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Foreword

Nowadays in the knowledge society, each member deals with a number of
tasks related to knowledge management. The most often realized tasks are:
decision making, knowledge integration, selection, and retrieval. In all
these tasks one has to solve inconsistency of knowledge. Inconsistency is a
feature of knowledge which is characterized by the lack of possibility for
inference processes. Therefore, solving inconsistency of knowledge is a
basic and very essential subtask in many tasks of knowledge management.
The whole management process may become impossible if the inconsis-
tency is not resolved.

This book presents a set of methods for resolving inconsistency of know-
ledge. It originally treats the inconsistency on two levels, syntactic and
semantic, and proposes methods for processing inconsistency on these
levels. The methods proposed here are consensus based. They are worked
out on the basis of mathematical models for representing inconsistency as
well as tools for measuring and evaluating the degree of inconsistency,
defined by the author.

The presented material shows that the solution of inconsistency is stron-
gly related to knowledge integration processes. Therefore, along with in-
consistency resolution tools, the author proposes algorithms for knowledge
integration, such as ontology integration, or agent knowledge states inte-
gration. The author has put across a deep and valuable analysis of the pro-
posed models by proving a number of interesting and useful theorems and
remarks. Owing to these analysis results one can decide to use the worked
out algorithms for concrete practical situations.

The author also presents two concrete applications of the proposed
methods. The first refers to recommendation processes in intelligent learn-
ing systems. Using the method for rough classification, a model for repre-
senting learner profiles, learning scenarios, and the choice of a proper
scenario for a new learner is proposed. The recommendation mechanisms
are built by means of consensus methods and clustering algorithms. As a
result, there is the possibility to adapt the learning path to learner needs
and preferences. The second application is related to the conception of a
multiagent metasearch engine for information retrieval from the Internet.
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The conception consists of the structure agent knowledge and a set of
procedures enabling knowledge exchange, recommendation processes, and
decision-making processes of the agents.

Another aspect of this book is related to quality analysis of expert
knowledge using consensus methods. The author has shown the relation-
ships between the consistency degree of expert solutions for some problem
and the distance between their consensus and the proper solution of the
problem. He has proved, with some restrictions, that the consensus of the
set of expert solutions is better than these solutions. The results are original
and very interesting. I would like to congratulate Professor Nguyen for his
wonderful contribution.

In my opinion, the methods for knowledge inconsistency resolution and
integration included in this book are very valuable and many readers such
as postgraduate and PhD students in computer science, as well as scien-
tists who are working on knowledge management, ontology integration,
and multiagent systems, will find it interesting.

Lakhmi C. Jain



Preface

Inconsistent knowledge management (IKM) is a subject which is the
common point of knowledge management and conflict resolution. IKM
deals with methods for reconciling inconsistent content of knowledge. In-
consistency in the logic sense has been known for a long time. Inconsis-
tency of this kind refers to a set of logic formulae which have no common
model. However, inconsistency of knowledge has a larger aspect which
may be considered on two levels: syntactic and semantic. On the syntactic
level inconsistency may be treated in the same way as the inconsistency of
logic formulae mentioned above, but in a larger context. On the semantic
level, on the other hand, inconsistency appears when these formulas are
interpreted in some concrete structures and some real world. For solving a
large number of conflicts, and especially, for resolving inconsistency of
knowledge on the semantic level, consensus methods have been shown to
be useful.

This book is about methods for processing inconsistent knowledge. The
need for knowledge inconsistency resolution arises in many practical
applications of computer systems. This kind of inconsistency results from
the use of various sources of knowledge in realizing practical tasks. These
sources often are autonomous and they use different mechanisms for proc-
essing knowledge about the same real world. This can lead to inconsis-
tency. This book provides a wide snapshot of some intelligent technologies
for knowledge inconsistency resolution.

This book completes the newest research results of the author in the
period of the last five years. A part of these results has been published in
prestigious international journals and conference proceedings. In this book,
along with other new results, the results are completed, extended, and pre-
sented in a comprehensive and unified way.

The material of each chapter of this book is self-contained. I hope that
the book can be useful for graduate and PhD students in computer science;
participants of courses in knowledge management and multiagent systems;
researchers and all readers working on knowledge management and/or
ontology integration; and specialists from social choice.
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1. Inconsistency of Knowledge

This chapter is an introduction to the topics of inconsistency of knowledge
and inconsistent knowledge management. It describes the subject of this
book as well as its structure.

1.1. Introduction

What is inconsistency of knowledge? In knowledge-based systems the no-
tion consistency of knowledge is most often understood as a situation in
which a knowledge base does not contain contradictions. Thus inconsis-
tency of knowledge appears if there are some contradictions. However,
this definition is not satisfactory because the notion inconsistency is only
replaced by the notion contradiction. Contradiction is easily defined in
classical logic-based knowledge bases, where contradiction can be under-
stood as a situation in which a set of logic formulae has no model; that is,
on the basis of these formulae one can infer false. For example, for the set
of formulae {—x v y, x,—y, x v—y} with the inference engine of standard
logic one can easily notice that no model exists because in any interpreta-
tion formulae x, —y and —x v y may not be satisfied simultaneously. In
nonlogic knowledge bases the notion of contradiction is more difficult to
define.

The notion of inconsistency of knowledge is more complex than the
notion of contradiction. In general for setting an inconsistency of knowl-
edge it is necessary to set the following three components:

e A subject to which the inconsistency refers: If we assume that a
knowledge base contains knowledge about some real world then the
subject of inconsistency may be a part of the real world.

e A set of elements of knowledge related to this subject: Such an ele-
ment may be, for example, a formula or a relational tuple in the base.

e Definition of contradiction: In the case of logic-based bases the con-
tradiction is simple to identify owing to the criterion of contradiction
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of a set of formulae. In the case of nonlogic bases contradiction
needs to be indicated referring to the subject of inconsistency.

In the case of logic-based knowledge bases the inconsistency of know-
ledge is reduced to the contradiction of a set of formulae. The definition of
contradiction in this case is well known, very strong, and independent of
that to which the subject refers. Thus the most important is the second
component, which is a set of logic formulae.

In the case of nonlogic bases all three components are important; without
one of them it is hard to set the inconsistency. As an example of inconsis-
tency in a nonlogic base of knowledge let’s consider the following relation
representing a state of knowledge about the weather forecasts for some
regions of a country.

Region_ID Day Temperature Rain Sunshine
T, d, 15-30 Yes Yes
r, d, 18-32 Yes No
T, d, 20-32 No No
r, d, 23-30 Yes No
r, d, 22-29 No No

We may notice that in this base there is an inconsistency. The inconsis-
tency subject is pair (Region ID, Day) and the set of elements being in
inconsistency consists of the first and third tuples. They represent different
forecasts for the same region on the same day. The contradiction is based
on the fact that for the same region and the same day one of the parameters
Temperature, Rain, and Sunshine assigns different values.

As in database systems, without elimination of inconsistency a knowl-
edge base does not have the best utility. Referring to database systems the
data inconsistency problems are solved by means of integrity constraint
management systems that take care of satisfaction of these constraints.
Owing to the well-defined and simple structure of data the constraints are
easily formulated and the procedures for their realization are effective. In
addition, integrity constraints look after the consistency on the lower level
of data semantics and similar constraints may also be used in knowledge
bases. Inconsistency of knowledge, however, most often refers to some
integral objects or processes in the real world such as real objects, prob-
lems, events, scenarios, and the like. In general, consistency of knowledge
means a condition that the pieces of knowledge included in a knowledge
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base and describing these integral objects are not contradictory. For this
reason conditions for achieving knowledge consistency are more difficult
to formulate and the algorithms for their realization are more complex and
in many cases require using heuristic strategies.

It is also worth noticing that in referring to data inconsistency one uses
the term “elimination” whereas in referring to knowledge inconsistency
one uses the term “processing” which means that inconsistency of knowl-
edge is not always an undesirable thing as data inconsistency is, but some-
thing natural in knowledge bases, which is useful for reflecting the real
world. Methods for processing inconsistency of knowledge have the fol-
lowing purposes:

e Inference from inconsistency [3, 17, 22]: “Omitting” of inconsistent
elements of a knowledge base and determining logic consequences
of the remaining consistent elements.

e Determination of the representatives [13, 112]: A representative of a
set of inconsistent elements of knowledge is an element that best
represents them. For determining a representative all inconsistent ele-
ments are taken into account.

e Integration of inconsistent elements [48, 53, 54, 81, 82]: Creating
new element(s) of knowledge that reflect all the elements in the base.

In general, we can distinguish the following aspects of knowledge in-
consistency.

1. Centralization Aspect: This aspect refers to inconsistency of knowledge
within one knowledge base. The reasons of inconsistency are the fol-
lowing:

- Knowledge is acquired in a period of time and its “topicality” depends
on the timestamps [44, 63, 153]. “New” knowledge is inconsistent
with “old” knowledge because of the change of the real world to which
the knowledge refers. Thus some pieces of knowledge may be incon-
sistent with some others if the temporal feature is taken into account.

- The indeterminacy of the relationships between events taking place in
the real world.

- Inaccuracy of the devices responsible for knowledge acquisition and
processing.

- The indeterminacy of knowledge processing procedures.

- Knowledge is extracted from data in a database or a data warehouse,
by using, for example, data mining methods. Extracted knowledge is
then dependent on the data and some of its elements may be
inconsistent.
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The main aim of inconsistency resolution in this case is to achieve
consistency of knowledge because from the integrity point of view there
is no profit in an inconsistent base of data or knowledge. For this kind of
inconsistency one can actualize the knowledge base by removing from it
the nonactual information, so that the remaining information should be
consistent. However, knowledge extracted from data using these meth-
ods may cause the loss of useful rules. In this aspect inconsistency of
knowledge is an undesirable thing which should be removed for correct
functioning of knowledge bases.

. Distribution Aspect: This aspect is related to inconsistency between differ-

ent knowledge bases. This kind of inconsistency may take place in distri-
buted environments. The circumstances of this kind of inconsistency are:

- Several knowledge-based systems function in a distributed environ-
ment and reflect the same real world, or the same part of it. For the
same subject (i.e., conflict issue) the sites may generate different ver-
sions (i.e., conflict content) of knowledge [105, 133]. For example,
agents in a multiagent system may have different opinions on some
matter or experts solving the same problem may give different solu-
tions. Thus they are in conflict of knowledge.

- The independency (autonomy) of the owners of knowledge bases. Very
often the owner of a knowledge base is an agent or some autonomous
software. Thus it processes the knowledge in an independent way.

- The uncertainty and incompleteness of the knowledge, which may
cause the inconsistency.

- The indeterminacy of mechanisms processing the knowledge within a
knowledge-based system.

The main aim of inconsistency resolution in this case is different from
the aim for the centralization aspect. It seems that for this kind of incon-
sistency knowledge base revision methods are not useful because know-
ledge consistency is achieved by removing some elements of knowledge
from the base. In this way the removed pieces of knowledge are treated
differently from the remaining pieces. Such an assumption cannot be
accepted in this case because it seems that all opinions of the agents or
solutions given by the experts should be treated in the same way in the
inconsistency resolution task. The aim of this task is to determine a ver-
sion of inconsistent pieces of knowledge, which is needed for further
processing. Consensus methods have been proved to be useful in this
case. In this aspect inconsistency is a natural thing, which should not be
removed but processed for extracting valuable knowledge.
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The above-presented aspects seem to cover the sources of knowledge
inconsistency.

1.2. Levels of Knowledge Inconsistency

From the state of the literature we may divide methods of knowledge in-
consistency resolution into two levels: syntactic and semantic.

Syntactic level refers mainly to logic-based bases of knowledge. As
mentioned above, owing to very strong conditions for contradiction, the
subject of inconsistency is not needed. Here one has to deal with a set of
logic formulae which is contradictory. We propose the adjective syntactic
for this level because of the condition for contradiction meaning that the
set of formulae is contradictory in each interpretation of the formulae.

On the syntactic level the approaches for inconsistency resolution can be
divided into three groups. The first group consists of approaches based on
knowledge base revision, the second group includes approaches relying on
paraconsistent logics, and the methods belonging to the third group deal
with measures of inconsistency. The methods belonging to the first group
are most often used in deductive databases, making it possible to remove
some formulae from the base to produce a new consistent database [36, 37,
47, 95, 140]. Such a process may be performed by confronting the formu-
lae with the actual state of the real world to which the database refers. The
disadvantage of this approach is that it is too complex to localize the in-
consistency and to perform optimal selection, that is, with minimal loss of
useful information.

The second group consists of paraconsistent logic-based methods. Para-
consistent logics give sensible inferences from inconsistent information.
Hunter [58] and other authors have defined the following logics: weakly
negative logic which uses the full classical language; four-valued logic
which uses a subset of the classical language; quasi-logical logic which
uses the full classical language and enables effectively rewriting data
and queries to a conjunction normal form; and finally argumentative logic
which reasons with consistent subsets of classical formulae. Hunter has
stated that paraconsistent logics can localize inconsistency and their
conclusions are sensible with respect to the data. In these logics the incon-
sistency does not need to be resolved. However, this kind of logic does not
offer concrete strategies for acting on inconsistency and the means for rea-
soning in the presence of inconsistency in the existing logical systems are
still scant.
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The third group includes methods that enable “monitoring” the inconsis-
tency by measuring its degree. For this aim Hunter [59] proposes a meas-
ure for inconsistency in a set of formulae; Knight [70] measures up the
inconsistency in a set of sentences. Fuzzy logic is useful in inconsistency
leaving for software development [86]. Other authors [11, 40] have used
labelling mechanisms in resolving inconsistency of data in databases.

Apart from the above-mentioned groups there are a lot of other works
devoted to solving knowledge inconsistency on the syntactic level. Among
others, in the work [16] an argued consequence relation, taking into acc-
ount the existence of consistent arguments in favour of a conclusion and
the absence of consistent arguments in favour of its opposite, has been in-
vestigated. In another work [5] the authors propose a method for drawing
conclusions from systems that are based on classical logic with the assu-
mption that the knowledge included in the systems might be inconsistent.
The author of the work [50] solves the inconsistency problem on the syn-
tactic level for deductive bases using nonmonotonic negation.

On the semantic level logic formulae are considered as referring to a
concrete real world which is their interpretation. Inconsistency arises if in
this world a fact and its negation may be inferred. In the example concern-
ing weather forecasts presented in Section 1.1 one may infer the fact “Sun-
shine is in region ry in day d,,” as well as the fact “There is no sunshine in
region ry in day d,.” As mentioned above, for setting inconsistency on this
level three parameters need to be determined: the inconsistency subject,
the set of knowledge elements being in inconsistency, and the definition of
contradiction.

Up to now there are three known approaches for leaving inconsistency
on the semantic level. The first consists of such methods that, similar to the
methods in the first group of methods for inconsistency resolution on the
syntactic level, enable localization of the inconsistency and its removal.
These methods mention the procedures for checking data consistency us-
ing integrity constraints in database systems [33, 128]. However, structures
in knowledge bases are more complex and such methods may be ineffec-
tive. Also, it is not so simple to define integrity constraints for knowledge
bases. The second approach is related to Boolean reasoning and the third
concerns using consensus methods.

In Boolean reasoning [23, 132] an inconsistency resolution task is for-
mulated as an optimisation problem, which is next transformed to such a
form of Boolean formula that the first implicant is the solution of the
problem. In the last approach for solving inconsistency the consensus of
the knowledge elements which are in inconsistency is determined and is
accepted as the representative of these elements. In other words, a new
state of knowledge arises by replacing the elements being in inconsistency
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by their consensus. Consensus choice algorithms in turn are dependent to a
large degree on the structure used for describing the real world.

The task of determining the inconsistency degree is also important
on the semantic level. Nguyen and Malowiecki [118] have defined con-
sistency functions which enable calculating the consistency level for so-
called conflict profiles.

Each of these levels of inconsistency may be considered referring to the
above-mentioned aspects. This is illustrated in Figure 1.1.

Svyntactic Level Semantic Level
Centralization
Aspect
Inconsistent
Knowledge
Distributed
Aspect

Figure 1.1. Levels and aspects of knowledge inconsistency.

1.3. Knowledge Inconsistency and Integration

In order to merge several information systems or to enable the semantic
communication between them it is necessary to integrate their knowledge.
Generally, a problem of knowledge integration may be formulated as fol-
lows. For a given set of knowledge pieces referring to an object (or objects)
of the real world, one should eliminate the inconsistency, if any, appearing
in this set. According to Reimer [139] knowledge integration can be
considered in two aspects: integration of different knowledge bases and
integration of different representations of the same knowledge but on dif-
ferent levels of representation. Corresponding to the first aspect the incon-
sistency mentioned in the definition of knowledge integration agrees
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with the notion of inconsistency presented in the previous subsections.
Corresponding to the second aspect inconsistency is understood as some
mismatch not of knowledge, but of its different structures.

It seems that the first kind of knowledge integration is more important,
and is also a harder task for realization. One can see a close relationship
between the knowledge integration process in this aspect and the idea for
knowledge inconsistency resolution presented in this chapter. It seems
that inconsistency resolution is a natural subtask which is necessary to be
realized in the integration task. Knowledge integration is also needed for
group decision-making processes and here of course knowledge inconsis-
tency should be resolved. In the work [52] a conflict resolution model for
group decision making is proposed based on the conflict index which inte-
grates multiple possibility distributions into a new one to represent com-
promised knowledge.

Inconsistency of knowledge has also been considered in the aspect of
uncertainty which has been investigated on different levels [4, 93].

1.4. The Subject of this Book

The main subject of this book is related to the distribution aspect of
knowledge inconsistency resolution. As described in Section 1.2 the prob-
lems of knowledge inconsistency resolution in the centralization aspect,
especially on the syntactic level, have been solved in many works of other
authors. The author of this book for a couple of years has been dealing
with these problems referring to the distribution aspect. Using consensus
methods for these problems is an original approach and a number of works
on this topic done by the author have been published. The materials pre-
sented in this book are coherent in the sense that they refer to the topic of
knowledge inconsistency resolution in the distribution aspect. Some results
included in them have been published, however, in this book they are exten-
ded, improved, and presented in a more comprehensive and unified way.
In addition, this book also contains many materials not published previ-
ously. The details of the characteristics of the materials are presented in the
conclusions of particular chapters.

The main contributions of this book consist in brief of the following
elements.

e General model for conflict and knowledge inconsistency. This model
contains such elements as conflict representation and consistency
measures for conflict profiles.
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e General model of consensus, which contains postulates for consensus
choice functions, their classes, an approach to set susceptibility to
consensus, and methods for its achievement.

e Representation method for inconsistent knowledge: several structures
have been proposed, such as relational, disjunctive, conjunctive, and
fuzzy-based. In each of these structures the possibility for represent-
ing positive knowledge and negative knowledge has been investi-
gated.

e Consistency measures for conflict profiles which enable calculating
the degree of conflict and choosing corresponding methods for con-
flict resolution.

e Method for knowledge inconsistency resolution on the syntactic level
referring to distribution aspect with disjunctive, conjunctive, and
fuzzy-based structures of inconsistency.

e Method for knowledge inconsistency resolution on the semantic level
with disjunctive and conjunctive structures of inconsistency.

e Method for inconsistency resolution for ontologies based on consen-
sus tools. A new classification of ontology conflicts has also been
proposed.

e Consensus-based method for reconciling inconsistency of knowledge
of experts. A model for inconsistency of expert knowledge has been
built. It has been proved that a high degree of inconsistency is often
profitable and with some restrictions the consensus of experts’ opin-
ions is better than each of these solutions.

e Method for determination of a learning scenario in intelligent tutor-
ing systems using consensus tools and rough classification algo-
rithms.

e Project of a multiagent system as a metasearch engine for information
retrieval in the Internet. In this project the knowledge inconsistency
resolution method is used for reconciling inconsistent knowledge and
answers given by different agents for the same query, as well as in
recommendation procedures.

1.5. The Structure of this Book

The content of this book can be divided into three parts. In the first part
(Chapters 2 and 3) we present the theoretical foundation for conflict
analysis and consensus choice tools. In the second part (Chapters 4-9)
the inconsistency of knowledge is investigated on two levels: syntactic and
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semantic. For each level we propose the structures for representing incon-
sistency and algorithms for its solution. The detailed analysis of these al-
gorithms is also presented. The methods based on consistency measures
for inconsistency processing are worked out. A set of postulates for consis-
tency measures which determine the classes of inconsistency functions is
defined and analyzed. Next these functions are used for investigation of
susceptibility to consensus for knowledge conflict profiles.

In this part we also deal with the analysis of expert knowledge inconsis-
tency and conflicts of ontologies. It turns out that inconsistency of expert
opinions on some matters may be very useful. Ontology mismatch (or in-
consistency) may take place on three levels: instance level, concept level,
and relation level. On each level we define the inconsistency and work out
a method for inconsistency processing.

In the third part (Chapters 10 and 11) we present two applications of the
proposed methods for inconsistency resolution. The first application is re-
lated to the problem of recommendation in intelligent tutoring systems. For
a given learner the opening learning scenario is determined by a consen-
sus-based procedure on the basis of the knowledge about similar scenarios
passed by other learners. Owing to this the learning process is changed
dynamically to better suit actual learner characteristics. The second appli-
cation refers to the aspect of inconsistency of agent knowledge. It includes
a detailed conception of a metasearch engine with using multiagent tech-
nologies. The aim of the project is to create a consensus-based multiagent
system to aid users in information retrieval from the Internet. A more
detailed description of the chapters is presented as follows.

Chapter 2 presents a general model for conflict and knowledge inconsis-
tency. A definition of inconsistency referring to the distribution aspect is
included. This model contains such elements as conflict representation and
consistency measures for conflict profiles. For measuring consistency a set
of postulates is proposed and five consistency functions are defined and
analyzed. Some methods for improving the consistency are also worked
out.

Chapter 3 is devoted to a couple of new problems of consensus theory.
A set of classes for consensus choice functions is defined and analyzed.
The problems of evaluating the quality of consensus and susceptibility to
consensus are solved. Several methods for achieving susceptibility to con-
sensus are worked out and some methods for reducing the number of con-
sensuses are also given.

Chapter 4 is concerned with a general model for knowledge integration
referring to its inconsistency in distribution aspect. This chapter presents
the aspect of knowledge inconsistency in the integration process. We pro-
pose a multivalue and multiattribute model for knowledge integration and
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show the placement of the inconsistency aspect in the integration process.
The postulates for knowledge integration and algorithms for this process
are worked out.

The purpose of Chapter 5 is to present the process of knowledge incon-
sistency resolution and knowledge integration on the syntactic level. The
contributions of this chapter are based on the solutions of these problems
in the distribution aspect. Here as the structure of inconsistency we use
such logic structures as conjunctive and disjunctive. Fuzzy conjunctive stru-
cture is also considered.

Chapter 6 deals with the solutions of knowledge inconsistency resolu-
tion and knowledge integration on the semantic level. Here conjunctive
and disjunctive structures interpreted in a real world are investigated. For
each structure the notion of semantic is defined and analyzed. The distance
functions for these structures are defined and the problem of dependencies
between attributes is also investigated.

Chapter 7 presents a fuzzy-based approach to a consensus problem. In
Chapter 3 (Section 3.6) weights for achieving consensus susceptibility are
used. The weights serve to express the credibility of experts or agents
who generate given opinions. This chapter presents an approach in which
weights are used for expressing the credibility of opinions. We call a set of
such opinions a fuzzy conflict profile. Postulates for consensus functions and
algorithms for consensus determination are given.

Chapter 8 has a special character and is devoted to the analysis of expert
knowledge. We show different types of conflict profiles consisting of ex-
pert solutions of some problem and investigate the relationship between
the consensus of a profile to the proper solution of this problem. Although
the proper solution is not known, we show that in certain situations the
consensus is more similar to it than the solutions proposed by the experts.
In this way in some degree we prove the hypothesis that the wisdom of the
crowd is greater than the wisdom of single autonomous units.

The idea of Chapter 9 is concerned with inconsistency resolution for on-
tologies. Ontology is a very popular structure for knowledge and the prob-
lem of its inconsistency in different systems appears fairly frequently. If
integration of some systems has to be performed, their ontologies must
also be integrated. In this process it is often necessary to resolve conflicts
(or inconsistency) between ontologies. In this chapter we present a classi-
fication of ontology conflicts and consensus-based algorithms for their
resolution.

Chapter 10 deals with application of the methods for inconsistency reso-
lution presented in previous chapters. Its subject is related to recommenda-
tion processes in intelligent tutoring systems. Using methods for rough
classification, a model for representation of learning scenarios and the
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choice of proper scenario for a new learner is built. The recommendation
mechanisms presented in this chapter are based on consensus methods and
clustering algorithms. Owing to them there is a possibility to adapt the
learning path to learner profiles.

Chapter 11 includes a detailed conception of a metasearch engine using
multiagent technologies. We present a consensus-based approach for inte-
grating answers generated by different agents for a given query. Moreover,
this multiagent system uses the features of agent technology for making
the system a recommender system. The aim of the project is to create a
consensus-based multiagent system to aid users in information retrieval
from the Internet.

Finally, some conclusions and directions for the future research are in-
cluded in Chapter 12.



2. Model of Knowledge Conflict

The aim of this chapter is to introduce the subject of conflict analysis, its
representation, and tools useful in its resolution. These tools consist of
consistency functions which measure the degree of the coherence of elements
being in a conflict. Conflict is something we often have to deal with in our
everyday life and in many kinds of computer systems. Because of its very
rich and varied nature, in this book we investigate only one class of conflicts
related to knowledge management.

2.1. Introduction

Conflict can be considered in many cases as inconsistency. Conflict, how-
ever, seems to have more a specific meaning than inconsistency. Inconsis-
tency most often refers to states of resources (such as knowledge base,
database, etc.) of one or more integral systems, whereas with a conflict we
have in mind some inconsistency between a few autonomous unities. Thus
conflict refers to a set of unities and a concrete matter. It then is suitable
for the kind of inconsistency on distributed aspect analyzed in Chapter
1. Thus conflict is very often considered in distributed environments, in
which several autonomous systems function and have to co-operate in or-
der to realize some common tasks.

Let’s consider a distributed system which is understood as a collection
of independent computers connected to each other by a network and equip-
ped with distributed software and data [27]. In such a kind of system inde-
pendence is one of the basic features of the sites, meaning that within the
confines of available resources each of them does independent data proc-
essing, and takes care of consistency of data. Most often each system site
is placed in a region of the real world and its task relies on storing and
processing information about this region. Regions occupied by the sites of-
ten overlap. This redundancy is needed for the following reasons.

e Uncertain and incomplete information (data) of the sites referring to
regions they occupy.
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e Entrusting one region to several sites may cause a complement of
sites’ information and owing to this it can enlarge the credibility of
information-processing results.

However, the autonomy feature of sites and their indeterminism in
information processing may cause disagreement (conflict) between sites
referring to a common subject. Independent sites may generate different
versions of information about the same real world. This in turn may cause

trouble in information processing of the whole system.
As shown in Figure 2.1, for the same event in the real world four agents

may generate different scenarios. Thus there arises a conflict profile:
Conflict profile = {Scenario 1, Scenario 1, Scenario 2, Scenario 3},

where Scenario 1 appears two times and each of Scenarios 2 and 3 appears
only once.

Agent 1 Agent 2

Scenario 2 Scenario 3

Common World

Which scenario should

take place?

Agent 3 Agent 4

Scenario 1 Scenario 1

Figure 2.1. An example of conflict in an agent-based distributed environment.
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Another, more practical example refers to a multiagent system serving
intrusion detection in a network system [61, 72]. It is assumed that the
network system consists of a set of sites. Two types of agents are designed:
monitoring agents (MA) and managing agents (MaA). Monitoring agents
observe the sites, process the captured information and draw conclusions
that are necessary to evaluate the current state of system security. Manag-
ing agents are responsible for managing the work of monitoring agents
(Figure 2.2). Each monitoring agent monitors its area consisting of several
sites. If an attack appears, the agent must deduce the kind, source, and the
path of propagation of this attack. It is assumed that the areas of the moni-
toring agents might mutually overlap. Owing to such an assumption the
credibility of monitoring agents’ results could be high, the sources of
attacks might be more quickly established, and the risks of security breach
of the main sites might be reduced. Each managing agent manages a set of
monitoring agents.

The deduction results of monitoring agents referring to the same site
may be inconsistent, meaning that for the same attack and the same site
different agents may diagnose different sources of attack, propagation
paths, and so on. In other words, they may be in conflict.

Monitorin
System

System

Figure 2.2. A multiagent system for intrusion detection.
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The above examples show that conflict situations take place when for
the same subject several sites cooperating in a distributed environment
may generate different versions of data (e.g., different scenarios of a future
event or different solutions of the same problem). In this chapter we deal
with the definition of conflict and tools for its analysis. We restrict our
consideration to conflict of knowledge and propose a formal model for its
representation. We also define and analyze consistency measures of con-
flict profiles. Consistency is a very important parameter of conflict pro-
files, and its value could say some essential things about the conflict.

2.2. What is Conflict?

In the most general way one can say that a conflict takes place when at
least two bodies have different opinions on the same subject. In a general
context we can distinguish the following components of a conflict [104]:

o Conflict body: a set of participants of the conflict.

e Conflict subject: a set of matters which are occupied by the partici-
pants.

o Conflict content: a set of opinions of the participants on the conflict
subject. These opinions represent the knowledge states of the par-
ticipants on this subject.

Conflict has been a popular subject in such sciences as psychology and
sociology. In computer science conflict analysis has been more and more
needed because of using autonomous programs and processing data
knowledge originating from these sources. The first formal model for con-
flict has been proposed by Pawlak [133]. Referring to the above-mentioned
parameters the Pawlak conflict can be specified as follows.

o  Conflict body: a set of agents.
e Conflict subject: a set of issues.

o Conflict content: a set of tuples representing the opinions of these
agents on these issues. Each agent referring to each issue has three
possibilities for presenting his opinion: (+), yes; (—), no; and (0), neutral.

For example [133], if there are five agents (#1, #2, #3, #4, #5) and five
issues (a, b, ¢, d, e) then the opinion of an agent on these issues may be
represented by a row in the following information table.
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Agent a b c d e
#1 - — + +
#2 + 0 + — —
#3 + - + — 0
#4 0 - — 0 —
#5 + - — — —

Pawlak has created a set of tools that enable conflict analysis. This set
consists of such elements as relations of coalition, neutrality, and conflict.
Pawlak has used neither distance functions for measuring the similarity of
agents’ opinions nor the method for determination of conflict solution. In
addition, Pawlak’s model is very simple and does not allow the agents to
express more complex opinions. As stated above, referring to a matter an
agent has only three possibilities for expressing her opinion: approval,
objection, and neutrality. An enhancement of Pawlak’s model has been
proposed by Skowron and Deya [144]. In this work the authors define
local states of agents which may be interpreted as the sources of their opin-
ions expressed referring to the matters in contention. This model considers
conflicts on several levels, among others on the level of reasons of con-
flicts. In this approach it is still assumed that attribute values are atomic.

In this chapter we define conflicts in distributed environments with the
above-mentioned parameters. We build a formalism which has the follow-
ing purposes:

e Conflict can be defined on a general level.

e It is possible to calculate the inconsistency degree of conflict, and
within conflict values of the attributes representing participants’ opin-
ions should more precisely describe these opinions. We realize this
aim with the assumption that values of attributes representing conflict
contents are not atomic as in Pawlak’s approach, but sets of elementary
values where an elementary value is not necessarily an atomic one.
Thus we accept the assumption that attributes are multivalued, similar
to Lipskis’s [79] and Pawlak’s [132] concepts of multivalued informa-
tion systems.

e We introduce three kinds of conflict of participants’ knowledge:
positive, negative, and ignorance. Positive knowledge serves to ex-
press such types of opinion as “In my opinion it should be,” negative
knowledge, “In my opinion it should not be,” and uncertain knowl-
edge, “I have no basis to state if it should be.” For example, an
expert is asked to forecast the increase of GDP of a country. She can
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give her three kinds of opinions: an interval to which the increase
should most likely belong, an interval (intervals) to which the in-
crease should not belong, and an interval (intervals) to which she
does not know if the increase may belong or not. An example of the
expert’s opinion is presented as follows.

Should be Should not be Uncertain
[3’ 5] (—OO’ 2]7 (109 +OO) (5,10]

e Owing to this assumption a conflict participant functioning in some
real world and having limited possibilities does not have to know
“everything”. In Pawlak’s approach positive knowledge is represen-
ted by value “+”, and negative knowledge by value “—”. Some
difference occurs between the semantics of Pawlak’s “neutrality”
and the semantics of “uncertainty” presented in this work. Namely,
most often neutrality appears in voting processes and does not mean
uncertainty, whereas uncertainty means that an agent or expert is not
competent to express its opinions on some matter.

e We define the inconsistency level for conflict.

e Weights of conflict participants are taken into account in determin-
ing the inconsistency level.

e Criteria for susceptibility to consensus are defined for conflict.

In the next section we present a general model for conflict.

2.3. Conflict Representation

2.3.1. Basic Notions

In this section we present some notions needed for use in the next sections.
In the context of the components of conflict defined in Section 2.2 (con-
flict body, subject, and content), we assume in this model that the conflict
subject is given and for this subject the set of all potential opinions which
may be included in the conflict content may be determined. We investigate
the properties of behaviour of different cases of conflict content.

By U we denote a finite set of objects representing the potential
opinions for the conflict subject. Symbol 2Y denotes the powerset of U,
that is, the set of all subsets of U.



2.3. Conflict Representation 19

By ITx(U) we denote the set of all k-element subsets (with repetitions) of
set U for ke N (N is the set of natural numbers), and let

N0) = U 1 (@) -

Thus IT(D) is the set of all nonempty subsets with repetitions of set U.
Each element of set [1(U) is called a conflict profile. A conflict profile is
then a subset with repetitions of set U and should represent a conflict con-
tent.!
In this work we do not use the formalism often used in consensus theory

[13] in which the domain of consensus is defined as U = J,.,U*, where U*

is the k-fold Cartesian product of U. In this way we can specify how many
times an object occurs in a profile and we can ensure that the order of ob-
jects belonging to a profile is not important. We also use in this book the
algebra of sets with repetitions (multisets) defined by Lipski and Marek
[80]. Some of'its elements are presented by the following examples.

An expression

X={x, %9z}

is called a set with repetitions with cardinality equal to 6. In this set ele-
ment x appears two times, y three times, and z one time. Set X can also be
written as

X={2#*x,3%y, 1%z},

The sum of sets with repetitions is denoted by the symbol U and is de-
fined in the following way. If element x appears in set X n times and in Y n’
times, then in their sum XU Y this element should appear n + »n’ times. For
example, if X={2*x,3*y, 1 *z} and Y= {4 *x, 2 * y}, then

XU Y={6*x,5*%y,1%*z}

The difference of sets with repetitions is denoted by the symbol “— and
is defined in the following way. If element x appears in set X n times and
in Y n' times, then the number of occurrences of x in their difference X — Y
should be equal to n — n'" if n > n’, and 0 otherwise. For example:

{6xx, Sy 1oz} —{2%x, 3%y 1*xz}={4*x,2 %y},

!'In this work sets with repetitions refer only to conflict profiles, and any sym-
bol representing a conflict profile also represents a set with repetitions.
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A set X with repetitions is a subset of a set ¥ with repetitions (X < ¥) if
each element from X does not have a greater number of occurrences than it
has in set Y. For example,

2#x,3*%y, 1*xz} c {2*%x,4%y, 1%z},

Set U can have two kinds of structure: the macrostructure and the micro-
structure. By a macrostructure of U we understand some relationship
between its elements, for example, a binary relation on U, or some
relationship between its elements and elements of another set, for example,
some function from U x U to another set. In this work as the
macrostructure of the set U we assume a distance function:

d:UxU—|[0,1],
which is
1. Nonnegative:
Vx,y € U:d(x,y) 20,
2. Reflexive:
Vx,y € U. d(x,y)=0iff x =y, and
3. Symmetrical:

Vx,y € U: d(x,y) = d(yx),

where [0, 1] is the closed interval of real numbers between 0 and 1.

Thus function d is a half-metric because the above conditions include
only a part of the metric conditions. Here there is the lack of a transitive
condition because it is too strong for many practical situations [20].

By a microstructure of U we understand the structure of the elements of
U. For example, if U is the set of all partitions of some set X then the
microstructure of U is a partition of X, and as the macrostructure of U we
can define a distance function between partitions of X.

Let us notice that a space (U, d) defined in the above way does not need
to be a metric space. Therefore, we call it a distance space [103].

We distinguish the following classes of conflict profiles.

Definition 2.1.
A conflict profile X € T1(U) is called:

(a) Homogeneous, if all its elements are identical;, that is, X = {n * x}
for some x € U and n being a natural number

(b) Heterogeneous, if it is not homogeneous
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(c) Distinguishable, if all its elements are different from each other
(d) Multiple, referring to a profile Y (or X is a multiple of Y, written as

X=n*Y)if
Y="{x,x0,...,x}
and
X={n+*x, n*xy,...,0n%x}

for k and n being natural numbers and n > 1

(e) Regular, if it is distinguishable or a multiple of some distinguishable
profile

As defined above, a conflict profile X e I'I(U) contains opinions of con-
flict participants on the given matter of contention. It should be the main
subject for conflict analysis in order to solve it. In fact, if the profile is
homogeneous then there is no conflict inasmuch as all the opinions are
identical. However, for completeness of the theory, we assume that it is a
special case of conflict.

2.3.2. Definition of Knowledge Conflict

We assume that there is given a finite set 4 of agents which work in a
distributed environment. The term “agent” is used here in a very general
sense: as an agent we may understand an expert or an intelligent and auto-
nomous computer program. We assume that these agents have their own
knowledge bases in which knowledge states can be distinguished. In gen-
eral, by a state of agent knowledge we understand these elements of an
agent knowledge base which reflect the state of the real world occupied by
the agent referring to a given timestamp. Such a state may be treated as a
view or an opinion of the agent on some matter. We realize that the struc-
tures of agent knowledge bases may be differentiated from each other.
However, in this chapter we do not deal with them; this is the subject of
the next chapters where we define concrete structures (logical or rela-
tional) of agent knowledge. We assume that there is a common platform
for presenting the knowledge states of all agents.

We assume that the agents from set 4 work on a finite set of common
subjects (matters) of their interest. This set is denoted by S.

Now by U we denote the set of all possible states of agent knowledge
presented in the platform. Owing to this assumption two different states
belonging to U should have different “content”.
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An agent a € A referring to subject (matter) s € S can generate the fol-
lowing kinds of knowledge:

e Positive knowledge: a state u € U is called the positive knowledge of
agent a referring to subject s if in the opinion of the agent state u is
the most proper description (alternative, scenario, etc.) related to
subject s.

e  Negative knowledge: a state u € U is called the negative knowledge
of agent a referring to subject s if in the opinion of the agent state u
cannot be the proper description (alternative, scenario, etc.) related to
subject s.

e Uncertain knowledge: a state u € U is called the uncertain knowl-
edge of agent a referring to subject s if it does not know if state u can
be the proper description (alternative, scenario, etc.) related to sub-
ject s.

Thus positive knowledge represents the kind of agent opinions that
something should take place, whereas by means of negative knowledge an
agent can express its contrary opinion. Notice that for the same agent the
state representing positive knowledge must be different from the state rep-
resenting its negative knowledge.

In this way for a subject s € S we can define the following profiles:

e  Positive profile: X "(s) — as the set of knowledge states from U repre-
senting positive knowledge of the agents referring to subject

o  Negative profile: X "(s) — as the set of knowledge states from U repre-
senting negative knowledge of the agents referring to subject s

e Uncertain profile: X*(s) — as the set of knowledge states from U
representing uncertain knowledge of the agents referring to subject s

Positive, negative, and uncertain profiles referring to subject s should
satisfy the following conditions:

e They are pairwise disjoint.

e They are sets with repetitions because of the fact that some agents
may generate the same knowledge state.

Now we can present the definition of knowledge conflict.
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Definition 2.2.
A knowledge conflict referring to subject s appears if at least one of
profiles X (s) and X~ (s) is heterogeneous.

From Definition 2.1 it follows that a conflict takes place if at least two
agents generate different (positive or negative) knowledge states referring
to the same subject. Notice that in this definition there is no reference to
the uncertain profile X “(s). The reason is that the role of uncertain knowl-
edge is not as important as the role of the two remaining kinds of knowl-
edge. If referring to a subject the agents have identical positive and
negative knowledge then although their states of uncertainty are different,
then there is no conflict.

Sets X "(s) and X (s) are also called positive conflict profile and negative
conflict profile, respectively.

Below we present an example.

Example 2.1. Consider a group of experts who have to analyze the eco-
nomic situation of a country and forecast its increase of GDP in a given
year. An expert may generate an interval to which in his opinion the in-
crease of GDP is most likely to belong. He may also give some other in-
tervals to which in his opinion the increase of GDP should not belong. As
a knowledge state we define a subset of the set of real numbers. In the fol-
lowing table the opinions of five experts are presented.

Expert X" X X
E, [3,5] (=0, 3), (5, +0) Z
E, [2, 6] (-, 2), (6, 8) [8, +o0)
E; 4 [1, 3], (7, +) (-, 1), (3,4),
(4,7]
E, 3.5] | (=0,3), (5, +0) %
Es [3, 5] (=0, 3), (10, +o0) (5,10]

In this way we have a conflict because the profiles X "and X~ are not
homogeneous. Notice that the opinions of some experts (£,, £3, E5) do not
exhaust the set of all real numbers. This means they can have some
ignorance. For example, expert Es does not know if the increase of GDP
may belong to interval (5, 10] or not. .
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2.3.3. Credibility Degree of Conflict Participants

In a conflict the roles of its participations (i.e., the agents) do not have to
be the same. The need for differentiating agent roles follows from the fact
that one agent may be more credible than another. Credibility of an agent
or an expert in many cases should be a multidimensional value. For sim-
plicity here we assume it to be a one-dimensional value. This value should
play the following roles.

e It represents the competence of the agent.
e It represents the credibility of the agent.

We define this value by means of the following function,

w: A xS —[0,1],

where for a given agent a and a subject s value w(a, s) is called the weight
of agent a referring to subject s.

For simplicity, if the subject of conflict is known and if the elements of
a conflict profile are well identified, then we may denote the weight of an
element in a profile by w(x) where x is an element of the profile. For
example,

X={x1, X2, x3, x4},

where x; = “Yes”, x,=“Yes”, x3= “No”, and x4 = “Yes”. The weights can be
written as

w(x) =04; wlx;)=0.1; w3;)=0.9; w(xy)=1.

2.4. Consistency Measure for Conflict Profiles

2.4.1. Notion of Conflict Profile Consistency
Referring to conflict profiles one can say that the conflict represented by
one profile is larger than that by another. Let’s consider an example.

Example 2.2. Let agents participating in a conflict generate answers “Yes,”
“No,” or “Neutral;” then it seems that profile

X = {Yes, No, Neutral}

represents a more serious conflict than profile
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X'= {Yes, Yes, No},
which in turn seems to be worse than profile
X"={Yes, Yes, Neutral}.

Assume that our aim is to make a decision on the basis of participants’
opinions. The basis of our observation relies on the fact that profile X con-
tains all three potential opinions, each of which appears exactly one time.
In this case we often say “Nothing is known;” that is, it is not possible to
make any sensible decision. The second profile contains two opinions
“Yes” and one opinion “No.” Here using the rule of majority we could
suggest accepting “Yes” as the decision. However, not taking into account
the opinion “No” in this case may cause doubt inasmuch as the relationship
between the number of “Yesses” to the number of “Nos” is only 2 to 1. The
third profile is in the smallest degree embarrassing because two of partici-
pants say “Yes” and the third is neutral. .

For this reason an idea for measuring the degree of conflict has arisen.
Referring to opinions belonging to conflict profiles one can observe that
elements of a certain profile are more similar to each other (i.e., they are
more convergent or more consistent) than elements of some other profile.
In Example 2.2 opinions included in profile X' seem to be more consistent
than opinions included in profile X, and opinions from profile X" seem to
be more consistent than opinions from profile X’. This shows that for a
given profile it is needed to determine a value which would represent the
degree (or level) of its consistency (or inconsistency). This value should be
very useful in evaluating whether a conflict is “solvable.” We propose to
define this parameter for conflict profiles by means of consistency func-
tions. For this aim we define a set of several postulates representing the
intuitive conditions for consistency degree which should be satisfied by
these functions. We also define several consistency functions and show
which postulates they fulfil.

By symbol ¢ we denote the consistency function for a conflict profile.
This function has the signature:

c: T(U) — [0,1].

The idea of this function relies on measuring the consistency degree of
profile elements. The consistency degree of a profile mentions the notion
of indiscernibility defined by Pawlak for an information system [132, 145].
However, they are different conceptions. The difference is based on the
fact that the consistency degree represents the coherence level of the
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profile elements and to measure it one should first define the distances
between these elements. Indiscernibility, in turn, reflects the possibility for
differentiating two tuples, and the distance function is not used.

By C(U) we denote the set of all consistency functions for I1(U).

The notion of inconsistency measure has been referred to in paraconsis-
tent logics [18, 59, 69, 70]. The general idea of these works is based on
measuring the inconsistency value for a set of formulae which are not con-
sistent. In our approach the inconsistency is expressed by means of the dis-
tance function, and the consistency value is determined on its basis.

2.4.2. Postulates for Consistency Functions

The requirements for consistency functions are expressed in the following
postulates. We assume that the universe U consists at least of two ele-
ments. Let ¢ € C(U). The postulates are presented as follows.

P1la. Postulate for maximal consistency:
If X is a homogeneous profile then

cX)=1.

P1b. Extended postulate for maximal consistency:
ForY, Z e TI(U) where Y = {x} and
X" =mxnUZ

being such a profile that element x occurs at least n times, and the
numbers of occurrences of other elements from Z are constant,
then the following equation should be true,

lim ¢(X"™)=1.

n—>+o0

P2a. Postulate for minimal consistency:

If X = {a, b} and d(a,b) = max d(x,y) then
x,yeU

cX)=0.

P2b. Extended postulate for minimal consistency:
ForY,Z e TI(U), Y = {a, b} and

X" =mxn U Z
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being a profile such that elements a and b occur at least n times,
and the numbers of occurrences of other elements from Z are
constant, and

d(a,b) = max d(x,y),
x,yelU

then the following equation should take place,

lim ¢(X™)=0.

n—+w

P2c. Alternative postulate for minimal consistency:
If X = U then c¢(X) = 0.

P3. Postulate for nonzero consistency:
If there exist elements a, b € X such that

d(a,b) < maxd(x,y)
x,yelU

andX#n=*Uforalln=1,2,...,then
c(X) > 0.

P4. Postulate for heterogeneous profiles:
If X is a he terogeneous profile then

cX) < 1.

PS. Postulate for multiple profiles:
If profile X is a multiple of profile Y then

c(X) = ().

P6. Postulate for greater consistency:
Let
d(x.X) = X ¢ d(x.y)

denote the sum of distances between an element x of universe U
and the elements of profile X. Let

D(X) = {d(x,X): x € U}

be the set of all such sums. For any profiles X, Y € I1(U) the fol-
lowing dependency should be true,
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(min (D(X)) _ min (D(Y))

card(X) ~—  card(Y) J = (c(X) 2 c(Y)).

P7a. Postulate for consistency improvement:
Let a and a' be such elements of universe U that

d(a,X) = min {d(x,X): x € X}
and
d(a',X) =min {d(x,X): x € U};
then
cX~{a}) L cX) L c(X U{d'}).
P7b. Second postulate for consistency improvement:
Let b and b’ be such elements of universe U that
d(b,X) = max {d(x,X): x € X}
and
d(b'.X) = max {d(x,X): x € U};
then
cXU{b'}) < X)X - {b)).

P8. Postulate for simplification:
ForY,Z e II(U) and

XM =m*xY) U Z
then the following equation should be true,

lim c(X™) = c(Y).

n—> +oo

The above-mentioned postulates illustrate intuitive conditions for
consistency functions. However, some commentaries should be given.

o Postulate for maximal consistency (Pla): This postulate seems to be
very natural because it requires that if in a profile only one element
occurs then the consistency should be maximal. As stated earlier, a
homogeneous profile in fact does not represent any conflict, thus for this
situation the consistency should be maximal. In the example of the
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experts generating opinions about the GDP level for a country, if their
opinions are the same then the consistency of their knowledge on this
matter should be maximal.

Extended postulate for maximal consistency (P1b): If in a given conflict
profile some element is dominant (by its large number of occurrences)
in such degree that the numbers of occurrences of other elements are
insignificant, then the consistency should be near to the maximal value.
This is consistent with the rule of majority.

Postulate for minimal consistency (P2a): If a profile X consists of two
opinions and their distance is maximal, that is,

X = {a, b} and d(a,b) = maxd(x,y),
x,yeU

then it represents the “worst conflict,” so the consistency should be
minimal.

Extended postulate for minimal consistency (P2b): This postulate char-
acterizes also a “very bad” conflict in which two maximally differing
opinions dominate because their numbers of occurrences aim to infinity.
For this situation the consistency should aim to 0. This postulate is also
consistent with the rule of majority.

Alternative postulate for minimal consistency (P2c): This postulate pre-
sents another aspect of “the worst conflicts,” meaning that the profile is
distinguishable and moreover, it consists of all possible opinions which
may be generated. Referring to such kind of profiles we can say that
everything is possible, and that is it is very hard to infer something from
the situation. Therefore, the consistency degree should be minimal.
Postulate for nonzero consistency (P3): This postulate defines a set of
profiles with consistency degree larger than 0. In some sense it is com-
plementary to postulates P2b and P2c which give consistency value 0
for those profiles nonreflected by postulate P3. In addition, if a profile
contains at least two such elements that their distance is smaller than the
maximal distance in the universe, and it is neither the universe nor its
multiple, then this means that there is some coherence in it. For such
profiles the consistency should be greater than 0.

Postulate for heterogeneous profiles (P4): The consistency of “true”
conflict may not be maximal. The maximal value of consistency is then
reserved for profiles representing nonconflict situations. Thus if a pro-
file is heterogeneous then its consistency may not be maximal, because
the opinions represented by its elements are not identical.
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e Postulate for multiple profiles (P5): If profile X is a multiple of profile Y
then it means that the proportions of the numbers of occurrences of
any two elements are identical in profiles X and Y. In other words,
the quantity relationships between element x and element y (x, y € U)
are the same in profiles X and Y. Thus these profiles should have the
same consistency degree.

e Postulate for greater consistency (P6): The fact that

min (D(X)) < min (D(Y))
card(X)  card(Y)

means that the elements of profile X are more concentrated than the
elements of profile Y. In other words, profile X is denser than profile Y.
Thus there should be ¢(X) > c¢(Y).

e Postulate for consistency improvement (P7a): This postulate shows
when it is possible to improve the consistency. According to this postu-
late removing the best element of a profile (i.e., the sum of distances
between it and other elements is minimal) should worsen the inconsis-
tency, whereas adding the best element of the universe referring to the
profile (i.e., the sum of distances between it and elements of the profile
is minimal) should improve the consistency.

e Postulate for consistency improvement (P7b): This postulate is dual to
postulate P7a. It states that removing the worst element of a profile (i.e.,
the sum of distances between it and other elements is maximal) should
improve the inconsistency, whereas adding the worst element of the
universe referring to the profile (i.e., the sum of distances between it and
elements of the profile is maximal) should worsen the consistency.

Postulates P7a and P7b are very useful in consistency improvement.
According to them the consistency value should be larger if we add to a
profile this element of universe U which generates the minimal sum of
distances to the profile elements, or if we remove from the profile this
element which generates the maximal sum of distances. For example, let

U={x,y,2 st u w}

be such a universe that the distances between element w and other ele-
ments are much greater than the distances among elements x, y, z, t and
u (see Figure 2.3). Let

X={xy2:5tw}



2.4. Consistency Measure for Conflict Profiles 31

d(u,X) = min{d(x,X): x € U}
and
dw,X) = max{d(x,X): x € X}.

According to postulates P7a and P7b we can improve the consistency by
moving element w or adding element u; that is

cX)fcX-{w}) and c(X)<cX U {u}).

So we have

cX) <cX - {w}) <cX—{w} U{u}) =c({x,y,z, 5,1, u})

and

cX)L e X U{up) L e X U{u}—{w}) =c({x,y, 2,8, t, u}).

Postulate for simplification (P8): This postulate in a certain sense is a
general form of postulates P1b and P2b regarding postulate P5. It
requires accepting the consistency value of a profile as the consistency
value of this part of the profile which dominates. In this case the
dominating subprofile is n * Y, and because according to postulate P5
we have c(n * Y) = c(Y), then the consistency is equal to the consistency
of Y.

Figure 2.3. An example of profile X.
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2.4.3. Analysis of Postulates

Let
P={Pla, P1b, P2a, P2b, P2¢c, P3, P4, P5, P6, P7a, P7b, P8}

be the set of all postulates. A postulate p € P may be treated as an atomic
logical formula for which the interpretation should be the set of pairs

<U, C(U)>

where U is a universe and C(U) is the set of all consistency functions for
conflict profiles from IT(U).
We say that a postulate peP

e is satisfied if there exist a universe U and a function in C(U) which
satisfies postulate p

e is u-true if there exists a universe U for which p is satisfied by all
functions from C(U)

e is true if it is u-true referring to all universes

e s false if it is not satisfied

We can build complex formulae on the basis of the atomic formulae us-
ing logic quantifiers and such logical connectives as v, A, =, =. For these
formulae we accept the same semantics as defined for atomic formulae and
the semantic rules of classical logic.

We prove the following.

Theorem 2.1.
(a) All postulates are independent, meaning that for each pair p, p'e P
and p # p' formula

p=r
is not true.
(b) The set of all postulates is not contradictory, meaning that there ex-

ist a universe and a function which satisfies all the postulates; that
is, formula

Pla A P1b A P2a A P2b A P2¢c A P3 A P4 AP5AP6AP7aAPTb APS

is satisfied.
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Proof.

(a) It is easy to check the lack of truth of all formulae p = p" where p,
p'e Pand p # p'. The reason is that each postulate occupies a region in the
set C of all consistency functions, and although these regions may overlap
they are not included one in another. For example, consider postulates
Pla and P1b. Postulate Pla deals with only heterogeneous profiles and
postulate P1b deals with nonheterogeneous profiles; if a consistency
function satisfies one of these postulates it does not have to satisfy the
second.

(b) Here we should define a function which satisfies all postulates. Let
U={x,y},
and consistency function ¢ be defined as follows,

1 if X is heterogeneous
0 if X=n+Uforn=12,...

=1k X ={k*x,I*ytandk>1 -
k+1

/
k+1

if X={k=*x,[*y}andk <l

It is not hard to check that function c satisfies all postulates. ¢

Below we present some other properties of the classes of consistency
functions.

Theorem 2.2.
Let X € TI(U), card(X) > 1 and let ¢ € C(U) be a consistency function
satisfying postulate P6. Let x be such an element of universe U that

d(x, X) =min{d(t, X): t € U}
and y be such an element of profile X that

d(x,y) = maxd(x,y).
zeX

The following dependence is true
c(X) < (X —{y}).

Proof.
Let Y=X — {y} and card(X) = n > 1, then card(Y) = n — 1. Let x' be such
an element of universe U that
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d(x',Y) = min {a’(t,Y): te U}.
We have then d(x',Y) < d(x,Y). Also, from
d(x.y) = max d(x,z)

it follows that
(n=1)-d(x,y) 2 d(x,Y).
Thus

min{d(#,X):teU}  d(x,X)  d(x,Y)+d(x,y)
card(X) - no n

S d(x,Y)> d(x'.Y) _ min{d(t,Y):teU}
" on-1 n-1 card(Y) '

Because function c satisfies postulate P6, then there should be
c(X) < c(Y). .

Owing to this property one can improve the consistency value for a pro-
file by removing from it this element which is farthest from the element of
U with the minimal sum of distances to the profile’s elements.

This property also shows that if a consistency function satisfies postu-
late P6 then it should also partially satisfy postulate P7a.

Theorem 2.3.
Let X € TI(U) and let ¢ € C(U) be a consistency function satisfying postu-
late P6. Let x be such an element of universe U that

d(x,X) =min{d(t,X): t € U};
then the following dependence is true

c(X) L (X U{x}).

Proof.
Let Y=X U {x}. Because

d(x,X) = min{d(t,X): t € U},
it implies that
d(x,Y) = min{d(t,Y): t € U}.
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In addition we have d(x, X) = d(x, Y). Taking into account the fact that
card (Y) = card(X) + 1
it follows

min {d(1,X):1eU} _ min{d(t,Y):teU}
card(X) a card(Y) '

Because function c satisfies postulate P6 then we have
c(X) L (X U {x}). .

This property allows improving the consistency value by adding to the
profile an element which generates the minimal sum of distances to the
profile’s elements. It also shows that if a consistency function satisfies pos-
tulate P6 then it should also partially satisfy postulate P7b.

Theorem 2.4.
Postulates Pla and P2a in general are inconsistent with postulate P7a; that

is, formula
(Pla A P2a) = —P7a

is u-true.

Proof.

We show that there exists a universe U for which any function ¢ from
C(U) if satisfying postulates P1a and P2a cannot satisfy postulate P7a. Let
then U = {a,b} and a # b, then

d(a,b) = max d(x,y) >0.
x,yelU

Let X = U, according to postulate P2a we have c(X) = 0. Because function
c satisfies postulate P1a we have

c(X —{a}) =c({b}) = 1.

In addition, we have

d(a,X) = min{d(t,X): t € X}

and

X —{ap)=1>cX)=0,

so function ¢ cannot satisfy postulate P7a. .
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Theorem 2.5.
Postulates Pla and P4 in general are inconsistent with postulate P7a; that
is, formula

(Pla A P4) = —P7a

is u-true.

Proof.

We show that there exists a universe U for which any function ¢ from
C(U) if satistying postulates Pla and P4 cannot satisfy postulate P7a. Let
then U = {a,b} and a # b; then

d(a,b) = max d(x,y) >0.
x,yelU
Let X = U, according to postulate P4 we have ¢(X) < 1. Because c satisfies
postulate P1a we have
cX —{ap)=c({bh =1
Also, we have

d(a,X) = min{d(t,X): t € X}

and

cX —{a}) > c(X),
so function ¢ cannot satisfy postulate P7a. .
Theorem 2.6.

Postulates Pla and P4 in general are inconsistent with postulate P7a; that
is, formula

(P2a A P3) = —P7b
is u-true.

Proof.

We show that there exists a universe U for which any function ¢ from
C(U) if satisfying postulates P2a and P3 cannot satisfy postulate P7b. Let
then U = {a,b} and a # b; then

d(a,b) = max d(x,y) > 0.

Let X= U; we have
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d(a,X) = max{d(t, X): t € X}
and
d(b,X) = max{d(t, X): t € U}.
According to postulate P2a we have c(X) = 0. In addition,
c(X U{b})=c({a b,b})>0
according to postulate P3, so function ¢ cannot satisfy postulate P7b.

Theorems 2.4 through 2.6 show some inconsistency between postulates
P7a and P7b and other postulates. As stated above, postulates P7a and P7b
play an important role in consistency improvement, and it has turned out
that it is not always possible.

Postulate P8 in some sense is more general than postulates P1b and P2b.
The following theorem proves this fact.

Theorem 2.7.
The following formulae

(P8 APla) = Plb
and
(P8 A P2a) = P2b
are true.
Proof.
For the first formula assume that for any universe U and any function ¢ €

C(U) let c satisfy postulates P8 and Pla. Let Y, Z € I1(U) where Y = {x}
and

X" =(m*Y) O Z
According to postulate P8 we have

lim c(X™) = ¢(Y),

and according to postulate Pla we have:
c(¥)=c({x}) =1

Thus function c satisfies postulate P1b.
A similar proof may be done for the second formula. .
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2.4.4. Consistency Functions

In this section we present the definitions of five consistency functions and
analyze their satisfaction referring to the defined postulates. These func-
tions are defined as follows.

