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Preface 

This book deals with two subjects. The first subject is the geometric theory 
of compact Riemann surfaces of genus greater than one, the second subject 
is the Laplace operator and its relationship with the geometry of compact 
Riemann surfaces. 

The book grew out of the idea, a long time ago, to publish a Habilita-
tionsschrift, a thesis, in which I studied Bers' pants decomposition theorem 
and its applications to the spectrum of a compact Riemann surface. A basic 
tool in the thesis was cutting and pasting in connection with the trigono­
metry of hyperbolic geodesic polygons. As this approach to the geometry of 
a compact Riemann surface did not exist in book form, I took this book as 
an occasion to carry out the geometry in detail, and so it grew by several 
chapters. Also, while I was writing things up there was much progress in 
the field, and some of the new results were too challenging to be left out of 
the book. For instance, Sunada's construction of isospectral manifolds was 
fascinating, and I got hooked on constructing examples for quite a while. So 
time went on and the book kept growing. Fortunately, the interest in exis­
tence proofs also kept growing. The editor, for instance, was interested, and 
so was my family. And so the book finally assumed its present form. Many 
of the proofs given here are new, and there are also results which appear for 
the first time in print. 

Introductory remarks and some history about the individual subjects are 
given at the beginning of each chapter. I shall therefore use this place to add 
a few global remarks. 

The book has two parts. The first part consists of Chapters 1 through 6 
and is an introduction to the geometry of compact Riemann surfaces based 
on hyperbolic geometry and on cutting and pasting. This part is in textbook 
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form at about graduate level. The prerequisites are kept to a minimum, but I 
assume that the reader has a background either in differential geometry or in 
complex Riemann surface theory. Consequently, the standard introductory 
material which belongs to the intersection of these fields is not treated here. 
In particular, the fundamental group, the universal covering and the topo-
logical classification of compact surfaces are assumed to be known. The 
theorems about isotopies of curves on surfaces, on the other hand, are less 
standard. Since they are basic for Teichmuller theory, they are treated in the 
Appendix. 

Chapter 1 deals with the general properties of surfaces which are obtain­
able by pasting together geodesic polygons from the hyperbolic plane. 
Chapter 2 is an account of hyperbolic trigonometry, the basic computational 
tool in this book. This chapter also contains an account of two less familiar 
models of the hyperbolic plane, the hyperboloid model and the quaternion 
model. The reader may skip this chapter, though, as only the formulae will 
be needed later on. 

Chapters 3 and 6 describe the construction of compact Riemann surfaces 
based on the pasting of geodesic hexagons and lead to the Fenchel-Nielsen 
model of Teichmuller space. The chapters may be read in this order. 
Chapter 6 is organized in such a way that it may also be used as a starting 
point for further reading in Teichmuller theory. Chapters 4 and 5 contain 
the basic qualitative geometric results about Riemann surfaces: the collar 
theorem and Bers' theorem on length controlled pants decompositions. In 
these chapters we also briefly consider surfaces of variable curvature. 

The second part of the book starts with a fairly self-contained introduc­
tion to the spectrum of the Laplace operator based on the heat kernel. This 
approach is particularly suitable in the case of a Riemann surface because 
the heat kernel of the hyperbolic plane is known explicitly. After a brief 
look at isoperimetric techniques and the famous small eigenvalues in 
Chapter 8 we devote the rest of the book to the question of how far and to 
what extent the geometry of a compact Riemann surface is reflected in the 
spectrum of the Laplacian. 

Many years ago Huber [2] proved that two compact Riemann surfaces 
have the same sequence of eigenvalues of the Laplace operator if and only 
if they have the same sequence of lengths of the closed geodesies. This 
theorem does not only show that the eigenvalues contain a great deal of 
geometric information, it also indicates that spectral problems may be 
approached by geometric methods such as those developed in the first part 
of the book. This is important because the computation of the individual 
eigenfunctions and eigenvalues is a very difficult matter and practically 
unsolved, whereas the computation of the closed geodesies can be carried 
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out explicitly and we may focus our attention right away on the global 
problems. These so-called inverse spectral problems have been studied 
quite successfully in recent years (not only in the case of Riemann surfaces, 
of course), and we are now in a position to present a number of global re­
sults within a common framework. This will be carried out in Chapters 10 
through 14. Huber's theorem and related results will be proved in Chapter 9 
where we shall use trace formula techniques. 

During the course of the years I was writing this book up I profited from 
innumerable discussions with friends and colleagues to whom I should like 
to express my warmest thanks. I am particularly indebted to Philippe Anker, 
Colette Anne, Pierre Berard, Gerard Besson, Leesa Brieger, Isaac Chavel, 
Bruno Colbois, Gilles Courtois, Jozef Dodziuk, Patrick Eberlein, Edgar 
Feldman, Burton Randol, Paul Schmutz and Klaus-Dieter Semmler for their 
advice and encouragement, for teaching me special subjects, for reading 
drafts and lecturing on various chapters, and, last but not least, for their 
efforts to make this text look more English. My thanks also go to Francoise 
Achermann for typesetting the first version of the book. 

And, finally, I am most indebted to my family for their love and patience. 

Echandens, 
May 1992 

Peter Buser 
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Chapter 1 

Hyperbolic Structures 

In this chapter we collect a number of geometric properties of surfaces which 
are modelled over the hyperbolic plane. The way of construction of these 
surfaces is cutting and pasting. For this we shall include surfaces with piece-
wise geodesic boundary and prove existence and uniqueness theorems for 
geodesies in various types of homotopy classes. The chapter ends with an 
outline of the Fenchel-Nielsen parameters. 

1.1 The Hyperbolic Plane 

In this section we fix the notation, recall a few properties of hyperbolic 
geometry and introduce various types of coordinates. We use Beardon [1] as 
a reference for hyperbolic geometry, Klingenberg [1, 2] as a reference for the 
differential geometry of surfaces and Macbeath [3] for the topology of cover­
ings. For a short history of hyperbolic geometry we suggest Milnor [2]. 

N, Z, Q, R and C denote respectively the natural, integer, rational, real 
and complex numbers. 

For any Riemannian manifold M we use the following notation. 

dist( , ) is the distance function, 
/(c) is the length of a curve c, 
Is(M) is the isometry group of M, 
Is+(M) is the subgroup of all orientation-preserving isometries. 

The Poincare model of the hyperbolic plane is the following subset of the 
complex plane C, 

P. Buser, Geometry and Spectra of Compact Riemann Surfaces, Modern Birkhäuser Classics, 1 
DOI 10.1007/978-0-8176-4992-0_1, © Springer Science+Business Media, LLC 2011 © Springer Science+Business Media, LLC 2010



2 Hyperbolic Structures [Ch.l, §1 

H = {z = x + iyeC\y>0} 

with the hyperbolic metric 

(1.1.1) ds2 = ̂ (dx2 + dy2). 

The distance in this model is given by the following formula (Beardon [1], 
p. 130) 

\z-w\2 

(1.1.2) cosh dist(z, w) = 1 + 2 Imz Imw ' 
where cosh is the hyperbolic cosine function, and Im denotes the imaginary 
part of a complex number. The group 

PSL(2,R)= {{abj)\a, b, c,de R; ad- bc = 1 } / {±1} 

acts biholomorphically on H via the mappings 

az + b 
cz + d Z B 

and leaves the metric (1.1.1) invariant. Moreover, PSL(2, R) is the full 
group of orientation-preserving isometries of H. The mapping 

z-i TT Z H : , Z G H , 
Z + l 

maps H biholomorphically onto the unit disk 

D = {w = u + iv e C | u2 + v2 < 1}. 

The induced metric is 

(1 - (u + v )) 

This is the disk model of the hyperbolic plane. In both models the geodesies 
are the generalized circles which meet the boundary orthogonally. Yet another 
model, the hyperboloid, will be considered in Chapter 2 in connection with 
trigonometry. When no confusion arises, we will also use H to denote the 
abstract hyperbolic plane. 

The following theorems for the hyperbolic plane can immediately be seen 
in the Poincare model. 

1.1.4 Theorem. There is a unique geodesic through any two distinct 
points. o 
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1.1.5 Theorem. If a is a geodesic and p is a point, then there exists 
through p a unique geodesic perpendicular to a. o 

1.1.6 Theorem. If a and b are geodesies with positive distance, then there 
exists a unique geodesic perpendicular to a and b. o 

A compact domain F c H i s called a geodesic polygon if its boundary is a 
piecewise geodesic closed Jordan curve. Sides and interior angles of a poly­
gon are defined in the usual way. An n-gon is a geodesic polygon with n 
sides. 

Figure 1.1.1 

1.1.7 Theorem. The area of an n-gon P with interior angles zJj,..., $n is 
given by the following formula, 

area P = (n - 2)n - (^ + . . . + #„). 

Proof. Beardon [1], p.153. O 

The hyperbolic trigonometry will follow in Chapter 2. The remainder of this 
section deals with geodesic coordinates. 

Polar Coordinates. Let p0 e H be an arbitrary base point and let A be a 
unit tangent vector atp0. For every point/? e H - {p0} there exists a unique 
unit speed geodesic y : [0, oo[ -^ H with y(0) = p0 and passing through p. 
We let o= <j(p) e [-n, 7t[ be the directed angle from A to the initial tangent 
vector of y and let p = p(p) be the distance fromp0 to p such that y(p(p)) = p. 
Then (p, 6) = (p(p), a(p)) is the pair of polar coordinates ofp with respect 
top0 and A. In polar coordinates the hyperbolic metric has the following 
expression. 

(1.1.8) ds2 = dp2 + sinh2pda2. 

This is easily obtained in the unit disk model with p0 at the origin (or 
Klingenberg [1, 2], Proposition 4.3.8). Instead of taking o{p) in the interval 
[~n, n[, we may consider a(p) an element of the unit circle 
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S1 =R/[S\^S + 2TC]. 

Fermi Coordinates. If we replace the above base point by a base line, we 
get Fermi coordinates. They are defined as follows. Let 77 be a geodesic in the 
hyperbolic plane, parametrized with unit speed in the form 

t\-^r\{t) e H, t e R. 

Then 77 separates H into two half-planes: a left-hand side and a right-hand 
side of 77. For eachp e H we have the directed distance p from/? to 77: posi­
tive on one side and negative on the other. There exists a unique t such that 
the perpendicular from/? to 77 meets 77 at 77(0. Now (p, t) is the pair of Fermi 
coordinates of/? with respect to 77. The metric tensor becomes 

(1.1.9) ds2 = dp2 + cosh2pdt2 . 

This may be computed in the upper half-plane when 77 is the positive imagi­
nary axis (or Klingenberg [1,2], Proposition 4.4.6). 

For convenience, and to avoid difficulties with minus signs we adopt the 
following sign conventions in all figures. If 77 is oriented we take the oriented 
distance p from a point p to 77 to be negative on the left-hand side of 77 and 
positive on the right-hand side. This fits with the convention that for a posi­
tively (= counterclockwise) oriented circle in the plane the points on the left-
hand side lie in the interior of the circle and have smaller values of p than the 
points on the right-hand side. 

Horocyclic Coordinates. For completeness we mention a third type of 
geodesic coordinate in the hyperbolic plane, useful for the study of cusps. 
We work in the upper half-plane. Let p0 be a point in the extended complex 
plane C u { o o ) which lies either on the real axis or is the point at infinity. 
We call such a point a boundary point or point at infinity of H. The general­
ized (Euclidean) circles which are contained in H u {/?0} passing through p0 

h 

H / f ^ ^ ^ T ^ ^ 
Po 

Figure 1.1.2 
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(cf. Fig. 1.1.2) are called the horocycles with center p0. 
The transformations of PSL(2, R) map horocycles onto horocycles. In the 

particular case p0 = oo, the horocycles are the horizontal straight lines, and the 
vertical straight lines are geodesies with p0 an endpoint at infinity. The hori­
zontal and vertical straight lines intersect each other orthogonally. It follows 
that for any position of p0, the geodesies through p0 and the horocycles at/?0 
form an orthogonal family. 

Now let H e a horocycle parametrized with unit speed in the form 11-> 
h{t) e H, t G R. The hyperbolic plane is again separated into a left-hand side 
and a right-hand side. We let the parametrization of h be such thatp0 lies on 
the left-hand side of h, and we take the oriented distance p from a point/? to h 
to be negative on the left and positive on the right. This fits with the sign con­
vention for the Fermi coordinates. 

Again, there exists a unique t such that the perpendicular geodesic from p 
to h meets h at h(t), and (p, t) is by definition the pair of horocyclic coordi­
nates with respect to h. Using the particular example t h-> h(t) = x(t) + iy(t) = 
t + i, t G R, (and p0 = oo), we find the following formula for the metric ten­
sor. 

(1.1.10) ds2 = dp2 + e2pdt2. 

1.2 Hyperbolic Structures 

A Riemannian manifold of constant curvature -1 is locally isometric to hy­
perbolic space. A more self-contained approach to such manifolds is obtained 
if we define them through a hyperbolic atlas in which the coordinate neigh­
borhoods are mapped into hyperbolic space and all overlap maps are local 
isometries. This approach is particularly useful with respect to cutting and 
pasting and has been most successful in dimensions two and three (see 
Benedetti-Dedo [1], Epstein [2], Sullivan [1], Thurston [1] for some litera­
ture in dimension 3). We use this approach for the compact Riemann sur­
faces. 

In the following, a surface will always be a smooth orientable two dimen­
sional manifold, possibly with piecewise smooth boundary. An atlas with 
coordinate systems (U, <p), where U is the coordinate neighborhood and (p the 
coordinate map, will always be a subatlas of the differentiable structure. The 
surfaces need not be connected, although later we shall restrict ourselves to 
connected ones. Since the definition for bordered surfaces is somewhat 
lengthy, we first consider the unbordered case. 
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1.2.1 Definition. Let S be a surface without boundary. An atlas A of S is 
called hyperbolic if it has the following properties. 

(i) (p(U) c H, for all (U, <p) e A. 
(ii) If (U, <p) G A and (£/', cp') e A, then for each connected component 

V of U nU' there exists an isometry m e Is+(H) such that <p' ° <p~l coincides 
with m on <p(V). 

As for atlases of other types, every hyperbolic atlas extends to a unique 
maximal one. 

Every hyperbolic atlas induces a Riemannian metric of constant curvature 
-1 on S. Conversely, every Riemannian metric of constant curvature - 1 on 
S is obtained in this way because any such metric is locally isometric to the 
hyperbolic plane. 

In order to define hyperbolic atlases for surfaces with boundary we use the 
following terminology. Let 8 > 0 and let 0 < & < In. A subset V of H is 
called a circle sector of radius 8 and angle &atp0 e H if it has the following 
form, where (p, a) are polar coordinates based at/?0. 

V={(p , a) e H | 0 < p < < 5 , 0 < <r< $} u {p0}. 

A half-disk is a circle sector of angle n. 
Now let S be a surface with non-empty piecewise smooth boundary dS. 

The set 

intS:=S-dS 

is called the interior, and its points are the interior points of S. The boundary 
dS of S is composed of smooth arcs, the sides of S. A side may have 0, 1 or 
2 endpoints. A smooth closed boundary curve is a side with no endpoints. 
Every endpoint of a side is the endpoint of an adjacent side and is called a 
vertex of S. A point of dS which is not a vertex is called an ordinary bound­
ary point. In the following we shall allow that the boundary be smooth at 
some of the vertices, but the number of vertices must be locally finite. 

1.2.2 Definition. Let S have non-empty boundary. An atlas A of S is 
called hyperbolic if it has the following properties. 

(i) For each p e S there exists a coordinate system (U, (p) e Si with p e U 
such that (p(U)czB. is 

- a circle sector of angle # < n at (p(p)> ifp is a vertex, 
- a half-disk at (p(p), ifp is an ordinary boundary point, 
- an open disk with center (p(p), ifp is an interior point. 

(ii) If ((/, <p) e A and (U\ <p') e A, then for each connected component V 
of U n U' there exists an isometry m e Is+(H) such that (p' ° <p~l coincides 
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with m on (p(V). 

The restriction to angles tf < n is for convenience. We might as well extend 
Definition 1.2.2 to arbitrary -&> 0. However, this causes the distinction of 
numerous additional cases in Theorems 1.5.2, 1.5.3 and 1.6.6 below. 

1.2.3 Definition. Let S be as above. A maximal hyperbolic atlas on S is 
called a hyperbolic structure. The hyperbolic structure is complete if its in­
duced metric on S is complete (in the sense of metric spaces). A connected 
surface together with a complete hyperbolic structure is called a hyperbolic 
surface. 

In Theorem 1.4.1 we shall prove that every bordered hyperbolic surface is a 
subdomain of an unbordered hyperbolic surface and has a piecewise geodesic 
boundary. 

Typical examples of hyperbolic surfaces are the hyperbolic plane, the half-
planes, the hyperbolic polygons and the compact Riemann surfaces of signa­
ture (g, n) which will be defined in Section 1.7. 

Note that we have restricted ourselves to orientable surfaces. If a hyper­
bolic atlas is given, the surface will be considered oriented with the orienta­
tion induced by the atlas. 

On a surface with hyperbolic structure the definitions of geodesies, surface 
area, angles, etc. carry over from the hyperbolic plane in an obvious way. 
Note that the angle $ occurring in Definition 1.2.2 is the interior angle at 
vertex p of S. 

1.2.4 Theorem. Let S be a hyperbolic surface and let T a Is+(5) be a 
subgroup which acts properly discontinuously and without fixed points on S. 
Then the quotient r\S carries a uniquely determined complete hyperbolic 
structure such that the natural projection n: S —> r\S is a local isometry. 

Proof. We define the atlas A' for r\S using the atlas ft of S. For all 
q G r\S we select q' e 7f\q) and let (U, (p) e A be a coordinate system as 
in Definition 1.2.2, with radius 8 so small that the restriction n \ U of n to U 
is a homeomorphism. We define ((n(U), (p° (n \ U)~x) to be an element of 
A'. This atlas defines the differentiable structure of F \ S and it satisfies the 
conditions of Definition 1.2.2. The natural projection n : S —> r\S is a 
Riemannian covering map and hence r\S is complete. The uniqueness is 
clear. O 
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1.3 Pasting 

If two sheets of paper are pasted together along a straight boundary, we get a 
smooth sheet of paper. Since the hyperbolic plane has a twice transitive 
isometry group, a similar fact holds for hyperbolic polygons: let S and 5' be 
disjoint convex geodesic polygons in H such that all interior angles are not 
greater than n. Use an isometry m € Is+(H) to move them together as in 
Fig. 1.3.1. Then S* := m(S) u S' is again a hyperbolic geodesic polygon. 

*s 
7 

S 

J 
7' 

S' s * 
V 

js + S'mod(*) r\ 1 
Figure 1.3.1 

Now observe that in order to construct S* we need not move S. We can 
paste S and S' together along sides y and y' as follows. Assume S and 5" are 
disjoint. Let y : [0, 1] —> S and y' : [0, 1] -> S' be a parametrization of the 
sides with the same constant speed and with opposite boundary orientation 
(the sides are assumed to have the same length). Then there exists an iso­
metry m e Is+(H) such that 

m(r(0) = 7'(0> * e [ 0 , 1]. 

Define an equivalence relation on the disjoint union Su S' as follows. For 
every point p = y(t), t e [0, 1], the equivalence class consists of the two 
points y(t) and y\t). For every point/? € y u y' the equivalence class con­
sists of the single point p. We shall say that the equivalence relation thus de­
fined is determined by the pasting condition 

(*) 

and denote by 

y(t) = y'(t), te[0, 1], 

F = S + S' mod(*) 

the quotient space of S u S' with respect to this equivalence relation. If we 
project the Riemannian metric from S u 5" to F, then F is isometric to the 
domain 5* := m(S) u S'. 

In a similar manner we paste together more general surfaces. Assume that 
Sl,...,Sm are pairwise disjoint hyperbolic surfaces and let yu y{, y2, 
y'2, . . . , yn, y'n be pairwise distinct sides of S := Sx u . . . u Sm. Assume that 
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for each k, the sides yk and y'k are parametrized in the form yk : Ik —> 5, 
7̂ ' :Ik-> S with the same constant speed. Here Ik is an interval. When 
yk and y/ are smooth closed geodesies, then we also allow Ik to be the circle 
R/[t\-> t + ak] for some ak, or we may take Ik = ]-oo,+oo[ and parametrize 
the geodesies periodically with period ak. 

In addition, we assume that the orientations of the sides are such that the 
quotient surface below will again be orientable. 

We now define an equivalence relation on S by the pasting condition or 
pasting scheme: 

{p) 7k{t) = y'k(t), telky * = l , . . . , / i . 

1.3.1 Definition. Under the above hypotheses, 

F = Sl + ...+Smmod(p) 

is the quotient space of the disjoint union 5 = S{ u ... u Sm with respect to 
the equivalence relation defined by (£?). 

F is a separable Hausdorff space, and if certain general conditions are satis­
fied, then F is a hyperbolic surface in a natural way. Before we prove this, 
we give a few examples. 

1.3.2 Example. (Hyperbolic cylinders). 

Figure 1.3.2 

Consider the geodesic TI-^ T](T) = iez G H, T G R. Let y and y' be geodesies 
intersecting rj perpendicularly in a and b, as in Fig 1.3.2, where \a\ < \b\. 
The closed strip S included between y and y' is a hyperbolic surface with 
atlas J1={(S, id)}. 

Parametrize y and y' with unit speed and opposite boundary orientation 
such that y(0) = a and y'(0) = b. The isometry m given by 

m(z) =— , z e H, 
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maps 77 onto itself and satisfies the equation m(y(t)) = y'(t), t e R. The 
pasting condition 

(i) r(t) = rV), teR, 

yields the hyperbolic surface 

(2) C = 5mod(l). 

The geodesic arc 771 [log I a I, log I b I] projects onto a closed geodesic ri{ on C 
of length 

(3) ^ = ^ 1 ) = logl^l. 

If r= {mk I k G Z} c PSL(2, R) denotes the cyclic subgroup generated by 
m, then the quotient manifold T \ H carries a natural hyperbolic structure 
such that the covering H —> T \ H is a local isometry (Theorem 1.2.4). We 
therefore identify F \ H with C. 

Introducing Fermi coordinates based on 77 (cf. above (1.1.9), we obtain a 
description of C as the surface 

(4) C = R x R / [ / h ) H / ] , 

where € is as in (3), with the Riemannian metric 

(5) ds2 = dp2 + cosh2pdt2 . 

In any of these forms, C is called a hyperbolic cylinder. The coordinates used 
in (5) are called the Fermi coordinates for the cylinder. Observe that rj1 is 
parametrized with unit speed. If 772 is reparametrized with speed € instead, 
then (5) is replaced by 

(6) ds2 = dp2 + €2cosh2pdt2. 

1.3.3 Example. (The pasting of closed geodesies). 

Figure 1.3.3 
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Let S, S' be hyperbolic surfaces (not necessarily distinct) and assume that 7 
on S and 7 ' on 5" are closed boundary geodesies with the same length, for 
example €. We parametrize 7 and 7' periodically on R with period 1 and 
speed €. If S coincides with S', then we assume that 7 and 7 ' are distinct and 
have the same boundary orientation, that is, S and S' are either both on the 
left hand side or both on the right hand side of 7 and 7'. Let 

(1) F = S + S' mod(y(0 = y'(-t), t e R). 

The two geodesies 7 and 7 ' project to a simple closed geodesic yx of length 
€ on F. For sufficiently small e > 0 the following tubular neighborhoods are 
isometric 

{p e F I dist(/?, yx) < e} and {p e C\ distQ?, ril)<e}, 

where C is from Example 1.3.2 with €(ii}) = €(y{). The pasting condition in 
(1) may be replaced by 

(2) r(0 = y'(a-0> t^ R. 
with an arbitrary so-called twist parameter a e R . The above e-neighborhood 
of 7j remains geometrically the same, but globally, the surfaces arising from 
different a are in general not isometric (cf. the examples in (3.6.6)). 

V'/V 

Not every pasting of hyperbolic surfaces yields a hyperbolic surface, even 
if the orientability condition is satisfied. For instance, if several vertices with 
interior angles ^ , . . . , $r together define an interior point of the quotient F as 
shown in Fig. 1.3.4, then an obvious condition is that ^ + . . . + &r = 2K. A 
more subtle problem is contained in the following example which we adopt 
from Benedetti-Dedo [1] (cf. also de Rham[l]). 

1.3.4 Example. (A counterexample). Let a and p be the following geod­
esies in the upper half-plane: cc(t) = 1 + ie\ p(t) = 2 + ie\ t e R. The closed 
strip S included between a and p is a hyperbolic surface. The two sides of S 
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do not meet, but they have zero distance since dist(a(0> P(t)) —> 0 as t —> oo. 
Now paste together the two sides via the isometry m given by m(z) = 2z, 
z e H. The corresponding pasting condition is 

(1) a(r) = 0(f +log2), t G R. 

The surface F = S mod(l) has a hyperbolic structure such that the natural 
projection S —> F is a local isometry, but the structure is not complete: con­
sider the sequence of points an = 1 + f2", bn = 2 + i2n+1 = m(an), n = 0, 
1, . . . . Then an and bn project to the same point pn on F. The horocyclic arc 
(horizontal line) from an to bn_l has length 2~n and consequently we have 
dist(/}„_!,/?„) < 2~n on F, i.e. the/?n form a Cauchy sequence. This sequence 
does not converge. 

(1A 
"1 

a0y 

— r 1 

a 

— 

h s 

S 

1 

/nn r LSQ 

P 
1 

<=i> 

Figure 1.3.5 

Fig. 1.3.5 shows S and the surface F obtained by this pasting. F is a half 
cylinder with boundary geodesic y of length log 2. However, y does not be­
long to F. The boundary of S projects to an infinite geodesic ax on F for 
which 7 is an asymptote. The points pn lie on a horocyclic curve hx which 
intersects ax and y orthogonally. The missing limit point of the sequence 
{pn} is the intersection point of hx and y. 

In the next theorem we consider again m distinct surfaces Sx,..., Sm with 
hyperbolic structures together with a choice of distinct sides y{, y[, y2, 72', 
. . . , yn, y'n as in Definition 1.3.1. The pasting scheme 

(P) Yk(t)=Yk(t), telk, k=\,...,n, 

gives rise to the orientable surface 

F = Sl + ...+Smmod(p). 

In the following, a vertex cycle is the set of all vertices ofSl,...9Sm which 
together define a single point of F (this point may be an interior point or a 
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boundary point of F). 

1.3.5 Theorem. Assume that the following conditions hold. 
(i) For each vertex cycle which yields an interior point ofF the sum of the 

interior angles at the vertices is 2n, 
(ii) for each vertex cycle which yields a boundary point ofF the sum of 

the interior angles is < n. 
Then F carries a unique hyperbolic structure such that the natural projec­

tion a: SXKJ ... u Sm^> F is a localisometry. 
Now assume that the following additional condition is satisfied. 
(iii) F is connected, the hyperbolic structures ofSly...,Sm are complete, 

and any pair of non-adjacent sides in the list yx, ..., y'n lying on the same 
surface S^ has positive distance. 

Then the hyperbolic structure ofF is complete. 

Proof. The construction of the hyperbolic atlas A is straightforward and we 
restrict ourselves to a particular case. 

Let . # ! , . . . , J\n be the hyperbolic structures ofSl,...,Sm and let/? e F be 
a boundary point whose inverse image under a is the vertex cycle/?!, . . . , pr 

with corresponding interior angles # j , . . . , t f r whose sum is # = 
#i + . . . + t?r < 7T. For sufficiently small e > 0 the distance neighborhoods 

U; = {x e Sx u . . . u Sm | distO,/?,)<£} 

are pairwise disjoint for / = 1 , . . . , r, and we obtain coordinate systems 
(Uh ft) e AXKJ . . . u 5%n such that <ft(£/;) is a circle sector V) in H of radius e 
and angle $,-. We suppose that the cycle is numbered in such a way that the 
left-hand side of U-t is identified with the right-hand side of Ui+1 for / = 
l , . . . , r - 1. 

We then find orientation-preserving isometries mh ..., mr of H such that 
V := m^V^ u . . . u mr(Vr) is a circle sector of angle $ and such that for / = 
1 , . . . , r - 1 the left-hand side of mfVj) coincides with the right-hand side of 
ml + l(Vi + l). 

It follows that x e U-, and y e Uj are equivalent mod(£>) if and only if 
m-^ipfx)) = rrij((p(y)). Hence, we have a well defined mapping 

(p := ml ° (p{ + ... + mr ° (pr m o d ( p ) 

from U := U{ + ... + Ur mod(p) onto V, and we let (U, (p) be an element of 
A. In a similar manner we obtain coordinate neighborhoods in all other 
cases, and we check that the atlas A thus defined is hyperbolic and that the 
mapping a: S —» F is a local isometry. The uniqueness is clear. 

The completeness of F in case (iii) is clear if the surfaces Sx,..., Sm are 
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compact (which is the main case considered in this book). However, 
Example 1.3.4 shows that the non-compact case needs an argument. Rename 
the sides which are involved in the pasting as follows: yk = P2k-i> 7k - Pih k 
= 1 , . . . , n. Denote by B the union B = /?, u . . . KJ fi2n and let P be the set of 
all endpoints of p{, . . . , p2n. There exists e > 0 such that the distance sets 
U* = {x e S \ dist(x, p) < e}, p e P are pairwise disjoint coordinate neigh­
borhoods. Denote by UE the union of all Up

e, p e P. Condition (iii) implies 
that for some positive 5 < e / 2 w e have 

(1) dist(ft - U£/2, ft) > 8, i, * = 1 , . . . , 2/i, 1 * k. 

Now let xx, x2,... be an infinite sequence in S - Sx u . . . u Sm whose im­
age aixy), <y(x2),... in F is a Cauchy sequence. To prove the completeness 
of F we must show that some infinite subsequence of x{, x2,... converges 
in S. We distinguish two cases. 

Case 1. dist(.\„, B)> S2 for some positive 82< 8 and almost all n. Here 
we take N so large that for all n > N, dist(a(xn), <r(xN)) < 82/2 and such that 
dist(Xyv, B) > 82. The distance set 

W={ze S\dist(z,xN)<82} 

is compact, connected and isometric under <rto the distance set 

W'={z' eF\ dist(z\ a(xN)) < 82}. 

It follows that the xnJ n > N, form a converging Cauchy sequence in W. 
Case 2. dist(.*v B) converges to 0 for some subsequence {xHk}, k = 1 

2 We may assume that this is the sequence {xn} itself. We take TV so 
large that for n > N, dist(o"(x„), a(xN)) < 8/2. We let z ^ e B b e the point 
which lies closest to xN. 

If dist(zw, P) < e /2, then xn e Ue for all n > N, and we are done, since U£ 

has compact closure. 
If dist(z^, P) > el2, then the equivalence class of zN consists of exactly 

two points, zN and, say, wN, where dist (wN, P) > e 12. Let 

Wx = {z e 5 | dist(z, zN)<8], W2= {z e S \ dist(z, wN) < 8}. 

By (1), Wy and W2 are compact and connected. Moreover, W{ u W2 is the 
inverse image under a of 

W := {z' G F | dist(z', o(zN)) <8). 

As in case 1, it now follows that the xn, n>N, form a converging Cauchy 
sequence in Wx u W2. O 

To conclude this section we mention the inverse process of pasting. 
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1.3.6 Definition. Let F = SY + ... + Sm m o d ( p ) be as above with the 
natural projection a: Sx u . . . u Sm *-» F> and let 

C = a{yx) u . . . u o{yn) = o(y[) u . . . u a{y'n). 

Then we say that S{,..., Sm are obtained by cutting F open along C. 

It is not difficult to see, for example, that if C is a set of disjoint simple closed 
geodesies on a hyperbolic surface 5 then S can be cut open along C. 

In a similar way we shall frequently cut open surfaces along sets of 
piecewise geodesic curves. 

1.4 The Universal Covering 

Every complete unbordered surface of constant curvature - 1 is universally 
covered by the hyperbolic plane (Cheeger-Ebin [1] or Klingenberg [1, 2]). In 
this section we adapt this to the complete hyperbolic surfaces with boundary. 
This is made easy due to the following theorem. 

1.4.1 Theorem. Every hyperbolic surface S with boundary is isometri-
cally embedded in a hyperbolic surface S* without boundary such that S is a 
deformation retract ofS*. 

Proof. We paste additional pieces to the boundary as follows. Along each 
closed boundary geodesic y of length € we paste a half-cylinder 

[0, oo[xR/[t\^t+ 1] 

with the metric ds2 = dp2 + €2cosh2pdt2 as in Example 1.3.3. Along each 
non-closed side of length a we paste a strip 

Figure 1.4.1 
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[0, o o [ x [ 0 , a] 

with metric ds2 = dp2 + cosh2 pdt2 . For sides of infinite length we proceed 
similarly. Note that the strips are right-angled. Finally, for each vertex p of S 
with interior angle $ we paste an infinite circle sector 

1= {/?}u]0, oo[x[0, n- tf] 

with metric ds2 = dp2 + sinh2pd<72 (cf. (1.1.8)) between the previously at­
tached adjacent right-angled strips, as shown in Fig. 1.4.1. By Theorem 
1.3.5, the surface S* obtained in this way is hyperbolic, and we check that it 
has the required properties. O 

In the following, the universal covering of a hyperbolic surface will be 
understood to carry the lifted structure so that it is again a hyperbolic surface. 
We recall that a hyperbolic surface is connected (cf. Definition 1.2.3). 

1.4.2 Theorem. Let S be a hyperbolic surface. The universal covering S 
ofS is isometric to a convex domain in H with piecewise geodesic boundary. 
IfS is unbordered, then S is isometric to H. 

Proof. Let S* be the unbordered hyperbolic surface as in Theorem 1.4.1 
containing S as a subdomain. Then there exists a covering map n: H —» S*. 
Let S be a connected component of n~l(S). Since all interior angles are less 
than or equal to n, S is convex and, in particular, simply connected (cf. 
Beardon [1], p. 140). Hence, S is a universal covering surface. Since all uni­
versal covering surfaces are isometric, this proves the theorem. o 

1.4.3 Corollary. Every simply connected hyperbolic surface is isometric 
to a convex domain in the hyperbolic plane with piecewise geodesic bound­
ary. o 

Figure 1.4.2 
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If we drop the condition that the interior angles of a hyperbolic surface be 
less than or equal to n, then the corollary is no longer true, as one can see in 
the example of Fig. 1.4.2. It shows a simply connected domain with piece-
wise geodesic boundary which is isometrically immersed in H but is not 
isometrically embeddable in H. 

For better reference we note the following theorem in which n: S —> S is 
the universal covering of a hyperbolic surface S, p is a point of S and p is a 
covering point of p. 

1.4.4 Theorem. (Unique lifting property). Let I be an interval or a product 
of intervals and letx e I. For every continuous mapping 0 : / -> 5 satisfying 
0(x) = p, there exists a unique mapping 0 : / —> 5 such that 0(JC) = p and 
n ° 0 = (j). 

Proof. Macbeath [3], Section 2.3. O 

1.5 Perpendiculars 

Figure 1.5.1 

In the hyperbolic plane there is always a unique perpendicular from a point to 
a geodesic and a unique common perpendicular between two geodesies if the 
latter have positive distance. In this section we prove similar theorems for 
hyperbolic surfaces and various types of homotopy classes of curves. 

In the following definition, S is a smooth surface with piecewise smooth 
boundary. 

1.5.1 Definition. Let A, B c S be closed connected subsets. Assume that 
c, y : [a, b] —» S are continuous curves with initial points c(a), y(a) e A and 
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endpoints c(b), y(b) e B. We say that c is homotopic to y with endpoints 
gliding on A andB if there exists a continuous map 0: [0, 1] x [a, b] -» S 
such that 

0(0, 0 = c(t) 0(s, a) e A 
a<t<b, 0 < s < 1. 

0(1,0 = y(t), <p(s,b) eB, 

A typical example in the hyperbolic plane is given in Fig. 1.5.1 with A = a 
and B = {/?}, respectively with A = a and B = p, where a and p are geod­
esies. If c is a rectifiable curve from p to a, respectively from p to a, and if 
we let c go (that is, we let it vary) in the defined homotopy classes, then c 
seeks its state of minimal energy and homotopes itself into the given perpen­
dicular. (The verb homotope means to perform or to undergo a homotopy.) 

In the following theorem and proof a similar situation is given on a 
surface. 

1.5.2 Theorem. Let S be a hyperbolic surface and let c : [a, b] —> S be a 
curve with c(a) e A and c(b) e B, where A and B are disjoint closed bound­
ary geodesies ofS. In the homotopy class of c with endpoints gliding on A 
andB there exists a unique geodesic y. At its endpoints, y meets A and B 
perpendicularly. All other points ofy lie in the interior ofS. 

Proof. Let C be the given homotopy class of c. Then C contains smooth 
curves, and we let {yn }™=1 c C b e a sequence with lengths €(yn) converging 
to the infimum L as n —> oo. If we parametrize each curve in the interval 
[a, b] with constant speed, then the family {yn }̂ °=1 is equicontinuous and the 
Arzela-Ascoli theorem (Theorem A. 19) yields a subsequence which con­
verges to a rectifiable curve y : [a, b] —> S of length £(y) = L. 

Since the boundary of S is piecewise smooth, it is straightforward to see 
that 7 also belongs to C. Since the interior angles of S are less than or equal to 
n, and since y has minimal length, 7 is a geodesic arc with only the endpoints 
on dS. Since A and B are closed geodesies and since 7 has minimal length, 7 
meets A and B perpendicularly. (A variant of this method which is more ele­
mentary is sketched in the last section of the Appendix.) 

To prove uniqueness, we consider the universal covering n:S^>S, where 
5 c H (Theorem 1.4.2). We let A, B and 7 be lifts of A, B and 7 in H such 
that 7 is the common perpendicular of A and B. Every homotopy of 7 with 
endpoints gliding on A and B lifts to a homotopy of 7 with endpoints gliding 
on A and B (Theorem 1.4.4). The uniqueness of 7 in S follows now from the 
uniqueness of the common perpendicular of A and B in H. O 
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The first example in Fig. 1.5.2 shows two instances of Theorem 1.5.2. The 
next theorem is a completed version in which we collect a number of similar 
properties in various situations. In order to simplify the language we shall 
say that a closed connected subset A of a hyperbolic surface S is admissible, 
if either A consists of exactly one point or else A is a compact connected 
subset of dS. Observe the subtlety of some of the hypotheses. 

1.5.3 Theorem. Let S be a hyperbolic surface, letA,BczSbe admissible 
subsets and let c : [a, b] -> S with c(a) e A, c(b) e B be a curve from A to 
B (A andB need not be different or disjoint). Then the following hold. 

(i) In the homotopy class of c with endpoints gliding on A andB there 
exists a shortest curye y. This curve is a geodesic arc. 

(ii) If y is not contained in dS, then y meets dS at most at its endpoints. 
(iii) If A = {/?}, p G S, and ifB is from one of the following categories: 

- a smooth closed boundary geodesic, 
- a side ofS which meets its adjacent sides under an angle <n/2, 

then y is either a point or a geodesic arc from p to B which meets B perpen­
dicularly. In the latter case y is the unique perpendicular geodesic from ptoB 
in the homotopy class of c. 

(iv) If A andB are from the two categories in (iii) (but not necessarily 
from, the same), and if y is not a point, then y is the unique common 
perpendicular from AtoB in the homotopy class ofc. 

(v) Ifc in case (iv) is simple and y is not a point, then y is simple. 
(vi) If A and B are points, then y is unique. 

In (v) a curve c : [a, b] -> S is called simple if c is an injective mapping. In 
Theorem 1.5.3 we have made an attempt to cover the most frequent cases. 
Fig. 1.5.2 illustrates some aspects. It shows that different homotopy classes 
may yield different common perpendiculars between boundary geodesies. It 
also gives an example where c is simple but y is not. 
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Proof of Theorem 1.5.3. Points (i) - (iv) and (vi) have the same proof as 
Theorem 1.5.2. For the proof of (v), let us suppose that y has a self-intersec­
tion. Then, since y is not a closed geodesic, the self-intersection is transver­
sal, and we find two lifts / and 7* in the universal covering S of S which 
intersect each other transversally. We let A and B be the lifts of A and B 
which contain the endpoints of 7. Similarly we let A* and B* be the lifts of A 
and B containing the endpoints of 7* (Fig. 1.5.3). By Theorem 1.4.2, S is a 
convex domain in, say, the unit disk D, and A, B, A* and B* are on the 
boundary of S. Lifting the homotopy between c and 7 from S to S, we obtain 
covering curves c homotopic to 7 and c* homotopic to 7* with endpoints on 
A and B respectively on A* and B*. By gliding the endpoints of c, if neces­
sary, via a small homotopy which keeps c simple, we may assume that the 
endpoints of c and c* are not endpoints of A, A*, B and 5*. 

Figure 1.5.3 

The interior of S c D e R2 is a topological disk whose boundary (with re­
spect to the topology of R2) is homeomorphic to a circle. Since 7 and 7* in­
tersect each other, the boundary arcs A and B separate the boundary arcs A* 
and B*. By the Jordan curve theorem, every curve in S from A* to B* inter­
sects the curves from A to B. In particular, we find x, y e [a, b] such that 
c(x) = c*(y). Since c is simple, the relation c(x) - nc{x) = nc*(y) = c(y), 
where n: S —> S is the covering map, implies that x = y, and hence c = c* by 
the unique lifting property (Theorem 1.4.4). Since the endpoints of c are not 
endpoints of A, A*, Z? and B*, it follows that A = A*, and 5 = 5 * , a con­
tradiction. Theorem 1.5.3 is now proved. o 

1.5.4 Example. A loop, that is, a curve c : [a, b] H-> S such that c(#) = 
c(b) is called simple if c\[a> b[ is injective. The following example shows 
that point (v) of the preceding theorem cannot be extended to simple loops. 
The domain shown in Fig. 1.5.4 is a geodesic rectangle with a hole (for fur-
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ther applications of this surface see Section 5.3). Curve c is a simple closed 
loop, but not simple in the sense of condition (v). If we let c go with end-
points gliding on A and B, we obtain a non-simple perpendicular y from A to 
B. If we apply the preceding proof to this case, we will find that the covering 
curves c and c* coincide as point sets. 

c/ / / 

y r 

s / 
r V - - H 

^' 
L d 

Figure 1.5.4 

1.6 Closed Geodesies 

We continue with the preceding theorems but now for the closed geodesies. 
The parametrization of closed curves in this section will be either on the real 
line, periodically, with period 1, or on the quotient Sl: 

(1.6.1) Sl=R/[t»t + 1]. 

1.6.2 Definition. Let M be a topological space. Two closed curves 
c, y : S1 —> M are called freely homotopic, if there exists a continuous map 
0:[O, 1] x Sl -> M such that 

0((U) = c(O, 0(1, t) = y(t), teS1. 

Curves which are freely homotopic to a point are called homotopically trivial. 

On compact hyperbolic surfaces or, more generally, on compact manifolds 
with negative curvature, the free homotopy classes and the closed geodesies 
are in one-to-one correspondence. To make this precise we adopt the follow­
ing convention. 

1.6.3 Definition. Two parametrized closed geodesies 7, y': S —» M (of 
constant speed) are equivalent if there exists a homeomorphism h : Sl —» 
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Sl of the form h(t) = t + const such that y' = y ° h. A closed geodesic is an 
equivalence class of closed parametrized geodesies. 

Note that equivalent closed geodesies are always freely homotopic. Length, 
orientation and the property of being homotopic to other closed curves carry 
over from the parametrized closed geodesies in a natural way since these 
quantities are invariant under the above homeomorphisms. If no confusion 
arises, we identify closed geodesies with their parametrized representatives. 

In Chapter 10, parametrized closed geodesies will also be considered 
equivalent if they differ by a parameter change of type t i-> h(t) = e t + c, 
where e e { 1, -1} and c is a constant. In that case our present closed geode­
sies will be oriented closed geodesies. 

1.6.4 Definition. Let y and 8 be closed geodesies and let m e Z - {0}. 
We say that y is the m-fold iterate of 8, in symbols y = 8m, if (for suitable 
parametrizations) y{t) = 8(mt), t e Sl. A closed geodesic (oriented or non-
oriented) is primitive if it is not the m-fold iterate of another closed geodesic 
for some m > 2. An oriented primitive closed geodesic is called prime geode­
sic. 

In this section we shall work in the disk model D of the hyperbolic plane. 
The points at the boundary of D are the points at infinity. If c : ]ay b [ —> D is 
a curve for which the limits 

lim c(t) and/or lim c(t) 
tia t\b 

exist and are points at infinity, then these points will be called the endpoints 
at infinity of c. Every geodesic in D has two endpoints at infinity. 

1.6.5 Lemma. Let S be a hyperbolic surface. Let c be a closed curve in the 
free homotopy class of a closed geodesic y on S and let c, y be homotopic 
lifts in the universal covering 5 c D . Then c and y have the same endpoints 
at infinity. 

Proof. By Theorem 1.4.1 we may assume without loss of generality that S 
has empty boundary so that S = D, and we apply the standard argument: the 
cyclic subgroup of the covering transformation group which leaves y invari­
ant also leaves c invariant. Hence, there exists a constant d > 0 such that 
dist(c(0, 7(0) ^ d for all t G R, and the lemma follows from (1.1.3). O 

In the next theorem we assume that every closed boundary component of S is 
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parametrized as a primitive closed curve, that is, it cannot be written as the in­
fold iterate of another closed curve with m > 2. 

1.6.6 Theorem. Let S be a compact hyperbolic surface and let c be a ho-
motopically non-trivial closed curve on S. Then the following hold. 

(i) c is freely homotopic to a unique closed geodesic y. 
(ii) y is either contained in dSory ndS = 0 . 
(iii) If c is simple then y is simple. 
(iv) Ifcis a non-smooth boundary component, then y and c bound an 

embedded annulus. 

In the next theorem, intersection points are counted with multiplicities. That 
is, if cl and c2 are curves intersecting each other at point/?, and if/? is a self-
intersection point of cf with multiplicity m,-, i = 1, 2, then/? counts as mxm2 

intersection points of cx and c2. 

1.6.7 Theorem. Let n > 0 be an integer and consider two non-trivial 
closed curves c and c' ona compact hyperbolic surface S which intersect each 
other in n points. Ify and y' are the closed geodesies in their free homotopy 
classes, then either y and y' coincide as point sets or they intersect each other 
in at most n points. 

Proof. We prove the first theorem and leave the proof of the second theorem 
as an exercise. The existence of y is proved as in Theorem 1.5.2 with the 
Arzela-Ascoli argument. The compactness of S is needed to assure that the 
sequence { yn }™=l stays within bounded distance. 

As in Theorem 1.5.2, property (ii) follows from the fact that y has minimal 
length and that all vertices of S have interior angles < n. For the uniqueness 
in (i) we consider a universal covering n: S -$ S cD (Theorem 1.4.2). Let 8 
be another closed geodesic in the free homotopy class of c and y. Lift the 
homotopy to S to obtain homotopic lifts 7, 8 in S c D (Theorem 1.4.4). 
They have the same endpoints at infinity (Lemma 1.6.5). This proves that 7 
and 8 coincide as point sets. As in the proof of Lemma 1.6.5, there exists a 
constant d > 0 such that dist(y(r), 8(T)) < d for all T G R. It follows that 
8(T) - 7 ( T + CO) for some constant co. (Recall that both curves are parametrized 
with constant speed.) Hence, <5(T) = y{% + co), r e S1 so that 8 and 7 are 
equal in the sense of Definition 1.6.3. This proves the uniqueness in (i). 

The proof of (iii) is of considerable length; Example 1.6.9 below may ex­
plain the difficulty. Let c and 7 be homotopic lifts of c and 7 with the same 
endpoints at infinity. In view of Theorem 1.4.1 we may again assume that 
dS = 0 so that S = D. If 7 is not simple, then it either has a transversal self-
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intersection or it is the £-fold iterate of a primitive closed geodesic y, for 
some k > 2. 

Let us begin with the second case. Let 7 : D —> D be the covering trans­
formation satisfying 7(y(r)) = y(r + 1), T e R. The relation 7 = yf implies 
that there is a covering transformation Tx satisfying 71(y(r)) = y(i+ Ilk) and 
7 = T\. We introduce Fermi coordinates (p, f) based on the axis y (cf. 
Section 1.1) with p the directed distance to y. Since S is an orientable sur­
face, Tx preserves orientation and thus has the following form 

r1(p,r) = (p,r + Ar)/^). 
For the curves TF-» C(T) = (p(r), f(r)), and TI-» TI (C(T)) = (PJCT), ^ ( T ) ) , 
r e R, we find therefore parameter values T' and T" satisfying 

p(r ' ) < PJ(T) f o r a l l r e R , 
p(r") > pjCr) foral lTGR. 

By the Jordan curve theorem, T{(c) intersects c, i.e. there exists T0 such that 
T\(C(T0)) e c. Now C(T0) and r^^To)) are covering points of the same point 
p G c. On the other hand, since c is simple, the only covering points of p 
which lie on c are the points Tm(c(T0)), m e Z. Hence, T^CCTQ)) = rm(c(r0)) 
for some m. Now 7 = Tf so that T^CCTQ)) = T^(d(T0)). Since 7 t has no 
fixed point this implies k = 1, a contradiction. 

Next, assume that y has a transversal self-intersection. Then the arguments 
are essentially as in the proof of (v) of Theorem 1.5.3. Namely: let p be an 
intersection point, let y c S = D be a lift of y and letp e y be a lift of p. 

There exists a covering transformation R such that /?(y) intersects y under 
some positive angle atp as shown in Fig. 1.6.1. Lift the homotopy between 
y and c to D. The resulting covering curves c and R(c) have the same end-
points at infinity as y and R(y), (Lemma 1.6.5). The Jordan curve theorem 

Figure 1.6.1 
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implies that c intersects R(c). Since c is simple, the unique lifting property 
implies that for some constant co, R(C(T)) = C{T + co), a contradiction. A simi­
lar argument yields the proof of Theorem 1.6.7. 

(iv). Since c is not smooth, y n c = 0 , by (ii). By (iii), y is simple. The 
proof that y and c bound an embedded annulus is of purely topological nature 
and is postponed to the Appendix (Proposition A. 11). O 

The following examples show that in the non-compact case and also on non-
orientable surfaces, some of the statements in Theorem 1.6.6 no longer hold. 

1.6.8 Example. (Cusps). Let S be a non-compact hyperbolic surface and 
let W c S be a domain which is isometric to the surface 

(1) ]-oo, 0 ] x 5 ' = ]-oo, 0] x R/[f i-> f + 1] 

with the Riemannian metric 

(2) ds2 = dp2 + e2p dt2 

(cf. (1.1.10)). Such a domain is called a cusp . Likewise we may describe W 
(up to isometry) as the quotient W = T\W, where 

&={x + iye H\y> 1}, 

and Tis the cyclic subgroup r= {Tm\m e Z} <z Is+(H) with T(z) = z + 1 
for all z e H. 

Figure 1.6.2 

Thehorocycles ha= {x + iy eH \y = a), a> 1, project to curves ca of 
length \/a on W. They all belong to the same non-trivial free homotopy class. 
This class contains no closed geodesic. 

1.6.9 Example. (Non-orientable surfaces). Let S be a compact hyperbolic 
surface whose boundary is a closed geodesic y. Parametrize y in the form 
y : Sx —> S. Identify opposite points on y via the pasting scheme 

(1) 7(T) = 7 ( T + £ ) , ^ 5 ' . 
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Figure 1.6.3 

The quotient F = S mod(l) is a compact non-orientable surface of constant 
curvature - 1 . The hyperbolic atlas is constructed as in Section 1.3 except 
that we now admit orientation reversing overlap maps. (The construction is 
similar to that of the projective plane.) 

If we interpret (1) as the definition of a curve in Fy then y is the 2-fold 
iterate of another closed geodesic. Curve c in Fig. 1.6.3 is the example of a 
simple closed curve which is homotopic to a non-simple closed geodesic. 

We may use the two-fold orientable covering surface to prove that a non-
trivial simple closed curve on a non-orientable compact hyperbolic surface is 
homotopic to either a simple closed geodesic or a 2-fold iterate of a simple 
closed so-called one-sided geodesic. 

Figure 1.6.4 

1.6.10 Example. (Geodesic loops). A geodesic arc y : [a, b] —» S is 
called a geodesic loop if y(a) = y{b). By Theorem 1.5.3(vi), if c : [a, b] -» S 
with c(a) = c(b) is a closed curve, then the homotopy class of c with fixed 
endpoints contains a unique geodesic loop. Fig. 1.6.4 shows an example 
where c is simple and y has self-intersections. 
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As a final result in this section we show that (in contrast for instance to the 
flat torus) the closed geodesies on a compact hyperbolic surface form a dis­
crete set. Recall that closed geodesies which differ by a parameter change of 
type t\-^ t + const are considered equal (Definition 1.6.3). 

1.6.11 Theorem. Let S be a compact hyperbolic surface and let L > 0. 
Only finitely many closed geodesies on S have length < L. 

Proof. By compactness we may cover S with finitely many coordinate 
neighborhoods. Hence, there exists a constant r > 0 such that for any x e S 
the points at distance smaller than 4r form a convex neighborhood. 

Assume now that there exists an infinite sequence of pairwise different 
closed geodesies yx, y2, ... on S of length £< L, say parametrized on the 
interval [0, 1]. Then we may extract a subsequence such that the initial 
points, the initial tangent vectors and the lengths converge. We find therefore 
n * k such that dist(yn(£), yk(t)) < r for all t <= [0, 1]. It follows that yn and 
yk are homotopic. By Theorem 1.6.6, yn = yk, a contradiction. O 

An estimate of the number of closed geodesies of length € < L will follow in 
Lemma 6.6.4, and an asymptotic formula (for S without boundary) will be 
given in Theorem 9.4.14. 

1.7 The Fenchel-Nielsen Parameters 

In this section we give an overview of the Fenchel-Nielsen parameters and 
the corresponding construction of the compact Riemann surfaces. Fenchel 
and Nielsen used this construction in their celebrated manuscript [1], but we 
already find it in the work of Koebe [1], Lobell [1], and, implicitly, in 
Fricke-Klein [1] (see Keen [1,2, 3]). More recently, the Fenchel-Nielsen pa­
rameters have been brought to new life through Thurston's work on hyper­
bolic manifolds (Thurston [1], Fathi-Laudenbach-Poenaru [1]). 

The construction is based on the pasting of geodesic hexagons. Let a, b, c 
be arbitrary positive real numbers. 

1.7.1 Lemma. There exists a right-angled geodesic hexagon in the hyper­
bolic plane with pairwise non-adjacent sides of length a, by c. 

Proof. Consider the perpendicular geodesies fi, a and y in H as in Fig. 
1.7.1. Let B be the line of all points in H at distance c from f3 which lie on 
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Figure 1.7.1 

the same side of j3 as y. In the upper half-plane model, B is a (Euclidean) 
straight line (because the mappings z *-» Xz , A > 0 are isometries). Now 
consider a moving geodesic a tangent to B. Move a along B until dist(7, a) 
= b, then draw the common perpendicular of y and a This yields the 
hexagon. O 

In the first step of the construction we paste two copies of such a hexagon 
together along the remaining three sides to obtain a complete hyperbolic sur­
face Y with three closed boundary geodesies. (For the parametrization of the 
sides and the boundary geodesies, see Section 3.1.) By Lemma 1.7.1, the 
lengths of the boundary geodesies may be prescribed arbitrarily. We shall 
prove in Section 3.1 that they determine Y up to isometry (Theorem 3.1.7). 

In the next step we let G be a cubic graph with 2g-2 vertices and 3g - 3 
edges, i.e. a combinatorial pattern such as that in Fig. 1.7.3 (cf. Section 
3.5). To every vertex y of G we associate one of the above surfaces Y and 
paste these surfaces together according to G as shown in Fig. 1.7.3. 

Figure 1.7.2 
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Boundary geodesies which come together must have the same length. On the 
resulting surface S we obtain 3g - 3 closed geodesies which correspond to 
the 3g - 3 edges of G. By the earlier remarks, the lengths €u . . . , €3g_3 of 
these geodesies may be prescribed arbitrarily. In addition to these lengths, we 
may prescribe twist parameters a1? . . . , <x3g_3 for the pasting of the closed 
geodesies as in Example 1.3.3. This yields a (6g - 6)-dimensional space STG 
of examples of compact hyperbolic surfaces of genus g, modelled over the 
graph G. We shall see in Theorem 3.6.4 that every compact unbordered hy­
perbolic surface may be obtained in this way, and in Theorem 6.2.7 we shall 
see that 2TG is a natural model of the so-called Teichmuller space. The pa­
rameters €lt . . . , /3g_3 and oq,..., cc3g_3 are the Fenchel-Nielsen parameters 
of such constructed surfaces. 

'av Vs' 

Figure 1.7.3 

We add a remark concerning the conformal structures. By definition, a 
conformal structure on an orientable two-dimensional manifold is a maximal 
atlas in which all overlap maps are holomorphic. Since the overlap maps in a 
hyperbolic atlas are from PSL(2, R) (if we use the upper half plane H), 
every hyperbolic structure induces a conformal structure. Hence, the hyper­
bolic surfaces without boundary are Riemann surfaces in the sense of 
complex analysis. 

Conversely, let F be a compact Riemann surface of genus g > 2. By the 
uniformization theorem (e.g Beardon [2], Farkas-Kra [1], Strebel [1], etc.), 
there exists a conformal universal covering map n: H —> F. The covering 
transformations are conformal self mappings of H and belong therefore to 
PSL(2, R). Hence, the local inverses of ;r define a subatlas of the conformal 
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structure of F in which all overlap mappings are restrictions of elements of 
PSL(2, R). It follows that every compact Riemann surface in the sense of 
complex analysis is a compact unbordered hyperbolic surface. Therefore, the 
Fenchel-Nielsen construction also yields an overview of the conformal 
structures. This leads us to the following definitions. 

1.7.2 Definition. A compact hyperbolic surface without boundary is 
called a compact Riemann surface. 

For the bordered case we adopt the following terminology from the topology 
of surfaces. A compact connected orientable topological surface with bound­
ary is said to have signature (g, n) if it is obtained from a closed surface of 
genus g by cutting away the interior of n disjoint closed topological disks. 
For example, the above building blocks Y have signature (0, 3). A surface of 
signature (g, 0) is, by definition, a compact surface of genus g without 
boundary. 

1.7.3 Definition. A compact hyperbolic surface of signature (g, n) is a 
Riemann surface of signature (g, n) if every boundary component is a smooth 
closed geodesic. 



Chapter 2 

Trigonometry 

Hyperbolic trigonometry is a basic tool in various studies, and various ap­
proaches are known (cf. e.g. Beardon [1], Fenchel [1], Meschkowski [1], 
Perron [1], Rees [1], Thurston [1]). This chapter gives an account based on 
the hyperboloid model which has grown out of discussions with Patrick 
Eberlein and Klaus-Dieter Semmler. In the first part we use the isometry 
group acting on the hyperboloid model to obtain the trigonometric formulae 
of the triangle by comparing matrix elements. In the second part, beginning 
with Section 4, we generalize this to hexagons and similar configurations. 
Then we briefly sidestep to variable curvature. In the final part, Section 6, we 
describe a variant of the approach which is from Semmler [1] and uses a 
vector product and quaternions. 

The results of Sections 2.1 - 2.4 will be widely used in this book. Sections 
2.5 and 2.6 are appendices and may be skipped in a first reading. 

2.1 The Hyperboloid Model 

The starting point is the bilinear form 

(2.1.1) h(X, Y) = xxyx + x^y2 - x3y3 , XyY e R 3 , 

where xi,yi are the coordinates of X, Y. The linear mappings Lff, 
M e GL(3, R) given by 

(2.1.2) L 
cose - s i n a 0 ^ 
sin a cos a 0 

0 0 1 
Af = 

( coshp 0 sinhp ^ 
0 1 0 

(̂  sinhp 0 coshp 

P. Buser, Geometry and Spectra of Compact Riemann Surfaces, Modern Birkhäuser Classics, 31 
DOI 10.1007/978-0-8176-4992-0_2, © Springer Science+Business Media, LLC 2011 © Springer Science+Business Media, LLC 2010
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(acting on column vectors) leave h and also the corresponding differential 
form 

hl = dx\ + dx\ - dx\ 

invariant. We let Q c GL(3, R) be the subgroup generated by all La and 
M ; a , p e R . Now consider the hyperboloid 

(2.1.3) H ={X e R3\h(X,X) = -\,x3>0) 

and let g be the quadratic differential form on H which is obtained by restrict­
ing hl to the tangent vectors of H. Then H and g are invariant under Q, 
Moreover, we have 

2.1.4 Lemma. Q acts twice transitively onH. o 

Since g is positive definite on the tangent plane of the point 

(°\ 
VI ) 

the two-fold transitivity implies that // = (//, g) is a complete two-point ho­
mogeneous Riemannian manifold, and 12 = Is+(//). We could now use the 
constant curvature of H to prove that (possibly up to a scaling factor) H is a 
model of the hyperbolic plane, but it is easy to give a direct proof. The proof 
runs as follows. For fixed o\ the curve 

P*->LaMp(p0), p > 0 , 

has unit speed on H, and for every fixed p > 0 the curve 

°^LoMMo>> ere R, 
has constant speed sinh p and intersects orthogonally the curves of the first 
type. If we introduce therefore (p, o) as the pair of coordinates of the point/? 
= LaMp(p0), for 0 < p < oo and -n< a< n, then the coordinate system ob­
tained in this way covers H - {p0}, and the tensor g has the expression g = 
ds2 = dp2 + sinh2pda2. This proves that H is isometric to H and that (p, o) 
is the pair of geodesic polar coordinates centered at p0. For later application 
we shall denote by ji the geodesic 

(2.1.5) r\->{i(r) :=Mr(p0), -oo<r<oo. 

Observe that p, is invariant under Mp for all p e R. 
At some places we shall be obliged to calculate in Q. Since every A e Q 

leaves the quadratic form h invariant, we have that 



Ch.2, § 1] The Hyperboloid Model 33 

(2.1.6) A-l=SA'St A G a, 

where A1 is the transpose of A, and S denotes the diagonal matrix with diago­
nal elements 1, 1 , -1. 

2.2 Triangles 

For geodesic triangles in the hyperbolic plane, we denote by a, b> c the sides 
and by a, (3, y the corresponding opposite angles. These letters also denote 
the side-length and the angular measure. If the triangle is right-angled, we 
usually let y be the right angle. 

2.2.1 Theorem. (Ordinary triangles). The following formulae hold for 
geodesic triangles in the hyperbolic plane. 

(i) coshc = - sinh a sinh b cos y + cosh a cosh b, 
(ii) cosy = sinasin/^coshc - cos a cos/3, 
(iii) sinh a : sin a = sinh& : sin/2 = sinhc : sin/. 

Figure 2.2.1 

Proof. Let the triangle T, say, be placed in H such that p is at p0, the 
"origin" (cf. Section 2.1), a is at M_c(p0) and y is at LK_p(Ma(p0))y as 
shown in Fig. 2.2.1. The isometry LK_aMc first parallel translates T along //, 
bringing a to pQy and then rotates T about p0 by an angle it— a . Hence, 
Ln_aMc brings T back into a position like that of Fig. 2.2.1, but now with 
side b, rather than side c, on p, and with a, rather than /?, at p0. Clearly, the 
product LK_0MaLK_YMbL7C_aMc brings T back into its original position. 
Hence, this product is the identity, and the following relationship holds: 

(1) MaLK_yMb = Ln_,M_cLa_K. 

Computing the components in (1) we obtain nine identities, four of which are 
those of the theorem. O 
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2.2.2 Theorem. (Right-angled triangles). For any hyperbolic triangle with 
right angle y, the following hold. 

(i) coshc = cosh a cosh b, 
(ii) coshc = cota cot/3, 
(hi) sinha = sinasinhc, 
(iv) sinh a = cot/3 tanh b, 
(v) cos a = cosh a sin/3, 
(vi) cos a = tanhbcothc. 

Proof. The first three identities are the restatement of Theorem 2.2.1 in the 
case y = x/2. The remaining three identities are obtained via cyclic permuta­
tion and elementary computations <> 

In hyperbolic geometry, angles and perpendiculars are, in some sense, the 
same thing, and there are various configurations whose trigonometry is simi­
lar to that of the triangle. The right-angled hexagon of Lemma 1.7.1 is an ex­
ample. In the remainder of this section we give a general definition of this 
configuration - the generalized triangle - and prove a relation which will later 
imply all trigonometric formulae. For another configuration which unites tri­
angles and hexagons we refer to the book of Fenchel [1]. The uniformizing 
configuration in Fenchel's book is the general right-angled geodesic hexagon 
in hyperbolic three space (any pair of consecutive sides is orthogonal, but the 
sides of the hexagon are in general not coplanar). 

In what follows, a polygon P is a piecewise geodesic oriented closed 
curve, possibly with self-intersections. The geodesic arcs of P are the sides. 
We do not admit sides of length zero. 

Let (u, w) be an ordered pair of consecutive sides of P with respect to the 
given orientation, and let/? be the common vertex of u and w. The angle ofP 
at/? is defined to be the rotation v e Is+(H) which fixes p and rotates w to u. 
We shall say that v is the subsequent angle of side w, and w is the subsequent 
side of angle v. 

With v we also denote the corresponding angle of rotation. To allow 
addition and subtraction, angles of rotation are considered elements of the 

Figure 2.2.2 
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group S1 = R/[s i-» s + 2n]. Our next aim is to define a concept which unites 
the various configurations of Fig. 2.2.3. 

2.2.3 Definition. Let x and y belong to the set of sides and angles of 
polygon P. The ordered pair (x, y) is said to be of angle type if one of the 
following conditions holds: 

(i) y is the subsequent angle of side x, 
(ii) (x, y) is a pair of consecutive sides, and y is orthogonal to x, 
(iii) y is the subsequent side of angle x. 

* — - . V 

Figure 2.2.3 

In Fig. 2.2.3 all pairs (x, v) and (y, z) are of angle type. To each pair (xt y) 
of angle type we associate an isometry Ny e Is+(H) as follows (L and M are 
as in (2.1.2)). 

2.2.4 Definition, (i) If v is the subsequent angle of side x, then we de­
fine 

.y 
Ny := LK.y 

f -cosy -siny 0 ^ 
sinv -cosy 0 

V 0 0 1 

(ii) If (x, y) is a pair of consecutive sides with angle enl'2, where e - ±1, 
then we define 

C L 
• y 

—o 

JC! e = - l 
Ny '■= Lex/2My = 

( 0 - e 0 ^ 
ecoshy 0 esinhy 

v sinhy 0 coshy 

(iii) If y is the subsequent side of angle x, then we define 

Ny := M, = 
/ coshy 0 sinhy \ 

0 1 0 
sinhy 0 coshy 
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2.2.5 Definition. A generalized triangle is a closed oriented hyperbolic 
geodesic polygon P together with a cycle a, y, b, a, c, ft of consecutive sides 
and angles of P in which all pairs (a, y), (y, b),..., (c, /?), (/?, a) are of 
angle type. 

The polygons in Figures 2.2.1, 2.2.4, 2.3.1, 2.4.1, 2.4.3 and 2.6.2 are 
generalized triangles. 

We adopt the convention that all sides off have positive length, indepen­
dently of the orientation, whereas the angles have values in S1. If angular 
measures with values in [0, n] are preferred, as e.g. in Section 2.6, then the 
signs in the formulae which follow must be adjusted accordingly. 

If P is the boundary of a convex domain in H, we shall always orient P 
positively, so that the angles of rotation will be the interior angles of P. 

2.2.6 Theorem. For every generalized triangle a,y, b, a, c, p we have 

NaNYNb = (NaNcNpTl. 

Proof. A pair (jt, y) of angle type in the generalized triangle T, say, is said to 
have standard position if it is placed as in Fig. 2.2.3. That is, if y is an angle, 
then the subsequent side z lies on the geodesic p (cf. (2.1.5)) with initial 
point atp0 and endpoint at Mz(p0); if y is a side, then y lies on p with initial 
point at M_y(p0) and endpoint atp0. One checks with Definition 2.2.4 that if 
(x, y) has standard position and if Ny is applied to T, then the preceding pair, 
say (w, x), moves into standard position. Therefore, if T is placed such that 
(a, c) has standard position (as in Fig. 2.2.4 and Fig. 2.2.1) and if we 
successively apply /Vc, Na, ..., Np, then T returns to its original position. 
Hence, Np NaNyNb NaNc = id. O 

2.2.7 Example. In the generalized triangles of Fig. 2.2.4, we have in 
both cases NaNyNb = LKJ1MaLn_yMb. Notice the difference between the two 
examples for the product NaNcNp . 

Figure 2.2.4 
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In the first example, 

while in the second example, 

NaNcNB = L^MJ.^M.L^M,. 

Theorem 2.2.6 yields for the first example 

(i) cose = -cosha coshfr cosy + sinhflsinhfr, 

(ii) cosha:cosha = cosh b : cosh p = sine: sin/. 

The corresponding identities for the second example are 

(iii) coshc = - cosh a cosh b cosy + sinha sinhb, 
(iv) cosh a : sinha = coshb : sinh/3 = sinhc : sin 7, 
(v) cos 7 = sinha sinh p cosh c - cosh a cosh p. 

2.3 Trirectangles and Pentagons 

Figure 2.3.1 

Consider two perpendicular geodesic arcs, a and b, in D (the disk model of 
the hyperbolic plane) with a common vertex at the origin as in Fig. 2.3.1. Let 
a and P be the perpendicular geodesies at the endpoints of b and a. If a and b 
are small, then a and p intersect each other at an acute angle (p and we obtain 
a geodesic quadrilateral with three right angles. Following Coxeter [1] we 
call this configuration a trirectangle. By abuse of notation we also denote by 
a and p the sides of the trirectangle. 

Trirectangles have played a decisive role in the discovery of non-Euclidean 
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geometry (see for instance the very early approach of Saccheri [1]). They 
occur in many geometric constructions and are useful for computations. The 
following formulae, similar to those of the right-angled triangle in Theorem 
2.2.2, hold. 

2.3.1 Theorem. (Trirectangles). For every trirectangle with sides labelled 
as in Fig. 2.3.1 the following relations are true: 

(i) cos (p = sinh a sinh 6, 
(ii) cos<p = tanhatanh/?, 
(iii) cosh a = cosh a sin (p, 
(iv) cosh a = tanh/? cothb, 
(v) sinh a = sinh a coshj3, 
(vi) sinh a = cothbcot<p. 

Proof. The first three identities are the restatement of formulae (i) and (ii) of 
Example 2.2.7 for the case y = nil. The remaining ones are obtained via 
cyclic permutation and elementary computations. O 

As an example we prove the distance formula for Fermi coordinates. We let 
(p, t) denote the Fermi coordinates with respect to a fixed base line rj in H, 
(cf. Section 1.1), and letpj = (plt tx) andp2 = (p2> h) De points in H. Then 
the following formula holds. Note that in this formula the quantities px and p2 
are oriented lengths and have opposite signs when the corresponding sides he 
on opposite sides of 77. 

(2.3.2) coshdistQ?!,^) = coshpi coshp2 cosh(?2 - 1̂) - sinhp! sinhp2. 

Figure 2.3.2 

Proof. We give a proof which is based on a decomposition into trirectangles 
and right-angled triangles. Another proof would consist of understanding the 
figure as a generalized triangle and to apply Theorem 2.2.6 as in Example 
2.2.7. 
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We may assume that pl > 0. Dropping the perpendicular r from/?! to that 
geodesic through p2 which is orthogonal to 77, we obtain a trirectangle with 
sides ply\t2-t1\tsi say, and r and also a right-angled triangle with sides r, 
\p2- s\ and c, whose hypothenuse c has length dist(pl,p2). The trirectangle 
is again decomposed into two right-angled triangles with common hypothe­
nuse. Formula (i) of Theorem 2.2.2 and formula (v) of Theorem 2.3.1 yield 
the relations cosh r cosh s = coshp! cosh(f2 - t{), and coshr sinhs = sinhplt 
Hence, 

cosh dist(/?!, p2) = cosh r cosh(p2 - s) 
= cosh r cosh p2 cosh s - cosh r sinh p2 sinh s 
- coshpj coshp2 cosh(f2 - tx) - sinhp! sinhp2. O 

We return to the trirectangle of Fig. 2.3.1. If side a grows continuously, the 
vertex at angle <p moves towards the endpoint at infinity of geodesic a. Let 
the limiting position be obtained for a = ab. As a —> ab, (p^O. This follows 
from Theorem 2.3.1(vi) or by a glance at Fig. 2.3.1. From Theorem 2.3.l(i) 
we obtain, by continuity, 

(2.3.3) sinhtfj, sinhfr = 1. 

If a grows beyond ab, the angle (p disappears and is replaced by c, the com­
mon perpendicular of a and p. We obtain a right-angled pentagon. 

2.3.4 Theorem. (Right-angled pentagons). For any right-angled pentagon 
with consecutive sides a, b, a, c, p we have: 

(i) coshc = sinh a sinh/?, 
(ii) coshc = cothacoth/?. 

Proof. This is Example 2.2.7(iii) - (v) in the particular case 7 = nl2. O 

2.3.5 Lemma. Let a and b be any positive real numbers satisfying 
sinh a sinh/? > 1. Then there exists a unique right-angled geodesic pentagon 
with two consecutive sides of lengths a and b. 

Proof, a and b are the consecutive orthogonal sides of either a trirectangle, a 
limiting trirectangle with a vertex at infinity, or a right-angled pentagon. By 
Theorem 2.3.l(i) and by (2.3.3), the first two cases are excluded. The 
uniqueness follows from Theorem 2.3.4 (or Theorem 1.1.6). O 
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2.4 Hexagons 

If we paste two right-angled pentagons together along a common side r, we 
obtain a right-angled hexagon. Every compact Riemann surface of genus 
greater than one can be obtained by pasting together such hexagons (Chapter 
3). The boundary of a right-angled hexagon is a generalized triangle with 
consecutive sides a, y, b, a, c, p. We use the word hexagon for both the 
domain and its boundary. The hexagon is called convex if it is convex as a 
domain. Fig. 2.4.3 shows a right-angled hexagon which is not the boundary 
of a convex domain. 

Figure 2.4.1 

The pairs (a, y), . . . , (/?, a) are all of type (ii) from Definition 2.2.3, with 
the associated matrices Na = LKllMa, Ny = Ln/2MY, ... (cf. (ii) in Definition 
2.2.4). The next theorem follows from Theorem 2.2.6. 

2.4.1 Theorem. (Right-angled hexagons). For any convex right-angled 
geodesic hexagon with consecutive sides a,y,b,a,c,p,the following are 
true: 

(i) coshc = sinh a sinh b cosh y - cosh a cosh b, 
(ii) sinh a : sinh a = sinh 6 : sinh/? = sinhc : sinhy, 
(iii) cotha sinhy = coshy coshb - cotha sinh/?. O 

An alternative proof would be to use the decomposition into pentagons along 
r and to proceed as in the proof of (2.3.2), but now with the pentagon formu­
lae. 

2.4.2 Theorem. Let x, y and z be any positive real numbers. Then there 
exists a unique convex right-angled geodesic hexagon a,y,b,a,c,p such 
that x = a,y = b and z = c. 
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Proof. Uniqueness follows from Theorem 2.4.1. A construction has been 
described in Section 1.7. We also may paste together two pentagons as in 
Fig. 2.4.1. For this we first determine s e ]0, b[ by the equation 

sinh(ft - s) _ coshc 
sinhs ~ cosh a' 

where a, b, c = x, y, z. After that we let r > 0 be defined by the equation 
sinh r sinhs = cosh a. Then sinh r sinh(& - s) = cosh c. By Lemma 2.3.5 and 
Theorem 2.3.4, the pentagons of Fig. 2.4.1 exist for our values of r, s, a, b 
and c. o 

The trigonometric formulae show the strong analogy between triangles and 
right-angled hexagons (Theorems 2.2.1 and 2.4.1). Another analogy is the 
following. 

2.4.3 Theorem. In any convex right-angled geodesic hexagon the three 
altitudes are concurrent. 

Proof. By definition, an altitude is the common perpendicular of two 
opposite sides. By Theorem 1.5.3(iii), the three altitudes exist and are 
contained in the hexagon. We prove their concurrence as an application of 
trigonometry. 

Figure 2.4.2 

With the notation as in Fig. 2.4.2, we let/? be the intersection of altitudes 
aa and bp. We drop the perpendicularspyfromp to y and pc from/? to c. By 
Theorem 2.3.1(ii), the acute angles satisfy the relation 

cosu cos v cos w - cosu' cos v' cos w', 

where u = u'. Hence, if v < v\ then w > w' and vice versa. But v + w' = 
v' + w. This implies that v = v' and w = w'. Hence py and pc together form 
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the remaining altitude cy. This proves the theorem. o 

While convex hexagons are important for the construction of Riemann sur­
faces, self-intersecting hexagons like that of Fig. 2.4.3 are important for the 
twist parameters (cf. Section 3.3). 

2.4.4 Theorem. In a right-angled geodesic hexagon a,y,b, a, c, P with 
intersecting sides c and y, we have 

cosh c = sinh a sinh b cosh/ + cosh a cosh b. 

Proof. This follows from Theorem 2.2.6. Another proof, based on pen­
tagons and trirectangles is as follows. 

Assume first that the geodesic extensions of p and b have a common per­
pendicular r. Since c and r are orthogonal to /?, they do not intersect. Hence, 
we have two right-angled pentagons, one with sides a, y, s, r and t and the 
other with sides c, a, (b + s), r and (t- p). Theorem 2.3.4(i) (right-angled 
pentagons) yields: 

cosh c = sinh r sinh(& + s) 
- sinh r sinh b cosh s + sinh r cosh b sinh s 
= sinh a sinh b cosh y + cosh a cosh b. 

Assume next that the extensions of p and b intersect. The pentagons are now 
replaced by two trirectangles, one with sides a, y, s and t, the other with 
sides c, a, (b + s) and (t - p). The proof is the same, now with Theorem 
2.3.1(iii) and (v) (trirectangles). The remaining case, where b and p meet at 
infinity, is filled-in by a continuity argument in the proof. O 
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2.5 Variable Curvature 

This section belongs to a small subculture of the book consisting of Sections 
2.5, 4.3 and 5.4. In these sections we extend some of the results to variable 
curvature. The results, in this form, will not be used in other parts of the 
book. We use two comparison theorems. The first one is Sturm's theorem, 
where we use Klingenberg [1, 2], Lemma 6.5.5 as a reference, the second 
one is Toponogov's theorem, for which we refer to Cheeger-Ebin [1]. 

Pentagons and hexagons are also useful on surfaces of variable curvature. 
In this section we show that they satisfy trigonometric inequalities. We derive 
them from the constant curvature case with Sturm's comparison theorem. 

Throughout the section (with the exception of the final lemma) we make 
the following assumption. M is a complete simply connected two dimen­
sional Riemannian manifold of negative curvature K with the following 
bounds 

(2.5.1) - K : 2 < AT< -o>2 < 0, 

where xrand <y are positive constants. 
Using Hadamard's theorem (Klingenberg [1, 2], Theorem 6.6.4), we in­

troduce polar coordinates (p, o) centered at some given point p0 e M. These 
coordinates are valid on M- {p0}. We consider c to be an element of S1. 
The metric tensor has the following form 

(2.5.2) ds2 = dp2 + / 2 (p , <7) da2 

with a smooth positive function/: ]0, oo[ x S1 h-» R. Sturm's comparison 
theorem now states that 

(2.5.3) - sinh Kp > / (p , a) > - sinh cop. 

This suggests introducing the comparison metrics 

(2.5.4) ds2 =dp2 + ^ sinh2rp da2 

of constant curvature - T 2 for r = K and T = co. The three lengths of a smooth 
curve c on M with respect to dsl, ds2 and dsl will be denoted respectively 
by €K(c), £{c) and €a(c). By (2.5.3) we have the following inequalities, for 
any such curve, 

(2.5.5) 4 ( c ) > €(c) > €a(c). 

Note that for each a the straight line 

(2.5.6) p\-^ (p, a), p G ]0, oo[, 
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is a unit speed geodesic with respect to all three metrics. This will be used 
tacitly below. 

In order to translate a trigonometric identity from curvature - 1 to curvature 
- T 2 , we replace every length x by rx (curvature x length2 is a scaling invari­
ant). Thus, Theorem 2.2.2(f) (right-angled triangles) on (M, cfa2) reads as 
before, but with every argument x replaced by rx: 

(2.5.7) cosh TC = cosh %a cosh ib, 

etc. If the curvature is non-constant, the identities can be replaced by in­
equalities. We give four examples. 

2.5.8 Theorem. For any right-angled geodesic triangle a, b, c in M with 
right angle y we have 

cosh Ka cosh Kb > cosh KC, 
cosh coc > cosh coa cosh cob. 

Proof. We introduce polar coordinates centered at the vertex of y. By the 
above remark, a and b are the sides of a right-angled triangle with respect to 
all three metrics. The corresponding hypothenuses cK, c, and ca are distinct 
curves, in general. Using the fact that geodesies are shortest connecting 
curves, we obtain from (2.5.5) 

€K{cK) > £{cK) > €(c) > €a(c) > C ( c J , 

where in our notation £{c) = c. The theorem follows now from (2.5.7). O 

2.5.9 Theorem. For any right-angled geodesic pentagon in M with con­
secutive sides a, b, a, c, /?, we have 

sinh Ka sinh Kb > cosh KC, 
cosh coc > sinh coa sinh cob. 

Proof. We use polar coordinates with the common vertex p0 of sides a and b 
as center, and introduce the comparison metrics (2.5.4) for T = fcand r= co. 
To prove the first inequality we draw in (M, ds\) the perpendiculars /?' and 
a' at the endpoints a and b. In (M, ds1) the curves p' and a' are generally 
not geodesies but they are orthogonal to a and b with respect to both metrics. 
This follows from (2.5.2). 

We check that Fig. 2.5.1 is drawn correctly in the sense that p' and a' do 
not intersect the open strip between (3 and a. For this we let p' e p' 
(respectively, p' e a') and consider the geodesic arc (with respect to either 
metric) w from p0 to p'. 



Ch.2, §5] Variable Curvature 45 

Figure 2.5.1 

Dropping in (M, ds2) the perpendicular u from/?' to the geodesic extension 
of a, we obtain a right-angled triangle w, v, w, where v is on the extension of 
a and w is the hypothenuse. In (M, cfa;J), w is the hypothenuse of a right-an­
gled triangle u', a, w, where w' lies on p'. Theorem 2.5.8 yields 

cosh KV cosh K€(U) > cosh KW = cosh KQ cosh K£K(U'). 

Since in negative curvature the perpendiculars are shortest connecting curves, 
we have by (2.5.5) 

tK{u')>{(u')>£(u). 

With this and the preceding inequality, v > a follows. Since (M, ds2) has 
negative curvature, the perpendiculars u and p either coincide or else are dis­
joint. This proves thatp' is not contained in the open strip between p and a. 

We conclude that/?' and a ' have positive distance in (M, ds2.). Namely, 
any connecting curve c' from /?' to a' intersects p and a so that, by (2.5.5), 

£K{c')>t(c')> f(c) = c. 

In (M, ds I), /?' and a' therefore have a common perpendicular. We let c' 
be this perpendicular. It follows that 

sinh Ka sinh Kb = cosh K£K(C') > cosh KC. 

The second inequality of the theorem is proved in a similar way, with p' and 
a' in (M, dsj), where now p' and a' do not intersect the exterior of the strip 
between p and a. It possible that p' and a' intersect or have a common end-
point at infinity. In this case we have sinh coa sinh cob < 1, and the second 
inequality of the theorem is trivially true. O 
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2.5.10 Corollary. Under the hypothesis of Theorem 2.5.9, we have 

cosh KC > coth KOC coth Kp, 
cosh coc < cothfya coth cop. 

