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Preface

The present volume of Advances in Mathematical Economics is a collection
of articles read at the Workshop on Mathematical Economics, which was
held in Tokyo, November 13–15, 2009. The workshop was organized and
sponsored by the Research Center for Mathematical Economics. On behalf
of the organization committee, we would like to extend our deepest gratitude
to Keio Gijuku Academic Development Funds and the Oak Society for their
generous financial support, without which the workshop could not have been
realized. It is, of course, with great pleasure that we express our warmest
thanks to all participants of the workshop for their contribution to our project.

The Research Center for Mathematical Economics was founded in 1997.
Thirteen years have already passed since then. To our delight, the Research
Center has enjoyed frequent occasions to host conferences and meetings as
well as to publish academic achievements of the researchers associated with
the Research Center.

With deep regret, we recall some of our leading scientists who passed
away during these thirteen years, including the late professor Gerard Debreu,
the late professor Kiyosi Itô, and the late professor Leonid Hurwicz. It was
sad for all of us that they were not present at the workshop in 2009.

We would like to dedicate this volume in their memory.

August 1, 2010 Shigeo Kusuoka
Toru Maruyama

Managing Editors
Advances in Mathematical Economics

v



Table of Contents

Research Articles

T. Arai and T. Suzuki
How much can investors discount? 1

A.D. Ioffe
Variational analysis and mathematical economics 2:
Nonsmooth regular economies 17

M.A. Khan and A. Piazza
An overview of turnpike theory: towards
the discounted deterministic case 39

K. Kuroda, J. Maskawa, and J. Murai
Stock price process and long memory in trade signs 69

A. Habte and B.S. Mordukhovich
Extended second welfare theorem for nonconvex economies
with infinite commodities and public goods 93

Y. Nakano
Partial hedging for defaultable claims 127

K. Owari
Robust utility maximization with unbounded random
endowment 147

vii



viii Table of Contents
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How much can investors discount?

Takuji Arai and Takamasa Suzuki

Department of Economics, Keio University, 2-15-45 Mita, Minato-ku,
Tokyo 108-8345, Japan
(e-mail: arai@econ.keio.ac.jp)

Received: May 31, 2010
Revised: July 9, 2010

JEL classification: G10

Mathematics Subject Classification (2010): 91G99, 46N10, 91B30

Abstract. We suggest a new valuation method of contingent claims for complete
markets. Since our new valuation is closely related to shortfall risk, our suggestion
would be useful to study shortfall risk measures which are convex risk measures in-
duced by shortfall risk. We firstly give a brief introduction of shortfall risk measures,
and discuss a general form of the valuation. We shall then deal with diffusion type
models which are complete market models with underlying assets described by diffu-
sion processes. In particular, the valuation for American type claims is discussed.

Key words: Convex risk measure, shortfall, American type claims

1. Introduction

Throughout this paper, we consider a valuation method for contingent claims
taking control of shortfall risk into account in the framework of complete
market models. After giving a general form of the valuation, we shall deal
with models whose underlying assets are described by diffusion processes,
and obtain a result for American type claims.

Assuming our market is complete, we can believe that all claims have a
fair price under the no-arbitrage condition. We consider a seller who intends
to sell a claim. In spite of market completeness, we presume that the seller
cannot sell it for its fair price for some reason. Then, a problem arises: How
much can she discount it? If she sells it for a price less than its fair price,
she would incur some shortfall risk. Hence, fixing the limit of her shortfall

S. Kusuoka, T. Maruyama (eds.), Advances in Mathematical Economics Volume 14, 1
DOI: 10.1007/978-4-431-53883-7 1,
c© Springer 2011



2 T. Arai and T. Suzuki

risk which she can endure, she should control her cash flow not to exceed her
limitation. In this setting, we shall obtain in this paper representation results
of the least price which she can accept.

Firstly, we have to explain shortfall risk. We assume that the seller intends
to sell a claimX, and her attitude toward risk is described by a loss function l.
More precisely, l is a non-decreasing continuous convex function from R to
R+ satisfying l(x) = 0 if x ≤ 0, and l(x) > 0 if x > 0. Let U be the set of
all attainable claims with zero endowment. In many cases, the set U would
be given by a set of stochastic integrations with respect to the underlying
asset price process, or a set of random variables constructed by a stochastic
integration minus a nonnegative random variable. Her shortfall risk, when
she sells the claim X for a price x ∈ R and selects U ∈ U as her hedging
strategy, is given by E[l(−x − U +X)].

When her limit of shortfall risk is given by δ > 0, the least price which
she can accept would be described by

inf{x ∈ R| there exists a U ∈ U such that E[l(−x − U +X)]
< δ}(=: ρl(−X)).

When we regard this as a functional ρl of−X, ρl is said to be a shortfall risk
measure. Arai has investigated robust representations of shortfall risk mea-
sures in his papers [1] and [2] for general incomplete market cases. Roughly
speaking, robust representations are given by using “sup” or “max” taken
over a set of martingale measures. Thus, it would be so difficult to calculate
concretely the values of shortfall risk measures for claims. On the other hand,
in the complete market case, we do not have to take “sup” or “max”, so that
calculation would be comparatively easy. Thus, we shall restrict our market
to be complete in this paper so as to obtain somewhat concrete results with
respect to shortfall risk measures.

In Föllmer and Leukert [4], they considered some problems which are
somewhat related to the one we shall treat in this paper. In particular, they
discussed such problems in the framework of complete markets. The first is
quantile hedging problem which maximizes the probability of a successful
hedge, that is, P(x + U ≥ X) over U ∈ U under the constraint “x ≤ a
constant”. In particular, they solved it by using the Neyman–Pearson lemma.
In addition, they treated the problem minimizing the cost for a given proba-
bility of success, that is, minimizing x ∈ R such that there exists a U ∈ U
satisfying P(x + U ≥ X) ≥ c, where c is a given constant in (0, 1). More-
over, the Black–Scholes model was discussed in [4] as a common example of
complete market models.

In Sect. 2, we review robust representations of shortfall risk measures. In
particular, we shall introduce results in Arai [1] and [2]. Next, we deal with in
Sect. 3 the complete market case. Moreover, we treat diffusion type models
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introduced in Karatzas and Kou [6] in Sect. 4. After describing the models,
we shall discuss the Black–Scholes model as an example, and a valuation of
American type claims.

2. Shortfall risk measures

In this section, we illustrate representation results on shortfall risk measures,
which are introduced in Föllmer and Schied [5], and Arai [1] and [2].

Consider an incomplete financial market being composed of one riskless
asset and d risky assets. The price process of the risky assets is given by an
Rd -valued RCLL special semimartingale S defined on a complete probabil-
ity space (Ω,F , P ;F = {Ft }t∈[0,T ]), where T > 0 is the maturity of our
market, and F is a filtration satisfying the so-called usual condition, that is, F
is right-continuous,FT = F and F0 contains all null sets of F . Note that the
process S is not assumed to be locally bounded. Let the interest rate be given
by 0. Denote by X a suitable subset of L0, the set of all random variables
defined on (Ω,FT ). Suppose that any contingent claim belongs to the set X .

We presume a seller who intends to sell a claim X ∈ X . We denote by l
her loss function, and by δ > 0 her limitation of shortfall risk. Henceforth,
this limitation is called threshold. Let U be the set of all attainable claims with
zero initial cost. Suppose that U is a convex set including 0. We shall regard
any element U ∈ U as a hedging strategy. When X is priced for x ∈ R and a
hedging strategyU ∈ U is selected, her shortfall and shortfall risk are defined
by (−x − U + X) ∨ 0 and E[l(−x − U + X)], respectively. Then, a price
x is called a good deal price of X for the seller, if there exists a U ∈ U such
that E[l(−x −U +X)] ≤ δ. We can define good deal prices for a buyer by a
similar way. The least good deal price for the seller gives the upper bound of
a good deal bound induced by shortfall risk. See [1]. In this paper, we regard
the least good deal price for the seller as a valuation of the claim. Defining a
functional ρl on X as

ρl(X) := inf{x ∈ R| there exists a U ∈ U such that x + U +X ∈ A0}, (1)

where A0 := {Y ∈ X |E[l(−Y )] ≤ δ}, the above least good deal price of
the claim X is given by ρl(−X). Föllmer and Schied [5] have proved that,
roughly speaking, ρl defined by (1) becomes a convex risk measure in the
framework of bounded claims and discrete time trading. Arai in [1] and [2]
extended their result to the framework of Orlicz spaces and continuous time
trading. In this section, we focus on introducing robust representation results
of ρl on Orlicz spaces.

Now, we need to prepare terminologies and concepts on Orlicz spaces.
A left-continuous non-decreasing convex non-trivial function Φ : R+ →
[0,∞] with Φ(0) = 0 is called an Orlicz function, where Φ is non-trivial if
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Φ(x) > 0 for some x > 0 and Φ(x) < ∞ for some x > 0. When Φ is an
R+-valued continuous, strictly increasing Orlicz function, we call it a strict
Orlicz function in this paper. Note that, for any strict Orlicz function Φ, we
have Φ(x) ∈ (0,∞) for any x > 0 and limx→∞Φ(x) = ∞. Moreover, a
strict Orlicz functionΦ is differentiable a.e. and its left-derivativeΦ ′ satisfies
Φ(x) = ∫ x0 Φ ′(u)du. Note that Φ ′ is left-continuous, and may have at most
countably many jumps. Define I (y) := inf{x ∈ (0,∞)|Φ ′(x) ≥ y}, which
is called the generalized left-continuous inverse of Φ ′. We define Ψ (y) :=∫ y

0 I (v)dv for y ≥ 0, which is an Orlicz function and called the conjugate
function of Φ. Any polynomial function starting at 0 whose minimal degree
is equal to or greater than 1, and all coefficients are positive, is a strict Orlicz
function. For example, cxp for c > 0,p ≥ 1, x2+3x5 and so forth. Moreover,
ex −1, ex −x−1, (x+1) log(x+1)−x and x− log(x+1) are strict Orlicz
functions. We define the following:

Definition 1. For an Orlicz function Φ, we define two spaces of random
variables:
Orlicz space: LΦ := {X ∈ L0|E[Φ(c|X|)] <∞ for some c > 0}.
Orlicz heart:MΦ := {X ∈ L0|E[Φ(c|X|)] <∞ for any c > 0}.
In addition, we define two norms:
Luxemburg norm: ‖X‖Φ := inf

{
λ > 0|E [Φ (∣∣X

λ

∣
∣)] ≤ 1

}
.

Orlicz norm: ‖X‖∗Φ := sup{E[XY ]| ‖Y‖Φ ≤ 1}.
Remark that MΦ ⊂ LΦ and both spaces LΦ and MΦ are linear. More-

over, if Φ is a strict Orlicz function, the norm dual of (MΦ, ‖ · ‖Φ) is given
by (LΨ , ‖ · ‖∗Φ). In the case of the lower partial moments Φ(x) = xp/p

for p > 1, the Orlicz space LΦ and the Orlicz heart MΦ both are identi-
cal with Lp . In this case, the conjugate function is given by xq/q , where
q = p/(p−1), andMΨ = LΨ = Lq . In general, if lim supx→∞

xΦ′(x)
Φ(x)

<∞,

then MΦ is identical with LΦ , for instance, Φ(x) = x − log(x + 1). Other-
wise, MΦ must be a subset of LΦ , for example Φ(x) = ex − 1. Hereafter, a
strict Orlicz functionΦ is fixed to satisfy:

l(x) :=
{
Φ(x), if x ≥ 0,
0, if x < 0.

In other words, the loss function l is assumed to satisfy all conditions on strict
Orlicz functions.

We can prove the following:

Proposition 1 (Proposition 3.3 of [1] and Theorem 2 of [2]). Let X be
given by LΦ . Assuming that ρl(0) > −∞, and the sequentially compact-
ness of U in σ(LΦ,LΨ ), ρl is a (−∞,+∞]-valued convex risk measure on
LΦ , that is, ρl satisfies the following three conditions:
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(1) Monotonicity: ρl(X) ≥ ρl(Y ) for any X,Y ∈ LΦ such that X ≤ Y .
(2) Translation invariance: ρl(X+m) = ρl(X)−m forX ∈ LΦ andm ∈ R.
(3) Convexity: ρl(λX+ (1− λ)Y ) ≤ λρl(X)+ (1− λ)ρl(Y ) for anyX,Y ∈
LΦ and λ ∈ [0, 1].

When we take MΦ instead of LΦ , ρl is given by an R-valued functional
without the sequentially compactness of U . Let PΨ be the set of all prob-
ability measures being absolutely continuous with respect to P and having
LΨ -density with respect to P , that is, PΨ := {Q 
 P |dQ/dP ∈ LΨ }.
Corollary 1 of Biagini and Frittelli [3], together with Proposition 1, implies
that ρl is represented as

ρl(X) = sup
Q∈PΨ

{EQ[−X] − al(Q)}, (2)

where EQ represents expectation under Q, and al : PΨ → R is the convex
conjugate of ρl and is called the minimal penalty function. Remark that al is
given by

al(Q) := sup
X∈LΦ

{EQ[−X] − ρl(X)}. (3)

From (2) and (3), we can prove representation results of ρl as follows:

Theorem 1 (Theorem 2 of [2]). Under the same setting as Proposition 1,
the shortfall risk measure ρl is represented as, for any X ∈ LΦ ,

ρl(X) = sup
Q∈PΨ

{

EQ[−X] − sup
X1∈A1

EQ[−X1]

− inf
λ>0

1

λ

{

δ + E
[

Ψ

(

λ
dQ

dP

)]}}

, (4)

where

A1 := {X1 ∈ LΦ | there exists a U ∈ U such that X1 +U ≥ 0 P - a.s.}. (5)

Remark 1. If we take MΦ instead of LΦ as the set X , then we can change
“sup” in (4) into “max”.

Corollary 1. In Theorem 1, when X = MΦ and U is cone, we have

sup
X1∈A1

EQ[−X1] =
{

0, ifQ ∈MΨ ,

∞, ifQ /∈MΨ ,

where MΨ := {Q ∈ PΨ |EQ[U ] ≤ 0 for any U ∈ U}.
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Proof. Note that supX1∈A1 EQ[−X1] ≥ 0, since 0 ∈ U and (5). Next, (5)
implies that

sup
X1∈A1

EQ[−X1] ≤ sup
U∈U

EQ[U ].

If Q ∈ MΨ , then supU∈U EQ[U ] ≤ 0. Thus, supX1∈A1 EQ[−X1] = 0 for
Q ∈ MΨ . On the other hand, if Q /∈ MΨ , there exists a U ∈ U such that
EQ[U ] > 0, which implies that supU∈U EQ[U ] = +∞ by the cone property
of U . �

Corollary 2 (Corollary 4.3 of [1]). Under the same assumptions as the
previous corollary, for any Q ∈ MΨ , if we find a λ̂Q > 0 satisfying

δ = E
[
Φ
(
I
(
λ̂Q

dQ
dP

))]
, then we have

al(Q) = EQ
[

I

(

λ̂Q
dQ

dP

)]

.

Recall that I is the generalized left-continuous inverse of the left-derivative
Φ ′. Note that we can find such a λ̂Q at least when I is continuous.

3. Complete market case

It would be difficult to calculate explicitly values of shortfall risk measures
for a concrete model. If our market is complete, we do not have to take “sup”
or “max” in (4). Thus, we treat in this section the complete market case as
a simple one. More precisely, we presume a seller selling a claim H with
loss function l and threshold δ. In the case where the seller cannot sell H for
its fair price, she have to tolerate some shortfall risk. She then has to sell H
for a price greater than or equal to ρl(−H) to suppress her shortfall risk less
than δ. Hence, we can regard ρl(−H) as a valuation of H . In this section,
assuming the market completeness, we shall calculate ρl(−H) in the same
setting as Corollary 1. We divide calculation into two steps. The first is the
case where the function I , which is the generalized left-continuous inverse
of the left-derivativeΦ ′, satisfies the additional condition of Corollary 2. For
more general cases, we shall adopt an approximating method under some
mild conditions. Throughout this section, we suppose that MΨ = {Q} and
Q ∼ P , and EQ[U ] = 0 for any U ∈ U .

In the first case, we have

ρl(−H) = EQ[H ] − al(Q) = EQ[H ] − inf
λ>0

1

λ
{δ + E[Ψ(λϕ)]} ,
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where ϕ = dQ/dP . If there exists a λ̂ > 0 such that E[Φ(I (̂λϕ))] = δ,
then Corollary 2 yields ρl(−H) = EQ[H ] − EQ[I (̂λϕ)]. At least, such a
λ̂ exists when I is continuous. Remark that EQ[H ] is the fair price of H ,
and EQ[I (̂λϕ)] represents the penalty term, that is, the seller can discountH
by EQ[I (̂λϕ)] off the fair price. Since our market is complete, we can find
a replicating strategy for the claim H − I (̂λϕ), which is denoted by Û . We
have then

E[l(−ρl(−H)− Û +H)] = E[l(EQ[−H + I (̂λϕ)] − Û +H)]
= E[l(I (̂λϕ))] = δ,

that is, Û should be considered as the optimal strategy for the seller when
she sells H for ρl(−H). In summary, the valuation of H is equivalent to the
fair price of H − I (̂λϕ), and its optimal portfolio is given by the replicating
portfolio Û . If the seller receives−H+I (̂λϕ) at the maturity, then its shortfall
becomes 0. However, since I (̂λϕ) is, as it were, a virtual claim, she cannot
receive it, which causes shortfall with size δ.

Next, we shall treat more general cases. That is, we consider the case
where I may have jumps. Note that I has only at most countable jumps and
never jump at 0. Let j0 := 0 and jk , k ≥ 1 be the k-th jump point of I . Note
that, if I has only k(≥ 1) jumps, every jk+l(l ≥ 1) becomes∞. Denote lk :=
jk+1 − jk , for k ≥ 0 such that jk < ∞. In addition, denote l′k := min{lk, 1}
for k ≥ 1 and Jn := ⋃∞k=1

(

jk, jk + l
′
k

n

)

. Now, we assume the following

throughout this section:

Assumption 1. (i) lk > 0 for any k ≥ 0 such that jk <∞.
(ii) There exists a sufficient small ε > 0 such that we can take λ = λ(ε) > 0

to satisfy E[Φ(I ((λϕ − ε) ∨ 0))] ≥ δ and EQ[I (λϕ)] <∞.
(iii) The function I does not have a jump to∞.

We assume Condition (iii) for simplicity. When I (y) jumps to∞, it is enough
to consider as the domain of I only ys being less than the jump point of I to
∞ in the approximating method below. Thus, the above condition (iii) does
not narrow models which we can treat in this section.

Let {In}n≥1 be an increasing sequence of continuous functions which con-
verges to I pointwise. We take each In for n ≥ 2 to satisfy the following:
I (x) = In(x) on R+\Jn, I (x) ≥ In(x) on Jn and

∫ jk+ l
′
k
n

jk

(I (x)− In(x)) dx ≤ 1

nk
for any k ≥ 1.
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Hence, we have

∫ ∞

0
(I (x)− In(x)) dx ≤

∞∑

k=1

1

nk
= 1

n− 1
.

DefiningΨn :=
∫ y

0
In(z)dz for any n ≥ 2, we have 0 ≤ Ψ (y)−Ψn(y) ≤ 1

n−1

and the sequence {Ψn} is increasing.

Example 1. Let Φ be given by

Φ(x) =
{
x, if x ≤ 1,
x2, if x > 1.

We have then

Φ ′(x) =
{

1, if x ≤ 1,
2x, if x > 1,

and I (y) =
⎧
⎨

⎩

0, if y ≤ 1,
1, if 1 < y ≤ 2,
y/2, if y > 2.

Thus, I has a jump at 1 from 0 to 1. Moreover, Ψ is given by

Ψ (y) =
⎧
⎨

⎩

0, if y ≤ 1,
y − 1, if 1 < y ≤ 2,
y2/4, if y > 2.

Now, if we take a sequence {In} as follows:

In(y) =

⎧
⎪⎪⎨

⎪⎪⎩

0, if y ≤ 1,
n(y − 1), if 1 < y ≤ 1+ 1

n
,

1, if 1+ 1
n
< y ≤ 2,

y/2, if y > 2,

then all conditions on {In} are satisfied and Ψn is given by

Ψn(y) =

⎧
⎪⎪⎪⎨

⎪⎪⎪⎩

0, if y ≤ 1,
n(y−1)2

2 , if 1 < y ≤ 1+ 1
n
,

y − 1− 1
2n , if 1+ 1

n
< y ≤ 2,

y2

4 − 1
2n , if y > 2.

Now, definingΦn(x) := supy≥0{xy−Ψn(y)} ≥ Φ(x), the sequence {Φn}
is decreasing, and Φn → Φ uniformly. Since each In is continuous, we can
find a λn > 0 satisfying

E[Φn(In(λnϕ))] = δ



How much can investors discount? 9

and

inf
λ>0

1

λ
{δ + E[Ψn(λϕ)]} = EQ[In(λnϕ)].

We shall prove a key lemma as follows:

Lemma 1. There exists a random variable A such that Φn(In(λnϕ)) →
Φ(A) in L1, taking a subsequence if necessary, that is, E[Φ(A)] = δ.
Proof. We prove firstly the uniformly integrability of {Φn(In(λnϕ))}n≥1. We
fix a sufficient large n arbitrarily. Since In(x) ≥ I (x − 1/n) by the definition
of In, we have

δ = E[Φn(In(λnϕ))] ≥ E[Φn(I ((λnϕ − 1/n) ∨ 0))]
≥ E[Φ(I ((λnϕ − 1/n) ∨ 0))] ≥ E[Φ(I ((λnϕ − ε) ∨ 0))].

From Assumption 1, we have

E[Φ(I ((λϕ − ε) ∨ 0))] ≥ E[Φ(I ((λnϕ − ε) ∨ 0))].
Thus, λ > 0 is greater than λn. We have then Φn(In(λnϕ)) ≤ λϕI (λϕ) + 1,
which is in L1 by Assumption 1. Recall that Φn(x) ≤ Φ(x)+ 1. As a result,
{Φn(In(λnϕ))}n≥1 is uniformly integrable.

Next, we prove thatΦn(In(λnϕ))→ Φ(A) a.s. for some A. For any suf-
ficient large n, we have 0 < λn < λ. Hence, λn has a subsequence converging
to some λ∗ ∈ [0, λ]. We denote such a subsequence by {λn} again. Let ε0 > 0
be fixed arbitrarily. For n > m, we have

P(|Φn(In(λnϕ))−Φm(Im(λmϕ))| > ε0)

≤ P(|Φn(In(λnϕ))− Φn(Im(λmϕ))| > ε0/2)

+P(|Φn(Im(λmϕ))−Φm(Im(λmϕ))| > ε0/2)

=: K1 +K2.

Recall that Φ ≤ Φn ≤ Φ + 1

n− 1
. Thus, there exists an n0 ∈ N such that,

for any n > m ≥ n0,

|Φn(x)−Φm(x)| = Φm(x)− Φn(x) ≤ ε0/2 for any x ∈ R+.

That is, K2 = 0 for any sufficient large n and m.
The set {x ∈ R|P(ϕ = x) > 0}, denoted by M , is at most countable.

Letting ε1 > 0 be fixed arbitrarily, we could select finitely many elements
fromM , which are denoted by x1, x2, . . . , xN , to satisfy

P

⎛

⎝
⋃

x∈M\{x1,x2,...,xN }
{ϕ = x}

⎞

⎠ <
ε1

2
.
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For any sufficient large n and m, we have

|Φn(In(λnxk))−Φn(Im(λmxk))| ≤ ε0

2

for k = 1, . . . , N , and

P({|Φn(In(λnϕ))−Φn(Im(λmϕ))| > ε0/2} ∩ {ϕ ∈ R+\M}) < ε1

2
.

Hence, we have

P(|Φn(In(λnϕ))− Φn(Im(λmϕ))| > ε0/2)

< P

⎛

⎝
⋃

x∈M\{x1,x2,...,xN }
{ϕ = x}

⎞

⎠+ P({|Φn(In(λnϕ))−Φn(Im(λmϕ))|

> ε0/2} ∩ {ϕ ∈ R+\M}) < ε1

2
+ ε1

2
= ε1,

from which K1 → 0 as n,m → ∞ follows. As a result, we can conclude
that

lim
n,m→∞P(|Φn(In(λnϕ))−Φm(Im(λmϕ))| > ε0) = 0,

that is, Φn(In(λnϕ)) converges to some Φ(A) in probability. Taking a
subsequence if necessary, Φn(In(λnϕ)) → Φ(A) a.s., namely, E[Φ(A)]
= δ. �

We have then, for any sufficient large n,

al(Q) ≥ inf
λ>0

1

λ
{δ + E[Ψn(λϕ)]} ≥ al(Q)− 2

λ∗(n− 1)
,

since λn → λ∗. Remark that λ∗ is positive. Hence, by the definition of {λn},

EQ[In(λnϕ)] = inf
λ>0

1

λ
{δ + E[Ψn(λϕ)]} → al(Q)

as n→∞. Therefore, we can conclude as follows:

Theorem 2. Under Assumption 1 and all conditions in this section, we have

ρl(−H) = lim
n→∞{EQ[H ] − EQ[In(λnϕ)]}.

Next, we calculate the optimal strategy for the seller when H sells for
ρl(−H). Firstly, we need to prepare the following lemma:

Lemma 2. Taking a subsequence if necessary, In(λnϕ))→ A in L1(Q), that
is, EQ[A] = al(Q).
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Proof. Since Φ−1 is a continuous function, Lemma 1 implies that

Φ−1(Φn(In(λnϕ)))→ A a.s.,

by taking a subsequence if necessary. For any ε1 > 0, there exists a sufficient
large number n0 such that

P({|In(λnϕ)−Φ−1(Φn(In(λnϕ)))| < ε1 for any n ≥ n0}) = 1.

Hence, we have In(λnϕ)→ A a.s..
For any n ≥ 1, we have In(λnϕ) ≤ In(λϕ) ≤ I (λϕ) ∈ L1(Q) by the

definition of λ and Assumption 1. Thus, {In(λnϕ)}n≥1 is uniformly integrable
in Q, which completes the proof of Lemma 2. �

Denote ρ̃n(−H) := EQ[H ] − EQ[In(λnϕ)] and

ln(x) :=
{
Φn(x), if x ≥ 0,
0, if x < 0.

Actually, ρ̃n(−H) is the valuation of H for a seller with loss function ln
and threshold δ. Note that its optimal strategy is given by the replicating
strategy Un ∈ U for H − In(λnϕ). Since ρ̃n(−H) → ρl(−H) as n → ∞,
we could say that Un approximates to the optimal strategy when H sells for
ρl(−H). Finally, we calculate the optimal strategy for a seller with l. Let
UA and UH be the replicating strategies for A andH , respectively. Denoting
Û := UH − UA, Lemmas 1 and 2 imply that

E[l(−ρl(−H)− Û +H)] = E[l(−EQ[H ] + al(Q)− UH + UA +H)]
= E[l(EQ[A] + UA)] = E[l(A)] = δ.

Consequently, Û is the optimal strategy whenH sells for ρl(−H).

4. Diffusion type models

In this section, we consider diffusion type models constructed in Karatzas
and Kou [6]. Firstly, we illustrate the diffusion type models.

A diffusion type model is a complete financial market model composed
of one riskless asset and d risky assets. Assume that the interest rate is given
by 0, that is, the price of the riskless asset is 1 at all times. Let {Wt }t∈[0,T ] =
{(W 1

t , · · · ,Wd
t )
∗}t∈[0,T ] be a d-dimensional Brownian motion, where a∗ is

the transposed vector of a. Defining FW
t = σ(Ws, 0 ≤ s ≤ t) for any

t ∈ [0, T ], F = {Ft }0∈[0,T ] is assumed to be given by the augmentation of
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FW . For i = 1, · · · , d , denoting by Si the price process of the i-th risky
asset, we suppose that Si is given by a solution to the following SDE:

dSit = Sit

⎧
⎨

⎩
bit dt +

d∑

j=1

σ
ij
t dW

j
t

⎫
⎬

⎭
, t ∈ [0, T ]

Si0 = si ∈ (0,∞).
We suppose that the coefficient processes {bt }t∈[0,T ] = {(b1

t , . . . , b
d
t )
∗}t∈[0,T ]

and {σ t }t∈[0,T ] = {(σ ijt )1≤i,j≤d}t∈[0,T ] are F-progressively measurable and
uniformly bounded in (t, ω) ∈ [0, T ] ×Ω . In addition, we assume that σ t is
invertible and its inverse σ−1

t is uniformly bounded in (t, ω) ∈ [0, T ] × Ω .
We define an Rd -valued process {θ t }t∈[0,T ], called the relative risk pro-
cess, by θ t := σ−1

t bt for t ∈ [0, T ]. The process θ is bounded and
F-progressively measurable because of the assumptions on b and σ . Un-
der these assumptions together with Girsanov’s theorem, the process Z

defined by Zt := exp
(
− ∫ t0 θ∗s dWs − 1

2

∫ t
0 ‖θ s‖2ds

)
, where ‖ · ‖ is the

d-dimensional Euclidean norm, is a martingale and WQ
t := Wt +

∫ t
0 θ sds

is an Rd -valued Brownian motion under the probability measure Q defined
by Q(A) = E[ZT 1A], for any A ∈ FT . Note that Q is called the unique
equivalent martingale measure.

A process {π t }t∈[0,T ] = {(π1
t , . . . , π

d
t )
∗}t∈[0,T ] is called a portfolio pro-

cess, if it is an F-progressively measurable process satisfying
∫ T

0 ‖π t‖2dt <

∞ a.s.. Moreover, a cumulative consumption process {Ct }t∈[0,T ] is defined as
an increasing right continuous R-valued F-adapted process such that C0 = 0,
CT <∞ a.s.. Let T be the set of all stopping times on [0, T ]. For any given
portfolio/cumulative consumption process pair (π , C) and x ∈ R, a solution
X := Xx,π ,C to the linear stochastic equation

X0 = x, dXt =
d∑

i=1

πit

Sit
dSit − Ct ,

is called the wealth process corresponding to initial capital x, portfolio
process π , and cumulative consumption process C. We call a portfolio/
consumption process pair (π , C) admissible with initial wealth x, if and only
if there exists a nonnegative random variable
 with EQ[
p] <∞ for some
p > 1 such that the wealth process X := Xx,π,C satisfies

X
x,π,C
t ≥ −
 a.s., for any t ∈ [0, T ]. (6)

We shall denote byAdm(x) the class of such pairs. Although we might need a
stronger integrability condition with respect to 
 depending on loss function
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l, we describe the same one as [6] here for simplicity. For any τ ∈ T , we
denote byAdm(x, τ ) the class of portfolio/consumption process pairs (π , C)
for which the stopped process Xx,π,C·∧τ satisfies the requirement (6).

4.1. Black–Scholes model

In this subsection, we consider the Black–Scholes model as a simple example
of the diffusion type models introduced in the above. That is, we consider the
case where d = 1, σ and b are constants, and σ > 0. In other words, the
risky asset price process S is expressed by

St := s exp

{(

b − σ
2

2

)

t + σWt
}

, t ∈ [0, T ],

where s > 0. We shall give a valuation formula of a claim H for a seller with
exponential loss function and threshold δ, where we suppose that H satisfies
an appropriate integrability condition. That is, her loss function l is given by

l(x) =
{
ex − 1 if x ≥ 0,
0 if x < 0.

Then, its conjugate l∗ and the inverse I of l′ (the derivative of l) are de-
noted by

l∗(x) = xI (x)− l(I (x)) =
{
x log x − x + 1, if x ≥ 1,
0, if 1 ≥ x ≥ 0,

and

I (x) = (l′)−1(x) =
{

log x, if x ≥ 1,
0, if 1 ≥ x > 0,

respectively. We calculate the value ρl(−H). Note that Corollary 2 implies
that ρl(−H) = EQ[H ] − infλ>0

1
λ
(δ + E[l∗(λZT )]), where ZT = dQ/dP .

To calculate the second term in the RHS, we define a function f by f (λ) =
1
λ (δ + E[l∗(λZT )]) for λ > 0. Then, there exists a unique positive number
λ∗ satisfying E

[
(λ∗ZT − 1) 1{λ∗ZT≥1}

] = δ, and minimizing f with

f (λ∗) =
(

logλ∗ + 1

2

(
b

σ

)2

T

)

h(α) + b

σ

√
T

2π
e−

α2
2 ,

where h(x) := ∫ x−∞ 1√
2π
e−

y2

2 dy and α := σ

b
√
T

logλ∗ + b
√
T

2σ (α := ∞ if

b = 0). We can then conclude ρ(−H) = EQ[H ] − f (λ∗).
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4.2. American type claims

We shall try, in this subsection, to give a valuation method for American type
claims in a diffusion type model. Karatzas and Kou in their paper [6] pre-
sented some basic results on the pricing problem for American type claims.
Firstly, we review their results roughly.

Note that any American type claim is described as a process. Let
{Bt }t∈[0,T ] be an R-valued process representing the payoff of an Ameri-
can type claim. Assume that the process B is [0,∞)-valued, F-adapted,
having continuous paths, and satisfying

E0

[

sup
t∈[0,T ]

B1+ε
t

]

<∞ for some ε > 0.

Denoting the upper hedging price for B by hup, and the lower hedging price
by hlow, we can describe them as follows:

hup = inf{x ≥ 0|∃(π̂, Ĉ) ∈ Adm(x) s.t. Xx,π̂ ,Ĉτ ≥ Bτ a.s.,∀τ ∈ T },
hlow = inf{x ≥ 0|∃τ̌ ∈ T , (π̌ , Č) ∈ Adm(−x, τ̌ ) s.t. X−x,π̌ ,Č

τ̌

+Bτ̌ ≥ 0 a.s.}.
We define a function u on [0, T ] as

u(t) := sup
τ∈Tt,T

EQ[Bτ ],

where Tt,T is the set of [t, T ]-valued stopping times. They proved that hup =
hlow = u(0). In other words, u(0) is the fair price of B. Let X̂t , τ̌ be as
follows:

X̂t := esssupτ∈Tt,T EQ[Bτ |Ft ], for t ∈ [0, T ],
τ̌ := inf{t ∈ [0, T )|X̂t = Bt } ∧ T ,

respectively. It was proved that there exists a pair (π̂ , Ĉ) ∈ Adm(u(0)) sat-
isfying the following:

X
u(0),π̂ ,Ĉ
t = X̂t ≥ Bt , for t ∈ [0, T ],
X
u(0),π̂ ,Ĉ
t = −X−u(0),π̌ ,0t > Bt , for t ∈ [0, τ̌ ),
X
u(0),π̂ ,Ĉ
τ̌

= −X−u(0),π̌ ,0
τ̌

= Bτ̌ , Ĉτ̌ = 0,

where π̌ := −π̂ . Thus, they made it clear that π̂ , τ̌ , and X̂ are the optimal
hedging portfolio for a seller, the optimal exercise time for a buyer, and the
price process of B, respectively. We can say that u(0) = EQ[Bτ̌ ].
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Now, we presume two investors. One is a seller of B with loss function l
and threshold δ. Another is a buyer who intends to purchaseB from the seller.
We calculate a valuation of B from seller’s view. Suppose that the seller in-
tends to control her shortfall risk at the maturity. That is, the valuation should
be given as the least price such that her shortfall risk at T is less than or equal
to δ. Note that the seller cannot predict when the buyer exercises the claim
B. Thus, she have to construct her hedging strategy no matter which stopping
time is selected by the buyer, and can reconstruct her strategy after buyer’s
exercise. Hereafter, we assume that supt∈[0,T ] Bt and the random variable 

in (6) are inMΦ , where Φ is the associated Orlicz function with l.

The valuation, denoted by V (B), is given as follows. Now, we assume
that any investor must take 0 as her consumption process. Let Adm0(x) be
the set of portfolio processes π such that (π , 0) ∈ Adm(x). Next, we denote
X
x,π
t := Xx,π ,0t , t ∈ [0, T ] and x ∈ R, and Xπ

s,t := X0,π
t − X0,π

s , 0 ≤ s <
t ≤ T . Moreover, for τ ∈ T and π ∈ Adm0(x), let ˜Adm(π , τ ) be the set of
portfolio processes π̃ such that E[l(−Xx,πτ − Xπ̃

τ,T + Bτ )] < ∞. We then
define V (B) as follows.

V (B) := inf{x ≥ 0|∃π ∈ Adm0(x), ∀τ ∈ T , ∃π̃ ∈ ˜Adm(π , τ )

s.t. E[l(−Xx,πτ −Xπ̃
τ,T + Bτ )] ≤ δ}. (7)

Note that the value Xx,πτ + Xπ̃
τ,T − Bτ represents the final wealth of the

seller with initial wealth x if the buyer exercises B at τ , the seller selects π

as her hedging strategy at time 0 (π is independent of τ ), and she changes
her strategy into π̃ at the moment τ that B is exercised. That is, if the seller
sells B for a price greater than V (B), then no matter which stopping time
is selected by the buyer she can suppress her shortfall risk less than δ by
selecting a suitable hedging portfolio.

Next, we try to obtain a representation of V (B) by using the shortfall
risk measure ρl . We consider the valuation of B when the seller postulates
that the buyer exercises B at the optimal time τ̌ . Assume that the loss func-
tion l satisfies the additional condition of Corollary 2. Noting that Bτ̌ is an
F-measurable random variable, we can consider ρl(−Bτ̌ ). Thus, we rewrite
the definition (1) as

ρl(−Bτ̌ ) = inf{x ≥ 0|∃π ∈ Adm0(x) s.t. E[l(−Xx,πT + Bτ̌ )] ≤ δ}, (8)

which represents the least price of B for the seller when she is certain that
the buyer will exercise B at the optimal exercise time τ̌ . Corollary 2 implies
that ρl(−Bτ̌ ) = EQ[Bτ̌ ] − EQ[I (λ̂ZT )], where ZT = dQ/dP , and λ̂ is
the unique positive constant satisfying δ = E[l(I (λ̂ZT ))]. Let π ′ be the

replicating portfolio for I (λ̂ZT ), that is, I (λ̂ZT ) = X
EQ[I (λ̂ZT )],π ′
T holds.
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Now, we assume that π̂ − π ′ ∈ Adm0(ρl(−Bτ̌ )+ ε) for any ε > 0, where π̂

is the optimal strategy for B. Actually, we can say the following:

Proposition 2. ρl(−Bτ̌ ) = V (B).
Proof. By (7) and (8), it is clear that ρl(−Bτ̌ ) ≤ V (B). We have

X
ρl(−Bτ̌ )+ε,π̂−π ′
τ + X−π ′

τ,T − Bτ > −I (λ̂ZT ) ∈ A0 for any ε > 0 and

any stopping time τ ∈ T , since X
EQ[Bτ̌ ],π̂
τ − Bτ ≥ 0 for any τ ∈ T . Note

that −π ′ is in ˜Adm(π̂ − π ′, τ ). Hence we have ρl(−Bτ̌ ) ≥ V (B). �

This fact means that, even though the seller do not know when the buyer
exercises B, the seller can select her hedging strategy as if the buyer nec-
essarily exercised B at the optimal time τ̌ . Hence, for even American type
claim B, its valuation induced by shortfall risk is represented by a shortfall
risk measure. On the other hand, if the seller intends to control her short-
fall risk at the moment that the buyer exercises, the problem would be more
complicated. It remains to future research.
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an extremely general version of the second theorem of welfare economics
which actually needed practically no restrictions on the choice of parameters
of the economy such as preference relations and commodity spaces. Here
we consider possible extensions of Debreu–Smale theorem on generic regu-
larity of exchange economies [6]. The fundamental role of this theorem was
forcefully emphasized in many subsequent publications (e.g. [8, 24]). Dierker
[8] describes the two main questions studied by Debreu in [6] as follows:

(1) What does the set of equilibrium prices of an economy look like?
(2) How does the set of equilibrium prices of an economy E vary when the

characteristic data of E vary?

and continues by explaining that to get the desirable answer “. . . one wants
to establish the local uniqueness of each equilibrium price system and its
continuous dependence on the characteristic data of the economy.”

Local uniqueness of the equilibrium price system is usually referred to
as determinacy and continuous dependence is related to what in the classical
analysis would be called regularity of the mapping connecting equilibrium
prices and economic parameters. The basic assumption behind Debreu’s the-
ory was that the individual demands of consumers are continuously differ-
entiable. The mathematical model that appears in this case is a system of
equations involving continuously differentiable functions in their left-hand
sides and an equilibrium price is just a solution of the system. If the numbers
of equations and unknowns coincide (which does happen in systems arising
in Debreu’s analysis) determinacy and regularity are equivalent properties by
the inverse function theorem and the main conclusion that the economies with
regular price systems fill an open set of full measure in the space of possible
economies is based on the Sard theorem.

In the follow-up paper [7] (see also [24] for more details) Debreu spec-
ifies the requirements to the preference relation that guarantee that an indi-
vidual demand is a continuously differentiable mapping. In the nutshell these
requirements are the following: the preference relation is defined by a C2

strictly quasi-concave and strictly monotone utility function without critical
points and such that every indifference surface (level set of the function) have
nonzero curvature at every point.

Weakening of the requirements leads to demands which may be even mul-
tivalued functions. And a natural question is whether there are some other
suitable and meaningful classes of economies for which the same conclusion
about typically good behavior of equilibrium price systems is possible. A pos-
itive answer comes from algebraic geometry which offers an extremely rich
collection of non-pathological objects, so-called definable sets, functions and
mappings, in particular semi-algebraic – the best known and most tractable.
There are many arguments in favor of using these classes of objects in eco-
nomic analysis (see e.g. [22] for a more detailed discussion). We just mention
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that the most popular types of utility functions do belong to them: Cobb–
Douglas and CES utility functions, piecewise linear or exponential utilities –
they all belongs to some classes of definable functions.

It seems appropriate to mention here that there is a growing interest to that
class of sets and mapping in the optimization community which is actively
working with non-differentiable and set-valued mappings for more than three
decades. But to the credit of mathematical economists it should be said that
the semi-algebraic and definable stuff attracted their attention much earlier:
Blume and Zame [2] in 1993 extended Debreu’s theorem to economies with
preference relations associated with continuous quasiconcave definable util-
ity functions. In one respect their statement is even stronger than that of De-
breu: the set of “bad” economies is not just a set of measure zero but a defin-
able set of smaller dimension – a reflexion of an important general property
of definable sets.

The main technical tool used in [2] was the trivialization theorem say-
ing roughly speaking that the graph of every definable set-valued mapping
(e.g. from IRm into IRn) is a union of finitely many homeomorphic images
of graphs of constant set-valued mappings. The basic weakness of this tech-
niques (which the authors explicitly indicate) is that it does not offer any
mechanism of verification whether a specific point of the graph is regular
or critical. Moreover, the very question of what is a regular or critical point
or values of a non-differentiable or set-valued mappings, and so the entire
regularity issue, remains outside the scope of the paper.

Meanwhile, in the regularity theory of variational analysis (often called
metric regularity) this is the central question and infinitesimal characteriza-
tion of regularity and even calculation of certain “measures of regularity” lie
in the very heart of the theory. In this paper we offer a study of regularity and
determinacy problems from the viewpoint of variational analysis.

We consider the same type of a problem as in the original paper by De-
breu [6] in which the given data are individual demands (rather than utilities
or preference relations) and we are not interested in how they have been ob-
tained. In particular we do not consider the question of existence of equilib-
rium prices which mathematically is not actually connected with regularity.
We assume that individual demands are set-valued mappings with definable
graphs. In fact, we speak mainly about semi-algebraic sets and functions for
the only reason that the definition of the latter is very simple and we give it
in appropriate place, while the general definition of definable objects is much
more involved and we have chosen not to quote it here. However all state-
ments and proofs remain valid if we replace the word “semi-algebraic” by
“definable”.

The model is described in the next section. In Sect. 3 we briefly dis-
cuss the classical regularity concept and give a short proof of Debreu’s
theorem following the scheme of [8] rather than the original proof. Section 4
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contains necessary information from local nonsmooth analysis. Section 5 is
the central. In this section we introduce semi-algebraic sets and mappings
and for them prove two theorems, one addressing regularity and the other
local uniqueness of solutions (which for set-valued mappings are no longer
equivalent) for semi-algebraic set-valued mappings.

The first theorem states that a regular value of a set-valued mapping
(x, p) �→ F(x, p) with semi-algebraic graph is also a regular value of partial
mappings x �→ F(x, p) for all p except maybe a semi-algebraic subset of the
p-space whose dimension is strictly smaller than the dimension of the space.
(A reader can easily recognize in this theorem a semi-infinite extension of
a simplified version of the transversality theorem of Thom.) The second
theorem says roughly speaking that for a semi-algebraic set-valued mapping
from IRn into IRn and a regular value f of F solutions of the inclusion
y ∈ F(x) are locally unique if and only if the dimension of the graph of the
mapping is n.

Finally, in Sect. 6 we return to our model and prove two theorems, one
saying that for a typical (up to a closed set of smaller dimension) economy
the set of equilibrium prices is either empty or displays Lipschitz dependence
on variations of parameters of the economy, and the other giving a sufficient
condition for typical determinacy of equilibrium prices in terms of dimen-
sions of sections of the graph of the excess demand correspondence.

2. The model

We shall consider the simplest exchange economy with m agents and � com-
modities. In the description of the model given below we use the following
notation: IR� is the standard Euclidean �-dimensional space with x · y be-
ing the inner product of x and y and B(x, α) is the ball of radius α around
x, IR�+ is the nonnegative orthant, IR�++ = int IR�+ is the collection of vec-
tors with strictly positive components, S�−1 is the unit sphere in IR� and
S+ = S�−1⋂ IR�+, S++ = S�−1⋂ IR�++. Finally, given sets X and Y , the
symbol X ⇒ Y is used for set-valued mappings from X into Y .

The model of exchange economy withm agents and � commodities is the
collection of m triples (Xi,Di , ei), i = 1, . . . ,m, where

• Xi ⊂ IR�+ (we take it equal to the entire IR�+) is the consumption set of
the i-th agent.

• Di (p,w) is the demand of the i-th agent. This is generally a set-valued
mapping which associates with each price vector p and the wealth w of
the agent the possible choice of commodity vectors. It is assumed that
x ∈ Di (p,w) satisfies p · x = w.

• ei ∈ IR�+ is the initial endowment of the i-th agent.
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We shall not be interested in the paper in how the demands of the agents
have been determined. Usually it is done through preference relations or util-
ity functions of the agents. If the preferences of the i-th agent are defined
by the preference correspondence Pi (x) : Xi ⇒ Xi (u ∈ Pi (x) means
that u is strictly preferred to x), then Di (p,w) is the collection of x ∈ Xi
satisfying the budget constraint p · x ≤ w and such that no other affordable
u is preferred to x, that is

x �= u ∈ Xi, p · u ≤ w ⇒ u �∈ Pi (x)

As the components of the price vector are nonnegative, the equality p ·x = w
for x ∈ Di (p,w) is guaranteed if the preference relation is locally non-
satiated (for any u ∈ Di (p,w) the intersection of a neighborhood of u with
IRl++ belongs to P(x)).

When the preference is defined by means of a utility functions u(·) on IR�+
the demand is defined as the set of points of maximum of u(x) on the budget
set. But our arguments may be equally applied to the case of “generalized
demands” in the spirit of Smale [29] when elements of the demand set are
critical points of the maximization of the utility function over the budget
set (that is satisfying the first order optimality condition, e.g. in terms of
subdifferentials of non-smooth analysis – see e.g. [25, 28]).

The multivector E = (e1, . . . , ek) ∈ IRm�+ is usually called economy and
the set-valued mapping (p, e)→ Di (p, p · e) is the demand correspondence
of the i-th agent. We observe that by definition Di (λp, λp · ei) = Di (p, p ·
ei) for any λ > 0 (zero-degree homogeneity), so the natural domain of the
demand correspondence is S+ × IR+.

The set-valued mapping

Z(p,E) =
m∑

i=1

(Di (p, p · ei)− ei)

from S+ × (IR�+)m into IR� is called the excess demand mapping. Since
each Di was supposed to satisfy p · Di (p,w) = w (that is p · x = w if
x ∈ Di (p,w)) the Walras law: p · Z(p,E) = 0 holds true.

Definition 1. A vector p ∈ IR�+ is an equilibrium price (for the economy E)
if 0 ∈ Z(p,E). We denote by P(E) the collection of equilibrium prices for
E. The (generally set-valued) mapping E → P(E) is called the equilibrium
price correspondence of the model.

The concept of regularity relates to the behavior of the equilibrium price
correspondence. We postpone the formal introduction of this concept until
we discuss it in the classical smooth situation in the next section and further
in the final section the the general nonsmooth nonconvex model.
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3. Classical regularity concept and Debreu’s theorem

A continuously differentiable mapping F : IRm → IRn is regular at x if
F ′(x), the derivative of F at x, maps IRm onto the whole IRn. A vector y ∈
IRn is a regular value of F if either y �= F(x) for all x or F is regular at every
x ∈ F−1(y). If y not a regular value of F it is called a critical value of F .

If y is a regular value of F belonging to the image of the mapping, then
by the implicit function theorem F−1(y) is a smooth manifold of the same
rank of smoothness as F (e.g. if F ∈ Ck , then F−1(y) is a Ck-manifold). The
Sard theorem says that the collection of critical values of a Ck-mapping with
k > m− n ≥ 0 is a set of Lebesgue measure zero in IRn. If in addition F is a
proper mapping (F−1(Q) is a compact set if so is Q), then the set of critical
values is a closed set of Lebesgue measure zero and F−1(y) is a compact set
for any y.

Thus ifm = n and F is a properC1-mapping, the set F−1(y)may contain
at most finitely many points for any regular value y of F and such y fill an
open set of full measure in IRn. Moreover, in this case y is a regular value of
F if and only if F−1(y) is a finite set (or empty).

We shall be most interested in a situation when we have a mapping
F(x,w) from IRm × IRk with the second argument w viewed as a param-
eter. Suppose y is a regular value of F . Whether and when is y a regular
value of a partial mapping Fw(x) = F(x,w) for some w? This is actually a
particular instance of the transversality problem. The following proposition
is a key to answer.

Proposition 2. Let F be a C1-mapping from IRn× IRk into IRn, and let y be
a regular value of F . Consider the manifold � = F−1(y), and let ϕ stands
for the restriction to � of the projection (x,w)→ w. If w is a regular value
of ϕ, then y is a regular value of Fw .

Proof. Proofs of the propositions can be found in many publications (see e.g.
[1, 16]). But we shall give it in view of its central role in our discussions.
Let us denote by F ′1 and F ′2 the derivatives of F with respect to x and p
respectively. Suppose F(x,w) = y. As y is a regular value, for any v ∈ IRn
there are h ∈ IRn and q ∈ IRk such that F ′1(x,w)h+ F ′2(x,w)q = v.

On the other hand, as y is a regular value of F , the tangent space to � at
(x,w) is {(e, s) ∈ IRn × IRk : F ′1(x,w)e + F ′2(x,w)s = 0}. As ϕ is regular
at (x,w), there is a e ∈ IRn such that F ′1(x,w)e + F ′2(x,w)q = 0. Thus
F ′1(x,w)(h − e) = v. This means (as v is an arbitrary element of IRn) that
the image of F ′1(x,w) is the whole of IRn, that is Fw is regular at x. ��

As an immediate consequence we get the following simplified version of
the transversality theorem of Thom.



Variational analysis and mathematical economics 2 23

Theorem 3. Under the assumptions of Proposition 1, y is a regular value of
Fw for all w outside of a set Lebesgue measure zero in IRk .

Proof. Indeed, dim� = k, so the Sard theorem applies to ϕ. ��
We also remark that in case when Fw is proper uniformly in w in a neigh-

borhood of a certain w, then the set F−1
w (y) may contain at most finitely

many points.
All said extends to the case of a mapping between two smooth manifolds.
These results are behind the seminal 1970 study by Debreu [6]. Debreu

considered models with demand mappings Di (p,w) assumed single-valued
and continuously differentiable on S++×IR++ and also satisfying the bound-
ary desirability assumption:

(DA) ‖Di (pn,w)‖ → ∞ if one of the components of pn goes to zero.

Thus Z is a C1 mapping from S++ × IRm�++ (which is a C∞ manifold) into
IR� , so that the space E of all considered economies should be identified with
IRm�++, and (DA) guarantees that the partial mapping p → Z(p,E) is proper
locally uniformly with respect to E ∈ E . There are several important points
to be emphasized in connection with this model.

(a) If ei > 0 for all i, then the desirability condition implies that P(E) �= ∅
(see [6]).

(b) Denote by T (S++) the tangent bundle of S++ and by Tp(S�−1) the tan-
gent space of S�−1 at p. As p · (Di (p, p · e) − e) = 0 the values of Z,
for a given p, lie in the tangent space to S�−1 at p. Thus, the graph of Z
is a subset of the tangent bundle T (S++). To make the situation formally
compatible with the general setting considered in our brief above descrip-
tion of the regularity theory we just note that this tangent bundle T (S++)
is trivializable, that is there is a smooth mapping ϕ : T (S++) → R�−1

such that ϕ(p, ·) is a linear homeomorphism of Tp(S++) and IR�−1 for
any p ∈ S++ and the mapping (p, h) �→ ϕ(p, h) is a diffeomorphism
from T (S++) onto S++ × IR�−1 . Thus it is natural to call Z regular at a
certain (p̄, Ē) if the composition ψ(p,E)) = ϕ(p,Z(p,E)) is regular
at that point.

For instance, as all components of p are positive, the Walras law allows
to take ϕ(p, h) equal to the (� − 1) dimensional vector of the first � − 1
components of h, so that ϕ(p,Z(p,E)) is just the vector of the first �− 1
commodities. In fact, there is no need to undertake any such action, because
for any i the full partial derivative of fi(p, e) = Di (p, p · e)− e with respect
to e has rank �− 1. Indeed, setting w = p · e, we have

∂

∂e
fi(p, e) = ∂

∂w
Di (p,w)pT − I = Ai − I
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where I is the identity matrix, and all vectors are viewed as columns, so that
the transpose is a row vector. Every matrixAi has rank one and pT (Ai−I) =
0 and for any h orthogonal to p we have (Ai − I)h = −h.