Let X = {x, ..., x,} be a conflict profile. We introduce the following
parameters.

e The matrix of distances between the elements of profile X:
d(x;,x) ... d(x;,xy)
d(xy,x) - d(xy,x)

e The vector of average distances between an element to the rest (for M > 1) :

WX=(W1X, W;{,..., W]\)/i)’
where
wh = —1 %dx
i M—1 = i
fori=1,2,..., M. Notice that although in the above sum there are M

components, the average is calculated only for M — 1. This is because
for each i value d;’ =0.
e Diameters of set X:

Diam(X) = maxd(x,y),
x,yeX

and the maximal element of vector W*:

Diam(WX) = max w,.X,
1<isM
representing this element of profile X which generates the maximal sum
of distances to other elements. Because the values of distance function d
are normalized we assume that the diameter of universe U is equal to 1;
that is,

Diam(U) = 1.
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e The average distance in profile X:

M
L S = LS for s

dmean(X) M(M 1)1 =1j=1 Mi=1
0 for M =1

Value d_, (X) represents the average of all distances between differ-

mean
ent elements of the profile. Notice that the word “different” refers only
to the indexes of the elements. In fact some of them may be identical
because of repetitions.

e The total average distance in profile X:

> d(x,y)

d — x,yeX )
l_mcan(X) M ( M + 1)

This value serves to represent the average distance of all distances
between elements of profile X. The sum of these distances is expressed
by the numerator of the quotient. However, one can ask a question:
why is k> not in the denominator, but k(k + 1) is? The answer is: in the
numerator each distance d(x,y), where x # y, occurs exactly twice,
whereas each distance d(x,y), where x = y, occurs exactly only once.
Because d(x, y) = 0 for x = y, then adding such distance does not
change the value of the numerator. However, in determining the
average each distance should be taken into account twice. Thus the
denominator should be k(k + 1), but not &*. For example, see Figure 2.4

where we have profile X = {a, b} and M = 2. In sum ) d(x,y)

x,yeX
distance d(a, b) appears twice because d(a,b) = d(b,a), therefore for
calculating the total average of distances each of the distances d(a,a)
and d(b,b) should be taken into account twice. Thus the number of
distances should be 2 - 3 = 6.
In fact, the value d; mean(X) of the total distance average and value
(X) of the distance average are dependent on each other referring

mean

to value M:
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d(a,b)

d(a,a) d(b,b)

db,a)

Figure 2.4. Profile X = {a, b}.

e The sum of distances between an element x of universe U and the ele-
ments of set X:

d(x, X) =X ¢ d(x, y).
e The set of all sums of distances:
D(X) = {d(x, X): xeU}.

e The minimal average distance from an element to the elements of profile X:
1
d_ = — min (D(X)).
win(X) ; (DX))
These parameters are now applied for defining the following consis-

tency functions,

¢, (X) =1~ Diam(X),
¢,(X) =1~ Diam(W"),
c3(X) = 1= dpen (X)),
(X)) =1-d,.,.X),

cs(X)=1-d__(X).

min
Some comments for the defined functions:

e ¢ (X): This function reflects the maximal distance between two elements
of profile X. The intuitive sense of this function is based on the fact that
if this maximal distance is equal to O (i.e., profile X is homogeneous)



2.4. Consistency Measure for Conflict Profiles 41

then the consistency is maximal (equal to 1). However, the density and
coherence of profiles are not taken into account.

¢,(X): This function refers to the maximal average distance between an
element of profile X and other elements of this profile. If the value of
this maximal average distance is small, that is, the elements of profile X
are near each other, then the consistency should be high. The density
and coherence of profiles are in some degree taken into account by this
function.

¢,(X): This function takes into account the average distance between
elements of X. This parameter seems to be very representative for con-
sistency. The larger this value is, the smaller is the consistency and vice
versa. This function reflects to a large degree the density of profiles.
¢,(X): This function takes into account the total average distance be-
tween elements of X. As noted above, this function is dependent on
function c,(X) and vice versa. However, there is an essential difference
between these functions. Consider a distinguishable profile X in which
all elements are maximally distanced from each other; that is,

Y(x,yeX x#y):dx,y)=1.
For card(X) = 2 we have:
dt_mean(X) = 1/3 and dmean (X) = 1

For card(X) = M > 2 we can prove that d
(X)=1, whereas

(X) is constant and

dmean
M -1
M+1

dlfmean (X) =

It seems that in this case function ¢, better reflects the consistency than
function c3. This is because the larger M is, the smaller is the inconsis-
tency. However, for each value of M the value of function c; is constant
and equals 0, whereas

M -1 2

(X)) =1-2""= .
X M+1 M+1

Values,of ¢ then better reflect this situation than those,of ¢ .

¢(X): The minimal average distance between an element of universe U
and elements of X. The elements of universe U which generate the
minimal average distance to elements of profile X may be treated
as representatives for this profile. The average distance between a
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representative to the profile elements also reflects the coherence of the
profile. In clustering theory, this criterion is used for determining the
centre of a group, called a centroid.

Table 2.1 presented below shows the results of the defined functions.
The columns represent postulates and the rows represent the defined func-
tions. Satisfying a postulate by a consistency function means that the func-
tion satisfies the postulate for all universes. The symbol + means that the
presented function satisfies the postulate, the symbol — means that the pre-
sented function does not satisfy the postulate, and the symbol + means
partially satisfying the given postulate. From these results it implies that
function ¢, partially satisfies postulates P7a and P7b. As follows from
Theorems 2.2 and 2.3, if a function satisfies postulate P6 then it should
partially satisfy postulates P7a and P7b. As we can see, function c, satisfies
postulate P6.

From Table 2.1 it follows that function c, satisfies most postulates (9
over 12), and the next is function ¢, (8 postulates). However, neither func-
tion ¢, nor function c, satisfies postulate P5, which seems to be very natural.
Function c; also is good in referring to the number of satisfied postulates.
Function c, is very simple to calculate and it satisfies 6 postulates, although
it does not satisfy any of postulates P6, P7a, P7b, or P8. Referring to func-
tions c,, c¢,, and ¢, we know that they satisfy postulates P7a, P7b, that is, the
postulates for consistency improvement. Below we present some other prop-
erty of these functions referring to another kind of consistency improvement.

Table 2.1. Results of analysis of consistency functions regarding postulates

Pla |Plb |P2a |P2b |P2c |P3 |P4 |P5 |P6 |[P7a |P7b |P8
c + | -+ |+ |+ | =]+ ]+ ]| =-]=-1=-1=-
o, |+ | - |+ |- -|-|+|+]-1]+]+]-
o, |+ |+ |+ | - |- |+ |+ ]| -] -]+ ]+ ]+
c, |+ |+ | - |+ ||+ |+ ]| -]+ +]+ ]+
c, + + - - - + + + + s t +
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Theorem 2.8.
Let X e II(U), X = {x,, x,, ..., x,}, and let

X'={x € X: w) = Diam(w*)and 1 <i<M}.
Then profile X\X" should not have a smaller consistency than X; that is,
cX\X") 2 c(X),

where ¢ € {c,, ¢, c,}.

Proof.
(a) For function c, the proof follows immediately from the notice that

Diam( wX ) < Diam( WX ).

(b) For function ¢, we have
d(X)= 1 f w
MiT

Because for each x, € X' there is
w = Diam(w*),
therefore there should be
d(X)> d(X\X");
that is,
,(X\X") = ¢,(X).
(c) For function c, the proof is similar as for function c, .

This property shows another way for improving consistency referring to
functions c,, c,, and c,, which is based on removing from a profile those
elements generating the maximal average distance.

2.4.5. Reflecting Weights in Consistency Measure

In Section 2.3.3 we have defined weights for conflict participants which
have to reflect their competency and credibility. It is natural that these
weights should be taken into account in the consistency value. First of all,
these weights should be reflected in the distances between the opinions of
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the conflict participants. Formally, for reflecting the weights we introduce
the set of participants; generally, we call them agents.

Let then X be a conflict profile which consists of opinions of agents
from set A with such assumption that each agent has exactly one opinion in
the profile. Of course, some agents may have the same opinion, therefore,
X is a set of repetitions. For simplicity, we distinguish the elements of pro-
file X, and for each x € X by w_we denote the weight of the agent which is
the author of opinion x. Notice that the way of weight representation is dif-
ferent from that presented in Section 2.3.3.

For two opinions x, y € X we define the weighted distance d'(x,y) be-
tween them on the basis of distance function d taking weights of x and y
into account, as follows,

d'(x, y) = w(x) - w(y) - d(x, y).

Using defined function d' in consistency functions ¢, ¢,, c,, c,, and ¢, we
give new consistency functions as c';, c¢',, c'5, ¢',, and c's, respectively.
Postulates P1-P8 can also be redefined using weighted distance function
d'. We can notice that the satisfaction of postulates using distance function
d can also be transformed to the satisfaction of postulates using weighted
distance function d'.

In previous sections we have considered consistency improvement by
removing those elements which spoilt the consistency, or adding new ele-
ments which enlarge this value. Here we also consider the problem of con-
sistency improvement, but by modification of weights of the conflict
participations. In some sense it is a banal problem because one can always
modify the weights so that only one element has weight larger than zero.
Owing to this there will arise a homogeneous profile which should have
maximal value of consistency.

2.4.6. Practical Aspect of Consistency Measures

The aim of conflict solution most often consists in determining a version
of data (or an alternative, or a scenario) which best represents the versions
belonging to the conflict content (i.e., conflict profile). As stated above,
the consistency value of a conflict profile delivers some image about the
profile: it is dense (high value of consistency) or rare (low value of consis-
tency). In corresponding to conflict a rare profile may provide that the conflict
content is not “good” enough for the conflict to be solved. On the other
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hand, if the consistency value is high, one can say that the opinions of con-
flict participants are coherent enough, and such conflict may be solved.
Let’s consider an example, five witnesses of a crime describe the hair color
of the criminal as follows.

Hair _color = {blond, black, redhead, green, bald}.

As can be seen, the opinions of the witnesses are very different, and having
to deal with such information it is very hard to infer what is probably the
color of the criminal’s hair. However, if the conflict profile is presented as
follows,

Hair _color = {blond, blond, redhead, fair-haired, blond},

then one can state that the probable hair color of the criminal is blond, and
it is even more probable that he is fair-haired.

Another aspect of consistency refers to expert knowledge analysis. It
very often happens that the same task is entrusted to several experts for
solving. This is because experts as specialists of different domains can
have different approaches to the problem. Owing to this the solutions
given by experts should reflect different sides of the problem. In this situa-
tion if the consistency of expert opinions is high then of course the credi-
bility of the final solution (determined on the basis of the solutions given
by the experts) is also high. However, if the consistency is low, it is not a
reason for concern.

As we show in Chapter 8, in expert knowledge analysis, the consistency
of solutions given by experts for a problem does not have such essential
significance. It is proved that if we can assume that the experts solve the
problem with the same degree of credibility then a conflict profile with
low consistency value can be better than a conflict profile with high con-
sistency in the sense that the consensus determined on the basis of the first
profile may be nearer to the proper solution than the consensus determined
on the basis of the second profile. Consistency value then has sense for such
conflict profiles which are sets of opinions of participants, referring to
whom we cannot assume any degrees of credibility, as with the set of crimi-
nal witnesses presented above.

As a matter of fact there are many practical aspects of consistency
measures. We can use the consistency degrees in multiagent systems and
in all kinds of information systems where knowledge is processed by
autonomous programs: in distributed database systems where data consis-
tency is one of the key factors, and also in reasoning systems and many
others.
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2.5. Conclusions

The material on the subject of inconsistency measures for conflict profiles
presented in this chapter is partially based on the material included in [83—
85, 118—-120]. However, in this chapter many postulates have been modi-
fied and postulate P8 has been introduced. Modification of postulates also
causes new results of their analysis to arise. In addition, new consistency
function c, has been defined and analyzed.



3. Consensus as a Tool for Conflict Solving

In this chapter we present a case study of consensus theory and a general
model of consensus. This model uses the model for conflict presented in
Chapter 2. We define the general notion of consensus and postulates for
consensus choice functions. Next, classes of consensus functions are de-
fined and analyzed referring to postulates. A number of other notions such
as consensus susceptibility, quality of consensus, or reduction of consensus
number are also presented and analyzed.

3.1. Introduction

In Chapter 2 we presented a model for conflict representation and other no-
tions for evaluating conflict situations. In this chapter we propose a tool for
conflict resolution. We focus on a specific kind of conflict: inconsistency'
of knowledge. As pointed out in Chapter 1, inconsistency of knowledge
may have two aspects: the centralization aspect and distribution aspect.
We mention that the first aspect refers to inconsistency of knowledge
which arises in the same knowledge base as the result of, among others, a
dynamic real world. The second aspect concerns the inconsistency of dif-
ferent knowledge sources referring to the same real world. The knowledge
conflicts of the second aspect are the subject of this chapter; for solving
them we propose to use consensus methods.

The main subject of a consensus method is a conflict profile represent-
ing a conflict (or inconsistency) situation. A conflict profile is a set of dif-
ferent versions of knowledge about the same element of a real world. The
task of a consensus method is to determine a version of knowledge which
best reflects the given versions. The question is how to perform this task if
the given versions may be different from each other or even contradictory
to each other. For example, if the profile consists of two versions, Yes and
No as the answers of two experts for the same question, then it is very hard

I'Terms inconsistency and conflict in this context are equivalent.
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to determine a final answer which best reflects the given answers. In this
chapter we present an approach which gives the solution to this problem.

Consensus theory has arisen in social science and has a root in the choice
theory [2]. However, there is an essential difference between these theo-
ries. Although the subject of a method in choice theory is a set X (of alterna-
tives, objects) being a subset of a universe U, the choice is based on the
selection of a subset of X, whereas the consensus of X must not be an ele-
ment of X. Furthermore, a consensus of set X must not have the same struc-
ture as the elements of X, what is assumed in choice theory. At the beginning
of consensus research the authors most often dealt with simple structures
of the elements of universe U, such as linear or partial orders. Later, more
complex structures such as n-trees, partitions, hierarchies, and the like have
been also investigated. Most often homogeneous structures of the universe
elements are assumed.

The organization of this chapter is the following. In Section 3.2 an over-
view of applications of consensus methods for solving conflicts in dis-
tributed environments is presented. Section 3.3 includes the definition of
consensus choice functions, postulates for them, and the analysis of these
postulates. In Section 3.4 the notion of consensus quality is presented. The
notion of consensus susceptibility, its criteria, and their analysis are given
in Section 3.5. Some approaches for achieving susceptibility to consensus
for such profiles are presented in Section 3.6. Section 3.7 includes some
methods for reducing the number of consensuses generated by a consensus
function. Finally, some conclusions are given in Section 3.8.

3.2. Consensus Theory — A Case Study

3.2.1. An Overview

Consensus methods (similarly as data mining or knowledge discovery
methods) deal with problems of data analysis in order to extract valuable
information. However, consensus methods differ from data mining meth-
ods with regard to their aims as well as regard to the characteristics of
datasets. The task of data mining is to discover patterns in existing data,
which means that a data mining method is used when one is interested in
searching some regular relationships between data. It takes into account
only those records of data which firstly, appear more often, and secondly,
include the same relationship between some values.

The dataset, being the domain for applying a data mining method, most
often contains data from different sources that are of a temporal character.
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It may, for example, include the data referring to the activities of an enter-
prise in a period of time. On the other hand, the characteristic of a dataset
being the domain for applying a consensus method is that it represents a
conflict situation in which several participants generate different opinions
on some common matter, or it contains inconsistency of data which is
caused by, for example, incomplete or uncertain data processing. In this
case a consensus method enables determining such a record of data which,
first, should best represent a set of data records, and, second, should be a
good compromise acceptable for the participants that are in conflict.

According to Barthelemy et al. [13, 14] problems considered by consen-
sus theory can be classified into the two classes:

e Problems in which a certain and hidden structure is searched
e Problems in which inconsistent data related to the same subject are
unified

The problems included in the first class seem to be very similar to the
problems of data mining. However, this class consists of problems of sear-
ching a structure of a complex or internally organized object. This object
can be a set of elements and the searched structure to be determined can be
a distance function between these elements. Data that are used to uncover
this structure usually come from experiments or observations. They should
reflect this structure, however, not necessarily in a precise and correct way.

The second class consists of problems that appear when the same sub-
ject (problem solving, choice task, etc.) is occupied by different autono-
mous units (such as experts or agents). Then the solutions of the problem
or the variants of the choice given by the experts (or agents) may differ
from each other. In such a case a particular method is desired that makes it
possible to deduce from the set of given alternatives only one alternative to
be used in further processing. This class contains two well-known consen-
sus problems: the Alternatives Ranking Problem and Committee Election
Problem. The first of these problems can be described as follows [6, 46].
Let 4 be a nonempty and finite set of alternatives. A profile P on 4 is
defined as a finite set of linear orders on 4. A situation is understood as an
ordered pair (4, P). For each situation (4, P) and each pair of alternatives
X, y € A, a number p(x,y) is defined that is equal to the number of orders
included in P in which the alternative x precedes the alternative y. Hence,
if an order p contains n alternatives then p(x, y) + p(y, x) = n for x # y.
Moreover a binary relation W, on 4 is defined as (x, y) € W, if and only if
p(x, ¥) > p(y, x). The problem is based on defining a consensus choice func-
tion which should determine an alternative on the basis of a situation (4, P).
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The committee election problem can be described as follows. From a
nonempty set S = {sy, $2, . . ., s,} of m candidates, a committee (i.e., a
nonempty subset of S) should be selected as the outcome of an election
in which votes (as one-element subsets of S) are cast by n > 0 voters vy, v,,
..., va. These votes create a profile P = (py, pa, . . ., pn) € S", where p; is
the vote of v;, fori =1, . .., n. The problem is based on defining a consen-
sus choice function which should determine a committee on the basis of a
set of votes.

In the literature there are three approaches for defining consensus choice
functions: axiomatic, constructive, and optimization.

In the axiomatic approach for the alternatives ranking problem a set of
axioms has been fixed for the class of so-called Condorcet social choice
functions (a consensus choice function C is a Condorcet function if and
only if it satisfies the following Condorcet principle: for all situations (4,
P) there should be C(4, p) = {x}, whenever x € 4 and (x, y) € W, for all y
€ A\{x}). One of the Condorcet functions, called the Kemeny median, is
the most popular one which determines the best alternative by determining
an order nearest to those in P. A consensus function which for a given pro-
file P assigns a nonempty subset of S called a committee of P, should be
determined. Seven rational requirements have been defined for consensus
choice [6]: unrestricted domain (UD), Pareto (P), independent of irrelevant
alternatives (I1A), no dictator (ND), neutrality (N), symmetry (S), and Con-
dorcet consistency (Cc). These axioms are presented briefly as follows.

o Unrestricted domain (UD): The consensus function should deter-
mine an alternative for each situation (4, P); that is, for any possible
preference distribution of votes it should always be possible to calcu-
late a consensus.

e Pareto (P): If an element a € A is preferable to element b € 4 in
each order belonging to profile P, then a should also be more pre-
ferable than b in the consensus. In general, the Pareto condition
requires that if all voters vote for the same alternative, then this al-
ternative should be chosen as a consensus.

o Independence of irrelevant alternatives (I1I4): The preference or-
dering of each pair of elements in the consensus is dependent only
on their preference ordering in the orders belonging to the profile.
This axiom is a condition for the integrity of the profile.

e No dictator (ND): The consensus for situation (4, P) should not be
changed despite changing the indexes of profile elements; that is, all
voters should be treated in the same way.
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e  Neutrality (N): The consensus for situation (4, P) should not be
changed despite changing the indexes of elements of set 4; that is, all
votes should be treated in the same way.

o Symmetry (S): A consensus function should be symmetrical if condi-
tions (V) and (ND) are satisfied; that is, it should justly treat the vot-
ers and the votes.

o Condorcet consistency (Cc): A consensus function C should satisfy
condition Cc, if for any profiles P; and P, the following depend-
ency is true,

CR)NC(R) #D = C(RVE)=C(R)NC(R);

that is, if two groups of voters voting separately have common pre-
ferences then they should have the same preferences voting together.

It turns out that no consensus choice functions exist that satisfy all of the
above-mentioned axioms simultaneously. Namely, Arrow [6] proved that
if each order belonging to a profile consists of more than two elements,
then all consensus choice functions fulfilling the conditions UD, P, and /14
do not satisfy the condition ND. Later, Young and Levenglick [158, 159]
showed that the unique choice function satisfying the conditions N, C, Cc,
UD, and P is the Kemeny median which requires the consensus to be as
near as possible to the profile elements. In [13, 88, 89, 90] the authors have
used axioms for determining consensus functions for such structures of
objects as semilattices or weak hierarchies. In the majority of cases the
most popular function is simply a median.

In the constructive approach consensus problems are solved on the lev-
els of the microstructure and macrostructure of a universe U of objects
representing all potential alternatives. The microstructure of U is under-
stood as a structure of its elements. Such a structure may be, for example, a
linear order of a set of alternatives (in the alternatives ranking problem), or
a subset of the set of candidates (in the committee election problem). A
macrostructure of U is understood as a relation between elements of U.
Such a structure may be, for example, a preference relation or a distance
(or similarity) function between objects from U. In a consensus problem
objects of a profile should have the same structure, but their consensus
may be of a different structure. The following microstructures have been
investigated in detail: linear orders [6, 46, 157], semilattices [13], n-tree
[35, 155], ordered partitions and coverings [30], incomplete ordered parti-
tions [55], nonordered partitions [14], weak hierarchies [90], and time
interval [102, 109, 114]. A large number of works were dedicated to
develop heuristics based on the Kemeny median for determining consen-
sus of collections of rankings, which is a NP-complete problem.
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Within the optimization the approach defining consensus choice func-
tions is often based on some optimality rules. These rules can be classified
as follows.

o Global optimality rule: This requires that the chosen objects should
be optimal in a global sense. The most popular requirement is that
the choice should be “Pareto optimal,” meaning that it is not possible
to change the decision in a way that will make some objects better
off without making some others worse off. This feature is called
“unanimity” and for the alternatives ranking problem it means that if
the object x is preferable to object y by all sites, then y should not be
selected.

o Condorcet’s optimality rule: The chosen alternative should be better
than any other in direct comparison. It is a very strong criterion of
choice, and of course such alternatives do not always exist.

o  Maximal similarity rules: The chosen objects should be as similar as
possible to the elements of the profile X.

Consensus theory has many applications in computer systems: in mobile
systems [8], distributed systems [15], multiagent systems [39, 63, 65, 117],
interactive systems [146], interface systems [122, 147], and communica-
tion systems [156].

3.2.2. Consensus versus Conflicts

Although the application of consensus methods to solving conflicts is
something very natural, we now make an analysis of what consensus can
bring to the resolution of conflicts. We have assumed that a conflict profile
consists of opinions or alternatives given by some autonomous units such
as experts or agents on some matter. In general, the elements of a conflict
profile represent solutions of the same problem which are generated by
these autonomous units. As mentioned in Chapter 1, the reason that these
solutions may be different from each other follows from these circum-
stances.

e The independence of knowledge processing mechanisms of the units:
This feature is the consequence of the autonomy of the units. Differ-
ent knowledge processing procedures may give different results even
when used for the same knowledge base. An example may refer to
using different data mining methods which used for the same data-
base may extract different rules.
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e Differences in knowledge bases of the units: This is very possible
because frequently autonomous units have their own knowledge
bases, independent of other units. Knowledge in these bases comes
from the observations of the units referring to the real world which is
often dynamic, as well as from the results of their inferring proc-
esses.

e Indeterminism in knowledge processing, as well as the lack of com-
pleteness and certainty of information, may cause the arising of dif-
ferent results of inference, and in fact, generating different solutions
to the same problem.

The aim of conflict resolution is to determine the proper solution of the
problem on the basis on those generated by the autonomous units. The fol-
lowing two cases may take place [118, 123].

1. The proper solution is independent of the opinions of the conflict
participants.

As an example of this kind of conflict we can consider different diagno-
ses for the GDP of the same country in a given year generated by different
financial experts. The problem then relies on determining the proper GDP
for the country which is unambiguous and really known only when the
year finishes. Moreover, this value is independent of the given forecasts. A
conflict in which the proper solution is independent of the opinions of the
conflict participants is called independent conflict. The independence fea-
ture of conflicts of this kind means that the proper solution of the problem
exists but is not known to the conflict participants. The reasons for this
phenomenon may follow from many aspects, among others, from ignorance
of conflict participation or the random characteristics of the solution
which may make the solution very hard to be calculated in a determinis-
tic way.

The example of GDP diagnosis is an example of the first case, whereas
the forecast of the numbers cast in a lottery is an example of the second
case. Thus the conflict participants for some reason have to “guess” this
unknown solution. Their solutions are then assumed to reflect the proper
solution but it is not known to what degree, as well as if in a valid and com-
plete way. In other words, the solutions given by the conflict participants
reflect the “hidden” and independent solution but it is not known to what
degree. Thus one assumes that each of them is treated as partially valid and
partially invalid (which of its parts is valid and which is invalid is not
known). This degree may not be equal to 100% because if so, only one solu-
tion is needed and our approach is contradictory to itself.
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If we assume that the proper solution should be determined on the basis
of the given solutions, then it should be the consensus of the given solu-
tions satisfying the following condition. It should best represent the given
solutions. If it is possible to define some distance (or similarity) measure in
the universe of all potential solutions then this requirement means that the
consensus should be maximally near (or similar) to the given solutions. As
we show later, this condition is included in a postulate for consensus choice
functions.

2. The solution is dependent on the opinions of the conflict participants.

Conflicts of this kind are called dependent conflicts. In this case it is the
opinions of conflict participants that decide about the solution. The com-
mittee election problem described above is an example of this kind of
conflict. The result of the election is determined only on the basis of the
voters’ votes. In general, this case is of social or political character and the
diversity between the participant opinions most often follows from differ-
ences of choice criteria or their hierarchy.

For dependent conflicts the consensus is also determined on the basis of
the given solutions. However, it should not only best represent the given
solutions, but also should be a good compromise which could be accept-
able by the conflict participants. Thus the consensus should not only best
represent the opinions but also should reflect each of them to the same de-
gree (with the assumption that each of them is treated in the same way).
The condition “acceptable compromise” means that any of the opinions
should neither be “harmed” nor “favored”. As we show in this chapter,
these two conditions are in general inconsistent with each other because if
one of them is satisfied then the second cannot be satisfied.

Let’s consider an example.

Example 3.1. Let a set of four candidates (denoted by symbols A, B, C, D)
be given and five voters have to choose a committee (as a subset of the
candidates’ set). Assume that the votes are the following,

{A, B, C},
{A, B, C},
{A, B, C},
{A, B, C},
{D}.

Let the distance between two sets of candidates be equal to the cardinality
of their symmetrical difference. If the consensus choice is made only by
the first condition then committee {A, B, C} should be determined because
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the sum of the distances between it and the votes is minimal. However,
we can note that it prefers the first four votes and totally ignores the fifth
(the distances from the consensus to the votes are: 0, 0, 0, 0, and 4, respec-
tively). Now, if we consider committee {4, B, C, D} as the consensus then
the distances would be 1, 1, 1, 1, and 3, respectively. In this case although
the sum of distances between the consensus and the given votes is not
minimal, the consensus neither is too far from the votes nor “harms” any
of them. .

We show later in this chapter that the choice based on the criterion of
minimization of the sum of squared distances between consensus and the
given solutions gives a more uniform consensus than the consensus chosen
by minimization of the sum of distances. Therefore, the criterion of the
minimal sum of squared distances is also very important, although it is less
known in practical applications.

3.3. Consensus Functions

In this section we present a general model for consensus. This model dif-
fers from the models proposed by other authors by the fact that we do not
assume the microstructure of the universe U. Owing to this, a number of
interesting and generic properties of classes of consensus functions can be
formulated.

3.3.1. Definition of Consensus Function

Let (U, d) be a distance space as defined in Chapter 2. We mention that U
is a finite universe of objects and d is a distance function between these
objects. Symbol I1(U) denotes the set of all nonempty subsets with repeti-
tions of universe U.

Below we present an axiomatic approach to the consensus choice problem.

Definition 3.1.
By a consensus choice function in space (U, d) we mean a function

C: TI(U) —» 2.

For a conflict profile X € T1(U) the set C(X) is called the representation
of X, and an element of C(X) is called a consensus of profile X. Notice that
C(X) is a normal set (i.e., without repetitions).
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Let Con(U) denote the set of all consensus choice functions in space
(U, d). For X e [I(U) and x € U let

e, X)= Y, _d(xy)
and

A", X)= %y (d(xp)

forn e Nandn>1.

These symbols are needed to define the postulates for consensus func-
tions presented in the next section.

3.3.2. Postulates for Consensus Function

The following definition presents ten postulates for consensus choice func-
tions; eight of them were originally introduced in [103].

Definition 3.2.
A consensus choice function C € Con(U) satisfies the postulate of:

1. Reliability (Re) iff’
Cx) = Q.
2. Unanimity (Un), iff
C({n * x}) = {x}
foreachn € N andx € U.
3. Simplification (Si) iff
(ProﬁleXis a multiple of profile Y) = CX)= ().
4. Quasi-unanimity (Qu) iff
(reg CX) = (FneNixe CX Un*x))
foreachx € U.
5. Consistency (Co) iff
(xe ) = (xe CX U{x}))

foreach x € U.
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6. Condorcet consistency (Cc), iff
(C) N CX) = D) = (CX, VX)) =C(X) N C(Xy))
for each X1, X, € TI(U).
7. General consistency (Gc) iff
CX) N C(Xy) c CX, UX,) < CX)) v C(X)
for any Xi, X, € TI(U).
8. Proportion (Pr) iff
(XicXonxe CX) Ay € CX)) = (dxX) < d(r.X2))
for any X1, X; € TI(U).
9. 1-Optimality (O)) iff
(x e C0) = (d(x.X) = min d(y.X))

for any X € TI(U).
10. 2-Optimality (O,) iff

(x e C) = (&°(X) = mind’(y.X))

for any X € TI(U).

The above postulates express some very intuitive conditions for con-
sensus functions. Below we give some comments on them.

e According to postulate Reliability for each (nonempty) profile at least
one consensus should exist. This requirement in some sense mentions
such rules as “It is possible to solve any conflict.” Reliability is a known
condition for a consensus choice function [90]. For the alternatives
ranking problem this condition is called unrestricted domain (UD) [6].

o Postulate Unanimity requires that if a profile is homogeneous then the
only consensus is the element belonging to this profile. It is a very
intuitive requirement for many consensus choice tasks.

e According to postulate Simplification a consensus of a profile should
also be a consensus of any of its multiples.

e According to postulate Quasi-unanimity, if an element x is not a consen-
sus of a profile X, then it should be a consensus of a new profile X’ con-
taining X and n elements x for some 7. In other words, each element
from U should be chosen as the consensus of a profile X if it occurs in X
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enough times. This postulate is to a certain degree consistent with the
postulate Unanimity because if x occurs in a large enough number of
times in a profile then this profile could be understood as a homogene-
ous one.

Postulate Consistency is very intuitive; it states that if some element x is
a consensus for a profile X, and if this element is added to X it should
still be a consensus for the new profile. In the committee choice prob-
lem this postulate means that if somebody has been chosen for the
committee and if there will be one vote added in which this person is
chosen, then he should again be chosen in the collective choice. Consis-
tency is a very important requirement for consensus functions because it
enables the users to understand a consensus rule behavior if the results
of separate choices are combined. Consistency was first defined by
Condorcet “. . . if two disjoint subsets of voters /' and /' would choose
the same alternative using (social choice function) f, then their union
should also choose this alternative using f”’[157]. This form of consis-
tency is presented in postulate Condorcet consistency (Cc). Our form is
different from the Condorcet form, and as we show later, it is not the
consequence of Condorcet consistency. In [13] a broad set-theoretic
model for consensus methods was presented, in which the fundamental
role of consistency could be appreciated.

Postulate General consistency is in some sense more general than postu-
late Condorcet consistency. It sets some relationships between sets
C(X)), C(X5), and C(X;, U X>). The intuition is that a common consensus
of two profiles should also be a consensus of their sum, and a consen-
sus of the sum of two profiles should be a consensus of at least one of
them.

Postulate Proportion is a natural condition because the bigger the pro-
file, the greater the difference is between its consensus and its elements.
Postulate 1-Optimality requires the consensus to be as near as possible
to elements of the profile. A consensus generated by a function satisfy-
ing this postulate plays a very important role because it can be under-
stood as the best representative of the profile. This requirement is very
popular not only in consensus theory but also in optimization theory. In
choice theory Kemeny [6] first formulated this criterion for determining
a linear order representing a set of linear orders. It then was called the
Kemeny median.

Postulate 2-Optimality, up to now not as popular as 1-Optimality, req-
uires the sum of the squared distances between a consensus and the pro-
file elements to be minimal. Notice that the role of a consensus is not
only based on the best representation of a profile, but it should also be
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“fair;” that is, the distances from the consensus to the profile elements
should be uniform. As proved below, postulate 2-Optimality specifies a
class of consensus choice functions which, to a certain degree, satisfy
this condition. In Chapter 8 we show some very interesting properties of
this postulate referring to objects in Euclidean space.

The first three postulates (Re, Co, Qu) are independent of the structure
of U (i.e., the distance function d), and the last three postulates (Pr, O, O,)
are formulated on the basis of this function. Postulates Re, Co, Qu are in a
way very “natural” conditions, which should often be satisfied in the task
of consensus choice.

3.3.3. Analysis of Postulates

Let P be the set of all postulates; that is,
P = {Re, Un, Si, Qu, Co, Cc, Gc, Pr, Oy, O,}.

A postulate p € P may be treated as an atomic logical formula for which
the interpretation should be the set of pairs

<U, Con(U)>,

where U is a universe and Con(U) is the set of all consensus functions for
conflict profiles from I1(U).
Similarly as for consistency functions we say that a postulate p € P

e is satisfied if there exist a universe U and a function in Con(U)
which satisfies postulate p

e is c-satisfied if for any universe U there exists a function in Con(U)
which satisfies postulate p

e is u-true if there exists a universe U for which p is satisfied by all
functions from Con(U)

e is true if it is u-true referring to all universes

e s false if it is not satisfied

We can build complex formulae on the basis of atomic formulae using
logic quantifiers and such logical connectives as v, A, -, =. For these
formulae we accept the same semantics as defined for atomic formulae and
the semantic rules of classical logic.

Below several essential properties of classes of consensus choice
functions are presented. These properties refer to the relationships between
postulates.
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Theorem 3.1.
The following formulae are not true.
() p=>p' forp,p' € Pandp=p'.
(b) O, A O,.
(c) Re AUn A Co A SiAQun Cen Ge APraO; A O,

Proof.

(a) To prove the lack of truth of formula p = p' it is needed to show a
concrete universe in which there exists a consensus function satisfying
postulate p but nonsatisfying postulate p’. For example, we show that
formulae

Ol = Re
and
Re = O]

are not true. For the first dependency, let U be any universe, and let C, be
the empty function; that is,

C(X)=@ forall X eIl(U).

This function satisfies postulate O, but does not satisfy postulate Re. For
the second formula, let U = {a, b}, d(a,b) = 1, and let consensus function C
be defined as

C(X)={a, b} forall X e II(V).

This function satisfies postulate Re but does not satisfy postulate O, be-
cause if it satisfied postulate O, then there would be

C({a}) = {aj.
(b)Let U={1,2,...,6} and let d(x,y) = |x—y| for x,y € U. Thus for

profile X = {1, 5, 6} the only consensus satisfying postulate O, is element
5, whereas the only consensus satisfying postulate O, is element 4. Thus
formula O; A O, may not be true.

(c) This dependency is a result of dependency (b). .

From the above dependencies it follows that, firstly, the postulates are in
pairs independent of each other, and secondly, in general there does not
exist any consensus choice function which simultaneously satisfies the
postulates O; and O,. As a consequence, there does not exist any consen-
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sus choice function simultaneously satisfying all the postulates. The result
presented here is similar to Arrow’s result referred to consensus choice for
linear orders [6].

Theorem 3.2.
The following formulae are c-satisfied.

(a) Re ACoASiAQunCcAPraO.
(b) Re AConSiAnQunCchO,.

Proof.
Let U be any universe. Define the following consensus function

G0 = {x € Us d(x, X) = mind(y, X)}.
ye

Notice that this function satisfies postulates Re, Si, Co, Qu, Cc, Pr, and O.
On the other hand, function

C:X)={xe U d*(x,X) = min d*(y, X)}

should satisfy postulates of reliability, simplification, consistency, Con-
dorcet consistency, quasi-unanimous, and 2-optimal. Thus the formulae are
c-satisfied. .

Notice that function C, does not satisfy postulate Pr.
It is easy to notice that if C is a function satisfying postulate O, then for
each profile X e I[1(U) there should be:

CX) < GiX)

and if C is a function satisfying postulate O, then
CX) < GX).

Theorem 3.3.
The following formulae are true.

(a) (O A Re) = Co A Si.
(b) (O A Re) < (Pr A Qu A Re).

Proof.

(a) Let U be any universe and let consensus function C satisfy postulates
O, and Re. Thus for any profile X e I'1(U) there should be C(X) = &. Let x
€ C(X); then we have
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d(x.X) = min d(y.X).

We should show that
x e C(X U {x}).
Because
CX U{x}) =9,
there must exist x’ € U such that x" € ¢(X U {x}), and

d(x',X') = min d(y,X)

where X' = X U {x}. Let us notice that there should be x = x’ because if
x # x' then

d(x,X") = d(x,X) < d(x'.X) < d(x' X ").

So function C satisfies postulate Co.

Satisfying postulate Si follows from the fact that if an element x gener-
ates the minimal sum of distances to the elements of profile X then the sum
of distances from x to elements of a multiple of profile X is also minimal.

(b) Now let function C satisfy postulates Pr, Qu, and Re; we should also
prove that C satisfies postulates O;. Let X e I1(U); according to postulate
Re we have C(X) # D. Letx € C(X),y € U, and y # x. If y € C(X) then on
the basis of postulate Pr we should have d(x,X) = d(y,X),because X < X. If
y ¢ C(X) then on the basis of the postulate Qu there should exist a number
n such that y € c(X'), where X' = XU {n*y}. Because X < X', from satisfy-
ing postulate Pr it follows that

d(x,X) <d(y,X") = d(y.X).
Thus for all y € U, there should be

d(x.X) < d(.X),

meaning that C satisfies postulates O; and Re.

Let us now assume that C satisfies postulates O; and Re, and we should
show that it also satisfies postulates Qu and Pr. For postulate Qu assume
that x ¢ C(X) for some x € U. Then we can find y € U, y # x such that

dyx) = mi&l d(z,x).

Let n be a natural number where
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n> d(an)_d(y'aX)
d(y,x)

for all y' € C(X).
Letnow X '=X U {n * x},z € U, and z # x; we have the following:
d(z,X") = d(z,X) + (n + 1)d(z,x)
> d(y',X) + nd(y.x)
2 d(y",X) +d(x,X) — d(y".X)
=d(x,X) = d(x,X").

It implies that x € C(X"), more strongly C(X") = {x}, so C satisfies Qu.

To prove that C satisfies Pr let us assume that X, X; € I[1(U), X; c X,
and x € C(X)), y € C(X2). We should show that d(x,X;) < d(y,X>). Notice
that d(x,X1) < d(y,X)) because x € ¢(X}), and d(y,X1) < d(y,X>) because X; <
Xz, thus d(x,Xl) < d(y,Xz) .

From Theorem 3.3 it is easy to prove the following:

Theorem 3.4.
The following formulae are true.

(a) (O1 A Re) & (Pr A Qu A Re A Co A Si)
(b) (Pr A Qu A Re) = Un.

Theorem 3.4 states that if a consensus function satisfies postulates of
Reliability, Proportion, Quasi-unanimity, Consistent, and Simplification
then it should also satisfy the postulate of 1-Optimality and vice versa.
Thus satisfying postulate O, is a very important property of consensus
functions and it explains why this function is quite often used in practical
settings. Property Unanimity of these functions confirms their intuitive na-
ture [13].

Theorem 3.5.
The following formula is true.

(O3 A Re) = (Co A Qu A Un A Si).

Proof.

Let U be any universe and let a consensus function C € Con(U) satisfy
postulates O, and Re; we should show that C also satisfies postulates Co,
Qu, Un, and Si. For satisfying Co let us notice that for each profile X we
have C(X) # &. Let x € C(X); then of course



64 3. Consensus as a Tool for Conflict Solving

d*(x,X) = mind*(y,.X).
yeU

We should show that x € C(X U {x}). Because C(X U {x}) # , then there
must exist x’ € U such that x'e C(X U {x}), and there should be true

d*(x'\X") = min d* (X",
ye
where X’ =X U {x}. Notice that if x # x' then
d*(xX") = d*(xX) Sd’(¥ X) <d*(x'.X"),
thus there must be held x = x', so x € C(X').

To prove that C satisfies Qu let us assume that x ¢ C(X) for some xeU.
Then we can find y € U and y # x such that

d(y-x) = min d(z,v).

Let n be a natural number, where
LX) -2 X)
d*(y,x)

for all y' € C(X).
Letnow X'=Xu {n *x},) € CX),ze Uandz = x (if U is a 1-
element set then of course the statement is true). We have the following:

d*(zX") = d*(z,X) + nd*(z,x)
> d*(y',X) + nd’(y,x)
> d*(y' X) + d*(x.X) - (V. X)
= d'(x,X) = d’(xX).
It implies that x € C(X"), so C satisfies Qu.
Satisfying postulate Un is obvious. Satisfying postulate Si follows from
the fact that if an element x generates a minimal sum of squared distances

to the elements of profile X then the sum of squared distances from x to
elements of a multiple of profile X should also be minimal. .

The above-proved theorems show very important properties of consen-
sus choice functions specifying postulates O; and O,. Satisfying one of
these postulates implies satisfying many other postulates; owing to this the
practical sense of postulates O, and O, is very essential.

Below we have an obvious property of functions C; and C, defined
above.
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Theorem 3.6.
Let U be any universe and let X, Y € T1(U); then

(a) If C1(X) N C(Y) = D then C(X) = Ci(Y).
(b) If Co(X) N Co(Y) # D then Cy(X) = Cx(Y).

A consensus function C which satisfies postulate O, or postulate O, we
call an O;-function or O,-function, respectively. A consensus determined
by an O;-function or O,-function is called an O;-consensus or O,-
consensus, respectively. As we stated above, C, is an O;-function and C, is
an O,-function.

Below we present other properties which show the behavior of functions
C, and G, for large profiles.

Theorem 3.7.
Let U be any universe and Y, Z € T1(U), and let
X" =m*Y) 0 Z

then the following equations should be true.

(@) lim C(X™) =C\(Y).

(b) lim C,(X™) = Cy).

Proof.
(a) We prove that there exists a natural number 7, such that for all n > n,
there should be

GX™) =M.

Toward this aim, we should show that if x is an O,-consensus for Y (i.e., x
e Cy(Y)) then x € C,(X). This should be enough for proving the above

inequality owing to Theorem 3.6. In addition, notice that if C;(Y) = U then
the above equality is true because function C; is reliable.

Let now x € C(Y). Assume that Cy(Y) = U; let y € U\C(Y); we have
d(y,Y) > d(x,Y). Let then n, be such natural number that

S d(y,Z2)-d(x,2)
YT d(y,Y)-d(x,Y)

We have then
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n(d(y,Y) - d(x,Y)) > d(y,2) - d(x,2),

and

nd(y,Y) +d(y,2) > nd(x,Y) + d(x,2);
that is,

A, X" ) > dix, X)),
Let now

n,=max {n,:y € U\C\(Y)};
then for each n > n, there should be

dy, X")>dx, X"
for each y € U\Cy(Y); thatis, x € C,(X"™). So

lim C, (X)) = Cy(Y).

(b) The proof for this equality is similar if we define the number n, satis-
fying the condition:
> dz(y’Z) B dz(x,Z)
g dz(yaY)_dz(x,Y) ‘

Below we present other important properties of consensus functions
satisfying postulate O,.
For X e TI(U) we define the following relations.

e a’y < UxU,where
xalty < d"(xX) < d"(.X)

forn € N and d'(x,X) = Zyex(d(x,y))” )

e oyc UxU,where
X0y & d@X)<d@X),

for

2
d (x,X) = Zye){d(y,z)—md(x,)()} .
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The interpretation of relation o, is that element x is in relation o

with element y iff the distances from x to elements of X are more
uniform than the distances from y to elements of X.

Relation ay is reflective, transitive, and coherent, whereas relation o,
is transitive and coherent. It is obvious that if C is an O;-function and x €
C(X) then we should have xa'y y forall y € Uand i =1, 2. Also it is obvious
that

C(X)= {x € U:xa/'yy forall yeU}
fori=1,2.

Theorem 3.8.
Let X € TI(U), x € Cy(X), z € Ci{(X), and y € U; then the following de-
pendencies are true.

(@) xa, yvxa, y.
) (CX) N C,(X)=D) = xayz.

Proof.
(a) Let K = card(X), x € c(X), and y € U; then we have

d(x,X)=3__ld(x,2)-Ld(x X))

=2oox [[d(x2)) = & dx2)d(x,X) + 2 (d(x,X))]
= 2eex (dx2))’ = £ 2eaxd(x2)d(x,X) + 25 2ecx (d(x, X))
= d*(6,X) - £ (dxX) + £ (dx.X))’
= d*(6,X) - £ (d(x. X))

In a similar way we should obtain
d(y,X) =d*(p.X) - + (dy. X)),

Let us assume that relation x o, y does not occur; that is,

d(x,X) > d(y,X).
It then implies
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L (dxX)* > L (d,X).
In addition we have

d*(x,X) <d*(,X)
because x € Cy(X); thus there should be

d(x,X) <d(y,X),
or
Xy ).

In a similar way we can show that if x &, y is not true, then there must be
xal,y.

(b) Because C1(X) N Co(X) = I, from (a) it follows that for x € Cy(X)
and y € C,(X) we have x o} y and not x o', y; then x &, y should follow.
¢

Theorem 3.8 shows that if x is an O,-consensus for profile X then in
comparison to any element y of universe U consensus x is either nearer to
the profile elements, or the uniformity measure d for x is smaller than for
y. It means that there may exist an element z which has a smaller sum of
distances to X than x, but the value of d for z will be greater. In compari-
son to an O;-consensus, an (O,-consensus always has a lesser or equal
value of d , which means that the distances from this consensus to the pro-
file elements are more uniformly distributed.

It is known that postulate O, defines a very popular criterion not only
for consensus choice (well known among others as Kemeny’s median)
[68], but also for many optimization tasks. This is natural because the cho-
sen element is the best representative for the profile. However, according
to the above results, postulate O, also seems to be a very good one, espe-
cially in consensus choice, where not only the best representation is req-
uired, but also the uniformity of the distances between consensus and the
profile elements is important. Consider the example below.

Example 3.2. From a set of candidates (denoted by symbols 4, B, C, D, E)
five voters have to choose a committee (as a subset of the candidates’ set),
similarly to that in Example 3.1. Assume that the conflict profile is the fol-
lowing.

X=1{{4,B,C},{4,B,C},{4,B,C}, {4,B,E}, {D,E}}.
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Let the distance between two sets of candidates be equal to the cardinal-
ity of their symmetrical difference. If the consensus choice is made only by
postulate O; then committee

{4, B, C}
should be determined because the sum of distances between it and the
votes is minimal. However, one can note that it prefers the first three votes
while totally ignoring the fifth (the distances from this committee to the

votes are: 0, 0, 0, 2, and 5, respectively). If now as the consensus we take
committee

{4, B, C, E}
then the distances would be 1, 1, 1, 1, and 4, respectively. In this case the
consensus is neither too far from the votes nor does it “harm” any of them.
This is because the distances generated by the second committee are more
uniform than those by the first. The sum of squared distances for the first
committee is 29 whereas for the second committee it is 20. .

A set of solutions given by the
conflict participants
(the proper solution should be
determined)

| |

The proper solution is
independent on the solutions of
conflict participants

The proper solution is
dependent on the solutions of
conflict participants

The consensus should best

The consensus should best reflect the given solutions and

represent the given solutions

be a compromise acceptable by
the conflict participants

The criterion O; should be used
for consensus choice

The criterion O, should be used
for consensus choice

Figure 3.1. Scheme for applications of consensus functions.
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As we can see, postulate Gc very rarely appears in the properties of the
postulates. The reason is that Gc is a very strong postulate which consists
in fact of two conditions. The first condition is in some sense a weaker
condition than that in the Condorcet consistency postulate. However, the
second condition is too strong to be satisfied simultaneously with other
postulates. This condition in general may not be satisfied simultaneously
with any of the postulates O; and O..

After the analysis of consensus functions and referring to the considera-
tions given in Section 3.2.2 we propose the scheme for the applications of
consensus functions presented in Figure 3.1.

3.3.4. Other Consensus Choice Functions

In [104] several consensus functions have been investigated. Here we pre-
sent some of them. We define the following functions

CiX) = {x € Urd"(e.X) = mind"(y,X)}

for X e II(U), n € X.

For n = 1, 2 the justification for consensus choice functions was pre-
sented earlier. The sense of functions with n > 2 is that in some cases the
procedure for determining distance function values may be very complex,
and as a consequence, the consensus choice made by function C,; or C, will
be a very time-consuming problem. Sometimes it is easier to calculate the
power of a distance value than to calculate the distance. For example, in an
Euclidean space it is easier to calculate the second power of a value of dis-
tance between two points, and as the consequence (this is shown in Chap-
ter 8), determining a consensus on the basis of function C, is less complex
than determining a consensus on the basis of function C;.

We prove the following properties of functions C,,.

Theorem 3.9.

For each universe U and each n € W, function C, satisfies postulates of
Reliability, Consistency, Quasi-unanimity, Unanimity, Condorcet consistency,
and Simplification.

Proof.
For functions C; and C, this was proved in Theorems 3.4 and 3.5. In gen-
eral, for a given number n € ¥ let’s define a distance function d'such that

d'(x.y) = (d(x))".
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Notice that the distance function d' satisfies all three conditions (i.e., non-
negative, reflexive, and symmetric), thus (U, d') is a distance space. Notice
also that the function corresponding to function C, which is defined for
space (U, d) can be then treated as C; in space (U, d'). Therefore function
C, in space (U, d) should have all properties of function C; in space
(U, d"). .

Theorem 3.10.
For each X € TI(U) there exists X* < U such that the following depend-
ency is true.

lim C,(X) =.X*.

n—>+o

Proof.
Let X € II(U). We prove that there exists X* < U and ny € ¥ such that for
all n > n, there should be

Cu(X) = X*.

Let card(X) = K; we define the following sets with repetitions
P.={d(x,z): ze X}

forx € U, and
P={P.x e U}.

We define a lexicographical relation n on P as follows. Let P,, P, € P; we
denote by <xi, x;, . . ., x> and <yy, y,, . . ., yx> the nonincreasing
sequences which arise after sorting elements of P, and P,, respectively. Let
now
1 if x;#y
g= 4K if x; =y, forall j=1,..,K ;
k if x, #y, and x; =y, for j=1,....k-=L k<K
then
<P, P>en< xSy,

Notice that 1 is a linear order on P. Let <P,, P,> € n for some x,y € U;
then x, <y, and we have the following:

d"(y.X) —d"(x.X)
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=2 ex (d@.2))' = 2ex (d(x,2))"

= ZZeXyin _ZZeXxin qun - (K_ q + 1) an'

From the definition of the number ¢ it follows that there exists a natural
number n,, such that for all natural numbers » if n > n,, then

d"(x,X) <d"(y,X).
Let now
Pin = {xeU: (VyeU) (<P, P> € n)}.

Of course if x,y € Pin then P, = P,. For x € Ppn, ¥ € U there must be
held

d"(x,X) <d"(y,X)
for each n > n,,. Let x € Py, and
no=max {n,:y € U};
then for each n > nywe should have
d"(x,X) <d"(y,X)
for all y € Uj; it means that
Cu(X) = Pryin.
Let’s now set X* = Py, and the theorem should be proved. .

From this theorem it follows that for each profile X beginning from
some 7, the consensus function C, should give the same value.

Now we deal with the dependency of consensus functions in two dis-
tance spaces with dependent distance functions. Two distance functions d;
and d, in spaces (U, d,) and (U, d,) are dependent on each other if for any
x,x,y,ye U,

dl(xrx') 2 dl(yay,) g dZ(x:x') 2 dz()’,y’)-

Let then distance functions d; and d, be dependent on each other. We
define consensus choice functions C,' and C,?, where

C/(X) = {xeU: d/"(x.X) = min a'».x)}

fori=1, 2. We have the following.
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Theorem 3.11.
Let distance functions d, and d, be dependent on each other and X <
[1(V); then the following dependency is true.

lim C,'(X) = lim C(X).

n—>+o

Proof.
We show that there exists X* < U and n, € N such that for all n > n, there
should be

C)'(X) = G (X) = X*.
Letting K = card(X) we define the following sets with repetitions
P! ={d(xz2):z e X}
forx € Uand
P'={P/:x e U}.
In set P’ we define a linear order 1’ in the same way as in the proof of
Theorem 3.10. Let
Poin={x € U: (Vy € UY(<P/, P/> e n)}.

Notice that <Px1, Py1> IS nl if and only if <Px2, Py2> IS nz, because the
functions d, and d, are dependent upon each other, thus P = P, Also
from the proof of Theorem 3.10 it follows that there exist numbers 7y’ such
that if n > ny, then C,,’(X) =P for i =1,2. Letting now no = max{nof: i=
1,2}, n>noand X* = P' i, = P*in, we should have

C/(X) = G,/(X) = X*,
The theorem is then proved. .

From Theorem 3.11 it follows that if we use two dependent distance
functions then for the same profile beginning from some 7, the consensus
functions C,' and C,” should determine the same values.

3.4. Quality of Consensus

For conflict profiles and their consensuses we introduce a measure which
allows evaluating these consensuses referring to the profiles.
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Profile X )
Profile X'

®

consensus

Figure 3.2. Quality of consensus.

Definition 3.3.
Let X € TI(U), C € Con(U), and x € C(X). By the quality of consensus x in
profile X we call the following value

d(x,X)

d0X)=1 card(X)

Thus the quality of a consensus in a profile reflects the average distance
from the consensus to the elements of this profile. The aim of introducing
this measure is not to compare the quality of consensuses within a profile
but to compare the quality of consensuses within different profiles. Within
a profile it is obvious that for getting a consensus with the maximal quality
it is enough to determine an O;-consensus. Let’s see the example in Figure
3.2. We can notice that the consensus of profile X has lower quality than
the consensus of profile X'.

If x is an O;-consensus then instead of d (x, X) we write d (X) because
as all O,-consensuses have the same (maximal) quality.

The problem we want to solve here is, having a given profile, how to
improve the quality of its consensus. For solving this problem we consider
the modification of the profile toward this aim. By the profile modification
we mean adding or removing elements to or from this profile.

We have the following properties.
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Theorem 3.12.
Let x be an O\-consensus for profile X; let X be such a profile that

XO=x 0 {k+*x}
for any k € NX; then there should be
dX)<dX™) < dX"D)
foralln € N. The equality takes place iff X is a homogeneous profile.

Proof.
Notice that after adding x to profile X this element is still an O;-consensus
for X. Moreover we have

d(x,X) = d(x,x").
Also, card(X V) = card(X) + 1, thus there should be

d(x.X) _,  dxX?)

card(X) — card(X")’

that is,
dx)<dx®).

By induction we can prove thatd (X ™) < d (X™). The equality takes place
if and only if X is a homogeneous profile because only in this case d(x,X) =
d(x,X")=0. *

The above theorem shows that if we increase a heterogeneous profile by
adding to it an O;-consensus then we can improve the consensus quality.
From the proof we can easily prove that

lim d(X™)=1.

n—>+o

The following theorem shows that if we add to a profile such an element
of it that minimizes the sum of distances to its elements, and this element
is not too far from an O;-consensus of this profile, then the consensus qual-
ity should be improved.

Theorem 3.13.
Let x be such an element of profile X that

d(x,X') = min{d(y,X): yeX}
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and let there exist an Oi-consensus y of X such that

1
d(yx) < m d(y.X);

then the following inequality should be true
dX) < dX O{xd).

Proof.
Let X' = X U {x}, and let z be an O;-consensus of X'. We have
d(z,X") <d(y.X").
On the other hand
dy,X") = dy,X) +d(y.x)
1
<d + ———d
-9 card(X) -9
card(X)+1
=————d .
card(X) -5
It implies that
1 1
—d N< ——d ,
card(X)+1 @X) card(X) 0%
which means
dX) < dX). .

In general, we can expect that the larger the consistency value of a pro-
file the higher the quality of its consensus. A case of this situation is illus-
trated in Figure 3.2. However, this is true only for consistency function cs
(see Section 2.4.4, Chapter 2), and not always true for the remaining con-
sistency functions.

3.5. Susceptibility to Consensus

In this section we present the definition, criteria, and their analysis for pro-
file susceptibility to consensus. Because of reliability of consensus func-
tions, in a distance space for each profile one may always determine its
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consensus (e.g., using one of criteria O, and O,). However, one should
give the answer for the following question. Is the consensus sensible and
may it be accepted as the solution of the conflict? In other words, is the
profile susceptible to consensus [64]?

To illustrate this problem let’s consider an example.

Example 3.3. Let a space (U, d) be defined as follows. U = {a, b} where a
and b are objects of some type, and distance function d is given as

0 for x=y
d(x,y) =
1 for x=y
forx,y e U.
Let X be a profile, as a set with repetitions, where
X ={a, b};

that is, each of objects @ and b occurs exactly once in the profile. Assume
that X represents the result of some voting in which two voters take part;
each of them casts one vote (for a or b). There is one vote for @ and one
vote for b. It is easy to note that for profile X the O;- or O,-consensus
should be equal to a or b. But it intuitively seems that neither of them is a
good consensus, because there is lack of compromise in this conflict situa-
tion. Let us now consider another profile

X'={2%a b}

in which there are three votes: two of them are for a and one is for b. For
this profile the only consensus should be a and it seems to be a good con-
sensus; that means this profile is susceptible to consensus. .

The above example shows that although consensus may always be chosen
for a conflict profile, it does not have to be a good one. Below we try to
characterize the situations in which conflict profiles are susceptible to con-
sensus.

3.5.1. Criteria for Consensus Susceptibility

For a given distance space (U, d), X € [1(U) and card(X) = K, first we
define the following parameters [106],

> (d(x,y)

d = X fori=12.
t mean (X) k(k+1)
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> (d(x,2)

dx)= 22— fori=12.

k
d.(X) = mi[?d;(X) fori=1,2.
d (X) = ma}]xd;'(X) fori =1,2.

For i = 1 the index i may be omitted; thus symbols d
consistent with those defined earlier in Section 2.4.
The interpretations of these parameters are the following:

and d,; are

t_mean

e d! . (X):Fori=1 we have interpreted this value as the total aver-
ag_e distance of all distances in profile X. The justification for this
pattern is given in Section 2.4 (Chapter 2). For i = 2 this value is
treated as the total average of all squared distances in profile X.

e d!(X): This value represents the average distance of all distances be-

tween object x and the elements of profile X.
e d’. (X) : The minimal value of d. (X) forx € U.

Definition 3.4

Let X € TI(U) be a profile. We say that profile X is susceptible to consen-
sus in relation to postulate O; for i = 1, 2 (or Osusceptible to consensus)
if and only if the following inequality takes place,

dti_mean (X) 2 drim'n (X ) .

The idea of the above definition lies in such intuition that because value
(X) represents the average distance in profile X, and d'. (X)

dtl mean min
represents the average distance from the consensus to the elements of the
profile, then X is susceptible to consensus (i.e., it is possible to determine a
“good” consensus for X) if the second value is not greater than the first.
Satisfying the above inequality means that the elements of profile X are
“dense” enough for determining a good consensus. In other words, opin-
ions represented by these elements are consistent enough for determining a
good compromise.

For the profile X from Example 3.3 the above-defined values are calcu-

lated as follows.
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_2:(0+140) 1

dtﬁmean (X) 7.3 3

and

1
d (X)) =—.
min ( ) 2
Of course % < %, thus profile X is not O;-susceptible to consensus. The

same result may be deduced for i = 2. For profile X’ we have the follow-
ing.

o )= 22 = 2,
and
dpin (X)) = l
3
Thus d, e (X)) = d,,;, (X'), meaning that profile X" is O;-susceptible

to consensus. Similarly we can state that profile X'is not O,-susceptible to
consensus, but profile X' is O,-susceptible to consensus. Definition 3.4 is
then consistent with the intuition.

Definition 3.5.

Let X € TI(U) be a profile. We say that X is i-regular for i = 1, 2 if and
only if for each pair of objects x, y € U the following equality takes place.

d; (X) = d}, ().

Notice that profile X defined in Example 3.3 is i-regular for i = 1, 2,
whereas profile X' is not i-regular (or i-irregular) for i = 1, 2.
Below we present some results of the analysis.

Theorem 3.14.
Each i-regular profile X, where card(X) > 1, is not Orsusceptible to con-
sensus fori=1,2.

Proof.
For i = 1: Let X be a 1-regular profile in space (U, d) and let card(X) = k;
then we have
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> d(x,y)

d (X)= 2%
. (X) P

This value should be the same for all x € U; thus the sum zye »d(x,y)
is also the same for all x € U. Let it be equal to sy> 0. We have then

dmin(X) = STX .

On the other hand, the value d, ., (X) is equal to

2.d(x,y)

e () = 25— = Ko S
- k(k+1) k(k+1)  k+1

It follows that
dmin (X ) > dt_mean (X)5
this means that profile X is not O;-susceptible to consensus.

The proof for i = 2 is similar. .

Theorem 3.14 implies that it is not worth determining the consensus for
a regular profile because it is not susceptible to consensus.

Theorem 3.15.
Let X, X' € TI(U) be such profiles that X is i-regular and X'= X O {x} for
some x € X; then profile X'is Osusceptible to consensus fori =1, 2.

Proof.

For i = 1: Because profile X is 1-regular, thus similarly as in the proof of
Theorem 3.14 we can assume that d_, (X) =sx/k where card(X) = k. It is
easy to notice that for profile X'the value d_, (X') can be achieved for
element x and is equal to sy/(k + 1) . Value d (X) can be calculated as
follows:

min

t mean

2.d(y,z)

A\ mean (X)) = m
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> d(y,2)+23 d(x,y)

_ yizex yex _ ksy+2s, sy

(k+1)(k +2) Dk +2) k4l

Thus we should have

dmin (X ) = dtﬁmean (X) s

This means that profile X is O;-susceptible to consensus.
The proof for i = 2 is similar. *

Theorem 3.15 shows the way for achieving the susceptibility to consen-
sus for an i-regular profile; it is enough to add to it any of its elements. The
practical sense of this theorem is the following. If in an impasse conflict
situation any of the opinions does not dominate the other then it is enough
to invite an additional participant for the possibility of determining a sen-
sible consensus.