Proof. Twice applying the first inequality of Theorem 2.5.9 (with cyclic 
permutation) yields 

cosh2Kp < sinh2 m (cosh2*:/?- 1) 
< sinh2x:a(sinh2x}3sinh2/cc- 1) 
= sinh2 KCC (sinh2 Kp cosh2 KC - cosh2Kp). 

This gives the first inequality. The second inequality is proved in the same 
way. O 

Our final example will be applied in Section 4.2 to obtain a sharp lower 
bound for the length of a closed geodesic with transversal self-intersections. 

2.5.11 Theorem. For any right-angled convex geodesic hexagon in M = 
(M, ds2) with consecutive sides a,y,b, a, c, p, the following hold. 

sinh Ka sinh Kb cosh KJ - cosh KCI cosh Kb > cosh KC, 
cosh coc > sinhcoa sinh cob cosh co y - coshcoa cosh cob. 

Proof. We begin with the second inequality. By the scaling invariance of 
curvature x length2, we may assume that co = 1. The idea is to use a compari­
son hexagon in the hyperbolic plane. For this we draw the consecutive or­
thogonal geodesic arcs a, y, b in H and extend this configuration into a 
hexagon. If this is impossible, then we are done because then 

1 > sinh a sinh b cosh y - cosh a cosh b. 

(Increase y until the hexagon comes into existence, then use Theorem 2.4.1 
and observe that the function ?H» sinh a sinh/? cosh/ - cosh a cosh/? is 

Figure 2.5.2 
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monotone increasing.) 
Assume therefore that the completion, say a, 7, b, a', c', /?', exists. 

Divide both hexagons into right-angled pentagons as shown in Fig. 2.5.2 
(the existence of r is proved as in the case of constant curvature with the 
Arzela-Ascoli theorem). By the second inequality in Theorem 2.5.9, applied 
to the pentagon on the left-hand side of the first hexagon, we have r > r'. 
Since sinhr' sinh b[ = cosh a> sinhr sinh/?!, we find that b[ > bx and 
b2>b'2. Hence, 

cosh c > sinh r sinh b2 ̂  sinh r' sinh b'2 = cosh c', 

where cosh c' = sinh a sinh b cosh 7 — cosh a cosh b. 
The first inequality of the theorem will be proved in a similar way, except 

that the inequalities obtained at intermediate steps will at the same time be 
used to prove that the comparison hexagon exists. For this we assume that 
K= 1, that is, we assume the curvature bounds -1 < K < 0. 

Draw orthogonal sides a, 7, in H. This configuration can be completed 
into a right-angled pentagon a, 7, b{\ r", p'{. (This has been shown in the 
proof of Theorem 2.5.9, see Fig. 2.5.1, where a and b play the roles of a 
and 7 of Fig. 2.5.2). By Theorem 2.5.9 we have r < r", b{' < bly and b2 < 
b2, where b{' + b2 = b. For the same reason, there exists a pentagon with 
sides r, b2 in H. Hence, we complete the bigger sides r" and b2 to find the 
right-angled pentagon r", b'2\ a", c"> P2, where, by Theorem 2.5.9 and by 
the monotonicity of the involved trigonometric functions, c" > c. Pasting the 
two pentagons together along r", we get the desired comparison hexagon. O 

For better reference we restate the last part as a corollary. 

2.5.12 Corollary. Let a, 7, b, a, c, p be a right-angled convex geodesic 
hexagon in M, where M is a complete surface of curvature K satisfying -1 < 
K < 0. Then there exists a right-angled convex geodesic hexagon a,y,b,a", 
c", P" in H and this hexagon satisfies c">c. o 

We do not know whether the inequalities above, which involve the lower 
curvature bound, remain valid if the curvature is allowed to assume positive 
values. In the proofs we needed the non-positive curvature assumption in 
order to work with polar coordinates. In some cases however, stronger 
methods can be applied which are not restricted to non-positive curvature. As 
an illustration, we apply Toponogov's theorem to prove the following 
lemma. (The lemma will be needed in Section 4.3 to extend the collar theo­
rem to variable curvature.) 
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2.5.13 Lemma. Let G be a (simply connected) right-angled geodesic pen­
tagon in a surface of arbitrary curvature K > - 1 . Then any pair of adjacent 
sides a{,a2 satisfies the relation sinn^ sinh#2 > 1-

Proof. We use the notation of Fig. 2.5.3. A new feature is that we no longer 
have the uniqueness theorems for connecting geodesies arcs and per­
pendiculars. However, we still have the existence of geodesic arcs in G of 
minimal length in the various homotopy classes. This follows, as always, 
from the Arzela-Ascoli theorem, now applied to the compact metric space G. 
In the arguments which follow, "minimal" is meant with respect to G. Also, 
all arcs considered will be arcs in G. 

Replace each side a{ of G by a shortest geodesic arc a\ in G having the 
same endpoints. Since the arcs have minimal length, they do not intersect 
each other, except for the common vertices, and we obtain a geodesic pen­
tagon G' in G. We triangulate G' as shown in Fig. 2.5.3(a) with diagonals 
which again have minimal length in their homotopy classes. By Toponogov's 
comparison theorem (Cheeger-Ebin [1]), there exists a geodesic pentagon G" 
in H with sides a" of length €{a") = €(a[), i = 1, . . . , 5, such that all interior 
angles of G" are less than or equal to the corresponding angles of G'. In par­
ticular, all interior angles of G" are less than or equal ion/2. 

Figure 2.5.3(a) Figure 2.5.3(b) 

In H we drop the perpendiculars aY from A'{ to a5", a2 from A2 to aly 

a3 from A'{ to a2 and a4 from a$ to a3 (Fig. 2.5.3(b)). We obtain a right-
angled geodesic pentagon G in H with sides a{ of length /(a-) < €{a") = 
€{a\) < €{Qi). By virtue of the pentagon formula (Theorem 2.3.4(i)) this 
proves the lemma. O 
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2.6 Appendix: The Hyperboloid Model Revisited 

In this section we describe a more algebraic aspect of the hyperboloid model 
of the hyperbolic plane. The new feature is the vector product associated with 
the bilinear form h. This will allow the unification of the hyperbolic plane and 
its isometry group into a quaternion algebra which one may call the quater­
nion model of the hyperbolic plane. As an application we prove the triple 
trace theorem (Theorem 2.6.16 and Corollary 2.6.17) and an improved ver­
sion of the general sine and cosine laws of Thurston [1] (Theorem 2.6.20). 

The Quaternion Model 

As in Section 2.1 we consider the bilinear form h:: R3 x R3 —> R given by 

h(X, Y) = xxyx + x?y2 - ,T3y3. 

h is a symmetric bilinear form of signature (2, 1). To simplify the notation 
we shall write 

h(X, Y) = XY. 

R3 together with this product will be denoted by #*0. 
In Section 2.1 the hyperboloid model was introduced as the surface 

H={X e !H0\h(X,X) = -l,x3>0}. 

The geodesies are the sets H n T, where T i s a plane through the origin of 
9-CQ. Using the action of Q (cf. Lemma 2.1.4), we easily check that if 
C G # o - {0} is a vector ft-orthogonal to T, then h(Ct C) > 0. Conversely, 
for every non-zero vector C with h(C, C) > 0, the //-orthogonal plane Fof C 
intersects H in a geodesic. We may thus say that C represents a geodesic 
whenever h(C, C) > 0, and C represents a point whenever h(C, C) < 0. This 
leads to the following 

2.6.1 Definition. A vector X e # 0 - {0} is point-like if h(X, X) < 0, 
geodesic-like if h(X, X) > 0, and infinity-like if h(X, X) = 0. 

Our point of view is to see H^ as an example of hyperbolic geometry with the 
basic geometric quantities: points and lines represented by point-like and geo­
desic-like vectors. For this we call vectors equivalent if and only if they differ 
by a non-zero factor. The equivalence classes of the point-like, geodesic-like 
and infinity-like vectors are respectively the points, the geodesies (or lines) 
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and the points at infinity. As usual we shall identify equivalence classes with 
their representatives. The set of all points, lines and points at infinity is 
denoted by 9('. 

2.6.2 Definition. Two vectors X, Y e 9(0 - {0}, along with the equiva­
lence classes represented by these vectors, are called incident iffXY = 0. 

To compare this with the hyperboloid model H, we use the following nota­
tion. If X is point-like we denote by X* the intersection point of H with the 
straight line spanned by X. If X is geodesic-like we denote by X* the geode­
sic in H which is cut out by the /^-orthogonal plane of X. In this way we have 
a natural one-to-one correspondence between the points and lines of 9C and 
the points and geodesies of H. Finally, if X is infinity-like we denote by X* 
the straight line spanned by X and call X* a point at infinity of H. 

We now interpret the above incidence relation. If X e 9(0 is point-like, we 
may, by virtue of Lemma 2.1.4 (the twice transitivity of Q), assume thatX = 
(0, 0, 1) and then easily check that X is incident with Y if and only if Y is 
geodesic-like with the corresponding geodesic Y* containing the point X*. 

If X is infinity-like, then X can be incident with Y in exactly two cases: (i) 
Y* = X*, and (ii) Y is geodesic-like and X* is an endpoint at infinity of the 
geodesic Y*. (Again use Lemma 2.1.4.) 

If both X and Y are geodesic-like, then X and Y are incident if and only if 
the geodesies X* and Y* are orthogonal. 

With our definition of incidence we can restate and complete Theorems 
1.1.4 - 1.1.6 as follows. 

2.6.3 Theorem. If a and p are distinct elements ofM', then there exists a 
unique y e 0i' which is incident with a and p. 

Proof. Check the various cases, or wait until the end of the proof of 
Theorem 2.6.7. O 

The theorem becomes more tangible if we introduce as a new tool the vector 
product associated with h. 

Let I = (1, 0, 0), 3 = (0, 1, 0) and %= (0, 0, 1). Then {I, 3 X} is an or-
thonormal basis of Of^ in the sense that 13 = l%- 3%= 0 and 

11= 33= -%X= I-

2.6.4 Definition. The vector product associated with h is the unique anti­
symmetric bilinear mapping A : 9(0 x !tf0 —> 9(0 satisfying 
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lAj=0t, IAX=J, J 7 A 3 C = - J . 

In the following lemma, det(A, B, C) is the determinant of the matrix formed 
by the coordinate vectors of A, B,C with respect to the basis {I, J, %}. 

2.6.5 Lemma. The vector product has the following properties: 

(i) (A A B)C = A(B A C) = -det(A, B, C), 
(ii) A A (B A C) = (AB)C - (AC)B, 

(AAB)AC= (BC)A - (AC)B, 
(iii) (AAB)(CAD)= (AD)(BC)-(AC)(BD), 
(iv) (A A B) is h-orthogonal to A and B. 

Proof. By the linearity in all arguments it suffices to check (i) and the first 
identity in (ii) on the above orthonormal basis. The second identity in (ii) is a 
consequence of the first, (iii) is a consequence of (i) and the first identity in 
(ii). The final statement, (iv), is a consequence of (i). O 

From the lemma follows that up to a factor ±1 the vector product A is inde­
pendent of our particular choice of the orthonormal basis {7, J, 9£}. In fact, 
let A, B, C be /z-orthonormal vectors. Then from the incidence relations (or 
by using Q) we see that two of the vectors are geodesic-like and one is point­
like. We may therefore assume that AA =BB = -CC = 1. By (iii) we have 
(A A B)(A AB) = - 1 . Therefore, by (iv), A A B = eC with e = ±1. Now (i) 
and (iv) imply A A C = sB and B A C = —eA. Hence, the vector product 
based on {A, B, C } differs from A only by the factor e. 

As in the Euclidean case we have the following lemma. 

2.6.6 Lemma. A A B = 0 iff A and B are linearly dependent. 

Proof. For each B = bYI+ b2J+b3%i the linear mapping A h-» A A B is rep­
resented by the following matrix (operating on column vectors) with respect 
to the basis {I,J,2C} 

( 0 -b3 b2 \ 
\ b3 0 -bx\. 
\b2 -bx 0 ) 

UB^O, this matrix has rank 2, so the kernel of this mapping consists of the 
multiples of B. O 

Here is a first application of the vector product. 



52 The Hyperboloid Model Revisited [Ch.2, §6 

2.6.7 Theorem. If A,B e 9{0 represent distinct elements of 9(', then 
A AB represents the unique element which is incident with A andB. 

Proof. By Lemma 2.6.6 we have A A B * 0. By Lemma 2.6.5(iv) A A B is 
incident with A and B. If C is another vector incident with A and B, then by 
Lemma 2.6.5(ii), (A A B) A C = 0. By Lemma 2.6.6, C is a multiple of 
A A B, i.e. C and A A i? represent the same element of 9{'. This proves the 
theorem. At the same time this provides a proof of Theorem 2.6.3. O 

Let us next look at the isometries of !tf0, or, more precisely at the endomor-
phisms of !H0 which preserve h. It is not difficult to check that the subgroup 
Q c GL(3, R) of Section 2.1 acts by isometries and preserves the vector 
product. However, we want to redevelop the isometries in a more algebraic 
way which uses quaternions. We begin by adding an additional dimension to 
!HQ by taking the direct sum of vector spaces: 

?{={A = a+A\a eR,A e ?{0}. 

9{\s a vector space with basis {1, I, J, 1Q. The vector product is extended to 
.T/'as follows. 

2.6.8 Definition. For A, B e J{0 we define 

A*B=AB+AAB, 

and for JZ = a+A, <B = b+B e #wedefine 

A * <B = ab + aB + bA + A * B. 

This is the distributive extension of all previous products and we check that 
^"together with + and * is an algebra. More precisely, -?Hs a quaternion al­
gebra of type (1,1) (Vigneras [3]). (.?£ *) is the quaternion model of hyper­
bolic geometry. 

The hyperbolic plane in this model is the set of all equivalence classes of 
point-like vectors of 9(0 a 9(. The geodesies are the equivalence classes of 
the geodesic-like vectors. Since we identify equivalence classes by their rep­
resentatives, we may rephrase this by saying that Mcontains the hyperbolic 
plane and that ^falso contains the geodesies. We next describe how the 
isometries sit in #"and how the various relationships may be expressed in 
terms of the algebra. 

The following are basic concepts of quaternion algebras (for a general 
introduction to quaternion algebras and applications to Riemann surfaces we 
refer to Vigneras [3]). 
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2.6.9 Definition. For every ft = a + A e i#we define the quaternion 
conjugate ft:=a- A, the norm n(ft) := ft *ft, and the trace ti(ft) := a. 

Observe that the trace allows us to rewrite the product h on 9(0 in terms of the 
quaternion algebra: 

h(A,B)=AB = tr(A*£), A,B e tf0. 

2.6.10 Lemma, tr : #"—» R is a vector space homomorphism. Quaternion 
conjugation is a vector space homomorphism which satisfies the rule 

ft* <B = <B*A, 

and n : #"—> R is a multiplicative homomorphism with respect to *. 

Proof. Clearly, trace and conjugation are vector space homomorphisms, and 
the rule is easily checked on the basis vectors 1, I, .7 and %.. With this rule 
we compute n(ft * <B) = ft* <B* ft* 'B = ft* <B *<B*ft = ft* nifyft = 
n(ft)n((B). O 

We introduce the subsets 9(l and J(~x. 

2.6.11 Definition. 

Hx ={a+A e 9{\a2-AA = 1}, Wx = {a + A e 9(\ a2 - AA = - 1 } . 

Since n is a ^-homomorphism, 9(l and 9(l u 9-C~l are groups with respect 
to *. For ft - a + A e 9{l u ^C~l the inverse ft'1 is given by 

ft~l=a-A if fte 9{\ ft~l = -a+A if fte 9<~l. 

For j ? G ^ ' u #"_1 and $ e #we compute that 

tr(JT * * <B * ft) = tr(#). 

Since 9{0 is the set of quaternions with trace zero, it follows that 9ix and 
9-(l u 9{~l act on 9(Q by conjugation (conjugation in the sense of groups). 
Moreover, the following is also true. 

2.6.12 Lemma. For each ft e 9(l KJ 9(~l the vector space endomorphism 
X\-^> ft~l *X*ft,X e 9-C0 is an isometry with respect to h. This isometry 
commutes with the vector product. 

Proof. We use the fact that for X, Y e 0i^ the bilinear form h can be written 
as h(X, Y) = tr(X * Y) (see above). Hence h(ft~l * X * ft, ft'1 * Y * ft) = 
tr(^_1 * X * ft * ft~l * Y * ft) = ix{ft-x * X * Y * ft) = h(X, Y). This proves 
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the first claim. The equation X AY = X *Y- h(X, Y) proves the second 
claim O 

Note in particular that for Si e 9{~l conjugation with Si is commutative and 
not, as on might expect, anticommutative with the vector product. For the 
action of Si e 0ix u 9-(~l on ^C0 we use the notation 

ft-1 *X*Si = A[X]. 

In axiomatic geometry the isometries are studied by looking at the half-
turns (point symmetries) and the reflections (axial symmetries). This is easy 
to undertake in 9i. In the following, 8 is either 1 or - 1 . 

2.6.13 Proposition. Let A e !H0 with AA = -S. Set Si = A and interpret 
A as an element of9{8 acting on 9(0 by conjugation. Then 

(i) A[A]=A, 
(ii) J?L[X] = -Xfor all X e ?C0 which are incident with A. 

Proof, (i) is clear. For (ii), with Lemma 2.6.5 we compute that 

(iii) A[X] = -28{AX)A - X 

and recall that, by definition, X is incident with A if and only if AX = 0. O 

If we interpret Si as acting on H' and denote, as earlier, by A*, X*, etc. the 
elements in H' represented by A, X, etc., then (iii) shows that SA & id. 
Moreover, JAis a half-turn about A* if A is point-like (it fixes each geodesic 
X* through A*), and SA is a symmetry with axis A* if A is geodesic-like (it 
fixes the points X* on A* and the geodesies Y* orthogonal to A*). 

The two-fold transitive action of tHl on 0-C' can now be proved in the 
same way as in axiomatic geometry: 

If X* and F* are points, we can chose the representatives X and Y in 
# o such that XX = YY and such that XY < 0. This implies that (X + Y) is 
again point-like and we can further normalize the representatives such that, in 
addition (X + Y)(X + Y) = - 1 . The proposition below will show that under 
these normalizations (X + 7)* is the mid-point of X* and Y* and, if (X + Y) 
is interpreted as an element of Hx, then (X + Y) is the half-turn about 
(X + Y)* which interchanges X* and Y*. 

Similarly, if X* and 7* are geodesies, we can choose the representatives X 
and Y such that XX = YY and (X + Y)(X + Y) = 1. The following proposition 
will show that (X + Y)* is either an angle bisector or the median of X* and 
Y*, and that (X + Y), if seen as element of #*_1, is the symmetry with axis 
(X + Y)* and interchanges X* and Y*. 
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2.6.14 Proposition. Let X,Ye9{0 be linearly independent such that XX 
= YY and (X + Y)(X + Y) = -8, where S = ±1. Set A = (X + Y). Then A, 
when seen as an isometry, satisfies the following relations. 

A[X] = Y, R[Y] = X and &\X A F] = -X A Y. 

Proof. This is obtained by a straightforward computation. The statement 
about X AY can also be concluded from Proposition 2.6.13 because X A Y is 
incident with X and Y (cf. Theorem 2.6.7). O 

For every A e 9-C1 KJ 9f~l the action of A on !H' coincides with the action of 
- i L By looking at the fixed points (respectively, the fixed geodesies) we see 
that the kernel of the action is {±1} and that 9ix / {±1} can be identified with 
the group Q of Section 2.1. 

In order to see the relation between 90 and the isometries in the upper 
half-plane model we associate with each basis vector of 0-( a (2 x 2) matrix as 
follows. 

,,6,5, , „ ( - ) . , „ ( ; » ) , , „ ( ; : ) . * „ ( » : ) . 
This mapping extends to an isomorphism between the quaternion algebra 9( 
and GL(2, R), and the restriction to 9{l is an isomorphism between !Hl and 
SL(2, R). 

Resume. The quaternion algebra ^contains the points, the lines and the 
points at infinity in the subset 9(0\ the incidence of elements X,Y E 9f0 is 
given by the relation tr(X * Y) = 0; and the isometries are contained in 
9-tl u H~l which acts twice transitively by conjugation. 

A Trace Relation 

We postpone the introduction of distances and angles to the end of the section 
and now prove, as a first application, a theorem about traces in finitely 
generated subgroups of SL(2, R). We start with a more general version in 

Consider n distinct elements X{, . . . , Xn e 9fx, (e.g. generators of a dis­
crete subgroup). We can write words in Xx, ..., Xn as follows. Let m e N, 
and consider a finite sequence 

co=vl,nl, v2,rt2, . . . , vm,nm, 

where every vi is an index, v,- e { 1 , . . . ,«} , and every n{ is an exponent, 
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nt e Z, / = 1 , . . . , m. Then write 

w = wa(xl, ...,x„) = x;'*x£*...*x;£. 

We want to express this word in a different form using the traces from the 
following list 

trX,-, j = l , . . . , rc , 
tr(X f*X,), 1 < / < ; < « , 
tr(Xf * Xy * Xk), \<i<j<k<n. 

For simplicity we rewrite this list as a sequence Tj, . . . , rN, where T, = 
rl(Xl, . . . , Xn), i = 1 , . . . , N. (Later on, the group elements Xly . . . , Xn will 
be varied.) The following theorem has its roots in Fricke-Klein [1], p. 366. 

2.6.16 Theorem. (Triple trace theorem I). For every sequence co-vv nx, 
v2, n2, •-., vm, nm as defined above, there exists a sequence of real polyno­
mial functions 

fi=fi(xl, . . . ,%) , / = 0,... , nt 

fij = / / /* i ' • • • ' % ) ' \<i<j^n 

{(xx,..., xN) € RN) which depend only on co such that any word W = 
W^pf!, . . . , Xn) with X l5 . . . , Xn e 9{l can be written in the form 

W =/0(T1, . . . , % ) + Xm, • • •, %)*/ + 2 / i / T , , . . . , T^X,- * Xj. 
i ><j 

Proof. We first consider some elementary relations. If Xi = xt + Xt with xt -
tr(Xf) and X; e #"0, then X,"1 = x{ - X, = 2xt - X,-. This yields the relation 

(1) Xr^ltrXi-Xi, 

and since X,- <= ̂ , w e have 

(2) XiX^^iXi)-!. 

If Xj = Xj + Xj, then, by the definition of the * -product, 

(3) X,Xj = tr(X,- * Xj) - u(Xi MXj). 

We also compute that 

(4) Xi A Xj = Xi * Xj - tr(X; )Xj - tr(X,- )Xt - tr(Xf * X) + 2tr(X,- MX). 

Finally, if X^ = xk + X ,̂ then 

(5) tr(Xt * Xj * Xk) = x{XjXk + xkX{Xj + xiXjXlc + xjXiXk + (Xt A XpXk. 

The theorem is now proved by a straightforward induction: if W = X*1, the 
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claim follows from (1). Assume therefore that the claim holds for W and let 
W' = W * X*1 for some k. By (1) we may assume that W = W * Xk. Then 

W =f0Xk + XfX^X, + ZfijXfX^ . 
i i<j 

By (2), (3) and (4), we can rewrite each term Xt * Xk in the form given in the 
theorem. The same is verified for the terms Xt * Xj * Xk if we apply (5) to 
(XiAXj)Xk and use that ^ A ^ A I ^ ^ X ^ - I I A ) ^ (Lemma 
2.6.5(ii)). Hence, W can be rewritten in the desired form. O 

With the isomorphism 9{l -^ SL(2, R) given by (2.6.15) we immediately 
obtain the following. 

2.6.17 Corollary. (Triple trace theorem II). Let vx, nl% v2, n2, . . . , vw, nm, 
be a sequence as given above. Then there exists a polynomial function f' = 
/ (x^ . . . ,%) such that for any sequence A j , . . . , An e SL(2, R) the word 

has trace tr W = / (T 1 , . . . , TN), where T1? . . . , rN is the sequence of all traces 
trAh trA^y, trA^A^, 1 < i <j < k < n. 

Proof. Use the correspondence given by (2.6.15) and observe that the trace 
of each !A. e 9{l is half the trace of its corresponding matrix in SL(2, R). O 

The General Sine and Cosine Formula 

The final step in this essay is to introduce length and angular measure and 
then to give a new proof of the general sine and cosine formulae of Thurston 
[l],p.218. 

Our point of view is that most frequently, a trigonometric formula has to 
be applied to a configuration given by a drawn figure. We have therefore 
tried to find a formula together with an adjustment rule so that a reader who is 
used to reading figures may conveniently adjust the general formula to the 
given configuration. 

It turns out that there are quite tedious sign conventions. In order to make 
them more applicable, we have decided to introduce oriented points and ori­
ented arcs, but work with non-oriented measures. The orientations will then 
be used in the adjustment rule in order to rewrite the formula for the given 
case. The so adjusted formula then applies to the non-oriented lengths and 
angles. 
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The general sine and cosine law will be given in Theorem 2.6.20. Prior to 
it there will be a rule telling how to set arrows in the figure, and a list (Fig. 
2.6.1) telling how to interpret the terms occurring in the general rule. The 
definitions which now follow are only needed for the proof. 

For U G ^ 0 w e denote again by U* the element in the hyperboloid H rep­
resented by U (cf. the paragraph after Definition 2.6.2). Q is the twice transi­
tive group generated by the isometries La and Mp as defined in (2.1.2). 

To orient the geodesies we first consider the case U = I. Here i* is a geo­
desic in H which passes through the point p0 = (0, 0, 1) in an /j-orthogonal 
plane of I. We parametrize I* with unit speed such that the tangent vector at 
p0 becomes - J. This introduces an orientation on i* and we let V denote the 
geodesic I* together with this orientation. If U e 9-C0 is an arbitrary geodesic-
like vector, normalized so that UU = 1, then there exists an isometry 0 e Q 
which sends I to U and I* to U*> and we denote by U° the geodesic U* 
together with the orientation induced from V by 0. We abbreviate this by 
writing 

u° = (f>(r). 

Note that with our convention the tangent vector of J° at/?0 is 1°. Since every 
isometry of Q which fixes /also fixes the orientation of I\ this definition is 
independent of the particular choice of 0, and the following compatibility with 
Q holds: 

W{U°) = (Y(U)y far all f e a 

Finally, if U is geodesic-like satisfying UU = a2,a> 0, then we define U° = 
(U/a)°. Note that (-C/)° has opposite orientation. 

To define the orientation of a point, we let U e !tf0 be a point-like vector 
and denote by U° the point U* e H together with an orientation which is 
defined to be positive if U%< 0 (i.e. if U has a positive third component) and 
negative otherwise. Again (-U)° has the opposite orientation of U°. 

Points at infinity will not be considered. 
In the figures which follow, we adopt the following conventions. The ori­

entation of a geodesic will be marked by an arrow (indicating the sense of the 
parametrization), and the orientation of a point will be marked by an oriented 
curve which goes around the point in the counterclockwise sense if the ori­
entation is positive and in the clockwise sense otherwise. This convention 
commutes with the action of Q: if V = *¥{U) with f e Q, then marking V in 
the figure is the same as first marking U° and then letting f operate on the 
figure. Finally, we adopt the convention that a counterclockwise rotation of 
n/2 is needed to rotate I" into J°. (This is our definition of counterclock­
wise.) 
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In the next step we introduce a non-oriented measure and a. parity for each 
of the following configurations (cf. Fig. 2.6.1 further down): (1) an angle 
flanked by two oriented geodesic arcs, (2) a geodesic arc flanked by two ori­
ented perpendicular geodesies, (3) a geodesic arc flanked by two oriented 
points, (4) a geodesic arc flanked by an oriented point and an oriented per­
pendicular geodesic. 

If the geodesic arcs in (1) intersect in opposite directions the curve marking 
the orientation of the vertex, then we define the parity 8 of the configuration 
to be l.Jf the intersections are in the same direction we set 8= - 1 . For the 
configurations (2) - (4), the parity is defined in a similar way (cf. Fig. 
2.6.1). Note that in case (3) the parity is 1 if both endpoints have the same 
orientation. We also remark that the parity is preserved under the action of Q. 

We next define the non-oriented measures. To simplify the notation we use 
the following abbreviation for X G 9{0\ 

|X| = (|XX|)1/2. 

2.6.18 Definition and Remarks. (1) First let U" and V° with U, 
V G 9-C0 be the oriented geodesies intersecting at/? G H and carrying the geo­
desic arcs of the first configuration. There exists a unique (j> G Q and a unique 
oe [-7ty n[ such that 0Q?) = p0, <t>{U°) = 1°, <t>({-8V)°) = La(I°), where 8 
denotes the parity and L0 is the rotation as in (2.1.2) with fixed point p0 and 
angle <r. We define a = I a I to be the measure of the angle flanked by U° and 
V°. This is just the ordinary angular measure and is independent of the orien­
tations of the arcs. Using cp we easily check that UV = -8 cos a I U\ I V\ and 
IU A V\ = sin a I U\ I V\. For this configuration we define 

C(a) := cos a, S(a) := sin a, 

(2) Now let U° and V° be oriented geodesies in H having a common per­
pendicular, say y. There exists a unique 0 G Q and a unique a > 0 such that 0 
sends the intersection point of U° and y to p0 and the intersection point of 
V° and y to Ma(p0), where Ma is the isometry from (2.1.2) with axis J° and 
displacement length a. We define a to be the distance from U° to V°. Again 
using 0, we verify the two equations UV = -8 cosh a I U\ I V\ and \U AV\ = 
sinh a \ U\ I V\. Here we define 

C(a) := coshtf, S(a) := sinh a. 

(3) If U° and V° are the oriented endpoints of a geodesic arc, we have a 
unique <j> e Q and a unique a > 0 such that 0 sends U* to p0 and V* to 
Ma(p0), (disregarding the orientations). We define a to be the distance of 
U° and V\ and check that UV= -8 cosh a \U\Wl \U AV\ = sinha M l VI. 
Here we define 



60 The Hyperboloid Model Revisited [Ch.2, §6 

C(a) := cosh a, S(a) := sinha. 

(4) The remaining case is that U° is a point and V° a geodesic (or vice-
versa). We let y be the (non-oriented) geodesic through U° orthogonal to 
V°. There exist uniquely determined <f> e Q and a > 0, satisfying <p{U*) = p0 
and (f)(V0 ny) = Ma(p0). (Again we disregard the orientation of curves.) We 
define a to be the distance from the point to the geodesic. In contrast to the 
above cases (1) - (3) we now have UV = -S sinh# IU\ IV\ and \U AV\ = 
cosh a I U\ IVI, and we define 

C(a) := sinhtf, S(a) := coshtf. o 

Using the above isometries 0 e Qy we check that in cases (2) - (4) the 
arrow which marks the orientation of (U A V)° points from U to V if the parity 
is - 1 , and from V to U if the parity is +1. This is also true in case (1) if the 
arrow of the marking curve is drawn on the part which is inside the angular 
region of angle a flanked by the two geodesic arcs. We abbreviate this fact by 
saying that (-8U A V)° points from U° to V°. The above arguments yield: 

2.6.19 Lemma. In each of the configurations (1) - (4) the following hold. 

UV = -SC(a)\U\\V\, 
\UAV\ = S(a)\U\Wl 

and (-8U A V)° points from U° toV°. O 

(1) 

(2) 

(3) o 

(4) 

M 
^ 

C(a) 
S(a) 

C(a) 
S(a) 

C(a) 
S(a) 

C(a) 
S(a) 

cos a, 
sin a, 

coshtf, 
sinha, 

cosh a, 
sinha, 

sinhtf, 
coshtf. 

5=1 8=-l 

Figure 2.6.1 
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Rule for setting the arrows. Let a generalized triangle a, y, b, a, c, p in 
H be given. Mark each element of angle type by a small arc connecting the 
adjacent sides and contained in the sector of angle < n as shown in Fig. 
2.6.2. Then orient a, y, etc. by setting arrows in such a way that a points 
from p to 7, 7 points from a to b, and so on (cf. Fig. 2.6.2). The configura­
tions pay, ayby yba, etc. now have well defined parities which we denote by 
8a, 8y, 8b, etc. Finally, we define ey = 1 if 7 is a geodesic arc, and ey = - 1 if 
7 is an angle. 

K K 
Figure 2.6.2 

2.6.20 Theorem. With the above definitions each generalized triangle a, 
7, b, a, c, p satisfies the cosine law 

C(c) = eY8a8b8c [ 8yS(a)S(b)C(y) - C(a)C(b) ] 

and the sine law 

S(fl) : S(a) = S(Z?): S(j5) = S(c) : S(y). 

Proof. Choose A,B,C e 9f0 with \A I = \B\ = | C | = 1 such that with 
respect to the given orientations A0 = a, B° = p, C° = 7 (recall that IXI = 
\XX\1/2y Lemma 2.6.5(iii) implies that 

(AB)(CC) = (BA C)(C AA) + (BC)(CA). 

From Lemma 2.6.19 we have 

AB = -8cC(c), BC = -8aC(a), CA = -8bC(b), 
\BAC\ = S(fl), {-8^AC)° = fl°, ' 
\CAA\ = S(/7), H C A A ) ° = b\ 

where a° and b° are the oriented geodesies carrying a and & and having the 
orientations of a and b. By the first relation of Lemma 2.6.19 we have there­
fore 
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8MB A Q(C AA)= -8rC(y)\B A C\ IC A AI = -8yC(y)S(a)S(b), 

and the cosine law follows. To prove the sine law we note from Lemma 
2.6.19 and Lemma 2.6.5 that 

S(y)\B A C| \C A A\ = \(B A Q A (C A A)I = ldet(A, 5, C)|. 

Hence S(c) : S(y) = U A B\ \B A C\ \C A A I : |det(A, B, C)\, where the 
right-hand side is invariant under cyclic permutation. O 

As an example we compute the cosine formula for the generalized triangles in 
Fig. 2.6.2. In the first triangle the signs are ey = 1, 8a = 8b = 1, 8C = 8y= - 1 . 
The formula becomes 

coshc = sinh a sin b sinh y + cosh a cos b. 

In the second triangle the signs are ey= - 1 , 8b = Sc = 8y = 1, 8a = - 1 . The 
formula becomes 

cose = cosh a cosh b cosy - sinh a sinh/?. 

One may now again compute the formulae for the configurations in the earlier 
sections. We recall that in the present section the angles and sides have non-
oriented measures. When oriented measures are used, as for example in 
(2.3.2), then the signs in the formula must be adjusted accordingly. 



Chapter 3 

Y-Pieces and Twist Parameters 

In this chapter we carry out the construction of the compact Riemann surfaces 
and introduce the Fenchel-Nielsen parameters as outlined in Section 1.7. The 
building blocks are the pairs of pants or 7-pieces, whose geometry will be 
studied in some detail in Section 3.1. We then give a first idea of Teichmuller 
space by considering the so-called marked 7-pieces. If two 7-pieces are 
pasted together, one obtains an X-piece, and an additional degree of freedom 
appears: the twist parameter. We show that the twist parameter can be com­
puted in terms of the lengths of closed geodesies and vice-versa. In Section 
3.5 we briefly consider cubic graphs which are the underlying combinatorial 
structure in the construction of the surfaces. We also give an estimate of the 
number of such possible graphs. The construction then follows in Section 
3.6 at the end of which we give a large number of pairwise non-isometric 
examples. The final section is an essay on the multiplicity of the length spec­
trum and is considered as a first application. This section is an appendix and 
may be skipped in a first reading. 

3.1 Y-Pieces 

3.1.1 Definition. A compact Riemann surface of signature (0, 3) is called 
a Y-piece or a pair of pants. 

Pants are building blocks for all compact Riemann surfaces of genus greater 
than one. They are obtained as follows. 

Let G be a right-angled geodesic hexagon in the hyperbolic plane with con­
secutive sides av c3, a2 , c p a3, c2, a n ^ l e t G' be a copy of G with corre-
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sponding sides a{, c'3, a'2, c{, c^, c'2. 
We parametrize all sides on the interval [0,1] with constant speed: 

(3.1.2) , " ° ' W ' ' w a ' W ' , e [ 0 , l ] . / - 1 . 2 , 3 , 
th*C;(t), fh->C/(0, 

and such that the sides of G and G' together form a closed boundary curve 
(Fig. 3.1.1). The hexagons are assumed to be disjoint. The pasting condition 

(3.1.3) a^t) = aft) := atf), t e [0, 1], i = 1, 2, 3, 

(cf. Section 1.3) defines a 3-holed sphere 

7 = G + G'mod(3.1.3) 

which inherits the hyperbolic structures of G and G'. Since all angles are 
right angles, the boundary curves 

[ct{2t) if 0 < ? < l / 2 
(3.1.4) t^Yiit) := i i = 1,2,3. 

\c\{2-2t) if l / 2 < r < l , 

are closed geodesies. Thus, Y is a pair of pants. 

= » 

Figure 3.1.1 

Equation (3.1.4) will also be interpreted as a parametrization of y, on 
Sl = R/[f h-» t + 1] instead of on [0, 1]. With either interpretation, (3.1.4) is 
called the standard parametrization of the boundary, and Y as described here 
is said to be given in standard form. All 7-pieces are obtained in this way: 

3.1.5 Proposition. Let S be an arbitrary Y-piece. For every pair of 
boundary geodesies ofS there exists a unique simple common perpendicular. 
The three perpendiculars together decompose S into two isometric right-
angled geodesic hexagons. 

Proof. Let a be a simple curve on S which connects, for example, boundary 
components y2

 and Yy By surface topology (or Proposition A. 18), any other 
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simple curve from y2 to y3 is homotopic to a with endpoints gliding on y2 and 
y3 (see Definition 1.5.1 for homotopies with gliding endpoints). By Theorem 
1.5.3, a is homotopic to a unique common perpendicular ax and this perpen­
dicular is simple. Hence, we have the three unique simple perpendiculars av 
a2, a3 between the boundary geodesies. 

To see that the perpendiculars are pairwise disjoint, we cut S open along 
a3, for example, to obtain a hyperbolic surface A of signature (0, 2) with 
piecewise geodesic boundary. By Theorem 1.5.3 again, a simple perpendicu­
lar a[ between y2, 73 exists on A. (Fig. 3.1.2 shows a curve <x{ in the homo-
topy class of a[.) By the uniqueness of a{ on S, we have a{ - av Hence ax 
does not intersect a3, and the same holds for the other pairs of perpendicu­
lars. If we cut S open along ax, a2, a3, we obtain two simply connected right-
angled geodesic hexagons G and G\ By Corollary 1.4.3, G and G' are 
hexagons in H. By the uniqueness in Theorem 2.4.2 they are isometric. O 

Figure 3.1.2 

3.1.6 Corollary. The endpoints of the perpendiculars aly a2, a3 divide 
each boundary geodesic ofS into two arcs of the same length. o 

3.1.7 Theorem. For any triple of positive real numbers £x, €2, £3 there 
exists a unique pair of pants Y with boundary geodesies yx> y2, y3 of lengths 
€{Yi) = 4 , / = 1*2, 3. 

Proof. The existence follows from the existence of hexagons (Lemma 1.7.1 
or Theorem 2.4.2) and from the above construction. Now let 7, Y with 
boundary components yf, y£, i = 1, 2, 3, be two such pairs of pants. Let af, 
dt be the perpendiculars as in Proposition 3.1.5 which divide Y and Y into 
hexagons G, G' and G, G'. By Corollary 3.1.6 and by the uniqueness of the 
hexagons in Theorem 2.4.2, there exist isometries from G to G and from G' 
to G' which both send at to ah i = 1, 2, 3. The two isometries together define 
an isometry from Y to Y which sends y,- to yh i = 1, 2, 3. O 
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3.1.8 Proposition. (Half-collars). Let Y be a pair of pants with boundary 
geodesies yv y2, y3. The sets 

<$*[Yi] = {p e Y | sinh(dist(p, n)) sinh ^(y f) ^ 1}, / = 1, 2, 3, 

are pairwise disjoint and each is homeomorphic to [0, 1] x S1. F#r arcv 
p e *#*[/,-] tfzere &xto m <#*[/,•] a unique perpendicular to yt, i = 1, 2, 3. 

Proof. We decompose 7 into right-angled geodesic hexagons G and G' with 
sides labelled and parametrized as in (3.1.2). We then have ct = ^(r«) = 
c/, i = 1, 2, 3. 

Figure 3.1.3 

On G (and similarly on G') we define 

%={p e G\ sinh (dist(/?, c,-)) sinh c,- < 1}, / = 1, 2, 3. 

To see that the % are pairwise disjoint, we drop the common perpendiculars 
between opposite sides, for example h from side c3 to the side between cx and 
c2 (Fig. 3.1.3). The pentagon formula, Theorem 2.3.4(i), yields 

sinner sinhdist(c£, h) > 1; £ = 1, 2. 

Hence, h separates %x and %2, and similarly ^ <£3 and ^2» ^3 a r e sepa­
rated. Moreover, we see from this separation that each % is swept out by 
pairwise disjoint geodesic arcs of length d{ emanating perpendicularly from 
cit where sinhc, sinhd,- = 1, i = 1, 2, 3. The same holds for the correspond­
ing domains on G', and the proposition follows. O 

3.1.9 Example. The width of the half-collars in Proposition 3.1.8 is 
maximal in the following sense. Let a sequence of F-pieces be given in which 
the lengths €(Yi) anfl1 ^(.Ti) a r e kept fixed but ^(y3) —> 0. With the arguments 
of the preceding proof we immediately see that dist(<^*[y1], <€*[Y1\) —> 0. 
Hence, the first conclusion of Proposition 3.1.8 may fail if we increase the 
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width of the half-collars only by little. In connection with the collar theorem 
we shall see that the given width is a natural quantity also from another point 
of view (cf. Example 4.1.3). 

3.2 Marked Y-Pieces 

The survey over the F-pieces given by Theorem 3.1.7 allows us to give a 
first idea of Teichmuller space. The moduli problem for a class of Riemann 
surfaces is to find a set of isometry invariants which determine the surface up 
to isometry. In the case of a y-piece, it is natural to choose the boundary 
lengths as moduli. The parameter space then becomes R+. The set 01 of all 
7-pieces, however, is smaller. In order to obtain a one-to-one correspon­
dence with R+, one introduces an additional structure, a marking, which in 
our case consists of labelling the boundary components. In this way, a pair 
of pants Y together with the labelled boundary geodesies y{, y2, y3, and a pair 
of pants Y with y{, y2> 73 a r e said to be marking equivalent if and only if 
there exists an isometry 0: Y—¥ Y satisfying 0(y;) = yiy i = 1, 2, 3. The set ST 
of all such defined marking equivalence classes is now in the desired one-to-
one correspondence with R+, and the set <3l of all unmarked 7-pieces is the 
quotient 

(3.2.1) & = 97©3 

of ST by the action of the permutation group ©3 which acts by permutation of 
the labels of the boundary geodesies. The moduli problem is now to find a 
fundamental domain for the action of <53 on R+. In the present case the prob­
lem has an easy solution. A fundamental domain is e.g. the set 

(3.2.2) &={{xyyt z) e R* | 0 < x < y < z}. 

ST is called the Teichmuller space of signature (0, 3), <33 is the Teichmuller 
modular group and 9L = ST/B3 is the Riemann space. 

For arbitrary signature the moduli problem is much more complicated. 
Linda Keen [5] has given a solution in the case of signature (1, 1), and 
Semmler [1] has recently given an explicit fundamental domain for the com­
pact Riemann surfaces of genus 2. For higher genus the problem is un­
solved. The Teichmuller space, however, is well defined. The definition will 
follow in Section 6.1. The marking will be given by a homeomorphism from 
a base surface to the given surface, mapping building blocks onto building 
blocks. For this it is convenient to use certain standard mappings which we 
now define. 
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3.2.3 Definition. A homeomorphism (J>: A —> B between two metric 
spaces A and B is a quasi isometry, more precisely a q-quasi isometry (q>l) 
if 

- dist(;t, y) < dist(<px, <py) < q dist(x, y) 

for all x, y e A. For a quasi isometry 0 we denote by g[0] the infimum over 
all q' for which 0 is a #'-quasi isometry. q[(j)] is sometimes called the maxi­
mal length distortion of(j>. 

In order to fix certain basic quasi isometries between pants let G and G be 
right-angled geodesic hexagons in H, with sides labelled and parametrized as 

Figure 3.2.1 

We let/?0 be the common vertex of sides cc2 and cx in G and p0 the common 
vertex of sides &2 and cx inG. The diagonals at/?0 and p0 triangulate the hexa­
gons as shown in Fig. 3.2.1. 

We define a mapping 

cr[G,G]:G->G 

(a "stretch") as follows. For each point/? G G,p*p0, there exists a unique 
side ai (respectively, cf) and a unique parameter tp e [0, 1] such that/? lies 
on the geodesic ray from /?0 to /?* = a^tp) (from p0 to /?* - c£tp)). We let 
cr[G, G](/?) be the point/? e G which lies on the geodesic ray from/?0 to /?* = 
&i(tp) (frompo top* = ct{tp)) satisfying 

dist(p0>p) = dist(/?0, /?) 
dist(p0,P*) dist(/?0,/?*) ' 

We complete the definition by setting cr[G, G](/?0) = A>- Clearly, cr[G, G] is 
a quasi isometry which preserves the boundary parametrization. 
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3.2.4 Definition. Let Y and Y be arbitrary y-pieces in standard form 
(Proposition 3.1.5) and let G and G' (G and G') be the corresponding 
hexagons. We define a mapping o[ Y, Y]: Y —> Y by setting 

<J[Y, Y] = 
<j[G, G] on G 

C T [ G \ G ' ] on G' 

Observe that <J[G, G] and CJ[G', G'] coincide on G n G' since cr[G, G] and 
cr[G', G'] preserve the boundary parametrization. For the same reason we 
have the following. 

3.2.5 Lemma. a[Y, Y] preserves the parametrization (3.1.4) of the 
boundary geodesies. O 

The following lemma will be needed for the topology of Teichmuller space. 

3.2.6 Lemma. Each <J[Y, Y] is a quasi isometry. If {Yn }™=l is a sequence 
of marked pairs of pants converging to a given pair of pants Y in the sense 
that €(Yi,n) -> A7;) as n -^ oo, / =1, 2, 3, then q[c[Y, YJ\ -> 1. 

Proof. This is a standard application of trigonometry. Since rather rough 
distance estimates are sufficient, we omit the details. o 

3.3 Twist Parameters 

3.3.1 Definition. A compact Riemann surface of signature (0, 4) is called 
an X-piece. 

X-pieces are obtained by pasting together two 7-pieces along two boundary 
geodesies of the same length. An additional parameter then appears: the twist 
parameter. The aim of this section is to compute twist parameters in terms of 
lengths of closed geodesies and vice versa. 

Let Y and Y' be two 7-pieces given in standard form (Section 3.1) with 
boundary geodesies /,-, / / , parametrized on Sl, i = 1, 2, 3, and suppose 
^(7i) = A / i )• Then for any real number a we obtain an X-piece via the iden­
tification 

(3.3.2) y1(0 = 7 i ( a - 0 = : / a ( 0 , te Sx. 

The number a is called the twist parameter. With the notation of Section 1.3 
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(pasting) we set 

Xa :=Y + Y'modQ.3.2). 

In order to distinguish the elements in the family {Xa}, a e R from each 
other, we use Xa to designate the ordered pair (a, Y + Y' mod(3.3.2)): the 
X-piece marked with a. 

3.3.3 Proposition. Every X-piece can be obtained by the above con­
struction. 

Proof. Let X be the given X-piece. As is known from surface topology, X 
contains homotopically non-trivial simple closed curves which are not homo-
topic to a boundary curve. Taking one such curve and replacing it by the 
simple closed geodesic in its free homotopy class (Theorem 1.6.6), we 
obtain a decomposition of X into two 7-pieces. o 

3.3.4 Definition. Let Xa with geodesic / " be as above. The set 

^[7a] = {peX"\ dist(/?, y") < w }, 
where 

w = arcsinh{ 1/sinh ^ ( y " ) } 

is called the collar around y, and w is its width. 

By Proposition 3.1.8, for p e %[ya], there exists the unique perpendicular 
in ^ [ y " ] from p to ya which meets ya at the point ya{tp) for a uniquely 
determined tpe Sl. We let pp = edist(/?, ya) be the directed distance with 
e= - 1 if/? e F a n d e = + 1 if/? e Y'. 

3.3.5 Definition. For/? e ^ [ y " ] , the above 

(p, t) = (ppy tp) e K w ] x 5 ' 

is the pair of Fermi coordinates of p with respect to / " . 

We point out that the sign convention in Definition 3.3.5 is compatible with 
the sign convention for Fermi coordinates in the hyperbolic plane (Section 
1.1): the orientation of the boundary geodesies (3.1.4) of a 7-piece in stan­
dard form is such that the 7-piece lies on the left-hand side of each boundary 
geodesic. In the definition (3.3.2) of ya the orientation is that of yl so that Y 
lies on the left-hand side of ya. Accordingly, the points in % [ya] belonging 
to Y have p < 0 and those belonging to Y' have p > 0. 
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By Proposition 3.1.8, these coordinates define a homeomorphism from 
%\ya\ to the annulus [-w, w] x S 1 , Moreover, since y" has speed /(ya), 
we can give the expression for the metric tensor from Example 1.3.2(6), 
namely 

(3.3.6) ds2 = dp2 + £2{ya) cosh2p dt2. 

In the family {Xa }, a e R we regard X° as a base surface and write X° - X, 
7°' = y. The next step is to define a homeomorphism T" : X —» X" as shown 
in Fig. 3.3.1. This mapping will later be used to define the marking homeo-
morphisms for Teichmiiller space. 

r2 r2 

Figure 3.3.1 

In what follows, na : Y u 7' -> X" = 7 + Y' mod(3.3.2) denotes the natu­
ral projection, and for a = 0, we write n° = n. 

Observe what the pasting condition (3.3.2) means for the Fermi coordi­
nates: Up e ^[7] has coordinates (p, t) and p < 0, then, by the above sign 
convention, {n)~l{p) e Y. It follows that na ° (n)~\p) e %[ya] has exactly 
the same coordinates (p, r) with respect to ya (because ya(t) = y^t)). If, 
however, p > 0, then (7r)-1(/?) e Y\ and it follows that na ° (n)~l(p) has co­
ordinates (p, a + r). It follows that the mapping Ta : <#[y] -> ^[ya] defined 
by 

w + o Ta(p,t) = (p,t+a-^f) 

(w is the common width of the collars %[y] and <& [ya]) coincides with 
Ka o (n)'1 on the boundary of % [7]. With 

\Ta on <g[y] 
/ o ^ ) " 1 on X-%[y] (3.3.7) T" := 

we obtain therefore a homeomorphism 
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The mappings Ta and xa are sometimes called twist homeomorphisms. 
The following analogue of Lemma 3.2.6 is clear and will be used in 

Section 6.4 to define a distance function in Teichmuller space, (q is as in 
Definition 3.2.3.) 

3.3.8 Lemma. Each T" is a quasi isometry. If{ an }̂ °=1 is a sequence con­
verging to a, then qlr"71 • (T")"1] —> 1 as n —> oo. o 

The next step is to introduce mappings analogous to the above, but now from 
Xa onto itself: the Dehn twists. We start in <£[/"] with the mapping 
ST: <€[ya] -> ^[ya] defined by 

w + p ST(p, t) = (p, t + - ^ f ) . 

3.3.9 Definition. The mapping 2 : Xa -> Xa defined by 

\ST on %[ya] 

[id on Xa-<$[ya] 

is called an elementary Dehn twist. A Dehn twist of Xa of order m, m e. Z, is 
a homeomorphism of Xa isotopic to Q)m which fixes the boundary dX 
pointwise. 

(We refer to Definition A.l for the isotopy of homeomorphisms, and to 
Definition A. 15 for Dehn twists in general.) Note that if 3m is a Dehn twist 
of X = X°, then T" • 2m • (Ta)_1 is a Dehn twist of Xa. 

It is an important fact that the twist parameter a in the family {Xa}, ae R, 
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can be computed in terms of lengths of closed geodesies and vice versa. For 
this we consider the following geodesies. 

On X we let d = a2a2
l (the parametrized curve a2 followed by the inversely 

parametrized a2). Then d is a perpendicular from y3 to y3. In the free homo-
topy class of the curve dy3d~l y3, there are simple closed curves so that, by 
Theorem 1.6.6, dyzd~l y3 is homotopic to a simple closed geodesic 8 which 
separates y2 and y2 from y3 and y3 (Fig. 3.3.2). As a second curve of this 
sort we let 77 be the geodesic in the homotopy class of 2(8), where 2 :X —>X 
is the Dehn twist of Definition 3.3.9. We memorize the following. 

8is homotopic to dy3 d~l y3, where d = a'2a2
l, 

r\ is homotopic to dy3d~l y3, where d-a2yxa2
l. 

In the following definition, T" : X —> Xa is again the (marking-) homeo-
morphism from (3.3.7) 

3.3.10 Definition. On Xa we let 8a and 77" be the simple closed geode­
sies in the free homotopy classes of ra(8) andr"(/?). 

We now show that the length of 8" determines I a I, and that the lengths of 
8a and r\a together determine a. 

3.3.11 Proposition. For the above family {Xa}y a e R we let F be the 
function 

F(cc) = sinh ^73 sinh ^Yii sinh#2 sinh^ cosh(ay) + cosha2 cosha^ } 
- cosh \y3 cosh |y3, 

where we use the notational convention y3 = €(y3),etc. Then cosh \8a = F(a) 
andcosh ^r\a = F(a + 1). 

Proof. By the definition of ra , the curve ra(d) is homotopic (with endpoints 
gliding on y{ and y3) to the curve a2 ba2

l in X", where b is a parametrized arc 
on ya of length \a\€(y") = \a£(y)\ = \ccy\. Using Theorem 1.5.3 we 
homotope (= to perform a homotopy) this curve into the perpendicular d" in 
its homotopy class. (Fig. 3.3.2.) Lifting the curves into the universal 
covering of Xa (without changing the notation), we obtain a crossed right-
angled hexagon as shown in Fig. 3.3.3, and Theorem 2.4.4 yields 

(1) coshd" = sinha2 sinha2 cosh(ay) + cosh a2 cosh a2. 

This relates I a I to the length of da. In order to relate it to the length of the 
closed geodesic 8a, we observe that 8a is freely homotopic to the closed 
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curve day3 (da)~l y3. This curve does not intersect da (by Theorem 1.6.6: cut 
Xa open along da, homotope day3 (da)~l y3 into a closed geodesic in the inte­
rior of the new surface; by the uniqueness in Xa this geodesic is Sa). Hence, 
da is the simple perpendicular from y3 to y3 in the pair of pants & in Xa, 
whose boundary geodesies are y3, y3 and 8a. We may therefore decompose 
<2/into two right-angled hexagons and apply Theorem 2.4. l(i) to obtain 

(2) cosh \da = sinh \y3 sinh \y3 cosh da - cosh \y3 cosh \y3 . 

This proves that cosh \da = F(a). To prove the formula for rj, it suffices to 
observe that 77" on Xa has the same length as 8a+1 on Xa+1. o 

Figure 3.3.3 

Proposition 3.3.11 will be used in the proof of Wolpert's theorem and also in 
the finiteness theorem of Chapter 13. To prove the real analytic equivalence 
of the Fenchel-Nielsen coordinates with respect to the various underlying 
graphs, we restate Proposition 3.3.11 in yet another form. 

We can express a2 and a'2 in terms of the lengths of 7 and the boundary 
geodesies, which, together with the above, gives the following result. 

3.3.12 Proposition. In the family {Xa}, a e R we have 

cosh 2 8a = M + vcosh(a7) 

cosh \r\a = u + v cosh((a + 1)7), 

where the coefficients u and v are real analytic functions of the lengths ofy, 
y2, 73, 72 and 7i but do not depend on a. Moreover, v > 0. o 

(We use again the notational convention €(Sa) = 8a> etc.) 
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So far we have kept fixed the lengths of y and the boundary geodesies. If 
we let them vary also, then each Xa determines a vector 

(3.3.13) L=L[a, 7, y2, y3, Yi> 73'] •= (7°. *a , ^ Yi> 73. 7i, 73') e R7, 

where we also use the notation 7 = €{y\ etc. We recall that 

<f(7«) = <f(y) = /(7 l) 

for all a. The parameters a, . . . , y3' fill out R x R+, and the corresponding 
values of L fill out a closed real analytic subvariety L of dimension 6 in R7. 
The function a\-^> 8a itself is not invertible, but the following important 
lemma holds. 

3.3.14 Lemma. There exists an open neighborhood UL of Lin R7 and a 
real analytic function ,5$: £/x —> R such that a - M{L[ a, xv . . . , x5])for all 
(a ,*! , . . . , *5) G Rx Rj. 

Proof. Recall that cosh is an even function, so that z t-» coshVz, z e C is a 
holomorphic function on the entire complex plane. Its restriction to the real 
line has positive first derivatives on the interval ]-7f, 00 [. Therefore, its in­
verse 

f-(arccosf)2 if -1 < f < 1 
(1) git) = 

[(arccosh f) if t > 1 

is real analytic on the interval ] - l , 00 [. With Proposition 3.3.12 we have the 
explicit solution 

(2) a = —|— [g(± (cosh(|ija) - 11)) - g(i (cosh(|<5a) - M))] - | , 

where w and v are real analytic and v is positive. If L e L, then both argu­
ments of g in the formula are positive. Since g is real analytic in an open in­
terval which contains [0, 00 [, the above expression is well defined and real 
analytic in an open neighborhood of L. O 

From Lemma 3.3.14 we note in particular that 

(3.3.15) a=st(7
a, 8\ n", r2, 73> Yi. Yi), 

where we again recall that /(ya) = £(y) = A/i)-
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3.4 Signature (1,1) 

Let 7 be a pair of pants, given in normal form, with boundary geodesies 
71? y2, 73, and suppose that yx and y2 have the same length. Then the pasting 
condition 

(3.4.1) ri(0 = y2(«-0=:r«(0, tes\ 
gives rise to a compact Riemann surface of signature (1,1): 

Qa:=rmod(3.4.1). 

As in the preceding section, we distinguish the members in the family {Qa), 
a G R from each other by formally understanding them as ordered pairs 
(a, Y mod(3.4.1)). We also adopt the notational convention that we omit the 
subscript a if a = 0. 

Although the topology is now different, the statements of the preceding 
section still hold. The aim of this section is to translate these statements, 
using two-fold coverings Xa —» Qa, thereby avoiding extra considerations. 
These coverings are a useful tool also in Chapter 6, and one may understand 
the present section as an introductory example of the application of such cov­
erings. 

To define the covering surface X", we let Y' be a copy of Y. In order to 
avoid a change of notation we relabel the boundary geodesies y- of Y' in 
such a way that we have an isometry m : Y' —> Y satisfying 

m{y[{t)) = y2(r), m(y2'(r)) = 73(0. /n(r3(0) = 7i(0 

for t G S1. The pasting condition is now identical with (3.3.2), 

(3.4.2) 7i(0 = Yi(a- t) =: y"(0, ' e S1 . 

The covering surface is defined as 

Xa := Y + Y' mod(3.4.2). 

We denote by na: Y —> Qa the natural projection and define Ja: Xa —» ()« as 
follows. 

(3.4.3) /« = 

(F and Y' are interpreted as subsets of Xa). This is an isometric immersion. 
We call Xa a two-fold covering of Qa, although /„ is not exactly a covering 
map. Fig. 3.4.1 shows the situation in the case a- 1/2. 

By Proposition 3.1.8, the half-collars ^ [ T J , ^*[72] on Y formed by the 
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«[y«] 

1/2 

X" " Qa XT 
1̂ 3 

Figure 3.4.1 

points at distance < w = arcsinh{ 1/sinh \yx} from y\ (respectively, y2) are 
disjoint. It follows that the collars 

<g[f] = {peXa\ distQ?, ya) <w},<€[yj = {p e G„ | dist(p, ya) < w} 

are isometric, where Ja : ^ [f a] —> *# [ya] is the isometry. In all collars we 
denote by (p, r) the Fermi coordinates. 

Similarly to the preceding section we let Ta: % [ y] -» <# [ ya] be given by 

ro(p,r) = ( p , f + a - 2 ^ ) 

and define a twist homeomorphism r a : Q —> £« as follows 

(3.4.4) 
on <g[y] 

T =• \ - i ^•(w)"1 on Q-Vlr]. 

Let T" : X —» Xa be the corresponding homeomorphism from (3.3.7). The 
following lemma is then easily checked. 

3.4.5 Lemma. Let jibe a closed curve on X. Then the curves ia • JQx) and 
Ja ° ra(jj) on Qa are homotopic. O 

A possible way to compute the twist parameter a in terms of closed geodesies 
is now as follows. We denote by 8a and rja on Xa the geodesies from 
Definition 3.3.10 which determine the twist parameter of X", and define the 
following curves on Qa 

(3.4.6) sa=Ja(sa), na=Ja{na)^ 
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By Lemma 3.4.5, Sa and r]a are the closed geodesies in the free homotopy 
classes of the curves fa(<5) and ra(rj). Since Qa and Xa have the same twist 
parameter, and since Ja is length-preserving, we have the analog of (3.3.15) 
(again with the notation y = ^(y), etc.) 

(3.4.7) a= s£(ya, 8a, 7]a, y2, y3, y3, y2), 

where si. is the function as in Lemma 3.3.14. We recall that €(ya) = €(y2) = 

Figure 3.4.2 

In certain cases another geodesic is useful for the computation of a. 
Consulting Fig. 3.4.1 or 3.4.2 (it shows Xa rather than QJ, we observe that 
for a = 1/2 the endpoints of the perpendicular a3 meet inQl/2 and form a 
simple closed geodesic //1/2. We define }ia to be the closed geodesic in the 
free homotopy class of the curve ra ° T^ij^i/i)- It is easy to see that //a and 
ya form two isometrically immersed right-angled geodesic triangles with 
sides of length \fia, ^a3 and \ya\a- \\. From formula (i) of Theorem 2.2.2 
for right-angled triangles we obtain 

(3.4.8) cosh \\ia = cosh \a3 cosh(^ya(a- |)) . 

Note that the twist parameter is again determined by /(^a) and f(jia+i). 

3.5 Cubic Graphs 

A cubic graph is a finite 3-regular connected graph. For an introduction to 
graph theory we refer to Bollobas [1]. We use cubic graphs as the combina­
torial skeleton for the pasting of pairs of pants, and for this purpose the very 
rudiments of graph theory, as given below, are sufficient. 

A graph G consists of a set of vertices and a set of edges. We denote by 
# G the cardinality of the vertex set. In the figures the vertices will be drawn 
as dots and the edges as lines. Each edge connects two vertices; an edge may 
also connect a vertex with itself. 
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For our purposes it is useful to view each edge as the union of two half-
edges with each half-edge emanating from one of the two connected vertices. 
G is called 3-regular, if every vertex has three emanating half- edges. In the 
construction of compact Riemann surfaces each 7-piece with its three bound­
ary geodesies will be interpreted as a vertex with its three half-edges. G is 
connected, if for each pair of distinct vertices x and y we find a sequence 
xx, . . . , xn of vertices with xl = x and xn = y such that each pair JC,-, xi+l is 
connected by an edge, i= 1 , . . . , n— 1. 

Let now G be a fixed cubic graph. Then # G is an even number, and we 
write it in the form 

#G = 2g-2, 
where g > 2. Since G is 3-regular, it must have 3g - 3 edges. We use the 
following notation. The vertices and edges of G are denoted by 

yl,...,y2g-2 and c„. . . ,c3 ?_3. 

For each yt, the three half-edges are denoted by cift, ji = 1, 2, 3. If cifl and 
Cjv are the two half-edges of edge ck, we shall write ck = (cifl, cjv). In this 
way the graph G is fully described by the list 

(3.5.1) ck = (citl,cjv), k=l,...,3g-3. 

For the construction of Riemann surfaces it is practical to view the list (3.5.1) 
itself as the graph. In fact, assume that symbols cifl are given, with / = 
1 , . . . , 2g- 2 and [i = 1, 2, 3. Then write a list (3.5.1) of ordered pairs in 
which each symbol occurs exactly once, and set y{ = {cn, ci2, ci3} for / = 
1 , . . . , 2g - 2 (the triplets are not ordered). This defines a 3-regular graph. 
Call the list admissible if the graph is connected. 

3.5.2 Definition. An admissible list as in (3.5.1) is called a marked cubic 
graph. 

CZ^« 1 *CZ> CZ^m «C: 

Figure 3.5.1 
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Two graphs, marked or unmarked, are called isomorphic if there exists a 
bijection of the vertex sets with the property that whenever two vertices are 
connected by k edges, then the image vertices are also connected by k edges. 

Fig. 3.5.1 shows the cubic graphs with two and four vertices. For an arbi­
trary cardinality we have the following estimate. 

3.5.3 Theorem. Let #(g) denote the number of pairwise non-isomorphic 
cubic graphs with 2g-2 vertices. Then 

2*"3 < #(g) < s3*. 

Proof. For the lower bound in the theorem we have to produce exponentially 
many examples. Consider first the example in Fig. 3.5.2. 

Figure 3.5.2 

We may read this example as the word "aa b b a b aa", where O is 
the letter a and A is the letter b. The loops at either end are used to mark the 
beginning and the end. In a similar way we can give examples for any word 
with letters a, b. Since two loops are "lost" at the ends, and since every letter 
needs 2 vertices, these words have g - 2 letters, and there are 28'2 words. 
Two such graphs are isomorphic only if the words are the same or if one 
word is the mirror image of the other. Hence we obtain something over 
2g~3 graphs in this way. 

A simple upper bound for #(g) is obtained by counting the number of dif­
ferent lists 3.5.1: There are at most (6g - 6)2 ways of writing a line and there 
are 3g - 3 lines. This yields the estimate 

#(£)<(6s-6)^- 6 . 

A better bound is obtained be considering the following way of construct­
ing cubic graphs. Start with two vertices which are connected by an edge. 

* 
Figure 3.5,3 
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Then add successively more vertices such that at each step a new vertex is 
attached to the previous ones along exactly one of its half-edges. 

Initially, the number of free half-edges is four. This number increases by 1 
at each step. After 2g- 4 steps, all vertices are used up and we shall have to 
paste together the remaining 2g half-edges. The number of different possi­
bilities up to this point is at most 

4 - 5 « . . . - ( 2 * - l ) = ;g(2s- l ) ! . 

For each of these there are at most (2g - l)(2g - 3) • . . .» 3 • 1 ways to com­
bine the 2g half-edges. Thus 

The upper bound in Theorem 3.5.3 is now obtained by simplification. O 

For sharper estimates we refer to Bollobas [1,2], Read [1], Wormwald [1,2] 
and others. For large g these references yield the following inequalities: 

ag<#(g)<3(g-l)2^lag, 

where 

a= (fr-6)! 
8 e2*(3g-3)\*(2g-2)l*2&Sg~1 

Hence, the true order of magnitude of #(g) is roughly g\ . 

3.6 The Compact Riemann Surfaces 

We now construct Riemann surfaces using 7-pieces as building blocks and 
marked cubic graphs as combinatorial skeletons. In Theorem 3.6.4 we show 
that all compact Riemann surfaces are obtained in this way, and at the end of 
the section we give a large family of pairwise non-isometric examples. 

First we fix a marked cubic graph G with vertices yv . . . , y2g_2 and edges 
Cj , . . . , c3g_3 defined by the relations 

ck = (ci^cjv), k= 1 , . . . , 3 £ - 3 , 

(cf.(3.5.1)). Then we choose 

L = (€l9 . . . , <?3,_3) e R j " 3 , A = (a„ . . . , cc3g_3) e R3*"3 

and define a compact Riemann surface F(G, L, A) as follows. To each vertex 
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yf with emanating half-edges cn, ci2, cf3, we associate a pair of pants Y{ with 
boundary geodesies yn, yi2, yi3 parametrized on S1 in standard form (see the 
text prior to Proposition 3.1.5) such that for the pairs in the above list we 
have 

4 = Ay,>) = Ayyv). *= i , . . . , 3 * - 3 . 

This is possible by Theorem 3.1.7. For each pair in the list we then paste Yt 

and Yj together along these geodesies via the pasting scheme 

(3.6.1) y^(t) = yjv(cck - t) := yk(t); t e Sl. 

With the notation of Section 1.3 (pasting) we let 

(3.6.2) F = F(G,L,A) = Yl + ...+ Y2g_2 mod(3.6.1). 

Since the boundary geodesies of Y{, . . . , Y2g_2 are in standard form, they are 
oriented in such a way that F is orientable. Since G is a connected graph, F is 
connected. F satisfies now all conditions of Theorem 1.3.5 and is therefore a 
compact Riemann surface. Computing the Euler characteristic, we find that F 
has genus g. The construction of F and the relation with G is illustrated in 
Fig. 3.6.1 and Fig. 1.7.3. 

Figure 3.6.1 

3.6.3 Definition. (L, A) is the sequence of Fenchel-Nielsen coordinates 
of the compact Riemann surface F(G, L, A). 

The geodesies yly . . . , y3g_3 on F corresponding to the edges q , . . . , c3g_3 of 
the graph will be called the parameter geodesies of F. 

We now give an overview of the surfaces F(G, L, A). The first remark is 
that they cover all compact Riemann surfaces of genus g > 2. More precisely, 
the following holds. 

3.6.4 Theorem. Let G be a fixed marked cubic graph with 2g-2 vertices. 
Then F(G, L, A) runs through all compact Riemann surfaces of genus g. 
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Proof. Let F0 = F(Gy L0, A0) be some fixed base surface. For every com­
pact Riemann surface S of genus g there exists a homomorphism (j>: F0-+ S. 
By the theorem below, (f> can be chosen such that the images 0(y,) of the pa­
rameter geodesies yv . . . , /3^_3 of F0 form a system of pairwise disjoint 
simple closed geodesies on S. It follows that <p maps the pants of F0 onto 
pants on S. These define S as a surface 5 = F(G, L, A) for suitable L and A. 
Since 0 is a homeomorphism, the graph G remains the same. O 

We recall that homeomorphisms 0O, <px : A —» 5 of topological spaces A, 5 
are called isotopic if there exists a continuous mapping / : [0, 1] x A —> B 
such that /(0, ) = 0O, / ( 1 , ) = fa and such that J(s,): A —> £ is a homeomor­
phism for each s e [0, 1] (Definition A.l). A homeomorphism h:A —> A 
which is isotopic to the identity is called a 1-homeomorphism. In the proof of 
the next theorem we shall use the theorem of Baer-Zieschang (Theorem A.3). 
It states that if c and y are homotopically non-trivial simple closed curves on a 
surface F, and if c is homotopic to y, then there exists a 1-homeomorphism 
h: F —> F sending c to 7. 

3.6.5 Theorem. Let (j>: S —> R be a homeomorphism of compact Riemann 
surfaces, and letyx, . . . , yN be pairwise disjoint, simple closed geodesies on 
S. Then there exists a homeomorphism (p' isotopic to (j> such that the curves 
0'(7i). • • •, <P'(YN) are closed geodesies on R. 

Proof. We successively add 1-homeomorphisms R —> R using the theorem 
of Baer-Zieschang and the fact that non-trivial simple closed curves are 
homotopic to simple closed geodesies (Theorem 1.6.6). 

Suppose that for a given k e { 1 , . . . , N}, 0 has already been isotoped 
such that all 0(7,) are closed geodesies, for / = 1,..., k - 1. Cut R open 
along these geodesies and let R' be the connected component containing 
0(7*)-

By Theorem 1.6.6, there exists a simple closed geodesic y'k in the free 
homotopy class of (f>(yk) in R'. By the uniqueness of the closed geodesic in a 
free homotopy class, the yly . . . , yN on S are pairwise non-homotopic, and 
so are <p(yx),..., <j*{yN) on R. Hence, y'k cannot be one of the boundary geo­
desies of R. By Theorem 1.6.6 again, y'k lies in the interior of R. Now the 
theorem of Baer-Zieschang (Theorem A.3) provides a 1-homeomorphism 
h : R' —» R' which leaves the boundary of R' pointwise fixed and maps 
(j)(yk) onto yk. Since the boundary of R' is pointwise fixed, h extends to a 1-
homeomorphism of R which fixes $(7,) for / = 1,..., k- 1. We now re­
place (p by h ° 0 and continue. O 
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We finish this section by giving a large family of pairwise non-isometric 
examples. Let $ be the set of all pairwise non-isomorphic marked cubic 
graphs with 2g- 2 vertices. Thus, each G e ^ is a list as in (3.5.1). For 
fixed G e ^ w e define 

(3.6.6) mG) = {F(G, L,A)\0<€1<...< €3g_3 < arccosh3 ; 
0 < a 1 } . . . , a3g_3<\}y 

where L = (€{, . . . , ^ - 3 ) , A = (ax,..., a3g_3), and we define 

#,= U W?). 
S Ge<S 

We claim that the surfaces in SFg are pairwise non-isometric, 

Proof. The strategy is to recover G, L and A out of the intrinsic geometry of 
F = F(G, L, A), under the assumption that we already know that F belongs 
toy,. 

By the collar theorem which we anticipate from the next chapter, the pa­
rameter geodesies yY, . . . , 73g_3 are the only geodesies of length less than 
arccosh3 = 2 arcsinh 1. Hence, we find the parameter geodesies by sorting 
out all simple closed geodesies of length < arccosh 3 on F. The labelling can 
be found by arranging these geodesies in increasing order. After these steps, 
we have L and also the graph G. 

Consider now a particular yk. In each of the adjacent 7-pieces of yk we 
drop the unique simple common perpendiculars between yk and the remain­
ing two boundary geodesies (cf. Proposition 3.1.5). By Corollary 3.1.6, 
these perpendiculars are antipodal on yk. It follows that the smallest distance 
among the feet of the four perpendiculars determines ak because by hypothe­
sis 0 < ak < 4 . Hence we have A. O 

3.7 Appendix: The Length Spectrum Is of Unbounded 
Multiplicity 

As an application of the geometry of 1-holed tori (= signature (1, 1)) we 
prove here a first spectral result which has to do with the distribution of the 
lengths of the closed geodesies on a compact Riemann surface. The result 
itself will not be used in this book. We recall that geodesies which differ only 
by a parameter change are considered equal and that the closed geodesies on a 
compact Riemann surface of genus > 2 are discrete in the sense that for any 
L > 0 only finitely many closed geodesies have length € < L (Theorem 
1.6.11). We also mention that this holds for any compact Riemannian mani-
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fold of negative curvature. 
Guillemin and Kazhdan [1] found an inverse spectral result for surfaces of 

variable negative curvature for which they had to assume that the length 
spectrum (cf. Section 9.2) is simple, that is, different closed geodesies have 
different lengths. For surfaces of variable negative curvature this is not a 
severe restriction since in this case the simplicity of the length spectrum is a 
generic property. However, in the case of constant curvature Randol [5] has 
observed that the complete contrary is true. 

3.7.1 Theorem. On every compact Riemann surface the length spectrum 
has arbitrarily high multiplicities. 

Randol's note [5] is based on a result of Horowitz [1] which concerns char­
acters of representations of free groups in SL(2, R). We want to visualize the 
occurrence of high multiplicities geometrically, by immersing certain 1-holed 
tori into others, using cutting and pasting. However, the geometric method 
has its limits, and we give a second proof of Theorem 3.7.1 which is a mod­
ification of the first, but this time in algebraic language, similar to that in the 
paper of Horowitz. 

Geometric Approach 

Our first remark is that Theorem 3.7.1 is already valid on Riemann surfaces 
of signature (1,1) and also on F-pieces (cf. the end of this section). Since 
every compact Riemann surface of genus g > 2 may be decomposed into a 
Riemann surface of signature (g - 1, 1) and one of signature (1, 1), we shall 
restrict ourselves to 1-holed tori for the rest of this section. 

We let 

(3.7.2) Q = Ymod( y2(t) = y3(a- t) =: y{t\ t e S1) 

be a 1-holed torus, where Y is pair of pants in normal form with boundary 
geodesies yx - 77, y2, y3 of length £(y2) = /(y3), and a is a twist parameter 
which is kept fixed. To simplify the notation, the boundary geodesic of Q has 
been denoted by 77 instead of yv 

Since f(y2) = ^(73), there exists an orientation-preserving isometry p : Y 
—> Y which fixes 77 and interchanges y2 with y3 . Since p(y2(0) = Y-i(t + 2) 
for t e Sl, p is compatible with the pasting condition in (3.7.2) and may 
therefore be interpreted as an isometry of the quotient: 

p:Q->Q. 
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It is with this p that we obtain families of geodesies of the same length on 
Q. 

In the following we also use that Y has an orientation reversing isometry 
a: Y —» Y which fixes 77 and interchanges y2, Yv This isometry does, in gen­
eral, not go to the quotient Q. If £{r\) * €{y2), then the isometry group of Y is 
exactly {id, p, a, pa) with p2 = a2 = (per)2 = id and pa = op. The fixed 
points of a form a geodesic arc /* (the "symmetry axis" of o) which stands 
orthogonally on 77. The fixed point set of peris the union of the common per­
pendiculars ax, a2, a3 between the boundary geodesies. 

r r 
Styles. a i l 

Now let co be a figure eight geodesic on Q as shown in Fig. 3.7.1 with one 
self-intersection. The geodesic consists of two loops, where one of the loops 
is freely homotopic to the boundary 77, and the other loop intersects 7 in 
exactly one point. One finds such geodesies, for example, by cutting Q open 
into a different pair of pants Y' along a simple closed geodesic p which inter­
sects 7 once, and then by drawing co on Y'. 

We claim that p(co) is different from co (as a point set). In fact, if p(co) = co, 
then p fixes the self-intersection point of co and is locally a rotation about this 
point, since p preserves orientation. But then p must interchange the two 
loops of co. This is impossible because p fixes y and only one of the loops 
intersects 7. Thus, we already have an example with multiplicity 2. 

In the next step we construct an isometric immersion./ : <2* —> Q of another 
1-holed torus <2* into Q. Once this is achieved, we show that the correspond­
ing examples of multiplicity 2 in Q* inject into examples in Q which will be 
different from their images under p, so that we obtain multiplicity 4, and so 
on. 

In order to define the immersion / , we temporarily consider y and co as 
geodesic loops whose base point is the common intersection point. We then 
form the commutator p. - ycoy~lco~l (first along 7, then along co, etc). A small 
homotopy moves p. away from 7 so that the closed geodesic fi in the homo-
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7 

Figure 3.7.2 

topy class of /* lies on Y (cf. Theorem 1.6.6). Fig. 3.7.2 shows an example 
H' of the homotopy between /} and fi. The reader who has difficulties in see­
ing such homotopies may take these lines as a pictorial guide to the algebraic 
proof which will follow later. 

Since cr(//) is homotopic to // (except for the orientation of the curves, 
which is irrelevant), the uniqueness of a geodesic in its homotopy class 
implies that, up to a change of parametrization, 

(3.7.3) a(ji) = ti. 

We split }i into two arcs ji2 and /i3 with endpoints on the "symmetry axis" h 
of a and satisfying a(fi2) = ̂  Figure 3.7.3 shows each of these arcs sepa­
rately and drawn on Y rather than Q. 

The initial and end segments of ^ 2 which connect h with a2, cut out a sim­
ply connected geodesic quadrangle B2. The remainder of }i2 together with 
y2 and an arc on a2 bounds an annular domain A2 (which may overlap B2). 
Similarly, fi2 yields the domains A3, B3, and we have 

a{B2) =fl3 , cr(A2)=A3. 

Let Y be a copy of Y with boundary geodesies y2» ?i> *7* and let /23, B3, A3 

be the corresponding subsets of Y. We paste B2 and B3 together along the 
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Figure 3.7.4 

sides which lie on h (respectively, h) and we paste A2 and A3 together via the 
following pasting condition, where a is as in (3.7.2) 

(3.7.4) y2(t) = f3icc- t) =: y*(0, t e Sl. 

The surface Q* thus obtained is a 1-holed torus (see Fig. 3.7.4), the curves 
ji2 and #3 together form a closed boundary geodesic 77*, and, since (3.7.4) is 
compatible with (3.7.2), we have a natural isometric immersion 

(3.7.5) J:Q*^Q 

with the property that the restriction /1A 2 of / to A2 is the identity mapping. 
In particular, /(/*) = 7. Moreover, there exist tubular neighborhoods %* of 
7* in Q* and % of 7 in Q such that 

(3.7.6) r\%) = %* and /1 %* is injective. 

For the proof of Theorem 3.7.1 it remains to show that if g* and g** are dif­
ferent closed geodesies in Q*, intersecting 7* transversally, then Jig*), 
Jig**)> P ° Jig*) and p ° J(g**) are different geodesies. (The condition that 
g* and g** intersect 7 could be relaxed, cf. Remark 3.7.13 (iv).) 

Thus, let g = Jig*). We have to show that pig) cannot be the image under / 

Figure 3.7.5 
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of a closed geodesic in Q*. For the proof we use the fact that for k = 2 and 3, 
the geodesic g contains an arc gk (Fig. 3.7.5) lying on Y, connecting yk with 
ak and contained in Ak. The part of jj,k which lies on the boundary of Ak con­
tains an arc sk which connects ak_{ with ak+l (dotted line in Fig. 3.7.5). We 
claim that for k = 2 and 3 

(3.7.7) skngk = 0, sknp<j(gk)*0, 

where peris the isometry of Y which fixes ava2 and a3 pointwise. 
Let k = 2, for simplicity. If the first statement is valid, then the second 

statement is also valid, because s2, p<J{s2) and y2 bound an annulus which 
does not meet a2. For the first statement we note, by virtue of (3.7.6), that g2 

has a unique lift in Q*. The injectivity of / on A2 then implies that any inter­
section of g2 with s2 lifts to an intersection of g* with J~l(s2) c ri* - d Q*. 
This proves (3.7.7). 

Now suppose that p(g) = J(g) for some closed geodesic g in Q*. Then 
(3.7.7) holds also if g3 is replaced by p(g2) and g2 by p(g3). Applying a and 
observing that c(s2) - s3 and o(s3) = s2 (cf. (3.7.7)), we get for k = 2 and 3, 

sknpo(gk) = 0, skngk*0, 

a contradiction. 
It is thus proved that /(#*), /(#**), p ° /(#*) and p ° /(#**) are four dis­

tinct geodesies. 
Taking g* and g** in <2* such that they have the same length, we obtain an 

example of multiplicity 4 on Q. More generally, the preceding argument has 
shown that if Q* has examples with multiplicity m, then Q has examples with 
multiplicity 2m. Theorem 3.7.1 now follows by induction over m. O 

Algebraic Approach 

We now give an algebraic proof of Theorem 3.7.1 which is in terms of traces 
of matrices in SL(2, R). This approach will lead to a more general construc­
tion of examples with high multiplicities. Before we start, however, we want 
to review the preceding proof more algebraically, in order to clarify the link 
between the two approaches. After that (that is, after Corollary 3.7.8), we 
shall begin anew in SL(2, R). 

The two geodesies y and p in Fig. 3.7.1, if seen as loops at their common 
intersection point, are generators of the fundamental group of the 1-holed 
torus Q. The geodesic cois homotopic to 

v = v(y,p):=Py-lp-lyp. 
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This is best checked by drawing some instances of the homotopy. The 
isometry p.Q-^Q maps 7 and P to their inverses, and consequently p(co) is 
homotopic to 

w = w(y,p):=p-lrPy-1p-\ 
Now let Q —» Q with ^ c H b e a universal covering of Q (cf. Theorem 

1.4.2), and let Fbe the associated group of deck transformations, which we 
see as a discrete subgroup of SL(2, R). Then Fis canonically isomorphic to 
the fundamental group nx{Q) of Q, and we let A, B e F be generators of F 
corresponding to the generators 7, p of nx{Q) under this isomorphism (A 
goes to 7 and B to p). It is well known that nx(Q) is a free group, and hence 
we have a free subgroup of two generators of SL(2, R): 

r=(A,B). 

