ̌
ˇ̌̌
dt dx

d z2dx D
ˇ̌
ˇ̌
ˇ
p
x

p
2
2
x�3=2t

0 1

ˇ̌
ˇ̌
ˇ dt dx

d z2dx D
p
x dt dx

dF D f .t; x/dtdx

f .t; x/ D 1

2�

1

2
exp

�
�1
2
.1C t2/x

�
:
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The marginal distribution of Student’s random variable t , namely dF3 D f3.t/dt ,
is generated by

f3.t/ WD 1

2�

1

2

1Z
0

exp

�
�1
2
.1C t2/x

�
dx

subject to the standard integral

1Z
0

exp.�ˇx/dx D
�
� 1
ˇ

exp .�ˇx/
�1

0

D 1

ˇ

ˇ WD 1

2
.1C t2/; 1

ˇ
D 2

1C t2

such that

f3.t/ D 1

2�

1

1C t2 ;

dF3 D 1

2�

1

1C t2 dt

and characterized by a pdf f3.t/ which is reciprocal to .1C t2/.

Example B.16. (Student’s t-distribution for three Gauss-Laplace i.i.d. obser-
vations):

First, assume an experiment of three Gauss-Laplace i.i.d. observations called y1; y2
and y3: We want to derive the joint pdf f .y1; y2; y3/ in terms of the sample mean
b�, BLUUE of �, and the sample varianceb�2, BIQUUE of �2.

f .y1; y2; y3/ D f .y1/f .y2/f .y3/

f .y1; y2; y3/ D 1

.2�/3=2�3
exp

�
� 1

2�2
Œ.y1 � �/2 C .y2 � �/2 C .y3 � �/2�

	

f .y1; y2; y3/ D 1

.2�/3=2�3
exp

�
� 1

2�2
.y � 1�/0.y � 1�/

	
:

The quadratic form .y � 1�/0.y � 1�/ is decomposed into the sample varianceb�2
and the deviate sample meanb� from the “true” mean� by means of the fundamental
separation
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y � 1� D y � 1b�C 1.b� � �/
.y � 1�/0.y � 1�/ D .y � 1b�/0.y � 1b�/C 101.b� � �/2
.y � 1�/0.y � 1�/ D 2b�2 C 3.b� � �/2

dF D f .y1; y2; y3/dy1dy2dy3
D 1

.2�/3=2�3
exp

�
� 1

2�2
2b�2

	
exp

�
� 3

2�2
.b� � �/2

	
dy1dy2dy3:

Second, we intend to derive the pdf of Student’s random variable t WD p3.b���/=b� ,
the deviate of the sample meanb� from the “true” mean �, normalized by the sample
standard deviationb� . Let us introduce the direct Helmert transformation

z1 D 1

�
p
2
.y1 � �C y2 � �/ D 1

�
p
2
.y1 C y2 � 2�/

z2 D 1

�
p
2 � 3.y1 � �C y2 � � � 2y3 C 2�/ D

1

�
p
2 � 3.y1 C y2 � 2y3/

z3 D 1

�
p
3
.y1 � �C y2 � �C y3 � �/ D 1

�
p
3
.y1 C y2 C y3 � 3�/

or

2
4 z1

z2
z3

3
5 D 1

�

2
664

1p
1�2

1p
1�2 0

1p
2�3

1p
2�3 � 2p

2�3
1p
3

1p
3

1p
3

3
775
2
4y1 � �y2 � �
y3 � �

3
5

as well as its inverse

2
4y1 � �y2 � �
y3 � �

3
5 D �

2
664

1p
1�2

1p
2�3

1p
3

1p
1�2

1p
2�3

1p
3

0 � 2p
2�3

1p
3

3
775
2
4 z1

z2
z3

3
5

in general

z D ��1H.y � �/ versus .y � 1�/ D �H0z;

which help us to bring the joint pdf dF.y1; y2; y3/dy1dy2dy3 Df .z1; z2; z3/d z1d z2
d z3 into the canonical form.
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dF D 1

.2�/3=2
exp

�
�1
2
.z21 C z22/

	
exp

�
�1
2

z23

	
d z1d z2d z3

1

�3
dy1dy2dy3 D

ˇ̌̌
ˇ̌
ˇ̌̌

1p
1�2

1p
2�3

1p
3

1p
1�2

1p
2�3

1p
3

0 � 2p
2�3

1p
3

ˇ̌̌
ˇ̌
ˇ̌̌ d z1d z2d z3 D d z1d z2d z3:

The Helmert random variable x WD z21C z22 or
p
x D

q
z21 C z22 replaces the random

variable
q

z21 C z22 as soon as we introduce polar coordinates z1D r cos�1, z2D r
sin �1, z21 C z22 D r2 DW x and compute the marginal pdf

dF.z3; x/ D 1p
2�

exp

�
�1
2

z23

	
d z3

1

2�

1

2
exp

�
�1
2
x

	
dx

2�Z
0

d�1;

by means of

x WD z21 C z22 D r2) dx D 2rdr; dr D dx

2r
;

d z1d z2 D rdrd�1 D 1

2
dxd�1;

dF.z3; x/ D 1

2
exp

�
�1
2
x

	
1p
2�

exp

�
�1
2

z23

	
dxd z3;

the joint pdf of x and z. Finally, we inject Student’s random variable

t WD p3b� � �b� ;

decomposed into

z3 D
p
3

�
.b� � �/) b� � � D �p

3
z3

q
z21 C z22 D

p
x D p2b�

�
) b� D �p

2

q
z21 C z22 D

�p
2

p
x

t D z3p
x

p
2, z3 D 1p

2

p
x t ) z23 D

1

2
x t2:
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Let us transform dF Df .x; z3/dxd z3 to dF Df .t; x/dtdx. Alternatively we may
say that we transform the joint pdf of the Helmert random variable x and the Gauss-
Laplace normal variate z3 to the joint pdf of the Student random variable t and the
Helmert random variable x.

d z3dx D
ˇ̌̌
ˇ̌Dt z3 Dxz3
Dtx Dxx

ˇ̌̌
ˇ̌ dtdx

d z3dx D
ˇ̌
ˇ̌
ˇ

p
xp
2

1

2
p
2
x�3=2t

0 1

ˇ̌
ˇ̌
ˇ dtdx

d z3dx D
p
xp
2
dtdx

dF D f .t; x/dtdx

f .t; x/ D 1

2
p
2

1p
2�

p
x exp

�
�1
2
.1C t2

2
/x

�
:

The marginal distribution of Student’s random variable t , namely dF3 D f3.t/dt ,
is generated by

f3.t/ WD 1

2
p
2

1p
2�

1Z
0

p
x exp

�
�1
2

�
1C t2

2

	
x

�
dx

subject to the standard integral

1Z
0

x˛ exp.�ˇx/dx D � .˛ C 1/
ˇ˛C1 ; ˛ D 1

2
; ˇ D 1

2

�
1C t2

2

	

such that
1Z
0

p
x exp

�
�1
2

�
1C t2

2

	
x

�
dx D 23=2 � . 3

2
/

.1C t 2

2
/3=2

�

�
3

2

	
D 1

2

p
�

f3.t/ D �

�
3

2

	
1p
2�

1

.1C t2

2 /
3=2
;

dF3 D
p
2

4.1C t 2

2
/3=2

dt:

Again Student’s t-distribution is reciprocal t.1C t2=2/3=2.
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Lemma B.13. Student’s t-distribution for the derivate of the mean .b���/=b�
(Gosset, 1908)):

Let the random vector of observations y D Œy1; : : : ; yn�
0 be Gauss-Laplace i.i.d.

Student’s random variable

t WD b� � �
b�
p
n;

where the sample mean b� is BLUUE of � and the sample varianceb�2 is BIQUUE
of �2; associated to the pdf

f .t/ D � .
pC1
2
/

� .
p

2
/

1p
p�

1

.1C t 2

p
/.pC1/=2 :

p D n � 1 is the “degree of freedom” of Student’s distribution fp.t/. Gosset
(1908) published the t-distribution of the ratio

p
n.b���/=b� under the pseudonym

“Student”: The probable error of a mean.

Proof.

The joint probability distribution of the random variable zn WD pn.b� � �/=� and
the Helmert random variable x WD z21 C � � � C z2n�1 D .n� 1/b�2=�2 represented by

dF D f1.zn/f2.x/d zndx

due to the effect that zn and z21C� � �C z2n�1 orb��� and .n�1/b�2 are stochastically
independent. Let us take reference to the specific pdfs with n and n�1 D p degrees
of freedom

dF1 D f1.zn/d zn and dF2 D f2.x/dx;

f1.zn/ D 1p
2�

exp

�
�1
2

z2n

	
and f2.x/ D 1

� .
p

2
/

�
1

2

	p=2
x.p�2/=2 exp

�
�1
2
x

	
;

or

dF1 D f1.b�/db� and dF2 D f2.b�2/db�2;

f1.b�/ D
p
n

�
p
2�

exp

�
�n
2

.b���/2
�2

	
and

f2.b�2/ D 1

�p2p=2� .p=2/
pp=2b�p�2

exp

�
�1
2

p

�2
b�2
	

we derived earlier. Here, let us introduce Student’s random variable
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t WD znp
x

p
n � 1 D b� � �

b�
p
n or zn D

p
xp

n � 1t D
p
xp
p
t:

By means of the Jacobi matrix J and its absolute Jacobi determinant jJj
�
dt

dx

�
D
�
Dzn t Dxt

Dznx Dxx

� �
d zn
dx

�
D J

�
d zn
dx

�

J D
2
4

p
pp
x
� 1
2
x�3=2zn

p
p

0 1

3
5 ; jJj D

p
pp
x
; jJj�1 D

p
xp
p

we transform the surface element d zndx to the surface element jJj�1dtdx, namely

d zndx D
p
xp
p
dtdx:

Lemma B.14. (Gamma Function):

Our final action item is to calculate the marginal probability distributions
dF3D f3.t/dt of Student’s random variable t , namely

dF3 D f3.t/dt

f3.t/ WD 1p
2p�

1

� .p=2/

�
1

2

	p=2 1Z
0

x.p�1/=2 exp

�
�1
2

�
1C t2

p

	
x

	
dx:

Consult (Gröbner and Hofreiter, 1973, p. 55), for the standard integral

1Z
0

x˛ exp.�ˇx/dx D ˛Š

ˇ˛C1 D
� .˛ C 1/
ˇ˛C1 and

1Z
0

x.p�1/=2 exp

�
�1
2

�
1C t2

p

	
x

�
dx D 2.pC1/=2 � .

pC1
2
/

.1C t 2

p
/.pC1/=2 ;

where p D n � 1 is the rank of the quadratic Helmert matrix Hn. Notice a result
of the gamma function � .pC1

2
/ D .

p�1
2
/Š. In summary, substituting the standard

integral
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dF3 D f3.t/dt

f3.t/ D
� .

pC1
2
/

� .
p

2
/

1p
p�

1

.1C t 2

p
/.pC1/=2

resulted in Student’s t distribution, namely the pdf of Student’s random variable
.b� � �/=b� .

B-52 The Confidence Interval for the Mean, Variance
Unknown

Lemma B.12 is the basis for the construction of the confidence interval of the “true”
mean, variance unknown, which we summarize in Lemma B.13, Example B.17
contains all details for computing such a confidence interval, namely Table B.11,
a collection of the most popular values of the coefficient of confidence, as well as
Tables B.12, B.13 and B.14, listing the quantiles for the confidence interval of the
Student random variable with p D n� 1 degrees of freedom. Figures B.9 and B.10
illustrate the probability of two-sided confidence interval for the mean, variance
unknown, and the limits of the confidence interval. Table B.15 as a flow chart paves
the way for the “fast computation” of the confidence interval for the “true” mean,
variance unknown.

Lemma B.15. (confidence interval for the sample mean, variance
unknown):

The random variable t D pn.b� � �/=b� characterized by the ratio of the deviate
of the sample mean b� D n�110y, BLUUE of �, from the “true” mean � and the
standard deviation b� , b�2 D .y � 1b�/0.y � 1b�/=.n � 1/ BIQUUE of the “true”
variance �2, has the Student t-distribution with p D n � 1 “degrees of freedom”.
The “true” mean � is an element of the two-sided confidence interval

� 2�b� � b�p
n
c1�˛=2; b�C b�p

n
c1�˛=2Œ

with confidence

P

�
b� � b�p

n
c1�˛=2 < � < b�C b�p

n
c1�˛=2

�
D 1� ˛

of level 1�˛. For three values of the coefficient of confidence � D 1�˛, Table B.12
is a list of associated quantiles c1�˛=2.
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Example B.17. (confidence interval for the example mean b�, �2 unknown):

Suppose that a random sample
2
664
y1

y2
y3
y4

3
775 D

2
664
1:2

3:4

0:6

5:6

3
775 ; b� D 2:7; b�2 D 5:2; b� D 2:3

of four observations is characterized by the sample mean b� D 2:7 and the sample
varianceb�2 D 5:2. 2.2:7 � �/=2:3 D pn.b� � �/=b� D t has Student’s pdf with
p D n�1 D 3 degrees of freedom. The probability � D 1�˛ that t will be between
any two arbitrarily chosen numbers c1 D �c and c2 D Cc is

Pf�c1 < t < c2g D
c2Z
c1

f .t/dt D � D 1 � ˛

Pf�c < t < cg D
CcZ

�c
f .t/dt D � D 1 � ˛

Pf�c < t < cg D
cZ

�1
f .t/dt �

�cZ
�1

f .t/dt D � D 1 � ˛

cZ
�1

f .t/dt D 1 � ˛
2
;

�cZ
�1

f .t/dt D˛
2

� is the coefficient of confidence, ˛ the coefficient of negative confidence, also called
complementary coefficient of confidence. The four representations of the probability
� D 1�˛ to include t in the confidence interval�c < t < Cc have led to the linear
Volterra integral equation of the first kind

cZ
�1

f .t/dt D 1 � ˛
2
D 1

2
.1C �/:

Three values of the coefficient of confidence � or its complement ˛ are popular and
listed in Table B.10.

Table B.11 (Values of the coefficient of confidence):

� 0:950 0:990 0:999

˛ 0:050 0:010 0:001
˛
2

0:025 0005 0:000; 5

1 � ˛
2
D 1C�

2
0:975 0:995 0:999; 5
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In solving the linear Volterra integral equation of the first kind

tZ
�1

f .t�/dt� D 1 � 1
2
˛.t/ D 1

2
Œ1C �.t/�;

which depends on the degrees of freedom p D n � 1, Tables B.12–B.14 collect
the quantiles c1�˛=2=

p
n given the coefficients of confidence or their complements

which we listed in Table B.11.

Table B.12 (Quantiles c1�˛=2=
p
n for the confidence interval of the Student

random variable with p D n � 1 degrees of freedom):

1 � ˛=2 D .1C �/=2 D 0:975; � D 0:95; ˛ D 0:05
p n 1p

n
c1�˛=2 p n 1p

n
c1�˛=2

1 2 8:99 14 15 0:554

2 3 2:48 19 20 0:468

3 4 1:59 24 25 0:413

4 5 1:24 29 30 0:373

5 6 1:05 39 40 0:320

6 7 0:925 49 50 0:284

7 8 0:836 99 100 0:198

8 9 0:769 199 200 0:139

9 10 0:715 499 500 0:088

Table B.13 (Quantiles c1�˛=2=
p
n for the confidence interval of the Student

random variable with p D n � 1 degrees of freedom):

1 � ˛=2 D .1C �/=2 D 0:995; � D 0:990; ˛ D 0:010
p n 1p

n
c1�˛=2 p n 1p

n
c1�˛=2

1 2 45:01 14 15 0:769

2 3 5:73 19 20 0:640

3 4 2:92 24 25 0:559

4 5 2:06 29 30 0:503

5 6 1:65 39 40 0:428

6 7 1:40 49 50 0:379

7 8 1:24 99 100 0:263

8 9 1:12 199 200 0:184

9 10 1:03 499 500 0:116
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Table B.14 (Quantiles c1�˛=2=
p
n for the confidence interval of the Student

random variable with p D n � 1 degrees of freedom):

1 � ˛=2 D .1C �/=2 D 0:999:5; � D 0:999; ˛ D 0:001
p n c1�˛=2 c1�˛=2=

p
n p n c1�˛=2 c1�˛=2=

p
n

1 2 636:619 450:158 14 15 4:140 1:069

2 3 31:598 18:243 19 20 3:883 0:868

3 4 12:941 6:470 24 25 3:725 0:745

4 5 8:610 3:851 29 30 3:659 0:668

5 6 6:859 2:800 30 41 3:646 0:655

6 7 5:959 2:252 40 41 3:551 0:555

7 8 5:405 1:911 60 61 3:460 0:443

8 9 5:041 1:680 120 121 3:373 0:307

9 10 4:781 1:512 1 1 3:291 0

Since Student’s pdf depends on p D n � 1, we have tabulated c1�˛=2=
p
n for

the confidence interval we are going to construct. The Student’s random variable
t Dpn.b� � �/=b� is solved for �, evidently our motivation to introduce the
confidence intervalb�1 < � < b�2

t D pnb�� �b� ) b�� � D b�p
n
t ) � D b� � b�p

n
t

b�1 WD b� � b�p
n
c1�˛=2 < � < b�C b�p

n
c1�˛=2 DW b�2:

The interval b�1 < � < b�2 for the fixed value t D c1�˛=2 contains the “true” mean
� with probability � D 1 � ˛.

P

�
b�� b�p

n
c1�˛=2 < � < b�C b�p

n
c1�˛=2

�

D
CcZ

�c
f .t/dt D � D 1 � ˛

because of

cZ
�1

f .t/dt D
c1�˛=2Z
�1

f .t/dt D 1 � ˛
2
:
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t

a / 2 a / 2
g = 1–a

f(t)

−c1−a / 2 +c1−a / 2

Fig. B.9 Two-sided
confidence interval
� 2�b�1;b�2Œ, Student’s pdf
for p D 3 degrees of freedom
.n D 4/b�1 Db��b�c1�˛=2=

p
n,b�2 Db�Cb�c1�˛=2=

p
n

m1ˆ m2
m ˆ

ˆ ˆm – sc1−a /2 / n ˆ ˆm + sc1−a /2 / n

Fig. B.10 Two-sided confidence interval for the “true” mean �, quantile c1�˛=2

Figures B.9 and B.10 illustrate the coefficient of confidence and the probability
function of a confidence interval.
Let us specify all the integrals to our example.

c1�˛=2Z
�1

f .t/dt D 1 � ˛=2

c0:975Z
�1

f .t/dt D 0:975;
c0:995Z

�1
f .t/dt D 0:995;

c0:999;5Z
�1

f .t/dt D0:999; 5:

These data substituted into Tables B.12–B.14 lead to the triplet of confidence
intervals for the “true” mean.

case .a/ W � D 0:95; ˛ D 0:05; 1 � ˛=2 D 0:975
p D 3; n D 4; c1�˛=2=

p
n D 1:59

Pf2:7 � 2:3 � 1:59 < � < 2:7C 2:3 � 1:59g D 0:95

Pf�0:957 < � < 6:357g D 0:95:

case .b/ W � D 0:99; ˛ D 0:01; 1 � ˛=2 D 0:995
p D 3; n D 4; c1�˛=2=

p
n D 2:92
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Pf2:7 � 2:3 � 2:92 < � < 2:7C 2:3 � 2:92g D 0:99

Pf�4:016 < � < 9:416g D 0:99:

case .c/ W � D 0:999; ˛ D 0:001; 1� ˛=2 D 0:999; 5

p D 3; n D 4; c1�˛=2=pn D 6:470
Pf2:7 � 2:3 � 6:470 < � < 2:7C 2:3 � 6:470g D 0:999

Pf�12:181 < � < 17:581g D 0:999:

The results may be summarized as follows:

With probability 95% the “true” mean � is an element of the interval � �
0:957, C6:357Œ. In contrast, with probability 99% the “true” mean � is an
element of the larger interval � � 4:016, C9:416Œ. Finally, with probability
99.9is an element of the largest interval ��12:181,C17:581Œ. If we compare
the confidence intervals for the mean �, �2 known, versus �2 unknown, we
realize much larger intervals for the second model. Such a result is not too
much a surprise, since the model “�2 unknown” is much weaker than the
model “�2 known”.

Table B.15 (Flow chart: Confidence interval for the mean �, �2 unknown):

Choose a coefficient of confidence  g  according toTable B11. 

Solve the linear Volterra integral equation of the first kind
F(c1−a / 2) = 1−a / 2 = (1 + g ) / 2 by Table B12, Table B13 or Table
B14 for a Student pdf with p = n−1 degrees of freedom: read
c1−α / 2 /  n.

Compute the sample mean m and the sample standard deviation s.

ˆ ˆ ˆ ˆ ˆ

ˆˆ

Compute sc1−a / 2 /  n and  m−sc1−a / 2 /  n, m + sc1−a / 2 /  n.

g
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B-53 The Uncertainty Principle

Figure B.11 is the graph of the function


�.nI˛/ WD 2b�c1�˛=2=pn;
where 
� is the length of the confidence interval of the “true” mean �; �2

unknown. The independent variable of the function is the number of observations n.
The function 
�.nI˛/ is plotted for fixed values of the coefficient of comple-
mentary confidence ˛, namely ˛ D 10%; 5%; 1%: For reasons given later the
coefficient of complementary confidence ˛ is called uncertainty number. The graph
function
�.nI˛/ illustrates two important facts.

Fact #1: For a constant uncertainty number ˛, the length of the confidence interval

� is smaller the larger the number of observations n is chosen.

Fact #2: For a constant number of observations n, the smaller the number of
uncertainly ˛ is chosen, the larger is the confidence interval
�.

Evidently, the diversive influences of (a) the length of the confidence interval

�; (b) the uncertainly number ˛ and (c) the number of observations n, which
we collected in The Magic Triangle of Figure B.12, constitute The Uncertainly
Principle, in formula


�.n� 1/ 	W k�˛;

Fig. B.11 Length of the confidence interval for the mean against the number of observations
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length of the confidence interval

uncertainty number a number of observations n

Fig. B.12 The Magic Triangle, constituents: (a) uncertainty number ˛ (b), number of observations
n, (c) length of the confidence interval 
�

where k�˛ is called the quantum number for the mean � which depends on the
uncertainty number ˛. Table B.15.2 is a list of those quantum numbers. Let us
interpret the uncertainty relation
�.n� 1/ 	 k�˛ . The product
�.n� 1/ defines
geometrically a hyperbola which we approximated out of the graph of Fig. B.12.
Given the uncertainty number ˛, the product 
�.n � 1/ has a smallest number,
here denoted by k�˛ . For instance, choose ˛ D 1% such that k�˛=.n� 1/ � 
� or
16:4=.n�1/ � 
�. For n taken values 2, 11, 101, we get the inequalities 8:2 � 
�,
1:64 � 
�, 0:164 � 
�.

Table B.15.2 (Coefficient of complementary confidence ˛, uncertainty
number ˛, versus quantum number of the mean k�˛ (Grafarend, 1970)):

˛ k�˛
10% 6:6

5% 9:6

1% 16:4

! 0 !1

B-6 Sampling from the Gauss–Laplace Normal Distribution:
A Fourth Confidence Interval for the Variance

Theorem B.10 already supplied us with the sampling distribution of the sample
variance, namely with the probability density function f .x/ of Helmert’s random
variable x D .n � 1/b�2=�2 of Gauss-Laplace i.i.d. observations n of sample vari-
anceb�2, BIQUUE of �2. B61 introduces accordingly the so far missing confidence
interval for the “true” variance �2. Lemma B.15 contains the details, followed
by Example B.16. Tables B.17–B.19 contain the properly chosen coefficients of
complementary confidence and their quantiles

c1.pI˛=2/; c2.pI 1 � ˛=2/;
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dependent on the “degrees of freedom” p D n � 1. Table B.20 as a flow chart
summarizes various steps in computing a confidence interval for the variance �2.
B62 reviews The Uncertainty Principle which is built on (a) the coefficient of
complementary confidence ˛, also called uncertainty number, (b) the number of
observations n and (c) the length
�2.nI˛/ of the confidence interval for the “true”
variance �2.

B-61 The Confidence Interval for the Variance

Lemma B.15 summaries the construction of a two-sided confidence interval for
the “true” variance based upon Helmert’s Chi Square distribution of the random
variable .n�1/b�2=�2 where b�2 is BIQUUE of �2. Example B.18 introduces a
random sample of size n D 100 with an empirical variance b�2 D 20:6. Based
upon coefficients of confidence and complementary confidence given in Table B.14,
related confidence intervals are computed. The associated quantiles for Helmert’s
Chi Square distribution are tabulated in Table B.15 .� D 0:95/, Table B.18
.� D 0:99/ and Table B.19 .� D 0:998/: Finally, Table B.20 as a flow chart
pares the way for the “fast computation” of the confidence interval for the “true”
variance �2.

Lemma B.16. (confidence interval for the variance):

The random variable x D .n � 1/b�2=�2, also called Helmert’s �2, characterized
by the ration of the sample variance b�2 BIQUUE of �2, and the “true” variance
�2, has the �2' pdf of p D n � 1 degrees of freedom, if the random observations
yi ; i 2 f1; : : : ng are Gauss-Laplace i.i.d. The “true” variance �2 is an element of
the two-sided confidence interval

�2 2 � .n � 1/b�2
c2.pI 1 � ˛=2/;

.n � 1/b�2
c1.pI˛=2/Œ

with confidence

P

�
.n � 1/b�2

c2.pI 1 � ˛=2/ < �
2 <

.n � 1/b�2
c1.pI˛=2/

�
D 1 � ˛ D �

of level 1 � ˛. Tables D.8, D.18 and D.16 list the quantiles c1.pI 1 � ˛=2/
and c2.pI˛=2/ associated to three values of Table B.19 of the coefficient of
complementary confidence 1 � ˛.
In order to make yourself more familiar with Helmert’s Chi Square distribution we
recommend to solve the problems of Exercise B.1.
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Exercise B.1. (Helmert’s Chi Square �2' distribution):

Helmert’s random variable x WD .n � 1/b�2=�2 D pb�2=�2 has the non-symmetric
�2' pdf. Prove that the first four central moments are,

(a) �1 D 0, Efxg D � D p
(b) �2 D �2x D 2p
(c) �3 D .2p/3=2.8=p/1=4 (coefficient of skewness �23 =�

2
2 D

p
8=p/

(d) �4 D 6�4.1C 2p/ (coefficient of curtosis �4=�22 � 3 D 3C 12=p/.
Guide

.a/
Efxg D p

�2
Efb�2g

Efb�2g D �2.unbiasedness/

3
5) Efxg D p

.b/

Dfb�2g D 2

n � 1�
4 D 2

p
�4

Dfxg D p2

�4
Dfb�2g

3
775) Dfxg D 2p:

Example B.18. (confidence interval for the sample variance b�2):
Suppose that a random sample .y1; : : : yn/ 2 Y of size n D 100 has led to an
empirical varianceb�2 D 20:6. xD .n�1/b�2=�2 or 99 � 20:6=�2 D 2039:4=�2 has
Helmert’s pdf with p D n� 1 D 99 degrees of freedom. The probability � D 1�˛
that x will be between c1.pI˛=2/ and c2.pI 1 � ˛=2/ is

Pfc1.pI˛=2/<x < c2.pI 1�˛=2/g D
c2Z
c1

f .x/dx D � D 1 � ˛

Pfc1.pI˛=2/<x < c2.pI 1�˛=2/g D
c2Z
0

f .x/dx �
c1Z
0

f .x/dx D � D 1 � ˛

c2Z
0

f .x/dx D F.c2/ D 1 � ˛=2 D .1C �/=2;

c1Z
0

f .x/dx D F.c1/ D ˛=2 D .1 � �/=2

Pfc1.pI˛=2/<x < c2.pI 1�˛=2/g D F.c2/� F.c1/D .1C �/=2� .1� �/=2D�

c1.pI˛=2/ < x < c2.pI 1 � ˛=2/, c1.pI˛=2/ < .n � 1/b�
2

�2
< c2.pI 1 � ˛=2/
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or

1

c2
<

�2

.n � 1/b�2 <
1

c1
, .n � 1/b�2

c2
< �2 <

.n � 1/b�2
c1

P

�
.n � 1/b�2

c2.pI 1 � ˛=2/ < �
2 <

.n � 1/b�2
c1.pI˛=2/

�
D 1 � ˛ D �:

Since Helmert’s pdf f .xIp/ is now-symmetric there arises the question how to
distribute the confidence � or the complementary confidence ˛ D � � 1 on the
confidence interval limits c1 and c2, respectively. If we setup F.c1/ D ˛=2, we define
a cumulative probability half of the complementary confidence. If F.c2/ � F.c1/ D
Pfc1.pI˛=2/ < x < c2.pI 1 � ˛=2/g D 1 � ˛ D � is the cumulative probability
contained in the interval c1 < x < c2, we derive F.c2/ D 1 � ˛=2. Accordingly
c1.pI˛=2/ < x < c2.pI 1�˛=2/ is the confidence interval based upon the quantile
c1 with cumulative probability ˛=2 and the quantile c2 with cumulative probability
1 � ˛=2. The four representations of the cumulative probability of the confidence
inter-val c1 < x < c2 establish two linear Volterra integral equations of the first
kind

c1Z
0

f .x/dx D ˛=2 and

c2Z
0

f .x/dx D 1 � ˛=2;

dependent on the degree of freedom p D n � 1 of Helmert’s pdf f .x; p/.
As soon as we have established the confidence interval c1.pI˛=2/ < x < c2.pI 1�
˛=2/ for Helmert’s random variable x D .n�1/b�2=�2 D pb�2=�2, we are left with
the problem of how to generate a confidence interval for the “true” variance �2, the
sample varianceb�2 given. If we take the reciprocal interval c�1

2 < x�1 < c�1
1 for

Helmert’s inverse random variable 1=x D �2=Œ.n � 1/b�2�, we are able to multiply
both sides by .n � 1/b�2. In summary, a confidence interval which corresponds to
c1 < x < c2 is .n� 1/b�2=c2 < �2 < .n � 1/b�2=c1.
Three values of the coefficient of confidence � or of complementary confidence
˛ D 1 � � which are most popular we list in Table B.16.

Table B.16 (Values of the coefficient of confidence � ,c1.pI˛=2/ and c2.pI 1�
˛=2/):

˛ 0:950 0:990 0:998

˛=2 0:050 0:010 0:002

˛=2 0:025 0:005 0:001

1 � ˛=2 0:975 0:995 0:999
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In solving the linear Volterra integral equations of the first kind

c1Z
0

f .x/dx D F.c1/ D ˛=2 and

c2Z
0

f .x/dx DF.c2/ D 1 � ˛=2;

which depend on the degrees of freedom p D n � 1, Tables B.17–B.19 collect the
quantiles c1.pI˛=2/ and c2.pI 1 � ˛=2/ for given values p and ˛.

Table B.17 (Quantiles c1.pI˛=2/, c2.pI 1 � ˛=2/ for the confidence interval
of the Helmert random variable with p D n � 1 degrees of freedom):

˛=2 D 0:025; 1 � ˛=2 D 0:975; ˛ D 0:05; � D 0:95

p n c1.pI˛=2/ c2.pI 1 � ˛=2/ p n c1.pI˛=2/ c2.pI 1 � ˛=2/
1 2 0:000 5:02 14 15 5:63 26:1

2 3 0:506 7:38 19 20 8:91 32:9

3 4 0:216 9:35 24 25 12:4 39:4

4 5 0:484 11:1 29 30 16:0 45:7

5 6 0:831 12:8 39 40 23:7 58:1

6 7 1:24 14:4 49 50 31:6 70:2

7 8 1:69 16:0 99 100 73:4 128

8 9 2:18 17:5

9 10 2:70 19:0

Table B.18 (Quantiles c1.pI˛=2/, c2.pI 1 � ˛=2/ for the confidence interval
of the Helmert random variable with p D n � 1 degrees of freedom):

˛=2 D 0:005; 1 � ˛=2 D 0:995; ˛ D 0:01; � D 0:99

p n c1.pI˛=2/ c2.pI 1 � ˛=2/ p n c1.pI˛=2/ c2.pI 1 � ˛=2/
1 2 0:000 7:88 8 9 1:34 22:0

2 3 0:010 9 10 1:73 23:6

3 4 0:072

4 5 0:207 14 15 4:07 31:3

19 20 6:84 38:6

5 6 0:412 24 25 9:89 45:6

6 7 0:676 29 30 13:1 52:3

7 8 0:989

39 40 20 65:5

49 50 27:2 78:2

99 100 66:5 139
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0.5

f(x)

0 c1(p;a / 2) c2 (p;1−a / 2)

Fig. B.13 Two-sided confidence interval �2 2�p�2=c2; p�2=c1Œ Helmert’s pdf, f(x)

Table B.19 (Quantiles c1.pI˛=2/, c2.pI 1 � ˛=2/ for the confidence interval
of the Helmert random variable with p D n � 1 degrees of freedom):

˛=2 D 0:001; 1 � ˛=2 D 0:999; ˛ D 0:002; � D 0:998

p n c1.pI˛=2/ c2.pI 1 � ˛=2/ p n c1.pI˛=2/ c2.pI 1 � ˛=2/
1 2 0:00 10:83 9 10 1:15 27:88

2 3 0:00 13:82 14 15 3:04 36:12

3 4 0:02 16:27 19 20 5:41 43:82

4 5 0:09 18:47 24 25 8:1 51:2

5 6 0:21 20:52 29 30 11:0 58:3

6 7 0:38 22:46 50 51 24:7 86:7

7 8 0:60 24:32 70 71 39:0 112:3

8 9 0:86 26:13 99 100 60:3 147:4

100 101 61:9 149:4

Those data collected in Tables B.17–B.19 lead to the triplet of confidence intervals
for the “true” variance

case .a/ W � D 0:95; ˛ D 0:05; ˛=2 D 0:025; 1 � ˛=2 D 0:975
p D 99; n D 100; c1.pI˛=2/ D 73:4; c2.pI 1 � ˛=2/ D 128

P

�
99 � 20:6

128
< �2 <

99 � 20:6
73:4

�
D 0:95

Pf15:9 < �2 < 27:8g D 0:95:
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Fig. B.14 Two-sided confidence interval for the “true” variance �2, quantiles c1.pI˛=2/ and
c2.pI 1� ˛=2/

case .b/ W � D 0:99; ˛ D 0:01; ˛=2 D 0:005; 1 � ˛=2 D 0:995
p D 99; n D 100; c1.pI˛=2/ D 66:5; c2.pI 1 � ˛=2/ D 139

P

�
99 � 20:6

139
< �2 <

99 � 20:6
66:5

�
D 0:99

Pf14:7 < �2 < 30:7g D 0:99:

case .c/ W � D 0:998; ˛ D 0:002; ˛=2 D 0:001; 1 � ˛=2 D 0:999
p D 99; n D 100; c1.pI˛=2/ D 60:3; c2.pI 1 � ˛=2/ D 147:3

P

�
99 � 20:6

147:3
< �2 <

99 � 20:6
60:3

�
D 0:996

Pf13:8 < �2 < 33:8g D 0:998:

The results can be summarized as follows. With probability 95%, the
“true” variance �2 is an element of the interval [15.9, 27.8]. In contrast,
with probability 99%, the “true” variance is an element of the larger
interval [14.7, 30.7]. Finally, with probability 99.8% the “true” variance is an
element of the largest interval [13.8, 33.8]. If we compare the confidence
intervals for the variance �2, we realize much larger intervals for smaller
complementary confidence namely 5%, 1% and 0.2%. Such a result is
subject of The Uncertainty Principle.
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Table B.20 (Flow chart – confidence interval for the variance �2):

Compute the sample variance ŝ2and the quantiles 

.

Choose a coefficient of confidence g according to Table B16. 

Solve thelinear Volterra integral equation of the first kind
F(c1(p;a /2)) – a / 2, F(c2(p;1−a / 2))−1−a / 2

by Table B17, Table B18 or Table B19 for a Helmert pdf with
p = n−1 degrees of freedom. 

s2 ∈ ] [
(n−1)ŝ2 (n−1)ŝ2

c2(p;a / 2) c1(p;a / 2)

B-62 The Uncertainty Principle

Figure B.15 is the graph of the function


�2.nI˛/ WD .n � 1/b�2
�

1

c1.n � 1I˛=2/ �
1

c2.n � 1I 1 � ˛=2/
	
;

where 
�2 is the length of the confidence interval of the “true” variance �2.
The independent variable of the functions is the number of observations n. The
function 
�2.nI˛/ is plotted for fixed values of the coefficient of complementary
confidence ˛, namely ˛ D 5%, 1%, 0.2%. For reasons given later on the coefficient
of complementary confidence ˛ is called uncertainty number. The graph of the
function
�2.nI˛/ illustrates two important facts.

• Fact #1: For a contrast uncertainty number ˛; the length of the confidence interval

�2 is smaller, the larger number of observations n is chosen.

• Fact #2: For a contrast number of observations n, the smaller the number of
uncertainty ˛ is chosen, the larger is the confidence interval
�2.

Evidently, the divisive influences of (a) the length of the confidence interval 
�2,
(b) the uncertainty number ˛ and (c) the number of observations n, which we
collect in The Magic Triangle of Fig. B.16, constitute The Uncertainty Principle,
formulated by the inequality


�2.n � 1/ 	 k�2˛;
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Fig. B.15 Length of the confidence interval for the variance against the number of observations

length of the confidence interval

uncertainty number a number of observations n

Fig. B.16 The magic triangle, constituents: (a) uncertainty number ˛ (b), number of observations
n, (c) length of the confidence interval 
�2

where k�2˛ is called quantum number for the variance �2. The quantum number
depends on the uncertainty number ˛. Let us interpret the uncertainty relation

�2.n � 1/ 	 k�2˛. The product 
�2.n � 1/ defines geometrically a hyperbola
which we approximated to the graph of Fig. B.15. Given the uncertainty number
˛, the product 
�2.n � 1/ has a smallest number denoted by k�2˛. For instance,
choose ˛ D 1% such that k�2˛=.n � 1/ � 
�2 or 42=.n � 1/ � 
�2. For the
number of observations n, for instance n D 2; 11; 101, we find the inequalities
42 � 
�2; 4:2 � 
�2; 0:42 � 
�2.
Table B.21 (Coefficient of complementary confidence ˛, uncertainty
number ˛, versus quantum number of the mean k�2˛ (Grafarend, 1970):

˛ k�2˛
10% 19:5

5% 25:9

1% 42:0

! 0 !1

At the end, pay attention to the quantum numbers k�2˛ listed in Table B.21.
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B-7 Sampling from the Multidimensional Gauss–Laplace
Normal Distribution: The Confidence Region for the
Fixed Parameters in the Linear Gauss–Markov Model

Example B.19. (special linear Gauss–Markov model, marginal probability
distributions):

For a simple linear Gauss–Markov model Efyg D A�, A 2 R
n�m, rkA D m,

namely n D 3, m D 2, Dfyg D I�2 of Gauss-Laplace i.i.d. observations, we are
going to compute

• The sample pdf ofb� BLUUE of �
• The sample pdf ofb�2 BIQUUE of �2.

We follow the action within seven items. First, we identify the pdf of Gauss-Laplace
i.i.d. observations y 2 R

n. Second, we review the estimations of b� BLUUE of �
as well as b�2 BIQUUE of �2. Third, we decompose the Euclidean norm of the
observation space ky �Efygk2 into the Euclidean norms ky �Ab�k2 and kb� � �k2.
Fourth, we present the eigenspace A0A analysis and the eigenspace synthesis of the
associated matrices M WD In � A.A0A/�1A0 and N WD A0A within the Eulidean
norms ky � A�k2 D y0My and kb� � �k2A0A D .b� � �/0N.b� � �/, respectively.
The eigenspace representation leads us to canonical random variables .z1; : : : ; zn�m/
relating to the norm ky � A�k2 D y0My and .zn�mC1; : : : ; zn/ relating to the norm
kb���k2N which are standard Gauss-Laplace normal. Fifth, we derive the cumulative
probability of Helmert’s random variable x WD .n � rkA/b�2=�2 D .n �m/b�2=�2
and of the unknown parameter vectorb� BLUUE of � or its canonical counterpartb�
BLUUE of �, multivariate Gauss-Laplace normal. Action six generates the marginal
pdf ofb� orb�, both BLUUE of � or �, respectively. Finally, action seven leads us to
Helmert’s Chi Square distribution �2p with p D n� rkA D n�m (here: n�m D 1)
“degrees of freedom”.

The first action item

Let us assume an experiment of three Gauss-Laplace i.i.d. observations
Œy1; y2; y3�

0 D y which constitute the coordinates of the observation space Y,
dim The observationsyi , i 2 f1; 2; 3g are related to a parameter space � with
coordinates Œ�1; �2� D � in the sense to generate a straight line yfkg D �1 C �2k.
The fixed effects �j ; j 2 f1; 2g, define geometrically a straight line, statistically a
special linear Gauss–Markov model of one variance component, namely
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the first moment

Efyg D A� � E
8<
:
2
4y1y2
y3

3
5
9=
; D

2
4 1 k11 k2
1 k3

3
5� �1

�2

�
D
2
4 1 01 1
1 2

3
5� �1

�2

�
; rkA D 2:

The central second moment

Dfyg D In�2 � Dfyg D D
8<
:
2
4y1y2
y3

3
5
9=
; D

2
4 1 0 00 1 0

0 0 1

3
5 �2; �2 < 0:

k represents the abscissa as a fixed random, y the ordinate as the observation,
naturally a random effect. Samples of the straight line are taken at k1 D 0,
k2 D 1, k3 D 2, this calling for y.k1/ D y.0/ D y1, y.k2/ D y.1/ D y2,
y.k3/ D y.2/ D y3, respectively. Efyg is a consistent equation. Alternatively, we
may sayEfyg 2 R.A/. The matrix A 2 R

3�2 is rank deficient by p D n�rkA D 1,
also called “degree of freedom”. The dispersion matrix Dfyg, the central moment
of second order, is represented as a linear model, too, namely by one-variance
component �2. The joint probability function of the three Gauss-Laplace i.i.d.
observations

dF D f .y1; y2; y3/dy1dy2dy3 D f .y1/f .y2/f .y3/dy1dy2dy3

f .y1; y2; y3/ D .2�/�3=2��3 exp

�
� 1

2�2
.y �Efyg/0.y �Efyg/

	

will be transformed by means of the special linear Gauss–Markov model with one-
variance component.

The second action item

For such a transformation, we needb� BLUUE of � andb�2 BIQUUE �2.

b� BLUUE of � W

2
666666664

b� D .A0A/�1A0y;

A0A D
�
3 3

3 5

�
; .A0A/�1 D 1

6

�
5 �3
�3 3

�
;

b� D 1

6

�
5 2 �1
�3 0 3

�24y1y2
y3

3
5 ;

b�2 BIQUUE of �2 W

2
6666664

b�2 D 1

n � rkA
.y � A�/0.y � A�/

D 1

n � rkA
y0.In �A.A0A/�1A0/y;

b�2 D 1

6
.y21 � 4y1y2 C 2y1y3 C 4y22 � 4y2y3 C y23/:
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The third action item

The quadratic form .y� Efyg/0.y� Efyg/ allows the fundamental decomposition

y � Efyg D y � A� D y �A� C A.b� � �/
.y � Efyg/0.y � Efyg/ D .y � A�/0.y� A�/

D .y � A�/0.y �A�/C .b� � �/0A0A.b� � �/
.y �Efyg/0.y �Efyg/ D .n � rkA/b� 2 C .b� � �/0A0A.b� � �/
.y �Efyg/0.y �Efyg/ D b� 2 C .b� � �/0

�
3 3

3 5

�
.b� � �/:

The fourth action item

In order to bring the quadratic form .y � Efyg/0.y � Efyg/ D .n � rkA/b�2C
C.b� � �/0A0A.b� � �/ into a canonical form, we introduce the generalised forward
and backward Helmert transformation

HH0 D In

z D ��1H.y� Efyg/ D ��1H.y � A�/ and

y �Efyg D �H0z

.y �Efyg/0.y �Efyg/ D �2z0HH0z D �2z0z

1

�2
.y � Efyg/0.y � Efyg/ D z0z D z21 C z22 C z23:

How to relate the sample variance b�2 and the sample quadratic form .b� �
�/0A0A.b� � �/ to the canonical quadratic form z0z?

Previously, for the example of direct observations in the special linear Gauss–
Markov model Efyg D 1�, Dfyg D In�2 we succeeded to relate z21 C � � � C z2n�1
to b�2 and z2n to .b� � �/2. Here the sample variance b�2, BIQUUE �2, as well as
the quadratic form of the deviate of the sample parameter vectorb� from the “true”
parameter vector � have been represented by

b�2 D 1

n � rkA
.y� A�/0.y �A�/ D 1

n � rkA
y0ŒIn � A.A0A/�1A0�y

rkŒIn � A.A0A/�1A0� D n � rkA D n �m D 1 versus
.b� � �/0A0A.b� � �/; rk.A0A/ D rkA D m:
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The eigenspace of the matrices M and N, namely

M WD In � A.A0A/�1A and N WD A0A

D 1

6

2
4 1 �2 1

�2 4 �2
1 �2 1

3
5 D

�
3 3

3 5

�
;

will be analyzed.