From the practical point of view, a special and interesting case is that
universe U consists of real numbers, and the distance d(x,y) is equal
to |x - y| for x, y € U. We show now the conditions which should be satis-

fied for a profile consisting of real numbers to be susceptible to consensus.
Assuming that we have to deal with such kind of distance spaces, then the
following property is true [106].

Theorem 3.16.
In space (U, d) if a profile X € TI(U) consists of an odd number of ele-
ments then it is always O-susceptible to consensus fori =1, 2.

Proof.

(a) For i = 1: Because card(X) is an odd number then card(X) = 2k — 1
for k being a natural number. If £ = 1 then of course the equality

dl_mean (X) = dmin (X) =0

takes place; that is, the theorem is true in this case. Assume that £ > 1. Let
us denote by (a, as, . . . , ax.1) an increasing sequence which arises after
sorting elements of profile X. Let us consider the following distances,

d(ak_,», ak+i) = |ak_l- —ak+l-| forl1 <i<k.

Each distance d(ay.;, ai+;) where 1 < i < k generates a set D; consisting of
the following elements (which indeed are sets of distances):
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e 2-clement sets which consist of pairs of distances

{d(ak_i,aj), d((l_/‘,akﬂ)}

or

{d(akﬂ«,aj), d(aj,ak-i)}

for k—i <j < k+i.
Notice that

d(ak-iaakﬂ') = d(ak—isaj) + d(ajaakﬂ')
= d(ar+,a)) + d(aj,a;.:).

e l-element sets which consist of distances d(aj,a+;) or d(ay-:a;) for
1<j< k—i and d(ar.,a;) or d(ajar;) for k+i< j<2k—1.
Notice that

d(ariar+i) < d(aj,ar+) = d(a+i,a))

for1 <j<k—i,and

d(apiai+i) < d(aia) = d(aj,ar.)
fork +i< j<2k.
Notice also that for a given i the number of sets in set D; is equal to
2(2i + 2(k—i—-1))=22k-2).

The elements of these sets are nonrepeated and their sum is not smaller
than d(ay.;, ai+;). Also as follows from index definition, each distance occurs
in all sets D; (fori=1, 2, ...) at most once.

Now we calculate the values which decide about the susceptibility to
consensus for profile X. One can prove that value d_. (X) can be
achieved for x = ay, thus

min

1
d. (X)= ——— E d(a,_;,a.,;),
min () 2k —1i<ick-1 (i)

and

1

d = — d(a,,a,).
t_mean (X) 2k(2k—1) 155,;/{_1 ( s t)

Notice that because (2k—2)/k > 1 for k> 1, we have the following:
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1
R — d(ag,a,)
2h(2k —1) lgs,gzkfl '

1 > ( ZdeDi (Xca?) )

> -
2k(2k —1) 1<ik1

> ——2(2k-2 d(a, ;. a;.,
h k- ( )Kl_gzkil (@i> 1)
= Zkk—_2 dmin(X) 2 dmin(X)'

Profile X is then O;-susceptible to consensus.
(b) For i = 2: notice that

(d(ainay))” = (d(ana)’ + (d(ana))’
for 1 <i< kand k< j<2k— 1. It implies that

Y (d(a,a)) 2k Td(a,a.,)7 +d(aa,,)7).

I<i<k I<i<k-1
k<j<2k-1

The value d?

min

(X) should be achieved for x=1/ nz; a, , thus

1

drznn(X) = d(aisx) 2
2k -1 lsigkfl ( )
<1 (d *+(d 2)
= Z ( (akaak+i)) +( (akaak—i))
2k -1 1<i<k-1
1 ) 5
< — d(a;,a;)) = d; e X).
k(2k —1) mg (06 = 4 (0
k<j<2k-1
It follows that profile X is also O,-susceptible to consensus. *

Theorem 3.16 shows that if for a competition the number of jury mem-
bers is odd and if their opinions are in the form of real numbers then it is
always possible to determine a sensible consensus. This result explains
why the numbers of jury members in many contests are odd numbers.
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In the case when card(X) is an even number then profile X is not always
O,-susceptible or O,-susceptible to consensus. The interesting case is when
card(X) =2; let X= {a, b} where a # b. We have

d(a, b) = |a —b| > 0.
Notice that

L N

dmin (X) = 5 3

dt_mean (X) .
So profile X cannot be O;-susceptible to consensus. Similarly we can prove
that it is also not O,-susceptible to consensus. This is consistent with the
consideration in Example 3.3.

Below we present the notion of susceptibility to consensus of a profile
in the context of other profile.

Definition 3.6.
Profile X € TI(U) is susceptible to consensus in the context of profile
Yell(U)ifXcYand d' (X)) <d

max

min (X) .

The above definition serves in such situations as when profile X is not
susceptible to consensus but its context (profile ¥) is more nonsusceptible
to consensus. In other words, the conflict encompassed by profile X is not
meaningful in the relation to the conflict represented by profile Y. In this
case the consensus determined for profile X could be acceptable.

3.5.2. Consensus Susceptibility versus Consistency

Now we analyze the relationships between consistency values of conflict
profiles and their susceptibility to consensus.
In Chapter 2 we defined five consistency functions:

¢ (X)=1-Diam(X),
¢,(X) =1~ Diam(W"),

c3(X) = 1= dpean (X)),

mean

C4 (X) = 1 - dtfmean(X)a

es(X)=1-d_. (X).

min
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Here we present some dependencies between profile consistency and
consensus susceptibility. These dependencies show that in general the two
notions are coherent. The following properties are true.

Theorem 3.17.

Foreachj=1,...,5ifc(X)=1 then profile X is Oi-susceptible to con-
sensus fori=1,2.

Proof.

Foreachj =1, ..., 5 itis easy to show that ¢(X) = 1 if and only if profile

X is homogeneous. In this case we have
dtinin (X) = dti_mean (‘X) =0
for i = 1, 2; that is, profile X is O, -susceptible to consensus fori =1, 2. ¢

This property shows the coherence between consistency measures and
consensus susceptibility. In the case when a profile has maximal consis-
tency then it is also susceptible to consensus. However, if a profile has
minimal consistency then it should not necessarily be susceptible to con-
sensus. The following properties show that the intuition is true only for
functions c¢3, ¢4, and c¢s and false for functions ¢; and c,.

Theorem 3.18.
(a) For each j = 3, 4 if ¢(U) is minimal then profile X is not O;-
susceptible to consensus fori =1, 2.

(b) If c¢s(X) = 0 then profile X is not Or-susceptible to consensus for i=
1,2

Proof.

(a) We assume that card(X) > 1, because if card(X) = 1 then X is a ho-
mogeneous profile and of course it is O;-susceptible to consensus fori = 1,
2. For function c¢3 notice that if ¢3(U) is minimal, that is, c3(U) = 0, then
(U) =1; that s,

dmean

> d(x,y)

x,yelU

card U eard @) 1) "

From this equality it follows that d(x,y) = 1 for all x,y € U and x # y.
Thus in a profile X e I1I(U) we should have
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diin(X) =1
and

card(X)—-1 < g

d = :
t mean (X) C(ll"d(X) min

(X),

for i = 1, 2. Thus profile X cannot be O;-susceptible to consensus for i = 1,
2. For function ¢4 the proof is identical with the notion that c4(U) is mini-
mal if and only if d; mean(U) is maximal; that is,

card(U) -1

% mecl ) = card(U)

(b) For function c¢s notice that if ¢s(X) = 0 then
drinin (X) = 19

this means that d(x,y) = 1 for all x,y € X and d(x,y) = 1 for all xe U and
y € Uwhere x #y. Thus

card(X)-1

< drinin (X) >
card(X)

dli_mean (X) =

then profile X cannot be O;-susceptible to consensus fori =1,2. ¢

For functions ¢, and c¢; it is not possible to formulate a relationship
between the minimal value of ¢,(U) or ¢»(X) and the susceptibility to con-
sensus because these functions take into account only the behavior of some
elements of the profile. The behavior of other elements is not reflected by
them. Nevertheless functions ¢; and ¢, have many practical applications.

Another aspect of the relationship between consistency measures and
consensus susceptibility is based on the investigation of the behavior of
consistency in situations when a profile is susceptible to consensus. It turns
out that the behaviors of defined consistency functions are not similar.

From Theorem 3.18 it follows that if profile X is O;-susceptible to con-
sensus for i = 1, 2 then cs(X) > 0, c3(U) > 0, and c4(U) > 0. However, refer-
ring to functions ¢, and ¢, similar results may not be deduced.

Referring to functions ¢4 and ¢s we have the following.

Theorem 3.19.
If profile X is O-susceptible to consensus then there should be:

2 2

ca(X) = WX)H and  c¢s(X) = W-
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Proof.
Notice that because profile X is O;-susceptible to consensus, then

dt_mean (X) z dmin (X) .

In addition, we know that

card(X) -1 card(X) -1
dtﬁmean (X) = ( ) dmean (X) S ( ) .
card(X)+1 card(X)+1
So there should be
card(X)-1 _ 2

c =1-d, ., >1- .
(%) mean (X) card(X)+1  card(X)+1
Because c4(X) > ¢s5(X) then there should also be

2

cu(X) = W

The same result may be similarly proved for a profile O,-susceptible to
consensus. .

This theorem shows some threshold for the minimal values of consistency
of a profile susceptible to consensus. Theorems 3.17 to 3.19 state some co-
herence between two notions: conflict profile consistency and susceptibility
to consensus. We can see that these two notions are not contradictory to each
other, but they are also independent. We mention that the criterion for sus-
ceptibility to consensus allows us to evaluate if a determined consensus will
be sensible, whereas consistency value tells us about the coherence degree
of the elements of a conflict profile. From the above results it follows that
if the consistency is very low then the profile may not be susceptible to
consensus, and if a profile is susceptible to consensus then its consistency
value is larger than some positive value.

3.6. Methods for Achieving Consensus
Susceptibility

In this section we present some methods for achieving susceptibility to
consensus for such profiles which are not susceptible to consensus. We
deal with the following two methods toward this aim:

e Profile modification by adding or removing elements
e Profile modification by weight determination for its elements
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In the first method we show several situations when adding or removing
elements to or from the profile may cause achieving the susceptibility to
consensus. In the second method we work out an algorithm for profile
element weight modification for this purpose.

3.6.1. Profile Modification

In this section we present some results which allow achieving the suscepti-
bility to consensus for a profile by its modification. The theorem presented
below shows that if a profile is not susceptible to consensus then it should
become susceptible if we add to it a large enough number of occurrences
of any element of the universe.

Theorem 3.20.
Let X € TI(U) be such a profile that X is not O,-susceptible to consensus.
Let x € U, then there exists a natural number n, € N such that profile

X'=X U {n,* x}
is Oy-susceptible to consensus.
Proof.
We know that an O;-function also satisfies the postulate of Quasi-
unanimous (defined in Section 3.2.2), according to which if an element x is
not a consensus of profile X then there exists a natural number #n such that

x is a consensus of profile Y =X U {n * x}. Letting card(X) = k, for profile
Y we have

1 _ )
Q1) = {2, pd ) = S22

and

1
dt_mean (Y )

T k) k+n+1)

(zy,zeXd(y’ Z) + 2(7’1 - 1) Zyexd(x’y))

_ 1
(k+n)(k+n+1) @%de(%z))

1

M7 Y SURIDWSHIES))
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_ kktD X0 + 2(n—1)
(k+n)(k+n+1) =" (k+n)(k+n+1)

d(x,X).

Thus inequality
dmin(Y) < dtﬁmean(Y)

is equivalent to inequality

k(k+1)
(k+n+1)

2(n-1)

d(x,X) < m

dt_mean (X) + d(x, X) .

Notice that for n — +oo the first component on the right side of the above
inequality should aim at 0 and the second component aims at 2d(x, X).
It then implies that with a large enough value of n the above inequality
should be true. That is, the profile Y with such a value of n should be
O-susceptible to consensus. .

The same result can be proved for O,-susceptibility.

In general, the higher the value of consistency of a profile is, the larger
the possibility for it to be susceptible to consensus. Although it is not
true in all cases,? we can accept it for trying to achieve the consensus
susceptibility. As we know, postulates P7a and P7b show that inconsis-
tency may be enlarged if we add to the profile its O;-consensus, or remove
this element from it which generates the maximal sum of distances to the
remaining elements.

3.6.2. Using Weights

In this section we present another approach for achieving susceptibility to
consensus, which is based on determining weights for the elements of a
conflict profile. In this approach an element is assigned with a weight
value representing the degree (or level) of this element in determining con-
sensus. Weights assigned to conflict participants can be interpreted as the
degrees of their credibility, and in consequence, the credibility of their
opinions. Weights also can represent the degrees (or participation) of the
profile elements in the consensus determination process. This approach
may be useful in such practical applications in which conflict participants

2 This is because of the lack of restrictions for the distance function d; with the
assumption that d is a half-metric it seems to be impossible for this statement to be
true.
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may not achieve the compromise (consensus) because of too large differ-
ences of their opinions on some subject (i.e., the consistency value is too
low). In such cases one of the possible solutions may be based on assign-
ing the participants with their priorities which can be represented by the
weights. Owing to modification of these priorities one may determine a
profile which is susceptible to consensus, and then the participants can
achieve the compromise. Such an approach can find applications, for
example, in creating intelligent user interfaces [124, 126].

The weight function has been defined in Section 2.3.3 (Chapter 2). We
mention the assumption that the profile elements represent the opinions of
the conflict participants; each of these opinions belongs to one participant
and each participant can give only one opinion. A weight function for each
participant assigns a real number belonging to interval [0,1]. Thus we have
the following weight function,

w: X — [0,1].

Function w can be treated as a fuzzy function

Having the weight function we define the following postulate O," for
consensus choice in which the weight function is taken into account,

(x € cX) = (X, wn)d(x,)) = min 2 e WAz, )")

fori=1, 2.

Two consensus functions satisfying postulate O (for i = 1,2) can be
defined as follows.

G X ={xe U X, w»dxy) = min ¥ wi)d(z)' )

fori=1,2.

One can notice that function C;" corresponds to function C; defined in
Section 3.3.3.

The expressions serving to evaluate the susceptibility to consensus of
profiles now have the following forms (for simplicity we do not change the
symbols for these expressions).

> w)d(x,p))
] e (X) = 225

k(k +1)
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2 w)d(x, )Y
d, (X)= *=

k

and
dl;in (X) = min d;(X)
xeU
fori=1,2.

Now let’s consider the following problem [110].

Assume that a profile X € TI(U) is not O;-susceptible to consensus. How
can function w be constructed such that profile X is O," -susceptible to
consensus fori=1,2?

A very simple answer to the above question may be the following. Set
w(x) = 0 for each x € X, then the susceptibility is achieved because the
equality d| ... (X) = d., (X)= 0 holds. Unfortunately, this answer is not
satisfactory because in this case any element of U may be a consensus for
X. We are interested in the minimal modification of function w (at the
beginning, we assume w(x) = 1 for any x € X) so that profile X becomes
susceptible to profile X, that is, to achieve the inequality

dti_mean (X) 2 drinin (X) .

First let’s consider an example.

Example 3.4. Let a space (U, d) be defined as U = {a, b, c} where a, b,
and c are objects of some type, and distance function d is defined as

0 for x=
deyy =1 5TV forallxy e U
1 for x#y

Let X be a profile where
X={25%a,25*b,25 *c}.

Assume that X represents the result of some voting in which 75 voters
take part; each of them casts one vote (for a or b or c¢). For each object
there are exactly 25 votes. It is easy to note that profile X is neither O;-
susceptible nor O,-susceptible to consensus. Now we assume that the votes
for elements a and b will have weight equal to 0.5, and the votes for ele-
ment ¢ will have weight equal to 1; that is,
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w(a)=0.5, w((b)=0.5, and w(c)=1.

Thus
; 2-(0.5-25-25+0.5-25-25+0.25-25-25
dt mean (X) = ( )
- 75.76
_2.5-25-25 625
75-38 3.38°
and
. 50-0.5 1
i (X) = =~
75 3

for ¢ being a consensus. Of course we have 62.5/3.38 > 1/3, so profile X
becomes O," -susceptible to consensus with new weight function w. .

The following theorem presents the possibility of weight modification
for achieving consensus susceptibility.

Theorem 3.21.

If profile X is not Osusceptible to consensus for the weights equal to 1,
then there always exists a weight function w such that w(x) > 0 for any

element x € X for which profile X is O} -susceptible to consensus (i =1, 2).

Proof.
We present the proof for i = 1. The proof for i = 2 is similar. For simplicity
for i = 1 we do not use the index i in the expressions.

Because profile X is not O;-susceptible to consensus, the following ine-
quality should take place,

> d(x,y)my) > dx,y)w(y)

d — XyeX < d(X) = yeX
t_mean (X) k(k + 1) mm( ) k

for card(X) =k, x' € Cy(X) and w(x) = 1 for each x € X. Thus for eachz € U
we have

> dxy)m(y)

x,yeX
D < )2% d(z, y)w(y)

or
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> dx,y)w(y)

’ e - y;{ d(z,y)wm(y) <O0.

After transforming the above inequality, we have the following.

> d(x,)
yg{ w(y) XEXT—OZ(Z,J/) <0.
Denoting
> 8(x,»)
a(y) = %,
we obtain

> w)a(y)-d(z,y)) <0.

yeX

For any given element z € U, set X can be divided into two disjoint sets
X'and X" such that for each y € X" inequality ou(y) — d(z,y) < 0 is true and
for each y € X" inequality a(y) — d(z,y) > 0 is true. Notice that because
profile X is not O;-susceptible to consensus, there exists z € U such that
set X" is not empty. Then the last inequality can be written as

> wa(y)—d(z,y) < Y wn)a(y)-d(zy)),

yeX" yeX'

where w(y) = 1 for each y € X. We show that it is possible to modify func-
tion w so that all its values are greater than 0 and the following inequality
will be true.

2w -d(zy) 2 3 w)e)-d(zy):

yeX" yeX'

Because set X” is not empty, the sum on the left side of the above ine-
quality is greater than 0. Thus it is possible to maintain w(y) = 1 for each
ye X", and for elements y € X'to decrease values w(y) so that w(y) > 0 and
the above inequality is true. In this way the theorem has been proved. ¢

We now present an algorithm which for a profile being non-O;-
susceptible to consensus minimally modifies the values of weight function
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w (at the beginning they are equal to 1) so that X becomes susceptible to
consensus referring to criterion O;" .

The idea of this algorithm is based on the following steps. At first, we
count the consensus according to function Cj; next we determine sets X'
and X" on the basis of the proof of Theorem 3.21. Having these sets we
can minimally modify the values of function w so that the inequality

dtﬁmean (X) 2 dmin (X )

takes place. The algorithm is presented as follows.

Algorithm 3.1.
Input: Profile X being non-O;-susceptible to consensus and card(X) = &,
w(x) =1 for eachx € X.
Result: New values of function w, for which profile X is O, -susceptible to
consensus.
Procedure:
BEGIN
1. Determine z € U such that d(z,X) = d,;, (X);
2. Divide set X into disjoined sets X" and X" so that for each y' € X'
and y"e X" the inequalities a()') — d(z,y") < 0 and a(y") — d(z,y")
> (, follow, respectively, where

Y d(x,y)

W=

fory € X;
3. For each y € X'set maximal value of w(y) such that w(y) > 0 and
the following inequality holds true
2 v -d(z) =z 3 wo)a)-d@zp);
yeX" yeX'

4. Foreachy € X"set w(y) = 1;
END.

The idea for an algorithm aiming to minimally modify the values of
function w so that X becomes O,' -susceptible is similar, and the algorithm
is presented as follows.
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Algorithm 3.2.

Input. Profile X being non-O,-susceptible to consensus and card(X) = &,
w(x) =1 for eachx € X.

Result: New values of function w, for which profile X is O’ -susceptible to
consensus.
Procedure:
BEGIN
1. Determine z € U such that d*(z,.X) = d 2. (X);.

2. Divide set X into disjoined sets X' and X" so that for each y' € X’
and y" € X" the inequalities o)) — (d(z,)"))* < 0 and a()") —
(d(zy"))* > 0 follow, respectively, where

> (d(x,»))

o) = = T

3. For each y € X'set maximal value of w(y) such that w(y) > 0 and
the following inequality becomes true.

Y wloam)-[@@n)) 2 T wola)-([@Er)’):
yeX" yeX'
4. For each y € X"set w(y) = 1.
END.

We can see that the computational complexity of Algorithms 3.1 and 3.2
is not large and is linear to the number of elements of profile X except step
1. For step 1 some special procedure should be used, and its complexity is
dependent on the microstructure of universe U. In some cases this problem
is NP-complete and it is necessary to work out a heuristic algorithm.

3.7. Reduction of Number of Consensuses

Very often for a conflict profile X a consensus function determines more
than one consensus; that is, card(C(X)) > 1 for some function C € Con(U).
This phenomenon in many cases may make the knowledge management
process difficult because it is necessary to determine only one consensus.
In this section we deal with the methods for reducing the number of con-
sensuses generated by a consensus function [115]. First consider an example.
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Example 3.5. From a set of candidates (denoted by symbols 4, B, C, . . .)
four voters have to choose a committee (as an 1- or 2-element subset of the
candidates’ set). With this aim each of the voters votes on such committee
which in her opinion is the best one. Assume that the votes are the follow-
ing:

{4, B}, {4,C}, {B,C}, and {4}.

Let the distance between two sets of candidates be equal to the cardinality
of their symmetrical difference. Using function C; (the most practically
applied function) to determine the consensus for conflict profile

X=1{{4, B}, {4,C}, {B,C}, {4} }

from the universe U being the collection of all 1- or 2-element subsets of
{4, B,C}, we obtain the following consensuses,

Ci(X) = {{4, B}, {4,C}, {4} }.

One can see that the number of the consensuses is equal to three and thus
the choice result is not unambiguous. It is then needed to reduce the repre-
sentative number in some way. Notice also that if we use C, to determine
consensus, then there should be only two consensuses

Co(X) = {{4, B}, {4,C} }. *

3.7.1. Additional Criterion

We define the following functions. For X € T1(U),

C(X) = {x e O,(X): d(x,X) =yigi&) d(y,X)},
G (0= {xe ) d(xX) = min d(y.X)},
Cp, (X) = {x € Cy(X): d(x,X)=yEanig( : d(v,X) },

C, (X)) = {x e C,(X): dz(x,X)=ngli&) d*(v,X) },

forn e .
We have the following theorem.
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Theorem 3.22.
For each conflict profile X € T1(U) the following dependencies are true.

@ Cy (X = C(X).
b) C,,(X) = C, (Y.

Proof.
(a) In the proof of Theorem 3.8 we showed that

d(x,X) = d*(xX) ~ % ([dxX))

for each x € U and card(X) = K. Assume that x € 51 (X); then for each
y € C\(X) inequality d (x,X)< d(y,X) should be true; that is,

d*(0,X) —  (dx.X)) < d*(.X) — 4 (dr.X))"

In addition, because x, y € Ci(X) then d(x,X) = d(y,X) and from the above
inequality it follows that

d*(e.X) < d*(.X0;
this means x € C,,; (X). Similarly we can prove that if x € C,, (X) then
X € 51 (X). Thus

G, ()= C,(X).
(b) The proof for this equality is similar to that in (a) *

Theorem 3.22 shows a very important result in using the second choice
functions to the consensus choice. Concretely, if for a profile X in the first
step we use function C;, and in the second step we choose from C;(X)
those consensuses best referring to postulate O,, then it turns out that these
consensuses are also the best referring to the uniformity of the distances
between them and the profile elements, and vice versa. Similar results may
be obtained if in the first step we use function C, and in the second step we
choose from C,(X) those consensuses which best refer to postulate O;.
These consensuses also best refer to the uniformity of the distances be-
tween them and the profile elements, and vice versa.

Owing to the two-step consensus choice most often we can decrease the
number of consensuses and choose those which satisfy not one but several
postulates simultaneously.
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Example 3.6. For the profile defined in Example 3.5 if in the first step we
use function C; and in the second step we use function C, then the result
will contain not three but two consensuses, which are:

CZI (X) = {{AaB}s {A,C}} ¢

Similarly as in the proof of Theorem 3.11 we can prove that if all ele-
ments x of C;(X) generate different sets

{d(x,y):y € X}

then there exists a natural number #, such that C,, (X) contains exactly one
element for each n > n,.

3.7.2. Profile Modification

In this method we propose the choice in two steps: in the first step the
consensus is chosen on the basis of some criterion. If the number of con-
sensuses is large then we modify the profile to decrease this number.
Modification of a profile may be based on:

e Adding a new element to the profile
e Removing some element form the profile

In the first case we create a new profile by adding all consensuses to the
previous profile, and next using the same or other criterion to make the
second choice. This method is very effective because in the second choice
the number of consensuses always equals one. We have the following.

Theorem 3.23.
For each profile X € TI(U) and function C; where i =1, 2, . .., the follow-
ing dependency is true.
Ci(X U {x}) = {x},
forx € Ci(X).

Proof.
First we prove that each if x € Ythenx € C(X UY). Let X' = X U {x}; for
any y € U and y # x we have

d'xX) =3 _.(d(x,2) =dxX)



3.7. Reduction of Number of Consensuses 99

< Y. d.2) + @) =d.X).
Thus x is the only consensus for profile X". .

The following example illustrates this method.

Example 3.7. From Example 3.5 we have

Ci(X) = {{4.,B}, {4,C}, {4} }.

After adding one of these consensuses (say {4,B}) to the profile X we have
new profile

X = {{AaB}a {AaB}a {A’C}’ {B’C}’ {A}}=

for which
Ci(X") = {4,B};
that is, C;(X") contains exactly one consensus. .

In the second case we propose to reduce the consensus number by re-
moving from the profile those elements which “spoil” its consistency. The
way to eliminate such elements is defined in postulate P7b for consistency
functions (Chapter 2, Section 2.4). According to this postulate from the
profile X we should eliminate such an element a for which

d(a,X) = max{d(x,X): x € X}.

Thus the element a should most “spoil” its consistency, and if we re-
move this element from X then the consistency of the new profile should
increase, and owing to this the consensus set may be small.

The reduction method we propose in this case is based on several steps
of consensus choice. At the first step, we make the choice on the basis of
function C,. If the number of consensuses is large then in the second step
we remove from the profile the element which most “spoils” the consis-
tency of X and make the second choice for this profile still using function
C1, and so on. The process should be stopped when the number of consen-
suses is equal to one. The following example should illustrate this method.

Example 3.8. With the same assumptions from Example 3.5, let us con-
sider the following profile,

X={{4,B}, {C}, {B,C}, {4,C}, {4}, {D}}.

Using consensus function C; we obtain three representatives:

Ci(X) = {{4}, {4,C}, {C}}.
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For reducing this number we notice that the last vote, that is, {D}, most
spoils the profile consistency because the value d({D},X) is maximal.
After removing this element, we have the following profile,

X'={{4.8}, {C}, {B.C}, {4,C}, {4} },
for which the choice on the basis of function C; gives only one consensus
Ci(X") = {{4,C}}. *

However, this method does not always guarantee success. If in universe
U the distance between any two elements is identical and we deal with a
distinguishable profile then the consensus function should give

CiX) =X

Also value d(x,X) is identical for all x € X, so removing any element from
X does not improve the situation. The number of consensuses will be equal
to one if in the profile only one element remains.

3.8. Conclusions

In this chapter we have worked out a general model for consensus
choice tasks. The model is called general bcause we have not assumed
the microstructure of universe U. In this model the following elements
have been defined and analyzed: a set of ten postulates for consensus
choice functions; several classes of consensus functions; criteria for sus-
ceptibility to consensus for conflict profiles; criterion for quality of con-
sensus and method for improving the quality; relationships between
criteria for susceptibility to consensus and consistency values of conflict
profiles; methods for achieving susceptibility to consensus for conflict pro-
files; and methods for reducing the number of consensuses. We have
defined two notions for evaluating a consensus and a profile: consensus
quality and susceptibility to consensus. As has been shown, along with the
notion of profile consistency, these three notions are independent of each
other. Some of these notions have been presented in our earlier publica-
tions. However, in this chapter a deeper analysis has been done, and a
number of new and original results have been presented.

The tools proposed here should give a general image for solving consen-
sus tasks and should enable someone to make a decision as to which consen-
sus choice function should be applied to a concrete practical situation.

In the next chapters we deal with concrete microstructures of universe U.



4. Model for Knowledge Integration

This chapter presents the aspect of knowledge inconsistency in the integra-
tion process. It is natural that in the knowledge integration process resolv-
ing inconsistency is needed because the knowledge may originate from
different sources. We propose a model for knowledge integration and show
the placement of the inconsistency aspect in the integration process.

4.1. Introduction

One of the fundamental challenges for artificial intelligence is developing
methods to enable cooperation between autonomous and intelligent sys-
tems. One of the necessary conditions for successful cooperation is the
consistency of knowledge of these systems. Knowledge integration is the
task of creating a new piece of knowledge on the basis of other different
pieces of knowledge. This task is very often required because of the auton-
omy of the systems and nondeterministic mechanisms for knowledge proc-
essing which may cause the appearance of such situations that knowledge
about the same real world may be reflected differently in different systems.
This task is difficult because it is hard to indicate the inconsistency of knowl-
edge as well as to reconcile the inconsistency. However, without solving
this problem cooperation between the systems is not possible.

In multiagent environments the knowledge integration task has an es-
sential meaning because cooperation is one of the main elements in agent
functioning. The realization of this task is needed for the following reasons:

e A new agent has to be created on the basis of some other agents and
has to take over the functions of these agents.
e Several agents want to cooperate for realizing a common task.

In both cases one should pay particular attention to knowledge integra-
tion because it is well known that having inconsistent knowledge, the
agents may disturb each other instead of co-operating. Figure 4.1 presents
a general scheme for the knowledge integration process.
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Figure 4.1. The general scheme for knowledge integration.

Reimer [139] has considered knowledge integration processes in two
aspects: integration of different knowledge bases and integration of differ-
ent knowledge representations but on different levels of representation.
Apart from the above-mentioned aspects of knowledge integration other
authors consider this task necessary in identifying how new and prior
knowledge interact while incorporating new information into a knowledge
base [93].

The subject of this chapter is to present a consensus-based model for
knowledge integration. It is obvious that the inconsistency which may take
place during an integration process should be considered as referring to the
distribution aspect. Therefore, the consensus tool is useful here for solving
inconsistency of knowledge. In this model we define a relational structure
for representing the knowledge being integrated. Next the conditions for
integration results are specified, and integration algorithms are worked
out. Our original contributions consist of new algorithms for knowledge
integration as well as a proposal for structures of different kinds of agent
knowledge.

This chapter is organized as follows. Section 4.2 presents a general
model of knowledge integration. We define a formal problem of integra-
tion, a set of postulates for this process, and some results of their analysis.
In Section 4.3 a concrete integration task is formulated and solved which
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refers to knowledge integration in a multiagent environment. Section 4.4
includes postulates for the integration process and their analysis. In Section
4.5 algorithms for integration are presented. Finally some conclusions are
included in Section 4.6.

4.2. A General Model for Knowledge Integration

4.2.1. Basis Notions

For representing agent knowledge conflict an approach based on using
relational structures has been presented in [104, 105]. In this chapter we
use some notions defined in those works. On their basis two kinds of
knowledge (positive and negative) can be represented.

Formally, we assume that a real world is described by means of the fol-
lowing elements:

e A finite set A of attributes.
e Each attribute a € 4 has a domain as a set V, of elementary values.
A value of attribute @ may be a subset of V, as well as some element

of V,. Set 2"« is called the super domain of attribute a. Letting
V= U acaVa,
the real world can then be denoted by the pair (A4, V).

For B — A let’s denote
V= U bes Vi
and
2" = Upep 2"

By an elementary value we mean a value which is not divisible in the
system. Thus it is a relative notion; for example, one can assume the fol-
lowing values to be elementary: time units, set of numbers, partitions of a
set, and so on.

We define the following notions. Let 7' A.

o A complex tuple (or tuple for short) of type T is a function

i T— 2T
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such that 7(a) < V, forall a € T. Instead of #(a) we write 7, and a tuple
of type T is written as r7.

The set of all tuples of type T is denoted by TUPLE(T).

For example, let

T'={a, b},
V.=1{0, 1,2},
Vb: {+, —}.

Some tuples of type {a, b} are the following,

a b
{1}
{0, 2}

{+9 _}

A tuple r of type T may be written as a set:
r={(a,ry).aeT}.

An elementary tuple of type T is a function
rrT—>Vr

such that r(a) € ¥, foralla € T. If V, = then r(a) = &, where symbol
€ represents a special value used for the case when the domain is empty.
The set of all elementary tuples of type T is denoted by E-TUPLE(T).
For example, for 4 = {a, b, c}, V, ={0, 1,2}, V,={+,—} and V. =,
some elementary tuples of type {a, b, c} are the following.

a b c
1 + €
2 - €

An elementary tuple r of type 7 may also be written as a set:
r=A{(a,r,):aeT}.

By symbol ¢ we denote the set of all empty tuples, that is, all of whose
values are empty. By symbol ¢ we denote the set of all empty elemen-
tary tuples, that is, all of whose values are equal to «.

By symbol 6 we denote the set of all partly empty tuples, that is, where
at least one value is empty. Expression € 6 means that in tuple » at
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least one attribute value is empty and expression » ¢ 0 means that in
tuple r all attribute values are not empty. Of course we have ¢ < 6. By
symbol 0 we denote the set of all partly empty elementary tuples.

e The sum of two tuples » and 7’ of type T'is a tuple »” of type T such that

" —

r',=r,ur,foreach a € T. This operation is written as
r"=rur.

More generally, a sum of two tuples 7 and 7' of types 7 and T', respec-
tively, is a tuple »" of type 7" = T'U T" such that

r,or, forteTNT'
r'=<r, forteT\T'
Ty forteT\T

e The product of two tuples  and ' of type T is also a tuple " of type T’
such that ", =r, N ¥, for each ¢t € T. This operation is written as

" —

r=rnr.

More generally, a product of two tuples » and #' of types T'and T, re-
spectively, is a tuple »” of type T" =T n T' such that ", = r, " 7', for
eacht € T~ T'. This is written as:

r=rnr.

o Letre TUPLE(T) and r'e TUPLE(T) where T < T'; we say that tuple
isincluded in tuple 7/, if and only if », < #', for each a € T. This relation
is written as

r=<r.
The idea for multivalue structures was initiated by Lipski [79] and

Pawlak [132] for representing uncertainty of knowledge. The usefulness of
this kind of structure in logics has been proved in [7].

4.2.2. Distance Functions between Attribute Values

In this section we deal with the way to measure the distance between
attribute values in complex tuples. A distance is measured between two
values of the same attribute.

Let a € A be an attribute; as the distance function for values of attribute

a we understand a function:

d, 2" x 2" 10, 1].
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The original conception of this function has been presented in [105]. In
this work two distance functions have been defined. Here we introduce
their definitions with some modification and improvement.

We assume that V, is a finite set, and let card(V,) = N.

4.2.2.1. Functions Minimizing Transformation Costs

The general idea of this function relies on determining the distance be-
tween two sets as the minimal cost needed for transformation of one set
into the other. A set X is transformed into a set ¥ by means of such opera-
tions as Adding, Removing, and Transformation which are used referring
to the elements of set X, so that in the result set Y is obtained. We define
the following cost functions:

e Function E
EAR: Va—) [O, 1]

specifies the cost for adding (or removing) an elementary value to
(or from) a set.
e Function E7

Er: Vox Vo— [0, 1]

specifies the cost for transformation of one elementary value into an
other.

For functions £ 4 and E7 we accept the following assumptions:
1. Function E7 is a metric; that is, for any x, y, z € V, the following con-
ditions are held:
Er(x,y) 2k0 and Er(x,y)=0 iff x=y.
ET(x:y) = ET(yax)‘
ET(X:Y) + ET(.yaZ) 2 ET(X,Z).
2. For any x, y € V,there should be
|E4r(0) = Eqp(0)] < Er(x.) < Eagl®) + Ean(y).

Condition (1) is natural because function £7 may be treated as a distance
function between the elements from set V,. For condition (2) notice that its
first inequality is equivalent to the following inequalities,
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Er(y) < Er(x,y) + Er(x),

and

E4r(x) < Er(x,y) + E4(y).

The intuition of the first inequality is based on seeing that the minimal
cost for transforming set {x} into set {x, y} where x, y € V, can be
achieved by adding element y to set {x}. The cost needed for this operation
is equal to £ 4z(y) and should not be greater than the cost for transforming
element x into element y and next adding element x. For the second ine-
quality one can justify similarly. The second inequality of condition (2) re-
quires that the cost of transformation of one elementary value into another
should not be greater than the sum of removing the cost of the first element
and adding the cost of the second. The intuition is that if one wants to
transform set {x} into set {y} then generally the cost is not minimal if one
removes x from set {x} and next adds y to it.

Notice that we do not propose a concrete form of functions £,z and Er.
This is possible if the structure of elementary values belonging to set V, is
known. Below we give an example.

Example 4.1. Let V, be the set of all partitions of set
X={1,2,3}.

We assume that the cost of adding (or removing) a partition is 1, and the
cost of transforming a partition into another is defined according to the
conception of Day in [34] and is equal to the minimal normalized number
of elements which need to be moved from one class to another class. For
example, the cost for transforming partition {{1,2}, {3}} into partition
{{1,3}, {2}} is equal to %. Thus if we have two sets of partitions:

x={{12}, {3}}, ({1.3}, 2}},
and
Y={{1,23}},

then the minimal cost for transforming set X into set Y is equal to the costs
for transformation of the partitions in set X into the partition in set Y, for
which the sum is equal to 3 + 5 = %, .

Definition 4.1.
By distance function minimizing the transformation cost we understand the
function:

§a: 2% x 2% > 10,1]
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which for a pair of sets X, Y < V, assigns a number
T(X,Y)
erya E 4z(x) ’

where T(X,Y) represents the minimal cost needed for transforming set X
into set Y.

3y(X,Y) =

Note that 3, in fact is not a concrete distance function, but represents a
class of distance functions. To this class belong many distance functions
defined in other works, for example, the distance function between equi-
valence relations [34], between ordered partitions and coverings [31, 32],
between semilattices [88], and between n-trees [35].

The following remark is directly implied from Definition 4.1.

Remark 4.1. The following properties are true for any X, Y C V,.

(@) B4X.Y) = 3,(X\Y, V\X).
(b)  3uX,Y) = 3UVI\X, V\Y).

(c) dUX,Y)< 1, the equality occurs iff X =B AY=V,) or
Y=0AX=T)).

(d) Function d, is a metric.

The above remark shows that elements belonging simultaneously to two
sets X and Y do not have any shares in the distance between them (a), the
distance between two sets is equal to the distance between their comple-
ments (b), the definition of distance function is correct referring to the nor-
malization (c), and this function is really suitable for distance measures (d).

4.2.2.2. Functions Reflecting Element Shares in the Distance

This kind of function is based on determining the value of shares of each
element of set 7, in the distance between two subsets of this set. Of course,
the share of an element depends on the sets between which the distance is
measured.

Let a € A; we define the three-argument share function:

Sy 2" x 2% x ¥,— 0, 1]

such that value S,(X,Y,z) represents the share of element z in the distance
between two sets X and Y.

We accept the following assumptions for function S,.
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Forany X, Y, Zc V,:
Vze X+7Y: SuX,Y,z)=1/N,
Vze XN Y S(X,Yz)=0,
Vze V,\(XuY): S,(X,Y,z) < 1/N,
Vze Ve (X=Y)= (S,(X,Y,z) =0),
Vz e V,: SX,)Y,z)=S,(Y,X)2),
Vz e Vi SiX,Y,2) + Su(Y,Z,2) > S(X,Z,2).

The first three conditions require that the share of a value z belonging to
only one of sets X and Y is equal to 1/N; if z belong to both sets then
the share is 0 and for z being outside sets X and Y the share should not be
larger than for an element being in X + Y. The next three conditions require
function S, to be reflexive, symmetric, and transitive referring to its first
two arguments. It is worthwhile to note that the above conditions are
coherent; that means a function S, fulfilling all of them always exists. The
remark below shows some property of function S,. Its proof should be
implied directly by the conditions for function S,.

Remark 4.2.
Forany X, X', Y, Y'  V, the following dependency is true:

IfFXOY=XxXovY=V,and XnYc X NnY then
S.(X,Y,z) > S,(X"Y'z) foreachz € V,.

The distance between two sets should now be defined as the sum of
contributions of elementary values referring to these sets, by means of the
following function,

pa: 2% x 2% —10,1].

Definition 4.2.
For any sets X, Y  V, their distance p,(X,Y) is equal to

N
dXY) = —— SaX,Y,Z.
PN = 3 5,7

From Definition 4.2 and the properties of function § it is easy to prove
the following properties which also justify the form of this function.

Remark 4.3.
Forany X, X', Y, Y' c V,:
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(@) IfXuY=XuvuY=V)and XnYcX NY)then
Pa(X,Y) 2 po(X,Y).
card(X +Y)

) PNz LT

(c) Function p, is a metric.

A distance function of this kind should be useful for such a structure of
set V,, where relations between its elements occur. Such relations may be,
for example, linear or partial orders. For the first kind of the structures nine
Condorcet choice functions were presented and analyzed [46].

Example 4.2.
Let V, be the collection of some elementary values. Distance function

1
X = ———card(X; + X;
Y(X1,X2) card(V,) X 2)
for X, X, < V, is an example of function p,,. .

Notice that the above definitions determine large classes of functions J,
and p,. Below we present two groups of these functions, each of them
is characterized by one of the following properties.

Definition 4.3.
(a) Function 0 € {3,, p,} is proportional (P) iff the following depend-
ency is true forany X, X', Y, Y' c V,,

X+YS X +Y) = (@XY)<oX,Y,

(b) Function 0 € {8,, p,} is quasi-proportional (QP) iff for any
XX,Y,Y'cV,;

XUY=XUYAX=YCX +Y)= OX,Y)<X,T)).

The idea of proportional functions is based on the condition that the
larger the symmetric difference between two sets is, the greater their dis-
tance. This condition is intuitive because the elements belonging to the
symmetric difference should have the largest share. It also means that
other elements may have a share greater than zero, but the shares of
elements belonging to the symmetric difference are decisive for the dis-
tance. The idea of functions from the second group is based on the same
condition as in the first group with a requirement that the sum of sets X and
Y is constant.
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We denote proportional functions p, and 3, by symbols pf and 65 , and
quasi-proportional functions p, and J, by symbols paQP and SL,QP , respec-
tively. We have the following property.

Theorem 4.1.
The following dependencies are true for all X, X', Y, Y c V...

(a) Conditions P and QP are equivalent for functions J,.

(b) Function J, is proportional iff Er(x,y) = Er(x) + Er(y)
forallx,y €V,
card(X +Y)

P =
© prON= o

(d) Function pf is also quasi-proportional.
(€) X+Y=X'+Y)= (0X,1)=0(X',Y") ford e {p,, 5, 8" }.

) XUY=X'UY AX+Y=X"=+Y)=(p2" X, Y)= p2" (X', Y")).
Proof.

(a) We show that function SaP is also quasi-proportional and function

SaQP is also proportional. The first statement is obvious. For the second

statement assume that X + ¥ > X'+ Y. Denote C =X\Y, D =Y\X,C =
X'\Y"and D' = Y"\X". Note that

X+Y=C+D=CuD and X' =Y =C-+D=CuUD,
thus we have
3, (X, Y)=0,C,D) and J,(X,Y")=3,C"D").
Denote
E=(CuD)\C"uD),C'"=CUE and D"=DUE,
dependencies
C'uD"=CuD and C+D>o(C"+D"
should be true. Because function 9, is quasi-proportional, so
8,(C,D) = 8(C",D").
Also, we have
8,C,D") = 8,(C",D");
then
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8,(C,D) 2 8,C',D");
that is,
8u(X,Y) 2 8,(X",Y").
It then implies that quasi-proportional function J, is also proportional.
(b) =) Let function J, be proportional and let

X=1{x}, Y={} X={xy}, Y=
then we have
0, (XY)=08,X"Y") because X+Y=X"'=+7Y".
Apart from this we have
8u(X,Y) = Er(x,y) and 8 X"Y")=Esr(x) + Eir(y),
SO
Er(x,y) = E4r(x) + Er(y)-
<) Let for any x, y € V, dependence
Er(x,y) = E4r(x) + Eur(y)
follow, and let
X+Yo X' =Y,
then
B3uXV) =2 vy Ear(®) 2D iy Egr(x) =8,X",Y").
(c) Let
1
Wy=—.
N(@2N -1)
Notice that because function p is a metric we have the following,
PP <pPXxurx)+ pl (XU LY.
From XU Yo Xand XU Y o Yis implied
PP XU YX)=w, card (X UY)+Y)=w, card(X \Y),
and
pg(XuY,Y) =w,- card(Y\ X),
thus
pf(X,Y) Swy- card(X\Y) +w,- card(Y \X) =w,-card(X +Y).
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Also one can easily prove that
W, card(X +Y) < pP (X,1),
SO
card(X +Y)

P = . —_ =
p, XY)=w,- card(X +Y) NeN-D

(d) The proof is implied directly from conditions (P) and (QP).
(e) and ( f) The proof is obvious. .

Theorem 4.1 shows important properties of proportional and quasi-
proportional functions and relationships between them.

4.3. Knowledge Integration Problem

We assume that some real world is commonly shared by several agents
that function in a distributed environment. Their states of knowledge may
refer to the same elements of the real world as well as to its various ele-
ments. A knowledge state of an agent is represented by a tuple of some
type. Assume that the agents want to integrate their knowledge. We define
the problem of knowledge integration as follows.

Given a conflict profile
X={rie TUPLET): T,c Afori=1,2,...,n}

one should determine a tuple r* of type T* < A which best repre-
sents the given tuples.

Tuple »* is called an integration of profile X.

Notice that the integration problem is different from a consensus prob-
lem in that there is no assumption that the tuples representing the agent
knowledge states are of the same type, as in the consensus problem [104].

The following example should illustrate this problem.

Example 4.3. Consider a meteorological distributed system in which the
sites are meteorological stations in different places of a region. Each sta-
tion uses an agent whose task consists in monitoring the weather phenom-
ena occurring in his subregions and determining the weather forecast for
the next day. Assume that the forecasts refer to the occurrences of such
phenomena as air pressure, rainfall, snow, sunshine, temperature, and wind.
The elements of the real world are the following:
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o A = {Pressure, Wind Direction, Wind Speed, Temperature, Rain,
Sunshine, Snow}.

®  Vpessure = Set of integers representing air pressure measured in unit
hPa.

b VWindﬁDirectlon = {W, E, S, N, W_S, W—N, E—N, E—S}
®  Viyina speea = set of integers representing speeds of wind measured in
unit m/s.

®  Viewperanre = set of integers representing Celsius degrees.
o  Vruin = {Yes, No}.

o Vunsnine = {Yes, No}.

®  Vaow = {Yes, Noj.

The knowledge states of six agents are presented as follows.

Agent 1 2 3 4 5 6
Pressure | 990-995 990-997 | 992-999 [ 993-997 | 992-998
Wind_ (W, {E, {S, S, | w2 %)

Direction | W-N} E-N} W-S} W-S}

Wind_ | 10-12 | 5-10 | 20-30 | 40-50 | 0-10
Speed

Tempera- | 1525 | 20-24 | 12-21 12-21 | 22-24 | 17-20

ture
Rain No Yes No No Yes Yes
Sunshine No No No No Yes No
Snow Yes No Yes

We accept the following interpretations:

e If referring to an attribute a an agent gives value v < V, as a set of
elementary values, then this fact is interpreted that in the opinion of
the agent the proper value should be included in set v. In the above
example, one of agents has assigned to attribute Temperature value
12-20 meaning that the proper temperature for the next day, in her
opinion, should not be lower than 12 and should not be higher than



4.4. Postulates for Knowledge Integration 115

20 Celsius degrees. In this sense it follows that in the opinion of the
agent the proper value should not be included in set ¥,\v. Thus set
V,\v may be treated as the negative knowledge of the agent.

e The empty windows referring to some attribute in the above table
mean that the agents have not dealt with this parameter and they
have no opinions on this matter. If an attribute has no value in a tuple
then we define it as indefinite in this tuple. Otherwise the attribute
has a definite value.

e Empty value (denoted by symbol J) of an attribute means that in the
opinion of the agent this attribute has no value. In the above exam-
ple, one of the agents assigns to attribute Wind Direction the empty
value meaning that in his opinion there will not be any wind in the
region.

4.4. Postulates for Knowledge Integration

In order to integrate different states of knowledge coming from different
sources, some rational premises (postulates) must be proposed. These pos-
tulates are used in order to verify the fulfillment of minimal requirements
to initialize the process of knowledge integration and then to find an agree-
ment of inconsistent or incomplete data related to the same objects in the
case of conflicts.

PB. Closure of knowledge — 1
The type of the integration should be included in the sum of types of
the profile elements; that is,

Cs

T*c T, .

i=1

C

Closure of knowledge — 2
The integration should be included in the sum of profile elements; that
is,

n
r¥ < Url- .
i=1

B

. Consistency of knowledge
The common part of profile elements should be included in the inte-
gration; that is,
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Nr < r*
i=l
P,. Superiority of knowledge — 1

For each attribute a € T* value r*, depends only on definite values
from

{ria:iZ 1,2,...,n}.
P.. Superiority of knowledge — 2
If sets of attributes T; (i= 1,2, . . ., n) are disjoint with each other then

n
re=\Un|
i=1 T*

n
where [U r,} is the sum U'_, r, restricted to attributes from set T*.
i=1 T*
P,. Maximal similarity
Let d, be a function measuring the distance between values of attribute
a € A then the difference between integration r* and the profile ele-
ments should be minimal in the sense that for each a € T* the sum

Doy dr*,,r),
where

Z,= {ria: i IS definite,i=1,2, ..., n}

should be minimal.

Below we give some comments on these postulates.

e Postulate P, requires the integration to have such a type 7* that does
not exceed the types of the given tuples. This requirement is natural
because if an attribute is not a subject of interest of any source than it
should not be reflected in the integration. Thus in some sense this pos-
tulate expresses the closure of knowledge.

e According to postulate P, the integration should not “surprise” in the
sense that the values appearing in the integration should be included in
the profile elements. This is a strong requirement for knowledge clo-
sure.

e Postulate P; is similar to the Pareto criterion for consensus choice; that
is, if all agents or experts have some common opinion then this opin-
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ion should occur in the integration. In other words, the integration
should be consistent with knowledge from the sources.

e According to postulate P, the basis for determining the value for at-
tribute a in the integration should consist only of definite values from
set {ri,: i=1,2,...,n}. This means that if an agent’s knowledge state
does not refer to the subject represented by attribute a then she does
not have any influence on the integration referring to this subject. Thus
if only one agent has been involved in the subject, then only her opin-
ion decides about the integration on this matter. This is then the condi-
tion for superiority of knowledge.

e Postulate P also expresses a condition for superiority of knowledge.
This means if the subjects covered by agents have nothing in common,
then the integration should consist of all their opinions. This postulate
is very useful when the scopes of agents’ interest are disjoint; then
their knowledge should be fully honored in the integration result.

e Postulate Py is a standard condition for consensus choice and should be
useful for integration determining. This criterion is very natural and
popular in consensus determining. Its justification is based on the re-
quirement that the integration should best represent the given opinions
of the agents, thus it should minimally differ from these opinions.
This criterion mentions the criterion O; defined in Chapter 3.

The fact that integration »* satisfies a postulate P; is represented by ex-
pression
V* |— P,‘.

Now we present some properties of these postulates.

Theorem 4.2.

Postulates Py, P, . . ., Ps are not consistent in the sense that not for each
profile an integration satisfying all postulates exists.

Proof.

For the proof we should show a profile for which no integration satisfying
all postulates exists. For this purpose we define a simple profile X where
all tuples have the same 1-attribute type, for which the domain is set R x
R where ‘R is the set of real numbers. Let then the tuples belonging to pro-
file X be as follows.

X={(a, {(0,1)}), (@ {(1,0)}), (@, {(0,0)}), (a {(1,H})}.

As the distance function between these sets of points on the plane accept
the Euclidean distance function. If we use postulate P; for integration
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determination then it is easy to show that »* may not be one of the profile
elements, but should be * = (a, {(0.5, 0.5)}). Thus postulate P, is not
satisfied. .

Theorem 4.2 implies that the defined postulates in general are not
coherent. This is an advantage rather than a disadvantage because this
property means that the postulates are not dependent on themselves. How-
ever, as shown in Theorem 4.3 below, by using some distance functions
these postulates may be consistent.

Theorem 4.3.

If distance functions of type p or proportional distance functions of type &
are used then satisfying postulates P\ and P should imply satisfying postu-
lates P,, P;, P,, and Ps; that is,

((r* |- P A (r* |- Pg)) =
((* |= P2) A (7% |= P3) A (7% |- Pa) A (7% |- Ps)).

Proof.
A brief proof of the theorem is presented as follows. Let X be a profile

X={r e TUPLE(T): T,c Afori=1,2,...,n}

and 7* be its integration satisfying postulates P, and Ps using distance
functions of type p or proportional distance functions of type 6. We show
that * should also satisfy the remaining postulates.

(a) For postulate P, assume that it is not satisfied. This means that
there exists an attribute ¢ € T* and an element x € V, such that x € r*, but
x ¢ UL, r. Let r*, = r*\{x}; using distance functions of type p or pro-
portional distance functions of type & we have:

Aur*a, 1) > do(r* o, 1a)
for each a € T* Thus r* could not satisfy postulate Ps.

(b) For postulate P; similarly we assume that it is not satisfied. There
exist an attribute ¢ € T* and an element x € V, such that x € ﬂé_l 7. but x

¢ r*,. Let then r*,=r*, U {x}; using distance functions of type p or pro-
portional distance functions of type & we have:

do(r¥a, 12) > do(r¥ o, 1a)

for each a € T* Thus r* could not satisfy postulate Ps.
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(c) Satisfaction of postulate P, follows directly from the satisfaction of
postulate Pg.

(d) For postulate Ps notice that if sets of attributes 7; (i = 1,2, . . ., n)
are disjoint from each other then for each a € T* set

Z,= {r,-a e {l,2,...,n}and ryis deﬁnite}

has exactly one element. Because postulate P is satisfied, this element
should be equal to the value of integration referring to attribute a, that is,

r*,. Notice that because sets T; are disjoint with each other, sum U: 7. is
simply a tuple of type Uln=1 T; . Thus after making its restriction to attributes
belonging to set 7* we should have the integration. That is, postulate Ps is
also satisfied. .4

Theorem 4.3 is an important property of postulates Ps and P;. As stated
above, postulate Pg is very popular and has been proved to be useful in
practical applications for inconsistency situations. It turned out in this case
that with using some kinds of distance functions if an integration satisfies
this postulate and postulate P; then the remaining postulates characteristic
of the knowledge integration process are also satisfied. Thus with using a
proper distance function it is possible to determine an integration »* which
satisfies all postulates simultaneously.

Notice, however, that if the distance function is not of type p or propor-
tional distance functions of type 6 then Theorem 4.3 is not true. An exam-
ple is included in the proof of Theorem 4.2 where the distance function
between points on the Euclidean plane is of type 8, but it is not proposi-
tional. Therefore, postulate P, is not satisfied. Below we show that in
general satisfying postulates P, and Ps should imply satisfying postulates
P3,P4, andPs.

Theorem 4.4.
1If distance functions of type p or & are used then satisfying postulates P,
and Pg should imply satisfying postulates P;, P4, and Ps; that is,

(7* |- P)) A (r* |- Ps)) = ((* |- P3) A (7% |- Py) A (r* |- Ps5)).

Proof.

For the proof of this theorem we can use paragraphs (b) through (d) of the
proof of Theorem 4.3, noting that in these paragraphs the assumption of
proposition has not been used . .
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As shown in Chapter 3, criterion O, also has very important properties
and could be useful for integration determining. However, in many cases
of distance functions criterion O, causes higher complexity of the algo-
rithm for determining the integration. But in some cases using criterion O,
causes higher complexity than O,. Therefore we propose to consider using
criterion O, or O, when applying postulate Py to achieve the effectiveness
of the integration procedure.

4.5. Algorithms for Integration

As shown in Theorems 4.3 and 4.4, by using distance functions of type p
or proportional distance functions of type o for a given profile it is possible
to determine an integration which satisfies all postulates simultaneously
and in the general case we would have all postulates satisfied except postu-
late P,. Therefore, it is very important to determine such an integration
which satisfies postulates P, and Ps.

Below we present an algorithm for integration. The idea of this algo-
rithm is based on determining subprofiles for attributes and next for each
subprofile determining its integration.

Algorithm 4.1.
Input: Profile

X={rie TUPLE(T): T,cAfori=1,2,...,n}

and distance functions o, for attributes a € A.
Output: Tuple r* of type T* — A which is the integration of tuples from X.
Procedure:
BEGIN
n
1.Setd=|JT;;
i=1
2. For each a € A determine a set with repetitions

Xa={r,»a:r,-c;Xfori=1,2,...,n};

3. For each a € 4 using distance function o, determine a value v,
such that

V', oV,

n
an(va’ria) = mln O4 (V'a ’I/;'a) )
i=1
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4. Create tuple r* consisting of values v, for all a € 4;
END.

The most important step in the above algorithm is step 3 which for each
subprofile determines its integration satisfying postulate Ps. The integra-
tion problem of this type has been formulated and analyzed in [104]. In
that work a set of postulates for integration has been defined, and algo-
rithms for its determining have been worked out. Therefore, these algo-
rithms could be used for this case and we would like to encourage the
reader to refer to the above-mentioned work.

As stated above, in general all postulates cannot be satisfied. Therefore,
it is only possible to achieve a partial satisfaction of these postulates. Con-
cretely, as follows from the proof of Theorem 4.4, the partial satisfaction
refers to postulate Ps. For this purpose we can modify Algorithm 4.1 by
changing step 3 as follows.

For each a € A using distance function 6, determine a value v, such that

n
204(astia) = min o, (Vy7i0)

i=1 VaSW,

where

Owing to this step postulate P, should be satisfied but postulate Ps is
satisfied only partially. The advantage of this modification is that the com-
plexity of the algorithm decreases owing to the restriction of the space of

searching (not whole set 2" but only its subset 2 ).

Example 4.4. Consider the profile given in Example 4.3 where the
subprofiles for attributes are the following:

Xpressure = {9907995, 990-997, 992-999, 993-997, 9927998}.

XWindﬁDirection = {{Wa WfN}, {E, EfN}, {Sa W,S},
{S, W-S}, {W-N}, @}

Xwina speca = §10-12, 5-10, 20-30, 40-50, 0-10}.
Xremperawre = $15-25,20-24, 12-21, 12-21, 22-24, 17-20}.
Xpain = {No, Yes, No, No, Yes, Yes}.
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Xsunshine = {No, No, No, No, Yes, No}.
Xowow = {Yes, No, Yes}.

For determining an integration for a subprofile we can use different
algorithms for different structures of attribute values. For number intervals
several algorithms have been worked out in [100, 102]; for sets of elemen-
tary values an algorithm is proposed in [19]. For elementary values, a sim-
ple algorithm is proposed in [31].

Thus the integration satisfying postulates P; and P¢ for the subprofiles,
which create the integration 7*, is the following.

Pressure | Wind_ | Wind_ | Tem- Rain Sun-— | Spow
Direction | Speed | perature shine
991-997 W 15-22 | 1622 | {Yes, No} No Yes
L4

From the integration algorithm it follows evidently that if all elements
of the profile are identical then the result of the integration should be the
same.

4.6. Conclusions

In this chapter a general model for knowledge integration is presented. We
assume that knowledge states to be integrated are represented by a multi-
attribute and multivalue structure. A knowledge state is represented by a tu-
ple of some type. The same structure is used for the result of the integration
process. Although in this chapter we use the same structure for representing
inconsistency as in work [105], some novel elements have been intro-
duced here. Firstly, the algebra of multiattribute and multivalue tuples
allows calculating the sum and the intersection of tuples of different types.
Secondly, a profile may consist of tuples of different types, and the postu-
lates reflect this fact. And finally, the proposed algorithms serve to perform
the knowledge integration processes, not only for consensus calculation. As
mentioned, the algorithms worked in [105] are very useful for integration
determining and may be used here in the integration process. In the next
chapter we deal with processing inconsistency on the syntactic level.



5. Processing Inconsistency
on the Syntactic Level

The purpose of this chapter is to present the problems of knowledge incon-
sistency resolution and knowledge integration on the syntactic level. Its
main contribution consists in the solutions of these problems in the distri-
bution aspect. Here as the structure of inconsistency we use such logic
structures as conjunctive and disjunctive. Fuzzy conjunctive structure is
also investigated.

5.1. Introduction

Inconsistency of knowledge may appear in many situations, especially in
distributed environments in which autonomous programs operate. Incon-
sistency may lead to conflicts, for which resolution is necessary for the
correct functioning of an intelligent system. Inconsistency of knowledge in
general means a situation in which some autonomous programs (such as
agents) generate different versions (or states) of knowledge on the same
subject referring to a real world. In this chapter we propose two logical
structures for representing inconsistent knowledge: conjunction and dis-
junction. For each of them we define the distance function and formulate
the consensus problem, the solution of which would resolve the inconsis-
tency. Next, we work out algorithms for consensus determination. Consen-
sus methodology has been proved to be useful in solving conflicts and
should be also effective for knowledge inconsistency resolution [98, 99, 101].