These are well known arguments, of course (see e.g. [8]), but we need
to keep them in mind for further discussions. Anyway, the conclusion is that
zero is a regular value of the excess demand correspondence. We are now
able to use Theorem 2 to get the principal Debreu’s result of [6].

As has been agreed above, E is an open subset of IRm�, hence a smooth
manifold of the same dimension. As zero is a regular value of Z, the set � =
Z−1(0) is also a C1-manifold of dimensionm�. It follows that Proposition 1
can be applied to the restriction to � of the projection (p,E)→ E. Applying
Theorem 2, along with the mentioned existence theorem of [6], and taking
into account that Z is proper in p we get

Theorem 4 (Debreu). If all Di are C1-mappings satisfying (DA), then crit-
ical economies form a closed set of Lebesgue measure zero in IRm�. Specifi-
cally, for everyE ∈ E outside of a closed set of measure zero there are finitely
many equilibrium prices and they smoothly depend on E.

4. Regularity in variational analysis

Variational analysis studies nondifferentiable and even set-valued mappings.
When we speak of a set-valued mapping F : IRm ⇒ IRn, we admit that the
empty set may be a possible value of the mapping as well as any other subset
of the range space. The set dom F = {x ∈ IRm : F(x) �= ∅} is called the
domain of F . In particular, the restriction of a single-valued mapping F to a
subsetQ ⊂ IRm can be viewed as a set valued mapping

F |Q(x) =
{
F(x), if x ∈ Q;
∅, otherwise.

whose domain is Q.
The formal extension of the classical derivative based definition of reg-

ularity to these classes of mappings is therefore impossible. However there
are equivalent descriptions of the phenomenon which can be applied also to
set-valued mappings.

Proposition 5. Let F : IRm ⇒ IRn, and let y ∈ F(x). Then the following
properties are equivalent:

(i) There are ε > 0 and r > 0 such thatB(y, rt) ⊂ F(B(x, t)) if y ∈ F(x),
‖x − x‖ < ε, ‖y − y‖ < ε, 0 ≤ t < ε.
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(ii) There are δ > 0 and K > 0 such that d(x, F−1(y)) ≤ Kd(y, F (x)) if
‖x − x‖ < δ, ‖y − y‖ < δ.

(iii) There are γ > 0 and N > 0 such that the function x → d(y, F−1(x))

satisfies on the ball B(x, γ ) the Lipschitz condition with constant N if
‖y − y‖ < γ .
Moreover, if F is single-valued and continuously differentiable, the three
properties are equivalent to

(iv) F is regular at x.

The equivalence of (i)–(iii) is actually valid even for set-valued mappings
between metric spaces. Certain forms of it were mentioned in some publica-
tions in the beginning of the 80s [9, 17], first proves were given in [4, 26],
for a short prove see [18]. For a C1 mapping the implication (iv) ⇒ (i) is
the famous Lusternik–Graves theorem actually contained in the main result
of [15], the implication (iv)⇒ (ii) likewise follows from the “Lusternik the-
orem” of [21] and the main result of [27]. The opposite implications follow
from Milyutin’s perturbation theorem of [9] but for the first time they were
explicitly explained in [10].

In fact, the equivalence between the three properties goes even further.
Denote the upper bound of r in (i) by surF(x|y) (it is called the modulus of
surjection of F at (x, y)), the lower bound of K in (ii) by regF(x|y) (it is
called the modulus of metric regularity) of F at (x, y)) and the lower bound
of N in (iii) by lipF−1(y|x) (it is called the Lipschitz modulus of F−1 at
(y, x). The standard convention is to set surF(x|y) = 0 if (i) does not hold
with any positive r and regF(x|y) = ∞ or lipF−1(y|x) = ∞ if K or N
can be found for (ii) or (iii) to hold and agree that 0 · ∞ = 1. Under these
conventions the equalities

[surF(x|y)]−1 = regF(x|y) = lipF−1(y|x)
unconditionally hold for any F and any (x, y) in the graph of F . We also note
that, as is immediate from the definition, the function (x, y) �→ surF(x|y) is
lower semi-continuous on Graph F and, accordingly, the modulus of metric
regularity and Lipschitz modulus are upper semi-continuous.

In particular, if A : IRn → IRn is a linear homeomorphism, then the
surjection modulus of A (is the same at every point of the domain space and)
is equal to ‖A−1‖−1.

Definition 6. Let F : IRm ⇒ IRn and (x, y) ∈ Graph F . We say that F is
regular near (x, y) or that (x, y) is a regular point of F if the three equivalent
properties (i)–(iii) of Proposition 4 are satisfied. Otherwise, (x, y) is called a
critical point of F . A y ∈ IRn is a regular value of F if (x, y) is a regular
point whenever y ∈ F(x).
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Remark. It is important to keep in mind that according to the definition y is
a regular point of F if y �∈ F(x) for all x! On the contrary, any critical value
belongs to the image of F .

In case of a single-valued mapping we do not mention y when speak
about regular or critical points. Note that the definitions reduce to their clas-
sical counterparts if F is single-valued smooth. The only difference worth
noting is that regular and critical points in the last definitions are points of
the graph of the mapping rather than elements in the domain space. It eas-
ily follows from the definition that (for a set-valued mapping with closed
graph) the set of critical points is closed. Thus if F is proper in the sense that
‖xn‖ → ∞ if yn ∈ F(xn) and ‖yn‖ → ∞, then the set of critical values is
also a closed set.

The following simple statement is extremely important for the under-
standing of the regularity phenomenon: a set-valued mapping F is regular
at (x, y) ∈ Graph F if and only if the restriction to the graph of F of the
projection (x, y)→ y is regular at (x, y) ([18], Proposition 1.3). The values
of the regularity moduli of the last mapping depend on the choice of a spe-
cific equivalent norm in the product of the domain and range spaces but the
statement is not connected with the choice.

An adequate mechanism for computing the moduli for mappings between
finite dimensional spaces is provided by the subdifferential calculus. (This is
already a well developed subject – see e.g. [11, 25, 28] for monographical
accounts.) Given a function f on IRn finite at x, the basic subdifferential of
f at x is

∂̂f (x) = {y ∈ IRn : y · h ≤ f (x + h)− f (x)+ o(‖h‖)}
The inequality is supposed to be verified for all h of a small neighborhood of
zero in IRn. In this form the basic subdifferential is also known as the Fréchet
subdifferential. Another form of the basic subdifferential, more suitable for
computations, is known as Dini–Hadamard subdifferential:

∂̂f (x) = {y ∈ IRn : y · h ≤ f−(x; h, ∀ h ∈ IRn},
where

f−(x; h) = lim inf
(t,u)→(+0,h)

f (x + th) − f (x)
t

is Dini–Hadamard lower directional derivative of f at x. (Note that the
Fréchet and Dini–Hadamard subdifferentials are no longer equal in infinite
dimensional spaces.) The limiting subdifferential of f at x is

∂f (x) = lim sup
u→f x

∂̂f (u).
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Here “lim supu→f x
” stands for the graphical Painlévè-Kuratowski limit (all

limit points of sequences (yn) such that yn ∈ ∂̂f (xn) for some xn such that
xn → x and f (xn) → f (x)). We observe that for a convex function the
limiting subdifferential coincides with the subdifferential in the sense of con-
vex analysis, whence the chosen notation.

The advantage of the limiting subdifferential over the basic subdifferen-
tial is that ∂f (x) �= ∅ if f is Lipschitz near x. Another valuable quality of
the limiting subdifferential (also shared by the basic subdifferential) is that it
has convenient two ways relationship with the geometric concept of a normal
cone. Recall, that given a set S ⊂ IRn, the indicator of S is the function iS(x)
equal to zero on S and∞ outside of S. If x ∈ S, then ∂iS(x) is a cone which
is called limiting normal cone to S at x and it is usually denoted N(S, x). If
on the other hand, we shall consider the distance function dS(·) to S, then it
turns out that ∂dS(x) coincides with the intersection of N(S, x) with the unit
ball. In the general case of a function f the equality

∂f (x) = {y ∈ IRn : (y,−1) ∈ N(epi f, (x, f (x))}
always holds. (Recall that epi f = {(x, α) ∈ IRn × IR : α ≥ f (x)} is the
epigraph of f .)

Here are some elementary facts of the calculus of limiting normal cones:

N(Q × P, (x, y)) = N(Q, x) ×N(P, y); (1)

if x ∈ Q ⊂ IRm, y ∈ P ⊂ IRn;

N(Q
⋂
P, x) ⊂ N(Q, x)+ N(P, x) (2)

if (Q, P belong to the same space and) the following qualification condition
holds:

u ∈ N(Q, x), v ∈ N(P, x), u+ v = 0 ⇒ u = v = 0 (3)

The last principal object of the subdifferential calculus, especially needed
for characterizations of regularity is coderivative. Let F : IRm ⇒ IRn and
(x, y) ∈ Graph F . The (limiting) coderivative of F at (x, y) is the set-valued
mapping

v→ D∗F(x, y)(v) = {u ∈ IRm : (u,−v) ∈ N(Graph F, (x, y)}
In particular, if F is a linear operator, then the coderivative coincides with its
adjoint.

The role of coderivatives in the regularity theory is revealed by the fol-
lowing theorem. Set Ker D∗F(x, y) = {v : 0 ∈ D∗F(x, y)}.
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Theorem 7. Let F : IRm ⇒ IRn be a set-valued mapping with locally
closed graph, and let y ∈ F(x). Then F is regular near (x, y) if and only
if Ker D∗F(x, y) = {0}. Moreover,

surF(x|y) = inf{‖u‖ : u ∈ D∗F(x, y)(v), ‖v‖ = 1}.
For the specific case of F being the restriction of a linear operator to a

convex cone we have

Corollary 8. Let A : IRm → IRn be a linear operator, and let K ⊂ IRm be
a closed convex cone. Let F stands for the restriction of A to K . Then

surF(0) = min{‖A∗y + u‖ : ‖y‖ = 1, u ∈ K◦},
where K◦ = {u : u · x ≤ 0, ∀ x ∈ K}.

5. Semi-algebraic and definable functions and mappings

The results presented in the previous section mainly relate to extensions to
nonsmooth and set-valued mapping of the part of the classical regularity the-
ory centered around the implicit function theorem. They are very general in
that no real restriction is imposed on the behavior of mappings considered.
In fact, as we have mentioned, they extend as far as to set-valued mappings
between Banach spaces. There is no hope however that equally general ex-
tension is possible for the part of the classical theory centered around the
Sard theorem. As in the classical case, we need to look for reasonable class
of mappings for which an extension would be possible. By “reasonable” we
mean “typical” or at least “suitable for various applications”. A scale of con-
venient classes, so called definable objects, is offered by algebraic geometry.
The simplest is the class of semi-linear sets and mappings: a semi-linear set
is a finite union of convex polyhedra, either closed or open, a mapping is
semi-linear if so is its graph. Note an extremely important role of polyhe-
dral sets in optimization theory. Much richer is the class of semi-algebraic
sets and mappings. A semi-algebraic set in IRn is a result of finite number
of unions and intersections of sets of the form {x ∈ Rn : f (x) < 0} or
{x ∈ Rn : g(x) = 0}, where f and g are polynomial functions. As in the
semi-linear case, a set-valued mapping is called semi-algebraic if so is its
graph.

The list of the classes can be continued: we refer to [12] for the latest
monographical account, in fact more classes of definable objects were dis-
covered since then. We prefer not to give here the definition of definability
which is not as straightforward as the definitions of semi-linear and semi-
algebraic objects. So in what follows we shall speak about semi-algebraic
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sets and mappings but in any of the statements the change of the word “semi-
algebraic” to “definable” is possible without reservations (except for some
references, as certain results for semi-algebraic objects were known much
before the very concept of definability was formed).

Semi-algebraic, mappings and functions have many remarkable proper-
ties (see e.g. [3, 5]). In particular, results of almost all major topological and
analytic operations over such objects are also semi-algebraic. Specifically,

• The closure and interior of a semi-algebraic set is semi-algebraic.
• The derivative of a semi-algebraic function is semi-algebraic.
• The collection of semi-algebraic functions is stable w.r.t. algebraic oper-

ations (with a suitable convention concerning infinite values (e.g. ∞ −
∞ =∞, 0 · ∞ = ∞ etc.), pointwise maxima and minima.

• The image and preimage of a semi-algebraic set under semi-algebraic
(set-valued) mapping is semi-algebraic.

• Composition of semi-algebraic (set-valued) mappings is a semi-algebraic
mapping.

• The marginal function inf
x
f (x, y) is semi-algebraic if so is f .

For our discussions the most important results about semi-algebraic sets
and mappings is a deep stratification theorem proved in Łojasiewic in 1963
(see [23]). (To the general setting of definable sets and mappings the theorem
was extended in [13].) Before stating the theorem we recall that a Whitney
stratification of a set Q ⊂ IRn is a partition of Q into a finite number of
smooth manifoldsMi (strata) which meet each other in a certain regular way,
namely

(a) If xn ∈ Mj converge to an x ∈ Mi (i �= j ) and h ∈ TxMi (the tangent
space toMi at x), then there are hn ∈ TxnMj converging to h.

(b) If (clMj)
⋂
Mi �= ∅, thenMi ⊂ (clMj)\Mj .

If furthermoreQ is partitioned into sets Qj , then a stratification (Mi) of
Q is said to be subordinate to the partition if for any i and j eitherMi ⊂ Qj
or Mi

⋂
Qj = ∅.

Theorem 9 (Łojasiewicz stratification theorem). Let Q ⊂ IRn be a semi-
algebraic set, and let (Qi) be a partition ofQ into semi-algebraic sets. Then
for any k ∈ N there exists a Whitney stratification of Q into finitely many
semi-algebraic Ck-manifolds which is subordinate to (Qi).

(b) If F is a semi-algebraic (single-valued) mapping, then for any k ∈ N

there is a Ck-Whitney stratification (Mi) of the domain of F such that the
restriction of F to everyMi is k times continuously differentiable.

There may be of course many different stratifications. But the maximal
dimension of the strata is the same for all stratifications; it is called the di-
mension ofQ.
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A fundamental consequence of the stratification theorem is that a
Sard-type result is valid for semi-algebraic mappings, even in a stronger
form than in the Sard theorem itself.

Theorem 10 ([19]). Critical values of a semi-algebraic mapping F : IRm ⇒
IRn with locally closed graph form a semi-algebraic set of dimension not
greater than n− 1.

(In fact, the requirement of a locally closed graph is not really necessary.)
In our sketch of the proof of the Debreu theorem we have used however

not only the Sard theorem but also Proposition 2 which in turn is based on
Proposition 1. But the direct extension of the proposition to semi-algebraic
mappings is not possible.

Example 11. Consider the function

f (x, p) = |x| − |w|
viewed as a mapping from IR2 into IR. This mapping is clearly semi-
algebraic, even semi-linear, It is also an easy matter to verify that the mapping
is regular at every point with the modulus of surjection identically equal to
one (if we take the �∞ norm in IR2). Furthermore

� = f−1(0) = {(x,w) : |x| = |w|}
and the restriction to � of the projection (x,w) → w is also a regular map-
ping with the modulus of surjection equal one. However, the partial mapping
x → f (x, 0) = |x| is not regular at zero.

This means that we need to impose additional conditions to get an analog
of Proposition 2 for semi-algebraic mappings which are not either single-
valued or continuously differentiable.

Proposition 12. Let F : IRm × IRk ⇒ IRn be a semi-algebraic set-valued
mapping with locally closed graph. Let as above � = F−1(y) and �̂ =
� × {y}. Suppose that there is an (x,w) ∈ � such that

(a) F is regular at ((x,w), y).
(b) The set-valued mapping � : IRm × IRn ⇒ IRk defined by �(x, y) =

{w : y ∈ F(x,w)} is regular at ((x, y),w).
(c) There is a Whitney stratification (Mi) of Graph F which is subordinate

to the partition Graph F = �̂⋃(Graph F\�̂) such that the restriction of
the projection (x,w) → w to the set Si = {(x,w) : (x,w, y) ∈ Mi},
whereMi is the stratum containing (x,w, y), is regular at (x,w).

Then Fw is regular at (x, y).
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Proof. Assume the contrary. Then by Theorem 6 there is a v �= 0
such that 0 ∈ D∗Fw(x, y)(v). By definition this means that (0,−v) ∈
N(Graph Fw, (x, y)). Consider the set Q = {(x,w, y) ∈ IRm × IRk × IRn :
(x, y) ∈ Graph Fw}. Up to the order of variables, this set is the product
of Graph Fw and the singleton {w} ⊂ IRk . By (1) N(Q, (x,w, y)) =
{(u, q, v) : (u, v) ∈ N(Graph Fw(x, y)), q ∈ IRk}, simply is the product of
N(Graph Fw(x, y)) and IRk (again up to the order of variables).

On the other handQ = Graph F
⋂
P̄ , where P̄ = {(x,w, y) : w = w}.

Clearly N(P̄ , (x,w, y)) = {0} × IRk × {0}. We claim that

N(Q, (x,w, y)) ⊂ N(Graph F, (x,w, y))+ {0} × IRk × {0}. (4)

To this end, following (2), (3), we have to show that (0, q, 0) ∈ N(Graph
F, (x,w, y)) only if q = 0. In order to see that this is the case, we first note
that the graphs of F and � coincide up to transposition of variables, y and
w. Therefore

N(Graph �, (x, y,w)) = {(u, q, v) : (u, v, q) ∈ N(Graph F, (x,w, y))}.
But by the assumption� is regular at ((x, y),w), so by Theorem 6 (u, v) �= 0
if (u, v, q) ∈ N(Graph �, (x, y,w)) and q �= 0. This proves the claim.

It follows that that there is a q ∈ IRk such that (0, q, v) ∈ N(Graph F,
(x,w, y)). As v �= 0 and F is regular at (x,w, y), we conclude, again apply-
ing Theorem 6, that q �= 0.

Let now (Mi) be a Whitney stratification of Graph F satisfying (c), and
letMi be the stratum containing (x,w, y). Then (0, q, v) ∈ N(Mi, (x,w, y))
which is the same as (0, q) ∈ N(Si, (x,w)) (asMi = {(x,w, y) : (x,w) ∈
Si )}). But the latter cannot happen. Indeed, we can view Si as the graph of a
set-valued mapping from IRm into IRk . This mapping is regular at (x,w) by
(c) and, as we have seen, q �= 0, so Theorem 6 excludes such a possibility.
This completes the proof. ��

We are now ready to prove a semi-algebraic version of Theorem 2.

Theorem 13. Let F : IRm × IRk ⇒ IRn be a semi-algebraic set-valued
mapping with locally closed graph, and let y be a regular value of F . Then for
all w ∈ IRk , with a possible exception of a semi-algebraic set of dimension
strictly smaller than k, y is a regular value of the partial mapping Fw : x →
F(x,w).

Proof. Let � ⊂ IRn × IRk and �̂ ⊂ IRn × IRk × IRn be the same as in the
proof of Proposition 12. Both are semi-algebraic set as so is Graph F . Let
also the set-valued mapping � : IRm × IRn ⇒ IRk be also as defined in
Proposition 12(b). By Theorem 10 all w ∈ IRk with a possible exception of
a semi-algebraic set of dimension smaller than k are regular values of � .
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Take an arbitrary Whitney stratification (Mi) of Graph F subordinate
to the partition Graph F = �̂

⋃
(Graph F\�̂). For any Mi ⊂ �̂ set

Si = {(x,w) ∈ IRn × IRk : (x,w, y) ∈ Mi} as in Proposition 12(c). Then
Si is a smooth semi-algebraic manifold, so applying again Theorem 10, we
conclude that all w ∈ IRk with an exception of a semi-algebraic set of dimen-
sion smaller than k are regular values of the restriction to Si of the projection
(x,w)→ w.

The union of all exceptional sets (as there are finitely many of them) is
also a semi-algebraic set of dimension smaller than k. For every w ∈ IRk
outside this set and every x ∈ IRm such that (x,w) ∈ � the conditions of
Proposition 12 are satisfied if we set x = x, w = w and application of
Proposition 12 to all such w completes the proof. ��

The last question we wish to discuss in this section is determinacy of
Fw in case n = m, namely whether and under which condition F−1

w (y) is
a finite set if y is a regular value of Fw . The answer to this question is both
simpler and more complicated. It is simpler because a zero dimensional semi-
algebraic set is automatically finite. On the other hand, it is clear that for a
set-valued F the set F−1

w (y) can be very massive.

Theorem 14. Let F : IRn ⇒ IRn be a semi-algebraic set-valued mapping.
If dim(Graph F) ≤ n, then for any regular value y of F the set F−1(y) is
either empty or finite. Conversely, if the latter holds, then the intersection of
Graph F with the product of the domain space and the set of regular values
of F is a semi-algebraic set of dimension n. Moreover, in this case there is
a natural N such that the cardinality of F−1(y) does not exceed N for any
regular value of F .

Proof. So let y be a regular value of F and F−1(y) �= ∅. We have to prove
that the dimension of the set is zero. Assuming the contrary and using the
facts that (a) a semi-algebraic set has finitely many semi-algebraic connected
components and (b) a connected semi-algebraic set is semi-algebraically ar-
cwise connected, we shall find a semi-algebraic curve x(t), t ∈ (0, a) such
that y ∈ F(x(t)) for all t . As follows from the stratification theorem, we may
assume without loss of generality that x(·) is a C1-curve and that ‖ẋ(t)‖ ≡ 1.
Set z(t) = (x(t), y) ∈ IRn × IRn. Then z(·) is a C1-curve in IRn × IRn.

Let now (Mi) be a Whitney stratification of Graph F . We may assume
that z(·) lies completely in one of the strata, say Mi . If dimMi = n, then the
projection of the tangent space to Mi to the range space of F at every z(t)
must be surjective. (Indeed, in this case, the intersections of a small neigh-
borhood of z(t) withMi and Graph F coincide. It follows that the restriction
to Mi of the projection (x, y)→ y is regular at every z(t), whence the state-
ment.) But as the dimensions of Mi and the range space coincide, we get
that v �= 0 for any nonzero (h, v) ∈ Tz(t)Mi . However ż(t) = (ẋ(t), 0), – a
contradiction.
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Thus we have to conclude that dimMi < n. In this case, however, the
restriction to Mi of the projection (x, y) → y is not regular at any point of
Mi . On the other hand, every z(t) is a regular point of the restriction of the
projection to the graph of F . It follows that every z(t) must belong to the
boundary of some other stratum of dimension n.

So take a t , and let z(t) belongs to the boundary of someMj . Then there
is a sequence (zn) ⊂ Mj converging to z. But then there are norm one vectors
wn = (hn, vn) ∈ Tz(t)Mj converging to (ż(t), 0). In other words, ‖vn‖ → 0.
It follows that the projection of the unit ball in the tangent space TznMj of
Mj to the range space of F covers at most the ball of radius ‖vn‖. As the
modulus of surjection is a lower semi-continuous function of its arguments,
we conclude that z(t) is a critical point of F . So we again get a contradiction
which completes the proof of the first part of the theorem.

To prove the second statement, we may assume that all elements of the
range space are regular values. Take a Whitney stratification (Mi) of GraphF
and choose a manifoldMi with the largest dimension. Then any (x, y) ∈ Mi
has a neighborhood which does not meet any other element of the stratifica-
tion. This means as above that y is a regular value of the restriction to Mi of
the projection (x, y) → y. Therefore the dimension of {x : (x, y) ∈ Mi}
is dimMi − n. On the other hand the dimension of this set is zero as it is
a subset of F−1(y). This proves the second statement. Finally the third fol-
lows from e.g. Lemma 2.13 (the uniform finiteness property) or Corollary 3.7
of [13]. ��

6. Semi-algebraic model of an exchange economy

We now return to the model of exchange economy described in § 2. Through-
out the section we suppose that the following basic assumption is satisfied:

• The excess demand Z is a set-valued mapping from S+ × IRm�+ into IR�

whose graph is a closed semi-algebraic set.

We shall call an economy Ē regular if either P(Ē) is empty or there is a
positiveK such that H(P(E),P(E′)) ≤ K‖E−E′‖ for allE, E′ of a neigh-
borhood of Ē. Here H(Q,Q′) stands for the Hausdorff distance between the
sets Q andQ′:

H(Q,Q′) = inf{r > 0 : Q ⊂ Q′ + rB, Q′ ⊂ Q+ rB}
(where B as usual is the unit ball). If Ē is not a regular economy, we call it
critical.

In connection with this definition it is to be emphasized that we do not
need the assumption that equilibrium prices exist for all E ∈ IRm�+ . More-
over, nowhere in the subsequent discussions we even need the assumption
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that Z(p,E) �= ∅ for every (p,E) ∈ S+ × IRm�+ . It is sufficient to assume
that the Walras law holds whenever Z(p,E) �= ∅. Mathematically this un-
derscores the fact that the existence and regularity problems are basically not
connected. In particular, the assumption that the graph of the excess demand
mapping is semi-algebraic which is crucial for the subsequent results does
not seem to add anything for the existence of equilibrium prices.

Theorem 15. Under the basic assumption, critical economies form a closed
subset of IRm�+ whose dimension is strictly smaller thanm�.

Proof. We have Graph P(·) is Z−1(0) = {(p,E) ∈ S+ × IRm�+ : 0 ∈
Z(p,E}. This is a closed semi-algebraic set. As the range space of P is
compact, it follows that P is globally upper semicontinuous in the sense
that for any E ∈ dom P and any δ > 0 there is an ε > 0 such that
H(P(E′),P(E)) < δ if ‖E − E′‖ < ε.

Applying Theorem 10 to the inverse mapping P−1, we conclude that the
collection of critical values of this mapping is a semi-algebraic set whose
dimension is less than m�. Now let Ē be a regular value of P−1, and let
p̄ ∈ P(Ē). By Proposition 5 the function ϕE : E �→ d(p,P(E)) is Lipschitz
for every p of a neighborhood of p̄ and all E of a neighborhood of ē. The set
P(Ē) is a closed subset of S+, hence by the standard compactness arguments
there are δ > 0, ε > 0 and K such that for any p of the δ-neighborhood
of P(Ē) ϕ is Lipschitz with constant K on B(Ē, ε). Taking a smaller ε, if
needed, we can be sure that the sets P(E) corresponding to E ∈ B(Ē, ε) lie
completely in the δ-neighborhood of P(Ē). But in this case the established
Lipschitz property is equivalent to regularity of Ē. ��

As far as the determinacy question is concerned, in the general setting of
this paper we only can refer to Theorem 14 which guarantees that at most
finitely many equilibrium prices may exist for a certain economyE if zero is
a regular value of the the mapping p �→ Z(p,E) and the dimension of the
graph of this mapping is �−1. Verification of the dimension can only be based
on some knowledge of the construction of the demand functions of all agents.
Thus we may use this condition only as an assumption within the frameworks
of this paper. As to regularity of the partial mapping p �→ Z(p,E), we can
refer to Proposition 12 which offers a possible mechanism for its verification.

But first of all we have to explain what we mean by a regular point and
regular value of Z. As in the case of Debreu’s theorem, Z(p,E) is a subset
of (TpS�−1)

⋂
R�+ for any p. The mapping p �→ TpS

�−1 is not regular as a
mapping into IR� at any point of the sphere, so again we consider a composi-
tion of Z with a trivialization map ϕ for the nonnegative sector of the tangent
bundle. We can take for instance
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ϕ(p, h) = ϕ(h) =
⎛

⎝h1 − 1

�

�∑

j=1

hj , . . . , h� − 1

�

�∑

j=1

hj

⎞

⎠

(here h = (h1, . . . , h�) ∈ IR�). This is a mapping onto the (� − 1)-
dimensional subspace L0 = {h ∈ IR� : h1 + · · · + h� = 0}. If p ∈ S+,
then the restriction of this mapping to TpS is a linear isomorphism of TpS
and L0 and this isomorphism is uniform on S+ in the sense that its modulus
of surjection is bounded away from zero by the same constants η > 0 for
all p ∈ S+. Let us agree to say that Z is regular at (p,E) ∈ S+ × IRm�+ if
the composition mapping Zϕ = ϕ ◦ Z is regular at (p,E, 0) in the sense of
Definition 6. We shall further say that zero is a regular value of Z if either
Z−1(0) is empty or every (p,E) ∈ Z−1(0) is a regular point of Z.

Theorem 16. We posit the basic assumption and in addition assume for all
E ∈ IRm�+ with a possible exception of a semi-algebraic set of dimension
smaller than m� that the following two properties are satisfied:

(a) dim{(p, y) ∈ S+ × IR� : y ∈ Z(p,E)} ≤ �− 1.
(b) If p ∈ S+ and pj = 0, then for any i = 1, . . . , � the j -th component of

any element of Di (p, p · ei) is equal to zero.

Then there is a natural N such that for all E with a possible exception of
a semi-algebraic set of dimension strictly smaller than m� the set P(E) can
contain at most N points.

Proof. It is sufficient to consider only E ∈ IRm�++ for which the conditions
hold (as the boundary of IRm�++ has dimension smaller than m�). Then, as
immediately follows from (b), any element of P(E) must belong to S++. As
follows from Theorem 14, we should show that zero is the regular value of
the partial mapping p → Z(p,E) for all E ∈ IRm�++ with possible exception
of a semi-algebraic set of dimension smaller than m�. To prove the latter we
have to show by Proposition 12 that zero is a regular value of the restriction
of Z to S+ × IRm�++. Denote this restriction by Ž. What we actually show is
that under the assumptions Ž does not have critical values at all, that is that
every (p,E) ∈ dom Ž is a regular point of Ž. This in turn will be proved
if we show that for any p ∈ S+ the partial mapping E �→ Z(p,E) viewed
as a mapping from IRm�++ into TpS is regular at each point of its graph and
this regularity is uniform in the following sense: for any Ē ∈ IRm�++ there are
ε > 0 and r > 0 such that the ball B(Ē, 2ε) ⊂ IRm� of radius 2ε around Ē
belongs to IRm�++ and for any E ∈ B(Ē, ε), any p ∈ S+ and any x ∈ Z(p,E)
we have

B(x, rt)
⋂
TpS ⊂ Z(p,B(E, t)) if 0 ≤ t < ε. (5)
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Indeed in this case for any y ∈ Zϕ(p,E) we have B(y, ηrt) ⊂
Zϕ(p,B(E, t)) whenever E ∈ B(Ē, ε) and 0 ≤ t < ε.

To prove this we shall show that (5) holds for any p ∈ S+ and any E ∈
IRm�++ with ε depending only on the distance fromE to the boundary of IRm�+ .
The latter can be properly represented by the distance from e = ∑ ei to
the boundary of IR+ which is equal to the minimal component of the vector
(recall that e ∈ IR++ by the definition of E).

So take a E = (e1, . . . , em) ∈ IRm�++, set as above e = ∑ ei . We first
consider the case of p ∈ S++. By definition all components ej , j = 1, . . . , �
are positive.

Take t ≤ min ej . Let finally y ∈ Z(p,E), and let h ∈ TpS, ‖h‖ < t . As
p · h = 0, we have Di (p, p · (ei + λih)) = Di (p, p · ei) if λi ≥ 0. Take λi to
satisfy

∑
λi = 1 and let Eh = (ei + λih). Then Z(p,Eh) = Z(p,E)− h ⊃

y − h. Thus, as ‖Eh − E‖ ≤ ‖h‖ < t , we see that Z(p,B(E, t)) contains
the open t-ball around y. ��

Passing to endowments with strictly positive components is fully justifi-
able as far as we wish to prove a generic fact. However, as Mas-Colell writes
in [24], p. 336 “. . . it does not make sense in a reasonably rich model to al-
low the initial endowment vectors to be perturbed in any direction (imply-
ing that for a consumer to have a zero endowment of some commodity is a
pathological situation!).” So it is reasonable to ask whether there are regular
points of Z with endowments that may have zero component. The answer is
positive and the proof can be modified to show that under the assumptions
(p,E) ∈ dom Z is a regular point of Z if e =∑ ei > 0 and the total number
of nonzero components of ei is not smaller than m+ �− 1.

We conclude with a brief comment concerning the conditions (a) and (b).
The second of them is a weakened version of the desirability assumption
(DA). The first condition (a) is more substantial. It was effectively proved
in [2] in case when the preferences of agents were defined by continuous
quasiconcave semi-algebraic utility functions. It seems however that quasi-
concavity was basically used there to show that equilibrium prices do exist
for every economy. We also mention in this connection a very recent result of
[14] saying that the the dimension of the graph of the subdifferential mapping
of a semi-algebraic function on IRn equals to n. But condition (a) may fail if
the preference is not represented by a utility function. Consider, for instance
the simple model in which the preference correspondence of every consumer
is P(x) = x + IR�++. Then Di (p,w) = {x ∈ IR� : p · x = w, x ≥ 0}, in
particular ei ∈ Di (p, p · ei) and therefore P(E) = S+ for all E ∈ IRm�+ .
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partamento de Matemática, Universidad Técnica Federico Santa Marı́a, of the CMM
and Facultad de Economı́a y Negocios at the Universidad de Chile during his visit in
July 2010, when the final version of this work was completed.

S. Kusuoka, T. Maruyama (eds.), Advances in Mathematical Economics Volume 14, 39
DOI: 10.1007/978-4-431-53883-7 3,
c© Springer 2011



40 M.A. Khan and A. Piazza

how the general results do not translate directly to the particular toy models examined
here, and thereby suggest open problems for a more universal theory.

Key words: Intertemporal resource allocation, discount factor, optimal programs,
asymptotic convergence, classical turnpike theory, neighborhood turnpike theorem,
development planning, forest management

We wish to describe briefly what we shall mean by qualitative prop-
erties. The number ρ is called the discount rate, but we do not insist
that ρ be less than one. As will be seen, the magnitude of ρ makes
no difference to the analysis to follow. One need not even use the
Kuhn–Tucker Theorem and can do the whole thing with elementary
calculus.1

Gale (1970)

1. Introduction

Turnpike theory, even without adjectival qualifications, is a somewhat dif-
fused and misunderstood subject that deters entry to outsiders, hampers in-
terdisciplinary dialogue between economists and mathematicians, and with
its attendant terminological proliferation, renders the evaluation of marginal
contribution of ongoing research exceedingly difficult to determine. It is not
at all clear where the non-initiated reader, wanting to learn about the state of
the subject and keep up with current work, ought to go. McKenzie’s entry
on turnpike theory in the 1987 Palgrave [13] is dropped in the 2008 ver-
sion [12], and a search of the word turnpike in the latter turns up ten en-
tries, none of them explicitly devoted to the theory and four on individual
authors: Gale, Nikaido, Samuelson and Solow, with McKenzie and Radner
conspicuously missing. Substantive entries which discuss the term are on
capital theory [Becker], golden-rule [Phelps], (multisectoral) growth models
[Brock–Dechert], neoclassical growth theory [Manuelli], and Pontryagin’s
principle of optimality [Zelkina], but except for the entry of Brock–Dechert,
in each of these it turns up in a passing and cursory way. And, in another
search engine, extensive references are furnished in Google Scholar to the
Townsend turnpike in the field of monetary economics, an appropriation of
the Samuelsonian term that takes it away to a total different subject matter. It
is clear that the subject could do with an overview and the stables with some
cleaning.

A point to begin is perhaps Bewley’s 2007 text on General Equilibrium,
Overlapping Generations Models and Optimal Growth Theory in which there
are two sections devoted to the turnpike theorem in the final chapter, and the
subject is introduced as follows:

1 For the precise references to these sentences in [15], see Footnote 34 below.



Discounted turnpike theory 41

The term turnpike theorem arose early in work on optimal growth
theory. We may visualize the turnpike in a model in which the initial
and terminal capital stocks are held fixed. Suppose that the initial and
terminal periods are−1 and T , respectively, so thatK−1 andKT are
the initial and terminal capital stocks. Radner (1961) showed that if
T was large, then the optimal path of capital approaches a unique
optimal stationary level, stays close to it for a large fraction of the
T + 2 periods, and veers away toward the terminal stock only in the
final periods. The image resembles a map of an interstate highway
or turnpike with entrance and exit ramps.2

It is important to note that this part of the text is focussed on optimal finite-
horizon programs, a focus that is relinquished in the subsequent sentences.

In other work, researchers assume that the horizon is infinite, so that
there is only an entrance ramp, and the theorem says that optimal
paths asymptotically approach the unique stationary optimal path.
The term turnpike theorem refers to any such assertion. Turnpike
theorems give structure to optimal paths and focus attention on the
stationary optimal one. Since convergence to the unique optimal sta-
tionary path is quite rapid in most fully specified examples, we are
encouraged to think of modern economics as always near the station-
ary optimal state.

There are several lessons to be taken from this text. First, as already
noted, the important distinction between finite-horizon and infinite-horizon
resource allocation programs, and the corresponding inclusion of the latter
with only an entrance ramp well within the rubric of turnpike theory. This
inclusion is originally due to McKenzie,3 and surely represents a substan-
tial terminological over-reaching of the theory. Second, there is a focus on
the uniqueness of the optimal stationary program, an assumption that is
not necessary to turnpike theory, with or without an exit ramp, which at
least according to McKenzie, can be viewed, rather broadly as the bunching
or clustering of optimal trajectories around a certain benchmark set as the
time horizon increases.4 Third, the entire discussion is conducted in terms of

2 See [4, pp. 542–543], also his Fig. 10.14 with time on the horizontal axis and capital
stocks on the vertical.
3 See [34] where McKenzie distinguishes three kinds of turnpikes: the early, late and
middle turnpikes. In terms of this categorization, Bewley considers only the last two
kinds of turnpikes. It is also worth pointing out that in [39], McKenzie uses a different
classification scheme based on the Samuelson and Ramsey turnpike. It may be worth
stating that in this essay, we are using the word as an adjective, as in “turnpike theory”
or in “turnpike theorem”, rather than as a noun.
4 In this connection, see [25] for detailed references to the McKenzie’s oeuvre.
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discrete-time resource allocation problems, and the asymptotic
implementation of the continuous-time results as being derived from their
discrete-time counterparts is not raised. This must surely remain an impor-
tant desideratum for the theory, and especially when the subject moves to
its raison d’etre in computation. Finally, a complete silence as regards the
discount factor being a crucial determinant of the shape of the theory; the
independence of the dynamics on it.

As regards the discount factor, Bewley presents a result in the dis-
counted setting on the global asymptotic stability of the solution to a one-
sector infinite-horizon growth model due to Ramsey (1928), Cass (1965),
Koopmans (1965) and Samuelson (1965).5 He writes:

A disappointing feature of growth theory is that this turnpike theo-
rem does not generalize fully to models with many commodities or
with uncertainty. The turnpike theorem with a positive discount rate,
r, seems to require special assumptions in these interesting settings,
and the generalizations are true only when r is sufficiently small. The
turnpike theorems with r = 0 do generalize to models with many
commodities and uncertainty. For this reason they probably should
be thought of as the true turnpike theorems.6

And again.

Although the theory of optimal allocations and programs becomes
more difficult when utility is not discounted, the theory does become
more robust. For instance, the turnpike theorem does not apply fully
when there is more than one commodity and future utility is dis-
counted, but it does apply when there are multiple commodities and
there is no discounting.7

In his 1987 Palgrave entry, McKenzie had already noted that the “spirit of
the original turnpike theorem is not well preserved in the aggregative model
since the emphasis in the original theorem lies on the relative composition of
the capital stock.”

This emphasis on the spirit of the original theorem is precisely the point
of departure for this essay. The original Samuelsonian motivation of turn-
pike theory was to cope with the indeterminacy of the terminal capital stock
in finite-horizon resource allocation problems by arguing for its irrelevance

5 Also referred to as the “aggregate model”, or in the macroeconomic literature, as
the Ramsey–Cass–Koopmans (RCK) model.
6 See [4, p. 544] where Bewley refers to his Theorems 10.79 and 10.80 in this con-
nection.
7 See [4, p. 551] where the fact that the undiscounted “theory with multiple commodi-
ties” is not presented is footnoted. Also see a repetition of this statement on page 577.
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in the setting of a “large enough” finite-horizon. The two turnpike theorems
that Bewley presents for the undiscounted setting appropriate the term solely
for the global asymptotic stability of solutions to infinite-horizon program-
ming problems, and concern the “overlapping generations model” and the
one-sector aggregate growth model.8 To be sure, the optimal stationary pro-
gram, being a solution to a static optimization problem, is a possible bench-
mark for either the finite- or the infinite-horizon problem, and the emphasis
on an infinite-horizon problem is a complementary approach to the difficulty
mentioned above of deciding on the ‘optimal value of the terminal capital
stock’.9 Both approaches draw the relevance of the von Neumann maximal
growth path, or the stationary state in the writings of the classical economists
before him, to optimal solutions to resource allocation problems.10 But there
is an important analytical difference. In the first case, this relevance is estab-
lished by turnpike theorems for solutions to finite-horizon problems, and in
the second, by asymptotic stability theorems for solutions to infinite-horizon
problems. The first involves explicit quantification of the unknowns, and
is logically antecedent to the qualitative treatment involved in the second
approach.11 As we shall see in the sequel, this appropriation is very much in
tune with the current research literature. This may be dismissed as a seman-
tic issue hardly of any substantive import.12 However, one of the reasons for
striving for terminological clarification is also for the sake of communication:
simply to be clear to oneself and to one’s readers the precise subject matter
that is being discussed. Furthermore, a rich terminology for asymptotic sta-
bility is already available in the classical theory of difference and differential
equations.13 Anyhow, what is especially interesting about Bewley’s text is not
its discussion of turnpike theory in the large but in its integration of static and
dynamic general equilibrium theory, a 2007 follow-through perhaps of the

8 These are the theorems referred to in Footnote 6. Subsequent to their presentation,
he re-emphasizes the meaning of the phrase “true turnpike theorems”; see [4, p. 577,
paragraph 4].
9 See, for example, Gale’s [14] justification for considering an infinite-horizon
program, one that surely was in the mind of Ramsey, and goes back to [45].
10 In the context of Footnote 3, the word “turnpike” is being used as a noun.
11 For this qualitative–quantitative distinction, we follow Pietsch’s monumental his-
tory of Banach spaces; see [44].
12 We shall have occasion to return to this blanket claim in the conclusion to this
essay, and qualify it; see Footnote 36 below and the text it footnotes.
13 See the bibliography of [6] and [3] for references to, and the reliance on, this
classical literature even in the context of the particular subject-matter we discuss here.
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1958 Dosso text [11]. In a brief and cursory footnote [4, Footnote 5; p. 543],
he defers to McKenzie (1976) for a history of the term and to the survey of
the attendant literature.

And so, as a second to attempt to get at an overview of the theory, one
can perhaps proceed to Fischer’s Palgrave 1987 entry14 on Paul Samuelson
in [13]. In his fourth section on the categorization of Samuelson’s work in
capital theory, Fischer writes:

The theory of capital and growth sections of the first four volumes of
CSP account for 38 papers, the largest single category.15 Although
capital theory is the branch of economics most vulnerable to Samuel-
son’s comparative technical advantage, and although both his earliest
1937 papers are placed in that category in CSP (I:17, I:20), the out-
put in this area is concentrated in CSP (III) covering the years from
1965 to 1970. Solow (1983) [53] provides a fine review of this part
of Samuelson’s research, some of which he co-authored. As Solow
(1983) notes, much of the capital theory in CSP is related to de-
velopments in Dorfman, Samuelson and Solow (1958), which itself
grew out of a 1949 Samuelson three-part memorandum for the Rand
Corporation.

And as is well-known, especially to readers of Lionel McKenzie, the formal
study of the turnpike theorem – also referred to as the “turnpike conjecture”
at the time – was launched with the publication of Dosso.16 But to get back
to Fischer:

Notable among the contributions is a variety of turnpike theorems.
A turnpike theorem is conjectured in the 1949 Samuelson memoran-
dum, and fully worked out in the 1958 volume. The theorem states
that for any accumulation programme, starting from an initial vec-
tor of capital goods, and with specified terminal conditions, as the
horizon lengthens the optimal programme spends an increasing pro-
portion of its time near the von Neumann ray; more generally in

14 This is reprinted without change in [12].
15 Fischer uses the abbreviation CSP to refer to the five volumes of Samuelson’s
Collected Papers with the Roman numeral referring to the particular volume, and the
Arabic numeral referring to the chapter in it.
16 See McKenzie [34] for a detailed discussion to Dosso; also Mckenzie’s 1963 pa-
pers [31, 32] and his 1987 Palgrave entry. The 1963 papers are masterly introductions
to the pre-Ramsey literature, and devoted solely to what is being termed the “clas-
sical turnpike theorem” in this essay. Their introductions are useful complements to
Fischer’s “fully worked out” phrase in the quotation below. Also see McKenzie’s
description of the “Hicks’ pilgrimage” in [31, Footnote 1], and a terminological clar-
ification of the term balanced growth in the subsequent footnote.



Discounted turnpike theory 45

problems with intermediate consumption, the economy spends time
near the modified golden rule. Several of the papers in the capital
and growth section of CSP(III) contain turnpike theorems. A peri-
odic turnpike result is reported in 1976, CSP(IV:224).

By seeing all the results from 1949 to the 1970s under a unified perspective,
Fischer’s entry then glosses over two points: first, an analytical turn, and a
shift of emphasis, in the years 1965 to 1967 from a performance functional
depending solely on the terminal capital stock of a finite-horizon allocation
problem, an emphasis deriving from von Neumann’s paper [55],17 to one
depending on the aggregate felicity obtained over the entire planning period,
be it finite or infinite, deriving from Ramsey’s paper [45]; and second, the
dissonance between the undiscounted and discounted settings, a dissonance
hinging precisely on the procedure of aggregation that is involved in the first
shift. What Fischer does keep clear, however, is the linguistic subscription
to what is being termed classical turnpike theory in this essay: he does not
discuss asymptotic stability or include it within his outline of the subject.

Our attempt to get an up-to-date overview of turnpike theory began with
Bewley’s 2007 text, and moved on to Fischer’s 1987 Palgrave entry. We now
make a third attempt by going to the 2008 Palgrave entry of Brock–Dechert,
experts who have also put their own particular stamp on the subject.

A key property of the one-sector model that promotes its use in
real business cycle applications as well as intertemporal general
equilibrium asset pricing applications is the stochastic analog of
the turnpike theorem. This theorem states that optimal capital stock
and optimal consumption converge in a stochastic sense to a unique
stochastic limit under standard assumptions of concavity of the pay-
off function (for example, the planner’s preferences) and of the pro-
duction function and modest assumptions on the structure of the
stochastic shocks. It is much more difficult to obtain such results
for general multisector stochastic models, and even for deterministic
versions of those models.

Thus, classical turnpike theory is being ruled out from the outset in favor
of asymptotic stability.18 And in this context, Brock–Dechert consider the
undiscounted case first, and write:

The basic idea behind these results, called ‘turnpike’ results, is to
first observe that, if the discount rate on the future is zero, the
dynamic optimization problem will attempt to maximize a long-run

17 See the references in the papers cited in Footnote 16 above.
18 Thus we now have three different, albeit overlapping definitions of the term “turn-
pike theory.”
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‘static’ objective in order to avoid infinite ‘value loss’ if it failed
to do so. Making this intuition mathematically precise requires in-
troduction of a partial ordering called the ‘overtaking ordering’ and
making assumptions on the objective function and the dynamics so
that avoidance of infinite value loss results in convergence of the op-
timal quantities to a unique long-run limit.

In keeping with the thrust of this essay, the point of course is how to parlay the
undiscounted results, and the associated mathematical techniques, into results
for the discounted case. As we shall see in the sequel, this is not possible in
the large, and one has to be satisfied with the local case. To quote Brock–
Dechert again,

Once one has results well in hand for the case of zero discounting on
the future, intuition suggests that there should be a notion of ‘conti-
nuity’ that would enable one to prove that, if the discount rate is close
enough to zero, convergence would still hold. Unfortunately, turning
such intuition into precise mathematics turns out to be rather difficult
(see McKenzie (1986, 2002), for deterministic literature and Arkin–
Evstigneev (1987), the papers in Dechert (2001) [10], and Marimon
(1989) [30] for the stochastic case).

And so, even if one confines oneself to the deterministic literature, as
we do in this essay,19 one would think that a natural point to begin would
be McKenzie’s 1987 and 2002 texts [38, 40], and then to move on to rele-
vant papers in the current scholarly literature.20 It is worthy of note in this
context that there is no chapter on “turnpike theory in the 2006 Handbook
[9]. However, a paper that is especially relevant is Mitra’s 2005 “complete
characterization of the turnpike property of optimal paths in the (reduced
form) aggregative model of intertemporal allocation,” [41], but in the very
first sentence of his definitive paper, Mitra defines the “turnpike property” as
equivalent to “global asymptotic stability of a non-trivial stationary optimal
stock”.21 In sum, this literature is not always clear from the viewpoint of the

19 This stochastic literature is huge, and deserving of its own overview. Our basic
point is that the deterministic results ought to be antecedent to it as a matter of log-
ical priority. At any rate, the 2008 Palgrave entry of Brock–Dechert is again worth
quoting: “infinite horizon stochastic multisector models are also basic in constructing
econometrically tractable models to use in analysing data. Here, especially, is where
stochastic versions of the turnpike theorem (explained below) are used. For exam-
ple, it is used to justify use of laws of large numbers and central limit theorems in
econometric time-series applications.”
20 See [6, Chap. 6] for a comparative results in continuous time.
21 Given the clarity of the phrase, one is led to inquire into the need for the turnpike
terminology in the first place. It is almost as if it has been endowed with incantatory
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distinction between classical turnpike theory and the local or global asymp-
totic stability of optimal programs. In any case, as the 2008 Palgrave entries
attest, none of the theorems are simple enough to be presented without a de-
tailed discussion of the hypotheses and the conclusions they engender, a task
that we pursue here.

The outline of this essay is then as follows. In Sect. 2, we consider
relevant results from the 1991 text by Carlson et al. [6] that considers both
classical turnpike theory as well as the qualitative behavior of solutions to op-
timal control problems over an unbounded time interval. Given the primary
integrative motivation behind this essay, the fact that this text confines itself
to continuous time, and has both the calculus of variations and Pontryagin’s
maximum principle as background, is an added advantage. We supplement
the discussion by a recent survey paper of Rockafellar’s [46]. In Sect. 3 we
present the model in discrete time. We follow the economic literature but
also [3, 59]. In Sect. 4, we turn to the results on asymptotic stability based
on the “smoothness hypotheses” on felicity functions as presented in the
initial 1976 paper of Scheinkman’s [52], and the subsequent extensions by
Araujo–Scheinkman and McKenzie in the discrete-time framework; see [1,
Definition 4.2]. These results constitute a remarkably successful application
of the implicit function theorem for �∞ through an exploitation of “smooth-
ness hypotheses” on the felicity function.22 Section 5 moves away from the
smoothness hypothesis, and considers McKenzie’s refinements of the interi-
ority assumptions. We also present his version of the “neighborhood turnpike
theorem.” Sections 6 and 7 then turn to recent results on the RSS and MW
models, and discuss them in the light of previous work. Section 8 concludes
the essay.

2. Relevant results in continuous time

The 1991 text by Carlson et al. [6] is scrupulous in maintaining the distinc-
tion between classical turnpike theory and the global asymptotic stability of
solutions to infinite-horizon allocation problems,23 and even though this es-
say is limited to allocation problems in discrete time, it is worthwhile to

power, for approval or for dismissal of the literature! We make a serious attempt in
this essay to avoid the turnpike terminology when we can satisfactorily do so.
22 See the comprehensive treatment of this theorem in Krantz–Parks [28].
23 After a consideration of examples in Chap. 3, titled “asymptotic stability and the
turnpike property in some simple control problems,” the authors turn to the devel-
opment of the general theory (in continuous-time) in in the subsequent four chapters.
Their Sect. 6.7, and Chap. 7 is particularly relevant to the delineation of the discounted
case that is being attempted in this essay.
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consider their results. At the end of this section we shall supplement our
discussion with a consideration of the recent survey of Rockafellar (2009),
and his reliance on his own work, as well as that of Samuelson [50] and
Levhari–Leviatan [29].

Consider the following problem subsequently referred to as Problem Pc.

max JT (xo,w(·)) =
∫ T

0
f0(x(t), w(t))dt subject to ẋ(t)

= f (x(t), w(t)) and x(0) = xo,
where f (·, ·) : IRn × Rm −→ IRn is a continuous mapping with respect to
both arguments x(t) andw(t),W(x) ⊂ IRm is compact, and that the mapping
x → W(x) is upper semicontinuous.24 This problem was originally consid-
ered in 1956 by Samuelson–Solow [51] as a multi-sectoral generalization of
the problem of Ramsey [45].

Definition 2.1. A pair of functions (x(·),w(·)) : [0,∞) −→ IRm is said to
be admissible if x(·) is absolutely continuous, w(·) is measurable, ẋ(t) =
f (x(·),w(·)), w(t) ∈ W(x(t)) almost everywhere in [0,∞) and x(0) = xo.
Given an admissible pair of functions (x(·),w(·)), we shall refer to x(·) as a
trajectory from xo and generated by the admissible control w(·).

We now turn to optimality criteria for infinite-horizon problems.

Definition 2.2. A trajectory x∗(·) from xo is said to be maximal if for any
other trajectory from xo,

lim infT→∞
∫ T
t=0 JT (xo,w(·))− JT (xo,w∗(·)) ≤ 0.

A program is optimal if the lim sup operator above is substituted for lim inf .

The reader should note that maximal trajectories are referred to in the
mathematical literature as weakly overtaking optimal, and optimal trajecto-
ries as overtaking optimal trajectories.25

For the Problem Pc, let (x̂, ŵ) be the solution to the following associated
static problem:

max fo(x,w) such that f (x,w) = 0 and w ∈ W(x). (1)

24 This is the basic autonomous system considered in [6, Sect. 4.2] which should be
referred to for the definitions and for simple examples. Note, however, that by follow-
ing this text, we are not imposing non-negativity constraints of the state variables x.
25 See [6, Definition 1.2] and the discussion following it. Rockafellar [46] also con-
siders optimal trajectories where the inequality is strict and refers to them as satisfying
a “strong” overtaking property.



