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Chapter 1
Introduction

Abstract Investment opportunities can be assigned to asset classes such as stocks
and bonds. Electricity is a new asset class, which emerged in the course of deregula-
tion of electricity markets. The deregulation process started in the United Kingdom
with the establishment of the power exchange in England and Wales in 1990. In
1998 Germany followed. Two power exchanges with different business approaches
were initially established and merged after two years. The merged power exchange
trades real electricity supply and derivatives using an auction system. The analy-
sis of implemented auction rules based on auction theory helps to understand price
movements of electricity. This may result in an improved trading environment with
lower average prices for consumers.

Investors all over the world are looking for good investment opportunities. An
advantage of exchange-traded assets is that they can be bought and sold all the
time. Stocks and bonds are well-known examples. Nevertheless, other asset classes
have attracted interest such as commodities like wheat, orange juice or metals. With
the deregulation of electricity markets in many countries, electricity became a new
commodity.

Trading electricity freely at power exchanges is more complex than trading other
commodities because a blackout of the electricity grid can damage the economy of
a large area. This work takes a look at the market microstructure of the electricity
market. Power exchanges use auctions. Hence, three different auction rules are an-
alyzed. The uniform-price auction is the most used one of them. This type is very
common at stock exchanges because it is accepted to be fair.

Auction theory is used to analyze the electricity market because the behavior of
all market participants can be modeled more precisely than with other approaches.
The work presents numerical examples for illustration. Contrary to other literature,
which covers independent production costs only, these examples are based on a sim-
ple distribution function, which allows for correlated production costs. Especially in
electricity markets, a correlation of costs between producers is very likely, for ex-
ample when fuel is bought at the world market.

S. Schone, Auctions in the Electricity Market, Lecture Notes in Economics 1
and Mathematical Systems 617,
(© Springer-Verlag Berlin Heidelberg 2009



2 1 Introduction

The free trade of electricity is a rather new development in the history of the
electricity industry. Traditionally, the electricity market was designed as a utility
monopoly for a specific region. A particular company runs production facilities and
the electricity grid. Having the control over the whole power grid is necessary to
guarantee a stable power flow. Additionally, the installation of an electricity grid
is very expensive. Both points were commonly accepted reasons to view the grid
combined with power production as a natural monopoly. Whereas technical prob-
lems could be solved easily, the economic side of the business continually raised
questions about the necessity of a monopoly. Governmental regulations and inter-
ventions were designed to help avoid market failures and provide consumers with
fair prices.

The oil crises of the 1970s shed new light on the dependency of society on cheap
energy.' Monopolies normally lead to higher consumer prices than competitive mar-
kets. Unfortunately, no methods could be found to transport electricity economically
without using a grid. The necessity of a power grid makes the design of a competi-
tive electricity market complicated because otherwise electricity could be sold like
any other divisible and transportable product. But electricity is subject to some re-
strictions which have to be respected for the sake of the grid’s safety.

The wholesale market for electricity in England and Wales, which was started
in 1990, was organized as an auction. All large producers had to sell their entire
electricity production in this auction. Small companies were allowed to participate.”
The auction was designed to buy power at the lowest price and resell it through
different providers to the consumers. The electricity grid was allocated to a newly
established company acting as a system operator.> The restructured market became
a reference model worldwide.*

Germany followed another approach. Before deregulation, the market was di-
vided into regions. One utility, acting as a monopolist, controlled a region. Agree-
ments regulated the power supply between the regions and the final access to the
consumers. Contracts for direct access to consumers were necessary because lo-
cal authorities normally owned that part of the electricity grid. Such agreements
obviously inhibit competition, which required governmental regulation to mitigate
resulting disadvantages.”

Deregulation started with a complete opening of the electricity market on April
29, 1998 when the Law of Reorganizing the Energy Industry Legislation became
effective.® The key element was free access to the power grid for everybody without

! Gilbert, Kahn, and Newbery (1996) present some data about electricity prices from 1950 until
1990. Real prices fell in most countries until 1974. With the first oil price shock in 1973-74, this
development was stopped and mostly reversed. See there on pp. 13 and 15.

2 See Green and Newbery (1992), p. 929.

3 A short market overview is given in Section2.2. See also Beharrell (1991) and Vickers and
Yarrow (1991), pp. 191-197.

4 See Newbery (1998), p. 726.
3 See Schiffer (1994), pp. 146-148 or Brunekreeft and Keller (2000), pp. 16 and 20-22.
© See Bundesgesetzblatt (1998).



1 Introduction 3

discrimination. Utilities running power plants and owning parts of the electricity
grid were obliged to separate both business parts organizationally. Outsourcing to
different companies was not required.

The implemented regulations did not effectively enforce competition. A major
problem was the negotiated grid access. Companies wanting to take part in the elec-
tricity market were competitors of the grid owner. The business separation did not
solve the principal agent problems for free access.’ Critics forced the government to
amend the law. Production and sale of electricity is now more efficiently separated
from running the power grid. Additionally, an authority was established to supervise
the power grid and its access.®

In contrast to the market design in England and Wales, Germany did not install
any specific market where producers could sell their electricity. Nevertheless, the
industry was interested in an additional market place such as a power exchange
which offers the chance to trade excess power or to buy electricity at a better price
to match bilaterally agreed deliveries. Moreover, an exchange provides published
prices, which can be used, for example, in agreements or for comparison reasons.
Such public information can improve the allocation of capital and avoid the financial
waste which often occurs in monopoly markets.

Four candidates applied to establish the first power exchange in German. An ex-
pert council set up by the government preferred the European Energy Exchange
(EEX) in Frankfurt am Main.” Despite their recommendation, the LPX Leipzig
Power Exchange (LPX) in Leipzig started its operations first in June 2000. The
focus was the spot market, which was the trade of real electricity supply for each
hour of the next business day. All bids for buying and selling electricity either of
a single hour or specified blocks of hours were matched at one time and only once
a day.'” The EEX started its spot market in August 2000. Similar to the LPX, auc-
tions for the 24 delivery periods with a length of one hour took place just once a
day. Peak-load and baseload blocks, representing different delivery time periods,
were traded in continuous trading with a discrete-time auction at the beginning and
the end.!! After a short while it became obvious that neither power exchange could
attract enough business to survive alone. Hence, the LPX and EEX merged in 2002
into the EEX in Leipzig.'> The business model of the LPX became the reference
model for the new exchange.

The market share of the EEX was 6.4% of the annual electricity demand in
Germany in 2002.'3 The exchange developed its business and entered new markets.

7 A liberalized third party access to the power grid was also a feature of the Energy Act 1983 in
the U.K. The reform was not very successful because it lacked protection for new entrants against
anti-competitive behavior of the largest power producer. See Vickers and Yarrow (1991), p. 191.

8 See EnWG (2005), Sections 6-10 and 29-35.
9 See Miiller (1999).

10 See LPX GmbH (2000), pp. 5 and 10-11.

1 See EEX AG (2000), pp. 45 and 7-8.

12 See EEX AG and LPX GmbH (2001).

13331 TWh of electricity was traded at the EEX in 2002. See EEX AG (2003). The electricity
consumption of this year was 513.5 TWh in Germany. See VDEW (2003), p. 11.
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Trading electricity with delivery in Austria started on April 1, 2005.'4 The first
auction of electricity delivered in Switzerland took place on December 11, 2006.'
The market share of EEX’s spot market rose to 14.5% in 2006 and to approximately
18.6% in 2007.1

The revenue and income of the EEX have grown rapidly. This is not the result of
trading in electricity alone. The trading portfolio now also contains coal, emission
allowances and natural gas, the latter since 2007. Commodity prices of the EEX have
reference character in Europe. This highlights the importance of this exchange.!” Its
European character will increase with the merger with the French energy exchange
Powernext.'®

The importance of power exchanges in daily business life raises questions about
pricing rules. Especially in times when consumers are confronted with higher elec-
tricity prices, doubts arise about the fairness of these rules. Unfortunately, fuel
prices have continued to rise for a long period of time, which will force produc-
ers to increase their prices. German consumers may face much higher costs as a
result of decreasing production capacities due to the ban on new nuclear power
plants.'” Accusations over price manipulation are often an issue in times of rising
prices. The EEX was a target of such accusations in 2006 and 2007, although they
did not affect trading rules.?® The electricity market in England and Wales presents a
very different picture. It was redesigned from a uniform-price auction to a discrimi-
natory pricing system?! as a consequence of investigations into price manipulations.
Criticism of the new market design remains.??

The EEX uses a uniform-price auction, the market in England and Wales a dis-
criminatory auction. This raises questions about which auction should be used. The
answer depends on the issue which is of greatest interest to the decision maker. Is
the suppression of price manipulations a concern? Should the auction achieve pro-
duction efficiency to save our resources? Or is only the lowest price for electricity
to be sought?

This work focuses on the last two questions by analyzing the bidding behavior
in both auctions and an adapted version of the Vickrey auction. Auction theory

14 See EEX AG (2005).

15 See EEX AG (2006).

16 The amount of traded electricity in the spot market of the EEX was 88.7 TWh in 2006 and
123.7 TWh in 2007. See EEX AG (2008). In Germany and Austria, 607.6 TWh of electricity were
consumed in 2006. The consumption in both countries and Switzerland for 2007 is estimated
with 666.4 TWh. Because data for Austria and Switzerland in 2007 were not available, figures
1ir0m 2006 are used instead. See BDEW (2008), STATISTIK AUSTRIA Bundesanstalt Statistik
Osterreich (2007), p. 107, and Eidgen. Dep. UVEK and Bundesamt fiir Energie BFE (2007),
Table 1.

17 See EEX AG (2007b), p. 3.

18 See EEX AG (2007d).

19 See exemplarily ap (2007) and dpa (2007).

20 See EEX AG (2007c), manager-magazin.de (2007), stern.de (2007a), and stern.de (2007b).

21 The market redesign motivated Federico and Rahman (2003) to analyze the new rules.

22 See Harbord and McCoy (2000).
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is used to model the market microstructure in the most precise way. To illustrate
the results, examples are presented, which base on the same simple distribution
function. The work is organized as follows: Chapter 2 reviews the literature on the
electricity market. Chapter 3 is devoted to the market model based on auction theory.
Market structure and trading rules are presented. Chapter 4 analyzes the game of
generators. Examples are given. Chapter 5 concludes the analysis.



Chapter 2
Literature Review

Abstract This work focuses on bidding behavior and prices at power exchanges.
For this a detailed knowledge of important issues of electricity markets is necessary.
Section 2.1 gives a short insight into the electricity market. It also highlights the
advantage of using auctions in power exchanges. Auctions are of great use balancing
demand and supply of a whole market. The electricity market in England and Wales
is the starting point of the model in this work. For this reason, Section2.2 takes a
look at this market. Sections 2.3 and 2.4 deal with approaches, which are often used
in the literature analyzing bidding behavior at power exchanges. Critical aspects of
these approaches are discussed. Section 2.5 gives an insight into literature primarily
using auction theory.

2.1 Auctions in Electricity Markets

Consumers get their electricity out of sockets, which are connected with the elec-
tricity grid. This method of transmission is more economical than using storage
batteries. But using an electricity grid makes the handling complicated. The reason
is that electricity is a flow, which cannot be monitored perfectly. Due to Kirchhoff’s
Laws, it is impossible to determine which producer injected into the grid the elec-
tricity which was withdrawn by a consumer at the other end of the line. Additionally,
the power flow must be balanced at every point in time to avoid damage to the grid
and all connected devices.'

Electricity becomes tradable by creating property rights, which allow electricity
to be injected or withdrawn at specific grid nodes. Balancing the electricity grid
also requires information about injections and withdrawals as well as data concern-
ing the capacity of the transmission lines. Exceeding these capacities could lead to
a blackout. The system operator, who controls the electricity grid, has to respect
additionally the loss of electricity that occurs during the transmission. Reasons for

! See, e.g. Wilson (2002), pp. 1300-1302.

S. Schone, Auctions in the Electricity Market, Lecture Notes in Economics 7
and Mathematical Systems 617,
(© Springer-Verlag Berlin Heidelberg 2009



8 2 Literature Review

the losses are resistance and magnetic induction. Resistance dissipates electrical en-
ergy into, e.g. heat. Magnetic induction occurs, for instance, when the voltage of
transmission lines is changed in current transformers. Such changes are necessary
because transmission at higher voltage is less lossy.”

An economic analysis of electricity markets must take into account two limiting
factors. The first factor is the capacity of the transmission lines between different
nodes in the electricity grid.> They must not be exceed otherwise a blackout is pos-
sible. The other limit is the aggregated amount of production capacity of electricity.
It is technically impossible to produce more. Increasing transmission or production
capacities is however time consuming and expensive.* This restricts market flex-
ibility dramatically in the short term but leads to flexibility of supply in the long
run.’

A crucial issue of the electricity market is the balancing of supply and demand or,
which is the same, the injections into and withdrawals from the electricity grid. Only
one agent should be responsible for this task, because a failure leads to tremendous
damage to the economy in the case of a blackout. This person is often the system
operator. He has to collect all necessary information without suppressing the com-
petition between producers and consumers. An efficient way of doing this is using
auctions to clear the market. Almost all electricity markets use uniform-price auc-
tions, a specific type of auction.®

Auctions are of great use. They enforce competition among bidders, who can be
either producers or consumers. Bidders in electricity auctions have usually private
information about their utility functions. For a producer, it is the profit function. His
profit is the result of the price, the amount of electricity sold in the auction and the
costs to produce it. Costs are different for each producer and depend on the type
of power plant. The efficiency of the power plants and the prices for fuel and other
input factors are private information.

The auctioneer uses only submitted bids to determine the payments of each bid-
der. Hence, bidders incorporate their private information into the bids. The advan-
tage is that no costly procedures must be implemented to guarantee truly submitted
information. Additionally, the information of all market participants comes together
at one place. The auctioneer has therefore all information to guarantee the safety of
the electricity grid. The market can be cleared at lowest costs respecting all restric-
tions such as the capacity of transmission lines and the loss of electricity.

A uniform-price auction handles all nodes of the electricity grid equally. In cases
of congested transmission lines, supply and demand from both sides of a congested
line have to be managed differently. This causes a separation of the entire power

2 Losses typically count for about 3-5% of the total power production. See Wu and Varaiya (1999),
p- 80 and Chao and Peck (1996), p. 39.

3 See e.g. Hogan (1998), pp. 5-8, where pricing rules for transmission service in competitive
electricity markets are discussed.

4 See Vickers and Yarrow (1991), pp. 189-190. They also give further economic characteristics of
electricity supply.

5 See Wilson (2002), p. 1301.
6 See Cramton (2003), p. 5.
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market and creates different electricity prices. The price difference can be seen
as a transmission charge. It could be used as an incentive to expand the existing
transmission lines. Such handling raises questions about how to insure against these
differences. Solutions are either financial hedges or rights of physical access. The
topology of the grid may require many separate markets. Reducing the number of
separate markets for reasons of practicality induces false incentives, as has been
seen in California.’

An electricity market usually consists of different markets. These markets result
from different needs of the market participants: the producers, the consumers, and
the system operator. Depending on legal restrictions, it may be allowed to run for-
ward markets or day-ahead markets. They take place, for example, one day before
the traded electricity is delivered. This gives the system operator the opportunity to
detect possible congestion and reduce real-time operations in the spot market, which
was discussed above.®

The safety of the electricity grid requires that enough production capacity is at
hand in case of an unexpected falling out of a power plant. The system operator may
use auctions to buy production capacity as reserves.” The market of reserves shows
that the production capacity of a power plant can either be used to produce electricity
directly for consumers or as an option to guarantee the safety of the grid. The various
markets in an electricity market are all linked in some ways. This makes the analysis
of the entire electricity market very complex. A reduction of the complexity by
neglecting some issues is necessary to get answers to different questions.

2.2 England and Wales: The Reference Market

Many countries have deregulated or restructured their electricity markets since the
1990s. The main idea behind this process was the recognition that power production
was not a natural monopoly. For a long period of time, the bundling of electricity
production and power grid were seen as a natural monopoly'® because balancing
the electricity flow in the grid requires the production capacities of power plants.
But a separation of production and transmission grid was feasible as well as the
implementation of competition among electricity producers. Chile was a pioneer in
this field, beginning the process as early as 1978.!! Nevertheless, the deregulation
process really started in the U.K. with the Electricity Act 1989. The prominent
restructured market discussed in the literature was that of England and Wales. Its
new structure was introduced on March 31, 1990.!2

7 See Wilson (2002), pp. 1321-1325. Chao and Peck (1996) present a market model incorporating
electricity losses and transmission congestion.

$ See Wilson (2002), pp. 1325-1327. Twenty percent of electricity in mature markets is traded
day-ahead, less than 10% spot, and the rest long-term. See Wilson (2002), p. 1326.

9 Singh (1999) discusses e.g. auctions for reserves and other services in an electricity market.

10 See Joskow (1997), p. 119.

1 More about the market restructuring can be found in Spiller and Martorell (1996), pp. 106—119.
12 See Beharrell (1991), p. 45.
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The discussion in the literature concerning the electricity market in England
and Wales often neglects some features. A short overview is therefore given here.
One institution, the Central Electricity Generating Board (CEGB), owned the high-
voltage transmission system and most of the power plants before the reform in 1990.
It had a monopoly over the wholesale market. Twelve Area Boards with a monopoly
for their regions controlled the retail market.'3

The reform split the CEGB, passing the ownership of power plants to new compa-
nies. Nuclear Electric owns all nuclear power plants with a capacity share of about
15%. In 1991 privatization resulted in two new companies, National Power and
PowerGen. National Power had a market share of about 52% and PowerGen 33%.
The newly established National Grid Company PLC (NGC) owns and manages the
power grid. The Area Boards were renamed Regional Electricity Companies (RECs)
and privatized in December 1990. They are responsible for the local electricity grid
and jointly own the NGC, the system operator.'*

The sale of electricity to consumers was staged. Customers with a peak demand
below 10 MW bought from local distribution companies at regulated tariffs. They
received the freedom to choose another power provider depending on their peak
demand. In 1998 the retail market was open to full competition. Customers with a
peak demand over 10 MW had to pay the competitive prices of the newly created
power pool.'?

The spot market for wholesale electricity, called the power pool, was the key
element of the reform. It was designed as a market with 48 separate auctions for
each half hour of the next day. Producers had to notify the NGC of their available
generation sets and the required prices for each of them. A price bid applied for all
48 auctions. The withdrawal of generation sets was always possible. Information
about demand came from RECs and large consumers. Only the latter were allowed
to specify a maximum price per half hour. RECs were presumed to be price takers.
Based on this information, the NGC prepared a forecast of electricity demand for
every 30 minutes of the next day to fulfill its function as the system operator.'®

The price which producers received for a delivery time period of 30 minutes was
the sum of the system marginal price and a capacity payment. The system marginal
price was the uniform price of a one-sided auction, with producers as bidders. The
auction was one-sided because demand could not be reduced in accordance with
those market rules. The capacity payment was introduced, giving an incentive to
install production capacity. Reserves, which are unused production capacities, are
necessary for the grid’s safety. This payment can therefore be viewed as an op-
tion price on reserves and underlines the dual nature of power plants. The capacity
payment was calculated as the product of the probability of unsatisfied demand and
the difference between the value of lost load minus the system marginal price. The
probability depended on the situation in each half hour and could be affected, for
example, by a failure of a generation set. The value of unsatisfied demand was set
at £ 2 per kWh.

13 See Vickers and Yarrow (1991), p. 191.

14 See Vickers and Yarrow (1991), pp. 191-192.
15 See Vickers and Yarrow (1991), pp. 191-194.
16 See Beharrell (1991), pp. 55-56.
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Consumers paid the electricity price, which producers received, plus a payment
for ancillary services. Those payments reflect all costs of the system operator to en-
sure a balanced electricity flow. The NGC had to be compensated for energy losses
and, for example, higher costs due to transmission congestion.'”

A significant part of the literature refers to the electricity market in England and
Wales. The attractiveness of the market may arise from the implemented auction sys-
tem and the effective duopoly of producers. Although three big producers existed,
only the privatized companies National Power and PowerGen were influencing the
prices. The reason is that Nuclear Electric had the lowest marginal production costs
but very high costs to run-up a nuclear generation set. The optimal strategy was to
bid zero because demand was always larger than company’s production capacity.
Hence, another bidder sets the uniform price and Nuclear Electric operated at full
capacity.

Wolfram (1998) empirically studies the electricity pool regime in England and
Wales. Data cover 6 months in the period 1992—-1994. The focus is on the bidding
behavior of National Power and PowerGen, the two largest producers, because they
very often influenced the market prices. Both producers had power plants located at
grid nodes, which were often affected by congestion on the power grid. This made
it necessary to call those power plants into action and gave bidders an incentive to
submit high bids for these production facilities.'® An important measure of the study
is the mark-up calculated as bid minus marginal costs. Empirical results suggest
that the largest producer National Power will bid higher than PowerGen for similar
power plants.'” It shows that the largest company can exercise market power.

Rising prices and investigations showing that producers exercised market power
led to a redesign of the electricity market in 2001. Since then, bidders sign bilateral
agreements about quantities and prices. The market is therefore similar to a discrim-
inatory auction.’’ Bower and Bunn (2001) study both market designs, before and
after 2001, using agent-based computer simulations. The agents of the simulation
represent producers of the real electricity market with portfolios of power plants.
They have information only about their private portfolio and use internal decision
rules to decide about bids for each power plant. Their objectives are profit maxi-
mization and a target utilization of the portfolio for each simulated trading day.’!
Consumers are represented by an aggregated demand curve. Demand varies from
hour to hour based on real data. Uncertainty is incorporated by adding a random
amount of electricity to the basic demand.>”

17 See Vickers and Yarrow (1991), pp- 195-196 and Beharrell (1991), pp. 56-59. Note that the
formula given by Beharrell (1991), p. 57, is wrong. Newbery and Green (1996) present the correct
formula on p. 62. They also give a good overview of the development of the English electricity
industry starting in the 1850s.

18 See Wolfram (1998), p. 716.

19 See Wolfram (1998), p- 719.

20 Thomas (2006) gives an overview of the market development since deregulation in 1990.
21 See Thomas (2006), pp. 573-575.

22 See Thomas (2006), pp. 575-576.
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Bower and Bunn (2001) analyze a uniform-price auction and a discriminatory
auction. Agents submit 24 separate bids for each hour of a day in one setting and
one bid for the whole day in another setting. It is presumed that the whole available
production capacity of a power plant is offered. The agents are only informed about
the success of their own bids.?? The simulation contains 750 days. Only the final
250 days are used for summary statistics. Peak prices of uniform-price auctions are
lower than peak prices of the corresponding discriminatory auction. This relation-
ship remains generally unchanged when comparing the prices for all hours. Power
plants with low production costs face a higher probability of being underbid by
power plants with higher costs in discriminatory auctions than in uniform-price auc-
tions. That is, resources are less efficiently used in discriminatory auctions. Further-
more, the results of the simulations show that submitting one bid for the whole day
induces lower prices compared with bidding separately for each hour of a day.>*

2.3 The Supply-Function Approach

Klemperer and Meyer (1989) developed an approach, which is often used for ana-
lyzing electricity markets. They presume an oligopoly of producers facing uncertain
but price-elastic demand.Individual marginal costs increase with the quantity of pro-
duced goods. Cost functions are common knowledge. Each producer chooses a sup-
ply function, which specifies for all possible prices how much he is willing to sell.
All producers do this simultaneously before demand is realized. After the realiza-
tion, the quantity each producers sells is the result of his supply function evaluated
at the uniform price. This price is the market price where supply matches demand.?

Authors following this approach restrict their analysis to uniform-price auctions.
More importantly, they presume common knowledge about production costs. This
assumption is questionable, especially for a competitive electricity market. A lot of
this information, such as fuel prices and technical conditions influencing the effi-
ciency of a power plant, is actually private. Auctions do not use private information
directly, although it may play a roll in calculating bids. But this is done secretly by
each producer bidding in the auction. A main concern for them is how to handle
incomplete information about competitors. Hence, the supply-function approach is
not an appropriate approach for analyzing electricity auctions because it neglects an
important issue of a competitive electricity market.

Bolle (1992) refers to the electricity market in England and Wales. He attempts
to assess whether a spot market can create complete competition. The theoretical
analysis neglects all technical issues of a power market. The author presents three
games, which should clear a market of uncertain aggregated demand. Producers are
presumed to have constant marginal costs and offer supply functions to the system

23 See Thomas (2006), pp. 572-573.
24 See Thomas (2006), pp. 577-582.
% See Klemperer and Meyer (1989), pp. 1245 and 1250.
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operator who is responsible for the market. Such a supply function assigns to each
price a quantity that the bidder is willing to produce. Demand is presumed to fall
linearly with higher prices. This assumption may not reflect the market in England
and Wales very well because the fraction of large consumers, who were solely able
to submit price-dependent bids, was small compared to RECs.

In the first game proposed by Bolle (1992), the system operator announces a
constant sale price for consumers before producers offer their supply functions. He
always has to operate at zero expected profits. This game does not have an equilib-
rium. High profits for producers are possible, which contradicts balanced payments
of the system operator. The next game reverses the steps of the first game. One
arguable assumption is that now the system operator sets the price for consumers
before demand is known but settles all transactions using the realized demand. This
game has equilibria. Unfortunately, the supply functions decrease with the price.
This is an economic result contrary to intuition.

The last game is based on the supply-function approach of Klemperer and Meyer
(1989). The game reflects a spot market better because now consumers and produc-
ers face the same price after demand is realized. Results show that the spot price is
the lowest for the lowest possible demand and the highest — which is the monopoly
price here — for the highest demand. Bolle (1992) concludes that a pure spot market
may fail to enforce complete competition. It is in turn an argument for the market
design in England and Wales because this was not a pure spot market.

Another work analyzing the electricity market in the U.K. is Green and Newbery
(1992). They use the supply-function approach and presume a duopoly reflecting
the competitive situation at the time of their analysis. The spot market is modeled
ignoring capacity payments. Behavioral incentives from repeated auctions are ex-
cluded by focusing on a one-shot game.?® Supply functions are derived. The first
result refers to producers with no capacity constraints. The other result is more rele-
vant for the analyzed electricity market because it takes into account that one of the
two producers has a capacity constraint. It reflects the situation that National Power
had much more installed production capacity than PowerGen.?’

In a next step, Green and Newbery (1992) fit their theoretical model to real mar-
ket data. They compare their derived solution with a linear demand curve and margi-
nal costs using data from 1988-89. It highlights the difference between the modeled
spot market duopoly and complete competition. Depending on assumed figures, the
loss to society is calculated as 6% of the total market revenue under the marginal-
cost pricing regime. It is not surprising that calculated deadweight losses increase
when the price elasticity of consumers decreases.”® The case of entrants is addi-
tionally reviewed. Green and Newbery (1992) conclude finally that the government
underestimated the exercise of market power. A more important result is that five
companies with equal production capacities would have led to a much more com-
petitive market compared to the established one with two unequal companies.

26 See Green and Newbery (1992), pp. 932-934.

27 See Green and Newbery (1992), pp. 937-940. It may be that the solution can only be found by
numerical integration. See there on p. 940.

28 See Green and Newbery (1992), pp. 941-946.
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Baldick and Hogan (2002) review at the electricity market in England and Wales
in 1999. They use the supply-function approach with linear demand and marginal
costs similar to the empirical part of Green and Newbery (1992). In contrast to
other works, constrained production capacities, price caps and reserve prices are
presumed.?” The first part of the work discusses problems finding non-decreasing
supply functions by solving differential equations as proposed in Klemperer and
Meyer (1989), Green and Newbery (1992), and Green (1996). Baldick and Hogan
(2002) focus hereby on cases of more than two producers, constrained production
capacity and asymmetric costs.’ Multiple equilibria are problematic because only
one result is empirical observed. The stability of equilibria is discussed and condi-
tions for unstable supply-function equilibria are presented.’!

The constraint of non-decreasing supply functions is important in practice.
Hence, it is discussed by Baldick and Hogan (2002) in more detail. They show that
under certain conditions the non-decreasing constraint must be explicitly modeled.*>
An iterative numerical approach and its results for different markets conditions are
finally presented. The range of stable supply-function equilibria is very small under
tight conditions and a binding price cap.’

Submitting linear or piecewise linear supply functions is analyzed by Baldick,
Grant, and Kahn (2004).>* Similar to Green and Newbery (1992), linear demand
and marginal costs are presumed.>> In the case of unrestricted production capacities,
producers reveal the true intercepts of their marginal costs.>® The case of constrained
capacities is also analyzed. Unfortunately, only producers who are price-takers are
presumed to have such constraints and bid their marginal costs. Hence, all pro-
ducers must know in advance the final market price to anticipate the residual de-
mand, which can be divided among the unconstrained producers. Nevertheless,
Baldick, Grant, and Kahn (2004) develop a piecewise linear supply function that
is non-decreasing. They emphasize that their result cannot represent an equilibrium
among nonlinear functions. Additionally, they presume that demand is unlikely to
be realized within a certain small range. Despite these problems, the authors explain
reasons why the mentioned difficulties are not important for practical use.?’

They use their model to compare the market situation in England and Wales
from 1996 to 1999 when the duopoly changed to an oligopoly with three or five
firms. The calculations show that prices declined as more competitors entered the

29 See Baldick and Hogan (2002), pp. 6-9.

30 See Baldick and Hogan (2002), pp. 11-28.
31 See Baldick and Hogan (2002), pp. 29-40.
32 See Baldick and Hogan (2002), pp. 40-56.
33 See Baldick and Hogan (2002), pp. 56-110.

3* Baldick, Grant, and Kahn (2004) assume a strict linear supply function at p. 149. This assump-
tion is relaxed later, see e.g. p. 152.

35 See Baldick, Grant, and Kahn (2004), p. 148.

36 See Baldick, Grant, and Kahn (2004), pp. 149-151. Rudkevich (1999) developed a similar model
but with zero intercept or marginal costs, see Rudkevich (1999), p. 6.

37 See Baldick, Grant, and Kahn (2004), pp. 154—156.
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market. The predicted prices using the model with positive intercepts of marginal
costs are closer to realized market prices than models with zero intercepts such as
Green (1999) or Rudkevich (1999).38

2.4 Literature Based on von der Fehr/Harbord (1993)

A second approach is based on the work of von der Fehr and Harbord (1993). They
presume that a bid consists of a price for an amount of electricity, which is positive
and not infinitesimal. The latter is implicitly assumed by the supply-function ap-
proach due to modeling differentiable supply functions. This contradicts the bidding
rules of the uniform-price auction in the electricity market of England and Wales.
A bid in von der Fehr and Harbord (1993) has just one price for a positive quantity.
That is, the main difference of both approaches lies in the assumption about the
offered amount of electricity.>

The focus of von der Fehr and Harbord (1993) is the electricity market of England
and Wales a short time after deregulation. Hence, they analyze the bidding behavior
of two competitors. Both have constant marginal costs and a production capacity,
which cannot be exceeded. The costs and the production capacities are common
knowledge. Demand is aggregated from all consumers. It is a random variable with
a known lower and upper demand limit. The auction starts with the simultaneous
submission of bids for the whole production capacity of each producer. Demand is
realized thereafter. Now the auctioneer calculates the lowest price at which supply
matches demand. All successful producers receive the same price paid. The authors
analyze theoretically the duopoly market by searching for Nash equilibria.*

Each producer owns just one power plant with known production capacity. Mar-
ginal costs are presumed constant. Demand is uncertain and varies within known
ranges. A first result is that pure equilibria exist if the number of bidders needed to
match demand is known before the auction.If demand allows only one producer to
produce, the paid price is the costs of the competitor and the equilibrium is unique.
The highest acceptable price for the auctioneer, the reserve price, is paid in cases
where both competitors are needed. Now a continuum of pure equilibria exists be-
cause producers only have to bid not higher than the reserve price.*! Situations,
where the number of selected bidders is not certain before the auction takes place,
lead to a unique but mixed-strategy Nash equilibrium.*> The last part of the paper
takes a look at real data from July 1990 to April 1991. The authors find changes of
bidding behavior over time, which can be seen to conform to the theory. Another

38 See Baldick, Grant, and Kahn (2004), pp. 159-162.
3 See von der Fehr and Harbord (1993), p. 532.
40 See von der Fehr and Harbord (1993), pp. 532-533.
41 See von der Fehr and Harbord (1993), pp. 533-535.
42 See von der Fehr and Harbord (1993), p. 536.
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explanation takes into account the existence of contracts of differences. They were
signed before the deregulation and expired over time.**

Brunekreeft (2001) extends the theoretical model of von der Fehr and Harbord
(1993). He allows more than two producers owning more than one power plant.
Marginal costs are constant. The power plant with the next lowest or highest costs
is owned by competitor.** Because demand is presumed uncertain, only lower and
upper limits for bids are derived.*> An equilibrium with pure strategies does not ex-
ist. It is a similar result to that of von der Fehr and Harbord (1993).46 The other part
of the article deals with real data of the electricity market in England and Wales.
The results show that the derived bidding behavior fairly well matches the data pro-
vided by von der Fehr and Harbord (1993). Another interesting aspect is that fewer
bidders induce higher bids also when the aggregated production capacity remains
constant.*’

Crawford, Crespo, and Tauchen (2007) extend the assumptions of von der Fehr
and Harbord (1993). Their goal is the analysis of bidding behavior in a duopoly
where producers own many power plants with different costs. All information such
as marginal costs is common knowledge. Each producer has the same number of
power plants with the capacity of one electricity unit. Marginal costs follow a step
function with increasing values. Producers submit bid functions representing the
price asked for each power plant.*® In the analysis, producers are divided either into
a price-setter or a non-price-setter. The first is the marginal producer who determines
the market price with his bid. The bid of a non-price-setter is lower than the bid of
the marginal producer. Hence, it does not affect the market price but allows the non-
price-setter to sell electricity. The analysis can only offer bounds for those parts of
the bid function which represent utilized power plants not being used for the price
calculation. Pure Nash equilibria exist but they do not have to be unique.*” The
theoretical results are used to analyze real data of the electricity market of England
and Wales from January 1993 to December 1995. Price-setters show much lower
mark-ups than non-price-setters.>’

The work of Fabra, von der Fehr, and Harbord (2002) is motivated by the dis-
cussion of changes in the market structure of England and Wales and problems in
the Californian electricity market. The debate refers to the choice of pricing regime
similar to the discussion about Treasury bill auctions in the United States.’! The
authors analyze an electricity market with a uniform-price, a discriminatory, and a
generalized second-price auction. The last auction type is derived from the idea of

43 See von der Fehr and Harbord (1993), pp. 539-544.

4 See Brunekreeft (2001), pp. 104-106.

4 See Brunekreeft (2001), pp. 107-108.

46 See Brunekreeft (2001), pp. 108-109.

47 See Brunekreeft (2001), pp. 109-111.

4 See Crawford, Crespo, and Tauchen (2007), p. 1239.

4 See Crawford, Crespo, and Tauchen (2007), pp. 1241-1242.
30 See Crawford, Crespo, and Tauchen (2007), p. 1255.

5! The debate on the Treasury Bill auctions started in the 1960s. Institutional aspects are discussed
e.g. by Brimmer (1962), Goldstein (1962), and Friedman (1963).
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the Vickrey auction.”® The calculation of the payment for successful bidders forces
the producers to bid their true marginal costs in equilibrium. Revealing true costs
may be of interest to consumers. The analysis of all three auctions is also done for
demand, which is known before calculating bids, as well as for uncertain demand
which is realized after submitting bids. All other assumptions follow von der Fehr
and Harbord (1993). A similar work to Fabra, von der Fehr, and Harbord (2002) is
Fabra, von der Fehr, and Harbord (2006). It comes to similar results but does not
analyze the generalized second-price auction.

