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Foreword 

Nowadays in the knowledge society, each member deals with a number of 
tasks related to knowledge management. The most often realized tasks are: 
decision making, knowledge integration, selection, and retrieval. In all 
these tasks one has to solve inconsistency of knowledge. Inconsistency is a 
feature of knowledge which is characterized by the lack of possibility for 
inference processes. Therefore, solving inconsistency of knowledge is a 
basic and very essential subtask in many tasks of knowledge management. 
The whole management process may become impossible if the inconsis-
tency is not resolved.  

This book presents a set of methods for resolving inconsistency of know-
ledge. It originally treats the inconsistency on two levels, syntactic and 
semantic, and proposes methods for processing inconsistency on these 
levels. The methods proposed here are consensus based. They are worked 
out on the basis of mathematical models for representing inconsistency as 
well as tools for measuring and evaluating the degree of inconsistency, 
defined by the author.  

The presented material shows that the solution of inconsistency is stron-
gly related to knowledge integration processes. Therefore, along with in-
consistency resolution tools, the author proposes algorithms for knowledge 
integration, such as ontology integration, or agent knowledge states inte-
gration. The author has put across a deep and valuable analysis of the pro-
posed models by proving a number of interesting and useful theorems and 
remarks. Owing to these analysis results one can decide to use the worked 
out algorithms for concrete practical situations.  

The author also presents two concrete applications of the proposed 
methods. The first refers to recommendation processes in intelligent learn-
ing systems. Using the method for rough classification, a model for repre-
senting learner profiles, learning scenarios, and the choice of a proper 
scenario for a new learner is proposed. The recommendation mechanisms 
are built by means of consensus methods and clustering algorithms. As a 
result, there is the possibility to adapt the learning path to learner needs 
and preferences. The second application is related to the conception of a 
multiagent metasearch engine for information retrieval from the Internet. 
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vi   Foreword 

The conception consists of the structure agent knowledge and a set of 
procedures enabling knowledge exchange, recommendation processes, and 
decision-making processes of the agents. 

Another aspect of this book is related to quality analysis of expert 
knowledge using consensus methods. The author has shown the relation-
ships between the consistency degree of expert solutions for some problem 
and the distance between their consensus and the proper solution of the 
problem. He has proved, with some restrictions, that the consensus of the 
set of expert solutions is better than these solutions. The results are original 
and very interesting. I would like to congratulate Professor Nguyen for his 
wonderful contribution. 

In my opinion, the methods for knowledge inconsistency resolution and 
integration included in this book are very valuable and many readers such 
as postgraduate and PhD students in computer science,  as well as scien-
tists who are working on knowledge management, ontology integration, 
and multiagent systems, will find it interesting.  

 
 
 

Lakhmi C. Jain 
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Preface 

Inconsistent knowledge management (IKM) is a subject which is the 
common point of knowledge management and conflict resolution. IKM 
deals with methods for reconciling inconsistent content of knowledge. In-
consistency in the logic sense has been known for a long time. Inconsis-
tency of this kind refers to a set of logic formulae which have no common 
model. However, inconsistency of knowledge has a larger aspect which 
may be considered on two levels: syntactic and semantic. On the syntactic 
level inconsistency may be treated in the same way as the inconsistency of 
logic formulae mentioned above, but in a larger context. On the semantic 
level, on the other hand, inconsistency appears when these formulas are 
interpreted in some concrete structures and some real world. For solving a 
large number of conflicts, and especially, for resolving inconsistency of 
knowledge on the semantic level, consensus methods have been shown to 
be useful. 

This book is about methods for processing inconsistent knowledge. The 
need for knowledge inconsistency resolution arises in many practical 
applications of computer systems. This kind of inconsistency results from 
the use of various sources of knowledge in realizing practical tasks. These 
sources often are autonomous and they use different mechanisms for proc-
essing knowledge about the same real world. This can lead to inconsis-
tency. This book provides a wide snapshot of some intelligent technologies 
for knowledge inconsistency resolution.  

This book completes the newest research results of the author in the 
period of the last five years. A part of these results has been published in 
prestigious international journals and conference proceedings. In this book, 
along with other new results, the results are completed, extended, and pre-
sented in a comprehensive and unified way.  

The material of each chapter of this book is self-contained. I hope that 
the book can be useful for graduate and PhD students in computer science; 
participants of courses in knowledge management and multiagent systems; 
researchers and all readers working on knowledge management and/or 
ontology integration; and specialists from social choice.  
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1. Inconsistency of Knowledge 

This chapter is an introduction to the topics of inconsistency of knowledge 
and inconsistent knowledge management. It describes the subject of this 
book as well as its structure. 

1.1. Introduction 

What is inconsistency of knowledge? In knowledge-based systems the no-
tion consistency of knowledge is most often understood as a situation in 
which a knowledge base does not contain contradictions. Thus inconsis-
tency of knowledge appears if there are some contradictions. However, 
this definition is not satisfactory because the notion inconsistency is only 
replaced by the notion contradiction. Contradiction is easily defined in 

stood as a situation in which a set of logic formulae has no model; that is, 
on the basis of these formulae one can infer false. For example, for the set 

nonlogic knowledge bases the notion of contradiction is more difficult to 
define.  

The notion of inconsistency of knowledge is more complex than the 
notion of contradiction. In general for setting an inconsistency of knowl-

 

• A subject to which the inconsistency refers: If we assume that a 
knowledge base contains knowledge about some real world then the 
subject of inconsistency may be a part of the real world. 

• A set of elements of knowledge related to this subject: Such an ele-
ment may be, for example, a formula or a relational tuple in the base. 

• Definition of contradiction: In the case of logic-based bases the con-
tradiction is simple to identify owing to the criterion of contradiction 

edge it is necessary to set the following three components: 

classical logic-based knowledge bases, where contradiction can be under-

of formulae {¬ x ∨ y, x , ¬y, x  ∨ ¬ y} with the inference engine of standard 
logic one can easily notice that no model exists because in any interpreta-
tion formulae x , ¬ y and ¬ x  ∨ y may not be satisfied simultaneously. In 
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2     1. Inconsistency of Knowledge 

of a set of formulae. In the case of nonlogic bases contradiction 
needs to be indicated referring to the subject of inconsistency.  

 

In the case of logic-based knowledge bases the inconsistency of know-
ledge is reduced to the contradiction of a set of formulae. The definition of 
contradiction in this case is well known, very strong, and independent of 
that to which the subject refers. Thus the most important is the second 
component, which is a set of logic formulae.  

In the case of nonlogic bases all three components are important; without 
one of them it is hard to set the inconsistency. As an example of inconsis-
tency in a nonlogic base of knowledge let’s consider the following relation 
representing a state of knowledge about the weather forecasts for some 
regions of a country. 

 

Region_ID Day Temperature Rain Sunshine 

r1 d1 15–30 Yes Yes 

r1 d2 18–32 Yes No 

r1 d1 20–32 No No 

r2 d1 23–30 Yes No 

r2 d2 22–29 No No 

 
We may notice that in this base there is an inconsistency. The inconsis-

tency subject is pair (Region_ID, Day) and the set of elements being in 
inconsistency consists of the first and third tuples. They represent different 
forecasts for the same region on the same day. The contradiction is based 
on the fact that for the same region and the same day one of the parameters 
Temperature, Rain, and Sunshine assigns different values.  

As in database systems, without elimination of inconsistency a knowl-
edge base does not have the best utility. Referring to database systems the 
data inconsistency problems are solved by means of integrity constraint 
management systems that take care of satisfaction of these constraints. 
Owing to the well-defined and simple structure of data the constraints are 
easily formulated and the procedures for their realization are effective. In 
addition, integrity constraints look after the consistency on the lower level 
of data semantics and similar constraints may also be used in knowledge 
bases. Inconsistency of knowledge, however, most often refers to some 
integral objects or processes in the real world such as real objects, prob-
lems, events, scenarios, and the like. In general, consistency of knowledge 
means a condition that the pieces of knowledge included in a knowledge 
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1.1. Introduction     3 

base and describing these integral objects are not contradictory. For this 
reason conditions for achieving knowledge consistency are more difficult 
to formulate and the algorithms for their realization are more complex and 
in many cases require using heuristic strategies.  

It is also worth noticing that in referring to data inconsistency one uses 
the term “elimination” whereas in referring to knowledge inconsistency 
one uses the term “processing” which means that inconsistency of knowl-
edge is not always an undesirable thing as data inconsistency is, but some-
thing natural in knowledge bases, which is useful for reflecting the real 
world. Methods for processing inconsistency of knowledge have the fol-

 

• Inference from inconsistency [3, 17, 22]: “Omitting” of inconsistent 
elements of a knowledge base and determining logic consequences 
of the remaining consistent elements. 

• Determination of the representatives [13, 112]: A representative of a 
set of inconsistent elements of knowledge is an element that best 
represents them. For determining a representative all inconsistent ele-
ments are taken into account.  

• Integration of inconsistent elements [48, 53, 54, 81, 82]: Creating 
new element(s) of knowledge that reflect all the elements in the base. 

In general, we can distinguish the following aspects of knowledge in-
consistency. 

within one knowledge base. The reasons of inconsistency are the fol-

− Knowledge is acquired in a period of time and its “topicality” depends 
on the timestamps [44, 63, 153]. “New” knowledge is inconsistent 
with “old” knowledge because of the change of the real world to which 
the knowledge refers. Thus some pieces of knowledge may be incon-
sistent with some others if the temporal feature is taken into account.  

− The indeterminacy of the relationships between events taking place in 
the real world. 

− Inaccuracy of the devices responsible for knowledge acquisition and 
processing. 

− The indeterminacy of knowledge processing procedures. 
− Knowledge is extracted from data in a database or a data warehouse, 

by using, for example, data mining methods. Extracted knowledge is 
then dependent on the data and some of its elements may be 
inconsistent. 

lowing purposes: 

 Centralization Aspect: This aspect refers to inconsistency of knowledge 

lowing: 

1.
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4     1. Inconsistency of Knowledge 

The main aim of inconsistency resolution in this case is to achieve 
consistency of knowledge because from the integrity point of view there 
is no profit in an inconsistent base of data or knowledge. For this kind of 
inconsistency one can actualize the knowledge base by removing from it 
the nonactual information, so that the remaining information should be 
consistent. However, knowledge extracted from data using these meth-
ods may cause the loss of useful rules. In this aspect inconsistency of 
knowledge is an undesirable thing which should be removed for correct 
functioning of knowledge bases. 

 Distribution Aspect: This aspect is related to inconsistency between differ-
ent knowledge bases. This kind of inconsistency may take place in distri-
buted environments. The circumstances of this kind of inconsistency are: 

 

− Several knowledge-based systems function in a distributed environ-
ment and reflect the same real world, or the same part of it. For the 
same subject (i.e., conflict issue) the sites may generate different ver-
sions (i.e., conflict content) of knowledge [105, 133]. For example, 
agents in a multiagent system may have different opinions on some 
matter or experts solving the same problem may give different solu-
tions. Thus they are in conflict of knowledge.  

− The independency (autonomy) of the owners of knowledge bases. Very 
often the owner of a knowledge base is an agent or some autonomous 
software. Thus it processes the knowledge in an independent way. 

− The uncertainty and incompleteness of the knowledge, which may 
cause the inconsistency. 

− The indeterminacy of mechanisms processing the knowledge within a 
knowledge-based system. 

 

The main aim of inconsistency resolution in this case is different from 
the aim for the centralization aspect. It seems that for this kind of incon-
sistency knowledge base revision methods are not useful because know-
ledge consistency is achieved by removing some elements of knowledge 
from the base. In this way the removed pieces of knowledge are treated 
differently from the remaining pieces. Such an assumption cannot be 
accepted in this case because it seems that all opinions of the agents or 
solutions given by the experts should be treated in the same way in the 
inconsistency resolution task. The aim of this task is to determine a ver-
sion of inconsistent pieces of knowledge, which is needed for further 
processing. Consensus methods have been proved to be useful in this 
case. In this aspect inconsistency is a natural thing, which should not be 
removed but processed for extracting valuable knowledge.  

2.
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1.2. Levels of Knowledge Inconsistency     5 

The above-presented aspects seem to cover the sources of knowledge 
inconsistency. 

1.2. Levels of Knowledge Inconsistency 

From the state of the literature we may divide methods of knowledge in-
consistency resolution into two levels: syntactic and semantic.  

Syntactic level refers mainly to logic-based bases of knowledge. As 
mentioned above, owing to very strong conditions for contradiction, the 
subject of inconsistency is not needed. Here one has to deal with a set of 
logic formulae which is contradictory. We propose the adjective syntactic 
for this level because of the condition for contradiction meaning that the 
set of formulae is contradictory in each interpretation of the formulae.  

On the syntactic level the approaches for inconsistency resolution can be 
divided into three groups. The first group consists of approaches based on 
knowledge base revision, the second group includes approaches relying on 
paraconsistent logics, and the methods belonging to the third group deal 
with measures of inconsistency. The methods belonging to the first group 
are most often used in deductive databases, making it possible to remove 
some formulae from the base to produce a new consistent database [36, 37, 
47, 95, 140]. Such a process may be performed by confronting the formu-
lae with the actual state of the real world to which the database refers. The 
disadvantage of this approach is that it is too complex to localize the in-
consistency and to perform optimal selection, that is, with minimal loss of 
useful information.  

The second group consists of paraconsistent logic-based methods. Para-
consistent logics give sensible inferences from inconsistent information. 
Hunter [58] and other authors have defined the following logics: weakly 
negative logic which uses the full classical language; four-valued logic 
which uses a subset of the classical language; quasi-logical logic which 
uses the full classical language and enables effectively rewriting data 
and queries to a conjunction normal form; and finally argumentative logic 
which reasons with consistent subsets of classical formulae. Hunter has 
stated that paraconsistent logics can localize inconsistency and their 
conclusions are sensible with respect to the data. In these logics the incon-
sistency does not need to be resolved. However, this kind of logic does not 
offer concrete strategies for acting on inconsistency and the means for rea-
soning in the presence of inconsistency in the existing logical systems are 
still scant.  
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The third group includes methods that enable “monitoring” the inconsis-
tency by measuring its degree. For this aim Hunter [59] proposes a meas-
ure for inconsistency in a set of formulae; Knight [70] measures up the 

Apart from the above-mentioned groups there are a lot of other works 
devoted to solving knowledge inconsistency on the syntactic level. Among 
others, in the work [16] an argued consequence relation, taking into acc-
ount the existence of consistent arguments in favour of a conclusion and 
the absence of consistent arguments in favour of its opposite, has been in-
vestigated. In another work [5] the authors propose a method for drawing 
conclusions from systems that are based on classical logic with the assu-
mption that the knowledge included in the systems might be inconsistent. 
The author of the work [50] solves the inconsistency problem on the syn-
tactic level for deductive bases using nonmonotonic negation. 

On the semantic level logic formulae are considered as referring to a 
concrete real world which is their interpretation. Inconsistency arises if in 
this world a fact and its negation may be inferred. In the example concern-
ing weather forecasts presented in Section 1.1 one may infer the fact “Sun-
shine is in region r1 in day d1,” as well as the fact “There is no sunshine in 
region r1 in day d1.” As mentioned above, for setting inconsistency on this 
level three parameters need to be determined: the inconsistency subject, 
the set of knowledge elements being in inconsistency, and the definition of 
contradiction.  

Up to now there are three known approaches for leaving inconsistency 
on the semantic level. The first consists of such methods that, similar to the 
methods in the first group of methods for inconsistency resolution on the 
syntactic level, enable localization of the inconsistency and its removal. 
These methods mention the procedures for checking data consistency us-
ing integrity constraints in database systems [33, 128]. However, structures 
in knowledge bases are more complex and such methods may be ineffec-
tive. Also, it is not so simple to define integrity constraints for knowledge 
bases. The second approach is related to Boolean reasoning and the third 
concerns using consensus methods.  

In Boolean reasoning [23, 132] an inconsistency resolution task is for-
mulated as an optimisation problem, which is next transformed to such a 
form of Boolean formula that the first implicant is the solution of the 
problem. In the last approach for solving inconsistency the consensus of 
the knowledge elements which are in inconsistency is determined and is 
accepted as the representative of these elements. In other words, a new 
state of knowledge arises by replacing the elements being in inconsistency 

inconsistency in a set of sentences. Fuzzy logic is useful in inconsistency
leaving for software development [86]. Other authors [11, 40] have used
labelling mechanisms in resolving inconsistency of data in databases.  
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by their consensus. Consensus choice algorithms in turn are dependent to a 
large degree on the structure used for describing the real world. 

The task of determining the inconsistency degree is also important 
on the semantic level. Nguyen and Malowiecki [118] have defined con-
sistency functions which enable calculating the consistency level for so-
called conflict profiles. 

Each of these levels of inconsistency may be considered referring to the 
above-mentioned aspects. This is illustrated in Figure 1.1. 

Figure 1.1. Levels and aspects of knowledge inconsistency. 

1.3. Knowledge Inconsistency and Integration 

In order to merge several information systems or to enable the semantic 
communication between them it is necessary to integrate their knowledge. 
Generally, a problem of knowledge integration may be formulated as fol-
lows. For a given set of knowledge pieces referring to an object (or objects) 
of the real world, one should eliminate the inconsistency, if any, appearing 
in this set. According to Reimer [139] knowledge integration can be 
considered in two aspects: integration of different knowledge bases and 
integration of different representations of the same knowledge but on dif-
ferent levels of representation. Corresponding to the first aspect the incon-
sistency mentioned in the definition of knowledge integration agrees 

Semantic LevelSyntactic Level

Centralization 
     Aspect 

Distributed 
   Aspect 

Inconsistent 
Knowledge 
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with the notion of inconsistency presented in the previous subsections. 
Corresponding to the second aspect inconsistency is understood as some 
mismatch not of knowledge, but of its different structures.  

It seems that the first kind of knowledge integration is more important, 
and is also a harder task for realization. One can see a close relationship 
between the knowledge integration process in this aspect and the idea for 
knowledge inconsistency resolution presented in this chapter. It seems 
that inconsistency resolution is a natural subtask which is necessary to be 
realized in the integration task. Knowledge integration is also needed for 
group decision-making processes and here of course knowledge inconsis-
tency should be resolved. In the work [52] a conflict resolution model for 
group decision making is proposed based on the conflict index which inte-
grates multiple possibility distributions into a new one to represent com-
promised knowledge. 

Inconsistency of knowledge has also been considered in the aspect of 
uncertainty which has been investigated on different levels [4, 93]. 

1.4. The Subject of this Book 

The main subject of this book is related to the distribution aspect of 
knowledge inconsistency resolution. As described in Section 1.2 the prob-
lems of knowledge inconsistency resolution in the centralization aspect, 
especially on the syntactic level, have been solved in many works of other 
authors. The author of this book for a couple of years has been dealing 
with these problems referring to the distribution aspect. Using consensus 
methods for these problems is an original approach and a number of works 
on this topic done by the author have been published. The materials pre-
sented in this book are coherent in the sense that they refer to the topic of 
knowledge inconsistency resolution in the distribution aspect. Some results 
included in them have been published, however, in this book they are exten-
ded, improved, and presented in a more comprehensive and unified way. 
In addition, this book also contains many materials not published previ-
ously. The details of the characteristics of the materials are presented in the 
conclusions of particular chapters. 

The main contributions of this book consist in brief of the following 
elements. 

• General model for conflict and knowledge inconsistency. This model 
contains such elements as conflict representation and consistency 
measures for conflict profiles. 

This copy belongs to 'VANC03'



1.5. The Structure of this Book     9 

• General model of consensus, which contains postulates for consensus 
choice functions, their classes, an approach to set susceptibility to 
consensus, and methods for its achievement. 

• Representation method for inconsistent knowledge: several structures 
have been proposed, such as relational, disjunctive, conjunctive, and 
fuzzy-based. In each of these structures the possibility for represent-
ing positive knowledge and negative knowledge has been investi-
gated. 

• Consistency measures for conflict profiles which enable calculating 
the degree of conflict and choosing corresponding methods for con-
flict resolution. 

• Method for knowledge inconsistency resolution on the syntactic level 
referring to distribution aspect with disjunctive, conjunctive, and 
fuzzy-based structures of inconsistency.  

• Method for knowledge inconsistency resolution on the semantic level 
with disjunctive and conjunctive structures of inconsistency. 

• Method for inconsistency resolution for ontologies based on consen-
sus tools. A new classification of ontology conflicts has also been 
proposed. 

• Consensus-based method for reconciling inconsistency of knowledge 
of experts. A model for inconsistency of expert knowledge has been 
built. It has been proved that a high degree of inconsistency is often 
profitable and with some restrictions the consensus of experts’ opin-
ions is better than each of these solutions. 

• Method for determination of a learning scenario in intelligent tutor-
ing systems using consensus tools and rough classification algo-
rithms.  

• Project of a multiagent system as a metasearch engine for information 
retrieval in the Internet. In this project the knowledge inconsistency 
resolution method is used for reconciling inconsistent knowledge and 
answers given by different agents for the same query, as well as in 
recommendation procedures. 

1.5. The Structure of this Book 

The content of this book can be divided into three parts. In the first part 
(Chapters 2 and 3) we present the theoretical foundation for conflict 
analysis and consensus choice tools. In the second part (Chapters 4–9) 
the inconsistency of knowledge is investigated on two levels: syntactic and 
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semantic. For each level we propose the structures for representing incon-
sistency and algorithms for its solution. The detailed analysis of these al-
gorithms is also presented. The methods based on consistency measures 
for inconsistency processing are worked out. A set of postulates for consis-
tency measures which determine the classes of inconsistency functions is 
defined and analyzed. Next these functions are used for investigation of 
susceptibility to consensus for knowledge conflict profiles.  

In this part we also deal with the analysis of expert knowledge inconsis-
tency and conflicts of ontologies. It turns out that inconsistency of expert 
opinions on some matters may be very useful. Ontology mismatch (or in-
consistency) may take place on three levels: instance level, concept level, 
and relation level. On each level we define the inconsistency and work out 
a method for inconsistency processing.  

In the third part (Chapters 10 and 11) we present two applications of the 
proposed methods for inconsistency resolution. The first application is re-
lated to the problem of recommendation in intelligent tutoring systems. For 
a given learner the opening learning scenario is determined by a consen-
sus-based procedure on the basis of the knowledge about similar scenarios 
passed by other learners. Owing to this the learning process is changed 
dynamically to better suit actual learner characteristics. The second appli-
cation refers to the aspect of inconsistency of agent knowledge. It includes 
a detailed conception of a metasearch engine with using multiagent tech-
nologies. The aim of the project is to create a consensus-based multiagent 
system to aid users in information retrieval from the Internet. A more 
detailed description of the chapters is presented as follows. 

Chapter 2 presents a general model for conflict and knowledge inconsis-
tency. A definition of inconsistency referring to the distribution aspect is 
included. This model contains such elements as conflict representation and 
consistency measures for conflict profiles. For measuring consistency a set 
of postulates is proposed and five consistency functions are defined and 
analyzed. Some methods for improving the consistency are also worked 
out.  

Chapter 3 is devoted to a couple of new problems of consensus theory. 
A set of classes for consensus choice functions is defined and analyzed. 
The problems of evaluating the quality of consensus and susceptibility to 
consensus are solved. Several methods for achieving susceptibility to con-
sensus are worked out and some methods for reducing the number of con-
sensuses are also given. 

Chapter 4 is concerned with a general model for knowledge integration 
referring to its inconsistency in distribution aspect. This chapter presents 
the aspect of knowledge inconsistency in the integration process. We pro-
pose a multivalue and multiattribute model for knowledge integration and 
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show the placement of the inconsistency aspect in the integration process. 
The postulates for knowledge integration and algorithms for this process 
are worked out. 

The purpose of Chapter 5 is to present the process of knowledge incon-
sistency resolution and knowledge integration on the syntactic level. The 
contributions of this chapter are based on the solutions of these problems 
in the distribution aspect. Here as the structure of inconsistency we use 
such logic structures as conjunctive and disjunctive. Fuzzy conjunctive stru-
cture is also considered.  

Chapter 6 deals with the solutions of knowledge inconsistency resolu-
tion and knowledge integration on the semantic level. Here conjunctive 
and disjunctive structures interpreted in a real world are investigated. For 
each structure the notion of semantic is defined and analyzed. The distance 
functions for these structures are defined and the problem of dependencies 
between attributes is also investigated. 

Chapter 7 presents a fuzzy-based approach to a consensus problem. In 
Chapter 3 (Section 3.6) weights for achieving consensus susceptibility are 
used. The weights serve to express the credibility of experts or agents 
who generate given opinions. This chapter presents an approach in which 
weights are used for expressing the credibility of opinions. We call a set of 
such opinions a fuzzy conflict profile. Postulates for consensus functions and 
algorithms for consensus determination are given. 

Chapter 8 has a special character and is devoted to the analysis of expert 
knowledge. We show different types of conflict profiles consisting of ex-
pert solutions of some problem and investigate the relationship between 
the consensus of a profile to the proper solution of this problem. Although 
the proper solution is not known, we show that in certain situations the 
consensus is more similar to it than the solutions proposed by the experts. 
In this way in some degree we prove the hypothesis that the wisdom of the 
crowd is greater than the wisdom of single autonomous units. 

The idea of Chapter 9 is concerned with inconsistency resolution for on-
tologies. Ontology is a very popular structure for knowledge and the prob-
lem of its inconsistency in different systems appears fairly frequently. If 
integration of some systems has to be performed, their ontologies must 
also be integrated. In this process it is often necessary to resolve conflicts 
(or inconsistency) between ontologies. In this chapter we present a classi-
fication of ontology conflicts and consensus-based algorithms for their 
resolution. 

Chapter 10 deals with application of the methods for inconsistency reso-
lution presented in previous chapters. Its subject is related to recommenda-
tion processes in intelligent tutoring systems. Using methods for rough 
classification, a model for representation of learning scenarios and the 
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choice of proper scenario for a new learner is built. The recommendation 
mechanisms presented in this chapter are based on consensus methods and 
clustering algorithms. Owing to them there is a possibility to adapt the 
learning path to learner profiles. 

Chapter 11 includes a detailed conception of a metasearch engine using 
multiagent technologies. We present a consensus-based approach for inte-
grating answers generated by different agents for a given query. Moreover, 
this multiagent system uses the features of agent technology for making 
the system a recommender system. The aim of the project is to create a 
consensus-based multiagent system to aid users in information retrieval 
from the Internet.  

Finally, some conclusions and directions for the future research are in-
cluded in Chapter 12. 
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2. Model of Knowledge Conflict 

The aim of this chapter is to introduce the subject of conflict analysis, its 

2.1. Introduction  

Conflict can be considered in many cases as inconsistency. Conflict, how-
ever, seems to have more a specific meaning than inconsistency. Inconsis-
tency most often refers to states of resources (such as knowledge base, 
database, etc.) of one or more integral systems, whereas with a conflict we 
have in mind some inconsistency between a few autonomous unities. Thus 
conflict refers to a set of unities and a concrete matter. It then is suitable 
for the kind of inconsistency on distributed aspect analyzed in Chapter 
1. Thus conflict is very often considered in distributed environments, in 
which several autonomous systems function and have to co-operate in or-
der to realize some common tasks.  

Let’s consider a distributed system which is understood as a collection 
of independent computers connected to each other by a network and equip-
ped with distributed software and data [27]. In such a kind of system inde-
pendence is one of the basic features of the sites, meaning that within the 
confines of available resources each of them does independent data proc-
essing, and takes care of consistency of data. Most often each system site 
is placed in a region of the real world and its task relies on storing and 
processing information about this region. Regions occupied by the sites of-
ten overlap. This redundancy is needed for the following reasons. 

• Uncertain and incomplete information (data) of the sites referring to 
regions they occupy.  

representation, and tools useful in its resolution. These tools consist of 
consistency functions which measure the degree of the coherence of elements 
being in a conflict. Conflict is something we often have to deal with in our
everyday life and in many kinds of computer systems. Because of its very
rich and varied nature, in this book we investigate only one class of conflicts
related to knowledge management.  
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• Entrusting one region to several sites may cause a complement of 
sites’ information and owing to this it can enlarge the credibility of 
information-processing results. 

 
However, the autonomy feature of sites and their indeterminism in 

information processing may cause disagreement (conflict) between sites 
referring to a common subject. Independent sites may generate different 
versions of information about the same real world. This in turn may cause 
trouble in information processing of the whole system.  

As shown in Figure 2.1, for the same event in the real world four agents 
may generate different scenarios. Thus there arises a conflict profile: 

Conflict profile = {Scenario 1, Scenario 1, Scenario 2, Scenario 3}, 

where Scenario 1 appears two times and each of Scenarios 2 and 3 appears 
only once. 

Figure 2.1.  An example of conflict in an agent-based distributed environment. 
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Another, more practical example refers to a multiagent system serving 
intrusion detection in a network system [61, 72]. It is assumed that the 
network system consists of a set of sites. Two types of agents are designed: 
monitoring agents (MA) and managing agents (MaA). Monitoring agents 
observe the sites, process the captured information and draw conclusions 
that are necessary to evaluate the current state of system security. Manag-
ing agents are responsible for managing the work of monitoring agents 
(Figure 2.2). Each monitoring agent monitors its area consisting of several 
sites. If an attack appears, the agent must deduce the kind, source, and the 
path of propagation of this attack. It is assumed that the areas of the moni-
toring agents might mutually overlap. Owing to such an assumption the 
credibility of monitoring agents’ results could be high, the sources of 
attacks might be more quickly established, and the risks of security breach 
of the main sites might be reduced. Each managing agent manages a set of 
monitoring agents.  

The deduction results of monitoring agents referring to the same site 
may be inconsistent, meaning that for the same attack and the same site 
different agents may diagnose different sources of attack, propagation 
paths, and so on. In other words, they may be in conflict. 

 

Figure 2.2. A multiagent system for intrusion detection. 
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The above examples show that conflict situations take place when for 
the same subject several sites cooperating in a distributed environment 
may generate different versions of data (e.g., different scenarios of a future 
event or different solutions of the same problem). In this chapter we deal 
with the definition of conflict and tools for its analysis. We restrict our 
consideration to conflict of knowledge and propose a formal model for its 
representation. We also define and analyze consistency measures of con-
flict profiles. Consistency is a very important parameter of conflict pro-
files, and its value could say some essential things about the conflict.  

2.2. What is Conflict? 

In the most general way one can say that a conflict takes place when at 
least two bodies have different opinions on the same subject. In a general 

 
• Conflict body: a set of participants of the conflict. 
• Conflict subject: a set of matters which are occupied by the partici-

pants. 
• Conflict content: a set of opinions of the participants on the conflict 

subject. These opinions represent the knowledge states of the par-
ticipants on this subject. 

 
Conflict has been a popular subject in such sciences as psychology and 

sociology. In computer science conflict analysis has been more and more 
needed because of using autonomous programs and processing data 
knowledge originating from these sources. The first formal model for con-
flict has been proposed by Pawlak [133]. Referring to the above-mentioned 
parameters the Pawlak conflict can be specified as follows. 

 
• Conflict body: a set of agents.  
• Conflict subject: a set of issues.  
• Conflict content: a set of tuples representing the opinions of these 

agents on these issues. Each agent referring to each issue has three 
possibilities for presenting his opinion: (+), yes; (–), no; and (0), neutral.  

 
For example [133], if there are five agents (#1, #2, #3, #4, #5) and five 

issues (a, b, c, d, e) then the opinion of an agent on these issues may be 
represented by a row in the following information table. 

context we can distinguish the following components of a conflict [104]: 
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Agent a b c d e 
#1 − − + + + 
#2 + 0 + − − 
#3 + − + − 0 
#4 0 − − 0 − 
#5 + − − − − 

 
Pawlak has created a set of tools that enable conflict analysis. This set 

consists of such elements as relations of coalition, neutrality, and conflict. 
Pawlak has used neither distance functions for measuring the similarity of 
agents’ opinions nor the method for determination of conflict solution. In 
addition, Pawlak’s model is very simple and does not allow the agents to 
express more complex opinions. As stated above, referring to a matter an 
agent has only three possibilities for expressing her opinion: approval, 
objection, and neutrality. An enhancement of Pawlak’s model has been 
proposed by Skowron and Deya [144]. In this work the authors define 
local states of agents which may be interpreted as the sources of their opin-
ions expressed referring to the matters in contention. This model considers 
conflicts on several levels, among others on the level of reasons of con-
flicts. In this approach it is still assumed that attribute values are atomic. 

In this chapter we define conflicts in distributed environments with the 
above-mentioned parameters. We build a formalism which has the follow-

 
• Conflict can be defined on a general level. 
• It is possible to calculate the inconsistency degree of conflict, and 

within conflict values of the attributes representing participants’ opin-
ions should more precisely describe these opinions. We realize this 
aim with the assumption that values of attributes representing conflict 

values where an elementary value is not necessarily an atomic one. 
Thus we accept the assumption that attributes are multivalued, similar 
to Lipskis’s [79] and Pawlak’s [132] concepts of multivalued informa-
tion systems.  

• We introduce three kinds of conflict of participants’ knowledge: 
positive, negative, and ignorance. Positive knowledge serves to ex-
press such types of opinion as “In my opinion it should be,” negative 
knowledge, “In my opinion it should not be,” and uncertain knowl-
edge, “I have no basis to state if it should be.” For example, an 
expert is asked to forecast the increase of GDP of a country. She can 

contents are not atomic as in Pawlak’s approach, but sets of elementary 

ing purposes: 

This copy belongs to 'VANC03'



18     2. Model of Knowledge Conflict 

give her three kinds of opinions: an interval to which the increase 
should most likely belong, an interval (intervals) to which the in-
crease should not belong, and an interval (intervals) to which she 
does not know if the increase may belong or not. An example of the 
expert’s opinion is presented as follows. 

 
Should be Should not be Uncertain 

[3, 5] (−∞, 2], (10, +∞) (5,10] 
 

• Owing to this assumption a conflict participant functioning in some 
real world and having limited possibilities does not have to know 
“everything”. In Pawlak’s approach positive knowledge is represen-
ted by value “+”, and negative knowledge by value “−”. Some 
difference occurs between the semantics of Pawlak’s “neutrality” 
and the semantics of “uncertainty” presented in this work. Namely, 
most often neutrality appears in voting processes and does not mean 
uncertainty, whereas uncertainty means that an agent or expert is not 
competent to express its opinions on some matter.  

• We define the inconsistency level for conflict. 
• Weights of conflict participants are taken into account in determin-

ing the inconsistency level. 
• Criteria for susceptibility to consensus are defined for conflict. 
 

In the next section we present a general model for conflict.  

2.3. Conflict Representation 

2.3.1. Basic Notions 

In this section we present some notions needed for use in the next sections. 
In the context of the components of conflict defined in Section 2.2 (con-
flict body, subject, and content), we assume in this model that the conflict 
subject is given and for this subject the set of all potential opinions which 
may be included in the conflict content may be determined. We investigate 
the properties of behaviour of different cases of conflict content. 

By U we denote a finite set of objects representing the potential 
opinions for the conflict subject. Symbol 2U denotes the powerset of U, 
that is, the set of all subsets of U.  
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By Πk(U) we denote the set of all k-element subsets (with repetitions) of 
set U for k∈ℵ (ℵ is the set of natural numbers), and let 

Π(U) = ∪ ℵ∈ Πk k U )( .  

Thus Π(U) is the set of all nonempty subsets with repetitions of set U.  
Each element of set Π(U) is called a conflict profile. A conflict profile is 

then a subset with repetitions of set U and should represent a conflict con-
tent.1  

In this work we do not use the formalism often used in consensus theory 
* = 0>k∪ Uk, where Uk 

is the k-fold Cartesian product of U. In this way we can specify how many 
times an object occurs in a profile and we can ensure that the order of ob-
jects belonging to a profile is not important. We also use in this book the 
algebra of sets with repetitions (multisets) defined by Lipski and Marek 
[80]. Some of its elements are presented by the following examples.  

An expression  

X = {x, x, y, y, y, z}  

is called a set with repetitions with cardinality equal to 6. In this set ele-
ment x appears two times, y three times, and z one time. Set X can also be 
written as  

X = {2 ∗ x, 3 ∗ y, 1 ∗ z}.  

The sum of sets with repetitions is denoted by the symbol ∪�  and is de-
fined in the following way. If element x appears in set X n times and in Y n′ 
times, then in their sum X∪� Y this element should appear n + n′ times. For 
example, if X = {2 ∗ x, 3 ∗ y, 1 ∗ z} and Y = {4 ∗ x, 2 ∗ y}, then 

X ∪�  Y = {6 ∗ x, 5 ∗ y, 1 ∗ z}. 

The difference of sets with repetitions is denoted by the symbol “–” and 
is defined in the following way. If element x appears in set X n times and 
in Y n′ times, then the number of occurrences of x in their difference X – Y 
should be equal to n – n′ if n ≥ n′, and 0 otherwise. For example: 

{6 ∗ x, 5 ∗ y, 1 ∗ z} – {2 ∗ x, 3 ∗ y, 1 ∗ z} = {4 ∗ x, 2 ∗ y}. 

                                                      
1 In this work sets with repetitions refer only to conflict profiles, and any sym-

bol representing a conflict profile also represents a set with repetitions. 

[13] in which the domain of consensus is defined as U
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A set X with repetitions is a subset of a set Y with repetitions (X ⊆ Y) if 
each element from X does not have a greater number of occurrences than it 
has in set Y. For example,  

{2 ∗ x, 3 ∗ y, 1 ∗ z} ⊆ {2 ∗ x, 4 ∗ y, 1 ∗ z}. 

Set U can have two kinds of structure: the macrostructure and the micro-
structure. By a macrostructure of U we understand some relationship 
between its elements, for example, a binary relation on U, or some 
relationship between its elements and elements of another set, for example, 
some function from U × U to another set. In this work as the 
macrostructure of the set U we assume a distance function:  

d: U × U → [0, 1], 
which is 
 

1. Nonnegative:  

∀x,y ∈ U: d(x,y) ≥ 0, 

2. Reflexive:     

∀x,y ∈ U: d(x,y) = 0 iff x = y, and 

3. Symmetrical:   

∀x,y ∈ U: d(x,y) = d(y,x), 

where [0, 1] is the closed interval of real numbers between 0 and 1. 

Thus function d is a half-metric because the above conditions include 
only a part of the metric conditions. Here there is the lack of a transitive 
condition because it is too strong for many practical situations [20].  

By a microstructure of U we understand the structure of the elements of 
U. For example, if U is the set of all partitions of some set X then the 
microstructure of U is a partition of X, and as the macrostructure of U we 
can define a distance function between partitions of X.  

Let us notice that a space (U, d) defined in the above way does not need 
to be a metric space. Therefore, we call it a distance space [103]. 

We distinguish the following classes of conflict profiles.  

Definition 2.1. 
A conflict profile X ∈ Π(U) is called: 

( a) Homogeneous, if all its elements are identical;, that is, X = {n ∗ x} 
for  some x ∈ U and n being a natural number 

( b) Heterogeneous, if it is not homogeneous  
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( c) Distinguishable, if all its elements are different from each other 
( d) Multiple, referring to a profile Y (or X is a multiple of Y, written as  

X = n ∗ Y) if 

Y = {x1, x2, . . . , xk} 

 and  

X = {n ∗ x1,  n ∗ x2, . . . , n ∗ xk} 

for k and n being natural numbers and n > 1 
( e) Regular, if it is distinguishable or a multiple of some distinguishable 

profile 
As defined above, a conflict profile X ∈ Π(U) contains opinions of con-

flict participants on the given matter of contention. It should be the main 
subject for conflict analysis in order to solve it. In fact, if the profile is 
homogeneous then there is no conflict inasmuch as all the opinions are 
identical. However, for completeness of the theory, we assume that it is a 
special case of conflict.  

2.3.2. Definition of Knowledge Conflict 

We assume that there is given a finite set A of agents which work in a 
distributed environment. The term “agent” is used here in a very general 
sense: as an agent we may understand an expert or an intelligent and auto-
nomous computer program. We assume that these agents have their own 
knowledge bases in which knowledge states can be distinguished. In gen-
eral, by a state of agent knowledge we understand these elements of an 
agent knowledge base which reflect the state of the real world occupied by 
the agent referring to a given timestamp. Such a state may be treated as a 
view or an opinion of the agent on some matter. We realize that the struc-
tures of agent knowledge bases may be differentiated from each other. 
However, in this chapter we do not deal with them; this is the subject of 
the next chapters where we define concrete structures (logical or rela-
tional) of agent knowledge. We assume that there is a common platform 
for presenting the knowledge states of all agents.  

We assume that the agents from set A work on a finite set of common 
subjects (matters) of their interest. This set is denoted by S.  

Now by U we denote the set of all possible states of agent knowledge 
presented in the platform. Owing to this assumption two different states 
belonging to U should have different “content”. 
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An agent a ∈ A referring to subject (matter) s ∈ S can generate the fol-

 
• Positive knowledge: a state u ∈ U is called the positive knowledge of 

agent a referring to subject s if in the opinion of the agent state u is 
the most proper description (alternative, scenario, etc.) related to 
subject s. 

• Negative knowledge: a state u ∈ U is called the negative knowledge 
of agent a referring to subject s if in the opinion of the agent state u 
cannot be the proper description (alternative, scenario, etc.) related to 
subject s. 

• Uncertain knowledge: a state u ∈ U is called the uncertain knowl-
edge of agent a referring to subject s if it does not know if state u can 
be the proper description (alternative, scenario, etc.) related to sub-
ject s. 

 
Thus positive knowledge represents the kind of agent opinions that 

something should take place, whereas by means of negative knowledge an 
agent can express its contrary opinion. Notice that for the same agent the 
state representing positive knowledge must be different from the state rep-
resenting its negative knowledge. 

 
• Positive profile: X +(s) – as the set of knowledge states from U repre-

senting positive knowledge of the agents referring to subject  
• Negative profile: X −(s) – as the set of knowledge states from U repre-

senting negative knowledge of the agents referring to subject s 
• Uncertain profile: X ± (s) – as the set of knowledge states from U 

representing uncertain knowledge of the agents referring to subject s 
 

Positive, negative, and uncertain profiles referring to subject s should 

 
• They are pairwise disjoint. 
• They are sets with repetitions because of the fact that some agents 

may generate the same knowledge state. 
 

Now we can present the definition of knowledge conflict. 
 

lowing kinds of knowledge: 

In this way for a subject s ∈ S we can define the following profiles: 

satisfy the following conditions: 
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Definition 2.2. 
A knowledge conflict referring to subject s appears if at least one of 
profiles  X +(s) and X − (s) is heterogeneous. 

From Definition 2.1 it follows that a conflict takes place if at least two 
agents generate different (positive or negative) knowledge states referring 
to the same subject. Notice that in this definition there is no reference to 
the uncertain profile X ±(s). The reason is that the role of uncertain knowl-
edge is not as important as the role of the two remaining kinds of knowl-
edge. If referring to a subject the agents have identical positive and 
negative knowledge then although their states of uncertainty are different, 
then there is no conflict.  

Sets X +(s) and X −(s) are also called positive conflict profile and negative 
conflict profile, respectively. 

Below we present an example. 

Example 2.1. Consider a group of experts who have to analyze the eco-
nomic situation of a country and forecast its increase of GDP in a given 
year. An expert may generate an interval to which in his opinion the in-
crease of GDP is most likely to belong. He may also give some other in-
tervals to which in his opinion the increase of GDP should not belong. As 
a knowledge state we define a subset of the set of real numbers. In the fol-
lowing table the opinions of five experts are presented. 

 
Expert X + X − X ± 

E1 [3, 5] (−∞, 3), (5, +∞) ∅ 
E2 [2, 6] (−∞, 2), (6, 8) [8, +∞) 
E3 4 [1, 3], (7, +∞) (−∞, 1), (3,4), 

(4,7] 
E4 [3, 5] (−∞, 3), (5, +∞) ∅ 
E5 [3, 5] (−∞, 3), (10, +∞) (5,10] 

 
In this way we have a conflict because the profiles X + and X − are not 
homogeneous. Notice that the opinions of some experts (E2, E3, E5) do not 
exhaust the set of all real numbers. This means they can have some 
ignorance. For example, expert E5 does not know if the increase of GDP 
may belong to interval (5, 10] or not.     ♦ 
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2.3.3. Credibility Degree of Conflict Participants 

In a conflict the roles of its participations (i.e., the agents) do not have to 
be the same. The need for differentiating agent roles follows from the fact 
that one agent may be more credible than another. Credibility of an agent 
or an expert in many cases should be a multidimensional value. For sim-
plicity here we assume it to be a one-dimensional value. This value should 
play the following roles. 
 
• It represents the competence of the agent. 
• It represents the credibility of the agent. 
 
We define this value by means of the following function, 

w: A × S → [0,1], 

where for a given agent a and a subject s value w(a, s) is called the weight 
of agent a referring to subject s.  

For simplicity, if the subject of conflict is known and if the elements of 
a conflict profile are well identified, then we may denote the weight of an 
element in a profile by w(x) where x is an element of the profile. For 
example,  

  X = {x1, x2, x3, x4}, 

where x1 = “Yes”, x2 = “Yes”, x3 = “No”, and x4 = “Yes”. The weights can be 
written as 

 w(x1) = 0.4;     w(x2) = 0.1;     w(x3) = 0.9;     w(x4) = 1. 

2.4. Consistency Measure for Conflict Profiles 

2.4.1. Notion of Conflict Profile Consistency 

Referring to conflict profiles one can say that the conflict represented by 
one profile is larger than that by another. Let’s consider an example. 

Example 2.2. Let agents participating in a conflict generate answers “Yes,” 
“No,” or “Neutral;”  then it seems that profile  

X = {Yes, No, Neutral}  

represents a more serious conflict than profile 
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X ′ = {Yes, Yes, No}, 

which in turn seems to be worse than profile 

X ″ = {Yes, Yes, Neutral}. 

Assume that our aim is to make a decision on the basis of participants’ 
opinions. The basis of our observation relies on the fact that profile X con-
tains all three potential opinions, each of which appears exactly one time. 
In this case we often say “Nothing is known;” that is, it is not possible to 
make any sensible decision. The second profile contains two opinions 
“Yes” and one opinion “No.” Here using the rule of majority we could 
suggest accepting “Yes” as the decision. However, not taking into account 
the opinion “No” in this case may cause doubt inasmuch as the relationship 
between the number of “Yesses” to the number of “Nos” is only 2 to 1. The 
third profile is in the smallest degree embarrassing because two of partici-
pants say “Yes” and the third is neutral.      
  

♦
 For this reason an idea for measuring the degree of conflict has arisen. 

Referring to opinions belonging to conflict profiles one can observe that 
elements of a certain profile are more similar to each other (i.e., they are 
more convergent or more consistent) than elements of some other profile. 
In Example 2.2 opinions included in profile X ′ seem to be more consistent 
than opinions included in profile X, and opinions from profile X ″ seem to 
be more consistent than opinions from profile X′. This shows that for a 
given profile it is needed to determine a value which would represent the 
degree (or level) of its consistency (or inconsistency). This value should be 
very useful in evaluating whether a conflict is “solvable.” We propose to 
define this parameter for conflict profiles by means of consistency func-
tions. For this aim we define a set of several postulates representing the 
intuitive conditions for consistency degree which should be satisfied by 
these functions. We also define several consistency functions and show 
which postulates they fulfil.  

By symbol c we denote the consistency function for a conflict profile. 
This function has the signature: 

c: Π(U) → [0,1]. 

The idea of this function relies on measuring the consistency degree of 
profile elements. The consistency degree of a profile mentions the notion 
of indiscernibility defined by Pawlak for an information system [132, 145]. 
However, they are different conceptions. The difference is based on the 
fact that the consistency degree represents the coherence level of the 
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profile elements and to measure it one should first define the distances 
between these elements. Indiscernibility, in turn, reflects the possibility for 
differentiating two tuples, and the distance function is not used. 

By C(U) we denote the set of all consistency functions for Π(U). 

2.4.2. Postulates for Consistency Functions 

The requirements for consistency functions are expressed in the following 
postulates. We assume that the universe U consists at least of two ele-
ments. Let c ∈ C(U). The postulates are presented as follows. 

P1a. Postulate for maximal consistency: 
If X is a homogeneous profile then  

c(X) = 1. 

P1b. Extended postulate for maximal consistency: 
For Y, Z ∈ Π(U) where Y = {x} and 

)(nX  = (n ∗ Y) ∪�  Z  

being such a profile that element x occurs at least n times, and the 
numbers of occurrences of other elements from Z are constant, 
then the following equation should be true, 

1)(lim )( =
∞+→

n

n
Xc

  
. 

P2a. Postulate for minimal consistency: 
If X = {a, b} and d(a,b) = ),(max

,
yxd

Uyx ∈
 then  

c(X) = 0. 

P2b. Extended postulate for minimal consistency: 
For Y, Z ∈ Π(U), Y = {a, b} and 

)(nX  = (n ∗ Y) ∪�  Z  

tent logics [18, 59, 69, 70]. The general idea of these works is based on
The notion of inconsistency measure has been referred to in paraconsis- 

measuring the inconsistency value for a set of formulae which are not con-
sistent. In our approach the inconsistency is expressed by means of the dis-
tance function, and the consistency value is determined on its basis. 
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being a profile such that elements a and b occur at least n times, 
and the numbers of occurrences of other elements from Z are 
constant, and  

d(a,b) = ),(max
,

yxd
Uyx ∈

,  

then the following equation should take place, 

0)(lim )( =
∞+→

n

n
Xc

  
. 

P2c. Alternative postulate for minimal consistency: 

If X = U then c(X) = 0. 

P3. Postulate for nonzero consistency: 
If there exist elements a, b ∈ X such that  

d(a,b) < ( )yxd
Uyx

,max
, ∈

  

and X ≠ n ∗ U for all n = 1, 2, . . . , then  

c(X) > 0. 

P4. Postulate for heterogeneous profiles: 
If X is a he terogeneous profile then  

c(X) < 1. 

P5. Postulate for multiple profiles: 
If profile X is a multiple of profile Y then  

c(X) = c(Y). 

P6. Postulate for greater consistency: 
Let  

d(x,X) = Σy∈X d(x,y)  

denote the sum of distances between an element x of universe U 
and the elements of profile X. Let  

D(X) = {d(x,X): x ∈ U}  

be the set of all such sums. For any profiles X, Y ∈ Π(U) the fol-
lowing dependency should be true, 
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⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
≤

)(
))((min

)(
))((min

Ycard
YD

Xcard
XD   

 ⇒ (c(X) ≥ c(Y)). 

P7a. Postulate for consistency improvement: 
Let a and a′ be such elements of universe U that  

d(a,X) = min {d(x,X): x ∈ X}  

and  

d(a′,X) = min {d(x,X): x ∈ U};  

then 

c(X–{a}) ≤  c(X) ≤  c(X ∪� {a′}).  

P7b. Second postulate for consistency improvement: 
Let b and b′ be such elements of universe U that  

d(b,X) = max {d(x,X): x ∈ X}  

and 

d(b′,X) = max {d(x,X): x ∈ U};  

then 

c(X∪� {b′}) ≤  c(X) ≤ c(X – {b}).  

P8. Postulate for simplification: 
For Y, Z ∈ Π(U) and 

)(nX  = (n ∗ Y) ∪�  Z 

 then the following equation should be true, 

)(lim )(n

n
Xc

∞+→  
= c(Y). 

The above-mentioned postulates illustrate intuitive conditions for 
consistency functions. However, some commentaries should be given. 

• Postulate for maximal consistency (P1a): This postulate seems to be 
very natural because it requires that if in a profile only one element 
occurs then the consistency should be maximal. As stated earlier, a 
homogeneous profile in fact does not represent any conflict, thus for this 
situation the consistency should be maximal. In the example of the 
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experts generating opinions about the GDP level for a country, if their 
opinions are the same then the consistency of their knowledge on this 
matter should be maximal.  

• Extended postulate for maximal consistency (P1b): If in a given conflict 
profile some element is dominant (by its large number of occurrences) 
in such degree that the numbers of occurrences of other elements are 
insignificant, then the consistency should be near to the maximal value. 
This is consistent with the rule of majority. 

• Postulate for minimal consistency (P2a): If a profile X consists of two 
opinions and their distance is maximal, that is,  

X = {a, b} and d(a,b) = ( )yxd
Uyx

,max
, ∈

,  

then it represents the “worst conflict,” so the consistency should be 
minimal. 

• Extended postulate for minimal consistency (P2b): This postulate char-
acterizes also a “very bad” conflict in which two maximally differing 
opinions dominate because their numbers of occurrences aim to infinity. 
For this situation the consistency should aim to 0. This postulate is also 
consistent with the rule of majority. 

• Alternative postulate for minimal consistency (P2c): This postulate pre-
sents another aspect of “the worst conflicts,” meaning that the profile is 
distinguishable and moreover, it consists of all possible opinions which 
may be generated. Referring to such kind of profiles we can say that 
everything is possible, and that is it is very hard to infer something from 
the situation. Therefore, the consistency degree should be minimal.  

• Postulate for nonzero consistency (P3): This postulate defines a set of 
profiles with consistency degree larger than 0. In some sense it is com-
plementary to postulates P2b and P2c which give consistency value 0 
for those profiles nonreflected by postulate P3. In addition, if a profile 
contains at least two such elements that their distance is smaller than the 
maximal distance in the universe, and it is neither the universe nor its 
multiple, then this means that there is some coherence in it. For such 
profiles the consistency should be greater than 0.  

• Postulate for heterogeneous profiles (P4): The consistency of “true” 
conflict may not be maximal. The maximal value of consistency is then 
reserved for profiles representing nonconflict situations. Thus if a pro-
file is heterogeneous then its consistency may not be maximal, because 
the opinions represented by its elements are not identical. 
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• Postulate for multiple profiles (P5): If profile X is a multiple of profile Y 
then it means that the proportions of the numbers of occurrences of 
any two elements are identical in profiles X and Y. In other words, 
the quantity relationships between element x and element y (x, y ∈ U) 
are the same in profiles X and Y. Thus these profiles should have the 
same consistency degree. 

• Postulate for greater consistency (P6): The fact that  

)(
))((min

)(
))((min

Ycard
YD

Xcard
XD   

≤  

means that the elements of profile X are more concentrated than the 
elements of profile Y. In other words, profile X is denser than profile Y. 
Thus there should be c(X) ≥ c(Y). 

• Postulate for consistency improvement (P7a): This postulate shows 
when it is possible to improve the consistency. According to this postu-
late removing the best element of a profile (i.e., the sum of distances 
between it and other elements is minimal) should worsen the inconsis-
tency, whereas adding the best element of the universe referring to the 
profile (i.e., the sum of distances between it and elements of the profile 
is minimal) should improve the consistency.  

• Postulate for consistency improvement (P7b): This postulate is dual to 
postulate P7a. It states that removing the worst element of a profile (i.e., 
the sum of distances between it and other elements is maximal) should 
improve the inconsistency, whereas adding the worst element of the 
universe referring to the profile (i.e., the sum of distances between it and 
elements of the profile is maximal) should worsen the consistency.  

 
Postulates P7a and P7b are very useful in consistency improvement. 
According to them the consistency value should be larger if we add to a 
profile this element of universe U which generates the minimal sum of 
distances to the profile elements, or if we remove from the profile this 
element which generates the maximal sum of distances. For example, let  

U = {x, y, z, s, t, u, w}  

be such a universe that the distances between element w and other ele-
ments are much greater than the distances among elements x, y, z, t and 
u (see Figure 2.3). Let  

X = {x, y, z, s, t, w},  
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d(u,X) = min{d(x,X): x ∈ U} 

and  

d(w,X) = max{d(x,X): x ∈ X}.  

According to postulates P7a and P7b we can improve the consistency by 
moving element w or adding element u; that is  

c(X) ≤ c(X – {w})    and     c(X) ≤ c(X ∪�  {u}). 

So we have  

c(X) ≤ c(X – {w}) ≤ c(X – {w} ∪� {u}) = c({x, y, z, s, t, u}) 

and 

c(X) ≤  c(X ∪� {u}) ≤  c(X ∪� {u} – {w}) = c({x, y, z, s, t, u}). 

• Postulate for simplification (P8): This postulate in a certain sense is a 
general form of postulates P1b and P2b regarding postulate P5. It 
requires accepting the consistency value of a profile as the consistency 
value of this part of the profile which dominates. In this case the 
dominating subprofile is n ∗ Y, and because according to postulate P5 
we have c(n ∗ Y) = c(Y), then the consistency is equal to the consistency 
of Y.  

 

Figure 2.3. An example of profile X. 
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2.4.3. Analysis of Postulates 

Let  

P = {P1a, P1b, P2a, P2b, P2c, P3, P4, P5, P6, P7a, P7b, P8}  

be the set of all postulates. A postulate p ∈ P may be treated as an atomic 
logical formula for which the interpretation should be the set of pairs 

<U, C(U)> 

where U is a universe and C(U) is the set of all consistency functions for 
conflict profiles from Π(U).  

We say that a postulate p∈P 

 
• 

satisfies postulate p 

• 
functions from C(U) 

• 
• 

 

We can build complex formulae on the basis of the atomic formulae us-
ing logic quantifiers and such logical connectives as ∨, ∧, ¬, ⇒. For these 
formulae we accept the same semantics as defined for atomic formulae and 
the semantic rules of classical logic. 

We prove the following. 

Theorem 2.1.  
(a) All postulates are independent, meaning that for each pair p, p′∈ P 

and p ≠ p′ formula 

p ⇒ p′ 

   is not true. 
(b) The set of all postulates is not contradictory, meaning that there ex-

ist a universe and a function which satisfies all the postulates; that 
is, formula 

P1a ∧ P1b ∧ P2a ∧ P2b ∧ P2c ∧ P3 ∧ P4 ∧ P5 ∧ P6 ∧ P7a ∧ P7b ∧ P8  

 is satisfied. 
 

is satisfied if there exist a universe U and a function in C(U) which 

is u-true if there exists a universe U for which p is satisfied by all 

is true if it is u-true referring to all universes 

is false if it is not satisfied 
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Proof.  
(a) It is easy to check the lack of truth of all formulae p ⇒ p′ where p, 

p′∈ P and p ≠ p′. The reason is that each postulate occupies a region in the 
set C of all consistency functions, and although these regions may overlap 
they are not included one in another. For example, consider postulates 
P1a and P1b. Postulate P1a deals with only heterogeneous profiles and 
postulate P1b deals with nonheterogeneous profiles; if a consistency 
function satisfies one of these postulates it does not have to satisfy the 
second. 

(b) Here we should define a function which satisfies all postulates. Let  

U = {x, y}, 

and consistency function c be defined as follows, 

c(X) = 

⎪
⎪
⎪

⎩

⎪
⎪
⎪

⎨

⎧

<∗∗=
+

>∗∗=
+

=∗=

lkylxkX
lk

l

lkylxkX
lk

k
nUnX

X

 and },{  if  

 and },{  if  

,...2,1for     if        0
ousheterogene is   if         1

 . 

It is not hard to check that function c satisfies all postulates. ♦ 

Below we present some other properties of the classes of consistency 
functions. 

Theorem 2.2.  
Let X ∈ Π(U), card(X) > 1 and let c ∈ C(U) be a consistency function 
satisfying postulate P6. Let x be such an element of universe U that  

d(x, X) = min{d(t, X): t ∈ U}  

and y be such an element of profile X that  

d(x, y) = ),(max yxd
Xz∈

.  

The following dependence is true  

c(X) ≤  c(X  – {y}). 

Proof.  
Let Y = X − {y} and card(X) = n > 1, then card(Y) = n − 1. Let x′ be such 
an element of universe U that  
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d(x′,Y) = min {d(t,Y): t ∈ U}.  

We have then d(x′,Y) ≤  d(x,Y). Also, from  

d(x,y) = ( )zxd
Xz

,max
∈

  

it follows that  

(n − 1) ⋅ d(x, y) ≥ d(x,Y).  

Thus 

{ }
)(
:),( min

Xcard
UtXtd ∈

 = 
n

Xxd ),(
= 

n
yxdYxd ),(),( +

   

≥ 
1

),(
−n

Yxd
≥ 

1
),'(

−n
Yxd

 = 
{ }

)(
:),( min

Ycard
UtYtd ∈

. 

Because function c satisfies postulate P6, then there should be  

c(X) ≤ c(Y).     ♦ 

Owing to this property one can improve the consistency value for a pro-
file by removing from it this element which is farthest from the element of 
U with the minimal sum of distances to the profile’s elements.  

This property also shows that if a consistency function satisfies postu-
late P6 then it should also partially satisfy postulate P7a. 

Theorem 2.3.  
Let X ∈ Π(U) and let c ∈ C(U) be a consistency function satisfying postu-
late P6. Let x be such an element of universe U that  

d(x,X) = min{d(t,X): t ∈ U};  

then the following dependence is true  

c(X) ≤  c(X ∪� {x}). 

Proof.  
Let Y = X ∪� {x}. Because  

d(x,X) = min{d(t,X): t ∈ U}, 

it implies that  

d(x,Y) = min{d(t,Y): t ∈ U}.  
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card (Y) = card(X) + 1  

it follows 

{ }
)(
:),( min

Xcard
UtXtd ∈

 ≥ 
{ }

)(
:),( min

Ycard
UtYtd ∈ . 

Because function c satisfies postulate P6 then we have 

c(X) ≤ c(X ∪� {x}).    ♦ 

This property allows improving the consistency value by adding to the 
profile an element which generates the minimal sum of distances to the 
profile’s elements. It also shows that if a consistency function satisfies pos-
tulate P6 then it should also partially satisfy postulate P7b. 

Theorem 2.4.  
Postulates P1a and P2a in general are inconsistent with postulate P7a; that 
is, formula  

(P1a ∧ P2a) ⇒ ¬P7a  
is u-true. 
 
Proof.  
We show that there exists a universe U for which any function c from 
C(U) if satisfying postulates P1a and P2a cannot satisfy postulate P7a. Let 
then U = {a,b} and a ≠ b, then 

d(a,b) = ),(max
,

yxd
Uyx ∈

 > 0. 

Let X = U; according to postulate P2a we have c(X) = 0. Because function 
c satisfies postulate P1a we have  

c(X − {a}) = c({b}) = 1.  

In addition, we have  

d(a,X) = min{d(t,X): t ∈ X}  

and  

c(X − {a}) = 1 > c(X) = 0,  

so function c cannot satisfy postulate P7a.    ♦ 

 

In addition we have d(x, X) = d(x, Y). Taking into account the fact that 
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Theorem 2.5.  
Postulates P1a and P4 in general are inconsistent with postulate P7a; that 
is, formula  

(P1a ∧ P4) ⇒ ¬P7a  

is u-true. 
 
 Proof.  
We show that there exists a universe U for which any function c from 
C(U) if satisfying postulates P1a and P4 cannot satisfy postulate P7a. Let 
then U = {a,b} and a ≠ b; then 

d(a,b) = ),(max
,

yxd
Uyx ∈

 > 0. 

Let X = U; according to postulate P4 we have c(X) < 1. Because c satisfies 
postulate P1a we have  

c(X − {a}) = c({b}) = 1.  

Also, we have  

d(a,X) = min{d(t,X): t ∈ X} 

and  

c(X − {a}) > c(X),  

so function c cannot satisfy postulate P7a.    ♦ 

Theorem 2.6.  
Postulates P1a and P4 in general are inconsistent with postulate P7a; that 
is, formula  

(P2a ∧ P3) ⇒ ¬P7b  

is u-true. 

Proof.  
We show that there exists a universe U for which any function c from 
C(U) if satisfying postulates P2a and P3 cannot satisfy postulate P7b. Let 
then U = {a,b} and a ≠ b; then 

d(a,b) = ),(max
,

yxd
Uyx ∈

 > 0. 

Let X = U; we have  
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d(a,X) = max{d(t, X): t ∈ X}  

and  

d(b,X) = max{d(t, X): t ∈ U}.  

According to postulate P2a we have c(X) = 0. In addition,  

c(X ∪� {b}) = c({a, b, b}) > 0  

according to postulate P3, so function c cannot satisfy postulate P7b.  ♦ 

Theorems 2.4 through 2.6 show some inconsistency between postulates 
P7a and P7b and other postulates. As stated above, postulates P7a and P7b 
play an important role in consistency improvement, and it has turned out 
that it is not always possible. 

Postulate P8 in some sense is more general than postulates P1b and P2b. 
The following theorem proves this fact. 

Theorem 2.7.  
The following formulae  

(P8 ∧ P1a) ⇒ P1b  

and 

(P8 ∧ P2a) ⇒ P2b  

are true. 
 
Proof.  
For the first formula assume that for any universe U and any function c ∈ 
C(U) let c satisfy postulates P8 and P1a. Let Y, Z ∈ Π(U) where Y = {x} 
and  

)(nX  = (n ∗ Y) ∪�  Z. 

According to postulate P8 we have 

)(lim )(n

n
Xc

∞+→  
 = c(Y), 

and according to postulate P1a we have: 

c(Y) = c({x}) = 1. 

Thus function c satisfies postulate P1b. 
A similar proof may be done for the second formula.   ♦ 
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2.4.4. Consistency Functions 

In this section we present the definitions of five consistency functions and 
analyze their satisfaction referring to the defined postulates. These func-
tions are defined as follows. 

Let X = {x1, . . . , xM} be a conflict profile. We introduce the following 
parameters. 

• The matrix of distances between the elements of profile X: 

[ ]
⎥
⎥
⎥
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⎤
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==
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X
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WX = ( Xw1 , Xw2 , . . . , X
Mw ) , 

where 

  X
iw = ∑

=−

M

j

X
jid

M 11
1

 

for each i value X
iid = 0. 

• Diameters of set X: 

),,(max)(
,

yxdXDiam
Xyx ∈

=  

and the maximal element of vector WX:  

,max)(
1

X
iMi

X wWDiam
≤≤

=  

that is, 

Diam(U) = 1. 

• The vector of average distances between an element to the rest (for M > 1) : 

for i = 1, 2, . . . , M. Notice that although in the above sum there are M 
components, the average is calculated only for M – 1. This is because 

representing this element of profile X which generates the maximal sum 
of distances to other elements. Because the values of distance function d 
are normalized we assume that the diameter of universe U is equal to 1; 
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• The average distance in profile X: 

⎪
⎩
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Value meand

because of repetitions.  

• The total average distance in profile X: 

    dt_mean(X) =
)1(

),(  
  ,

+

∑
∈

MM

yxd
Xyx  . 

dt_mean(X) = 
1
1

+
−

M
M

 )(mean Xd . 

(X )  represents the average of all distances between differ-

ent elements of the profile. Notice that the word “different” refers only 
to the indexes of the elements. In fact some of them may be identical 

This value serves to represent the average distance of all distances 
between elements of profile X. The sum of these distances is expressed 
by the numerator of the quotient. However, one can ask a question: 
why is k2 not in the denominator, but k(k + 1) is? The answer is: in the 
numerator each distance d(x,y), where x ≠ y, occurs exactly twice, 
whereas each distance d(x,y), where x = y, occurs exactly only once. 
Because d(x, y) = 0 for x = y, then adding such distance does not 
change the value of the numerator. However, in determining the 
average each distance should be taken into account twice. Thus the 
denominator should be k(k + 1), but not k2. For example, see Figure 2.4 
where we have profile X = {a, b} and M = 2. In sum ∑

∈Xyx
yxd

,
),(    

distance d(a, b) appears twice because d(a,b) = d(b,a), therefore for 
calculating the total average of distances each of the distances d(a,a) 
and d(b,b) should be taken into account twice. Thus the number of 
distances should be 2 ⋅ 3 = 6. 

In fact, the value dt_mean(X) of the total distance average and value 
)(mean Xd  of the distance average are dependent on each other referring 

to value M: 
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Figure 2.4. Profile X = {a, b}. 

ments of set X: 

d(x, X) = Σy∈X d(x, y). 

• The set of all sums of distances: 

D(X) = {d(x, X): x∈U}. 

dmin(X) = 
M
1

min (D(X)). 

These parameters are now applied for defining the following consis-
tency functions, 

)(1)(1 XDiamXc −= , 

)(1)(2
XWDiamXc −= , 

)(3 Xc  = 1 – )(mean Xd , 

)(4 Xc  = 1 – dt_mean(X), 

).(1)( min5 XdXc −=  

Some comments for the defined functions: 

1

 

• The sum of distances between an element x of universe U and the ele-

• The minimal average distance from an element to the elements of profile X: 

• c (X): This function reflects the maximal distance between two elements 
of profile X. The intuitive sense of this function is based on the fact that 
if this maximal distance is equal to 0 (i.e., profile X is homogeneous) 
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coherence of profiles are not taken into account. 

2

function. 

3

versa. This function reflects to a large degree the density of profiles. 

4

3

all elements are maximally distanced from each other; that is, 

    ∀(x, y ∈ X, x ≠ y): d(x, y) = 1. 

 For card(X) = 2 we have: 

    dt_mean(X) = 1/3     and     )(mean Xd  = 1. 

    dt_mean(X) = 
1
1

+
−

M
M

. 

 

     c4(X) = 1 – 
1
1

+
−

M
M

 = 
1

2
+M

. 

 Values of c4  then better reflect this situation than those of c3 . 

5

then the consistency is maximal (equal to 1). However, the density and 

• c (X): This function refers to the maximal average distance between an 
element of profile X and other elements of this profile. If the value of 
this maximal average distance is small, that is, the elements of profile X 
are near each other, then the consistency should be high. The density 
and coherence of profiles are in some degree taken into account by this 

• c (X): This function takes into account the average distance between 
elements of X. This parameter seems to be very representative for con-
sistency. The larger this value is, the smaller is the consistency and vice 

• c (X): This function takes into account the total average distance be-
tween elements of X. As noted above, this function is dependent on 
function c (X) and vice versa. However, there is an essential difference 
between these functions. Consider a distinguishable profile X in which 

• c (X): The minimal average distance between an element of universe U 
and elements of X. The elements of universe U which generate the 
minimal average distance to elements of profile X may be treated  
as representatives for this profile. The average distance between a 

For card(X) = M > 2 we can prove that )(mean Xd  is constant and 
)(mean Xd = 1, whereas 

It seems that in this case function c4 better reflects the consistency than 
function c3. This is because the larger M is, the smaller is the inconsis-
tency. However, for each value of M the value of function c3 is constant 
and equals 0, whereas  
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centre of a group, called a centroid. 
 

Table 2.1 presented below shows the results of the defined functions. 
The columns represent postulates and the rows represent the defined func-
tions. Satisfying a postulate by a consistency function means that the func-
tion satisfies the postulate for all universes. The symbol + means that the 
presented function satisfies the postulate, the symbol − means that the pre-
sented function does not satisfy the postulate, and the symbol ± means 
partially satisfying the given postulate. From these results it implies that 
function c5 partially satisfies postulates P7a and P7b. As follows from 
Theorems 2.2 and 2.3, if a function satisfies postulate P6 then it should 
partially satisfy postulates P7a and P7b. As we can see, function c5 satisfies 
postulate P6. 

From Table 2.1 it follows that function c4 satisfies most postulates (9 
over 12), and the next is function c3 (8 postulates). However, neither func-
tion c3 nor function c4 satisfies postulate P5, which seems to be very natural. 
Function c5 also is good in referring to the number of satisfied postulates. 
Function c1 is very simple to calculate and it satisfies 6 postulates, although 
it does not satisfy any of postulates P6, P7a, P7b, or P8. Referring to func-
tions c2, c3, and c4 we know that they satisfy postulates P7a, P7b, that is, the 
postulates for consistency improvement. Below we present some other prop-
erty of these functions referring to another kind of consistency improvement. 

 
Table 2.1. Results of analysis of consistency functions regarding postulates 

 P1a P1b P2a P2b P2c P3 P4 P5 P6 P7a P7b P8 

c1 + − + + + − + + − − − − 

c2 + − + − − − + + − + + − 

c3 + + + − − + + − − + + + 

c4 + + − + − + + − + + + + 

c5 + + − − − + + + + ± ± + 

representative to the profile elements also reflects the coherence of the 
profile. In clustering theory, this criterion is used for determining the 
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Theorem 2.8.  
Let X ∈ Π(U), X = {x1, x2, . . . , xM}, and let  

X ′ = {xi ∈ X: X
iw = Diam( XW ) and 1 ≤ i ≤ M}. 

Then profile X\X’ should not have a smaller consistency than X; that is,  

c(X \X′) ≥ c(X) , 

where c ∈ {c2, c3, c4}.  

Proof. 
(a) For function c2 the proof follows immediately from the notice that  

Diam( XW ) ≤ Diam( '\ XXW ). 

(b) For function c3 we have  

∑
=

=
M

i

X
iw

M
Xd

1

1)( . 

Because for each xi ∈ X ′ there is  

X
iw = Diam( XW ), 

therefore there should be 

)(Xd ≥ )'\( XXd ;  

that is,  

c3(X \X′) ≥ c3(X). 

(c) For function c4 the proof is similar as for function c3  ♦ 

This property shows another way for improving consistency referring to 
functions c2, c3, and c4, which is based on removing from a profile those 
elements generating the maximal average distance. 

2.4.5. Reflecting Weights in Consistency Measure 

In Section 2.3.3 we have defined weights for conflict participants which 
have to reflect their competency and credibility. It is natural that these 
weights should be taken into account in the consistency value. First of all, 
these weights should be reflected in the distances between the opinions of 
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the conflict participants. Formally, for reflecting the weights we introduce 
the set of participants; generally, we call them agents.  

Let then X be a conflict profile which consists of opinions of agents 
from set A with such assumption that each agent has exactly one opinion in 
the profile. Of course, some agents may have the same opinion, therefore, 
X is a set of repetitions. For simplicity, we distinguish the elements of pro-
file X, and for each x ∈ X by wx we denote the weight of the agent which is 
the author of opinion x. Notice that the way of weight representation is dif-
ferent from that presented in Section 2.3.3.  

For two opinions x, y ∈ X we define the weighted distance d′(x,y) be-
tween them on the basis of distance function d taking weights of x and y 
into account, as follows, 

  d′(x, y) = w(x) ⋅ w(y) ⋅ d(x, y). 

Using defined function d′ in consistency functions c1, c2, c3, c4, and c5 we 
give new consistency functions as 1'c , 2'c , 3'c , 4'c , and 5'c , respectively. 
Postulates P1–P8 can also be redefined using weighted distance function 
d′. We can notice that the satisfaction of postulates using distance function 
d can also be transformed to the satisfaction of postulates using weighted 
distance function d′. 