We assume that there is given a finite set of agents which work in a dis-
tributed environment. The term agent is used here in a very general sense:
as an agent we may understand an expert or an intelligent and autonomous
computer program. An example of such an environment is a multiagent
system [44]. We assume that these agents have their own knowledge bases.
In general, by a state of agent knowledge we understand a state of the
agent knowledge base. Such a state may be treated as a view or opinion of
the agent on some subject or matter.
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In this chapter we assume that a knowledge state of an agent is repre-
sented by a standard logic expression in which an agent expresses his
knowledge in the form of a conjunction or a disjunction of literals. A lit-
eral is built by a symbol belonging to a given set of symbols (positive lit-
eral) or by a symbol with a negation symbol (negative literal) [108].

We assume that a real world can be divided into sets of facts, events,
and the like, referring to which agents can give their opinions relying on
assigning a given fact or event a logical value (true or false). We assume
also that the set of all facts and events of a real world is finite and it is pos-
sible to use a finite set of symbols for their representation.

5.2. Conjunctive Structure of Knowledge

5.2.1. Basic Notions

On the syntactic level we assume that for representing knowledge an agent
or expert uses a finite set L of symbols representing the positive logical
value (i.e., value frue in classical logic) referring to concrete events and
objects in a real world. A literal is defined as follows.

e Positive literal: A symbol from L, for example, a, b, and so on
e Negative literal: A symbol from L preceded by negation symbol
“—”, for example, —a, —b, and so on

Each literal may then represent the logic value of an event or an object
in the real world: if it is a positive literal then the value is #rue and if it is a
negative one, the value is false. On this level we do not consider the fur-
ther interpretation of literal symbols (this is the subject of Chapter 6); here
we only assume that different symbols refer to different elements of the
real world.

A conjunction of literals (positive or negative) is a logic formula in
which literals are connected by symbol of conjunction “A”. More formally,
by a conjunction we understand the following expression:

WAL AN ATy,

where t; € L or t;=—t/ where t/ ¢ L, fori=1,2,.. .,k
A state of agent knowledge is represented by a conjunction. If on some
matter an agent gives its opinion as a conjunction

HALAN-- - AT
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then it is interpreted that in the opinion of this agent the facts or events rep-
resented by positive literals from ¢, #,, . . . , # should take place, and those
represented by negative literals should not take place. We also accept the
interpretation that those facts or events which are not included in the opin-
ion belong to the agent’s ignorance. Owing to this interpretation agents or
experts must not be assumed to “know everything.”

We assume that in a conjunction a symbol may not occur more than
once. The reasons are:

e Conjunction
UHAOBABA--- ANy,

where t, =, = ¢ for t € L (symbol ¢ occurs twice), is in the context of
classical logic equivalent to conjunction

UABA-- - N,

where symbol ¢ occurs only one time.
e Conjunction

WAL AN - N,

where #; = ¢ and , = —t for ¢ € L, is equivalent to false. Such kind of
conjunctions should not appear because we assume that an agent has
its own “sensible” opinion on a given subject.

Notice that the order of literals in a conjunction is not important.

By Conj(L) we denote the set of all conjunctions with symbols from set
L. Notice that because of the limitation of set L and referring to the above
restrictions, set Conj(L) is also finite.

Example 5.1. Let’s consider a real world consisting of weather forecasts
for some region of a country. Let there be a set of agents:

Agent = {ay, ay, a3},
and a set of symbols:
L={t, t;, ts, ty},
which represent the following facts.
e {: The temperature in the region will be higher than 0.
e 1: The region will be sunny.

e £ It will snow in the region.
e t4: The wind will be strong.
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For this common subject the agents generate the following set of knowl-
edge states:

Agent Knowledge State
a UA—hOAY
a - ANB AL
as Ih A=ty A ity

Thus in the opinion of agent a; in the considered region the temperature
will be higher than 0, but there will be no sunshine and the wind will be
strong. .

Notice that in a conjunction x one may distinguish two sets of symbols:
the first consists of those symbols in the conjunction which belong to posi-
tive literals, and the second consists of the remaining symbols. A conjunc-
tion x can be then represented by a pair (x', x') where x' is the set of
symbols of positive literals appearing in x and x~ is the set of symbols of
negative literals occurring in x. For example, the representation of con-
junction

x=aAn—=-bnc

for a, b, ¢ € L is pair (x', x*) where x' = {a, ¢} and x” = {b}.
Sets x* and x~ are called the positive and negative components of the
conjunction, respectively.

Definition 5.1.
A conjunction (x*, x") where x", x” < L is nonconflicting if

X Nnx =g.

That means a nonconflicting conjunction is not equivalent to false. We
consider only this kind of conjunctions because they are sensible for agents
to express their opinions; a conflicting conjunction (i.e., not nonconflic-
ting) is equivalent to false and is not useful for this purpose.!

Definition 5.2.
Let x = (x", x) € Conj(L) and x' = (x'", x'") € Conj(L) be nonconflicting
conjunctions. We say that

(a) Conjunction x is inconsistent with conjunction x' if:

Xnx"2D or X nx Q.

! In this case one has to deal with the inconsistency in the centralization aspect.
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(b) Two nonconflicting conjunctions are sharply inconsistent if they are
inconsistent and

XNnx"=0 and x Nnx =0.

From condition (@) in Definition 5.2 it follows that if conjunction x is
inconsistent with conjunction x' then:

ruxXHNxux)=a.

Two sharply inconsistent conjunctions do not have any common sym-
bols in their positive and negative components. It is obvious that the con-
sequence of two inconsistent conjunctions is false.

More generally, we have the following.

Definition 5.3.
A set of nonconflicting conjunctions

X={x;=(x",x7) e Conj(L):i=1.2,...,n}

is inconsistent if

UxeXX+ . UxeXx_ * ®’

otherwise it is consistent.

Thus if set X is consistent then conjunction

( UxeX X', UxeX x_)

is a logical consequence of conjunctions from X.

5.2.2. Distance Function between Conjunctions

In this section we define the distance function d, between conjunctions.
This function should help in evaluating the difference between conjunc-
tions. Owing to this function it will be possible to get to know about the
inconsistency level of a conflict profile, and in consequence, to determine
the consensus for the conflict.

First we need to give the definition of the distance between finite sets.
Definition 5.4.

By the distance between two finite sets X, X, we understand the following
number
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card( X, +X,)
(X}, Xy) =1 card(X, W X;)
0 fOl" XIUX2:@

for X, X, #J

Between finite sets there are also other distance functions defined, such
as

N'(X1,X5) = card(X; + X3).

This function is a very popular one. However, the advantages of the
function 1 defined in Definition 5.4 are the following.

e Its values are normalized into interval [0, 1]; this is very useful when
the number of all elements is not known.

e [t distinguishes the component sets in a very clear way: if sets X; and
X; are disjoint and at least one of them is nonempty, then their dis-
tance is maximal (i.e., equals 1).

Next we define the distance of two conjunctions x; and x, as follows.

Definition 5.5.

By the distance between two conjunctions x, x, € Conj(L) we understand
the following number,

+ _+ - -

wy (X, x5 )+ wy (X, x

d,(x1,%2) = 1N, X5) +wy My LX)
W1+W2

b

where

o n(x'1,x1): the distance between sets of nonnegated symbols in con-
Junctions x, and x».

o n(x 1,x): the distance between sets of negated symbols in conjunc-
tions x, and x».

o w; and w, are the weights of distances n(x+1,x+2) and N(x"1,x,) in
distance d\(x,,x,), respectively, which satisfy the conditions:

witw, =1 and 0<ww,<l.

In a conjunction positive literals can be considered as the positive
knowledge of agents, and negative literals are considered as their negative
knowledge. Using values w; and w, we can distinguish the weights of
the distances between positive and negative parts of agent knowledge
states.

It is obvious that values of function d, are normalized; that is, they be-
long to interval [0, 1].
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The distance function d, defined above is of course a metric. Notice also

that the distance of two sharply inconsistent conjunctions is always maxi-
mal and equal to 1.

5.2.3. Integration Problem and Postulates for Consensus

The integration problem is formulated as follows.
For a given conflict profile of conjunctions
X={x;=(x",x7) e Conj(L):i=1.2,...,n}.

1t is necessary to determine a conjunction x*e Conj(L) called a consensus
of set X.

Notice that a profile X consists of positive profile
X'={x"i=1,2,...,n}
and negative profile
X ={x:i=12,...,n}.

We now define the following consensus function for profiles of con-
junctions.

Definition 5.6.

By a consensus function for profiles of conjunctions we understand a func-
tion

C: TI(Conj(L)) — 2™

which satisfies one or more of the following postulates.
P1. For each conjunction (x**, x*7) € C(X) there should be:

@ Nyeyx cx*

and
(b) ﬂxeX X cx*.

P2. For each conjunction (x**, x*7) € C(X) there should be:
@ U

and
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b x*c U, x -

P3. If profile X is consistent then conjunction

(UxeXx+ ° Uxe)(x_ )

should be a consensus of X.

P4, For each conjunction (x**, x*7) € C(X) there should be:
Xt =0

P5. A consensus x* € C(X) should minimize the sum of distances:

Doy A (x*,x) = . min Dy A (2 x).
x'eConj(L)
P6. For each symbol z € L and a consensus x* € C(X) the form of
appearance (i.e., as a positive or negative literal) of z in x* depends
only on its forms of appearance in conjunctions belonging to X.

In a consensus (x*", x*7) e C(X) set x*" is called the positive compo-
nent, and set x*” the negative component.
Some commentary should be made for the defined postulates.

e Postulate P1a means that the common part of positive profiles should be
included in the positive component of the consensus. The sense of this
postulate follows from the Pareto criterion: if all voters vote for the
same candidate then she should be finally chosen. On the other hand,
postulate P1b requires the same for negative profiles. These conditions
seem to be very intuitive, because if in the opinions of all agents (or ex-
perts) some event should take place (or should not take place), then the
consensus should take this fact into account.

e Postulates P2a and P2b are in some sense dual to postulates Pla and
P1b. Concretely, consensus should not exceed the profiles. This means
that the positive and negative components of the consensus should be
included in the sums of positive profiles and negative profiles, respec-
tively. These postulates come from the rule of the closed world. Objects
which do not belong to the world do not exist.

e Postulate P3 is specific for the logic character of the profile. For exam-
ple, in classical logic one of the consequences of formulae a A b A —¢
and d A e should be a A b A —c A d A e. Generally, if profile X is consis-
tent then the conjunction
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(LJxeXxvL > UxeXx7 )

is a logic consequence of conjunctions belonging to profile X. This is
because the conjunction is in fact the following formula,

hAbLA---,

where t; € |J,_,x" U [J,_,x fori=1,2,.. .. This formula is a con-
sequence of the conjunctions belonging to X. In addition, this formula is
also the “largest” consequence of the conjunctions belonging to X. To
explain this statement let’s use an example. Letx;=a A b A —c and x,=
a A d; then the consequences of these formulae are, for example, a A b,
b A —c A d, and so on. But the “largest” consequenceisa A b A ¢ A d.
This is because there is no consequence which contains more symbols
than this formula. Postulate P3 requires this formula to be a consensus
of given conjunctions. This requirement is justified inasmuch as this
formula reflects all given conjunctions. Moreover, it is equivalent with
the set of all formulae belonging to the profile.

Another aspect of this postulate refers to the superiority of knowledge.
It means that if only one agent (or expert) states that some fact should
take place, then this should be reflected in the consensus.

Let’s consider an example for the conflict profile given below.

Agent Knowledge state
a; WA= hAlL
a —h ANtz N1y
as L3N N —ls

According to postulate P3 the consensus should be in the form of the
conjunction

tl/\ﬁtz/\t3/\t4/\—|t5.

Postulate P4 requires the consensus to be nonconflicting. For a practical
sense of consensus this requirement is justified because if it were a con-
flicting conjunction it would be equivalent to false and thereby there
would be no profit in it.

Postulate PS5 is a popular criterion for consensus and is consistent with
the criterion O ;defined in Chapter 3. This criterion is natural for satisfy-
ing the condition for “the best representation.”

Postulate P6 is very essential from the point of view of knowledge pre-
cedence. This follows from the assumption that knowledge of an agent
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need not be complete, and events or scenarios which are not included in
his opinion, belong to his ignorance. For this reason, referring to an
event as the basis for determining its status in the consensus, only those
opinions in which the event is referred to should be taken into account.
As an example consider the conflict profile given below.

Agent Knowledge state
a HA—Hh AL
a —hh N3 N\ 1
as I3 ANt A\ —ils
ay I3 AN N\l

For the status of symbol #5 in the consensus we take into account only
the opinion of agent a; because only this agent includes this symbol in
her opinion. For the status of symbol £, we take into account the opin-
ions of agents a;, a,, and a.

By C,, we denote the set of all consensus functions for profiles of con-
junctions. Notice also that although the postulates defined above are for
consensus functions, they may also be considered to be satisfied by a par-
ticular consensus for a profile.

5.2.4. Analysis of Postulates

In this section we present several properties of postulates and the relation-
ships between consensus functions satisfying them.

Notice that we can consider satisfying the defined postulates referring to
a consensus function in general, as well as to its behavior for one argument
in particular.

The fact that a consensus function C satisfies a postulate P for a given
profile X of the function is written as

ey |- P.

The fact that a consensus function C satisfies a postulate P (i.e., the pos-
tulate is satisfied for all arguments of the function) is written as

C|-P.
Last, if a postulate P is satisfied for all functions from C,, then we write

Ceo |- P.
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The first theorem presented below shows that postulates P1 and P2 are
the consequences of postulate P5.

Theorem 5.1.
A consensus function which satisfies postulate P5 should also satisfy pos-
tulates P1 and P2; that is;

(CI-PS)=(C|-P1ACI]-P2)
for each C € C,,.

Proof.

Let X be a profile, X € I1(Conj(L)), and let C € C,, be a consensus func-
tion satisfying postulate P5. Let (x**, x*7) € C(X) be a consensus of profile
X. For proving that postulate P1 is satisfied by C we should show that

+ e
r-]xe)(x &x

and

ﬂxeX x cx*.

For the first dependence let’s assume that
+ skt .
ﬂxeX X &xt

this means that there exists a symbol ¢ such that ¢ ﬂxe X" but tex*". In
this case create set x*"" = x*" U {¢}. Then we have

Deex MO, x7) < ex e, x1)
because

ne*, x) <n(x*, x") foreachx e X.
In consequence,

Dex d(x™, x) < Dy d(x*, x),
where

X' = (X, x*F).

This result is contradictory to the assumption that conjunction (x**, x*7) is
a consensus for X, which satisfies postulate P5.
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The proof for dependence

mxeXx_ S x*7

can be performed in similar way.
For postulate P2a assume that

T +
Xt & UXE PR
Then there should exist a symbol ¢ such that ¢ € x*" but ¢ ¢ UXE X In
this case let
x* = x*¥\ {1},

We should have

erX n(x*ﬂr, x+) < erX n(x*+: x+)
because

nE*, 17 <@+, x)

for each x € X. As its consequence

D d(x'*, %) < Liex d(x*, x),
where
X' = (X, x*F).
The proof for P2b is similar. .

The above theorem presents a very important property of postulate P5
because postulates Pl and P2 are very intuitive. Also, they represent very
essential features of the voting process.

Theorem 5.2.

Let X be a consistent profile and C € C,, be a consensus function. If func-
tion C satisfies postulate P2 or postulate PS5 for profile X, then it should
also satisfy postulate PA for X; that is,

(CX) |- P2) v (CX) |- PS) = (C(X) |- P4).

Proof.
First, we prove that if C(X) satisfies postulate P2 then it should also satisfy
postulate P4; that is,
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(CX) |- P2) = (C(X) |- P4).
Let (x*', x*7) e C(X). According to postulate P2 we have

*t + %~
ol xm oand x ol px.
Because X is a consistent profile, then

UxeX X+ a UxeX x =0
Thus
¥ Nx* =,
C(X) then satisfies postulate P4. Now we prove
(C(X) |- PS) = (C(X) |- P4).
For this it is sufficient to notice that according to Theorem 5.1:
(CX) |- PS) = (C(X) |- P2).
Then using the statement above we have the proof. .

Postulates P1 through PS5 are not contradictory on the argument level,;
that is, there exists a function C € C,, and a profile X for which all of the
postulates are satisfied. However, these postulates are contradictory on the
function level; that is, a consensus function which satisfies all postulates
for all arguments does not exist. We have the following.

Theorem 5.3.
(@) (3AC e C.,)(3X e II(Conj(L))): (C(X) |- P1 A - - - A C(X) |- P5).
() =lacec,):(Cl-P1A...AC|- P5)].

Proof.
(a) For proving this statement we define a concrete function and show a

concrete profile for which all postulates are satisfied. Let function C be de-
fined as follows.

CX) = {x*e Conj(L): Y _,d, (x*x)= rglin( : Y e da (o, x )
x'eConj(L

As we can see, this function satisfies postulate P5. Now let’s define the
profile X :

X={n*x}



136 5. Processing Inconsistency on the Syntactic Level

for some x € Conj(L), x is nonconflicting, and n € N. That is, profile X is
consistent and homogeneous (see Definition 2.1, Chapter 2). It is obvious
that

CX) = {x}.

Thus postulates P1, P2, and P3 are satisfied. For postulate P4, notice that
because x is nonconflicting, its positive and negative components are dis-
joint. In this way we have shown that all postulates are satisfied for C(X).

(b) We show that for each function C satisfying postulate P5 there exists
a profile X such that C(X) does not satisfy postulate P3.
Let C € C,,, and let profile X be defined as follows,
X={99 = ({1}, 9), ({1}, D)}

for some ¢, € L, and ¢ # ¢'. Thus X contains 99 occurrences of the same
conjunction ({¢}, &) and one conjunction ({¢'}, &). Let x* € C(X); notice
that because C satisfies postulate PS5 then x should have the form:

x*=({t}, 9).

Anyway, x may not contain symbol ¢ because for x the sum of distances
should be:

er)( d/\('x*,x) = Wl’
where w, has been defined in Definition 5.5. In the meantime for
x'={ 1}, 9)

the sum should be:

Dexda(x',x) = — - 100 - w

| —

=50-w > . d, (x*X).

Thus postulate P3 may not be satisfied. .

From Theorems 5.1 and 5.2 we can deduce that satisfying postulate P5
implies satisfying postulates P1, P2, and P4 simultaneously. From Theo-
rem 5.3 it is known that a consensus function satisfying all postulates does
not exist. However, in Theorem 5.5 we show some restriction which
causes satisfying postulate P3 in the case of satisfying postulate P5. Before
this theorem we present a property allowing us to determine independently
positive and negative components of consensus satisfying postulate P5.
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Let X be a profile
X={(;,x):i=1,2,...,n}.
On its basis we create the profiles:
X' ={(x"@):i=1,2,...,n},
X"={D,x )i=1,2,...,n}.
Then we have the following.

Theorem 5.4.

The positive and negative components of a consensus satisfying postulate
P5 can be determined in an independent way; that is, conjunction (x*",
x*7) is a consensus of profile X if and only if conjunction (x**, @) is a con-
sensus of profile X' and conjunction (J, x*7) is a consensus of profile X".

Proof.

The proof follows directly from the definition of distance function d, be-
tween conjunctions (see Definition 5.5). For determining a consensus (x*",
x*7) satisfying postulate P5 each component may be determined independ-
ently. Also, notice that a consensus satisfying postulate P5 for profile X’
should have the negative component as an empty set, and for profile X"
should have the positive component as an empty set. .

Another important property of a consensus satisfying postulate PS5 is
that if all positive and negative components of a profile are nonempty then
the components of the consensus may not be empty.

Theorem 5.5.
For any profile X if for each x € X we have x" # @ then x*'# &, and also if
for each x € X we have x™ # & then x*~ # .

Proof.
Let’s assume that for a profile X each of its positive components is non-
empty. Let

X={(,x):i=1,2,...,n}
and let
X ={x"1i=1,2,...,n.
Notice that
>, x)=n

i=l1
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because (I, x;") = 1 (the maximal value for distance n) for each i = 1,
2, ..., n. Notice also that for any ¢ € x; for some i there should be

+
card(x; ) -1 -

card(x;")

n({tyx") = L.

So

n n

2t x) < Y@ .

i=1 i=1
That means the positive component of the consensus cannot be empty. The
proof for the negative consensus component is identical. *

Now we present the relationship between postulates P3 and P5. As we
have shown earlier, these postulates are in general contradictory. However,
there is some class of profiles which satisfy both of them.

Before presenting Theorem 5.6 we define notion of strong distinguish-
able profile which is consistent and all positive and negative components
are nonempty and disjoint with each other. That is, a consistent profile X

X={(x;",x):i=12,...,n}

is strong distinguishable if all sets x,", x;7, X2 Xy, ..., X, X, are non-
empty and disjoint with each other. It follows that in a strong distinguish-
able profile any symbol from L may occur at best once.?

Theorem 5.6.

Let C € C,, be a consensus function and let X be a strong distinguishable
profile. If function C satisfies postulate PS5 for profile X, then it should also
satisfy postulate P3 for this profile; that is,

(CX) |- P5) = (C(X) |- P3).

Proof.
Let X be a strong distinguishable profile; that is, any symbol from L occurs
at best one time in X. We can then write:

X={(x,x):i=1,2,...,n}

where all sets x; ", x;, x>, X2, . . ., X, , X, are disjoint with each other.
Let C € C,, be a consensus function satisfying postulate P5 and let

2 This definition is consistent with the definition of a distinguishable profile
given in Definition 2.1 (Chapter 2).
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x = (xf, Xi),

where

and

xi =, -
Define positive and negative profiles of X as
X' ={x"i=1,2,...,n}
and
X ={x:i=12,...,n}.

Using the results of Theorem 5.5 we show that set x; is the positive
component of a consensus belonging to C(X), and x; is the negative com-
ponent of this consensus. Concretely we show that x;" and x,” minimize the
sums

2n(x",x) and  Yn(xT,x),
i=1

i=1

respectively. We deal with the first case; the proof for the second case is
similar.

Leto;=n(x", x;) fori=1,2, ..., n Notice that

_ card(x/’)
card(x") .
Thus
Y ) =n—1
i=1
because

M-

Oti=l’l

1

1

owing to the assumption that X is a strong distinguishable profile.
Since X is a strong distinguishable profile, all sets x;,” fori=1,2, ...,
n are disjoint with each other. Thus we can replace a set x;" by a symbol
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t; € L so that all symbols #; for i = 1, 2, . . ., n are different from each
other. For this new profile

T={t:i=1,2,...,n}

we can easily prove that set 7 is a consensus satisfying postulate P5, and of
course also postulate P3 because set T is the representative of x". ¢

We should refer to postulate P6 which does not specify in a concrete
way what should (or should not) belong to the consensus, but requires
determining the basis for consensus choice. This condition is not reflected
by postulate P5. Below let’s consider an example.

Example 5.2. Let profile X be defined as
X= {99 * 1, ﬁtz} .

where 1, t, € L. Thus profile X consists of 99 identical conjunctions #, and
one conjunction —f,. According to postulate P5 the consensus should be ¢
because it minimizes the sum of distances from the consensus to the
elements of the profile. Symbol #, does not appear in the consensus be-
cause it occurs in the profile only one time. However, postulate P6 as the
basis of the status for symbol #, takes only this one opinion in which it
appears. Thus because only one agent gave an opinion about the event rep-
resented by 2, the status of this symbol should be the same as in this opin-
ion. .

The way to determine the basis for setting the status for a symbol in the
consensus follows from postulate P6. Let X e [1(Conj(L)) be a profile; the
consensus basis X(7) for a symbol ¢ € L is defined as

XO={m=*t,m=* (=0},

where n; is the number of conjunctions belonging to X in which literal ¢
appears, and 7, is the number of conjunctions belonging to X in which lit-
eral —¢ appears. Thus those conjunctions in which neither ¢ nor —¢ appears
are not taken into account.

For example, for profile

X=1{99 = t|, =t}
we have

X)) =1{99 * 1}
and

X(t) = {—t}.
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As stated above, postulates P5 and P6 are inconsistent with each other.
However, after determining the consensus bases for particular symbols ac-
cording to postulate P6, postulate PS5 may be useful for determining the fi-
nal status for this symbol in the consensus. It may be easily shown that
for the example given above the status for symbol # should be literal ¢
whereas the status for symbol #, should be literal —#.

5.2.5. Heuristic Algorithm for Determining Consensus

Theorems 5.1, 5.2, 5.3, and 5.5 show that the criterion defined in postulate
P5 is very important, because in general a consensus satisfying this postu-
late also satisfies other postulates. Therefore, working out an algorithm for
determining consensus satisfying this postulate should be done.

According to Theorem 5.4 we found out that determining the positive
and negative components of a consensus for a given profile of conjunc-
tions may be performed independently. Thus the task for calculation of
conjunction (x*", x*7) € C(X) where

X={xi=(",x7) e Conj(L):i=12,...,n}

can be divided into two similar subtasks. One of these subtasks refers to
determining positive component x*" such that

Lirex M@, x") =min 3, en(,x7)
and the other refers to determining positive component x*~ such that
Lex M@ x)=min 3 n(x',x0).
In general we propose an algorithm for the following optimization prob-

lem.

Given a finite universe U and a profile Y € T1(U) one should determine
a subset y* < U for which

2 ey MO, p) = min 2,0 )

It is possible to prove that this problem is a NP-complete problem.
Therefore, other approaches such as genetic or heuristic algorithms should
be worked out. In this chapter we propose an effective heuristic algorithm
for this problem. Notice that the same problem, but with distance function

N'(1.y2) = card(y1+ y,)
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is not NP-complete, and there has been worked out an effective optimal
algorithm [31].

The idea of our algorithm is simple and can be presented as follows.

First, we calculate the number of appearances of each element (from
those occurring in the profile) in the sets belonging to the profile. Using
postulate P1 we create the first element of consensus y* as the set of all
common elements of the sets belonging to the profile. Next, we improve
the consensus by considering the addition to it of those elements which
have the maximal frequency and help to decrease the sum of distances.
The next improvement consists in checking if adding an element of the
profile decreases the sum of distances. If so, the consensus is extended by
this element. The algorithm will stop when all elements of the profile have
been checked.

Below we present the heuristic algorithm.

Algorithm 5.1.
Input: Profile Y € I1(V).
Output: Set y* < U which minimizes the sum of distances to elements of
profile Y.
Procedure:
BEGIN
1.SetZ: = Uery ; v*:=; and n: = card(Y);
2. For each element z € Z calculate f{z) as the number of its appear-
ances in sets belonging to profile Y;
3. For each z € Z if f{z) = n then set y*: = y* U {z} and set
Z=7\{z};
. Calculate S* = Zyeyn(y*,y) ;
. Find z € Z such that f{z) is maximal;
LSetyi=y* U {z}, Z=Z\ {y};
. Calculate S(y") = Zyeyn( V', ¥),1f S(") £ S* then set
S*:=S() and y*:=y";
8. If Z# & then GOTO 5;
9. Foreachy € Ydo

NN A

Begin

Sety": =y* U y;

If SG") < S* then set y*: =" and S*:= S()")
End;

END.
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The algorithm given above is not complex; its computational complexity
can be easily proved to be O(m?* n) where m = card(Z) and n = card(Y).

Now we can use Algorithm 5.1 to determine the consensus of a profile
of conjunctions. The idea of this algorithm is based on using Algorithm 5.1
to determine the consensuses for profiles consisting of positive and nega-
tive components, respectively. Next, these consensuses are checked for
removing the common part of them.

The algorithm is presented as follows.

Algorithm 5.2.
Input: Profile X e T1(Conj(L)), where X = {(x;", x;):i=12,...,n}.
Output: Consensus (x*", x*7) satisfying postulates P4 and P5.

Procedure:
BEGIN
1.Set Y :={x;i=1,2,...,n};
Set YV ={x:i=1,2,...,n};
. For profile Y "using Algorithm 5.1 determine its consensus x*";
. For profile Y using Algorithm 5.1 determine its consensus x*°;
Ifx* N x* = & then GOTO END;
. Calculate S(x*) = Y . d, (x* x) where x* = (x*", x*")

.Set T'=x*" N x*";
.Foreachz € Tdo
Begin
8.1. Set x' = (x*"\{z}, x*7) and x" = (x*", x*"\{z});
8.2. Calculate S(x") = er ydA(x',x) and

S = 2 ex da(x",X);
8.3. If S(x") < S(x") then set x* = x*"\ {z} else
if S(x") < S(x") then set x*:=x*"\ {z};

03 N W bW

End;
END.
It is easy to show that the computational complexity of Algorithm 5.2 is
O(m’n) where m = max {card( U,cxx™ ), card(lJ,_,x™ )} and n = card(X).
Let’s note that for a strong distinguishable profile a consensus satisfying
postulate P5 also satisfies postulate P3. However, a consensus determined

by a heuristic algorithm may not fulfill this rule. Fortunately, Algorithm
5.2 possesses this property and we can prove the following.
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Theorem 5.7.
Algorithm 5.2 has the following properties:

(a) For any profile X the consensus determined by Algorithm 5.2 satis-
fies postulates P1, P2, and P4.

(b) For a strong distinguishable profile X the consensus determined by
Algorithm 5.2 satisfies postulate P3.

(c) For any profile X if for each x € X we have x" # & then x*" # O,
and also if for each x € X we have x™ # O then x*~ # &.

Proof.

(a) Satisfying postulate P1 results from step 3 of Algorithm 5.1 because
in set y* it includes all such element z that f{z) = card(Y); that is, z appears
in all elements of the profile, and these elements are still in the final form
of the consensus. For postulate P2 notice that using step 1 of Algorithm
5.1 in Algorithm 5.2 causes set Z to be defined as the sum of all positive
(or negative) components. Next, the other elements of consensus y* are
chosen only from Z. Thus the consensus must be a subset of Z. Postulate
P4 should be satisfied owing to step 8 of Algorithm 5.2, which causes
removing the common elements of sets x;*" and x;*~ from one of them.

(b) Let X be a strong distinguishable profile. We investigate only the
determination of the consensus of its positive components; for the negative
components the consideration is identical. If X contains only one conjunc-
tion then the theorem is obviously true. Now assume that the cardinality
of X is greater than 1. For all elements z € Z the numbers f{z) calculated in
step 2 of Algorithm 5.1 should equal 1 because profile X is strong distin-
guishable. The set y* calculated in step 3 should be empty, and the sum S*
calculated in step 4 should be equal to n. The loop consisting of steps 5-8
the first time should add to set y* a new element z (where z is any element
of Z) because this should decrease the sum of distances from n to (n — 1) +
(k — 1)/k, where £k is the cardinality of the element w of profile Y, to which
z belongs. Notice that the loop will add to set y* all elements from w
because other elements of w should decrease the sum of distances.

At last, when whole w is added to set y*, the sum of distances should
equal (n — 1); it is also the minimal sum of the distances (see the proof of
Theorem 5.5). This minimal sum should not be changed if a whole element
of profile Y is added to y*. Therefore, owing to step 9 of Algorithm 5.1 y*
should contain all elements of Y; that is, postulate P3 is satisfied.

(c) See the proof of Theorem 5.5 and notice that owing to step 6 of
Algorithm 5.1 set y* will not be empty. *

We now present an algorithm which reflects both postulate P5 as well as
postulate P6.
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Algorithm 5.3.
Input: Profile X € I1(Conj(L)), where X = {(x;", x;):i=1,2,...,n}.
Output: Consensus (x**, x*") satisfying postulates P5 and P6.

Procedure:
BEGIN
1. Set Z:= {t € L: there exists a conjunction x € X in which symbol ¢
appears};

2. Set (x*7, x*7):= (D, D);
3. Foreacht € Z set

X)) = {n,*t,n/ * (=)},

where 7, is the number of conjunctions belonging to X in which
literal ¢ appears, and »," is the number of conjunctions belonging
to X in which literal —¢ appears.
4. Foreachte Zdo
Begin
4.1. If n,wy < n/-wj, then set x* == x* U {t};
4.2.1f nowy > n,/-w, then set x* == x*" U {t};
End;
END.

In the above algorithm postulate P6 is used in step 3, and postulate P5 is
used in step 4. Notice that because the consensus basis X(¢) consists only
of two kinds of literals, then the sum of distances will be smallest if we
include in the consensus the literal which appears no fewer times than the
other, taking into account the weights w; and w, defined for distance func-
tion d,. It also follows that although consensus determined by this algo-
rithm only partially satisfies postulate P5, it satisfies postulates P1 and P2.

The computational complexity of Algorithm 5.3 is O(mn) where m =
card(Z) and n = card(X).

5.3. Disjunctive Structure of Knowledge

We now deal with the dual structure for knowledge on the syntactic level,
that is, the disjunctive structure. This structure is very popular in knowl-
edge representation by experts and agents, especially for such kinds of
knowledge as uncertain or incomplete. Owing to its simplicity and repre-
sentation power it is also the structure most often used in logic program-
ming languages such as Prolog and Datalog, and in deductive databases. In
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addition, we can see that the negation of a conjunction gives a disjunction,
for example, —(a A b A ¢) = (—a) v (=b) v (—c), where symbol “=" repre-
sents the semantic equivalence. Disjunctive structure can then be very useful
in representing negative knowledge for those experts who use conjunctions
to represent their positive knowledge.

First, we present some basic notions.

5.3.1. Basic Notions

Using disjunctive structure an agent opinion has the form:
11V12V---\/lk,

where /; is a literal (positive or negative) fori=1,2,...,kand k € X. The
symbols for building literals belong to set L (see Section 5.2.1).

Notice that owing to this structure an agent may express its opinion in
types other than conjunction structure; viz. an agent can now give its opin-
ion in the form of a disjunction referring to a number of scenario attributes.

Notice that formula

ll\/lzv ---Vlk
can be treated as a clause. We can then write
(hvhv ...vi)=s(hivihyv - vlp)v(=biv—byv. .. v —=by),

where hy, hy, ..., h, are positive literals and —b,, —b,, . . . , —=b, are nega-
tive literals among [y, l,, . . . , /. Furthermore we have

(Lhvhv...v0L) =(hivhov...vhy)v=(biAbyn---Aby)

=(biAbyn - Abp) > (v hyve o v hy).
Symbol “—” represents the logic implication.
Formula

(b] 7a\ bz/\ CICIEVAN bk")
is called the body of the clause, and formula
(h1Vh2V e th,)

is called the head of the clause. It is a well-known form of clause. The
above-mentioned transformation shows that the disjunction structure
should be very useful in practice for agents to express their opinions,
because an expert has now the possibility to represent her opinion as a
rule,
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If precondition then postcondition.
As a equivalent form for clause
(biAbaA o Abp) > (Wi hyv .oV Ry
we use the following,
bi,by ..., b > hy,hyy. .., By
Or more generally:
b—>h,
where b is the body and 4 is the head of the clause, for b, h < L.

Clauses have been classified into the following groups: the group of
Horn clauses (definite clauses) and the group of nondefinite clauses. A
Horn clause has at most one symbol in its head, and a nondefinite clause
has two or more symbols in the head. The inference mechanisms of clauses
are dependent on the so-called closed world assumptions [129]. However,
in this work we do not deal with the inference process of clauses in the
logical sense, but in the qualitative sense.

By Clause(L) we denote the set of all clauses with symbols from set L.

Similarly as for conjunctions a clause
x=b—h
can be then represented by a pair
" x),
where x" is the set of symbols belonging to the head of x and x™ is the set of

symbols belonging to the body of x; that is, x" = 4 and x” = b. For example,
the representation of clause

x=(t,h—bh)

for t, t,, t; € L is pair (x", x7), where x" = {t;} and x™ = {t, t,}.
If body b = & then the clause will have form

—h,

if head 4 = < then the clause will have form
b—,

and if b = h = & then the clause is

—.
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This clause is called empty and represents the value false.

Sets x" and x~ are called the positive and negative components of the
clause, respectively. An empty clause is then represented by pair (I,
). A clause in which both components are nonempty is called a complete
clause.

Definition 5.7.
A clause (x", x*), where x*, x” < L, is nonconflicting if the following condi-
tion is satisfied,

X Nx =0a.

That means that a nonconflicting clause is not equivalent with #rue. An
opinion of an expert or an agent in the form of conflicting clauses (equiva-
lent with true) has no value in practice. Therefore, we consider only
nonconflicting clauses because they are sensible for agents to express their
opinions.

Definition 5.8.
Letx = (x",x") € Clause(L) and x' = (x'", x'") € Clause(L) and let t € x" N
x'". We say that clause (x"", x"”) where

=" uxX)\{} and X" = Ux)\{}
is the consequence of clauses x and x'.

For example, for the given clauses

x=(a,b—>c d)

and
x'=(e,f—a)

their consequence is the following clause,
x"=(b,e,f—>c,d).

The above definition presents in fact the well-known rule for generating
the consequence of two clauses [129]. Furthermore, we have the following.

Definition 5.9.

A profile of clauses X € I1(Clause(L)) is called inconsistent if one of their
consequences is empty clause (3, @) (i.e., clause —>). A profile which is
not inconsistent, is called consistent.

For example, profile

X={a,b—>c,c—>,—>a, —> b}
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is inconsistent because the consequence is an empty clause, but profile
X' ={a,b—>c,c—>,—>a}

is a consistent one for which clause (b —) is a consequence, but the empty
clause is not a consequence.

5.3.2. Distance Function between Clauses

In this section we define the distance function d.,, between clauses. This
function should help in evaluating the difference between clauses. Owing
to this function it will be possible to learn about the inconsistency level of
a conflict profile, and in consequence, to determine the consensus for the
conflict.

For defining the distance function between clauses we need the distance
function 1 between sets which has been defined in Section 5.2.2.

The definition of the distance of two clauses x; and x, is presented as
follows.

Definition 5.10.
By the distance between two clauses x1, x, € Clause(L) we understand the
following value,

won(x,x) +w, n(x,x,)
d(x1x0) = N0y Lx) +w, N, x, ,
w +w,

where

o n(x'1,x1): The distance between sets of positive components in
clauses x, and x,.

o nN(x 1.x2): The distance between sets of negative components in
clauses x; and x,.

e 1w, and w, are the weights of distances n(x 1,x") and N(x 1,x ) in
distance d (x1,x;), respectively, which satisfy the following condi-
tions,

wi+tw, =1 and 0<ww,<l.

In a clause (similarly as in a conjunction) positive literals can be consid-
ered as the positive knowledge of agents, whereas negative literals are
considered as their negative knowledge. Using values w; and w, we can
distinguish the weights of distances between positive and negative parts of
agent knowledge states.
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In the aspect of precondition and postcondition of a clause, the distance
between two clauses is in fact the sum of distances between their pre- and
postconditions. In some situations the preconditions are more important
and in other situations the postconditions are more important. For reflect-
ing this aspect the values of parameters w; and w, may be modified. If pre-
and postconditions have the same importance, then we may set w; = w, = /5.

The above-defined distance function d, is of course a metric. Its values
are also normalized to interval [0, 1].

Notice that the distance between two inconsistent clauses (i.e., their
consequence is the empty clause) is maximal (i.e., equals 1). It is then the
justification for this function.

The above-defined distance function d, is of course a metric.

5.3.3. Integration Problem and Postulates for Consensus

We now formulate the integration problem as follows.
For a given set of clauses
X={x;,=@"x)i=12,...,n}

o, o . + —
it is necessary to determine a clause x* = (x*", x*7) called a consensus
of set X.

Example 5.3. Let’s consider a real world consisting of weather forecasts in
some region of a country, similar to the one in Example 5.1. Let there be a
set of agents:

Agent = {ay, a», as, a4},
and a set of symbols:
L={t,t, 6, t4, ts},

which represent the facts:

~

1: The temperature in the region will be higher than 0.
t,: The region will be sunny.

t3: It will snow in the region.

4: The wind will be strong.

ts: It will rain.

e o o o o
~

Assume that for some common region the agents generate the following
set of knowledge states.
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Agent Knowledge state
a th > 15
a —> 0, I5
as b, t3, ly —>
ay b, 13>l

Thus in the opinion of agent a; in the considered region if the tempera-
ture is higher than 0, then it will be raining. .

More generally, we need to define the following consensus function.

Definition 5.11.
By a consensus function for profiles of clauses we understand a function:

C: I1(Clause(L)) — o Clause(L)

which satisfies one or more of the following postulates.
P1. For each clause (x*", x*7) € C(X) there should be:

@ (Vyexx =x*

and
b)),y X Sx*.
P2. For each clause (x**, x*7) € C(X) there should be:
@ U
and
) ¥l . ox -
P3. If profile X is consistent then any clause
(", x)
which is a consequence of all clauses from X, should be its consen-
Sus.

P4. If profile X consists of nonempty and nonconflicting clauses then for
each clause (x**, x*7) € C(X) there should be:

(@ x*¥Nx*¥ =0
and

B) Utz
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P5. A consensus x* € C(X) should minimize the sum of distances:

d,(x*,x)= min d, (x',x).
ZXEX V( ) x'eClause(L) ZXEX V( )
P6. For each symbol z € L and a consensus x* € C(X) the form of ap-
pearance (i.e., as a positive or negative literal) of z in x* depends
only on its forms of appearance in clauses belonging to X.

In a consensus (x*", x*7) € C(X) set x*" is called the positive compo-
nent, and set x*” the negative component.
We give some commentary to the defined postulates.

o Postulates P1 and P2 contain the same requirements as their counter-
parts defined for profiles of conjunctions. They are in some sense
Pareto-based criteria.

e Postulate P3 is specific for the logical character of the profile. For ex-
ample, if there are three clauses in the profile:

a—>b, b—>c¢ and c—d
then their consequence should be the following clause,
a—>d

and this clause should be the consensus of the profile. Consensus has
been known to be useful in reconciling inconsistent elements of the con-
flict profile. However, if a profile does not contain inconsistency, then
the natural requirement is that its consequence should be a consensus.

e Postulate P4 requires the consensus to be a nonconflicting and non-
empty clause for those profiles which consist of nonconflicting and non-
empty clauses. For a practical sense of consensus this requirement is
well justified because if it were a conflicting clause it would be equiva-
lent to true and if it were an empty one it would be equivalent to false.
In both cases determination of consensus is not justified because there
would be no profit in it.

e Postulate P5 is known to be a popular criterion for consensus choice, as
it is consistent with the postulate with the same name defined in Section
5.2.3. This criterion is natural for satisfying the condition for “the best
representation.” It is also consistent with the criterion O; defined in
Chapter 3.

e Postulate P6 has here the same aspects as the same postulate for con-
junctions.

By C. we denote the set of all consensus functions for profiles of
clauses.
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The postulates defined above may be considered to be satisfied by:

e A particular consensus for a given profile
e A profile
e A consensus function

Now we present some properties of consensus functions referring to the
postulates. A large part of these properties is similar to those of the postu-
lates for consensus determination of profiles of conjunctions.

Theorem 5.8.
A consensus function C € C. which satisfies postulate P5 should also sat-
isfy postulates P1 and P2; that is,

(C|-P5)= (C|-P1 A C|- P2).

Proof.

The proof for this theorem is similar to the proof of Theorem 5.1 because

the basis of consensus determination is distance function n between sets.
L4

We note that similarly as for conjunctions (Theorem 5.4), determining
consensus satisfying postulate P5 for a given profile can be performed in-
dependently for its positive and negative profiles.

The theorem presented below shows the properties for clauses similar to
the one given in Theorem 5.2. However, postulate P4 for clauses is differ-
ent from that defined for conjunctions.

Theorem 5.9.

Let profile X consist of complete clauses and C € C, be a consensus func-
tion. If function C satisfies postulate P5 for profile X, then it should also
satisfy postulate PAb for X; that is,

(C(X) |- PS) = (C(X) |- P4b)

Proof.
Let profile X consist of complete and nonconflicting clauses and let con-
sensus function C satisfy postulate P5. We show that

2@ and x¥ 2.

For the first dependence notice that because of the completeness of pro-
file X each element of the positive profile

X'={x"i=1,2,...,n}

. + . .. .
is nonempty. Thus set x*" which minimizes the sum
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n
>, x)
i=1

should not be empty. The reason is that if it were empty, the sum would be
equal to n, whereas for anyj € {1, 2, ..., n} we would have:

n
Ynx.x)<n
i=1

because

+

nx;, x}“) =0.
The proof for the second dependence is identical. Thus we should have:
X UXt £
and as the consequence
C(X) |- P4b . .

Notice that without the assumption of profile completeness the follow-
ing dependency is not true.

(CX) |- P5) = (C(X) |- P4Db).
Here is an example.

Example 5.4. Let profile X consist of six nonempty and nonconflicting
clauses:

X= { —>t, > b, > L, 1 —>, >, t3—)}.

Let C be a function satisfying postulate P5. Then the only element of
C(X) is the empty clause; that is,

CX)={—->}.
Thus function C does not satisfy postulate P4b. .

In general, satisfying postulate P5 does not imply satisfaction of postu-
late P4a either. Let’s consider an example.

Example 5.5. Let the profile consist of two clauses:
X= {tl —> b, H—> ll}.
Letting C be a function satisfying postulate P5, we have

C)={tottbot,th o>t tLboh}.
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Because of the presence of clause #; — #; function C does not satisfy
postulate P4a. .

However, postulates P1, P2, P3, P4, and P5 are not contradictory on the
argument level; that is, there exist a function C € C, and a profile X for
which all of the postulates are satisfied. However, these postulates are con-
tradictory on the function level; that is, a consensus function which satis-
fies all postulates for all arguments does not exist. We have the following.

Theorem 5.10.
The following dependencies are true.

(a) AC e C.)(3X e II(Clause(L))): (C(X) |- P1 A - - - A C(X) |- P5).
(b) =[@cec,):(Cl-P1A...AC|- P5)].

Proof.

(a) For proving this statement we define a concrete function and show a
concrete profile, for which all postulates are satisfied. Let function C be
defined as follows.

C(X) = {x*e Clause(L): 3. _.d,(x*,x)= min Y . d (x*x)}.
*e x'eClause(L) *e

As we can see, this function satisfies postulate P5. Now let’s define the
profile X as follows,

X={k*x)

for some x € Clause(L), x is nonconflicting, nonempty, and £ € N. That is,
profile X is homogeneous. It is obvious that

CX) = {x}.

Thus postulates P1, P2, P3 are satisfied. For postulate P4a, notice that
because x is nonconflicting, then its positive and negative components are
disjoint. Postulate P4b should also be satisfied because x is a nonempty
clause. In this way we have shown that all postulates are satisfied for C(X).

(b) We show now that for each function C satisfying postulate P5 there
exists a profile X such that C(X) does not satisfy postulate P3.
Let C € C,, and let profile X be defined as

X= {99 * (tl —> fz), th > Z3}

for some #,, t, 3 € L. Thus X contains 99 appearances of the same clause
— t, and one clause , — ;. Let x* € C(X); notice that because C satisfies
postulate P5 then x should have the form:
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xt=t, > 1.
However, the consequence of the whole profile X should be clause
X=t —> b,
which may not be a consensus from C(X) because

erde(x*ax) =W + Wa,

where w; and w, have been defined in Definition 5.10.
In the meantime for x this sum should be:

Dexdy (1, x) =99 - wy+w > D d,(x%,x).

Thus postulate P3 cannot be satisfied. .

Theorem 5.10 shows that the defined postulates are consistent on the
profile level, but they are contradictory on the level of the consensus func-
tion. More concretely, postulates P3 and PS5 are most often inconsistent
with each other. Postulate P5 reflects the numbers of occurrences of sym-
bols in the profile, whereas postulate P3 does not refer to these numbers. It
follows, as stated above, that postulate P5 is not good for profiles which
have nonempty consequences; that is, they are not logically inconsistent.
This postulate is good only for conflict situations described by inconsistent
sets of clauses.

Now we deal with working out algorithms for consensus determination.

5.3.4. Heuristic Algorithm for Consensus Determination

As is known, satisfying postulate P5 implies also satisfying postulates P1,
P2, but satisfying postulate P4b takes place only with the assumption of
completeness of profiles. Postulate P4a is in some sense independent of
postulate P5. Postulate P3 is not suitable for conflict situations. Thus we
need to work out an algorithm for determining consensus, which satisfies
postulates P4a, P4b, and P5. For this purpose we use Algorithm 5.1 which
is useful for determining consensus of positive and negative profiles.

The idea of the algorithm is presented as follows. First, Algorithm 5.1 is
used for determining consensuses for positive and negative profiles which
satisfy postulate P5. If both these consensuses are empty then they are re-
placed by nonempty consensuses of positive and negative profiles after
removing empty components from them. Next, it is checked if the positive
and negative components of consensus are disjoint. If not, the same proce-
dure is used (steps 5-8 of Algorithm 5.2) for eliminating their common
elements.
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The algorithm is presented below.

Algorithm 5.4.
Input: Profile X e T1(Clause(L)), where
X=A{(x ", x ):xiux;#Dfori=1,2,...,n}.
Output: Consensus (x*", x*") satisfying postulates P4a, P4b, and P5.

Procedure:
BEGIN
1. SetY'={x":i=1,2,...,n};
SetY:={x:i=1,2,...,n};

If x*" U x* # & then GOTO 13;
Create Y= {x; e Y x;" # @};
Create Y= {x; € Y: x; # D};

el A il

9. For profile Y’ using Algorithm 5.1 determine its consensus x*'";

10.Set yy= (x*"", x*7); yor= (x*"", @); y3:= (D, x*"");
11.Findj (j=1,2,3)sothat 3, _.d, (y;,x) is minimal;

12.Set (x*", x*7):= yj;
13.If x*" N x* = & then GOTO END;
14.Calculate S(x*) = > _ . d, (x*,x), where x* = (x*", x*");

15.Set T:=x*" N x*;
16.For each z € T'do
Begin
16.1. Set x' = (x*"\{z}, x*") and x" = (x*", x*"\ {z});
16.2. Calculate S(x') = . _, d,(x',x) and

S = 2 e dy (3", X);
16.3. If S(x") < S(x") then set x*":= x*"\ {z} else
if S(x"") < S(x") then set x*:=x*"\ {z};
End;
END.

For profile Y'" using Algorithm 5.1 determine its consensus x*';

For profile Y " using Algorithm 5.1 determine its consensus x*";
For profile Y ~using Algorithm 5.1 determine its consensus x*";

b

b

It is not hard to show that the computationl complexity of Algorithm 5.4 is
O(m* n) where m = max {card( U,cxx ) card(lJ,_yx™ )} and n = card(X)

Algorithm 5.4 possesses the following properties.
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Theorem 5.11.
The following statements are true.

(a) For any profile X € I1(Clause(L)) the consensus determined by
Algorithm 5.4 satisfies postulates P1, P2, and PA.

(b) For any profile X e I1(Clause(L)) with complete clauses (i.e., x #
& and x~ # D for each x € X) generated by steps 3 and 4 of Algo-
rithm 5.4 consensus (x*', x*7) is complete; that is, x*" # @& and x*~
= .

Proof.

(a) Satisfying postulate P1 results from step 3 of Algorithm 5.1 because
it adds to set y* all such elements z that f{z) = card(Y); that is, z appears in
all elements of the profile, and these elements are still in the final form of
the consensus. For postulate P2 notice that using step 1 of Algorithm 5.1 in
Algorithm 5.4 causes set Z to be defined as the sum of all positive (or
negative) components. Next, the elements of consensus y* are chosen only
from Z. Thus the consensus must be a subset of Z. Postulate P4a should be
satisfied owing to steps 14-16 of Algorithm 5.4 which cause removal of
the common elements of sets x;*" and x;* from one of them. Satisfaction
of postulate P4b follows from steps 8—10 of Algorithm 5.4 which make the
choice of consensus between only nonempty positive and negative compo-
nents and next combine the nonempty consensus. Notice that the consen-
suses for profiles Y'" and Y~ are nonempty (see the proof of Theorem 5.9).

(b) The proof also follows directly from the proof of Theorem 5.9. Note
that in this case steps 6—12 are not needed, and generated consensus satis-
fies at once postulate P4b. .

For postulate P6 we can formulate an algorithm similar to Algorithm 5.3
for conjunctions which also takes into account postulate P5.

5.4. Fuzzy Structure of Knowledge

In this section we deal with fuzzy structure for inconsistency representa-
tion on the syntactic level. In Section 5.2 an agent or expert referring to an
event or scenario may only assign his opinion by means of one of two values
(true or false). For example, if in his opinion the event represented by
symbol a should not take place then he can generate literal —a. We now
consider the possibility for an agent (expert) to describe his opinion in
more precise way using fuzzy-based approach.
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5.4.1. Basic Notions

We assume that referring to a real event or scenario represented by symbol
¢t an expert can give a degree in which in her opinion the event (or sce-
nario) should take place. For example, if symbol # represents scenario “The
temperature will be higher than 0,” then the pair (¢, 0.7) should represent
an opinion that with certainty 0.7 the temperature will be higher than 0.

In fuzzy structures we use only one form of literal; this is a fuzzy literal

v,

where t € Land v € [0, 1].
Thus a positive literal 7 used in Sections 5.2 and 5.3 is a special case of
this kind and may be interpreted as equivalent to fuzzy literal

1
and a negative literal —# may be interpreted as equivalent to fuzzy literal
(¢, 0).

Notice that the above assumption is not novel; it is simply the basic as-
sumption for fuzzy logic. We consider two kinds of fuzzy formulas:

e Asa fuzzy conjunction we define the following expression,
(t,v) At ) Ao A (s Vi)

where 11, t, € Land vy, vy, ..., v € [0, 1].
e Asa fuzzy clause we define the expression:

(Zla vl) Vv (tz, VZ) VeV (tky Vk) 5

where ¢, t, € Land vy, vo, ..., v, € [0, 1].

Fuzzy conjunctions and fuzzy clauses may be very useful for agent
knowledge representation. Similarly as earlier we also assume that if a
symbol does not appear in an opinion of an agent then the fact or event
represented by this symbol belongs to the agent’s ignorance.

5.4.2. Distance Function

For defining distance functions for fuzzy conjunctions and fuzzy clauses
we consider the following situations:

1. Two fuzzy formulas contain the same set of symbols. In this case the
following distance function is reasonable.
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Definition 5.12.
(a) Let there be given two fuzzy conjunctions:

x =, v) A, V) A At i),
and
X' =, vi) Aty YA At V).

As the distance between conjunctions x and x' we understand the value:
k il
af (x)= 3l —vi|.
i=1

(b) Let there be given two fuzzy clauses:

x=({,v)Vv(t,v) V.- V(W)
and
x' = (tla vll) 4 (ZZ, Vz') VeV (tka Vk,)-

As the distance between clauses x and x' we understand the value:
k Al
df (xx") = Z‘Vi _Vi‘-
i=1

The functions defined above are sensible because they reflect the dis-
tance for each symbol. Apart from these functions one may also use well-
known distance functions for vectors such as the cosine function [141] for
document space, or the Euclidean function for mathematical vector space.

2. Two fuzzy formulas contain different sets of symbols. In this case none
none of the above-mentioned distance functions is reasonable. Let’s consider
an example.

Let there be given two fuzzy conjunctions:

x=(t1,0.3) A (£, 0.5)
and
x' = (1, 0.8).

We can say that referring to the fact or event represented by symbol ¢
these two conjunctions differ from each other in a degree equal to 0.5.
However, this difference is not known in the case of the fact or event rep-
resented by symbol #,. The reason is that along with our assumption about
the incompleteness of agent knowledge in the case of conjunction x’ the
agent has investigated only the fact or event represented by symbol ¢, and
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is ignorant as to the part of the real world represented by symbol #. Thus
we have no basis to determine the degree of the difference between these
conjunctions.

Despite the lack of possibility to calculate the distance function for
fuzzy formulae in this case as we show below, using postulate P6 defined
in Sections 5.2.3 and 5.3.3 and distance functions d/ and 4/ defined
above we can solve the consensus problem.

5.4.3. Integration Problem and Algorithm for Consensus
Choice

The integration problem for fuzzy conjunctions may be formulated as fol-
lows.

For a given set of fuzzy conjunctions
X={6=0D vVO)YA (D VOYA - A(t,(cf) ,v,(cf)): i=1,2,...,n}
it is necessary to determine a fuzzy conjunction
x*={t, v) At V) A At VE)
called a consensus of set X.

The integration problem for fuzzy clauses is similar.

We cannot assume that the sets of symbols included in particular con-
junctions are identical. Therefore, the direct use of postulate P5 (Section
5.2.3) for consensus choice is impossible. However, we may combine pos-
tulates P5 and P6 as shown in Algorithm 5.3 for this aim.

Below we present a similar algorithm to Algorithm 5.3. Its idea relies on
determining the consensus basis for each symbol (postulate P6), and next
using postulate P5 and distance function d/ to determine the fuzzy value
for this symbol.

This algorithm is presented as follows.

Algorithm 5.5.
Input: Profile

X={0=(t VYA A YA A VY i =12, )

Output: Consensus x* = (¢, Vi) A(ty, V) A+ -+ A (s, Vi) -
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Procedure:
BEGIN
1. Set Z:={t € L: there exists a conjunction x € X, in which symbol
t appears};
2. Set k:= card(Z);
3. For each ¢ € Z determine
X(t) = {(¢, v): there exists a conjunction in X
containing literal (¢, v)};

4. Seti:=1;
5.Foreacht e Zdo
Begin
5.1. Set t;=1t;

5.2. Create Y= {v: (t, v) € X(9)};

5.2. Sort the elements of Y in an increasing order;

5.3. Set v;:= yVHJ where [/ = card(Y) and VHJ is the
2

. [+1
greatest integer not greater than T ;

54.Seti=i+1;
End.
END.

The algorithm for fuzzy clauses may be formulated in the same way.

We should now show that in Algorithm 5.5 postulate P5 is reflected. In
fact it is used in step 5 of the algorithm. Notice that set X(¢) can be treated
as a profile in which all literals refer to the same symbol ¢. We can then
write:

X(t) = {(ta yl)a (ta yZ)a BRI} (ta )’1)}’

Value v should be such that it minimizes the sum
! i
Zd}(((tav)’(tayi)): mil'l Zd{((tavv)’(tayi))'
i=1 V'E[O,l] i=1
In fact the above dependence is equivalent to:

2 S~ = min 3 Zlv —il-
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It is not hard to prove that the value v determined in step 5 should sat-
isfy this condition. In fact value v may belong to the interval

ngxgyj"

| 1+1 and 7= [+2
77 S N

Notice that in the case when the inconsistency refers to numbers very
often the final value is determined as the average of these numbers. That
18,

where

y=

~ —

/
Z)’i .
i=1

This manner of calculating v is consistent with criterion O, defined in
Chapter 3, requiring minimization of the sum of squared distances between
the consensus and the elements of the profile.

5.5. Conclusions

As has been shown, using symbols for representing inconsistency of
knowledge may be powerful in many cases. In this chapter we have used
symbols for describing inconsistency in three structures: conjunction,
clause, and fuzzy conjunction and clause. For each of them we have de-
fined the consensus problem as well as the consensus function, for which a
set of postulates has been proposed for expressing the conditions for con-
sensus. The results of postulates are very interesting and help us to get to
know about their relationships. These relationships have then been used in
formulating the algorithms for consensus choice.



6. Processing Inconsistency
on the Semantic Level

In this chapter some solutions of knowledge inconsistency resolution and
knowledge integration on the semantic level are presented. The conjunc-
tive and disjunctive structures of inconsistency interpreted in a real world
are investigated. For each structure the notion of semantics is defined and
analyzed. The distance functions for these structures are defined and the
problem of dependencies between attributes is also investigated.

6.1. Introduction

In the previous chapter we have assumed that an event or a fact of a real
world is represented by a symbol, and an agent or expert in her opinion as-
signs to this symbol one of the logic values (true, false), or one of the
fuzzy values. Symbols in an agent opinion may be in one of two relation-
ships: conjunction or disjunction. The advantages of this approach are
based on the simplicity of representation, and in consequence, the effec-
tiveness of inconsistency processing. However, there are some disadvan-
tages of this model, presented as follows:

e The representation power is restricted. Among others, the dependen-
cies between real world facts or events may not be exposed by
symbols themselves. It is necessary to use a metalanguage for this
purpose.

e Because of diversification and the large number of real world facts
and events, the set of symbols may be very large, and this could
make the proposed methods ineffective.

In this chapter we propose an approach which is free of the above-
mentioned disadvantages. We deal with the semantics of the symbols. We
assume a deeper representation of real world events and facts. Concretely,
we assume that a fact is represented not by a symbol, but by a pair (a, v)
(called a term) where a is an attribute representing the feature of the fact
and v is its value. Owing to this the dependencies of facts or events can be
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exposed by themselves and a metalanguage is not needed. Also, it is not
necessary to use a large set of symbols, because each value of v in pair
(a, v) can refer to one fact or event. Thus the representation power is
greater than in the case of symbols. Term (a, v) is understood as an inter-
pretation of some logic formula, and therefore solving inconsistency with
taking into account the interpretations of logic formulae we call the seman-
tic level of inconsistency resolution.

Similarly as on the syntactic level, on the semantic level we also con-
sider two kinds of relationships between terms: conjunction and disjunc-
tion. By means of the conjunction structure it will be possible for an agent
to connect several facts in one opinion for representing a complex event.
By means of the disjunction structure an agent may represent his uncer-
tainty, and furthermore, represent the rules in the precondition—post-
condition form. For each structure a consensus problem is formulated and
the definition is given. Algorithms for consensus choice are also presented.
The original idea for defining inconsistency on the semantic level has been
introduced in [108]. In this chapter this approach is modified, extended,
and more deeply analyzed.

6.2. Conjunction Structure

6.2.1. Basic Notions

In this chapter we use the notions defined in Chapter 4, Section 4.2.1.
These notions refer to representing a real world by a multiattribute and
multivalue relational structure.