Results for a market where demand is known before the auction takes places are
similar to von der Fehr and Harbord (1993). The uniform-price and discriminatory
auction have the same optimal bidding strategy when one producer can fully serve
demand. The producer with the lowest costs bids the marginal costs of his competi-
tor. The results for the uniform-price auction are the same as in von der Fehr and
Harbord (1993). In the discriminatory auction, no equilibria with pure strategies
exist for all other demands. Only unique equilibria with mixed strategies can be de-
rived.>® Producers in the generalized second-price auction bid their marginal costs
independently, whether demand is known before or after the auction. The uniform-
price and the discriminatory auction result in equilibria with mixed strategies only
for uncertain demand.>*

Fabra, von der Fehr, and Harbord (2002) and Fabra, von der Fehr, and Harbord
(2006) also present bidding strategies as well as a welfare analysis, especially for
certain demand. The generalized second-price auction always leads to lowest pro-
duction costs because the most efficient producer is chosen first to produce elec-
tricity. This is reached in the uniform-price or discriminatory auction only if one
producer can serve demand. In all other cases, it is possible that either the uniform-
price auction or the discriminatory auction results in lower aggregated production
costs.” The generalized second-price auction weakly dominates the other auction
type in terms of consumer surplus if the producer with the lowest marginal costs
also has the lowest production capacity. In this case, the uniform-price auction
does not lead to better results than the discriminatory auction. The ranking of the
auctions varies in the case that the producer with the lowest marginal costs has the
same or a higher production capacity compared to his competitor. Only the discrim-
inatory auction leads to an equal or higher consumer surplus compared with the
uniform-price auction.>

One extension of both works is when bidders do not stick to one bid price for the
whole production capacity in the case of certain demand. They are allowed to submit

52 The Vickrey auction refers to the auction introduced by Vickrey (1961).

33 See Fabra, von der Fehr, and Harbord (2002), pp. 14-18 and Fabra, von der Fehr, and Harbord
(2006), pp. 26-27.

34 See Fabra, von der Fehr, and Harbord (2002), pp. 24—26 and Fabra, von der Fehr, and Harbord
(2006), pp. 34-35.

55 See Fabra, von der Fehr, and Harbord (2002), pp. 18-20 and Fabra, von der Fehr, and Harbord
(2006), pp. 27-28.

356 See Fabra, von der Fehr, and Harbord (2002), pp- 20-21 and Fabra, von der Fehr, and Harbord
(2006), pp. 27-28.
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step offer-price functions. The existence of a unique equilibrium for the generalized
second-price auction is not surprising. Equilibrium outcomes of the other auctions
are independent of the step size of the offered supply functions.>’

Crampes and Creti (2003) analyze a uniform-price auction with similar assump-
tions as von der Fehr and Harbord (1993). The authors presume additionally that
the producer with the lowest marginal costs has the highest production capacity. The
analysis focuses on the decision concerning the availability of production capacity if
demand is common knowledge. Producers first decide the amount of electricity they
want to sell. The bid price of electricity is chosen thereafter. This is done knowing
the decisions of all competitors about their available production capacities.’®

Crampes and Creti (2003) firstly analyze the competition in the second stage.
The results show, similar to von der Fehr and Harbord (1993) and Fabra, von der
Fehr, and Harbord (2002), that multiple equilibria are possible.’® This makes the
analysis of the capacity competition at the first stage difficult. Multiple equilibria
exist if demand can be served by the producer with the highest capacity. A capacity
withholding of at least one producer occurs if demand can be served by the producer
with the lowest capacity. Otherwise, a withholding is possible but not always sure. In
the case that both producers are necessary to serve demand, a capacity withholding
is likely. Demand will always be matched, i.e. possible withholding does not lead to
a shortage of electricity.®

2.5 Related Literature on Auctions

Various approaches are used in the literature concerning electricity markets, of
which auction theory is just one. The advantage of this approach is that the mar-
ket microstructure of auction systems can be modeled very precisely. The focus of
this work is on power exchanges, which use auction systems. Hence, auction theory
is a good choice for theoretical analysis.

Many different auctions are discussed in the literature. Based on the properties
of electricity discussed in Section 2.1, an electricity auction can be characterized
as a multi-unit auction. The traded good is homogeneous and divisible into infinite
objects of infinitesimal size. Auction rules may define electricity as multiple objects
of finite size. Electricity auctions can also be interpreted as multi-unit auctions with
complementarities.

Wilson (1979) studies an auction where fractions of one good are sold. Buyers
submit bid functions representing the price for all possible shares of the good. The
price for all successful bidders is the same. The result of the common value model

57 See Fabra, von der Fehr, and Harbord (2002), pp. 22-24 and Fabra, von der Fehr, and Harbord
(2006), pp. 30-31.

38 See Crampes and Creti (2003), pp. 5-11.
% See Crampes and Creti (2003), pp. 12-17.
60 See Crampes and Creti (2003), pp. 17-25.
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is that an auctioneer’s revenue is much lower in this auction type than in a standard
first price auction of the whole good.®!

The assumptions of Ausubel and Cramton (2002) are similar to Wilson (1979).
The main difference is that bidders have private values for all fractions of the good.5?
The authors find that a uniform-price auction does not always lead to efficient equi-
libria, where bidders with the highest valuations get their optimal amounts, because
demand is reduced due to bid shading.%®> On the other hand, Ausubel and Cramton
(2002) show that an efficient equilibrium can be achieved with a discriminatory auc-
tion in cases where the uniform-price auction fails. But it is also possible that this
auction does not have an efficient equilibrium.%* According to Ausubel and Cram-
ton (2002), a ranking of both auction types is ambiguous in terms of efficiency as
well as in terms of revenue.%’

Bikhchandani (1999) analyzes first price auctions where several heterogeneous
objects are sold simultaneously. Bidders have reservation values for all combina-
tions, which increase with the number of bought objects. Bidders are not financially
constrained.®® Bikhchandani (1999) shows that a pure strategy Nash equilibrium
exists if, and only if, a Walrasian equilibrium exists.’

Parisio and Bosco (2003) analyze an electricity market containing two types of
power plants. The baseload type has lower production costs compared to the peak-
load type. A bidder can own one power plant of each type. In contrast to many elec-
tricity market models, costs are presumed to be private knowledge. A uniform-price
auction within two different environments is analyzed focusing on the competition
among peak-load power plants only. In the first environment, one large producer
owns both power plants while the others run only a peak-load type. A strong as-
sumption for the bidding behavior of the large producer is that his competitors bid
their marginal costs. The optimal bid exceeds marginal costs. Hence, efficient pro-
duction is most likely not reached. The second environment refers to a duopoly
where producers own both types of power plants. Parisio and Bosco (2003) present
optimal bid functions for certain as well as for uncertain price-independent demand.

The aim of Elmaghraby (2005) is to find an auction format that always supports
efficient production in equilibrium. The cost structure as well as the production
capacity is presumed to be common knowledge. Costs are composed of ramp-up
and constant variable costs. Ramp-up costs arise only when a power plant is started.
Electricity auctioned in the model covers fluctuating demand over a defined time
period. Typically, demand is divided into parts with constant amounts and shorter
duration than the whole time period. Elmaghraby (2005) calls this auction format
vertical. The analysis shows that neither a uniform-price nor a discriminatory auc-
tion could always ensure lowest production costs.

61 See Wilson (1979), pp. 682-684.

62 See Ausubel and Cramton (2002), p. 7.
3 See Ausubel and Cramton (2002), p. 11.
4 See Ausubel and Cramton (2002), p. 18.
95 See Ausubel and Cramton (2002), p. 19.
% See Bikhchandani (1999), pp. 195-196.
67 See Bikhchandani (1999), p. 203.
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A horizontal auction divides the time-dependent demand curve into slots of con-
stant demand with different durations. Each slot is allocated to only one bidder who
gets his bid paid. Efficiency is always reached in equilibrium if slots are auctioned
according to duration starting with the longest. Additionally, bidders must submit
bids, which are binding for all slots. Hence, bid revision based on new information
is not possible.



Chapter 3
Model

Abstract The modeled electricity market is based on a power exchange with an auc-
tion system balancing supply and demand. The auctioneer, who is also responsible
for the electricity grid, acts as a proxy for consumers and buys electricity from pro-
ducers. He can choose among three auction types. The uniform price auction pays
every winning generator the same price. In the discriminatory auction, the price of
the winner is his own bid. Payments of the generalized second-price auction follow
the idea of the second price or Vickrey auction. Generators own one power plant
each. Producing more electricity than the production capacity is not feasible. Pro-
duction costs are private information and affiliated. Affiliated random variables are
either independent or positively correlated. The concept of affiliation was introduced
to auction theory by Milgrom and Weber (1982). A simple probability density func-
tion of affiliated production costs is given. It is used for all examples of the model.
The numerical results of the examples are presented graphically.

3.1 Assumptions

The electricity market of the model is based on an auction run by the system op-
erator. The system operator or auctioneer is responsible for the stability and the
balance of the electricity network. She! acts as a proxy for all consumers and buys
electricity from generators. Generators take part in the auction because this is their
only opportunity to earn money. Typically, production costs vary between genera-
tors. Therefore, generators evaluate electricity privately, which refers to the private
value model according to Myerson (1981).2

The aim of deregulating electricity markets was to establish competition be-
tween generators. Therefore, at least two privately owned generators or utilities

! The auctioneer or system operator is referred in the work as “she”. This is done to clarify the
position of the auctioneer and the bidders. A bidder or generator is hence referred as “he”.

2 An overview on auctions is given by Miiller (2001).

S. Schone, Auctions in the Electricity Market, Lecture Notes in Economics 21
and Mathematical Systems 617,
(© Springer-Verlag Berlin Heidelberg 2009
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were established in new deregulated markets. The electricity market in England
and Wales started with three newly created generators. Only two of them were pri-
vate. They had production capacities of 29 GW and 18 GW. Nuclear Electric plc.,
the third company, remained public and ran the nuclear power stations with a ca-
pacity of 8 GW. Its production costs were mostly the lowest in the market because
the competitors owned coal, gas, and oil power plants with worse cost structures.’
Hence, only two generators effectively competed with each other.*

The model focuses on a duopoly, which adopts this market structure. It represents
the simplest competition. This allows an overview on the influence of a limited
production capacity.’

Assumption 3.1. Two risk-neutral and symmetric generators exist owning one
power plant each.

A utility is normally owned by many investors and run by a management. Al-
though this can lead to a conflict of interests, it is not the focus of this model. There-
fore risk-neutrality is assumed, ignoring individual risk preferences.

Assumption 3.2. Every generator is interested in maximizing his expected profit as
long as he does not suffer an expected loss.

Maximizing the profit is a well-known motivation in market economies. The gov-
ernment accepted this motive to introduce competition in deregulated electricity
markets. Generators are interested in expected values because they are assumed to
be risk-neutral.

Assumption 3.3. A generator is able to produce divisible units of electricity.

Assumption 3.4. Each plant has the same production capacity of k electricity units.
k is common knowledge and € R™. A production higher than k electricity units is
not feasible.

Electricity is by nature a divisible commodity. This allows a generator to divide
his production capacity into a part used to produce electricity and a part, which is
not needed. Power exchanges trade multiples of a specified amount or tick size of
electricity units® due to practicable and economic reasons. This model covers such
rules. If the production capacity is an exact multiple of the tick size, a small unused
fraction will remain. The tick sizes are tiny compared with the production capacity
of a single generator. Therefore, this case is not emphasized.

Three different basic types of power plants can be distinguished according to
production capacity, cost, and availability. In general, the higher the capacity the

3 See Green (1991), p. 245.
4 See Green and Newbery (1992), p. 930.

5 A market with more than two bidders may also be of interest. Its analysis would be more com-
plicated and therefore, it is left for further research. A model for at least two bidders was, e.g.
developed by Kaul (2001). He analyzes the behavior of market makers in a stock market.

© The EEX AG running a power exchange in Leipzig uses steps of 0.1 MW. See EEX AG (2007a),
p. 5.
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lower the variable costs. This economically positive result has a drawback. The
larger a plant is the longer it normally takes to bring the power plant back online
if it has been shut down. A shut-down can be caused by a failure, the need for
maintenance and repair or due to failing demand. Additionally, costs to ramp up a
plant are higher for large power plants.

Taking these facts into account, a ranking for various types of power plants has
been established. The basic demand for electricity is typically served by large plants,
e.g. nuclear power plants, classified as baseload plants. Their aggregated capacity
normally counts for less than the normal demand. Combined with the lowest vari-
able costs, this type has such a strong competitive advantage in that it can run almost
continuously. This practically negates the large ramp-up costs. Plants of the second
type satisfy the remaining demand in normal situations. Electricity demand varies
greatly during the course of each day. It is usual for this type of power plant to be
occasionally shut down for operational reasons. The last type is necessary in cases
of excess demand over the aggregated capacity of the first two plant types.

This ranking is preferred by monopolists who minimize their total costs given
the demand of electricity. The introduction of competition, which was a key issue
of market deregulation, changed the situation completely. It is so far an open ques-
tion whether the described order will remain. Nevertheless, competitive advantages
based on the cost structure are unchanged. Baseload plants still have the best advan-
tages due to the lowest variable costs. As long as demand exceeds their aggregated
production capacity, they operate at full capacity and do not have to deal with high
ramp-up costs. The cost advantages of the remaining two plant types suggests that
the strongest competition takes place within the group of generators running the
same plant type. The model focuses on this situation.” Consequently, the same pro-
duction capacity for the generators can be assumed for reasons of simplicity.

Production capacity is changeable in the long run. Power exchanges, which are
the focus of this model, operate auctions for spot markets or forward markets. Both
markets have in common that electricity must be delivered immediately or within
days. This time horizon is too short for an enlargement of capacities. Addition-
ally, electricity is economically not storable over a long period or in large amounts.
Hence, the production capacity & is an important restriction for generators.

Assumption 3.5. Each generator has constant marginal costs. c; denotes the costs
of generator i to produce one unit. It is the realization of the stochastic information
variable C;, i = 1,2.

Assumption 3.6. Marginal costs are private information of the generator.

Competition between generators of the same power plant type is of interest be-
cause they are the strongest competitors due to their comparable costs. These gener-
ators face similar fixed costs, run-up costs and marginal costs. Fixed costs must be
covered by the contribution margin of the entire production. A generator who does

7 Average marginal costs of power plants running with different fuels for the market in England
and Wales are given by Wolfram (1998), p. 711, Fn. 19. The figures show a clear ranking, which
supports the assumption.
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not expect to earn at least the fixed costs would not participate in the market. Hence,
it is no loss of generality to neglect this cost type. Ramp-up costs can be viewed as
fixed costs if both generators start with the same status of the power plant, i.e. shut
down or running. The model focuses on a one-shot game. Hence, it is reasonable to
presume that both generators have shut-down power plants. Marginal costs are the
most important part of the production costs of one electricity unit. For simplicity
reasons, they are assumed to be constant.

Production costs depend on prices of the input factors as well as on technical fac-
tors. Both influences are hardly observable by the public. Varied production costs
can be a result of environmental conditions or contract conditions for the purchase of
input factors. An obligation to publish such private information would induce incen-
tive problems, which are not of concern here. In the case where private information
is announced correctly, the market would become a kind of Bertrand competition
and uncertainty about costs would disappear. But just this uncertainty is a key issue
of the model.

Assumption 3.7. All information variables C;, i = 1,2, are affiliated. The prob-
ability density function f(c;j,c;), with i,j = 1,2 and i # j, is twice continuously
differentiable and positive. It is symmetric too, i.e.

fleiej) = flej,ci). (3.1)
The support is [c, €], with ¢,C € ]R(J)r , and ¢ > c. The limits are common knowledge.

Input prices of generators are often positively correlated, e.g. because they use
the same fuel. In cases where different fuels are used, such a link between price
changes is weaker but still exists. The reason is that fuels can be substituted in this
market. A concept that can model such behavior is affiliation given by Milgrom and
Weber (1982).8 It says that the marginal costs of both generators are non-negatively
correlated from the position of a generator knowing his own costs. Hence, it also
covers the case of independently distributed costs.

Whereas the information about individual costs is private, the type of power plant
is common knowledge. This is sufficient to predict the range of marginal costs. Only
one cost range exists in the model because competition between generators of the
same type is analyzed. The upper boundary is represented by ¢ and the lower by c.
¢ > c allows competition. Otherwise, Assumption 3.6 is useless.

Assumption 3.8. Generators do not face any transaction cost.

Assumption 3.9. Aggregated demand for electricity d € R™" is price independent
and common knowledge.

Deregulating the electricity market can be accomplished in various way, espe-
cially when viewed from the consumers’ point of view. One concept is to allow
consumers to buy power from every generator directly. For economic reasons, the
market would probably be split up. Some consumers would prefer offers with fixed

8 The definition of affiliation is given by Milgrom and Weber (1982), p. 1118.
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prices for a unit of electricity. Other consumers may negotiate contracts individu-
ally, stipulating preferred price, quantities or supply dates. A market with such a
structure can be found in Germany. But this market structure is not focused on here.
Therefore, the model does not cover this particular approach.

Nevertheless, markets with bilateral trading may have power exchanges based
on auctions. Such institutions are often used as a reference for individual contracts.
Despite their potential small fraction of traded electricity, power exchanges can have
an important influence on prices and allocations. The model may give an interesting
starting point for the analysis of this markets.

Quite a different approach was used in the electricity market in England and
Wales. The electricity market was separated in a wholesale market and a retail mar-
ket. All generators producing electricity had to sell in the wholesale market. It was
designed as a one-sided auction. The auctioneer acted for the local suppliers buy-
ing the aggregated demand. The local companies resold the electricity to the con-
sumers.

An interesting feature of this market structure is that essential technical condi-
tions could be handled with economic methods. Electricity supply and demand has
to be balanced in the grid continuously. It is impossible to separate individual power
flows. Hence, only aggregated figures are relevant. Auctions fit these technical needs
very well, which is a good reason to follow that market approach in the model.

Electricity is a vital commodity for private households and companies. Contracts
for companies can contain fluctuating electricity prices. It allows companies to act
on actual prices. Such options are unusual for households.'? Due to the importance
of electricity, it is assumed that having it is more important than the price paid. This
results in price-independent demand.

Generators have always attempted to forecast the demand of electricity. Such in-
formation is crucial for scheduling the usage of each power plant a company owns.
It is a vital tool for keeping down costs. The system operator also needs this in-
formation to ensure the safety of the electricity grid. The long-term experience and
technical improvements allow a very precise forecast of short-term demand. Hence,
it seems acceptable to abstract from demand uncertainty.'!

Assumption 3.10. Supply and demand are located at the same node in the electric-
ity grid."?

Balancing supply and demand in an electricity grid is a difficult task. Electric-
ity has the property of transforming into heat as it flows from the producer to the
consumer. Another problem can result from the geographical allocation of supply

° The market structure after deregulation in England and Wales is explained e.g. in Green (1991).
10°A test with private households in Germany showed the possibility of implementing real-time
electricity prices for this group of consumers. The basis was a real-time information system that
allowed price dependent behavior. An implementation was not recommended because costs out-
weighed savings. See Mohring-Hiiser, Morovic, and Pilhar (1998).

1A justification for the assumption of certain demand can be found e.g. in Borenstein (2002).

12 Another alternative with the same result is to assume that transmission losses do not exist and
that the power flow is not restricted, e.g. by transmission line capacities. Supatgiat, Zhang, and
Birge (2001) use this approach, see there on p. 98.
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and demand in the grid. The transmission system has capacity limits. If they are
reached, stability can only be achieved by separating the market into local markets.
This allows attracting more demand on one side and more supply on the other side
of the congestion until balance is reached.!® The model should deal with economic
issues. Assumption 3.10 results in abstracting from described technical issues.'*
Consequently, aggregated demand has to be matched with supply only.

Assumption 3.11. The auction is the only place to trade electricity. One auction
takes place.

A spot market, sometimes called a day-ahead market, usually runs several similar
auctions with the same duration but with different delivery times on the next day.
Time slots of one hour or 30 minutes are normally auctioned. Auctions are cleared
simultaneously. Electricity is not storable. Hence, each auction starts with the same
conditions except the state of the power plant (shutdown or running). Ramp-up
costs, which can cause serious decision problems for bidders, are not of concern.
Therefore, it is no loss of generality to focus on a single auction.

Assumption 3.12. The auctioneer sets a reserve price p, with p € R™ and p > ¢.
She announces p, the highest price she is willing to pay for one electricity unit in
advance of the auction start.

The auctioneer considers the needs of consumers. Because demand is assumed to
be price-independent, generators may require prices which are too high. The price
cap p respects this need. Consumers’ reserve price p lies above the highest possible
marginal costs. This also gives the most inefficient generator a chance to earn money
by taking part in the auction and therefore to stay in the market.

Because the auction takes place only once, due to Assumption 3.11, and because
p is common knowledge, generators are deterred from bidding higher than the price
cap. Consequently, all bidders are eager to offer bids, which are acceptable to the
auctioneer. This ensures the highest offered production capacity. Hence, it prevents
electricity shortages for consumers due to strategic behavior by generators.

Assumption 3.13. The auctioneer announces the auction type, which is used in
the auction, before the submission period for bids begins. The set of auction types
contains the discriminatory auction, the uniform-price auction, and the generalized
second-price auction, a variant of the second price auction.

The rules of the auction types mentioned above are described in Section 3.2, see
Definitions 3.1-3.3.

Assumption 3.14. Bidding is done in a non-cooperative manner.

13 Bohn, Caramanis, and Schweppe (1984) develop a model that incorporates transmission losses
and limited transmission capacity. They refer — in contradiction to this model — to a market with a
welfare-maximizing monopolist.

14 Neame, Philpott, and Pritchard (1999) use this assumption. See there on p. 2.
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Assumption 3.15. All aspects of the market and the auctions are common
knowledge.

Assumption 3.16. Bidding generators take the behavior of their competitors into
account and act strategically.

A generator possesses information about the marginal costs of his competi-
tor. The information is incomplete, but ignoring it means wasting some advan-
tage. Such behavior would lead to lower revenue on average, which contradicts
Assumption 3.2. Hence, the auction can be analyzed using the concept of the Bayes—
Nash equilibrium according to Harsanyi (1967/68).' Precisely, the symmetric equi-
librium (b*,b*) is searched for, where b* denotes the optimal bidding strategy of a
generator. b* maximizes generator’s expected profit assuming competitors’ bidding
strategies are given and correct.

3.2 Definitions

Before an auction takes place, the auctioneer announces the auction type. Hence,
every generator knows the auction rules before he decides on his bid. Three different
auction types are analyzed, the definitions of which are given for the two-bidder case
as follows.

Definition 3.1. The discriminatory auction is described by the following set
of rules.

1. A bidder submits a bid for delivery of one electricity unit as sealed bid.

2. Bidders offer their whole production capacity.

3. Only non-negative bids smaller than p are accepted.

4. The bidder with the lowest bid sells electricity until his production capacity is
fully utilized. The second bidder is successful with his bid only in the case of
remaining demand. Draws are solved by rationing pro rata of offered supply.'°

5. A successful bidder gets his bid paid.

A generator bidding under the regime of this auction type can calculate his profit
in advance for the case of winning or losing. Because his own bid determines the
profit directly, he has to find a balance between a high price and a good chance of
selling the most electricity.

Definition 3.2. The rules of the uniform-price auction are the same as those of the
discriminatory auction except for the prices paid. Successful bidders are paid a
uniform price. It is determined by the highest bid of all successful bidders.

The advantage of this auction type is that no bidder is discriminated against. The
price paid per unit is the same for every scheduled generator. This characteristic

15 Good explanations of the Nash equilibrium and the Bayes—Nash equilibrium are given in
Fudenberg and Tirole (1995), pp. 11-42 and pp. 215-226 respectively.

16 Another opportunity for handling equal bids is to use a lottery. The probability of being selected
is the same for everyone.
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is important in discussions about the fairness of a pricing system. The final auc-
tion price can be viewed as the best available market price for electricity because it
matches supply and demand at the lowest possible price.

Definition 3.3. The rules of the generalized second-price auction are the same as
those of the discriminatory auction except for the prices paid. They depend on de-
mand as follows.

1. Suppose demand is satisfied by the bidder with the lowest bid. In this case, he is
paid the bid of the unsuccessful bidder.

2. Suppose demand is sufficient such that both bidders fully utilize their production
capacities. They are paid the reservation price.

3. In all other cases, the bidder with the highest bid gets the reservation price paid.
The bidder with the lowest bid receives the reservation price for the amount of
electricity that his competitor sells. The price for the remaining electricity is the
bid of the competitor.

This auction adopts the idea of the second price auction or Vickrey auction. This
auction type forces truth telling bids but is rarely used.!” This makes it an interest-
ing candidate for analysis. The basic principle of the auction is to pay the winning
bidder the price the auctioneer would have had paid if the winner had not taken part.
Competitors, who had been replaced the winner, would have been paid their own bid
for unused production capacity.'® The advantage from the bidders’ point of view is
that the offered bid is not directly used for setting the payments. Hence, bidder’s
most important concern is to maximize the probability of winning.

A general characteristic of auctions is that the auctioneer selects the bidders in an
order, which minimizes her costs given the offered bids. This matches the objective
of the auctioneer as a proxy for consumers, who want to pay the lowest price.

3.3 Preliminaries

Assumptions about the underlying distribution function are important for the analy-
sis. The following definitions and mathematical terms are given for clarification and
to simplify the work.

Definition 3.4.

(a) The marginal distribution is given by

flo) = / F(1,¢) dr. 3.2)

17 See Rothkopf, Teisberg, and Kahn (1990), pp. 94-95.

'8 Fabra, von der Fehr, and Harbord (2002) use e.g. this rule for the generalized second-price
auction. See there on p. 12.
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(b) The cumulative marginal distribution function is defined as

E/f(r)d’c, with F (&) = 1.

(¢) The conditional probability that generator j has marginal costs of c; given gen-
erator i having marginal costs of c¢;, with i # j, is obtained by

(3.3)

CjyCi CiyCi
Fleglen = R - f}(]c.)’)- (34)
ff(faci) dt l
c
(d) The conditional distribution function is determined by
f f(rci)dt
cile; T . 3.5
/| /f ‘ (C[) ( )
(e) The first partial derivative of the probability density function is
df (cjci)
filej,ei) = =—5= (3.6)

(f) The first partial derivative of the conditional probability density function with

respect to c; is given by
af (cjlci)
fi (Cj‘ Ci) = T

f (t,¢i) dt

filejei) = f(cjlei)
3.7)

f(ci)

(g) The first partial derivative of the conditional distribution function with respect

10—

to c; is given by

oF | CJ|Cl /f (tlci) d
l l

Fi(cj|ci)E e

fi(t,ci)dr

o \m

ffz(f ci)dt— F(CJ\C)
- f(ei)

(3.8)
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The following property of an affiliated probability distribution is important for
the analysis of the model.

Lemma 3.1.

(a) The first partial derivative of the conditional distribution function satisfies the
following condition

Fi(cjle) < 0. (3.9)
(b) The following inequation holds true in the model

filejler) | Filejle)

flejler)  1=F(ejlei) —

(3.10)

Proof.

(a) According to Assumption 3.7, f(c;,c;) is an affiliated probability distribution.
That F (cj|c;) is nonincreasing in ¢; follows directly from the affiliation prop-
erty. Affiliation refers to first-order stochastic dominance of the conditional dis-
tribution function.'”

(b) The hazard rate is nonincreasing given affiliated distribution.? Hence, the fol-
lowing condition holds true

f(ejlei)
(9 l—F(Cj‘C;)

<0.
ac; -

The first partial derivative is obtained by

fejler)
F(ejler) _ filejlei) N f(cjlei) Fi(cjlci)
dci 1=F(cjle;)  [1=F(cjlei)]®

Note the probability density f(cj,¢;) is positive according to
Assumption 3.7. Therefore, the condition is given by

filejle) — flejlei) Filejlei)

P2 TTF(ola) [-Flola)p

<~

filejlei) _ (2)Fi(ejle)

flejlei) = 1=F(cjlei) 0

An overview of functions concerning an independent probability distribution is
given with Lemma 3.2. These expressions represent the basis on which some results
can be simplified.

19 See, e.g. Krishna (2002), p. 271.
20 See, e.g. Krishna (2002), p. 271.
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Lemma 3.2.

(a) Conditional probability f(c;j|c;) equals marginal distribution f (c;) for inde-
pendently drawn marginal costs

fejler) = fc)). (3.11)

(b) The conditional distribution function for an independent probability distribution
is determined by

F(CJ'|C,') = F(Cj). (312)

(¢) The first partial derivative of the conditional probability density function
fi(cj|ci) for independently distributed marginal costs is given by

filejlei)=0. (3.13)

(d) The first partial derivative of the conditional distribution function F;(cj|c;),
given independent distribution, is obtained by

Fi(cjlei) = 0. (3.14)

Proof.
(a) For an independent probability distribution holds true

f(ejei)= f(c)) f(ci)

because this results in a conditional probability f (c;|c;), which does not depend
on ¢;. Using (3.4), the conditional probability is given by

flej,ei) — flej) flei)
flcilei)= = = f(cj).
Cla)="Fay = fw T
(b) Using (3.11) and (3.3), conditional distribution function (3.5) for independently
distributed marginal costs is rewritten to

Flejle) = [ f(aleydr = [f(m)de=F(e)),

(¢) Taking into account (3.11), the first derivative of the conditional probability
density function f;(c;|¢;), given independently distributed marginal costs, is
obtained by

9f (ejlei) _ 9f(c))

ac,‘ (9(,‘,' =0

filejlei) =
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(d) Equation (3.13) is used to derive F; (¢;|¢;), see (3.8), for independently distrib-
uted marginal costs

Fi(cjlci) = /ﬁ(1|c,~) dr = 0.

3.4 Example

An example is presented to illustrate theoretical results. More specific assumptions
about the probability density function and the reserve price are made to keep results
feasible but as general as possible.

Affiliation is a key issue of the model. Its weak form was presumed, which in-
cludes independently drawn marginal costs. The strong affiliation refers to strictly
positive correlated marginal costs. The distinction is made by setting constant a in
Definition 3.5 accordingly.

Definition 3.5. The following specification of probability density function (3.1) is
used in the example

1+acic;
fcjei) = TZJ (3.15)
with a support of marginal costs of
Ci,Cj € [O,]]. (3.16)

Constant a determines the degree of affiliation between marginal costs of gener-
ators and satisfies following condition

a>0. (3.17)

The function given with Definition 3.5 must satisfy Assumption 3.7 to be of use
as an example. This is shown with Theorem 3.1.

Theorem 3.1. Suppose the function given by Definition 3.5

(a) The function represents a density function of random variables with positive
values.
(b) The random variables of the function are affiliated.

Proof.

(a) A density function of random variables must be non-negative at first. This con-
dition always holds true because no factor is negative due to (3.16) and (3.17).
A density function must satisfy
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11
//f(Cj,C,')dedCiz 1.
00

Equation (3.15) is used to get

11
1+4acic; 1 i
// e T de dC,— 1-&1-%] l:cj+llc261:| de;
00 4 0 0
1
_ 1 i
R g [1+% dc;
ac; -1

Even the last condition holds true. Hence, (3.15) represents a density

function.
(b) Affiliation is given if the following condition holds true
32
mln(f(%ci)) >0 (3.18)
with
9 d filejci)
1 Lo, JI\"] ™) jC
dc;dc; n(flej.ei)) = dci f(cj,ci)
_ Jiilej e filej e filej,ci)
f(CjaCi) f(Cj7Ci)2
The first partial derivative of the density function, see (3.15), with respect to
cj is obtained by
af (¢j,ci) ac;
filcjci) = ac/j == 1+lg' (3.19)
The first partial derivative of (3.15) with respect to c¢; is given by
8f(c,-,c,<) acj
i(cj,ci) = : = . 3.20
_fl(c.]7cl) acl 1_’_% ( )
Using (3.19), the second partial derivative of (3.15) with respect to ¢; and ¢;
is obtained by
%f (cj,ci) a
Y= . 3.21
7 (3.21)

fji (Cj’Ci) - 8cj8c,-

2l See Krishna (2002), p. 269.
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Because the density function is positive due to Theorem 3.1 (a) and taking
into account (3.15), (3.19), (3.20), and (3.21), condition (3.18) is rewritten to

0 < f(cj,ci) fji(cj,ci) = fi(cjrci) fi(cj,ci)
—

I+acic; a ac; acj

0<1“1“_1“1“
+4 1+2 1+9%1+4

<2 (3.22)
[1+4]
<~
0<a.
This condition is defined with (3.17). Hence, affiliation is given. O
Remark 3.1. Probability density function (3.15) with a = 0 results in
flcjei) =1 (3.23)

Obviously, this represents an independent probability distribution. All other val-
ues for a lead to strong affiliation because the right-hand term of the inequation
(3.22) for a > 0 is always greater than zero.

Important functions concerning the probability distribution of the example are
presented here.

Lemma 3.3.