In previous sections we have considered consistency improvement by 
removing those elements which spoilt the consistency, or adding new ele-
ments which enlarge this value. Here we also consider the problem of con-
sistency improvement, but by modification of weights of the conflict 
participations. In some sense it is a banal problem because one can always 
modify the weights so that only one element has weight larger than zero. 
Owing to this there will arise a homogeneous profile which should have 
maximal value of consistency.  

2.4.6. Practical Aspect of Consistency Measures 

The aim of conflict solution most often consists in determining a version 
of data (or an alternative, or a scenario) which best represents the versions 
belonging to the conflict content (i.e., conflict profile). As stated above, 
the consistency value of a conflict profile delivers some image about the 
profile: it is dense (high value of consistency) or rare (low value of consis-
tency). In corresponding to conflict a rare profile may provide that the conflict 
content is not “good” enough for the conflict to be solved. On the other 
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Let’s consider an example, five witnesses of a crime describe the hair color 
of the criminal as follows. 

 Hair_color = {blond, black, redhead, green, bald}. 

As can be seen, the opinions of the witnesses are very different, and having 
to deal with such information it is very hard to infer what is probably the 
color of the criminal’s hair. However, if the conflict profile is presented as 
follows, 

 Hair_color = {blond, blond, redhead, fair-haired, blond}, 

then one can state that the probable hair color of the criminal is blond, and 
it is even more probable that he is fair-haired.  

Another aspect of consistency refers to expert knowledge analysis. It 
very often happens that the same task is entrusted to several experts for 
solving. This is because experts as specialists of different domains can 
have different approaches to the problem. Owing to this the solutions 
given by experts should reflect different sides of the problem. In this situa-
tion if the consistency of expert opinions is high then of course the credi-
bility of the final solution (determined on the basis of the solutions given 
by the experts) is also high. However, if the consistency is low, it is not a 
reason for concern.  

As we show in Chapter 8, in expert knowledge analysis, the consistency 
of solutions given by experts for a problem does not have such essential 
significance. It is proved that if we can assume that the experts solve the 
problem with the same degree of credibility then a conflict profile with 
low consistency value can be better than a conflict profile with high con-
sistency in the sense that the consensus determined on the basis of the first 
profile may be nearer to the proper solution than the consensus determined 
on the basis of the second profile. Consistency value then has sense for such 
conflict profiles which are sets of opinions of participants, referring to 
whom we cannot assume any degrees of credibility, as with the set of crimi-
nal witnesses presented above.  

As a matter of fact there are many practical aspects of consistency 
measures. We can use the consistency degrees in multiagent systems and 
in all kinds of information systems where knowledge is processed by 
autonomous programs: in distributed database systems where data consis-
tency is one of the key factors, and also in reasoning systems and many 
others. 

hand, if the consistency value is high, one can say that the opinions of con-
flict participants are coherent enough, and such conflict may be solved. 
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2.5. Conclusions 

The material on the subject of inconsistency measures for conflict profiles 
presented in this chapter is partially based on the material included in [83–
85, 118–120]. However, in this chapter many postulates have been modi-
fied and postulate P8 has been introduced. Modification of postulates also 
causes new results of their analysis to arise. In addition, new consistency 
function c5 has been defined and analyzed. 
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3. Consensus as a Tool for Conflict Solving 

In this chapter we present a case study of consensus theory and a general 

Chapter 2. We define the general notion of consensus and postulates for 
consensus choice functions. Next, classes of consensus functions are de-
fined and analyzed referring to postulates. A number of other notions such 
as consensus susceptibility, quality of consensus, or reduction of consensus 

3.1. Introduction 

In Chapter 2 we presented a model for conflict representation and other no-
tions for evaluating conflict situations. In this chapter we propose a tool for 
conflict resolution. We focus on a specific kind of conflict: inconsistency1 
of knowledge. As pointed out in Chapter 1, inconsistency of knowledge 
may have two aspects: the centralization aspect and distribution aspect. 
We mention that the first aspect refers to inconsistency of knowledge 
which arises in the same knowledge base as the result of, among others, a 
dynamic real world. The second aspect concerns the inconsistency of dif-
ferent knowledge sources referring to the same real world. The knowledge 
conflicts of the second aspect are the subject of this chapter; for solving 
them we propose to use consensus methods. 

The main subject of a consensus method is a conflict profile represent-
ing a conflict (or inconsistency) situation. A conflict profile is a set of dif-
ferent versions of knowledge about the same element of a real world. The 
task of a consensus method is to determine a version of knowledge which 
best reflects the given versions. The question is how to perform this task if 
the given versions may be different from each other or even contradictory 
to each other. For example, if the profile consists of two versions, Yes and 
No as the answers of two experts for the same question, then it is very hard 

                                                      
1 Terms inconsistency and conflict in this context are equivalent. 

model of consensus. This model uses the model for conflict presented in 

number are also presented and analyzed.  
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to determine a final answer which best reflects the given answers. In this 
chapter we present an approach which gives the solution to this problem. 

Consensus theory has arisen in social science and has a root in the choice 
theory [2]. However, there is an essential difference between these theo-
ries. Although the subject of a method in choice theory is a set X (of alterna-
tives, objects) being a subset of a universe U, the choice is based on the 
selection of a subset of X, whereas the consensus of X must not be an ele-
ment of X. Furthermore, a consensus of set X must not have the same struc-
ture as the elements of X, what is assumed in choice theory. At the beginning 
of consensus research the authors most often dealt with simple structures 
of the elements of universe U, such as linear or partial orders. Later, more 
complex structures such as n-trees, partitions, hierarchies, and the like have 
been also investigated. Most often homogeneous structures of the universe 
elements are assumed. 

The organization of this chapter is the following. In Section 3.2 an over-
view of applications of consensus methods for solving conflicts in dis-
tributed environments is presented. Section 3.3 includes the definition of 
consensus choice functions, postulates for them, and the analysis of these 
postulates. In Section 3.4 the notion of consensus quality is presented. The 
notion of consensus susceptibility, its criteria, and their analysis are given 
in Section 3.5. Some approaches for achieving susceptibility to consensus 
for such profiles are presented in Section 3.6. Section 3.7 includes some 
methods for reducing the number of consensuses generated by a consensus 
function. Finally, some conclusions are given in Section 3.8. 

3.2. Consensus Theory – A Case Study 

3.2.1. An Overview 

Consensus methods (similarly as data mining or knowledge discovery 
methods) deal with problems of data analysis in order to extract valuable 
information. However, consensus methods differ from data mining meth-
ods with regard to their aims as well as regard to the characteristics of 
datasets. The task of data mining is to discover patterns in existing data, 
which means that a data mining method is used when one is interested in 
searching some regular relationships between data. It takes into account 
only those records of data which firstly, appear more often, and secondly, 
include the same relationship between some values.  

The dataset, being the domain for applying a data mining method, most 
often contains data from different sources that are of a temporal character. 
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It may, for example, include the data referring to the activities of an enter-
prise in a period of time. On the other hand, the characteristic of a dataset 
being the domain for applying a consensus method is that it represents a 
conflict situation in which several participants generate different opinions 
on some common matter, or it contains inconsistency of data which is 
caused by, for example, incomplete or uncertain data processing. In this 
case a consensus method enables determining such a record of data which, 
first, should best represent a set of data records, and, second, should be a 
good compromise acceptable for the participants that are in conflict.  

According to Barthelemy et al. [13, 14] problems considered by consen-
sus theory can be classified into the two classes: 

 
• Problems in which a certain and hidden structure is searched 
• Problems in which inconsistent data related to the same subject are 

unified  
 

The problems included in the first class seem to be very similar to the 
problems of data mining. However, this class consists of problems of sear-
ching a structure of a complex or internally organized object. This object 
can be a set of elements and the searched structure to be determined can be 
a distance function between these elements. Data that are used to uncover 
this structure usually come from experiments or observations. They should 
reflect this structure, however, not necessarily in a precise and correct way.  

The second class consists of problems that appear when the same sub-
ject (problem solving, choice task, etc.) is occupied by different autono-
mous units (such as experts or agents). Then the solutions of the problem 
or the variants of the choice given by the experts (or agents) may differ 
from each other. In such a case a particular method is desired that makes it 
possible to deduce from the set of given alternatives only one alternative to 
be used in further processing. This class contains two well-known consen-
sus problems: the Alternatives Ranking Problem and Committee Election 
Problem. The first of these problems can be described as follows [6, 46]. 
Let A be a nonempty and finite set of alternatives. A profile P on A is 
defined as a finite set of linear orders on A. A situation is understood as an 
ordered pair (A, P). For each situation (A, P) and each pair of alternatives 
x, y ∈ A, a number p(x,y) is defined that is equal to the number of orders 
included in P in which the alternative x precedes the alternative y. Hence, 
if an order p contains n alternatives then p(x, y) + p(y, x) = n for x ≠ y. 
Moreover a binary relation Wp on A is defined as (x, y) ∈ Wp if and only if 
p(x, y) > p(y, x). The problem is based on defining a consensus choice func-
tion which should determine an alternative on the basis of a situation (A, P). 

This copy belongs to 'VANC03'



50      3. Consensus as a Tool for Conflict Solving 

The committee election problem can be described as follows. From a 
nonempty set S = {s1, s2, . . . , sm} of m candidates, a committee (i.e., a 
nonempty subset of S) should be selected as the outcome of an election 
in which votes (as one-element subsets of S) are cast by n > 0 voters v1, v2, 
. . . , vn. These votes create a profile P = (p1, p2, . . . , pn) ∈ S n, where pi is 
the vote of vi, for i = 1, . . . , n. The problem is based on defining a consen-
sus choice function which should determine a committee on the basis of a 
set of votes. 

In the literature there are three approaches for defining consensus choice 
functions: axiomatic, constructive, and optimization. 

In the axiomatic approach for the alternatives ranking problem a set of 
axioms has been fixed for the class of so-called Condorcet social choice 
functions (a consensus choice function C is a Condorcet function if and 
only if it satisfies the following Condorcet principle: for all situations (A, 
P) there should be C(A, p) = {x}, whenever x ∈ A and (x, y) ∈ Wp for all y 
∈ A\{x}). One of the Condorcet functions, called the Kemeny median, is 
the most popular one which determines the best alternative by determining 
an order nearest to those in P. A consensus function which for a given pro-
file P assigns a nonempty subset of S called a committee of P, should be 
determined. Seven rational requirements have been defined for consensus 
choice [6]: unrestricted domain (UD), Pareto (P), independent of irrelevant 
alternatives (IIA), no dictator (ND), neutrality (N), symmetry (S), and Con-
dorcet consistency (Cc). These axioms are presented briefly as follows. 

 

• Unrestricted domain (UD): The consensus function should deter-
mine an alternative for each situation (A, P); that is, for any possible 
preference distribution of votes it should always be possible to calcu-
late a consensus. 

• Pareto (P): If an element a ∈ A is preferable to element b ∈ A in 
each order belonging to profile P, then a should also be more pre-
ferable than b in the consensus. In general, the Pareto condition 
requires that if all voters vote for the same alternative, then this al-
ternative should be chosen as a consensus. 

• Independence of irrelevant alternatives (IIA): The preference or-
dering of each pair of elements in the consensus is dependent only 
on their preference ordering in the orders belonging to the profile. 
This axiom is a condition for the integrity of the profile. 

• No dictator (ND): The consensus for situation (A, P) should not be 
changed despite changing the indexes of profile elements; that is, all 
voters should be treated in the same way. 
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• Neutrality (N): The consensus for situation (A, P) should not be 
changed despite changing the indexes of elements of set A; that is, all 
votes should be treated in the same way.  

• Symmetry (S): A consensus function should be symmetrical if condi-
tions (N) and (ND) are satisfied; that is, it should justly treat the vot-
ers and the votes. 

• Condorcet consistency (Cc): A consensus function C should satisfy 
condition Cc, if for any profiles P1 and P2 the following depend-
ency is true, 

)()()()()( 212121 PCPCPP C PCPC ∩=∪⇒∅≠∩ ; 

that is, if two groups of voters voting separately have common pre-
ferences then they should have the same preferences voting together. 

It turns out that no consensus choice functions exist that satisfy all of the 
above-mentioned axioms simultaneously. Namely, Arrow [6] proved that 
if each order belonging to a profile consists of more than two elements, 
then all consensus choice functions fulfilling the conditions UD, P, and IIA 
do not satisfy the condition ND. Later, Young and Levenglick [158, 159] 
showed that the unique choice function satisfying the conditions N, C, Cc, 
UD, and P is the Kemeny median which requires the consensus to be as 
near as possible to the profile elements. In [13, 88, 89, 90] the authors have 
used axioms for determining consensus functions for such structures of 
objects as semilattices or weak hierarchies. In the majority of cases the 
most popular function is simply a median. 

In the constructive approach consensus problems are solved on the lev-
els of the microstructure and macrostructure of a universe U of objects 
representing all potential alternatives. The microstructure of U is under-
stood as a structure of its elements. Such a structure may be, for example, a 
linear order of a set of alternatives (in the alternatives ranking problem), or 
a subset of the set of candidates (in the committee election problem). A 
macrostructure of U is understood as a relation between elements of U. 
Such a structure may be, for example, a preference relation or a distance 
(or similarity) function between objects from U. In a consensus problem 
objects of a profile should have the same structure, but their consensus 
may be of a different structure. The following microstructures have been 
investigated in detail: linear orders [6, 46, 157], semilattices [13], n-tree 
[35, 155], ordered partitions and coverings [30], incomplete ordered parti-
tions [55], nonordered partitions [14], weak hierarchies [90], and time 
interval [102, 109, 114]. A large number of works were dedicated to 
develop heuristics based on the Kemeny median for determining consen-
sus of collections of rankings, which is a NP-complete problem.  

This copy belongs to 'VANC03'



52      3. Consensus as a Tool for Conflict Solving 

Within the optimization the approach defining consensus choice func-
tions is often based on some optimality rules. These rules can be classified 
as follows. 

 
• Global optimality rule: This requires that the chosen objects should 

be optimal in a global sense. The most popular requirement is that 
the choice should be “Pareto optimal,” meaning that it is not possible 
to change the decision in a way that will make some objects better 
off without making some others worse off. This feature is called 
“unanimity” and for the alternatives ranking problem it means that if 
the object x is preferable to object y by all sites, then y should not be 
selected. 

• Condorcet’s optimality rule: The chosen alternative should be better 
than any other in direct comparison. It is a very strong criterion of 
choice, and of course such alternatives do not always exist. 

• Maximal similarity rules: The chosen objects should be as similar as 
possible to the elements of the profile X. 

 
Consensus theory has many applications in computer systems: in mobile 

systems [8], distributed systems [15], multiagent systems [39, 63, 65, 117], 
interactive systems [146], interface systems [122, 147], and communica-
tion systems [156]. 

Although the application of consensus methods to solving conflicts is 
something very natural, we now make an analysis of what consensus can 
bring to the resolution of conflicts. We have assumed that a conflict profile 
consists of opinions or alternatives given by some autonomous units such 
as experts or agents on some matter. In general, the elements of a conflict 
profile represent solutions of the same problem which are generated by 
these autonomous units. As mentioned in Chapter 1, the reason that these 
solutions may be different from each other follows from these circum-
stances. 
 

• The independence of knowledge processing mechanisms of the units: 
This feature is the consequence of the autonomy of the units. Differ-
ent knowledge processing procedures may give different results even 
when used for the same knowledge base. An example may refer to 
using different data mining methods which used for the same data-
base may extract different rules.  

3.2.2. Consensus versus Conflicts 
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• Differences in knowledge bases of the units: This is very possible 
because frequently autonomous units have their own knowledge 
bases, independent of other units. Knowledge in these bases comes 
from the observations of the units referring to the real world which is 
often dynamic, as well as from the results of their inferring proc-
esses. 

• Indeterminism in knowledge processing, as well as the lack of com-
pleteness and certainty of information, may cause the arising of dif-
ferent results of inference, and in fact, generating different solutions 
to the same problem. 

 
The aim of conflict resolution is to determine the proper solution of the 

problem on the basis on those generated by the autonomous units. The fol-
lowing two cases may take place [118, 123].  

 

As an example of this kind of conflict we can consider different diagno-
ses for the GDP of the same country in a given year generated by different 
financial experts. The problem then relies on determining the proper GDP 
for the country which is unambiguous and really known only when the 
year finishes. Moreover, this value is independent of the given forecasts. A 
conflict in which the proper solution is independent of the opinions of the 
conflict participants is called independent conflict. The independence fea-
ture of conflicts of this kind means that the proper solution of the problem 
exists but is not known to the conflict participants. The reasons for this 
phenomenon may follow from many aspects, among others, from ignorance 
of conflict participation or the random characteristics of the solution 
which may make the solution very hard to be calculated in a determinis-
tic way.  

The example of GDP diagnosis is an example of the first case, whereas 
the forecast of the numbers cast in a lottery is an example of the second 
case. Thus the conflict participants for some reason have to “guess” this 
unknown solution. Their solutions are then assumed to reflect the proper 
solution but it is not known to what degree, as well as if in a valid and com-
plete way. In other words, the solutions given by the conflict participants 
reflect the “hidden” and independent solution but it is not known to what 
degree. Thus one assumes that each of them is treated as partially valid and 
partially invalid (which of its parts is valid and which is invalid is not 
known). This degree may not be equal to 100% because if so, only one solu-
tion is needed and our approach is contradictory to itself.  

1. The proper solution is independent of the opinions of the conflict 
participants.  
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If we assume that the proper solution should be determined on the basis 
of the given solutions, then it should be the consensus of the given solu-
tions satisfying the following condition. It should best represent the given 
solutions. If it is possible to define some distance (or similarity) measure in 
the universe of all potential solutions then this requirement means that the 
consensus should be maximally near (or similar) to the given solutions. As 
we show later, this condition is included in a postulate for consensus choice 
functions. 

Conflicts of this kind are called dependent conflicts. In this case it is the 
opinions of conflict participants that decide about the solution. The com-
mittee election problem described above is an example of this kind of 
conflict. The result of the election is determined only on the basis of the 
voters’ votes. In general, this case is of social or political character and the 
diversity between the participant opinions most often follows from differ-
ences of choice criteria or their hierarchy.  

For dependent conflicts the consensus is also determined on the basis of 
the given solutions. However, it should not only best represent the given 
solutions, but also should be a good compromise which could be accept-
able by the conflict participants. Thus the consensus should not only best 
represent the opinions but also should reflect each of them to the same de-
gree (with the assumption that each of them is treated in the same way). 
The condition “acceptable compromise” means that any of the opinions 
should neither be “harmed” nor “favored”. As we show in this chapter, 
these two conditions are in general inconsistent with each other because if 
one of them is satisfied then the second cannot be satisfied. 

Let’s consider an example.  

Example 3.1. Let a set of four candidates (denoted by symbols A, B, C, D) 
be given and five voters have to choose a committee (as a subset of the 
candidates’ set). Assume that the votes are the following,  

{A, B, C},  

{A, B, C},  

{A, B, C}, 

{A, B, C}, 

{D}.  

Let the distance between two sets of candidates be equal to the cardinality 
of their symmetrical difference. If the consensus choice is made only by 
the first condition then committee {A, B, C} should be determined because 

2. The solution is dependent on the opinions of the conflict participants. 
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the sum of the distances between it and the votes is minimal. However, 
we can note that it prefers the first four votes and totally ignores the fifth 
(the distances from the consensus to the votes are: 0, 0, 0, 0, and 4, respec-
tively). Now, if we consider committee {A, B, C, D} as the consensus then 
the distances would be 1, 1, 1, 1, and 3, respectively. In this case although 
the sum of distances between the consensus and the given votes is not 
minimal, the consensus neither is too far from the votes nor “harms” any 
of them.                    ♦ 

We show later in this chapter that the choice based on the criterion of 
minimization of the sum of squared distances between consensus and the 
given solutions gives a more uniform consensus than the consensus chosen 
by minimization of the sum of distances. Therefore, the criterion of the 
minimal sum of squared distances is also very important, although it is less 
known in practical applications.  

3.3. Consensus Functions 

In this section we present a general model for consensus. This model dif-
fers from the models proposed by other authors by the fact that we do not 
assume the microstructure of the universe U. Owing to this, a number of 
interesting and generic properties of classes of consensus functions can be 
formulated. 

3.3.1. Definition of Consensus Function 

Let (U, d) be a distance space as defined in Chapter 2. We mention that U 
is a finite universe of objects and d is a distance function between these 
objects. Symbol Π(U) denotes the set of all nonempty subsets with repeti-
tions of universe U.  

Below we present an axiomatic approach to the consensus choice problem.  

Definition 3.1.  
By a consensus choice function in space (U, d) we mean a function 

     C: Π(U) → 2U. 

For a conflict profile X ∈ Π(U) the set C(X) is called the representation 
of X, and an element of C(X) is called a consensus of profile X. Notice that 
C(X) is a normal set (i.e., without repetitions). 
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Let Con(U) denote the set of all consensus choice functions in space 
(U, d). For X ∈ Π(U) and x ∈ U let  

     d(x, X) = ∑ ∈Xy yxd ),(  

and 

     d n(x, X) = ( )∑ ∈Xy
nyxd ),(  

for n ∈ ℵ and n > 1. 

These symbols are needed to define the postulates for consensus func-
tions presented in the next section. 

3.3.2. Postulates for Consensus Function 

The following definition presents ten postulates for consensus choice func-
tions; eight of them were originally introduced in [103]. 

Definition 3.2.  
A consensus choice function C ∈ Con(U) satisfies the postulate of: 

1. Reliability (Re) iff  

     C(X) ≠ ∅.  

2. Unanimity (Un), iff 

C({n ∗ x}) = {x} 

for each n ∈ ℵ and x ∈ U. 

3. Simplification (Si) iff 

(Profile X is a multiple of profile Y)  ⇒  C(X) = C(Y). 

4. Quasi-unanimity (Qu) iff 

     (x ∉ C(X))  ⇒  (∃n ∈ ℵ: x ∈ C(X ∪ (n ∗ x)) 

for each x ∈ U. 

5. Consistency (Co) iff  

     (x ∈ C(X))  ⇒  (x ∈ C(X ∪ {x})) 

for each x ∈ U. 
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6.  Condorcet consistency (Cc), iff 

(C(X1) ∩ C(X2) ≠ ∅)  ⇒  (C(X1  ∪ X2) = C(X1) ∩ C(X2)) 

for each X1, X2 ∈ Π(U). 

7.  General consistency (Gc) iff 

C(X1) ∩ C(X2) ⊆ C(X1 ∪ X2) ⊆ C(X1) ∪ C(X2) 

 for any X1, X2 ∈ Π(U ). 

8.  Proportion (Pr) iff  

     (X1 ⊆ X2 ∧ x ∈ C(X1) ∧ y ∈ C(X2))  ⇒  (d(x,X1) ≤ d(y,X2)) 
for any X1, X2 ∈ Π(U). 

9.  1-Optimality (O1) iff 

     (x ∈ C(X))  ⇒  (d(x,X) = 
Uy∈

min d(y,X)) 

for any X ∈ Π(U). 

10.  2-Optimality (O2) iff  

     (x ∈ C(X))  ⇒  (d 2(x,X) = 
Uy∈

min d 2(y,X))       

for any X ∈ Π(U). 

The above postulates express some very intuitive conditions for con-
sensus functions. Below we give some comments on them. 

ranking problem this condition is called unrestricted domain (UD) [6]. 

intuitive requirement for many consensus choice tasks. 

also be a consensus of any of its multiples.  

• According to postulate Reliability for each (nonempty) profile at least 
one consensus should exist. This requirement in some sense mentions 
such rules as “It is possible to solve any conflict.” Reliability is a known 
condition for a consensus choice function [90]. For the alternatives 

• Postulate Unanimity requires that if a profile is homogeneous then the 
only consensus is the element belonging to this profile. It is a very 

• According to postulate Simplification a consensus of a profile should 

• According to postulate Quasi-unanimity, if an element x is not a consen-
sus of a profile X, then it should be a consensus of a new profile X′ con-

from U should be chosen as the consensus of a profile X if it occurs in X 
taining X and n elements x for some n. In other words, each element 
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ous one. 

role of consistency could be appreciated.  

C(X1), C(X2), and C(X1, 2

them.  

Kemeny median. 

enough times. This postulate is to a certain degree consistent with the 
postulate Unanimity because if x occurs in a large enough number of 
times in a profile then this profile could be understood as a homogene-

• Postulate Consistency is very intuitive; it states that if some element x is 
a consensus for a profile X, and if this element is added to X it should 
still be a consensus for the new profile. In the committee choice prob-
lem this postulate means that if somebody has been chosen for the 
committee and if there will be one vote added in which this person is 
chosen, then he should again be chosen in the collective choice. Consis-
tency is a very important requirement for consensus functions because it 
enables the users to understand a consensus rule behavior if the results 
of separate choices are combined. Consistency was first defined by 

tency is presented in postulate Condorcet consistency (Cc). Our form is 

consequence of Condorcet consistency. In [13] a broad set-theoretic 
different from the Condorcet form, and as we show later, it is not the 

model for consensus methods was presented, in which the fundamental 

• Postulate General consistency is in some sense more general than postu-

∪ X ). The intuition is that a common consensus 
late Condorcet consistency. It sets some relationships between sets 

of two profiles should also be  a consensus of their sum, and a consen-
sus of the sum of two profiles should be a consensus of at least one of 

• Postulate Proportion is a natural condition because the bigger the pro- 
file, the greater the difference is between its consensus and its elements. 

• Postulate 1-Optimality requires the consensus to be as near as possible 
to elements of the profile. A consensus generated by a function satisfy-
ing this postulate plays a very important role because it can be under-
stood as the best representative of the profile. This requirement is very 
popular not only in consensus theory but also in optimization theory. In 
choice theory Kemeny [6] first formulated this criterion for determining 
a linear order representing a set of linear orders. It then was called the 

• Postulate 2-Optimality, up to now not as popular as 1-Optimality, req-
uires the sum of the squared distances between a consensus and the pro-
file elements to be minimal. Notice that the role of a consensus is not 
only based on the best representation of a profile, but it should also be 

Condorcet “. . . if two disjoint subsets of voters V would choose  and  V
the same alternative using (social choice function) f , then their union 
should also choose this alternative using f ” [157]. This form of consis-

′
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The first three postulates (Re, Co, Qu) are independent of the structure 
of U (i.e., the distance function d), and the last three postulates (Pr, O1, O2) 
are formulated on the basis of this function. Postulates Re, Co, Qu are in a 
way very “natural” conditions, which should often be satisfied in the task 
of consensus choice. 

3.3.3. Analysis of Postulates 

Let P be the set of all postulates; that is,  

P = {Re, Un, Si, Qu, Co, Cc, Gc, Pr, O1, O2}. 

A postulate p ∈ P may be treated as an atomic logical formula for which 
the interpretation should be the set of pairs 

<U, Con(U)>, 

where U is a universe and Con(U) is the set of all consensus functions for 
conflict profiles from Π(U).  

Similarly as for consistency functions we say that a postulate p ∈ P 
 

• 
which satisfies postulate p 

• 
which satisfies postulate p 

• 
functions from Con(U) 

• 
• 
 
We can build complex formulae on the basis of atomic formulae using 

logic quantifiers and such logical connectives as ∨, ∧, ¬, ⇒. For these 
formulae we accept the same semantics as defined for atomic formulae and 
the semantic rules of classical logic. 

Below several essential properties of classes of consensus choice 
functions are presented. These properties refer to the relationships between 
postulates.  

“fair;” that is, the distances from the consensus to the profile elements 
should be uniform. As proved below, postulate 2-Optimality specifies a 
class of consensus choice functions which, to a certain degree, satisfy 
this condition. In Chapter 8 we show some very interesting properties of 
this postulate referring to objects in Euclidean space.  

is satisfied if there exist a universe U and a function in Con(U) 

is c-satisfied if for any universe U there exists a function in Con(U) 

is u-true if there exists a universe U for which p is satisfied by all 

is true if it is u-true referring to all universes 
is false if it is not satisfied 
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Theorem 3.1.  
The following formulae are not true. 

 (a) p ⇒ p′ for p, p′ ∈ P and p ≠ p′. 

 (b) O1 ∧ O2. 

 (c) Re ∧ Un ∧ Co ∧ Si ∧ Qu ∧ Cc∧ Gc ∧ Pr ∧ O1 ∧ O2. 

Proof.  
 (a) To prove the lack of truth of formula p ⇒ p′ it is needed to show a 

concrete universe in which there exists a consensus function satisfying 
postulate p but nonsatisfying postulate p′. For example, we show that 
formulae  

     O1 ⇒ Re 

and  

     Re ⇒ O1  

are not true. For the first dependency, let U be any universe, and let Co be 
the empty function; that is,  

     Co(X) = ∅     for all     X ∈ Π(U).  

This function satisfies postulate O1 but does not satisfy postulate Re. For 
the second formula, let U = {a, b}, d(a,b) = 1, and let consensus function C 
be defined as 

     C(X) = {a, b}     for all X ∈ Π(U).  

This function satisfies postulate Re but does not satisfy postulate O1 be-
cause if it satisfied postulate O1 then there would be 

     C({a}) = {a}. 

(b) Let U = {1, 2, . . . , 6} and let d(x,y) = yx −  for x,y ∈ U. Thus for 
profile X = {1, 5, 6} the only consensus satisfying postulate O1 is element 
5, whereas the only consensus satisfying postulate O2 is element 4. Thus 
formula O1 ∧ O2 may not be true. 

 (c) This dependency is a result of dependency (b).     ♦ 

From the above dependencies it follows that, firstly, the postulates are in 
pairs independent of each other, and secondly, in general there does not 
exist any consensus choice function which simultaneously satisfies the 
postulates O1 and O2. As a consequence, there does not exist any consen-
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sus choice function simultaneously satisfying all the postulates. The result 
presented here is similar to Arrow’s result referred to consensus choice for 
linear orders [6]. 

Theorem 3.2. 
The following formulae are c-satisfied. 

 (a) Re ∧ Co ∧ Si ∧ Qu ∧ Cc ∧ Pr ∧ O1 . 

 (b) Re ∧ Co ∧ Si ∧ Qu ∧ Cc ∧ O2 . 

Proof. 
Let U be any universe. Define the following consensus function 

C1(X) = {x ∈ U: d(x, X) = 
Uy∈

min d(y, X)}. 

Notice that this function satisfies postulates Re, Si, Co, Qu, Cc, Pr, and O1. 
On the other hand, function  

C2(X) = {x ∈ U: d 2 (x, X) = 
Uy∈

min d 2(y, X)}  

should satisfy postulates of reliability, simplification, consistency, Con-
dorcet consistency, quasi-unanimous, and 2-optimal. Thus the formulae are 
c-satisfied.                  ♦ 

Notice that function C2 does not satisfy postulate Pr. 
It is easy to notice that if C is a function satisfying postulate O1 then for 

each profile X ∈ Π(U) there should be: 

     C(X) ⊆ C1(X) 

and if C is a function satisfying postulate O2 then 

     C(X) ⊆ C2(X). 

Theorem 3.3.  
The following formulae are true. 

(a) (O1 ∧ Re) ⇒ Co ∧ Si. 

(b) (O1 ∧ Re) ⇔ (Pr ∧ Qu ∧ Re).          

Proof. 
(a) Let U be any universe and let consensus function C satisfy postulates 

O1 and Re. Thus for any profile X ∈ Π(U) there should be C(X) ≠ ∅. Let x 
∈ C(X); then we have  
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d(x,X) = 
Uy∈

min d(y,X).  

We should show that  

x ∈ C(X ∪ {x}).  

Because  

C(X ∪ {x}) ≠ ∅,  

there must exist x′ ∈ U such that x′ ∈ c(X ∪ {x}), and  

d(x′,X′) = 
Uy∈

min d(y,X′)  

where X ′ = X ∪ {x}. Let us notice that there should be x = x′ because if 
x ≠ x′ then 

d(x,X ′ ) = d(x,X) ≤ d(x′,X) < d(x′,X ′ ).  

So function C satisfies postulate Co.  
Satisfying postulate Si follows from the fact that if an element x gener-

ates the minimal sum of distances to the elements of profile X then the sum 
of distances from x to elements of a multiple of profile X is also minimal. 

 (b) Now let function C satisfy postulates Pr, Qu, and Re; we should also 
prove that C satisfies postulates O1. Let X ∈ Π(U); according to postulate 
Re we have C(X) ≠ ∅. Let x ∈ C(X), y ∈ U, and y ≠ x. If y ∈ C(X) then on 
the basis of postulate Pr we should have d(x,X) = d(y,X ), because X ⊆ X. If 
y ∉ C(X) then on the basis of the postulate Qu there should exist a number 
n such that y ∈ c(X ′), where X ′ = X ∪ {n∗y}. Because X ⊆ X ′, from satisfy-
ing postulate Pr it follows that  

d(x,X ) ≤ d(y,X ′) = d(y,X ).  

Thus for all y ∈ U, there should be  

d(x,X ) ≤ d(y,X ),  

meaning that C satisfies postulates O1 and Re.  
Let us now assume that C satisfies postulates O1 and Re, and we should 

show that it also satisfies postulates Qu and Pr. For postulate Qu assume 
that x ∉ C(X) for some x ∈ U. Then we can find y ∈ U, y ≠ x such that  

d(y,x) = 
Uz∈

min d(z,x).  

Let n be a natural number where  
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),(
),'(),(

xyd
XydXxdn −

≥   

for all  y′ ∈ C(X).  

d(z,X ′) = d(z,X ) + (n + 1)d(z,x)   

  > d(y′,X ) + nd(y,x)   

  ≥ d(y′,X ) + d(x,X) − d(y′,X )  

 = d(x,X ) = d(x,X ′). 

It implies that  x ∈ C(X '), more strongly C(X ′) = {x}, so C satisfies Qu.  
To prove that C satisfies Pr let us assume that X1, X2 ∈ Π(U), X1 ⊆ X2, 

and x ∈ C(X1), y ∈ C(X2). We should show that d(x,X1) ≤ d(y,X2). Notice 
that d(x,X1) ≤ d(y,X1) because x ∈ c(X1), and d(y,X1) ≤ d(y,X2) because X1 ⊆ 
X2, thus d(x,X1) ≤ d(y,X2).              ♦ 

Theorem 3.4.  
The following formulae are true. 

(a) (O1 ∧ Re) ⇔ (Pr ∧ Qu ∧ Re ∧ Co ∧ Si)  

(b) (Pr ∧ Qu ∧ Re) ⇒ Un.  

Theorem 3.4 states that if a consensus function satisfies postulates of 
Reliability, Proportion, Quasi-unanimity, Consistent, and Simplification 
then it should also satisfy the postulate of 1-Optimality and vice versa. 
Thus satisfying postulate O1 is a very important property of consensus 
functions and it explains why this function is quite often used in practical 
settings. Property Unanimity of these functions confirms their intuitive na-
ture [13].  

Theorem 3.5.  
The following formula is true. 

(O2 ∧ Re) ⇒ (Co ∧ Qu ∧ Un ∧ Si). 

Proof. 
Let U be any universe and let a consensus function C ∈ Con(U) satisfy 
postulates O2 and Re; we should show that C also satisfies postulates Co, 
Qu, Un, and Si. For satisfying Co let us notice that for each profile X we 
have C(X) ≠ ∅. Let x ∈ C(X); then of course  

Let now X ′ = X ∪ {n ∗ x}, z ∈ U, and z ≠ x; we have the following:  

From Theorem 3.3 it is easy to prove the following: 
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d 2(x,X ) = 
Uy∈

min d 2(y,X ).  

We should show that x ∈ C(X ∪ {x}). Because C(X ∪ {x}) ≠ ∅, then there 
must exist x′ ∈ U such that x′∈ C(X ∪ {x}), and there should be true 

d 2(x',X ') = 
Uy∈

min d 2(y,X ′),  

where X′ = X ∪ {x}. Notice that if x ≠ x′ then 

d2(x,X ′) = d 2(x,X ) ≤ d2(x′,X ) < d2(x′,X ′),  

thus there must be held x = x′, so x ∈ C(X′).  
To prove that C satisfies Qu let us assume that x ∉ C(X) for some x∈U. 

Then we can find  y ∈ U and y ≠ x such that  

d(y,x) = 
Uz∈

min d(z,x).  

Let n be a natural number, where  
2 2

2  

for all  y′ ∈ C(X).  
Let now X ′ = X ∪ {n ∗ x}, y′ ∈ C(X), z ∈ U and z ≠ x (if U is a 1-

d2(z,X ′) = d2(z,X ) + nd 2(z,x)  

   ≥ d 2(y′,X) + nd 2(y,x)   

  ≥ d2(y′,X) + d2(x,X) − d2(y′,X )  

  = d2(x,X ) = d2(x,X′). 

It implies that  x ∈ C(X ′), so C satisfies Qu.  
Satisfying postulate Un is obvious. Satisfying postulate Si follows from 

the fact that if an element x generates a minimal sum of squared distances 
to the elements of profile X then the sum of squared distances from x to 
elements of a multiple of profile X should also be minimal.   ♦ 

The above-proved theorems show very important properties of consen-
sus choice functions specifying postulates O1 and O2. Satisfying one of 
these postulates implies satisfying many other postulates; owing to this the 
practical sense of postulates O1 and O2 is very essential.  

Below we have an obvious property of functions C1 and C2 defined 
above. 

element set then of course the statement is true). We have the following:  

d x( , X ) − d ( y', X )n ≥
d ( y, x)
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Theorem 3.6.  
Let U be any universe and let  X, Y ∈ Π(U); then 

(a) If C1(X) ∩ C1(Y) ≠ ∅ then C1(X) = C1(Y). 

(b) If C2(X) ∩ C2(Y) ≠ ∅ then C2(X) = C2(Y). 

A consensus function C which satisfies postulate O1 or postulate O2 we 
call an O1-function or O2-function, respectively. A consensus determined 
by an O1-function or O2-function is called an O1-consensus or O2-
consensus, respectively. As we stated above, C1 is an O1-function and C2 is 
an O2-function. 

Below we present other properties which show the behavior of functions 
C1 and C2 for large profiles.  

Theorem 3.7.  
Let U be any universe and Y, Z ∈ Π(U), and let 

)(nX  = (n ∗ Y) ∪  Z; 

then the following equations should be true. 

(a) )(lim )(
1  

n

n
XC

∞+→
 = C1(Y). 

(b) )(lim )(
2  

n

n
XC

∞+→
 = C2(Y). 

Proof. 
(a) We prove that there exists a natural number no such that for all n > no 

there should be 

)( )(
1

nXC  = C1(Y). 

Toward this aim, we should show that if x is an O1-consensus for Y (i.e., x 
∈ C1(Y)) then x ∈ )( )(

1
nXC . This should be enough for proving the above 

inequality owing to Theorem 3.6. In addition, notice that if C1(Y) = U then 
the above equality is true because function C1 is reliable.  

Let now x ∈ C1(Y). Assume that C1(Y) ≠ U; let y ∈ U\C1(Y); we have 
d(y,Y) > d(x,Y). Let then ny be such natural number that 

),(),(
),(),(

YxdYyd
ZxdZydny −

−
> . 

We have then 
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ny(d(y,Y) – d(x,Y)) > d(y,Z) – d(x,Z), 

and 

nyd(y,Y) + d(y,Z) > nyd(x,Y) + d(x,Z); 

that is, 

     d(y, )( ynX ) > d(x, )( ynX ). 

Let now 
     no = max {ny: y ∈ U \C1(Y)}; 

then for each n > no there should be  

     d(y, )(nX ) > d(x, )(nX ) 

for each y ∈ U \C1(Y); that is, x ∈ )( )(
1

nXC . So  

)(lim )(
1  

n

n
XC

∞+→
 = C1(Y). 

(b) The proof for this equality is similar if we define the number ny satis-
fying the condition: 

),(),(
),(),(

22

22

YxdYyd
ZxdZydny −

−
> .          ♦ 

Below we present other important properties of consensus functions 
satisfying postulate O2. 

For X ∈ Π(U) we define the following relations. 

• n
Xα  ⊆ U × U, where  

x n
Xα y  ⇔  d n(x,X) ≤ dn(y,X)  

for n ∈ ℵ and dn(x,X)  = ∑ ∈Xy
nyxd )),(( . 

• Xα ⊆ U × U, where  

x Xα y  ⇔  d (x,X) < d (y,X),  

for  

d (x,X) = ∑ ∈ ⎥
⎦

⎤
⎢
⎣

⎡
−Xy Xxd

Xcard
zyd

2

),(
)(

1),( . 
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The interpretation of relation Xα  is that element x is in relation Xα  
with element y iff the distances from x to elements of X are more 
uniform than the distances from y to elements of X.  

Relation n
Xα  is reflective, transitive, and coherent, whereas relation Xα  

is transitive and coherent. It is obvious that if C is an Oi-function and x ∈ 
C(X) then we should have x i

Xα y for all y ∈ U and i = 1, 2. Also it is obvious 
that 

Ci(X) = {x ∈ U: x i
Xα y  for all y∈U} 

for i = 1, 2. 

Theorem 3.8.  
Let X ∈ Π(U), x ∈ C2(X), z ∈ C1(X), and y ∈ U; then the following de-
pendencies are true. 

(a) x 1
Xα y ∨ x Xα y. 

(b) (C1(X) ∩ C2(X) = ∅)  ⇒  x Xα z. 

Proof. 
(a) Let K = card(X), x ∈ c(X), and y ∈ U; then we have 

   ∑ ∈ −= Xz K XxdzxdXxd 21 )],(),([),(   

= ∑z∈X [(d(x,z))2 − K
1 d(x,z)d(x,X) + 2

1
K

(d(x,X))2] 

= ∑z∈X (d(x,z))2 − K
2 ∑z∈X d(x,z)d(x,X) + 2

1
K

∑z∈X (d(x,X))2  

= d 2(x,X) − K
2 (d(x,X))2 + K

1 (d(x,X))2  

= d 2(x,X) − K
1 (d(x,X))2. 

In a similar way we should obtain 

),( Xyd  = d 2(y,X) − K
1 (d(y,X))2. 

Let us assume that relation x 1
Xα y does not occur; that is,  

d(x,X) > d(y,X).  

It then implies  
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K
1 (d(x,X))2 > K

1 (d(y,X))2. 

In addition we have  

d 2(x,X) ≤ d 2(y,X)  

because x ∈ C2(X); thus there should be  

),( Xxd  < ),( Xyd ,  

or  

x Xα y.  

In a similar way we can show that if x Xα y is not true, then there must be 
x 1

Xα y. 

(b) Because C1(X) ∩ C2(X) = ∅, from (a) it follows that for x ∈ C2(X) 
and y ∈ C1(X) we have x 2

Xα y and not x 1
Xα y; then x Xα y should follow. 

                     ♦ 

Theorem 3.8 shows that if x is an O2-consensus for profile X then in 
comparison to any element y of universe U consensus x is either nearer to 
the profile elements, or the uniformity measure d  for x is smaller than for 
y. It means that there may exist an element z which has a smaller sum of 
distances to X than x, but the value of d  for z will be greater. In compari-
son to an O1-consensus, an O2-consensus always has a lesser or equal 
value of d , which means that the distances from this consensus to the pro-
file elements are more uniformly distributed.  

It is known that postulate O1 defines a very popular criterion not only 
for consensus choice (well known among others as Kemeny’s median) 
[68], but also for many optimization tasks. This is natural because the cho-
sen element is the best representative for the profile. However, according 
to the above results, postulate O2 also seems to be a very good one, espe-
cially in consensus choice, where not only the best representation is req-
uired, but also the uniformity of the distances between consensus and the 
profile elements is important. Consider the example below. 

Example 3.2. From a set of candidates (denoted by symbols A, B, C, D, E) 
five voters have to choose a committee (as a subset of the candidates’ set), 
similarly to that in Example 3.1. Assume that the conflict profile is the fol-
lowing.  

X = {{A, B, C}, {A, B, C}, {A, B, C}, {A, B, E}, {D, E}}. 
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Let the distance between two sets of candidates be equal to the cardinal-
ity of their symmetrical difference. If the consensus choice is made only by 
postulate O1 then committee  

{A, B, C}  
should be determined because the sum of distances between it and the 
votes is minimal. However, one can note that it prefers the first three votes 
while totally ignoring the fifth (the distances from this committee to the 
votes are: 0, 0, 0, 2, and 5, respectively). If now as the consensus we take 
committee  

{A, B, C, E} 
then the distances would be 1, 1, 1, 1, and 4, respectively. In this case the 
consensus is neither too far from the votes nor does it “harm” any of them. 
This is because the distances generated by the second committee are more 
uniform than those by the first. The sum of squared distances for the first 
committee is 29 whereas for the second committee it is 20.      

                     

♦

 

Figure 3.1. Scheme for applications of consensus functions. 
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As we can see, postulate Gc very rarely appears in the properties of the 
postulates. The reason is that Gc is a very strong postulate which consists 
in fact of two conditions. The first condition is in some sense a weaker 
condition than that in the Condorcet consistency postulate. However, the 
second condition is too strong to be satisfied simultaneously with other 
postulates. This condition in general may not be satisfied simultaneously 
with any of the postulates O1 and O2. 

After the analysis of consensus functions and referring to the considera-
tions given in Section 3.2.2 we propose the scheme for the applications of 
consensus functions presented in Figure 3.1. 

3.3.4. Other Consensus Choice Functions 

In [104] several consensus functions have been investigated. Here we pre-
sent some of them. We define the following functions 

Cn(X) = {x ∈ U: d n(x,X) = 
Uy∈

min d n(y,X)} 

for X ∈ Π(U), n ∈ ℵ.  
For n = 1, 2 the justification for consensus choice functions was pre-

sented earlier. The sense of functions with n > 2 is that in some cases the 
procedure for determining distance function values may be very complex, 
and as a consequence, the consensus choice made by function C1 or C2 will 
be a very time-consuming problem. Sometimes it is easier to calculate the 
power of a distance value than to calculate the distance. For example, in an 
Euclidean space it is easier to calculate the second power of a value of dis-
tance between two points, and as the consequence (this is shown in Chap-
ter 8), determining a consensus on the basis of function C2 is less complex 
than determining a consensus on the basis of function C1.  

We prove the following properties of functions Cn. 

Theorem 3.9.  
For each universe U and each n ∈ ℵ, function Cn satisfies postulates of 
Reliability, Consistency, Quasi-unanimity, Unanimity, Condorcet consistency, 
and Simplification. 

Proof. 
For functions C1 and C2 this was proved in Theorems 3.4 and 3.5. In gen-

d′(x,y) = (d(x,y))n. 

eral, for a given number n ∈ ℵ let’s define a distance function d ' such that  
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Notice that the distance function d′ satisfies all three conditions (i.e., non-
negative, reflexive, and symmetric), thus (U, d′) is a distance space. Notice 
also that the function corresponding to function Cn which is defined for 
space (U, d ) can be then treated as C1 in space (U, d′). Therefore function 

n 1

♦

Theorem 3.10.  
For each X ∈ Π(U) there exists X* ⊆ U such that the following depend-
ency is true. 

     )(lim
  

XCnn ∞+→
 = X*. 

Proof.  
Let X ∈ Π(U). We prove that there exists X* ⊆ U and n0 ∈ ℵ such that for 
all n ≥ n0 there should be  

     Cn(X) = X*. 

Let card(X) = K; we define the following sets with repetitions 

Px = {d(x,z): z∈X}  

for x ∈ U, and 

P = {Px: x ∈ U}. 

We define a lexicographical relation η on P as follows. Let Px, Py ∈ P; we 
denote by <x1, x2, . . . , xK> and <y1, y2, . . . , yK> the nonincreasing 
sequences which arise after sorting elements of Px and Py, respectively. Let 
now 

q = 
⎪
⎩

⎪
⎨

⎧

<−==≠

==
≠

Kkkjyxyxk

KjyxK
yx

jjkk

jj

 ;1,...,1for    and    if   

,...,1  allfor     if  
  if    1 11

; 

then  

<Px, Py> ∈ η ⇔ xq ≤ yq.  

Notice that η is a linear order on P. Let <Px, Py> ∈ η for some x,y ∈ U; 
q q

d n(y,X) − d n(x,X )  

then x ≤ y  and we have the following: 

(U, d' ). 
C  in space (U, d) should have all properties of function C  in space
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= ∑z∈X (d(y,z))n − ∑z∈X (d(x,z))n  

= ∑z∈X yi
n − ∑z∈X xi

n ≥ yq
n − (K − q + 1) xq

n.  

From the definition of the number q it follows that there exists a natural 
number nxy such that for all natural numbers n if n ≥ nxy then  

d n(x,X) ≤ d n(y,X).  

Let now 

Pmin = {x∈U: (∀y∈U) (<Px, Py> ∈ η)}. 

Of course if x,y ∈ Pmin  then Px = Py. For x ∈ Pmin, y ∈ U there must be 
held 

d n(x,X) ≤ d n(y,X)  

for each n ≥ nxy. Let x ∈ Pmin and  

n0 = max {nxy: y ∈ U};  

then for each n ≥ n0 we should have  

dn(x,X) ≤ d n(y,X)  

for all y ∈ U; it means that  

Cn(X) = Pmin.  

Let’s now set X* = Pmin and the theorem should be proved.    ♦ 

From this theorem it follows that for each profile X beginning from 
some n0 the consensus function Cn should give the same value. 

Now we deal with the dependency of consensus functions in two dis-
tance spaces with dependent distance functions. Two distance functions d1 
and d2 in spaces (U, d1) and (U, d2) are dependent on each other if for any 
x, x′, y, y′∈ U , 

d1(x,x′) ≥ d1(y,y′) ⇔ d2(x,x′) ≥ d2(y,y′). 

Let then distance functions d1 and d2 be dependent on each other. We 
define consensus choice functions Cn

1 and Cn
2, where  

Cn
i(X) = {x∈U: di

n(x,X) = 
Uy∈

min di
n(y,X)}  

for i = 1, 2. We have the following. 
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Theorem 3.11.  
Let distance functions d1 and d2 be dependent on each other and X ∈ 
Π(U); then the following dependency is true. 

)(lim 1

  
XCnn ∞+→

 = )(lim 2

  
XCnn ∞+→

. 

Proof.  
We show that there exists X* ⊆ U and n0 ∈ N such that for all n ≥ n0  there 
should be 

     Cn
1(X) = Cn

2(X) = X*.  

Letting K = card(X) we define the following sets with repetitions 

Px
i  = {di(x,z): z ∈ X}  

for x ∈ U and 

P i = {Px
i: x ∈ U}. 

In set P i we define a linear order ηi in the same way as in the proof of 
Theorem 3.10. Let 

     Pi
min = {x ∈ U: (∀y ∈ U)(<Px

i, Py
i > ∈ ηi)}. 

Notice that <Px
1, Py

1> ∈ η1 if and only if <Px
2, Py

2> ∈ η2, because the 
functions d1 and d2 are dependent upon each other, thus P1

min = P2
min. Also 

from the proof of Theorem 3.10 it follows that there exist numbers n0
i such 

that if n ≥ n0
i, then Cn

i(X) = Pi
min 0 0

i

1, 2}, n ≥ n0 and X* = P1
min = P2

min, we should have  

Cn
i(X) = Cn

i(X) = X*.  

The theorem is then proved.              ♦ 

From Theorem 3.11 it follows that if we use two dependent distance 
functions then for the same profile beginning from some n0 the consensus 
functions Cn

1 and Cn
2 should determine the same values. 

3.4. Quality of Consensus 

For conflict profiles and their consensuses we introduce a measure which 
allows evaluating these consensuses referring to the profiles.  
 

 for i = 1,2. Letting now n  = max{n : i = 
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Figure 3.2. Quality of consensus. 

Definition 3.3.  
Let X ∈ Π(U), C ∈ Con(U), and x ∈ C(X). By the quality of consensus x in 
profile X we call the following value 

     d̂ (x,X) = 1 – 
)(
),(

Xcard
Xxd . 

Thus the quality of a consensus in a profile reflects the average distance 
from the consensus to the elements of this profile. The aim of introducing 
this measure is not to compare the quality of consensuses within a profile 
but to compare the quality of consensuses within different profiles. Within 
a profile it is obvious that for getting a consensus with the maximal quality 
it is enough to determine an O1-consensus. Let’s see the example in Figure 
3.2. We can notice that the consensus of profile X has lower quality than 
the consensus of profile X′.  

If x is an O1
ˆ ˆ

as all O1-consensuses have the same (maximal) quality.  
The problem we want to solve here is, having a given profile, how to 

improve the quality of its consensus. For solving this problem we consider 
the modification of the profile toward this aim. By the profile modification 
we mean adding or removing elements to or from this profile.  

 We have the following properties. 

 
 

-consensus then instead of d (x, X ) we write d (X ) because
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Theorem 3.12.  
Let x be an O1-consensus for profile X; let X (k) be such a profile that 

     X (k) = X ∪  {k ∗ x}  

for any k ∈ ℵ; then there should be 

d̂ (X) ≤ d̂ (X (n)) ≤ d̂ (X (n+1)) 

for all n ∈ ℵ. The equality takes place iff X is a homogeneous profile. 

Proof. 
Notice that after adding x to profile X this element is still an O1-consensus 
for X. Moreover we have 

     d(x,X) = d(x,X (1)). 

Also, card(X (1)) = card(X) + 1, thus there should be 

     1 – 
)(
),(

Xcard
Xxd  ≤ 1 – 

)(
),(
)1(

)1(

Xcard
Xxd ; 

that is, 

     d̂ (X) ≤ d̂ (X (1)). 

By induction we can prove that d̂ (X (n)) ≤ d̂ (X (n+1)). The equality takes place 
if and only if X is a homogeneous profile because only in this case d(x,X) = 
d(x,X (n)) = 0.               ♦ 

The above theorem shows that if we increase a heterogeneous profile by 
adding to it an O1-consensus then we can improve the consensus quality. 
From the proof we can easily prove that 

     
+∞→n

lim d̂ (X(n)) = 1. 

The following theorem shows that if we add to a profile such an element 
of it that minimizes the sum of distances to its elements, and this element 
is not too far from an O1-consensus of this profile, then the consensus qual-
ity should be improved. 

Theorem 3.13.  
Let x be such an element of profile X that 

     d(x,X ) = min{d(y,X): y∈X} 
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and let there exist an O1-consensus y of X such that  

     d(y,x) ≤ 
)(

1
Xcard

d(y,X); 

then the following inequality should be true 

d̂ (X) ≤ d̂ (X ∪ {x}). 

Proof. 
Let X ′ = X ∪ {x}, and let z be an O1-consensus of X ′. We have 

     d(z,X ′) ≤ d(y,X ′) . 

On the other hand  

     d(y,X ′) = d(y,X) + d(y,x)  

          ≤ d(y,X) + 
)(

1
Xcard

d(y,X) 

         = 
)(

1)(
Xcard

Xcard + d(y,X). 

It implies that 

     
1)(

1
+Xcard

d(z,X ′) ≤ 
)(

1
Xcard

d(y,X ), 

which means 

     d̂ (X) ≤ d̂ (X′).            ♦ 

In general, we can expect that the larger the consistency value of a pro-
file the higher the quality of its consensus. A case of this situation is illus-
trated in Figure 3.2. However, this is true only for consistency function c5 
(see Section 2.4.4, Chapter 2), and not always true for the remaining con-
sistency functions.  

3.5. Susceptibility to Consensus 

In this section we present the definition, criteria, and their analysis for pro-
file susceptibility to consensus. Because of reliability of consensus func-
tions, in a distance space for each profile one may always determine its 
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consensus (e.g., using one of criteria O1 and O2). However, one should 
give the answer for the following question. Is the consensus sensible and 
may it be accepted as the solution of the conflict? In other words, is the 
profile susceptible to consensus [64]? 

To illustrate this problem let’s consider an example. 

Example 3.3. Let a space (U, d) be defined as follows. U = {a, b} where a 
and b are objects of some type, and distance function d is given as 

     d(x,y) = 
⎩
⎨
⎧

≠
=

yx
yx

for      1
for     0

 

for x, y ∈ U.  
Let X be a profile, as a set with repetitions, where  

X = {a, b};  

that is, each of objects a and b occurs exactly once in the profile. Assume 
that X represents the result of some voting in which two voters take part; 
each of them casts one vote (for a or b). There is one vote for a and one 
vote for b. It is easy to note that for profile X the O1- or O2-consensus 
should be equal to a or b. But it intuitively seems that neither of them is a 
good consensus, because there is lack of compromise in this conflict situa-
tion. Let us now consider another profile  

X ′ = {2 ∗ a, b}  

in which there are three votes: two of them are for a and one is for b. For 
this profile the only consensus should be a and it seems to be a good con-
sensus; that means this profile is susceptible to consensus.     ♦ 

The above example shows that although consensus may always be chosen 
for a conflict profile, it does not have to be a good one. Below we try to 
characterize the situations in which conflict profiles are susceptible to con-
sensus.  

3.5.1. Criteria for Consensus Susceptibility 

For a given distance space (U, d), X ∈ Π(U) and card(X) = K, first we 
define the following parameters [106], 

     idt_mean (X) = 
( )

)1(

),( 
  ,

+

∑
∈

kk

yxd
Xyx

i

   for i = 1,2. 
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           i
xd (X) = 

( )

k

yxd
Xy

i∑
∈

),( 
  

           )(min    )(min XdXd i
xUx

i

∈
=

      maxd i
xUx

i

∈

For i = 1 the index i may be omitted; thus symbols t_meand  and mind  are 
consistent with those defined earlier in Section 2.4. 

• idt_mean (X): For i = 1 we have interpreted this value as the total aver-
age distance of all distances in profile X. The justification for this 
pattern is given in Section 2.4 (Chapter 2). For i = 2 this value is 
treated as the total average of all squared distances in profile X. 

• i
xd (X): This value represents the average distance of all distances be-

tween object x and the elements of profile X.  
•  )(min Xd i : The minimal value of i

xd (X) for x ∈ U. 

Definition 3.4  
Let X ∈ Π(U) be a profile. We say that profile X is susceptible to consen-
sus in relation to postulate Oi for i = 1, 2 (or Oi-susceptible to consensus) 
if and only if the following inequality takes place, 

     idt_mean (X) ≥  )(min Xd i . 

The idea of the above definition lies in such intuition that because value 
idt_mean (X) represents the average distance in profile X, and  )(min Xd i  

represents the average distance from the consensus to the elements of the 
profile, then X is susceptible to consensus (i.e., it is possible to determine a 
“good” consensus for X) if the second value is not greater than the first. 
Satisfying the above inequality means that the elements of profile X are 
“dense” enough for determining a good consensus. In other words, opin-
ions represented by these elements are consistent enough for determining a 
good compromise.  

For the profile X from Example 3.3 the above-defined values are calcu-
lated as follows.  

    for i = 1,2. 

          for i = 1,2. 

(X )  =  maxd (X )           for i = 1,2. 

The interpretations of these parameters are the following: 
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     t_meand (X) = 
3
1

32
)010(2

=
⋅

++⋅   

and 

      )(min Xd  = 
2
1 . 

Of course 
3
1  < 

2
1 , thus profile X is not O1-susceptible to consensus. The 

same result may be deduced for i = 2. For profile X ′ we have the follow-
ing. 

     t_meand (X ′) = 
43
22

⋅
⋅  = 

3
1 , 

and 

      )'(min Xd  = 
3
1 . 

Thus t_meand (X ′) = )'(min Xd , meaning that profile X ′  is O1-susceptible 
to consensus. Similarly we can state that profile X ′ is not O2-susceptible to 
consensus, but profile X ′ is O2-susceptible to consensus. Definition 3.4 is 
then consistent with the intuition. 

Definition 3.5. 
Let X ∈ Π(U) be a profile. We say that X is i-regular for i = 1, 2 if and 
only if for each pair of objects x, y ∈ U the following equality takes place. 

     i
xd (X) = i

yd (X). 

Notice that profile X defined in Example 3.3 is i-regular for i = 1, 2, 
whereas profile X′ is not i-regular (or i-irregular) for i = 1, 2. 

Below we present some results of the analysis. 

Theorem 3.14.  
Each i-regular profile X, where card(X) > 1, is not Oi-susceptible to con-
sensus for i = 1,2.  

Proof. 
For i = 1: Let X be a 1-regular profile in space (U, d) and let card(X) = k; 
then we have  
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xd (X) =
k

yxd
Xy

∑
∈

),(  
  . 

This value should be the same for all x ∈ U; thus the sum ∑ ∈Xy yxd ),(  
is also the same for all x ∈ U. Let it be equal to sX > 0. We have then 

)(min Xd  = 
k

sX .  

On the other hand, the value t_meand (X) is equal to 

     t_meand (X) = 
)1(

),(
,

+

∑
∈

kk

yxd
Xyx  = 

)1( +kk
ksX  = 

1+k
sX . 

It follows that  

)(min Xd  > t_meand (X); 

this means that profile X is not O1-susceptible to consensus.  
The proof for i = 2 is similar.            ♦ 

Theorem 3.14 implies that it is not worth determining the consensus for 
a regular profile because it is not susceptible to consensus.  

Theorem 3.15.  
Let X, X ′ ∈ Π(U) be such profiles that X is i-regular and X ′ = X ∪ {x} for 
some x ∈ X; then profile X ′ is Oi-susceptible to consensus for i = 1, 2. 

Proof. 
For i = 1: Because profile X is 1-regular, thus similarly as in the proof of 
Theorem 3.14 we can assume that  mind
easy to notice that for profile X ′ the value )'(min Xd  can be achieved for 

t_mean (X) can be calculated as 

t_meand (X) = 
)2)(1(

),(
',

++

∑
∈

kk

zyd
Xzy   

follows: 

(X )  = s /k where card(X) = k. It is X

Xelement x and is equal to s /(k + 1) . Value d
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= 
)2)(1(

),( 2),(  
,

++

+ ∑∑
∈∈

kk

yxdzyd
XyXzy  = 

)2)(1(
2

++
+

kk
sks XX  = 

1+k
sX . 

Thus we should have  

)(min Xd  = t_meand (X), 

This means that profile X is O1-susceptible to consensus.  

The proof for i = 2 is similar.            ♦ 

Theorem 3.15 shows the way for achieving the susceptibility to consen-
sus for an i-regular profile; it is enough to add to it any of its elements. The 
practical sense of this theorem is the following. If in an impasse conflict 
situation any of the opinions does not dominate the other then it is enough 
to invite an additional participant for the possibility of determining a sen-
sible consensus. 

From the practical point of view, a special and interesting case is that 
universe U consists of real numbers, and the distance d(x,y) is equal 
to yx −  for x, y ∈ U. We show now the conditions which should be satis-
fied for a profile consisting of real numbers to be susceptible to consensus. 
Assuming that we have to deal with such kind of distance spaces, then the 
following property is true [106]. 

Theorem 3.16. 
In space (U, d) if a profile X ∈ Π(U) consists of an odd number of ele-
ments then it is always Oi-susceptible to consensus for i = 1, 2. 
 
Proof. 

for k being a natural number. If k = 1 then of course the equality  

t_meand (X) = )(min Xd  = 0  

takes place; that is, the theorem is true in this case. Assume that k > 1. Let 
us denote by (a1, a2, . . . , a2k-1) an increasing sequence which arises after 
sorting elements of profile X. Let us consider the following distances, 

     d(ak-i, ak+i) = ikik aa +− −      for 1 ≤ i < k.  

Each distance d(ak-i, ak+i) where 1 ≤ i < k generates a set Di consisting of 

(a) For i = 1: Because card(X) is an odd number then card(X) = 2k – 1 

the following elements (which indeed are sets of distances): 
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• 2-element sets which consist of pairs of distances  

{d(ak-i,aj), d(aj,ak+i)}  

or  

{d(ak+i,aj), d(aj,ak-i)}  

for k–i ≤ j ≤ k+i.  
Notice that 

d(ak-i,ak+i) = d(ak-i,aj) + d(aj,ak+i)  

  = d(ak+j,aj) + d(aj,ak-i). 

• 1-element sets which consist of distances d(aj,ak+i) or d(ak+i,aj) for  
1 ≤ j <  k – i  and  d(ak-i,aj)  or  d(aj,ak-i)  for  k + i <  j ≤ 2k – 1.  
Notice that 

d(ak-i,ak+i) ≤ d(aj,ak+i) = d(ak+i,aj)  

for 1 ≤ j < k – i, and 

d(ak-i,ak+i) ≤  d(ak-i,aj) = d(aj,ak-i)  

for k + i <  j ≤ 2k. 
Notice also that for a given i the number of sets in set Di is equal to 

2(2i + 2(k – i – 1)) = 2(2k – 2). 

The elements of these sets are nonrepeated and their sum is not smaller 
than d(ak-i, ak+i). Also as follows from index definition, each distance occurs 
in all sets Di (for i = 1, 2, . . .) at most once. 

Now we calculate the values which decide about the susceptibility to 
consensus for profile X. One can prove that value )(min Xd  can be 
achieved for x = ak, thus 

     )(min Xd  = ∑
−≤≤

+−− 11
),(   

12
1

ki
ikik aad

k
, 

and  

     t_meand (X)  =  
)12(2

1
−kk ∑

−≤≤ 12,1
),(      

kts
ts aad . 

Notice that because (2k – 2)/k ≥ 1 for k > 1, we have the following: 
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)12(2
1

−kk ∑
−≤≤ 12,1

),(    
kts

ts aad    

       ≥ 
)12(2

1
−kk

( )∑ ∑ ∑
−≤≤

∈ ∈
11

)(
ki

Dd dzi
z    

≥ 
)12(2

1
−kk

2(2k – 2) ∑
−≤≤

+−
11

),(    
ki

ikik aad   

= 
k

k 22 − )(min Xd  ≥ )(min Xd . 

 Profile X is then O1-susceptible to consensus. 

 (b) For i = 2: notice that   

     (d(ai,aj))2  ≥ (d(ai,ak))2 + (d(ak,aj))2  

for 1 ≤ i ≤  k and k ≤  j ≤ 2k – 1. It implies that 

     ( )∑
−≤≤

≤≤
12

1

2),(
kjk

ki
ji aad  ≥ k ( )∑

−≤≤
−+ +

11

22 )),(()),((
ki

ikkikk aadaad . 

The value )(2
min Xd  should be achieved for  x = ∑ =

n
i ian 1/1 , thus 

     )(2
min Xd  = 

12
1
−k

( )∑
−≤≤ 121

2),(    
ki

i xad  

         ≤ 
12

1
−k

( )∑
−≤≤

−+ +
11

22 )),(()),((   
ki

ikkikk aadaad  

         ≤ 
)12(

1
−kk

( )∑
−≤≤

≤≤
12

1

2),(   
kjk

ki
ji aad = 2

t_meand (X). 

It follows that profile X is also O2-susceptible to consensus.    ♦ 

Theorem 3.16 shows that if for a competition the number of jury mem-
bers is odd and if their opinions are in the form of real numbers then it is 
always possible to determine a sensible consensus. This result explains 
why the numbers of jury members in many contests are odd numbers.  
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In the case when card(X) is an even number then profile X is not always 
O1-susceptible or O2-susceptible to consensus. The interesting case is when 
card(X) = 2; let X = {a, b} where a ≠ b. We have  

d(a, b) = ba −  > 0.  

Notice that 

)(min Xd  = 
2

ba −
 > 

3
ba −

 = t_meand (X). 

So profile X cannot be O1-susceptible to consensus. Similarly we can prove 
that it is also not O2-susceptible to consensus. This is consistent with the 
consideration in Example 3.3.  

Below we present the notion of susceptibility to consensus of a profile 
in the context of other profile.  

Definition 3.6.  
Profile X ∈ Π(U) is susceptible to consensus in the context of profile  

            Y ∈ Π(U) if X ⊂ Y and  )(max Xd i  ≤ )(min Xd . 

The above definition serves in such situations as when profile X is not 
susceptible to consensus but its context (profile Y) is more nonsusceptible 
to consensus. In other words, the conflict encompassed by profile X is not 
meaningful in the relation to the conflict represented by profile Y. In this 
case the consensus determined for profile X could be acceptable. 

Now we analyze the relationships between consistency values of conflict 
profiles and their susceptibility to consensus.  

In Chapter 2 we defined five consistency functions:  

)(1)(1 XDiamXc −= , 

)(1)(2
XWDiamXc −= , 

)(3 Xc  = 1 – )(mean Xd , 

)(4 Xc  = 1 –  dt_mean(X), 

).(1)( min5 XdXc −=  

3.5.2. Consensus Susceptibility versus Consistency 
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Here we present some dependencies between profile consistency and 
consensus susceptibility. These dependencies show that in general the two 
notions are coherent. The following properties are true. 

Theorem 3.17. 
For each j = 1, . . . , 5 if cj(X) = 1 then profile X is Oi-susceptible to con-
sensus for i = 1, 2. 

Proof. 
For each j = 1, . . . , 5 it is easy to show that cj(X) = 1 if and only if profile 
X is homogeneous. In this case we have  

)(min Xd i  = idt_mean (X) = 0 

for i = 1, 2; that is, profile X is Oi -susceptible to consensus for i = 1, 2. ♦ 

This property shows the coherence between consistency measures and 
consensus susceptibility. In the case when a profile has maximal consis-
tency then it is also susceptible to consensus. However, if a profile has 
minimal consistency then it should not necessarily be susceptible to con-
sensus. The following properties show that the intuition is true only for 
functions c3, c4, and c5 and false for functions c1 and c2. 

Theorem 3.18. 
(a) For each j = 3, 4 if cj(U) is minimal then profile X is not Oi-

susceptible to consensus for i = 1, 2. 

(b) If c5(X) = 0 then profile X is not Oi-susceptible to consensus for i= 
1, 2. 

Proof. 
(a) We assume that card(X) > 1, because if card(X) = 1 then X is a ho-

mogeneous profile and of course it is Oi-susceptible to consensus for i = 1, 
2. For function c3 notice that if c3(U) is minimal, that is, c3(U) = 0, then 

)(mean Ud  = 1; that is,  

     
)1)()((

),(  
  ,

−

∑
∈

UcardUcard

yxd
Uyx  = 1. 

From this equality it follows that d(x,y) = 1 for all x,y ∈ U and x ≠ y. 
Thus in a profile X ∈ Π(U) we should have 
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     )(min Xd i  = 1 

and 

     idt_mean (X) = 
)(

1)(  
Xcard

Xcard −  < )(min Xd i , 

for i = 1, 2. Thus profile X cannot be Oi-susceptible to consensus for i = 1, 
2. For function c4 the proof is identical with the notion that c4(U) is mini-
mal if and only if dt_mean(U) is maximal; that is, 

     dt_mean(U) =
)(

1)(  
Ucard

Ucard − . 

(b) For function c5 notice that if c5(X) = 0 then  

     )(min Xd i  = 1; 

this means that d(x,y) = 1 for all  x,y ∈ X and d(x,y) = 1 for all x∈ U and 
y ∈ U where x ≠ y. Thus  

     idt_mean (X) = 
)(

1)(  
Xcard

Xcard −  < )(min Xd i ; 

then profile X cannot be Oi-susceptible to consensus for i = 1, 2.  ♦ 

For functions c1 and c2 it is not possible to formulate a relationship 
between the minimal value of c1(U) or c2(X) and the susceptibility to con-
sensus because these functions take into account only the behavior of some 
elements of the profile. The behavior of other elements is not reflected by 
them. Nevertheless functions c1 and c2 have many practical applications. 

Another aspect of the relationship between consistency measures and 
consensus susceptibility is based on the investigation of the behavior of 
consistency in situations when a profile is susceptible to consensus. It turns 
out that the behaviors of defined consistency functions are not similar.  

From Theorem 3.18 it follows that if profile X is Oi-susceptible to con-
sensus for i = 1, 2 then c5(X) > 0, c3(U) > 0, and c4(U) > 0. However, refer-
ring to functions c1 and c2 similar results may not be deduced.  

Referring to functions c4 and c5 we have the following. 

Theorem 3.19. 
If profile X is O1-susceptible to consensus then there should be: 

    c4(X) ≥ 
1)(

2
+Xcard

      and       c5(X) ≥ 
1)(

2
+Xcard

. 
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Proof. 
Notice that because profile X is O1-susceptible to consensus, then  

    t_meand (X) ≥ )(min Xd . 

In addition, we know that  

    t_meand (X) = 
1)(
1)(

+
−

Xcard
Xcard  )(mean Xd  ≤ 

1)(
1)(

+
−

Xcard
Xcard . 

So there should be 

    c5(X) = 1 – t_meand (X) ≥ 1 – 
1)(
1)(

+
−

Xcard
Xcard  = 

1)(
2

+Xcard
. 

Because c4(X) ≥ c5(X) then there should also be 

     c4(X) ≥ 
1)(

2
+Xcard

. 

The same result may be similarly proved for a profile O2-susceptible to 
consensus.                  ♦ 

This theorem shows some threshold for the minimal values of consistency 
of a profile susceptible to consensus. Theorems 3.17 to 3.19 state some co-
herence between two notions: conflict profile consistency and susceptibility 
to consensus. We can see that these two notions are not contradictory to each 
other, but they are also independent. We mention that the criterion for sus-
ceptibility to consensus allows us to evaluate if a determined consensus will 
be sensible, whereas consistency value tells us about the coherence degree 
of the elements of a conflict profile. From the above results it follows that 
if the consistency is very low then the profile may not be susceptible to 
consensus, and if a profile is susceptible to consensus then its consistency 
value is larger than some positive value. 

3.6. Methods for Achieving Consensus 
Susceptibility 

In this section we present some methods for achieving susceptibility to 
consensus for such profiles which are not susceptible to consensus. We 

• Profile modification by adding or removing elements 
• Profile modification by weight determination for its elements 

deal with the following two methods toward this aim: 
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In the first method we show several situations when adding or removing 
elements to or from the profile may cause achieving the susceptibility to 
consensus. In the second method we work out an algorithm for profile 
element weight modification for this purpose. 

3.6.1. Profile Modification 

In this section we present some results which allow achieving the suscepti-
bility to consensus for a profile by its modification. The theorem presented 
below shows that if a profile is not susceptible to consensus then it should 
become susceptible if we add to it a large enough number of occurrences 
of any element of the universe.   
 
Theorem 3.20.  
Let X ∈ Π(U) be such a profile that X is not O1-susceptible to consensus. 
Let x ∈ U; then there exists a natural number no ∈ ℵ such that profile  

X ' = X ∪  {no ∗ x}  

is O1-susceptible to consensus. 