Discounted turnpike theory 49

Assumption 2.1. Let (i) x̂ be a unique solution to the stationary problem (1),
(ii) there exist p̂ ∈ IRn such that fo(x̂, ŵ) = max{fo(x,w)+ p̂f (x,w) : x ∈
IRn,w ∈ W(x)}, and (iii) for any ε > 0, there exists δ > 0 such that

||x − X̂(x̂, p̂)|| > ε =⇒ for all w ∈ W(x), fo(x̂, ŵ)
> (fo(x,w)+ p̂f (x,w))+ δ,

where X̂(x̂, p̂) ≡ {x : there exists w ∈ W(x) with fo(x,w) + p̂f (x,w) =
fo(x̂, ŵ)}.

We can now present a basic result on the asymptotic stability of the solu-
tions to the Problem Pc.

Theorem 2.1. Under Assumption 2.1 for the Problem Pc, for any initial
state xo such that x̂ is reachable in a finite time T (xo), any bounded maximal
trajectory starting from xo must satisfy limT→∞ x∗(t) ∈ X̂(x̂, p̂).

This theorem is presented in [6, Sect. 4.3] under the title “convergence
toward the von Neumann set for weakly overtaking trajectories”, and it is
emphasized that the “classical maximum principle does not necessarily hold
for the class” of functions for which the theorem is stated. In particular no
differentiability assumptions on the function f0 and f are made. And in the
next section, the authors consider the “optimal control problem with fixed ter-
minal time and prove a general turnpike theorem under the same assumptions
which guarantee asymptotic stability of weak overtaking trajectories.”

Theorem 2.2. Under Assumption 2.1 for the Problem Pc, for any initial state
xo such that x̂ is reachable in a finite time T1(xo), and any terminal state xT
reachable from x̂ in a finite time T2(xT ), for any optimal trajectory x∗(·) and
any T > T1(xo)+ T2(xT ), the following property holds:

∀ε > 0 there exists τ(ε) > 0 such that μ[{t ∈ [0, T ] : ||x∗(t)− X̂|| > ε}] < τ(ε),

where τ (ε) does not depend on T , and μ denotes Lebesgue measure.

In the remainder of Chap. 4 of [6], the authors consider the infinite-
horizon version of the control problem Pc, and using the results of Halkin
[16] and Yano [56], present theorems on the existence and asymptotic stabil-
ity of optimal and maximal trajectories. In particular, the results they present
rely on what they refer to as the S property of the analogue of the von
Neumann set. In Chap. 6 of their book [6], the authors consider both classical
turnpike theory and local and global asymptotic stability of the solutions of
the discounted version of ProblemPc.We refer the reader to these results and
satisfy ourselves with the following 2009 judgement of Rockafellar in [46].
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The infinite-horizon problem we wish to investigate in general, as an
extension of the finite-horizon problem

max
∫ T

0
L0(x(t), ẋ(t))dt subject to x(0) = xo, x(T ) = xT ,

has the form

max
∫ ∞

0
L0(x(t), ẋ(t))e

−ρtdt subject to x(0) = xo.

Do the results for the [first] problem have some counterpart for the
[second]? A particular trouble-spot is what to make of the absence of
a terminal constraint. Should one just allow x(T ) to do anything as
T −→∞, or should a sort of infinite-horizon terminal constraint be
imposed? Mathematical economists have had to contend with these
issues unaided by much technical literature, and various difficulties
have not been resolved to satisfaction. We need to understand bet-
ter the infinite-horizon integral we are contemplating in the [second
problem].

3. The basic model in discrete time

We now turn to the discrete-time setting, and consider the corresponding
version of the Problem Pc. We shall refer to it as the Problem Pd, or
Pd (x0, ρ) for emphasis.

VT (xo, ρ) = max
∞∑

0

ρtu(xt , xt+1) subject to a given x0 = xo

and where u : � ⊂ IR2n+ −→ IR and 0 < ρ < 1. We shall also consider
the case where ρ = 1 and refer to it as the undiscounted version of the
Problem Pd .

Araujo–Scheinkman [1] ascribe the original formulation of this problem
to Samuelson–Solow [51], in the continuous-time version, and to Gale [14]
and McKenzie [33] in the discrete-time version. They write:

The reader more familiar with the “one-sector” growth theory would
think of u as a “derived” utility function since there the utility func-
tion is defined in terms of consumption. There is no a priori reason
to think of this as being a “derived” utility function since in many of
the applications (e.g. the human capital theory) the utility function
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does depend on the “state variables.” Of course, the most general
case is the one where the “original” utility depends on both “flow”
and “stock” variables.26

The following basic concepts apply to the Problem Pd in either the undis-
counted or discounted version.

Definition 3.1. A program from xo is a sequence {x(t)} such that x(0) = xo,
and for all t ∈ IN, (x(t), x(t + 1)) ∈ �. A program {x(t)} is simply a
program from x(0). A program {x(t)} is called stationary if for all t ∈ IN,
(x(t)) = (x(t + 1)).

We now turn to optimality criteria for a program. In the discounted case,
with assumptions on � that ensure boundedness of programs, there is no
issue of convergence of the performance functional.

Definition 3.2. For all 0 < ρ < 1, a program {x∗(t)} from xo is said to be
optimal if

∞∑

t=0

ρt [u(x(t), x(t + 1))− u(x∗(t), x∗(t + 1))] ≤ 0

for every program {x(t)} from xo. A stationary optimal program is a program
that is stationary and optimal.

As first made explicit by Ramsey [45], the issue of the convergence of the
performance functional becomes pressing only for the undiscounted case,
which is to say, for the case ρ = 1.We can present the following analogue of
Definition 2.2 for the discrete-time case.

Definition 3.3. A program {x∗(t)} from xo is said to be maximal if for any
other program from {x(t)} from xo,

lim infT→∞
∑T
t=0 u(x(t), x(t + 1))− u(x∗(t), x∗(t + 1)) ≤ 0.

A program is optimal if the lim sup operator above is substituted for lim inf .

We conclude this section by considering the discrete-time analogue of
static problem considered above as (1).

max u(x, x ′) such that x ′ ≥ x and (x, x ′) ∈ �. (2)

26 See [1, Footnote 2]. This is a rather prescient observation in the light of current
interest in environmental economics. Perhaps such a more general model could be
refereed to as the MRSS model: the multi-sectoral Ramsey–Samuelson–Solow model.
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The interesting questions concern the discounted case where one solves the
following problem:

Find (x̂ρ, x̂ρ) ∈ � which solves max u(x, x ′) such that x ≤ (1− ρ)x̂ρ
+ ρx ′ and (x, x ′) ∈ �. (3)

Note that the above problem is a fixed point problem which reduces to the
maximization problem represented in (2) only in the case ρ = 1. In the
economic literature, the solution to (2) is referred to as the golden-rule stock,
and to that of (3) as the modified golden-rule stock. For details as to these
concepts, the reader can see McKenzie [38] and his references.27 Also see
the weak and strong turnpike distinction in [3].

4. Smooth felicities and asymptotic stability

In 1976, Scheinkman [52] assumes “smoothness hypotheses” on the felicity
function u, and investigates whether the global asymptotic stability prop-
erty of the optimal solutions to an undiscounted infinite-horizon problem can
be translated to the optimal solutions of a discounted problem for “small”
discount factors. This is to ask for a “neighborhood global stability theo-
rem.” His results were extended by Araujo–Scheinkman [1, 2] and McKenzie
[35, 37, 38] to general perturbation results for arbitrary discount factors.
These results constitute a remarkably successful application of the implicit
function theorem for �∞, one that overcomes an important difficulty. The
crucial issue can best be put in the words of Araujo–Scheinkman [1, p. 602].

Since the implicit function theorem for such a space [the space of
bounded sequences] reads exactly as in Euclidean spaces, the task
becomes once again to study the inverse of a linear map. Given a
linear map from a finite dimensional space into itself, the map is
invertible if and only if it is one to one. This is no longer true in
infinite dimensional spaces. Hence, concavity type restrictions . . . are
not enough.

4.1. Scheinkman’s “neighborhood” stability theorem

In an important paper in 1972, Samuelson [50], and following him, Levhari–
Leviatan [29], had observed the saddle point property of optimal control
motions. Rockafellar [46] discusses how the saddle-point property of the

27 In the continuous-time case, the problem represented in (3) is referred to as an
implicit programming problem in [6, Sect. 6.7].
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associated Hamiltonian of the optimal control problem at the rest point trans-
lates into an “associated saddle point behavior of the Hamiltonian system in
the dynamical sense” in the one-dimensional case, and asks:

Could this somehow carry over to n-dimensions and in perturbation
to positive discounting, at least if ρ isn’t too high?

It is precisely an answer to this theorem that is provided in [52] as an appli-
cation of the Hirsch–Pugh theorem.

We begin with the two basic assumptions of the texts [38, 40] that have
now become standard for the general theory.

Assumption 4.1. There exist M > 0 and N < 1 such that for all (x, x ′) ∈
�, ||x|| < M implies ||x ′|| < N ||x||.
Assumption 4.2. If (x, x ′) ∈ �, then (y, y ′) ∈ � for all y ≥ x, 0 ≤ y ′ ≤
x ′, and u(y, y ′) ≥ u(x, x ′) holds.

Assumption 4.3. There exists (x̄, x̄ ′) ∈ � such that x̄ ′ >> x̄. In this case, x̄
is said to be expansible.

We now present an assumption due to Brock [5] and fundamental to the
theory; we already saw it in Assumption 2.1(i) above.

Assumption 4.4. The golden-rule stock x̂ is unique and expansible

Assumption 4.5. (i) u(·, ·) is C3 in Int � and concave. (ii) The matrix
[
uxx(x̂ρ, x̂ρ) uxx ′(x̂ρ, x̂ρ)
ux ′x(x̂ρ, x̂ρ) ux ′x ′(x̂ρ, x̂ρ)

]

≡
[
Aρ Bρ
B ′ρ Cρ

]

is negative definite at (x̂, x̂). (iii) All programs are interior programs so that
the Euler difference equation system

ux ′(x(t − 1), x(t))+ ρux(x(t), x(t + 1)) = 0 for all t ≥ 1 (4)

is satisfied for an optimal program. (iv) The characteristic equation of the
Euler difference equation system (4) does not have a zero root. (v) There
exists ρ

�
< 1 such that for all ρ ≥ ρ

�
, there exists an expansible stationary

program x such that x̂ρ >> x.

Theorem 4.1 (Scheinkman). Under Assumptions 4.1, 4.2, 4.3, 4.4 and 4.5,
for any expansible x, there exists ρ̄ < 1 such that 1 ≥ ρ ≥ ρ̄ and
xo ≥ x implies that there exists an optimal program x(t, xo, ρ) such that
limt→∞ x(t, xo, ρ) = x̂ρ where x̂ρ is the unique modified golden-rule stock
associated with ρ.

The reader is referred to [37, pp. 347–350] for a description of
Scheinkman’s theorem, and to [52] for its proof. The “visit lemma” in the
proof does not require any smoothness hypotheses, and plays an important
role in [22, 25], as discussed below.
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4.2. Refinements of the “neighborhood” theorem

We now turn to the results of Araujo–Scheinkman [1]. We begin by providing
an alternative to Assumption 4.5 which will be used as the Standing Hypoth-
esis for all of the remaining results in this section.

Assumption 4.6. The felicity function u is strictly concave in� andC2, with
D2u negative definite in Int (�).

Definition 4.1. A program {x(t)} is said to be a regular program if there
exists ε > 0 such that

inf{dH [(xt , xt+1), ∂�] : t = 0, 1, · · · } > 0,

where dH denotes the Hausdorff distance, and ∂� the boundary of �.

We shall denote by the first projection of � by �1(�) and by S(Sr ) the
set of all pairs of stocks and discount factors (x, ρ), x ∈ �1(�), ρ ∈ (0, 1)
for which there exists a solution (regular solution) to Pd (x, ρ). The optimal
program function x : S −→ �n∞, x(xo, ρ) is a solution to Pd (xo, ρ). Let

τ = {(x, {x(t)}) : {x(t)} is a regular program from x}.
We shall need the mapping

� : τ × (0, 1) −→ �n∞ by [�(xo, {x(t)}, ρ)]t = ux ′(x(t − 1), x(t))

+ρux(x(t), x(t + 1).

Note that for a given ρ, � maps a regular program into the left hand side of
the Euler difference equation system (4). A crucial assumption of the analysis
is the following28

Assumption 4.7. T = Dx�(xo, {x(t)}, ρ) has dominant diagonal blocks.

Theorem 4.2. Under Assumption 4.6, for any (xo, ρ)∈Sr satisfy-
ing Assumption 4.7, there exists ε > 0 such that Bε(xo, ρ)⊂Sr and
x :Bε(xo, ρ) −→ �n∞ is C1.

We shall now need the following concepts.

Definition 4.2. For any ρ ∈ (0, 1), a modified golden-rule stock x̂ρ is said
to be locally asymptotically stable if there exists ε > 0 such that

xo ∈ �1(�), |xo − x̂ρ | < ε =⇒ lim
t→∞ x(t, xo, ρ) = x̂

ρ .

28 The reader is referred to [1, Definition 2.4] for the precise definition. We also note
that the symbol x is being used in two senses: the value of a stock at a particular time,
as well as a function from the initial stock and the discount factor to �n∞.
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Definition 4.3. For anyX ⊂ �1(Int �) and a ρ ∈ (0, 1), a modified golden-
rule stock x̂ρ is said to be X-globally asymptotically stable at ρ if

xo ∈ X, (xo, ρ) ∈ Sr =⇒ lim
t→∞ x(t, xo, ρ) = x̂

ρ .

IfX equals�1(Int �) in the above definition, x̂ρ is said to be globally asymp-
totically stable at ρ.

The next result attests to the power of the continuity hypothesis in the
strengthening the local asymptotic stability of a modified golden-rule pro-
gram to a larger set of initial stocks.

Theorem 4.3. For any ρ ∈ (0, 1) and any connected X ⊂ �1(�) such that
(i) (xo, ρ) ∈ Sr for all xo ∈ X, (ii) x(·, ρ) : X −→ �n∞ is continuous,
and (iii) x̂ρ is locally asymptotically stable, x̂ρ is X-globally asymptotically
stable.

The question then devolves to a result on global asymptotic stability with-
out the continuity assumption, which is to ask for a result with assumptions
on the primitives. We present this next.

Theorem 4.4. Under Assumption 4.6, for any ρ ∈ (0, 1) such that (i) a
modified golden-rule stock (xρ, xρ) ∈ Int (�), (ii) (xo, ρ) ∈ Sr , (iii) As-
sumption 4.7 holds for all xo ∈ Int (�), xρ is globally asymptotically stable.

In order to develop the next assumption, we shall abbreviate our notation
to denote by u1 the vector of partial derivatives of u with respect to the first
n coordinates of IR2n, and by u2 the vector of partial derivatives of u with
respect to the last n coordinates of IR2n. Correspondingly, we shall denote by
ui,j , i = 1, 2; j = 1, 2, the matrices of partial derivatives of ui, i = 1, 2.
Thus, in terms of the earlier notation, u21 denotes ux ′x . Finally, we shall
denote by uρij the matrix ux ′x(x̂ρ, x̂rho).

Assumption 4.8. The modified golden-rule stock (x̂ρ, x̂ρ) ∈ Int (�),
det ux ′x(x̂ρ, x̂ρ) �= 0, and there exist n roots λ1, · · · , λn, all of modulus
less than one, of the characteristic equation

det (uρ21 + λ[uρ22 + ρuρ11] + λ2ρu
ρ
12) = 0.

Theorem 4.5 (Araujo–Scheinkman). Under Assumption 4.6, for any ρ ∈
(0, 1) satisfying Assumption 4.8, and xo ∈ Int (�) such that (xo, ρ) ∈ Sr
and lim

t→∞ x(t, xo, p) = x̂
ρ, T (xo, ρ) is an isomorphism. Consequently, there

exists ε > 0 such that Bε(xo, ρ) ⊂ Sr and the restriction of the optimal
program function x to Bε(xo, ρ) is C1.
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By strengthening the asymptotic stability of the modified golden-rule
stock xρ to global asymptotic stability in Theorem 4.5, Araujo–Scheinkman
state two important corollaries of the result for the given ρ: (i) that the C1

property of the optimal program holds for all xo ∈ Int (�), (ii) that on the
optimal program, the optimal policy function from the stock in one period
to that in the next is also C1. But the piéce de resistance is the following
theorem in the neighborhood of the discount factor.

Theorem 4.6. Under Assumption 4.6, for any ρ̄ ∈ (0, 1) satisfying Assump-
tion 4.8, xo ∈ Int(�), (xo, ρ̄)∈Sr , the modified golden-rule stock x̂ρ̄ is glob-
ally asymptotically stable, and any compact set X ⊂ �1(Int �), there exists
ε > 0 such that for any ρ ∈ Bε(ρ̄), xρ is X-asymptotically stable at ρ.

Araujo–Scheinkman remark that Theorem 4.6 can be strengthened to a result
on global asymptotic stability if the Visiting Lemma holds. This is to say that
for any xo ∈ Int (�) and any ρ ∈ Bε(ρ̄), and for a suitable set of stocks K,
there exists t (xo, ρ) such that xt(xo,ρ) ∈ K .

5. The theory in non-smooth environments

In the chapter on Competitive Equilibrium over Time, McKenzie [40] presents
results for a “generalized Ramsey model”, and his work is distinguished
by its reliance on a bounded assumption on the technology �, and a joint
assumption on the pair (u,�) guaranteeing free-disposal and monotonicity.

Under Assumptions 4.1 and 4.2, he presents theorems for both the dis-
counted and undiscounted cases, seeing the latter as logically antecedent to
the former.

5.1. Theorems under refined interiority assumptions

We can now present a classical turnpike theorem, Card(A) denoting the car-
dinality of a finite set A.

Theorem 5.1. Let Assumptions 4.1, 4.2 and 4.3 hold and that x̂ is expansible.
Then, there exists ε > 0 such that for all T > L, and all optimal programs
{xt }t=Tt=0 such that x0 and xT are expansible,

Card
{
i ∈ [0, · · · , T − 1] : ‖x(t)−X(x̂, p̂)‖ > ε} ≤ L.

This is presented in [40, Theorem 3, Chap. 7] and proved there.
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Mckenzie introduces his other theorem for the undiscounted Ramsey set-
ting as “an asymptotic theorem for infinite optimal paths.” For this, he needs
a particular set of initial stocks K from which there start programs {x(t)}
such that

lim infT→∞
∑T
t=0 u(x(t), x(t + 1))− u(x∗(t), x∗(t + 1)) ≥ −∞.

These are the good programs of Gale [14] and Brock [5]; see Assumptions
2.1 and 4.4.

Theorem 5.2. Let Assumptions 4.1, 4.2 and 4.3 hold and that x̂ is unique.
Let {x(t)} be an optimal program that starts from a stock in the interior ofK.
Then, for any ε > 0, there exists To such that ||x(t)− x̂|| < ε for all t ≥ To.

5.2. McKenzie’s “neighborhood turnpike” theorem

We shall now make assumptions on the discount factor. We shall need the
following additional notation. LetD = {x ∈ IRn+ : (x, x) ∈ �}, and

Dρ = {x ∈ D : u(x, x) ≥ u(x̄, x̄ ′) for all (x̄, x̄ ′) ∈ � such that ρx̄ ′ >> x}.
Before introducing the next assumption, we shall need McKenzie’s

definition of uniform strict concavity of a function taken from [40, Sect. 7.6].

Definition 5.1. The utility function u is said to be uniformly strictly concave
over Dρ if for any bx ∈ Dρ, and any (w, z) ∈ �, the following holds: For
any ε > 0, there exists δ > 0 such that

|(x, x)−(w, z)| > ε=⇒u
(

1

2
(x, x)+ 1

2
(w, z)

)

− 1

2
(u(x, x)+u(w, z)) > δ.

We can now present

Assumption 5.1. There exists ρ
�
< 1 and (x̄, x̄ ′) ∈ � such that ρ

�
x̄ ′ >> x̄.

We assume ρ
�
≤ ρ ≤ 1, u is uniformly strictly concave overDρ , and thatDρ

is in the relative interior of D.

Assumption 5.2. x̂ is expansible which is to say that there exists (x̂, x ′) ∈ �
such that x ′ >> x̂. FurthermoreDρ is in the relative interior of D.

Definition 5.2. We shall say that an initial stock xo ∈ IRn+ is sufficient if there
exists a finite program {xt }t=Tt=0 such that xT is expansible.

We can now present McKenzie’s so-called “neighborhood turnpike
theorem” for any expansible x̂.
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Theorem 5.3. Under Assumptions 4.1 and 4.2, for any sufficient xo ∈ IRn,
and any ρ satisfying Assumptions 5.1 and 5.2, and any ε > 0, there exists
1 > ρ̄ > 0 such that x̂ρ is asymptotically stable at (ρ, xo) for all ρ̄ ≤ ρ ≤ 1.

For the proof, the reader is referred to that of Theorem 6 in [40, Sect. 7.6].
Note that in [36, Theorem 4] McKenzie presents another theorem which he
introduces as the “neighborhood turnpike” and refers to it as the “basic result
of the subject.” However, he does not report this theorem in his text [40]. It is
clear that further comparative work needs to be done.

6. Particular undiscounted cases: the RSS model

There is by now an extensive literature on the so-called RSS model, and we
refer the reader to the relevant references: for its underpinnings and inter-
pretation as a model in development planning and the antecedent literature
due to Robinson, Solow and Srinivasan, see [17]; for details of the important
two-sector RSS case, see [18, 20] and their references; for the continuous
time analysis, see [19, 54]. Our main concern here is to bring out the fact that
the RSS model is a particular case of the model spelt out in Sect. 3.29

The model requires the total labor force to be stationary, perfectly divis-
ible and positive, and thereby normalized to unity. There are n types of ma-
chines, produced using only labor, with ai > 0 units of labor are needed to
produce one unit of a perfectly divisible machine of type i, for i = 1, . . . , n.
Let a denote the n-vector (a1, · · · , an). The state of the system will be
represented by a point x ∈ IRn+, where xi represents the current stock of
machines of type i = 1, . . . , n. If x represents the stock of machines today,
x ′ the stock tomorrow and d ∈ (0, 1) the common rate of depreciation, then
z = x ′ − (1 − d)x stands for the number of machines produced during the
period. The constraints z ≥ 0 and az ≤ 1 represent respectively the irre-
versibility of investment and the maximum labor available, where az denotes
inner product. With these definitions, the transition possibility set is given by

� = {(x, x ′) ∈ IRn+×IRn+ : x ′−(1−d)x ≥ 0 and a(x ′−(1−d)x) ≤ 1}. (5)

Given the pair (x, x ′) ∈ � and denoting by e the vector (1, 1, · · · , 1) ∈
IRn, the stock of machines that may be devoted to the consumption goods
sector is given by the correspondence


(x, x ′) = {y ∈ IRn : 0 ≤ y ≤ x and ey ≤ 1− a(x ′ − (1− d)x)}. (6)

29 We leave it to the reader as an exercise to show that the continuous-time version
of the model, as presented in [19, 54] and their references, is a particular case of the
model spelt out in Sect. 2.
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One unit of labor together with one unit of machine of type i = 1, . . . , n,
can produce bi > 0 units of a single consumption good, thus, defining the
output-coefficients vector b = (b1, . . . , bn) ∈ IRn+, the total good production
is given by by, with y ∈ 
(x, x ′).

Welfare is derived only from the consumption good and is represented by
a felicity function w : IR+ → IR+ that is assumed to be continuous, strictly
increasing, concave and differentiable. In terms of the triple (�, u, xo) per-
taining to the general theory, and mentioned in the first sentence of the intro-
duction, we can now define

u(x, x ′) = arg max{w(by) : y ∈ 
(x, x ′)} for all (x, x ′) ∈ �.
In the results reported in this section, we shall make the following as-

sumption:

Assumption 6.1. There exists σ ∈ {1, . . . , n} such that for all i ∈
{1, . . . , n} \ {σ }, cσ > ci, where ci = bi/(1+ dai), i = 1, . . . , n.

This is a fundamental assumption that guarantees a unique golden-rule stock,
and thereby a unique von-Neumann ray. This assumption goes back to Brock
[5], and for a detailed discussion in the context of the RSS model, the reader
is referred to [17]; also see [57].

We shall also work with the basic parameter (and attendant notation) that
was identified in the discrete-time context [17], and was totally missed in the
continuous-time setting originally studied by Stiglitz [54].

ξi = (1/ai)− (1− d) for all i = 1, · · · , n. (7)

Even though a special case of the general theory, the model does not fulfill
Assumptions 4.5 and 4.6 that the theory requires.

6.1. A theorem on asymptotic stability

We now present a basic result on the asymptotic stability

Theorem 6.1. Assume that (i) w is strictly concave, or that (ii) ξσ �= 1. Let
M0, ε > 0. Then there exists a natural number T0 such that for each optimal
program {x(t), y(t)}∞t=0 satisfying x(0) ≤ M0e and each integer t ≥ T0

||x(t)− x̂||, ||y(t)− x̂|| ≤ ε.
Note that the time period To is does not depend on the initial stock, lying

in the given range of initial stocks, from which the optimal program starts.
For a proof, the reader is referred to [24].
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6.2. Classical turnpike theorems

The basic results are as follows.

Theorem 6.2. LetM, ε be positive numbers and� ∈ (0, 1). Then there exists
a natural number L such that for each integer T > L, each z0, z1 ∈ Rn+ sat-
isfying z0 ≤ Me and az1 ≤ �d−1 and each program ({x(t)}Tt=0, {y(t)}T−1

t=0 )

which satisfies

x(0) = z0, x(T ) ≥ z1,

T−1∑

t=0

w(by(t)) ≥ U(z0, z1, 0, T )−M,

the following inequality holds:

Card{i ∈ {0, . . . , T − 1} : max{||x(t)− x̂||, ||y(t)− x̂||} > ε} ≤ L.

Theorem 6.3. Let M, ε be positive numbers and � ∈ (0, 1). Then there
exist a natural number L and a positive number γ such that for each integer
T > 2L, each z0, z1 ∈ Rn+ satisfying z0 ≤ Me and az1 ≤ �d−1 and each
program ({x(t)}Tt=0, {y(t)}T−1

t=0 ) which satisfies

x(0) = z0, x(T ) ≥ z1,

T−1∑

t=0

w(by(t)) ≥ U(z0, z1, 0, T )− γ,

there are integers τ1, τ2 such that τ1 ∈ [0, L], τ2 ∈ [T − L, T ],
||x(t)− x̂||, ||y(t)− x̂|| ≤ ε for all t = τ1, . . . , τ2−1 and ||x(τ2)− x̂|| ≤ ε.
Moreover if ||x(0)− x̂|| ≤ γ then τ1 = 0.

For proofs and notation, the reader is referred to [25]. This reference also
derives the asymptotic stability result as a corollary of these theorems. Many
turnpike results of this kind motivated by non-economic applications are col-
lected in [38].

7. Particular undiscounted cases: the MW model

There is by now a vigorously-developing literature on the so-called MW
model, and we refer the reader to the relevant references: the pioneering
papers are of Mitra–Wan [42, 43] subsequent to those of Faustman and
Samuelson.30 As in Sect. 6, our main concern here is to bring out the fact
that the MW model is a particular case of the model spelt out in Sect. 3.31

30 For the recent papers, see [47, 48] and [21, 22] and their references.
31 The continuous-time version of the model is difficult, and no longer an easily for-
mulated particular version of the model spelt out in Sect. 2; see [42, 43] for the early
formulations in the work of Kemp and Wan.
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We shall work in the (n − 1)-dimensional simplex � = {x ∈ IR+ :∑n
i=1xi = 1}, let the supremum norm of x be ‖x‖∞. Let the total surface be

unity and n the age after which a tree dies or losses its economic value. We
consider that the timber content per unit of area is related only to the age of
the trees, through the biomass coefficient vector b = (b1, · · · , bn). We make
an assumption analogous to Assumption 6.1 that:

Assumption 7.1. There exists σ = {1, · · · , n} such that bσ/σ > bi/i for all
i ∈ {1, · · · , n} \ {σ }.

For each period t ∈ IN we denote xi(t) ≥ 0, i = 1, · · · , n the surface
occupied by trees of age i at time t . At every stage we must decide how
much land to harvest of every age-class, c(t) = (c1(t), · · · , cn(t)) where
ci(t) ∈ [0, xi(t)]. As we know that after n a tree has no value, we assume that
cn(t) = xn(t) for all t . By the end of period t + 1, the state will be exactly

x(t + 1) = (∑n
i=1 ci(t), x1(t)− c1(t), · · · , xn−1(t)− cn−1(t)

)
.

Define the transition possibility set � as the collection of pairs (x, x ′) ∈
� × � such that it is possible to go from the state x in the current period
(today) to the state of the forest x ′ in the next period (tomorrow) fulfilling
relations. Formally,

� = {(x, x ′) ∈ �×� : xi ≥ x ′i+1 for all i = 1, · · · , n1}
The vector of harvests needed to perform this transition is given by the func-
tion λ : � → IRn+, λ(x, x ′) = (x1 − x ′2, x2 − x ′3, · · · , xn−1 − x ′n, xn). In
addition, it is easy to see that (x, x ′) ∈ �⇔ x, x ′ ∈ � and λ(x, x ′) ≥ 0.

The preferences of the planner are represented by a felicity function, w :
[0,∞) → IR which is assumed to be continuous, strictly increasing and
concave. Define for any (x, x ′) ∈ � the function u(x, x ′) as

u(x, x ′) = w(bc) where c = λ(x, x ′)
This model is in fact an equivalent formulation of the one proposed in

[42, 43],32 and one that does not fulfill assumptions 4.2 and 4.4 of the general
theory. The set � has no interior point in IR2n, and the natural preorder does
not apply to it. A reformulation fulfills Assumption 4.3 but not 4.4.

In the discounted case, the modified golden-rule stock is not asymptot-
ically stable, see [47, 48]. However the validity of the turnpike theorems is
still an open question. Here again Assumptions 4.6 and 4.8 are not fulfilled:
non-interiority and non-concavity remains a thorny issue.

32 For differences in the model as presented in [42, 43] and here, see [22].



62 M.A. Khan and A. Piazza

7.1. A theorem on asymptotic stability

We first present an asymptotic stability result taken from [23], a reference
that contains further discussion and proof.

Theorem 7.1. Let ε > 0. There exists a natural number T0 such that for each
optimal program {x(t)} the following inequality holds:

‖x(t)− x̂‖∞ < ε for all t ≥ T0.

For a proof of this theorem, the reader is referred to [23].

7.2. Classical turnpike results

Next, we present classical turnpike results taken from [22], again a reference
that contains further discussion and proof.

Theorem 7.2. Given M > 0 and ε > 0 there exists L ∈ IN such that for all
T > L and each program {x(t)}Tt=0 satisfying

∑T−1
t=0 w(bc(t)) ≥ U

(
x(0), x(T ), 0, T

)−M,
Card
{
i ∈ [0, · · · , T − 1] : ‖x(t)− x̂‖ > ε} ≤ L.

Theorem 7.3. Let ε > 0. Then there exist L ∈ IN and M > 0 such that for
all T > 2L+ n+ σ and each program {x(t)}Tt=0 satisfying

∑T−1
t=0 w(bc(t)) ≥ U

(
x(0), x(T ), 0, T

)−M,
there are τ1, τ2 such that τ1 ∈ [0, L], τ2 ∈ [T − L, T ] and ‖x(t) − x̂‖ ≤ ε
for all t = τ1, · · · , τ2.Moreover, if ‖x(0)− x̂‖ ≤ ε/n2 then τ1 = 0.

8. Conclusion

The alert reader has surely noticed that in the work presented above, we have
been silent on the aggregative, one-sector setting, referred to as the RCK
model in the introduction. We briefly remedy this deficiency here. As is well-
known, the pioneering results on the discounted case in this setting are due
to Cass [7, 8], Koopmans [26, 27] and Samuelson [49]. Indeed, Samuelson
sketches the theorem in the last footnote of his 1965 paper as follows:

Suppose society has a systematic subjective rate of time preference
ρ, so that the integrand of u(c) is replaced by u(c)e−ρt . Then a new
“turnpike” is given by the root of f ′(x) = ρ rather than equal zero.
Call this xρ. Then for T sufficiently large, for all (xo, xT ), the opti-
mal path x(t) will remain indefinitely near to xρ an indefinitely large
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fraction of the time. The motions are not quite balanced catenaries,
instead approximating to k(t) = a1e

λ1t + a2e
λ2t , λ1 > λ2. This

constitutes an even more general Turnpike Theorem than the one
elaborated here, and it reminds us that correct saving must depend
on what is assumed about social time preference.33

At this point in the exposition we can connect to the epigraph of this essay
taken from a neglected paper of Gale’s [15].34 Unlike Ramsey, Samuelson,
Solow and Cass, Gale conducts the analysis in discrete-time, and shows that
the results on the characterization of solutions of the RCK model are too
good to be true: the classical turnpike theorem is valid without any restriction
on the discount factor. In a recent paper [41], Mitra provides a synthesis of
sufficient conditions for asymptotic stability of optimal programs in the RCK
model, but has nothing to say on what we are referring to as classical turnpike
theory in this essay.

In conclusion, and as emphasized in the introduction, the work presented
above has been governed by two objectives: first, to encourage productive en-
gagement across disciplinary boundaries; and second, to identify open prob-
lems for both disciplines. The point is to provide an overview that would
benefit and bring together the two communities of economists and mathe-
maticians: the former working in growth theory and economic dynamics, and
the latter in dynamical systems and optimal control theory.35 A terminologi-
cal distinction between classical turnpike theory and the qualitative behavior
of solutions to optimal control problems over an unbounded time interval, in
either discrete or continuous time, certainly advances this objective.36 Iron-
ically, recent work of economists has concerned itself with the qualitative
investigation of asymptotic stability of optimal control motions in discrete
time, and it has been left to mathematicians to investigate classical turnpike
theory in continuous time, with of course notable exceptions in both cases.37

As regards the second objective, the aspiration remains for a generalized the-
ory pertaining to the model due to Samuelson–Solow (1956), Gale (1967)

33 If footnotes could be labeled “pioneering,” surely this footnote (notationally modi-
fied) would be high on such a list. It is a fascinating exercise in the history of economic
analysis to trace the work surveyed in Sect. 4 as an elaboration of this footnote.
34 In the context of this epigraph, the reader should note that the Kuhn–Tucker theo-
rem is now referred to as the Karush–Kuhn–Tucker theorem, and what Gale refers to
as the discount rate is the discount factor. The first sentence of the epigraph is taken
from page 308, the second from pp. 314–315 and the third from p. 310.
35 We see Rockafellar’s recent survey [46] as being kindred in this motivation.
36 And so we end as we began: with the importance of having a clear and well-
established terminology. See Footnote 12 above and the text it footnotes.
37 See, for example, Carlson et al. [6], Arkin–Evstegneev [3] and Zaslavski [58], and
their references, to the work of both economists and mathematicians.
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and McKenzie (1968), one that moves seamlessly between the discounted
and undiscounted cases, asymptotically implements the continuous-time re-
sults in terms of their discrete-time counterparts, and covers both the RSS
and MW models, the two concrete instances in development planning and the
economics of forestry considered above. As we have seen, non-interiority as-
sumptions are endemic to these applications, and smoothness, strict concavity
and corresponding curvature assumptions do not translate to corresponding
assumptions on the reduced-form performance functionals in which they are
phrased.
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Abstract. Empirical study on tick by tick data in stock markets shows us that there
exists a long memory in trade signs and signed trade volumes. This means that an
order flow is a highly autocorrelated long memory process.

We present a mathematical model of trade signs and trade volumes in which
traders decompose their orders into small pieces. We prove that fractional Brown-
ian motions are obtained as a scaling limit of the signed volume process induced by
the model.
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1. Introduction

In recent years, a time series of trade signs has been investigated empirically
by Bouchaud et al. [1] in the Paris Stock Exchange, and Lillo and Farmer
[14] in the London Stock Exchange, and a long memory property was found
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Fig. 1 Auto-correlation functions of of sequences of order signs, signed transaction
volumes and price impacts per minute. The order sign and the signed volume are
defined by the sing of (� of transactions executed at ask – � of transactions executed at
bid) per minute and (transaction volumes traded at ask – transaction volumes traded
at bid) per minute respectively. We study the midday transactions of liquid securities.
Here we show a result for Mizuho UFJ Financial Group Inc. for the period from
Jan. to Dec. in 2008. The auto-correlation functions of order sign and signed volume
decay slowly, showing power law tails, while the price impact has no significant auto-
correlation

in the autocorrelation function of trade signs. It is known that stock price
processes are well described by a Brownian motion having no long memory
[1, 2]. However, an order flow is a highly autocorrelated long memory pro-
cess. Bouchaud et al. [1] also showed that a long memory property exists in
a time series of signed volumes. We also observed the same property in the
Tokyo Stock Exchange [12]. (See also Fig. 1).

In many stock markets including the New York Stock Exchange, the
London Stock Exchange and the Tokyo Stock Exchange a continuous double
auction system is adopted as a standard mechanism of trade. If a buy(sell)
market order arrives at time t it is matched with a sell(buy) limit order at the
best ask(bid) price. We put a trade sign st = +1(−1) on this buyer(seller)-
initiated transaction. However, limit orders often fail to result in an immediate
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transaction and are stored in a queue called limit order book. In this article,
we only consider the time series of trade signs and signed trade volumes for
market orders.

A time series is said to have a long memory if its autocorrelation function
ρ(t) decays asymptotically as

ρ(t) ∼ c

tα
(t →∞)

where ρ(t) is defined by

ρ(t) = Cov(su, su+t )√
V [su]V [su+t ]

as a function of time lag t , c is some positive constant and 0 < α < 1.
Note that an integral of autocorrelation function with a long memory

property diverges, because 0 < α < 1.
Also, a long memory processXt can be discussed in terms of Hurst index

H intuitively defined by (dXt ) ∝ (dt)2H . The fractional Brownian motion
BHt with Hurst index H is known as a long memory process. It is defined as
a Gaussian process having covariance,

Cov(BHt , B
H
s ) =

1

2

(
t2H + s2H − |t − s|2H

)
.

WhenH = 1
2 , BHt is a standard Brownian motion. For a fractional Brow-

nian motion BHt with the Hurst index 1
2 < H < 1, the autocorrelation func-

tion ρ(�) of its increments�BHt = BHt − BHt−1 is given by

ρ(�) = 1

2

[
(�+ 1)2H + (�− 1)2H − 2�2H

]
∼ H(2H − 1)

� 2−2H (�→∞),
(1)

hence it follows a power law relation with an exponent 0 < α = 2−2H < 1.
There are various explanations of the long memory property of trade

signs. Among them, the dominant explanation is as follows (See [3]). Sup-
pose that a trader decided to buy a large quantity of shares. If he reveals his in-
tention to other traders, that brings upturn in stock price, and he needs to pay
excess acquisition cost. It seems natural for him to keep his intention as secret
as possible, to split them into small pieces and trades incrementally. Namely,
the long memory is derived by the strategic behavior of large investors who
split their orders into small pieces and execute them incrementally.

Lillo, Mike and Farmer obtain the discrete time stochastic process having
a long memory property in the trade signs [15], assuming that the size of
hidden orders is distributed as a power law and the time interval of placing
orders is distributed uniformly.
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In this article, we present a mathematical model of trade signs st and
trade volumes vt in discrete time interval 
n = {1, 2, · · · , n}. We assume
that traders can split their orders intom pieces, placed at u1, · · · , um and that
time intervals of placing orders are distributed as a power law,

1

(u2 − u1)α · · · (um − um−1)α

with exponent 0 < α < 1. Trade volumes {vu1, · · · , vum} are assumed to be
independent.

We consider a processW� of signed volumes defined by

W� =
�∑

u=1

suvu, (� ∈ 
n).

and a scale process

X
(n)
t = W[nt ]

n
1
2α

(0 < t < 1)

where su ∈ {+1,−1} is a trade sign, vu is a trade volume, [x] is an integral
part of x ∈ R and 0 < α < 1.

We derive superpositions of fractional Brownian motions with Hurst in-
dexes {Hm} as a limit of the scaled process X(n)t . The Hurst index Hm is
determined by the splitting number m. In this model we do not consider a
stock price process.

Introducing a notion of a polymer p, we describe a set of trades by one
trader as p = (s(p), d(p), b(p), v(p)), where s(p) is a trade sign, d(p) is a
number into which a trader split their order, b(p) is a set of times in which
orders are placed, and v(p) is a set of trade volumes in b(p).

As a mathematical tool for analyzing our model we use the method of
abstract polymer expansion [5, 7, 9, 16] which has been investigated for the
study of phase transitions in lattice spin systems. This method were applied
to various problems in statistical physics such as the general theory of phase
transition [4] and the study of interface between two phases [6, 8]. We also
applied this method for the study of stock price process [10, 11, 13].

2. Description of the model and statement of result

Taking into account the idea by Lillo and Farmer [14] that the long memory
property results from trader’s behavior to split their orders into small pieces,
we consider a discrete time stochastic model for trade signs and trade
volumes of market orders.
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Consider one security and assume that traders can place their market
orders at any time t ∈ Z. Furthermore, assume that two traders cannot place
their orders at the same time, and that any market order placed by a trader
can be transacted immediately.

We setup a model for trade signs and trade volumes on Z and observe the
transactions in 
n = {1, · · · , n} ⊂ Z, to define a process W�, (� ∈ 
n) of
accumulated signed volumes.

To describe transactions of market orders split by a trader we introduce a
notion of polymer defined by

p = (s,m,u, v) ∈ {+1,−1} × {1, · · · ,m0} × T (n)m × V m
where m0 ≥ 2 is a positive integer,

T (n)m = {(u1, · · · , um) ∈ Zm; 0 < ui − ui−1 ≤ n ( i = 2, · · · ,m ) }
and V = {v1, · · · , vM } is a finite set of positive real numbers and we consider
a probability distribution P(·) on V .

When p = (+1(−1),m, u1, · · · , um, vu1, · · · , vum), this means that a
trader split his buy(sell) market order into m pieces and place them at
u1, · · · , um ∈ Z with trade volumes vu1 , · · · , vum . Let Pn be a set of all poly-
mers on Z. Remark that one trade sign is assigned to p, which means that a
trader does not change his market order from buy(sell) position to sell(buy)
position in p.

For any p = (s,m, u1, · · · , um, vu1 , · · · , vum) ∈ Pn we put

s(p) = s, |p| = m, b(p) = {u1, · · · , um} ⊂ Z.

We call a set of polymers {p1, · · · ,pk} ⊂ Pn a compatible polymer con-
figuration if

b(pi) ∩ b(pj ) = ∅, (1 ≤ i < j ≤ k).
A space �n of compatible polymer configurations having intersection

with 
n is defined by

�n = { ω = {p1, · · · ,pk} : compatible polymer configuration;
k ∈ N, b(pi) ∩
n �= ∅ (i = 1, · · · , k) }.

Note that �n is a finite set for each n ∈ N.
To define a probability distribution on �n, we introduce a probability

intensity function ϕ(p) for p = (s,m, u1, · · · , um, vu1 , · · · , vum) defined by

ϕ(p) =
{
dn · P(vu1 ) (|p| = 1)

dmn
1

(u2−u1)
α ···(um−um−1)

α

∏m
i=1 P(vui ) (|p| ≥ 2)

(2)

where 0 < α < 1, dn = c
n1−α (c > 0).
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Let μ be an expectation value of trade volume given by

μ =
M∑

i=1

viP (vi ).

A probability distribution of ω = {p1, · · · ,pk} ∈ �n is defined by

Pn(ω) = 1

Zn

k∏

i=1

ϕ(pi ) (3)

where Zn is a normalization constant.
For each ω = {p1, · · · ,pk} ∈ �n we defineW� by

W�(ω) =
k∑

i=1

s(pi )
�∑

u=1

vu(pi ), (� ∈ 
n)

and a scale process by

X
(n)
t (ω) =

W[nt ](ω)
n

1
2α

(0 < t < 1)

where

vu(p) =
{
vu (u ∈ b(p))
0 (otherwise),

and [x] is an integral part of x ∈ R.
In our model we only consider a process of accumulated signed volumes

and do not consider a price process.

Theorem 2.1. Assume that
m0 − 2

m0 − 1
< α < 1, a finite dimensional distribu-

tion of X(n)t (0 < t < 1) converges to the corresponding distribution of

√
b0Bt +

m0−2∑

m=0

√
amB

Hm
t (0 < t < 1)

where Bt is a standard Brownian motion, BHmt is a fractional Brownian mo-

tion with Hurst indexHm = 1
2 ((1− α)(m+ 1)+ 1) ∈

(
1
2 , 1
)

,
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b0 = 2μ2c

(

1+
m0∑

m=2

m

(
c

1− α
)m−1
)

,

am = 2EmJmcm+2μ2

(1− α)(m+ 1)((1− α)(m+ 1)+ 1)
, Em =

m0−(m+2)∑

k=0

(
2c

1− α
)k
,

Jm =
∫∫

0<x1,··· ,xm<1
x1+···+xm<1

dx1 · · · dxm
xα1 · · · xαm(1− x1 − · · · − xm)α

and Bt , B
H0
t , · · · , B

Hm0−2
t are independent.

Since the Hurst index ought to be less than 1, we have assumed that
m0 − 2

m0 − 1
< α in order to fulfill the condition of Hm0−2 < 1.

3. Abstract polymer expansion

In this section we summarize a method of abstract polymer expansion which
has been used for mathematical studies of statistical mechanics such as the
general theory of phase transitions and the probabilistic approach to inter-
faces between two phases.

An abstract polymer expansion is a mathematical generalization of high
temperature expansion or low temperature expansion in statistical mechanics.
This method has been investigated by Gallavotti [7], Del Grosso [5], Pfister
[16] and Kotecký-Preiss [9] from mathematical point of view and applied to
various problems of phase transitions [4, 6, 8].

Only mutually disjoint polymer configuration is obtained in our model.
But, we extend polymer configurations to more general configurations per-
mitting multiplicities and intersections. Let An be a set of functionalsA from
P to N ∪ {0},

An =
⎧
⎨

⎩
A : P → N ∪ {0}; |A| =

∑

p∈Pn
A(p) <∞

⎫
⎬

⎭
.

Each element A is regarded as a configuration of a finite number of poly-
mers with multiplicity. We do not exclude the case that b(pi) ∩ b(pj ) �= ∅.

For A1 and A2 ∈ An a sum A1 + A2 is defined by

(A1 + A2)(p) = A1(p)+ A2(p).

Also we define A! for A ∈ An by A! =∏p∈Pn A(p)!.
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Furthermore, we consider a functional space L on An,

L = {ψ : An→ R; sup|A|=n|ψ(A)| <∞ for all n ≥ 1}.
and define a product ψ1 ∗ ψ2 of ψ1 and ψ2 as follows,

ψ1 ∗ ψ2(A) =
∑

(A1,A2)∈An×An;A1+A2=A

A!
A1!A2!ψ1(A1)ψ2(A2).

where the sum runs over all ordered (A1, A2) such that A1 + A2 = A.
With this product ∗ L becomes a commutative algebra with identity 1

defined by

1(A) =
{

1 if A = ∅
0 otherwise.

It is easily seen that (ψ1 ∗ ψ2) ∗ ψ3 = ψ1 ∗ (ψ2 ∗ ψ3).
We define an exponential mapping Exp: L0 = {ψ ∈ L;ψ(∅) = 0 } →

L1 = {ψ ∈ L : ψ(∅) = 1 } by

Expψ(A) = 1(A)+
∞∑

k=1

1

k! ψ ∗ · · · ∗ ψ︸ ︷︷ ︸
k

(A).

As an inverse mapping of Exp a mapping Log: L1 → L0 is defined by

Logψ(A) =
∞∑

k=1

(−1)k+1

k
ψ0 ∗ · · · ∗ ψ0︸ ︷︷ ︸

k

(A),

where ψ0 = ψ − 1.
We call χ(·) ∈ L multiplicative if χ(A1 + A2) = χ(A1)χ(A2).
The following lemma is a fundamental lemma for polymer expansion.

Lemma 3.1. ([5, 16]) Let ψ be a functional in L0 and χ be multiplicative.
Assume that

∑

A∈An

|χ(A)| |ψ
T (A)|
A! <∞

then we have
∑

A∈An

|χ(A)| |ψ(A)|
A! <∞ and

∑

A∈An

χ(A)
ψ(A)

A! = exp

⎧
⎨

⎩

∑

A∈An

χ(A)
ψT (A)

A!

⎫
⎬

⎭

where ψT (A) = Logψ(A).
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To describe a probability distribution defined in (3) we introduce
functionals;

ϕ(A) =
∏

p∈Pn
ϕ(p)A(p)

and α(A) =
{

1 if A! = 1 and suppA is a compatible polymer configuration

0 (otherwise)

where suppA = {p ∈ Pn;A(p) ≥ 1}. .
In terms of these functionals we rewrite the probability distribution (3) as

Pn(A) =
{

1
Zn
ϕ(A)α(A) if A ∩
n �= ∅

0 (otherwise)

where Zn is a normalization constant given by

Zn =
∑

A∈An

ϕ(A)α(A)

and A ∩
n �= ∅ means that b(p) ∩
n �= ∅ for all p ∈ suppA.
For any A ∈ An we assign a graph G(A). To each p ∈ supp A such

that A(p) = k we assign k vertices of G(A) and draw edges between two
vertices {p1,p2} if b(p1) ∩ b(p2) �= ∅. The number of vertices is given by
|A| = ∑p∈Pn A(p) < ∞. Employing this graph G(A) we have a graph

description of αT (A) = Logα(A),
αT (A) =

∑

C⊂G(A):connected

(−1)|e(C)|

where the sum runs over all connected subgraphs and |e(C)| is a number of
edges in C (see Sect. 3 of [16]). We say C is connected if the vertex set of
C coincides with the vertex set of G(A) and all distinct vertices of C can be
connected through edges of C.

We say A is a cluster if for any p1 ∈ supp A and p2 ∈ supp A there exists
a chain p0, · · · ,pm ∈ supp A of polymers such that

p1 = p0,p2 = pm, and b(pk) ∩ b(pk+1) �= ∅ (k = 0, · · · ,m− 1).

In other words, cluster is a chain of connected polymers.
Then, we have an important property that αT (A) = 0 unlessA is a cluster.
It is seen that ϕ(A) and χn(A) are multiplicative , where χn(A) is

defined by

χn(A) =
{

1 (if A ∩
n �= ∅ )
0 (otherwise).
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To apply Lemma 3.1 to our model we need to prepare some Lemmas.
From standard argument of calculus we have the following lemma.

Lemma 3.2. There exists a positive constant C > 0 such that the following
estimate holds for sufficiently large n.
∣
∣
∣
∣
∣
∣
∣
∣

1

nm

∑

1≤k1,··· ,km<n
k1+···+km<n

1

( k1
n
)α · · · ( km

n
)α(1− k1

n
− · · · − km

n
)α
− Jm

∣
∣
∣
∣
∣
∣
∣
∣

<
C

n1−α .

Using this lemma form = 1 we have the following lemma.

Lemma 3.3. ∑

p%0

e|p|ϕ(p) = C1dn + o(dn)

where the sum runs over all p with 0 ∈ b(p) and

C1 = 2

(

e +
m0∑

m=2

mem
(

c

1− α
)m−1
)

.

Decomposing connected graphs in αT (A) into trees and estimating the
number of trees, we obtain the following result from Lemma 3.3.

Lemma 3.4.
∑

A%0

ϕ(A)
αT (A)

A! = C2dn + o(dn)

where the sum runs over all A with
⋃

p∈suppA b(p) % 0 and

C2 = 2

(

1+
m0∑

m=2

m

(
c

1− α
)m−1

)

.

Proof.
We decompose the left hand side into two parts;

∑

A%0

ϕ(A)
αT (A)

A! =
∑

p%0

ϕ(p)+
∑

A%0
|A|≥2

ϕ(A)
αT (A)

A! . (4)



Stock price process and long memory in trade signs 79

In the same way as Lemma 3.3 we have

∑

p%0

ϕ(p) = C2dn + o(dn)

where

C2 = 2

⎛

⎝1+
m0−1∑

m=2

m

(
c

1− α
)m−1
⎞

⎠ .

Let us recall that the functional αT (A) was described by a sum for con-
nected subgraphs C ⊂ G(A). However, it is possible to describe αT (A) as a
sum for trees T satisfying some conditions. (See [16] for detail.)

To estimate the functional αT (A) by the sum for trees, we prepare some
terminologies. Let G(1, · · · , n) be a set of all graphs having {1, · · · , n} as a
vertex set. For any tree T ∈ G(1, · · · , n) we denote a set of all vertices of T
and a set of all edges of T by V(T ) and E(T ), respectively.

As the functional αT (A) is described by a tree satisfying some condition,
we have

∑

A%0 ;
|A|≥2

ϕ(A)
|αT (A)|
A! =

∑

n≥2

n

n!
∑

p1%0

∑

p2

· · ·
∑

pn

|αT (p1, · · · ,pn)|
n∏

i=1

ϕ(pi )

≤
∑

n≥2

n

n!
∑

T ∈G(1,··· ,n)

∑

p1%0

∑

p2

· · ·
∑

pn

∏

(i,j)∈E(T )
g(pi ,pj )

n∏

i=1

ϕ(pi )

where the sum for T runs over all trees T in G(1, · · · , n) and g(pi ,pj ) is
given by

g(pi ,pj ) =
{

1 if b(pi ) ∩ b(pj ) �= ∅
0 (otherwise).

For each vertex k we denote a number of edges starting from k by d(k),
and call it a degree of k.