The closed geodesies of Q are in a natural one-to-one correspondence with 
the conjugacy classes in F, and their lengths are determined by the traces of 
the representatives of the corresponding conjugacy classes. Finding multi­
plicities in the length spectrum of Q is thus translated into the problem of 
finding non-conjugate words W = W(A, B) in F having the same trace. The 
above proof of Theorem 3.7.1 has provided such words. They are iteratively 
defined as follows. 

Wi(A, B) = v(A, B), W2{Ay B) = v(A~\ 5"1), 

where v(A,B) =BA~1B~lAB, and 

Wal(A, B) = Wa(A, v(A, £)), Wa2(A, B) = Wa{A~l, v(A"', B~% 

where the multi-indices crare strings of 1-s and 2-s such as o - 12211, <r = 
2212121, etc. We denote by yk the set of all 2k strings of length k. The geo­
metric proof then yields the following corollary in which k, A and B are 
fixed. (Another proof that the words VP^G^ B) in the corollary are pairwise 
non-conjugate will be obtained via Lemma 3.7.11 and Lemma 3.7.12.) 

3.7.8 Corollary. The words W*l(A, B), o e 5^, all have the same trace 
and are pairwise non-conjugate. 

We now give an algebraic proof of this which is similar to that in Horowitz 
[1]. We start with the trace relation (cf. Horowitz [1] for a more general 
form). In the following, tr denotes the trace of a matrix, and a, b are vari­
ables. The next lemma is an immediate consequence of the triple trace theo­
rem of Section 2.6 (Corollary 2.6.17). However, in order to keep the present 
section more independent, we shall give a direct proof. 
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3.7.9 Lemma. For any word W = W(a, b) = am" bnK.. am* bn° there exists 
a unique polynomial Pw such that 

tr(W(A,B)) = Pw(trA, trB, ti AB) 

for all A, B e SL(2, R). 

Proof. We first check the elementary identities 

MA = XxA~\ tr A = ti(BAB~l) 
\i(AB)=trAtrB - tr(AB_1). 

The lemma holds for the words W = ambn with m, n e {-1, 0, 1}. The 
identity 

tr(AmBn) = tr(AmBn-l)tiB - u(AmBn-2) 

then allows this to be extended to words W = am bn with arbitrary m, n e Z. 
The identity 

ti(AmiBnK.. AmsBns) = tr(AmiBni ...Ams-lBns~1 )tr(Am*Bns) -
\x(A('mx~rn^BnxAm2Bn2 . . . Ams'lB^ns-x~n^) 

gives access to induction over s. In this way we obtain the polynomials. As 
for their uniqueness, we observe that the values of tr A, tr B and Xi(AB) fill 
out a region of R3 which contains an open neighborhood. The relation 
tr(W(A, B)) = P ^ t r A , t rB, tr AB) implies therefore that two polynomials 
with this property must be identical. O 

An immediate consequence of Lemma 3.7.9 is 

3.7.10 Lemma. Let V(a, b), W(a, b) and u(a, b) be words in the variables 
a, b and set 

V\a, b) = V(a, u(a, /?)), W\a, b) = W(a, u{ay b)) 
V"{a,b) = V\a-\b-1), W"(a, b) = W\a'\b'1). 

IfPv = Pw, then Pv. = Pw. = Pv, = Pw. . o 

Lemma 3.7.10 shows by induction that the 2k words Wa(A, B) in Corollary 
3.7.8, a e Sfk, have the same trace. Let us next show that the V^J!(A, B), 
ae Sfk, are pairwise non-conjugate. For this we first make some general 
remarks about free groups. Let 

G = (a,b) 

be the abstract free group in the two generators a and b. Every element in G 
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can be written as a unique reduced (that is, all xx~ are cancelled) word W = 
a™1 b"1... a™3 bn*with all exponents non-zero except possibly for mx and ns. 
If Wl and W2 are words, then WXW2 and W2WX are conjugate. Conversely, if 
W' = UWU~l, then induction over the word length of U shows that W can be 
obtained by splitting up W into a product W = WlW2 and then by putting 
W' = W2WV Conjugacy classes in G are therefore represented by cyclic 
words: we denote by 

Q=[amibni...am>b">] 

the equivalence class of words modulo cyclic permutations of the 2s 
"syllables" am\ bn\ . . . , am\ b\ The point of view here is that the last syl­
lable is glued to the first. A more space consuming notation would be to write 
these words on cylindrical paper. 

If we restrict ourselves to reduced cyclic words, then different words 
belong to different conjugacy classes. For better reference we state this as 
follows. 

3.7.11 Lemma. In the free group G = (a,b), two elements are conjugate 
if and only if their associated reduced cyclic words coincide. O 

In the next lemma, v is again the word 

v(a, b) = ba~1b~lab. 

Lemma 3.7.12 together with Lemma 3.7.11 will yield a new proof that the 
words W*1 occurring in Corollary 3.7.8 are non-conjugate. Observe below 
that XT V v(a, b)) = {Q(a, v(a, b)))~\ etc. (cf. also Remark 3.7.13 (v)). 

3.7.12 Lemma. Let Q(a, b) and Q*(a, b) be reduced cyclic words in the 
free group G = (ay b), each with at least one occurrence of a syllable bk

y 
k * ±1. If Q * Q* and Q ± Q*\ then the eight words Q±l{a, v(a, b)), 
Q±l(ar\ v(a~\ b~1)), Qf{a, v(a, b)) and Q%\ar\ v(a~\ b~1)) are pairwise 
different. 

Proof. Let 6 be one of these eight words. By reading 6 we can tell whether 
v(a, b) has been used or v(a~l, b~l): since both Q and Q* have an occurrence 
of a syllable bk with k * ±1, 6 must have a syllable b±2. Take any such 
syllable in 6. The structure of the word v (all exponents of the letters b in v 
are ±1) shows that this syllable has its occurrence in the center of a sequence 

v V , &) v V , bE) = b3ea-£b-SEaEb25Ea-Eb-SEaEb5E, 

where 8, e e {-1, 1}. By reading the four rightmost letters of our syllable, 
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we determine the values of e and 8, that is, we determine which of the four 
possible words vs(aE, bE) has been used. Once this is known, we easily read 
off which of the four words Q±l, Q J1 has been used to build 0. O 

This finishes the algebraic proof of Theorem 3.7.1 and the proof of Corollary 
3.7.8. We add several remarks. 

3.7.13 Remarks, (i) The above multiplicities are stable in the sense that if 
we vary the values of the parameters €(ri), £{y) and a of the one-holed torus 
(2, then the 2k geodesies determined by the words Wa, o e Sfk, remain 
examples of multiplicity 2*. The stability of the above multiplicities is due to 
the fact that they result from identities among traces. 

(ii) The above construction yields 2* geodesies of length of order 
0((€(v(a, b))l t{b))k)y where £ denotes the length of the geodesic repre­
sented by the given word. If y and p in Q are chosen such that €(y) < /(j8), 
we obtain geodesies of length of order 0(5*) with multiplicity 2* as k —> oo. 
This is still far from answering the question in Hejhal [2], vol I, p.321. 

(iii) Instead of 1-holed tori we may use 7-pieces whose fundamental group 
is also the free group of two generators. This shows that Theorem 3.7.1. 
holds also on non-compact Riemann surfaces of finite area (cf. Randol [5]). 

(iv) With additional effort one may improve Lemma 3.7.12 as follows. 
Assume that Q{ay b) and Q*{a, b) are reduced cyclic words in the free group 
G = (a,b).If£2 and Q* are not of type [an] or [(abab'1)"], n e Z, and if 
Q* Q%1, then the eight words Q±l(a, v(a, b))t Q±x{a~\ v{a~\ ZT1)), 
Q J1 (a, v(a, b)) and Q^ (a~l, v(a~l, b'1)) are pairwise different. 

For the immersion J : Q* -^ Q and the isometry p : Q—> Q used earlier, it 
follows that if g* is a closed geodesic in Q*y then p(/(^*)) is not the image 
under / of a closed geodesic, except possibly in the following two cases 

Jig*) = r". n e Z, and J(g*) = (ypyp~l)\ n e Z. 

One checks that these geodesies are invariant under p, so that these cases are, 
in fact, counterexamples. 

(v) The proof of Lemma 3.7.12 shows that the construction is not 
restricted to the particular word v = ba~xb~xab. We may for example replace it 
by any v' = barbsdb with r * s and t & 2. We may use any such words at 
different steps of the iteration. Since Lemma 3.7.10 remains valid, this gives 
numerous other examples, however, not sufficiently many to solve Hejhal's 
problem mentioned in (ii). 



Chapter 4 

The Collar Theorem 

A fundamental property of Riemann surfaces, known as the collar theorem, 
is that the small closed geodesies have large tubular neighborhoods which are 
topological cylinders. This was first observed in Keen [4], and various ver­
sions have been proved in Basmajian [1], Buser [4], Chavel-Feldman [1], 
Halpern [1], Matelski [1], Randol [4], Seppala-Sorvali [1, 3] and others. The 
collar theorem is a basic tool in different parts of this book. The proof is 
given in Section 4.1. In Section 4.2 we apply the collar theorem to obtain a 
lower bound for the lengths of closed geodesic with transversal self-
intersections. Another application is the triangulation of controlled size in 
Section 4.5. In Section 4.3 we extend the collar theorem to surfaces with 
variable curvature, and in Section 4.4 we extend the collar theorem to non-
compact Riemann surfaces of finite area. 

Section 4.1 is the main part of this chapter. The remaining sections, except 
for Theorem 4.2.1, may be skipped in a first reading. 

4.1 Collars 

4.1.1 Theorem. (Collar theorem I). Let S be a compact Riemann surface 
of genus g > 2, and let yv . . . , ym be pairwise disjoint simple closed geode­
sies on S. Then the following hold. 

(i) m < 3g - 3. 
(ii) There exist simple closed geodesies /w + 1 , . . . , y3g_3 which, together 

with 7j, . . . , 7m, decompose S into pairs of pants. 
(hi) The collars 

%(Yi) = {p e S \dist(p, 7i) <w(7i)} 

P. Buser, Geometry and Spectra of Compact Riemann Surfaces, Modern Birkhäuser Classics, 94 
DOI 10.1007/978-0-8176-4992-0_4, © Springer Science+Business Media, LLC 2011 © Springer Science+Business Media, LLC 2010
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of widths 
w(7/) = arcsinh{ l/sinh(|/(7f))} 

arepairwise disjoint for i = 1 , . . . , 3g - 3. 
(iv) Each %{yt) is isometric to the cylinder [-w(/,•), w(7,)] x Sl with the 

Riemannian metric ds2 = dp2 + /2(ft)cosh2p dt2. 

Proof. Cut S open along yx, . . . , ym. Each connected component S' of the 
surface thus obtained is a hyperbolic surface of some signature (g\ n'). As 
the yt are pairwise non-homotopic and each geodesic is homotopically non-
trivial (Theorem 1.6.6), we either have g' > 1 or n' > 3 (if g' = 0). 

Assume that S' does not have signature (0, 3). Then S' contains a homoto­
pically non-trivial simple closed curve, say 7OT+1, which is not homotopic to a 
boundary component of S'. By Theorem 1.6.6, we may assume that ym+l is 
a closed geodesic. Now cut 5" open along ym+l, and continue. After finitely 
many steps, S is decomposed into pairs of pants. The Euler characteristic tells 
us that the number of pants is 2g - 2. This gives (i) and (ii). 

Since S is decomposed into pairs of pants, assertion (iii) and the first part 
of (iv) are immediate consequences of Proposition 3.1.8 (half-collars), and 
we can copy the expression for the metric tensor from Example 1.3.2. o 

4.1.2 Corollary. Let y, 8 be closed geodesies on S which intersect each 
other transversally, and assume that y is simple. Then 

sinh \€{y) sinh \f(8) > 1. 

Proof. Let 7, 8 be intersecting lifts of 7, 8 in the universal covering H of S. 
Then the point set %{y) = {z e H | dist(z, 7) < w{y)} is a lift of %{y\ and 
8 connects the two boundary components of €(7). Hence, 8 contains an arc 
in ^(7) which connects the boundary components of %{y). This arc has 
length > 2w(y). o 

4.1.3 Example. The following example shows that the width w{y) of the 
collar of a closed geodesic 7 is a natural quantity, and also that the bound in 
Corollary 4.1.2 is sharp. As in Example 3.1.9, we consider a pair of pants Y 
with /(73) arbitrarily small but now such that ^(7,) = €(y2)- The distance on 
Y of the half-collars ^ ( / j ) and <#*(72) is also arbitrarily small. With the 
pasting condition 

(*) yl(t) = y2(\-t)=:y(t),teS\ 

we obtain a surface Q = Y mod(*) with a closed geodesic fi of length / = 
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€(p) arbitrarily close to 2w(y) and intersecting y orthogonally. The distance 
set %' = {p e Q | dist(/?, y) < €/2} is no longer an annulus. O 

The important implication of Corollary 4.1.2 is that the small simple closed 
geodesies on S, that is, those of length < 2 arcsinh 1, are pairwise disjoint. 
By Theorem 4.1.1(i), the number of small simple closed geodesies on S 
cannot exceed 3g - 3. We next show that outside the collars of the small geo­
desies, the injectivity radius of S cannot be too small. This gives rise to a 
"thick and thin" decomposition of S which is responsible for certain spectral 
phenomena of the Laplacian, such as the limitation of the number of small 
eigenvalues (Theorem 8.1.1). We remark also that, in modified form, a thick 
and thin decomposition with similar phenomena is possible on arbitrary 
manifolds with negative curvature and finite volume (see for instance 
Ballman-Gromov-Schroeder [1]). 

In what follows, S is again a fixed compact Riemann surface of genus 
g > 2. For p G S we denote by Up the distance set 

U; = {qeS\dist(p,q)<r}. 

For small r>0,Up is isometric to an open disk of radius r in H. 

4.1.4 Definition. The supremum of all r for which Up is isometric to a 
disk is called the injectivity radius ofS atp, and will be denoted by rp(S). The 
(over all) injectivity radius of 5 is defined as 

r^(S)^mf{rp(S)\peS}. 

4.1.5 Lemma. rp(S) = \t(pp), where pp is the shortest geodesic loop atp, 
and rinj{S) = \t{p), where p is the shortest closed geodesic on S. The curves 
pp and p are simple. 

Proof. Since for r < rp(S), Ur
p is isometric to a disk in H, and since there are 

no geodesic loops in H, we have €{pp) > 2rp(S). Let r = rp(S). Then the lifts 
of p in the universal covering H of S have pairwise distances of at least 2r, 
and there are two such lifts, say Pj and/?2

 s u c n that dist(pl9 p2) = 2r. Under 
the covering H —> 5, the geodesic arc from^ top2 is mapped to a geodesic 
loop of length 2r atp. Since Ur

p is still a disk, pp is a simple loop. 
To prove the statement about p, we observe that the function/? i-» €{pp) is 

continuous (we haverq>rp- dist(/?, q) forp, q e S). By the compactness of 
S, €(pp) has a minimum, say at/? = m. Since p.m is homotopically non-trivial, 
it contains a unique shortest curve p in its free homotopy class, and this p is a 
closed geodesic (Theorem 1.6.6). Now, rinj(S) = \t{pm) > \t(p) > rinj(S). 
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Hence, fi = pm and all statements are proved. O 

4.1.6 Theorem. (Collar theorem II). Let / j \ , ..., pk be the set of all 
simple closed geodesies of length < 2 arcsinh 1 on S. Then k < 3g - 3, and 
the following hold. 

(i) The geodesies px, . . . , pk arepairwise disjoint. 
(ii) rp(S) > arcsinh 1 for allp e S - (^(ft) u . . . u «(&))• 
(iii) Ifp e <g(ft), and d = dist(p, <9<£(ft), then 

sinhrp(S) = cosh \€{p() coshd - sinhd. 

Proof. Corollary 4.1.2 implies that Px, . . . , pk are pairwise disjoint, and the 
inequality k < 3g - 3 becomes a restatement of Theorem 4.1. l(i). 
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Figure 4.1.1 

Now let p e S and assume that sinhr^S) < 1. By Lemma 4.1.5, there 
exists a simple geodesic loop pp at/? of length 2rp(S). By Theorem 1.6.6, 
pp is freely homotopic to a simple closed geodesic p. Let p, and p be homo-
topic lifts of pp and p in the universal covering of 5, and let T be the covering 
transformation with axis P which corresponds to pp. Since pp and /? are ho­
motopic lifts, T maps //^ onto itself. Let/? e /2p be a lift of p and consider its 
image T{p) (Fig. 4.1.1). Since T preserves orientation, p and T(p) are on the 
same side of p. The geodesic arc of length 2rp(S) on pp from /? to T(p) does 
therefore not intersect/?, and we have a geodesic quadrangle with sides of 
length X, €(P), X, 2rp(S), where X = dist(p, /?) = dist(7(/?), /?). Dropping the 
common perpendicular between this arc and/5 (dotted line in Fig. 4.1.1), we 
obtain two isometric trirectangles. Theorem 2.3. l(v) (trirectangles) yields 

(4.1.7) sinh rp(S) = sinh \€<$) cosh X > sinh \t{fi) sinh A. 

Since, by hypothesis, sinh rp(S) < 1, it follows that sinh^€(p) < 1. We 
conclude that p is one of the geodesies pl7 ..., pk. It also follows that 
distQ?, P) < X < arcsinh{ 1/sinh \t(p)} = w(0), so that/? e <g(0). 

Now A = w - d, where w = w(/?). From (4.1.7) we have 



98 The Collar Theorem [Ch.4, §1 

sinhr^S) = sinh^€(p) (coshw c o s h d - sinhw sinhd) 

= sinh \€(fi) cosh w cosh d - sinh d. 

Since 

sinh2 \€{fi) cosh2w = sinh2 \t(P) sinh2w + sinh2 \€(fi) = cosh2^(j3), 

we obtain 

sinh rp(S) = cosh \f(fi) cosh d- sinh d. O 

4.1.8 Remarks, (i) We remark without proof that the collar theorem is not 
restricted to surfaces. It holds (with an appropriate definition of the width of 
the collar) on any Riemannian manifold with negative curvature and finite 
volume. This may be derived from Margulis' lemma. A reference for this is 
Ballmann-Gromov-Schroeder [1]. For hyperbolic 3-manifolds one has a 
sharper version of Margulis' lemma, known as J0rgensen's inequality. For 
the collar theorem on hyperbolic 3-manifolds we refer the reader to Beardon 
[1], Brooks-Matelski [1], Gilman [1] and J0rgensen [1]. 

(ii) A version of the collar theorem which holds for geodesies with self-
intersections may be found in Basmajian [1]. 

(iii) A variety of other geometric inequalities and constraints for compact 
Riemann surfaces may be found in Beardon [1], chapter 11. 

(iv) The antecedent and earliest version of all collar theorems seems to be 
Siegel[l]. 

4.2 Non-Simple Closed Geodesies 

In Section 10.5 and again in Section 13.1 we shall need a lower bound for 
the length of a closed geodesic which has a transversal self-intersection. In 
the first part of the present section we obtain a bound which is sufficient for 
the needs of Sections 10.5 and 13.1. After that, we improve our efforts and 
obtain a sharp bound. Sharp lower bounds for the lengths of non-simple 
closed geodesies have been found by Hempel [1], Nakanishi [1], Yamada [1] 
and others for compact Riemann surfaces and also for quotients of Fuchsian 
groups of more general signatures. The proof given in this section is de­
signed in such a way that it also works for surfaces with variable curvature. 
For a shorter proof we refer to Beardon [1], chapter 11. The main tool in the 
proof given here is that the shortest geodesic with transversal self-intersec­
tions has exactly one self-intersection (Theorem 4.2.4). 
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4.2.1 Theorem. Let S be a compact Riemann surface of genus g^2. Then 
every primitive non-simple closed geodesic on S has length greater than 1. 

Proof. Let 8 be a primitive closed geodesic of length €(S) < 1 on 5, and let 
p e 8. For the injectivity radius we then have rp(S) < \f{8) < \. By Theorem 
4.1.6, we have p e <€($) for some simple closed geodesic p of length € < 1, 
and the identity (iii) of the same theorem implies that 

sinh \ > sinh rp(S) > cosh d - sinh d = e~d, 

where d is the distance from/? to the boundary of ^(p). From the inequality 
sinh \ < e~l/2 follows that d = dist(/?, d^(p) > \. Hence, 8 is contained in 
<#(/?), and therefore 8 = p (up to a parameter change). O 

In the remainder of the section we prove a sharp bound (Hempel [1], 
Nakanishi [1], Yamada [1]). The result itself will not be used later in the 
book. S is again a compact Riemann surface. 

4.2.2 Theorem. Every primitive non-simple closed geodesic on S has 
length greater than 4 arcsinh 1 = 3.52 . . . . This bound is sharp. 

Proof. 

Figure 4.2.1 

We first give an example to show that the bound is sharp. Since some of the 
arguments will be used later in the proof, we give the example in more gen­
eral form than necessary. Let Y be an arbitrary pair of pants with boundary 
geodesies ylt /2, y3 and the perpendiculars alt a2, a3, which decompose Y 
into the right-angled hexagons G, G' as shown in Fig. 4.2.1 (cf. Proposition 
3.1.5) 

The figure eight geodesic 8= 8X82 (first along Slt then along 82) in Fig. 
4.2.1, whose loops 81 and 82 are freely homotopic to yx and y2, has its inter­
section point/? on ay This follows from the fact that there exists an isometry 
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from Y to itself with fixed point set ax u a2 u a3. For the same reason, 8 
intersects a{ and a2 orthogonally. Now consider the crossed right-angled 
hexagon formed by arcs on yt, y2, 8 and arcs on alt a2, a3. Again by the 
symmetry of 7, the sides of this hexagon (with the short notation €{yx) = 
yl5 etc.) are the following: a3, |y2, •» 2̂ » •» 2 î- Theorem 2.4.4 yields 

cosh 2<5 = sinh ^ sinh \y2 cosha3 + cosh \yx cosh \y2. 

Theorem 2.4. l(i) (right-angled hexagons) applied to G yields 

c o s h ^ = sinh \yx sinh \y2 cosh a3 - cosh \yx cosh |y2. 

The two equations together yield 

(4.2.3) cosh^d = cosh|y3 + 2 cosh \yx cosh ^ > 3. 

Now consider a sequence of y-pieces such that ^(y,-) —> 0, / = 1, 2, 3. Then 

€(8) —» 2 arccosh 3 = 4 arcsinh 1. 

Hence, the lower bound in Theorem 4.2.2 cannot be improved. Moreover, 
with the above considerations we have actually proved Theorem 4.2.2 for the 
particular case in which the geodesic is a figure eight on a pair of pants. In 
the next theorem we show that, on S again, the shortest geodesic with a 
transversal self-intersection is the image of a figure eight under a suitable 
isometric immersion Y —> S. This will prove Theorem 4.2.2 in the general 
case. o 

The following theorem will also be used in the next section and is therefore 
stated for variable curvature. The proofs for constant curvature and for 
variable curvature are almost the same. 

For simplicity, on any compact surface M of negative curvature a primitive 
closed geodesic with exactly one self-intersection will be called a figure eight 
geodesic. It is easy to see, and it will also come out in the proof of the next 
theorem, that a figure eight geodesic is always contained in a F-piece (with 
geodesic boundary) whose interior is embedded in M. 

4.2.4 Theorem. Let M be a compact orientable surface of variable nega­
tive curvature and let 8 be the shortest primitive non-simple closed geodesic 
on M. Then Sis a figure eight geodesic. 

Proof. In this proof "self-intersection" is the same as "transversal self-inter­
section". We assume that 8 has more than one self-intersection. The strategy 
is to find a closed non-smooth path z on 8 which is freely homotopic to a 
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figure eight geodesic f. This f will then be shorter than 8. 
We first remark that 8 contains simple loops. Here a loop in 8 is, by 

definition, a smooth arc on 8 whose initial point coincides with the endpoint. 
For example, the curve cu in Fig. 4.2.2(b) is a loop in this sense, but the 
curve bd is not. 

To find a simple loop we choose a parametrization 8: [0, 1] —» M and let 
t2 be the supremum of all T such that the restriction 81 [ 0, T] is a simple arc. 
Then there exists a unique fj e [0, t2] with 5(^) = 8(t2), and it follows that 
81 [*!, f2] is a simple loop in 5. 

Now let 77 with base point A be the shortest loop in 8. The argument just 
given shows that 77 is simple. We choose our parametrization of 8 anew so 
that 8 now begins with 77. 

Since M is orientable, a small tubular neighborhood of 77 is an annulus and 
is decomposed by 77 into two open annuli, say L and R. We let L be the one 
containing the angle of 77 at A which is smaller than n. For small positive e 
the segments 8\ [t2, t2 + e] and 8 | [1 - e, 1] are then contained in R. From 
this we see that 8 can be written as 

8 - abcudw, 

where the arcs a, b, c, u, d, w, fulfill the following requirements (the arcs 
need not all be simple and some may have zero length). 

- 77 = abc, 
- d has positive length, 
- the intersection d n 77 consists of the endpoints B and C of d (possibly 

with B = C). 
- dnL = 0. 

To make this possible we must allow that u = 0 and/or w = 0. The following 
proof is valid also in these limiting cases so that they need no extra consid­
erations. Note that if u = 0, then A = B and a = 0. If w = 0, then C = A and c 
= 0. If u = w - 0, then A = B = C and 8 - rid, where d is a non-simple loop 
(because 8 is assumed to have more than one self-intersection). 

As a first case we assume that d is either a simple arc with B * C or a 
simple loop with base point £ = C. If B * C the notation is such that b goes 
from B to C. The arc d then may go from B to C as in Fig. 4.2.2(a) or from C 
to 5 as in Fig. 4.2.2(b). 

Let us first look at Fig. 4.2.2(a). Here wab with base point C is a loop in 
8. This loop is non-trivial because if w = 0 then c = 0. By the minimal length 
of 77 we have w + a + b>a + b + c, that is, w > c. Similarly, bcu is a non-
trivial loop in 8 with base point B and so u > a. Altogether u + w > a + c, 
and we define 
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Figure 4.2.2(a) Figure 4.2.2(b) 

(a) z = abcadc, 

where £{z) < £(8). In the present case we cannot have u = w = 0, for then 
8 = bd and 8 would have only one self-intersection. The curve z is therefore 
not smooth and the closed geodesic £ in the free homotopy class of z is 
strictly shorter than 8. That £ is a figure eight geodesic will be proved to­
gether with the remaining cases. 

Next let us look at Fig. 4.2.2(b). Since the limiting situations u = 0 and a 
= 0 are covered by the preceding case, we now have u * 0 and a * 0. There 
is the non-trivial loop cu in 8 implying the inequality c + u>a + b + c so that 
u>a + b>b. Here the closed curve 

(b) z = abdbc 

is strictly shorter than 8 and we let again £ be the closed geodesic in the free 
homotopy class of z. 

The remaining case is that d has a transversal self-intersection different 
from the initial point of d. Here we may write d as a product d = xvy where x 
is a simple arc and v is a simple loop. We may also write d~l - x'v'y' with a 
simple arc x' and a simple loop v', and observe that x' is contained in y and x 

Figure 4.2.2(c) 
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is contained in y' so that either x < y or x' < y'. We may therefore, without 
loss of generality, assume that x < y. 

We let h be the closed curve rj but now with a new parametrization such 
that the product n = hxvx'1 is well defined. The orientation of h is to be 
chosen in such a way that an arbitrarily small homotopy deforms \i into a 
simple closed curve fi' which together with h and v bounds an open neigh­
borhood of signature (0. 3). Since x < y the closed curve 

(c) z = hxv~lx~l 

has length €{z) < €(5). Again, z is not smooth, and the closed geodesic £ in 
its free homotopy class satisfies <?(£) < €(S). 

We have now considered all possible cases, and it remains to prove that in 
each case z is not homotopic to a simple curve. 

The curve r\ is not homotopic to a point because M has negative curvature. 
We also check that the following closed curves are homotopically non-trivial: 
bd~l and adc in the case of Fig. 4.2.2(a); bd and ad~lc in the case of Fig. 
4.2.2(b); v and /z in the case of Fig. 4.2.2(c). In fact, if any of these curves 
were homotopically trivial, then a lift of it in the universal covering of M 
would bound a simply connected geodesic polygon with, say, n sides in 
which the angle sum is greater than (n - 2)n. This is impossible since M has 
negative curvature. 

By the preceding statements, z has an open neighborhood W of signature 
(0, 3) where none of the boundary components is homotopically trivial. We 
now make use of Theorems 1.6.6 and 1.6.7. In order to make them applica­
ble (rather than generalizing them to variable negative curvature, which 
would also be a possibility) we introduce an auxiliary hyperbolic metric on M 
and denote by S the surface with this new metric. 

Assume first that, even after a possible change of orientation, the boundary 
components of W are pairwise non-homotopic. By Theorems 1.6.6 and 
1.6.7, they are homotopic to pairwise disjoint simple closed geodesies in S. 
By Theorem A.3, there exists a 1-homeomorphism 0 : S —> S mapping W 
onto a pair of pants Y bounded by the latter. On F, 0(z) is homotopically non-
trivial (with respect to Y) and not homotopic to a boundary component. 
Hence, 0(z) is homotopic to a closed geodesic f' in the interior of Y with a 
transversal self-intersection. By Theorem 1.6.6, the homotopy class of £' 
contains no simple curves. In particular, f is not simple. 

Finally we assume that, possibly after a change of orientation two of the 
boundary components of W, say a and p are homotopic. By Proposition 
A. 11, a and p bound an annulus ft. which is embedded in S. If the third 
component of W, say y, were homotopic to a then, by Proposition A.l 1, W 
would be an annulus. Now let 0 : S —> S be a 1-homeomorphism mapping a 
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and y to the closed geodesies a' and y' in their respective homotopy classes. 
Then (j>(W u ft) is a hyperbolic surface of signature (1,1), and after cutting S 
open along a and y we obtain a pair of p^its Y whose interior is embedded in 
S and contains 0(z). As before, this implies that the homotopy class of (f>(z) 
contains no simple curves. Theorem 4.2.4 is now proved. O 

We remark that the preceding proof also shows that on a compact hyper­
bolic surface S any figure eight geodesic is contained in a pair of pants whose 
interior is embedded in S. The proof of this fact for variable negative curva­
ture is obtained by generalizing Theorems 1.1.6 and 1.1.7 to variable nega­
tive curvature. 

4.3 Variable Curvature 

In this section we extend the collar theorem and the length estimate for the 
self-intersecting closed geodesies to variable curvature. For the sake of conti­
nuity we begin with the length estimate. 

4.3.1 Theorem. Let M be a compact orientable surface of genus g > 2 
with curvature K such that -K2 < K < 0. Then every primitive non-simple 
closed geodesic on M has length > - arcsinh 1. 

Proof. Let 8 be the geodesic. Since (x:x length) is a scaling invariant, we 
may assume that K = 1. By Theorem 4.2.4, it suffices to consider the case 
where 8 has exactly one self-intersection. Our first observation is that 8 is 
contained in a pair of pants Y (with curvature satisfying -1 < K < 0). This 
follows from the remark at the end of Section 4.2 or from the following 
direct argument. 

Let n: H —> M be a universal covering with covering transformation group 
r. The geodesic 8 is a product of two loops 8= 8{82. Let y{, y2 and y3 be the 
closed geodesies in the free homotopy classes of Slt 82 and 8x82

l respec­
tively. The homotopy between 8X and yx can be lifted to a homotopy between 
lifts 81 and yx. By the negative curvature of H these lifts do not intersect each 
other and bound therefore a strip Sx in H. We let Tx e Tbe the element with 
axis yx which corresponds to 8V The cyclic group [7J = {T"}neZ, acts on 
Sly and the quotient ftx = [T{] \S{ is an annulus. The loop 82 gives rise to a 
similar annulus A2. Since 8 has only one self-intersection, any lift // of 
8x82

l in H is a simple curve and has the property that one of the components 
of H - ft is convex. Therefore, if # and y3 are homotopic lifts of 8X8^ and 
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y3, then /* and y3 bound a strip S3, that is, the closed curve 8X82 gives rise to 
a third annulus !A.V By pasting together ft^ A2 and ^t3 along 8 we obtain a 
pair of pants Y containing 8 in its interior. It would not be difficult to see that 
the interior of Y is embedded in M, however, we shall not need this fact since 
all the remaining arguments in the proof of Theorem 4.3.1 take place on Y. 

Figure 4.3.1 

Fig. 4.3.1 shows Y with the boundary geodesies yx, y2, y3 labelled in such 
a way that the two loops 8X and 82 of 8 = 8X82 are freely homotopic to yx and 
72, respectively, exactly as in the preceding section. As in the case of con­
stant curvature, one proves with the Arzela-Ascoli argument that each pair of 
boundary geodesies of Y has a unique simple common perpendicular, and 
that the three perpendiculars ax, a2, a3 decompose Y into right-angled hexa­
gons. As remarked earlier, the hexagons are, of course, no longer isometric 
in general. 

The geodesic 8 consists of two arcs, each of which connects ax with a2. 
Unlike in the case of constant curvature, these arcs need not meet ax or a2 
orthogonally. Now let 8' be the smaller of the two arcs. In the homotopy 
class of 8' with endpoints gliding on ax and a2 (Definition 1.5.1) we let d be 
the shortest curve (Fig. 4.3.1). This curve is a geodesic arc in Y which meets 
ax and a2 orthogonally at interior points of ax and a2. 

Now, d together with ax and a2 decomposes Y into right-angled hexagons 
Ax and A2, where 

Ax = axbcdey2, A2 = a2b'c,de'yx, 

and where (speaking of lengths) we have 

e + c' = ax, c + e' = a2. 

By Corollary 2.5.12, there exist two right-angled geodesic comparison hexa­
gons in H: 

Ax = dxbcdey2, A2 = d2b'c'de'yx 
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such that ax <dx, a2 < a2, that is, 

e + c'< ax, c + e'< d2. 

In order to construct a hyperbolic comparison 7-piece, we fix the lengths 
of sides c and d ofAx and decrease e continuously. By Theorem 2.4.l(i), 
side ax decreases also and converges to zero as e approaches some positive 
limiting value. Hence, there exists a value e in between, such that the corre­
sponding value ax satisfies the equation e + c' = ax. Similarly, we fix c' and 
d of A2 and decrease e' until d2 reaches a value a2 such that c + e" = a2. 
Hence, there exist comparison hexagons in H: 

Ax = axbcdey2, A2 = a2b'c'de'yx 

satisfying 

e + c' = ax, c + e' = a2. 

The last relation allows us to paste Ax and A2 together, with the same confi­
guration as that in Fig. 4.3.1, to obtain a hyperbolic pair of pants Y on which 
ax and a2 are the unique simple common perpendiculars from y2 to f3 and 
from yx to f3, respectively. By symmetry, d extends to a figure eight geode­
sic 8 of length €{8) = 2d< €(8). Now we can apply Theorem 4.2.2. o 

We do not know whether Theorem 4.3.1 remains valid if the curvature is 
allowed to assume positive values. The collar theorem, however, holds for 
variable curvature (Buser [4], Chavel-Feldman [1]) without any assumption 
about the upper curvature bound. 

4.3.2 Theorem. (Collar theorem for variable curvature). Let M be a com­
pact orientable 2-dimensional Riemannian manifold of genus > 2 and curva­
ture K > - 1 . For any homotopically non-trivial simple closed geodesic y in 
M the collar 

%{y) = {peM\ sinh(dist(/7, y)) sinh\t(y) < 1} 

is homeomorphic to[0, l]xSl.Ify and p are disjoint simple closed geode­
sies from different non-trivial homotopy classes in M, then %{y) and %($) 
are disjoint. 

Proof. We reduce the proof to a 3-holed sphere by cutting M open, first 
along y and p, and then successively along further simple closed geodesies, 
which we find using length-decreasing homotopies. They are described in the 
last section of the Appendix. 
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Thus, let M be a geodesically bordered Riemannian manifold of signature 
(0, 3) with curvature K > -1 and boundary geodesies yx, y2, y3. We prove 
that the half-collars 

<g*(y.) = {peM\ sinh(dist(p, y,-)) sinh^(y f) < 1} 

are disjoint annuli. The notation is as in Fig. 4.3.2. 
We cut open M as in Fig. 4.3.2(a) along a simple geodesic arc fi which is 

orthogonal to y3 and separates yx from y2. To obtain such an arc we begin 
with a piecewise smooth arc with the given separation property, and then use 
length-decreasing homotopies. M after having been cut open along /i, is de­
composed into two doubly connected domains Zly Z2 with y, on the bound­
ary of Z-, / = 1, 2. We dissect Zx further into two right-angled geodesic pen­
tagons G, G' along shortest perpendiculars from yx to ji and from yx to y3. 
We denote by cx the side of G which lies on yx and let c2 be the shorter of the 
two adjacent sides of cx. We may assume that cx < 2^(yi) (otherwise we 
interchange G and G'). By Lemma 2.5.13, we have sinn^ sinhc2 > 1. It 
follows that 9o*(Yi) *S contained in Z b and similarly c€*(y2) is contained in 
Z2. This proves that the half-collars in M are disjoint. 

Figure 4.3.2(a) Figure 4.3.2(b) 

Now suppose that ^*(yi) is not an annulus. More generally, let 

r < arcsinhU/sinh^y!))}, 

consider the set 

<£* = {p eZx |dist(p, y,)<r} 

and suppose that %* is not an annulus. We lead this to a contradiction. Since 
Zj is an annulus, the complement Zx - %* has an open connected component 
D whose boundary does not intersect the boundary of Zv Pick x e D. Then 
dist(x, yx) > r. There exists a simple arc p of length less than or equal to 2r in 
Zj with both endpoints on yx which separates x from {dZx - yx). Now apply 
a length-decreasing homotopy to p. Since dist(x, yx) > r, this homotopy 
cannot sweep over x, and we obtain a geodesic arc b of length less than or 
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equal to 2r orthogonal to yx which cuts out a simply connected right-angled 
geodesic biangle B cz M as shown in Fig. 4.3.2(b). 

On M - int B we drop shortest perpendiculars from y2 and y3 to b. Since 
they have minimal length, they do not intersect each other. In their comple­
ment we then find non-intersecting shortest perpendiculars from y2 and y3 to 
(yx - B) as shown in Fig. 4.3.2(b). We obtain two disjoint right-angled geo­
desic pentagons G2, G3, with pairs of adjacent sides b2> d2 and b3, d3, 
respectively, where b2, b3 are disjoint arcs on b, and d2, d3 are disjoint arcs 
on yx. Hence, b2 + b3< 2r and d2 + d3< £{yx). By the assumed upper bound 
of r we have therefore 

sinh(|(62 + b3)) sinh(|(d2 + d3)) < sinh r sinh \t(yx) < 1. 

On the other hand, by virtue of Lemma 2.5.13, 

sinh b2 sinh d2 > 1, sinh b3 sinh d3 > 1. 

By the inequality given below, this is a contradiction. Hence, <#* is an annu-
lus, and Theorem 4.3.2 is proved. O 

The inequality is the following, where we assume that 0<\s\< x,0< t<y: 

sinnx sinhv > 
min{ sinhC* - s) sinh(v + t), sinh(x + s) sinh(y - t)}. 

Proof. The statement in non-trivial only for s > 0. We set $ - sinh x sinhy, 
sx = x - arcsinh{ tf/sinh(y + t)}, s2 = -x + arcsinhj #/sinh(v - t) }• For 
5 e [0, J 2 ] we then have 

sinh(x + s) sinh(y - t) < sinh(j + s2) sinh(y - t) = A 

and for s € [sx, x] we get 

sinh(x - s) sinh(y + t) < sinh(x - sx) sinh(y + i) - t>. 

It remains to show that/(0 := s2 - sx > 0 for t e [0, v ]. But this is true be­
cause/^) = 0 and/'(r) > 0 for t e ]0, y[. O 

4.4 Cusps 

In this section we consider non-compact hyperbolic surfaces with finite area. 
A new type of neighborhood occurs which is a limiting case of a half-collar: 
the cusp. Due to the importance of the thick and thin decomposition of hyper-
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bolic manifolds, we include a short discussion of cusps for completeness. 
For the thick and thin decomposition in general we refer, for instance, to 
Ballmann-Gromov-Schroeder [1]. For some applications to the spectrum of 
the Laplacian we refer to Burger-Schroeder [1] and Dodziuk-Randol [1]. 

Let us first extend the definition of a 7-piece as follows. Instead of 
compact hexagons we now admit right-angled hyperbolic hexagons as shown 
in Fig. 4.4.1 in the unit disk D, where either one, two or three pairwise non-
adjacent sides are degenerated into points at infinity. The points at infinity 
themselves are not considered elements of the hexagon. 

(a) (b) (c) 
Figure 4.4.1 

Two copies of the hexagon, say G and G\ pasted together along the three 
remaining sides as in the non-degenerate case (in Fig. 4.4.1 along a, /?, y) 
yield a degenerate pair of pants Y which has either two, one or no boundary 
geodesies. From the geometry of hexagons we obtain 

4.4.1 Lemma. A degenerate pair of pants Y exists for any prescribed 
lengths of its boundary geodesies. These lengths determine Y up to isome-
try. O 

In particular, there exists exactly one pair of pants for which all three geode­
sies are degenerate. This is in accordance with the fact that the Mobius trans­
formations which preserve D act three times transitively on dD. 

For the boundary geodesies of Y we define the half-collars in the same 
way as in the non-degenerate case. (Proposition 3.1.8). For the infinitely 
long ends, the analog of the half-collar is obtained by the following construc­
tion which we describe in the case of Fig. 4.4.2 (a). To simplify the language, 
geodesic arcs and their geodesic extensions will be given the same name. By 
"endpoints" of a geodesic are meant the endpoints at infinity. 

Thus, let Y be obtained by pasting together the degenerate hexagons G and 
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G' with the notation of Fig. 4.4.2(a). A neighborhood ^ c G i s defined as 
follows. We drop the perpendicular s from the endpoint/^ of p to point q on 
side a. Then there exists a unique horocycle h through q centered at c. We let 
/ / c D c R 2 denote the closed disk with boundary h and define 

W=Gr\H. 

On Y we let W* be the domain formed by W and its copy W cz G '. 
Topologically, W* is a cylinder. To compute the length of its boundary we 
use a limiting argument. 

(a) Figure 4.4.2 (b) 

Let z e <9D be a point at infinity near c which will later converge to c. 
Replace p with the geodesic pz from/?^ to z, set az := a and let cz denote the 
common perpendicular of az and Pz. The hexagon G is thus approximated by 
a hexagon Gz with sides az, yz, b, ccz, cz, pz (Fig. 4.4.2(b)). The perpen­
dicular s from pp to q e az has not moved. Set 

wz = dist(#, cz) 

and denote by /zz the parallel line formed by all those points at distance wz 

from cz and lying on the same side of cz as q. In our model, hz is a Euclidean 
circle through q and the endpoints of cz. 

Using Fermi coordinates based on cz, we compute, using (1.1.9), 

€(hz n G2) = c2 cosh wz. 

Then, applying trigonometry to the degenerate trirectangle with vertex pp, we 
have 

sinhcz sinhwz = 1. 
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Now let z converge to c. Then hz converges to h (in R2) and €(hz n Gz) con­
verges to £{h n G). On the other hand, we have wz —> oo and cz -» 0. 
Together with the above, this gives €{hz n Gz) —> 1 and thus 

/ ( ^ * ) = 2. 

Using horocyclic coordinates at c e <?D, we conclude, using (1.1.10), that 
^ * is isometric to the cylinder 

(4.4.2) ]-oo, log 2] x Sl with dp2 + e2p dt2, 

where -oo < p < log 2 and t e S 1 . 

4.4.3 Definition. Any domain which is isometric to W* or (4.4.2) will be 
called a cwsp. 

The same construction also works in the cases of Fig. 4.4.1(b) and (c), in 
which the F-pieces have two or three cusps. As in the non-degenerate case, 
the common perpendiculars in G and G' which go from a to a, b to p and c 
to y, separate the half-collars and cusps. The following analog of Proposition 
3.1.8 therefore follows. 

4.4.4 Proposition. In a degenerate Y-piece the cusps and half-collars are 
pairwise disjoint. o 

For the rest of this chapter, the F-pieces which will be considered may be 
degenerate or non-degenerate. 

A F-piece with p boundary geodesies and q cusps is said to have signature 
(0, p; q). In order to obtain hyperbolic surfaces of arbitrary signature (g, p; a) 
we paste together F-pieces along boundary geodesies just as in the compact 
case. The number of F-pieces needed for signature (g,p; q)is2g-2+p + q 
and the number of pairs of geodesies involved in the pasting is 3g- 3 +p + q. 
In view of Lemma 4.4.1, the parameter space for these surfaces has dimen­
sion 6g - 6 + 3p + 2q. The only signatures excluded are those for which 
2g+p + q<3. 

Since only the cusps contain points with arbitrarily small injectivity radius, 
the cusps of a hyperbolic surface of signature (g, p; q) obtained by the above 
construction are easily detected by means of the intrinsic geometry of the 
surface. If we cut off the cusps (along the boundaries of length 2), we are left 
with a compact topological surface of genus g with p + q holes. This shows 
that the signature introduced above is independent of the particular descrip­
tion of the surface. Moreover, the next theorem shows that a signature is 
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defined, intrinsically, for any hyperbolic surface of finite area whose bound­
ary components are closed geodesies. 

The next two theorems are the goal of this section. To keep the statements 
shorter, we have not included the bordered case in the collar theorem. We re­
call that the term "hyperbolic" includes that the metric is complete (Definition 
1.2.3). 

4.4.5 Theorem. Let S be a hyperbolic surface of finite area, all of whose 
boundary components are closed geodesies. Then S is a surface of some sig­
nature (g, p; q) obtained by the above construction. 

4.4.6 Theorem. (Collar theorem in the non-compact case). Let S be a hy­
perbolic surface of signature (g, 0; q). Then 

(i) S has uniquely determined cusps Wx, ..., Wq. The cusps are pairwise 
disjoint. 

(ii) Ifyx, . . . , ym are pairwise disjoint simple closed geodesies on S, then 
m < 3g - 3 + q, and there exist simple closed geodesies Ym+\, . . . , 7zg-^+q 
such that 7j, . . . , 73g_3+(? decompose S into Y-pieces. 

(iii) The collars <g(yf) = {p e S | sinh(distQ?, y,)) sinh(^(y,)) < 1}, 
around the geodesies in (ii) are pairwise disjoint and do not intersect the 
cusps W1,..., Wq. 

(iv) If px, ..., pkisthe sequence of all simple closed geodesies of length 
< 2 arcsinh 1 on S, then px, . . . , pk are pairwise disjoint, and the injectivity 
radius rp(S) satisfies the inequality 

rp(S) > arcsinh 1 

for any point p e S-^ip^Kj ... u %{Pk) KJW1KJ...KJ Wq). 

Proof of Theorem 4.4.6. The proof is similar to the compact case and we 
restrict ourselves to outlining the few modifications. It would also be 
possible to conclude Theorem 4.4.6 directly from Section 4.1 by a limiting 
argument. 

By hypothesis, S is obtained by the above construction, and hence the 
cusps can be found by means of the intrinsic geometry, as remarked earlier. 
That the cusps are pairwise disjoint follows from Proposition 4.4.4, and (i) 
is clear. 

For (ii) we note that S is homeomorphic to a compact surface of genus g 
with q punctures (q points removed). This yields the bound on m, and we 
find completing curves cm+l, ..., %_3+^ which together with y{, . . . , ym 
topologically decompose S into 3-holed spheres. Then we observe that none 
of the ct- can be homotoped into the interior of one of the cusps Wl, ..., Wq. 
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Hence, if for given i, {c*}™^ is a sequence of homotopic curves with 
lengths converging to the infimum of the homotopy class of ct, then the 
sequence stays in a compact subset of S, and the theorem of Arzela-Ascoli 
can be applied in the same way as in Section 1.6. Similarly, the proof of 
Theorem 1.6.6(iii) goes through. We then get (ii) using Theorem A.3, as in 
the compact case. 

(iii) follows from Proposition 4.4.4. 
The geodesies px, . . . , pk in (iv) are pairwise disjoint because the collars 

^(Pi),..., ^(Pk) are, and the bound on rp(S) is obtained by the same argu­
ments as in the compact case. o 

Proof of Theorem 4.4.5. The strategy is to cut off 7-pieces from S. Since all 
7-pieces have the same area, the procedure will end after finitely many steps. 
It suffices therefore to show that we can cut out one y-piece. 

We shall use covering arguments. For this we fix a universal covering 
7r: S —» S, S c D (Theorem 1.4.2) with covering transformation group 
F : S —> S. Since F operates by isometries in S, we have F c Is+(D). By 
Theorem 1.4.1, S is contained in an unbordered hyperbolic surface with the 
same fundamental group. This larger surface is F \D, and consequently F 
acts freely and properly discontinuously not only on S but also on D. 

Consider first the case that S has a boundary geodesic, say y For small 
r > 0 the distance set Z(r) = {p e S \ dist(/?, y) < r} is an annulus isometric 
to [0, r] x Sl with metric dp2 + f2(y) cosh2p dt2. As r grows, we find a first 
r = r0, where this fails to be the case (here we use the fact that S has finite 
area). We then have one of the following two cases (Fig. 4.4.3). 

(a) Figure 4.4.3 (b) 

In the first case there is a geodesic arc a of length 2r0 perpendicular to y at 
both endpoints as in Fig. 4.4.3(a). In the second case there is a geodesic arc 
a of length 2r0 which is the common perpendicular of y and a second bound­
ary geodesic y' as in Fig. 4.4.3(b). 

Case 1. The endpoints of c decompose y into two arcs yv y2 and we can 
parametrize the curves in such a way that oyx and y2o~x are simple closed 
curves. We let co be a lift of oyx in S. Then co is an infinite right-angled geo-
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desic polygon whose sides alternately are lifts of the arcs a and yx. We con­
sider the perpendiculars at the midpoint of the sides of ox By symmetry, 
these perpendiculars either meet each other in a point c e D u <?D, or they 
have a common perpendicular geodesic c. We let {T} := {Tn}nEZ be the 
maximal cyclic subgroup of r which leaves co invariant. Then T leaves c 
invariant. Since Tacts freely on D, Tis either parabolic and c its fixed point 
at infinity, or T is hyperbolic and c is the axis of T. 

(a) Figure 4.4.4 (b) 

Let us first look at the parabolic case (Fig: 4.4.4(a)). We want to show 
here that ayl bounds a cylindrical end. For this let R e T, R £ {T}. Since 
cyx is simple, its lift co is simple, and, moreover, either Rco coincides with co 
or Rco n co = 0 . But {T} is the maximal subgroup of r which fixes co so that 
Rco* co. We claim that c is not a fixed point of R. 

Namely, if R fixes c, then, following from the fact that Rco n co = 0 , c 
cannot be a parabolic fixed point of R. Hence R must be hyperbolic and c an 
endpoint at infinity of the axis of R. Replacing R by R~l if necessary, we 
may assume that c is an attracting fixed point in the sense that Rnp converges 
to c for n —» oo, where p is a test point on the axis of R. For every e > 0, there 
must exist n sufficiently large so that 0 < dist(p, R~nTRn p) < e. This 
contradicts the discreteness of the action of F. Hence, c cannot be a fixed 
point ofR, as claimed. 

Since Rco n co = 0 , it follows next that RQ n Q. - 0 , where Q is the 
simply connected domain with boundary co. Hence {T }\Q = r\Q. Let a be 
a side of co which is a lift of a. The perpendicular at the midpoint of d 
together with its image under T bounds a fundamental domain for {T} on Q. 
Its projection in S is an infinitely long cylinder with boundary curve oyx. 

Let us next look at the case of Fig. 4.4.4(b), where T is hyperbolic with 
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axis c. We want to show that cyx bounds an annulus whose other boundary 
component is a closed geodesic. (This case has already been studied in the 
proof of Theorem 1.6.6(iv).) The proof is as before: if R e i"\ R g {T}, 
then Rco n co = 0 , hence Rnc = 0 and therefore RQ nQ = 0, where now 
Q is the domain enclosed by co and c. A fundamental domain is obtained as 
before, and the desired annulus is {T }\£2. 

So far we have shown that ayx (Fig. 4.4.3(a)) cuts away an infinite cylin­
der or an annulus from the surface S. The same is true for the curve y2o~l. 
Since the interior angles at the boundary of the cut-off domains are right 
angles (acute would be sufficient), we see from Fig. 4.4.3 that the two 
domains are disjoint, and their union is cut away from S by the closed geode­
sic y = yxy2. The two together therefore define the desired Y-piece. 

Case 2. Next let us assume that the arc <r is the common perpendicular of 
7 and a second boundary geodesic y' of S (Fig. 4.4.3(b)). Here we can 
parametrize the curves such that ay'o~xy contains simple curves in its homo-
topy class and we let cobe a lift of oy'<j~ly'm S c D . Then co is simple, and 
the same arguments as before show that ay'(j~ly bounds a cylindrical neigh­
borhood of finite or infinite length. This neighborhood together with its 
boundary forms the desired 7-piece in this second case. 

So far we have assumed that S has at least one boundary geodesic. Now 
let the boundary of S be empty. (Points at infinity are not boundary points of 
S.) Choose p e S arbitrarily and let \i be the shortest geodesic loop at p. 
Such a loop exists because S is not the hyperbolic plane. The loop pp need 
not be homotopic to a closed geodesic. Hence we consider, once again, a lift 
co of fip in S a D. Then co is a simple infinite geodesic polygon, and we have 
a maximal cyclic subgroup {T} a r of covering transformations which leave 
co invariant. Again the generator T may be hyperbolic or parabolic. 

If T is hyperbolic, then, by the preceding arguments, p,p is homotopic to a 
simple closed geodesic. We may then cut S open along this geodesic, bring­
ing us back again to the preceding case. 

If T is parabolic, pp bounds an infinite cylinder which contains a domain 
Wm isometric to ]-oo, -m] x S1 with metric dp2 + e2pdt2 for some m > 0. 
Here we let y be the boundary of Wm and set 

Z(r):= {peS-%m\ dist(p, y)<r). 

There exists a first r0, where two of the geodesic segments emanating per­
pendicularly from 7 into S - Wm meet and form a smooth arc a. We are then 
in the situation of Fig. 4.4.3(a), except that y = yxy2 is not a geodesic. 
However, this does not affect the arguments used earlier for oyx and 
72<7-1, and so these curves bound domains (cylinders and /or annuli) which 
together with ^ form a F-piece. Theorem 4.4.5 is now proved. O 
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4.5 Triangulations of Controlled Size 

It is sometimes desirable to have a triangulation of a compact Riemann sur­
face with uniformly size-controlled triangles. However, at places where the 
injectivity radius is small, the triangles have to be small too. In this section 
we apply the collar theorem to bypass this difficulty using a more general 
definition of triangles. The result is from Buser [2]. It will be used in the 
proof of Theorem 8.1.4. 

4.5.1 Definition. Let S be a compact Riemann surface of genus > 2. A 
closed domain D c 5 i s called a trigon if it satisfies one of the following 
conditions. 

(i) D is a simply connected embedded geodesic triangle. 
(ii) D is an embedded doubly connected domain. One boundary compo­

nent of D is a smooth closed geodesic and the other boundary component 
consists of two geodesic arcs. The closed geodesic and the two arcs are the 
sides of D. 

Trigons of type (i) are ordinary geodesic triangles; examples of trigons of 
type (ii) are shown in Fig. 4.5.1. 

In the following, a triangulation of S will be a triangulation with trigons. 
Hence, the union of all trigons is S, and the intersection of any two distinct 
trigons is either empty or a common vertex or a common side. 

4.5.2 Theorem. Any compact Riemann surface of genus > 2 admits a tri­
angulation such that all trigons have sides of length < log 4 and area between 
0.19 and 1.36. 

Proof. The idea is borrowed from an article by Fejes Toth [1] on circle 
packings of the hyperbolic plane. To obtain a particularly dense packing of 
the hyperbolic plane, Fejes Toth defines a maximal set of points at pairwise 
distances greater than or equal to some fixed constant. Then he considers 
those circles which pass through at least three of these points but contain 
none of these points in the interior. This can also be carried out on compact 
surfaces. 

We begin with the collars. Let S be the compact Riemann surface and let 
Yiy • • •, Ym be all simple closed geodesies of length < log 4 on S (if there are 
any). The constant log 4 comes from the present proof and is not optimal. By 
Theorem 4.1.6, the collars ^(ft), / = 1, . . . , m are pairwise disjoint. 

For fixed y = yt, we select four points A, B, A\ B' in the interior of 
%{y) as shown in Fig. 4.5.1, such that 
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Figure 4.5.1 

(i) dist(A, y) = dist(A', y) = dist(£, y) = dist(5\ y) = w(y) - | l o g 2 , 
(ii) the geodesies in %{y) from A to A' and from B to B' intersect y per­

pendicularly and in opposite points. 

Here w(y) = arcsinhj 1/sinh \t(y)} is the width of the collar. Observe that 
w(y) > 1. The minimal geodesic arcs a and a from A to 5 and a' and a ' 
from A' to B' together with y form two isometric trigons D and D'. Each of 
these trigons consists of four isometric trirectangles. Theorem 2.3. l(v) and 
(vi) (trirectangles) yields the following equations, where (p is the interior 
angle of the trigons at the vertices A, B, A', B\ 

s inh \o = sinh\€(y) cosh(w(y)- \\og2) 

= 2"1/2 (fcosh \€{y) - (cosh ^(y))" 1 ) 

cot\(p = s inh(w(y)- | log2) tanh \ t {y ) 

= 2 - 1 / 2 ( ( c o s h ^ ( y ) ) - 2 - i ) . 

From these equations we obtain the numerical bounds 

(4.5.3) 1.07 < area D< 1.36, l o g 2 < a < 0 . 8 9 , <p>2n/3. 

After having introduced the trigons in ^ ( y ^ , . . . , ^(ym), we let S' be the 
closure of the complement of these trigons and define Tx to be the set of the 
Am vertices in %{yx),..., ^(ym) corresponding to A, B, A', B\ Since the 
collars are pairwise disjoint, it follows from (4.5.3) and from the inequality 
w(yi)> 1, i = 1 , . . . , m, that the points in <2X have pairwise distances > log2. 
We find therefore a finite set fPc S with the following properties: 

(i) 2\ c fP, 
(ii) dist(/?, q) > log 2 for all /?, q e &,p*q, 
(iii) for all x G 5" there exists/? e ^Psuch that dist(p, x) < log2. 

S' is the thick part of S in the following sense. 
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(4.5.4) For all x e S' the injectivity radius ofS at x satisfies 

rx(S) > min{ log 2, dist(x, <PX)}. 

For the proof we recall from Theorem 4.1.6 that rx(S) > log 2 for all x in the 
complement of %{y{) u ... u <# (/„,). Now fix the geodesic y = yt and let 
x e ^(y) n S'. We may assume that dist(x, f^) = dist(x, A). 

Figure 4.5.2 

At vertex A we have two trirectangles with acute angle <p/2 as shown in 
Fig. 4.5.1 and Fig. 4.5.2. We denote by rj and 77 the geodesic rays perpen­
dicular to y which form a side of the trirectangles. Now let x' e 77 be a point 
with dist(x', y) = distQt, 7). Since dist(x, A) = dist(x, ^) < distQt, 5), we 
have dist(x, A) < dist(x', A). Since rx(S) = rx(S'), it suffices to prove (4.5.4) 
for x'. 

Connect x' and A with a minimizing geodesic arc v' and drop the shortest 
perpendicular v from x' to r\ (Fig. 4.5.2). Then v = rx>(S), and we have to 
prove that v > min{ v', log 2}. Assume first that v intersects side a/2 (Fig. 
4.5.2), say in x", and abbreviate 

a = dist(x', x"), b = dist(x", A), c = dist(x", 77). 

By (4.5.3), (p > nil so that c > a/2 = a/2 > b and therefore v = a + c > 
a + b > v'. Next assume that vdoes not intersect side a 12. We shift x' along 
77 towards 7 until v contains A and thus becomes an extension of a/2. The 
length of vdecreases in this procedure and has the lower bound a 12 + a/2 > 
log 2 (by (4.5.3)). This proves (4.5.4). 

To define a triangulation of S with vertex set T, we let <B denote the set of 
all closed distance sets 

Bx(p) = {yeSldistCx, y)<p] 

with the following properties (int denotes the interior). 
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(i) x e S\ 
(ii) intBx(p)n¥=0, 
(iii) dBx(p) contains at least 3 points of fP. 

We shall see below that (B is not empty. 
The following is an immediate consequence of (4.5.4) and of the proper­

ties of T and <B. 

(4.5.5) IfBx(p) G % then | log2<p<log2 and rx(S)>p. 

It follows that each B e <B is an embedded metric disk of the hyperbolic 
plane. For each B e # we denote by GB the geodesic polygon domain in B 
whose vertex set is dB n !P(so that GB is the convex hull in B of dB n !P). 

(4.5.6) 77^ domains GB,B e <Btessellate S'. 

This means, by definition, that the domains GB fill out 5", and for 
B *B* e # the intersection GB n GB* is either empty or is a common vertex 
or a common side. 

Figure 4.5.3 

To prove (4.5.6), we first look at GB n GB*. We may assume that B C\B* 
* 0 . Since intB n fP= 0 and intB* n fP = 0 , it is impossible that B c 5 * 
or that 5* <z B. By (4.5.5), each connected component N of B n £* is the 
embedded intersection of two disks of the hyperbolic plane and contains 
exactly two points m and n of dB n e?#* on its boundary. The geodesic arc v 
from m to n separates iV into a left-hand side and a right-hand side. Since 
int(B uB*) does not intersect % neither side contains a vertex of GB, except 
possibly for m and n. It follows that GBnN and GB* n N are separated by v. 
Moreover, (GB n Gfi* nN) is either empty or is exactly one of the points m, 
n (which then is a common vertex), or the entire arc v (which then is a 
common side). 

To prove (4.5.6) it remains to prove that the domains GB, B e (B, cover 
S'. We begin with the case where the above set yu . . . , /„, of closed geode­
sies of length < log 4 is not empty, and let a be a side of one of the trigons as 
in Fig. 4.5.1 or Fig. 4.5.2. We show that a is the side of one of the 
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polygons GB. Let m be the midpoint of <x Consider the unit speed geodesic 
f h^ 77(0, t>0,77(0) = m, orthogonal to a and pointing toward S'. For every 
f G [0, log 2], we consider the closed metric disk B(t) with center 77(f) and 
radius p(t) = dist(77(f), A) = dist(77(f), B) (notation of Fig. 4.5.2). Since 
p(0) = <T/2, every x e B(0) satisfies coshdist(x, {A, B }) < cosh2cr/2. In 
conjunction with (4.5.3) this yields 

(4.5.7) dist(jc, {A, B }) < log2 for all x G B(0). 

Hence, intJ5(f) n fP = 0 for sufficiently small f>0 . We also have 
77(f) G S' for all f G [0, log 2] and p(log 2) > log 2. By the definition of fP we 
find therefore f0 e ]0, log 2[ such that B:= B(t0) e <B. Now o is a side of GB. 
In particular, S ^ 0 if the geodesies yv . . . , yw exist. 

If there are no geodesies yx> . . . , ym, that is, if the injectivity radius of S is 
everywhere greater than log 2, then we let Bx(p) be the distance set with the 
largest possible radius p that satisfies int Bx(p) n !P= 0 . By the definition of 
fP, we have p < log 2. Hence, Bx(p) is again an embedded disk of the hyper­
bolic plane. An elementary argument now shows that Bx(p) contains three 
points of fPon its boundary. 

To finish the proof of (4.5.6), it remains to prove that each side s of a 
domain GB, B e % which is not one of the above sides a (Fig. 4.5.2), must 
be the side of a second domain GB*. For this we let m be the midpoint of s 
and define the mappings f h^ 77(f), f h-> p(t), 11-> B(t) with 77(0) = m, etc. as 
before. The center of the disk B itself is 77(f0), say. We assume 77 so oriented 
that for small e>0,GB is not contained in B(t0 + e). We then find a smallest 
tx > f0 such that dB(tx) contains a third point of fP. We claim that 77(f) e S' 
for all f e [f0, f j . 

Assume this is not the case. Then 77(0 e dS' for some t' e [f0, ft[, that 
is, ?7(f') e a for one of the above sides a. By the definition of tv the end-
points of o cannot be contained in B(t'); hence B(t') a Ba, where Ba is the 
disk with center 77(0 and radius all. In particular, s c Ba. By (4.5.7) we 
have an endpointp e s and an endpoint q e cp^q, and such that dist(p, q) 
<log2. This is impossible because p,qe(P. Thus it is proved that 
77(f) G S' for all f e [f0, f j . In particular, 77^) G S\ and therefore B* := 
B(tY) G #. The domain GB* is the desired neighbor of GB along side 5, and 
(4.5.6) is proved. 

To go from the tessellation to a triangulation, we dissect each GB with more 
than three vertices into geodesic triangles using diagonals emanating from a 
fixed vertex. This yields a triangulation of S' and, together with the earlier 
trigons, a triangulation of S. It remains to estimate the size. 

By (4.5.3) the doubly connected trigons satisfy the inequalities of 
Theorem 4.5.2. Also, all ordinary triangles have side length between log 2 
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and 2 log 2. An upper bound of the area of the ordinary triangles is given by 
the equilateral triangle in the hyperbolic plane which is inscribed in a circle of 
radius log 2. To find the lower bound, we minimize the area of an inscribed 
triangle under the given constraints. 

Let p G ]|log2, log2[ and consider triangles inscribed in the circle of 
radius p. We keep one side of the inscribed triangle fixed and shrink the 
shorter of the remaining sides (keeping the triangle inscribed). Then the area 
decreases. This shows that the smallest area in the given circle is obtained by 
the isosceles triangle with two sides of length log 2. Now vary p and con­
sider the area of this isosceles triangle as a function of the angle i? between 
the sides of length log 2. This function has no local minimum for # e ]0, n[. 
We find that the smallest possible area is either achieved for p = log 2 or for 
the equilateral triangle of side length log 2. Comparing the two, we see that 
the latter has the smaller area. Altogether we obtain the following numerical 
bounds for the ordinary triangles D in the above triangulation of S'. 

(4.5.8) 0.196 < areaD < 0.545. 

Theorem 4.5.2 is now proved. O 

4.5.9 Remark. Similar arguments yield estimates for the interior angles of 
the above triangles D. The lower bound is achieved for the isosceles triangle 
with basis of length log 2 and inscribed in a circle of radius log 2. The upper 
bound is achieved for the isosceles triangle in the same circle but with the two 
sides of length log 2. The numerical bounds in degrees are 22.6° and 112.6°. 



Chapter 5 

Bersf Constant and the Hairy Torus 

Every compact Riemann surface can be decomposed into 7-pieces. What can 
we say about the lengths of the geodesies involved in such a decomposition? 
Bers [3, 4] proved that there exists a decomposition with lengths less than 
some constant which depends only on the genus. Bers' theorem has numer­
ous consequences for the geometry of compact Riemann surfaces (see for in­
stance Abikoff [1], Bers [4], Seppala [1]). In this book we shall give the 
following applications of Bers' theorem. In Chapter 6 it gives a rough funda­
mental domain for the Teichmuller modular group, in Chapter 10 it is used in 
the proof of Wolpert's theorem, and in Chapter 13 we apply Bers' theorem to 
estimate the number of pairwise non-isometric isospectral Riemann surfaces 
possible. 

The chapter is organized as follows. In Section 5.1 we state various ver­
sions of Bers' theorem. Section 5.2 contains the proof for the case of a com­
pact Riemann surface. In Section 5.3 a torus with "thin hairs" will be con­
structed in order to show that the upper bound in the theorem cannot be 
improved too much. For instance it is not possible to obtain a logarithmic 
bound. The final section deals with variable curvature. Although this section 
will not be applied elsewhere in the book, we included it for the following 
reasons. 

While partitions of Riemann surfaces can be traced back to as far as 
Fricke-Klein [1], the possibility of a 3-holed sphere decomposition of an 
arbitrary compact orientable surface of genus > 2 with minimal geodesies 
(i.e. shortest in their homotopy classes) follows from the far more recent 
work of Ballmann [1] and Freedmann-Hass-Scott [1]. (The length-decreas­
ing homotopies of the last section of the Appendix do not produce minimal 
geodesies in general.) The problem of finding such decompositions with, in 
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addition, length controlled geodesies is closely related to Loewner's problem 
(Berger [1], Blatter [1], Hebda [1], Gromov [1]), which is in the realm of 
curvature free geometric estimates. In Section 5.4 we therefore prove a 
version of Bers' theorem which holds without any curvature assumptions but 
uses area instead. 

5.1 Bers' Theorem 

5.1.1 Definition. Let S be a compact Riemann surface of genus g > 2. A 
partition on S is a set of 3g - 3 pairwise disjoint simple closed geodesies. 

A partition of such a surface is the same as a decomposition into /-pieces. 
Bers [4] proved that every compact Riemann surface of genus g > 2 has a 
partition yx, . . . , y3^_3 with geodesies of length 

f(ri),...,€(y3g_3)<Lg, 

where Lg is a constant depending only on g. The best possible constant with 
this property, to be denoted Lg, will be called Bers' constant. 

Bers' original proof is based on a compactness argument in Teichmuller 
space. A constructive proof based on the collar theorem is given in Abikoff 
[1]. The bound which results from Abikoff s proof is explicit but grows 
much more rapidly than exponentially in g. In Section 5.2 we shall use area 
estimates to prove the following quantitative version. 

5.1.2 Theorem. Every compact Riemann surface of genus g^.2 has a 
partition y{, . . . , y3^_3 satisfying 

ark) < 4k\og*n{g~ l \ * = i , . . . , 3 * - 3 . 

Theorem 5.1.2 yields the following upper bound on Bers* constant: 

Lg<26(g-l). 

How much can it bound be improved? Since many of the finiteness theorems 
and quantitative estimates which result from Bers' theorem involve bounds 
which themselves are rapidly growing functions of Lg, it would be desirable 
to have a logarithmic bound. Yet this is not possible. In fact, the hairy torus 
of Section 5.3 will give the following lower bound for Lg. 

5.1.3 Theorem. Lg>46g - 2 for all g>2. 
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The problem of finding length controlled partitions without using curvature 
bounds has an antecedent in Loewner's problem, as mentioned in the intro­
duction to this chapter. Loewner's problem is that of finding short homologi-
cally non-trivial cycles on compact surfaces, and various results have been 
proved by Berger [1], Blatter [1], Hebda [1], Loewner (unpublished) and 
others. The sharpest form together with a number of related results may be 
found in Gromov [1]. The result of Hebda [1] states that for any metric on a 
compact surface the globally shortest closed geodesic has length € < V 2 area. 
We reprove this result in Section 5.4 for genus g > 2 and extend it to parti­
tions in the following form. 

5.1.4 Theorem. Let M be an arbitrary compact orientable two dimen­
sional Riemannian manifold of genus g^.2. Then there exists a decomposi­
tion ofM into 3-holed spheres along pairwise disjoint simple closed geod­
esies yY, . . . , y3g_3 of length 

€(yk)<3^kA, k= l , . . . , 3 g - 3 , 

where A is the area ofM. 

5.2 Partitions 

In this section S denotes a compact Riemann surface of genus g > 2. By the 
theorem of Gauss-Bonnet (or by Theorem 1.1.7), S has area 

area S = 4n(g- 1). 

We shall use area estimates to find a length controlled partition on S, thereby 
proving Theorem 5.1.2. 

5.2.1 Lemma. On S there exists a simple closed geodesic y of length 
/(y)<21og(4£-2). 

Proof. Let y be the shortest non-trivial closed geodesic on S and fix a point 
p e y. The distance set 

U = {q € S | dist(/7, a) < r} 

is a hyperbolic disk of radius r as long as r is smaller than €(y)/2 (Lemma 
4.1.5). Using polar coordinates we compute the area for these values of r as 
follows. 
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area U = 2n\ sinhpdp = 2n(coshr- 1) 

(cf. (1.1.8)). Since area U < area S = 4n(g - 1), this proves the lemma. o 

5.2.2 Remark. In Buser-Sarnak [1] there are examples of compact 
Riemann surfaces of genus g, for infinitely many values of g, where the 
shortest closed geodesic has length > jlogg. These examples are based on 
quaternion groups. In Buser [3] examples are obtained by pasting together 
pairs of pants with respect to cubic graphs with large girth. In that construc­
tion any g > 2 is obtained, but the lower bound for the length of the shortest 
closed geodesic is only 2(logg)1/2. 

We shall prove Theorem 5.1.2 in the following form which is tailored for 
later application in Section 6.6 and Chapter 13. 

5.2.3 Theorem. Let y1? . . . , ym be the set of all distinct simple closed geo­
desies on S of length t<2 arcsinh 1. This system is extendable to a partition 
7j, . . . , y3g_3 satisfying 

{{yk)<4k\og*nig~l\ * = l , . . . , 3 £ - 3 . 

Proof. We shall obtain these geodesies inductively. At the beginning we cut 
S open along the simple closed geodesies yly . . . , ym of length < 2 arcsinh 1, 
if there are any. By the collar theorem, these geodesies are pairwise disjoint 
and m < 3g - 3. If there are no such geodesies on Sy then we set m = 1 and 
let 7j be the geodesic of Lemma 5.2.1. The surface obtained after cutting S 
open along yv . . . , ym has connected components of various signatures. 
Removing the 7-pieces among them, we are left with the union 5" of all com­
ponents of signature different from (0, 3). The total length of the boundary 
dS' of S' is less than4mlog(87r(g- l)/m). 

The inductive procedure is as follows. We look for a suitable simple 
closed non-boundary geodesic on S', then cut S' open along the new geode­
sic, let S" be the union of the components of signature * (0, 3) thus obtained 
and estimate the length of the boundary of 5"'. After that we look for the next 
geodesic in the interior of S", and so on. (It has turned out to be more effi­
cient to work with the total boundary length than with the lengths of the 
individual boundary geodesies.) 

Now assume that after finitely many such steps, the pairwise disjoint 
simple closed geodesies yx> ..., yk have been found, and let Sk be the sur­
face which remains after cutting S open along y{, . . . , yk and removing the 
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connected components of signature (0, 3). Assume by induction that 

,(as*)s4tlog8*Sp!) 
and that 

, ( r y ) s 4 / l o g M £ z i ) , j = , , . . . , k. 
If k = 3g - 3, the proof is finished. So assume that k < 3g - 3. For r > 0 we 
define 

Z(r) = {peSk\ distQ?, dS*) < r}. 

For sufficiently small r, Z(r) is a disjoint union of half-collars : 

Z(r) = [0, r] x dSk = [0, r] x ^ u .. . u [0, r] x ?7̂ , 

where 77̂  . . . , 77„ are the boundary geodesies of 5* and each connected 
component [0, r] x 77, of Z(r) admits Fermi coordinates (p, t) with 0 < p < r 
and t e R/[TH> T + ^(77,)]. The metric tensor in these coordinates is given 
by ds2 = dp2 + cosh2p dt2 (cf Theorem 4.1.1), and we obtain 

areaZ(r) = €(dSk) coshpdp = £(dSk) sinhr. 

This formula holds as long as the geodesic arcs of length r emanating perpen­
dicularly from dSk are pairwise disjoint and simple. 

Now let r grow continuously until a limiting value r = rk is reached, where 
for the first time two perpendicular arcs of length r meet each other. In the 
universal covering ? c H (Theorem 1.4.2) the lifts of 77̂  . . . , rjn (which 
form the boundary of Sk) have pairwise distances greater than or equal to 
2rk, and there are pairs of lifts whose distance is equal to 2rk. It follows that 
the two perpendicular geodesic arcs of length rk on Sk together form a simple 
geodesic arc a of length 2rk which meets dSh orthogonally at both endpoints. 
We must consider two cases. 

Case 1. a connects different boundary geodesies of dSh. 

We let 77,77' be these boundary geodesies. We then parametrize 77, 77' and a 
in such a way that the closed curve rfcni'c'1 is well-defined and such that 
both 77 and 77' have the same boundary orientation. It follows that 77 or\ 'a-1 is 
freely homotopic on Sk to a simple closed curve 8' which together with 77 and 
77' cuts out a topological surface of signature (0, 3) as shown in Fig. 5.2.1. 

By Theorem 1.6.6, 8' is freely homotopic to a simple closed geodesic 8 
which together with 8' bounds an annulus. It follows that 8, 77 and 77' bound 
a pair of pants Y. Since Sk has no components of signature (0, 3), 8 is not on 
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Figure 5.2.1 

dSk, that is S is not among the geodesies yx, . . . , yk. We therefore let 8 be 
yk+1. Now we cut Sk open along yk+l and give away Y to obtain a surface 
S*. If no component of S* has signature (0, 3), we define Sk+l to be S*; 
otherwise S* has exactly one component of signature (0, 3), say 7^, and we 
define Sk+l := S* - Y^. In any case we have 8 c dS^ and <?S*+1 e dS^. It 
suffices therefore to prove that 

Aasi)s4(t+i)iog^^. 
Consider again the domains Z(r) on 5* from above for r < rk and let £(r) = 

dZ(r) - dS*. Then 

/(£(r)) = €(dSk) coshr for 0 < r < rk. 

As long as r < rk, £(r) consists of « disjoint simple closed curves which are 
freely homotopic to the n boundary geodesies of Sk. For r - rk, the two 
curves which belong to r? and 77' meet each other and form a closed curve 
which is homotopic to 8. We conclude that 

Hence, nothing is to be proved if /(CO*)) < 4k log(&n(g- l)/fc), and we 
may therefore assume that £(rk) is larger. By the induction hypothesis we 
then have r'k e [0, rk[ satisfying 

AC(r/)) = 4/:log(8^(g-l)//:). 

Now, putting d = rk— rk we have 

€(dSkJ <€(&{))+ 4d 
and 

areaCZCr*) - Z(rk)) < area S = 4n(g - 1). 

On the other hand we have 
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rr'k+d 

area(Z(^) - Z(r;)) = £{dSk)\ coshpdp 
r'k 

= €(dSk) (sinh r* cosh d + cosh r/ sinh 6? - sinh r/) 

> (̂<?S*) cosh /■; sinh d 

= AfW))sinhd. 

The two inequalities together yield 

k anhdlog(8ff(g- 1)/*) < w(g- 1). 

Using the fact that k<3(g- 1) and that arcsinhx < log(2j + 1) for x > 0, we 
find the upper bound on d: 

d<\og(l+3(g-l)/k). 
Since 

€(dS$) < 4k\og(8n(g- \)lk) + Ad, 

it suffices to prove that 

k\og{%n{g- l)/k)+d< (k+ 1) log(8w(g- 1)1 {k + 1)) 

or, equivalently, that 
(k + l)(log(* + 1) - log/:) + d < log(87i(g- \)lk). 

Since the first term on the left is less than or equal to log 4, this inequality 
follows from the upper bound of d given above and because k < 3(g - 1). 

Case 2. o has its endpoints on one boundary geodesic ofSk. 

The arguments are similar to the preceding ones: Let a have its endpoints on 
the boundary geodesic 77. The endpoints divide 77 into two arcs 77l and r\2 

which we parametrize such that ar\l and <J(772)-1 are defined. Since by the 
negative curvature, two geodesic arcs in Sk with the same endpoints are non-
homotopic, the closed curves CTT]1 and o{r\2yx are homotopically non-trivial. 
By Theorem 1.6.6, there exist unique simple closed geodesies 5l, 52 in their 
homotopy classes. Moreover, the pairs 0771, S1 and cr(r/2)_1, 52 both bound 
an embedded annulus. It follows that 77, 5l and S2 bound a pair of pants Y. 

If the component Q of Sk which carries 77 on the boundary has signature 
(1, 1), then 5l= 52, and Y is immersed, with Q = Y mod(5l = 52). In all other 
cases we have 51 * S2 and Y is embedded. Since Q does not have signature 
(0, 3), at least one of the geodesies, say 51, is not a boundary geodesic of 
Sk, and we let 5l be yk+l. 
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Now we cut Sk open along 8l and define S1* and Sk+l as in case l.lfQ 
does not have signature (1, 1), the remainder of the proof is exactly as in case 
1. If Q has signature (1, 1), then dSk+l is a proper subset of dSk, because Y 
is no longer a component of Sk+l, and we need the procedure of case 1 only 
to estimate the length of Sl. In this particular case a more direct method yields 
a better bound. Theorem 5.2.3 is now proved. O 

We add a few complements. The first concerns the remark at the end of the 
preceding proof. 

5.2.4 Lemma. Let Q be a hyperbolic surface of signature (1, 1) with 
boundary geodesic 77 of length £. Then Q contains a simple closed geodesic 8 
satisfying cosh \£(8) < {InI £) sinh \t. 

Proof. Define Z(r) = {p e Q | dist(/?, dQ) < r} as above. Let r' be defined 
by the equation £ sinh r' - 2% = area Q. Then there exists a geodesic arc o of 
length £{a) < 2r' standing orthogonally on 77. Cut Q open along the geodesic 
8 which is homotopic to arj1 and cr(772)-1, where 771 and ?72 are the arcs into 
which 77 is decomposed by the endpoints of a. The resulting 7-piece consists 
of two isometric hexagons and each hexagon consists of two right-angled 
pentagons with sides £/4, •, £(8/2), • , £(o)/2. The pentagon formula 
(Theorem 2.3.4) yields cosh ~£(8) < sinh(<f/4) sinh r'. O 

5.2.5 Remarks, (i) Since a 7-piece is removed at each step, the proof of 
Theorem 5.1.2 and of Theorem 5.2.3 ends, in fact, after at most 2g - 2 
steps. Taking this into account we obtain a slightly better bound for Bers' 
constant: 

Lg<21(g-1). 

We may also take into account that the area of Sk becomes smaller at each 
step and use stronger length estimates based on trigonometry. This would 
improve the upper bound even further, but at most by a factor of 1/3. The 
best bound is probably of order Vg (cf. Section 5.3). 

(ii) One may ask oneself whether length-controlled pants decompositions 
exist which are invariant under a group G of isometries. In Buser-Seppala [1] 
it is shown that this is possible if G is the cyclic group of order two generated 
by an orientation reversing isometry. This group occurs when the surface 
represents a real algebraic curve. Surprisingly, this is the only case for which 
a G-invariant Bers theorem holds. In fact, even if G is the cyclic group of 
order two, there exists, for arbitrarily large X and for infinitely many g > 2, a 
compact Riemann surface S of genus g on which G acts by orientation-



130 Bers' Constant and the Hairy Torus [Ch.5, §2 

preserving isometries and such that any G-invariant partition of S contains 
geodesies longer than X. 

We close this section with a look at the non-compact case. In Theorem 4.4.5 
we have seen that every unbordered hyperbolic surface is a surface of some 
signature (g, 0; q) obtained by pasting together 7-pieces (some with cusps) 
along 3g - 3 + q pairs of geodesies. For these surfaces the following is true. 

5.2.6 Theorem. (Bers* theorem in the non-compact case). Let S be a hy­
perbolic surface of signature (g, 0; q). Then there exists a partition 
7i» •••> rig-i+qsatisfying 

€(7k)<4k\og4n(:l8~k
2 + q\ k=l,...,3g-3 + q. 