Proof. 
We know that an O1-function also satisfies the postulate of Quasi-
unanimous (defined in Section 3.2.2), according to which if an element x is 
not a consensus of profile X then there exists a natural number n such that 
x is a consensus of profile Y = X ∪  {n ∗ x}. Letting card(X) = k, for profile 
Y we have  

     )(min Yd  = ( )∑ ∈+ Xy yxd
nk

),(1  = 
nk
Xxd

+
),(  

and 

 )(t_mean Yd  = ( )∑∑ ∈∈ −+
+++ XyXzy yxdnzyd

nknk
),( )1(2),(

)1)((
1

,   

   = ( )∑ ∈+++ Xzy zyd
nknk , ),(

)1)((
1   

    + ( )∑ ∈−
+++ Xy yxdn

nknk
),( )1(2

)1)((
1   
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       = )(
)1)((

)1(
t_mean Xd

nknk
kk

+++
+  + ),(

)1)((
)1(2 Xxd
nknk

n
+++

− . 

Thus inequality  

     )(min Yd  ≤ )(t_mean Yd  

is equivalent to inequality 

     d(x, X) ≤ )(
)1(

)1(
t_mean Xd

nk
kk

++
+  + ),(

)1(
)1(2 Xxd

nk
n

++
− . 

Notice that for n → +∞ the first component on the right side of the above 
inequality should aim at 0 and the second component aims at 2d(x, X). 
It then implies that with a large enough value of n the above inequality 
should be true. That is, the profile Y with such a value of n should be 
O1-susceptible to consensus.              

 

♦

 The same result can be proved for O2-susceptibility.  
In general, the higher the value of consistency of a profile is, the larger 

the possibility for it to be susceptible to consensus. Although it is not 
true in all cases,2 we can accept it for trying to achieve the consensus 
susceptibility. As we know, postulates P7a and P7b show that inconsis-
tency may be enlarged if we add to the profile its O1-consensus, or remove 
this element from it which generates the maximal sum of distances to the 
remaining elements. 

3.6.2. Using Weights 

In this section we present another approach for achieving susceptibility to 
consensus, which is based on determining weights for the elements of a 
conflict profile. In this approach an element is assigned with a weight 
value representing the degree (or level) of this element in determining con-
sensus. Weights assigned to conflict participants can be interpreted as the 
degrees of their credibility, and in consequence, the credibility of their 
opinions. Weights also can represent the degrees (or participation) of the 
profile elements in the consensus determination process. This approach 
may be useful in such practical applications in which conflict participants 
                                                      

2 This is because of the lack of restrictions for the distance function d; with the 
assumption that d is a half-metric it seems to be impossible for this statement to be 
true. 
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may not achieve the compromise (consensus) because of too large differ-
ences of their opinions on some subject (i.e., the consistency value is too 
low). In such cases one of the possible solutions may be based on assign-
ing the participants with their priorities which can be represented by the 
weights. Owing to modification of these priorities one may determine a 
profile which is susceptible to consensus, and then the participants can 
achieve the compromise. Such an approach can find applications, for 
example, in creating intelligent user interfaces [124, 126]. 

The weight function has been defined in Section 2.3.3 (Chapter 2). We 
mention the assumption that the profile elements represent the opinions of 
the conflict participants; each of these opinions belongs to one participant 
and each participant can give only one opinion. A weight function for each 
participant assigns a real number belonging to interval [0,1]. Thus we have 
the following weight function, 

      w: X → [0,1]. 

Function w can be treated as a fuzzy function  

Having the weight function we define the following postulate w
iO  for 

consensus choice in which the weight function is taken into account,  

(x ∈ c(X)) ⇒ ( i
Xy yxdyw )),()((∑ ∈  = 

Uz∈
min ∑ ∈Xy

iyzdyw )),()(( ) 

for i = 1, 2. 

Two consensus functions satisfying postulate w
iO

defined as follows. 

w
iC (X) = {x ∈ U: i

Xy yxdyw )),()((∑ ∈  = 
Uz∈

min ∑ ∈Xy
iyzdyw )),()(( } 

for i = 1, 2. 

One can notice that function w
iC  corresponds to function Ci defined in 

Section 3.3.3. 
The expressions serving to evaluate the susceptibility to consensus of 

profiles now have the following forms (for simplicity we do not change the 
symbols for these expressions). 

     idt_mean (X) = 
)1(

)),()((  
,

+

∑
∈

kk

yxdyw
Xyx

i

, 

 (for i = 1,2) can be 
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     i
xd (X) = 

k

yxdyw
Xy

i∑
∈

)),()((  
  

and 

     )(min    )(min XdXd i
xUx

i

∈
=  

for i = 1,2. 
 

Now let’s consider the following problem [110].  

Assume that a profile X ∈ Π(U) is not Oi-susceptible to consensus. How 
can function w be constructed such that profile X is w

iO -susceptible to 
consensus for i = 1, 2? 

A very simple answer to the above question may be the following. Set 
w(x) = 0 for each x ∈ X, then the susceptibility is achieved because the 
equality idt_mean (X) = )(min Xd i = 0 holds. Unfortunately, this answer is not 
satisfactory because in this case any element of U may be a consensus for 
X. We are interested in the minimal modification of function w (at the 
beginning, we assume w(x) = 1 for any x ∈ X) so that profile X becomes 
susceptible to profile X, that is, to achieve the inequality  

idt_mean (X) ≥ )(min Xd i .  

First let’s consider an example. 

Example 3.4. Let a space (U, d) be defined as U = {a, b, c} where a, b, 
and c are objects of some type, and distance function d is defined as 

      d(x,y) = 
⎩
⎨
⎧

≠
=

yx
yx

for      1
for     0

   for all x,y ∈ U.  

Let X be a profile where  

X = {25 ∗ a, 25 ∗ b, 25 ∗ c}. 

Assume that X represents the result of some voting in which 75 voters 
take part; each of them casts one vote (for a or b or c). For each object 
there are exactly 25 votes. It is easy to note that profile X is neither O1-
susceptible nor O2-susceptible to consensus. Now we assume that the votes 
for elements a and b will have weight equal to 0.5, and the votes for ele-
ment c will have weight equal to 1; that is,  
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w(a) = 0.5,     w(b) = 0.5,   and    w(c) = 1.  

Thus 

idt_mean (X) = 
76.75

)252525.025255.025255.0(2 ⋅⋅+⋅⋅+⋅⋅⋅
  

         = 
383
5.62

3875
25255.2

⋅
=

⋅
⋅⋅

, 

and 

     )(min Xd i  = 
50 0.5 1

75 3
⋅

=   

for c being a consensus. Of course we have 62.5 / 3.38  > , so profile X  
becomes wO1 -susceptible to consensus with new weight function w. ♦ 

The following theorem presents the possibility of weight modification 
for achieving consensus susceptibility. 

Theorem 3.21.  
If profile X is not Oi-susceptible to consensus for the weights equal to 1, 
then there always exists a weight function w such that w(x) > 0 for any 
element x ∈ X for which profile X is w

iO -susceptible to consensus (i = 1, 2). 

Proof. 
We present the proof for i = 1. The proof for i = 2 is similar. For simplicity 
for i = 1 we do not use the index i in the expressions.  

Because profile X is not O1-susceptible to consensus, the following ine-
quality should take place, 

  t_meand (X) = 
)1(

)(),(  
,

+

∑
∈

kk

ywyxd
Xyx    <  )(min Xd i  = 

k

ywyxd
Xy

∑
∈

)(),'(  
   

for card(X) = k, x′ ∈ C1(X) and w(x) = 1 for each x ∈ X. Thus for each z ∈ U 
we have 

)1(

)(),(  
,

+

∑
∈

k

ywyxd
Xyx   <  ∑

∈Xy
ywyzd )(),(   

or 

1/3
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)1(

)(),(  
,

+

∑
∈

k

ywyxd
Xyx  − ∑

∈Xy
ywyzd )(),(   < 0. 

After transforming the above inequality, we have the following. 

     ∑
∈Xy

yw )(  
⎟
⎟
⎟
⎟

⎠

⎞

⎜
⎜
⎜
⎜

⎝

⎛

−
+

∑
∈ ),(

1

),(  
yzd

k

yxd
Xx  < 0. 

Denoting  

α(y) = 
)1(

),(  

+

δ∑
∈

k

yx
Xx ,  

we obtain 

     ( )∑
∈

−α
Xy

yzdyyw ),()()(   < 0. 

For any given element z ∈ U, set X can be divided into two disjoint sets 
X ′ and X″ such that for each y ∈ X ′ inequality α(y) − d(z,y) ≤ 0 is true and 
for each y ∈ X″ inequality α(y) − d(z,y) > 0 is true. Notice that because 
profile X is not O1-susceptible to consensus, there exists z ∈ U such that 
set X″ is not empty. Then the last inequality can be written as 

   ( )∑
∈

−α
"

),()()(  
Xy

yzdyyw  < ( )∑
∈

−α
'

),()()(  
Xy

yzdyyw , 

where w(y) = 1 for each y ∈ X. We show that it is possible to modify func-
tion w so that all its values are greater than 0 and the following inequality 
will be true.  

( )∑
∈

−α
"

),()()(  
Xy

yzdyyw  ≥ ( )∑
∈

−α
'

),()()(  
Xy

yzdyyw . 

Because set X″ is not empty, the sum on the left side of the above ine-

the above inequality is true. In this way the theorem has been proved. ♦ 

We now present an algorithm which for a profile being non-O1-
susceptible to consensus minimally modifies the values of weight function 

quality is greater than 0. Thus it is possible to maintain w(y) = 1 for each 
y ∈ X″, and for elements y ∈ X ′ to decrease values w(y) so that w(y) > 0 and 
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w (at the beginning they are equal to 1) so that X becomes susceptible to 
consensus referring to criterion wO1 . 

The idea of this algorithm is based on the following steps. At first, we 
count the consensus according to function C1; next we determine sets X ′ 
and X ″ on the basis of the proof of Theorem 3.21. Having these sets we 
can minimally modify the values of function w so that the inequality  

t_meand (X) ≥ )(min Xd   

takes place. The algorithm is presented as follows. 

Algorithm 3.1.  
Input: Profile X being non-O1-susceptible to consensus and card(X) = k, 
w(x) = 1 for each x ∈ X. 

Result: New values of function w, for which profile X is wO1 -susceptible to 
consensus. 
Procedure: 

BEGIN 
1. Determine z ∈ U such that d(z,X) = )(min Xd ; 
2. Divide set X into disjoined sets X ′ and X ″ so that for each y′ ∈ X ′ 

and y″∈ X ″ the inequalities α(y′) − d(z,y′) ≤ 0 and α(y″) − d(z,y″) 
> 0, follow, respectively, where 

      α(y) = 
)1(

),(  

+

∑
∈

k

yxd
Xx   

for y ∈ X; 
3. For each y ∈ X ′ set maximal value of w(y) such that w(y) > 0 and 

the following inequality holds true 

    ( )∑
∈

−α
"

),()()(  
Xy

yzdyyw  ≥ ( )∑
∈

−α
'

),()()(  
Xy

yzdyyw ; 

4. For each y ∈ X ″ set w(y) = 1; 
END. 

The idea for an algorithm aiming to minimally modify the values of 
function w so that X becomes wO2 -susceptible is similar, and the algorithm 
is presented as follows.  
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Algorithm 3.2. 
Input: Profile X being non-O2-susceptible to consensus and card(X) = k, 
w(x) = 1 for each x ∈ X. 

Result: New values of function w, for which profile X is wO2 -susceptible to 
consensus. 
Procedure: 

BEGIN 
1. Determine z ∈ U such that d 2(z,X) = )(2

min Xd ;. 
2. Divide set X into disjoined sets X ′ and X ″ so that for each y′ ∈ X′ 

and y″ ∈ X ″ the inequalities α(y′) − (d(z,y′))2 ≤ 0 and α(y″) − 
(d(z,y″))2 > 0 follow, respectively, where 

       α(y) = 
( )

)1(

),(  2

+

∑
∈

k

yxd
Xx ; 

3. For each y ∈ X ′ set maximal value of w(y) such that w(y) > 0 and 
the following inequality becomes true. 

    ( )( )∑
∈

−α
"

2),()()(  
Xy

yzdyyw  ≥ ( )( )∑
∈

−α
'

2),()()(  
Xy

yzdyyw ; 

  4. For each y ∈ X ″ set w(y) = 1. 
END. 

We can see that the computational complexity of Algorithms 3.1 and 3.2 
is not large and is linear to the number of elements of profile X except step 
1. For step 1 some special procedure should be used, and its complexity is 
dependent on the microstructure of universe U. In some cases this problem 
is NP-complete and it is necessary to work out a heuristic algorithm. 

3.7. Reduction of Number of Consensuses 

Very often for a conflict profile X a consensus function determines more 
than one consensus; that is, card(C(X)) > 1 for some function C ∈ Con(U). 
This phenomenon in many cases may make the knowledge management 
process difficult because it is necessary to determine only one consensus. 
In this section we deal with the methods for reducing the number of con-
sensuses generated by a consensus function [115]. First consider an example.
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Example 3.5. From a set of candidates (denoted by symbols A, B, C, . . .) 
four voters have to choose a committee (as an 1- or 2-element subset of the 
candidates’ set). With this aim each of the voters votes on such committee 
which in her opinion is the best one. Assume that the votes are the follow-
ing:  

{A, B}, {A,C}, {B,C}, and {A}.  

Let the distance between two sets of candidates be equal to the cardinality 
of their symmetrical difference. Using function C1 (the most practically 
applied function) to determine the consensus for conflict profile  

X = {{A, B}, {A,C}, {B,C}, {A}}  

from the universe U being the collection of all 1- or 2-element subsets of  

{A, B,C}, we obtain the following consensuses,  

C1(X) = {{A, B}, {A,C}, {A}}.  

One can see that the number of the consensuses is equal to three and thus 
the choice result is not unambiguous. It is then needed to reduce the repre-
sentative number in some way. Notice also that if we use C2 to determine 
consensus, then there should be only two consensuses 

     C2(X) = {{A, B}, {A,C}}.         ♦ 

3.7.1. Additional Criterion 

We define the following functions. For X ∈ Π(U),  

1C (X) = {x ∈ C1(X): ),( Xxd  =
)(1

min
XCy∈

),( Xyd }, 

2C (X) = {x ∈ C2(X): ),( Xxd  =
)(2

min
XCy∈

),( Xyd }, 

12C (X) = {x ∈ C2(X): ),( Xxd =
)(2

min
XCy∈

),( Xyd }, 

1nC (X) = {x ∈ C1(X): ),(2 Xxd =
)(1

min
XCy∈

),(2 Xyd }, 

for n ∈ ℵ. 
We have the following theorem. 

This copy belongs to 'VANC03'



3.7. Reduction of Number of Consensuses      97 

Theorem 3.22. 
For each conflict profile X ∈ Π(U) the following dependencies are true. 

(a) 21C (X) = 1C (X). 

(b) 12C (X) = 2C (X). 

Proof. 
(a) In the proof of Theorem 3.8 we showed that 

),( Xxd  = d 2(x,X) − K
1 (d(x,X))2 

for each x ∈ U and card(X) = K. Assume that x ∈ 1C (X); then for each 
y ∈ C1(X) inequality ),( Xxd ≤ ),( Xyd  should be true; that is, 

     d 2(x,X) − K
1 (d(x,X))2 ≤ d 2(y,X) − K

1 (d(y,X))2. 

In addition, because x, y ∈ C1(X) then d(x,X) = d(y,X) and from the above 
inequality it follows that 

      d 2(x,X) ≤ d 2(y,X); 

this means x ∈ 21C (X). Similarly we can prove that if x ∈ 21C (X) then 
x ∈ 1C (X). Thus  

      21C (X) = 1C (X). 

(b) The proof for this equality is similar to that in (a)      ♦ 

Theorem 3.22 shows a very important result in using the second choice 
functions to the consensus choice. Concretely, if for a profile X in the first 
step we use function C1, and in the second step we choose from C1(X) 
those consensuses best referring to postulate O2, then it turns out that these 
consensuses are also the best referring to the uniformity of the distances 
between them and the profile elements, and vice versa. Similar results may 
be obtained if in the first step we use function C2 and in the second step we 
choose from C2(X) those consensuses which best refer to postulate O1. 
These consensuses also best refer to the uniformity of the distances be-
tween them and the profile elements, and vice versa.  

Owing to the two-step consensus choice most often we can decrease the 
number of consensuses and choose those which satisfy not one but several 
postulates simultaneously.  
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Example 3.6. For the profile defined in Example 3.5 if in the first step we 
use function C1 and in the second step we use function C2 then the result 
will contain not three but two consensuses, which are: 

21C (X) = {{A,B}, {A,C}}.         ♦ 

Similarly as in the proof of Theorem 3.11 we can prove that if all ele-
ments x of C1(X) generate different sets  

     {d(x,y): y ∈ X} 

then there exists a natural number no such that 1nC (X) contains exactly one 
element for each n > no. 

3.7.2. Profile Modification 

In this method we propose the choice in two steps: in the first step the 
consensus is chosen on the basis of some criterion. If the number of con-
sensuses is large then we modify the profile to decrease this number. 
Modification of a profile may be based on: 

 
• Adding a new element to the profile 
• Removing some element form the profile 
 
In the first case we create a new profile by adding all consensuses to the 

previous profile, and next using the same or other criterion to make the 
second choice. This method is very effective because in the second choice 
the number of consensuses always equals one. We have the following. 

Theorem 3.23.  
For each profile X ∈ Π(U) and function Ci where i =1, 2, . . . , the follow-
ing dependency is true. 

Ci(X ∪ {x}) = {x}, 

for x ∈ Ci(X). 

Proof. 
First we prove that each if x ∈ Y then x ∈ Ci(X ∪ Y). Let X′ = X ∪ {x}; for 
any y ∈ U and y ≠ x we have  

     di(x,X ′) = ( )∑ ∈ ' ),(Xz
izxd  = di(x,X)  
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   < ( )∑ ∈Xz
izyd ),(  + (d(y,x))i = di(y,X′).  

Thus x is the only consensus for profile X ′.        ♦ 

The following example illustrates this method. 

Example 3.7. From Example 3.5 we have  

C1(X) = {{A,B}, {A,C}, {A}}.  

After adding one of these consensuses (say {A,B}) to the profile X we have 
new profile  

X′ = {{A,B}, {A,B}, {A,C}, {B,C}, {A}},  

for which  

C1(X ′) = {A,B};  

that is, C1(X ′) contains exactly one consensus.       ♦ 

In the second case we propose to reduce the consensus number by re-
moving from the profile those elements which “spoil” its consistency. The 
way to eliminate such elements is defined in postulate P7b for consistency 
functions (Chapter 2, Section 2.4). According to this postulate from the 
profile X we should eliminate such an element a for which 

d(a,X) = max{d(x,X): x ∈ X}. 

Thus the element a should most “spoil” its consistency, and if we re-
move this element from X then the consistency of the new profile should 
increase, and owing to this the consensus set may be small.  

The reduction method we propose in this case is based on several steps 
of consensus choice. At the first step, we make the choice on the basis of 
function C1. If the number of consensuses is large then in the second step 
we remove from the profile the element which most “spoils” the consis-
tency of X and make the second choice for this profile still using function 
C1, and so on. The process should be stopped when the number of consen-
suses is equal to one. The following example should illustrate this method. 

Example 3.8. With the same assumptions from Example 3.5, let us con-
sider the following profile,  

X = {{A,B}, {C}, {B,C}, {A,C}, {A}, {D}}.  

Using consensus function C1 we obtain three representatives:  

C1(X) = {{A}, {A,C}, {C}}.  
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For reducing this number we notice that the last vote, that is, {D}, most 
spoils the profile consistency because the value d({D},X) is maximal. 
After removing this element, we have the following profile,  

X′ = {{A,B}, {C}, {B,C}, {A,C}, {A}},  

for which the choice on the basis of function C1 gives only one consensus 

C1(X ′) = {{A,C}}.           ♦ 

However, this method does not always guarantee success. If in universe 
U the distance between any two elements is identical and we deal with a 
distinguishable profile then the consensus function should give 

     C1(X) = X. 

Also value d(x,X) is identical for all x ∈ X, so removing any element from 
X does not improve the situation. The number of consensuses will be equal 
to one if in the profile only one element remains. 

3.8. Conclusions 

In this chapter we have worked out a general model for consensus 
choice tasks. The model is called general bcause we have not assumed 
the microstructure of universe U. In this model the following elements 
have been defined and analyzed: a set of ten postulates for consensus 
choice functions; several classes of consensus functions; criteria for sus-
ceptibility to consensus for conflict profiles; criterion for quality of con-

profiles; methods for achieving susceptibility to consensus for conflict pro-
files; and methods for reducing the number of consensuses. We have 
defined two notions for evaluating a consensus and a profile: consensus 
quality and susceptibility to consensus. As has been shown, along with the 
notion of profile consistency, these three notions are independent of each 
other. Some of these notions have been presented in our earlier publica-
tions. However, in this chapter a deeper analysis has been done, and a 
number of new and original results have been presented. 

The tools proposed here should give a general image for solving consen-
sus tasks and should enable someone to make a decision as to which consen-
sus choice function should be applied to a concrete practical situation. 

In the next chapters we deal with concrete microstructures of universe U.  

sensus and method for improving the quality; relationships between 
criteria for susceptibility to consensus and consistency values of conflict 
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4. Model for Knowledge Integration 

This chapter presents the aspect of knowledge inconsistency in the integra-
tion process. It is natural that in the knowledge integration process resolv-
ing inconsistency is needed because the knowledge may originate from 
different sources. We propose a model for knowledge integration and show 
the placement of the inconsistency aspect in the integration process.  

4.1. Introduction 

One of the fundamental challenges for artificial intelligence is developing 
methods to enable cooperation between autonomous and intelligent sys-
tems. One of the necessary conditions for successful cooperation is the 
consistency of knowledge of these systems. Knowledge integration is the 
task of creating a new piece of knowledge on the basis of other different 
pieces of knowledge. This task is very often required because of the auton-
omy of the systems and nondeterministic mechanisms for knowledge proc-
essing which may cause the appearance of such situations that knowledge 
about the same real world may be reflected differently in different systems. 
This task is difficult because it is hard to indicate the inconsistency of knowl-
edge as well as to reconcile the inconsistency. However, without solving 
this problem cooperation between the systems is not possible. 

In multiagent environments the knowledge integration task has an es-
sential meaning because cooperation is one of the main elements in agent 

 
• A new agent has to be created on the basis of some other agents and 

has to take over the functions of these agents.  
• Several agents want to cooperate for realizing a common task.  
 
In both cases one should pay particular attention to knowledge integra-

tion because it is well known that having inconsistent knowledge, the 
agents may disturb each other instead of co-operating. Figure 4.1 presents 
a general scheme for the knowledge integration process. 

functioning. The realization of this task is needed for the following reasons: 
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Figure 4.1. The general scheme for knowledge integration. 
 

Reimer [139] has considered knowledge integration processes in two 
aspects: integration of different knowledge bases and integration of differ-
ent knowledge representations but on different levels of representation. 
Apart from the above-mentioned aspects of knowledge integration other 
authors consider this task necessary in identifying how new and prior 
knowledge interact while incorporating new information into a knowledge 
base [93].  

The subject of this chapter is to present a consensus-based model for 
knowledge integration. It is obvious that the inconsistency which may take 
place during an integration process should be considered as referring to the 
distribution aspect. Therefore, the consensus tool is useful here for solving 
inconsistency of knowledge. In this model we define a relational structure 
for representing the knowledge being integrated. Next the conditions for 
integration results are specified, and integration algorithms are worked 
out. Our original contributions consist of new algorithms for knowledge 
integration as well as a proposal for structures of different kinds of agent 
knowledge. 

This chapter is organized as follows. Section 4.2 presents a general 
model of knowledge integration. We define a formal problem of integra-
tion, a set of postulates for this process, and some results of their analysis. 
In Section 4.3 a concrete integration task is formulated and solved which 

Algorithm for 
knowledge integration
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This copy belongs to 'VANC03'



4.2. A General Model for Knowledge Integration      103 

refers to knowledge integration in a multiagent environment. Section 4.4 
includes postulates for the integration process and their analysis. In Section 
4.5 algorithms for integration are presented. Finally some conclusions are 
included in Section 4.6. 

4.2. A General Model for Knowledge Integration 

4.2.1. Basis Notions 

For representing agent knowledge conflict an approach based on using 
relational structures has been presented in [104, 105]. In this chapter we 
use some notions defined in those works. On their basis two kinds of 
knowledge (positive and negative) can be represented.  

Formally, we assume that a real world is described by means of the fol-

 
• A finite set A of attributes. 
• Each attribute a ∈ A has a domain as a set Va of elementary values. 

A value of attribute a may be a subset of Va as well as some element 
of Va. Set aV2 is called the super domain of attribute a. Letting  

V = ∪ a∈AVa ,  

the real world can then be denoted by the pair (A, V). 
 

For B ⊆ A let’s denote 

VB = ∪ b∈B Vb  

and  

BV2  = ∪ b∈B aV2 .  

By an elementary value we mean a value which is not divisible in the 
system. Thus it is a relative notion; for example, one can assume the fol-
lowing values to be elementary: time units, set of numbers, partitions of a 
set, and so on. 

We define the following notions. Let T ⊆ A. 

• A complex tuple (or tuple for short) of type T is a function  

r: T → TV2  

lowing elements: 
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a a
of type T is written as rT.  
The set of all tuples of type T is denoted by TUPLE(T).  
For example, let  

 
T = {a, b},  

Va = {0, 1, 2},  

Vb = {+, −}.  

Some tuples of type {a, b} are the following, 

a b 
{1} ∅ 

{0, 2} {+, −} 

A tuple r of type T may be written as a set: 

r = {(a, ra): a ∈ T}. 

• An elementary tuple of type T is a function  

r: T → VT 

a a

a b c

a b c 
1 + ε 
2 − ε 

An elementary tuple r of type T may also be written as a set: 

r = {(a, ra): a ∈ T }. 

E

tary tuples, that is, all of whose values are equal to ε. 

such that r(a) ⊆ V  for all a ∈ T. Instead of r(a) we write r  and a tuple 

such that r(a) ∈ V  for all a ∈ T. If V  = ∅ then r(a) = ε, where symbol 
ε represents a special value used for the case when the domain is empty.  

• By symbol φ we denote the set of all empty tuples, that is, all of whose 
values are empty. By symbol φ  we denote the set of all empty elemen-

• By symbol θ we denote the set of all partly empty tuples, that is, where 

For example, for A = {a, b, c}, V  = {0, 1, 2}, V  = {+, −} and V  = ∅, 

at least one value is empty. Expression r ∈ θ means that in tuple r at 

 some elementary tuples of type {a, b, c} are the following. 

The set of all elementary tuples of type T is denoted by E-TUPLE(T).  
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symbol θE we denote the set of all partly empty elementary tuples. 

r″a = ra ∪ r′a for each a ∈ T. This operation is written as 

r″= r ∪ r′. 

More generally, a sum of two tuples r and r′ of types T and 'T
tively, is a tuple r″ of type "T  = T ∪ 'T  such that  

⎪
⎩

⎪
⎨

⎧

∈
∈

∩∈∪
=

TTtr
TTtr
TTtrr

r

t

t

tt

'\for             
'\for             
'for      

"

'

'

. 

such that r″a = ra ∩ r′a for each t ∈ T. This operation is written as 

r″ = r ∩ r′. 

'T , re-
t t t 

each t ∈ T ∩ 'T . This is written as: 

r″ = r ∩ r′. 

• Let r ∈ TUPLE(T) and r′∈ TUPLE(T) where T ⊆ 'T
is included in tuple r′, if and only if ra ⊆ r′a for each a ∈ T. This relation 
is written as 

r ≺  r′. 
The idea for multivalue structures was initiated by Lipski [79] and 

Pawlak [132] for representing uncertainty of knowledge. The usefulness of 
this kind of structure in logics has been proved in [7].  

In this section we deal with the way to measure the distance between 
attribute values in complex tuples. A distance is measured between two 
values of the same attribute. 

Let a ∈ A be an attribute; as the distance function for values of attribute 
a we understand a function: 

  da : aV2  × aV2  → [0, 1]. 

least one attribute value is empty and expression r ∉ θ means that in 
tuple r all attribute values are not empty. Of course we have φ ⊂ θ. By 

• The sum of two tuples r and r′ of type T is a tuple r″ of type T such that 

, respec-

• The product of two tuples r and r′ of type T is also a tuple r″ of type T 

More generally, a product of two tuples r and r′ of types T and 
spectively, is a tuple r″ of type T"  = T ∩ T '  such that r″  = r  ∩ r′ for 

; we say that tuple r 

4.2.2. Distance Functions between Attribute Values 
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The original conception of this function has been presented in [105]. In 
this work two distance functions have been defined. Here we introduce 
their definitions with some modification and improvement.  

We assume that Va is a finite set, and let card(Va) = N. 

4.2.2.1. Functions Minimizing Transformation Costs 

The general idea of this function relies on determining the distance be-
tween two sets as the minimal cost needed for transformation of one set 
into the other. A set X is transformed into a set Y by means of such opera-
tions as Adding, Removing, and Transformation which are used referring 
to the elements of set X, so that in the result set Y is obtained. We define 

 

• Function EAR 

    EAR: Va → [0, 1]  

 specifies the cost for adding (or removing) an elementary value to 
 (or from) a set. 
• Function ET 

    ET: Va × Va → [0, 1]  

 specifies the cost for transformation of one elementary value into an
 other. 
 
For functions EAR T
 
1. Function ET is a metric; that is, for any x, y, z ∈ Va the following con-

ET(x,y) ≥ k0  and  ET (x,y) = 0  iff  x = y. 

ET(x,y) = ET(y,x). 

ET(x,y) + ET (y,z) ≥ ET(x,z). 

2. For any x, y ∈ Va there should be 

)()( yExE ARAR −  ≤ ET (x,y) ≤ EAR(x) + EAR(y). 

 Condition (1) is natural because function ET may be treated as a distance 
function between the elements from set Va. For condition (2) notice that its 
first inequality is equivalent to the following inequalities,  

the following cost functions: 

 and E  we accept the following assumptions: 

ditions are held: 
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EAR(y) ≤ ET (x,y) + EAR(x),  

and 

EAR(x) ≤ ET (x,y) + EAR(y). 

The intuition of the first inequality is based on seeing that the minimal 
cost for transforming set {x} into set {x, y} where x, y ∈ Va can be 
achieved by adding element y to set {x}. The cost needed for this operation 
is equal to EAR(y) and should not be greater than the cost for transforming 
element x into element y and next adding element x. For the second ine-
quality one can justify similarly. The second inequality of condition (2) re-
quires that the cost of transformation of one elementary value into another 
should not be greater than the sum of removing the cost of the first element 
and adding the cost of the second. The intuition is that if one wants to 
transform set {x} into set {y} then generally the cost is not minimal if one 
removes x from set {x} and next adds y to it.  

Notice that we do not propose a concrete form of functions EAR and ET. 
This is possible if the structure of elementary values belonging to set Va is 
known. Below we give an example. 

Example 4.1. Let Va be the set of all partitions of set  

  X = {1, 2, 3}. 

We assume that the cost of adding (or removing) a partition is 1, and the 
cost of transforming a partition into another is defined according to the 
conception of Day in [34] and is equal to the minimal normalized number 
of elements which need to be moved from one class to another class. For 
example, the cost for transforming partition {{1,2}, {3}} into partition 
{{1,3}, {2}} is equal to ⅔. Thus if we have two sets of partitions: 

  X = {{ 1,2}, {3}}, {{1,3}, {2 }} ,  

and 

  Y = {{ 1,2,3 }} , 

then the minimal cost for transforming set X into set Y is equal to the costs 
for transformation of the partitions in set X into the partition in set Y, for 
which the sum is equal to ⅓ + ⅓ = ⅔.     ♦ 

Definition 4.1.  
By distance function minimizing the transformation cost we understand the 
function: 

  δa: aV2  × aV2  → [0,1] 
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which for a pair of sets X, Y ⊆ Va assigns a number  

δa(X,Y) = 
∑ ∈ aVx AR xE

YXT
)(

),( , 

where T(X,Y) represents the minimal cost needed for transforming set X 
into set Y. 

Note that δa in fact is not a concrete distance function, but represents a 
class of distance functions. To this class belong many distance functions 
defined in other works, for example, the distance function between equi-
valence relations [34], between ordered partitions and coverings [31, 32], 
between semilattices [88], and between n-trees [35].  

The following remark is directly implied from Definition 4.1. 

Remark 4.1. The following properties are true for any X, Y ⊆ Va. 

δa(X,Y) = δa(X\Y, Y\X). 

δa(X,Y) = δa(Va\X, Va\Y). 

δa(X,Y) ≤ 1, the equality occurs iff (X = ∅ ∧ Y = Va) or  
      (Y = ∅ ∧ X = Va). 

Function δa  is a metric. 

The above remark shows that elements belonging simultaneously to two 
sets X and Y do not have any shares in the distance between them (a), the 
distance between two sets is equal to the distance between their comple-
ments (b), the definition of distance function is correct referring to the nor-
malization (c), and this function is really suitable for distance measures (d).  

4.2.2.2. Functions Reflecting Element Shares in the Distance 

This kind of function is based on determining the value of shares of each 
element of set Va in the distance between two subsets of this set. Of course, 
the share of an element depends on the sets between which the distance is 
measured.  

Let a ∈ A; we define the three-argument share function: 

  Sa: aV2  × aV2  × Va → [0, 1] 

such that value Sa(X,Y,z) represents the share of element z in the distance 
between two sets X and Y.  

We accept the following assumptions for function Sa. 

(a) 

(b) 

(c) 

(d) 
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For any X, Y, Z ⊆ Va: 

∀z ∈ X ÷ Y: Sa(X,Y,z) = 1/N, 

∀z ∈ X ∩ Y: Sa(X,Y,z) = 0, 

∀z ∈ Va \ (X ∪ Y): Sa(X,Y,z) ≤ 1/N, 

∀z ∈ Va: (X = Y) ⇒ (Sa(X,Y,z) = 0), 

∀z ∈ Va: S(X,Y,z) = Sa(Y,X,z), 

∀z ∈ Va: Sa(X,Y,z) + Sa(Y,Z,z) ≥ Sa(X,Z,z). 

The first three conditions require that the share of a value z belonging to 
only one of sets X and Y is equal to 1/N; if z belong to both sets then 
the share is 0 and for z being outside sets X and Y the share should not be 
larger than for an element being in X ÷ Y. The next three conditions require 
function Sa to be reflexive, symmetric, and transitive referring to its first 
two arguments. It is worthwhile to note that the above conditions are 
coherent; that means a function Sa fulfilling all of them always exists. The 
remark below shows some property of function Sa. Its proof should be 
implied directly by the conditions for function Sa. 

Remark 4.2.  
For any X, X′, Y, Y' ⊆ Va the following dependency is true: 

If X ∪ Y = X' ∪ Y' = Va  and X ∩ Y ⊆ X' ∩ Y' then  
                                             Sa(X,Y,z) ≥ Sa(X',Y',z)  for each z ∈ Va. 

The distance between two sets should now be defined as the sum of 
contributions of elementary values referring to these sets, by means of the 
following function, 

ρa: aV2  × aV2  → [0,1]. 

Definition 4.2.  
For any sets X, Y ⊆ Va their distance ρa(X,Y) is equal to 

ρa(X,Y) = ∑ ∈− aVz a zYXS  
N
N ),,(

12
. 

From Definition 4.2 and the properties of function S it is easy to prove 
the following properties which also justify the form of this function. 

Remark 4.3.  
For any X, X', Y, Y' ⊆ Va: 
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If (X ∪ Y = X' ∪ Y' = Va) and (X ∩ Y ⊆ X' ∩ Y') then  
                                                                  ρa(X,Y) ≥ ρa(X',Y'). 

ρa(X,Y) ≥ 
)12(
)(

−
÷

NN
YXcard . 

Function ρa is a metric. 

A distance function of this kind should be useful for such a structure of 
set Va, where relations between its elements occur. Such relations may be, 
for example, linear or partial orders. For the first kind of the structures nine 
Condorcet choice functions were presented and analyzed [46].  

Example 4.2. 
Let Va be the collection of some elementary values. Distance function 

  γ(X1,X2) = 
)(

1

aVcard
card(X1 ÷ X2) 

for X1, X2 ⊆ Va is an example of function ρa.   ♦ 

Notice that the above definitions determine large classes of functions δa 
and ρa. Below we present two groups of these functions, each of them 

Definition 4.3. 
 a a

ency is true for any X, X′, Y, Y′ ⊆ Va, 

  (X ÷ Y ⊆ X' ÷ Y')  ⇒ (∂(X,Y) ≤ ∂(X',Y'), 

a a

X, X ′, Y, Y ′ ⊆ Va: 

 (X ∪ Y = X' ∪ Y' ∧ X ÷ Y ⊆ X' ÷ Y') ⇒ (∂(X,Y) ≤ ∂(X',Y' )). 

The idea of proportional functions is based on the condition that the 
larger the symmetric difference between two sets is, the greater their dis-
tance. This condition is intuitive because the elements belonging to the 
symmetric difference should have the largest share. It also means that 
other elements may have a share greater than zero, but the shares of 
elements belonging to the symmetric difference are decisive for the dis-
tance. The idea of functions from the second group is based on the same 
condition as in the first group with a requirement that the sum of sets X and 
Y is constant.  

(a) 

(b) 

(c) 

is characterized by one of the following properties. 

(a) Function ∂ ∈ {δ , ρ } is proportional (P) iff the following depend-

(b) Function ∂ ∈ {δ , ρ } is quasi-proportional (QP) iff for any 
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We denote proportional functions ρa and δa by symbols P
aρ and P

aδ , and 
quasi-proportional functions ρa and δa by symbols QP

aρ  and QP
aδ , respec-

Theorem 4.1.  
The following dependencies are true for all X, X′, Y, Y′ ⊆ Va. 

(a) Conditions P and QP are equivalent for functions δa. 

(b) Function δa is proportional iff ET (x,y) = EAR(x) + EAR(y)  
for all x, y ∈ Va. 

(c) P
aρ (X,Y) = 

)12(
)(

−
÷

NN
YXcard .  

(d) Function P
aρ  is also quasi-proportional. 

(e) (X ÷ Y = X ′ ÷ Y ′) ⇒ (∂(X,Y) = ∂(X ′,Y ′)) for ∂ ∈ { P
aρ , P

aδ , QP
aδ }. 

(f) (X ∪ Y = X ′ ∪ Y ′ ∧ X ÷ Y = X ′ ÷ Y ′) ⇒ ( QP
aρ (X,Y) = QP

aρ (X ′,Y′)).  

Proof. 
(a) We show that function P

aδ  is also quasi-proportional and function 
QP
aδ is also proportional. The first statement is obvious. For the second 

statement assume that  X ÷ Y ⊇ X ′ ÷ Y ′. Denote C = X \Y, D = Y \ X, C = 
X ′ \Y ′ and D′ = Y ′ \X ′. Note that  
 X ÷ Y = C ÷ D = C ∪ D     and     X ′ ÷ Y ′ = C′ ÷ D′ = C′ ∪ D′,  
thus we have  
  δa(X,Y) = δa(C,D)     and     δa(X ′,Y ′) = δa(C′,D′).  
Denote   
 E = (C ∪ D) \ (C″ ∪ D′), C″ = C′ ∪ E     and    D″ = D′ ∪ E, 
dependencies  
  C″∪D″ = C∪D     and     C÷D ⊇ C″÷D″  
should be true. Because function δa is quasi-proportional, so  
  δa(C,D) ≥ δ(C″,D″).  
Also, we have  
  δa(C',D′) = δa(C″,D″);  

then  

tively. We have the following property. 
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  δa(C,D) ≥ δa(C ',D ′);  
that is,  
  δa(X,Y) ≥ δa(X ′,Y ′).  
It then implies that quasi-proportional function δa is also proportional. 

(b) ⇒) Let function δa be proportional and let  
  X = {x},   Y = {y},       X′ = {x, y},       Y′ = ∅;  
then we have  
  δa(X,Y ) = δa(X ′,Y ′)     because X ÷ Y = X ′ ÷ Y ′.  
Apart from this we have  
  δa(X,Y ) = ET(x,y)    and    δa(X ′,Y ′) = EAR(x) + EAR(y),  
so  
  ET(x,y) = EAR(x) + EAR(y). 
⇐) Let for any x, y ∈ Va dependence  

  ET (x,y) = EAR(x) + EAR(y)  

follow, and let  

  X ÷ Y ⊇ X ′ ÷ Y ′,  
then  
 δa(X,Y) = ∑ ÷∈ YXx AR xE )(  ≥ ∑ ÷∈ '' )(YXx AR xE  = δa(X ′,Y ′).  

(c) Let  

  wa=
)12(

1
−NN

.  

Notice that because function ρ is a metric we have the following,  

  P
aρ (X,Y ) ≤ P

aρ (X ∪ Y,X ) + P
aρ (X ∪ Y,Y). 

From X ∪ Y ⊇ X and X ∪ Y ⊇ Y is implied 
P
aρ (X ∪ Y,X ) = wa⋅ ))(( YYXcard ÷∪ = wa⋅ )\( YXcard ,  

and  
P
aρ (X∪Y,Y ) = wa ⋅ )\( XYcard ,  

thus  
P
aρ (X,Y ) ≤ wa ⋅ )\( YXcard  + wa ⋅ )\( XYcard  = wa ⋅ )( YXcard ÷ . 
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Also one can easily prove that  

wa ⋅ )( YXcard ÷  ≤ P
aρ (X,Y),  

so 

P
aρ (X,Y) = wa ⋅ )( YXcard ÷  = 

)12(
)(

−
÷

NN
YXcard . 

(d) The proof is implied directly from conditions (P) and (QP). 
(e) and ( f ) The proof is obvious.     ♦ 

Theorem 4.1 shows important properties of proportional and quasi-
proportional functions and relationships between them.  

4.3. Knowledge Integration Problem 

We assume that some real world is commonly shared by several agents 
that function in a distributed environment. Their states of knowledge may 
refer to the same elements of the real world as well as to its various ele-
ments. A knowledge state of an agent is represented by a tuple of some 
type. Assume that the agents want to integrate their knowledge. We define 
the problem of knowledge integration as follows. 

Given a conflict profile 

  X = {ri ∈ TUPLE(Ti): Ti ⊆ A for i = 1, 2, . . . , n} 

one should determine a tuple r* of type T* ⊆ A which best repre-
sents the given tuples. 

Tuple r* is called an integration of profile X.  
Notice that the integration problem is different from a consensus prob-

lem in that there is no assumption that the tuples representing the agent 
knowledge states are of the same type, as in the consensus problem [104].  

The following example should illustrate this problem. 

Example 4.3. Consider a meteorological distributed system in which the 
sites are meteorological stations in different places of a region. Each sta-
tion uses an agent whose task consists in monitoring the weather phenom-
ena occurring in his subregions and determining the weather forecast for 
the next day. Assume that the forecasts refer to the occurrences of such 
phenomena as air pressure, rainfall, snow, sunshine, temperature, and wind. 
The elements of the real world are the following:  
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• A = {Pressure, Wind_Direction, Wind_Speed, Temperature, Rain, 
Sunshine, Snow}. 

• VPressure = set of integers representing air pressure measured in unit 
hPa.  

• VWind_Direction = {W, E, S, N, W–S, W–N, E–N, E–S}. 
• VWind_Speed  = set of integers representing speeds of wind measured in 

unit m/s. 
• VTemperature  = set of integers representing Celsius degrees.  
• VRain  = {Yes, No}.  
• VSunshine  = {Yes, No}. 
• VSnow  = {Yes, No}.  

The knowledge states of six agents are presented as follows. 
 

Agent  1 2 3 4 5 6 

Pressure 990–995  990–997 992–999 993–997 992–998 

Wind_ 
Direction 

{W,  
W–N} 

{E,  
E–N} 

{S,  
W–S} 

{S,  
W–S} 

{W–N} ∅ 

Wind_ 
Speed 

10–12 5–10 20–30 40–50 0–10  

Tempera-
ture 

15–25 20–24 12–21 12–21 22–24 17–20 

Rain No Yes No No Yes Yes 

Sunshine No No No No Yes No 

Snow Yes No    Yes 

        ♦ 

• If referring to an attribute a an agent gives value v ⊆ Va as a set of 
elementary values, then this fact is interpreted that in the opinion of 
the agent the proper value should be included in set v. In the above 
example, one of agents has assigned to attribute Temperature value 
12–20 meaning that the proper temperature for the next day, in her 
opinion, should not be lower than 12 and should not be higher than 

We accept the following interpretations: 
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20 Celsius degrees. In this sense it follows that in the opinion of the 
agent the proper value should not be included in set Va\v. Thus set 
Va\v may be treated as the negative knowledge of the agent. 

• The empty windows referring to some attribute in the above table 
mean that the agents have not dealt with this parameter and they 
have no opinions on this matter. If an attribute has no value in a tuple 
then we define it as indefinite in this tuple. Otherwise the attribute 
has a definite value. 

• Empty value (denoted by symbol ∅) of an attribute means that in the 
opinion of the agent this attribute has no value. In the above exam-
ple, one of the agents assigns to attribute Wind_Direction the empty 
value meaning that in his opinion there will not be any wind in the 
region.  

4.4. Postulates for Knowledge Integration 

In order to integrate different states of knowledge coming from different 
sources, some rational premises (postulates) must be proposed. These pos-
tulates are used in order to verify the fulfillment of minimal requirements 
to initialize the process of knowledge integration and then to find an agree-
ment of inconsistent or incomplete data related to the same objects in the 
case of conflicts.  

P1.  Closure of knowledge – 1 
The type of the integration should be included in the sum of types of 
the profile elements; that is,  

T* ⊆ ∪
n

i
iT

1=
. 

P2. Closure of knowledge – 2 
The integration should be included in the sum of profile elements; that 
is,  

r* ≺  ∪
n

i
ir

1=
. 

P3. Consistency of knowledge  
The common part of profile elements should be included in the inte-
gration; that is, 
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∩
n

i
ir

1=
≺  r*. 

P4. Superiority of knowledge – 1  
For each attribute a ∈ T* value r*a depends only on definite values 
from  

{ria: i = 1, 2, . . . , n}. 
P5. Superiority of knowledge – 2 
 If sets of attributes Ti (i = 1,2, . . . , n) are disjoint with each other then 

r* = 
*1 T

n

i
ir ⎥
⎦

⎤
⎢
⎣

⎡

=
∪ , 

 where 
*1 T

n

i
ir ⎥
⎦

⎤
⎢
⎣

⎡

=
∪  is the sum  i

n
i r1=∪ restricted to attributes from set T *. 

P6.  Maximal similarity  
Let da be a function measuring the distance between values of attribute 
a ∈ A then the difference between integration r* and the profile ele-
ments should be minimal in the sense that for each a ∈ T* the sum 

∑ ∈ aZr a rrd ),*( , 

where  

Za = {ria: ria is definite, i = 1, 2, . . . , n} 

should be minimal. 

Below we give some comments on these postulates. 
1

tulate expresses the closure of knowledge. 
2

sure.  
3

• Postulate P  requires the integration to have such a type T* that does 
not exceed the types of the given tuples. This requirement is natural 
because if an attribute is not a subject of interest of any source than it 
should not be reflected in the integration. Thus in some sense this pos-

• According to postulate P  the integration should not “surprise” in the 
sense that the values appearing in the integration should be included in 
the profile elements. This is a strong requirement for knowledge clo-

• Postulate P  is similar to the Pareto criterion for consensus choice; that 
is, if all agents or experts have some common opinion then this opin-
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should be consistent with knowledge from the sources. 
4

ia

tion for superiority of knowledge. 
5

their knowledge should be fully honored in the integration result. 
6

of the agents, thus it should minimally differ from these opinions. 
This criterion mentions the criterion O1 defined in Chapter 3. 

 
The fact that integration r* satisfies a postulate Pi is represented by ex-

pression 

r* |− Pi. 

Now we present some properties of these postulates. 

Theorem 4.2. 
1 2 6

Proof. 
For the proof we should show a profile for which no integration satisfying 
all postulates exists. For this purpose we define a simple profile X where 
all tuples have the same 1-attribute type, for which the domain is set ℜ × 
ℜ where ℜ is the set of real numbers. Let then the tuples belonging to pro-
file X be as follows. 

 X = {(a, {(0,1)}), (a, {(1,0)}), (a, {(0,0)}), (a, {(1,1)})}. 

As the distance function between these sets of points on the plane accept 
6

ion should occur in the integration. In other words, the integration 

• According to postulate P  the basis for determining the value for at-
tribute a in the integration should consist only of definite values from 
set {r : i = 1, 2, . . . , n}. This means that if an agent’s knowledge state 
does not refer to the subject represented by attribute a then she does 
not have any influence on the integration referring to this subject. Thus 
if only one agent has been involved in the subject, then only her opin-
ion decides about the integration on this matter. This is then the condi-

• Postulate P  also expresses a condition for superiority of knowledge. 
This means if the subjects covered by agents have nothing in common, 
then the integration should consist of all their opinions. This postulate 
is very useful when the scopes of agents’ interest are disjoint; then 

• Postulate P  is a standard condition for consensus choice and should be 
useful for integration determining. This criterion is very natural and 
popular in consensus determining. Its justification is based on the re-
quirement that the integration should best represent the given opinions 

the Euclidean distance function. If we use postulate P  for integration 

Postulates P , P , . . . , P  are not consistent in the sense that not for each 
profile an integration satisfying all postulates exists. 
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elements, but should be r* = (a, {(0.5, 0.5)}). Thus postulate P2 is not 
satisfied.        ♦ 

Theorem 4.2 implies that the defined postulates in general are not 
coherent. This is an advantage rather than a disadvantage because this 
property means that the postulates are not dependent on themselves. How-
ever, as shown in Theorem 4.3 below, by using some distance functions 
these postulates may be consistent. 

Theorem 4.3. 
If distance functions of type ρ or proportional distance functions of type δ 
are used then satisfying postulates P1 and P6 should imply satisfying postu-
lates P2, P3, P4, and P5; that is, 

((r* |− P1) ∧ (r* |− P6)) ⇒  
                                        ((r* |− P2) ∧ (r* |− P3) ∧ (r* |− P4) ∧ (r* |− P5)). 

Proof. 
A brief proof of the theorem is presented as follows. Let X be a profile  

  X = {ri ∈ TUPLE(Ti): Ti ⊆ A for i = 1, 2, . . . , n} 

and r* be its integration satisfying postulates P1 and P6 using distance 
functions of type ρ or proportional distance functions of type δ. We show 
that r* should also satisfy the remaining postulates. 
 

(a) For postulate P2 assume that it is not satisfied. This means that 
there exists an attribute a ∈ T* and an element x ∈ Va such that x ∈ r*a but 
x ∉ i

n
i r1=∪ . Let r*′a = r*a\{x}; using distance functions of type ρ or pro-

portional distance functions of type δ we have: 

  da(r*a, ra) > da(r*′a, ra) 

for each a ∈ T*. Thus r* could not satisfy postulate P6. 
 

(b) For postulate P3 similarly we assume that it is not satisfied. There 
exist an attribute a ∈ T* and an element x ∈ Va such that x ∈ ∩n

i ir1=
 but x 

∉ r*a. Let then r*′a = r*a  ∪ {x}; using distance functions of type ρ or pro-
portional distance functions of type δ we have: 

  da(r*a, ra) > da(r*′a, ra) 
for each a ∈ T*. Thus r* could not satisfy postulate P6. 
 

determination then it is easy to show that r* may not be one of the profile 

This copy belongs to 'VANC03'



4.4. Postulates for Knowledge Integration      119 

(c) Satisfaction of postulate P4 follows directly from the satisfaction of 
postulate P6. 

 

(d) For postulate P5 notice that if sets of attributes Ti (i = 1,2, . . . , n) 
are disjoint from each other then for each a ∈ T* set  

Za = {ria : i ∈ {1,2, . . . , n} and ria is definite} 
has exactly one element. Because postulate P6 is satisfied, this element 
should be equal to the value of integration referring to attribute a, that is, 
r*a. Notice that because sets Ti are disjoint with each other, sum ∪n

i ir1=
 is 

∪ n
i i1=

belonging to set T* we should have the integration. That is, postulate P5 is 
also satisfied.       ♦ 

Theorem 4.3 is an important property of postulates P6 and P1. As stated 
above, postulate P6 is very popular and has been proved to be useful in 
practical applications for inconsistency situations. It turned out in this case 
that with using some kinds of distance functions if an integration satisfies 
this postulate and postulate P1 then the remaining postulates characteristic 
of the knowledge integration process are also satisfied. Thus with using a 
proper distance function it is possible to determine an integration r* which 
satisfies all postulates simultaneously. 

Notice, however, that if the distance function is not of type ρ or propor-
tional distance functions of type δ then Theorem 4.3 is not true. An exam-
ple is included in the proof of Theorem 4.2 where the distance function 
between points on the Euclidean plane is of type δ, but it is not proposi-
tional. Therefore, postulate P2 is not satisfied. Below we show that in 
general satisfying postulates P1 and P6 should imply satisfying postulates 
P3, P4, and P5.  

Theorem 4.4. 
If distance functions of type ρ or δ are used then satisfying postulates P1 
and P6 should imply satisfying postulates P3, P4, and P5; that is, 

((r* |− P1) ∧ (r* |− P6)) ⇒ ((r* |− P3) ∧ (r* |− P4) ∧ (r* |− P5 ). 
Proof. 
For the proof of this theorem we can use paragraphs (b) through (d) of the 
proof of Theorem 4.3, noting that in these paragraphs the assumption of 
proposition has not been used .     ♦ 

T . Thus after making its restriction to attributes simply a tuple of type 

 (

This copy belongs to 'VANC03'



120      4. Model for Knowledge Integration 

As shown in Chapter 3, criterion O2 also has very important properties 
and could be useful for integration determining. However, in many cases 
of distance functions criterion O2 causes higher complexity of the algo-
rithm for determining the integration. But in some cases using criterion O1 
causes higher complexity than O2. Therefore we propose to consider using 
criterion O1 or O2 when applying postulate P6 to achieve the effectiveness 
of the integration procedure. 

4.5. Algorithms for Integration 

As shown in Theorems 4.3 and 4.4, by using distance functions of type ρ 
or proportional distance functions of type δ for a given profile it is possible 
to determine an integration which satisfies all postulates simultaneously 
and in the general case we would have all postulates satisfied except postu-
late P2. Therefore, it is very important to determine such an integration 
which satisfies postulates P1 and P6.  

Below we present an algorithm for integration. The idea of this algo-
rithm is based on determining subprofiles for attributes and next for each 
subprofile determining its integration. 

Algorithm 4.1.  

Input: Profile 

X = {ri ∈ TUPLE(Ti): Ti ⊆ A for i = 1, 2, . . . , n} 
and distance functions σa for attributes a ∈ A. 
Output: Tuple r* of type T* ⊆ A which is the integration of tuples from X. 
Procedure: 

BEGIN 

1. Set A = ∪
n

i
iT

1=
; 

2. For each a ∈ A determine a set with repetitions 

Xa = {ria: ri ⊆ X for i = 1, 2, . . . , n};  

3. For each a ∈ A using distance function σa determine a value va 
such that  

  ),'(min),(
'1

iaaa
Vv

n

i
iaaa rvrv

aa

σ=σ
⊆=

∑ ; 
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4. Create tuple r* consisting of values va for all a ∈ A; 
END. 

The most important step in the above algorithm is step 3 which for each 
subprofile determines its integration satisfying postulate P6. The integra-
tion problem of this type has been formulated and analyzed in [104]. In 
that work a set of postulates for integration has been defined, and algo-
rithms for its determining have been worked out. Therefore, these algo-
rithms could be used for this case and we would like to encourage the 
reader to refer to the above-mentioned work. 

As stated above, in general all postulates cannot be satisfied. Therefore, 
it is only possible to achieve a partial satisfaction of these postulates. Con-
cretely, as follows from the proof of Theorem 4.4, the partial satisfaction 
refers to postulate P6. For this purpose we can modify Algorithm 4.1 by 
changing step 3 as follows. 

For each a ∈ A using distance function σa determine a value va such that  

  ),'(min),(
'1

iaaa
Wv

n

i
iaaa rvrv

aa

σ=σ
⊆=

∑ , 

where 

  Wa = ∪
n

i
iar

1=
. 

Owing to this step postulate P2 should be satisfied but postulate P6 is 
satisfied only partially. The advantage of this modification is that the com-
plexity of the algorithm decreases owing to the restriction of the space of 
searching (not whole set aV2 but only its subset aW2 ). 

Example 4.4. Consider the profile given in Example 4.3 where the 

 XPressure = {990–995, 990–997, 992–999, 993–997, 992–998}. 

 XWind_Direction = {{W, W–N}, {E, E–N}, {S, W–S}, 
                                                                         {S, W-S}, {W-N}, ∅}. 

XWind_Speed = {10–12, 5–10, 20–30, 40–50, 0–10}. 
XTemperature = {15–25, 20–24, 12–21, 12–21, 22–24, 17–20}. 

XRain = {No, Yes, No, No, Yes, Yes}. 

subprofiles for attributes are the following: 
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XSunshine = {No, No, No, No, Yes, No}. 

XSnow = {Yes, No, Yes}. 

For determining an integration for a subprofile we can use different 
algorithms for different structures of attribute values. For number intervals 
several algorithms have been worked out in [100, 102]; for sets of elemen-
tary values an algorithm is proposed in [19]. For elementary values, a sim-
ple algorithm is proposed in [31]. 

Thus the integration satisfying postulates P1 and P6 for the subprofiles, 
which create the integration r*, is the following. 

Pressure Wind_ 
Direction 

Wind_
Speed 

Tem-
perature

Rain Sun-
shine 

Snow 

991–997 W 15–22 16–22 {Yes, No} No Yes 

        ♦ 

From the integration algorithm it follows evidently that if all elements 
of the profile are identical then the result of the integration should be the 
same. 

4.6. Conclusions 

In this chapter a general model for knowledge integration is presented. We 
assume that knowledge states to be integrated are represented by a multi-
attribute and multivalue structure. A knowledge state is represented by a tu-
ple of some type. The same structure is used for the result of the integration 
process. Although in this chapter we use the same structure for representing 
inconsistency as in work [105], some novel elements have been intro-
duced here. Firstly, the algebra of multiattribute and multivalue tuples 
allows calculating the sum and the intersection of tuples of different types. 
Secondly, a profile may consist of tuples of different types, and the postu-
lates reflect this fact. And finally, the proposed algorithms serve to perform 
the knowledge integration processes, not only for consensus calculation. As 
mentioned, the algorithms worked in [105] are very useful for integration 
determining and may be used here in the integration process. In the next 
chapter we deal with processing inconsistency on the syntactic level. 
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5. Processing Inconsistency  
on the Syntactic Level 

The purpose of this chapter is to present the problems of knowledge incon-
sistency resolution and knowledge integration on the syntactic level. Its 
main contribution consists in the solutions of these problems in the distri-
bution aspect. Here as the structure of inconsistency we use such logic 
structures as conjunctive and disjunctive. Fuzzy conjunctive structure is 
also investigated. 

5.1. Introduction 

Inconsistency of knowledge may appear in many situations, especially in 
distributed environments in which autonomous programs operate. Incon-
sistency may lead to conflicts, for which resolution is necessary for the 
correct functioning of an intelligent system. Inconsistency of knowledge in 
general means a situation in which some autonomous programs (such as 
agents) generate different versions (or states) of knowledge on the same 
subject referring to a real world. In this chapter we propose two logical 
structures for representing inconsistent knowledge: conjunction and dis-
junction. For each of them we define the distance function and formulate 
the consensus problem, the solution of which would resolve the inconsis-
tency. Next, we work out algorithms for consensus determination. Consen-
sus methodology has been proved to be useful in solving conflicts and 
should be also effective for knowledge inconsistency resolution [98, 99, 101]. 

We assume that there is given a finite set of agents which work in a dis-
tributed environment. The term agent is used here in a very general sense: 
as an agent we may understand an expert or an intelligent and autonomous 
computer program. An example of such an environment is a multiagent 
system [44]. We assume that these agents have their own knowledge bases. 
In general, by a state of agent knowledge we understand a state of the 
agent knowledge base. Such a state may be treated as a view or opinion of 
the agent on some subject or matter. 
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In this chapter we assume that a knowledge state of an agent is repre-
sented by a standard logic expression in which an agent expresses his 
knowledge in the form of a conjunction or a disjunction of literals. A lit-
eral is built by a symbol belonging to a given set of symbols (positive lit-
eral) or by a symbol with a negation symbol (negative literal) [108]. 

We assume that a real world can be divided into sets of facts, events, 
and the like, referring to which agents can give their opinions relying on 
assigning a given fact or event a logical value (true or false). We assume 
also that the set of all facts and events of a real world is finite and it is pos-
sible to use a finite set of symbols for their representation. 

5.2. Conjunctive Structure of Knowledge 

5.2.1. Basic Notions 

On the syntactic level we assume that for representing knowledge an agent 
or expert uses a finite set L of symbols representing the positive logical 
value (i.e., value true in classical logic) referring to concrete events and 
objects in a real world. A literal is defined as follows. 
 

• Positive literal: A symbol from L, for example, a, b, and so on  
• Negative literal: A symbol from L preceded by negation symbol 

“¬”, for example, ¬a, ¬b, and so on 
 
Each literal may then represent the logic value of an event or an object 

in the real world: if it is a positive literal then the value is true and if it is a 
negative one, the value is false. On this level we do not consider the fur-
ther interpretation of literal symbols (this is the subject of Chapter 6); here 
we only assume that different symbols refer to different elements of the 
real world.  

A conjunction of literals (positive or negative) is a logic formula in 
which literals are connected by symbol of conjunction “∧”. More formally, 
by a conjunction we understand the following expression: 

  t1 ∧ t2 ∧ . . . ∧ tk , 

where ti ∈ L or ti = ¬ti′ where ∈ L, for i = 1, 2, . . . , k. 
A state of agent knowledge is represented by a conjunction. If on some 

matter an agent gives its opinion as a conjunction  

  t1 ∧ t2 ∧ . . . ∧ tk  

ti′
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then it is interpreted that in the opinion of this agent the facts or events rep-
resented by positive literals from t1, t2, . . . , tk should take place, and those 
represented by negative literals should not take place. We also accept the 
interpretation that those facts or events which are not included in the opin-
ion belong to the agent’s ignorance. Owing to this interpretation agents or 
experts must not be assumed to “know everything.” 

We assume that in a conjunction a symbol may not occur more than 
once. The reasons are: 

• Conjunction  

    t1 ∧ t2 ∧ t3 ∧ . . . ∧ tk , 

 where t1 = t2 = t for t ∈ L (symbol t occurs twice), is in the context of 
classical logic equivalent to conjunction  

    t1∧ t3 ∧ . . . ∧ tk , 

 where symbol t occurs only one time. 
• Conjunction  

    t1 ∧ t2 ∧ . . . ∧ tk  , 

 where t1 = t and t2 = ¬t for t ∈ L, is equivalent to false. Such kind of 
conjunctions should not appear because we assume that an agent has 
its own “sensible” opinion on a given subject.  

Notice that the order of literals in a conjunction is not important.  

By Conj(L) we denote the set of all conjunctions with symbols from set 
L. Notice that because of the limitation of set L and referring to the above 
restrictions, set Conj(L) is also finite. 

Example 5.1. Let’s consider a real world consisting of weather forecasts 
for some region of a country. Let there be a set of agents:  

Agent = {a1, a2, a3},  

and a set of symbols:  

L = {t1, t2, t3, t4}, 

which represent the following facts. 

• t1: The temperature in the region will be higher than 0. 
• t2: The region will be sunny. 
• t3: It will snow in the region. 
• t4: The wind will be strong. 
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For this common subject the agents generate the following set of knowl-

Agent Knowledge State 

a1 t1 ∧ ¬ t2 ∧ t4 

a2 ¬t1 ∧ t3 ∧ t4 

a3 t2 ∧ ¬t3 ∧ ¬t4 

Thus in the opinion of agent a1 in the considered region the temperature 
will be higher than 0, but there will be no sunshine and the wind will be 
strong.        ♦ 

Notice that in a conjunction x one may distinguish two sets of symbols: 
the first consists of those symbols in the conjunction which belong to posi-
tive literals, and the second consists of the remaining symbols. A conjunc-
tion x can be then represented by a pair (x+, x−) where x+ is the set of 
symbols of positive literals appearing in x and x− is the set of symbols of 
negative literals occurring in x. For example, the representation of con-
junction  

x = a ∧ ¬ b ∧ c  

for a, b, c ∈ L is pair (x+, x−) where x+ = {a, c} and x− = {b}. 
Sets x+ and x− are called the positive and negative components of the 

conjunction, respectively. 

Definition 5.1. 
A conjunction (x+, x−) where x+, x− ⊆ L is nonconflicting if  

x+ ∩ x− = ∅.  

That means a nonconflicting conjunction is not equivalent to false. We 

to express their opinions; a conflicting conjunction (i.e., not nonconflic-
ting) is equivalent to false and is not useful for this purpose.1 

Definition 5.2. 
Let x = (x+, x−) ∈ Conj(L) and x′ = (x′+, x′−) ∈ Conj(L) be nonconflicting 
conjunctions. We say that  

(a) Conjunction x is inconsistent with conjunction x′ if: 

x+ ∩ x′− ≠ ∅     or    x′+ ∩ x− ≠ ∅. 

                                                      
1 In this case one has to deal with the inconsistency in the centralization aspect. 

edge states: 

consider only this kind of conjunctions because they are sensible for agents 

This copy belongs to 'VANC03'



5.2. Conjunctive Structure of Knowledge      127 

(b) Two nonconflicting conjunctions are sharply inconsistent if they are 
inconsistent and  

x+ ∩ x′+ = ∅    and     x− ∩ x′− = ∅. 

From condition (a) in Definition 5.2 it follows that if conjunction x is 
inconsistent with conjunction x′ then: 

(x+ ∪ x′+) ∩ (x− ∪ x′−) ≠ ∅. 

Two sharply inconsistent conjunctions do not have any common sym-
bols in their positive and negative components. It is obvious that the con-
sequence of two inconsistent conjunctions is false.  

More generally, we have the following. 

Definition 5.3. 
A set of nonconflicting conjunctions 

  X = {xi = (xi
+, xi

−) ∈ Conj(L): i = 1,2, . . . ,n} 

is inconsistent if  

  ∪ Xx x∈
+ ∩ ∪ Xx x∈

− ≠ ∅, 

otherwise it is consistent. 

Thus if set X is consistent then conjunction  

( ∪ Xx
x

∈
+ , )∪ Xx

x
∈

−   

is a logical consequence of conjunctions from X. 

In this section we define the distance function d∧ between conjunctions. 
This function should help in evaluating the difference between conjunc-
tions. Owing to this function it will be possible to get to know about the 
inconsistency level of a conflict profile, and in consequence, to determine 
the consensus for the conflict. 

First we need to give the definition of the distance between finite sets. 

Definition 5.4. 
By the distance between two finite sets X1, X2 we understand the following 
number 

5.2.2. Distance Function between Conjunctions 
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Between finite sets there are also other distance functions defined, such 
as 

  η′(X1,X2) = card(X1 ÷ X2). 

This function is a very popular one. However, the advantages of the 
function η defined in Definition 5.4 are the following. 

 
• Its values are normalized into interval [0, 1]; this is very useful when 

the number of all elements is not known. 
• It distinguishes the component sets in a very clear way: if sets X1 and 

X2 are disjoint and at least one of them is nonempty, then their dis-
tance is maximal (i.e., equals 1). 
 

Next we define the distance of two conjunctions x1 and x2 as follows.  

Definition 5.5.  
By the distance between two conjunctions x1, x2 ∈ Conj(L) we understand 
the following number, 

  d∧(x1,x2) = 
21

212211 ),(),(
ww

xxwxxw
+

η⋅+η⋅ −−++
, 

where 

• η(x+
1,x+

2): the distance between sets of nonnegated symbols in con-
junctions x1 and x2. 

• η(x−
1,x−

2): the distance between sets of negated symbols in conjunc-
tions x1 and x2. 

• w1 and w2 are the weights of distances η(x+
1,x+

2) and η(x−
1,x−

2) in 
distance d∧(x1,x2), respectively, which satisfy the conditions: 

w1 + w2 = 1     and     0 < w1,w2 < 1.  

In a conjunction positive literals can be considered as the positive 
knowledge of agents, and negative literals are considered as their negative 
knowledge. Using values w1 and w2 we can distinguish the weights of 
the distances between positive and negative parts of agent knowledge 
states.  

It is obvious that values of function d∧ are normalized; that is, they be-
long to interval [0, 1]. 
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The distance function d∧ defined above is of course a metric. Notice also 
that the distance of two sharply inconsistent conjunctions is always maxi-
mal and equal to 1. 

5.2.3. Integration Problem and Postulates for Consensus 

The integration problem is formulated as follows. 

For a given conflict profile of conjunctions  

X = {xi = (xi
+, xi

−) ∈ Conj(L): i = 1,2, . . . , n}.  

It is necessary to determine a conjunction x*∈ Conj(L) called a consensus 
of set X. 

Notice that a profile X consists of positive profile  

  X + = {xi
+: i = 1, 2, . . . , n} 

and negative profile 

  X − = {xi
−: i = 1, 2, . . . , n}. 

We now define the following consensus function for profiles of con-
junctions. 

Definition 5.6. 
By a consensus function for profiles of conjunctions we understand a func-
tion 

  C: Π(Conj(L)) → 2Conj(L). 

which satisfies one or more of the following postulates. 
P1. For each conjunction (x*+, x*−) ∈ C(X) there should be:  

(a)  ∩ Xx x∈
+ ⊆ x*+  

and 

(b)  ∩ Xx x∈
− ⊆ x*−. 

P2. For each conjunction (x*+, x*−) ∈ C(X) there should be: 

(a) x*+ ⊆ ∪ Xx x∈
+   

and 
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(b) x*− ⊆ ∪ Xx x∈
− . 

P3. If profile X is consistent then conjunction  

(∪ Xx x∈
+ , ∪ Xx x∈

− )  

should be a consensus of X. 

P4. For each conjunction (x*+, x*−) ∈ C(X) there should be:  

x*+ ∩ x*− = ∅ 

P5. A consensus x* ∈ C(X) should minimize the sum of distances: 

∑∑ ∈ ∧
∈∈ ∧ = XxConjxXx xxdxxd ),'(min)*,(

)('
  

L
. 

P6. For each symbol z ∈ L and a consensus x* ∈ C(X) the form of 
appearance (i.e., as a positive or negative literal) of z in x* depends 
only on its forms of appearance in conjunctions belonging to X. 

In a consensus (x*+, x*−) ∈ C(X) set x*+ is called the positive compo-
nent, and set x*− the negative component. 

Some commentary should be made for the defined postulates.  
 

consensus should take this fact into account. 

which do not belong to the world do not exist.  

tent then the conjunction 

• Postulate P1a means that the common part of positive profiles should be 
included in the positive component of the consensus. The sense of this 
postulate follows from the Pareto criterion: if all voters vote for the 
same candidate then she should be finally chosen. On the other hand, 
postulate P1b requires the same for negative profiles. These conditions 
seem to be very intuitive, because if in the opinions of all agents (or ex-
perts) some event should take place (or should not take place), then the 

• Postulates P2a and P2b are in some sense dual to postulates P1a and 
P1b. Concretely, consensus should not exceed the profiles. This means 
that the positive and negative components of the consensus should be 
included in the sums of positive profiles and negative profiles, respec-
tively. These postulates come from the rule of the closed world. Objects 

• Postulate P3 is specific for the logic character of the profile. For exam-
ple, in classical logic one of the consequences of formulae a ∧ b ∧ ¬c 
and d ∧ e should be a ∧ b ∧ ¬c ∧ d ∧ e. Generally, if profile X is consis-
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  (∪ Xx x∈
+ , ∪ Xx x∈

− ) 

because the conjunction is in fact the following formula, 

  t1 ∧ t2 ∧ . . . , 

where ti ∈ ∪ Xx x∈
+ ∪ ∪ Xx x∈

−

1 2

the set of all formulae belonging to the profile. 

take place, then this should be reflected in the consensus.  
Let’s consider an example for the conflict profile given below. 

Agent 
a1 t1 ∧ ¬ t2 ∧ t4 
a2 ¬t2 ∧ t3 ∧ t4 
a3 t3 ∧ t1 ∧ ¬t5 

conjunction  

  t1 ∧ ¬ t2 ∧ t3 ∧ t4 ∧ ¬ t5. 

would be no profit in it.  

1
ing the condition for “the best representation.” 

is a logic consequence of conjunctions belonging to profile X. This is 

 for i = 1, 2, . . .. This formula is a con-
sequence of the conjunctions belonging to X. In addition, this formula is 
also the “largest” consequence of the conjunctions belonging to X. To 
explain this statement let’s use an example. Let x  = a ∧ b ∧ ¬c and x  = 
a ∧ d; then the consequences of these formulae are, for example, a ∧ b, 
b ∧ ¬c ∧ d, and so on. But the “largest” consequence is a ∧ b ∧ c ∧ d. 
This is because there is no consequence which contains more symbols 
than this formula. Postulate P3 requires this formula to be a consensus 
of given conjunctions. This requirement is justified inasmuch as this 
formula reflects all given conjunctions. Moreover, it is equivalent with 

 Another aspect of this postulate refers to the superiority of knowledge. 
It means that if only one agent (or expert) states that some fact should 

• Postulate P4 requires the consensus to be nonconflicting. For a practical 
sense of consensus this requirement is justified because if it were a con-
flicting conjunction it would be equivalent to false and thereby there 

• Postulate P5 is a popular criterion for consensus and is consistent with 
the criterion O  defined in Chapter 3. This criterion is natural for satisfy-

• Postulate P6 is very essential from the point of view of knowledge pre-
cedence. This follows from the assumption that knowledge of an agent 

Knowledge state 

According to postulate P3 the consensus should be in the form of the 
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As an example consider the conflict profile given below. 

 
Agent 

a1 t1 ∧ ¬ t2 ∧ t3 
a2 ¬t2 ∧ t3 ∧ t1 
a3 t3 ∧ t1 ∧ ¬t5 
a4 t3 ∧ t1 ∧ ¬t2 

 
5

3

2

1 2 4

By Cco we denote the set of all consensus functions for profiles of con-
junctions. Notice also that although the postulates defined above are for 
consensus functions, they may also be considered to be satisfied by a par-
ticular consensus for a profile. 