Let us consider a set V1 of vertices,

V1 = {k ∈ V(T ); k �= 1 and d(k) = 1 }.
V1 is a set of extremal vertices. To each k ∈ V1 we assign a vertex q(k) ∈

V(T ) uniquely such that (k, q(k)) ∈ E(T ) (See Fig. 2).
Let us denote that V(T ) \ V1 = {1, · · · ,m1}. Since each pk (k ∈ V1)

intersects with pq(k) we have
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Fig. 2 Points of V1

∑

p1%0

∑

p2

· · ·
∑

pn

∏

(i,j)∈E(T )
g(pi ,pj )

n∏

i=1

ϕ(pi )

≤
∑

p1%0

∑

p2

· · ·
∑

pm1

∏

k∈V1

⎛

⎝|pq(k)|
∑

p%0

ϕ(p)

⎞

⎠
∏

(i,j)∈E(T1)

g(pi ,pj )
m1∏

i=1

ϕ(pi )

where T1 is a tree obtained from T by eliminating all vertices of V1 and all
edges starting from V1.

In the same way as V1 we consider a set V2 of extremal vertices of V(T1)

and we also denote that V(T ) \ (V1 ∪ V2) = {1, · · · ,m2}, then we have

∑

p1%0

∑

p2

· · ·
∑

pn

∏

(i,j)∈E(T )
g(pi ,pj )

n∏

i=1

ϕ(pi )

≤
∑

p1%0

∑

p2

· · ·
∑

pm2

∏

k∈V1

⎛

⎝
∑

p%0

ϕ(p)

⎞

⎠
∏

k∈V2

⎛

⎝
∑

p%0

|pk|d(k)−1ϕ(p)

⎞

⎠

×
⎛

⎝
∏

k∈V2

|pq(k)|
⎞

⎠
∏

(i,j)∈E(T2)

g(pi ,pj )
m2∏

i=1

ϕ(pi )

where T2 is a tree obtained from T1 by eliminating all vertices of V2 and all
edges starting from V2. In the above inequality we have used a relation

∏

k∈V1

|pq(k)| =
∏

k∈V2

|pk|d(k)−1.
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Repeating these treatments we have

∑

p1%0

∑

p2

· · ·
∑

pn

|αT (p1, · · · ,pn)|
n∏

i=1

ϕ(pi )

≤
∑

T ∈G(1,··· ,n): tree

∑

p1%0

|p1|d(1)ϕ(p1)

n∏

k=2

⎛

⎝
∑

p%0

|p|d(k)−1ϕ(p)

⎞

⎠ ,

where {d(1), · · · , d(n)} is a set of degrees of points {1, · · · , n} for tree T .
When a set of degrees of n vertices is given by {d(1), · · · , d(n)}, the

number of such trees is equal to

(
n− 2

d(1)− 1, · · · , d(n)− 1

)

= (n− 2)!
(d(1)− 1)! · · · (d(n)− 1)! .

Hence, we have

∑

A%0;|A|≥2

ϕ(A)
|αT (A)|
A! ≤

∞∑

n=2

⎛

⎝
∑

p%0

∞∑

d=0

|p|d
d! ϕ(p)

⎞

⎠

n

=
∞∑

n=2

⎛

⎝
∑

p%0

e|p|ϕ(p)

⎞

⎠

n

= O(d2
n) (n→∞).

q.e.d.
From this Lemma it follows that

∑

A∩
n �=∅
ϕ(A)

|αT (A)|
A! ≤ Cnα <∞

for some C > 0.
Now we can apply Lemma 3.1 to ϕ(A)χn(A)α(A) and obtain

Zn = exp

⎧
⎨

⎩

∑

A∩
n �=∅
ϕ(A)

αT (A)

A!

⎫
⎬

⎭
.
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4. Proof of result

We consider a signed volume process,

W�(A) =
∑

p

A(p)s(p)
�∑

u=1

vu(p), (� ∈ 
n)

and scale process X(n)t (A) defined by

X
(n)
t (A) =

W[nt ](A)
n

1
2α

, (0 < t < 1).

Proof of the Theorem 2.1
We consider a characteristic function ϕt1,··· ,tr (z1, · · · , zr ) of (X(n)t1 , · · · ,

X
(n)
tr
) (0 < t1 < · · · < tr < 1) given by

ϕt1,··· ,tr (z1, · · · , zr ) = En
[

exp

{

i

r∑

k=1

zkX
(n)
tk

}]

.

To prove the theorem we have only to show that

ϕt1,··· ,tr (z1, · · · , zr )→ exp

⎧
⎨

⎩
−1

2

r∑

k=1

r∑

�=1

zkz�

⎛

⎝b0(tk ∧ t�)+
m0−2∑

m=0

am

2
(t

2Hm
k

+ t2Hm� − |tk − t�|2Hm)
⎞

⎠

⎫
⎬

⎭
(n→∞).

Employing Lemma 3.4, we can apply Lemma 3.1 to ϕt1,··· ,tr (z1, · · · , zr )
and get

logϕt1,··· ,tr (z1, · · · , zr ) = i

c(n)

r∑

k=1

zk
∑

A∩
n �=∅
W[ntk ](A)ϕ(A)

αT (A)

A!

− 1

2c(n)2

r∑

k=1

r∑

�=1

zkz�
∑

A∩
n �=∅
W[ntk ](A)W[nt�](A)ϕ(A)

αT (A)

A!

− i

6c(n)3
∑

A∩
n �=∅

(
r∑

k=1

zkW[ntk](A)
)3

× exp

{

iθ
1

c(n)

r∑

k=1

zkW[ntk](A)
}

ϕ(A)
αT (A)

A! (5)

for some θ ∈ (0, 1).
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It follows from ± symmetry the first term of (5) becomes zero.
We shall prove that the second term of (5) converges to the covariance

terms of fractional Brownian motions.
To describe the second term more explicitly we introduce a functional

Zk(A) defined by

Zk(A) =
∑

p;k∈b(p)
A(p)s(p)vk(p)

and rewrite

Ik,� :=
∑

A∩
n �=∅
W[ntk ](A)W[nt�](A)ϕ(A)

αT (A)

A!

as

Ik,� =
[ntk]∑

j=1

[nt�]∑

p=1

∑

A∩
n �=∅
Zj(A)Zp(A)ϕ(A)

αT (A)

A! .

Lemma 4.2.

For any ξ ∈ (0, 1), we have the following relation if w = |j − p| > nξ
for sufficiently large n,

Îj,p : =
∑

A∩
n �=∅
Zj(A)Zp(A)ϕ(A)

αT (A)

A!

=
m0−2∑

m=0

Im(w) ·
(

1+O
(

1

nξ(1−α)

))

where

Im(w) = 2EmJmdm+2
n μ2

wα−(1−α)m
J0 = 1

Jm =
∫ ∫

0<x1,··· ,xm<1
x1+···+xm<1

1

xα1 x
α
2 · · · xαm(1− x1 − · · · − xm)α dx1 · · · dxm

×(1 ≤ m ≤ m0 − 2)

Em =
m0−(m+2)∑

k=0

(
2c

1− α
)k
.
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Proof.

Suppose that j < p. Contribution from terms for A in which a polymer
p1 ∈ suppA containing j is different from a polymer p2 ∈ supp A containing
p becomes zero from ± symmetry. So that we only consider terms in which
a polymer p0 ∈supp A contains both j and p.

Then we can decompose Îj,p into two terms,

Îj,p =
∑

A;∃p0∈suppA;
j,p∈b(p0), |A|=1

Zj(A)Zp(A)ϕ(A)
αT (A)

A!

+
∑

A;∃p0∈A;
j,p∈b(p0), |A|≥2

Zj(A)Zp(A)ϕ(A)
αT (A)

A! . (6)

We consider the first term of (6) where A is composed of a single
polymer p0.

First term of (6)

=
m0−2∑

m=0

2dm+2
n μ2E(n)m

∑

0<u1<···<um<w

1

uα1 (u2 − u1)
α · · · (um − um−1)

α(w − um)α

=
m0−2∑

m=0

2dm+2
n μ2E

(n)
m

wα−(1−α)m
· 1

wm

∑

0<u1<···<um<w

1

( u1
w
)α( u2

w
− u1

w
)α · · ·( um

w
− um−1

w
)α(1− um

w
)α

where

E(n)m =
m0−(m+2)∑

k=0

2k
(

dn

n∑

u=1

1

uα

)k

→ Em =
m0−(m+2)∑

k=0

2k
(

c

1− α
)k
. (7)

Remark that m is a number of points of b(p0) between j and p, and Em
is a contribution from points on the left-hand side of j and points on the
right-hand side of p .

From Lemma 3.2 we have

The first term of (6) =
m0−2∑

m=0

Im(w) ·
(

1+O( 1

nξ(1−α)
)

)

.

The second term of (6) can be estimated by Lemma 3.4 and the proof is
completed. (q.e.d.)

Now we shall apply Lemma 4.2 to Ik,�. Suppose that t� < tk . For sim-
plicity we use the notation an ∼ bn if an/bn→ 1 as n→∞.
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We decompose a domain of the sum for (j, p) into five regionsR1,∼, R5
given by

R1 = {(j, p); 1 ≤ j = p ≤ [nt�]},
R2 = {(j, p); 0 < |j − p| ≤ nξ , 1 ≤ p ≤ [nt�], 1 ≤ j },
R3 = {(j, p); 1 ≤ j, j + nξ < p ≤ [nt�]},
R4 = {(j, p); 1 ≤ p ≤ [nt�], j − [n(tk − t�)] < p ≤ j − nξ },
R5 = {(j, p); 1 ≤ p ≤ j − [n(tk − t�)], [n(tk − t�)] ≤ j ≤ [ntk] },

(See Fig. 3) and define Jk (k = 1, · · · , 5) by

Jk =
∑

(j,p)∈Rk
Îj,p.

First we consider a diagonal term J1,

J1 ∼ nt�
∑

A%0

Z0(A)
2ϕ(A)

αT (A)

A!
∼ μ2C2dn · nt�
= (μ2C2c) · t� · nα. (8)

We shall prove that J2 = o(nα). From the standard argument we have

|J2| ≤ 2nt�d
2
n · nξ ·

∑

A%0

ϕ(A)

dn
· |α

T (A)|
A!

≤ Cn2α−1+ξ

Fig. 3 R1 ∼ R5
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for some constant C > 0. Take a value of ξ satisfying 0 < ξ < 1 − α, then
J2 = o(dn).

Using Lemma 4.2 we decompose the main term of J3

J3 ∼
m0−2∑

m=0

J
(m)
3

where

J
(m)
3 =

[nt�]∑

w=1

([nt�] −w)Im(w).

Then we have,

J
(m)
3 ∼ 2EmJmdm+2

n μ2
[nt�]∑

w=1

([nt�] −w) 1

wα−(1−α)m

∼ 2EmJmdm+2
n μ2

(

nt�

∫ nt�

1
w(1−α)m−αdw −

∫ nt�

1
w(1−α)(m+1)dw

)

= 2EmJmcm+2μ2 · t
(1−α)(m+1)+1
�

(1− α)(m+ 1)((1− α)(m+ 1)+ 1)
· nα.

We define J (m)4 and J (m)5 in the same way as J (m)3 , then we have

J
(m)
4 ∼ 2EmJmcm+2μ2

(1− α)(m+ 1)
· t�(tk − t�)(1−α)(m+1) · nα

J
(m)
5 ∼ 2EmJmc

m+2μ2

{
t
(1−α)(m+1)+1
k − tk(tk − t�)(1−α)(m+1)

(1− α)(m+ 1)

− t
(1−α)(m+1)+1
k − (tk − t�)(1−α)(m+1)+1

(1− α)(m+ 1)+ 1

}

· nα.

Hence, we have

J
(m)
3 + J (m)4 + J (m)5

∼ 2EmJmc
m+2μ2

{
t
(1−α)(m+1)+1
k + t (1−α)(m+1)+1

� − |tk − t�|(1−α)(m+1)+1

(1− α)(m+ 1)((1 − α)(m + 1) + 1)

}

· nα.

Putting these estimates together we have the following proposition for the
second term of ϕt1,··· ,tr (z1, · · · , zr ).



Stock price process and long memory in trade signs 87

Proposition 4.3.

lim
n→∞

1

nα

r∑

k=1

r∑

�=1

zkz�
∑

A∩
n �=∅
W[ntk ](A)W[nt�](A)ϕ(A)

αT (A)

A!

=
r∑

k=1

r∑

�=1

zkz�

⎛

⎝b0(tk ∧ t�)+
m0−2∑

m=0

am · 1

2

(
t
(1−α)(m+1)+1
k + t(1−α)(m+1)+1

�

− |tk − t�|(1−α)(m+1)+1
)
⎞

⎠

where

b0 = μ2C2c

am = 2EmJmcm+2μ2

(1− α)(m+ 1)((1− α)(m+ 1)+ 1)
.

To complete the proof of the Theorem, we have only to prove that the
third term of (5) converges to 0 as n→∞.

As a first step, we have
|The third term of (5)|

≤ 1

6n
3
2 α

∑

A∩
n �=∅

(
r∑

i=1

zkW[nti ](A)
)2 r∑

u=1

|zj ||W[ntj ](A)|ϕ(A)
|αT (A)|
A!

≤ 1

6n
3
2 α

r∑

i,u,v=1

zizu|zv|
[nti ]∑

k=1

[ntu]∑

�=1

[ntv ]∑

j=1

∑

A∩
n �=∅
Zk(A)Z�(A)|Zj (A)|ϕ(A) |α

T (A)|
A! .

Lemma 4.4.

There exists C3 > 0 and the following relations hold,

(1)
∑

A∩
n �=∅
Zk(A)Z�(A)|Zj(A)|ϕ(A) |α

T (A)|
A!

≤ C3d
3
n

(�− k)α(j − �)α when k < � < j

(2)
∑

A∩
n �=∅
Zk(A)|Zj(A)|Z�(A)ϕ(A) |α

T (A)|
A!

≤ C3d
3
n

(j − k)α(�− j)α when k < j < �
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Proof of (1):
From ± symmetry we have only to consider a case that k and � are

contained in a polymer p0. Contribution from other terms in which a poly-
mer containing k is different from a polymer containing � becomes 0 from±
symmetry.

We decompose the left-hand side into two parts;

∑

A∩
n �=∅
Zk(A)Z�(A)|Zj(A)|ϕ(A) |α

T (A)|
A! = I1 + I2

where

I1 =
∑

∃p0∈suppA:|A|=1
k,�∈b(p0)

Zk(A)Z�(A)|Zj(A)|ϕ(A) |α
T (A)|
A!

I2 =
∑

∃p0∈suppA:|A|≥2
k,�∈b(p0)

Zk(A)Z�(A)|Zj(A)|ϕ(A) |α
T (A)|
A! .

As p0 contains k, �, and j in I1, in a similar way to the proof of
Lemma 3.4, we have

|I1| ≤ Cd3
n

(�− k)α(j − k)α
for some C > 0.

To obtain a bound for the second term I2 we consider a case that there
exists a chain of polymers {p1,p2, · · · ,pq−1} satisfying

j = p0 ∈ b(p0)

p1 ∈ b(p1) ∩ b(p2)

p2 ∈ b(p2) ∩ b(p3) · · · · · ·
pq−1 ∈ b(pq−1) ∩ b(p0)

(See Fig. 4). This chain of polymers connects j and k.
Note that pk−1 and pk ∈ b(pk), we define a vector wk by

wk = (pk−1, pk)
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Fig. 4 Chain of polymers connecting � and j

and define a probability intensity function f (wk) of the occurrence of wk by

f (wk) = 2
m0−2∑

m=0

dm+2
n Em

∑

0<u1,··· ,um
u1+···+um<ρk

1

uα1 · · · uαm(ρk − u1 − · · · − um)α

where ρk = |pk − pk−1|.
When ρk > nξ , in a similar way to Lemma 3.4, we have

f (wk) ≤ C4
d2
n

ραk
(9)

When ρk ≤ nξ , using an estimate

dn

nξ∑

t=1

1

tα
= O
(

1

n(1−ξ)(1−α)

)

we have the same inequality as (9).
For w = (p1, p3) we define a convolution of f (·) by

f ∗ f (w) =
∑

p2∈Z

f (w1)f (w2)

where w1 = (p1, p2),w2 = (p2, p3) and the sum runs over all p2 ∈ Z.
From (9) and a standard argument of calculus it follows that

f ∗ f (w) ≤ K2 · d3
n ·

1

wα
(10)

for some K > 0.
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Repeating this process we have

f ∗ · · · ∗ f
︸ ︷︷ ︸

q

(w) ≤ Kqdq+1
n · 1

|j − �|α (11)

where w = (j, �).
Hence a probability that j and � are connected by a chain of polymers is

bounded by

d2
n ·

1

|j − �|α
∞∑

q=1

Kqd
q−1
n = d2

n ·
1

|j − �|α ·
(

K +O
(

1

n1−α

))

.

Other cases are treated in a similar way. Hence we complete the proof of
(1) in lemma 4.4.

A proof of (2) is also obtained in a similar way to (1). (q.e.d. of
Lemma 4.4).

Now we shall prove that

I := 1

c(n)3

[nti ]∑

k=1

[ntu]∑

�=1

[ntv]∑

j=1

∑

A∩
n �=∅
Zk(A)Z�(A)|Zj(A)|ϕ(A) |α

T (A)|
A!

→ 0 (n→∞). (12)

1◦ First we consider a case k = � = j and consider I1 given by

I1 = 1

c(n)3

[nt ]∑

k=1

|Zk(A)|3ϕ(A) |α
T (A)|
A!

where t = min{ti , tu, tv}.
It follows from Lemma 3.4 that

|I1| ≤ K ′ 1

n
3
2α
· nt · μ3 · dn

= K ′ctμ3

n
1
2α

→ 0 (n→∞)

where K ′ > 0.
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2◦ Consider a case k = � �= j and consider I2 given by

I2 = 1

c(n)3

[nt ]∑

k=1

[ntv]∑

j=1

Z2
k (A)|Zj(A)|ϕ(A)

|αT (A)|
A!

where t = min{ti , tu}.
Using Lemma 4.2 we have

|I2| ≤ μ3

n
3
2α

[nt ]∑

w=1

([nt] −w) 1

wα
d2
n

≤ K ′′ · 1

n
1
2α
→ 0 (n→∞)

where K ′′ > 0.

3◦ Consider a case k < � < j , and consider I3 given by

I3 = 1

c(n)3

∑

1≤k<�<j≤[nt ]

∑

A∩
n �=∅
Zk(A)Z�(A)|Zj(A)|ϕ(A) |α

T (A)|
A!

where t = max{ti , tu, tv}.
Using Lemma 4.4 we have

|I3| ≤ C3d
3
n

n
3
2α

∑

1≤k<�<j≤[nt ]

1

(�− k)α(j − �)α

≤ constant

n
3
2α+3(1−α)

∑

1≤k<j≤[nt ]

1

|j − k|2α−1

= constant

n3− 3
2α

[nt ]∑

w=1

([nt] −w) 1

w2α−1

≤ constant · 1

n
1
2α
→ 0 (n→∞).

Other cases are treated in a similar way, and the proof of (12) is obtained.
Hence we complete the proof of Theorem 4.1.
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1. Introduction

In this paper we consider general nonconvex models of welfare economics
involving both private and public goods in infinite-dimensional spaces of
commodities. Models of this type have been well recognized from both theo-
retical and practical viewpoints. Despite a number of excellent works in this
area, there are great many of important unsolved problems some of which are
addressed in our study.

Recall that in general equilibrium theory a commodity is defined not only
by its physical properties but also by the date, the location, and the state
of its nature that precise conditions of its availability. The classical general
equilibrium theory deals with a finite number of commodities, which implies
that the economic activity extends over only finitely many dates, location, and
events. Such an assumption, contrary to the framework of many applied mod-
els particularly involving location, growth, and finance, dramatically limits
the scope of applications of the results obtained to understand the real eco-
nomic life.

Moreover, the physical property of a commodity can vary continuously
depending on some characteristics. In such dynamic settings, a commodity is
defined as a point in a space of characteristics describing, e.g., its location,
design, quality, functioning, etc. To give a solid foundation to analysis of
allocation over time or state of nature was the primary motivation for the
study of infinite-dimensional economies; see, e.g., the paper by Debreu and
Hildenbrand [11], which was one of the first to seriously address this and
related issues.

Our paper concerns the study of infinite-dimensional nonconvex eco-
nomic models from the viewpoint of Pareto optimality/efficiency. It has been
fully recognized that the concept of Pareto optimality and its variants play a
crucial role in equilibrium models to make the best decisions for competitive
economies; see, e.g., [2, 3, 9, 10, 17, 20, 31] with detailed discussions and
the references therein.

The classical (foundation) approach to the study of Pareto optimality in
models of welfare economics with only private goods and smooth data in
finite-dimensional spaces of commodities consists of reducing them to con-
ventional problem of mathematical programming and and the subsequent us-
age of first-order necessary optimality conditions involving Lagrange multi-
pliers; see Hicks [15], Lange [22], and Samuelson [33, 34]. It was shown in
this way that the marginal rates of substitution in consumption and produc-
tion sectors are identical at any Pareto optimal allocation of resources.

The underlying hypothesis in the foundation works on welfare economics
[15, 22, 33, 34] was the smoothness/differentiability of the production and
utility functions involved in the models. In the beginning of 1950s, Arrow
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[3] and Debreu [10] made the next crucial step in general equilibrium the-
ory considering models of welfare economics with possibly nonsmooth but
convex data in finite-dimensional commodity spaces. Based on the classical
separation theorem for convex sets, they established a key result called the
second fundamental theorem of welfare economics. This theorem, which is
a convex counterpart of the aforementioned result on the marginal rates of
substitution, states that any Pareto optimal allocation can be decentralized as
price equilibrium, i.e., it can be sustained by a nonzero price at which each
consumer minimizes his/her expenditure and each firm maximizes its profit.

The Arrow–Debreu decentralization approach to Pareto optimality has
played a profound role in general equilibrium theory and particularly in wel-
fare economics. On the other hand, the relevance of convexity hypotheses is
often doubtful in many applications, e.g., for practical models involving the
increasing return to scale in the production sector. In fact, it was observed by
Samuelson [34, pp. 231–232], even before the appearance the Arrow–Debreu
model, that the convexity assumptions are fulfilled “only be accident.”

In his pioneering study on price decentralization of Pareto optimal al-
locations in nonconvex economies with private goods, Guesnerie [14] im-
posed convexity assumptions not on the initial production and preference
sets, but on their tangential approximations via the Dubovitskii–Milyutin
cone of interior displacements. Starting with [14], the results of the second
welfare theorem type for nonconvex models are interpreted as marginal price
equilibria, where marginal prices at Pareto optimal allocations are formal-
ized via the corresponding normal cone that is dual/polar to the tangent cone
in question. Guesnerie’s approach to nonconvex welfare economics and its
elaborations are strongly based on the convexity assumption imposed on the
approximating tangent cone.

Further progress in this direction has been achieved by using Clarke’s
tangent cone in the Guesnerie scheme for various welfare models; see e.g., [6,
9, 21] and their references. An advantage of Clarke’s tangent cone is that it is
automatically convex, but a strong disadvantage comes from the fact that the
corresponding normal cone happens to be too large (often the whole space)
and thus does not allow us to bring useful information for marginal price
equilibria. These issues have been recognized and discussed by Khan [20].

Khan’s new approach to marginal price equilibria goes back, in a sense,
to the foundation works in welfare economics [15, 22, 34], which do not use
convex separation techniques but reduce the welfare model to an optimiza-
tion problem that contains at that time nondifferentiable data. He employs, in
the case of finite commodities, the metric approximation method developed
by Mordukhovich in nondifferentiable programming [26, 27] and arrived in
this way, under appropriate constraint qualifications, at the marginal price
equilibrium formalized via the Mordukhovich normal cone, which is much
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smaller than the Clarke one. Further results in this directions for various
models of welfare economics can be found in more recent publications
[4, 7, 12, 16–18, 23, 28, 29, 31, 37] and their references.

Concerning economies with public goods, the first fundamental result in
the “foundation” direction was obtained by Samuelson [35] who showed that
at Pareto optimal allocation the marginal rates of transformation of public
goods are equal to the sum of the individual marginal rates of substitution. Af-
ter more than decade from Samuelson’s result, Foley [13] and Milleron [25]
established appropriate versions of Arrow–Debreu second welfare theorem
for economies with public goods under convexity assumptions. More recent
results for nonconvex models of welfare economics involving public goods
were obtained in [19–21, 36, 37]; see also the references therein.

The main setting of this paper is a general model of nonconvex wel-
fare economics with public goods formulated in the framework of Asplund
commodity spaces; see Sect. 2 for mode details. We develop an approach to
the study of this model based on advanced tools of variational analysis and
generalized differentiation revolving around the extremal principle; see [30,
Chap. 2]. The latter fundamental principle (in its both approximate and exact
forms) provides, on one hand, necessary conditions for a certain extremal re-
lationship between closed sets while, on the other hand, can be treated as a
variational nonconvex counterpart of the classical separation principle in con-
vex analysis. This approach was suggested in [28] for welfare models with
only private goods and then developed in [4, 5, 23, 29, 31] and other pub-
lications. We also refer the reader to [7, 12, 16–18] and the bibliographies
therein for similar nonconvex separation ideas closely related to the extremal
principle. To some extent, this variational approach via the extremal principle
can be viewed as a common roof for the foundation ideas of using first-order
optimality conditions as well as for the Arrow–Debreu developments based
on convex separation. To the best of our knowledge, such an approach has
never been implemented in models of welfare economics with public goods,
even in the case of finite commodities.

Developing the variational lines of research, we derive in this paper sev-
eral new versions of the extended second welfare theorem for nonconvex
economies. We start with an approximate/fuzzy version of the second wel-
fare theorem for Pareto and weak Pareto optimal allocations, where marginal
prices are formalized via Fréchet/regular normals. Results of this type hold
under rather unrestrictive assumptions, but they apply merely to some sub-
optimal feasible allocations nearby the optimal ones. Imposing additional
“normal compactness” requirements on the sets involved in the model, we
arrive at an exact/pointwise version of the extended second-welfare theorem
with marginal prices formalized via the Mordukhovich normal cone. Further-
more, the usage of the advanced tools of generalized differential and of the
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associated variational techniques allows us to establish certain decentralized
versions of the marginal price results by employing some nonlinear prices.
Considering finally, strong Pareto optimal allocations, the notion introduced
by Khan [19] and largely underinvestigated in the literature, we obtain the
corresponding versions of the extended second welfare theorem for noncon-
vex economies with public goods in the absence of the conventional qualifi-
cation conditions needed for Pareto and weak Pareto optimal allocations.

The rest of the paper is organized as follows. In Sect. 2 we describe and
discuss a nonconvex model of welfare economics with both private and public
goods in infinite-dimensional commodity spaces. We also formulate general
qualification conditions employed in the paper for studying Pareto and weak
Pareto optimal allocations and present some sufficient conditions for their
fulfillment.

Section 3 contains required preliminaries from variational analysis and
generalized differentiation needed for deriving the main results of the paper
on the extended versions of the second welfare theorem, which are given in
the subsequent sections.

In Sect. 4 we first establish an approximate version of the second wel-
fare theorem with marginal prices formalized via the Fréchet normal cone
at Pareto and weak Pareto optimal allocations under the corresponding net
demand qualification conditions for nonconvex economies involving public
goods. After discussing some remarkable consequences of this result, we de-
rive its decentralized (Arrow–Debreu type) version by using nonlinear prices.
This is based on a smooth variational description of Fréchet normals.

Section 5 is devoted to exact versions of the second welfare theorem
for weak Pareto and Pareto optimal allocations under the so-called sequen-
tial normal compactness (SNC) conditions imposed on (some of) the sets in
question. Conditions of this type are automatic in finite dimensions and al-
ways hold for sets with certain Lipschitzian properties in infinite-dimensional
spaces and can be viewed as far-going extensions of the classical nonempty
interior property of convex sets; we do not require the latter even in convex
settings.

The final Sect. 6 concerns welfare economies with ordered commodity
spaces. First we establish the price positivity for such models under natural
assumptions of the desirability/free disposal type and then derive new results
on the fulfillment of an extended version of the second welfare theorem
specific for strong Pareto optimal allocations of convex and nonconvex
economies with private and public goods.

Our notation is basically standard in variational analysis and economic
modeling; cf. [20, 30, 31, 37]. Unless otherwise stated, the generic space
X under consideration is Banach with the norm ‖ · ‖ and the canonical
pairing 〈·, ·〉 between X and its topological dualX∗ endowed with the weak∗
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topology w∗. Recall that IB and IB∗ stand for the closed unit ball in X and
X∗, respectively; IN := {1, 2, . . .} is the collection of natural numbers. Given
a set-valued mapping F : X→→ X∗, denote by

Lim sup
x→x̄

F (x) :=
{
x∗ ∈ X∗

∣
∣
∣∃ sequences xk → x̄, x∗k

w∗→ x∗ as k→∞

with x∗k ∈ F(xk) for all k ∈ IN
}

(1.1)

the sequential Painlevé–Kuratowski outer/upper limit of F as x → x̄. Some
more specific symbols are defined in the text below.

2. Nonconvex economies with private and public goods

Let us first formulate a general and well-recognized by now model of wel-
fare economics with private and public goods; see, e.g., [20, 35]. This model
denoted by E involves two categories of commodities: private and public.
Consumption of the first type is exclusive, i.e., what is taken by one individ-
ual automatically becomes unavailable for all the others. In contrast, a good
is public if its consumption is identical across all the individuals. Mathemat-
ically this means that the commodity space E is represented as the product
of two spaces E = Eπ ×Eg, where Eπ stands for the commodity space per-
taining to private goods while Eg is the commodity space of public goods.

The consumption set for the ith consumer is given by a subset Ci of E
that describes those consumption bundles that can be realized. A consump-
tion plan for the ith consumer is a bundle x ∈ Ci . A consumption plan spec-
ifies some amount of goods and labor, which the ith consumer is able to
realize; thus the ith consumption set Ci ⊂ E is the collection of all these
consumption plans.

Production refers to a process by which certain commodities (inputs) are
transformed into different ones (outputs). A production plan for the j th firm,
denoted by yj ∈ E, specifies the amount of inputs that are required to obtain
some outputs. A production set for the j th firm, denoted by Sj ⊂ E, is
the collection of all the production plans that are possible for the j th firm
according to the technological knowledge available to it.

2.1. The model

The economy E under consideration consists of n ∈ IN consumers with the
corresponding consumption sets Ci = Ciπ × Cig as i = 1, . . . , n, where

Ciπ ⊂ Eπ and Cig ⊂ Eg, and m ∈ IN production sets Sj ⊂ E = Eπ ×Eg as



Extended second welfare theorem 99

j = 1, . . . ,m. We suppose for simplicity that Cig = Cg for all i = 1, . . . , n,
i.e., everyone in the consumer sector chooses the same consumer bundles xg
of public goods and different bundles of private goods. The results of this
paper show, in particular, that each consumer faces different prices for public
goods but the same price for all the private goods of the economy.

For each consumer i ∈ {1, . . . , n} we have the preference set

P i(x) = P iπ (xπ)× P ig(xg) ⊂ Ciπ × Cig
defined as the collection of all elements in Ci preferred to xi by this con-
sumer at the consumption plan x = (xi | i = 1, . . . , n). It follows from the
definition that xi /∈ P i(x) for all i = 1, . . . , n. In an economy with public
goods it is natural to assume that at least one individual desires the public
good, i.e., P ig(xg) �= ∅ for the corresponding index i. For convenience we put

clP i(x) = {xi} if P i(x) = ∅. Observe that we do not use utility functions to
describe preference sets and also do not impose any preordering and/or other
conventional assumptions of welfare economics.

Let us finally consider a general net demand constraint set W = Wπ ×
Wg ⊂ E allowing us to describe market constraints of the economy and unify
some conventional situations in economic modeling; cf. [28, 31] for welfare
economies with only private goods. In the classical “markets clear” setting
we have W = (ω, 0), where ω ∈ Wπ is an aggregate initial endowment of
scarce resources and 0 ∈ Wg means that there is no endowment of public
goods. Another conventional situation corresponding to the so-called “im-
plicit free disposal” of private commodities is modeled by Wg = {0} and
Wπ := ω − (Eπ)+, where (Eπ)+ stands for the closed positive cone of an
ordered private commodity space Eπ ; see, e.g., [9, 20]. In general the net
demand set W describes natural situations that may happen when the initial
aggregate endowment is not exactly known due to, e.g., incomplete informa-
tion. The latter particularly reflects uncertainties in economic modeling.

Next we define the notions of feasible allocations for the economy E un-
der consideration.

Definition 2.1 (feasible allocations). We say that (x, y) ∈ ∏ni=1 C
i ×∏m

j=1 S
j is a FEASIBLE ALLOCATION of E if the market constraint

n∑

i=1

(
xiπ, xg

)−
m∑

j=1

yj ∈ W (2.1)

is satisfied with the given net demand constraint setW .

The main goal of this paper is to study the following Pareto-type notions
of optimal allocations for E from the viewpoint of deriving necessary
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optimality conditions for them, which provide in fact extended versions
of the second welfare theorem for economies with (private and) public
goods.

Definition 2.2 (Pareto-type optimal allocations). Let (x̄, ȳ) be a feasible
allocation of the economy E with the local satiation property

x̄i ∈ clP i(x̄) for all i = 1, . . . , n. (2.2)

Then we say that:

(i) (x̄, ȳ) is a WEAK PARETO OPTIMAL ALLOCATION of E if for any feasi-
ble allocation (x, y) of E we have the relationships:

xi /∈ P i(x̄) for some index i ∈ {1, . . . , n}. (2.3)

(ii) (x̄, ȳ) is a PARETO OPTIMAL ALLOCATION of E if for any feasible allo-
cation (x, y) of E we have the relationships:

either xi /∈ clP i(x̄) for some i ∈ {1, . . . , n} or xi /∈ P i(x̄)
for all i = 1, . . . , n. (2.4)

(iii) (x̄, ȳ) is a STRONG PARETO OPTIMAL ALLOCATION of E if for any fea-
sible allocation (x, y) with x �= x̄ we have

xi /∈ clP i(x̄) for some i ∈ {1, . . . , n}. (2.5)

It is clear that (iii)=⇒(ii)=⇒(i) but not vice versa. Note the notions of
Pareto and weak Pareto optimal allocations are conventional in welfare eco-
nomics. The notion of strong Pareto optimal allocations was introduced by
Khan [19] and then was studied, e.g., in [4, 5, 20, 23, 29, 31], particularly for
economies with only private goods.

We can naturally define appropriate local versions of the above Pareto-
type optimal allocations, but in this paper we confine ourselves with the
study of the (global) versions from Definition 2.2. In the recent paper [4]
the reader can find more discussions on the relationships between local and
global Pareto-type notions and the corresponding versions of the extended
second welfare theorem for economies with only private goods.

2.2. Qualification conditions

We formulate and discuss here the mild qualification conditions introduced
in [28] and then used in [23, 29, 31] for studying Pareto and weak Pareto
optimal allocations of welfare economies with only private goods.
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Definition 2.3 (net demand qualification conditions). Let (x̄, ȳ) be a fea-
sible allocation of the economy E , and let

w̄ :=
n∑

i=1

(
x̄iπ , x̄g

)−
m∑

j=1

ȳj . (2.6)

Given ε > 0, consider the set

(ε :=
n∑

i=1

[
clP i(x̄)∩(x̄i+εIB)]−

m∑

j=1

[
cl Sj∩(ȳj+εIB)]−clW∩(w̄+εIB)

(2.7)
and say that:

(i) The NET DEMAND WEAK QUALIFICATION (NDWQ) CONDITION holds
at (x̄, ȳ) if there are a number ε > 0 and a sequence {ek} ⊂ E with
ek → 0 as k→∞ such that

(ε + ek ⊂
n∑

i=1

P i(x̄)−
m∑

j=1

Sj −W for all large k ∈ IN. (2.8)

(ii) The NET DEMAND QUALIFICATION (NDQ) CONDITION holds at (x̄, ȳ)
if there are a number ε > 0, a sequence {ek} ⊂ E with ek → 0 as
k→∞, and a consumer index i0 ∈ {1, . . . , n} such that

(ε + ek ⊂ P i0 (x̄)+
n∑

i �=i0
clP i(x̄)−

m∑

j=1

Sj −W for all large k ∈ IN.
(2.9)

Since we obviously have the inclusion

n∑

i=1

P i(x̄) ⊂ P i0 (x̄)+
n∑

i �=i0
clP i(x̄),

the NDWQ condition implies the NDQ one while, as it is easy to see, not
vice versa. Note that for economies with only private goods and markets
clear constraints – i.e., when W = (ω, 0) ∈ Eπ × Eg in (2.1) – the NDQ
condition was defined and applied in [17, 18] with discussing sufficient con-
ditions for its validity that cover those from [6, 9] and other publications.
Some extension of the NDQ condition has been recently introduced in [16]
for private good economies; see also [4, 5] for further extensions and more
discussions. In [13, 19–21, 25, 35, 36] the reader can find qualification con-
ditions for economies with public goods implying the NDQ condition from
Definition 2.3.
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Observe that the NDQ condition is designed to handle Pareto optimal
allocations of welfare economies while the NDWQ one is more appropri-
ate for the study of weak Pareto optimality; see below. We refer the reader
to [4, 5, 12] for some specifications of the NDWQ condition for weak Pareto
optimal allocations and their relationships with Mas-Collel’s uniform proper-
ness [24] and its modifications for economies with private goods.

To present next verifiable conditions ensuring the NDQ and NDWQ ones,
we recall an important property of sets broadly used in the paper. A nonempty
subset � ⊂ X of a normed space is epi-Lipschitzian around x̄ ∈ cl� (in the
sense of Rockafellar [32]) if there are neighborhoodsU of x̄ andO of 0 ∈ X,
a number γ > 0, and a vector c ∈ X such that

� ∩ U + tO ⊂ �+ tc for all t ∈ (0, γ ). (2.10)

If the set � is closed around x̄, property (2.10) with c �= 0 is equivalent to
a local homeomorphic representation of � via the epigraph of a real-valued
Lipschitz continuous functions; that as where the name comes from. It is
worth mentioning that the closure of� is epi-Lipschitzian around x̄ ∈ cl� if
the set � enjoys this property around this point, but not vice versa. Further-
more, a convex set � is epi-Lipschitzian around each of its point if and only
if int� �= ∅; see, e.g., [30, Proposition 1.25].

The following proposition gives sufficient conditions for the fulfillment
of the NDWQ and NDQ properties of Definition 2.3.

Proposition 2.4 (sufficient conditions for the validity of net demand con-
straint qualifications). Let (x̄, ȳ) be a feasible allocation of the economy E
with public goods defined above. The following assertions holds:

(i) Assume that the sets Sj , j = 1, . . . ,m, and W are closed around the
points ȳj and w̄ from (2.6), respectively. Then the NDQ condition is
satisfied at (x̄, ȳ) if there are ε > 0, i ∈ {1, . . . , n}, and a desirability
sequence {eik} ⊂ E with eik → 0 as k→∞ such that

clP i(x̄) ∩ (x̄i + εIB) + eik ⊂ P i(x̄) for all large k ∈ IN. (2.11)

Moreover, the NDWQ condition is satisfied at (x̄, ȳ) if a desirability
sequence {eik} in (2.11) exists for each i ∈ {1, . . . , n} with some ε > 0.

(ii) Assume that x̄i ∈ clP i(x̄) for all i ∈ {1, . . . , n}. Then the NDWQ con-
dition is satisfied at (x̄, ȳ) if the set

� :=
n∑

i=1

P i(x̄)−
m∑

j=1

Sj −W (2.12)

is epi-Lipschitzian at 0 ∈ cl�. It happens, in particular, when either one
among the sets P i(x̄) for i = 1, . . . , n, Sj for j = 1, . . . ,m, andW or
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some of their partial combinations in (2.12) is epi-Lipschitzian around
the corresponding point.

(iii) Assume that n > 1. The NDQ condition is satisfied at (x̄, ȳ) if there is a
consumer i0 ∈ {1, . . . , n} such that P i0 (x̄) �= ∅ and the set

 :=
∑

i �=i0
clP i(x̄) (2.13)

is epi-Lipschitzian at the point
∑
i �=i0 x̄

i . It happens, in particular, when

either one among the sets P i(x̄) for i ∈ {1, . . . , n} \ {i0} or some of
their partial combinations in (2.13) is epi-Lipschitzian around the cor-
responding point.

Proof. Similar to that in [31, Proposition 8.4] for economies with private
goods. (

Note that condition (2.11) is a direct generalization of the desirability
direction condition in [24], which is related to the classical “more is better”
assumption for convex economies with only private goods and commodity
spaces ordered by their closed positive cones having nonempty interiors.
Furthermore, it is important to observe that we do not need to impose any
assumption on the preference and/or production sets for the validity of both
qualification conditions in Definition 2.3 if the net demand constraint set W
is epi-Lipschitzian around w̄; this easily follows from Proposition 2.4(ii).
The latter covers, in particular, the case of free-disposal Pareto optimum; see,
e.g., [9, 20].

3. Tools of variational analysis

This section contains some constructions and preliminary results from vari-
ational analysis and generalized differentiation that are widely used in this
paper to derive extended versions of the second welfare theorem in noncon-
vex economies with public goods. We mostly follow the book [30], where the
reader can find all the proofs and more discussions.

3.1. Generalized normals

We start with constructions of generalized normals to subsets of Banach
spaces.

Definition 3.1 (generalized normals to sets). Let � be a nonempty subset
of E.
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(i) Given x ∈ � and ε ≥ 0, the SET OF ε-NORMALS to � at x ∈ � is
defined by

N̂ε(x;�) :=
{
x∗ ∈ E∗

∣
∣
∣ Lim sup

u
�→x

〈x∗, u− x〉
‖u− x‖ ≤ ε

}
, (3.1)

where Limsup stands for the Painlevé–Kuratowski outer limit (1.1) and

where the symbol u
�→ x means that u→ x with u ∈ �. When ε = 0 in

(3.1), the cone N̂(x;�) := N̂0(x;�) is called the FRÉCHET NORMAL

CONE to � at x.
(ii) Given x̄ ∈ �, the outer limit

N(x̄;�) := Lim sup
x
�→x̄
ε↓0

N̂ε(x;�) (3.2)

is called the M(ORDUKHOVICH)-NORMAL CONE to � at x̄.

Note that construction (3.1) with ε = 0 is also known in the literature as
the prenormal or regular normal cone while (3.2) as basic or limiting normal
cone. If � is locally closed around x̄ and the space E is Asplund (i.e., each
of its separable subspace has a separable dual), then the normal cone (3.2)
admits the simplified representation

N(x̄;�) := Lim sup
x
�→x̄

N̂ (x;�). (3.3)

The class of Asplund spaces is sufficiently large including, in particular, every
reflexive Banach space and every space with a separable dual; see [30] for
more details and references. If E = IRn and � is locally closed around x̄,
representation (3.3) is equivalent to the original definition in [26] given by

N(x̄;�) = Lim sup
x→x̄

[
cone
(
x −�(x;�))] (3.4)

via the Euclidean projector �(x;�) of x on �, where the symbol ‘cone’
signifies the conic hull spanned on the set in question.

In the case of convex sets we have the following representations of gen-
eralized normals from Definition 3.1 showing, in particular, that both cones
N̂(x̄;�) andN(x̄;�) under consideration extend the classical one in convex
analysis.

Proposition 3.2 (normals to convex sets). Let � be convex. Then given
arbitrary x̄ ∈ � and ε ≥ 0, we have

N̂ε(x̄;�) = N̂(x̄;�)+ εIB∗ =
{
x∗ ∈ E∗∣∣ 〈x∗, x − x̄〉
≤ ε‖x − x̄‖ for all x ∈ �} , (3.5)
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which implies the representations

N̂(x̄;�) = N(x̄;�) = {x∗ ∈ E∗∣∣ 〈x∗, x − x̄〉 ≤ 0 for all x ∈ �} (3.6)

Note that in the general nonconvex case the first equality of (3.5) is re-
placed by

N̂ε(x̄;�) ⊃ N̂(x̄;�)+ εIB∗, ε > 0.

In what follows we also employ the following useful formulas for repre-
senting generalized normals to products of arbitrary sets.

Proposition 3.3 (normal cones to products of sets). Let�i ⊂ Ei , i = 1, 2,
be nonempty subsets of Banach spaces, and let x̄ = (x̄1, x̄2) ∈ �1 × �2.
Then we have

N̂(x̄;�1 ×�2) = N̂(x̄1;�1)× N̂(x̄2;�2),

N(x̄;�1 ×�2) = N(x̄1;�1)×N(x̄2;�2).

The next important results taken from [30, Theorem 1.30] provide smooth
variational representations of Fréchet normals that play a crucial role in non-
linear price descriptions of decentralized equilibria in the extended second
welfare theorems for economies with public good established in this paper.
Note that assertion (i) of Theorem 3.4 below holds in arbitrary Banach space,
while assertion (ii) gives an essentially stronger description of Fréchet nor-
mals under an additional geometric assumption on the space in question.

Recall that a Banach space E is Fréchet smooth if there is an equivalent
norm on E that is Fréchet differentiable at any nonzero point. In particu-
lar, every reflexive space is Fréchet smooth. Observe also that every Fréchet
smooth space is Asplund, and hence we can use formula (3.3) for represent-
ing our basic normals.

Theorem 3.4 (smooth variational descriptions of Fréchet normals). Let
� be a nonempty subset of a Banach space E, and let x̄ ∈ �. The following
assertions hold:

(i) Given x∗ ∈ E∗, assume that there is a function s : U → IR de-
fined on a neighborhood of x̄ and Fréchet differentiable at x̄ such that
∇s(x̄) = x∗ and s(x) achieves a local maximum relative to � at x̄. Then
x∗ ∈ N̂(x̄;�). Conversely, for every x∗ ∈ N̂(x̄;�) there is a function
s : E → IR such that s(x) ≤ s(x̄) = 0 whenever x ∈ � and that s(·) is
Fréchet differentiable at x̄ with ∇s(x̄) = x∗.

(ii) Assume that E is Fréchet smooth. Then for every x∗ ∈ N̂(x̄;�) there is
a concave Fréchet differentiable function s : E → IR that achieves its
global maximum relative to � uniquely at x̄ and such that ∇s(x̄) = x∗.
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One of the major features of theM-normal cone (3.2) is its nonconvexity,
even in the case of rather simple nonconvex sets in finite dimensions, e.g.,
when � is either the graph of the function |x| at (0, 0) ∈ IR2 or the epi-
graph of the function −|x| at the origin. This does not allows us to employ
conventional techniques of convex and ‘convexified’ analysis, mainly based
on convex separation theorems and related results, to the study and applica-
tions of the M-normal cone and the associated constructions for functions
and (single-valued and set-valued) mappings. Also the nonconvexity of (3.2)
indicates that this normal cone is not dual/polar to any tangent cone, since
polarity always implies convexity. Nevertheless, the M-normal cone and the
corresponding subdifferential and coderivative constructions enjoy full cal-
culus and other nice properties crucial in applications, mainly in the general
framework of Asplund spaces; see [30, 31] and the references therein. These
phenomena are based on advanced variational/extremal principles of modern
variational analysis.

In the next subsection we present the basic extremal principle in Asplund
space used in this paper for deriving extended versions of the second wel-
fare theorem for nonconvex economies with infinite commodities and public
goods.

3.2. Extremal principle

First we present and briefly discuss the required definitions and then formu-
late the underlying results on the extremal principle. The reader can find full
proofs, more discussions, and references in [30, Chap. 2] and the commen-
taries therein.

Definition 3.5 (local extremal points). Let �1, . . . , �n with n ≥ 2 be
nonempty subsets of a normed space E. We say that x̄ ∈ ∩ni=1�i is a LO-
CAL EXTREMAL POINT of the set system {�1, . . . , �n} if there are sequences
{aki } ⊂ E, i = 1, . . . , n, and a neighborhood U of x̄ such that aki → 0 as
k →∞ and that

n⋂

i=1

(�i − aki ) ∩ U = ∅ for all large k ∈ IN.

The system of sets having at least one local extremal point is called an EX-
TREMAL SYSTEM.

As shown in [30, 31] and their references, the concept of set extremality
encompasses various notions of optimal solutions to problems of scalar and
vector/multiobjective optimization. On the other hand, a number of nonvari-
ational issues (e.g., calculus rules, stability, etc.) reduce to extremal systems
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of sets by using a variational approach. In this paper we show that the above
notions of Pareto optimal allocations in economies with public goods can be
reduced to extremal points of appropriate set systems under the imposed net
demand qualification conditions for the cases Pareto and weak Pareto optimal
allocations and with no such conditions for strong Pareto ones.

The next theorem contains two versions of the extremal principle used in
what follows. The first version is approximate, which does not require any
extra assumptions but expresses the result in terms of Fréchet normals to the
sets �i at points nearby the local extremal one. The second version provides
an exact extremality condition formulated via theM-normal cone at the local
extremal point in question under certain additional assumptions on the sets
�i . These assumptions are automatic in finite dimensions while imposing a
sufficient amount of “normal compactness” in infinite-dimensional spaces.
In the sequel we use the following condition, perhaps the weakest one of this
type needed for general systems of sets.

Definition 3.6 (sequential normal compactness). Let � ⊂ E1 × E2 be a
set in the product of two normed spaces . We say that:

(i) � is SEQUENTIALLY NORMALLY COMPACT (SNC) at x̄ ∈ � if for any
sequences εk ↓ 0, xk → x̄ with xk ∈ � satisfying

(x∗1
k , x

∗2
k ) ∈ N̂εk (xk;�) for all k ∈ IN

we have the implication

(x∗1
k , x

∗2
k )

w∗→ (0, 0) =⇒ ‖(x∗1
k , x

∗2
k )‖ → 0 as k→∞.

(ii) � is PARTIALLY SNC (PSNC) at x̄ with respect to the first component
if for any sequences (εk, xk, x∗1

k , x
∗2
k ) from (i) we have the implication

[
x∗1
k

w∗→ 0, ‖x∗2
k ‖ → 0

] =⇒ ‖x∗1
k ‖ → 0 as k→∞.

(iii) � is STRONGLY PSNC at x̄ with respect to the first component if for
any sequences (εk, xk, x∗1

k , x
∗2
k ) from (i) we have the implication

[
(x∗1
k , x

∗2
k )

w∗→ (0, 0)
] =⇒ ‖x∗1

k ‖ → 0 as k→∞.
If � is a locally closed subset of an Asplund space, we can equivalently

put εk ≡ 0 in all the relationships of Definition 3.6. Observe that, besides
sets in finite-dimensional spaces, the SNC property holds for any subset of a
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Banach space that is compactly epi-Lipschitzian (CEL) around x̄ ∈ � in the
sense of of Borwein and Strójwas [8], which means that a singleton {c} in
definition (2.10) of the epi-Lipschitzian property is replaced by some com-
pact set C ⊂ E. More subtle conditions of the Lipschitzian type ensuring the
PSNC and strong PSNC properties can be found in [30].

Now we are ready to formulate both approximate and exact versions of
the extremal principle proved in [30, Theorem 2.20 and Theorem 2.22], re-
spectively.

Theorem 3.7 (extremal principle in Asplund spaces). Let x̄ be a local
extremal point of the set system {�1, . . . , �n} in an Asplund spaceE. Assume
that all the sets�i are locally closed around x̄. Then the following assertions
hold:

(i) For any ε > 0 there are xi ∈ �i ∩ (x̄ + εIB) and x∗i ∈ E∗ satisfying the
relationships

x∗i ∈ N̂(xi;�i)+ εIB∗ for all i = 1, . . . , n, (3.7)
n∑

i=1

x∗i = 0, (3.8)

n∑

i=1

‖x∗i ‖ = 1. (3.9)

(ii) In addition to the assumptions above, suppose that all but one of the sets
�i as i = 1, . . . , n are SNC at x̄. Then there areM-normals

x∗i ∈ N(x̄;�i) for all i = 1, . . . , n (3.10)

satisfying the relationships in (3.8) and (3.9).

It is easy to see from Proposition 3.2 that for the case of two convex sets
�1 and �2 relationships (3.8)–(3.10) of the exact extremal principle reduce
to conventional convex separation theorem, where the SNC requirement im-
posed on one of the sets is a far-going extension of the classical interiority
condition, even in the case of convexity. Relationships (3.7)–(3.9) of the ap-
proximate extremal principle can be treated as a nonconvex counterpart of
the celebrated Bishop–Phelps density theorem for convex sets with empty
interiors; see [30, Sect. 2.1] for more discussions.

Combining these observations with the fact that the extremal principle
gives necessary conditions for set extremality and thus can be considered an
“extended Lagrange multipliers rule,” our extremal principle approach to the
second welfare theorem provides a unification of the classical foundation ap-
proach and the Arrow–Debreu separation/decomposition approach to welfare
economics in general nonconvex and nonsmooth settings.
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4. Approximate versions of the extended second welfare
theorem for economies with public goods

In this section we derive necessary optimality conditions for Pareto and weak
Pareto optimal allocations of welfare economies with public goods given in
certain approximate forms under the underlying NDQ and NDWQ qualifica-
tion conditions. The essence of such results, which provide extended versions
of the second welfare theorem for convex and nonconvex economies, is that
their formulations involve not only the optimal allocation in question, but also
feasible allocations nearby. The results obtained in approximate forms hold
with no extra assumptions on the initial data in infinite-dimensional commod-
ity spaces.

We present two versions of the approximate second welfare theorem for
economies with public goods mentioned in Sect. 1. Let us start with the first
version, where (linear) marginal prices are formalized via Fréchet normals.
The results are given and proved in a parallel way for Pareto and weak Pareto
optimal allocations.