(a) Marginal distribution (3.2) is obtained by

1 ra=0
fle) = 14%¢ ' (3.24)
1+7

(b) Cumulative marginal distribution (3.3) is obtained by

ci ;a=0
F(ci) = 14+4¢ (3.25)
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(¢) Conditional probability density function (3.4) is obtained by
1 ra=0
Ilejle) = 9 1+ acie; (3.26)
— :a>0.
14 % Ci

(d) Conditional cumulative distribution function (3.5) is given by

cj ra=0
Flejle) =3 14 2cic (3.27)
- a Cj sa>0.
1+ 5 Ci
(e) The first partial derivative of probability density function (3.15) with respect to
cj is obtained by

0 a=0

fj (Cj,C,‘) = aCi (328)
= a>0.
1+4

(f) The first partial derivative of probability density function (3.15) with respect to
c;, see (3.6), is given by

0 ca=0

fi (Cj,C,‘) = acj (3.29)
= a>0.
1+1

(g) The second partial derivative of probability density function (3.15) with respect
to ¢j and c; is obtained by

0 ra=0
fj,’ (Cj,Ci) = a (330)
1+%

(h) Derivative (3.7) of conditional probability density function is determined by

filejlei) = ale;—4] (3.31)
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(i) Derivative (3.8) of conditional cumulative probability function is given by

0 ra=0
el = (—)L[l — Zj]Cjz’ fa>0. (332
2 [1 + b Ci]
Proof.
(a) Due to symmetry of (3.15), marginal distribution (3.2) is obtained by
/ 14
5Ci
T / [14+acit = d
+i) I+ + i

If a = 0 is presumed, the function is simplified to
f(c,') = 1.

(b) Taking into account (3.24), cumulative marginal distribution (3.3) is given by

Ci

1
2+4

2ci+4ct 1+4¢
/[2+ar]d1: - 29 L= 4£lc,-.
] 2+2 ]—|—4

F (C,‘) =

Given a = 0, the function can be simplified to
F(Ci) = (j.

(c) Using (3.15) and (3.24), conditional probability density function (3.4) is ob-
tained by

I+acic;
a (s
Flejlen = 11+u4h _ 1+a§,01_
+761 1+§Ci

1+9

Given a = 0, the function is simplified to
f(Cj|Ci) =1.

(d) Using (3.26), conditional cumulative distribution function (3.5) is given by

c;
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<j

a ... 2
[+ 5ar] o _ 1+5cic;

1+%;  1+%¢ 7

If a = 0 is presumed, the function can be simplified to
F(Cj|c,~) = Cj.

(e) The derivative is still derived with the proof of Theorem 3.1. See (3.19). A
simpler result is obtained for a =0

fj (Cj,Ci) =0.

(f) The derivative is still derived with the proof of Theorem 3.1. See (3.20). The
result can for a = 0 be simplified to

fi(Cj,Ci) =0.

(g) The derivative is still derived with the proof of Theorem 3.1. See (3.21). For
a =0, a simpler result is

fji (Cj,Ci) =0.

(h) Derivative (3.7) of conditional probability density function is given by, using
(3.26)

af(ci|ci
filejle = 21014
_acj[1+%c] -4 +acic;]  alc;— 5]
[1+4c]? [1+4c]*

It is easy to see that for a = 0 the derivative is reduced to
f,‘ (Cj‘ Cl‘) =0.
The general result was presented with (3.13).

(i) Derivative (3.8) of conditional cumulative probability function is given by, using
(3.27)

JF (¢:lc:
(el )= 2E i)
1
:aCj [l—l—%ci]—[l—&—%ciq] C':(*) a[l—Cj}Cj .
2[1+4¢] ! 2[1+4¢]
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The general result for @ = 0 is known from (3.14). It is easily checked

Fi(cjlei) = 0. 0

The conditional cumulative distribution function is important for a generator de-
ciding about his bid in an auction. In all three auctions of this model, the auctioneer
selects the bidder with the lowest bid first. Hence, a generator is interested in be-
ing chosen first, which occurs in all cases when his competitor has bid higher. The
probability of losing the auction is given by F (cj|c;) telling how probable it is
that the competitor has lower or equal marginal costs. The probability is calculated
with all available information, which includes the knowledge about his own cost
¢;. Figure 3.1 shows the graph for independently distributed marginal costs. Strong
affiliation is presented by Figure 3.2 with a = 4.

(=] =]
b D —_
o)} o]

probability
N
~

02F ‘
7T AAAL LT Z AL,
T TT T T </
% "””’l“" oo o8 !
04 06 o3 o 02 04 &
marginal costs ¢ marginal costs €j

F(cjle) — —
Fig. 3.1 Conditional cumulative distribution for independently distributed costs

It is obvious that Figure 3.1 weakly dominates Figure 3.2. Strong affiliated costs
(a > 0) first-order stochastically dominate independently distributed costs (a = 0) if

the following holds true, see (3.27)%2

F (cj|ci) > F(cj|ci) Veicj €[0,1]

1+%CiCj
=0z T
1+§Ci

1.

IN

<~ Cj

22 See Krishna (2002), p. 259. Some other definitions of stochastic dominance are also given there,
see pp. 259-263.
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o o —_
(=)} o]

o
~

probability

0.2

marginal costs ¢ marginal costs €

F(cjlci,a=4) —
Fig. 3.2 Conditional cumulative distribution for strong affiliation

Obviously, the condition is valid. A derived expression is more relevant for fur-
ther analysis. It answers the generator’s question about the probability of having the
lowest marginal costs and knowing his own marginal costs c. The probability is im-
portant in cases where the bidder has to balance profits from winning or loosing an
auction. The expression is obtained by using (3.5) and (3.27)

E[ljeeq] = [ £(516) ljeeqydz = [ f(alc) dv

=1-—F(cle)
1—c¢ ta=0
= 1+4c2 (3.33)
1- zacc :a>0.
1+§C

The function is shown in Figure 3.3. The line at a = 0 represents the graph for
independently distributed marginal costs. The values are the same as for the diagonal
from point (0,0) to (1,1) in Figure 3.1. The line at a = 4 is similarly derived from
Figure 3.2. Figure 3.3 demonstrates well, that the probability of winning increases
with higher q, i.e. stronger affiliation.
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0.8

0.6

0.4

probability
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marginal costs ¢ degree of affiliation (a)

1—F(cle) —

Fig. 3.3 Probability of having lowest marginal costs (generator’s view)

The last assumption made for the example is that the auctioneer sets the reserve
price as follows

=3 (3.34)

A reserve price of 3 is greater than the upper limit of marginal costs ¢, which is
1 due to (3.16). Hence, (3.34) satisfies Assumption 3.12.



Chapter 4
Results

Abstract The electricity market modeled in Chapter 3 is the starting point of an-
alyzing the uniform price auction, the discriminatory auction, and the generalized
second-price auction. Generators bid differently according to demand. This allows
focusing on different demand ranges. The optimal bidding strategy of a generator
is derived for each auction type and each demand range. The results are used to
determine the expected costs, profits, and contribution margins of a producer. The
expected average prices for consumers are presented as well. The comparisons of
all three analyzed auction types with respect to optimal bids, expected costs, profits,
and average prices conclude the analysis. Examples are given and supplement the
analysis showing key results graphically.

4.1 Demand Ranges

A generator has all information except the marginal costs of his competitor in order
to decide on his own bid. Because demand is known before the auction takes place,
three demand ranges can be distinguished due to different competitive environments
from the generator’s point of view. The cases depend on the outcome for the winner
and the loser.

Case A is a winner-takes-all situation. Just one generator is needed to match de-
mand. The winner produces all electricity. His capacity utilization increases with
demand. The loser does not sell anything because of his higher bid. Although elec-
tricity is a divisible commodity, the decision problem is the same as for an auction
with an indivisible commodity.

In case B, both generators are necessary to serve demand but the loser does
not fully utilize his production capacity. This weakens auctioneer’s position in the
market because she now depends on both generators. The winner utilizes his ca-
pacity fully. The loser can earn money even if he has offered the highest bid.
Unused capacity is his only incentive to compete but he has less to lose com-
pared with case A. This indicates a relaxed competitive environment for bidders
and importantly influences their behavior.

S. Schone, Auctions in the Electricity Market, Lecture Notes in Economics 41

and Mathematical Systems 617,
(© Springer-Verlag Berlin Heidelberg 2009
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The last case C refers to demands, which are equal or larger than the aggre-
gated production capacity of both generators. It is the worst-case scenario for the
auctioneer because both generators are needed with their full capacity. There is no
remaining free production capacity. Demand may have to be rationed if it exceeds
the market capacity.

The following definitions are helpful for clarification of the outcome determina-
tion and to simplify the analysis.

Definition 4.1.

(a) The winner’s outcome in an auction measured as the fraction of his production
capacity is defined as

d
o = min <k’ 1) , witho € (0,1]. 4.1)
(b) The fraction of production capacity the loser serves is given by

B = min (i—a,l) ,  with B €1[0,1) for d < 2k and 4.2)
B =1ford> 2k

(¢) The losing generator can serve the following proportion of the winner’s outcome
if demand does not reach full market production capacity. Taking into account
the free production capacity due to the loser’s obligations, the available fraction
of production capacity is determined by

Br=a—PB, withBsec(0,1] ford <2kand By =0 ford >2k.  (4.3)

The winner utilizes & € (0, 1] of his production capacity in case A. In all other
cases, he sells as much as he can produce. The loser starts selling something in case
B and utilizes 8 € (0,1) of his production capacity. This assured quantity reduces
the competitive pressure of both generators. The incentive to compete in the auction
is loser’s free capacity By € (0,1). Competition vanishes along with the reduction
of this free capacity.

4.2 Costs and Efficiency

Resources should be used economically. A society following this guidance is able
to satisfy more needs either today or in the future. Almost all fuels of today’s power
plants are limited on earth. Its economic use helps to save resources for future gen-
erations. Another effect, which is important today, is the output reduction of carbon
dioxide. This gas influences significantly the change of the climate. Its reduction
may reduce or postpone negative effects of this change.
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Before electricity markets were deregulated, monopolists were responsible for
the electricity production and the safety of the grid. They had the incentive to uti-
lize power plants with the lowest costs first in order to maximize their own profit.
Their main concern was to minimize production costs given current demand. An
economically desirable effect of using auctions is that auctions also lead to lowest
production costs.

Theorem 4.1. Suppose the value range of the used bid function is an element of
the accepted bid range of the auctioneer. If the bid function used by generators is
increasing with marginal costs, or demand is greater than or equal to production
capacity of the whole market, the following statements are valid.

(a) The auction outcome provides production efficiency, i.e., the production sched-
ule with the lowest costs.
(b) The expected production costs per electricity unit for d € (0,k| are given by

—Z/CF Fi(c|c dc—Z/F V1 =F (c|c)]de. (4.4)
In the case of independence, the expression reduces to
E[d] = E+/F(c)2 dc—2/F(c) de. (4.5)

For demand d € (k,2k), the expected cost is obtained by

E[C]ZZ[I—S}E—ZS/CF(C)CIC
[1]/F { cle) +Fi(cl )HF(CIC)}dc. (4.6)

Given independently distributed marginal costs, the expression reduces to

Elc] = c+ [—1}/17 c——/F @7

If demand equals or exceeds market production capacity 2k, expected produc-
tion costs are given by

c] = c'—/F(c) de. (4.8)
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Proof.

(a) In the case of using a bid function which is increasing in marginal costs, the
generator with the lowest cost is always selected to serve the whole demand as
long as his production capacity is not fully used. Only if demand is greater, the
generator with higher costs is allowed to produce the remaining quantity. No
other allocation of the right to produce power leads to a lower cost.

If demand is greater than or equal to the whole production capacity of both
generators and the bids of both bidders are accepted by the auctioneer, the or-
der of acceptance of the generators does not matter because both are needed
with their entire capacity. Again, no other production schedule can be found
that allows lower production costs. Hence, the production schedule, which is an
outcome of the auction, provides the lowest cost and is therefore cost efficient.

(b) The expected cost per electricity unit is the expected average of total production
costs. Note that the outcomes of the auctions would result in a production of
o for the winner, see (4.1), and 8 for the loser, see (4.2). Presuming j # i, the
formula is given by

1
o+p

Elc] =

E|{oci+Bej} 1pe)<n(c)))

+{Bei+ac;} 1{b(cl->>b(°‘j)}1 ’

This can be simplified to the following expression, using (4.3), because the
bid functions are symmetric and increasing in ¢

E[c]za

E {OtC,‘—I-ﬁCj} 1{c,~<cj-}]

= ai/j/g/a[ac—i—ﬁr]f(r,c) dtdc

azfﬁ /ch@)[1 F(c|e) dc+—/cf

_ g/ Fe)[1=F(cle) dc+—/cf (4.9)
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_ 2By
o+p

_ 2 [F@U-Felo)ae

F(c)c[1=F(c[e)]

+/F &)+ Fi(c| ¢))de

a+Bg
+Offﬁ cF(c)i—jF(c)dc
_ azfﬁc+a2—€f[3 jw{q (cle)+F(c|e)] +F (c] >}
*azfﬁ / F(c) de. (4.10)

Final expressions are given in the following taking into account (4.1), (4.2),
and (4.3). The expected cost for d € (0, 4] is obtained by

—Z/CF f(cle)+Fi(c|c) dc—Z/F Y[1—F(c|c)]dc.

The expression for d € (k,2k) is given by

E[c]:2[l—(ﬂé—2§/5F(c)dc
{—1“F { )+ F(cl )]+F(c|c)}dc

For d > 2k, the expected cost is obtained by

C]E/EF(c)dc

If marginal costs are independently distributed, then expected costs, using
(4.10), (3.11), (3.12), (3.14), and (3.3), are obtained by
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i _ 2By
Ek}—a+ﬁ a+B/F ¢)+F(c)| de
2a
“aip J F(c)de.

For simplicity, the following integral is solved separately
/F

5—/CF(C)2dC—]CF(C)f(C)dC

/cF(c)f(c) de=c¢ ¢)+ef(c )]

:%E—/F@fﬁ. (@.11)

This expression and the definitions of fr, see (4.3), are used to get

a2 2a
E[c}—a+ﬁc—m dc+ /F

E—/C_F(c)zdc

=c+ (x+ﬁ/F ﬁ F (c) de.

The final expression for independently distributed marginal costs is obtained
by, using (4.1) and (4.2)

E—l—/EF(c)zdc—Z/cF(c)dc cd e (0,k],

E[]=S¢c+ {i{cl} /C_F(c)zdc%JIC/EF(c)dc:dG(k,Zk),
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It is an economically reasonable assumption that bids rise with higher costs. The
assumption is based on the idea that competitive advantage alone is the source of
success in a market. Lowest costs are an example for competitive advantage. As
long as this assumption holds true, the auctioneer selects the generator with the
lowest marginal costs by choosing the lowest bid. Hence, electricity is produced at
the lowest cost as stated in Theorem 4.1 (a).

An interesting demand range is given with d € (k,2k). In this case, the less ef-
ficient generator produces an increasing share of electricity as demand rises. This
aspect should be found in the formula.

Lemma 4.1. Expected production costs for demand range d € (k,2k) are a linear
combination of costs for d € (0,k] and d > 2k.

Elc|d € (k,2k)] = AE[c|d € (0,k]]+[1 —A]E[c|d > 2k], 4.12)
where A is given by

A= (4.13)

Proof.
The right term of (4.12) is given by, using (4.4), (4.8), and (4.13)

AE[c|d € (0,k])+[1 - AJE[c|d > 2]

— [2;_1} jF(c){c[f(cc)+E(c|c)]—l+F(cc)}dc

=2 [%j—l} /LF(c){c[f(cc)-l—F,-(c|c)]+F(c|c)}dc—2ZC/CF(C) dc

4

+2[1—2]/5F(c)dc+2{1—ﬂ E—/C_F(c)dc
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:2[1—5}5—25]F(c)dc

12 B"— 1} ]F(c) {c[f(c|c)+F,-(c|c)]+F(c|c)}dc.

It results in the expression for expected costs with d € (k, 2k). a
Remark 4.1. Note that A € [0,1] holds true.

Example 4.1. Suppose the probability distribution given by Definition 3.5.

(a) The expected production costs per electricity unit for d € (0,k| are given by

% ca=0
Elc| = 4.14
=V g (4.14)
5(3 4+al| '

(b) The expected production costs per electricity unit for d € (k,2k) are obtained by

1 k
_ 2_7 N —
3[ d} a=0

Ele] = 4.15)
4 27 4k i
2 5= Bl RS R
5 [3 4+a} 15d { +4+a} @>0

(¢) The expected production costs per electricity unit for d > 2k are given by

Elc] = (4.16)

Proof.

(a) The expected production cost per electricity unit for independently distributed
marginal costs, using (4.5) and (3.25), are given by

1 1
E[c’] = 1+/czdc—2/cdc
0 0
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The expected production costs for strong affiliation are derived using follow-
ing term, see (3.25), (3.26), and (3.32)

1
[ eF @1 (cle)+ Fifel ) de
0

1
1+4%c¢ 1 +ac? all —c|c
:/1 40 C2 1 a — [ ]2 dC
o +3 t3¢ 2[1+%c]

p ac (lC2 —da|l —c|C
2 fraqlredisadldllde oy,

2.3 2
a~c®+3ac*+2 ,
4+a0/[ +ad] Rtacz

1
2 4 4 4
= 7/[1+ac] +acc3dc—+- /[-1-70!02[1_462036
a

4+ 2+4ac 44a) [24ac]
0 0
2 4 14 4 11
ac —c
=— [0 de+—— d *d
4—|—a/[ —I—ac]c C+4+ 2—|—acc ¢ 4+4+a 2—|—acc ¢
0 0 0
8 [ 1
S R
—c"d
+4+a./ [2+ac}2c ¢
0
5 1
- 1 +adcdd /3d> A
4—|—a/[ tacle C+4+a e 44a) 2+4+ac ¢
0 0 0

1 1
4 1— 8 1—
¢ Ade+ /[7Cczdc

4+a) 2+ac 44+a) [2+acl?
0 0
1
_ 2 /a2c3+5002+2c+2 Cdet 8 /iczdc
4+a 2+ac 4+a [2 +ac)?
0 0

1 1 1
4 1-2¢ 8 1—c
3 de+ — 2d /7 2 de.
/(ujL ¢ C+4+ 2+acc C+4+a [2+ac]zc ¢
0 0
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The term for strong affiliation with a > 0 is determined by

1 1

2 4
m/[ac—i—_%]c de+—

— d
d+a 2+acc ¢ ad 4+a. ¢
0 0

1
1-2¢ , 322+a/ 1
[2+ac)?

1
/ @’ —d*c—2ac+2a+4
dc
4+a

24ac
0

1 1 1

2 8
= 7/[ac+3]c3dc+ / —2cledc+——— /cdc
4+a a’[4+ 4]
0 0 0
1 1

162+a/ 1 d +32 2+a/ 1 d
——— | ——dce+=5— | ———=dc

a’ 4+a0 2+ac a3 4—|—a0 [2+ac)?
2 1 2 4 16

T 5 10[d+d 3afdid  @@td  PMid

—lngﬁhn(1+9).
2

a*[4+d|

2 1 1 2 4 16 2+a a
2yt 2 4 1o, (17). 417

5 4+a[10+3a a? 2 1o +2] “17)

The expected production costs for a > 0, using (4.4), (3.25), (3.27), and
(4.17), are obtained by

4 2 71 2 4 16 2
EM—[++M_MIO+J}
a

5 44a |10 3a a® &
1+5c 1—i—ﬂc2
—2/ Za c| dc
1+4 1+§C

—5~i—i+ifif§+mﬁﬂlﬁ+)
5 44a|10 3a & ad a* 2

1

32 2+a 4 2 3 2
a3 4+a/2+ac 4+a/[ac —ac”+2¢” +2¢” —4cde

8
—7/[a2c2—a ¢—2ac+2a+4]dc
a*l4+d /
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4 2 1 2 4 16 24a a
_5_41+cz[1()+3a_612_a3+16a41n<1+2ﬂ
+¥2ﬂln(1+9)
a* 4+a 2

1

R I TP )
T ra [sc 3¢ Ttz

0

8 2 2 1
—m [C;CS — azcz—ac2+2ac—|—4c]

0

5 44a|10 3a & a3 at 2

4 1 (3 4 8 32 2+a a
SR - S S A R ¥ Jeutig My R
[5 3 2t a at n( +2>}

(b) Given independently distributed marginal costs, the expected production costs
per electricity unit, using (4.7) and (3.25), are obtained by

1 1
‘ 2k - 2% [
E[c’} =1+ {d_I]/CZdC_d,/CdC

0 0

2k Sk L

=1+ |=—1| = —= ¢

71549,
1 k
:—2——
Pl

Taking into account (4.6), the same expression but for strong affiliation with
a > (0 is given by

(=]
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o] /<> S
1

1
x /cF<c>[f<c|c>+F,-<c|cndc0/F<c>[1F<c|c>1dc

0

The last summand contains the expression of expected production costs for
d € (0,k]. Hence, the equation, using (4.14) and (3.25), is rewritten to

1
k 4+ac 4 |2k 2 1
Elcl=2|1—-=|[1- =) 2=
] [ d} O/4+aCdC +5{d H3 4+a}
k 1 > oa |t 42k 2 1
=211—=|1——[2%+= =1 2=
[ d}{ 4+a[c+3c}o}+5[d ]{3 4+a]
4 k134+a 42k 2 1
= |1-= +o =1 2=
3 d|4+a 5|d 3 4+a
_8k(2_ 1} 4tk |3t+a 472 1
" 5d |3 4+a| 3|d 44a 5|3 4+4a

ﬂ4_21+5a _i 2_18+5a
15d 4+4+a 44a

15
4 2 4k 1
—15[3‘4+a}‘m[”4+a}

(c) The expected production costs per electricity unit, using (4.8) and (3.25), are
given by

1

2 2 1
=1- A - T 3 =Z|1- .
4+a |, 3@4+d |, 3 4+a
The expression for independently distributed marginal costs with a = O re-
duces to
; 1
E [Cl} = E 0
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Figure 4.1 shows the expected costs of the example. The graph for independent
marginal costs is dominated by graphs for strongly affiliated marginal costs. Strong
affiliation results in a higher probability that the second generator has high costs
when the first generator has high cost too. This shift of probabilities increases the
expected costs. This can be seen by comparing the second graph (a = 1) with the
third graph (a = 4). The stronger the affiliation of marginal costs is, measured by
greater value of a, the higher the expected costs. This is reflected by the dominance
of the last graph.
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Fig. 4.1 Expected cost per electricity unit given production efficiency

In case A with d € (0,k], expected costs are independent of demand d and pro-
duction capacity k. Just one generator is sufficient to serve demand. Hence, only his
marginal costs, which is constant, is relevant. Costs of case C, with d > 2k, also do
not depend on demand or production capacity. The reason here is that both genera-
tors have the same production capacity and utilize it fully. Hence, they act like one
big generator with average costs of the winner and the loser.

Case B, with d € (k,2k), lies in the middle between case A and case C. Now
the loser produces something but does not fully utilize his capacity. The loser’s
proportion of produced electricity increases with higher demand. Accordingly, the
winner’s fraction decreases. Hence, the higher cost of the loser becomes more im-
portant, which raises the expected average costs. This mechanism is recognizable
in (4.12). A, defined by (4.13), represents the loser’s unused production capacity
relative to demand or missed opportunity. On the other hand, [I — A] stands for the
loser’s utilized capacity. The expected average cost increases linearly with rising
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demand because the loser serves marginal demand. His cost disadvantage is con-
stant for every produced electricity unit. Factor [I — A]| determines how much the
disadvantage raises average costs.

4.3 Discriminatory Auction

4.3.1 Case A: A Single Generator Serves the Demand

Scheduled generators get their own bids paid for each electricity unit sold. This
pricing rule induces to bid higher than marginal costs. Otherwise, they would not
make any profit. All bids should therefore show bid shading, a positive difference
between bid and cost.

Theorem 4.2. Suppose d € (0,k|. The unique Bayes—Nash equilibrium in symmet-
ric and strictly increasing bidding strategies is given by (b;, bZ) with the following
bid function

¢ ¢ ¢
NP f(tlr) / (1)
bi(c) = |p c+/exp /1—F(t|t) dt | dt| exp T—F t\t
Cc T
te. (4.18)

The optimal bid function for independent distribution reduces to

c—c— [F(r)dr
c+——————:c€l?)

b () = 1~ F (o)

p rc=¢C.

(4.19)

Proof.

The proof is attained in four steps. Firstly, the bid function is found which maxi-
mizes the expected profit. Secondly, it is shown that the auction really takes place.
Thirdly, it is proved that a Bayes—Nash equilibrium is obtained by the bid function,
and finally that only one Bayes—Nash equilibrium exists. Due to the symmetry of
the generators, the proof is reduced to the analysis of generator i.
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The decision problem for d € (k,2k) can be analyzed in the same way as for
d € (0,k]. The quantity sold by the winner is simply denoted by a, see (4.1). The
quantity sold by the loser is referred to as 3, see (4.2). The proof is already given
for the wider demand range.

Step 1: Bid Function

The expected profit of generator i for j # i, using (4.1), (4.2), and presuming a
strictly increasing bid function, is

m; (bisci) = kE | a[bi —cill gy, 1+ Blbi =il ‘Ci =c¢

}

= k[bi —ci] {O‘_ [a—BIE l{bi>bj} ‘Cz‘ =¢

b (by)

—klbi—cl |a~pBr [ fGla)de

b; denotes the chosen bid. The third factor is often used. Hence, following func-
tion is introduced for simplicity

ylejlc) = a—Py [ 1(sle)dr

=0 — ﬁfF (Cj| C,') . (4.20)

y(c|c) can be interpreted as the expected degree of production capacity utiliza-
tion given marginal costs c.' The function has following properties, see (4.3)

y(cjlei) =0, forB=0andc;=c,

y(cjlci) > 0, otherwise. 4.21)

! The interpretation holds true if the bid function does increase with marginal costs. The validity
of this assumption is shown later. A precise interpretation is that y (c;| c;) represents the fraction of
production capacity that generator i can expect to utilize knowing his costs ¢; and bidding such that
his bid is ordered like ¢; among marginal costs. The rewritten function (4.20) may make it clearer
y(ejle) = all —F (¢l )]+ BF (cj]cy).
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If the loser gets nothing, which is represented by 8 = 0 according to (4.3), By
becomes o. Hence, (4.20) is obtained by

y(ejler) = a[l = F(¢)lci)]-

The term is zero for ¢; = ¢, and otherwise positive because &« > 0, due to (4.1),
and F (cj|c;) <1, V¢ € [c,¢). The function is determined in all other cases by

y(cjlei) = a[l = F (cjlei)] + BF (cjlci) -

The function is always positive because F (¢;|¢;) is limited to one. Hence, at least
one summand is positive due to positive values for a and f3, see (4.1) and (4.2).
The expected profit is now given by, using (4.20)

T; (b,'7C,') = k[bl — Ci]y (b_l (bl) | Ci> . (4.22)

The first derivative of the expected profit is obtained by

= [y (o Gote) + i (b (bl->|c,-)] 23)

1

using b ()" and y; (-|-). The first function, b (c)’, denotes the first derivative of the
bid function with respect to marginal costs ¢. The second is the first derivative of
(4.20) with respect to c;

dy(cilc;
yjlejle) = y(acjj )
= (=)Bsf (cjlei). (4.24)

This derivative has following property
yj (Cj| Ci) < 0. (4.25)

The reason is that By is always positive for d < 2k, due to (4.3). Additionally,
f (cjlci) is positive because all combinations of marginal costs are presumed to be
feasible.

The optimal bid function is obtained using the necessary condition of an optimum
I, (bici)

db

i

L 0. This is equivalent to, see (4.23)
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-1 bl‘ —Cj -1
v (b7 B ler) + 2 (b () ei) = 0.
b(b (b))
b; = b (c;) has to be valid for a symmetric Bayes—Nash equilibrium. Hence, the
profit maximum is found if the following holds true

b b(e) (cle) _ vilele) (4.26)

y(cle) y(cle)

A solution of the linear non-homogeneous differential equation is>

€ ()l c

G 9 (t|7) J2
b(c) =boer " +/cyf( |T)ef g (4.27)

The upper limit of the bid function is set by b. Because the generator with the
highest marginal cost must earn a profit, this limit is greater than ¢. It does not
exceed reservation price p because otherwise the bid is not accepted according to
the auction rules. Hence, the limit is given by

~

b e (cp. (4.28)

The generator with the highest marginal costs sets the upper limit because a
strictly increasing bid function is assumed. Hence, the bid function given margi-
nal costs ¢ is obtained by

b(e)=b (4.29)
<
£ Oyl ¢ £y
b :hoeg i t+/ry7’(f|r)e{ W g
y(7[7)
[°]
<
e (<)1) €500
by = B—/ryj(ﬂr) ef/ D) dtd‘c eg Sar 9
IATEn

2 For a general solution of linear first-order differential equations see Sydszter, Strgm, and Berck
(1999), p. 62.
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Substituting by, the bid function (4.27) is given by
¢ (=)y;(tl) Cyjltln)

b(c) = 13*/7”“”) ot 0 g | L
y(7[7)

0

pucn o6 £ ¢ ¢ (1)
Afh dr (TlT fv dt (7lT va dt
— hec Y1) —/Ty/( |T)eT Y1) dT+/Tyj( |T)er V(1) dt

y
[*]

Il
—
S
|
(2]
o
(¢
4

¢ ECman fautn
— b+ / er Y gl gl Yy (4.30)

c

The first derivative of the bid function, using (4.26), is given by

(4.31)
The bid function was presumed to be increasing strictly. Hence, the following
condition has to be valid

ab (c)
dc

>0, Vceled. (4.32)

This is equivalent to, using (4.31)
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Because y; (c|c) is always negative due to (4.25) and y(c|c) is non-negative, see
(4.21), the validity of this inequation depends on the sign of the first term. Therefore,
the following has to hold true

b(c) >c. (4.33)
This is equivalent to, using bid function (4.30)
C € (=)yjlln) Cyjlln

~ i t L dt
b—5+/er T ar] e T >0

c

c ()0l
d
e{ W g,

o
\%
[9]]

c

The right term of the inequation does not exceed ¢ because the upper limit of
marginal costs is ¢ and the integral will not become negative. Hence, the condition
holds true if and only if b > ¢. This was assumed by (4.28) because the highest
accepted bid p is higher than the highest marginal costs ¢. Therefore, inequation
(4.33) is valid and the bid function is indeed strictly increasing with respect to c,
which was a necessary condition of finding the function itself.

The following derivatives are needed to check that the bid function (4.30) max-
imizes the profit. Firstly, derivatives of the auxiliary function (4.20) are given. The
second derivative of the bid function ends the list.

The first derivative of y (c;| ¢;) with respect to c;, using (3.8), is obtained by

a il e
i(ejle) = 251
= (—)BsFi(cjlci). (4.34)

The second derivative of y (c¢;|c;) with respect to ¢; and ¢; is derived from (4.24)
using (3.7)

_ %y(cjla)
yji(cjlei) = W

= B LD ypy e, @39



60

4 Results
The second derivative of y (c;|¢;) with respect to c; is denoted by
_ y(ejle)
yjj (CJ|L1) = 8763 (436)
The second derivative of the bid function, using (4.31), is given by
9%b(c) _ ) qqYilele) vij(ele) +yji(cle)
P T
L) DDl (el
y(cle)
yj(cle) 1 yiele) 1 ij(ele) +yji(ele)
= — C +b C
yee) g T T
oy 2l (el
TR
yj(cle)
y(cle)
R LSS HCE R A RS SC] R
yj(cle) y(cle)

The bid function only ensures an expected profit maximum if the second deriva-
tive of the profit function is negative. Using (4.23), this derivative is obtained by

Prbc) _ [0 ®la) 5t ®)la)
w; | b (k) b (b (b))

bi—ci Vil (l{l (bi) | Ci)
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-1
yj(b
k{2

In Bayes—Nash equilibrium, the bid is calculated according to the bid function
(4.30). The derivative of the profit function, using (4.31) and (4.37), is given by

:k{Zy ) ”‘E wﬂdc%JMQ”WOjd]}

[b(c)] b(c)
_ Yj (c] ))’jj(clc> o) y(c|c)
‘k{2 el +b()[b@ﬂ2}
- Y (cle)yjjlele) | yjlele) yjj(e[e) +yjilcle)
‘k{2 e e 1 5y el
_Zyj(CIC)eri(ClC)}
b

k{)’(C|C)in(C|C)_Yi(C|C)
b(e)yjlele) b b

[béﬂz{w°”d{”°fii§*?”*)}*”<>}~ wss)

Because the first derivative of the bid function, see (4.32), and bid shading is pos-
itive, see (4.33), the second derivative is negative for all generators if the following
condition holds true

+
<
~
- |
el
3|0
N\_/
——

[M@—JP””&§'”—m@wﬂ+nwd<o
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The inequation, using the property that y; (c|c) is strictly negative according to
(4.25), can be transformed to

1 yjilele) yilelo)
b yilelo)  yelo)
> fl(c‘c> + [(X—ﬁ]F}(CC? . (4.39)

flele) a—[o—PBIF(c|c)

For demand d € (0,k] with B = 0 according to (4.2), the condition is given by,
taking into account (3.10)

L filde), Fo)
ble)=c ~ flle)  T=F(d0)

> 0.

The condition is always true because b (¢) > ¢ due to (4.33).
Equation (4.39) is for all marginal costs and the demand range (k,2k) with a = 1
and B = £, see (4.1) and (4.2), obtained by

L filde)  [2k—d]Fi(c|c)
b(c)—c = flcle) k—[2k—d]F (c|c)

(4.40)

This expression is valid here due to (4.83).3 The alternative expression of this
condition is presented at the end of this proof, see (4.53).

For independently distributed marginal costs, the condition, using (3.11), (3.12),
(3.13), and (3.14), can be rewritten to

- 1 - fi(cle) [2k — d]F; (c|¢)
bi(c)—c ™~ f(cle) k—[2k—d]|F (c|c)

> 0.

This inequation holds always true because b’ (c) > ¢ due to (4.33).

Step 2: Participation of Generators
An equilibrium only exists if all generators, bidding according to the common bid
function, have a weak incentive to participate in the auction. This is given if the

following condition holds true

w(b(c),c) >0. (4.41)

3 Note that this proof also covers the later presented Theorem 4.6, where (4.83) is given. For
simplicity, both theorems are proved together due to their same decision problem.
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Using the bid function (4.30), the profit function (4.22) is now determined by
w(b(c),c) =k[b(c)—cly(c|e). (4.42)

It is known from (4.33) that the bid function ensures a positive contribution mar-
gin. Furthermore, y (c|c) is positive for all marginal costs except ¢, see (4.21). Only
a generator with the highest possible marginal costs suffers an expected profit of
zero if one bidder is sufficient to serve the entire demand. The only chance to earn
money is a standoff. The probability therefore is mathematically zero. Nevertheless,
generators do have an incentive to participate in this auction because it was only
assumed that they earn non-negative profit, see Assumption 3.2.