The eigenspace analysis of the The eigenspace analysis of the

matrix M j 2 f1; : : : ; ng matrices N;N�1 i 2 f1; : : : ; mg
V0MV U0NU D Diag.�1; : : : ; �m/ D �N

D
"

V0
1

V0
2

#
M ŒV1;V2� U0N�1U D Diag.�1; : : : ; �m/ D �N�1

D Diag.�1; : : : ; �n�m; 0; : : : ; 0/ D �M

�1 D 1

�1
; : : : ; �m D 1

�m

�1 D 1

�1
; : : : ; �m D 1

�m

rkM D n�m rkN D rkN�1 D m

Orthonormality of the eigencolumns Orthonormality of the eigencolumns

V0
1V1 D In�m; V0

2V2 D Im

V0
1V2 D 0 2 R

.n�m/�m2
4 V0

1

V0
2

3
5h V1 V2

i
D
2
4 In�m 0

0 Im

3
5

U0U D Im

v0
1v1 D 1

v0
1v2 D 0
: : :

v0
n�1vn D 0
v0
nvn D 1

u0
1u1 D 1

u0
1u2 D 0
: : :

u0
m�1um D 0
u0
mum D 1

V 2 SO.n/ W eigencolumns W
.M� �j In/vj D 0

eigenvalues
jM � �j Inj D 0

U 2 SO.m/ W eigencolumns W
.N � �j In/uj D 0
eigenvalues
jN � �i Imj D 0

in particular
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eigenspace analysis of the matrix M;

rkM D n�m; M 2 R
3�3; A 2 R

3�2; rkM D 1

�M D Diag.1; 0; 0/

V D ŒV1; V2� D

2
664
0:4082 0:7024 0:5830

�0:8165 0:5667 �0:1109
0:4082 0:4307 �0:8049

3
775

V1 2 R
3�1 V2 2 R

3�2

eigenspace analysis of the matrix N;

rkN D m; N 2 R
2�2; rkN D 2

�N D Diag.0:8377; 7:1623/

U D
"
0:8112 0:5847

�0:5847 0:8112

#

U 2 R
2�2

to be completed by

eigenspace synthesis of the matrix M

M D V�MV0

M D ŒV1;V2��M

"
V0
1

V0
2

#

D ŒV1;V2� Diag.�1; : : : ; �n�m; 0; : : : ; 0/

"
V0
1

V0
2

#

M D V1 Diag.�1; : : : ; �n�m/V0
1

eigenspace synthesis of the matrix N;N � 1

N D U�NU0; N�1 D U�N�1U0

N D U Diag.�1; : : : ; �m/U0

N�1 D U Diag.�1; : : : ; �m/U0

in particular

M D
2
64
0:4082

�0:8165
0:4082

3
75�1

h
0:4082 �0:8165 0:4082

i
N D

"
0:8112 0:5847

�0:5847 0:8112

#"
�1 0

0 �2

#

"
0:8112 �0:5847
0:5847 0:8112

#

�1 D 1 versus �1 D 0:8377; �2 D 7:1623

N�1 D
�
0:8112 0:5847

�0:5847 0:8112
� �

�1 0

0 �2

� �
0:8112 �0:5847
0:5847 0:8112

�

�1 D 1 versus �1 D ��1
1 D 1:1937; �2 D ��1

2 D 0:1396:

The non-vanishing eigenvalues of the matrix M have been denoted by
.�1; : : : ; �n�m/, m eigenvalues are zero such that eigen, 0; : : : ; 0/. The eigenvalues
of the regular matrix N span eigen .N/ D .�1; : : : ; �m/. Since the dispersion matrix
Dfb�g D .A0A/�1�2 D N�1�2 is generated by the inverse of the matrix A0A D N,
we have computed, in addition, the eigenvalues of the matrix N�1 by means of
eigen.N�1/ D .�1; : : : ; �m/. The eigenvalues of N and N�1, respectively, are
related by

�1 D ��1
1 ; : : : ; �m D ��1

m or �1 D ��1
1 ; : : : ; �m D ��1

m :
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In the example, the matrix M had only one non-vanishing eigenvalue �1 D 1. In
contrast, the regular matrix N was characterized by two eigenvalues �1 D 0:8377

and �2 D 7:1623, its inverse matrix N�1 by �1 D 1:1937 and �2 D 0:1396.
The two quadratic forms, namely

y0My D y0V�MV0y versus .b� � �/0N.b� � �/ D .b� � �/0U�MU0.b� � �/;
build up the original quadratic form

1

�2
.y �Efyg/0.y �Efyg/ D 1

�2
y0MyC 1

�2
.b� � �/0N.b� � �/

D 1

�2
y0V�MV0yC 1

�2
.b� � �/0U�NU0.b� � �/

in terms of the canonical random variables

V0y D y� , y D Vy� and U0.b� � �/ Db�� �
such that

1

�2
.y �Efyg/0.y �Efyg/ D 1

�2
.y�/0�My� C 1

�2
.b� � �/�N.b� � �/

1

�2
.y �Efyg/0.y �Efyg/ D 1

�2

n�mX
jD1

.y�
j /
2�j C 1

�2

mX
iD1

.b�i � �i /2�i
1

�2
.y �Efyg/0.y �Efyg/ D z21 C � � � C z2n�m C z2

n�mC1
C � � � C z2n:

The quadratic form z0z splits up into two terms, namely

z21 C � � � C z2n�m

D 1

�2

n�mX
jD1

.y�
j /
2�j

and

z2n�mC1 C � � � C z2n

D 1

�2

mX
iD1

.b i �  i /2�j

here

z21 D
1

�2
y21� D

b�2
�2

and

z22 C z23 D
1

�2
Œ.b 1 �  1/2�1 C .b 2 �  2/2�2�; or

z21 D
1

6�2
.y21 � 4y1y2 C 2y1y3 C 4y22 � 4y2y3 C y23/ and
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z22 C z23 D
1

�2
Œ0:8377.b 1 �  1/2 C 7:1623.b 2 �  2/2� D 1

�2
.b� � �/0

�
3 3

3 5

�
.b� � �/:

The fifth action item

We are left with the problem to transform the cumulative probability dF Df .y1; y2;
y3/dy1dy2dy3 into the canonical form dF Df .z1; z2; z3/d z1d z2d z3. Here we take
advantage of Corollary B.3. First, we introduce Helmert’s random variable x WD z21
and the random variablesb�1 and b�2 of the unknown parameter vector b� of fixed
effects .b� � �/0A0A.b� � �/ D z22 C z23 D kzk2A0A if we denote z WD Œz2; z3�0.

d z1d z2 D
p

det A0A db�1db�2 D p6 db�1db�2;
according to Corollary B.3 is special representation of the surface element by means
of the matrix of the metric A0A. In summary, the volume element

d z1d z2d z3 D dxp
x

p
det A0A db�1db�2

leads to the first canonical representation of the cumulative probability

dF D 1p
2�

exp

�
�1
2
x

	
dxp
x

jA0Aj1=2
2��2

exp

�
� 1

2�2
.b� � �/0A0A.b� � �/

�
db�1db�2:

The left pdf establishes Helmert’s pdf of x D z21 D b�2=�2, dx D ��2db�2. In
contrast, the right pdf characterizes the bivariate Gauss-Laplace pdf of kb� � �k2.
Unfortunately, the bivariate Gauss-Laplace A0A normal pdf is not given in the
canonical form. Therefore, second we do correlate kb� � �k2A0A by means of
eigenspace synthesis.

A0A D U�A0AU0 D U Diag.�1; �2/U0 D U Diag

�
1

�1
;
1

�2

	
U0

kb� � �k2A0A WD .b� � �/0A0A.b� � �/ D .b� � �/0U Diag

�
1

�1
;
1

�2

	
U0.b� � �/

jA0Aj1=2 D p�1�2 D 1p
�1�2

b� � � WD U0.b� � �/,b� � � D U.b� � �/
kb� � �k2A0A D .b� � �/0 Diag

�
1

�1
;
1

�2

	
.b� � �/ D kb� � �k2D
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kb� � �k2A0A D .b� � �/0
�
3 3

3 5

�
.b� � �/

D .b� � �/0
2
64

1

1:1937
0

0
1

0:1396

3
75 .b�� �/ D kb� � �k2D:

By means of the canonical variablesb� D U0b� we derive the cumulative probability

dF D 1

�
p
2�

1p
x

exp

�
�1
2
x

	
dx

1

2��2
p
�1�2

� exp

�
� 1

2�2

�
.b 1 �  1/2

�1
C .b 2 �  2/2

�2

	�
db 1db 2 or

dF D f .x/f .b 1/f .b 2/dxdb 1db 2:
Third, we prepare ourselves for the cumulative probability dF D f .z1; z2; z3/d z1
d z2d z3. We depart from the representation of the volume element

d z1d z2d z3 D dx

2
p
x

p
det A0Adb�1db�2

subject to

x D z21 D
1

�2
b�2 D 1

�2
y0My

b� D .A0A/�1A0y:

The Helmert random variable is a quadratic form of the coordinates .y1; y2; y3/
of the observation vector y. In contrast, b� BLUUE of � is a linear form of the
coordinates .y1; y2; y3/ of observation vector y. The transformation of the volume
element

dxdb�1db�2 D jJxjdy1dy2dy3
is based upon the Jacobi matrix Jx.y1; y2; y3/

Jx D

2
64
D1x D2x D3x

D1
b�1 D2

b�1 D3
b�1

D1
b�2 D2

b�2 D3
b�2

3
75 D

"
a0

.A0A/�1A0

#
1 � 3
2 � 3
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a D
2
4D1x

D2x

D3x

3
5 D 2

�2
My D 1

3�2

2
4 y1 � 2y2 C y3
�2y1 C 4y2 � 2y3
y1 � 2y2 C y3

3
5

x D 1

�2
y0My D 1

6�2
.y21 � 4y1y2 C 2y1y3 C 4y22 � 4y2y3 C y23 /

.A0A/�1A0 D 1

6

�
5 2 �1
�3 0 3

�

Jx D 1

6�2

2
4 2y1 � 4y2 C 2y3 �4y1 C 8y2 � 4y3 2y1 � 4y2 C 2y35 2 �1

�3 0 3

3
5

det Jx D
p

det.A0A/�1 detŒa0a � a0A.A0A/�1A0a�

det Jx D
p

detŒa0a � a0A.A0A/�1A0a�p
det.A0A/

a0a D 4

�4
y0M0My D 4

�4
y0My

a0A.A0A/�1A0a D 4

�4
y0M0A.A0A/�1A0My

D 4

�4
y0ŒI3 �A.A0A/�1A0�A.A0A/�1A0ŒI3 � A.A0A/�1A0�y D 0

det Jx D 2
p

y0My

�2
p

det.A0A/

j det Jyj D j det Jx j�1 D �2

2

p
det.A0A/p

y0My
:

The various representations of the Jacobian will finally lead us to the special form
of the volume element

1

2
dx db�1 db�2 D 1

�2

p
y0My

jA0Aj1=2 dy1dy2dy3

and the cumulative probability
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dF D 1

�3.2�/3=2
exp

�
�1
2
.z21 C z22 C z23/

�
d z1d z2d z3

D 1

�
p
2�

exp

�
�1
2
x

	
dxp
x

jA0Aj1=2
2��2

exp

�
� 1

2�2
.b� � �/0A0A.b� � �/

�
db�1db�2

D 1

�3.2�/3=2
exp

�
�1
2
.y � Efyg/0.y � Efyg/

�
dy1dy2dy3:

The sixth action item

The first target is to generate the marginal pdf of the unknown parameter vectorb�,
BLUUE of �.

dF1 D
1Z
0

1p
2�

exp

�
�1
2
x

	
dxp
x

jA0Aj1=2
2��2

exp

�
� 1

2�2
.b� � �/0A0A.b� � �/

	
db�1db�2

dF1 D
1Z
0

1p
2�

exp

�
�1
2
x

	
dxp
x

1

2��2
p
�1�2

exp

 
� 1

2�2

2X
iD1

.b i �  i /2
�i

!
db 1db 2

Let us substitute the standard integral

1Z
0

1p
2�

exp

�
�1
2
x

	
dxp
x
D 1;

in order to have derived the marginal probability

dF1 D f1.b�j�; .A0A/�1�2/db�1db�2
f1.b�/ WD jA

0Aj1=2
2��2

exp

�
� 1

2�2
.b� � �/0A0A.b� � �/

	

dF1 D f1.b�j�;�N�1�2/db 1db 2
f1.b�/ D 1

2��2
1p
�1�2

exp

 
�1
2

2X
iD1

.b i �  i /2
�i

!
:

The seventh action item

The second target is to generate the marginal pdf of Helmert’s random variable
x WD b�2=�2, b�2 BIQUUE �2, namely Helmert’s Chi Square pdf �2p with p D
n � rkA (here p D 1) “degree of freedom”.
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dF2 D 1p
2�

exp

�
�1
2
x

	
dxp
x

C1Z
�1

C1Z
�1

jA0Aj1=2
2��2

exp

�
� 1

2�2
kb� � �k2A0A

	
db�1db�2:

Let us substitute the integral

C1Z
�1

C1Z
�1

jA0Aj1=2
2��2

exp

�
� 1

2�2
kb� � �k2A0A

	
db�1db�2 D 1

in order to have derived the marginal distribution

dF2 D f2.x/dx; 0 � x � 1

f2.x/ D 1

2p=2� .p=2/
x
p�2
2 exp

�
�1
2
x

	
; subject to

p D n � rkA D n �m; here W p D 1; �

�
1

2

	
D p�

f2.x/ D 1p
2�

1p
x

exp

�
�1
2
x

	
:

The results of the example will be generalized in Lemma B.

Theorem B.11. (marginal probability distributions, special linear Gauss-
Markov model):

Efyg D A�

Dfyg D In�2
subject to

"
A 2 R

n�m; rkA D m; Efyg 2 R.A/
�2 2 R

C

defines a special linear Gauss–Markov model of fixed effects � 2 R
m and �2 2 R

C
based upon Gauss-Laplace i.i.d. observations y WD Œy1; : : : ; yn�0.

b� D .A0A/�1A0y subject to

"
Efb�g D �
Dfb�g D .A0A/�1�2

and

b�2 D 1

n � rkA
.y� A�/0.y �A�/ subject to

2
4Efb�

2g D b�2
Dfb�2g D 2�4

n � rkA
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identify b� BLUUE � and b�2 BIQUUE of �2. The cumulative pdf of the multidi-
mensional Gauss-Laplace probability distribution of the observation vector y D
Œy1; : : : ; yn�

0 2 Y

f .yjEfyg;Dfyg D In�2/dy1 � � �dyn

D 1

.2�/n=2�n
exp

�
� 1

2�2
.y �Efyg/0.y �Efyg/

	
dy1 � � �dyn

D f1.b�/f2.b�2/db�1 � � �db�mdb�2
can be split into two marginal pdfs f1.b�/ of b�, BLUUE of �, and f2.b�2/ of b�2,
BIQUUE of �2.

(i) b� BLUUE of �
The marginal pdf ofb�;BLUUE of �, is represented by
(1st version)

dF1 D f1.b�/d�1 � � �d�m
f1.b�/ D 1

.2�/m=2�m

ˇ̌
A0A

ˇ̌1=2
exp

�
� 1

2�2
.b� � �/0A0A.b� � �/

	
d�1 � � �d�m or

(2nd version)

dF1 D f1.b�/d 1 � � �d m
f1.b / D 1

.2�/m=2.�2/m=2
.�1�2 � � ��m�1�m/�1=2 exp

 
� 1

2�2

mX
iD1

.b i �  /2
�i

!
;

by means of Principal Component Analysis PCA also called Singular Value
Decomposition (SVD) or Eigenvalue Analysis (EIGEN) of .A0A/�1,

� D U0
��

b� D U0
�
b� subject to

"
U0
�.A0A/�1U� D � D Diag.�1; �2; : : : ; �m�1; �m/

U0
�U� D Im; det U� D C1

f1.b�j�;��2/ D f .b 1/f .b 2/ � � �f .b m�1/f .b m/
f .b i / D 1

�
p
�i
p
2�

exp

�
� 1

2�2
.b i �  i /2

�i

	
8i 2 f1; : : : ; mg:

The transformed fixed effects .b 1; : : : ;b m/, BLUUE of . 1; : : : ;  m/, are mutu-
ally independent and Gauss-Laplace normal

b i � N . i j�2�i / 8i 2 f1; : : : ; mg:
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(third version)

zi WD b i �  p
�2�i

W f1.zi /d zi D 1p
2�

exp

�
�1
2

z2i

	
d zi 8i 2 f1; : : : ; mg:

(ii) b�2 BIQUUE �2

The marginal pdf ofb�2, BIQUUE �2, is represented by
(first version)

p D n � rkA

dF2 D f2.b�2/db�2
f2.b�2/ D 1

�p2p=2� .p=2/
pp=2b�p�2 exp

�
�1
2
p
b�2
�2

	
:

(second version)

dF2 D f2.x/dx

x WD .n � rkA/
b�2
�2
D p

�2
b�2 D 1

�2
.y �A�/0.y �A�/

f2.x/ D 1

2p=2� .p=2/
x
p
2 �1 exp

�
�1
2
x

	
:

f2(x) as the standard pdf of the normalized sample variance is a Helmert Chi
Square �2p pdf with p D n � rkA “degree of freedom”.

Proof.

The first action item

First, let us decompose the quadratic form ky�Efygk2 into estimates 1Efyg ofEfyg.
y � Efyg D y �1Efyg C .1Efyg � Efyg/
y � Efyg D y �Ab� C A.b� � �/

and

.y�Efyg/0.y�Efyg/D .y�1Efyg/0.y�1Efyg/C .1Efyg�Efyg/0.1Efyg�Efyg/
ky � Efygk2 D ky �1Efygk2 C k1Efyg � Efygk2

.y �Efyg/0.y �Efyg/ D .y �A�/0.y �A�/C .b� � �/0A0A.b� � �/
ky � Efygk2 D ky � A�k2 C kb� � �k2A0A :

Here, we took advantage of the orthogonality relation.
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.b� � �/0A0.y �A�/0 D .b� � �/0A0.In � A.A0A/�1A0/y

D .b� � �/0.A0 � A0A.A0A/�1A0/y D 0:

The second action item

Second, we implementb�2 BIQUUE of �2 into the decomposed quadratic form.

ky � A�k2 D .y � A�/0.y� A�/ D y0.In � A.A0A/�1A0/y

D y0My D .n � rkA/b�2
ky �Efygk2 D .n � rkA/b�2 C .b� � �/0A0A.b� � �/

ky �Efygk2 D y0MyC .b� � �/0N.b� � �/:
The matrix of the normal equations N WD A0A; rkN D rkA0A D rkA D m, and
the matrix of the variance component estimation M WD In � A.A0A/�1A0, rkM D
n � rkA D n � m have been introduced since their rank forms the basis of the
generalized forward and backward Helmert transformation.

HH0 D In
z D ��1H.y� Efyg/ D ��1H.y � A�/ and

y �Efyg D �H0z
1

�2
.y � Efyg/0.y � Efyg/ D z0H0Hz D z0z

1

�2
ky � Efygk2 D kzk2:

The standard canonical variable z 2 R
n has to be associated with norms ky � Ab�k

and kb� � �kA0A.

The third action item

Third, we take advantage of the eigenspace representation of the matrices .M;N/
and their associated norms.

y0My D y0V�MV0y versus .b� � �/0N.b� � �/ D .b� � �/0U�NU0.b� � �/
�M D Diag.�1; : : : ; �n�m; 0; : : : ; 0/

2 R
n D R

n�m � R
m

versus
�N D Diag.�1; : : : ; �m/:

2 R
m

m eigenvalues of the matrix M are zero, but n�rkA D n�m is the number of its non-
vanishing eigenvalues which we denote by .�1; : : : ; �n�m/. In contrast,m D rkA is
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the n-m number of eigenvalues of the matrix N, all non-zero. The canonical random
variable

V0y D y� , y D Vy� and U0.b� � �/ Db�� �
lead to

1

�2
.y �Efyg/0.y �Efyg/ D 1

�2
.y�/�My� C 1

�2
.b�� �/0�N.b� � �/

1

�2
.y �Efyg/0.y �Efyg/ D 1

�2

n�mX
jD1

.y�
j /
2�j C 1

�2

mX
iD1

.b i �  i /2�i
1

�2
.y �Efyg/0.y �Efyg/ D z21 C � � � C z2n�m C z2n�mC1 C � � � C z2n

subject to

z21 C � � � C z2n�m and z2n�mC1 C � � � C z2n

D 1
�2

n�mP
jD1

.y�
j /
2�j D 1

�2

mP
iD1

.b i �  i /2�i

kzk2 D z0z D z21 C � � � C z2n�m C z2n�mC1 C � � � C z2n

D 1

�2
y0MyC 1

�2
.b� � �/0N.b� � �/

D 1

�2
ky �Efygk2 D 1

�2
.y � Efyg/0.y � Efyg/:

Obviously, the eigenspace synthesis of the matrices N D A0A and M D In�
�A.A0A/�1A0 has guided us to the proper structure synthesis of the generalized
Helmert transformation.

The fourth action item

Fourth, the norm decomposition unable us to split the cumulative probability

dF D f .y1; : : : ; yn/dy1 � � �dyn
into the pdf of the Helmert random variable x WD z21 C � � � C z2n�m D ��2.n �
rkA/b�2 D ��2.n � m/b�2 and the pdf of the difference random parameter vector
z2n�mC1 C � � � C z2n D ��2.b� � �/0A0A.b� � �/.

dF D f .z1; : : : ; zn�m; zn�mC1; : : : ; zn/d z1 � � �d zn�md zn�mC1d zn
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f .z1; : : : ; zn/ D 1

.2�/n=2
exp

�
�1
2

z0z
	

D
�
1

2�

	 n�m
2

exp

�
�1
2
.z21 C � � � C z2n�m/

	�
1

2�

	m
2

� exp

�
�1
2
.z2n�mC1 C � � � C z2n/

	
:

Part A

x WD r2 D z21 C � � � C z2n�m) dx D 2.z1d z1 C � � � C zn�md zn�m/

z1 D r cos�n�m�1 cos�n�m�2 � � � cos�2 cos�1
z2 D r cos�n�m�1 cos�n�m�2 � � � cos�2 sin�1

� � �
zn�m�1 D r cos�n�m�1 sin �n�m�2

zn�m D r sin �n�m�1

2
4 z1
� � �

zn�m

3
5 D 1

�
Diag.

p
�1; : : : ;

p
�n�m/V0

1y

V D ŒV1;V2�; V0
1V1 D In�m; V0

2V2 D Im; V0
1V2 D 0

VV0 D In; V 2 R
n�n; V1 2 R

n�.n�m/; V2 2 R
n�m and

2
4 zn�mC1
� � �
zn

3
5 D 1

�
Diag.

p
�1; : : : ;

p
�m/U0.b� � �/

altogether

2
66666664

z1
: : :

zn�m
zn�mC1
: : :

zn

3
77777775
D ��1

"
Diag.

p
�1; : : : ;

p
�n�m/V0

1y

Diag.
p
�1; : : : ;

p
�m/U0.b� � �/

#
:

The partitioned vector of the standard random variable z is associated with the norm
kzn�mk2 and kzmk2, namely
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kzn�mk2 C kzmk2

D z21 C � � � C z2n�m C z2n�mC1 C � � � C z2n

D 1

�2
y0V1Diag.

p
�1; : : : ;

p
�n�m/Diag.

p
�1; : : : ;

p
�n�m/V0

1y

C 1

�2
.b� � �/0U Diag.

p
�1; : : : ;

p
�m/Diag.

p
�1; : : : ;

p
�m/U0.b� � �/

D 1

�2
y0V1Diag.�1; : : : ; �n�m/V0

1yC 1

�2
.b� � �/0U Diag.�1; : : : ; �m/U0.b� � �/

D d z1d z2 � � �d zn�m�1d zn�mD rn�m�1dr.cos�n�m�1/n�m�1.cos�n�m�2/n�m�2

� � � cos2 �3 cos�2d�n�m�1d�n�m�2 � � �d�3d�2d�1:

The representation of the local .n�m/ dimensional hypervolume element in terms
of polar coordinates .�1; �2; : : : ; �n�m�1; r/ has already been given by Lemma B.4.
Here, we only transform the random variable r to Helmert’s random variable x.

x WD r2 W dx D 2rdr; dr D dx

2
p
x
; rn�m�1 D x.n�m�1/=2

rn�m�1dr D 1

2
x.n�m�1/=2dx:

Part A concludes with the representation of the left pdf in terms of Helmert’s polar
coordinates

dF` D
�
1

2�

	 n�m
2

exp� 1
2
.z21 C � � � C z2n�m/d z1 � � �d zn�m

D 1

2

�
1

2�

	 n�m
2

x
n�m�2

2 dx.cos�n�m�1/n�m�1.cos�n�m�2/n�m�2

� � � cos2 �3 cos�2d�n�m�1d�n�m�2 � � �d�3d�2d�1:

Part B
Part B focuses on the representation of the right pdf, first in terms of the random
variablesb�, second in terms of the canonical random variablesb .

dFr D
�
1

2�

	m
2

exp

�
�1
2
.z2n�mC1 C � � � C z2n/

	
d zn�mC1 � � �d zn

z2n�mC1 C � � � C z2n D
1

�2
.b� � �/0A0A.b� � �/

d zn�mC1 � � �d zn D 1

�m=2
jA0Aj1=2db�1 � � �db�m:
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The computation of the local m-dimensional hyper volume element d zn�mC1 � � �d zn
has followed Corollary B.3 which is based upon the matrix of the metric ��2A0A.
The first representation of the right pdf is given by

dFr D
�
1

2�

	m
2

exp

�
�1
2
.z2n�mC1 C � � � C z2n/

	
d zn�mC1 � � �d zn

D
�
1

2�

	m
2 jA0Aj1=2

�m=2
exp

�
� 1

2�2
.b� � �/0A0A.b� � �/

	
db�1 � � �db�m:

Let us introduce the canonical random variables .b 1; : : : ;b m/ which are generated
by the correlating quadratic form kb� � �k2A0A.

.b� � �/0A0A.b� � �/ D .b� � �/0U Diag

�
1

�1
; : : : ;

1

�m

	
U0.b� � �/:

Here, we took advantage of the eigenspace synthesis of the matrix A0A DW N and
.A0A/�1 DW N�1. Such an inverse normal matrix is the representing dispersion
matrix Dfb�g D .A0A/�1�2 D N�1�2.

UU0 D Im � U 2 SO.m/ WD fU 2n�m jUU0 D Im; jUj D C1g
N WD A0A D U Diag.�1; : : : ; �m/U0 versus

N�1 WD .A0A/�1 D U Diag.�1; : : : ; �m/U0 subject to

�1 D ��1
1 ; : : : ; �m D ��1

m or �1 D ��1
1 ; : : : ; �m D ��1

m

jA0Aj1=2 D p�1 � � ��m D 1p
�1 � � ��m

b�� � WD U0.b� � �/,b� � � WD U0.b� � �/
kb� � �k2A0A DW .b� � �/0A0A.b� � �/ D .b� � �/0Diag

�
1

�1
; : : : ;

1

�m

	
.b� � �/:

The local m-dimensional hypervolume element db�1 � � �db�m is transformed to the
local m-dimensional hypervolume element db 1 � � �db m by

db�1 � � �db�m D jUjdb 1 � � �db m D db 1 � � �db m:
Accordingly we have derived the second representation of the right pdf f .b�/.

dFr D
�
1

2�

	m
2 1

�m=2
p
�1 � � ��m

� exp

�
� 1

2�2
.b� � �/0Diag

�
1

�1
; : : : ; y

1

�m

	
.b�� �/

	
db 1 � � �db m:
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Part C
Part C is an attempt to merge the left and right pdf

dF D dF`dFr D 1

2

�
1

2�

	 n�m
2

x.n�m�2/=2dxd!n�m�1

�
�
1

2�

	m
2 jA0Aj1=2

�m
exp

�
�1
2
.b� � �/0A0A.b� � �/

	
db�1 � � �db�m or

dF D dF`dFr D 1

2

�
1

2�

	 n�m
2

x.n�m�2/=2dxd!n�m�1

�
�
1

2�

	m
2 1

�m
p
�1 � � ��m

exp

�
� 1

2�2
.b�� �/0Diag

�
1

�1
; : : : ;

1

�m

	
.b���/

	
db 1 � � �db m:

The local .n � m � 1/-dimensional hypersurface element has been denoted by
d!n�m�1 according to Lemma B.4.

The fifth action item

Fifth, we are going to compute the marginal pdf ofb� BLUUE of �.

dF1 D f1.b�/db�1 � � �db�m
as well as

dF1 D f1.b�/db 1 � � �db m
include the first marginal pdf f1.b�/ and f1.b�/, respectively.
The definition

f1.b�/ WD
1Z
0

dx

Z
d!n�m�1

1

2

�
1

2�

	 n�m
2

x.n�m�2/=2

�
�
1

2�

	m
2 jA0Aj1=2
.�2/m=2

exp

�
�1
2
.b� � �/0A0A.b� � �/

	

subject to

1Z
0

dx

Z
d!n�m�1

1

2

�
1

2�

	 n�m
2

x.n�m�2/=2 D 1

leads us to

f1.b�/ D
�
1

2�

	m
2 jA0Aj1=2

�m
exp

�
�1
2
.b� � �/0A0A.b� � �/

	
:
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Unfortunately, such a general multivariate Gauss-Laplace normal distribution
cannot be tabulated. An alternative is offered by introducing canonical unknown
parametersb� as random variables.
The definition

f1.b�/ WD
1Z
0

dx

Z
d!n�m�1

1

2

�
1

2�

	 n�m
2

x.n�m�2/=2

�
�
1

2�

	m
2 1

�m
.�1�2 � � ��m�1�m/�1=2

� exp

�
� 1

2�2
.b�� �/0Diag

�
1

�1
; : : : ;

1

�m

	
.b� � �/

	

subject to

1Z
0

dx

Z
d!n�m�1

1

2

�
1

2�

	 n�m
2

x.n�m�2/=2 D 1

alternatively leads us to

f1.b�/ D
�
1

2�

	m
2 1

�m
1p

�1 � � ��m
exp

 
� 1

2�2

mX
iD1

.b i �  /2
�i

!

f1.b 1; : : : ;b m/ D f1.b 1/ � � �f1.b m/
f1.b i / WD 1

�
p
�i
p
2�

exp

�
�1
2

.b i �  /2
�i

	
8i 2 f1; : : : ; mg:

Obviously the transformed random variables .b 1; : : : ; yb m/ BLUUE of . 1; : : : ;  m/
are mutually independent and Gauss-Laplace normal.

The sixth action item

Sixth, we shall compute the marginal pdf of Helmert’s random variable x D
.n � rkA/b�2=�2 D .n �m/b�2=�2,b�2 BIQUUE �2,

dF2 D f2.x/dx
includes the second marginal pdf f2.x/.
The definition

f2.x/ WD
Z
d!n�m�1

1

2

�
1

2�

	n�m
2

x.n�m�2/=2 �
C1Z

�1
db�1 � � �

C1Z
�1

db�m
�
1

2�

	m
2 jA0Aj1=2

�m

� exp

�
� 1

2�2
.b� � �/0A0A.b� � �/
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subject to

!n�m�1 D
Z
d!n�m�1 D 2 � �.n�m�1/=2

� .n�m�1
2

/
;

according to Lemma B.4

C1Z
�1
� � �

C1Z
�1

db�1 � � �db�m
�
1

2�

	m
2 jA0Aj1=2

�m
exp

�
� 1

2�2
.b� � �/0A0A.b� � �/

	

D
C1Z

�1
d z1 � � �

C1Z
�1

d zm

�
1

2�

	m
2

exp

�
�1
2
.z21 C � � � C z2m/

	

leads us to

p WD n � rkA D n �m
p
��

�
n�m � 1

2

	
D �

�
1

2

	
�

�
n �m � 1

2

	
D �

�n �m
2



D �

�p
2




f2.x/ D 1

2p=2� .p=2/
x
p
2 �1 exp

�
�1
2
x

	
;

namely the standard pdf of the normalised sample variance, known as Helmert’s Chi
Square pdf �2p with p D n � rkA D n �m “degree of freedom”. If you substitute
x D .n�rkA/b�2=�2 D .n�m/b�2=�2, dx D .n�rkA/��2db�2 D .n�m/��2db�2
we arrive at the pdf of the sample varianceb�2, in particular

dF2 D f2.b�2/db�2
f2.b�2/ D 1

�r2p=2� .p=2/
pp=2b�p�2 exp

�
�1
2
p
b�2
�2

	
:

Here is our proof’s end.

Theorem B.12. (marginal probability distributions, special linear Gauss–
Markov model with datum defect):

Efyg D A�

Dfyg D V�2
subject to

A 2n�m; r WD rkA < minfn;mg
Efyg 2 R.A/
V 2n�n; rkV D n
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defines a special linear Gauss–Markov model with datum defect of fixed effects
� 2Rm and a positive definite variance-covariance matrix Dfyg D ˙ y of
multivariate Gauss-Laplace distributed observations y WD Œy1; : : : ; yn�0.

b� D ACy subject to

2
64
b� D Ly “linear”

kLA � Imk2 D min “minimum bias”

trDfb�g D tr L˙ yL0 D min “best” and

b�2 D 1

n � rkA
.y �Ab�/0˙�1

y .y � Ab�/ subject to

2
64
Efb�2g D �2
Dfb�2g D 2�4

n � rkA

identifyb� BLIMBE of � andb�2 BIQUUE of �2.
Part A
The cumulative pdf of the multivariate Gauss-Laplace probability distribution of
the observation vector y D Œy1; : : : ; yn�0 2 Y

f .yjEfyg; Dfyg D ˙ y/dy1 � � �dyn

D 1

.2�/n=2
1

j˙ y j1=2 exp

�
�1
2
.y � Efyg/0˙�1

y .y� Efyg/
	
dy1 � � �dyn

is transformed by

˙ yDW0Diag.�1; : : : ; �n/WDW0Diag.
p
�1; : : : ;

p
�n/Diag.

p
�1; : : : ;

p
�n/W

˙ 1=2
y WD Diag.

p
�1; : : : ;

p
�n/W

˙ y D .˙ 1=2
y /0˙ 1=2

y versus

˙�1
y DW0Diag

�
1

�1
; : : : ;

1

�n

	
W

DW0Diag

�
1p
�1
; : : : ;

1p
�n

	
Diag

�
1p
�1
; : : : ;

1p
�n

	
W

˙�1=2 WD Diag

�
1p
�1
; : : : ;

1p
�n

	
W

˙�1 D .˙�1=2
y /0˙�1=2

y

subject to the orthogonality condition

WW0 D In

ky � Efygk2
˙�1
y
WD .y � Efyg/0˙�1

y .y� Efyg/
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D .y �Efyg/0W0Diag

�
1p
�1
; : : : ;

1p
�n

	
Diag

�
1p
�1
; : : : ;

1p
�n

	

�W.y �Efyg/0

D .y� � Efy�g/0.y� � Efy�g/ DW ky� �Efy�gk2In
subject to the star or canonical coordinates

y� D Diag

�
1p
�1
; : : : ;

1p
�n

	
Wy D ˙�1=2

y y

f .yjEfy�g;Dfy�g D In/dy�
1 � � �dy�

n

D 1

.2�/n=2
exp

�
�1
2
.y� � Efy�g/0.y� �Efy�g/

	
dy�

1 � � �dy�
n

D 1

.2�/n=2
exp

�
�1
2
ky� �Efy�gk2

	
dy�

1 � � �dy�
n

into the canonical Gauss-Laplace pdf.
Part B
The marginal pdf ofb� BLUUE of �, is represented by

(1st version)

dF1 D f1.b�/d�1 � � �d�n:

B-8 Multidimensional Variance Analysis, Sampling from
the Multivariate Gauss–Laplace Normal Distribution

Let x1; : : : ; xN denote a random sample from as k-variate Gauss-Laplace normal
distribution with � as the mean vector and ˙ as the variance-covariance matrix,
such that

.B 370/ xi WD .Xi;1; : : : ;Xi;k/
0

for i 2 f1; : : : ; N g. Let X�1 WD .x1; : : : ; xN /. The joint density of the random sam-
ple is generated by the product of N multivariate normal densities. Let us denote the
parameter space by f�;˙ I� 2 R

k;˙ positive definiteg DW ˝ . Here we describe
estimation of the parameters from a multivariate Gauss-Laplace normal distribution
and describe properties of these estimates. In addition, we care for inference for a
simple, multiple, and partial correlation coefficients based on the normal random
sample. Of course, we have to proof that we can assume a multivariate Gauss-
Laplace normal distribution. We add some methods for assessing Gauss-Laplace
normality and describe suitable transformation to normality.
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B-81 Distribution of Sample Mean and Variance-Covariance

By the representation of the sample mean of the random sample x1; : : : ; xN by
(B371) and the sample variance-covariance matrix by (B372)–(B375), namely the
k � k dimensional matrix SN=.N � 1/ D fSjlg for all j; l 2 f1; : : : ; kg subject

to XD
NP
iD1

Xi;j =N . The sample variance-covariance matrix has k variances Sjj for

j 2 f1; : : : ; kg and k.k � 1/=2 possibly distinct covariances. Sjl for j; l; j; l 2
f1; : : : ; kg. The generalized sample variance is the scalar quality jSN=.N � 1/j
which determines the degree of “peakedness” of the joint density of x1; : : : ; xN and
is a normal summary measure of variability in the sample.

�

�

�

�
Table B.1 Sample mean, sample variance-covariance matrix

Sample mean

x^

N WD
NP
iD1

xi (B371)

Sample variance-covariance matrix

SN WD NP
iD1

.xi � x^

N /.xi � x^

N /0 D NP
iD1

xi x0
i �N xi � x^

N xi � x^

N
0 (B372)

SN =.N � a/ DW fSjl g for j; l 2 f1; : : : ; kg (B373)

Sjl WD NP
iD1

.Xi;j � X^
j /.Xi l � Xl /=.N � 1/ (B374)

Subject to

X^

j D NP
iD1

Xi;j N (B375)

Given a univariate random sample X1; : : : ;XN from a N.�; � 2/ population, that
the sample mean X^ has a normal distribution with mean � and variance � 2=N ,
the static .N � 1/S2=� 2 is distributed as a 	2 variable and the two distributions are
independent. The corresponding distributional result for the k-variable situations is
given by our previous result. We first define a multivariate distribution called the
Wishart distribution which is derived from the multivariate Gauss-Laplace normal
distribution as its sampling distribution of the sample statistics

NX
iD1
.Xi �XN̂ /.Xi �XN̂ /

0 .B 376/

The Wishart distribution is a multivariate extension of the chi-square distribution.

Definition B.18. Wishart distribution

A random k-dimensional matrix W is said to follow a k-dimensional noncentral
Wishart distribution. Wk.˙ ; m; x/ with m degrees of freedom, parameter ˙ ,



B-8 Multidimensional Variance Analysis, Sampling from the Multivariate 741

and noncentrality parameter � WD �0P�1
�0=2 if W can be represented as,

W WD
mP
jD1

xixj where xj for all j 2 f1; : : : ; mg are i:i:i:Nk.�;
P
/ vectors. Provide

m:k the density function of W is

f .WI�;˙ / D jWj
.m�k�1/=2 expftr.�˙�1W=2/g
2km=2j˙ jm=2�k.m=2/ .B 377/

where �k.m=2/D�k.k�1/=4˘k
jD1� . 12 .m C 1 � j // is the multivariate Gamma

functions. If�D 0, we say that W follows a central Wishart distribution Wk.˙ ; m/;
since ˙ is p.d., it is clear that � D 0 if and only if � D 0. The additivity
property of Wishart matrices states that if Wj

ind


 Wk.˙ ; mj /; j D 1; : : : ; J , then
JP
jD1

Wj �Wk

�
˙ ;

JP
jD1

mj

�
.

End of Definition B.18: Wishart distribution

Intermezzo

Before we proceed we must introduce results about the Fourier transform of
a random vector, namely called “characteristic function” being generalized in
Appendix C to the “characteristic functional” for random functions, namely
stochastic processes. We will introduce some lemmas and definitions.

Definition B.19. Characteristic function of a random vector

The characteristic function of a random vector X is Efexp i t 0xg define for every
vector t .

Definition B.20. Decomposition of a complex-valued function

Let the complex-valued function g.x/ be written as

g.x/ D g1.x/C ig2.x/ .B 378/

where g1.x/ and g2.x/ are real-valued. Then the expected value of g.X/ is

Efg.X/g D Efg1.x/g C iEfg2.x/g .B 379/

in particular,

Efexp.i t 0x/g D Efcos.t 0x/g C iEfsin.t 0x/g .B 380/
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Lemma B.18. Product rule for independent variables

Let X0 WD .X.1/0X.2/0/. If X.1/ and X.2/ are independent and g.x/ D g.1/.x.1//g.2/
.x.2//, then

Efg.X/g D Efg.1/.X.1//gEfg.2/.X.2//g .B 381/

Lemma B.19. Components of independent distribution data

If the component of X are independently distributed, then

Efexp.i t 0XN̂ /g D
NY
jD1

Efi tjXj g .B 382/

Theorem B.20. Characteristic function of a vector-valued random variant of
type Gauss-Laplace distribution

The characteristic function of X which is Gauss-Laplace distribution according to
N.�;˙ / is

Efexp.i t 0X/g D exp

�
t 0�C 1

2
t 0˙ t

�
.B 383/

for any real vector t .

Theorem B.21. Characteristic function �.t/

If the random vector X has the density f .x/ and the characteristic function f .t/,
then

f .x/ D 1

.2�/


C1Z
�1

: : :

C1Z
�1

exp.�i t 0x/�N .t/d!1 : : : d!
 .B 384/

and

f N .!/ D EfCi!0Xg D
C1Z

�1
: : :

C1Z
�1

exp.Ci!0x/f .x/dx1 : : : dx
 .B 385/

illustrating synthesis and analysis

Here ends our intermezzo
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f N .!/ D EfCi!0Xg D
C1Z

�1
: : :

C1Z
�1

exp.Ci!0x/f .x/dx1 : : : dx
 .B 386/

Results: Distribution of xN̂ and SN

Let x1; : : : ; xN denote a random sample from the Gauss-Laplace normal distribu-
tion Nk.�; � /.

(a) The distribution of xN̂ is Nk.��=N/
(b) For N 	 2, SN follows a Wishart distribution Wk.˙

0
1N � 1/

(c) xN̂ and SN are independently distributed.

Proof

Efexp.i t 0xN̂ /g D
NY
jD1

Efexp.i t 0j xj /=N g D exp.t 0�C 1

2
t 0.˙=N/t .B 387/

for N D 2 it follows

S2 D
�
x1� 1

2
.x1 C x2/

��
x1� 1

2
.x1 C x2/

�0
C
�
x2 � 1

2
.x1 C x2/

��
x2 � 1

2
.x1Cx2/

�0

) S2 D 1

2
.x1 � x2/.x1 � x2/0 .B 388/

Obviously .x1 � x2/
p
2 is distributed according to Nk.0;˙ / and S2 according to

Wk.˙ ; 1/

S3 D
�

x1 � 1
3
.x1 C x2 C x3/

� �
x1 � 1

3
.x1 C x2 C x3/

�0

C
�

x2 � 1
3
.x1 C x2 C x3/

� �
x2 � 1

3
.x1 C x2 C x3/

�0

C
�

x3 � 1
3
.x1 C x2 C x3/

� �
x3 � 1

3
.x1 C x2 C x3/

�0
.B 389/

S3 D S2 C 2

3
.x3 � x2̂ /.x3 � x2̂ /

0 .B 390/

subject to

x2̂ D
1

3
.2x2̂ C x3/ .B 391/
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in general

xm̂ D
1

mC 1.mxm̂ C xmC1/ and

SmC1 D Sm C m

mC 1.xmC1 � xm̂/.xmC1 � xm̂/
0 .B 392/

B-82 Distribution Related to Correlation Coefficients

Since xi for all i 2 f1; : : : ; m C 1g are mutually independent and therefore�
xm̂C1;Sm

�
are functions only of xi for i 2 f1; : : : ; mg, it follows that

�
xm̂C1;Sm

�
are independent of xm̂C1.
By the hypothesis of induction we enjoy the independence of xm̂ and Sm

xm̂C1;Sm and xmC1 .B 393/

are mutually independent. Thus, Sm is independent of
�
xm̂; xmC1

�
and therefore

independent of xmC1�xm̂ which follows aNk
�
0; mC1

m
˙
�
mC1
m

�
xmC1 � xm̂

�
.xmC1�

xm̂/
0 are distributed as Wk .˙; 1/. Note that

cov
�
xi � xm̂; xn̂

� D 0 (B 394)

Which implies that
h�

x1 � xN̂
�
; : : : ;

�
xN � xN̂

�0i0
is uncorrelated and therefore

independent of xN̂ . In consequence, Sn is distributed independently of xN̂ .

Results: Maximum likelihood estimation if � and
P

Based on a random sample x1; : : : ; xN from a Nk .�; ˙/ distribution, the maximum
likelihood estimates of � and

P
are

b�ML D 1

N

NX
iD1

xi D xN̂ ; .B 395/

and

ḃ
ML D 1

N

NX
iD1

�
xi � xN̂

� �
xi � X

^
N


0 D N � 1
N

SN .B 396/

Proof

The likelihood function L .�; ˙ I x1; : : : ; xN / has the form shown on the right
side. The MLE’s of � and ˙ are denoted by b�ML and ḃ

ML, and are the
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values that maximize L .�; ˙ I x1; : : : ; xN /. Since ˙�1 is p.d., the distance�
xN̂ ��

�0
˙�1 �xN̂ ��� in the exponent of the likelihood function is positive

unless� D XN . The MLE of � is then xN̂ , since it is the value of � that maximizes
the likelihood function. We next maximize the following function with respect to˙ :

L.b�ML;˙/ D
exp

�
� 1
2
tr

�
˙�1PN

iD1
�
xi � xN̂

� �
xi � X

^
N


0��

.2�/Nk=2 j˙ jN=2 .B 397/

With AD˙;B D PN
iD1

�
xi � xN̂

� �
xi �X

^
N


0
, and bDN=2, we can show that

ḃ
MLD 1

N

PN
iD1

�
xi � xN̂

� �
xi �X

^
N


0
maximizes L.b�ML;˙/. The maximum

likelihood is

L
�b�ML; ḃML



D exp � Nk

2

.2�/Nk=2 jḃMLjN=20
.B 397/

which completes the proof.