Let (A, V) be a real world. For the requirements of this chapter we in-
troduce the following additional notions.

e An expression (a = v) where a € A, v c V, is called a positive literal
based on the real world (A, V), or (A, V)-based for short. An expres-
sion —(a = v) is called a negative literal. Positive literals serve agents
to express their positive knowledge, that is, knowledge consisting of
statements “something should take place,” whereas negative literals
serve to express their negative knowledge, that is, knowledge consist-
ing of statements “something should not take place.”

¢ Notice that the value v of literal (a = v) is a set of elementary values.
We accept the following interpretation of this literal. It represents a
fact or event for which the value of attribute a (or parameter a) is a
subset of v. For example, a meteorological agent may give her forecast
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referring to temperature in the form of a literal (temperature = [15-20]).
That is, in her opinion the temperature will be between 15 and 20 de-
grees centigrade. If v = & then according to this interpretation we un-
derstand that in the agent’s opinion the fact referring to this attribute
has no value. In other words, attribute a does not concern this fact.
Consider again the meteorological example; if the forecast refers to
the time of rain, then an agent may believe that there will be no rain,
and she should give a literal (rain = &). A positive literal in fact is a
one-attribute tuple.

¢ In this sense, by means of a negative literal —(a = v) an agent can ex-
press her opinion that the value of attribute a referring to the consid-
ered fact may not be a subset of v.

e Notice that literal —(a = v) is not equivalent to literal (a = V,\v). For
example, a meteorological agent can believe that there will be no rain
between 10 a.m. and 12 a.m., but this does not mean that in the opin-
ion of the agent it will rain during some period the rest of the day.

e Instead of (a = v) we write (a, v) and instead of —(a = v) we write
—(a, v).

6.2.2. Conjunctions of Literals

In this approach an element of a conflict profile representing an agent
opinion is a formula in the form of a conjunction of literals:

LAabLA-- A,

where [y, b, . . ., [, are (A, V)-based literals. By Conj(A,V) we denote the
set of all conjunctions of (A, V)-based literals. The set of attributes appear-
ing in a conjunction is called its type.

Let’s consider an example.

Example 6.1. Let A be a set of attributes Type, Direction, Wind_Speed
which represent the parameters of wind in a meteorological system. The
domains of these attributes are the following.

e V_ = {gusty, moderate}.

Type

e V. ={N,W,E,S,N-W,N-E, S-W, S-E}.

Direction

o V = [0 km/h, 250 km/h] (this interval represents the set of in-

Wind_Speed -

tegers not smaller than 0 and not greater than 250).

Examples of formulae representing opinions of agents A;, A,, and A3 are
the following:
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Ay: (Type, {gusty}) A (Direction, {N}) A =(Wind_Speed, {90}).

Ay (Type, {gusty}) A —(Direction, {N-W, N})
A (Wind_Speed, [100, 150]).

As: (Type, D) A (Wind_Speed, [20, 50]).

As assumed above, the empty value of attribute Type in the third con-
junction means that in the opinion of the agent this attribute should not
have any value.

As we can see, by means of a conjunction an agent may represent his
positive knowledge (in positive literals; see Table 6.1) as well as negative
knowledge (in negative literals; see Table 6.2).

Table 6.1. Positive knowledge

Agent Type Direction | Wind_Speed
A {gusty} {N}
Ay {gusty} [100, 150]
A3 %) [20, 50]

Table 6.2. Negative knowledge

Agent Type Direction | Wind_Speed
A [90, 90]
Ay {N-W, N}

As

*

The set of attributes occurring in a literal is called its type. Note that in
a conjunction the same attribute may appear more than one time. For ex-
ample, in conjunction

(Type, {gusty}) A (Direction, {N}) A —(Direction, {W})
A =(Wind_Speed, {90})

attribute Direction appears twice. The type of this literal is set
{Type, Direction, Wind_Speed}.
We now define the semantics of conflict profile elements.

Definition 6.1.
As the semantics of conjunctions we understand the following function,

E-TUPLE(T
Urca? Dup g

Sc: Conj(A,V) —> 2 )
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such that:

@ Sc((a,v))={r e E-TUPLE({a}):r, € v} forvc V,and v+ J.

(b) SC((a9®)) = {(aa 8)}

) Sc(—=(a,v))={r e E-TUPLE({a}): r, € V.\v} U {(a, &)}
forvc V, andv = Q.

d) Sc(—(a, D))= {r e E-TUPLE({a}):r, € V,}.
(e) Sc(linlhn---AL)

{r € E-TUPLEB) L 0p:

NVaeB)NVie{l,2,...,k)(aappears inl] =
(a,r,) € Sc(l) )},

where B is the type of conjunction [y Nb A -+ - A .

Some commentary should be made for this definition:

The semantics of a one-literal conjunction (a, v) where v < V,
and v is nonempty, consists of those elementary tuples which
are included in (a, v). This is consistent with the assumption that
the value of parameter a of the fact represented by this literal is
a subset of v. Thus an elementary tuple included in (a, v) should
be a potential scenario of the fact.

The semantics of conjunction (a, &) consists of only one ele-
mentary tuple which is (a, €). This is because such kind of opin-
ion means that the agent believes that referring to an event
attribute a should not have any value.

For an attribute a the set of all potential scenarios is equal to

E-TUPLE({a}) U {(a, €)}.

The semantics of literal —(a, v) should be complementary to the
semantics of (a, v); that is, the sum of the semantics of —(a, v) and
the semantics of (a, v) should be equal to the set of all possible
scenarios referring to attribute a, and they must be also disjoint.
This property follows from the definition.

At last, the semantics of a complex conjunction should be built
on the basis of the semantics of particular literals. Note that the
definition in (d) is consistent with that in (a)—(c) for the case
when k£ = 1. Besides, if an attribute a appears in more than
one literal in conjunction /; A , A . . . A [, then the elementary
tuple (a, r, ) must belong to the semantics of each of these literals.
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Thus the semantics of conjunction x is a set of all elementary tuples
which are included in the tuple x’ representing x, and their values referring
to an attribute are empty if and only if the value of x’ is empty for this
attribute. The idea of this definition is based on the aspect that if conjunc-
tion x represents the opinion of an agent for some issue then set Sc(x) con-
sists of all possible scenarios which are included in x and may take place
according to the agent’s opinion. Example 6.2 should illustrate the intui-

tion.

Example 6.2. For the real world defined in Example 6.1 the semantics of
agent’s opinions is determined as follows.

For conjunction

x = —(Type, {gusty}) A (Direction, {N-W, N})
A (Wind_Speed, [100-150])),

the semantics is presented by Table 6.3.

Table 6.3. The semantics of formula x

Type Direction Wind_Speed
moderate N-W 100
moderate N-W 101
moderate N-W 150
moderate N 100
moderate N 101
moderate N 150

€ N 100
€ N 101
€ N 150
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For conjunction:

x" = (Type, {gusty}) A (Direction, {N-W, N, E})
A (Direction, {N-W, N, S}) A (Wind_Speed, [200-202])

its semantics is presented by the following table.

Table 6.4. The semantics of formula x’

Type Direction Wind_Speed
gusty N-W 200
gusty N-W 201
gusty N-W 202
gusty N 200
gusty N 201
gusty N 202

Each of the elementary tuples from this table represents a scenario
which in the opinion of the agent should take place. *

From Definition 6.1 the following properties follow immediately.

Remark 6.1.
For any a € A the following dependencies are true:

(a) Sc(—(a. D)) = Sc((a,Va)) = E-TUPLE({a}) .
(b) Sc((a,9)) = Sc(—(a,V2) = {(a, €)}.
(c) Sc((a,v)) # Sc(—(a,V,\Wv)) forv+D.
(d) Sc((a, v)) N Sc(—(a,v))=D foranyvcV,.
(e) Sc((a,v)) Y Sc(—(a, v)) = E-TUPLE({a}) © {(a, €)}
foranyv CV,.
Remark 6.2.
Function Sc has the following properties:
(a) Commutativity, that is,
Sc(x A X") = Sc(x" A x).
(b) Associativity, that is,

Sc((x A XY AX") =Sc(x A (X'AX")).
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Now we present the definition of such notions as equivalence, comple-
ment, inconsistency, and conflict of conjunctions.

Definition 6.2.
(a) Two conjunctions x and x' (x, x'€ Conj(A,V) ) are equivalent if and
only if

Sc(x) = Sc(x").
(b) Two literals x and x' are conflicting if and only if
Sc(x) N Sc(x') = .
(c) Two literals x and x' of the same type {a} are complementary if and
only if
Sc(x) N Sc(x') =&
and
Sc(x) U Sc(x") = E-TUPLE({a}) w {(a, €)}.
(d) A conjunction x is inconsistent if and only if Sc(x) = &

(e) Two conjunctions x and x' (x, x'€ Conj(A,V)) are conflicting if and
only if conjunction x A x' is inconsistent.

A conjunction which is not inconsistent, is called consistent. Thus two
consistent conjunctions x and x" are conflicting if and only if there exist a
literal / in x and a literal /" in x’ such that / and /" are conflicting.

We prove the following.

Theorem 6.1.
The following dependencies are true.

(a) If two conjunctions are equivalent then they must be of the same
type.

(b) Any two literals (a, v) and (a, V') are conflicting if and only if
vy =G;
any two literals —(a, v) and —(a, V') are conflicting if and only if
v=C andVv' =V, orvice versa.
(c) Any two literals (a, v) and (a, v') are complementary if and only if

v=C andVv' =V, orvice versa.
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(d) For any two literals | = (a, v) and l' = (a, V") there should be
Sc AT =Sc(l) N Sc(D),
and if l and I' are nonconflicting then
Sc(Al') = Sc((a, viv')).

(e) For any two nonconflicting literals | = —(a, v) and I' = —(a, V')

there should be
Sc(U A1) =Sc(D) N Sc(l") = Sc(—(a, v o).

(f) Two literals (a, v) and —(a, v') are complementary if and only if

v=y"
Proof.

(a) Two conjunctions are equivalent if they have the same semantics.
Assume that they are of different types. That is, there exists an attribute a
which appears in one conjunction but does not appear in the second. In this
case the semantics of the conjunction containing a should include elemen-
tary tuple (a, €) if a occurs in a negative literal or in literal (a, &), or tuple
(a, w) for some w € V,if a occurs in a positive literal, whereas the second
conjunction does not have this property.

(b) For any two positive literals (a, v) and (a, v') where v N V' = J it is
obvious that Sc(x) N Sc(x') = ; that is, they are conflicting. Assume that
literals (a, v) and (a, V') are conflicting; that is, Sc(x) N Sc(x") = &. Then v
N V' = . For the proof for the case when literals —(a, v) and —(a, V') are
conflicting, see the proof for (c).

(c) Any two positive literals (a, v) and (a, v') where v # & and V' # &
cannot be conflicting because their semantics does not contain tuple {(a,
€)}. If one of them is empty then the other must equal V, because only lit-
eral (a, V,) has semantics equal to E-TUPLE({a}).

(d) Let [ = (a, v) and I' = (a, v'); according to Definition 6.1 we have
immediately:

Sc(I Al = {r eE-TUPLE({a}) U O: (a,7,) € Sc(I) N Sc(I')}

=Sc(D) N Sc(l).
On the other hand, if v N V' # & then we have:
Sc((a, viow")) = {r € E-TUPLE({a}): r, € v V'} =Sc(l) N Sc(l).

If / and [' are nonconflicting then there should be v N v' # . Thus ac-
cording to Definition 6.1 we have
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Sc() N Sc(l') = Sc((a, v v)) = Sc(l A D).
Notice that in the case when v N V' = & the equality is not true because

Sc((a, vow")) = {(a, €)}
whereas Sc(l) N Sc(l') = .
(e) Two literals [ = —(a, v) and ' = —(a, V') are nonconflicting if
V)N (VW)= or Vv )= D.
Thus we have
ScEAT) = Sc(D) N Sc(l') = Sc(—(a, (v uv))).

Notice that if / and /" are conflicting, that is, V,\(v U v') = J, then the equa-
tion is not true because V, = (v U V') and then Sc(l) N Sc(I') = & but

Sc(—(a, v u ) =Sc(—(a, V) = {(a, €)}.
(f) Literals (a, v) and —(a, v) are complementary. This statement follows
from Remarks 6.1d and 6.1e. We show now that if two literals (a, v) and
—(a, v') are complementary then there should be v = v'. From Definition

6.2 it follows that
Sc((a, v)) N Sc(—(a, v')) =, and

Sc((a, v)) U Sc(—(a, v") = E-TUPLE({a}) U {(a, &)}
We can note that v N (V,\v') = & because otherwise sets Sc((a, v)) and
Sc(—(a,v")) will not be disjoint. Also, there should be v U V,\v' = V, be-
cause if v U V,\v' # V, then
Sc((a, v)) U Sc(—(a, v')) € E-TUPLE({a}) © {(a, &)}.
Thus it follows that v = v'. .

From Theorem 6.1 it implies that the equivalence relation between con-
junctions refers only to conjunctions of the same type, whereas the conflict
relation refers to literals with the same attribute. Inconsistency is a feature
of single conjunctions which contain two conflicting literals. As stated
above these two literals being conflicting must contain the same attribute.

Theorem 6.2.
If conjunctions x, x, . . . , x; are of the same type then

Sc(X1 VAN, % 2V ANNEEVAN Xk) = Sc(xl) M Sc(XZ) MN...M Sc(xk).
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Proof.

First we prove that for any two conjunctions x and x" of the same type
there should be

Sc(x A x") = Sc(x) N Sc(x).

From Theorem 6.1 it follows that it is true for the case when x and x' are
literals. In the case when x and x' are conjunctions of the same type but
consisting of more than one literal then using the properties of associativity
and commutativity in conjunction x A x’ we can group the literals of the
same type. More concretely, let

)C:ll/\lz/\.../\lk

and let

’

B U N NN '

Notice that although conjunctions x and x’ are of the same type, the num-
bers of literals in each of them need not be equal. The reason is that in x or
x' there may be more than one literal with the same attribute. Let T be the
type of these conjunctions. Let r € Sc(x A x'). According to Definition 6.1
for an attribute a € T tuple r should have such value r, that elementary
tuple (a, r,) belongs to the semantics of each literal containing attribute a
in both conjunctions. Thus it is obvious that » € Sc(x) N Sc(x"). On the
other hand, if r is such an elementary tuple that r € Sc(x) N Sc(x") then for
each attribute a € T pair (a, r,) belongs to the semantics of each literal
containing attribute @ in both conjunctions, so r € Sc(x A x').

For the proof of the general case we may use the result presented above
for two conjunctions and a simple induction method. .

Theorem 6.2 shows a very important property of the semantics of con-
junctions: the relationship between conjunctive structure and the product
operation on sets. It also facilitates calculating semantics of complex con-
junctions.

6.2.3. Distance Function between Attribute Values

In Section 4.2.2 (Chapter 4) we defined several distance functions between
attribute values. For an attribute a we defined two kinds of distance func-
tions: functions of type & minimizing the transformation costs and func-
tions of type p minimizing the element shares in the distance. Both of them
are metrics. We have also defined proportional functions 87, pP , and
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quasi-proportional functions 89" and pQP , respectively. We mention that a
propositional distance function assigns to a pair of two sets of attribute
values a larger distance if the symmetrical difference between them is lar-
ger. A quasi-proportional distance function additionally requires the sum
of these two sets to be constant.

The defined distance functions are used in the next sections for perform-
ing the integration process of knowledge in conjunctive structure.

6.2.4. Inconsistency Representation

In this section we deal with the representation of a conflict profile using
conjunctions. As a conflict profile we understand a finite set with repeti-
tions of (A,V)-based conjunctions. We assume that the conjunctions are
consistent; that is, each of them does not contain conflicting literals. This
assumption is needed because an agent or expert should give a sensible
opinion; that is, he cannot state simultaneously in his opinion that the same
scenario should take place as well as it should not take place.

For a conflict profile we can also assume that in each conjunction each
attribute may occur at most in one positive literal and one negative literal.
This assumption is possible owing to Theorem 6.1, which enables replac-
ing two positive (or negative) literals with the same attribute by one posi-
tive (or negative) literal with this attribute and a proper value.

Definition 6.3.

Let X = {x1, x5, . . ., x,} where x; € Conj(A,V) and x; is a consistent con-
junction fori=1,2,...,n, be a conflict profile. We say that X represents
a conflict if there exist two conjunctions x and x' such that

Sc(X) * Sc(X').

Thus a conflict profile consists of at least two opinions of agents (or
experts) that do not have the same semantics.

A conjunction may also be divided into two parts: the first consists of
positive literals and the second consists of negative literals. Thus similarly
as in Chapter 5 a conjunction x can be represented by a pair:

x=("x).
A conflict profile X may then be written as
X={x=("x) e Conj(A,V):i=1,2,...,n}.

Let Tx be the sum of all types of conjunction belonging to X. For each
attribute a € Ty we determine
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e X"(a) as the set with repetitions consisting of all positive literals con-
taining attribute a which occur in the conjunctions from X

e X7(a) as the set with repetitions consisting of all negative literals
containing attribute a which occur in the conjunctions from X

Notice that in each of sets X'(a) and X (a) a conjunction from X may
have at most one literal. These sets may be treated as positive and negative
profiles restricted to attribute a. We call them subprofiles. Notice that one
of sets X*(a) and X (a) may be empty, however, both of them may not
be empty; that is, X" (a) U X (a) # <.

Example 6.3. Let A be a set of attributes a, b, and c¢. The domains of the
attributes are the following:

e V ={1,2,...,10}.

e V ={N,W,E,S}.

e V =[6 am.—6 p.m.] (this interval represents the set of hours between
6 a.m. and 6 p.m.

Let profile X consist of the following conjunctions:

(a, {1,2D) A (b, {(ND A —(c, {6 a.m.—8 a.m.}).
—(a, {1}) A=(b, {S}) A(c, {6 am.—10 a.m.}).
(a,{1,3,8) A—=(a, {1}) A—=(c, {8 am.-9 am.}).
(a, D) A (b, {N, S, E}) A =(c, {6 a.m.—6 p.m.}).
(a, {1,5,9}) A=(b, {N}).

Notice that conjunctions belonging to the profile have different types.
On the basis of the profile we determine the subprofiles as follows.

Subprofiles a b c
(a, {1,2})
x* (a,{1,3,8}) |, (N} (c, {6 am.—~10 a.m.})
(a, D) (b, {N, S,E})
(a, {1,5,9})
i —(a, {1}) —(b, {S}) —(c, {6 am.—8 a.m.})
X —(a, {1}) —(b, {N}) —(c, {8 a.m.~9 a.m.})
—(c, {6 a.m.—6 p.m.})

L
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6.2.5. Integration Problem

The integration problem is defined as follows.
Given a profile
X={xi=(x",xi) e Conj(A,V):i=1,2,...,n}

one should determine a conjunction x* which best represents the given
conjunctions.

For this problem with the assumption that attributes occurring in profile
X are independent of each other (attribute dependencies are analyzed later
in this chapter),! we can accept the following scheme for solving this inte-
gration problem:

1. For each attribute a occurring in X determine positive and negative
subprofiles X*(a) and X (a).

2. Determine the consensus for (X*(a), X (a)).

3. Perform the concatenation of consensuses for all attributes occurring
in X creating conjunction x*.

If the attributes are independent, the above-defined scheme is very intui-
tive. Because for each attribute we have the best representative for the
subprofiles, then the concatenation of the representatives should be the
best for all given conjunctions. However, in the case of attribute depend-
encies this scheme cannot be used. We propose a model for attribute de-
pendencies and a method for consensus determining for those profiles in
which attribute dependencies appear.

The first of the above-mentioned tasks is simple, and its realization has
been shown above. The third task is also not complex. The second task is
the most complex and important.

6.2.6. Consensus Determination for Subprofiles

As stated above, realization of the second task is essential for the integra-
tion process of conjunctions. Below we present the definition of a consen-
sus function for subprofiles referring to an attribute a.

Definition 6.4.
By a consensus function for subprofiles of literals of type {a} we under-
stand a function C, which for a pair

! Here we understand generally that two attributes are independent of each
other if for each real world object to which they refer the values of one of them do
not determine the values of the other.
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X(a) = (X'(a), X (@)

assigns a set C,(X(a)) of conjunctions of type {a} which satisfies one or
more of the following postulates.

Pla. If X'(a) = & then each element of set CX(a)) should have only
positive components.

P1b. If X (a) = O then each element of set C,(X(a)) should have only
negative components.

Plc. If X'(a) # @ and X (a) # & then each element of set C,(X(a))
should have both components.

P2. If an element of C,(X(a)) has positive component (a, v) then:

ﬂ(a,v')ex*(a)"' SV
and

ve U(a,v')ex*(a)""

P3. If an element of C(X(a)) has negative component —(a, v) then:
ﬂ(a,v’)e){*(a)v' SV

and

ve U(a,v')eX*(a)V"

P4. Any element of C,(X(a)) should be consistent.

PSa. If literal (a, v) occurs in an element of C,X(a)) then it should
minimize the sum of distances:

Z:(a,w)e)(+ (a) da (V, W) = min Z(a,w)eX+ @ da (W',W) .

J
w'cl,

P5b. If literal —(a, V') occurs in an element of C,(X(a)) then it should
minimize the sum of distances:

Z(a,w)eX' (a) dy (v w) = MI)'IélII/I Z(mw)e)(_(a) d,(w',w).

An element of C,(X(a)) is called a consensus of subprofile X(a).

Postulates Pla—P1lc express a very general requirement for the consen-
sus. Concretely, the positive component will occur in the consensus only if
the agents or experts generate their positive knowledge. The same is true



180 6. Processing Inconsistency on the Semantic Level

for the negative component of the consensus. These requirements seem to
be very natural inasmuch as the consensus should reflect the knowledge of
conflict participants. Postulates P2 and P3 are very popular because they
require the consensus to satisfy the Pareto criterion (the common part of
agents’ opinions should be in consensus) and not to exceed the knowledge
of the agents.

Postulate P4 is characteristic for conjunctions; that is, a consensus
should not be inconsistent: its semantics should not be an empty set. No-
tice that inconsistency may refer to the case when a consensus contains
both positive and negative components. If it contains only positive or only
negative components then the inconsistency does not exist, because in
these cases the semantics is always nonempty. Last, postulate P5 is known
as the criterion O, defined and analyzed in Chapter 3. Notice that distance
function d, has been defined in Section 4.2.2 as a function minimizing
the transformation cost for two subsets of V,, or a function calculating the
shares of elements of set V, in the distance of two its subsets.

We show now some properties of the consensus functions referring to
the defined postulates.

Theorem 6.3.
If a consensus function C, satisfies postulates P1 and PS5 then it should
also satisfy postulates P2 and P3; that is,

(C, |- P1 A Cy |- P5) = (Cy |- P2 A C, |- P3).

Proof.

Let a consensus function C, satisfy postulates P1 and P5. For proving that
postulate P2 is satisfied let profile X be such that X"(a) # & and let an ele-
ment of C,(X(a)) contain a positive literal (a, v). In this case we have

Ziamex %)= ﬁ? 2 amex* @@aW'sw).
Assume that

ﬂ(g,v')ex+(a)v' Z .
Denote by

"= ﬂ(a,v')eX*(a)""
of course u # &. For a literal (a, w) € X (a) we have

uc wbutu v

In this case
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d,(v,w)>d,(vUu,w)
for d, € {pu, 0.}. This inequality should take place because:

e For function p : adding elements of set u to set v causes the shares of
these elements to be equal to 0, whereas previously they were not
equal to 0.

e For function 6 : adding elements of set u to set v causes decreasing
the cost for transformation of set w into set v because these elements
now belong to both sets.

Thus the sum of distances should be smaller for literal (a, v U u) than
for literal (a, v). The first condition of postulate P2 should then be satis-
fied. For the second condition we assume that

vZ Ugmex @
Denote then
u=v\ U(a,v.)e)ﬁ(a)v',
of course u # . For a literal (a, w) € X (a) we have
ucvbutu zw.
In this case arguing similarly as above we have
d,(W\u, w) > d (v O u, w).

Thus the sum of distances may not be minimal for v. This proves that pos-
tulate P2 should be satisfied.
The proof for postulate P3 is identical. *

Postulates P4 and PS5 in general are not consistent; that is, satisfying one
of them may cause nonsatisfying of the other. Below we give an example.

Example 6.4. Let’s consider the subprofiles for attribute a defined in
Example 6.3.

Subprofiles a
(a,{1,2})
X(a) (a. {1.3,8})
(a, D)
(a, {1,5,9})
—(a, {1})
X ~(a, {1})
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As the distance function p, we accept:

_card(v+w)
card(V,)
For this function it has been proved [31] that an element will occur in the
consensus of a profile of sets if it occurs in at least half the sets. Thus for
this case set v which minimizes the sum of distances for subprofile X*(a)

should be {1}, and the same should be for subprofile X (a). Because liter-
als (a, {1}) and —(a, {1}) are conflicting, the consensus

(a, {1}) A =(a, {1})

should be inconsistent. So postulate P4 is not satisfied. On the other hand,

we can see that any consistent conjunction may not minimize the sum of

distances; that is, satisfying postulate P4 yields nonsatisfying postulate P5.
¢

We present now an important property of consensus satisfying postu-
lates P2 and P3.

Theorem 6.4.
If a consensus function C, satisfies postulates P2 and P3 then the follow-
ing relationships are true.

(a) If an element of C,(X(a)) has a positive component (a, v) then
Niwwyex @Sc@v)) c Sel(a, v)
and
Scla, v) < U(a,v’)ex*(a) Sc((a,)).
(b) If an element of C,(X(a)) has a negative component —(a, v) then
Mo yex- (@ Sc(av) € Se(=(a, v)

and

Sc(=(a, )€ U_umex @ Sc(=(@v)).

Proof.
The proof follows directly from the content of postulates P2 and P3 and
Definition 6.1. .
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Theorem 6.4 shows some strong justification for postulates P2 and P3,
because it turns out that the common part of the semantics of positive (or
negative) components of the profile should be included in the semantics of
the consensus, and on the other hand, the semantics of the consensus
should be included in the sum of semantics of the profile components.
From Theorem 6.3 it is implied that the consensus function satisfying P1
and P5 should have this property.

Because of the sensibility of the consensus (it may not be inconsistent),
and in light of the above consideration it is known that a heuristic algo-
rithm for determining a consensus satisfying both postulates P4 and PS5
should be worked out. Notice that only the determination of a consensus
satisfying postulate P5 is in many cases (referring to the structures of ele-
ments of domain V) a NP-hard problem. Thus only for postulate P5 do we
need a separate heuristic algorithm. We consider the cases of distance
functions between sets of elementary values:

e For function p: if we use distance function m defined in Section
5.2.5 then Algorithm 5.1 should be useful. If we use distance func-
tion

_ card(v+w)
‘ card(V,)
then the simple and effective algorithm proposed in [31] is useful; in
this case the problem is not NP-complete.

e For function 6 : the algorithm needs to be more complex. The idea of
this algorithm is the following. First we start from a set of one ele-
ment, which may be selected from those appearing in the elements of
the subprofile. Next we consider adding those elements to this set
which improve the sum of distances. The algorithm is presented as
follows.

Algorithm 6.1.

Input: Subprofile X*(a) and distance function §,.

Output: Set x* ¢ V,, which minimizes the sum of distances to the values of
the literals belonging to X (a).

Procedure:
BEGIN
1.Set Z: = U(a,v)ex*(a)v :

2.Setx*: =, eyt @V X =%
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3.8et 8= 4 vext (@) Oa(¥*V);
4. Select from Z\x*' an element z such that the sum
Z(a,v)e)ﬁ () 3, (x* iz}, v)
1s minimal;
5. Setx*': = x*" U {z};
6.If S< Z(M)E)ﬁ(a) O, (x*U{z},v) then

Begin
6.1. Set S:= Z(a,v)e)ﬁ(a) O, (x*U{z},v);
6.2. Set x*:= x* U {z};
End;
7. 1f Z\x*" # & then GOTO 4;
END.

The algorithm for subprofile X (a) is similar.

We can see that the consensus x* determined by Algorithm 6.1 satisfies
postulates P2 and P3. This follows from steps 1 and 2, where set x* con-
tains the common part of the given sets and does not exceed set Z being the
sum of these sets. Steps 4—7 realize the heuristic aspect for satisfying pos-
tulate P5. Postulate P1 is also satisfied because in the worst case x* will be
empty, but literal (a, x*) = (a, &) will be the consensus.

The computational complexity of Algorithm 6.1 is O(m” - n) where n =
card(Z) and m = card(X'(a)).

Now we present an algorithm which determines a consensus satisfying
(partly, of course) both postulates P4 and P5. This algorithm uses Algo-
rithm 6.1 and modifies the consensuses for subprofiles X*(a) and X (a) so
that the sums of distances minimally change.

Algorithm 6.2.
Input: Subprofiles X*(a) and X (a) and a distance function d,.
Output: Conjunction y* being a consensus satisfying postulates P4 and P5.

Procedure:

BEGIN
1. Using Algorithm 6.1 determine consensus (a, w) for subprofile

X*(a); Set S:= Z(a,v)eX+(a) d,(w,v);

2. Using Algorithm 6.1 determine consensus —(a, w') for subprofile
X (a); SetS": = zﬁ(a,v)e)r(a) d,(w',v);

3. If w# w' then GOTO END;
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4.SetZ: = U(a,v)ex*(a)" 7= Uﬁ(a,v)e)r(a)";
5. If w=w' then
Begin
5.1. Determine such z € Z that sum
5= Z(W)Er(a) d,(wu{z},v) is minimal;
5.2. Determine such z' € Z' that sum
s = z(a,v)g){*(a) d,(wU{z'},v)is minimal,

53 If(s—S)<(s'"—8")thensetw: =wu {z}
else set w': =w' L {Z'};
End;
6. Set y*:= (a, w) A —(a, w')
END.

Satisfying postulate PS5 follows from steps 1 and 2, where Algorithm 6.1
is used for determining the consensuses of subprofiles. However, these
consensuses may create an inconsistent conjunction; that is, postulate P4 is
not satisfied. Thus for satisfying this postulate it is necessary to change one
of the chosen consensuses. This is done by steps 5.1-5.3, where only one
of the values w and w' is changed, which causes the minimal increase of
the sum of distances. As we see, the determined consensus y* = (a, w) A
—(a, w") only partly satisfies both postulates P4 and PS5, because they are
in general inconsistent with each other.

6.3. Disjunction Structure

6.3.1. Basic Notions

Similarly as on the syntactic level (Chapter 5), by a disjunction we call an
expression:

11V12V-~-\/lk,

where [; is a (A, V)-based literal (positive or negative) fori=1,2, ...,k
and k € N.

This structure was proposed for the first time in [107, 108]. In this chap-
ter we provide its deeper analysis.

Notice that owing to this structure an agent may express another type of
its opinion than in the conjunction structure; viz. an agent can now give its
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opinion in the form of a disjunction referring to a number of scenario at-
tributes.

Similarly as in Section 5.3 of Chapter 5 formula ([, v, v. .. Vv [,) can
be treated in an equivalent way as a clause. We can then write

(ll\/lz\/---\/lk)E(bl/\bz/\ ---/\bk”)—)(hl\/hz\/---\/hk'),

where hy, hy, . . ., h are positive literals and by, b,, . . . , by» are negative
literals.

Formula (by A bo A ... A by) is called the body of the clause, and for-
mula (h; v hy v . .. Vv hy) is called the head of the clause. It is a well-

known form of clauses. It has been mentioned earlier that owing to this
property the disjunction structure is very useful in practice for experts to
express their opinions.

By Clause(A,V) we denote the set of all (A,V)-based clauses.

As a equivalent form for clause

biAbyA o Ab) > (Wi hyv - hy)
we use the following,
bl, bz, e bk" - /’l], hz,. ey hkf.

Or more general:

b—h,

where b is the body and £ is the head of the clause, and b, & are sets of
positive (A,V)-based literals.
Similarly as for conjunctions, a clause

x=b—>h
can be then represented by a pair

™", x),
where x" is the set of literals included in the head of x and x™ is the set of
literals included in the body of x, that is x* = h and x = b.

Example 6.5. Let A be a set of attributes Age, Education, Int-Quotient
(representing intelligence quotient), Perception, Receiving, Processing,
and Understanding, which describe a student’s parameters necessary for
his classification in an E-learning system [42]. The domains of the attrib-
utes are the following.
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V. = {young, middle, advanced}.

Age

V eaion = 1€lementary, secondary, graduate, postgraduate}.
V. ouien = 110w, middle, high}.

V rreenion = {8€MSItIVE, intuitive}.

V veuning = {visual, verbal}.

Voeessne = tactive, reflective}.

V dersanine = {S€quential, global}.

Examples of the formulae representing the rules generated by experts
E\, E,, E;, and E; about the learner preferences are the following.

E| =—(Age, {young}) v —(Education, {graduate, postgraduate}) v

E, = —(Age, {advanced}) v —(Education, {elementary, secondary})v

—(Int-Quotient, {high}) v (Understanding, {global}).

—(Int-Quotient, {low}) v (Perception, {sensitive}).

E; = —(Education, {graduate, postgraduate}) v —(Int-Quotient, {high})

v —(Receiving, {verbal}) v (Processing, {active}).

E, = (Perception, {sensitive}) v (Processing, {active}). .

We now define the semantics of clauses. The semantics of literals (posi-
tive and negative) has been defined in Definition 6.1. Here we extend this
definition by adding the semantics of disjunctions of literals. Therefore, we
use the same symbol Sc¢ for defining the semantics of clauses.

Definition 6.5.
As the semantics of clauses we understand the following function,

E-TUPLE(T
UTQAZ RIS

Sc: Clause(A,V) — 2 ,

such that:

(a) Sc((a,v))={r € E-TUPLE({a}):r, € v} forvc V,and v+ &.

(b) SC((a’Q)) = {(CZ, 8)}
(c) Sc(—(a,v))={r e E-TUPLE({a}): r, € V,\v} U {(a, €)}

forvc Vyoandv = O.

(d) Sc(—(a,0))={r € E-TUPLE({a}): r, € V,}.
(6) Sc(ll Vle. - Vlk)



188 6. Processing Inconsistency on the Semantic Level

={re U,_,E-TUPLE({a}) U {(a, &)}:
NaeB)(Vie{1,2,...,k})[aoccursinl] = (a,r,) € Sc(l)) )},

where B is the type of clause [y v [, v - . . v ..

We can see that in comparison with Definition 6.1, the semantics of sin-
gle literals defined in Definition 6.5 is identical. The new element is the
semantics of a clause for which an element of the semantics is not an ele-
mentary tuple of type B (where B is the type of the clause), but an elemen-
tary tuple of 1-attribute type. The reason for this difference follows from
the disjunction structure of clauses. If such an elementary tuple refers to an
elementary event in the real world then the clause should be true.

Below we present an example.

Example 6.6. Let’s consider the first clause defined in Example 6.7. Its
equivalent disjunction form is:
—(Age, {young}) v —(Education, {graduate, postgraduate}) v
—(Int-Quotient, {high}) v (Understanding, {global}).

The semantics of this clause is presented in the following table.

Age Education Int-Quotient Understanding
middle
advanced
€
elementary
secondary
€
low
middle
€
global

Each of the rows in the above table represents an elementary event,
which, if taking place, will cause the truth of the clause. .
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Let’s notice that because Definitions 6.1 and 6.5 only complete each
other, all statements in Remarks 6.1 are also true for clauses. Remark 6.2
has now the following corresponding remark.

Remark 6.3.
Function Sc for clauses has the following properties.

a) Commutativity, that is,
Sc(x v x') = Sc(x' v x)

b) Associativity, that is,
Sc((xvx)vx")=S8Sc(xv (' vix")

The definitions of such notions as equivalence, complement, inconsis-
tency, and conflict of literals have been included in Definition 6.2. Defini-
tion 6.6 below completes the notion of equivalence and inconsistency of
clauses.

Definition 6.9.
(a) Two clauses x and x' (x, x'€ Clause(A,V)) are equivalent if and only

if
Sc(x) = Sc(x').

(b) A clause x is inconsistent if and only if Sc(x) = O.
(c) Two clauses x and x' (x, x'e Clause(A,V)) are conflicting if and
only if clause x v X' is inconsistent.

A clause which is not inconsistent is called consistent. However, notice
that there does not exist any clause from Clause(A,V), which is inconsis-
tent. The reason is that all (4,V)-based literals are consistent, even literal
(a, D) for which the semantics is equal {(a, €)}. In this way we do not
have conflicting clauses either. This phenomenon is similar to classical
logic where only the constant logic false can always have logic value false
and the constant logic #rue can always have logic value frue. Thus condi-
tions (b) and (c) of Definitions 6.6 have been given only for formal rea-
sons.

Now we prove the following.

Theorem 6.5.
The following dependencies are true.

(a) If two clauses are equivalent then they must be of the same type.

(b) For any two literals | = (a, v) and I' = (a, V') there should be
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Sc(lv 1)y =Sc(D) v Sc(1"),
and if v, v' # & then
Sc(lv 1)y =Sc((a, v uv)).

(c¢) For any two negative literals | = —(a, v) and l' = —(a, V') where
vV = there should be

Se(Iv 1) = Se(l) U Se(l') = Se(—(a, v A v')).

Proof.

(a) Two clauses are equivalent if they have the same semantics. Assume
that they are of different types. That is, there exists an attribute a which
appears in one clause but does not appear in the second. In this case the
semantics of the clauses containing a should include an elementary tuple
(a, €) if a occurs in a negative literal or in literal (a, &), or tuple (a, w) for
some w € V,if a occurs in a positive literal, whereas the second clause
does not have this property.

(b) This property follows from Definition 6.5¢ on the basis of which we
can write

Sc(l v Iy

{r € E-TUPLE({a}) {(a, €)}: (a,r,) € Sc(]) or (a,1,) € Sc(l’)}
Sc(D) w Sc(l').
Let literals / and [’ be such that v, V' = &, it follows that there should be:

(a,e) ¢ Sc(D) and (a, &) ¢ Sc(l').
Owing to this we have
ScIv 1)y =Sc((a, v uv)).

(c) For any two negative literals [ = —(a, v) and I' = —(a, V') such that v
N V' = it is obvious that v # J and v' = . We have

Sc(D) = Sc((a, V) U {(a, €)}
and

Sc()) = Sc((a,V, W) U {(a, €)}.

Thus
Sc(l v ') =S8c((a,Va\w) U Sc((a, V) U {(a, £)}

= SC((aa (Va\v) N (Va\v’))) U {(aa 8)}
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= Sc((a, Va\v nv)) v {(a, &)}

= Sc(—=(a, v v)). .

From Theorem 6.5 it is implied that the relation of equivalence between
clauses also refers only to those of the same type. Similarly as in Theorem
6.1, dually here the semantics of a clause / v I’ containing the same attrib-
ute can be calculated as the sum of the semantics of / and /'. Below we pre-
sent a more general statement.

Theorem 6.6.
If clauses xi, x,, . . ., x; are of the same type then

Sc(x1 VX VvV xg) = Sclxn) U Sc(x) U - U Se(x).
Proof.

First we prove that for any two clauses x and x' of the same type there
should be

Sc(x v x") = Sc(x) U Sc(x).

From Theorem 6.4 it follows that it is true for the case when x and x' are
literals. In the case when x and x" are clauses of the same type but consist-
ing of more than one literal then using the properties of associativity and
commutativity in clause x v x’ we can group the literals of the same type.
More concretely, let

x=ll\/l2\/-..\/lk
and let
xX=UL'vlhv...vI[.

Notice that although clauses x and x' are of the same type, the numbers of
literals in each of them need not be equal. The reason is that in x or x’ there
may be more than one literal with the same attribute. Let 7 be the type of
these clauses and let » € Sc(x v x'). According to Definition 6.5 if an at-
tribute @ € T occurs in r then value r, should be such that elementary tuple
(a, r,) belongs to the semantics of one literal containing attribute a in one
of clauses. Thus it is obvious that r € Sc(x) U Sc(x'). On the other hand, if
r is such an elementary tuple that r € Sc(x) U Sc(x") then there should be
an attribute a € T such that pair (a, r,) belongs to the semantics of one lit-
eral containing attribute a in one of clauses, so r € Sc(x v x).

For the proof of the general case we may use the result presented above
for two clauses and a simple induction method. *
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Theorem 6.6 shows that the semantics of clauses has a dual property to
the semantics of conjunctions, which is represented by the relationship be-
tween disjunctive structure and the sum operation on sets. It surely facili-
tates calculating semantics of complex clauses.

6.3.2. Inconsistency Representation

In this section we deal with representation of a conflict profile using
clauses. As a profile we understand a finite set with repetitions of (A,V)-
based clauses.

For a profile we can also assume that in each clause each attribute may
occur at most in one positive literal and one negative literal. This assump-
tion is possible owing to Theorem 6.5 which enables replacing two posi-
tive (or negative) literals with the same attribute by one positive (or
negative) literal with this attribute and proper value.

Definition 6.7.
Let X = {x1, x2, . . ., X,,}, where x; € Clause(A,V) fori=1,2,...,n,bea
profile. We say that X contains inconsistency if there exist two clauses x
and x' such that

Sc(x) # Sc(x').

A clause may be divided into two parts: the first consists of positive lit-
erals, and the second consists of negative literals. Thus a clause x can be
represented by a pair:

x=0x"x).
Then profile X may be written as
X={x=(" x") € Clause(A,V):i=1,2,...,n}.

Let Tx be the sum of all types of clauses belonging to X. For each attrib-
ute a € Tx we determine

e X'(a) as the set with repetitions consisting of all positive literals con-
taining attribute a, which occur in the clauses from X

e X7(a) as the set with repetitions consisting of all negative literals
containing attribute a, which occur in the clauses from X.

Notice that in each of the sets X'(a) and X (a) a clause from X may have
at most one literal. These sets may be treated as the positive and negative
profiles restricted to attribute a. We call them subprofiles. Notice that
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one of the sets X'(a) and X (a) may be empty, however, they may not both
be empty; that is, X' (a) U X (a) # O.

Example 6.7. For the clauses defined in Example 6.7 we create the
subprofiles as follows.

Subprofiles| Perception Processing Understanding
. o {active}
X {sensitive } {active] {global}
and
Subprofiles Age Education Int-Quotient | Receiving

{graduate,
postgraduate } {high}

X~ {young} {elementary, {low} {global}

{advanced} |secondary} {high}
{graduate,
postgraduate }
L4

6.3.3. Integration Problem and Consensus

Similarly as for conjunctions, the integration problem for clauses is
defined as follows.

Given a profile
X={x=(" x") e Clause(A,V):i=1,2,...,n}

one should determine a clause x* which best represents the given
clauses.

This problem can be solved in the same way as for conjunctions. We
can use the same scheme as defined in Section 6.2.5, which consists of
three tasks:
1. For each attribute a occurring in X determine positive and negative
subprofiles X*(a) and X (a).

2. Determine the consensus for (X*(a), X (a)).

3. Perform the concatenation of consensuses for all attributes occur-
ring in X creating clause x*.
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Assuming the independence of attributes from set A, we can define the
consensus in the same way as in Definition 6.4 and next use Algorithms
6.1 and 6.2 for consensus choice. The properties included in Theorems 6.3
and 6.4 are also true for this case.

In the next section we deal with the case of consensus choice when
some attributes are dependent on some others.

6.4. Dependencies of Attributes

The algorithms for consensus choice presented in previous sections are
useful only when we can assume that the attributes appearing in conjunc-
tions (or clauses) belonging to the profile are independent of each other.
Owing to this assumption we can calculate consensus for each attribute and
next make the concatenation of consensuses creating the final consensus.
However, in practice, a real world (4, V) may contain dependencies of
attributes; that means values of an attribute may determine values of an-
other attribute. Below we present the definition of attribute dependency.

Definition 6.8.
Let a, b € A; we say that attribute b is dependent on attribute a if and only
if there exists a function

fba: Va—) Vb .

For v ¢ V, we denote

T 0 =U., @}

The dependency of attribute b on attribute ¢ means that in the real
world, if for some object the value of a is known then the value of b is also
known. In practice, owing to this property for determining the values of at-
tribute b it is enough to know the value of attribute a.

The fact that attribute b is dependent on attribute « is represented by the
following expression,

ar b.

Definition 6.9.
Leta, b € A, ar—> b, and let x be a conjunction x € Conj(A,V); we say that
dependence aw> b is satisfied in x if the following conditions are fulfilled.
a) If literals (a, v) and (b, V') (or —(a, v) and —(b, V")) appear in x
then
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V=i ).

b) Ifliterals (a, v) and —(b, V') appear in x then literals

(b, 1’ (v)) and —(b, V")

may not be conflicting.
c) Ifliterals —(a, v) and (b, V') appear in x then literals

(b, V') and —(b, f;' (v))
may not be conflicting.

Definition 6.9 requires in the first case that because attribute b is de-
pendent on attribute a then values v and v’ have to be consistent with this
fact. In the second case notice that literal (b, f}' (v)) may be treated as the

consequence of literal (a, v), thus literals (b, f;;' (v)) and —(b, v') may not

be conflicting. The third case may be interpreted in the same way as the
second case.

Consensus determining for the case of dependencies of attributes may
not be performed in independent ways for each attribute, as assumed in
Algorithms 6.1 and 6.2 because the consensus (a, v) for subprofile X*(a)
and consensus (b, V') for subprofile X (a) may not satisfy dependence
a> b as indicated in Definition 6.9.

Let’s consider an example illustrating this case.

Example 6.8. Let
o A=/{a,b}.
o V ={a, a, as, a4, as}.

o Vb: {bl, bz}

Let a+> b and function f, be the following.

Function f':V,—V,

ai b,
a b,
as b,
Ay bl
as by
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Let subprofiles be the following.

X'(a) X'(b)
(a7 {(11,03}) (b’ {bZ})
(a’ {a25a3}) (b’ {blabZ})
(a, {a1,a4}) (b, {b1,b2})
(a, {a1,a4,a5}) (b, {b1,b2})
(a’ {al}) (b’ {bZ})

As the distance function between sets we use the function of type p:

1
X1,X5) = —————card(X; + X»).
v(X1,X3) ard (V) X1+ X2)

Then the consensus for X'(a) is (a, {a,}) whereas the consensus for X'(b)
is (b, {by, by}), of course.

{b1, o} # f ({ar}) = {bi}. ¢

Thus we propose two ways for performing consensus choice. First, we
assume that each conjunction belonging to a profile should contain both at-
tributes @ and b in positive (or negative) literals.

Consensus (a, v) for subprofile X*(a) and consensus (b, v') for subprofile
X (a) may be determined in one of the following ways.

1. Because of dependence ar> b the relationship between subprofile
X*(a) and subprofile X'(b) is the following.

X'(b)={®, fyy w): (a,w) € X'(@)}.

Thus we can first calculate a consensus (a, v) for subprofile X'(a) us-
ing postulates defined in Definition 6.4, and next calculate the con-
sensus (b, v') for subprofile X*(b) where

V= ).

This approach may be justified in practice; because of dependence
ar> b the values of attribute 4 do not need to be determined, if the
values of attribute a are known. Thus consensus for subprofile X*(b)
may also be determined on the basis of the consensus of subprofile
X'(a). However, if consensus (a, v) satisfies postulate P5 then con-
sensus (b, v') may not satisfy this postulate, as shown in Example
6.8.



6.4. Dependencies of Attributes 197

2. The second approach is based on calculating such consensuses (a, v)
and (b, v') that together they satisfy postulate P5; that is, the follow-
ing sum of distances

2tamrex @ @am + 2 e x5y do (VW)

is minimal. Thus attributes a and b are treated equivalently. However,
the algorithm for this case is more complex than in the first case. We
present it later. For consensus choice in this case it is interesting to
investigate the relationship between literal (a, v*) which minimizes
the sum

Z(a,w)eX* (a) dﬂ (V*’ W)
and literal (b, v*") which minimizes the sum
Z(b,w')EXJr (b) db (V*', Wv) .

We prove the following.

Theorem 6.7.
Let ar> b; using distance function p* or & if literal (a, v¥) is a consensus
for subprofile X'(a) then there exists literal (b, v¥') being a consensus for

subprofile X'(b) such that f; (v¥) < v¥'.
Proof.

First we prove a lemma.
Let there be given sets of elementary values Xy, . . . , X, < V, for some a €

A and let oe{p" 8" }; then the sum 2 0(X, X;) is minimal if and only
if for each x € X the following inequality is true,

n
occ(x) > —

where occ(x) is the number of occurrences of element x in sets Xy, X, . . .,
X,

Proof of Lemma.
(a) For o = pP notice that from Theorem 4.1c it follows that
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pP(X,Xl) =v-cardX + X)),

1
card(V,)(2card(V,)—-1) '

where V=

n

The share of an element x € X in the sum of distances ZpP(X ,X;) is
i=1

then equal to v - (n — occ(x)), and the share of an element y ¢ X the sum of

distances z;l:l pP (X,X;)is equal to v- occ(y). Thus for the sum
ZL pf (X, X ;) to be minimal, it is necessary to add to X such elements x,

for which the inequality occ(x) > n/2 is true.

(b) For a distance function o € 5P the proof is similar.

Now we can give the proof of the theorem. From the above lemma it
follows that if set v* is included in a consensus for subprofile X (@) then
for each element x € X (a) the number of its occurrences in the elements
of subprofile X'(a) should not be smaller than half of the elements of
X'(a). Thus element f;’(x) should also appear in at least half of the ele-
ments of X'(b). Then it may be included in a consensus (b, v*') of
subprofile X '(b). Of course apart from the elements of f;' (v*) consensus
(b, v*¥") may contain other elements. So we have

Sy (vF) v .

In Example 6.8 we can notice that the consensus for X'(a) is literal (a,
{a,}), whereas the consensus for X*(b) is (b, {b,b>}), and

fba({al}) =1{b1} < {b1,bs}.

Theorem 6.7 implies that if distance functions p’ and &' are used then
the dependency between attributes does not disturb the condition of opti-
mality. That is, if an element x € V, occurs in the consensus of subprofile
X*(a) then f; (x) should appear in the consensus of subprofile X *(b).
Using distance functions other than p* and 8" does not always result in the
above property. Below we give an example.



6.4. Dependencies of Attributes 199

Figure 6.1. Subprofiles X *(a) and X *(b).

Example 6.9. Let the values in literals of subprofile X'(a) be represented
by three points (4, B, and C) on the plane creating an equilateral triangle
(see Figure 6.1). The location of this triangle is such that any of its sides is
not parallel to axis X. The function f;;' assigns for each point of the trian-
gle a point on axis X being its projection on X. These points (4', B', and C")
represent the values in literals of subprofile X*(b).

Let the distances between these points be measured by the Euclidean
distance function. It is easy to note that the consensus of subprofile X*(a) is
the center of gravity of triangle ABC, whereas the consensus of subprofile
X"(b) is point B, but not point f;' (0), that is, O'. .

The above example shows that using distance functions other than p”
and 8" can cause the inconsistency of consensuses for subprofiles X*(a)
and X'(b) in the sense that if an element x belongs to the consensus of
X'(a) then f}' (x) does not have to belong to the consensus of X*(b).

Theorem 6.7 facilitates to a certain degree the consensus choice in the
second approach mentioned above, because the component (a, v) of the re-
trieved consensus should be the consensus of subprofile X*(a) and the
value v' of component (b, v') should contain set f;' (v). Thus the space of
the retrieval is not large.

From Theorem 6.7, Remark 6.4 follows directly.

Remark 6.4.

Let a> b and b a; using distance function p* or & if literal (a, v¥) is a
consensus for subprofile X (a) then there exists literal (b, v*') being a con-
sensus for subprofile X'(b) such that
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SO =¥ and - f] () = vE

In this case it is enough to determine a consensus for X*(a) or X*(b); the
second consensus is determined by function f;' or function f, ab .

Now we present an algorithm for determining a consensus for the sec-
ond approach with the assumption of any distance function. The idea of
this algorithm relies on the following steps:

e First we determine the consensuses (a, v*) and (b, v*') satisfying
postulate P5 for subprofiles X*(a) and X(b) independently.
e Next, as the beginning value of v/ we take the common part of

S (v¥) and v¥'.

e As the beginning value of v we take such value x that f'(x) = v'.
e Next, values v and V' are successively modified by adding to v
such elements z € V, which improve the sum of distances

Z(a,w)eX+ (a)da (v,w)+ Z(b,w‘)e){+ ) dy(v',w').

Of course, adding an element to v causes modification of v'.
The details of the algorithms are presented as follows.
Algorithm 6.3.
Input: Dependence at b, subprofiles X *(a) and X *(b) and distance func-
tions d, € {p4, 0.} and d, € {pp, 05}.

Output: Consensus (a, v) and (b, V') satisfying dependence a+> b and mi-
nimizing sum

Z(a’w)eX* (@ %a (Vs W)+ Z(b,w')ex+ (VW)

Procedure:
BEGIN

1. Using Algorithm 6.1 determine consensus (a, v¥) for subprofile
X' (a);

2. Using Algorithm 6.1 determine consensus (b, v*') for subprofile
X' (b);

3. If f' (v¥)=v* then set vi= v¥*, v:=v* and GOTO END;

4. Setv'i= f' (vF) v

5. Calculate x ¢ V, such that f,' (x) =V';

6. Setv:i=1x;
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7. SetS:= Z(a,w)ex*(a) d,(v,w) + Z(b,w)ex*(b) dy,(v',w);
8. Foreachz € V,\vdo
Begin
8.1. Setx:=v U {z} and x:= f; (x);
8.2. Calculate
S.i= Z(a,w)eX*(a) d,(v,w) + Z(bw)e/w(b) dp(x',w);
8.3. If § < S. then
Begin
Setvi=x;vi=x"; §==8;;
End;
End;
END.

The computational complexity of Algorithm 6.3 is O(m - n*) where m =
card(V,) and n = card(X *(a)) = card(X " (b)).

The dependencies of attributes taking into account other structures of
the values have been investigated in [161, 162].

6.5. Conclusions

In this chapter the problem of knowledge integration is considered on
the semantic level. As stated, the semantic level differs from the syntactic
level investigated in Chapter 5 in the power of inconsistency representa-
tion. On the semantic level the possibility for expressing the inconsistency
is larger. However, this causes the larger complexity of algorithms for con-
sensus choice.

The idea of these approaches was first presented in papers [107, 108].
However, the materials included in Chapters 5 and 6 differ from those pre-
sented in these papers. The differences are based on defining the semantics
of literals, conjunctions, and clauses. In the mentioned papers the literal (a,
V.) represents the expert statement “Everything is possible,” and the empty
attribute value represents the ignorance of the expert. In this chapter we as-
sume that the empty value represents the expert’s statement that the attrib-
ute for which the empty value is assigned has no value. This difference
causes other differences in defining not only the semantics, but also the
distance between attribute values and, in consequence, the consensus of
conflict profiles. In addition, in these chapters we present a deeper analysis
of the approaches.



7. Consensus for Fuzzy Conflict Profiles

In Chapter 3 (Section 3.6) we used weights for achieving consensus sus-
ceptibility. These weights serve to express the credibility and competence
of experts or agents who generate opinions on some common matter. In
this chapter we present an approach in which weights are used for express-
ing the credibility of opinions. We call a set of such opinions a fizzy con-

flict profile.

7.1. Introduction

The idea of fuzzy sets initialized by Zadeh [160] has been proved to be
very useful for experts in expressing their opinions on any matter. In pre-
vious chapters a conflict profile has been defined as a set, among others, of
expert opinions on some matter. Thus using fuzzy sets in representing and
analyzing conflicts should be natural.

In Chapter 5 we used fuzzy values for conjunction structure. In this
chapter we assume generally that an element belongs to a conflict profile
with some degree. That is, an element x appears in a profile in a pair (x, v)
where v € [0, 1]. This pair represents an opinion of an expert on some mat-
ter and is interpreted as follows. In the opinion of the expert element x
should be the proper solution (or alternative, scenario, etc.) in the degree of
v. Because a conflict profile is a set of such opinions, it may contain sev-
eral occurrences of the same pair as well as several pairs with the same
element x may occur. An example of such kind of profiles is:

X={(a, 0.6), (a, 0.9), (a, 0), (b, 0.3), (b, 0.3), (b, 1), (c, 1)},

in which element a appears three times with values 0.6, 0.9, and 0; element
b also appears three times with values 0.3 and 1, and element ¢ one time
with value 1. We call conflict profiles of such kind fuzzy conflict profiles.

In Chapter 3 we dealt with solving the consensus problem for nonfuzzy
conflict profiles. A nonfuzzy conflict profile can be treated as a special
case of fuzzy profile where all values are equal to 1.
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In this chapter a similar consensus problem is formulated and the con-
sensus functions defined. The distance function is the basis of consensus
functions. As shown, distance functions for a fuzzy universe are very in-
teresting and cannot be defined strictly on the basis of distance functions
for nonfuzzy universes. Next, specific postulates for fuzzy consensus func-
tions are formulated and analyzed. Finally, some algorithms for consensus
determining are worked out.

7.2. Basic Notions

Let U be a finite universe; by Ur we denote the fuzzy universe which is de-
fined as

Ur=Ux [0, 1].

An element of set Uy is called a fuzzy element of the fuzzy universe. An
element of set [ [(Ur)! is called a fuzzy conflict profile.

Now we deal with the distance function between fuzzy elements of the
universe. We assume that a distance function d between the elements of
universe U is known:

d:UxU—[0,1]

which is a half-metric. We need to define the distance function dr between
the fuzzy elements of universe U,

dF: UFX UF—) [O, 1]

It seems that it could be good if there were a possibility for defining func-
tion dr on the basis of function d. However, we should investigate if it is
possible. First, we formulate some intuitive conditions which should be
satisfied by function df.

Definition 7.1.
Distance function dr should satisfy the following conditions:

e  Function dr should be a half-metric
o d((e D, (D) =dlx,y)
. dF((xa vi), (x, Vz)) = |V1 _V2|

foranyx,y € Uand vy, v, € [0, 1].

I We mention that T1(X) denotes the set of all finite subsets with repetitions of
set X.
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The first condition in Definition 7.1 is natural for distance functions. It
should be mentioned that function dr must not be a metric because condi-
tions for metrics are too strong for distance functions. The second condi-
tion is also intuitive because a nonfuzzy element x € U can be treated as a
special case of fuzzy element (x, 1) € Upr. For the third condition notice
that two fuzzy elements (x, v;) and (x, v,) refer to the same nonfuzzy ele-
ment x and may represent, for example, two opinions of two experts. The
first expert states that x should be proper in the degree of v; and the second
expert states that x should be proper in the degree of v,. Thus the differ-

ence between these two opinions seems to equal |v1 - v2| .

If it is possible to define function dr on the basis of function d then we

should have
|v1—v2| for x=y
d 9 9 b = b
F((x VI) (y VZ)) {g(d(xa y)7V1 ,Vz) for X 7 y

where (x, vy), (v, »2) € Ur.
Thus according to Definition 7.1 there should be

g(d(x: y)’ Vi, VZ) = g(d(x: J/), V2, vl) > 0

for x # y because dr is a half-metric, and
gldx, ), 1, 1) =d(x, y).
Two functions which satisfy these equalities may be the following.

|V1_V2| for x=y
dFl ((x, vl), (y: VZ)) = VitV ’
(d(x,y))T for x#y

and

dp, (06 ), 0 v2)) = (A6 )P + (0 —vy)?

for all (x, vy), (i, v2) € Up.

Notice that if function dr is defined by means of function g then for x # y
and v; = v, = 0 value dx((x, 0), (v, 0)) should be determined. However, it is
difficult to interpret this fact. Let’s come back to the example functions
dp, and dp defined above; for x # y we have

dp, ((,0), (0, 0) =1
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and

dp, ((x, 0), (7, 0)) = d(x, ).

That is, if x # y then the value of function dr is always maximal for each
pair (x, 0), (v, 0) in the first case, and equal to dp((x, D, (v, 1)) in the sec-
ond case. The question is how to interpret this fact, especially if we have
such x and y that d(x, y) = 1; then di((x, 1), (», 1)) = 1 and there also
should be d F ((x, 0), O, O)) =d P ((x, 0), (v, O)) = 1. It is hard to find a

good interpretation for this case. So this is the justification for the assump-
tion that function dr should not depend only on parameters d(x, y), vi, and v,.

Another justification for this assumption is that the structure of a fuzzy
element is more complex than the structure of a nonfuzzy element, thus the
relationship between distance functions dr and d should be generalization,
not dependency. As an example consider U as the universe of points on the
plane R x R and Ur as the universe of points in the space R x R x [0, 1].
In this case functions d and dr could be the cosine distance functions for
two- and three-dimensional spaces, respectively. However, such a defined
function dr is not dependent on function d. This consideration suggests
defining function dr as independent of function d. It seems that the pro-
posed function is a good distance function for this case.

Some additional comments should be made referring to function dp, .

Apart from the fact that d, ((x, 0), (», 0)) = 1, which is hard to be inter-
preted, this function seems to be good for practice. The reasons are:

e In the case when x = y the values of the function are very intuitive.
e For the case x # y if d(x, y) = 1 then d ((x, v1), (v, v2)) = 1 for all

values of v; and v,.

e For the case x # y when d(x, y) <1 then the value of dy. changes as
in Figure 7.1. We can see that d F ((x, v1), (v, vz)) 1S @ monotonous
function referring to the sum v; + v,. The maximal value is equal to 1
for v; = v,= 0 and the minimal value is equal to d(x, y) for vi =v,=1.
The interpretation of this phenomenon is that if the sum v; + v, is
small then the difference between dp, (G, v1), (, »)) and d(x, )
should be large because the degrees of belief of the experts (or
agents) who give opinions x and y are small. This means the smaller
the values v| and v, are, the larger the value of the distance is.