Step 3: Existence of a Bayes—Nash Equilibrium

A Bayes—Nash equilibrium exists if no generator is able to improve his profit by
making a bid different to that suggested by the bid function while all the others use
the common function. The bid function (4.30) maximizes the expected profit under
condition (4.39) if no bid lies below the lowest bid or above the highest bid. Hence,
profit is not increased if the new bid, which differs from (4.30), is an element of
the value range of the bid function: [b(c),b(¢)]. No deviation will occur inside the
range.
Based on this finding, the following relation exists, see (4.42)

7 (b (ci),ci) = m; (b(c),ci)
> kat[b(c) —cil. (4.43)

The next case of deviation is undercutting slightly the lowest possible bid accord-
ing to the bid function. This guarantees winning the auction. The expected profit
using this strategy is with € € [b(c),0) given by

m; (b(c) —€,ci) = ko [b(c) — e —ci] . (4.44)

The upper limit of (4.44) is m; (b(c),c;), see (4.43), because € was assumed to be
greater than zero.

T (b(c) —&,ci) < m(b(c),ci)
—

ka[b(c) — & —ci] < ket[b(c) —ci
—

0<e.
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According to (4.43), this also shows that the profit from undercutting lies below
the profit bidding according to the bid function. Therefore, no deviation from the
bid function improves the expected profit.

The remaining strategy of deviation is to outbid the highest possible bid. This
is only rational if the bid still achieves the conditions of an accepted bid because
otherwise the profit is zero, which is worse than using the bid function with a non-
negative profit, see (4.41). Therefore, the following must hold true

b(¢) < p.
Given this, the expected profit of outbidding with € € (0, 5 — b(¢)] is obtained by

7, (b(€) + €,¢;) = kB[b(@) — ci+ €] = k[b(&) — ci +€ly (e ). (4.45)

It is easy to see, that for § > 0 at least the generator with the highest marginal
costs ¢ has an incentive to outbid because he can earn an extra profit, which is
kB[p — b(¢)] maximal.

This extra profit is lost if the following is taken into account

b(¢) = p. (4.46)
Due to (4.29), this implies
b=p.

In the case of B = 0 outbidding does not improve the profit as long as b is
accepted because then the loser produces nothing. The open question is, which b
should be agreed to. As assumed, generators want to maximize their profits. There-
fore, b has to be chosen in such a way that it sets the following derivative of the
profit function (4.42) to zero

am; (b (ci),ci) db (c;)
——— = = ky(ci|c;) ——
9 Y( l| l) ob
£
= ky(cici)efi o

Obviously, no condition for b can be found. According to the profit function
(4.42) with respect to bid function (4.30), b has to maximize the bid function. The
upper limit of the bid function is p due to the auction rules. Hence, (4.46) is also
valid for B = 0, which results in b= p. Bid function (4.30) is then determined by

2y 2y(11)
O Sa 4 | L e

(4.47)
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Step 4: Uniqueness of the Bayes—Nash Equilibrium

The bid function (4.47) contains only variables set by the environment wherein the
generator has to decide on his bid. No free variables remain. Hence, only one Bayes—
Nash equilibrium exists. Substituting y(-|-) and y;(+|-), see (4.20) and (4.24), the
bid function is obtained by

f(tlf £ (D)a—plrr)
by(c)=qp—c+ / e @ g e

If demand lies in the range (0,k] with B = 0 according to (4.2), the final expres-
sion is obtained by

+e. (4.48)

Cf s g, [ L 4,
by(c) = |p—c+ / er T ol e TR (4.49)

For independently distributed marginal costs, the optimal bid function, using
(3.11), (3.12), and (3.3), can be simplified to

. [ £ g 10
bil ()= |p-c+ [e T ar Zi0
o é
[p—el =F(@)+ [[1 -F (1) dz
c . _
= I—F(0) +cicele?)
P ic=¢
e
c—c—[F(r)dr
c . _
= T F ) +c:c€lc0) (4.50)
p 1c=CcC.
Bid function (4.48) is for demand d € (k,2k) with @ =1 and 8 = , see (4.1)
and (4.2), given by
| et R 4
by(c) = p—c+ / iy T per AR (4.51)

Condition (4.40) can now be rewritten to the following expression for all margi-
nal costs, which satisfy

filcle) | [2k—d]F(c|c)
flele) Tk—pr—dF (<)’ (4.52)

0<
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because these marginal costs generate positive values at the right term of (4.40),
which may cause difficulties. The condition is then obtained by, taking into account
(4.33) and using (4.51)

1

file) . Ph—dlF(clo)
hag + medrae

> bj(c)—c

€ _Pedren f( )Rk=dlf(t]1)

17 RS bl VA LPA
S ﬁ—é—i—/e epedren @ g0 4 e

c

—

/%dt C E%}”"))dt

o k—[k—d]F (r|7
A | P ] >p_c+/e -
Flcle) T k—PRk—d]F(c[c) ¢
=
El&ﬂLLm 1
L . J k—Pk=d]F(r]7)
p<c+m1n<e f(\c)Jr [2k—d]F; (I)
flele) ™ k- PR=d|F(elc)

€ T opk=dlrt]n
- / ol o ¢ ) (4.53)
A

A simpler expression of the optimal bid, using (3.11), (3.12), and (3.3), is for
independently distributed marginal costs obtained by

f Rr—d|f () f( )2k~ d]f()dl
—c—I—/ Rk dIF (@) d]F(t) dr o )

b (c)

—[2k—d|F (1)} dt

a—Hp—al+c—d - [2k—d) [P (7) s

k—[2k—d]F (c)

d—K][p—c] +[2k—d] [ [1 - F (1)] de

R dF +e. (4.54)
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Interesting properties of the optimal bid function are summarized in
Corollary 4.1.

Corollary 4.1. Suppose d € (0,k].

(a) Bid shading is positive, i.e. the optimal bid of a generator is greater than his
marginal costs.

(b) The optimal bid function increases strictly with marginal costs.

(¢) Optimal bids are independent of demand.

Proof.

(a) Optimal bids are greater than marginal costs as (4.33) states. Theorem 4.2
proved that this condition holds true. Hence, optimal bids do not represent the
true marginal costs. Additionally, bid shading, i.e. the difference of bid minus
marginal costs, is positive.

(b) A condition of the proof of Theorem 4.2 was that the optimal bid function must
be strictly increasing with respect to marginal costs. It was shown there that this
condition holds true, see (4.32).

(c¢) The first derivative of the bid function with respect to demand, using (4.18), is
given by

AL
=0. 4.55

9d (4.55)

Hence, the optimal bid function does not change with demand. g

This shows that generators do not bid their true marginal costs, they bid higher,
see Corollary 4.1 (a). This ensures that generators stay in the market because they
get paid their own bids according to the auction rules. Lower bids would lead to
zero profits or even losses. The consequence would be a market failure because of a
lack of generators. The least productive generator with the highest possible marginal
cost ¢ expects only a profit of zero. This may motivates him to leave the market. But
from the economic point of view, he has after all one chance of realizing a positive
profit, the standoff.

The bid function increases with marginal costs according to Corollary 4.1 (b).
This covers the fact that low production costs are a competitive advantage, which
leads to lower bids with a greater chance of winning. That bids are independent of
demand, see Corollary 4.1 (c), is a result of the strong competitive pressure because
the winner takes it all and the loser gets nothing. This is also a consequence of
demand-independent variable costs.

Example 4.2.

Suppose the probability distribution given by Definition 3.5. The optimal bid func-
tion for independently distributed marginal costs is given by

1+c¢
. cceo1
bil(c) =< 2 el (4.56)

p re=1.
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For strong affiliated marginal costs with a > 0, the bid function is obtained by

+at2
ba(c) 71+/km)‘/2+at 2+mﬂ dr | dz
214 at?
X exp [ +a ] dt | +c. 4.57)

) 2tat—[2+a:

Proof.

The optimal bid function (4.18), taking into account (3.26) and (3.27), is obtained by

1 H»cg | H»cg
1+91 B 1+51
1 :[171+%t2 ( )‘(‘[171+%t2 dt
by (c) = ﬁflJr/e 3 dr|e i 4
c
1 2f1+ar? 1 (=2)[1+ar?
1 . [ ar ]2 dt v ( )[ atz] ’
— [3* 1 +/CT 2+at—[2+at ]t dt \ec 2+ar—[2+ar ]r +e. 0O

Figure 4.2 shows the bid functions for independently distributed marginal costs
in the first graph and for strongly affiliated costs with @ = 4 in the second graph.
Bids are lower for independently distributed costs. This is reasonable because the
probability of having the lowest marginal costs increases with the degree of affilia-
tion, see the plot of (3.33) in Figure 3.3. The higher probability of winning increases
the expected amount of output sold in the case of winning, which is only important
here because the loser sells nothing. It allows a generator to raise his bid because
his competitor also has now more to lose. Hence, stronger affiliation reduces com-
petitive pressure expressed in higher bids.

So far we know the generators’ bidding behavior. But does this induce an efficient
input factor allocation by using the auction procedure? From the economic point
of view, it is desirable that minimal production costs always result. Theorem 4.3
answers such questions relying on the general results of Theorem 4.1.
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3
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optimal bid
&
T

0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1
marginal costs ¢
b (c) by(c,a=4) e
Fig. 4.2 Optimal bid function in a discriminatory auction (case A)

Theorem 4.3. Suppose d € (0,k].

(a) The auction leads to production efficiency. Production costs are the lowest pos-
sible.

(b) The expected production costs per electricity unit are given by

Eleg =2 [ eF (0) [f (el )+ Fi(cl )] de

¢
2 / F(e)[1 = F (c| )] de. (4.58)
c
For independently distributed marginal costs, the expression reduces to

E[d)] =¢+ / F(c)?dc—2 / F (c) de. (4.59)

Proof.

(a) Optimal bid function (4.18) increases with marginal costs, see (4.32). Result-
ing bids are accepted bids according to the auction rules. Hence, Theorem 4.1
applies, especially (a).

(b) Equations (4.4) and (4.5) can be used because the same reason that is given in
(a) applies. a
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Generators are scheduled in such a way that production efficiency is achieved.
This is the first statement of Theorem 4.3. The theorem also presents expressions
for the calculation of expected production costs.

The following theorem contains formulas for the expected profit and contribution
margin. They are of interest because generators can use them to compare different
auction types and make a preference list.

Theorem 4.4. Suppose d € (0,k].

(a) The expected profit of a generator is obtained by

i (¢) = d[1 — F (c|c)] p—c-+/exp /lffﬂ(?mdt dt

t t
X exp / T (t]r) t|t . (4.60)

The expression for independently distributed marginal costs reduces to

Ti(c) =d E—c—/F(r) dt|. (4.61)

(b) The expected contribution margin per capacity unit is obtained by

nc‘}*(c):%[l—F(dc)] p—c‘—i—/exp /%dl dt

f(t]t)
X ex . 4.62
P / 1— t|t (462)
If marginal costs are independently drawn, the expression reduces to

7" () :% a—c—/F(r) dr|. (4.63)

Proof.

(a) Optimal bid function (4.18) is used to derive the expected profit, see (4.22). The
expected profit is obtained by, taking into account (4.20), (4.1), and (4.3)

7y (¢) = k[b(c) —cly(clc)
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£l [ Qe 4
— p—c—i—/ B=a0n dr| et TFED y(cle)

D) (st
[(X BfF( 7C+ 1 Fz\r f F(t]r) dt
Aan) enan;
— d[l—F( C —C+ er1 Fr\t) e‘f 1-F(t]r) dt

The profit for independently distributed marginal costs, using (3.11), (3.12),
and (3.3), is given by

¢ ¢ :
' iUy REIGP
my' (c) = d[l = F (c)] P_—L_‘—i-/ef =F0 Y gl er TFO

c
c

:d/[l—F T
c

=d 5—C—/F(T)d’L’

(b) The expected contribution margin per electricity unit, using (4.60), is given by

7 ()
Ty (c) = dk
d sl 3 Q) 4,
:E[l_F( c)] _—c—|—/ IF" ele(‘) .

It is easy to see that for independently distributed costs, using (4.61), the
expression is simply

4
ki d
m €)= 2 c‘—c—/F(T)dr
C

O

Corollary 4.2. Suppose d € (0,k].

(a) The expected profit and expected contribution margin per capacity unit are pos-
itive for ¢ € [c,C) and zero for the highest marginal cost C.

(b) The expected profit and expected contribution margin increase strictly with de-
mand for c € [¢,¢). Both expressions are independent of demand for .
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(¢) The expected profit and expected contribution margin strictly decrease with
marginal costs for independent distribution. Otherwise, the same statement hold
true if the following condition is satisfied for all ¢ € (¢,¢)

1 (—)Fi(clc)
bi(c)—c “1 —F(c|c)

. (4.64)

The slope of both expressions is zero at ¢ even for independent distribution.

Proof.

(a) The expressions of the expected profit, see (4.60), and the expected contribution
margin, see (4.62), are zero for ¢ because the probability of winning 1 — F (¢|¢)
is zero due to (3.3). This probability is positive for all other marginal costs. The
factor

c ¢ 4 c .

FLun g, Fsn 4,

13—6—|—/ef 1—F(t[r) dt| ee 1—F(t[r) ,
¢

which is found in both expressions, represents the bid shading or the differ-
ence between optimal bid minus the marginal costs. It is positive due to Corol-
lary 4.1 (a). Hence, the expected profit and expected contribution margin are
positive for ¢ € [¢,¢) because additionally d and k are greater than zero.

(b) The first derivative of the expected profit with respect to demand, using (4.60),

is given by
ot oL g s 4,
75;@ = [1—F(c|c)] ﬁ—E—l—/ef' ! gel ol TN (465
c

A simpler expression for the proof, using (4.18), is obtained by

om; (c)
ad

= [1=F(c[e)lbg(e) = cl.

The second factor is always positive due to Corollary 4.1 (a). The first factor
is positive for ¢ € [¢,¢) and zero for ¢ because of (3.3). Hence, the first derivative
is positive and constant for ¢ € [¢,¢). The expected profit is independent of
demand for ¢ because the first derivative is zero due to (3.3).

The slope for the expected contribution margin, using (4.62), is obtained by

oy (c) _ 1 am(c)
od ~ k dd

(4.66)

The derivative is also positive because of the same argument given for the
expected profit.
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(¢) The expected profit decreases strictly with marginal costs if the first derivative
with respect to marginal costs is negative for ¢ € [¢,¢) and zero for ¢. Using
(4.60) and (4.18), the first derivative is given by

ox; /
4%§2:(—WUﬁWﬂ+E@km%@j—d+dﬂ_F@kmﬁhﬂ_H.
Using (4.31), (4.24), (4.20), and (4.1)~(4.3), the term is rewritten to

o) (c)
dc

= ()dlf(ele) + Fel )i ()
L flele)
wa = eol{ o -drlds -1}

= (=)d{[bg(c) —c|Fi(c|c) +1=F(c[c)}. (4.67)

The slope of the expected profit is zero at ¢ due to (3.5) and (3.8). Hence,
profit decreases strictly with marginal costs if the following holds true for

c€lc,0)
an(c)
gc <0
o
0 < b5 (c) = c]Fi(c|¢) +1—F (c|c)
<
1 (—)F;(c|c) (4.68)

b (c)—c - 1—F(c|lc)’

The condition is for independently distributed marginal costs given by, taking
into account F; (c|c) = 0, see (3.14)

1

—— > 0.
bi(c)—c

This is valid because bids are greater than marginal costs, see
Corollary 4.1 (a). Hence, the expected profit strictly decreases with marginal
costs for the independent distribution, while the slope at ¢ is zero.

Similar arguments are found for the expected contribution margin because
factor % is independent of c. g

The generator with the highest marginal costs expects to earn nothing, see
Corollary 4.2 (a), because his probability to win 1 — F (¢| ¢) is zero. The only chance
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to earn something is a standoff. It is not mathematically relevant although the real-
ized profit in this case is positive because the bid is greater than marginal costs,
see Corollary 4.1 (a). The expected zero profit is the reason why the profit is in-
dependent of demand for ¢. All other generators with lower marginal costs face an
increasing expected profit with higher demand, see Corollary 4.2 (b), due to more
electricity sold for the same marginal costs. The better expected contribution margin
is the result of a higher utilization of production capacity.

Example 4.3. Suppose the probability distribution given by Definition 3.5.

(a) The expected profit of a generator for independently distributed marginal costs

is given by
() = d _242. (4.69)
The same expression for strong affiliation with a > 0 is obtained by
2+a 1 + at2
nj(c):d[l 2+ac ] /2—|—at 2—|—at2] dr
1
2[ttar] gt (4.70)

x < p—1
P +./eXp 2+at—[2+ar?|t
c T

(b) With independently distributed marginal costs, the expected contribution margin
per capacity unit is obtained by

n;;'(c):E o @.71)

The contribution margin for strong affiliation with a > 0 is given by

2 ! 2

71?“*(6)—g 1_2—|—ac clexp| — 2[1+ar?]
4Tk 2+ac P 2+at — 2 +at?)t
c

+at
—1 dt | dt p. 4.72
X< p +/exp /2+at 2+ ar t]dr (4.72)

Proof.
(a) The expected profit of a generator (4.60), using (3.26) and (3.27), is given by
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14ar®

a
1+51

1
1 / a dt
* 1+4¢ - ’ lflliiﬂ[tz’
w(c)=d l_l—i—ﬁc p—1+/e 2t dt
2 "
B
[}
o
we R !
1 1L 2[1+at2]
2 [ ——55at
_ 4 {1_ 22+ac c] ﬁ_l+/ef rearali Y 4o
+ac J
1 (—2)[1+a12]

xee 2Har [2+ut2]t

The expression for independently distributed marginal costs, using (4.61) and
(3.25), is obtained by

1-¢? [1—c]?
—d{l—c— 5 ]—d 7

(b) The expected contribution margin per capacity unit (4.62), using (4.70), is
given by

* ﬂ* (C)
w (o)=L
11 2[|+a12]
d 2 +ac? Lo coww
— — ] _ —_1 T 2+at [2+at ]t d
k [ 2+ac C] P —|—/e ¢
c

1 (-2 [1+at2]

% e'c 2+4-at— [2+a72}r

For independently distributed marginal costs, the expression, using (4.69), is
simply
*i ﬂ*i (C)
po _ d
4 () X
[1—c?
T

Ll ISV
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The expected contribution margins for independently drawn marginal costs and
for strong affiliated costs with a = 4 are shown in Figure 4.3. The lower two graphs
represent a demand of 0.4 of the production capacity of a single generator. The
remaining two graphs show results for a full utilization of the winner.

0.6

expected contribution margin

0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1
marginal costs ¢

wedo0y Wty —

7 (e, 4 =04,a=4) (e, 4=1a=4) -

Fig. 4.3 Expected contribution margin in a discriminatory auction (case A)

The expected contribution margin decreases in the example with higher marginal
costs, independently of demand. It shows that low marginal costs is a competitive
advantage. It pays off resulting in higher expected profits.

The expected contribution margins for strong affiliation dominate those for in-
dependently distributed costs. The main reason is that generators bid higher with
strong affiliated marginal costs as Figure 4.2 shows. They can do so because they
know better the competitive pressure by looking at their own marginal costs. More
effectively used information, which is free because the distribution is known, lead
to better bidding strategies with higher bids.

Consumers are interested in low prices. The expected price per electricity unit
represents the cost they face on average over all possible realizations of marginal
costs. Because marginal costs are the generators’ confidential information, risk-
neutral consumers should compare expected prices if they can decide on the auction
type that should be implemented in the market.
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Theorem 4.5. Suppose d € (0,k]. The expected average price is given by

Elp) =2 [ F(©)1f(cle) + Fi(clo]de+2 [ F(e)Fi(elo)

c c p
X ﬁ—5+/exp /lfél(t)h)dt dt
c T

[ L)
X exp —/det dc. (473)

For independently distributed marginal costs, the expression reduces to
¢
E[py] = ¢~ / F () dc. (4.74)
c

Proof.

Similar to the proof of Theorem 4.2, this proof is done for the wider demand range
d € (0,2k). The expected average price paid for a unit of electricity is, with j # i,
given by

Elp,) = ﬁfz by (6i) Lty cy < (c;)} B (<) l{b:,<ci>>b;<c,->}]

1 N *
T p B[00 €D Yoyep)<oien} TPl es) 1{bz<cj>>b:,<ci>}1 -
Due to identical bid functions and because information variables are drawn from
the same distribution, the expected average price is obtained by

Elpg) = ;T“E 15D <t}

zﬁ *
toipF [bd (ci) 1{bj,(c,~)>b2(¢f)}}

_ 2 E[b;m)]—ZIgE[ZbZ () L upe>05(c;) }) -

o+p
This is simplified to following expression, because the bid function is strictly
increasing in c, see (4.32). The first derivative of the bid function (4.31) is used as
well as (4.24), (4.34), and (4.3).
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E[pd]mibd()/f( )dgde ﬁf/bd /f ¢) dg de

a+p
2 *
— g [ Fi @ £y (el de “75)
= g PP @y ()| — o2 [Eie eyl de
g PP @by el +ri(cloac
= Lop s [BaF @b +yi(elo)
g [ i =P @y, (cle) de

_ azfﬁ P ﬁ / F(c) [cyj (cle) +bj (c) i <clc>1 de

:(Hﬁ a+[3/F lcfcl )+ 55 (c) Fi(cl )

dc.

If demand lies in the range (0, k] with B =0 and By = «, see (4.2) and (4.3), the
expected average price using bid function (4.18), is obtained by

(g, ()
:2/F(c)ﬂ(c|c){[ﬁ—5+/ “F(r\r) d‘L‘] /1 —F(i0) +c}dc
[ c
c
+2/CF(c)f(c c)dc
c
¢ £]1) Jln 4,
= Z/F(C)E [ —C—|—/ fl ~Fitn ¢ ] R ODR

+2/cF )+ f(c| )] de

dc

) |¢f (cle) +bg(c) Fi(clc)
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The expression for independently distributed marginal costs, see (3.11), (3.14),
and (3.3), is simply

E [pg] = Z/CF (¢) f(c)de = cF (c)*

—/F(c)2 dc

= E/EF(C)de.

The expected average price for d € (k, 2k), using (4.1), (4.2), (4.3), and bid func-
tion (4.51), is given by

k 2k x
Elpd =2|1-3] p2| T 1] [P0 [cf<cc>+bd (€)Fi(ele) | de
k 2%k (e
Z{Id} ﬁ+2{d1] /CF(C) lf(c|c)+F,-(c|c)]dc
¢ £ pedsan g,
+ [F@F(le){ p-c+ [em T gy
< c
F ()Rk=d)f(])
el EEh Y (4.76)

The average price for independently distributed costs, see (3.11), (3.14), (3.3),
(4.77), as well as bid function (4.54), is obtained by

E[py] =2 [1 —2]154—2 [3‘—1} ]cF(c)f(c) dc

B k1. [2k ) 5
Z[Id]er{dl} cf/F(c) de| . 4.77)

Corollary 4.3. Suppose d € (k,2k).

(a) The expected average price is greater than the expected production costs.
(b) The expected average price is independent of demand.

Proof.

(a) The expected average price is greater than the expected production costs if the
following holds true, taking into account that the expected production costs
(4.58) equals (4.4)
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0 <E[pg| —Elc].

The expected average price (4.73), using (4.75), (4.1)—(4.3), and (4.20), is
rewritten to

Elpal =2 [ b0 (©)[1 = F (c|o)]de.

c

The lowest expected cost (4.4), using (4.9), (4.1), and (4.2), is given by

¢

Eld] = 2/cf(c)[1—F(c|c)]dc. 4.78)
c
The average price is therefore greater than production costs if
¢
0 <2 [163(0) ~lf () [1 = F (el de
c

is valid. It is sufficient that following holds true, taking into account (3.5) and
Assumption 3.7, declaring that the probability density function is positive for
all marginal costs

by(c) > c.

This relation was proved by Corollary 4.1 (a). Therefore, the expected average
price is greater than the expected production costs.

(b) The first derivative of the expected average price is obtained by, using (4.110)

JE [p,]
=0. 4.79
3d (4.79)
Hence, the price is independent of demand. a

The expected average price must be greater than the marginal costs, see
Corollary 4.3 (a), because otherwise no generator would earn money and would
leave the market. This would result in a market failure. It is not surprising that
the average price is independent of demand because it is determined only by the
winning bids. Optimal bids are demand-independent due to Corollary 4.1 (c). This
property is preserved because the probability, which is used as the weight for the
average price, is also independent of demand.

Example 4.4.

Suppose the probability distribution given by Definition 3.5. The expected average
price for independently distributed marginal costs is given by
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2
Elpa] = 3 (4.80)

For strong affiliation with a > 0, the expected average price is obtained by

4 2 1 2 4 16 24+a a
Elp =2 | ot +16= I (1+2)
[Pal 5 4+4a 10+3a a? a3+ a* n +2
1 1
4a 4+ac 5 / 2[1—|—at2}
S e el - dr
4+a0/[2+ac]2[ cle”exp 2+at — 2+ ar?t
c
1 1
5 1+/ / 2[ttar] ) ey 4.81)
x{ p— . (4
P xp 2+at —[2+at?]t ¢
c T
Proof.

The expected average price for independently distributed marginal costs, using
(4.74) and (3.25), is obtained by

1 1

E[pfi] :17/c2dc:177

0

For strong affiliated costs with a > 0, the average price, using (4.73), (4.17),
(3.25), (3.27), and bid function (4.57), is given by

4 2 1 2 4 16 2+a a
E[pd]:—4+a|:+ _*_74-16 <1+2):|

5 10 3a a?

1+at2]

1

a

a 2 l1—c 7] dt

e 4 62 71+ 52+ar 2+ar r dr

2) T+4 1 4ag?
0 4 20]

1 (—2) [1+at2]

wet 2+at—[2+at2}t de

5 4+a

4 2 1 2 4 16 2+a a
LT 1 142
[10+3a a? P 6 < +2)}

1 11 2[1+m2]

4a 44ac . j ],
f4+a/m[lfc]c2 p,1+/e,2+ ra?] e
0

1 (—2)[l+m2]
xer 2+at—[2+u12]t de. O
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Because demand does not have an impact on the expected price or production
costs, the degree of affiliation (a) is chosen for Figure 4.4. The results for indepen-
dently distributed marginal costs are found at a = 0.

0.8
0.7 //
0.6 -

0.5

expected price

0.4k ....... ..

03 I I I I I I I
0 0.5 1 1.5 2 2.5 3 35 4

degree of affiliation (a)

Elp,] B Elc,]
Fig. 4.4 Expected average price in a discriminatory auction (case A)

The graph of the expected average prices shows higher values for increasing a,
i.e. for stronger affiliation. The relationship is the result of two effects. The first
is the distribution itself. Because only the winner is paid, the probability of win-
ning is important. The increasing effect of the affiliation is shown in Figure 3.3.
Another reason is the bidding behavior. Given the demand range (0,k], only the
bid of the winner is relevant. Stronger affiliation leads to higher bids, see Figure 4.2.
Both effects together point in the same direction, which strengthens the relationship.
Therefore, consumers pay higher prices with affiliated marginal costs compared to
independently distributed costs in the example.

Although the bidding behavior leads to lowest expected production costs,
Figure 4.4 shows that the expected average price is higher than costs. This result
is not surprising because only the winner earns something. He is paid his bid, which
is strictly greater than his marginal costs. Hence, the average price is higher than
the expected production costs because the probability distribution is the same. This
relationship is stated in Corollary 4.3 (a).
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4.3.2 Case B: Both Generators Are Necessary

Theorem 4.6. Suppose d € (k,2k). The unique Bayes-Nash equilibrium in symmet-
ric and strictly increasing bidding strategies is given by (bz*iv b:}) with the following
bid function

2k —d|f (t|t
b} (c) —c+/exp /k 2k—dF |)|)dt dt

[2k —d]f (¢]1)
k—[2k—d]F (t|t)

X exp dt | +c (4.82)

under the condition that

1L fileo)  _[k—d]Fi(c|c)

¢ |
bi(c)—c ™ flcle) k—[2k—d]F(c|c)

(4.83)

holds true for all marginal costs, or, which is equivalent, under the condition that
Pa exists and that

P < Pa- (4.84)

Pa is the upper limit of the price cap and is obtained by

+min | ex / 2k d} (t|t) dt
pa=¢ P\ k—k—dlF afr)
. 1
o), Phk—dIF(clo)
m*k Pk—d|F(c|c)
2k —d]f (¢]t)
4,
/exp k- 2k—dJF t|t)dt dt (4.85)

for all marginal costs with

filele) | _[2k=d]Fi(c]c) (4.86)

|
O<Fdo Tk-pr-dF (o
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There exists no py if no marginal costs can be found that satisfy (4.86). The con-
dition is always satisfied by independently distributed marginal costs. The optimal
bid function for such distributed costs reduces to

[d—k][ﬁ—c]+[2k—d]f[1 —F(1)]dt

by (c) = K Rk—dIF (0) +ec. (4.87)

Proof.

The decision problem of a generator can be modeled equivalent to the problem in
Theorem 4.2. Since the proof of Theorem 4.2 included the demand range d € (k, 2k)
already, the results follow. See (4.51), (4.40), (4.53), (4.52), and (4.54). O

Some generators will deviate from the optimal bid function (4.82) if p, exists
and p > p,. Hence, the auctioneer has to choose a price cap below p,; to ensure that
all generators bid according to (4.82) if some marginal costs exist satisfying (4.86).

Knowing that both generators are essential to serve demand should reduce com-
petitive pressure. A consequence should be that generators require higher payments.
The question of whether lower marginal costs leads to a higher probability of win-
ning is also answered by Corollary 4.4, among other properties of bidding behavior.

Corollary 4.4.

(a) Given d € (k,2k), bid shading exists, i.e. the optimal bid is greater than the
marginal costs of the generator.

(b) Givend € (k,2k), the optimal bid function increases strictly with marginal costs.

(c) Given d € (k,2k), the optimal bid function increases strictly with demand for
all marginal costs but C, the highest one. The optimal bid for ¢ is independent of
demand.

(d) Optimal bids converge to bids for d € (0,k] when demand reaches k, the pro-
duction capacity of a single generator.

(e) Optimal bids converge to price cap p when demand reaches 2k, the production
capacity of the whole market.

(f) Optimal bids are always higher for d € (k,2k) compared to bids of demand
range d € (0,k].

Proof.

(a) Because the proof of Theorem 4.2 also incorporated the demand range d €
(k,2k), condition (4.33) also holds true in this case. It shows that bids have
to be greater than marginal costs to maximize the expected profit and hence to
represent the optimal bidding strategy.

(b) It was shown in the proof for Theorem 4.2 that the optimal bid exists for strictly
increasing bids with respect to marginal costs, see (4.32). This proof incorpo-
rated the demand range d € (k,2k). Hence, the result is applicable here.

(¢) The first derivative of the bid function with respect to demand, using (4.82), is
given by
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OTCRY (== T S
9d ) k= [2k—d)F (t]1)}
)[2k—d]f r\t)d
+k/ 2k 0 t/ AUD) 5 dtdr. (4.88)
{k—[2k—d]F (t|t)}

The derivative is zero for ¢ because both terms on the right-hand side have in-
tegrals as factors, which become zero for the highest marginal costs. Both terms
are positive for all other marginal costs because p > ¢, see Assumption 3.12,
and f (c|c) >0V ¢ € [c,¢], see Assumption 3.7. Hence, the optimal bid function
strictly increases with demand for ¢ € [¢,¢) because the first derivative is posi-
tive. The bid function is independent of demand for ¢ due to the slope of zero.

(d) Optimal bids of this case, see (4.82), converge for d — k; to

PR o ij
lim b (c) = lim chr/ k=Pk—d[F (]1) pe=aran

d—ky d—k4
¢

ain! LD g
_ —C+ - Fr\t) et 1-F(t]1)

It is the same expression as for the optimal bid function (4.18).
(e) Optimal bids for d € (k,2k), see (4.82), converge for d — 2k_ to

E‘

21< d|f(t]1) f( )[2k—d]f(t]1) dt
thzI]i b; (C) — hm —C+/ —[2k— dF(r\t dT er k—[2k—d]F (t]t)

C
ﬁ—E—i—/ld’L’ +c

(f) Optimal bids of d € (k,2k), see (4.82), converge at the lower boundary of their
demand range to bids of case A, see (d). Hence, they are greater than those bids
of d € (0,k], because (4.82) increase with demand due to (c) and these bids are
defined for a demand higher than k. g

For economic reasons, lower marginal costs should result in lower bids. This will
usually lead to the lowest production costs in the market. Corollary 4.4 (b) shows
that the competitive advantage of having low costs pays off in form of a low bid.
Unfortunately, the resulting bid does not show the true marginal costs. It is higher
according to Corollary 4.4 (a). Hence, the paid price for electricity is always higher
than the production costs because the offered bid price is paid in this auction type.
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Bids have to be greater than marginal costs here because otherwise, according to the
auction rules, generators would earn nothing or even lose money. Such high bids
prevent the market from a failure due to a lack of supply.

The bidding behavior changes smoothly with increasing demand according to
Corollary 4.4 (c). It shows that the bargaining power shifts with higher demand
from consumers to generators. This is the result of the increasing fraction of assured
production utilization expressed by [d — k]. This fraction becomes more valuable.
Consequently, the risky amount of production capacity [2k — d] decreases. A gener-
ator is now eager to get a higher price for the safe demand fraction. He can raise his
bid slightly because his competitor faces the same situation. So far both competitors
have the same intention and act in the same manner. It is not surprising, that bids
converge to the highest possible bid p as Corollary 4.4 (e) states.

Furthermore, there exists no jump in the bid function on the border between case
A and this case, see Corollary 4.4 (e). Hence, a small error in recognizing the true
demand would not lead to a too great loss. Only the generator with the worst cost
¢ will not make an error because his bid is independent of demand. It is the highest
possible bid p.

Example 4.5.