Corollary: Invariance property of MLE

Using the invariance property of MLE’s which states that the MLE of a function

g .�/ of a parameter � is g
�b�ML



, we see that

1. The MLE of the function �0˙�1� is b�0
ML
ḃ�1
MLb�ML,

2. The MLE of
p
�lj , the (l,j)th element of

P
is given by

pb�lj , the square root of

the MLE of the(l,j)th entry in bPML

Although the estimator b�ML is an unbiased estimator of �; ḃML is a biased
estimator of ˙ . analogous to the univariate case, an unbiased estimator of ˙ isḃ D 1

N�1SN . The unbiased estimators of� abd˙ denoted byb� and ḃ respectively
are complete sufficient statistics.
Of course, you have realized that we gave no space to derive the Wishart distri-
bution. Instead we refer to his works in Wishart (1928), Wishart (1931), Wishart
(1955) as well as Wishart and Bartlett (1932). the general theory of multivariate
statistical analysis including the Gauss-Laplace multivariate normal distribution,
the estimation of the mean vector and the variance-covariance matrix the distribution
of sample correlation coefficients, the generalized t2 statistics and the distribution
of the sample covariance matrix can be taken from the excellent review of Anderson
(1958) including 413 references. finally we advice the readers to consider the works
of Koch (1988a), Koch (1988b), pp. 160–173

B.8 Distributions related to correlation coefficients
Traditionally we divide simple, multiple and partial correlations. Here we restrict
our study to the analysis of the simple correlation based on i id bivariate
Gauss-Laplace normal samples.
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�
Xi;j;Xi;l

�
for all i 2 f1; : : : ; N g .B 399/

where Xi;j and Xi;l denote the j th and l th components of the k - l dimensional
vector x. SupposeE

�
Xi;j

� D�j ;E .Xi;l/ D�l , var
�
Xi;j

� D � z
j ; var .Xi;l/ D � z

l and
corr

�
Xi;j;Xi;l

� D 
jl .
The exact sampling distribution of 
 was first derived by Fisher (1955) who showed
that for 
 D 0 the statistic

p
N � 2
^p1� 
 is distributed as t with (N-2) degrees

of freedom. He introduced the Z-transformation,

Z WD 1

2

�
1C 
^=1 � 
^� .B 400/

and proved that even for relative small samples it is approximately Gauss-Laplace
normally distributed, and that as N increases the variance of the Z-transformation
rapidly becomes nearly independent of 
 converging to 1=.N � 3/. In 1938,
F. N. David (1938) published tables of the exact sampling distribution of 
^ for

 D 0.0:1/0:9,N DB.1/25; 50; 100; 200; 400; 
^D�1.0:01/C1, and investigated
the accuracy of the approximate distributions suggested by R.H. Fisher. She found
approximate formulas for the mean/variance of Z: They were “extraordinarily
accurate even for the low values of N provided j
j is not too near unity”. Hotdling
(1953) intensively studied the mathematical properties of the distribution function
of 
^ and the suggested improvements of the Z-transformation in terms of a
hypergeometric function. Beside discussing methods of interpolating the density he
also calculated moments of 
^. From the vast reference list of the subject we like
to mention the contribution of Soper et al. (1955), Kraemer (1973), Wilcox (1997)
and Green (1952) as well as Khan (1994).

Example B: Correlation coefficient, “iid” Gauss-Laplace two dimensional normal

We start from the two dimensional Gauss-Laplace normal observations .xi ; yi /
for N-independent identical distributed data .“i id 00/ estimated by BLUUE and
BIQUUE. By a special decomposition we shift the sample distribution into two
normal distributions relating to
.b�1;b�2/ on the one side and to

�b�21b�22b�12� or
�b�21b�22
12� on the other side.

b
12 indicates the sample correlation coefficient via the characteristic function based
on Fourier-Stieltjes integration we derive the sampling distribution of the correlation
coefficientb
12 .
12/ using tables of David (1954).
“N independently, identically distributed observations : iid”
“Gauss-Laplace normal, two-dimensional observations: .xi ; yi / for all i 2
f1; : : : ; N g”
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“Probability density”

f .x; y/ D 1

2�

1

�1�2
p
1 � 
2 exp� 1

2 .1 � 
2/

�
"
.x � �1/
�12

C 2
 .xi�1/ .y � �2/
�1�2

C .y � �2/2
�22

#
.B 31/

f .x1; : : : ; xN ; y1; : : : ; yN / D
NY
iD1

f .xi ; yi / D f .x1; y1/ � � � .xN ; yN /

D
 

1

2��1�2
p
1 � 
2

!N

exp

 
� 1

2 .1 � 
2/
NX
iD1

 
.xi � �1/2

�21
� 2
 .xi � �1/ .yi � �2/

�1�2
C .y � i �mu2/

2

�22

!!

.B 32/

BLUUE W �1̂ D
1

N

NX
iD1

xi D k0x=N .B 33/

BLUUE W �2̂ D
1

N

NX
iD1

yi D k0y=N .B 34/

BIQUUE:

�^2
1 D

1

N � 1
NX
iD1

�
xi � �1̂

�2 D �x � k�1̂ �0 �x � k�1̂ � = .N � 1/ .B 35/

�^2
2 D

1

N � 1
NX
iD1

�
yi � �1̂

�2 D �y � k�1̂ �0 �y � k�2̂ � = .N � 1/ .B 36/

�1̂2 D
1

N � 1
NX
iD1
.xi ��1̂ /.yi ��2̂ / D .x�k�1̂ /0.y�k�2̂ /=.N � 1/ .B 37/

“Decomposition”
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NX
iD1
.xi ��1/2 D

NX
iD1
Œ.xi �b�1/.�1��1̂ /�2 D .N�1/�1̂ 2CN.�1��1̂ /2 .B39/

NX
iD1
.yi ��2/2 D

NX
iD1
Œ.yi �b�2/.�2 ��2̂ /�2 D .N� 1/�2̂ 2CN.�2��2̂ /2 .B40/

NX
iD1
.xi ��2/.yi ��2/D .N� 1/
1̂2�1̂ �2̂ C N.�1 � �1̂ /.�2 � �2̂ / .B41/

f .x1; : : : ; xN ; y1; : : : ; yN / D
 

1

2��1�2
p
1 � 
2

!N

� exp

�
� N

2.1�
2/
�
.�1 �b�1/2

�21
� 2
12.�1 �b�1/.�2 �b�2/

�1�2
C .�2 �b�2/2

�22

�	

� exp

�
� N � 1
2.1� 
212/

�b�21
�21
� 2
12b
12b�1b�2

�1�2
C b�22
�22

�	
.B42/

“Product of two normal distributions”

First part, marginal distribution

C1Z
�1

C1Z
�1

0
B@ 1

2��1�2

q
1 � 
212

1
CA exp

 
� N

2.1� 
212/

"
.�1 �b�1/2

�21

� 2
12.�1 �b�1/.�2 �b�2/
�1�2

C .�2 �b�2/2
�22

#
db�1db�2

!
.B43/

“Fourier-Stieltjes analysis”

f 
.!/ D
Z
.exp i!x/f .x/dx , .B44/

, f .x/ D 1

2�

C1Z
�1

.exp i!x/f .x//f ^.!/d! .B45/

First part of the marginal normal distribution



B-8 Multidimensional Variance Analysis, Sampling from the Multivariate 749

1

2��1�2
p
1 � 
12

Z C1Z
�1

db�1db�2 exp� N

2.1� 
12/2
1 � i t1
�21

.�1 �b�1/2

� expC N

2.1� 
212/
2
12

1 � i t2
�1�2

.�1 �b�1/.�2 �b�2/2

� exp� N

2.1� 
12/2
1 � i t3
�22

.�2 �b�2/2 .B46/

“abbreviations”

�1 WD N

2.1� 
212/
.�1 �b�1/2

�21
D �1.b�1/ .B47/

expCit1�1 D exp it1
N

2.1� 
212/
.�1 �b�1/2

�21

�2 WD N

2.1� 
212/
2
12

.�1 �b�1/.�2 �b�2/
�1�2

D �2.b�1;b�2/ .B48/

expCit2�2 D expCit2
N

2.1� 
212/
2
12

.�1 �b�1/.�2 �b�2/
�1�2

“First part of the marginal normal distribution”

1

2��1�2

q
1 � 
212

Z C1Z
�1

exp� N

2.1� 
212/
�
1 � i!1
�21

.�1 �b�1/2

� 2
12.1C i!2/
�1�2

.�1 �b�1/.�2 �b�2/
C 1 � i!3

�22
.�2 �b�2/2

�
db�1dcmu2

D .1 � 
212/1=2
Œ.1 � i!1/.1 � i!3/� 
212.1C i!2/2�1=2

.B49/

“Check yourself the integral
’

expŒ�˛x2 C ˇxy � �y2�dxdy”

“Second part of the marginal normal distribution”
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.1 � 
212/
N�1
2

Œ.1� it1/.1� it3/� 
212.1C it2/�
N�1
2

exp

�
N � 1

2.1�
212/
�b�21
�21
� 2
12b
12b�1b�2

�1�2
C b�22
�22

�	

.B50/

f .x1; : : : ; nN ; y1; : : : ; yN /dx1 : : : dxN dy1 : : : dyN

) f .x1; y1/ : : : f .xN ; yN /dx1dy1 : : : dxN dyN

f .b�1;b�2/f .b�1;b�2;b�12/db�1db�2db�1db�2db�12 .B51/

f .x1; : : : ; xN ; y1; : : : ; yN / D p1.b�1;b�2/p2.b�1;b�2;b�12/
“first”

f N
1 .t1; t2; t3/ f1.b�1;b�2/
pN1 .t1; t2; t3/ D

.1� 
212/
N�1
2

Œ.1 � i t1/.1 � i t3/� 
212.1C i t2/2�
.B52/

“second”

p.g1; g2; g3/ D .1 � 
212/
N�1
2

.2n/3

Z Z C1Z
�1

exp.�i!1�1 � i!/2�2 � i!3�3/
Œ.1 � i t1/.1 � i t3/� 
212.1C i t2/2�

� d!1d!2d!3 .B53/

p.b
12/ D .1 � 
212/
N�1
2

�.N � 3/Š .1 �b
212/
N�4
2

dN�2

d.b
12
/
N�2

0
B@arccos.�
12b�12/q

1 � 
212b
212

1
CA (B.1)

End of Lemma Example

As a specific example, we consider the confidence interval of the confidence
coefficient 0.95 on the correlation of 0.782 observed by a sample of ten. Using
Graph 4 of David (1954) we find the two limits are 0.34 and 0.98 . This result leads
us to the interval 0:34 < 
12 < 0:98 (Anderson 1958, p 72).

Lemma B (probability interval for the correlation coefficient, functional determi-
nant: David 1954, pp. xxxv–xxxviii):

ˇ̌̌
ˇ @.x1; : : : ; xN ; y1; : : : ; yN /

@.b�1;b�2I&1; : : : ; &N�1; 	1; : : : ; 	N�1/

ˇ̌̌
ˇ D N

subject to the Helmert transformation
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x1 D b�1 C 1p
2 � 1&1 C

1p
3 � 2&2 C � � � C

1p
N.N � 1/&N�1

x2 D b�1 � 1p
2 � 1&1 C

1p
3 � 2&2 C � � � C

1p
N.N � 1/&N�1

x3 D b�1 � 2p
3 � 2&2 C � � � C

1p
N.N � 1/&N�1

: : :

xN D b�1 � 1p
N.N � 1/&N�1

y1 D b�2 C 1p
2 � 1	1 C

1p
3 � 2	2 C � � � C

1p
N.N � 1/	N�1

y2 D b�2 � 1p
2 � 1	1 C

1p
3 � 2	2 C � � � C

1p
N.N � 1/	N�1

y3 D b�2 � 2p
3 � 2	2 C � � � C

1p
N.N � 1/	N�1

: : :

yN D b�2 � 1p
N.N � 1/	N�1

p.b�1;b�2; &j ; 	j / D p.xi ; y; i/
ˇ̌
ˇ̌ @.xi ; yi /

@.b�1;b�2; &j ; 	j /
ˇ̌
ˇ̌

for all j D 1; 2; : : : ; N � 1I i D 1; 2; : : : ; N



Appendix C
Statistical Notions, Random Events
and Stochastic Processes

Definitions and lemmas relating to statistics, random events as well as stochastic
processes are given, neglecting their proofs. First, we review statistical moments
of a probability distribution of random vectors and list the Gauss-Laplace normal
distribution by introducing the notion of a quasi-normal distribution. As the end of
Appendix C1 we take reference to two lemmas about the Gauss-Laplace 3� rule,
namely the Gauss-Laplace inequality and the Vysochainskii-Potunin inequality.
Appendix C2 reviews the spatial linear error propagation as well as the general
nonlinear error propagation based on yDg.x/ introducing the moments of second,
third and fourth order. The special role Jacobi matrix as well as the Hesse matrix is
classified. Appendix C3 reviews useful identities likeEfyy0˝j g andEfyy0˝yy0g
as well as  D Ef.y �Efyg/.y �Efyg/0˝ .y �Efyg/g relating to the matrix of
obliquity and � WD Ef.y � Efyg/.y � Efyg/0 ˝ .y � Efyg/.y � Efyg/0g C : : :
relating to the matrix of courtosis.

Appendix C.4 newly introduces scalar-valued stochastic processes of one param-
eter enriched by Appendix C.5 reviewing characteristics of a one parameter
stochastic processes like non-stationary, stationary and cryodic stochastic pro-
cesses. Extensive simple examples are presented in Appendix C.6 including ARIMA
processes namely. Appendix C.7 introduce the important WIENER process of type
ORNSTEIN- UHLENBECK, WIENER process with drift integrated WIENER
process. The spectral analysis of one parameter is enriched by 14 examples
like the DIRAC representation, spectral densities, band limited white noise. An
extensive introduction into scalar-, vector-, and tensor-valued stochastic processes
in Appendix C.9 refers to the characteristic functional the moment representations
of stochastic processes for scalar-valued and vector-valued qualities, for statis-
tical homogeneous and isotropic fields of multi-point systems. The Appendix is
specified by Example C.9.1 on the topic of two-dimensional Euclidean networks
under the postulates of homogeneity and isotropy in the statistical sense, by
Example C.9.2 on criterion matrices for absolute coordinates in a space time astro-
nomic frame of reference, for instance represented in scalar-valued spherical har-
monic, by Example C.9.3 on space gravity spectroscopy illustrating the benefits of

E. Grafarend and J. Awange, Applications of Linear and Nonlinear Models,
Springer Geophysics, DOI 10.1007/978-3-642-22241-2,

753

© Springer-Verlag Berlin Heidelberg 2012
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TAYLOR-KARMAN structured criterion matrices, by Example C.9.4 on Nonlocal
prediction and Example C.9.5 on Nonlocal Time Series Analysis.

C-1 Moments of a Probability Distribution,
the Gauss–Laplace Normal Distribution and the
Quasi-Normal Distribution

First, we define the moments of a probability distribution of a vector valued random
function and explain the notion of a Gauss-Laplace normal distribution and its
moments. Especially we define the terminology of a quasi - Gauss-Laplace normal
distribution.

Definition C.1. (statistical moments of a probability distribution):

(1) The expectation or first moment of a continuous random vector ŒXi � for all i D
1; : : : ; n of a probability density f .x1; : : : xn/ is defined as the mean vector � WD
Œ�1; : : : ; �n� of EfXig D �i

�i WD EfXig D
Z C1

�1
: : :

Z C1

�1
xif .x1; : : : ; xn/dx1 : : : dxn: (C1)

The first moment related to the random vector Œei � WD ŒXi � EfXig� is called first
central moment

�i WD EfXi ��i g D EfXig � �i D 0: (C2)

(2) The second moment of a continuous random vector ŒXi � for all i D 1; : : : ; n of
a probability density f .x1; : : : ; xn/ is the mean matrix

�ij WD EfXiXj g D
Z C1

�1
: : :

Z C1

�1
xixj f .x1; : : : ; xn/dx1 � � �dxn: (C3)

The second moment related to the random vector Œei � WD ŒXi �EfXi g� is called
variance - covariance matrix or dispersion matrix Œ�ij �, especially variance or
dispersion �2 for i D j or covariance for i ¤ j :

�ii D �2i D V fXig D DfXi g WD Ef.Xi ��i /2g (C4)

�ij D �ij D C fXi ;Xj g WD Ef.Xi ��i /.Xj � �j /g (C5)

Dfxg D Œ�ij � D ŒC fXi ;Xj g� D Ef.x�Efxg/.x�Efxg/0g: (C6)

x WD ŒX1; : : : ;Xn�
0 is a collection of the n� 1 random vector. The random variables

Xi ;Xj for i ¤ j are called with respect to the central moment of second order
uncorrelated if �ij D 0fori ¤ j . (3) The third central moment with respect to the
random vector Œei � WD ŒXi �EfXig� defined by
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�ijk WD Efeiej ekg D Ef.Xi � �i /.Xj ��j /.Xk � �k/g (C7)

contains for i D j D k the vector of obliquity with the components

� i WD Efe3i g (C8)

Uncorrelation with respect to the central moment up to third order is defined by

Efen1i1 en2i2 en3i3 g D
3Y

jD1
Efenjij g

2
481 � i1 ¤ i2 ¤ i3 � nand
0 � n1 C n2 C n3 � 3:

(C9)

(4) The fourth central moment relative to the random vector Œei � WD ŒXi �EfXig�

�ijk` WD Efeiej eke`g D Ef.Xi � �i /.Xj ��j /.Xk ��k/.X` � �`/g (C10)

leads for i1 D i2 D i3 D i4 to the vector of curtosis with the components


 i WD Efe4i g � 3f�2i g2 (C11)

Uncorrelation with respect the central moments up the fourth order is defined by

Efen1i1 en2i2 en3i3 en4i4 g D
4Y

jD1
Efenjij g

2
4 81 � i1 ¤ i2 ¤ i3 ¤ i4 � nund
0 � n1 C n2 C n3 C n4 � 4 :

(C12)

(5) The central moments of the nth order relative to the random vector Œei � WD
ŒXi �EfXig� are defined by

�i1:::in WD Efei1 : : : eing D Ef.Xi1 � �i1/ : : : .Xin � �in/g (C13)

A special distribution is the Gauss-Laplace normal distribution of random vectors
in R

n: Note that alternative distributions on manifolds exist in large numbers, for
instance the von Mises distribution on S

2 or the Fisher distribution on S
3 of Chap. 7.

Definition C.2. (Gauss-Laplace normal distribution):

An n � 1 random vector x WD ŒX1; : : : ;Xn�
0 is a Gauss-Laplace normal distribution

if its probability density f .x1; : : : xi / has the representation

f .x/ D .2�/�n=2j˙ j�1=2 expŒ�1
2
.x � Efxg/0˙�1.x � Efxg/� (C14)
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Symbolically we can write
x � N .�;˙ / (C15)

with the moment of first order or mean vector � WD Efxg and the central moment
of second order or variance – covariance matrix˙ WD Ef.x�Efxg/.x�Efxg/0g:
The moments of the Gauss-Laplace normal distribution are given next.

Lemma C.3. (moments of the Gauss-Laplace normal distribution):

Let the n � 1 random vector x WD ŒX1; : : : ;Xn�
0 follow a Gauss-Laplace normal

distribution. Then all central moments of odd order disappear and the central
moments of even order are product sums of the central moments of second order
exclusively.

Efei1 : : : eing D 08n D 2mC 1;m D 1; : : : ;1 (C16)

Efei1 : : : eing D fct.�2i1 ; �i1i2 ; : : : ; �
2
i2
; : : : ; �2in /8n D 2m;m D 1; : : : ;1 (C17)

�ij D �ij ; �i i D �2i ; (C18)

�ijk D 0; (C19)

�ijk` D �ij �k` C �ik�j` C �i`�jk; (C20)

�iijj D �ii�jj C 2�ij �ij D �2i �2j C 2�2ij ; �i i i i D 3.�2i /2 (C21)

�ijk`m D 0; (C22)

�i1i2:::i2m�2i2m�1i2m D �i1i2:::i2m�2�i2m�1i2m C �i1i2:::i2m�3i2m�1�i2m�2i2m C : : :
C�i2i3:::i2m�1�i1i2m: (C23)

The vector of obliquity  WD Œ 1; : : : ;  m�0 and the vector of curtosis 
 WD
Œ�1; : : : ; �m�

0 vanish.
A weaker assumption compared to the Gauss-Laplace normal distribution is the
assumption that the central moments up to the order four are of the form (C18)–
(C21). Thus we allow for a larger class of distributions which have a similar
structure compared to (C18)–(C21).

Definition C.4. (quasi-Gauss-Laplace normal distribution):

A random vector x is quasi-Gauss-Laplace normally distributed if it has a contin-
uous symmetric probability distribution f .x/ which allows a representation of its
central moments up to the order four of type (C18)–(C21).
Of special importance is the computation of error bounds for the Gauss-Laplace
normal distribution, for instance. As an example, we have the case called the 3�
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rule which states that the probability for the random variable for X falling away,
from its mean by more than three standard deviations (SDs) is at most 5%,

P fjX � �j 	 3�g � 4

81
< 0:05: (C24)

Another example is the Gauss-Laplace inequality, that bounds the probability for
the deviation from the mode 	.

Lemma C.5. (Gauss inequality):

The expected squared deviation from the mode 
 is

P fjX � 
j 	 rg � 4�2

9r2
forallr 	

p
4=3 � (C25)

P fjX � 
j 	 rg � 1 � .r=p3�/forallr �
p
4=3 � (C26)

subject to �2 WD Ef.X� 
/2g.
Alternatively, we take advantage of the Vysochanskii–Potunin inequality.

Lemma C.6. (Vysochanskii–Potunin inequality):

The expected squared deviation from an arbitrary point ˛ 2 is

P fjX � ˛j 	 rg � 4
2

9r2
forallr 	

p
8=3
 (C27)

P fjX � ˛j 	 rg � 4
2

3r2
� 1
3

forallr �p8=3
 (C28)

subject to 
2 WD Ef.X � ˛/2g:
References about the two inequalities are Gauss (1823), Pukelsheim (1994).

C-2 Error Propagation

At the beginning we note some properties of operators “expectation E” and “dis-
persion D”. Those derivatives can be taken from Pukelsheim (1993) and Teuniseen
(1989b, 1990). Afterwards we review the special and general, in particular nonlinear
error propagation.

Lemma C.7. (expectation operators EfXg ):

E is defined as a linear operator in the space of random variables in R
n, also called

expectation operator. For arbitrary constants ˛; ˇ; ı 2 R there holds the identity
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Ef˛Xi C ˇXi C ıg: (C29)

Let A and B be two m � n and m � ` matrices and ı an m � 1 vector of constants
x WD ŒXi ; : : : ;Xn�

0 and y WD ŒYi ; : : : ;Yn�
0 two n � 1 and ` � 1 random vectors

such that
EfAXC BXC ıg D AEfxg C BEfyg C ı (C30)

holds. The expectation operator E is not multiplicative that is

EfXiXj g D EfXigEfXj g C C fXi ;Xj g ¤ EfXigEfXj g; (C31)

if Xi and Xj are correlated.

Lemma C.8. (special error propagation):

Let y be an n � 1 dimensional random vector which depends linear of the m � 1
dimensional random vector x by means of a constant n � m dimensional matrix A
and of a constant dimensional vector ı of the form y WD Ax C ı. Then hold the
“error propagation law”

Dfyg D DfAxC ıg D ADfxgA0: (C32)

The dispersion function D is not addition, in consequence a nonlinear operator
that is

DfXi C Xj g D DfXig CDfXj g C 2C fXi ;Xj g ¤ DfXi g CDfXj g; (C33)

if Xi and Xj are correlated.
The “special error propagation law” holds for a linear transformation x !
y D Ax C ı. The “general nonlinear error propagation” will be presented by
Lemmas C.7 and C.8. The detailed proofs are taken from Chap. 8, Examples.

Corollary C.9. (“nonlinear error propagation”):

Let y D g.x/ be a scalar valued function between one random variable x and one
random variable y. g(x) is assumed to allow a Taylor expansion around the fixed
approximation point �0 W

g.x/ D g.�0/C g0.�0/.x � �0/C 1
2
g00.�0/.x � �0/2 CO.3/

D �0 C �1.x � �0/C �2g.�0/2 CO.3/ : (C34)
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Then the expectation and dispersion identities hold

Efyg D g.�x/C 1

2
g00.�0/�2x CO�.3/ D g.�x/C �2�2x CO�.3/; (C35)

Dfyg D �21 �2x C 4�2x Œ�1�2.�x � �0/C �22 .�x � �0/2� � �22 �4x
CEf.x � �x/3gŒ2�1�2 C 4�22 .�x � �0/�CEf.x � �x/4g�22 CO�.3/:

(C36)

For the special case of a fixed approximation point �0 chosen to coincide with mean
value �x D �0 and x being quasi - Gauss-Laplace normal distributed we arrive at
the identities

Efyg D g.�x/C 1

2
g00.�x/�2x CO�.4/; (C37)

Dfyg D Œg0.�/�2�2x C
1

2
Œg00.�x/�2�4x CO�.3/: (C38)

The representation (C37) and (C38) characterize the nonlinear error propagation
which is in general dependent of the central moments of the order two and higher,
especially of the obliquity and the curtosis.

Lemma C.10. (“nonlinear error propagation”):

Let y D f.x/ be a vector-valued function between the m � 1 random vector x and
the n � 1 random vector y. g.x/ is assumed to allow a Taylor expansion around the
m � 1 fixed approximation vector �0 W

g.x/ D g.�0/C g0.�0/.x � �0/C 1
2
g00.�0/Œ.x � �0/˝ .x � �0/�CO�.3/

D 
0 C J.x � �0/C 1
2
HŒ.x � �0/˝ .x � �0/CO.3/:

(C39)

With the n �m Jacobi matrix J WD ŒJjgi .�0/� and the n � m2 Hesse matrix H WD
ŒvecH1; : : : ; vecHn�

0;

Hi WD Œ@j @kgi .�0/�.i D 1; : : : ; nI j; k D 1; : : : ; m/ (C40)

there hold the following expectation and dispersion identities (“nonlinear error
propagation”)

Efyg D �y D g.�x/C
1

2
Hvec˙ CO�.3/ (C41)
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Dfyg D †y D J†J 0 C 1

2
J � Œ† ˝ .�x � �0/0 C .�x � �0/0 ˝†�H0

C 1
2

HŒ† ˝ .�x � �0/C .�x � �0/˝†�J0

C 1
4

H Œ† ˝ .�x � �0/.�x � �0/0 C .�x � �0/.�x � �0/0 ˝†
C.�x � �0/˝† ˝ .�x � �0/0 C .�x � �0/0 ˝† ˝ .�x � �0/�H0

C1
2

J �Ef.x� �x/.x ��x/0 ˝ .x � �x/0gH0

C1
2

H �Ef.x� �x/˝ .x � �x/.x ��x/0gJ0

C1
4

H � ŒEf.x ��x/.x� �x/0 ˝ .x ��x/g � .�x � �0/0

C.�x � �0/ �Ef.x� �x/0 ˝ .x � �x/.x � �x/0g
C.I˝ .�x � �0// �Ef.x� �x/.x � �x/0 ˝ .x� �x/0g
CEf.x ��x/˝ .x ��x/.x� �x/0g � ..�x � �0/0/˝ I/�H0

C1
4

H � f.x ��x/.x � �x/0 ˝ .x ��x/.x � �x/0g
�vec†.vec†/0�H0 CO�.3/:

(C42)

In the special case that the fixed approximations vector �0 coincides to the
mean vector �x D �0 and the random vector x is quasi-Gauss-Laplace normally
distributed the following identities hold:

Efyg D �y D g.�x/C 1
2
Hvec† CO�.4/ .C � 43/

Dfyg D †y D J†J 0 � 1
4
Hvec†.vec†/0H0

C1
4

H �Ef.x� �x/.x � �x/
0 ˝ .x � �x/.x � �x/

0g �H0 CO�.3/

D J†J0 C 1

4
HŒ† ˝† CEf.x� �x/

0 ˝† ˝ .x ��x/g� �H0 CO�.3/:

(C44)

C-3 Useful Identities

Notable identities about higher order moments are the following.
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Lemma C.11. (identities: higher order moments):

(a) Kronecker-Zehfuss products #1

Efyy0g D Ef.y�Efyg/.y� Efyg/0g C EfygEfyg0 (C45)

Efyy0˝ yg D Ef.y�Efyg/.y� Efyg/0˝ .y �Efyg/g
CEfyy0g ˝ Efyg C Efy˝ Efyg0˝ yg
CEfyg ˝Efyy0g � 2Efyg ˝ Efyg0˝Efyg (C46)

Efyy0˝ yy0g D G �‰ ˝ Efyg0 �Efyg0˝‰
�‰ 0 ˝ Efyg �Efyg ˝‰ 0 CEfyy0g ˝ Efyy0g
CEfy0˝ Efyy0g ˝ yg C Efy˝ ygEfy˝ yg0
�2EfygEfyg0˝ EfygEfyg0: (C47)

(b) Kronecker products #2

‰ W D Ef.y�Efyg/.y� Efyg/0˝ .y �Efyg/g (C48)

G W D Ef.y�Efyg/.y� Efyg/0˝ .y �Efyg/.y� Efyg/0g
�Ef.y�Efyg/.y� Efyg/0˝ Ef.y�Efyg/.y� Efyg/0g
�Ef.y�Efyg/0˝ Ef.y� Efyg/.y�Efyg/0g ˝ .y �Efyg/g
�Ef.y�Efyg/˝ .y �Efyg/gEf.y� Efyg/0˝ .y � Efyg/0g: (C49)

The n2�nmatrix‰ contains the components of obliquity, the n2�n2 matrixG the
components of curtosis relative to the n � 1 central random vector y � Efyg.

(c) Covariances between linear and quadratic forms

C fF1yC d1;F2yC d2g WD Ef.F1yC d1 � EfF1yC d1g/.F2yC d2
�EfF2yC d2g/0g D F1†F 2

(C50)

(linear error propagation)

CfFyC d; y0Hyg WD Ef.FyC d � EfFyC d g/.y0Hy� Efy0Hyg/g
D FŒEfyy0˝ y0g �EfygEfy0˝ y0g�vecH

D 1

2
F‰ 0vec.HCH0/C F†.HCH0/Efyg (C51)
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C fy0Gy; y0Hyg WD Ef.y0Gy �Efy0Gyg/.y0Hy� Efy0Hyg/g
D .vecG/0ŒEfyy0˝ yy0g � Efy˝ ygEfy0˝ y0g�vecH

D 1

4
Œvec.GCG0/�0Gvec.HCH0/

�1
2
Œvec.GCG0/�0.‰ 0 ˝ Efyg C‰ ˝ Efyg0/vec.HCH0/

C1
2

trŒ.GCG0/†.HCH0/†�C Efyg0.GCG0/†.HCH0/Efyg:
(C52)

(d) quasi-Gauss-Laplace-normally distributed data

C fF1yC ı;F2yC ı2g D F1†F 2 (C53)

(independent from any distribution)

C fFyC ı; y0Hyg D F†.HCH0/Efyg (C54)

C fy0Gy; y0Hyg D 1

2
trŒ.GCG0/˙ .HCH0/˙ �

CEfyg0.GCG0/˙ .HCH0/Efyg: (C55)

C-4 Scalar – Valued Stochastic Processes of One Parameter

We have previously reviewed the moments of a probability distribution up to order
four. The deviation was based on integration from minus infinity to plus infinity, A
different concept is needed if we work with distributions on manifolds. For instance,
we are confronted with the problem to find a distributions for data on a circle or a
sphere or on a hypersphere. As mentioned before, directional measurements, also
called angular observations or longitudinal data are not Gauss-Laplace distributed,
but enjoy a von Mises-Fisher distribution in S

� � R

C1

Example C.4.1: p=1 (von Mises, 1918)

f .�j�; �/ D Œ2�I0.�/��1 expŒ� cos.� � ��/� (C56)

Example C.4.2: p=2, (Fisher, 1953)
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f .�;˚ k ��;�˚ ; �/ D �

4� sinh �
expŒcos˚ cos�˚ cos.� � ��/C sin˚ sin�˚�

D �

4� sinh �
exp � < �jX > (C57)

Here, we have introduced the circular normal distribution CN.�; �/ parameterized
by the mean direction �.0 � �� 2�/ and by the concentration parameter
�.� > 0/, the reciprocal of a dispersion measure. The spherical normal distribu-
tion CN.�� ; �˚; �/ is parameterize by the “longitudinal direction, lateral mean
direction .�� ; �˚/” and the concentration parameter �, the reciprocal dispersion
measure. We note that the p-spherical normal distribution is an element of the
exponential class.
Most important examples of the circular normal (R. von Mises) distributions are
phase observation within the Global Positioning System (“Global Problem Solver”)
according to Cai et al.(2007) and the spherical normal (Fisher) distribution for
spherical harmonic analysis-synthesis (Fourier-Legendre functions) describing the
gravitational field within gravities, electrostatics and magnetostaties according to
Fisher et al. (1981), Kent (1983), Mardia (1972), Man (2005), Mc Fadden and Jones
(1981) and Roberts and Ursell (1960).
There have been made studies to consider an ellipsoidal reference to analyze
the proper reference field of celestial bodies like the Earth, the Moon, or any
other planetary body. The ellipsoid-of-revolution is the equilibrium figure of type
MacLaurin which represents to first order of the Earth, the Moon, Mars or other
planets even the Jacobi triaxial reference figure is a better approximation following,
for instance Chandra Sekhar (1969). We leave the question: what is the characteristic
distribution of a ellipsoid-of-revolution or a triaxial ellipsoid open!
A random event X is the result of a random experiment under a given condition.
If these conditions change it might have an influence on the result of random
experiment, namely to the probability distribution. If we consider the varying
conditions on the random quantities X D X.t/, we arrive at the random effects
which depend on the deterministic parameter t. We illustrate the new detailed
definition of one parameter stochastic process.

Example C.4.1

We measure the temperature of a point continuously by a sensor for 3 years.
Naturally we model the sensor recording by a graph shown in Fig. C.1. Actually
we find a random variable which is function of the continuous parameter “time t”,
namely X.t/. Every year we receive a temperature profile which is a deterministic
function of time t W xD x.t/; 0 � t � 1. In this form x.t/ is understood
as realization of the random variable X.t/. Neglecting the influence of climate
changes the function x D x.t/ is cyclic. We introduce the generalized random
experiment “continuous measurement of temperature over one year” and refer it to
fX.t/j0 � t � tg. Actually one could represent climate changes by a trend function.
The character of a generalized random experiment is very obvious since for closely
measuring points ti and tiC1 range in the second up to the minute.
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Fig. C.1 Graph of the function f(t) over a period of 1 year or 12 months. Two years recording:
trajectories of the stochastic process

Example C.4.2

Alternatively we consider the length L=60 mm of Nylon wires and the design
condition of a variance of 0.5 mm produced by one machine under equal conditions.
If we analyzed the dependence of the diameter of a function of the distance t
from the initial point, we receive for any measurement of the wire a function
x D x.t/; 0 � t � L. These functions differ from wire to wire, but these is
no significant difference between the functional different wires. Indeed we assume
changes to the constant condition of the wire. The random variations of the diameter
are in the range of ˙0.02 mm and caused by the experimental conditions. Let us
refer to the random wire diameter as a function of the one parameter t , we are
able to define by a “continuous measurement of the various diameter of a wire as a
dependence of the initial point” the generalized random experiment and formalize
it by fX.t/; 0 � t � Lg.
In contrast to random experiments which resulted in real numbers, such as general-
ized random experiment generates random functions, also called stochastic process
or random process. We have called our parameter “t” derived from the term “time”,
but it can be any parameter for instance “position”, “placement”,“pressure” etc.
Finally we are able to define a stochastic process of one parameter.

Definition C.4.2: Stochastic process
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A stochastic process of one parameter t 2 T , the parameter space, and the state
z 2 Z, the state space, is defined as the set of random quantities fX.t/; t 2 T g .

If the set of parameter is finite or measurable infinite, we refer to a stochastic
process with discrete time. Such processes are summarized as a sequence of random
quantities fX1;X2; : : : g. If the parameter t 2 T is interval, we refer to stochastic
process with continuous time. A stochastic process fX.t/; t 2 Tg is called discrete if
the state space z is a finite or measurable infinite. In contrast we refer to a continuous
stochastic process if he state space is an interval.

Stochastic process

discrete stochastic
process with
discrete time

discrete stochastic
process with

continuous time

continuous stochastic
process with
discrete time

continuous stochastic
process with

continuous time

������������

�
�

�
�

���

������������

�
�
�
�
��	

If we consider various realization of X.t/ for all t 2 T , we call them trajectory of
the stochastic process. For a discrete stochastic process with continuous time the
trajectories are “step functions”

C-5 Characteristic of One Parameter Stochastic Processes

The most important function in connection with stochastic process is the distribution
function of Xt ; t 2 T, namely F.x/ D P.Xt � x/. But with the set of the
distributions fFt.x/; t 2 Tg a stochastic ic process is not uniquely determined. A
complete characterization of a stochastic process it is necessary to have information
on all n-type ft1; t2; � � � ; tn�1; tng for the discrete set N WD f1; 2; � � � ; n � 1; ng
with ti 2 T and the information of the distribution function of random vectors
fX.t1/;X.t2/; � � � ;X.tn�1/;X.tn/g, namely

Ft1;t2;���tn�1;tn .x1; x2; � � � ; xn�1; xn/ WD P.X.t1/ � x1; � � � ;X.tn/ � xn/
The set of distribution functions will be introduced by Table C.5.1 as well as
the trend function, the covariance function, the variance function, the correlation
function and the symmetry condition.
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Table C.5.1 Characteristics of one parameter stochastic process

“Distribution functions of an n-dimensional random vector”

Ft1;t2;���tn�1;tn .x1; x2; � � � ; xn�1; xn/
WD P fX.t1/ � x1;X.t2/ � x2; � � � ;X.tn�1/ � xn�1;X.tn/ � xng (C58)

“Trend function”
EfXtg D �.t/ for t 2 T (C59)

�.t/ D
C1R
�1

xft .x/dx (C60)

“Covariance function and stochastic process”

Cov.s; t/ WD CovfXs;Xt g
D EfŒXs �EfXsg�ŒXt � EfXtg�g

for all s; t 2 T (C61)

Cov.s; t/ D EfXs;Xt g � �.s/�.t/ (C62)

“Variance function”

VarfXsg DW Cov.t; t/ (C63)

“Correlation function”


.s; t/ DW CovfXs;Xt g 
 .
p
VarfXsg

p
VarfXt g/ (C64)

“Symmetry”

Cov.s; t/ DW Cov.t; s/ (C65)
lim

jt�sj!1
Cov.s; t/ D lim

jt�sj

.s; t/ D 0 (C66)

End of Table C.5.2

Of special importance are those stochastic processes which do not depend on the
absolute values of ti , but are functions of the distances between the points. They are
considered as functions of the relative positions.

Definition 5.1 (Stationary in the narrow sense)

A stochastic process fXt ; t 2 Tg is stationary in the narrow sense if for all n 2
f1; 2; � � � g for arbitrary subject to ti 2 T and ti C h 2 T holds
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Ft1;t2;���tn�1;tn .x1; x2; � � � ; xn�1; xn/ D Ft1Ch;t2Ch;���tn�1Ch;tnCh.x1; x2; � � � ; xn�1; xn/
(C67)

A special property is for

�.t/ D EfX.t/g D �.const/ (C68)

VarfX.t/g D .const/ (C69)

End of Definition 5.1

Special case n D 2, for instance, t1 D 0; t2 D t � s; h D s will lead us to

F0;t�s.X1x2/ D Fs;t .x1x2/ D F.�/ for � WD t � s (C70)

Cov.s; t/ D Cov.s; s C �/ D Cov.�/ for � WD t � s (C71)

“Symmetry”:Cov.�/ D Cov.��/ D Cov.j� j/ (C72)

lim
j� j!1

Cov.�/ D 0 (C73)

Another generalization is achieving of the treat stochastic process ”of higher order”

Definition 5.2: (stationary in the wider sense):

A stochastic process of second order is stationary in the wider sense if the
conditions

1. �.t/ D const and
2. Cov.j� j/ D CovfXs;Xtg

End of Definition 5.2

Besides the condition of stationary another support property of a stochastic process
is the set of conditions which hold for increments of stochastic process fX.t/; t 2 Tg
in the interval Œt1; t2� for t1 < t2, namely the random difference

Xt2 �Xt1

In general such increments may be negative. The concept of incremental stochastic
processes will lead us later to the concept of Kolmogov’s structure functions which
is very popular in the applied sciences.

Definition 5.3: (Stationary increments):

A stochastic process fX.t/; t 2 Tg is called homogenous or stationary incremental,
if the increments fX.t2 C �/g � fX.t1 C �/g for all � have identical probability
distributions for any fixed t1 and t2

End of Definition 5.3

The great advantage of the incremental stochastic process in applications has the
origin in the fact that a stationary stochastic process is not necessary.
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Definition 5.4: (Stochastic processes with incremental properties):

A stochastic process fX.t/; t 2 Tg has independent increment for all n D 3; 4; � � �
and values ft1; t2; � � � ; tn�1; tng subject to the order ft1 < t2 < � � � < tn�1 < tng and
ti 2 T with increments

Xt2 � Xt1 ;Xt3 � Xt2 ; � � � ;Xtn�1 � Xtn�2 ;Xtn � Xtn�1 (C74)

being independent.

End of Definition 5.4

Try to consider that the point tn�1 is placed in the future the point tn at present time,
is general for n > 1 all points ft1; t2; � � � ; tn�1; tng in the past. The event at tnC1 for
a Markov process depends only on the events at tn:

Definition 5.5: (Simple Markov process):

A stochastic process fX.t/jt 2 Tg has the property of a Markov process is for all
n 2 f1; 2; � � � ; g if for all n 2 f1; 2; � � � g.n C 1/ tuple ft1; t2; � � � ; tn�1; tng ordered
according to ft1 < t2 < � � � < tn�1 < tng the probability relation

P fXtnC1
2 ZnC1jX.tn/ 2 Zn;X.tn�1/ 2 Zn�1; � � � ;X.t1/ 2 Z1g

D P fX.tn�1/ 2 Zn�1jX.tn/ 2 Zng (C75)

End of Definition 5.5

Stochastic processes with the property of a simple Markov process is characterized
by independent increments.

Lemma 5.6: Markov process

A Markov process is in narrow sense stationary if and only if the one-dimensional
probability is independent of the time such that

F.x/ D P fXt � tg D x for all t 2 T (C76)

End of Lemma 5.6

Markov process with a finite state space are called Markov chains, otherwise they
are called continuous Markov chains.

Definition 5.7: (Continuity in the squared mean):

A stochastic process of second order fX.t/jt 2 Tg located in the point t0 is in the
squared mean continuous if
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lim
h!0

E.ŒX.t0 C h/� X.t0/�
2/ D 0 (C77)

The stochastic process fX.t/jt 2 Tg is in the domain T0 D T in the quadratic mean
continuous if the stochastic process has this property for all t 2 T0

End of Definition 5.7

Lemma 5.8: Squared mean and its covariance function

A stochastic process of second order fX.t/jt 2 Tg is continuous in the point t0 if
its covariance function Cov.s; t/ is characterized by .s; t/ D .t0t0/ and its trend
function �.t/ is continuous in the point t D t0.

End of Lemma 5.8

C-6 Simple Examples of One Parameter Stochastic Processes

Simple examples of one parameter stochastic process are introduced divided in two
types of stochastic processes, first with continuous time and second with discrete
time:

(i) Process with linear realizations
(ii) Cosine oscillations with random amplitude

(iii) Cosine oscillations with random amplitude and random phase
(iv) Superposition of two uncorrelated random functions
(v) Impulse modulation

(vi) Randomly retarded pulse modulation
(vii) Random sequences with discrete signals

(viii) Random sequences of moving averages of order n: MA.n/
(ix) Random sequences of moving averages of order n: MA.n/
(x) Random sequences of unlimited order

(xi) Autoregressive sequences of first order AR.1/
(xii) Autoregressive sequences of first order r: AR.r/

(xiii) ARMA (r,s) models.

We present here simple examples of stochastic processes. Statements with respect
to stationarity relate always to stationarity in the wide sense.

Ex 1: Processes with Linear Scalisations

Examples of stochastic processes with continuous time
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Example 6.1 Process with linear realizations

Many linear models can be characterized by the simple linear model X.t/ D V t C
W , V andW are random effects with the meanEfX.t/jt 	 0g called trend functions
and the variance-covariance function EfŒX.s/ � EfX.s/g�ŒX.t/ � EfX.t/g� D
EfŒVs CW �ŒV t C w�g � �.s/�.t/ DW ˙.s; t/.
A first result is the variance-covariance function oriented to our model.

˙.s; t/ D st Var.V /C .s C t/ Cov.V;W /C Var.W / (C78)

A second result is the special caseW = constant. In such a case we find the variance-
covariance function˙.s; t/ D st Var.V /

End of Example 6.1

Ex 2: Cosine Oscillations with Random Amplitudes

Example 6.2 Cosine oscillation with random amplitude

Here we assume the cosine model X.t/DA cos!t , where A is a non-negative
random effect, the amplitude subject to EfAg < 1. Here we realize the trend
function of oscillations of type EfX.t/g D EfAg cos!t . The variance-covariance
function for such a simple model is given byEfŒX.s/�EfX.s/g�ŒX.t/�EfX.t/g� D
EfŒA cos!s�ŒA cos!t�g � �.s/�.t/ D ŒEfAg2 �EfAg�2.cos!s/.cos!t/ DW
˙.s; t/ Let us denote the variance �2 D Var.A/ such that we receive the variance-
covariance function˙.s; t/, namely

˙.s; t/ D �2.cos!s/.cos!t/ (C79)

End of Example 6.2

Ex 3: Cosine Oscillations with Random Amplitudes and Phase

Example 6.3 Cosine oscillation with random amplitude and random phase

This time we assume the cosine model X.t/ D A cos.!t C ˚/, where A is a non-
negative random effect and finite variance. The phase is a random effect, equally
distributed ˚ 2 Œ0; 2��, The two random effects A and ˚ are independently from
each other in the statistical sense. Such a stochastic process fX.t/ 2 .�1;C1/g
can be considered as the outputs of the larger number of similar oscillators,
arbitrarily chosen when applied at different time instances. Because of
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Efcos.!t C ˚/g D 1

2�

2�Z
0

cos.!t C ˚/d˚

D 1

2�
Œsin.!t C˚/�2�0 D 0 (C80)

We experience a zero trend function. According the variance-covariance function
we may represent by

˙.s; t/ D EfŒA cos.!s C ˚/�ŒA cos.!t C ˚/�gd˚

D EfA2g 1
2�

2�Z
0

cos.!s C ˚/ cos.!t C ˚/d˚

D EfA2g 1
2�

2�Z
0

1

2
fcos.t � s/ cosŒ!.s C t/C 2˚�gd˚ (C81)

The first term characterizes a constant, while the second term approaches zero such
the resulting variance-covariance function is proportional to the difference � DW t�s

˙.�/ D ˙.t � s/ D 1

2
EfA2g cos!t (C82)

Such a process is stationary.