Theorem 4.1 (extended second welfare theorem via approximate
marginal prices). Let (x̄, ȳ) be a Pareto (resp. weak Pareto) optimal
allocation of the economy E with public goods. Assume that the com-
modity space E is Asplund and that the NDQ (resp. NDWQ) condition
is satisfied at (x̄, ȳ). Then given any ε > 0, there are a commodity bun-
dle (x, y,w) ∈ ∏ni=1 clP i(x̄) × ∏mj=1 cl Sj × clW as well as marginal

prices (p∗π , p∗g) ∈ E∗π × E∗g and p∗ig ∈ E∗g for i = 1, . . . , n satisfying the
relationships:

n∑

i=1

pi∗g = p∗g, (4.1)

−(p∗π , p∗ig ) ∈ N̂
(
xi; clP i(x̄)

)+ εIB∗, xi ∈ x̄i + εIB, i = 1, . . . , n,
(4.2)

(p∗π , p∗g) ∈ N̂(yj ; clSj )+ εIB∗, yj ∈ ȳj + εIB, j = 1, . . . ,m, (4.3)

(p∗π , p∗g) ∈ N̂(w; clW) + εIB∗, w ∈ w̄ + εIB, (4.4)

1− ε/2 ≤ max
{‖(p∗π , p∗ig )‖i∈{1,...,n}, ‖p∗g‖

} ≤ 1+ ε/2 (4.5)

Proof. Define the product space X := En+m+1 equipped with the sum norm
∥
∥(x1, . . . , xn+m+1)

∥
∥ := ‖x1‖ + . . .+ ‖xn+m+1‖.

In this case the corresponding dual norm on X∗ is given by
∥
∥(x∗1 , . . . , x

∗
n+m+1)

∥
∥ = max

{‖x∗1‖, . . . , ‖x∗n+m+1‖
}
. (4.6)

Observe that the space X is Asplund as a product of Asplund spaces.
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To prove both results formulated in the theorem (for Pareto and weak
Pareto optimal allocations), we use the approximate extremal principle in
the Asplund space X applied to the system of the two closed sets defined as
follows:

�1 : =
n∏

i=1

[
clP i(x̄) ∩ (x̄i + εIB)

]
×

m∏

j=1

[
cl Sj ∩ (ȳj + εIB)

]

× [clW ∩ (w̄ + εIB)] , (4.7)

�2 : =
⎧
⎨

⎩
(x, y,w) ∈ X∣∣

n∑

i=1

(
xiπ , xg

)−
m∑

j=1

yj −w = 0

⎫
⎬

⎭
. (4.8)

Let us check that (x̄, ȳ, w̄) is an extremal point of the set system {�1,�2}
defined in (4.7) and (4.8). Indeed, we have by (2.1) and (2.2) that (x̄, ȳ, w̄) ∈
�1 ∩�2. It remains to show that there is a sequence {ak} ⊂ X with ak → 0
as k→∞ such that

(�1 − ak) ∩�2 = ∅ (4.9)

in the case of the Pareto (resp. weak Pareto) optimal allocation (x̄, ȳ) of E
under the fulfillment of the NDQ (resp. NDWQ) qualification requirements
from Definition 2.3.

Let ε > 0 and {ek} ⊂ E be such that the corresponding condition (2.8)
and (2.9) is satisfied. Form a sequence {ak} ⊂ X by

ak := (0, . . . , 0, ek) for all k ∈ IN (4.10)

and get by construction that ak → 0 as k → ∞. Arguing by contradiction,
suppose that relationship (4.9) does not hold along a subsequence of k→∞.
Then we find triples (xk, yk,wk) ∈ �1 such that (xk, yk,wk)− ak ∈ �2 for
the corresponding numbers k ∈ IN . It follows from the constructions in (4.7),
(4.8), and (4.10) that

xki ∈ clP i(x̄) ∩ (x̄i + εIB), i = 1, . . . , n,

ykj ∈ clSj ∩ (ȳj + εIB), j = 1, . . . ,m,

wk ∈ clW ∩ (w̄ + εIB), and
n∑

i=1

(
xkiπ , x

k
g

)−
m∑

j=1

ykj − wk + ek = 0 (4.11)

for k ∈ IN sufficiently large. Comparing (4.11) with (2.8), we have

0 ∈
n∑

i=1

P i(x̄)−
m∑

j=1

Sj −W,
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which contradicts the weak Pareto optimality of the allocation (x̄, ȳ). The
comparison of (4.11) with (2.9) gives us the inclusion

0 ∈ P i0 (x̄)+
n∑

i �=i0
clP i(x̄)−

m∑

j=1

Sj −W, (4.12)

which contradicts the Pareto optimality of (x̄, ȳ). Thus (x̄, ȳ, w̄) is an ex-
tremal point of the set system {�1,�2} in both cases under consideration.

Applying the extremal principle from assertion (i) of Theorem 3.7 to
the system {�1,�2} at (x̄, ȳ, w̄), for any ε > 0 we find elements u =
(x1, . . . , xn, y1, . . . , ym,w) ∈ �1, v ∈ �2, x∗ ∈ X∗ with ‖x∗‖ = 1, and

u∗ ∈ N̂(u;�1), v∗ ∈ N̂(v;�2) (4.13)

satisfying the relationships

x∗ − u∗ ∈ (ε/2)IB∗, −x∗ − v∗ ∈ (ε/2)IB∗,
xi ∈ x̄i + (ε/2)IB for i = 1, . . . , n,

yj ∈ ȳj + (ε/2)IB for j = 1, . . . ,m,

w ∈ w̄ + (ε/2)IB, and

1− ε/2 ≤ ‖v∗‖ ≤ 1+ ε/2, ‖v∗ + u∗‖ ≤ ε. (4.14)

Since the set �2 in (4.8) is a linear subspace of X, we get by (3.6) and the
choice of (v, v∗) in (4.13) the equality

〈v∗, θ〉 = 〈v∗, v〉 for all θ ∈ �2. (4.15)

Let us now show that there are prices p∗π ∈ E∗π and p∗ig ∈ E∗g for i =
1, . . . , n such that the vector v∗ in (4.15) admits the representation

v∗ =
(
(p∗π , p∗1

g ), . . . , (p
∗
π , p

∗n
g ),−(p∗π , p∗g), . . . ,−(p∗π , p∗g),

−(p∗π , p∗g)
)
, (4.16)

where p∗g is given by (4.1). Indeed, writing v∗ ∈ (En+m+1)∗ as

v∗ = ((x∗1
π , x

∗1
g ), . . . , (x

∗n
π , x

∗n
g ), (y

∗1
π , y

∗1
g ), . . . , (y

∗m
π , y

∗m
g ), (w

∗
π ,w

∗
g)
)
,

(4.17)

it is not hard to observe from (4.15) and the structure of the set �2 in (4.8)
that
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n∑

i=1

〈x∗ig , z〉 + 〈w∗g, z〉 = 0,

〈x∗iπ , z〉 + 〈y∗jπ , z〉 = 0, 〈x∗iπ , z〉 + 〈w∗π , z〉 = 0

for all i = 1, . . . , n and j = 1, . . . ,m

whenever vector z ∈ Eg is chosen. The latter clearly gives that

w∗g = −
n∑

i=1

x∗ig and x∗iπ = −y∗jπ = −w∗π for all such i, j. (4.18)

In the same way we get that

n∑

i=1

〈x∗ig , z〉 + 〈y∗jg , z〉 = 0 for all j ∈ {1, . . . ,m} and z ∈ Eg,

which implies the relationships

y
∗j
g = −

n∑

i=1

x∗ig as j = 1, . . . ,m. (4.19)

Taking into account that x∗iπ , y∗jπ , and y∗jg are in fact independent of i and j
by (4.18) and (4.19), respectively, and denoting

p∗π := x∗iπ , p∗g := y∗jg , and p∗ig := x∗ig for i = 1, . . . , n,

we get from (4.17), (4.18), and (4.19) the claimed representation (4.16) of the
normal vector v∗ from (4.18), where the public goods price p∗g satisfies (4.1).

It follows from the first relationship in (4.14), representation (4.16), and
the form of the dual norm (4.6) that the nontriviality estimates in (4.5) hold.
From the second relationship in (4.14) we further get that

−v∗ ⊂ u∗ + (ε/2)IB∗ ⊂ N̂(u;�1)+ εIB∗,
which implies by (4.16) that

−v∗ = (− (p∗π , p∗1
g ), . . . ,−(p∗π , p∗ng ), (p∗π , p∗g), . . . , (p∗π , p∗g), (p∗π , p∗g)

)

∈ N̂(u;�1)+ εIB∗.
Employing the first product formula in Proposition 3.3 to the set �1 in
(4.7) and observing that all the above triples (xi, yj ,w) belong to the
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corresponding ε-neighborhoods of the optimal one (x̄, ȳ, w̄), we conclude
from the latter inclusion that all the relationships in (4.2)–(4.4) are satisfied,
which completes the proof of the theorem. (

Observe that the equality relationship (4.1) between the marginal prices
in the public goods sector confirms and extends the fundamental conclusion
of welfare economics with public goods that goes back to Samuelson [35]:
the marginal rates of transformation for public goods equal to the sum of the
individual marginal rates of substitution at Pareto and weak Pareto optimal
allocations.

Let us present a specification of Theorem 4.1 in the conventional case
with no initial endowment of public goods, i.e., whenW = Wπ × {0}.
Corollary 4.2 (approximate marginal prices for economies with no initial
endowment of public goods). Let (x̄, ȳ) be a Pareto (resp. weak Pareto)
optimal allocation of the economy E with W = Wπ × {0},Wπ ⊂ Eπ , under
the corresponding assumptions of Theorem 4.1. Then for any ε > 0 there are
(x, y,w) ∈ ∏ni=1 clP i(x̄) ×∏mj=1 clSj × clW as well as marginal prices

(p∗π , p∗g) ∈ E∗π × E∗g and p∗ig ∈ E∗g for i = 1, . . . , n satisfying relationships
(4.1)–(4.3) and (4.5) with the replacement of (4.4) by

p∗π ∈ N̂(wπ ; clWπ)+ εIB∗, wπ ∈ w̄π + εIB.
Proof. Follows directly from Theorem 4.1 and Proposition 3.3. (

The next consequence of Theorem 4.1 gives a specification of the re-
sults in the case of convexity assumptions imposed on preference and produc-
tion sets. In this case the marginal price relationships reduce, respectively, to
global minimization (maximization) of the perturbed consumer expenditures
(firm profits) over the corresponding preference (production) sets. This pro-
vides an approximate decentralized price equilibrium in convex models with
no standard interiority assumptions.

Corollary 4.3 (approximate decentralized equilibrium in convex
economies with public goods). In the framework of Theorem 4.1, assume
that the preference sets clP i(x̄), i = 1, . . . , n, and the production sets
Sj , j = 1, . . . ,m, are convex. Then for any ε > 0 there exist (x, y,
w) ∈ ∏ni=1 clP i(x̄)×∏mj clSj × clW and prices (p∗π , p∗g) ∈ E∗π ×E∗g and

p∗ig ∈ E∗g for i = 1, . . . , n satisfying relationships (4.1), (4.4), (4.5), and the
following ones:

〈(p∗π , p∗ig ), (u, v) − (xiπ , xg)〉 ≥ −ε‖(u, v) − (xiπ , xg)‖ for all (u, v)

∈ clP i(x̄), i = 1, . . . , n,

〈(p∗π , p∗g), (u, v)− (yjπ, yjg )〉 ≤ ε‖(u, v)− (yjπ , yjg )‖ for all (u, v)

∈ cl Sj , j = 1, . . . ,m.
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Proof. Follows from conditions (4.2) and (4.3) of Theorem 4.1 and the rep-
resentation of ε-normals to convex sets given in Proposition 3.2. (

The next theorem, developing the corresponding results of [29, 31] to
economies with public goods, establishes a decentralized price equilibrium
of the convex type as in Corollary 4.3 but for general nonconvex models.
The “price to pay” for this is the usage of nonlinear prices in nonconvex
models instead of conventional linear prices as in Theorem 4.1 and Corollary
4.3. Note that the essence of nonlinear prices used here as well as in [29,
31] is different from that of [2] and related publications dealing with convex
economies.

Theorem 4.4 (decentralized approximate equilibrium in nonconvex mod-
els with public goods via nonlinear prices). Given any ε > 0, the following
assertions hold:

(i) Let all the assumptions of Theorem 4.1 be fulfilled for a Pareto (resp.
weak Pareto) optimal allocation (x̄, ȳ) of the economy E . Then there ex-
ist a commodity bundle (x, y,w) ∈ ∏ni=1 clP i(x̄) ×∏mj cl Sj × clW ,

marginal prices (p∗π , p∗g) ∈ E∗π×E∗g and p∗ig ∈ E∗g as i = 1, . . . , n satis-
fying relationships (4.1), (4.4), and (4.5) as well as real-valued functions
f i as i = 1, . . . , n and hj as j = 1, . . . ,m + 1 on E that are Fréchet
differentiable at xi , yj , and w, respectively, with

⎧
⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎩

‖∇f i(xi)− (p∗π , p∗ig )‖ ≤ ε, i = 1, . . . , n,

‖∇hj (yj )− (p∗π , p∗g)‖ ≤ ε, j = 1, . . . ,m,

‖∇hm+1(w)− (p∗π , p∗g)‖ ≤ ε

(4.20)

and such that each f i , i = 1, . . . , n, achieves its global minimum over
clP i(x̄) at xi , each hj , j = 1, . . . ,m, achieves its global maximum over
cl Sj at yj , and hm+1 achieves its global maximum over clW at w.

(ii) If in addition to the assumptions in (i) the commodity space E is Fréchet
smooth, then the nonlinear prices f i and hj can be chosen to be Fréchet
differentiable on E and such that each f i , i = 1, . . . , n, is convex and
achieves its global minimum over clP i(x̄) uniquely at xi while each hj ,
j = 1, . . . ,m + 1, is concave and achieves its global maximum over
cl Sj for j = 1, . . . ,m and over clW for j = m+ 1 uniquely at yj and
w, respectively.

Proof. Take the marginal prices (p∗π , p∗g, pi∗g ) satisfying all the conclusions

of Theorem 4.1 and then, by (4.2) and (4.3), find (p̃∗π , p̃∗g, p̃i∗g ) such that
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⎧
⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎩

−(p̃∗π , p̃∗ig ) ∈ N̂
(
xi; clP i(x̄)

)
, ‖(p̃∗π , p̃∗ig )− (p∗π , p∗ig )‖ ≤ ε for i = 1, . . . , n,

(p̃∗π , p̃∗g) ∈ N̂(yj ; cl Sj ), ‖(p̃∗π , p̃∗g)− (p∗π , p∗g)‖ ≤ ε for j = 1, . . . , m,

(p̃∗π , p̃∗g) ∈ N̂(w; clW), ‖(p̃∗π , p̃∗g)− (p∗π , p∗g)‖ ≤ ε.

(4.21)

Applying now the smooth variational descriptions of Fréchet normals in
(4.21) from assertions (i) and (ii) Theorem 3.4, we complete the proof of
this theorem. (

5. Exact versions of the extended second welfare theorem
for economies with public goods

In this section we establish necessary optimality conditions for Pareto and
weak Pareto optimal allocations of the nonconvex economy E with public
goods in the exact/pointwise form of the extended second welfare theorem
under additional SNC assumptions imposed on the sets involved in the de-
scription of the economy E . Note that SNC property and its partial modifica-
tions seem to be the weakest among compactness-like requirements needed
for exact forms of the second welfare theorem. As mentioned in Sect. 3
and fully discussed in [30, Sect. 1.1.4], the basic SNC property is gener-
ally weaker than the CEL assumption imposed in the corresponding exten-
sions [12, 17, 18] for economies with only private goods. In this way we get
improvements of the second welfare theorem even in the classical settings
of convex economies with both private and public goods. We also present
a decentralized version of the exact second welfare theorem for nonconvex
economies via nonlinear prices.

We begin with the basic version of the second welfare theorem with
marginal prices formalized via the M-normal cone (3.2) at Pareto and weak
Pareto optimal allocations.

Theorem 5.1 (exact form of the extended second welfare theorem via
marginal prices). Let (x̄, ȳ) be a Pareto (resp. weak Pareto) optimal al-
location of the economy E with public goods satisfying the corresponding
assumptions of Theorem 4.1. Assume in addition that the preference sets
clP i(x̄) are SNC at x̄i for all i = 1, . . . , n. Then there exist marginal prices
(p∗π , p∗g) ∈ E∗π × E∗g and p∗ig ∈ E∗g as i = 1, . . . , n with

(p∗π , p∗ig ) �= 0 for at least one i ∈ {1, . . . , n} (5.1)
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satisfying the normal cone inclusions

−(p∗π , p∗ig ) ∈ N
(
x̄i; clP i(x̄)

)
, i = 1, . . . , n, (5.2)

(p∗π , p∗g) ∈ N(ȳj ; clSj ), j = 1, . . . ,m, (5.3)

(p∗π , p∗g) ∈ N(w̄; clW), (5.4)

and the underlying equality (4.1) for the prices associated with public goods.

Proof. We know from the proof of Theorem 4.1 that (x̄, ȳ, w̄) is an extremal
point of the systems of sets {�1,�2} defined in (4.7) and (4.8) under the
NDQ (resp. NDWQ) condition in the case of Pareto (resp. weak Pareto) op-
timal allocations of the economy E . To get a pointwise version of extended
second welfare theorem, we can apply the exact extremal principle from as-
sertion (ii) of Theorem 3.7. In this way we obtain, similarly to the proof of
Theorem 4.1, the conclusions of Theorem 5.1 under consideration in the case
of finite-dimensional commodity spaces. However, in infinite dimensions this
approach requires imposing the SNC assumption on all of the sets

clP i(x̄), i = 1, . . . , n; clSj , j = 1, . . . ,m; clW. (5.5)

In what follows we do not apply the exact extremal principle directly but
pass to the limit from the results of Theorem 4.1 based on the approximate
version of the extremal principle. This allows us to arrive at all the conclu-
sions (4.1), (5.1)–(5.4) of Theorem 5.1 under less restrictive SNC assump-
tions made; see also Remark 5.2 below.

To proceed, take any sequence of εk ↓ 0 as k → ∞ and find by
Theorem 4.1 triples

(xk, yk,wk) ∈
n∏

i=1

clP i(x̄)×
m∏

j=1

clSj × clW with (xk, yk,wk)

→ (x̄, ȳ, w̄) as k→∞
and prices (p∗kπ , p∗kg , p∗ikg ) satisfying all the conclusions of Theorem 4.1 for
ε = εk.

It follows from (4.5) that the price sequences {(pkπ , p∗ikg )} are bounded
for all i = 1, . . . , n. Taking into account that the commodity space E is
Asplund and hence any bounded subset of E∗ is sequentially compact in the
weak∗ topology of E∗, we find (p∗π , p∗i ) such that

(p∗kπ , p∗ikg )
w∗→ (p∗π , p∗ig ) as k→∞, i = 1, . . . , n, (5.6)

along some subsequences, without relabeling. Setting

p∗g :=
n∑

i=1

p∗ig
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and passing to the weak∗ limit in the equality

p∗kg :=
n∑

i=1

p∗ikg , k ∈ IN,

we get that p∗kg → p∗g as k → ∞. Passing further to the weak∗ in the
relationships (4.2)–(4.4) with ε = εk as k→∞ and using definition (3.2) of
theM-normal cone allow us to conclude that the limiting prices (p∗π , p∗g, p∗ig )
satisfy the relationships in (5.2)–(5.4).

It remains to justify the nontriviality condition (5.1) under the SNC re-
quirements imposed in the theorem. To proceed, assume the contrary, i.e.,

p∗π = 0 and p∗ig = 0 for all i = 1, . . . , n.

Then we have by (5.6) that

(p∗kπ , p∗ikg )
w∗→ (0, 0) as k→∞, i = 1, . . . , n.

This implies by the SNC assumptions imposed in the theorem that

‖(p∗kπ , p∗ikg )‖ → (0, 0) as k→∞, i = 1, . . . , n. (5.7)

It follows from (5.7) and (4.1) that ‖p∗kg ‖ → 0 as k → ∞. The latter com-
bined with (5.7) contradicts (4.5) as ε = εk for large k ∈ IN and thus com-
pletes the proof. (
Remark 5.2 (SNC assumptions). It follows from the proof of Theorem 5.1
and Definition 3.6(ii,iii) that the SNC requirements on the preference sets
clPi(x̄) in the theorem can be relaxed to keep the nontriviality condition
(5.1) with taking into account the product structure of the commodity space
E = Eπ × Eg. Indeed, it is sufficient to assume that:

• Either one of the sets in (5.3) and (5.4) is strongly PSNC with respect of
the first component while all the sets in (5.2) are PSNC with respect to
the second component at the corresponding points.

• Or all the sets in (5.2) are strongly PSNC with respect to the second com-
ponent while one of the sets in (5.3) and (5.4) is PSNC with respect to the
first component at the corresponding points.

Observe that in the case of economies with only private goods both re-
quirements above reduce to imposing the SNC property on one of the set in
(5.5) at the corresponding point, which is the content of [31, Theorem 8.8].

Next we present two useful specifications of Theorem 5.1 for economies
with public goods and additional structural requirements on their initial data.
The first one concerns economies with a special structure of the net de-
mand constraint set, which includes the case of implicit free disposal of
commodities.
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Corollary 5.3 (excess demand condition). Suppose that in the setting of
Theorem 5.1 the net demand constraint set W ⊂ Eπ × Eg admits the repre-
sentation

W = (ωπ , ωg)+ cl�, (5.8)

where (ωπ , ωg) ∈ clW and � is a nonempty convex subcone of Eπ × Eg.
There are marginal prices (p∗π , p∗g) ∈ E∗π×E∗g and p∗ig ∈ E∗g as i = 1, . . . , n
satisfying all the relationships in (4.1), (5.1)–(5.3) and such that

〈
(p∗π , p∗g),

n∑

i=1

(x̄iπ , x̄
i
g)−

m∑

j=1

ȳj − (ωπ , ωg)
〉
= 0. (5.9)

Proof. By Theorem 5.1 it remains to show that inclusion (5.4) for the spe-
cial conic structure of W in (5.8) implies the zero value of excess demand
condition (5.9) at marginal prices, which is an economic manifestation of
the complementary slackness condition in optimization. To proceed, observe
from relationships (5.4), (5.8) and the normal cone representation (3.6) for
convex sets that
〈
(p∗π , p∗g), w̄ − (ωπ , ωg)

〉 ≥ 〈(p∗π , p∗g),w − (ωπ , ωg)
〉

for all w ∈ clW.
(5.10)

Hence 〈(p∗π , p∗g), (w̄ − (ωπ , ωg)〉 ≥ 0. On the other hand, we have

2
(
w̄ − (ωπ , ωg)

) ∈ W − (ωπ , ωg) = �
due to the conic structure of �, which implies by (5.10) that 〈(p∗π , p∗g), w̄ −
(ωπ , ωg)〉 ≤ 0. This yields (5.9) and completes the proof of the corollary. (

In the case of economies with convex preference and production sets con-
sidered in the next corollary of Theorem 5.1, relationships (5.2) and 5.3 –
unified with those in (4.1) and (5.2) for prices corresponding to public goods
– reduce to the classical consumer expenditure minimization and firm profit
maximization conditions of the second fundamental theorem of welfare eco-
nomics. We are able, however, to significantly improve the classical interi-
ority condition required for the validity of the second welfare theorem with
infinite commodities in convex settings. As known from [30, Theorem 1.17],
the SNC property imposed in our Theorem 5.1 is equivalent, in the case of
convex sets with nonempty relative interiors, to their finite codimension. Fur-
thermore, convex sets in Asplund spaces may be SNC even having empty
relative interiors; see [30, Example 3.6]. The PSNC extensions discussed
above in Remark 5.2 signify further far-going departures from the interior-
ity condition.

Corollary 5.4 (second welfare theorem in convex settings with no interi-
ority requirements). In addition to the assumptions of Theorem 5.1, suppose
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that the sets clP i(x̄) as i = 1, . . . , n and cl Sj as j = 1, . . . ,m are convex.
Then there are prices (p∗π , p∗g) ∈ E∗π × E∗g and p∗ig ∈ E∗g as i = 1, . . . , n
satisfying the relationships in (4.1), (5.1), (5.4), and:

x̄i minimizes 〈(p∗π , p∗ig ), xi〉 over xi ∈ clP i(x̄), i = 1, . . . , n;
(5.11)

ȳj maximizes 〈(p∗π , p∗g), yj 〉 over yj ∈ cl Sj , j = 1, . . . ,m.
(5.12)

Proof. Follows from Theorem 5.1 due to the normal cone representation
(3.6). (

Let us next present a decentralized counterpart of Theorem 5.1 via non-
linear prices.

Theorem 5.5 (decentralized version of the extended second welfare
theorem for nonconvex economies with public goods). Let (x̄, ȳ) be
a Pareto (resp. weak Pareto) optimal allocation of the economy E under
the corresponding assumptions of Theorem 5.1 (or the relaxed PSNC as-
sumptions in Remark 5.2), and let (p∗π , p∗g) ∈ E∗π × E∗g and p∗ig ∈ E∗g
as i = 1, . . . , n be marginal prices satisfying the conditions in (4.1) and
(5.1)–(5.4). Then the following assertions hold:

(i) There exist sequences of nonlinear prices fk = (f 1
k , . . . , f

n
k ) and hk =

(h1
k, . . . , h

m+1
k ) as well as sequences of suboptimal allocations

(xk, yk) ∈
n∏

i=1

clP i(x̄)×
m∏

j=1

clSj with wk :=
n∑

i=1

xik −
m∑

j=1

y
j

k ∈ clW

such that for all k ∈ IN we have the decentralized relationships:

• Each f ik and hjk is Fréchet differentiable at xik , y
j
k , and wk achieving

its global minimum over clP i(x̄) and its global maximum over cl Sj

and clW at these points for i = 1, . . . , n, j = 1, . . . ,m, and j =
m+ 1, respectively.

• (xk, yk,wk)→ (x̄, ȳ, w̄) as k → ∞ with the equilibrium price con-
vergence
⎧
⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎩

(p∗πk, p∗igk) := ∇f ik (xik)
w∗→ (p∗π , p∗i ), i = 1, . . . , n,

(p
∗j
πk, p

∗j
gk) := ∇hjk(yjk )

w∗→ (p∗π , p∗g), j = 1, . . . ,m,

(p∗m+1
πk , p∗m+1

gk ) := ∇hm+1
k (wk)

w∗→ (p∗π , p∗g) as k→∞.
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(ii) If in addition to the assumptions in (i) the commodity space E is Fréchet
smooth, then the nonlinear prices f ik and hjk can be chosen to be Fréchet
differentiable on E and such that each f ik , i = 1, . . . , n, is convex and

achieves its global minimum over clP i(x̄) uniquely at xi while each hjk ,
j = 1, . . . ,m + 1, is concave and achieves its global maximum over
cl Sj for j = 1, . . . ,m and over clW for j = m+ 1 uniquely at yj and
w, respectively.

Proof. It follows by using the arguments similar to those in the proof of
Theorem 5.1 with applying there Theorem 4.4 at each approximation step
k ∈ IN and taking into account the strong convergence of the derivatives in
(4.20) for ε = εk ↓ 0 as k→∞. (

We conclude this section with some discussions on possible develop-
ments and generalizations of the results obtained for nonconvex economies
with public goods.

Remark 5.6 (further developments). Similarly to recent developments for
economies with only private goods, we have the following modifications and
generalizations of the above versions of the extended second welfare theorem
for nonconvex economies with public goods:

(i) Counterparts of the results above hold for strong Pareto optimal alloca-
tions and for the new notion of strict Pareto ones [4] under the corre-
sponding modifications of the net demand qualification conditions de-
fined in [4] for economies with only private goods.

(ii) In [16] some refinement of the NDQ condition for Pareto optimal al-
location was introduced and employed to the second welfare theorem
for economies with only private goods. Analogs of this condition for
strong and strict Pareto optimal allocations and the corresponding ver-
sions of the second welfare theorem were given in [5] for private goods
economies. Following the scheme in [5], we can extend these conditions
and results to nonconvex economies with public goods.

6. Nonconvex economies with ordered commodity space

This concluding section of the paper concerns nonconvex economies with
public goods and ordered infinite-dimensional spaces of commodities. First
we specify the results obtained above for Pareto and weak Pareto optimal
allocations and then establish their new counterparts for the case of strong
Pareto optimal allocations.
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Let E be an ordered Banach space with the closed positive cone

E+ :=
{
e ∈ E∣∣ e ≥ 0

}
,

where the standard partial ordering relation is denoted by “≥’ in accordance
to the conventional notation in the economic literature. The associated dual
closed positive cone E∗+, which is the closed positive cone of the ordered
space E∗, admits the representation

E∗+ :=
{
e∗ ∈ E∗∣∣ e∗ ≥ 0

} = {e∗ ∈ E∗∣∣ 〈e∗, e〉 ≥ 0 for all e ∈ E+
}
,

where the order on E∗ is induced by the given one “≥” on E.
The next theorem provides efficient conditions ensuring the positivity of

the marginal prices associated with both private and public goods in our ex-
tended second welfare theorem. The result is given for weak Pareto optimal
allocations, and hence it holds for any stronger notions of Pareto optimality
in the welfare economic model under consideration.

Theorem 6.1 (price positivity in the extended second welfare theorem for
ordered commodities). Let (x̄, ȳ) be a weak Pareto optimal allocation of the
model E with public goods, where E = Eπ × Eg is an ordered commodity
space. Suppose the fulfillment of all the assumptions of Theorem 5.1 but the
NDWQ condition and assume instead that each consumer i ∈ {1, . . . , n}
satisfies the following desirability condition:

clP i(x̄)+ E+ ⊂ P i(x̄). (6.1)

Then there exist positive marginal prices (p∗π , p∗g) ∈ E∗π ×E∗g and p∗ig ∈ E∗g
as i = 1, . . . , n for which all the conclusions (4.1), (5.1)–(5.4) hold.

Proof. First observe that the desirability condition (6.1) implies the NDWQ
condition by Proposition 2.4(ii). Furthermore, by [31, Lemma 8.12] we have
the implication

[
�− E+ ⊂ �

] =⇒ [N(ē;�) ⊂ E∗+
]

(6.2)

for an arbitrary closed subset � ⊂ E of an ordered Banach space and any
ē ∈ �. Thus all the conclusions of Theorem 5.1 holds for the weak Pareto
optimal allocation (x̄, ȳ) of the economy E . Then it follows from (5.2) that
p∗π ≥ 0 and p∗ig ≥ 0 for all i = 1, . . . , n. This yields p∗g ≥ 0 by (4.1) and
completes the proof of the theorem. (
Remark 6.2 (more on price positivity under free disposal or implicit free
disposal of commodities). Consider the following conditions of the free dis-
posal type:



122 A. Habte and B.S. Mordukhovich

• There is j ∈ {1, . . . ,m} such that the j th firm satisfies the free disposal
condition

clSj − E+ ⊂ cl Sj . (6.3)

• The net demand constraint set W exhibits the implicit free disposal of
commodities

clW − E+ ⊂ clW. (6.4)

Then it follows from (5.3), (5.4), and (6.2)–(6.4) that we have (p∗π , p∗g) ≥ 0
provided that either condition (6.3) holds for some j ∈ {1, . . . ,m}, or condi-
tion (6.4) is satisfied. In particular (unifying the conclusions of Theorem 6.1
and this remark), for the case of economies with only private goods we have
that p∗π ≥ 0 if either one of the consumers i ∈ {1, . . . , n} satisfies the desir-
ability condition (6.1), or one of the firms j ∈ {1, . . . ,m} satisfies the free
disposal condition (6.3), or the implicit free disposal condition (6.4) holds.

Next we derive refined versions of the extended second welfare theorem
for strong Pareto optimal allocations of economies with public goods. In
contrast to the corresponding results of Theorem 5.1 for Pareto and weak
Pareto optimal allocations, the NDQ and NDWQ conditions may not be
satisfied. Recall that the closed positive cone E+ ⊂ E is generating for E
if E = E+ − E+. The class of normed spaces ordered by their generating
positive cones is sufficiently large including, in particular, all Banach lattice
(or complete Riesz spaces); see, e.g., [12, 24] and the references therein.

Theorem 6.3 (extended second welfare theorem for strong Pareto opti-
mal allocations). Let (x̄, ȳ) be a strong Pareto optimal allocation of the
economy E with public goods, and let all the assumptions of Theorem 5.1,
except the NDQ/NDWQ conditions, be satisfied. Suppose instead that the pos-
itive cone E+ of the commodity space E = Eπ × Eg is generating, that the
sets Sj andW are locally closed around ȳj and w̄, respectively, and that one
of the following conditions holds:

• The free disposal of commodities

Sj − E+ ⊂ Sj for some j ∈ {1, . . . ,m}.
• The implicit free disposal of commodities (6.4).
• n > 1, and there is i0 ∈ {1, . . . , n} with clP i0(x̄) �= ∅ such that

clP i(x̄)+ E+ ⊂ clP i(x̄) for some i ∈ {1, . . . , n} \ {i0
}
.
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Then there exist marginal prices (p∗π , p∗g) ∈ E∗π × E∗g and p∗ig ∈ E∗g
as i = 1, . . . , n satisfying conditions (4.1) and (5.1)–(5.4). If in addition
assumption (6.1) holds for all i ∈ {1, . . . , n}, then we have the price positivity

p∗i ≥ 0 for all i = 1, . . . , n and (p∗π , p∗g) ≥ 0. (6.5)

Proof. For definiteness, consider only the case of the implicit free disposal of
commodities (6.4); the other two cases of the theorem are treated similarly.
Observe first that

w̄ =
n∑

i=1

(
x̄iπ , x̄g

)−
m∑

j=1

ȳj

is a boundary point of the net demand constraint set W . Indeed, assuming
the contrary gives us a point ē = (ēπ , ēg) �= 0 such that w̄ + ē ∈ W , which
implies (x̄ + ē, ȳ) is a feasible allocation of the economy E . This contradicts
the strong Pareto optimality of (x̄, ȳ). Since w̄ is a boundary point of W ,
there is a sequence {ek} ⊂ E converging to zero and such that

w̄ + ek /∈ W for all k ∈ IN. (6.6)

Taking into account that the cone E+ is generating and employing the the
classical Krein–Šmulian theorem from [1], we find a constant M > 0 such
that for every e ∈ E there exist vectors u, v ∈ E+ satisfying the conditions

e = u− v and max
{‖u‖, ‖v‖} ≤M‖e‖.

The latter and the relationship in (6.6) apply the existence of sequences
{uk} ⊂ E+ and {vk} ⊂ E+ with ek = uk − vk and

w̄ + uk /∈ W for all k ∈ IN and uk
E+→ 0 as k→∞. (6.7)

Consider now the sets �1 and �2 defined in (4.7) and (4.8), respectively,
where the closure operation for Sj and W can be omitted. Let us show that
(x̄, ȳ, w̄) ∈ �1 ∩ �2 is an extremal point of the system {�1,�2}. We need
to find a sequence {ak} ⊂ En+m+1 with ak → 0 as k → ∞ such that the
extremality condition (4.9) is satisfied. To proceed, define ak := (0, . . . , uk)
and suppose that (4.9) does not hold along this sequence {ak}, i.e., there are
(xk, yk,wk) ∈ �1 such that (xk, yk,wk − uk) ∈ �2 for all k ∈ IN . This
yields that

n∑

i=1

(
xkiπ , x

k
g

)−
m∑

j=1

ykj = wk − uk ∈ W,

which implies that (xk, yk) is a feasible allocation of the economy E . By the
strong Pareto optimality of (x̄, ȳ) we get that (xk, yk) = (x̄, ȳ) for all k ∈ IN
and hence
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w̄ + uk =
n∑

i=1

(
x̄iπ , x̄g

)−
m∑

j=1

ȳj + uk

=
n∑

i=1

(
xkiπ , x

k
g

)−
m∑

j=1

ykj + uk

= (wk − uk)+ uk = wk ∈ W, k ∈ IN,
which contradicts (6.7) and thus justifies the extremality of (x̄, ȳ, w̄). Apply-
ing now the extremal principle from Theorem 3.7(i) to the system {�1,�2}
at (x̄, ȳ, w̄) and arguing as in the proof of Theorem 4.1, we obtain approxi-
mate marginal prices satisfying all the conclusions of the latter theorem with
ε = εk ↓ 0 as k → ∞. Passing then to the limit as k → ∞ as in the prove
of Theorem 5.1 under the SNC assumptions made allows us to arrive at the
marginal prices (p∗π , p∗g, p∗ig ) satisfying conditions (4.1) and (5.1)–(5.4). Fi-
nally, the price positivity (6.5) under the additional assumption (6.1) follows
from Theorem 6.1. (
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Abstract. The subject of this paper is the problems of finding optimal hedging
portfolios for defaultable claims in incomplete markets modeled by Itô processes, in
the case where the portfolio processes are adapted to the full filtration. Two kinds
of optimizations are considered: the maximization of the probability of super-hedge
and the minimization of the expected discounted loss of hedging. We combine a
super-hedging argument with Neyman–Pearson lemma in the hypothesis testing to
reduce the original dynamic problems to static ones. The convex duality method as in
Cvitanić and Karatzas (Bernoulli 7:79–97, 2001) plays a key role to solve the reduced
problems.
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1. Introduction

It is known that, in arbitrage-free, incomplete financial markets, the super-
hedging cost of a contingent claim is often too high. More precisely, for any
European call option in markets with transaction costs, the cheapest super-
hedging is given by the buy-and-hold portfolio. This result is conjectured
by Davis and Clark [11], and proved by, to name a few, Soner, Shreve and
Cvitanić [28], Cvitanić, Pham and Touzi [9], Levental and Skorohod [17],
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and Jakubenas, Levental and Ryznar [15]. Similar results are obtained by
Bellamy–Jeanblanc [2] in jump-diffusion models and by Cvitanić, Pham and
Touzi [10] in stochastic volatility models.

In such a situation, it is reasonable that a hedger of a claim starts with an
initial capital less than the super-hedging cost and accepts the possibility of
the shortfall. One criterion for measuring this downside risk is the probability
of super-hedging being successful. Optimizing this criterion is usually called
quantile hedging, which is first studied by Kulldorff [16] in the context of
gambling theory. Browne [5] considers the case of financial markets mod-
eled by Itô processes with deterministic coefficients. Föllmer and Leukert
[12] studies this problem for general semimartingale financial market mod-
els. Spivak and Cvitanić [29] treats partial information market models and
markets with different interest rates for borrowing and for lending. Sekine
[26] analyzes the case of defaultable claims in the Brownian market models.

Taking the shortfall size into consideration, Föllmer and Leukert [13]
and Cvitanić [6] study the minimization problem of the expected discounted
shortfall. Other criterions, such as the expected (strictly convex) loss function
or the risk measures, for the shortfall risk are also considered. See Cvitanić
and Karatzas [7], Föllmer and Leukert [13], Nakano [18–20], Pham [23],
Rudloff [24, 25], and Sekine [27], for examples.

In this paper, we first consider the quantile hedging problem for default-
able claims in Brownian market models as in [27]. It investigates the case
where the portfolios are adapted to the market information structure and gives
closed form solutions by some reductions of the original problems to default-
free ones. In our framework presented below, the portfolio processes are as-
sumed to be adapted to the full filtration, i.e., the filtration generated by both
the price and default indicator processes. We also consider the minimization
of the expected discounted loss of the shortfall in the same framework.

To solve these problems, following [12] and [13], we combine a super-
hedging argument with a Neyman–Pearson lemma in the hypothesis testing
to reduce the original dynamic problems to static ones. In a complete market
framework, the reduced static problems can be stated as the testing problems
of a single null hypothesis versus a single alternative hypothesis, and so is
directly solved by the classical Neyman–Pearson lemma. However, this is not
the case in our incomplete markets. To handle this issue, as in [6] and [19],
we follow the convex duality approach for the generalized Neyman–Pearson
lemma developed in [8].

This paper is organized as follows: In Sect. 2, we describe our market
models. As a basic result, we give an explicit formula for the super-replication
cost. Section 3 presents a solution to our quantile hedging problem for de-
faultable claims with zero recovery rate. In doing so, we explicitly solve the
dual problem with the help of a good structure of the class of the equivalent
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martingale measures. In Sect. 4, we solve the minimization problem of the
expected discounted shortfall using the argument similar to that in Sect. 3.
Section 5 deals with the case of non-zero recovery rate. Section 6 concludes
this paper.

2. Model

We consider the financial market with terminal time T ∈ (0,∞) consisting
of one stock with price process {St }0≤t≤T and one riskless bond with price
process {Bt }0≤t≤T , whose dynamics are given respectively by

dSt = St {btdt+ σtdW t }, 0 ≤ t ≤ T , S0 = s0 ∈ (0,∞),
dBt = rtBtdt, 0 ≤ t ≤ T , B0 = 1.

Here, {Wt }t≥0 is a standard one-dimensional Brownian motion on a com-
plete probability space (�,G,P). The filtration F = {Ft }t≥0 is generated by
{Wt }t≥0, augmented with P-null sets in G. The processes {bt }, {rt }, and {σt }
are all assumed to be bounded F-predictable processes. Moreover we assume
that σt > 0 for t ∈ [0, T ] a.s. and that {σ−1

t } is also bounded. Then, the
process

θt := σ−1
t (bt − rt ), 0 ≤ t ≤ T

is a bounded F-predictable process.
Let τ be a positive random variable satisfying P(τ > t) > 0 for any

t ≥ 0, and let {Nt }t≥0 be the counting process with respect to τ , i.e.,

Nt = 1{τ≤t}, t ≥ 0.

Denote by H = {Ht }t≥0 the filtration generated by {Nt } and by G = {Gt }t≥0
the filtration F ∨ H. For simplicity we assume that G = GT . The survival
process {Gt }t≥0 of τ with respect to F is then defined by

Gt = P(τ > t | Ft ), 0 ≤ t ≤ T .
We assume that Gt > 0 for t ≥ 0, and consider the hazard process {�t }t≥0
of τ with respect to F defined by Gt = e−�t or �t = − logGt for every
t ≥ 0. We also assume that �t =

∫ t
0 μsds, t ≥ 0, for some nonnegative F-

predictable process {μt }t≥0, so-called F-intensity of the random time τ . Then
the process

Mt := Nt −
∫ t

0
μs(1−Ns−)ds = Nt −

∫ t∧τ

0
μsds, t ≥ 0,

follows a G-martingale (see Bielecki and Rutkowski [3]).
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We now make the standing assumption that {Wt } is a (G,P)-standard
Brownian motion. Notice that if τ is independent of {Wt } then this assump-
tion is satisfied. Also, for a given F-hazard process, we can construct the
random time τ such that {Wt } is a (G,P)-standard Brownian motion (see,
e.g., [3]).

As in the usual Brownian market models, we consider the G-martingale

Z∗t = exp

(

−
∫ t

0
θsdWs − 1

2

∫ t

0
θ2
s ds

)

, 0 ≤ t ≤ T .

Then by Girsanov’s theorem, the process

W∗
t := Wt +

∫ t

0
θsds, 0 ≤ t ≤ T

is a standard Brownian motion under the probability measure P

∗ defined by

dP

∗

dP

= Z∗T .

In addition, we consider the process

Zκt = (1+ κτ1{τ≤t}) exp

(

−
∫ t∧τ

0
κsμsds

)

, 0 ≤ t ≤ T ,

where {κt }0≤t≤T is taken from the class

D = {{κt}0≤t≤T : bounded, G-predictable, κt > −1 dt× dP-a.e.}.
Then {Zκt }, κ ∈ D, satisfies

Zκt = 1+
∫ t

0
κsZ

κ
s−dMs, 0 ≤ t ≤ T ,

and follows a (G,P)-martingale (see Brémaud [4] for example). Since the
quadratic covariation process [Z∗, Zκ ] is identically zero,

(2.1) dZ∗t Zκt = Z∗t Zκt−(−θtdWt + κtdMt).
Thus, {Z∗t Zκt } is a (G,P)-positive martingale for κ ∈ D. Each {Zκt }
is orthogonal to (F,P)-martingales, so we can show that {W∗

t } is also a
Brownian motion under Q

κ defined by dQ

κ/dP = Z∗T Z
κ
T . Hence {Qκ :

κ ∈ D} defines the class of the equivalent martingale measures. We refer to
[3, Sect. 5.3] for details.

We consider G as the available information for the market participants.
The portfolio process is thus defined as a G-predictable process {πt}0≤t≤T
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satisfying
∫ T

0 |πt |2dt < ∞, a.s. The (self-financing) wealth process
{Xx,πt }0≤t≤T for an initial wealth x ≥ 0 and a portfolio process {πt } is then
described by

dXx,πt = rtXx,πt dt + πt(bt − rt )dt + πtσtdW t , X
x,π
0 = x.

The solution to this equation is given by

X
x,π
t = Bt

[

x +
∫ t

0
B−1
u πu{(bu − ru)du+ σudWu}

]

, 0 ≤ t ≤ T .

We write A(x) for the set of all portfolio processes {πt }0≤t≤T such that
X
x,π
t ≥ 0, 0 ≤ t ≤ T , a.s.

By Itô formula and (2.1), we get, for π ∈ A(x),

dLκt X
x,π
t = Lκt−[(πtσt − Xx,πt θt )dWt +Xx,πt κtdMt ],

where
Lκt = B−1

t Z∗t Zκt , κ ∈ D.
This and the nonnegativity of the wealth process mean that the process
{Lκt Xx,πt } is a supermartingale for each π ∈ A(x). We denote by L the set of
all random variable LκT , κ ∈ D.

In this setting, we consider hedging problems for the defaultable claimH
defined by

(2.2) H = Y1{τ>T } + δY1{τ≤T }.

Here, Y is an FT -measurable nonnegative random variable, which represents
the payoff received by the holder at time T if the default does not occur in
[0, T ]. We assume that E

∗[Y ] <∞, where E

∗ stands for the expectation with
respect to P

∗. The constant δ ∈ [0, 1] is the recovery rate of the payoff in case
the default occurs in [0, T ].

The most conservative way of hedging the claims is the so-called super-
hedging, and its cost�(H) of H is defined by

�(H) = inf{x ≥ 0 : Xx,πT ≥ H a.s. for some π ∈ A(x)}.
In our setting, this super-hedging cost can be obtained explicitly.

Proposition 2.1. Let H be as in (2.2) such that E

∗[Y ] <∞. Then we have

�(H) = E

∗[B−1
T Y ].

Moreover, the replicating portfolio for Y becomes a super-hedging portfolio
for H .
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It should be stressed that the super-hedging portfolio in this proposition
is minimal. That is, it has the minimal initial cost for hedging.

Proposition 2.1 is showed in [21], but for the reader’s convenience we
present the full proof.

Proof. Set x̃ = E

∗[B−1
T Y ] and let π̃ be the replicating portfolio for Y . Then

we find that π̃ ∈ A(x̃) and Xx̃,π̃T = Y ≥ HD Thus x̃ ≥ �(H)D
On the other hand, suppose that Xx,πT ≥ H for some π ∈ A(x). Then,

from the supermartingale property of {Lκt Xx,πt },
(2.3) E[LκT H ] ≤ E[LκT Xx,πT ] ≤ x, κ ∈ D.

It follows fromH = δY + (1− δ)Y1{τ>T } that the left-hand side in (2.3) can
be written as

(2.4) E[LκT H ] = E[B−1
T Z∗T ZκT δY ] + E[LκT (1− δ)Y1{τ>T }].

Since the quadratic covariation of {Zκt } and an F-martingale is equal to zero,
the process Zκt E[B−1

T Z
∗
T δY |Ft ] is a local martingale. So, if Y is bounded

then this process is a martingale. Therefore, by approximating Y with Y ∧ n
and by the monotone convergence theorem, we find that the first term in the
right-hand side in (2.4) is given by E[B−1

T Z
∗
T δY ]. From this and (2.3) we

have

E[B−1
T Z

∗
T δY ] + supκ∈D E[LκT (1− δ)Y1{τ>T }] ≤ �(H).

However, for any constant κ > −1,

E[LκT Y1{τ>T }] = E[B−1
T Z

∗
T Y (1+ κ1{τ≤T })e−κ

∫ τ∧T
0 μt dt1{τ>T }]

= E[B−1
T Z

∗
T Y1{τ>T }e−κ

∫ T
0 μt dt ] = E[B−1

T Z
∗
T YGT e

−κ ∫ T0 μtdt ]
= E[B−1

T Z
∗
T Y e

−(κ+1)
∫ T

0 μt dt ].

Hence E[LκT Y1{τ>T }] → E[B−1
T Z

∗
T Y ] as κ ↘ −1. Thus the proposition

follows. ��

3. Maximizing the probability of the super-hedge

Proposition 2.1 implies that if the hedger of the defaultable claim wants to
hedge the claim almost surely then s/he needs to have the perfect hedging
cost for the liability to be paid when the default does not occur. However,
the price of H should reflect the possibility of default and be smaller than
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E

∗[B−1
T Y ] since one can receive Y almost surely with this cost buying in

the default-free market. In other words, an initial wealth for hedging of H
may be smaller than E

∗[B−1
T Y ]. In such a case there is the possibility of the

shortfall in hedging of H . One criterion for measuring this downside risk is
the probability of super-hedging being successful. Our objective is thus to
solve the following problem: for x < E

∗[B−1
T Y ],

(3.1) max
π∈A(x)

P(X
x,π
T ≥ H).

Adapting an optimal portfolio for this problem as a hedging strategy for H
is usually called a quantile hedging. To solve the quantile hedging problem
(3.1), let us consider the Neyman–Pearson type problem defined by

(3.2) max
ϕ∈R

E[ϕ]

where
R = {ϕ : 0 ≤ ϕ ≤ 1 a.s., supL∈L E[LHϕ] ≤ x}.

As in [12], our problem is reduced to the Neyman–Pearson type problem
via the following proposition.

Proposition 3.1. Suppose that there exist A ∈ GT and {π̂t } ∈ A(x) such
that 1A solves the Neyman–Pearson type problem (3.2) and Xx,π̂T ≥ H1A
a.s. Then π̂ is optimal for the quantile hedging problem (3.1).

Proof. For π ∈ A(x),

E

[
LκT 1{Xx,πT ≥H }H

]
≤ E

[
LκT 1{Xx,πT ≥H }X

x,π
T

]

≤ E[Xx,πT LκT ] ≤ x, κ ∈ D.(3.3)

Thus 1{Xx,πT ≥H } ∈ R. Hence

(3.4) max
π∈A(x)

P(X
x,π
T ≥ H) ≤ max

ϕ∈R
E[ϕ].

On the other hand, denoting X̂ = Xx,π̂T , we see

P(X̂ ≥ H) ≥ P(X̂ ≥ H,A) = P(X̂ ≥ H1A,A) = P(A) = max
ϕ∈R

E[ϕ].

Combining this with (3.4), we have the proposition. ��
For the reduced problem (3.2), we first consider the default-free case

δ = 1, i.e.,

(3.5) H = Y.
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In this case, for every L ∈ L and ϕ ∈ R we have E[LHϕ] = E

∗[B−1
T H

E[ϕ|FT ]]. Thus the problem (3.2) is equivalent to the following simple one:

(3.6) max
ϕ∈R0

E[ϕ]

where

R0 = {ϕ : 0 ≤ ϕ ≤ 1 a.s., FT -measurable, E

∗[B−1
T Hϕ] ≤ x}.

Define the probability measure Q

∗ on (�,G) by dQ

∗/dP

∗ = B−1
T H/

E

∗[B−1
T H ]. Then the problem (3.6) is written as the simple testing problem:

maximize
∫
ϕdP subject to

∫
ϕdQ

∗ ≤ α := x

E

∗[B−1
T H ]

.

By the classical Neyman–Pearson lemma (see, e.g., [14]), the [0, 1]-valued
FT -measurable random variable

ϕ = 1{ dP

dP∗>z0
dQ∗
dP∗
} + κ1{ dP

dP∗ =z0
dQ∗
dP∗
}

is shown to be the solution to the above problem. Here,

z0 = inf

{

z : Q∗
(
dP

dP

∗ > z
dQ

∗

dP

∗

)

≤ α
}

,

and

κ =

⎧
⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎩

0, if Q

∗
(
dP

dP

∗ = z0
dQ

∗

dP

∗

)

= 0,

α −Q

∗
(
dP

dP∗ > z0
dQ

∗
dP∗
)

Q

∗
(
dP

dP∗ = z0
dQ∗
dP∗
) , if Q

∗
(
dP

dP

∗ = z0
dQ

∗

dP

∗

)

> 0.

Define
y0 = z0

E

∗[B−1
T Y ]

, ξ0 = y0B
−1
T Z

∗
T Y.

Then, summarizing the above argument and using Proposition 3.1, we obtain
the following:

Theorem 3.2. Let H be a random variable satisfying (3.5) and 0 <

E

∗[B−1
T H ] < ∞. Assume that P(ξ0 = 1) = 0. Then the perfect hedging

portfolio for H1{ξ0<1} solves the quantile hedging problem (3.1).
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Next we consider the defaultable case with zero recovery rate, i.e., the
case where H is of the following form:

(3.7) H = Y1{τ>T }.

We adapt the convex duality approach in [8] and [19]. Observe that for ϕ ∈
R, y ≥ 0, L ∈ L,

(3.8) E[ϕ] = E[ϕ(1− yLH)] + yE[LHϕ] ≤ E[(1− yLH)+] + yx.
Thus the following dual problem naturally arises:

inf
y≥0, L∈L

{E[(1− yLH)+] + yx}.

For this duality approach to be successful, the key in [8] is to consider L
instead of L, defined with our notations by

L = {L ∈ L1 : E[BT L] ≤ 1, E[LH ]
≤ supL′∈L E[L′H ], E[LHϕ] ≤ x (ϕ ∈ R)},

where L1 = L1(�,G,P). Then the set L includes L and is convex and closed
under almost sure convergence. Then, the existence of a solution (L̂, ŷ) to the
modified dual problem

inf
y≥0,L∈L

{E[(1− yLH)+] + yx}

in the class L×R+ is guaranteed. In addition, there is no duality gap and for
some C : �→ [0, 1] the random variable

ϕ̂ := 1{ŷL̂H<1} + C1{ŷL̂H=1}
is a solution to the randomized version of the Neyman–Pearson type problem
(3.8). We refer to [8] and [19] for details. If, moreover, P(ŷL̂H = 1) = 0,
then by Proposition 3.1 a super-hedging portfolio for H1{ŷL̂H<1} becomes a
solution to our quantile hedging problem. However, in general, it is difficult
to find an explicit solution in the abstract class L.