Suppose the probability distribution given by Definition 3.5. The optimal bid func-
tion for independently distributed marginal costs is given by

[d — k] p+ [2k — d] =€

b (c) = 4.89
d (C) k—[2k—d]c ( )
For strong affiliation, the expression is obtained by
2[2k —d] [1+ ar?]
b -1 dt | d
a(c) +/eXp | kp+a - Pk—d]2+a]r !
2[2k —d] [1+ar?] a s 490)
X .
xp K2 +at] — 2k —d| 2+ a2t ¢ (
. . L -/ {1
if the following condition is satisfied for all ¢ > —
%
1 k[2+4ac] — [2k — d][2 + ac*]c
b} —4c? 4.91
a(e) < L“] k2c—1]— 2k—d| “91)

Proof.

The bid function for independently distributed marginal costs, see (4.87) and (3.25),
is given by
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87
 [—Kp—d+k—d) - e]ds
b (o) = e
[d—K[p—c]+ 2k—d] | L2 ] ke 2k - d)e?
- k—[2k —d]c
_ [d—Kp+ 2k —d] 5

k— 2k — d]c

Given strong affiliation, the optimal bid, using (4.82), (3.26), and (3.27), is ob-
tained by

| keda? | Ok e
1 jiﬁ,zdt jipr%zdt
N T k—[2k— d]l ,111 € k—[2k— d]—Lz
by(c)=<Kp— 1+/e dt e +a!

+c

1L 2pkd[1+a?] L (-2)2k—d][1+a?]

— L dr [—————dt
Fo1+ /ef k{2 ar] —[2k—d) [2+ar2 s drt b ee Hzval-Pk—d) [2+a2]s +e.

c

The bid function is only then optimal if condition (4.83) is satisfied. Using (3.26),
(3.27), (3.31), and (3.32), it is obtained by

L filele) , Rk—d]F(clo)
by(@) ¢~ fllo) " k- Rk—dlF (c|)

u[cf%] U — a[l—c]c
[1+4 ¢ [ d]2[1+2 o’
~ 1+ac? 1+262
HE e —a e
a2e—1] 2[2k —d]a[l —c]c
[1+ac?]24+ac] [2+ac]{k[2+ac]

— [2k—d][2+ac?|c}

a 2c—1 2[2k—d][1—c]c
~ 2%ac {1+a02 B k[2+ac]—[2k—d][2+ac2]c}

[2¢ — 1){k[2 + ac] — [2k — d][2 + ac?]c} — 2[2k — d][1 +ac?][1 — c]c
“ 2+ ac[1 +ac?]{k[2+ac] — 2k —d][2 + ac?]c}

; k[2c —1][2 + ac] + [2k — d]c{[2 + ac?][1 — 2¢] —

2[1+ac®|[1 -]}
[2+ac][l +ac?|{k[2+ac] — 2k

—d][2+ac?c}
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- k[2c —1][2 +ac] + [2k — d][1 — 2c]c — [2k — d][1 +ac*]c
T2t ad[l +ac{k[2 +ac] — [2k—d][2 + ac?]c}

(—a) k[l —2c]+ [2k—d]c
- 1+ ac? k[24ac] —[2k—d] [2+ac2]c' (4.92)

The condition is always satisfied without calculating the optimal bid if the follow-
ing holds true because bids are greater than marginal costs due to Corollary 4.4 (a),

a>0,and c > 0, see (3.16)

(—a) k[1 —2c] + [2k — d]c?
02 1 +ac? k[2+ac] — 2k — d][2 + ac?|c

—
k[1 —2c] + [2k — d]c?
0= B rad-[k—dp+ade

—
0 < k[2+ac] — 2k —d)[2 +ac’]c (4.93)

and
(4.94)

0 < [2k—d]c® —k[2c—1].
Inequation (4.93) is valid if the following condition holds true

k[2 +ac] > [2k —d][2 + ac*]c
—
(=2){k— 2k —d]c} < ac{k— [2k—d]c*}.

The factors in brackets are always positive because [2k —d] < k and ¢ € [0,1].
Hence, the inequation is valid as well as (4.93). Taking into account d € (k,2k),

inequation (4.94) holds true if
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is valid. Because d € (k,2k) and therefore 77 L > 1, the condition is satisfied if the
%
following holds true

d_q 1 1—4/4—1
—c = < —F——. (4.95)
3

<
d — d
2-4 -4 2—

Bids for marginal costs, which do not satisfy (4.95), must be checked by (4.92).
That condition can then be rewritten to

1

ac| — — aCZC
b:;(c)<[a+c2] K2+ac] - 2k — d][2 + ac?]

k[2c — 1] —[2k — d]c?

1—
2—

a

Ea ey

-

because the right term of (4.92) is positive for ¢ >

Bids for independently distributed marginal costs are shown in Figure4.5. Re-
sults for strong affiliated marginal costs are presented in Figure 4.6 with a = 4. Bids
increase as expected with higher marginal costs as well as with higher demand.
Figure 4.7 shows the absolute bid difference between different degrees of affilia-
tion. Negative values mean that bids for the independent distribution are higher than
appropriate bids for strong affiliated costs.

optimal bid

. ) . c
! 1.25 L5 175 20 e
N\
relative demand ( ‘A—i) (‘\r&‘?o\
b () —

Fig. 4.5 Optimal bid function in a discriminatory auction for independently distrib-
uted costs (case B)
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Fig. 4.6 Optimal bid function in a discriminatory auction for strong affiliation
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QOUQIHIP

1.5 1.75

relative demand (4)
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Fig. 4.7 Difference between optimal bids in a discriminatory auction (case B)
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The question of how much higher a generator bids with strong affiliated costs
relative to independently distributed costs is answered by Figure 4.8. For every de-
mand d € (k,2k), there exists at least one generator in the example who bids lower
with strong affiliation. Some generators bid higher for a = 4 than with independently
distributed costs. But they do so only up to a demand of d = 1.175k. The auctioneer
sees therefore equal or lower bids for demands greater than about 1.175k.

It seems that for this demand range a stronger affiliation is better for consumers
because the bids are lower. But this conclusion is not correct because consumers are
interested in the average price, which they expect to pay per electricity unit. This
key figure is also influenced by the distribution of marginal costs itself. The single
effect of the distribution may outweigh lower bids.

0.15
0.1
0.05

20051
0.1
0.15

relative difference
=

1.5 175 0 $

relative demand ()

b (c,a=4)

*i - l -
by (c)

Fig. 4.8 Relative difference between optimal bids in a discriminatory auction
(case B)

The results of Theorem 4.7 concerning expected production costs and efficiency
rely on the general results of Theorem 4.1.

Theorem 4.7. Suppose d € (k,2k).

(a) The auction leads to production efficiency. Production costs are the lowest
possible.
(b) The expected production costs per electricity unit are given by
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E[cd]:Z[l—Z]E—ZZ/EF(c)dc

42 [3’6_1}/ (c ){c[f(c|c)+F,-(c|c)]+F(c|c)}dc. (4.96)

Cc

Given independently distributed marginal costs, the expression reduces to
E[d)] = {—1}/1? *de ——/F (4.97)

Proof.

(a) Optimal bid function (4.82) is increasing in marginal costs due to Corol-
lary 4.4 (b) and represents bids, which are accepted according to the auction
rules. Hence, Theorem 4.1 applies, especially (a).

(b) Based on the same reason given in (a), (4.6) and (4.7) can be used. O

That generators are scheduled with lowest total production costs is not surprising.
It is the result of raising bids with higher marginal costs. Hence, bids serve as an
indicator of competitive advantage. This is good news because input factors are
used in the most efficient way, presuming that input prices reflect market prices.

Theorem 4.8. Suppose d € (k,2k).

(a) The expected profit of a generator is obtained by

Y [2k—d|f (¢t
7 (¢) = {k— 2k—d]F (c]c)}exp /k S
[2k —d]f (¢|1)
— . 4.
X p c—i—/exp /k k= dlF t\t)dt dt (4.98)

For independently distributed marginal costs, the expression reduces to

7 (c) = [d —K)[p —c] + [2k —d] / [1—F (v)]dx. (4.99)
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(b) The expected contribution margin per capacity unit is given by

i (e) = {1 {z‘ﬂ }eXp /k 2ka dd t|tt)|t)dt

2k —d]f (1
x p—c—|—/exp /k S dF |t)|)dt dt S (4.100)

Given independently distributed marginal costs, the expression reduces to

7 (c) = {‘If - 1} [p—c+ {2 ‘Iﬂ /C[l — F(7)dr. (4.101)

Proof.

(a) Using optimal bid function (4.82), the expected profit of a generator (4.22), is
determined by, taking into account (4.20), (4.24), (4.1), and (4.3)

m (C):k[b(C)*C]y(CIC)

=k p—c+/ cle)

oo bt f e
:k[(x—[}fF C|C ‘_c+/ T 0 ﬁfF(f\t) oo @ BFFUTN

dt

c ¢

fmdt
= {k—[2k—d]F (c|c)} ﬁfﬂ/ Feeara @
c

c

2k—d|f
Xe[i)gk ity

For independently distributed marginal costs, the expected profit, using
(3.11), (3.12), and (3.3), is obtained by

. ‘T [2k—d|f(1) dt fwdt
) (c)={k—[2k—d|F 7C+/ DR G )

:[dfk][ﬁfE]Jr/{kf[Zkfd]F(T)}dr

:[d—k]pﬂzk—d}a—kc—[2k—d]/F(r) dr

:[d—k][ﬁ—0]+[2k—d]/[l—F(r)]dt.
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(b) The expected contribution margin per electricity unit, using (4.60), is given by

[2k=d] f(1]1)

r At a
{1|:2Z:|F(C|C)} pfcur/ fk[2k dIF(i[1) th

c

¢ (D) k—d]f (1]1)
f R

Using (4.99), the expression for independently distributed marginal costs is
obtained by

Corollary 4.5. Suppose d € (k,2k).

(a) The expected profit and expected contribution margin per capacity unit are pos-
itive.

(b) The expected profit and expected contribution margin per capacity unit increase
strictly with demand.

(¢) The expected profit and expected contribution margin per capacity unit decrease
strictly with marginal costs if the following condition holds true for all marginal
costs:

I k- dFi(e)
50— D dF (e

(4.102)
This condition is always satisfied for independent distribution.

Proof.

(a) The expressions of the expected profit, see (4.98) is positive because the first
factor is greater than zero due to d > k. The second factor is the difference be-
tween optimal bid minus the marginal costs or the bid shading. It is positive due
to Corollary 4.4 (a). Hence, the expected profit is positive. The same argument
applies to the expected contribution margin because the additional factor % is
positive.
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(b) The first derivative of the expected profit with respect to demand, using (4.98),

is given by
2%—d )[2k—d
877:;(0) Flcle)! p—c+ fk[Zk %gli\z dt dt f%d’
ad

[ iz
+ k{k—[2k—d]F (c|c)} [ [p — ec P00

(=)[2k=d] S

¢ (1)
/ f(tt) zd,+/efwm
{k—[2k—d]F (t|1)} J

f(t]t)
) {k—[2k—dJF (t]1)}?

tdt | . (4.103)

A simpler expression for the proof, using (4.82) and (4.88), is obtained by

% = F(c|c)[by(c) —c]+{k—[2k—d]F (c|c)} %.

Now it is easy to see that the first summand is positive for ¢ € (c,¢] be-
cause F (c|c) > 0 and b} (c) > c, see Corollary 4.4 (a). The second summand
is non-negative for the same cost range due to k > [2k — d|F (c|c) and because
the derivative of the bid function is non-negative according to Corollary 4.4 (c).
Given the lowest marginal cost ¢, the first summand is obviously zero because
F (c|c) = 0. The second summand is then positive due to Corollary 4.4 (c).
Hence, the sum is always greater than zero. This means the expected profit in-
creases strictly with demand.

The slope for the expected contribution margin, using (4.100), is obtained by

oy (c) _ 1 adm(c)
od ~ k dd

The derivative is also positive because of the same argument as for the expected
profit.

(4.104)

(¢) The expected profit strictly decreases with marginal costs if the first derivative
with respect to marginal costs is negative. The first derivative, using (4.98) and
(4.82), is given by

omy(c) 0 *
42 = o {k—[2k—dIF (c|e)} b (c) ~ ]

= (—)[2k—=d][f (c|c) + Fi(c|c)][bg (c) — c]
+{k—[2k—d]F (c|c)} [b} (c) —1].
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Using (4.31), (4.24), (4.20), and (4.1)—(4.3), the term is rewritten to

o ()
dc

= ()Rk=d][f (c|e) + Fi(c|o)]lbg (¢) — ] = k+ [2k = d]F (c|c)
+[2k—d]f (c|c) [bg (c) — <]

= [2k—dJF (c|c) —k—[2k—d]Fi(c|c) [by (c) —c].

The first derivative of the expected profit is negative if the following holds
true, taking into account Corollary 4.4 (a) and F; (¢|¢) < 0 due to (3.9)

om; (c)

<0
dc

Saad

k—[2k —dJF (c|c) > (=)[2k—d]Fi(c|c)[by (c) =]

<

I (9)Rk=d]F(co)

bi(e)—c  k—[2k—dF (cle)’ (4.105)

The condition for independently distributed marginal costs is given by, taking
into account that F; (c|c) = 0, see (3.14), and F (c|c) < 1, see (3.3)

1
— > 0.
bi(c)—c
This is valid because of Corollary 4.4 (a). Hence, the expected profit decreases
strictly with marginal costs for the independent distribution.
Similar arguments are found for the expected contribution margin because
the factor % is independent of c. a

The expected profit is positive, see Corollary 4.5 (a), because the loser sells some-
thing and earns money. Hence, his profit is not zero. That the expected profit and the
contribution margin strictly increase with demand is the result of a higher assured
sold output in the case of losing the auction. The effect is strengthened by increasing
optimal bids for ¢ € [c, &), see Corollary 4.4 (c).

Example 4.6. Suppose the probability distribution given by Definition 3.5.

(a) The expected profit for independently distributed marginal costs is obtained by
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*i _ [1 - C]z
7' () = [d = K[p— ] + 2k —d] (4.106)
For strong affiliated costs with a > 0, the expression is given by
2 +ac?
(c)=<k—[2k—d
(o) = {k-e-a 3T }
1+/ 2|2k —d)| [l—i-atz] g | g
X —
P PN kR val - k—d2+at 4
2[2k —d] 1>
X eXp J[1+ar’] (4.107)

k[2+at] — 2k —d] 2+ at?]t

(b) The expected contribution margin per capacity unit for independently distrib-
uted costs is given by

7" (c) = {Z - 1} (p—c+ {2— ‘]j L _26]2. (4.108)

The expression for strong affiliation with a > 0 is obtained by

« d] 2+ac?
7y (c) = {1— {Z—k} Tt ac c}

x 1+/ Wh=dfirac] ) g
p P ) k+al-Rk—d]2+a’lt
202k —d] [1 +at?
X exp [trat] ) (4.109)

k[2+at) — 2k —d] [2+ ar?]t

Proof.
(a) The expected profit of a generator (4.98), using (3.26) and (3.27), is given by



98 4 Results

2
[2k—d] {147
2

1
1442 l {k—[zk—d]#”ﬂ zdt
Ty (c) = {k—[Zk—d] H_Za c} p—l—i—/e 430 dr
EC
C
ek 4
[l] lJlrth dt
o k—[2k— d]ﬁzrtz
11 2pk-d)[i+a?]
2 g
B {k—[zk—dlzziac C} p—1+ / v Keral Be-aBa] g
ac

c

L (-2)pk—d][1+ar?]

wee Matal—[2—d] [2+a2]s

The expression for independently distributed marginal costs, using (4.99) and
(3.25), is obtained by

1
7 (c) = [d—K|[p— ] + [2k— d/l—r
= [d—HK[p—c]+[2k - d[ 1
1=

= [d—k[p—c]+[2k—d] 5

(b) The expected contribution margin per capacity unit (4.100), using (4.107), is
given by

10
m (c) = =
L (-2)[2k—d) [1+at2]
_ o d]2tac \ J e @
=31 2 cle
k| 2+ac
1! 2[2k—d][l+a12]

K2 2k—d)[2+ar? dt
y 13—1—|—/e’ ral-k-dral] T g0

c



4.3 Discriminatory Auction 99

For independent distribution, the expression, using (4.106), is obtained by

2 (¢) = {‘If _ 1} [5—cl+ {2 ‘ﬂ [1*2"’]2. o

Two effects are responsible for increased expected profits and contribution mar-
gins compared to case A. Firstly, less aggressive bidding with higher bids leads to
higher prices for each electricity unit sold. On the other hand, utilization of produc-
tion capacity rises. The reason is that now the loser also sells something. His fraction
increases with demand. The whole effect is shown in Figure 4.9 for independently
distributed marginal costs and in Figure 4.10 for strong affiliation with a = 4. The
expected contribution margin declines in the example with higher marginal costs for
both distributions.

The difference between the profit for one electricity unit for the strong affiliation
case compared with the independent distribution is shown in Figure 4.11. How much
more a generator can expect to earn relative to the case of independently distributed
marginal costs is presented by Figure 4.12. Because the expected profit disappears
for marginal costs close to ¢, the relative difference is very high. The excess profit
for strong affiliation in the example is for a demand greater than 1.05k yet below
15% of its value for independently distributed marginal costs. Some generators with
strong affiliated cost face a lower expected profit. The loss does not exceed 2.5% of
the earnings for independent distribution.

3

g 2S¢

o0

g

g 2

g

2 15|

2

2 1 L

3

B 05k

g 033 "

. 7 3

5 , 0.67 ¢
2 175 15 125 ! o

o
relative demand ( %) (@599

i () B—

Fig. 4.9 Expected contribution margin in a discriminatory auction for indepen-
dently distributed costs (case B)
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Fig. 4.10 Expected contribution margin in a discriminatory auction for strong
affiliation (case B)
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Fig. 4.11 Difference in contribution margins in a discriminatory auction (case B)
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Fig. 4.12 Relative difference in contribution margins in a discriminatory auction
(case B)

Theorem 4.9. Suppose d € (k,2k). The expected average price is obtained by

E[p,] =2 {1—’;} 542 B‘_ 1] [P @15 (ele) + Fi(ele)ae

4

5 [ Rk—dlf () -
+/F(C)F"(dc)e"p 7/k—[2k—d]F(t|t)dt {pc
F 7 pk—dr
+/exp T/k—[zk—d]F(tt)dt dtyde|. (4110

For independently distributed marginal costs, the expression reduces to

E[pil]:2[l—z]ﬁ+{%dk—l} E—/F(c)zdc . 4.111)
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Proof.

The expression has already been derived with the proof of Theorem 4.5, see (4.76)
and (4.77). a

Corollary 4.6. Suppose d € (k,2k). The expected average price is greater than the
expected production costs.

Proof.

The expected average price is greater than the expected production costs if the fol-
lowing holds true, taking into account that the expected production costs (4.96)
equals (4.6)

0 < Elpg]—Elc].

Based on (4.75), the expected average price (4.73), using (4.1)— (4.3) and (4.20),
is rewritten to

Elp) = 5 [[3(0) £ () (k12— dIF (cl )} de.

Based on (4.9), the lowest expected cost (4.6), using (4.1), (4.2), is given by

Ele ]—2M/ cf(e)[1—F(c] )]dc+2d7/cf( ) de 4.112)

(4
The average price is therefore greater than the production costs if

é

/bj (€) f(¢) {k— 2k — d]F (c| )} de — [d—k]/cf(c) de

—[2k—d]/cf(c)[l—F(c\c)]dc
—

0. < [[b1(e)=clf () {k— 2k~ dIF (c| )} de
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is valid. It is sufficient that following holds true, because d € (k,2k) and taking
into account (3.5) as well as Assumption 3.7, declaring that the probability density
function is positive for all marginal costs

by(c) > c.

This relation was proved by Corollary 4.4 (a). Therefore, the expected average
price is greater than the expected production costs. O

The expected average price exceeds the expected production costs, see
Corollary 4.6. It ensures that generators can earn positive profits and therefore stay
in the market. Otherwise, the market would break down because nobody would pro-
duce electricity.

Example 4.7.

Suppose the probability distribution given by Definition 3.5. The expected average
price for independently distributed marginal costs is obtained by

E[pg]:z[l—fl]wrz{%—l} (4.113)

Given strong affiliation, the expression is

E[pd]:2[1_§]ﬁ+ﬁ<_l} (451_41{

1
2—|—a a da 4+ac
16 In (1 7) ——/7 1—clc?
+ +3 4+a0 [2+ac]2[ cle

1 2 4 16

0 3% 278

2[2k—d] [1+ar’]
J k2+ar] - [2k—d][2+ar’]t

X p—1+/exp dt | dt

2[2k —d] [1+ ar’]
| k[2+at] — 2k —d][2+at?]t

X exp dt | dc|. (4.114)
Proof.

The expected average price for independently distributed marginal costs, using
(4.111) and (3.25), is given by
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According to (4.110), (3.25), (3.26), (3.27), (3.32), and (4.17), the expected av-
erage price for strong affiliation with a > 0 is obtained by

1 2 4 16

10 3a & &

k 2% 4 2
Elpl=21-%p+ 2] [ 2=
[Pa) { d}’”{d ] 5 4+a

B 1
2 1+% 1—
+16ﬂ1n(1+9) —a/ a€_17C 2
a

4 a 2
2] T g
| eed e | (k) e
2 dt [ dt
1 Z 1442 P +412

« ﬁ—1+/e B TR G T

c

1 2 4 16

E+3a a2 &d

k 2k 4 2
—2[1-S|p+ S (2 -
[ d}‘”’[d ](5 4+a

1
24a a 4a 44-ac 2
16 1(1 7) —7/71—
+ A" +2 4+a [2+ac]2[ le
0
1 1 2[2k—d][l+a12}

dt

x ﬁ—]+/erW—tﬂ[2+w2]f dt
c

1 (=2)[2k—d] [1+m2]

— ot
e Ktal-[k=d) [2+a2]r de

O

Figure 4.13 shows the expected average prices for various degrees of affiliation.
The average price increases with higher demand in the example. Figure 4.14 shows
the expected average price and the appropriate expected production costs for a se-
lection of demands. The average price is much larger than the expected costs.
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Fig. 4.13 Expected average price in a discriminatory auction (case B)
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Fig. 4.14 Expected average prices for various demands in a discriminatory auction
(case B)
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The excess average price for strong affiliation is shown in Figure 4.15. The ex-
pected average price for strong affiliation does not exceed the value for the inde-
pendent distribution from a demand of ~1.45k on. Consumers save less than 0.6%
of the expected average price in this demand range. On the other hand, consumers
expect higher average prices for strong affiliation up to a demand of ~1.1k. The
picture is mixed for the remaining demand range from ~1.1k to ~1.45k. Depending
on the degree of affiliation, the average price can be lower or higher compared with
the appropriate value for independent distribution.
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0.08
0.06 |
0041
0.02 1

relative difference

-0.02

relative demand ( 4)

~

ElpJ(a=4) ,
E|py]

Fig. 4.15 Relative difference between expected average prices in a discriminatory
auction (case B)

4.3.3 Case C: Full Market Capacity Utilization

Generators know in case C, with d > 2k, that all of them are necessary. The sys-
tem operator must ration demand if it exceeds the market production capacity.
Nevertheless, succeeding in the auction still depends on bids, but the focus is set
on the price cap rule. It avoids the bankruptcy of the consumers with reserva-
tion price p. The Bayes—Nash equilibrium and remaining key figures are given in
Theorem 4.10.
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Theorem 4.10. Suppose d > 2k.

(a) The unique Bayes—Nash equilibrium is given by (b;;, b;}) with the following bid
function

b (c) = p. (4.115)

(b) The auction leads to production efficiency with the lowest possible production
costs.
(¢) The expected costs per electricity unit are given by

Ele,] :E—/F(c) de. 4.116)

(d) The profit is determined by

mp(c) = k[p—c]. 4.117)
(e) The contribution margin per capacity unit is given by

T (c)=p—c. (4.118)

(f) The expected average price is given by

Elp)) = i (4.119)

Proof.

(a) Every generator can sell his whole production capacity k because demand is
high enough, due to d > 2k, so that no generator has unused production capacity.
Presuming the bid is accepted by the auctioneer, the output is independent of the
bid. Hence, only the contribution margin determines the profit because the price
paid equals the bid. Maximizing the profit equals maximizing the contribution
margin. It is highest with the highest accepted bid. This is p according to the
price cap rule, see Assumption 3.12. Notice, the bid is independent of marginal
costs.

(b) Because the requirements of Theorem 4.1 are satisfied due to optimal bidding
p and demand d > 2k, the result of Theorem 4.1 (a) applies.

(c) Theorem 4.1 (b) applies because of the same argument given in (b). Equa-
tion (4.8) is used because demand is greater than or equal to the aggregated
production capacity.

Ele,] =E[c] = E—/F(r) dr.
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(d) This follows directly from the model because the whole production capacity k
of a generator is sold and the price paid is always p. Hence, the profit is simply

73 (c) = k[p—c].

(e) The contribution margin for each electricity unit, see (4.117), is

()= "L = p—c.
4 (€) X p—c
(f) This is obvious because all generators bid p. O

The results are not surprising. If both generators use their full production capacity
then they require the highest possible price. Consumers are now in their worst bar-
gaining position because the generators act like one entity. This eliminates possible
competitive advantages by playing one generator against the other.

Example 4.8. Suppose the probability distribution given by Definition 3.5.
(a) The optimal bid function is given by

by(c) = p. (4.120)
(b) The expected profit of a generator is obtained by

7 (c) = k[p—c]. 4.121)
(¢) The expected contribution margin per capacity unit is given by

T (c) = p—c. (4.122)
(d) The expected average price is given by

E|py] = p. (4.123)

Proof.
(a) - (d) are easily checked with Theorem 4.10 (a) and (d) - (f). a
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4.4 Uniform-Price Auction

4.4.1 Case A: A Single Generator Serves the Demand

The uniform price is set by the marginal bid. It is the bid of the winner if demand
does not exceeds the capacity of a single generator. Hence, the winner is aware
that he sets the price. The competitive situation is consequently the same as for
the discriminatory auction where every generator gets his own bid paid. It is not
surprising, that results from Theorems 4.2, 4.4, 4.3 (b), and 4.5 hold true for this
auction type.

Theorem 4.11. Suppose d € (0,k|. The unique Bayes-Nash equilibrium in symmet-
ric and strictly increasing bidding strategies is given by (b}, b") with the following
bid function

t[ tt
b (c) = fc+/exp /1 | dt dt| exp /1 |t|t

+c. (4.124)

If marginal costs are independently drawn, the expression reduces to

E—cfjéF('c) dr
b;;i (C) —_Jc+ I—C—F(C) lce [Qa C) (4.125)

p rc=¢C.

Proof.

Demand is sufficient for only one generator i.e. the winner of the auction takes it all.
Taking into account the case of a standoff, the expected profit of generator i, with

J # i, is given by
T (b,',c,') =F [d[bj_ci]l{bi<bj} ‘ C,= C,} .

The profit can also be written as follows, using definitions (4.1) and (4.2) of the
discriminatory auction

7 (bi,ci) = kE (4.126)

albi = i1y, cpy +Blbi— ]l 1 | =il
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It is not surprising that this expression equals the profit function (4.22) from the
discriminatory auction. In this environment, the winning generator sets the uniform
price and therefore the price he is paid. The decision problem is the same, as the
expected profit shows. Consequently, all results of Theorem 4.2 apply for this case.

O

Theorem 4.12. Suppose d € (0,k].

(a) The auction leads to production efficiency. Production costs are the lowest pos-
sible.
(b) The expected production costs per electricity unit are given by

—2/cF ¢)+ Fi(c| )] de

—2/F(c) [1—F (c|c)]de. 4.127)
The expression for independently distributed marginal costs reduces to

E[c] = E+/F(c)2dc—2/F(c) de. (4.128)

Proof.

(a) Optimal bid function (4.124) increases with marginal costs due to (4.32) and
represents bids, which are accepted bids according to the auction rules. Hence,
Theorem 4.1 (a) applies.

(b) Based on the same reason given in (a), (4.4) can be used. O

Theorem 4.13. Suppose d € (0,k].

(a) The expected profit for one generator is obtained by

7 (¢) = d[1 —F (c| )] —c+/exp /17 | e
t
X eXp /1_ tl|t . (4.129)

For independently distributed marginal costs, the expression reduces to
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i) =d E—c—/F(T) dt| . (4.130)

(b) The expected contribution margin per capacity unit is given by

ng*(c)=%[1—F(c|c)} ﬁ—5+/exp /%m dr

tt
X exp /1_ t|t . 4.131)

If marginal costs are independently drawn, the expression reduces to

7 (¢) :% E—c—/F(T)dT . .132)

Proof.

It was shown in the proof of Theorem 4.11 that the profit calculation and the decision
problem of a generator here is the same as in the discriminatory auction. Hence, all
other results of the discriminatory auction for the same demand range apply for this
auction.

(a) The expected profit is given by (4.60). The expression for independently distrib-
uted marginal costs is obtained by (4.61).

(b) The expected contribution margin for each electricity unit is given by (4.62).
For independently distributed costs, it is obtained by (4.63). O

Theorem 4.14. Suppose d € (0,k]. The expected uniform price is given by

Elp,] =2/F(C)Fi(0|6) ﬁ_”_/e"p /lfg(tt)lt)dt o

tl
X exp /1_ |t|t dt | dc

+2 / cF (¢) [f (c|e) + Fi (c|e)] de 4.133)
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For independently distributed marginal costs, the expression reduces to

E[p)] = E—/F(c)2 de. (4.134)

Proof.

Theorem 4.5 applies here due to the same argument given in the proof of
Theorem 4.13. The expected uniform price equals the expected average price in
the discriminatory auction because there exists only one winner. The price is there-
fore given by (4.73). The expression is for independently distributed marginal costs
obtained by (4.74). O

Example 4.9. Suppose the probability distribution given by Definition 3.5.

(a) The optimal bid function for independently distributed marginal costs is
given by

1
4 te rcel0,1)
bi(e)=1{ 2 (4.135)

p re=1.

For strong affiliation with a > 0O, the optimal bid is obtained by

bi(c) =4 p—1+ Utar] ) g
© /exp /2+at 2+at2} K
2[1+ar?
— dt . 4.136
* €%P _/2+at—[2+at2]t e ( )
(b) The expected profit of a generator is given by
. 1—c]?
() = d| 26} . 4.137)

Given strong affiliation with a > 0, the profit is obtained by

. 2+ac 2[1+ar?
n“(c)_d[l_ 2+ac ] /2+at 2+at2] dr

1+/ / 2[t+a] o 4 (4.138)
X — . .
exp 2+4at— 2+at2]
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(¢) For independently distributed marginal costs, the expected contribution margin
per capacity unit is given by

*i

P
(o= 2o

(4.139)

The contribution margin for strong affiliated costs with a > 0 is obtained by

2 ! 2
ﬂ“*(c)—é 1_2—|—ac clexp| — 2[1—“”]
" ok 2+ac 2+at —[2+at?]t
Cc
51 +/ / ] ) il wao)
X — . .
xp 2+ at [2+4 ar?]t
(d) The expected uniform price is given by
; 2

E [pu] =3 (4.141)

The same expression for strong affiliation is obtained by

i+£fi—l—6+l62ﬂln(l+g)
10 3a a* a3 a* 2

4_ 2
5 4+a

1
4a 4+ac 2
— [ —1— —1
4+a0/[2+ac]2[ C]C {p

Elp,) =

n lJrat2 gt 4
/exp /2—|—at 2+at2] !

y / 2 [14ar?]
P 2+at—[2+ar?)t
c

dt | de. (4.142)

Proof.

(a) Results of Theorem 4.11 are the same as of Theorem 4.2. Hence, results of the
derived Example 4.2 are valid here.

(b) Because Theorem 4.13 (a) has results identical to Theorem 4.4 (a), derived ex-
amples must have the same results, see Example 4.3 (a).
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(c) Results of Example 4.3 (b) apply here because Theorems 4.13 (b) and 4.4 (b)
have identical results.

(d) Due to identical results of Theorems 4.14 and 4.5, derived examples lead to the
same results, which are given by Example 4.4. O

4.4.2 Case B: Both Generators Are Necessary

The decision problem of case B, with d € (k, 2k), differs from that in the discrimi-
natory auction. According to the rules, the bid of the last selected bidder determines
the uniform price. This eliminates the objective of high bids as a source of profit for
the winner. He has only one aim left, which is maximizing the chance of winning.
Hence, the bidding should be more aggressive.

The increased aggressiveness with low bids vanishes with higher demand. This
results from the effect for the loser. The higher the demand electricity the higher the
assured utilized production capacity. This relaxes the fear of lost opportunities. In
turn, it allows a shift of focus from increasing the chance of winning at low demand
to raising the price paid at a higher demand.

Based on the incentives for a bidder discussed above, the auctioneer can see lower
as well as higher bids in this demand range compared with case A (d € (0,k]). Nev-
ertheless, all bids are higher than marginal costs. Because no generator is immune
to losing an auction or sharing demand in a standoff, at least a small fraction of the
bid refers to the incentive of high bids. Hence, bid shading should occur.

Theorem 4.15. Suppose d € (k,2k). The unique Bayes—Nash equilibrium in sym-
metric and strictly increasing bidding strategies is given by (b}, b) with the follow-
ing bid function

b0) = -_c+/ 2k d/f a

X exp 2k d/f +c. (4.143)

under the condition that

I filele) Filelo)
i@ —c flele)  Flelo)

(4.144)
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holds true for all marginal costs, or, which is equivalent, under the condition that
pu exists and that

7 < Pu. (4.145)

Pu is the upper limit of the price cap and is obtained by

T
. 1 2k—d [ f(t]1)
Py = C+min S CEIRACE] —/exp (—)T_k /F(t|t) dr | dt
flefe) — Flefe) ¢ c

4.146
X eXp d ’ /F ) ( )

for all marginal costs with

< ﬁ'(C|C)_Fi(C\C>_ (4.147)

There exists no p, if no marginal costs can be found that satisfy (4.147).
If marginal costs are independently drawn, the condition is always satisfied and
the expression of the optimal bid function reduces to

bl (c) = [p—F ()1 +/C [11:8] “ dt+c. (4.148)

Proof.

The proof is done in four steps. First, the bid function is found which maximizes
the expected profit. Second, it is shown that the auction really takes place. Third,
it is proved that a Bayes—Nash equilibrium is obtained by the bid function, and
finally that only one Bayes—Nash equilibrium exists. Due to the symmetry of the
generators, the proof is reduced to the analysis of generator i.