Proof. The only difference from the proof in the compact case lies in the 
search of yl (Lemma 5.2.1). Here the argument is as follows. Take any cusp 
W* of S (Definition 4.4.3) and define 

Z(r) = {peS-^*\ distQ?, d¥*) < r}. 

For small r, Z{f) is isometric to [-r, 0] x Sl endowed with the metric tensor 
dp2 + 4e2pdt2. As always, we find a geodesic arc a perpendicular to <9£f* at 
both endpoints which decomposes y into arcs yY, y2 such that oyx and 
y2o~l are non-trivial simple closed curves which are either homotopic to a 
simple closed geodesic or else bound an infinitely long cylinder (cf. Section 
4.4). The area of Z(r0) satisfies 

area Z(r0) = 2er° < area S = 2n(2g -2 + q), 

so that oyx and y2a~l have lengths less than or equal to 2 log(47r(2g - 2 + q)). 
If both curves bound an infinitely long cylinder, then S has signature (0,0; 3) 
and nothing has to be proved. In all remaining cases S has a simple closed 
geodesic yx of length €(y{) < 2 log(4;r(2g - 2 + q)). In these cases the induc­
tion can be started as in the compact case. o 

5.3 The Hairy Torus 

In this section we construct examples of compact Riemann surfaces of genus 
g > 2, where every partition includes considerably large geodesies. The con­
struction is by pasting together geodesic "squares". 

We start with a right-angled geodesic pentagon G in the hyperbolic plane 
with sides a, b, a, c, p, where a = fi and a = b (Fig. 5.3.1). Such pentagons 
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exist for every a > 0. In our examples a is arbitrarily large. 
From the relations 

sinhb sinha = cosh/3, sinh/3 sinha = cosh a 

(Theorem 2.3.4) and since a = p, we obtain 

a = barcsinh(cotha) > arcsinh 1 = 0.88... . 

Observe that b —» arcsinh 1 as a —» oo. Since it is also true that 

sinha sinhc = cosh a = cosh/?, 
it follows that 

c -» 0 as a —» ■ 

w 
ft 

k 

ft 
•j \\ 

G 

A 
=i> i T , D 

Figure 5.3.1 

Now we paste together four copies of G along sides a and j3, as indicated in 
Fig. 5.3.1, to obtain a 1-holed square D, where the hole is a geodesic y of 
length 

Ar) = 4c, 
and the second boundary component is a right-angled polygon with four 
sides of length 2b. 

Next we let m be a positive integer and paste together m2 copies of D as in 
Fig. 5.3.2 to obtain a larger square Dm with m2 holes of length Ac and four 
sides of length 2mb. Identifying opposite sides of Dm as in the familiar 
construction of flat tori, we obtain a surface Tm of signature (1, m2): the hairy 
torus, so called after the half-collars of the boundary geodesies which are 
long and thin. 

In order to obtain examples for every g > 2, we let 

k G {0, 2, 4 , . . . , 2m}, if m is even, 
k e {1, 3, 5 , . . . , 2m- 1}, if mis odd. 

We choose (m2 - k)/2 pairs of boundary geodesies of 7^ in an arbitrary way 
and paste together the two boundary geodesies of each pair. (We do not have 
to bother about twist parameters here.) Finally, we attach an additional 
hyperbolic surface of signature (1,1) with boundary length Ac to each of the 
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Figure 5.3.2 

k remaining holes. The particular geometry of these surfaces is not important. 
The resulting surface S has genus 

g=l + (m2 + k)/2. 

Obviously we obtain examples of every genus g > 2 in this way. 
What are the possible short partitions of S? If one of the geodesies, say 77, 

intersects one of the boundary geodesies 7 of Tm transversally, then it follows 
from Corollary 4.1.2 that 

sinh \£{r\) sinh \t{y) > 1. 

Since we may take £{y) arbitrarily small, (̂77) can be made arbitrarily large, 
for instance, greater than *{6g. Hence, we may from now on restrict our­
selves to considering partitions of S, where none of the boundary geodesies 
of Tm are crossed transversally. But then all the boundary geodesies of Tm 
must belong to the given partition, and we may first cut S open along these to 
get back Tm. But Tm is a handle, and some geodesic a of the partition cuts 
this handle into a surface of signature (0, m2 + 2). It follows that (possibly 
after a rotation of Fig. 5.3.2 by n/2) <r crosses all of the m horizontal m-
holed strips of Dm in Tm (one such strip is hatched in Fig. 5.3.2). We claim 
that each strip has width 2b. 
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Figure 5.3.3 

In fact, let r\1 and r\2
 De m e *w° sides of length 2mb of a strip. To estimate 

their distance, let A be a connecting path from rj{ to r\2. Denote by Xl the arc 
on X between T\X and the first intersection point of X with one of the common 
perpendiculars T which connect neighboring holes of the strip (Fig. 5.3.3). 

Similarly, let X2 denote the arc between the last such intersection point and 
r\2. Letting the endpoints of X1 glide freely on 77 { and T, we homotope Xl into 
the common perpendicular of length b between r\x and T. Hence, €{X{) > b 
and similarly €(X2) ^ b. This proves our claim that 

dist(77!, 772) = 2b. 

Since a crosses all m strips, we have €{a) > 2mb. Thus, every partition of S 
contains a geodesic of length > 2mb. Elementary estimates yield 2mb > 
*{6g- 2. This proves Theorem 5.1.3. O 

5.4 Bers' Constant Without Curvature Bounds 

In this section M is a compact orientable surface of genus g > 2 endowed 
with an arbitrary Riemannian metric. There may now be infinitely many 
closed geodesies in a free homotopy class, and we may have homotopically 
trivial closed geodesies of positive length. In order to extend Bers' theorem 
to this case we use the following results due to Freedmann-Hass-Scott [1]. 

5.4.1 Theorem. Let c be a simple closed non-contractible curve in M and 
let y be a shortest closed curve in the free homotopy class of c. Then y is a 
simple closed geodesic. 

5.4.2 Theorem. Let cl, yx and c2, y2 be as in Theorem 5.4.1. If cx and c2 
are disjoint and not homotopic, then yx and y2 are disjoint. 

5.4.3 Remark. Theorems 5.4.1 and 5.4.2 remain valid ifM has boundary 
and is locally convex. 
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For the proofs we refer the reader to Freedmann-Hass-Scott [ 1 ]. o 

These theorems, together with the theorem of Baer-Zieschang (Theorem A. 
3), immediately imply the next corollary. We recall that a 1-homeomorphism 
is a homeomorphism which is isotopic to the identity (Definition A.l). 

5.4.4 Corollary. Let cXi . . . , c3g_3 be pairwise disjoint simple closed 
curves which decompose M topologically into 3-holed spheres. Then there 
exists a l-homeomorphism h : M -» M such that h{cx)y..., h(c3g_3) is a 
partition ofM, and each h(Cj) is a shortest geodesic in the free homotopy 
class ofci,i = l,...,3g-3. O 

We now turn to the proof of Theorem 5.1.4. The strategy is the same as in 
the case of constant curvature. To estimate areas without involving curvature 
bounds we need the following technical lemma. N denotes a connected com­
ponent obtained after cutting M open along a number of pairwise disjoint 
simple closed geodesies from distinct non-trivial free homotopy classes. For 
the homotopy classes with gliding endpoints we refer to Definition 1.5.1. 

5.4.5 Lemma. Let r\ be a boundary geodesic ofN. Let r > 0 be such that 
every curve of length < 2r with endpoints on r\ is contractible in the homo­
topy class with endpoints gliding on 77. Assume also that all other boundary 
geodesies ofN are at least distance rfrom 77. Then, for every e > 0 there 
exists a family {ria}, a e [ 0, r], of pairwise disjoint simple closed curves 
Jla, all homotopic to 77, with the following properties: 

(i) o - e< dist(/?, 77) < a + £ for allp e 77̂ , 
(ii) the function a >-» /(77CT) is integrable over [0, r ] , 
(iii) ifO < s < s' < r, then rjs and rjs- bound an annulus Ks

s (77) of area 

area/rf(77)>J €(rja)da-e, 
s 

Proof. To avoid technicalities with curves of infinitely many self-intersect­
ions, we approximate the metric of Af by a more convenient one (this explains 
the e occurring in the lemma). Since no curvature assumptions are made, we 
can afford a piecewise linear approximation. This is particularly convenient in 
dimension 2: triangulate N geodesically and replace each triangle with a 
Euclidean triangle without changing the side lengths. Clearly, we can carry 
this out in such a way that the new surface is g-quasiisometric to TV, with q 
arbitrarily close to 1. For simplicity we may now assume that N itself is 
piecewise linear and prove the lemma under this hypothesis without e. The 
boundary of N, and in particular the boundary component 77, is now piece-
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wise linear instead of geodesic. The distance sets 

lia={p eN|dist(p, J1) = <J), 

for <T > 0, have similarities with the parallel lines arising in the theory of 
plane isoperimetric problems, as, for instance, in Fejes Toth [2]. For suffi­
ciently small a the distance neighborhood U= {p e N \ distQ?, 77) < o) con­
tains only those vertices of the triangulation which lie on 77. In this case the 
metric on U is smooth and Euclidean. Moreover, for s < a (<7 still small) jis 
has the following properties: 

(1) ps is a simple closed curve homotopic to 77, 
(2) ns has a finite number of sides, each side being either a straight line 

segment or an arc of a Euclidean circle. 

A curve with property (2) will be called piecewise circular. A curve satisfying 
(1) and having constant distance from 77 will be called a. parallel curve of 77. 

Now let a become larger and assume that \ia contain a vertex p of the 
triangulation. Fig. 5.4.1(a) shows \ia as it is seen on N. In Fig. 5.4.1(b) a 
neighborhood of p has been cut open and developed into the Euclidean plane. 
We see that fia remains piecewise circular, but the number of sides increases 
as pa sweeps over p. Only at such instances can the number of sides increase. 
If the angle sum at a vertex is less than In (as in the figure), then the number 
of sides increases by 1; otherwise it increases by 2. Of course, the number of 
sides may also decrease from time to time. 

(a) Figure 5.4.1 (b) 

If all jia are parallel curves of 77, we set 77̂  := fia for 0 < o <r (where r is as 
in the lemma). In this case the lemma holds with continuity of the function 
an* £{}ia) and with equality in statement (iii). 

Now assume that there exists a a = 6\ where for the first time fia fails to be 
simple. Then pd is still homotopic to 77, but it has a tangential self-intersection 
at some points p. For ease of description we assume that/? is the only self-
intersection of fid. Then p& can be written as a product fid = r)hT, where 77̂  
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Figure 5.4.2 

and T are simple closed loops at/?. 
We claim that one of these loops is contractible. Recall that {id is still ho-

motopic to 77. Lift the homotopy to the universal covering N of N to obtain 
homotopic lifts ]xb and 77 in N. If p,d has a tangential self-intersection, we are 
done. So suppose that \ib is tangent to another lift ^* which is homotopic to 
another lift 77* of 77. In this case we have dist(/x& ,77) = b< r, and therefore 
dist(77,77*) = 2(7 < 2r. There is a connecting curve of length 2b from 77 to 77* 
which is not contractible (to a point) with endpoints gliding on 77 and 77*. Its 
projection in N is a curve of length < 2r which has its endpoints on 77 and is 
not contractible with endpoints gliding on 77. This contradicts the assumption 
on r in the lemma and proves that one of the loops, say T, is contractible, as 
claimed. Now, 77- is a parallel curve of 77, and T is contained in the annulus 
^0 i7!) (°f- Proposition A.l 1). We recall that we assumed, for simplicity, that 
Hd has only one self-intersection. If /xd has more than one self-inter section, 
we obtain the same result after removing finitely many contractible loops 
frorn^. 

The statements of the lemma are proved thus far for 0 < <7, s, s' < b. To 
continue, we cut off the annulus K*(77) from N. The surface N thus obtained 
satisfies the same hypotheses as N, where r - b replaces r, except that the 
boundary is piecewise circular instead of piecewise linear. We can therefore 
repeat the arguments on N until a second critical value is obtained, and so on. 
The parallel curves have a uniformly bounded number of sides (at most twice 
the number of vertices of the triangulation of N) so that only finitely many 
critical values occur, and we obtain Lemma 5.4.5 in finitely many steps. O 

For the proof of Theorem 5.1.4 we begin with the following estimate 
(Gromov-Lafontaine-Pansu [1], Hebda [1]), where A = areaM. 

5.4.6 Theorem. Let yx be the globally shortest non-contractible closed 
geodesic on M. Then 

€(n) * V2A. 
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Proof. Cut M open along yx and assume first that the result is two connected 
components, say N' and N" with areaAf'< areaW. Then Lemma 5.4.5 
applies to all r < 4/(7i)- Since €(rja) > ̂ ^(Yi), we get 

\€2(n)£ area AT <f A. 

Next assume that the cutting yields only one component N. Then N has two 
copies, Y' and 7", of Y\ on the boundary with dist(7', 7") > A/i)- Lemma 
5.4.5 yields 

^2(71)<areaA^=A. O 

The proof of Theorem 5.1.4 is almost identical with the proofs of Theorems 
5.1.2 and Theorem 5.2.3; only the numerical estimates are different. Define 

L, = 2V2A and Lk = 3VM for k = 2, 3 , . . . . 

Assume that M has been cut open along geodesies yv . . . , Yk having minimal 
length in their free homotopy classes (cf. Theorems 5.4.1 and 5.4.2), and let 
Mk be the union of all connected components of signature different from 
(0, 3). The induction hypothesis is that €(Yj) ^ Lp j = 1 , . . . , k, and that 
€(dMk)<Lk. 

To find yft+1, let V» • • •» J7n be the boundary geodesies of Mk, and let rk be 
the supremum of all s' for which the annuli KQ(J]1\ . . . , K^irf) of Lemma 
5.4.5 exist and are pairwise disjoint. Then we define s < rk to be the supre­
mum of all a < rk for which €(ril

a) + . . . + £(rQ < Lk. If s = rk, then either 
two of the curves 77j, . . . , 77" intersect each other (tangentially), or one of 
these curves has a double point. In either case there is a geodesic Yk+i °f 
length €(Yk+i) < Lk which is minimal in its free homotopy class and which 
gives rise to a decomposition satisfying €(dMk+l) < £{dMk) < Lk (Remark 
5.4.3). Thus the case in which s = rk is clear. 

Now assume that s < rk. Then we find Yk+i a s before, but now the upper 
bound of €(yk+{) and €(dMk+l) is Lk + 4d, where d = rk- s. It remains to 
show that Lk + 4d<Lk+v 

The geodesies 771, . . . , if have minimal length in their free homotopy 
classes, and the annuli Kr

s
k(ril),..., Kr

s
k(Yn) are pairwise disjoint. By the area 

estimate of Lemma 5.4.5 and by the definition of s we see therefore that 
n 

Lkd< 2 area/^*07v)^A. 
v = l 

Hence, Lk + 4d<Lk + 4A/Lk < Lk+V Theorem 5.1.4 is now proved. O 



Chapter 6 

The Teichmiiller Space 

We introduce the Teichmiiller space 2F% based on marked Riemann surfaces. 
Our main goal is to construct certain rather simple (6g - 6)~parameter families 
of compact Riemann surfaces of genus g and to show that they are models of 
STg in a natural way. The construction has already been outlined in Section 1.7 
and gives rise to the Fenchel-Nielsen parameters. In the subsequent chapters 
we work with these models rather than 5^. The various models are real ana­
lytically equivalent and we shall use them to define the real analytic structure 
of ST In Section 6.4 we briefly discuss two distance functions on 3~g. In 
Sections 6.5 and 6.6 we study the Teichmiiller modular group. In the final 
two sections we compare the Fenchel-Nielsen parameters with other parame­
ters which are frequently used in the literature. 

6.1 Marked Riemann Surfaces 

We introduce the concept of marked Riemann surfaces by distinguishing an 
isotopy class of a homeomorphism from a base surface to a given surface. In 
the literature these isotopy classes are usually characterized by their effect on 
a canonical dissection of the base surface. Here we use a curve system Q 
which is better adapted to the construction described in Sections 1.7 and 3.6 
and which will be particularly useful in the study of the length spectrum. 

For each signature (g, n) with 2g + n > 3 we fix a compact orientable 
C00 surface F = Fg n of genus g with n holes such that the boundary compo­
nents are smooth closed curves. F is the base surface for the homeomor-
phisms. It need not be a Riemann surface although later on we shall introduce 
a suitable Riemann surface structure on F for convenience. 

P. Buser, Geometry and Spectra of Compact Riemann Surfaces, Modern Birkhäuser Classics, 138 
DOI 10.1007/978-0-8176-4992-0_6, © Springer Science+Business Media, LLC 2011 © Springer Science+Business Media, LLC 2010
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6.1.1 Definition. A marked Riemann surface of signature (g, n) is a pan­
es', (p), where S is a compact Riemann surface of signature (g, n) and 
(p: Fgf „ —> S is a homeomorphism called the marking homeomorphism. 

To simplify the notation we often write S instead of (S, (p). It would also be 
possible to define marked Riemann surfaces as pairs (S, [<p]), where [cp] is 
the isotopy class of a homeomorphism <p:F&n-> S. This would lead to the 
same notion of Teichmuller space. 

6.1.2 Definition. Two marked Riemann surfaces (S, (p) and (S\ cp') are 
marking equivalent if there exists an isometry m : S —> S' such that (p' and 
m ° (p are isotopic. The set of all marking equivalence classes of signature 
(g, n) is the Teichmuller space of signature (g, n) and is denoted by 3~giTl. If 
n = 0 we write 2Tg instead of 3~g 0. 

6.1.3 Remarks, (i) If (p{, (p2 : Fgn -» S are isotopic, then (S, (p^ and 
(S, (p2) are marking equivalent. But the converse does not hold: if m : S —> S 
is a non-trivial isometry, then, by definition, (S, (p) and (S, m ° ̂ ) are 
marking equivalent, but (p and m ° <p are not isotopic. 

(ii) In every isotopy class there are diffeomorphisms. We could therefore 
restrict ourselves to marking diffeomorphisms and define the same Teich­
muller space. 

If cp in (5, (p) is a diffeomorphism, we may pull back the hyperbolic struc­
ture from S to F „. In this way we obtain an equivalent definition of & in 
the form of %C/Diff0, where 5? is the set of all smooth hyperbolic structures 
on F& n and Diff0 is the group of diffeomorphisms of F& n which are isotopic 
to the identity. Since every hyperbolic structure is the subatlas of a unique 
conformal structure, and since by the uniformization theorem every confor-
mal structure contains a unique hyperbolic structure, we obtain an equivalent 
definition of y in the form of ^/Diff0, where % is the set of all conformal 
structures which are smooth with respect to the C^-structure of Fg n. There 
are also other equivalent definitions of ZT (see for instance Abikoff [1], 
Earle-Eells [1], Gardiner [1], Lehto [1], Nag [1], Zieschang-Vogt-Coldewey 
[1, 2]). 

(iii) If the signature is (0, 3), marking homeomorphisms <p2, (p2: F03-^ S 
are isotopic iff (p\l ° (p2 fixes each boundary component (cf. Proposition 
A. 17). Hence, for signature (0, 3) the preliminary concept of a marked Y-
piece given in Section 3.2 is essentially the same as that of Definition 6.1.2. 

6.1.4 Definition. Let (S, <p) with (p : Fg n —» S be a marked Riemann sur­
face. For every homotopically non-trivial closed curve (5 on F we denote 
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by p(S) the unique closed geodesic in S homotopic to cp ° p (Theorem 1.6.6). 
We recall that the uniqueness is up to a reparametrization of the form 
t h^ t + const, t e Sl. If <B = {pi, p2, • • • } is a finite or infinite sequence of 
such curves on Fg n we denote by 

IKS) = {pl(S\ p2 (5) , . . .} 

the corresponding sequence of closed geodesies on S and define 

€<B(S)={€P1(S\€P2(S),...}. 

From now on we restrict ourselves to surfaces without boundary and let 
g > 2 be a fixed genus. Ultimately we want to prove that the surfaces 
F(G, L, A) which we sketched in Section 1.7 form a model of 9" in a natural 
way. For this we define, for each marked cubic graph G, a curve system QG 
on the base surface F = F 0. This system will be used to characterize the 
marking equivalence classes. 

Let G be given by the list 
c*=(<Vc,v)> *= !>•••» % - 3 

as in (3.5.1). It is useful to introduce the following hyperbolic structure on 
the base surface F. For / = 1, . . . , 2g - 2 we let F, be a F-piece with bound­
ary geodesies yifl, // = 1, 2, 3, of length 1. The F-pieces are considered dis­
tinct and are pasted together in such a way that whenever ck = (ci/z, cyv), then 

r,>(0 = r,v(-0=:r*(0, tes1. 
We then take the resulting surface as our base surface F. (The graph G will 
be kept fixed in the remainder of this section.) By abuse of notation we also 
denote by Yt the image of Yt under the natural projection Yl u . . . u Y2g _2 —» F. 

Fix k. The two F-pieces Yt and Y} which are pasted together along yk form 
a hyperbolic surface in F which has one of the following four possible signa­
tures: (1, 1), (1, 2), (0, 4) and (2, 0). Signature (1, 1) occurs iff i =j; an 
example with signature (1, 2) is shown in Fig. 6.1.1. 

To avoid the distinction of these cases we define a surface Xk together with 
an isometric immersion ik : Xk —> F as follows. We let Yl and Yj be distinct 
F-pieces, where Yl is a copy of Yt and Y} is a copy of Y-. The boundary geo­
desies of F' and F7 are denoted by yl

r and y/; r, s = 1, 2, 3. The surface Xk is 
the following. 

(6.1.5) Xk = Yl u F7'mod(r;(0 = yJ
v(-t) =: yk(t), t e S1). 

The natural isometries Yl —> F,, F ; —» F; project in an obvious way to an iso­
metric immersion ik : Xk —> F. We remark that (6.1.5) corresponds with 
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(3.3.2) (with a = 0) in the following way: Y of (3.3.2) is Yl of (6.1.5) and 
r o f (3.3.2) is r of (6.1.5). 

6.1.6 Definition. For k = 1 , . . . , 3g- 3 we let 8k and TJ* in Xk be the 
geodesies as in Definition 3.3.10 and Proposition 3.3.11. We denote their 
images in F by 8k = ik(8k) and r\k =ik{r\k ). The sequence 

&G = { 7l» • • • > 73^-3' ^ , . . . , ^ _ 3 , l?i J?%_3 1 

is called the canonical curve system with respect to G. 

Figure 6.1.1 

QG can be used to characterize the isotopy class of a homeomorphism. 

6.1.7 Theorem. Let <p, <p' : F —> S be marking homeomorphisms such 
that (p ° yk is homotopic to cp' © yk and such that (p ° 8k is homotopic to cp' ° 8k, 
k = 1 , . . . , 3 g - 3. Then <pand cp' are isotopic. 

Proof. Let </> = cp~l ° <p'. By Theorem A.3, we may assume that (j> ° yk = 
yk, k = 1 , . . . , 3g - 3. We first assume that g > 3, with the necessary modifi­
cations for g = 2 added at the end of the proof. 

First we prove that each Yt is fixed under 0. For a given F, there exists Y-
with j * i which is attached to Yt along some yk. Now Yi u Fy is pasted to 
another F-piece along some yn. Since <p fixes yk, it also fixes Yi u Yj and 
/„. Since yn is the boundary geodesic of only one of the surfaces Yt and Yj, 
we conclude that 0(1^) = Yi and <j>(Yj) = Yj. 

Since <j) leaves the orientation of yk invariant, </> is orientation-preserving. 
(At this point we are using that 0 ° yk = yk and not just <p{yk) = yk). By 
Proposition A. 17, the restriction <p \ Yl: is isotopic on Yt to a product of bound­
ary twists (Definition A.14). If Yt in F has signature (1, 1) as in Fig. 6.1.1, 
this statement holds, more precisely, for the lift of </> | Yt in Yl. 

The above statement is valid for all Yh i = 1 , . . . , 2g, and so (p is isotopic to 
a product of Dehn twists along yx, . . . , y3 3 (Definition A. 15). Since 0 fixes 
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Figure 6.1.2 

the homotopy classes of Slt . . . , S3g_3, these Dehn twists are trivial. This 
proves the theorem for g > 3. 

If g = 2 and if one of the yk is a separating curve, then ^(Jx) = Yx, (p(Y2) = 
Y2, and we argue as for g > 3. If each of y1? y2, y3 is non-separating as in 
Fig. 6.1.2, then we exchange the roles of y2 and 82 and argue as before, o 

An immediate consequence of Theorem 6.1.7 is the following. 

6.1.8 Corollary. Two homeomorphisms <p, <p' : F —> S are homotopic iff 
they are isotopic. O 

6.2 Models of Teichmiiller Space 

In this section we construct a (6g - 6)-parameter family of compact Riemann 
surfaces of genus g, modelled over a given graph, and show that they form a 
model of Teichmiiller space in a natural way (Theorem 6.2.7). In Section 6.3 
we shall use this model to define a topology and a real analytic structure on 
Teichmiiller space. 

Again let G be a graph with defining relations ck = (cifl, cyV), k = 1, . . . , 
3g - 3, and consider the various Riemann surfaces FLA = F(G, L, A), where 

(6.2.1) (L, A) = 0?„ . . . , V 3 , « ! , . . . , a3g_3) e R j " 3 x R3*-3=: H&'6. 

We turn this set into a model of 3" by introducing suitable marking homeo­
morphisms. 

To simplify the notation we write co instead of (L, A) and Fa
y instead of 

FLA, etc. Let us recall the definition of F(\ For given co = (L,A) e %^~6 we 
have a unique sequence of distinct F-pieces Y-°, i = 1 , . . . , 2g- 2, with 
boundary geodesies y,-", y/£, y-̂  such that whenever ck = (cifl, c v ) , then 

F® is defined as the quotient 
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F" = y» u . . . u F2^_2 mod(p") , 

where (^?<B) is the pasting scheme 

(Pa) Yi°(t) = Y°v(<xk-t)=:Y?(t), t e S \ k = 1 , . . . , 3g- 3. 

All Yf are assumed to be given in the standard form of Section 3.1. 
We denote by 

—CO. v® , , , , v 0} v rffl 
71 . I j KJ . . .KJ 12 _2 —> r 

the natural projection. In the special case where A - ( 0 , . . . , 0) = A0 , we 
shall use superscript L instead of LA0, and for the base surface itself (where 
L = ( 1 , . . . , 1) = L0, and A = A0) we omit the superscript. Thus, the base 
surface F has pasting scheme ( p ) together with the natural projection n and 
closed geodesies y{, . . . , 73g_3, etc; the intermediate surface FL has pasting 
scheme (£?L) together with the natural projection nL and the closed geodesies 
7iL,...,73*-3»ete. 

The marking homeomorphisms will be introduced in two parts as a 
product (pa = Tm o crL, where aL : F —> F L is some sort of "stretch" and 
rw : F L -> fffl is a product of "twists". 

For / = 1 , . . . , 2g - 2 we let a\ : Yt —> yf be the homeomorphism intro­
duced in Section 3.2 which preserves the standard parametrization of the 
boundary geodesies (Definition 3.2.4 and Lemma 3.2.5). Since all twist 
parameters are zero, the following is a well-defined mapping from F to FL: 

(6.2.2) aL= { TTL ° a f 'TT 1 on/ rG9, i = 1 , . . . , 2g- 2. 

<yL : F —> FL is a homeomorphism with the property that 

°L*Yk(t) = Yk
L(t)> teS\k = l,...,3g-3. 

To define the twist homeomorphisms Tfflwe proceed as in Section 3.3. Let 

%k
a = {peFa\ dist(p, r / ) ^ < } , 

where wf = arcsinh{ 1/sinh \{,k}. By the collar theorem, the %k are pairwise 
disjoint annuli which admit Fermi coordinates (p, i) with -wk < p < w^ and 
t e Sl. The sign convention is such that p is negative on the left-hand side of 
yk and positive on the right-hand side (with respect to the orientation of 
yk). This is the same convention as that in Definition 3.3.5 Note that for 
given L and k the collars %k and %k are isometric for any A in co = (L, A). 
We define smooth mappings 

T? : %[ - > <&k
m 

via Fermi coordinates as follows 
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(6.2.3) r?(p,f) = (M + a * ^ ^ ) 2wf 

The mapping is shown in Fig. 6.2.1 for small positive ak\ the " N " indicate 
yk

L(0) and r / (0 ) . The figure is in accordance with Fig. 3.3.1 and Fig. 3.3.2. 
If r : Y{- u . . . u Y2

L
g_2 -> Y? u . . . u Y2°_2 (disjoint unions) is the 

natural identification, then the following is a well-defined homeomorphism 
from FL to Fa 

(6.2.4) rw = / o f o ^ ) -Z\-l 
on ^ L , * = 1, . . . , 3 # - 3 
elsewhere. 

This is the analog of the twist homeomorphisms for X-pieces in (3.3.7) and 
for 1-holed tori in (3.4.4). 

mqy 
Figure 6.2.1 

6.2.5 Definition. Let G be the same graph as above. Then Sa denotes the 
marked Riemann surface Sa := (Fffl, <JO®), where 

cp := T ° a . 

The set of all marked Riemann surfaces Sa based on the graph G and with 
co G l^8'6 is denoted by 2TG. 

From (6.2.3) and (6.2.4) we note that 

(6.2.6) <^° r* (0 = r A ' + Y ) , t e S \ k= 1 , . . . , 3 ^ - 3 , 

where, with the terminology of Definition 6.1.4, 

The next theorem is the goal of this section. Among other things, it shows 
that Teichmiiller space is a cell (with respect to the topology defined in the 
next section). For an approach to the cell structure from the point of view of 
minimal surfaces we refer the reader to Fischer-Tromba [1, 2] and Jost [1], 
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6.2.7 Theorem. Let G be given. Then for every marked Riemann surface 
(S, <p) {with marking homeomorphism (p: F —> S), there exists a unique 
5ffle5"G which is marking equivalent to (S, (p). 

Proof. We have to determine the appropriate value of co = (L, A) in S. By 
Theorem A.3, we may assume that (p(yk) is the closed geodesic yk(S), k = 
1 , . . . , 3g - 3 (Definition 6.1.4). The candidate for L is, of course, 

L(5):=(^y1(5)f...,^y%_3(5)). 

Fix k and consider again the X-piece Xk as in (6.1.5) with isometric immer­
sion ik : Xk —> F. This immersion is a local isometry. We can therefore pull 
back the structure of the hyperbolic surface (p(ik(Xk)) onto X*, that is, there 
exists an X-piece Xk(S) (not contained in S) together with an isometric im­
mersion i'k: Xk(S) —> S and a homeomorphism <pk : Xk —> Xk(S) such that the 
following diagram is commutative 

vk 

Xk -> Xk(S) 

<p 
F -> S . 

Note that (pk maps the F-pieces Yl and 77 of X̂  onto F-pieces in X*(5).Inthe 
next two lines we use Definition 6.1.6. On Xk{S) we let y*(S) = (pk(yk), 
8k(S) = (p\dk) and r\k{S) = (pk(rjk). Then 

4 (r*(5)) = y*(5), i; (S*(S» = 5 (̂5), ii (TJ*(S)) = nk(S). 

Figure 6.2.2 

Let 7 and y' with y c <9F' and y' <= <9Fy be boundary geodesies of X* as in 
Fig. 6.2.2 and which are not separated by Sk, and let d be the shortest con­
nection in Xk - 8k from y' to y. These curves are temporarily parametrized in 
such a way that 
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8k is homotopic to the curve dyd V' 

(first along d> then along y, etc.). This corresponds with the remark preced­
ing Definition 3.3.10. 

(pk(d) in Xk(S) is homotopic with endpoints gliding on the boundary to a 
unique curve a{ ba^ with the following properties (Fig. 6.2.2): a{ is the 
shortest connection from (pk(y') to yk(S); b is a geodesic arc on yk(S) (not 
simple, in general); and a2 is the shortest connection from (pk(y) to yk(S). 

We let Pk(S) be the directed length of b: positive if b leads to the left hand 
side of a2 (as in Fig. 6.2.2), negative otherwise. Setting 

ak(S) := pk(S)/tyk(S), k = 1 , . . . , 3g- 3, 

we have the candidate for A: 

A(S) := («,($),. . . , a3,_3(S)). 

Together with the above candidate L(S) we set co := (L(S), A(S)) and S := 
Sa. We shall prove that S = (S, (p) and S are marking equivalent. Again fix k. 

As for S we consider the isometric immersion ik : Xk(S) —> 5 with the 
commutative diagram 

Xk -> Xk(S) 

where $ = <pa = x™ * oL with L = L(5). The analog of a2' bcq1 is a2 fcoj1. We 
check with the definition of Tm in (6.2.3) and (6.2.4) that b and b have the 
same directed length (all surfaces are assumed oriented in such a way that the 
marking homeomorphisms preserve orientation). 

We have therefore an orientation-preserving isometry mk: Xk(S) —> Xk(S) 
which maps a{ to a2, b to b and a2 to a2. Since 5 is homotopic to 
dyd~ly\ it follows that the geodesies mk(Sk(S)) and 8k(S) are homotopic. By 
the uniqueness of a geodesic in its homotopy class we get 

mk • $*(S) = Sk(S). 

We now observe that the restriction mk \ <pk{Yl) is the unique orientation-
preserving isometry from (pk(Yl) to &k(Yl) with the property that mk{c) = 
$k o (<p* )_1(c) for each boundary geodesic c of <pk(Yl). This implies that the 
local isometries 

iko mk° (t^r1 : i'k (intX*(S)) -> ^(intXk(S)) 

for /: = 1, . . . , 3g - 3 together define a single isometry m: S —» S satisfying 
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m° Sk(S) = 8k(S), k= 1 3 ^ - 3 . 

By Theorem 6.1.7, S and S = Sa are marking equivalent as claimed. 
Finally, if S03 and S03' e ZTG are marking equivalent, then we have an 

isometry m : S03 —» S® such that m ° <pffl is isotopic to <pffl'. Hence, m maps 
nG(Sw) onto i2G(S"°') so that €nG(Sa) = £QG(Sm'). The last equation implies 
L = L' and A = A ' : for L this is clear, for A we use Proposition 3.3.12 or 
formula (2) in the proof of Lemma 3.3.14 (replace a, 8" and 77" in 
Proposition 3.3.12 respectively by a,, <5, and 77- e I2G, i = 1 , . . . , 3g- 3).<> 

The following consequence of Theorem 6.2.7 results from the last remark of 
the proof. 

6.2.8 Corollary. Two marked Riemann surfaces S and S' are marking 
equivalent if and only if €QG(S) = €QG(S'). o 

6.3 The Real Analytic Structure of STg 

Again we fix g > 2. For every marked cubic graph G with 2g-2 vertices, the 
set 

2TG = {S0} = S%\coe %!%-6} 

is a model of 3~g, where 

^ 6 s - 6 = R 3 g - 3 x R 3 s - 3 

(Theorem 6.2.7). We use this fact to define a topology and at the same time a 
real analytic structure in STg. (A different, more intrinsic definition of the 
topology of 3~g will follow in Section 6.4.) The topology will be defined by 
means of coordinate maps coG : ZTg —> ^ " 6 . 

By abuse of notation we also denote by S the marking equivalence class of 
a marked Riemann surface S = (S, (p). Thus, if S e &~ we identify S with 
any of its representatives and deal with S as with a Riemann surface. The 
definition which follows is based on Theorem 6.2.7. 

6.3.1 Definition. Let G be as above. For every S e ZT we let co(S) = 
coG(S) denote the unique on e (K?~6 such that S is marking equivalent to SG. 
The components of coG(S) are called the Fenchel-Nielsen coordinates of S. 

The main result of this section is the following. 
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6.3.2 Theorem. If two graphs G and G' are given with coordinate maps 
coG and coG>, respectively, then the overlap map coG ° coG

l- : %^8~6 —» ^~6 (s 
a real analytic diffeomorphism. 

6.3.3 Definition. On 2Tg we introduce the unique real analytic structure 
such that the mappings coG: STg^> %?8~6 are real analytic diffeomorphisms. 

For the proof of Theorem 6.3.2 we proceed in two steps. First we show that 
the Fenchel-Nielsen parameters are analytic functions of £QG{S). Then we 
prove, more generally, that all lengths of closed geodesies are analytic func­
tions of the Fenchel-Nielsen parameters. 

6.3.4 Lemma. Let G be given and let L= { €QG(S) \S e 2Tg}. There exists 
an open neighborhood 2>ofL in R9g" 9 together with a real analytic mapping 
A = AG:(D-* R6g~6 such that coG(S) = ^(€{2G(S)) for all S e STg. 

Proof. We prove this in the model STG. The first 3g - 3 coordinates, forming 
a vector L = {£x, . . . , ^ _ 3 ) , are part of HQiS®). It suffices therefore to 
prove that each twist parameter ak is a real analytic function of £QG{Sa). For 
this we consider, as before (see the lines next to Fig. 6.2.2), the isometric 
immersion ik' : Xk(Sa>) -> Sa and the lifts y^S"), d^S03) and rjk(S°) of 
yk(Sa), S^S") and ^(5^), together with the boundary geodesies of Xk(Sa) 
which form the curve system on Xk(Sa) as in (3.3.13). The present curves 
7*(S<B), <5*(Sffl) and J]k(Sw) are ya, da and ?f of (3.3.13) respectively with a 
= <xk, and the boundary geodesies of Xk(Sa>) are y2, 73, 72', Yi- Now ak is 
determined by the analytic function si of Lemma 3.3.14. O 

In the following, the graph G is again fixed. 

6.3.5 Theorem. For any closed curve p on the base surface F, the func­
tion wi-> £p{Sa), co e ^g~6 is real analytic. 

Proof. Fix co0. We compute tp(Sa) for <yin a neighborhood of co0. This will 
be achieved in 3 steps. First we replace P(SC0) by a right-angled geodesic 
polygon which we consider as a piecewise geodesic loop at some base point 
p(Sa). Then we use this polygon to compute the geodesic loop p*(Sm) in its 
homotopy class with fixed base point, and finally we compute p{Sa) in terms 
of P*(Sa). 

In view of a later application (the proof of Lemma 6.7.9), we choose the 
base point as follows: 
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(1) P(S») = Yi&i + b> 

where ax is the twist parameter at Y\ = YiiS03). Next we choose a geodesic 
loop £*(S"°0) on Sa° with base point piS*0) which is freely homotopic to 
j3(5<B°). This loop is determined up to conjugacy in the fundamental group of 
S®0 atpiS®0), and we take it in such a way that it forms an angle & < n at 
p(Sa°). 

The right-angled piecewise geodesic loop is defined as follows. The right-
angled hexagons of Ylt..., Y2g in S6*0 tessellate 5"°°. We let 

be a piecewise geodesic loop with base point piS®0) which runs along the 
sides of the hexagons of the tessellation such that the following hold: 

(2) paQ is homotopic, with fixed base point, to p^iS^0); 

(3) each side b®° with v odd runs along some 7®0 (with k depending on v); 

(4) each side b®° with v even is one of the three common perpendiculars 
between the boundary geodesies of some Y{. 

In (3) b®° is allowed to have length zero (if the twist parameter at y^° is an 
integer multiple of \). We also allow b™° to run several times around y®°. 
The reader will convince himself that such loops exist. They are, of course, 
not unique. 

The angle of P°0 at/?(5ft>0) is either 0 or n. All other angles of paQ are right 
angles. 

The sides with an even number have positive length. For the remaining 
sides, i.e. for those on 7/°°, . . . , 73®0_3 we must introduce directed lengths: if 
b®° on YkQ n a s m e s a m e orientation as 7 / 0 (with respect to the orientation of 
the loop /T°), then / ( £ ? ) ^ 0; otherwise £(ba

v
Q) < 0. 

Now let ft) be near co0 and consider the corresponding tessellation of Sm. It 
differs only little from that of Sa° and we have a corresponding right-angled 
piecewise geodesic loop 

P ~°\> •••' °2n+l 

with base pointpiS03) which differs only little from P&Q. By the above sign 
convention, the lengths ofb®, . . . , #£1+1 are continuous and therefore ana­
lytic functions of co. 

The marking homeomorphisms (pa : F —> Sa in the model STG are defined 
in such a way that 

(5) cp(0o(cp^T\p(S^))=p(S(0) 
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(cf. (1)) and (6.2.6). We check with the definition of q>0 in Section 6.2 that 

(6) pw is homotopic with fixed base point to (pa • ((p^y1 (/T°). 

Hence, the closed geodesic p = p(Sa) is in the free homotopy class of p = 
pa. It suffices therefore to find an analytic function which computes the 
length of p in terms of bx - b®, . . . , b2n+l = b2n+l. F° r e a s e °f notation we 
do this without writing the superscript co. 

Without changing the notation we lift P into the unit disk D in such a way 
that b{ lies on the positive real axis with initial point p0 at the origin. For v = 
1 , . . . , 2n + 1 we denote by pv the endpoint of bv and let B~ and B* be the 
endpoints at infinity (<9D) of the geodesic extension of the arc bv. If on Sa, 
bv lies on yf, then in D, bv lies on a lift of y™, and B~ and B* are the initial 
and endpoints at infinity of this lift. 

Figure 6.3.1 

An induction over v shows that the Euclidean coordinates of the points pv, 
B~ and B* are computable in terms of €{b{)t...y t(b2n+i) by means of ana­
lytic functions. 

Let p* be the geodesic arc in D fvomp0 top2n+l. Then /(/?*) and the two 
angles between p* and blt and p* and b2n+l, are computable by analytic 
functions of £{bx)y..., £(b2n+l). 

Again, on S® the projection p*(Sa) of p* is a geodesic loop at piS™) 
which is homotopic with fixed base point to p = p03. Together with (6) this 
gives the following: 

(7) pHS") is homotopic with fixed base point to cp03 ° ((p^y^P*^0)). 

From the above remarks we also have the next statement which we shall use 
again in the proof of Lemma 6.7.9. 

(8) The length of p*(Sm) and the angles at the base point between )3*(56>) 
and y® are analytic functions ofco. 
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Figure 6.3.2 

Once again we lift the (periodically extended) freely homotopic closed curves 
p* and p into the universal covering D to obtain homotopic curves p* and p 
with the same endpoints at infinity. For co sufficiently close to co0 the angle & 
of the loop 0* at the base point is positive. Therefore p* and p are disjoint 
and bound a strip which is paved by isometric trirectangles as shown in Fig. 
6.3.2. The acute angle of the trirectangle is # / 2 and the sides are •, ^(P*)* 
•, 2^(P)- From formula (iii) in Theorem 2.3.1 we obtain 

(9) cosh \€{ff) = cosh \€{fi*) sin |tf. 

Together with (8) this proves Theorem 6.3.5, and together with Lemma 
6.3.4 it also proves Theorem 6.3.2. O 

The following corollary will be needed in Section 6.7 when we compare the 
Fenchel-Nielsen coordinates with those of Zieschang-Vogt-Coldewey. F is 
again the base surface for the marking homeomorphisms, G is a fixed graph 
and G>= (*! , . . . , €3g_3, « ! , . . . , a%_3). 

6.3.6 Corollary. Let p0 = yx{\) e F. Then for any Sa = (S", <pm) e STG 

we have cpa(Po) = r f ( ; + \ax). 
Let p* be a homotopically non-trivial loop in F with base pointp0, and 

denote by j3*(50)) the geodesic loop which is homotopic with fixed endpoint 
to (p° °p*. Then the length of p*(Sa) and the angle at (pa{p0) between 
p*(S0}) and Y\ we analytic functions ofco. 

Proof. The corollary is a resume of (7), (8) and (6.2.6). O 

The corollary holds for each model ^G of & It would take some extra effort 
to formulate and prove it for & itself since we have no control over the 
position of the image of p0 under the various marking homeomorphisms for a 
given marking equivalence class. 
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6.4 Distances in 2Tg 

It is sometimes useful to have at hand a distance function which is compatible 
with the topology of STg induced by the coordinate maps of the preceding 
sections. Various such distances functions have been studied in the literature 
(we refer to Nag [1] pp. 403-405 for a brief overview). For our needs the 
distance function based on quasi isometries will do. Since the distance 
function based on quasiconformal mappings is more common in the 
literature, we briefly compare the two in the second part of this section. For 
the geometry of Teichmiiller space induced by these, and related, distance 
functions, we refer the reader to Wolpert [4-6]. We again let g > 2 be a fixed 
genus. 

6.4.1 Definition. For S = (S, (p) and S' = (S\ q>') e &g the distance 8 is 
defined as 

S(S,S'):=inflog<7[0], 

where 0 runs through the quasi isometries, (p : S —> S' in the isotopy class of 
(p' ° (p~l and q[(j)] is the maximal length distortion of 0 (cf. Definition 3.2.3). 

6.4.2 Theorem. The distance function 8 is compatible with the topology 
given by the real analytic structure on ?Tg. 

Proof. Since both topologies are metric topologies it suffices to prove that a 
sequence in ZTg converges with respect to one topology if and only if it con­
verges with respect to the other. We let G be a marked cubic graph and work 
in the model 2TG with the corresponding curve system Q = QG 

Assume that (5„, (pn) —> (S, <p) with respect to the topology of 3~G. Then by 
the definition of the marking homeomorphisms (pn and (p (Definition 6.2.5) 
and by virtue of Lemma 3.2.6 (convergence of 7-pieces) and Lemma 3.3.8 
(convergence of X-pieces), it follows that q[% ° <p-1] -> 1. Consequently, 
the distance converges to 0. 

Now assume that 8(Sn, S) —» 0. A g-quasi isometry in the isotopy class of 
% o cp~l maps each geodesic p(S), p e Q to a curve in the homotopy class of 
P(Sn) which is not longer than q£p{S). Hence, tP(Sn) < €p(S) exp 8(Sn, S). 
Similarly, €p(S) < €fi(S„) exp(<5CS„, S)). This proves that €Q{Sn) -> €Q{S), 
and therefore that Sn —> S in the topology of ^G. o 

We now compare 8 to another distance function on STg which is based on 
quasiconformal mappings. Since quasiconformal mappings are not used in 
the book, the proofs will only be outlined. 
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A homeomorphism 0 : S -> S' is called k-quasiconformal if for almost all 
peS 

limsup ^ {dist(0W, 4>(y)) I dist(*. y) = t] < k. 

(Here (max/min){} means max{}/min{}.) We define k[(p] > 1 to be the 
greatest lower bound of all K such that cf> is K-quasiconformal. 

Any #-quasi isometry is g2-quasiconformal, but the converse does not 
hold. However, we have the following theorem (Buser [3], Wolpert [3]). 

6.4.3 Theorem. Let S, S' be compact Riemann surfaces of genus g>2.If 
a homeomorphism </>: S -> S' is k-quasiconformal, then for each closed geo­
desic p on S, the closed geodesic (p[p]in the homotopy class of$*p satisfies 

±€(p)<€(l>[p]<kt(P)-

As a consequence, the distance function 

(6.4.4) d(S,S'):=inflog*|>], 

with (j) running through the quasiconformal mapping in the isotopy class of 
q>' ° (p~l,is compatible with the above distance function 8. 

We outline the proof of Theorem 6.4.3 (cf. also Wolpert [3]). The basic 
tool is the following generalization of Schwarz's lemma provided by Hersch 
[1], (cf. also Lento-Virtanen [1] section II.3 and Seppala-Sorvali [4] section 
4.9). Let w : D —> D be a ^-quasiconformal homeomorphism from the unit 
disk D into itself such that w(0) = 0. Then 

W z J I ^ - ' ^ l z l ) ) , z e D , 

where /i: ]0, 1 [ —> ]0, oo [ is a continuous monotone decreasing function 
with the asymptotic behavior 

tfr) = ^ l o g ^ + 0 ( r 2 ) i f r ->0, 

l4f) = —o— + o(l - r) if r -> 1. 
logtyfy) 

In terms of the hyperbolic distance the second relation implies the inequality 
dist(w(z), 0) < k dist(z, 0) + 0(1). Using the isometry group we conclude 
that the following inequality 

dist(w(x)y w(y)) < k dist(;t, y) + O(l) 
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holds for all x, v e D and for any fc-quasiconformal homeomorphism 
w : D -^ w(D) c D. Now let n : D -> S and n' : D -^ S' be universal 
coverings. Let 0: S —> 5" be a £-quasiconformal homeomorphism in the iso-
topy class of (p' ° <fx and let $ : D -> D be a lift of 0. If /? is a closed curve 
on 5, then the above inequality applied to w = 0 implies that /(0(j3)) < &/(j3). 
In particular, €(<j>[p]) < (̂<K£)) < k€{fi) for every closed geodesic /? on S. 
This is the second inequality of Theorem 6.4.3. Applied to (fl it yields the 
first. O 

6.5 The Teichmiiller Modular Group 

Every homeomorphism h : F —> F of the base surface onto itself defines an 
action on 2T via the rule (S, <p) h-> (S, (p ° h). Homeomorphisms which are 
isotopic define the same action. In this way the so-called mapping class 
group operates on 2Tg and, as we shall prove, the space of isometry classes of 
compact Riemann surfaces is & modulo this action. 

Two homeomorphisms F —> F are said to be equivalent if they are iso­
topic. The equivalence class of a homeomorphism is sometimes called a 
mapping class. 

6.5.1 Definition. The mapping class group Wg is the group of all equiva­
lence classes of homeomorphisms F —> F modulo isotopy. 

In contrast to complex analysis, we admit also orientation-reversing 
homeomorphisms. The subgroup Wg' of Wg corresponding to the orientation-
preserving homeomorphisms has index 2 in Wg. All theorems below can 
easily be adjusted to Wg. 

For the algebraic properties of Wg and *$lg we refer to Birman [1]. A 
detailed account from a geometric point of view may be found in Zieschang 
[1]. Here we are primarily concerned with the action of Wlg (or Wg) on ZTg. 

As usual, we identify a homeomorphism with its equivalence class. For 
every h e Wg we define an action m[h] : &g —» STg via the rule 

m[h](S, (p) = (S, (p° h). 

6.5.2 Definition. The Teichmiiller modular group, denoted by Mg, is the 
group of transformations 

Mg = [m[h] | / z e93y . 

The elements of M are called Teichmiiller mappings. 
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Here too, one may restrict oneself to the subgroup Mg which corresponds to 
fflg The reader may check that the following theorem (and its proof) remains 
valid if we replace $Jlg and Mg by Wlg and Mg. 

6.5.3 Theorem. For g > 3, m : Wg —» Jig is an isomorphism. For g = 2, m 
has kernel Z2. 

Proof. First let g > 3. If (S, <p) and (S, (p ° h) represent the same point in ^ , 
then (p o h ° <p~l is isotopic to an isometry of S onto itself. Hence, to prove 
that m has trivial kernel, it suffices to find an example of a compact Riemann 
surface with trivial isometry group. 

Take a pair of pants Y with boundary geodesies yt of length 0 < €(yx) < 
£(YT) < ^(73) < 1 and extend it to a surface Sl of genus g such that all other 
closed geodesies on Sl have length greater than €(y3) and such that the twist 
parameter at y1 is in the interval ]0, \[. By virtue of the collar theorem, this is 
easy to achieve. Since g * 2, there exists no other 7-piece in S* with the same 
boundary lengths as Y. The only non-trivial isometry of Y onto itself which 
fixes the boundary geodesies of Y is the symmetry which exchanges the two 
right-angled hexagons of Y. The twist parameter at yl makes it impossible to 
extend this isometry from Y to Sl, and hence S* has trivial isometry group. 

Now let g = 2 and take the model 3~G based on the underlying graph G in 
the example of Fig. 6.1.2. 

There exists an orientation-preserving isometry p : F —> F of order two 
with 6 fixed points which exchanges Yl9 Y2 and fixes ylt y2, 73. For arbitrary 
(5, <p) e STG, the mapping <p° p° <p~l is an isometry (check) and thus, the 
surfaces (S, <p ° p) and (S, <p) are marking equivalent (cf. Remark 6.1.3(i)). 
Therefore, p is in the kernel of m. In order to prove that p is the only non-
trivial element in the kernel, it suffices to find an example of a compact 
Riemann surface of genus 2 whose isometry group is {id, <p ° p ° (p~l}. This 
is done in the same way as for g > 3. O 

6.5.4 Theorem. S, S' e 3~0 are isometric if and only if there exists JIG M9 
6 o 

such that S' = ji(S). If g > 3, the isotropy group 
Is={lieMg\ji(S) = S} 

is canonically isomorphic to the isometry group Is(5). If g - 2 then Is is ca-
nonically isomorphic to Is(S)/Z2. 

Proof. Since m[h] only changes the marking, m[h](S) is trivially isometric 
to S. Conversely, let (5, cp) and (S\ (p') be isometric with isometry 
j : S' —> S. Setting h = (p~l ° j ° (p\ we obtain the marking equivalent 
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surfaces (5', <p') and (SJ ° cp') = (S, (p ° h) = m[h](S, (p). This proves the 
first part. 

For the second part we let I's denote the set 

I's= {hemg\m[h](S) = S}. 

For h e I's, (S, (p) and (S, (p ° h) are marking equivalent. By the definition of 
marking equivalence there exists an isometry j = J[h] in the isotopy class of 
(p° h ° <p~l. By Lemma 6.5.5 (below), this isometry is uniquely determined 
by h. Hence, we have a homomorphism 

J:I's^Is(S) 

which sends htoj = J[h]. Trivially, / is injective, and the same arguments as 
in the proof of the first part show that / is surjective. Together with Theorem 
6.5.3 this proves the theorem. O 

6.5.5 Lemma. Let j : S —> S be an isometry. Ifj is isotopic to the identity, 
thenj is the identity. 

Proof. We may assume that S e STG.\£j is isotopic to the identity, then 
j ° yk(S) is homotopic to yk(S) for k = 1 , . . . , 3g- 3, where the yk are from 
QG. By the uniqueness of a closed geodesic in its homotopy class (Theorem 
1.6.6), j o yk{S) = yk(S) (up to a parameter change of type t h-> t + const, 
t e Sl). Furthermore, j is an orientation-preserving mapping. Hence, j fixes 
eachy;-, / = 1, . . . , 2g-2. 

The only orientation-preserving isometry of a F-piece which fixes the 
boundary geodesies is the identity. Hence j = id. O 

If in Theorem 6.5.4 the group M9 is replaced by Ji' then "isometric" must 
be replaced by "direct isometric" and Is(S) by Is (S). (Direct = orientation-
preserving; by definition, the orientation of S in (5, (p) is the one for which (p 
is direct.) In this case, 3~g/Mg' is the space of all hyperbolic structures 
modulo orientation-preserving isometries. By the uniformization theorem, 
every conformal structure contains a hyperbolic atlas. Conversely, every 
hyperbolic atlas extends to a unique conformal structure. Thus STg/^g' can be 
interpreted as the so-called Riemann space of all conformal equivalence 
classes. The natural projection ^g/Mg' —> ^g/-Mg is a branched covering of 
order 2. 

6.5.6 Theorem. Mg acts properly discontinuously on STg by real analytic 
diffeomorphims which leave the distance functions 8 and d of Section 6.4 
invariant. 
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Proof. By the definition of marking equivalence each // = m[h] e Jig is a 
bijection of 3" and leaves the distances d and 8 of any pair (S, (p), (5", cp') 
invariant (or any other extremum in the isotopy class of cp' ° (p ). To prove 
analyticity, we fix a graph G with corresponding base surface F and consider 
the canonical curve system Q.-QG. For each homeomorphism h : F —> F, 
we let h ° Q be the sequence of all closed curves h ° p, p e £2. For Sa and 
5°':= mt/zKS0') we then have 

By Lemma 6.3.4, there exists an analytic function s£G with the property that 
sdG(€n(S(0')) = co\ By Theorem 6.3.5, co' = MG{t(h Q (S0))) is an analytic 
function of co. This proves that the mappings m[h] e Mg act by analytic 
diffeomorphisms. 

Since Mg acts by isometries (with respect to 5), discontinuity and proper 
discontinuity are equivalent properties; we prove discontinuity. Thus, let 
S0 = (50, (p0) e &g and set 

°U={Se ^ | 5 (5 0 , 5 )< log2} , 

where S is the distance function of Definition 6.4.1. By Theorem 6.4.2, °U is 
an open neighborhood of S0 in 2Tg. Let X = max{ £p{SQ) \ p e Q}, and con­
sider the set W of all closed geodesies p' on F satisfying €p'(S0) < 2X. Then 
W is finite, and by Theorem 6.1.7, there exist only finitely many isotopy 
classes of homeomorphisms h : F —» F satisfying h ° £2(S0) c W(S0). If 
m[h](S0) = (S0, (p0 o h) lies in % then hQ(S0) c W(S0) because the lengths 
of p(S0) and p(m[h](S0)) differ at most by a factor 2. Hence, there are only 
finitely many ii = m[h] e Mg satisfying //(50) e °U. O 

In connection with Theorem 6.5.4 the proper discontinuity of Mg implies that 
each compact Riemann surface has a finite isometry group. Below we give a 
direct geometric proof of Hurwitz' theorem that the order of the isometry 
group is at most 168(g - 1). 

In the next theorem, / <z STg is defined as follows. If g > 3, then Ig is the 
set of all surfaces in &g which have a non-trivial isometry group. If g = 2, 
then every surface S = (S, (p) has an isometry of order 2 (cf. the proof of 
Theorem 6.5.3), and we let I2 be the set of all S = (S, (p) e ~̂2 having an 
isometry group of order > 3. 

6.5.7 Theorem. / is a proper closed real analytic subvariety of ^g. For 
any S e 9~g- Ig there exists an open neighborhood ofS consisting of pair-
wise non-isometric surfaces. 
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Proof. By Theorem 6.5.4 we have 

S e Ig if and only ifS is a fixed point ofMg. 

Since Mg acts properly discontinuously, / is locally the union of the fixed 
points of finitely many p e Mg. Since each p is an analytic diffeomorphism, 
the fixed point set of p is a closed real analytic subvariety. The surface Sl in 
the proof of Theorem 6.5.3 shows that it is proper, and therefore Ig is 
proper. 

Now let S = (S, (p) G STg be such that there exists a sequence {(Sn, <pn), 
(5„, (pn ) }™=l of pairs of isometric but not marking equivalent surfaces with 
(Sn, cpn) -¥ (S, (p) and with (S„, (pn') —> (5, (p). Since the lengths of the closed 
geodesies of S form a discrete set, it follows again from Theorem 6.1.7 that 
in the sequence {(p~l ° (p„ }™=l of homeomorphisms of F only finitely many 
isotopy classes occur. We may therefore select the sequence such that all 
%l o <pn are in the same isotopy class, say in the class of some h, where 
m[h] * id. By continuity we now conclude that €Q(S) = €(h ° f2(5)). By 
Corollary 6.2.8, (5, (p) and (5, cp ° h) are marking equivalent. This proves 
t h a t S e / r o 

It is interesting to observe that the second statement in Theorem 6.5.7 holds 
also for analytic subvarieties in the following form. 

6.5.8 Lemma. Let g>2, let Wa 3g be an open neighborhood and let ST 
aWbe a smooth real analytic subvariety of °W. Then there exists a proper 
real analytic subvariety $ of d' with the following property. For any S e 
3~- $ there exists an open neighborhood of S in ST consisting of pairwise 
non-isometric surfaces. 

Proof. It suffices to prove this for the case that °W has compact closure in 
&r The proof is similar to the preceding one. We call S e ST a. particular 
point of ST, if in any neighborhood % c ST of S there exists S' * S" such that 
S' and S" are isometric surfaces. We then have T G Mg such that r(S') - S". 
Since Jig acts properly discontinuously on ^ , T fixes S if we assume that % 
is sufficiently small. Since rdoes not fix all point of °US (T(5") = S"), the set 

3>x={x e °T\T(X)=X} 

is a proper real analytic subvariety of ST. Since °W has compact closure and 
since Mg is properly discontinuous, only finitely many elements of Mg have 
fixed points in °Wy and we let T^ . . . , xr e Mg be those which fix some but 
not all points of 3. The set 
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# = #Tl u . . . u ^Tr = {x e ST | 3 T € Mg, T(X) = x, T | 9~* id^} 

is a proper real analytic subvariety of ST which contains all particular points of 
&. o 

We now prove Hurwitz' theorem. 

6.5.9 Theorem. The isometry group of any compact Riemann surface of 
genus g>2 has order < 168(g - 1). 

Proof. The proof is similar to Greenberg's proof in Greenberg [3], p. 219, 
but is in terms of surfaces instead of Fuchsian groups. 

The proof is in two steps. First we prove that Is(5) is finite, and then we 
use the finiteness to estimate the order. 

For the finiteness we consider a figure eight geodesic on S, i.e. a closed 
geodesic y with exactly one self-intersection. At most four isometries fix y as 
point set. Hence, at most four isometries <p have the same image (p(y). Since 
only finitely many closed geodesies on S have the same length as y (Theorem 
1.6.11), this proves the finiteness of Is(S). 

Now we estimate the order. Since Is+(5) is a normal subgroup of Is(S) of 
index < 2, it suffices to prove that Is+(S) has order #ls+(S) < 84(g - 1). 

To explain the idea of proof, we first assume that Is+(5) acts without fixed 
points. Here the quotient M = ls+(S)\S is again a compact Riemann surface 
of some genus h > 2, and S is tessellated with # Is+(S) fundamental domains 
of area 4n(h - 1). Hence, # Is+(5) = (g - 1)1 (h - 1) < g - 1. 

In the general case, the finiteness of ls+(S) implies that the quotient M is a 
compact Riemann surface with cone-like singularities of integer orders. This 
structure is defined as follows (cf. also Definition 12.1.4). Consider the 
quotient metric on M. If p e S is not a fixed point of Is+(S), then the image 
pofpinM has an e-neighborhood which is isometric to a disk of radius e in 
the hyperbolic plane. If p is a fixed point of order v, then a sufficiently small 
e-neighborhood of p is isometric to 

p u ]0, e[ x S1 with metric ds2 = dp2 + —x sinh2p da2. 
v 

We say that p is a cone-like singularity of order v. Since Is+(5') has only 
finitely many fixed points, M has only finitely many singularities. In the next 
lemma we show that area M > n/2l. Admitting this here, we see that S is 
tessellated with #Is+(5') fundamental domains of area > TT/21 and the 
theorem follows. O 

A typical example of a surface with cone-like singularities is obtained by 
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pasting together two isometric geodesic triangles of the hyperbolic plane, say 
with interior angles n/vl, n/v2 and TT/V3, where vl5 v2, v3 are integers. The 
resulting surface has genus 0 and three singularities of orders v2, v2 and v3. 

6.5.10 Lemma. Let M be a compact hyperbolic surface of genus h > 0 
with k cone-like singularities of orders v2 , . . . , v̂ . Then 

areaM = 4n(h- 1) + 2*(*- 4 + . . . + £)) > w/21. 

Proof. Triangulate M geodesically such that every singularity of M is a 
vertex of the triangulation. If n0, nx and n2 denote the number of vertices, 
edges and triangles respectively, then 3n2 = 2nY, and by Euler's formula, 
2 - 2h = n0- nx + n2. From the area formula of a hyperbolic geodesic 
triangle (Theorem 1.1.7) we obtain areaM = nn2- 0, where 6 denotes the 
sum over the interior angles of the triangles. Grouping these angles together 
vertexwise we obtain the above area formula. 

The lower bound follows from a straightforward checking of cases. The 
minimum is obtained for h = 0 and k = 3 with v{ = 2, v2 = 3 and v3 = 7. O 

We remark without proof that the upper bound of the cardinality of Is(5) in 
Theorem 6.5.9 is sharp for infinitely many but not all g (Macbeath [1, 2], 
Maclachlan [1]). For this and for related questions we refer to Accola [1], 
Beardon [1] chapter 10, Magnus [1], and, in particular, the review article by 
Conder [1]. 

6.6 A Rough Fundamental Domain 

The moduli problem for compact Riemann surfaces of a fixed genus g > 2 or, 
equivalently, the classification problem, consists of describing explicitly a 
domain W of moduli such that each modulus is a set of geometric invariants 
with the following properties. 

• Every modulus w e W determines a unique compact Riemann sur­
face (up to isometry). 

• Every compact Riemann surface is represented by a unique modulus 
w e W. 

If Riemann surfaces were rectangles with sides a and b then the pairs w = 
(a, b) e R2 satisfying a < b would be such moduli. 

A modulus may have finitely many components, each of which should 
have a geometric meaning on the corresponding surface. (In the literature it is 
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usually the components which are called the moduli.) 
The moduli problem may also be understood as that of describing the so-

called Riemann or moduli space 

(6.6.1) mg = yjig, 

where Mg is the Teichmiiller modular group. A possible way of approaching 
this problem is to give an explicit fundamental domain for the action of Mg. 
This has been carried out by Keen [5] for the compact Riemann surfaces of 
signature (1, 1) and by Semmler [1] for the compact Riemann surfaces of 
genus 2. In both cases the fundamental domain is given as the intersection of 
a finite number of topological half-spaces. For higher genus, the problem is 
unsolved and, in any case, is extremely complicated. In Keen [6, 7] Linda 
Keen has therefore introduced the concept of a rough fundamental domain in 
which any compact Riemann surface of genus g is represented at least once 
and at most finitely many times. A variant of this domain will now be 
described. 

Let ^ be a set of marked cubic graphs with 2g- 2 vertices such that the 
elements in ^ are pairwise non-isomorphic and such that every isomorphism 
class is represented in $. To each $ e G and to each 

o)=(L,A) = ( A , . . . , ^ _ 3 , « ! , . . . , a 3 ^ 3 ) G ^ - 6 

corresponds a marked Riemann surface Sa = SG with some marking homeo-
morphism (pa : F -> Sa'. The base surface F is independent of G, but for 
every G a fixed hyperbolic structure has been defined on F and on the basis 
of which the curve system QG has been defined. In this section we view each 
SQ as an element of the abstract Teichmiiller space 3~g by identifying each 
model STG (cf. Definition 6.2.5) with ^ in a fixed way (for instance via the 
mappings coG as in Definition 6.3.1). Now let 

W°={S%e Fg\0<€l<...< <?3g_3 < arccosh3; 
0 < a „ . . . , a3g_3<\-Ge <$} 

(6.6.2) 

Wl = {SGeZTg\0< {,,..., ^g.3<Lg; 
0 < « ! , . . . , a3g_3<l-,Ge <§}, 

where Lg < 26(g - 1) is Bers" constant (Section 5.1). 

6.6.3 Theorem. Wl is a rough fundamental domain for the Teichmiiller 
modular group in &. The number of occurrences of a given surface in Wl is 
at most ag, where ag depends only ong.In W° the surfaces are pairwise non-
isometric. 
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Proof. By Bers' theorem (Theorem 5.1.2), every S e &g has at least one oc­
currence in Wl. The statement about W° was proved at the end of Section 3.6 
(W° coincides with &9 of (3.6.6)). It remains to estimate how many times a 
given S e 3~ may occur in W . 

For every SQ e ?Tg which is isometric to S, we fix an isometry/: SQ —> S. 
The geodesies YI(SQ), . . . , y ^ ^ c ) with the yk from the curve system QG, 
form a partition of SQ. Similarly, the images/ ° YI(SQ), . . . , j ° y3£_3(Sc) are 
oriented, closed geodesies of length ^Lg< 26(g - 1) which form a Bers 
partition of S. By Lemma 6.6.4, below, S has at most exp(27g) oriented, 
closed geodesies of length < Lg and therefore at most exp(27g(3g - 3)) such 
partitions. We show that the SQ G W isometric to S are uniquely determined 
by the sequence / ° 7 ^ 5 ^ ) , . . . , j ° y3i_3(5g), except for g = 2, where the 
number of surfaces with the same sequence may be 2. This will prove the 
theorem with ag < exp(8 lg2). 

Thus, assume without loss of generality that S = SQ with j = id, and let 
5" = SQ> e Wl with isometryy': SQ- —> SQ be such that, up to a parameter 
change of type fi-> t + const, t e Sl, we have 

y'-y*'(5S0 = y4(5S). * = i , . . . , 3 * - 3 , 
where y/, . . . , y3^_3 are from the curve system QG.. We first observe that G 
and G' are isomorphic graphs and therefore G = G' by our choice of (§. 

Let g > 3. Theny" maps each pair of pants Y[ in the partition of 5" onto the 
corresponding Yt in the partition of S. Moreover, since j ' preserves the orien­
tation of y[y . . . , y3^_3, we see that/ ': Y\ —» Yi is the canonical identification 
which preserves the standard presentation, / = 1 , . . . , 2g- 2. It follows that 
for k = 1 , . . . , 3g- 3 we have ak = <x'k mod(Z) and therefore ak = a'k since 
S, S' eWl. This shows that S = S' and proves the theorem for g > 3. A 
similar argument shows that for g = 2 a given partition occurs at most twice 
in Wl (if g = 2 the above/' may map Y[ to Y2 and Y{ to 7^ . o 

The lemma which follows is stated in a form which is adapted to the proof of 
Theorem 13.1.1. In Section 9.4 we use a completely different approach to 
show that for fixed 5 and for L —> oo the number of closed geodesies of 
length < L is asymptotically equal to -exp L, independently of the genus. 

6.6.4 Lemma. Let S be a compact Riemann surface of genus g>2 and let 
L > 0. There are at most (g-l) exp(L + 6) oriented closed geodesies of length 
<LonS which are not iterates of closed geodesies of length < 2 arcsinh 1. 

Proof. Let p{, . . . , fik, k < 3g - 3 be the simple closed geodesies of length 
€< 2 arcsinh 1 on S (Theorem 4.1.6), and le t /?! , . . . , p be a maximal set of 
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points on S such that 

(1) at each pa the injectivity radius r (S) of S satisfies rp^(S) >r:= arcsinh 1, 

(2) dist(/?CT, pr) > r for <r, T = 1, . . . , s, G±T. 

Since disks of radius r / 2 around px,..., ps are pairwise disjoint and have 
area equal to 2;r(cosh \ - 1), it follows that 

(3) s < 2 ( £ - l ) / ( c o s h ^ - l ) . 

A closed geodesic c of length > 2r on S which is not an iterate of (3K for 
Ke { 1 , . . . , £ } , cannot be entirely contained in the collar ^(PJ. By 
Theorem 4.1.6, c passes through a point where the injectivity radius is > r. 
By the maximality of the setp{,..., ps, this point is a distance d < r from 
some pa. It follows that c is homotopic to a geodesic loop at pa of length 
< €{c) + 2r. 

It remains to estimate the number of geodesic loops at pa of length 
< L + 2r. We use a universal covering H -^ S and lift the loops onto geode­
sic arcs in H with a common initial point. Since the injectivity radius of S at 
pa is rp {S)> r, the endpoints of these arcs have pairwise distances > 2r. 
Comparison of the areas now shows that there are at most 

cosh(L + 3r) - 1 < eL+3r 

c o s h r - 1 ~ 2(coshr- 1) 

such loops. Together with (3) the theorem follows. O 

As another application of Bers' theorem we note here the following so called 
Mahler compactness theorem (Bers [2], Mumford [1]). 

6.6.5 Theorem. Let e > 0. There exists a compact subset Q(e) <z 3~g such 
that for any compact Riemann surface S of genus g and injectivity radius 
bounded below by e there exists S' e Q(e) isometric to S. 

Proof. Again let $ be a set of marked cubic graphs with 2g- 2 vertices such 
that the elements in $ are pairwise non-isomorphic and such that every 
isomorphism class is represented in c§. As in the definition of W° and Wl (cf. 
(6.6.2)) we identify each model STG with STg in a fixed way. The set 

Q(e) = {S£e 5T | 2 e < ^ , . . . , €3g_3 <Lg ; 0 < a„ . . . , a 3 H < l ; G e <£} 

is compact, and by Bers' theorem (Theorem 5.2.3), every S e ?Tg is isometric 
to some S' e Q(e). O 
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6.7 The Coordinates of Zieschang-Vogt-Coldewey 

Besides the Fenchel-Nielsen coordinates, many other parameters are fre­
quently used in the literature. We describe two of them. In this section we 
consider the coordinates of Zieschang-Vogt-Coldewey which are based on 
canonical polygons. In the next section we shall consider Bers' coordinates 
which are adapted to Fuchsian groups. We shall show that both coordinates 
are analytically equivalent with the Fenchel-Nielsen coordinates. For complex 
coordinates we refer the reader to Kra [2, 3], Maskit [1], and Nag [1]. 

We recall some facts about canonical generators of the fundamental group 
and canonical polygons. References for this are for instance Massey [1], 
Stillwell [1] , Zieschang-Vogt-Coldewey [1, 2]. 

Let F b e a simply connected geodesic polygon or, more generally, any 
compact topological disk in R2 whose boundary is a Jordan curve consisting 
of the consecutive sides b{, b2, bly b2,..., b2g_u b2g, b2g_h %> where 
g > 2. We assume that each side is parametrized on the interval [0, 1] in such 
a way that the endpoint of bx is the initial point of b2, the endpoint of b2 is the 
initial point of b{, etc. If we paste the sides together according to the pasting 
scheme 

(6.7.1) bn(t) =6„(1 - t) =: pn(t), t e [0, 1], n = 1, . . . , 2g, 

we obtain a compact orientable surface F = P mod(6.7.1) of genus g. The 
presentation of F by means of (6.7.1) is the so-called normal form. On F the 
loops Pi, . . . , p2g have the following properties. 

(1) / ? ! , . . . , p2g are simple loops with a common base point p. For i *j, 
Pi intersects pj only at p. 
(2) The surface obtained by cutting F open along ply . . . , p2gisa topological 
disk. 
(3) The loops px, . . . , p2g generate the fundamental group n^F) atp with 
the single defining relation 

YlP^-iPiJiliPii = i. 

The first two properties follow from the construction. For the last property 
we refer to the book of Massey [1], or Stillwell [1]. The fact that px, . . . , p2g 
together with the single defining relation (3) yield a presentation of the funda­
mental group will not be used in this book. 

Figure 6.7.1 shows an example for g = 3 where the polygon P is a geode­
sic polygon in the hyperbolic plane. 
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Figure 6.7.1 

Figure 6.7.2 
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6.7.2 Definition. Let S be a compact orientable surface of genus g. A 
sequence )3 j , . . . , p2g of closed loops on S with a common base point is 
called a canonical dissection if there exists a homeomorphism </>: F -> S such 
that0«A,=#;,7i = l , . . . ,2£ . 

Now let F as above be the base surface for the marking homeomorphisms 
and consider a marked Riemann surface (S, (p) e 3~r where (p: F —> S. Then 
the sequence (p° Pi, ..., <jO° j32i

 1S a canonical dissection and we wish to 
modify (p such that the (p ° Pn are geodesic loops. 

As shown in Example 1.6.10, this cannot be achieved simply by replacing 
each (p ° Pn by the geodesic loop in its homotopy class. We shall see, how­
ever, that things work smoothly if the base point is chosen properly. 

6.7.3 Definition. Two canonical dissections p'v . . . , P2g and p'{, . . . , 
P2g of S are called equivalent if there exists a 1-homeomorphism h : S -> S 
such that h ° p'n = fin for n = 1,..., 2g. 

We emphasize that equivalent dissections are not required to have the same 
base point. The following theorem has been proved in Zieschang-Vogt-
Coldewey [1,2]. For simplicity we abbreviate this reference by Z-V-C. 

6.7.4 Theorem. Let S = (S, (p) e 2Tg. Then the canonical dissection (p° Px, 
. . . , (p° p2g is equivalent to a unique canonical dissection px (5) , . . . , P2g(S) 
with the following properties 

(i) Pl (S) and p2(S) are smooth closed geodesies with a unique intersection 
point p(S), 

(ii) Pi(S),..., P2g(S) are geodesic loops atp(S). 

A dissection with the properties as stated in Theorem 6.7.4 will be called a 
normal canonical dissection. 

Proof. We shall successively modify cp by adding 1-homeomorphisms S —> 
S until the curves (p ° pl, . . . , cp ° P2g have the required properties. The proof 
is based on Theorems A.3 - A.5 on isotopies. 

Let Pi(S), p2(S) be the smooth closed geodesies in the free homotopy 
classes of (p ° px, (p ° p2. By Theorem 1.6.7, they intersect each other in a 
unique point p(S). By Theorem A.3, we can modify <p with a first 1-homeo-
morphism such that (p° px = PX(S) and such that (p(p0) = p(S), where p0 is 
the base point of p{, . . . , p2g. 

Next, since (p ° p2 and P2(S) are freely homotopic and since both curves 
intersect px (S) only once, a standard covering argument shows that for some 
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integer m,(p°p2 and {P\(S))m ° P2(S) ° (Pi(S))~m are homotopic with fixed 
base point p(S). We add a 1-homeomorphism which fixes p^S) (as set) and 
which is the identity outside a tubular neighborhood of px (S) such that this m 
becomes zero. Theorem A.5 applied to S after having been cut open along 
px(S) allows the further modification of (p such that now cp ° p{ = pl(S) and 
<p° p2= p2(S). 

The rest is easier. Assume by induction that (p ° pt = Pi(S) is a geodesic 
loop at p(S) for / = 1 , . . . , n. Cut S open temporarily along p^S), . . . , 
Pn(S). Since the curves belong to a canonical dissection, the resulting surface 
S' is connected and (p ° Pn+l connects two copies of p(S) on the boundary of 
S'. By Theorem A.5, there exists a 1-homeomorphism S' —> S' which fixes 
the boundary pointwise and which maps the arc (p° Pn+l onto a geodesic arc 
pn+l(S). On S again, Pn+l(S) is a geodesic loop and, modified with this new 
1-homeomorphism, cp now satisfies (p° pt= p^S) for / = 1 , . . . , n + 1. This 
proves the existence of a normal canonical dissection in the given equivalence 
class. 

To prove its uniqueness, assume tha t / : [0, l ] x 5 ^ 5 with 7(0, ) = id 
and / ( l , ) = h is an isotopy (as in Definition A.l) such that h maps 
Pi(S),..., P2g(S) onto another normal canonical system. By the uniqueness 
of the smooth closed geodesic in a homotopy class we have h ° ft(S) = P;(S) 
for / = 1, 2 (except possibly for a parameter change of the form t h-> 
t + const, t e Sl). In particular, h(p(S)) = p(S). Now consider the closed 
curve TI-^ r\{x) :=J(T,p(S)), T G [0, 1]. 

For n = 1 , . . . , 2g the curves h ° pn(S) and ripn(S) if1 are homotopic with 
fixed base point p(S). Since Px (S) and h ° Px (S) are smooth closed geodesies 
this is only possible if r\ is homotopic (with p(S) fixed) to p™ for some m. 
For the same reason 77 is homotopic to p2 for some k. We conclude that 
m = k = 0 and that 77 is a trivial loop. Hence, h ° Pn(S) and pn(S) are homo-
topic with fixed base point. By the uniqueness of geodesic loops in their 
homotopy classes, we have h ° pn(S) = Pn(S) for n = 1 , . . . , 2g. O 

We investigate the geodesic polygon Ps which results if S is cut open along 
the normal canonical dissection. Both the sides and the side lengths of Ps are 
denoted by bn = bn(S), bn = hn(S) (cf. Fig. 6.7.1). The lengths are 

bn = bn = €<fin(S)\ 7 i = l , . . . , 2*. 

The interior angle between side bn (respectively bn) and the subsequent side is 
denoted by C,n = £„(£), (respectively by fn = £n(S)). Figure 6.7.3 shows how 
these angles come together alp(S) in S. 

Every Ps has the property that the interior angles sum up to In and that 
Ci + C2 = £2 + Ci = n- BY Corollary 1.4.3, Ps may be considered a geodesic 
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Figure 6.7.3 

polygon in the hyperbolic plane. This leads to the following. 

6.7.5 Definition. Let g > 2 and let P be a geodesic polygon in the hyper­
bolic plane with sides bl9...tb2g and angles ^, . . . , C,2g labelled as above. P 
is called a canonical polygon if 

(i) Z>n = 5 n , « = l , . . . , 2 g , 
(ii) Ci+...+C2g = 2 ^ 

A canonical polygon is called normal if in addition 
(iii) Cl + C2 = fl + C2=* 

Two normal canonical polygons P with sides bv . . . , b2g and P' with sides 
b[, . . . , b2g are considered equivalent if there exists an isometry P —> P' 
which sends bx to /?/ and fr2 to b2'. 

Note that any normal canonical polygon is equivalent to one for which the 
cycle of sides blt ...y b2g along the boundary is positively oriented. In the 
figures, the polygons will always be drawn in this way. 

6.7.6 Definition, (i) For every g > 2, 0* denotes the set of all equiva­
lence classes of normal canonical polygons with Ag sides. 

(ii) For every S = (S, cp) e STg we have the normal canonical polygon Ps 
obtained by cutting S open along the normal canonical dissection (3{ (S),..., 
P2g(S) given by Theorem 6.7.4. Denoting this polygon by 7i(S) we obtain a 
mapping n\ l3'g-)<3)

g. 

6.7.7 Theorem, n : STg —> 3Pg is one-to-one and onto. 

Proof. If we paste the sides of P e $>g together as in (6.7.1), we obtain a 
compact Riemann surface, and from this we easily see that ;ris onto. 

Now let S = (S, (p), S' = (S', <p') e F with ^(5) = n(S'). By Theorem 
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6.7.4, we may choose cp and cp' within their isotopy classes in such a way 
\hat(p<>pn=pn(S)md(p' °Pn=pn(S')forn=h...,2gywherepl,...,p2g 
is the canonical dissection of the base surface F. By hypothesis there exists 
an isometry; : S -> S' satisfying j(fin(5)) = ft(S'), n = 1 , . . . , 2g. It follows 
that (p~l ° j _ 1 ° <p' is a homeomorphism of F which fixes ft, . . . , P2g point-
wise. Since F - (ft u ... ^P2g) is a disk, Alexander's theorem (Theorem 
A.2) implies that (p~l ° j ~ l ° cp' is isotopic to the identity. Hence, <p' and 
j ° 9> are isotopic and thus (5, p) and (S\ cp') are marking equivalent. This 
proves that # is one-to-one. O 

In Z-V-C [1, 2] it is shown by a direct investigation of the geometry of the 
polygons that 0> has a natural topology in which 0>g is homeomorphic to 
R6g~6. We shall obtain this result indirectly via Theorem 6.7.7 and via the 
following coordinates which are essentially those used in Z-V-C [1,2]. 

6.7.8 Definition. For any ? e ^ with sides bl,...,b2g and interior 
angles £2 , . . . , C2g

 a s above, we define 

Z(/>) = ( ^ , . . . , ^ , f 3 , . . . , ^ , C 3 , . . . , f ? g ) . 

For S e ^ we define /7(5) = Z(TT(S)). Finally we set 

% = {Z(P) | F e 9g } = {77(5) | S G ^ } . 

Z(P) and 77(5) are the sequences of Zieschang-Vogt-Coldewey (Z-V-C) co­
ordinates of P and S. 

The proof that the mapping Z is one-to-one will be given together with the 
proof of Theorem 6.8.13. 

6.7.9 Lemma. The mapping II: STg-^3£gc: R6g~6 is real analytic. 

Proof. We prove this in a particular model STG. We take G such that on the 
base surface F the geodesic y2

 c u t s off a surface Q of signature (1,1) carry­
ing Y\ in the interior. Then we set ySj = yx and let ft be the shortest simple 
closed geodesic in Q which intersects ft in exactly one point p0. (Fig. 6.7.4). 
Since the twist parameter at yx is 0, we have p0 = yl(\) (cf. the discussion at 
the end of Section 3.4). 