End of Example 6.3

Ex 4: Superposition of Two Uncorrelated Random Function

Example 6.4 Superposition of two uncorrelated random functions

Let A and B be two uncorrelated random functions characterized by EfAg D
EfBg D 0 and var.A/ D var.B/ D �2 < 1, The derived stochastic process
is defined by fX.t/; t 2 .�1;C1/g, namely by

X.t/ D A cos!t C B sin!t (C83)

Because of var.X.t// D �2 <1we have an example of random process of second
order. Due to

EfX.t/g D EfAg cos!t C EfBg sin!t D 0 (C84)
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Fig. C.2 Pulse demodulation
of a binary system

We are able to compute the variance-covariance function ˙.s; t/ D EfX.t/X.s/g
assuming EfA;Bg D EfAgEfBg D 0 due to uncorrelation

˙.s; t/ D EfA2 cos!s cos!t C B2 sin!s sin!tg
CEfAB cos!s sin!t C sin!s cos!tg

D �2.cos!s cos!t C sin!s sin!t/

CEfABg.cos!s sin!t C sin!s cos!t/ (C85)

˙.s; t/ D �2 cos!t for � DW t � s (C86)

Again we gain a stochastic process which depends only on the difference t � s DW �
which is stationary.

End of Example 6.4

Ex 5: Pulse Modulation

Example 6.5 Pulse modulation

A source generates at each time interval T time units of independent from each other
a sign “1” or “0” with the probability 1-p or � . The transfer of a “1” or “0” appears
in this way that T time units produce a pulse with the amplitude A. In this way they
generate a random signal, namely a stochastic process fX.t/; t 2 .�1;C1/g, with
this property:

X.t/ D
�
0 with probability �

A with probability .1 � �/:

We start from the partial sequence, for instance

� � � 1 0 1 1 0 1 � � � ,
illustrated by Fig. C.2. We have chosen the initial value t D 0 in such a way that we
start the transmission of a message.
Finally we review the trend function of the process as a constant and the covariance
function as a non stationary process.
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Fig. C.3 Randomly retarded
pulse demodulation of a
binary system

EfX.t/g D AP fX.t/ D Ag COP fX.t/ D 0g D A.1� p/ (C87)

nT � s; t < .nC 1/T; n D 0;˙1;˙2; � � �
EfX.s/;X.t/g D EfX.s/;X.t/jX.s/ D AgP fX.s/jX.s/ D Ag

CEfX.s/;X.t/jX.s/ D 0gP fX.s/jX.s/ D 0g
D A2.1 � p/ (C88)

Form ¤ n, the process X.s/ and X.t/ are independent due tomT � s � .mC 1/T
and nT � t < .n C 1/T . Accordingly the variance-covariance function is not
stationary:

˙.s; t/ D Cov.s; t/

D
�
A2p.1 � p/ for all nT � t < .nC 1/T; for all n D 0;˙1;˙2; � � �
0 otherwise:

�

(C89)

End of Example 6.5

Ex 6: Random Retarded Pulse Modulation

Example 6.6: Randomly retarded pulse modulation

With regard to our previous example of a stochastic process fX.t/; t 2 .�1;C1/g,
we consider another stochastic process fY.t/DfX.t � 1/g subject to t 2
.�1;C1/ assuming that D 2 Œ0; T � is a random variable of a trajectory
fX.t/; t 2 .�1; C1/g shifted to the right producing the other stochastic
process fY.t/; t 2 .�1;C1/g. We illustrate the transfer by a random number
� � � 101101 � � � under the constraint DD 0. The trend function of such a process is
characterized by EfX.t �D/g D A.1� p/ as we have seen before.
X.s/ and X.t/ are independent if and only if when the inequality jt � sj > T holds
or if s and t at the points nT C D for n D 0;˙1;˙2; � � � are disjunct. Let us call
the random event by B . The complementary event is denoted by B . The related
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Fig. C.4 Covariance
function of a randomly
retarded pulse modulation

probability values are called P.B/ D .t � s/=T and P.B/ D 1 � .t � s/=T . For
all jt � sj � T to variance-covariance function is represented by

˙.s; t/ D EfX.s/;X.t/jBgP fBg C EfX.s/;X.t/jBg �EfX.s/gEfX.t/g
D EfX.s/;X.t/jBgP fBg C EfŒX.s/�2gP fBg �EfX.s/gEfX.t/g
D ŒA.1 � p/�2jt � sj=T CA2.1 � p/.1 � jt � sj=T / � ŒA.1 � p/�2

(C90)

˙.� WD t � s/ D
�
A2p.1 � p/.1 � j� j=T / forj� j � T
0 otherwise:

(C91)

The random process of second order fY.t/; t 2 .�1;C1/g is therefore stationary
illustrated by its variance covariance-function of Fig. C.4

Example of stochastic processes with discrete time

Stochastic processes with discrete time scale can be understood as a random
sequence. Here we restrict us to stationary random sequences as a first order model.
They play a dominant role in signal transform and signal transfer.

End of Example 6.6

Ex 7: Random Sequences with Discrete Signals

Example C6.7 Random sequences with discrete signals

Let f� � � ;X�2;X�1;X0;X1;X2; � � � g be a random sequence of uncorrelated identical
distributed random events characterized by

EfXig D 0; VarfXi g D �2 <1; i 2 f0;˙1;˙2; � � �
Due to the restricted range of variances we model a random process of second order,
its trend function is zero.
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EfXig D 0; for all i 2 f0;˙1;˙2; � � �

cov.�/ D
�
�2 for all � D 0I
0 for � ¤ 0: (C92)

Its covariance function with odd numbers s and t is characterized by the form
Cov.s; t/ D EfXsXt g such that Cov.s; t/ D EfXsgEfXtg D 0 for s ¤ t and
Cov.s; t/ D EfX2g D �2 for s D t . Obviously beside the property of stationarity
of random sequences it is important the property of independent increments.

End of Example 6.7

Ex 8: Random Sequences of Moving Averages of Order
n W MA.n/

Example C.6.8 Random sequences of moving averages of order n: MA(n)

A random signal may be given by

Yt D
nX
iD0

ciXt�1for allt 2 f0;˙1;˙2; � � � g

where fXig is a random sequence of independent effects with parameter. The natural
number n and the sequence of real restricted real numbers c0; c1; � � � ; cn�1; cn
are given. The construction of the Yt are influenced by the momentary date Xt

as well as n previous values f� � � ;X�2;X�1;X0;X1;X2; � � � g. Such a relation is
called Principle of moving averages characterized by the process of second order
Xt ; t 2 f0;˙1;˙2; � � � g.

VarfYtg D �2
nX
iD0

ci ci <1 for all t 2 f0;˙1;˙2; � � � g (C93)

“trend function”
EfXtg D 0 for al l t 2 f0;˙1;˙2; � � � g .C 93/

“covariance function”

cov.s; t/ D EfYsYt g D E
8<
:
"

nX
iD0

ciXs�i

#
Œ

nX
jD0

cjXt�j �

9=
;

D E

8<
:
2
4X i D 0n

nX
jD0

ci cjXs�iXt�j

3
5
9=
; (C94)
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“if jt � sj > n , then EfXs�iXt�j g D 0 subject to s � i ¤ t � j ”,

“if s � i D t � j , then”

cov.s; t/ D Ef
nX

0�i�n;0�jt�sj�i�n
ci cjt�sjCiX2

s�i g

D �2
n�jt�sjX
iD0

ci cjt�sjCi (C95)

As a summary, the covariance function cov.s; t/ D cov.t/ subject to � WD t � s is
as a sequence of moving average stationary

cov.�/ D
�
�2.c0cj� j C c1cj� jC1 � � � C cn�j� jcn/ for 0 � j� j � nI
0 for j� j > n: (C96)

End of Example C 6.8

Ex 9: Random Sequences with Constant Coefficients of Moving
Averages of Order n W MA.n/

Example C.6.9 Random sequences of moving averages of order n: MA(n)

A special case if the coefficient ci in our previous example is the setup c D 1=.nC1/
for i 2 f0; 1; � � � ; n � 1; ng. The sequence of moving average of order n can be
defined by

Yt D 1

nC 1
nX
iD0

Xt�i for all t 2 f0;˙1;˙2; � � � g (C97)

cov.�/ D
"

�2

nC1
�
1 � j� j

nC1


for 0 � j� j � nI

0 otherwise:
(C98)

“MA” summarizes “moving average” of order n.

End of Example C 6.9
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Ex 10: Random Sequences of Unlimited Order

Example C.6.10 Random sequences of unlimited order

Let be given the random sequence of unlimited order of type

Yt D
1X
iD0

ciXt�i for all t 2 f0;˙1;˙2; � � � g (C99)

for real numbers ci . In order to guarantee the convergence of the series we assume

1X
iD0

ci <1 (C100)

its related covariance function can be represented

Cov.�; t/ D ˙.�/ D �2
1X
iD0

ci cj� jCi for al l � D f0;˙1;˙2; � � � g (C101)

Var.Yt / D ˙.0/ D lim
J!1 �2

JX
iD0

ci for al l t D f0;˙1;˙2; � � � g (C102)

Yt D ˙.0/ D lim
i!�1;C1 ciXt�i for al l t D f0;˙1;˙2; � � � g

Cov.s; t/ D ˙.�/ D �2 lim
J2Œ�1;C1�

ci cj� jCi

The result is a two-sided sequence of moving averages

End of Example C 6.10

Ex 11: Autoregression Sequence of First Order: AR.1/

Example C.6.11 Autoregressive sequences of first order: AR(1)

The starting point is the autoregressive sequence of first order AR(1) of type

Yt D aYt�1 C bXt for all t D f0;˙1;˙2; � � � g (C103)
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limited by jaj < 1 and b as well as the random sequence fXg. The instant state Yt

depends only of the previous state Yt�1 as well as a random disturbance Xt subject
to fXg D 0 and Ef.Xt � EfXt g/2g D b2�2. Applying n times of the series we gain

Yt D anYt�n C b
n�1X
iD0

aiXt�i (C104)

lim
n!1an D 0 .C 105/ ) Yt D b

1X
iD0

aiXt�� (C105)

“Special Case”

ci DW bai W lim
J!1

JX
iD0

�
bai

�2 D b2 lim
J!1

JX
iD0

a2i D b2

1 � a2 forJ <1
(C106)

For an autoregressive sequence of first order of a stationary random process we
arrive a the characteristic covariance function

Cov.�/ D .b�/2 lim
J!1

JX
iD0

aiaj� jCi D aj� j.b�/2 lim
J!1

JX
iD0

a2i (C107)

Cov.�/ D .b�/2

1 � a2 aj� j for � D 0;˙1;˙2; � � � (C108)

End of Example C 6.11

Ex 12: Autoregression Sequence of First Order r: AR.r/

Example C 6.12 autoregressive sequences of order r: AR(r)

An autoregressive sequence of order r called “AR(r)” is the random sequence
Yt ; t D 0;˙1;˙2; � � � over the set of real numbers a1; a2; � � � ; ar�1; ar namely

Yt C a1Yt�1 C a2Yt�2 C � � � C ar�1Yt�.r�1/ C arYt�r D bXt (C109)

The set Xi is a random sequence of parameters
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Is the setup Yt D lim
J!1

JP
iD1

ctXt�1 for
1P
iD0

ci < 1 for a stationary sequence

transformable in an autoregressive sequence of order r ?

For solving this problem we have to solve for the relation of constants

c0 D b
c1 C a1c0 D 0

c2 C a1c1 C a2c0 D 0
cr C a1cr�1 C � � � C arc0 D 0

ci C a1ci�1 C � � � C arci�r D 0 (C110)

A non-trivial solution of the equation leads us to the algebraic equation

yr D a1yr�1 C � � � C ar�1y C ar D 0 (C111)

Example: y2 C a1y C a2 D 0
For an autoregressive sequence of second order, namely r=1, we study the equation
of quadratic order, namely by the eigen values �1 and �2. For the case �1 ¤ �2 we
compute the covariance function.

Cov.�/ D Cov.0/
.1� �21/�j� jC1

2 � .1 � �22/�j� jC1
1

.�2 � �1/.1 � �1�2/ (C112)

Alternatively, for the case �1 D �2 D � we calculate the covariance function:

Cov.�/ D Cov.0/

�
1C 1 � �2

1C �2 j� j
	
�j� j for � D 0;˙1;˙2; � � � (C113)

subject to

Cov.0/ D VarfYt g

Cov.0/ D 1C a2
.1 � a2/Œ.1C a2/2 � a21�

(C114)

If �1 and �2 are complex, then there exist � and ! subject to

�1 D � exp.i !/; �2 D � exp.�i !/ (C115)



780 C Statistical Notions, Random Events and Stochastic Processes

Cov.�/ D Cov.0/˛�j� j sin.!j� j C ˇ/ for � D 0;˙1;˙2; � � � (C116)

˛ WD 1

sinˇ
; ˇ D arctan

�
1C �2
1 � �2 tan!

	
(C117)

Example: Numerical example

Let us introduce the numerical example for the autoregressive sequence

Yt � 0:6 Yt�1 C 0:05 Yt�2 D 2Xt for t D 0;˙1;˙2; � � � (C118)

subject to

VarfXt g D 1 (C119)

Obviously the impact of the term at the time instant t-2 on Y is small, at least
compared to term on the time instant t-1. The related algebraic equation of second
order can be represented by

Y2 � 0:6 y C 0:05 D 0 (C120)

Their solution is �1 D 0:1 and �2 D 0:5. Indeed compared to one, they are small
than one. The solution leads to a stationary autoregressive sequence characterized
by the covariance functions

Cov.�/ D 7:017 � .0:5/j� j � 1:063 � .0:1/j� j (C121)

subject to

� D 0;˙1;˙2; � � �
Cov.0/ D VarfYt g D 5:954

More details can be taken from Andel (1984)

End of Example C.6.12

Ex 13: ARMA (r,s) Models

Example C.6.13 ARMA(r,s) models
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As a combination of random sequences of moving averages and of auto regressive
sequences we introduce the ARMA(r,s) of the order

�
YtCa1Yt�1C � � � Car�1Yt�.r�1/CarYt�r D b0XtCb1Xt�1C � � � Cbs�1Xt�.s�1/CbsXt�s

�
(C122)

In practice, ARMA model we used to model time series as a sequence of real
numbers determined by observing the state variables in discrete time instants. Very
often, time series are not realizations of stationary random sequences of type
fYt ; t D 0;˙1;˙2; � � � g with constant trend functions EfYtg D �.t/, but the
transformation

Z.t/ D EffY.t/g � EfY.t/gg (C123)

reduced mean

EfZig D EŒfYt g �EfYtg� D 0 (C124)

reduced covariance matrix

DfZg D EŒfYt1g � EfYt1g� D ŒYt2EfYt2g� D cov.t1; t2/ (C125)

leads approximately to proper fit of ARMA models. They are called trend reduced
moving average interregressive sequences being “nearly stationary”. Very efficient
software exist nowadays.

End of Example C.6.13: ARMA(r,s)

C-7 Wiener Processes

First, we define a Wiener Process by three axioms, namely by stationary increments
of a random function, together with path continuity. The relation to a random walk
is outlined. Especially the probability density of an ordered n-dimensional Wiener
Process is reviewed. Secondly, special Wiener A Process of type (a) Ornstein-
Uhlenbeck (b) WIENER Process with drift and (c) integrated WIENER Process
are introduced

C-71 Definition of the Wiener Processes

The English botanician R. Brown published in the year 1828 the random movement
of microscopic small organic and inorganic particles suspended in liquids illustrated
in Fig. C.3. We observe a totally irregular motion of particles, nowadays called
Brownian motion. Its first analytical treatment, we owe Bachelier (1900) and
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Fig. C.5 Trajectory of a two
dimensional Brownian
motion of 30 s distance
(Perrin 1916)

Einstein (1905). Both found that a two-dimensional Gauss-Laplace distribution can
model the typical Brownian motion. They spoke a chaotic movement of microscopic
small particles. Wiener (1923) built up his theory of stochastic process with
independent increments to model this Brownian motion we will define first.

Definition C.7.1: Wiener Process

A stochastic process fX.t/; t 	 0g with continuous time and the state space Z D
.�1;C1/ is called Wiener Process when it can be described as a path-continuous
process by the following axioms.

(i) X.0/ D 0 (C 126)
(ii) fX.t/; t 	 0g has stationary increments (C 127)

(iii) for all t > 0, X.t/ is Gauss-Laplace normally distributed (C 128)

End of Definition C.7.1: Wiener

Because of the stationarity of the increments, the difference X.t/ � X.s/ for all
s; t 	 0 are Gauss-Laplace normally distributed with expectation EfX.t/ �
X.s/g D 0 and variance �2jt � sj. Since the increments are independent the
increments are a Markov-Wiener process. If � D 1, then we call the process
“standard Wiener”.

Continuity and differentiability

EfjX.t/ �X.s/j2g D VarfX.t/ � X.t/g D �2jt � sj (C129)

lim
h!0

EfjX.t C h/ �X.t/j2g D lim
h! �2jhj D 0 (C130)

“In the mean square sense the Wiener Process is continuous”

Wiener Process and the random walk
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There is a intimate contact of Wiener Process and “a random walk” of a particle.
The random walk of a particle can be described by

X.t/ D .X1 C X2 C � � � C XŒt=
t�/
x (C131)

“In the time interval starting by x D 0, a particle moves in the time difference 
t
by 
x as a length unit to the left and the right with probability 1/2”.

X.t/ D
�C1 if the jump is to the right
�1 if the jump is to the left

(C132)

“t=
t” is the largest even number smaller or equal “t=
t”

P.Xt D 1/ D P.Xt D �1/ D 1=2 (C133)

EfXig D 0 and VarfXi g D 1)

) EfX.t/g D 0 and VarfX.t/g D .
x/2Œt=
t�

t ! 0) EfX.t/g D 0, VarfX.t/g D �2t

Multidimensional distribution and conditional probability

Let fX.t/g for t 	 0 be a Wiener Process. We ask the question what is distribution
of the sum of independent Gauss-Laplace normally distributed incremental qualities
of type

X.ti / D X.t1/C .X.t2/X.t1//C � � � C .X.ti /X.ti�1//
subject to

i D 2; 3; � � � ; n � 1; n
The result will lead us to the Special Wiener Process of type Gauss Process

Lemma C.7.2: Probability density of an n-dimensional Wiener Process

Let us assume 0 < t1 < t2 < � � � < tn�1 < tn for an ordered n-dimensional Wiener
Process of the random vectors fX1;X2; � � � ;X.tn�1/;X.tn/g characterized by
independent Gauss-Laplace normally distributed increments of a Wiener Process.
Then the probability density has the property
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ft1;t2;��� ;tn�1;tn .X1;X2; � � � ;X.tn�1/;X.tn//

D ft1.X1/ft2�t1 .X2 � X1/ � � �ftn�1�tn�2 .Xn�1 � Xn�2/ftn�tn�1 .Xn � Xn�1/

(C134)

and has the structure

ft1;t2;��� ;tn�1;tn .X1;X2; � � � ;X.tn�1/;X.tn//

D expf�1
2
Œ
x21
t1
C .x2 � x1/2

t2 � t1 C � � � C .xn�1 � xn�2/2

tn�1 � tn�2
C .xn � xn�1/2

tn � tn�1
�g


.2�/n=2�npt1.t2 � t1/ � � � .tn�1 � tn�2/.tn � tn�1/ (C135)

End of Lemma C.7.2: n-dimensional Wiener Process

Proof of Lemma 7.2

For the proof we depart from the one dimensional probability density of fXtg of
type Wiener Process.

First assumption

ft .x/ D � expŒ�x2=.2�2t/�
p2�t� (C136)

Second assumption

Let fs;t .x1x2/ the probability density of the random vector fX.s/X.t/g subject to
the order 0 < s < t characterized by

fs;t .x1x2/dx1dx2 D P.X.s/ D x1;X.t/ D x2/dx1dx2 (C137)

P.X.s/ D x1;X.t/ D x2/ D P.X.s/ D x1;X.t/ � X.s/ D x2 � x1/dx1dx2
(C138)

fs;t .x1x2/dx1dx2 D P.X.s/ D x1/P.X.t/ �X.s/ D x2 � x1/dx1dx2 (C139)

“independent increments”

fs;t .x1x2/ D fs.x1/ft .x2 � x1/ (C140)

Third assumption

fs;t .x1x2/ D expf�Œtx21 � 2sx1x2 C sx21 �g 
 2��2
p
s.t � s/ (C141)
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“correlation coefficient, covariance function”


s; t D C
p
s=t (C142)

CovfX.s/;X.t/g D �2s for 0 < s � t

CovfX.s/;X.t/ �X.s/g D 0 (C143)

CovfX.s/;X.t/g D CovfX.s/;X.s/C X.t/ � X.s/g
D CovfX.s/;X.s/g C CovfX.s/;X.t/ �X.s/g
D CovfX.s/;X.s/g D VarfX.s/g D �2 (C144)

“conditional probability density”

Condition: X.t/ D b

fX.s/.xjX.t/ D b/ D fs;t .x; t/
 ft .b/ (C145)

fX.s/.xjX.t/ D b/ D expf�.x � s
t
b/
2 


r
2�
s

t
.t � s/�g (C146)

EfX.s/jX.t/ D bg D s

t
b; VarfX.s/jX.t/ D bg D �2 s

t
.t � s/ (C147)

maxVarfX.s/jX.t/ D bg , s D t=2 (C148)

Finally, a generalization from ft .t/; fs;t .s; t/ to ft1t2���tn�1tn leads us to Lemma C 7.2

End of proof for Lemma C.7.2

At this end we will define the Gauss process.

Definition C.7.3: Gauss process

A stochastic process X.t/; t 2 T is a Gauss Process of type (C135), if for arbitrary
vectors .t1; t2; � � � ; tn�1; tn/ ordered as t1 < t2 < � � � < tn�1 < tn and n D 1; 2; � � �
are random vectors fX.t1/;X.t2/; � � � ;X.tn�1/;X.tn/g of an n-dimensional Gauss-
Laplace normal distribution.

End of Definition C.7.3: Gauss process

C-72 Special Wiener Processes: Ornstein–Uhlenbeck, Wiener
Processes with Drift, Integral Wiener Processes

Here we only introduce special Wiener Process of type
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(i) Ornstein-Uhlenbeck
(ii) Wiener Process with drift and

(iii) integrated Wiener Process

It has to be remembered that the trajectories of a Wiener Process are nowhere
differentiable. Particles in motion have an infinite velocity when modeled a Wiener
Process. In order to overcome this difficulty, Ornstein and Uhlenbeck developed
a stochastic model for modeling the velocity of particles, an important issue in
Continuum mechanics.

Definition 7.3: Ornstein-Uhlenbeck Process

Let fX.t/; t 	 0g be a Wiener Process with the parameter � . Then we call

V.t/ D Œexp.�˛t/�X.exp.˛t// (C149)

subject to ˛ > 0, a stochastic process fV.t/;�1 < t < C1g an Ornstein-
Uhlenbeck Process.

End of Definition: Ornstein-Uhlenbeck Process

What are the characteristic properties of the Ornstein-Uhlenbeck Process?

Property 1: Probability density

fV.t/.x/ D Œexp.�x2=2�2/�
 .
p
2��/ (C150)

Property 1: Expectations

EfV.t/g D 0; VarfV.t/g D �2 (C151)

Cov.s; t/ D �2Œexp.�2˛.t � s//� for s � t (C152)

Proof for the covariance function

Cov.s; t/ D Cov.V .s/; V .t// D EfV.s/V .t/g
D expŒ�˛.s C t/�EfX.exp2˛s/X.exp2˛t/g
D expŒ�˛.s C t/�Cov.X.exp2˛s/X.exp2˛t//

D expŒ�˛.s C t/��2Œexp.2˛.t � s//� (C153)

It has to be mentioned that the Ornstein-Uhlenbeck Process is stationary in the
wider sense. As a Gauss Process it is also stationary in the narrow sense. In sum-
mary, the Ornstein-Uhlenbeck Process is an instationary Wiener Process which
is stationary process due to the action of time transformation and normalization.
In comparison to the Wiener Process, the Ornstein-Uhlenbeck has the following
differences
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1. The Ornstein-Uhlenbeck Process has no independent increments
2. The trajectories of an Ornstein-Uhlenbeck Process are in the quadratic

mean differentiable

Wiener Process with drift

Another example for the transformation of an instationary process to a stationary
process is the Wiener Process with drift.

Definition 7.4: Wiener Process with drift

A stochastic process fW.t/; t 	 0g with independent increments is called a Wiener
Process with drift, if the following properties hold:

(i)
W.0/ D 0 (C154)

(ii) Each increment has the property W.t/ � W.s/ is Gauss-Laplace normally
distributed with second order statistics

(iii)
EfW.t/g D �.t � s/ (C155)

(iv)
VarfW.t/g D �2jt � sj (C156)

End of Definition 7.4: drifted Wiener Process

An equivalent formulation is next:

“fW.t/; t 	 0g is a Wiener Process with drift, if it has the structure

W.t/ D �t C X.t/ (C157)

where fX.t/; t 	 0g is a Wiener Process subject to �2 D VarfX.1/g and � an
arbitrary constant, called as drift parameter”.

Obviously, a Wiener Process with drift is generated by the super position of type
“additive” of a Wiener Process with a deterministically growing decreasing part.
The deterministic part is a trend function of type �.t/ D �t .
The one dimension probability density distribution of a “Wiener Process with drift”
can be characterized by

fW.t/.x/ D expŒ�.x � �t/2=.2�/�
 Œ
p
2�t��; �1; x;C1 (C158)
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In practice, drift parameters are daily experience. We restrict ourselves with only
one example.

Example: Geometric Wiener Process with drift

Let us introduce a stochastic process of type fZ.t/; t 	 0g characterized by

Z.t/ D expW.t/ (C159)

called “geometric Wiener Process with drift”. Since the model W.t/ has by
definition a Gauss-Laplace normal distribution the expectation of .Z.t// equals the
moment generating function of W.t/. For instance,

EfexpW.t/g D expfst.�C 1=2�2s/g (C160)

s D 1 W) EfZ.t/g D expŒt.�C �2=2/� (C161)

s D 2 W

) EfZ2.t/g D expŒ2t.�C �2/� (C162)

) VarfZ.t/g D expŒt.2�C �2/�Œexp.t�2/ � 1� (C163)

Integrated Wiener Process

By transforming of a Wiener Process we receive a stochastic process which is very
important in the analysis. We will summarize these transformations in three cases
in our

Lemma 7.5: Elementary transformations os a Wiener Process

Let fX.t/; t 	 0g be a standard Wiener Process such that the following stochastic
processes are as well standard Wiener Processes:

(i)
fU.t/; t 	 0g subject to U.t/ D cX.t=c2/; c > 0 (C164)

(ii)
fV.t/; t 	 0g subject to V.t/ D X.t C h/� X.h/; h > 0 (C165)

(iii) fV.t/; t 	 0g subject to

W.t/ D
�

X.t/ for all t > 0
0 for all t > 0

(C166)

End of Lemma 7.5

We skip the proof. Instead let fX.t/; t 	 0g be a Wiener Process: Accordingly “near
all” trajectories x D x.t/ are continuous in the squared mean. In consequence, there
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exist the integrals u.t/ D
tR
0

x.y/dy for “nearly all” trajectories x D x.t/. These

integrals are realizations of the random integral.

u.t/ D
tZ

0

x.y/dy (C167)

u.t/ is the symbol for the integral acting on “nearly all” trajectories of a Wiener
Process subject to the probability distribution fU.t/; t 	 0g defines a stochastic
process called integrated Wiener Process.

Stochastic integration

Assume the Riemenn integration for 0 D t0 < t1 < � � � < tn�1 < tn D 1 subject to

ti D ti � ti�1 for forward computations and i D 1; 2; � � � ; n � 1; n

u.t/ D lim
n!1;
ti!0

f
nX
iD1
ŒX.ti /� X.ti�1/�
ti (C168)

u.t/ is the lines of a sum of independent Gauss-Laplace normally distributed
random variables as well Gauss-Laplace normally distributed: An integrated
Wiener Process is being analyzed by

.a/ Trend function:

Ef
tZ
0

X.y/dyg D
tZ

0

EfX.y/gdy D E.t/ D 0 (C169)

.b/ Covariance function:

Covfu.s/; u.t/g D Ef
sZ
0

X.z/d z

tZ
0

X.y/dyg D
sZ
0

tZ
0

EfX.z/X.y/gdyd z

D �2

sZ
0

tZ
0

min.y; z/dyd z D �2
sZ
0

yZ
0

zd zdy C �2
sZ
0

tZ
y

y dz dy

D �2
sZ
0

1

z
y2dy C �2

sZ
0

y.t � y/dy (C170)
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Covfu.s/; u.t/g D �2

6
.3t � s/s2 for s � t (C171)

Varfu.t/g D �2

3
t3 for s D t (C172)

An integrated wiener Process is not stationary, in general. But it can be proven that
the stochastic process V.t/ WD u.tC�/�u.t/ for V.t/ 2 fV.t/; t 	 0g is stationary
for all � > 0.

White noise

A stochastic process, Z.t/ 2 fZ.t/; t 	 0g subject to

Z.t/ WD dX.t/
 dt D X.t/ (C173)

or

dX.t/ WD Z.t/dt (C174)

cannot be computed by standard differentiation: We have to introduce stochastic
integration, for instance

bZ
a

f .t/dX.t/ D lim
n!1;
ti!0

f
nX
iD1

f .ti�1/ŒX.ti / �X.ti�1/�g (C175)

bZ
a

f .t/dX.t/ D f .b/X.b/� f .a/X.a/ �
bZ
a

X.t/df .t/ (C176)

The representation reminds us to “partial integration”. As the limit of the sum
of independent Gauss-Laplace normally distributed random variables we have to
compute the expectation of type

Ef
bZ
a

f .t/dX.t/g D 0 (C177)
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Varf
nX
iD1

f .ti�1/ŒX.ti / �X.ti�1/�

D
nX
iD1

f 2.ti�1/VarfX.ti /� X.ti�1/g

D �2
nX
iD1

f 2.ti�1/.ti � ti�1/ D �2
nX
iD1

f 2.ti�1/
ti (C178)

The limit approaches the variance of the stochastic integral of type

Varf
bZ
a

f .t/dX.t/g D �2
bZ
a

f 2.t/dt (C179)

This result leads to the definition of White Noise

Definition C.7.6: White Noise

A stochastic process fZ.t/; t 	 0g is called “White Noise” if for any arbitrary
interval Œa; b� of continuously differentiable functions f .t/, namely

bZ
a

f .t/dZ.t/ D f .b/X.b/ � f .a/X.a/ �
bZ
a

X.t/df .t/ (C180)

where fX.t/; t 	 0g is a Wiener Process.

End of Definition C.7.6: White Noise

?Why we call stochastic process “White Noise”?

The origin of the question is the definition of the “generalized derivative”. To this
end we define ”the Dirac Delta function” as a “generalized function”

ı.t/ WD lim
h!0

�
1=h for � h=2 � t � Ch=2
0 otherwise

(C181)

or

ı.t/ WD
�1 for t D 0
0 otherwise

(C182)
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Properties of Dirac’s Delta function

(i)

C1Z
�1

f .t/ı.t � t0/dt D f .t0/ (C183)

(ii) Heaviside functions

H.t/ WD
�
1 for t 	 0
0 for t < 0

(C184)

“The Dirac’s Delta function is the formal derivative of the Heavide function”

ı.t/ D @H.t/=@t (C185)

(iii) Covariance function

CovfZ.s/;Z.t/g D CovŒ@X.s/=@s; @X.t/=@t

D @

@s

@

@t
CovfX.s/;X.t/g D @

@s

@

@t
min.s; t/

D @

@s
H.s � t/ (C186)

CovfZ.s/;Z.t/g D ı.s � t/ (C187)

the covariance function is a measure of the statistically independence between
Z.s/ and Z.t/, have a function of the small distances between the point s and
the point t, namely js � t j.

“How can we illustrate the Dirac function?”
Let fN.t/; t 	 0g be an arbitrary numbering process following our Definition C.7.6.
The instants of the process at the points T1; T2; � � � ; admit the representation in terms
of the Heavide function N 0.t/ in terms of the Dirac function:

N.t/ D
1X
iD1

H.t � Ti/; @N.t/=@t D
1X
iD1

ı.t � Ti / (C188)

Figure C.6 an illustration of the numbering process.
The theory of stochastic integration has led us to the concept of generalized function,
namely the Dirac function and Heaviside function, and to the notion of White Noise.
More general notions like the concept of Colored Noise and finally to the notion of
its stochastic processes.
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Fig. C.6 Dirac numbering system

C-8 Special Analysis of One Parameter Stationary
Stochastic Process

C.8: Spectral analysis of one parameter stationary stochastic processes

Statistic or stochastic processes are conventionally divided into three classes we
have already touched:

Class one
general instationary
process

Class two
stationary
process

Class three
ergodic stationary
process

In real life, of course, we have live the property that all natural process are
instationary. It is the task of modeling real world process, for instance by a first
order trend model or by taking increments of higher order to come more closely to
the case of stationary processes for higher order increments. We will come back to
this problem.
For formal reasons we introduce first real-valued and complex-valued stochastic
process. Second we study the structure of process with a discrete spectrum. At the
end, we introduce stochastic process with a continuous spectrum enriched by
examples.

C-81 Foundations: Ergodic and Stationary Processes

C.8.1: Foundations: Ergodic and stationary processes

We move on towards complex-valued stochastic processes defined by the following
axioms:
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.a/ X.t/ D Y.t/C iZ.t/ subject to i D p�1 (C189)

.b/ “Real” W fY.t/; t 2 Œ�1;C1�g

.c/ “Imaginary” W fZ.t/; t 2 Œ�1;C1�g
NZ D a � b; jzj D pzNz D pa2 C b2 “absolute value” (C190)

.d/ “Trend function” W EfX.t/gEfY.t/g C iEfZ.t/g
.e/ “Covariance function” W

CovfX.s/;X.t/g D EfŒX.s/ �EfX.s/g�ŒX.t/� EfX.t/g�g(C191)

.f / Stationary in the wider sense W
.vi1/ EfX.t/g D �.t/ D � (constant) (C192)

.vi2/ CovfX.s/;X.t/g D Cov.oI s � t/; � WD t � s (C193)

.g/ Complex-valued stochastic process of second order:

EfjX.t/j2g <1 foral l t 2 Œ�1;C1� (C194)

(C195)

Ergodicity

A stochastic process EfX.t/; t 2 Œ�1;C1� is stationary in the narrow sense if
for all trajectories x.t/ D y.t/C iz.t/ there hold

EfX.t/g D EfX.t0/g DW lim
T!1

1

2�

CTZ
�T

x.t/dt for t0 2 R (C196)

In this integral relation, in order to compute the expectation value Efx.t0/g we
use only all the information which is located in one realization of the stochastic
process. In contrast to the general case, we have used up to zero the information of
all realizations of the stochastic process. In stationary ergodic process we used only
one instant. An excellent approximation is the presentation.

EfX.t0/g D � D lim
N!1

1

N

NX
RD1

xk.t0/ (C197)

Such a definition has a simple physical interpretation: The mean of a fixed instant
equals the mean of a long time interval: The mean location is identical to the time
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average. In essence, This is the property of ergodic stationary processes. Analogue
we can define the covariance function for a such processes namely

Cov.�/ D lim
T!1

1

2�

CTZ
�T
Œx.t/ � �px.t C �/ � �dt (C198)

The treatment of ergodic stationary processes is reasonable for cases in which we
have only one time like realization of the stochastic process. Of course increasing
the length of the interval Œ�T;CT � improves the estimation of EfX.t0/g D �.

Here we also take reference the Euler’s representations:

exp˙ix D cos x ˙ i sin x (C199)

sinx D 1

2i
Œexp.ix/� exp.�ix/� (C200)

cos.x/ D 1

2
Œexp.ix/C exp.�ix/� (C201)

C-82 Processes with Discrete Spectrum

C.8.2: Processes with discrete spectrum

We start with general structure of stationary processes with discrete spectrum: we
assume that all stationary process are ergodic.

Ex 1: Special Stationary Ergodic Processes

Example 8.1: Special stationary ergodic processes

Let fX.t/; t 	 0g be a stochastic process structure by

lrX.t/ D X˝.t/; X a complex random variable (C202)

EfXg D 0; E.jX j2/ <1; EfX.t/X.t C �/g D ˝.t/˝.t C �/EfX2g
(C203)

� D 0 W ˝.t/˝.t/ D j˝.t/j2 D constant (C204)

“ansatz” W ˝.t/ D j˝.t/ expŒi!.t/� for !.t/ real function (C205)

“ansatz” W !.t C �/� !.t/ ¤ f .t/ W dŒ!.t C �/ � !.t/�=dt D 0 (C206)
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or d!.t/=dt D constant (C207)

“ansatz” W !.t/ is a function of two constants; I ! and � W (C208)

˝.t/j˝.t/j expŒi.! C �/� (C209)

End of Example 8.1: Special stationary ergodic processes

Lemma 8.1: decomposition of a complex stationary ergodic process

A stochastic process fX.t/; t 	 0g of the structure X.t/ D X˝.t/ is stationary in
the wider sense if and only if

X.t/ D X exp.i!t/ (C210)

subject to EfXg D 0; Efjxj2g <1; s DW EfjX j2g; Cov.�/ D s exp.�i!�/
End Lemma 8.1

The real part of a complex stochastic process describes a cosine oscillation with a
random amplitude and phase

y.t/ D a cos.!t C �/ (C211)

The parameter ! is called frequency.

We generalize to two stationary processes as a linear combination: we refer to X1
and X2 as two complex random variables with zero expectation and two constant
parameter f!1; !ı

1 D 0; !2; !
ı
2 D 0g. We assume that the two complex random

functionsX1 and X2 are uncorrelated such that EfX1X2g D 0 or EfX1 �X2g D 0.
Our intention is to get the form of the covariance function:

X.t/ D X1 exp.i!1t/CX2 exp.i!2t/ (C212)

covfX.t/X.t C �/g
D EfŒX1 exp.i!1t/CX2 exp.i!2t/�Œ NX1 exp.�i!1t/C NX2 exp.�i!2t/�g
D EfŒX1 NX2 exp.�i!1�/CX1 NX2 exp.i.!1 � !2/t � i!2�/�g
CEfŒX2 NX1 exp.�i!2�/CX2 NX2 exp.i.!2 � !1/t � i!1�/�g (C213)

s1 DW EfjX1j2g; s2 DW EfjX2j2g (C214)

Cov.�/ D s1 exp.�i!1�/C s2 exp.�i!2�/ (C215)
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Ex 2: Special Correlation Function of a Stationary Stochastic Processes

Example 8.2: Special correlation function of a stationary stochastic process

A special complex stationary stochastic process may be real-valued. For instance
we define

X1 D 1

2
.AC iB/ and X2 DW NX1 D 1

2
.A� ıB/ (C216)

A and B are two real-valued functions. In consequence of our representationX.t/ D
X1 exp.i!1t/CX2 exp.i!2t/ we specialize here to

X.t/ D A cos!t � B sin!t (C217)

A, B are uncorrelated. We received the covariance function

Cov.�/ D 2s cos!� (C218)

subject to s WD EfjX1j2g D EfjX2j2g
End of Example 8.2: Special correlation function

For pairwise uncorrelated stationary stochastic processes the general ansatz of type
X.t/ DPn

kD1 exp.i!kt/ subject to !j ¤ !k for j ¤ k and i; j D 1; 2; : : : ; n�1; n
and EfXkg D 0 will lead us to the covariance function

Cov.�/ D
nX

kD1
sk.i!k�/ and sk D EfjXkj2g for k 2 f1; 2; : : : ; n � 1; ng

(C219)

in particular

Cov.� D 0/ D EfjX.t/j2g D
nX

kD1
sk (C220)

In summary, the oscillation X.t/ is an additive superposition of a harmonic
oscillation. This average energy per time unit is the same of circle average energies
per time unit, an appropriate interpretation of our last representation.
In order to achieve a real-valued function, we have specialize to

(a) an even number n,
(b) and a pair of valuesXk being conjugate complex.

Let the set f!1; !2; : : : g define the spectrum. We have to divide the various spectrum
into two classes: small band processes and broad band processes, an entry into filter
theory with many application in all sciences.
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Ex 3: Dirac Representation of a Covariance Function

Example 8.3: Dirac representation of covariance function

We use the infinitely generalized covariance function for application of a Dirac
function representation.

Cov.�/ D lim
K!1

KX
kD1

sk

C1Z
�1

exp.i!�/s.! � !k/d! (C221)

Cov.�/ D
C1Z

�1
exp.i!�/s.!/d! (C222)

subject to

s.!/ D lim
K!1

KX
kD1

skı.! � !k/ (C223)

The generalized function s.! is denoted by “spectral density” of a stationary
stochastic process, formally equivalent to the Fourier transform.

End of Example 8.3: spectral density

C-83 Processes with Continuous Spectrum

C.8.3 Processes with continuous spectrum

Here we present first the spectral decomposition of the covariance function of a
stochastic process with continuous spectrum. Second we present Kolmogorov’s
spectral decomposition theorem.

C8-31 Spectral decomposition of a covariance function

Let fX.t/; t 2 Rg be a complex-valued stationary stochastic process described
by its covariance function. Then there exists a real-valued function S.!/ such that
cov.�/ enjoys the representation.

Cov.�/ D
C1Z

�1
exp.i!�/dS.!/ (C224)

called the spectral function of the process. Note the domain t 2 Œ�1;C1�

Cov.0/ D S.1/� S.�1/ D EfjX j2g <1 (C225)
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The spectral function is determined only up to an additive constant c. Most
commonly c is chosen to S.�1/ D 0. If there exists the first derivative S.!/ D
dS.!/=d!, we find the spectral density of the stochastic process: The covariance
function of this stationary process is the Fourier transform of the spectral density.
Since S.!/ has to be a decreasing function we find also its property.

Cov.�/ D
C1Z

�1
exp.i!�/s.!/d! (C226)

s.!/ 	 0; (C227)

C1Z
�1

s.!/d! <1 (C228)

The set f!; s.!/ > 0g defines the continuous spectrum of the stationary stochastic
process. The term

Cov.0/ D S.1/� S.�1/ D
C1Z

�1
s.!/d! (C229)

is called average power of the spectrum. If we describe the stationary stochastic
process Xt by harmonic oscillations with random amplitude and random phase, we
are able to express

exp.i!t/ D expŒi t.!C 2�k/� for all k 2 f1; 2; : : : g or k 2 Œ��;C�� (C230)

Cov.�/ D
C�Z

��
exp.i�!/s.!/d! for � D 0;˙1;˙2; : : : (C231)

If
C1R
�1

Cov.�/d� < 1 for stationary stochastic processes, holds, we are able to

introduce the inverse Fourier transform by

s.!/ D 1

2�

C1Z
�1

exp.�i!�/Cov.�/d� (C232)
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s.!2/ � s.!1/ D i

2�

C1Z
�1

exp.�!2�/ � exp.�i!1�/
�

Cov.�/d� (C233)

Ex 4: Fourier Spectral Density

Example 8.4: Fourier spectral density

Assume real-valued constants a and cjaj < 1 . Here we will analyze the covariance
function for an autoregressive stationary sequence of first order and compute its
spectral density.

s.!/ D 1

2�

C1X
�D�1

Cov.�/ exp.�i�!/

D e

2�

" �1X
�D�1

a�� exp.�i�!/C
1X
�D0

a� exp.�i�!/
#

D c

2�

" 1X
�D1

a� exp.i�!/C
1X
�D0

a� exp.�i�!/
#

(C234)

s.!/ D c

2�

�
a exp.i!/

1 � a exp.i!/
C 1

1 � a exp.i!/

�
(C235)

End of Example: Fourier spectral density

Assume a real-valued stochastic process whose covariance function Cov.�/ D
Cov.��/, namely Cov.�/ D ŒCov.�/C Cov.��/�=2, can be represented by

Cov.�/ D
C1Z

�1
cos.!�/s.!/d! (C236)

Cov.�/ D 2
C1Z

�1
cos.!�/s.!/d! .cos.!�/ D cos.�!�// (C237)
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s.!/ D 1

2�

C1Z
�1

cos.!�/Cov.�/d� (C238)

s.!/ D 1

�

C1Z
0

cos.!�/Cov.�/d� (C239)

Correlation time

In practice the notion of “correlation time” or “correlation length” is very appro-
priate:

�0 WD 1

Cov.0/

C1Z
0

Cov.�/d� (C240)

or

�0 WD �s.0/

2
C1R
0

s.!/d!

(C241)

For j� j � �0 there is a unstable correlation or statistical dependence between X.t/
and X.t/C � . This correlation decreases for growing j� j; j� j > �0.

Ex 5: Stationary Infinite Random Sequence

Example 8.5: Stationary infinite random sequence

The infinite random sequence f� � � ;�X1;X0;CX1; � � � g may be structured
according to Xt D atX subject to t D 0;˙1;˙2; � � � : The complex random
variable is structured according to EfXg D 0 as well as VarfXg D �2. The random
sequence f� � � ;�X1;X0;CX1; � � � g is the wider sense stationary if and only if the
constants ! within the set-up.

at D exp.i t!/ for t D 0;˙1;˙2; � � � (C242)

are represented. In the stationary case, the harmonic oscillations Xt will be given
by the random amplitude and the random phase as well as a constant frequency !.
For such a case a set-up of the covariance-function will be calculated.

exp.i t!/ D exp i t.! C 2k�/ for t 2;˙1;˙2; � � � (C243)
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Cov.�/ D
C�Z

��
exp.i t!/s.!/d! for � 2;˙1;˙2; � � � , (C244)

,
s.!/ D 1

2�

C1X
�D�1

exp.�i t!/Cov.�/ (C245)

If we specialize to X real-valued and uncorrelated we achieve a pure random
sequence subject to

Cov.�/ D �2 , s.!/ D �2=.2�/ (C246)

End of Example 8.5: random sequence

Ex 6: Spectral Density of a Random Telegraph Signal

Example 8.6: spectral density of a random telegraph signal

Given the covariance function, we intend to find a representation of the spectral
density for a random telegraph signal.

Cov.�/ D a exp.�bj� j/ for a > 0; b > 0 (C247)

s.!/ D 1

2�

C1Z
�1

exp.�i!�/a exp.�bj� j/d!