Step 1: Bid Function

Both generators are needed to serve demand in this environment. Therefore, all the
cases of auction outcomes such as winning, losing, and a standoff have to be incor-
porated in the calculation of the expected profit. The formula for generator i with
J # i, using (4.2), is given by
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7, (biyci) = E [k[b_,- =il py + A= Kbi— il gy ’ Ci=ci

1

¢ b (b;)
—k /'umq)—qy@augdq+kﬁwr-q]l/ Flejles) de;
b (b) <

= k{ﬁ[bici]F (bil (bi)|Ci)

+/ (cj)—cilf(cjlei) dej o . (4.149)
b (by)

The first derivative of the expected profit is given by, taking into account (4.3)

P il pr (b )a) [ —m[bi—ﬂm
—k ﬁF(bl(bi)c,.)—ﬁf[bi—ci}W . (4.150)

a7 (bici) !
ob;

The necessary condition of an optimum =0 is used to get the optimal

bid function. The condition is equivalent to the f(;llowing, see (4.150)

0=b (b 00) BF (b o)ler) ~ b=l (b (i) lcr).

b; = b (c;) has to be valid for a symmetric Bayes—Nash equilibrium. Hence, the
profit maximum is given if the following holds true

Brf(cle) Brf (cle)
BE(cle) BF (c|c)

A solution for the linear non-homogeneous differential equation is

b(c) =b(c) Zmrmsi = (—)c (4.151)

4

4 For a general solution of linear first-order differential equations see Sydszter, Strgm, and Berck
(1999), p. 62.
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ﬁf‘fm)
-+ [ dt
b(c) = bge " o "

‘m

if' < Br s g4
=c+[po—6le’ 8™ —/e e 4 (4.152)
0

The upper limit of the bid function is set by b, see (4.28)

b(c) =h (4.153)
=
Br € sl C B < puln
A il dt oy dt
b = c+lbp—6le’ o —/e Pattin™ae
7]

—

€ Brfsun , Bty 4,

I E R ol IR ¥ o

¢ By £ £(eln) < Br 6 s
5/ =5/ dt &+ dt
bc) = / ﬁfF drle B LED _/eﬁ,mm dtte
[?] [°]
T an € By € i) < By € i)
N )5 [ dt = dt = dt
= [b-cle FerD +/eﬁ,F<r\r> dT—/eBTFW) dite
[°] [°]
Taan € By € sl
. (=) oL f LU0 g Br gL g
— [p—cle Pern _|_/eﬁTF(r\r) dT+c
L.
¢ Br € ruln By € sl
. Prop s g (=)o L g
= b75+/eﬁ U gl e TP U0 4 (4.154)
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The first derivative of the bid function follows directly from (4.151)

o) _ Bflele),
dc  BF(c|c) [b(c) =l

Based on (4.155), the second derivative of the bid function is obtained by

(4.155)

P2 _ B fip oy 4y g Al
1)l ele) LA }
o~ Ly el
_p(ey Ll EFilel) ;)(“;IZ")(C' 2 (4.156)

It was presumed that the bid function is strictly increasing. This assumption was
correct only if following condition holds true
ab (c)
dc

>0, Vceled. (4.157)

Because ﬂ(ﬂ' LC)) is always positive, the condition is equivalent to, see (4.155)

b(c) > c. (4.158)

According to bid function (4.154), this inequation is valid because b > ¢, see
(4.28). Hence, the bid function is strictly increasing as presumed.

The bid function leads to the profit maximum if the second derivative of the
expected profit bidding according to b (¢) is negative, i.e.

d°m(b(c),c)

b (0)? < 0. (4.159)
Using (4.150), the second derivative is determined by
8275- (bi,Ci)
oL
F(o @le)  r(b0)]e)
=kqPB 1 7 *ﬁf ] 7 7ﬁf[bifci}
b(b (b)) b(b (by))
RO 7 (v wle)o (b @)
Xj(2+ﬁf[bi_ci] ( ) ( )

(" )]



4.4 Uniform-Price Auction 119

=k[ﬁ—ﬁf]f(b L) Rt
(66" (50)]

1

b(b" (b))
-1 -1 / -1 ,1 "
x [f/ (6" @ale) b (b @) = £ (b @le)b (b (80) } :
The profit derivative is evaluated at b; = b (¢) because generators bid according

to bid function (4.154). Hence, the profit derivative, using bid derivatives (4.155)
and (4.156), is obtained by

b (c)
— kBB ]J;((CC)C) B 1o (c) —q L1C1S)2 <[b>( :)J/f] ()b (e)
I e T
=g s) -ap T o el

+kp WF( lc)— kB f(c|cl))g}(clc)
T
kB f(cl c])j(tl;i (cle¢)
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The second derivative is negative for all generators if the following condition
holds true

b(e) el |fitele) - LRI p(cle) <o
—
Fele) o flele) R
bo—c > )~ F 0
=
L gl Rle) wen

b(c)—c ™ flefe) Ficle)

This condition must be valid only because 8 never reaches one, see (4.2). The
other reason is that bids are always greater than marginal costs according to (4.158)
which implies that the first derivative of the bid function is not zero, see (4.157).

Given independently distributed marginal costs, the condition, using (3.11),
(3.12), (3.13), and (3.14), can be rewritten to

L filele) Fifele)
ble)—c~ flle) Flelo)

> 0.

This inequation holds always true because b (c) > ¢ due to (4.158). Hence, con-
dition (4.161) is only necessary for other distributions and holds true due to (4.144).
Another expression of this condition is given at the end of the proof to use the found
optimal bidding strategy, see (4.171).

Step 2: Participation of Generators

The auction really takes place if all generators have an incentive to participate. That
is equivalent to

w(b(c),c) > 0. (4.162)
Expected profit (4.149), using bid function (4.154), is determined by
w(b(c),c) =k ﬁ[b(c)—c]F(c|c)+/[b(r)—c]f(ﬂc) dt » . (4.163)

The expression is positive because at first bids are higher than marginal costs, see
(4.154). Additionally, (4.2) states that 3 never becomes zero and the probability that
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a generator has a specified marginal costs is not zero. Hence, the inequation (4.162)
is holds true and all generators participate in the auction.

Step 3: Existence of a Bayes—Nash Equilibrium

The existence of a Bayes—Nash equilibrium is proved by showing that generator i
bids according to the bid function b (¢;) while the other generators keep using the
same bid function. Suppose a generator wants to bid differently from bid function
(4.154) but does not go below the lowest bid b(c) or above the highest bid 5(¢). In
this case, the profit maximizing strategy is not to deviate from (4.154) because it
was shown earlier that this bid function yields the highest profit.

Undercutting the lowest bid in equilibrium, b(¢), increases the profit if the fol-
lowing holds true for € > 0 and b(c) —€ > ¢

dn(b(c)—¢€,c)
db(c)—¢€

< 0. (4.164)

The expected profit is determined by
7 (b(c) —£.c) = d[b(c) —e ],

because winning the auction is sure in the case of undercutting. The first derivative
of the profit is then

It is easy to see that (4.164) does not hold true because d > 0. Therefore, un-
dercutting is not a profit increasing strategy. Making extra profit by overbidding the
highest optimal bid is only possible for b(¢) + & < p and € > 0 if the following holds
true

m(b(¢)+¢€,c)—m(b(c),c) > 0. (4.165)

Overbidding the highest bid and earning money is only possible for b < j. In
this case and if no other generator changes his behavior, the profit of overbidding is

m(b(¢)+e&,c) = kBb()+e—c] =kB[b—c+e]. (4.166)
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Using (4.166) and (4.163), the extra profit of overbidding for 5(¢) + & < p and
€ > 0 is obtained by

w(b(@)+e€,c)—m(b(c),c)

—k /3[13—c+e]—ﬁ[b(c)—c]F(qc)—/[b(r)—c]f(r|c)dr . (4.167)

Extra profit increases with higher € because

2 R +e.)—n b () )] = KB,

is positive. To avoid this outcome and therefore the deviation from the bid function,
€ has to be set to zero. That is done if the following holds true, see (4.153)

b(¢) = p
<
b =p.

€ Br f s Pr {10l
w9 S| di
b(c) = ﬁ—E—i—/eﬁ U gele TP e (4.168)

Step 4: Uniqueness of the Bayes—Nash Equilibrium

It was shown that bid function (4.168) is under condition (4.161) the only function
that maximizes the expected profit. There is no remaining free variable for the gen-
erator to choose. Hence, (4.168) determines the bidding strategy for each generator
in a Bayes—Nash equilibrium that is unique.

Substituting (4.2) and (4.3) for 8 and 3y respectively, the optimal bid function is
obtained by

% ]L piGD) dt (_)% ; piGE)
b (c) = p—c-+/e R gl R (4.169)

The condition stated in (4.161) can be rewritten to the following expression for
all marginal costs, which satisfy

filele) _ Filele)

= flelo) " Fleo)

(4.170)
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because these marginal costs generate positive values at the right term of (4.161),
which makes it necessary to prove the condition because the left term of (4.161) is
always positive due to (4.158). The condition, using bid function (4.169), is given by

1
bi(c)—c

da g > bule)

flcle) — F(ele)
¢ D 1010 4, (o)t [ L0 4

S p—E—i—/e g Fan ] o =k ) FlD)

c

<

%Lf{"({zm dt [

!

+é. (4.171)

For independently distributed marginal costs, the expression, using (3.11), (3.12),
and (3.3), is given by

C okd C 100) 2%—d | f()
. ==L [ dt (=) 5=F [ =45 dt
bii(c) = ﬁ—5+/e‘“‘r”’> drje et 4o
C
([r@1* e
1% a1
=< p-cC drt
P ”/{m)} [F(E) e
c
c 2k—d
d

a

Although the bidding strategy in the uniform-price auction differs from those in
the discriminatory auction for the same demand range, there exists an upper limit of
the price cap called p,. It must not be reached if p,, exists otherwise some generators
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will deviate for the stated bid function (4.143). Hence, the auctioneer must choose

a price cap p below that value if it exists to ensure that all generators bid according
to (4.143).

Corollary 4.7. Suppose d € (k,2k).

(a) Bid shading is positive, i.e. the optimal bid of a generator is greater than his
marginal costs.

(b) The optimal bid function increases strictly with marginal costs.

(¢) The optimal bid function increases strictly with demand for all marginal costs
but ¢. The optimal bid is independent of demand for c.

(d) Generators bid their marginal costs for a demand close to the production ca-
pacity of a single generator k. The exception is the generator with the highest
marginal cost ¢. He bids the price cap p.

(e) Optimal bids converge to price cap p when demand comes close to 2k, the pro-
duction capacity of the whole market.

Proof.

(a) Optimal bids are greater than marginal costs, see (4.158). Hence, the difference
between optimal bid minus marginal costs is greater than zero.

(b) A condition of the proof of Theorem 4.15 was that the optimal bid function is
strictly increasing with marginal costs. It was shown there that this condition
holds true, see (4.157).

(¢) The first derivative of the bid function with respect to demand, using (4.143), is
given by

Wyle) _, p-c ]G f
ad [d— k]2

c T
k 2k— df( AGIR
+ 2/ @k FUD /f dtdt
c

S PR S /‘f(tt)
F (i)
c

€ ok—d T (=) \t)

d
+/ k| F '/ dtd . (4.172)
Flr
/

The derivative is positive if the following holds true, because d > k
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0<[p-de’? ¢ f

Q.

¢ %}Hﬂm)
+/e =& ) ()
C

The right term is zero for ¢ because both summands have integrals as fac-
tors, which become zero for the highest marginal cost ¢. Both summands of
the right term are positive for all other marginal costs because p > ¢, see
Assumption 3.12, and f(c|¢) > 0V ¢ € [c,¢], see Assumption 3.7. Hence, the
optimal bid function strictly increases with demand for ¢ € [c,¢) due to a pos-
itive first derivative. The bid function for ¢ is independent of demand because
the slope equals zero.

a [ 1) drdt
1) '

(d) The optimal bid function (4.143) converges for d — k4 and ¢ € [c,
following expression, taking into account that f (¢|c) > 0 and F (c|c)
to (3.4) and (3.5) respectively

¢) to the
>0 due

¢ 2 [ L0 g e [ O 4
lim b*(): lim p_c—_’_/e - ;rF(f\t) dtl e P F(tt)
d—ky d—k4
c
T ay k[ g
—c+ lim [p—de 7 " 4 lim/ 7R
=04 =0+
c

All integrals of the optimal bid are zero for ¢. Hence, the optimal bid con-
verges for d — ky and ¢ to

lim b 5.
Hm b, «(€)=p

(e) Optimal bids for d € (k,2k), see (4.143), converge for d — 2k_ to

2% dj"( )1

d(
I
thzI/t b*( )_ 11 p*C+/ k_L_F T d . F(t]1) c

'75+/dr+c:ﬁ.
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Generators bid higher than their marginal costs, see Corollary 4.7 (a). But for a
demand close to k, they bid only slightly higher than their marginal costs except the
generator with marginal costs of ¢, see Corollary 4.7 (d). They do so because the
loser sets the price. Hence, generators speculate on a higher bid by their competitor.
The advantage of the strategy is that the winner fully utilizes his production capacity.
He accepts the possibility that the uniform price may lay only slightly above his
marginal costs. It shows that making money by selling & electricity units instead of
nearly nothing (limy_, [d — k] = 0.) is more important than maximizing the price
paid by bidding higher.

The ranking of the generators according to their bids leads to the same order
as ranking them by their marginal costs. The reason is that optimal bids increase
with marginal costs, see Corollary 4.7 (b). Optimal bids increase with demand, see
Corollary 4.7 (c), because the assured served demand d — k increases with higher
demand. This lowers the pressure to win and allows bids to rise. The highest bids
are reached for d — 2k_ due to Corollary 4.7 (e). They are almost close to p.

Example 4.10.

Suppose the probability distribution given by Definition 3.5. The optimal bid func-
tion for independently distributed marginal costs is given by

0 :d
bii(c) = { [P—In(e)]e sd =3k, ce(0,1] (4.173)

~_ 2k—d 7 %=t
[p 3k— Zd}c - +3k 2dc d7’é 2k.

For strong affiliated marginal costs with a > 0, the bid function is obtained by

) 2k—d [2[1+at?]
o)=<p—1
b} (c) +/exp /[2+at2] dr | dt
2k—d [ (=2)[1+at?]
dt | +c 4.174
X exp d—k/ 2+at te (“4174)

if the following condition holds true for all marginal costs

1 - ac
bi(c)—c = [1+ac?|[2+ac?]

(4.175)

Equation (4.175) does not need to be checked if the following condition holds
true for the price cap
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2
a+4+— ra< @
a

\/E-i—l \/E :a>m72'
3 vio—-2 3

Proof.
Optimal bid function (4.143) is obtained by, taking into account (3.26) and (3.27)

1+at2 1+ar?
%-d ¢ _1H51 d dUod [ 1H5!
t —) == dt
dkaH ,2 ( )dka{HZ,z
bt (c) = ,1+/ HE ar|e R TR
2k df 1+ar 21< df] 1+at .
2 2
— -1 +/ [2+ar ]t d‘L’ ¢ R+ar] +c.

The expression for independently distributed marginal costs, using (4.148) and
(3.25), is obtained by

b (c) = ﬁ71+/1<’)%d1 ik 4. (4.176)

The bid function for d = %k is given by

1
| . 0 :c=0
bile)=|pt [ pdt|c=

P / T T [ﬁ_ln(c)}c = (07 1]

For all other demands, (4.176) is obtained by

%i B d—k (,)MI Ud
b (c) = p_l_3k—2dT dk caF +c
C
51 d—k L d—k (—) =2 2k—l§1+
—|lp—1— c = =
’ 3k—2d ' 3k—2d ¢ ¢
_ 2k—d | %a 2k—d
= - cd-k c.
3k —2d 3k —2d
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128
The bid function for strong affiliated marginal costs is optimal if condition
(4.161) holds true. Using (3.26), (3.27), (3.31), and (3.32), the expression is given by

al—3]  _all-de
1 [H—%c]z 2[1-5—%0]2
() — Lt+ac? 144 ¢
bi(c)—c Lo 1+2%Ccc
- 2a c—% n I—c
24ac |14+ac?  2+ac?

- ac
[1+ac?]2+ac?]

The condition always holds true without calculating the optimal bid if the follow-
ing is satisfied. The reasons are that bid shading is never zero, see Corollary 4.4 (a),
a > 0, and that the lowest left term is given by the highest possible contribution

margin p — c.

1 ac
- D T I T
p—c [1+ac?]2+ac?
—
ac[p—c] < [1+ac®][2+ ac?]

<~

acp < d*ct+4ac* +2.

It is obvious that for ¢ = 0 the inequation holds true. The expression for ¢ € (0, 1]

can be rewritten to
4.177)

2
p<acd+dc+ =
ac
The lowest value of the right term concerning ¢ is found for

d 2
= {ac3—|—4c—|—} 2 0.
dc ac

The derivative is given by
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d 2 2

— |ac® +dc+ = | =3ac* +4 - =

dc ac ac?
_3al g4 4, 2
-z [ HET ‘w]'

Because a > 0, the derivative equals zero if the following holds true

4 2
0= ctp 22 2
¢ +3a 3a?

_fe 2] 10

Y 9a?
<

Vv10—-2
¢ = : (4.178)
a

It is obvious that the value is positive for a > 0. The result represents a minimum
if the second derivative

92 2 4
— [ac3 +4c+ ] = 6ac+ —
ac ac

dc?
4
=c|6a+ —
C|: a+ac4]

is positive evaluated at ¢ = 4/ % The result is

m—2[6+ 36a }_6 V102 6+ [v10—2?
T A VT R e T Vi

Y V10-2 5-V10
3a  [V10-2)?
_g3-VI0 | 3a
V10-2 | V10-2

It is easy to see that the term is positive for a > 0. Hence, (4.178) leads to a min-
imum of the right term of (4.177). Because the highest marginal costs is 1, (4.178)
can only be used if the following holds true
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1> VI10-2
- 3a
<~
V10-2
a_f.

Given a > Y19-2 (4.178) is used to rewrite condition (4.177) to
1 2
P<— {ac4+4cz+ }
C a

3 { /0-2] +4m2+2}

SVio-2| 9 3 T a

<\/E—2+4m—2
3 V10—-2
10+1 1

<\ﬁo+ +3 V10 . (4.179)
3 V10 -2

For a < @ and using the highest possible marginal costs, (4.177) is ob-
tained by

2
p<a+4+=. (4.180)
a

O

The bid function is shown for independently distributed marginal costs in
Figure 4.16. Figure 4.17 presents bids for the strong affiliation with a = 4. Bids
increase with marginal costs as well as with demand. The difference between the
bids for independence and strong affiliation are shown in Figure 4.18. Negative val-
ues result in higher bids for independent distribution.

Ignoring the fact that the figures include the demand k, which is explicitly ex-
cluded in the analysis of this case, only in the case of independent distribution does
the generator with the lowest marginal costs bid higher in the example. All other
generators bid lower or the same for this distribution compared to the strong affilia-
tion. In the example, if the distribution changes from independence to affiliation the
greatest relative bid reduction is about 25%.

The figures also show that there is a jump in the bid function at the demand k.
This demand represents the crossing from one competitive environment (case A) to
the other (case B). It is interesting to see that a small change in demand leads to a
different bidding strategy.
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Fig. 4.16 Optimal bid function in a uniform-price auction for independently distrib-
uted costs (case B)
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Fig. 4.17 Optimal bid function in a uniform-price auction for strong affiliation
(case B)
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difference

relative demand (¢)

by (c.a=4)- b (c) —

Fig. 4.18 Difference between optimal bids in a uniform-price auction (case B)

The following theorem relies on the general results of Theorem 4.1.

Theorem 4.16. Suppose d € (k,2k).

(a) The auction leads to production efficiency. Production costs are the lowest pos-

sible.
(b) The expected production costs per electricity unit are obtained by

E[cu]:2{1—ﬂ5—2]d{/c_F(c)dc
+2 ﬁdk_l} /C_F(c){c[f(c|c)+1’i(c|c)]+F(c|c)}dc. (4.181)

For independently distributed marginal costs, the expression reduces to

pla] =e+ |5 1] [rerac- 2 [reae 15

Proof.
(a) Optimal bid function (4.143) increases with marginal costs and represents bids,
which are accepted bids according to the auction rules. Hence, Theorem 4.1

applies, especially (a).
(b) Based on the same reason as given in (a), (4.6) and (4.7) apply. O
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Theorem 4.17. Suppose d € (k,2k).

(a) The expected profit of a generator is obtained by

i (e)= ld — kP [-—c+/ (2" d f ) ]
con (B2 T S )+k/1— L
ool

X exp (2;__;:/ (_F){t|(i|)t) dt) dé. (4.183)

The expression for independently distributed marginal costs reduces to

u

7 (c) = [d—K|[p— ]+[2k7d]/[17F(r)]d*c. (4.184)

(b) The expected contribution margin per capacity unit is determined by
0= [£-1] i g fomn (251 [L0a) o
w VT % ¢ P\ a—x ) Fhly
T
%-d (0, ]
1-F
xexp(dk/ F ) dt +/[ (t|c)]dt
; o / 2k—d (t]1)
+ [ 1o {p—w/exp( ft||t ) ]
¢ g

X exp (2;_55/ (F)(;ﬁ')t) dt) dE. (4.185)
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For independently distributed marginal costs, the expression reduces to

7 () = U{’ - 1} -+ {z— ﬂ /6[1 _F(7)dr. (4.186)

Proof.
(a) The expected profit, using (4.149), (4.2), and bid function (4.143), is given by

7, (¢)= [d —K|F (c[c) [, (¢ +k/f t|c) [, (7) — 1] dT

+k/f(r|c) [t—c|]dT

¢ 2k—d C-f(t\t) 2%—d ¢ (=)f(e]0)
S dt Ze=d ¢ LUV gy
=4 —KF(cle) [p-c [T ar | T
c
€ o § sl , 2=d [ LU 4,
+k/f §| /edﬁk‘{F(’m th edkﬁ (1) dé
¢
+kF(t|c)[t—c] —k/F (7] c)
¢ o] L 2Ud § ()f(e]r)
]7dt
=[d —Kk]|F ( —c+/ T dtl|e®F e Fuln

-I\,\

+k/[1—F(r\c)]dr

The expression for independently distributed marginal costs, using (3.11),
(3.12), and (3.3), can be rewritten to
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[¢]

¢ dea f10) 2d [ ()(0)
i — f dt — fidt
¥ (¢) =[d — k|F (c) |:ﬁ_c-+/edkTF(t) dr] re 0]
c

0 € 2ded [ £0) 4 2%=d [EU0 g
+k/f(§) [ﬁ_f-f—/edk Z’ F) dr] e 3 F@) dé
3
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This is plugged into the expression of expected profit above to get

k

7% (¢) = [d —K]F ()% fc+/F Vi ar| +d—K[p-a]

u

—d-KLF ()T '—c+/F HH dr /F

c
+k E—c—/F(r)dT
c

_ [dfk][ﬁ75]+k[57c}f[Zkfd]/F(r) dr

:[d*k][ﬁ*d+[2k7d]/[17F(r)]dr.

(b) The expected contribution margin for an electricity unit, using (4.183), is
given by

« Tt (c
7 (o) = Tl
¢ kg & f0l1) 2Ud G ()f]D)
b dt = [ dt
_ {k—l}F(Ck) p_E_’_/ed RN ODR IS S 0D
[
¢ € ok—a S f0l) Mj( 1) gy
== dt d—k F(t]r)
+/f(§|c) p—c‘+/edkrF(’m dt|le ¢ d&
¢ 4

For independently distributed marginal costs, the expression, using (4.184),
is obtained by
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Corollary 4.8. Suppose d € (k,2k).

(a) The expected profit and expected contribution margin per capacity unit are pos-
itive.

(b) The expected profit and expected contribution margin per capacity unit increase
strictly with demand.

(¢) The expected profit and expected contribution margin per capacity unit decrease
strictly with marginal costs if the following condition for all marginal costs
holds true

JEIGBICAGERL:

<1+ [2— i] F(cle)— [i - 1} Fi(c o) b () — dl. (4.187)

This condition is always satisfied for independent distribution.

Proof.

(a) The expression of the expected profit (4.183), using bid function (4.143), can
also be rewritten to

m, (¢) = [d —k]F (c|c) [bZ(C)*CHk/f(élC) b, (&) —&1dE
+k/[1 _F(t]c)]dr. (4.188)

The first summand is for all except ¢ positive because d > k, F (c|c) >0
due to (3.5), and b}, (c) — ¢ > 0 due to Corollary 4.7 (a). The term is zero for ¢
because F (c|c) = 0. The remaining summands are zero for ¢ and positive for the
other marginal costs. Hence, the whole term is positive for all marginal costs.

The same arguments are used to show that the expected contribution margin
is also positive because the factor % is positive.

(b) The first derivative of the expected profit with respect to demand, using (4.188),

is given by
o, (c) " ab; (c)
Tl = F(ele) ite) — ]+ [d— KF (clo) o

b (1)
T / f(ele) = ar, (4.189)
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The first two summands are zero for ¢ because F (¢|c) = 0, see (3.5). The
first summand is positive for all other marginal costs because F (c|c) > 0 and
b (¢) — ¢ > 0 due to Corollary 4.7 (a).

The second summand is zero for ¢ and positive for ¢ € (c,¢) because of
Corollary 4.7 (c). The last summand is obviously zero for ¢. It is positive for
¢ € [c,€) because f(T|c) >0, see (3.4), and due to Corollary 4.7 (c). Hence, the
sum is positive for all marginal costs, i.e. the expected profit increases strictly
with demand.

The slope for the expected contribution margin, using (4.185), is obtained by

o (c) _1dm(c)

u

3 % o4 (4.190)

The derivative is also positive due to the same arguments given for the ex-
pected profit.

(¢) The first derivative of the expected profit, using (4.183), (4.143), (4.155), (4.1)—
(4.3), and (3.5), is given by
an;(c)
dc

= [d=H[f (cl) + Fi (el ]Ib (0) ~
Hd =P (el ) b () ~ 1]+ [ £ (&) b() ] dé
& [ £(Ele) dE kf (el Bl e) ~ ]

= [d— 2K (c|¢) b, (¢) — ] + [d — KF (cl ) b} (c) — ]
+2k—d)f (cle) b, () — c] — [d — KIF (clc)

+k]ﬁ<é|c>bz<é>dé—kc]ﬁ<&|c> dé—k]f(élc) dt
= [d—KIFi (¢l ) b} (¢) — <] ~ [d —KIF (c| ) —k[1 ~ F (c]e)]
+kiﬁ(§|c)[b2(é)c]dé
= [d—KE (e )b (¢) — ] — k+ [2k —d]F (c] )

+k [ fi(le) b () el
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The profit strictly decreases with marginal costs if the following holds true
for all marginal costs

or(c)
dc
<~

<0

[ €10 b (&)~ cldz

<1+ [2—2’]10(“)— [Z—q Fi(cl o) b () — dl. .191)

The condition for independently distributed marginal costs, using (3.13),
(3.14) and taking into account that F (c|c) < 1 due to (3.12), is given by

0< 1—[2—;:}F(c)

d > k.

This is valid given the demand range of this case. Hence, the expected profit
decreases strictly with marginal costs for the independent distribution.

Similar arguments are found for the expected contribution margin because
the factor % is independent of c. a

Generators, even those with the highest marginal costs, have a strong incentive to
stay in the market because expected profits are always positive according to Corol-
lary 4.8 (a). The reason is that the loser can always sell some electricity and make
money. That the expected profit increases with demand has two reasons. First, higher
demand leads to the assured sale of a greater quantity of electricity in the case of
losing the auction. Hence, the expected quantity sold increases with demand. The
second reason is that bids increase with demand, see Corollary 4.7 (c¢). This is a
consequence of the first reason.

Example 4.11. Suppose the probability distribution given by Definition 3.5.
(a) The expected profit for independently distributed marginal costs is obtained by

[1—cp?
R

' (c) = [d—K|[p—c]+ [2k—d] (4.192)

u
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Given strong affiliation, the profit is determined by

1
2+ac? 2k—d t2
7, (¢)=[d —K] +ac c ﬁ—l—i—/exp d—k/ +a dt
c

24ac

2k—d ( 2)[1+at?]

PN Tk ) T Rta
c
1+ & 2k —d 12[1+z2]
ac a
2k -1 dt | dr
* / 2+ac —|—/exp d—k /[2+at2]t
/ )1 +at?]
a
X dt | d
oo | G [ a4
¢
B Ut R PO . (4.193)
3 24ac|’ ’
(b) The expected contribution margin per capacity unit for independent distribution
is given by
*i d d [l - C]2
" =|-=1|[p— 2—— . 4.194
w0 = 51| p-a+ =g |15 (4,194

The expression for strong affiliation is obtained by

1
2 (¢)= d_, 2+ac? 2k — d/ 1+at2
u \O= k CZ—i—ac [2+ar?]t
1

X ‘—1+/ex 2k— / 1+at2 dt | dt

p P\ a=x ) Rra
a & 2k—d [2[1+at?]
+2/ +ac 71+/ex / ta dt | dt
24ac 2+ ar?]t
c

e 2k—d/ +at2 g

L 2+at2

o2
L= {2%—222} (4.195)
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Proof.

(a) The derivation of the profit uses following term

1

/F(T|c) dt =

c

1
1+5ct

Tdt
1+%c
c

1 1

_ 2, 4 3}
= T+ =T
2+ac[ +3C

c

1—-c a 2
- 1 an }
2+ac{ +C+3[ +C+C]C

1— 2
26 ta=0

= (4.196)

1—
2+acc {1 +c+§[l +c+c2]c} ta>0.

The expected profit for independently distributed marginal costs, using
(4.184) and taking into account (3.12) in combination with (4.196), is ob-
tained by

1-¢2

1
i (c) = [d—K[p—c] + [2k—d] /dr—

_ 1—c?
= [d—K|[p—c]+ 2k —d] [1—0— 5 }
[1—¢]?

-

The expected profit for strong affiliation, using (4.183), (3.26), (3.27), and
(4.196), is obtained by

= [d—k][p—c]+[2k—d]
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2k—d o
1+9¢2 L e @
n(c) = [d—k]—2 —H—/e i dt
(0= K7, _
C
()b B s
_ +51 = ta!
2j—kdf I+ t22 dt %I 1+"r22 d
¢ rag ! 1—|—ac§ ¢ 1+7“r’
xXe +k a
1+§C
c
| lJraz‘2
_ 1+4
1 %{ 1+%2t2 a
a1
pore e e
¢
A =]k {1+c+ 51 +c+ce}
— = c+cle
2+ac 3
P L PP e O PR
_ — — c
3 2+ac 2+ac
1 1 1 2
%=d | 21+ar?] 2k—d  (=2)[1+ar”]
/ d=k [2+at2]r dT ed*k! [2+ar)t d
U a Lofiva?]
—|—2k/ 1—|—ac§ _ 1+/ed—k { radlt dth
g
Ud (=2)[1+a?)
[ o dt
Ye [2+ar=]t dé

4 Results

(b) The expected contribution margin for strong affiliation is derived from the defi-

nition of (4.185) using (4.193)

)
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d ) 2 2k d 2[1+at] ¢
=|-——1 tac c 71+/ f2+at2r dt
k 2+ac
] F C2)1tar?] %-d f(2ira?]
xe L] 2+at2] t+2/1+ac§ l 2ratle
2+4+ac
1 fl l+al]
X ﬁflJr/e 1 Brai ¢ "dr dé
4
. [1 —c]2 5 1+2c
3 24ac

oo |

The expected contribution margin for independently distributed marginal costs
is shown in Figure 4.19. The graph for strong affiliation is presented in Figure 4.20
with a = 4. The expected contribution margin of the example increases with demand
but decreases with marginal costs.

The difference between the expected contribution margin for strong affiliation
and independently distributed marginal costs is shown in Figure 4.21. Negative val-
ues signify that the value for the independent distribution is greater.

For every demand in this case there are generators who receive higher expected
contribution margins with independent marginal costs, while at the same time other
generators earn higher profits given strong affiliation. The relative excess profit be-
tween both distribution settings is shown in Figure 4.22. The greatest relative profit
decline for the change to strong affiliation is about 16% in the example.
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Theorem 4.18. Suppose d € (k,2k). The expected uniform price is given by

%—d | fi]1) »

E[pu}:217—2/F(c)[k£(_c;)+ﬂ(c|c)}e><p (_)d—k Fal1)

¢
2k—d d
X ﬁ75+/exp f dc

—2/cF ¢)+Fi (c|c)] de 4.197)

For independently distributed marginal costs, the expression reduces to

E[pu}2{1];}p+{l} cf/F ) (4.198)

Proof.

The bid of the losing generator determines the uniform price. With j # i, the ex-
pected uniform price is therefore given by

Elpa) = B [0 (0 Lsepoai(c)} + 04 Lot o)
Due to identical bid functions, the expected uniform price is obtained by

Elp = 2E (5 (e) 1000050} |

This can be simplified because the bid function is strictly increasing in c. Using
(3.5), (4.155), (4.2), and (4.3), the function is then obtained by

Elp) = 2 [} (e) 1]

—2//b* (,¢) drde
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= 2/b* (c|c) de (4.199)

—Z/b* () F (c|e) de

*2/[1??2 (¢) = c]F (e) [f (cle) + Fi(c[e)]de +2 cF (¢) F (c[c)

c

<

,Z/F Flele dc—Z/cF cle) +Fi(c|c)]de

¢
. k
- / 430~ P ()| 2 el +Aiel )] e
c
Substituting (4.143) for the bid function, the expected uniform price is given by

Elp) =252 [ ¢F (©)[f (cle) + Fi(cle)] de

2 frio [

(=) 2k—d ¢ (t]1)

it | Fan dtd

xXe C.

Using (3.11), (3.12), (3.14), and (4.11), the expression can be simplified for in-
dependently distributed marginal costs to

E[pl] =2p— 2/Cf c—i/f

C gt 10 4 2A—d & f(0)
| 7y @ () a=r ey dt
x[ﬁ—[‘—i—/e A PO dr}e RO e
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/ ()%t [ 40
/f(c)F(c)e LY
c
d—k [2%—d f(c) AT Da
— PR () d
2k—d) d—k F(c)© (c) de

d—k ZHF%
o 1—2/f de
k
—1-=
d

4 Results

(4.200)
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 d—k F(c).