Consequently, for our quantile hedging problem, we need to choose a
good class L1 ⊃ L such that we can find an explicit dual solution (L̂, ŷ) ∈
L1 × R+ and that the duality argument works (i.e., there causes no duality
gap). Moreover we need to solve the super-hedging problem explicitly.

To this end, we first introduce the class L1 defined by the closed hull of
L with respect to L1 norm. Since L is convex (see, e.g., [4]), so is L1. Thus,
L1 is a closed convex set in L1. Then the Neyman–Pearson problem (3.2) is
replaced by

(3.9) max
ϕ∈R1

E[ϕ]
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where
R1 = {ϕ : 0 ≤ ϕ ≤ 1 a.s., sup

L∈L1
E[LHϕ] ≤ x}.

As in Proposition 3.1 we have the following reduction result. The proof is
given in [21].

Proposition 3.3. Suppose that there exist A ∈ GT and π̂ ∈ A(x) such that
1A solves the Neyman–Pearson type problem (3.9) and Xx,π̂T ≥ H1A a.s.
Then π̂ is optimal for the quantile hedging problem (3.1).

Then the dual problem is modified as

(3.10) inf
y≥0,L∈L1

{E[(1− yLH)+] + yx}.

Define

(3.11) L̂ = B−1
T Z

∗
T 1{τ>T }e

∫ T
0 μt dt .

Then, since κt > −1,

E[1 ∧ (yLκT H)] = E[1 ∧ (yZ∗T ZκT YB−1
T )1{τ>T }]

= E[1 ∧ (yZ∗T e−
∫ T

0 κsμsdsYB−1
T )1{τ>T }]

≤ E[1 ∧ (yZ∗T e
∫ T

0 μsdsYB−1
T )1{τ>T }] = E[1 ∧ (yL̂H)].

This and the relation E(1 − yLκT H)+ = 1 − E[1 ∧ (yLκT H)] suggest that
L̂ is a candidate for an optimal dual variable. Indeed, we can show that the
following result holds, which is proved in [21].

Theorem 3.4. Suppose that H is as in (3.7) with E

∗[B−1
T Y ] < ∞. Then L̂

defined by (3.11) solves

inf
L∈L1

E[(1− yLH)+].

Moreover, there exists ŷ > 0 that minimizes

h(y) := E[(1− yL̂H)+] + yx
over y ≥ 0. The pair (ŷ, L̂) is optimal for the minimization problem (3.10).

Let ŷ1 = ŷ > 0 be as in the previous theorem and consider the FT -
measurable random variable ξ1 defined by

ξ1 = ŷ1B
−1
T Z

∗
T e
∫ T

0 μt dtY.
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Then we can describe an optimal quantile hedging portfolio in the following
way:

Theorem 3.5. Suppose that H is as in (3.7) with E

∗[B−1
T Y ] < ∞ and that

P(ξ1 = 1) = 0. Then the perfect hedging portfolio for Y1{ξ1<1} is optimal for
the quantile hedging problem (3.1).

The proof of this theorem is similar to that of Theorem 4.6 and given in
[21], so omitted.

Remark 3.6. The condition P(ξ1 = 1) = 0 is satisfied, e.g., in the case where
the following are all satisfied: τ is independent to {Wt }, the market model
is described by Black–Scholes one, and Y is given by a plain vanilla option.
In more general Markovian cases, Hörmander’s condition in Malliavin cal-
culus (see, e.g., Nualart [22]) can be used to check that ξ1 is continuously
distributed.

Remark 3.7. Since the perfect hedging strategy for Y1{ξ1<1} is an F-
predictable process, Theorem 3.5 gives an explicit solution to the quantile
hedging problems with respect to F-predictable portfolios studied in [26] in
the case of zero-recovery rate.

4. Minimizing the expected loss of hedging

So far, we have focused on the quantile hedging problem. If we must say a
shortcoming of this method, then we would mention that the quantile hedging
cannot reflect the shortfall size. Taking this point into consideration, we study
the minimization problem of the expected discounted shortfall. Our objective
is thus to solve the following problem: for x < E

∗[B−1
T Y ],

(4.1) min
π∈A(x)

E[B−1
T (H −Xx,πT )+].

Here H is as in (2.2) and satisfies E[B−1
T H ] <∞.

As in Sect. 3, our problem is reduced to the Neyman–Pearson type
problem

(4.2) max
ϕ∈R

E[B−1
T Hϕ]

via the following proposition:

Proposition 4.1. Suppose that there exist ϕ̂ ∈ R and π̂ ∈ A(x) such that ϕ̂
solves the Neyman–Pearson type problem (4.2) and Xx,π̂T ≥ H1A a.s. Then
π̂ is optimal for the problem (4.1).
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Proof. Let π ∈ A(x) and set X = Xx,πT . Consider the success ratio

ϕ = 1{X≥H } + X

H
1{X<H }.

Then ϕH = X ∧H and so

E[LϕH ] ≤ E[LX] ≤ x, L ∈ L,

which implies ϕ ∈ R. Hence for every π ∈ A(x)

E[B−1
T (H −Xx,πT )+] = E[B−1

T H(1− ϕ)] ≥ min
ϕ′∈R

E[B−1
T H(1− ϕ′)].

On the other hand, it follows from X
x,π̂
T ≥ Hϕ̂ that (H − Xx,π̂T )+ ≤

(H −Hϕ̂)+ = H(1− ϕ̂). Therefore

E[B−1
T (H −Xx,π̂T )+] ≤ E[B−1

T H(1− ϕ̂)] = min
ϕ′∈R

E[B−1
T H(1− ϕ′)].

Thus the proposition follows. ��
For the reduced problem (4.2), as in Sect. 3, we first consider the default-

free case

(4.3) H = Y.
In this case, the problem (4.2) is equivalent to the following simple one:

(4.4) max
ϕ∈R0

E[B−1
T Hϕ].

Define the probability measure Q and Q

∗ on (�,G) by dQ/dP =
B−1
T H/E[B−1

T H ] and dQ

∗/dP

∗ = B−1
T H/E

∗[B−1
T H ], respectively. Then

the problem (4.4) is written as the simple testing problem:

maximize
∫
ϕdQ subject to

∫
ϕdQ

∗ ≤ α.

By the classical Neyman–Pearson lemma, the [0, 1]-valued FT -measurable
random variable

ϕ̃0 = 1{ dQ

dP∗>z̃0
dQ∗
dP∗
} + κ̃01{ dQ

dP∗ =z̃0
dQ∗
dP∗
}

is shown to be the solution to the above problem. Here,

z̃0 = inf

{

z : Q∗
(
dQ

dP

∗ > z
dQ

∗

dP

∗

)

≤ α
}

,
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and

κ̃0 =

⎧
⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎩

0, if Q

∗
(
dQ

dP

∗ = z̃0
dQ

∗

dP

∗

)

= 0,

α −Q

∗
(
dQ

dP∗ > z̃0
dQ

∗
dP∗
)

Q

∗
(
dQ

dP∗ = z̃0
dQ∗
dP∗
) , if Q

∗
(
dQ

dP

∗ = z̃0
dQ

∗

dP

∗

)

> 0.

Define

ỹ0 = z̃0 · E[B−1
T H ]

E

∗[B−1
T Y ]

, ξ̃0 = ỹ0Z
∗
T .

Then, summarizing the above argument and using Proposition 4.1, we obtain
the following:

Theorem 4.2. Let H be a random variable satisfying (4.3) and 0 <

E

∗[B−1
T H ] < ∞. Assume that P(ξ̃0 = 1) = 0. Then the perfect hedging

portfolio for H1{ξ̃0<1} solves the quantile hedging problem (4.1).

Next we consider the defaultable case with zero recovery rate:

(4.5) H = Y1{τ>T }.

To this end, we first introduce the class L2 defined by the closed hull of
L with respect to L1(Q′) := L1(�,G,Q′) norm, where Q

′ is defined by
dQ

′/dP = H/E[H ]. Then the Neyman–Pearson problem (4.2) is replaced
by

(4.6) max
ϕ∈R1

E[B−1
T Hϕ]

As in Proposition 4.1 we have the following reduction result. The proof is
almost the same. To handle L1(Q′)-closed hull, we can use an almost sure
convergent subsequence on {H > 0} in L2 and Fatou’s lemma. The details
are left to the reader.

Proposition 4.3. Suppose that there exist ϕ̂ ∈ R1 and π̂ ∈ A(x) such that ϕ̂
solves the Neyman–Pearson type problem (4.6) and Xx,π̂T ≥ Hϕ̂ a.s. Then π̂
is optimal for the problem (4.1).

The associated dual problem is

(4.7) sup
y≥0,L∈L2

{E[H(B−1
T ∧ yL)] − xy}.

Then the following result shows that L̂ becomes an optimal dual variable.
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Proposition 4.4. Suppose that H is as in (4.5) with E

∗[B−1
T Y ] < ∞. Then

L̂ defined by (3.11) solves

sup
L∈L̃

E[H(B−1
T ∧ yL)].

Moreover, there exists ŷ > 0 that maximizes

E[H(B−1
T ∧ yL̂)] − yx

over y ≥ 0. The pair (ŷ, L̂) is optimal for the maximization problem (4.7).

Let ŷ2 = ŷ be as in the above proposition. Consider the set

M := {(yHL, y) ∈ L1 × R : L ∈ L2, y ≥ 0}.
Lemma 4.5. The set M is closed and convex in the Banach space L1 × R

with the norm ‖(L, y)‖ := E[|L|] + |y|. Moreover, the functional

L1 × R % (K, y) �→ U(K, y) := yx − E[HB−1
T ∧K]

is proper, convex and lower semi-continuous on L1 × R, and satisfies

inf
(K,y)∈M

U(K, y) = U(ŷ2HL̂, ŷ2).

Proof. First, the convexity of M easily follows from that of L2.
Let (ynHLn, yn) ∈ M be a sequence that converges to some (K, y) in

L1 × R. Then yn→ y and so

E[H |ynLn − yLn|] ≤ |yn − y|x∗ → 0 (n→∞).
Thus, if y > 0 then denoting L = (K/yH)1{H>0} we have

E[H |Ln − L|] → 0 (n→∞).
L1(Q′)-closedness of L2 implies L ∈ L2.

If y = 0 then ynLn → yL in L1(Q′) for an arbitrary L ∈ L2. Therefore
M is closed.

The proofs of other assertions are simple, so omitted. ��

Put ξ2 := ŷ2Z
∗
T e
∫ T

0 μt dtY . Then we have the following:

Theorem 4.6. Suppose that H is as in (4.5) with E

∗[B−1
T Y ] < ∞ and that

P(ξ2 = 1) = 0. Then the perfect hedging portfolio for Y1{ξ2<1} is optimal for
problem (4.1).
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Proof. We follow essentially the same arguments as in [8] and [19]. Denote
L∞(�,G,P) by L∞. Let us consider the normal cone

N (ŷ2L̂H, ŷ2) : =
{
(ϕ, u) ∈ L∞ × R : E[ŷ2L̂Hϕ] + ŷ2u

≥ E[yLHϕ] + yu, (yLH, y) ∈M
}

to the set M at (ŷ2L̂H, ŷ2), and the subdifferential

∂U(ŷ2L̂H, ŷ2) : =
{
(ϕ, u) ∈ L∞ ×R : U(ŷ2L̂H, ŷ2)− U(K, y)
≤ E[ϕ(ŷ2L̂H −K)] + u(ŷ2 − y), (K, y) ∈ L1 ×R

}

at the same point. Then, by Corollary 4.6.3 in Aubin and Ekeland [1],

(0, 0) ∈ ∂U(ŷ2L̂H, ŷ2)+N (ŷ2L̂H, ŷ2).

This implies that there exists (ϕ̂, û) ∈ L∞ × R such that (ϕ̂, û) ∈
N (ŷ2L̂H, ŷ2) and (−ϕ̂,−û) ∈ ∂U(ŷ2L̂H, ŷ2). Hence we obtain

E[Hϕ̂(ŷ2L̂− yL)] + (ŷ2 − y)û ≥ 0, (L, y) ∈ L2 × R+,(4.8)

(x + û)(ŷ2 − y) ≤ E[ϕ̂(K − ŷ2L̂H)] − E[HB−1
T ∧K]

+E[HB−1
T ∧ ŷ2L̂H ], (K, y) ∈ L1 ×R.(4.9)

By letting y →±∞, we see that (4.9) holds only if û = −x. From (4.8) with
û = −x, y = ŷ2 ± δ (δ > 0), and L = L̂, we have

(4.10) E[Hϕ̂L̂] = x.
Thus, reading (4.8) with y = ŷ2, we get

(4.11) E[Hϕ̂L] ≤ x, L ∈ L2.

Equation (4.9) is now written as

E[ϕ̂(K − ŷ2L̂H)] − E[HB−1
T ∧K] + E[HB−1

T ∧ ŷ2L̂H ] ≥ 0, K ∈ L1.

(4.12)

Considering (4.12) for K = ŷ2L̂H + 1A with arbitrary A ∈ G, we see
that 0 ≤ E[ϕ̂1A]. Thus ϕ̂ ≥ 0 a.s. Similarly, considering (4.12) for K =
ŷ2L̂H − 1A with arbitrary A ∈ G and using (x + y)+ ≤ (x)+ + (y)+ for
x, y ∈ R, we see that 0 ≤ E(1 − ϕ̂)1A. Thus ϕ̂ ≤ 1 a.s. Combining with
(4.11), we have ϕ̂ ∈ R.

Equation (4.12) for L = HB−1
T implies E[ϕ̂H (B−1

T − ŷ2L̂)] ≥
EH(B−1

T − ŷ2L̂)+. Thus ϕ̂(HB−1
T − ŷ2L̂H) = (HB−1

T − ŷ2L̂H)+ a.s. From
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this and ϕ̂ ∈ R we find that ϕ̂ = 1 on {ŷ2L̂H < B−1
T } ∩ {H > 0} and ϕ̂ = 0

on {ŷ2L̂H > B−1
T } ∩ {H > 0}. Hence there must be some [0, 1]-valued

random variables C and J such that the representation

(4.13) ϕ̂ = 1{ŷ2L̂H<B
−1
T ,H>0} + C1{ŷ2L̂H=B−1

T ,H>0} + J1{H=0}.

holds. Now, by the assumption of the theorem, P(ŷ2L̂H = B−1
T ) = P(ξ2 =

1, τ > T ) = 0. So we have E[B−1
T H ϕ̂] = E[HB−1

T ∧ŷ2L̂H ]−ŷ2x. This and
(3.8) imply that ϕ̂ is optimal for the Neyman-Pearson type problem and that
there is no duality gap. Moreover, sinceHϕ̂ = Y1{ξ2<1}1{τ>T }, we can apply
Proposition 2.1 to deduce that a super-hedging portfolio for Hϕ̂ is given by
the perfect hedging portfolio for Y1{ξ2<1}. From this and Proposition 4.1, we
arrive at the conclusion of the theorem. ��

5. Case of non-zero recovery rate

Next we consider the case of δ > 0. In this case, solving the dual problem is
more difficult, and we leave it for a future study. Instead, we present solutions
to our partial hedging problems in a restricted class of portfolio processes.

Notice that the payoff of the defaultable claim satisfies

H = δY + (1− δ)Y1{τ>T } ≥ δY.
This implies that a seller of the claim must pay at least δY at the
maturity. Since δY is FT -measurable, there exists a unique portfolio process
{π∗t }0≤t≤T such that

X
x∗,π∗
t = E

∗[B−1
T Bt δY |Ft ],

where x∗ = E

∗[B−1
T δY ]. In view of these considerations, we impose the

following capital requirements on the wealth process:

(5.1) X
x,π
t ≥ E

∗[B−1
T Bt δY |Ft ], 0 ≤ t ≤ T , a.s.

In particular, x must be at least x∗. We denote by A∗(x) all portfolio pro-
cesses such that the corresponding wealth process with initial wealth x sat-
isfies (5.1), and restrict ourselves the class of portfolio processes to A∗(x).
Then let us consider the following quantile hedging problem

(5.2) max
π∈A∗(x)

P(X
x,π
T ≥ H)
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as well as the minimization the expected discounted shortfall

(5.3) min
π∈A∗(x)

E[B−1
T (H −Xx,πT )+].

It follows from H = δY + (1 − δ)Y1{τ>T } that P(X
x,π
T ≥ H) =

P(X
x−x∗,π−π∗
T ≥ (1 − δ)Y1{τ>T }). Thus the problem (5.2) is reduced to

the maximization problem of P(X
x ′,π ′
T ≥ H ′) over all portfolio processes

π ′ ∈ A(x ′). Here, x ′ = x − x∗ ≥ 0 and H ′ = (1− δ)Y1{τ>T }. Thus,

max
π∈A∗(x)

P(X
x,π
T ≥ H) = max

π ′∈A(x ′)
P(X

x ′,π ′
T ≥ H ′).

Therefore we can apply Theorem 3.5 to the problem (5.2) and obtain the
following:

Theorem 5.1. Suppose that E

∗[B−1
T Y ] <∞, and let y ′1 and ξ ′1 be defined by

y ′1 = arg min
y≥0

{
E(1− yL̂H ′)+ + yx ′

}
,

ξ ′1 = y ′1B−1
T Z

∗
T e
∫ T

0 μt dt (1− δ)Y.
Suppose moreover that P(ξ ′1 = 1) = 0. Then the perfect hedging portfolio
for δY + (1− δ)Y1{ξ1<1} is optimal for the quantile hedging problem (5.2).

Similarly, by applying Theorem 4.6 to the problem (5.3), we obtain the
following:

Theorem 5.2. Suppose that E

∗[B−1
T Y ] <∞, and let y ′2 and ξ ′2 be defined by

y ′2 = arg max
y≥0

{
E[H ′(B−1

T ∧ yL̂)] − yx ′
}
,

ξ ′2 = y ′2Z∗T e
∫ T

0 μt dt (1− δ)Y.
Suppose moreover that P(ξ ′2 = 1) = 0. Then the perfect hedging portfolio
for δY + (1− δ)Y1{ξ2<1} is optimal for the problem (5.3).

6. Conclusion

In this paper, we have studied the partial hedging problems for defaultable
claims in incomplete markets modeled by Itô processes, in the case where the
portfolio processes are adapted to the full filtration. The maximization of the
probability of super-hedge and the minimization of the expected discounted
loss of hedging are considered. The convex duality method as in [8] and [19]
has played a key role to solve the reduced Neyman–Pearson type problems.

In our future research, we wish to focus on various extensions of the
results obtained in this paper. Possible future research topics include
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• The non-zero recovery case.
• The case where the hedging terminal time is equal to the default time.
• Multiple default times.
• Convex (coherent) risk measures as the criterion.
• Hedging by defaultable assets (e.g., CDS).
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6. Cvitanić, J.: Minimizing expected loss of hedging in incomplete and con-
strained markets. SIAM J. Contr. Optim. 38, 1050–1066 (2000)
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Abstract. This paper studies the problem of robust utility maximization with random
endowment. When the endowment is possibly unbounded, but satisfies certain inte-
grability conditions, we first prove the fundamental duality relation between the utility
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∗ The author deeply thanks an anonymous referee for a number of valuable sug-
gestions. Also, the financial support from the Global Center of Excellence (COE)
program “the Research Unit for Statistical and Empirical Analysis in Social Sciences
(G-COE Hi-Stat)” of Hitotsubashi University is greatly acknowledged.

S. Kusuoka, T. Maruyama (eds.), Advances in Mathematical Economics Volume 14, 147
DOI: 10.1007/978-4-431-53883-7 7,
c© Springer 2011



148 K. Owari

of admissible integrands for S, a utility function U , a set P of probability
measures, and a random variable B. Then the problem is to:

maximize inf
P∈P

EP [U(θ · ST + B)], among θ ∈ Θ. (1.1)

The set P is a mathematical expression of model uncertainty (also called
Knightian uncertainty, in Economics). Each element P ∈ P is considered
a candidate model of financial market, and the case where P is a singleton
corresponds to the classical situation without uncertainty. See Föllmer et al.
[13] for more background information about model uncertainty and robust
utility maximization.

In the present paper, we consider (1.1) in the case where the utility
function U is defined on the whole real line, and the endowment B is pos-
sibly unbounded but satisfies a certain uniform integrability condition in the
split of [28]. We will give (1) the duality between the problem (1.1) and a
minimization problem of a robust divergence functional over a class of local
martingale measures for S (the dual problem), (2) the existence and charac-
terizations of a solution to the dual problem, and (3) the existence of optimal
strategy for (1.1) with a certain choice of Θ .

One of our primal motivation for studying the problem (1.1) is to give a
way of pricing contingent claims in incomplete financial market with model
uncertainty. To this aim, we will define and compute the robust utility indif-
ference price of a claim B. This is mathematically a direct corollary of our
duality result presented below, but possesses some reasonable properties as
fair price, even under model uncertainty.

We close the introduction with a brief literature review. When P is a sin-
gleton (i.e., no model uncertainty), the convex duality theory for utility maxi-
mization is studied by many authors, e.g., the case of no endowment (B ≡ 0)
by Kramkov and Schachermayer [22, 23] and Schachermayer [32, 33], the
case of bounded claim by Bellini and Frittelli [4], the case of exponential
utility with integrability conditions on B by Delbaen et al. [10], Kabanov and
Stricker [21] and Becherer [3]. Also, Owen and Žitković [29], Biagini et al.
[6] and Owari [27] deal with the case of general utility functions defined on
R with unbounded endowment.

There is also a vast literature on robust utility maximization without
endowment. When the utility function is defined on R+, Quenez [30] consid-
ered the problem under rather stronger assumptions including the equivalence
of all P ∈ P , examining the case of Brownian filtration with logarithmic and
power utilities by means of BSDE. More general duality theory is developed
by Schied and Wu [35] and Schied [34], followed by Hernández-Hernández
and Schied [16, 17] with explicit examples in the setting of a stochastic factor
model. For recent developments in this direction, see Föllmer et al. [13] and
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references there-in. Also, Föllmer and Gundel [12] gives a general existence
result for the so called robust f -projection problem, which is the dual of
robust utility maximization.

For the problem of the type (2.14), Owari [28] extends the duality theory
of [10] to the case with model uncertainty (see also [26] for a solvable
example), and this paper is an extension of [28] to a slightly general class
of utility functions. Müller [25] also studies the robust exponential utility
maximization with bounded endowment in a Brownian setting. Müller [25]
solves the problem with a direct BSDE argument without duality. More re-
cently, Wittmüss [37] studies the robust utility maximization from consump-
tion with bounded random endowment for general utility functions defined
on the positive half line.

Some more detailed information will be given after the proofs.

2. Main results

2.1. Setup

Suppose we are given a complete probability space (Ω,F ,P) equipped with
a filtration F = (Ft )t∈[0,T ] satisfying the usual conditions of right-continuity
and P-completeness, where T ∈ (0,∞) is a fixed time horizon. We assume
F = FT for simplicity of notation. The expectation of a random variable
X under P is denoted simply by E[X], while we explicitly write EP [X] for
expectation under other probability P .

Let S be a d-dimensional càdlàg locally bounded semimartingale on
(Ω,F ,F,P). For the set of admissible strategies, we will basically consider:

Θbb := {θ ∈ L(S) : θ0 = 0, θ ·S is uniformly bounded from below}, (2.1)

where L(S) := L(S,P) denotes the set of all d-dimensional predictable
(S,P)-integrable processes. For the precise definitions and basic properties
of stochastic integral and the space L(S,P) (or more generally, L(S, P ) with
P 
 P), we refer the reader to Jacod [20] and [19, Ch. II, IV].

Utility functions and conjugate

In this paper we consider utility functions U defined on the whole real line,
i.e., U(x) is finite for all x ∈ R. More precisely, we assume:

(A1) U : R → R is continuously differentiable, increasing, and strictly
concave function satisfying the Inada condition:

lim
x→−∞U

′(x) = +∞, and lim
x→+∞U

′(x) = 0. (2.2)
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(A2) U satisfies the condition of reasonable asymptotic elasticity:

AE−∞(U) := lim inf
x↘−∞

xU ′(x)
U(x)

> 1, AE+∞(U) := lim sup
x↗+∞

xU ′(x)
U(x)

< 1.

(2.3)

We often need a stronger assumption than (A1):

(A1′) U satisfies (A1) and U(+∞) := supx∈RU(x) <∞.

A typical example of utility function satisfying (A1′) and (A2) is the
exponential utility: U(x) = −e−αx , where α > 0 is a risk aversion
parameter.

For a given utility function U , its conjugate V is defined by

V (y) := sup
x∈R

(U(x)− xy), y ∈ R. (2.4)

In the standard language of convex analysis, V is the convex conjugate
(also called the Fenchel–Legendre transform) of the convex function
�(x) = −U(−x).

By (A1), V is also differentiable on (0,∞) with V ′(y) = −(U ′)−1(y),
and

V ′(0) := lim
y↓0
V ′(y) = −∞ V ′(+∞) := lim

y→+∞V
′(y) = +∞,

by the Inada condition, hence V is bounded from below. Also, V (0) =
U(∞).

The assumption (A2) of reasonable asymptotic elasticity is equivalent
to any of the following two conditions (Frittelli and Rosazza Gianin [14],
Proposition 1):

1. For any compact interval [a, b] ⊂ (0,∞), there exist C1, C2 > 0 such
that

V (λy) ≤ C1V (y)+ C2(y + 1), ∀λ ∈ [a, b], y > 0. (2.5)

2. There exist C′1, C′2 > 0 such that

y|V ′(y)| ≤ C′1V (y)+ C′2(y + 1), ∀y > 0. (2.6)

Measures and V -divergences

In this paper, we always identify any set Q of positive finite measures
absolutely continuous w.r.t. P with a subset of L1 = L1(Ω,F ,P) by identi-
fying ν ∈ Q with dν/dP ∈ L1. Also, when we speak of weak topology (e.g.
weakly closed, weakly compact), we mean σ(L1, L∞)-topology on L1.
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For any pair of positive finite measures (ν, μ), we denote by dν/dμ
the Radon–Nikodym density of ν w.r.t. μ in the sense of Lebesgue
decomposition:

dν

dμ
:= dν/dP

dμ/dP

1{dμ/dP>0} +∞1{dμ/dP=0,dν/dP>0}.

To the conjugate V defined by (2.4), we associate another map on R

2+ by

V (x, y) :=

⎧
⎪⎨

⎪⎩

0 if x = y = 0,

x limz→+∞ V (z)
z

if x > 0, y = 0,

yV (x/y) if y > 0.

(2.7)

The map V (·, ·) is lower semicontinuous on R

2+. Then the V -divergence is
defined for any pair of positive measures (ν, μ) by

V (ν|μ) := E[V (dν/dP, dμ/dP)]. (2.8)

(ν, μ) �→ V (ν|μ) is convex and weakly lower semicontinuous on L1+ × L1+
(see [12, Lemma 2.7]).

Let P be a set of probability measures absolutely continuous w.r.t. P,
expressing the model uncertainty. For this set, we assume:

(A3) P is convex and weakly compact as a subset of L1.

Given such a P , we define the robust V -divergence functional by ν �→
V (ν|P) := infP∈P V (ν|P). The functional ν �→ V (ν|P) is also convex
by the convexity of P .

Here we recall a characterization of weak compactness in L1 for convex
sets, which is a combination of the Dunford–Pettis theorem and the fact that
the σ(L1, L∞)-topology shares the same closed convex sets with the strong
(norm) topology.

Lemma 2.1. A convex set A ⊂ L1 is weakly compact if and only if it is norm
closed and uniformly integrable.

Proof. By definition, A is weakly compact if and only if it is closed and
relatively compact for the σ(L1, L∞)-topology. The σ(L1, L∞)-relative
compactness coincides with the uniform integrability by the Dunford–Pettis
theorem [11, Theorem II.25], while A is weakly closed if and only if strongly
closed since it is convex (see e.g. [1, Theorem 5.98]). ��

A probability measure Q is called a P -absolutely continuous (resp.
P -equivalent) local martingale measure for S ifQ
 P (resp.Q ∼ P ) and S
is aQ-local martingale. The set of P -absolutely continuous (resp. equivalent)
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local martingale measures is denoted by Mloc(P ) (resp. Me
loc(P )), and we

write Mloc =Mloc(P) (resp. Me
loc =Me

loc(P)). Define also:

MV := {Q ∈Mloc : V (Q|P) <∞}, (2.9)

and set Me
V := {Q ∈ MV : Q ∼ P}. Note that Mloc is convex and

closed as a subset of L1(P) since S is locally bounded (see e.g., Delbaen
and Schachermayer [8], Theorem 5.4). Also, Me

loc, MV and Me
V are con-

vex since V (·|P) is convex.
We assume a kind of no-arbitrage condition:

(A4) Me
V �= ∅.

Remark 2.2. By the condition (2.5) (⇔ (A2)), we have, for any pair (Q,P )
of probability measures, that V (Q|P) < ∞ if and only if V (λQ|P) < ∞
for all λ > 0. Therefore,Q ∈Mloc is in MV if and only if V (λQ|P) <∞
for all λ > 0.

(A4) implies the existence of a pair (Q0, P0) ∈MV ×P such thatQ0 ∼
P0 ∼ P, and V (Q0|P0) < ∞. In particular, P ∼ P in the sense that for all
A ∈ F ,

P(A) = 0, ∀P ∈ P ⇔ P(A) = 0

This yields a kind of no-arbitrage condition of the following type: for any
θ ∈ Θbb, if P(θ · ST ≥ 0) = 1 for all P ∈ P , then P(θ · ST = 0) = 1 for all
P ∈ P . Indeed, P(θ · ST ≥ 0) = 1 for all P ∈ P ⇔ P(θ · ST ≥ 0) = 1 ⇔
Q0(θ ·ST ≥ 0) = 1⇔Q0(θ ·ST = 0) = 1 (since S is aQ0-local martingale
and θ · ST is bounded from below) ⇔ P(θ · ST = 0) = 0 for all P ∈ P .
However, arbitrage in the usual sense is possible under each model P ∈ P .

Random endowment

For the random endowment B, we assume:

(A5) B is FT -measurable and there exists ε > 0 such that

inf
P∈P

EP [U(−εB+)] > −∞, (2.10)

{U(−(1+ ε)B−)(dP/dP)}P∈P is uniformly integrable. (2.11)

For a positive finite measure ν and a random variable X, we denote
ν(X) := ∫Ω Xdν, whenever the integral makes sense. In the dual problem,
we will work with the functional ν �→ V (ν|P) + ν(B). As B is allowed to
be unbounded, we have to check that this functional is well-defined.
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By the definition of V , we have YD ≤ V (Y ) − U(−D) for any positive
random variables Y and D. In particular, taking Y = dν/dP ,

ν(D) ≤ V (ν|P)− EP [U(−D)] ≤ V (ν|P)− inf
P ′∈P

EP
′ [U(−D)]. (2.12)

Taking D = εB+ and D = (1 + ε)B−, assumption (A5) implies that B ∈
L1(ν) whenever V (ν|P) < ∞. Noting that cone(MV ) := {λQ : λ ≥
0, Q ∈MV } is written as

cone(MV ) = {0} ∪ {ν ∈ coneMloc : V (ν|P) <∞}, (2.13)

by Remark 2.2, the functional ν �→ V (ν|P) + ν(B) is well-defined on
cone(MV ) by (A2) and (A5) (the case ν = 0 is trivial since then V (ν|P)+
ν(B) = V (0)).
Remark 2.3. Assumptions (A3) and (A5) seem to depend on the choice of
reference measure P, but actually not: these assumptions remain true even
if P is replaced by another probability P

′ ∼ P. For example, the family P
is uniformly integrable if and only if for any ε > 0, there exists a δ > 0
such that P(A) < δ implies supP∈P P(A) ≤ ε. Since {dP/dP

′} is clearly
P

′-uniformly integrable, {dP/dP

′ : P ∈ P} is again P

′-uniformly integrable.

Important Note on Assumptions. In the sequel, (A1)–(A5) are always in
force (excepting Sect. 2.3) as the standing assumptions, and we do not cite
them in the statements. On the other hand, we explicitly cite (A1′) when it
is used.

2.2. Main theorems

Recall that the primal problem of this paper is:

maximize inf
P∈P

EP [U(θ · ST + B)], over all θ ∈ Θbb. (2.14)

The dual of the problem (2.14) is now stated as:

minimize V (λQ|P) + λEQ[B], over λ > 0, (Q,P ) ∈MV × P .
(2.15)

This problem has several equivalent forms. Note that the assumption
(A3) of weak compactness together with the lower semicontinuity of the
V -divergence imply that the infimum V (ν|P) = infP∈P V (ν|P) is always
attained by some Pν ∈ P . Therefore, the problem (2.15) is equivalent to the
minimization of (λ,Q) �→ V (λQ|P) + λEQ[B] over (0,∞) ×MV , or
equivalently,

minimize V (ν|P)+ ν(B), over ν ∈ cone(MV ) \ {0}. (2.16)
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The formulation (2.15) may be familiar and conformable with other existing
research, while the second formulation (2.16) is convenient for discussing
abstract results. Thus we will make proper use of two equivalent formulations
depending on the situation.

Here we state all the main results of the paper, which will be proved in
subsequent sections. Recall that (A1)–(A5) are always assumed without men-
tioning. The first one concerns the relation between the utility maximization
and the dual problem:

Theorem 2.4 (Duality). Assume (A1′). Then the following duality equality
holds:

sup
θ∈Θbb

inf
P∈P

EP [U(θ · ST + B)] = inf
λ>0

inf
(Q,P )∈MV×P

(V (λQ|P) + λEQ[B])

= inf
ν∈cone(MV )\{0}

(V (ν|P)+ ν(B)).
(2.17)

Using this duality, we can compute the maximal admissible utility via the
dual problem. This will ease the computation of the robust utility indifference
prices as in the subjective case (see Sect. 2.3). Also, (2.17) justifies the term
dual problem.

Next we consider the dual problem (2.16).

Theorem 2.5 (Existence for the Dual Problem). The problem (2.16) admits
a solution ν̂ ∈ cone(MV ) \ {0}, i.e.,

V (ν̂|P)+ ν̂(B) = inf
ν∈cone(MV )\{0}

(V (ν|P)+ ν(B)). (2.18)

Moreover, there exists a solution having the maximal support among all
solutions.

As noted above, the existence of a solution ν̂ = λ̂Q̂ already gives a min-
imizer (ν̂, P̂ ) = (λ̂Q̂, P̂ ) of (ν, P ) �→ V (ν|P) + ν(B) on (cone(MV ) \
{0})× P . Then the pair (ν̂, P̂ ) is also called a solution to the dual problem.

When P is a singleton (say {P}), we have further that ν̂ = λ̂Q̂ is unique,
and is equivalent to P. In the robust case, however, we can hope neither the
uniqueness nor the equivalence any more, and the best we can do is to con-
struct a solution with the maximal support, which has a kind of uniqueness in
a weaker sense: the density dν̂/dP̂ is a.s. unique. See Proposition 4.7 below.

Aside from the generality, it sometimes happens in special cases that we
can take a common pair (Q̂, P̂ ) ∈ MV × P which minimizes (Q,P ) �→
V (λQ|P) + λEQ[B] for all λ > 0. In such a case, the function v(λ) =
inf(Q,P )∈MV×P (V (λQ|P) + λEQ[B]) is strictly convex, hence the scaling
factor λ̂ of ν̂ = λ̂Q̂ is uniquely determined.
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Example 2.6 (Exponential Utility). Let U(x) = −e−x . This is called the
exponential utility with the risk aversion parameter 1. Then V (y) = y log
y − y, hence

V (λQ|P) + λEQ[B] = λ(H(Q|P)+ EQ[B])+ λ log λ− λ,
where H(Q|P) is the relative entropy of Q w.r.t. P . Therefore, the dual
problem amounts to minimize H(Q|P) + EQ[B] in (Q,P ), and the unique
minimizer λ̂ is given by λ̂ = exp(− inf(Q,P )∈MV×P (H(Q|P) + EQ[B])).
See Owari [28] for detail.

Once the existence of a solution is obtained, our next interest is in the
characterization of solutions.

Theorem 2.7 (Characterization for Dual Optimizers). Let (ν̂, P̂ ) =
(λ̂Q̂, P̂ ) be a solution to the dual problem. Then:

(a) Q̂ ∼ P̂ .
(b) There exists an (S, Q̂)-integrable predictable process θ̂ with θ0 = 0 such

that θ̂ · S is a Q̂-martingale, and

−V ′
(

λ̂
dQ̂

dP̂

)

= θ̂ · ST + B, Q̂-a.s. (2.19)

We now go on to the discussion of optimal strategy. Unfortunately, the
class Θbb is too small to admit an optimizer, even if P = {P} and B ≡ 0 (see
e.g., [33]). Thus, we need to enlarge the admissible class.

We proceed as follows. We first show that the duality (2.17) is stable
enough under the change of admissible class Θ . This implies in particular
that the maximal admissible utility is unchanged under certain changes ofΘ .
Then the following special class will turn out to admit an optimal strategy,
under an additional assumption:

Θ
V,P̂

:=
{
θ ∈ L(S) : θ0 = 0, θ · S is aQ-supermartingale,

∀Q ∈MV (P̂ )
}
, (2.20)

where MV (P̂ ) = {Q ∈ MV : V (Q|P̂ ) < ∞}. Of course, Θbb ⊂ ΘV,P̂ by
Ansel and Stricker [2], Corollary 3.5. Note also that if θ · S is well-defined
under P, then it is also well-defined under any P 
 P.

Theorem 2.8 (Optimal Strategy). Assume (A1′).
(a) Let Θ ⊂ L(S) be such that Θbb ⊂ Θ ⊂ ΘV,P̂ . Then

sup
θ∈Θ

inf
P∈P

EP [U(θ · ST + B)] = sup
θ∈Θbb

inf
P∈P

EP [U(θ · ST + B)]

= inf
λ>0

inf
(Q,P )∈MV×P

(V (λQ|P)+λEQ[B]).
(2.21)
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In particular, the maximal utility is unchanged if Θbb is replaced by
Θ
V,P̂

.

(b) θ̂ · S is a supermartingale under all Q ∈ MV (P̂ ), where θ̂ is the inte-
grand appearing in (2.19).

(c) If we assume in addition that Q̂ ∼ P, then θ̂ ∈ Θ
V,P̂

, and the pair

(θ̂ , P̂ ) ∈ Θ
V,P̂

× P is a saddle point of the map Θ
V,P̂

× P % (θ, P ) �→
EP [U(θ · ST + B)], i.e.,

min
P∈P

EP [U(θ̂ ·ST+B)] = EP̂ [U(θ̂ ·ST+B)] = max
θ∈Θ

V,P̂

EP̂ [U(θ ·ST+B)].
(2.22)

In particular,

inf
P∈P

EP [U(θ̂ · ST + B)] = max
θ∈Θ

V,P̂

inf
P∈P

EP [U(θ · ST + B)]. (2.23)

In the assertion (c) on the saddle point argument, the “θ̂ -part” of the sad-
dle point is unique, while P̂ is not, in the sense that if (θ̃ , P̃ ) ∈ Θ

V,P̃
× P is

another saddle point with P̃ ∼ P, then θ̂ ·S = θ̃ ·S up to P-indistinguishability.
This is a consequence of the uniqueness of the density of maximal solution
in the sense mentioned above.

Remark 2.9. The reader may be curious why we choose Θbb for the primal
domain even though it can not admit an optimizer. This is a matter of uni-
versality. In the robust case, the class Θ

V,P̂
admitting an optimal strategy (if

Q̂ ∼ P) depends on P̂ , implying that it is not available until we solve the
dual problem. Furthermore, the dependence on P̂ implies the dependence
on B, which is quite undesirable when we consider the application to in-
difference valuation. On the other hand, Θbb is a priori well-defined, and
depends neither on P nor on B. From this point of view, Theorem 2.8 (c) is
understood that an optimal strategy is obtained in a “completion” ofΘbb in a
suitable sense.

2.3. Indifference valuation

We now apply our duality result to a valuation problem. Consider an investor
thinking whether to buy a contingent claim B. Suppose that his/her prefer-
ence is represented by the robust utility functionalX �→ infP∈P EP [U(X)].
If he/she buys the claim B at the price p, the maximal admissible utility is:

sup
θ∈Θbb

inf
P∈P

EP [U(θ · ST − p + B)], (2.24)

while if he/she does not buy,

sup
θ∈Θbb

inf
P∈P

EP [U(θ · ST )]. (2.25)
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From economic point of view, the following decision seems reasonable: if
(2.24) > (resp. <) (2.25), buy (resp. not buy) the claim. If both quantities
are equal, buying the claim does not change the maximal utility, hence indif-
ference. A similar reasoning apply also to the seller’s decision. Noting that
p �→ supθ∈Θbb infP∈P EP [U(θ · ST − p + B)] is decreasing, we now arrive
at the following definition.

Definition 2.10 (Indifference Prices). Buyer’s robust utility indifference
price of B is defined with the convention sup∅ = −∞ by

pb(B) : = sup

{

p : sup
θ∈Θbb

inf
P∈P

EP [U(θ · ST − p + B)]

≥ sup
θ∈Θbb

inf
P∈P

EP [U(θ · ST )]
}

.

Also, seller’s indifference price of B is defined with the convention
inf ∅ = +∞ by

ps(B) : = inf

{

p : sup
θ∈Θbb

inf
P∈P

EP [U(θ · ST + p − B)]

≥ sup
θ∈Θbb

inf
P∈P

EP [U(θ · ST )]
}

.

In this subsection, the claim B acts as a “variable” rather than a part of
“setting”. Thus we drop (A5) from the “standing assumptions”, and instead,
we introduce:

B := {B ∈ L0(Ω,FT ,P) : B satisfies (A5)}.
This is the set of admissible claims for the buyer. Similarly, the set of admis-
sible claims for the seller is −B = {B : −B ∈ B}. By (A1)–(A4), which are
still in force, B is a convex set satisfying:

1. L∞ ⊂ B ∩ (−B), hence R ⊂ B ∩ (−B) in particular.
2. B ∈ B⇒ x + B ∈ B for all x ∈ R. To see this, observe that

U
(
−ε

2
(x + B)+

)
≥ 1

2
U(−εx+)+ 1

2
U(−εB+).

Thus, if B satisfies (2.10) with ε > 0, so does x+B with ε/2 > 0. Similarly,
for every γ > 1,

U(−√γ (x + B)−) ≥
√
γ − 1√
γ

U

(

− γ x−√
γ − 1

)

+ 1√
γ
U(−γB−).

Hence if B satisfies (2.11) with ε > 0, so does x +B with ε′ = √1+ ε − 1.
Theorem 2.4 gives us the following risk measure representations of

pb, ps .
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Proposition 2.11. Assume (A1′), and let

Γ (Q) := inf
λ>0

1

λ

(

V (λQ|P)− inf
λ′>0

inf
Q′∈MV

V (λ′Q′|P)
)

. (2.26)

Then

pb(B) = inf
Q∈MV

(EQ[B] + Γ (Q)) ∀B ∈ B, (2.27)

ps(B) = sup
Q∈MV

(EQ[B] − Γ (Q)) ∀B ∈ −B. (2.28)

In particular, pb (resp. ps ) is finite on B (resp. −B), and if B ∈ B ∩ (−B),
then ps(B) = −pb(−B).
Proof. By the argument above, we can apply Theorem 2.4 for all x + B.
We prove only the case of pb, but the same argument works also for ps . By
Theorem 2.4,

sup
θ∈Θbb

inf
P∈P

EP [U(θ · ST − p + B)] = inf
λ>0

inf
Q∈MV

(V (λQ|P)−λp+λEQ[B])

sup
θ∈Θbb

inf
P∈P

EP [U(θ · ST )] = inf
λ>0

inf
Q∈MV

V (λQ|P) =: v0.

Hence,

sup
θ∈Θbb

inf
P∈P

EP [U(θ · ST − p + B)] ≥ sup
θ∈Θbb

inf
P∈P

EP [U(θ · ST )]

⇔ inf
λ>0

inf
Q∈MV

(V (λQ|P)− λp + λEQ[B]) ≥ v0

⇔ inf
Q∈MV

(V (λQ|P)+ λEQ[B])− λp ≥ v0, ∀λ > 0

⇔ inf
Q∈MV

(
1

λ
(V (λQ|P)− v0)+ EQ[B]

)

≥ p, ∀λ > 0

⇔ p ≤ inf
Q∈MV

(EQ[B] + Γ (Q)).

Therefore, we have (2.27). Also, pb(B) < ∞ since Γ (Q) ≤ V (Q|P) −
v0 < ∞ and B ∈ L1(Q) for all Q ∈ MV . Finally, the next lemma shows
that the set “{· · · }” appearing in the definition of pb is non-empty, hence
pb(B) > −∞. ��
Lemma 2.12. For every B ∈ B,

sup
x≥0

sup
θ∈Θbb

inf
P∈P

EP [U(θ · ST + x + B)] > sup
θ∈Θbb

inf
P∈P

EP [U(θ · ST )] (2.29)
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Proof. By the concavity of U and the fact that Θbb is a cone, we have

sup
θ∈Θbb

inf
P∈P

EP [U(θ · ST + x + B)] ≥ ε

1+ ε sup
θ∈Θbb

inf
P∈P

EP [U (θ · ST )]

+ 1

1+ ε inf
P∈P

EP [U((1+ ε)(x + B))],

where ε is taken so that (2.10) and (2.11) are satisfied. Thus, it suffices to see
that

sup
x≥0

inf
P∈P

EP [U((1+ ε)(x + B))] > sup
θ∈Θbb

inf
P∈P

EP [U(θ · ST )]. (2.30)

First, it is easy to deduce from (2.11) that {U((1 + ε)(x +
B))−dP/dP}P∈P is uniformly integrable for every x ≥ 0, hence P �→
EP [U((1+ ε)(x+B))] is weakly lower semicontinuous on P (see the proof
of Lemma 3.1). Also, noting that B ∈ L1(P ) for all P ∈ P by (2.12) applied
to ν = P , EP [U((1 + ε)(x + B))] ≤ V (1) + (1 + ε)EP [x + B] < ∞ for
all P ∈ P and x ≥ 0. Therefore, we can apply a minimax theorem as in the
proof of Proposition 3.2 to obtain:

sup
x≥0

inf
P∈P

EP [U((1+ ε)(x + B))] = inf
P∈P

sup
x≥0

EP [U((1+ ε)(x + B))]

= inf
P∈P

lim
x↗∞E

P [U((1+ ε)(x + B))]

= inf
P∈P

EP
[

lim
x↗∞U((1+ ε)(x + B))

]

= U(∞) = V (0).
Here the third equality follows from the monotone convergence theorem.
Finally, the RHS of (2.30) is written as infλ>0 infQ∈MV

V (λQ|P) by
Theorem 2.4, which is strictly less than V (0) (see the proof of Theorem 2.5
in Sect. 4.2). ��

Let (λ̂0Q̂0, P̂0) be a solution to the dual problem (2.15) with B ≡ 0,
whose existence is guaranteed by Theorem 2.5.

Corollary 2.13. Let B,B ′ ∈ B ∩ (−B). Then

(a) pb(0) = ps(0) = 0.
(b) ps(B + x) = ps(B)+ x, pb(B + x) = pb(B)+ x, for all x ∈ R.
(c) B ≤ B ′ ⇒ ps(B) ≤ ps(B ′) and pb(B) ≤ pb(B ′).
(d) ps (resp. pb) is a proper convex (resp. concave) function on −B

(resp. B);

(e) infQ∈Me
V
EQ[B] ≤ pb(B) ≤ EQ̂0[B] ≤ ps(B) ≤ supQ∈Me

V
EQ[B].
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Proof. Noting that Γ (Q) ≥ 0 for all Q ∈ MV , and minQ∈MV
Γ (Q) =

Γ (Q̂0) = 0, (a)–(d) are immediate from the risk measure expressions (2.27)
and (2.28).

(e) Since Γ (Q̂0) = 0,

inf
Q∈MV

EQ[B] ≤ inf
Q∈MV

(EQ[B] + Γ (Q))

≤ EQ̂0[B] + Γ (Q̂0) = EQ̂0[B]
= EQ̂0[B] − Γ (Q̂0)

≤ sup
Q∈MV

(EQ[B] − Γ (Q)) ≤ sup
Q∈MV

EQ[B].

It remains only that infQ∈MV
EQ[B] = infQ∈Me

V
EQ[B], and supQ∈MV

EQ[B] = supQ∈Me
V
EQ[B]. Taking an element Q̄ of Me

V , which is non-

empty, we set Qα := αQ̄ + (1 − α)Q for each Q ∈MV . Then Qα ∈Me
V

for α ∈ (0, 1], and α �→ EQα [B] is continuous on [0, 1], since B ∈ L1(Q)

for allQ ∈MV . This concludes the proof. ��
Remark 2.14. The concept of utility indifference valuation is quite popular,
which goes back to Hodges and Neuberger [18]. Especially, the case of expo-
nential utility with risk measure representation has been extensively studied
by many authors including Rouge and El Karoui [31], the “six-author pa-
per” [10], Mania and Schweizer [24], among others. More recently, Owen
and Žitković [29], Biagini et al. [6] consider the case of utility functions
other than the exponential utility. Our Proposition 2.11 extends these existing
results to the framework of robust utility. This extension is mathematically
minor, and the only apparent difference emerges as the robustification of the
penalty term. It proposes, however, a method of pricing contingent claims in
the presence of model uncertainty.

In view of (a)–(d), pb (resp. B �→ ps(−B)) indeed defines a concave
monetary utility function (resp. convex risk measure) on the convex set B
in the sense of Biagini and Frittelli [5]. Although B is not a linear space,
the concepts of convex risk measure and monetary utility function still make
sense in view of the properties 1 and 2 ofB listed just before Proposition 2.11.

Finally, ps(B) and ps(B) can be viewed as arbitrage-free prices in view
of (e).

3. Duality

This section aims at proving the duality equality (Theorem 2.4). Our strategy
is as follows. When P is a singleton, duality equalities are available in vari-
ous settings. Thus, we first show that the order of “infP∈P” and “supθ∈Θbb”
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in the LHS of (2.17) are interchangeable. This reduces the robust problem to
a family of subjective problems. Given this minimax equality, the duality will
follow if we can apply the duality result of [27] to all P ∈ P . Although this is
not applicable to all P ∈ P , we can take, in a rather trivial way, a “dense” sub-
set ofP on which the duality holds true. Then some approximation arguments
conclude the proof. We begin with a simple lemma. Recall that we identify
P with D := {dP/dP : P ∈ P} ⊂ L1 by the injection P �→ dP/dP, and
(A1)–(A5) are always assumed without particular mention.

Lemma 3.1. The map P �→ EP [U(θ · ST + B)] is weakly lower semicon-
tinuous on P for each θ ∈ Θbb.
Proof. Fix θ ∈ Θbb. By the definition of lower semicontinuity, it suffices to
show that for any α ∈ R, the level set Aα := {D ∈ D : E[DU(θ ·ST +B)] ≤
α} is weakly closed in L1, and since Aα is clearly convex, we have only to
show Aα is strongly closed. Let (Dn)n ⊂ Aα be a convergent sequence, and
D = limn Dn in L1. Taking a subsequence, we may assume Dn → D a.s.

Since U is concave, and θ · ST is bounded from below by a (say),

DnU(θ · ST + B) ≥ ε

1+ εDnU
(

1+ ε
ε
a

)

+ 1

1+ εDnU(−(1+ ε)B
−)

=: Gεn.
The sequence (Gεn)n is a.s. convergent, and is uniformly integrable for some
ε > 0 by (A5). Therefore, we can apply Fatou’s lemma to conclude that

E[DU(θ · ST + B)] ≤ lim inf
n→∞ E[DnU(θ · ST + B)] ≤ α,

hence D ∈ Aα . ��
Proposition 3.2. We have

sup
θ∈Θbb

inf
P∈P

EP [U(θ · ST + B)] = inf
P∈P

sup
θ∈Θbb

EP [U(θ · ST + B)]. (3.1)

Proof. The map P �→ EP [U(θ · ST + B)] is linear (hence convex), and
weakly lower semicontinuous for every θ ∈ Θbb by Lemma 3.1. Also, the set
P is assumed to be weakly compact. On the other hand, θ �→ EP [U(θ ·ST +
B)] is concave since U is concave, and Θbb is convex. Therefore, we can
apply Fan’s minimax theorem (Simons [36], Theorem 3.2) to get (3.1). ��

We proceed to the next step. By (A4) and Remark 2.2, we can take a pair
(Q0, P0) ∈ MV × P such that Q0 ∼ P0 ∼ P and V (Q0|P0) < ∞. Fixing
such a pair, we set

Pα := αP + (1− α)P0, ∀P ∈ P .



162 K. Owari

Then define
P0 := {Pα : P ∈ P, α ∈ [0, 1)}. (3.2)

An important consequence of the assumption U(∞) <∞ in (A1′) is the
next lemma, which is pointed out in Föllmer and Gundel [12], Remark 3.10
for a special choice of (Q0, P0), and the same proof applies to our case.

Lemma 3.3. Assume (A1′). Then for every P ∈ P0, V (Q0|P) <∞.

Note that (A5) implies in particular that

EP [U(−εB+)] > −∞ and EP [U(−(1+ ε)B−)] > −∞, ∀P ∈ P .
(3.3)

Also, by Lemma 3.3, we have

Me
V (P ) �= ∅, ∀P ∈ P0. (3.4)

Therefore, we can apply Theorem 2.1 of Owari [27] to get:

Lemma 3.4. For every P ∈ P0, we have

sup
θ∈Θbb

EP [U(θ · ST + B)] = inf
λ>0

inf
Q∈MV (P )

(V (λQ|P) + λEQ[B]). (3.5)

In particular,

inf
P∈P0

sup
θ∈Θbb

EP [U(θ ·ST +B)] = inf
λ>0

inf
P∈P0

inf
Q∈MV (P )

(V (λQ|P)+λEQ[B]).
(3.6)

Proof of Theorem 2.4. We first show:

inf
P∈P

sup
θ∈Θbb

EP [U(θ · ST + B)] = inf
P∈P0

sup
θ∈Θbb

EP [U(θ · ST + B)]. (3.7)

The inequality “≤” is trivial since P0 ⊂ P . To see the converse inequality, it
suffices to check that the map α �→ supθ∈Θbb E

Pα [U(θ · ST + B)] is upper
semicontinuous on [0, 1]. This map is convex as a pointwise supremum of
affine functions, and finite valued since U is bounded from above by (A1′),
hence upper semicontinuous.