Now extend ft, ft to a normal canonical dissection ft, ft, . . . , p2g °f F-
By Corollary 6.3.6, the marking homeomorphism <pm : F -^ Sa, S* e 3~G, 
has the property that (p^ipo) = Yi(Sa)(\ + ax), where co = (€x,..., a3g_3). 
We use the definition of (pw (Definition 6.2.5) to check that ft(Sa) (the 
closed geodesic in the free homotopy class of (pa(p2)) intersects the geodesic 
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Figure 6.7.4 

/31(5<B) = yj» at the point Y\(\ + «i) = <pm(j>o) and, moreover, that (pa{p2) is 
homotopic with fixed base point to p^S®). In the proof of Theorem 6.7.4 
we have shown that under these conditions there exists a 1-homeomorphism 
h-.S^-^S01 fixing P^S*0) pointwise and transforming ^ ( f t ) , . . . , (pa(P2g) 
into the normal canonical dissection pl(SC0),..., p2g(Sa}). By (1) and (8) in 
the proof of Theorem 6.3.5, the lengths of the geodesic loops p^S*0),..., 
P2g(S(°) and the angles they form with y1(5<B) are analytic functions of co. 
Since f3, . . . , £2g are sums and differences of these angles, this proves the 
lemma. o 

The mapping II: 2T —> f£ is in fact a bianalytic diffeomorphism. This will be 
shown in the next section via Bers' coordinates. 

6.8 Fuchsian Groups and Bers' Coordinates 

The coordinates of Bers [1] are adapted to the description of compact Rie-
mann surfaces in the form S = T\H, where T is a Fuchsian group. The aim 
of this section is to prove the real analytic equivalence of Bers' coordinates 
with those of Zieschang-Vogt-Coldewey (Z-V-C) and Fenchel-Nielsen. For 
this purpose we only consider a very restricted type of Fuchsian group. We 
work in the upper half-plane H. Recall that Is+(H) = PSL(2, R). 

6.8.1 Definition. AFuchsian group of genus g is a discrete subgroup r 
c PSL(2, R) for which the quotient T \H is a compact Riemann surface of 
genus g. 
We fix g > 2. "Fuchsian group" is always taken to mean Fuchsian group of 
genus g. 

For any Fuchsian group F we define markings as follows. Since F \ H 
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is a compact Riemann surface, it has normal canonical dissections. Let ply 
p2, ..., p2gbe one. These loops are generators of the fundamental group and 
satisfy the relation 

IlPiv-iPivPil-iP;} = I-
v = l 

Consider the canonical projection H —> T\H (a universal covering) and let 
p e H be an inverse image of the base point p0 of the dissection p{, . . . , p2g. 
For n = 1, . . . , 2g we have geodesic arcs b'n of length €(b'n) = €(pn), which 
are lifts of pn and emanating from/?. Denote by Bn e r the unique element 
which maps p to the endpoint of b'n. Then Bn is the image of Pn under the 
canonical isomorphism of the fundamental group of T\H and T. In particu­
lar, Z?j, . . . , B2g are generators of Fand satisfy the relation 

(6.8.2) TlB^B^B^Bil = 1. 
V = l 

We say that an ordered set Blt..., B2g is a canonical set of generators of r if 
it arises from a construction as above. This definition is convenient for our 
purposes but less satisfactory from the point of view of Fuchsian groups. We 
mention therefore without proof that any ordered set of generators of a 
Fuchsian group of genus g satisfying (6.8.2) is canonical. This follows from 
the Dehn-Nielsen theorem which states that every automorphism of the fun­
damental group of r \ H is induced by a homeomorphism T\H -» F \ H (for 
a proof of this theorem refer to Z-V-C [2] Sections 3.3 and 5.6). 

The following corresponds to the marking of surfaces. 

6.8.3 Definition. A Fuchsian group of genus g together with an ordered 
set (B j , . . . , B2g) of canonical generators is called a marked Fuchsian group. 
Two such groups Tand f" marked with (Blt...t B2g) and (B[, . . . , B2g) are 
called marking equivalent if they are conjugate in Is(H) by an element A sat­
isfying ABnA~l = B„, n = 1 , . . . , 2g. The set of all marking equivalence 
classes of Fuchsian groups of genus g is denoted by & . 

A variant of this definition which amounts to the same would be to call 
marked groups marking equivalent if they are conjugate in Is+(H) = 
PSL(2, R) instead of Is(H), and then to define &g as the identity component 
of the set of all marking equivalence classes (with respect to the natural 
topology). 

We are approaching Bers' coordinates. Recall that e a c h B e T i s a hyper­
bolic transformation which is uniquely determined by its axis (the oriented 
invariant geodesic) and the displacement length (the distance dist(z, Bz) for 
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any point z on the axis). The axis will always be considered oriented with the 
orientation "from z to Bz" for any z on the axis. 

The following is clear (observe that we allow conjugation in Is(H) and not 
just in Is+(H)). 

6.8.4 Lemma. In any marking equivalence class of a Fuchsian group of 
genus g there exists a unique representative Twith canonically generators 
B!,..., B2g such that the following hold. 

(i) The axis ofBx is the imaginary axis oriented from oo to 0. 
(ii) The axis ofB2 intersects the imaginary axis atz- i. 
(iii) The orientation of the axis ofB2 is such that it crosses the imaginary 

axis from % z < 0 to %$z> 0. o 

Canonical generators which satisfy (i) - (iii) of Lemma 6.8.4 will be called 
normal canonical generators. In the following the elements of &g will always 
be represented by a group T and a set of normal canonical generators 
B i , . . . , B2g. By abuse of notation we shall say that T e &g. 

With every generator Bn are associated three real numbers: <7„, Tn and Xn. 
The numbers on and xn are on the extended real line and are the endpoints at 
infinity of the axis of Bn. The notation is such that the axis is oriented from 
on to xn. The number Xn is defined as Xn := e*n, where €n is the displacement 
length of Bn. Observe that ox = oo, TX - 0, <r2 < 0 and T2 > 0. 

Note that for any z e H, B*(z) —> T„ (convergence in C) as k -> oo and 
Bk

n(z) —> <jn as k —> -oo. The points an and rn are called the repulsive and the 
attractive fixed points (at infinity) of Bn, n = 1, . . . , 2g. 

6.8.5 Definition. We let B : &g -> R6g~6 be the mapping which to every 
r e &g (together with the choice of normal canonical generators as above) 
associates the ordered set B(T): = (CT3, . . . , a2g, T3, . . . , T2g, A3, . . . , X2g). 
The range of B is denoted by %g. 

% = { B ( D | r e ^ } . 

B(T) is the sequence ofBers coordinates of T. 

The proof that the mapping B is one-to-one will be given together with the 
proof of Theorem 6.8.13. 

For P G 0*, a marked Fuchsian group TP which has the form as described in 
Lemma 6.8.4 can be constructed in an obvious way: paste the sides of each 
pair bn, bn together as in (6.7.1) to obtain the compact Riemann surface S 
with the corresponding normal canonical generators f5x (S),..., /^(S) of the 
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fundamental group. Then take the unique universal covering 

(6.8.6) h'.U^S 

for which the closed geodesies px (S), p2(S) have lifts px, p2
 w i m t n e follow­

ing properties. 

(i) /?! (S) is the imaginary axis oriented from oo to 0, 
(ii) p2(S) intersects px (S) ati- /, 
(iii) The orientation ofp2(S) is such that it crosses the imaginary axis from 

$jz<0to'Kpz>0. 

We let FP be the covering transformation group with respect to h and let 
5 P . . . , B2g be the generators of FP which correspond to px (S),..., P2g(S) 
under h. 

We then have S = FXH, and the Z^, . . . , B2g are normal canonical genera­
tors arising from pl (S),..., p2g(S) as described a few lines prior to (6.8.2). 

6.8.7 Definition. For f e ^ w e denote by y/(P) e &g the marking equi­
valence class represented by the above FP with the generators Bp ..., B2g. 

6.8.8 Lemma. yr\<3>
g^^g is one-to-one and onto. 

Proof. Let T e 3Pg with generators B{,..., B2g be as in Lemma 6.8.4. For 
n = 1 , . . . , 2g we let b'n be the geodesic arc in H from z = / to Bn(i). On S = 
r\H the images of b[, . . . , b2g form a canonical dissection. Cut S open 
along this dissection to obtain a polygon P e &g (here we are using Corollary 
1.4.3) and check that Tis a conjugate in Is(H) of the above representative rp 
of y/(P). Hence, we see that y/ is onto. Since the sides and angles of P can 
be read off from the geodesic arcs which connect / to Bn(i), n = 1, . . . , 2g, 
y/ is one-to-one. O 

In conjunction with Theorem 6.7.7 we have the following bijective map­
pings, where r denotes (y/° n)~l 

(6.8.9) ^ 4 ^ 4 ®gU STg. 
The mapping T may also be described as follows. Let S = r\H and let 
px (S),..., p2g(S) be the canonical dissection of 5, where Pn(S) is the image 
of b'n as described in the proof of Lemma 6.8.8. The surface S after having 
been cut open along px (S),..., p2g(S) is a topological disk as is the base sur­
face F cut open along the canonical dissection pu . . . , p2g introduced at the 
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beginning of Section 6.7. We have therefore a homeomorphism (p: F -> S 
satisfying (p ° Pn = Pn(S) for n = l , . . . , 2 g . By Alexander's theorem 
(Theorem A.2), the isotopy class of (p is uniquely determined by this condi­
tion, and we can check that indeed (S, cp) = T{F) . 

For better reference we note the following properties of T resulting from 
this description. 

6.8.10 Remark. Let F e 8Pgbe given with normal canonical generators 
Bu . . . , B2g (properties (i) - (iii) of Lemma 6.8.4), and let S = (S, (p) = r(F), 
where the choice of the marking homeomorphism cp in its isotopy class is 
such that (p°P\, . . . , <P°Pig i s a normal canonical dissection (Theorem 
6.7.4), say with base point p. Then S = T \ H . The universal covering map 
H —> F\H maps the axes of Bx and B2 onto <p ° pl and <p ° p2 respectively. 
The natural isomorphism between the fundamental group nx(S,p) and F 
sends (p ° pn to Bn, n = 1 , . . . , 2g. 

6.8.11 Definition. With (6.8.9) and with the mapping B : ^ -> 
R6*"6 as in Definition 6.8.5, we define B - ~~y 

o f S e 2T0. 
T (S) to be the Bers coordinates 

In the next lemma Z : <3>g ->, 
in Definition 6.7.8. 

, c R6g 6 is the Z-V-C coordinate mapping as 

6.8.12 Lemma. There exists a real analytic mapping Y: 3T —> 08 .swc/i 
to£ o ^ = »Fo z . 

Proof. Take ? e ^ with sides &1? b2,bl,h2, . . . , ^ a n ^ angles d , £2> Ci» 
2̂» • • •' £%• Consider the marked Fuchsian group F = y/(P) e ^ marked by 

the generators Bx,..., fi2^ anQt let S = F\H be the corresponding quotient 
surface as above. We want to compute Bl9..., B2g in terms of the coordi-
nates Z(P) = (fr3,..., b2g, f3, . . . , ^ , f 3, . . . , Q . 

Figure 6.8.1 
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For v = 2 , . . . , g the geodesic loops /?2v-i> fiiv o n S which correspond to 
the generators B2v_{, B2v and to the sides b2v_x, b2v have angles &2v_i, $2v 

given by 

( ! ) *2v-l = Clv + Clv-l* ^2v=C2v-l + Civ 

This can be seen in Fig. 6.7.3. For n = 3 , . . . , 2g we let / ^ be the closed 
geodesic in the free homotopy class of pn. Then Pn and p'n bound an annulus 
which is the union of two isometric trirectangles with sides an, \fin, •, \f}' 

I I 
and acute angle ^ between an and 2J3n (lift the curves to H to obtain a con­
figuration as in Fig. 6.3.2 for the proof). In Fig. 6.7.3 we also see that the 
angle Sn between fix and an is given as follows. 

<52v-i =-l-#2v_l+ 2 (& + £*)» 
(2) *=2v-l _ V = 2 , . . . , g , 

^2v = ^2v-l _ 2&v-l ~ 2 ^2v-l • 

Formulae (iii) and (ii) of Theorem 2.3.1 applied to the trirectangles yield 

cosh x€„ = cosh \bn sin ^tf, 
(3) 2 ! i * = 3 , . . . , 2^, 

tanhan = coth 2bn cos 2$n, 

where /„ = /(ftl) is the displacement length of Bn, i.e. 

(4) A„ = ee«. 

Consider now the universal covering h : H —» S as in (6.8.6) and let/?n be 
the axis of Bn. Then /*(/?„) = / ^ , n = 1 , . . . , 2g. We recall that/?! is the imag­
inary axis oriented from oo to 0 and/?2 intersects/^ at z = /. The perpendicu­
lar an from / to fin is a lift of an, n = 3 , . . . , 2g and forms an angle 8n with 
jix (Fig. 6.8.2). Since an arbitrarily small homotopy can remove the intersec-

Figure 6.8.2 
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tion of fix and pn on S (n > 3), Theorem 1.6.7 implies that px and p'n are 
disjoint and therefore/?! and/Jn are disjoint. It follows that the endpoints <jn, 
rn at infinity of pn satisfy an > 0, in > 0. Note that fin is oriented from on to rn 
so that an >xn\in is even and cn <rnifnis odd. 

We are ready to compute <jn and T„, for /i = 3, . . . , 2g. Recall that for 
<5 e R the element #5 e SL(2, R) given by 

R s 
f cos 8/2 sin 8/2 
y-sin 5/2 cos 8/2 

acts on H as a rotation with fixed point / and with angle of rotation 8. If 
a > 0, then the geodesic, with endpoints at infinity -e~a and e~a, intersects 
PY orthogonally at z = / e~a and consequently for n = 3 , . . . , 2g 

(5) on = RSn(ene-°»), Tn = RSn(,-ene-»), 

where en = 1 if n is even and en = -1 if n is odd. Formulae (1) - (5) define a 
real analytic mapping f: ®g -+ R6*"6for some neighborhood <3lg c R6*"6 

which contains $Jg, and where f restricted to £$g satisfies the requirement of 
Lemma 6.8.12. O 

Finally we prove the following theorem in which 0 is defined by the state­
ment of the theorem. 

6.8.13 Theorem. The diagram 

°rg 4 9g -4 9g A ir, 

X, 4 ^ 

w commutative. ££g and £8g are open subsets ofR6g~6and are homeomorphic 
to R6*"6. All mappings are one-to-one and onto. The mappings JJ, *¥ and 6 
are real analytic diffeomorphisms, and 9° f ° TI=id. 

Proof. We first show that B is one-to-one by computing the generators 
Blt..., B2g of r e ^g (in the normal form of Lemma 6.8.4). We compute 
these generators in terms of the Bers coordinates. For this we write each Bn 
as a matrix in SL(2, R). This matrix is determined up to a factor ±1. To make 
it unique we add the additional condition that the trace of the matrix be non-
negative. 

For n = 3 , . . . , 2g we easily check that 
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(1) B„ = 
(*n-°nXK 

\K-On -On*rkK-V> 

J * " l - ^ + T „ J 

For instance, to see that the axis of Bn is indeed oriented from on to xn, we 
compute the derivative/' of the holomorphic function z —»/(z) = Bn(z). We 
obtain/'(o„) = An,/'(T„) = 1I Xn. Since Xn = e€n > 1, <Jn is the repulsive and xn 
the attractive fixed point of Bn. 

For n = 1, 2 the Bn assume the more special forms 

( 1-V2 
(2) Bx = 

X\ 
0 X\ 

0 ^ 
1/2 

£ ? , = 
1 

f -2 

J 
(1 + xL

2)^X2 

T2X2 + 1 T2(A2- 1) 

For n > 3 the components of 5„ are in terms of the Bers coordinates. It suf­
fices therefore to find an expression for B{ and B2 in terms of B3, . . . , B2g. 
Now r is a subgroup of PSL(2, R) whose generators satisfy the relation 
(6.8.2). However, in the present case we interpret Bly..., B2g as elements of 
SL(2, R) and can only say that 

niB2v_uB2v] = J, 
v = l 

where J = e (J J ) with e = ±l. Here [,] again is the commutator 

[A, B] = ABA~lB~l. 

As S varies through STg, the sides and angles of the polygon n(S) and hence 
the components of the generators of \jf°n(S) are continuous functions. The 
same is true for the components of / . It follows that e = eg e {1 , -1} is a 
constant which depends only on the genus. Below we shall prove that sg=l. 
For the present proof the value of e is not important. We abbreviate 

(3) 
- l 

[fl„B2] = < i (n [ f l^ , . f l2 , ] ) " -
v=2 

®i (o2 

co3 co4J 

and compute the components of B1 and B2 in terms of coly..., co4. For this 
we set 

(4) B2 = 
a b 
b d 

where we know from above that b * 0. The commutator becomes 

(5) [BVB2] = 
r\ + b2(i-h 

bd{Xx - 1) 

ab(Trl) 

1 + b\\ - Xx) 
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We now find 

(6) 

A1 = ^ , Z,=fi^4 
co{ - 1 ' \X{ - 1 

XiCdj , Co? a = , , / i s , d = — 

,1/2 

&U-A,)* ^ - 1 ) " 

The relations (1) - (6) define a real analytic mapping A : 08' —> (SL(2, R))2g 

on a neighborhood 08' containing 08g, such that the restriction of A to 08g is 
an inverse of B (B is as in Theorem 6.8.13 and in Definition 6.8.5). 

Setting 0 := T ° B _1, it follows that all mappings in the diagram of Theorem 
6.8.13 are bijections. By the definition of rwe have T ° y/° n = id and there­
fore 0° xFon=id. 

If r is a marked Fuchsian group with generators Bly...y B2g in the normal 
form of Lemma 6.8.4, and if C is any product (= word) of the generators, 
then the closed geodesic y on the surface S = T(.T) = F \ H corresponding to 
C has length 

<f(r) = 2 arccosh{||trCI}. 

If the word C is fixed and the parameters vary through 5#g, then either 
everywhere tr C > 2 or everywhere tr C < -2. Using the mapping A we see 
that €{y) is given by an analytic function which is defined on an open 
neighborhood containing ®}g. Now we take a canonical curve system QGy 
identify 2T with 2TG and apply this remark to the words which define the 
elements of QG. Thus, there exists an open neighborhood 08̂ ' with 08g e 
08J' <z fflg and a real analytic mapping LG : 'ffl —> R9g~9 such that LG(y) = 
£QG{T • £_1(y)) for y e 08,. For 5 = T ° 5_1(y), v e 08,, the Fenchel-Nielsen 
parameters fi)G(S) are now given by coG(r • B~ (y)) = JZG(€QG(S)) = 
i?o(LG(y)), where .#G is the analytic mapping as in Lemma 6.3.4. Hence, 
coG ° T o B_1 : 08̂  —> ^ - 6 -S ^ r e s t r i c t j o n t 0 ^ 0f a n analytic mapping 
defined on 08̂ '. Since <% ° T° ZT1 ° f o 77 = coG, the analytic mappings *F 
(Lemma 6.8.12) and TI (Lemma 6.7.9) are everywhere non-degenerate. 
Therefore, &g c R6*-6 and Mg e R6g~6 are open and f and Tl are analytic 
diffeomorphisms. Theorem 6.8.13 is now proved. O 

If we write the above generators Bn in the form 

B = 
cn dnJ 

then, for n = 3 , . . . , 2g, the components an, cn and dn are analytic functions 
of Xn, Gn and xn given by (1), and we have cn ^ 0. Conversely, the Bers co-
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ordinates are determined by these components via the following equations, 
where we recall that the matrices Bn have positive traces for n = 1 , . . . , 2g. 

(6.8.14) 
Xf =1-(an + dn + ^(an + dn)2-4) 

xn = \{X^-dn\ on = hKm-dn). 
/i = 3 , . . . .2$, 

The coordinates (a3, c3, d3> . . . , a2g, c2g, d2g) are therefore real analytically 
equivalent to the Bers coordinates. They are called the Fricke coordinates of 
the Fuchsian group with generators Bv . . . , B2g. 

We conclude the section with a remark about the defining relation (6.8.2) 
for the case that the Bn are elements of SL(2, R) and not of PSL(2, R) as in 
(6.8.2). For this remark we also refer to Seppala-Sorvali [3] and Kra [1]. 

6.8.15 Lemma. Let Bly . . . , B2g e SL(2, R) represent canonical genera­
tors of a Fuchsian group of genus g. Then 

II[*2*-l.S2v] = 
v = l .0 1 

Proof. (Sketch). Let Toe the Fuchsian group, let S = T \H and let px, . . . , 
P2g be a canonical dissection of S corresponding to the generators of r which 
are represented by Bx, . . . , B2g. From the intersection properties of the 
curves in the dissection (cf. Fig. 6.7.2) we have the following. If we let the 
closed curves px, . . . , p2g and [px, p2],..., [p2g_x, P2g] vary through their 
free homotopy classes, we get simple closed geodesies p{, . . . , p2g, r?j, 773, 
?75, . . . , ri2g_l with the following properties (cf. Fig. 6.8.3 in which k stands 
for v). 

The g geodesies 77̂  773, . . . , rj2g_{ cut away hyperbolic surfaces Q{, Q3, 
. . . , Q2g-\ of signature (1,1) which are pairwise disjoint except for g = 2, 
where Qx and Q3 meet each other along their boundaries. For v = 1, . . . , g, 

/ * 2 * - l /X2fc + 1 

Figure 6.8.3 
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the closed geodesies /?2v,_i and p2v are contained in Q2v-\ and intersect each 
other in exactly one point (Fig. 6.8.3). We make two claims. 

(a) 

(b) 

tr[52 v_1 , JB2 v]<-2, v = l , . . . , # , 
k 

\xI\[B2v^B2v\<-2, * = 1 , . . . , £ - 1 . 
v = l 

Since Bx>..., B2g represent canonical generators we have 

n[£ 2 v- i>S 2 v ] = eilB^B^])-1, 
v = l 

where e = ±1. By (a) and (b), the matrices on either side have negative trace, 
hence, e = 1. The lemma is thus reduced to the proof of (a) and (b). 

To prove (a) we may restrict ourselves to v = 1 (the generators need not be 
normal so that we may use cyclic permutation). Conjugate the group in 
SL(2, R) such that up to a factor ±1 (which will drop out), Bx and B2 assume 
the form (6.8.13(2)) with Xx > 1 and X2 >1. In contrast to Lemma 6.8.4(iii), 
the axis of B2 may now cross the imaginary axis from %z > 0 to %ez < 0 
because presently we only allow conjugation in Is+(H); this will, however, 
not affect the arguments. By (6.8.13(5)), tr [B{, B2] < 2. But [Blt B2] 
represents a hyperbolic transformation, i.e. one with I trace I > 2. Hence, 
t r [ B 1 , 5 2 ] < - 2 . 

Statement (b) is proved by induction. Assume that it holds for k < g - 2. 
The closed geodesic \i2k _ {in the free homotopy class of 

k 

m 2k-1 :=IIW2v-i.J&2v] 
corresponds to 

v=l 

^2*-i := U[B2v_uB2v]. 
v = l V = l 

The geodesies ji2k_i and rj2k+l are boundary geodesies with positive bound-

p— 

02*-l 
Q2k + l 

0 1 T 

Figure 6.8.4 
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ary orientation of an embedded pair of pants Y. 
This time we conjugate the groups in SL(2, R) such that the axes /%-i 

and fi2k+i ofM2k_Y and [B2k+U B2k+2] are oriented from oo to 0 and from o = 
1 to T > 1 or from a = -1 to T < - 1 , as shown in Fig. 6.8.4. Let X and X' 
denote the displacement lengths of M2k_l and [B2k+l, B 2k+2] or, equiva-
lently, the lengths of the closed geodesies n2k_x and T}2k+l. Since the matrices 
M2k_x and [B2k+l, B2k+2] have traces of the same sign, we compute the 
productM2jt+1 = M2k_x[B2k+v B2k+2] with (6.8.13(2)) and (6.8.13(1)) and 
obtain 

(c) trM2,+1 = \ (\T\(X' + X)-1-XX'). 
( | T | - 1)VAA 

To avoid lengthy computations we determine the sign of this trace by a conti­
nuity argument. Deform the 7-piece Y continuously such that X and X' are 
increasing and such that dist(//2jt- I» ̂ ik+i) ls kept fixed. Then |T| in (c) is 
fixed and M2k+l represents a hyperbolic transformation for all A, X' in this 
deformation. Hence, either tiM2k+l > 2 is always true or tiM2k+l < -2 is 
always true. But for large X and X' the trace is negative. This proves (b). o 



Chapter 7 

The Spectrum of the Laplacian 

This chapter gives a self-contained introduction into the Laplacian of compact 
Riemann surfaces. We prove the spectral theorem using the heat kernel which 
is given explicitly in Section 7.4 for the hyperbolic plane and in Section 7.5 
for the compact quotients. As a tool we use the Abel transform which is 
introduced in Section 7.3. This transform will again show up in Chapter 9 in 
connection with Selberg's trace formula. 

7.1 Introduction 

We give a brief overview, with some history, of those topics in the spectral 
geometry of Riemann surfaces which will be covered in this book. Introduc­
tory texts for the Laplacian on Riemannian manifolds are Berard [1], Berger-
Gauduchon-Mazet [1] and Chavel [1]. A general overview of the Laplacian 
may be found in Simon-Wissner [1]. The articles by Elstrodt [2] and Venkov 
[1] give a detailed overview of the Laplacian on Riemann surfaces in connec­
tion with Selberg's trace formula. The article by Berard [2] collects the 
developments in isospectrality up to 1989. 

Originally, the Laplacian has been studied in mathematical physics in con­
nection with the wave and the heat equations. See, for instance, Lagrange 
[1], Laplace [1], and Rayleigh [1] for the forerunners. One of the earliest 
spectral results which shows the interplay between the eigenvalues of the 
Laplacian and the geometry of the underlying domain is Weyl's asymptotic 
law [1,2] of 1911: 

(7.1.1) A f 2 ( M ) ~ * ; 

P. Buser, Geometry and Spectra of Compact Riemann Surfaces, Modern Birkhäuser Classics, 182 
DOI 10.1007/978-0-8176-4992-0_7, © Springer Science+Business Media, LLC 2011 © Springer Science+Business Media, LLC 2010
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Here Xk(M) is the £-th eigenvalue of the Laplacian on a compact domain 
M <z Rm with respect to Dirichlet boundary conditions; cm is a dimension 
constant and ~ denotes asymptotic equality as k —> oo. Up to the year 1949 
the spectrum of the Laplacian was studied mainly on domains in Euclidean 
space. In 1949 Minakshisundaram and Pleijel [1] published a fundamental 
article in which they gave a proof of the spectral theorem (Theorem 7.2.6) for 
an arbitrary compact Riemannian manifold M. Using the zeta function 

00 

(7.1.2) Z(s) = E^7(M), s eC 
k=i 

(with real part %ts sufficiently large), they proved Weyl's law (7.1.1) for 
compact manifolds. They also showed that Z(s) has an analytic continuation 
in the entire complex plane, thereby introducing methods from analytic num­
ber theory into Riemannian geometry. In the same year MaaB [1] introduced 
certain automorphic eigenfunctions of the Laplacian for Fuchsian groups of 
the first kind in connection with Dirichlet series and Siegel modular forms. 
The articles of Minakshisundaram-Pleijel and MaaB may be considered as the 
initiators of the "modern" spectral geometry of manifolds. 

In 1954 Roelcke [1] proved general existence theorems for eigenfunctions 
and eigenpackets for Fuchsian groups of the first kind (this work was later 
continued in Elstrodt [1]). In the same year Huber [1] used the eigenfunction 
expansion of a new kind of Dirichlet series in order to study the asymptotic 
distribution of lattice points in the hyperbolic plane. At the same time Selberg 
[1, 2] undertook his investigations in harmonic analysis and found the 
celebrated Selberg trace formula (Section 9.5). 

Huber [2] introduced a new geometric quantity, the length spectrum which 
is the sequence of the lengths of the closed geodesies listed in ascending 
order (cf. Definitions 9.2.8 and 10.1.1). He proved that for compact 
Riemann surfaces the length spectrum and the eigenvalue spectrum are 
equivalent geometric quantities. This result is also a consequence of 
Selberg's trace formula, and we shall give a proof in Section 9.2 which lies 
somewhere between Huber's and Selberg's methods. 

Since a finite set of the lengths (for instance those belonging to a canonical 
curve system) determine the Riemann surface up to isometry, it looks plau­
sible that compact Riemann surfaces which are isospectral, i.e. which have 
the same spectrum, are isometric. This was conjectured by Gel'fand [1] in 
1962. As a first step toward the conjecture, Gel'fand proved in [1] that con­
tinuous isospectral deformations cannot occur. On the other hand, Milnor [1] 
in 1964 gave examples of 16-dimensional isospectral non-isometric flat tori. 
Beyond this, little progress was made on behalf of the Laplacian on mani­
folds until the lecture notes of Berger-Gauduchon-Mazet [1] appeared in 
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1971, greatly influencing the interest in the Laplacian. (The comprehensive 
reference list of Berard-Berger [1] contains about 40 titles before 1970 and 
about 750 titles between 1970 and 1982.) 

In 1972 McKean [1] showed that the cardinality of a set of isospectral non-
isometric compact Riemann surfaces is always finite. We shall give an upper 
bound on this cardinality in Chapter 13. This bound depends only on the 
genus. In 1977 Wolpert [1,3] proved that for a generic surface in the moduli 
space of genus g Gel'fand's conjecture is true, the possible exceptional 
surfaces being contained in a proper real analytic subvariety Tg. At about the 
same time Marie France Vigneras [1, 2, 3] found examples showing that 
Yg * 0 for infinitely many values of g. Vigneras' examples are modelled over 
quaternion algebras and are not easy to describe geometrically. 

In 1985 Sunada [3] discovered a general way of constructing pairs of iso­
spectral non-isometric Riemannian manifolds. His method gave access to a 
more systematic investigation of the phenomenon of isospectrality. We shall 
discuss Sunada's method in detail in Chapter 11. In Chapter 12 we shall 
follow Brooks [1], Brooks-Tse [1] and some of our own work (Buser [8]) to 
show that V has positive dimension for any g > 4. 

In the next sections we shall introduce the Laplacian in a fairly self-con­
tained manner. The trace formula techniques and the connection with the 
length spectrum will follow in Chapter 9. 

7.2 The Spectrum and the Heat Equation 

Let M be an arbitrary complete m-dimensional Riemannian manifold. The 
Laplace-Beltrami operator A = - div grad has the coordinate expression 

(7.2.1) /i« = 4 ^ d:(gjkJ-gdku), JIG C°°(Af), 

where d} denotes the partial differentiation with respect to they-th coordinate; 
g - det(g;y) is the determinant of the metric tensor, where the gVj are the com­
ponents of the metric tensor with respect to the local coordinates and the g}k 

are the components of the inverse tensor. A direct though tedious computa­
tion shows that (7.2.1) is invariant under a parameter change so that we may 
consider (7.2.1) as a definition of the Laplacian. At the same time this shows 
that A is an isometry invariant. 

From Berger-Gauduchon-Mazet [1], p. 126/127 we obtain the following 
geometric definition of A. Let p G M and consider m unit speed geodesies 
xt h-» YiiXt), x{ G ]-£, e[ satisfying 7f(0) = / ? , / = 1, . . . , m, which are 
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pairwise orthogonal at p. Abbreviate u(Yi(Xi)) =: u{xt). Then A has the form 
m <L 

1 = 1 dXi 

Our goal is the spectral theorem Theorem 7.2.6 below which we shall 
approach following Dodziuk [1]. The particular advantage of this approach is 
that it yields at the same time part of Huber's theorem (Section 9.2). 

We first give an overview. The proof of the spectral theorem is based on 
the heat equation. In the case of a Riemann surface the fundamental solution 
of the heat equation, the so called heat kernel, will be given explicitly in 
Sections 7.4 and 7.5. For the existence proof for general Riemannian mani­
folds we refer to either Berard [1], Berger-Gauduchon-Mazet [1] or Chavel 
[1]. With the heat kernel 

p = p(x, y, 0 

a family of integral operators fPp t > 0, is defined which has the semi-group 
property <Ss

(£t = (Ps+t. The Hilbert-Schmidt theorem provides a complete or-
thonormal sequence of eigenfunctions in the L2-space for each (Pt, and the 
semi-group property then implies that all !Pt have the same eigenspaces. 
Finally we shall prove that these eigenspaces are also the eigenspaces of the 
Laplacian. An additional advantage of this approach is that the eigenfunctions 
are easily seen to be of class C00, and we do not have to refer to the regularity 
theorems for elliptic operators. 

The function space in question is the Hilbert space L2(M) of square inte-
grable functions / : M —» R on the compact connected unbordered Rie­
mannian manifold M with inner product 

/>*>-> \fgdM, f,geL2(M), 

where dM is the volume element. The amount of Riemannian geometry 
needed here is small and is essentially reduced to the notion of the gradient, 
the definition of the Laplacian and Green's formula. Greens's formula is 

(7.2.2) \fAgdM= I < grad/, grad£ > dM, 

where grad is the gradient vectorfield and ( . , . ) is the metric tensor. 

7.2.3 Definition. Let A and B be smooth manifolds and let F = R or F = 
C. We denote by Ca{A, B; F) the set of all functions/: AxB^F whose 
mixed partial derivatives up to € times with respect to A and up to k times 
with respect to B exist and are continuous onAxB. 
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7.2.4 Definition. Let M be any connected unbordered Riemannian mani­
fold (M need not be complete in this definition). A continuous function p -
p(x, y,t) : Af x M x ]0, oo [ -> R is called a, fundamental solution to the heat 
equation on M if it belongs to C2,l(M x M, ]0, oo [; R) and satisfies the 
following conditions. 

(ii) p(x, y, 0 = p(y, x, t) 

(iii) lim I p(x, y, t)f(y) dM(y) = f(x). 

Here Ax is the Laplacian with respect to the first argument of/?, and the con­
vergence in (iii) is locally uniform in x for every continuous function/with 
compact support on M. 

We remark that condition (ii) can be concluded from the remaining conditions 
by Duhamel's principle (Chavel [1], p. 137). We also remark that for non-
compact M, a fundamental solution, should it exist, need not be unique 
unless suitable boundary conditions are given. 

The following theorem will be proved for compact Riemann surfaces by 
giving an explicit formula in Theorem 7.4.1 and Theorem 7.5.11. For the 
proof in the general case we refer to Berard [1] or Chavel [1]. 

7.2.5 Theorem. Let M be any m-dimensional compact connected Rieman­
nian manifold without boundary. Then M has a unique fundamental solution 
pM of the heat equation. The function pM belongs toC"(MxMx]0,oo[). 
For 0<t< l,pM has the following bounds, where the constant cM depends 
on M. 

0<pM(x,y,t)<cMfm/2. 

The unique solution pM = pM(x, y, t) is called the heat kernel of M. Although 
we do not need this in this book, we remark that the inequality in the preced­
ing theorem has a stronger version. In fact, pM has the asymptotic expansion 
of Minakshisundaram-Pleijel 

PM(X> y, t) ~ (Antyml2e-'2l\u0 + ult+...) 

(t -l 0), where r = dist(*, y) and the uk are smooth functions o n M x M . 
(Minakshisundaram-Pleijel [1] or Berger-Gauduchon-Mazet [1, p. 204].) 
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7.2.6 Theorem. (Spectral theorem). Let M be a compact connected Rie-
mannian manifold without boundary. The eigenvalue problem 

A(p = X(p 

has a complete orthonormal system of C°°-eige nf unctions <p0, (pu . . . in 
L2(M) with corresponding eigenvalues A0, Xl, . . . . These have the following 
properties. 

(i) 0 = X0 < Xx < X2 ^ .. •, Xn —> oo as n —> oo . 
00 

(ii) pM(x, y, t) = Z^V„W^„(y). 

where the series converges uniformly on Mx Mfor each t>0. 

There is, of course, also a version for manifolds with boundary. For the 
proof of Theorem 7.2.6 we use two theorems from the analysis of integral 
operators: the Hilbert-Schmidt theorem and Mercer's theorem. For the proofs 
of these theorems we refer to Jorgens [1], p. 78 and p. 123. We remark that 
the proofs in Riesz-Nagy [1], paragraph 97, given for domains in R" are 
easily translated to manifolds. The theorems are the following. 

7.2.7 Theorem. (Hilbert-Schmidt theorem). Let M be a compact connect­
ed Riemannian manifold and let % be the integral operator defined by 

%[f](x) = K(x,y)f(y)dM(y), f e L\M), 
JM 

where K : MxM —> R /s a continuous function which is symmetric: K(x, y) 
= K(y, x). Then the eigenvalue problem %i[(p] = riyhas a complete ortho-
normal system of eige nf unctions (p0, cpx, . . . in L2(M) with corresponding 
eigenvalues ri0,ril, ... , where r\n —> 0 as n —> oo. The kernel K has the fol­
lowing expansion in the L2-sense: 

00 

K(x,y) =Hrin(pn(x)(pn(y). 
n=0 

7.2.8 Theorem. (Mercer's theorem). Let M, K and %be as in Theorem 
1.2.1. Assume in addition that almost all eigenvalues ri0, r]ly ... are non-
negative. Then K has the expansion 

00 

K(x,y) =E^<PnW<P„(y), 
n=0 

where the convergence of the series is uniform on MxM. 
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We now start with the proof of Theorem 7.2.6 following Chavel [1] and 
Dodziuk [1]. In the remainder of this section M will always be a compact 
connected Riemannian manifold without boundary. 

7.2.9 Definition. Let/ : M —» R be a continuous function. A continuous 
function u = u(x, t): M x [0, oo[ —> R is called a solution of the heat equa­
tion for the initial condition u(x, 0) =/(*), if u e C2,1(M, ]0, oo[; R) (cf. 
Definition 7.2.3), and if u satisfies the heat equation 

(i) Tt=~Au 

with respect to the initial conditions 

(ii) M(JC, 0) = f(x), for all x e M. 

(A is with respect to the first variable.) 
Note that in contrast to the fundamental solution to the heat equation, 

u(x, t) must be defined for t = 0. 

7.2.10 Lemma. Let p =p(x,y, i) be a fundamental solution to the heat 
equation on M and letf: M —> R be a continuous function. The function 

u(x, t) := p(x, v, f)/(y) dM(y), t > 0 
JM 

has a continuous extension to t = 0, and this extended function is a solution 
to the heat equation for the initial condition u(x, 0) =f(x). 

Proof. The continuous extension to t = 0 is due to the continuity of/and to 
condition (iii) in Definition 7.2.4, where the convergence is uniform on com­
pact sets. Since M is compact and since the partial derivatives are continuous 
functions on M x M x ]0, oo [, the operators Ax and d/dt pass under the inte­
gration sign. The lemma follows. O 

7.2.11 Lemma. The solution to the heat equation given by Lemma 7.2.10 
is unique and has the following properties 

4: \ u dM = 0 , 4: w2 dM < 0, t > 0. dtJM dtJM 

Proof. Let u be any solution. Then for t > 0 by Green's formula 

dt 
J udM = J ^jdM = - J AudM = 0. 
'M "M "M 
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Similarly we have 

^ \ u2 dM = - 2 \ u Au dM = - 2 < grad w, gradw > dM < 0. 
'M 'M 'M 

Now let Wj, w2 be two solutions and set v = ux - u2. Then v is a solution of 
the heat equation with initial condition v(x, 0) = 0. Since is contin­
uous on [0, oo [ and monotone decreasing on ]0, oo [, we have v = 0. O 

7.2.12 Remark. The preceding lemmata yield the uniqueness of the fun­
damental solution of the heat equation on a compact manifold. 

Proof. Let q = q(x, y, t) be another solution. L e t / b e any continuous func­
tion on M. Then by Lemma 7.2.10 and Lemma 7.2.11 

f P(x, y, 0/00 dM(y) = ] q(x, y, t)f(y) dM(y) 

for all t > 0. Therefore 

l (p ~ q)(x, y, t)f(y) dM(y) s 0 on M x ]0, a>[ 
M 

for any/. Hence, p = q. o 

In the following, p = p(x, y, t) = pM(x, y, t) will always denote the heat 
kernel of M. 

7.2.13 Lemma. p(x, y, t) dM(y) = 1. 

Proof. Apply Lemma 7.2.10 to the constant function/(y) = 1. Observe that 
/ i s a solution of the heat equation and apply the uniqueness given by Lemma 
7.2.11. O 

7.2.14 Definition. For every / e L2(M) and for every t > 0, we define 

#,[/](*) = P(x, y, t)f(y) dM(y), xeM. 
JM 

7.2.15 Lemma. Each (£t is a compact positive self-adjoint operator. For 
any fe L2(M)y we have $t[f] e C*(M). 
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Proof. Since M is compact and since the partial derivatives are continuous in 
y, the derivations pass under the integration sign. Together with the smooth­
ness of p, this proves the second statement. For the first statement we note 
that the operator fP, has a continuous kernel on the compact manifold and is 
therefore compact. Since p is a symmetric kernel, % is self-adjoint. That &t is 
positive will be proved after the next lemma. 

7.2.16 Lemma. For s>0 and t>0we have the semi group property 

In particular, 2S ° <Pt = % ° T5. 

Proof. (PS ° (Pt and &s+t are continuous operators, and C°(M) is dense in 
L2(M). It suffices therefore to prove that 

for any continuous function/. Now, for fixed t > 0 the function 

x,s^v(x,s) := Q+if'Kx) 
is a solution of the heat equation with initial condition v(x, 0) = !Pt[f](x) 
(Lemma 7.2.10), and the same is true for the function 

x,s\^w(x,s) := &s[(Pt[f]](x). 

Since &t[f] is a continuous function (first part of Lemma 7.2.15), it follows 
from Lemma 7.2.11 that v = w. O 

We now prove that Tt is a positive operator. By the above, t£t = fP,/2 ° &t/2 
and therefore, since Tta is self-adjoint, we have that 

for all/eL2(M). 

<Pt[f]fdM = (<Pt/2[f]YdM>0 
M JM 

7.2.17 Lemma. For any f e L2(M) we have, in the L2-sense, 

lim <Pt[f] = / 
tio 

Proof. First let/be a continuous function. The function &t[f] is a solution 

of the heat equation so that by Lemma 7.2.11, —1| &t[f] \\ < 0, where 



\\u\\ = (j u'dM)' 
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.1/2 
iLdM> 

for u G L2(M). S ince / i s continuous, lim &t[f] = f uniformly on M (cf. 
tio 

Definition 7.2.4). Hence, || !Pt[f] \\ < \\f\\. Since C°(M) is dense in L2(M) and 
since p(x, y, t) is continuous, we have 

| | ^ [ / ] | | < ll/H for a l l / e L 2 ( M ) . 

Since C°(M) is dense in L2(M), the lemma follows. O 

After these preparations we apply the Hilbert-Schmidt theorem to each of the 
operators ¥t. We begin with t=\ and let 

< p 0 , (p{, <jE>2, . . . 

be a complete orthonormal system in L2(M) consisting of eigenfunctions of 
Tx with corresponding eigenvalues 

7]0, 77b 772, . . . > 0; iij -> 0 a s ; -^ oo. 

We claim that the <pj are the eigenfunctions of any other <£v For this we first 
let t = Ilk with k e N - {0}. If <p is an eigenfunction of <Pllk with eigen­
value fi, then, since £PX = ((Pi/k)k, (p is an eigenfunction of Tx with eigenvalue 
it. It follows from the completeness of the system of eigenfunctions of fP1/jt 

that Txjk has the same orthogonal system of eigenspaces as Tx so that the se­
quence (p0, (px, (p2, ... is a complete orthonormal system of eigenfunctions 
of Pl/k. The eigenvalues of ^Pl/k are 77^, r)\lk, ii\/k, . . . . By Lemma 7.2.16, 
the (pj are eigenfunctions of (Pt with eigenvalues 77■ for all positive rational t. 
By the continuity of the function p(x, v, t) we have 

¥l<Pj\ = 1j<Pj> 7 = 0 , 1 , 2 , . . . , 

for all t > 0. By Lemma 7.2.17, lim &t[<pj] = (pj, so that ri- -^ 1 as t i 0. We 
find that ti0 

11 j > 0 for all j . 

Lemma 7.2.15 implies that 

(PjE C°°(M) for all; . 

By the compactness of <£x all eigenspaces are now finite dimensional. We 
may therefore assume that the eigenvalues are arranged in decreasing order. 
We claim that 
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1 = 770 > 77J > r72 > . . . > 0 . 

By Lemma 7.2.13 we know that 1 is an eigenvalue for the constant function. 
Now let (pj be a non-constant eigenfunction of 2^. The argument in the proof 
of Lemma 7.2.11 can be improved as follows. 

ft\\¥t[(Pj] ||2 = -2 f ( grad <Pt[<pj\ , grad Pt[<Pj] )dM 

= -2t]f ( grad «joy, grad q>j )<M < 0. 

Here we have used that r̂  > 0. It follows that ||!?,[ (pj] \\ < || [ <pj\ || and therefore 
r\) < 1. This proves the above claim. 

To prove Theorem 7.2.6 we let 

Xj = -logrij, j = 0, 1,2,... . 

From the equation 

0 = AVt[<Pj] +JiVtl<Pj] 
= e~aKA<Pj - Xjcpp 

we see that the (p} are eigenfunctions of the Laplacian, and the properties of 
the rij correspond to the properties (i) in the theorem. Statement (ii) follows 
from Mercer's theorem applied to the compact positive operator (£v o 

In the proof of the prime number theorem in Section 9.4 we need the follow­
ing improvement of (ii) in Theorem 7.2.6, where {<pn }̂ °=0 is again a complete 
orthonormal sequence of eigenfunctions of the Laplacian on the compact Rie-
mannian manifold M and 0 = A0 < Xx < X2 ^ ... is the corresponding 
sequence of eigenvalues. 

7.2.18 Theorem. Let m be the dimension of M. For any o > ml2, the 
series 

00 

I,X-°(pn(x)<pn(y) 
n=l 

converges absolutely and uniformly onMxM. 

Proof. We follow Minakshisundaram-Pleijel [1], p. 322. In order to go 
from e~Xnt to X~n° we multiply e~Xnt with ta~l and integrate. From the integral 
representation of the Gamma function, then, for o > 1 
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/• 00 

ta-Vkntdt = r{o)x-n
a. 

Thus we consider the % as the eigenfunctions of a new integral operator with 
kernel Ga 

p 00 

Ga(x, y) = (p(x, y, t) - voV\M)) t°-ldt 

To see that Ga is well defined and continuous onMxM, we first observe 
that for any o > 1, we find an integer n(o) such that for all n > n(o) and for 
alleeJO, U 

r e-knt ta-\df < e-Xne _ 

From the expansion 
00 

p(x,y, t)-vo\-\M) = 2e-A"V„(*)<P„(}0> 

we see therefore that for all e > 0 the function 
/•OO 

Gaie(x, y) := (p(x, y, t) - vo\-\M))t°~l dt 

is well defined, continuous onMxM and satisfies 
lim GtrE(x,y)<pn(y)dM<yy=r(o)A-°<pn(x) 

pointwise i n x e M , for any n>\. 
On the other hand we have p(x, y, t) < cMt~m/2 for t < 1 (cf. Theorem 

7.2.5) so that for all 8 e ]0, e[ 

\p(x,y,t)t°->dt<^2 pa-ml2 

This shows that Ga(x, y) is well defined on M x M x ] 1, oo [ and that Ga 
converges to Ga uniformly o n M x M a s s l O . Hence, 

M 
Ga(x,y)cpn(y)dM(y) = r(a)X-°<pn(x). 

That is, the <plt (p2, . . . are the eigenfunctions with the positive eigenvalues 
r(<r) X~n

a of the compact integral operator whose kernel is Ga. Mercer's theo­
rem now implies that 
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00 

Gjixty) = r(cr)X^>„W^(y) 
n=l 

with uniform convergence of the series o n M x M . This proves Theorem 
7.2.18. O 

7.3 The Abel Transform 

The next two sections are from private lectures by Philippe Anker in 
Lausanne. In the present section we give a self-contained introduction to the 
Abel transformation. In Section 7.4 this transformation will be used to com­
pute an explicit fundamental solution of the heat equation in H. The Abel 
transform will show up again in Section 9.2 in connection with Huber's 
theorem and in Section 9.5 in connection with Selberg's trace formula. A 
geometric motivation for this transformation will be given at the beginning of 
the next section, where we shall transform radial functions into functions 
which are constant along horocycles. For a more detailed account of the Abel 
transformation and its applications to harmonic analysis on symmetric spaces 
we refer to Anker [1] and Koornwinder [1]. 

7.3.1 Definition. (Abel transform I). For any continuous function 
/ : [ 1, oo [ -» R with the property that 1/(01 < c r e~ m for some e > 0 and 
some constant c, the Abel transform A{[f] is defined by 

/•OO 

A{[f] (x) = - L -£&Ldy, * G [ 1 , O O [ . 
in Jx iy-x 

The Abel transform is more interesting if more regularity is required for/. 
For instance, i f / i s of class C1 and if the derivative o f / i s bounded above by 
| / ' ( 0 l ^ C r5'312 for some S> 0 and some constant c\ then we may 
substitute 

t - y - x 
and integrate by parts to obtain 

(7.3.2) Ax[f]{x) = -2= f <tf\x + t) dt. 
in J0 

In this form the Abel transform looks less singular. We now restrict our­
selves to the Schwartz space. 
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7.3.3 Definition. The Schwartz space Vx = 5^([ 1, oo[) is defined as the 
set of all functions/ e C°°([ 1, oo [) such that for any m, n e N u { 0} the 
function t H> tm Dnf(f) is bounded on [ 1, oo [. 

In this definition D° denotes the identity operator and Dn is the n-th derivative 
forrc = 1,2,... . 

7.3.4 Theorem. Ax : tfx —> Sfx is one-to-one and onto. The inverse of Ax 
is given by 

/♦OO 

A-Ag](y) = =L ptdx. 
Proof. We work with (7.3.2). We first observe that for all m e N the func­
tion x >-> xmAl[f](x) is bounded. We also see that Ax[f] has a derivative and 
that 

(7.3.5) DAx[f] = Ax[Df]-

It now follows by induction that Ax[f] e C°°([ 1, oo [). Hence, At : #\ -> ^ 
Since D : 5^ -> #\, the operator Ax:= -AXD is well defined and maps $fx 

to Sfv For g e Vx we compute 
/•OO /»00 

A ^ K * ) = - ^ J J DsCzXz-yr^O'-jcr^dzrfy 

,•00 ^ Z 
= " F J J^(Z)(Z-V)-1/2(V-JC)-1/2^V^. 

X X 

The inner integral of the second equation equals 

Dg(z)\ (z-yTm(y-xymdy = Dg{z)\ (1 - tym t~m dt = nDg(z). 
Jx J0 

Since g(z) -^ 0 as z -^ oo, A ̂  [£](*) = g(x) so that A ^ = /d. By (7.3.5) 
we also have AXAX = -AXDAX = -AXAXD = AXAX = id. This proves the 
theorem. O 

Later, the Abel transform will show up under a parameter change of type x = 
cosh r. We shall therefore rewrite the transform in terms of the new variables. 
In the next definition, a smooth function defined on [0, oo[ is called even if it 
is the restriction to [0, oo[ of a smooth even function. 

7.3.6 Definition. The modified Schwartz space tf is defined as the set of 
all even functions F e C°°([0, oo [) such that for all m, n e N u {0} the 
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function r H> emrDnF(r) is bounded. 

Since the hyperbolic cosine is an even function which grows as \er, we 
obtain the following. 

7.3.7 Lemma. The mapping M : &x —» tf defined by M[f](r) =f(coshr) 
is one-to-one and onto. 

Proof. This follows from elementary considerations. For instance, to prove 
the smoothness of M~\F ] at t = 1, observe that at r - 0 we may write F(r) = 
G(r2), where G is a smooth function in a neighborhood of 0. Similarly, we 
may write coshr = /z(r2), where h has a smooth inverse h~l. Now F(r) = 
G(/z_1(coshr)), etc. o 

7.3.8 Definition. (Abel transform II). For F e Sf or, more generally, for 
any F with growth of order 0(e~p(1 + 5)) for some 8> 0 as p -> oo, we set 

A[F]W = ̂ f V ^ M " " F . dp. F(p) sinh p 
i coshp- coshr 

It is easy to check that MAX - AM or, since M is one-to-one and onto, 

(7.3.9) A = MAXM'\ 

From Theorem 7.3.4 we obtain therefore the following. 

7.3.10 Theorem. A : S?-* $f is one-to-one and onto. The inverse of A is 
given by 

«-i r™^ "I f~ DG(r) A-l[G](p) = - ^ ^ v / rfr. O 
V?r p̂ V coshr- coshp 

To demonstrate the smoothness of the heat kernel on H, we shall have to 
consider two variables. For this we let / be any open interval in R (or, more 
generally, an open subset of some R*) and define 

^ = [f=f(x, T) e C°°([l, oo [ xl) | /( , T) e ^ for any T e / } 

(7.3.11) 

y 7 = {F = F(r, T) e C°°([0, oo[ x /) | F( , T) e ^for any T e / }. 

7.3.12 Lemma. The mapping M : Sf{ -> tf1 defined by the equation 
M[/]0% T) =/(coshr, T), W one-to-one and onto. 
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Proof. Clearly, M is one-to-one and M{Hf{) c Sf1. The inverse mapping is 
given by M~l[F](x, T) = F(arccoshx, T). This function has the required 
decay conditions and is smooth on ] 1, oo[ x /. The only point to check is 
therefore the smoothness at x = 1. For this we first see from the power series 
expansion of the hyperbolic cosine function that the function 

Z B W = cosh(V^) 

is holomorphic for z e C with non-vanishing derivative at z = 0. There exists 
therefore a holomorphic inverse in a neighborhood U of w = 1. On 
U n [1, oo [ this inverse coincides with (arccoshw)2. Hence, the function 
x h-> (arccoshx)2 is C°° at x = 1. Since F( , T) is an even function for each T, 
we see from the Taylor formula that there exists a function G e C°°(R x /) 
satisfying F(r, T) = G{r2, T). Hence, M~l[F](x, T) = G((arccoshx)2, T) SO 
thatM~\F] is smooth atx= 1. O 

The Abel transformation may, without modification, be applied to functions 
of $f{ and y 7 respectively. From (7.3.2) and from the rapid decay which 
allows us to pass all derivations under the integration sign, we see that Al : 
Ŝ 7 —> y[ is one-to-one and onto. In conjunction with (7.3.9) and Lemma 
7.3.12 we have therefore the following theorem. 

7.3.13 Theorem. A : Sf1-^ Sf1 is one-to-one and onto. o 

7.4 The Heat Kernel of the Hyperbolic Plane 

Our next goal is an explicit formula for the heat kernel in the hyperbolic 
plane. This formula will yield half of the trace formula (9.2.11) needed to 
prove Huber's theorem in Section 9.2. It will also allow us to obtain the heat 
kernel of a compact quotient T \H simply by summing over the action of r 
(cf. Section 7.5). For an account of the heat kernel of hyperbolic spaces we 
also refer to the book of Davies [1]. The formula is as follows. 

7.4.1 Theorem. The function pK : H x H x ] 0 , oo[—>R given by 

< A V2 _UA r re-** 
pu(z, w, t) = ——TTT e m , dr 

H (Ant)m J ^ ^ Vcosh r-cosh d(z,w) 
is a fundamental solution of the heat equation. 

Here d(z, w) := dist(z, w) is the hyperbolic distance of z and w in the upper 
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half-plane H. We recall (1.1.2): 

(7.4.2) cosh dist(z, w) = cosh d(z, w) = 1 +; l z ~ w l 

2 Imz Imw' 

For comparison we mention the formula for the heat kernel h in R1: 

(7.4.3) h(x, v, t) = (Antym <f^-*>2/4', x, y e R, t > 0. 

While it is easy to check that d2h/dx2 - dh/dt = 0, a direct verification of 
Theorem 7.4.1 is quite tedious. Also, a direct check does not reveal how an 
integral like that in Theorem 7.4.1 arises. We prefer therefore to give a 
deductive proof. For this we apply the Abel transform and first solve the 
transformed equation. A similar deductive approach based on the Mehler 
transform is given in Chavel [1] pp. 242 - 246. Yet other transform 
techniques are described in Terras [1]. 

For the proof of Theorem 7.4.1 we proceed in three steps. First we give a 
simple geometric construction in which the Abel transformation shows up in 
a natural way. This will make the idea of using the Abel transform less cum­
bersome. In the second step we shall guess a fundamental solution of the heat 
equation by looking at the transformed equation. In the final step we shall 
prove that/?H as given in Theorem 7.4.1 has the required initial value prop­
erty for t i 0. 

The Abel transformation shows up when we transform radial eigenfunc-
tions of the Laplacian on H into eigenfunctions which are constant along 
horocycles. To make this precise we introduce horocyclic coordinates 
centered at infinity. They are defined as follows (cf. Chapter 1). For any 
complex number z = x + iy e H we set 

r = logy 

and define (r, x) to be the horocyclic coordinates of z. The metric tensor with 
respect to these coordinates looks as follows, 

ds2 = dr2 + e~2r dx2 

(cf. (1.1.10) for t = x and p = - r ) . For any function v = v(r, x) which is 
constant along the horocycles r = const, the Laplacian applied to v is given by 
the expression 

tn A A\ A cfiv dv 
(7.4.4) Av = + —. 

dr dr 
For any function u which is radial, say which is constant along distance cir­
cles centered at the point p0 = /, the Laplacian of u becomes 
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(7.4.5) Au = - ^ - cothp™, cPu , du 
—- - cothp—, 
dp2 dp 

where p denotes the hyperbolic distance to /. An advantage of using func­
tions which are constant along horocycles is that (7.4.4) is simpler to work 
with than (7.4.5). Thus, assume that a radial function u is given in the first 
place. How can we transform it into a horocyclic function? Since certain 
decay conditions will show up, let us assume that u has the form 

(7.4.6) u = u(r, x) = H(p(r, x)) with H e y , 

where p = p(r, x) is the hyperbolic distance from / to the point x + ier. By 
(7.4.2) we have 

(7.4.7) coshp(r, x) = coshr + \x2 e~r. 

Now we integrate u over the horocycles or, equivalently, over the action of 
the subgroup 

N = { na G Is+(H) | na(r, x) = (r, x + a), a e R } . 

By the rapid decay of H, the following integrals are well defined. 

v(r, x) := \u * na(r, x) da 

(7.4.8) = H(p(r,x + a))da 

= 2 I H(p(r, a)) da. 
o 

This function is constant along the horocycles r = const. Let us consider the 
Laplacian. From (7.4.5) we have 

(7.4.9) Au(r, x) = -LH(p(r, x)), 

where L is the differential operator 

L = —r + c o t n P — • dp dp 

Clearly, H e y implies LH e &1 (observe that coth is an odd function). The 
computations in (7.4.10) will therefore be admissible. From the fact that the 
Laplacian commutes with the isometries, we have in conjunction with (7.4.9) 
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(7.4.10) 

Av(r, x) = A \u ° na(r, x) da 
JN 

= \A(u° na)(r, x) da 

(Au) ° na(r, x) da 
/♦OO 

= -2 LH(p(r, a)) da. 

The transformation (7.4.8) is not yet the one we are looking for; a slight 
modification will replace (7.4.4) by an even more manageable expression. 
Let 

v*(r,x) = e~r/2v(r, x). 

Then 

(7.4.n) ft-*T4-U 
W dr) dr2 4 

Hence, we finally define, with a normalization constant for later use, 

w(r, x) - .— e~rl2 I u ° na(r, x) da 
S2n 

(7.4.12) 

H(p(r, a)) da. 

In the second integral, p is given by (7.4.7). Substituting p for a we have 
therefore 

(7.4.13) W(r, x) = - f r " ^ ^ " dp = AlHUr). V n Jr V cosh p - cosh r 

This is where the Abel transform shows up. 
As mentioned before, we have LH e S>. Applying (7.4.13) and (7.4.12) 

we obtain 

A[LH](r) = ^e~r/2 LH(p(ry a)) da. 
in J0 
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Using (7.4.10), (7.4.4), (7.4.11) and (7.4.13) in this order we get 

(7.4.14) A[LH](r) = ( j l - ^A[/ / ] ( r) . 

In the second step we now show a way of guessing a fundamental solution 
of the heat equation. This is a function of two spaces variables and a time 
variable, say f, where t e ]0, oo[. Since H is a two-point homogeneous 
space, the heat kernel should only depend on the distance of the two space 
variables. We therefore let one of the space variables be the point i and repre­
sent the other variable in the form z = x + ier. We then look for a function 
Pt ~ Pt(r> x) which is a solution of the equation 

(7.4.15) Apt + & = 0 

subject to the initial condition 

(7.4.16) lim \pt(r,x)(p(r,x)dH = <p(0, 0) 
tio J H 

for any continuous function (p with compact support. ((0, 0) is the point i in 
horocyclic coordinates.) Since pt depends only on the distance to i, pt has the 
form 

pt(r, x) = Pt(p(r, x)), 

where Pt is a solution to the equation 

(cf. (7.4.9)). In view of the rapid decay of the heat kernel in Euclidean space 
(cf. (7.4.3)), it looks reasonable to continue our search under the additional 
assumption that Pt e y. We may then look for its transform 

Qt:=A[Pt] 

which should be a solution to the equation A[LPt] - A[dPt/dt] = 0 or, by 
virtue of (7.4.14) (and hoping that A and d/dt commute) a solution to 

This is almost the heat equation in R1 whose solution is given in (7.4.3) 
(with x = 0 and y = r). Thus, we try in (7.4.17) with 

Qt(r) = a(t) e-^ 

and find 



202 The Spectrum of the Laplacian [Ch.7, §4 

.-m„-t/4 a{i) = const t lue /*= • 

Anticipating the constant we finally define 

(7.4.18) 

We then have the following. 

0(r) := g r1'V*V'*'4'. 

The function (r, 0 H> Qt{r) belongs to V1 with / = ]0, oo [ (cf. (7.3.11)) and 
satisfies the equation (7.4.17). 

We may therefore apply A~l to obtain the candidate 

(7.4.19) pt(r,x) = Pt(p(r,x)) with Pt = A~l[Qt]. 

By virtue of Theorem 7.3.10 this is 

dQt(r)/dr 

(7.4.20) 
V coshr- coshp dr 

<2 n-tlA 

{Ant) 3/2 
re 

r?l4t 

V coshr- coshp dr. 

In the third step we go through all the preceding arguments and prove that/?, 
is indeed a solution to (7.4.15) and (7.4.16). 

First we observe using Theorem 7.3.13 that the function (p, t) \-^Pt(p) 
belongs to V1 with / = ]0, oo[ (cf. (7.3.11)). Next we see in (7.4.20) that in 
order to differentiate Pt with respect to t we may pass the differentiation under 
the integration sign. Hence, by Theorem 7.3.13 

(7.4.21) 

dnPt 

df 

df 

= A 

= A 

- l 

df 
V1 and 

dnP 
df 

With (7.4.6) and (7.4.9) we have 

dpt 

for n = 1, 2 , . . . . 

*5, Apt(r,x) + -g(r,x) = -LPt(p(r,x)) + ^ (p(r, *)). dt 
Using that A[Pt] = Qt, we see from (7.4.14) that 

dt 

4^-a- dr2 ' V f = o. 
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Using that A is invertible we obtain LPt- dPJdt = 0. Thus pt is indeed a 
solution to (7.4.15). 

Condition (7.4.16) is tested by integrating pt over H. (Recall the rapid 
decay of pr) In the horocyclic coordinates (r, x) the area element is 

dH = e~rdrdx. 

Integrating over the action of N we compute, using (7.4.12) and (7.4.13) 

ptdH = [ \pt(na(r,x))da\e'r dr 
H *'- oo JN 

• +00 

v l / 2 I \\T>^(V\ „-rll . = (2TT)1/Z A[Pt](r) e~rudr, 
J-oo 

where A[Pt] = Qt is given by (7.4.18). Replacing r/(2V0 by s and using that 

i ,-* A. - „m e ds = n 
R 

we obtain 

(7.4.22) lim \ptdB = 1. 
tio ^ H 

Since pt decays rapidly, the standard arguments now imply (7.4.16). 
The function in Theorem 7.4.1 is the following. 

(7.4.23) pH(z, w, t) = P,(dist(z, w)). 

By (7.4.21) we have 

(7.4.24) pH e C°°(H x H x ] 0 , oo[), 

and by (7.4.15) 

(Az + -^)pH(z,w,t) = 0. 

From the rapid decay of pt we conclude, using Green's formula (7.2.2), that 

AptdH = 0. 

Since Apt = -dpjdt, it follows from (7.4.22) that 

ptdH= 1 
H 

for all t > 0. Hence we have the following. 
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7.4.25 Lemma. For any z e H, 

i /?H(z, w, t) dH(w) = 1. O 
H 

In the literature there exist quite precise estimates of pH and of the heat kernel 
of other symmetric spaces (Anker [1], Davies [1], Davies-Mandouvalos [1]). 
For the inequality in Theorem 7.2.5 the following simple estimate will be 
sufficient. The symbol "const" after the inequality sign means that there 
exists a constant for which the inequality holds. 

7.4.26 Lemma. 

/?H(z, w, 0 < const T1
 e-d2{z'w)m. 

Proof. For p > 0 we have 

r "•"" c^^eM1'—^—- * Apr**. 
Jp V cosh r - cosh p Jp V (r - p)sinh p 

2 2/9 

From the inequality x e~x < e~x ' , 
4p<f2/4 '< const V F e " ^ . 

Using that cosh r - cosh p>^{r- p) we obtain, setting 5 = r - 2p, 

?-r2/4r 

'2pV coshr- coshp J2p f — dr < 3 e~r2/4tdr 

,-fit .-ft* i 

'o 
< const ^te'^11. 

Together with (7.4.23) and (7.4.20) this proves the lemma. o 

From Lemma 7.4.25 and Lemma 7.4.26 we have immediately 

7.4.27 Lemma. Letf: H —> C be a continuous bounded function {fneed 
not have compact support). Then 

Hm pH(z, w, t)f(w) dH(w) = f(z) 
tlo ^H 

uniformly on compact sets in H. 

Theorem 7.4.1 is now proved. o 
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7.5 The Heat Kernel of F \ H 

In this section Fis a subgroup of PSL(2, R) which operates freely and prop­
erly discontinuously on the upper half-plane H with compact fundamental 
domain. The goal is to show that the heat kernel/?M of the compact Riemann 
surface M = F \ H is obtained by summation of /?H over the action of F 
(Theorem 7.5.11). In view of the relationship between the lengths of the 
closed geodesies and the eigenvalues of the Laplacian we consider, more 
generally, any complex valued function 

(7.5.1) *(z, w) = AT(dist(z, w)), z, w e H, 

where K: [0, oo [ —> C is a so called generating function which satisfies the 
decay condition 

(7.5.2) \K{p)\< const <f*1 + *> 

for some 8> 0. Typical examples of generating functions are K(p) = Pt(p) for 
fixed t (they generate the heat kernel /?H) or K(p) = (cosh p)~s for fixed s e C 
with <Rss> 1. 

The first step is to define a F-bi-invariant kernel. For this we need that the 
summations over F are well defined. In the proof of the next lemma we use 
Dirichlet fundamental domains. They are defined as follows: one fixes any 
point/? G H, and sets D = {z e H | dist(z, /?) < dist(7z, p) for any T e F}. 
D is a convex geodesic polygon domain (see Beardon [1] for properties of 
Dirichlet domains). 

7.5.3 Lemma. Let p e H and define for m = 0, 1,..., 

r(m) = {T G r\m< dist(/?, Tp) < m + 1}. 

Then r(m) has cardinality # r(m) < const em. 

Proof. Let D be a Dirichlet fundamental domain of F which contains /?, and 
let a be its diameter. The domains T(D), T e r(m) are contained in the disk 
of radius r = m + 1 + a around/?. This disk has area = 2/r(-l + coshr), and 
the domains do not overlap. The lemma follows. o 

As an immediate consequence we have the following. 

7.5.4 Lemma. Let k be given as in (7.5.1) and (7.5.2). For any compact 
subset A czH and for any e>0 there exists a finite subset A c Fsuch that 

X \k(z,Tw)\<£forallz,weA. O 
TeT-A 
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In view of Lemmata 7.5.3 and 7.5.4 the following definition makes sense. 

7.5.5 Definition and Lemma. The function 

%r(z, w) := X k(z, Tw) = £tf(dist(z, Tw)), z, w e H 
TeT TeT 

is r-bi-invariant, 

%r{Rz, Sw) = %r{z, w)for allR, S e T. 

%r induces a kernel %M on the quotient M = F \ H defined by 

7{M(x, y) := Wr{x, y), x, y e M, 

where x and y are any inverse images of x and y under the projection 
H -> r\H = M. The kernel J{M is symmetric, 

%M(x, y) = %M(yt x), x, y e M. 

Proof. Since k(z, w) depends only on the distance, we have k(Rz, TSw) 
= k(z, R~lTSw). As T runs through r so does R~lTS, and the bi-invariance 
of %r follows. The symmetry follows from the relation 

TeT TeT TeT 

We next consider the differentiability properties of %M. In the applications, 
the generating function K usually depends on additional real or complex 
parameters. We include the differentiability properties with respect to these 
parameters. 

Let B be a real or complex parameter space. In our later applications, B 
will be either an interval on the real line or an open subset of the complex 
plane. At present we assume that B is an open subset of R^ or of Cd. 

Let A be a manifold. In Definition 7.2.3 we introduced the class 
CV,\A,B; C) of all continuous functions F : A x B ^ C whose partial 
derivatives (with respect to local coordinates) exist and are continuous on 
A x B up to the v-th derivatives with respect to A and up to the A-th 
derivatives with respect to B. We denote these derivatives by F("' €\ n = 
0 , . . . , v, € = 0 , . . . , X. When B c Cd, the derivatives with respect to B are 
understood to be complex derivatives. 

In what follows, a function F : [0, oo [ x £ -^ C of a given differentiability 
class is even if it is the restriction to [0, oo [ x B of a function R x B -> C of 
the same differentiability class which is even with respect to the first variable. 
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7.5.6 Lemma. Assume that the generating function 

K = K(p,b):[0,oo[xB-^C 

is an even function belonging to CvA([0, oo[, B; C) and satisfying the 
inequality 

\F6n>\p, b)\<ce-*l+5) on [0, oo[ xB , 

n = 0 , . . . , v; € = 0 , . . . , A, where c and 8 are positive constants. Then %M 
belongs to CV'\M X M, B; C). 

Proof. It suffices to prove that Xrbelongs to CV'A(H x H, B; C). We first 
observe that 

ke C u ( H x H , f i ; C ) . 

This is true because K is an even function and because the function (z, w) \-^ 
dist2(z, w) is of class C°°(H x H). (The point here is that k is differentiable 
on the diagonal of H x H). 

Let U c H be an open disk and let z0 e H be a point at some positive 
distance from U. Then 

00 

(7.5.7) r= U r(m) 
m=0 

with r(m) = {T e r\m< dist(z0, Tz0) <m+ 1}. By Lemma 7.5.3 we have 
the estimate 

(7.5.8) #r(m)< const em. 

It suffices therefore to show that any of our partial derivations, say ®, satis­
fies an inequality of the following type, where the constant may depend on 
U. 

(7.5.9) \2[k(z, Tw)]\ < const e~m{l+5)for all z, w eU,Te T(m). 

2[.] is 2 applied to the function (z, w) K> k(z, Tw). This derivative has the 
form 

V 

®[k(z, Tw)] = ^(^B^Xdistiz^Tw^DMistiz^Tw)], 
7=1 

where 2B is a partial derivation with respect to B; l6^ = d }KI dpK and D- is a 
partial derivation with respect to H x H. We introduce polar coordinates for 
H centered at z0 and let (p, o) and (r, s) be the polar coordinates of z e U 
and w e U respectively. In this way (p, <7, r, s) are coordinates for U x U 
(recall that z0 has positive distance from U). 
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We shall write z = z(p, a) and w = w(ry s). The proof of (7.5.9) is now 
reduced to show that for any partial derivation 2 with respect to (p, <r, r, s) 
on U x U there exists a positive constant c satisfying 

(7.5.10) |®[dist(z(p, cr), Tw(r, s))]\ < c, 

for all z,w G U, and all T e T . Here we use a geometric argument. Let y be 
the geodesic joining z0 and Tz0. Without loss of generality we may assume 
that <ris the angle between y and the geodesic arc joining z0 and z. Similarly 
we may assume that s is the angle between y and the geodesic arc joining Tz0 
and Tw (otherwise add a constant to s). This is shown in Fig. 7.5.1. 

Tw 
2 Q 

z0
 c' r s' Tz0 

Figure 7.5.1 

We drop the perpendiculars p' from z to y and r' from Tw to y to obtain 
right-angled geodesic triangles with sides c\ p', p and r, r\ s'. The partial 
derivatives of p', o' and r', 5' with respect to p, <7, r, 5 are bounded inde­
pendently of 7, and (7.5.10) follows from formula (2.3.2) which in the 
present case looks as follows: 

cosh(dist(z, Tw)) = coshp' coshr' cosh(dist(z0, Tz0) - a' + s') 
- sinhp' sinhr' 

(a' and s' are oriented lengths). This proves Lemma 7.5.6. O 

7.5.11 Theorem. Let pH(z, w, t) = ^(dist(z, w)) be the heat kernel of the 
hyperbolic plane and define 

pr(z, wy t) = X pH(z> TW> 0, pM(x> y> 0 = PA*> y> 0 
TeT 

as in Definition 7.5.5, where x and y are inverse images under the natural 
projection H -> M = T \H. ThenpM is a fundamental solution of the heat 
equation on M. Moreover, pM e C°°(M x M x ] 0, oo [) and 

pM < const t~lfor 0 < t < 1 

with a constant which depends on M. 
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Proof. By (7.4.21), the generating function Pt satisfies the hypothesis of 
Lemma 7.5.6 so that/?M e C^iM xMx ]0, oo[). By (7.5.7) - (7.5.9), the 
equation AzpH = -dpH/dt yields Azpr = -dpr/dt, and therefore AxpM -
-dpMldt. The symmetry of pM is given by Lemma 7.5.5. 

The initial condition is checked as follows. Let/: M —» R be a continuous 
function and let F be a F-automorphic lift of/in H. If M* denotes a compact 
fundamental domain of F with boundary measure 0 (for instance a Dirichlet 
fundamental domain), then 

pr(z, w, t) F(w) dH(w) = 2 pH(z, Tw, t)F(w) dH(w) 
JM* TerJ

M* 

= X pu(z,w,t)F(w)dH(w) 

= pH(z, w, t)F(w) dH(w), 

and the initial condition (iii) of Definition 7.2.4 is checked with Lemma 
7.4.27. Finally, the inequality pM < const t~l or, equivalently, the inequality 
pr < const t~l for t e ]0, 1[ follows from Lemma 7.4.26 and Lemma 7.5.3.o 



Chapter 8 

Small Eigenvalues 

The asymptotic length distribution of the closed geodesies on a compact 
Riemann surface S is strongly influenced by the eigenvalues of the Laplacian 
in the interval [0, 4]. In the prime number theorem (Theorem 9.6.1) and in 
many applications of Selberg's trace formula, the distinction between eigen­
values above and eigenvalues below 4 is essentially for technical reasons and 
has to do with the fact that for x —» 00 the function x \-^ sin(x(An - ^)l/2) is 
bounded if Xn > 4 but grows exponentially if Xn < 4. Eigenvalues below 4 are 
called small (Huber [2], II, p. 386). In this chapter we show that there are 
also geometric reasons why the eigenvalues below 4 should be distinguished 
from those above 4 . 

In Section 8.1 we state the theorems and show a connection between the 
eigenvalue problem and the isoperimetric problem. In Sections 8.2 and 8.3 
we review our main tools, the minimax principles and Cheeger's inequality. 
The proofs then follow in Section 8.4, together with a brief history and a dis­
cussion of related results. 

8.1 The Interval [0, \\ 

Historically, the number ~A shows up for technical reasons. In MaaB [1], 
p. 142 the eigenvalues of the Laplacian are written in the form X = r2 -1- 4 in 
order to explain the F-factors 

r(~(s + ir))r(\(s - ir)) and rfys + 1 + /r))jT(^ + 1 - «>)) 

Cs, r G C; Fis the gamma function) occurring in the functional equation of 

P. Buser, Geometry and Spectra of Compact Riemann Surfaces, Modern Birkhäuser Classics, 210 
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certain Dirichlet series. The notation X = r2 + ^ was later adopted by Selberg 
[2] and Huber [1] and lead to various number theoretic and geometric results, 
such as Theorems 9.6.1 and 9.7.1 in the next chapter, which depend on the 
eigenvalues in the interval [0, \]. It is therefore of interest to know whether 
there is some a priori information about the distribution of the eigenvalues in 
the interval [0, \]. 

The first three theorems which follow are from Buser [1]. Theorem 8.1.4 
is new. 91 denotes the set (or moduli space) of all compact Riemann surfaces 
of genus g, g > 2. 

8.1.1 Theorem. For any S e mg, we have X4g_2(S) > \. 

8.1.2 Theorem. For any n e N and for arbitrarily small e> 0, there exists 
S' G mgwithXn(S')<\ + e. 

At first sight it is quite surprising that there is a universal bound for the num­
ber of eigenvalues in [0, ^] but not for any interval [0, 4 + e], e> 0. We 
shall therefore give a heuristic argument which makes this phenomenon more 
plausible. 

From Cheeger's inequality combined with the minimax principles, it will 
follow that for a compact Riemann surface to have small eigenvalues, the sur­
face must be decomposable into domains whose isoperimetric quotient is 
smaller than 1 (the isoperimetric quotient is the boundary length divided by 
the enclosed surface area; see below). The number of such domains must be 
of the same order of magnitude as the number of small eigenvalues. We are 
thus led to isoperimetric considerations on a Riemann surface. There we have 
the following analogous phenomenon. 

Let D be a compact domain with piecewise smooth boundary dD on a 
Riemann surface, as shown in Fig. 8.1.1, which is either simply connected 
or an annulus. Then, independently of the size of D, 

Figure 8.1.1 
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This may be seen by using polar coordinates in the first case and Fermi 
coordinates in the second. (The details will follow in Section 8.4 in the proof 
of Theorem 8.1.1.) The isoperimetric quotient on the left-hand side of the 
above inequality will be denoted by J(D). If the surface S has a sufficiently 
long collar, we may cut out arbitrarily many disjoint annuli D with J(D) as 
close to 1 as we wish. We point out that the number of these annuli is not 
restricted by the genus because their union is again an annulus. 

Figure 8.1.2 

Now suppose that we want to subdivide S into domains with J(D) < 1. 
Then any D must have some signature (h, m), where either m>3 or h> 1, a 
condition which "consumes" topology. Fig. 8.1.2 shows such a domain for 
comparison. 

Hence, the number of domains in a decomposition with J < 1 is bounded 
by the genus, but no such bound exists for decompositions with / < 1 + e. 
We convert these arguments into a correct proof in Section 8.4. 

We state two more theorems. In view of the prime number theorem with 
error terms (Theorem 9.6.1), it is of interest to know whether there are eigen­
values in ] 0, \[ at all. This question already arises in a seemingly unnoticed 
paper of Delsarte [1, 2]. The first examples of compact Riemann surfaces 
with small eigenvalues were given by Randol [1]. The following holds. 

8.1.3 Theorem. For any <5> 0, there exists S' e $lg with X2g_3(S') < 8. 

This does not fully match with Theorem 8.1.1. However, we shall prove 
the following result. 

8.1.4 Theorem. There exists a universal constantc> 0 which is indepen­
dent ofg and such that X2g_2(S) > cfor any S e 0tg and any g>2. 

The proof in Section 8.4 will yield the estimate c > 10"12 but the conjecture is 
that c = \. 
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8.2 The Minimax Principles 

The relation between the eigenvalues and the isoperimetric quotients men­
tioned in the preceding section is obtained via the minimax principles and 
Cheeger's inequality. We reprove them here and in the next section for con­
venience. 

Let M be an arbitrary compact Riemannian manifold without boundary. 
For any smooth function/on M we set 

supp/ = closure of {x € M \ f{x) * 0}. 

The domain supp/ is called the support of/ For k = 0, 1, . . . we let Xk(M) 
be the &-th eigenvalue of the Laplacian of M. 

8.2.1 Theorem. (Minimax principles), (i) Letf0, ...,fk e C°°(M) with 
norm 

f ffdM = 1 

be such that vol(supp/ n supply) = Ofor 0 < / < j < k. Then 

Xk(M)< max ||grad/J2 dM. 
0<K<k <JM 

(ii) Let Nx,..., Nk be compact domains with positive measure such thatM = 
N{ u .. . u Nh vol(Ni n Nfi = Ofor \<i<j<k, and let 

v(NK) = inf ||grad/||2cfM, 

where/ranges over all smooth functions with 

I fdM = 1 and I fdM = 0. 
JNK

 JNK 

Then 
Xk{M) > min vCA )̂. 

1 < JC < j t 

Proof. Let (p0, <px, . . . be the complete orthonormal system of eigenfunc-
tions in C°°(M) with eigenvalues A0(M), XX(M),.... Since the/,, in (i) are 
linearly independent, we find a linear combination/= p0f0+ ... + pkfk with 
norm 

f dM = 1 
M 
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and orthogonal to <p0, . . . , (pk_x. Now let a} be the Fourier coefficient 

ccj = fq>jdM. 

By Green's formula we then have for all m > k, 

0 < f Wgradif-ZccjcpjlfdM 

r m 
= | |grad/ | |2^M- E « ? A y . 

Here Xj(M) > At(M), and by Parseval's relation 
00 

2>J = i. 
Recalling that vol(supp/ n supply) = 0 for / *y and recalling that/has norm 

I f2dM = £jB? = 1, 

we obtain from this 

lk{M) < f ||grad/||2rfM = E # f ||grady;||2 rfM 

< max ||grad/J|2dM. 
0 < v < / t JM 

This proves (i). 
For the proof of (ii) we work in L2(M) instead of C^iM). Let xK be the 

characteristic function defined by xK(x) = 1 if x e NK and xJXi = 0 if x £ 
NK, K = 1 , . . . , k. Consider the linear combination <p = CCQ (p0 + . . . + ak<pk 
with norm 

I <p2 dM = 1 

and orthogonal to %\> • • •» Xk* s o t n a t o n e a c n ^ i c » <Pnas t n e m e a n value 

(pdM = 0. 

By the definition of v(N), we then have 
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and therefore 

gradplf dilf > v(AQ <pldM 

I grad (p\\2 dM > min v(NK). 
M \<K<k 

On the other hand, since 

^ dM = «Q + • • • + ak - 1» Is 
we have, by Green's formula, 

I ||grad9||2dM = I <pA(pdM = EA;(M)ay
2 < Xk(M). 

For a more general form of the minimax principles we refer to Chavel [1] 
Section I. 5. 

8.3 Cheeger's Inequality 

For the estimates of v(NK) we use isoperimetric quotients. Cheeger [1] and 
Yau [1] introduced the following constant. For our purposes we assume that 
M is two dimensional. For a general account of Cheeger's inequality we refer 
the reader to Chavel [1] and Buser [6]. See also Huxley [1] and Schmutz [2] 
for Cheeger's inequality for mixed boundary value problems. 

8.3.1 Definition. Let M be a compact connected two-dimensional 
Riemannian manifold without boundary. Let N be a closed subset of M with 
positive area and with piecewise smooth boundary (possibly /V = M). Then 
Cheeger's isoperimetric constant (of Neumann type) is the quantity 

h(N) = inf min{ area B, area B'} 
where A ranges over the set of all finite unions of piecewise smooth curves 
on N which separate N into disjoint relatively open (not necessarily con­
nected) subsetsB andB' such t h a t N - A = B u B ' and A czdB ndB'. 

We point out that h(N) is not a scaling invariant, but h(N)/v(N) is. Here 
v(N) is the first eigenvalue of the Neumann problem 
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(8.3.2) v(AO := inf ||grad/||2dM, 
JN 

where/ranges over the smooth functions on M satisfying 

) f2dM = 1 and I fdM = 0. 