_2%-d f(0) /<>f21d

d—k 2 |2%k—d f(c)/ SE= A
= F - ¢ dt—1|d
w—a) FO Tk Fo ) © T c
c c
d—k |
— 2
+2k_d/F(c) dc
c
Ak [ aes 4K g /"euwmmdr
2%k—d 2%k—d
< c ¢
q 4 T,
d—k (Y Far
25 [ F@F@ [e T arde
Zkfd./ ,
c c
[ A b [ L
¢ ¢
k c
+{1—d}/F(c)2dc
c
K11
=|1-7 /F(C) de. 4.201)

Equations (4.200) and (4.201) are used to get
é
E[pﬂzZﬁ—E—&-/F(c) c—— /F
c

it - fre
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Corollary 4.9. Suppose d € (k,2k).

(a) The expected uniform price is greater than the expected production costs.
(b) The expected uniform price increases strictly with demand.

Proof.
(a) Suppose ¢; > ¢; V ¢j,c;j € [c,¢]. The uniform price is the highest bid according to

the auction rules. Hence, it is b}, (¢;). The expected production costs (4.6) are the
expected average of the realized production costs. If the difference in the highest
bid for all combinations of marginal costs is greater than the average production
costs then the expected uniform price is greater than the expected production
costs. The following condition must therefore hold true, taking into account that
the generator with the lowest marginal costs c¢; produces k electricity units while
the other sells [d — k]
bﬂqﬁ>§ igfq

This is true if the following is valid because c; < ¢; as presumed

cj+

. ko d—k
bu(c,-) > ECi—I_TCi

> Ci.
This relation was proved by Corollary 4.7 (a). Therefore, the expected uni-

form price is greater than the expected production costs.

(b) The first derivative of the uniform price, using (4.199) instead of (4.197), is
obtained by

IE b,
8[51{] _ 2/ aud(C)f(C)F (c|c) de. (4.202)

The derivative is positive if for all marginal costs but ¢ the following holds
true because the probability density function is positive due to Assumption 3.7

b, (¢)

9d > 0.

This was proved by Corollary 4.7 (c). Hence, the first derivative is positive
and the expected uniform price increases strictly with demand. a

The expected uniform price is higher than the expected production costs for one
electricity unit, see Corollary 4.9 (a). This is the consequence of Assumption 3.2,
which presumes that a generator should not suffer a loss. That the expected uniform
price increases with demand according to Corollary 4.9 (b) is not surprising because
bids increase with demand as Corollary 4.7 (c) showed.
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Example 4.12.

Suppose the probability distribution given by Definition 3.5. The expected uniform
price for independently distributed marginal costs is given by

E[pl] =2 {1—2},37% [%‘;‘—1]. (4.203)

For strong affiliation, the uniform price is determined by

4 201 2 4 16 2+
E[pu}2ﬁ+[+ +16“1n(1+“)}

5 44+a|10 " 3a & & a* 2
1
4 44 ac 1+ac? 1—c¢
— —dac [
4+a0 2+ac d—k 2+ac
/ 2k —d 12[1+ t?]
— a
p— 1 dt | d
“\? Jr/eXp d—k/[2+at2]t !
C T
1
2%k—d [ (=2)[1+at?]
dt | dc. 4.204
X exp d—k/ 2+ at ¢ (4.204)

c

Proof.

According to (4.198), the expected uniform price for independent distribution, using
(3.25), is given by

E [p] _2{1—"}1”{?—1} 1—/1c2dc

2]

Using (4.197), (3.25), (3.26), (3.27), (3.32), and (4.17), the uniform price for
strong affiliation is obtained by

QU

W o
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_ 4 2 1 2 4 16 2+a a
E[pu}zzp—+m[+—2—a3+l64 ln(l—i-)}

5 10 3a a a 2
1+at2
1+%;
1 1 ()%= df 2 dt
20p 1]/1—1—%0 klﬁ'cc a[l —cle o I:r?%’tzr J
95— c _ o c
g I+9 | d=k  2[1+4¢)?
0
. e
(V¥ e
k1+ac B 1 d=k ) 1442
_2/1+ ic +5c all —cle /e = Jrde
Ok airge [
4 2 1 2 4 16 2+a a
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O

The expected uniform price is shown in Figure 4.23 depending on demand and
the degree of affiliation. It is easy to see that the uniform price increases with
demand as Corollary 4.9 (b) states. Figure 4.24 shows the statement of Corol-
lary 4.9 (a) in the example. The expected uniform prices are higher than the cor-
responding expected production costs.

The relative difference in the expected uniform price for different degrees of
affiliation compared to independent distribution is presented in Figure 4.25. The
graph shows that the uniform price of the example can increase as well as decrease
with stronger affiliation depending on the demand. Higher as well as lower uni-
form prices for the strong affiliation can be found for demands up to about 1.175k
in the example. For greater demands, the expected uniform price is lower than or
equal to the price of independent distribution. The greatest decline is only about
2.2%. Hence, consumers cannot expect to pay much less if marginal costs become
stronger affiliated.
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Fig. 4.23 Expected uniform price (case B)
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Fig. 4.25 Relative difference in the expected uniform price (case B)

4.4.3 Case C: Full Market Capacity Utilization

If demand is equal to or higher than the aggregated production capacity in
the market, consumers can no longer play games with generators. Consequently, the
situation is the same as for the discriminatory auction. The results are therefore the
same.

Theorem 4.19. Suppose d > 2k.

(a) The unique Bayes-Nash equilibrium is given by (b:},b;}) with following bid func-
tion

b (c) = p. (4.205)

(b) The auction leads to production efficiency with the lowest possible production
costs.
(¢) The expected cost per electricity unit is given by

Ele,] = é— / F (1) dr. (4.206)
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(d) The profit is determined by

7, (c) = k[p—c]. (4.207)
(e) The contribution margin per capacity unit is given by

e (¢)=p—c. (4.208)
(f) The expected uniform price is given by

Elp)=p. (4.209)

Proof.

(a) Because d > 2k is given, every generator can sell his entire production ca-
pacity k. The output is independent of the bid price, as long as the bid is ac-
cepted. Hence, only the contribution margin determines the profit because the
price paid to each generator is calculated from their bids. Maximizing the profit
means maximizing the contribution margin. The maximum contribution margin
is reached with the highest accepted bid. This is in accordance with the price
cap rule p. Notice that the bid is independent of marginal costs.

(b) Because requirements of Theorem 4.1 are satisfied due to optimal bidding p and
demand d > 2k, the result of Theorem 4.1 (a) applies.

(¢) Because all requirements of Theorem 4.1 are satisfied, the optimal bid p is the
last accepted bid by the auctioneer and demand is greater than or equal to the
aggregated production capacity, (4.8) can be used

Ele,) = Ec] = c'—/F('c) dr.
c
(d) This follows directly from the model because the whole production capacity k
is sold and the price paid is always p. Hence, the profit is simply
7, (¢) = k[p—c].

(e) The contribution margin for each electricity unit, using (4.207), is

(f) This is obvious because all generators bid p. O
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Example 4.13. Suppose the probability distribution given by Definition 3.5.
(a) The optimal bid function is given by

by (c) = p. (4.210)
(b) The expected profit of a generator is obtained by

7, (c) = k[p—c]. (4.211)

m (¢)=p—c. (4.212)
(d) The expected uniform price is given by

E[p,) = p. (4.213)

Proof.

(a) - (c) are easily checked with Theorem 4.19. O

4.5 Generalized Second-Price Auction

4.5.1 Case A: Competition

The payment of the winner is independent of the offered bids. This leads to a bid-
ding strategy which maximizes only the probability of winning. As long as the loser
has remaining unused production capacity, everybody follows this strategy because
otherwise a generator with the lowest costs would sell less electricity. The pricing
rule clearly shows the competitive advantage of low production costs. Another in-
teresting result is that generators honestly reveal their true costs although they are
confidential information.

Theorem 4.20. Suppose 0 < d < 2k. The unique Bayes—Nash equilibrium is given

by (b;ﬁ, bz) with the following bid function

by (c) = c. (4.214)
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Proof.

The proof is done in four steps. First, the bid function is found which maximizes the
expected profit. Second, it is shown the auction really takes place. Then it is proved
that a Bayes—Nash equilibrium is obtained by the bid function and that only one
Bayes—Nash equilibrium exists. Due to the symmetry of the generators, the proof is
reduced to the analysis of generator i.

Step 1: Bid Function

The expected profit of generator i for j # i is

T (bh Ci) = kE

{Br(bj —ci) + BB =)} 1y,

+ﬁ(ﬁfci)1{bi>bj} ’ G = Ci]

— kB/E {(b, — )1 i) ‘ C = c,} KBl —ci]. 4.215)

A symmetric Bayes—Nash equilibrium is sought. Hence, the competitor calcu-
lates his own bid using the bid function i.e. b; = b(c;). The equation is then

; (biyci) = k4 Br / [b(cj) —cilf(cjlci)dej+B[p—ci ¢ - (4.216)
b~ (by)

The first derivative of the expected profit is given by

Im(birci) _ ()kﬁfb<bl(bi)>_6if(b1 (bi) |Ci>

o b(b (b))
f (bil (bi)|ci)
= (=)kBy[bi _Ci]w- 4.217)
The necessary condition of an optimum is w < 0. Because generators are

symmetric and ﬁf is positive, see (4.3), the condition is equivalent to

fcle)

by

[b(c) —¢]

As long as b (c)' > 0 holds true and the generator with the highest marginal costs
bids highest, i.e. b(¢) > b (c) Ve < ¢, a solution of the problem is
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b (c) =c, (4.218)

because f(c|c) is assumed to be always positive. Due to the design of the auction
rules, which makes the generator focus only on maximizing the probability of win-
ning, see (4.216), a generator with the highest marginal costs bidding according to
(4.218) knows with certainty that he serves the maximum demand only in the case
of a standoff. Hence, he has the strongest incentive to deviate from the bid function.
That he does not undercut will be shown in step 3.

The first derivative of the bid function is

db(c) _ 1, (4.219)
dc
and the second derivative
9%b (c)
=0. 4.220
52 ( )

One assumption of the derivative was a strictly increasing bid function. Therefore,

ab (c)
dc

>0, VcéElgd, (4.221)

has to hold true. This condition is obviously fulfilled due to (4.219). Hence, the bid
function is indeed strictly increasing with respect to marginal costs.

Bidding maximizes profit if the second derivative of the expected profit is nega-
tive. Partial derivation of (4.217) gives

0°m; (biyci)  (=)kBy el ) 4 i
W b(b (b)) {f(b ! l>+b(b1 (b))’

-1

x| fj (bil (b,~)|c,~) —f(b (bi) |Ci) b((

Bid function (4.218) is used for calculation in equilibrium. Hence, the second
derivative of the profit function, using (4.219) and (4.220), is obtained by
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o*m;(biyer) KBy Jb(e)—ei, o\ o b(e)
T = ( >b<c,-y{ = el =reele 1
+f(0i|6’i)}
= (—)kBf (cil o). (4.222)

This expression is negative due to definition of 3¢, see (4.3), and because f (c|c)
is always positive. Hence, bidding according to the bid function (4.218) maximizes
the profit.

Step 2: Participation of Generators

An equilibrium only exists if all generators have at least a weak incentive to par-
ticipate in the auction, i.e. every generator must receive a non-negative expected
profit

w(b(c),c) > 0. (4.223)

Bidding according to bid function (4.218) provides an expected profit of

T (b(c),c) =k ﬁf‘/[f—c}f(TIC) dt+B[p—c]

— kB, E—c—/F(r\c)dr kB[p—dl. (4.224)

c

It is non-negative, because By > 0 and 8 > 0, see (4.3) and (4.2). Hence, all
generators have an incentive to participate in the auction. Only if demand does not
exceed the production capacity of a single generator is the generator with the highest
marginal cost indifferent about participating in the auction.
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Step 3: Existence of a Bayes—Nash Equilibrium

To prove that a Bayes—Nash equilibrium exists, it is necessary to show that a gener-
ator bids according to the bid function b (c), while the other generators are using the
same bid function. At first, bid deviations within the value range of the bid function,
that is [b(c),b(¢)], are focused on. Such a bid deviation can be expressed by using
the bid function itself but with adjusted marginal costs. Because the bid function is
strictly increasing, it is possible to find an € # 0 so that marginal costs ¢ — € lead
to this bid. Hence, the following has to be valid for a Bayes—Nash equilibrium with
c—¢g€led

dn(b(c—¢€),c)

>0 f > 0. 4.225
ab(c_g) <Y or €=z ( )

Using (4.217), (4.218), and (4.219), the first derivative of the expected profit
bidding b(c — €) is given by the following expression

1

F(67 we=e)le)
b(b™" (b(c—e)))

dn(b(c—¢€),c)
W = (—)kBylb(c—€)—]

= ekPrf(c—€lc).

The sign is the same as for € because ﬁf is positive, see (4.3). Hence, (4.225)
is valid and bidding differently from bid function (4.218) within its value range
does not occur. Otherwise, it could increase profit to undercut the lowest bid b (¢).
This is not rational if the profit of undercutting is not larger than the profit using
the common bid function. The statement holds true if the following inequation is
satisfied for € > 0

7w (b(c)—€,c)—m(b(c),c) <O0. (4.226)
Bidding below b(c) makes winning certain. Consequently, the expected profit,

adapting (4.216) and using (4.218), (4.3), is given by

7 (b(e)—e.0) = k3 By [1b(1)=clf (slc) de-+ Bl
:kﬂf/rf(ﬂc) dT+kBp—kac

— KBy E—c—/F(r|c)dr kB[ —d]. 4.227)
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The extra profit of using different bidding strategies, see (4.224) and (4.227), is
obtained by

w(b(e)—e,¢)—m(b(c),c) = (—)kﬁf/F(ﬂc) dr. (4.228)

It is non-positive because [3f is positive, see (4.3). Therefore, condition (4.226)
holds true and no generator undercuts.” The last unproved strategy is overbidding
the highest bid b (¢). By following this strategy the generator is certain to lose the
auction. Using (4.216) and presuming € > 0, the profit is obtained by

7 (b(2)+¢,¢) = kB[p—d]. (4.229)

The extra profit of this deviation is, see (4.224) and (4.229)
¢
n(b(e)+e,c)—m(b(c),c) = (—)kBy E—C—/F(”L’|c) dt|. (4.230)
C

Obviously, the extra profit is not positive because f3y is positive, see (4.3). Hence,
generators do not earn more by overbidding and do not overbid.® No deviation from
the bid function takes place after all, which means this bidding strategy represents
an equilibrium.

5 A stronger statement than (4.226) would be feasible considering the following case. Presume at
least one generator produces with the lowest marginal costs and undercuts b (¢). Only such a bidder
can do so because is extra profit is zero, see (4.228). The set of all such realizable profits differs
from the set bidding according to (4.218) only if another generator with lowest marginal costs also
exists undercutting b (¢). In that case, the winner makes a loss for kff, see (4.215), because both
bids are below marginal costs. Similar results for both bidders in the case of a standoff. Only the
loser suffers the same low profit compared to the same situation but using bid function (4.218).
Hence, all but the loser increase their bids to avoid deficiency in profits. The process stops when
the profit equals the earning of going along with (4.218). This point is not reached until bidding
according to the bid function. Hence, no undercutting takes place for generators with the lowest
marginal costs. It is remarkable that only the payment rule for a standoff drives the generators back
to the bid function. Using other rules for that situation could lead to multiple equilibria.

6 As footnote 5 explained for (4.226), a stronger statement is feasible. Suppose both generators
have highest marginal costs and overbid b (¢) but do not bid above j. Presume additionally the first
generator bids higher than the second. Hence, the first bidder is the loser and receives the same
profit as if both had bid according to bid function (4.218), see (4.215). Only the winner’s profit is
increased because of the difference of the loser’s bid and marginal costs. This result encourages the
loser to bid lower than the winner in order to reverse his position. A standoff generates less profit
and is not focused on. This process ends when the winner’s advantage of overbidding is gone, that
is when both bid according to (4.218). Consequently, there exists a single situation, which also
forces generators with the highest marginal costs to go along with the bid function.
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Step 4: Uniqueness of the Bayes—Nash Equilibrium

Bid function (4.218) has no free parameter, so it determines a unique Bayes—Nash
equilibrium. The final expression of the bid function is given by

by (c) = c. |

The goal of this auction type was to force generators to reveal their true marginal
costs. This has obviously been achieved. Because of the truth telling, the general-
ized second-price auction is a good reference for comparison. But this interesting
characteristic may have a price for the consumers.

Example 4.14.

Suppose the probability distribution given by Definition 3.5. The optimal bid func-
tion is given by

b, (c) = c. (4.231)
Proof.
It is easily checked with (4.214). a

The optimal bid function is shown in Figure 4.26. It is assumed that all generators
offer the highest possible bid, the reserve price p, if demand reaches the market
production capacity (d > 2k).

optimal bid
o
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Fig. 4.26 Optimal bid function in a generalized second-price auction
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The following theorem relies on the general results of Theorem 4.1.

Theorem 4.21. Suppose d € (0,2k].

(a) The auction leads to production efficiency. Production costs are the lowest pos-
sible.
(b) The expected production costs per electricity unit for d € (0,k| are given by

2/cF c)+Fi(c|c)|dc

2 / F(e)[1 - F (c|c))de. (4.232)
For independently distributed marginal costs, the expression reduces to
é ¢
Eld] = E+/F(c)2 dc—2/F(c) de. (4.233)

If demand is sufficient for both generators, i.e. d € (k,2k), the production
costs are determined by

Ele-2[1- oo jm)ng_q
/F { cl¢)+ Fi (c|c)] +F(c|c)}dc. (4.234)

The expression for independently distributed marginal costs reduces to

E[c] =c+ [—1]/F dc——/F (4.235)

Proof.

(a) Optimal bid function (4.214) is increasing in marginal costs and represents bids,
which are accepted bids according to the auction rules. Hence, Theorem 4.1 (a)
applies.

(b) Based on the same reason given in (a), (4.4) and (4.6) can be used. a
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There is no great surprise concerning the production costs. The reason is that
the order does not change using bids because bids are equal to the marginal costs.
Generators are more interested in the figures given in Theorem 4.22.

Theorem 4.22. Suppose d € (0,2k].
(a) The expected profit for d € (0,k] is given by

c
7 (c)=d c‘—c—/F(‘L’|c) dr|. (4.236)
c
The expression for independently distributed marginal costs reduces to
¢
mi(c) =d |e—c— / F(t)dt|. (4.237)
c

Given d € (k,2k), the expected profit is determined by

7 (c) = [d— K|[p— & +K[e— ] — 2k —d] / F (t]¢) dr. 4.238)

For independently distributed marginal costs, the expression reduces to

' (c) = [d—K|[p— &)+ ke — ] — [2k—d] / F(1)dt. (4.239)

(b) The expected contribution margin per capacity unit for d € (0,k| is obtained by

X d o
m (€)= c"—c—/F(’L’|c) dr|. (4.240)

The expression for independently distributed marginal costs reduces to
u*i d _ C.
m(e) = c—c—/F(r)dr . (4.241)
c

The contribution margin for demand d € (k,2k) is determined by

T (c) = [i - 1] p—d+c—c— [2— Z] /EF(rc) dr. (4.242)
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For independently distributed marginal costs, the expression reduces to

7 (c) = {z - 1} p—c]+c—c— {2— Z] jF(f) dr. (4.243)

Proof.
(a) The expected profit, using (4.216), (4.214), (4.2), and (4.3), is given by

7 ()= k3 By [le—clf (ele) dv+ Blp—c]

c

= k{ By [T cIF (c]o)

by [Pl aveplp-a
— k{ Blp— ]+ By E—c—/F(T\c)d*c
— k3 Blp )+ (B + Blle— ]~ By [ F(xlc)de

c
d a—c—/F(f\c)dr Ld e (0.,
C

[dfk][ﬁfE]Jrk[Efc]7[2k7d]/F(T|c) dt:d e (k,2K).

For independently distributed marginal costs, the expression, using (3.12),
reduces to

d E—c—/F('L')d'c cd e (0,],
[d—k][ﬁ—6]+k[5—c]—[2k—d]/F(r) dt:d € (k,2K).

(b) The expected contribution margin for each electricity unit, using (4.236) and
(4.238), is obtained by

7 (0= Y
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c
% E—c—/F(T|c)dr Ld € (0,],
C

k

[d_l] (F—d+é—c— [2-‘5] C/EF(TC) dt:d e (k,2K).

For independently distributed marginal costs, the expression, using (4.237)
and (4.239), reduces to

7 () = =&

E—c—/F(r)dT L d € (0,],

k

[d_l} [p—é&+c—c— [Z—i} jF(r)dr:de(k,Zk).
O

Corollary 4.10. Suppose d € (0,2k).

(a) The expected profit and expected contribution margin per capacity unit are pos-
itive except for the generator with marginal cost € if the demand lies in the
range (0,k|. This generator expects a profit or contribution margin of zero for
this case.

(b) The expected profit and expected contribution margin per capacity unit increase
strictly with demand.

(c) Suppose d € (0,k]. The expected profit and expected contribution margin per
capacity unit decrease strictly with marginal costs if the following condition
holds true for all marginal costs

1—F(c|e) > (—)/Fi(r\c) dr. (4.244)

The inequation is satisfied given independent distribution. The slope of the
expected profit and expected contribution margin is zero for C.
(d) Suppose d € (k,2k). The expected profit and expected contribution margin per
capacity unit strictly decrease with marginal costs if the following condition
holds true for all marginal costs

k c
- Flele) > (—)/F,-(T|c) dr. (4.245)

This condition is satisfied for the independent distribution.



4.5 Generalized Second-Price Auction 167

Proof.

(a) The expected profit for d € (0, k], see (4.236), is zero for ¢. It is positive for the
remaining marginal costs if the following holds true

0< / [1—F (| )] de (4.246)

—
1> F(tle) Vet €lge).

This is satisfied given ¢ € [¢,¢) due to the definition of F (-|-), see (3.5).
Hence, the expected profit for d € (0, k] is positive except for the generator with
the highest marginal cost ¢. He expects a profit of zero.

The expected profit for d € (k,2k), see (4.238), is positive if the following is
valid

0< [d—k][ﬁ—5]+k[5—c]—[Zk—d]/F(‘c\c)dr

< [d—k][ﬁ—c]+[2k—d]/[1 _F(t]¢))dr.
#

The first summand is positive because p > ¢, see Assumption 3.12. The sec-
ond summand is non-negative due to the arguments given above for the demand
range (0, k]. Hence, the expected profit for all marginal costs is greater than zero.

The same results apply for the expected contribution margin because the fac-
tor % is positive.

(b) The first derivative of the expected profit with respect to demand, using (4.236),

is given by
om(c) ¢
3 e F(t|c)dr. (4.247)

The derivative is obviously zero for ¢. It is greater than zero for ¢ € [c,¢)
because of the same argument used to show that (4.246) is valid for ¢ € [c,¢).
Hence, the expected profit strictly increases with demand. The exception is the
generator with marginal cost ¢. His profit is independent of demand.

For the demand range (k,2k), the first derivative of the expected profit, using
(4.238), is obtained by

=p—i+ /F (1] ) dr. (4.248)
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The derivative is greater than zero because p > ¢ due to Assumption 3.12
and the integral is non-negative, see (3.5). Hence, the expected profit increases
strictly with demand in the range (k, 2k).

The slope for the expected contribution margin, using (4.240) and (4.242), is
obtained by

on (¢) 1 an; (c)

8

34— % o4 (4.249)

The same results apply for the expected contribution margin because the fac-
tor % is positive.
(c) The first derivative of the expected profit for d € (0, k] with respect to marginal
costs, using (4.236), is given by

ont e
Sic(c) =(-)d 1—F(c|c)+/E(T|c) dt|. (4.250)

The derivative is zero for ¢, see (3.5) and (3.14). It is negative if the following
holds true for ¢ € [c,¢)

1—F(cle) > (—)/E(T\c)dr.

The condition for the independent distribution, using (3.12) and (3.14), re-
duces to

F(c) < 1.

This is satisfied for ¢ € [c,¢). Hence, the expected profit strictly decreases
with marginal costs for the independent distribution.

Similar arguments are found for the expected contribution margin because
the factor % is independent of c.

(d) The first derivative of the expected profit for d € (k, 2k) with respect to marginal
costs, using (4.238), is given by

87!5’,‘6(6) = [2k—d]F (c|c) —k— [2k—d}/Fi(r|c) dr. (4.251)

The expected profit strictly decreases with marginal costs if the derivative is
negative, which is given if the following condition holds true
8717;,‘ (¢)
dc

<0
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—
k

m—F(dc} > (—)/E’(ﬂd dr.

For independently drawn marginal costs, the condition, using (3.14) and
(3.12), is obtained by

k

LI
% —d (¢)>0
<

k

1

%—d
<
d>k

This statement is true for this demand range. Hence, the expected profit al-
ways decreases with marginal costs for the independent distribution. O

Although the generators bid their marginal costs, they expect to earn positive
profits. The generator with the highest marginal costs has an expected profit of zero
due to Corollary 4.10 (a). He stays in the market because he does not lose money
and because he has the chance of a standoff, where he earns positive profit. The non-
negative profits show that generators do not leave the market. Hence, consumers are
sure that they can buy electricity.

Example 4.15. Suppose the probability distribution given by Definition 3.5.

(a) The expected profit for the demand range (0, k] and for independently distributed
marginal costs is determined by

i 1—¢]?
m'(c) =d [ 5 | (4.252)
For strong affiliation, the expression is given by
. [1—c]? 2+c
=d 1 — . 4.253
7, (¢) e |11 ( )

The expression for demand range (k,2k) and for independently distributed
marginal costs is obtained by
1—¢?

7y (¢) = [d—k)[p— ]+ [2k—d] R (4.254)

The expected profit for strong affiliation is determined by
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[1—c]?
24+ac

7, (¢)=[d —k][p—c]+ 2k —d]

. (4.255)

14 24c
ac .
3
(b) The expected contribution margin per capacity unit for the demand range (0,k]
and for independently distributed marginal costs is given by

*i d[l—c 2
:():5[2] (4.256)
The expression for strong affiliation is determined by
» d[l—c]? 2+4c
u _“
T (c)= 2T ac 1+ac 3| (4.257)

The contribution margin for the demand range (k,2k) and for independently
distributed marginal costs is obtained by

7" (c) = {Z—l} p—c+ {2—ﬂ 1_202. (4.258)

For strong affiliation, the expression is determined by

7 (c)= [d—l] [5—d+ [2—?} [;;Z]CZ [1+ac23+1 . (4.259)

Proof.

(a) The expected profit for d € (0,k] and for independently distributed marginal
costs, using (4.237) and (4.196), is determined by

n;(c):d{l—c—l_zcz}

[S8]

1—c]

=d
2

For strong affiliation, the expression, using (4.236) and (4.196), is given by

I+c+4[l+c+cHe
2+ac

n;(c)_duc]{l

1— 2—c—c?
g L1=c [1_C+QCCC]

- 2+4ac 3
[l—c]2 2+c

=d 1 .
24ac tac 3



4.5 Generalized Second-Price Auction 171

Using (4.238) and (4.196), the expected profit for d € (k,2k) and for inde-
pendently distributed marginal costs is determined by

1—¢c2
ﬂ;(c):[d—k][ﬁ—1]+k[1—c]—[2k—d]{l—c— 5 ]
2

:[d—k][ﬁ—c]—l—[Zk—d]l 5

The expression for strong affiliation is obtained by
T, (c) = [d—k][p— 1] +k[1—]

—[2k — d] {1+ +3[1+c+c2]c}

2+ac
] [1 ]2 2+4+c
= [d—k|[p—c]+[2k— d] 2+ac {1 +a 3 :|

(b) The expected contribution margin per capacity unit for independently distrib-
uted marginal costs, using (4.252) and (4.254), is obtained by

:d € (0,k],

{Z—l} [p—c]+ [Z—ﬂ 1—2c2 td € (k,2k).

For strong affiliation, the expression, using (4.253) and (4.255), is given by

% (0= 21
i[;_i__;]cz {lJracZ—::C} :d € (0,4l
= [‘;_1] p—d] d € (k,2K).
+ {2—‘;} [;Z]: [1+ac23+0] -

Figure 4.27 shows the expected contribution margin per capacity unit for inde-
pendently distributed marginal costs. The graph for strong affiliation with a = 4 is
presented in Figure 4.28. As expected, the contribution margin increases with mar-
ginal costs and with demand.
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The difference in the expected contribution margin for strong affiliation minus
independent distribution are shown in Figure 4.29. There are no negative values, i.e.
generators expect to earn the same or more if marginal costs become more strongly
affiliated. The highest expected excess contribution margin is about 0.05.

difference

relative demand (4)
k

m (c,a=4) -7 ()

Fig. 4.29 Difference in contribution margins in a generalized second-price auction

The relative difference is more impressive in this case. The graph is shown in
Figure 4.30. The highest profit increase is 60% in the graph. Obviously, such high
values are only reached for a demand up to k, i.e. the influence of the affiliation
among marginal costs pays off most when the profit depends only on the winning
case.
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difference

relative demand (4)
k

7 ()
Fig. 4.30 Relative difference in the contribution margins in a generalized second-
price auction (case B)

1

Theorem 4.23. The expected average price for d € (0,k] is given by
¢ ¢
E[p,] = 2/F(c) cf (c|e)+cF; (c|c)—|—/F,~(’C|c) dt|dc. (4.260)
¢ ¢
The expression for independently distributed marginal costs reduces to
¢
E[pl] =c— / F () de. 4.261)
(4

The expected average price for d € (k,2k) is determined by

k 2k

E [p,] :2[1—d}p‘+2[d—1]/cF(c)

cf (cle) +cFi(clc)

+ / Fi(t|c) dr] de. (4.262)
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For independently distributed marginal costs, the expression reduces to

E[pi] = [—1] c—/F 2 de +2[1—ﬂp. (4.263)

Proof.

The expected average price paid for a unit of electricity, with j # i, is given by
k . _ _
E [py] = ZE [{Brbe () +BP} ey ang ()} T BP biensby(e))

KE
d

Bl (e + P} g c)) e} +BP 1{bz<c,-)>bz<cf>}] '

Due to identical bid functions, which are strictly increasing in c, see (4.221), and
because information variables are drawn from the same distribution, the expected
average price is obtained by

E [pg} = 2k

[{ﬁfb i)+ BRI e cy<by(c )}*ﬁﬁl{bz(a»bg(w)}]

~-3E [{ﬁfb; () +BP} L ecy) *ﬁ‘“{wf}]

Z% ﬁf//bz.(f)f(nc)drdc—i—ﬁﬁ ) (4.264)

c

Bid function (4.214) is used to obtain

ﬁf/f /rf (t]¢) drde+Bp
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:ilk{ﬁf fro [ o /F 0 df] dc+Bp}
sz{ﬁfc By F(c [ +/F tlc) ]

+Bf/F cle) +cf (c|e) +cFi (| ¢)] de

+[3f/F(c) [/F,-(ﬂc) dr—F(c|c)] dc+ﬁﬁ}

- {ﬁf/F [Cf clc)+cFi(c|c +/F (t]c d‘c] dc+ﬁp}

Definitions of 8 and ff, see (4.2) and (4.3), are used to get

Z/F [cfc )+ cFi(c| +/F (/e dr]dc d e (0,k],

Ep,] = 2[1—] +2[—1]/F

+cF; (c +/F (t]e dr} dc

2d € (k,2k).

Using (3.11), (3.14), and (4.11), the expression for independently distributed
marginal costs is given by

Z/Cf(c)F(c)dc . d e (0,],

2 [12] pt2 [2;1] jcf(c)F(c) dc:d € (k,2K)

<
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5—/'F(c)2 de Ld € (0,],

(- B

Corollary 4.11. Suppose d € (0,2k).

F(c)*dc| :d e (k,2k).

1Y '\_QI

(a) The expected average price is greater than the expected production costs.
(b) The expected average price is independent of demand for the demand range

(0,k].
Proof.
(a) Suppose ¢; > ¢ ¥V ¢j,¢j € [c,c]. The realized average price, using (4.1)-(4.3), is

determined by

= lpat——=p

The realized production costs are obtained by, taking into account that the
bids leads to the lowest production costs, see Theorem 4.21 (a)

r_a B
C_a+ﬁQ+a+Bq

The difference between the average price and the production costs is given by

r_a—PB 2« B

Pe = = B B T a B a B
1 _
= a—l—ﬁ {(X[C,‘Cﬁ#’Zﬁ[[)Ci}}.

The expected difference is then the difference between the expected average
price minus the expected production costs. It is now determined by

1 {a[ci—Cj]+2ﬁ[ﬁ_ci]}l{ci2q}1

Elpg=cl= 418

1

oa+p

{O‘[Ci —cj] +2B[ﬁ_ci]}l{ci>cj}] '
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The term ot[c;—c¢ j} is greater than zero because ¢; > ¢; and o > 0 due to (4.1).
The other term [ — ¢;] is non-negative because p > ¢; due to Assumption 3.12
and a > 0 according to (4.2). Hence, the expectation over all combinations of
marginal costs is positive because the probability density is positive due to As-
sumption 3.7. Therefore, the expected average price is greater than the expected
production costs.

(b) Suppose d € (0,k]. The first derivative of the expected average price, using
(4.264) instead of (4.260), (4.1)—(4.3), and (4.214), is obtained by

8E &b*
E[ Pg —2// f(t,c)drdc

- 0. (4.265)

Hence, the expected average price is independent of demand. O

Consumers must accept that the expected average price is greater than the pro-
duction costs. It ensures that the generators stay in the market.

Example 4.16.

Suppose the probability distribution given by Definition 3.5. The expected average
price for independently distributed marginal costs is obtained by

| % s d € (0,k]
Fled = i[%j—l] +2 |:1—]d€:|p_.'d€ (k, 2k). (42000
For strong affiliated marginal costs, the expression is given by
g—158a3 {a —4a +16—46+4a] o d € (0,k]
E[p,] = 2[1—z]p+: [2;—1] s d € (k,2k). (4.267)
X{133{ 4a+164T]}

Proof.