Next we show that for all λ > 0,

inf
P∈P0

inf
Q∈MV (P )

(V (λQ|P) + λEQ[B])= inf
(Q,P )∈MV×P

(V (λQ|P)
+ λEQ[B]). (3.8)

Since B ∈ L1(Q) for allQ ∈MV ,Q ∈MV \MV (P ) implies V (λQ|P)+
λEQ[B]) = +∞. Thus,
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inf
P∈P0

inf
Q∈MV (P )

(V (λQ|P) + λEQ[B])= inf
P∈P0

inf
Q∈MV

(V (λQ|P) + λEQ[B]).

Now (3.8) follows by showing that for each P ∈ P and λ > 0,

inf
Q∈MV

(V (λQ|P) + λEQ[B]) ≥ inf
α∈[0,1) inf

Q∈MV

(V (λQ|Pα)+ λEQ[B]).
(3.9)

If the LHS is +∞, there is nothing to prove, hence we assume that the
LHS is finite. Note that P �→ infQ∈MV

(V (λQ|P) + λEQ[B]) is convex,
since the (Q,P ) �→ V (λQ|P) and the set MV are convex. Therefore,
α �→ infQ∈MV

(V (λQ|Pα) + λEQ[B]) is convex, and finite on [0, 1] by as-
sumption, hence upper semicontinuous. Thus (3.9) follows, and we get (3.8).

Finally, combining Proposition 3.2, Lemma 3.4, (3.7) and (3.8), we have

sup
θ∈Θbb

inf
P∈P

EP [U(θ · ST + B)] = inf
P∈P0

sup
θ∈Θbb

EP [U(θ · ST + B)]

= inf
λ>0

inf
P∈P0

inf
Q∈MV (P )

(V (λQ|P) + λEQ[B])
= inf
λ>0

inf
(Q,P )∈MV×P

(V (λQ|P) + λEQ[B]),

and the proof is complete. ��
Remark 3.5. Some related results are found. When the utility function is
defined on R+ and B ≡ 0, Schied and Wu [35] and Schied [34] proved
similar duality results, on which our idea of proof is based. Wittmüss [37]
dealt with the case of bounded endowment with utility function on R+. Our
Theorem 2.4 is an extension of Theorem 2.4 of Owari [28] which investigated
the case of exponential utility with unbounded endowment.

4. Solution to the dual problem

This section studies the dual problem (2.16). We begin with a brief review of
a related result due to Föllmer and Gundel [12], explaining our idea and what
our contribution is.

Suppose for a moment that B ≡ 0, and consider the problem:

minimize V (Q|P), overQ ∈MV . (4.1)

This is nothing other than the robust f -projection problem of [12] which
shows the existence of a solution. The heart of the proof of [12] consists of
getting the weak lower semicontinuity of the divergence (Q,P ) �→ V (Q|P),
and a uniform integrability criterion in the spirit of the de la Vallée–Poussin
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criterion. These arguments can be modified, in a rather obvious way, to
deal with the case where the V -divergence is penalized by EQ[B] with a
bounded B.

When we pass from (4.1) to (2.16), two apparent differences arise. First,
the domain is no longer a set of probability measures, but of positive finite
measures, and the term ν(B) with unbounded B appears as a penalty func-
tion. The first point is not very problematic, and the crucial is the second.
Actually, the penalty term ν �→ ν(B) is no longer lower semicontinuous
unless B is bounded from below. Thus, it is not a priori trivial whether
(ν, P ) �→ V (ν|P) + ν(B) has an appropriate lower semicontinuity. Also,
we need an estimate between V (ν|P) and V (ν|P) + ν(B) to apply the uni-
form integrability criterion of [12].

In the case where U is the exponential utility, hence V (·|·) is the relative
entropy, Owari [28] considered the same problem, where (uniform) integra-
bility conditions on B, corresponding to (A5) of our setup, clear everything.
The proofs employed there rely on some explicit computation appealing to
the nature of exponential functions, which is no longer possible in our gen-
eral setup. However, we can fill the gap by some knowledge from elementary
convex analysis.

We proceed as follows. After establishing some elementary estimates
concerning the penalty term, we show that the penalized robust V -divergence
functional ν �→ V (ν|P)+ν(B) is in fact weakly lower semicontinuous. Then
the existence of a solution will follow from a similar argument with [12].
Again, recall that the assumptions (A1)–(A5) are in force throughout.

4.1. Preliminary estimates

Lemma 4.1. There are real numbers c, C, as well as positive numbers c′, C′
depending only on P , B and V such that

c + c′V (ν|P) ≤ V (ν|P)+ ν(B) ≤ C + C′V (ν|P), ∀ν ∈ cone(MV ).

(4.2)
In particular,

inf
ν∈cone(MV )

(V (ν|P)+ ν(B)) ≥ c + c′V (1) > −∞. (4.3)

Proof. Let ν ∈ cone(MV ), and take any P ∈ P such that V (ν|P) < ∞.
Then ν 
 P , and ν(B) is finite. Fixing ε > 0 as in (A5), we have

−B dν
dP

≤ B− dν
dP

= (1+ ε)B− 1

1+ ε
dν

dP

≤ (1+ ε)B−
{

1

1+ ε
dν

dP
+ ε

1+ ε
}
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≤ V
(

1

1+ ε
dν

dP
+ ε

1+ ε
)

− U(−(1+ ε)B−)

≤ 1

1+ εV
(
dν

dP

)

+ ε

1+ εV (1)− U(−(1+ ε)B
−).

Taking P -expectation,

−ν(B) ≤ 1

1+ εV (ν|P)+
ε

1+ εV (1)− E
P [U(−(1+ ε)B−)]

≤ 1

1+ εV (ν|P)+
ε

1+ εV (1)− inf
P ′∈P

EP
′ [U(−(1+ ε)B−)].

The last term in the second line is finite by (A5), and this holds for every
P ∈ P , since the last side is +∞ if V (ν|P) = ∞. Therefore, taking the
infimum over P , we get

V (ν|P)+ν(B) ≥ ε

1+ εV (ν|P)−
ε

1+ εV (1)+ inf
P∈P

EP [U(−(1+ ε)B−)].

This shows the first inequality in (4.2) with

c = − ε

1+ εV (1)+ inf
P∈P

EP [U(−(1+ ε)B−)], c′ = ε

1+ ε .

Similarly, for any P ∈ P ,

εν(B) ≤ εν(B+) ≤ V (ν|P)− EP [U(−εB+)]
≤ V (ν|P) − inf

P ′∈P
EP

′ [U(−εB+)].

This implies

V (ν|P)+ ν(B) ≤ 1+ ε
ε
V (ν|P)− 1

ε
inf
P∈P

EP [U(−εB+)].

We thus obtain the second inequality in (4.2) with C = − infP∈P
EP [U(−εB+)]/ε and C′ = (1+ ε)/ε. ��

Let M denote the space of positive finite measures on (Ω,F) absolutely
continuous w.r.t. P, which we identify with L1+ by the injection ν �→ dν/dP.
It is known that the map (ν, P ) �→ V (ν|P) is weakly lower semicontinuous
on M

2 (see [12, Lemma 2.7]). Further, since P is weakly compact, we have
even that ν �→ V (ν|P) is weakly lower semicontinuous on M. The next
lemma extends this to the penalized robust V -divergence functional ν �→
V (ν|P) + ν(B). Note that cone(Mloc) = {λQ : λ ≥ 0, Q ∈ Mloc} is
closed, hence the set {ν ∈ cone(Mloc) : V (ν|P) ≤ α} is a closed convex set
for each α ∈ R.



166 K. Owari

Lemma 4.2. The functional ν �→ V (ν|P)+ ν(B) is weakly lower semicon-
tinuous on cone(MV ), that is, for every α ∈ R, the level set

Aα := {ν ∈ cone(MV ) : V (ν|P)+ ν(B) ≤ α}
is weakly closed in L1.

Note that the convex set cone(MV ) is not closed in general. But this will
not cause any problem. The lemma states that if we extend the functional
V (ν|P)+ ν(B) to the whole M by setting +∞ outside cone(MV ), then it is
lower semicontinuous in the usual sense.

Proof. Since ν �→ V (ν|P) + ν(B) is convex, it suffices to show that the
level set Aα is strongly closed for each α. Let (νn)n be a Cauchy sequence
in Aα with the limit ν ∈ M. We first note that ν ∈ cone(MV ). Indeed,
by Lemma 4.1, V (νn|P) + νn(B) ≤ α implies νn ∈ {ν′ ∈ cone(Mloc) :
V (ν′|P) ≤ (α − c)/c′} which is a closed subset of cone(MV ). Thus ν(B) is
finite and V (ν|P) + ν(B) is well-defined. Also, by taking subsequence, we
may assume that dνn/dP → dν/dP, a.s.

Since P is assumed to be weakly compact, there exists for each n a Pn ∈
P such that V (νn|P) = V (νn|Pn). Then the Komlós theorem (Delbaen and
Schachermayer [9], Theorem 1.3) shows the existence of another sequence
{(ν̃n, P̃n)}n such that

(ν̃n, P̃n) ∈ conv{(νn, Pn), (νn+1, Pn+1), ...},

and dP̃n/dP → D, a.s. for some positive random variableD, and again since
P is weakly compact (⇔ closed and uniformly integrable by Lemma 2.1), the
convergence takes place in L1, hence D = dP/dP with P ∈ P .

Noting that ν̃n 
 P̃n since V (ν̃n|P̃n) ≤ (α − c)/c′ < ∞, we have for
each n,

− dν̃n
dP̃n

B ≤ dν̃n

dP̃n
B− ≤ V

(
dν̃n

dP̃n

)

− U(−B−),

hence multiplying both sides by dP̃n/dP and rearranging the terms,

V

(
dν̃n

dP

,
dP̃n

dP

)

+ dν̃n
dP

B ≥ dP̃n

dP

U(−B−),

for each n. Since V (·, ·) is lower semicontinuous,

V

(
dν

dP

,
dP

dP

)

+ dν

dP

B ≤ lim inf
n→∞

(

V

(
dν̃n

dP

,
dP̃n

dP

)

+ dν̃n
dP

B

)

, a.s.
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Also, {(dP̃n/dP)U(−B−)}n is uniformly integrable by (A5) and the mono-
tonicity of U , and converges a.s. to (dP/dP)U(−B−) by construction.
Therefore, we can apply Fatou’s lemma to conclude:

V (ν|P)+ ν(B) ≤ V (ν|P)+ ν(B) ≤ lim inf
n→∞ (V (νn|Pn)+ νn(B)) ≤ α.

Thus, we have ν ∈ Aα, and the assertion is proved. ��
Recall that limx→∞ V (x)/x = +∞ by (A1). Then the next one is a

restatement of Föllmer and Gundel [12], Lemma 2.12. Although the original
version in [12] is stated with Q consisting of probability measures since their
primal interest is in the problem (4.1), the exactly same proof applies to the
case where Q is a set of positive finite measures.

Lemma 4.3. Let Q be a set of positive finite measures. If

sup
ν∈Q

V (ν|P) <∞, (4.4)

then Q is uniformly integrable as a subset of L1, hence weakly relatively
compact.

Proof. We build a bridge between [12, Lemma 2.12] and the current asser-
tion. Since limx→∞ V (x)/x = +∞ and P is weakly compact by (A3), [12,
Lemma 2.12] together with the comment above shows the existence of a func-
tion l : [0,∞)→ [0,∞) such that limx→∞ l(x)/x = +∞ and

∀c > 0, ∃c0 > 0 s.t. V (ν|P) ≤ c ⇒ E[l(dν/dP)] ≤ c0.

Taking c = supν∈Q V (ν|P), we have supν∈QE[l(dν/dP)] < ∞. The
assertion then follows from the de la Vallée–Poussin criterion [11, Theorem
II.22]. ��

4.2. Existence of a solution

Proof of Theorem 2.5 (existence). We first prove that the problem

minimize V (ν|P)+ ν(B), over ν ∈ cone(MV ) (4.5)

admits a minimizer, and then we verify that the minimizer must not be zero.
Let α ∈ R be such that the level set Aα := {ν ∈ cone(MV ) : V (ν|P)+

ν(B) ≤ α} is non-empty (such α exists by (A4)). Then Lemma 4.1 shows
that Aα is contained in the set:

{ν ∈ cone(MV ) : V (ν|P) ≤ α′},
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for some α′, which is uniformly integrable by Lemma 4.3. Therefore, Aα is
weakly compact, and ν �→ V (ν|P)+ ν(B) is weakly lower semicontinuous
on Aα, by Lemma 4.2. We thus obtain the existence of a minimizer ν̂ ∈
cone(MV ).

It remains to verify that ν̂ �= 0. We may assume V (0) < ∞ since other-
wise the assertion is trivial. To see this, it suffices to find an element (ν̄, P̄ ) of
cone(MV )×P with ν̄ ∼ P̄ ∼ P and V (ν̄|P̄ )+ ν̄(B) < V (0). Let (Q̄, P̄ ) ∈
MV × P be such that Q̄ ∼ P̄ and V (Q̄|P̄ ) < ∞, whose existence is guar-
anteed by (A4) and Remark 2.2, and set νλ = λQ̄. Consider the random map
λ �→ G(λ) := V (λdQ̄/dP̄ ) + λ(dQ̄/dP̄ )B, which is a.s. convex, hence
(G(λ)−G(0))/λ is increasing in λ, and EP̄ [G(λ)] = V (λQ̄|P̄ )+ λEQ̄[B].
Then the monotone convergence theorem shows:

lim
λ↘0

EP̄
[
G(λ)−G(0)

λ

]

= V ′(0)+ EQ̄[B] = −∞.

This implies that V (νλ|P̄ )+ νλ(B) < V (0) for small enough λ > 0. ��
Proof of Theorem 2.5 (construction of maximal solution). Let S be the set of
all solutions to (2.16). Letting α = infν∈cone(MV )(V (ν|P) + ν(B)), this set
is written as:

S := {ν ∈ cone(MV ) : V (ν|P)+ ν(B) ≤ α}. (4.6)

In particular, S is a weakly compact convex set. Therefore, we see that S is
even countably convex, i.e., if (νn)n ⊂ S, and {αn} ⊂ R+ with

∑
n αn = 1,

then
∑
n αnν

n ∈ S.
Next, define

U := {{dν/dP > 0} : ν ∈ S} .
By the countable convexity of S, the set U is σ -additive. Indeed, if An ∈ U
and νn is a corresponding element of S for each n, the countable convexity
of S implies that the measure ν =∑n 2−nνn is in S, thus

⋃

n

An =
⋃

n

{dνn/dP > 0} = {dν/dP > 0} ∈ U .

Now let {An} be a sequence in U such that

P(An)↗ sup{P(A) : A ∈ U}.
Replacing An by A1 ∪ · · · ∪An, we may assume that An ⊂ An+1 for each n.
Define Â := ∪nAn, which belongs to U by countable additivity. Then

P(Â) = lim
n→∞P(An) = sup{P(A) : A ∈ U}.
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Finally, an element ν̂ ∈ S corresponding to Â is a desired maximal solution.
Indeed, if this is not maximal, then there exists some ν ∈ S with ν �
 ν̂, or
equivalently P(A \ Â) > 0 where A = {dν/dP > 0}. Then

P(A ∪ Â) = P(Â)+ P(A \ Â) > P(Â).

This contradicts to the definition of Â, hence ν̂ must be maximal. ��

4.3. Variational characterizations

Let us fix a solution (ν̂, P̂ ) = (λ̂Q̂, P̂ ) ∈ (cone(MV ) \ {0})× P to the dual
problem. We characterize this solution via variational inequalities.

For anyQ ∈MV and α ∈ [0, 1], we set

Qα := αQ+ (1− α)Q̂.
Similar notations apply to ν ∈ cone(MV ) and P ∈ P in an obvious way.

Theorem 4.4. Let (ν̂, P̂ ) = (λ̂Q̂, P̂ ) be as above.

(a) If Q ∈ MV satisfies V (Qα0 |P̂ ) < ∞ for some α0 ∈ (0, 1],
V ′(λ̂dQ̂/dP̂ )+ B ∈ L1(Q), and

0 = EQ̂
[

V ′
(

λ̂
dQ̂

dP̂

)

+ B
]

≤ EQ
[

V ′
(

λ̂
dQ̂

dP̂

)

+ B
]

. (4.7)

(b) If P ∈ P satisfies V (Q̂|Pα0) < ∞ for some α0 ∈ (0, 1], we have
V (λ̂dQ̂/dP̂ ) − λ̂(dQ̂/dP̂ )V ′(λ̂dQ̂/dP̂ ) ∈ L1(P ), and (with the con-
vention 0 · ∞ = 0),

EP̂

[

V

(

λ̂
dQ̂

dP̂

)

− λ̂ dQ̂
dP̂
V ′
(

λ̂
dQ̂

dP̂

)]

≤ EP
[

V

(

λ̂
dQ̂

dP̂

)

− λ̂ dQ̂
dP̂
V ′
(

λ̂
dQ̂

dP̂

)]

+ V (0)P
(
dP̂

dP

= 0

)

.

(4.8)

Here the second term of the RHS does not appear if either V (0) = +∞
or P 
 P̂ .

(c) Q̂ ∼ P̂ .

We first derive an auxiliary variational inequality from which
Theorem 4.4 follows easily.
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Proposition 4.5. Let (ν, P ) ∈ (cone(MV )\ {0})×P with V (να0 |Pα0) <∞
for some α0 ∈ (0, 1).
(a) Let

Ξ(ν, P ) : = 1{ dP̂
dP
>0}

{

V ′
(
dν̂

dP̂

)

+ B
}(

dν

dP

− dν̂

dP

)

+ 1{ dP̂dP
>0}

{

V

(
dν̂

dP̂

)

− dν̂

dP̂
V ′
(
dν̂

dP̂

)}(
dP

dP

− dP̂
dP

)

+ 1{ dP̂
dP
=0, dP

dP
>0}

{

V

(
dν

dP

,
dP

dP

)

+ dν

dP

B

}

. (4.9)

Then Ξ(ν, P ) ∈ L1(P) and

E[Ξ(ν, P )] ≥ 0. (4.10)

(b) We have

P

(
dP̂

dP

> 0,
dν̂

dP

= 0,
dν

dP

> 0

)

= 0. (4.11)

Proof. Fixing (ν, P ) as above, define

G(α, ν, P ) := V (dνα/dP, dPα/dP)+ (dνα/dP)B, α ∈ [0, 1).
Since (ν, P ) �→ V (dν/dP, dP/dP) is convex, the map α �→ G(α, ν, P )

is convex, a.s., hence α �→ Ξ(α; ν, P ) := (G(α, ν, P ) − G(0, ν, P ))/α
decreases a.s. to a limit Ξ(ν, P ) as α tends to 0. Noting that Ξ(ν, P ) ≤
Ξ(α0, ν, P ) ∈ L1 by assumption, thus Ξ(ν, P )+ ∈ L1, the domi-
nated convergence theorem applied to the non-negative increasing sequence
{Ξ(α0, ν, P ) −Ξ(α, ν, P )}α shows:

E[Ξ(ν, P )] = lim
α↘0

E[Ξ(α; ν, P )] ≥ 0.

Here the last inequality follows from the fact:

E[Ξ(α, ν, P )] =
V (να|Pα)+ να(B)−

(
V (ν̂|P̂ )+ ν̂(B)

)

α
≥ 0.

Thus we have Ξ(ν, P ) ∈ L1, and the latter assertion in part (a) follows.
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It remains to compute Ξ(ν, P ) explicitly. To facilitate the notations, we
denote Z := dν/dP, Ẑ := dν̂/dP, Zα := dνα/dP, D := dP/dP, D̂ :=
dP̂ /dP, and Dα := dPα/dP. Note first that Ξ(ν, P ) = 0 on the set {D̂ =
D = 0}, since then Z = Ẑ = 0, henceG(α) ≡ 0.

On {D̂ = 0,D > 0}, we have Ẑ = 0, thus Dα = αD and Zα = αZ.
Therefore,G(α) = V (αZ, αD) + αZB = αDV (Z/D)+ αZB, hence

Ξ(ν, P ) = V (Z,D)+ ZB = DV (Z/D)+ ZB,

while on {D̂ > 0, Ẑ > 0},

Ξ(ν, P ) =
{
V ′(Ẑ/D̂))+ B

} (
Z − Ẑ

)

+
{
V (Ẑ/D̂)− (Ẑ/D̂)V ′(Ẑ/D̂)

} (
D − D̂

)
.

The case of {D̂ > 0, Ẑ = 0} needs more care. Note that this set has P-
probability zero if V (0) = +∞, hence we assume V (0) <∞. Then

Ξ(ν, P ) = lim
α↘0

V (αZ,Dα)− V (0, D̂)
α

+ ZB

= lim
α↘0

Dα
V (αZ/Dα)− V (0)

α
+ V (0) lim

α↘0

Dα − D̂
α

+ ZB

= lim
α↘0

Z
V (αZ/Dα)− V (0)

αZ/Dα
+ V (0)(D − D̂)+ ZB

= ZV ′(0)+ V (0)(D − D̂)+ ZB.
Summing up the terms, we have (a). Also, since V ′(0) = −∞,

Ξ(ν, P ) = −∞ on

{
dP̂

dP

> 0,
dν̂

dP

= 0,
dν

dP

> 0

}

.

If this set has positive probability, then we have a contradiction to the fact
that Ξ(ν, P ) ∈ L1(P), hence (b). ��
Proof of Theorem 4.4. (c) By (A4) and Remark 2.2, there exists a pair
(Q̄, P̄ ) ∈ MV × P such that Q̄ ∼ P̄ ∼ P and V (Q̄|P̄ ) < ∞, which
satisfies the assumption of Proposition 4.5. Since Q̄ ∼ P, Proposition 4.5 (b)
yields

P

(
dP̂

dP

> 0,
dQ̂

dP

= 0

)

= 0.
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This implies P̂ 
 Q̂, hence P̂ ∼ Q̂.

(a) Let P = P̂ , then Pα0 = P̂ . Note first that (dν̂/dP̂ )|V ′(dν̂/dP̂ )| ≤
C′1V (dν̂/dP̂ ) + C′2(dν̂/dP̂ + 1) ∈ L1(P̂ ) by (2.6) (⇔ (A2)), hence

V ′(λ̂dQ̂/dP̂ ) + B = V ′(dν̂/dP̂ ) + B ∈ L1(Q̂). For any ν = λQ ∈
cone(MV )\{0}with V (να|P̂ ) <∞ for some α ∈ (0, 1), Proposition 4.5
then shows that V ′(λ̂dQ̂/dP̂ )+ B ∈ L1(ν) = L1(Q) and

ν̂

(

V ′
(

λ̂
dQ̂

dP̂

)

+ B
)

≤ ν
(

V ′
(

λ̂
dQ̂

dP̂

)

+ B
)

. (4.12)

Taking ν = λ̂Q with V (Qα|P̂ ) < ∞ for some α ∈ (0, 1), we have the
second inequality in (4.7). On the other hand, every ν = λQ̂ with λ > 0
satisfies V (να|P̂ ) <∞, hence

EQ̂

[

V ′
(

λ̂
dQ̂

dP̂

)

+ B
]

≤ λEQ̂
[

V ′
(

λ̂
dQ̂

dP̂

)

+ B
]

, ∀λ > 0.

This is possible only if the LHS is zero, thus we obtain the first equality
in (4.7).

(b) Similarly, we set ν = ν̂ = λ̂Q̂. Then noting that V (0, y) = yV (0) by
(2.7), and ν = ν̂ 
 P̂ , (4.9) is written (with the convention 0 ·∞ = 0) as

Ξ(ν̂, P ) =
{

V

(

λ̂
dQ̂

dP̂

)

− λ̂ dQ̂
dP̂
V ′
(

λ̂
dQ̂

dP̂

)}(
dP

dP

− dP̂
dP

)

+ dP
dP

V (0)1{ dP̂
dP
=0, dP

dP
>0}.

Here the set { dP̂
dP
= 0, dP

dP
> 0} is a null set if P 
 P̂ , and note that

when V (0) = +∞, the assumption V (Q̂|Pα) < ∞ implies Q̂ ∼ Pα ,
hence P 
 Pα ∼ Q̂ 
 P̂ . The assertion now follows by taking the
expectation of Ξ(ν̂, P ). ��

Proof of Theorem 2.7. The assertion (a) is nothing other than Theorem 4.4 (c).
(b) Given the variational inequality (4.7), the representation (2.19) fol-

lows from a standard argument using a version of Hahn–Banach theorem and
Yor’s closedness theorem as Goll and Rüschendorf [15], Theorems 3.2 and
7.1. However, we give a proof for the convenience of the reader.

Let L be the vector space of all variables of the form f = θ · ST where θ
runs through all (S, Q̂)-integrable processes such that θ0 = 0 and each θ ·S is
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a Q̂-martingale (not only local). It suffices to show that ϕ := V ′(λ̂dQ̂/dP̂ )+
λ̂(dQ̂/dP̂ )B ∈ R⊕ L where “⊕” denotes the direct sum, since this already
implies ϕ ∈ L in view of the first equality in (4.7).

Now Yor’s theorem ([38, Corollaire 2.5.2], [9, Theorem 1.6]) shows that
L is closed in L1(Q̂), hence so is R ⊕ L. Thus, if ϕ �∈ R ⊕ L, the Hahn–
Banach theorem shows the existence of an h ∈ L∞ with ‖h‖∞ = 1/2 such

that EQ̂[hϕ] > 0, EQ̂[h] = 0, and EQ̂[hf ] = 0 for all f ∈ L.
Define a new probability Q̃ by setting dQ̃/dQ̂ := 1 − h. Noting that

dQ̃/dP̂ = (1 − h)dQ̂/dP̂ and (1 − h) ∈ [1/2, 3/2] by construction, we

have V (Q̃|P̂ ) <∞ by (2.5). Also, EQ̃[f ] = EQ̂[f ] − EQ̂[hf ] = 0 for all
f ∈ L, which implies that Q̃ is a local martingale measure, hence Q̃ ∈MV .
Finally,

EQ̃[ϕ] = EQ̂[ϕ] − EQ̂[hϕ] < EQ̂[ϕ].
This contradicts to (4.7), hence we must have ϕ ∈ R⊕ L. ��
Remark 4.6. When B ≡ 0, parts (a) and (b) of Theorem 4.4 are contained in
[12, Lemma 3.12], although an additional assumption is required for part (c).
Since Q̂ is a minimizer ofQ �→ V (λ̂Q|P̂ )+λ̂EQ[B], the variational inequal-
ity (4.7) follows essentially from[15, Proposition 7.2]. A similar remark ap-
plies also to (4.8). However, our auxiliary characterization (Proposition 4.5)
allows us to prove all at once without any additional assumption for the equiv-
alence Q̂ ∼ P̂ .

We conclude this section by proving the fact noted in the comment after
Theorem 2.5.

Proposition 4.7. Let (ν0, P0) and (ν1, P1) be two solutions to the dual prob-
lem, which have the maximal support among all solutions. Then we have

dν0

dP0
= dν1

dP1
, a.s. (4.13)

Proof. Since (ν0, P0) and (ν1, P1) are solutions, (να, Pα) := (αν1 +
(1−α)ν0, αP1+(1−α)P0) is also a solution for every α ∈ (0, 1). Therefore,

α(V (ν1|P1)+ ν1(B))+ (1− α)(V (ν0|P0)+ ν0(B)) = V (να|Pα)+ να(B).
(4.14)

Since ν0 ∼ ν1 ∼ P0 ∼ P1 ∼ Pα by Theorem 4.4 and the maximality of
solutions, the LHS is written as

EPα
[

α
dP1

dPα
V

(
dν1

dP1

)

+ (1− α) dP0

dPα
V

(
dν0

dP0

)]

+ να(B),
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while the RHS is written as:

EPα
[

V

(
dνα

dPα

)]

+ να(B).

Noting that α(dP1/dPα) + (1 − α)(dP0/dPα) = 1 and α(dP1/dPα)

(dν1/dP1)+ (1− α)(dP0/dPα)(dν0/dP0) = dνα/dPα , the strict convexity
of V shows that (4.14) holds only if

dν1

dP1
= dν0

dP0
, a.s. on A :=

{
dP1

dPα
> 0 and

dP0

dPα
> 0

}

.

Since dν0/dP0 = dν1/dP1 = 0 outside A by ν0 ∼ ν1 ∼ P0 ∼ P1 and the
definition of the Radon–Nikodym densities, we have (4.13). ��

5. Optimal strategy

5.1. Proof of Theorem 2.8 (a)

Let θ ∈ Θ
V,P̂

, i.e., θ · S is a supermartingale under ∀Q ∈MV (P̂ ). Then

inf
P∈P

EP [U(θ · ST + B)] ≤ EP̂ [U(θ · ST + B)]

≤ EP̂
[

V

(

λ̂
dQ̂

dP̂

)

+ λ̂ dQ̂
dP̂
(θ · ST + B)

]

≤ EP̂
[

V

(

λ̂
dQ̂

dP̂

)

+ λ̂ dQ̂
dP̂
B

]

= V (λ̂Q̂|P̂ )+ λ̂EQ̂[B]
= inf
λ>0

inf
(Q,P )∈MV×P

(V (λQ|P) + λEQ[B]).

Here the second inequality follows from Young’s inequality, while the third
from the fact that θ · S is a Q̂-supermartingale.

On the other hand, since Θbb ⊂ ΘV,P̂ ,

sup
θ∈Θ

V,P̂

inf
P∈P

EP [U(θ · ST + B)] ≥ sup
θ∈Θbb

inf
P∈P

EP [U(θ · ST + B)]

= inf
λ>0

inf
(Q,P )∈MV×P

(V (λQ|P) + λEQ[B]),

by Theorem 2.4. Thus we have (2.21).
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5.2. Proof of Theorem 2.8 (b), (c)

The supermartingale property of θ̂ · S under allQ ∈MV (P̂ ) will be verified
by considering a dynamic version of variational inequality for Q̂, using the
m-stability (multiplicative stability, see Delbaen [7], Definition 1) of the set of
local martingale measures. This is more or less a standard route, and similar
arguments are found in literature with slight differences in assumptions. We
follow the line of Föllmer and Gundel [12], Lemma 3.12, with modifications
involving the presence of unbounded endowment B.

Let (ν̂, P̂ ) = (λ̂Q̂, P̂ ) be a solution to the dual problem, and θ̂ be the
integrand appearing the representation (2.19). Note that Q̂ is also a minimizer
of Q �→ V (λ̂Q|P̂ )+ λ̂EQ[B]. Let Ẑt := (dQ̂/dP̂ )|Ft , and for each Q, we

set ZQt := (dQ/dP̂ )|Ft .
Lemma 5.1. For all stopping times τ ≤ T andQ ∈Me

V (P̂ ),

EP̂
[
V
(
λ̂ẐT

)
+ λ̂ẐT B

∣
∣ Fτ
]
≤ EP̂

[

V

(

λ̂Ẑτ
Z
Q
T

Z
Q
τ

)

+ λ̂Ẑτ Z
Q
T

Z
Q
τ

B

∣
∣
∣ Fτ

]

.

(5.1)

Proof. We first show that the RHS of (5.1) is well-defined and finite, P̂ -a.s.
For each n, set

An := {Ẑτ /ZQτ ∈ (1/n, n)} ∈ Fτ . (5.2)

Since Q̂,Q ∼ P̂ , Ẑτ /Z
Q
τ is finite and strictly positive, P̂ -a.s., hence

limn P̂ (An) = 1. By (2.5), there exist constants Kn,K ′n > 0, for each n,
such that

V

(

λ̂
Ẑτ

Z
Q
τ

Z
Q
T

)

≤ KnV (ZQT )+K ′n(ZQT + 1) ∈ L1(P̂ ), on An. (5.3)

Thus EP̂ [V (λ̂Ẑτ (ZQT /ZQτ ))|Fτ ] < ∞ a.s. on each An, hence it is finite a.s.

On the other hand, EP̂ [λ̂Ẑτ (ZQT /ZQτ )|B||Fτ ] = λ̂ẐτEQ[|B||Fτ ] <∞ a.s.,
since B ∈ L1(Q).

Set

C : =
{

EP̂
[
V
(
λ̂ẐT

)
+ λ̂ẐT B

∣
∣ Fτ
]

> EP̂

[

V

(

λ̂Ẑτ
Z
Q
T

Z
Q
τ

)

+ λ̂Ẑτ Z
Q
T

Z
Q
τ

B

∣
∣
∣ Fτ

]}
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Suppose that P̂ (C) > 0. Then taking a large n, P̂ (C ∩ An) > 0. Setting
A := An ∩ C, we define a new probability measure Q̄ with density process
Z̄ by:

Z̄T := 1AcẐT + 1AẐτ
Z
Q
T

Z
Q
τ

.

Note first that Mloc(P̂ ) is m-stable by [7, Proposition 5], hence Q̄ ∈
Mloc(P̂ ). Also, using (5.3), we have Q̄ ∈MV (P̂ ). Finally,

V (λ̂Q̄|P̂ )+ λ̂EQ̄[B]
= EP̂

[
1AcE

P̂ [V (λ̂ẐT )+ λ̂ẐT B|Fτ ]
]

+ EP̂
[

1AEP̂
[

V

(

λ̂Ẑτ
Z
Q
T

Z
Q
τ

)

+ λ̂Ẑτ Z
Q
T

Z
Q
τ

B

∣
∣
∣ Fτ

]]

< EP̂
[
1AcE

P̂ [V (λ̂ẐT )+ λ̂ẐT B|Fτ ]
]

+ EP̂
[
1AEP̂ [V (λ̂ẐT )+ λ̂ẐT B|Fτ ]

]

= V (λ̂Q̂|P̂ )+ λ̂EQ̂[B].

This contradicts to the minimality of Q̂, hence P̂ (C) = 0. ��
Lemma 5.2. For anyQ ∈MV (P̂ ), and τ ≤ T ,

EQ̂[V ′(λ̂ẐT )+ B|Fτ ] ≤ EQ[V ′(λ̂ẐT )+ B|Fτ ], Q-a.s. (5.4)

Proof. Since both sides of (5.4) are Fτ -measurable, it suffices to show that
the desired inequality holds P̂ -a.s. on the set {ZQτ > 0}, or equivalently:

ZQτ

{
EQ[V ′(λ̂ẐT )+ B|Fτ ] − EQ̂[V ′(λ̂ẐT )+ B|Fτ ]

}
≥ 0, P̂ -a.s.

(5.5)

Let Q ∈ MV (P̂ ), Qα := αQ + (1 − α)Q̂ for each α ∈ [0, 1), and Zα

the density process of Qα w.r.t. P̂ . Note that Qα ∈ Me
V (P̂ ), since Q̂ ∼ P̂ .

Therefore, Lemma 5.1 shows: for each α ∈ [0, 1),

EP̂ [V (λ̂ẐT )+λ̂ẐT B|Fτ ] ≤ EP̂
[

V

(

λ̂Ẑτ
ZαT

Zατ

)

+ λ̂Ẑτ Z
α
T

Zατ
B
∣
∣ Fτ
]

. (5.6)
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We first compute ZαT /Z
α
τ .

ZαT

Zατ
= αZ

Q
T + (1− α)ẐT

αZ
Q
τ + (1− α)Ẑτ

= αZ
Q
τ

αZ
Q
τ + (1− α)Ẑτ

Z
Q
T

Z
Q
τ

+ (1− α)Ẑτ
αZ

Q
τ + (1− α)Ẑτ

ẐT

Ẑτ

= Λ(α)Z
Q
T

Z
Q
τ

+ (1−Λ(α)) ẐT
Ẑτ
,

where Λ(α) := αZQτ /(αZQτ + (1− α)Ẑτ ). Λ(α) is Fτ -measurable for each
α, while α �→ Λ(α) is increasing, differentiable, and

Λ(0) = 0, Λ′(0) = Z
Q
τ

Ẑτ
.

Set

G(α) := V
(

λ̂Ẑτ
ZαT

Zατ

)

+ λ̂Ẑτ Z
α
T

Zατ
B.

We see that on {ZQτ > 0},
G(α)−G(0)

Λ(α)
↘ λ̂Ẑτ

{
V ′(λ̂ẐT )+ B

}
(
Z
Q
T

Z
Q
τ

− ẐT
Ẑτ

)

.

Therefore, the conditional monotone convergence theorem together with
(5.6) shows:

0 ≤ EP̂
[
G(α)−G(0)

α

∣
∣
∣ Fτ
]

= Λ(α)

α
EP̂
[
G(α)−G(0)

Λ(α)

∣
∣
∣ Fτ
]

→ Z
Q
τ

Ẑτ
EP̂

[

λ̂Ẑτ

{
V ′(λ̂ẐT )+ B

}
(
Z
Q
T

Z
Q
τ

− ẐT
Ẑτ

) ∣
∣
∣ Fτ

]

= λ̂ZQτ EP̂
[
{
V ′(λ̂ẐT )+ B

}
(
Z
Q
T

Z
Q
τ

− ẐT
Ẑτ

) ∣
∣
∣ Fτ

]

,

and we have (5.5) by the Bayes’ formula. ��
Remark 5.3. The inequality (5.4) can not be extended beyond the support of
Q. In fact, G(α) ≡ V (λ̂ẐT ) + λ̂ẐT B on {ZQτ = 0}, hence (5.6) tells us
nothing outside the support ofQ.
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Proof of Theorem 2.8 (b). We know from Theorem 2.7 (b) that θ̂ · S is a
Q̂-martingale and

V ′(λ̂dQ̂/dP̂ ) = −(θ̂ · ST + B) ⇔ V ′(λ̂dQ̂/dP̂ )+ B
= −θ̂ · ST , P̂ -a.s.

Thus, for eachQ ∈MV (P̂ ) and τ ≤ T , Lemma 5.2 shows:

θ̂ · Sτ = −EQ̂[V ′(λ̂dQ̂/dP̂ )+ B|Fτ ]
≥ −EQ[V ′(λ̂dQ̂/dP̂ )+ B|Fτ ], Q-a.s.,

i.e., the stochastic integral θ̂ · S is bounded from below by a Q-martingale.
We have therefore θ̂ · S is aQ-supermartingale as a local martingale (by [2])
bounded from below by a martingale. ��
Proof of Theorem 2.8 (c). By the additional assumption Q̂ ∼ P̂ ∼ P, and part
(b), we have θ̂ ∈ Θ

V,P̂
, and the representation (2.19) holds P-a.s., hence P -

a.s. for all P ∈ P . Also, by (A1′) and Lemma 3.3, the variational inequality
(4.8) applies to all P ∈ P without the bizarre term V (0)P (dP̂ /dP = 0).

Now using the relationU(−V ′(y)) = V (y)−yV ′(y) for all y > 0, which
follows from the definition of V and (A1′), the inequality (4.8) is rewritten
as:

EP̂ [U(θ̂ · ST + B)] = min
P∈P

EP [U(θ̂ · ST + B)] (5.7)

Finally, we have

EP̂ [U(θ̂ · ST + B)] = EP̂
[

V

(

λ̂
dQ̂

dP̂

)

− λ̂dQ̂
dP̂
V ′
(

λ̂
dQ̂

dP̂

)]

= EP̂
[

V

(

λ̂
dQ̂

dP̂

)

+ λ̂dQ̂
dP̂
(θ̂ · ST + B)

]

= V (λ̂Q̂|P̂ )+ λ̂EQ̂[B]
= sup
θ∈Θ

V,P̂

EP̂ [U(θ · ST + B)].

Here the last equality follows from the computation in the beginning of the
proof of Theorem 2.8 (a). Therefore, (θ̂ , P̂ ) is a saddle point. ��

References

1. Aliprantis, C.D., Border, K.C.: Infinite Dimensional Analysis.
A Hitchhiker’s Guide, 3rd edn. Springer, Berlin (2006)



Robust utility maximization with endowment 179

2. Ansel, J.-P., Stricker, C.: Couverture des actifs contingents et prix maxi-
mum. Ann. Inst. Henri Poincaré 30, 303–315 (1994)
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torielle et changements de filtration. In: Séminaire de Probabilités XIV.
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Birkhäuser, Basel (2004)

31. Rouge, R., El Karoui, N.: Pricing via utility maximization and entropy.
Math. Finance 10, 259–276 (2000)

32. Schachermayer, W.: Optimal investment in incomplete markets when
wealth may become negative. Ann. Appl. Probab. 11, 694–734 (2001)



Robust utility maximization with endowment 181

33. Schachermayer, W.: A super-martingale property of the optimal portfolio
process. Finance Stochast. 7, 433–456 (2003)

34. Schied, A.: Optimal investment for risk- and ambiguity-averse prefer-
ences: a duality approach. Finance Stochast. 11, 107–129 (2007)

35. Schied, A., Wu, C.-T.: Duality theory for optimal investment under
model uncertainty. Stat. Decis. 23, 199–217 (2005)

36. Simons, S.: From Hahn–Banach to monotonicity, 2nd edn. Lecture Notes
in Mathematics, vol. 1693. Springer, Berlin (2008)

37. Wittmüss, W.: Robust optimization of cousumption with random endow-
ment. Stochastics 80, 459–475 (2008)

38. Yor, M.: Sous-espaces denses dans L1 ou H 1 et representation des mar-
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1. Introduction

Many conceptual hurdles must be faced in the modeling of economic
equilibrium. Everyone understands that the very idea of equilibrium is an
artificial abstraction in the ongoing world of economic activity. Nonetheless,
this idea has the potential to help greatly in identifying sources of stabil-
ity and instability along with the main features of market behavior and the
conditions on which they depend.

The basic goal in formulating and analyzing a mathematical model of
equilibrium is to determine the extent to which market prices exist which
will balance supplies with demands when the agents in an economy optimize
their activities according to their preferences. However, models can differ in
the kinds of markets and the ranges of activities that they try to encompass,
and in their degree of success in capturing economic realities.

The celebrated Walrasian model of equilibrium, placed on a modern
mathematical footing by Arrow and Debreu [1], has yielded valuable insights
but is very limited in its scope. It is isolated in time without any past or future,
and is therefore unable deal with the large component of economic behavior
concerned with making arrangements beyond the needs and incentives of the
immediate present. However, any extension to future planning must confront
uncertainty, and that raises another set of touchy issues.

Financial markets can assist by furnishing agents with possibilities to buy
and sell contracts in the present which affect their circumstances in the fu-
ture. Exchanges of value between different time periods are then enabled,
but it is not realistic to expect such markets to be able to hedge or ensure
precisely against all conceivable uncertainties. Thus, financial markets must
be modeled as incomplete. That leads to mathematical obstacles which pre-
clude the straightforward approach of Arrow and Debreu. Moreover, some of
the central conclusions drawn from the classical one-stage model, such as the
capability of market prices to achieve Pareto optimality in the distribution of
resources, are then called into question.

One of the daunting challenges in financial markets is that the promises
incorporated in the contracts to be bought and sold need to enforced some-
how when they come due. But that entails, in the first place, being sure that
the promises are realistic. Future supplies and demands must be taken into
account, yet those supplies and demands will depend on the present and fu-
ture actions of the various agents. How then can there be any knowledge of
that on which an individual agent might plan? Indeed, how can prices for
the contracts in a financial market be brought into line without some grasp
of future market prices for goods, which in turn ought to reflect balances in
future supply and demand?
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The availability of information about the future is thus a critical
consideration. But it cannot be supposed that the agents have a common
view even of likelihoods. Indeed, no representation of the future can ever de-
serve full trust. Too much will inevitably be unforseen. Moreover, this deeper
level uncertainty is bound to affect attitudes of the agents in a Keynesian
manner. As explained by Skidelsky [19, Chap. 4]: “for Keynes, money was
a ‘store of value’ as well as a means of transactions; it was ‘above all a
subtle device for linking the present and the future’.” The model presented
here tries for the first time to account for this in the modeling of equilibrium
by allowing utility of an agent to benefit from the retention of money. By
treating money as a special kind of good which can store value, it skirts the
customary view of the worth of goods being tied solely to their consumption.

2. Background

To set the stage for the new developments that are the focus of this paper, we
first recall the one-stage Arrow–Debreu model of economic equilibrium. We
concentrate on a basic version in which agents can exchange goods but firms
and production activities are left out. In two-stage models with uncertainty,
such as we will come to later, the modeling of intertemporal production car-
ried out by “firms” is an especially difficult matter. Progress is being made,
cf. [3], but production will not be considered in this paper.

Agents, indexed by i = 1, . . . ,m, will exchange goods indexed by l =
1, . . . , L at market prices pl ≥ 0 . Agent i starts with a goods vector x0

i ∈
IRL+ with components x0

il and trades it for a goods vector xi ∈ IRL+ with
components xil subject to the budget constraint p·xi ≤ p·x0

i , where p =
(p1, . . . , pL). In doing so, agent i maximizes the utility ui(xi) of xi . The
function ui is taken here to be defined on all of IRL with values in [−∞,∞)
and nonempty effective domain

Ui = domui =
{
xi
∣
∣ ui(xi) > −∞

} ⊂ IRL+ .
The constraint xi ∈ Ui is implicit then in the maximization; we speak of
Ui as the survival set for agent i. It is assumed that ui is nondecreasing and
upper semicontinuous (usc); that requires sets of the form

{
xi
∣
∣ ui(xi) ≥ α

}

to be closed for all α ∈ IR, but does not necessitate Ui itself being closed.

Definition: classical equilibrium. A equilibrium in this setting of pure ex-
change is comprised of a price vector p̄ and goods vectors x̄i for i = 1, . . . ,m
such that

(a) x̄i maximizes ui under the budget dictated by p̄.

(b) The markets clear:
∑m
i=1 x

0
i −
∑m
i=1 x̄i ≥ 0, p̄·

[∑m
i=1 x

0
i −
∑m
i=1 x̄i

]

= 0.
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The market clearing conditions are written in a convenient vector form.
They reflect free disposal and amount to requiring for each good l that∑m
i=1 x

0
il =
∑m
i=1 x̄il unless p̄l = 0, in which case

∑m
i=1 x

0
il ≥
∑m
i=1 x̄il

is allowed.
An issue that comes up in connection with establishing the existence of

such an equilibrium is the extent to which the agents can, without trading
anything, at least survive. Plain survival only refers to having x0

i ∈ Ui , but ex-
istence arguments generally require more than just that. The following stan-
dard result, in which Ui is replaced by its interior, intUi , in the survivability
condition, provides a basis for comparisons. It also draws on the concept of
insatiability of utility in the sense of there being no goods vector at which ui
attains a maximum value over Ui .

Theorem of Arrow and Debreu [1]. For utility functions ui that are
insatiable, quasi-concave and continuous relative to the sets Ui , a classi-
cal equilibrium exists under the strong survivability assumption that

x0
i ∈ intUi for all agents i.

Although strong survivability is a simple condition that suffices to obtain
the existence of equilibrium, it is distressingly restrictive. Insistence on hav-
ing x0

i ∈ intUi ⊂ IRL+ entails that each agent must start with a positive
quantity of every good. Some technical ways around this were developed in
[1] and elaborated later for instance by Florig [7, 8], but they are quite com-
plicated and their general economic implications are not easy to fathom.

The mathematical reason why strong survivability comes into play is
usually understood by economists in the context of properties needed in
fixed-point arguments, but it is equally understandable from the perspective
of optimization theory. In problems of optimization with constraints, such as
the one faced by agent i, some “constraint qualification” is typically required.
In this setting of convexity, that would most naturally be the Slater condition:
there should be an x̂i ∈ Ui such that p·xi < p·x0

i . Then too a Lagrange
multiplier for the budget constraint will be available.

The trouble with this constraint qualification, though, is that the price
vector p is not fixed in advance and will only be determined by the equilib-
rium. The Slater condition might seemingly have to be guaranteed for every
possible price vector p ≥ 0, p �= 0. The only way to do that is through strong
survivability.

If some of the price components of p may be 0, and agent i happens only
to start with goods that are in that case worthless, then the Slater condition
would definitely fail. But even with positive prices, it could fail if survivabil-
ity can only effected with the budget constraint tight.

Questions of about the prices that may prevail in equilibrium are signif-
icant from other angles as well. If the price of a particular good comes out
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as 0, does that mean no agent has any desire for it, or at least no marginal
desire for more of it in the equilibrium state? The answer is yes on the basis
of Lagrange multiplier analysis of optimality in an agent’s utility problem,
but that leads back to the need for a constraint qualification supporting the
existence of a Lagrange multiplier for the budget constraint. In that case any-
way, the positivity of a good’s price can be ensured by an assumption on the
utility function that prevents marginal utility of that good from ever being 0.
This would only have to be true for at least one agent i. Of course, it is desir-
able to keep in a mode where an agent may only be attracted to a subset of
the goods.

Marginal utility may seem to involve derivatives, but they might just be
one-sided directional derivatives, which would be available without any dif-
ferentiability assumption if the functions ui are concave.

Another feature of the classical model is that the price vector p only pro-
vides relative prices, which are unscaled, instead of money prices. If the price
of a particular good is positive in equilibrium, then that good can serve as a
numéraire having unit price scaled to 1. However, that does not lead to money
prices unless “money” can be viewed somehow as a “good.” Indeed, money
generally fits the picture of being limited in supply and freely tradable in mar-
kets, but if included as a “good,” would it be able to serve as a numéraire?
Not unless its price relative to other goods turned out to be positive – that
returns us to the preceding discussion of utility.

The fundamental difficulty is that the classical framework ties utility to
consumption only, and the marginal utility of “consuming money” in compe-
tition with other consuming goods is doubtful, although perhaps salvageable
through some interpretation. We see this largely as an artifact of the pecu-
liar nature of a one-period model of equilibrium without past or future, since
much of the economic importance of money revolves around its role in con-
necting past and future with the present.

In what follows, we present a time-embedded two-period model of equi-
librium which does give value to money. It is a realization of a broader model
we have put together in [12] with many additional features. By getting to
the heart of the main issues, we hope it will help in making the innovations
clearer.

3. Incorporating an uncertain future

As a general principle, the future is uncertain to agents making decisions in
the present, and any two-stage model of equilibrium must reflect that. Agents
need to plan for the future despite its uncertainty. They ought to be able
to do that through buying and selling contracts that promise deliveries or
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exchanges of goods in the future. However, for that to make sense there must
be some way of assessing the present value of such contracts.

Especially, agents should be able to borrow and lend money in the present,
settling accounts in the future. The interest rates in that operation ought to
relate to future purchasing power. On the other hand, the future prices of
goods ought to relate to future supply and demand. Thus, future markets in
goods inevitably need to be contemplated.

But how should information about the future be generated for making de-
cisions in the present? Can anything be learned from a model with just one
stage of future? No matter how many stages, modeling issues will arise over
having a fixed time horizon. Our idea is to mitigate the difficulties over this
by an expanded view of an agent’s wishes and actions. In fact, we see the
incorporation of multiple future stages as perhaps detrimental to rather than
beneficial to reality by overloading the structure of decisions and undermin-
ing the plausibility of the information behind them.

Although contracts for the delivery of all kinds of goods would be good
to include in the model, we restrict ourselves here to money alone. That will
make the pattern of our development easier to understand. A broader model
with additional features is given in our paper [12].

The model here has states s = 0, 1, . . . , S, with s = 0 standing for the
present (at time 0) and s = 1, . . . , S standing for the different futures being
taken into consideration (at time 1) because of uncertainty. The agents can
buy and sell goods in all of these states, but they also have money and can
pass it from the present to the future. Money is not “consumed”; instead,
agents like to retain it.

Specifically, agent i, in each state s, consumes a goods vector xi(s) ≥ 0
and retains a money amount mi(s) in the environment of benefiting from
incoming endowments x0

i (s) ≥ 0 andm0
i (s) ≥ 0. The agent’s utility function

has the form ui(xi,mi) for

xi = (xi(0), xi(1), . . . , xi(S)) ∈ (IRL+)1+S,
mi = (mi(0),mi(1), . . . ,mi(S)) ∈ IR1+S

+ .

We allow ui to take on −∞ and in that way focus implicitly on a survival set

Ui =
{
(xi,mi)

∣
∣ ui(xi,mi) > −∞

} ⊂ (IRL+)1+S × IR1+S
+ .

We assume that

ui is upper semicontinuous, concave and nondecreasing, moreover
continuous relative to the sets

{
(xi,mi)

∣
∣ui(xi,mi) ≥ c

}
for c ∈ IR.

Those level sets are closed because of the upper semicontinuity, but Ui might
not be closed. (Utility might tend to −∞ as the boundary of Ui is ap-
proached.) Having ui be nondecreasing means that ui(xi,mi) ≤ ui(x ′i , m′i )
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when (xi,mi) ≤ (x ′i , m′i ). The concavity, in contrast to quasi-concavity, is
a slight retreat from the classical setting but it simplifies and enhances the
model in many respects. In particular it assists us in working with the follow-
ing key assumption:

ui(xi,mi) increases on Ui with respect to each of the componentsmi(s).

In other words, retaining money is always attractive to every agent i, although
it must nevertheless compete with consumption as represented by the com-
ponents of the goods vectors xi(s).

The various goods l = 1, . . . , L can be bought and sold in markets in
every state s. These markets are governed by a money-denominated price
system

p = (p(0), p(1), . . . , p(S)),
where p(s) = (p1(s), . . . , pL(s)) gives the prices in state s.