D a

2�

8<
:

0Z
�1

exp.�i!�/d� C
C1Z
0

expŒ�.b � i!/��d�
9=
;

D a

2�

�
1

b � i! C
1

b C i!
�

(C248)

s.!/ D ab

�.!2 C b2/ (C249)

The correlation time is calculated to �0 D 1=b! this result is illustrated by Figs. C.7
and C.8, namely by the spectral structure of the covariance function and its spectral
density

End of Example: spectral density telegraph signal
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Fig. C.7 Covariance of Example 8.6

Fig. C.8 Spectral density of Example 8.6

Ex 7: Spectral Representation of a Pulse Modulation

Example 8.7: Spectral density of a pulse modulation

We start with the covariance function of a pulse modulation and study its spectral
density.

Cov.�/ D
�
a.T � j� j/ for j� j � T
0 for j� j > T (C250)

s.!/ D a

2�

CTZ
�T
Œexp.�i!�/�.T � j� j/d�

D a

2�

8<
:T

TZ
�T

exp.�i!�/d� �
CTZ
0

� exp.i!�/d� �
CTZ
0

� exp.�i!�/d�
9=
;

D a

2�

8<
:
2T

!
sin.!�/ � 2

CTZ
0

� cos.!�/d�

9=
; (C251)

s.!/ D a

�

1 � cos!T

!2
(C252)

Figures C.7 and C.8 illustrate the covariance function and the spectral density of
a pulse modulation. A slight modification of our example proves that it is not
automatic for stationarity.
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Fig. C.9 Covariance of
Example 8.7

Fig. C.10 Spectral density of Example 8.7

Cov.�/ D
2
4a.T � �

2/ for j� j � 0
for a > 0; T > 0

0 for j� j < 0
(C253)

s.!/ cannot be the spectral density of a stationary stochastic process.

Alternatively, we like to resent the covariance function Cov.�/ be a Dirac delta-
function ı.�/. In this case we find

ı.�/ D 1

2�

C1Z
�1

exp.�i!�/d� (C254)

s.!/ D 1

2�

C1Z
�1

exp.�i!�/ı.�/d� D 1

2�
(C255)

by formal inversion.

End of Example 8.7: pulse modulation
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Fig. C.11 Spectral density of
a harmonic function

Ex 8: Spectral Density and Spectral Function of a Harmonic Oscillation

Example 8.8: Spectral density and spectral function of a harmonic oscillation

Given a harmonic oscillation with a given covariance function, we will derive the
structure of the spectral density function as well as the spectral function.

Cov.�/ D a cos!0� (C256)

s.!/ D a

2�

C1Z
�1

exp.�i!�/ cos.!0�/d�

D a

4�

1Z
�1

exp.�i!�/Œexp.�i!0�/ � exp.�i!0�/�d�

D a

4�

8<
:

1Z
�1

expŒi.!0 C !/��C
1Z

�1
expŒ�i.!0 � !/��

9=
; d� (C257)

s.!/ D a

2
fı.!0 � !/C ı.!0 C !/g (C258)

S.!/ D
2
4 0 for ! < �!0
a=2 for � !0 < ! � �!0 step function
a for ! > !0

(C259)

We illustrate the spectral density as well as the spectral function of a harmonic
oscillation by Fig. C.11 as well as Fig. C.12. It has to be emphasized that all three
functions Cov.�/; s.!/ and S.!/ are stationary functions.

End of Example 8.8: Spectral function of harmonic oscillation
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Fig. C.12 Spectral function
of type step function for a
harmonic oscillation

Ex 9: Spectral Density Function of a Damped Harmonic Oscillation

Example 8.9: Spectral density functions of a damped harmonic oscillation

Given the covariance function of a damped harmonic oscillation, we want to find
the spectral density of this stationary stochastic process,

Cov.�/ D a exp.�bj� j/ cos!0� (C260)

s.!/ D a

�

1Z
0

exp.�b�/ cos.!�/ cos.!0�/d�

D a

2�

1Z
0

exp.�b�/Œcos.! � !0/� C cos.!0 C !/��d� (C261)

s.!/ D ab

2�

�
1

b2 C .! � !0/2
C 1

b2 C .! C !0/2
�

(C262)

!0 is called the eigen function of the stochastic process of type stationary. A typical
example is the fading of a radio signal.

End of Example 8.9: Damped harmonic oscillation

Ex 10: Spectral Density of White Noise

Example 8.10: Spectral density of white noise

Perviously we introduced the concept of “white noise” as a real-valued stationary
process with continuous time of type Wiener process. Given its covariance function,
we are interested in the spectral density function.

Cov.�/ D 2�s0ı.�/ (C263)
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s.!/ D 1

�

1Z
�1

exp.�i!�/2�s0ı.�/d� D S0 (C264)

A comparative formulation of a white noise process is the following:

White noise is a real-valued process whose spectral density is a constant

Comment

the spectral density of a white noise process has only the property s.!/ 	 0, but not

the property
1R

�1
s.!/d! <1. Accordingly, a white noise process with an average

power spectrum fulfils
s.!/d! D1 (C265)

does exist only in theory not in practice. A comparison is “the mass point” or
“the point mass”, which also exist only “in theory”. Nevertheless it is reasonable
approximation of any reality.
A stationary process can always be considered as a excellent approximation of white
noise if the covariance betweenZ.t/ andZ.tC�/ for growing values j� j extremely
fast goes to zero.

Example:

Let us denote the variations of the absolute value of the force by Z.t/ acting on
a particle of a liquid medium at the time t and leading to a Brownian motion.
Per second, the resulting force leads to approximately 1021 collisions with other
particles. Therefore the stochastic variables Z.t/ and Z.t C �/ are stochastically
independent (“uncorrelated”) if j� j is of the order of 10�18 seconds. If we assume a
covariance function of type Cov.�/ D exp.�bj� j/ for b > 0, the number b has to
be larger than 10�17 seconds.

End of Example 8.10: White noise

Ex 11: Band Limit of White Noise

Example 8.11: Band limited white noise

A stationary stochastic process with a constant spectral density function S.!/ D s0
for ! 2 f�1;C1g does not in practice. But a stationary stochastic process with
the spectral density
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Fig. C.13 Spectral density of
band limited white noise
process

Fig. C.14 Covariance
function of a band limited
white noise process

s.!/ D
�
s0 for �˝=1 � ! � C˝=2
0 otherwise

(C266)

exists

Cov.�/ D
C˝=2Z

�˝=2
exp.i!�/so D 2s0 sin.˝�/=2

�
(C267)

The average power of the process is proportional to Cov .0/ D s0˝ . The parameter
˝ is called the band width of the process. A white noise process is generated by the
limit of a band limited white noise illustrated by Figs. C.13 and C.14.

End of Example 8.11: band limited white noise

C-84 Spectral Decomposition of the Mean and
Variance-Covariance Function

C.8.4: Spectral decomposition of the expectation and the variance-covariance
function

The decomposition of the spectrum of a stationary process fY.x/; x 2 Rg subject
to R 2 f�1;C1g applied to orthogonal increments of various order has many
representations, if they do not overlap in the intervals

Œx1; x2�; Œx3; x4� or Œx1; x2; x3�; Œx4; x5; x6� etc
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in the formulations of double, triple etc. differences. An example is

EfŒY.x2/ � Y.x1/�ŒY.x4/ � Y.x4/�g (C268)

EfŒY.x3/ � 2Y.x2/C Y.x1/�ŒY.x6/ � 2Y.x5/C Y.x4/�g (C269)

Accordingly, a real-valued stochastic process with independent increments whose
trend function EfY.x/g D 0 is zero, has orthogonal increments.

Example 8.12: Spatial best linear uniformly unbiased prediction: spatial BLUUP

Spatial BLUUP depends on the exact knowledge of proper covariance function. In
general, the variance-covariance function depends on three parameters fı1; ı2; ı3g
called f rugged, sill, rangeg

Cov.�/ D .kx1 � x2k/ (C270)

We assume stationarity and isotropy for the mean function as well as for the
variance-covariance function. (In the next section we define isotropy)

Model W Z.x/ � f .x/0ˇ C e.x/ (C271)

Subject to Efe.x/g D 0

Postulate one: “ Mean square continuity ”

lim
y!x

EfZ.y/� Z.x/g D 0 (C272)

Postulate two: Mean square differentiability

lim
h!0

Z.k � k C hn/�Z.k � k/
hn

�!
n!1

0 (C273)

If we assume “mean square differentiability”, then Z0 has a variance-covariance
function. If “mean square differentiability” holds, it is also differentiated in any
dimension. Here we introduce various classes of differential calculus applied to
variance-covariance functions.

(i) DIGGLE chaos:
Cov.h/ D c exp.�ajhj� / (C274)

(ii) MATERN class:
Cov.h/ D c.˛jhj	H.ajhj// (C275)

“ H” denotes the “modified Bessel function of order 	”
(iii) Whittle class:

spectral density of type

c.˛2 C !2/�	�˛=2
(C276)



810 C Statistical Notions, Random Events and Stochastic Processes

(iv) Stochastic process on curved spaces like the sphere or the ellipsoid: no Matern
classes, the characic functions have a discrete spectrum, for instance in terms
of harmonic functions.

End of Example 8.12: spatial BLUUP

Let us give some references: Brown et al. (1994), Brus (2007), Bueso et al.
(1999), Christenson (1991), Diggle and Lophaven (2006), Fedorov and Muller
(2007), Groeningen et al. (1999), Kleijnen (2004), Muller et al. (2004), Muller
and Pazman (2003), Müller (2005), Omre (1987), Omre and Halvorsen (1989),
Pazman and Muller (2001), Pilz (1991), Pilz et al. (1997), Pilz and Spock (2006),
PilzSpock(2008), Spöck (1997), Spock(2008), Stein (1999), Yaglom (1987), Zhu
and Stein (2006).

Up to now we assumed a stochastic process of type fX.t/; t 2 Rg, R D f�1;C1g
as a complex stationary process of second order. Then there exist a stochastic
process of second order fU.!/; ! 2 Rg with orthogonal increments which can be
represented by

X.t/ D
C1Z

�1
exp.i!t/dU.!/ (C277)

The process fU.!/; ! 2 Rg of the process fX.t/; t 2 Rg is called the related
spectral process. Its unknown additive constant we fix by the postulate

P fU.�1/ D 0g D 1 (C278)

subject to

EfU.!/g DW 0 (C279)

EfŒjU.!/j2�g � S.!/ (C280)

EfŒjdU.!/j2�g � dS.!/ (C281)

Our generalization was introduced by A. N. Kolmogorov: Compare this representa-
tion with our previous model

X.t/ D lim
k!1

KX
kD1

exp.i!t/Xk (C282)

and
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Xt D
C1Z

�1
exp.i!t/dU.!/ (C283)

The orthogonality of the Kolmogorov stochastic process fU.t/; t 	 0g corresponds
in case of a discrete spectrum to the concept of uncorrelation. Convergence in the
squared mean of type

C1R
�1

exp.i!t/dU.!/ D lim
a!�1
b!C1

lim
n!C1

!k!0

nP
kD1

exp.i!k�1t/ŒU.!k/� U.!k�1/�

(C284)

emphasizes the various weighting functions of frequencies: The frequency !k�1 in
the range Œ!k�1; !k� receives the random weight U.!k/ � U.!k�1/. A analogue
version of the inversion process leads to

U.!2/ � U.!1/ D i

2�

C1Z
�1

exp.i!2t/ � exp.i!1t/

t
X.t/dt (C285)

In practice, Kolmogorov stochastic processes are applied in linear filters for prog-
nosis or prediction.

C-9 Scalar-, Vector-, and Tensor Valued Stochastic Processes
of Multi-Parameter Systems

Appendix C.9: Scalar-, vector- and tensor-valued stochastic processes of multi-
parameter systems

We have experienced the generalization of a scalar-valued stochastic process due
to A.N. Kolmogorov. Another generalization due to him is the concept of the
structure functions for more general vector-valued and tensor-valued for increments
of various order as well as their power spectrum or multi-parameter systems.

First we introduce the notion of the characteristic functional replacing the notion
of the characteristic function for random function. Second, the moment represen-
tation for stochastic processes is outlined. Third we generalize the notion from
scalar-valued and vector-valued stochastic processes to tensor-valued stochastic
processes of multi-point parameter systems. In particular, we introduce the notion
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of homogeneous and isotropic stochastic fields and extent the Taylor-Karman
structured criterion matrices to distributions of the sphere.

C-91 Characteristic Functional

Let us begin with the definition of the characteristic functional.

�

YxŒ�� D Efexp.iY.�//g D Efig
bZ
a

�.x/Y.x/dx (C286)

�

Y.�/ as the characteristic functional elates uniquely to the random function
Y.x/ of a fixed complex number. If the characteristic functional of a specific
random function is known we are able to derive the probability density distribution
fX1;:::;XN .YX ; : : : ; YXN /.

Example

If a scalar-valued function in a three dimensional field x WD .x1; x2; x3/ exists define
its characteristic functional by

�

YY Œ�� WD Efexp.i
Z C1Z
�1

Z
Y.x1; x2; x3/�.x1; x2; x3//dx1dx2 (C287)

The domain of integration is very often chosen to be spherical coordinates of
ellipsoidal coordinates .u; v;w/ for u 2 f0; 2�g; v 2 f��=2 < v < C�=2g and
w 2 f0 < w < 1g as a first chart. A second chart is needed to cover totally the
intersection surfaces, for instance by meta-longitude, meta-latitude.

End of Example

Probability distribution for random functions and the characteristic functional

As a generalization of the characteristic function for random events, the concept of
the characteristic functionals for random functions or stochastic processes has been
developed. Here we aim at reviewing the theory. We apply the concept of random
functions for multi-functions of type scalar-valued and vector-valued functions
which have been first applied in the statistical theory turbulence.

what is the characteristic functional?

We summarize in Table C.9.1 the detailed notion of a scalar-valued as well as a
vector-valued characteristic functional illustrated by an example by introducing the
“Fourier-Stieljes functional”.
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Table C.9.1 Probability distribution of a random function and the characteristic
functional

“Scalar-valued characteristic functionals”

“Random function over an interval [a,b] with N-variables”

fY.x/; x 2 R
N g is called a random function if the density function

fx1;x2;:::;xN�1;xN ŒY.x1/; Y.x2/; : : : ; Y.xN�1/; Y.xN /� (C288)

exist at .x1; x2; : : : ; xN�1; xN / points.

“Fourier representation of the distribution function”

�

Yx1;:::;xN .�1; : : : ; �N / WD EfexpŒi.
PN

kD1 )kYk/�g
D R C1

�1: : :
R

expfiPN
kD1 )kYkgfx1;:::;xN .Y1; : : : ; YN /dY1 : : : dYN

(C289)

subject

Y1 WD Y.x1/; : : : ; Yk WD Y.xk/ (C290)

“Existence condition”

Y Œ�1; : : : ; �N � D
bR
a

�.x/dx (C291)

“Vector-valued characteristic functionals”

“at any point P of the domain D place a set of base vectors e˛.Pi / at fixed
points Pi for ˛ D 1; 2; : : : ; n � 1; n; i D 1; 2; : : : ; N � 1;N .

Y ˛i D; Y.P � i/je˛.Pi / > (C292)

“Vector-valued characteristic functionals”

�

YYŒ�� W �.x; y; z/ DPn
˛D1 �˛.Pi /Y.Pi / (C293)

End of Table C.9.1: characteristic functional
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C-92 The Moment Representation of Stochastic Processes for
Scalar Valued and Vector Valued Quantities

The moment representation of stochastic processes is the standard tool of statistical
analysis. If a random function is given by its probability function, then we find a
unique representation of its moments. But the inverse process of a given moment
representation converted in its probability function is not unique. Therefore we
present only the direct representation of moments for a given probability function.
At first we derive for a given scalar-valued probability function its moment
representation in Table C.9.2. In Table C.9.3 we generalize this result for stochastic
processes which are vector-valued. An example is presented for second order
statistics, namely for the Gauss-Laplace normal distribution and its first and second
order moments.

Table C.9.2 Moment representation of stochastic processes for scalar
quantities

“scalar-valued stochastic processes”

“moment representation”

Y.x/; x 2 R
N is a random function, for instance applied in turbulence theory.

Define the set of random function fx1; x2; : : : ; xN�1; xN g 3 R

with the probability distribution f .x1; x2; : : : ; xN�1; xN /.
Then the moment representation is the polynomial

Mp1;p2;:::;�N�1;�N WD Efx1; x2; : : : ; xN�1; xN g

D RRC1
: : :
�1

RR
x
�1
1 x

�2
2 : : : x

�N�1

N�1 x
�N
N f fx1; x2; : : : ; xN�1; xN g

�dx1dx2 : : : dxN�1dxN

(C294)

(nonnegative even numbers) p1; : : : ; pN W �1; �2; : : : ; pN�1; pN 2 NN

Œp� WD �1 C p2 C � � � C pN�1 C �N (C295)

is called the order of the moment representation
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Table C.9.2 Continued

“central moment representation”

fx1 � Efx1g; x2 � Efx2g; : : : ; xN�1 �EfxN�1g; xN � EfxN gg (C296)
B�1�2:::pN�1;pN WD Ef.x1 �Efx1g/�1 ;

.x2 �Efx2g/�2 ; : : : ; .xN�1 � EfxN�1g/�N�1 ;

.xN � EfxN g/�N g
(C297)

“Characteristic function”

˚.�1; : : : ; �N / WD
RR

C1
: : :
�1RR

expfiPk �kxkgf fx1; x2; : : : ; xN�1; xN gdx1dx2 : : : dxN�1dxN

(C298)

“differentiate at point �1 D 0; : : : ; �N .0/”

.i/Œ��M �1p2:::pN�1;pN D
h

@Œ��

@�
p1
1 :::@�

pN
N

˚.�1; : : : ; �N /
i
�1D0;:::;�ND0

(C299)

“semi-invariants”

‰ WD ln˚ (C300)

S�1;:::;�N WD
.i/Œ��.�1/Œ��

h
@Œ��

@�
�1
1 @�

�2
2 :::@�

�N�1
N�1 @�

pN
N

‰.�1; : : : ; �N /
i
�1D0;:::;�ND0

(C301)

“transformation of semi invariants to moments of order”

Si D M1; S2 D M2 �M2
1 D B2;

S3 DM3 � 3M2M1 C 2M3
1 D B3

S4 D B1 � 3B2
2 ; S5 D B5 � 10B3B2 (C302)

End of Table C.9.2: Moment representation of stochastic processes
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Table C.9.3 Moment representation of stochastic processes for vector-
valued quantities

“Vector-valued stochastic processes”

“moment representation”

“multi-linear functions of a vector field Gauss-Laplace distributed”

�

YYŒ�� W �.x/ DPn
˛D1 �˛.Px/Y˛.Pi / (C303)

for a set of base vectors e˛.Pi / at fixed points
P˛; ˛ D 1; 2; : : : ; n � 1; nI i D 1; 2; : : : ; N � 1;N

“one-point n-dimensional Gauss-Laplace distribution”

Y.P˛/ � f.P˛/

f.PN / D C exp

 
1
2

NP
i;j

gij .P˛/.Yi
˛ �EfYig/.Yj

˛ �EfYj
˛g/
!

(C304)

“gauge”

RR C1
: : :
�1

RR
f .P˛/dY1dY2 : : : dYN�1dYN WD 1 (C305)

“two-point n-dimensional Gauss-Laplace distribution: covariance function”

B˛;ˇ.P˛; Pˇ/ D EfŒY ˛.P˛/� EfY ˛g�ŒY ˇ.Pˇ/ �EfY ˇg�g (C306)

Y.P˛/; Y.Pˇ/ � f .P˛; Pˇ/ (C307)

f .P˛; Pˇ/ D D exp
�
� 1
2

PN
i;jD1 gij .P˛; Pˇ/.Y i˛ �EfY i˛g/.Y iˇ �EfY iˇg/



(C308)

Example : Gauss-Laplace normal distribution, character’s functional

“ansatz”
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Table C.9.3 Continued

A.�/ D EfX.�/g WD Ef
bR
a

�.Y /Y.x/gdx D
bR
a

EfY.x/gdx (C309)

B.�/ D
bR
a

bR
a

B.x1; x2/�.x1/�.x2/dx1dx2 (C310)

“multi-point functions”

�

Y.Y /Œ�.x/� WD expfi
bR
a

�.x/EfY.x/gdx � 1
2

bR
a

bR
a

B.x1; x2/�.x1/�.x2/dx1dx2

(C311)

in general: multi-point functional series
Fourier-Stieljes functional series

Gauss-Laplace normal distribution functional:
first and second order moments

An example is the central moment of fourth order of type two-points
subject to a Gauss-Laplace normal distribution:

B˛ˇ;�ı .P1; P2/ D B˛;ˇ.P1/B
�ı .P2/C

CB˛;� .P1; P2/B
ˇı.P1; P2/C B˛ı.P1; P2/B

ˇı.P1; P2/ (C312)

general rule by JSSERLIS: on a formula for the product moment coefficient
in any number of variables Biometrika 12(1918) No. 138

First and Second order moments of a probability density

and the uncertainty relation

bR
a

ŒY.x/� EfY.x/��0.x/dx D 0 (C313)

bR
a

bR
a

B.x1; x2/�.x1/�.x2/dx1dx2 D 0 (C314)
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C-93 Tensor-Valued Statistical Homogeneous and Isotropic
Field of Multi-Point Systems

First, we introduce the ideal structure of a variance-covariance matrix of multi-point
systems in an Euclidean space called

homogenous and isotropic in the statistical sense.

Such a notion generalized the concept of stationary functions so far introduced.
Throughout we use the terminology “signal” and “signal analysis”.
Let us begin with the notion of an ideal structure of the variance-covariance matrix
of scalar value called signal, a multi-point function. An example is the gravity force
as a one-point function, namely the distance between two-points as a two-point
function or the angle between to a reference point and two targets as a three-point
function. Here, we are interested in a criterion matrix of vector-vector signals which
are multi-point functions. An example is the placement vector between network
points determined by an adjustment process, namely a vector-valued one-point
function proportional to the difference vector between network points, a vector-
valued two-point function.
Let S.X1; � � � ;X˛/ be a scalar-valued function between placement vectors
X1; � � � ;X˛ with in a three dimensional Euclidean space. The variance-covariance
of the scalar-valued signal at placement vectors X1; � � � ;X˛ and X˛C1; � � � ;Xˇ is
defined by

P
.X1; � � � ;X˛;X˛C1; � � � ;Xˇ/ WD EfŒS.X1; � � � ;X˛/ �EfS.X1; � � � ;X˛/g�
� ŒS.X˛C1; � � � ;Xˇ/� EfS.X˛C1; � � � ;Xˇ/g�g (C315)

For the special case X1; � � � ;X˛;X˛C1; � � � ;Xˇ the multi-point function agrees toP
.X1; � � � ;X˛;X˛C1; � � � ;Xˇ/ to the variance in the other case to the covariance.

Definition C.9.1: Homogeneity and isotropy of a scalar-valued multi-point
function

The scalar-valued multi-point function
P
.X1; � � � ;X˛;X˛C1; � � � ;Xˇ/ is called

homogenous in the statistical sense. if it is translational invariant, namely

X
.X1C t; � � � ;X˛C t;X˛C1C t; � � � ;XˇC t/ D

X
.X1; � � � ;X˛;X˛C1; � � � ;Xˇ/

(C316)
t is called the translational vector. The function

P
is called the isotropic, if it is

rotational invariant in the sense of

X
.RX1; � � � ;RX˛;RX˛C1; � � � ;RXˇ/ D

X
.X1; � � � ;X˛;X˛C1; � � � ;Xˇ/

(C317)
R is called the rotational matrix.



C-9 Scalar-, Vector-, and Tensor Valued Stochastic Processes 819

End of Definition C.9.1: homogeneity and isotropy

The following representation theorems apply:
Lemma C.9.2: homogeneity and isotropy of a scalar-valued multi-point function

The scalar-valued multi-point function is homogenous in the statistical sense if and
only if it is a function of the difference vectors X2 � X1; � � � ;Xˇ � Xˇ�1:
X

.X1; � � � ;X˛;X˛C1; � � � ;Xˇ/ D
X

.X2�X1; � � � ;X˛C1 �X˛; � � � ;Xˇ �Xˇ�1/
(C318)

This function is isotropic in the statistical sense,

P
.X1; � � � ;X˛;X˛C1; � � � ;Xˇ/

D
X

.jX1j; < X1;X2 >;< X1;X3 >; � � � ; < Xˇ�1;Xˇ >; jXˇj/ (C319)

is a function of all scalar products including the length of the vectors X1;

� � � ;X˛;X˛C1; � � � ;Xˇ.

The function
P
.X1; � � � ;X˛;X˛C1; � � � ;Xˇ/ is homogenous and isotropic in the

statistical sense if

P
.X1; � � � ;X˛;X˛C1; � � � ;Xˇ/

D
X

.jX2 �X1j; < X2 � X1jX3 � X2 >; � � � ;
; � � � ; < Xˇ � Xˇ�1jXˇ�1 �Xˇ�2 >; jXˇ �Xˇ�1j/ (C320)

is a function of all scalar products including the length of the difference vectors
X2 � X1; � � � ;X˛C1 � X˛;Xˇ � Xˇ�1.
End of Lemma C.9.2: homogeneity and isotropy

As a basic result we take advantage of the property that a scalar-valued function
P

of type multi-points is homogenous and isotropic in the statistical sense if

P
.X1; � � � ;X˛;X˛C1; � � � ;Xˇ/ (C321)

D
X

.jX2 � X1j; jX3 � X1j; � � � ; jXˇ � Xˇ�2j; jXˇ � Xˇ�1j/

is a function of length of all difference vectors X� � Xı for all 1 � ı < � � 1. For
a proof we need the decomposition
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< X;Y > D 1

2
.jXj2 C jYj2 � jX � Yj2/

D 1

2
.jXC Yj2 � jX � Yj2/ (C322)

Example: four-point function, var-cov function

Choose a scalar-values two-point function as the distance S.X1;X2/ between two
points X1 and X2. The criterion matrix of a variance-covariance function under the
postulate of homogeneity and isotropy in the statistical sense

P
.X1;X2;X3;X4/ as

a four-point function described by ˇ.ˇ � 1/=2 D 6 quantities, for instance

P
.X1;X2;X3;X4/

D
X

.jX2 � X1j; jX3 �X1j; jX4 �X1j; jX3 �X2j; jX4 � X2j; jX4 � X3j/
(C323)

End of example: var-cov function, 4 points

Another example is a scalar-valued three-point function of the type angular
observation A.X1;X2;X3/ between a fixed point X1 and the two moving points
X2 and X3.
The situation of vector-valued functions between placement vectors X1; � � � ;X˛ in
a three-dimensional Euclidian space based on the representation

S.X1; � � � ;X˛/ D
3X
iD1

Si .X1; � � � ;X˛/ei .X1; � � � ;X˛/ (C324)

is slightly more complicated. the Euclidean space is spanned by the base vectors
fe1; e2; e3g fixed to a reference point. The variance-covariance of a vector signals at
placements X1; � � � ;X˛ and X˛C1; � � � ;Xˇ is defined as the second order tensor

X
WD
X
i;j

.X1; � � � ;X˛;X˛C1; � � � ;Xˇ/ei .X1; � � � ;X˛/˝ ej .X˛C1; � � � ;Xˇ/

(C325)
when we have applied the sum notion convention over repeated indices.

P
i;j .X1; � � � ;X˛;X˛C1; � � � ;Xˇ/ WD EfŒSi .X1; � � � ;X˛/�EfSi.X1; � � � ;X˛/g�
� ŒSj .X˛C1; � � � ;Xˇ/ �EfSj .X˛C1; � � � ;Xˇ/g�g (C326)

We remark that all Latin indices run 1; 2; 3 but all Greek indices label the number
of multi-points. For the case X1 D X˛C1; � � � ;X˛ D Xˇ we denote the multi-point
function

P
i;j .X1; � � � ;X˛;X˛C1; � � � ;Xˇ/ as the local variance covariance matrix

for the general case nonlocal covariance
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Definition C.9.3: Homogeneity and isotropy in the statistical sense of a tensor
valued multi-point function

The multi point tensor valued function
P
.X1; � � � ;X˛;X˛C1; � � � ;Xˇ/ is called

homogenous in the statistical sense, if it is translational invariant in the sense of

X
.X1C t; � � � ;X˛C t;X˛C1C t; � � � ;XˇC t/ D

X
.X1; � � � ;X˛;X˛C1; � � � ;Xˇ/

(C327)
Where t denotes the translational vector
In contrast the multi-point tensor-valued function

P
.X1; � � � ;X˛;X˛C1; � � � ;Xˇ/ is

called isotropic in the statistical sense if it is rotational invariant in the sense of

X
.RX1; � � � ;RX˛;RX˛C1; � � � ;RXˇ/ D R

X
.X1; � � � ;X˛;X˛C1; � � � ;Xˇ/R

(C328)
where R denotes the rotation matrix element of the SO.3/ group

End of tensor-valued multi-point functions

of key importance are the following representations for tensor-valued multi-point
homogenous and isotropic functions

Lemma C.9.4: homogeneity and isotropy in the statistical sense of tensor-valued
symmetric multi-point functions

A second order symmetric tensor-valued multi-point function is homogenous if,

X
.X1; � � � ;X˛;X˛C1; � � � ;Xˇ/ D

X
.X2 �X1; � � � ;X˛C1 �X˛; � � � ;Xˇ �Xˇ�1/

(C329)
is a function of difference vector .X2 �X1; � � � ;X˛C1 �X˛; � � � ;Xˇ �Xˇ�1/. This
function is isotropic if

P
.X1; � � � ;X˛;X˛C1; � � � ;Xˇ/

D �0.jX1j; < X1;X2 >;< X1;X3 >; � � � ; < Xˇ�1;Xˇ >; jXˇj/ıij ei ˝ ej

C
Xˇ

�D1
Xˇ

��
���.jX1j; < X1;X2 >;< X1;X3 >; � � � ; < Xˇ�1;Xˇ >; jXˇj/

�Œ.X� ˝X�/C .X� ˝X� /� (C330)

for a certain isotropic scalar-valued function �0 and ��� for all 1 � � � � � ˇ

Finally such a function is homogenous and isotropic in the statistical sense, if and
only if
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P
.X1; � � � ;X˛;X˛C1; � � � ;Xˇ/

D �0.jX2 � X1j; jX3 � X1j; � � � ; jXˇ �Xˇ�2j; jXˇ �Xˇ�1j/ıij .ei ˝ ej /

C
Xˇ

�D2
Xˇ

��
���.jX2 �X1j; jX3 �X1j; � � � ; jXˇ �Xˇ�1j/

�Œ.X� � X��1/˝ .X� � X��1/C .X� � X��1/˝ .X� � X��1/� (C331)

holds for a certain homogenous and isotropic scalar-valued functions �0 and ��� for
all 2 � � � � � ˇ

End of Lemma C.9.4: tensor-valued function var-cov functions

For the applications the Taylor-Karman structure for the case ˇD 2 is most
important:
Corollary C.9.5: ˇ D 2, Taylor-Karman structure for two-point tensor function
homogeneity and isotropy

A symmetric second order two-point tensor-function is homogenous and isotropic
in the statistical sense if and only if

˙ .X1;X2/

D �0.jX2 � X1j/ıij .ei ˝ ej /

C �22.jX2 �X1j/Œ.jX1 �X2j/˝ .jX2 �X1j/�
D �0.jX2 � X1j/ıij C �22.jX2 � X1j/ < X2 � X1; ei >< X2 �X1; ej >

D ˙ij .X1;X2/.ei ˝ ej / (C332)

(summation convention)

and

˙ij D �0.jX2 �X1j/ıij C Œ�22.jX2 � X1j/jX2 � X1j2 C �0.jX2 �X1j/�

� �0.jX2 �X1j/ 
Xi
Xi

jX2 � X1j2
(C333)
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˙ij .X1X2/ D ˙m.jX2 � X1j/ıij (C334)

C fŒ˙l.jX2 �X1j/�˙m.jX2 � X1j/� 
Xi
Xi

jX2 �X1j2

˙m and˙l are the homogenous and isotropic scalar-values functions

End of Corollary C.9.5: ˇ D 2, Taylor-Karman structure

The representation of the symmetric second-order two-point tensor-valued function
under the postulate of homogeneity and isotropy has been analyzed by G. J. Taylor
(1935) and T. Karman (1937) dealing with problems of Hydrodynamics. It was
introduced into Geodetic sciences by E. Grafarend(1970, 1972). Most often the
homogenous and isotropic scalar-valued function˙m and˙l are called

longitudinal and lateral

correlation function. It has been C.C. Wang who wrote first the symmetric second
order two-point tensor-valued function being homogenous and isotropic if

˙.X1X2/ D a1.X2 �X1/ıij Œe
iX1˝ ejX2�C a2.X2 �X1/Œ.X2 �X1/˝ .X2 �X1/�

(C335)
holds. This representations refers to a1.X2�X1/ D b1.jX2�X1j/ and a2.X2�X1/ D
b2.jX2�X1j/ according to C. C. Wang (1970 p, 214/215) as scalar-valued isotropic
functions. In case we decompose the difference vector

X2 �X1 D < X2 �X1jei .X1/ >< X2 � X1; e
j .X2/ > Œe

iX1 ˝ ejX2� D
D 
Xi
Xj Œe

iX1 ˝ ejX2� (C336)

˙ij .X1X2/ D b1.jX2 � X1j/ıij C b2.jX2 �X1j/
Xi
Xj

for any choice of the basis ei1 ; ej2 . A special choice is to put parallel to the basic
vector X2 � X1 such that

˙11 D b1.jX2 � X1j/C b2.jX2 � X1j/jX2 �X1j2 (C337)

˙22 D ˙22 D b1.jX2 � X1j/ (C338)

The base vector e2 and e3 are orthogonal to the “longitudinal direction” X2 � X1.
For such a reason

b1.jX2 � X1j/ WD ˙m.jX2 � X1j/ (C339)

and
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Fig. C15 Longitudinal and
lateral correlation: Two-point
function

b2.jX2 �X1j/ WD 1

jX2 � X1j2
f˙l.jX2 � X1j/�˙m.jX2 � X1j/g (C340)

of the scalar-valued isotropic functions˙l.jX2�X1j/ and˙m.jX2�X1j/. The result
is illustrated in Fig. C.9.1
A two-dimensional Euclidean example is the vector-valued one-point function of a
network point. Let

˙ D

2
664
�x1x1 �x1y1 �x1x2 �x1y2
�y1x1 �y1y1 �y1x2 �y1y2
�x2x1 �x2y1 �x2x2 �x2y2
�y2x1 �y2y1 �y2x2 �y2y2

3
775 (C341)

be the variance-covariance matrix of the two-dimensional network of two points
with Cartesian coordinates. The variance-covariance matrix will be characterized
by the variance �x1x1 D �2x1 of the X-coordinate of the first point, the covariance
�x1y1 of the x; y coordinates of the first point and the second point and so on. The
discrete variance-covariance matrix

˙ D EfŒX �EfXg�ŒX � EfXg�g (C342)

or

˙ij .X1;X2/ D EfŒxi .X1/� EfxiX1g�Œxj � EfxjX2g�g (C343)

or

xi .X1/ D fx1X1; x2X1g DW fx1; y1g
xj .X2/ D fx1X2; x2X2g DW fx2; y2g
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Fig. C16 Homogenous and isotropic dispersion situation: (a) general, (b)homogenous and
(c) homogenous-isotropic

are the estimated coordinates of the Cartesian vectors of the first network point
X1 or the second network point X2. The two-point functions ˙ij .X1;X2/ are the
coordinates labeling the tensor of second order. The local variances and covariances
are usually illustrated by local error ellipses:

˙ij .X1;X2 D X1/ (C344)

and

˙ij .X1 D X2;X2/;

�
�x1x1 �x1y1
�y1x1 �y1y1

�
and

�
�x2x2 �x2y2
�y2x2 �y2y2

�
(C345)

The nonlocal covariances are contained in the function ˙ij .X1;X2/ for the case
X1 ¤ X2, in particular

�
�x1x2 �x1y2
�y1x1 �y1y2

�
(C346)

Figure C.9.2 illustrates the postulates of homogeneity and isotropy for variance-
covariance matrices of cartesian coordinates left, we illustrate the general dis-
persion situation in two-dimensional networks, of course those local dispersion
ellipses. In the center, the homogenous dispersion situation: At each network points,
due the translation invariance all dispersion ellipses are equal. In the right side,
the homogenous and isotropic dispersion situation of type Taylor-Karman is finally
illustrated.

“All dispersion ellipses are equal and circular”



826 C Statistical Notions, Random Events and Stochastic Processes

Fig. C17 Correlation figures of type (a) ellipse and (b) hyperboloid

Finally we illustrate“longitudinal” and “lateral” within homogenous and isotropic
networks by Fig. C16, namely the characteristic figures of type (a) ellipse and
(b) hyperboloid. Those characteristic
functions ˙l and ˙m are described the eigen values of the variance-covariance
matrix. If the eigenvalues are positive, then the correlation figure is an ellipse.
But if the two eigen values change sign (either “C” or “�” or “�” or “C”) the
characteristic function has to be illustrated by a hyperboloid.

Ex 1: Two-Dimensional Euclidean Networks Under the Postulates
of Homogeneous and Isotropy in the Statistical Sense

Example C.9.1: Two-dimensional Euclidean networks under the postulates of
homogeneity and isotropy in the statistical sense

Two-dimensional network in a Euclidean space are presented in terms of the
postulates homogeneity and isotropy in the statistical sense. At the beginning,
we assume a variance-covariance matrix of absolute cartesian net coordinates of
type homogenous and isotropic, in particular with Taylor Karman structure. Given
such a dispersion matrix, we derive the associated variance-covariance matrix of
coordinate differences, a special case of the Kolmogorov structure function, and
directions, angles and distances. In order to write more simple formulae, we assume
quantities of type EfYg D 0
Definition C.9.6: Variance covariance matrix of Cartesian coordinate, coordi-
nate differences, azimuths, angular observations and distances in two-dimension
Euclidean networks
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Let ıxi .X1/ be absolute Cartesian coordinates ıxi .X1/ � ıxi .X2/ relative cartesian
coordinates or coordinate differences, ı˛.X1;X2/ the azimuths of a line observation
point X1 to a target point X2, the difference ı˛.X1;X2/ to ı˛X1;X3/ as angular
observations or azimuth differences and ıs.X1X2/ the distances from the point X1

to the point X2. Then

˙ij .X1;X2/ D Efıxi .X1/ıxj .X2/g (C347)

˚ij .X1;X2;X3;X4/ D EfŒıxi .X1/ � ıxi .X2/�Œıxj .X3/� ıxj .X4/�g
(C348)

�.X1;X2;X3/ D EfŒı˛.X1;X2/ı˛.X3;X4/�g (C349)

�.X1;X2;X3;X4;X5;X6/ D EfŒı˛.X1;X2/� ı˛.X1;X3/�

� Œı˛.X4;X5/� ı˛.X4;X6/�g
˘.X1;X2;X3;X4/ D Efıs.X1;X2/� ıs.X3;X4/g (C350)

are the derived variance-covariance matrices for the increments Y.x1; � � � ; xi / �
y.x1; � � � ; xi / D ıy.x1; � � � ; xi /fıxi :ıxi � ıxj ; ı˛; ı˛i � ı˛j ; ısg with respect to a
model y.

End of Definition C: derived var-cov matrices

Let the variance-covariance matrix ˙ij .X1;X2/ of absolute Cartesian coordinates
of the homogenous and isotropic type the characteristic isotropic functions ˙l and
˙m given. Then we derive the variance-covariance of

Lemma C.9.7: Representation of derived variance-covariance matrices of Taylor-
Karman structured variance-covariance of absolute Cartesian coordinates.

Let the variance-covariance matrix of absolute Cartesian �ij .X1;X2/ be isotropic
and homogenous in terms of the Taylor-Karman structure be given. Then the derived
variance-covariance matrices are structured according to

˚ij .X1;X2;X3;X4/ D ˙ij .X1;X3/�˙ij .X1;X4/

�˙ij .X2;X3/�˙ij .X2;X4/ (C351)


.X1;X2;X3;X4/ D ai .X1;X2/aj .X3;X4/˚ij .X1;X2;X3;X4/

(C352)


.X1;X2;X3;X4;X5;X6/ D 
.X1;X2;X4;X5/ �
.X1;X2;X4;X6/

�
.X1;X3;X4;X5/C
.X1;X3;X4;X6/ (C353)

˘.X1;X2;X3;X4/ D bi.X1;X2/bj .X3;X4/˚ij .X1;X2;X3;X4/ (C354)

subject to
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˙ij .Xˇ;X˛/ D ˙m.jXˇ � X˛j/ıij C Œ˙l .jXˇ �X˛j/
�˙m.jXˇ � X˛j/�bi .Xˇ;X˛/bj .Xˇ;X˛/ (C355)

a1.X˛;Xˇ/ WD �Œ Py.X˛/� Py.Xˇ/�
 ŒPs.Xˇ;X˛/� (C356)

a2.X˛;Xˇ/ WD CŒ Px.X˛/� Px.Xˇ/�
 ŒPs2.x˛; xˇ/� (C357)

b1.X˛;Xˇ/ WD CŒ Px.X˛/� Px.Xˇ/�
 ŒPs2.x˛; xˇ/� D cos P̨ˇ˛ (C358)

b2.X˛;Xˇ/ WD CŒ Py.X˛/ � Py.Xˇ/�
 ŒPs2.x˛; xˇ/� D sin P̨ˇ˛ (C359)

End of Lemma C.9.7: Taylor-Karman derived structures

For the proof, we apply summation convention with respect to two identical indices.
In addition, the derivations are based on

ı˛.X1;X2/ D a1.X1;X2/Œıx.X1/� ıx.X2/�C a2.X1;X2/Œıy.X1/ � ıy.X2/�

(C360)

ıs.X1;X2/ D b1.X1;X2/Œıx.X1/ � ıx.X2/�C b2.X1;X2/Œıy.X1/� ıy.X2/�

(C361)

In order to be informed about local variance-covariance we need special results
about the situation X1DX3;X2DX4:

Lemma C.9.8: derived local variance-covariance matrices of a Taylor-Karman
structure variance-covariance matrix of absolute Cartesian coordinates

˚ij .X1;X2/ D 2Œ˙m.0/ıij .jX2 � X1j/�
D ˚m.jX2 � X1j/ıij C Œ˚l .jX2 �X1j/�
� ˚m.jX2 � X1j/�bi .X1;X2/bj .X1;X2/ (C362)

˚l.jX2 �X1j/ D 2Œ˙l .0/�˙l.jX2 � X1j/� (C363)

˚m.jX2 �X1j/ D 2Œ˙m.0/�˙m.jX2 � X1j/� (C364)


.X1;X2/ D 2ai .X1;X2/aj .X1;X2/Œ˙m.0/ıij �˙.X1;X2/�

D Œ˚m.jX2 � X1j/�
 ŒjX2 � X1j2� (C365)
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.X1;X2;X3/ D 
.X1;X2/� 2
.X1;X2;X1;X3/C
.X1;X3/

D ˚m.jX2 �X1j/
jX2 �X1j2

C ˚.jX3 �X1j/
jX3 �X1j2

� ai .X1;X2/aj .X1;X3/

�Œ˚ij .X1;X2/� ˚ij .X2;X3/ �˚ij .X1;X3/�

D ˚m.jX2 �X1j/ < X3 �X2;X3 � X1

jX2 �X1j2jX3 �X1j2

�˚m.jX3 � X2j/< X2 �X1;X3 � X2 >

jX2 � X1j2jX3 � X2j2

C˚m.jX3 � X2j/< X2 �X1;X3 � X1 >

jX2 � X1j2jX3 � X1j2
CŒ˚m.jX2 �X1j/ �˚.jX3 �X2j/�

� ŒjX2 � X1j2jX3 � X1j2� < X2 � X1;X3 �X1 >�

ŒjX2 � X1j2jX3 � X1j2jX3 � X2j2
(C366)

˘.X1;X2/� 2bi.X1;X2/j˙m.0/ıij �˙ij .X1;X2/ D ˚m.jX2 � X1j/ (C367)

End of Lemma C 9.8: Derived local var-cov matrices

The results can be interpreted as following.

First, the scalar-valued functions 
.X1;X2/;
.X1;X2;X3/ and ˘.X1;X2/ are
homogenous and isotropic. Second, of the local variance-covariance matrix of
Cartesian coordinate differences has the structure of nonlocal covariance matrix
of absolute Cartesian coordinates as long as we depart from a Taylor-Karman
matrix: Third, not every homogenous and isotropic local variance-covariance matrix
of Cartesian coordinate differences produces derived homogenous and isotropic
functions as we illustrated in our next example.

Of course, not every homogenous and isotropic local variance-covariance matrix of
type coordinate difference has the structure of being derived by the transformation
of absolute coordinates into coordinate difference. For instance, for the special case
X1 D X2 the variance-covariance matrix ˙ij .X1;X2/ due to ˙m.0/ D ˙l.0/ can
be characterized by circles. The limits

˙ij .X1;X1/ D ˙ij .X1; lim
X2!X1

X2/ D lim
X2!X1

˙ij .X1;X2/ (C368)

are fixed for any direction of approximation. However, due to ˚m.jX2 � X1j/ ¤
˚l.jX2 � X1j/ lead us to symmetry breaking in a two-dimensional EUCLIDEAN
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space: Though we have started from a homogenous and isotropic variance-
covariance matrix of absolute Cartesian coordinates into relative coordinates or
coordinate differences the variance-covariance matrix ˚ij .X1;X2;X3;X4/ is not
homogenous and isotropic, a result mentioned first by W. Baarda (1977): The error
eclipses are not circular. In a three dimensional Euclidean space. In contrast, we
receive rotational symmetric ellipsoids based on the difference vector X2 �X1 with
respect to the axis of rotation and circles as intersection surfaces orthogonal to the
vector X2 � X1.