In what follows we assume that distance function d,. is known.
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dF((x:VI)a 6% Vz))“

1@

d(x,y)

Figure 7.1. The dependency between value v; + v, and d,.

7.3. Postulates for Consensus

In Chapter 3 by Con(U) we denoted the set of all consensus functions for
(nonfuzzy) universe U. Consequently, by Con(Ur) we now denote the set
of all consensus functions for fuzzy universe Uy, that is, functions of the
following signature,

C: TI(Up) > 2Yr.

In a fuzzy profile we can make a clustering of its elements referring to
their first components. That is, a profile X € [I(Ur) can be divided into
such sets (with repetitions) X(x) where x € U, defined as follows.

Let

Sy= {x € U: x occurs in X},
and
X(x)={(x, v): (x,v) € Xand x € Sy}.

We also define a nonfuzzy profile as a set X with repetitions correspond-
ing to fuzzy profile X as follows.

X = {x: (x,v) € X for some v € [0, 1]}.
A profile X € [1(Uy) is
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*  Fuzzily homogeneous, if profile X is homogeneous.
e  Fuzzily regular, if profile X is regular.?

Now we present the postulates for consensus functions for fuzzy pro-
files. Notice that all postulates defined for consensus functions for non-
fuzzy profiles (Definition 3.2, Chapter 3) can be used for fuzzy profiles. In
Definition 7.2 presented below the postulates included in positions 1-10
are adopted from Definition 3.2. Postulates included in positions 11-15 are
new and typical for fuzzy profiles.

Definition 7.2.
A consensus choice function C € Con(Ufy) satisfies the postulate of:

1. Reliability (Re) iff
CX)=Q.
2. Simplification (Si) iff
(Profile X is a multiple of profile Y) = C(X) = C(Y).
3. Unanimity (Un), iff
C({n *x}) = {x}
foreachn € N and x € Up.
4. Quasi-unanimity (Qu) iff
(x ¢ C(X) = (TneN:x e CX U(n * x)))
for each x € Up.

5. Consistency (Co) iff
(x € C0) = (x € CX O {x}))
for each x € Up.

6. Condorcet consistency (Cc), iff
(Cx) N CXR) = D) = (CX, UX,) = CX) N C(X7))
for each X1, X5 € TI(UF).
7. General consistency (Gc) iff

2 The notions of homogeneous and regular profiles are given in Definition 2.1
(Chapter 2).
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CX) N CXr) € X VX)) € CX) L C(X)
for any X1, X, € TI(UF).

8. Proportion (Pr) iff

(XicXonx e CX) Ay e CXa)) = (di(x,X)) < di(y,X2))
for any X1, X, € TI(UF).

9. 1-Optimality (O)) iff for any X € T1(Ur)

10.

11.

12.

13.

14.

15.

(x € C()) = (dilxX) = min dr()),
where d(zX)= 3 _ydp(z,y) forz € Ur.
2-Optimality (0) iff for any X € TI(Uy)

(x € CX) = (dF(x.X) = min 7 (v.X)),
where di(zX)= Y. o (dr (2, V) forz e U
Closure (CI) iff

Scw S Sxe
Two-level choice (TLC), iff

(Xis fuzzily regular) = C(X)=C(|J.. 5, CX () ).
Fairness (Fa) iff

v
(X is fitzzily homogeneous) = C(X) = {(x, v¥): v¥ = M }.
card(X)
Fuzzy simplification (Fs) iff

(v(xa v), X', V)e Xiv=yv = v*) =
CXY) = {(x,v¥):x e C'(X)}
for some C'e Con(U).

Fuzzy proposition (Fp) iff a consensus from C(X) should be built on
the basis of consensuses from C(X(x)) for x € Sy where the share of
a consensus from C(X(x)) is equal to
card (X (x))
card(X)
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Some comments should be made for the new postulates C/, TLC, Fa, Fs,
and Fp. Postulate C/ requires that in a consensus for a fuzzy profile X only
elements from set Sy may appear. This means that the consensus must refer
only to those objects for which experts or agents have generated their opin-
ions. For the remaining postulates notice that the elements of a fuzzy
profile can be classified into such groups that in each of them there are
occurrences of only one element from universe U. Such a group is denoted
by symbol X(x) where x € Sy.

The fact that profile X is fuzzily regular means that the cardinality of set
X(x) is identical for each x € Sy. Postulate 7LC enables calculating a
consensus for a fuzzily regular profile in two steps. In the first step the
consensus for subprofiles X(x) is determined, and in the second step a con-
sensus of the set of these consensuses is calculated. The basis of this
approach is that each element x € Sy occurs in profile X the same number
of times. This idea is shown in Figure 7.2.

e ™
XX) Profile X

Consensus c3 .

Consensus of
{c1, ¢2, c3}

Figure 7.2. Two-level consensus choice.
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The postulate of Fairness, in turn, enables calculating a consensus for a
subprofile X(x). It requires that the consensus of such a subprofile should
consist of x and the value equal to the average of all values appearing in
the subprofile. As proved in Theorem 7.2, this condition guarantees that
postulate O, should be satisfied for the subprofile; that is, the sum of
squared distances between the consensus and the subprofile elements is
minimal.

The postulate of Fuzzy simplification treats the situation in which all
elements have the same value, as follows. In such a profile one can omit
all values and treat the profile as a nonfuzzy profile in consensus determi-
nation. Next, the same value is added to the consensus and the final con-
sensus for the fuzzy profile is determined.

The postulate of Fuzzy proposition is a general requirement. According
to this postulate a consensus for a fuzzy profile X should be chosen on the
basis of consensuses for subprofiles X(x) where x € Sy . Each of these con-
sensuses has a share equal to the proportion of the number of occurrences
of x in the profile. Merging this postulate with postulate O, gives the fol-
lowing consensus function Cr. , such thatx* € Cp, (X) if and only if

card(X(z)) d(x*.x.) = min card(X(z))

d(x,x;),
x,eZ card(X) xeUp “x,eZ card(X)

where x, is a consensus of subprofile X(z) for z € Sy and Z is the set of
consensuses of all subprofiles such that each subprofile has exactly one
consensus in Z. The consensuses from set Z may be chosen by using func-
tion C, defined in Section 3.3.3 (Chapter 3).

In the next section we show some properties of these postulates and
some relationships between them and the postulates defined for nonfuzzy
profiles.

7.4. Analysis of Postulates

Because a fuzzy universe Ur can be treated as a nonfuzzy universe U, all
properties of postulates defined for nonfuzzy universes are true. Thus all
theorems presented in Section 3.3.3 (Chapter 3) can be translated to the
case of fuzzy universes. We now deal with the properties of new postulates
TLC, Fa, Fs, and Fp which have been specially formulated for fuzzy uni-
verses, also their relationships with the previously defined postulates.
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Similarly as in Chapter 3 we say that a postulate p
e s satisfied if there exist a universe Ur and a function in Con(Up)
which satisfies postulate p

e is c-satisfied if for any universe Uy there exists a function in
Con(Ur) which satisfies postulate p

e is u-true if there exists a universe Ur for which p is satisfied by all
functions from Con(Uy)

e is true if it is u-true referring to all universes

e s false if it is not satisfied

We can build complex formulae on the basis of atomic formulae using
logic quantifiers and such logical connectives as v, A, —, =. For these
formulae we accept the same semantics as defined for atomic formulae and
the semantic rules of classical logic.

Theorem 7.1.

Formula CI A TLC A Fa A Fs A Fp is c-satisfied, that is, for each universe
Uk there exists a consensus function C € Con(Uy) which satisfies all these
postulates.

Proof.
For this proof we present a procedure in which for a fuzzy universe a con-
sensus function satisfying postulates 7LC, Fa, Fs, and Fp is defined. Let
then be given a fuzzy universe Ur and let X € T1(Ur) be a profile. We pro-
pose to determine a consensus for X as follows.
e Create set (without repetitions)
Sx= {x € U: x occurs in X}.
e Create subprofiles
X(x)={(x, v): (x,v) € Xand x € Sy}.

e Foreach x € Sy calculate the consensus ¢, of X(x) as follows,
e =(x,v,) wherev,=

e Create a new profile with weights
Y={c:x e Sy}

where for an element x € Sy its weight w, is equal to
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_ card(X(x))
card(X)

e Determine the consensus for profile Y taking the weights into ac-

count. For this aim we may use function C;" () for i = 2 defined in
Section 3.6.2 (Chapter 3).

It is obvious that the above procedure guarantees satisfaction of postu-
late CI. As we can see from the third step of this procedure it follows that
the chosen consensus should satisfy postulate a. We may note also that if
all fuzzy values of all profile elements are identical then the final consen-
sus should have the same value; that is, postulate Fs is satisfied. Notice
that in the case of a fuzzily regular profile the weights of all elements cal-
culated in the fourth step are equal to each other. Owing to the fourth and
fifth steps postulate Fp is satisfied and the whole procedure guarantees the
two-level consensus choice, that means satisfying for postulate 7LC. In
this way the procedure determines a consensus function which satisfies all
above-mentioned postulates. .

Theorem 7.1 shows that postulates TLC, Fa, Fs, and Fp are not contra-
dictory. Theorem 7.2 below presents some interesting properties of postu-
late Fa.

Theorem 7.2.
The following formulae are true.

(a) O, A Cl = Fa.
(b) Fa = Re A Si A Un A Co A Ce.

Proof.
(a) Let X be a fuzzily homogeneous profile; that is,

X={(a,w):i=1,...,n}
for some a € Uand n € X. Let C be a consensus function satisfying postu-

lates O, and CI. Let x € C(X), because of satisfying postulate C/ we have
x = (a, v) for some v € [0, 1], and

(dF(xa(aavi)))z = min i(dF(y,(a,v,-)))z.

1 YeUr i

M=

That is, the sum " (v—v )2 is minimal. To develop this sum we have
i=1
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Zn:("_"i)Z =n-vi=2v 'i"i + i(vi)Z )
i=1 i=1

i=1

which is minimal if and only if
n
y= 1 Do
n =1
Thus postulate Fa should be satisfied.

(b) Let X be a fuzzily homogeneous profile; that is,
X={(@a,v):i=1,...,n}.

Let consensus function C satisfy postulate Fa; that is,

s

M=

Il
—_

€0 = {G v v =

1

Thus satisfaction of postulate Re is obvious. For the postulate of Simplifi-
cation notice that if profile Y is a multiple of profile X then Y is fuzzily
homogeneous if and only if X is fuzzily homogeneous. Also each element
(a, v;) € X appears the same number of times (say k, i.e., ¥ = k * X) in pro-
file Y. Thus the average of values v in profile Y is equal to the average
value of v in profile X. That is, postulate Si is satisfied. The satisfaction of
postulates Un and Co is obvious. For postulate Cc notice that according to
postulate Fa we have card(C(X)) = 1. Let X and X; be fuzzily homogene-
ous profiles and let C(X,) N C(X,) # &, thus it should be C(X)) = C(X3), so

C(X)) N C(Xy) = C(X)) = C(X). We show that C(X; UX;) = C(X)). For this
statement it is enough to prove that the following equality is true,

1 n 1 m n m
=2yt =2V = IREDRY
n =1 m - n+m ;=1 =l
. . 1 «»n | . .
with the assumption that — )’ Vi > Vi The proof of this equality
n = m =
is simple. 4

Theorem 7.3.
The following formulae are not true.

(a) Oy = Fs
(b) TLC A O,
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(C) TLC A 02
(d) Fa n O,
(e) Fp A O,
) FpAO;.
Proof.
(a) We show that not all consensus functions from Con(Ur) which
satisfy postulate O, also satisfy postulate Fis. Notice that for applying pos-

tulate O, we need to define distance function dr which may cause that pos-
tulate F's will not be satisfied. We give an example of such a function:

|v1—v2| for x=y
dp((x, v1), (v, vz)) =<1 for x#y andv, =v, =1,
rnax{vlJrTv2 ,0. 1} otherwise

where (x, v1), (v, v2) € Ur. This function of course satisfies all conditions
formulated in Definition 7.1. Let profile X be

X={(a, 0.6), (b, 0.6), (c, 0.6)}.

We have: if consensus function C has to satisfy postulate O; then
CX)={(x,0): x € U\ Sy};

that is, postulate F's may not be satisfied.

(b) and (c) Let distance function dr be

dF((x, v1), (¥, Vz)) = {|Vl _V2| for x=y

1 otherwise

and let profile X be

X=1{(a,0), (a, 1), (a, 0.5), (b, 0.5), (b, 0.5), (b, 0.5)}.
Let a consensus function C satisfy postulate O;; then we have

CX) = {(»,0.5)},

C(X(a)) = {(a, 0.5)},

CX(b)) = {(b, 0.5)},
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( UXGSX C(X(x))) = {(a, 0.5), (b, 0.5)}.

So function C does not satisfy postulate 7LC.

(d) Let the distance function be defined as in (b) and (c) and let profile
X be defined as follows,

X={(a,0), (a, 1), (a,0.2)}.
We have: if a consensus function C satisfies postulate O, then

CX) = {(a,0.2)},

Thus it cannot satisfy postulate Fa.

The results in (e) and (f) are implied directly from (b) and (c), respec-
tively.

.

From this theorem it follows that in general postulates 7LC, Fa, Fs, and
Fp are not consistent with postulates O; and O,; that is, those consensus
functions which satisfy one of these postulates do not satisfy postulate O,
or postulate O,.

7.5. Algorithms for Consensus Choice

In this section we present some algorithms for consensus determining for
fuzzy profiles. Referring to postulates O, and O,, the algorithms should be
dependent on the structures of the elements of universe U. In Chapters 4
through 6 one can find several algorithms for such structures as multi-
attribute and multivalue relation, conjunction, disjunction, and clause. Here
we present general algorithms (without assumption about the structures of
the universe elements) which focus on the fuzzy values. In fact a fuzzy value
is an element of the fuzzy universe and may be treated as an additional di-
mension of the element structure. For example, if the structure is multiattri-
bute then the fuzzy value may be treated as the value of an additional
attribute.

In working out the algorithms we take into account the special postu-
lates for fuzzy profiles. These postulates are C/, TLC, Fa, Fs, and Fp.
Algorithm 7.1.

Input: Fuzzy profile X e [1(Ur) and distance function dr.

Result: A consensus x* for profile X satisfying postulates C/, TLC, Fa, Fss,
and Fp.
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Procedure:

BEGIN
1. Create set (without repetitions)

Sx={x € U: x occurs in X};

2. For each x € Sy create subprofile

X)) = {(x, v): (x, v) € X};

3. For each x € Sy calculate the consensus ¢, of X(x)

Z(x,v)eX v .

e =(x,v where v, = ;
= 5w ! card(X)

4. Create a new profile with weights
Y={c:x e Sy},
where for an element x € Sy its weight w, is equal to

_ card(X(x)) |
card(X)

5. Determine the consensus for profile Y taking the weights into ac-
count. For this aim use a function C;" (Y) defined in Section 3.6.2

(Chapter 3), for i = 1, 2. That is, determine an element x* € Ur
such that

Zyeywy (dF (x*,y))i = m(ijn Zer w, (dF (Z,y))i;
zeUp

END.

The proof that the consensus determined by Algorithm 7.1 satisfies all
postulates CI, TLC, Fa, Fs, and Fp is included in the proof of Theorem 7.1.
The complexity of Algorithm 7.1 is to a large degree dependent on the
complexity of step 5 which, in turn, depends on distance function dr and
the structure of the elements of universe Up.

Now we investigate the relationship between a consensus determined
for a fuzzy profile X by using distance function dr and postulate O, and a
consensus determined for its corresponding nonfuzzy profile X by using
distance function d and the same postulate.

We mention that nonfuzzy profile X corresponding to fuzzy profile X is
defined as follows,
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X = {x: (x,v) eX}.
We assume that distance function dr is defined on the basis of distance

function d between nonfuzzy elements in the following way.

|v1—v2| for x=y
dF((X, ), (v, Vz)) = Vi+vy
@)™ for v

for (x, v), (¥, v2) € Up.

As mentioned in Section 7.2 this function seems to be useful in practice
because of some its advantages.

The function C; defined in the proof of Theorem 3.2 (Section 3.3.3) has
the following form:

Ci(X)={x € U: d(x,X) = mind(»,X)}.
yeU
A similar function may be defined for fuzzy profiles:

CiHX) = {x € Ur: de(x.X) = mli]n d(y.X)},
YeUf

where di(z,X) = ZyeX dp(z,y) forz e Ur.
The problems are the following:

1. If (x, v) € C14X) then could there be x € Cy( X )?
2. Ifx € C\(X) then does there exist v such that (x,v) € Ci{(X)?

If the answers for the above questions are positive they should be very
useful in practice because this means that a consensus for a fuzzy profile
may be determined on the basis of a consensus for its corresponding non-
fuzzy profile.

Unfortunately, the answers to these questions are negative. Below we
give an example for proving this statement referring to the first question.

Let U= {x, y, z, u} and the fuzzy profile X be defined as follows,

X={(x0), (0.
The distance function d assigns the following values,
dox,y)=1; d(z,x)=049; d(z,y)=0.01; du,x)=du,y)=0.22;

Taking into account the fact that a’>d" fora, b,b’ €[0,1]and b < b', we
have the following,
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CirX) ={( D},
because

dr((z, 1), (x, 0)) = 0.49"° = 0.7,

dr((z, 1), (v, 0)) =0.01°° = 0.1,
and

dr((x, 0), (v, 0)) =1,

dr((u, 1), (x, 0)) = d{(u, 1), (, 0)) = 0.469.
However,

d(z,x) +d(z,y)=0.5>d(u, x) + d(u, y) = 0.44.

Thus z may not be a consensus for profile {x, y}; thatis, z ¢ C;( X).

For the second question using the same example notice that « is a con-
sensus for profile X = {x, y}. However, (1, v) may not be a consensus for
profile X for any v because

dr((u, v), (x, 0)) = de((u, 1), (x, 0)) = 0.469,
dr((u, v), v, 0)) 2 de((u, 1), (v, 0)) = 0.469,

and
dr((z, 1), (x,0))=0.7,

dr((z, 1), (»,0))=0.1.

So the answer is also negative in this case.

Our main aim is to determine a consensus for a fuzzy profile satisfying
postulate O,. This task may be very complex because the cardinality of
universe U is greater than the cardinality of universe U and in fact is an
equal continuum. Thus it seems that for determining a value of function
Cir one should search whole set Ur. However, owing to the theorem pre-
sented below, in many cases only universe U should be searched.

Theorem 7.4.
Let X € [1(Uy); for each (x, v) € Ci{(X) if x & Sy then there should be

(x, 1) S CIF (X)

Proof.
For each (y, w) € X, because x # y we have d(x, y) > 0 and
v+w

2

dF((xa V), (ya W)) = (d(x’ y))i
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1+w
> (d(x, )2 =ddl( 1, 0 W)-

The inequality becomes an equality if and only if v=1 or d(x, y) = 1.

Thus if (x, v) is a consensus of profile X then element (x, 1) should also be
a consensus for X. .

This theorem, although simple, is very useful in consensus determining.
Owing to it we may search a consensus for a given profile not in universe
Ur but in U if we know that it does not belong to the nonfuzzy profile cor-
responding to the fuzzy profile.

However, there may be such a consensus (x, v) € C(X) that x € Syx.
How can we find it in an effective way? Assume that we have to deal with
such a situation. Because x € Sy we know that X(x) is not empty. Let’s
consider the following problem:

For given x € Sy determine such (x, v.) which minimizes the sum of dis-
tances to all elements of X that is,

zngdF((x’v)ay) = mi

V'E[:)llll] ZyeX dF ((X, V’)a J’) .

We know that

w+v'

ZYEX dp((x,v),y) = Z(xaw)EX(X)|W_ V'| * z(z,w)eX\X(x) (d(x,z))T .

If the values of V' in the two components of the above sum were independ-
ent then for minimizing the first component the value of v' could be calcu-
lated by the following algorithm.

Algorithm 7.2.

Input: A subprofile X(x).

Result: A consensus (x, v,) for X(x) satisfying postulate O,.

Procedure:

BEGIN
1. Create set with repetitions Y = {w: (x, w) € X(x)};
2. Create a sequence from Y by sorting its the elements in an increas-
ing order;

3. Set v, as the V%IJ th element of the sequence, where [/ = card(Y),

2
and set v, as the V%J th element of the sequence;
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4. Set V' as any value from interval [vy, v»];
5. Set v:=1V;
END.

For minimizing the second component the value of v' could be equal to 1
(according to Theorem 7.4). From these statements it follows that the
common value for v' minimizing sum Zye +4r((x,v'"),y) should be in-

cluded in interval [v, 1]. Notice that the two components can be treated as
functions of parameter V', and in this interval the first component is a
nondecreasing function, and the second component is a nonincreasing
function. In addition, both functions are continuous. Therefore, although
determining a precise value of v' minimizing the sum of the two compo-
nents is hard, it is rather simple to determine an approximate value of v/,
for example, by discretisation of the interval, and checking the discrete
values of V' referring to the value of the sum. The above problem can then
be solved in an effective way.

Now we present an algorithm for determining a consensus for a fuzzy
profile X satisfying postulate O; using the results presented above. The
idea of this algorithm is the following. First, for each x € Sy determine a
fuzzy element (x, v,) which minimizes the sum of distances to all elements
of X; that is,

ZyeXdF((x,v)ay) = vlél[})nl] ZyeXdF ((x,\/"),y) .

Next, determine an element x’ ¢ Sy such that the sum of distances from (x’,
1) to elements of X is minimal. According to Theorem 7.4 such an element
(x', 1) could be a candidate for a consensus of profile X. Finally compare
element (x', 1) with elements (x, v,) where x € Sy concerning their sums of
distances to elements of X determining the consensus.

This algorithm is presented as follows.

Algorithm 7.3.
Input: Fuzzy profile X € [1(Ur) and distance function dr.
Result: A consensus x* for profile X satisfying postulates O,.
Procedure:
BEGIN
1. Create set (without repetitions)
Sy= {x € U: x occurs in X};

2. For each x € Sydo
Begin
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2.1. Create subprofile
X(x) = {(x, v): (x,v) € X};

2.2.Using Algorithm 7.2 determine consensus (x, v,) for
subprofile X(x);
2.3. Determine element (x, v',) which minimizes sum

%,exdr (V)0 = min 3 de((6).0)
End;
3. Determine such (z, w) from set {(x, V)i x € SX} which mini-
mizes sum zye vdr((z,w),y);
4. Set x*:= (z, w) and T:= zyex dr((z,w),»);

5. For each x € U\Sydo
Begin
5.1. Calculate sum T(x) = Zye v dr((x1),);

5.2. If T(x) < T then set x*:= (x, 1) and T:= T(x);
End;
END.

The computational complexity of Algorithm 7.3 is hard to be deter-
mined because the microstructure of universe U is unknown. The most
complex may be the operation included in step 5, where it is needed to
search set U\Sy which may be large. However, as we have stated earlier, it
is always much less complex than searching the whole (or even a part) of
the fuzzy universe Up.

7.6. Conclusions

In this chapter a model for fuzzy consensus is presented. This model can
be treated as a special case of the general model of consensus presented in
Chapter 3. Therefore, some specific postulates for fuzzy profiles have been
defined and analyzed. Although the microstructure of the fuzzy universe is
not assumed, several concrete algorithms for consensus determining have
been proposed and analyzed.



8. Processing Inconsistency
of Expert Knowledge

In this chapter an analytical approach to quality analysis of expert knowl-
edge is presented. We show different types of conflict profiles consisting
of expert solutions of some problem and investigate the relationship bet-
ween the consensus of a profile to the proper solution of this problem. Al-
though the proper solution is not known, we show that in certain situations
the consensus is more similar to it than the solutions proposed by the ex-
perts.

8.1. Introduction

An expert, in a general understanding, is someone who is widely recog-
nized as a reliable source of knowledge, technique, or skill, and has the
capability to make autonomous decisions which can be considered as sus-
tained. Thus an expert is characterized by two attributes: possessing knowl-
edge and capability for autonomous decision making. Most often for an
expert these two attributes refer only to a narrow field of science and
technique. Therefore, very often, a complex problem needs to be solved by
several experts simultaneously.

Using expert knowledge is very popular and practically necessary in
many fields of life. By an expert we understand not only a human expert in
a field of science and technology, but also some intelligent program, for
example, an expert system or an intelligent agent. One can say that in al-
most every task we need expert knowledge and we use it for making
proper (at least we hope so) decisions, from fixing a car to the purchase of
a house. It very often happens that before making an important decision we
often ask opinions of not one, but several experts. If the opinions of all
these experts are identical or very similar, we are happy and have no trou-
ble with making the final decision, but if these opinions are to a large de-
gree different from each other then our decision-making process will be
difficult. However, this observation is not always true, and this is the sub-
ject of this chapter.
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More generally, if solving a task is entrusted to several experts then one
can expect that some of the solutions generated by the experts may differ
from each other. Thus the set of expert solutions creates a conflict profile.
As stated in Chapter 3, consensus methods turn out to be useful in recon-
ciling inconsistency of agent and expert opinions. The inconsistency in this
context is seen as “something wrong” and needs to be solved.

However, very often inconsistency has its positive aspects and is very
useful because it helps to present different aspects of a matter. In this chap-
ter we present a mathematical model which shows that for many practical
cases the inconsistency is necessary.

Let’s start with an example. In the television game show, Who Wants to
Be a Millionaire?, a player with a difficult question may have three life-
buoys: removing two of four variants in the answer; a telephone call to his
friend; and a question to the public. In the second and third case the deci-
sion of the player to a larger degree is dependent on the answer of a spe-
cialist (his friend) or of a larger number of people (the public). According
to the statistics given by Shermer in the book, The Science of Good and
Evil [142], it is known that using the help of specialists only 65% of them
have given good answers, whereas using the help of the public as many as
91% have given good answers. From this observation the author of the
above-mentioned book put forward a hypothesis that in solving a number
of problems a group of people is more intelligent than a single person. This
hypothesis is confirmed by another author, James Surowiecki, in his book,
The Wisdom of Crowds [150]. In this work Surowiecki has described sev-
eral experiments which prove that the reconciled decision of a group of
people is in general more proper than single decisions.

As one of these experiments Surowiecki presented the following. A
number of people have been asked to guess how many beans are in a jar.
The average of results given by the experiment participants is 871 grains,
and in fact the number of beans in the jar is 850; the error is only 2.5%.
Surowiecki’s book also contains other interesting experiments proving that
inconsistency of experts may give a more proper solution for a problem
than only one solution.

What then is the basis of this phenomenon?

In this chapter we try, to a certain degree, to answer this question. We
build a mathematical model with this aim. We formulate the following
problem. To discover the proper solution of a problem a number of agents
or experts are asked to give their solutions. The set of these solutions (as
a set with repetitions) is called a conflict profile (see Chapter 2). For the
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Proper solution

Consensus

Figure 8.1. A situation of conflict of expert knowledge.

conflict profile a consensus may be determined. Assuming that the elements
of the profile are placed in a certain distance space, we should answer
the following question. What is the relationship between the distance from
the consensus to the proper solution and the distances from the proposed
solutions to the proper solution?

Figure 8.1 illustrates this problem, where the black points represent the
elements of the conflict profile.

In Figure 8.1 we have a conflict situation in which elements of the con-
flict profile represent the solutions given by experts. On their basis we
can determine the consensus. A very interesting question is: what are the
conditions for which the distance between the consensus and the proper
solution is smaller than the average of distances from the proper solution
to the profile elements? Knowing the answer to this question one can for a
concrete task generate the set of experts or agents so that the consensus of
their solutions will not be far from the proper solution which is needed to
be found. The other advantage of this fact is also the possibility for ex-
plaining why the wisdom of crowds is larger than the wisdom of a sole
person.

In this chapter we do not deal with the uncertainty of experts. This is the
subject of many publications, among others [97].
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8.2. Basic Notions

In this chapter we use the notions defined in Chapters 2 and 3. We assume
that the distance space (U, d) defined in Chapter 2 is a nonnegative
m-dimension Euclidean space for m € . That is, an element x of the
space is a vector

x:(xbe)"')le)

for x; € " (R is the set of nonnegative real numbers) fori=1,2, ..., m.
In addition, the distance function is Euclidean; that is, for two elements

x=0xLX...,X%,) and X' =1,x% ..., X"

we have their distance equal to

e, 3y = 30 =)

Here is some commentary referring to the representation power of
m-dimension Euclidean spaces. As is well known, a vector in such a space
has m dimensions and represents a potential problem solution given by an
expert. A dimension may represent an attribute and its value. The value of
the vector component under this dimension describes in what degree the
attribute may have the given value. Below we give an example illustrating
this idea.

Example 8.1. Let (U, A) be a real world, where

A={a,b,c,d},
V=10, 1},
V= {+ -},
Ve=A{a, B},
Va={mn}.

A group of experts is asked to describe an object belonging to U referring
to the above-given attributes. Their fuzzy-based opinions are presented as
follows.

Expert (a, 1) () (¢, B) (CAY)
E, 0.5 1 0.7 0.3
E, 1 0.1 0.5 0.8
E; 0.8 0.5 0.9 0.5
E, 0.3 0.1 0.7 0.7
Es 0.7 0 0.6 0.2




8.3. Consensus Determination Problems 227

Thus an opinion of an expert is a vector in four-dimensional Euclidean
space. Each dimension in this space represents an attribute and each com-
ponent of a vector represents the degree in which, in the opinion of an ex-
pert, the given object may have a concrete value referring to an attribute.
Notice that an attribute may have more than one dimension if an expert
opinion refers to its different values. .

8.3. Consensus Determination Problems

For further investigation we need to mention the problem of consensus de-
termination. As stated in Chapter 3, for consensus choice two postulates
(criteria) are most popular:

e Criterion O, which requires the sum of distances from a consensus to
the profile elements to be minimal

e Criterion O, which requires the sum of squares of distances from a
consensus to the profile elements to be minimal.

For the first criterion the consensus choice is a complex problem for
Euclidean space. The problem of finding a point in the space which is
nearest to a set of points is a classical problem of optimization theory. An
effective algorithm does not exist for this problem and it is necessary to
use heuristic strategies. However, as we have shown in Chapter 3, if the
points belonging to the profile are placed on an axis (in an m-dimensional
space there are m axes), then we have an effective method for determining
a consensus. This method may be generalized for the case when profile
elements are placed on a line.

For the second criterion there exists an effective method for consensus
determination. We prove the following.

Theorem 8.1.

For given profile

X= {x([) =(x1(i), xg),..., x,(,f)):izl,2,...,n},
a vector

x:(xbx%---:xm)

is a consensus satisfying criterion O, if and only if
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=|»—‘

forj=1,2,...,m

Proof.
Criterion O, requires the sum

3 (d(x,x "))

i=1

to be minimal. Furthermore we have

@) = - w)= E Xl 23,20 + (o))

i=1 i=l j=1 i=l j=1

i[ (x;)* =20, zx<’>+2(x<’>) = fF(xj),
J=1

j=1
where
2 () N (D)2
Fog)=n-(x;)"=2-x;- 2 x;” +2(x}7)".
i=1 i=1
Notice that sum " (d(x,x?”))’ is minimal if for eachj = 1,2, ..., m

value F{(x;) is minimal. This value, in turn, is minimal for such value x; for
which the differential coefficient is e qual to O; that is,
OF (x;)
ox; -

it follows
no
X = %Zxﬁ-’). .
i=I

From Theorem 8.1 it follows that the consensus satisfying criterion O,
should be the centre of gravity of profile X.
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As stated above, there is no effective algorithm determining the consen-
sus satisfying criterion O, for profile X. However, we prove an interesting
property of this consensus.

Theorem 8.2.
For given profile

X= {x(i) =(x1(i), xg), e, x,(,f)): i=1,2,...,n},
let vector

X=(X1, X0, ...y Xnm)

be its consensus satisfying criterion O,. Then in the space there does not
exist any vector y for which

d(y, x) > d(y, x7)
foralli=1,2,...,n

Proof.
We mention that criterion O, requires the sum

> d(x,x")
i=1

to be minimal. We carry out the proof by contradiction. Let’s assume that
there exists a vector p for which

d(p, x)>d(p, ')

foralli=1,2,...,n Thus forani=1, 2, ..., n consider the triangle
Ao, (see Figure 8.2). Because d(p, x) > d(p, xD) we have the follow-

ing inequality of angles,
o > Bi'

Thus we may determine a point p; being on line px and between these
points (p; # p) so that a; > o'; = <ipxD p; and o'; > p's = < xD p; p (see
Figure 8.2). In the new triangle Apx(i)[} the following inequality is true,

d(p, p) > d(p, x).

Let px € {p1, p2, - - . , pu} be such that
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Figure 8.2. Triangle Apx(,-)

¥

dpi x)= max d(p;, x),
je{l,2,...,n}

Notice that in triangle Apx<,-)p there should be B'; < 90° because o'; > B';.
k

Thus < x¥ pex > 90°% it follows that d(p, x'”') < d(x, x') and, as the
consequence:

n . n X

Yd (pr x)< Yd (x, xD).

i=1 i=1
This result causes the contradiction because x is the consensus satisfying
criterion O,. 'S

Theorem 8.2 is also true for the consensus satisfying criterion O,. The
proof is identical.

From Theorem 8.2 it follows that the distance from a consensus of pro-
file X satisfying criterion O; (or O,) to any point of the space should not be
greater than the maximal distance from this point to the elements of the
profile.

More generally, we can state that if x is a consensus of profile X satisfy-
ing criterion O; (or O,), then x should be intrinsic referring to X in the
sense that there may not exist a plane 7 such that consensus x is placed on
one side and the elements of profile X on the other side of plane 7. Figure
8.3 illustrates this situation, where profile X consists of four points D X
x™, and x™. It is assumed that plane T shares profile X and consensus x.



8.3. Consensus Determination Problems 231

Figure 8.3. Consensus x and profile X should be intrinsic.

This situation may not take place because we may make the projection

x" of x on plane T and for each profile element x we have:
dix, xP)>dx', x)

because angle <xx’ x> 90°. Thus x may not be a consensus satisfying

either criterion O, or criterion O,.
Notice that the property included in Theorem 8.2 is not true for each
distance space. Let’s consider an example.

Example 8.2. Let the distance space (U, d) be defined as
U=2lah c}’
d(y,z) =card(y + z) fory,z < {a, b, c}.

Let profile X = {{a, b}, {a, c}}. Then a consensus satisfying criterion O is
x={a, b, c}.

Letting y = {a} we have:
2=d(yx)>dx,{ab})=dx,{a,c})=1.

Thus the property from Theorem 8.2 is not true. .
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8.4. The Quality Analysis

In this section we deal with the quality analysis of expert knowledge. In
the Introduction we stated that it is often good that the opinions generated
by experts for some matter are different from each other. Here we try to
prove this statement. We assume that some problem requires to be solved
and has a proper solution which has to be “guessed” by a group of experts.
It is then the first case mentioned in Section 3.2.2 (Chapter 3). First we
notice that an expert generates a solution of this problem but her decision
is made in a situation of uncertainty and incompleteness. Thus it is not
known if her solution is exactly the same as the proper solution. The ex-
ample with the jar of beans is an illustration of this case. An expert (i.e.,
experiment participant) does know exactly how many beans there are in
the jar. Her decision is made only on the basis of her experiences and vis-
ual evaluation. In this experiment the average of the results given by the
participants has been taken as the final solution of experts. From Theorem
8.1 we know that it is the consensus satisfying criterion O,.

Let’s consider the following aspects:

e [f there is only one expert who is entrusted to solve the given prob-
lem, then his solution may be good (close to the proper solution) or
wrong (far from the proper solution). According to the statistic made
for the television game show Who Wants to Be a Millionaire?, 65%
of telephone calls to friends were on target. The reason for a not so
high pertinence degree of one expert is based on the fact that the
problem to be solved is multidimensional (interdisciplinary) whereas
an expert is a good specialist only in one or two dimensions (fields).
Thus entrusting the problem to only one expert may be risky in the
sense that the solution given by this expert can be very dissimilar to
the proper solution.

e [f not one, but several experts are trusted to solve the problem and
their solutions are identical, we have a homogeneous profile with the
maximal consistency and of course the consensus will be the same.
However, if the problem is not simple, this fact may mean that the
experts are very similar referring to their profiles (i.e., they are spe-
cialists in the same field). In this case the consensus of their solu-
tions can be wrong. Let’s return to the experiment with the jar of
850 beans. The problem of guessing this number is not simple. So if
all results given by the participants were identical, it would seem
that this is not a good solution.
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e For many problems which are complex (multidimensional) and con-
tain many uncertain parameters we would wish to entrust to experts
of different specializations for solution and we would be happier if
the solutions given by them were not consistent. Why? Owing to this
the solutions given by the experts will reflect more aspects of the
problem and in consequence, their reconciled solution could be simi-
lar to the proper solution. As Surowiecki has suggested in the book,
The Wisdom of Crowds, the condition for achieving a good result of
experiments is the autonomy of the participants and the differentia-
tion of their profiles. In this section we use Euclidean space to prove
this hypothesis.

First we prove that if we use a group of experts to solve a problem then
the consensus of their solutions should not be worse than the worst solu-
tion.

Theorem 8.3.
For given profile
X= {x(i) =(x1(i), xg), e, x,(,f)): i=1,2,...,n},

containing the solutions given by experts, let vector
X=(X1, X2 .« oy Xn)

be its consensus satisfying criterion O, or O,. Let x* be the proper solu-
tion; then

d(x, x*)<  max d(x*, xD)
ie{l,2,...,n}

and if x ¢ X then there should be

d(x,x*)< max d(x*, x?).
ie{l,2,...,n}

Proof.

We prove the theorem for criterion O;; for criterion O, the proof is similar.
From Theorem 8.2 we know that there does not exist any vector y for

which

d(y, x)> d(y, x)

foralli=1, 2, ..., n. It follows that for vector x* there should be
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d(x*, x) = d(x, x*) < d(x*, x)
forsomej=1,2,...,n So

dix*,x)< max d(x*, xD).
i€{l,2,...,n

Let’s now assume that x ¢ X. In this case we prove that

dix*,x)< max d(x*, x(i)).
ie{l,2,...,n

e{l
Assume that it is not true; that is,

dix*,x)= max d(x*, x?).
ie{l,2,...,n}

Because x ¢ X then for eachi=1, 2, . .., n the plane determined by three
points x*, x, and x has the following property. We may introduce a cir-
cle with the centre x* and radius equal to d(x*, x), which contains point

x Because x #x') we may introduce a line / upright to line x*x so that

points x and x are on both sides of / (see Figure 8.4). Let line / cut line

x*x in point y;.

Figure 8.4. The plane determined by three points x*, x, and X7



8.4. The Quality Analysis 235

We have the following inequality of angles:

<AXY; x> 90°

because x and x” are on both sides of / and / is upright to x*x. It should
follow that in triangle Axx(”y- the following inequality is true,

d(y, xD) <d(x, x1).

Let’s now determine point y among points yy, s, . . . , ¥, such that the dis-
tance d(x*, y) is maximal. We have

d(y, xVy<d(x, x?)

foralli=1,2,...,n This is a contradiction because in this case x may
not be a consensus for profile X satisfying neither criterion O; nor O,. Thus
there should be

dix*,x)< max d(x* x?). *
i€{l,2,...,n}

Notice that the inequality

d(x*, x)< max dx*, x')
i€{l,2,...,n}
is true only for the case when x ¢ X; that is, profile X should be non-
homogeneous. That is, it should contain at least two elements different
from each other. In other words, in profile X there is inconsistency.

For a consensus satisfying criterion O, we have a stronger result. It turns
out that if profile X is nonhomogeneous then the distance between consen-
sus and the proper solutions should always be smaller than the maximal
distance between the proper solution and the elements of the profile.

Theorem 8.4.
For given nonhomogeneous profile

X= {x(i) =(x1(i), xg), e, x,(,f)): i=1,2,...,n},
containing the solutions given by experts, let vector

X=(X1, X205 -+« » Xm)

be its consensus satisfying criterion O,. Let x* be the proper solution; then
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d(x,x*)< max d(x*, x").

i€{l,2,..,n

Proof.
If x ¢ X then on the basis of Theorem 8.3 we have immediately

d(x, x*)< max d(x*, x(i)).
i€{l,2,...,n}

Assume now x € X; that is, consensus x is one of the profile elements.
Without losing generality we can assume that x = x" In this case notice

that for each dimensionj (j =1, 2, ..., m), on the basis of Theorem 8.1 we
have:

or
12
(1):_
W

After reduction and noting that n > 1 because profile X is nonhomogeneous
we have

(1) 0N
X3
n— 1,%
This equation for all dimensions j =1, 2, ..., m means that x is still a con-
sensus satisfying criterion O, for profile X after removing element x0

from it. In this way we can remove from the profile all elements identical
to the consensus x and x will still be a consensus for a new profile. Finally,
owing to the nonhomogeneity of profile X we will have a situation that
there is profile X' < X such that x is a consensus satisfying criterion O, for
X'and x ¢ X' Using Theorem 8.3 we have

d(x, x*) < max d(x*, x"),
x'eX'
and because

max d(x*,x') < max d(x*, x(i)),
x'eX' ie{l,2,...,n}
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thus

d(x,x*)< max d(x*, xD). *
ie{l,2,...,n}

Theorems 8.3 and 8.4 give us some very important properties of a pro-
file containing inconsistency. In practice it means that if solving some
problem is entrusted to several experts, and the consensus of their given
solutions is different from those solutions, then it is not only not worse
than the worst solution (in the sense of distance to the proper solution), but
also better than this solution. The property included in Theorem 8.4 is
stronger than in Theorem 8.3. It means that if profile X is nonhomo-
geneous then the consensus satisfying criterion O, is better than the worst
solution.

These properties explain why the inconsistency of expert solutions is
useful, because only in this case can one learn that the consensus should be
better than the worst result generated by the experts.

Now we deal with a situation in which it is assumed that the distance
from the proper solution to the elements of a nonhomogeneous profile are
identical. We prove that in this case the consensus is better than the solu-
tions generated by the experts.

Theorem 8.5.
For given profile

X= {x(i) =(x1(i), xg), e, x,(,f)): i=1,2,...,n},
containing the solutions given by experts, let vector

X=(X1, X0 ..., Xn)

be its consensus satisfying criterion Oy or O,. Let x* be the proper solution
and let

die*, xWy=d(x, xP )= =d*, x™M).
If x ¢ X then there should be

dx, x*) <d(x*, xV).
Proof.

The proof of this theorem follows directly from the proof of Theorem 8.3
with the notice that
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dix*, xV)=" max d@x*, x?). *
i€{l,2,...,n}
In the case of a consensus satisfying criterion O, and on the basis of
Theorem 8.4 we have the following stronger property.

Theorem 8.6.
For a given nonhomogeneous profile

X={x(i) =(x1(i), xgi),..., x,(,f)):i=1,2,...,n},

containing the solutions given by experts, let vector
X=X, X2 ..., Xn)

be its consensus satisfying criterion O,. Let x* be the proper solution and
let

dic*, Xy = d(x*, Py = =d(x, x™).
Then there should be
d(x, x*) < d(x*, xD ).

From Theorems 8.5 and 8.6 it follows that it is true that if the expert so-
lutions reflect the proper solution to the same degree then their consensus
satisfying criterion O; should be better than the expert solutions if this
consensus does not belong to the profile. In the case of nonhomogeneous
profiles it is always true that a consensus satisfying criterion O, should be
better than all expert solutions.

The practical sense of the above results is that if we invite several ex-
perts to solve some problem and we assume the same degree of confidence
in these experts, then the consensus of the profile containing all expert
solutions should be better than each of them separately. By the degree of
confidence in an expert we mean the distance between the proper solution
and the solution given by this expert. As an example let’s take the situation
when a president of a country has to make an important decision which is
related to the interests of many people. Before making his decision the
president asks his experts for their opinions on this matter. If the president
conditions his decision on the opinions of the experts, and his confidence
degrees toward them are the same, then the consensus of expert opinions in
general should be nearer to the president’s decision than each of these in-
dividual opinions.

These results are very suitable for the case when the solution of the
problem is dependent on the opinions of experts. As analyzed in Section
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3.2.2, it is the solutions of experts that decide about the final solution of
the problem. If the proper solution is assumed to exist then the best crite-
rion for consensus choice is postulate O;. If the proper solution is assumed
to be dependent on the expert solutions then the best criterion for consen-
sus choice is postulate O,.

8.5. Conclusions

Future work should concern the relationships between consistency meas-
ures for conflict profiles and the quality of the consensus. We can consider
other notions of consensus quality than that defined in Section 3.4. The
quality of consensus is here understood as the difference between a con-
sensus solution generated by experts and the proper solution of the prob-
lem. As defined in Chapter 2, the consistency value for a conflict profile
informs us about the coherence degree of the profile elements. It has been
stated that sometimes it is better to deal with a more consistent profile than
with a less consistent profile, because in the first profile the opinions of
conflict participants are more similar to each other, and therefore it is
easier to solve the conflict. We can suggest another aspect of inconsistency
degree. We show that the credibility of the consensus can be better when
the value of profile consistency degree is low; that is, the expert solutions
are in large degree different from each other.
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Ontology can be treated as the background of an information system. If
integration of some systems has to be performed, their ontologies must
also be integrated. In this process it is often necessary to resolve conflicts
(or inconsistency) between ontologies. In this chapter we present a classi-
fication of ontology conflicts and consensus-based methods for their reso-
lution.

9.1. Introduction

Ontology has been known to be a very useful tool in defining the “spirit”
or a “background” of an information system. In database systems this
background is the conceptual scheme which consists of such elements as a
set of attributes with their domains, a set of dependencies between the attri-
butes, and a set of relationships between data objects. The data or know-
ledge which appear in the database have to comply with this scheme. Most
often ontology is defined by the following elements [43, 51]:

C — Set of concepts (classes)

I — Set of instances of concepts

R — Set of binary relations defined on C

Z — Set of axioms which are formulae of first-order logic and can be
interpreted as integrity constraints or relationships between instances
and concepts, and which cannot be expressed by the relations in set
R, nor as relationships between relations included in R

Recently, there has been an increased interest in ontologies and in various
problems related to inconsistency processing, such as ontology mismatch,
ontology conflict, ontology merging, or ontology integration [28, 45, 136].
Ontology mismatch or ontology conflict could be treated as synonymies de-
fining a specific relation between two or more ontologies. Ontology merge
(or ontology integration) refers to some activities performed on ontologies.
Ontology integration (we use this term in this chapter) is an important task
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which needs to be realized in many practical cases, especially when several
systems with knowledge bases have to be merged for some purpose, or
when they want to share or exchange their knowledge in order to have a
uniform point of view. Because ontology in these systems is a distingui-
shed element of their knowledge bases, the knowledge integration process
very often begins with ontology integration.

According to Pinto and others [137], ontology integration is a process
which may be done on one of the following three levels.

e Building a new ontology reusing other available ontologies: One
wants to build a new ontology using some other ontologies which
have been built. It is the simplest case of ontology integration.

e Merging different ontologies about the same domain into a single
one that “unifies” all of them: One wants to build an ontology merg-
ing ideas, concepts, distinctions, axioms, and the like, that is, knowl-
edge, from other existing ontologies about exactly the same domain.

e Introducing ontologies into applications: In this case, several ontolo-
gies are introduced into an application; they underlie and are shared
among several software applications. It is also possible to use several
ontologies to specify or implement a knowledge-based system on the
basis of distributed resources.

Noy and Musen [130], on the other hand, formulate two general appro-
aches for ontology integration process:

e Merging several ontologies for creating one consistent ontology
e Adjustment of several ontologies by determining the references be-
tween them for the possibility of using all of these ontologies

In the first case one has to deal with several ontologies which are incon-
sistent or in conflict. The notion of inconsistency (or conflict) of ontolo-
gies is not so simple, and is defined and analyzed further in this chapter.
Here we roughly understand that two ontologies are in conflict (or are in-
consistent) if they reflect the same real world for different systems, and
contain different states of knowledge referring to the same real world ele-
ment. It is necessary to determine one ontology on the basis of given onto-
logies. The ontology for Esperanto language is an example of this case.

In the second approach for two ontologies one needs to find a mecha-
nism which fixes the relationships between elements of one ontology and
elements of another and owing to this it is possible to use both ontologies
toward some aim without creating one unified ontology. As an example
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consider two agents, one of whom occupies car sales and the other occu-
pies marketing strategy. Assume that the first agent would like to use the
ontology of the second agent. Toward this aim the agent should “translate”
the concepts of his ontology to those of the second ontology.

The first approach is one of the subjects of this chapter. We characterize
the conflicts between ontologies and make a classification of these con-
flicts. Next, we propose consensus-based methods for conflict resolution.

Figure 9.1 presents a situation where for the same real world there are
four ontologies defined for four systems. These ontologies may differ from
each other. However, this definition of inconsistency between ontologies is
not always accurate because the difference of ontologies may appear on dif-
ferent levels and in different parameters. Also, the areas of the real world
occupied by these systems may be different, or only partly overlap.

The idea of the integration method presented in this chapter was initi-
ated in [111]. Some application of this method for integrating ontologies of
information retrieval agents is presented in [121]. In [143] the authors pre-
sent a method for integrating ontologies of biomedical databases.

System 4

Knowledge
Base

Ontology
\Y

System 3 System 1

Knowledge || logy
Base

logy || Knowledge
Base

Real World

Ontology
Il

Knowledge
Base

System 2

Figure 9.1. A possible inconsistency situation of ontologies.
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9.2. Problem of Ontology Integration

In general, one of the ontology integration problems can be formulated as
follows.

For given ontologies O, . . ., O, one should determine one ontology
which best represents them.

The realization of this task of ontology integration is useful when there
is a need to fuse n systems in which ontologies Oy, . . ., O, are used. The
final system needs the ontology which arises as the result of integration
of these ontologies. The process of ontology integration is illustrated in
Figure 9.2.

Notice that not always in ontology integration processes is it necessary
to solve conflicts of ontologies. A conflict of some ontologies may arise
only when they refer to the same real world. As stated in the Introduction,
the subject of our work is focused on the aspect that the same real world
object is differently reflected in ontologies. Thus during the integration
process there will be the problem of choosing the proper description of the
object.

In this chapter we consider three levels of ontology conflicts: instance
level, concept level, and relation level. For each level the conflict is de-
fined and analyzed using consensus methods.

Ontology O4

Algorithm for

Ontology O, ontology integration

Ontology O

&

Ontology O,

Figure 9.2. Scheme for ontology integration.
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9.3. Inconsistency between Ontologies

9.3.1. Basic Notions

As mentioned in Section 9.1, by an ontology we understand a quadruple:
(C.LR,2).

We assume a real world (4, V) where A is a finite set of attributes and V' is
the domain of A4; that is, V' is a set of attribute values, and

V: UaeAVa 2

where V, is the domain of attribute a.

We consider the domain ontologies referring to the real world (4, V);
such ontologies are called (4, V)-based. In this chapter we define the fol-
lowing notions.

Definition 9.1.
A concept of an (A, V)-based ontology is defined as a triple:

Concept = (c, A, V),

where c is the unique name of the concept, A“ C A is a set of attributes de-
scribing the concept, and V° < V is the attributes’ domain: V° = UaE V-

Pair (4, V°) is called the structure of concept c. It is obvious that all
concepts belonging to the same ontology are different from each other.
However, notice that within an ontology there may be two or more concepts
with the same structure. Such a situation may take place, for example, for
concepts “person” and “body”. For expressing the relationship between
them the relations from set R will be very useful.

Set C in the ontology definition is a set of ontology names.

Definition 9.2.
An instance of a concept ¢ is described by the attributes from set A° with
values from set V°and is defined as a pair:

instance = (i, v) ,

where i is the unique identifier of the instance in world (A, V) and v is the
value of the instance, a tuple of type A, and can be presented as a function:

A =

such that v(a) € V, for all a € A°.
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Value v is also called a description of the instance within a concept. A
concept may be interpreted as a set of all instances described by its struc-
ture. We can then write i € ¢ for presenting the fact that 7 is an instance of
concept c.

All instances of the same concept within an ontology should be different
from each other. The same instance may belong to different concepts and
may have different descriptions. However, the following Instance Integra-
tion Condition (IIC) should be satisfied.

Let instance i belong simultaneously to concept c as (i, v) and to concept
¢ as (i, V). If A N A° # @ then there should be

v(a) =v'(a)
foreacha € AN A°.

The instance integration rule means that if the same instance is described
differently in different concepts then in referring to the same attribute they
should have the same value.

Similarly, we define the Concept Integration Condition (CIC) as fol-
lows.

Let concept ¢ occur twice in the same ontology or in two (A, V)-based
ontologies, such as (c, A, V°) and (c, A°, V). Then there should be A° =
A and V; =V, foreacha € A".

This condition requires that a concept should occur with the same struc-
ture.

By Ins(O,c) we denote the set of all instances belonging to concept ¢ in
ontology O. We define the set /ns(O) of all instances in ontology O:

Ins(0) = Uceclns(O, ).

In an ontology within a pair of concepts there may be defined one or
more relations.

Let O and O’ be (4, V)-based ontologies. A concept (¢, A°, V°) belong-
ing to O is identical with a concept (c', 4, V') belonging to O’ if and only
ifc=c', A=A and V°=V"°. Thus two identical concepts should have the
same name as well as the same structure; that is, they are in fact the same
concept. As mentioned above, a concept is identified by its name, so say-
ing “a concept” we have in mind its name. This means that the same con-
cept may have different structures in different ontologies.

The same instance may be described in different ways in different on-
tologies. Two instances (i, v) and (7', v') may have then identical identifiers
(i.e., i = i"), but their values may be different (i.e., v # v'). We should notice
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that an identifier of an instance serves to indicate this instance in the real
world; its value may be dependent on an ontology to which it belongs. So
in saying “an instance” we have in mind a real world object.

In this way instances can be identified on the physical level, that is, re-
ferring to their being in the real world, whereas concepts are identified
only on the logical level, that is referring to their names and their struc-
tures.

Inconsistency between ontologies is considered on the following levels:

e Inconsistency on the instance level: The same instance belonging to
different ontologies does not satisfy the instance integration condi-
tion.

e [nconsistency on the concept level: The concept integration condition
is not satisfied for some concept. In other words, there are several
concepts with the same name having different structures in different
ontologies.

o Inconsistency on the relation level: Between the same two concepts
there are inconsistent relations in different ontologies.

The kinds of inconsistency mentioned above are very general and inac-
curate. In the following sections we provide their concrete definitions.

We assume that within an ontology there is no inconsistency; that is, all
integration conditions should be satisfied.

9.3.2. Inconsistency on the Instance Level

On this level we assume that two ontologies differ from each other only in
values of instances. That means they may have the same concepts and rela-
tions between them.

Definition 9.3.
Let Oy and O, be (A,V)-based ontologies including concepts (c, A, V°) and
(c', A, V), respectively. Let (i, v) € Ins(Oy,c) and (i, V') € Ins(Oa,c"). We
say that an instance inconsistency takes place if

v(a) #V'(a)
for some a € A° N A°.

From Definition 9.3 it follows that referring to instance i the instance
integration condition is not satisfied. Let’s consider an example.
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Example 9.1. As an example let’s consider ontologies of two information
systems of a university and a company. Consider concept Student belong-
ing to the ontology for the university system, which has the following
structure,

({St_id, Name, Age, Address, Specialization, Results}, V")

and concept Employee belonging to the ontology for the company system,
which has the following structure,

({Emp_id, Name, Address, Position, Salary}, V"),

Assume that there is an instance i which belongs to both concepts (i.e.,
somebody is a student of the university and an employee of the company,
simultaneously). The value of this instance referring to concept Student is

St id | Name | Age Address Specialization

1000 | Nowak | 20 Wroclaw | Information Systems

and the value of this instance referring to concept Employee is

Emp id | Name Address Position Salary
1000 | Nowak | Warsaw Designer 15.000

Thus there is inconsistency on the instance level because the instance in
the university ontology referring to attribute Address has value “Wroclaw”
and in the company ontology referring to the same attribute has value
“Warsaw”. .

9.3.3. Inconsistency on the Concept Level

On this level we assume that two ontologies differ from each other in the
structure of the same concept. That means they contain the same concept
but the structure is different in each ontology. This situation is very fre-
quent inasmuch as each ontology serves to represent knowledge of a spe-
cific object and therefore concepts are defined from the point of view of
the needs resulting from the subject.
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Definition 9.4.

Let O, and O, be (A, V)-based ontologies. Let the same concept ¢ belong
to Oy as (¢, A", V) and belong to O, as (¢, A, V). We say that the
inconsistency takes place on the concept level if A“ # A or V' # V.

Definition 9.4 specifies such situations in which two ontologies define
the same concept in different ways.

Example 9.2. Concept Person in one ontology may be defined by attributes:
{Name, Age, Address, Sex, Job}

whereas in the other ontology it is defined by attributes:
{Id, Name, Address, Date_of birth, TIN,' Occupation}.

Another example refers to the situation in which the sets of attributes are
identical, but their domains vary. Let’s take attribute Age: for concept Per-
son one ontology assigns domain V.. = [1, 17] and the other ontology as-
signs domain V.. = [18 — 65]. In this case the inconsistency appears. ¢

As we can see, attributes play a very important role referring to the in-
consistency on the concept level. An attribute belonging to set A4 is identi-
fied only by its name and this may cause a very “easy” inconsistency on
this level because the inconsistency may arise as a result of the syntactic
difference between attributes. For example, attributes AGE and age could
be interpreted as different. Therefore, we propose to deal with the relation-
ships between attributes using their semantics and domains. As the seman-
tics of an attribute we understand its role in describing real world objects.
Such a definition of attribute semantics is too generic and requires a deeper
specification. For representation of the semantics of attributes we use the
following triple

@, a,x)
presenting the fact that instance i referring to attribute a has value x.
We define the following relations between attributes:

e Equivalence: Two attributes a and b are equivalent if for any instance
i we have: (i, a, x) if and only if (i, b, x). That means that these at-
tributes have different names, but reflect the same feature of in-
stances. For example, attributes Occupation and Job are equivalent.
We denote this relation by symbol “<>”, for example:

Occupation <> Job.

I Tax Identification Number.
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Generalization: An attribute a is more general than another attribute
b if the information included in fact (i, a, x), that is, attribute a refer-
ring to instance i has value x, may be implied from the information
included in fact (i, b, y) for some x and y. For example, attribute
Age is more general than Day of birth because if the day of birth
of somebody is known, then his or her age should also be known.
This relation is denoted by symbol “—”; for the above-mentioned
example we have

Day of birth — Age.

Contradiction: An attribute a is contradictory with an attribute b
if their domains are the same two-element set, for example {0,
1}, for the same instance i if (i, a, 0) then there must be (i, b, 1),
and if (i, @, 1) then there must be (i, b, 0). For example, attribute
Is_ free referring to books in a library is contradictory to attribute
Is lent where their domain is set {Yes, No}. That is, if a book
is lent then it may not be free for lending, and if it is free for
lending then it may not be lent. This relation is denoted by symbol
“}”; for the example we have:

Is_free Is_lent.

From the definitions of these relations we can easily prove the following
properties.

Theorem 9.1.
Foranya,d', b, b, c'e A the following dependencies are true.

(@) aebiffa—>band b — a.
(b) If a <> b and b <> c then a < c.

(c)Ifa<>banda— cthenb— c.

(d) If a <> b and c - a then c —> b.

(e) Ifa— band b — cthena — c.
NIfa<>banda a and b b thena' < b'.
(@ Ifa—bandal a and bl b then b’ — a'.
(h)Ifal band b cthen a < c.

(i) ald biffbya

These dependencies show the relationships between attributes, which
will be useful for ontology integration.
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9.3.4. Inconsistency on the Relation Level

Relations between concepts describe the relationships between them. For
example, between two concepts being terms in ontology WordNet there
may be defined such relations as Synonym relation or Anfonym relation.
Relations between concepts are included in set R of the ontology defini-
tion, whereas the relationships between them may be included in set Z (see
Section 9.1).

As the inconsistency on the relation level we understand the situation
where referring to the same two concepts in one ontology there is defined a
relation which is not present in another ontology. Consider an example.

Example 9.3. Consider two ontologies defined for a university information
system and a company information system. Let two concepts Employee
and Course belong to both ontologies. In the first ontology there is defined
the relation Teaching (i.e., an employee teaches a course), and in the sec-
ond ontology instead of the relation Teaching there is also defined the rela-
tion Completing (i.e., an employee has completed a course). Thus we have
inconsistency on the relation level. .

Of course a concept may be in some relation with itself. As an example
consider concept Person: in one ontology it is in relation Marriage with itself,
and in another ontology there may be relation Consanguinity. Notice that
within the same ontology two concepts may be in more than one relation.

Denote by Ro(c,c’) the set of relations between concepts ¢ and ¢’ within
ontology O.

As mentioned above, set Z contains among others some constraints refer-
ring to relations between concepts. We are interested in such kind of con-
straints which do not allow contradictory relations to coexist. For example,
within an ontology if between concepts Friend and Colleague in WordNet
if there is relation Synonym then there may not be relation Antonym.

Formally, we use classical logic symbols for presenting the constraint
that relation » may not coexist with relation 7' referring to the same con-
cepts, as follows,

r=—r,

and for the constraint that between two concepts there must be exactly one
of relations » or 7' is written that

r<s —r.

Below we give the definition of the ontology inconsistency on the rela-
tion level.
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Definition 9.5.