In state s = 0 there is also a financial market in which the agents can par-
ticipate. The financial market revolves here around contracts in money only,
as already mentioned. Such contracts are available in patterns k = 1, . . . ,K .
A unit of contract k costs qk in the present and pays dk(s) in future state s.
The payout vectors

dk = (dk(1), . . . , dk(S)), assumed �= (0, . . . , 0),
are known data, but the price vector q must be determined together with the
price vectors p(s) in the present and future markets of goods. Examples will
be provided shortly.

Agent i buys a (generally fractional) amount z+ik ≥ 0 of contract k and
sells an amount z−ik ≥ 0, thereby putting together a portfolio

(z+i , z
−
i ) with z+i = (z+i1, . . . , z+ik) ∈ IRK+ , z−i = (z−i1, . . . , z−ik) ∈ IRK+ .

Simultaneously buying and selling a contract k is not prohibited but will
be eliminated in optimality by a transaction cost. We introduce this endoge-
nously by supposing that the selling of a unit of contract k uses up a goods
vector gk ∈ IRL+ which will end up costing costing p(0)·gk . We assume that

gk has a component> 0 in some good that is

universally attractive in the present,

by which we mean that every agent’s utility ui increases on Ui with respect
to that component of xi(0). Let

d(s) = (d1(s), . . . , dK(s)), G = the matrix with columns gk .
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The portfolio (z+i , z
−
i ) of agent i

costs q·[z+i − z−i ] + p(0)·Gz−i in the present, and then

pays d(s)·[z+i − z−i ] in the future states s = 1, . . . , S.

Precedent for such exogenous transaction costs can be seen in work of
Arrow and Hahn [2] and especially Laitenberger [13], although articulated
differently. Here, of course, our attention is limited to contracts that deliver
money, but the costs enter more broadly in our paper [12] where the contracts
can involve delivery of other goods as well.

The optimization problem for agent i takes the form of choosing choosing
xi , mi and (z+i , z

−
i ) subject to the budget constraints

p(0)·xi(0) + mi(0)+ q·[z+i − z+i ] + p(0)·Gz−i ≤ p(0)·x0
i +m0

i (0),

p(s)·xi(s) + mi(s) ≤ p(0)·x0
i (s)+m0

i (s)+ d(s)·[z+i − z−i ]
+mi(0) for s > 0. (1)

Note the termmi(0) in the budget for the future states s. This conforms to the
provision that money retained at time 0 is available with certainty at time 1.

Here are two elementary examples of contracts in our picture. For con-
creteness of language, they are explained with dollars as money. The transac-
tion cost will be expressed by

δk(p) = p(0)·q.
Example 1: simple lending and borrowing. As a particular case, contract
k could have

dk(s) = 1 for all future states s = 1, . . . , S.

Buying a unit refers then to giving out qk dollars in the present and always
getting back 1 dollar in the future, with

interest rate = 1

qk
− 1.

Selling refers instead to getting qk − δk(p) dollars in the present in return for
promising to pay back 1 dollar in the future, with

interest rate = 1

qk − δk(p) − 1.

The transaction cost thus induces a natural difference in interest rates between
lending and borrowing.
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Example 2: simple insurance. As a particular case, contract k could depend
on a specific future state s̄ and have

dk(s̄) = 1, but dk(s) = 0 for all future states s �= s̄.
Buying a unit of contract k refers then to giving out qk dollars in the present
but getting back 1 dollar only if the future state turns out to be s̄, otherwise
nothing. Selling refers to acquiring qk−δk(p) dollars in the present, and only
having to pay out 1 dollar if s̄ occurs, otherwise nothing..

If simple insurance as in Example 2 is not in the market as one of the
contracts k, there it the possibility that it can anyway be replicated by some
linear combination of other contracts that are in the market. If this is true
for every future state s̄, the financial market is said to be complete. But in
reality, financial markets are never complete. This observation has heavily
influenced all extensions of equilibrium theory to financial markets after the
early proposals of Arrow and Debreu, which did suppose completeness.

4. Existence of equilibrium

The main result about equilibrium in our model with its additional features
about money will now be formulated.

Definition: money-supported equilibrium. This is comprised of elements
x̄i , m̄i , (z̄+i , z̄

−
i ), for the agents i = 1, . . . ,m along with price vectors p̄ and

q̄ such that

(a) (x̄i , m̄i) maximizes ui(xi,mi) under the budget constraints (1) coming
from p̄ and q̄.

(b) The goods markets clear in all states s = 0, 1, . . . , S:

∑m
i=1 x

0
i (s)−

∑m
i=1 x̄i(s) ≥ 0, p̄(s)·

[∑m
i=1 x

0
i (s)−

∑m
i=1 x̄i(s)

]
= 0.

(c) The financial markets clear:
∑m
i=1 z̄

+
i =
∑m
i=1 z̄

−
i .

(d) The money supply is respected and money is conserved:

∑m

i=1
m̄i(0) =

∑m

i=1
m0
i (0) for s = 0,

∑m

i=1
m̄i(s) =

∑m

i=1
[m0
i (s)+mi(0)] for s > 0.

A virtue of such a money-supported equilibrium is that existence can be
ensured without resorting to strong survivability.
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Assumption: ample survivability. The agents i could, if they wished,
choose elements (x̂i , m̂i) ∈ Ui such that

x̂i(0) ≤ x0
i (0) but m̂i(0) < m0

i (0) for s = 0,

x̂i(s) ≤ x0
i (s) and m̂i(s) ≤ m0

i (s) for s = 1, . . . , S,
∑m

i=1
x̂i(s) <

∑m

i=1
x0
i (s) for s = 0, 1, . . . , S. (2)

The interpretation of this condition is that the agents would be able to
survive, outside of any participation in the markets, individually without us-
ing all their money in the present, and collectively with a surplus remaining
in every good. Thus, in contrast to the situation under strong survivability,
there is no need for every agent to possess some of every good initially.
Nevertheless, a way is opened up for invoking the Slater condition for an
agent’s budget constraints. This is evident from (2) for the initial budget, but
it also follows then effectively for the subsequent budgets because the agent
can save some of the initial surplus of money to furnish a buffer in the future.

Existence Theorem. Under ample survivability and the assumptions on
the financial contracts and the agent’s utility functions, a money-supported
equilibrium exists.

Insatiability of utility is present here in the assumption that agents are
always attracted to retaining money. That attraction is deemed to have a cul-
tural origin based on a history of how money is valued in society and persists
in usefulness because of its convenience and liquidity.

We proceed to discuss this new result, which stands as a specialization of
the one in our paper [12]. The nature of the markets and how they are viewed
is a key issue.

The markets here are modeled, according to custom in the economic lit-
erature, as brought into line by Walrasian brokers who match supply with
demand. This avoids having to view transactions as one-on-one and goes
back to Walras himself. Radner [16] in 1972 initiated having separate mar-
kets in the present and the future. His agents could promise delivery of goods
(in so-called real contracts), but not “money” (unless that referred only to a
numéraire good). An arbitrary number of uncertain future stages were envi-
sioned, not just one, as here. Artificial (exogenous) bounds on contract sales
were needed in order to establish the existence of an equilibrium.

In an influential development in 1985, Cass [4] and Werner [20] indepen-
dently obtained the existence of an equilibrium in a model in which prices
and contracts were all in terms of “money” (so-called nominal contracts), but
they did not include bounds on money supply. As noted by Magill and Shafer
[15], that introduced indeterminancy in which there was no way to relate the
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money in any one state with the money in another. A proposal of Magill and
Quinzii [14] to remedy this required putting the money into a multi-layered
scheme of transactions quite different from it behaving as a good like here.

In the models of Radner, Cass and Werner, even though they incorporate
an uncertain and potentially multi-stage future, each state s is still isolated,
just as in the Walrasian formulation that was the focus of Arrow and Debreu.
All the goods that become available in a state s, through endowments or, in
some versions, production, must be consumed in that same state. There is no
carry-over of goods whatsoever, not to speak of there being money that might
be saved.

An important question concerns information. How are the agents sup-
posed to know, at time 0, what will happen in the markets at a later time? The
models implicitly require some such knowledge, because it is in the initial
state s = 0 that the agents already have to plan their buying and selling of
goods in the future states s > 0, and their budgets for such planning depend
on the prices of goods in those states as well on the prices in the financial
market.

An alternative model of temporary equilibrium, as explained by Grand-
mont [9], sets aside decisions about trading goods in future markets. Agents,
in their financial planning, act only on “anticipations” of future prices. This
is an interesting proposal, but in getting down to serious mathematical de-
tails, such as the specifics of “anticipations,” it appears to run into thorny
difficulties. Fundamentally there is a lack of feedback about future supplies
and demands of goods and therefore no way for agents, through some inter-
change, to tune their “anticipations” to an approximation of reality.

The point we believe should be kept in mind is that the future markets
in the models of Radner, Cass and Werner, as well as here, cannot truly be
claimed to take place in the future. This is an inevitable consequence of the
notion of a Walrasian broker for those markets. That broker is entrusted with
matching future supply and demand for goods on the basis of plans for buying
and selling goods that the agents fix in the present. This broker operation must
therefore be in the present as well, not in the future! We see it as a model of
information exchange in which an agent can gain insights into what other
agents may be hoping to do. That exchange generates feedback about prices,
allowing the agents to get a better handle on how to plan for the future.

As a matter of fact, in our view there is no need even to think that, when
the real future arrives, the agents will definitely carry out these plans. Cir-
cumstances may have changed beyond those taken into account when the
plans were made. Our interpretation of equilibrium modeling with an uncer-
tain future is thus a compromise between the traditional “sequential market”
approach and that of “temporary equilibrium.” However it brings skepticism
about the virtues of incorporating more than just a few stages of the future.
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That would require a further proliferation of Walrasian brokers trying to glean
planning information in the present, which would stretch the information-
gathering concept too far.

5. Pattern of development

The model laid out here fits mathematically as a special case of a much more
extensive model in our paper [12], and the existence theorem here follows
essentially as a corollary of the existence theorem there. Although for that
reason the details of its proof are superfluous for the present paper, an indi-
cation of the main ideas and their articulation in a nontraditional context may
be illuminating.

The strategy is to characterize the existence of equilibrium as a so-called
variational inequality problem. Such formulations have gained in importance
areas of application related to optimization, as in the book of Facchinei and
Pang [6]. They rely on many advances in variational analysis, available for
example in [18], as an enlargement of convex analysis [17]. Variational in-
equalities have previously been utilized in general economic equilibrium only
in the one-stage models in our papers [10, 11].

Along with providing support for existence arguments, variational in-
equalities have other properties worthy of attention from economists. A vari-
ational inequality problem constitutes a paradigm of analysis that can be
compared with the classical paradigm of “n equations in n unknowns” but
is able to cover vastly larger territory. An advanced theory is now available
for studying perturbations and stability of their solutions [5]. Furthermore,
they offer prospects of computational support which could lead to numerical
experimentation with econometric models of equilibrium.

In order to proceed from a money-supported equilibrium, as defined
above, to a variational inequality formulation, it is crucial to introduce auxil-
iary variables which complete the picture of “an n-dimensional condition in
n unknowns.” These variables are the Lagrange multipliers associated with
the agents’ budget constraints in optimality. Their values become part of the
solution along with the prices and plans for market transactions; we speak
then of a enhanced equilibrium.

The first step in arguing toward the existence of such an equilibrium is
obviously then to make sure that Lagrange multipliers will be on hand. This
follows from the concavity of utility and the assumption of ample surviv-
ability, which guarantees applicability of the Slater condition as a constraint
qualification. The next step is to use the Lagrange multipliers in express-
ing necessary and sufficient conditions for optimality in an agent’s maxi-
mization problem. The expression is achieved in the form of a saddle point
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condition on the associated Lagrangian function (which, by the way, would
not be possible if utility were merely quasi-concave).

The saddle point condition can be translated in turn to a variational in-
equality of functional type. The market clearing condition in equilibrium can,
on the other hand, be expressed through complementary slackness as a vari-
ational inequality of geometric type concerning the cones of normal vectors
to a nonnegative orthant. These variational inequalities, as subconditions, can
then be combined into a single composite variational inequality.

The composite variational inequality obtained in this way fully stands for
an enhanced equilibrium, but it suffers from unboundedness which prevents
immediate application of a criterion for the existence of a solution. An appeal
to truncations must then be made, as is familiar in virtually all theory about
the existence of economic equilibrium, even it if has to be carried out in a
different way than in the past.
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1. Introduction

Let H be a real Hilbert space with inner product 〈·, ·〉 and norm ‖ · ‖ and let
C be a closed convex subset of H . Let T be a mapping of C into H . Then
we denote by F(T ) the set of fixed points of T . A mapping T : C → H is
called nonexpansive if ‖T x − Ty‖ ≤ ‖x − y‖ for all x, y ∈ C.

In 2003, Nakajo and Takahashi [26] proved a strong convergence theorem
for nonexpansive mappings in a Hilbert space by using the hybrid method
[29] in mathematical programming: Let T : C → C be a nonexpansive
mapping with F(T ) �= ∅ and let {αn} be a real sequence in [0, 1] such that
0 ≤ αn ≤ a < 1 for all n ∈ N. Define a sequence {xn} in C by x1 = x ∈ C
and ⎧

⎪⎪⎪⎨

⎪⎪⎪⎩

un = αnxn + (1− αn)T xn,
Cn = {z ∈ C : ‖un − z‖ ≤ ‖xn − z‖},
Qn = {z ∈ C : 〈xn − z, x − xn〉 ≥ 0},
xn+1 = PCn∩Qnx, ∀n ∈ N,

where PCn∩Qn is the metric projection of H onto Cn ∩Qn. Then, {xn} con-
verges strongly to an element z of F(T ), where z = PF(T )x and PF(T )
is the metric projection of H onto F(T ). Recently, Takahashi, Takeuchi
and Kubota [38] proposed a hybrid method called the shrinking projection
method which is different from Nakajo and Takahashi method and then ob-
tained a strong convergence theorem for nonexpansive mappings in a Hilbert
space. Qin and Su [28] proposed also a hybrid method called the mono-
tone hybrid method which is different from Nakajo and Takahashi method
and Takahashi, Takeuchi and Kubota method. However, strong convergence
theorems by such hybrid methods for nonexpansive mappings in a Hilbert
space have not been extended to Banach spaces. Many authors have extended
these convergence theorems to Banach spaces by using nonlinear map-
pings which are different from a nonexpansive mapping; see, for instance,
[3, 16, 20–22, 27, 33, 37].

Let C be a nonempty closed convex subset of a Hilbert space H and let
f : C × C → R be a bifunction. Then, the equilibrium problem is to find
z ∈ C such that

(1.1) f (z, y) ≥ 0, ∀y ∈ C.
The set of such z ∈ C is denoted by EP(f ), i.e.,

EP(f ) = {z ∈ C : f (z, y) ≥ 0, ∀y ∈ C}.
Problem (1.1) is important in the sense that it includes, as special cases,

optimization problems, variational inequalities, minimax problems, Nash
equilibrium problem in noncooperative games and others; see, for instance,
[6, 7, 24, 25, 30, 34, 35] for equilibrium problems in a Hilbert space.
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Our purpose in this paper is to prove strong convergence theorems
by hybrid methods for nonexpansive mappings in a Banach space under
appropriate conditions. We first prove a strong convergence theorem by the
shrinking projection method for semi-positively homogeneous nonexpansive
mappings with an equilibrium problem in a Banach space. Next, we obtain
another strong convergence theorem by the monotone hybrid method for
semi-positively homogeneous nonexpansive mappings with an equilibrium
problem in a Banach space. These theorems are proved by using the concept
of set convergence.

2. Preliminaries

Let E be a real Banach space with norm ‖ · ‖ and let E∗ be the dual of E. We
denote the value of y∗ ∈ E∗ at x ∈ E by 〈x, y∗〉. When {xn} is a sequence
in E, we denote the strong convergence of {xn} to x ∈ E by xn → x and the
weak convergence by xn ⇀ x. The modulus δ of convexity ofE is defined by

δ(ε) = inf

{

1− ‖x + y‖
2

: ‖x‖ ≤ 1, ‖y‖ ≤ 1, ‖x − y‖ ≥ ε
}

for every ε with 0 ≤ ε ≤ 2. A Banach space E is said to be uniformly convex
if δ(ε) > 0 for every ε > 0. A uniformly convex Banach space is strictly
convex and reflexive. Let C be a nonempty closed convex subset of a strictly
convex and reflexive Banach space E. We know that for any x ∈ E, there
exists a unique element z ∈ C such that ‖x − z‖ ≤ ‖x − y‖ for all y ∈ C.
Denote this element z by PC(x). Then PC is called the metric projection of
E onto C. The duality mapping J from E into 2E

∗
is defined by

Jx = {x∗ ∈ E∗ : 〈x, x∗〉 = ‖x‖2 = ‖x∗‖2}
for every x ∈ E. Let U = {x ∈ E : ‖x‖ = 1}. The norm of E is said to be
Gâteaux differentiable if for each x, y ∈ U , the limit

(2.1) lim
t→0

‖x + ty‖ − ‖x‖
t

exists. In this case, E is called smooth. We know thatE is smooth if and only
if J ia a single-valued mapping ofE intoE∗. We also know thatE is reflexive
if and only if J is surjective, andE is strictly convex if and only if J is one-to-
one. Therefore, if E is a smooth, strictly convex and reflexive Banach space,
then J is a single-valued bijection and in this case, the inverse mapping J−1

coincides with the duality mapping J∗ on E∗. The norm of E is said to be
uniformly Gâteaux differentiable if for each y ∈ U , the limit (2.1) is attained
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uniformly for x ∈ U . It is also said to be Fréchet differentiable if for each
x ∈ U , the limit (2.1) is attained uniformly for y ∈ U . A Banach space E is
called uniformly smooth if the limit (2.1) is attained uniformly for x, y ∈ U .
It is known that if the norm of E is uniformly Gâteaux differentiable, then J
is uniformly norm to weak∗ continuous on each bounded subset of E, and if
the norm of E is Fréchet differentiable, then J is norm to norm continuous.
If E is uniformly smooth, then J is uniformly norm to norm continuous on
each bounded subset of E. For more details, see [31, 32].

We know the following result: Let E be a smooth, strictly convex and
reflexive Banach space. Let C be a nonempty closed convex subset of E and
let PC be the metric projection of E onto C. Let x0 ∈ C and x1 ∈ E. Then,
x0 = PC(x1) if and only if

〈x0 − y, J (x1 − x0)〉 ≥ 0

for all y ∈ C, where J is the duality mapping of E.
Let C be a nonempty subset of E and let T be a mapping of C into E.

We denote the set of all fixed points of T by F(T ). A mapping T : C → E is
said to be nonexpansive if ‖T x−Ty‖ ≤ ‖x−y‖ for all x, y ∈ C. A mapping
T : C → E is quasi-nonexpansive if F(T ) �= ∅ and

(2.2) ‖T x − y‖ ≤ ‖x − y‖
for all x ∈ C and y ∈ F(T ). If C is a closed convex subset of a strictly
convex Banach space E and T : C → C is quasi-nonexpansive, then F(T )
is closed and convex; see Itoh and Takahashi [14]. If a nonexpansive mapping
T : E→ E is linear, then such a mapping is called contractive.

Let E be a reflexive, strictly convex and smooth Banach space. The func-
tion φ : E ×E→ (−∞,∞) is defined by

φ(x, y) = ‖x‖2 − 2〈x, Jy〉 + ‖y‖2

for all x, y ∈ E, where J is the duality mapping of E; see [1, 15]. We have
from the definition of φ that

(2.3) φ(x, y) = φ(x, z)+ φ(z, y)+ 2〈x − z, J z− Jy〉
for all x, y, z ∈ E. From (‖x‖2 − ‖y‖2) ≤ φ(x, y) for all x, y ∈ E, we can
see that φ(x, y) ≥ 0. If E is additionally assumed to be strictly convex, then

(2.4) φ(x, y) = 0 ⇐⇒ x = y.
If C is a nonempty closed convex subset of a smooth, strictly and reflexive
Banach space E, then for all x ∈ E there exists a unique z ∈ C (denoted by
�Cx) such that

(2.5) φ(z, x) = min
y∈C φ(y, x).



Strong convergence theorems by hybrid methods 201

The mapping �C is called the generalized projection from E onto C; see
Alber [1], Alber and Reich [2], and Kamimura and Takahashi [15]. The fol-
lowing theorem [15] is well known.

Theorem 2.1. Let E be a uniformly convex and smooth Banach space
and let {xn}, {yn} be sequences in E such that {xn} or {yn} is bounded. If
limn→∞ φ(xn, yn) = 0, then limn→∞ ‖xn − yn‖ = 0.

For a sequence {Cn} of nonempty closed convex subsets of a reflexive
Banach space E, define s-LinCn and w-LsnCn as follows: x ∈s-LinCn if and
only if there exists {xn} ⊂ E such that {xn} converges strongly to x and
xn ∈ Cn for all n ∈ N. Similarly, y ∈w-LsnCn if and only if there exist a
subsequence {Cni } of {Cn} and a sequence {yi} ⊂ E such that {yi} converges
weakly to y and yi ∈ Cni for all i ∈ N. If C0 satisfies that

(2.6) C0 =s-LinCn =w-LsnCn,

we say that {Cn} converges to C0 in the sense of Mosco [23] and we write
C0 =M-limn→∞ Cn. It is easy to show that if {Cn} is decreasing with respect
to inclusion, then {Cn} converges to ∩∞n=1Cn in the sense of Mosco. For more
details, see [23]. We know the following theorem [13].

Theorem 2.2. Let E be a smooth Banach space and let E∗ have a Fréchet
differentiable norm. Let {Cn} be a sequence of nonempty closed convex sub-
sets of E. If C0 =M-limn→∞ Cn exists and nonempty, then for each x ∈ E,
�Cnx converges strongly to �C0x, where �Cn and �C0 are the generalized
projections of E onto Cn and C0, respectively.

Let C be a nonempty closed subset of a smooth, strictly convex and re-
flexive Banach space E such that JC is closed and convex. For solving the
equilibrium problem, let us assume that a bifunction f : JC × JC → R

satisfies the following conditions:

(A1) f (x∗, x∗) = 0, ∀x∗ ∈ JC.
(A2) f is monotone, i.e., f (x∗, y∗)+ f (y∗, x∗) ≤ 0, ∀x∗, y∗ ∈ JC.
(A3) limt↓0 f (tz

∗ + (1− t)x∗, y∗) ≤ f (x∗, y∗), ∀x∗, y∗, z∗ ∈ JC.
(A4) For each x∗ ∈ JC, y∗ �→ f (x∗, y∗) is convex and lower

semicontinuous.

Let E be a smooth Banach space E and let C be a nonempty subset of E. A
mapping T : C → C is generalized nonexpansive [11] if F(T ) �= ∅ and

(2.7) φ(T x, y) ≤ φ(x, y)
for all x ∈ C and y ∈ F(T ). For the fixed point problem of such mappings,
see [8, 18, 19]. The following result is in Takahashi and Zembayashi [36];
see also [4–6].
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Lemma 2.3. Let C be a nonempty closed subset of a smooth, strictly convex
and reflexive Banach space E such that JC is closed and convex. Let f be a
bifunction from JC × JC into R satisfying (A1)–(A4). Then, for any r > 0
and x ∈ E, there exists a unique z ∈ C such that

f (J z, Jy)+ 1

r
〈Jy − Jz, z− x〉 ≥ 0, ∀y ∈ C.

Further, define Trx = {z ∈ C : f (J z, Jy) + 1
r
〈Jy − Jz, z− x〉 ≥ 0,

∀y ∈ C} for all r > 0 and x ∈ E and EP(f ) = {z ∈ C : f (J z, Jy) ≥ 0,
∀y ∈ C}. Then the following hold:

(1) Tr is single-valued.
(2) Tr is firmly generalized nonexpansive, i.e.,

〈Trx − Try, JTrx − JTry〉 ≤ 〈x − y, JTrx − JTry〉, ∀x, y ∈ E.
(3) F(Tr) = EP(f ).
(4) JEP(f ) is closed and convex.
(5) φ(x, Trx)+ φ(Trx, q) ≤ φ(x, q), ∀x ∈ E, q ∈ F(Tr).

Let E be a Banach space and let D be a nonempty closed subset of E. A
mapping R : E→ D is said to be sunny if

R(Rx + t (x − Rx)) = Rx, ∀x ∈ E, ∀t ≥ 0.

A mapping R : E → D is a retraction if Rx = x for all x ∈ D. A nonempty
subset D of a smooth Banach space E is said to be a generalized nonexpan-
sive retract (resp. sunny generalized nonexpansive retract) of E if there exists
a generalized nonexpansive retraction (resp. sunny generalized nonexpansive
retraction) of E ontoD. From [11], we know the following lemmas.

Lemma 2.4 (Ibaraki and Takahashi [11]). Let E be a smooth, strictly con-
vex and reflexive Banach space and let D be a nonempty closed subset of E.
Then, a sunny generalized nonexpansive retraction of E onto D is uniquely
determined.

Lemma 2.5 (Ibaraki and Takahashi [11]). Let E be a smooth, strictly con-
vex and reflexive Banach space and let D be a nonempty closed subset of E.
Suppose that there exists a sunny generalized nonexpansive retraction R of
E onto D and let (x, z) ∈ E ×D. Then, the following hold:

(1) z = Rx if and only if 〈x − z, Jy − Jz〉 ≤ 0, ∀y ∈ D.
(2) φ(Rx, z)+ φ(x,Rx) ≤ φ(x, z).

In 2007, Kohsaka and Takahashi [17] proved the following results.
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Lemma 2.6 (Kohsaka and Takahashi [17]). Let E be a smooth, strictly
convex and reflexive Banach space and let C∗ be a nonempty closed convex
subset of E∗. Suppose that �C∗ is the generalized projection of E∗ onto C∗.
Then, R defined by R = J−1�C∗J is a sunny generalized nonexpansive
retraction of E onto J−1C∗.
Lemma 2.7 (Kohsaka and Takahashi [17]). Let E be a smooth, strictly
convex and reflexive Banach space and let D be a nonempty subset of E.
Then, the following conditions are equivalent

(1) D is a sunny generalized nonexpansive retract of E.
(2) D is a generalized nonexpansive retract of E.
(3) JD is closed and convex.

In this case, D is closed.

Lemma 2.8 (Kohsaka and Takahashi [17]). Let E be a smooth, strictly
convex and reflexive Banach space and let D be a nonempty closed subset
of E. Suppose that there exists a sunny generalized nonexpansive retraction
R of E onto D and let (x, z) ∈ E × D. Then, the following conditions are
equivalent

(1) z = Rx.
(2) φ(x, z) = miny∈D φ(x, y).

From Ibaraki and Takahashi [12] we know the following lemma.

Lemma 2.9 (Ibaraki and Takahashi [12]). Let E be a smooth, strictly con-
vex and reflexive Banach space and let T be a generalized nonexpansive map-
ping of E into itself. Then, F(T ) is a sunny generalized nonexpansive retract
of E.

For more results concerning generalized nonexpansive mappings and
sunny generalized nonexpansive retractions, see [9, 10].

3. Semi-positively homogeneous nonexpansive mappings

LetE be a Banach space and letC be a closed convex subset ofE with 0 ∈ C.
Then, a mapping T : C → C is called semi-positively homogeneous near 0
if for any x ∈ C with x �= 0, there exists a real number t with 0 < t < 1
such that T (αx) = αT (x) for all α ∈ (0, t). In this section, we prove that
a nonexpansive mapping T : C → C under an appropriate condition is
generalized nonexpansive. Before proving it, we prove the following lemma.

Lemma 3.1. Let E be a smooth Banach space and let C be a closed con-
vex subset of E with 0 ∈ C. Let T : C → C be a quasi-nonexpansive
mapping which is semi-positively homogeneous near 0 and continuous at 0.
Then, T 0 = 0. Further, for any x ∈ C and m ∈ F(T ),
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〈x − T x, Jm〉 ≤ 0.

Proof. First, we show T 0 = 0. Fix x ∈ C with x �= 0. By the assumption
of T , there exists a real number t with 0 < t < 1 such that T (αx) = αT (x)
for all α ∈ (0, t). Since T is continuous at 0, we have that T (αx) → T 0 as
α → 0. On the other hand, we have that αT x → 0 as α→ 0. Then, we have
T 0 = 0.

Let x ∈ C and m ∈ F(T ). Since T is quasi-nonexpansive, we have that

〈x − T x, J (x −m)〉 = 〈x − T x − (m− Tm), J (x −m)〉
= ‖x −m‖2 − 〈T x − Tm, J (x −m)〉
≥ ‖x −m‖2 − ‖T x − Tm‖‖x −m‖
≥ ‖x −m‖2 − ‖x −m‖2

= 0.

Let x ∈ C with x �= 0. Since there exists a real number t with 0 < t < 1
such that T (αx) = αT (x) for all α ∈ (0, t), we have

〈αx − αT x, J (αx −m)〉 = 〈αx − T αx, J (αx −m)〉 ≥ 0

and hence
〈x − T x, J (αx −m)〉 ≥ 0.

Letting α→ 0, we have from the smoothness of E that

〈x − T x, J (−m)〉 ≥ 0

and hence 〈x − T x, J (m)〉 ≤ 0. In the case of x = 0, it is obvious that
〈x − T x, J (m)〉 ≤ 0. ��
Theorem 3.2. LetE be a smooth Banach space and let C be a closed convex
subset of E with 0 ∈ C. Let T : C → C be a quasi-nonexpansive mapping
which is semi-positively homogeneous near 0 and continuous at 0. Then, T :
C → C is a generalized nonexpansive mapping.

Proof. Since T 0 = 0, it is obvious that F(T ) is nonempty. Since T is quasi-
nonexpansive, we have from 0 ∈ F(T ) that for any x ∈ C,

‖T x‖ = ‖T x − 0‖ ≤ ‖x − 0‖ = ‖x‖.
So, we have from Lemma 3.1 that for any x ∈ C and m ∈ F(T ),

φ(T x,m) = ‖T x‖2 − 2〈T x, Jm〉 + ‖m‖2

≤ ‖x‖2 − 2〈x, Jm〉 + ‖m‖2 = φ(x,m).
Therefore, T is a generalized nonexpansive mapping of C into itself. ��
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Let E be a Banach space and let C be a closed convex cone of E. Then,
a mapping T : C → C is called positively homogeneous if T (αx) = αT (x)
for all x ∈ C and α > 0. Using Theorem 3.2, we obtain the following result.

Theorem 3.3. Let E be a smooth Banach space and let C be a closed con-
vex cone of E. Let T : C → C be a positively homogeneous nonexpansive
mapping. Then, T is a generalized nonexpansive mapping.

Proof. A closed convex cone C of E is a closed convex subset of E with
0 ∈ C. A positively homogeneous nonexpansive mapping T : C → C is a
quasi-nonexpansive mapping which is semi-positively homogeneous near 0
and continuous at 0. So, T is a generalized nonexpansive mapping of C into
itself from Theorem 3.2. ��

As a direct consequence of Theorem 3.3, we get the following result.

Theorem 3.4. Let E be a smooth Banach space. Let T : E → E be a
linear contractive mapping. Then, T : E→ E is a generalized nonexpansive
mapping.

4. Strong convergence theorems

In this section, using Theorem 2.2 and Theorem 3.2, we prove a strong con-
vergence theorem by the shrinking projection method [38] for linear contrac-
tive mappings with equilibrium problems in a Banach space.

Theorem 4.1. Let E be a uniformly convex and uniformly smooth Banach
space and let C be a closed convex subset of E with 0 ∈ C such that JC
is closed and convex. Let f : JC × JC → R be a bifunction satisfying
(A1)–(A4) and let S be a nonexpansive mapping which is semi-positively ho-
mogeneous near 0. Suppose EP(f )∩F(S) �= ∅, letC1 = C and let {xn} ⊂ C
be a sequence generated by x1 = x ∈ C and

⎧
⎪⎪⎪⎨

⎪⎪⎪⎩

f (J zn, Jy)+ 1
λn
〈zn − xn, Jy − Jzn〉 ≥ 0, ∀y ∈ C,

yn = αnxn + (1− αn)Szn,
Cn+1 = {z ∈ Cn : φ(yn, z) ≤ φ(xn, z)},
xn+1 = RCn+1x, ∀n ∈ N,

where RCn+1 is the sunny generalized nonexpansive retraction of E onto
Cn+1, and {αn} ⊂ [0, 1] and {λn} ⊂ [0,∞) are sequences such that

0 ≤ αn ≤ a < 1 and 0 < b ≤ λn
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for some a, b ∈ R. Then, {xn} converges strongly to z0 = RF(S)∩EP(f )x,
where RF(S)∩EP(f ) is the sunny generalized nonexpansive retraction of E
onto F(S) ∩ EP(f ).

Proof. Put zn = Tλnxn for each n ∈ N and take z ∈ F(S) ∩ EP(f ). From
z = Tλnz and Lemma 2.3, we have that for any n ∈ N,

(4.1) φ(zn, z) = φ(Tλnxn, z) ≤ φ(xn, z).
We shall show that JCn are closed and convex and F(S) ∩EP(f ) ⊂ Cn for
all n ∈ N. It is obvious from the assumption that JC1 = JC is closed and
convex and F(S) ∩ EP(f ) ⊂ C1. Suppose that JCk is closed and convex,
and F(S)∩EP(f ) ⊂ Ck for some k ∈ N. From the definition of φ, we know
that for z ∈ Ck ,

φ(yk, z) ≤ φ(xk, z)
⇐⇒ ‖yk‖2 − ‖xk‖2 − 2〈yk − xk, J z〉 ≤ 0.

So, JCk+1 is closed and convex. If z ∈ F(S) ∩ EP(f ) ⊂ Ck , then we have
from (4.1) and Theorem 3.2 that

φ(yn, z) = φ(αnxn + (1− αn)Szn, z)
≤ αnφ(xn, z)+ (1− αn)φ(zn, z)
≤ αnφ(xn, z)+ (1− αn)φ(xn, z)
= φ(xn, z).

Hence, we have z ∈ Ck+1. By induction, we have that JCn are closed and
convex and F(S) ∩ EP(f ) ⊂ Cn for all n ∈ N. Since JCn is closed and con-
vex, from Lemma 2.7 there exists a unique sunny generalized nonexpansive
retraction RCn of E onto Cn. We know from Lemma 2.6 that RCn is denoted
by J−1�JCnJ , where �JCn is the generalized projection of E∗ onto JCn.
Thus, {xn} is well-defined.

Since {JCn} is a decreasing sequence of nonempty closed convex subsets
of E∗ with respect to inclusion, it follows that

(4.2) ∅ �= JF(S) ∩ JEP(f ) ⊂M- lim
n→∞ JCn =

∞⋂

n=1

JCn.

Put C∗0 =
⋂∞
n=1 JCn. Then, by Theorem 2.2 we have that {�JCn+1Jx} con-

verges strongly to x∗0 = �C∗0Jx. Since E∗ has a Fréchet differentiable norm,

J−1 is norm-to-norm continuous. So, we have

xn+1 = J−1�JCn+1Jx → J−1x∗0 .

To complete the proof, it is sufficient to show that J−1x∗0 = RF(S)∩EP(f )x.
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Since xn = RCnx and xn+1 = RCn+1x ∈ Cn+1 ⊂ Cn, we have from
Theorem 2.5 and (2.3) that

0 ≤ 2〈x − xn, J xn − Jxn+1〉
= φ(x, xn+1)− φ(x, xn)− φ(xn, xn+1)

≤ φ(x, xn+1)− φ(x, xn).
So, we get that

(4.3) φ(x, xn) ≤ φ(x, xn+1).

Further, since xn = RCnx and z ∈ F(S) ∩ EP(f ) ⊂ Cn, from Lemma 2.8
we have

(4.4) φ(x, xn) ≤ φ(x, z).
So, we have that limn→∞ φ(x, xn) exists. This implies that {xn} is bounded.
Hence, {yn}, {zn} and {Szn} are also bounded. From Theorem 2.5, we have

φ(xn, xn+1) = φ(RCnx, xn+1)

≤ φ(x, xn+1)− φ(x,RCnx)
= φ(x, xn+1)− φ(x, xn)→ 0.

So, we have that

(4.5) φ(xn, xn+1)→ 0.

From xn+1 ∈ Cn+1, we also have that φ(yn, xn+1) ≤ φ(xn, xn+1). So, we
get that φ(yn, xn+1)→ 0. Using Theorem 2.1, we have

lim
n→∞‖yn − xn+1‖ = lim

n→∞‖xn − xn+1‖ = 0.

So, we have

(4.6) ‖yn − xn‖ ≤ ‖yn − xn+1‖ + ‖xn+1 − xn‖ → 0.

Since ‖xn − yn‖ = ‖xn − αnxn − (1− αn)Szn‖ = (1− αn)‖xn − Szn‖ and
0 ≤ αn ≤ a < 1, we also have that

(4.7) ‖Szn − xn‖ → 0.

Let z ∈ F(S) ∩ EP(f ). Using zn = Tλnxn and Lemma 2.3, we have that

φ(xn, z) ≥ φ(xn, Tλnxn)+ φ(Tλnxn, z)
= φ(xn, zn)+ φ(zn, z)
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and hence

φ(xn, zn) ≤ φ(xn, z)− φ(zn, z).
From the definition of yn and φ, we have φ(yn, z) ≤ αnφ(xn, z) + (1 −
αn)φ(zn, z) and hence

φ(zn, z) ≥ φ(yn, z)− αnφ(xn, z)
1− αn .

Therefore, we have

φ(xn, zn) ≤ φ(xn, z)− φ(yn, z)− αnφ(xn, z)
1− αn

= φ(xn, z)− φ(yn, z)
1− αn .

We also have

φ(xn, z)− φ(yn, z) = ‖xn‖2 − 2〈xn, J z〉 + ‖z‖2 − ‖yn‖2

+ 2〈yn, J z〉 − ‖z‖2

= ‖xn‖2 − ‖yn‖2 − 2〈xn − yn, J z〉
≤ |‖xn‖2 − ‖yn‖2| + 2|〈xn − yn, J z〉|
≤ ‖xn − yn‖(‖xn‖ + ‖yn‖)+ 2‖xn − yn‖‖Jz‖.

Since limn→∞ ‖xn − yn‖ → 0 from (4.6), we have

(4.8) lim
n→∞(φ(xn, z)− φ(yn, z)) = 0.

Since 0 ≤ αn ≤ a < 1, we have limn→∞ φ(xn, zn) = 0. So, from Theorem
2.1, we have

(4.9) ‖xn − zn‖ → 0.

From yn = αnxn+ (1−αn)Szn, we have yn−Szn = αn(xn−Szn). So, from
(4.7) we have

(4.10) ‖yn − Szn‖ = αn‖xn − Szn‖ → 0.

Since

‖xn − Sxn‖ ≤ ‖xn − yn‖ + ‖yn − Szn‖ + ‖Szn − Sxn‖
≤ ‖xn − yn‖ + ‖yn − Szn‖ + ‖zn − xn‖,
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from (4.6), (4.9) and (4.10) we have

(4.11) ‖xn − Sxn‖ → 0.

Since xn → J−1x∗0 and S is continuous, we have J−1x∗0 ∈ F(S). Next, let us
show J−1x∗0 ∈ EP(f ). From xn → J−1x∗0 and (4.9), we have zn → J−1x∗0 .
We have from zn = Tλnxn that for any y ∈ C,

f (J zn, Jy)+ 1

λn
〈Jy − Jzn, zn − xn〉 ≥ 0.

From (A2), we have

1

λn
〈Jy − Jzn, zn − xn〉 ≥ f (Jy, J zn).

From 0 < b ≤ λn and (4.9), we know

lim
n→∞

zn − xn
λn

= 0.

So, we have

(4.12) 0 ≥ f (Jy, x∗0 ).
Put z∗t = tJy + (1 − t)x∗0 for all t ∈ (0, 1] and y ∈ C. Since JC is convex,
we have z∗t ∈ JC. From (A1), (A4) and (4.12), we have

0 = f (z∗t , z∗t ) ≤ tf (z∗t , Jy)+ (1− t)f (z∗t , x∗0 )
≤ tf (z∗t , Jy)

and hence
0 ≤ f (z∗t , Jy).

Letting t → 0, we have from (A3) that for each y ∈ C,

(4.13) 0 ≤ f (x∗0 , Jy).
This implies J−1x∗0 ∈ EP(f ). So, we have that J−1x∗0 ∈ F(S)∩EP(f ). Put
z0 = RF(S)∩EP(f )x. Since z0 = RF(S)∩EP(f )x ⊂ Cn+1 and xn+1 = RCn+1x,
we have that

(4.14) φ(x, xn+1) ≤ φ(x, z0).
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Hence, we have that

φ(x, J−1x∗0 ) = ‖x‖2 − 2〈x, x∗0 〉 + ‖J−1x∗0‖2

= lim
n→∞ φ(x, xn)

≤ φ(x, z0).

Therefore, we get z0 = J−1x∗0 . Hence, {xn} converges strongly to z0. This
completes the proof. ��

As a direct consequence of Theorem 4.1, we have the following result.

Theorem 4.2. Let E be a uniformly convex and uniformly smooth Banach
space. Let f : E∗ × E∗ → R be a bifunction satisfying (A1)–(A4) and let S
be a linear contractive mapping. Suppose EP(f ) ∩ F(S) �= ∅, let C1 = E
and let {xn} ⊂ E be a sequence generated by x1 = x ∈ E and

⎧
⎪⎪⎪⎨

⎪⎪⎪⎩

f (J zn, Jy)+ 1
λn
〈zn − xn, Jy − Jzn〉 ≥ 0, ∀y ∈ E,

yn = αnxn + (1− αn)Szn,
Cn+1 = {z ∈ Cn : φ(yn, z) ≤ φ(xn, z)},
xn+1 = RCn+1x, ∀n ∈ N,

where RCn+1 is the sunny generalized nonexpansive retraction of E onto
Cn+1, and {αn} ⊂ [0, 1] and {λn} ⊂ [0,∞) are sequences such that

0 ≤ αn ≤ a < 1 and 0 < b ≤ λn
for some a, b ∈ R. Then, {xn} converges strongly to z0 = RF(S)∩EP(f )x,
where RF(S)∩EP(f ) is the sunny generalized nonexpansive retraction of E
onto F(S) ∩ EP(f ).

Proof. Since a linear contractive mapping S is a nonexpansive mapping
which is semi-positively homogeneous near 0, we obtain the desired result
by Theorem 4.1. ��

We can make the coefficient condition 0 ≤ αn ≤ a < 1 in Theorem 4.1
weaker. Next, we prove a strong convergence theorem by another hybrid
method which was considered by [28].

Theorem 4.3. Let E be a uniformly convex and uniformly smooth Banach
space and let C be a closed convex subset of E with 0 ∈ C such that JC
is closed and convex. Let f : JC × JC → R be a bifunction satisfying
(A1)–(A4) and let S be a nonexpansive mapping which is semi-positively ho-
mogeneous near 0. Suppose EP(f ) ∩ F(S) �= ∅, let C1 = Q1 = C and let
{xn} ⊂ C be a sequence generated by x1 = x ∈ C and
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⎧
⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎩

f (J zn, Jy)+ 1
λn
〈zn − xn, Jy − Jzn〉 ≥ 0, ∀y ∈ C,

yn = αnxn + (1− αn)Szn,
Cn+1 = {z ∈ Cn ∩Qn : φ(yn, z) ≤ φ(xn, z)},
Qn+1 = {z ∈ Cn ∩Qn : 〈Jxn − Jz, x − xn〉 ≥ 0},
xn+1 = RCn+1∩Qn+1x, ∀n ∈ N,

whereRCn+1∩Qn+1 is the sunny generalized nonexpansive retraction ofE onto
Cn+1 ∩Qn+1, and {αn} ⊂ [0, 1] and {λn} ⊂ [0,∞) satisfy

lim inf
n→∞ αn < 1 and 0 < b ≤ λn

for some a, b ∈ R. Then, {xn} converges strongly to z0 = RF(S)∩EP(f )x,
where RF(S)∩EP(f ) is the sunny generalized nonexpansive retraction of E
onto F(S) ∩ EP(f ).
Proof. Put zn = Tλnxn for each n ∈ N and take z ∈ F(S) ∩ EP(f ). From
z = Tλnz and Lemma 2.3, we have that for any n ∈ N,

(4.15) φ(zn, z) = φ(Tλnxn, z) ≤ φ(xn, z).
We shall show that JCn and JQn are closed and convex and F(S)∩EP(f ) ⊂
Cn ∩Qn for all n ∈ N. It is obvious that JQn is closed and convex. We show
that JCn is closed and convex. It is obvious that JC1 = JC is closed and
convex. Suppose that JCk is closed and convex for some k ∈ N. From the
definition of φ, we know that for z ∈ Ck ,

φ(yn, z) ≤ φ(xn, z)
⇐⇒‖yn‖2 − ‖xn‖2 − 2〈yn − xn, J z〉 ≤ 0.

So, JCk+1 is closed and convex. By induction, we have that JCn are closed
and convex for all n ∈ N. Next, we show z ∈ F(S) ∩ EP(f ) ⊂ Cn ∩ Qn
for all n ∈ N. It is obvious that F(S) ∩ EP(f ) ⊂ C1 ∩ Q1. Suppose that
F(S)∩EP(f ) ⊂ Ck∩Qk for some k ∈ N. For z ∈ F(S)∩EP(f ) ⊂ Ck∩Qk ,
we have from (4.15) and Theorem 3.2 that

φ(yk+1, z) = φ(αk+1xk+1 + (1− αk+1)Szk+1, z)

≤ αk+1φ(xk+1, z)+ (1− αk+1)φ(zk+1, z)

≤ αk+1φ(xk+1, z)+ (1− αk+1)φ(xk+1, z)

= φ(xk+1, z).

So, we have z ∈ F(S)∩EP(f ) ⊂ Ck+1. Further, since xk = RCk∩Qkx, from
Lemma 2.5 we have

〈Jxk − Jz, x − xk〉 ≥ 0, ∀z ∈ Ck ∩Qk.
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Since F(S) ∩ EP(f ) ⊂ Ck ∩Qk , we have

〈Jxk − Jz, x − xk〉 ≥ 0, ∀z ∈ F(S) ∩ EP(f ).
This implies F(S)∩EP(f ) ⊂ Qk+1. So, we have F(S)∩EP(f ) ⊂ Cn ∩Qn
for all n ∈ N. This means that {xn} is well-defined.

Since {JCn ∩JQn} is a decreasing sequence of nonempty closed convex
subsets of E∗ with respect to inclusion, it follows that

(4.16) ∅ �= JF(S)∩JEP(f ) ⊂ M− lim
n→∞ JCn∩JQn = ∩∞n=1(JCn∩JQn).

Putting C∗0 = ∩∞n=1(JCn ∩ JQn), by Theorem 2.2 we have that
{�JCn+1∩JQn+1Jx} converges strongly to x∗0 = �C∗0 Jx. Since E∗ has a

Fréchet differential norm, J−1 is continuous. So, we have

xn+1 = J−1�JCn+1∩JQn+1Jx → J−1x∗0 .

To complete the proof, it is sufficient to show that J−1x∗0 = RF(S)∩EP(f )x.
Since xn = RQnx and xn+1 = RCn+1∩Qn+1x ⊂ Qn, we have

0 ≤ 2〈x − xn, J xn − Jxn+1〉
= φ(x, xn+1)− φ(x, xn)− φ(xn, xn+1)

≤ φ(x, xn+1)− φ(x, xn).
So, we get that

(4.17) φ(x, xn) ≤ φ(x, xn+1).

Further, since xn = RCn∩Qnx and z ∈ F(S) ∩ EP(f ) ⊂ Cn, we have

(4.18) φ(x, xn) ≤ φ(x, z).
So, we have that limn→∞ φ(x, xn) exists. This implies that {xn} is bounded.
Hence, {yn}, {zn} and {Szn} are also bounded. From

φ(xn, xn+1) = φ(RQnx, xn+1)

≤ φ(x, xn+1)− φ(x,RQnx)
= φ(x, xn+1)− φ(x, xn)→ 0,

We have that

(4.19) φ(xn, xn+1)→ 0.
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From xn+1 ∈ Cn+1, we have that φ(yn, xn+1) ≤ φ(xn, xn+1). So, we get that
φ(yn, xn+1)→ 0. From Theorem 2.1, we have

lim
n→∞‖yn − xn+1‖ = lim

n→∞‖xn − xn+1‖ = 0.

So, we have

(4.20) ‖yn − xn‖ ≤ ‖yn − xn+1‖ + ‖xn+1 − xn‖ → 0.

From the assumption of {αn}, there exists a subsequence {αni } of {αn} con-
verging to α0 ∈ [0, 1). From ‖xn − yn‖ = ‖xn − αnxn − (1 − αn)Szn‖ =
(1 − αn)‖xn − Szn‖, we also have that

(4.21) ‖Szni − xni‖ → 0.

Let z ∈ F(S) ∩ EP(f ). Using zn = Tλnxn and Lemma 2.3, we have that

φ(xn, z) ≥ φ(xn, Tλnxn)+ φ(Tλnxn, z)
= φ(xn, zn)+ φ(zn, z)

and hence

φ(xn, zn) ≤ φ(xn, z)− φ(zn, z).
From (4.15), we have φ(yn, z) ≤ αnφ(xn, z)+ (1− αn)φ(zn, z) and hence

φ(zn, z) ≥ φ(yn, z)− αnφ(xn, z)
1− αn .

Therefore, we have

φ(xn, zn) ≤ φ(xn, z)− φ(yn, z)− αnφ(xn, z)
1− αn

= φ(xn, z)− φ(yn, z)
1− αn .

As in the proof of Theorem 4.1, we have

φ(xn, z)− φ(yn, z) = ‖xn‖2−2〈xn, J z〉 + ‖z‖2 − ‖yn‖2+2〈yn, J z〉 − ‖z‖2

≤ ‖xn − yn‖(‖xn‖ + ‖yn‖)+ 2‖xn − yn‖‖Jz‖.
Since limn→∞ ‖xn − yn‖ → 0, we have

(4.22) lim
n→∞(φ(xn, z)− φ(yn, z)) = 0.

So, we have limn→∞ φ(xni , zni ) = 0. From Theorem 2.1, we have

(4.23) ‖xni − zni‖ → 0.

Since yn = αnxn+ (1−αn)Szn, we have yn−Szn = αn(xn−Szn). So, from
(4.21) we have

(4.24) ‖yni − Szni‖ = αni ‖xni − Szni ‖ → 0.
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Since

‖xni − Sxni‖ ≤ ‖xni − yni‖ + ‖yni − Szni‖ + ‖Szni − Sxni‖
≤ ‖xni − yni‖ + ‖yni − Szni‖ + ‖zni − xni‖,

from (4.20), (4.23) and (4.24) we have

(4.25) ‖xni − Sxni‖ → 0.

Since xni → J−1x∗0 and S is continuous, we have J−1x∗0 ∈ F(S). Next,
let us show J−1x∗0 ∈ EP(f ). From (4.23), we have zni → J−1x∗0 . Since
zn = Tλnxn, we have that for any y ∈ C,

f (J zn, Jy)+ 1

λn
〈Jy − Jzn, zn − xn〉 ≥ 0.

From (A2), we have

1

λn
〈Jy − Jzn, zn − xn〉 ≥ f (Jy, J zn).

From 0 < b ≤ λn, we have

lim
n→∞

zni − xni
λni

= 0.

So, we have

(4.26) 0 ≥ f (Jy, x∗0 ).
Put z∗t = tJy + (1 − t)x∗0 for all t ∈ (0, 1] and y ∈ C. Since JC is convex,
we have z∗t ∈ JC. From (A1), (A4) and (4.26), we have

0 = f (z∗t , z∗t ) ≤ tf (z∗t , Jy)+ (1− t)f (z∗t , x∗0 )
≤ tf (z∗t , Jy)

and hence
0 ≤ f (z∗t , Jy).

Letting t → 0, we have that for each y ∈ C,

(4.27) 0 ≤ f (x∗0 , Jy).
This implies J−1x∗0 ∈ EP(f ). So, we have that J−1x∗0 ∈ F(S)∩EP(f ). Put
z0 = RF(S)∩EP(f )x. Since z0 = RF(S)∩EP(f )x ⊂ Cn+1 and xn+1 = RCn+1x,
we have that

(4.28) φ(x, xn+1) ≤ φ(x, z0).
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So, we have that

φ(x, J−1x∗0 ) = lim
n→∞ φ(x, xn)

≤ φ(x, z0).

Therefore, we get z0 = J−1x∗0 . Hence, {xn} converges strongly to z0. This
completes the proof. ��

As a direct consequence of Theorem 4.3, we have the following result.

Theorem 4.4. Let E be a uniformly convex and uniformly smooth Banach
space Let f : E∗×E∗ → R be a bifunction satisfying (A1)–(A4) and let S be
a linear contractive mapping. SupposeEP(f )∩F(S) �= ∅, letC1 = Q1 = E
and let {xn} ⊂ E be a sequence generated by x1 = x ∈ E and

⎧
⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎩

f (J zn, Jy)+ 1
λn
〈zn − xn, Jy − Jzn〉 ≥ 0, ∀y ∈ E,

yn = αnxn + (1− αn)Szn,
Cn+1 = {z ∈ Cn ∩Qn : φ(yn, z) ≤ φ(xn, z)},
Qn+1 = {z ∈ Cn ∩Qn : 〈Jxn − Jz, x − xn〉 ≥ 0},
xn+1 = RCn+1∩Qn+1x, ∀n ∈ N,

whereRCn+1∩Qn+1 is the sunny generalized nonexpansive retraction ofE onto
Cn+1 ∩Qn+1, and {αn} ⊂ [0, 1] and {λn} ⊂ [0,∞) satisfy

lim inf
n→∞ αn < 1 and 0 < b ≤ λn

for some a, b ∈ R. Then, {xn} converges strongly to z0 = RF(S)∩EP(f )x,
where RF(S)∩EP(f ) is the sunny generalized nonexpansive retraction of E
onto F(S) ∩ EP(f ).
Proof. Since a linear contractive mapping S is a nonexpansive mapping
which is semi-positively homogeneous near 0, we obtain the desired result
by Theorem 4.3. ��
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