In order to summarize our results we present

Lemma C.9.9: Circular two-point functions

The image of the two-point function ˚ij .X1;X2/ D ˚.X1;X2;X1;X2/ is a circle if
and only if ˚l.jX2 � X1j/ D ˚m.jX2 � X1j/ or ˙l.jX2 � X1j/ D �m.jX2 � X1j/
End of Lemma C.9.9: Circular two-point functions

The result is illustrated by an example: Assume network points with a distance
function jX2 � X1j D 1. In this distance the longitudinal and the lateral correlation
functions are assumed to the values 1/2 and 1/4. Then there holds

˙l.0/ D ˙m.0/ D 1 (C369)

˙l D 1

2
; ˙m D 1

4
(C370)

˚l D 1; ˚m D 3

2
; 
.1/ D 3

2
; ˘.1/ D 1 (C371)

Lemma C.9.10: Derived local variance-covariance matrix for a variance-
covariance matrix of absolute Cartesian coordinate of Special Taylor-Karman
structure ˙l D ˙m

Let the variance-covariance matrix of absolute Cartesian coordinates with Special
Taylor-Karman structure ˙l D ˙m for homogenous and isotropic signals given.
Then the derived variance-covariance matrices are structured accordingly to

˚ij .X1;X2/ D 2Œ˙m.0/�˙m.jX2 � X1j/�ıij
D ˚.jX2 � X1j/�ıij (C372)

˚l.jX2 � X1j/ D ˚m.jX2 �X1j/ D 2Œ˙m.0/�˙m.jX2 � X1j/� (C373)
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.X1;X2/ D 2

jX2 � X1j2
Œ˙m.0/�˙m.jX2 �X1j/�

D 1

jX2 � X1j˚m.jX2 � X1j/ (C374)


.X1;X2;X3/ D 1

jX2 � X1j2jX3 � X1j2
�Œ˚m.jX2 �X1j/ < X3 �X2jX3 �X1 > �

� ˚m.jX3 �X1j/ < X2 �X1;X3 �X2 >

C˚m.jX3 � X2j/ < X3 �X1;X2 � X1 >� (C375)

˘.X1;X2/ D 2Œ˙m.0/�˙m.jX2 � X1j/� D ˚m.jX2 �X1j/ (C376)

End of Lemma C 9.10: Special Taylor-Karman matrix

Our example is characterized now by a homogenous and isotropic variance-
covariance matrix of Cartesian absolute coordinates which are the gradient of a
homogenous and isotropic scalar-valued function. In addition, we assume that the
scalar valued function is an element of a two-dimensional Markov process of first
order. Its variance-covariance matrix is characterized by normalized longitudinal
and lateral correlation function which possess the distance function s WD jX2 � X1j
between network points d the characteristic distance,K0 andK1 the modified Bessel
function of the second kind of zero and first order. The characteristic distance d is
the only variable or degree of freedom. Within the parameter d we depend on our
experience with geodetic networks. Due to the property ˙l.0/ D ˙l.0/ we call
the longitudinal and lateral normalized. In order to find the scale for the variance-
covariance matrix we have to multiply by the variance �2. The modified Bessel
function K0 and K1 are tabulated in Table C18 in the range 0.1(0.1)8 where we
followed M. Abramowtz and I. Stegun (1970 p. 378-379).
In Fig. C18 we present the characteristic functions of type absolute coordinates
˙l.X/ D �4x�2 C 2K0.X/C 4x�1K1.X/C 2xK1.X/ and ˙m.X/ D C4x�2 �
2K0.X/�2K0.X/�4x�1K1.X/. Next is the representation of the derived functions
˚l.X/D˘.X/ D 2˙m.0/� 2˙l.X/; ˚m.X/D 2˙m.0/� 2˙m.X/ and
.X/ D
2x�2j˙m.0/ � ˙m.X/j D x�2˚m.X/. Figures C19 and C20 illustrate the various
variance-covariance functions.
An explicit example is a two-dimensional network in Fig. C21. Let point one be the
center of a fixed (x,y) Cartesian coordinate system. In consequence, we measure
nine points by distance observations assuming the distance between point one and
point two is unity, namely

1;
p
2; 2;
p
5;
p
8

The related characteristic functions for a characteristic distance d=1 are approxi-
mately given in Table C18. The variance-covariance matrix of absolute Cartesian
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Fig. C18 Modified Bessel function K0.X/ and K1.X/ longitudinal and lateral function of
absolute Cartesian coordinates f1.X/ DW ˙l.X/ and f2.X/ DW ˙m.X/, longitudinal and lateral
correlation of relative Cartesian coordinates f3 WD ˚m.X/ and f4 WD ˚l.X/, variances of
directions f5 WD 
.X/ and distances ˘.X/ DW 
.X/ of a two-dimensional conservation Markov
process of first order
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Fig. C19 Characteristic
functions �l and ˙m for
Taylor-Karman structured
varaince-covariance matrix of
Cartesian coordinates

coordinates is relative Cartesian coordinates or coordinate differences is computed
with respect to �2 D 1:09; �y1�y2 D 0:50; �x1�x2;y1�y2 D 0
We added by purpose according to Fig. C19 the characteristic functions for the
special homogenous and isotropic variance-covariance matrix given by ˙l D
˙m. The associated variance-covariance matrix for absolute and relative Cartesian
coordinates is given in Tables C25 and C26, structured by

˙l D 4d2

s2
C 2K0.

s

d
/C 4d

s
K1.

s

d
/C 2. s

d
/K1.

s

d
/ (C377)

˙m D 4d2

s2
C 2K0.

s

d
/C 4d

s
K1.

s

d
/ (C378)

Finally we present the derived variance-covariance matrices for relative Cartesian
coordinates, direction s, direction differences namely angles and distances, for the
special case ˙l D ˙m.
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Fig. C20 Derived
variance-covariance functions
for Taylor-Karman structured
variance-covariance matrix of
Cartesian coordinates

˚l.s/ D ˘.s/ D 2˙m.0/� 2˙m.s/;

D 2C
�
8d2

s2

	
� 4K0

� s
d



�
�
8d

s

	
K1

� s
d



� 4

� s
d



K1

� s
d




(C379)

˚m.s/ D ˘.s/ D 2˙m.0/� 2˙m.s/;

D 2 �
�
8d2

s2

	
� 4K0

� s
d



C
�
8d

s

	
K1

� s
d



; (C380)


.s/ D ˘.s/ D 2

s2
Œ˙m.0/�˙m.s/� ;

D 2

s2

�
1 �

�
4d2

s2

	
� 2K0

� s
d



C 4

� s
d



K1

� s
d


�
(C381)

Example 9.1 is based on our contribution E. Grafarend and B. Schaffrin (1979) on
the subject of criterion matrices of type homogenous and isotropic. Other statistical
properties like anisotropic or non-isotropic correlation functions were treated by
G. K. Batchelor (1946), S. Chandrasekhar (1950) and E. Grafarend (1971, 1972)
on the subject of axisymmetric turbulence.
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Fig. C21 Two dimensional
network
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Fig. C22 Characteristic
functions of a network
example

Fig. C23 Cartesian
coordinate data for a network
example

Of course there is a rich list of references for “criterion matrices”. We list only few
of them.
J. E. Alberta (1974), A. B. Amiri (2004), W. Baarda (1973, 1977), K. Bill (1985),
R. Bill et. al. (1986), Bischoff et. al. (2006), G. Boedecker (1977), F. Bossler et. al.
(1973), F. Comte et. al. (2002), P. Cross et. al. (1978), G. Gaspari et. al. (1999),
E. Grafarend (1971, 1972, 1975, 1976), E. Grafarend, F. Krumm and B. Schaffrin
(1985), E. Grafarend and B. Schaffrin (1979), T. Karman (1937), T. Karman et. al.
(1939), R. Kelm (1976), R. M. Kerr (1985), S. Kida (1989), F. Krumm et. al (1982,
1986), S Meier (1976, 1977, 1978, 1981), S. Meier and W. Keller (1990), J. van
Mierlo (1982), M. Molenaar (1982), A. B. Obuchow (1958), T. Reubelt et. al. (2003),
H. P. Robertson (1940), B. Schaffrin and E. Grafarend (1977, 1981), B. Schaffrin
and E. Grafarend (1982), B. Schaffrin et. al. (1977), G. Schmitt (1977, 1978 i, ii),
J. F. Schoeberg (1938), J. P. Shkarofky (1968), V. I. Tatarski (1961), A. I. Taylor
(1935, 1938), C. C. Wang (1970), H. Wimmer (1972, 1978), M. J. Yadrenko (1983)
and A. A. Yaglom (1987).

Ex 2: Criterion Matrices for Absolute Coordinates in a Space Time
Holonomic Frame of Reference, for Instance Represented in Scalar-Valued
Spherical Harmonics

Example C.9.2: Criterion matrices for absolute coordinates in a space time
holonomic frame of reference, for instance represented in scalar-valued spherical
harmonics
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Fig. C24 Derived
variance-covariance functions
for a special Taylor-Karman
structure variance-covariance
matrix of type ˙l D ˙m for
Cartesian coordinates

Conventional geodetic networks have been adjusted by methods of Total Least
Squares and optimized in different reference frames. The advantage of a rigourously
three dimensional adjustment in a uniform reference frame is obvious, especially
under the influence of subdtic geodetic networks within various Global Positioning
Systems (GPS, Global Problem Solver). Numerical results in a three dimensional,
Total Least Squares approach are presented for instance by K. Bergbauer et. al.
(1979) K. Euler et. al. (1982), E. Grafarend (1991), G. Hein and H. Landau (1983),
and by W. Jorge and H. G. Wenzel (1973).

The diagnosis of a geodetic network is rather complicated since the measure of
quality, namely the variance-covariance matrix of three dimensional coordinates of
Cartesian type contains 3g.3gC 1/=2 independent elements. The integer number g
accounts for the number of ground stations.

Example: g = 100
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Fig. C25 Homogenous
isotropic normalized
variance-covariance matrix of
absolute coordinates from a
network example
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Fig. C26 Special homogenous isotropic normalized variance-covariance matrix of absolute
coordinates for a network example case ˙l D ˙m

Fig. C27 Special homogenous isotropic normalized variance-covariance matrix of relative
coordinates for a network example case ˙l D ˙m

The number of independent elements with in the coordinate variance-covariance
matrix amounts to 45,150.

Example: g = 1,000

The number of independent elements within the coordinate variance-covariance
matrix amounts to 4,501,500.

Example: g = 5,000 (GPS)
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The number of independent elements within the coordinate variance-covariance
matrix amounts to 125,507,500 !
In a definition, the same number of unknown variance-covariance elements of
vertical deflections and gravity disturbances.

The open big problem

In light of the great number of elements of the variance-covariance matrix it is an
open question how to achieve any measure of quality of geodetic network based on
GPS. We think the only way to get away from this number of millions of unknowns
is to design an idealized variance-covariance matrix again called criterion matrix.
Comparing the real situation of the variance-covariance with an idealized one, we
receive an objective measure of quality of the geodetic network.

Here we are aiming for designing a three-dimensional criterion matrices for
absolute coordinates in a holonomic frame of reference and for functionals of
the “disturbing potential”. In a first section we extensively discuss the notion of
criterion matrix on a surface of a moving frame of type homogenous and isotropic
on the sphere which is a generalization of the classical Taylor-Karman structure for
a vectorized stochastic process. The vector values stochastic process on the sphere
is found. In detail we review the representation of the criterion matrix in scalar- and
vector-valued spherical harmonics. In section two we present the criterion matrices
for functionals of the disturbing potential. The property of harmonicity is taken
into account for the case that a representation in terms of scalar-valued spherical
harmonics exists. At the end, we present a numerical example.

Example C.9.21: Criterion matrices for absolute coordinates in a space time
holonomic frame if reference

The variance-covariance matrix of absolute Cartesian coordinates in the fixed
orthonormal frame of equatorial type, holonomic in spacetime, is transformed into
a moving frame, e.g. of spherical type. In the moving frame longitudinal and lateral
characteristic functions are derived. The postulates of spherical homogenity and
spherical isotropy are reviewed extending to the classical Taylor-Karman structure
with respect to three dimensional Cartesian coordinates into three dimensions.
Finally the spherical harmonic representation of the coordinate criterion matrix is
introduced.

Transformation of the coordinate criterion matrix from a fixed into a moving frame
of reference

F� ! e� W
We depart from the fixed orthonormal frame fFe1�; Fe2�; Fe3�g which we transform
into a moving one fee1�; ee2�; ee3�; g by
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F� ! e� D RE.�; �; 0/F� (C382)

RE.�; �; 0/ WD R3.0/R2.
�
2
��/R3.�/ is the three dimensional euler rotation matrix

including geometric longitude � and geometric latitude �. As an example assume a
representation of a placement vector xe by spherical coordinates .�; �; r/ such that

x D F1�r cos� cos� C F2�r sin� cos� C F3�r sin � (C383)

e1� D �x;� 
 kx;�k D �e�

e2� D �x;� 
 kx;�k D �e�

e3� D �x;r 
 kx;rk D �er (C384)

x;� denotes ıx=ı� etc.

e� ! f�

Now let us rotate the orthonormal frame fe1�; e2�; e3�; g into the orthonormal frame
ff1�; f2�; f3�; g by means of the South azimuth ˛

e� ! f� D R3.˛/e
� �

2
4 f1�

f2�
f3�

3
5

D
2
4 cos˛ sin˛ 0
� sin ˛ cos˛ 0
0 0 1

3
5
2
4 e1�

e2�
e3�

3
5 (C385)

The transformation e� ! f� on the unit sphere orientates f1� into the direction of
the great circle connecting the points .�; �; r/ and .�0; �0; r 0/ For this reason the
unit vector f1� will be called “longitudinal direction”. In contrast, f2� points in
direction orthogonal to f1�, but still in the tangential plane of the unit sphere. Thus
we call the unit vector f2� “lateral direction”. Obviously f3� D e3� holds

F� ! g! f�

There is an alternative way to connect the triads F� and f�. Consider the spherical
position of a point in the “orbit” of the great circle passing through the points
x; x0, respectively. For a given set of “Keplerian elements” f˝; i; !g - ˝ the right
ascension of the ascending node, i the inclination and ! the angle measured in
the “orbit” - we transform the fixed orthonormal frame fF1�;F2�;F3�g into the
orthonormal “great circle moving frame” fg1; g2; g3g D ff3�; f1�; f2�; g by

F� ! g D R3.!/R1.i/R3.˝/F (C386)

g! F� D R3.�˝/R1.�i/R3.�!/F (C387)
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Fig. C28 Moving and fixed
frame of reference on the
sphere : two point correlation
function

or explicitly

2
4 g1

g2
g3

3
5 D

2
4 cos! cos˝ � sin! cos i sin˝ cos! sin˝ C sin! cos i cos˝ C sin! sin i

� sin! cos˝ � cos! cos i sin˝ � sin! sin˝ C cos! cos i cos˝ cos! sin i
sin i sin˝ � sin i cos˝ cos i

3
5

(C388)

:

2
4F1�

F2�
F3�

3
5 (C389)

g3 D sin i sin˝F1� � sin i cos˝F2� C cos iF3� (C390)

represents the “great circle normal” parameterized by the longitude �
2
�˝ and the

latitude �
2
� i . g1 and g2 span the “great circle plane”, namely g1 is directed towards

the spherical point x.

Figure C28 illustrates the various fames of type “fixed” and “moving”.

fg1; g2; g3g D ff3�; f1�; f2�; g, g2 is the vector product of g3 and g1

Transformation of variance-covariance matrices

Next we compute the Cartesian coordinates variance-covariance matrix.
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†.x; x0/ D †i�j�.x; x0/fFi� ˝ Fj�g
†.x; x0/ D †i�j�.x; x0/ffi�.x/˝ fj�.x0/g
†.x; x0/ D †ij .x; x0/fgi .x/˝ gj .x0/g (C391)

wherei; j"f1; 2; 3g holds

.˙ij 0

/ D
2
4˙x;x0 ˙x;y0 ˙x;z0

˙y;x0 ˙y;y0 ˙y;z0

˙z;x0 ˙z;y0 ˙z;z0

3
5 (C392)

.˙ij 0

/ D EfŒxi �Efxi g�ŒXj 0 � EfXj 0g�g D Ef"i"j 0g (C393)

˙.x; x0/ WD Ef".x/"T .x0/g (C394)

Note that the variance-covariance matrix ˙ij 0

.x; x0/ is a two-point tensor field
paying attention to the fact that the coordinate errors ".x/ and ".x/ are functions
of the point x; x0, respectively. Now let us transform˙� $ ˙� $ ˙ .

˙�
3�0 D RE.�; �; ˛/˙

�
3�3RT

E.�
0; �0; ˛0/

D R3.�˝/R1.�i/R3.�!/˙3�3R3.�!0/RT
1 .�i 0/RT

3 .�˝ 0/

˙�
3�0 D RE.�; �; ˛/˙

�RT
E.�

0; �0; ˛0/ (C395)

D RE.�; �; ˛/˙
�R.�!;�i;�˝/˙3�3RT .�!0;�i 0;�˝ 0/ � RT

E.�
0; �0; ˛0/

˙3�0 D RT .�!0;�i 0;�˝ 0/˙3�3R.�!;�i;�˝/
D RT .�!0;�i 0;�˝ 0/RT

E.�; �; ˛/˙
�
3�3RE.�

0; �0; ˛0/ � R.�!0;�i 0;�˝ 0/

A detailed write-up of the variance-covariance matrix ˙� is

.˙ij 0

/ D
2
4 ˙ll 0 ˙lm0 ˙lr 0

˙ml 0 ˙mm0 ˙mr 0

˙rl 0 ˙rm0 ˙rr 0

3
5 (C396)

indicating the “longitudinal” base vector f1� D fl�, “lateral” base vector f2� D fm�
and the “radical” base vector f3� D fr� D er . In terms of spherical coordinates
˙�; ˙ , respectively, can be written

˙�
3�0.x; x0/ D ˙�.�; �; r; �0; �0; r 0/ (C397)

˙3�0.x; x0/ D ˙.!; i;˝; r; !0; i 0;˝ 0; r 0/ (C398)

˙ll 0 D Ef"l.x/"l 0.x0/g;
; ˙l l 0.x; x0/ffl .x/˝ fl 0.x0/g
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˙lm0 D Ef"l.x/"m0.x0/g;
; ˙lm0.x; x0/ffl .x/˝ fm0.x0/g

˙lr 0 D Ef"l.x/"r 0.x0/g;
; ˙lr 0.x; x0/ffl .x/˝ fr 0.x0/g (C399)

The characteristic function ˙ll 0.x; x0/ is called longitudinal correlation function,
˙mm0.x; x0/ lateral correlation function, ˙lm0.x; x0/ cross correlation function
between the longitudinal error "l.x/ at the point x and the lateral error "m0.x0/ at the
point x0.

Spherically homogenous and spherically isotropic coordinate criterion matrices in
a surface moving frame

terrestrial geodetic networks constitute points on the earths surface. Once we
want to develop an idealized variance-covariance matrix of the coordinates of
the network points, we have to reflect the restriction given by the closed surface.
A three dimensional criterion matrix of Taylor-Karman type is therefore not suited
since it assumes extension of a network in three dimension up to infinity. a more
suitable concept of a coordinate criterion matrix starts from the representation
where the radial part is treated separately from the longitudinal-lateral part.
Again the nature of the coordinate criterion matrix as a second order two-point
tensor field will help us to construct homogenous and isotropic representations.
The spherically homogeneity-isotropy-postulate reflects the intuitive notion os an
idealized variance-covariance matrix.

Definition (spherical homogeneity and spherical isotropy of a tensor-valued two-
point function):

The two-point second order tensor function ˙.x; x0/ is called spherically homoge-
nous, if it is translational invariant in the sense of

†3�3.! C �; i;˝; r; !0 C �; i 0;˝ 0; r 0/ D †3�3.!; i;˝; r; !0; i 0;˝ 0; r 0/ (C400)

for all � 2 Œ0; 2��; i D i 0;˝ D ˝ 0; r D r 0, where !0D! C  holds. It is called
spherically isotropic, if it is rotational invariant in the sense of

˙3�3.!� � !�
s ; i

�;˝�; r; !�0 � !�
s ; i

�0

;˝�0

; r 0/

D R3.ıs/˙3�3.! � !s; i;˝; r; !0 � !s; i 0;˝ 0; r 0/R3.ıs/ (C401)

for all ı"Œ0; 2��; r D r 0; where !0D! C  , !�0 D!� C  holds. R3.ıs/ indicates
a local rotation around the intersection points xs of the great circle through x; x0
and through x�; x�0

, respectively. xs has the common coordinates .˝; i; !s and
.˝�; i�; !s� with respect to the locally rotated frames.

End of Definition
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Corollary (spherical homogeneity and spherical isotropy of a tensor-valued two-
point function):

The two-point second order tensor function ˙.x; x0/ is spherically homogenous, if
it is a function of . ; i;˝; r/ only:

˙.!; i;˝; r; !0; i 0;˝ 0; r/ D ˙.!; i;˝; r; ! � !s;  ; r/ (C402)

It is spherically homogenous and isotropic, if it is a function of . ; r/ only

˙.!; i;˝; r; !0; i 0;˝ 0; r/ D ˙. ; i;˝; r/ (C403)

such that

˙.x; x0/ D f˙0. ; r/ı
ij C˙22. ; r/ < x0 � xjfi > �

� < x0 � xjfi >g.fi ˝ fj / (C404)

holds for some spherically isotropic and homogenous scalar-valued functions
˙0 and ˙22

End of Corollary

Let us interpret the definition of the corollary, especially with respect to Fig. C28.
Two points x; x0 are connected to the sphere of radius r D r 0 D r0 by a great circle
such that  D 2 arcsin.kx; x0k=2r0/ is the spherical distance if these points.

Obviously a “translation” of the configuration x; x0 is generated by ! ! !C�; ! !
!0 C � where the location of x; x0 in the great circle / “orbit” plane is measured
by !;!0. The “rotation” of the configuration x; x0 is more complicated. Assume
therefore an alternative configuration x�; x�0

of two point connected by another
great circle. Note the spherical distances of x; x0 and x�; x�0

respectively, coincide.
The great circles intersect at xs, : The location of Xs within the plane x; x0 is
described by !s with respect to the ascending node, while within the plane x�; x�0

by !�
s . the angle between the two great circles is denoted by ıs .

The configuration x; x0 and x�; x�0

is described with respect to xs by
! � !s; i;˝; !0 � !s; i 0;˝ 0 and !� � !�

s ; i
�;˝�; !�0 � !�

s ; i
�0

;˝�0

respectively.
Now it should be obvious that the two configurations under the spherical isotropy
postulate coincide once we rotate around xs by the angle ıs.

We expressed˙�. given in the F �-frame in terms of the g-frame, namely by

˙ D RT3 .�!/RT1 .�i/RT3 .�˝/˙�R3.�˝/R1.�i/R3.�!/ (C405)

Introducing ! D .! � !s/C !s we compute the variance-covariance matrix ˙



846 C Statistical Notions, Random Events and Stochastic Processes

˙ D RT
3 .! �!s/RT

3 .!s/R
T
1 .�i/RT

3 .�˝/˙�R3.�˝ 0/R1.�i 0/R3.!s/R3.!
0 �!s/
(C406)

˙ D RT
3 .! � !s/˙sR3.!

0 � !s/ (C407)

in terms of the variance-covariance matrix ˙s in the g.xs/-frame. Now we are
prepared to introduce

Corollary (spherical Taylor-Karman structure):

Denote the variance-covariance matrix ˙i�j�0

in the f �- and e�- frame by

f ˙i�j�
0 D

�
˙ll 0. ; r/ 0

0 ˙mm0. ; r/

�
� f ˙2�2

(C408)

e˙
i�j�0 D

�
˙110 ˙120

˙210 ˙220

�
� e˙2�2

(C409)

and transform f ˙ ! e˙ by

e˙ D
�

cos˛ � sin˛
sin ˛ cos˛

�
f ˙ D

�
cos˛0 sin˛0
� sin ˛0 cos˛0

�
(C410)

Then

˙110 D ˙ll 0. ; r/ cos ˛ cos˛0 C˙mm0. ; r/ sin ˛ sin ˛0

˙120 D ˙ll 0. ; r/ cos ˛ sin ˛0 �˙mm0. ; r/ sin ˛ cos˛0

˙210 D ˙ll 0. ; r/ sin ˛ cos˛0 �˙mm0. ; r/ cos˛ sin ˛0

˙220 D ˙ll 0. ; r/ sin ˛ sin ˛0 C˙mm0. ; r/ cos˛ cos˛0 (C411)

˙lm0 D ˙ml 0 D 0 (C412)

holds for spherically homogenous and isotropic scalar-valued functions˙ll 0. ; r/,
˙mm0. ; r/ called longitudinal and lateral correlation functions on the sphere.

End of Corollary

The corollary extends results of G.J. Taylor (1935), T. Karman (1937) and
C. Wang (1970 p. 214-215) and has been given for a special variance-covariance
two-point tensor field of potential type by H. Moritz (1972 p. 111). Here it has
been generalized for any vector-valued field. Note that incase of homogenity and
isotropy the cross-correlation functions˙lm0 and˙ml 0 may vanish.

The classical planar Taylor-Karman structure is constrained within.
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Let us put ˛ D ˛0 such that cos˛ cos˛0 D cos2 ˛ D 1� sin2 ˛; sin ˛ sin˛0 D sin2 ˛
etc. can be rewritten

˙110 D ˙mm0. /C Œ˙l l 0. / �˙mm0. /� cos2 ˛

˙120 D Œ˙l l 0. / �˙mm0. /� sin ˛ cos˛ D ˙210

˙220 D ˙mm0. /C Œ˙l l 0. / �˙mm0. /� sin2 ˛ (C413)

which is the standard Taylor-Karman form

Representation of the coordinate criterion matrix in scalar spherical harmonics

Let us assume a coordinate variance-covariance matrix which is homogenous and
isotropic in the sphere. With reference to (C412) we postulate a coordinate vector
of potential type, in addition, namely

" D gradR � "i D @iR .i D 1; 2; 3/ (C414)

where .@i / D . @
@x
; @
@y
; @
@z / nd R the scalar potential. Now the variance-covariance

matrix of absolute coordinates can be represented by

˙ij 0 D Ef"i.x/"j 0

.x0/g D @i@j 0EfR.x/R.x0/g (C415)

where we used the commutator relation @iEDE@i of differentiation and integration
operators. Denote the scalar-valued variance-covariance functionEfR.x/R.x0/g DW
K.x; x0/. Once we postulate homogeneity and isotropy of two-point function
K.x; x0/ on the sphere we arrive at

K.x; x0/ D K.r; r 0;  / (C416)

For a harmonic coordinate error potential, @i@iR D 0, we find for the covariance
functionK.r; r 0;  /

@i @iK.r; r
0;  / D Ef@i@iR.x/R.x0/g D 0 (C417)

@j 0@j 0K.r; r 0;  / D EfR.x/@j 0@j 0R.x0/g D 0 (C418)

Case 1 .kxk D kx0k/
On a sphere .kxk D kx0k/ D r0 the scalar-valued variance-covariance function
K. / which fulfils (C414 - C 417) may be represented by

K. / D
1X
nD0

knPn.cos / (C419)
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where Pn are the Legendre polynomials. The constants kn depend, of course, on the
choice of r0

Case 2 .kxk ¤ kx0k/
Denote .kxkD r; kx0kD r 0/. the scalar-valued variance-covariance function
K.r; r 0;  / which fulfils (C414 - C 417) may be represented by

K D K.r; r 0;  /

D
1X
nD0

1kn.
r20
rr 0 /

nC1
Pn.cos /C

1X
nD0

2kn.
rr 0

r0
/

n

Pn.cos / (C420)

where the coefficients 1kn; 2kn represent the influence of the decreasing and
increasing solution, by Legendre polynomials with respect to r; r 0, respectively.
We can only hope that the covariances K.r; r 0;  / decrease with respect to r; r 0,
respectively in order to be allowed to discriminate 2kn D 0. In the following we mae
this assumption, thus representing

K.x; x0/ D K.r; r 0;  / D
1X
nD0

kn.
r20
rr 0 /

nC1
Pn.cos / (C421)

Next let us assume the coordinate variance-covariance matrix (C420) is of potential
type. Then longitudinal and lateral correlation functions on the sphere if radius r
can be represented by

˙ll 0. / D d2

d 2
K. / (C422)

˙mm0. / D 1

sin 

1

d 
K. / (C423)

˙ll 0. / D d

d 
.˙mm0 sin (C424)

if �.x; x0/ is homogenous and isotropic on the sphere.

End of Corollary

Note that the result ˙ll 0 D d
d 
.sin ˙mm0/ for the sphere corresponds to ˙ll 0 D

d
ds
.s˙mm0/ for a harmonic field in the plane.

s D
q
.x0 � x/2 C .y0 � y/2 is the Euclidean distance in the plane which

corresponds to  at the distance on the sphere.
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Corollary (longitudinal and lateral correlation functions on the sphere of harmonic
type):

Let us assume that the coordinate variance-covariance matrix id homogenous,
isotropic and harmonic on the sphere in the sense of the definition. Longitudinal
and lateral correlation functions on the sphere can be represented by

˙ll 0. / D
1X
nD0

kn

��
.n2 C 3nC 2/cos2 

sin2  
C .nC 1/

�
:

�Pn.cos / � Œn2 C 3nC 2�2 cos 

sin2  
PnC1.cos /

�

C Œn2 C 3nC 2� 1

sin2  
PnC2.cos /g (C425)

˙mm0. / D �
X
nD0
1kn nC 1

sin2  
Œcos Pn.cos /

�PnC1.cos / (C426)

End of Corollary

For the proof of the above corollary we have made successive use of the recurrence
relation .x2 � 1/dPn.x/=dx D �.nC 1/ŒxPn.x/ � PnC1.x/�;
x D cos ; d=d D .dx=d /.d=dx/ D � sin d=dx

Representation of the coordinate criterion matrix in vector spherical harmonics

Previously we restricted the coordinate criterion matrix being homogenous and
isotropic on the sphere to be of potential type. Here we generalize the coordinate
criterion matrix to be of potential and “turbulent” type. Thus according to the Lame
lemma – for more details see A. Ben Menahem - S. J. Singh (1981) - we represent
the coordinate vector

" D gradRC rotA (C427)

where we gauge the vector potential A by divA D 0. In vector analysis gradR
is called the longitudinal vector field, rotA the transversal vector field. In order
to base the analysis only on scalar potentials, the source-free vector field rotA is
decomposed SCT where S is the poloidal part while T is the toroidal part such that

" D gradRC rot rot.erS/C rot.erT/ (C428)

.R; S; T / are the three scalar potentials we were looking for. The variance-
covariance matrix of absolute coordinates can now be structured according to
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˙.x; x0/ D Ef".x/g
D grad ˝ grad 0EfR.x/R.x0/g
Crot rot ˝ rot 0rot 0erer 0EfS.x/S.x0/g
Crot ˝ rot 0erer 0EfT .x/T .x0/g (C429)

where we have assumedEfR.X/S.X0/g D 0;EfR.X/T .X0/g D 0;EfS.X/T .X0/g
D 0 holds for a coordinate variance-covariance matrix ˙.xx0/ homogenous and
isotropic on the sphere. Thus with respect to the more general representation is

˙.x; x0/ D grad ˝ grad 0K

C rot rot ˝ rot 0rot 0erer 0L

C rot ˝ rot 0erer 0M (C430)

where K WD EfR.X/R.X0/g; L WD EfS.X/S.X0/g;M WD EfT .X/T .X0/g are
supposed to be the scalar-valued two point covariance functions depending on
.r; r 0;  / for .˙.x; x0// homogenous and isotropic on the sphere.

The representation of the criterion matrix .˙.x; x0// in terms of vector spherical
harmonics is achieved once we introduce the spherical surface harmonics.

enm.��/ D

2
6666664

q
2.2nC 1/ .n�m/Š

.nCm/ŠPnm.sin �/ cosm� 8m > 0

p
2.2nC 1/Pn.sin�/ 8m D 0

q
2.2nC 1/ .n�jmj/Š

.nCjmj/ŠPnjmj.sin�/ sin jmj� 8m < 0:

(C431)

where Pnm.sin�/ are the associated Legendre functions

Pnm.x/ D 1

2nnŠ
.1 D x2/m=2 d

nCm

dxnCm .x
2 � 1/n (C432)

Note that the quantum numbers run nD 0; 1; � � � ;1Im D �n;�nC 1; � � � ; 0; � � � ;
n � 1; n. The base functions enm.�; �/ are orthonormal in the sense

1

4�

2�Z
0

d�

C�=2Z
��=2

d� cos� eklenm D ıkn ılm (C433)
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Finally a vector field " can be represented in terms of vector spherical harmonics
by

" D Unmanm C Vnmbnm CWnmcnm (C434)2
666664

anm WD er enm.�; �/

bnm WD r grad enm.�; �/

cnm WD �x grad enm.�; �/:

(C435)

For more details on vector spherical harmonics we refer to standard textbooks, here
e.g. to E. Grafarend (1982).

˙.x; x0/ D Ef".x/˝ ".x0/g
D Unmn0m0anm ˝ an0m0

CVnmn0m0bnm ˝ bn0m0

CWnmn0m0cnm ˝ cn0m0 (C436)

which is due to < ajb >D< ajc >D< bjc >D 0. Unmn0m0 etc. are spherical
covariance functions.

Example C 9.22: Towards criterion matrices for functionals of the distributing
potential in a space-time holonomic frame if reference

The geodetic observational equations in their linearized form contain beside
unknown Cartesian coordinate corrections in an orthonormal reference frame,
being holonomic in space-time, the disturbance of the potential and its derivatives
as unknowns . for a complete set-up of a criterion matrix of geodetic unknowns
we have therefore present thoughts about a homogenous and isotropic variance-
covariance matrix of the potential disturbance and its derivatives, The postulates of
homogeneity and isotropy will lead again to the extension of an classical Talyor-
Karman structure. finally the representation of the criterion matrix of potential
related quantities in terms of scalar spherical harmonics is introduced. Since the
potential disturbance is harmonic function, vector spherical harmonics are not
needed.

We begin the transformation of the gravity criterion matrix from spherical into
Cartesian coordinates.

With reference to the linearized observational equations the unknowns .bı�� ;cı�� ;bı�/ have to be equipped with a criterion matrix, reasonable to be homogenous and
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isotropic on the sphere. In order to take advantage of lemma and corollaries of the
second chapter, we better transform the spherical coordinates of the disturbance
gravity vector ı� into Cartesian ones and then apply the variance-covariance
“propagation” on the transformation formula.

ı�i WD �i � �i D
2
4�� cos�� cos˚�
�� sin�� cos˚�
�� sin˚�

3
5 �

2
4�� cos�� cos��
�� sin�� cos��
�� sin ��

3
5

D
2
4�.� C ı�/ cos.�� C ı��/ cos.�� C ı��/
�.� C ı�/ sin.�� C ı��/ cos.�� C ı��/

�.� C ı�/ sin.�� C ı��/

3
5

�
2
4�� cos�� cos��
�� sin�� cos��
�� sin ��

3
5 (C437)

ı�i
:D
2
4�.� C ı�/.cos�� � ı�� sin��/.cos�� � ı�� sin��/
�.� C ı�/.sin�� C ı�� cos��/.cos�� � ı�� sin ��/

�.� C ı�/.sin�� C ı�� cos��/

3
5

�
2
4�� cos�� cos��
�� sin�� cos��
�� sin ��

3
5 (C438)

ı�i
:D
2
4�ı� cos�� cos�� C ı��� sin�� cos�� C ı��� cos�� sin ��
�ı� sin�� cos�� � ı��� cos�� cos�� � ı��� sin�� sin ��

�ı� sin�� � ı��� cos��

3
5

(C439)2
4 ı�1ı�2
ı�3

3
5 :D

2
4C� sin�� cos�� C� cos�� sin �� � cos�� cos��
�� cos�� cos�� �� sin�� sin �� � sin�� cos��

0 �� cos�� � sin��

3
5
2
4 ı��ı��
ı�

3
5

(C440)
2
4 ı�1ı�2
ı�3

3
5 :D

2
64
��2 C�1�2.�21 C �22 /�1=2 �1��1

C�1 ��2�3.�21 C �22 /�1=2 �2��1

0 �.�21 C �22 /�1=2 �3�
�1

3
75
2
4 ı��ı��
ı�

3
5 (C441)

The variance-covariance matrix Dfcı�i .x/;bı�j 0.x0/g as a function of the variance-

covariance matrix Df.bı�� ;cı�� ; bı�/.x/; .bı�� ;cı�� ; bı�/.x0/g based on the trans-
formation ( C 438) is given. finally the Cartesian variance-covariance matrix
Dfcı�i .x/;bı�j 0.x0/g in the fixed frame F � should be transformed into the moving
frame f � according to (C381).
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Fig. C29 Normalized covariance function K. / D 5P
nD0

knPn.cos / for kn D 1
nC2

Thus we refer to
�˙l l 0; �

˙
lm0 ; �

˙
lr 0 ; �

˙
ml 0 ; �

˙
mm0; � � � ; �˙rr 0 (C442)

as the longitudinal correlation function �˙l l 0 , the lateral correlation function �˙mm0 etc.
of the gravity disturbance vector ı�i .
In order to construct a homogenous and isotropic criterion matrix for functionals of
the disturbing potential in a surface moving frame we refer to the introduction which
applies here, too. Again we make use of the definition of homogeneity and isotropy
of the tensor-valued two-point function �˙.X;X

0/ on the sphere, the basic lemma
and the corollary for the spherical Taylor-Karman structure. Just by adding the left
hand index � on ˙ within formula (C410) (C411), we arrive at the corresponding
formulae for longitudinal, lateral and cross-correlation of the gravity disturbance
vector ı� .
For the representation of the criterion matrix for functionals of the disturbing
potential in scalar spherical harmonics we once more refer to (C417). All results
can be transferred, especially (C 420 - C 425) once we write K.r; r 0;  / as the
scalar-valued two-point function EfŒcıw � E.cıw/�xŒcıw � E.cıw/�x0g homogenous
and isotropic on the sphere. Besides the first-order functionals of the potential ıw
and their variance-covariance matrices, higher order functionals, e.g. for gravity
gradients, and their variance-covariance matrices can be easily obtained, a project
for the future.
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Fig. C30 Normalized covariance function K. / D
5P

nD0

knPn.cos / for kn D 1
.nC2/.n2�2nC2/

A numerical example of the homogenous and isotropic two-point function
K.x; x0;  / on the space

For demonstration purpose plots C29 - C31 show the normalized covariance
functionsK.X;X0/ D K.r; r 0;  /

D K. / D
5P

nD0
knPn.cos / for case 1

.kXk D kmathbf X0k D r0/ and three different choices of the coefficients kn.
The coefficients are chosen in such a manner that their sum equals the unity (so
as to normalize the covariance function) and the covariance function approaches
zero as  tends to � . As an example for the construction of a criterion matrix, the
coefficients kn could be estimated for an ideal network and its variance-covariance
matrix; that is derived covariance functionK.x; x0/.
We have taken a part of Appendix C 9.2 from our contribution E. Grafarend,
I. Krumm and B. Schaffrin (Manuscripta geodetica 10 (1988) 3-22). Spherical
homogeneity and isotropy in tensor-valued two-point functions have been intro-
duced by E. Grafarend (1976) and H. Moritz (1972, 1978).

Ex 3: Space Gravity Spectroscopy: The Benefits of Taylor–Karman
Structured Criterion Matrices

Example C.9.3. Space gravity spectroscopy: the benefits of Taylor-Karman struc-
tured criterion matrices (eg, P. Marinkovice et. al. (2003))
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Fig. C31 Normalized covariance function K. / D 5P
nD0

knPn.cos / for kn D 1
n2C3

As soon as the space spectroscopy was successfully performed, for instance by
means of semi-continuous ephemeris of LEO-GPS tracked satellites, the problem
of data validation appeared. It is for this purpose that a stochastic model for the
homogenous isotropic analysis of measurements, obtained as “directly” measured
values in LEO satellite missions (CHAMP, GRACE, GOCE), is studied. An
isotropic analysis is represented by the homogenous distribution os measured values
and the statistical properties of the model are calculated. In particular a correlation
structure function is defined by the third order tensor (Taylor-Karman tensor), for
the ensemble average of a set of incremental differences in measured components.
Specifically, Taylor-Karman correlation tensor is calculated with the assumption
that the analyzed random function is of a “potential type”. The special class of
homogenous and isotropic correlation functions is introduced. Finally, a successful
application of the concept is presented in the case study CHAMP and a comparison
between modeled and estimated correlations is performed.

Example C.9.31. Introduction

A significant problem of LEO satellites, both in geometry and gravity space,
is the association of quality standards to Cartesian ephemeris in terms of
variance-covariance matrix valued-functions. as a pessimistic measure of the
quality standards os LEO satellite ephemeris, a three dimensional Taylor-Karman
structured criterion matrix has been proposed, named in honor of Taylor (1938) and
Karman (1938), the founders of the statistical theory of turbulence.
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The concept of the Taylor-Karman criterion matrices was first introduced by
E. Grafarend (1979) and subsequently further developed by B. Schaffrin and
E. Grafarend (1982), H. Wimmer (1982), and E. Grafarend et. al. (1985, 1986).
with this contribution we extend the application of the Taylor-Karman structured
matrices to the third-dimension, namely to the long-arc orbit analysis.

If we assume the vector-valued stochastic process to be the gradient of a random
scalar-valued potential, in particular its longitudinal and lateral correlation function
or the “correlation function along-track and across-track”, what would be the struc-
ture of a three-dimensional Taylor-Karman variance-covariance matrix. In order to
answer this question, a three-dimensional correlation tensor and its decomposition
in the case of homogeneity and isotropy is studied with the emphasis on R

3.
Additionally, we deal with a special class of homogenous and isotropic tensor-
valued correlation functions. They are derived, analyzed and applied to the data
validation process. The theoretical concept for the application of the previously
discussed criterion matrix in the geometric and gravitational analysis of LEO
satellite ephemeris is presented. Finally the case study CHAMP is used for the
application of our theory concept followed by the results and conclusion.

Example C.9.32: Homogenous and isotropic variance-covariance tensor and cor-
relation functions in a three-dimensional Euclidean space

Example C.9.321: Notions of homogeneity and isotropy

The notions of homogeneity and isotropy for functions on R
� are briefly explained

as the following. The general context for these two definitions involves the action of
a transitive group of motions on a homogenous and space belongs to the extensive
theory of Lie groups (F. W. Warner (1983), A. M. Yaglom (1987)). However, it is
important to clarify the different notions of homogeneity and isotropy exist due
to the variety of homogenous spaces and transitive group actions on these spaces.
The terminology introduced associates the notion of homogeneity and isotropy with

Fig. C32 Graphical representation of the longitudinal and lateral correlation functions
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the functions on R
� that are invariant under the translation group acting on R

� .
The notion of isotropy is defined for functions on R

� that are invariant under the
orthogonal group acting on R

�.

Table C.9.9: Tensor-valued correlation function of second-order
“two-point correlation function”

˙.x�; x��/ D
3P

i;jD1
ei ej˙ij .x�; x��/ D

3P
i;jD1

˙ij .x�; x��/ei ej (C443)

r WD kx�; x��k and r WD x�; x��

˙ij .r/ D ˙m.r/ıij C Œ˙l .r/ �˙m.r/�

xi
xj

r2
; i; j 2 f1; 2; 3g (C444)

“Cartesian versus spherical coordinates”


x1 D 
x WD .x��
1 � x�

1 / D r cosˇ cos˛


x2 D 
y WD .x��
2 � x�

2 / D r cosˇ sin ˛ (C445)


x3 D 
z WD .x��
3 � x�

3 / D r sinˇ

“continuity of a potential type”

˙l.r/ D dŒr˙m.r/�

dr
D ˙m.r/C r d˙m.r/dr

(C446)

End of Table C.9.9

Example C.9.322: Homogenous and isotropic variance-covariance tensor (correla-
tion tensor)

Taylor (1938) proved that he homogenous random field X.t/ correlation function
˙.r/ D< X.tC r/X.t/ > depends only on the length r D krk of the vector r and
not on its direction, where < ::: > denoted the ensemble average. If the correlation
function ˙.r/ of the homogenous random field X.t/ in R

� has the property, then
the field X.t/ is said to be an isotropic random field in R

�. The corresponding
correlation function ˙.r/ is then called an isotropic correlation function in R

�

( or an n-dimensional isotropic correlation function). Process, which satisfy the
introduced postulates of homogeneity and isotropy, are said to be (widely) stationary
(M. J. Yadrenko (1983)). Note that for an isotropic random field in R

�, all directions
in space are obviously equivalent.

The decomposition of a homogenous and isotropic variance-covariance tensor-
valued function, shown in box 1, was introduced by von Karman and Howarth
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Fig. C33 Graphical representation of the correlation tensor transformation

(1938) by means of a more general and direct method than the one used by
G. J. Taylor(1938). Additionally, Robertson (1940) refined and reviewed the
T. Karman and L. Howard equation in the light of a classical invariant tensor
theory.