5.2.4. Analysis of Postulates 

In this section we present several properties of postulates and the relation-
ships between consensus functions satisfying them.  

Notice that we can consider satisfying the defined postulates referring to 
a consensus function in general, as well as to its behavior for one argument 
in particular. 

The fact that a consensus function C satisfies a postulate P for a given 
profile X of the function is written as  

  C(X) |− P. 

The fact that a consensus function C satisfies a postulate P (i.e., the pos-
tulate is satisfied for all arguments of the function) is written as 

  C |− P. 

Last, if a postulate P is satisfied for all functions from Cco then we write 

  Cco |− P. 

need not be complete, and events or scenarios which are not included in 
his opinion, belong to his ignorance. For this reason, referring to an 
event as the basis for determining its status in the consensus, only those 
opinions in which the event is referred to should be taken into account. 

Knowledge state 

 

For the status of symbol t  in the consensus we take into account only 
the opinion of agent a  because only this agent includes this symbol in 

ions of agents a , a , and a . 
her opinion. For the status of symbol t  we take into account the opin-
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The first theorem presented below shows that postulates P1 and P2 are 
the consequences of postulate P5. 

Theorem 5.1. 
A consensus function which satisfies postulate P5 should also satisfy pos-
tulates P1 and P2; that is; 

  (C |− P5) ⇒ (C |− P1 ∧ C |− P2) 

for each C ∈ Cco. 

Proof. 
Let X be a profile, X ∈ Π(Conj(L)), and let C ∈ Cco be a consensus func-
tion satisfying postulate P5. Let (x*+, x*−) ∈ C(X) be a consensus of profile 
X. For proving that postulate P1 is satisfied by C we should show that 

  ∩ Xx x∈
+ ⊆ x*+  

and 

  ∩ Xx x∈
− ⊆ x*−. 

For the first dependence let’s assume that  

  ∩ Xx x∈
+ ⊄ x*+ ; 

this means that there exists a symbol t such that t ∈∩ Xx x∈
+ but t∉x*+. In 

this case create set x*′+ = x*+ ∪ {t}. Then we have 

  ∑x∈X η(x*′+, x+) < ∑x∈X η(x*+, x+) 

because 

  η(x*′+, x+) < η(x*+, x+)    for each x ∈ X. 

In consequence, 

  ∑x∈X d(x′*, x) < ∑x∈X d(x*, x), 

where 

  x′* = (x′*+, x*−). 

This result is contradictory to the assumption that conjunction (x*+, x*−) is 
a consensus for X, which satisfies postulate P5.  
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The proof for dependence  

  ∩ Xx x∈
− ⊆ x*− 

can be performed in similar way. 
For postulate P2a assume that 

  x*+ ⊄ ∪ Xx x
∈

+ . 

Then there should exist a symbol t such that t ∈ x*+ but t ∉ ∪ Xx x∈
+ . In 

this case let  

  x*′+ = x*+\{t}. 

We should have 

∑x∈X η(x*′+, x+) < ∑x∈X η(x*+, x+) 

because 

  η(x*′+, x+) < η(x*+, x+)  

for each x ∈ X. As its consequence  

  ∑x∈X d(x′*, x) < ∑x∈X d(x*, x), 

where 

  x′* = (x′*+, x*−). 

The proof for P2b is similar.     ♦ 

The above theorem presents a very important property of postulate P5 
because postulates P1 and P2 are very intuitive. Also, they represent very 
essential features of the voting process. 

Theorem 5.2. 
Let X be a consistent profile and C ∈ Cco be a consensus function. If func-
tion C satisfies postulate P2 or postulate P5 for profile X, then it should 
also satisfy postulate P4 for X; that is, 

  (C(X) |− P2) ∨ (C(X) |− P5) ⇒ (C(X) |− P4) . 

Proof. 
First, we prove that if C(X) satisfies postulate P2 then it should also satisfy 
postulate P4; that is, 
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  (C(X) |− P2) ⇒ (C(X) |− P4). 

Let (x*+, x*−) ∈ C(X). According to postulate P2 we have 

  x*+ ⊆ ∪ Xx x∈
+    and     x*− ⊆ ∪ Xx x∈

− . 

Because X is a consistent profile, then  

  ∪ Xx x∈
+  ∩ ∪ Xx x∈

− = ∅. 

Thus   

  x*+ ∩ x*−  = ∅.  

C(X) then satisfies postulate P4. Now we prove 

  (C(X) |− P5) ⇒ (C(X) |− P4). 

For this it is sufficient to notice that according to Theorem 5.1: 

  (C(X) |− P5) ⇒ (C(X) |− P2). 

Then using the statement above we have the proof.  ♦ 

Postulates P1 through P5 are not contradictory on the argument level; 
that is, there exists a function C ∈ Cco and a profile X for which all of the 
postulates are satisfied. However, these postulates are contradictory on the 
function level; that is, a consensus function which satisfies all postulates 
for all arguments does not exist. We have the following. 

Theorem 5.3. 

(a) (∃C ∈ Cco)(∃X ∈ Π(Conj(L) ): (C(X) |− P1 ∧ . . . ∧ C(X) |− P5). 
(b) ¬ [ :)( coC C∈∃ (C |− P1 ∧ . . . ∧ C |− ])5P  . 

Proof. 
(a) For proving this statement we define a concrete function and show a 

concrete profile for which all postulates are satisfied. Let function C be de-
fined as follows. 

C(X) = { ∈*x Conj(L): ∑∑ ∈ ∧
∈∈ ∧ = XxConjxXx xxdxxd '*,(min)*,(

)('
  

L
}) . 

As we can see, this function satisfies postulate P5. Now let’s define the 
profile X : 

X = {n ∗ x} 

)
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for some x ∈ Conj(L), x is nonconflicting, and n ∈ ℵ. That is, profile X is 
consistent and homogeneous (see Definition 2.1, Chapter 2). It is obvious 
that 

  C(X) = {x}. 

Thus postulates P1, P2, and P3 are satisfied. For postulate P4, notice that 
because x is nonconflicting, its positive and negative components are dis-
joint. In this way we have shown that all postulates are satisfied for C(X). 

(b) We show that for each function C satisfying postulate P5 there exists 
a profile X such that C(X) does not satisfy postulate P3. 

 
Let C ∈ Cco, and let profile X be defined as follows, 

  X = {99 ∗ ({t}, ∅), ({t′}, ∅)} 

for some t, t′∈ L, and t ≠ t′. Thus X contains 99 occurrences of the same 
conjunction ({t}, ∅) and one conjunction ({t′}, ∅). Let x* ∈ C(X); notice 
that because C satisfies postulate P5 then x should have the form: 

  x* = ({t}, ∅). 

Anyway, x may not contain symbol t′ because for x the sum of distances 
should be: 

  ∑ ∈ ∧Xx xxd )*,(  = w1, 

where w1 has been defined in Definition 5.5. In the meantime for  

x′ = ({t, t′}, ∅)  

the sum should be: 

  ∑ ∈ ∧Xx xxd ),'(  = 
2
1  ⋅ 100 ⋅ w1  

= 50 ⋅ w1 > ∑ ∈ ∧Xx xxd )*,( . 

Thus postulate P3 may not be satisfied.   ♦ 

From Theorems 5.1 and 5.2 we can deduce that satisfying postulate P5 
implies satisfying postulates P1, P2, and P4 simultaneously. From Theo-
rem 5.3 it is known that a consensus function satisfying all postulates does 
not exist. However, in Theorem 5.5 we show some restriction which 
causes satisfying postulate P3 in the case of satisfying postulate P5. Before 
this theorem we present a property allowing us to determine independently 
positive and negative components of consensus satisfying postulate P5. 
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Let X be a profile 

X = {(xi
+, xi

−): i = 1, 2, . . . , n}. 

On its basis we create the profiles: 

  X ′ = {(xi
+, ∅): i = 1, 2, . . . , n}, 

  X ″ = {(∅, xi
−): i = 1, 2, . . . , n}. 

Then we have the following. 

Theorem 5.4. 
The positive and negative components of a consensus satisfying postulate 
P5 can be determined in an independent way; that is, conjunction (x*+, 
x*−) is a consensus of profile X if and only if conjunction (x*+, ∅) is a con-
sensus of profile X ′ and conjunction (∅, x*−) is a consensus of profile X ″. 

Proof. 
∧ be-

tween conjunctions (see Definition 5.5). For determining a consensus (x*+, 
x*−) satisfying postulate P5 each component may be determined independ-
ently. Also, notice that a consensus satisfying postulate P5 for profile X ′ 
should have the negative component as an empty set, and for profile X″ 
should have the positive component as an empty set.        ♦ 

Another important property of a consensus satisfying postulate P5 is 
that if all positive and negative components of a profile are nonempty then 
the components of the consensus may not be empty. 

Theorem 5.5. 
For any profile X if for each x ∈ X we have x+ ≠ ∅ then x*+≠ ∅, and also if 
for each x ∈ X we have x− ≠ ∅ then x*− ≠ ∅. 

Proof.  
Let’s assume that for a profile X each of its positive components is non-
empty. Let  

X = {(xi
+, xi

−): i = 1, 2, . . . , n}  

and let  

X+ = {xi
+: i = 1, 2, . . . , n}.  

Notice that  

  ∑
=

+∅η
n

i
ix

1
),( = n 

The proof follows directly from the definition of distance function d
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because η(∅, xi
+) = 1 (the maximal value for distance η) for each i = 1, 

2, . . . , n. Notice also that for any t ∈ xi
+ for some i there should be 

  η({t},xi
+) = 

)(
1)(

+

+ −

i

i

xcard
xcard  < 1. 

So 

  ∑
=

+η
n

i
ixt

1
)},({  < ∑

=

+∅η
n

i
ix

1
),( . 

That means the positive component of the consensus cannot be empty. The 
proof for the negative consensus component is identical.  ♦ 

Now we present the relationship between postulates P3 and P5. As we 
have shown earlier, these postulates are in general contradictory. However, 
there is some class of profiles which satisfy both of them. 

Before presenting Theorem 5.6 we define notion of strong distinguish-
able profile which is consistent and all positive and negative components 
are nonempty and disjoint with each other. That is, a consistent profile X  

  X = {(xi
+, xi

−): i = 1, 2, . . . , n} 

is strong distinguishable if all sets x1
+, x1

−, x2
+, x2

−, . . . , xn
+, xn

− are non-
empty and disjoint with each other. It follows that in a strong distinguish-
able profile any symbol from L may occur at best once.2 

Theorem 5.6. 
Let C ∈ Cco be a consensus function and let X be a strong distinguishable 
profile. If function C satisfies postulate P5 for profile X, then it should also 
satisfy postulate P3 for this profile; that is, 

  (C(X) |− P5) ⇒ (C(X) |− P3). 

Proof. 
Let X be a strong distinguishable profile; that is, any symbol from L occurs 
at best one time in X. We can then write: 

  X = {(xi
+, xi

−): i = 1, 2, . . . , n} 

where all sets x1
+, x1

−, x2
+, x2

−, . . . , xn
+, xn

− are disjoint with each other.  
Let C ∈ Cco be a consensus function satisfying postulate P5 and let  

                                                      
2 This definition is consistent with the definition of a distinguishable profile 

given in Definition 2.1 (Chapter 2). 
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x = (xi
+, xi

−),  

where 

  xi
+ = ∪ Xx x∈

+  

and  

xi
− = ∪ Xx x∈

− . 

Define positive and negative profiles of X as 

  X + = {xi
+: i = 1, 2, . . . , n} 

and  

  X − = {xi
−: i = 1, 2, . . . , n}. 

Using the results of Theorem 5.5 we show that set xi
+ is the positive 

component of a consensus belonging to C(X), and xi
− is the negative com-

ponent of this consensus. Concretely we show that xi
+ and xi

− minimize the 
sums 

  ∑
=

++η
n

i
ixx

1
),(    and    ∑

=

−−η
n

i
ixx

1
),( , 

respectively. We deal with the first case; the proof for the second case is 
similar. 

Let αi = η(x+, xi
+) for i = 1, 2, . . . , n. Notice that  

  αi = 
)(
)(

+

+

xcard
xcard i . 

Thus  

  ∑
=

++η
n

i
ixx

1
),(  = n – 1  

because  

  ∑
=

=α
n

i
i n

1
 

i
+ for i = 1, 2, . . . , 

n are disjoint with each other. Thus we can replace a set xi
+ by a symbol 

Since X is a strong distinguishable profile, all sets x
owing to the assumption that X is a strong distinguishable profile. 
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ti ∈ L so that all symbols ti for i = 1, 2, . . . , n are different from each 
other. For this new profile  

  T = {ti: i = 1, 2, . . . , n} 

we can easily prove that set T is a consensus satisfying postulate P5, and of 
course also postulate P3 because set T is the representative of x+.    ♦ 

We should refer to postulate P6 which does not specify in a concrete 
way what should (or should not) belong to the consensus, but requires 
determining the basis for consensus choice. This condition is not reflected 
by postulate P5. Below let’s consider an example.  

Example 5.2. Let profile X be defined as  

  X = {99 ∗ t1, ¬t2} , 

where t1, t2 ∈ L. Thus profile X consists of 99 identical conjunctions t1 and 
one conjunction ¬t2. According to postulate P5 the consensus should be t1 
because it minimizes the sum of distances from the consensus to the 
elements of the profile. Symbol t2 does not appear in the consensus be-
cause it occurs in the profile only one time. However, postulate P6 as the 
basis of the status for symbol t2 takes only this one opinion in which it 
appears. Thus because only one agent gave an opinion about the event rep-
resented by t2 the status of this symbol should be the same as in this opin-
ion.  ♦ 

The way to determine the basis for setting the status for a symbol in the 
consensus follows from postulate P6. Let X ∈ Π(Conj(L)) be a profile; the 
consensus basis X(t) for a symbol t ∈ L is defined as  

  X(t) = {n1 ∗ t, n2 ∗ (¬t)} , 

where n1 is the number of conjunctions belonging to X in which literal t 
appears, and n2 is the number of conjunctions belonging to X in which lit-
eral ¬t appears. Thus those conjunctions in which neither t nor ¬t appears 
are not taken into account.  

For example, for profile  

  X = {99 ∗ t1, ¬t2} 

we have 

  X(t1) = {99 ∗ t1} 

and 

  X(t2) = {¬t2}. 
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As stated above, postulates P5 and P6 are inconsistent with each other. 
However, after determining the consensus bases for particular symbols ac-
cording to postulate P6, postulate P5 may be useful for determining the fi-
nal status for this symbol in the consensus. It may be easily shown that 
for the example given above the status for symbol t1 should be literal t1 
whereas the status for symbol t2 should be literal ¬t2. 

5.2.5. Heuristic Algorithm for Determining Consensus 

Theorems 5.1, 5.2, 5.3, and 5.5 show that the criterion defined in postulate 
P5 is very important, because in general a consensus satisfying this postu-
late also satisfies other postulates. Therefore, working out an algorithm for 
determining consensus satisfying this postulate should be done. 

According to Theorem 5.4 we found out that determining the positive 
and negative components of a consensus for a given profile of conjunc-
tions may be performed independently. Thus the task for calculation of 
conjunction (x*+, x*−) ∈ C(X) where  

  X = {xi = (xi
+, xi

−) ∈ Conj(L): i = 1,2, . . . , n} 

can be divided into two similar subtasks. One of these subtasks refers to 
determining positive component x*+ such that 

∑∑ ∈
+

⊆∈
++ η=η XxxXx xxxx ),'(min),*(

'
  

L
 

and the other refers to determining positive component x*− such that 

  ∑∑ ∈
−

⊆∈
−− η=η XxxXx xxxx ),'(min),*(

'
  

L
. 

In general we propose an algorithm for the following optimization prob-
lem. 

Given a finite universe U and a profile Y  Π(U) one should determine 
a subset y*  U for which  

  ∑∑ ∈⊆∈ η=η YyyYy yyyy ),'(min)*,(
'

  
U

. 

It is possible to prove that this problem is a NP-complete problem. 
Therefore, other approaches such as genetic or heuristic algorithms should 
be worked out. In this chapter we propose an effective heuristic algorithm 
for this problem. Notice that the same problem, but with distance function  

  η′(y1,y2) = card(y1 ÷ y2) 

∈
⊆
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is not NP-complete, and there has been worked out an effective optimal 
algorithm [31]. 

The idea of our algorithm is simple and can be presented as follows.  
First, we calculate the number of appearances of each element (from 

those occurring in the profile) in the sets belonging to the profile. Using 
postulate P1 we create the first element of consensus y* as the set of all 
common elements of the sets belonging to the profile. Next, we improve 
the consensus by considering the addition to it of those elements which 
have the maximal frequency and help to decrease the sum of distances. 
The next improvement consists in checking if adding an element of the 
profile decreases the sum of distances. If so, the consensus is extended by 
this element. The algorithm will stop when all elements of the profile have 
been checked. 

Below we present the heuristic algorithm. 

Algorithm 5.1. 
Input: Profile Y  Π(U). 
Output: Set y*  U which minimizes the sum of distances to elements of 

profile Y. 

Procedure: 
BEGIN 

1. Set Z: = ∪ Yy y∈ ; y*: = ∅; and n: = card(Y); 
2. For each element z  Z calculate f(z) as the number of its appear-

ances in sets belonging to profile Y; 
3. For each z  Z if f(z) = n then set y*: = y* ∪ {z} and set  

Z:= Z \ {z}; 
4. Calculate S* = ∑ ∈ ηYy yy )*,( ; 

5. Find z  Z such that f(z) is maximal; 
6. Set y′: = y* ∪ {z}, Z:= Z \ {y}; 
7. Calculate S(y′) = ∑ ∈ ηYy yy ),'( , if S(y′) ≤ S* then set  

                S*:= S(y′) and y*:= y′; 
8. If Z ≠ ∅ then GOTO 5; 
9. For each y  Y do  

Begin 
Set y″: = y* ∪ y;  
If S(y″) ≤ S* then set y*: = y″ and S*:= S(y″) 

         End; 
END. 

∈
⊆

∈

∈

∈

∈
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The algorithm given above is not complex; its computational complexity 
can be easily proved to be O(m 2  n) where m = card(Z) and n = card(Y).  

Now we can use Algorithm 5.1 to determine the consensus of a profile 
of conjunctions. The idea of this algorithm is based on using Algorithm 5.1 
to determine the consensuses for profiles consisting of positive and nega-
tive components, respectively. Next, these consensuses are checked for 
removing the common part of them.  

The algorithm is presented as follows. 

Algorithm 5.2. 
Input: Profile X ∈ Π(Conj(L)), where X = {(xi

+, xi
−): i = 1,2, . . . , n}. 

Output: Consensus (x*+, x*−) satisfying postulates P4 and P5. 

Procedure: 
BEGIN 

1. Set Y+:= {xi
+: i = 1, 2, . . . , n};  

2. Set Y−:= {xi
−: i = 1, 2, . . . , n};  

3. For profile Y + using Algorithm 5.1 determine its consensus x*+; 
4. For profile Y − using Algorithm 5.1 determine its consensus x*−; 
5. If xi*+ ∩ xi*− = ∅ then GOTO END;  
6. Calculate S(x*) = ∑ ∈ ∧Xx xxd )*,(  where x* = (xi*+, xi*−) 
7. Set T:= xi*+ ∩ xi*−; 
8. For each z  T do 

Begin 
8.1. Set x′ = (x*+\{z}, x*−) and x″ = (x*+, x*−\{z}); 
8.2. Calculate S(x′) = ∑ ∈ ∧Xx xxd ),'(  and  

                                 S(x″) = ∑ ∈ ∧Xx xxd ),"( ; 
8.3. If S(x′) ≤ S(x″) then set x*+:= x*+ \ {z} else 

                 if S(x″) < S(x′) then set x*−:= x*− \ {z}; 
       End; 
END. 

It is easy to show that the computational complexity of Algorithm 5.2 is 
O(m2n) where m = max{card(∪ Xx x∈

+ ), card(∪ Xx x∈
− )} and n = card(X). 

Let’s note that for a strong distinguishable profile a consensus satisfying 
postulate P5 also satisfies postulate P3. However, a consensus determined 
by a heuristic algorithm may not fulfill this rule. Fortunately, Algorithm 
5.2 possesses this property and we can prove the following. 

 

∈
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Theorem 5.7. 

(a) For any profile X the consensus determined by Algorithm 5.2 satis-
fies postulates P1, P2, and P4. 

(b) For a strong distinguishable profile X the consensus determined by 
Algorithm 5.2 satisfies postulate P3. 

(c) For any profile X if for each x ∈ X we have x+ ≠ ∅ then x*+ ≠ ∅, 
and also if for each x ∈ X we have x− ≠ ∅ then x*− ≠ ∅. 

Proof. 
(a) Satisfying postulate P1 results from step 3 of Algorithm 5.1 because 

in set y* it includes all such element z that f(z) = card(Y); that is, z appears 
in all elements of the profile, and these elements are still in the final form 
of the consensus. For postulate P2 notice that using step 1 of Algorithm 
5.1 in Algorithm 5.2 causes set Z to be defined as the sum of all positive 
(or negative) components. Next, the other elements of consensus y* are 
chosen only from Z. Thus the consensus must be a subset of Z. Postulate 
P4 should be satisfied owing to step 8 of Algorithm 5.2, which causes 
removing the common elements of sets xi*+ and xi*− from one of them.  

(b) Let X be a strong distinguishable profile. We investigate only the 
determination of the consensus of its positive components; for the negative 
components the consideration is identical. If X contains only one conjunc-
tion then the theorem is obviously true. Now assume that the cardinality 
of X is greater than 1. For all elements z  Z the numbers f(z) calculated in 
step 2 of Algorithm 5.1 should equal 1 because profile X is strong distin-
guishable. The set y* calculated in step 3 should be empty, and the sum S* 
calculated in step 4 should be equal to n. The loop consisting of steps 5–8 
the first time should add to set y* a new element z (where z is any element 
of Z) because this should decrease the sum of distances from n to (n − 1) + 
(k − 1)/k, where k is the cardinality of the element w of profile Y, to which 
z belongs. Notice that the loop will add to set y* all elements from w 
because other elements of w should decrease the sum of distances.  

At last, when whole w is added to set y*, the sum of distances should 
equal (n − 1); it is also the minimal sum of the distances (see the proof of 
Theorem 5.5). This minimal sum should not be changed if a whole element 
of profile Y is added to y*. Therefore, owing to step 9 of Algorithm 5.1 y* 
should contain all elements of Y; that is, postulate P3 is satisfied. 

(c) See the proof of Theorem 5.5 and notice that owing to step 6 of 
Algorithm 5.1 set y* will not be empty.    ♦ 

We now present an algorithm which reflects both postulate P5 as well as 
postulate P6. 

Algorithm 5.2 has the following properties: 

∈
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Algorithm 5.3. 
Input: Profile X  Π(Conj(L)), where X = {(xi

+, xi
−): i = 1, 2, . . . , n}. 

Output: Consensus (x*+, x*−) satisfying postulates P5 and P6. 

Procedure: 
BEGIN 

1. Set Z:= {t  L: there exists a conjunction x  X in which symbol t 
appears};  

2. Set (x*+, x*−):= (∅, ∅); 
3. For each t  Z set  

  X(t) = {nt ∗ t, nt′ ∗ (¬t)} , 

where nt is the number of conjunctions belonging to X in which 
literal t appears, and nt′ is the number of conjunctions belonging 
to X in which literal ¬t appears. 

4. For each t  Z do 
Begin 

4.1. If nt⋅w1 < nt′⋅w2 then set x*−:= x*− ∪ {t}; 
4.2. If nt⋅w1 ≥ nt′⋅w2 then set x*+:= x*+ ∪ {t}; 

End; 
END. 

In the above algorithm postulate P6 is used in step 3, and postulate P5 is 
used in step 4. Notice that because the consensus basis X(t) consists only 
of two kinds of literals, then the sum of distances will be smallest if we 
include in the consensus the literal which appears no fewer times than the 
other, taking into account the weights w1 and w2 defined for distance func-
tion d∧. It also follows that although consensus determined by this algo-
rithm only partially satisfies postulate P5, it satisfies postulates P1 and P2. 

The computational complexity of Algorithm 5.3 is O(mn) where m = 
card(Z) and n = card(X). 

5.3. Disjunctive Structure of Knowledge 

We now deal with the dual structure for knowledge on the syntactic level, 
that is, the disjunctive structure. This structure is very popular in knowl-
edge representation by experts and agents, especially for such kinds of 
knowledge as uncertain or incomplete. Owing to its simplicity and repre-
sentation power it is also the structure most often used in logic program-
ming languages such as Prolog and Datalog, and in deductive databases. In 

∈

∈ ∈

∈

∈
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addition, we can see that the negation of a conjunction gives a disjunction, 
for example, ¬(a ∧ b ∧ c) ≡ (¬a) ∨ (¬b) ∨ (¬c), where symbol “≡” repre-

in representing negative knowledge for those experts who use conjunctions 
to represent their positive knowledge. 

First, we present some basic notions. 

5.3.1. Basic Notions 

Using disjunctive structure an agent opinion has the form: 

  l1 ∨ l2 ∨ . . . ∨ lk , 

where li is a literal (positive or negative) for i = 1, 2, . . . , k and k ∈ ℵ. The 
symbols for building literals belong to set L (see Section 5.2.1). 

Notice that owing to this structure an agent may express its opinion in 
types other than conjunction structure; viz. an agent can now give its opin-
ion in the form of a disjunction referring to a number of scenario attributes.  

Notice that formula  

l1 ∨ l2 ∨  . . . ∨ lk  

can be treated as a clause. We can then write  

(l1 ∨ l2 ∨  . . . ∨ lk) ≡ (h1 ∨ h2 ∨  . . . ∨ hk′) ∨ (¬b1 ∨ ¬b2 ∨ . . . ∨ ¬bk″), 

where h1, h2,  . . . , hm are positive literals and ¬b1, ¬b2, . . . , ¬bn are nega-
tive literals among l1, l2, . . . , lk. Furthermore we have 

(l1 ∨ l2 ∨ . . . ∨ lk) ≡ (h1 ∨ h2 ∨ . . . ∨ h k′) ∨ ¬(b1 ∧ b2 ∧ . . . ∧ b k″) 

  ≡ (b1 ∧ b2 ∧  . . . ∧ bk″) → (h1 ∨ h2 ∨ . . . ∨ h k′). 
Symbol “→” represents the logic implication. 
Formula  

(b1 ∧ b2 ∧  . . . ∧ bk″)  

is called the body of the clause, and formula  

(h1 ∨ h2 ∨ . . . ∨ hk′)  

is called the head of the clause. It is a well-known form of clause. The 
above-mentioned transformation shows that the disjunction structure 
should be very useful in practice for agents to express their opinions, 
because an expert has now the possibility to represent her opinion as a 
rule,  

sents the semantic equivalence. Disjunctive structure can then be very useful 
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If precondition then postcondition.  

As a equivalent form for clause  

(b1 ∧ b2 ∧  . . . ∧ bk″) → (h1 ∨ h2 ∨ . . . ∨ hk′)  

we use the following, 

   b1, b2, . . . , bk″ → h1, h2, . . . , hk′. 

Or more generally:  

  b → h , 

where b is the body and h is the head of the clause, for b, h ⊆ L. 

Clauses have been classified into the following groups: the group of 
Horn clauses (definite clauses) and the group of nondefinite clauses. A 
Horn clause has at most one symbol in its head, and a nondefinite clause 
has two or more symbols in the head. The inference mechanisms of clauses 
are dependent on the so-called closed world assumptions [129]. However, 
in this work we do not deal with the inference process of clauses in the 
logical sense, but in the qualitative sense.  

By Clause(L) we denote the set of all clauses with symbols from set L.  

Similarly as for conjunctions a clause  

x = b → h  

can be then represented by a pair  

(x+, x−) , 

where x+ is the set of symbols belonging to the head of x and x− is the set of 
symbols belonging to the body of x; that is, x+ = h and x− = b. For example, 
the representation of clause  

x = (t1, t2 → t3) 

for t1, t2, t3 ∈ L is pair (x+, x−), where x+ = {t3} and x− = {t1, t2}. 
If body b = ∅ then the clause will have form  

→ h, 

if head h = ∅ then the clause will have form 

  b →, 

and if b = h = ∅ then the clause is 

  → . 
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This clause is called empty and represents the value false.  
Sets x+ and x− are called the positive and negative components of the 

clause, respectively. An empty clause is then represented by pair (∅, 
∅). A clause in which both components are nonempty is called a complete 
clause. 

Definition 5.7. 
+ − + −

x+ ∩ x− = ∅.  

That means that a nonconflicting clause is not equivalent with true. An 
opinion of an expert or an agent in the form of conflicting clauses (equiva-
lent with true) has no value in practice. Therefore, we consider only 
nonconflicting clauses because they are sensible for agents to express their 
opinions. 

Definition 5.8. 
Let x = (x+, x−) ∈ Clause(L) and x′ = (x′+, x′−) ∈ Clause(L) and let t ∈ x+ ∩ 
x′−. We say that clause (x″+, x″−) where  

  x″+ = (x+ ∪ x′+) \ {t}   and    x″− = (x− ∪ x′−) \ {t} 

is the consequence of clauses x and x′.  

For example, for the given clauses  

  x = (a, b → c, d) 

and 

  x′= (e, f → a) 

their consequence is the following clause, 

  x″ = (b, e, f → c, d) . 

The above definition presents in fact the well-known rule for generating 
the consequence of two clauses [129]. Furthermore, we have the following. 

Definition 5.9. 
A profile of clauses X ∈ Π(Clause(L)) is called inconsistent if one of their 
consequences is empty clause (∅, ∅) (i.e., clause →). A profile which is 
not inconsistent, is called consistent. 

For example, profile  

X = {a, b → c, c →, → a, → b}  

A clause (x , x ), where x , x  ⊆ L, is nonconflicting  if  the following condi-  
tion is satisfied,  
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is inconsistent because the consequence is an empty clause, but profile  

X ′ = {a, b → c, c →, → a} 

is a consistent one for which clause (b →) is a consequence, but the empty 
clause is not a consequence. 

In this section we define the distance function d∨ between clauses. This 
function should help in evaluating the difference between clauses. Owing 
to this function it will be possible to learn about the inconsistency level of 
a conflict profile, and in consequence, to determine the consensus for the 
conflict. 

For defining the distance function between clauses we need the distance 
function η between sets which has been defined in Section 5.2.2. 

The definition of the distance of two clauses x1 and x2 is presented as 
follows.  

Definition 5.10.  
1 2

following value, 

  d∨(x1,x2) = 
21

212211 ),(),(
ww

xxwxxw
+

η⋅+η⋅ −−++

 , 

where 

• η(x+
1,x+

2): The distance between sets of positive components in 
clauses x1 and x2.  

• η(x−
1,x−

2): The distance between sets of negative components in 
clauses x1 and x2. 

• w1 and w2 are the weights of distances η(x+
1,x+

2) and η(x−
1,x−

2) in 
distance d∨(x1,x2), respectively, which satisfy the following condi-
tions, 

w1 + w2 = 1    and     0 < w1,w2 < 1.  

In a clause (similarly as in a conjunction) positive literals can be consid-
ered as the positive knowledge of agents, whereas negative literals are 
considered as their negative knowledge. Using values w1 and w2 we can 
distinguish the weights of distances between positive and negative parts of 
agent knowledge states.  

5.3.2. Distance Function between Clauses 

By the distance between two clauses x , x  ∈ Clause(L) we understand the 
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In the aspect of precondition and postcondition of a clause, the distance 
between two clauses is in fact the sum of distances between their pre- and 
postconditions. In some situations the preconditions are more important 
and in other situations the postconditions are more important. For reflect-
ing this aspect the values of parameters w1 and w2 may be modified. If pre- 
and postconditions have the same importance, then we may set w1 = w2 = ½. 

The above-defined distance function d∨ is of course a metric. Its values 
are also normalized to interval [0, 1]. 

Notice that the distance between two inconsistent clauses (i.e., their 
consequence is the empty clause) is maximal (i.e., equals 1). It is then the 
justification for this function. 

The above-defined distance function d∨ is of course a metric. 

5.3.3. Integration Problem and Postulates for Consensus 

We now formulate the integration problem as follows. 

For a given set of clauses  

X = {xi = (xi
+, xi

−): i = 1,2, . . . , n} 

it is necessary to determine a clause x* = (x*+, x*−) called a consensus 
of set X. 

Example 5.3. Let’s consider a real world consisting of weather forecasts in 
some region of a country, similar to the one in Example 5.1. Let there be a 
set of agents:  

Agent = {a1, a2, a3, a4},  

and a set of symbols:  

L = {t1, t2, t3, t4, t5}, 

which represent the facts: 
 • t1: The temperature in the region will be higher than 0. 

• t2: The region will be sunny. 
• t3: It will snow in the region. 
• t4: The wind will be strong. 
• t5: It will rain. 

 

Assume that for some common region the agents generate the following 
set of knowledge states. 
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Agent 
a1 t1 → t5 
a2 → t2, t5 
a3 t2, t3, t4 →  
a4 t2, t3 → t4 

Thus in the opinion of agent a1 in the considered region if the tempera-
ture is higher than 0, then it will be raining.   ♦ 

More generally, we need to define the following consensus function. 

Definition 5.11. 
By a consensus function for profiles of clauses we understand a function: 

  C: Π(Clause(L)) → 2Clause(L). 

which satisfies one or more of the following postulates. 
P1. For each clause (x*+, x*−) ∈ C(X) there should be:  

(a)  ∩ Xx x∈
+ ⊆ x*+  

and 

(b)  ∩ Xx x∈
− ⊆ x*−. 

P2. For each clause (x*+, x*−) ∈ C(X) there should be: 

(a)  x*+ ⊆ ∪ Xx x∈
+   

and 

(b)  x*− ⊆ ∪ Xx x∈
− . 

P3. If profile X is consistent then any clause  

(x+, x−) 

which is a consequence of all clauses from X, should be its consen-
sus. 

P4. If profile X consists of nonempty and nonconflicting clauses then for 
each clause (x*+, x*−) ∈ C(X) there should be:  

(a)  x*+ ∩ x*− = ∅ 

 and 

(b) x*+ ∪ x*− ≠ ∅. 

Knowledge state 

This copy belongs to 'VANC03'



152      5. Processing Inconsistency on the Syntactic Level 

P5. A consensus x* ∈ C(X) should minimize the sum of distances: 

  ∑∑ ∈ ∨
∈∈ ∨ = XxClausexXx xxdxxd ),'(min)*,(

)('
  

L
. 

P6. For each symbol z ∈ L and a consensus x* ∈ C(X) the form of ap-
pearance (i.e., as a positive or negative literal) of z in x* depends 
only on its forms of appearance in clauses belonging to X. 

In a consensus (x*+, x*−) ∈ C(X) set x*+ is called the positive compo-
nent, and set x*− the negative component. 

We give some commentary to the defined postulates.  

• Postulates P1 and P2 contain the same requirements as their counter-
parts defined for profiles of conjunctions. They are in some sense 
Pareto-based criteria. 

• Postulate P3 is specific for the logical character of the profile. For ex-
ample, if there are three clauses in the profile: 

  a → b,    b → c,   and    c → d 

then their consequence should be the following clause, 

  a → d 

and this clause should be the consensus of the profile. Consensus has 

the natural requirement is that its consequence should be a consensus.  
• Postulate P4 requires the consensus to be a nonconflicting and non-

empty clause for those profiles which consist of nonconflicting and non-
empty clauses. For a practical sense of consensus this requirement is 
well justified because if it were a conflicting clause it would be equiva-
lent to true and if it were an empty one it would be equivalent to false. 
In both cases determination of consensus is not justified because there 
would be no profit in it.  

• Postulate P5 is known to be a popular criterion for consensus choice, as 
it is consistent with the postulate with the same name defined in Section 
5.2.3. This criterion is natural for satisfying the condition for “the best 
representation.” It is also consistent with the criterion O1 defined in 
Chapter 3. 

• Postulate P6 has here the same aspects as the same postulate for con-
junctions.  

By Ccl we denote the set of all consensus functions for profiles of 
clauses.  

been known to be useful in reconciling inconsistent elements of the con-
flict profile. However, if a profile does not contain inconsistency, then 
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The postulates defined above may be considered to be satisfied by: 
 

• A particular consensus for a given profile 
• A profile 
• A consensus function 
 

Now we present some properties of consensus functions referring to the 
postulates. A large part of these properties is similar to those of the postu-
lates for consensus determination of profiles of conjunctions. 

Theorem 5.8. 
A consensus function C ∈ Ccl which satisfies postulate P5 should also sat-
isfy postulates P1 and P2; that is, 

  (C |− P5) ⇒ (C |− P1 ∧ C |− P2). 

Proof. 
The proof for this theorem is similar to the proof of Theorem 5.1 because 
the basis of consensus determination is distance function η between sets. 
        ♦ 

We note that similarly as for conjunctions (Theorem 5.4), determining 
consensus satisfying postulate P5 for a given profile can be performed in-
dependently for its positive and negative profiles.  

The theorem presented below shows the properties for clauses similar to 
the one given in Theorem 5.2. However, postulate P4 for clauses is differ-
ent from that defined for conjunctions.  

Theorem 5.9. 
Let profile X consist of complete clauses and C ∈ Ccl be a consensus func-
tion. If function C satisfies postulate P5 for profile X, then it should also 
satisfy postulate P4b for X; that is, 

   (C(X) |− P5) ⇒ (C(X) |− P4b) . 

Proof. 
Let profile X consist of complete and nonconflicting clauses and let con-
sensus function C satisfy postulate P5. We show that 

  x*+ ≠ ∅     and     x*− ≠ ∅. 

For the first dependence notice that because of the completeness of pro-
file X each element of the positive profile 

  X+ = {xi
+: i = 1, 2, . . . , n} 

is nonempty. Thus set x*+ which minimizes the sum 
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  ∑
=

++η
n

i
ixx

1
),*(  

should not be empty. The reason is that if it were empty, the sum would be 
equal to n, whereas for any j ∈ {1, 2, . . . , n} we would have: 

  ∑
=

++η
n

i
ij xx

1
),( < n 

because 

  .0),( =η ++
jj xx  

The proof for the second dependence is identical. Thus we should have: 

x*+  ∪ x*− ≠ ∅ 

and as the consequence 

C(X) |− P4b .     ♦ 

Notice that without the assumption of profile completeness the follow-
ing dependency is not true. 

  (C(X) |− P5) ⇒ (C(X) |− P4b). 

Here is an example. 

Example 5.4. Let profile X consist of six nonempty and nonconflicting 
clauses: 

  X = { → t1, → t2, → t3, t1 →, t2 →, t3→}. 

Let C be a function satisfying postulate P5. Then the only element of 
C(X) is the empty clause; that is,  

  C(X) = { → }. 

Thus function C does not satisfy postulate P4b.   ♦ 

In general, satisfying postulate P5 does not imply satisfaction of postu-
late P4a either. Let’s consider an example. 

Example 5.5. Let the profile consist of two clauses: 

  X = {t1 → t2, t2 → t1}. 

Letting C be a function satisfying postulate P5, we have 

  C(X) = {t1 → t2, t2 → t1, t1 → t1, t2 → t2} . 
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Because of the presence of clause t1 → t1 function C does not satisfy 
postulate P4a.        ♦ 

However, postulates P1, P2, P3, P4, and P5 are not contradictory on the 
argument level; that is, there exist a function C ∈ Ccl and a profile X for 
which all of the postulates are satisfied. However, these postulates are con-
tradictory on the function level; that is, a consensus function which satis-
fies all postulates for all arguments does not exist. We have the following. 

Theorem 5.10. 
The following dependencies are true. 

(a) (∃C ∈ Ccl)(∃X ∈ Π(Clause(L )): (C(X) |− P1 ∧ . . . ∧ C(X) |− P5). 
(b) ¬ [ :)( clC C∈∃ (C |− P1 ∧ . . . ∧ C |− ])5P . 

Proof. 
(a) For proving this statement we define a concrete function and show a 

concrete profile, for which all postulates are satisfied. Let function C be 
defined as follows. 

C(X) = { ∈*x Clause(L): ∑∑ ∈ ∨
∈∈ ∨ = XxClausexXx xxdxxd '*,(min)*,(

)('
  

L
}) . 

As we can see, this function satisfies postulate P5. Now let’s define the 
profile X as follows, 

X = {k ∗ x} 

for some x ∈ Clause(L), x is nonconflicting, nonempty, and k ∈ ℵ. That is, 
profile X is homogeneous. It is obvious that 

  C(X) = {x}. 

Thus postulates P1, P2, P3 are satisfied. For postulate P4a, notice that 
because x is nonconflicting, then its positive and negative components are 
disjoint. Postulate P4b should also be satisfied because x is a nonempty 
clause. In this way we have shown that all postulates are satisfied for C(X).  

(b) We show now that for each function C satisfying postulate P5 there 
exists a profile X such that C(X) does not satisfy postulate P3. 

Let C ∈ Ccl, and let profile X be defined as  

  X = {99 ∗ (t1 → t2), t2 → t3} 

for some t1, t2, t3 ∈ L. Thus X contains 99 appearances of the same clause t1 
→ t2 and one clause t2 → t3. Let x* ∈ C(X); notice that because C satisfies 
postulate P5 then x should have the form: 

)
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  x* = t1 → t2 . 

However, the consequence of the whole profile X should be clause 

  x = t1 → t3, 

which may not be a consensus from C(X) because 

  ∑ ∈ ∨Xx xxd )*,(  = w1 + w2 , 

where w1 and w2 have been defined in Definition 5.10.  
In the meantime for x this sum should be: 

  ∑ ∈ ∨Xx xxd ),(  =⋅99 ⋅ w2 + w1 > ∑ ∈ ∨Xx xxd )*,( . 

Thus postulate P3 cannot be satisfied.   ♦ 

Theorem 5.10 shows that the defined postulates are consistent on the 
profile level, but they are contradictory on the level of the consensus func-
tion. More concretely, postulates P3 and P5 are most often inconsistent 
with each other. Postulate P5 reflects the numbers of occurrences of sym-
bols in the profile, whereas postulate P3 does not refer to these numbers. It 
follows, as stated above, that postulate P5 is not good for profiles which 
have nonempty consequences; that is, they are not logically inconsistent. 
This postulate is good only for conflict situations described by inconsistent 
sets of clauses.  

Now we deal with working out algorithms for consensus determination. 

5.3.4. Heuristic Algorithm for Consensus Determination 

As is known, satisfying postulate P5 implies also satisfying postulates P1, 
P2, but satisfying postulate P4b takes place only with the assumption of 
completeness of profiles. Postulate P4a is in some sense independent of 
postulate P5. Postulate P3 is not suitable for conflict situations. Thus we 
need to work out an algorithm for determining consensus, which satisfies 
postulates P4a, P4b, and P5. For this purpose we use Algorithm 5.1 which 
is useful for determining consensus of positive and negative profiles.  

The idea of the algorithm is presented as follows. First, Algorithm 5.1 is 
used for determining consensuses for positive and negative profiles which 
satisfy postulate P5. If both these consensuses are empty then they are re-
placed by nonempty consensuses of positive and negative profiles after 
removing empty components from them. Next, it is checked if the positive 
and negative components of consensus are disjoint. If not, the same proce-
dure is used (steps 5–8 of Algorithm 5.2) for eliminating their common 
elements. 
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The algorithm is presented below. 

Algorithm 5.4. 
Input: Profile X ∈ Π(Clause(L)), where  
          X = {(xi

+, xi
−): xi

+ ∪ xi
− ≠ ∅ for i = 1, 2, . . . , n}. 

Output: Consensus (x*+, x*−) satisfying postulates P4a, P4b, and P5. 

Procedure: 
BEGIN 

1. Set Y +:= {xi
+: i = 1, 2, . . . , n};  

2. Set Y −:= {xi
−: i = 1, 2, . . . , n};  

3. For profile Y + using Algorithm 5.1 determine its consensus x*+; 
4. For profile Y − using Algorithm 5.1 determine its consensus x*−; 
5. If x*+ ∪ x*− ≠ ∅ then GOTO 13; 
6. Create Y′+:= {xi

+∈ Y +: xi
+ ≠ ∅}; 

7. Create Y′−:= {xi
− ∈ Y −: xi

− ≠ ∅}; 
8. For profile Y ′+ using Algorithm 5.1 determine its consensus x*′+; 
9. For profile Y ′− using Algorithm 5.1 determine its consensus x*′−; 
10. Set y1:= (x*′+, x*′−); y2:= (x*′+, ∅); y3:= (∅, x*′−); 
11. Find j (j = 1, 2, 3) so that ∑ ∈ ∨Xx j xyd ),(  is minimal; 
12. Set (x*+, x*−):= yj; 
13. If xi*+ ∩ xi*− = ∅ then GOTO END;  
14. Calculate S(x*) = ∑ ∈ ∨Xx xxd )*,( , where x* = (xi*+, xi*−); 
15. Set T:= xi*+ ∩ xi*−; 
16. For each z ∈ T do 

Begin 
16.1. Set x′ = (x*+\{z}, x*−) and x″ = (x*+, x*− \ {z}); 
16.2. Calculate S(x′) = ∑ ∈ ∨Xx xxd ),'(  and  

                                                          S(x″) = ∑ ∈ ∨Xx xxd ),"( ; 
16.3. If S(x′) ≤ S(x″) then set x*+:= x*+ \ {z} else 

                   if S(x″) < S(x′) then set x*−:= x*− \ {z}; 
End; 

END. 

It is not hard to show that the computationl complexity of Algorithm 5.4 is 
O(m2  n) where  m = max{card(∪ Xx x∈

+ ), card(∪ Xx x∈
− )} and n = card(X) 

Algorithm 5.4 possesses the following properties. 
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Theorem 5.11. 
The following statements are true. 

(a) For any profile X ∈ Π(Clause(L)) the consensus determined by 
Algorithm 5.4 satisfies postulates P1, P2, and P4. 

(b) For any profile X ∈ Π(Clause(L)) with complete clauses (i.e., x+ ≠ 
∅ and x− ≠ ∅ for each x ∈ X) generated by steps 3 and 4 of Algo-
rithm 5.4 consensus (x*+, x*−) is complete; that is, x*+ ≠ ∅ and x*− 
≠ ∅. 

Proof. 
(a) Satisfying postulate P1 results from step 3 of Algorithm 5.1 because 

it adds to set y* all such elements z that f(z) = card(Y); that is, z appears in 
all elements of the profile, and these elements are still in the final form of 
the consensus. For postulate P2 notice that using step 1 of Algorithm 5.1 in 
Algorithm 5.4 causes set Z to be defined as the sum of all positive (or 
negative) components. Next, the elements of consensus y* are chosen only 
from Z. Thus the consensus must be a subset of Z. Postulate P4a should be 
satisfied owing to steps 14–16 of Algorithm 5.4 which cause removal of 
the common elements of sets xi*+ and xi*− from one of them. Satisfaction 
of postulate P4b follows from steps 8–10 of Algorithm 5.4 which make the 
choice of consensus between only nonempty positive and negative compo-
nents and next combine the nonempty consensus. Notice that the consen-
suses for profiles Y ′+ and Y ′− are nonempty (see the proof of Theorem 5.9). 

(b) The proof also follows directly from the proof of Theorem 5.9. Note 
that in this case steps 6–12 are not needed, and generated consensus satis-
fies at once postulate P4b.     ♦ 

For postulate P6 we can formulate an algorithm similar to Algorithm 5.3 
for conjunctions which also takes into account postulate P5. 

5.4. Fuzzy Structure of Knowledge 

In this section we deal with fuzzy structure for inconsistency representa-
tion on the syntactic level. In Section 5.2 an agent or expert referring to an 
event or scenario may only assign his opinion by means of one of two values 
(true or false). For example, if in his opinion the event represented by 
symbol a should not take place then he can generate literal ¬a. We now 
consider the possibility for an agent (expert) to describe his opinion in 
more precise way using fuzzy-based approach.  
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5.4.1. Basic Notions 

We assume that referring to a real event or scenario represented by symbol 
t an expert can give a degree in which in her opinion the event (or sce-
nario) should take place. For example, if symbol t represents scenario “The 
temperature will be higher than 0,” then the pair (t, 0.7) should represent 
an opinion that with certainty 0.7 the temperature will be higher than 0.  

In fuzzy structures we use only one form of literal; this is a fuzzy literal 

  (t, v) , 

where t ∈ L and v ∈ [0, 1]. 
Thus a positive literal t used in Sections 5.2 and 5.3 is a special case of 

this kind and may be interpreted as equivalent to fuzzy literal 

  (t, 1) 

and a negative literal ¬t may be interpreted as equivalent to fuzzy literal 

  (t, 0). 

Notice that the above assumption is not novel; it is simply the basic as-
sumption for fuzzy logic. We consider two kinds of fuzzy formulas: 

• As a fuzzy conjunction we define the following expression, 

  (t1, v1) ∧ (t2, v2) ∧ . . . ∧ (tk, vk) , 

         where t1, t2 ∈ L and v1, v2, . . . , vk ∈ [0, 1].  
• As a fuzzy clause we define the expression: 

  (t1, v1) ∨ (t2, v2) ∨ . . . ∨ (tk, vk) , 

        where t1, t2 ∈ L and v1, v2, . . . , vk ∈ [0, 1]. 
Fuzzy conjunctions and fuzzy clauses may be very useful for agent 

knowledge representation. Similarly as earlier we also assume that if a 
symbol does not appear in an opinion of an agent then the fact or event 

5.4.2. Distance Function 

For defining distance functions for fuzzy conjunctions and fuzzy clauses 

following distance function is reasonable. 
 

represented by this symbol belongs to the agent’s ignorance. 

we consider the following situations: 

1. Two fuzzy formulas contain the same set of symbols. In this case the 
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Definition 5.12. 
(a) Let there be given two fuzzy conjunctions: 

x = (t1, v1) ∧ (t2, v2) ∧ . . . ∧ (tk, vk),  

and  

x′ = (t1, v1′) ∧ (t2, v2′) ∧ . . . ∧ (tk, vk′). 

As the distance between conjunctions x and x′ we understand the value: 

 fd∧ (x,x′) = ∑
=

−
k

i
ii vv

1

' . 

(b) Let there be given two fuzzy clauses: 

 x = (t1, v1) ∨ (t2, v2) ∨ . . . ∨ (tk, vk),  

and 
x′ = (t1, v1′) ∨ (t2, v2′) ∨ . . . ∨ (tk, vk′). 

As the distance between clauses x and x′ we understand the value: 

  fd∨ (x,x′) = ∑
=

−
k

i
ii vv

1

' . 

The functions defined above are sensible because they reflect the dis-
tance for each symbol. Apart from these functions one may also use well-
known distance functions for vectors such as the cosine function [141] for 
document space, or the Euclidean function for mathematical vector space.  

Let there be given two fuzzy conjunctions: 

x = (t1, 0.3) ∧ (t2, 0.5) 

and   

x′ = (t1, 0.8). 

We can say that referring to the fact or event represented by symbol t1 
these two conjunctions differ from each other in a degree equal to 0.5. 
However, this difference is not known in the case of the fact or event rep-
resented by symbol t2. The reason is that along with our assumption about 
the incompleteness of agent knowledge in the case of conjunction x′ the 
agent has investigated only the fact or event represented by symbol t1 and 

2.  Two fuzzy formulas contain different sets of symbols. In this case none 
none of the above-mentioned distance functions is reasonable. Let’s consider 
an example. 
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is ignorant as to the part of the real world represented by symbol t2. Thus 
we have no basis to determine the degree of the difference between these 
conjunctions. 

Despite the lack of possibility to calculate the distance function for 
fuzzy formulae in this case as we show below, using postulate P6 defined 
in Sections 5.2.3 and 5.3.3 and distance functions fd∧  and fd∨  defined 
above we can solve the consensus problem. 

5.4.3. Integration Problem and Algorithm for Consensus 
Choice 

The integration problem for fuzzy conjunctions may be formulated as fol-
lows. 

For a given set of fuzzy conjunctions 

X = {xi = ( )(
1

it , )(
1

iv ) ∧ ( )(
2
it , )(

2
iv ) ∧ . . . ∧ ( )(i

ki
t , )(i

ki
v ): i = 1, 2, . . . , n}  

it is necessary to determine a fuzzy conjunction  

x* = (t1, v1) ∧ (t2, v2) ∧ . . . ∧ (tk, vk) , 

called a consensus of set X. 

The integration problem for fuzzy clauses is similar. 
We cannot assume that the sets of symbols included in particular con-

junctions are identical. Therefore, the direct use of postulate P5 (Section 
5.2.3) for consensus choice is impossible. However, we may combine pos-
tulates P5 and P6 as shown in Algorithm 5.3 for this aim.  

Below we present a similar algorithm to Algorithm 5.3. Its idea relies on 
determining the consensus basis for each symbol (postulate P6), and next 
using postulate P5 and distance function fd∧ to determine the fuzzy value 
for this symbol.  

This algorithm is presented as follows. 

Algorithm 5.5. 

Input: Profile  

           X = {xi = ( )(
1

it , )(
1

iv ) ∧ ( )(
2
it , )(

2
iv ) ∧ . . . ∧ ( )(i

ki
t , )(i

ki
v ): i = 1, 2, . . . , n}. 

Output: Consensus x* = (t1, v1) ∧ (t2, v2) ∧ . . . ∧ (tk, vk) . 
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Procedure: 
BEGIN 

1. Set Z:={t ∈ L: there exists a conjunction x ∈ X, in which symbol 
t appears};  

 2. Set k:= card(Z); 
3. For each t ∈ Z determine 

  X(t) = {(t, v): there exists a conjunction in X  
                                                                        containing literal (t, v)}; 

 4. Set i:= 1; 
5. For each t ∈ Z do 

Begin 
5.1. Set ti:= t; 
5.2. Create Y = {v: (t, v) ∈ X(t)}; 
5.2. Sort the elements of Y in an increasing order; 
5.3. Set vi:= 

⎥⎦
⎥

⎢⎣
⎢ +

2
1ly  where l = card(Y) and ⎥⎦

⎥
⎢⎣
⎢ +

2
1l  is the 

greatest integer not greater than 
2

1+l ; 

End. 
END. 

The algorithm for fuzzy clauses may be formulated in the same way. 
We should now show that in Algorithm 5.5 postulate P5 is reflected. In 

fact it is used in step 5 of the algorithm. Notice that set X(t) can be treated 
as a profile in which all literals refer to the same symbol t. We can then 
write: 

  X(t) = {(t, y1), (t, y2),  . . . , (t, yl)}. 

Value v should be such that it minimizes the sum 

  ( ) ( )∑ ∑
= =

∧
∈

∧ =
l

i

l

i
i

f
v

i
f ytvtdytvtd

1 1]1,0['
),(),',(min),(),,(   . 

In fact the above dependence is equivalent to: 

  ∑ ∑
= =∈

−=−
l

i

l

i
i

v
i yvyv

1 1]1,0['
'min   . 

5.4. Set i:= i + 1; 
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  yj ≤ x ≤ yj' , 

where 

  j = ⎥⎦
⎥

⎢⎣
⎢ +

2
1l      and      j' = ⎥⎦

⎥
⎢⎣
⎢ +

2
2l . 

Notice that in the case when the inconsistency refers to numbers very 
often the final value is determined as the average of these numbers. That 
is, 

  v = ∑
=

l

i
iy

l 1

1 . 

This manner of calculating v is consistent with criterion O2 defined in 
Chapter 3, requiring minimization of the sum of squared distances between 
the consensus and the elements of the profile.  

5.5. Conclusions 

As has been shown, using symbols for representing inconsistency of 
knowledge may be powerful in many cases. In this chapter we have used 
symbols for describing inconsistency in three structures: conjunction, 
clause, and fuzzy conjunction and clause. For each of them we have de-
fined the consensus problem as well as the consensus function, for which a 
set of postulates has been proposed for expressing the conditions for con-
sensus. The results of postulates are very interesting and help us to get to 
know about their relationships. These relationships have then been used in 
formulating the algorithms for consensus choice.  

It is not hard to prove that the value v determined in step 5 should sat-
isfy this condition. In fact value v may belong to the interval  

This copy belongs to 'VANC03'



6. Processing Inconsistency  
on the Semantic Level 

In this chapter some solutions of knowledge inconsistency resolution and 
knowledge integration on the semantic level are presented. The conjunc-
tive and disjunctive structures of inconsistency  interpreted in a real world 
are investigated. For each structure the notion of semantics is defined and 
analyzed. The distance functions for these structures are defined and the 
problem of dependencies between attributes is also investigated.  

6.1. Introduction 

In the previous chapter we have assumed that an event or a fact of a real 
world is represented by a symbol, and an agent or expert in her opinion as-
signs to this symbol one of the logic values (true, false), or one of the 
fuzzy values. Symbols in an agent opinion may be in one of two relation-
ships: conjunction or disjunction. The advantages of this approach are 
based on the simplicity of representation, and in consequence, the effec-
tiveness of inconsistency processing. However, there are some disadvan-

• The representation power is restricted. Among others, the dependen-
cies between real world facts or events may not be exposed by 
symbols themselves. It is necessary to use a metalanguage for this 
purpose. 

• Because of diversification and the large number of real world facts 
and events, the set of symbols may be very large, and this could 
make the proposed methods ineffective.  

In this chapter we propose an approach which is free of the above-
mentioned disadvantages. We deal with the semantics of the symbols. We 
assume a deeper representation of real world events and facts. Concretely, 
we assume that a fact is represented not by a symbol, but by a pair (a, v) 
(called a term) where a is an attribute representing the feature of the fact 
and v is its value. Owing to this the dependencies of facts or events can be 

tages of this model, presented as follows: 
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exposed by themselves and a metalanguage is not needed. Also, it is not 
necessary to use a large set of symbols, because each value of v in pair 
(a, v) can refer to one fact or event. Thus the representation power is 
greater than in the case of symbols. Term (a, v) is understood as an inter-
pretation of some logic formula, and therefore solving inconsistency with 
taking into account the interpretations of logic formulae we call the seman-
tic level of inconsistency resolution. 

Similarly as on the syntactic level, on the semantic level we also con-
sider two kinds of relationships between terms: conjunction and disjunc-
tion. By means of the conjunction structure it will be possible for an agent 
to connect several facts in one opinion for representing a complex event. 
By means of the disjunction structure an agent may represent his uncer-
tainty, and furthermore, represent the rules in the precondition–post-
condition form. For each structure a consensus problem is formulated and 
the definition is given. Algorithms for consensus choice are also presented. 
The original idea for defining inconsistency on the semantic level has been 
introduced in [108]. In this chapter this approach is modified, extended, 
and more deeply analyzed. 

6.2. Conjunction Structure 

6.2.1. Basic Notions 

In this chapter we use the notions defined in Chapter 4, Section 4.2.1. 
These notions refer to representing a real world by a multiattribute and 
multivalue relational structure.  

Let (A, V) be a real world. For the requirements of this chapter we in-
troduce the following additional notions. 

• An expression (a = v) where a ∈ A, v ⊆ Va is called a positive literal 
based on the real world (A, V), or (A, V)-based for short. An expres-
sion ¬(a = v) is called a negative literal. Positive literals serve agents 
to express their positive knowledge, that is, knowledge consisting of 
statements “something should take place,” whereas negative literals 
serve to express their negative knowledge, that is, knowledge consist-
ing of statements “something should not take place.”  

• Notice that the value v of literal (a = v) is a set of elementary values. 
We accept the following interpretation of this literal. It represents a 
fact or event for which the value of attribute a (or parameter a) is a 
subset of v. For example, a meteorological agent may give her forecast 
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referring to temperature in the form of a literal (temperature = [15–20]). 
That is, in her opinion the temperature will be between 15 and 20 de-
grees centigrade. If v = ∅ then according to this interpretation we un-
derstand that in the agent’s opinion the fact referring to this attribute 
has no value. In other words, attribute a does not concern this fact. 
Consider again the meteorological example; if the forecast refers to 
the time of rain, then an agent may believe that there will be no rain, 
and she should give a literal (rain = ∅). A positive literal in fact is a 
one-attribute tuple.  

• In this sense, by means of a negative literal ¬(a = v) an agent can ex-
press her opinion that the value of attribute a referring to the consid-
ered fact may not be a subset of v.  

• Notice that literal ¬(a = v) is not equivalent to literal (a = Va\v). For 
example, a meteorological agent can believe that there will be no rain 
between 10 a.m. and 12 a.m., but this does not mean that in the opin-
ion of the agent it will rain during some period the rest of the day.  

• Instead of (a = v) we write (a, v) and instead of ¬(a = v) we write 
¬(a, v). 

6.2.2. Conjunctions of Literals 

In this approach an element of a conflict profile representing an agent 
opinion is a formula in the form of a conjunction of literals: 

l1 ∧ l2 ∧ . . . ∧ ln 

where l1, l2, . . . , ln are (A, V)-based literals. By Conj(A,V) we denote the 
set of all conjunctions of (A, V)-based literals. The set of attributes appear-
ing in a conjunction is called its type. 

Let’s consider an example. 

Example 6.1. Let A be a set of attributes Type, Direction, Wind_Speed 
which represent the parameters of wind in a meteorological system. The 
domains of these attributes are the following. 

• VType = {gusty, moderate}. 

• VDirection = {N, W, E, S, N–W, N–E, S–W, S–E}. 

• VWind_Speed = [0 km/h, 250 km/h] (this interval represents the set of in-
tegers not smaller than 0 and not greater than 250).  

Examples of formulae representing opinions of agents A1, A2, and A3 are 
the following: 
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A1: (Type, {gusty}) ∧ (Direction, {N}) ∧ ¬(Wind_Speed, {90}). 

A2: (Type, {gusty}) ∧ ¬(Direction, {N–W, N})  
                                                                   ∧ (Wind_Speed, [100, 150]). 

A3:  (Type, ∅) ∧ (Wind_Speed, [20, 50]). 

As assumed above, the empty value of attribute Type in the third con-
junction means that in the opinion of the agent this attribute should not 
have any value.        

As we can see, by means of a conjunction an agent may represent his 
positive knowledge (in positive literals; see Table 6.1) as well as negative 
knowledge (in negative literals; see Table 6.2).  

Table 6.1. Positive knowledge 
 

Agent Type Direction Wind_Speed 
A1 {gusty} {N}  
A2 {gusty}  [100, 150] 
A3 ∅   [20, 50] 

    
Table 6.2. Negative knowledge 

Agent Type Direction Wind_Speed 
A1   [90, 90] 
A2  {N-W, N}  
A3    

        ♦ 

The set of attributes occurring in a literal is called its type. Note that in 
a conjunction the same attribute may appear more than one time. For ex-
ample, in conjunction 

(Type, {gusty}) ∧ (Direction, {N}) ∧ ¬(Direction, {W})  
                                                                                 ∧ ¬(Wind_Speed, {90}) 

attribute Direction appears twice. The type of this literal is set  

  {Type, Direction, Wind_Speed}. 

We now define the semantics of conflict profile elements. 

Definition 6.1.  
As the semantics of conjunctions we understand the following function, 

SC: Conj(A,V) → ∪ A E⊆
− θ∪T

TTUPLEE )(2
2 , 
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such that:  

C a a

C

C a a 

for v ⊆ Va  and v ≠ ∅. 

C a a

C 1 2  . . . ∧ lk)   

      = {r ∈ E-TUPLE(B) ∪ θE:  

             (∀a ∈ B)(∀i ∈ {1, 2, . . . , k})([a appears in li] ⇒
 (a, ar ) ∈ SC(li) }) , 

       where B is the type of conjunction l1 ∧ l2 ∧ . . . ∧ lk. 

Some commentary should be made for this definition: 

• The semantics of a one-literal conjunction (a, v) where v ⊆ Va 
and v is nonempty, consists of those elementary tuples which 
are included in (a, v). This is consistent with the assumption that 
the value of parameter a of the fact represented by this literal is 
a subset of v. Thus an elementary tuple included in (a, v) should 
be a potential scenario of the fact.  

• The semantics of conjunction (a, ∅) consists of only one ele-
mentary tuple which is (a, ε). This is because such kind of opin-
ion means that the agent believes that referring to an event 
attribute a should not have any value.  

• For an attribute a the set of all potential scenarios is equal to 

E-TUPLE({a}) ∪ {(a, ε)}. 

• At last, the semantics of a complex conjunction should be built 
on the basis of the semantics of particular literals. Note that the 
definition in (d) is consistent with that in (a)–(c) for the case 
when k = 1. Besides, if an attribute a appears in more than 
one literal in conjunction l1 ∧ l2 ∧ . . . ∧ lk then the elementary 
tuple (a, ar ) must belong to the semantics of each of these literals.  

( a) S ((a,v)) = {r ∈ E-TUPLE({a}): r  ∈ v} for v ⊆ V  and v ≠ ∅. 

( b) S ((a,∅)) = {(a, ε)}. 

( d) S (¬(a, ∅)) = {r ∈ E-TUPLE({a}): r  ∈ V }. 

( e) S (l  ∧ l  ∧

c) S (¬(a,v)) = {r ∈ E-TUPLE({a}): r  ∈ V \ v} ∪ {(a, ε)} (

The semantics of literal ¬(a, v) should be complementary to the
semantics of (a, v); that is, the sum of the semantics of ¬(a, v) and 
the semantics of (a, v) should be equal to the set of all possible 
scenarios referring to attribute a, and they must be also disjoint. 
This property follows from the definition.  

This copy belongs to 'VANC03'



170      6. Processing Inconsistency on the Semantic Level 

Thus the semantics of conjunction x is a set of all elementary tuples 
which are included in the tuple x  representing x, and their values referring 
to an attribute are empty if and only if the value of x  is empty for this 
attribute. The idea of this definition is based on the aspect that if conjunc-
tion x represents the opinion of an agent for some issue then set SC(x) con-
sists of all possible scenarios which are included in x and may take place 
according to the agent’s opinion. Example 6.2 should illustrate the intui-
tion. 

For conjunction  

x = ¬(Type, {gusty}) ∧ (Direction, {N–W, N})   
                                                                       ∧ (Wind_Speed, [100–150]), 

the semantics is presented by Table 6.3.     

Table 6.3. The semantics of formula x   

Type Direction Wind_Speed 
100 

101 
. 
. 
. 

. 

. 

. 

. 

. 

. 
150 

100 

101 
. 
. 
. 

. 

. 

. 

. 

. 

. 
150 

ε N 100 

ε N 101 

. 

. 

. 

. 

. 

. 

. 

. 

. 

ε N 150 

 

′
′

Example 6.2. For the real world defined in Example 6.1 the semantics of 
agent’s opinions is determined as follows. 

moderate N–W 

moderate N–W 

moderate N–W 

moderate N 

moderate N 

moderate N 
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For conjunction: 

x′ = (Type, {gusty}) ∧ (Direction, {N–W, N, E})   
                               ∧  (Direction, {N–W, N, S}) ∧ (Wind_Speed, [200–202]) 

its semantics  is presented by the following table. 

Table 6.4. The semantics of formula x′ 

Type Direction Wind_Speed 
200 

201 

202 

200 

201 

202 

Each of the elementary tuples from this table represents a scenario 
which in the opinion of the agent should take place.    ♦ 

From Definition 6.1 the following properties follow immediately. 

Remark 6.1.  

SC(¬(a,∅)) = SC((a,Va)) = E-TUPLE({a}) . 

SC((a,∅)) = SC(¬(a,Va)) = {(a, ε)}. 

SC((a,v)) ≠ SC(¬(a,Va\v))   for v ≠ ∅. 

SC((a, v)) ∩ SC(¬(a, v)) = ∅   for any v ⊆ Va . 

SC((a, v)) ∪ SC(¬(a, v)) = E-TUPLE({a}) ∪ {(a, ε)} 
for any v  ⊆ Va . 

Remark 6.2.  
C

Commutativity, that is, 

SC(x ∧ x′) = SC(x′ ∧ x). 

SC((x ∧ x′) ∧ x″) = SC(x ∧ (x′∧x″)). 

For any a ∈ A the following dependencies are true: 

Function S  has the following properties: 

(a) 

(b) 

(c) 

(d) 

(e) 

(a) 

(b) Associativity, that is,  

gusty N–W 

gusty N–W 

gusty N–W 

gusty N 

gusty N 

gusty N 
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Now we present the definition of such notions as equivalence, comple-
ment, inconsistency, and conflict of conjunctions. 

Definition 6.2.  
Two conjunctions x and x′ (x, x′∈ Conj(A,V) ) are equivalent if and 
only if 

  SC(x) = SC(x′). 

Two literals x and x′ are conflicting if and only if 

SC(x) ∩ SC(x′) = ∅. 

Two literals x and x′ of the same type {a} are complementary if and 
only if 

SC(x) ∩ SC(x′) = ∅ 

and 

  SC(x) ∪ SC(x′) = E-TUPLE({a}) ∪ {(a, ε)}. 

A conjunction x is inconsistent if and only if SC(x) = ∅ 

Two conjunctions x and x′ (x, x′∈ Conj(A,V)) are conflicting if and 
only if conjunction x ∧ x′ is inconsistent. 

A conjunction which is not inconsistent, is called consistent. Thus two 
consistent conjunctions x and x′ are conflicting if and only if there exist a 
literal l in x and a literal l′ in x′ such that l and l′ are conflicting. 

We prove the following. 

Theorem 6.1.  
The following dependencies are true. 

If two conjunctions are equivalent then they must be of the same 
type. 

Any two literals (a, v) and (a, v′) are conflicting if and only if  

v ∩ v′ = ∅; 

any two literals ¬(a, v) and ¬(a, v′) are conflicting if and only if 

  v = ∅ and v′ = Va  or vice versa. 

Any two literals (a, v) and (a, v′) are complementary if and only if  

v = ∅ and v′ = Va  or vice versa. 

 

(a) 

(b) 

(c) 

(d) 

(e) 

(a) 

(b) 

(c) 
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For any two literals l = (a, v) and l′ = (a, v′) there should be 

SC(l ∧ l′) = SC(l) ∩ SC(l′), 

 and if l and l′ are nonconflicting then 

 SC(l∧l′) = SC((a, v∩v′)). 

For any two nonconflicting literals l = ¬(a, v) and l′ = ¬(a, v′) 
there should be 

SC(l ∧ l′) = SC(l) ∩ SC(l′) = SC(¬(a, v ∪ v′)). 

Two literals (a, v) and ¬(a, v′) are complementary if and only if 

v = v′. 

Proof.  
(a) Two conjunctions are equivalent if they have the same semantics. 

Assume that they are of different types. That is, there exists an attribute a 
which appears in one conjunction but does not appear in the second. In this 
case the semantics of the conjunction containing a should include elemen-
tary tuple (a, ε) if a occurs in a negative literal or in literal (a, ∅), or tuple 
(a, w) for some w ∈ Va if a occurs in a positive literal, whereas the second 
conjunction does not have this property.  

(b) For any two positive literals (a, v) and (a, v′) where v ∩ v′ = ∅ it is 
obvious that SC(x) ∩ SC(x′) = ∅; that is, they are conflicting. Assume that 
literals (a, v) and (a, v′) are conflicting; that is, SC(x) ∩ SC(x′) = ∅. Then v 
∩ v′ = ∅. For the proof for the case when literals ¬(a, v) and ¬(a, v′) are 
conflicting, see the proof for (c). 

(c) Any two positive literals (a, v) and (a, v′) where v ≠ ∅ and v′ ≠ ∅ 
cannot be conflicting because their semantics does not contain tuple {(a, 
ε)}. If one of them is empty then the other must equal Va because only lit-
eral (a, Va) has semantics equal to E-TUPLE({a}).  

(d) Let l = (a, v) and l′ = (a, v′); according to Definition 6.1 we have 
immediately: 

SC(l ∧ l′) = {r ∈E-TUPLE({a}) ∪ θE: (a, ar ) ∈ SC(l) ∩ SC(l′ })  

    = SC(l) ∩ SC(l′). 

On the other hand, if v ∩ v′ ≠ ∅ then we have: 

SC((a, v∩v′)) = {r ∈ E-TUPLE({a}): ra ∈ v ∩ v′} = SC(l) ∩ SC(l′). 

If l and l′ are nonconflicting then there should be v ∩ v′ ≠ ∅. Thus ac-
cording to Definition 6.1 we have  

(d) 

(e) 

(f) 
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  SC(l) ∩ SC(l′) = SC((a, v ∩ v′)) = SC(l ∧ l′). 

Notice that in the case when v ∩ v′ = ∅ the equality is not true because  

SC((a, v∩v′)) = {(a, ε)} 

whereas SC(l) ∩ SC(l′) = ∅. 
(e) Two literals l = ¬(a, v) and l′ = ¬(a, v′) are nonconflicting if  

(Va\v) ∩ (Va\v′) ≠ ∅ or Va\(v ∪ v′) ≠ ∅. 

Thus we have  

  SC(l ∧ l′) = SC(l) ∩ SC(l′) = SC(¬(a, (v ∪ v′))). 

Notice that if l and l′ are conflicting, that is, Va\(v ∪ v′) = ∅, then the equa-
tion is not true because Va = (v  ∪ v′) and then SC(l) ∩ SC(l′) = ∅ but  

SC(¬(a, (v ∪ v′))) = SC(¬(a, Va)) = {(a, ε)}. 

(f) Literals (a, v) and ¬(a, v) are complementary. This statement follows 
from Remarks 6.1d and 6.1e. We show now that if two literals (a, v) and 
¬(a, v′) are complementary then there should be v = v′. From Definition 
6.2 it follows that  

SC((a, v)) ∩ SC(¬(a, v′)) = ∅,   and  

SC((a, v)) ∪ SC(¬(a, v′)) = E-TUPLE({a}) ∪ {(a, ε)}. 

We can note that v ∩ (Va\v′) = ∅ because otherwise sets SC((a, v)) and 
SC(¬(a,v′)) will not be disjoint. Also, there should be v ∪ Va\v′ = Va be-
cause if v ∪ Va\v′ ≠ Va then  

SC((a, v)) ∪ SC(¬(a, v′)) ⊂ E-TUPLE({a}) ∪ {(a, ε)}. 

Thus it follows that v = v′.     ♦ 

From Theorem 6.1 it implies that the equivalence relation between con-
junctions refers only to conjunctions of the same type, whereas the conflict 
relation refers to literals with the same attribute. Inconsistency is a feature 
of single conjunctions which contain two conflicting literals. As stated 
above these two literals being conflicting must contain the same attribute. 