8.3.3 Theorem. (Cheeger's inequality). Let N be a closed domain in M 
with positive area and with piecewise smooth boundary (possibly N = M). 
Then 

v(N) > \h\N). 

Proof. Let/be as in (8.3.2). Then for any constant c e R 

f (/+ c)2 dM = \(f2 + c2) dM > if2 dM. 
*V ^N *V 

Now take c such that each of 

N{ := {x e Â  | (/+ c)(x) < 0} <md N2:={xeN\ ( /+ c)(x) > 0} 

has area < |area/^. It suffices therefore to show that on either domain the 
function F :=/+ c satisfies 

( ||gradF ||2 dM > \h2(N) I F2 dM. 

The relation grad(F2) = 2FgradF and the Cauchy-Schwarz inequality yield 

41 F2dM I ||gradF||2dM > (I ||gradF2|| dM)2. 

It remains to prove that the function u:=F2 satisfies the following inequality 
for / = 1, 2 

(8.3.4) ||grad«||dM > h(N) udM. 

The inequality will be proved by means of the co-area formula (Chavel [1], 
p. 85). In order to bypass the technical difficulties in the proof of the co-area 
formula, we first prove (8.3.4) under the assumption that in an open neigh­
borhood of N in M the function u has only finitely many critical values and 
that the level lines 
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Aft) = {x eNi\u(x) = t] 

intersect dN transversally except for at most finitely many t. Then the co-area 
formula, in its simplest form, states that 

00 

(8.3.5) |||gradw||dM = J €{A.(t))dt. 

Roughly speaking, this formula is true because the level lines Aft) are ortho­
gonal to the gradient vectors, and because the infinitesimal strip between Aft) 
and Aft + dt) has width dt/\\ grad u || at each point. Let ft ft) be the area of 

Bft) = {xeNi\u(x)>t}. 

Then pt(t) is a piecewise differentiable monotone decreasing function of t, 
and the infinitesimal strip between A(t) and A(t + dt) has area = -p\(t)> 
where p\ is the derivative of ft. Finally, since area Bft) ^ areaiV; < |areaN, 
we have 

€(Aft)) > h(N)pft). 

Then with (8.3.5) we obtain 

p 00 

grad«||dM > h(N) Pft) dt 

/•OO 

= -h(N) tpl(t) dt 

= h(N) udM. 

This proves (8.3.4) under the assumed regularity conditions. The general 
case is obtained by a standard approximation argument. It is also possible to 
give a completely elementary proof of (8.3.4) along the above lines by 
approximating both N and u piecewise linearly with the same method as in 
Section 5.4 (see the proof of Lemma 5.4.5). O 

The following helpful fact was first observed by Yau [1]. 

8.3.6 Lemma. Let N be as in Definition 8.3.1 and assume thatN is con­
nected (otherwise h(N) = 0).ln the definition ofh(N) we then may restrict A 
to curve families for which B and B' are connected. 
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Proof. The claim is that /(A)/min{areaB, area/?'} > h*(N), where h*(N) 
is the infimum obtained under the restriction of the lemma. 

For the proof of the claim we may restrict ourselves to curve families A 
which are union sets of pairwise disjoint closed Jordan curves and of Jordan 
arcs, where the latter have both endpoints on the boundary of N. 

We proceed by induction over the number m of connected components of 
A. If m = 1, then B and B' are connected and nothing has to be proved. Now 
let the claim be proved for all A with at most m components and let A have 
m + 1 components, say A = ax u . . . u Gm+l. Nothing has to be proved if 
both B and B' are connected. We assume therefore that B' is the disjoint 
union B' = P u B", where P is a connected component. We enumerate the 
components of A in such a way that for some k< m + 1, the components 
G{, . . . , ok are on the boundary of P and the Gk+l, . . . , Gm+l are on the 
boundary of B". By the induction hypothesis we have 

€(ox) + . . . + €(ok) > h*(N) min{ areaP, areaB + areaB"}, 

Aqt+i) + • • • + S(om+i) ^ h*(N) min{ area B", area B + area P }. 

This implies 

€{ax) + ... + €{am+l) > /z*(A0 min{areaP uB" , areaB }. 

The lemma follows. O 

In the next section we shall give an example showing that Cheeger's inequal­
ity is sharp. 

8.4 Eigenvalue Estimates 

We now prove Theorems 8.1.1 - 8.1.4. We first construct the necessary 
examples. For S' as in Theorem 8.1.3 we paste together 2g - 2 pairwise 
isometric pairs of pants Y{, . . . , Y2g_2 with boundary geodesies of length 
e/6. For each such YK we define a function fK as follows. 

f dist(*, dYK) if j c e y , and dist(*f dYK) < 1 
fK(x) = < 1 if x e YK and dist(jc, dYK) > 1 

l o if x £ YK . 

The area of the set {x e YK \ dist(j, dYK) < 1} is equal to ^ sinh(l) (use 
Proposition 3.1.8 and introduce Fermi coordinates as in Example 1.3.2). 
Since ||grad/J| = 1 on this set and ||grad/J| = 0 elsewhere, we can smooth 
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the functions/!,... ,/^_2 and then normalize them in such a way that they 
satisfy the hypothesis of Theorem 8.2. l(i) and such that they also satisfy 

l ||grad/J2c*M < e. 
S' 

This proves Theorem 8.1.3. O 

To prove Theorem 8.1.2, it suffices to take S' with a sufficiently large collar. 
This collar is isometric to [ - W , W ] X R / [ T ^ T + / ] with metric 
ds2 - dp2 + cosh2p dx2 (Proposition 3.1.8 and Fermi coordinates), where w 
may be chosen arbitrarily large. Now let 0 < a < b < w and consider the 
function /on the annulus 

CA = [ f l , l ) ] x R / [ r B T + / ] 

defined by 

/(P, /) = f(p) = e-"1 s i n ^ f ^ , a < p < b. 

Then, with f = df/dp, 

| grad/||2 dM = A (/'(p))2coshp dp. 

Using that coshp > \ep and that, for p > a, coshp < | (1 + e~2a) ep, we 
obtain by direct computation 

J ||grad/|PrfM< ( l + ^ ) ( l + e - ) f f dM. 

We now split the collar into n disjoint annuli of the above kind and let the 
values of a and (b - a) be sufficiently large. Then we smooth the functions/ 
as before and obtain Theorem 8.1.2 via the minimax principle (Theorem 
8.2.1(i)). O 

For the proof of Theorem 8.1.1 we let S e {% and consider a canonical fun­
damental polygon with 4g sides, as in Section 6.7. Drawing the diagonals 
from a fixed vertex p to the remaining vertices of the polygon, we obtain a 
decomposition of S into 4g- 2 geodesic triangles 7 \ , . . . , T4g_2, thus satisfy­
ing the hypotheses of the minimax principle (ii) in Theorem 8.2.1. It suffices 
to prove that 

(8.4.1) v(T)>\ 

for any geodesic triangle T. For this we use Cheeger's inequality (Theorem 
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8.3.3) together with Lemma 8.3.6. We have to find a number e(T) > 0 such 
that any one dimensional submanifold A of T which decomposes T into con­
nected relatively open subsets B and B' satisfies the inequality 

/(A)/min{area£, area£'} > l+e(T). 

It is easy to see that A is a connected curve and that there are three cases : i) A 
is a closed curve, ii) A is an arc having both endpoints on the same side of Tt 
iii) A is an arc having endpoints on different sides of T. We consider only 
case iii), the remaining cases being similar. 

Figure 8.4.1 

We introduce polar coordinates (p, a) centered at the common vertex p of 
the two sides. The metric tensor with respect to these coordinates becomes 
ds2 = dp2 + sinh2p do2 (cf. (1.1.8)). We let B be the domain which has p on 
its boundary. (Fig. 8.4.1). We represent A as a parametrized curve 
n-> a(t) e 7\ 0 < t < 1, where a(t) = (p(t), o(t)). Let R be the diameter of 
T. With the quantity (1 + e(T)) := (sinh/?)/(-l + coshfl) we obtain 

£{a(i)) = I (p2(0 + (sinh2p(0)cr2(0)1/2^ 

> sinhp(r) \b(t)\ dt 

> (1 + e(T)) I (coshp(f) - l)|a(f)l dt 

> (l + e(r))area5. 

This proves (8.4.1), and Theorem 8.1.1 follows. O 

8.4.2 Example. (Cheeger's inequality is sharp). If in Fig. 8.4.1 the sides 
of the triangle at/? become large, then the sides cut out an angular domain c^ 
which is isometric to the sector {(py cr) \ a < p < b, 0 < c< $} with metric 
ds2 = dp2 + sinh2p do2, where tf is the interior angle of T atp, and where a 
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and b - a may become arbitrarily large. Consider the function/which is zero 
onT- c^ and defined on c^ by 

/(p, a) = e-pl2 sin27tjf'a) ,a<p<b. J v r b-a ^ 
As in the proof of Theorem 8.1.3, this function can be used to show that 
v(T) < \ + e with arbitrarily small e, provided T is sufficiently large. 
Together with (8.4.1) this shows that Cheeger's inequality cannot be im­
proved unless additional geometric invariants are used. Further examples 
may be found inBuser [6]. O 

Finally we prove Theorem 8.1.4 using the results of Section 4.5. 
We cut 5 open along the pairwise disjoint simple closed geodesies of 

length < log 4, provided there are any. Then we triangulate each connected 
component of the resulting surface with trigons as in Theorem 4.5.2. 

Let 5*! be one of these components. The triangulation of Sx may be inter­
preted as a cubic graph Gx, each trigon X of which is interpreted as a vertex 
whose emanating half-edges are the sides of X. The vertex set of Gx is a met­
ric space with the distance dist(X, Y) between vertices X and Y defined as the 
length of the shortest edge path from X to 7, the length of an edge path being 
defined as the number of edges in the path. 

In Gx we choose a largest possible set <2X of vertices with pairwise dis­
tances greater than c, where c is a constant which will be determined below. 
If (PX is largest, then for any vertex X e Gx, there exists a vertex P e Tx 
satisfying dist(X, P) < c. Thus, the metric balls of radius c around the ver­
tices of £Pj cover Gx, and the balls of radius c/2 around these vertices are 
pairwise disjoint. It is now easy to find subsets (Dirichlet domains in the 
metric space Gx) D(P), P e fPj, with the following properties: 

(i) the union U D(P) is the vertex set ofGx\ 

(ii) the domains D(P) are pairwise disjoint; 
(iii) each D(P), ? £ ! ? , , is contained in the metric ball of radius c around 

P, and D(P) contains the ball of radius c/2 around P; 
(iv) each D(P) is connected. 

In (iii), the metric ball of radius c/2 may be the entire graph Gx: in this case 
!?! consists of exactly one vertex. Statement (iv) means that if X, Y e D(P), 
then there exists an edge path from X to Y contained in D(P). 

For each P e <2X we define DS{P) a Sx to be the union set of all trigons 
of D(P). Then DS(P) is connected. Moreover, if X J c DS(P) are 
two trigons, then there exists a chain Xlt..., Xn of trigons of D(P) such that 
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X1 ~X,Xn = Y and such that X, and Xi+l are adjacent along a common 
side for / = 1, . . . , n- 1. By Theorem 4.5.2, any of our trigons X satisfies 
the inequality 

0.19 < area X< 1.36. 

Since D(P) has at most 3C vertices, we conclude from the bounds of the 
interior angles of the trigons (Section 4.5), that the isoperimetric constant 
h(Ds(P)) has a positive lower bound which depends only on c. We now fix 
c = 68. This implies the inequality 

areaDs(P)>27r. 

In fact, if £Pj consists only of one point, say P, then DS(P) is the connected 
component Sl and has area Ink for some integer k > 1. If Tx consists of more 
than one point, then any D(P) contains at least c/2 - 34 vertices, and we 
obtain the inequality area DS(P) > 34 • 0.18 > 2n. 

This shows that the total number of domains DS(P) is at most 2g - 2. 
Theorem 8.1.4 is now proved O 

Notes. We complete the list of references about the small eigenvalues. The 
question about the possibility of small eigenvalues appears first in an article 
of Delsarte, [1, 2] on hyperbolic lattice point problems; this paper, however, 
seems to have been unnoticed for a long time. 

1 ry 

The advantage of writing eigenvalues in the form X = ̂  + r and working 
in terms of r instead of X has been recognized by MaaB [1] in connection with 
Hecke theory, and by Selberg [1-3] in connection with the zeroes of the 
Selberg zeta function. Huber [2] and, some years later, Patterson [1, 2, 3] 
showed the influence of the small eigenvalues on the asymptotic distribution 
of the lengths of the closed geodesies and on the distribution of lattice points. 

An early version of Theorem 8.1.1 is contained in a footnote on p. 74 of 
Selberg [2]. The same footnote gives a hint for the possible existence of 
Riemann surfaces with small eigenvalues. After an erroneous statement of 
McKean [1] which greatly influenced the interest in small eigenvalues, 
Randol [1] gave the first explicit construction of examples with small eigen­
values via Selberg's trace formula. More precisely, he proved that every 
compact Riemann surface has finite coverings with arbitrarily many eigen­
values smaller than \. At the same time Huber [3] gave an upper bound for 
X{ which approaches ~ as the genus goes to infinity. 

Huber's bound is probably sharp. From work of Langlands, Rankin and 
Selberg it follows that there are sequences of compact Riemann surfaces with 
genus approaching infinity and with A, bounded below by 3/16. The conjee-

3 1 
ture is that in these examples ^6 can be replaced by .̂ Various authors give 



Ch.8, §4] Eigenvalue Estimates 223 

elementary constructions of surfaces with g —> oo and with Xx bounded away 
from zero. The best elementary bound, so far, is 5/32 and is given in Sarnak-
Xue [1]. 

Theorems 8.1.1-3 are from Buser [1]. Zograf [1, 2, 3] generalizes 
Theorem 8.1.1 to Fuchsian groups of arbitrary signature. Huxley [1, 2] 
gives a refinement of Cheeger's inequality to prove that some of the classical 
examples have no eigenvalues in ]0, \[. Zograf [1, 2, 3] also gives such 
examples. A construction of compact Riemann surfaces with particularly 
large lx (for g = 2) and a discussion about the best possible such example is 
given in Jenni [1,2] and in Huber [7]. 

Refinements of the estimates of the small eigenvalues are given in Schoen-
Wolpert-Yau [1] and in Dodziuk-Pignataro-Randol-Sullivan [1], Colbois [1] 
gives precise asymptotic formulae for small eigenvalues in sequences of 
compact Riemann surfaces which suitably collapse onto a graph. This was 
used by Colbois and Colin de Verdiere [1] to construct compact Riemann 
surfaces whose first eigenvalue has a large multiplicity. Burger [2] gives a 
version which estimates the difference between the small eigenvalues of a 
Riemann surface and the corresponding eigenvalues of the nearby graph. He 
then uses this result to give upper bounds on the multiplicity of Xx. 

Results about the multiplicity of the higher eigenvalues may be found in 
Besson [1] and Huber [5, 6]. 

In Colbois-Courtois [1, 2] it is shown that if a sequence of compact 
Riemann surfaces converges to a non-compact Riemann surface S with finite 

1 9 

area, then the eigenfunctions with eigenvalues below 4 - 5 converge to L -
eigenfunctions on 5, for any given 8 > 0. In this way they obtain criteria for 
the existence of small eigenvalues on S. For eigenvalues > 4 their method 
does not apply. In fact, it is a still unsolved question, known as the Roelcke 
problem, whether any non-compact Riemann surface of finite area has L2-
eigenfunctions with eigenvalues > 4. Colin de Verdiere [2] makes the 
difficulties clear. In fact, he constructs non-compact surfaces of finite area 
with variable negative curvature arbitrarily close to -1 and having no L2-
eigenfunctions of the Laplacian. 

We also mention that the problem of whether or not the inequality X2g_2> 
4 is true for any compact Riemann surface of genus g is still unsolved. 
Randol [8] shows that if X2g_3< efor sufficiently small e, then no eigenvalue 
occurs in [e, 4]. Schmutz [1, 2] uses mixed boundary value problems 
together with an interesting monotonicity argument which yields better 
bounds on F-pieces. In [3] Schmutz proves the inequality X2g_2 ^ \ for all 
compact Riemann surfaces of genus g-2. 



Chapter 9 

Closed Geodesies and Huber's Theorem 

There is no general procedure to be found in the literature which allows us to 
write down the spectrum of the Laplacian of a compact Riemann surface in 
closed form, say as a function of the moduli. Nevertheless, isospectrality and 
related problems can be solved by quite explicit geometric constructions. This 
is possible through Huber's theorem, which states that the spectra of the 
Laplacian for two compact Riemann surfaces are the same if and only if the 
surfaces have the same length spectrum, i.e. the same sequence of lengths of 
closed geodesies. 

Huber's theorem is the main goal of this chapter and will be proved in 
Section 9.2 so that we might have closed the chapter with this section. 
However, there are many interesting additional relations between the length 
spectrum and the eigenvalue spectrum, in particular those concerning the 
small eigenvalues. In Sections 9.3 - 9.7 we deal with some of these relations, 
although they will not be used elsewhere in the book. 

In this development we partly follow Huber's original arguments and 
partly use Selberg's transform pair technique, which we approach in three 
steps, with an application after each step. The first step is the same in 
Huber's and Selberg's approach and consists of a fundamental domain 
argument which leads to a length trace formula (Theorem 9.2.10). This step 
is the most important one and we first give an outline in Section 1. 

As an immediate consequence of the length trace formula, we obtain 
Huber's theorem by looking at the heat kernel. This argument follows 
McKean [1]. We take advantage of the fact that by Theorem 7.2.6 the eigen-
function expansion of the heat kernel is already known. In Section 9.3 a 
similar eigenfunction expansion will then be given for more general kernels 
(Theorem 9.3.7). As an application of this, in Section 9.4 we prove the 
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prime number theorem for Riemann surfaces after a brief sketch of the corre­
sponding theorem in number theory. In Section 9.5 the length trace formula 
and the eigenfunction expansion will merge into Selberg's trace formula. In 
Sections 9.6 and 9.7 we return to the small eigenvalues. 

9.1 The Origin of the Length Spectrum 

It is interesting to see how the relationship between the eigenvalues and the 
closed geodesies is "born" in Huber [1,2]. The starting point is a hyperbolic 
lattice point problem. Let F e Is+(H) be a discrete subgroup such that r \ H 
is a compact Riemann surface, and consider two given points z, w e H. 
How many lattice points T(w), T e F, are there inside a circle of radius t 
around w? More precisely, let N be the counting function 

N(t;z,w) = #{T e F\ dist(z, Tw) < t], 

where # denotes the cardinality. What is the growth of N(t; z, w) as t —» oo? 
To solve the problem Huber introduces the Dirichlet series 

G(s;z,w) = £ (coshdist(z,rw))"J, 
TeT 

which for each (z, w) e H x H is a holomorphic function of s in the half-
plane {s e C | %es > 1}. This is analogous to a familiar procedure in ana­
lytic number theory. The function (z, w) h-» G(s; z, w) is T-bi-automorphic 
on H x H and has an eigenfunction expansion 

(X) 

G(s; z, w) = X h(s; An)^(z)^(w), 
n=0 

in which 0O, (f)l,... are the lifts in H of the eigenfunction s (p0, <plt ... with 
eigenvalues A0, A}, . . . of the Laplacian of 7"\H. The coefficients h(s; Xn) 
can be computed explicitly in terms of special functions and are meromorphic 
on C. Moreover the uniform absolute convergence of 2 K? <pn{z)<$>n(yv) on H 
x H (cf. Theorem 7.2.18) is strong enough to show that the expansion itself 
is meromorphic on C. A Tauberian argument then yields the following 
asymptotic equality (cf. Definition 9.2.15 for the asymptotic equality ~) 

N(t; z, w) ~ — rr e\ t -^ oo. 
4 (g - l ) 

We remark that up to this point the Laplacian enters only as a tool. Now let 
F c H b e a compact fundamental domain of r and integrate the function 
z i-» G(s; z, z) over F. From the above expansion we then get 
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X |(coshdist(z,rz)r^H(z) = £ h(s; Xn\ 

in which the left-hand side is a purely geometric quantity. 
The length spectrum now enters through the following argument (Huber 

[1]; this argument is also inherent in Selberg's approach). Namely, let P be a 
given element in T. How much does the conjugacy class 

{P} = {S~lPS\Se r} 

contribute to the above sum? One first observes that 

S~lPS = R'lPR iff SR~l commutes with P. 

Hence, if Z denotes the centralizer of P in Tand if Slt S2, •.. is a system of 
representatives of the right cosets of Z such that Tis the disjoint union 

r = ZS,uZS2u ..., 
then the sequence Sx PSl, S2PS2, . •. runs exactly once through each conju­
gate of P. Setting F* = S}(F) u S2(F) u ... , we get 

X |(coshdist(z,rz))-JdH(z) = I (coshdist(z, Pz)Ts d¥L(z). 
Ts[P] J

F
 JF* 

ll //// / ' ( 7 o ) ; 

H 

a 

V// 
Po(h) 

tSB 
i h 

Figure 9.1.1 

The observation is now that F* is a fundamental domain of the group Z and 
that the integrand is Z-automorphic. F* can therefore be replaced by any 
other sufficiently regular fundamental domain. A more convenient one is the 
strip between h and P0(h), where P0 is a generator of Z (with P = Pv

0 for 
some v) and h is a horocycle orthogonal to the common axis a of P0 and P 
(cf. Fig. 9.1.1 where a is the positive imaginary axis). 

In the integral over Fp the width of Fp and the exponent v in P = PQ be­
come dominating. But the width is the same as the length of the closed geo­
desic in F \ H belonging to the conjugacy class of P0. Hence, we obtain a 
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relation between the lengths of the closed geodesies and the eigenvalues of 
the Laplacian. The precise formulation of this will follow in Section 9.4. 

9.2 Summation over the Lengths 

We let M = F\H be a fixed compact Riemann surface. In Lemma 7.5.5 we 
have seen that every L2-function K : [0, oo [ -* C which satisfies the decay 
condition 

(9.2.1) \K(p)\< const e~p(1 + 5) 

for some S > 0, generates a F-bi-invariant function 

(9.2.2) # r(z, w) = Z *(z, 7>), z, w> e H, 
TeT 

with fc(,) = AT(dist( , )). The function JCr induces a symmetric kernel %M : 
M x M —> C. The goal is to relate the trace 

tr.7rM:= j 3fM(x,x)tfM(x) 

to the lengths of the closed geodesies of M and to prove Huber's theorem. 
When working in connection with the trace formulae we shall consider the 
closed geodesies oriented (as in Definition 1.6.3) so that we have a one-to-
one correspondence between the closed geodesies of M = F \ H and the 
conjugacy classes in F - {id}. 

We use the following notation. Every T e F - {id} has a unique invariant 
geodesic aT, the axis of T. We denote by €(J) the displacement length of F, 
i.e. the real number £ satisfying 

dist(z, Tz) = £ for all z e aT, dist(z, Tz) > £ for all z e H - aT. 

If aT is parametrized with unit speed and if the orientation is such that the 
tangent vectors point from z to Tz for z e aT> then we have 

T(aT(s)) = aT(s + /(F)), s e R. 

The displacement length is given as follows. 

(9.2.3) €{T) = 2arccosh| | trr | . 

Conjugate elements have the same displacement length so that we may con­
sider €(T) as an attribute of the conjugacy class of T. The associated closed 
geodesic yT on F \ H has length 
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(9.2.4) €(yT) = €{T). 

If S = Tm, m e Z - {0}, we shall write ys = y" a n d s a v t h a t 7s i s t h e m-fold 
iterate of yT. This coincides with the notation in Definition 1.6.4. Part of the 
next definition is a recall of Definition 1.6.4. 

9.2.5 Definition. S e r— {0} is primitive if it cannot be written in the 
form S = Rm with R e Fand m>2. Similarly, a closed geodesic ys on M = 
r\H is primitive if it is not the m-fold iterate with m > 2 of another closed 
geodesic yR on M. 

A primitive closed geodesic will also be called a. prime geodesic. 

9.2.6 Lemma. For every T e T- {id} there exists a unique primitive 
S e r such that T = Sm for some m > 1. Similarly, for every non-trivial 
closed geodesic y on M - T \H, there exists a unique primitive closed geo­
desic y0 such that y = y^ for some m > 1. The elements Sn, n e Z, are 
pairwise non-conjugate in rand the centralizer ofT in r is 

ZT = {Sn\ne Z} . 

Proof. Let aT be the axis of T. The subgroup ZT of r which fixes aT acts 
properly discontinuously and without fixed points on aT. The restriction 
ZT | aT is therefore a Euclidean lattice in R1 and there exists S e ZT such that 
€{S) > 0 and such that €(S) < €(R) for all R e Z r. It follows that for any 
R e ZT there exists a unique n e Z such that # | aT = (S | aT)n. Since (51 %)" 
= Sn\aT and since Tacts without fixed points, this implies R = Sn. In particu­
lar, we have a unique m such that T = Sm, replacing S by S~l, if necessary, 
so that m is always positive. If T = JC for some I e T and // > 1, then 71 

leaves the axis of X invariant. From the uniqueness of the axis of T we con­
clude that Z and T have the same axis. Hence, I e Z r and therefore L = 
Sr for some r. If £ is primitive this is only possible for r = ±1, and since 
Sm -T = 1^ = Srtl with m and /i positive, we see that r = 1. This proves the 
uniqueness of 5. The corresponding statement about the closed geodesies y 
and 70 is clear. 

It remains to prove that ZT is the centralizer of T. If R e T and if TR = RT, 
then T(R(aT)) = R(T(aT)) = R(aT). By the uniqueness of the axis of T we 
have R(aT) = aT and thus R e ZT. This shows that ZT contains the centralizer 
of 7, and since ZT is abelian, ZT is the centralizer of T. O 

We need an estimate of the growth rate of the number of geodesies up to a 
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given length. For the purpose of the trace formulae the estimate of the func­
tion 0 in the next lemma will be sufficient. In Theorem 9.4.14 we shall 
prove the asymptotic formula <P(t) ~ f V as t —> oo. 

9.2.7 Lemma. Let &(L) be the number of closed geodesies of length £< 
Lon a compact Riemann surface of genus g>2. Then <2> has growth rate 
0(L) = 0(eL) as L -> oo. 

Proof. This follows from Lemma 6.6.4 or from Lemma 7.5.3. For conve­
nience we repeat the simple argument. Fix any base point x e M and let x be 
a lift of x in H with respect to the universal covering H -> M = T \H. For 
each closed geodesic y on M there exists a freely homotopic geodesic loop yx 
at x of length €(yx) < €(y) + 2d, where d is the diameter of M. Lifting these 
loops to the universal covering, we see that <fr(L) is bounded above by the 
number of Dirichlet fundamental domains with respect to the point set T(x) 
which intersect the hyperbolic disk of radius L + 2d centered at x. Since the 
area of this disk has growth rate 0(eL), we are done. O 

We are now in a position to introduce the length spectrum. We recall 
(Definition 1.6.3) that two parametrized geodesies 

y,d:S1 = Rl/[tn>t+l]->M 

(parametrized with constant speed) are considered equivalent if and only if 
there exists a constant c such that y(t) = S(t + c), t e S1. To avoid 
confusion, we shall from now on call the corresponding equivalence classes 
oriented closed geodesies. 

9.2.8 Definition. Let M = T\H be a compact Riemann surface. We de­
note by %(M) the set of all oriented closed geodesies on M and by ^(M) the 
subset of all primitive oriented closed geodesies. 

The sequence of all lengths €(y), y e %{M) arranged in ascending order is 
called the length spectrum of M. The subsequence of all lengths €(y), 
y e 0>(M), also arranged in ascending order, is called the primitive length 
spectrum of M. 

Huber's theorem [2] is as follows. 

9.2.9. Theorem. Two compact Riemann surfaces of genus g>2 have the 
same spectrum of the Laplacian if and only if they have the same length 
spectrum. 
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We point out that compact Riemann surfaces have the same spectrum only if 
they have the same genus. This will follow from Weyl's asymptotic law 
(Theorem 9.2.14). For generalizations of Huber's theorem we refer to the 
discussion at the end of this section. 

The proof is based on the following theorem. Note that the summation is 
over all n e N - {0}. If we replace 0>(M) by the set of all non-oriented 
primitive closed geodesies, then the summation is over all n e Z - {0}. 

9.2.10 Theorem. (Length trace formula). Consider the compact Riemann 
surface M = F \ H and let %M : M x M —» C be a kernel defined by the 
generating function K satisfying the inequality as in (9.2.1). Then 

J{M(x, x) dM(x) = K(0) area M 
M 

+ f E <w f *o»**p dp. 
n=\ reHM) V cosrnf(7n) - 1 J<f(r«) V coshp - cosh/(7n) 

Proof. Let 77 be a set of primitive elements of Fsuch that each T e T - {id} 
is conjugate to Sn for some unique S e II and some unique n e Z - {0} 
(use Lemma 9.2.6). Thus, / l u 77"1 is a minimal set of representatives of the 
conjugacy classes of the primitive elements of F - {id}, and YI n 77_1= 0 . 
For each 5 e 17we have the cyclic subgroup Zs c F, 

Zs = {Sn\n<= Z} . 

We let @ls = {Rlt R2, . . . } be a minimal set of representatives of the right 
cosets of Zs so that Fis the disjoint union 

(1) r = ZSR1KJZSR2KJ ... . 

Since RjRj1 commutes with S if and only if RjRj1 e Zs (Lemma 9.2.6), it 
follows that 

RjlSRi = R]lSRj if and only iff =j. 

Each T e F - {id} therefore has the unique representation T = RJlSnRif 
yielding the decomposition 

(2) r-{id}= U U U {RJlS%} (disjointunion). 
n*0 Sen Rj€0ls 

In what follows a fundamental domain of Zs will be understood to be the clo­
sure 9 of an open domain f c H such that 
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(i) the images T(&), T e Zs, cover H, 
(ii) T{&) n r ( # ) = 0 for T * T, 
(iii) & - SF is a set of measure 0. 

The length trace formula will result from the comparison of two different 
fundamental domains. First we let F be a compact Dirichlet fundamental 
domain of Fwith interior F and set 

®s = U Ri(F), #5 = U tf,-^). 

Under Z5 the images of &s cover H by (1), and the images of ^s are pairwise 
disjoint by (2). Hence, cFs is a fundamental domain of Z5. 

For every T = RJlS% in (2) we have 

k(z, RjlSnRiZ) dH(z) = k{Rtz, S^z) rfH(z) 

(3) 
= I *(z, 5"z) dH(z). 

Hence, by (2) 

3ifr(z, z) rfH(z) = /T(0) rfH(z) 

(4) 
+ Z Z X it(z, Snz) dH(z). 

n*0 Sen Rje&ts ̂  R^F) 

By Lemma 7.5.3 (or by the argument in the proof of Lemma 9.2.7), we have 

S |l*(z, Fz)UH(z) < oo 

so that the above changes in the order of summation are allowed. Moreover, 
Lemma 7.5.3 together with (3) shows that the function z \-^ k(z, Snz) is abso­
lutely integrable over the domain &s. Since this function is Zs - automorphic 
and since ^s is a fundamental domain of Z5, it follows that 

£ I k(z, Snz) OEL(z) = ] *(z, Snz) dR(z) 

(5) 

= fc(z, Snz) dH(z) 
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for any other fundamental domain & of Zs. To compute this integral we tem­
porarily conjugate Tin PSL(2, R) such that S becomes the transformation 

zH>S(z) = Xz, z e H , whereX = ee(S\ 

(cf. (9.2.3)). We use the following fundamental domain of Zs 

& = { z e H | \<Imz<X). 

Writing z = x + iy, we find for (5) 

jk{z, Snz) dR(z) = 2 j j K(dist(z, Xnz)) f &. 
1 "0 

The inner integral is almost that of (7.4.12), which led us to the Abel trans­
form. In fact, if we apply the isometry w \-^> (w - x)ly, w e H, (x, y fixed), 
to the pair z, Xnz, then z moves to i and Xnz moves to a + iXn, where a is 
given as a = (Xn - l)x/y. Substituting a for x, we obtain the expression 

*(z, Snz) dH(z) = ^ ^ I K(dist(U a + iXn)) da. 
^9 Xn — 1 J0 

Except for the coefficient, this is now the same as the integral in (7.4.12), in 
which p(r, a) is the distance from i to the point a + ier. We repeat the 
argument which led to (7.4.13) and obtain 

f*(z,S"z)dH(z) = , m \ 
J? VcOSh W 1 ) - 1 J€(S") 

K(p) sinhp dp. 
>9 ' Vcosh f(Sn) - 1 ^(5») Vcoshp-cosh/GS") 

(Replace a by p = dist(/, a + iXn), where coshp = 1 + (a2 + (Xn - l)2)/(2An) 
and replace X by ee(<S).) Combined with (4) and (5), this yields 

%r(z, z) dR(z) = K(0) areaF + 
' p 

n*o sen Vcosh t(Sn)- 1 

where A is the Abel transform (given in Definition 7.3.8). Since the mapping 
S H-> ys sets up a one-to-one correspondence between J7u TI~l and 0>(M), 
this proves the trace formula. O 

Following McKean [1], we plug the heat kernel pM of M into the trace 
formula to prove Huber's theorem. We first take a look at how pM fits into 
the general theory. We keep t > 0 fixed. The heat kernel p^ of the hyperbolic 
plane is defined in (7.4.23) in the formpH(z, w, t) = Pt(dist(z, w)), where Pt 
is defined in (7.4.19) and (7.4.18). The function Pt is the generating function 
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K as in (7.5.2), and pu=pH(z, w, t) is the corresponding symmetric function 
k = k(z,w) = K(dist(z,w)) on H x H as in (7.5.1). The functions 
pr=pr(z,w,t) and pM = pM(x, y, t) (defined in Theorem 7.5.11) are 
%r - JCr{z, w) and JCM = %M(xy y) (defined in Lemma 7.5.5). By Lemma 
7.4.26, the generating function K(p) = Pt(p) decays more rapidly than 
exp(-p(l + 8)) for arbitrarily large 8, in fact. Hence, the hypotheses of the 
trace formula are all satisfied. 

By Theorem 7.2.6, the trace of pM is given as follows 

.-Ant trpM = 2 > 

where A0, Xx, ... are the eigenvalues of the Laplacian of M = F \ H . As a 
consequence, we obtain the following formula of McKean [1] 

I > ' v = areaM (4;tf)-3/V /4 ^^-ixdr ~0 J0 smhr/2 
(9.2.11) 

+ \(4Ktym e~t/4 £ X €l7) e-^n)/4t. 
n=\ re&(M) sinh^Ar") 

Proof. All the necessary computations have been carried out earlier: the trace 
is 

KPM = pM(x>*>t)dM(x) = \pp(z,zyt)dH(z). 
JM JF 

The integral is given in (6) above with/?r = j/{r and K = Pt. The expression 
for K(0) = Pt(0) is given in (7.4.20) and the expression for A[K] = A[Pt] is 
given in (7.4.19) and (7.4.18). Finally we note that area(F) = area(Af) since 
F is a fundamental domain. O 

With this we now prove Huber's theorem. 

Proof. We must show that the eigenvalues determine the lengths of the 
closed geodesies and vice versa. 

Assume first that the eigenvalues are given. Then the function of t in 
(9.2.11) is known to us, and we want to extract from it the area and each 
individual length, together with its multiplicity. We begin with the area. By 
Lemma 9.2.7, the second term on the right-hand side of (9.2.11) is bounded 
above by k x r1/2exp(-l/8f), k some constant, and therefore converges to 0 
as t —> 0. Using the equation 
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1 e-^dx = (4nt)l/\ 
o 

we obtain 
00 j . , 

(9.2.12) £ e ^ ' " 2 ^ ( l+o(l)) 
n=0 *l 

for t-lO. This determines the area of M. It follows that the function 

f(t) = i Z (̂r) g-,vv4f 
n=i re^(M) s i n n e r ) 

is determined by the eigenvalue spectrum. The length ^(y^ of the shortest 
element in &(M) is characterized as the unique co> 0 for which f{t)ew /4t has 
finite positive limit as t —> 0. Hence, €{yx) and the multiplicity of this length 
are determined by the eigenvalue spectrum. Knowing €{y{), we remove all 
powers of all primitive geodesies of length €(Y\) from f(t) and then deter­
mine the second primitive length and so on. 

Now assume that it is the length spectrum which is given. Here we con­
sider the case t —> oo instead of t -> 0. Since the length spectrum is known to 
us, the function 

F(t) = 2 e~V - <r(0e"'/4areaM + £ eK% 

0<A„<l/4 *„>l/4 

is known to us also, where o{t) is the factor on the right-hand side of the 
term area M in (9.2.11). Its growth rate is given by the expression <y(t) = 
0(f3/2) as t —> oo. From F(t) we first determine the small eigenvalues (if 
there are any) by taking the unique co for which 

lim e^Fit) =: ma 
t—>oo 

is finite and positive. Then ma is the multiplicity of Xx and we remove 
mae"Xxt from F. In this way we proceed until the sum over all Xn < 1/4 is 
removed. Then the area is determined by multiplication with a~\t)etlA

y and 
we continue as before. Huber's theorem is now proved. o 

We conclude this section with a few remarks. 
Huber's theorem can also be stated for the primitive length spectrum by the 

following simple observation, whose proof we leave as an exercise. 

9.2.13 Remark. F\H and F'\H have the same length spectrum if and 
only if they have the same primitive length spectrum. O 
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In the statement of Huber's theorem we did not assume that the two surfaces 
have the same genus. However, isospectral compact Riemann surfaces have 
the same genus. This follows from formula (9.2.12). We also mention that 
with Karamata's Tauberian theorem (see e.g. Widder [1], p. 192 Theorem 
4.3), we may translate (9.2.12) into the following. 

9.2.14 Theorem. (Weyl's asymptotic law). 
„ , ,^ Ann 

nV area M 

The symbol ~ has the following meaning. 

9.2.15 Definition. Let/and g be functions of a real (or integer) variable 
and let a e R or a = 00. Then/and g are asymptotically equal for t —> a , and 
we write 

f(t)~g(f), t->at 

if and only if lim/(f)/g(f) = 1. 

Huber's theorem holds in a wider range. Riggenbach [1] and Berard-Bergery 
[1] have generalized the theorem to compact hyperbolic manifolds of arbitrary 
dimension with the length spectrum replaced by a modified length spectrum 
(called the geometric spectrum) in which the lengths are multiplied by a factor 
depending on the holonomy of the geodesic. A similar theorem has been 
proved by Gangolli [1] for compact quotients of rank 1 symmetric spaces. 
The result of Berard-Bergery and Riggenbach shows that the lengths are not, 
in general, sufficient to determine the eigenvalues. But the converse holds, at 
least in a generic sense. This has been shown by Colin de Verdiere [1] and 
by Duistermaat Guillemin [1,2]. Examples where the length and eigenvalue 
spectra are not equivalent are given by Gordon [2]. The length spectrum on 
compact Riemann surfaces of signature (g, n) is studied in Guillope [1]. 

9.3 Summation over the Eigenvalues 

In the preceding section we expressed the trace of a kernel JCM in terms of the 
length spectrum. We now prove a similar formula in terms of the eigenvalue 
spectrum (Theorems 9.3.7 and 9.3.11). In the particular case that %M is the 
heat kernel pM, this formula is 
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n=0 

We first give an outline of the approach (cf. Hejhal [2], vol I, pp. 8-10 and, 
in general form, Selberg [2] pp. 53 - 55). Let 0O, 0 P . . . be the T-invariant 
lifts in H of the eigenfunctions cp0> (px, . . . of the Laplacians on F \ H . 
Fixing an arbitrary point w e H we construct radial eigenf unctions, that is, 
eigenf unctions y/n, n = 0, 1 , . . . , which depend on dist(, w). The function 
y„ is obtained by integrating (j>n over the action of Sj,, where Sj, is the 
subgroup of Is+(H) which fixes point w. Since y/n is radial, it is essentially a 
function of one variable and is the solution to an ordinary differential 
equation of second order with initial values v̂ n(0) = $n(w), y/„(0) = 0. This 
solution is unique. Hence, if Qn is another eigenfunction with the same 
eigenvalue and, for instance, such that QJyv) = 1, then, momentarily leaving 
aside questions of convergence, 

<t>n do = <t>nM Qn da, 
I si 

where do is the invariant measure on Ŝ , with volume 2n. Using the decom­
position 

i-n 'H "0 "Si 

we obtain, with k(z, w) = K(dist(z, w)), 

k(z, w)(t>n(z) dH(z) = <}>n{w)\k{z,w)Gn{z)(M(z). 

Ignoring momentarily the details which will follow below, we translate this 
into 

%M(x,y)<pn(x)dM(x) = (pn(y)hn, 

where 

hn = \k{z,w)Qn{z)dH{z). 

This number depends on k and on the eigenvalue Xn of %. We learn from this 
that the eigenfunctions of the Laplacian are also the eigenfunctions of the in­
tegral operator with kernel %M, and the eigenvalues hn are certain transforms 
of the A.n.The important fact will be that these transforms can be written in a 
closed form. The trace formula will finally be obtained from the double 
expansion 
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00 

%M(x>y) = 2 hn(pn(x)<pn(y). 
n=0 

The required regularity of the generating function K is as follows. In the first 
steps it will be sufficient to assume that K : [0, oo [ —» C is an L2-function 
satisfying the decay condition 

\K(p)\ < const e-*1 + s) 

for some 8> 0. This is the same decay condition as in Section 9.2. It will be 
strong enough to prove the above double expansion in the L2- sense. Later 
we shall restrict ourselves to more regular K in order to obtain the pointwise 
expansion. 

We now give the details of the above development. We first need some 
preparations. It is sometimes more convenient to rewrite K in the form 

(9.3.1) K(p) = L(coshp), 

so that by (1.1.2) the function k(z, w) = K(dist(z, w)) becomes 

(9.3.2) k(z, w) = L(l + ' Z ~ ^ ' ) . 
2 Imz Imw 

L is then a function L : [1 , oo[ -> C with growth rate 0 ( r ( 1 + 5)) as t -> oo. 
Instead of the eigenfunction Qn mentioned above, we take the following 

(9.3.3) Q(z) = ym + ir, y - Imz, 

where r e C is a complex parameter ranging in the strip 

ST8- = { r e C | \Imr\<5 + 8'} 

and S' is a constant satisfying 0 < 8' < 8. We check that 

(9.3.4) AQ- (r2 + \)£2 = 0. 

To simplify the notation we now fix w = /. 

9.3.5 Lemma. The function Jc(z, i)Q(z) is absolutely integrable over H 
and the following equations hold. 

Jn •'-co jo y y 

= v 2 f + > r - ^ ) s i n h p dpdu. 
%}-oo J\u\y coshp - coshu 
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Proof. On the distance circle {z € H | dist(z, /) = p} we have Imz < ep. 
This is easily seen if we observe that the distance circle in the upper half-
plane H is also a Euclidean circle with its uppermost point on the imaginary 
axis. Since Imz < ep, it follows that 

\n(z)\<ep(1/2+Imr)<ep(l+s'\ 

and the absolute integrability follows from the rapid decay of K together with 
the choice of the strip S^». 

Now we substitute successively, first (1 + x2 + y2)/2y = t(x) - t (with dx 
= ydt/x), then eu, and finally t = cosh p. O 

The function h provides the transformation of the eigenvalues of the 
Laplacian into those of the integral operator with kernel 3£M. For this we set 

(9.3.6) rn = i 

Observe that all rn are contained in the closure of the strip 5 0̂, where 
y 0 = { r e C | | / m r | < | } . 

9.3.7 Theorem. (Pre-trace formula). IfK : [0, oo[ —> C is an L2-function 
satisfying \K(p)\ < const exp(-p(l + 8)) for some 8 > 0, then %M has the 
following expansion in the L2-sense, where h is as in Lemma 9.3.5 

00 

%M(xt y) = E h(rn)(pn(x)(pn(y). 
n=0 

(For the pointwise version see Theorem 9.3.11.) 

Proof. Let (f>n be a T-automorphic lift of the eigenfunction <pn with respect to 
the covering H -> M = T\H. We show that 

(9.3.8) k(z, w)0n(z) dH(z) = /2(rn)0». 

Observe that (pn is a bounded function on H, so that the integrand is abso­
lutely integrable. For simplicity we conjugate Tin PSL(2, R) in such a way 
that we may assume w = i. Let z = (p, o") be the representation of z in 
hyperbolic polar coordinates, where p = dist(/, z) and a e S1, and write (f)n = 
0n(p, a). Since the Laplacian is an isometry invariant and since S1 acts on H 
by rotations with center z, the averaged function 
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(9.3.9) yKp, <r) = y/(p) = Yn) fnQ>> <*) da 

is again a solution (not T-automorphic) to the eigenvalue equation Ay/= Xny/, 
where Xn - \ + rn

2. From the expression (7.4.5) of the Laplacian for radial 
functions, we see that y/= \ff(p) is a solution to 

yr"(p) + (cothp) yr'(p) + XMp) = 0, p e [0, oo[ 

with respect to the initial conditions yf(0) = <pn{i), v '̂(0) = 0. Except for initial 
conditions, the same is true, if we average the function Q of (9.3.3), with r 
= rn. By the uniqueness of the solution of the initial value problem we have 

(9.3.10) vKp) = M0 Tk \ Q& a) dG-

Using the decomposition = together with (9.3.9), we obtain 

k(z, i)4>n(z) dH(z) = 0n(i) k(z, i)Q(z) dH(z) 
H JH 

= h(rn)<pn(i). 

This proves (9.3.8). Now let F be a compact fundamental domain of r. Then 

/ . 
XM(x,y)<pn(x)dM(x) = Z *(w, Tz)<pn(z) dH(z) 

M Te r JF 

= Z \k(w,Tz)cj>n(Tz)dH(z) 
Ter JF 

= \k(z, w)0n(z) dR(z) . 

Here w is a lift in H of v, and the interchanging of integration and summation 
is admissible because <j>n (as lift of %) is a bounded function. With the notaion 
of (9.3.6) we obtain from (9.3.8) 

%M(x,y)<pn(x)dM(x) = h{rn)<pn(y). 
M 

The pre-trace formula follows now from the Hilbert-Schmidt theorem (Theo­
rem 7.2.7) and from the earlier remark that the eigenfunctions of the Lapla­
cian are also the eigenfunctions of the integral operator with kernel XM. O 
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9.3.11 Theorem. Assume that the generating function K occurring in 
Theorem 9.3.7 and its transform h as defined in Lemma 9.3.5 satisfy at least 
one of the following additional two conditions. 

(i) K is continuous and h has growth rate h(r) = 0((1 + \r\2)~(1 + E))for 
some e>0asr^>co, 

(ii) JCM G C2(MxM, C). 
Then 

00 

#*(*. y) = 2 h(rn)<pn(x)<pn(y) 
71=0 

with absolute uniform convergence onMxM. In particular 
00 

n=0 

(A sufficient criterion for %M to be of class C2 is given in Lemma 7.5.6.) 

Proof. Since equality holds in the L2-sense, we need only prove the absolute 
uniform convergence. 

If condition (i) holds, then h(rn) = 0(A;(1 + £)), and the series has a 
majorant, given by Theorem 7.2.18. 

If condition (ii) holds, then the statement of the theorem is an immediate 
consequence of Proposition 9.3.12 below. In the particular case that K is of 
class C°° and has compact support, we have a simpler argument: h is the 
Fourier transform of a smooth function. Repeated integration by parts yields 
that for k = 1, 2 , . . . the function h has growth rate 

/i(r) = 0((l + M)-\ as|r|->oo, 

uniformly in any strip S = {r e C | I Imr\ < const}. Now use (i). O 

9.3.12 Proposition. Let f= f(x, y) e C2(M X M, C) and let cn(x) denote 
the Fourier coefficients of the function y \-^f(x, y)for each fixed x. Then the 
Fourier series 

00 

fix, y) = 2 cn(x)<pn(y) 
n=0 

converges absolutely and uniformly onMxM. 

Proof. We consider l a s a parameter and understand the operators A and 
}dM to be with respect to the variable y. It suffices to prove the proposition 
under the hypothesis that/has the first Fourier coefficient c0 = 0. Observe 
first that 
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Af = X Vn(*)ftr 

This holds because Af (as a function of v for fixed x) has a unique expansion 
00 

Af = S &„(*)flp 
n = l 

where by Green's formula, 

bn(x) = \ Af<pndM = \fAcpndM = Xncn(x). 

By Parseval's relation, 

\Af\2dM = X^kn(x)|2. 

The left-hand side depends continuously on x, as do the individual terms on 
the right-hand side. Moreover these terms are positive functions. Dini's 
theorem (see for instance Jorgens [1] p. 95) states that under these circum­
stances the right-hand side converges uniformly on M. The inequality 

(i\cn(x)<pr\Y = ( iu„ c „«i^) 2 

n=a n-a ^n 

^ £u„c„(*)i2.£-Li«,i2 

n—a n=a A>n 
oo 

together with the uniform convergence of 2 \(pn\LX~2 (cf. Theorem 7.2.18) 
now yields the proposition. n=1 o 

9.4 The Prime Number Theorem 

In number theory the prime number theorem states that the cardinality n{x) of 
the set of all prime numbers in the interval [0, x] satisfies the asymptotic 
equality 

(9.4.1) ^ - r - , x->oo. 
log* 

As Selberg points out in [3], there is a strong analogy between the prime 
numbers and the norms of the elements in a discrete subgroup of SL(2, R) 
or, in our case, the lengths of the closed geodesies. This analogy is most 
strikingly reflected in Selberg's zeta function We refer to Hejhal [2] and 
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Selberg [2] as a reference for the Selberg zeta function; an overview may be 
found in Elstrodt [2] and Venkov [1]. 

Although the Selberg zeta function is not a subject of this book, we shall 
consider one of the connections between the prime numbers and the closed 
geodesies: the prime number theorem for the compact Riemann surfaces. 
This analogy was discovered independently by Huber [1, 2] in connection 
with the distribution of lattice points and by Selberg through the study of the 
zeta function. In the present section we shall prove the prime number theorem 
for Riemann surfaces as an application of the trace formulae given in 
Theorems 9.2.10 and 9.3.11. We shall follow Huber's original approach [2] 
via the generating function K(p) = (coshp)-* (%fs > 1). Huber also proved a 
prime number theorem with error terms in which the small eigenvalues of the 
Laplacian occur. This result will be proved in Section 9.6 via Selberg's trace 
formula. For a proof via Selberg's zeta function we refer to Hejhal [1] and 
Randol [2, 3]. 

To point out some of the similarities between the distributions of the prime 
numbers and the lengths of the closed geodesies, we make a small digression 
and look at some of the steps which led to the prime number theorem for 
prime numbers. For the proofs and some history we refer to Apostol [1], 
Patterson [4] and Edwards [1]. 

In 1737 Euler [1] found the following theorem (not stated here in full gen­
erality). Let/: N - {0} —> C be a completely multiplicative function, that is, 
by definition, a function/satisfying 

f(mn) =f(m)f(n) for all m, n e N - {0}. 

A typical example is the function given by f(m) = ms for fixed s e C. If the 
00 

series £ fin) is absolutely convergent, then 
n = l 

oo 1 (9A2) S^-Jw 
where the product is extended over all prime numbers p. The right-hand side 
of (9.4.2) is called the Euler product of the series (see for instance Apostol 
[1] for a proof). Using this identity, Euler gave a new proof that there exist 
infinitely many prime numbers. In fact, he showed that the distribution of the 
prime numbers among the positive integers is so dense that the series £ l / p 
extended over all prime numbers is divergent. Identity (9.4.2) is an early 
form of an analytic relationship expressed in terms of the prime numbers. 

Dirichlet later applied analytic methods to number theory in a systematic 
way. The power of these methods can be seen in the following simple proof 
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of the divergence of the series £ 1/p- For real s > 1, let 
00 

(9.4.3) C(s) = 2 n~\ 
n=l 

This series converges uniformly on each interval [1 + S, oo[, S> 0, and is an 
analytic function satisfying £(s) —> oo as s -> 1. The function was later stud­
ied by Riemann for complex 5 also and is called the Riemann ^-function. 
Since for fixed s the function n h-> n~s, n e N, is completely multiplicative, 
we may express f(s) using the Euler product 

(9.4.4) ^) = n C ^ r p ) -

Now take the logarithm: 

log as) = E logC-r^j) < 2 E /T*. 
P

 L P P 

and divergence follows from the fact that log £(s) —» oo as s -» 1. 
The asymptotic law (9.4.1) was conjectured from inspection of tables of 

primes by Gauss in 1792 and by Legendre in 1798. The first proofs were 
given independently by Hadamard [1] and de la Vallee Poussin [1] in 1896. 

To understand the behavior of n(x), other enumerating functions have 
proven to be useful, such as the Chebyshev functions 

(9.4.5) &(x) = 2 log/7, yr(x) = Z A(/i), 
p<x n<x 

where the first summation is over all prime numbers smaller than or equal to 
x and the second summation is over all positive integers smaller than or equal 
to x. In the second sum, A is the von Mangoldt function 

jlogp if n = pm for some prime p and m > 1, 
[0 otherwise. 

We mention these functions here because they will appear in connection with 
the length spectrum. 

Wiener [2, Ch. IV] gave a proof of the prime number theorem using a 
Tauberian theorem which is as follows. (This theorem will later be needed in 
the proof of Theorem 9.4.14.) 

9.4.7 Theorem. (Wiener-Ikehara). Let t\-^ git) e R, t e [0, oo[ be a non-
negative non-decreasing function and assume that on the open half-plane 
{s e C | %ts > 1} we have 
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e-*g(!)dt = - J Y +f(s) 
o 5 x 

for some continuous function f which extends continuously to the closed 
half-plane {s e C | % s > 1}. Then 

g(t) ~e\ t-> oo. 

For a proof we refer to Widder [1], p. 233. The major steps in the proof of 
the prime number theorem are then as follows. In a first step the Euler prod­
uct (9.4.4) is used to prove the following analytic property of the logarithmic 
derivative of the ^-function 

(9.4.8) _ £ g = / ( s ) + -±_, 
where/is holomorphic in an open domain Q, which contains the half-plane 
$js > 1. Here the prime number aspect is not yet important. This will come 
in the next step, where the logarithmic derivative is expressed by means of 
the Cheybyshev function. 

Now the following equations hold, where the proof of the first line is the 
difficult part (we do not give the proof of this equation). 

- § J = z£p-""iogp 
S>VV p m = \ 

oo 

= Z A(n) ns 

/•OO 

(9.4.9) = x~sdy/(x) 

/•OO 

= e-std¥{ef) 

/•OO 

= s e~st \f/(el) dt. 

Here jda(x) (with a = y/) is the Stieltjes integral 

h(x)da(x) := lim X h(^)(a(xi+l)- a(xt)) 

with subdivisions of the interval [a, b] of width max \xi+l - xt\ < 8 and with 
^e[Xi,xi+l]. 

For the Stieltjes integral we refer to Widder [1] chapter I. Among its ele-
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mentary properties we mention the frequently used integration by parts 
(already used in (9.4.9)) 

fb pb 
J h(x)da(x) = h(b)a{b)-h{a)a{a)-\ a(x)dh(x). 

a a 

If h is differentiate, then dh(x) = h\x) dx. 
The Wiener-Ikehara theorem yields \\f{el) ~ el or, equivalently, 

(9.4.10) yr(x)~xy x -^ oo. 

The remaining arguments are elementary and will also show up in connection 
with the closed geodesies. The first observation is that y^does not grow much 
more rapidly than #, the difference is 

y/(x)-#(x) = S $(xl,m), 
m=2 

where mx is the largest integer m satisfying 2m < x. Since mx < log2 x and 
since ${xxlm) < #(xl/2) < y/(xm) = 0(xm), we obtain 

(9.4.11) ti(x)~x, x^oo. 

Integration by parts yields 

r diHx) #(x) fx I»(T) , 
n{x) = 2 1 = T - ^ = 7 ^ ^ + - ^ dr. 

Hence, n{x) — x/logx. 

We return to compact Riemann surfaces. Products of closed geodesies are 
not defined, but powers ym of such geodesies make sense. A closed geodesic 
is called prime if it is not the power of another closed geodesic for some 
exponent m > 2 (cf. Definition 9.2.5). Rather than lengths, it is sometimes 
more natural to use the norms of the geodesies 

(9.4.12) Nr:=e'ir\ 

Since NYk = (Ny)k, the behavior of the norms is closer to that of the integers 
as far as "multiplication" is concerned. 

In analogy with the classical number theoretic functions the following are 
defined for compact (and more general) Riemann surfaces. 

9.4.13 Definition. Let M be a compact Riemann surface of genus g > 2. 
For every closed geodesic y e %{M) there exists a unique prime geodesic 
70 e ^(M) and a unique exponent m > 1 such that 7=7^ . With this notation 
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we set 

My) = €(Yo) = l<>gNr0' 
The counting functions on %{M) in terms of the lengths are defined in the 
following way. 

(Pit) = nye <$(M)\€(y)<t} 
n(t) = #{re 0>(M)| €(y)<t} 

nt) = Z My) 

0(f) = l! t(r) = I Tdi7(r). 
€(y)<t Jo 

The symbol # denotes cardinality and the prime in the definition of 0 means 
that the summation is restricted to the prime geodesies. In terms of the 
norms, letting x = e\ we define correspondingly 

<p(x) = #{ye %{M)\N<x) = £ 1 
Nr<x 

n(x) = #{ r e 0>(M) | Ny< x } = £ ' 1 

V(*) = X A(y) 

*(*) = Z' loĝ V7= flog §</*(©. 

9.4.14 Theorem. (Prime number theorem for compact Riemann surfaces). 
For any compact Riemann surface of genus g ^ 2, 

n(x) ~ x/logx, (p(x) ~ x/logx, x —> oo. 

(The proof will follow below.) For a stronger version of the theorem and for 
some references we refer to Theorem 9.6.1 and the comments thereafter. 

In order to round out the above sketch of the prime number theorem, we 
mention that Euler's formula (9.4.2) and the Riemann ^-function (9.4.4) 
have as a descendant Selberg's zeta function 

00 

Z(s) = n n ( 1 - A 7 _ V ) , <Res>\. 
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There are various ways in which the prime number theorem for Riemann sur­
faces can be obtained from Selberg's zeta function. This is carried out in de­
tail in Hejhal [2]. We also refer to Randol [2]. An overview of the Selberg 
zeta function can be found in Elstrodt [2] and in Venkov [1]. In Elstrodt [2] 
we also find an interesting interpretation of Z{s) in terms of the resolvent of 
the Laplacian. 

Proof of Theorem 9.4.14. We now give Huber's proof of the prime number 
theorem (in a form which is adapted to Theorem 9.3.11). The proof also 
yields the asymptotic formula for the distribution of the lattice points in 
Theorem 9.4.23. An independent proof based on Selberg's trace formula will 
follow in Section 9.6. 

Let M be given in the form M = T \ H , where T is a subgroup of 
PSL(2, R) acting freely and properly discontinuously on H. For s e C with 
%ts > 1 the generating function 

K(p) = (coshpr 

satisfies the decay conditions of Lemma 7.5.6 and therefore generates a 
smooth kernel %M on M. Its T- bi-invariant lift J(r on H is the Dirichlet 
series 

(9.4.15) G(s;z,w) = # r (z ,w) = £ (cosh dist(z, Tw))~s 

as introduced in Section 9.1. By Theorem 9.3.11, the following expansions 
are absolutely and uniformly convergent 

00 

3V*. y)= ~L hs(rn)%(x)%(y)> x,yeM 
(9.4.16) " ° 

G(s; z, w) = X hs(rn)(j)n(z)(l>n(w), z, w e H, 

where f or n = 0, 1,. . . the function (f>n is the T-invariant lift of the eigenfunc-
tion cpn of the Laplacian on M. The numbers rn are as in (9.3.6): 

= \i^\-K if 0 < Xn<\ 
"" \+l 

The function h = hs is the transform of K = cosh-* as in Lemma 9.3.5. 
In (9.4.15), G(s; z, w) is defined and proved to be a holomorphic function 

of s for %ts > 1. We shall now prove that the series on the right-hand side of 
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(9.4.16) converges in a larger region. (This will give access to the Wiener-
Ikehara theorem.) To this end we compute hs(rn) using properties of the 
gamma function F. For this and related functions we shall use Magnus-Ober-
hettinger-Soni (M-O-S) [1] as a reference. 

Under the conditions 

% £ > - l , %p<o>\ + \$sb a > 0 , 2>>0, 

the following identity holds (M-O-S, p. 6): 

(9A17) J0 rfrsh= %^fh)n&+ 1))r(ffl-^1)}-
In particular, for \Imr\< ^ and % s > 1, if z = x + iy e H, then 

2'"1(1 + ̂ - ^ ' - ^ ^ j ^ n ^ +1>- | ) ) r ( | (^ - ir + £)). 

This equation together with another application of (9.4.17) shows that the 
function h = hs in Lemma 9.3.5 (with K(p) = (cosh p)_jr and L(T) = T"S) may 
be defined as follows. 

(9.4.18) hs(rn) = r-W2 f^nfa~ \+ K))r&- \- *>„))• 
For n = 0, we have r0 = -. Using the functional equation 

JT(2z) = ;T1/2 22z"1r(z)r(f + z) 

(M-O-S, p. 3), we obtain 

(9.4.19) hs(rQ) = ^~. 

For n > 1, we have Xn > Xx > 0 and therefore ^(^ ~ * 0 - 1 ~~ ^ f° r some 
5 > 0 which depends on the surface M. The gamma function is holomorphic 
in C except at the points z = -n, n = 0, 1,2,..., where it has simple poles 
with residues {-\)nln\ . Since T(z) * 0 for all z e C, it follows that for each 
n > 1 the function s —»/*,(*■„) is meromorphic in C with poles contained in the 
set {\ ± irn - 2k \ k = 0, 1,2,... }. In particular, hs(rn) is holomorphic in the 
half-plane !Rfs > 1 - <5, n = 1, 2, 

We next consider the growth rate of hs(rn) as n —> oo for 5 € 09, where 
^ c {s e C | !^es > 1 - 8} is an arbitrary fixed compact domain. By 
Stirling's asymptotic formula there exists, for any compact subset f c C , a 
constant c' such that for any £ e 08' and for any real number p > 1 
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ir(f+ip)r«;- iP)\ < c'p2^-le-*p. 
In particular, there exists a constant c such that 

\hs(rn)\<c\-? 
for any s e 35 and any n>\. The uniform absolute convergence of the series 
X X~2(f>n(z)<l)n(w) on H x H (cf. Theorem 7.2.18) implies that the following 
functions of s are holomorphic in Hlgs > 1 - S: 

00 

(9.4.20) G,(5; z, w) := X hs(rn)(f>n(z)<j>n(w\ z, w e H, 

and 

(9A21) # ! (* ) :=£ W . 
n = l 

Since 0o(z) = const = (areaM)~1/2, where areaM = Anig- 1) and g is the 
genus of M = F \H , we obtain from (9.4.19) 

(9.4.22) G(s; z, w) = ^ T T ) ^ T J + G i ^ z ' w>-

This allows us to prove the asymptotic formula for the counting function 

N(t) = N(t; z, w) := #{ T e T | dist(z, Tw) < t}. 

From (9.4.15), 
/• 00 

GCs; z, w) = m0+ \ (cosh t)~sdN(t), 
Jo 

where /TIQ is the number of elements T € F satisfying dist(z, Tw) = 0. To use 
the notation as in the Wiener-Ikehara theorem (Theorem 9.4.7), we make the 
change of variable cosh t = er and integrate by parts: 

J-» 00 

e~sr dN(t(t)) 

/• 00 

= s e-STN(t(T)) dr. 

The Wiener-Ikehara theorem together with (9.4.22) implies the asymptotic 
equation 2(g- l)N(t(r)) ~ eT = coshf(r)), T—> oo. From this we obtain the 
following theorem (Delsarte [1,2], Huber [2]). 
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9.4.23 Theorem. The counting function N(t; z, w) satisfies the asymp­
totic equality 

N(t; z, w) ~ 77 7T e\ t -> oo. o 
4 (g - l ) 

For further references and remarks we refer to the discussion at the end of 
Section 9.7 which gives an asymptotic formula for N(t; z, w), with error 
terms. 

To continue with the proof of the prime number theorem, we combine 
Theorems 9.3.11 and 9.2.10 to obtain the formula 

v w x At ^ ^ Aro) f00 (coshp)-Jsinhp , 
n=o Ye <g(M) V cosh €(y) - 1 *Y(X) V cosh p - cosh / (y) 

in which y0 is the unique primitive closed geodesic satisfying Y = To f ° r 

some m > 1 (cf. Lemma 9.2.6). In the integral we substitute as follows, 

cosh p = cosh €(Y) + f * V ^ 0 0 . 

This is the same substitution as in (7.4.7) and (7.4.12/13). Another applica­
tion of (9.4.17) then yields 

00 r(s - -) 
(9.4.24) X ^ W = 47r(g-l) + 7r1/2 v 2 ' X A*(y)(cosh €{y)Y', 

where we use the abbreviation 

A*(y) := A(y)(cosh <?(y))1/2 (cosh *(y) - 1)'1/2. 

Since the function Hx{s) in (9.4.21) is holomorphic for %£S > 1 - S and 
since hs(r0) = 2^/(5 - 1), we have, using that F(^) = ?r1/2, 

E A*(y)(cosh<f(y)r = 7 3 7 + #2(*). 
re «(A/) A L 

where H2 is a holomorphic function in the domain %ts > 1 - 8. 
The remainder of the proof is now the same as in the case of the classical 

prime number theorem, and we proceed as in (9.4.9), setting 

«P*(0 = X A*(y). 
€{y)<t 

By Lemma 9.2.7, *F*(t) = 0(te') as t -^ 00. Therefore, since %j.s > 1, we 
obtain, with t(z) = arccosh(eT), 
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/* 00 

X A*(r)(cosh t{y)ys = (cosh t)'s d*F*(f) 

/• 00 

e~szd¥*(t(T)) 

/•OO 

= s e~sr W*(t(z)) dr. 

The Wiener-Ikehara theorem yields f*(f(r)) ~ 2er = 2COS1U(T), r -> oo. 
Therefore the Chebyshev function *F(cf. Definition 9.4.13) satisfies 

«F(f) = 2 A(y) ~ e', r -» oo. 

Denote by fx > 0 a positive lower bound for the lengths of the closed geod­
esies of F \ H and let 

m(t) = int(t/n) 

be the integer part of tl}i for t > 0. The Chebyshev functions f a n d 6 are re­
lated by 

m(t) 
(9.4.25) «F(f) = 0(r) + 2 0(f/m). 

/w=2 

The sum on the right-hand side is bounded above by m(i)6(t/2)y where 

m(t)6(t/2) < - »F(f/2) = 0(tet/2), t-> oo, 

and therefore 

(9.4.26) 0(t) ~ e', f -» oo. 

Since 

we obtain 11(f) ~ e'/f and n(x) ~ x / logx Finally, 0 and 77 have the same 
asymptotic growth because 

m{t) 
(9.4.27) 0(f) = /7(f) + 2 J7(f/m). 

m=2 

This proves Theorem 9.4.14. O 
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9.5 Selberg's Trace Formula 

Theorem 9.2.10 and Theorem 9.3.11 together yield a relation between the 
length and the eigenvalue spectrum of a compact Riemann surface. This rela­
tion is in terms of functions g and h which are transforms of the generating 
function K. In many applications, either h or g is given but not K. It is there­
fore desirable to state the relation independently of A' and under fairly general 
conditions. This is obtained in Selberg's trace formula. The following condi­
tion has proved to be useful although it is not the most general one. 

9.5.1 Definition. L e t e > 0 , set 

SfE = {re C | | I m r | < ! + e} 

and assume that h : 5fe —> C is a holomorphic even function with the decay 
property 

h(r) = 0((1 + \r\ 2)"1_e uniformly on <fz. 

Then h has the Fourier transform (up to a constant) 
f +00 /.CO 

g(u) := ^ e~iruh(r) dr = M (cosm)h(r) dr9 u e R. 
- co ^ 0 

The pair h, g will be called an admissible transform pair. 

9.5.2 Example. Let g : ]-oo, +oo[ —» C be an even C°°-function with 
compact support and let h = g be its Fourier transform. Then h is holomor­
phic in the entire complex plane. Repeated integration by parts yields, for all 
k = 1,2,... and for any c> 0, 

h(r) = 0(1+M)"*), 

uniformly in the strip S = {r e C | I Imr\ < c }. Hence, h and g form an 
admissible transform pair. 

For every compact Riemann surface M = T\H, we have the set <g(M) of all 
oriented closed geodesies and the set 0*(Af) of all primitive oriented closed 
geodesies (Definition 9.2.8). We also recall the rn from (9.3.6), 

Wi-*. tf o < A „ < i 
r" 1+/ 

where A0 < Xx < X2 ^ .. . are the eigenvalues of the Laplacian of M. 
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We now state Selberg's trace formula [2]. In this formula, Ny- e€ir) is the 
norm of y and A(y) is the length A{y) = Ay0), where y0 is the unique primi­
tive oriented closed geodesic satisfying y = y™ for some m > 1 (cf. Lemma 
9.2.6). 

9.5.3 Theorem. Let M be a compact Riemann surface. For any admissi­
ble transform pair g, h, we have 

2 ^ 0 = ̂  r/i«tanh(*r)* + E ■.,« (*L I<2 «tog* r) . 
i=0 H 7 r ^_oo re^(M) NY ~Ny 

On both sides the series are absolutely convergent. 

We point out that the sum on the right-hand side can also be written as 

2 £ 9 . * ? K / 9 rt'(r*)). 
ye^(Af) *=i 2sinh<f(y*)/2 

Proof of Selberg's trace formula. We follow Hejhal [2], chapter I. First we 
prove that both sides of the trace formula are well defined and absolutely 
convergent. 

Assume more explicitly that 

(1) \h(r)\<c(l + \r\2y1-e 

for some constant c> 0. The standard Fourier inversion argument implies 
that 

(2) \g(u)\<^e-V/2+e^. 

Indeed, let e' e ]0, e[ and assume w.l.o.g. that u < 0. The Cauchy integral 
theorem yields 

(3) g(u) = ^jh(r)e-imdr, 
E' 

where E' = R + i(h + e'). Hence, 
/• +00 

\g(u)\ < ^-e-(l,2+E'*ul J ( l + x 2 ) " 1 ^ . 
- 0 0 

This proves (2). 
By Weyl's asymptotic law (Theorem 9.2.14) or, equivalently by formula 

(9.2.12), we have 
00 

2 Kl~a < °°for a n y c r > 0-
n = l 
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This implies that 

(4) X d + lrJ2)-1-* < oo. 
n=0 

This yields the absolute convergence of the left-hand side of Selberg's trace 
formula. By Lemma 9.2.7, the number of closed geodesies of length < t is of 
order 0(el). Together with (2) this yields the absolute convergence of the 
right-hand side. 

To prove the formula, we approximate g and h by functions which are the 
transforms of an admissible generating function K and apply the trace formu­
lae of Theorems 9.2.10 and 9.3.11. We proceed in three steps. 

We point out that in many applications (such as e.g. in Section 9.6) the 
Selberg trace formula is applied under the stronger hypothesis of step 1, in 
which case the proof as given in step 1 is sufficient. 

Step 1. We assume that g is a smooth even function with compact support. 
Since g is even, the restriction g | [0, oo [ belongs to the Schwartz space 5̂  

(cf Definition 7.3.6). By Theorem 7.3.10, its inverse Abel transform 

K:=(2n)-l/2A-l[g] 

is defined and belongs to &'. This yields g and h in terms of AT: 

g{u) = V2 f *(P)sinhp : dp = ^ i w ^ d ^ „ e R 

HMIV c o s h p - coshw 

h{r) = eirug(u)du, r e C. 

Comparing this with Lemma 9.3.5, we see that g and h coincide with the 
transforms of K occurring in Theorems 9.2.10 and 9.3.11. As noted in 
Example 9.5.2, h and g form an admissible transform pair. To prove the trace 
formula, it therefore only remains to express K(0) in terms of h. Applying 
A~l as given in Theorem 7.3.4, we see that 

J" 00 

In the defining equation of g (Definition 9.5.1), r e R and h has growth rate 
/z(r) = 0( ( l+r 2 )" 1 ) , so that we may differentiate under the integration sign to 
get 

-1 C g\u) = — rh(r)sin ru dr. 
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The function (r, u) H» (sinh(r/ 2))~lrh(r) sin ru is absolutely integrable over 
[0, oo[ x [0, oo[ and from M-O-S, p. 422, we obtain 

/* 00 /• 00 /• 00 

m ) = JL_ j ^ mr) ^ ^ ^ r = ^ J o r*r)«anh<»r)*. 

This proves the trace formula under the hypothesis of step 1. 
For simplicity we abbreviate the formula as 

2(h) = 0(g) 
with 

2(h) := - a r ( ; a M rh(r)tonh(7rr) dr + | > ( r n ) , 

0(g) := i Z . . ffi, , *</(y*)). 
*=i r€^M) 2sinh2A7 ) 

Step 2. We assume that h decays rapidly, say, h(r) = 0(e_5l^eH ), on the 
strip y£ for some S> 0. With the argument used in (3) but now applied to the 
v-th derivative g(v), then 

(6) g(v)(u) = 0(^(1/2+£)lMl) 

for each fixed v-th derivative. We approximate g using cut-off functions. Let 
(p: [0, oo [ —» R be a smooth function with the following properties: (p = 1 on 
[0, 1]; 1 > (p> 0 everywhere; (p is monotone decreasing on [ 1, 2]; <p = 0 on 
[2, oo[. For m e N we define 

fl if \u\< m 
<Pm(u) = 1 

[(p(\u\- m) if \u\> m 
and, for M e R and r e C, 

/» +00 

gm(u) = g(u) cpm(u), hjr) = eirugm(u)du. 
J-oo 

It follows that gm is an even function satisfying \gm\ < \g\ and gm —> g as 
m—¥ GO, uniformly on compact sets. Thus, by the absolute convergence of 
£ft(g), @l(gm) —> 8%(g) as m —> oo. To prove the analog for 2, we observe by 
(6) that for each v-th derivative 

« < » = 0(e-<"2+£>»') 

uniformly in w and m. Repeated integration by parts in the defining integral of 
hm shows that for each v 
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hjr) = 0((1 + \r\D 
uniformly in m and r for I Imr\ < \. Together with (4) this shows that 
SEQQ -> Se(h) as m ̂  oo. Then using Step 1 we get Se(h) = &(g). 

Step 3. The general case. For arbitrarily small 8 > 0 we set 

hs(r) = h(r)eSr2, r<=SfE, 

gs(u) = ^ f e~iruh5(r)dr. 
- 0 0 

Then h8 and gs form a transform pair which satisfies the hypothesis of Step 2. 
As before, SB(hs) -> 2(h) as 8 -> 0. By (1), 

|/z5(r)| < |/i(r)|^ , /mr |2< 2c(l + IH2)"1"6 

so that by (2) 

Since ,g5 —> g as 5 —» 0 uniformly on R, then ^ (gs) —> ^(,g) as 5 —> 0 and 
again we obtain <S?(/0 = ^J(g). O 

9.6 The Prime Number Theorem with Error Terms 

A somewhat surprising fact about the asymptotic growth of n(x) (or TI(t)) in 
the prime number theorem is its independence of the genus of the surface. To 
see that this is not evident, let us look at the following example. For k - 1, 
2 , . . . we let Mk be a compact Riemann surface which consists of k copies of 
a surface of signature (1,2) glued together along the small boundary geode­
sies 7, y' as shown in Fig. 9.6.1. Mk has genus k + 1 and is the £-fold 
cyclic covering of Mx. 

Then TI(t) ~ el/t, independently of k. If, on the other hand, M* is the 
non-connected disjoint union of k copies of Mx, then the corresponding 
counting function II* satisfies II*(t) ~ kellt. Now let £(y) = /(y^ = .. . = 
£(yk) -> 0, where the yi are the closed geodesies on Mk along which the 
building blocks of signature (1,2) were pasted together. Then, in a sense 
which can be made precise (cf. e.g. Colbois-Courtois [1]), both Mk and 
M* converge to the same limiting surface, and we expect to see a corre­
sponding effect in the behavior of 77 and II*. In the asymptotic formula of 
Theorem 9.4.14 this is not the case. It is, however, possible to see a corre-
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Figure 9.6.1 

sponding effect if we consider error terms. In Theorem 9.6.1 we shall see 
that each small eigenvalue X contributes to the asymptotic expansion of 77 an 
error term of order 0(e*'7f), where X = \ + (\ - X)l/2. As €{y) -> 0, the 
first k eigenvalues X0, . . . , Xk_ x of Mk converge to 0, whereas Xk(Mk) > c 
and XX{MX) > c for some positive constant c. Hence, if we add the error 
terms, then the asymptotic expansion of 77converges to that of 77*. 

Instead of using 77(f), we work with the function 

7r(jt) = #{y<= &(M)\Ny<x) 

(cf. Definition 9.4.13). The relation between ;r and 77 is 

n(x) = 77(0, where x = e\ 

For the statement of the result we abbreviate 

h = l2 + (\~^)m = \~irk, f o r ^ J , 
where again X0 = 0 < X1 < X2 < ... are the eigenvalues of a given compact 
Riemann surface M = F\H. 

9.6.1 Theorem. (Prime number theorem with error terms). For every 
compact Riemann surface of genus g>2 the following asymptotic equation 
holds, as x-^ co, 

n{x) = li(x) + X H(rv*) + 0(x3/4/logx). 
l>sk>3/4 

Here li is the integral logarithm: 
fxdr \i(x) = .— ~ x/logx, x —> oo. 

The function n{x) counts the number of primitive oriented closed geodesies 
of length < logx For the counting function (p(x) which considers all oriented 
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closed geodesies we have, by (9.4.27), 

<p(x) = n{x) + 0{xm). 

Hence, the asymptotic formula in Theorem 9.6.1 also holds for (p. 
Theorem 9.6.1 was first proved by Huber [2] with a marginally larger O-

term. Later Heijal [2] and Randol [3] proved the theorem in its present form 
using Selberg's zeta function. Sarnak [1] gives a version which also holds 
for non-compact Riemann surfaces with finite area. Randol [7] gives a 
simpler proof which also works in higher dimensions. The proof which we 
shall give here is adapted from Sarnak [1] and Randol [7] and uses Selberg's 
trace formula with a test function g with compact support in the transform 
pair h, g. 

9.6.2 Lemma. The Chebyshevfunction ^(Definition 9.4.13) satisfies 

y/(x) = x+ 2 ~xSk + 0(JC3/4). 
l>^>3/4 Sk 

Proof. We work with t = logx Let 

[2cosh^ if \u\<t 
gt(u) = \ 2 

[0 if \u\>t . 

Using gt, the Chebyshev function *F(t) = y/(x) can be written as 

^(0 = X A{y) = £ A ( / ) - H | :JLW) 
N1

Y
/2 + N:1/2' 

A direct computation shows that the Fourier transform 

gt(r) = {2nTm e-imgt(u)du 

is given by 

^1/2 fsinh((| - ir)t) sinh((| + ir)t) 
&M = (!)' i T i , . 

2 - ir 2 + ir 

To approximate gt by smooth functions with compact support, we let %: R —» 
R be a non-negative, even C°°-function with support [-1, 1] and satisfying 

X(u) du = {2n)ll\ 

We let 
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XM = e-lx(e~lu), £>0. 

Note that 

\xMdu = (2n)l/\ Ur) = far). 

We define, using the convolution *, 

gUE(u) = (&**£)(w) = (2n)-m \gt(u-y)xE(y)dy, 
JR 

Mr) = \e-irgte(u)du = {2n)m gt{r)x(er\ 
JR 

Our conventions for the Fourier transform and the convolution are such that 
(/i *fi) ~f\fi a n d s u c n m a t / = / i f / i s even. Since gt E has compact sup­
port, ht e and gt form an admissible transform pair (cf. Example 9.5.2). 
With the abbreviation 

YEW - ZJ / u r ; 1/2 ^-1/2» 
re^(M) "Y ~N

Y 

Selberg's trace formula becomes 

X KE{rk) + X hUE{rk) = «Pfi(0 + ^ ^ [r/z,£(r)tanh(*r)tfr. 

f£ is close to f, and Lemma 9.6.2 will be obtained by an estimate of the 
various terms in the formula. 

For Xk < \ we have rk - iy \ - Xk = i(sk - \) and 

/i,,eW = 2^)(^+
si"hfi1;^ )), 

where for k = 0 the term (sinh(r(l - sk)))/(l - sk) must be replaced by t. 
Since x(erk) = 1 + 0(e) for all rk e i[0, \], then 

KM = d+0(e))(f ^* + 0(e//2)). 
\s * 

We write the second term as a Stieltjes integral 
/»00 

2 \ e ( r* ) = ht (r)dv(rk), 
.k>\/4 ^o 

where ^(r) is the number of eigenvalues (counted with multiplicities) in the 
-I 1 

4 ' 4 
interval [^, ~ + r 2 ] , r > 0. Since %(p) = 0((1 + Ipl) 2) and since g, satisfies 
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gt(r) < c (1 + r)"1 el/ 2 for some constant c, we have 

I htJf) dn{r)\ < const e ' H (1 +r)"1(l + er)"2^(r). 
ô ' •'o 

We split the last integral into 

and use integration by parts. Then, by Weyl's law, we observe that n(r) = 
0(r2). This yields an upper bound of order 0(e~V/2) for the right-hand side 
of the inequality. The same bound, up to a constant, is obtained for the inte­
gral containing tanh(Trr) in the trace formula. To see this, it suffices to replace 
dji(r) in the above arguments by rtanh(;rr)dr. Altogether we obtain 

^(0 = 2 f etSk + 0(£e' + ffV/2). 
A ^ l / 4 Sk 

This is optimized with e = e~t/4. Observing that 

St-2eM ~£)^ &(") ^ &+2BM + £>> 
we conclude that 

2 A(r)tanh(^(r)) = 2 f ^ + 0(e3t/4). 
€(r)<t ^ < i / 4 ■»* 

This implies that *P(t) = 0(el). From 

Z A(y) e"Ar) = I <T T ^(T) = 0(f) 

we finally get 

^(0 = E - ^ * + 0(e3'/4). 
A*<3/I6 5 * 

Lemma 9.6.2 is now proved. o 

The remaining arguments for the proof of Theorem 9.6.1 are as in Section 
9.4. That is, by (9.4.25), 0 and f have the same growth rate. Considering 
&(x) instead of 6{i) (cf. Definition 9.4.13), we obtain 

fi(x) = Mx) + #2(x\ 

where 
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*i(*) = 2 f*J*. type) = 0(*3/4). 
A t<3/16 *k 

This yields 

*<*> = f ^ f = °^> + 2 li(*'*) + 0(li(x3/4)). 

Theorem 9.6.1 is now proved. O 

9.7 Lattice Points 

The arguments of the preceding section can also be used to obtain error terms 
in Theorem 9.4.23. We shall follow the approach of Patterson [1]. As before 
we let r: H —> H act such that M = T \H is a compact Riemann surface. We 
lift the eigenfunctions (p0> (px, ... of the Laplacian of M to H in order to 
obtain F-automorphic eigenfunctions 0O> fa,... on H. Since 

<p2
0dM = 1 

M 

and since <p0 is constant, we have </>0 = (area M)_1/2. As in Section 9.6 we set 

where A0, Ai, . . . are the eigenvalues of M corresponding to <p0, <plt ... . 
For any pair of points z, w e H, we let £ h-> M>; z, w) be the counting func­
tion 

N(t; z,w) = #{T e T\ dist(z, TV) < t) 

and we set A = area M. 