The expected average price for independently distributed marginal costs and for
d € (0,k], using (4.261) and (3.25), is obtained by
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E[pg} = 1—/czdc

The expression for d € (k,2k), using (4.263) and previous result, is given by

E[p}] :i[i{—l}—kZ{l—ﬁﬁ

The derivation of the expression for strong affiliation with a > 0 uses following
term, taking into account (3.25) and (3.32)

1 1

/F(c)/F,-(c\c) drde

0 c

1 1
144 1—

(-) 1+4acc/ al :]Tzdfdc
1 2[1+4(]

1
44 ac
= 1—3 2 d
4—|—a 2+ ac + c}c c
0

1
= / 2dc® —3a3c? —8ac+ a® + 12a+32]dc
3a3 4—|—a
0

16 2—|—a/ 4 da —12a—16/ 1 d
de+ c
34Jra 2+ac 3a3 4+a [2 +ac)?
0

a+16a+64 162+a 2 @*—12a—16
In (1+ )+

=) 6a3[d+a ' d* d4+a 363 [4+ad2+d]

(-1 4 28 64 16 2+a a
- 1 (1+2).

.k 2 4268
6a  3a? 3a3+3a3[4+a]+a4 dta’ ( )

For strong affiliation and d € (0,k|, the expected average price according to
(4.260), using (4.17) and (4.268), is given by
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4 2 1 2 4 16 2+a a
Elpl=c_ = |42 _2_ 10 16279 (1 7)
[pg} 5 4+4a [10+3a a? a3+ at n +2 }

L1 4 8 e 716[2+a]ln(1+g>
6a 3a’> 3d® 3a’[4+a] a*l4+d 2

4 1.8 56 21 2 4 1n
"5 3a 3d2 3a® 4+4a |10 3a o> 3a3
4 1 8 56 2 2 512
=Ty % C 3280152
5 3 32 3d 30a3[“ o 4+a}
4 ) 64
=2 —da+16— .
5 1543 {“ at 4—|—a]

Using (4.262) and previous result, the same expression but for d € (k,2k) is
obtained by

k1 _ 472k 2 [, 64
E[pg}—Z{l—d}p—ks[d—1]{1—3613[41—4a+16—4+a}}. -

The expected average price is shown in Figure 4.31. It increases with demand in
the range d € [k,2k) in the example but not for d € (0,k). Figure 4.32 shows the
expected average price for various demands. It is clear to see that the average price
is greater than the production costs.

3
25+
3 2+
g,
Ssk
2
b]
g 1+
8
0.5+
0
2
“ S s 2 25 3 35 4
auvedemand p 0.5 ) 2
(2 degree of affiliation (a)

E[p,] —

Fig. 4.31 Expected average price in a generalized second-price auction
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Fig. 4.32 Expected average prices for various demands in a generalized second-
price auction (case A)

4.5.2 Case B: Full Market Capacity Utilization

If fully utilization is reached, generators no longer stick to the strategy of revealing
true costs. No generator is left with unsold electricity. Hence, all bids are rational
and are accepted by the auctioneer.

Theorem 4.24. Suppose d > 2k.
(a) Multiple Bayes—Nash equilibria (bz,, b;) exist with the bid function

by (c) € ¢, p]. (4.269)

(b) The auction leads to production efficiency with the lowest possible production
costs.
(¢) The expected cost per electricity unit is given by

Ee] =~ [Fle)de (4.270)

(d) The profit is determined by
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7, (¢) = k[p—c]. (4.271)

my (c)=p—c. (4.272)
(f) The expected average price is given by

E|p,] = p. (4.273)

Proof.

(a) Because d > 2k is given, every generator can sell his entire production capacity
k. The price paid per unit of electricity is independent of the bid of the other
bidder, as long as the bid is accepted. Hence, only the participation in the auction
is of interest. Therefore, all bids which are accepted bids can be chosen, i.e.
b (c) € e, p]. Consequently, multiple equilibria exist.

(b) Because requirements of Theorem 4.1 are satisfied due to optimal bidding p and
demand d > 2k, the result of Theorem 4.1 (a) applies.

(c) Based on the same arguments given in (b), (4.8) can be used to get
é
Elc,] =Elc] = E—/F(T) dr.
c

(d) This follows directly from the model because the entire production capacity & is
sold and the price paid is always p. Hence, the profit is simply

7 (c) = k[p—cl.

(e) The contribution margin for each electricity unit, using (4.271), is

ﬂg* (c) = 7 (€) =p—c.

(f) Because of the shortage of production capacity, every generator is always paid
a price per unit of electricity that is independent of the competitor’s bid, due to
the auction rules. The price is p. a

Example 4.17.
Suppose d > 2k and the probability distribution given by Definition 3.5.
(a) Multiple Bayes—Nash equilibria (bg, be) exist with the following bid function

b, (c) € [c,p]. (4.274)
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(b) The expected profit is determined by

m, (c) = k[p—cl. (4.275)

(¢) The expected contribution margin per capacity unit is given by
m (c)=p—c. (4.276)
(d) The expected average price is obtained by

E[p,] = p. 4.277)

Proof.

(a) - (d) are easily checked with Theorem 4.24. O

4.6 Comparison

All three auction types have been analyzed separately. Generators as well as con-
sumers may want to decide which auction type they would prefer. Therefore, a com-
parison of the key figures for the auctions completes the analysis.

4.6.1 Case A: A Single Generator Serves the Demand

Corollary 4.12. Suppose d € (0,k].

(a) Optimal bids are the same in the discriminatory auction and the uniform-price
auction.

bi(c) = b (c). (4.278)

(b) Optimal bids in the generalized second-price auction are lower than in the dis-
criminatory auction.

bi(c) < b (c). (4.279)

(¢) Optimal bids in the generalized second-price auction are lower than in the
uniform-price auction.

b} (c) < b (c). (4.280)
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Proof.

(a) The equivalence is obvious due to the same decision problem of the bidder in
both auction types, see (4.124) and (4.18).

(b) Optimal bids in the generalized second-price auction equal marginal costs, see
(4.214). Hence, generators of a discriminatory auction always bid higher if
b} (c) > c holds true. This has already been proven by Corollary 4.4 (a).

(c) Because bidding marginal costs are the optimal strategy in the generalized sec-
ond-price auction, see (4.214), the bids in a uniform-price auction are higher if
b (c) > c is valid. This has already been proven by Corollary 4.4 (a). This is
applicable because Theorem 4.11 refers to Theorem 4.2, which is the basis of
the proof of Corollary 4.4. O

Bids in the discriminatory auction are the same as those in the uniform-price
auction because the payment rule is the same for this demand range. The lowest bids
are offered in the generalized second-price auction. The reason is that this auction
leads to truth-telling about the marginal costs while the bids in the other auctions
are greater than the marginal costs.

Theorem 4.25. Suppose d € (0,k].

(a) Expected profits are equal in the discriminatory auction and the uniform-price
auction

7’ (c) = 7 (c). 4.281)

The same relation applies for the expected contribution margin.
(b) The discriminatory auction weakly dominates the generalized second-price auc-
tion in terms of expected profits

7 () < 7 (¢) (4.282)

if the following condition is satisfied

F1-F(t]c)
J 1=F(c|c)

c

dt < b (c)—c. (4.283)

This inequation holds true if the following is valid
by(c) =z ¢ (4.284)

The same relation applies also for the expected contribution margin under
the same conditions.
(¢) The uniform-price auction weakly dominates the generalized second-price auc-
tion in terms of expected profits
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7, (c) < m (c) (4.285)
if the following condition is satisfied

F1—F(1]c)

T F (o TS0 (c)—c. (4.286)

c

This inequation holds true if the following is valid:
b (c) > e¢. (4.287)

The same relation applies for the expected contribution margin under the
same conditions.
Proof.

(a) The decision problem of a generator in the discriminatory auction is the same as
in the uniform-price auction, see proof of Theorem 4.11. Hence, the calculation
of expected profits and therefore optimal bid functions are the same, see (4.18)
and (4.124). This ultimately means that the same profits are expected.

The expected contribution margins are also the same, because they differ
from the expected profit only in the factor %

(b) The inequation, using (4.236) and (4.60)

c
d E—c—/F(r|c) dt
c
£ [ 4,

< d[l =F(c[c)] ﬁ—5+/ [t “dr|ee 10

c

<~

¢ st [ L 4,
/[I—F(T|c)] dt < [I —F (c|c)] -—c+/ “Fan " go| o TFED
c

holds true forc =¢
0<O0.

Hence, the relation holds true if the following condition for ¢ € [¢,¢), using
(4.18), is satisfied
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f_fln g LD g

c ¢
1-F
(7€) 4 < 15—E+/ef R g | e T
c
c

[ T=F(do)

C
< bj(c)—c. (4.288)
This is condition (4.283). A weaker condition is given by

c—c<bj(c)—c

<
by(c) > ¢. (4.289)
If this inequation holds true, (4.288) is also satisfied, because the following
is valid
é
"1—F(1]c)
C— —d
T T F (0"
C
<
¢
F - F
o< [FA ),
1—F(c|c)
<

F(t|c) > F(c|c) V1>ec.

This holds true because F (7|c) increases with T due to (3.5). Hence, the
discriminatory auction weakly dominates the generalized second-price auction
terms of expected profits if (4.288) is satisfied. This condition is always true if
(4.289) is a valid statement.

The comparison of the expected contribution margins leads to same results
like the comparison of the expected profits because the expected contribution
margins are linked with the expected profits by the same factor %

(c) Because the expected profit in the uniform-price auction is the same as in the
discriminatory auction due to (a), the same relation as for 7 (¢) holds true for

7, (c) concerning 7, (c), see (b).
Because the expected contribution margins are for all auctions % the
statements for the expected profits also hold true for the expected contribution

margins. 0

The decision problem of bidders in the discriminatory auction and the uniform
auction are the same if one generator is sufficient to serve the demand. Hence, the
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equivalence of expected profits is not surprising as (4.281) shows. Whether a genera-
tor receives a higher expected profit in the generalized second-price auction depends
on the probability distribution as conditions (4.286) and (4.283) show.

Figure 4.33 illustrates the results. Only the comparison of the generalized second-
price auction and the discriminatory auction is presented because the discriminatory
auction and the uniform-price auction lead to same values, see Theorem 4.25 (a).

0.05 £

0.04 -

0.03 -

difference

0.02 -

0.01 -

marginal costs ¢ ¥

T ()= (c) (4=1) ——

Fig. 4.33 Difference between expected contribution margins of the discriminatory
auction and the generalized second-price auction (case A)

The example shows in Figure 4.33 that generators earn higher or same expected
profits in the discriminatory auction and in the uniform price auction. Hence, genera-
tors do not prefer the generalized second-price auction. They are indifferent between
the discriminatory auction and in the uniform-price auction.

Theorem 4.26. Suppose d € (0,k].

(a) Expected costs per electricity unit are the same for all auction types
Elc)=Ele,] =E[c,]. (4.290)

(b) Expected average price in the discriminatory auction equals expected price in
the uniform-price auction

Ep,) = E[p4]- (4.291)
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(¢) The expected average price in the discriminatory auction is higher or equal than
in the generalized second-price auction

E[p,] <E[pg], (4.292)

if the following condition is satisfied
é ¢ é
/ F(c) / Fi(t|¢) drde < / F (&) F(c|e) b (c) — ] de. (4.293)
< c c

(d) The expected price in the uniform-price auction is higher or equal than the
expected average price in the generalized second-price auction

E[p,] <E[p., (4.294)

if the following condition is satisfied

/F(c)/F,-(T\c) dtde < /F(C)Fi(c|c) [b (¢) —c]dc. (4.295)

Proof.

(a) This is obvious because all auction types select the production schedule with
the lowest costs given the same demand.

(b) The winning generator in the discriminatory auction as well in the uniform-
price auction sets the price for one unit of electricity. Because the optimal bid
functions are the same, see (4.18) and (4.124), this yields the same expected
average price or uniform price respectively.

(c) The expected average price in the discriminatory auction is higher or equal
than in the generalized second-price auction if the following holds true, using
(4.260), (4.73), and (4.18)

2/F cf (c|c)+cFi(c|e +/F (t]¢) dt| de

<2/cF f(cle)+Fi(cle) dc+2/F (clc)

ARG s 4,
« 7C+ et - Ft\t et 1—F(t]r) de
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<
/ F(c) / Fi(t|¢) drde < / F () F:(c| &) [t (¢) — ] de. (4.296)

This is condition (4.293).

(d) Because the expected uniform price in the uniform-price auction is the same as
the expected average price in the discriminatory auction due to (a), the same
relationship for E [p d] concerning E [pg] holds true for E [p, ], see (b). g

All three auction types induce bidding strategies which strongly favor low-cost
over high-cost generators. Hence, all auctions select the same production schedule
with the lowest costs, which is expressed by Theorem 4.26 (a).

The payments of consumers for electricity purchased can be separated into pro-
duction costs and profits. Because the first fraction is the same for all auction types,
due to Theorem 4.26 (a), the comparison of expected average prices is reduced to
the question of earned profits. Because the discriminatory auction leads according to
Theorem 4.25 (a) to the same expected profits, it does not surprise that the expected
average price equals the expected uniform price, see Theorem 4.26 (b).

The comparison with the generalized second-price auction is more difficult. The
reason is that the expected profit of this auction may be higher for some genera-
tors but lower for other generators compared to the discriminatory auction or the
uniform-price auction, see Theorem 4.26 (c) and (d). Hence, the ranking of the auc-
tions depends on the distribution function.

The difference between the expected average price in the discriminatory auction
minus the price of the generalized second-price auction is presented in Figure 4.34.
The non-negative values show that the consumers in the discriminatory auction and
in the uniform-price auction expect a higher average price per electricity unit than
in the generalized second-price auction. This does not surprise because Figure 4.33
showed that the expected profits for all generators in the discriminatory auction and
the uniform-price auction are higher or equal than in the generalized second-price
auction.
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Fig. 4.34 Difference between the expected average price in the discriminatory auc-
tion and the generalized second-price auction (case A)

Remark 4.2. It is easily checked that all auctions have the same properties con-
cerning expected profit, costs, and average price if marginal costs are independently
draw.

4.6.2 Case B: Both Generators Are Necessary

Corollary 4.13. Suppose d € (k,2k) and that the optimal bid functions of all three
auction types exist

(a) Optimal bids in the discriminatory auction weakly dominate bids in the uniform-
price auction

b (c) <bj(c) Ve e€lg?) and b (¢) = b5 (?). (4.297)

(b) Optimal bids in the generalized second-price auction are lower than in the dis-
criminatory auction

b (c) < bj(c). (4.298)

(¢) Optimal bids in the generalized second-price auction are lower than in the
uniform-price auction

bi(c) < bi(c). (4.299)
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Proof.

(a) Optimal bids in the uniform-price auction are greater than bids in the discrimi-
natory auction if the following holds true for ¢ < ¢, see (4.143) and (4.82)

2d S0 g (7)2[1{:(1} (1) 4
ﬁ_6+/edkrl-‘(r\t) drle Sk LFGD

¢ T ppk—df(en)

fidt
< p_—E—f—/e k—[2k—d]F (1) dt C

f [2k—d]f(¢]1)
c

e 4 (4.300)

S
()l ()]
[p—cle e Fun +/e e dr
c
c C T
)f [2k—d]f(]1) dt [2k—d]f(]t) dt
< [p_*C]e ps k—[2k—d]F (t]1) +/ ps k—[2k—d]F (1]1) T

Firstly, it is easy to see that the left term equals the right term in case of
¢ = ¢, which refers to a generator with the highest costs. He will always bid p.
To prove that all other generators bid differently in both auctions, it is sufficient
to show that the following relations are valid for ¢ € [¢,¢)

(_)Zk:df JAGD) dt (- )l{ [2k—d]f(t]1) dt
[ﬁ_de d—k p F(tr) < [ﬁ—c]e o k= 2k—d]F(1[t) (4301)
<
_a & ¢ k-d)f
LR o) S
and
c T, c T
(7)@[ UL (- f k—df(tlt) 4
o VAR LF Y / LR ¢ (4.302)
C c
<
T ’L'
(—) 2=t df Ml) dt [k=dlftlt) .
(Ve T <M ErEarn V1 € (c,d.

The validity of (4.301) and (4.302) is given for ¢ € [c,¢) if the following
holds true
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(_)Zk—df(t|t) =) 2k —d]f (|1)
d—k F(t|t) k—[2k—d]F (t]t)

Vi € [c,0) (4.303)

<~

[d — KJF (c|c) < k— [2k—d]F (c|c)
<~

k[1—F(c|c)] > 0

g

Flcle) < 1.

The last inequation is valid here because the distribution function F (c|c)
is strictly increasing in ¢ and reaches its maximum 1 at ¢. The maximum was
excluded from the analysis, hence (4.303) and consequently (4.301), (4.302),
and (4.300) hold true.

(b) Generators in the generalized second-price auction bid their marginal costs, see
(4.214). Hence, optimal bids in a discriminatory auction are always higher if
b} (c) > c holds true. This has already been proven, see Corollary 4.4 (a).

(c) Because bidding marginal costs are the optimal strategy in the generalized sec-
ond-price auction, see (4.214), the bids in a uniform-price auction are higher if
b (¢) > c is valid. The proof has already been done, see (4.158). |

That bids in the generalized second-price auction are the lowest is not surprising
because they equal marginal costs. Bids in the discriminatory auction are greater
than those in the uniform-price auction because the generators have different in-
centives to balance two goals. The first is increasing the probability of winning by
bidding low. The second is increasing the price paid by bidding high. Both are coun-
terparts.

A bidder in the discriminatory auction cannot rely on a higher bid by his competi-
tor to increase his own price. In the uniform-price auction, there exists an incentive
to bid very low to serve the maximum demand while the competitor sets the price.
This price is not known before bidding, but the generator knows that the price paid
will not be less than his bid.

Theorem 4.27. Suppose d € (k,2k) and that the optimal bid functions of all three
auction types exist.

(a) The discriminatory auction weakly dominates the uniform-price auction in
terms of expected profits, i.e.

T, (¢) < my(e), (4.304)

if the following condition is satisfied
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[h@ e ae

<l-Falb O+ |5 -1|Feabo-b@l @305

The same relation applies for the expected contribution margin under the
same conditions.
(b) The discriminatory auction weakly dominates the generalized second-price auc-
tion in terms of expected profits

T (e) < 7 (), (4.306)

if the following condition is satisfied

[d—k|p+[2k—d] C_—F(C|C)C—CfEF(T|C)d‘L'

< b}(c). 4.307
k— 2k —d]F (c|c) < b (c) (4.307)
The same relation applies for the expected contribution margin under the
same conditions.
(¢) The uniform-price auction weakly dominates the generalized second-price auc-
tion in terms of expected profits

7 () < m (c), (4.308)

if the following condition is satisfied

s 41| p-rFedosie)

+[2—Z] E—F(c\c)c—/F(ﬂc)dT . (4.309)

The same relation applies for the expected contribution margin under the
same conditions.

Proof.

(a) The expected profit in a discriminatory auction is not lower than in a uniform
price auction, if the following condition holds true, taking into account the profit
functions, see (4.98) and (4.183), as well as the bid functions, see (4.82) and
(4.143)
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0<my(c)—m (c)

¢ h—dflelr)

d (=) 2k—d]f (\)d
< {k—[2k—d]F (c|c)} {ﬁ—5+ [or R ’df} o BT

—k/[l—F(’L'|c)]dr

< {k—[2k—d]F (c|c)}[by (c) —c] = [d —K]F (c|c) [}, (c) — c]
fk/b* F(tle) dr— k/l F(t|c)]dt

< [d—KIF (c|e) b (c) — b, ()] +k / 1B (c) — b3 (D)) f (]¢) d

—k/[lfF(1|c)]dr+k/[rfc]f('c|c) dr

< [d—K]F (c[e) [bg(c) = by (c)] +k/[bf1 (€) =by (1)) (t]c) dt

C

—k[c—c]+k[t—Cc]F (t]c)

c

< [d —KJF (c[e) [by (¢) = by ()] +k[1 = F (c[ )]by ()

—k/b;(r)f(r ) dt
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[ (ale) e < (1= F (el (o)

+ {i - 1} F (c|c) [bj (c) = by (c)].

This is condition (4.305).
ngf) , the rela-
tionship for the expected profits also holds true for the expected contribution

margins.

(b) The stated relation is valid if the following condition, using (4.238), (4.98), and
(4.82), holds true

[d—k}[ﬁ—aprk[e—c]—[2k—d}/F(r|c)dr

Ei 2k d)f(r

< {k—[2k—d]F (c|c 7C+/ A i J g g,

dt \ el =D

13
t

< {k—=[2k—dJF (c[c)}[bg (c) =]

—
¢
[d—k]p+[2k—d)| [E—F(c|c)c—fF(r|c) dr}

b (c) > < 4.310
a(e) = k— 2k —d]F (c|c) (4.310)

This is condition (4.307).
z(c >, the rela-
tionship for the expected profits also holds true for the expected contribution

margins.

(¢) The relation is valid if the following condition holds true, using (4.238), (4.183),
and (4.143)
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[dfk}[ﬁ*E}Jrk[Efc]7[2k7d]/F(’c|c)dT

o

¢ dcff\l) 2U—d [ (D)f]1)
f dr J dr
< [d—Kk]F (c|c) [ﬁ—ﬂ—/e g d'c]edkc Fin
A

d—k F(tt)

. 2k-dff(:\r) dt Mf(*)f(tmdt
U g e ¢ dé

+k/[1—F(1:|c)]dr

< [d=KIF (c|) b} (€) ]+ [ £ (#]) b} () ~ ¥ v

+k/[1 _F(t]c)]dt

< [d—KF (c|) b () —c +k/b* ¢)dv—k[e—F (c|e)d]
+k/F(r|c)dT+k/[1—F(T|c)]dr

< [d—KF(c|e)b: (¢ +k/b* (t]¢) dt — {k— [2k—d]F (c|c)} e

—

/Ebﬁ(f)f(TIC) av > [§-1|ip-Fdop o)

+[2—i] [E—F(cc)c—jF(ﬂc)dT . (4311

This is condition (4.309).
”]({c) , the rela-
tionship for the expected profits also holds true for the expected contribution

margins. O
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There does not exist an auction that leads always to the highest expected prof-
its. Which auction a generator prefers depends therefore on the probability density
function.

Figure 4.35 shows the difference between the expected contribution margins in
the discriminatory auction and the uniform-price auction for the strong affiliation
with a = 4. It is easy to see that the discriminatory auction leads always to higher or
same values in the example. Hence, a generator prefers the discriminatory auction.

0.2
0.18
0.16
0.14 :
012+ - .
0.1+~ - .
0.08 - -
0.06 - -
ol 033 &
0.02 |- 33 ¢

0 S 0.67 @‘&

2 175 1.5 1.25 1

relative demand (%)

T

T-

difference

m () - (c) (a=4) ——

Fig. 4.35 Difference between expected contribution margins of the discriminatory
auction and the uniform-price auction (case B)

Figure 4.36 compares the expected contribution margins in the discriminatory
auction and the generalized second-price auction. Up to a demand of about 1.15k%,
some generators earn higher expected contribution margins in the discriminatory
auction and other generators in the generalized second-price auction. Nevertheless,
all generators prefer the generalized second-price auction due to higher or same
profits if demand is greater than 1.15k.

Figure 4.37 shows the difference between the expected contribution margins in
the generalized second-price auction and the uniform-price auction. Non-negative
values mean that the contribution margin is higher or the same in the generalized
second-price auction. This is always true in the example for a demand greater than k.
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Fig. 4.36 Difference between expected contribution margins of the discriminatory
auction and the generalized second-price auction (case B)
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Fig. 4.37 Difference between expected contribution margins of the uniform-price
auction and the generalized second-price auction (case B)
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Theorem 4.28 compares the expected production costs and the expected average
prices.

Theorem 4.28. Suppose d € (k,2k) and that the optimal bid functions of all three
auction types exist.

(a) The expected costs per electricity unit are the same for all auction types
Elc,) = Elc,) = E[c,]. 4.312)

(b) The expected price of the uniform-price auction is higher than or equal to the
expected average price of the discriminatory auction, i.e.

Ep,) > E[p4l, (4.313)

if the following condition is satisfied
/f(c)F(c\c) b5 () — b (c)] de < —/f bi(c)de.  (4.314)

Otherwise, the relationship is reversed to

E[p,) <E|[p,]- (4.315)

(¢) The discriminatory auction weakly dominates the generalized second-price auc-
tion in terms of expected average prices

Elp,] <Elpy), (4.316)

if the following condition is satisfied

/F(c)/F,-(’c|c) drde < /F(c)F,(c|c) b (¢) — ] de. 4317)

(d) The expected price in the uniform-price auction is higher than or equal to the
expected average price in the generalized second-price auction

E[p,] <E[p,, (4.318)

if the following condition is satisfied
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Proof.

(a) This is obvious because all auction types select the production schedule with
the lowest costs given the same demand.

(b) The expected average price in the discriminatory auction is higher than or equal
to the expected uniform price if the following condition holds true

0<E[p,)—El[pal-

Using (4.199), (4.75), (4.20), and (4.1)—(4.3), the condition is rewritten to

O<2/b (cle) de—2 [Zk—l]/c—bj(c)f(c)F(dc)dc
<
og%/f()( bic dc—/f bi(e) = by (0] de
<~

[F@F e bye) - bite) dc<—/f cle)bi (¢) de.

4

This is condition (4.314). The left term is positive due to (4.297). The right term
is also positive because optimal bids are greater than marginal costs according
to Corollary 4.4 (a), which are non-negative because of Assumption 3.7.

(¢) The expected average price in the discriminatory auction is higher than or equal

to the expected average price of the generalized second-price auction if the fol-
lowing holds true, taking into account (4.262), (4.110), and (4.82)
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This is condition (4.317).

(d) Using (4.262), (4.197), and (4.143), the stated relation is valid if the following
holds true

e }/F[ el s |

<2ﬁ—2/cF f(cle)+Fi(c|c)]de

2 frofet

Fi(c] )} 1 (c) — el de
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/F( >[’”;( 'k)+F,-<c|c>] b (c) de

4

k 2k—d

< p +ﬂ cF(c)f(c|c)dc
[%jl}/F c+/F (t]c) dt| de.
This is condition (4.319). O

The expected production costs are the same because all three bidding strategies
prefer low-cost generators over more expensive ones. The dominance of one auction
in terms of expected average prices depends on the probability density function.

Remark 4.3. It is easily checked that all auctions have the same properties con-
cerning expected profit, costs, and average price if marginal costs are independently
draw.

4.6.3 Case C: Full Market Capacity Utilization

The remaining demand range is covered by the following theorem.
Theorem 4.29. Suppose d > 2k.
(a) Expected profits are the same for all auction types
m(c)=m, (c) = 7'[; (c). (4.321)

(b) Expected costs per electricity unit are equal for all auction types

Elc)) = Elc,) = E[c,]. (4.322)
(¢) All auction types have the same expected average price or uniform price, re-
spectively
Elp) =E[p) =E[p,]. (4.323)
Proof.

(a) This is obvious, see (4.117), (4.207), and (4.271).

(b) This is obvious because all auction types select the production schedule with
the lowest cost.
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(¢) This is obvious, see (4.119), (4.209), and (4.273). O

It is no surprise that none of the auction types is dominant. All market participants
in this demand range are aware, that consumers may will be rationed because of a
lack of production capacity for d > k.
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Conclusion

Electricity prices at power exchanges depend on some factors, e.g. production costs,
supply, demand, and competitive pressure. A crucial aspect in the power market is
the restricted amount of electricity a generator is able to produce. The existence
of this limited production capacities influences the competitive situation strongly.
Auction rules and individual production costs are further influences often analyzed.

This work analyzes the bidding behavior of two risk-neutral generators under
three auction types. Each of the generators owns one power plant with the same
production capacity. Producing more electricity units than the production capacity
is not feasible. A well-known example for such a duopoly market is the wholesale
market for electricity in England and Wales after the deregulation in 1990. The
decision for a single power market based on an auction allows the operator of the
electricity grid who acts also as the auctioneer to provide a high level of safety and
efficiency.

The auctioneer acts as a proxy of the consumers whose demand is price inelastic.
Similar to other auctions, the auctioneer sets a reserve price, which is in this work
common knowledge. The highest profit a generator can earn is therefore determined
by the difference between the reserve price and production costs and the lowest
value of demand or production capacity. The competitive pressure is the highest if
the loser, who offered the highest bid, does not produce anything. This makes it
more important for a generator to win the auction at the expense of profit. Using
loser’s amount of sold electricity as a criterion for the competitive situation, three
demand ranges can be distinguished independently of the implemented auction type.

The first range is determined by a demand, which does not exceed the produc-
tion capacity of one generator. It allows only the winner to earn money. The second
range is characterized by a demand higher than the production capacity of one gen-
erator but lower than the production capacity of both generators. Now the loser sells
some electricity but does not fully utilize his production capacity. The third range is
reached if demand equals or is higher than the production capacity of both genera-
tors. Consumers have then to accept that their demand may be rationed.

The three analyzed auctions are the uniform-price auction, the discriminatory
auction, and the generalized second-price auction. The uniform-price auction is

S. Schone, Auctions in the Electricity Market, Lecture Notes in Economics 205
and Mathematical Systems 617,
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commonly used because every generator gets the same price per electricity unit
and no one is discriminated. The discriminatory auction is rarely used. Its payment
rule stays often in conflict with the understanding of a fair price because each bid-
der is paid his own bid. The last auction, the generalized second-price auction, is
analyzed because it leads to bids, which reflect the true marginal costs. This is eco-
nomically interesting because all market participants can calculate the production
costs correctly.

The competing generators have constant marginal costs. They are the realization
of a known probability function. Costs are presumed to be affiliated. This allows an-
alyzing markets with correlated production costs as well as with independent costs.
All aspects of the game are common knowledge except the realized values of the
marginal costs. The bids given to the auctioneer are sealed. It reflects the commonly
used form at exchanges.

The work presents along with the theoretical results an example for illustration.
This example is based on a probability distribution, which allows adjusting the de-
gree of affiliation of marginal costs by one variable. Positive values stand for strong
affiliated, i.e. positive correlated costs. Independent costs result if the variable is
Zero.

The economic analysis starts with the search of non-cooperative bidding strate-
gies maximizing the expected profit of each generator. Unique Bayes—Nash
equilibria are always found except for the third demand range in the generalized
second-price auction. In such a case multiple equilibria occur. But they do not alter
the results of the other key figures. The optimal bid functions of the uniform-price
and the discriminatory auction given the second demand range exist only under a
condition. It states that the reserve price must lie below a critical value, which de-
pends on the probability distribution and the demand. The auctioneer has to respect
this before she announces the reserve price to enforce bids calculated according to
the optimal bid functions.

Bid shading exists in the discriminatory and the uniform-price auction. The gen-
eralized second-price auction enforces bids equal to marginal costs, which is an
interesting economic feature. Therefore, bids in the generalized second-price auc-
tion are the lowest for all demands below the aggregated production capacity of both
generators.

All auctions are cost efficient, i.e. they have the lowest possible production costs.
This is a result of the selection rule in all auctions and the bidding behavior. The
optimal bids increase with marginal costs. The auctioneer, who chooses the bidder
with the lowest bid first, selects therefore also the generator with the lowest pro-
duction costs first. If demand exceeds the production capacity of one generator, the
average costs increase with the demand until both power plants are fully utilized.

Differences between the uniform-price auction and the discriminatory auction
concerning the bidding behavior occur only if the loser sells something but does
not fully utilizes his production capacity. While bids in the discriminatory auction
smoothly increase with demand until the reserve price is reached, bids in the uniform
price auction drop abruptly when demand crosses the production capacity of a single
generator. The jump is a result of the shifted incentive of the generators. Because
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the winner gets the bid of his competitor paid he is more concerned about becoming
the winner. Hence, he reduces the bid to increase his probability of winning.

Three auctions are analyzed in this work. The decision which auction type will
be implemented in an electricity market often depends on the persons who have the
most power. Hence, it can either be the generators or the consumers. The key figures
of the generators are expected profit and the expected contribution margin. Expres-
sions for all auctions and all demand ranges are given. The expected profit increases
with demand. The highest value is reached when both generators fully utilize their
production capacity. This results shows that the generators have an incentive to stay
in the market and therefore, that consumers must not fear a market failure because
of missing generators.

If demand is sufficient such that both generators fully utilize their production
capacities or if marginal costs are independently distributed, generators are indif-
ferent between the auctions. The preference for a specific auction depends for all
other cases on the probability distribution and the reserve price. It may happen that
not all generators agree on the same auction. The example presents such a case in
Figure 4.36.

The preferred point of view concerning the decision which auction should be
implemented is the position of the consumers. They want to pay the lowest aver-
age price per electricity unit. Because they do not know the realized production
costs in advance, they use the expected average price. Expressions are given for all
auctions and demand ranges. The highest expected price is reached when both gen-
erators earn the highest expected profit. Similar to the generators, consumers are
indifferent between the auctions given independently distributed marginal costs or a
demand equal or higher than the production capacity of both generators. Otherwise,
the ranking of the auctions depends on the probability distribution and the reserve
price.

This work shows that all three auction types create markets, which solve the allo-
cation problem economically taking into account technical aspects of the electricity
production. The decision of the auctioneer about the reserve price is in some cases
more important than in others because it decides whether generators act according
to the optimal bidding strategy or not.

Nevertheless, further research is necessary. A first extension is to analyze a mar-
ket with more than two bidders. It could answer the question how many generators
are necessary in an electricity market to keep the expected average price at an ac-
ceptable low level for the consumers.

Another extension is to allow generators to choose their maximal amount of elec-
tricity for sale endogenously. It is a more realistic assumption because, e.g. a gen-
erator may has technical problems to fully utilize his capacity. Another example is
an electricity market divided into a wholesale market with a power exchange and
a resale market with direct access to consumers. A generator would sell only free
capacity at the exchange. Besides the bid price, the free decision about the produc-
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tion capacity for sale can lead to more strategic behavior of the generators. It may
support empirical findings for the electricity market in England and Wales.!

The suggested extensions presumed symmetric generators. A real market con-
sists normally of generators with different production capacities. This is especially
important when a monopolistic market should be broken up. With the analysis of
various market shares, it would, e.g. be possible to measure the benefit for the con-
sumers of a deregulation. The results could be used to decide about the sizes of the
new companies if the monopolist is split up. The analysis can also be used to fig-
ure out if the prices are manipulated, e.g. because of cooperating behavior among
generators.

A remaining problem of the explained extensions is their static character. Auc-
tions in the electricity market would take place daily to keep the economy running.
Because the building of new power plants is time consuming, the competing gen-
erators know each other for a long time and learn from each other. They want to
maximize their expected discounted profit. This could lead to strategic behavior,
which is unfavorable for the consumers but may have to be accepted as the price of
a working market.

I See, e.g. Wolfram (1998).
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