Theorem 6.2.  
If conjunctions x1, x2, . . . , xk are of the same type then  

SC(x1 ∧ x2 ∧ . . . ∧ xk) = SC(x1) ∩ SC(x2) ∩ . . . ∩ SC(xk). 
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Proof.  
First we prove that for any two conjunctions x and x′ of the same type 
there should be 

SC(x ∧ x′) = SC(x) ∩ SC(x′). 

From Theorem 6.1 it follows that it is true for the case when x and x′ are 
literals. In the case when x and x′ are conjunctions of the same type but 
consisting of more than one literal then using the properties of associativity 
and commutativity in conjunction x ∧ x′ we can group the literals of the 
same type. More concretely, let  

  x = l1 ∧ l2 ∧ . . . ∧ lk 

and let  

  x  = l1 ∧ l2 ∧ . . . ∧ ll′. 

Notice that although conjunctions x and x′ are of the same type, the num-
bers of literals in each of them need not be equal. The reason is that in x or 
x′ there may be more than one literal with the same attribute. Let T be the 
type of these conjunctions. Let r ∈ SC(x ∧ x ). According to Definition 6.1 
for an attribute a ∈ T tuple r should have such value ra that elementary 
tuple (a, ra) belongs to the semantics of each literal containing attribute a 
in both conjunctions. Thus it is obvious that r ∈ SC(x) ∩ SC(x′). On the 
other hand, if r is such an elementary tuple that r ∈ SC(x) ∩ SC(x′) then for 
each attribute a ∈ T pair (a, ra) belongs to the semantics of each literal 
containing attribute a in both conjunctions, so r ∈ SC(x ∧ x′). 

For the proof of the general case we may use the result presented above 
for two conjunctions and a simple induction method.   ♦ 

Theorem 6.2 shows a very important property of the semantics of con-
junctions: the relationship between conjunctive structure and the product 
operation on sets. It also facilitates calculating semantics of complex con-
junctions. 

In Section 4.2.2 (Chapter 4) we defined several distance functions between 
attribute values. For an attribute a we defined two kinds of distance func-
tions: functions of type δ minimizing the transformation costs and func-
tions of type ρ minimizing the element shares in the distance. Both of them 
are metrics. We have also defined proportional functions Pδ , Pρ ,  and 

′ ′ ′

′

6.2.3. Distance Function between Attribute Values 
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quasi-proportional functions QPδ and QPρ , respectively. We mention that a 
propositional distance function assigns to a pair of two sets of attribute 
values a larger distance if the symmetrical difference between them is lar-
ger. A quasi-proportional distance function additionally requires the sum 
of these two sets to be constant.  

The defined distance functions are used in the next sections for perform-
ing the integration process of knowledge in conjunctive structure. 

6.2.4. Inconsistency Representation 

In this section we deal with the representation of a conflict profile using 
conjunctions. As a conflict profile we understand a finite set with repeti-
tions of (A,V)-based conjunctions. We assume that the conjunctions are 
consistent; that is, each of them does not contain conflicting literals. This 
assumption is needed because an agent or expert should give a sensible 
opinion; that is, he cannot state simultaneously in his opinion that the same 
scenario should take place as well as it should not take place. 

For a conflict profile we can also assume that in each conjunction each 
attribute may occur at most in one positive literal and one negative literal. 
This assumption is possible owing to Theorem 6.1, which enables replac-
ing two positive (or negative) literals with the same attribute by one posi-
tive (or negative) literal with this attribute and a proper value. 

Let X = {x1, x2, . . . , xn} where xi ∈ Conj(A,V) and xi is a consistent con-
junction for i = 1, 2, . . . , n, be a conflict profile. We say that X represents 
a conflict if there exist two conjunctions x and x′ such that 

  SC(x) ≠ SC(x′). 

Thus a conflict profile consists of at least two opinions of agents (or 
experts) that do not have the same semantics.  

A conjunction may also be divided into two parts: the first consists of 
positive literals and the second consists of negative literals. Thus similarly 
as in Chapter 5 a conjunction x can be represented by a pair: 

  x = (x+, x−). 

A conflict profile X may then be written as 

  X = {xi = (xi
+, xi

−) ∈ Conj(A,V) : i = 1, 2, . . . , n}. 

Let TX be the sum of all types of conjunction belonging to X. For each 
attribute a ∈ TX we determine  

Definition 6.3. 
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• X+(a) as the set with repetitions consisting of all positive literals con-
taining attribute a which occur in the conjunctions from X 

• X−(a) as the set with repetitions consisting of all negative literals 
containing attribute a which occur in the conjunctions from X 

+ −

have at most one literal. These sets may be treated as positive and negative 
profiles restricted to attribute a. We call them subprofiles. Notice that one 
of sets X+(a) and X−(a) may be empty, however, both of them may not 
be empty; that is, X+(a) ∪ X−(a) ≠ ∅. 

• Va = {1, 2, . . . , 10}.  
• Vb = {N, W, E, S}. 
• Vc = [6 a.m.–6 p.m.] (this interval represents the set of hours between 

6 a.m. and 6 p.m.  

• (a, {1, 2}) ∧ (b, {N}) ∧ ¬(c, {6 a.m.–8 a.m.}). 
• ¬(a, {1}) ∧ ¬(b, {S}) ∧ (c, {6 a.m.–10 a.m.}). 
• (a, {1, 3, 8}) ∧ ¬(a, {1}) ∧ ¬(c, {8 a.m.–9 a.m.}). 
• (a, ∅) ∧ (b, {N, S, E}) ∧ ¬(c, {6 a.m.–6 p.m.}). 
• (a, {1, 5, 9}) ∧ ¬(b, {N}). 

Notice that conjunctions belonging to the profile have different types. 
On the basis of the profile we determine the subprofiles as follows. 

Subprofiles a b c 

 

X+ 

(a, {1, 2}) 
(a, {1, 3, 8}) 
(a, ∅) 
(a, {1, 5, 9}) 

 

(b, {N}) 
(b, {N, S, E}) 

 

(c, {6 a.m.–10 a.m.}) 

 
X− 

¬(a, {1}) 
¬(a, {1}) 

¬(b, {S}) 
¬(b, {N}) 

¬(c, {6 a.m.–8 a.m.}) 
¬(c, {8 a.m.–9 a.m.}) 
¬(c, {6 a.m.–6 p.m.}) 

        ♦ 

X (a) and X (a) a conjunction from X may Notice that in each of sets 

Example 6.3. Let A be a set of attributes a, b, and c. The domains of the 
attributes are the following: 

Let profile X consist of the following conjunctions: 
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6.2.5. Integration Problem 

The integration problem is defined as follows. 

Given a profile 

  X = {xi = (xi
+, xi

−) ∈ Conj(A,V) : i = 1, 2, . . . , n} 

one should determine a conjunction x* which best represents the given 
conjunctions. 

For this problem with the assumption that attributes occurring in profile 
X are independent of each other (attribute dependencies are analyzed later 
in this chapter),1 we can accept the following scheme for solving this inte-

1. For each attribute a occurring in X determine positive and negative 
subprofiles X+(a) and X−(a). 

2. Determine the consensus for (X+(a), X−(a)). 
3. Perform the concatenation of consensuses for all attributes occurring 

in X creating conjunction x*. 

If the attributes are independent, the above-defined scheme is very intui-
tive. Because for each attribute we have the best representative for the 
subprofiles, then the concatenation of the representatives should be the 
best for all given conjunctions. However, in the case of attribute depend-
encies this scheme cannot be used. We propose a model for attribute de-
pendencies and a method for consensus determining for those profiles in 
which attribute dependencies appear. 

The first of the above-mentioned tasks is simple, and its realization has 
been shown above. The third task is also not complex. The second task is 
the most complex and important.  

6.2.6. Consensus Determination for Subprofiles 

As stated above, realization of the second task is essential for the integra-
tion process of conjunctions. Below we present the definition of a consen-
sus function for subprofiles referring to an attribute a. 

By a consensus function for subprofiles of literals of type {a} we under-
stand a function Ca which for a pair  
                                                      

1 Here we understand generally that two attributes are independent of each 
other if for each real world object to which they refer the values of one of them do 
not determine the values of the other. 

gration problem: 

Definition 6.4. 
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X(a) = (X+(a), X−(a))  

assigns a set Ca(X(a)) of conjunctions of type {a} which satisfies one or 
more of the following postulates. 

P1a.  If X+(a) = ∅ then each element of set Ca(X(a)) should have only 
positive components. 

P1b.  If X−(a) = ∅ then each element of set Ca(X(a)) should have only 
negative components. 

P1c.  If X+(a) ≠ ∅ and X−(a) ≠ ∅ then each element of set Ca(X(a)) 
should have both components. 

P2. If an element of Ca(X(a)) has positive component (a, v) then:  

∩ )()',( 'aXva v+∈ ⊆ v  

and 

v  ⊆ ∪ )()',( 'aXva v+∈ . 

P3. If an element of Ca(X(a)) has negative component ¬(a, v) then:  

∩ )()',( 'aXva v−∈ ⊆ v  

and 

v ⊆ ∪ )()',( 'aXva v−∈ . 

P4. Any element of Ca(X(a)) should be consistent. 

P5a.  If literal (a, v) occurs in an element of Ca(X(a)) then it should 
minimize the sum of distances: 

∑∑ ++ ∈⊆∈ = )(),(')(),( ),'(min),( aXwa a
VwaXwa a wwdwvd

a

  . 

P5 b.  If literal ¬(a, v′) occurs in an element of Ca(X(a)) then it should 
minimize the sum of distances: 

∑∑ −− ∈⊆∈ = )(),(')(),( ),'(min),( aXwa a
VwaXwa a wwdwvd

a

  . 

An element of Ca(X(a)) is called a consensus of subprofile X(a). 

Postulates P1a–P1c express a very general requirement for the consen-
sus. Concretely, the positive component will occur in the consensus only if 
the agents or experts generate their positive knowledge. The same is true 
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for the negative component of the consensus. These requirements seem to 
be very natural inasmuch as the consensus should reflect the knowledge of 
conflict participants. Postulates P2 and P3 are very popular because they 
require the consensus to satisfy the Pareto criterion (the common part of 
agents’ opinions should be in consensus) and not to exceed the knowledge 
of the agents.  

Postulate P4 is characteristic for conjunctions; that is, a consensus 
should not be inconsistent: its semantics should not be an empty set. No-
tice that inconsistency may refer to the case when a consensus contains 
both positive and negative components. If it contains only positive or only 
negative components then the inconsistency does not exist, because in 
these cases the semantics is always nonempty. Last, postulate P5 is known 
as the criterion O1 defined and analyzed in Chapter 3. Notice that distance 

a

the transformation cost for two subsets of Va, or a function calculating the 
shares of elements of set Va in the distance of two its subsets.  

We show now some properties of the consensus functions referring to 
the defined postulates. 

If a consensus function Ca satisfies postulates P1 and P5 then it should 
also satisfy postulates P2 and P3; that is, 

(Ca |− P1 ∧ Ca |− P5) ⇒ (Ca |− P2 ∧ Ca |− P3). 

Proof. 
Let a consensus function Ca satisfy postulates P1 and P5. For proving that 
postulate P2 is satisfied let profile X be such that X+(a) ≠ ∅ and let an ele-
ment of Ca(X(a)) contain a positive literal (a, v). In this case we have  

∑∑ ++ ∈⊆∈ = )(),(')(),( ),'(min),( aXwa a
VwaXwa a wwdwvd

a

  . 

Assume that  

  ∩ )()',( 'aXva v+∈ ⊄ v. 

Denote by 

  u = ∩ )()',( 'aXva v+∈ , 

of course u ≠ ∅. For a literal (a, w) ∈ X+(a) we have 

  u ⊆ w but u ⊄ v. 

In this case  

Theorem 6.3.  

function d  has been defined in Section 4.2.2 as a function minimizing 
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  da(v, w) > da(v ∪ u, w) 

for da ∈ {ρa, δa}. This inequality should take place because: 

• For function ρa: adding elements of set u to set v causes the shares of 
these elements to be equal to 0, whereas previously they were not 
equal to 0. 

• For function δa: adding elements of set u to set v causes decreasing 
the cost for transformation of set w into set v because these elements 
now belong to both sets.  

Thus the sum of distances should be smaller for literal (a, v ∪ u) than 
for literal (a, v). The first condition of postulate P2 should then be satis-
fied. For the second condition we assume that 

  v ⊄ ∪ )()',( 'aXva v+∈ . 

Denote then  

  u = v \ ∪ )()',( 'aXva v+∈ , 

of course u ≠ ∅. For a literal (a, w) ∈ X+(a) we have 

  u ⊆ v but u ⊄ w. 

In this case arguing similarly as above we have 

  da(v\u, w) > da(v ∪ u, w). 

Thus the sum of distances may not be minimal for v. This proves that pos-
tulate P2 should be satisfied.  

The proof for postulate P3 is identical.   ♦ 

Postulates P4 and P5 in general are not consistent; that is, satisfying one 
of them may cause nonsatisfying of the other. Below we give an example. 

Subprofiles a 

 

X+(a) 

(a, {1, 2}) 
(a, {1, 3, 8}) 
(a, ∅) 
(a, {1, 5, 9}) 

 
X−(a) 

¬(a, {1}) 
¬(a, {1}) 

Example 6.4. Let’s consider the subprofiles for attribute a defined in 
Example 6.3. 

This copy belongs to 'VANC03'



182      6. Processing Inconsistency on the Semantic Level 

As the distance function ρa we accept: 

  ρa = 
)(

)(

aVcard
wvcard ÷

. 

For this function it has been proved [31] that an element will occur in the 
consensus of a profile of sets if it occurs in at least half the sets. Thus for 
this case set v which minimizes the sum of distances for subprofile X+(a) 
should be {1}, and the same should be for subprofile X−(a). Because liter-
als (a, {1}) and ¬(a, {1}) are conflicting, the consensus  

  (a, {1}) ∧ ¬(a, {1}) 

should be inconsistent. So postulate P4 is not satisfied. On the other hand, 
we can see that any consistent conjunction may not minimize the sum of 
distances; that is, satisfying postulate P4 yields nonsatisfying postulate P5.
        ♦ 

We present now an important property of consensus satisfying postu-
lates P2 and P3. 

If a consensus function Ca satisfies postulates P2 and P3 then the follow-
ing relationships are true. 

(a) If an element of Ca(X(a)) has a positive component (a, v) then 

∩ )()',( C ))',((aXva vaS+∈ ⊆ SC((a, v))  

and 

SC(a, v) ⊆ ∪ )()',( C ))',((aXva vaS+∈ . 

(b) If an element of Ca(X(a)) has a negative component ¬(a, v) then 

∩ )()',( C ))',((aXva vaS−∈¬ ¬ ⊆ SC(¬(a, v))  

and 

SC(¬(a, v)) ⊆ ∪ )()',( C ))',((aXva vaS−∈¬ ¬ . 

Proof. 
The proof follows directly from the content of postulates P2 and P3 and 
Definition 6.1.       ♦ 
 

Theorem 6.4.  
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because it turns out that the common part of the semantics of positive (or 
negative) components of the profile should be included in the semantics of 
the consensus, and on the other hand, the semantics of the consensus 
should be included in the sum of semantics of the profile components. 

and P5 should have this property. 
Because of the sensibility of the consensus (it may not be inconsistent), 

and in light of the above consideration it is known that a heuristic algo-
rithm for determining a consensus satisfying both postulates P4 and P5 
should be worked out. Notice that only the determination of a consensus 
satisfying postulate P5 is in many cases (referring to the structures of ele-
ments of domain Va) a NP-hard problem. Thus only for postulate P5 do we 
need a separate heuristic algorithm. We consider the cases of distance 
functions between sets of elementary values: 

• For function ρa: if we use distance function η defined in Section 
5.2.5 then Algorithm 5.1 should be useful. If we use distance func-
tion  

  da = 
)(

)(

aVcard
wvcard ÷

 

then the simple and effective algorithm proposed in [31] is useful; in 
this case the problem is not NP-complete. 

• For function δa: the algorithm needs to be more complex. The idea of 
this algorithm is the following. First we start from a set of one ele-
ment, which may be selected from those appearing in the elements of 
the subprofile. Next we consider adding those elements to this set 
which improve the sum of distances. The algorithm is presented as 
follows. 

Algorithm 6.1.  
Input: Subprofile X+(a) and distance function δa. 

Output: Set x* ⊆ Va, which minimizes the sum of distances to the values of 
the literals belonging to X+(a). 

Procedure: 

BEGIN 
1. Set Z: = ∪ )(),( aXva v+∈ ;  

2. Set x*: = ∩ )(),( aXva v+∈ ; x*′: = x*; 

Theorem 6.4 shows some strong justification for postulates P2 and P3, 

From Theorem 6.3 it is implied that the consensus function satisfying P1 
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3. Set S:=∑ +∈ δ)(),( )*,(aXva a vx  ; 

4. Select from Z \x*′ an element z such that the sum  
∑ +∈ ∪δ)(),( )},{*(aXva a vzx    

is minimal; 
5. Set x*′: = x*′ ∪ {z}; 
6. If S < ∑ +∈ ∪δ)(),( )},{*(aXva a vzx   then  

        Begin 
   6.1. Set S:= ∑ +∈ ∪δ)(),( )},{*(aXva a vzx  ;  

   6.2. Set x*:= x* ∪ {z};  
        End; 

7. If Z \x*′ ≠ ∅ then GOTO 4; 
END. 

The algorithm for subprofile X−(a) is similar. 
We can see that the consensus x* determined by Algorithm 6.1 satisfies 

postulates P2 and P3. This follows from steps 1 and 2, where set x* con-
tains the common part of the given sets and does not exceed set Z being the 
sum of these sets. Steps 4–7 realize the heuristic aspect for satisfying pos-
tulate P5. Postulate P1 is also satisfied because in the worst case x* will be 
empty, but literal (a, x*) = (a, ∅) will be the consensus. 

The computational complexity of Algorithm 6.1 is O(m2 ⋅ n) where n = 
card(Z) and m = card(X+(a)). 

Now we present an algorithm which determines a consensus satisfying 
(partly, of course) both postulates P4 and P5. This algorithm uses Algo-
rithm 6.1 and modifies the consensuses for subprofiles X+(a) and X−(a) so 
that the sums of distances minimally change.  

Algorithm 6.2.  
Input: Subprofiles X+(a) and X−(a) and a distance function da. 

Output: Conjunction y* being a consensus satisfying postulates P4 and P5. 

Procedure: 

BEGIN 
1. Using Algorithm 6.1 determine consensus (a, w) for subprofile 

X+(a); Set S:= ∑ +∈ )(),( ),(aXva a vwd  ; 

2. Using Algorithm 6.1 determine consensus ¬(a, w′) for subprofile 
X−(a); Set S′: = ∑ −∈¬ )(),( ),'(aXva a vwd  ; 

3. If w ≠ w′ then GOTO END; 
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4. Set Z: = ∪ )(),( aXva v+∈ ; Z′: = ∪ )(),( aXva v−∈¬ ; 

5. If w = w′ then  
       Begin 
   5.1. Determine such z ∈ Z that sum  

                                    s = ∑ +∈ ∪)(),( )},{(aXva a vzwd  is minimal; 

   5.2. Determine such z′ ∈ Z′ that sum  
                                    s′ = ∑ −∈ ∪)(),( )},'{'(aXva a vzwd  is minimal; 

   5.3  If (s – S) < (s′ – S′) then set w: = w ∪ {z} 
         else set w′: = w′ ∪ {z′}; 
       End; 
 6. Set y*:= (a, w) ∧ ¬(a, w′) 
END. 

Satisfying postulate P5 follows from steps 1 and 2, where Algorithm 6.1 
is used for determining the consensuses of subprofiles. However, these 
consensuses may create an inconsistent conjunction; that is, postulate P4 is 
not satisfied. Thus for satisfying this postulate it is necessary to change one 
of the chosen consensuses. This is done by steps 5.1–5.3, where only one 
of the values w and w′ is changed, which causes the minimal increase of 
the sum of distances. As we see, the determined consensus y* = (a, w) ∧ 
¬(a, w′) only partly satisfies both postulates P4 and P5, because they are 
in general inconsistent with each other. 

6.3. Disjunction Structure 

6.3.1. Basic Notions 

Similarly as on the syntactic level (Chapter 5), by a disjunction we call an 
expression: 

  l1 ∨ l2 ∨ . . . ∨ lk , 

where li is a (A, V)-based literal (positive or negative) for i = 1, 2, . . . , k 
and k ∈ ℵ.  

This structure was proposed for the first time in [107, 108]. In this chap-
ter we provide its deeper analysis.  

Notice that owing to this structure an agent may express another type of 
its opinion than in the conjunction structure; viz. an agent can now give its 
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opinion in the form of a disjunction referring to a number of scenario at-
tributes.  

Similarly as in Section 5.3 of Chapter 5 formula (l1 ∨ l2 ∨ . . . ∨ lm) can 
be treated in an equivalent way as a clause. We can then write  

 (l1 ∨ l2 ∨ . . . ∨ lk) ≡ (b1 ∧ b2 ∧  . . . ∧ bk″) → (h1 ∨ h2 ∨ . . . ∨ h k′), 

where h1, h2, . . . , h k′ are positive literals and b1, b2, . . . , bk ″ are negative 
literals. 

Formula (b1 ∧ b2 ∧  . . . ∧ bk″) is called the body of the clause, and for-
mula (h1 ∨ h2 ∨ . . . ∨ h k ′) is called the head of the clause. It is a well-
known form of clauses. It has been mentioned earlier that owing to this 
property the disjunction structure is very useful in practice for experts to 
express their opinions.  

By Clause(A,V) we denote the set of all (A,V)-based clauses.  
As a equivalent form for clause  

(b1 ∧ b2 ∧  . . . ∧ bk″) → (h1 ∨ h2 ∨  . . . ∨ hk′)  

we use the following, 

  b1, b2,  . . . , bk″ → h1, h2, . . . , hk′. 

Or more general:  

  b → h, 

where b is the body and h is the head of the clause, and b, h are sets of 
positive (A,V)-based literals. 

Similarly as for conjunctions, a clause  

x = b → h  

can be then represented by a pair  

(x+, x−) , 

where x+ is the set of literals included in the head of x and x− is the set of 
literals included in the body of x, that is x+ = h and x− = b. 

(representing intelligence quotient), Perception, Receiving, Processing, 
and Understanding, which describe a student’s parameters necessary for 
his classification in an E-learning system [42]. The domains of the attrib-
utes are the following. 

Example 6.5. Let A be a set of attributes Age, Education, Int-Quotient 
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• VEducation = {elementary, secondary, graduate, postgraduate}. 

• VIn-Quotient = {low, middle, high}. 

• VPerception = {sensitive, intuitive}. 

• VReceiving = {visual, verbal}. 

• VProcessing = {active, reflective}. 

• VUnderstanding = {sequential, global}.  

Examples of the formulae representing the rules generated by experts 
E1, E2, E3, and E3 about the learner preferences are the following. 

E1 = ¬(Age, {young}) ∨ ¬(Education, {graduate, postgraduate}) ∨  
¬(Int-Quotient, {high}) ∨ (Understanding, {global}). 

E2 = ¬(Age, {advanced}) ∨ ¬(Education, {elementary, secondary})∨  
¬(Int-Quotient, {low}) ∨ (Perception, {sensitive}). 

E3 = ¬(Education, {graduate, postgraduate}) ∨ ¬(Int-Quotient, {high}) 
∨ ¬(Receiving, {verbal}) ∨ (Processing, {active}). 

E4 = (Perception, {sensitive}) ∨ (Processing, {active}).  ♦ 

We now define the semantics of clauses. The semantics of literals (posi-
tive and negative) has been defined in Definition 6.1. Here we extend this 
definition by adding the semantics of disjunctions of literals. Therefore, we 
use the same symbol SC for defining the semantics of clauses. 

As the semantics of clauses we understand the following function, 

SC: Clause(A,V) → ∪ AT E
TTUPLEE

⊆
− θ∪)(2

2 , 

such that:  

SC((a,v)) = {r ∈ E-TUPLE({a}): ra ∈ v} for v ⊆ Va and v ≠ ∅. 

SC((a,∅)) = {(a, ε)}. 

SC(¬(a,v)) = {r ∈ E-TUPLE({a}): ra ∈ Va \ v} ∪ {(a, ε)} 
for v ⊆ Va and v ≠ ∅. 

SC(¬(a,∅)) = {r ∈ E-TUPLE({a}): ra ∈ Va}. 

SC(l1 ∨ l2 ∨ . . . ∨ lk)  

• VAge = {young, middle, advanced}.  

(a) 

(b) 

(c) 

(d) 

(e) 

Definition 6.5.
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      = {r ∈ ∪ Ba aTUPLEE∈ − })({  ∪ {(a, ε)}:  

         (∀a ∈ B)(∀i ∈ {1, 2, . . . , k})([a occurs in li] ⇒ (a, ar ) ∈ SC(li) }) , 

       where B is the type of clause l1 ∨ l2 ∨ . . . ∨ lk.. 

We can see that in comparison with Definition 6.1, the semantics of sin-

semantics of a clause for which an element of the semantics is not an ele-
mentary tuple of type B (where B is the type of the clause), but an elemen-
tary tuple of 1-attribute type. The reason for this difference follows from 
the disjunction structure of clauses. If such an elementary tuple refers to an 
elementary event in the real world then the clause should be true. 

Below we present an example. 

equivalent disjunction form is:  
¬(Age, {young}) ∨ ¬(Education, {graduate, postgraduate}) ∨  

¬(Int-Quotient, {high}) ∨ (Understanding, {global}). 

The semantics of this clause is presented in the following table. 

Age Education Int-Quotient Understanding 

  

  

ε    

 

 

 ε   

  ε  

Each of the rows in the above table represents an elementary event, 
which, if taking place, will cause the truth of the clause.  ♦ 

gle literals defined in Definition 6.5 is identical. The new element is the 

Example 6.6. Let’s consider the first clause defined in Example 6.7. Its 

middle  

advanced  

 elementary  

 secondary  

  low  

  middle  

   global 
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other, all statements in Remarks 6.1 are also true for clauses. Remark 6.2 
has now the following corresponding remark. 

Function SC for clauses has the following properties. 
 

a) Commutativity, that is, 

SC(x ∨ x′) = SC(x′ ∨ x) 

b) Associativity, that is,  

SC((x ∨ x′) ∨ x″) = SC(x ∨ (x′ ∨ x″)) 

The definitions of such notions as equivalence, complement, inconsis-
tency, and conflict of literals have been included in Definition 6.2. Defini-

clauses. 

Definition 6.9.  
(a) Two clauses x and x′ (x, x′∈ Clause(A,V)) are equivalent if and only  

if

  SC(x) = SC(x′). 

(b) A clause x is inconsistent if and only if SC(x) = ∅. 
(c) Two clauses x and x′ (x, x′∈ Clause(A,V)) are conflicting if and 

only if clause x ∨ x′ is inconsistent. 

A clause which is not inconsistent is called consistent. However, notice 
that there does not exist any clause from Clause(A,V), which is inconsis-
tent. The reason is that all (A,V)-based literals are consistent, even literal 
(a, ∅) for which the semantics is equal {(a, ε)}. In this way we do not 
have conflicting clauses either. This phenomenon is similar to classical 
logic where only the constant logic false can always have logic value false 
and the constant logic true can always have logic value true. Thus condi-

sons. 
Now we prove the following. 

The following dependencies are true. 

If two clauses are equivalent then they must be of the same type. 

For any two literals l = (a, v) and l′ = (a, v′) there should be 

(a) 

(b) 

Let’s notice that because Definitions 6.1 and 6.5 only complete each 

Remark 6.3.  

tion 6.6 below completes the notion of equivalence and inconsistency of 

tions (b) and (c) of Definitions 6.6 have been given only for formal rea-

Theorem 6.5.  
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SC(l ∨ l′) = SC(l) ∪ SC(l′), 

 and if v, v′ ≠ ∅ then 

  SC(l ∨ l′) = SC((a, v ∪ v′)). 

For any two negative literals l = ¬(a, v) and l′ = ¬(a, v′) where  
v ∩ v′ ≠ ∅ there should be 

SC(l ∨ l′) = SC(l) ∪ SC(l′) = SC(¬(a, v ∩ v′)). 

Proof.  
(a) Two clauses are equivalent if they have the same semantics. Assume 

that they are of different types. That is, there exists an attribute a which 
appears in one clause but does not appear in the second. In this case the 
semantics of the clauses containing a should include an elementary tuple 
(a, ε) if a occurs in a negative literal or in literal (a, ∅), or tuple (a, w) for 
some w ∈ Va if a occurs in a positive literal, whereas the second clause 
does not have this property.  

can write 

SC(l ∨ l′) = {r ∈ E-TUPLE({a}) ∪ {(a, ε)}: (a, ar ) ∈ SC(l) or  (a, ar ) ∈ SC(l′ })
=  SC(l) ∪ SC(l′). 

(a, ε) ∉ SC(l)     and     (a, ε) ∉ SC(l′).  

Owing to this we have 

SC(l ∨ l′) = SC((a, v ∪ v′)). 

(c) For any two negative literals l = ¬(a, v) and l′ = ¬(a, v′) such that v 
∩ v′ ≠ ∅ it is obvious that v ≠ ∅ and v′ ≠ ∅. We have 

SC(l) = SC((a,Va\v)) ∪ {(a, ε)} 
and 

SC(l) = SC((a,Va\v′)) ∪ {(a, ε)}. 

Thus  
           SC(l ∨ l′) = SC((a,Va\v)) ∪ SC((a,Va\v′)) ∪ {(a, ε)}  

= SC((a, (Va\v) ∪ (Va\v′))) ∪ {(a, ε)}  

(c) 

(b) This property follows from Definition 6.5e on the basis of which we 

  Let literals l and l′ be such that v, v′ ≠ ∅, it follows that there should be: 
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= SC((a, Va\(v ∩ v′))) ∪ {(a, ε)}  

= SC(¬(a, v ∩ v′)).    ♦ 

clauses also refers only to those of the same type. Similarly as in Theorem 
6.1, dually here the semantics of a clause l ∨ l′ containing the same attrib-
ute can be calculated as the sum of the semantics of l and l′. Below we pre-
sent a more general statement. 

If clauses x1, x2, . . . , xk are of the same type then  

SC(x1 ∨ x2 ∨ . . . ∨ xk) = SC(x1) ∪ SC(x2) ∪ . . . ∪ SC(xk). 

Proof.  
First we prove that for any two clauses x and x′ of the same type there 
should be 

SC(x ∨ x′) = SC(x) ∪ SC(x′). 

literals. In the case when x and x′ are clauses of the same type but consist-
ing of more than one literal then using the properties of associativity and 
commutativity in clause x ∨ x′ we can group the literals of the same type. 
More concretely, let  

  x = l1 ∨ l2 ∨ . . . ∨ lk 

and let  

  x′ = l1′ ∨ l2′ ∨ . . . ∨ ll′. 

Notice that although clauses x and x′ are of the same type, the numbers of 
literals in each of them need not be equal. The reason is that in x or x′ there 
may be more than one literal with the same attribute. Let T be the type of 

C

tribute a ∈ T occurs in r then value ra should be such that elementary tuple 
(a, ra) belongs to the semantics of one literal containing attribute a in one 
of clauses. Thus it is obvious that r ∈ SC(x) ∪ SC(x′). On the other hand, if 
r is such an elementary tuple that r ∈ SC(x) ∪ SC(x′) then there should be 
an attribute a ∈ T such that pair (a, ra) belongs to the semantics of one lit-
eral containing attribute a in one of clauses, so r ∈ SC(x ∨ x′). 

For the proof of the general case we may use the result presented above 
for two clauses and a simple induction method.    ♦ 

From Theorem 6.5 it is implied that the relation of equivalence between 

Theorem 6.6.  

From Theorem 6.4 it follows that it is true for the case when x and x′ are 

these clauses and let r ∈ S (x ∨ x′). According to Definition 6.5 if an at-
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the semantics of conjunctions, which is represented by the relationship be-
tween disjunctive structure and the sum operation on sets. It surely facili-
tates calculating semantics of complex clauses.  

6.3.2. Inconsistency Representation 

In this section we deal with representation of a conflict profile using 
clauses. As a profile we understand a finite set with repetitions of (A,V)-
based clauses.  

For a profile we can also assume that in each clause each attribute may 
occur at most in one positive literal and one negative literal. This assump-

tive (or negative) literals with the same attribute by one positive (or 
negative) literal with this attribute and proper value. 

Let X = {x1, x2, . . . , xn}, where xi ∈ Clause(A,V) for i = 1, 2, . . . , n, be a 
profile. We say that X contains inconsistency if there exist two clauses x 
and x′ such that 

  SC(x) ≠ SC(x′). 

A clause may be divided into two parts: the first consists of positive lit-
erals, and the second consists of negative literals. Thus a clause x can be 
represented by a pair: 

  x = (x+, x−). 

Then profile X may be written as 

  X = {xi = (xi
+, xi

−) ∈ Clause(A,V): i = 1, 2, . . . , n}. 

Let TX be the sum of all types of clauses belonging to X. For each attrib-
ute a ∈ TX we determine  

• X+(a) as the set with repetitions consisting of all positive literals con-
taining attribute a, which occur in the clauses from X 

• X−(a) as the set with repetitions consisting of all negative literals 

Notice that in each of the sets X+(a) and X−(a) a clause from X may have 
at most one literal. These sets may be treated as the positive and negative 
profiles restricted to attribute a. We call them subprofiles. Notice that 

Theorem 6.6 shows that the semantics of clauses has a dual property to 

tion is possible owing to Theorem 6.5 which enables replacing two posi-

Definition 6.7. 

containing attribute a, which occur in the clauses from X. 

This copy belongs to 'VANC03'



6.3. Disjunction Structure      193 

one of the sets X+(a) and X−(a) may be empty, however, they may not both 
be empty; that is, X+(a) ∪ X−(a) ≠ ∅. 

subprofiles as follows. 

Subprofiles Perception Processing Understanding 

X+ 

and 

Subprofiles Age Education Int-Quotient Receiving 

 
 
 

X−
 

 
 postgraduate} 

secondary} 

postgraduate} 

  
 

        ♦ 

6.3.3. Integration Problem and Consensus  

Similarly as for conjunctions, the integration problem for clauses is 
defined as follows. 

Given a profile 

  X = {xi = (xi
+, xi

−) ∈ Clause(A,V): i = 1, 2, . . . , n} 

one should determine a clause x* which best represents the given 
clauses. 

This problem can be solved in the same way as for conjunctions. We 
can use the same scheme as defined in Section 6.2.5, which consists of 
three tasks: 

1. For each attribute a occurring in X determine positive and negative 
subprofiles X+(a) and X−(a). 

2. Determine the consensus for (X+(a), X−(a)). 
3. Perform the concatenation of consensuses for all attributes occur-

ring in X creating clause x*. 

Example 6.7. For the clauses defined in Example 6.7 we create the 

{sensitive} 
{active} 

{active} 
{global} 

{young} 

{advanced}

{graduate, 

{elementary, 

{graduate, 

{high} 

{low} 

{high} 

{global} 
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Assuming the independence of attributes from set A, we can define the 

In the next section we deal with the case of consensus choice when 
some attributes are dependent on some others. 

6.4. Dependencies of Attributes 

The algorithms for consensus choice presented in previous sections are 
useful only when we can assume that the attributes appearing in conjunc-
tions (or clauses) belonging to the profile are independent of each other. 
Owing to this assumption we can calculate consensus for each attribute and 
next make the concatenation of consensuses creating the final consensus.  

However, in practice, a real world (A, V) may contain dependencies of 
attributes; that means values of an attribute may determine values of an-
other attribute. Below we present the definition of attribute dependency. 

Let a, b ∈ A; we say that attribute b is dependent on attribute a if and only 
if there exists a function  

a
bf : Va → Vb . 

For v ⊆ Va we denote 

  a
bf (v) = ∪ vz

a
b zf∈ )}({ . 

The dependency of attribute b on attribute a means that in the real 
world, if for some object the value of a is known then the value of b is also 
known. In practice, owing to this property for determining the values of at-
tribute b it is enough to know the value of attribute a. 

The fact that attribute b is dependent on attribute a is represented by the 
following expression, 

  a6 b. 

Let a, b ∈ A, a6 b, and let x be a conjunction x ∈ Conj(A,V); we say that 
dependence a6 b is satisfied in x if the following conditions are fulfilled. 

a) If literals (a, v) and (b, v′) (or ¬(a, v) and ¬(b, v′)) appear in x 
then  

consensus in the same way as in Definition 6.4 and next use Algorithms 
6.1 and 6.2 for consensus choice. The properties included in Theorems 6.3 
and 6.4 are also true for this case. 

Definition 6.8. 

Definition 6.9. 
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v′ = a
bf (v). 

b) If literals (a, v) and ¬(b, v′) appear in x then literals  

(b, a
bf (v)) and ¬(b, v′) 

 may not be conflicting. 
c) If literals ¬(a, v) and (b, v′) appear in x then literals  

(b, v′) and ¬(b, a
bf (v)) 

may not be conflicting. 

pendent on attribute a then values v and v′ have to be consistent with this 
fact. In the second case notice that literal (b, a

bf (v)) may be treated as the 

consequence of literal (a, v), thus literals (b, a
bf (v)) and ¬(b, v′) may not 

be conflicting. The third case may be interpreted in the same way as the 
second case. 

Consensus determining for the case of dependencies of attributes may 
not be performed in independent ways for each attribute, as assumed in 
Algorithms 6.1 and 6.2 because the consensus (a, v) for subprofile X+(a) 
and consensus (b, v′) for subprofile X −(a) may not satisfy dependence 

Let’s consider an example illustrating this case. 

• A = {a, b}.  

• Va = {a1, a2, a3, a4, a5}. 

• Vb = {b1, b2}.  

Let a6 b and function a
bf  be the following. 

Function  a
bf : Va →  Vb  

a1 b2 
a2 b1 
a3 b2 
a4 b1 
a5 b1 

 

Definition 6.9 requires in the first case that because attribute b is de-

Example 6.8. Let  

a6 b as indicated in Definition 6.9.  

This copy belongs to 'VANC03'



196      6. Processing Inconsistency on the Semantic Level 

Let subprofiles be the following. 

X+(a) X+(b)  
(a, {a1,a3}) (b, {b2}) 
(a, {a2,a3}) (b, {b1,b2}) 
(a, {a1,a4}) (b, {b1,b2}) 

(a, {a1,a4,a5}) (b, {b1,b2}) 
(a, {a1}) (b, {b2}) 

 
As the distance function between sets we use the function of type ρ: 

  γ(X1,X2) = 
)(

1

aVcard
card(X1 ÷ X2). 

Then the consensus for X+(a) is (a, {a1}) whereas the consensus for X+(b) 
is (b, {b1, b2}), of course.  

  {b1, b2} ≠ a
bf ({a1}) = {b1}.   ♦ 

Thus we propose two ways for performing consensus choice. First, we 
assume that each conjunction belonging to a profile should contain both at-
tributes a and b in positive (or negative) literals. 

Consensus (a, v) for subprofile X+(a) and consensus (b, v′) for subprofile 
X−(a) may be determined in one of the following ways. 

1. Because of dependence a6 b the relationship between subprofile 
X+(a) and subprofile X+(b) is the following. 

X+(b) = {(b, a
bf (w)) : (a, w) ∈ X+(a)}. 

 Thus we can first calculate a consensus (a, v) for subprofile X+(a) us-

sensus (b, v′) for subprofile X+(b) where 

   v′ = a
bf (v). 

 This approach may be justified in practice; because of dependence 
a6 b the values of attribute b do not need to be determined, if the 
values of attribute a are known. Thus consensus for subprofile X+(b) 
may also be determined on the basis of the consensus of subprofile 
X+(a). However, if consensus (a, v) satisfies postulate P5 then con-
sensus (b, v′) may not satisfy this postulate, as shown in Example 

ing postulates defined in Definition 6.4, and next calculate the con-

6.8. 
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2. The second approach is based on calculating such consensuses (a, v) 
and (b, v′) that together they satisfy postulate P5; that is, the follow-
ing sum of distances 

∑∑ ++ ∈∈ + )()',()(),( )','(),( bXwb baXwa a wvdwvd  

is minimal. Thus attributes a and b are treated equivalently. However, 
the algorithm for this case is more complex than in the first case. We 
present it later. For consensus choice in this case it is interesting to 
investigate the relationship between literal (a, v*) which minimizes 
the sum  

  ∑ +∈ )(),( )*,(aXwa a wvd  

and literal (b, v*′) which minimizes the sum 

  ∑ +∈ )()',( )',*'(bXwb b wvd . 

We prove the following. 

Let a6 b; using distance function ρP or δP if literal (a, v*) is a consensus 
for subprofile X+(a) then there exists literal (b, v*′) being a consensus for 
subprofile X+(b) such that a

bf (v*) ⊆ v*′. 

Proof. 
First we prove a lemma. 
Let there be given sets of elementary values X1, . . . , Xn ⊆ Va for some a ∈ 

A and let σ∈{ Pρ , Pδ }; then the sum ∑ = σ
n
i iXX1 ),(  is minimal if and only 

occ(x) ≥ 
2
n

,  

where occ(x) is the number of occurrences of element x in sets X1, X2, . . . , 
Xn.  

Proof of Lemma. 

(a) For σ = Pρ

if for each x ∈ X the following inequality is true,  

Theorem 6.7 .  

notice that from Theorem 4.1c it follows that  
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where   v = 
)1)(2)((

1
−aa VcardVcard

.  

The share of an element x ∈ X in the sum of distances ∑
=
ρ

n

i
iXX

1

P ),(  is 

then equal to v ⋅ (n – occ(x)), and the share of an element y ∉ X the sum of 

distances ∑ =
ρn

i iXX
1

P ),( is equal to v ⋅ occ(y). Thus for the sum 

∑ = ρn
i i1

P

(b) For a distance function σ ∈ Pδ the proof is similar. 

Now we can give the proof of the theorem. From the above lemma it 
follows that if set v* is included in a consensus for subprofile X +(a) then 
for each element x ∈ X+(a) the number of its occurrences in the elements 
of subprofile X+(a) should not be smaller than half of the elements of 
X+(a). Thus element a

bf (x) should also appear in at least half of the ele-
ments of X+(b). Then it may be included in a consensus (b, v*′) of 
subprofile X+(b). Of course apart from the elements of a

bf (v*) consensus 
(b, v*′) may contain other elements. So we have 

a
bf (v*) ⊆ v*′.    ♦ 

+

{a1}), whereas the consensus for X+(b) is (b, {b1,b2}), and 

  a
bf ({a1}) = {b1} ⊆ {b1,b2}. 

P P

the dependency between attributes does not disturb the condition of opti-
mality. That is, if an element x ∈ Va occurs in the consensus of subprofile 
X+(a) then a

bf (x) should appear in the consensus of subprofile X +(b). 
Using distance functions other than ρP and δP does not always result in the 
above property. Below we give an example.  

ρP(X,X1) =  v ⋅ card(X ÷ X1) , 

(X , X ) to be minimal, it is necessary to add to X such elements x, 

for which the inequality occ(x) ≥  n/2 is true.  

In Example 6.8 we can notice that the consensus for X (a) is literal (a, 

Theorem 6.7 implies that if distance functions ρ  and δ  are used then 
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Figure 6.1. Subprofiles X +(a) and X +(b). 

+

by three points (A, B, and C) on the plane creating an equilateral triangle 
(see Figure 6.1). The location of this triangle is such that any of its sides is 
not parallel to axis X. The function a

bf  assigns for each point of the trian-
gle a point on axis X being its projection on X. These points (A′, B′, and C′) 
represent the values in literals of subprofile X+(b).  

Let the distances between these points be measured by the Euclidean 
distance function. It is easy to note that the consensus of subprofile X+(a) is 
the center of gravity of triangle ABC, whereas the consensus of subprofile 
X+(b) is point B′, but not point a

bf (O), that is, O′.    ♦ 
The above example shows that using distance functions other than ρP 

and δP can cause the inconsistency of consensuses for subprofiles X+(a) 
and X+(b) in the sense that if an element x belongs to the consensus of 
X+(a) then a

bf (x) does not have to belong to the consensus of X+(b). 

second approach mentioned above, because the component (a, v) of the re-
trieved consensus should be the consensus of subprofile X+(a) and the 
value v′ of component (b, v′) should contain set a

bf (v). Thus the space of 
the retrieval is not large. 

Let a6 b and b6 a; using distance function ρP or δP if literal (a, v*) is a 
consensus for subprofile X+(a) then there exists literal (b, v*′) being a con-
sensus for subprofile X+(b) such that 

A

B

C

A' B' C'

O

O'0 1 X
 

Example 6.9. Let the values in literals of subprofile X (a) be represented 

Theorem 6.7 facilitates to a certain degree the consensus choice in the 

From Theorem 6.7, Remark 6.4 follows directly. 

Remark 6.4.  
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a
bf (v*) = v*′     and     b

af (v*′) = v*. 

In this case it is enough to determine a consensus for X+(a) or X+(b); the 
second consensus is determined by function a

bf  or function b
af . 

Now we present an algorithm for determining a consensus for the sec-
ond approach with the assumption of any distance function. The idea of 

• 
+ +

• 
a

bf (v*) and v*′. 

• As the beginning value of v we take such value x that a
bf (x) = v′. 

• 
such elements z ∈ Va which improve the sum of distances  

∑∑ ++ ∈∈ + )()',()(),( )','(),( bXwb baXwa a wvdwvd . 

 Of course, adding an element to v causes modification of v′. 
The details of the algorithms are presented as follows. 

Algorithm 6.3.  
Input: Dependence a6 b, subprofiles X +(a) and X +(b) and distance func-
tions da∈ {ρa, δa} and db∈ {ρb, δb}. 
Output: Consensus (a, v) and (b, v′) satisfying dependence a6 b and mi-
nimizing sum 

                       ∑∑ ++ ∈∈ + )()',()(),( )','(),( bXwb baXwa a wvdwvd . 

Procedure: 

BEGIN 
1. Using Algorithm 6.1 determine consensus (a, v*) for subprofile 

X+ (a);  
2. Using Algorithm 6.1 determine consensus (b, v*′) for subprofile 

X+ (b);  

3. If a
bf (v*) = v*′ then set v:= v*, v′:= v*′ and GOTO END; 

4. Set v′:= a
bf (v*) ∩ v*′; 

5. Calculate x ⊆ Va such that a
bf (x) = v′; 

6. Set v:= x; 

First we determine the consensuses (a, v*) and (b, v*′) satisfying
postulate P5 for subprofiles X (a) and X (b) independently. 
Next, as the beginning value of v′ we take the common part of 

Next, values v and v′ are successively modified by adding to v 

this algorithm relies on the following steps: 
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7. Set S:= ∑ +∈ )(),( ),(aXwa a wvd   + ∑ +∈ )(),( ),'(bXwb b wvd  ; 

8. For each z ∈ Va\v do 
       Begin 
   8.1. Set x:= v ∪ {z} and x′:= a

bf (x); 
   8.2. Calculate  

                                Sz:= ∑ +∈ )(),( ),(aXwa a wvd   + ∑ +∈ )(),( ),'(bXwb b wxd  ; 

   8.3. If S < Sz then  
    Begin 
       Set v:= x; v′:= x′; S:= Sz; 
    End; 
       End; 
END. 

The computational complexity of Algorithm 6.3 is O(m ⋅ n2) where m = 
card(Va) and n = card(X +(a)) = card(X +(b)). 

The dependencies of attributes taking into account other structures of 
the values have been investigated in [161, 162]. 

6.5. Conclusions 

In this chapter the problem of knowledge integration is considered on 
the semantic level. As stated, the semantic level differs from the syntactic 
level investigated in Chapter 5 in the power of inconsistency representa-
tion. On the semantic level the possibility for expressing the inconsistency 
is larger. However, this causes the larger complexity of algorithms for con-
sensus choice.  

The idea of these approaches was first presented in papers [107, 108]. 
However, the materials included in Chapters 5 and 6 differ from those pre-
sented in these papers. The differences are based on defining the semantics 
of literals, conjunctions, and clauses. In the mentioned papers the literal (a, 
Va) represents the expert statement “Everything is possible,” and the empty 
attribute value represents the ignorance of the expert. In this chapter we as-
sume that the empty value represents the expert’s statement that the attrib-
ute for which the empty value is assigned has no value. This difference 
causes other differences in defining not only the semantics, but also the 
distance between attribute values and, in consequence, the consensus of 
conflict profiles. In addition, in these chapters we present a deeper analysis 
of the approaches.  
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7. Consensus for Fuzzy Conflict Profiles 

In Chapter 3 (Section 3.6) we used weights for achieving consensus sus-
ceptibility. These weights serve to express the credibility and competence 
of experts or agents who generate opinions on some common matter. In 
this chapter we present an approach in which weights are used for express-
ing the credibility of opinions. We call a set of such opinions a fuzzy con-
flict profile.  

7.1. Introduction 

The idea of fuzzy sets initialized by Zadeh [160] has been proved to be 
very useful for experts in expressing their opinions on any matter. In pre-
vious chapters a conflict profile has been defined as a set, among others, of 
expert opinions on some matter. Thus using fuzzy sets in representing and 
analyzing conflicts should be natural.  

In Chapter 5 we used fuzzy values for conjunction structure. In this 
chapter we assume generally that an element belongs to a conflict profile 
with some degree. That is, an element x appears in a profile in a pair (x, v) 
where v ∈ [0, 1]. This pair represents an opinion of an expert on some mat-
ter and is interpreted as follows. In the opinion of the expert element x 
should be the proper solution (or alternative, scenario, etc.) in the degree of 
v. Because a conflict profile is a set of such opinions, it may contain sev-
eral occurrences of the same pair as well as several pairs with the same 
element x may occur. An example of such kind of profiles is: 

X = {(a, 0.6), (a, 0.9), (a, 0), (b, 0.3), (b, 0.3), (b, 1), (c, 1)}, 

in which element a appears three times with values 0.6, 0.9, and 0; element 
b also appears three times with values 0.3 and 1, and element c one time 
with value 1. We call conflict profiles of such kind fuzzy conflict profiles. 

In Chapter 3 we dealt with solving the consensus problem for nonfuzzy 
conflict profiles. A nonfuzzy conflict profile can be treated as a special 
case of fuzzy profile where all values are equal to 1. 
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In this chapter a similar consensus problem is formulated and the con-
sensus functions defined. The distance function is the basis of consensus 
functions. As shown, distance functions for a fuzzy universe are very in-
teresting and cannot be defined strictly on the basis of distance functions 
for nonfuzzy universes. Next, specific postulates for fuzzy consensus func-
tions are formulated and analyzed. Finally, some algorithms for consensus 
determining are worked out. 

7.2. Basic Notions  

Let U be a finite universe; by UF we denote the fuzzy universe which is de-
fined as 

     UF = U × [0, 1].  

An element of set UF is called a fuzzy element of the fuzzy universe. An 
element of set ∏(UF)1 is called a fuzzy conflict profile. 

Now we deal with the distance function between fuzzy elements of the 
universe. We assume that a distance function d between the elements of 
universe U is known: 

d : U × U → [0,1] 

which is a half-metric. We need to define the distance function dF between 
the fuzzy elements of universe UF, 

     dF : UF × UF → [0, 1]. 

It seems that it could be good if there were a possibility for defining func-
tion dF on the basis of function d. However, we should investigate if it is 
possible. First, we formulate some intuitive conditions which should be 
satisfied by function dF.  

Definition 7.1. 
F

• Function dF should be a half-metric  

• dF((x, 1), (y, 1)) = d(x, y) 

• dF((x, v1), (x, v2)) = 21 vv −  

for any x, y ∈ U and v1, v2 ∈ [0, 1]. 
                                                      

1 We mention that Π(X) denotes the set of all finite subsets with repetitions of 
set X.  

Distance function d  should satisfy the following conditions: 
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The first condition in Definition 7.1 is natural for distance functions. It 
should be mentioned that function dF must not be a metric because condi-
tions for metrics are too strong for distance functions. The second condi-
tion is also intuitive because a nonfuzzy element x ∈ U can be treated as a 
special case of fuzzy element (x, 1) ∈ UF. For the third condition notice 
that two fuzzy elements (x, v1) and (x, v2) refer to the same nonfuzzy ele-
ment x and may represent, for example, two opinions of two experts. The 
first expert states that x should be proper in the degree of v1 and the second 
expert states that x should be proper in the degree of v2. Thus the differ-
ence between these two opinions seems to equal 21 vv − . 

If it is possible to define function dF on the basis of function d then we 
should have 

dF((x, v1), (y, v2)) = 
( )

 
for        ,),,(
for                       

21

21

⎪⎩

⎪
⎨
⎧

≠

=−

yxvvyxdg
yxvv

, 

where (x, v1), (y, v2) ∈ UF. 
Thus according to Definition 7.1 there should be 

     g(d(x, y), v1, v2) = g(d(x, y), v2, v1) > 0  

for x ≠ y because dF is a half-metric, and 

     g(d(x, y), 1, 1) = d(x, y). 

Two functions which satisfy these equalities may be the following. 

     
1Fd ((x, v1), (y, v2)) = 

( )
 

for            ),(

for                       

2

21

21
⎪⎩

⎪
⎨
⎧

≠

=−
+

yxyxd

yxvv
vv , 

and 

     
2Fd ((x, v1), (y, v2)) = ( ) 2

21
2 )(),( vvyxd −+

for all (x, v1), (y, v2) ∈ UF. 
Notice that if function dF is defined by means of function g then for x ≠ y 

and v1 = v2 = 0 value dF((x, 0), (y, 0)) should be determined. However, it is 
difficult to interpret this fact. Let’s come back to the example functions 

1Fd  and 
2Fd  defined above; for x ≠ y we have  

     
1Fd ((x, 0), (y, 0)) = 1  

, 

This copy belongs to 'VANC03'



206      7. Consensus for Fuzzy Conflict Profiles 

and  

     
2Fd ((x, 0), (y, 0)) = d(x, y). 

That is, if x ≠ y then the value of function dF is always maximal for each 
pair (x, 0), (y, 0) in the first case, and equal to dF((x, 1), (y, 1)) in the sec-
ond case. The question is how to interpret this fact, especially if we have 
such x and y that d(x, y) = 1; then dF((x, 1), (y, 1)) = 1 and there also 
should be 

1Fd ((x, 0), (y, 0)) = 
2Fd ((x, 0), (y, 0)) = 1. It is hard to find a 

good interpretation for this case. So this is the justification for the assump-
tion that function dF should not depend only on parameters d(x, y), v1, and v2.  

Another justification for this assumption is that the structure of a fuzzy 
element is more complex than the structure of a nonfuzzy element, thus the 
relationship between distance functions dF and d should be generalization, 
not dependency. As an example consider U as the universe of points on the 
plane ℜ × ℜ and UF as the universe of points in the space ℜ × ℜ × [0, 1]. 
In this case functions d and dF could be the cosine distance functions for 
two- and three-dimensional spaces, respectively. However, such a defined 
function dF is not dependent on function d. This consideration suggests 
defining function dF as independent of function d. It seems that the pro-
posed function is a good distance function for this case. 

Some additional comments should be made referring to function 
1Fd . 

Apart from the fact that 
1Fd ((x, 0), (y, 0)) = 1, which is hard to be inter-

preted, this function seems to be good for practice. The reasons are:  
 

• In the case when x = y the values of the function are very intuitive.  
• For the case x ≠ y if d(x, y) = 1 then 

1Fd ((x, v1), (y, v2)) = 1 for all 
values of v1 and v2.  

• For the case x ≠ y when d(x, y) < 1 then the value of 
1Fd  changes as 

in Figure 7.1. We can see that 
1Fd ((x, v1), (y, v2)) is a monotonous 

function referring to the sum v1 + v2. The maximal value is equal to 1 
for v1 = v2 = 0 and the minimal value is equal to d(x, y) for v1 = v2 = 1. 
The interpretation of this phenomenon is that if the sum v1 + v2 is 
small then the difference between 

1Fd ((x, v1), (y, v2)) and d(x, y) 
should be large because the degrees of belief of the experts (or 
agents) who give opinions x and y are small. This means the smaller 
the values v1 and v2 are, the larger the value of the distance is. 

In what follows we assume that distance function dF  is known.  
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Figure 7.1. The dependency between value v1 + v2 and dF. 

7.3. Postulates for Consensus 

In Chapter 3 by Con(U) we denoted the set of all consensus functions for 
(nonfuzzy) universe U. Consequently, by Con(UF) we now denote the set 
of all consensus functions for fuzzy universe UF, that is, functions of the 
following signature, 

     C: ∏(UF) → FU2 . 

In a fuzzy profile we can make a clustering of its elements referring to 
their first components. That is, a profile X ∈ ∏(UF) can be divided into 
such sets (with repetitions) X(x) where x ∈ U, defined as follows.  

Let 

     SX = {x ∈ U: x occurs in X}, 

and 

     X(x) = {(x, v): (x, v) ∈ X and x ∈ SX}. 

We also define a nonfuzzy profile as a set X
�

 with repetitions correspond-
ing to fuzzy profile X as follows. 

     X
�

 = {x: (x, v) ∈ X for some v ∈ [0, 1]}. 

A profile X ∈ ∏(UF) is 
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• Fuzzily regular, if profile X
�

 is regular.2 
 

Now we present the postulates for consensus functions for fuzzy pro-
files. Notice that all postulates defined for consensus functions for non-
fuzzy profiles (Definition 3.2, Chapter 3) can be used for fuzzy profiles. In 
Definition 7.2 presented below the postulates included in positions 1–10 
are adopted from Definition 3.2. Postulates included in positions 11–15 are 
new and typical for fuzzy profiles. 

Definition 7.2.  
A consensus choice function C ∈ Con(UF) satisfies the postulate of: 

1. Reliability (Re) iff  

     C(X) ≠ ∅.  

2. Simplification (Si) iff 

(Profile X is a multiple of profile Y) ⇒ C(X) = C(Y). 

3. Unanimity (Un), iff 

C({n ∗x}) = {x} 

4. Quasi-unanimity (Qu) iff 

     (x ∉ C(X)) ⇒ (∃n∈ℵ: x ∈ C(X ∪� (n ∗ x) ) 
F

5. Consistency (Co) iff  

     (x ∈ C(X)) ⇒ (x ∈ C(X ∪� {x})) 

for each x ∈ U . 

6. Condorcet consistency (Cc), iff 

(C(X1) ∩ C(X2) ≠ ∅) ⇒ (C(X1 ∪� X2) = C(X1) ∩ C(X2)) 

for each X1, X2 ∈ Π(UF). 

7. General consistency (Gc) iff 

                                                      
2 The notions of homogeneous and regular profiles are given in Definition 2.1 

(Chapter 2). 

• Fuzzily homogeneous, if profile X
�

 is homogeneous. 

)

for each x ∈ U . 

F

Ffor each n ∈ ℵ and x ∈ U  .
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 for any X1, X2 ∈ Π(UF). 

8. Proportion (Pr) iff  

     (X1 ⊆ X2 ∧ x ∈ C(X1) ∧ y ∈ C(X2)) ⇒ (dF(x,X1) ≤ dF(y,X2)) 
for any X1, X2 ∈ Π(UF). 

9. 1-Optimality (O1) iff for any X ∈ Π(UF) 

     (x ∈ C(X)) ⇒ (dF(x,X) = 
FUy∈

min dF(y,X)), 

        where dF(z,X) = ∑ ∈Xy F yzd ),(  for z ∈ UF. 

10.   2-Optimality (O2) iff for any X ∈ Π(UF) 

     (x ∈ C(X)) ⇒ (dF
2(x,X) = 

FUy∈
min dF

2(y,X)),                

where dF
2(z,X) = ( )∑ ∈Xy F yzd 2),(  for z ∈ UF. 

11.  Closure (Cl) iff 

     SC(X) ⊆ SX. 

12.  Two-level choice (TLC), iff  

(X is fuzzily regular) ⇒  C(X) = C(∪
XSx xXC∈ ))(( ). 

13.  Fairness (Fa) iff 

      (X is fuzzily homogeneous) ⇒ C(X) = {(x, v*): v* = 
)(

),(

Xcard

vXvx∑ ∈ }. 

14.  Fuzzy simplification (Fs) iff 

  (∀(x, v), (x′, v′) ∈ X: v = v′ = v*) ⇒  
                                                      C(X) = {(x, v*): x ∈ C′( X

�
)} 

     for some C′∈ Con(U). 

15.  Fuzzy proposition
X

a consensus from C(X(x)) is equal to 

)(
))((

Xcard
xXcard . 

 (Fp) iff a consensus from C(X) should be built on 
the basis of consensuses from C(X(x)) for x ∈ S  where the share of 

C(X1) ∩ C(X2) ⊆ C(X1 ∪� X2) ⊆ C(X1) ∪ C(X2) 
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Some comments should be made for the new postulates Cl, TLC, Fa, Fs, 
and Fp. Postulate Cl requires that in a consensus for a fuzzy profile X only 
elements from set SX may appear. This means that the consensus must refer 
only to those objects for which experts or agents have generated their opin-
ions. For the remaining postulates notice that the elements of a fuzzy 
profile can be classified into such groups that in each of them there are 
occurrences of only one element from universe U. Such a group is denoted 
by symbol X(x) where x ∈ SX.  

The fact that profile X is fuzzily regular means that the cardinality of set 
X(x) is identical for each x ∈ SX. Postulate TLC enables calculating a 
consensus for a fuzzily regular profile in two steps. In the first step the 
consensus for subprofiles X(x) is determined, and in the second step a con-
sensus of the set of these consensuses is calculated. The basis of this 
approach is that each element x ∈ SX occurs in profile X the same number 
of times. This idea is shown in Figure 7.2. 

Figure 7.2. Two-level consensus choice. 

 

X(x)

X(y)X(z)

Consensus c1 Consensus c2

Consensus c3

Consensus of 
{c1, c2, c3}

Profile X
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The postulate of Fairness, in turn, enables calculating a consensus for a 
subprofile X(x). It requires that the consensus of such a subprofile should 
consist of x and the value equal to the average of all values appearing in 
the subprofile. As proved in Theorem 7.2, this condition guarantees that 
postulate O2 should be satisfied for the subprofile; that is, the sum of 
squared distances between the consensus and the subprofile elements is 
minimal.  

The postulate of Fuzzy simplification treats the situation in which all 
elements have the same value, as follows. In such a profile one can omit 
all values and treat the profile as a nonfuzzy profile in consensus determi-
nation. Next, the same value is added to the consensus and the final con-
sensus for the fuzzy profile is determined. 

The postulate of Fuzzy proposition is a general requirement. According 
to this postulate a consensus for a fuzzy profile X should be chosen on the 
basis of consensuses for subprofiles X(x) where x ∈ SX . Each of these con-
sensuses has a share equal to the proportion of the number of occurrences 
of x in the profile. Merging this postulate with postulate O1 gives the fol-
lowing consensus function 

1FC , such that x* ∈ )(
1

XCF  if and only if 

            ∑
∈Zx

z
z

xxd
Xcard

zXcard )*,(
)(
))((  = 

FUx∈
min ∑

∈Zx
z

z

xxd
Xcard

zXcard ),(
)(
))(( , 

where xz is a consensus of subprofile X(z) for z ∈ SX and Z is the set of 
consensuses of all subprofiles such that each subprofile has exactly one 
consensus in Z. The consensuses from set Z may be chosen by using func-
tion C1 defined in Section 3.3.3 (Chapter 3). 

In the next section we show some properties of these postulates and 
some relationships between them and the postulates defined for nonfuzzy 
profiles. 

7.4. Analysis of Postulates 

Because a fuzzy universe UF can be treated as a nonfuzzy universe U, all 
properties of postulates defined for nonfuzzy universes are true. Thus all 
theorems presented in Section 3.3.3 (Chapter 3) can be translated to the 
case of fuzzy universes. We now deal with the properties of new postulates 
TLC, Fa, Fs, and Fp which have been specially formulated for fuzzy uni-
verses, also their relationships with the previously defined postulates. 
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Similarly as in Chapter 3 we say that a postulate p 

• F F
which satisfies postulate p 

• F
Con(UF) which satisfies postulate p 

• F
functions from Con(UF) 

• 
• 
 
We can build complex formulae on the basis of atomic formulae using 

logic quantifiers and such logical connectives as ∨, ∧, ¬, ⇒. For these 
formulae we accept the same semantics as defined for atomic formulae and 
the semantic rules of classical logic. 

Theorem 7.1.  
Formula Cl ∧ TLC ∧ Fa ∧ Fs ∧ Fp is c-satisfied; that is, for each universe 
UF there exists a consensus function C ∈ Con(UF) which satisfies all these 
postulates. 

Proof. 
For this proof we present a procedure in which for a fuzzy universe a con-
sensus function satisfying postulates TLC, Fa, Fs, and Fp is defined. Let 
then be given a fuzzy universe UF and let X ∈ Π(UF) be a profile. We pro-
pose to determine a consensus for X as follows. 
 

• Create set (without repetitions)   

SX = {x ∈ U: x occurs in X}. 

• Create subprofiles 

X(x) = {(x, v): (x, v) ∈ X and x ∈ SX}. 

• For each x ∈ SX calculate the consensus cx of X(x) as follows, 

cx = (x, vx)     where vx = 
)(

),(

Xcard

vXvx∑ ∈ . 

• Create a new profile with weights 

Y = {cx: x ∈ SX} 

  where for an element x ∈ SX its weight wx is equal to 

is satisfied if there exist a universe U  and a function in Con(U ) 

is c-satisfied if for any universe U  there exists a function in 

is u-true if there exists a universe U  for which p is satisfied by all 

is true if it is u-true referring to all universes 
is false if it is not satisfied 
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wx = 
)(
))((

Xcard
xXcard . 

• Determine the consensus for profile Y taking the weights into ac-
count. For this aim we may use function w

iC (Y) for i = 2 defined in 
Section 3.6.2 (Chapter 3). 

 
It is obvious that the above procedure guarantees satisfaction of postu-

late Cl. As we can see from the third step of this procedure it follows that 
the chosen consensus should satisfy postulate Fa. We may note also that if 
all fuzzy values of all profile elements are identical then the final consen-
sus should have the same value; that is, postulate Fs is satisfied. Notice 
that in the case of a fuzzily regular profile the weights of all elements cal-
culated in the fourth step are equal to each other. Owing to the fourth and 
fifth steps postulate Fp is satisfied and the whole procedure guarantees the 
two-level consensus choice, that means satisfying for postulate TLC. In 
this way the procedure determines a consensus function which satisfies all 
above-mentioned postulates.             ♦ 

Theorem 7.1 shows that postulates TLC, Fa, Fs, and Fp are not contra-
dictory. Theorem 7.2 below presents some interesting properties of postu-
late Fa. 

Theorem 7.2.  
The following formulae are true. 

 (a) O2 ∧ Cl ⇒ Fa. 

 (b) Fa ⇒ Re ∧ Si ∧ Un ∧ Co ∧ Cc. 

Proof. 
(a) Let X be a fuzzily homogeneous profile; that is,  

     X = {(a, vi): i = 1, . . . , n} 

for some a ∈ U and n ∈ ℵ. Let C be a consensus function satisfying postu-
lates O2 and Cl. Let x ∈ C(X), because of satisfying postulate Cl we have 
x = (a, v) for some v ∈ [0, 1], and 

     ( )( )∑
=

n

i
iF vaxd

1

2),(,  = 
FUy∈

min ( )( )∑
=

n

i
iF vayd

1

2),(, . 

That is, the sum ( )∑
=

−n

i
ivv

1

2 is minimal. To develop this sum we have 
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     ( )∑
=

−
n

i
ivv

1

2 = n ⋅ v2 − 2v ⋅ ∑
=

n

i
iv

1
+ ( )∑

=

n

i
iv

1

2 , 

which is minimal if and only if  

     v = 
n
1

∑
=

n

i
iv

1
. 

Thus postulate Fa should be satisfied. 
 

(b) Let X be a fuzzily homogeneous profile; that is,  

     X = {(a, vi): i = 1, . . . , n}. 

Let consensus function C satisfy postulate Fa; that is,  

C(X) = {(x, v*): v* = 
n
1

∑
=

n

i
iv

1
}. 

Thus satisfaction of postulate Re is obvious. For the postulate of Simplifi-
cation notice that if profile Y is a multiple of profile X then Y is fuzzily 
homogeneous if and only if X is fuzzily homogeneous. Also each element 
(a, vi) ∈ X appears the same number of times (say k, i.e., Y = k ∗ X) in pro-
file Y. Thus the average of values v in profile Y is equal to the average 
value of v in profile X. That is, postulate Si is satisfied. The satisfaction of 
postulates Un and Co is obvious. For postulate Cc notice that according to 
postulate Fa we have card(C(X)) = 1. Let X1 and X2 be fuzzily homogene-
ous profiles and let C(X1) ∩ C(X2) ≠ ∅, thus it should be C(X1) = C(X2), so  
C(X1) ∩ C(X2) = C(X1) = C(X2). We show that C(X1 ∪� X2) = C(X1). For this 
statement it is enough to prove that the following equality is true,  

     
n
1

∑
=

n

i
iv

1
+ 

m
1

∑
=

m

i
iv

1
'  = 

mn +
1

⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
+ ∑∑

==

m

i
i

n

i
i vv

11
'  

with the assumption that 
n
1

∑ =
n
i iv

1
 = 

m
1

∑ =

m
i iv

1
' . The proof of this equality

 is simple.  
                   

♦ 

Theorem 7.3.  
The following formulae are not true. 

 (a) O1 ⇒ Fs  

 (b) TLC ∧ O1  
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 (c) TLC ∧ O2  

 (d) Fa ∧ O1  

 (e) Fp ∧ O1  

 (f) Fp ∧ O2 . 

Proof. 
(a) We show that not all consensus functions from Con(UF) which 

satisfy postulate O1 also satisfy postulate Fs. Notice that for applying pos-
tulate O1 we need to define distance function dF which may cause that pos-
tulate Fs will not be satisfied. We give an example of such a function: 

dF((x, v1), (y, v2)) =  

otherwise        1.0,
2

max

1 and  for                                      1
for                            

21

21

21

⎪
⎪
⎪

⎩

⎪⎪
⎪

⎨

⎧

⎭
⎬
⎫

⎩
⎨
⎧ +

==≠

=−

vv
vvyx

yxvv
, 

where (x, v1), (y, v2) ∈ UF. This function of course satisfies all conditions 
formulated in Definition 7.1. Let profile X be 

     X = {(a, 0.6), (b, 0.6), (c, 0.6)}. 

We have: if consensus function C has to satisfy postulate O1 then 

     C(X) = {(x, 0): x ∈ U \ SX}; 

that is, postulate Fs may not be satisfied. 

 (b) and (c) Let distance function dF be 

dF((x, v1), (y, v2)) =  
otherwise                1
for        21

⎩
⎨
⎧ =− yxvv

, 

and let profile X be 

     X = {(a, 0), (a, 1), (a, 0.5), (b, 0.5), (b, 0.5), (b, 0.5)}. 

Let a consensus function C satisfy postulate O1; then we have 

     C(X) = {(b, 0.5)}, 

     C(X(a)) = {(a, 0.5)}, 

     C(X(b)) = {(b, 0.5)}, 
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     C(∪
XSx xXC∈ ))(( ) = {(a, 0.5), (b, 0.5)}. 

So function C does not satisfy postulate TLC.  

 (d) Let the distance function be defined as in (b) and (c) and let profile 
X be defined as follows, 

     X = {(a, 0), (a, 1), (a, 0.2)}. 

We have: if a consensus function C satisfies postulate O1 then 

     C(X) = {(a, 0.2)}, 

Thus it cannot satisfy postulate Fa.  
The results in (e) and (f) are implied directly from (b) and (c), respec-

tively. 
                                                                                                           ♦ 

From this theorem it follows that in general postulates TLC, Fa, Fs, and 
Fp are not consistent with postulates O1 and O2; that is, those consensus 
functions which satisfy one of these postulates do not satisfy postulate O1 
or postulate O2. 

7.5. Algorithms for Consensus Choice 

In this section we present some algorithms for consensus determining for 
fuzzy profiles. Referring to postulates O1 and O2, the algorithms should be 
dependent on the structures of the elements of universe U. In Chapters 4 
through 6 one can find several algorithms for such structures as multi-
attribute and multivalue relation, conjunction, disjunction, and clause. Here 
we present general algorithms (without assumption about the structures of 
the universe elements) which focus on the fuzzy values. In fact a fuzzy value 
is an element of the fuzzy universe and may be treated as an additional di-
mension of the element structure. For example, if the structure is multiattri-
bute then the fuzzy value may be treated as the value of an additional 
attribute. 

In working out the algorithms we take into account the special postu-
lates for fuzzy profiles. These postulates are Cl, TLC, Fa, Fs, and Fp.  

Algorithm 7.1. 
Input: Fuzzy profile X ∈ ∏(UF) and distance function dF. 
Result: A consensus x* for profile X satisfying postulates Cl, TLC, Fa, Fs, 
and Fp. 
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Procedure: 
BEGIN 

1. Create set (without repetitions)   

SX = {x ∈ U: x occurs in X}; 

2. For each x ∈ SX create subprofile 

X(x) = {(x, v): (x, v) ∈ X}; 

3. For each x ∈ SX calculate the consensus cx of X(x) 

cx = (x, vx)     where vx = 
)(

),(

Xcard

vXvx∑ ∈ ; 

4. Create a new profile with weights 

Y = {cx: x ∈ SX}, 

   where for an element x ∈ SX its weight wx is equal to 

 wx = 
)(
))((

Xcard
xXcard ; 

5. Determine the consensus for profile Y taking the weights into ac-
count. For this aim use a function w

iC (Y) defined in Section 3.6.2 
(Chapter 3), for i = 1, 2. That is, determine an element x* ∈ UF 
such that  

( )i
Yy Fy yxdw∑ ∈ )*,(  = 

FUz∈
min ( )∑ ∈Yy

i
Fy yzdw ),( ; 

END. 

The proof that the consensus determined by Algorithm 7.1 satisfies all 
postulates Cl, TLC, Fa, Fs, and Fp is included in the proof of Theorem 7.1. 
The complexity of Algorithm 7.1 is to a large degree dependent on the 
complexity of step 5 which, in turn, depends on distance function dF and 
the structure of the elements of universe UF. 

Now we investigate the relationship between a consensus determined 
for a fuzzy profile X by using distance function dF and postulate O1 and a 
consensus determined for its corresponding nonfuzzy profile X

�
 by using 

distance function d and the same postulate. 
We mention that nonfuzzy profile X

�
 corresponding to fuzzy profile X is 

defined as follows, 
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     X
�

 = {x: (x, v) ∈ X}. 