9.7.1 Theorem. Under the above hypotheses, 

N(t;z,w) = f e< + Z ^ 1 / 2 f | ^ ^ « ^ W + 0(e3"4) 

uniformly for (z, w) e H x H. 

Here F denotes the gamma function. For some history and remarks we refer 
to the discussion at the end of this section. 

For the proof of Theorem 9.7.1 we follow Patterson [1] using the eigen-
function expansion as in Theorem 9.3.11. The length trace formula of 



262 Closed Geodesies and Huber's Theorem [Ch.9, §7 

Section 9.2 and Selberg's trace formula will not be needed here. 
For convenience we make a parameter change, setting 

and 
T = 2 cosh t - 2 

n{x) = n(r; z, w) := N(t; z, w). 

The points z, w e H will be kept fixed throughout the proof. The step from 
the counting function n to a continuous generating function k: [0, oo [ -> R is 
given by the following general principle. Let ^ be any countable set on 
which a weight function o: 0* —> [0, oo [ is given (in our case, & = r and 
c(T) = 2 cosh dist(z, Tw) - 2 for T e r). Assume that the counting function 

(1) n(r) = #{/? e ^ | o(p) < T} 

is finite for any T> 0. Fig. 9.7.1 illustrates the set {o(p) \p e &, a(p) < T} 
drawn on the horizontal axis. 

<r(p) T 

Figure 9.7.1 

Now define the generating function 

1 - - if 0<S<T 
T 

0 if s > T. 
(2) kz(s) = { 

Integration by parts yields 

2 kt(o(p)) = \kls)dn{s) + n(0) 
peP 

(3) = - k'T{s) n(s) ds 
Jo 

n(s) ds. 

For our purposes we now define 
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- (cosh w - cosh p) if 0<p<uT K(p) = kJi2coshp-2) = \* T z 

[0 if p>wT, 
where ux > 0 is given by 

COShHr = 2 ( T + 2) . 

Then #(dist(z, Tw)) = kx{o{T)) with o(T) = 2 coshdist(z, Tw) - 2. 
For the induced kernel %M on M, using Theorem 9.3.11 we obtain 

00 

(4) JCM{xy y) = X hlrd<pk{x)<pk(y)t 

with uniform absolute convergence onMxM. In this formula hr = his the 
transform of T̂ (with growth rate estimated below) as defined by Lemma 
9.3.5, namely 

/• +00 

hir) = eirug(u)du, 
J-oo 

where 

nzf K(o) sinhp 
«i V cosh p - coshw 

We let x and y be the images of z and w under the covering H —> T \ H . 
Then (4) becomes 

00 

(5) 3STr(z, iv) = 2 hirdMWkW* 
Jc=0 

where by Definition 7.5.5, 

3Sfr(z, w) = X AT(dist(z, Tw)) = XM^CHX z, w e H. 

Applying the above formula (3) (to the set ^ = T) we see that 

1 C (9.7.2) - n(s\ z, w) rf5 = X /iT(r,)«z)^(w). 

We now compute ht and estimate its growth rate, thereby justifying the above 
application of Theorem 9.3.11. For this we need some properties of the 
hypergeometric function which we list here for convenience (see M-O-S, 
chapter II or Whittaker-Watson [1], chapter XIV). 

For a, b, c e C and z e C - { £ | £ e R, £ > l},the hypergeometric func­
tion F(a> b; c; z) is defined and holomorphic in z. In the case |z| < 1 and c * 
0 , - 1 , -2, the function F has the series expansion 
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F(a, *; c; z) = 1 + y z + 2 ! c ( g + l ) Z + - * 

From this we see that F is symmetric in a and b. In the case %&c > %pb > 0, 
F has the integral representation 

Fia- *c; 2) = r w n t ^ ) J/~'(1 - tr~b~i{l ~ tzr°dL 

Numerous identities are known for F. We need the following two: 

F(a, b; c; z) = (1 - zf-a~b F(c -a,c-b;c; z), 

and, if a - b £ Z: 

r{c)r{b-a) 1 
F(a,b;c;z) = j ^ r , { (-zTa F(a, a - c + 1; a- b+ 1; -) 

r{b)r{c- a) r 
r(c)r(a - b) . 1 

Vwc-W'-1' -»^6-c+l;*-fl + l ; F ) . 
(The formula in Whittaker-Watson [1], p. 289, contains a misprint.) With 
these formulae we compute hx. Substituting s = cosh p, we first obtain 

\~w- (coshuT- coshw)3/2, |M| < wT 

10, elsewhere. 

In the defining integral of hz (Lemma 9.3.5) we substitute 

y = {eu-e-^)l{eu*-e-u*) 

and obtain 

hfr) = ^ (5 /2- i r )^(sinhMT)4^F(f - ir, | ; 5; 1 — e2"T). 

Using the above two identities, we transform this into 

hlr) = ^ ( s i n h ^ l - ^ ^ F e f , §; 1 - *V; ( 1 " e 2 V ) T r ( j + r̂) 

(9.7.3) + F(Tir) e~im* F(-§, f; 1 + in (1 - e 2 V ) } . 

To estimate the growth rates we let 8 > 0 be so small that for all rn of M, 
either rn = 0 or \r_| > 8. For all eigenvalues X ^ T the corresponding r then 
lie on the set [<5, oo[ u /[£, -]• For r e R and |r| > 8 , Stirling's formula 
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(M-0-S,p.l2)yields 

r ( i r ) / r ( i r+§) = 0(|r|-5/2). 

By the series expansion of F, the following relation holds uniformly for 
I JmH < 3/4 and T> 2 

F(-f, f; 1 - in (1 - e2ur{) = 1 + 0 (T" 2 (1 + Irl)"1). 

This yields the following growth rates (i) - (hi). 

(i) Ifr>2 and r e [8, oo [, then for some constant cx > 0, 

\hjr)\ ^c,T1 / 2(l+|r |2)-5 / 4 . 

Here we see that h = hx indeed satisfies the hypothesis of Theorem 9.3.11. 
Moreover, since £ %* ~e0*(z)0*(w) *s uniformly absolutely convergent on 
H x H (Theorem 7.2.18), we also see that 

2 h^MzMw) = CXT1/2) 

A t>l/4 

uniformly on H x H. 

(ii) Ifr>2, then for any fixed r e i[S, \], 
/L(r) = 7rl/2Td/2 + lrl) F ( ~ Z r > + 0 (T ( 1 / 2 - | H ) ) . 

r(-ir + | ) 

(hi) If z> 2, then 

hr(0) = |T1/2logT+ 0 (T 1 / 2 ) . 

The last statement is obtained via (9.7.3) by taking r —> 0, r > 0 and by 
developing the functions r i-> rF(/r) and r i-> F(a, b, 1 + zr; z) in a neighbor­
hood of r = 0. 

So far we have proved the following theorem in which A = area M. 

9.7.4 Theorem. The counting function TI-> n{x; z, w) satisfies 

\ \ n(s; z,w)ds = ~r+ X nm ffi~*} r**fc(z)fc(w) 

+ 2 |^ / 2aogT)0 t(z)^(w) + 0(T1/2) 
^=1/2 

uniformly for (z, w) e H x H. 
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The rest is a Tauberian differentiation argument which goes as follows. 

9.7.5 Lemma. Let ak , b e R and let ske [^, 1] for k = 0 , . . . , q. If 
rx q 

n{s)ds = X ^ 1 + * < + for3/2logT+ 0 (T 3 / 2 ) , 

where n is a non-decreasing function on [0, oo [, then 

n(f) = X ak(l+sk)TSk + 0 (T 3 / 4 ) . 
)t=0 

Proof. By assumption, the following relation holds uniformly on the domain 
{(T, a) | T > 0 , - T < a< T} : 

rr+a q+\ 

n{s)ds = X (fk(r+a)-fk(T)) + 0 (T 3 / 2 ) , 

where/*(<r) = akr1+Sk for £ = 0 , . . . , <? and^+1(r) = &T3/2 log T. 
By the mean value theorem, fk(r + a) -fk{T) = afk'(T) + 0(a2)fk"(T). In our 

case,/t"(r) = 0(1) as T ^ oo, for any k. Hence, 

n{s)ds = « X /*'(*) + 0(a2) + 0 (T 3 / 2 ) . 

Since n is non-decreasing, then, for positive a < % 

rt(s) ds < a/i(r) < n(s) ds. 

It follows that 
q+\ 

n(r) = Z / ; ( T ) + 0(a) + 0(a"1r3/2). 

This is optimized for a = T3/4, and the lemma follows. O 

Theorem 9.7.1 is an immediate consequence of Theorem 9.7.4 and Lemma 
9.7.5. o 

We conclude this section with a few remarks. The earliest article on hyper­
bolic lattice points seems to be the seemingly unnoticed note of Delsarte [1] in 
1942. The details were not published but may today be found in the collected 
papers of Delsarte [2], pp. 829-845. The main result (in the above notation) 
is the formula 
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00 

(9.7.6) /I(T; Z, w) = nr^ F(ak, pk; 2; - f)fc(z)fc(w), 

where 

Delsarte also remarks that the small eigenvalues influence the asymptotic dis­
tribution of the lattice points. It should be mentioned that Delsarte states result 
(9.7.6) for discrete groups P: H -» H with compact fundamental domain 
which may have fixed points. 

Huber [2] gave an asymptotic formula without the error terms and Fricker 
[1] proved a theorem similar to Theorem 9.7.1 for P acting on H3, then 
applying the result to certain Diophantine equations [2]. Giinther [2, 3] gen­
eralized the theorem to all rank one symmetric spaces of non-compact type. 

The theorem in the above form is due to Patterson [1] and holds for all 
Riemann surfaces of finite area. An interesting variant of the theorem is given 
by Wolfe [1] and Randol [7] in which the pointwise deviation from the lead­
ing term is replaced by the variance. 



Chapter 10 

Wolpert's Theorem 

In this chapter we prove Wolpert's theorem that a generic compact Riemann 
surface is determined up to isometry by its length or eigenvalue spectrum. A 
new element in the proof given here is the observation that a finite part of the 
length spectrum determines the entire spectrum. With this and with some 
explicit computations based on trigonometry the proof becomes considerably 
shorter than the original one. 

10.1 Introduction 

A compact Riemann surface of genus g > 2 is determined up to isometry by 
the lengths of a finite system of closed geodesies. More precisely, let F be a 
base surface and let ST be the Teichmuller space of all marking equivalence 
classes of marked Riemann surfaces (5, q>), where S is a compact Riemann 
surface of genus g and cp : F —» S is a marking homeomorphism (cf. 
Definitions 6.1.1 and 6.1.2). Consider a canonical curve system Q on F 
consisting of 9g - 9 simple closed curves as in Definition 6.1.6. For the 
present discussion it is only important to know that Q is some well defined 
finite ordered set of closed curves with certain useful properties. For any 
p e Q and for any S = (S, (p) we let /?(5) denote the simple closed geodesic in 
the free homotopy class of the curve (p ° /? on S. In Corollary 6.2.8 we have 
seen that the marking equivalence class of (S, <p) is uniquely determined by 
the ordered set of all lengths €P(S), p e Q. (The lengths €fi(S) determine the 
Fenchel-Nielsen parameters.) 

Hence, the position of an element in Teichmuller space is known if the 
lengths of sufficiently many closed geodesies are known, provided we know 
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which length belongs to which closed geodesic. 
In the length spectrum this information is not given. On the other hand, the 

length spectrum contains the lengths of all closed geodesies, and one may 
hope that this much larger amount of data may allow us to decode which 
length is attributed to which geodesic. 

In [1] Gel'fand conjectured that this might be the case. As a first step 
towards the conjecture he proved that there exists no continuous deformation 
of a compact Riemann surface such that the spectrum remains fixed (cf. also 
Tanaka [1]). In [1] McKean showed that the number of pairwise non-iso­
metric compact Riemann surfaces having the same spectrum is in fact finite. 
In [1] Wolpert succeeded to prove that the surfaces for which this number is 
different from 1 are located on a lower dimensional subvariety Tg of STg. This 
proved Gel'fand's conjecture in the generic case. At about the same time 
Marie France Vigneras showed that Tg is not empty. Hence Wolpert's result 
is optimal except that not much is known about Tg as yet 

Before we state Wolpert's theorem we review the definition of the length 
spectrum. In Definition 9.2.8 we considered the set %{M) of all oriented 
closed geodesies on the compact Riemann surface M. In the present chapter 
the orientation of a closed curve is irrelevant and we consider the non-ori­
ented ones instead. We call parametrized closed geodesies 

7, S:Sl = Rl/[tH>t+27c]^>M 

(parametrized with constant speed) weakly equivalent if and only if there 
exists a constant c such that either y(t) = 8{t + c), t e S1 or y{t) = 8(-t + c), 
t e S1. A non-oriented closed geodesic is the weak equivalence class of a 
closed parametrized geodesic. We could also introduce the non-oriented geo­
desies as the pairs of oppositely oriented oriented closed geodesies. 

We recall that a closed geodesic is primitive if it is not the m-fold iterate of 
another closed geodesic for some m > 2 (Definition 1.6.4). 

10.1.1 Definition. For any S e ZTg we let Lsp(S) denote the sequence of 
the lengths of all non-oriented primitive closed geodesies on S, arranged in 
ascending order. 

By Huber's theorem (Theorem 9.2.9) and by Remark 9.2.13, we have 
Lsp(S) = Lsp(S') if and only if S and S' have the same spectrum of the 
Laplacian. In the present chapter we shall, however, not work with the eigen­
values. 

In the following, "closed geodesic" always means "non-oriented closed 
geodesic". The "length spectrum of 5" is, by definition, Lsp(S). 
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10.1.2 Definition. We define Y9 to be the subset of all 5 € l for which 
6 o 

there exists S' e 2Tg such that Lsp(S") = Lsp(S) and such that S' is not iso­
metric to S. 

We do not expect that Yg is a closed subset of STg although the proof for this is 
still missing (in Section 12.5 we have a family of non-isometric isospectral 
pairs which converges to an isometric pair but it looks difficult to prove that 
the limiting surface is not isospectral to any other surface). 

Wolpert's theorem of [1, 3] is as follows. 

10.1.3 Th eorem. Ygisa local real analytic proper subvariety of &g. 

The term "local" means that for any x e 2Tg there exists a neighborhood U of 
x in 3~ such that Y n U is a finite union of sets W - W*> where W is a real 
analytic subvariety of U and W* is a real analytic subvariety of W. 

In the proof of Theorem 10.1.3 we follow Wolpert's original approach. 
However, the following observation simplifies the global structure of the 
proof considerably. 

10.1.4 Theorem. Let @tg(e) a 3~g denote the set of all compact Riemann 
surfaces of genus g and injectivity radius > e (e > 0). Then there exists a real 
number t = t(e) such that for S, S' e Mg(e) we have Lsp(S) = Lsp(S') if and 
only ifhsp(S) n [0, /(e)] = Lsp(S') n [0, /(e)]. 

Here Lsp(S) n [0, /(e)] is the finite subsequence of Lsp(5) whose values lie 
in the interval [0, /(e)]. The proof of the theorem will be given at the end of 
Section 10.3. 

In Section 14.10 we shall prove the analogous theorem for the eigenvalues 
of the Laplacian. 

10.2 Curve Systems 

For the convenience of the reader we review some of the properties of Teich-
miiller space from earlier chapters. 

Throughout this chapter we let G be the cubic graph given by Fig 10.2.1. 

Every compact Riemann surface S of genus g may be obtained by gluing 
together 2g - 2 Y-pieces with respect to the pattern of G, where each vertex 
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i CErn 
8=2 

3g-3 

8>2 

Figure 10.2.1 

of G with its three half-edges stands for a 7-piece with its three boundary 
geodesies. To each edge ck of G, k = 1 , . . . , 3g- 3, corresponds a simple 
closed geodesic yk(S) of S. The lengths of 71(S),..., 73g_3(5) may be pre­
scribed arbitrarily. In addition to this, we have a twist parameter ak(S) for 
each yk(S) which also may be prescribed arbitrarily. The parameter cck(S) 
describes how the two 7-pieces adjacent along yk(S) are twisted against one 
another. The definition of ak(S) is given in (3.3.2) and again in (3.6.1). The 
two vectors 

and 
L = (€7l(S),...^r3g_3(S))eRf 

A = ( a 1 ( 5 ) ) . . . ) « , 3 ( 5 ) ) G R ^ 3 

- 3 

determine S up to isometry. We shall write co = (L, A), S = Sa (as in 
Definition 6.2.5) and consider Sa as a marked surface. In this way, two 
marked surfaces Sa and Sm' are considered different if co = (L, A) * co' = 
(L\ A'), even if Sa and Sa' are isometric. In order to adapt this to Teich-
miiller theory, a particular homeomorphism 

<p0}:F->Sw 

has been introduced in Definition 6.2.5 for each co, where F is a fixed surface 
given by F = S"0 with co0 = (Llf A0), Lx = (1, . . . , 1), A0 = (0, . . . , 0 ) . 
Below we shall recall some of the properties of the (pa which we need in the 
proofs of Theorems 10.1.3 and 10.1.4. In Theorems 6.2.7 and 6.3.2 we 
have seen that the set of all Sa endowed with these marking homeomor-
phisms is a model of the Teichmiiller space STg in which the real analytic 
structure of ^ is that of R^"3 X R3g"3. By abuse of notation we shall write 

3-g={Sa> \co = (L,A\L<= Rj"3,A e R3*"3}. 

The homeomorphisms (pa : F -^ 5"° are defined such that (pa ° jk{F) = 
yk(SC0), k = 1, . . . , 3g- 3. For each closed geodesic A on F we denote by 
XiS*0) the unique closed geodesic in the free homotopy class of the closed 
curve (pa ° X on Sa. For any finite or infinite ordered set A of closed geode-
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sics Xx, A2, •. • on F and for any S = Sa e &g we define the sequences 

A(S) = (Xl(S),X2(S),...) 
€A(S) = (€Xl(S),€X2(S)t... ). 

By abuse of notation we shall write 

€A(S) c Lsp(5") 

if after a suitable permutation of €A(S), €A(S) is a subsequence of Lsp(S'). 
The following sequences will be used : 

n= (ft, &,. . . ) 
nk= (ft,...,«;hN 

(10.2.1) 
fl = ( / i , . . . , 73 -̂3; ft. •. •. ft«-3; »7i. • • •. ̂ - 3 ) 

i ; = Qu ( ^ , . . . , /x2£_2; o1!,..., ag). 

They are defined as follows. (ft, ft, . . . ) is the list of all non-oriented 
primitive closed geodesies on F, arranged so that / f t (F) < ^fft(F),... 
(hence, €I1(F) = Lsp(F)). The curve system Q = QG is as in Definition 
6.1.6. The fix, . . . , ^2g-2 a r e geodesies which have exactly one self-intersec­
tion ("figure eight geodesies"). They are chosen in such a way that the inte­
rior of each of the 2g- 2 F-pieces of F contains exactly one such geodesic. 
The geodesies ox and ag are the unique shortest (non-oriented) simple closed 
geodesies on F such that ax intersects yx and 72, and such that og intersects 
y3g_4 and 73g_3. For j = 2 , . . . , g- 1 (if g > 3), O) is the unique shortest 
simple closed geodesic on F which intersects 73;_4, 737.3, 7y}-\ a nd Yij-2 
(Fig. 10.2.2). 

The homeomorphisms (pa : F —> Sw have been defined in such a way that 
the following formulae hold (cf. Definition 6.1.6 in connection with 
Proposition 3.3.12). 

Figure 10.2.2 
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cosh{ \€Si{S)} = ut{L) + v,(L) cosh{ ̂ (S) tYi(S)} 
(10.2.2) 

cosh{ ^(S)} = uAJL) + vt{L) cosh{ \{l + a^SWrXS)}, 

where S = Sa with co = (L, A), and where «, and v, are analytic functions of L 
which do not depend on A, / = 1, . . . , 3g - 3. The computation of €nk(S) and 
€afS) will follow in Section 10.5. We recall the following general fact (cf. 
Theorem 6.3.5). 

10.2.3 Lemma. The function co \-> ^p{S<0) is real analytic on STg for each 

This is the key property in the proofs of Theorems 10.1.3 and 10.1.4. A 
further important property is that the (pa have uniformly controlled length 
distortion (cf. Theorem 6.4.2 or Lemmata 3.2.6 and 3.3.8). 

10.2.4 Lemma. Let Q c STgbe a compact subset. There exists a constant 
q>\ which depends only on Q such that 

±ms)<ms')<qms) 
for any S,S' e Q and any p e 77. 

We also restate the Mahler compactness theorem (Theorem 6.6.5). 

10.2.5 Lemma. Let e > 0. There exists a compact subset Q(e) c &g such 
that for each surface S e STg with injectivity radius > e there exists an isomet­
ric surface S' e Q(e). 

In addition to the above we shall use the collar theorem of Chapter 4. 

10.3 Finitely Many Lengths Determine the Length Spectrum 

We now turn to the proof of Theorems 10.1.3 and 10.1.4. In order to make 
the global structure more transparent, some of the subsequent lemmata will 
not be stated in full generality. 

Let U e &g be an open neighborhood with compact closure which we fix 
during the proof of both Theorem 10.1.4 and 10.1.3. For Theorem 10.1.3 
(in the next section), U is a neighborhood in which the analytic nature of Tg is 
tested; for Theorem 10.1.4 we let U be an open neighborhood in & which 
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contains Q(e) (cf. Lemma 10.2.5). 
By Lemma 10.2.4 there exists % > 0 such that any surface S G U has 

injectivity radius > %. We let £(%) be a compact subset of STg which contains 
all surfaces with injectivity radius > % (Lemma 10.2.5). 

Note that whenever Lsp(S') = Lsp(S) for S' e 2Tg and for S G U, then S 
and S' have the same length of the smallest closed geodesic and therefore the 
same injectivity radius. We may therefore assume without loss of generality 
thatS' G QiBy). 

Let 

D = {S"eSTg\^<€x,...,€3g_3<10; -1 < ax, . . . , a3g_3 < 1} 

and let C, Cx be the compact closures of open connected sets C,Cx<z 3~g such 
that 

U u (2(%) vDcCc:C<zCx. 

By Lemma 10.2.4 there exists q > 1 such that 

do.3.1) ]jms)<ms,)<qms) 
for any S, S' G Cx and any p e 77. This # will remain fixed during the proof. 

10.3.2 Lemma. For any k e N r/iere exists k* e N, ^* > /:, w/i/c/i 
depends only on k and Cx, with the following property. IfS', S" e C{ and if 
p: JT4 —> TI is an injection such that 

mk{sr) = €(Pnkxs") 
then pTIk c nk*. 

In this lemma the equation €IIk(S') = €(pnk)(S") is an equation between 
sequences but the statement pTIk c nk* means that pTIk is a subset of 77^. 
The statement simply means that if the length of IJk(S') occur in the length 
spectrum of S" then the corresponding geodesies on S" belong to 77^. 

Proof. Let cx = max{ €p(S) \ S e Cx> P e TIk}, and let k* > k be such that 
on the base surface F we have €PfiF) > qcx for all j > k* (observe that F 
belongs to D). By (10.3.1) we then have <py<5) > cx for ally > k* and all 
S G CV Since for i < k, €(pPi)(S") = tPi(S') < cu it follows that pft G 77^, 
/ = 1 it. o 

For the proof of Theorem 10.1.4 we define for each k e N 
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W\ = {(S, S') e C, x Cx | OT*(S) c LspCS") and €IIk(S') c Lsp(S)}. 
Ŵ = wJnCxC. 

10.3.3 Lemma. W\ is a real analytic subvariety ofCx x Cxfor each k. 

Proof. Let IIk* be as in Lemma 10.3.2. We set for each pair of injections 
p, p ' : IT* -> Tlk* 

W[p, p '] = {(S, S') eCxxCx\ //7,(S) = €(Pnk)(St) 

and €IIk(S') = €(p'IIk)(S)}. 

By Lemma 10.2.3, each W[p, p'] is a real analytic subvariety of Cx x Cx. By 
Lemma 10.3.2 we have 

W[= [} W[p,p']. 
(P ,P) 

Since there are only finitely many pairs, W[ is also real analytic. O 

10.3.4 Lemma. There exists K e N such that WK+j = WKfor allj > 1. 

Proof. This follows from the fact that the ring of all real analytic functions 
on Cx x Cx is Noetherian (Grauert-Remmert [1]) and that C x C in Cx x Cx is 
compact. O 

Proof of Theorem 10.1.4. Take U such that Q(e) <z U. Let ̂ f be as in Lemma 
10.3.4 and define 

t{e) = max{ €p(S) \ S e Q{e\ p e TIK}. 

If S, S' have injectivity radius > e then without loss of generality S, 
S' G Q(e). If in addition Lsp(5) n [0, t(e)] = Lsp(S') n [0, t(e)], then in par­
ticular €IJK(S) c Lsp(5") and tnK(S') c Lsp(S), that is (5, 5') e W .̂ By 
Lemma 10.3.4, (5, 5") G WK+j for any;, and therefore Lsp(5) = Lsp(S'). 
This proves the theorem. O 

10.4 Generic Surfaces Are Determined by Their Spectrum 

For the proof of Theorem 10.1.3 we fix K as in Lemma 10.3.4 chosen large 
enough so that 

Ic:nK, 
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where X is the extension of the curve system Q (cf. (10.2.1)) defined above. 
With the notation of Lemma 10.3.2 we let 

(10.4.1) M = K*y N = M*. 

The effect of this is as follows. If S>S' e C are isospectral, then there exists 
a bijection p : 77-> 77satisfying €II(S) = €(pII)(Sf). By Lemma 10.3.2 we 
then have p~l(IIK) c TIM and p(JIM) c TIN. Hence, 

10.4.2 Lemma. IfSyS' e C and Lsp(S) = Lsp(S'), then there exists an in­
jection p.nM-$nN satisfying 

(i) fWM) => nK 
(n) mM(S) = €(PnM)(S'). o 
The point is again that there are only finitely many injections p : IJM —> TIN. 

10.4.3 Lemma. Let p : YlM -^ TJN be an injection such that p{TIM) z> TIK. 
The set 

Vp = {S G C I there exists Sp e STg such that €IIM(S) = €{pnM)(Sp)} 

is a real analytic subvariety ofC. For each S e Vpthe corresponding Sp e STg 
is uniquely determined by S. The subset 

Vp* = {Se Vp | Sp is isometric to S} 

is a real analytic subvariety ofVp. 

Proof. That Sp, if it exists, is uniquely determined by S, follows from the 
fact that Q c I c TIK <z p(TIM) (cf. (10.2.1) and that 

€Q(SP) = €(p-lQ)(S)y 

where €Q(SP) determines the parameters cop of SP = S0}P (cf. (10.2.2)). 
The first observation is that Vp is a closed subset in the relative topology of 

C. In fact, if S e C and if Sn -> S for Sn e Vp, then €Q(Sp
n) = t{p-lG){Sn) -» 

t{p~lQ){S). Since Q is a canonical curve system, this means that Sp 

converges to a limiting surface S. Now £T1M{S) = lim/77M(5'n) = 
\tm€(pnM(Sp

n)) = €(pnM(S)), Hence, S e Vp. 
We proceed by proving that Vp is defined by real analytic mappings. We 

may assume that Vp * 0 . For S e Vp we let 

«* = 
5f if af(5p) ?t 0 

, i = 1 3 ^ - 3 , 
[/], if a f(50 = 0 
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where ct1(5'p),..., a3g_3(Sp) are the twist parameters of Sp. We further set 

fl*-(r...... 79,-3;*!* 4 - 3 ) -
The idea here is that the lengths of the geodesies S* do not have a local 
minimum at Sp and may therefore be used as moduli for the surfaces in an 
open neighborhood of Sp. It follows from (10.2.2) that in a sufficiently small 
neighborhood Us of S in ^ there exists a uniquely determined continuous 
map 

muiUs-tPg 
satisfying 

eQ*{mv{S')) = t{p-lQ*){S'), S' G Us. 

Note in particular that mv(S) = Sp. By (10.2.2) and Lemma 10.2.3, mv is a 
real analytic mapping. Moreover, for all 5" e (Vp n Us) the corresponding 
surface S'p satisfies S'p = /%£' and we may describe Vp n Us in the follow­
ing way, 

VpnUs={S' eUs\ mM(S') = €(pnM)(muSf)}. 

Hence, Vp n Us is a real analytic subvariety of Us. Now S' G (Vp n £/s) is 
isometric to S'p = m^S' if and only if S'p is the image of S' under a Teich-
miiller map, that is, if and only if there exists an injection r : 12 —» II which is 
induced by a homeomorphism of the base surface F onto itself and for which 

By Lemma 10.3.2, rQ <z UM. This shows that the set R* of all possible such 
injections r is finite. For the set V * as in the lemma, this implies that the 
intersection 

V* n Us = U {S' G Vp n Us \ €(2(S') = tirO^m^)} 
reR* 

is a real analytic subvariety of Vp n Us. Since Vp is closed in the relative 
topology of C, Lemma 10.4.3 is now proved. O 

10.4.4 Lemma. Let S G Vpand let Sp be as in Lemma 10.4.3. Then 
Lsp(S) = Lsp(Sp). 

Proof. Since pYIM z> TIK, we have fflK(Sp) c €pnM(Sp) = OTM(S) c 
Lsp(S). Conversely, since 77^ c IIM, we also have £IIK(S) c Lsp(5p). 
Therefore, (5, Sp) G WK. By Lemma 10.3.4, (5, 5P) G W^+y for all y, that 
is, 5 and Sp are isospectral. O 
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Since Vp is a real analytic subvariety of C and since C is connected (by defini­
tion) we either have Vp = C or else dim Vp < dim STg. 

Now comes the crucial point. 

10.4.5 Lemma. Let p, Vp and Sp be as in Lemma 10.4.3. If dim Vp = 
dim 3"p then p is induced by a homeomorphism of the base surface F and 
Sp is isometric to Sfor any S e Vp. 

Before proving Lemma 10.4.5 we shall finish the proof of Wolpert's theo­
rem. Let R be the set of all injections p : TIM —> nN satisfying pTIM z> TIK and 
dim Vp < dim STg. Set 

V=U (Vp-V*). 

By Lemma 10.4.3 and by the finiteness ofR, V is a local real analytic subva­
riety of C. By Lemma 10.4.4, V cz TgnC so that for our initial neighbor­
hood U we have V n U c Tg n U. Conversely, if S e VgnU then there 
exists 5" not isometric to S satisfying Lsp(S') = Lsp(S). It follows that S and 
S' have the same injectivity radius > % (because they have the same length of 
the smallest closed geodesic) so that we may assume without loss of general­
ity that S' € <2(£[/) c C (the set <2(%) is defined in Lemma 10.2.5). By 
Lemma 10.4.2 and Lemma 10.4.5, S e VnU. Hence, 

VnU=YgnU. 
The proof of Theorem 10.1.3 is now reduced to the proof of Lemma 10.4.5 
which will be given in the next section. O 

10.5 Decoding the Moduli 

We now restate and prove Lemma 10.4.5 in a more independent form. The 
proof contains a way of detecting the moduli of S among the lengths in 
Lsp(S). For this we use the curve system Z as in (10.2.1). D c C will again 
be the domain 

D = { S » ,
e ^ | 1 L < f 1 , . . . > / „ . 3 < 1 0 ; - l < a 1 , . . . , a 3 , . 3 < l } . 

Recall that Teichmuller mappings (Definition 6.5.2) map surfaces to isomet­
ric ones. We now have the following characterization of Teichmuller map­
pings (Wolpert [3]). 
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10.5.1 Proposition. Let m : D -» &g and let p : X—> IJ be mappings 
such that 

€(pZ) (m(S)) = €Z(S) 

for allS e D. Then p is induced by a homeomorphism of the base surface F 
and m is the restriction to D of a Teichmuller mapping. 

Proof. We abbreviate 

p{fi) =: 0for p e X, m(S) =: 5 for S e D. 

The strategy is to detect the nature of the curves in pE by examining the 
lengths which they assume on the different surfaces S. We proceed in several 
steps. 

(i) / j , . . . , 73£_3 are simple andpairwise disjoint.. 

Proof. Set L = (£ , . . . , £) and A = (0, . . . , 0) = A0. Then €?$) = f, / = 
1 , . . . , 3g - 3, and (i) follows immediately from the collar theorem. (If 
fi(S),..., 73^_3(5) are simple and pairwise disjoint then the same holds for 
7i> • • •' 73s-3 by Theorem 1.6.6(iii) and Theorem 1.6.7). O 

In the next statement, F is the base surface for the marking homeomorphisms 
as in Section 10.2. Note that we have defined D in such a way that F e D. 

(ii) Ifyh Yj and yk are the boundary geodesies of a Y-piece ofF which car­
ries nn, then 7,(5), yy-(S) and yk(S) are the boundary geodesies of a Y-piece in 
S which carries fin(S). 

With (i) and (ii) together we already see that the restriction of p to the system 
(7i» • • •' 73^-3)is induced by a homeomorphism of F. 

Proof of (ii). The formula for the length €pn(S) is as follows, possibly after 
a permutation of the indices /, 7', k. 

cosh y^in(S) = 2 cosh ^y^S) cosh ^y^S) + cosh \fyk(S). 

(cf. (4.2.3)). For L = (|, . . . , \) this yields the numerical value 

fyn(S) = €(fin(S) = 3.553... 

On the other hand, the collars %{yt{S)) have width Iwiy^S)) > 5 (cf. 
Theorem 4.1.1). It follows that jln(S) lies in the interior of one of the 7-pieces 
of S which are defined by the partition y^S),..., 73„_3(5), say fin(S) c Yn. 
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For fixed vlet €yv(S) be variable and keep the remaining £yk{S) fixed. Then 
on S only £yv(S) is variable and //2„(S) is non-constant if and only if fyn(S) is 
non-constant Since tfin(S) depends only on the boundary lengths of F„, it 
follows that yv(S) is a boundary geodesic of Yn if and only if yv(S) is a 
boundary geodesic of the 7-piece in S which carries nn(8). This proves (ii). O 

At present we know that S is composed of the same F-pieces as S and this 
with respect to the same graph G. It remains to prove that the twist parame­
ters are also the same. 

Figure 10.5.1 

Let X be the surface of signature (0, 4) formed by the two y-pieces 
adjacent along yt. Denote by p2, ft, ft, ft its boundary geodesies (Fig. 
10.5.1) labelled in such a way that y{ separates the pair p2, p3 from the pair 
$2, ft and such that £f separates the pair p2, ft from the pair /?3, /33 (a^ P s 

are, of course, among yly . . . , 73„_3). The adjacent 7-pieces of S along y^S) 
(with respect to the partition fi(S),..., f3^_3(5)) form a surface X (some of 
the boundary geodesies of X may coincide on S) with boundary components 
p2, ft, fi'2 and/?3, where yt separates the pair p2> ft from the pair p2, /33. All 
this is a consequence of (ii). 

(iii) 5;(S) and 77,(5) are s/mp/e c/o^ed geodesies on X. Each of these geode­
sies intersects y^S) in exactly two points and separates the pair p2(S), ft (5) 
from the pair ps(S)y P^(S). 

Proof. Start with S = Sa, where co = (€{, . . . , ^ _ 3 , 0 , . . . , 0) with <- = 8 
and all other 4 = 1/8. Formulae (10.2.2) in the more explicit form of 
Proposition 3.3.11 yield the numerical value €St(S) = 1.091. As a function 
of the twist parameter ah this value is a global minimum. Hence, €Si(S) = 
1.091, and it follows from the collar theorem (Theorem 4.1.1) that <5,(S) is 
simple. Moreover, for k^i the collars around yk(S), are so long that 
§£§) n yk(S) = 0 . Since fS^S) = €5$) and since €S((S) is a minimum, it 
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follows that in the present case X and X are isometric and that 5,(5) intersects 
7,(5) in exactly two points. 

Now change L = (€lt . . . , ^_3) so that 

^■(5) = 3, ^ 3 (5) = ^3(5) = 4, €P2(S) = m(S) = l. 

With the same formulae as before we compute 

€8t(S) = /5,<5) = 7.004 . . . . 

On the other hand, let £ be a simple closed geodesic on X which intersects 
ft(S) in exactly two points and separates the pair p3, fi2 from the pair /J2, 
>§3 as in Fig. 10.5.1. The minimal possible length of £ would be obtained 
when a;(S) = \ + integer, and the formulae mentioned above yield 7.239 for 
this minimum. Hence, 

€&§) > 7.239 .. . 

independently of the twist parameter af(5). This proves that SfS) separates 
p2 and/j^ from/?3 and £3. Replacing af = 0 in co by a,, = -1 we prove the 
same properties for rj;. This proves (iii). O 

The next point is more difficult. Each 77, is obtained from 8t by a positively 
oriented Dehn twist along yi (Definitions 3.3.9 and 3.3.10). Taking A = 
(0 , . . . , 0) in co = (L, A), we conclude from (iii) and from the fact that €6j(S) 
= tSt{S) and friiiS) = {^(5) that 

(iv) fli=Dtl(Si), i = l , . . . f 3 ^ - 3 , 

where D, is a positively oriented Dehn twist along y£. In order to prove that 
the curve system Q = p(Q) is obtained by a homeomorphism of F, it remains 
to prove that the exponents in (iv) are the same for all /. (Since the expected 
homeomorphism may be orientation reversing, this exponent may be -1.) 

Suppose on the contrary that the exponents in (iv) change sign. Then they 
change their sign along one of the curves av ..., ag (cf. Fig. 10.2.1). Let us 
therefore examine the nature of d i , . . . , dg. Taking L = (8 , . . . , 8), A = 
(0 , . . . , 0) in S = Sa we compute using the hexagon formulae of Chapter 2: 

£GX(S) = y<y2(S) = . . . = \ecg_{(S) = €<rg(S) = 0.549 . . . . 

Since the ak(S) also have length 0.549 ..., they are simple by virtue of 
Theorem 4.2.1. Now fixy and vary a} in a small neighborhood. Then fok(S) 
= €ak{S) is non-constant if and only if ak intersects y-. This also holds if and 
only if &k intersects y, since by (iii), ay(5) is the only twist parameter on S 
which is variable. Hence, ak intersects y- if and only if ak intersects yr 
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Looking at the lengths again, we see immediately that ok intersects fj at most 
once. The dY,..., ag have therefore the same configuration as the o ,̂ . . . , og. 
Now take L = ( 1 , . . . , 1) and A = (\, . . . , \). 

/ 

Tj yy Yj Yy 

Figure 10.5.2 

If we assume that the exponents in (iv) change sign, then we find ak inter­
secting some Yj and Yy as in Fig. 10.5.2 such that for the corresponding geo­
desies fj(S) and fj'(S) w e have &j(§) = \ and &y{S) - -\. As shown in Fig. 
10.5.2, we then find a piece wise geodesic curve ok(S) in the free homotopy 
class of &k(S) of length €ok(S) = €ck{S). It follows that ffik(S) < €ak(S), a 
contradiction. It is now established that allDf in (iv) have the same exponent. 

There exists an orientation reversing homeomorphism of F keeping the 
curves y^ . . . , y3 3 and 8{, . . . , 83g_3 fixed and mapping 77̂  . . . , ri3g_3 to 
D^id]),..., £>! (53g_3) (recall that in this chapter as in Chapter 6, the 
closed geodesies are non-oriented). The existence of this homeomorphism 
together with (i) - (iv) shows that the injection Z -^ 1 = p(X) is induced by 
a homeomorphism of F. In particular, the system Q := p(X2) is a canonical 
curve system. 

There exists a unique Teichmuller mapping \i satisfying €Q(S) = 
€£2(fi(S)). By Corollary 6.2.8, any S' e STg is uniquely determined by 
€8(S'). Since £Q(ji(S)) = €Q(S) = €Q(m(S)), we conclude that m(S) = ji(S) 
for all S € D. Proposition 10.5.1 is now proved. O 

1 ^*» 



Chapter 11 

Sunada's Theorem 

By Wolpert's theorem almost all compact Riemann surfaces are determined 
up to isometry by their length spectrum or, equivalently, by their spectrum of 
the Laplacian. On the other hand, there are surfaces which are only deter­
mined up to finitely many. The first such examples were given by Marie 
France Vigneras [1,2] based on quaternion lattices. Later, in 1984 Sunada 
[3] found a general construction of isospectral manifolds, based on finite 
groups. In Chapter 12 we shall use Sunada's construction to give numerous 
examples of isospectral Riemann surfaces. In the present chapter we prove 
Sunada's theorem for arbitrary Riemannian manifolds and study its combina­
torial aspects in detail. It will turn out that graphs are again a useful tool. 
Here they occur in the form of Cayley graphs. 

After looking at some relevant examples of finite groups in Section 11.2 
we prove Sunada's theorem in Section 11.3. Then we study Cayley graphs 
and finite coverings. 

In the final two sections we present a different approach to some of 
Sunada's examples. This approach is combinatorial in nature, and the two 
sections may be read independently of the rest of the chapter. Both sections 
contain the example of an isospectral non-isometric pair of compact Riemann 
surfaces, where the isospectrality can be proved by direct checking. For fur­
ther combinatorial aspects of Sunada's construction we refer to Berard [3]. 

11.1 Some History 

Sunada's theorem has its origins in number theory. If i is an algebraic num­
ber field and if p e N is a prime number, then p has a unique prime ideal 
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decomposition with respect to t Let d{(p),..., dv(p) be the degrees of the 
prime ideal factors, arranged such that dx{p)< ...< dv(p) and call the finite 
sequence 

m(p) = (dl(p),...,dv(p)) 
the length ofp with respect to t. How much information about t can we read 
out of these lengths? In 1880 Kronecker [1] conjectured that if llt \ are two 
number fields such that 

^[^i](p) = ^[^](p),forall/7>/70 

for sufficiently large /?0, then lx and i2 are isomorphic. A shorter form of 
Kronecker's conjecture would be: "isospectral number fields are isomor­
phic". 

In 1925, after previous work by Hurwitz [2], Bauer, and others, 
Gassmann [1] showed that the existence of two isospectral non-isomorphic 
number fields is equivalent to the existence of a pair of finite groups with a 
particular property (cf. Definition 11.1.1). Gassmann then constructed such a 
pair (Example 11.2.1) giving a counterexample to Kronecker's conjecture. 
Many more such examples have been studied since. Number fields which are 
not uniquely determined by their length spectrum are a point of interest and 
are sometimes called non-solitary. 

In 1984 Sunada discovered that the covering technique which leads from 
Gassmann equivalent groups to non-solitary number fields works also in 
Riemannian geometry and leads to isospectral manifolds. In contrast to the 
earlier sporadic examples of isospectral manifolds (Milnor [1], Vigneras [1, 
2], Ejiri [1], Kuwabara [1], Ikeda-Yamamoto [1], Ikeda [1], Urakawa [1], 
Gordon-Wilson [1] and others), Sunada's examples are based on a general 
construction principle. In particular, they are not limited to any form of 
homogeneity. More recently, De Turck and Gordon [1] extended Sunada's 
method to infinite groups. They also showed that in this extended form, 
almost all of the presently known examples of pairs of isospectral manifolds 
fit into the same combinatorial scheme. The references on this subject, up to 
1988, may be found in the review article [2] of Berard. 

We now state Sunada's theorem which leads from certain pairs of finite 
groups to pairs of isospectral manifolds. The groups act by isometries on a 
given compact or non-compact Riemannian manifold, the examples are the 
quotients. In the following definition we denote by # the cardinality of a set. 
For any group G we denote the conjugacy class of an element g e G by [g], 

[g] = {og<J-l\ceG}. 
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11.1.1 Definition. Let G be a finite group. Two subgroups Hu H2 of G 
are called almost conjugate or Gassmann equivalent if for all g e G 

#([£]n//1) = #([£]n//2) . 

Observe that conjugate subgroups are almost conjugate. Non-conjugate 
examples will be given in Section 11.2. Some of them will not be isomorphic 
as groups. Note that almost conjugate subgroups have the same cardinality. 

We now state Sunada's theorem in the following form. 

11.1.2 Theorem. Let M be a complete Riemannian manifold and let G be 
a finite group acting on M by isometries with at most finitely many fixed 
points. IfHl and H2 are almost conjugate subgroups ofG acting freely on M, 
then the quotients H^\M and H2\M are isospectral. 

Remarks. In the statement of the theorem the isospectrality holds for both 
the length and the eigenvalue spectrum. For this we remark that if M is non-
compact, then one has to be careful with the definition of the eigenvalue 
spectrum (cf. Theorem 11.3.5), and if M is not a manifold of negative curva­
ture, then one has to be careful with the definition of the length spectrum (cf. 
Theorem 11.3.2). 

Theorem 11.1.2 does not claim that the quotients H^M and H2\M are 
non-isometric. For manifolds of variable curvature Sunada [3] and Buser [9] 
give techniques to make the metric of M "bumpy" enough so that the non-
isometry of H^\M and H2\M can be inferred from the non-conjugacy of Hl 
and H2. In the case of compact Riemann surfaces a useful technique is to use 
small closed geodesies in connection with the collar theorem. This is, for 
instance, carried out at the end of Section 11.4. General criteria for the non-
isometry of isospectral pairs of compact Riemann surfaces will be given in 
Section 12.7. 

11.2 Examples of Almost Conjugate Groups 

The examples in this section are from Gassmann [1], Gerst [1], Komatsu [1] 
and Perlis [1]. 

11.2.1 Example. (The symmetric group <56). This example is due to 
Gassmann [1] and is the first known example in the literature. It is also the 
easiest example. Let <56 be the group of all permutations of the set {1, 2, 3, 
4, 5, 6}. Denote by (a, b) e (36 the cyclic permutation which interchanges a 
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with b and leaves the remaining elements fixed. For (a, b), (c, d) e ©6 we 
let (a, b)(cy d) denote the product ((c, d) followed by (a, b)). The following 
subgroups HXy H2 of<56 are almost conjugate but not conjugate. 

Hx = {id; (1,2)(3,4); (1, 3)(2, 4); (1,4)(2,3)} 
H2 = {id; (1,2)(3,4); (1, 2)(5, 6); (3,4)(5,6)}. 

Proof. Every element in (Hl u H2) - {id} acts in the same way: it changes 
a string (ab cd ef) into a string (ba dc ef). Since ©6 permutes all possible 
strings, all elements in (H1 u H2)- {id} belong to the same conjugacy 
class. Hence, HY and H2 satisfy the condition of Definition 11.1.1. Now Hx 
acts with two fixed points and H2 acts without fixed points. This shows that 
Hx and H2 are not conjugate in <56. 

The index of Hx and H2 in <B6 is 180. 

11.2.2 Example. (The semi direct product Z* * Z8). This example is due 
to Gerst [1]. We let Z8 = Z/8Z = {0, 1, 2, 3, 4, 5, 6, 7} be the additive 
group and Z* = {1, 3, 5, 7} be the multiplicative group of integers modulo 
8. The semi direct product 

Z8* ix Z8 = {(a, b) | a = 1, 3, 5, 7; b = 0, 1 , . . . , 7} 

is a group of order 32 with the multiplication rule 

(a, b)(a\ b') := (aa\ ab' + b) 

(all integers mod 8). Z* X Z8 has the following isomorphic abelian sub­
groups of index 8. 

H{ = {(1,0); (3,0); (5,0); (7,0)} 
H2 = {(1,0); (3,4); (5,4); (7,0)}. 

They are almost conjugate but not conjugate. 

Proof. Writing 

c = (a, b) = (1, b)(a, 0), a~l = (a, 0)(1, -b) 

we find o{m, 0)a~l = (1, b)(m, 0)(1, -b) = (m, b{\ - m)). From this we see 
that Hx and H2 are not conjugate. To see that H^ H2 are almost conjugate we 
use the fact that Z8 is an abelian factor. It is then easily checked that the ele­
ments in Hx resp. in H2 are pairwise non-conjugate and that for each element 
in Hx there exists a conjugate in H2. O 

11.2.3 Example. (Groups with prime exponent). This example is due to 
Komatsu [1]. Let p > 3 be a prime number and let Hly H2 be finite groups 
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with the same cardinality, say with #Hl=#H2 = n. Assume that both groups 
have exponent p (i.e. xp = 1 for all x e Hx and all x e H2). Interpret Hx and 
H2 as subgroups of the symmetric group (s>n, where HY and similarly H2 is 
identified with the set { 1 , . . . , n} in some fixed way, and where the permu­
tation corresponding to g e Hh i = 1, 2, is obtained via its action on //, by 
left multiplication. 

Under these hypotheses, Hx and H2 are almost conjugate in <5„. 

Proof. We have to show that 

#([/*] n / / j ) = #([/*] n//2) 

for all / I G / Z J U H2. For h = id there is nothing to prove. If h * id then h is a 
permutation of { 1 , . . . , n} which has no fixed point. Since h has prime order 
p, there exists a partition of { 1 , . . . , n} into pair wise disjoint subsets of car­
dinality p such that h operates by cyclic permutation on each of these subsets. 
This proves that all h e ( / / , u H2) - {id} belong to the same conjugacy 
class in <3n, and therefore #([/*] n Hx) = #([/i] n #2) for all h e ©„. o 

Obviously, / ^ and //2 are conjugate in <Bn if and only ifHl is isomorphic to 
H2. 

Examples of non-isomorphic groups which satisfy the above hypotheses 
are, for instance, given by the Heisenberg groups: let k, p e N, k > 3, p > k, 
p prime. Define 

a * 
Hl={ 

0 ''I 
* e zj 

to be the group of all upper triangular (k x k) matrices with coefficients from 
Zp = Z//?Z and all diagonal elements equal to 1. Each such matrix g may be 
written in the form 

g=a+I, 

where / is the identity matrix and a is an upper triangular matrix with zero 
diagonal. Since a and / commute, the binomial formula yields 

In Zp we have I . I = 0 for / = 1,. . . , /?- 1. As the matrix a is &-nirpotent 
and p>k, we have ap = 0. Hence, ĝ  = /. It follows that Hl has exponent p 
and order p to the power \k{k - 1). The same holds for 
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H2= Zpx...xZp, {\k{k - 1) factors). 

As H2 is abelian and Hl is not, these groups are not isomorphic. 

For our final example we use another definition of almost conjugacy which is 
also useful for the proof of Sunada's theorem. 

11.2.4 Lemma. Let G be a finite group. Define for any subgroup H czG 
and for any a e G 

X^)-jMng^G\gog-leH). 

Two subgroups Hv H2 ofG are almost conjugate if and only if%Hl = XH2-

Proof. Let Ca = { a e G \ aooC1 = o} be the centralizer of o in G. For any 
^ , / i e G w e have 

gag'1 = hGh~x & <j=(g-1h)o(g-lhT1 & hegCa. 

This shows that for fixed a' =gog~l 

#{heG\ hah'1 = cr'} =#(gCa) = #Ca. 
Therefore, 

Zi£c) = jjf KM nH). 

Since Xn^d) = #G/#H and since almost conjugate subgroups have the same 
cardinality, the lemma follows. O 

For a number of interesting properties of the next example we refer to the 
book of Weinstein [1] and to the Atlas of Finite Groups (Conway et al. [1]). 
The particular case SL(3, 2) is described in detail in Perlis [1]. 

11.2.5 Example. (The groups SL(n,p)). Let/? be a prime number and let 
n > 2 be an arbitrary integer. SL(n,p) is the group of all (n x rc)-matrices 
with coefficients in Zp and with determinant 1. A good exercise (which will 
be needed below) is to prove that for n > 2, SL(rc, p) acts transitively on the 
vector space (Zp)n. In our notation, elements of (Zp)n are columns and 
SL(n, p) acts by multiplication from the left. 

We consider the two subgroups 
/* * *\ 

Hx = {geSL(n,p)\g = 
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and 
/* 0 . . . 0^ 

H2 = {g<=SL(n,p)\g = \ 

V* J 
Hx and H2 are almost conjugate. Ifn>3 they are non-conjugate. 

* 
* ) . 

Proof. We shall prove that %HX(°0 = XHS?) f°r a ^ °"G SL(n,p). Since we 
havegcrg"1 e H2 if and only if (gJ)~l<JJfr e Hx, where T denotes the trans­
pose, it suffices to prove that 

*"'(<T) = WH #< s G S L ( n ' p ) ' g a J g ' ' eH,) = XH^J) ■ 

Now observe that for each X e Z the matrices (a- XI) and (<r- A/)T = 
(o* - A/) have the same rank (/ is the identity matrix). Hence, <r and a have 
the same eigenvalues. Moreover, for each eigenvalue they have the same 
dimension of the corresponding eigenspace. Since the field Zp is a finite set, 
each /:-dimensional subspace of (Z )" consists of pk elements, and we con-

- T - " 

elude that a and a have the same number of eigenvectors. Denoting this 
number by m we get m(o) = m(aT). It suffices therefore to prove that ^ ( c r ) 
depends only on m(o). 

First we remark that h e Hx if and only if ex := (1, 0 , . . . , 0)T is an eigen­
vector of h. Let rx be the subgroup of all h e Hx for which hex = ex. By our 
remark, 

gog~l e Hx <=> g~lex is an eigenvector of a. 

Now let e be an eigenvector of o~. Since SL(n, p) acts transitively on (Zp)n 

(the above exercise), there exists ye SL(n,p) such that e = r - 1 ^ . If 
g G SL(ft, /?), then g~lex = y"1^! if and only if g e rxy. Hence, the cardinality 
of all g satisfying g~lex = e is # rx. This proves that 

We have now proved that Hx and H2 are almost conjugate. 
To see that Hx and H2 are non-conjugate if n > 3, we simply observe that 

for n > 3 the elements of / ^ have a common eigenvector, and the elements 
of H2 do not. (Use that SL(n - 1, p) acts transitively on (Zp)n~l.) O 

A particularly interesting case which will be used in Chapter 12 is the group 
SL(3, 2). This group has a number of remarkable properties (cf. Weinstein 
[1], Example 4.12). It is isomorphic to SL(2,7) and, up to isomorphism, the 
only simple group of order 168. Hx and H2 have index 7 in SL(3. 2). Perlis 
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[1] has shown that this is the smallest possible index of almost conjugate 
non-conjugate subgroups in any group (see also Guralnick [1]). 

We shall later need two lemmata about generators of SL(3, 2). They are as 
follows, where Hx is as in Example 11.2.5. 

11.2.6 Lemma. Let A, B, C be the following elements c/SL(3, 2). 
'o i n (\ oo^ (o i n 

A = 0 1 0 
u o o ; 

B = 0 0 1 
0 1 1 

c = 11 1 
0 1 0 

Then the following hold, where I is the identity matrix. 
(i) A4 = B3 = C1 = I, C= ABA~lB-\ 
(ii) The cosets Hlt HXC, . . . , HYC6 are pairwise disjoint and fill out 

SL(3, 2). 
(iii) A and C generate SL(3, 2). 
(iv) A andB generate SL(3, 2). 

Proof, (i) By direct computation. 
(ii) C and all Cm with Cm * I have the prime order 7 which is not a divisor 

of #HV Since for m = 1, . . . , 6, Cm € Hv the cosets HXC°,..., HXC6 are 
pairwise different, and since 7 • 24 = # SL(3, 2), they fill out the group. 

(iii) A quick though not elegant way is as follows. Set M = CAC~l and 
N = C~lAC3. The numerical values are 

C"1 = 
H 10^| 

0 0 1 
1 0 1 

M = 
n i n 

0 1 1 
0 0 1 

N = 
n io^ 

0 0 1 
0 1 1 

Thus, M,N e Hv Products of the form (MpNq)r yield (quite rapidly) more 
than 12 elements in Hx. Hence, M and N generate H1. Now (iii) follows 
from (ii). 

(iv) This follows from (iii) and (i). O 

11.2.7 Lemma. Let 

a = 
' i o n 

1 1 0 
0 1 0 / 

p = 
^ 0 0 P 

1 0 0 
1 1 0 

(i) a, p and ccp are elements of order 1. 
(ii) a and f3 generate SL(3, 2). 

Proof, (i) by computation, (ii) ft = C and ft a ft = A, where C and A are the 
same generators as in Lemma 11.2.6. O 
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11.3 Proof of Sunada's Theorem 

Let G be a finite group acting on the complete (not necessarily compact) 
Riemannian manifold M by isometries and with at most finitely many fixed 
points. G need not be the full isometry group of M. Assume that Hx and H2 
are almost conjugate subgroups of G which act without fixed points. We then 
have the normal coverings 

M 
(11.3.1) } / \ 

Mx = H^M M2 = H2\M . 

Sunada's theorem for the closed geodesies states that M, and M2 have the 
same length spectrum. If M is an arbitrary closed Riemannian manifold, we 
no longer have a one-to-one correspondence between the closed geodesies 
and the free homotopy classes. We restate therefore Sunada's theorem in a 
particular form which takes care of this. 

In the following we shall work with non-oriented geodesies. Recall that a 
parametrized closed geodesic y : S1 —> N on a Riemannian manifold N is 
called primitive if it is not the covering of a shorter closed geodesic. Two 
parametrized closed geodesies are considered weakly equivalent if they differ 
by a parameter change of type 11-> et + const, t e S1, where e is either 1 or 
- 1 . The weak equivalence classes are the non-oriented closed geodesies. As 
we shall only work with these, we shall drop the adjective "non-oriented". In 
order to have a short notation we shall call the weak equivalence class of a 
primitive parametrized closed geodesic a prime geodesic. Observe that with 
this notation, the prime geodesic represented by y : S1 —> N may be identi­
fied with the point set y(Sl). 

We denote by !P(N) the set of all prime geodesies of N. 

11.3.2 Theorem. Let Ml andM2 be complete Riemannian manifolds as in 
(11.3.1). Then there exists a bijection <p : ̂ (Mj) —» (P(M2) satisfying €(y) = 
{(<j)(y)) for ally e 2>(M,). 

Proof. The proof is essentially that of Sunada [3]. However, since we allow 
G to have fixed points, we shall not work with the quotient G\M. 

For / = 1, 2 the natural projections nl; : M —» Mi = Ht\M are normal 
Riemannian coverings. We say that a geodesic y in M is a prime lift of prime 
geodesic a in M, if 7 is a prime geodesic and nt{y) = a. If 7 is a prime lift of 
a, then the length of 7 is an integer multiple of the length of a. We remark 
that 7 and 7' in M are lifts of the same a if and only if 7' = h{y) for some 
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h € Ht. 
We say that prime geodesies a and p in the disjoint union Mx u M2 are 

correlated if there exist prime lifts y and 8 of a and p respectively such that 8 
= g(y) for some g e G. From the preceding remark it follows that correlation 
is an equivalence relation. Note that correlated geodesies need not have the 
same length. We shall denote by [ a] the equivalence class of a and set 

[«],= {« ' € [ a ] | a ' c M , - } , / = 1,2. 

For the proof of Theorem 11.3.2 we show that there exists, for each [a], a 
length-preserving one-to-one mapping from [a]x onto [a]2-

For any prime geodesic 77 in M and for any subgroup F c G w e denote by 
F^ the subgroup of a l l / e G satisfying/(77) = 77. Since G acts with at most 
finitely many fixed points, Fv is isomorphic to the group {(f\ 77) | / e F}. 

Let y in M be a prime lift of a. Then Gy is isomorphic to a finite subgroup 
of IsCS1). This implies that Gy is either a cyclic group or a dihedral group. If 
Gris cyclic, we let a denote a generator of Gy. If Gy is dihedral, then it con­
tains a cyclic subgroup Gy of index 2 and we let o be a generator of Gy. We 
then have the disjoint union Gy-G'y\j G'y p, where p is an element of order 2 
with at least one fixed point on y. We let ord(cr) denote the order of o. The 
number 

<5:= <f(y )/ord((7) 

will be called the displacement length of cr. 
We let H be one of the subgroups Hv H2 with the natural projection % : 

M -^ MH:= H\M and write 

[cc]H={a' e [a] \ a'<zMH}. 

Next, we let T{, . . . , %r e G be such that any g{y), g e G , coincides with 
some fiTfiy) for a unique i e { 1 , . . . , r}. The images a ; := % ( T - ( / ) ) , / = 
1 , . . . , r, are pairwise distinct and fill out [ a]H: 

(1) [«]//={<*„..., a^}, #[a]„ = r. 

Finally, we abbreviate ^-(7) by yt. Since // operates without fixed points, 
each Hy. is a cyclic group. The displacement length of any generator of Hy. is 
an integer multiple At8 (because T̂ CTT,"1 is a generator of a maximal cyclic 
subgroup of Gy). It follows that 

(2) Aa,-) = A-* 
For any positive integer m, Tl-amTl~1 is an element of Gn. and belongs there­
fore to H if and only if it belongs to Hy.. From this we get the following. 
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(3) TiOmT;1 eH <=> Ai\m, 

where Ai \ m means that m is an integer multiple of A-. We next claim that 
any g e G can be written in a unique way in the form 

(4) g = to^K 

with h G H, i G { 1 , . . . , r}, j e {0,..., At - 1} and K - id if GY is cyclic, 
and K G {/d, p} if G7 is dihedral with p as above. For the proof we consider 
the case that Gyis dihedral and leave the cyclic case to the reader. On y we let 
c be an arc of length 8/2 such that one endpoint of c is a fixed point of p. 
Then c is a fundamental domain for the action of G on the set 

«= U#(7). 
geG 

For given i e { 1 , . . . , r}, the images aj(c) and crjp(c), j = 0 , . . . , A(- 1 fill 
out an arc ci of length Af<5 without overlapping. The image Tf(c;) on yi is a 
fundamental domain for the action of H on the set 

%= U /!(//)• 
/ietf 

Finally, %,..., % fill out % without overlapping (except for finitely many 
intersection points). Hence, the elements listed in (4) are pairwise different 
and the images of c fill out %. Since c is a fundamental domain for the action 
of G on % this proves that the elements in (4) fill out G. 

In view of (4), we have, for any positive integer m, 

XH{0m) = -L#{hTiGjKG G | hTiaJKGm(hTiGjK)-1 G H } 

= #{Tfa4c| iiciKGmKxa-ix-i
x G //, 1 < / < r , 0 < ; < A-- 1, KG {id,p}}, 

where again we look at dihedral G r Since pomp~x = o~m and since 
T/<jmTt"1 G / / if and only if xio~mTjl G H, we obtain together with (3) 

(5) XH(°m) = 2#EA = 2 # £ A . 
t=i i=i 

riamTj1eH Aj\m 

Here 2# = 2 if Gr is dihedral and 2# = 1 if Gy is cyclic. We apply this to Hl 
and //2 writing [a]{ = { cc[, . . . , a'r-} and [a]2 = { aj\ . . . , «"»}, where r' = 
# [a]j and r" = # [a]2. In view of (2) there are integers A[, . . . , A'r- and 
A{\ ..., A;, such that 

/(«;) = A/5 and €{a'-) = A'}8 
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for / = 1, . . . , r' and j = 1 , . . . , r". By (5) and Lemma 11.2.4, we have, for 
any positive integer m, 

£ A' = £ A"-
A,' I m A" I m 

From this we see that any length appears as often in [a]l as in [a]2. This 
proves Theorem 11.3.2 O 

We next prove Sunada's theorem for the eigenfunctions of the Laplacian. The 
proof consists of an appropriate splitting of G, Hl and H2 into cosets. The 
proof is the same as in Sunada [3] except that we work with finite dimen­
sional real vector spaces in order to avoid the introduction of trace class 
operators. 

Consider a finite group G acting on a finite dimensional vector space V by 
linear transformations. The action ofg e G onv e V will be denoted by gv, 
and we assume the rule (g'g)v = g'(gv) for any g\ g e G. (Below, V will be 
an eigenspace of the Laplacian and G acts via isometries of the underlying 
manifold.) For any subgroup H a G we denote by VH the pointwise 
//-invariant subspace of H: 

VH = {v e V | hv = v for any h e H}. 

For h e H, we set [h]' := {aha'1 | a e / / } , the conjugacy class with 
respect to //. 

Now let A : V -> V be a linear transformation which commutes with the 
action of G. (A will later be the identity operator restricted to an eigenspace.) 
Since A commutes with G, the restriction A \ VH maps VH into itself. In the 
next lemma, tr denotes the trace of a linear transformation of a finite dimen­
sional vector space. The trace Xi(A \ VH) is with respect to the vector space 
VH, the traces tr(/zA) and tr(gA) are with respect to V. 

11.3.3 Lemma. (Elementary trace formula). 

tr(^|V»)= xtM-trikA) 
[h]'czH # / 7 

= T^J X #([$]n//)tr(gA). 
# / / fe|c[G) 

Proof. The linear mapping Z5 given by 

P(V) = J _ 2 hv, V € V, 
# / / / , g / / 
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maps V onto VH and acts as the identity on VH. Taking any vector space basis 
of VH and extending it to a basis of V, we see that tr(/M) = tr(A | VH). Hence, 

K(A\VH)=±-yLti{hA). 
# « heH 

This yields the first equation. Next, for any h e H, [h]' is a subset of H and 
for g e G we either have [h]' <= [g] or [/*]' n [g] = 0 . Since the conjugacy 
classes [g] are pairwise disjoint, we have 

ffl'ctf LgJcG [/t]'cfe]ni/ 

Moreover, 

X #[/z]' = #( [g ]n/ / ) . 
[h]'c:\g\nH 

The lemma follows. O 

11.3.4 Corollary. lfHx and H2 are Gassmann equivalent subgroups of 
G, then 

tr(A | VHl) = U(A | V1*2). O 

Let again N be a complete Riemannian manifold and let A denote the 
Laplacian on N. The manifold need not be compact. For any real number X 
we have the eigenspace EX(N) consisting of all smooth L2-functions uonN 
satisfying the differential equation Au = hi. We do not consider the question 
for which X the dimension of EX(N) is positive and whether there are any 
positive dimensional eigenspaces at all; we also may have dim EX(N) = oo. 
Sunada's theorem for the eigenfunctions is as follows. 

11.3.5 Theorem. LetMx and M2 be complete Riemannian manifolds as in 
(11.3.1). Then Mx and M2 are isospectral in the following sense. For any 
X G R - {0} we have dim EX(M{) = dim EX(M2). 

Proof. Let E be any finite dimensional subspace of E^M^. Let uly..., uk 

be a basis of E and let v 1 ? . . . , v^ be lifts of ult..., uk on M. The images 
gvK> g e G, K = ly..., k, span a finite dimensional G-invariant subspace V 
a L2(M), and each v e V is an eigenfunction of the Laplacian with eigen­
value X. Now let A be the identity operator on V. Then tr(A | VHi) = dim VHi, 
i = 1, 2, and by Corollary 11.3.4, dim V"1 - dim VH\ where dim VHl > k. 
Since the natural projection of VHl into EX(M2) is injective this proves that 
dim£A(M2) > k. Hence, dim EX(M2) > dim EX{MX). Similarly we have 
dim EX(MX) > dim EX(M2). O 
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11.3.6 Remark. A glance at the preceding proof shows that Theorem 
11.3.5 remains valid if, in contrast to the above, EX(N) is defined as the 
space of all C2-functions u on N (not necessarily in L2) satisfying Au - Xu. 
For a more general version of Theorem 11.3.5 we refer to Berard [3]. 

11.4 Cayley Graphs 

We now describe ways to obtain isospectral examples out of almost conju­
gate groups. The surfaces in this section need not have constant curvature, 
the constructions which follow can also be carried out in higher dimensions. 
For ease of exposition, however, we shall not always consider the most 
general cases. 

Let G be a finite group with subgroups Hx and H2. In order to obtain a sur­
face on which G acts by isometries we may proceed in an algebraic or in a 
combinatorial way. The algebraic approach is more common in differential 
geometry, and we first show how it leads to the combinatorial construction in 
a natural way. 

We begin with a compact orientable surface M0 whose fundamental group 
7tx(M0) admits a surjective homomorphism 

co: 7ix(M0) -^ G. 

If ft)is given, then nx(M0) has the normal subgroup co'\{ id}), and there is a 
corresponding compact Riemannian covering surface M on which G acts as 
the group of covering transformations so that M0 = G \M. Restricting this 
action to Hx and H2 we obtain the quotients 

MX=HX\M, M2 = H2\M. 

If Hx and H2 are almost conjugate, then, by Sunada's theorem, Mx and M2 
are isospectral. At the end of this section we shall describe ways of obtaining 
non-isometric Mx and M2. 

A simple way to obtain a surjective homomorphism co: 7tx(M0) —» G is as 
follows. Choose any set of generators Ax,..., An of G, all different from the 
identity. Let M0 be any compact orientable surface of genus h > n. The fun­
damental group of M0 has canonical generators ax, bx,..., ah, bh with the 
single defining relation 

h 

I I avbva~xb~x =id 
v = l 

(cf. Section 6.7). Set co(av) = Av, v = 1, . . . , n, and co(an+x) = . . . = co(ah) = 
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co{bx) - . . . = co(bh) = id. Then coextends to a homomorphism of ^(M0) onto 
G. 

We now show how graphs come in. (The description is only meant to 
serve as a motivation for Definition 11.4.1.) For simplicity we assume that 
M0 is a Riemann surface. We also assume that At * A*1 for / * j . 

Let av . . . , an be simple closed geodesies in the free homotopy classes of 
the curves bx, ...ybn (not ax,..., an). Cut M0 open along ax>..., an. Since 
flj,..., bh are canonical generators, the resulting bordered surface *B is con­
nected. We lift #into the covering surface M in order to obtain a fundamental 
domain (B for the action of G such that the projection M —> M0 = G W maps 
$ isometrically onto (B. Hence, M is obtained by pasting together # G copies 
of *B which are permuted by G. If g, g' e G satisfy g' = gA{, then in M, g'{<B) 
is pasted to gCB) along the geodesic g(af), where &t is one of the two bound­
ary geodesies of !B which are lifts of at. Interpreting the different domains 
g((B)y g e G, as vertices of a graph whose edges are the lifts of alt..., ah in 
M, we arrive at the following definition. 

11.4.1 Definition. Let G be a finite group with generators Ax,..., An 
which are all different from the identity (but not necessarily pairwise dis­
tinct). A graph ^ = ^[Al5 . . . , An] is called the Cayley graph of G with 
respect to the generators Alt...tAntf there exists a one-to-one mapping j 
from G onto the vertex set of ^ such that for any g, g' e G the following 
holds. If u is the number of generators A in the sequence Al9..., An satis­
fying gA = g\ and if v is the number of generators A satisfying gA = g, then 
the vertices j(g) and jig") are connected by exactly u + v edges. 

As an introduction to Cayley graphs we refer to the last chapter of Bollobas 
[1]. In the following, however, it will be sufficient to know the definition. 

If we want to draw pictures, we represent each element g of G by a dot 
named g with 2n half-edges al,al,...,an>an. Then, for each ordered pair 
(g, g*) e G x G and for / = 1, . . . , n we connect half-edge at of dot g with 
half-edge a{ of dot g' if and only if gAt = g'. 

c 
(0,1) 

(0,0) 

c u 

£ 

4 

g 

u 

| d 

(1,1) (2,1) 

0,0) (2,0) 
P 1 p 

A 

fN 
4 
1 

1 
1 

J 
(3,1) 

(3,0) 

b %[A,B] 

Figure 11.4.1 
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11.4.2 Example. Let G be the product G = Z4 x Z2 with generators A = 
(1, 0) and B = (0, 1). The Cayley graph <3[A,B] is shown in Fig. 11.4.1. 
The horizontal edges correspond to multiplication from the right by A, the 
vertical edges correspond to multiplication from the right by B. 

Graphs may be enhanced by adding attributes. For the present purposes 
the attributes will be color and orientation. If e is an edge connecting the dis­
tinct vertices P and Q we may orient e by saying that e goes from P to Qox 
from Q to P. Formally, an oriented edge may be defined as the ordered triplet 
(P* e, Q). In the figures, the orientation is indicated by an arrow pointing 
from P to Q. We do not orient edges which connect a vertex with itself. If 
<@[A1,..., An] is the Cayley graph of G with respect to the generators 
Ax, . . . , An, the edge which connects j(g) with j{gAt) will be oriented from 
jig) to j(gAt), g e G, / = 1, . . . , n. A graph is called oriented if some or all of 
its edges are oriented. 

Color is obtained by grouping edges into equivalence classes. Edges of the 
same class will be said to have the same color or to be of the same type. In a 
Cayley graph the edges which correspond to right multiplication by generator 
A{ will be said to be of type A,-. In Fig. 11.4.1 the horizontal edges are of 
type A, the vertical edges are of type B. 

When are two graphs si and 38 "the same"? We shall say that (j>: si -» 38 is 
an isomorphism if (p is a one-to-one mapping from the vertex set of si onto 
the vertex set of 3# such that whenever vertices P and Q of si are connected 
by exactly k edges, then (f> (P) and 0 (Q) are connected by exactly k edges. If 
M and 3# have color and orientation, an isomorphism 0 : si —» 39 need not 
preserve this additional structure. But if it does, we shall say that 0 is a strong 
isomorphism. Hence, for a strong isomorphism the number of edges of a 
given type from P to Q is always equal to the number of edges of the same 
type from 0(P) to <p(Q). Analogous properties are requested when only part 
of the edges are colored and/or oriented. Graphs si and £8 are isomorphic 
(respectively, strongly isomorphic) if there exists an isomorphism (respec­
tively, strong isomorphism) from si to 3#. 

Let again $ = <§[Al, . . . , An] be the Cayley graph of a finite group G. 
Each h e G acts on ̂  by left multiplication: g' = gAt, if and only hg' = hgA^ 
It follows that G : $ —> $ acts by strong isomorphisms. In fact, G is the full 
group of strong isomorphisms from $ onto $. The example of Fig. 11.4.1 
shows that there may be additional non-strong isomorphisms. 

For each subgroup / / c G w e define the quotient graph HYS as follows. 
Each coset Hg, g e G is a vertex with emanating half-edges alt ax,..., an, 
an. For any ordered pair (Hg, Hg') half-edge a{ of vertex Hg and half-edge at 
of vertex Hg' together form an edge if and only if g' = hgAi for some h e H. 
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If they form an edge, then the edge is said to bcoftype At and the orientation 
is from Hg to HgAiy provided Hg and HgAt are distinct. 

11.4.3 Example. We consider again the graph of Fig. 11.4.1. Let 

HY = {(0, 0); (1, 0); (2, 0); (3, 0)} and H2 = {(0, 0); (0, 1)}. 

The quotients HX\S and H2\S are shown in Fig. 11.4.2. Color and orienta­
tion are not indicated in the figure. 

^ (0 0 0 Q, <& 
®> HW 

H,\S G\<3 

Figure 11.4.2 

11.4.4 Theorem. LetHx andH2 be almost conjugate subgroups ofG and 
let ̂  be a Cayley graph ofG. Then HX\S and H2\@ are strongly isomorphic 
if and only ifHl and H2 are conjugate. 

Proof. Clearly, conjugate subgroups have strongly isomorphic quotients. 
Now assume that //,Y$ and H2\§ are strongly isomorphic. Then there exists 
a bijective mapping 0 from the cosets of Hx to the cosets of H2 such that 
whenever <p(Hxg) = H2g' and whenever A is one of the generators, then we 
also have (f>(HxgA) = H-g'A. By induction on the generators we find (p (Hxgf) 
= H2g'f for a l l / e G. Now suppose <p{Hx) = H2g0. For h{ <= Hl we then 
have 

H28o = <H#i) = <t>(HA) = H2g0hl9 

that is, g0hxgQl e ^2 f°r all hx e Hv By the symmetry of the statement with 
respect to Hx and H2 this proves the theorem. o 

For later applications we work out three examples. 

11.4.5 Example. Let G = Z* fc Z8 as in Example 11.2.2 with the almost 
conjugate subgroups 

Hx = {(1,0); (3,0); (5,0); (7,0)} 
H2 = {(1,0); (3,4); (5,4); (7,0)}. 

The following are generators of G. 



300 Sunada's Theorem [Ch.ll, §4 

A = (5, 0), B = (3, 0), C = (1, 1). 

For k = 0 , . . . , 7 the elements Ck = (1, k) are pairwise non-equivalent mod 
//,-, / = 1,2. We may therefore represent the cosets in the form //,C°, . . . , 
HfC1. For each k there are unique exponents a^k) and b^k) such that 

C*A e / / - C ^ , C*B e / / fC^ } , i = 1, 2. 

The exponents are given by the following table. 

k 
ax{k) 
bx{k) 
a2(k) 
b2{k) 

1 ° 
0 
0 
4 

1 4 

1 
5 
3 
1 
7 

2 
2 
6 
6 
2 

3 
7 
1 
3 
5 

4 
4 
4 
0 
0 

5 
1 
7 
5 
3 

6 
6 
2 
2 
6 

7 
3 
5 
7 
1 

The corresponding graphs are shown in the next figure. The horizontal edges 
are of type C, the dashed edges are of type B and the remaining edges are of 
type A. Dot k in H^§ represents / / ,C\ / = 1, 2; k = 0 , . . . , 7. The graphs are 
aotisomorphic. 

Figure 11.4.3 

11.4.6 Example. We let G, Hx and H2 be as in Example 11.4.5, but now 
with generators 

A =(5,0), B = (7, 5), C = (l, 1). 
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The corresponding table is the following. 

k 

am 
bx(k) 
a2{k) 
b2{k) 

1 ° 
0 
3 
4 

1 3 

1 
5 
2 
1 
2 

2 
2 
1 
6 
1 

3 
7 
0 
3 
0 

4 
4 
7 
0 
7 

5 
1 
6 
5 
6 

6 
6 
5 
2 
5 

7 
3 
4 
7 
4 

The graphs are shown in Fig. 11.4.4. They are isomorphic but not strongly 
isomorphic. 

Q o 1 <FN Q 2 3 
if—*—t--#--A-.---.--y—*— 

S4, 5 L l i 6 . 7 

* • *— y ]] > (Q— to 4 

. sQ e l , 7Q , A 
* • *— yf > # toO 

Figure 11.4.4 

11.4.7 Example. We consider the group SL(3, 2) with the same sub­
groups //j and H2 as in Example 11.2.5. By Lemma 11.2.6, the following 
are generators 

(Oil] 
0 1 0 

u o o j 
, B = 

(i oo\ 
0 0 1 

loi 1) 

The commutator C = ABA~lB~l has order 7. As before we write cosets in the 
form //f-C*, / = 1, 2; k = 0 , . . . , 6, although C is not in the list of generators. 
Note that Ck £ Ht unless k = 0 (mod 7). The cosets are thus pairwise dis­
tinct. For each k there are unique exponents a^k) and ft(£) such that 
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CkA e HiC*® and CkB e Hfi^, i = 1, 2; k = 0, . . . , 6. These exponents 
are given by the following table. 

k | 
ax{k) 
Pi(k) 
a2(k) 
&(*) 1 

1 ° 
3 
0 
1 

1 o 

1 2 
1 6 
2 5 
6 5 
4 5 

3 4 5 6 
0 5 2 4 
6 3 1 4 
0 4 2 3 
1 3 6 2 

The graphs H^S and H^sfS are given in Fig. 11.4.5. Dot k stands for 
HtCk. Dashed lines represent edges of type B, the remaining ones are of type 
A. The graphs are not isomorphic. 

The example will be used in Section 12.4; a slightly different form of it 
will be described in Section 12.5. 

H^<S 

Figure 11.4.5 

Theorem 11.4.4 provides a simple construction of non-isometric isospec-
tral pairs. For / = 1, 2, we replace each vertex of //,\$ with emanating half-
edges al,dl,..., an, an by a copy of a fixed building block <B with boundary 
geodesies alyalf..., ocn,an and paste the blocks together according to H^S. 

In order to paste the boundaries consistently, we start with a closed surface 
M0 of genus h > n, and cut it open into a connected surface <B along n simple 
closed geodesies, where each such geodesic is marked by the initial point of 
the given parametrization. If we paste # G blocks according to ^ in such a 
way that that the initial points of the parametrization are again pasted together, 
then we obtain a surface M with an isometric action of G and such that M0 = 
G\M. If we paste # G/# Hx copies according to H^sfS and //2Y^ in the same 
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«i a2 

<F=> 

Figure 11.4.6 
a, «o 

manner, we obtain the surfaces Mx - H^M and M2 = H2\M. By Sunadas's 
theorem, Ml and M2 are isospectral. 

How can we obtain non-isometric Mx and M{1 The answer is given by 
Theorem 11.4.4: it suffices to provide the building block <B with such a 
metric that the colored oriented graphs H^§ and H2\CS can be reconstructed 
from the intrinsic geometry of Mx and M2. If we admit variable curvature, 
this can be achieved by making the metric sufficientiy bumpy (see Sunada [3] 
and Buser [9]). In the case of constant curvature we use the collar theorem. 
The idea can be seen in the following example (for a more systematic con­
struction see Chapter 12). 
Paste together 2{n - 1) 7-pieces as shown in Fig. 11.4.7 to obtain a Riemann 
surface *B of signature (0, 2n) with boundary geodesies aly a2, a2, • • • * **n» 
ccn, ax and the intrinsic geodesies 77̂  . . . , 772n_3 such that /(ay) = €((Xj), j = 
1 , . . . , n and such that 

A«i) < < €{oQ < arii) = • • • = ^ - 3 ) = 1. 

In <B and in Mx and M2 we let all twist parameters be zero. By the collar theo­
rem, the only geodesies on Mx and M2 which have length less or equal 1 are 
those corresponding to oq,... , ccn, ri2, ..., r\n. Hence, we can reconstruct 
the building blocks by cutting Mx and M2 open along the closed geodesies of 
length less or equal 1. Color and orientation can be obtained by looking at the 
lengths of the boundary geodesies and at the way in which the boundary geo­
desies are arranged on (B. 

P?2«-3 

Figure 11.4.7 

*B 
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11.5 Transplantation of Eigenfunctions 

Some of Sunada's examples are particularly simple so that the isospectrality 
can be seen directly. In this and in the next section we deal with such an 
example. Although the example is modeled over Z* * Z8 with generators and 
quotient graphs as in Example 11.4.6, we shall not refer to this nor to any of 
the preceding sections. Instead, we give a description ab ovo, so that the 
example will be understandable without background in almost conjugate 
groups. 

In order to prove the isospectrality we use a technique which we call 
transplantation (Buser [8]). Berard [3] has investigated transplantation more 
generally, giving deeper insight into the combinatorial nature of Sunada's 
examples. 

Let <B be a compact Riemann surface of signature (0, 5) with boundary 

to 4 

toO 

Figure 11.5.1 

Figure 11.5.2 
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«! 03 

Figure 11.5.3 

geodesies ax, cc2, P, yx and y2 as shown in Fig. 11.5.3. (B consists of three 
7-pieces which have been pasted together along the geodesies rjx and r\2 with 
twist parameter \. We assume that 

€(a{) = /(ofe) < £{P) < *(Yi) = {(Yi) < Am) < A*fe) * L 

By the collar theorem any other simple closed geodesic on (Bis longer than 1. 
It follows that the only isometry (B —» (B is the identity. 

Now we paste together 8 copies (building blocks) # 0 , . . . , (Bn of 'B with 
twist parameter 0 according to Fig. 11.5.1 and 11.5.2 to obtain the compact 
Riemann surfaces Mx and M2 respectively. Building block <Bk on M- will be 
denoted by tBk{M^. Observe the pasting along the copies of y1 and y2: ^(M,) 
is pasted to &4(Mf) and (Bj(Mt) to #0(M,). 

The closed geodesies on Mx and M2 which correspond to ax, cc2, P, yx 
and y2 will be called the geodesies of type a, p and y respectively. 

Mx and M2 are non-isometric. 