The decomposition of ˙ij .kx� � x��k/, with a special emphasis on nD 3, is
performed in terms of Cartesian coordinates and with respect to the orthonormal
frame of reference fe1; e2; e3j0g attached to the origin 0 of a three-dimensional
Euclidean space. kx� � x��k denotes the Euclidean distance r between the two
points x� and x�� of E� WD fR�; ıij . Longitudinal and lateral correlation functions
˙l and ˙m, are the structural elements of such a homogenous and isotropic tensor-
valued variance-covariance function which appear in the spherical tensor ˙m.r/ıij
as well as in the oriented tensor Œ˙l .r/�˙m.r/�
xi
xj =r

2 for all i; j 2 f1; 2; 3g,
see (C443) and Fig. C.32. ıij denotes the Kronecker or unit matrix, 
xi the
Cartesian coordinate difference between the points x� and x��. These differences are
also represented in terms of relative spherical coordinates .˛; ˇ; r/, (C444). Finally
the continuity condition of a potential type is formulated by (C445) which provides
the unique relation between˙l and˙m (G. J. Taylor (1938); H. M. Obuchow (1958);
E. Grafarend (1979)).
Due to its complexity, it is necessary to further elaborate on the previous equation
set. The correlation tensor ˙ij .r/ was transformed to a special coordinate system
O 0x0

1x
0
2x

0
2 in R

� instead of the initial setOx1x2x3. The new setO 0x0
1x

0
2x

0
3 is selected

in such a way so that its origin O 0 is shifted by the vector x�� with respect to the
origin O , as illustrated in Fig. C15. This means that O 0 coincides with the terminal
point of the vector x�� that refers to the initial coordinates, while the axis O 0x0

1 lies
along the vector x� � x��.
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Fig. C34 The behavior of Tatarski’s correlation function for different values of shape parameter
	.d D 900/ and scale parameter d.	 D 3=2/

˙ij , introduced here are explanatory functions, are the components of the correla-
tion tensor˙ij .r/ in the new set of coordinates. The functions˙ 0

ij .r/ clearly depend
only on the length r D krk of the vector r, since the direction of r is fixed in the
new set of coordinates. In the space R� exist a reflection which leaves the points x�
and x�� D .O 0/ unmoved and it replaces the axis O 0x0

j by �O 0x0
j , where j ¤ 1 is

a fixed number. However, it does not change the directions of all other coordinates
axes O 0x0

l ; l 2 f1; 2; 3g and l ¤ j . It follows that

˙ 0
ij .r/ D �˙ 0

ij .r/ D 0textrmfori ¤ j (C447)

Hence, only the diagonal elements ˙ 0
ij .r/ of ˙ij .r/ can differ from zero. Further

more, if i ¤ j and j ¤ 1, then the axis O 0x0
i by its rotation around the axis O 0x0

j ,
can be transformed to the axis O 0x0

1. Hence

˙ 0
22.r/ D ˙ 0

33.r/ (C448)

The tensor ˙ 0
ij and, consequently,˙ij are symmetric and their components˙ 0

ij .r/

can take at most only tow non-equal non-zero values at the already introduces
longitudinal correlation function˙ 0

i i .r/ D ˙l.r/ and the lateral correlation function
˙ 0
22.r/ D ˙ 0

33.r/ D ˙m.r/, which specify in a unique way the correlation tensor.
In order to obtain the explicit form of ˙ij .r/, as the function of ˙l.r/ and ˙m.r/,
the unit vectors of the old coordinate axes Ox1;Ox2;Ox3 along the axes of the
new system O 0x0

1; O
0x0
2; O

0x0
3 must be resolved and then ˙ij .r/ can be represented

as linear combination of the functions ˙ 0
kl .r/; .k ¤ i; l ¤ j and k; l 2 f1; 2; 3g/,

which leads to (C442) and (C443).
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Example C.1. homogenous and isotropic correlation functions

It was shown in the pervious section that for a homogenous and isotropic random
fields defined on the Euclidean space R

�, the correlation between x� and x��
depends only on the Euclidean distance kx� � x��k. Therefore as shown in Table
C32, we can distinguish a homogenous and isotropic correlation function on R

�

with the real valued function˙.r/ defined on Œ0;1/ and we denote by ˚n the class
of all continuous permissible functions ˙.r/ W Œ0;1/ ! such that ˙.0/ D 1 (we
are working in terms od correlation not covariance) and the symmetric function
˙.k:k/ is a positive definite on R

�. The characterization of classes ˚n, also shown
in Table C.9.10, is a well known result of J. F. Schoenberg (1938). The function
˙.r/ W Œ0;1/ ! R is an element of ˚n if and only if it abmits a representation
in the form of (C450), where W is a probability measure on Œ0;1/; J.n�2/=2 is the
Bessel function of the first kind of order .n � 2/=2 and � stands for the Gamma
function. Hence in for geodesy relevant spaces R� and R

�, (C450) reduces to the
form presented in (C452).

Table C.9.10: Isotropic correlation and Schoenberg’s characterization

“homogenous and isotropic correlation function”
˙.x�; x��/ D ˙.kx�; x��k/; x�; x�� 2 R

� (C449)
r WD kx�; x��k

“the characterization of the ˚n class”
˙n.r/ D

R
Œ0;1/

˝n.r	/dW.	/ (C450)

˝n.r	/ D � .n=2/. 2r /
.n�2/=2

J.n�2/=2.r/ (C451)
“reduction of the ˝n for n D 2 and n D 3”

˝2.r/ D J0.r/ and ˝3.r/ D r�1 sin r (C452)

End of Table C.9.10

Table C.9.11: Special classes of correlation functions

“Tatarski’s class”

˙Œ	�.r/ D 21�	

� .	/
. r
d
/	K	.

r
d
/ (C 453)

“Shkarofsky’s class”

˙Œ	;ı�.r/ D . r
2

d2
Cı2/	=2K	.. r2

d2
Cı2/1=2/

ı	K	.ı/
(C454)

End of Table C.9.11
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Example C.2. Tatarski’s class of homogenous and isotropic correlation
functions

Many analytical candidate models for ˙ have been suggested in the literature (for
example, Buell, (1972); Haslett, (1989)), but we refer to Tatarski (1962) as being
the first who elaborated on such correlation functions which fulfill all the conditions
presented in the previous section. The Tatarski’s correlation function class is shown
in Table C.9.11 and illustrated by Fig. C.34. In addition to V. J. Tatarski’s class, a
very general family of correlation function models due to J. P. Shkarofsky (1968)
is introduced, that came as the generalization of Tatarski’s correlation function
family. These two classes, which have been proved to be the members of ˚3
(Shkarofsky, (1968) and of ˚1 classes; Gneiting et. al. (1999)), can be applied to
many geodetic problems, (e.g. Grafarend (1979); Meier (1982); Wimmer (1982);
Grafarend (1985)).

In equation of Table C.9.11, K	 stands for a modified Bessel function of order
	; d > 0 is a scale parameter, and ı > 0 and 	 are shape parameters. In the case of
ı D 0 J. P. Shkarofsky’s class reduces to V. J. Tatarski’s class.

The special case of Tatarski’s class appears if the shape parameter 	 is sum of
a non-negative integer k and 1=2. Then the right-hand side of the equation can
be written as a product of exp.�r=d/ and a polynomial of degree k in r=d (eg.
T. Gneiting, (1999)). In particular, in the case of nD 3 dimensional Markov process
of the p D 1 order, shown in Fig. C34, the shape parameter is expressed as
	 D .2p C 1/=.n� 1/ D 3=2 and results in the flowing simplification of (C454):

˙Œ3=2�.r/ D .1C r

d
/ exp.� r

d
/ (C455)

Example C.3. Three dimensional Taylor-Karman criterion matrix in the
geometric and gravitational analysis of LEO satellite ephemeris

WE have so far analyzed the theoretical background and solution for design of the
homogenous and isotropic Taylor-Karman correlation tensor. The question is, how
this theoretical concept applies to the geometric and gravitational analysis of LEO
satellite ephemeris.

The basic idea is, that the errors in the position vectors of LEO satellites constitute
a vector-valued stochastic process. Following this concept, a satellite orbit of LEO-
GPS tracked satellites is an homogenous and anisotropic field of error vectors
and the error situation is described by the covariance function. As it is well
known, the error situation os a newly determined position in a three-dimensional
Euclidean space is the best, when the error ellipsoid is sphere (isotropy) with the
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minimal radius and if the error situation is uniform over the complete satellite orbit
(homogeneity). This “ideal” situation can be explained by the three-dimensional
Taylor-Karman structured criterion matrix of W. Baarda - E. Grafarend (potential)
type. Then the correlations between the vectors of pseudo-observations of satellite
ephemeris described by the longitudinal and lateral correlation functions.

The characteristic correlation functions can be estimated by matching the correlation
tensor with a three-dimensional Markov process of 1st order and with the
introduction of some additional information about the underlying process. The
correlation analysis is performed with the assumption that the vector valued three-
dimensional random function is of “potential type” (E. Grafarend (1979)), i.e. the
gradient of a random scalar function “signal s.x/”. The structure of the random
function s.x/ is outlined as an n-dimensional Markov process of the pth order.
Figure C35 illustrates the case n D 3 and p D 1:

One of the simples differential equation os such a process has the form given by

.
2 � ˛2/ps.x/ D e.x/ (C456)

where e.x/ is a white noise. If the Laplace operator can be applied to the
homogenous random scalar function, then it transforms this function into a new
homogenous random function, having the spectral density that corresponds to the
spectral density of the correlation function of (C453) and (C454), see P. Whittle
(1954), V. Heine (1955) and P. Whittle (1963). Hence the homogenous solution of
C455 (if it exist) must have the spectral density that corresponds to the spectral
density of the correlation function.

Table C.9.9 summarizes the representation of the homogenous and isotropic corre-
lation functions of type

(i) Signal correlation function˙ ,
(ii) Longitudinal correlation function˙l and

(iii) Lateral correlation function˙m

Example C.9.34: Results and conclusions

Case study: Champ

As the numerical test in this study, we processed two data sets: two three-
dimensional fx.tk/; y.tk/; z.tk/g and fx.td /; y.td /; z.td /g Cartesian ephemeris
time-series of CHAMP satellite orbit for the test period from day 140 to 150 of
2001 (20 May to 30 May, both inclusive). We analyzed in total 27,360 triplets
of satellite positions. Both time series are indexed with a 30 s sampling rate and
referenced to a kinematic (index k) and a dynamic CHAMP orbit (index d ). The
dynamic orbit used as a reference, provides us with ephemeris differences between
the two orbits. The estimation of (“real”) auto and cross correlations between the
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Fig. C35 The six point interaction in the grid; the three-dimensional Markov process of the 1st

order (auto regressive process); the gray rectangle represents the same process in two-dimensions

vectors of pseudo-observations as functions of time, can be performed as Priestley
(1981).

According to Tables C.9.10 and C.9.11 the Taylor-Karman structured (“ideal”)
correlations are computed from the three-dimensional fx.tk/; y.tk/; z.tk/g time
series. The adopted scale parameter is d D .2=3/Rchar , where Rchar is the
characteristic length of the process. The characteristic length is defined by the
arc length of 2400 seconds (80 points for the 30 second sampling rate). The both
parameters are experimentally estimated. For further details on the scale parameter
and characteristic length, please see Wimmer (1982).

The numerical results of the study are graphically presented in Fig. C37. The gray
area represents the estimated (“real”) correlation situation along the satellite arc
as presupposed by Austen et al. (2001). The high auto and low cross-correlations
between CHAMP satellite positions for approximately 20 min of an orbit arc are
very evident. The Taylor-Karman structured correlation (black line), as theoreti-
cally assumed, gives an upper bound of the “real” correlation situation along the
satellite orbit.
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Fig. C36 The behavior of the longitudinal and lateral correlation functions, (C456) and (C 458),
for different values of the scale parameter d.	 D 3=2/

Table C.9.12 Longitudinal and lateral correlation function for a homogenous
and isotropic vector-valued random field of potential type, 1st order Markov
process

“condition for a process of potential type”

˙.x/! 2p

r2

rR
0

x˙.x/ dx !

! ˙l.r/ D d
dr
Œr˙m.r/�

“input”

˙.r/ D 2�1=2

� .3=2/
. r
d
/3=2K3=2.

r
d
/ D .1C r

d
/ exp.� r

d
/ (C457)

“output”

˙l.r/ D �6. rd /�2 C exp�. r
d
/Œ4C 2. r

d
/C 6. r

d
/�1 C 6. r

d
/�2� (C458)

˙m.r/ D �6. rd /�2 C exp�. r
d
/Œ2C 6. r

d
/�1 C 6. r

d
/�2� (C459)

End of Table C 9.12
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Fig. C37 Graphical representation of the numerical study results (20 minute correlation length,
40 points for the 30 second sampling rate)

Ex 4: Nonlinear Prediction

Example C.9.4: Nonlinear Prediction

For direct interpolation, extrapolation or filtering without trend analysis, linear
prediction gives poor results, asking for a more general concept, namely nonlinear
prediction. A set of functional series of Volterra type for nonlinear prediction of
scalar-, vector-, in general, tensor-valued signals is set-up. Optimizing the Helmert
or Work Meister point error, a set of linear integral equations, generalizing the
Weiner-Hopf integral equations. Multi-point-correlation functions (MPCF) are
characteristic for those equations. A criterion for linear prediction, namely the
vanishing of all MPCFs beside the two-point-correlation, is formulated solutions
of the discrete integral equations and the prediction error tensor of rank two are
reviewed. A structure analysis of PCFs of homogenous and isotropic vector fields
proves the number of characteristic functions to be 2.n D 2/; 4.n D 3/; 10.n D 4/
and 26.n D 5/.

The methods of statistical prediction were developed relating to stochastic processes
by two famous scientists, by the Russian A. N. Kolmorogov (1941) and by the
American N. Wiener (1941), nearly at the same time during the Second World War.
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The world-wide resonance to these milestones began rather late: the work of
A. N. Kolmorogov was due to the bad documentation of Eastern publications in
Western countries nearly unknown, the great works of N. Wiener appeared as
a classified report of section D2 of the American National Defence Research
Committee. At that time the difficult formula apparatus made the acceptance
rather impossible. Nowadays, the difficulties are only history, the number of
publications about linear filtering, interpolation and extrapolation, reaches ten
thousands. For example, the American Journal JRE, Transactions on Information
Theory, New York appears regularly every year with a literature report about the
State-of-the-Art. Notable are the works of R. Kalman (1960) who succeeded to solve
elegant by the celebrated perdition equation, the Wiener-Hopf integral equation in
transforming to a differential equation which is much easier to solve. The methods
became very well known as a method of data analysis applied to Navigation of the
Apollo Spacecraft.

In practice we begin with a two-step procedure. First, we analyze the observed
values with respect to trend: we fit a data set to a harmonic function, to a exponential
function or a polynomial with respect to “position”. Second, we analyze the data
after the trend fit to a Wiener-Kolmogorov prediction assuming a linear relation
between the predicted signal and the reduced unknown signal. The coefficients in
this linear relation depend on the distance between the points and its direction.
It is well known how to operate with the discrete approximation of the classical
Wiener-Hopf integral equation.

The two step procedure accounts for the typical results that (a) the direct application
of a linear Kolmogorov-Wiener prediction gives too inconsistent results, namely too
large mean-square-errors of the predicted signal. The remarkable disadvantage of
the two step procedure, in contrast is the immense computer work. Thus the central
question is: is the two-step-procedure necessary when a concept for nonlinear
prediction exists.

For all statistical prediction concepts the correlation function between various points
is the key quantity. In practice, the computational problems are greatly reduced
if we are able to find out whether the predicted signal is subject to a statistical
homogenous and isotropic process. It is a key information if a correlation function
depends only on the distance between the involved points or is a function of the
difference vector, namely isotropy and homogeneity, our special topic in a special
section.

Example C.9.41: The hierarchy for the equations in nonlinear prediction of scalar-
valued signals

We review shortly the characteristical equations which are given in nonlinear
prediction. Before hand we agree to the following notation: All Greek indices run
f1; 2; � � � ; N � 1;N g counting the number of points P˛ with a signal s.P˛/. The
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signal may be a scalar signal, a vector signal or a tensor signal. A natural assumption
is the “simple prediction model” that the predicted signal s.P / at the point P is
a linear function of the observed signal s.P˛/ for ˛ 2 f1; 2; � � � ; N � 1;N g.
The coefficients which describe the linear relation are dented by a.PP˛/. The
inconsistency between the predicted signal and the observed signal is denoted by
the letter “"00 leading the prediction variance Ef".P /".P /g, namely assuming that

the difference s.P / �
NP
˛D1

a.P; P˛/s.P˛/ is random.

Nonlinear prediction is defined by a nonlinear relation between the predicted signal
and the observed signal, for instance the sum of a linear and a quadratic relation
described by our previous formula. The postulate os a minimum mean square error
leads to the problem to estimate the coefficients a and b. Of course, we could
continue with signal functions which depends of arbitrary power series. The open
question is which is signal relation of arbitrary powers.

In order to give an answer to our key question, we have to change our notion
from discrete to an integral concept. We arrive in this concept if we switch over
to a continuous distribution of points P , namely from fP;P˛g to fr; r0g. In a
one-dimensional problem we integrate over a measured line, in a two-dimensional
problem we integrate over a surface. The integral set-up, in contrast, is reviewed
by formula .C461/ � .C464/ O.s3/ expresses the order of neglected terms in
the functional series SŒs.r0�. We refer to a type of Taylor series in a generalized
Hilbert space referred to V. Volterra (1959), called Volterra functional series. The
coefficient functions given by .C462/ are called as variational derivatives in a
generalized Hilbert space.

A special criticism originates from the continuous version of the Volterra series.
Help comes from the application of functional analysis, namely the Dirac function
as a generalized function illustrated by formulae (C464) and (C465). It is easy now
the switch from the continuum to the discrete, namely for a regular grid. Nowadays
the integral version is “simple” to end up with a discrete formulation, introduced
already by N. Wiener.

Up to now we have introduced a set-up of our prediction formulae for scalar signals.
In relating our work to practical problems we have to generalize to vector-valued
functions.

Table C.9.13 Discrete and continuous Volterra series for scalar signals

“discrete 2nd order Volterra series”

s.P / D
NP
˛D1

a.P; P˛/s.P˛/C
NP
˛D1

NP
ˇD1

b.P; P˛; Pˇ/s.P˛/s.Pˇ/C ".P / (C460)

“continuous 2nd order Volterra series”
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s.r/ D R
dnr0a.r; r0/s.r0/
C R dnr0 R dnr00a.r; r0; r00/s.r0/s.r00/
CO.s3/C ".r/ .C461/

“continuous 3rd order Volterra series”
s.r/ D R

dnr0a.r; r0/s.r0/
C R

dnr0 R dnr00a.r; r0; r00/s.r0/s.r00/
C R

dnr0 R dnr00 R dnr000a.r; r0; r00; r000/s.r0/s.r00/s.r000/
CO.s4/C ".r/ .C462/

“variational derivatives”

a.r; r0/ D ıs.r/
ıs.r0/

.C463/

a.r; r0; r00/ D 1

2Š

ı2s.r/
ıs.r0/ıs.r00/

a.r; r0; r00; r000/ D 1

3Š

ı3s.r/
ıs.r0/ıs.r00/ıs.r000/

“from continuous to discrete via Dirac functions: example”
C1R
�1

dnr0f .r0/ı.r; r0/ D f .r/ (C464)

ı.r; r0/ WD
2
4!1 for r D r0;

C1R
�1

dnr0ı.r; r0/ D 1
0 otherwise:

s.P / D R dnr0a.P; r0/s.r0/ (C465)

D
NP
˛D1

K˛dnr0ı.P; r0/ D
NP
˛D1

a.P; P˛/s.P˛/

End of Table C.9.12

Example C.9.42: The hierarchy of the equations in nonlinear prediction of vector-
valued signals

In order to take care of practice, we will present finally the concept of prediction
of vector-valued signals set-up by vector-valued Volterra series of type (C641).
The partial variational derivatives of the vector-valued functions, also called signal
Si.r/, are given by (C459) upto order O.s3. We let the indices of Latin type run
1; 2; � � � ; n�1; n where n is the maximum dimension number. We apply the Einstein
summation convention, namely the addition with respect to identical numbered
indices.

In order to fill the deflections depend on the position r of the measurements. In
order to determine the unknown coefficients of the nonlinear prediction “ansatz”,
we choose risk function to be optimized. For instance, we may choose the trace
of the variance function T1D t r�ij rDmin, called Helmert point error, or the
determinant of the variance function T2 D det�ij r D min, called Werkmeister
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point error, as two basic invariants called Hilbert invariants. Such an optimal
design leads to a linear integral equation, a system of first kind, for the unknown
tensors aij .r; r0/, aijk.r; r0; r00/ etc. If we only refer to terms up to second order,
namely to quadratic signal terms, we have eliminated cubic, biquadratic etc. term,
the standard concept of linear prediction.

The first nonlinear term, the quadratic terms, lead to the concept of

two-point correlation functions:
˚ij .r; r0/ WD Efsi .r/sj .r0/g

three-point correlation functions:
˚ijk.r; r0; r00/ WD Efsi .r/sj .r0/sk.r00/g

and
four-point correlation functions:

˚ijkl .r; r0; r00; r000/ WD Efsi .r/sj .r0/sk.r00/sl .r000/g
The term “multipoint functions” is to be understood that tensor valued functions
between multipoints appear as correlation functions. With respect to linear
prediction newly three-point and four-point correlation functions appear. Let us
formulate the discrete version of the integral equations: here run all the bar indices
.1; 2; � � � ; Nn/ up to the numberNn. Indeed, we approximated the integral (C470),
(C471) etc. by (C472), (C473) etc. Indeed we switched from continuum to discrete
by our summation convention by neglecting the summation signs. For instance, the
two-point and three-point functions aim.r; r1/; aimn.r; r1; r2/ are written aP�im ; b

P�ı
imn

in the discrete versions.

In summary, our matrices have NnŒ.Nn/2 C .Nn/� elements. They correspond to
the correlation functions˚i;j ; ˚i;j ;k and ˚i;j ;k;l . Finally we restrict us to prediction
terms of to second order when we write (C473) to (C476). Here we advantage of
two conventions: “Extensor” calculus developed by Craig (1930–1939) abbreviates
(a) as the multiindex the series i1i2; � � � i1. Again we sum up indices in brackets. In
the new version of H. V. Craig’s multiindex we gain our characteristic equations
(C476) - (C 479). The convention coefficients ai .i/ have their origin in the
generalized Taylor series with the condition that higher order coefficients are getting
smaller with increasing multiindex degree. If we apply the fundamental prediction
equation (C475) we have to sum up the coefficients ai;i ; ai ; i1; i2; ai ; i1; i2; i3 etc.
With the generalized variance-covariance matrix, function of the coordinates of
the position vector r. The Helmert point error reduces proportional to the number
of prediction coefficients as long as the inequality (C481) holds. If we fix the
coefficient functions aij .r; r0/ for the distance zero to one, the following coefficients
aijk.r; r0; r00/; aijkl .r; r0; r00; r000/ are smaller than one.
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Table C.9.44 Discrete and continuous Volterra series for vectors

continuous 2nd order Volterra series

si .r/ D
nP

jD1
R
dnr0aij .r; r0/sj .r0/

C
nP

jD1

nP
kD1

R
dnr0 R dnr00aijk.r; r0; r00/sj r0skr00 C o.s3/ (C466)

aij .r; r0/ D ısi .r/
ısj .r0/

; aijk.r; r0; r00/ D ı2si .r/
ısj .r0/ısk.r00/

(C467)

Variance function as a tensor of 2nd order

�ij .r/ D E
˚
Œsi .r/�

R
dn.r1/ai i1 .r; r1/si1 .r1/�R

dn.r1/
R
dn.r2/ai i1i2 .r; r1; r2/si1.r1/si2.r2/ � � � � �

Œsj .r/ �
R
dn.r1/ajj1.r; r1/sj1.r1/�R

dn.r1/
R
dn.r2/ajj1j2.r; r1; r2/sj1.r1/sj2.r2/� � � � �

�
(C468)

J1 D t r�ij .r/ D min; J2 D det�ij .r/ D min (C469)

from continuous to discrete: multipoint correlation functions

˚ij .r; r0/ D R dnr1aim.r; r1/˚jm.r0; r1/CR
dnr1

R
dnr2aimn.r; r1; r2/˚jmn.r; r1; r2/ (C470)

˚ijk.r; r0; r00/ D R dnr1aim.r; r1/˚jkm.r0; r00; r1/CR
dnr1

R
dnr2aimn.r; r1; r2/˚jkmn.r0; r00; r1; r2/ (C471)

˚P˛
jk D aP�im ˚˛�

jm C bP�ıimn˚
˛�ı
jmn; ˚

P˛ˇ

ijk D aP�im ˚˛ˇ�

jkm C bP�ıimn˚
˛ˇ�ı

jkmn

(C472)

˚jk D aim˚jm C bimn˚jmn; ˚ijk D aim˚jkm C bimn˚jkmn
(C473)

ai1 D ci1; ai2 D ci2; � � � ; aim D cim; � � � ; aiNn D ciNn
bi11 D ciNnC1; bi12 D ciNnC2; � � � ; bi1n D ciNn C n; � � � ; bi1Nn D ciNn CNn
bi21 D ci2NnC1; bi22 D ci2NnC2; � � � ; bi2n D ci2Nn C n; � � � ; bi2Nn D ci2Nn CNn
bi31 D ci3NnC1; bi32 D ci3NnC2; � � � ; bi3n D ci3Nn C n; � � � ; bi3Nn D ci3Nn CNn

:::

bim1 D cimNnC1; bim2 D cimNnC2; � � � ; bimn D cimNn C n; � � � ;
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bimNn D cimNn CNn
biNnNn D ci.Nn/2 
Nn (C474)

˚�0	0 D C�0�0˚�0	0 ; C�0�0 D ˚�0	0˚�1
	0�0 (C475)

˚i.j / � .ai.i/; ˚.j /.i// D 0 (C476)

˚ij1 � .ai i1 ; ˚j1i1 /� .ai i1i2 ; ˚j1i1i2 /� � � � D 0 (C477)

˚ij1j2 � .ai i1 ; ˚j1j2i1 / � .ai i1i2 ; ˚j1j2i1i2 /� � � � D 0 (C478)

.ai i1 ; ˚j1i1 / D
R
dnr1aii1 .r; r1/˚j1i1 /.r

0; r1/ (C479)

.ai i1i2 ; ˚j1j2i1i2 / D
R
dnr1

R
dnr2aii1i2 .r; r1; r2/˚j1j2i1i2 /.r

0; r00; r1; r2/

(C480)

�ij .r/ D ..ıi.i/ � ai.i//; ˚j.i//� ..ıi.i/ � ai.i//; aj.j /˚.i/.j // (C481)

2tr.ai.i/; ˚j.i// > tr.ai.i/; aj.j /; ˚.i/.j // (C482)

Table C.9.44: Volterra series

Example C.4. Structure analysis

Here we analyst the structure of multipoint functions of higher order with respect
to statistical assumptions of homogeneity and isotropy. These assumptions made
our prediction formula much simpler. If we were not assuming this statistical
property, we had to compute for every point and every direction an independent
higher order correlation function. For instance, if we had to calculate two-point-
correlation functions in two dimensions every 1 Gon, we had to live with 1600
different correlation functions. If we would be bale to assume isotropy, the number
of characteristic functions would reduce to two functions only! In the case of three-
point-functions the reductions range from 3200 non-isotropic functions to four in
case of isotropy. Of course, we will prove these results.

The structure of these multi-point-functions of statistically homogenous and
isotropic vector-valued signals follow from the form invariance of the functions with
respect to rotations and mirror functions of the coordinate system. Alternatively, we
have to postulate invariance against transformations of the complete orthogonality
group O.n/. Form invariance of a multi-point-correlation functions is to be
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Fig. C38 Projections: longitudinal and lateral components for two-, three- and four point
correlation functions, isotropy-homogeneity assumption

understood with respect to base functions which leads to scalar quantities. Our
next section offers a better understanding of these theoretical results. As a short
introduction to two-point-correlation os vector-valued signals we illustrate the
theory of characteristic functions for two-point-functions, for three-point-functions
and four-point-functions by Fig. C38.

In case of a vector valued functions the structure of the correlation function used
for linear prediction is generated the coordinates si .r/ at the point r or P1 and
sj .r0/ at the point r0 or P2 and the projected coordinate components along the
connection line P1P2 (along track) and orthogonal to the line P1P2 (cross track)
called “longitudinal” and “lateral” sp and sn (“parallel” p, “normal” n). These
characteristic functions ˚nn resp. ˚pp given by the two-point correlation functions
illustrated in Fig. C38.
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Table C.15 Characteristic functions for two-point- and three-point correla-
tion functions of vector-valued signals

“homogenous and isotropic two-point-function”

˚nn.r/ D Efsn.r/sn.r0/g; ˚pp.r/ D Efsp.r/sp.r0/g,
˚pn.r/ D ˚np.r/ D 0 (C483)

˚j .r; r0/ D Efsi .r/sj .r0/g D ˚nnıij � Œ˚pp.r/ � ˚nn.r/�
xi
xjr2
(C484)

“homogenous and isotropic three-point-function”

˚nnp.r1; r2/ D Efsn.r/; sn.r0/; sp.r00/g
˚npn.r1; r2/ D Efsn.r/; sp.r0/; sn.r00/g
˚pnn.r1; r2/ D Efsp.r/; sn.r0/; sn.r00/g
˚ppp.r1; r2/ D Efsp.r/; sp.r0/; sp.r00/g

9>>=
>>;

(C485)

˚ijk.r; r0; r00/ D xi 0 �xi
jr�r0j ıjk˚pnn.r1; r2/C

xj 0 �xj
jr�r0j ıik˚npn.r1; r2/C

D xk00 �xk
x100 �x1 ıij˚nnp.r1; r2/C

.xi 0�xi /.xj 0�xj /.xk00 �xk/
jr�r0j2.x100 �x1/ �

�f˚ppp.r1; r2/� ˚pnn.r1; r2/ �˚npn.r1; r2/� ˚nnp.r1; r2/g (C486)

End of Table: characteristic functions

In Table C 16, we present only results.
How is the detailed proof of our results?
This is here our central interest.

We begin with the definition of the popular scalar product and the norm of a Hilbert
space by equations (c 484) and (c 488), extend by the variance-covariance function
(C489) by Craig calculus generalizations of a Hilbert space are given by (C490)
and (C491). In terms of Craig calculus we compute Helmert’s optimal design
of unknown coefficients by (C492), (C493), (C494) and (C495) and in contrast
Werkmeister’s optimal design by (C496), (C497) and (C498), again of the unknown
coefficients.

Table C.16 Optimal variance function

Hilbert space: scalar product, norm

.f; g/ D R
˝

f!g!dP! (C487)
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jf2j D
p
.f; f / D

rR
˝

jf!j2dP! (C488)

Variance function of vector-valued signals, Craig calculus

�ij .r/ D ."i .r/; "j .r// D ..ıi.i/ � ai.i//; ˚j.i//� ..ıi.i/ � ai.i//; aj.j /˚i.j //
(C489)

Hilbert optimal design, Craig calculus

J1 D tr �ij .r/ D ..ıi.i/ � ai.i//; ˚j.i//� ..ıi.i/ � ai.i//; aj.j /˚i.j // D min
ıJ1ŒaI.i/� D 0; ı2J1ŒaI.i/� > 0

�

(C490)

.
dJ1Œai.i/C"bi.i/�

d"
/
"D0 D 0; .

d2J1Œai.i/C"bi.i/�
d"2

/
"D0 > 0

J1Œai.i/ C "bi.i/� D tr ..ıi.i/ � .ai.i/ C "bi.i///; ˚j.i//
�tr ..ıi.i/ � .ai.i/ C "bi.i///; .aj.j / C "bj.j //˚i.j //

.
dJ1Œai.i/C"bi.i/�

d"
/
"D0 D 0 W tr .bi.i/; .˚j.i/ � aj.j /˚i.j // D 0

9>>>>>>>=
>>>>>>>;

(C491)

.
d2J1Œai.i/C"bi.i/�

d"2
/
"D0 > 0 W tr .bi.k/; bj.l/˚.k/.l// > 0 (C492)

positive definiteness of the correlation function

tr
R
dnr0 R dnr00bik.r; r0/bj i .r; r00/˚kl .r; r00/ > 0 (C493)

Werkmeister optimal design, Craig calculus

J2 D det�ij .r/ D f..ı1.i/ � a1.i//; ˚1.i// � ..ı1.i/ � a1.i//; a1.j /˚.i/.j //g
f..ı2.i/ � a2.i//; ˚2.i//� ..ı2.i/ � a2.i//; a2.j /˚.i/.j //g
�f..ı1.i/ � a1.i//; ˚2.i//� ..ı1.i/ � a1.i//; a2.j /˚.i/.j //2g

9=
;
(C494)

ıJ2Œai.i/� D 0; ı2J2Œai.i/� > 0

.
dJ1Œai.i/C"bi.i/�

d"
/
"D0 D 0; .

d2J1Œai.i/C"bi.i/�
d"2

/
"D0 > 0

J2Œai.i/ C "bi.i/� D A0 C A1"C A2"2 C A3"3 CA4"4

.
d2J1Œai.i/C"bi.i/�

d"2
/
"D0 D 0 W A1 D 0

9>>>>>>=
>>>>>>;

(C495)
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.
d2J1Œai.i/C"bi.i/�

d"2
/
"D0 > 0 W A2 > 0 (C496)

End of Table: Craig optimal design

Finally, we study in more detail the concept of structure functions. We illustrate
the form invariance of its base invariants which are invariant in terms of rotational
and mirror symmetry. Let us call the base vector ei .r/ relating to signal si .r/ at the
placement vector r; ej .r0/ relating to signal sj .r0/ at placement vector r0 etc. The
set-up of base vectors by (C449) and corresponding structure functions by (C580)
are given. They lead us to the combination of base invariants ˚1;˚2 following
Taylor (1935), and Karman (1937), ˚3;˚4; ˚5 etc in Table (C501)–(C505). finally,
we summarize up to order three the various isotropic and homogenous correlation
functions in Table C.17, (C501)–(C505). They are based on the work of Karman
and Howarth (1938), and Obuchow (1958). Let us present finally the number
of characteristic functions for homogenous and isotropic correlation functions of
higher order for vector-valued signals, collected in Table C.18.

Table C.17 Scalar products of base invariants

base invariants

xixi ; xj 0xj 0 ; xk00xk00 ; xl 000xl 000 ; etc.
ei ei 0; eiei 00 ; eiei 000 ; etc.
ei 0ei 00; ei 0ei 000 ; etc.
etc.
xiei ; xi ei 0 ; xi ei 00; xi ei 000 ; etc.
xi 0ei 0; xi 0ei 00 ; xi 0ei 000 ; etc.
xi 00ei 00; xi 00ei 000 ; etc.
etc.

9>>>>>>>>>>>=
>>>>>>>>>>>;

(C497)

base functions

˚1.ei / D ˚iei
˚2.ei ; ej 0/ D eiej 0˚ij 0.r; r0/
˚3.ei ; ej 0; ek00/ D eiej 0ek00˚ij 0k00.r; r0; r00/
˚4.ei ; ej 0; ek00 ; el 000/ D ei ej 0ek00el 000˚ij 0k00l 000.r; r0; r00; r000/
� � �

9>>>>>=
>>>>>;

(C498)

combinations of base invariants

˚1 D ˚1.ei / D ˚1ei (C499)
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˚2.ei ; ej 0/ D ei ej 0˚ij 0.r; r0/ D eiej 0f
xi
xj 0a1.r/C ıij 0a2.r/g
(C500)

(Taylor (1935), Karman (1937))

˚3.ei ; ej 0; ek00/ D eiej 0ek00˚ij 0k00.r; r0; r00/ D
D eiej 0ek00f
xi
xj 0
xk00a1.r1; r2/C
xiıj 0k00a2.r1; r2/C

C
xj 0ıik00a3.r1; r2/C
xk00ıij 0a4.r1; r2/g (C 501)

˚4.ei ; ej 0; ek00 ; el 000/ D eiej 0ek00el 000˚ij 0k00l 000.r; r0; r00; r000/ D
D eiej 0ek00el 000f
xi
xj 0
xk00
xl 000a1.r1; r2; r3/

C
xi
xj 0ık00l 000a2.r1; r2; r3/C
C
xj 0
xl 000ıik00a3.r1; r2; r3/C
xi
xk00ıj 0l 000a4.r1; r2; r3/C
C
xi
xl 000ıj 0k00a5.r1; r2; r3/C
xj 0
xk00ıil 000a6.r1; r2; r3/C
C
xk00
xl 000ıij 0a7.r1; r2; r3/C ıij 0ık00l 000a8.r1; r2; r3/C
Cıik00ıj 0l 000a9.r1; r2; r3/C ıj 0k00ıil 000a10.r1; r2; r3/g

9>>>>>>>>>=
>>>>>>>>>;

(C502)

˚4.ei ; ej 0; ek00 ; el 000 ; em0000/ D ei ej 0ek00el 000em0000˚ij 0k00l 000m0000.r; r0; r00; r000; r0000/ D
D eiej 0ek00el 000em0000f
xi
xj 0
xk00
xl 000
xm0000a1.r1; r2; r3; r4/

C
xi
xj 0
xk00ıl 000m0000a2C
C
xi
xj 0
xm0000ık00l 000a3 C
xi
xj 0
xl 0000ık00m0000a4
C
xi
xl 000
xm0000ıj 0k00a5C
C
xi
xk00
xm0000ıj 0l 000a6 C
xi
xk00
xl 000ıj 0m0000a7
C
xk00
xl 000
xm0000ıij 0a8C
C
xj 0
xl 000
xm0000ıik00a9 C
xj 0
xk00
xm0000ıil 000a10
C
xj 0
xk00
xl 000ıim0000a11C
C
xiıj 0k00ıl 000m0000a12 C
xj 0ıik00ıl 000m0000a13 C
xk00ıij 0ıl 000m0000a14C
C
xl 000ıij 0ık00m0000a15 C
xm0000ıij 0ık00l 000a16 C
xiıj 0l 000ık00m0000a17C
C
xj 0ıil 000ık00m0000a18 C
xk00ıil 000ıj 0m0000a19 C
xl 000ıik00ıj 0m0000a20C
C
xm0000ıik00ıj 0l 000a21 C
xiık00l 000ıj 0m0000a22 C
xj 0ıim0000ık00l 000a23C
C
xk00ıim0000ıj 0l 000a24 C
xl 000ıim0000ıj 0k00a25 C
xm0000ıil 000ıj 0k00a26g

9>>>>>>>>>>>>>>>>>>>>>>>>=
>>>>>>>>>>>>>>>>>>>>>>>>;

(C503)

End of Table: Scalar products of basic invariants
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Table C.18: Isotropic and homogenous correlation functions, two- and
three- point functions, normal and longitudinal components

˚11.r; r0/ D a1.r/r2 C a2.r/ D ˚pp
˚12.r; r0/ D ˚12.r; r0/ D ˚pn D ˚np D 0
˚22.r; r0/ D ˚33.r; r0/ D ˚nn

9=
; (C 504)

˚111 D r21 .x00

1 � x1/a1.r1; r2/C r1Œa2.r1; r2/C a3.r1; r2/�
C.x00

1 � x1/a4.r1; r2/ D ˚ppp
˚112 D r21 .x

00

3 � x2/a1.r1; r2/C .x
00

2 � x2/a4.r1; r2/
˚113 D r21 .x00

3 � x3/a1.r1; r2/C .x00

3 � x3/a4.r1; r2/
˚121 D 0; ˚122 D r1a2 D ˚pnn; ˚123 D 0
˚131 D 0; ˚132 D 0; ˚133 D r1a2 D ˚pnn
˚211 D 0; ˚212 D r1a3 D ˚npn; ˚213 D 0
˚231 D ˚232 D ˚233 D 0
˚311 D ˚312 D ˚313 D r1a3 D ˚npn
˚321 D ˚322 D ˚323 D 0
˚331 D .x00

1 � x1/a4 D ˚nnp; ˚332 D .x00

2 � x2/a4;
˚333 D .x00

3 � x3/a4

9>>>>>>>>>>>>>>>>>>>>=
>>>>>>>>>>>>>>>>>>>>;

(C505)

a1.r/ D ˚pp�˚nn
r2

; a2.r/ D ˚nn

a1.r2; r2/ D ˚ppp�˚pnn�˚npn�˚nnp
r21 .x

00
1 �x1/

a2.r2; r2/ D ˚pnn
r1

a3.r2; r2/ D ˚npn
r1

a4.r2; r2/ D ˚nnp

.x00
1 �x1/

9>>>>=
>>>>;

(C506)

˚ij .r; r0/ D ˚nn.r/ıij C Œ˚pp.r/ �˚nn.r/�
xi
xjr2
(C507)

˚ijk.r; r0; r00/ D 
xi
r1
ıjk˚nnn C 
xj

r1
ıik˚npn C .x00

k �xk/
.x00
1 �x1/ ıij˚nnp

C
xi
xj .x
00

k �xk/
r21 .x

00
1 �x1/ .˚ppp �˚pnn �˚npn �˚nnp/

(C508)
˚ij 0k0.r; r0 D r00/ D 
xi
xj 0
xk0a1.r1/C
xiıj 0k0a2.r1/

C.
xj 0ıik0 C
xk0ıij 0/a3.r1/

D ˚ppp.r1/�˚pnn.r1/�2˚nnp.r1/
r31


xi
xj 0
xk0

C˚pnn.r1/
xir1 ıj 0k0 C .
xj 0 ıik0 C
xk0 ıij 0 /

r1
˚nnp.r1/

(C509)

End of Table: Isotropy and homogenity
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Table C.19:Number of characteristic functions for multi-point functions
based on vector-valued signals

multi-point correlation functions number of characteristic functions

2 2
3 4
4 10
5 26

End of Table: characteristic functions

Ex 5: Nonlocal Time Series Analysis

Example: Nonlocal time series analysis

Classical time series analysis, for instance Earth tide measurements, is based on
local harmonic and disharmonic effects. Here we present a nonlocal concept
to analyze on a global scale measurements at different locations. The tool
of the generalized harmonic analysis base on correlation functions of higher
order between vector-valued signals at different points and at different times.
Its polyspectrum is divided into poly-coherence and poly-phase. A 3d-filder of
Kolmogorov-Wiener type is designed for an array analysis. The optional distance
between stations and the optimal registration time- Nyquist frequency- is given to
avoid aliasing.

Standard procedures of signal analysis treat a registered time series of one station
only. It is our target here to combine various observation stations: we are interested
in the global picture handled by array analysis. We like to refer to applications in
seismology and tidal analysis, the great success of tomography. A 3d- or multi-
channel filter makes possible to arrange an optimal signal-to-noise ratio in terms of
an optimal design of the station distance and an optimal design of the registration
time, namely statistical accuracy of numbers which decide upon a linear or nonlinear
filter.

In the first section we introduce the classical nonlocal analysis forN D 2 stations for
a vector-valued signal. We assume no correlation between the signal components.
The mono-spectrum, namely the Fourier-transform of scalar-valued correlation
functions is separated by coherence- and phase-graphs. The second section is a
straight forward approach to registered vector-valued signals between N D 2

stations. Support has the origin in the analysis of coherence surface and of phase
surface of Fourier-transformed correlation-tensors. Poly-spectra of signal space-
time functions form the basis of N� stations analysis in the third section. We
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separate real- and imaginary-parts in terms of a poly-coherence-graph and of a
poly-phase-graph, both matrix forms. An extended array analysis is based on a
Kolmogorov-Wiener filter in the fourth section. We give a simple analysis to predict
an optimal registration and an optimal station distance. At the end we give references
to (a) array analysis, (b) mono-spectrum and (c) bi- and poly-spectra.

Scalar signals, “classical analysis”

In terms of the “classical time series analysis” registrations at two different places
are to be combined: Which are the frequency bands in which we can detect
coherences, which is the spectral phase-dislocation between two registrations. We
are to keep in mind the Fundamental Lemma of N. Wiener that a frequency assured
by coherence has the property of maximal probability, characterized by signal time-
functions at two stations. We sum up the following operations:

(i) Calculation of auto- and cross-correlation functions of scalar-valued signals,
(ii) Calculation of Fourier-transforms of auto- and cross-correlation functions,

separation of mono-spectra in terms of active and passive (cos� versus sin�
terms) components,

(iii) Plots of coherence graphsH2.k1; !1/ and phase graphs �2.k1; !1/

Here we depart from a scalar space-time representation of a signal, namely by a
signal s.r; t/ at a placement r and at the time t and a signal s.r0; t 0/ at the placement
r0 and at the time t 0 by correlation, in detail by (C512 - C 519). f Œs.r; t/; s.r0; t 0/�
denotes the probability density, to meet the signals s and s0 at the placements r; r0
and the times t; t 0. we intend to transform the probability integral into a space-
time integral assuming homogeneity and ergodicity by (c 513) and (C514). The
space-time complex mono-spectrum ˚.ri ; t1/ ! e̊.ki ; !1/ is defined by (C515),
direct and inverse, (C516), e̊.ki ; !1/ decomposed into a real-valued part and
an imaginary part. “e” denotes the Fourier transform, i W �p�1, n indicates
the dimension. In analogy to wave propagation in electrodynamics, we define
Rcfe̊g DW e� .ki ; !1/ active spectrum or co-spectrum, but Jmfe̊g DW e� quadratic
or “blind spectrum”. Backward transformation ˚.ri ; �1/ cos.!1�1� < k1jr1 >/
and ˚.ri ; �1/ sin.!1�1� < k1jr1 >/ lead to fe� .ki ; !1/;e�.ki ; !1/g Let us
finally H2 WD e� 2.ki ; !1/ C e�2.ki ; !1/g as the space-time coherence graph, and
tan�.ki ; !1/g WD e�.ki ; !1/=e� .ki ; !1/; �.ki ; !1/ the phase graph, both very
important in defining “coherent light”. Figure C39 illustrates the phase graph,e� 2 C e�2 the length of the complex vector in the polar coordinates. The auto
correlation functions � .r; r/ and �.r0; r0/ clearly lead us to “angle” and “length”
in the complex plane Fig. C40 illustrates the fundamental coherence- and phase-
functions.

Finally the contributions of lackman (1965); Granger and Hatanaka (1964); Harris
(1967); Kertz (1969, 1971); Lee (1960); Pugachev (1965); Robinson (1967),
Robinson and Treitel (1964).
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Table C.20: Variance-covariance function of a scalar signal, direct and
inverse Fourier transform, space-time representation

EŒs.r; t/s.r0; t 0/� WD ˚.r; r0; t; t 0/ (C510)

WD
C1R
�1

ds.r; t/
C1R
�1

ds.r0; t 0/s.r; t/s.r0; t 0/f Œs.r; t/s.r0; t/� (C511)

˚.r0 � r; t 0 � t/ D lim
T;x;y!1

1
8T xy

CTR
�T
dt

CxR
�x
dx

CyR
�y
dy (C512)

s.x; y; t/sŒx C .x0 C x/; y C .y0 C y/; t C .t 0 C t/� (C513)

r0 � r WD r1; t 0 � t WD �1 (C514)

e̊.k1; !1/ D .2�/�nC1
2

C1R
�1

dnr1
C1R
�1

d�1˚.r1; �1/ expCi.!1�1 � k1r1/

(C515)

˚.r1; �1/ D .2�/�nC1
2

C1R
�1

dnk1
C1R
�1

d!1e̊.k1; !1/ exp�i.!1�1 � k1r1/

(C516)

e̊.k1; !1/ D ReŒe̊�C i ImŒe̊� D e� .k1; !1/C i e�.k1; !1/ (C 517)

e�.k1; !1/ WD .2�/�nC1
2

C1R
�1

dnr1
C1R
�1

d�1˚.r1; �1/ cos.!1�1 � k1r1/ (C518)

e� .k1; !1/ WD .2�/�nC1
2

C1R
�1

dnr1
C1R
�1

d�1˚.r1; �1/ sin.!1�1 � k1r1/ (C519)

H2 WD e� 2.k1; !1/C e�2.k1; !1/ (C520)

tg�.k1; !1/ WD
e�2.k1; !1/e� 2.k1; !1/

(C521)

End of Table: variance-covariance functions
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Fig. C39 Decomposition
into real and imaginary
component Gauss
representation fe�;e� g

Fig. C40 Scalar coherence
and phase graph

C.9.52 First generalization: vector-valued classical analysis

At first, we deal with separate single components of a general three-component tidal
recording. We develop a joint analysis of all three components observed at two
points on the surface of the Earth, for example. Its signal functions are correlated
with each other, in the special case here the vertical component as well as the
horizontal component. We receive a correlation tensor of second degree, namely
in the form of the coherence matrix and the phase matrix. In detail, the analysis
technique is based on the following operations:

(i) Computation of auto- and cross-correlations of the vector-valued signal,
(ii) Computation of the Fourier transform of the functions separation within the

mono spectral matrix in “active” and “blind” spectra cosine- and sine-Fourier
transform,

(iii) Part of the coherenec matrix Hij .k1; !1/ as well as the phase matrix
�ij .k1; !1/.