We assume that distance function dF is defined on the basis of distance 
function d between nonfuzzy elements in the following way. 

     dF((x, v1), (y, v2)) = 
( )

 
for            ),(

for                       

2

21

21
⎪⎩

⎪
⎨
⎧

≠

=−
+

yxyxd

yxvv
vv  

for (x, v1), (y, v2) ∈ UF.  
As mentioned in Section 7.2 this function seems to be useful in practice 

because of some its advantages.  
The function C1 defined in the proof of Theorem 3.2 (Section 3.3.3) has 

C1( X
�

) = {x ∈ U: d(x,X) = 
Uy∈

min d(y,X)}. 

A similar function may be defined for fuzzy profiles: 

     C1F(X) = {x ∈ UF: dF(x,X) = 
FUy∈

min dF(y,X)}, 

where dF(z,X) = ∑ ∈Xy F yzd ),(  for z ∈ UF.  

1. If (x, v) ∈ C1F(X) then could there be x ∈ C1( X
�

)? 

2. If x ∈ C1( X
�

) then does there exist v such that (x, v) ∈ C1F(X)? 

If the answers for the above questions are positive they should be very 
useful in practice because this means that a consensus for a fuzzy profile 
may be determined on the basis of a consensus for its corresponding non-
fuzzy profile.  

Unfortunately, the answers to these questions are negative. Below we 
give an example for proving this statement referring to the first question. 

Let U = {x, y, z, u} and the fuzzy profile X be defined as follows, 

     X = {(x, 0), (y, 0)}. 
The distance function d assigns the following values, 

 d(x, y) = 1;    d(z, x) = 0.49;     d(z, y) = 0.01;     d(u, x) = d(u, y) = 0.22; 

Taking into account the fact that ab ≥ ab′ for a, b, b′ ∈ [0, 1] and b ≤ b′, we 
have the following, 

the following form: 

The problems are the following: 
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     C1F(X) = {(z, 1)},  

because 
dF((z, 1), (x, 0)) = 0.490.5 = 0.7,  

dF((z, 1), (y, 0)) = 0.010.5 = 0.1, 

and  

     dF((x, 0), (y, 0)) = 1, 

     dF((u, 1), (x, 0)) = dF((u, 1), (y, 0)) ≈ 0.469. 

However,  

     d (z, x) + d(z, y) = 0.5 > d(u, x) + d(u, y) = 0.44. 

Thus z may not be a consensus for profile {x, y}; that is, z ∉ C1( X
�

). 
For the second question using the same example notice that u is a con-

sensus for profile X
�

 = {x, y}. However, (u, v) may not be a consensus for 
profile X for any v because  

dF((u, v), (x, 0)) ≥ dF((u, 1), (x, 0)) ≈ 0.469,  

dF((u, v), (y, 0)) ≥ dF((u, 1), (y, 0)) ≈ 0.469, 

and 
dF((z, 1), (x, 0)) = 0.7,  

dF((z, 1), (y, 0)) = 0.1. 

So the answer is also negative in this case. 
Our main aim is to determine a consensus for a fuzzy profile satisfying 

postulate O1. This task may be very complex because the cardinality of 
universe UF is greater than the cardinality of universe U and in fact is an 
equal continuum. Thus it seems that for determining a value of function 
C1F one should search whole set UF. However, owing to the theorem pre-
sented below, in many cases only universe U should be searched. 

Theorem 7.4.  
Let X ∈ ∏(UF); for each (x, v) ∈ C1F(X) if x ∉ SX then there should be  

      (x, 1) ∈ C1F (X ). 

Proof. 
For each (y, w) ∈ X, because x ≠ y we have d(x, y) > 0 and 

dF((x, v), (y, w)) = ( ) 2),(
wv

yxd
+
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                                ≥ ( ) 2
1

),(
w

yxd
+

 = dF((x, 1), (y, w)). 
The inequality becomes an equality if and only if v = 1 or d(x, y) = 1.  
Thus if (x, v) is a consensus of profile X then element (x, 1) should also be 
a consensus for X.                  ♦ 

 
This theorem, although simple, is very useful in consensus determining. 

Owing to it we may search a consensus for a given profile not in universe 
UF but in U if we know that it does not belong to the nonfuzzy profile cor-

However, there may be such a consensus (x, v) ∈ C1F(X) that x ∈ SX. 
How can we find it in an effective way? Assume that we have to deal with 
such a situation. Because x ∈ SX we know that X(x) is not empty. Let’s 

For given x ∈ SX determine such (x, vx) which minimizes the sum of dis-
tances to all elements of X; that is,  

∑ ∈Xy F yvxd )),,((  = 
]1,0['

min
∈v

∑ ∈Xy F yvxd )),',(( . 

We know that  

 ∑ ∈Xy F yvxd )),',((  = ∑ ∈ −)(),( 'xXwx vw  + ( )∑ ∈

+

)(\),( 2
'

),(xXXwz

vw
zxd . 

If the values of v′ in the two components of the above sum were independ-
ent then for minimizing the first component the value of v′ could be calcu-
lated by the following algorithm. 

Algorithm 7.2. 
Input: A subprofile X(x). 
Result: A consensus (x, vx) for X(x) satisfying postulate O1. 
Procedure: 

BEGIN 
1. Create set with repetitions Y = {w: (x, w) ∈ X(x)}; 
2. Create a sequence from Y by sorting its the elements in an increas-

ing order; 

3. Set v1 as the ⎥⎦
⎥

⎢⎣
⎢ +

2
1l th element of the sequence, where l = card(Y), 

and set v2 as the ⎥⎦
⎥

⎢⎣
⎢ +

2
2l th element of the sequence; 

responding to the fuzzy profile.  

consider the following problem: 
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4. Set v′ as any value from interval [v1, v2]; 
5. Set vx:= v′; 

END. 

For minimizing the second component the value of v′ could be equal to 1 
(according to Theorem 7.4). From these statements it follows that the 
common value for v′ minimizing sum ∑ ∈Xy F yvxd )),',((  should be in-
cluded in interval [v1, 1]. Notice that the two components can be treated as 
functions of parameter v′, and in this interval the first component is a 
nondecreasing function, and the second component is a nonincreasing 
function. In addition, both functions are continuous. Therefore, although 
determining a precise value of v′ minimizing the sum of the two compo-
nents is hard, it is rather simple to determine an approximate value of v′, 
for example, by discretisation of the interval, and checking the discrete 
values of v′ referring to the value of the sum. The above problem can then 
be solved in an effective way.  

Now we present an algorithm for determining a consensus for a fuzzy 
profile X satisfying postulate O1 using the results presented above. The 
idea of this algorithm is the following. First, for each x ∈ SX determine a 
fuzzy element (x, vx) which minimizes the sum of distances to all elements 
of X; that is,  

∑ ∈Xy F yvxd )),,((  = 
]1,0['

min
∈v

∑ ∈Xy F yvxd )),',(( . 

Next, determine an element x′ ∉ SX such that the sum of distances from (x′, 
1) to elements of X is minimal. According to Theorem 7.4 such an element 
(x′, 1) could be a candidate for a consensus of profile X. Finally compare 
element (x′, 1) with elements (x, vx) where x ∈ SX concerning their sums of 
distances to elements of X determining the consensus. 

This algorithm is presented as follows. 

Algorithm 7.3. 
Input: Fuzzy profile X ∈ ∏(UF) and distance function dF. 
Result: A consensus x* for profile X satisfying postulates O1. 
Procedure: 

BEGIN 
1. Create set (without repetitions)   

SX = {x ∈ U: x occurs in X}; 

2. For each x ∈ SX do  
Begin 
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2.1. Create subprofile 

X(x) = {(x, v): (x, v) ∈ X}; 

2.2. Using Algorithm 7.2 determine consensus (x, vx) for 
subprofile X(x); 

2.3. Determine element (x, v′x) which minimizes sum 

∑ ∈Xy xF yvxd )),',((  = 
]1,0[

min
∈v

∑ ∈Xy F yvxd )),,(( ; 

   End; 
3. Determine such (z, w) from set {(x, v′x): x ∈ SX} which mini-

mizes sum ∑ ∈Xy F ywzd )),,(( ; 

4. Set x*:= (z, w) and T:= ∑ ∈Xy F ywzd )),,(( ; 

5. For each x ∈ U\SX do  
Begin 

5.1. Calculate sum T(x) = ∑ ∈Xy F yxd )),1,(( ; 

5.2. If T(x) < T then set x*:= (x, 1) and T:= T(x); 
   End; 
END. 

The computational complexity of Algorithm 7.3 is hard to be deter-
mined because the microstructure of universe U is unknown. The most 
complex may be the operation included in step 5, where it is needed to 
search set U\SX which may be large. However, as we have stated earlier, it 
is always much less complex than searching the whole (or even a part) of 
the fuzzy universe UF.  

7.6. Conclusions 

In this chapter a model for fuzzy consensus is presented. This model can 
be treated as a special case of the general model of consensus presented in 
Chapter 3. Therefore, some specific postulates for fuzzy profiles have been 
defined and analyzed. Although the microstructure of the fuzzy universe is 
not assumed, several concrete algorithms for consensus determining have 
been proposed and analyzed. 
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8. Processing Inconsistency  
of Expert Knowledge 

In this chapter an analytical approach to quality analysis of expert knowl-
edge is presented. We show different types of conflict profiles consisting 
of expert solutions of some problem and investigate the relationship bet-
ween the consensus of a profile to the proper solution of this problem. Al-
though the proper solution is not known, we show that in certain situations 
the consensus is more similar to it than the solutions proposed by the ex-
perts. 

8.1. Introduction 

An expert, in a general understanding, is someone who is widely recog-
nized as a reliable source of knowledge, technique, or skill, and has the 
capability to make autonomous decisions which can be considered as sus-
tained. Thus an expert is characterized by two attributes: possessing knowl-
edge and capability for autonomous decision making. Most often for an 
expert these two attributes refer only to a narrow field of science and 
technique. Therefore, very often, a complex problem needs to be solved by 
several experts simultaneously.  

Using expert knowledge is very popular and practically necessary in 
many fields of life. By an expert we understand not only a human expert in 
a field of science and technology, but also some intelligent program, for 
example, an expert system or an intelligent agent. One can say that in al-
most every task we need expert knowledge and we use it for making 
proper (at least we hope so) decisions, from fixing a car to the purchase of 
a house. It very often happens that before making an important decision we 
often ask opinions of not one, but several experts. If the opinions of all 
these experts are identical or very similar, we are happy and have no trou-
ble with making the final decision, but if these opinions are to a large de-
gree different from each other then our decision-making process will be 
difficult. However, this observation is not always true, and this is the sub-
ject of this chapter. 
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More generally, if solving a task is entrusted to several experts then one 
can expect that some of the solutions generated by the experts may differ 
from each other. Thus the set of expert solutions creates a conflict profile. 
As stated in Chapter 3, consensus methods turn out to be useful in recon-
ciling inconsistency of agent and expert opinions. The inconsistency in this 
context is seen as “something wrong” and needs to be solved.  

However, very often inconsistency has its positive aspects and is very 
useful because it helps to present different aspects of a matter. In this chap-
ter we present a mathematical model which shows that for many practical 
cases the inconsistency is necessary.  

Let’s start with an example. In the television game show, Who Wants to 
Be a Millionaire?, a player with a difficult question may have three life-
buoys: removing two of four variants in the answer; a telephone call to his 
friend; and a question to the public. In the second and third case the deci-
sion of the player to a larger degree is dependent on the answer of a spe-
cialist (his friend) or of a larger number of people (the public). According 
to the statistics given by Shermer in the book, The Science of Good and 
Evil [142], it is known that using the help of specialists only 65% of them 
have given good answers, whereas using the help of the public as many as 
91% have given good answers. From this observation the author of the 
above-mentioned book put forward a hypothesis that in solving a number 
of problems a group of people is more intelligent than a single person. This 
hypothesis is confirmed by another author, James Surowiecki, in his book, 
The Wisdom of Crowds [150]. In this work Surowiecki has described sev-
eral experiments which prove that the reconciled decision of a group of 
people is in general more proper than single decisions.  

As one of these experiments Surowiecki presented the following. A 
number of people have been asked to guess how many beans are in a jar. 
The average of results given by the experiment participants is 871 grains, 

Surowiecki’s book also contains other interesting experiments proving that 
inconsistency of experts may give a more proper solution for a problem 
than only one solution.  

What then is the basis of this phenomenon?  
In this chapter we try, to a certain degree, to answer this question. We 

build a mathematical model with this aim. We formulate the following 
problem. To discover the proper solution of a problem a number of agents 
or experts are asked to give their solutions. The set of these solutions (as 

 
a set with repetitions) is called a conflict profile (see Chapter 2). For the  

and in fact the number of beans in the jar is 850; the error is only 2.5%. 
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Figure 8.1. A situation of conflict of expert knowledge. 

 
conflict profile a consensus may be determined. Assuming that the elements 
of the profile are placed in a certain distance space, we should answer 
the following question. What is the relationship between the distance from 
the consensus to the proper solution and the distances from the proposed 
solutions to the proper solution?  

Figure 8.1 illustrates this problem, where the black points represent the 
elements of the conflict profile. 

In Figure 8.1 we have a conflict situation in which elements of the con-
flict profile represent the solutions given by experts. On their basis we 
can determine the consensus. A very interesting question is: what are the 
conditions for which the distance between the consensus and the proper 
solution is smaller than the average of distances from the proper solution 
to the profile elements? Knowing the answer to this question one can for a 
concrete task generate the set of experts or agents so that the consensus of 
their solutions will not be far from the proper solution which is needed to 
be found. The other advantage of this fact is also the possibility for ex-
plaining why the wisdom of crowds is larger than the wisdom of a sole 
person. 

In this chapter we do not deal with the uncertainty of experts. This is the 
subject of many publications, among others [97]. 
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8.2. Basic Notions 

In this chapter we use the notions defined in Chapters 2 and 3. We assume 
that the distance space (U, d) defined in Chapter 2 is a nonnegative 
m-dimension Euclidean space for m ∈ ℵ. That is, an element x of the 
space is a vector 

  x = (x1, x2, . . . , xm) 
for xi ∈ ℜ+ (ℜ+ is the set of nonnegative real numbers) for i = 1, 2, . . . , m. 
In addition, the distance function is Euclidean; that is, for two elements  

  x = (x1, x2, . . . , xm)     and     x′ = (x′1, x′2, . . . , x′m) 

we have their distance equal to 

  d(x, x′) = ∑
=

−
m

i
ii xx

1

2)'( . 

Here is some commentary referring to the representation power of 
m-dimension Euclidean spaces. As is well known, a vector in such a space 
has m dimensions and represents a potential problem solution given by an 
expert. A dimension may represent an attribute and its value. The value of 
the vector component under this dimension describes in what degree the 
attribute may have the given value. Below we give an example illustrating 
this idea. 

Example 8.1. Let (U, A) be a real world, where  
  A = {a, b, c, d}, 
  Va = {0, 1}, 
  Vb = {+, −}, 
  Vc = {α, β}, 
  Va = {µ, η}. 
A group of experts is asked to describe an object belonging to U referring 
to the above-given attributes. Their fuzzy-based opinions are presented as 
follows. 

(a, 1) (b, +) (c, β) (d, µ) 
E1 0.5 1 0.7 0.3 
E2 1 0.1 0.5 0.8 
E3 0.8 0.5 0.9 0.5 
E4 0.3 0.1 0.7 0.7 
E5 0.7 0 0.6 0.2 

Expert 
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Thus an opinion of an expert is a vector in four-dimensional Euclidean 
space. Each dimension in this space represents an attribute and each com-
ponent of a vector represents the degree in which, in the opinion of an ex-
pert, the given object may have a concrete value referring to an attribute. 
Notice that an attribute may have more than one dimension if an expert 
opinion refers to its different values.      ♦ 

8.3. Consensus Determination Problems 

For further investigation we need to mention the problem of consensus de-
termination. As stated in Chapter 3, for consensus choice two postulates 
(criteria) are most popular:  

 
• Criterion O1 which requires the sum of distances from a consensus to 

the profile elements to be minimal 
• Criterion O2 which requires the sum of squares of distances from a 

consensus to the profile elements to be minimal. 
 

For the first criterion the consensus choice is a complex problem for 
Euclidean space. The problem of finding a point in the space which is 
nearest to a set of points is a classical problem of optimization theory. An 
effective algorithm does not exist for this problem and it is necessary to 
use heuristic strategies. However, as we have shown in Chapter 3, if the 
points belonging to the profile are placed on an axis (in an m-dimensional 
space there are m axes), then we have an effective method for determining 
a consensus. This method may be generalized for the case when profile 
elements are placed on a line. 

For the second criterion there exists an effective method for consensus 
determination. We prove the following. 

Theorem 8.1. 
For given profile 

  X = { )(ix  = ( )(
1

ix , )(
2
ix , . . . , )(i

mx ): i = 1, 2, . . . , n}, 

a vector    

x = (x1, x2, . . . , xm) 

is a consensus satisfying criterion O2 if and only if 
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xj = ∑
=

n

i

i
jn x

1

)(1  

for j = 1, 2, . . . , m. 

Proof. 
Criterion O2 requires the sum  

  ∑
=

n

i

ixxd
1

2)( )),((  

to be minimal. Furthermore we have 

 ∑
=

n

i

ixxd
1

2)( )),((  = ∑ ∑
= =

−
n

i

i
jj

m

j
xx

1

2)(

1
))(( = ∑ ∑

= =
+⋅⋅−

n

i

i
j

i
jjj

m

j
xxxx

1

2)()(2

1
])(2)[(   

= ∑ ∑
= =

+⋅⋅−
m

j

i
j

i
jjj

n

i
xxxx

1

2)()(2

1
])(2)[(   

= ∑ ∑∑
= ==

+⋅⋅−⋅
m

j

n

i

i
j

n

i

i
jjj xxxxn

1 1

2)(

1

)(2 ])(2)([  = ∑
=

m

j
jxF

1
)( , 

where  

  F(xj) = ∑∑
==

+⋅⋅−⋅
n

i

i
j

n

i

i
jjj xxxxn

1

2)(

1

)(2 )(2)( . 

Notice that sum ( ) 2
1( ( , ))n i

i d x x
=∑  is minimal if for each j = 1, 2, . . . , m 

value F(xj) is minimal. This value, in turn, is minimal for such value xj for 
which the differential coefficient is e qual to 0; that is, 

0
)(
=

∂

∂

j

j

x
xF

; 

it follows    

xj = ∑
=

n

i

i
jn x

1

)(1 .          ♦ 

From Theorem 8.1 it follows that the consensus satisfying criterion O2 
should be the centre of gravity of profile X.  
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As stated above, there is no effective algorithm determining the consen-
sus satisfying criterion O1 for profile X. However, we prove an interesting 
property of this consensus. 

 
Theorem 8.2. 
For given profile 

  X = { )(ix  = ( )(
1

ix , )(
2
ix , . . . , )(i

mx ): i = 1, 2, . . . , n}, 

let vector   

x = (x1, x2, . . . , xm) 

be its consensus satisfying criterion O1. Then in the space there does not 
exist any vector y for which  

  d(y, x) > d(y, )(ix ) 

for all i = 1, 2, . . . , n. 

Proof. 
We mention that criterion O1 requires the sum  

  ∑
=

n

i

ixxd
1

)( ),(  

to be minimal. We carry out the proof by contradiction. Let’s assume that 
there exists a vector p for which 

  d(p, x) > d(p, )(ix ) 

for all i = 1, 2, . . . , n. Thus for an i = 1, 2, . . . , n consider the triangle 

xpx i )(∆  (see Figure 8.2). Because d(p, x) > d(p, )(ix ) we have the follow-
ing inequality of angles, 

  αi > βi. 

Thus we may determine a point pi being on line px and between these 
points (pi ≠ p) so that αi > α′i = p )(ix pi and α′i > β′i = )(ix pi p (see 
Figure 8.2). In the new triangle 

i
i ppx )(∆ the following inequality is true, 

  d(p, pi) > d(p, )(ix ). 

Let pk ∈ {p1, p2, . . . , pn} be such that 
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Figure 8.2. Triangle xpx i )(∆ . 

  d(pk, )(ix ) = 
},...,2,1{

max
nj∈

d(pj, )(ix ). 

Notice that in triangle 
k

i ppx )(∆  there should be β′k < 90o because α′i > β′i. 
Thus )(ix pkx > 90o; it follows that d(pk, )(ix ) < d(x, )(ix ) and, as the 
consequence:  

  ∑
=

n

i
d

1
(pk, )(ix ) < ∑

=

n

i
d

1
(x, )(ix ). 

This result causes the contradiction because x is the consensus satisfying 
criterion O1.       ♦ 

Theorem 8.2 is also true for the consensus satisfying criterion O2. The 
proof is identical. 

From Theorem 8.2 it follows that the distance from a consensus of pro-
file X satisfying criterion O1 (or O2) to any point of the space should not be 
greater than the maximal distance from this point to the elements of the 
profile. 

More generally, we can state that if x is a consensus of profile X satisfy-
ing criterion O1 (or O2), then x should be intrinsic referring to X in the 
sense that there may not exist a plane T such that consensus x is placed on 
one side and the elements of profile X on the other side of plane T. Figure 
8.3 illustrates this situation, where profile X consists of four points x(1), x(2), 
x(3), and x(4). It is assumed that plane T shares profile X and consensus x. 

p p
i x

x

αi
i

βiβ‘
i

α ‘
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Figure 8.3. Consensus x and profile X should be intrinsic. 

This situation may not take place because we may make the projection 
x′ of x on plane T and for each profile element )(ix  we have: 

  d(x, )(ix ) > d(x′, )(ix ) 

because angle xx′ )(ix > 90 . Thus x may not be a consensus satisfying 

either criterion O1 or criterion O2.  
Notice that the property included in Theorem 8.2 is not true for each 

distance space. Let’s consider an example. 

U = 2{a, b, c},  
d(y,z) = card(y ÷ z) for y, z ⊆ {a, b, c}. 

Let profile X = {{a, b}, {a, c}}. Then a consensus satisfying criterion O1 is  

x = {a, b, c}. 

Letting y = {a} we have: 

  2 = d(y,x) > d(x,{a,b}) = d(x,{a,c}) = 1. 

Thus the property from Theorem 8.2 is not true.  ♦ 

 

o

Example 8.2. Let the distance space (U, d) be defined as  
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8.4. The Quality Analysis 

In this section we deal with the quality analysis of expert knowledge. In 
the Introduction we stated that it is often good that the opinions generated 
by experts for some matter are different from each other. Here we try to 
prove this statement. We assume that some problem requires to be solved 
and has a proper solution which has to be “guessed” by a group of experts. 
It is then the first case mentioned in Section 3.2.2 (Chapter 3). First we 
notice that an expert generates a solution of this problem but her decision 
is made in a situation of uncertainty and incompleteness. Thus it is not 
known if her solution is exactly the same as the proper solution. The ex-
ample with the jar of beans is an illustration of this case. An expert (i.e., 
experiment participant) does know exactly how many beans there are in 
the jar. Her decision is made only on the basis of her experiences and vis-
ual evaluation. In this experiment the average of the results given by the 
participants has been taken as the final solution of experts. From Theorem 
8.1 we know that it is the consensus satisfying criterion O2.  

• If there is only one expert who is entrusted to solve the given prob-
lem, then his solution may be good (close to the proper solution) or 
wrong (far from the proper solution). According to the statistic made 
for the television game show Who Wants to Be a Millionaire?, 65%  
of telephone calls to friends were on target. The reason for a not so 
high pertinence degree of one expert is based on the fact that the 
problem to be solved is multidimensional (interdisciplinary) whereas 
an expert is a good specialist only in one or two dimensions (fields). 
Thus entrusting the problem to only one expert may be risky in the 
sense that the solution given by this expert can be very dissimilar to 
the proper solution. 

• If not one, but several experts are trusted to solve the problem and 
their solutions are identical, we have a homogeneous profile with the 
maximal consistency and of course the consensus will be the same. 
However, if the problem is not simple, this fact may mean that the 
experts are very similar referring to their profiles (i.e., they are spe-
cialists in the same field). In this case the consensus of their solu-
tions can be wrong. Let’s return to the experiment with the jar of 
850 beans. The problem of guessing this number is not simple. So if 
all results given by the participants were identical, it would seem 
that this is not a good solution. 

Let’s consider the following aspects: 
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• For many problems which are complex (multidimensional) and con-
tain many uncertain parameters we would wish to entrust to experts 
of different specializations for solution and we would be happier if 
the solutions given by them were not consistent. Why? Owing to this 
the solutions given by the experts will reflect more aspects of the 
problem and in consequence, their reconciled solution could be simi-
lar to the proper solution. As Surowiecki has suggested in the book, 
The Wisdom of Crowds, the condition for achieving a good result of 
experiments is the autonomy of the participants and the differentia-
tion of their profiles. In this section we use Euclidean space to prove 
this hypothesis.  

First we prove that if we use a group of experts to solve a problem then 
the consensus of their solutions should not be worse than the worst solu-
tion. 

Theorem 8.3. 
For given profile 

  X = { )(ix  = ( )(
1

ix , )(
2
ix , . . . , )(i

mx ): i = 1, 2, . . . , n}, 

containing the solutions given by experts, let vector   

x = (x1, x2, . . . , xm) 

be its consensus satisfying criterion O1 or O2. Let x* be the proper solu-
tion; then  

  d(x, x*) ≤ 
},...,2,1{

max
ni∈

d(x*, )(ix ) 

and if x ∉ X then there should be 

  d(x, x*) < 
},...,2,1{

max
ni∈

d(x*, )(ix ). 

Proof. 
We prove the theorem for criterion O1; for criterion O2 the proof is similar. 

From Theorem 8.2 we know that there does not exist any vector y for 
which  

  d(y, x) > d(y, )(ix ) 

for all i = 1, 2, . . . , n. It follows that for vector x* there should be  
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  d(x*, x) = d(x, x*) ≤  d(x*, )( jx ) 

for some j = 1, 2, . . . , n. So  

  d(x*, x) ≤ 
},...,2,1{

max
ni∈

d(x*, )(ix ). 

Let’s now assume that x ∉ X. In this case we prove that  

  d(x*, x) < 
},...,2,1{

max
ni∈

d(x*, )(ix ). 

Assume that it is not true; that is,  

  d(x*, x) = 
},...,2,1{

max
ni∈

d(x*, )(ix ). 

Because x ∉ X then for each i = 1, 2, . . . , n the plane determined by three 
points x*, x, and )(ix  has the following property. We may introduce a cir-
cle with the centre x* and radius equal to d(x*, x), which contains point 

)(ix . Because x ≠ )(ix  we may introduce a line l upright to line x*x so that 
points x and )(ix  are on both sides of l (see Figure 8.4). Let line l cut line 

x*x in point yi.  

Figure 8.4. The plane determined by three points x*, x, and )(ix . 

 

)(ix

*x

x

yi
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We have the following inequality of angles: 

  xyi
)(ix > 90

because x and )(ix  are on both sides of l and l is upright to x*x. It should 
follow that in triangle 

i
i yxx )(∆  the following inequality is true, 

  d(yi, )(ix ) < d(x, )(ix ). 

Let’s now determine point y among points y1, y2, . . . , yn such that the dis-
tance d(x*, y) is maximal. We have  

  d(y, )(ix ) < d(x, )(ix ) 

for all i = 1, 2, . . . , n. This is a contradiction because in this case x may 
not be a consensus for profile X satisfying neither criterion O1 nor O2. Thus 
there should be  

  d(x*, x) < 
},...,2,1{

max
ni∈

d(x*, )(ix ).   ♦ 

Notice that the inequality  

d(x*, x) <
},...,2,1{

max
ni∈

d(x*, )(ix )  

is true only for the case when x ∉ X; that is, profile X should be non-
homogeneous. That is, it should contain at least two elements different 
from each other. In other words, in profile X there is inconsistency.  

For a consensus satisfying criterion O2 we have a stronger result. It turns 
out that if profile X is nonhomogeneous then the distance between consen-
sus and the proper solutions should always be smaller than the maximal 
distance between the proper solution and the elements of the profile. 

Theorem 8.4. 
For given nonhomogeneous profile 

  X = { )(ix  = ( )(
1

ix , )(
2
ix , . . . , )(i

mx ): i = 1, 2, . . . , n}, 

containing the solutions given by experts, let vector   

x = (x1, x2, . . . , xm) 

be its consensus satisfying criterion O2. Let x* be the proper solution; then  

o
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  d(x, x*) < 
},...,2,1{

max
ni∈

d(x*, )(ix ). 

Proof. 
If x ∉ X then on the basis of Theorem 8.3 we have immediately  

  d(x, x*) < 
},...,2,1{

max
ni∈

d(x*, )(ix ). 

Assume now x ∈ X; that is, consensus x is one of the profile elements. 
Without losing generality we can assume that x = )1(x . In this case notice 
that for each dimension j (j = 1, 2, . . . , m), on the basis of Theorem 8.1 we 
have: 

  xj = ∑
=

n

i

i
jx

n 1

)(1 ,  

or 

  )1(
jx  = ∑

=

n

i

i
jx

n 1

)(1 . 

After reduction and noting that n > 1 because profile X is nonhomogeneous 
we have 

  )1(
jx  = ∑

=−

n

i

i
jx

n 2

)(

1
1 . 

This equation for all dimensions j = 1, 2, . . . , m means that x is still a con-
sensus satisfying criterion O2 for profile X after removing element )1(x  
from it. In this way we can remove from the profile all elements identical 
to the consensus x and x will still be a consensus for a new profile. Finally, 
owing to the nonhomogeneity of profile X we will have a situation that 
there is profile X ′ ⊆ X such that x is a consensus satisfying criterion O2 for 
X ′ and x ∉ X ′. Using Theorem 8.3 we have  

  d(x, x*) < 
''

max
Xx∈

d(x*, x′), 

and because  

  
''

max
Xx∈

d(x*, x′) ≤ 
},...,2,1{

max
ni∈

d(x*, )(ix ), 
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thus 

  d(x, x*) < 
},...,2,1{

max
ni∈

d(x*, )(ix ).   ♦ 

Theorems 8.3 and 8.4 give us some very important properties of a pro-
file containing inconsistency. In practice it means that if solving some 
problem is entrusted to several experts, and the consensus of their given 
solutions is different from those solutions, then it is not only not worse 
than the worst solution (in the sense of distance to the proper solution), but 
also better than this solution. The property included in Theorem 8.4 is 
stronger than in Theorem 8.3. It means that if profile X is nonhomo-
geneous then the consensus satisfying criterion O2 is better than the worst 
solution. 

These properties explain why the inconsistency of expert solutions is 
useful, because only in this case can one learn that the consensus should be 
better than the worst result generated by the experts.  

Now we deal with a situation in which it is assumed that the distance 
from the proper solution to the elements of a nonhomogeneous profile are 
identical. We prove that in this case the consensus is better than the solu-
tions generated by the experts. 

Theorem 8.5. 
For given profile 

  X = { )(ix  = ( )(
1

ix , )(
2
ix , . . . , )(i

mx ): i = 1, 2, . . . , n}, 

containing the solutions given by experts, let vector   

x = (x1, x2, . . . , xm) 

be its consensus satisfying criterion O1 or O2. Let x* be the proper solution 
and let 

  d(x*, )1(x ) = d(x*, )2(x ) = . . . = d(x*, )(nx ). 

If x ∉ X then there should be 

  d(x, x*) < d(x*, )1(x ). 

Proof. 
The proof of this theorem follows directly from the proof of Theorem 8.3 
with the notice that  
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  d(x*, )1(x ) = 
},...,2,1{

max
ni∈

d(x*, )(ix ).  ♦ 

In the case of a consensus satisfying criterion O2 and on the basis of 
Theorem 8.4 we have the following stronger property. 

Theorem 8.6. 
For a given nonhomogeneous profile 

  X = { )(ix  = ( )(
1

ix , )(
2
ix , . . . , )(i

mx ): i = 1, 2, . . . , n}, 

containing the solutions given by experts, let vector   

x = (x1, x2, . . . , xm) 

be its consensus satisfying criterion O2. Let x* be the proper solution and 
let 

  d(x*, )1(x ) = d(x*, )2(x ) = . . . = d(x*, )(nx ). 

Then there should be 

  d(x, x*) < d(x*, )1(x ). 

From Theorems 8.5 and 8.6 it follows that it is true that if the expert so-
lutions reflect the proper solution to the same degree then their consensus 
satisfying criterion O1 should be better than the expert solutions if this 
consensus does not belong to the profile. In the case of nonhomogeneous 
profiles it is always true that a consensus satisfying criterion O2 should be 
better than all expert solutions.  

The practical sense of the above results is that if we invite several ex-
perts to solve some problem and we assume the same degree of confidence 
in these experts, then the consensus of the profile containing all expert 
solutions should be better than each of them separately. By the degree of 
confidence in an expert we mean the distance between the proper solution 
and the solution given by this expert. As an example let’s take the situation 
when a president of a country has to make an important decision which is 
related to the interests of many people. Before making his decision the 
president asks his experts for their opinions on this matter. If the president 
conditions his decision on the opinions of the experts, and his confidence 
degrees toward them are the same, then the consensus of expert opinions in 
general should be nearer to the president’s decision than each of these in-
dividual opinions.  

These results are very suitable for the case when the solution of the 
problem is dependent on the opinions of experts. As analyzed in Section 
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3.2.2, it is the solutions of experts that decide about the final solution of 
the problem. If the proper solution is assumed to exist then the best crite-
rion for consensus choice is postulate O1. If the proper solution is assumed 
to be dependent on the expert solutions then the best criterion for consen-
sus choice is postulate O2. 

8.5. Conclusions 

Future work should concern the relationships between consistency meas-
ures for conflict profiles and the quality of the consensus. We can consider 
other notions of consensus quality than that defined in Section 3.4. The 
quality of consensus is here understood as the difference between a con-
sensus solution generated by experts and the proper solution of the prob-
lem. As defined in Chapter 2, the consistency value for a conflict profile 
informs us about the coherence degree of the profile elements. It has been 
stated that sometimes it is better to deal with a more consistent profile than 
with a less consistent profile, because in the first profile the opinions of 
conflict participants are more similar to each other, and therefore it is 
easier to solve the conflict. We can suggest another aspect of inconsistency 
degree. We show that the credibility of the consensus can be better when 
the value of profile consistency degree is low; that is, the expert solutions 
are in large degree different from each other. 
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9. Ontology Integration 

Ontology can be treated as the background of an information system. If 
integration of some systems has to be performed, their ontologies must 
also be integrated. In this process it is often necessary to resolve conflicts 
(or inconsistency) between ontologies. In this chapter we present a classi-
fication of ontology conflicts and consensus-based methods for their reso-
lution. 

9.1. Introduction 

Ontology has been known to be a very useful tool in defining the “spirit” 
or a “background” of an information system. In database systems this 
background is the conceptual scheme which consists of such elements as a 
set of attributes with their domains, a set of dependencies between the attri-
butes, and a set of relationships between data objects. The data or know-
ledge which appear in the database have to comply with this scheme. Most 

 
• C – Set of concepts (classes) 
• I – Set of instances of concepts 
• R – Set of binary relations defined on C 
• Z – Set of axioms which are formulae of first-order logic and can be 

interpreted as integrity constraints or relationships between instances 
and concepts, and which cannot be expressed by the relations in set 
R, nor as relationships between relations included in R 

 
Recently, there has been an increased interest in ontologies and in various 

problems related to inconsistency processing, such as ontology mismatch, 
ontology conflict, ontology merging, or ontology integration [28, 45, 136]. 
Ontology mismatch or ontology conflict could be treated as synonymies de-
fining a specific relation between two or more ontologies. Ontology merge 
(or ontology integration) refers to some activities performed on ontologies. 
Ontology integration (we use this term in this chapter) is an important task 

often ontology is defined by the following elements [43, 51]: 
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which needs to be realized in many practical cases, especially when several 
systems with knowledge bases have to be merged for some purpose, or 
when they want to share or exchange their knowledge in order to have a 
uniform point of view. Because ontology in these systems is a distingui-
shed element of their knowledge bases, the knowledge integration process 
very often begins with ontology integration.  

According to Pinto and others [137], ontology integration is a process 
which may be done on one of the following three levels. 

 
• Building a new ontology reusing other available ontologies: One 

wants to build a new ontology using some other ontologies which 
have been built. It is the simplest case of ontology integration. 

• Merging different ontologies about the same domain into a single 
one that “unifies” all of them: One wants to build an ontology merg-
ing ideas, concepts, distinctions, axioms, and the like, that is, knowl-
edge, from other existing ontologies about exactly the same domain.  

• Introducing ontologies into applications: In this case, several ontolo-
gies are introduced into an application; they underlie and are shared 
among several software applications. It is also possible to use several 
ontologies to specify or implement a knowledge-based system on the 
basis of distributed resources. 
 

Noy and Musen [130], on the other hand, formulate two general appro-
aches for ontology integration process: 

 
• Merging several ontologies for creating one consistent ontology  
• Adjustment of several ontologies by determining the references be-

tween them for the possibility of using all of these ontologies 
 
In the first case one has to deal with several ontologies which are incon-

sistent or in conflict. The notion of inconsistency (or conflict) of ontolo-
gies is not so simple, and is defined and analyzed further in this chapter. 
Here we roughly understand that two ontologies are in conflict (or are in-
consistent) if they reflect the same real world for different systems, and 
contain different states of knowledge referring to the same real world ele-
ment. It is necessary to determine one ontology on the basis of given onto-
logies. The ontology for Esperanto language is an example of this case.  

In the second approach for two ontologies one needs to find a mecha-
nism which fixes the relationships between elements of one ontology and 
elements of another and owing to this it is possible to use both ontologies 
toward some aim without creating one unified ontology. As an example 
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consider two agents, one of whom occupies car sales and the other occu-
pies marketing strategy. Assume that the first agent would like to use the 
ontology of the second agent. Toward this aim the agent should “translate” 
the concepts of his ontology to those of the second ontology. 

The first approach is one of the subjects of this chapter. We characterize 
the conflicts between ontologies and make a classification of these con-
flicts. Next, we propose consensus-based methods for conflict resolution. 

Figure 9.1 presents a situation where for the same real world there are 
four ontologies defined for four systems. These ontologies may differ from 
each other. However, this definition of inconsistency between ontologies is 
not always accurate because the difference of ontologies may appear on dif-
ferent levels and in different parameters. Also, the areas of the real world 
occupied by these systems may be different, or only partly overlap.  

The idea of the integration method presented in this chapter was initi-
ated in [111]. Some application of this method for integrating ontologies of 
information retrieval agents is presented in [121]. In [143] the authors pre-
sent a method for integrating ontologies of biomedical databases. 

 

Figure 9.1.  A possible inconsistency situation of ontologies. 
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9.2. Problem of Ontology Integration  

In general, one of the ontology integration problems can be formulated as 
follows.  

For given ontologies O1, . . . , On one should determine one ontology 
which best represents them.  

The realization of this task of ontology integration is useful when there 
is a need to fuse n systems in which ontologies O1, . . . , On are used. The 
final system needs the ontology which arises as the result of integration 
of these ontologies. The process of ontology integration is illustrated in 
Figure 9.2.  

Notice that not always in ontology integration processes is it necessary 
to solve conflicts of ontologies. A conflict of some ontologies may arise 
only when they refer to the same real world. As stated in the Introduction, 
the subject of our work is focused on the aspect that the same real world 
object is differently reflected in ontologies. Thus during the integration 
process there will be the problem of choosing the proper description of the 
object.  

In this chapter we consider three levels of ontology conflicts: instance 
level, concept level, and relation level. For each level the conflict is de-
fined and analyzed using consensus methods. 

 
Figure 9.2. Scheme for ontology integration. 
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9.3.1. Basic Notions 

As mentioned in Section 9.1, by an ontology we understand a quadruple: 

     (C, I, R, Z). 

We assume a real world (A, V) where A is a finite set of attributes and V is 
the domain of A; that is, V is a set of attribute values, and  

V = ∪ Aa aV∈ , 

where Va is the domain of attribute a.  
We consider the domain ontologies referring to the real world (A, V); 

such ontologies are called (A, V)-based. In this chapter we define the fol-
lowing notions. 

Definition 9.1. 
A concept of an (A, V)-based ontology is defined as a triple: 

Concept = (c, Ac, Vc) , 

where c is the unique name of the concept, Ac ⊆ A is a set of attributes de-
scribing the concept, and V c ⊆ V is the attributes’ domain: V c = ∪ cAa aV∈ .  

Pair (Ac, V c) is called the structure of concept c. It is obvious that all 
concepts belonging to the same ontology are different from each other. 
However, notice that within an ontology there may be two or more concepts 
with the same structure. Such a situation may take place, for example, for 
concepts “person” and “body”. For expressing the relationship between 
them the relations from set R will be very useful. 

Set C in the ontology definition is a set of ontology names. 

Definition 9.2. 
An instance of a concept c is described by the attributes from set Ac with 
values from set V c and is defined as a pair: 

instance = (i, v) , 

where i is the unique identifier of the instance in world (A, V) and v is the 
value of the instance, a tuple of type Ac, and can be presented as a function:  

v: Ac → V c 

such that v(a) ∈ Va for all a ∈ Ac.  

9.3. Inconsistency between Ontologies 
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Value v is also called a description of the instance within a concept. A 
concept may be interpreted as a set of all instances described by its struc-
ture. We can then write i ∈ c for presenting the fact that i is an instance of 
concept c.  

All instances of the same concept within an ontology should be different 
from each other. The same instance may belong to different concepts and 
may have different descriptions. However, the following Instance Integra-
tion Condition (IIC) should be satisfied. 

Let instance i belong simultaneously to concept c as (i, v) and to concept 
c′ as (i, v′). If Ac ∩ Ac′ ≠ ∅ then there should be 

     v(a) = v′(a) 

for each a ∈ Ac ∩ Ac′. 

The instance integration rule means that if the same instance is described 
differently in different concepts then in referring to the same attribute they 
should have the same value. 

Similarly, we define the Concept Integration Condition (CIC) as fol-
lows. 

Let concept c occur twice in the same ontology or in two (A, V)-based 
ontologies, such as (c, Ac, V c) and (c, Ac′, V c′). Then there should be Ac = 
Ac′ and c

aV   = 'c
aV for each a ∈ Ac. 

This condition requires that a concept should occur with the same struc-
ture. 

By Ins(O,c) we denote the set of all instances belonging to concept c in 
ontology O. We define the set Ins(O) of all instances in ontology O: 

Ins(O) = ∪ C∈c cOIns ),( . 

In an ontology within a pair of concepts there may be defined one or 
more relations.  

Let O and O′ be (A, V)-based ontologies. A concept (c, Ac, V c) belong-
ing to O is identical with a concept (c′, Ac′, V c′) belonging to O′ if and only 
if c = c′, Ac = Ac′ and Vc = V c′. Thus two identical concepts should have the 
same name as well as the same structure; that is, they are in fact the same 
concept. As mentioned above, a concept is identified by its name, so say-
ing “a concept” we have in mind its name. This means that the same con-
cept may have different structures in different ontologies. 

The same instance may be described in different ways in different on-
tologies. Two instances (i, v) and (i′, v′) may have then identical identifiers 
(i.e., i = i′), but their values may be different (i.e., v ≠ v′). We should notice 
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that an identifier of an instance serves to indicate this instance in the real 
world; its value may be dependent on an ontology to which it belongs. So 

In this way instances can be identified on the physical level, that is, re-
ferring to their being in the real world, whereas concepts are identified 
only on the logical level, that is referring to their names and their struc-
tures. 

 
• Inconsistency on the instance level: The same instance belonging to 

different ontologies does not satisfy the instance integration condi-
tion.  

• Inconsistency on the concept level: The concept integration condition 
is not satisfied for some concept. In other words, there are several 
concepts with the same name having different structures in different 
ontologies.  

• Inconsistency on the relation level: Between the same two concepts 
there are inconsistent relations in different ontologies. 

 
The kinds of inconsistency mentioned above are very general and inac-

curate. In the following sections we provide their concrete definitions.  
We assume that within an ontology there is no inconsistency; that is, all 

integration conditions should be satisfied. 

9.3.2. Inconsistency on the Instance Level 

On this level we assume that two ontologies differ from each other only in 
values of instances. That means they may have the same concepts and rela-
tions between them.  

Definition 9.3.  
Let O1 and O2 be (A,V)-based ontologies including concepts (c, Ac, V c) and 
(c′, Ac′, V c′), respectively. Let (i, v) ∈ Ins(O1,c) and (i, v′) ∈ Ins(O2,c′). We 
say that an instance inconsistency takes place if  

v(a) ≠ v′(a)  

for some a ∈ Ac ∩ Ac′.  

From Definition 9.3 it follows that referring to instance i the instance 
integration condition is not satisfied. Let’s consider an example. 

in saying “an instance” we have in mind a real world object.  

Inconsistency between ontologies is considered on the following levels: 
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Example 9.1. As an example let’s consider ontologies of two information 
systems of a university and a company. Consider concept Student belong-
ing to the ontology for the university system, which has the following 
structure, 

({St_id, Name, Age, Address, Specialization, Results}, V Student) 

and concept Employee belonging to the ontology for the company system, 
which has the following structure, 

({Emp_id, Name, Address, Position, Salary}, V Employee). 

Assume that there is an instance i which belongs to both concepts (i.e., 
somebody is a student of the university and an employee of the company, 
simultaneously). The value of this instance referring to concept Student is 
 

St_id Name Age Address Specialization 

1000 Nowak 20 Wroclaw Information Systems 
 
and the value of this instance referring to concept Employee is 
 

Emp_id Name Address Position Salary 

1000 Nowak Warsaw Designer 15.000 
 
Thus there is inconsistency on the instance level because the instance in 
the university ontology referring to attribute Address has value “Wroclaw” 
and in the company ontology referring to the same attribute has value 
“Warsaw”.                   
 

♦
 

9.3.3. Inconsistency on the Concept Level 

On this level we assume that two ontologies differ from each other in the 
structure of the same concept. That means they contain the same concept 
but the structure is different in each ontology. This situation is very fre-
quent inasmuch as each ontology serves to represent knowledge of a spe-
cific object and therefore concepts are defined from the point of view of 
the needs resulting from the subject.  
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Definition 9.4.  
Let O1 and O2 be (A, V)-based ontologies. Let the same concept c belong 
to O1 as (c, 1cA , 1cV ) and belong to O2 as (c, 2cA , 2cV ). We say that the 
inconsistency takes place on the concept level if 1cA  ≠ 2cA  or 1cV  ≠ 2cV . 

Definition 9.4 specifies such situations in which two ontologies define 
the same concept in different ways.  

Example 9.2. Concept Person in one ontology may be defined by attributes:  

{Name, Age, Address, Sex, Job}  

whereas in the other ontology it is defined by attributes:  

{Id, Name, Address, Date_of_birth, TIN,1 Occupation}.  

Another example refers to the situation in which the sets of attributes are 
identical, but their domains vary. Let’s take attribute Age: for concept Per-
son one ontology assigns domain VAge = [1, 17] and the other ontology as-
signs domain VAge = [18 − 65]. In this case the inconsistency appears. ♦ 

As we can see, attributes play a very important role referring to the in-
consistency on the concept level. An attribute belonging to set A is identi-
fied only by its name and this may cause a very “easy” inconsistency on 
this level because the inconsistency may arise as a result of the syntactic 
difference between attributes. For example, attributes AGE and age could 
be interpreted as different. Therefore, we propose to deal with the relation-
ships between attributes using their semantics and domains. As the seman-
tics of an attribute we understand its role in describing real world objects. 
Such a definition of attribute semantics is too generic and requires a deeper 
specification. For representation of the semantics of attributes we use the 
following triple 

     (i, a, x) 
presenting the fact that instance i referring to attribute a has value x. 

 

• Equivalence: Two attributes a and b are equivalent if for any instance 
i we have: (i, a, x) if and only if (i, b, x). That means that these at-
tributes have different names, but reflect the same feature of in-
stances. For example, attributes Occupation and Job are equivalent. 
We denote this relation by symbol “↔”, for example: 

     Occupation ↔ Job. 
                                                      

1 Tax Identification Number. 

We define the following relations between attributes: 
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• 

     Day_of_birth → Age. 

• 

     Is_ free ↓ Is_lent. 

From the definitions of these relations we can easily prove the following 
properties. 

Theorem 9.1.  
For any a, a′, b, b, c′∈ A the following dependencies are true. 

(a) a ↔ b iff a → b and b → a. 

(b) If a ↔ b and b ↔ c then a ↔ c. 

(c) If a ↔ b and a → c then b → c. 

(d) If a ↔ b and c → a then c → b. 

(e) If a → b and b → c then a → c. 

(f) If a ↔ b and a ↓ a′ and b ↓ b′ then a′ ↔ b′. 

(g) If a → b and a ↓ a′ and b ↓ b′ then b′ → a′. 

(h) If a ↓ b and b ↓ c then a ↔ c. 

(i) a ↓ b iff b ↓ a. 

These dependencies show the relationships between attributes, which 
will be useful for ontology integration. 

Generalization: An attribute a is more general than another attribute
b if the information included in fact (i, a, x), that is, attribute a refer-
ring to instance i has value x, may be implied from the information
included in fact (i, b, y) for some x and y. For example, attribute
Age is more general than Day_of_birth because if the day of birth
of somebody is known, then his or her age should also be known.
This relation is denoted by symbol “→”; for the above-mentioned
example we have  

Contradiction: An attribute a is contradictory with an attribute b 
if their domains are the same two-element set, for example {0, 
1}, for the same instance i if (i, a, 0) then there must be (i, b, 1), 
and if (i, a, 1) then there must be (i, b, 0). For example, attribute 
Is_ free referring to books in a library is contradictory to attribute
Is_lent where their domain is set {Yes, No}. That is, if a book
is lent then it may not be free for lending, and if it is free for 
lending then it may not be lent. This relation is denoted by symbol
“↓”; for the example we have: 
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9.3.4. Inconsistency on the Relation Level 

Relations between concepts describe the relationships between them. For 
example, between two concepts being terms in ontology WordNet there 
may be defined such relations as Synonym relation or Antonym relation. 
Relations between concepts are included in set R of the ontology defini-
tion, whereas the relationships between them may be included in set Z (see 
Section 9.1). 

As the inconsistency on the relation level we understand the situation 
where referring to the same two concepts in one ontology there is defined a 
relation which is not present in another ontology. Consider an example. 

Example 9.3. Consider two ontologies defined for a university information 
system and a company information system. Let two concepts Employee 
and Course belong to both ontologies. In the first ontology there is defined 
the relation Teaching (i.e., an employee teaches a course), and in the sec-
ond ontology instead of the relation Teaching there is also defined the rela-
tion Completing (i.e., an employee has completed a course). Thus we have 
inconsistency on the relation level.            ♦ 

Of course a concept may be in some relation with itself. As an example 
consider concept Person: in one ontology it is in relation Marriage with itself, 
and in another ontology there may be relation Consanguinity. Notice that 
within the same ontology two concepts may be in more than one relation. 

Denote by RO(c,c′) the set of relations between concepts c and c′ within 
ontology O.  

As mentioned above, set Z contains among others some constraints refer-
ring to relations between concepts. We are interested in such kind of con-
straints which do not allow contradictory relations to coexist. For example, 
within an ontology if between concepts Friend and Colleague in WordNet 
if there is relation Synonym then there may not be relation Antonym.  

Formally, we use classical logic symbols for presenting the constraint 
that relation r may not coexist with relation r′ referring to the same con-
cepts, as follows, 

     r ⇒ ¬r′, 

and for the constraint that between two concepts there must be exactly one 
of relations r or r′ is written that 

     r ⇔ ¬r′. 

Below we give the definition of the ontology inconsistency on the rela-
tion level. 
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Figure 9.3. Three levels of ontology inconsistency. 

Definition 9.5.  
Let O and O′ be (A, V)-based ontologies containing concepts c and c′. Let 
r ∈ RO(c,c′) and let r′ ∈ RO′(c,c′). We say that ontology inconsistency takes 
place on the relation level if the coexisting of relations r and r′ between 
concepts c and c′ may cause nonsatisfaction of the constraints defined for 
ontology O or O′. 

If the set of constraints is empty then the inconsistency on the relation 
level may be considered as referring to a given relation independently. 
However, if between relations some specified constraints are fixed then it 
is necessary to take these constraints into account in inconsistency solving. 
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9.3.5. Some Remarks 

The levels of ontology inconsistencies are illustrated in Figure 9.3. In this 
figure we can see that two concepts are in contradictory relations, the same 
concept has different structures in different ontologies, and the same in-
stance is described differently in different concepts. 

9.4. Inconsistency Resolution and Ontology 
Integration 

The general problem of ontology integration has been formulated in Sec-
tion 9.2; it requires determining an ontology for a given set of ontologies. 
This problem is solved according to the levels of ontology inconsistency. 
For each level we formulate the integration problem and propose an algo-
rithm for its solving. 

9.4.1. For the Instance Level 

We mention that the inconsistency on the instance level is based on the fact 
that the same instance is described differently within different concepts of 
different ontologies (Definition 9.3). We have assumed that within an on-
tology the instance integration condition must be satisfied. 

For solving inconsistency of ontologies on the instance level consensus 
methods seem to be very useful. As mentioned in previous chapters, con-
sensus methods in general deal with determining for a set of different 
versions of data (so called a conflict profile) such a version which best 
represents the given versions. Different criteria, structures of data, and 
algorithms have been worked out. Here as the conflict profile we have to 
deal with a set of versions of the same instance. A version of an instance (i, 
x) can be represented by the value x. The task is to determine a version (a 
value) which best represents the given versions. 

For this kind of consistency the consensus problem can be defined as 
follows. 

Given a set of values X = {v1, . . . , vn} where vi is a tuple of type Ai ⊆ A, 
that is: 

     vi: Ai → Vi 
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for i = 1, . . . , n and Vi = ∪
iAa∈ Va  one should find a tuple v of some 

type, which best represents the given values. 

This problem is a typical problem for knowledge integration described 
in Chapter 4. For this problem a formal conflict model, which enables de-
scribing multivalued and multiattribute conflicts has been defined and 
analyzed. The structures of tuples representing the contents of conflicts are 
defined as distance functions between these tuples. Two kinds of distance 
functions (ρ and δ) have been defined. The consensus and the postulates 
for its choice have been defined and analyzed. For the defined structures 
and particular postulates several algorithms for consensus determination 
have been worked out.  

It has turned out that in this case the best criterion for determining value 
v is  

     ∑∑
== ∈

=
n

i
i

n

i ATYPEvi vvdvvd
11 )('

),'(min),( , 

where A = ∪ n
i iA

1=
and d is a distance function between tuples. 

Algorithms for determining consensus for the above problem can be 
found in Chapter 4. Value v which is determined by one of these algo-
rithms can be assumed to be the value of instance i in the final ontology. 

9.4.2. For the Concept Level 

As stated in Section 9.3.3, in ontology integration some concept may have 
different structures in different ontologies. Let the subject of the ontology 
inconsistency on this level be a concept c. We assume that in ontology Oi 
concept c has structure (Ai, V i) for i = 1, . . . , n.  

The problem is the following.  

For the given set of pairs  

X = {(Ai, V i): (Ai, V i) is the structure of concept c in ontology Oi  
for i = 1, . . . , n} 

it is necessary to determine a pair (A*, V*) which best represents the 
given pairs. 

The word “best” means one or more postulates for satisfying by pair 
(A*, V*). In general, we would like to determine such set A* of final at-
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tributes that all attributes appearing in sets Ai (i = 1, . . . , n) are taken into 
account in this set. However, we cannot simply make the sum of Ai.  

For this problem we formulate the following postulates for determina-
tion of pair (A*, V*). 

 P1. For a, b ∈ A = ∪
n

i

iA
1=

and a ↔ b then all occurrences of a in all sets 

Ai may be replaced by attribute b or vice versa. 

 P2. If in any set Ai  attributes a and b appear simultaneously and a → b 
then attribute b may be removed.  

 P3. For a, b ∈ A = ∪
n

i

iA
1=

and a ↓ b, all occurrences of a in all sets Ai 

may be replaced by attribute b or vice versa. 

 P4. Occurrence of an attribute in set A* should be dependent only on 
the appearances of this attribute in sets Ai. 

 P5. An attribute a appears in set A* if it appears in at least half of sets 
Ai. 

 P6. Set A* is equal to A after applying postulates P1–P3. 

 P7. For each attribute a ∈ A* its domain is Va (from the real world  
(A, V)).  

Postulate P1 uses the equivalence of attributes: one of them may replace 
another and vice versa. Postulate P2 uses the generality relation between 
attributes. Postulate P3 also replaces one attribute by its contradictory attri-
bute (in some sense they are equivalent). After applying the first three pos-
tulates each of the attributes may be treated independently in performing 
the integration (postulate P4). Postulate P5 guarantees A* to be the best 
representation of sets Ai in the sense of consensus. Postulate P6, on the 
other hand, makes the sum of all attributes after removing those equiva-
lent, general, and contradictory. This postulate guarantees the lack of loss 
of attributes and in many cases is suitable for the integration sense. Postu-
late P7 helps to define the domains of chosen attributes. It is clear that 
postulates P5 and P6 cannot be satisfied simultaneously. Therefore, set A* 
may be determined on the basis of postulates P1–P5 and P7, or on the basis 
of postulates P1–P4, P6, and P7. 

We propose the following algorithms for ontology integration on the 
concept level. Algorithm 9.1 is built on the basis of postulates P1–P5 and 
P7 and Algorithm 9.2 is built on the basis of postulates P1–P4, P6, and P7. 
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Algorithm 9.1. 
Input: Concept structures (Ai, V i) where Ai is a set of attributes and V i is 
their domain for i = 1, . . . , n. 
Output: Pair (A*, V*) which is the integration of the given pairs. 

Procedure: 
BEGIN 

1. Set A* = ∪
n

i

iA
1=

; 

2. For each pair a, b of attributes from A* do 
Begin  

 If a ↔ b then set A*:= A* \ {a} if a does not occur in rela-
tionships with other attributes from A*; 

 If a → b then set A*:= A* \ {b} if b does not occur in rela-
tionships with other attributes from A*; 

 If a ↓ b then set A*:= A* \ {b} if b does not occur in relation-
ships with other attributes from A*; 

End; 
  3. For each attribute a from set A* do 

If the number of occurrences of a in pairs (Ai, V i) is smaller than 
n/2 then set A*:= A* \ {a}; 

4. For each attribute a from A* add to A* attribute b if there is rela-
tionship a ↔ b or a ↓ b; 

5. For each attribute a from set A* determine its domain Va as the 
sum of its domains in pairs (Ai, V i);  

END. 

Algorithm 9.2. 
Input: Concept structures (Ai, V i) where Ai is a set of attributes and V i is 
their domain for i = 1, . . . , n. 
Output: Pair (A*, V*) which is the integration of the given pairs. 

Procedure: 
BEGIN 

1. Set A* = ∪
n

i

iA
1=

; 

2. For each pair a, b of attributes from A* do 
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 If a → b then set A*= A* \ {b} if b does not occur in rela-
tionships with other attributes from A*; 

3. For each attribute a from set A* determine its domain Va as the 
sum of its domains in pairs (Ai, Vi);  

END. 

These algorithms seem to be computationally very simple. However, 
checking the conditions in steps 2 and 4 of Algorithm 9.1 may be complex 
if the set of relationships between attributes is numerous. Step 2 of Algo-
rithm 9.1 is needed because step 3 can cause inconsistencies referring to 
the attribute relationships. These removed attributes (except those from 
generation relationships) are completed back in step 4. Algorithm 9.1 
should be used in such cases where the new ontology to be created should 
contain the most often used knowledge from the given ontologies. In this 
case the most representative ontology must satisfy postulate P5; owing to it 
the newly created ontology will be most similar to that given referring to 
the set of concepts. Algorithm 9.2, on the other hand, should be used in 
such cases where one wants to get into the new ontology all elements of 
knowledge included in the given ontologies. In this case the newly created 
ontology is in some sense a sum of the given ontologies.  

The computational complexity of each of Algorithms 9.1 and 9.2 is 
O(m2n) where m = card(Ai). Because m is not very large, these algorithms 
are effective. 

Below we present an example. 

Example 9.4. Let the real world (A, V) be defined as follows. 

     A = {a, b, c, d, e, f} 

     Va = [1, 200]. 

     Vb = {0, 1}. 

     Vc = {Yes, No}. 

     Vd = {Mon, Tue, Wed, Thurs, Fri, Sat, Sun}. 

     Ve = {+, −, ±}. 

     Vf = {Yes, No}. 

The set of relationships among these attributes is: 

     {b ↔ c, c ↓ f, e → a} . 

Let the structures of some concept in five ontologies be presented as fol-
lows. 
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Ontology Attributes 

O1 {a, b, c} 

O2 {a, d, e, f } 

O3 {a, e} 

O4 { f } 

O5 {e, f } 

Set A* determined by step 1 of both algorithms 9.1 and 9.2 is equal to 

     A* = {a, b, c, d, e, f }. 

According to Algorithm 9.1, by applying step 2 we can remove attributes 
b, c, and a. Thus after Step 2 we have: 

     A* = {d, e, f }. 

Step 3 causes the removal of attribute d, step 4 does not cause any change, 
and step 5 adds the domains of the remaining attributes. Finally we have: 

     A* = {e, f }. 

According to Algorithm 9.2, step 2 causes the removal of attribute a and 
step 3 adds the domains of the remaining attributes. Finally we have: 

     A* = {b, c, e, f }.           ♦ 

9.4.3. For the Relation Level 

We consider the situation in which between concepts c and c′ different on-
tologies assign different relations. Let c and c′ be two concepts. We have 
the following integration problem. 

For a given profile  

X = { (
iOR c,c′): i = 1, . . . , n}   

it is necessary to determine set R(c,c′) of final relations between c and 
c′, which best represents the given sets. 

If between relations on concepts c and c′ there is a lack of relationships, 
then the solution for this problem seems to be simple. One can determine 
R(c,c′) as the sum of sets )',( ccR

iO , or select to R(c,c′) only those relations 
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from )',( ccR
iO  which appear most frequently. However, the solution will 

not be so simple if we take into account the relationships between these re-
lations. For example, if relation r is between c and c′, and relation r′ is be-
tween c′ and c″, then there must be relation r″ between c and c″. Such kind 
of relationships may make the choice of set R(c,c′) hard. Here we consider 
the contradiction relationship between relations on concepts. As defined in 
Section 9.3.4, relations included in set R(c,c′) must satisfy the condition 
for noncontradiction: that is, two contradictory relations cannot occur be-
tween the same two concepts.  

Let Y be a set consisting of pairs of relations contradictory to each other. 
We assume that both relations belonging to a pair in Y appear in sets 

)',( ccR
iO . Let’s see an example. 

Example 9.5. Let the sets of relations between concepts c and c′ given by 
ontologies O1, . . . , O5 and restrictions included in set T be as follows.  

 
Set X Set Y 

)',(
1

ccRO  {r1, r2, r3} 

)',(
2

ccRO  {r1, r2, r4} 

)',(
3

ccRO  {r3, r5, r6} 

)',(
4

ccRO  {r1, r5} 

)',(
5

ccRO  {r2, r3, r6} 

 

 

{(r1, r6), 
(r3, r4),  
(r2, r5)} 

It follows, for example, that between concepts c and c′ in ontology O1 
there are three relations r1, r2, and r3, and among others relations r1 and r6 
may not occur together.              ♦ 

Similarly as in solving inconsistency on the concept level, here we pro-
pose two algorithms. The first integrates all relations between concepts c 
and c′ given by the ontologies, and next removes those causing contradic-
tion. The second algorithm includes in the final set of relations only those 
relations which appear most often in the ontologies, and of course do not 
cause contradiction. These algorithms are presented as follows. 

 
 
 

Relations between c and c′ 
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Algorithm 9.3. 
Input: Sets )',( ccR

iO  including relations between concepts c and c′ given 
by the ontologies Oi for i = 1, . . . , n and set Y including restrictions. 
Output: Set R(c,c′) consisting of final relations, which is the integration of 
the given sets. 

Procedure: 
BEGIN 

1. Set R(c,c′) = ∪
n

i
O ccR

i
1

)',(
=

; 

2. For each relation r ∈ R(c,c′) calculate the number γ(r) of its oc-
currences in sets )',( ccR

iO  for i = 1, . . . , n; 
3. For each relation r occurring in Y calculate  

λ(r) = ∑ ∈ γYrr r)',( )'( ; 

4. Determine such r in Y that λ(r) is maximal and set  

R(c,c′) = R(c,c′) \ {r}; 

5. Remove from Y all pairs in which r occurs; 
6. If Y ≠ ∅ then GOTO 4; 

END. 

Step 1 of the above algorithm integrates all relations occurring in given 
ontologies. Step 2 calculates the numbers of occurrences of each relation 
in sets )',( ccR

iO . Owing to numbers λ(r) calculated in step 3 one can get 
to know if relation r remains in the final set R(c,c′) then it is needed to 
remove λ(r) occurrences of other relations. Number λ(r) in some sense can 
be treated as the cost of maintenance of relation r in set R(c,c′). Therefore, 
we propose to remove those relations for which the maintenance costs are 
maximal (steps 4 and 5). Step 6 checks if all contradictory relations have 
been eliminated. Algorithm 9.3 guarantees then the maximal number of 
relations in set R(c,c′), and if it is necessary to remove a relation, it 
chooses the relation causing the minimal loss. 

The computational complexity of Algorithm 9.3 is O(m2n) where m = 
card(C). This is the worst case. However, the cardinality of set R(c,c′) is 
not very large. Therefore, Algorithm 9.3 is an effective one. 

For the situation given in Example 9.5 we have these numbers calcu-
lated as follows. 
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 r1 r2 r3 r4 r5 r6 

γ 3 3 3 1 2 2 

λ 2 2 1 3 3 1 
 

From this result it follows that the first relation to be removed is r6 and 
after this it is necessary to remove r4 and r5. Thus finally set R(c,c′) should 
consist of relations r1, r2, and r3. 

The idea of Algorithm 9.4 is based on collecting to set R(c,c′) only those 
relations which appear often in sets )',( ccR

iO . We use the same rule for 
contradiction elimination as given in Algorithm 9.3. This algorithm is pre-
sented as follows. 

Algorithm 9.4. 
Input: Sets )',( ccR

iO  including relations between concepts c and c′ given 
by the ontologies Oi for i = 1, . . . , n and set Y including restrictions. 
Output: Set R(c,c′) consisting of final relations, which is the integration of 
the given sets. 

Procedure: 
BEGIN 

1. Set R(c,c′) = ∅ and Z = ∪
n

i
O ccR

i
1

)',(
=

; 

2. For each relation r ∈ Z calculate the number γ(r) of its occur-
rences in sets )',( ccR

iO  for i = 1, . . . , n; 
3. For each relation r ∈ Z if γ(r) ≥ n/2 then set  

R(c,c′) = R(c,c′) ∪ {r}; 

4. Modify set Y so that each pair belonging to Y consists of relations 
from R(c,c′); 

5. For each relation r occurring in Y calculate  

λ(r) = ∑ ∈ γYrr r)',( )'( ; 

6. Determine such r in Y that λ(r) is maximal and set  

R(c,c′) = R(c,c′) \ {r}; 
7. Remove from Y all pairs in which r occurs; 
8. If Y ≠ ∅ then GOTO 5; 

END. 
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The difference between Algorithms 9.3 and 9.4 is that in Algorithm 9.4 
for the beginning value of set R(c,c′) we collect only those relations which 
appear at least in half the number of all ontologies. This condition is well-
known in consensus theory for the best representation of set R(c,c′) refer-
ring to given sets )',( ccR

iO . The process for eliminating the contradiction 
is similar in both algorithms.  

For the situation in Example 9.5 using Algorithm 9.4 we should obtain 
set R(c,c′) equal also to {r1, r2, r3}. 

9.5. Conclusions 

In this chapter a classification of ontology inconsistencies has been pro-
posed. According to this classification, inconsistency of ontologies may 
refer to one of three levels: instance level, concept level, and relation level. 
For each level we propose a method for inconsistency solving.  

The advantages of the proposed algorithms are based on the fact that 
they are not complex and can work for different structures of ontologies. 
They do not require well-valuating the parameters in ontologies, as subject 
logics do [60].  

In this chapter we do not consider the inconsistency of ontologies on the 
axiom level. However, this problem can be solved using the results pre-
sented in Chapter 5 referring to inconsistency resolution on the syntactic 
level. On this level it is possible to reconcile the inconsistency of a set of 
logic formulae. 
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10. Application of Inconsistency Resolution 
Methods in Intelligent Learning 
Systems  

This chapter deals with some applications of the methods for inconsistency 
resolution presented in previous chapters. Its subject is related to recom-
mendation processes in intelligent learning systems. Using methods for 
rough classification, a model for representation of learner profiles, learning 
scenarios, and the choice of a proper scenario for a new learner is propo-
sed. The recommendation mechanisms are based on consensus methods and 

10.1. Introduction 

Nowadays one of the most important aims of information systems is to 
serve the user in an effective way and to offer the highest quality services. 
The interaction between a user and a system should not be one way, as 
took place in the past, but should be two way, in the sense that the system 
should have some knowledge about the user for better serving him. The 
past systems treated all users in rather the same way, because for the same 
query the reaction of the system was also the same. Modern systems be-
have in another way. They “know” a lot about the user and can adapt their 
services to her needs. In addition, these systems try to guess what the user 
needs; in other words, they can perform recommendation processes.  

Recommendation is a very important feature of such kind of systems as 
information retrieval systems, tutoring systems, or E-learning systems. A 
recommender system, as defined in [138], is a system which can suggest to 
the user potential elements he may be interested in on the basis of knowl-
edge about the user. Intelligent learning systems seem to be required to 
have this feature. 

Adaptive hypermedia systems are very popular in delivering personal-
ized information and in the area of E-learning [24]. Below we present a 

clustering algorithms. Owing to them there is a possibility to adapt the lear- 
ning path to learner profiles. 
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brief overview of the following adaptive systems of this kind: INSPIRE, 
CS388, AEC-ES, and EDUCE.  

In the INSPIRE system [131] the learning styles classification based on 
Kolb’s theory of experimental learning [73] is applied for developing ada-
ptive presentation techniques. Learners having different learning styles re-
ceive educational materials presented in different ways. Thus to a certain 
degree the adaptation process is realized.  

System CS388 [25] uses the learning style model defined by Felder and 
Silvermann [41, 42] in which such parameters as learner modes of think-
ing, remembering, and problem solving are distinguished. Different types 
of media are also used for knowledge presentation and make them appro-
priate for different learning styles.  

AEC-ES [154] is an adaptive educational system that is based on field 
dependent/field independent (FD/FI) cognitive styles. In this system in-
structional strategies are recommended according to their cognitive styles 
by means of different adaptive navigation support tools and adaptive pres-
entation techniques.  

In system EDUCE [66] a cognitive learner’s characteristics model is ap-
plied to adaptation aims. It uses students’ classification in two dimensions: 
Gardner’s multiple intelligences concept and Bloom’s learning goals con-
cept. In EDUCE a learner can choose material according to his needs and 
preferences. These decisions are recorded in order to modify the learner 
profile which in turn helps to recommend proper educational materials to 
learners. EDUCE offers two types of adaptation concerning presentation of 
text: multimedia and modality adaptation. It also offers navigation support 
concerning direct guidance and link annotation. 

The subject of this chapter is the recommendation process in intelligent 
learning systems. This kind of system provides the possibility of learning 
at any time and anywhere. In most traditional learning systems only one 
learning strategy is accessible. This strategy is prepared by specialists (i.e., 
teachers or tutors) for the so-called typical learner, the main user of the 
system. The main disadvantage of such a system is keeping the same strat-
egy for different learners. Therefore, the learning process is not always 
effective, and not convenient for the learner. To overcome this disadvan-
tage a recommendation mechanism should be proposed.  

For working out a recommendation mechanism for an intelligent learn-
ing system we first define the knowledge structure of the system. Knowl-
edge is divided into several concepts, each of them expressed by so-called 
presentations. A concept may be presented to the learner by different se-
quences of presentations. Next we define a path usage called a scenario. A 
scenario sets the order of concepts to be presented and the presentation 
sequences within the concepts. The system gathers two kinds of data about 
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a learner: user data and usage data. User data consist of such information 
about the learner as age, gender, education level, learning styles, and so on. 
Usage data, on the other hand, include one or more scenarios with which 
the learner has passed the course with success.  

The idea for recommendation is based on determining the opening sce-
nario for a new learner. Toward this aim first a new learner is classified 
into a class; next the opening scenario for this learner is calculated on the 
basis of the passed scenarios of other members of this class. Although 
members of a class are assumed to be similar, there may be inconsistency 
in the set of their passed scenarios in the sense that these scenarios may not 
be identical. Therefore, the consensus method should be useful for deter-
mining the opening scenario for a new learner. 

For a learner classification process the attributes from user data are 
used. These attributes are most often indicated by experts. However, we 
assume that the set of these attributes should not be permanent for the 
whole life of the system. We note that the main criterion for the similarity 
of learners should be the similarity of their passed scenarios. Owing to this 
similarity we can determine the set of user data attributes responsible for 
the classification process in the following way. First we use these scenar-
ios as the basis for performing a clustering process for the set of learners. 
Next we propose a rough classification-based method which enables deter-
mining the smallest set of attributes generating a partition of the set of 
learners maximally similar to the partition given by the clustering process. 
This set of attributes will be the actual criterion for classification for new 
learners. Such a process should be repeated ever and again for updating this 
criterion for the system to adapt to new characteristics of learners.  

As mentioned above, the aspect of inconsistency appears in the fact that 
learners who are assumed to be similar (i.e., belonging to the same class 
of the classification) may have different passed scenarios of learning. The 
reason for this fact may be included in the following elements: First, the 
attributes creating the classification criterion are badly chosen. Second, 
the criterion is proper but only for a certain universe of learners; for other 
universes it may be improper. This argument justifies the necessity of trea-
ting classification criteria in a nonpermanent way, and our proposed method 
toward this aim should be useful. 

This chapter is organized as follows. In Section 10.2 the structure of 
knowledge of an intelligent learning system is presented. Section 10.3 in-
cludes the structure of a learner profile and the procedure for learner clas-
sification. In Section 10.4 the recommendation mechanism is presented, 
which enables determining the opening scenario for a new learner. Next, 
the method for learner clustering using the passed scenarios is presented in 
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Section 10.5, and finally in Section 10.6 a rough classification-based 
method for determining new criteria for learner classification is included. 