Let O and O' be (A, V)-based ontologies containing concepts ¢ and c'. Let
r € Ro(c,c") and let ¥' € Ro(c,c'). We say that ontology inconsistency takes
place on the relation level if the coexisting of relations r and v' between
concepts ¢ and ¢’ may cause nonsatisfaction of the constraints defined for
ontology O or O'.

If the set of constraints is empty then the inconsistency on the relation
level may be considered as referring to a given relation independently.
However, if between relations some specified constraints are fixed then it
is necessary to take these constraints into account in inconsistency solving.

Relation

Ontology O’

Ontology O

Concept ¢c* has
different structures
inOand O

Concept

Instance

Figure 9.3. Three levels of ontology inconsistency.
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9.3.5. Some Remarks

The levels of ontology inconsistencies are illustrated in Figure 9.3. In this
figure we can see that two concepts are in contradictory relations, the same
concept has different structures in different ontologies, and the same in-
stance is described differently in different concepts.

9.4. Inconsistency Resolution and Ontology
Integration

The general problem of ontology integration has been formulated in Sec-
tion 9.2; it requires determining an ontology for a given set of ontologies.
This problem is solved according to the levels of ontology inconsistency.
For each level we formulate the integration problem and propose an algo-
rithm for its solving.

9.4.1. For the Instance Level

We mention that the inconsistency on the instance level is based on the fact
that the same instance is described differently within different concepts of
different ontologies (Definition 9.3). We have assumed that within an on-
tology the instance integration condition must be satisfied.

For solving inconsistency of ontologies on the instance level consensus
methods seem to be very useful. As mentioned in previous chapters, con-
sensus methods in general deal with determining for a set of different
versions of data (so called a conflict profile) such a version which best
represents the given versions. Different criteria, structures of data, and
algorithms have been worked out. Here as the conflict profile we have to
deal with a set of versions of the same instance. A version of an instance (i,
x) can be represented by the value x. The task is to determine a version (a
value) which best represents the given versions.

For this kind of consistency the consensus problem can be defined as
follows.

Given a set of values X = {vi, . . ., v,} where v; is a tuple of type A; C A,
that is:

V. A,’—> Vl



254 9. Ontology Integration

fori=1,...,nandV;= UaeA,- V, one should find a tuple v of some
type, which best represents the given values.

This problem is a typical problem for knowledge integration described
in Chapter 4. For this problem a formal conflict model, which enables de-
scribing multivalued and multiattribute conflicts has been defined and
analyzed. The structures of tuples representing the contents of conflicts are
defined as distance functions between these tuples. Two kinds of distance
functions (p and 0) have been defined. The consensus and the postulates
for its choice have been defined and analyzed. For the defined structures
and particular postulates several algorithms for consensus determination
have been worked out.

It has turned out that in this case the best criterion for determining value
vis

id(v,vi): min id(v',v,-),

s VeTYPE(A)iS

where 4 = U,Z , 4; and d is a distance function between tuples.

Algorithms for determining consensus for the above problem can be
found in Chapter 4. Value v which is determined by one of these algo-
rithms can be assumed to be the value of instance 7 in the final ontology.

9.4.2. For the Concept Level

As stated in Section 9.3.3, in ontology integration some concept may have
different structures in different ontologies. Let the subject of the ontology
inconsistency on this level be a concept c. We assume that in ontology O;
concept ¢ has structure (4, V') fori=1, ..., n.

The problem is the following.

For the given set of pairs
X= {(A[, VY: (A, V') is the structure of concept c in ontology O;
fori=1,...,n}

it is necessary to determine a pair (A*, V*) which best represents the
given pairs.

The word “best” means one or more postulates for satisfying by pair
(4*, 7*). In general, we would like to determine such set A* of final at-
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tributes that all attributes appearing in sets 4' (i = 1, . . . , n) are taken into
account in this set. However, we cannot simply make the sum of 4'.

For this problem we formulate the following postulates for determina-
tion of pair (4%, V'*).

Pl. Fora,b € A= |JA' and a <> b then all occurrences of a in all sets
i=1

A’ 'may be replaced by attribute b or vice versa.

P2. If in any set A" attributes a and b appear simultaneously and a — b
then attribute b may be removed.

P3. Fora, b € A= UAi and a ¥ b, all occurrences of a in all sets A
i-1

may be replaced by attribute b or vice versa.

P4. Occurrence of an atiribute in set A* should be dependent only on
the appearances of this attribute in sets A'.

PS. An attribute a appears in set A* if it appears in at least half of sets
A

P6. Set A* is equal to A after applying postulates P1-P3.

P7. For each attribute a € A* its domain is V, (from the real world
(A, V).

Postulate P1 uses the equivalence of attributes: one of them may replace
another and vice versa. Postulate P2 uses the generality relation between
attributes. Postulate P3 also replaces one attribute by its contradictory attri-
bute (in some sense they are equivalent). After applying the first three pos-
tulates each of the attributes may be treated independently in performing
the integration (postulate P4). Postulate PS5 guarantees 4* to be the best
representation of sets 4’ in the sense of consensus. Postulate P6, on the
other hand, makes the sum of all attributes after removing those equiva-
lent, general, and contradictory. This postulate guarantees the lack of loss
of attributes and in many cases is suitable for the integration sense. Postu-
late P7 helps to define the domains of chosen attributes. It is clear that
postulates P5 and P6 cannot be satisfied simultaneously. Therefore, set 4*
may be determined on the basis of postulates P1-P5 and P7, or on the basis
of postulates P1-P4, P6, and P7.

We propose the following algorithms for ontology integration on the
concept level. Algorithm 9.1 is built on the basis of postulates P1-P5 and
P7 and Algorithm 9.2 is built on the basis of postulates P1-P4, P6, and P7.
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Algorithm 9.1.

Input: Concept structures (4', V') where A’ is a set of attributes and V" is
their domain fori =1, ..., n.

Output: Pair (4*, V*) which is the integration of the given pairs.

Procedure:
BEGIN
1. SetA*= [ JA';
i=1
2. For each pair a, b of attributes from 4* do
Begin

If a <> b then set A*:= A* \ {a} if a does not occur in rela-
tionships with other attributes from A4*;

If a — b then set A*:= A* \ {b} if b does not occur in rela-
tionships with other attributes from 4%*;

Ifa {1 b then set 4*:= A*\ {b} if b does not occur in relation-
ships with other attributes from A*;

End;
3. For each attribute a from set 4* do

If the number of occurrences of a in pairs (4', V') is smaller than
n/2 then set A*:= A* \ {a};
4. For each attribute a from A* add to A* attribute b if there is rela-
tionship a <> b ora { b;
5. For each attribute a from set.A*' determine its domain ¥, as the
sum of its domains in pairs (4', V'");
END.

Algorithm 9.2.

Input: Concept structures (4', V') where A’ is a set of attributes and V' is
their domain fori =1, ..., n.

Output: Pair (4*, V*) which is the integration of the given pairs.
Procedure:
BEGIN
1. Set4*= [ J4';
i=1

2. For each pair a, b of attributes from 4* do
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If a — b then set A*= A* \ {b} if b does not occur in rela-
tionships with other attributes from 4*;

3. For each attribute a from set'A*' determine its domain ¥, as the
sum of its domains in pairs (4, V");
END.

These algorithms seem to be computationally very simple. However,
checking the conditions in steps 2 and 4 of Algorithm 9.1 may be complex
if the set of relationships between attributes is numerous. Step 2 of Algo-
rithm 9.1 is needed because step 3 can cause inconsistencies referring to
the attribute relationships. These removed attributes (except those from
generation relationships) are completed back in step 4. Algorithm 9.1
should be used in such cases where the new ontology to be created should
contain the most often used knowledge from the given ontologies. In this
case the most representative ontology must satisfy postulate P5; owing to it
the newly created ontology will be most similar to that given referring to
the set of concepts. Algorithm 9.2, on the other hand, should be used in
such cases where one wants to get into the new ontology all elements of
knowledge included in the given ontologies. In this case the newly created
ontology is in some sense a sum of the given ontologies.

The computational complexity of each of Algorithms 9.1 and 9.2 is
O(m’n) where m = card(A'). Because m is not very large, these algorithms
are effective.

Below we present an example.

Example 9.4. Let the real world (4, V) be defined as follows.
A = {a, b, C? d, e’f}

V,=1[1,200].

V= {0, 1}.

V.= {Yes, No}.

Vy= {Mon, Tue, Wed, Thurs, Fri, Sat, Sun}.
V,={+ — +}.

Vy= {Yes, No}.

The set of relationships among these attributes is:
(bc,clfesal.

Let the structures of some concept in five ontologies be presented as fol-
lows.
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Ontology Attributes
0O, {a, b, c}
0, {a,d, e, [}
Os {a, e}
Oy 3
Os le.f}

Set A* determined by step 1 of both algorithms 9.1 and 9.2 is equal to
A*={a,b,c,d, e, [}.

According to Algorithm 9.1, by applying step 2 we can remove attributes
b, ¢, and a. Thus after Step 2 we have:

A*=1{d, e, f}.

Step 3 causes the removal of attribute d, step 4 does not cause any change,
and step 5 adds the domains of the remaining attributes. Finally we have:

A* ={e, f}.

According to Algorithm 9.2, step 2 causes the removal of attribute a and
step 3 adds the domains of the remaining attributes. Finally we have:

A*={b,c, e, [} .

9.4.3. For the Relation Level

We consider the situation in which between concepts ¢ and ¢’ different on-
tologies assign different relations. Let ¢ and ¢’ be two concepts. We have
the following integration problem.

For a given profile

X={R,(cc)i=1,...,n}
it is necessary to determine set R(c,c') of final relations between ¢ and
c', which best represents the given sets.

If between relations on concepts ¢ and ¢’ there is a lack of relationships,
then the solution for this problem seems to be simple. One can determine
R(c,c’) as the sum of sets R, (c,c'), or select to R(c.c') only those relations
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from Ry (c,c') which appear most frequently. However, the solution will
not be so simple if we take into account the relationships between these re-
lations. For example, if relation 7 is between ¢ and ¢’, and relation 7’ is be-
tween ¢’ and ¢”, then there must be relation »” between ¢ and ¢”. Such kind
of relationships may make the choice of set R(c,c") hard. Here we consider
the contradiction relationship between relations on concepts. As defined in
Section 9.3.4, relations included in set R(c,c’) must satisfy the condition
for noncontradiction: that is, two contradictory relations cannot occur be-
tween the same two concepts.

Let Y be a set consisting of pairs of relations contradictory to each other.
We assume that both relations belonging to a pair in Y appear in sets
Ro, (c,c") . Let’s see an example.

Example 9.5. Let the sets of relations between concepts ¢ and ¢’ given by

ontologies O, . . ., Os and restrictions included in set 7 be as follows.
Set X Relations between ¢ and ¢’ Set Y
ROI(Cvc') {}"1, r, }"3}
Ro, (c,c") {ry, ra, 14}
N7 15 72, 4
{(rl’ r6)a
RO3 (C,C') {7’3, rs, }"6} (7”3, 1”4),
(}’2, 7”5)}
RO4 (C,C') {}’1, I"5}
Ro, (¢,c") {ra, 13, 76}

It follows, for example, that between concepts ¢ and ¢’ in ontology O,
there are three relations ry, r,, and r;, and among others relations 7, and
may not occur together. .

Similarly as in solving inconsistency on the concept level, here we pro-
pose two algorithms. The first integrates all relations between concepts ¢
and ¢’ given by the ontologies, and next removes those causing contradic-
tion. The second algorithm includes in the final set of relations only those
relations which appear most often in the ontologies, and of course do not
cause contradiction. These algorithms are presented as follows.
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Algorithm 9.3.
Input: Sets Ry (c,c') including relations between concepts ¢ and ¢ given
by the ontologies O; fori =1, . .., n and set Y including restrictions.

Output: Set R(c,c") consisting of final relations, which is the integration of
the given sets.

Procedure:
BEGIN

n
1. Set R(c,c') = [JRy, (c,¢")
i=1
2. For each relation » € R(c,c") calculate the number y(r) of its oc-
currences in sets RO, (c,c') fori=1,...,n;

3. For each relation » occurring in Y calculate
M= Xy 107

4. Determine such 7 in Y that A(r) is maximal and set
R(c,c')=R(c,c)\ {r};

5. Remove from Y all pairs in which r occurs;
6. If Y # & then GOTO 4;

END.

Step 1 of the above algorithm integrates all relations occurring in given
ontologies. Step 2 calculates the numbers of occurrences of each relation
in sets R, (c,c") . Owing to numbers A(r) calculated in step 3 one can get

to know if relation » remains in the final set R(c,c’) then it is needed to
remove A(r) occurrences of other relations. Number A(r) in some sense can
be treated as the cost of maintenance of relation 7 in set R(c,c’). Therefore,
we propose to remove those relations for which the maintenance costs are
maximal (steps 4 and 5). Step 6 checks if all contradictory relations have
been eliminated. Algorithm 9.3 guarantees then the maximal number of
relations in set R(c,c’), and if it is necessary to remove a relation, it
chooses the relation causing the minimal loss.

The computational complexity of Algorithm 9.3 is O(m’n) where m =
card(C). This is the worst case. However, the cardinality of set R(c,c") is
not very large. Therefore, Algorithm 9.3 is an effective one.

For the situation given in Example 9.5 we have these numbers calcu-
lated as follows.
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ry r r3 | rs e
v 3 3 3 1 2 2
A 2 2 1 3 3 1

From this result it follows that the first relation to be removed is r¢ and
after this it is necessary to remove r4 and 5. Thus finally set R(c,c") should
consist of relations 7y, r,, and r3.

The idea of Algorithm 9.4 is based on collecting to set R(c,c’) only those
relations which appear often in sets Ry (c,c') . We use the same rule for
contradiction elimination as given in Algorithm 9.3. This algorithm is pre-
sented as follows.

Algorithm 9.4.
Input: Sets Ry (c,c') including relations between concepts ¢ and ¢’ given
by the ontologies O; fori =1, ..., n and set Y including restrictions.

Output: Set R(c,c") consisting of final relations, which is the integration of
the given sets.

Procedure:
BEGIN
n
1. Set R(c,c') =@ and Z= [JRy (c,c');
i=1
2. For each relation » € Z calculate the number y(») of its occur-
rences in sets RO, (c,c") fori=1,...,n

3. For each relation » € Z if y(r) > n/2 then set
R(c,c') = R(c,c) W {ri;

4. Modify set Y so that each pair belonging to Y consists of relations
from R(c,c");
5. For each relation 7 occurring in Y calculate

M= X ey 1)
6. Determine such 7 in Y that A(r) is maximal and set

R(c,c")=R(c,c)\ {r};
7. Remove from Y all pairs in which r occurs;

8. If Y # & then GOTO 5;
END.



262 9. Ontology Integration

The difference between Algorithms 9.3 and 9.4 is that in Algorithm 9.4
for the beginning value of set R(c,c") we collect only those relations which
appear at least in half the number of all ontologies. This condition is well-
known in consensus theory for the best representation of set R(c,c’) refer-
ring to given sets R, (c,c") . The process for eliminating the contradiction
is similar in both algc;rithms.

For the situation in Example 9.5 using Algorithm 9.4 we should obtain
set R(c,c") equal also to {ry, r, r3}.

9.5. Conclusions

In this chapter a classification of ontology inconsistencies has been pro-
posed. According to this classification, inconsistency of ontologies may
refer to one of three levels: instance level, concept level, and relation level.
For each level we propose a method for inconsistency solving.

The advantages of the proposed algorithms are based on the fact that
they are not complex and can work for different structures of ontologies.
They do not require well-valuating the parameters in ontologies, as subject
logics do [60].

In this chapter we do not consider the inconsistency of ontologies on the
axiom level. However, this problem can be solved using the results pre-
sented in Chapter 5 referring to inconsistency resolution on the syntactic
level. On this level it is possible to reconcile the inconsistency of a set of
logic formulae.



10. Application of Inconsistency Resolution
Methods in Intelligent Learning
Systems

This chapter deals with some applications of the methods for inconsistency
resolution presented in previous chapters. Its subject is related to recom-
mendation processes in intelligent learning systems. Using methods for
rough classification, a model for representation of learner profiles, learning
scenarios, and the choice of a proper scenario for a new learner is propo-
sed. The recommendation mechanisms are based on consensus methods and
clustering algorithms. Owing to them there is a possibility to adapt the lear-
ning path to learner profiles.

10.1. Introduction

Nowadays one of the most important aims of information systems is to
serve the user in an effective way and to offer the highest quality services.
The interaction between a user and a system should not be one way, as
took place in the past, but should be two way, in the sense that the system
should have some knowledge about the user for better serving him. The
past systems treated all users in rather the same way, because for the same
query the reaction of the system was also the same. Modern systems be-
have in another way. They “know” a lot about the user and can adapt their
services to her needs. In addition, these systems try to guess what the user
needs; in other words, they can perform recommendation processes.

Recommendation is a very important feature of such kind of systems as
information retrieval systems, tutoring systems, or E-learning systems. A
recommender system, as defined in [138], is a system which can suggest to
the user potential elements he may be interested in on the basis of knowl-
edge about the user. Intelligent learning systems seem to be required to
have this feature.

Adaptive hypermedia systems are very popular in delivering personal-
ized information and in the area of E-learning [24]. Below we present a
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brief overview of the following adaptive systems of this kind: INSPIRE,
CS388, AEC-ES, and EDUCE.

In the INSPIRE system [131] the learning styles classification based on
Kolb’s theory of experimental learning [73] is applied for developing ada-
ptive presentation techniques. Learners having different learning styles re-
ceive educational materials presented in different ways. Thus to a certain
degree the adaptation process is realized.

System CS388 [25] uses the learning style model defined by Felder and
Silvermann [41, 42] in which such parameters as learner modes of think-
ing, remembering, and problem solving are distinguished. Different types
of media are also used for knowledge presentation and make them appro-
priate for different learning styles.

AEC-ES [154] is an adaptive educational system that is based on field
dependent/field independent (FD/FI) cognitive styles. In this system in-
structional strategies are recommended according to their cognitive styles
by means of different adaptive navigation support tools and adaptive pres-
entation techniques.

In system EDUCE [66] a cognitive learner’s characteristics model is ap-
plied to adaptation aims. It uses students’ classification in two dimensions:
Gardner’s multiple intelligences concept and Bloom’s learning goals con-
cept. In EDUCE a learner can choose material according to his needs and
preferences. These decisions are recorded in order to modify the learner
profile which in turn helps to recommend proper educational materials to
learners. EDUCE offers two types of adaptation concerning presentation of
text: multimedia and modality adaptation. It also offers navigation support
concerning direct guidance and link annotation.

The subject of this chapter is the recommendation process in intelligent
learning systems. This kind of system provides the possibility of learning
at any time and anywhere. In most traditional learning systems only one
learning strategy is accessible. This strategy is prepared by specialists (i.e.,
teachers or tutors) for the so-called typical learner, the main user of the
system. The main disadvantage of such a system is keeping the same strat-
egy for different learners. Therefore, the learning process is not always
effective, and not convenient for the learner. To overcome this disadvan-
tage a recommendation mechanism should be proposed.

For working out a recommendation mechanism for an intelligent learn-
ing system we first define the knowledge structure of the system. Knowl-
edge is divided into several concepts, each of them expressed by so-called
presentations. A concept may be presented to the learner by different se-
quences of presentations. Next we define a path usage called a scenario. A
scenario sets the order of concepts to be presented and the presentation
sequences within the concepts. The system gathers two kinds of data about
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a learner: user data and usage data. User data consist of such information
about the learner as age, gender, education level, learning styles, and so on.
Usage data, on the other hand, include one or more scenarios with which
the learner has passed the course with success.

The idea for recommendation is based on determining the opening sce-
nario for a new learner. Toward this aim first a new learner is classified
into a class; next the opening scenario for this learner is calculated on the
basis of the passed scenarios of other members of this class. Although
members of a class are assumed to be similar, there may be inconsistency
in the set of their passed scenarios in the sense that these scenarios may not
be identical. Therefore, the consensus method should be useful for deter-
mining the opening scenario for a new learner.

For a learner classification process the attributes from user data are
used. These attributes are most often indicated by experts. However, we
assume that the set of these attributes should not be permanent for the
whole life of the system. We note that the main criterion for the similarity
of learners should be the similarity of their passed scenarios. Owing to this
similarity we can determine the set of user data attributes responsible for
the classification process in the following way. First we use these scenar-
ios as the basis for performing a clustering process for the set of learners.
Next we propose a rough classification-based method which enables deter-
mining the smallest set of attributes generating a partition of the set of
learners maximally similar to the partition given by the clustering process.
This set of attributes will be the actual criterion for classification for new
learners. Such a process should be repeated ever and again for updating this
criterion for the system to adapt to new characteristics of learners.

As mentioned above, the aspect of inconsistency appears in the fact that
learners who are assumed to be similar (i.e., belonging to the same class
of the classification) may have different passed scenarios of learning. The
reason for this fact may be included in the following elements: First, the
attributes creating the classification criterion are badly chosen. Second,
the criterion is proper but only for a certain universe of learners; for other
universes it may be improper. This argument justifies the necessity of trea-
ting classification criteria in a nonpermanent way, and our proposed method
toward this aim should be useful.

This chapter is organized as follows. In Section 10.2 the structure of
knowledge of an intelligent learning system is presented. Section 10.3 in-
cludes the structure of a learner profile and the procedure for learner clas-
sification. In Section 10.4 the recommendation mechanism is presented,
which enables determining the opening scenario for a new learner. Next,
the method for learner clustering using the passed scenarios is presented in
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Section 10.5, and finally in Section 10.6 a rough classification-based
method for determining new criteria for learner classification is included.

10.2. Structure of Knowledge

10.2.1. Basic Notions

First we mention the notion of linear order (or weak linear order) on some
set X.

A binary relation R — X x X is called a linear order on X if the following
conditions are satisfied:

(a) Vx € X: (x,x) e R.

b) VxyzeX: (x,y) e RA(y,2) e R= (x,2) € R.
) VxyeX (xy) eRA(yx) eR=>x=.

(d) Vx,y e X: (x,y) e Rv (y.x) € R.

A linear order R on X is called a strong linear order if it satisfies condi-

tions (b), (d), and
Vx,y e X: (x,y) e R= (yx) ¢ R.

Relation R is called a partial linear order (partial linear relation) on X
if only conditions (a) through (c) are satisfied. Thus it is a linear order on
some subset of X.

The knowledge base of an intelligent learning system should contain the
following elements:

e A set of concepts: They represent the notions of the field of learning.
A concept can be treated as an integrated element of knowledge.

e A set of linear relations between concepts: Each of such relations de-
fines the order in which the notions should be presented to the
learner.

e A set of presentations of concepts: A presentation refers to a notion
and contains one piece of this notion. In the system a presentation
may be understood as a multimedia screen, a page of text, and the
like. Each concept has its set of presentations.!

! Some justification for representing a concept by presentations is given in [74].
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e A set of partial linear relations: Each of them is defined on the set of
presentations of a particular concept. Each of these relations refers to
the set of presentations of one concept and shows an order in which
the presentations should be presented to the learner. A concept may
have different relations between its presentations, which means that
there are different ways to show the same material to the learner.

Below we present an example.

Example 10.1. Figure 10.1 illustrates the knowledge structure on the level
of concepts and the level of presentations. Between the three concepts
there are two linear relations

o = {(c1, ), (2, €3)}
and

o= {(c1, ¢3), (3, €2)}.

Ve - - ~ N
{ P11 )( P21 P31
P12 P32
Presentations

Figure 10.1. Structure of knowledge.
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Instead of a set of pairs a linear order can be written as a sequence. For ex-
ample,
oy = <cy, €2, €37
Between the presentations of concept c; there are two linear orders: the
first is:
<Pi1, P12, P13, P14, P15,
and the second is:
<P13, P15, P14, P11, D127+
Between the presentations of concept ¢, there are two partial linear
orders and between the presentations of concept c; there are also two par-
tial linear orders. (Notice that a linear order is a special case of partial lin-
ear orders and in a linear relation an element is in relation with itself.)

Ontology seems to be the best tool for defining the structure of knowl-
edge of learning systems.

Definition 10.1.
The ontology of knowledge of an E-learning system is defined by the fol-

lowing quadruple,
(C, P, Rc, Rp),
where
o (s a finite set of concepts.
e P is a set of presentations of concepts.
e Rcis a set of linear relations on set C.
e Rpis a set of partial linear relations on subsets of set P.

Example 10.2. For the lesson on subject “Relational algebra” from the
field of databases the system should show learners the basic notions such

99 ¢ 9 <c 99 ¢

as “attribute”, “attribute domain”, “tuple”, “relation”, and the definition of

such operations on relations as “project”, “selection”, and so on. The ele-
ments of a knowledge base are defined as follows.

o C = {Arttribute, Attribute_domain, Tuple, Relation, Project, Selec-
tion, Join, Sum, Product, Difference}.

e Two linear relations between concepts are presented in Figure 10.2.
A relation represents an order in which the notions should be pre-
sented to the learner.

e Presentations of concept “Join” and their relations are shown in
Figure 10.3. We can see that this concept can be learned using one
of two ways for ordering the presentations. In the first way two
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presentations are used, “Example 1” and “Example 2,” whereas in
the second way these presentations are omitted. We can then assume
that the second way is for more advanced learners.

Figure 10.2. Relations among concepts.

Expression of Join
using algebraic
language

Formal definition
Example 1

of Join

JoinusingSQL [———P> Example 2
language

Figure 10.3. Presentations of concept “Join”.
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Because set C is finite, we can denote n = card(C).

Let ¢ € C; by P(c) we denote the set of presentations of concept ¢ and
by Rp(c) we denote the set of partial linear orders on set P(c). Thus we
have

P= UCECP(C)
and
Rp = UCECRP(C) .

Now we define the notion of scenario which is understood as a seq-
uence of sequences of presentations containing all concepts and each con-
cept is presented in total in such a sense that a whole partial linear relation
on its set of presentations is included in the sequence. Each scenario is
based on an order of concepts.

Definition 10.2.
Let o € R, be a scenario based on order o (or an a-based scenario); we
call a sequence

v,>

s tnm s

S=<ry,ry,...

where

o Foreachi(1< i< n)r;e Rp(cy) forsomec;e C;
o Foreachi(l< i<n)c;#ci and (ci, Cir1) € O

Thus a scenario should firstly be based on some linear order from R¢, and
secondly it is a sequence of partial linear orders on sets of presentations of
the concepts. The relation a determines the order in which the presentations
of particular concepts will be presented to the learner, and within a concept
¢; relation 7; will type the order for showing the presentations.

A scenario can be treated as a learning path for a learner to learn the
knowledge in the system. Owing to different relations on the set of con-
cepts and different partial linear relations between presentations within
concepts there may be defined various scenarios for different learners.

So a scenario has two kinds of orders: the first (called the external
order) refers to one order of concepts and the second (called the internal
order) refers to orders of presentations within concepts.

Example 10.3. As an example of a scenario consider the knowledge struc-
ture described in Example 10.1. As known, there are two linear orders on
concepts. Let o be relation a;. For each concept one of the partial linear
orders may be included in a scenario. Some o.;-based scenarios are defined
as follows.
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s1= <<P13,P15,P14,P11,P12>, <P317, P21, P22, P23, P24 >> .
§2 = <<P11,P12,P13,P14,p15>, <P215 P22, P23, P2475 P32 >> .
§3= <<P13,P15,P14,P11,P12>, P22, P23, P2475 P31 >> .

As we can see, each scenario consists of a sequence of sequences. The
external sequence refers to a and each internal sequence refers to a partial
linear order within a concept. For example, in scenario s, the external seq-
uence refers to order <c), c¢;, ¢;>, whereas in scenario s, the external seq-
uence refers to order <cy, ¢,, ¢3>. In scenario s, for concept ¢, the internal
order is <p11,p12, P13, p14,p15>, for COl’lCGpt C it is <p21, P22, p23,p24>, and
for concept c; it is <p3>.

A scenario may be represented by a table where each column represents
a concept, and the order of rows represents the order of presentations
within a concept. The orders of columns and rows refer exactly to the or-
der of concepts in the relation a and the order of presentations within con-
cepts, respectively. Thus scenario s; may be represented by Table 10.1.

L4

By Sc we denote the set of all potential scenarios for set C of concepts.
Notice that the cardinality of set S¢ is dependent on the number of knowl-
edge pieces occurring in C and the numbers of partial linear relations on
sets of presentations of the concepts. Generally, this number may be very
large, but always finite.

Table 10.1. Scenario s,

Ci &) C3
P13 | P | P3i
Pis | P23

P4 | P

)48

P12

10.2.2. Distance Functions between Scenarios

Now we deal with defining the distance functions for scenarios. Before
this we need to define the distance function between two partial linear rela-
tions on a set. The distance functions for linear orders on a set have been
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defined by several authors [68, 159]. There are two most popular func-
tions. The first counts the number of pairs (x, y) for x, y € X such that they
appear only in one relation. This function takes into account the difference
between the positions of an element in both relations. For example, the dis-
tance between relations

<X1, X2, X3, X4, X5,
and

<X3, X5, X4, X1, X0>
should be equal to 14.

In the second function for each element from X its position indexes in
each relation are determined and its share in the distance is calculated as
the absolute difference of these indexes. For example, element x; occurs in
the first relation (presented above) on the first position and in the second
relation on the fourth position, so its share in the distance is 3. In this way
we can calculate the distance between these two relations, which is equal
to 12.

Our task for defining a distance function differs from that solved in the
literature in that the relations are partial; that is, there may exist an element
from set X which appears in one relation but does not appear in the second.

Let B; and B, be partial linear relations on a finite and nonempty set X.
We define a distance function of type p (see Section 4.2.2.2 in Chapter 4).
We mention that a function of type p reflects the shares of elements from
set X in the distance between two relations.

The share S.(B1,B,) of an element x € X in the distance between relations
B: and B, is defined as follows.

a) If x does not occur in either B; or 3, then

S«(B1,p2) = 0.
b) If x occurs in B; on position k and in 3, on position k' then
Sx(B1,p2) = M
card(X)

¢) If x occurs in B; on position k£ and does not occur in 3, (or x occurs
in 3, on position k£ and does not occur in 3;) then

_card(X)—(k-1)
SlBr.p2) = card(X) .

Although the conditions (a) and (b) are rather intuitive, some comments
should be added for condition (c). Notice that if an element x appears only
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in one relation (e.g., in ;) then the intuition is that the smaller its position
in B, the greater is its share in the distance. The reason is that a smaller posi-
tion index means a higher position in the order.

The distance function ¢ for partial linear relations is defined as follows.

Definition 10.3.
By the distance between two partial linear relations on set X we under-
stand the following value,

G(BI:BZ) — erX Sx(Bl:BZ) ]

card(X)

Example 10.4. Let X' = {xi, x, X3, x4, x5} and let
Bi = <x1, X2, X3, X4, X5,

Bo = <x3, x5, X1>.

We have:
S (Bbo) = < -3 = 2.
SaBupy) =2 = 2
Sy, (B1sB2) = % -3l = %
S, (i) = 250 = 2,
Sy (i) = 200 = 2
Thus
o(B1,p2) = §+‘5‘+§+§+1 = % *

Notice that in the case when [, and 3, are linear orders on X then func-
tion ¢ corresponds to the second distance function described above. We
have the following theorem.

Theorem 10.1.
The following properties are true.
(a) Foreach x € X function S, is a metric.



274 10. Application of Inconsistency Resolution Methods

(b) For each x € X and any two partial linear relations on X there
should be S,(P1,B2) < 1, and S«(P1,B>) = 1 iff x occurs on the first
position of one relation and does not occur in the second.

(c) Function o is a metric.

(d) For any two partial linear relations B, and B, on X there should be
o(B1,B2) £ 1, and o(P1,B2) = 1 iff card(X) =1, By = <y> fory € X
and B, =D, or card(X) =2, B =<y>, po=<z>fory,z € X.

Proof.

(a) Notice that function S, is nonnegative and symmetric. For transitivity
consider three partial linear relations [3;, B,, and ;. Let’s consider the fol-
lowing cases:

e Element x occurs in all of them on positions k, k', and k", respec-
tively. Then we have

e — k| +|k'—k"| [k
)= >
card(X) card(X)

Su(B1,B2) + Su(B2,B3 = Su(B1,B3)-

Element x appears in 3; and 3, on positions k and k' but does not ap-
pear in ;. We can assume that k > k" and have

S(B1,B2) + Su(B2,B3)
_ (k=k")+card(X)—(k'-1) S card(X)—(k-1) _
card(X) B card(X)
Element x appears in 3; and [3; on positions k and k" but does not ap-
pear in 3,. Because card(X) + 1 > k and card(X) + 1 > k" we have
2card(X) - (k=) - (k"-1) _ ke — k|
card(X) ~ card(X)

Sx(Bl,B3)'

SX(B],BZ) + Sx(B29B3) =
= S5d(B1,B3)-

e Element x appears only in 3; on position k. We have

Se(B1.B2) + Su(B2sBs) = cardc(:;c)l(_)g)C =

Sx(BlaB3) .
e Element x appears only in 5 in position k”. We have

SX(B19B2) + SX(BZaB3) _ Cal”d(X) —(k"—l) _

card(X) Si(Br.Bs).

e Element x does not appear in any of these relations. Of course, we
have the following equation:

Sx(BlaB2) + SX(B25B3) = Sx(Bl’B3) =0.
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(b) Inequality S,(B1,p2) < 1 follows from the fact that the position index
of x in any relation may not be larger than card(X). The equality occurs if
and only if x occurs in the first position of one relation and does not appear
in the second.

(c) This property follows from the fact that function S, is a metric for
any x € X.

(d) The fact that 6(31,8,) < 1 should be implied from Definition 10.3.
We can quickly check that if X = {y}, ; = <y>, and B, = & (or B, = J and
B, = <y>), also if X = {y, z}, B1 = <y>, and B, = <z>, then there should be
o(B1,B2) = 1. On the other hand, let o(B,3,) = 1; then for each x € X there
should be S,(B1,B2) = 1. From (c) it is known that x should occur in the first
position of one relation and not appear in the second. The number of ele-
ments with this property may be maximally equal to 2. If 2, each of them
should occur only in one relation, and the cardinality of X should also be
equal to 2. If 1, the only element should occur in one relation, and the car-
dinality of X should be equal to 1. *

Now we deal with the distance function for scenarios. Let two scenarios
S1 :<l"1(l), 1’2(1), ey I"rgl)>

and

5 e ..

=<r®d Do

be given where n is the number of concepts.
For comparing two scenarios s; and s, we should take into account the
following aspects:

e The difference between the linear orders on the set of concepts in
these scenarios for this component in the distance a weight w; will
be destined.

e The difference between partial linear relations on the set of presenta-
tions within each concept, weight w, will be destined for this com-
ponent.

For each concept ¢ € C denote by g(c) and h(c) the positions referring to

¢ in scenarios s; and s,, respectively.

Definition 10.4.

By distance function between scenarios we understand a function
d:SexSc—[0,1],

where for an a,-based scenario s, and an o,-based scenario s, the dis-

tance between them is defined as follows,



276  10. Application of Inconsistency Resolution Methods

d(s1, 52) = wi - o(ou,00) T was X G(Fg(?c),”;f(zc)))
and

0<W1,W2< l, Wit w,= 1.

The first component of the distance function refers to the distance be-
tween external orders in scenarios, and the second component refers to the
distance between internal orders of the scenarios.

Example 10.5. Consider two scenarios defined in Example 10.3:
s1= <<P13,P15,P14,P11,P12>, <P317, P21, P22, P23, P24 >> .
§2 = <<p11,p12,p13,p14,p15>, <P215 P22, P23, P2475 P32 >> .

Their representations are as follows.

S1 82
1 C C3 (&) 3 (&)
b1z | P31 | P P13z | P | Pn
Pis D2 Pis | P»
Pia P23 P14 | P
P D24 P | D
P2 J4¥)

The distance between external orders <ci, ¢, c3> and <cy, c3, ¢;> is equal
to 2/9. The distance between internal orders for

concept c; is 0,
concept ¢; is 0,
concept c; is 1.

Thus the second component of the scenarios’ distance is 1. Assuming
wi; = w, = 0.5 we have

2 11
d(sy, =05 —+051=—.
(81, 82) 9 18

Values w; and w, may be treated as weights for the components of
external and internal order differences in the distance. They may be regu-
lated for adapting to a practical situation.

Because function ¢ is a metric (see Theorem 10.1), then it is easy to
prove that function d is also a metric.
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10.3. Learner Profile and Classification

An intelligent learning system should have the properties of adaptation and
recommendation. They are very useful features for learners. In adaptive
and recommender systems the user model is a very important element. The
task of the user model is to deliver information about the user and simplifi-
cation for her to understand the interaction process [57]. It is the basis for
description and prediction of the user potential behaviors during her work
with the interactive system [96]. Most often there are two elements of a
user model: the user data and usage data [71]. User data contain mainly the
demographic data, such as: record data (name, address, e-mail, etc.), geo-
graphic data (zip code, city, state, country), user’s characteristics (gender,
education, occupation), and some other qualifying data (IQ, skills and
capabilities, interests and preferences, etc.). The usage data, on the other
hand, consist of information about the user related to the user’s interac-
tions with the system. For example, often-given queries or often-used use
paths belong to usage data. The usage data may concern users’ interests,
preferences, or temporal viewing behavior, as well as ratings concerning
the relevance of these elements [71].

The term “user model” is general for all types of systems where there is
two-way interaction between the user and the system. For learning systems
the most important user is a learner (or a student). Therefore, instead of
“user model” we use the “learner profile” term [74—76]. As stated above, a
learner profile should include user data and usage data. We propose to
concretize these kinds of data as follows.

10.3.1. User Data

This kind of data should contain such parameters of a user which charac-
terize him as a learner [77]. The attributes and their domains are given in
Table 10.2.

The attributes of personal data are clear and do not need comments. To
classify purpose attributes Age, Gender, Education level, and Intelligence
Quotient seem to be very useful. The attributes for the individual learning
style are adopted from the model of Felder and Silverman [42]. Apart from
this model we can find many other models of learning styles in the litera-
ture. It is worthwhile mentioning Dunns’s model [38], Kolb’s model [73],
and Herrmann’s model [56]. All these models enable describing the indi-
vidual learning styles of learners. However, their practical use seems to be
strongly limited because of the complexity of their structures. Felder and
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Silverman’s model appears to be simpler and its attributes seem to be
sufficient to cover the information about learners for the adaptation and
recommendation goal. Its application and usefulness in practice has been
described in [163]. Some experiments of applications of Felder’s model to
the learning styles modeling in the hypermedia environment are presented
in [25]. The advantages of this model have also been widely analyzed in
[76,77].

Table 10.2. Attributes of user data

Attribute Name Attribute Domain
Personal Data
Learner identifier (login) STR
Password STR
Surname STR
Age Integer
Gender {male, female}
Education level {elementary, secondary,
graduate, postgraduate}
Intelligence Quotient (1.Q.) {low, middle, high}
Individual Learning Style
Perception {0.0,0.1,0.2,...,1.0}
Receiving {0.0,0.1,0.2, ..., 1.0}
Processing {0.0,0.1,0.2, ..., 1.0}
Understanding {0.0,0.1,0.2, ..., 1.0}

According to Felder’s model the style of a learner should be concerned
with four dimensions: perception, receiving, processing, and understand-
ing [41, 42]. Each of these dimensions is measured in two values:

Perception may be sensitive or intuitive.

Receiving information may be visual or verbal.
Processing information may be active or reflective.
Understanding may be sequential or global.
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Owing to this we can use a fuzzy domain for each of these attributes.
The domain is a set of discrete values from O to 1 (see Table 10.2). We can
assume that a value of an attribute represents the degree of the learner
referring to the first value mentioned above, and the difference between 1
and this number represents the second value. For example, if for a learner
the value for attribute Perception is equal to 0.4 then one should under-
stand that the ability of the learner is sensitive in the degree of 0.4 and is
intuitive in the degree of 0.6.

10.3.2. Usage Data

The usage data of a learner should contain such data as

e Opening scenarios proposed by the system: Learners are classified
into classes on the basis of their user data. When a new learner logs
onto the system, it may propose one or more scenarios to him. This
scenario is chosen on the basis of the scenarios passed by other
learners belonging to the same class. The way to choose a beginning
scenario for a new learner is presented in the next section.

e Realized learning scenarios: The beginning scenario suggested by
the system may turn out to be unsuitable for the learner, and it is
necessary to change it. Thus the final scenario on the basis of which
the learner passes the course may be different from the first one. This
kind of scenario will serve to reclassify the process for the set of
learners.

10.3.3. Learner Classification Process

The classification process for learners is done on the basis of attributes
defined in user data. The aim of the classification is to enable the process
of adaptation and recommendation. We would like to have in one class the
learners who have passed similar learning scenarios. Owing to this a new
learner after classifying may be recommended with a good scenario so that
he will be probably able to pass it.

It turns out that not all attributes are proper for the classification process.
For example, attributes Learner Identifier and Password are obviously
useless for classification. The choice of the attributes for the classification
process should be done by experts.

Below we present a description of the classification process.
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Let 4 be the set of attributes from user data. For an attribute domain the
discretisation process may be done. For example, for attribute Age its
domain (Integer) may be divided into three intervals: up to 18 (young),
between 18 and 50 (middle), and above 50 (elder). For each attribute a
denote its domain (after possible discretisation) by ¥, .

Let L denote the set of all learners who have used the system. Let B < 4
be the set of attributes for classification. Let C be the classification of the
set of learners on the basis of attributes from B. A class of the classifica-
tion is defined by the following elementary tuple of type B,

r:B— UueB v,
where
ra) eV,

for each a € B. The set of all elementary tuples of type B has been denoted
E-TUPLE(B) (see Section 4.2.1, Chapter 4).

Thus the number of classes is equal to the number of all tuples of type
B; that is,

card([],.3Va)-

By Cg(r) we denote the class of classification Cp defined by tuple . A
learner [ € L is classified into class Cp(r) if and only if for each attribute
a € B its value referring to this learner is equal to 7(a). We have the follow-
ing properties,

CB(”) =L,

UreE—TUPLE(B)

and
Ce(r) N Cp(r'y= forany r, e E-TUPLE(B) and r #1'.
In this way the set
Cp={Cp(r): r € E-TUPLE(B)}

can be treated as a partition of L. However, some of its classes may be
empty and should be removed from Cj.

Because the values of the attributes describing a learner’s individual
learning style may not be precisely known when the learner begins her
interaction with the system, we may assume that these values may be
modified during her learning process.

In the next section we present a method for learner recommendation.
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10.4. Recommendation Process

At the beginning of the interaction with the system, a learner gives his
parameters (user data) to the system and next he is classified into a class.
Using the usage data of the learners belonging to the class the system de-
termines the beginning scenario for this new learner. We propose to use
consensus methods toward this aim. The algorithm for this choice is pre-
sented later. First we show the general procedure for recommendation.

10.4.1. Recommendation Procedure

As presented in Figure 10.4, the recommendation procedure consists of
eight steps:

e In step 1 a new learner gives his temporal user data to the system.
The temporality refers mainly to the values of attributes concerning
learning style.

e In step 2 the new learner is classified into a class on the basis of his
user data.

e In step 3 the system determines the opening scenario for the learner
on the basis of the passed scenarios of the learners belonging to
the class with using consensus method.

e In steps 4 through 6 the learning process takes place. According to
the given scenario within a concept the system presents to the learner
a sequence of presentations. At their end the learner’s knowledge is
verified (e.g., by some test). If the verification process fails the sys-
tem can change to an alternative sequence of presentations, and
modify the scenario. Some elements of the learning style of the
learner may also be modified because some of its elements may be
really different than assumed at the beginning. For example, for at-
tribute Receiving it may turn out that for the learner the verbal form
is better, not the visual form as he has declared.

e After the learner has been shown all concepts, if the system evalu-
ates the process as positive then it should perform step 7 which
relies on completing usage data that are the opening scenario and
the passed scenario. Otherwise step 8 should be performed, in
which the learner should be reclassified and directed to step 3.
Note that reclassification is sensible because the user data of the
learner could be changed, and a new opening scenario could bring
learning success.

In the next section we deal with the algorithm for determination of the
opening scenario.
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Begin

L

Step 1
New learner gives user data

to the system

Step 2
Classification of the new learner

Step 3
Determination of the opening
scenario

Step 4
Presentation of knowledge and
learning process

Step 5
Result evaluation

Step 6
- Modification of user data
- Modification of scenario

Step 8
Reclassification of the learner

The learning
process is
succesful ?

Yes

L

Step 7
Completing usage data

End

Figure 10.4. Recommendation procedure.
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10.4.2. Algorithm for Determination of Opening Scenario

We now present an algorithm for determination of the opening scenario for
a new learner. We assume that after the classification process the new
learner will belong to a class which consists of learners similar to her.
These learners have passed the course with success, and it is the basis for
us to assume that the scenario for the new learner should be determined on
the basis of the scenarios of her colleagues. Along with this assumption we
would like the scenario for the new learner:

e To be maximally similar to the scenarios passed by her colleagues
e To have maximally steady similarities to the scenarios passed by her
colleagues

As analyzed in Chapter 3, a scenario which satisfies the first condition is a
consensus fulfilling criterion O; (requiring minimization of the sum of dis-
tances between the consensus and profile elements, in this case passed sce-
narios), and a scenario which satisfies the second condition is a consensus
fulfilling criterion O, (requiring minimization of the sum of squared dis-
tances between the consensus and profile elements). It has been proved that
in general such a consensus satisfying both conditions simultaneously does
not exist. Therefore, we work out separately an algorithm for each condition.

First we deal with consensus fulfilling criterion O;. Toward this aim we
use the distance function d defined for scenarios in Section 10.2.2. The
consensus problem is defined as follows.

For a given set with repetitions of scenarios
X={s;e€Sc:s;isor-basedfori=1,2,...,n},
one should determine an o*-based scenario s* € S¢ such that sum
n
z d(s*,s;)
i=1
is minimal.
According to Definition 10.3 we have:
_ ()
d(s*,5) = wi- o(a¥,w) T Wy X Oy yu i)

where g(c) and h(c) denote the position indexes referring to concept ¢ in
scenarios s* and s;, respectively. Thus we further have

n n n B
Zld(s*,s» =wy- zlc(a*,ai) + W, zlzceccv*g(c),r,fz))
1= 1= =
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n n .
=Wwp ZO‘((I*,(Xi) Twy ZCECZG(F *g(c),l"h(’_l()c)) ’
i=1 i=1

From the above equality it follows that the sum Z,-n:l d(s*,s;) is minimal

if one determines such concept order a*; thus sum ) :'1—1 o(a*,0;) is mini-

mal, and for each concept ¢ such partial linear relation r*,,, which mini-

mizes the sum " 6(r* (), Ty

). Therefore, we need an algorithm for the
following two optimization problems:

Problem 1.
For a given set of linear orders on set C of concepts

Y={o;:i=1,2,...,n}

one should determine a linear order o* on C such that sum
n
Z o(a*,a;)
i=l

is minimal.
and

Problem 2.
For a given set of partial linear orders on some finite set Z
Y={y:i=1,2,...,k}
one should determine a partial linear order y* on Z such that sum
k
2.0(r*,7:)
i=1
is minimal.
For Problem 1 there is a known branch and bound algorithm worked out
by Barthelemy, Guenoche, and Hudry [12] on the basis of standard dis-
tance functions between linear orders. We propose here another algorithm

using the distance function o defined in Section 10.2.2. The idea of this
algorithm is based on the following steps:

e For each concept determine a set of indexes of the positions on
which this concept occurs in orders a; fori = 1,2, ..., n.

e In relation a* the order of concepts will be consistent with the
increasing order of the sums of their indexes.

The algorithm is presented as follows.
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Algorithm 10.1.

Input: Set of linear orders on set C
Y={o:i=1,2,...,n}.

n
Output: Linear order a* on C minimizing sum Y o(o*,0.;) .

i=l
Procedure:
BEGIN

1. For each ¢ € C determine a set with repetitions:
1. = {j: there exists an order from Y such that concept ¢
occurs on its jth position};

2. For each ¢ € C calculate J, = Zje v
3. Set in order the concepts in relation a* according to the
increasing order of values J;

END.
We give an example:

Example 10.5. Let C = {c, ¢, ¢3, ¢4}, and let set Y consist of the follow-
ing orders,

o =< Cy, C2, C3, Cy~
oy =<y, €1, C4y €3~
o3 =< ¢4, C3, C1, €2~
oy =<cy, Cay Cp, C3>

s = < Cy4, C3, C1, 62>'

We have:

I, = {1,2,3,1,3}

I, = {2,1,4,3,4}

1. = {3,4,2,4,2}

1., = {4,3,1,2,1}
and

J, =10, J. =13, J03 =15, J., =1L
Thus a* =<cy, ¢y, C, C3>. .

The computational complexity of this algorithm is O(n - m) where
m = card(C).
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For Problem 2 the algorithm may be more complex, because the rela-
tions may be partial. First let’s notice that if relation y* may have a weak
linear order then we have the following method.

The idea of this method is based on the observation that the position of
each element from set Z may be determined in an independent way. For an
element x € Z we may determine the set of indexes of its positions in rela-
tionsy; (i = 1, 2, . .., k). If z does not occur in some relation then we may
assume its index equal to card(Z) + 1. This follows from the definition of
the share of x in the distance of two partial linear orders where x occurs
only in one relation on position k; then its share is equal to

card(X)—(k-1) _ (card(X)+1)—k
card(X)  card(X)
This value is the same as if in the second relation x occurred in position
card(Z) + 1 which, of course, does not exist.
For example, let Z = {xi, x, x3, x4}, and let set Y consist of the following
orders,
Y1 = <X1, X2, X4~
Y2 = < X1, X2, X4, X3~
Y3 = < X4, X2, X3
Y4 = <Xy, X3, X3
Y5 = < X3, X1, X2
Thus card(Z) + 1 = 5 and we have:
I, ={1,1,51,2}=1{1,1,1,2,5}

I, = {2,2,2,5,3+=4{2,2,2,3,5}
I, =1{5,4,3,3,1}=1{1,3,3,4,5}
I, =13,3,1,2,5}={1,2,3,3,5}.

Based on Algorithm 5.5 (see Section 5.4.3 in Chapter 5) we can imply
that if the position index of x; in relation y* is 1 then its share in the sum of
distances between y* and the given partial linear relations will be minimal
(this means the best position for x; in y*). Similarly for x, the index should
be 2, for x; — 3, and for x, — 3. Thus if y* could be a weak linear order then
it should have the form:

< X1, X2, {X3, Xa}>.
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However, it is required that y* should be a (nonweak) linear order. This
problem seems to be NP-complete (its proof is not presented here), thus a
heuristic algorithm is needed to be worked out.

Fortunately, despite the NP-completeness we can notice that in fact
within a concept we must choose one of its presentation orders which
minimizes the sum of distances to given presentation orders. This means
v* € Rp(c) where Rp(c) is the set of partial linear orders on the set of pres-
entations of concept c¢. Because set Rp(c) should not be large, we can allow
making a full search for finding the optimal element from Rp(c) that mini-
mizes the sum of distances.

The algorithm is presented as follows.

Algorithm 10.2.
Input: Set of partial linear orders on set P(c) for ceC.
Y= {y:vieRp(c)fori=1,2,...,k}.

Output: Partial linear order y* € Rp(c) minimizing sum
k
ZG(Y*’%) .
i=1

Procedure:
BEGIN
1. Sety € Rp(c) as any relation belonging to Rp(c);

k
2. Set y*:=1y; Calculate Q:= > o(y*,7,);

i=1
k
3. For each y € Rp(c) do if D o(y,y;) <Qthen
i=1
Begin
k
Set Q:= > o(v,v,);
i=1
TH=Y
End;
END.
Example 10.6. Let’s consider the sequel of Example 10.5. For each con-
cept the set of its presentations and partial linear orders is presented as in
Figure 10.5 (symbol r; represents a presentation’s partial order for concept
¢;). Assume that in a class the passed scenarios are the following (where
scenario s; is a;-based, fori = 1, 2, 3, 4, respectively).

s = << P11s P13s P14, D125 <P22, P235 P24, <P335 P35, P34

<P43, Pas, Paas Pa1s P42 >> .
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8§ = <<P21,P23,P24, D227, <P115 P13, Pids P1275 P43, Pas, Pass Pals P42,
<ps1, P33>) -

53 = <<p42,p43,1?44>, D31, P337, <Piis P13s Plas P12,
<P215 P23, P24 P22 >> .

§4= <<P12,P13,P14>, P2, P13, Pas™, P22, P23, P24~ P31, P33 >> .

S5 = <<P42,P43,P44>, <P31, P33, <P13, P15, Plas P11, P12
<P215 P23, P24> P22 >> .

As known from Example 10.5, in the consensus the order a* for con-
cepts should be:
o*f =<cy, ca, €3, C3>.
For each concept the partial linear order is given in Table 10.3. This or-

der is also the opening scenario for the new learner. .
C1 (&)
ra | 2 | i3 | T4 a1 | T2 | 723
P13 | Pu | P12 | P2 D23 | P22 | P2
DPis | P13z | P13 | P13 P2 | P23 | P23
Pia | P14 | Pua | Pis D4 | P | P2
P | P2 Pu P2 P2
P12
c3 Cq

31 | 32 r33 r41 | T4
P33 | P33 | P31 P3| Pa
P35 | P35 | P33 DPas | P43
D34 | D34 D4 | Pa4

P31 P4

P32 DPx

Figure 10.5. Partial orders of presentations of concepts.
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Table 10.3. Opening scenario for the new learner

Ci C4 C3 Cy

Pu | P2 | P31 | P2
P13 | P3| P33 | P23
P14 | P D24
P2 b2

10.5. Learner Clustering Process

As described above, in the classification of learners their user data play a
key role. Experts indicate these attributes from the user data which are the
basis of the classification process. In this section we propose a novel app-
roach for determining these attributes. It is based on the usage data, more
concretely, on determining the attributes for classification on the basis of
the passed scenarios of learners. We assume that it is the passed scenarios
which decide about the similarity of learners. However, the tool for classi-
fication should be based on user data. Thus we propose to use passed sce-
narios for determining the attributes from user data which will be used for
the classification process. The idea of this approach is similar to the one
for user interfaces presented in our recent article [126] concerning the
method for creating effective user interfaces. For learner clustering this
idea is shown in Figure 10.6. Here we can see some circle of the system
life. Although the idea is presented in a clear way in the figure, below we
add some comments.

e Step 1: The beginning of the system; there is a lack or simply a small
number of learners. The experts are asked to suggest attributes from
user data for learner classification.

e Step 2: Set A of attributes has been generated by the experts. Each
new learner is classified on the basis of values of these attributes (see
Section 10.3.4). Set A can be understood as the criterion for learner
classification. This process gives a partition P of the set of all learners.

e Step 3: Owing to learning processes the usage data of learners are
gathered. Very important are the passed scenarios of learners.

e Step 4: We may expect that the passed scenarios will not be similar
even for learners of the same class. If so, the situation means that it
is necessary to have a new criterion for classification. Using the
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passed scenarios we may perform clustering for the set of learners gen-
erating a new partition Q of the learners’ set.

If partition P differs meaningfully from partition Q then using the
rough classification method (see Section 10.7) we can determine the
new criterion for learner classification (steps 5 and 6). Next this new
criterion is used for new learners (step 2).

If partition P differs a little from partition Q then there is no need for
a new criterion for learner classification. The system will wait for
new learners who may cause the large distance between partitions P
and Q (step 3).

Step 1
Asking experts for set A of
user data attributes for learner
classification

l

Step 2
Step 6 Learner classification on the
SetA=B basis of user data attributes
from set A giving partition P

Step 3
Completing learner usage data
(passed scenarios) in learning

processes
Step 5
Rough classification:
Determining the smallest set B
of user data attributes which Step 4
gives th'e e S“?‘!'ar Learners clustering on the basis
classification to partition Q of passed scenarios giving

partition Q

P differs

Yes meaningfully from Q
?

Figure 10.6. A cycle of the system life.
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Generally, clustering a finite set is a process for creating a partition of
this set which satisfies some criterion. A number of algorithms for cluster-
ing have been worked out in the literature. One of the most popular criteria
is based on minimizing the sum of squared distances from elements of a
cluster to the cluster centre. A very popular clustering strategy has been
named “k-mean” [62] which relies on partitioning the set of elements into
k nonoverlapping clusters that are identified by their centres. This problem
is known to be NP-complete [94], although it is still attractive because of
its simplicity and flexibility.

Here we present in short the algorithm worked out by Kanungo et al. [62].
This algorithm is one of the most popular algorithms based on the k-mean
strategy. The main steps of this algorithm are organized as follows.

e Step 1: Select randomly k elements as the starting centres (called
centroides) of the clusters. Each centroid represents a cluster.

e Step 2: Assign each element of the set to this cluster for which the
distance between this element and the centroid is smallest.

e Step 3: Redetermine the centroid of each cluster, for example, by
choosing the new centroid as the center of gravity of the cluster.

e Step 4: Repeat steps 2 and 3 until some convergence conditions have
not been met (e.g., the centroids do not change).

The advantages of this algorithm lie in its simplicity and the finite time
for its performance. It always reaches the end when using the above-men-
tioned convergence condition. The largest disadvantage of this k-means al-
gorithm is its large computational complexity. Namely, the time cost of
this algorithm is O(k - m - N), where m is the dimension of an element and
N is the number of elements of the set which is rather a large number.

For the set of learners in the learning system each learner is represented
by his passed scenario. Thus in fact we need to perform the clustering
process for a set of scenarios. Calculation of distances between scenarios is
not complex. However, the determination of the gravity centre for a cluster
(needed in step 3) may be a complex task. However, it turns out that this
task is very simple for Euclidean vectors. Therefore, here we propose to
determine the new centroid as the consensus of the cluster. For this task
the algorithms presented in Section 10.4.2 may be used.

As the result of the clustering process we obtain a partition of the set of
learners, which may differ meaningfully from the partition created in the
classification process. As stated above, two learners belonging to the same
cluster (i.e., having similar passed scenarios) should be considered to be
more similar than those in the same class of the classification. Therefore, we
propose to use the results of clustering to redefine the criterion of the
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classification process. Toward this aim we use the rough classification method.
The conception of this method has been included in papers [125, 126];
here we present this approach in more detail.

The term “rough classification” is borrowed from the rough classifica-
tion of Pawlak [134]. However, the conception presented here is different
from that of Pawlak and is an original and novel one.

The details are presented in the next section.

10.6. Rough Learner Classification Method

10.6.1. Pawlak’s Concept

The concept of rough classification has been defined by Pawlak [134].
The idea of this conception can be briefly described as follows.

An information system according to Pawlak is presented by the follow-
ing quadruple [132],

S=U,A,V,p),
where

U is a set of objects,

A is a set of attributes which describe the objects,

V is the set of attribute values,

p: U x A — Vis the information function, such that p(x,a) € V, for each
xe Uanda € A.

An information system can be represented by a table in which columns
represent the attributes and rows represent the objects. A real world object
is characterized by a row (tuple) in this table. Owing to this description
objects can be classified into classes and the criterion for classification is a
subset B of the set A in such way that objects belonging to the same class
should be characterized by an identical tuple of type B.

Pawlak worked out a method which enables us to determine the minimal
set of attributes (called a reduct) that generates the same classification as
the whole set of attributes. From a practical point of view, this method is
very useful because owing to it the same classification may be created on
the basis of a smaller number of attributes.

In short, Pawlak’s concept of rough classification is the following. For
given classification C of set U a rough classification is the approximation
of C. Assume that classification C is generated by set B of attributes; then
the approximation of C is based on determining a proper subset B' of B
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such that the classification defined by B’ differs “a little” from C. The
small difference between these classifications is illustrated by the difference
of their accuracy measure which should not be larger than a threshold &;
that is,

Hp(X)—ppp(X)<e,

for each X < U, where

for AX and A4 X being the lower approximation and upper approximation
of set X, respectively, in information system S reduced to set R of attrib-
utes. For more information the reader can refer to Pawlak’s work [134].

Thus the aim of Pawlak’s concept for rough classification is based on
determining a subset set B’ of set B which generates a partition similar to
this one generated by set B.

10.6.2. Our Concept

In this work we consider another approach and other problems of rough
classification. The aim of this approach is to solve the following problem.
For a given classification of set U one should determine such minimal set B
of attributes from A that the distance between the classification generated by
attributes from B and the given classification is minimal. The application of
this method for intelligent learning systems is based on determining the
minimal set of user data attributes which generate a similar classification to
that generated by a learner clustering process. After these attributes of set B
have been determined, they should enable the classification of new learners
more properly and as a consequence, assign good scenarios to them.

This problem differs from the one formulated by Pawlak. Also, in solv-
ing it we use distance functions between classifications to generate the
attributes. This approach was originally presented in [126, 148]; here we
present it with some extension, improvement, and a deeper analysis.

10.6.3. Basic Notions

We define the following basic notions.

e Partition of a set:
By a partition of set U we call a finite set of nonempty and disjoint with
each other classes which are subsets of U, such that their union is equal to
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U. By n(U) we denote the set of all partitions of set U. Let P, Q € n(U),
the product of P and Q (written as P n Q) be defined as
PnQO={pngpeP,ge Qrpnqg+T}.
Thus product P " Q is also a partition of U.

e Distances between partitions:
We define two distance functions (1 and ®) between partitions.

Function p:

The idea of this function is based on measuring the distance between
partitions P and Q of set U as the minimal number of elementary transfor-
mations needed to transform partition P into partition Q. This number may
be normalized by value card(U) (with the assumption that U is a finite set)
[34].