Theoretical Background
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Let si .x; t/ D ıgi .x; t/ be a vector-valued space-time-signal consisting of vertical
and horizontal components subject to i D 1 or x; i D 2 or y and i D 3 or z.
The signal function si .x; t/ at the placement x and at the time instant t and the
signal function sj .x0; t 0/ at the placement x0 and the time instant t 0 are correlated by
means of

Efsi .x; t/sj .x0; t 0/g DW ˚ij .x; x0; t; t 0/ for i; j 2 f1; 2; 3g (C522)

As an analogue of our previous formulae we define the coherence matrix, namely
the coherence tensor Hij , and the phase matrix �ij

Hij .k1; !1/ WD e� 2
ij .k1; !1/C e�2

ij .k1; !1/ (C523)

tg �ij .k1; !1/ D
e�2
ij .k1; !1/e� 2
ij .k1; !1/

(C524)

The coherence matrix as well as the phase matrix are represented by special surface
for instance by coherence ellipses, coherence hyperbolae etc.

C.9.53 Second generalization: poly spectra

Up to now we analyzed only signal registrations at two different points by
correlation, namely by coherence and phase. Here, we introduce the concept of
poly spectra for the purpose of registration of Earth tides at all points we have
registrations. In detail, the analysis technique is based on the following operations:

(i) Computation of multi-point correlation functions of a vector-valued tidal signal
(ii) Computation of the Fourier transforms called polyspectra. The concept is able

to separate mono-, bi-, tri-, in short polyspectra in “active” and “blind” spectra,
cosine- and sine-Fourier transform.

(iii) Part of generalized coherence graphs

Hi1i2���iN�1iN .k1;k2; � � � ;kN�1; !1; !2; � � � ; !N�1/ (C525)

and the generalized phase graphs

�i1i2���iN�1iN .k1;k2; � � � ;kN�1; !1; !2; � � � ; !N�1/ (C526)

at N tidal stations being functions of wave number vectors k1;k2; � � � ;kN�1 and the
frequencies !1; !2; � � � ; !N�1.

Theoretical Background

Let si1.x; t/ � ıgi.x; t/ be a tensor-valued space-time tidal signal at the first tidal
station, si2.x

0; t/ be a tensor-valued tidal signal at the second tidal station. If we
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correlate all signal functions with each other, e receive a multi-point correlation
function equal to the number of tidal stations.

Efsi1.x; t/si2 .x0; t 0/ � � � sin.xN ; tn/g WD ˚i1i2���iN�1iN (C527)

In case of space like homogeneity and the time like stationarity we are able to
represent the various correlation functions by

˚i1i2���iN�1iN .x1; x2; � � � ; xN�1; �1; �2; � � � ; �N�1/ (C528)

subject to

x1 WD x0 � x; x2 WD x00 � x; etc :�1 D t 0 � t; �2 D t 00 � t; etc (C529)

and their polyspectra

e̊
i1i2���iN�1iN .k1;k2; � � � ;kN�1; !1; !2; � � � ; !N�1/ D

.2�/�
n.N�1/C.N�1/

2

C1Z
�1

dn.N�1/r
C1Z

�1
dn.N�1/�

˚i1i2���iN�1iN .r1; r2; � � � ; rN�1; �1; �2; � � � ; �N�1/ �
expCi.!1�1 C !2�2 C � � � C !N�1�N�1 � k1r1 � k2r2 � � � � � kN�1rN�1/

(C530)

n is the dimension number, N the number of tidal stations. For the case of N D 3
we use the term “bispectrum”, for the case N D 4 we use the term “trispectrum”
in general “polyspectrum”. The common separation of ˚i1i2���iN�1iN in real- and
imaginary part leads us to

the Polycoherence graph as well as the poly phase graph

Hi1i2���iN�1iN D Rc2Œe̊i1i2���iN�1iN �C Jm2Œe̊i1i2���iN�1iN � (C531)

tg�i1i2���iN�1iN D
JmŒe̊i1i2���iN�1iN �

RcŒe̊ i1i2���iN�1iN �
(C532)

Numerical results are presented in Brillinger (1964), Grafarend (1972), Hasselmann
et al. (1963), Rosenblatt (1965, 1966), Sinaj (1963 i, ii), Tukey (1959), and Van Nees
(1965).
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Table C.9.54: Generalized array analysis on the basis of a Kolmogorov-
Wiener filter (3D-filter)

We do not attempt to review “filter theory”, instead we present array analysis for the
purpose to optimally reduce noise in tidal measurements in optimal station density.
The method of analysis is based in the following operations:

(i) Computation of signal correlation functions from tidal registration in multi-
stations and afterwards in noise correlation functions from an analysis of
noise characteristic multi-dimensional stochastic process, for instance of type
Markov, homogenous and isotropic

(ii) Computation of spectra from diverse correlation functions
(iii) Solving the linear matrix equation of type Wiener-Hopf equations of optimal

filter functions.

The optimal station density is achieved from the postulate < 
kj
x >� 1, the
optimal registration time from the postulate 
!
t � 1. 
x is the distance of the
tidal stations in position space, 
x the distance in the Fourier space, for instance
kx D 2�=�x wavelength aliasing 
t the discretization parameter in the time
domain and 
! the corresponding frequency distance in the Fourier space, for
instance 
! D 2�=
T , 
! the frequency aliasing.

Example


r � 1


k cos ^k; r
D 
�

2� cos ^k; r


! � 1=
t

^k; r D 0; 
� D 103 Km ; 
r Š 140 Km

^k; r D 300; 
� D 103 Km ; 
r Š 330 Km


t D 1 sec ; 
! D 1 Hz ; 
T Š 6 sec


t D 1 msec ; 
! D 103 Hz ; 
T Š 6 msec

Theoretical Background

Lets us assume that the vector-valued registration signal consists of two parts, the
pure signal part and the superimposed noise:

ıgi .x; t/ D si .x; t/C ni .x; t/ (C533)

The filtered signal ıg0
i .x; t/ has the linear structure of type

ıg0
i .x; t/ D s0

i .x; t/C n0
i .x; t/ (C534)
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The filter error "i .x; t/ D s0
i .x; t/ � si .x; t/ C n0

i .x; t/ � ni .x; t/ is designed
by I1t r�ij .x; t/ D min or I1 det�ij .x; t/ D min subject to the error tensor
�ij .x; t/ WD Ef"i .x; t/"j .x; t/g D min. The filter fij .x; t/ is defined by the linear
Volterra setup

n0
i .x; t/ WD

C1Z
�1

dnx1

Z
d�1fij .x1; �1/nj .x � x1; t � �1/ (C535)

J Œ�ij .fkl .x; t//� D min lead the “necessary” generalized Wiener-Hopf equations.

˚si sj .r; r
0; t; t 0/ D

C1Z
�1

dnr00
C1Z

�1
dt 00fik.r; r00/˚jk.r; r00/ (C536)

ef ij D e̊
si sj .k1; !1/Œe̊si sk C e̊nink �C (C537)

Œ�C identifies the generalized inverse of type minimum norm least squares.

eF Œi�i � D e̊
ssŒi�i �Œe̊ssŒi�i � C e̊nnŒi�i �� (C538)

The result of 3D or linearized multi-channel leads to an easy solution. If we would
care for a nonlinear filter subject to the multi-index J WD .j1; j2; � � � ; j˛/ andK WD
.k1; k2; � � � ; kˇ/ we will receive the solution

˚ij D .fik; ˚jk/ (C539)

with respect to the scalar product .:; :/ of the corresponding Hilbert space.
Numericals examples you can find in C. B. Archambeau et. al. (1965), J. W. Britill
and F. E. Whiteway (1965), H. W. Briscoe and P. L. Fleck (1965), J. P. Burg
(1964), J. F. Claerbout (1964), P. Embree et. al. (1963), E. Grafarend (1972),
A. N. Kolmogorov (1941), N. Wiener (1949, 1964, 1968).

Comments

In experimental sciences, namely geosciences like geophysics, geodesy, environ-
mental sciences, namely, weather, air pollution, rainfall, oceanography, temperature
affected sciences take action on a spatially and temporally large scale to very large
scales. For this reason, they never can be considered stationary or homogenous-
isotropic, but

non-stationary inhomogeneous or anisotropic

in the statistical sense Spock and Pilz (2008) if not Guttorp and Sampson (1994) as
one of the attempts to model non-stationary, other examples are geodetic networks
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in two- and three-dimensional Euclidean space and on two-, three- and four-
dimensional manifolds including the sphere, the ellipsoid or General Relativity as an
excellent example for inhomogeneity and anisotropy presented here. C. Calder and
N. Cressie (2007) review different directions in spectral and convolution based on
Gaussian non-stationary random modeling. Speck and Pilz (2008) present a spectral
decomposition without any restriction to the Gaussian approach. They advice the
reader to apply a special Generalized Linear Mixed Model (GLMM), the topic of our
book, namely derived from the spectral decomposition of non-stationary random
fields.

Topics

(i) Stationary and isotropic random field

versus

(ii) Non-stationary, locally isotropic random field
(iii) Interpretation in the context of linear mixed models (LMMs)

Y D Fˇ C Ab C "0

a. Fˇ: design matrix of the first kind, result: regression function, trend
behaviour F fixed design matrix

b. Ab: non-deterministic random fluctuations around the trend functions, A
fixed design matrix.

c. "0: independent, homoscedastic error term centered at zero

(iv) Relation to non-stationary, locally isotropic random fields
(v) Generalized linear mixed models (GLMMs)

(vi) Extending generalized linear mixed models (DHGLMMs)
(vii) Limear and mixed models and Hermitic polynomials

(viii) Anisotropic stochastic process axisymmetric, Chandrasekhar (1950),
Grafarend (1972)



Appendix D
Basics of Groebner Basis Algebra

D-1 Definitions

To enhance the understanding of the theory of Groebner bases presented in
Chap. 15, the following definitions supplemented with examples are presented.
Three commonly used monomial ordering systems are; lexicographic ordering,
graded lexicographic ordering and graded reverse lexicographic ordering. First we
define the monomial ordering before considering the three types.

Definition D.1. (Monomial ordering):

A monomial ordering on k Œx1; : : : ; xn� is any relation> on Z
n	0 or equivalently any

relation on the set x˛; ˛ 2 Z
n	0 satisfying the following conditions:

(a) Is total (or linear) ordering on Z
n	0

(b) If ˛ > ˇ and � 2 Z
n	0, then ˛ C � > ˇ C �

(c) < is a well ordering on Z
n	0.

This condition is satisfied if and only if every strictly decreasing sequence in Z
n	0

eventually terminates.

Definition D.2. (Lexicographic ordering):

This is akin to the ordering of words used in dictionaries. If we define a polynomial
in three variables as P D kŒx; y; z� and specify an ordering x > y > z, i.e., x comes
before y and y comes before z, then any term with x will supersede that of y which
in tern supersedes that of z. If the powers of the variables for respective monomials
are given as ˛ D .˛1; : : :; ˛n/ and ˇ D .ˇ1; : : :; ˇn/; ˛; ˇ 2 Z

n	0; then ˛ >lex ˇ if
in the vector difference ˛ �ˇ 2 Z

n; the most left non-zero entry is positive. For the
same variable (e.g., x) this subsequently means x˛ >lex xˇ:

E. Grafarend and J. Awange, Applications of Linear and Nonlinear Models,
Springer Geophysics, DOI 10.1007/978-3-642-22241-2,

887
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Example D.1.

x > y5z9 is an example of lexicographic ordering. As a second example, consider
the polynomial f D 2x2y8 � 3x5yz4 C xyz3 � xy4, we have the lexicographic
order; f D �3x5yz4 C 2x2y8 � xy4 C xyz3 jx > y > z .

Definition D.3. (Graded lexicographic ordering):

In this case, the total degree of the monomials is taken into account. First, one
considers which monomial has the highest total degree before looking at the
lexicographic ordering. This ordering looks at the left most (or largest) variable
of a monomial and favours the largest power. Let ˛; ˇ 2 Z

n	0; then ˛ >grlex ˇ if

j˛j D
nP
iD1

˛i > jˇj D
nP
iD1

ˇi or j˛j D jˇj, and ˛ >lex ˇ; in ˛ � ˇ 2 Z
n; the most

left non zero entry is positive.

Example D.2.

x8y3z2 >grlex x
6y2z3 j.8; 3; 2/ >grlex .6; 2; 3/, since j.8; 3; 2/j D 13 > j.6; 2; 3/j D

11 and˛ � ˇ D .2; 1;�1/. Since the left most term of the difference (2) is positive,
the ordering is graded lexicographic. As a second example, consider the polynomial
f D 2x2y8 � 3x5yz4 C xyz3 � xy4; we have the graded lexicographic order;
f D �3x5yz4 C 2x2y8 � xy4 C xyz3 jx > y > z:

Definition D.4. (Graded reverse lexicographic ordering):

In this case, the total degree of the monomials is taken into account as in the case
of graded lexicographic ordering. First, one considers which monomial has the
highest total degree before looking at the lexicographic ordering. In contrast to the
graded lexicographic ordering, one looks at the right most (or largest) variable of
a monomial and favours the smallest power. Let ˛; ˇ 2 Z

n	0; then ˛ >grevlex ˇ if

j˛j D
nP
iD1

˛i > jˇj D
nP
iD1

ˇi or j˛j D jˇj, and ˛ >grevlex ˇ, and in ˛ � ˇ 2 Z
n the

right most non zero entry is negative.

Example D.3.

x8y3z2 >grevlex x6y2z3 j.8; 3; 2/ >grevlex .6; 2; 3/ since j.8; 3; 2/j D 13 >

j.6; 2; 3/j D 11 and ˛ � ˇ D .2; 1;�1/. Since the right most term of the difference
(-1) is negative, the ordering is graded reverse lexicographic. As a second example,
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consider the polynomial f D 2x2y8 � 3x5yz4 C xyz3 � xy4 , we have the graded
reverse lexicographic order: f D 2x2y8 � 3x5yz4 � xy4 C xyz3 jx > y > z .

If we consider a non-zero polynomial f D P
˛ a˛x

˛ in k Œx1; : : : :; xn� and fix the
monomial order, the following additional terms can be defined:

Definition D.5.

Multidegree of f : Multideg (f / D max.˛ 2 Z
n	0 ja˛ ¤ 0/ Leading Coefficient

of f : LC (f / D amultideg.f / 2 k Leading Monomial of f : LM (f / D xmultideg.f /

(with coefficient 1) Leading Term of f : LT .f / D LC.f / LM .f /.

Example D.4.

Consider the polynomial f D 2x2y8 � 3x5yz4 C xyz3 � xy4 with respect to
lexicographic order fx > y > zg , we have
Multideg (f )=(5,1,4)
LC (f )= �3
LM (f )= x5yz4

LT (f )= �3x5yz4

The definitions of polynomial ordering above have been adopted from Cox et al.
(1997), pp. 52–58.

D-2 Buchberger Algorithm

computes the Groebner basis using the computer algebraic systems ((CAS) of
Mathematica and Maple. With Groebner basis, most nonlinear equations that are
encountered in geodesy and geoinformatics can be solved. All that is required of the
user is to write algorithms that can easily run in Mathematica or Maple using steps
that are discussed in Sects. D-21 and D-22 below.

D-21 Mathematica Computation of Groebner Basis

Groebner basis can be computed using algebraic softwares of Mathematica (e.g.,
version 7 onwards). In Mathematica, Groebner basis command is executed by
writing

InŒ1� WD GroebnerBasisŒfpolynomialsg; fvariablesg�; (D.1)
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where In[1]:= is the Mathematica prompt which computes the Groebner basis for
the Ideal generated by the polynomials with respect to the monomial order specified
by monomial order options.

Example D.5. (Mathematica computation of Groebner basis):

In Example 15.3 on p. 536, the systems of polynomial equations were given as

�
f1 D xy � 2y
f2 D 2y2 � x2:

Groebner basis of this system would be computed by

InŒ1� WD GroebnerBasisŒff1; f2g; fx; yg�; (D.2)

leading to the same values as in (15.10) on p. 536. With this approach, however, one
obtains too many elements of Groebner basis which may not be relevant to the task
at hand. In a case where the solution of a specific variable is desired, one can avoid
computing the undesired variables, and alleviate the need for back-substitution by
simply computing the reduced Groebner basis. In this case (D.1) modifies to

InŒ1� WD GroebnerBasisŒfpolynomialsg; fvariablesg; felimsg�; (D.3)

where elims is for elimination order. Whereas the term reduced Groebner basis is
widely used in many Groebner basis literature, we point out that within Mathematica
software, the concept of a reduced basis has a different technical meaning. In this
book, as in its predecessor, and to keep with the tradition, we maintain the use of
the term reduced Groebner basis.

Example D.6. (Mathematica computation of reduced Groebner basis):

In Example D.2.1, one would compute the reduced Groebner basis using (D.3) as

InŒ1� WD GroebnerBasisŒff1; f2g; fx; yg; fyg�; (D.4)

which will return only �2x2 C x3. Note that this form is correct only when the
retained and eliminated variables are disjoint. If they are not, there is absolutely no
guarantee as to which category a variable will be put in! As an example, consider
the solution of three polynomials x2 C y2 C z2 � 1, xy � zC 2, and z2 � 2x C 3y.
In the approach presented in (D.4), the solution would be

InŒ1� WD GroebnerBasisŒfx2Cy2Cz2�1; xy�zC2; z2�2xC3yg; fx; y; zg; fx; yg�;
(D.5)

leading to
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f1024� 832z� 215z2 C 156z3 � 25z4 C 24z5 C 13z6 C z8g:

Lichtblau (Priv. Comm.) however suggests that the retained variable, in this case .z/
and the eliminated variables .x; y/ be separated, i.e.,

InŒ1� WD GroebnerBasisŒfx2C y2C z2� 1; xy � zC 2; z2 � 2xC 3yg; fzg; fx; yg�:
(D.6)

The results of (D.6) are the same as those of (D.5), but with the advantage of
a vastly better speed if one uses an ordering better suited for the task at hand,
e.g., elimination of variables in this example. For the problems that are solved in
our books, the condition of the retained and eliminated variables being disjoint is
true, and hence the approach in (D.5) has been adopted. The univariate polynomial
�2x2 C x3 is then solved for x using the roots command in Matlab (see e.g.,
Hanselman and Littlefield (1997), p. 146) by

roots. Œ1 �2 0 0� /: (D.7)

The values of the row vector in (D.7) are the coefficients of the cubic polynomial
x3�2x2C0xC0 D 0 obtained from (D.4). The values of y from Example (15.3) on
p. 536 can equally be computed from (D.4) by replacing y in the option part with
x and thus removing the need for back substitution. We leave it for the reader to
compute the values of y from Example (15.3) and also those of z in Example (15.3)
using reduced Groebner basis (D.3) as an exercise. The reader should confirm that
the solution of y leads to y3 � 2y with the roots y D 0 or y D ˙1:4142. From
experience, we recommend the use of reduced Groebner basis for applications in
geodesy and geoinformatics. This will; fasten the computations, save on computer
space, and alleviates the need for back-substitution.

D-22 Maple Computation of Groebner Basis

In Maple Version 10 the command is accessed by typing > with (Grobner); Basis
(WL; T ) is for Groebner, gbasis (WL; T ) is for reduced Groebner basis. WL list
or set of polynomials, T monomial order description, e.g. “plex” (variables) –
pure lexicographic order and > is the Maple prompt and the semicolon ends the
Maple command). Once the Groebner basis package has been loaded, the execution
command then becomes > gbasis (polynomials, variables) which computes the
Groebner basis for the ideal generated by the polynomials with respect to the
monomial ordering specified by variables in the executable command. We should
point out that at the time of writing this book, May 2012, version 16 of Maple has
been released.
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D.3 Gauss Combinatorial Formulation
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Gèomez, E., Gèomez-Villegas, M.A. and Marèı̀n, J.M. (1998): A multivariate generalization of the

power exponential family of distributions, Commun. Statist. - Theory Meth. 27 (1998), 589-600
Gonin, R. and A.H. Money (1987): A review of computational methods for solving the nonlinear

L 1 norm estimation problem, in: Statistical data analysis based on the L1 norm and related
methods, Ed. Y. Dodge, North Holland 1987

Gonin, R. and A.H. Money (1989): Nonlinear Lp-norm estimation, Marcel Dekker, New York 1989
Goodall, C. (1991): Procrustes methods in the statistical analysis of shape, J. Roy. Stat. Soc. B53

(1991), 285-339
Goodman, J.W. (1985): Statistical optics, J. Wiley, New York 1985
Gordon, A.D. (1997): L1-norm and L2-norm methodology in cluster analysis, Student 2 (1997),

181-193
Gordon, A.D. (1999): Classification, 2nd edition, Chapman and Hall, Yew York 1999



928 References

Gordon, L. and M. Hudson (1977): A characterization of the Von Mises Distribution, Ann. Statist.
5 (1977), 813-814

Gordon, R. and Stein, S. (1992): Global tectonics and space geodesy, Science, 256, 333-342
Gordonova, V.I. (1973): The validation of algorithms for choosing the regularization parameter,

Zh. vychisl. Mat. mat. Fiz. 13 (1973), 1328-1332
Gorman, O.T.W. (2001): Adaptive estimation using weighted least squares, Aust. N. Z. J. Stat. 43

(2001), 287-297
Gosset, W.S. (1908): The probable error of a mean, Biometrika, 6, 1-25.
Gotthardt, E. (1940): Zur Unbestimmtheit des räumlichen Rückwärtseinschnittes, Mitteilungen
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Grafarend, E.W., Lohse, P. and Schaffrin, B. (1989): Dreidimensionaler Rückwärtsschnitt,
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über seine Anwendungen in der Geodäsie, Grunerts Archiv für Mathematik und Phsyik 1
pp. 238-241, 1841.

Guckenheimer, J., Myers, M. and Sturmfels, B. (1997): Computing Hopf birfucations, SIAM J.
Numerical Analysis 34 (1997) 1-21.

Guenther, W.C. (1964): Another derivation of the non-central Chi-Square distribution, J. Am.
Statist. Ass. 59 (1964), 957-960

Gui, Q. and J. Zhang (1998): Robust biased estimation and its applications in geodetic adjustments,
Journal of Geodesy 72 (1998), 430-435

Gui, Q.M. and J.S. Liu (2000): Biased estimation in the Gauss-Markov model, Allgemeine
Vermessungsnachrichten 107 (2000), 104-108

Gulliksen, H. and S.S. Wilks (1950), Regression tests for several samples Psychometrica, 15,
91-114

Gullikson, M. (1995a): The partial Procrustes problem - A first look, Department of Computing
Science, Umea University, Report UMINF-95.11, Sweden 1995.

Gullikson, M. (1995b): Algorithms for the partial Procrustes problem, Department of Industrial
Technology, Mid Sweden University s-891 18, Report 1995:27, Ornskoldsvik, Sweden 1995.
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Straßenverkehrssignalanlagen, Qualität und Zuverlässigkeit 27 (1982), 65-68
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Leis, R. (1967): Vorlesung”en Über partielle Differentialgleichungen zweiter Ordnung. Mannheim
Lee, Y. W. (1960): Statistical theory of communication, New York 1960
Lee, Y. W., in: Selected Papers of N. Wiener, MIT-Press 1964
Lee, J.C. and S. Geisser (1996): On the Prediction of Growth Curves, in: Lee, C., Johnson, W.O.

and A. Zellner (eds.): Modelling and Prediction Honoring Seymour Geisser, Springer-Verlag,
Heidelberg Berlin New York 1996, 77-103

Lee, J.C., Johnson, W.O. and A. Zellner (1996): Modeling and prediction, Springer-Verlag,
Heidelberg Berlin New York 1996

Lee, M. (1996): Methods of moments and semiparametric econometrics for limited dependent
variable models, Springer-Verlag, Heidelberg Berlin New York 1996

Lee, P. (1992): Bayesian statistics, J. Wiley, New York 1992
Lee, S.L. (1995): A practical upper bound for departure from normality, Siam J. Matrix Anal.

Appl. 16 (1995), 462-468
Lee, S.L. (1996): Best available bounds for departure from normality, Siam J. Matrix Anal. Appl.

17 (1996), 984-991
Lee, S.L. and J.-Q. Shi (1998): Analysis of covariance structures with independent and

non-identically distributed observations, Statistica Sinica 8 (1998), 543-557
Lee, Y. and J.A. Nelder (1996): Hierarchical generalized linear models, J. Roy. Statist. Soc. B58

(1996), 619-678
Lee, Y., Neider, J. and Pawitan, Y. (2006): Generalized linear models with random effects,

Chapman & Hall/CRC, New York
Lehmann, E.L. (1959): Testing statistical hypotheses, J. Wiley, New York 1959
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Müller, F.J. (1925): Direkte (Exakte) Lösungen des einfachen Rückwarscnittseinschneidens
im Raum. 1 Teil, Zeitschrift für Vermessungswesen 37 (1925) 249-255, 265-272, 349-353,
365-370, 569-580.

Müller, H. and M. Illner (1984): Gewichtsoptimierung geodätischer Netze. Zur Anpassung von
Kriteriummatrizen bei der Gewichtsoptimierung, Allgemeine Vermessungsnachrichten (1984),
253-269



References 967

Müller, H. and G. Schmitt (1985): SODES2 - Ein Programm-System zur Gewichtsoptimierung
zweidimensionaler geodätischer Netze. Deutsche Geodätische Kommission, München, Reihe
B, 276 (1985)

Müller, W.G. (2005): A comparison of spatial design methods for correlated observations.
Environmetrics 16:495-505

Müller, W.G. and Pazman, A. (1998): Design measures and approximate information matrices for
experiments without replications. J Stat Plan Inf 71:349-362

Müller, W.G. and Pazman, A. (1999): An algorithm for the computation of optimum designs under
a given covariance structure. J Comput Stat 14:197-211

Müller, W.G. and Pazman, A. (2003): Measures for designs in experiments with correlated errors.
Biometrika 90:423-434

Müller, P., Sanso, B. and De Iorio, M. (2004): Optimal Bayesian design by inhomogeneous
Markov Chain simulation. J Am Stat Assoc 99: 788-798

Mueller, J. (1987): Sufficiency and completeness in the linear model, J. Multivar. Anal. 21 (1987),
312-323

Mueller, J., Rao, C.R. and B.K. Sinha (1984): Inference on parameters in a linear model: a
review of recent results, in: Experimental design, statistical models and genetic statistics, K.
Hinkelmann (ed.), Chap. 16, Marcel Dekker, New York 1984

Mueller, W. (1995): An example of optimal design for correlated observations, Österreichische
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(1998): Local influence on the general linear model, Sankhya: The Indian Journal of Statistics
60 (1998), 269-292

Musyoka, S. M. (1999): Ein Modell für ein vierdimensionales integriertes regionales geodätisches
Netz, Ph. D. thesis, Department of Geodesy, University of Karlsruhe (Internet Publication),
1999.

Murray, F.J. and J. von Neumann (1936): On rings of operator I, Ann. Math. 37 (1936), 116-229
Murray, J.K. and J.W. Rice (1993): Differential geometry and statistics, Chapman and Hall, Boca

Raton 1993
Myers, J.L. (1979): Fundamentals of experimental designs, Allyn and Bacon, Boston 1979



968 References

Naes, T. and H. Martens (1985): Comparison of prediction methods for multicollinear data,
Commun. Statist. Simulat. Computa. 14 (1985), 545-576

Nagaev, S.V. (1979): Large deviations of sums of independent random variables, Ann. Probability
7 (1979), 745-789

Nagar, A.L. and N.C. Kakwani (1964): The bias and moment matrix of a mixed regression
estimator, Econometrica, 32 (1964), pp. 174-182

Nagar, A.L. and N.C. Kakwani (1969): Note on the use of prior information in statistical
estimation of econometrics relation, Sankhya series A 27, (1969), pp. 105-112

Nagar, D.K. and A.K. Gupta (1996): On a test statistic useful in Manova with structured covariance
matrices, J. Appl. Stat. Science 4 (1996), 185-202

Nagaraja, H.N. (1982): Record values and extreme value distributions, J. Appl. Prob. 19 (1982),
233-239

Nagarsenker, B.N. (1977): On the exact non-null distributions of the LR criterion in a general
MANOVA model, Sankya A39 (1977), 251-263

Nakamura, N. and S.Konishi (1998): Estimation of a number of components for multivariate nor-
mal mixture models based on information criteria, Japanese J. Appl. Statist. 27 (1998), 165-180

Nakamura, T. (1990): Corrected score function for errors-invariables models: methodology and
application to generalized linear models, Biometrika 77 (1990), 127-137

Namba, A. (2001): MSE performance of the 2SHI estimator in a regression model with
multivariate t error terms, Statistical Papers 42(2001), 82-96

Nashed, M.Z. (1970): Steepest descent for singular linear operator equations, SIAM J. Number.
Anal. 7 (1970), pp. 358-362

Nashed, M.Z. (1971): Generalized inverses, normal solvability, and iteration for singular operator
equations pp. 311-359 in Nonlinear Functional Analysis and Applications (L. B. Rail, editor),
Academic Press, New York, 1971

Nashed, M.Z. (1974): Generalized Inverses and Applications, Academic Press, New York 1974
Nashed, M.Z. (1976): Generalized inverses and applications, Academic Press, New York London

1976
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Sanséo, F. (1990): On the aliasing problem in the spherical harmonic analysis, Bull. Gèeodesique

64 (1990), 313-330
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Sjöberg, L.E. (1984a): Non-negative variance component estimation in the Gauss-Helmert
adjustment model. Manuscripta Geodaetica, 9, 247-280.
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Columns space, 141
Commutativity, 595
Complex algebra, 593
Composition algebra, 592, 622
Condition equation, 194
Condition equations, 122
Conformal, 380
Constrained Lagrangean, 108, 196, 237, 238,

284, 311
Constraint Lagrangean, 208
Coordinate mapping, 265
Coordinates, 152

Cartesian, 557
Correlated observations, 185
Covariance, 754
Covariance components, 231
Covariance factor, 227
Covariance factorization, 215
Covariances, 215
Criterion matrix, 118
Cross product, 150, 153, 155, 158
Cumulative pdf, 679, 738
Cumulative probability, 723–725
Curved surfaces, 102
Cyclic ordering, 152
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D. Hilbert, 538
Datum defect, 265
Datum problem, 495
Dedekind, 538
Degrees of freedom, 94, 228, 267, 682, 729
Diagonal matrix, 467
Differentiable manifold, 16, 102, 104
Differential Geometry, 102
Dilatation, 473, 674, 683
Dilatation factor, 650
Direct equations, 374
Direct map, 641
Dispersion matrix, 205, 207, 309, 394, 424,

754
Dispersion vector, 217
Distances, 557
Division algebra, 593, 602, 622
Division algorithm, 539

E. Noether, 538
EIGEN, 728
Eigencolumn, 300
Eigenspace, 302
Eigenspace analysis, 111, 130
Eigenspace synthesis, 130, 142
Eigensystems, 135, 301
Eigenvalue, 300, 302
Eigenvalue Analysis, 728
Eigenvalue decomposition, 130, 132, 136
Eigenvalues, 558

positive eigenvalues, 113
zero eigenvalues, 113

Eigenvectors, 302
Elliptic curve, 375
Equations

polynomial, 538
Error propagation, 470
Error propagation law, 210, 402, 403, 407, 758
Error vector, 210
Error-in-variables, 384
Euclidean, 113
Euclidean length, 95
Euclidean metric forms, 375
Euclidean space, 112, 118
Euclidian observation space, 642
Euler circles, 104
Euler–Lagrange strain, 128
Euler–Lagrange tensor, 128
Expectation operator, 757

Fibering, 95, 104, 263, 268
Finite matrices, 602
First central moment, 754

First derivatives, 96, 106, 191, 284, 303, 366,
413, 450

First moment, 194, 754
First moments, 422
First order moments, 205
1st Grassmann relation, 150
Fisher normal distributed, 378
Fisher sphere, 361
Fisher-von Mises, 362
Fixed effects, 187, 307, 317, 326, 329, 333,

334, 339, 384
Fourier, 381
Fourier–Legendre linear model, 59
Fourier–Legendre space, 51
Fourier-Legendre series, 381
Fourth central moment, 755
Fourth order moment, 196
Free parameters, 3
Frobenius, 311
Frobenius error matrix, 462
Frobenius matrix, 468
Frobenius norm, 116, 311, 332, 387
Frobenius norms, 334, 387
Frobenius theorem, 593
Fuzzy sets and systems, 128

G-inverse, 103
Gain matrix, 520
Gamma function, 645
Gauss elimination, 110, 209, 414, 451, 534,

535, 545
Gauss normal distribution, 362
Gauss–Jacobi Combinatorial Algorithm, 172,

176, 178
Gauss–Markov model, 208
Gauss-Lapace normal distribution, 688
Gauss-Laplace pdf, 677
Gauß trapezoidal, 402
General bases, 130
General Gauss–Markov model

with mixed effects, 426
General inverse Helmert transformation, 673
General reciprocal, 602
General Relativity, 113
Generalized inverse, 103, 105, 129, 194, 315,

317
Geodesic, 362
Geodesy, 529
Grassmann column vector, 166
Grassmann coordinates, 141, 150, 152, 154,

158, 159, 166, 169
direct, 170
inverse, 170, 171



Index 1013

Grassmann manifold, 102
Grassmann space, 141, 152, 154, 158, 164,

168, 169
Grassmann vector, 159
Grassmann–Plücker coordinates, 122
Greatest common divisors (gcd), 534
Groebner basis, 527, 539, 592

definition, 540
Maple computation, 891
Mathematica computation, 889

Hankel matrix, 606, 610
Hat matrix, 114, 122, 146, 149, 150
Helmert equation, 231
Helmert matrix, 231, 609

augmented, 678
extended, 678
quadratic, 678

Helmert random variable, 694
Helmert traces, 231
Helmert transformation, 679

quadratic , 677
rectangular , 677

Helmert’s ansatz, 229, 230
Helmert’s distribution, 681
Helmert’s polar coordinates, 733
Helmert’s random variable, 708
Hesse matrix, 114, 204, 403, 474, 759
High leverage points, 172
Hilbert basis invariants, 128
Hilbert Basis Theorem, 538, 539
Hilbert space, 108
Hodge dualizer, 151
Hodge star operator, 141, 150, 587, 640
Hodge star symbol, 158
Holonomity condition, 120, 122
Homogeneous equations, 223
Homogeneous inconsistent equations, 411
Homogeneous linear prediction, 438
Horizontal rank partitioning, 122, 132
Hurwitz theorem, 593
Hypothesis testing, 339, 394

Ideal, 536, 537
Ideal membership, 540
Idempotent, 113, 213
Implicit Function Theorem, 263
Inconsistent linear equation, 506
Independent random variables, 640
Inhomogeneous inconsistent equations, 411
Inhomogeneous linear equations, 100
Injective, 265, 267

Injective mapping, 638
Injectivity, 94
Injectivity defect, 302
Inner product, 111, 363
Interval calculus, 122
Invariant quadratic estimation, 187, 221, 237
Inverse equations, 374
Inverse Jacobian determinant, 372
Inverse map, 102, 641
Inverse partitioned matrices, 109
Inverse spectrum, 149
Inverse transformations, 132
IQUUE, 190

Jacobi determinant, 666, 673
Jacobi map, 102
Jacobi matrix, 69, 102, 114, 403, 641, 700, 759
Jacobian, 641
Jacobian determinant, 551, 647, 684
Join, 150
Join and meet, 141

Kalman filter, 493, 517, 519, 520
Kernel, 94
Khatri–Rao product, 116
Killing analysis, 598
Kolmogorov–Wiener prediction, 440
Krige’s prediction concept, 441
Kronecker, 538
Kronecker matrix, 116
Kronecker–Zehfuss product, 116, 338, 391,

495
Kummer, 538
KW prediction, 441

Lagrange function, 204
Lagrange multiplier, 105, 108, 110, 191, 238,

414
Lagrange multipliers, 284, 310, 413, 415, 422,

423
Lagrange parameter, 449
Lagrange polynomial, 124
Lagrangean, 72, 336, 366, 390, 556, 557

multiplier, 536
Lanczos method, 136
Langevin distribution, 362
Langevin sphere, 361
Latent condition equations, 142, 168
Latent conditions, 164
Latent restrictions, 141, 168
Laurent polynomials, 599
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Leading Monomial (LM), 539
Least Common Multiple (LCM), 541
Least squares, 95, 180, 185, 240, 563, 602

Historical background, 180
Least squares solution, 98, 103, 108, 268, 272,

411, 414
Left complementary index, 267
Left eigenspace, 133
Left Gauss metric, 128
Left inverse, 129
LESS, 98
Leverage point, 157, 162
Lexicographic ordering, 536, 545, 887

graded reverse, 888
Lie algebra, 592, 598
Likelihood normal equations, 204
Linear estimation, 332
Linear Gauss–Markov model, 421
Linear model, 108, 121, 150
Linear operator, 95, 265, 268, 757
Linear space, 103, 265
Loss function, 361, 366
LUUE, 190

Maple, 536
Mathematica, 536
Matlab, 536

“roots” command, 536
Matrix algebra, 265, 593, 602
Maximal rank, 103
Maximum, 536
Maximum Likelihood Estimation, 187, 202
Maximum norm solution, 113
Mean, 198
Mean matrix, 754
Mean Square Estimation Error, 307, 339, 345,

386, 392–395, 399
Measurement errors, 517
Median, 187, 198
Median absolute deviation, 187
Meet, 150, 153
Minimum, 536
Minimum bias, 310
Minimum distance mapping, 101, 102
Minimum geodesic distance, 362, 366
Minimum norm, 268, 272, 618, 619
Minimum variance, 207, 422
MINOLESS, 266
Mixed models, 240
Model manifold, 265
Modified Bessel function, 363
Monomial ordering, 887
Moore–Penrose inverse, 274, 289

Moore-Penrose inverse, 602
Multideg, 540
Multilinear algebra, 150
Multiplicative rank partitioning, 266, 272
Multipolynomial resultant, 547, 592
Multipolynomial resultants, 529, 549
Multivariate Gauss–Markov model, 496
Multivariate LESS, 495
Multivariate polynomials, 539

Necessary condition, 557
Necessary conditions, 96, 106, 109, 191, 204,

208, 238, 270, 284, 304, 312, 336,
337, 367, 390, 413, 448, 451

Non-symmetric matrices, 135
Non-vanishing eigenvalues, 111
Nondegenerate bilinear form, 111
Nonlinear error propagation, 758
Nonlinear model, 102
Nonlinear models, 104, 525
Nonlinear prediction, 438
Nonlinear problem, 461
Normal equation, 367
Normal equations, 110, 191, 310, 337, 390,

391, 412, 414–416, 511
Normal models, 196
Normal space, 101
Normalized column vectors, 166
Normalized Grassmann vector, 159
Null space, 94, 265–267

Objective functions, 113, 114
Oblique normal distribution, 374, 375
Observation equation, 518
Observation point, 102
Observation space, 94, 102, 111, 113, 130,

187, 214, 265, 266, 268, 364
Observational equations, 511
Observed Fischer information, 204
Octonian algebra, 593
One variance component, 223, 226, 230, 236
Optimality conditions, 206
Optimization problem, 202
Orthogonal, 51
Orthogonal column space, 141
Orthogonal complement, 101
Orthogonal matrix, 606
Orthogonal projection , 104
Orthogonality condition, 157, 229
Orthogonality conditions, 164
Orthonormal, 51, 679
Orthonormal base vectors, 130, 150
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Orthonormal frame of reference, 154
Orthonormal matrix, 467, 474, 608
Orthonormality, 673
Outlier, 188, 198
Outliers, 172, 332
Overdetermined, 95, 186
Overdetermined system of linear equations,

136

Parameter space, 94, 102, 175, 187, 265, 266,
268, 364, 450

Partial differential equations, 540
Partial inverse, 602
Partial redundancies, 164
PCA, 728
Permutation matrix, 198
Permutation operator, 151
Plücker coordinate, 153
Plücker coordinates, 141, 150, 154, 158, 159,

166, 169
Polar coordinates, 363, 642, 675
Polar decompositions, 131
Polynomial, 528
Polynomial coefficients, 94
Polynomial equations, 540
Polynomial of degree one, 94
Polynomials

equivalence, 540
ordering

lexicographic, 535
roots, 536
univariate, 536, 559

Positive definite, 106, 109, 113, 116, 130, 207,
208, 296, 308, 312, 314, 332, 338,
391, 416, 427, 558, 617

Positive semidefinite, 106, 108, 112, 296, 617
Prediction equations, 520
Prediction error, 520
Prediction stage, 519
Principal Component Analysis, 728
Probability density function, 363, 638
Probability distribution, 194
Procrustes Algorithm, 461, 464, 472
Projection lines, 556
Projection matrices, 213
Pseudo-observations, 176
Pseudoinvese, 602
Pullback operation, 175

Quadratic bias, 342, 396
Quadratic estimation, 193
Quadratic estimator, 193

Quadratic form, 189
Quadratic Lagrangean, 337, 390
Quaternion algebra, 593
Quotient set, 104

Random, 428
Random effect, 329, 339, 384, 386, 392, 399,

426, 438
Random regression model, 474
Random variable, 519
Range, 267
Range space, 94, 103, 266, 267
Rank factorization, 289, 617
Rank identity, 284
Rank partitioning, 12, 95, 132, 157, 164, 215,

263, 266, 298
Reduced Groebner basis, 537, 890
Reduced Lagrangean, 465
Redundancy, 147
Redundancy matrix, 146, 147, 157, 164
Regularization parameter, 307
Relative index, 111
Residual vector, 192, 316
Ricci calculus, 236
Ridge estimator, 342, 395
Riemann manifold, 380
Right complementary index, 267
Right eigenspace, 133
Right eigenspace analysis, 146
Right Gauss metric, 128
Right strain component, 128
Risk function, 449, 464
Robust, 332
Robust approximation, 122
Root mean square error, 187, 198, 679
Rotation, 131, 461, 674
Rotation matrix, 684
Rotational invariances, 439

Sample mean, 665, 667, 676
Sample median, 188, 198
Sample variance, 667, 676, 683
Scale change, 674
Scale factor, 461
Schur complement, 615
Second central moment, 339, 393
Second central moments, 385
Second derivative, 106, 109, 271, 304, 367,

413, 450
Second moment, 194, 754
Second order design, 114, 115
Second order moment, 196
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Second order moments, 205
Selfdual, 155
Semidefinite, 111
Sequential optimization problem, 312
Series inversion, 659
Set-theoretical partitioning, 104
Similarity transformation, 521, 522
Simple linear model, 200
Singular value decomposition, 467, 728
Skew product symbol, 158
Slices, 103
Slicing, 95, 263
Spatial redundancies, 157
Special Gauss–Markov model, 189, 205, 206,

208, 220, 223, 225, 239, 315, 318,
322, 326

Special linear Gauss–Markov model, 392
with datum defect, 308

Special Relativity, 113
Spherical coordinates, 361
Standard deviation, 188, 681
Standard multivariate model, 497
State differential equation, 522
State equations, 519
Statistical moment of first order, 189
Stochastic, 205
Stochastic observations, 187, 517
Student’s random variable, 699
Subdeterminants, 157, 162, 169
Sufficiency condition, 96, 106, 109, 192, 284,

413
Sufficiency conditions, 204, 208, 304, 312,

337, 390, 391
Sufficient condition, 558
Sufficient conditions, 451
Surjective, 94, 265, 267
Surjectivity defect, 94, 228, 302
SVD, 728
Sylvester resultant, 548
Symmetric matrix, 129, 189, 224
System equations, 518

Tangent space, 102
Taylor series, 399, 653, 655
Taylor–Karman matrix, 404
Taylor–Karman structure, 118, 402
Theory of Turbulence, 118
Third central moment, 754
Three fundamental partitionings, 95

Total degree, 888
Total least squares, 108, 448
Trace, 390
Transformation matrix, 521
Translation, 461, 674
Translation vector, 473
Translational invariant, 190, 193, 195, 228
Trend components, 441
Tykhonov–Phillips regularization, 302, 307
Tykhonov–Phillips regulator, 342, 395

Unbiased estimation, 677
Unconstrained Lagrangean, 96, 106,

271, 464
Uniformly unbiased, 191, 193
Unity, 595
Univariate polynomials, 539
Unknown parameters, 115
Updating equations, 520

Vandermonde matrix, 606, 611
Variance, 215, 231, 754
Variance factor, 227
Variance factorization, 215
Variance-covariance, 215, 240, 403, 754
Vector derivative, 106
Vector of curtosis, 755
Venn diagram, 104
Vertical rank partitioning, 95, 98
Von Mises, 362
Von Mises circle, 361
Von Mises distribution, 755

Weak isotropy, 439
Weight factor, 342, 395
Weight matrix, 115, 199, 472
Weighted arithmetic mean, 175
Weighted arithmetic means, 178
Weighted Frobenius matrix norm, 207
Weighted left inverse, 129
Weighted Moore–Penrose inverse, 293
Witt algebra, 592, 599

Zehfuss product, 116
Zero correlation, 385
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