10.2. Structure of Knowledge  

10.2.1. Basic Notions 

First we mention the notion of linear order (or weak linear order) on some 
set X. 

A binary relation R ⊆ X × X is called a linear order on X if the following 

(a) ∀x ∈ X: (x,x) ∈ R. 

(b) ∀x,y,z ∈ X: (x,y) ∈ R ∧ (y,z) ∈ R ⇒ (x,z) ∈ R. 

(c) ∀x,y ∈ X: (x,y) ∈ R ∧ (y,x) ∈ R ⇒ x = y. 

(d) ∀x,y ∈ X: (x,y) ∈ R ∨ (y,x) ∈ R. 

A linear order R on X is called a strong linear order if it satisfies condi-
tions (b), (d), and  

∀x,y ∈ X: (x,y) ∈ R ⇒ (y,x) ∉ R. 
Relation R is called a partial linear order (partial linear relation) on X 

if only conditions (a) through (c) are satisfied. Thus it is a linear order on 
some subset of X. 

The knowledge base of an intelligent learning system should contain the 

 
• A set of concepts: They represent the notions of the field of learning. 

A concept can be treated as an integrated element of knowledge.  
• A set of linear relations between concepts: Each of such relations de-

fines the order in which the notions should be presented to the 
learner. 

• A set of presentations of concepts: A presentation refers to a notion 
and contains one piece of this notion. In the system a presentation 
may be understood as a multimedia screen, a page of text, and the 
like. Each concept has its set of presentations.1 

 

                                                      
1 Some justification for representing a concept by presentations is given in  [74]. 

following elements: 

conditions are satisfied: 
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• A set of partial linear relations: Each of them is defined on the set of 
presentations of a particular concept. Each of these relations refers to 
the set of presentations of one concept and shows an order in which 
the presentations should be presented to the learner. A concept may 
have different relations between its presentations, which means that 
there are different ways to show the same material to the learner. 

Below we present an example. 

Example 10.1. Figure 10.1 illustrates the knowledge structure on the level 
of concepts and the level of presentations. Between the three concepts 
there are two linear relations 

α1 = {(c1, c2), (c2, c3)} 
and 

α2 = {(c1, c3), (c3, c2)}. 
 

Figure 10.1. Structure of knowledge. 

c1 c2 c3

p11 p21

p15

p14

p13

p12 p22

p24

p23

p31

p32

Concepts

Presentations
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Instead of a set of pairs a linear order can be written as a sequence. For ex-
ample,  
  α1 = <c1, c2, c3>. 

Between the presentations of concept c1 there are two linear orders: the 
first is: 
  <p11, p12, p13, p14, p15>, 
and the second is: 
  <p13, p15, p14, p11, p12>. 

Between the presentations of concept c2 there are two partial linear 
orders and between the presentations of concept c3 there are also two par-
tial linear orders. (Notice that a linear order is a special case of partial lin-
ear orders and in a linear relation an element is in relation with itself.) ♦ 

Ontology seems to be the best tool for defining the structure of knowl-
edge of learning systems. 

Definition 10.1. 
The ontology of knowledge of an E-learning system is defined by the fol-
lowing quadruple, 
  (C, P, RC, RP), 
where 

• 
• 
• 
• P

Example 10.2. For the lesson on subject “Relational algebra” from the 
field of databases the system should show learners the basic notions such 
as “attribute”, “attribute domain”, “tuple”, “relation”, and the definition of 
such operations on relations as “project”, “selection”, and so on. The ele-
ments of a knowledge base are defined as follows. 

 • C = {Attribute, Attribute_domain, Tuple, Relation, Project, Selec-
tion, Join, Sum, Product, Difference}.  

• Two linear relations between concepts are presented in Figure 10.2. 
A relation represents an order in which the notions should be pre-
sented to the learner. 

• Presentations of concept “Join” and their relations are shown in 
Figure 10.3. We can see that this concept can be learned using one 
of two ways for ordering the presentations. In the first way two 

R   is a set of partial linear relations on subsets of set P. 
CR  is a set of linear relations on set C. 

P is a set of presentations of concepts. 
C is a finite set of concepts. 
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presentations are used, “Example 1” and “Example 2,” whereas in 
the second way these presentations are omitted. We can then assume 
that the second way is for more advanced learners. 

 

 

Figure 10.2. Relations among concepts. 

 

 

Figure 10.3. Presentations of concept “Join”. 

Attribute

Att. Domain

Tuple

Relation

Project

Selection Join Sum Product

 
 

 

 

Difference
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Because set C is finite, we can denote n = card(C). 
Let c ∈ C; by P(c) we denote the set of presentations of concept c and 

by RP(c) we denote the set of partial linear orders on set P(c). Thus we 
have 

P = ∪ Cc cP∈ )(   

and 
  RP = ∪ Cc P cR∈ )( . 

Now we define the notion of scenario which is understood as a seq-
uence of sequences of presentations containing all concepts and each con-
cept is presented in total in such a sense that a whole partial linear relation 
on its set of presentations is included in the sequence. Each scenario is 
based on an order of concepts. 

Definition 10.2. 
Let α ∈ RC, be a scenario based on order α (or an α-based scenario); we 
call a sequence  
  s = <r1, r2, . . . , rn>, 

where  

• i P i i i.

• For each i (1 ≤  i < n) ci ≠ ci+1 and (ci, ci+1) ∈ α. 

Thus a scenario should firstly be based on some linear order from RC, and 
secondly it is a sequence of partial linear orders on sets of presentations of 
the concepts. The relation α determines the order in which the presentations 
of particular concepts will be presented to the learner, and within a concept 
ci relation ri will type the order for showing the presentations. 

A scenario can be treated as a learning path for a learner to learn the 
knowledge in the system. Owing to different relations on the set of con-
cepts and different partial linear relations between presentations within 
concepts there may be defined various scenarios for different learners. 

So a scenario has two kinds of orders: the first (called the external 
order) refers to one order of concepts and the second (called the internal 
order) refers to orders of presentations within concepts. 

Example 10.3. As an example of a scenario consider the knowledge struc-
ture described in Example 10.1. As known, there are two linear orders on 
concepts. Let α be relation α1. For each concept one of the partial linear 
orders may be included in a scenario. Some α1-based scenarios are defined 
as follows. 

For each i (1 ≤ i  ≤  n) r  ∈ R (c ) for some c  ∈ C  
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s1 = < p13, p15, p14, p11, p12>, <p31>, <p21, p22, p23, p24> . 

s2 = < p11, p12, p13, p14, p15>, <p21, p22, p23, p24>, <p32> . 

s3 = < p13, p15, p14, p11, p12>, <p22, p23, p24>, <p31 > . 

As we can see, each scenario consists of a sequence of sequences. The 
external sequence refers to α and each internal sequence refers to a partial 
linear order within a concept. For example, in scenario s1 the external seq-
uence refers to order <c1, c3, c2>, whereas in scenario s2 the external seq-
uence refers to order <c1, c2, c3>. In scenario s2 for concept c1 the internal 
order is <p11, p12, p13, p14, p15>, for concept c2 it is <p21, p22, p23, p24>, and 
for concept c3 it is <p32>.  

A scenario may be represented by a table where each column represents 
a concept, and the order of rows represents the order of presentations 
within a concept. The orders of columns and rows refer exactly to the or-
der of concepts in the relation α and the order of presentations within con-
cepts, respectively. Thus scenario s3 may be represented by Table 10.1.  
        ♦ 

By SC we denote the set of all potential scenarios for set C of concepts. 
Notice that the cardinality of set SC is dependent on the number of knowl-
edge pieces occurring in C and the numbers of partial linear relations on 
sets of presentations of the concepts. Generally, this number may be very 
large, but always finite.  

Table 10.1. Scenario s3 

c1 c2 c3 

p13 p22 p31 
p15 p23  
p14 p24  
p11   
p12   

Now we deal with defining the distance functions for scenarios. Before 
this we need to define the distance function between two partial linear rela-
tions on a set. The distance functions for linear orders on a set have been 

10.2.2. Distance Functions between Scenarios 
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defined by several authors [68, 159]. There are two most popular func-
tions. The first counts the number of pairs (x, y) for x, y ∈ X such that they 
appear only in one relation. This function takes into account the difference 
between the positions of an element in both relations. For example, the dis-
tance between relations 

  <x1, x2, x3, x4, x5>, 
and  

  <x3, x5, x4, x1, x2> 

should be equal to 14.  
In the second function for each element from X its position indexes in 

each relation are determined and its share in the distance is calculated as 
the absolute difference of these indexes. For example, element x1 occurs in 
the first relation (presented above) on the first position and in the second 
relation on the fourth position, so its share in the distance is 3. In this way 
we can calculate the distance between these two relations, which is equal 
to 12. 

Our task for defining a distance function differs from that solved in the 
literature in that the relations are partial; that is, there may exist an element 
from set X which appears in one relation but does not appear in the second. 

Let β1 and β2 be partial linear relations on a finite and nonempty set X. 
We define a distance function of type ρ (see Section 4.2.2.2 in Chapter 4). 
We mention that a function of type ρ reflects the shares of elements from 
set X in the distance between two relations.  

The share Sx(β1,β2) of an element x ∈ X in the distance between relations 
β1 and β2 is defined as follows. 

 
a) If x does not occur in either β1 or β2 then  

Sx(β1,β2) = 0. 

b) If x occurs in β1 on position k and in β2 on position k′ then  

Sx(β1,β2) = 
)(

'
Xcard
kk −

. 

c) If x occurs in β1 on position k and does not occur in β2 (or x occurs 
in β2 on position k and does not occur in β1) then 

Sx(β1,β2) = 
)(

)1()(
Xcard

kXcard −−
. 

Although the conditions (a) and (b) are rather intuitive, some comments 
should be added for condition (c). Notice that if an element x appears only 

This copy belongs to 'VANC03'



10.2. Structure of Knowledge      273 

in one relation (e.g., in β1) then the intuition is that the smaller its position 
in β1 the greater is its share in the distance. The reason is that a smaller posi-
tion index means a higher position in the order.  

The distance function σ for partial linear relations is defined as follows. 
 

Definition 10.3. 
By the distance between two partial linear relations on set X we under-
stand the following value, 

  σ(β1,β2) = 
)(

),( 21

Xcard
SXx x∑ ∈ ββ

. 

Example 10.4. Let X = {x1, x2, x3, x4, x5} and let  
  β1 = <x1, x2, x3, x4, x5>, 

  β2 = <x3, x5, x1>. 
We have: 

),( 211
ββxS  = 

5
1 31−  = 

5
2

, 

),( 212
ββxS  = 

5
)12(5 −−

 = 
5
4

, 

),( 213
ββxS  = 

5
1 31−  = 

5
2

, 

),( 214
ββxS  = 

5
)14(5 −−

 = 
5
2

, 

),( 214
ββxS  = 

5
)15(5 −−

 = 
5
1

. 

Thus  

  σ(β1,β2) = 
5

5
1

5
2

5
2

5
4

5
2 ++++

 = 
25
11 .  ♦ 

Notice that in the case when β1 and β2 are linear orders on X then func-
tion σ corresponds to the second distance function described above. We 
have the following theorem. 

 
Theorem 10.1. 
The following properties are true. 

(a) For each x ∈ X function Sx is a metric. 
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(b) For each x ∈ X and any two partial linear relations on X there 
should be Sx(β1,β2) ≤ 1, and Sx(β1,β2) = 1 iff x occurs on the first 
position of one relation and does not occur in the second. 

(c) Function σ is a metric. 
(d) For any two partial linear relations β1 and β2 on X there should be 

σ(β1,β2) ≤ 1, and σ(β1,β2) = 1 iff card(X) = 1, β1 = <y> for y ∈ X 
and β2 = ∅, or card(X) = 2, β1 = <y>, β2 = <z> for y, z ∈ X. 

Proof. 
(a) Notice that function Sx is nonnegative and symmetric. For transitivity 

consider three partial linear relations β1, β2, and β3. Let’s consider the fol-

 
• Element x occurs in all of them on positions k, k′, and k″, respec-

tively. Then we have  

Sx(β1,β2) + Sx(β2,β3) = 
)(

"
)(

"''
Xcard

kk
Xcard

kkkk −
≥

−+−
 = Sx(β1,β3). 

• Element x appears in β1 and β2 on positions k and k′ but does not ap-
pear in β3. We can assume that k ≥ k′ and have 

Sx(β1,β2) + Sx(β2,β3)  

                     = 
)(

)1()(
)(

)1'()()'(
Xcard

kXcard
Xcard

kXcardkk −−
≥

−−+−  = Sx(β1,β3). 

• Element x appears in β1 and β3 on positions k and k″ but does not ap-
pear in β2. Because card(X) + 1 > k and card(X) + 1 > k″ we have 

Sx(β1,β2) + Sx(β2,β3) = 
)(

)1"()1()(2
Xcard

kkXcard −−−−  ≥ 
)(

"
Xcard

kk −
   

                                         = Sx(β1,β3). 
• Element x appears only in β1 on position k. We have 

Sx(β1,β2) + Sx(β2,β3) = 
)(

)1()(
Xcard

kXcard −−  = Sx(β1,β3) . 

• Element x appears only in β3 in position k″. We have  

Sx(β1,β2) + Sx(β2,β3) = 
)(

)1"()(
Xcard

kXcard −−  = Sx(β1,β3). 

• Element x does not appear in any of these relations. Of course, we 

Sx(β1,β2) + Sx(β2,β3) = Sx(β1,β3) = 0. 

lowing cases: 

have the following equation: 
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(b) Inequality Sx(β1,β2) ≤ 1 follows from the fact that the position index 
of x in any relation may not be larger than card(X). The equality occurs if 
and only if x occurs in the first position of one relation and does not appear 
in the second.  

(c) This property follows from the fact that function Sx is a metric for 
any x ∈ X. 

(d) The fact that σ(β1,β2) ≤ 1 should be implied from Definition 10.3. 
We can quickly check that if X = {y}, β1 = <y>, and β2 = ∅ (or β1 = ∅ and 
β2 = <y>), also if X = {y, z}, β1 = <y>, and β2 = <z>, then there should be 
σ(β1,β2) = 1. On the other hand, let σ(β1,β2) = 1; then for each x ∈ X there 
should be Sx(β1,β2) = 1. From (c) it is known that x should occur in the first 
position of one relation and not appear in the second. The number of ele-
ments with this property may be maximally equal to 2. If 2, each of them 
should occur only in one relation, and the cardinality of X should also be 
equal to 2. If 1, the only element should occur in one relation, and the car-
dinality of X should be equal to 1.     ♦  

Now we deal with the distance function for scenarios. Let two scenarios  

  s1 = < )1(
1r , )1(

2r , . . . , )1(
nr > 

and  

  s2 = < )2(
1r , )2(

2r , . . . , )2(
nr > 

be given where n is the number of concepts. 
For comparing two scenarios s1 and s2 we should take into account the 

 
• The difference between the linear orders on the set of concepts in 

these scenarios for this component in the distance a weight w1 will 
be destined. 

• The difference between partial linear relations on the set of presenta-
tions within each concept, weight w2 will be destined for this com-
ponent. 

For each concept c ∈ C denote by g(c) and h(c) the positions referring to 
c in scenarios s1 and s2, respectively. 

Definition 10.4. 
By distance function between scenarios we understand a function 

  d : SC × SC → [0,1], 
where for an α1-based scenario s1 and an α2-based scenario s2 the dis-
tance between them is defined as follows, 

following aspects: 
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  d(s1, s2) = w1 ⋅ σ(α1,α2) + w2 ⋅ ∑ ∈ σCc chcg rr ),( )2(
)(

)1(
)(  

and    
0 < w1, w2 < 1;       w1 + w2 = 1. 

The first component of the distance function refers to the distance be-
tween external orders in scenarios, and the second component refers to the 
distance between internal orders of the scenarios. 

s1 = < p13, p15, p14, p11, p12>, <p31>, <p21, p22, p23, p24> . 

s2 = < p11, p12, p13, p14, p15>, <p21, p22, p23, p24>, <p32> . 

Their representations are as follows. 

      s1 

c1 c2 c3 

p13 p31 p21 
p15  p22 
p14  p23 
p11  p24 
p12   

 

      s2 

c2 c3 c2 

p13 p21 p32 
p15 p22  
p14 p23  
p11 p24  
p12   

 
The distance between external orders <c1, c2, c3> and <c1, c3, c2> is equal 
to 2/9. The distance between internal orders for 

 
1

2

3

 
Thus the second component of the scenarios’ distance is 1. Assuming 
w1 = w2 = 0.5 we have  

  d(s1, s2) = 0.5 ⋅ 
9
2

 + 0.5⋅1 = 
18
11

.   ♦ 

Values w1 and w2 may be treated as weights for the components of 
external and internal order differences in the distance. They may be regu-
lated for adapting to a practical situation.  

Because function σ is a metric (see Theorem 10.1), then it is easy to 
prove that function d is also a metric. 

Example 10.5. Consider two scenarios defined in Example 10.3: 

concept c  is 0,
concept c  is 0, 
concept c  is 1. 

This copy belongs to 'VANC03'



10.3. Learner Profile and Classification      277 

10.3. Learner Profile and Classification 

An intelligent learning system should have the properties of adaptation and 
recommendation. They are very useful features for learners. In adaptive 
and recommender systems the user model is a very important element. The 
task of the user model is to deliver information about the user and simplifi-
cation for her to understand the interaction process [57]. It is the basis for 
description and prediction of the user potential behaviors during her work 
with the interactive system [96]. Most often there are two elements of a 
user model: the user data and usage data [71]. User data contain mainly the 
demographic data, such as: record data (name, address, e-mail, etc.), geo-
graphic data (zip code, city, state, country), user’s characteristics (gender, 
education, occupation), and some other qualifying data (IQ, skills and 
capabilities, interests and preferences, etc.). The usage data, on the other 
hand, consist of information about the user related to the user’s interac-
tions with the system. For example, often-given queries or often-used use 
paths belong to usage data. The usage data may concern users’ interests, 
preferences, or temporal viewing behavior, as well as ratings concerning 
the relevance of these elements [71].  

The term “user model” is general for all types of systems where there is 
two-way interaction between the user and the system. For learning systems 
the most important user is a learner (or a student). Therefore, instead of 
“user model” we use the “learner profile” term [74–76]. As stated above, a 
learner profile should include user data and usage data. We propose to 
concretize these kinds of data as follows. 

10.3.1. User Data 

This kind of data should contain such parameters of a user which charac-
terize him as a learner [77]. The attributes and their domains are given in 
Table 10.2. 

The attributes of personal data are clear and do not need comments. To 
classify purpose attributes Age, Gender, Education level, and Intelligence 
Quotient seem to be very useful. The attributes for the individual learning 
style are adopted from the model of Felder and Silverman [42]. Apart from 
this model we can find many other models of learning styles in the litera-
ture. It is worthwhile mentioning Dunns’s model [38], Kolb’s model [73], 
and Herrmann’s model [56]. All these models enable describing the indi-
vidual learning styles of learners. However, their practical use seems to be 
strongly limited because of the complexity of their structures. Felder and 
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Silverman’s model appears to be simpler and its attributes seem to be 
sufficient to cover the information about learners for the adaptation and 
recommendation goal. Its application and usefulness in practice has been 
described in [163]. Some experiments of applications of Felder’s model to 
the learning styles modeling in the hypermedia environment are presented 
in [25]. The advantages of this model have also been widely analyzed in 
[76, 77]. 

Attribute Name Attribute Domain 

Personal Data 

Learner identifier (login)  STR 

Password STR 

Surname STR 

Age Integer 

Gender {male, female} 

Education level {elementary, secondary, 

Intelligence Quotient (I.Q.)  {low, middle, high} 

Individual Learning Style 

Perception {0.0, 0.1, 0.2, . . . , 1.0} 

Receiving {0.0, 0.1, 0.2, . . . , 1.0} 

Processing {0.0, 0.1, 0.2, . . . , 1.0} 

Understanding {0.0, 0.1, 0.2, . . . , 1.0} 
 
According to Felder’s model the style of a learner should be concerned 

with four dimensions: perception, receiving, processing, and understand-
ing [41, 42]. Each of these dimensions is measured in two values:  

 
• Perception may be sensitive or intuitive.  
• Receiving information may be visual or verbal.  
• Processing information may be active or reflective.  
• Understanding may be sequential or global.  

 
 

Table 10.2.  Attributes of user data 

graduate, postgraduate} 
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Owing to this we can use a fuzzy domain for each of these attributes. 
The domain is a set of discrete values from 0 to 1 (see Table 10.2). We can 
assume that a value of an attribute represents the degree of the learner 
referring to the first value mentioned above, and the difference between 1 
and this number represents the second value. For example, if for a learner 
the value for attribute Perception is equal to 0.4 then one should under-
stand that the ability of the learner is sensitive in the degree of 0.4 and is 
intuitive in the degree of 0.6.  

10.3.2. Usage Data 

The usage data of a learner should contain such data as  
 
• Opening scenarios proposed by the system: Learners are classified 

into classes on the basis of their user data. When a new learner logs 
onto the system, it may propose one or more scenarios to him. This 
scenario is chosen on the basis of the scenarios passed by other 
learners belonging to the same class. The way to choose a beginning 
scenario for a new learner is presented in the next section. 

• Realized learning scenarios: The beginning scenario suggested by 
the system may turn out to be unsuitable for the learner, and it is 
necessary to change it. Thus the final scenario on the basis of which 
the learner passes the course may be different from the first one. This 
kind of scenario will serve to reclassify the process for the set of 
learners.  

10.3.3. Learner Classification Process 

The classification process for learners is done on the basis of attributes 
defined in user data. The aim of the classification is to enable the process 
of adaptation and recommendation. We would like to have in one class the 
learners who have passed similar learning scenarios. Owing to this a new 
learner after classifying may be recommended with a good scenario so that 
he will be probably able to pass it.  

It turns out that not all attributes are proper for the classification process. 
For example, attributes Learner Identifier and Password are obviously 
useless for classification. The choice of the attributes for the classification 
process should be done by experts.  

Below we present a description of the classification process. 
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domain (Integer) may be divided into three intervals: up to 18 (young), 
between 18 and 50 (middle), and above 50 (elder). For each attribute a 

a

Let L denote the set of all learners who have used the system. Let B ⊆ A 
be the set of attributes for classification. Let CB be the classification of the 
set of learners on the basis of attributes from B. A class of the classifica-
tion is defined by the following elementary tuple of type B, 

  r : B → ∪ Ba aV∈ , 

where  

  r(a) ∈ Va  

for each a ∈ B. The set of all elementary tuples of type B has been denoted 
E-TUPLE(B) (see Section 4.2.1, Chapter 4). 

Thus the number of classes is equal to the number of all tuples of type 
B; that is, 

  card(∏ ∈Ba aV ) . 

By CB(r) we denote the class of classification CB defined by tuple r. A 
B

ing properties, 

∪ )( )(BTUPLEEr B rC−∈  = L,  

and 

CB(r) ∩ CB(r′) = ∅     for any r, r′∈ E-TUPLE(B) and r  r′. 

In this way the set 

  CB = {CB(r): r ∈ E-TUPLE(B)} 

can be treated as a partition of L. However, some of its classes may be 
empty and should be removed from CB. 

Because the values of the attributes describing a learner’s individual 
learning style may not be precisely known when the learner begins her 
interaction with the system, we may assume that these values may be 
modified during her learning process.  

In the next section we present a method for learner recommendation.  

discretisation process may be done. For example, for attribute Age its 

denote its domain (after possible discretisation) by V . 

a ∈ B its value referring to this learner is equal to r(a). We have the follow-
learner l ∈ L is classified into class C (r) if and only if for each attribute  

≠

Let A be the set of attributes from user data. For an attribute domain the 
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10.4. Recommendation Process 

At the beginning of the interaction with the system, a learner gives his 
parameters (user data) to the system and next he is classified into a class. 
Using the usage data of the learners belonging to the class the system de-
termines the beginning scenario for this new learner. We propose to use 
consensus methods toward this aim. The algorithm for this choice is pre-
sented later. First we show the general procedure for recommendation. 

10.4.1. Recommendation Procedure 

As presented in Figure 10.4, the recommendation procedure consists of 
eight steps:  
 
• In step 1 a new learner gives his temporal user data to the system. 

The temporality refers mainly to the values of attributes concerning 
learning style. 

• In step 2 the new learner is classified into a class on the basis of his 
user data. 

• In step 3 the system determines the opening scenario for the learner 
on the basis of the passed scenarios of the learners belonging to 
the class with using consensus method. 

• In steps 4 through 6 the learning process takes place. According to 
the given scenario within a concept the system presents to the learner 
a sequence of presentations. At their end the learner’s knowledge is 
verified (e.g., by some test). If the verification process fails the sys-
tem can change to an alternative sequence of presentations, and 
modify the scenario. Some elements of the learning style of the 
learner may also be modified because some of its elements may be 
really different than assumed at the beginning. For example, for at-
tribute Receiving it may turn out that for the learner the verbal form 
is better, not the visual form as he has declared.  

• After the learner has been shown all concepts, if the system evalu-
ates the process as positive then it should perform step 7 which 
relies on completing usage data that are the opening scenario and 
the passed scenario. Otherwise step 8 should be performed, in 
which the learner should be reclassified and directed to step 3. 
Note that reclassification is sensible because the user data of the 
learner could be changed, and a new opening scenario could bring 
learning success.  

In the next section we deal with the algorithm for determination of the 
opening scenario. 
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Figure 10.4. Recommendation procedure. 
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10.4.2. Algorithm for Determination of Opening Scenario 

We now present an algorithm for determination of the opening scenario for 
a new learner. We assume that after the classification process the new 
learner will belong to a class which consists of learners similar to her. 
These learners have passed the course with success, and it is the basis for 
us to assume that the scenario for the new learner should be determined on 
the basis of the scenarios of her colleagues. Along with this assumption we 
would like the scenario for the new learner: 

 
• To be maximally similar to the scenarios passed by her colleagues  
• To have maximally steady similarities to the scenarios passed by her 

colleagues 
 
As analyzed in Chapter 3, a scenario which satisfies the first condition is a 

consensus fulfilling criterion O1 (requiring minimization of the sum of dis-
tances between the consensus and profile elements, in this case passed sce-
narios), and a scenario which satisfies the second condition is a consensus 
fulfilling criterion O2 (requiring minimization of the sum of squared dis-
tances between the consensus and profile elements). It has been proved that 
in general such a consensus satisfying both conditions simultaneously does 
not exist. Therefore, we work out separately an algorithm for each condition. 

First we deal with consensus fulfilling criterion O1. Toward this aim we 
use the distance function d defined for scenarios in Section 10.2.2. The 
consensus problem is defined as follows. 

For a given set with repetitions of scenarios  

  X = {si ∈ SC : si is αi-based for i = 1, 2, . . . , n}, 

one should determine an α*-based scenario s* ∈ SC such that sum 

  ∑
=

n

i
issd

1
)*,(  

is minimal. 

According to Definition 10.3 we have: 

  d(s*, si) = w1 ⋅ σ(α*,αi) + w2 ⋅ ∑ ∈ σCc
i

chcg i
rr ),*( )(

)()( , 

where g(c) and hi(c) denote the position indexes referring to concept c in 
scenarios s* and si, respectively. Thus we further have  

 ∑
=

n

i
issd

1
)*,(  = w1 ⋅ ∑

=
αασ

n

i
i

1
)*,(  + w2 ⋅ ∑∑

=
∈ σ

n

i
Cc

i
chcg i

rr
1

)(
)()( ),*(   
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        = w1 ⋅ ∑
=
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n
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)*,(  + w2 ⋅ ∑ ∑∈
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mal, and for each concept c such partial linear relation r*g(c) which mini-

mizes the sum ∑ =
σn
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i
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Problem 1. 
For a given set of linear orders on set C of concepts 

  Y = {αi: i = 1, 2, . . . , n} 

one should determine a linear order α* on C such that sum 

  ∑
=

αασ
n

i
i

1
)*,(  

is minimal. 

and  

Problem 2. 
For a given set of partial linear orders on some finite set Z 

  Y = {γi: i = 1, 2, . . . , k} 

one should determine a partial linear order γ* on Z such that sum 

  ∑
=

γγσ
k

i
i

1
)*,(  

is minimal. 

For Problem 1 there is a known branch and bound algorithm worked out 
by Barthelemy, Guenoche, and Hudry [12] on the basis of standard dis-
tance functions between linear orders. We propose here another algorithm 
using the distance function σ defined in Section 10.2.2. The idea of this 

• For each concept determine a set of indexes of the positions on 
which this concept occurs in orders αi for i = 1, 2, . . . , n. 

• In relation α* the order of concepts will be consistent with the 
increasing order of the sums of their indexes. 

From the above equality it follows that the sum 

if one determines such concept order α*; thus sum 

). Therefore, we need an algorithm for the 

The algorithm is presented as follows. 

following two optimization problems: 

algorithm is based on the following steps: 
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Algorithm 10.1. 
Input: Set of linear orders on set C 
  Y = {αi: i = 1, 2, . . . , n}. 

Output: Linear order α* on C minimizing sum ∑
=

αασ
n

i
i

1
)*,( . 

Procedure: 
BEGIN 

1. For each c ∈ C determine a set with repetitions: 
  Ic = {j: there exists an order from Y such that concept c  

                                     occurs on its jth position}; 
2. For each c ∈ C calculate Jc = ∑ ∈ cIj j ; 

3. Set in order the concepts in relation α* according to the  
       increasing order of values Jc; 

END. 

We give an example: 

Example 10.5. Let C = {c1, c2, c3, c4}, and let set Y consist of the follow-
ing orders, 
  α1 = < c1, c2, c3, c4> 
  α2 = < c2, c1, c4, c3> 
  α3 = < c4, c3, c1, c2> 
  α4 = < c1, c4, c2, c3> 
  α5 = < c4, c3, c1, c2>. 
We have: 

  
1cI  = {1, 2, 3, 1, 3} 

 
2cI  = {2, 1, 4, 3, 4} 

 
3cI  = {3, 4, 2, 4, 2} 

 
4cI  = {4, 3, 1, 2, 1} 

and 
  

1cJ  = 10,     
2cJ  = 13,     

3cJ  = 15,     
4cJ  = 11. 

Thus   α* = < c1, c4, c2, c3>.    ♦ 

The computational complexity of this algorithm is O(n ⋅ m) where 
m = card(C). 
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For Problem 2 the algorithm may be more complex, because the rela-
tions may be partial. First let’s notice that if relation γ* may have a weak 
linear order then we have the following method. 

The idea of this method is based on the observation that the position of 
each element from set Z may be determined in an independent way. For an 
element x ∈ Z we may determine the set of indexes of its positions in rela-
tions γi (i = 1, 2, . . . , k). If z does not occur in some relation then we may 
assume its index equal to card(Z) + 1. This follows from the definition of 
the share of x in the distance of two partial linear orders where x occurs 
only in one relation on position k; then its share is equal to 

  
)(

)1()(
Xcard

kXcard −−  = 
)(
)1)((

Xcard
kXcard −+ . 

This value is the same as if in the second relation x occurred in position 
card(Z) + 1 which, of course, does not exist. 

For example, let Z = {x1, x2, x3, x4}, and let set Y consist of the following 
orders, 
  γ1 = < x1, x2, x4> 
  γ2 = < x1, x2, x4, x3> 
  γ3 = < x4, x2, x3 > 
  γ4 = < x1, x4, x3 > 
  γ5 = < x3, x1, x2>. 
Thus card(Z) + 1 = 5 and we have: 

  
1xI  = {1, 1, 5, 1, 2} = {1, 1, 1, 2, 5} 

  
2xI  = {2, 2, 2, 5, 3} = {2, 2, 2, 3, 5} 

  
3xI  = {5, 4, 3, 3, 1} = {1, 3, 3, 4, 5} 

  
4xI  = {3, 3, 1, 2, 5} = {1, 2, 3, 3, 5}. 

Based on Algorithm 5.5 (see Section 5.4.3 in Chapter 5) we can imply 
that if the position index of x1 in relation γ* is 1 then its share in the sum of 
distances between γ* and the given partial linear relations will be minimal 
(this means the best position for x1 in γ*). Similarly for x2 the index should 
be 2, for x3 – 3, and for x4 – 3. Thus if γ* could be a weak linear order then 
it should have the form: 

  < x1, x2, {x3, x4}>. 
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However, it is required that γ* should be a (nonweak) linear order. This 
problem seems to be NP-complete (its proof is not presented here), thus a 
heuristic algorithm is needed to be worked out.  

Fortunately, despite the NP-completeness we can notice that in fact 
within a concept we must choose one of its presentation orders which 
minimizes the sum of distances to given presentation orders. This means 
γ* ∈ RP(c) where RP(c) is the set of partial linear orders on the set of pres-
entations of concept c. Because set RP(c) should not be large, we can allow 
making a full search for finding the optimal element from RP(c) that mini-
mizes the sum of distances. 

The algorithm is presented as follows. 

Algorithm 10.2. 

Input: Set of partial linear orders on set P(c) for c∈C. 

  Y = {γi: γi∈RP(c) for i = 1, 2, . . . , k}. 

Output: Partial linear order γ* ∈ RP(c) minimizing sum 

  ∑
=

γγσ
k

i
i

1
)*,( . 

Procedure: 
BEGIN 

1. Set γ ∈ RP(c) as any relation belonging to RP(c); 

2. Set γ*:= γ; Calculate Ω:= ∑
=

γγσ
k

i
i

1
)*,( ; 

3. For each γ ∈ RP(c) do if ∑
=

γγσ
k

i
i

1
),(  < Ω then 

Begin 

    Set Ω:= ∑
=

γγσ
k

i
i

1
),( ; 

    γ*:= γ 
  End; 

END. 

Example 10.6. Let’s consider the sequel of Example 10.5. For each con-
cept the set of its presentations and partial linear orders is presented as in 
Figure 10.5 (symbol rij represents a presentation’s partial order for concept 
ci). Assume that in a class the passed scenarios are the following (where 
scenario si is αi-based, for i = 1, 2, 3, 4, respectively). 

s1 = < p11, p13, p14, p12>, <p22, p23, p24>, <p33, p35, p34>,  

           <p43, p45, p44, p41, p42 > . 
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s2 = < p21, p23, p24, p22>, <p11, p13, p14, p12>, <p43, p45, p44, p41, p42>,  
           <p31, p33 > . 

s3 = < p42, p43, p44>, <p31, p33>, <p11, p13, p14, p12>,  
           <p21, p23, p24, p22 > . 

s4 = < p12, p13, p14>, <p42, p43, p44>, <p22, p23, p24>, <p31, p33 > . 

s5 = < p42, p43, p44>, <p31, p33>, <p13, p15, p14, p11, p12>,  
           <p21, p23, p24, p22 > . 

As known from Example 10.5, in the consensus the order α* for con-
cepts should be: 

α* = < c1, c4, c2, c3>. 

For each concept the partial linear order is given in Table 10.3. This or-
der is also the opening scenario for the new learner.  ♦ 
 

c1 

r11 r12 r13 r14 

p13 p11 p12 p12 
p15 p13 p13 p13 
p14 p14 p14 p15 
p11 p12  p11 
p12    

 
c3 

r31 r32 r33 

p33 p33 p31 
p35 p35 p33 
p34 p34  

 p31  
 p32  
   

c2 

r21 r22 r23 

p23 p22 p21 
p22 p23 p23 
p24 p24 p24 
p21  p22 

   
 

c4 

r41 r42 

p43 p42 
p45 p43 
p44 p44 
p41  
p42  

 

Figure 10.5. Partial orders of presentations of concepts. 
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Table 10.3. Opening scenario for the new learner 

c1 c4 c3 c2 

p11 p22 p31 p21 
p13 p23 p33 p23 
p14 p24  p24 
p12   p22 

10.5. Learner Clustering Process 

As described above, in the classification of learners their user data play a 
key role. Experts indicate these attributes from the user data which are the 
basis of the classification process. In this section we propose a novel app-
roach for determining these attributes. It is based on the usage data, more 
concretely, on determining the attributes for classification on the basis of 
the passed scenarios of learners. We assume that it is the passed scenarios 
which decide about the similarity of learners. However, the tool for classi-
fication should be based on user data. Thus we propose to use passed sce-
narios for determining the attributes from user data which will be used for 
the classification process. The idea of this approach is similar to the one 
for user interfaces presented in our recent article [126] concerning the 
method for creating effective user interfaces. For learner clustering this 
idea is shown in Figure 10.6. Here we can see some circle of the system 
life. Although the idea is presented in a clear way in the figure, below we 
add some comments. 

 
• Step 1: The beginning of the system; there is a lack or simply a small 

number of learners. The experts are asked to suggest attributes from 
user data for learner classification.  

• Step 2: Set A of attributes has been generated by the experts. Each 
new learner is classified on the basis of values of these attributes (see 
Section 10.3.4). Set A can be understood as the criterion for learner 
classification. This process gives a partition P of the set of all learners. 

• Step 3: Owing to learning processes the usage data of learners are 
gathered. Very important are the passed scenarios of learners. 

• Step 4: We may expect that the passed scenarios will not be similar 
even for learners of the same class. If so, the situation means that it 
is necessary to have a new criterion for classification. Using the 
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passed scenarios we may perform clustering for the set of learners gen-
erating a new partition Q of the learners’ set. 

• If partition P differs meaningfully from partition Q then using the 
rough classification method (see Section 10.7) we can determine the 
new criterion for learner classification (steps 5 and 6). Next this new 
criterion is used for new learners (step 2). 

• If partition P differs a little from partition Q then there is no need for 
a new criterion for learner classification. The system will wait for 
new learners who may cause the large distance between partitions P 
and Q (step 3). 

 

Figure 10.6. A cycle of the system life. 
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Generally, clustering a finite set is a process for creating a partition of 
this set which satisfies some criterion. A number of algorithms for cluster-
ing have been worked out in the literature. One of the most popular criteria 
is based on minimizing the sum of squared distances from elements of a 
cluster to the cluster centre. A very popular clustering strategy has been 
named “k-mean” [62] which relies on partitioning the set of elements into 
k nonoverlapping clusters that are identified by their centres. This problem 
is known to be NP-complete [94], although it is still attractive because of 
its simplicity and flexibility.  

 
• Step 1: Select randomly k elements as the starting centres (called 

centroides) of the clusters. Each centroid represents a cluster. 
• Step 2: Assign each element of the set to this cluster for which the 

distance between this element and the centroid is smallest.  
• Step 3: Redetermine the centroid of each cluster, for example, by 

choosing the new centroid as the center of gravity of the cluster.  
• Step 4: Repeat steps 2 and 3 until some convergence conditions have 

not been met (e.g., the centroids do not change).  

The advantages of this algorithm lie in its simplicity and the finite time 
for its performance. It always reaches the end when using the above-men-
tioned convergence condition. The largest disadvantage of this k-means al-
gorithm is its large computational complexity. Namely, the time cost of 
this algorithm is O(k ⋅ m ⋅ N), where m is the dimension of an element and 
N is the number of elements of the set which is rather a large number.  

For the set of learners in the learning system each learner is represented 
by his passed scenario. Thus in fact we need to perform the clustering 
process for a set of scenarios. Calculation of distances between scenarios is 
not complex. However, the determination of the gravity centre for a cluster 
(needed in step 3) may be a complex task. However, it turns out that this  
task is very simple for Euclidean vectors. Therefore, here we propose to 
determine the new centroid as the consensus of the cluster. For this task 
the algorithms presented in Section 10.4.2 may be used.  

As the result of the clustering process we obtain a partition of the set of 
learners, which may differ meaningfully from the partition created in the 
classification process. As stated above, two learners belonging to the same 
cluster (i.e., having similar passed scenarios) should be considered to be 
more similar than those in the same class of the classification. Therefore, we 
propose to use the results of clustering to redefine the criterion of the 

Here we present in short the algorithm worked out by Kanungo et al. [62]. 

strategy. The main steps of this algorithm are organized as follows. 
This algorithm is one of the most popular algorithms based on the k-mean 
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The conception of this method has been included in papers [125, 126]; 
here we present this approach in more detail. 

The term “rough classification” is borrowed from the rough classifica-
tion of Pawlak [134]. However, the conception presented here is different 
from that of Pawlak and is an original and novel one. 

The details are presented in the next section. 

10.6. Rough Learner Classification Method 

10.6.1. Pawlak’s Concept 

The concept of rough classification has been defined by Pawlak [134]. 
The idea of this conception can be briefly described as follows.  

An information system according to Pawlak is presented by the follow-
ing quadruple [132], 

S = (U, A, V, ρ), 

where 

ρ: U × A → V is the information function, such that ρ(x,a) ∈ Va for each 

An information system can be represented by a table in which columns 
represent the attributes and rows represent the objects. A real world object 
is characterized by a row (tuple) in this table. Owing to this description 
objects can be classified into classes and the criterion for classification is a 
subset B of the set A in such way that objects belonging to the same class 
should be characterized by an identical tuple of type B.  

Pawlak worked out a method which enables us to determine the minimal 
set of attributes (called a reduct) that generates the same classification as 
the whole set of attributes. From a practical point of view, this method is 
very useful because owing to it the same classification may be created on 
the basis of a smaller number of attributes.  

In short, Pawlak’s concept of rough classification is the following. For 
given classification C of set U a rough classification is the approximation 
of C. Assume that classification C is generated by set B of attributes; then 
the approximation of C is based on determining a proper subset B  of B 

classification process. Toward this aim we use the rough classification method. 

'

A is a set of attributes which describe the objects,  
U is a set of objects,  

V is the set of attribute values,  

x ∈ U and a ∈ A.  
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such that the classification defined by  differs “a little” from C. The 
small difference between these classifications is illustrated by the difference 
of their accuracy measure which should not be larger than a threshold ε; 
that is,  

ε≤µ−µ )()( '\ XX BBB , 

for each X ⊆ U, where  

)(
)()(

XAcard
XAcardXR =µ  

for AX and A X being the lower approximation and upper approximation 
of set X, respectively, in information system S reduced to set R of attrib-
utes. For more information the reader can refer to Pawlak’s work [134]. 

Thus the aim of Pawlak’s concept for rough classification is based on 
determining a subset set B′ of set B which generates a partition similar to 
this one generated by set B. 

10.6.2. Our Concept 

In this work we consider another approach and other problems of rough 
classification. The aim of this approach is to solve the following problem. 
For a given classification of set U one should determine such minimal set B 
of attributes from A that the distance between the classification generated by 
attributes from B and the given classification is minimal. The application of 
this method for intelligent learning systems is based on determining the 
minimal set of user data attributes which generate a similar classification to 
that generated by a learner clustering process. After these attributes of set B 
have been determined, they should enable the classification of new learners 
more properly and as a consequence, assign good scenarios to them.  

This problem differs from the one formulated by Pawlak. Also, in solv-
ing it we use distance functions between classifications to generate the 
attributes. This approach was originally presented in [126, 148]; here we 
present it with some extension, improvement, and a deeper analysis. 

10.6.3. Basic Notions 

We define the following basic notions. 

• Partition of a set:  
By a partition of set U we call a finite set of nonempty and disjoint with 

each other classes which are subsets of U, such that their union is equal to 

B′
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U. By π(U) we denote the set of all partitions of set U. Let P, Q ∈ π(U), 
the product of P and Q (written as P ∩ Q) be defined as 

P ∩ Q = {p ∩ q: p ∈ P, q ∈ Q ∧ p ∩ q ≠ ∅}. 

Thus product P ∩ Q is also a partition of U.  

• Distances between partitions:  
We define two distance functions (µ and ω) between partitions. 

Function µ:  
The idea of this function is based on measuring the distance between 

partitions P and Q of set U as the minimal number of elementary transfor-
mations needed to transform partition P into partition Q. This number may 
be normalized by value card(U) (with the assumption that U is a finite set) 
[34].  

There are two elementary transformations which are defined as follows. 
 
 Removal of an element: transforms a partition P of set U into a parti-

tion Q of set U\{x} by removing element x from P. We denote this 
operation by symbol x� : 

    P ⎯→⎯x�  Q. 

a partition Q of set U by including an element x in one of the existing 
classes from P or by creating a new class with only one element x. 
We denote this operation by symbol x� : 

    P ⎯→⎯x�  Q. 
 

The following example illustrates these operations. 

Example 10.7. Let  

1 7

1 2 3 4 7 5 6

Q = {{x1, x2}, {x3, x4}, {x7}, {x5, x6}}.  

The necessary elementary transformations are presented as follows. 

P = {{x1}, {x2, x3, x4, x7}, {x5, x6}} 

  ⎯→⎯ 7x�  {{x1}, {x2, x3, x4}, {x5, x6}} 

  ⎯→⎯ 7x�  {{x1}, {x2, x3, x4}, {x5, x6}, {x7}} 

  ⎯→⎯ 2x�  {{x1}, {x3, x4}, {x5, x6}, {x7}} 

  ⎯→⎯ 2x�  {{x1, x2}, {x3, x4}, {x5, x6}, {x7}} = Q. 

 Addition of an element: transforms a partition P of set U  ∪ {x} into  –

 –

U = {x , . . . , x }, 

P = {{x }, {x , x , x , x }, {x , x }},  
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Thus µ(P,Q) = 4/7. It has been proved that function µ is a metric [34]. In 
this work the author also presented an algorithm for determining values of 
function µ, for which the complexity is O(card(U)2).    ♦ 

Function ω: 
For P, Q ∈ π(U) let M(P) = [pij]n×n be such a matrix that 

 
⎪⎩

⎪
⎨
⎧

=
Pxx

Pxx
p

ji

ji
ij  of class same in the  are ,    if   0

 of classesdifferent in   are ,    if    1
 

and matrix M(Q) = [qij]n×n be defined in a similar way, where n = card(U). 
Notice that these matrixes are symmetric. 

The distance between partitions P and Q is defined as 

ω(P,Q) = ∑
=

−
⋅

n

ji
ijij qp

Ucard 1.)(2
1

. 

The distance function defined in this way should also be a metric. It is 
easy to show that the algorithm for determining distance of this kind re-
quires O(n2) time. The distance between partitions defined in Example 
10.7 is equal to 12/14.  

• Inclusion of partitions:  
Let P, Q ∈ π(U). We say that partition P is included in partition Q (writ-

ten P ⊆ Q) if each class of P is a subset of some class in Q. It is obvious 
that P ∩ Q ⊆ P and P ∩ Q ⊆ Q. 

• Set of attributes as a criterion for partition (classification):  
As stated earlier, if U denotes the set of learners and A is the set of 

attributes from user data then a learner may be represented by a tuple of 
type A. For a ∈ A we define the following binary relation Pa on set U: For 

1 2 1 2 a 1 2

signed with the same value referring to attribute a. It is easy to prove that 
Pa is an equivalence relation, and therefore it is a partition of set U.  

More general, a set B of attributes determines an equivalent relation PB 
of set U as follows. A pair of two elements from U belongs to PB if and 
only if referring to each attribute b ∈ B these elements are assigned with 
the same value. Thus PB is also a partition of U and it is not hard to show 
that  

PB = ∩ Bb bP∈ . 

It is also obvious that  
  PB ⊆ PB′  

for each B′ ⊆ B. 

x , x ∈ U pair <x , x > belongs to P  if and only if learners x  and x  are as-
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10.6.4. Rough Learner Classification 

As we have assumed above, after registering with the learning system, a 
new learner is classified into an appropriate class of learners according to 
his or her user data. This class is the basis for determination of an opening 
scenario for this learner.  

Let’s mention: 
 
• U = the set of learners of the system; notice that U is a dynamic set. 
• A = the set of all attributes included in user data. 
 
Assume that actually a set B ⊆ A is the criterion for learner classifica-

tion which is the partition PB of set U. Assume also that the clustering 
process on the basis of passed scenarios gives partition Q of set U. 

Because partition Q is dependent only on the learners’ passed scenarios, 
and the aim for the system is to recommend for a new learner such a sce-
nario with which the learner may pass the course, the partitions PB and Q 
should be maximally similar. Therefore, if PB differs from Q (or their dis-
tance is greater than a given threshold) then we say that the system is 
weakly adaptive. The smaller the difference is between PB and Q the more 
adaptive the system. A system is then fully adaptive if PB = Q. 

Thus to make a system more adaptive, the set B of attributes, which is 
the classification criterion, should be determined on the basis of Q. Notice 
that set B determines exactly one partition PB, but different sets of attrib-
utes may determine the same partition. Therefore, there is an additional 
problem to select a minimal set B (i.e., a set with a minimal number of 
elements) for which PB and Q are equal. However, for a given partition Q 
such a set B may not exist; it is then reasonable to require that the distance 
between PB and Q be minimal. In Figure 10.7 we can see an illustration 
of this situation. The squares represent set U of users, and partitions are 
shown by lines splitting these squares. There are three attributes a, b, and 
c, where only the partition generated by set {a, c} is minimally different 
from partition Q. 

Let d ∈ {µ, ω} be a distance function between partitions. We formulate 
the following problems of rough classification.  

Problem RC-1: 

B B

In this problem set B represents such a classification which is included 
in Q and their distance is minimal. Owing to relation PB ⊆ Q two learners 

B ⊆ A such that P   ⊆ Q and d(P ,Q) is minimal. 
For a given partition Q of set U one should determine a minimal set 
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who have different passed scenarios, should not belong to the same class in 
classification PB. However, if the second condition is not required then set 
U will needlessly be too narrowly fragmented.  

Notice, however, that the solutions of this problem do not always exist, 
because no B exists for each Q such that PB ⊆ Q. According to the prop-
erty of inclusion relation between partitions, PA ⊆ PB for each B ⊆ A, we 
have the following remark. 

 

Remark 10.1. 

  PA ⊆ Q. 

So if PA ⊄ Q then there will not be any solution. In this case the solu-
tions of Problem RC-2 or RC-3 should be found. 

Problem RC-2: 

B B

 

 

ac

B ⊆ A such that Q ⊆ P  and d(P ,Q) is minimal. 

The necessary and sufficient condition for Problem RC-1 to have a 

Figure 10.7. The distance between P  and Q is minimal. 

solution is 

For a given partition Q of set U one should determine a minimal set 
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In this problem set B represents such classification which includes Q 
and minimally differs from this partition; that is, partition PB is less narrow 
than partition Q. Therefore, two learners with different passed scenarios 
may be classified in the same class in PB. However, owing to the second 

deal with some kind of rough classification. The only advantage of the 
solution to this problem is that the number of attributes needed for classifi-

B

as with RC-1 this problem also may have no solutions. Because PB ⊆ Pb 
for each b ∈ B we have the following.  

Remark 10.2. 

  Q ⊆ Pa  
for some a ∈ A. 

Problem RC-3: 

A such that d(PB,Q) is minimal. 

This problem is the most general and should always have solution(s), 
which may be useful if solutions of Problems RC-1 and RC-2 do not exist. 
In this case we say that set B represents a rough classification referring to 
Q. In the majority of practical cases this problem needs to be solved. Prob-
lem RC-3 here has been modified referring to its primal form defined in 
[126] by adding the second condition. This condition is needed because it 
guarantees the minimal cardinality of set B being very useful in practice. 

Before solving these problems we present an example. 

Example 10.8. Let U = {l1, . . . , l7} and A = {a, b, c, d, e, f }. The profiles 
of the learners with their user data are given in Table 10.4. 

Table 10.4. Example user data of learners 
 

Learners a b c d e f 
l1 a1 b2 c3 d1 e2 f3 

l2 a2 b1 c2 d2 e1 f1 
l3 a2 b2 c3 d2 e2 f2 
l4 a1 b3 c2 d2 e2 f3 
l5 a2 b1 c2 d2 e1 f2 

l6 a2 b2 c1 d1 e2 f1 
l7 a2 b1 c2 d2 e1 f2 

B ⊆
For a given partition Q of set U one should determine a minimal set 

cation P  is often smaller than in the solutions of Problem RC-1. Similarly 

solution is 

condition the number of learners of this kind will be minimal. Thus we 

The necessary and sufficient condition for Problem RC-2 to have a 
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Pa = {{l1, l4}, {l2, l3, l5, l6, l7}},  

Pb = {{l1, l3, l5}, {l2, l5, l7},{l4}}, 

Pc = {{l1, l3}, {l2, l4, l5, l7}, {l6}}, 

Pd = {{l1, l6}, {l2, l3, l4, l5, l7}}, 

Pe = {{l1, l3, l4, l6}, {l2, l5, l7}},  

Pf = {{l1, l4}, {l2, l6}, {l3, l5, l7}}. 
Thus 

PA = {{l1}, {l2}, {l3}, {l4}, {l5, l7}, {l6}}. 
Let the partition determined by the learners clustering process be the 

following, 

Q = {{l1, l4}, {l2, l3, l6},{l5, l7}}. 

We have PA ⊆ Q, thus the problem RC-1 should have a solution. This solu-
tion is B = {e, f} which generates partition  

PB = {{l1, l4}, {l2}, {l3}, {l6},{l5, l7}}. 

For problem RC-2 notice that Q ⊆ Pa, so it should have a solution in which 
B = {a}; we have 

PB = {{l1, l4}, {l2, l3, l5, l6, l7}}. 

In this case we say that B does not represent the classification as accurately 
as Q, but maximally near to Q. If now  

Q = {{l1, l7}, {l2, l3}, {l5, l6}, {l4}}, 

then we can see that PA ⊄ Q, thus RC-1 has no solution. Similarly RC-2 
has no solution because Q ⊄ Pa for each a ∈ A. It is then necessary to solve 
problem RC-3.       ♦ 

Now we present the solutions for the above-defined problems.  

From Remark 10.1 it follows that if PA ⊄ Q then the solution for this prob-
lem does not exist. In the case of relationship PA ⊆ Q the solution should 
exist and set B may be equal to set A, but for the condition that d(PB,Q) 
should be minimal some attributes from A should be considered for re-
moval. The basis of these operations relies on the following theorem.  

Theorem 10.2. 
For any P, Q, R ∈ π(U) and d ∈ {µ, ω} if R ⊆ P and P ⊆ Q then  

(a) d(P,Q) ≤  d(R,Q).  
(b)  d(R,P) ≤  d(R,Q).  

From this table we have the following partitions: 

For Problem RC-1: 
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Proof. 
(a) The idea for this proof is based on the fact that partition P is 

narrower than partition Q and partition R is narrower than partition P. 
Thus, the distance between P and Q should not be larger than the distance 
between R and Q. Formally referring to distance functions we have two 

• For distance µ: We notice that in determining distance µ between par-
titions a pair of two operations, the removal of an element from a class and 
addition of the element to another class (this class may be newly created), 
is equivalent to a transformation operation which is based on moving this 
element from the first class to the second. Indeed, the distance µ(P,Q) is 
equal to half the minimal number of removal and addition operations on 
elements of U for transforming P to Q. From the fact that P ⊆ Q it is im-
plied that for each q ∈ Q we have  

q = ∪
'Pp
p

∈
 

for some P′ ⊆ P. For determining the distance µ(P,Q) it is necessary and 
sufficient to transform P to Q by moving some elements in P from some 
classes to other existing classes, because a class of Q is the sum of some 
classes of P. Thus for achieving class q the minimal amount of element 
moving is equal to card(q\p′) where p′ is the class in P′ with the maximal 
number of elements. The general formula for distance between P and Q is: 

µ(P,Q) = ∑
∈Qq

pqcard
Ucard

)'\(
)(

1 , 

where  
card(p′) = max {card(p): p ∈ P and p ⊆ q}. 

If now we would like to measure the distance between R and Q we 
should notice that for each q ∈ Q the value card(q\p′) in distance µ(P,Q) is 
not larger than its corresponding component in distance µ(R,Q) because  

max{card(p): p ∈ P ∧ p ⊆ q}  
                      ≥  max{card(r): r ∈ R ∧ p ∈ P ∧ r ⊆ p ⊆ q}. 

From the above it follows that  

µ(P,Q) ≤ µ(R,Q). 

• For distance ω: For this distance function from its definition we can 
see that because P ⊆ Q the distance ω(P,Q) may be divided into classes 
belonging to partition Q. For each class q ∈ Q its part in the distance is 

cases: 
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equal to the product of the cardinalities of those classes in partition P 
which are proper subsets of q. If such classes do not exist then it follows 
that there exists exactly one class in P which is identical to q. In this case 
the part of q in the distance is equal to 0. We have then the following 
equality 

ω(P,Q) = ∑ ∏
∈

⊂
∈⋅ Qq

qp
Pp

pcard   
Ucard

))((
)(2

1 . 

Indeed, the fact P ⊆ Q means that set q is “broken” into one or several sets 
p ∈ P. In the first case the part of q in distance ω(P,Q) is 0; in the second it 
is equal to the product of cardinalities of sets p. Notice that the sum of car-
dinalities of these sets is equal to the number of elements of q. In the case 
R ⊆ P sets p are further broken, and as the consequence, in distance 
ω(R,Q) the part of set q is the product of cardinalities of smaller sets r 
where r ∈ R. Notice that for any natural number n the following depend-
ency is always true, 
  n ≤ k ⋅ m , 
where n  =  k + m. 

From this dependency it follows immediately that ω(P,Q) ≤ ω(R,Q). 
(b) For distance function µ: Assume that R ⊆ P ⊆ Q; then let us see that 

 
• x and y occur in the same class of partition R. Thus because R ⊆ P ⊆ 

Q they must occur together in partitions P and Q. Owing to this their 
share in distances µ(R,P) and µ(R,Q) is equal to 0. 

• x and y occur in different classes in partition R, but in the same class 
in partition P. Hence they must also occur in the same class in parti-
tion Q. Thus their share in distances µ(R,P) and µ(R,Q) is equal to 
2/card(U) (one removal and one adding operation). 

• x and y occur in different classes in partitions R and P. If they occur 
in different classes in partition Q then their share referring to them-
selves in distances µ(R,P) and d(R,Q) equals 0. If they occur in the 
same class in partition Q then their share referring to themselves in 
distances µ(R,P) equals 0, and in distance µ(R,Q) is equal to 
2/card(U). 
 

In all of the above cases the share of elements x and y referring to them-
selves in distance µ(Q,Pa) is always nongreater than in distance µ(Q,Pb). 
Thus there should be 

for any two elements x, y ∈ U there are the following cases: 
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µ(Q,Pa) ≤ µ(Q,Pb). 
For distance function ω the proof is similar.    ♦ 

According to Theorem 10.2 it follows that if P ⊆ Q then  

d(P ∩ S,Q) ≤  d(P,Q)  
for any S ∈ π(U). Next we can imply that if for some attribute a we have  

PA\{a}  ⊆ Q  

then after eliminating a from A the distance should be improved; that is,  

d(PA\{a},Q) ≤ d(PA,Q)  

because PA = PA\{a} ∩ Pa.  
The algorithm for problem RC-1 can be presented as follows. 

Algorithm 10.3. 
Input: Partition Q of set U.  
Output: Minimal set B ⊆ A such that PB ⊆ Q and d(PB,Q) is minimal. 

Procedure: 

BEGIN 
1.  Calculate PA; 
2.  If PA ⊄ Q then print “The solution does not exist”  

           and GOTO END. 
3.  Set B:= A; 
4.  For each a ∈ B  

            if PB\{a}  ⊆ Q then set B:= B\{a}; 
END. 

The idea of this algorithm is rather simple and we can easily prove that 
so-determined set B fulfills the condition that d(PB,Q) is minimal for 

complexity of this algorithm is O(m ⋅ n2) for m being the number of attrib-
utes in A and n being the number of learners, that is, the cardinality of set 
U. 

To solve this problem first we prove the following theorem. 

Theorem 10.3. 
For any attributes a, b ∈ A and partition P ∈ π(U) if P ⊆ Pa and P ⊆ Pb 
then  

d(Pab,P) ≤ d(Pa,P)    and    d(Pab,P) ≤ d(Pb,P), 

where d ∈ {µ, ω}. 

d∈{µ, ω} and the cardinality of B is also minimal. The computational 

For Problem RC-2: 
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Proof. 
From the assumption that P ⊆ Pa and P ⊆ Pb it is implied that P ⊆ Pa ∩ Pb 
= Pab. This follows from the definition of partition product. Of course we 
have P ⊆ Pab ⊆ Pa and P ⊆ Pab ⊆ Pb. Hence from Theorem 10.2a it is im-
plied that d(P,Pab) ≤  d(P,Pa) and d(P,Pab) ≤  d(P,Pb) for d ∈ {µ, ω}. ♦ 

Theorem 10.2 shows some proportion of the distance between parti-
tions to their hierarchy determined by the inclusion relation. Theorem 
10.3, on the other hand, shows that if a partition is included in two other 
partitions then its distance to the product of these partitions is smaller than 
the distances to each of them.  

Now notice that Q ⊆ PB if and only if Q ⊆ Pb for each b ∈ B. So if PA ⊆ 
Q (the necessary condition for Problem RC-2 to have a solution) then on 
the basis of Theorem 10.3 the value d(PB,Q) where Q ⊆ PB should be 
minimal if B contains all such attributes a ∈ A that Q ⊆ Pa. Set B may next 

b a

Algorithm 10.4. 

Output: Minimal set B ⊆ A such that Q ⊆ PB and d(PB,Q) is minimal. 

Procedure: 

BEGIN 
1. Calculate PA; 
2. If Q ⊄ PA then print “The solution does not exist”  

          and GOTO END. 
3. Set B:=∅; 
4. For each a∈A  

                         if Q ⊆ Pa then B:= B∪{a};  
5. For each a, b ∈ A and a ≠ b  

                         if Pb ⊆ Pa then B:= B\{a}; 
END. 

It is not hard to prove that set B determined in this way should be mini-
mal and fulfill the condition that d(PB,Q) is minimal for d ∈ {µ, ω}. This 
proof follows immediately from Theorem 10.3. The computation complex-
ity of this algorithm is also O(m ⋅ n2). 

 
 
 

dependent on attribute b if P  ⊆ P ). That is, if a is dependent on attribute 
b then a should be eliminated. The algorithm for Problem RC-2 should 
consist of the following steps. 

be minimized by eliminating dependent attributes from itself (attribute a is 

Input: Partition Q of set U; d ∈ {µ, ω}.  
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It has been proven that this problem is NP-complete for both distance 
functions µ and ω [94]. Below we present two heuristic algorithms for this 
problem.  

The idea of the first algorithm is based on building set B from the whole 
set A by eliminating from set A these attributes which “spoil” the distance 
between partition PA and partition Q. It is based on the following intuitive 

 
• First we determine such set B ⊆ A that d(PB,Q) is minimal. To 

realize this aim in the first iteration from A we set B = A and elimi-
nate from B those attributes which “spoil” the distance; that is, if 
d(PB\{b},Q) < d(PB,Q) for some b then this attribute should be moved. 
Next this iteration should be repeated for new set B until any attrib-
ute will not be removed.  

• Next, if among attributes from B there exist attributes a, b such that 
Pa ⊆ Pb then eliminate b (according to Theorem 10.3); this should 
minimize set B. 

 
Following we present the algorithm. 

Algorithm 10.5. 
Input: Partition Q of set U, d ∈ {µ, ω}.  
Output: Minimal set B ⊆ A such that d(PB,Q) is minimal. 

Procedure: 

BEGIN 
1. Set B:= A; 
2. For each b ∈ B  

                      if d(PB\{b},Q) < d(PB,Q) then set B:= B\{b}; 
3. Repeat step 2 until any attribute will not be removed; 
4. For each a, b ∈ B and a ≠ b  
                  if Pa ⊆ Pb  then B:= B\{b}; 

END. 

The description of this algorithm is short. However, its computational 
complexity is not so small. It is known that for calculating a distance be-
tween two partitions the cost is O(n2) where n = card(U). For step 2 the 
cost is O(m ⋅ n2) where m = card(A). For step 3 O(m2 ⋅ n2) is needed; the 
same is also needed for step 4. So the summary complexity for Algorithm 
10.5 is O(m2 ⋅ n2). 

For Problem RC-3: 

steps: 
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The idea of the second algorithm is dual to the idea of Algorithm 10.5 in 
the sense that the building of set B will begin from the best element of set 
A referring to distance to partition Q and next adding to it those attributes 
from A that cause improvement of the distance. Owing to this it will not be 
necessary to remove dependent attributes. The following steps should be 

 
• Select such an attribute a from A that the distance between partitions 

Pa and Q is minimal.  
• Let B = {a}. 
• Add to B such an attribute from A\B that the new partition PB is nea-

rer to Q. 
• Repeat the third step until the new partition PB is nearer to Q than the 

previous one. 
 
This algorithm is presented as follows. 

Algorithm 10.6. 
Input: Partition Q of set U, d ∈ {µ, ω}.  
Output: Minimal set B ⊆ A such that d(PB,Q) is minimal. 

Procedure: 

BEGIN 
1. Choose a ∈ A such that d(Pa,Q) = 

Ab∈
min d(Pb,Q); 

2. Set B = {a};  

4. For each c ∈ C do 
              if d(PB∪{c},Q) < d(PB,Q) then B:= B  ∪ {c}; 

5. If C ≠ A\B then GOTO 3; 
END.  

Similarly as for Algorithm 10.5, the computational complexity of this al-
gorithm is also O(m2 ⋅ n2). Note that this complexity is dependent among 
others on the square of the number of learners which is often large and may 
cause the process to be time consuming. However, the need for redefinition 
of the classification criterion arises only along with the appearance of a 
large number of new learners. Thus it is not needed to be performed too of-
ten and may be performed in an offline mode. In this case the complexity 
should not disturb the functioning of the system. 

included: 

3. Set C:= A\B 
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10.7. Conclusions 

In this chapter an approach for using inconsistency resolution methods to 
perform recommendation processes in intelligent learning systems is pre-
sented. The inconsistency is considered here in two aspects. In the first as-
pect inconsistency refers to difference of the passed scenarios of similar 
learners (belonging to the same class of the classification). In this case to 
determine an opening scenario for a new learner it is necessary to calculate 
the consensus of the passed scenarios of the members of the class. The 
second aspect of inconsistency refers to the fact that learners assumed to 
be similar (belonging to the same class of the classification) may have 
very miscellaneous passed scenarios. This may cause a lack of efficiency 
of the procedure proposed in the first aspect. Here we propose to use a 
rough classification based method to redefine the criterion for classifi-
cation.  

The ideas of knowledge structures, learning recommendation processes, 
and using consensus methods in determining opening scenarios for new 
learners were first introduced in [76, 77]. In this chapter these conceptions 
are modified, extended, and described in a more precise way. 

It should be emphasized that the difference between our approach and 
Pawlak’s approach to rough classification is that we do not use the upper 
and lower approximations of partitions defined by Pawlak, but we use the 
distance functions between partitions to determine the nearest partition to 
the given. Distance functions have not been considered in Pawlak’s ap-
proach. The problems RC-1, RC-2, and RC-3 defined in this chapter are 
novel and their solutions should help in determining the most effective 
(and also the most economic) set of attributes which are needed for an 
effective classification process.  
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11. Processing Inconsistency  
in Information Retrieval 

This chapter includes a detailed conception of a metasearch engine using 
multiagent technologies. A consensus-based approach for integrating an-
swers given by different agents for a given query is presented. Moreover, 
this multiagent system uses the features of agent technology for making 
the system be a recommender system. The aim of the project is to create a 
consensus-based multiagent system to aid users in information retrieval 
from the Internet.  

11.1. Introduction 

Information retrieval is one of the tasks which are most often realized by 
Internet users. Nowadays, a large number of methods, technologies, and 
search engines have been proposed for aiding them in this task. However, 
a user utilizes only a single search engine. He or she trusts it in the sense 
that for a query the obtained answer is relevant and complete. However, an 
interesting question arises. Although there are so many existing search en-
gines, why use only one?  

For this question we suggest using not only one search engine for a 

 
• Low relevance of answers generated by a search engine: caused by a 

noneffective work of filters. As a consequence, many unrelated pages 
(e.g., advertisements, but also pages loosely associated with the sub-
ject of the query) may be displayed. For example, for query “mp3” it 
seems that the most relevant answer is URL1 http:// www.mp3.com. 
However, different search engines give this URL on different posi-
tions: Google, 15th position, AltaVista, 6th position, Yahoo, 1st posi-
tion, Ask Jeeves, 4th position, Homerweb, 1st position, WebCrawler, 

                                                      
1 URL is the abbreviation of Uniform Resource Locator, the global address of 

documents and other resources on the World Wide Web. 

query. The reason for this suggestion consists of the following elements: 
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6th position, Teoma, 1st position, Amfibi, 3rd position, and Findelio, 
1st position.2 

 • Displaying repeating URLs: which are identical or very similar to 
each other. This is a burden for the user because he loses a lot of 
time scrolling many screens to find the information of interest. 

• It is quite possible that different search engines provide “best” an-
swers to different queries. 

 
The idea for creating multisearch engines is not novel. Several systems 

have arisen called metasearch engines. In general, a metasearch engine is a 
server which passes on queries to many search engines and/or directories 
and then summarizes all the results. Examples of metasearch engines are: 
Metacrawler, Ask Jeeves, Dogpile, Infind, Metacrawler, Metafind, and 
Metasearch. The mechanisms of metasearch engines are most often based 
on using several independent search engines to a query achieving several 
ranked lists of documents, and next, a linear combination of the ranks in 
the lists is performed giving the final list presented to the user.  

Some improvements have been done in this scope: a metasearch engine 
named SOFIA (SOft Fusion of Information Access) applies a soft and 
flexible integration of the ranked lists of documents retrieved by distinct 
search engines available over the Internet [21]. In this metasearch engine 
the authors built an operator that allows the realization of fusions between 
the intersection and the union of the lists. In addition, it allows the user to 
specify her retrieval preference for better adaptation. A feedback to the 
user is also ensured in the metasearch engine described in [49]. The adap-
tation causes users with different preferences, but with the same keyword 
query, to obtain different component search engines, and have results or-
dered differently [92].  

The foundation for metasearch engines is saying, “More heads are better 
than one.”  

However, one may ask the following question. Is the use of several 
search engines better than the use of only one? For the answer let’s con-
sider the following aspects referring to search engines. 

 
• Each search engine has its own database, with its own techniques of 

document indexing and retrieval. 
• Processing of a search engine for a query is a process independent of 

other search engines.  

                                                      
2 This is the result of the experiment performed June 15, 2006. 
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• Each search engine uses an intelligent algorithm for ranking docu-
ments in an answer. 

• Because of the enormous number of documents and the limited pos-
sibility of the database of a search engine we may assume that the 
answer for a query is not fully relevant and not complete.  

 
We can treat the task of information retrieval of a user as a problem 

which should be solved, and may be formulated as follows. For a given in-
formation need one should find a set of relevant documents which are or-
dered by their relevance degrees to the query. From the above points of 
view referring to search engines we can treat each of them as an expert, 
and using it for this retrieval task is equivalent to entrusting the problem to 
the expert. As shown in Chapter 8, it is worth entrusting the solution of a 
problem to not one, but several, experts and to accept the consensus of 
their solutions as the final solution. In Chapter 8 we have proven that if the 
solution of some problem is entrusted to several experts, and the consensus 
of their given solutions is different from those solutions, then it is not only 
not worse than the worst solution (in the sense of distance to the proper so-
lution), but also better than this solution. Moreover, if the set of expert so-
lutions is a nonhomogeneous profile then the consensus satisfying criterion 
O2 should be always better than the worst solution.  

The above consideration suggests using several search engines for a re-
trieval task, and as the final answer accepting the consensus of answers 
given by the search engines. 

As stated above, using metasearch engines is not a new idea. How-
ever, the application of consensus methods for the integration process of 
answers given by component search engines could be novel.  

In this chapter we propose a consensus-based approach for integrating 
answers gathered by a metasearch engine. Along with this aim we present 
the conception of a multiagent system which realizes the tasks of the meta-
search engine. Moreover, this multiagent system uses the features of agent 
technology for making the system be a recommender system.  

The aim of the project is to create a consensus-based multiagent system, 
the task of which is based on aiding users in information retrieval from the 
Internet. This approach enables us to solve the following two problems of-
ten occurring in information retrieval processes.  

The proposed system exploits the answers generated by multiple search en-
gines. Utilizing the consensus algorithm, their optimal combination is deter-
mined and displayed to the user. Answer sets (and also search engines) are 
evaluated on the basis of their differences from the consensus answer. This in-
formation is fed back to searching agents, stored, and utilized in subsequent 
queries to select the search engine to be used in the next retrieval tasks. 

This copy belongs to 'VANC03'



310      11. Processing Inconsistency in Information Retrieval 

11.2. Agent Technology for Information Retrieval 

The use of agent technology in information retrieval has been more and 
more popular because of the possibilities of agents to adapt to user needs, 
its mobility, and the ability of processing with uncertainty.  

The main task of an information agent is to build user profile structures 
and to use algorithms that adapt to changes of user information needs. An 
agent of this kind usually gathers information about user needs from im-
plicit and explicit feedback. Implicit feedback is based on the agent ob-
serving the behavior of the user referring to documents usually without 
user’s involvement. Explicit feedback consists in explicit evaluation of the 
user of a document. For example, if a user selects a document, it can be in-
terpreted implicitly that in some degree she is interested in the content of 
this document [149].  

An information agent called Letizia which assists a user in Web brows-
ing was built by Lieberman [78]. The tasks of Letizia are based on moni-
toring the user’s behavior, developing a user profile, and searching for 
potentially interesting pages for recommendations. An important aspect of 
Letizia’s evaluation of the relevance of a document is that the relevance 
degree is determined not on the basis of the document content, but on the 
basis of the links to and from this document.  

The advantage of the use of the information from the feedback is that it 
makes the information agent more user-friendly. However, the ambiguity 
in the interpretation of user reactions may bring about imprecise results 
in adaptation and recommendation processes. For examples, an unread docu-
ment could be treated by a search engine as irrelevant to the user query, or 
the factor “time of reading” has sense if it is assumed only that the user 
never takes a break while reading an article. Therefore, accurate interpreta-
tion of user needs through feedback information is a very difficult task and 
requires sophisticated tools for observing user behaviors [29, 30].  

Chen and Sycara [26] have developed an agent named WebMate which 
helps users effectively browse and search the Web. WebMate keeps track 
of user interests in different domains through multiple weighted vectors. 
The domains are treated as a subject of the information agents’ learning 
process which takes place automatically when users give their positive 
feedback. A new domain is created for user feedback if the number of do-
mains is still below some upper limit. If the number of domains is equal to 
its maximum limit then the document should be used to modify the vector 
with the greatest similarity.  