There are two elementary transformations which are defined as follows.

—  Removal of an element: transforms a partition P of set U into a parti-
tion Q of set U\{x} by removing element x from P. We denote this
operation by symbol X :

P—> 0.

— Addition of an element: transforms a partition P of set U U {x} into
a partition Q of set U by including an element x in one of the existing
classes from P or by creating a new class with only one element x.
We denote this operation by symbol X :

P— Q.

The following example illustrates these operations.
Example 10.7. Let
U={xy,...,x},
P = {{x1}, {x2, x3, x4, x7}, {x5, X6} },

0= {{x1, x2}, {x3, x4}, {x7}, {x5, %6} }.
The necessary elementary transformations are presented as follows.

P = {{x1}, {x2, x3, X4, x7}, {x5, X6} }
— s {{a), {2 x) (x5, X6} )

— s [ ), {2 xa) (X ) {27 )
—2 s {{a}, (s, xd, {xs x6), {27}

—2 5 {0} (55 x4}, (X5, X6}, {61} ) = 0.
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Thus pu(P,Q) = 4/7. It has been proved that function p is a metric [34]. In
this work the author also presented an algorithm for determining values of
function p, for which the complexity is O(card(U)?). .

Function m:
For P, QO € n(U) let M(P) = [pj;l,x» be such a matrix that

{1 if  x;,x; are in different classes of P
Dy =

0 if Xx;,x;are inthesameclassof P

and matrix M(Q) = [g;].x. be defined in a similar way, where n = card(U).
Notice that these matrixes are symmetric.
The distance between partitions P and Q is defined as

n

1
oP0) = 2-card(U) ,-Jzzll

pij_qij"

The distance function defined in this way should also be a metric. It is
easy to show that the algorithm for determining distance of this kind re-
quires O(n”) time. The distance between partitions defined in Example
10.7 is equal to 12/14.

e Inclusion of partitions:

Let P, Q € n(U). We say that partition P is included in partition Q (writ-
ten P < Q) if each class of P is a subset of some class in Q. It is obvious
that PN QcPand PN Q< Q.

o Set of attributes as a criterion for partition (classification):

As stated earlier, if U denotes the set of learners and A is the set of
attributes from user data then a learner may be represented by a tuple of
type A. For a € A we define the following binary relation P, on set U: For
X1, Xy € U pair <x;, x> belongs to P, if and only if learners x; and x, are as-
signed with the same value referring to attribute a. It is easy to prove that
P, is an equivalence relation, and therefore it is a partition of set U.

More general, a set B of attributes determines an equivalent relation Pg
of set U as follows. A pair of two elements from U belongs to P if and
only if referring to each attribute b € B these elements are assigned with
the same value. Thus Pj is also a partition of U and it is not hard to show
that

Pg= ﬂbe 25 -
It is also obvious that

Py c Py
for each B' < B.
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10.6.4. Rough Learner Classification

As we have assumed above, after registering with the learning system, a
new learner is classified into an appropriate class of learners according to
his or her user data. This class is the basis for determination of an opening
scenario for this learner.

Let’s mention:

e U =the set of learners of the system; notice that U is a dynamic set.
e A =the set of all attributes included in user data.

Assume that actually a set B < A is the criterion for learner classifica-
tion which is the partition Py of set U. Assume also that the clustering
process on the basis of passed scenarios gives partition Q of set U.

Because partition Q is dependent only on the learners’ passed scenarios,
and the aim for the system is to recommend for a new learner such a sce-
nario with which the learner may pass the course, the partitions Py and Q
should be maximally similar. Therefore, if Py differs from Q (or their dis-
tance is greater than a given threshold) then we say that the system is
weakly adaptive. The smaller the difference is between Pz and Q the more
adaptive the system. A system is then fully adaptive if Pz = Q.

Thus to make a system more adaptive, the set B of attributes, which is
the classification criterion, should be determined on the basis of Q. Notice
that set B determines exactly one partition Pp, but different sets of attrib-
utes may determine the same partition. Therefore, there is an additional
problem to select a minimal set B (i.e., a set with a minimal number of
elements) for which Py and Q are equal. However, for a given partition Q
such a set B may not exist; it is then reasonable to require that the distance
between Py and Q be minimal. In Figure 10.7 we can see an illustration
of this situation. The squares represent set U of users, and partitions are
shown by lines splitting these squares. There are three attributes a, b, and
¢, where only the partition generated by set {a, c} is minimally different
from partition Q.

Letd € {u, o} be a distance function between partitions. We formulate
the following problems of rough classification.

Problem RC-1:
For a given partition Q of set U one should determine a minimal set
B c A such that P < Q and d(Ps,Q) is minimal.

In this problem set B represents such a classification which is included
in Q and their distance is minimal. Owing to relation Py < Q two learners
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who have different passed scenarios, should not belong to the same class in
classification Pz. However, if the second condition is not required then set
U will needlessly be too narrowly fragmented.

Notice, however, that the solutions of this problem do not always exist,
because no B exists for each Q such that Py — Q. According to the prop-
erty of inclusion relation between partitions, P4 < P for each B < A, we
have the following remark.

Pa Pb Pc
[ [ [ [ ] [ J [ [ [ J [ ] [} [ ] [
[ [ J [ ] [ J ([ ] [ [ ] [ J [ [ [ ] [ J
[ ([ ] [ [ [ ] [ ] [ ] [ ] [ J [ J [ ] [ ]
[ ] [ ] [ [ ] [ ] [ ] [ ] [ ] [ J [ J [ ] [ ]
[ J [ J [ [ [ J [ ] [ J [ J [ J [ ] [ J
[ J ) ([ ] [ J [ ] [ ] [ J [ (] ([ ]
Pac Q
[} [ ] [ J [ J [
[ ] [ ] [ [ ] ®
[ J [ ] [ [ ] [ J
[ J [ J [ ] [ [ J
[ J [ J [ J [ J (Y
[ J [ J [ J [ J

Figure 10.7. The distance between P,. and Q is minimal.

Remark 10.1.

The necessary and sufficient condition for Problem RC-1 to have a
solution is

PycO.

So if P4 & Q then there will not be any solution. In this case the solu-
tions of Problem RC-2 or RC-3 should be found.
Problem RC-2:

For a given partition Q of set U one should determine a minimal set
B < A such that Q c Py and d(Pg,Q) is minimal.
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In this problem set B represents such classification which includes Q
and minimally differs from this partition; that is, partition Py is less narrow
than partition Q. Therefore, two learners with different passed scenarios
may be classified in the same class in Pg. However, owing to the second
condition the number of learners of this kind will be minimal. Thus we
deal with some kind of rough classification. The only advantage of the
solution to this problem is that the number of attributes needed for classifi-
cation Py is often smaller than in the solutions of Problem RC-1. Similarly
as with RC-1 this problem also may have no solutions. Because Pz < P,
for each b € B we have the following.

Remark 10.2.
The necessary and sufficient condition for Problem RC-2 to have a
solution is
QcPh,
for some a € A.

Problem RC-3:
For a given partition Q of set U one should determine a minimal set
B < A such that d(Pg,Q) is minimal.

This problem is the most general and should always have solution(s),
which may be useful if solutions of Problems RC-1 and RC-2 do not exist.
In this case we say that set B represents a rough classification referring to
Q. In the majority of practical cases this problem needs to be solved. Prob-
lem RC-3 here has been modified referring to its primal form defined in
[126] by adding the second condition. This condition is needed because it
guarantees the minimal cardinality of set B being very useful in practice.

Before solving these problems we present an example.

Example 10.8. Let U= {/,, ..., [z} and A = {a, b, ¢, d, e, f }. The profiles
of the learners with their user data are given in Table 10.4.

Table 10.4. Example user data of learners

Learners a b c d e f
L a b, C3 d, € e
b a b, (%] dy €1 h
l3 a by C3 dy (] NE
Ly a bs (&) d» € 5
ls a b, (%] d» €i N
ls a by (S d, € h
l; a b, (&9} d» €l b
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From this table we have the following partitions:

Po= {0, 1}, (b s, Is, I, 17} },

Py = {{l, b, Is}, { b, Is, 1}, {14} },
Po={{li, B}, {b L Is, 1}, {l6} ),
Py={{l, s}, {b, Iz, lu, Is, I} },

Po= {1, b L, Is}, (b, Is, I} },

Pr= {1, L}, {L, I}, {15, 15, 17} ).

Thus
Py={{L}, (b} (L), ), (s, 1), (s} }-

Let the partition determined by the learners clustering process be the
following,

0 = {{li, L}, (b I, I}, {Is, 17} }.

We have P, < Q, thus the problem RC-1 should have a solution. This solu-
tion is B = {e, f} which generates partition

Py = {{1, L}, (L}, (B}, (s A0s, 15}

For problem RC-2 notice that Q — P,, so it should have a solution in which
B = {a}; we have

Pp={{li, i}, {l, s, Is, I, 17} } .

In this case we say that B does not represent the classification as accurately
as @, but maximally near to Q. If now

0 = {{L,, b}, {b B3}, {Is, ls}, {14} },

then we can see that P, & Q, thus RC-1 has no solution. Similarly RC-2
has no solution because Q & P,for each a € A. It is then necessary to solve
problem RC-3. .

Now we present the solutions for the above-defined problems.
For Problem RC-1:

From Remark 10.1 it follows that if P4 & Q then the solution for this prob-
lem does not exist. In the case of relationship P4, < Q the solution should
exist and set B may be equal to set A, but for the condition that d(Pg,Q)
should be minimal some attributes from A should be considered for re-
moval. The basis of these operations relies on the following theorem.

Theorem 10.2.

Forany P, Q,R € (U)and d € {n, o} if R< P and P < Q then
(a) d(P,Q) < d(R,Q).
(b) dR,P) < d(R,Q).
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Proof.

(a) The idea for this proof is based on the fact that partition P is
narrower than partition O and partition R is narrower than partition P.
Thus, the distance between P and Q should not be larger than the distance
between R and Q. Formally referring to distance functions we have two
cases:

e For distance n: We notice that in determining distance p between par-
titions a pair of two operations, the removal of an element from a class and
addition of the element to another class (this class may be newly created),
is equivalent to a transformation operation which is based on moving this
element from the first class to the second. Indeed, the distance pu(P,Q) is
equal to half the minimal number of removal and addition operations on
elements of U for transforming P to Q. From the fact that P < Q it is im-
plied that for each ¢ € O we have

q=Up

peP'
for some P' < P. For determining the distance p(P,Q) it is necessary and
sufficient to transform P to Q by moving some elements in P from some
classes to other existing classes, because a class of Q is the sum of some
classes of P. Thus for achieving class ¢ the minimal amount of element
moving is equal to card(q\p") where p' is the class in P’ with the maximal
number of elements. The general formula for distance between P and Q is:
1
PO)=—— Y card(q\p'),

nP.0) card (@) EQ (g\p")
where

card(p') = max {card(p): p € Pand p < ¢q}.

If now we would like to measure the distance between R and O we
should notice that for each ¢ € Q the value card(q\p") in distance p(P,Q) is
not larger than its corresponding component in distance w(R,Q) because

max{card(p):p € PAp Cq}
> max{card(r):re RApe PArcpcgq}.
From the above it follows that
WP,0) < WR,0).

e For distance : For this distance function from its definition we can
see that because P < Q the distance o(P,Q) may be divided into classes
belonging to partition Q. For each class ¢ € Q its part in the distance is
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equal to the product of the cardinalities of those classes in partition P
which are proper subsets of g. If such classes do not exist then it follows
that there exists exactly one class in P which is identical to ¢. In this case
the part of ¢ in the distance is equal to 0. We have then the following
equality

_ 1
o(P,0) Y cardU) EQ (p]g) card(p)).

pP<q

Indeed, the fact P < Q means that set ¢ is “broken” into one or several sets
p € P. In the first case the part of ¢ in distance w(P,Q) is 0; in the second it
is equal to the product of cardinalities of sets p. Notice that the sum of car-
dinalities of these sets is equal to the number of elements of ¢g. In the case
R < P sets p are further broken, and as the consequence, in distance
®(R,Q) the part of set g is the product of cardinalities of smaller sets »
where » € R. Notice that for any natural number # the following depend-
ency is always true,

n<k-m,
where n = k+ m.
From this dependency it follows immediately that o(P,Q) < w(R,0).

(b) For distance function p: Assume that R € P < Q; then let us see that
for any two elements x, y € U there are the following cases:

e x and y occur in the same class of partition R. Thus because R < P
Q they must occur together in partitions P and Q. Owing to this their
share in distances W(R,P) and pW(R,Q) is equal to O.

e x and y occur in different classes in partition R, but in the same class
in partition P. Hence they must also occur in the same class in parti-
tion Q. Thus their share in distances W(R,P) and p(R,Q) is equal to
2/card(U) (one removal and one adding operation).

e x and y occur in different classes in partitions R and P. If they occur
in different classes in partition Q then their share referring to them-
selves in distances p(R,P) and d(R,Q) equals 0. If they occur in the
same class in partition Q then their share referring to themselves in
distances W(R,P) equals 0, and in distance W(R,Q) is equal to
2/card(U).

In all of the above cases the share of elements x and y referring to them-

selves in distance p(Q,P,) is always nongreater than in distance pu(Q,Pp).
Thus there should be
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“’(QvPa) < “(Q’Pb)
For distance function o the proof is similar. .

According to Theorem 10.2 it follows that if P < Q then
d(P N S,0) < d(P.,Q)
for any S € m(U). Next we can imply that if for some attribute a we have

Paiay € 0O
then after eliminating a from A the distance should be improved; that is,

d(PaapQ) < d(Py,Q)

because Py = Pajay N P
The algorithm for problem RC-1 can be presented as follows.

Algorithm 10.3.
Input: Partition Q of set U.
Output: Minimal set B < A such that Pz < Q and d(P3,Q) is minimal.

Procedure:

BEGIN
1. Calculate Py;
2. If P4 & Q then print “The solution does not exist”
and GOTO END.
3. SetB:=A;
4. Foreacha € B
if Py < QO then set B:= B\{a};
END.

The idea of this algorithm is rather simple and we can easily prove that
so-determined set B fulfills the condition that d(Pz,Q) is minimal for
de{u, o} and the cardinality of B is also minimal. The computational

complexity of this algorithm is O(m - n*) for m being the number of attrib-

utes in A and n being the number of learners, that is, the cardinality of set

U.
For Problem RC-2:
To solve this problem first we prove the following theorem.

Theorem 10.3.

For any attributes a, b € A and partition P € n(U) if P < P, and P C P,

then
d(P.,,P)<d(P,P) and d(P,,P)<d(P,,P),
where d € {1, ®}.
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Proof.

From the assumption that P c P, and P — P, it is implied that P < P, N P,
= P,. This follows from the definition of partition product. Of course we
have P < P,, < P,and P < P,, < P,. Hence from Theorem 10.2a it is im-
plied that d(P,P,;) < d(P,P,) and d(P,P,;) < d(P,P,) ford € {u, ®}. ¢

Theorem 10.2 shows some proportion of the distance between parti-
tions to their hierarchy determined by the inclusion relation. Theorem
10.3, on the other hand, shows that if a partition is included in two other
partitions then its distance to the product of these partitions is smaller than
the distances to each of them.

Now notice that Q < P; if and only if Q < P, for each b € B. So if P,
Q (the necessary condition for Problem RC-2 to have a solution) then on
the basis of Theorem 10.3 the value d(Ps,Q) where Q < Pj should be
minimal if B contains all such attributes a € A that Q < P,. Set B may next
be minimized by eliminating dependent attributes from itself (attribute a is
dependent on attribute b if P, < P,). That is, if a is dependent on attribute
b then a should be eliminated. The algorithm for Problem RC-2 should
consist of the following steps.

Algorithm 10.4.
Input: Partition Q of set U; d € {u, o}.
Output: Minimal set B < A such that O c Pp and d(Pp,Q) is minimal.
Procedure:
BEGIN
1. Calculate Py;
2. If Q ¢ P4 then print “The solution does not exist”
and GOTO END.
3. Set B:=;
4. For each acA
if O ¢ P,then B:= BU{a};
5.Foreacha,b e Aanda#b
if P, P, then B:= B\{a};
END.

It is not hard to prove that set B determined in this way should be mini-
mal and fulfill the condition that d(Ps,Q) is minimal for d € {p, ®}. This
proof follows immediately from Theorem 10.3. The computation complex-
ity of this algorithm is also O(m - n°).
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For Problem RC-3:

It has been proven that this problem is NP-complete for both distance
functions p and ® [94]. Below we present two heuristic algorithms for this
problem.

The idea of the first algorithm is based on building set B from the whole
set A by eliminating from set A these attributes which “spoil” the distance
between partition P, and partition Q. It is based on the following intuitive
steps:

e First we determine such set B — A that d(Pg,Q) is minimal. To
realize this aim in the first iteration from A we set B = A and elimi-
nate from B those attributes which “spoil” the distance; that is, if
d(Pp\p),0Q) < d(Pp,Q) for some b then this attribute should be moved.
Next this iteration should be repeated for new set B until any attrib-
ute will not be removed.

e Next, if among attributes from B there exist attributes a, b such that
P, < P, then eliminate b (according to Theorem 10.3); this should
minimize set B.

Following we present the algorithm.

Algorithm 10.5.

Input: Partition Q of set U, d € {u, o}.

Output: Minimal set B < A such that d(Pg,Q) is minimal.
Procedure:

BEGIN
1. Set B:=A;
2.Foreachb € B
if d(Ppy»),0) < d(Pp,Q) then set B:= B\{b};
3. Repeat step 2 until any attribute will not be removed;
4. Foreacha,b e Banda#b
if P, < P, then B:= B\{b};
END.

The description of this algorithm is short. However, its computational
complexity is not so small. It is known that for calculating a distance be-
tween two partitions the cost is O(n*) where n = card(U). For step 2 the
cost is O(m - n*) where m = card(A). For step 3 O(m* - n?) is needed; the
same is also needed for step 4. So the summary complexity for Algorithm
10.5 is O(m* - n).
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The idea of the second algorithm is dual to the idea of Algorithm 10.5 in
the sense that the building of set B will begin from the best element of set
A referring to distance to partition Q and next adding to it those attributes
from A that cause improvement of the distance. Owing to this it will not be
necessary to remove dependent attributes. The following steps should be
included:

e Select such an attribute a from A that the distance between partitions
P, and Q is minimal.

o LetB={a}.
e Add to B such an attribute from A\B that the new partition Pj is nea-
rer to Q.

e Repeat the third step until the new partition Py is nearer to Q than the
previous one.

This algorithm is presented as follows.

Algorithm 10.6.
Input: Partition Q of set U, d € {1, o}.
Output: Minimal set B < A such that d(Pg,Q) is minimal.

Procedure:
BEGIN
1. Choose a € A such that d(P,,Q) = r;lin d(P,,0);
€A
2.Set B={a};
3. Set C:= A\B

4. For each ¢ € C do
if d(Ppo(c),0) < d(Pp,Q) then B:=B U {c};
5. If C # A\B then GOTO 3;
END.

Similarly as for Algorithm 10.5, the computational complexity of this al-
gorithm is also O(m” - n”). Note that this complexity is dependent among
others on the square of the number of learners which is often large and may
cause the process to be time consuming. However, the need for redefinition
of the classification criterion arises only along with the appearance of a
large number of new learners. Thus it is not needed to be performed too of-
ten and may be performed in an offline mode. In this case the complexity
should not disturb the functioning of the system.
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10.7. Conclusions

In this chapter an approach for using inconsistency resolution methods to
perform recommendation processes in intelligent learning systems is pre-
sented. The inconsistency is considered here in two aspects. In the first as-
pect inconsistency refers to difference of the passed scenarios of similar
learners (belonging to the same class of the classification). In this case to
determine an opening scenario for a new learner it is necessary to calculate
the consensus of the passed scenarios of the members of the class. The
second aspect of inconsistency refers to the fact that learners assumed to
be similar (belonging to the same class of the classification) may have
very miscellaneous passed scenarios. This may cause a lack of efficiency
of the procedure proposed in the first aspect. Here we propose to use a
rough classification based method to redefine the criterion for classifi-
cation.

The ideas of knowledge structures, learning recommendation processes,
and using consensus methods in determining opening scenarios for new
learners were first introduced in [76, 77]. In this chapter these conceptions
are modified, extended, and described in a more precise way.

It should be emphasized that the difference between our approach and
Pawlak’s approach to rough classification is that we do not use the upper
and lower approximations of partitions defined by Pawlak, but we use the
distance functions between partitions to determine the nearest partition to
the given. Distance functions have not been considered in Pawlak’s ap-
proach. The problems RC-1, RC-2, and RC-3 defined in this chapter are
novel and their solutions should help in determining the most effective
(and also the most economic) set of attributes which are needed for an
effective classification process.



11. Processing Inconsistency
in Information Retrieval

This chapter includes a detailed conception of a metasearch engine using
multiagent technologies. A consensus-based approach for integrating an-
swers given by different agents for a given query is presented. Moreover,
this multiagent system uses the features of agent technology for making
the system be a recommender system. The aim of the project is to create a
consensus-based multiagent system to aid users in information retrieval
from the Internet.

11.1. Introduction

Information retrieval is one of the tasks which are most often realized by
Internet users. Nowadays, a large number of methods, technologies, and
search engines have been proposed for aiding them in this task. However,
a user utilizes only a single search engine. He or she trusts it in the sense
that for a query the obtained answer is relevant and complete. However, an
interesting question arises. Although there are so many existing search en-
gines, why use only one?

For this question we suggest using not only one search engine for a
query. The reason for this suggestion consists of the following elements:

o Low relevance of answers generated by a search engine: caused by a
noneffective work of filters. As a consequence, many unrelated pages
(e.g., advertisements, but also pages loosely associated with the sub-
ject of the query) may be displayed. For example, for query “mp3” it
seems that the most relevant answer is URL! http:// www.mp3.com.
However, different search engines give this URL on different posi-
tions: Google, 15th position, AltaVista, 6th position, Yahoo, 1st posi-
tion, Ask Jeeves, 4th position, Homerweb, 1st position, WebCrawler,

I'URL is the abbreviation of Uniform Resource Locator, the global address of
documents and other resources on the World Wide Web.
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6th position, Teoma, 1st position, Amfibi, 3rd position, and Findelio,
1st position.?

o Displaying repeating URLs: which are identical or very similar to
each other. This is a burden for the user because he loses a lot of
time scrolling many screens to find the information of interest.

e It is quite possible that different search engines provide “best” an-
swers to different queries.

The idea for creating multisearch engines is not novel. Several systems
have arisen called metasearch engines. In general, a metasearch engine is a
server which passes on queries to many search engines and/or directories
and then summarizes all the results. Examples of metasearch engines are:
Metacrawler, Ask Jeeves, Dogpile, Infind, Metacrawler, Metafind, and
Metasearch. The mechanisms of metasearch engines are most often based
on using several independent search engines to a query achieving several
ranked lists of documents, and next, a linear combination of the ranks in
the lists is performed giving the final list presented to the user.

Some improvements have been done in this scope: a metasearch engine
named SOFIA (SOft Fusion of Information Access) applies a soft and
flexible integration of the ranked lists of documents retrieved by distinct
search engines available over the Internet [21]. In this metasearch engine
the authors built an operator that allows the realization of fusions between
the intersection and the union of the lists. In addition, it allows the user to
specify her retrieval preference for better adaptation. A feedback to the
user is also ensured in the metasearch engine described in [49]. The adap-
tation causes users with different preferences, but with the same keyword
query, to obtain different component search engines, and have results or-
dered differently [92].

The foundation for metasearch engines is saying, “More heads are better
than one.”

However, one may ask the following question. Is the use of several
search engines better than the use of only one? For the answer let’s con-
sider the following aspects referring to search engines.

e Each search engine has its own database, with its own techniques of
document indexing and retrieval.

e Processing of a search engine for a query is a process independent of
other search engines.

2 This is the result of the experiment performed June 15, 2006.
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e Each search engine uses an intelligent algorithm for ranking docu-
ments in an answer.

e Because of the enormous number of documents and the limited pos-
sibility of the database of a search engine we may assume that the
answer for a query is not fully relevant and not complete.

We can treat the task of information retrieval of a user as a problem
which should be solved, and may be formulated as follows. For a given in-
formation need one should find a set of relevant documents which are or-
dered by their relevance degrees to the query. From the above points of
view referring to search engines we can treat each of them as an expert,
and using it for this retrieval task is equivalent to entrusting the problem to
the expert. As shown in Chapter 8, it is worth entrusting the solution of a
problem to not one, but several, experts and to accept the consensus of
their solutions as the final solution. In Chapter 8 we have proven that if the
solution of some problem is entrusted to several experts, and the consensus
of their given solutions is different from those solutions, then it is not only
not worse than the worst solution (in the sense of distance to the proper so-
lution), but also better than this solution. Moreover, if the set of expert so-
Iutions is a nonhomogeneous profile then the consensus satisfying criterion
O, should be always better than the worst solution.

The above consideration suggests using several search engines for a re-
trieval task, and as the final answer accepting the consensus of answers
given by the search engines.

As stated above, using metasearch engines is not a new idea. How-
ever, the application of consensus methods for the integration process of
answers given by component search engines could be novel.

In this chapter we propose a consensus-based approach for integrating
answers gathered by a metasearch engine. Along with this aim we present
the conception of a multiagent system which realizes the tasks of the meta-
search engine. Moreover, this multiagent system uses the features of agent
technology for making the system be a recommender system.

The aim of the project is to create a consensus-based multiagent system,
the task of which is based on aiding users in information retrieval from the
Internet. This approach enables us to solve the following two problems of-
ten occurring in information retrieval processes.

The proposed system exploits the answers generated by multiple search en-
gines. Utilizing the consensus algorithm, their optimal combination is deter-
mined and displayed to the user. Answer sets (and also search engines) are
evaluated on the basis of their differences from the consensus answer. This in-
formation is fed back to searching agents, stored, and utilized in subsequent
queries to select the search engine to be used in the next retrieval tasks.
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11.2. Agent Technology for Information Retrieval

The use of agent technology in information retrieval has been more and
more popular because of the possibilities of agents to adapt to user needs,
its mobility, and the ability of processing with uncertainty.

The main task of an information agent is to build user profile structures
and to use algorithms that adapt to changes of user information needs. An
agent of this kind usually gathers information about user needs from im-
plicit and explicit feedback. Implicit feedback is based on the agent ob-
serving the behavior of the user referring to documents usually without
user’s involvement. Explicit feedback consists in explicit evaluation of the
user of a document. For example, if a user selects a document, it can be in-
terpreted implicitly that in some degree she is interested in the content of
this document [149].

An information agent called Letizia which assists a user in Web brows-
ing was built by Lieberman [78]. The tasks of Letizia are based on moni-
toring the user’s behavior, developing a user profile, and searching for
potentially interesting pages for recommendations. An important aspect of
Letizia’s evaluation of the relevance of a document is that the relevance
degree is determined not on the basis of the document content, but on the
basis of the links to and from this document.

The advantage of the use of the information from the feedback is that it
makes the information agent more user-friendly. However, the ambiguity
in the interpretation of user reactions may bring about imprecise results
in adaptation and recommendation processes. For examples, an unread docu-
ment could be treated by a search engine as irrelevant to the user query, or
the factor “time of reading” has sense if it is assumed only that the user
never takes a break while reading an article. Therefore, accurate interpreta-
tion of user needs through feedback information is a very difficult task and
requires sophisticated tools for observing user behaviors [29, 30].

Chen and Sycara [26] have developed an agent named WebMate which
helps users effectively browse and search the Web. WebMate keeps track
of user interests in different domains through multiple weighted vectors.
The domains are treated as a subject of the information agents’ learning
process which takes place automatically when users give their positive
feedback. A new domain is created for user feedback if the number of do-
mains is still below some upper limit. If the number of domains is equal to
its maximum limit then the document should be used to modify the vector
with the greatest similarity.
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Apart from agent autonomy, multiagent technology adds to these
features communication profit, which has been particularly useful for
exchanging knowledge between agents [44]. At the same time, there are
very few such systems in existence. Menczer [91] has designed and im-
plemented Myspiders, a multiagent system for information discovery on
the Internet and has shown that augmenting search engines with adaptive
intelligent searching agents can lead to significant competitive advantages.
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Figure 11.1. Architecture of system AGWI.

The team under the leadership of the author of this book has built two
metasearch engines based on the IBM Aglets platform. The first (named
AGWI) [113, 116], includes two kinds of agents: searching agents and
managing agents. The tasks of a searching agent (SA) consist of (see Figure
11.1):

e Selecting in its knowledge base the best search engine for a given
query.

e Generating an answer using the chosen search engine.

e Actualizing its knowledge base on the basis of the final result deter-
mined as the consensus of results generated by all searching agents.
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As the result of the actualization the used search engine obtains a
weight referring to a given query.

The tasks of a managing agent (MA) consist of:

e C(Creating searching agents

e Determining consensus of answers generated by searching agents
and checking consistency degree of the set of these answers

e (Calculating the distances between the consensus and answers gener-
ated by searching agents and sending the results to these agents for
actualizing their knowledge bases.

After each retrieval process and evaluation given by a MA, a SA writes
the query to its knowledge base with the accuracy degree (i.e., the distance
between its answer and the consensus). For the next query a SA does not
draw the search engine but determines it in the following way. The agent
compares the query to queries stored in the base and chooses such query
which is the nearest and has accuracy degree greater than 50%. The chosen
search engine will be that which has been used for this query. SAs have
three algorithms for comparing queries and they can draw one of them.
Owing to this their query bases are not similar to each other.

After all SAs have finished their retrieval processes a MA determines the
consistency degree of answers generated by SAs taking into account their
weights. At the beginning the weights are equal to one for all SAs. If the set
of answers is not consistent enough (the consistency degree is too low) then
the MA shows the user all answers. The user can choose the answer of a SA
which in his opinion is the best or requires renewing the retrieval process. If
the set of answers is consistent (the consistency level is high) then the MA
determines the consensus and calculates the weights for SAs.

If a URL is repeated in many answers then it means that the relevance
degree of this URL is large. If a URL occurs many times in an answer then
a SA must eliminate the duplications first. The way to eliminate duplicated
URLs in the answer of an agent is based on comparison of this URL to
other URLs; if they are 80% similar then the system decides that they are
identical. Owing to this, the answers of SAs are “clearer” before the con-
sensus choice.

If a URL occurs in few answers or occurs on lower positions of the an-
swers then in the consensus it should not occur at all, or if so, only at a
lower position. The consensus determining algorithm allows omitting irre-
levant URLSs or at least placing them in the last positions of the final rank-
ing. Concretely, assume that a URL (e.g., an advertising page) occurs at
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the first position of the answer generated by one agent, but it does not occur
in the rankings of other agents. Then, in dependence on the number of SAs
taking part in the retrieval, this URL may not appear in the final ranking,
and even if so, it should be at a very low position. The larger the number
of SAs is, the lower the position for this URL. So one can expect that the
final ranking should be more relevant than each generated by a SA.

The second multiagent system is called MASE [127, 151, 152]. The
mechanisms for retrieval in this metasearch engine are also based on con-
sensus methods. However, the communication between agents and the in-
terface are improved to a large degree. The agents in this system can learn
about the preferences of users and also gather experience in determining
the best component engines for queries.

11.3. A Conception for a Metasearch Engine

In this section we present a conception for designing a metasearch engine
using multiagent technology and consensus methods. As opposed to AGWI
and MASE we propose to build only one kind of agent, viz. a searching
agent (SA). Owing to this we can save on agent communication costs.
However, we plan other activity scopes for these agents. Their structure is
presented as follows.

11.3.1. Knowledge Base of Searching Agents

The knowledge base of a SA consists of the following main components:

e Knowledge about queries and the best search engines for these queries
(KQ)

e User profiles including user preferences (UP)

The component KQ of the knowledge base of SA should contain the fol-
lowing elements.

1. Base Query_base of queries which have been serviced by the agent in
the past

. Function Sim for measuring the similarity of queries

. Procedure Clu for clustering the set of queries

. Set SE of search engine identifiers

. Procedure Consensus for calculating consensus of a set of answers
delivered by search engines

W W N
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6. Procedure Con for calculating the consistency level of the set of
answers

7. Procedure BeSE which determines the best search engine for a query

8. Procedure Weight for calculating the weight of a search engine refer-
ring to a query

Below we present detailed descriptions of the above-mentioned ele-
ments.

1. The base Query_base of queries

The base Query_base of queries consists of queries clustered in classes.
First we assume that a query has the following structure

HAL A /\tk/\(—|[0)
or

UHABAN N,
where t, t1, t,, . . . , t; are phrases (as a phrase we understand one or a se-
quence of several worlds of a natural language). Phrases #1, #, . . . , and #

are called positive, and phrase ¢, is called negative. This query structure is
used in the majority of search engines. Notice that although in the query
defined above there is a lack of a disjunction operator, in fact this operator
may be included in phrases. For example, for the phrase “knowledge inte-
gration” a search engine will interpret it as \

“knowledge” v “integration”.

2. Function Sim for measuring the similarity of queries

Queries are clustered on the basis of similarity function between que-
ries. The similarity function is calculated as follows.

e A query
tl/\tz/\--'/\tk/\(—io)
may be transformed into the form:
t A (—to),
where ¢ is the phrase being the concatenation of phrases ¢, &, . .
and #. For example, if

L)

t1 = “knowledge integration”
and
t, = “knowledge inconsistency”
then the concatenation will be the phrase
t = “knowledge integration knowledge inconsistency”.
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If in a query there is no negative phrase then we may accept its form
as t A (—ty) where ¢, is an empty phrase. The same goes for positive
phrases. By /en(f) we denote the length of phrase ¢. It is the number of
characters occurring in ¢ including the spaces between the words of
the phrase. For example len(“knowledge integration”) = 21. Of course
an empty phrase has length equal to 0.

e By t n 1 we denote the sequence of characters of maximal length
length, which is included in both phrases ¢ and #. The similarity
(¢, t') of two phrases ¢ and ¢ is calculated by the following formula,

1 if len(t) =len(t")=0
Tt 1) = len(tNt')
max {len(t), len(t")}

otherwise.

For example, for

t = “knowledge integration”
and
t' = “knowledge inconsistency”
we have
tNt' = “knowledge in” and 1(t, ') = 12/23.
It is easy to show that if ¢t = ¢ then 1(¢, ') = 1, and if one of these
phrases is empty then t(¢, t') = 0.

e For two queries
g =1t (=t
and
g'=1 A ()
their similarity is defined as follows,
T(2,t") + (2, 1)
5 .
It obvious that sim(qg, ¢') =1 if and only if g = ¢', 0 < g, ¢' <1, and
function sim is a metric.

sim(q, q') =

3. Procedure Clu for clustering the set of queries

Now having defined the similarity function between queries we may
perform clustering of the set of queries.

Here similarly as in Chapter 10 for learners we propose to use the algo-
rithm worked out by Kanungo et al. [62]. This algorithm is one of the most
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popular algorithms based on the k-mean strategy. The main steps of this
algorithm for a set of queries are organized as follows.

e Step 1: Select randomly k queries as the starting centers (called cen-
troides) of the clusters. Each centroid represents a cluster.

e Step 2: Assign each query of the set to the cluster for which the simi-
larity between this query and the centroid is smallest.

e Step 3: Redetermine the centroid of each cluster, for example, by
choosing the new centroid as the center of gravity of the cluster.

e Step 4: Repeat steps 2 and 3 until some convergence conditions have
not been met (e.g., the centroids do not change).

As a result, the set of queries is divided into classes of a partition. For
each class of queries there is a central query represented by centroid. The
clustering process should be done time and again because of new queries,
which may cause the clustering and the centroids to be inaccurate.

Denote then by Q the clustering of the query set,

Q: {Ql’ QZ’ ey Q’l}a
where Oy, 0, . . ., O, are classes of similar queries with centroids
q1, 42, - - - > qn, TESPECtively.

A new query is classified to a class on the basis of the criterion that the
distance between this query and the centroid of the class is minimal.

4. Set SE of search engines’ identifiers

This is a simple set including such information about existing search en-
gines as their identifiers and links enabling to run them. By £ we denote
the set of search engines which can potentially be used by the searching
agent.

5. Procedure Consensus for calculating the consensus of a set of answers
delivered by search engines.

As is known, when a new query comes, the agent runs not one but sev-
eral search engines (the choice of these search engines is presented later in
this section), and gathers the answers from them. For the set of answers the
agent calculates their consensus. We assume that each answer is a ranking
of URLs of documents.

Before the consensus choice the following actions should be taken into
account.

e In an answer the number of URLs may be very large. For example,
using Google the number of documents for a query often exceeds
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100.000. For the effectiveness of the consensus choice procedure this
number should be decreased. This action may have such practical
justification that a user rarely reads more than 100 documents given
by a search engine. In fact, most often the user only reads documents
on the first screen (i.e., about 30 documents).

e In an answer one URL may repeat many times, as well as many
URLs similar to each other may appear. It is then necessary to re-
move the similar URLs. For performing this we can treat a URL as a
phrase and use function t defined above to measure the similarity of
URLs. A threshold can be proposed to accept two URLs to be simi-
lar, and one of them should be removed. Notice, however, that this
procedure requires an overview of all pairs of URLs to get to know
which of them should be removed. Therefore, the cost of this proce-
dure may be large. For improving this we propose to sort the URLSs
first and this should help in decreasing the cost.

Now let’s define a profile of N rankings of URLs as follows,
X= {Ul, Uz, ey UN},

where U, is a ranking of different URLs. We do not assume the same num-
ber of URLs in each ranking as well as a URL must appear in all rankings.
The distance function for this kind of ranking has been proposed in Chap-
ter 10 (see Section 10.2.2). For rankings of URLs the distance function has
the form:

G(Ui,Uj) — ZueUrlSu (Ui’Uj) ,
card(Url)
where S,(U;,U;) is the share of a URL u in the distance and Url is the set of
all URLs occurring in rankings belonging to X.

We assume that each ranking U; is assigned with a weight w; (0 < w; <1)
of the search engine which has generated the ranking. These weights are
calculated for the search engines generating these rankings. How to calcu-
late the weights is presented in Paragraph 7 in this section.

We propose the procedure Consensus for choosing the consensus of
given rankings, which is similar to Algorithm 10.1 presented in Chapter
10. The idea of this procedure is based on calculating for each URL a
number equal to the sum of the indexes of positions on which this URL
appears on the given rankings. The idea is very intuitive.

Algorithm 11.1.

Input: Set of N rankings of URLs
X= {Ul, Uz,...,UN}
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with weights wy, wy, . . ., wy, respectively.

N
Output: A URL’s ranking U* minimizing sum Z w, .o (UXU,).
i=1
Procedure:
BEGIN
1. Determine Ur/ as the set (without repetitions) of all URLs occur-
ring in rankings belonging to .X;
2. For each u € Url determine set with repetitions:
1, = {j - wi: URL u occurs on the jth position
of ranking U; fori=1,2, ..., N};
3. For each u € Url calculate J, = Z X

xel, ™2
4. Set in order the URLSs in ranking U* according to the increasing
order of values J,;
END.

This algorithm is simple and effective. If a URL is in a high-ranking po-
sition but in others it is in low positions then in the consensus this URL
should not occupy a high position.

Notice also that Algorithm 11.1 may also be used for consensus deter-
mination for all profiles of rankings of elements (not necessarily of URLSs).
We later use this algorithm for other aims, such as consensus determina-
tion for lists of search engines.

6. Procedure Con for calculating the consistency level of the set of answers

For measuring the consistency level of answers delivered by component
search engines we propose use of the function ¢4 defined in Section 2.4.4
of Chapter 2. For calculation of the values of this function the following
values are needed:

e The sum of distances between a ranking R and the rankings from set
X:

Gi(RX) = ZpexW' - 6(R.R)),

where w' is the way of the search engine generating ranking R’
(see Paragraph 7).
e The set of all sums of distances:

D(X) = {c1(R,X): R is a ranking of some URLs from set Url}.

e The minimal sum of distances from a ranking to the elements of pro-
file X:
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Omin(X) = min (D(X)).

These parameters are now applied for defining the following consis-
tency functions:

1
c,(X)=1 N G i (X).

As we can see, value o,i,(X) is in fact the sum of distances from the
consensus to the rankings from X. This consensus is calculated by Algo-
rithm 11.1, so it is very convenient to calculate the consistency level.

The consistency value informs us about the coherence of the answers
delivered by the component search engines. The large value of consistency
means that the rankings generated by the component search engines are
similar to each other. In this case the consensus is more credible. So the
aim of calculating the consistency of search engines’ answers is to evaluate
the pertinency of the consensus which is presented to the user as the final
answer for his query. Here a threshold for consistency level may be used
for making the decision as to whether the consensus should be given to the
user. If the consistency is lower than the threshold then the consensus
should not be assumed to be a good answer for the user query, and the
agent should organize a new searching process choosing new search en-
gines for this purpose.

The procedure described above is in some sense contradictory to the
considerations presented in Chapter 8, where we have stated that for expert
knowledge analysis the low value of consistency is better than the high
value because this means the experts are from different fields and have dif-
ferent points of view. Owing to this the consensus is more precise (more
similar to the proper solution of the problem they solve). However, in
the case of search engines, although they are treated as experts (as we have
considered in the Introduction) they are rather not experts in the full mean-
ing. An answer given by a search engine is dependent only on the docu-
ments it has in the database and the way of indexing these documents, not
on knowledge processing. Their autonomy is restricted to the search proc-
ess and making a ranking of the retrieved documents. For these reasons we
may assume that a document is really relevant to a user (i.e., in her opinion
the document is useful to her) if a large number of search engines rank it in
high positions. Owing to this assumption a document occurring in a high
position only in one component ranking should not be presented to the user
in a high position in the consensus.

7. Procedure BeSE which determines the best search engine for a query

Each query is assigned a search engine as the best engine determined by
procedure BeSE. For a query ¢ the component search engine which gives
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the nearest answer to the consensus is called the best search engine for this

query.

Formally, let for query ¢ there be used N component search engines
e, e, . . ., ey, which generate the URL rankings Uy, U,, . . ., Uy, respec-
tively. Let U* be the consensus of profile X = {U;, U, . . ., Uy}, and

let e, be such a search engine that
o(Ui,U*) = min {o(U,,U%), s(Up,U*), . . ., o(Up,U*) };

then ¢, is the best search engine for query q.

8. Procedure Weight for calculating the weight of a search engine in a
class of queries

We notice that there are n classes Oy, O, . . ., O, of queries. We denote
ei(q) as the best search engine for query ¢ in class Q; fori=1,2,...,n.

Thus in each class of queries each query is assigned with its best search
engine. Denote by E(Q,) the set of best search engines for queries in class
O;fori=1,2,...,n Of course set £(Q;) has repetitions, so the numbers
of occurrences of different search engines may be different. For a search
engine e € E(Q;) let occ(e) be the number of occurrences of e in set E(Q,).
Then the weight w(e,i) of search engine e in class Q; is equal to

wied) = occ(e)

~ card(EQ)’
Of course we have 0 < w(e,i) <1 and

ZeeE(Q’)w(e,i) =1.

Notice that when a new query appears in class Q; the weights of search
engines in set £(Q;) should be modified. Besides, the same search engine
may have different weights in different classes.

Now we present the scheme of activities of the searching agent.

11.3.2. Retrieval Process of a Searching Agent

The scheme of the retrieval activities of a searching agent consists of the
following steps:

1. User sends a query to the agent.

2. The new query is classified into a class.

3. The agent determines a list of search engines for the new query. The
search engines are determined on the basis of their weights. The larger
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the weight the higher chance a search engine has to be chosen. To re-
strict the list some threshold may be introduced.

4. The agent runs the chosen search engines with the new query; next it
gathers the answers from them and calculates their consensus and the
consistency.

5. If the consistency is low then the agent adds to the list new search
engines and reperforms step 4. If the consistency is high then the con-
sensus is presented to the user as the result of the search.

6. The distances between the consensus and the answers given by com-
ponent search engines are calculated, and on their basis the best
search engine for the query is chosen.

7. The agent actualizes the weights of the best search engines of queries
belonging to the class to which the new query has been classified.

8. The agent is now ready for serving a next new query.

The above steps present a cycle of the searching agent’s life. To this cy-
cle it is necessary to add a procedure of reclassification of the set of que-
ries. Along with the inflow of new queries the actual classification may be
inaccurate, because the new queries may not be close to the centroids and
in consequence the centroids lose their role as the centres of the classes.

The cycle of a searching agent is presented in the case use diagram
(Figure 11.2) and activity diagram (Figure 11.3).

Searching Agent
Comparing weights
s of search engines
Receivi Classifying new
— eceiving a query
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search engines

\
\
}
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1
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consistency
Calculating ™\ ________~ Actualizing weights of
distances <<include> the best search engines

Figure 11.2. Case use diagram for a searching agent.
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Figure 11.3. The activity diagram for a searching agent.
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11.3.3. Cooperation between Searching Agents

Cooperation between searching agents is needed in the following situa-
tions.

e A searching agent cannot classify a new query to any class because
the distances from the query to the centroids are too large.

e In the case of low consistency of the set of answers the agent cannot
generate a new list of search engines because there are no search en-
gines in reserve.

e For a new query there is not one but several best search engines.
This may happen because a few search engines may obtain the same
value of weight.

e Because of a very small number of users the knowledge base of a
searching agent is too small for making any decision.

In these cases a searching agent can contact other searching agents and
send them the query and a request for sending him the information needed
for query processing. The cooperation steps are described as follows.

1. A searching agent a sends a query to other searching agents with a
request to send him a list of search engines.

2. An agent who has obtained such a request processes the query per-
forming steps 2 and 3 of the procedure defined in Section 11.3.2 for
generating a list of the best search engines in her opinion, for the re-
quested query.

3. Lists of search engines are sent to agent a.

4. Agent a makes the consensus choice of these lists using Algorithm
11.1 for rankings of search engines.

5. Agent a uses the consensus list for searching.

The details of this process are presented in Figure 11.4.

11.4. Recommendation Process

As is well known, in information retrieval systems recommendation can be
effective if the user profile is used. A user profile includes information
about the user, but its very important element is user feedback (this notion
has been introduced in Section 11.2). Using a user profile for such pur-
poses as recommendation, adaptation, or filtering documents for an infor-
mation system is popular in the field of information retrieval.
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System

A searching agent Other searching agent

Sending a query > Receiving a query
Classifying new query

[Comparing weights of search engines)

(Determining a list of search engines)

Receiving a list < Sending a list of
search engines

(Making the consensus choice)

(Using the consensus Iistj

Figure 11.4. The cooperation diagram for searching agents.
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McElligot and Sorensen [87] have developed a neural network approach
employing a two-layer connectionist model to filter news documents in the
Internet. Apart from the keywords, the system uses the context in which
they occur to present a user profile. This system operates in two modes.
The first mode is based on the learning phase, where sample documents
are presented on input. The second mode is based on the comparison
phase, where the retrieved documents are filtered before presenting them
to the user. Owing to this mode the system can gather and learn about ad-
ditional interesting documents.

In the model of Pazzani and others [135] the system asks the user to
rank pages on a specific topic. Based on the content and ratings of these
pages, the system learns a user profile that predicts if pages are of interest
to the user. These authors have investigated a number of topics and in
learning the system each user profile is considered referring to each topic.
Pages are recommended from preselected Web sites. Similar to Pazzani
et al.”s model, Balabanovic’s system (called Fab) [10] requires the user to
rank pages and it builds a user profile based on the rankings and content of
pages. However, Fab considers recommendations based on profiles of all
the other users of the system (although it does not identify users of similar
interests). Fab possesses a collection agent that performs an offline best-
first search of the Web for interesting pages.

In this work we have assumed that the multiagent metasearch engine
uses the results of component search engines. Therefore for the recom-
mendation aim we do not focus on the content of documents, but on the re-
lationship between them and queries. We consider the recommendation
process in two cases:

e Searching agents do not store data about users.

e Searching agents store user data.

These cases are analyzed in the next section.

11.4.1. Recommendation without User Data

In the first case similarly as in the majority of search engines the agents do
not store the information about users; that is, they are anonymous. In this
case we propose the following procedure for recommendation.

e A new query after being classified into a class, will be compared
with other queries in the class for determining a list of queries which
are maximally similar to it.
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The above-determined queries are recommended to the user for help-
ing him to express his needs more precisely. In addition, it often hap-
pens that a user makes mistakes when writing the phrases. Owing to
the recommendation of this type the agent can help the user remove
the mistakes.

If the user chooses one of the recommended queries then the agent
can use the best engine determined for this query. If she does not
choose any of the recommended queries then the procedure is the
same as for a new query.

11.4.2. Recommendation with User Profiles

In the second case the searching agent has a possibility to gather informa-
tion about users, among others owing to the logging-in procedure. A
searching agent may be then treated as a personal agent of a user and it
may build the user profile with the following structure.

A set of queries which have been questioned by the user.

Each such query is assigned with the best engine(s) (these data are
from the knowledge base of the agent). A very important element of
the user profile referring to a query is a set of documents (URLs)
which the user has chosen (i.e., relevant documents) as the result of
user feedback.

The structure of the user profile is represented by Table 11.1 with some
example data.

Table 11.1. Structure of user profile

Query Best engine Relevant documents
q1 € Uy, Uy, Uso, Uny
92 € U, U7, U22, U30, U32
q3 €2 Uug, Uy

The general procedure for recommendation is proposed as follows.

1. After identifying the user, the agent is ready to serve the user’s new

query.
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Step 1
Logging in of the user to the
searching agent and sending
new query q

l

Step 6 Step 2
Gathering the feedback from Determining query g’ in the
the user and actualization of user profile, for which the
the user profile similarity sim(q,q’) q is maximal

Step 4
Use the best engine of g’ for the
search for q, and recommend —Yes
the documents in column
,Relevant documents” for ¢’

sim(q,q’) =0 ?

No

sim(q,q’) <e ?
(eis the threshold)

No

L

Step 5 Step 3
Perform the search procedure Recommend query ¢’ and the
described in Sec. 11.3.2 documents in column ,Relevant
documents” for ¢’

Figure 11.5. The recommendation scheme.

2. The new query is compared with other queries in her profile. The
query which is most similar to the new query is chosen. To avoid the
choice “by brute force” some threshold should be used. If the similar-
ity between the new query and the chosen query is smaller than the
threshold then the agent should treat the new query as “totally” new
and should go to step 5.
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3. If the new query is identical to one of the queries in the profile then
the agent uses the best engine for this query for searching. Simultane-
ously the documents in column “Relevant documents” are recom-
mended. Next the agent goes to step 6.

4. If the similarity between the new query and the chosen query is greater
than or equal to the threshold then the agent recommends the chosen
query and the documents related to this query. Simultaneously, step 5
is performed for generating the answer for this new query.

5. The procedure in Section 11.3.2 is run for generating the answer for
this query.

6. The user may give some feedback. The agent remembers the query,
its centroid, best search engine, and the list of chosen documents in
the profile of the user.

The details of this procedure are presented by the scheme in Figure 11.5.

11.4.3. Recommendation by Query Modification

Note that the information included in the user profile may be used for
query modification. Up to now we have suggested only that the user be
recommended other queries similar to his new query, and the user makes
the decision whether to modify the query. In this section we propose a
procedure for an automatic query modification process. The aim of this
procedure is to better reflect the need of the user in the query, without his
acceptance. Automatic query modification process is a popular subject in
the information retrieval field. Most often this process is organized for
retrieval in vector models which is a very popular model for document
organization because of its precision and possibilities for mathematical
operations. The literature for this subject is very rich; see among others
[9, 10]. In [30] the authors presented a vector model of user profiles and
personalization for Web-based information retrieval system, and pro-
posed a model for automatic query modification.

In this book we have assumed that we do not deal with the structures
of document bases as well as the mechanisms for retrieval. We use only
search engines and rely on their document bases. Therefore, for working
out the query modification process we use only the information included
in the user profile defined in the previous section.

However, without analyzing the relevant documents which have been
indicated by the user in her feedback it is impossible to build credible
needs of the user. Therefore, we propose to access these documents in the
column “Relevant documents™ of Table 11.1 in order to get to know if the
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needs of the user have changed, and if not, if they are correctly and com-
pletely expressed in the query. For this aim we may use an indexing al-
gorithm to analyze these documents and build for a document one vector
representing its content.

Formally, assume that we are analyzing a new query g* of a concrete
user who is included in our base and has a user profile. Let’s denote by

e (: The set of his queries stored in the profile

e ¢(q): The best engine for query ¢

® R(q): The set of relevant documents, which have been indicated by
the user

For each document from R(g) let’s assume the existence of a set of

terms T = {1, t», . .., t,}° and let’s build a vector
Vg =<Vg1, Vg2s -+ + 5 Vg™ »
where v,; is the weight of term #; forO<v,;<landi=1,2,...,n.

Our aim is to determine a new query which should better reflect the
needs of the user than query g*. The idea of our method is based on the
following general steps:

1. First choose those queries from set Q which are similar to query g*.

2. Create from the chosen queries the set of relevant documents and
their vectors.

3. On the basis of the vectors calculate one vector best representing
them.

4. On the basis of the calculated vector determine a query g*' which re-
places query g*.

Some commentary follows. The first step is intuitive and follows from
the assumption that the stored queries in the user profile are more credible
(in the sense of user needs representation) than the new query g*. It is fur-
ther assumed that if there are queries similar to the new query, then the
relevant documents referring to these queries should contain the real needs
of the user. Therefore, the second and third steps should be performed for
yielding a vector which will be the basis for determining query ¢*'. For the
third step the vector to be calculated should be a consensus of the given
vectors. As the criterion for consensus choice we may accept criterion O,
(minimizing the sum of squared distances between the consensus and the

3 The source of terms may be WordNet (http://wordnet.princeton.edu/).
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given vectors). As has been proved in Chapters 3 and 8, this criterion guar-
antees the “fairness” of the consensus and small computational complexity
for vector spaces. For the last step, a term which has high weight in the
consensus vector should occur in the query ¢g*' as a positive term, whereas
a term with low weight should occur as a negative one.

The algorithm for query modification is presented as follows.

Algorithm 11.2.
Input: Profile of a user and a new query g*, thresholds ¢, ¢, ;.

Output: A query g*' which could replace query g*.

Procedure:
BEGIN
1. Calculate O* = {q € Q: sim(q,q*) > €};
2. If 0* = then GOTO 9;
3. Create R(Q*) = UqEQ*R(q);
4. Create V(Q¥*) as the set of vectors representing documents from
set R(O*);
5. Calculate the consensus
VE=<y, vy, ..., V>
of set V(Q*) satistying criterion O, using the results of Theorem
8.1;
6. Determine sets:
I={telvi>eandi=1,2,...,n}
and
L={teTlvi<gandi=1,2,...,n};
7. Create a phrase g*' consisting of terms from sets 7 and 7> where
terms from set T} are positive, and terms from set 7, are negative;
8. GOTO END;
9. q*':=q*;
END.

The scheme for recommendation with query modification is presented in
Figure 11.6.
An example is given below.

Example 11.1. Let the user profile be presented by Table 11.2, where
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Table 11.2. Example of a user profile

Query Best search engine Relevant documents
q1 € Uy, Usg, Uzo, U2]
q>2 el Uz, U7, Uz, U30, U3
qs3 (5] Uno, U30, Ug, Ug
q4 €3 us, Ui
qs €3 Us, U1

e g, represents query “knowledge base”

e g, represents query “database schemas integration”
e g5 represents query “data integration”

e g, represents query “ontology integration”

e gsrepresents query “ontology”

Let the thresholds be:

€ =0.5, £ =0,5, and & =0.2.
Let the new query of the user be

q* = “knowledge integration”.

We have:

sim(qy,q*) = 10/21,

sim(qa,qg*) = 12/28,

sim(gs,qg*) = 12/21,

sim(q4,q*) = 12/21,

sim(gs,q*) = 0.
Because

sim(qs,q*) = sim(q4,q*) = 12121 > g, =¢,
then

LR INT3

O* ={qs, q4} = {“data integration”, “ontology integration”}
and
R(Q*) = {u2, uso, us, us, o, Uy }.

Notice that R(Q*) is a set with repetitions. This fact is essential for consensus
choice. Let the vectors for documents for set R(Q*) be presented as follows.
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Document Terms
data data ontology knowledge data-
model integration | integration | integration base
U 0.2 0.6 0.2 0.8 0.2
Uz 0.1 0.8 0.2 0.6 0.3
ug 0.1 0.8 0.9 0.7 0.1
ug 0.1 0.8 0.9 0.7 0.1
Ug 0.1 0.8 0.2 0.6 0.3
U 0.1 0.5 0.9 0.8 0
Consensus 0.12 0.72 0.55 0.7 0.17
P

Calculate set Q* of similar

queries to the new query g

*

No—

No query modification

Create set V/(Q*) as the set of
vectors representing
documents from set R(Q*)

|

Create set R(Q*) as the set of
relevant documents to queries
from set Q*

l

Calculate the consensus
vector v* for vectors from set
Vv(Q*)

l

Create new query on the basis
of vector v*

Figure 11.6. Query modification scheme.
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From the consensus we have

T\ = {data integration, ontology integration,

knowledge integration}

and

T, = {data model, database}.
Thus the modified query should have logical form:

q*' = data integration A ontology integration

A knowledge integration A —data model A —database.

We can see that the modified query is more concrete than query g*. ¢

11.5. Conclusions

The advantages of using agents in metasearch engines follow from their
autonomy and their communication and cooperation abilities. Although
utilization of several search engines for the same query is not novel, the
method for reconciling the results presented here is. Its advantage is that it
does not need information about the user (preferences, profiles, etc.). It
works on the basis of an assumption that search engines may be treated as
experts who are entrusted to solve the same problem of information ret-
rieval. Then as stated in Chapter 8, the reconciled solution should be more
credible than those proposed by individual experts.

The conception of a multiagent metasearch engine presented here differs
fundamentally from the conceptions worked out earlier [113, 116]. In this
chapter only one kind of agent (searching agents) is proposed. The knowl-
edge base of searching agents is much richer. In addition, procedures for
recommendation, adaptation, and query modification have been proposed.
The procedures for determining the list of engines for a new query, as well
as for reconciling the inconsistent answers generated by component search
engines presented in this work are novel.
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The main subject of this book is related to the distribution aspect of
knowledge inconsistency resolution. In this book the author presents sev-
eral methods for inconsistent knowledge processing which are based on
using consensus computing mechanisms. Consensus computing is known
in the decision-making field, but it is less known as a tool for reconciling
inconsistency of knowledge. The book presents the extended, more comp-
lete, and unified versions of the latest research results of the author on this
subject. These results have been included in over 50 scientific papers pub-
lished in prestigious international journals (indexed by ISI), or in postproceed-
ings published by, among others, Springer-Verlag, Kluwer Academic, and
other international journals and conference proceedings [1, 30-32, 55, 63—65,
75-77, 83-85, 98-127, 146-148, 161, 162].

This book also includes several novel methods for processing inconsis-
tent knowledge on syntactic and semantic levels, as well as for resolving
inconsistency of ontologies. One can find here the definitions of knowl-
edge inconsistency, consistency degree for conflict profiles, susceptibility
to consensus, their properties, and inconsistency resolution for the above-
mentioned levels.

In this book several applications of the proposed methods from the
fields of expert knowledge analysis, multiagent systems, information ret-
rieval, recommender systems, and intelligent tutoring systems are also pre-
sented.

As mentioned in the Preface, the main contributions of this book include
the following elements.

¢ A model for conflict and inconsistency of knowledge which contains
such elements as conflict representation and consistency measures
for conflict profiles.

e A model for consensus which contains postulates for consensus
choice functions, their classes, an approach to set susceptibility to
consensus, and methods for its achieving.

e A method for resolving knowledge inconsistency on the syntactic
level, which is worked out for such knowledge structures as disjunc-
tive, conjunctive, and fuzzy-based. In each of these structures the
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manner of representing positive knowledge and negative knowledge
is proposed.

A method for resolving knowledge inconsistency on the semantic
level which is worked out for such knowledge structures as disjunc-
tive, conjunctive, and fuzzy-based.

A method for knowledge integration with relational structures.

A method for inconsistency resolution for ontologies based on con-
sensus tools. A new classification of ontology conflicts is also pro-
posed.

A consensus-based method for reconciling inconsistency of expert
knowledge. Assuming concrete structures of expert knowledge we
have proved that inconsistency is often profitable and with some re-
strictions the consensus of expert opinions is better than any of these
opinions separately.

A method for determination of a learning scenario in intelligent tu-
toring systems using consensus methods and rough classification al-
gorithms.

A detailed conception of a metasearch engine for information re-
trieval on the Internet using multiagent technology. Inconsistency
resolution methods are used in reconciling knowledge and answers
given by different agents for the same query. Recommendation pro-
cedures are also proposed.

These results do not cover all problems of the subject related to incon-
sistent knowledge management. The following problems are very interest-
ing and should be solved in the future.

Inconsistency resolution on the syntactic and semantic levels for
other (more complex) structures of logic formulae. This problem is
useful also for resolving inconsistency of ontologies on the level of
axioms.

Inconsistency resolution on the mentioned levels taking into account
the temporal aspect of knowledge.

A more general model for expert knowledge processing and investi-
gation of the relationships between expert solutions and the proper
solution of a problem.

Investigation of the influence of behavior of a profile element on
consensus.

Investigation of relationships of the so-called distributed consensuses
(i.e., consensuses of particular classes of profiles) and the global
consensus (i.e., the consensus of all elements of the profile).
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