 

This copy belongs to 'VANC03'



11.2. Agent Technology for Information Retrieval      311 

Apart from agent autonomy, multiagent technology adds to these 
features communication profit, which has been particularly useful for 
exchanging knowledge between agents [44]. At the same time, there are 
very few such systems in existence. Menczer [91] has designed and im-
plemented Myspiders, a multiagent system for information discovery on 
the Internet and has shown that augmenting search engines with adaptive 
intelligent searching agents can lead to significant competitive advantages.  
 

Figure 11.1. Architecture of system AGWI. 

The team under the leadership of the author of this book has built two 
metasearch engines based on the IBM Aglets platform. The first (named 
AGWI) [113, 116], includes two kinds of agents: searching agents and 

11.1): 

• Selecting in its knowledge base the best search engine for a given 
query.  

• Generating an answer using the chosen search engine. 
• Actualizing its knowledge base on the basis of the final result deter-

mined as the consensus of results generated by all searching agents. 

 
SA
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Gathering answers
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managing agents. The tasks of a searching agent (SA) consist of (see Figure 
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As the result of the actualization the used search engine obtains a 
weight referring to a given query.  
 

The tasks of a managing agent (MA) consist of: 
 
• Creating searching agents 
• Determining consensus of answers generated by searching agents 

and checking consistency degree of the set of these answers 
• Calculating the distances between the consensus and answers gener-

ated by searching agents and sending the results to these agents for 
actualizing their knowledge bases. 

 
After each retrieval process and evaluation given by a MA, a SA writes 

the query to its knowledge base with the accuracy degree (i.e., the distance 
between its answer and the consensus). For the next query a SA does not 
draw the search engine but determines it in the following way. The agent 
compares the query to queries stored in the base and chooses such query 
which is the nearest and has accuracy degree greater than 50%. The chosen 
search engine will be that which has been used for this query. SAs have 
three algorithms for comparing queries and they can draw one of them. 
Owing to this their query bases are not similar to each other. 

After all SAs have finished their retrieval processes a MA determines the 
consistency degree of answers generated by SAs taking into account their 
weights. At the beginning the weights are equal to one for all SAs. If the set 
of answers is not consistent enough (the consistency degree is too low) then 
the MA shows the user all answers. The user can choose the answer of a SA 
which in his opinion is the best or requires renewing the retrieval process. If 
the set of answers is consistent (the consistency level is high) then the MA 
determines the consensus and calculates the weights for SAs.  

If a URL is repeated in many answers then it means that the relevance 
degree of this URL is large. If a URL occurs many times in an answer then 
a SA must eliminate the duplications first. The way to eliminate duplicated 
URLs in the answer of an agent is based on comparison of this URL to 
other URLs; if they are 80% similar then the system decides that they are 
identical. Owing to this, the answers of SAs are “clearer” before the con-
sensus choice. 

If a URL occurs in few answers or occurs on lower positions of the an-
swers then in the consensus it should not occur at all, or if so, only at a 
lower position. The consensus determining algorithm allows omitting irre-
levant URLs or at least placing them in the last positions of the final rank-
ing. Concretely, assume that a URL (e.g., an advertising page) occurs at 
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the first position of the answer generated by one agent, but it does not occur 
in the rankings of other agents. Then, in dependence on the number of SAs 
taking part in the retrieval, this URL may not appear in the final ranking, 
and even if so, it should be at a very low position. The larger the number 
of SAs is, the lower the position for this URL. So one can expect that the 
final ranking should be more relevant than each generated by a SA.  

The second multiagent system is called MASE [127, 151, 152]. The 
mechanisms for retrieval in this metasearch engine are also based on con-
sensus methods. However, the communication between agents and the in-
terface are improved to a large degree. The agents in this system can learn 
about the preferences of users and also gather experience in determining 
the best component engines for queries. 

11.3. A Conception for a Metasearch Engine 

In this section we present a conception for designing a metasearch engine 
using multiagent technology and consensus methods. As opposed to AGWI 
and MASE we propose to build only one kind of agent, viz. a searching 
agent (SA). Owing to this we can save on agent communication costs. 
However, we plan other activity scopes for these agents. Their structure is 
presented as follows. 

11.3.1. Knowledge Base of Searching Agents 

• Knowledge about queries and the best search engines for these queries 
(KQ) 

• User profiles including user preferences (UP) 

The component KQ of the knowledge base of SA should contain the fol-
lowing elements. 

1. Base Query_base of queries which have been serviced by the agent in 
the past 

2. Function Sim for measuring the similarity of queries  
3. Procedure Clu for clustering the set of queries 
4. Set SE of search engine identifiers 
5. Procedure Consensus for calculating consensus of a set of answers 

delivered by search engines 

The knowledge base of a SA consists of the following main components: 
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6. Procedure Con for calculating the consistency level of the set of 
answers 

7. Procedure BeSE which determines the best search engine for a query 
8. Procedure Weight for calculating the weight of a search engine refer-

ring to a query 

Below we present detailed descriptions of the above-mentioned ele-
ments. 

1. The base Query_base of queries 

The base Query_base of queries consists of queries clustered in classes. 
First we assume that a query has the following structure 

 

  t1 ∧ t2 ∧ . . .  ∧ tk ∧ (¬t0)  
or  
  t1 ∧ t2 ∧ . . .  ∧ tk , 
 

where t0, t1, t2, . . . , tk are phrases (as a phrase we understand one or a se-
quence of several worlds of a natural language). Phrases t1, t2, . . . , and tk 
are called positive, and phrase t0 is called negative. This query structure is 
used in the majority of search engines. Notice that although in the query 
defined above there is a lack of a disjunction operator, in fact this operator 
may be included in phrases. For example, for the phrase “knowledge inte-
gration” a search engine will interpret it as \ 
 

“knowledge” ∨ “integration”. 
 

2. Function Sim for measuring the similarity of queries 

Queries are clustered on the basis of similarity function between que-
ries. The similarity function is calculated as follows.  

 

 A query  
t1 ∧ t2 ∧ . . . ∧ tk ∧ (¬t0)  

may be transformed into the form: 
t ∧ (¬t0), 

1 2
and tk. For example, if  

t1 = “knowledge integration”  
and  

t2 = “knowledge inconsistency”  
then the concatenation will be the phrase  

t = “knowledge integration knowledge inconsistency”. 

•

where t is the phrase being the concatenation of phrases t , t , . . . , 
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0 0

an empty phrase has length equal to 0. 

• 

τ(t, t′) = 
⎪⎩

⎪
⎨

⎧
∩

==

otherwise.   
)}'( ),({ max

)'(
0)'()( if                                  1

tlentlen
ttlen

tlentlen
. 

 For example, for  
 

t = “knowledge integration”  
and  

t′ = “knowledge inconsistency”  
we have  

t ∩ t′ = “knowledge in” and τ(t, t′) = 12/23.  

•  For two queries  
q = t ∧ (¬t0) 

and 
q′ = t′ ∧ (¬t′0) 

their similarity is defined as follows, 

sim(q, q′) = 
2

)',()',( 00 tttt τ+τ
. 

 
function sim is a metric.  

3. Procedure Clu for clustering the set of queries 

Now having defined the similarity function between queries we may 
perform clustering of the set of queries.  

Here similarly as in Chapter 10 for learners we propose to use the algo-

By t ∩ t′ we denote the sequence of characters of maximal length
length, which is included in both phrases t and t′. The similarity 
τ(t, t′) of two phrases t and t′ is calculated by the following formula,

rithm worked out by Kanungo et al. [62]. This algorithm is one of the most 

If in a query there is no negative phrase then we may accept its form 

phrases. By len(t) we denote the length of phrase t. It is the number of 
characters occurring in t including the spaces between the words of 
the phrase. For example len(“knowledge integration”) = 21. Of course 

as t ∧ (¬t ) where t  is an empty phrase. The same goes for positive 

It obvious that sim(q, q′) = 1 if and only if q = q′, 0 ≤ q, q′ ≤ 1, and 

phrases is empty then τ(t, t′) = 0.  
It is easy to show that if t = t′ then τ(t, t′) = 1, and if one of these 
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• Step 1: Select randomly k queries as the starting centers (called cen-
troides) of the clusters. Each centroid represents a cluster. 

• Step 2: Assign each query of the set to the cluster for which the simi-
larity between this query and the centroid is smallest.  

• Step 3: Redetermine the centroid of each cluster, for example, by 
choosing the new centroid as the center of gravity of the cluster.  

• Step 4: Repeat steps 2 and 3 until some convergence conditions have 
not been met (e.g., the centroids do not change).  

As a result, the set of queries is divided into classes of a partition. For 
each class of queries there is a central query represented by centroid. The 
clustering process should be done time and again because of new queries, 
which may cause the clustering and the centroids to be inaccurate.  

Denote then by Q the clustering of the query set,  

  Q = {Q1, Q2, . . . , Qn}, 

where Q1, Q2, . . . , Qn are classes of similar queries with centroids 
q1, q2, . . . , qn, respectively.  

A new query is classified to a class on the basis of the criterion that the 
distance between this query and the centroid of the class is minimal.  

4. Set SE of search engines’ identifiers 

This is a simple set including such information about existing search en-
gines as their identifiers and links enabling to run them. By E we denote 
the set of search engines which can potentially be used by the searching 
agent. 

5. Procedure Consensus for calculating the consensus of a set of answers 
delivered by search engines. 

As is known, when a new query comes, the agent runs not one but sev-
eral search engines (the choice of these search engines is presented later in 
this section), and gathers the answers from them. For the set of answers the 
agent calculates their consensus. We assume that each answer is a ranking 
of URLs of documents.  

 Before the consensus choice the following actions should be taken into 
account. 

• In an answer the number of URLs may be very large. For example, 
using Google the number of documents for a query often exceeds 

popular algorithms based on the k-mean strategy. The main steps of this 
algorithm for a set of queries are organized as follows. 
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100.000. For the effectiveness of the consensus choice procedure this 
number should be decreased. This action may have such practical 
justification that a user rarely reads more than 100 documents given 
by a search engine. In fact, most often the user only reads documents 
on the first screen (i.e., about 30 documents). 

• In an answer one URL may repeat many times, as well as many 
URLs similar to each other may appear. It is then necessary to re-
move the similar URLs. For performing this we can treat a URL as a 
phrase and use function τ defined above to measure the similarity of 
URLs. A threshold can be proposed to accept two URLs to be simi-
lar, and one of them should be removed. Notice, however, that this 
procedure requires an overview of all pairs of URLs to get to know 
which of them should be removed. Therefore, the cost of this proce-
dure may be large. For improving this we propose to sort the URLs 
first and this should help in decreasing the cost. 

Now let’s define a profile of N rankings of URLs as follows, 

  X = {U1, U2, . . . , UN}, 

where Ui is a ranking of different URLs. We do not assume the same num-
ber of URLs in each ranking as well as a URL must appear in all rankings. 
The distance function for this kind of ranking has been proposed in Chap-
ter 10 (see Section 10.2.2). For rankings of URLs the distance function has 
the form: 

  σ(Ui,Uj) = 
)(

),(
Urlcard

UUSUrlu jiu∑ ∈ , 

where Su(Ui,Uj) is the share of a URL u in the distance and Url is the set of 
all URLs occurring in rankings belonging to X. 

We assume that each ranking Ui is assigned with a weight wi (0 ≤ wi ≤1) 
of the search engine which has generated the ranking. These weights are 
calculated for the search engines generating these rankings. How to calcu-
late the weights is presented in Paragraph 7 in this section. 

We propose the procedure Consensus for choosing the consensus of 
given rankings, which is similar to Algorithm 10.1 presented in Chapter 
10. The idea of this procedure is based on calculating for each URL a 
number equal to the sum of the indexes of positions on which this URL 
appears on the given rankings. The idea is very intuitive. 

Algorithm 11.1. 
Input: Set of N rankings of URLs 
  X = {U1, U2, . . . , UN} 
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with weights w1, w2, . . . , wN, respectively. 

∑
=

⋅
N

i
ii UUw

1
)*,( . 

Procedure: 
BEGIN 

1. Determine Url as the set (without repetitions) of all URLs occur-
ring in rankings belonging to X; 

2. For each u ∈ Url determine set with repetitions: 
     Iu = {j ⋅ wi: URL u occurs on the jth position  

                                                       of ranking Ui for i = 1, 2, . . . , N}; 
3. For each u ∈ Url calculate Ju = ∑ ∈ uIx x ; 

4. Set in order the URLs in ranking U* according to the increasing 
order of values Ju; 

END. 

This algorithm is simple and effective. If a URL is in a high-ranking po-
sition but in others it is in low positions then in the consensus this URL 
should not occupy a high position.  

Notice also that Algorithm 11.1 may also be used for consensus deter-
mination for all profiles of rankings of elements (not necessarily of URLs). 
We later use this algorithm for other aims, such as consensus determina-
tion for lists of search engines. 

6. Procedure Con for calculating the consistency level of the set of answers 

For measuring the consistency level of answers delivered by component 
search engines we propose use of the function c4 defined in Section 2.4.4 
of Chapter 2. For calculation of the values of this function the following 

• The sum of distances between a ranking R and the rankings from set 
X: 

σ1(R,X) = ΣR′∈X w′ ⋅ σ(R,R′), 

• 

D(X) = {σ1(R,X): R is a ranking of some URLs from set Url}. 
• The minimal sum of distances from a ranking to the elements of pro-

file X: 

Output: A URL’s ranking U* minimizing sum  σ

values are needed: 

The set of all sums of distances: 

where w′ is the way of the search engine generating ranking R′ 
(see Paragraph 7). 
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σmin(X) = min (D(X)). 

These parameters are now applied for defining the following consis-
tency functions: 

).(11)( min4 X
N

Xc σ−=  

As we can see, value σmin(X) is in fact the sum of distances from the 
consensus to the rankings from X. This consensus is calculated by Algo-
rithm 11.1, so it is very convenient to calculate the consistency level. 

The consistency value informs us about the coherence of the answers 
delivered by the component search engines. The large value of consistency 
means that the rankings generated by the component search engines are 
similar to each other. In this case the consensus is more credible. So the 
aim of calculating the consistency of search engines’ answers is to evaluate 
the pertinency of the consensus which is presented to the user as the final 
answer for his query. Here a threshold for consistency level may be used 
for making the decision as to whether the consensus should be given to the 
user. If the consistency is lower than the threshold then the consensus 
should not be assumed to be a good answer for the user query, and the 
agent should organize a new searching process choosing new search en-
gines for this purpose.  

The procedure described above is in some sense contradictory to the 
considerations presented in Chapter 8, where we have stated that for expert 
knowledge analysis the low value of consistency is better than the high 
value because this means the experts are from different fields and have dif-
ferent points of view. Owing to this the consensus is more precise (more 
similar to the proper solution of the problem they solve). However, in 
the case of search engines, although they are treated as experts (as we have 
considered in the Introduction) they are rather not experts in the full mean-
ing. An answer given by a search engine is dependent only on the docu-
ments it has in the database and the way of indexing these documents, not 
on knowledge processing. Their autonomy is restricted to the search proc-
ess and making a ranking of the retrieved documents. For these reasons we 
may assume that a document is really relevant to a user (i.e., in her opinion 
the document is useful to her) if a large number of search engines rank it in 
high positions. Owing to this assumption a document occurring in a high 
position only in one component ranking should not be presented to the user 
in a high position in the consensus.  

7. Procedure BeSE which determines the best search engine for a query 

Each query is assigned a search engine as the best engine determined by 
procedure BeSE. For a query q the component search engine which gives 
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the nearest answer to the consensus is called the best search engine for this 
query. 

Formally, let for query q there be used N component search engines 
e1, e2, . . . , eN, which generate the URL rankings U1, U2, . . . , UN, respec-
tively. Let U* be the consensus of profile X = {U1, U2, . . . , UN}, and 
let ek be such a search engine that 

  σ(Uk,U*) = min {σ(U1,U*), σ(U2,U*), . . . , σ(UN,U*)}; 

then ek is the best search engine for query q.  
 

8. Procedure Weight for calculating the weight of a search engine in a 
class of queries 

We notice that there are n classes Q1, Q2, . . . , Qn of queries. We denote 
ei(q) as the best search engine for query q in class Qi for i = 1, 2, . . . , n.  

Thus in each class of queries each query is assigned with its best search 
engine. Denote by E(Qi) the set of best search engines for queries in class 
Qi for i = 1, 2, . . . , n. Of course set E(Qi) has repetitions, so the numbers 
of occurrences of different search engines may be different. For a search 
engine e ∈ E(Qi) let occ(e) be the number of occurrences of e in set E(Qi). 
Then the weight w(e,i) of search engine e in class Qi is equal to 

  w(e,i) = 
))((

)(

iQEcard
eocc . 

Of course we have 0 ≤ w(e,i) ≤ 1 and  

  ∑ ∈ )( ),(
iQEe iew  = 1. 

Notice that when a new query appears in class Qi the weights of search 
engines in set E(Qi) should be modified. Besides, the same search engine 
may have different weights in different classes.  

Now we present the scheme of activities of the searching agent. 

11.3.2. Retrieval Process of a Searching Agent 

The scheme of the retrieval activities of a searching agent consists of the 

1. User sends a query to the agent. 
2. The new query is classified into a class. 
3. The agent determines a list of search engines for the new query. The 

search engines are determined on the basis of their weights. The larger 

following steps: 
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the weight the higher chance a search engine has to be chosen. To re-
strict the list some threshold may be introduced. 

4. The agent runs the chosen search engines with the new query; next it 
gathers the answers from them and calculates their consensus and the 
consistency. 

5. If the consistency is low then the agent adds to the list new search 
engines and reperforms step 4. If the consistency is high then the con-
sensus is presented to the user as the result of the search. 

6. The distances between the consensus and the answers given by com-
ponent search engines are calculated, and on their basis the best 
search engine for the query is chosen. 

7. The agent actualizes the weights of the best search engines of queries 
belonging to the class to which the new query has been classified. 

8. The agent is now ready for serving a next new query. 

The above steps present a cycle of the searching agent’s life. To this cy-
cle it is necessary to add a procedure of reclassification of the set of que-
ries. Along with the inflow of new queries the actual classification may be 
inaccurate, because the new queries may not be close to the centroids and 
in consequence the centroids lose their role as the centres of the classes. 

The cycle of a searching agent is presented in the case use diagram 
(Figure 11.2) and activity diagram (Figure 11.3). 

 

Figure 11.2. Case use diagram for a searching agent. 

 
Searching Agent

User

Determining a list of 
search engines

query

Gathering answers

<<include>>

Calculating
consensus

Comparing weights
of search engines
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Calculating 
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<<include>>

Running chosen 
search engines

Checking 
consistency

Presenting result of 
the search

 
 

Receiving a query Classifying new 
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Figure 11.3. The activity diagram for a searching agent. 
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Cooperation between searching agents is needed in the following situa-
tions. 

• A searching agent cannot classify a new query to any class because 
the distances from the query to the centroids are too large. 

• In the case of low consistency of the set of answers the agent cannot 
generate a new list of search engines because there are no search en-
gines in reserve.  

• For a new query there is not one but several best search engines. 
This may happen because a few search engines may obtain the same 
value of weight. 

• Because of a very small number of users the knowledge base of a 
searching agent is too small for making any decision. 

In these cases a searching agent can contact other searching agents and 
send them the query and a request for sending him the information needed 
for query processing. The cooperation steps are described as follows. 

 
1. A searching agent a sends a query to other searching agents with a 

request to send him a list of search engines. 
2. An agent who has obtained such a request processes the query per-

forming steps 2 and 3 of the procedure defined in Section 11.3.2 for 
generating a list of the best search engines in her opinion, for the re-
quested query. 

3. Lists of search engines are sent to agent a.  
4. Agent a makes the consensus choice of these lists using Algorithm 

11.1 for rankings of search engines. 
5. Agent a uses the consensus list for searching. 

The details of this process are presented in Figure 11.4.  

11.4. Recommendation Process 

As is well known, in information retrieval systems recommendation can be 
effective if the user profile is used. A user profile includes information 
about the user, but its very important element is user feedback (this notion 
has been introduced in Section 11.2). Using a user profile for such pur-
poses as recommendation, adaptation, or filtering documents for an infor-
mation system is popular in the field of information retrieval.  

11.3.3. Cooperation between Searching Agents 
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Figure 11.4. The cooperation diagram for searching agents. 
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McElligot and Sorensen [87] have developed a neural network approach 
employing a two-layer connectionist model to filter news documents in the 
Internet. Apart from the keywords, the system uses the context in which 
they occur to present a user profile. This system operates in two modes. 
The first mode is based on the learning phase, where sample documents 
are presented on input. The second mode is based on the comparison 
phase, where the retrieved documents are filtered before presenting them 
to the user. Owing to this mode the system can gather and learn about ad-
ditional interesting documents. 

In the model of Pazzani and others [135] the system asks the user to 
rank pages on a specific topic. Based on the content and ratings of these 
pages, the system learns a user profile that predicts if pages are of interest 
to the user. These authors have investigated a number of topics and in 
learning the system each user profile is considered referring to each topic. 
Pages are recommended from preselected Web sites. Similar to Pazzani 
et al.’s model, Balabanovic’s system (called Fab) [10] requires the user to 
rank pages and it builds a user profile based on the rankings and content of 
pages. However, Fab considers recommendations based on profiles of all 
the other users of the system (although it does not identify users of similar 
interests). Fab possesses a collection agent that performs an offline best-
first search of the Web for interesting pages.  

In this work we have assumed that the multiagent metasearch engine 
uses the results of component search engines. Therefore for the recom-
mendation aim we do not focus on the content of documents, but on the re-
lationship between them and queries. We consider the recommendation 
process in two cases: 

• Searching agents do not store data about users. 
• Searching agents store user data.  
  
These cases are analyzed in the next section. 

In the first case similarly as in the majority of search engines the agents do 
not store the information about users; that is, they are anonymous. In this 
case we propose the following procedure for recommendation. 
 
• A new query after being classified into a class, will be compared 

with other queries in the class for determining a list of queries which 
are maximally similar to it.  

11.4.1. Recommendation without User Data 
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• The above-determined queries are recommended to the user for help-
ing him to express his needs more precisely. In addition, it often hap-
pens that a user makes mistakes when writing the phrases. Owing to 
the recommendation of this type the agent can help the user remove 
the mistakes.  

• If the user chooses one of the recommended queries then the agent 
can use the best engine determined for this query. If she does not 
choose any of the recommended queries then the procedure is the 
same as for a new query. 

11.4.2. Recommendation with User Profiles 

In the second case the searching agent has a possibility to gather informa-
tion about users, among others owing to the logging-in procedure. A 
searching agent may be then treated as a personal agent of a user and it 
may build the user profile with the following structure. 
 
• A set of queries which have been questioned by the user. 
• Each such query is assigned with the best engine(s) (these data are 

from the knowledge base of the agent). A very important element of 
the user profile referring to a query is a set of documents (URLs) 
which the user has chosen (i.e., relevant documents) as the result of 
user feedback. 

 
The structure of the user profile is represented by Table 11.1 with some 

example data. 

Table 11.1. Structure of user profile 

q1 e1 u1, u4, u20, u21 

q2 e1 u2, u7, u22, u30, u32 

q3 e2 u8, u9 
 
The general procedure for recommendation is proposed as follows. 
 
1. After identifying the user, the agent is ready to serve the user’s new 

query.  
 

 

Query  Best engine Relevant documents 
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Figure 11.5. The recommendation scheme. 

2. The new query is compared with other queries in her profile. The 
query which is most similar to the new query is chosen. To avoid the 
choice “by brute force” some threshold should be used. If the similar-
ity between the new query and the chosen query is smaller than the 
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3. If the new query is identical to one of the queries in the profile then 
the agent uses the best engine for this query for searching. Simultane-
ously the documents in column “Relevant documents” are recom-
mended. Next the agent goes to step 6. 

4. If the similarity between the new query and the chosen query is greater 
than or equal to the threshold then the agent recommends the chosen 
query and the documents related to this query. Simultaneously, step 5 
is performed for generating the answer for this new query. 

5. The procedure in Section 11.3.2 is run for generating the answer for 
this query. 

6. The user may give some feedback. The agent remembers the query, 
its centroid, best search engine, and the list of chosen documents in 
the profile of the user. 

The details of this procedure are presented by the scheme in Figure 11.5.  

11.4.3. Recommendation by Query Modification 

Note that the information included in the user profile may be used for 
query modification. Up to now we have suggested only that the user be 
recommended other queries similar to his new query, and the user makes 
the decision whether to modify the query. In this section we propose a 
procedure for an automatic query modification process. The aim of this 
procedure is to better reflect the need of the user in the query, without his 
acceptance. Automatic query modification process is a popular subject in 
the information retrieval field. Most often this process is organized for 
retrieval in vector models which is a very popular model for document 
organization because of its precision and possibilities for mathematical 
operations. The literature for this subject is very rich; see among others 
[9, 10]. In [30] the authors presented a vector model of user profiles and 
personalization for Web-based information retrieval system, and pro-
posed a model for automatic query modification.  

However, without analyzing the relevant documents which have been 
indicated by the user in her feedback it is impossible to build credible 
needs of the user. Therefore, we propose to access these documents in the 
column “Relevant documents” of Table 11.1 in order to get to know if the 

In this book we have assumed that we do not deal with the structures
of document bases as well as the mechanisms for retrieval. We use only
search engines and rely on their document bases. Therefore, for working
out the query modification process we use only the information included
in the user profile defined in the previous section. 
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needs of the user have changed, and if not, if they are correctly and com-
pletely expressed in the query. For this aim we may use an indexing al-
gorithm to analyze these documents and build for a document one vector 
representing its content.  

Formally, assume that we are analyzing a new query q* of a concrete 
user who is included in our base and has a user profile. Let’s denote by 

 
• Q: The set of his queries stored in the profile 
• e(q): The best engine for query q 
• R(q): The set of relevant documents, which have been indicated by 

the user 
 
For each document from R(q) let’s assume the existence of a set of 

terms T = {t1, t2, . . . , tn}3 and let’s build a vector  

vq = <vq1, vq2, . . . , vqn> , 

where vqi is the weight of term ti for 0 ≤ vqi ≤ 1 and i = 1, 2, . . . , n.  
Our aim is to determine a new query which should better reflect the 

needs of the user than query q*. The idea of our method is based on the 

 
1. First choose those queries from set Q which are similar to query q*. 
2. Create from the chosen queries the set of relevant documents and 

their vectors. 
3. On the basis of the vectors calculate one vector best representing 

them. 
4. On the basis of the calculated vector determine a query q*′ which re-

places query q*. 
 
Some commentary follows. The first step is intuitive and follows from 

the assumption that the stored queries in the user profile are more credible 
(in the sense of user needs representation) than the new query q*. It is fur-
ther assumed that if there are queries similar to the new query, then the 
relevant documents referring to these queries should contain the real needs 
of the user. Therefore, the second and third steps should be performed for 
yielding a vector which will be the basis for determining query q*′. For the 
third step the vector to be calculated should be a consensus of the given 
vectors. As the criterion for consensus choice we may accept criterion O2 
(minimizing the sum of squared distances between the consensus and the 

                                                      
3 The source of terms may be WordNet (http://wordnet.princeton.edu/).  

following general steps: 
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given vectors). As has been proved in Chapters 3 and 8, this criterion guar-
antees the “fairness” of the consensus and small computational complexity 
for vector spaces. For the last step, a term which has high weight in the 
consensus vector should occur in the query q*′ as a positive term, whereas 
a term with low weight should occur as a negative one. 

The algorithm for query modification is presented as follows. 

Algorithm 11.2. 

Input: Profile of a user and a new query q*, thresholds ε1, ε2, ε3. 

Output: A query q*′ which could replace query q*. 

Procedure: 
BEGIN 

1. Calculate Q* = {q ∈ Q: sim(q,q*) > ε1}; 
2.  If Q* = ∅ then GOTO 9; 
3.  Create R(Q*) = ∪ * )(Qq qR∈ ; 

4.  Create V(Q*) as the set of vectors representing documents from 
set R(Q*); 

5.  Calculate the consensus  
v* = <v1, v2, . . . , vn>  

   of set V(Q*) satisfying criterion O2 using the results of Theorem 
8.1; 

6.  Determine sets: 
                T1 = {ti ∈ T: vi > ε2 and i = 1, 2, . . . , n} 

  and 
   T2 = {ti ∈ T: vi < ε3 and i = 1, 2, . . . , n}; 

7.  Create a phrase q*′ consisting of terms from sets T1 and T2 where 
terms from set T1 are positive, and terms from set T2 are negative; 

8.  GOTO END; 
9. q*′:= q*; 

END. 

The scheme for recommendation with query modification is presented in 
Figure 11.6. 

An example is given below. 

Example 11.1. Let the user profile be presented by Table 11.2, where 
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Table 11.2. Example of a user profile  

Query 

q1 e1 u1, u4, u20, u21 

q2 e1 u2, u7, u22, u30, u32 

q3 e2 u22, u30, u8, u9 

q4 e3 u8, u11 

q5 e3 u6, u11 

 
• q1 represents query “knowledge base” 

• q2 represents query “database schemas integration”  

• q3 represents query “data integration” 

• q4 represents query “ontology integration” 

• q5 represents query “ontology” 

 

Let the thresholds be: 

ε1 = 0.5,       ε2 = 0,5,  and   ε3 = 0.2. 

Let the new query of the user be 

q* = “knowledge integration”. 

We have: 
  sim(q1,q*) = 10/21, 

  sim(q2,q*) = 12/28, 

  sim(q3,q*) = 12/21, 

  sim(q4,q*) = 12/21, 

  sim(q5,q*) = 0. 

Because  
sim(q3,q*) = sim(q4,q*) = 12/21 > ε1 = ε2  

then  

 Q* = {q3, q4} = {“data integration”, “ontology integration”} 

and 

  R(Q*) = {u22, u30, u8, u8, u9, u11}. 

Notice that R(Q*) is a set with repetitions. This fact is essential for consensus 
choice. Let the vectors for documents for set R(Q*) be presented as follows. 

 

Best search engine Relevant documents 
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Terms  Document 

base 

u22 0.2 0.6 0.2 0.8 0.2 

u30 0.1 0.8 0.2 0.6 0.3 

u8 0.1 0.8 0.9 0.7 0.1 

u8 0.1 0.8 0.9 0.7 0.1 

u9 0.1 0.8 0.2 0.6 0.3 

u11 0.1 0.5 0.9 0.8 0 

Consensus
v* 

  0.12   0.72   0.55 0.7 0.17 

Figure 11.6. Query modification scheme. 

data 
model 

data  
integration 

ontology 
integration 

knowledge 
integration 

data-

This copy belongs to 'VANC03'



11.5. Conclusions      333 

From the consensus we have 
T1 = {data integration, ontology integration,  

                                                                          knowledge integration} 
and  

T2 = {data model, database}. 
Thus the modified query should have logical form: 
 q*′ = data integration ∧ ontology integration   
                       ∧ knowledge integration ∧ ¬data model ∧ ¬database.  
We can see that the modified query is more concrete than query q*. ♦ 

11.5. Conclusions 

The advantages of using agents in metasearch engines follow from their 
autonomy and their communication and cooperation abilities. Although 
utilization of several search engines for the same query is not novel, the 
method for reconciling the results presented here is. Its advantage is that it 
does not need information about the user (preferences, profiles, etc.). It 
works on the basis of an assumption that search engines may be treated as 
experts who are entrusted to solve the same problem of information ret-
rieval. Then as stated in Chapter 8, the reconciled solution should be more 
credible than those proposed by individual experts. 

The conception of a multiagent metasearch engine presented here differs 
fundamentally from the conceptions worked out earlier [113, 116]. In this 
chapter only one kind of agent (searching agents) is proposed. The knowl-
edge base of searching agents is much richer. In addition, procedures for 
recommendation, adaptation, and query modification have been proposed. 
The procedures for determining the list of engines for a new query, as well 
as for reconciling the inconsistent answers generated by component search 
engines presented in this work are novel.  
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12. Conclusions 

The main subject of this book is related to the distribution aspect of 
knowledge inconsistency resolution. In this book the author presents sev-
eral methods for inconsistent knowledge processing which are based on 
using consensus computing mechanisms. Consensus computing is known 
in the decision-making field, but it is less known as a tool for reconciling 
inconsistency of knowledge. The book presents the extended, more comp-
lete, and unified versions of the latest research results of the author on this 
subject. These results have been included in over 50 scientific papers pub-
lished in prestigious international journals (indexed by ISI), or in postproceed-
ings published by, among others, Springer-Verlag, Kluwer Academic, and 
other international journals and conference proceedings [1, 30–32, 55, 63–65, 
75–77, 83–85, 98–127, 146–148, 161, 162].  

This book also includes several novel methods for processing inconsis-
tent knowledge on syntactic and semantic levels, as well as for resolving 
inconsistency of ontologies. One can find here the definitions of knowl-
edge inconsistency, consistency degree for conflict profiles, susceptibility 
to consensus, their properties, and inconsistency resolution for the above-
mentioned levels.  

In this book several applications of the proposed methods from the 
fields of expert knowledge analysis, multiagent systems, information ret-
rieval, recommender systems, and intelligent tutoring systems are also pre-
sented.  

As mentioned in the Preface, the main contributions of this book include 
the following elements. 

• A model for conflict and inconsistency of knowledge which contains 
such elements as conflict representation and consistency measures 
for conflict profiles. 

• A model for consensus which contains postulates for consensus 
choice functions, their classes, an approach to set susceptibility to 
consensus, and methods for its achieving. 

• A method for resolving knowledge inconsistency on the syntactic 
level, which is worked out for such knowledge structures as disjunc-
tive, conjunctive, and fuzzy-based. In each of these structures the 
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manner of representing positive knowledge and negative knowledge 
is proposed. 

• A method for resolving knowledge inconsistency on the semantic 
level which is worked out for such knowledge structures as disjunc-
tive, conjunctive, and fuzzy-based.  

• A method for knowledge integration with relational structures. 
• A method for inconsistency resolution for ontologies based on con-

sensus tools. A new classification of ontology conflicts is also pro-
posed. 

• A consensus-based method for reconciling inconsistency of expert 
knowledge. Assuming concrete structures of expert knowledge we 
have proved that inconsistency is often profitable and with some re-
strictions the consensus of expert opinions is better than any of these 
opinions separately. 

• A method for determination of a learning scenario in intelligent tu-
toring systems using consensus methods and rough classification al-
gorithms.  

• A detailed conception of a metasearch engine for information re-
trieval on the Internet using multiagent technology. Inconsistency 
resolution methods are used in reconciling knowledge and answers 
given by different agents for the same query. Recommendation pro-
cedures are also proposed. 

 
These results do not cover all problems of the subject related to incon-

sistent knowledge management. The following problems are very interest-
ing and should be solved in the future. 

 
• Inconsistency resolution on the syntactic and semantic levels for 

other (more complex) structures of logic formulae. This problem is 
useful also for resolving inconsistency of ontologies on the level of 
axioms. 

• Inconsistency resolution on the mentioned levels taking into account 
the temporal aspect of knowledge. 

• A more general model for expert knowledge processing and investi-
gation of the relationships between expert solutions and the proper 
solution of a problem. 

• Investigation of the influence of behavior of a profile element on 
consensus. 

• Investigation of relationships of the so-called distributed consensuses 
(i.e., consensuses of particular classes of profiles) and the global 
consensus (i.e., the consensus of all elements of the profile). 

This copy belongs to 'VANC03'



References 

1. Aftarczuk K, Kozierkiewicz A, Nguyen NT (2006) Using representation 
choice methods for a medical diagnosis problem. In: Proc. of KES 2006, 
Lecture Notes in Artificial Intelligence 4253, New York: Springer, pp. 805–
812. 

2. Aizerman MA (1985) New problems in the general choice theory. Social 
Choice Welfare 2: 235–382. 

3. 

169. 
4. Arieli O (2003) Reasoning with different levels of uncertainty. Journal of 

Applied Non-Classical Logics 13: 317–343. 
5. Arieli O, Avron A (1999) A model-theoretic approach for recovering consis-

tent data from inconsistent knowledge bases. Journal of Automatic Reason-
ing 2: 253–309. 

6. Arrow KJ (1963) Social Choice and Individual Values. New York: Wiley. 
7. Avron A, Lev I (2005) Non-deterministic multiple-valued structures. Journal 

of Logic and Computation 15: 241–261. 
8. Badache N, Hurfin M, Madeco R (1999) Solving the consensus problem in a 

mobile environment. In: Proc. of IEEE International Performance, Comput-
ing and Communications Conference. Piscataway NJ: IEEE, pp. 29–35. 

9. Baeza YR, Ribeiro NB (1999) Modern Information Retrieval. New York:  
ACM Press. 

10. Balabanovic M (1997) An adaptive web page recommendation service. In: 
Proc. of 1st International Conference on Autonomous Agents. New York: 
ACM Press, pp. 378–385. 

11. Balzer R (1991) Tolerating inconsistency. In: Proc. of the 13th International 
Conference on Software Engineering. Washington, DC: IEEE Press, pp. 
158–165. 

12. Barthelemy JP, Guenoche A, Hudry O (1989) Median linear orders: Heuris-
tics and a branch and bound algorithm. European Journal of Operational 
Research 42: 313–325. 

13. Barthelemy JP, Janowitz MF (1991) A formal theory of consensus. SIAM 
Journal of Discrete Mathematics 4: 305–322. 

Amgoud L, Cayrol C (2002) Inferring from inconsistency in preference-
based argumentation frameworks. Journal of Automated Reasoning 29: 125–

This copy belongs to 'VANC03'



338      References 

14. Barthelemy JP, Leclerc B (1995) The median procedure for partitions. 
DIMACS Series in Discrete Mathematics and Theoretical Computer Science 
19: 3–33. 

15. Bazzi RA, Neiger G, Peterson GL (1997) On the use of registers in achieving 

16. Benferhat S, Dubois D, Prade H (1997) Some syntactic approaches to the 
handling of inconsistent knowledge bases: A comparative study. Part 1: The 
flat case. Studia Logica 58: 17–45. 

17. Benferhat S, Garcia L (2002) Handling locally stratified inconsistent knowl-
edge bases. Studia Logica 70: 77–104. 

18. Birnbaum E, Lozinskii EL (2003) Consistent subsets of inconsistent systems: 
structure and behaviour. Journal of Exp. Theory Artificial Intelligence: 15, 
25–46. 

19. Bock HH, Day WHE, McMorris FR (1998) Consensus rules for committee 
elections. Mathematical Social Sciences 37: 219–232. 

20. Bogart KP (1973) Preference structure I: Distance between transitive prefer-
ence relations. Journal of Math Sociology 3: 455–470. 

21. Bordogna G, Pasi G (2004) A model for a SOft Fusion of Information 
Accesses on the web. Fuzzy Sets and Systems 48: 105–118. 

22. Bremer M (2005) An Introduction to Paraconsistent Logics. New York: 
Peter Lang.  

23. Brown FN (1991) Boolean Reasoning. Hingham, MA: Kluwer Academic.  
24. Brusilovsky P (1996) Methods and techniques of adaptive hypermedia. User 

Modelling and User-Adapted Interaction 6: 87–129. 
25. Carver CA, Howard RA, Lavelle E (1996) Enhancing student learning by in-

corporating learning styles into adaptive hypermedia. In: Proc. of Conf. on 
Educational Multimedia and Hypermedia, Boston 1996, pp. 118–123. 

26. Chen L, Sycara K (1998) Webmate – Personal agent for browsing and 
searching. In: Proc. of the 2nd International Conference on Autonomous 
Agents, St Paul. ACM Press, New York, pp. 132–139. 

27. Coulouris G, Dollimore J, Kindberg T (2001) Distributed Systems, Concepts 

28. Crow L, Shadbolt N (2001) Extracting focused knowledge from the semantic 
web. International Journal of Human-Computer Studies 54: 155–184. 

29. Daniłowicz C, Nguyen HC (2002) Using user profiles in intelligent informa-
tion retrieval. In: Proc. of ISMIS’2002, Lecture Notes in Computer Science 
2366, New York: Springer, pp. 223–222. 

30. Daniłowicz C, Nguyen HC, Nguyen NT (2003) Model of user profiles and 
personalization for web-based information retrieval systems. In: Abramowicz W 
(Ed.) Knowledge Based Information Retrieval and Filtering from Internet. 
Hingham, MA: Kluwer Academic, pp. 121–136. 

31. Daniłowicz C, Nguyen NT (1988) Consensus-based partition in the space of 
ordered partitions. Pattern Recognition 21: 269–273. 

wait-free consensus. Distributed Computing 10: 117–127. 

and Design. Reading, MA: Addison-Wesley. 

This copy belongs to 'VANC03'



References      339 

32. Daniłowicz C, Nguyen NT (2003) Consensus methods for solving inconsis-
tency of replicated data in distributed systems. Distributed and Parallel 
Databases – An International Journal 14: 53–69. 

33. Date CJ (2004) An Introduction to Database Systems. Reading, MA: Addi-
son-Wesley. 

34. Day WHE (1981) The complexity of computing metric distances between 
partitions. Mathematical Social Science 1: 269–287. 

35. Day WHE (1988) Consensus methods as tools for data analysis. In: Bock 
HH (Ed.), Classification and Related Methods of Data Analysis, Proc. of 
IFC’87. North-Holland, pp. 317–324. 

36. De Kleer J (1986) An assumption-based TMS. Artificial Intelligence 28: 
127–162. 

37. Doyle J (1979) A truth maintenance system. Artificial Intelligence 12: 231–
272. 

38. Dunn R, Dunn K (1999) The Complete Guide to the Learning Strategies in 
Service System. Boston: Allyn & Bacon. 

39. Ephrati E, Rosenschein JS (1998) Deriving consensus in multi-agent sys-
tems. Artificial Intelligence 87: 21–74. 

40. Fehrer D (1993) A unifying framework for reason maintenance. In: Clark M 
et al (Eds.) Symbolic and Qualitative Approaches to Reasoning and Uncer-

41. Felder R (1993) Reaching the second tier learning and teaching styles in col-
lege science education. Journal of College Science Teaching 23: 286–290. 

42. Felder RM, Silverman LK (1988) Learning and teaching styles in engineer-
ing education. Engineering Education 78: 674–681. 

43. Fensel D (2001) Ontologies: Silver Bullet for Knowledge Management and 
Electronic Commerce. New York: Springer-Verlag. 

44. Ferber J (1999) Multi-Agent Systems. New York: Addison-Wesley. 
45. Fernadez-Breis JT, Martinez-Bejar R (2002) A cooperative framework for 

integrating ontologies. International Journal of Human-Computer Studies 
56: 665–720. 

46. Fishburn PC (1977) Condorcet social choice functions. SIAM Journal of 
Applied Mathematics 33: 469–489. 

47. Gardenfors P (1988) Knowledge in Flux. Cambridge, MA: MIT Press. 
48. Gardner SP (2005) Ontologies and semantic data integration. Drug Discov-

ery Today 14: 1001–1007. 
49. Glover E, Lawrence S (1999) Architecture of a meta search engine that sup-

ports user information needs. In: Proc. of the 8th International Conference on 
Information and Knowledge Management. ACM Press, New York, pp. 210–
216. 

50. Grant J, Subrahmanian VS (1995) Reasoning in inconsistent knowledge 
bases. IEEE Transactions on Knowledge and Data Engineering 7: 177–189.  

tainty, Lecture Notes in Computer Science 747, New York: Springer,  
pp. 113–120. 

This copy belongs to 'VANC03'



340      References 

51. Gruber TR (1993) A Translation Approach to Portable Ontology Specifica-
tions. Knowledge System Laboratory. Academic Press Stanford University. 

52. Guo P, Zeng DZ, Shishido H (2002) Group decision with inconsistent 
knowledge. IEEE Transactions on Systems, Man and Cybernetics, Part A, 
32: 670– 679. 

53. Hameed A, Sleeman D., Preece A (2002) Detecting mismatches among 
experts’ ontologies acquired through knowledge elicitation. Knowledge-
Based Systems 15: 265–273. 

54. Helpern JY, Moses Y (2001) Knowledge and common knowledge in distrib-
uted environment. Journal of the Association for Computing Machinery 37: 
549–587. 

55. Hernes M, Nguyen NT (2004) Deriving consensus for incomplete ordered par-
titions. In: Nguyen NT (Ed.) Intelligent Technologies for Inconsistent Knowl-
edge Processing. Advanced Knowledge International, Adelaide, Australia, pp. 
39–56. 

56. Herrmann N (1988) The Creative Brain. Lake Lure, NC: Brain Books. 
57. Holt J (2001) UML (Unified Modelling Language) for Systems Engineers. 

Institution of Electrical Engineers. 
58. Hunter A (1998) Paraconsistent logics. In: Gabbay D, Smets P (Eds) Hand-

book of Defeasible Reasoning and Uncertain Information. Kluwer Academic 
Publishers, pp. 13–43. 

59. Hunter A (2003) Evaluating the significance of inconsistencies. In: Proc. of 
the International Joint Conference on AI (IJCAI’03) San Mateo, CA: Morgan 
Kaufmann, pp. 468–473. 

60. Jøsang A, Grandison T (2003) Conditional inference in subjective logic. In: 
Wang X. (Ed.) Proc. of the 6th International Conference on Information 
Fusion, 2003, pp. 279–311. 

61. Juszczyszyn K, Nguyen NT, Kołaczek G et al. (2006) Agent-based approach 
for distributed intrusion detection system design. In: Proc. of ICCS 2006, 
Lecture Notes in Computer Science 3993, New York: Springer, pp. 208–215. 

62. Kanungo T et al. (2002) An efficient k-means clustering algorithm: Analysis 
and implementation. IEEE Transactions on Pattern Analysis and Machine 
Intelligence 24: 881–892. 

63. Katarzyniak RP, Nguyen NT (2000) Reconciling inconsistent profiles of 
agents’ knowledge states in distributed multi-agent systems using consensus 
methods. System Science 26: 93–119. 

64. Katarzyniak RP, Nguyen NT (2002) Modification of weights of conflict pro-
file’s elements and dependencies of attributes in consensus model. In: Proc. 
of RSCTC 2002, Lecture Notes in Artificial Intelligence 2475, New York: 
Springer, pp. 131–138. 

65. Katarzyniak RP, Nguyen NT (2002) Solving conflicts of agent knowledge 
states in multi-agent systems. In: Proc. of SOFSEM 2002, Lecture Notes in 
Artificial Intelligence 2540, New York: Springer, pp. 231–239. 

This copy belongs to 'VANC03'



References      341 

66. Kelly B, Tangney B (2002) Incorporating learning characteristics into an in-
telligent tutor. In: Proc. of ITS 2002, Lecture Notes in Computer Science 
2363, New York: Springer, pp. 729–738. 

67. Kiewra M, Nguyen NT (2005) Non–textual document ranking using crawler 
information and web usage mining. In: Proc. of KES 2005, Lecture Notes in 
Artificial Intelligence 3682, New York: Springer, pp. 520–526. 

68. Kemeny JG (1959) Mathematics without numbers. Daedalus 88: 577–591. 
69. Kifer M, Lozinskii EL (1992) A logic for reasoning with inconsistency. 

Journal of Automatic Reasoning 9: 179–215. 
70. Knight K (2002) Measuring inconsistency. Journal of Philosophical Logic 

31: 77–98. 
71. Kobsa A, Koenemann J, Pohl W (2001) Personalized hypermedia presen-

tation techniques for improving online customer relationships. Knowledge 
Engineering Review 16: 111–155. 

72. Kołaczek G, Pieczynska A, Juszczyszyn K, Grzech A, Katarzyniak RP, 
Nguyen NT (2005) A mobile agent approach to intrusion detection in net-
work systems. In: Proc. of KES 2005, Lecture Notes in Artificial Intelligence 
3682, New York: Springer, pp. 514–519. 

73. Kolb DA (1984) Experimental Learning: Experience as a Source of Learn-
ing and Development. Englewood Cliffs, NJ: Prentice-Hall. 

74. Kukla E (2002) Outline of tutoring strategy construction method for multi-
media intelligent tutoring systems. In: Proc of Multimedia and Web-based 
Systems Conference – MISSI’2002, Wroclaw, pp. 297–308 (in Polish). 

75. Kukla E, Nguyen NT, Sobecki J et al. (2003) A model conception for learner 
profile construction and determination of optimal scenario in intelligent 
learning systems In: Proc. of KES’2003 Oxford UK, Lecture Notes in Artifi-
cial Intelligence 2774, New York: Springer, pp. 1216–1222. 

76. Kukla E, Nguyen NT, Sobecki J et al. (2004) Determination of learning sce-
narios in intelligent web-based learning environment. In: Proc. of IEA-AIE 
2004, Lecture Notes in Artificial Intelligence 3029, New York: Springer, 
pp. 759–768. 

77. Kukla E, Nguyen NT, Sobecki J et al. (2004) A model conception for learner 
profile construction and determination of optimal scenario in intelligent 
learning systems. International Journal of Interactive Technology and Smart 
Education 1: 171–184. 

78. Lieberman H (1995) Letizia: An agent that assists web browsing. In: Proc. of 
International Joint Conference on Artificial Intelligence. San Mateo, CA: 
Morgan Kaufmann, pp. 924–929. 

79. Lipski W (1979) On semantic issues connected with incomplete information 
databases. ACM Transactions on Database Systems 4: 262–269. 

80. Lipski W, Marek W (1986) Combinatorial Analysis. Warsaw: WTN (in Polish).

This copy belongs to 'VANC03'



342      References 

81. Loyer Y, Spyratos N, Stamate D (2000) Hypothesis Support for Information 
Integration in Four-Valued Logics. Lecture Notes in Computer Science, vol. 
1872, New York: Springer, pp. 536–548. 

82. Loyer Y, Spyratos N, Stamate D (2000) Integration of information in four-
valued logics under non-uniform assumption. In: Proc. of 30th IEEE Interna-
tional Symposium on Multiple-Valued Logic, pp. 180–193. 

83. Małowiecki M, Nguyen NT (2004) Consistency measures and consensus 
susceptibility for conflict profiles. In: Proc. of 15th International Conference 
on System Science. Wroclaw Univ. Tech Press, pp. 173–180. 

84. Małowiecki M, Nguyen NT (2004) Consistency functions for reconciling 
knowledge inconsistency. In: Nguyen NT (Ed.) Intelligent Technologies for 
Inconsistent Knowledge Processing. Advanced Knowledge International, 
Adelaide, Australia, pp. 73–92. 

85. Małowiecki M, Nguyen NT, Zgrzywa M (2004) Using consistency measures 
and attribute dependencies for solving conflicts in adaptive systems. In: 
Proc. of ICCS 2004, Lecture Notes in Computer Science 3038, New York: 
Springer, pp. 537–545. 

86. Marcelloni F, Aksit M (2001) Leaving inconsistency using fuzzy logic. 
Information and Software Technology 43: 725–741. 

87. McElligot M, Sorensen H (1994) An evolutionary connectionist approach to 
personal information filtering. In: Proceeding of the Fourth Irish Neural 
Network Conference, Dublin, Ireland, pp. 141–146. 

88. McMorris FR, Mulder HM, Powers RC (2000) The median function on me-
dian graphs and semilattices. Discrete Applied Mathematics 101: 221–230. 

89. McMorris FR, Powers RC (1995) The median procedure in a formal theory 
of consensus. SIAM Journal of Discrete Mathematics 14: 507–516. 

90. McMorris FR, Powers RC (1997) The median function on weak hierarchies. 
DIMACS Series in Discrete Mathematics and Theoretical Computer Science 
37: 265–269.  

91. Menczer F (2003) Complementing search engines with online web mining 
agents. Decision Support Systems 35: 195–212. 

92. Montaner M, Lopez B, De La Rosa JL (2003) A taxonomy for recommender 
agents on the Internet. Artificial Intelligence Review 19: 285–330. 

93. Murray K, Porter B (1990) Developing a tool for knowledge integration: Ini-
tial results. International Journal of Man-Machine Studies 33: 373–383. 

94. Musial K, Nguyen NT (1989) On the nearest product of partitions. Bulletin 
of Polish Academy of Sciences 36: 333–338. 

95. Naqvi S, Rossi F (1990) Reasoning in inconsistent databases. In: Logic Pro-
gramming, Proc. of the North American Conference. Cambridge, MA: MIT 
Press, pp. 255–272. 

96. Newman WM, Lamming MG (1996) Interactive System Design. Harlow, 
UK: Addison-Wesley. 

This copy belongs to 'VANC03'



References      343 

97. Ng KC, Abramson B (1990) Uncertainty management in expert systems. 
IEEE Expert: Intelligent Systems and Their Applications 5: 29–48. 

98. Nguyen NT (2000) Using consensus methods for determining the representa-
tion of expert information in distributed systems. In: Cerri S (Ed.) Proc. of 
AIMSA’2000, Lecture Notes on Artificial Intelligence 1904, New York: 
Springer, pp. 11–20. 

99. Nguyen NT (2000) Using consensus methods for solving conflicts of data in 
distributed systems. In: Bartosek M (Ed.) Proc. of 27th SOFSEM, Lecture 
Notes in Computer Science 1963, New York: Springer, pp. 409–417. 

100. Nguyen NT (2001) Representation choice methods as the tool for solving 
uncertainty in distributed temporal database systems with indeterminate 
valid time. In: Proc. of IEA-AIE 2001, Lecture Notes in Artificial Intelli-
gence 2070, New York: Springer, pp. 445–454. 

101. Nguyen NT (2001) Using consensus for solving conflict situations in fault-
tolerant distributed systems. In: Proc. of First IEEE/ACM Symposium on 
Cluster Computing and the Grid 2001. IEEE Computer Press, pp. 379–385. 

102. Nguyen NT (2001) Consensus-based timestamps in distributed temporal da-
tabases. The Computer Journal 44: 398–409. 

103. Nguyen NT (2001) Using distance functions to solve representation choice 
problems. Fundamenta Informaticae 48: 2001. 

104. Nguyen NT (2002) Methods for Consensus Choice and their Applications in 
Conflict Resolving in Distributed Systems. Wroclaw University of Technol-
ogy Press (in Polish). 

105. Nguyen NT (2002) Consensus system for solving conflicts in distributed sys-
tems. Journal of Information Sciences 147: 91–122. 

106. Nguyen NT (2003) Criteria for consensus susceptibility in conflicts resolv-
ing. In: Inuiguchi M, Tsumoto S, Hirano S (Eds.) Rough Set Theory and 
Granular Computing. Series Studies in Fuzziness and Soft Computing vol. 
125. New York: Springer-Verlag, pp. 323–333. 

107. Nguyen NT (2004) Consensus methodology for inconsistent knowledge 
processing. In: Nguyen NT (Ed.) Intelligent Technologies for Inconsistent 
Knowledge Processing. Advanced Knowledge International, Adelaide, 
Australia, pp. 3–20. 

108. Nguyen NT (2005) Processing inconsistency of knowledge on semantic 
level. Journal of Universal Computer Science 11: 285–302. 

109. Nguyen NT (2005) Modal time and processing its inconsistency in temporal 
data collections. In: Katarzyniak RP (Ed.) Ontologies and Soft Methods 
in Knowledge Management. Advanced Knowledge International, Adelaide, 
Australia, pp. 101–119. 

110. Nguyen NT (2006) Methods for achieving susceptibility to consensus for 
conflict profiles. Journal of Intelligent & Fuzzy Systems 17: 219–229. 

111. Nguyen NT (2006) Conflicts of ontologies – classification and consensus-
based methods for resolving. In: Gabrys B, Howllet RJ, Jain LC (Eds.) Proc. 

This copy belongs to 'VANC03'



344      References 

of KES 2006, Lecture Notes in Artificial Intelligence 4252, New York: 
Springer, pp. 267–274. 

112. Nguyen NT (2006) Using consensus methodology in processing inconsis-
tency of knowledge. In: Last M et al (Eds.) Advances in Web Intelligence 
and Data Mining. New York: Springer-Verlag, pp. 161–170. 

113. Nguyen NT, Blazowski A, Malowiecki M (2005) A multi-agent system aid-
ing information retrieval in Internet using consensus methods. In: Proc. of 
SOFSEM 2005, Lecture Notes in Computer Science 3381, New York: 
Springer, pp. 399–403. 

114. Nguyen NT, Daniłowicz C (2003) Deriving consensus for conflict data in 
web-based systems. In: Proc. of IEA-AIE 2003, Lecture Notes in Artificial 
Intelligence 2718, New York: Springer, pp. 254–263. 

115. Nguyen NT, Daniłowicz C (2004) Methods for reducing the number of rep-
resentatives in representation choice tasks. In: Proc. of IEA-AIE 2004, Lec-
ture Notes in Artificial Intelligence 3029, New York: Springer, pp. 154–163. 

116. Nguyen NT, Gandza M, Paprzycki M (2006) A consensus-based multi-agent 
approach for information retrieval in Internet. In: Proc. of ICCS 2006, Lec-
ture Notes in Computer Science 3993, New York: Springer, pp. 224–231. 

117. Nguyen NT, Katarzyniak RP (Eds.) (2006) Multi-agent Systems, Ontologies 
and Conflict Resolution. Special Issue in Journal of Intelligent & Fuzzy Sys-
tems 17(3). 

118. Nguyen NT, Małowiecki M (2004) Consistency function for conflict pro-
files. LNCS Transactions on Rough Sets 1: 169–186. 

119. Nguyen NT, Małowiecki M (2004) Deriving consensus for conflict situa-
tions with respect to its susceptibility. In: Proc. of KES 2004, Wellington 
New Zealand, Lecture Notes in Artificial Intelligence 3214, New York: 
Springer, pp. 1179–1186. 

120. Nguyen NT, Małowiecki M (2005) Using consensus susceptibility and con-
sistency measures for inconsistent knowledge management. In: Proc. of 
PAKDD’05, Lecture Notes in Artificial Intelligence 3518, New York: 
Springer, pp. 545–554. 

121. Nguyen NT, Rusin M (2006) A consensus-based approach for ontology inte-
gration. In: Butz C, Nguyen NT, Takama Y et al. (Eds.) Proc. of WI/IAT’06 
Workshops. Piscataway, NJ: IEEE Computer Society, pp. 514–517. 

122. Nguyen NT, Sobecki J (2001) Designing intelligent user interfaces using 
consensus-based methods for user profile determination. In: J. Zendulka 
(Ed.), Proc. of Int. Conference on Information System Modelling. Acta 
MOSIS, pp. 139–146. 

123. Nguyen NT, Sobecki J (2003) Consensus versus conflicts – methodology 
and applications. In: Proc. of RSFDGrC 2003, Lecture Notes in Artificial 
Intelligence 2639, New York: Springer, pp. 565–572. 

124. Nguyen NT, Sobecki J (2003) Using consensus methods to construct adap-
tive interfaces in multimodal web-based systems. Journal of Universal 
Access in the Information Society 2: 342–358. 

This copy belongs to 'VANC03'



References      345 

125. Nguyen NT, Sobecki J (2005) Rough classification used for learning sce-
nario determination in intelligent learning systems. In: Kłopotek M et al. 
(Eds.) Intelligent Information Processing and Web Mining. Series Advances 
in Soft Computing. New York: Physica-Verlag, pp. 107–116. 

126. Nguyen NT, Sobecki J (2006) Determination of user interfaces in adaptive 
systems using a rough classification based method. Journal of New Genera-
tion Computing 24: 377–402. 

127. Nguyen NT, Śliwko L (2006) Applications of multi-agent systems for 
information retrieval in Internet. In: Grzech A (Ed.) Proc. of IWSE 2006. 
Wroclaw University of Technology Press, pp. 155–164 (in Polish). 

128. Nieger G (1995) Simplifying the design of knowledge-based algorithms 
using knowledge consistency. Information & Computation 119: 283–293. 

129. Nilsson U, Maluszynski J (2000) Logic, Programming and Prolog. John 
Wiley & Sons. 

130. Noy NF, Musen MA (1999) SMART: Automated support for ontology 
merging and alignment. In Proc. of the 12th Workshop on Knowledge Acqui-
sition, Modelling and Management (KAW’99), Banff, Canada, October 1999, 
pp. 1–20. 

131. Papanikolaou AK et al. (2001) INSPIRE: An intelligent system for personal-
ized instruction in a remote environment. In: Reich S et al. (Eds.) Proc. of 
Int. Workshops OHS-7, SC-3, AH-3, Lecture Notes in Computer Science 
2266, New York: Springer, pp. 215–225. 

132. Pawlak Z (1991) Rough Sets - Theoretical Aspects of Reasoning about Data. 
Hingham, MA: Kluwer Academic.  

133. Pawlak Z (1998) An inquiry into anatomy of conflicts. Journal of Informa-
tion Sciences 108: 65–78. 

134. Pawlak Z (1999) Rough classification. International Journal of Human-
Computer Studies 51: 369–383. 

135. Pazzani M, Billsus D (1997) Learning and revising user profile: The identifi-
cation of interesting web sites. Machine Learning 27: 313–331. 

136. Pinto HS, Martins JP (2001) A methodology for ontology integration. In: 
Proc. of the First International Conference on Knowledge Capture. New 
York: ACM Press, pp. 131–138. 

137. Pinto HS, Perez AG, Martins JP (1999) Some issues on ontology integration. 
In: Benjamins VR (Ed.) Proc. of IJCAI99's Workshop on Ontologies and 
Problem Solving Methods, vol. 18. CEUR Publications, pp. 7.1–7.11. 

138. Rashid AM et al. (2002) Getting to know you: Learning new user prefer-
ences in recommender systems. In: Proc. of International Conference on 
Intelligent User Interfaces 2002, San Francisco, CA, pp. 127–134. 

139. Reimer U (1998) Knowledge integration for building organizational memo-
ries. In Proc. of the 11th Banff Knowledge Acquisition for Knowledge Based 
Systems Workshop, vol. 12, pp. KM-61 – KM-620. 

This copy belongs to 'VANC03'



346      References 

140. Roos N (1992) A logic for reasoning with inconsistent knowledge. Artificial 
Intelligence 57: 69–103. 

141. Salton G (1989) Automatic Text Processing The Transformation, Analysis, 
and Retrieval of Information by Computer. Reading, MA: Addison-Wesley.  

142. Shermer M (2004) The Science of Good and Evil. New York: Henry Holt.  
143. Simon J et al. (2006) Formal ontology for natural language processing and 

the integration of biomedical databases. International Journal of Medical 
Informatics 75: 224–231.  

144. Skowron A, Deja R (2002) On some conflict models and conflict resolution. 
Romanian Journal of Information Science and Technology 5: 69–82.  

145. Skowron A, Rauszer C (1992) The discernibility matrices and functions in 
information systems. In: Słowiński E (Ed.) Intelligent Decision Support, 
Handbook of Applications and Advances of the Rough Sets Theory. 
Dordrecht: Kluwer Academic, pp. 331–362. 

146. Sobecki J, Nguyen NT (2002) Using consensus methods to user classifica-
tion in interactive systems. In: Grzegorzewski P et al. (Eds.) Soft Methods in 
Probability, Statistics and Data. New York: Physica-Verlag, pp. 346–354. 

147. Sobecki J, Nguyen NT (2003) Consensus-based adaptive interface construc-
tion for multiplatform web applications. In: Proc. of IDEAL’2003, Lecture 
Notes in Computer Science 2690, New York: Springer, pp. 465–472. 

148. Sobecki J, Nguyen NT, Małowiecki M (2004) Adaptive user interfaces mod-
eling by means of rough classification methods and consistency measures. 
In: Proc. of 1st International Workshop on Advanced Technologies for E-
Learning and E-Science, 2004. Piscataway, NJ, IEEE Computer Society 
Press, pp. 16–22. 

149. Stadnyk I, Kass R (1992) Modeling users’ interests in information filters. 
Communications of the ACM 35: 49–50. 

150. Surowiecki J (2004) The Wisdom of Crowds. New York: Random House. 
151. Śliwko L (2005) Applications of multi-agent systems in information retrieval 

in Internet. M.Sc. Thesis (Advisor: Ngoc Thanh Nguyen). Wroclaw Univer-
sity of Technology. 

152.  Śliwko L, Nguyen NT (2007) Using multi-agent systems and consensus 
methods for information retrieval in Internet. International Journal of Intel-

153. Tessier C, Chaudron L, Müller HJ (2001) Conflicting Agents: Conflict Man-
agement in Multiagent Systems. Hingham, MA: Kluwer Academic.  

154. Triantafillou E, Pomportsis A, Georiadou E (2002) AES-CS: Adaptive edu-
cational system based on cognitive styles. In: Proc. of AH2002 Workshop, 
Second International Conference on Adaptive Hypermedia and Adaptive 
Web-Based Systems. University of Malaga, Spain. 

155. Wang JTL, Zhang K (2000) Identifying consensus of trees through align-
ment. Journal of Information Sciences 126: 165–189. 

ligent Information and Database Systems to appear in Vol. 1, issue 2.

This copy belongs to 'VANC03'



References      347 

156. Yan KO, Wang SC, Chin YH (1999) Consensus under unreliable transmis-
sion. Information Processing Letters 69: 243–248. 

157. Young HP (1974) An axiomatization of Borda’s rule. Journal of Economic 
Theory 9: 43–52. 

158. Young HP (1995) Optimal voting rules. Journal of Economic Perspectives 9: 
51–64. 

159. Young HP, Levenglick A (1978) A consistent extension of Condorcet’s elec-

160. Zadeh L (1965) Fuzzy sets. Information and Control 8: 338–353. 
161. Zgrzywa M, Nguyen NT (2004), Determining consensus with simple de-

pendencies of attributes. In: Nguyen NT (Ed.) Intelligent Technologies for 
Inconsistent Knowledge Processing. Adelaide, Australia: Advanced Knowl-
edge International, pp. 57–72. 

162. Zgrzywa M, Nguyen NT (2005) Estimating and calculating consensus with 
simple dependencies of attributes. In: Kurzyński M et al (Eds.) Computer 
recognition systems. New York: Physica-Verlag, pp. 320–329. 

163. Zywno MS, Waalen JK (2002) The effect of individual learning styles on 
student outcomes in technology-enabled education. Global Journal of Engi-
neering. Education 6: 35–43. 

tion principle. SIAM Journal of Applied Mathematics 35: 285–300. 

This copy belongs to 'VANC03'



Index 

agent 4, 9, 10, 14, 123, 312, 327 
information 310 
managing 15, 311, 312 
monitoring 15 
searching 309, 311, 326 

algorithm 3, 9, 87, 103, 120, 262 
axiom 50, 242, 262, 340 
best search engine 311, 314, 322 
centralization aspect 3, 8, 47, 126 
centroid 41, 291, 316, 327 
classification 9, 341, 264, 279, 289 

learner 265, 290, 296 
rough 9, 263, 292, 306 

clause 146, 150, 186, 192, 216 
complete 148, 53, 158 
inconsistent 150 
fuzzy 159, 161, 162 

clustering 11, 207, 291, 315, 316 
component 1, 127, 137, 220 

negative 126, 137 
positive 130, 137, 178, 182 

concept 17, 241, 293 
Concept Integration Condition 246 
contradiction 1, 5, 250, 261 
conflict 4, 8, 17, 131 

knowledge 13, 21, 103 
ontology 9, 241, 340 

conflict body 16, 18 
conflict content 4, 16, 44 
conflict issue 4 
conflict participant 18, 43, 53, 89 
conflict subject 16, 18 
conjunction 5, 123, 179 

fuzzy 159, 160, 163 
inconsistent 127, 185 

sharply inconsistent 127, 128 
consensus 4, 6, 10, 11, 152, 309 
consensus function 10, 50, 63, 152 
consensus method 4, 244, 336 
consensus susceptibility 10, 48, 84 
consistency measure 8, 43, 86, 239 
consistency function 10, 25, 35, 84 
data 2, 5, 49, 264 

user 265, 281, 290 
usage 265, 277, 281, 290 

database system 2, 6, 241 
distance 302, 304 
distance space 20, 70, 81, 226 
distribution aspect 4, 8, 9, 335 
document 160, 308, 310 

relevant 309, 326, 327, 328 

document ranking 340 
engine 1 

search 9, 308 
meta search 9, 11, 308, 325 

expert 4, 9, 18, 23, 165 
expert solution 10, 224, 237 
feedback 308, 310, 328 

implicit 310 
explicit 310 

function 4, 23, 41 
consistency 10, 25, 33, 37, 84 
consensus choice 8, 10, 49, 70 
distance 10, 20, 38, 70 

fuzzy element 204, 205, 221 

nonconflicting 148, 151, 153 

nonrelevant 309 

nonconflicting 126, 127 

This copy belongs to 'VANC03'



fuzzy set 203 
half-metric 20, 89, 204, 205 
inconsistency 1, 3, 191 

knowledge 3, 4, 8, 315 
ontology 251, 252 

inconsistency degree 6, 17, 239 
inconsistency level 18, 127, 149 
inconsistent knowledge 1, 101 
inconsistent knowledge manage-

ment 1 
incomplete information 13 
inconsistent knowledge processing 

335 
information retrieval 9, 243, 307 
instance 241, 244, 246 
Instance Integration Condition 

247, 252 
integration 3, 7, 8, 11, 120 

data 330, 331 
knowledge 7, 10, 102, 242 
ontology 241, 244, 252 

integrity constraint 2, 6, 241 
intelligent learning system 263 
Internet 9, 11, 397, 309 
k-mean 291, 315  
knowledge 1 

expert 9, 10, 45, 223 
negative 9, 18, 22, 166, 168 
positive 9, 17, 168, 179 
uncertain 17, 22 

knowledge management 1, 95, 336 
knowledge base 1, 5, 266, 312 
knowledge presentation 264 
learner 11, 263, 265 
learning style 264, 278, 281 
learning strategy 264 
level 249, 252, 262 

instance 244, 247, 252, 262 
concept 244, 247, 254 
relation 244, 247, 251 
semantic 6, 9, 166, 201 
syntactic 5, 122, 124, 158 

linear order 49, 266, 272 
partial 266, 268, 284 
weak 266, 286 

literal 124, 125, 140, 162 
negative 124, 52, 159, 176 
positive 124, 146, 176, 192 

logic formulae 1, 2, 5, 166 
macrostructure 20, 51 
measure 5, 73, 300, 316 

consistency 8, 24, 85, 239 
metric 20, 106, 110, 205, 277 
metric space 20 
microstructure 20, 51, 100 

ontology 9, 11, 241 
ontology merging 241, 242 
ontology mismatch 241 
opinion 4, 10, 18, 158, 238 

expert 45, 203, 224, 227 
partition of a set 293 
postulate 8, 10, 25, 26, 138, 214 
presentation 264, 266, 267 
profile 10, 20, 31 

conflict 6, 19, 25, 37, 95, 131 
distinguishable 21, 41, 99, 138 
fuzzily regular 210, 213 
fuzzy conflict 10, 203 
i-regular 79, 80 

homogeneous 25, 44, 74, 232 
heterogeneous 27, 29, 75 
learner 11, 263, 277 
multiple 27, 29 
negative 22, 129, 138, 192 

positive 22, 129, 153 
regular 79, 208 
strong distinguishable 138,143 
uncertain 22 
user 310, 323, 327 

proper solution 10, 45, 223 

350      Index 

multiagent 4, 11, 52, 309, 313 
nonlogic base of knowledge 2 

nonfuzzy conflict 203 

nonhomogeneous 235, 309 

This copy belongs to 'VANC03'



query 9, 11, 307 
query modification 327, 332 
relation 17, 51, 78, 249 

binary 20, 49, 241, 295 
real world 1, 13, 47, 124 
recommendation procedure 9, 281 
recommendation process 263, 306 
recommender system 11, 263, 307 
relevance 307, 309, 312 
representation 7, 68, 131, 153 

conflict 8, 47, 335 
inconsistency 176, 201 
knowledge 145, 159 

resolution 13, 52, 241 
conflict 8, 47, 53 
inconsistency 3, 8, 166, 262 

scenario 2, 9, 14, 44, 169 
learning 9, 11, 279 
opening 265, 281, 306 
passed 265, 287, 296 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

structure 1, 6, 11, 21 
conjunctive 9, 10, 175 
disjunctive 10, 145, 165 
fuzzy-based 9 
relational 103, 166, 336 

susceptibility to consensus 8, 10, 
335 

system 1, 6, 296 
distributed 3, 52, 338, 342 
intelligent tutoring 9, 11, 335 

tuple 2, 25, 104 
complex 103, 105 
elementary 104, 169, 188 
relational 1 

URL 307, 316, 318 
user interface 89, 289 
weight function 89, 90, 92, 93 
wisdom of the crowd 10, 225 
WordNet 251, 328 

Index      351 

multiagent 4, 52, 123, 307 

This copy belongs to 'VANC03'



<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /None
  /Binding /Left
  /CalGrayProfile (Gray Gamma 2.2)
  /CalRGBProfile (Adobe RGB \0501998\051)
  /CalCMYKProfile (U.S. Web Coated \050SWOP\051 v2)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Error
  /CompatibilityLevel 1.3
  /CompressObjects /Off
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJDFFile false
  /CreateJobTicket false
  /DefaultRenderingIntent /Perceptual
  /DetectBlends true
  /ColorConversionStrategy /LeaveColorUnchanged
  /DoThumbnails false
  /EmbedAllFonts true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /SyntheticBoldness 1.00
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 524288
  /LockDistillerParams true
  /MaxSubsetPct 100
  /Optimize true
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveEPSInfo true
  /PreserveHalftoneInfo false
  /PreserveOPIComments false
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts false
  /TransferFunctionInfo /Apply
  /UCRandBGInfo /Remove
  /UsePrologue false
  /ColorSettingsFile (Color Management Off)
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 600
  /ColorImageDepth 8
  /ColorImageDownsampleThreshold 1.01667
  /EncodeColorImages true
  /ColorImageFilter /FlateEncode
  /AutoFilterColorImages false
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /ColorImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasGrayImages false
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 600
  /GrayImageDepth 8
  /GrayImageDownsampleThreshold 2.03333
  /EncodeGrayImages true
  /GrayImageFilter /FlateEncode
  /AutoFilterGrayImages false
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /GrayImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasMonoImages false
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 2400
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile (None)
  /PDFXOutputCondition ()
  /PDFXRegistryName (http://www.color.org)
  /PDFXTrapped /False

  /Description <<
    /DEU <>
    /ENU <>
  >>
>> setdistillerparams
<<
  /HWResolution [2400 2400]
  /PageSize [595.000 842.000]
>> setpagedevice