Proof. By the collar theorem, any simple closed geodesic on Mx and M2 
different from the copies of ccx, cc2, p, yx, y2, rix, r\2 is longer than 1. Hence, 
any isometry 0 : A^ —> M2 sends building blocks to building blocks. More 
precisely, there exists me {0 , . . . , 7 } such that ((>((Bk(Mx) - (Bk+m(M2), k = 
0 , . . . , 7 (indices mod 8). The way in which the boundary geodesies ax and 
a2 are pasted together implies that m e {1, 3, 5, 7}. Since (BX(MX) and 
(B2(MX) are pasted together along copies of p, it follows that 0 CBX(MX)) and 
(j>((B2(Mx)) a re pasted together along copies of j3. This is only possible if 
m e {0, 4}. Hence, 0 does not exist. O 

Mx and M2 have the same spectrum of the Laplacian. 

Proof. For X e R we denote by Et{X) the eigenspace of the Laplacian on Mt 
corresponding to X (dim E{(X) is non-zero if and only if X is an eigenvalue). 
We shall prove that dimEx(X) = dimE2(X) for any X. For this we shall 
"transplant" eigenfunctions from Mx onto M2 and vice-versa. 
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Let / : Mi; -» Mt be the isometry defined by the property that /(^.(M,)) = 
<Bk+4(Mi). In Fig. 11.5.1 and Fig. 11.5.2, / interchanges the upper and the 
lower row. Let 

E+(X) = {/e£f.(A) ! / • / = / } , 
i = 1, 2, 

E;{X) = {/e^-CA) ! / • / = - / } . 

£,(A) is the orthogonal sum E£X) = E*(X) © Ef(X), and it suffices to prove 
that 

dimEftA) = dim£2
+(A), dimEfCA) = dimE^A). 

For the transplantation we let 

M[ = int#0(M l-)u. . .uint#7(M /) , 

for / = 1, 2, where int denotes the interior. For m = 0 , . . . , 7 we let 
(pm : M/ —» M2 be the uniquely determined isometry which sends any 
int <Bk(M{) onto int <Bk+m(M7)y (indices mod 8). (Recall that <B has trivial 
isometry group.) For any smooth function/on Mx we define 

f-m =/•*>;'• 
/ r ' m is the "transplanted function on M{ shifted forward by m blocks". In a 
similar way we transplant functions from M2 to Ml setting 

8T,m = 8° 9m 
for any smooth function g on M2. Note that {fT,m\m = / on M{ and 
{gT,m)T,m ~ 8 on M2'. We are interested in those transplantations or linear 
combinations thereof which can be extended smoothly onto M{ and M2. The 
following is clear from the pasting scheme for any smooth function/. 

(1) fT'm can be extended smoothly along any geodesic of type 7. 

(2) Ifm is odd, thenfT'm can be extended smoothly along any geodesic of 
type a. 

(3) Iff o / = / thenf7, ° can be extended smoothly onto M2. 

The analogous statements hold for the transplantations from M2 to Mv The 
next statement is more involved. 

(4) f7,2 + / r ' 7 can be extended smoothly onto M2. 
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Proof. It remains to prove that/7*1 +f7,1 can be extended smoothly along 
the geodesies of type p. We denote by w, v, w and z the restrictions of/to 
the collars around the geodesies of type p in MY as shown in Fig. 11.5.1. 
Fig. 11.5.2 already shows that the sums of the transplanted functions "fit" 
along the boundaries of type p. Let us, nevertheless, give the details, for 
example for the collar around p in blocks fyiM^ and tB2(M2). 

We denote by %{Mt) the half-collar around p of ^(Aff-) and consider the 
natural isometry yk€: ^ ( M ^ —» ^(M2) which preserves the parametrization 
of A Then 

fZ 1 +fT,l = f . ^ - 1 + / o ¥-l o n ^ ( ^ _ p 

and 
Z7' * + / r ' 7 = / • Vu + / • ¥n on <£2(M2) - p. 

Now y/0l and yr32 are the restrictions of an isometry [i : %{MX) u ^(Mj) -» 
<#1(M2) u %2{M2), and the mappings yf2i and yr12 are the restriction of an 
isometry 77: ̂ ( M ^ u ^(Af,) -> ^(M;,) u ^(Af^. On <^1(M2) u ^ W 
we get 

/ r ' 1 + / r - 7 = / ' j T 1 + / « V . 

Here the right-hand side is smooth in a neighborhood of p. O 

The preceding argument also shows that if / is an eigenfunction of the 
Laplacian with eigenvalue A, then the same holds for/7,1 +fT'7. Note also 
that if/o J = - / then the same holds for/7 ' l +fT>7. 

By (3) we have a linear injection from£1
+(A) to E2(X) given by/i-*/7 , 0 . 

By (4) and by the above remarks we have a linear mapping L : £f(A) —> 
£2(A)givenbyL(/) =f<1 +f>7. If L(/) = 0, then/o <tf . <p2 = - /and it 
follows that/" / =/. Since we also have/° / = - / , we conclude that/= 0. 
Hence, L is injective. This shows that dim EX(X) < dim £2(A), and similarly 
we prove dim £2(A) < dim El(A). o 

We remark that a similar transplantation works on the examples modelled 
over the graph of Example 11.4.5. Here one needs two boundary geodesies 
Px, P2 for % and L : E\{X) -> E2 (A) is given by L(f) = / 7 ' 7 - /7*5 . 

11.6 Transplantation of Closed Geodesies 

In the example of the preceding section, we may also prove the length 
isospectrality in a direct manner, again by some sort of transplantation. Here 
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the transplantation is as follows. 
First we observe that there is a length-preserving one-to-one correspon­

dence between the boundary geodesies of the building blocks in Mx and M2. 
We may therefore restrict ourselves to those closed geodesies which intersect 
the boundaries of the building blocks only finitely many times. 

Let Son Mx be such a geodesic. Parametrize it on the interval [0, 1] such 
that/? = 8(0) = 8(1) is an interior point of one of the building blocks, say 
(Bk(Ml). If 8 is entirely contained in &k{M\) we set 8 = 8V Otherwise we 
decompose 8 into a sequence of subarcs: 8 = 8l82 . . . 8N such that 8{ runs 
from/? to the boundary of (B^M^, each 8^ i = 2,..., N - 1 is contained in 
one of the building blocks with the endpoints on the boundary, and 8N runs 
from the boundary of ^(Af j) back to p. 

Using criterion (11.6.1) below we select the initial block ^*(M2) and 
define 

8* = (pkk* - 8lt 

where (pkk*: int ^(Mj) -> int ^*(M2) is the natural identification. To com­
plete the definition we extend 8* continuously onto the boundary of the 
block %(M2). 

Assume that 82 is contained in (B^M{). We let tBe^(M2) be the block such 
that 8* and 82 := <pa* ° 82 meet smoothly at the endpoint of 8*. This is illus­
trated in Fig. 11.6.1. 

Then, if 83 lies on ftJMi) we let (Bm+(M£ be the block such that 82 and 
8* := (pmm*« 83 meet smoothly at the endpoint of 82, and so on. The geo­
desic 

M1 M2 

Figure 11.6.1 
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<5*:=<5f...<5* 

has the same length as <5, and we have to prove that 8* is again a smooth 
closed geodesic. Note that the transplantation can also be applied to non-
closed geodesies. The criterion for the choice of the initial block on M2 is the 
following. 

(11.6.1) k* = i 
(k if # a is even, 
k + 1 if # a is odd and # P is even, 

Ufc + 2 if # a and #0 are odd. 

In this definition, # a and # p denote the number of intersection points of 8 
with the geodesies of type a and type p respectively (cf. the preceding 
section). If we draw 8 in Fig. 11.5.1, then 8 "jumps" from one building 
block to another whenever it crosses the boundary of a building block. 
Jumps due to a crossing of a boundary geodesic of type a (or p) will be 
called a-jumps (respectively, /?-jumps). Thus, # a is the number of a-jumps 
and # p is the number of /?-jumps. Fig. 11.6.1 shows an a-jump. 

In the next lemma, 8 is either a smooth closed geodesic or a geodesic arc of 
finite length. 

11.6.2 Lemma. 8* is a smooth closed geodesic if and only if 8 is a 
smooth closed geodesic. 

Proof. We think of two observers running simultaneously along 8 and 8* 
with the same speed. For t e [0, 1] we let fl^M^ be the block occupied by 
the first observer at time t and ^OT(,)(M2) the block occupied by the second 
observer. The difference m(t) - €(t) (mod 8) will be called the shift between 
the two observers. In order to prove the lemma, it suffices to show that the 
final shift (at time t = 1) coincides with the initial shift. Note that the shift 
does not change when 8 crosses a geodesic of type y. 

Case 1. # a is even. The initial shift is 0. We claim that at any time the shift 
is either 0 or 4. In fact, if the shift is 0 or 4, then any p-jump leaves the shift 
invariant and any a-jump changes the shift by 4 (check with Fig. 11.5.1 and 
11.5.2). Since # a is even, the final shift is again 0. 

Case 2. # a is odd and # p is even. The initial shift is 1. We claim that at 
any time the shift is either 1 or -1 (mod 8). In fact, if the shift is 1 or - 1 , 
then any a-jump leaves the shift invariant and any /3-jump changes it from 1 
to -1 or from -1 to 1. Since the number of /?-jumps is even, the final shift is 
1. 
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Case 3. # a and # p are odd. The initial shift is 2. We claim that at any time 
the shift is either 2 or -2 (mod 8). In fact, if the shift is 2 or -2 , then any 
a-jump and any p-jump changes it by 4. Since #a + # P is an even number, 
the final shift is 2. O 

Obviously the transplantation can be reversed and Lemma 11.6.2 implies that 
the reversed transplantation maps closed geodesies to closed geodesies. 
Hence, we have a one-to-one correspondence between the closed geodesies 
of a given length on Mx and M2. 

We remark that the transplantation with initiation (11.6.1) works also for 
surfaces modelled over the graph of Example 11.4.5 except that the proof of 
Lemma 11.6.2 needs a minor modification in case 2. 



Chapter 12 

Examples of Isospectral Riemann Surfaces 

In Section 11.4 we glued together building blocks according to the pattern of 
the graphs H^\% H^§, where ^ is the Cayley graph of a finite group G and 
Hx, H2 are almost conjugate subgroups of G. This technique will be applied 
to geodesic polygons of the hyperbolic plane to construct a large number of 
isospectral Riemann surfaces. The main result (Theorem 12.5.1) is the in­
equality dim Tg > 0 for all g > 4, where T is the subvariety in Teichmiiller 
space consisting of those Riemann surfaces which are not determined by their 
spectrum. 

In Section 12.1 we describe the pasting of polygons. Sections 12.2 - 12.5 
give the examples. In Section 12.6 we show that for infinitely many g there 
are examples of gl/3 pairwise isospectral non-isometric Riemann surfaces of 
genus g. (An upper bound for this number will be given in Chapter 13.) In 
the final section we give some general sufficient conditions under which 
Sunada's construction yields non-isometric pairs of Riemann surfaces. 

12.1 Cayley Graphs and Hyperbolic Polygons 

Let (G, Hu H2) be a triplet as in Chapter 11, where G is a finite group and 
Hx and H2 are almost conjugate subgroups of G. We choose a set of genera­
tors A!,..., An of G, and consider the corresponding Cayley graph 

Then G operates on ^ by isomorphisms and we let 

(12.1.1) »! = Hx\% C§2 = H^\C§ 

P. Buser, Geometry and Spectra of Compact Riemann Surfaces, Modern Birkhäuser Classics, 311 
DOI 10.1007/978-0-8176-4992-0_12, © Springer Science+Business Media, LLC 2011 © Springer Science+Business Media, LLC 2010



312 Examples of Isospectral Riemann Surfaces [Ch. 12, § 1 

be the quotients with respect to the subgroups H1 and H2 of G. Each vertex 
of cSl and $2 has half-edges auau . . . , an,an corresponding to the genera­
tors Al,...,An, and the graph c§i is defined in the following way: if 
(//,-#, Htg') is an ordered pair of vertices of $ ;, i = 1, 2, such that HigAk = 
Htg\ then the half-edge ak of vertex Htg and the half-edge ak of vertex //,#' 
form together an edge of graph %v We say that this edge is of type Ak. 

ak aic 

Htg Hi8' 

Figure 12.1.1 

The graph $ is defined in the same way, but with H{ replaced by {id}. 
Now consider a geodesic polygon (domain) <D in the hyperbolic plane, with 
N sides which are grouped into n families. Each family consists of an even 
number of sides, and will correspond to one of the generators Av..., An of 
G. The sides in the &-th family are denoted by 

cckl,akl,..., cckmakm> 

where m = m(k), k = 1 , . . . , n. 
We parametrize each side on the interval [0, 1] with constant speed and 

with positive boundary orientation. For each k and each ji, sides akfl and 
akfl are assumed to have the same length. 

In order to obtain the triplet M, Mx> M2 of compact Riemann surfaces as in 
Sunada's theorem (cf. (11.3.1)), we let, for each g e G, <Dg be a copy of <D 
and glue the copies together according to the Cayley graph 

« = «[A l f . . . ,A„] . 

The pasting is as follows: if g, g' e G and if gAk = g\ then for ji = 1, . . . , 
m(k), side akfl of block T>gy denoted by akfl[(Dg], is glued to side akll[ (Dg>] of 
block (D > via the identification 

a J ^ K O =«*,.[0,-Kl " 0, * e [0, 1], 
(12.1.2) 

IL = 1 , . . . , m(&), k = 1 , . . . , n. 

The resulting surface M has a smooth hyperbolic structure if and only if the 
sum of the angles which come together at a common vertex is always equal to 
In. 

As in Chapter 11, G acts on M by isometries. This action is the same as 
the action of G by strong isomorphisms on (S. If we restrict the action to the 
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subgroups Hx and H2, we obtain the surfaces Mx = HX\M and M2 = H2\M. 
The following is clear. 

12.1.3 Lemma. HX\M and H2\M are isometric to the surfaces obtained by 
gluing together #G/#Hl copies of 2) with respect to the graphs HxYg and 
H2\<3. O 

It follows from Sunada's theorem that Mx and M2 are isospectral. 
In the next section we describe conditions for the geometry of T> such that 

M, Mx and M2 are smooth. For the proof of the non-isometry of Mx and 
M 2 , we shall also work with the surface M0 = G\M obtained by pasting to­
gether the sides of <D with respect to G\% This surface, in contrast, need not 
be smooth. We use the following terminology. (We already briefly consid­
ered cone-like singularities in the proof of Hurwitz' theorem 6.5.9.) 

12.1.4 Definition. Let S be a closed surface obtained by pasting together 
the sides of hyperbolic polygons T>x,..., (De with respect to some pasting 
scheme. If the vertices p v . . . , pk of (Dv . . . , <De together yield the point/? of 
S, and if the sum # of the interior angles at p x , . . . , pk is different from 2/r, 
then p is called a singular point or cone-like singularity of S with the interior 
angle #, and S is called a hyperbolic surface with cone-like singularities. If & 
= 2/r/fc, where k is an integer, k > 2, then we say that/? has order k. 

In the examples of Sections 12.3 - 12.5 the non-isometry of Mx and M2 will 
be proved by direct checking. Some general sufficient criteria will follow in 
Section 12.7. 

12.2 Smoothness 

We describe an algorithm, running on the vertices of (D, which decides the 
smoothness of M, Mx and M2. 

Let / ? ! , . . . , pN be the vertices of T>. We shall group these vertices into 
equivalence classes or cycles [/?], [p'],... , and define the conjugacy class 
[qp] of a corresponding element g^ e G. This conjugacy class will only de­
pend on the equivalence class [/?] of/?. 

At each vertex p of (D we have an interior angle & By abuse of notation, & 
will also denote the circle sector of radius e at /?, where e is chosen so small 
that the various circle sectors of T> do not overlap each other. Since T> lies in 
the hyperbolic plane, each circle sector may be considered oriented, and has 
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Figure 12.2.1 

therefore a well-defined left-hand side (/) and a right-hand side (r) as shown 
in Fig. 12.2.1. 

We recall that for k = 1 , . . . , n, the family of sides akl, akl, . . . , akm, 
dkm, m = m(&), corresponds to the generator Ak of G. 

12.2.1 Algorithm. (To determine the cycle [/?] of vertex /?). Rename/? by 
pv Let #j be the circle sector of <Datpl. 

Now let X > 1, and assume that t>\, . . . , t>\ with vertices pv . . . , px have 
been determined. If the left-hand side of i?\ is side akli of <D, then define 

and let i\+1 with vertex px+l be the circle sector of T> whose right-hand side 
isa^. If the left-hand side of #A is sidea^^ of (Dy then define 

and let ^A+1 with vertex pk+l be the circle sector whose right-hand side is 

If px+l *px, then continue, otherwise set £ := X and stop. O 

Using this algorithm we define 

(12.2.2) [p] = [Plt ...,pe}= cycle of/?, 

(12.2.3) %,:=*!... S ,eG, 

(12.2.4) ord[p] = order of Qp. 

Two cycles which differ by cyclic permutation will be considered equal. The 
number £ occurring in (12.2.2) is called the length of the cycle. Observe that 
if we start at a different vertex of the cycle, then the above algorithm leads to 
the same cycle. Observe also that the conjugacy class [g^] does not depend 
on the representative/? of the cycle because [gY... g j = [g2 •.. geg\] = . . . . 
It follows that ord[/?] depends only on the cycle. 



Ch.12, §2] Smoothness 315 

12.2.5 Example. The following example will later be used to construct 
isospectral pairs of Riemann surfaces of genus 5. Here we shall use the 
example to illustrate the above algorithm. G is the group Z* K Z8 as in 
Example 11.2.2 with the generators 

Ax = (1, 1), A2 = (5, 0), A3 = (5, 4), A4 = (7, 5). 

The domain is as in Fig. 12.2.2. 

e,j T \02 

W\ / * , 

.«31 

r«31 

"42 "42 

Figure 12.2.2 

We have the cycles [/?], [q], [r], [s]. The reader may check that 

qp = A2A\lAllAx = (1,0); ord[/?] = 1, 
g, = A4A3A4A~2

l = (1,0); ord[q] = 1, 
Qr = &~4 = (7, 5); ord[r] = 2, 

= (7,5); ord[.y] = 2. 

We return to the general case. Observe that G\M is obtained by gluing to­
gether the corresponding sides of one building block. The circle sectors be­
longing to cycle [/?] yield, therefore, a circular neighborhood of a point/?* in 
GSM. (Here GSM need not be a smooth surface, and /?* may be a cone-like 
singularity.) 

Now consider a lift/? of/?* in M (with respect to the natural projection 
M - > G W ) . 

M is tessellated by copies (Dg of T>y g e G. Furthermore, on M side cckfl of 
<Dg coincides with sidea^ of (D > if and only if gAk = g' (see (12.1.2)). From 
this we obtain the following picture, where/? is as in (12.2.2). 

In G\M the circle sectors i)v . . . , $e are arranged around vertex p* in 
exactly this order and with -&€ again adjacent to &v 

At/? in M, lifts dj, . . . ,# ,of tfp . . . , tie are arranged in the same order, 
except that i^ is the neighbor of a lift i>\ of ^ which may be different from 
$!• The following holds. 
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G\M 

Figure 12.2.3 

(12.2.6) Each $x has exactly ord[p] lifts atp . 

Proof. Let #2 belong to block (Dg, where g e G. Assume that akfl (respec­
tively, akfl) is the left-hand side of &v Algorithm 12.2.1 then defines gx := 
Ak (respectively, gY := A~k

l), and #2 becomes the circle sector of CD whose 
right-hand side is aA/i (respectively, akfl). At the same time the tessellation of 
M is such that side akfl (respectively, akf^) of <Dg coincides with side cckfl of 
(Dg>, where g' = gAk = ggx (respectively, with side akfl of (Dg-, where g' = 
gA~k

x = ggx). Hence, #2
 1S t n e copy of tf2

 o n block (Dg>, where g' = ggv In a 
similar way, tf3 is the copy of tf3 on block (Dg», where g" = ggig2> and so on. 
Finally, &e is the copy of #, on 2^*, where g* = ggY . . . ge_x, and the next 
circle sector (which is again a lift of #j) is the copy of ^ on (Dh, where h = 
88i • • • 8e=8QP- We denote this copy by #,. 

The action of G on M is defined in such a way that for 7' = gQpg~l we have 

and, moreover, &{ = 7'($i)- In particular, 7' fixes p. Since the union set 
tf! u . . . u -b€ is a fundamental domain for the cyclic subgroup G^ of G which 
fixes point p (recall that G has only finitely many fixed points so that Gp is 
indeed a cyclic group), we see that 7' is a generator of G~y and therefore Gp 
has order ord(y') = ord(g/7) = ord[/?], as claimed. o 

As an immediate consequence we have that M is smooth atp if and only if 
the following condition is satisfied. 

(12.2.7) (0! + . . . + £,) ord[/?] = In. 

For the smoothness of Mx = H{\M (and similarly for M2), we look at the 
image p ofp under the natural projection M -» H^\M. Here we have the 
necessary and sufficient condition thatp be not a fixed point of Hx (since we 
already assume that M is smooth atp). Since 7' generates G^ (see above), 
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this is equivalent to saying that no power (7' )v belongs to Hx for v = 1, . . . , 
ord[/?] - 1. For any image o(p), a e G, the isotropy subgroup of G which 
fixes a(p) is generated by <jy'a~l. Hence, for Mx to be smooth at all lifts of 
vertex/?* e GXM (recall that/? is a lift of p*) we have the following neces­
sary and sufficient condition. 

(12.2.8) [(Qp)v]nHl = 0 for v= 1, . . . , ord[/?] - 1. 

Since Hl and H2 are almost conjugate, this condition holds for Hx if and only 
if it holds for H2. Together with (12.2.7) and (12.2.8) we obtain the follow­
ing smoothness condition. 

12.2.9 Proposition. In the construction of Section 12.1 the triplet M, 
Mx, M2 consists of smooth surfaces if and only if, for each cycle [p] = 
{px>..., p€) determined by Algorithm 12.2.1, the angles $x,..., $e and the 
associated conjugacy class [Qp] satisfy the following conditions. 

(1) (#! + .. . + #,) = 2tf/ord[/?], 
(2) [(qp)v]nHl = 0for v= 1, . . . , o rd[p] -1 . O 

We compute the genus via the Euler characteristic. HX\M (and similarly 
H2\M) is tessellated with [G :HX] copies of (D, where [G : H{\ is the index 
of Hx in G. TheN sides of ©give rise to [G : Hx]N/2 edges of HX\M. Since 
every cycle [p] has angle sum 2n/ord[p], we need ord[p] cycles for one 
vertex of Mx. Hence there are [G : Hx] £l/ord[/?] vertices, where the sum­
mation is over all cycles of 2). This yields the following. 

12.2.10 Proposition. If the geodesic polygon <D has N sides then in the 
above construction the surfaces Mx = HX\M and M2 = H2\M have genus 

S = l + l [ G : / / j ( * - l - £ - A _ ) . o 
2 2 ^ ord[p] 

12.2.11 Example. We check the smoothness and compute the genus of 
Example 12.2.5. For condition (2) of Proposition 12.2.9 we have to prove 
that no conjugate of the element (7, 5) belongs to Hx. To this end we note 
that, for 0= (a,b) e G, the inverse is 

a-1 = (a, -ab). 

Hence, (a, b)(m, 0)(a, by1 = (a, b)(my 0)(a, -ab) = (m, -mb + b). The set 
of all conjugates of all elements in Hx is therefore as follows. 

H' = {(m, -mb + b) \ m e Zj, b e Z8}. 
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Here -mb + b is even and therefore (7, 5) € H\ as claimed. 
In order to satisfy smoothness condition (1), we let the angles at r and s be 

n and the remaining angles nil. We obtain g = 5. 

12.3 Examples over Z% * Z8 

In this section we construct non-isometric isospectral pairs, for all odd g > 5 
and all even g > 12. The group is Z* K Z8, and the generators are 

(12.3.1) Ax = (1, 1), A2 = (5, 0), A3 = (5, 4), A4 = (7, 5), A5 = (1, 4). 

The generator A5 will be absent in the examples of genus 5 and 12. The 
example of genus 5 has already been described in Examples 12.2.5 and 
12.2.11. For the even and odd cases we use two slightly different types of 
domains. Each domain depends on an integer parameter n > 0, and we also 
distinguish between even and odd n. The combinatorial pattern of the exam­
ples is shown in Fig. 12.3.2. 

We begin with the domain (D of Fig. 12.3.1, which consists of 4 copies of 
a right-angled geodesic pentagon rpqq'p' and 2n copies of a right-angled 
geodesic pentagon uvww'v', where v = 2q. By Lemma 2.3.5, such pen­
tagons exist for any values of u and v satisfying sinh u sinh v > 1. For sim­
plicity, we fix u = v = 1 so that q = 1/2. The parameter r is free, and T> now 
depends on r. The formulae of Theorem 2.3.4 imply that/? and/?' converge 
to infinity as r -> 0, and q' converges to #0\ where q$ is determined by the 
equation sinh^ sinh \ = 1. Since the pentagons with sides u and v remain 
invariant as r —» 0, it follows that if r > 0 is sufficiently small, then T> has the 
following property. 

(12.3.2) Any curve on (D which connects non-adjacent sides has length >2r. 
Equality holds if and only if the curve is one of the sides of T> of length 2r. O 

P2 < W P 3 0=42 .«4,» ^ 4 ) a4,n_a42 - «4,„+l , 

«2i / ! "sNt-'asi ' ^ . . . - ^ * | V v : \ a3i 

a, '4, n+2 a4, n+2 

Figure 12.3.1 
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We subdivide some of the sides of 2) by introducing an additional vertex at 
the midpoint, as shown in the figure. The number of vertices of <D becomes 

(12.3.3) N = 4n+10. 

The sides akfl and akfl, p, = 1 , . . . , m = m{k)> correspond to the generators 
Ak, k = 1 , . . . , 5. They are arranged as shown in Fig. 12.3.1. 

Observe that akfl and akfl indeed have the same length. The smoothness of 
the resulting surfaces is checked in the same way as in Example 12.2.11. For 
the convenience of the reader, we list the sequence of generators and their 
product #! . . . g€=Qp for some of the vertices (cf. (12.2.3)). They-th row of 
the table contains the sequence of generators belonging to the cycle which 
begins at vertexp} in Fig. 12.3.1 (p3 top6 are absent if n = 0; p3 is absent if 
n- 1; p4 is absent if n is even.). The symbol #e(n) denotes the number of 
cycles which have the same sequence as the given one if n is even, #0(n) 
denotes this number if n is odd. 

generators order #e(n) #0(n) 
A2AX A3 Ax 

A4A3A4A2 

A5A4A5A4 

A5A4 

A4 A4 

As1 

A-: 

= (1,0) 
= (1,0) 
= d,0) 
= (7, 1) 
= (1,0) 
= (1,4) 
= (7, 5) 

1 
1 
1 
2 
1 
2 
2 

1 
1 

nil 
0 

nil 
n 
2 

Conditions (1) and (2) of Proposition 12.2.9 are easily checked (cf. Example 
12.2.11). By Proposition 12.2.10 the genus is 

g = 5 + 2n; n = 0, 1, 2 , . . . . 

By Sunada's theorem, the surfaces Mx and M2 obtained by gluing copies of 
CD, with respect to the graphs (§x = H{Y§ and ^2

 = H-^3y are isospectral. To 
prove that M{ and M2 are not isometric, we cut the surfaces open along all 
closed geodesies of length 2r. It will turn out that Mx remains connected and 
M2 falls into two connected components. 

In view of (12.3.2), all closed geodesies on Mx and M2 of length 2r are 
among those consisting of copies of side an of 2). The gluing pattern for the 
adjacent sides a2x, a2i> a3i anQl <*3i is shown in Fig. 12.3.2. The figure 
shows the graphs (§i = H^% i = 1,2, with respect to the generators (12.3.1). 
The dashed edges correspond to A2 (for the pasting of the copies of a2l and 
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Figure 12.3.2 

a2i), the dotted edges correspond to A3 (for the pasting of the copies of 
a31 anda31). The graph has valency 10. 

We observe that, in M{, the copies of an on blocks 1, 3, 5 and 7 define a 
set r{ of four closed geodesies of length 2r. In Af2, these copies define a set 
jy of two closed geodesies of length 4r. In M2, the copies of an on blocks 
0, 2, 4 and 6 define a set r2 of four closed geodesies of length 2r, and, in 
M[, these copies define a set r2' of two closed geodesies of length 4r. 

In view of (12.3.2) we have, for i = 1, 2, 

(12.3.4) rj w f/ie set of all closed geodesies of length 2r on M{. 

From Fig. 12.3.2 we see that T2 separates M2, but rx does not separate Mx. 
That is, M2 has a separating set consisting of four closed geodesies of length 
2r, but Mx has no such set. Hence, Mx and M2 are not isometric. O 

The examples with even genus are obtained in a similar way, with the same 
group and the same generators as before. The polygon is shown in Fig. 
12.3.3 (with n = 2, for simplicity). The middle section consists of In copies 
of a rectangular geodesic pentagon, and is the same as before. The outer 
sections consist of 4 copies of a trirectangle with acute angle a, 4 copies of a 
trirectangle with acute angle p> and 4 copies of a trirectangle with acute angle 
y. The outer sections have again a horizontal axis of symmetry. The angles 
a, p and y satisfy the condition 
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a,,\ u .J -b- I 

(12.3.5) 

Figure 12.3.3 

a + p = 7i/\6, y=7t/16. 

The remaining angles are right angles. It is not difficult to see that such poly­
gons exist for arbitrarily small r. In contrast to the preceding examples, there 
is a second pair of sides of (D(an and dn) with a common perpendicular of 
length 2r. It turns out that these perpendiculars do not yield closed geodesies 
of length 2r on Mx and M2. 

The sequences of generators of the cycles are the same as before, with two 
exceptions: the sequence A4A3A4A~£ is replaced by A4A~^A4A^ (belonging to 
the cycle of vertex/?), and we have the additional sequence A3A{ (belonging 
to the cycle of vertex q). The corresponding cycles have order 8, and are 
shown in the figure. 

Smoothness and non-isometry are checked in the same way as before (and 
as in Example 12.2.11). The polygon has N = 4n + 12 vertices, and the 
genus of Mx and M2 is g = 12 + 2n, n = 0, 1, 2 , . . . . 

12.4 Examples over SL(3,2) 

In the next two sections we describe the examples of Brooks and Tse [1], 
which are modeled over the group SL(3, 2). We shall use Cayley graphs 
based on different choices of generators. The examples will have genus 
g - 8 + Ik, g = 4 + 3k, for k = 0, 1 , . . . , and g = 6. The two almost conju­
gate subgroups of G = SL(3, 2) are again the following, 

/ i * M n oo^ 
Hx = { all 0 * * 

Q * * 
e G }, H2 = { all G}. 

The first series of examples is obtained via the generators A and B as in 
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Example 11.4.7. The corresponding graphs % and <02
 a r e shown in Fig. 

11.4.5. They are not isomorphic. 
We replace each vertex of C§1 and $2 by a compact Riemann surface CB of 

signature (k, 4), whose boundary geodesies have length 5 for small positive 
S. As described at the end of Section 11.4, we take CB in such a way that, on 
the resulting Riemann surfaces Mx and M2, the only closed geodesies of 
length 8 are those arising from the boundary of CB. Graphs % and $2 can be 
reconstructed via the instruction "cut M- open along all closed geodesies of 
length 5". Since <§x and $2 are not isomorphic, Mx and M2 are not isometric. 
These examples have genus g = 8 + Ik, k = 0, 1, . . . . 

For the next series we use the generators A, B and CK, where as in Lemma 
11.2.6, 

A = 
' 0 1 n 

0 1 0 
u o o ; 

B = 0 0 1 
0 1 1 

, c = 
roi n 

1 1 1 
0 1 0 

and K is a suitable exponent. Here A and B are as in Example 11.4.7. To 
obtain a picture of the corresponding graphs C§x and $2, we use Fig. 11.4.5 
and draw, for j = 0 , . . . , 6, an additional edge from vertex j to vertex j + K 
(mod 7). 

Our first goal is to construct an example of genus 4. The remaining exam­
ples will be obtained with minor modifications. For genus 4 we set K= 1. 

In order to define the building block CD which is again a geodesic polygon 
in the hyperbolic plane, we first consider a trirectangle with acute angle nl 14 
and opposite sides of lengths 8/2 and €12. This exists for any 8> 0, and 
€ is determined by the equation 

sinh 2 sinh ̂  = cos nl 14. 

We glue 4 copies together as in Fig. 12.4.1 to obtain a hyperbolic rectangle 
CD' whose center p is a cone-like singularity. If we cut CD' open along a geo­
desic arc y from/? to one of the vertices as shown in Fig. 12.4.1, we obtain a 
geodesic hexagon ©with sides a, y, y, p, a and/3. The angles between a and 
y, and between y and /?, add up to n/2. The values of the remaining angles 
are given in the figure. Sides a and a have length 5, sides p and p have length 

We let a, /? and y correspond to the edges of (Sl and $2 of type A, B and C 
respectively, and glue copies CD0,..., CD6 of 2) together according to $! and 
$2 as described in Section 12.1. 

To prove that the resulting surfaces Mx and M2 are smooth, we note that 
the vertex p of CD has cycle [p] = {p}. The associated conjugacy class as 



Ch.12, §4] Examples over SL(3, 2) 323 

Figure 12.4.1 

given by (12.2.3) is [qp] = [C], and so the order is ord[p] = 7 (cf. Lemma 
11.2.6). Since for any a e G, and any v = 1, . . . , 6, o~CV_1 has order 7, 
and since #HX = 24, we have [Cv] n Hx = 0 for v = 1, . . . , 6. Hence, p 
satisfies conditions (1) and (2) of Proposition 12.2.9. The remaining vertices 
form a cycle of length € = 5 with the associated conjugacy class [qq] given 
by the equation [g^] = [ABA~lB~lC~l] = [/], so that they also satisfy the 
smoothness conditions. By Proposition 12.2.10, the genus is g = 4. 

To prove that Mx and M2 are non-isometric, we seek a geometric quantity 
which distinguishes Mx from M2. (Since G\M has one of the exceptional 
signatures ([1; 7]) listed in (12.7.1), we cannot apply the non-isometry crite­
ria of Section 12.7 here.) 

From the gluing pattern and from the right angles we see that, on Mx and 
on M2, side a of block D0 yields a simple closed geodesic r\ of length 8. The 
sides a on (Dj fory * 0, together yield two simple closed geodesies 77' and r\" 
of length 38. 

77,77' and 77" are the only primitive closed geodesies of length <38onMx and 
on M2. 

Proof. We consider the surface M0 of genus 1 with a cone-like singularity 
obtained by gluing together the sides of T> with respect to SL(3, 2f\% where 
$ is the Cayley graph of SL(3, 2) with respect to the generators A, B and C. 
The pasting scheme is given by the arrows in Fig. 12.4.1. It follows that Mx 
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and M2 are covering surfaces of M0. 
The coverings Ml^> M0 and M2 —> M0 are length-preserving and 

branched over the singular points of M0. However, they are not Galois (i.e. 
not normal) coverings. Therefore, a primitive closed geodesic on M0 may 
have primitive closed lifts in Mt with different lengths, / = 1, 2. 

Any closed geodesic on Mi is mapped onto a closed geodesic of the same 
length on M0. Now M0 is also obtained by gluing together the sides of <D' as 
shown in Fig. 12.4.1. From this we see that if 8 is sufficiently small, then 
there exists exactly one primitive closed geodesic % of length Son M0, and 
any other primitive closed geodesic on M0 has length > 38. Since 77, 77' and 
77" are the only primitive closed geodesies on M, which are mapped onto 770, 
this proves the claim. O 

Next, we observe that there exists exactly one simple geodesic arc of length 
£ on M0 perpendicular to 770 at both endpoints. It follows that on Ml and on 
M2 there are exactly two simple common perpendiculars of length € between 
77 and the union 77' u 77". On Mx the two perpendiculars form a closed geode­
sic. On M2 this is not the case. Hence, Mx and M2 are not isometric. O 

To get similar examples with larger genus, we let k e N - 7N and glue to-

Figure 12.4.2 
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gether 4k trirectangles as shown in Fig. 12.4.2 (for k = 3). The pasting 
yields a hyperbolic rectangle T>' with k cone-like singularities. If k = 1, we 
take all four trirectangles with acute angle ^)3 = TT/ 14 and opposite sides of 
lengths 8/2 and £/2 just as before. If k > 2 we take the two leftmost and the 
two rightmost trirectangles with acute angles <plt the four adjacent trirectan­
gles with acute angle <p2 and the remaining 4(k - 2) trirectangles with acute 
angle (p3, where 

(px + <p2 = 2(pi = n/1. 

The opposite sides are denoted by 8t and €it where 8t is small and £t is large. 
From the trigonometry of trirectangles we see that we may choose these 
trirectangles in such a way that 

with arbitrarily small <53. The rectangle T>' has a horizontal axis of symmetry. 
We cut £>' open along k geodesic arcs from the singular points to a given 

vertex as shown in Fig. 12.4.2. This yields a geodesic polygon <D in the hy­
perbolic plane withN = 2k + 4 sides a, yv yx,..., yk,fk, fi,a,p. 

We let K e { 1 , . . . , 6} be the number satisfying Kk = 1 (mod 7) and use 
the generators A, B, CK with Ay B and C as before. Then we glue together 
copies % . . . , <D6 according to H{\0 and H^Sy where <3 = <3[A, B, CK]. 
The proofs for the smoothness and non-isometry, of the resulting surfaces 
Mx and M2, are the same as before (k vertices of (D have order 7 with a cycle 
of length / = 1, the remaining vertices form a cycle of length k + 4 with the 
associated conjugacy class [qq] = [ABA~lB~lC~Kk] = [I]). By Proposition 
12.2.10, the genus is g = 1 + 3k, k e N - 7N. 

12.5 Genus 6 

This is the most difficult example and we include it only for completeness. 
By Lemma 11.2.7, the matrices 

/io n foon (\ 1 n 
A = 1 1 0 

0 1 0 
B = 1 0 0 

1 1 0 
c = 1 0 1 

1 0 0 

are generators of G = SL(3, 2), and have order 7. We check that C = AB. For 
k = 0 , . . . , 6 we have uniquely determined exponents at{k) and b^k) satisfy­
ing 

ChA G Hi Cam , CkB e //• C w ; 1 = 1, 2. 
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They are given by the following table. 

k | 
ax{k) 
b,{k) 
a2(k) 
b2(k) 

0 

|T" 
4 
4 

1 6 

1 

"T" 
3 
6 
5 

2 

"T~ 
0 
5 
4 

3 

"IT 
6 
2 
0 

4 
~6~ 

1 
1 
1 

5 

"T~ 
2 
0 
3 

6 

~T~ 
5 
3 
2 

The surfaces M, =/ / , \M, / =1, 2, will have the property that the quotient 
G\M is a surface X of genus 0 with 4 cone-like singularities of order 7, that 
is, with interior angle 2^/7 at each singular point. 

Since the general non-isometry criteria of Section 12.7 do not apply to the 
present example (G\M has one of the exceptional signatures ([0; 7,7,7,7]) 
listed in (12.7.1)), we have to describe the geometry of X in considerable 
detail. The geometry will be similar to that of a 4-holed sphere in Section 3.3. 

To construct X we start with a trirectangle with acute angle nil and oppo­
site sides el A and A/4. Here e > 0 is arbitrarily small and A is defined by the 
equation 

sinh 2 sinh-J - cos nil. 

Four copies together yield a surface Y as in Fig. 12.5.1, which is a topologi-
cal disk with two cone-like singularities of order 7 and a boundary geodesic S 
of length e. 

Q 
Figure 12.5.1 

Two copies of Y glued together along S yield X. As for pairs of pants, we 
have a twist parameter along 5 as an additional degree of freedom. In order to 
reduce the order of the isometry group of X as much as possible, we let this 
twist parameter be in the interval ]0, \[. (If the twist parameter is zero, then 
Mx and M2 are isometric.) The isometry group of X is now Klein's 4-group 
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acting by orientation-preserving isometries. 
X has properties similar to those of the X-pieces in Chapter 3. For in­

stance, if e is small, then any primitive closed geodesic on X different from 8 
(and S~l) is much longer than 8. We take e so small that the primitive closed 
geodesies different from 8 have length greater than 3e. 

We also have the family of simple closed geodesies in X intersecting 8 in 
two opposite points. We let rj be the smallest such geodesic. Its length 

lies between X and X + 2e for some X. We denote by -& e ]0, n/2[ the smaller 
of the two angles between rj and 8. This angle is the same at both intersection 
points. We obtain the following characterization of 77. 

77 is the unique simple closed geodesic on X intersecting 8 in two opposite 
points and forming the angle fiat both intersection points. 

We denote the singular points by p, q, r, s, as in Fig. 12.5.1 (the pairs p, q 
and r, s are separated from each other by 8, the pairs p, s and q, r are sepa­
rated from each other by 77). The shortest connections pq, qr, rs and sp de­
compose X into two isometric geodesic quadrangles jFand f which cover X 
without overlapping, f is the image of J under an orientation-preserving 
isometry. Since the twist parameter lies in the interval ]0, ^[, there is no 
orientation reversing isometry sending Jto f . Finally we let 

c=pr and c* = qs 

be the two diagonals of f. By symmetry they intersect each other in their 
midpoints, and this intersection point is at the same time the intersection point 
m of 8 and 77 on F̂. (cf. Fig. 12.5.1). Since the twist parameter is different 
from 0 and small, the diagonals c and c* have different length. This implies 
that the only non-trivial isometry of iF(and f) onto itself is the half-turn 
around its center. 

In order to obtain a building block for Mx and M2, we cut X open along 
the arcs c, rq and rs to obtain a geodesic hexagon *D as in Fig. 12.5.2 with 
sides y, y, P,fi, a, a. The diagonals in (D from p to q, and from p to s, corre­
spond respectively to the arcs pq and ps of X; sides qr =p and rs = a of <D 
correspond to the arcs qr and rs of X. Recall, from the isometry between J 
and jF', that pq and rs have the same length and that ps and qr have the same 
length. 

Now we proceed as in Section 12.4. We let a, fi and y correspond to the 
above generators A, B and C of SL(3, 2), and glue together the copies (D0, 
£>!, . . . , CD6 of £> according to the gluing pattern given by the above table. By 
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Figure 12.5.2 

Sunada's theorem again, the resulting surfaces Mx and M2 are isospectral. 
We check the smoothness condition of Section 12.2. The conjugacy 

classes of SL(3, 2) associated to the vertices p,q,r and s of £>, given by 
Algorithm 12.2.1 and by (12.2.3), are [qp] = [C], [g,] = [£], [gr] = 
[B-lCTlA] = [B~2] and [gj = [A"1]. These are classes of elements of order 
7 and do not intersect Hlt because 7 does not divide the order of Hv We 
check that the angle sum of each cycle is 2^/7. By Proposition 12.2.9, Mx 
and M2 are smooth. By Proposition 12.2.10 the genus is 6. 

The proof that Mlt M2 are not isometric is involved. The difficulty may be 
explained by the fact that if X has twist parameter 0, then the two surfaces are 
isometric. Hence, there is no striking difference between Mx and M2. 

We follow our earlier idea to reconstruct the graphs <Sl and $2. Unfortu­
nately, we are only able to reconstruct the tessellation of Mx and M2 with the 
copies of J instead of <D. We use therefore a modification of the earlier 
methods. 

Let £Pj and fP2 be the hyperbolic geodesic polygons shown in Fig. 12.5.3 
and 12.5.4, obtained by gluing together the copies £>0,..., £>6 of <D along 
the copies of sides y and y according to % and $2. Fig. 12.5.3 shows the 
tessellation of fPj with the copies of <D. Fig. 12.5.4 shows the tessellation of 
<P2 with the copies of % The gluing of the sides of <PX and fP2 is given by the 
labelling. The code is as follows. The dashed sides are copies of ft and/3. 
They are labelled bold face, and correspond to the edges (of the graph) of 
type B. For k = 0 , . . . , 6, side k (a copy of p) is pasted to side k' (a copy of 
P). The remaining sides are copies of a and a and correspond to the edges of 
type A. For k = 0 , . . . , 6, side k (a copy of a) is pasted to side k' (a copy of 
a). These identifications correspond with the table given at the beginning of 
this section. 

Recall that Mx and M2 are covering surfaces of X. Recall, also, that the 
coverings Mx —> X and M2-*X are not Galois coverings. 
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Figure 12.5.3 

1 . - -"' 

Figure 12.5.4 
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From the gluing pattern it follows that geodesic 8 in X has a simple closed 
lift 8', of length e = €(8), and two simple closed lifts 8'\ 8"' of length 3e in 
Mx and in M2 (in Fig. 12.5.2, 8 is marked by the dotted line on X; on T> this 
line appears separated into two connected components; Fig. 12.5.3 and Fig. 
12.5.4 show the copies of these components in &x and fP2). Since any simple 
closed geodesic in X different from 8 has length greater than 3e, the lifts 
8', 8" and 8'" are the only simple closed geodesies of length £< 3e on Mx 
and M2. This implies that 8', 8" and 8'" can be reconstructed out of the 
intrinsic geometry of Mx and M2. 

By drawing similar lines in Fig. 12.5.2, 3 and 4, we see that the geodesic 
77 in X has a simple closed lift 77' of length 7 (̂77). Since 77 intersects 8 in two 
opposite points, 77'cuts the union 8' u 8" u 8'" into segments of length 
e/2, where at each intersection the angle is ?3. It follows from the above 
mentioned properties of 77 that on Mx and M2,77' is the unique simple closed 
geodesic intersecting 8' u 8" KJ 8'" in this way. Hence, 77' can also be re­
constructed out of the intrinsic geometry of Mx and M2. 

At each intersection point m of 77' n (8' u 8" u 8'") we draw geodesic 
arcs cand c*, of length €(c) and £{c*) (cf. Fig. 12.5.1), centered at m, such 
that the various angles between (8' u 8" u 8'"), c and c* at /n are the same 
as the corresponding angles between 8, c and c* at m in X, and such that c is 
in the interior of the angle tf.This condition determines the arcs c and c* 
uniquely, and our drawing instruction uses only the intrinsic geometry of Mx 
and M2. We now see immediately the following. 

The tessellations ofMx and M2 with the copies of fcan be reconstructed out 
of the intrinsic geometry ofMx andM2. 

Consequently, any isometry </>: Mx —> M2 sends the tessellation of Mx to 
the tessellation of M2. Also, 0 sends the unique geodesic 8' of length e on 
Mx onto the unique geodesic 8' of length e on M2. The geodesic 77' on Mx 
intersects 8' in opposite points and, at both points, under the angle 73. The 
same holds for 8' and 77' on M2. Since tf is different from 7r/2, this implies 
that (p preserves the orientation. (The orientations are defined in such a way 
that the coverings Mx —> X and M2-$X are orientation preserving.) Taking 
all these properties into account we see that there remain four possibilities: 

If p e Mx denotes the lift of p (with respect to the covering Mx —> X) 
which is the center of ¥x, and if p, q, r and s in M2 are the lifts of p, q, r and 
s as shown in Fig. 12.5.4, then we have one of the following cases: 

(p(p)=p, (p(p) = q, (p(p)=r, <p(p) = s. 

In order to see that neither case is compatible with the given tessellations, 
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we draw, for x = p , q, r, 5, a figure of the polygon (P2(x) formed by the 14 
copies of 7 around x in M2 (Fig. 12.5.4 shows ¥2{p). With the notation of 
Fig. 12.5.4, the sides of fP2(x), listed counterclockwise, are given by the list 
below, where the primes have been omitted. The lists begin with the pre­
sumed images of 6'1'. The sequences of sides in this list can also be 
obtained via Algorithm 12.2.1, applied top, q, r and, s. 

<P2(p): 0 1 6 0 3 5 0 1 4 4 1 2 6 3 2 3 5 6 3 4 2 0 4 5 1 2 5 6 
¥2(q): 6 6 1 6 5 5 3 2 1 1 0 4 3 3 4 1 0 0 2 5 4 4 6 3 2 2 5 0 
<P2(r): 6 6 0 6 3 3 5 4 1 1 4 3 2 2 6 5 0 0 3 2 5 5 1 0 4 4 2 1 
!P2(s): 0 0 6 0 2 2 1 4 5 5 4 2 1 1 0 3 6 6 5 1 3 3 2 6 4 4 3 5 

On the other hand, Tx = fP,(p) has the following sequence. 

*Px{p): 6 1 5 6 3 4 6 0 2 3 0 1 4 2 1 2 5 6 2 3 1 5 3 4 0 0 4 5 
This sequence is not compatible with any of the preceding four, and hence, 
none of the above four cases for 0 is possible. This proves that Mx and M2 
are not isometric. O 

Remark. If we reverse the order of the sequence of ^(p) and start the cycle 
with 6 5 1 6, we get the sequence 

6 5 1 6 5 4 0 0 4 3 5 1 3 2 6 5 2 1 2 4 1 0 3 2 0 6 4 3 . 
This is now compatible with the sequence of T2{p). If we admit that X has 
twist parameter zero, then J has an orientation reversing symmetry, and, 
indeed, there exists an orientation reversing isometry <j>: Mx —> M2. 

The examples of Sections 12.3 - 12.5 cover any genus g > 4. In each of these 
examples there is a parameter which may vary freely in some open interval. 
Hence, we have the following theorem in which Tg is the subvariety of 
Teichmuller space, as in Wolpert's theorem, consisting of those Riemann 
surfaces which are not determined by their spectrum. 

12.5.1 Theorem, dim Tg > Ofor any g > 4. o 

An analysis on the number of free parameters shows that the examples mod­
eled over H^\G and H2\G fill out a subvariety of STg of dimension roughly 
dim yg/[G : / / J , where [G :H{] is the index of Hx in G. Perlis [1] has 
shown that the index, of Gassmann equivalent non-conjugate subgroups in 
any group, is always larger or equal 7. 



332 Examples of Isospectral Riemann Surfaces [Ch.12, §5 

By Wolpert's theorem, dim Tg < dim &g- 1. No better upper bound for 
dim Vg is known as yet. 

Haas [1] and Buser-Semmler [1] have shown that no pairs of non-isomet­
ric isospectral one-holed tori occur ("genus 1.5"). We conjecture that this can 
be extended to genus 2. 

In genus 3, the examples over SL(3, 2) turn out to be isometric. However, 
if we admit variable curvature, then we may use bumpy metrics so that the 
examples become non-isometric (Brooks-Tse [1]). We do not know whether 
T3 is empty or not. 

12.6 Large Families 

In Chapter 13 we shall prove that the cardinality of a set of pairwise isospec­
tral non-isometric Riemann surfaces of genus g has an upper bound which 
depends only on g. In the present section we give simple examples to show 
that such a bound cannot be independent of g. The cardinality of the set of 
examples obtained in this section is roughly g1/3. More involved examples 
with cardinality of order gin have been given by Tse [1,2]. 

We let G' be a given group with Gassmann equivalent non-conjugate sub­
groups Hlt H2y such as, for instance, G' = SL(3, 2) with the subgroups as in 
the preceding sections. For fixed m - 1, 2 , . . . , we consider the direct 
product 

G = Gx...xG(m factors). 

For any function 

/ : { l , . . . , m } - H l , 2 } 

we define 

Hf = Hf(D X'"X Hf(m) C G' 

Since conjugation in G cannot exchange factors, the various Hf are pairwise 
non-conjugate. Observe that elements g - (gx,..., gm) and g' = (g{, . . . , g'm) 
of G are conjugate if and only if each factor g'kis a conjugate of gk> k = 1, 
. . . , m. We have therefore 

m 

#([dn// /) = n#([&]nff /w). 

For fixed g, the right-hand side is independent of/. This proves that the vari­
ous //f are pairwise Gassmann equivalent. 
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Next, we let A! , . . . , An be generators of G\ and let $ be the Cayley 
graph of G with respect to the nm generators AVfl = ( 1 , . . . , Av, . . . , 1) (Av is 
at the jn-ih position). For any/, we set <3f= Hfig and glue together [G:Hf] = 
#G/#//y copies of a compact Riemann surface <B of signature (0, 2nm) as 
described at the end of Section 11.4. The resulting surfaces My are pairwise 
isospectral. The criteria of the next section will show that for a generic choice 
of CB these surfaces are pairwise non-isometric. 

To obtain a large family, we take G' = SL(3, 2) with the generators as in 
Example 11.4.7. In this case, the surfaces My consist of lm blocks of signa­
ture (0, 4m). This yields 2m surfaces of genus g = 1 + lm(2m - 1), and we 
obtain the following result. 

12.6.1 Theorem. For infinitely many g there are examples of g113 pairwise 
non-isometric isospectral compact Riemann surfaces of genus g. O 

12.7 Criteria For Non-Isometry 

We prove two theorems stating that non-isometry in Sunada's construction is 
a generic property. The first result (Theorem 12.7.5) is due to Sunada [3], its 
proof uses a result of Margulis about arithmetic groups. The second result 
(Theorem 12.7.6) has a more elementary proof, but holds in less generality. 
It states that once a particular pair of isospectral examples in Sunada's con­
struction is non-isometric, then we automatically have a several parameter 
family of pairs of such examples. 

Let again (G,HV H2) be a triplet as in Definition 11.1.1, where G is a 
finite group and Hl and H2 are non-conjugate almost conjugate subgroups of 
G. We assume that G acts on a given compact Riemann surface M by orien­
tation-preserving isometries, possibly with fixed points. The quotient M0 = 
G\M is a compact Riemann surface, of a certain genus h > 0, with a number 
of cone-like singularities, say with k singular points of orders v1? . . . , v*. Of 
course we may have k = 0. The sequence 

o=[h\ vlt..., vk] 

is called the signature of M0. If Jc = 0 we shall write a - \h\ - ] . More general 
signatures of surfaces with cusps and boundaries will not be considered. 
M0 is the quotient M0 = T0\H, where H is the hyperbolic plane and T0 is a 
discrete subgroup of PSL(2, R) = Is+(H). The sequence a=[h;vlt...t vk] 
is also called the signature ofT0. 

For the first result we use certain results about Riemann surfaces with 
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cone-like singularities, which we adopt from the literature. For the second 
result we restrict ourselves again to smooth Riemann surfaces. 

Let r 0 c PSL(2, R) be a discrete subgroup of signature <r= [h\ v l 5 . . . , v j . 
Then F0 has a presentation with 2h + k generators Bv . . . , B2h, E{,..., Ek 
and k + 1 relations 

h 

(II B2v_iB2yB;LiB;l)El...Et =1 , EV = ... = £? = 1, 
v = l 

where Blt..., B2h are hyperbolic elements, and Ev . . . , Ek are elliptic ele­
ments. We denote by (&a the abstract group defined by this presentation. 
Every discrete subgroup Tof Is+(H), with signature <7, is an action of ®a on 
H, that is, there exists an isomorphism of groups 

Two actions J~" and F", together with choices of generators B{, . . . , E'k and 
2?",.. . , El (as above), are called marking equivalent if they are conjugate in 
Is(H) under an isometry which sends B[ to B{\ . . . , E'k to Eg. This is in 
accordance with Definition 6.8.3. 

We let &a denote the set of all marking equivalence classes. 

It is well known (see e.g. Keen [2]) that &a has a natural topology in 
which it is a cell, except for the signatures a= [0; vu v2, v3 ]. In these latter 
cases ^a is a point. 

An equivalent definition of ^a would be to call actions V and f , together 
with the choices of generators, marking equivalent if they are conjugate in 
Is+(H) = PSL(2, R) instead of Is(H), and to define &a as the identity com­
ponent of the set of all marking equivalence classes (with respect to the natu­
ral topology). 

For (T= [h; - ] , h > 2, ^coincides with &h as in Definition 6.8.3, and the 
natural topology is the same as that in Section 6.8. By Theorem 6.8.13, &h is 
just a different interpretation of the Teichmiiller space 3~h. We may therefore 
understand cFa as the Teichmiiller space of all marking equivalence classes of 
Riemann surfaces of signature a. 

There are five types of signatures where any action of <&a on H yields a 
surface with a non-trivial isometry group. These types are 

(12.7.1) [0;v1 ,v2 ,v3], [0;v,v,^,/x], [I ;v], [ I ;v ,v] , [ 2 ; - ] , 

where vx, v2, v3, v and /z are any integers greater than 1. For any other signa­
ture we have the following generalization of Theorem 6.5.7. 
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12.7.2 Theorem. If signature ois not as in (12.7.1), then there exists an 
open dense subset &£ e &a such that the quotient r0 \ / / has the trivial isome-
try group for all r0 e ^ . 

For a proof we refer to Singerman [ 1]. O 

For the sake of clarity we redescribe Sunada's construction in the following 
form. Let (G, Hx> H2) be the triplet as as in Definition 11.1.1. Let ®CTbe an 
abstract group together with a surjective homomorphism 

w:© f f-»G. 

For any action T0 = p(©CT) c PSL(2, R) of (&a we have the corresponding 
surjective homomorphism 

CO-.TQ-^G, (o:=w°p~l. 

We define the following discrete subgroups of PSL(2, R). 

r0 = co~\G) 

(12.7.3) Tx = cd-\Hx), r2 = af\H2) 

r= af\{id}). 

They are canonically isomorphic to the fundamental groups of the surfaces 

M = T\H 

(12.7.4) Mx = r , \H M2 = T2\H 

M0 = T0\H. 

All our examples of isospectral surfaces obtained in Chapters 11 and 12, 
by pasting together hyperbolic building blocks, have this form. 

Since we are only interested in smooth isospectral surfaces, we have to 
add a restriction to our present construction. Recall that Mx and M2 are 
smooth if and only if rx and T2 act freely on H, that is, if and only if Tx and 
r2 contain no elements of finite order. Accordingly, we shall only admit 
those surjective homomorphisms w : ©CT—> G for which w~l(H{) and 
w~l(H2) contain no elements of finite order other than the identity. If this 
condition is satisfied we shall say that (w, ©CT; G, Hlt H2) is an admissible 
sequence for Sunada's construction. 

Once this sequence is given, we obtain an isospectral pair Mt, M2 for any 
choice of the action F0 = p(@CT). The groups F0 fill out the Teichmiiller space 
^CT, and we are interested in the cases where the corresponding surfaces Mx 
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and M2 are non-isometric. The following theorem is due to Sunada [3]. The 
word "generic" will be explained in the proof. 

12.7.5 Theorem. Let (w, ©ff; G, Hv H2) be an admissible sequence for 
Sunada's construction, and assume that the signature a is not one of those 
listed in (12.7.1). Then for a generic choice ofT0 = pC© )̂ e &a, the surfaces 
Mx and M2 are non-isometric. 

Proof. This proof uses properties of arithmetic groups, for which we refer 
the reader to the book of Zimmer [1]. 

We know that &a is homeomorphic to Rn for some n> and that only count-
ably many T0 e &a are arithmetic. By a theorem of Margulis, the group 

Comm(F) = {ae Is(H) | aToT1 is commensurable with T} 

is discrete if Tis not arithmetic. Here Tand f are said to be commensurable 
if rn r' has finite index in r and in JT\ If T0 € ^ ' , where &'a is as in 
Theorem 12.7.2, then T0 cannot be contained in any larger discrete subgroup 
of PSL(2, R), because r 0 \H has trivial isometry group. It follows that if 
&* denotes the set of all non-arithmetic groups in &'a , then 

Comm (r0) = r 0 for any r0 G &*. 

Now let r , riy r2 and T0 be the groups as in (12.7.3), with corresponding 
surfaces M, Mv M2 and M0 as in (12.7.4). Assume that r 0 e &*. For i = 
0, 1,2, we have normal coverings M —> M, with deck transformation groups 

H^rjr, H2 = r2/r, G = r0/r. 
If M! is isometric to M2, then there exists an isometry a e Is(H) such that 
r2 - a^a'1. It follows that T2 is a finite index subgroup of T0 and also of 
aT0a~\ Hence, T0 and ar0a~l are commensurable and a e Comm(r0). Since 
Comm(r0) = r0, it follows that a e T0. Therefore, rx and T2 are conjugate 
in r0, and Hl is a conjugate in G of //2, a contradiction. Hence, Mx and M2 
are non-isometric for all T0 G ^ . O 

In the second theorem (Theorem 12.7.6 below) we restrict ourselves to the 
Teichmuller space STh of the (smooth) Riemann surfaces of genus h, h > 2. 
(&h denotes the abstract group, with generators blt..., b2h, defined by the 
single relation 

v = l 
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We let F be the base surface for the marking homeomorphisms of 9~h; and we 
choose canonical generators px, . . . , J32h °f t ne fundamental group of F (at 
some given point of F), as described in Section 6.7. We denote by x = 
(A/0(JC), (px) a variable element of ̂  (<px : F -> M0(x) is the marking homeo-
morphism). Via Theorem 6.8.13 we have, for each x e 3~h, a Fuchsian 
group F0(x) = \j/ o n(x) = T_1(X) e ^h, where the notation is as in Theorem 
6.8.13. More precisely, we have a mapping 

(x, a) H> px(a) € PSL(2, R), xe 2Th>a e®h 

with the following properties, (i) For fixed x, the mapping 

px : ®h -> T0(x) := p,(©,) cz PSL(2, R) 

is a group isomorphism, (ii) For fixed a e (&h, the mapping x h-> px(a) is a 
real analytic mapping from ^ into PSL(2, R). (iii) For any x, the elements 
Bx := px{bx), . . . , B^ := Pxib^) are normal canonical generators of FQ{x) (cf. 
Section 6.8). {Normal means that the axis of Bx is oriented from oo to 0 and 
the axis of B2 is oriented from c2 to T2, where a2, T2 e R with a2 <0< T2 
and CT2T2 = —1.) 

Consider again the surjective homomorphism w : %h —> G, where G is the 
finite group in the triplet (G, //^ //2), and consider the inverse images 

$„! = w - 1 ^ ) , ®/i2 = >i;-1(//2). 

Then T^x) := px(®hl) anc* A W : = Px(®hi) a r e subgroups of T0(x) whose 
signature, say (g; - ) , is independent of x. Setting cox = w • p"1 we have, for 
any * e ^,, the surjective group homomorphism 

cox:F0(x)^G. 

The groups 

r,(jc) = co;\Hx), F2(x) = co~x\H2) 

F(x) := co;\{id}) 

are as in (12.7.3), and the surfaces 

M{x) = F(x)\H 

Mx{x) = Fx{x)X¥L M2(x) = F2(x)\H 

are as in (12.7.4). By Sunada's theorem, Mx(x) and M2(x) are isospectral. 
We now prove a variant of Theorem 12.7.5 (g is the common genus of the 

surfaces Mf(jc), x e 2Th, i = 1, 2). 



338 Examples of Isospectral Riemann Surfaces [Ch.12, §7 

12.7.6 Theorem. Assume that in the above construction the surfaces 
Mx(x0) andM2(x0) are non-isometric for at least one x0 e 2Th. Then there 
exists an open subset U <= ?Th such that Mx(x) and M2(x) are non-isometric 
for any x e U> and the set of all surfaces Mx(x) forms a (6h - 6)-dimensional 
local real analytic subvariety of ?Fg consisting of pairwise non-isometric 
surfaces. O 

Proof. We first prove the following. 

(12.7.7) The mapping x \-* M^x) = 77(x)\H is a real analytic embedding of 
SThintoSTgJ= 1,2. 

In view of Remark 6.8.10 and Theorem 6.8.13, it suffices to show that the 
mapping x H^ i7(x) is a real analytic embedding of ZTh into &g. We show this 
for i = 1. 

Let / ? ! , . . . , B2h be the above normal canonical generators of r0(x). We 
may understand Bx>..., B2h as elements of SL(2, R) with positive traces 
whose components are analytic functions of x. 

We fix x temporarily. The canonical isomorphism between ro(x) and the 
fundamental group of M0(x) = r0(x)\H sends Bx, ..., B2h to curves 
px, . . . , p2h which form a canonical dissection of M0(x). From the topology 
of these curves we see that there are exponents £v, m v and nv, v = 1, . . . , h, 
such that the curves P2

V
V_X

 anc* P2JP2V-1 n a v e ^ t s ' m m e covering surface 
Mx{x) = F^^XH, which are simple closed loops with a common base point. 
These lifts can be extended to a canonical dissection av . . . , a2g of Mx{x). 
We label the curves of this dissection in such a way that ax is a lift of p{x and 
a2 is a lift of pp p\\ Each pair Pi\_ly P2;P2":Y has a pair of lifts alK_x, 
alK for some K= K(V). This yields the following. 

For v = 1, . . . , h, the elements B ^ a n d B2; B2^x of r0(x) belong to 
rx(x), and can be extended to a system of canonical generators Ax,..., A2g 
of rx(x) with the following properties. 

(i) A{=BflandA2 = B^ B\\ 

(ii) For each v, there exists an integer K= K(V) such thatA2lc_x - B2
v
v_xand 

(iii) Each Ak is a product Ak = Bp ... Bf*> with s = s(k), iae {1, . . . , 2h} 
andeae {-1, 1 }for<j- 1 , . . . , s(k). 

(iv) The axis of Ax is the imaginary axis oriented from 00 to 0, the axis of A2 
intersects the imaginary axis at some point z = ir\(x) and is oriented from 
%ez <0to 2{pz > 0. 
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Since px : &h —> r0(x) is an isomorphism of groups, the elements ax, . . . , 
a^ e (&h, defined by ak - b**... b\*> are generators of ®M, and we have 

(v) Ak = px(ak),k=l,...,2g. 

Now let JC e &g again be variable, and fix the exponents and integer valued 
functions occurring in (i) - (iv). Then Ax,..., A2g are functions of x defined 
by (v), for which (i) - (iv) remain valid; and for any x they are canonical gen­
erators of a Fuchsian group r*(x) e &. However, since A j , . . . , A2g are 
defined by (v), this group satisfies r*(x) = px(<&hl) = rx(x). Therefore, (v) 
defines generators of rx(x). 

The Ak are not normal canonical generators since the axes of Ax and A2 in­
tersect each other at z = iri(x), instead of z = /. We conjugate them therefore 
with 

_ (ri'\x) 0 ^ 
~[ 0 77-1/2(x)J' 

defining A'k= L~lAkL fork = 1 , . . . , 2g. Note that i](x) is a positive valued 
real analytic function o fx ,xe yh. Now A[y . . . , A2g are normal canonical 
generators of Tx{x) and, seen as elements of SL(2, R), have positive traces. 

For k = 1, . . . , 2g we let o'k{x), r'k(x) and X'k{x) be the invariants of A'k, as 
in Section 6.8, such that (o'3(x),..., o2g{x)y T^(x)y..., ?2g(x), A'3(x), . . . , 
X'2g{x)) is the sequence of Bers coordinates of rx{x) (cf. Definition 6.8.5). By 
(iii) and formulae (6.8.14), these invariants are analytic functions of x. 
Hence, the mapping x i-> J](x) e &g is real analytic. By (ii) and (6.8.14) 
there exist real analytic functions which, for v = 1, . . . , h, compute the 
invariants a2v_h T2V-I> *2V-I o f 52v-i ^ terms of a^.iC*). ^L-iC*)* *2*-I(*)» 
and similarly the invariants <J2V, T2V, A2V of B2v in terms of <J2K(X), T'2J,X), 
A2v(x). Hence, the mapping x f-» T]{x) is an embedding of 9~h into SFg. This 
proves (12.7.7). 

By Theorem 6.5.4, two surfaces S, 5' e S~g are isometric if and only if 
there exists a mapping ji in the Teichmiiller modular group Mg satisfying 
S' = /z(5). Since Mg acts properly discontinuously on 3~g, it follows that if 
Mx{x) and M2(x) are non-isometric, then there exist open neighborhoods U{ 
of M;(x) in ^,, / = 1, 2, such that any pair (S, S') e UxxU2 is non-isomet­
ric. Now let 9~ be the image of STh under the embedding x\-^Mx{x) as in 
(12.7.7), and let Q = 2Tn Ux. By Lemma 6.5.8 there exists a proper real 
analytic subvariety $ of Q such that, if Mx{x) e Q- $, then there exists an 
open neighborhood U of x in °Fh such that A^Qt') and Mx(x") are non-iso­
metric for any x\ x" e U. This proves the theorem. O 



Chapter 13 

The Size of Isospectral Families 

McKean [1] has shown that only finitely many compact Riemann surfaces 
have a given spectrum. In this chapter we give an explicit bound which 
depends only on the genus. The proof covers Sections 13.2 - 13.4. In the 
first section we state the result and give a proof of McKean's theorem in 
order to outline the approach. In the first section we also review the 
necessary material from earlier chapters. 

13.1 Finiteness 

13.1.1 Theorem. Let S* be a compact Riemann surface of genus g ^ 2. 
At most exp(720 g2) pairwise non-isometric compact Riemann surfaces are 
isospectral to S*. 

13.1.2 Remarks, (i) In Section 12.6 we gave examples with roughly gm 

isospectral non-isometric pairs. Hence, there exists no ^-independent upper 
bound. It would be interesting to know whether there are examples with 
exponentially many pairs. 

(ii) By Weyl's asymptotic law (Theorem 9.2.14), compact Riemann 
surfaces of different genus cannot be isospectral. Hence, we may restrict 
ourselves to work with a fixed genus. 

(iii) It is interesting to observe that the bound in Theorem 13.1.1 is a 
universal upper bound for the number of occurrences of the spectrum of a 
compact Riemann surface. In fact, the dimension of a compact Riemannian 
manifold M is determined by the spectrum of the Laplacian, and in dimension 
2 the spectrum of M determines whether or not for given K e R, M has con-
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stant curvature x:(see for instance Berger-Gauduchon-Mazet [1]). Hence, if 
S* is a compact Riemann surface of genus g > 2 and if M is any compact 
Riemannian manifold isospectral to S*,-then M is also a compact Riemann 
surface of genus g. The spectrum of S* occurs therefore at most exp(720 g2) 
times among the spectra of all compact Riemannian manifolds. 

(iv) Berry [1], Pesce [1] and Wolpert [2] have an analog of Theorem 
13.1.1 for flat tori. Berry's result is in dimension 3 and states that at most 15 
different tori can be isospectral to a given one. Wolpert proves the finiteness 
of isospectral sets of flat tori in all dimensions, and Pesce improves this 
result giving explicit bounds depending on the volume and the injectivity 
radius of the torus. O 

We now collect the necessary material from earlier chapters and give a short 
proof of McKean's theorem that only finitely many compact Riemann sur­
faces of genus g are isospectral to S*. 

The proof is based on two main tools. One is Bers' theorem (Theorems 
5.1.2 and 5.2.3) which states that any compact Riemann surface of genus g 
can be decomposed into pairs of pants along pairwise disjoint simple closed 
geodesies of length < Lgy where Lg is a constant depending only on g. In 
Chapter 5 we obtained the explicit bound Lg < 26(g - 1). 

The other tool is the explicit description of the compact Riemann surfaces 
in the form S = F(G, L, A) in Section 3.6 together with the fact that these 
surfaces are determined, up to isometry, by the lengths of certain closed geo­
desies. The idea is that if S is isospectral to S*, then the lengths of the deter­
mining geodesies occur in the length spectrum of 5* and this is possible in 
only finitely many ways. 

The surface S - F(G, L, A) is obtained by pasting together 2g-2 pairs of 
pants with respect to the pattern of a cubic graph G with 2g-2 vertices. The 
boundary geodesies of the pants yield closed geodesies yx(S),..., y3g_3(S) 
on S, the parameter geodesies, where 

L = (A,..., V s ) = (Ari(«),..., Ay%-3(5))). 
The parameter 

A = ( a l f . . . , a3g_3) = («i(5),..., a3g.3(S)) 

is the sequence of twist parameters of S. In order to give a precise meaning to 
sentences such as "how does the length of geodesic ft on S vary as S 
varies?", we introduced in Section 6.2 for each F(G,L,A) a particular 
homeomorphism cp = <p(G, L,A):F-^ F(G, L, A), where F is a fixed base 
surface. We let 5(G, L, A) denote the surface F(G, L, A) together with this 
homeomorphism. (In Section 6.2 we used the notation 5".) For any homo-
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topically non-trivial closed curve ponF and for any S = S(G, L, A) marked 
with (p= >̂(G, L, A) we denote by P(S) the closed geodesic in the homotopy 
class of <p ° p. We shall say that p(S).is "p on 5". When S remains fixed, we 
sometimes write p(S) = p in order to simplify the notation. 

The marking homeomorphisms (p = (p(G, L, A) have been designed in 
such a way that for any p the lengths €(p(S(G, L, A))) are real analytic func­
tions of (L, A) (Theorem 6.3.5). Moreover, if 

&G = ( 7l» • • • » 73s-3> 51> • • • > *3g-3» *7l» • • • > ^ - 3 } 

is the curve system on F as introduced in Definition 6.1.6, then the curves 
Yi(S),..., Yig-iiS) coincide with the parameter geodesies of S = S(G, L, A), 
and for fixed L, each twist parameter a-(5) is computable in terms of /(<5;(S)) 
and ^(riiiS)), and \at(S)\ is computable in terms of ^(5,(5)) alone (cf. 
Proposition 3.3.11). 

Finally, by Bers' theorem, any compact Riemann surface of genus g is 
isometric to S(G, L, A) for some graph G and some L and A satisfying 
0 < / , < L g , 4 < a / < | , / = l , . . . , 3 g - 3 . 

As in Chapter 10, we denote by Lsp(S) the sequence of the lengths of all 
non-oriented primitive closed geodesies on 5, arranged in ascending order. 
The finiteness theorem without bounds is as follows (McKean [1]). 

13.1.3 Theorem. Any set of pairwise isospectral non-isometric compact 
Riemann surfaces is finite. 

Proof. Fix S* and let X be the length of the smallest non-trivial closed geode­
sic on S*. If Lsp(S) = Lsp(S*), then there exists a cubic graph G such that S 
is isometric to a surface in ^(G), where 

9k{G) = {S(G,L,A)\X<€i<Lg, -\ < at < \\ i = 1 , . . . , 3 * - 3}. 

Since the number of cubic graphs G with 2g- 2 vertices is finite, it suffices 
to prove that the set 

^A*(G) = {S e ®k{G) | LspCS) = Lsp(S*)} 

is finite. Let \i = max{ €(fl(S)) | p e QGy S e &X(G)} and let % be the cardi­
nality of Lsp(5*) n [0, /x]. Then for / = 1 , . . . , 3g- 3, at most % values of 
€(Yt(S)) and at most £ values of <?(<5/(S)) are possible for S e &f(G). Since 
I (XjiS) I is determined by ^(5f(5)), this shows that ^*(G) is finite O 

In the preceding proof it would not be difficult to find explicit bounds for fi 
and % in terms of X. The problem is to make it independent of X. 
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We now begin with the proof of Theorem 13.1.1. As working tools we 
use the collar theorem (in the form of Theorems 4.1.1, 4.1.6 and 4.2.1) and 
the trigonometric formulae for the right-angled triangles, trirectangles and 
pentagons. 

By Theorem 4.1.6, S* has at most 3g - 3 simple closed geodesies of 
length < 1. We let m and n be such that 3g - 3 - m is the number of simple 
closed geodesies of length < 1, and 3g - 3 - n is the number of simple closed 
geodesies of length < exp(-4g) on S*. (The cumbersome borderline 
exp(-4g) has its roots in the quantity ek which will be introduced in (13.2.4); 
our arguments in the case of large ek will not be the same as for small ek.) 

By the collar theorem (Theorem 4.1.1), any simple closed geodesic y of 
length £{y) on S* has an open neighborhood 

<g(r) = {p e S* | dist(/?, 7) < w(y)}, 

the collar around 7, of width 

w(y) = arcsinhj l/sinh(^(y))} 

which is homeomorphic to an annulus. Any closed geodesic p which inter­
sects y transversally intersects both boundary components of ^(7) and has 
length /(/?) > 2w(7). The following is clear. 

(13.1.4) Ify is a simple closed geodesies of length €(y) < e~4g, then its collar 
has width w(y) > 4g. 

For the proof of Theorem 13.1.1 we proceed in four steps. Recall that any 
compact Riemann surface S isospectral to S* is isometric to one of the sur­
faces S(G, L, A). In the first step we estimate the number of graphs and the 
number of possible L-parameters. In the second step (Section 13.2) we esti­
mate the number of possible twist parameters at for i < n. Since here the 
lengths of the geodesies St have a uniform upper bound, this step is straight­
forward. 

In the third step (Section 13.3) we introduce particularly well adapted geo­
desies i?f to measure the twist parameters al: for / = n + 1 , . . . , 3g - 3. The 
correct choice of the #, is the heart of the proof. In the final step (Section 
13.4) we estimate the number of those geodesies on 5* whose lengths are the 
length of some #f(S) where S is isospectral to S*. 

(13.1.5) IfLsp(S) = Lsp(S*), then S is isometric to a surface 5(G, L, A), 
where 
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and 

2 6 ( g - l ) > ^ 1 ( . . . > ^ > l S C t , < , > ^ » M V » 

Proof. Since S and S* are isospectral, S has exactly 3g - 3 - m primitive 
closed geodesies of length < 1. By Theorem 4.2.1, these geodesies are simple 
and by Theorem 4.1.6, they are pairwise disjoint. By Theorem 5.2.3, they 
belong to a partition with lengths < 26(g - 1) and the statement follows. o 

(13.1.6) Atmostg38 different cubic graphs G occur in (13.1.5). 

Proof. This is part of Theorem 3.5.3. O 

From now on we fix one of the graphs G occurring in (13.1.5) and define 

HG) = {S(G,L>A)\0<€i<26(g-\),-\<ai<\;i=l,...,3g-3}i 

0*(G) = {S € HG) | Lsp(S) = Lsp(S*)}. 

By Lemma 6.6.4 there are at most {g - 1) exp(26(g - 1) + 6) different simple 
closed geodesies of length < 26(# - 1) on 5*. If S = S(Gy L, A) e ^*(G), 
then each /, of L has the length of one of these geodesies on 5*. Taking our 
bound to the power 3g - 3, we obtain the following. 

(13.1.7) At most exp(79g2) different values ofL are possible for the surfaces 
S = 5(G, L, A) e 9*(G). 

13.2 Parameter Geodesies of Length > exp(-4g) 

From now on we fix one such value L and define 

HG.L) = {S{G.L.A)\-\<ai<\\ i = l , . . . , 3 * - 3 } , 
0*(G, L) = {S e 9{Gt L) | Lsp(5) = Lsp(S*)}. 

In ^(G, L) the twist parameters alt..., «3^_3 are variables and the length 
parameters €ly..., ^ _ 3 are constants. We let the numbering of the param­
eter geodesies y,, . . . , y3g_3 be such that the inequalities (13.1.5) hold. For 
the geodesies 8V . . . , S3g_3 (cf. Definition 6.1.6) which measure the twist 
parameters up to the minus sign, we claim the following. 

(13.2.1) S(Sj(S))<lSg-6foranySe &(GyL), y = l , . . . , / i . 
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Proof. Let Y with boundary geodesies yy, f' and y", be one of the F-pieces 
of the given partition of S. The perpendiculars between the boundary geode­
sies decompose Y into two isometric right-angled geodesic hexagons (Propo­
sition 3.1.5). Dropping the common perpendicular b from y; to the opposite 
side in both hexagons, we decompose Y into four right-angled pentagons as 
shown in Fig. 13.2.1. 

In this decomposition, y' and y" fall into two arcs of equal length, and 
j : falls into four arcs of two different lengths. We let a be the length which 
satisfies a > ^€(y;). We label y' and y" in such a way that, as in Fig. 13.2.1, 
y' contains a side of the pentagon with sides a, b. Formula (i) of Theorem 
2.3.4 yields 

sinhasinhb = cosh \t(y'). 

Since £(y') < 26(g - 1) we get 

b < bj := arcsinh{ (cosh 13(g - l))/sinh^(7/)}. 

This inequality holds for both 7-pieces adjacent at yp and since the twist pa­
rameters are between -\ and \, it follows that <5y is homotopic to a curve of 
length < 2/(yy-) + \b}. Now (13.2.1) follows from the inequality exp(-4g) < 
£{yj) < 26(g - 1) via an elementary estimate (distinguish the cases £{yj) < 1, 
l<Ar y )<£andAr, - )>s) . ° 

If S G &*(G, L), then €(Sj(S)) appears in Lsp(5*). By Lemma 6.6.4 there 
are at most (g - l)exp(78g) spectral lines in Lsp(S*) n [0, 78g - 6]. Since 
€(8j(S)) determines the twist parameter ay(5) (up to the minus sign), we get 
the following. 

(13.2.2) At most exp(79g) values ofa}{S) occur in &*(G, L), j = 1 , . . . , n. 

We estimate the cardinality of ^*(G, L) and assume that n < 3g - 3 and that 
^*(G, L) is not empty (otherwise we are done). Let S be a fixed surface in 
^*(G, L) and let ax>..., oc3g_3 be its twist parameters. According to our 
convention,^,..., o^ correspond to the parameter geodesies of S of length > 
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exp(-4g). We now keep the sequence d b . . . , c^ fixed and define 

HGiL>aly...,an) = {Se&(G,L)\ccl(S)=al,...,an(S)=an}, 
^*(G, L , ^ a n ) = { S e ^(G, L,alt...9cQ\ Lsp(5) = Lsp(S*)}. 

There exists no a priori upper bound for ^(5,(5)) for / > n; and as at runs 
through the interval [-|, | ] , €{8j) sweeps out an interval in which there may 
be arbitrarily many spectral lines of Lsp(S*). We shall therefore abandon the 
8j and measure the twist parameters with geodesies which are better adapted. 
We shall also work with a carefully defined hierarchy among the parameter 
geodesies yn+l, . . . ,r3g-3-

Assume by induction that i > n and that a sequence of twist parameters 
ct j , . . . , a,- belonging to some surface in 9*(G, L) has been fixed, where 
d j , . . . , d, contains d, , . . . , 5^ as a subsequence, and assume that the sets 

(13.2.3) &i = &{G. L,«!,..., d ;), 9? = &*(G, L,d l 5 . . . , d,) 

have been defined, where 

®f = {S e 9i | Lsp(S) = Lsp(S*)}. 

In 9i we have to relabel the parameter geodesies yi+v . . . , y3g_3 before de­
fining 9{G, L, d j , . . . , d-+1). To this end we set 

tk := min{ €($(S)) \ S e &{ and tf(S) is a closed geodesic on S which 
intersects yk transversally}, 

(13.2.4) 

ek:=(8g)4€2(yk), k = i + 1 , . . . , 3 * - 3. 

Since €(yk) < exp(-4g) we have 

(13.2.5) ek< 1/100, £ = / + l , . . . , 3 # - 3 . 

In ^ we now renumber the y(+1, . . . , y3g_3 such that the following condition 
is satisfied: 

(13.2.6) ti+l + ei+l <tk + ek, Jc = i + 2,...,3g-3. 

We would like to remark that, although ek/tk may be arbitrarily small, and 
although to some extent the coefficient (8g)4 in the definition of ek is rough, 
the reader should not replace the condition "f£+1 + ei+1 < tk + ek" by the con­
dition "ti+l < tk'\ for otherwise the proof of (13.4.3) below will not work 
(cf. Remark 13.4.4). 

Condition (13.2.6) will allow us to prove the following. 
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(13.2.7) At most exp(213g) values ofai+l(S) occur in $f. 

In conjunction with (13.1.6), (13.1.7) arid (13.2.2) we then have at most 
exp(720g2) different sets ^*(G, L, a l f . . . , a3g_3). Since by (13.1.5), any S 
isospectral to S* occurs in one of these sets, and since each set consists of 
exactly one element, this will prove Theorem 13.1.1. 

13.3 Measuring the Twist Parameters 

For the proof of (13.2.7) we may assume without loss of generality that 
S* G &f (otherwise &? = 0) . As remarked earlier, if k e {i + 1, . . . , 3g - 3}, 
then the lengths of the geodesic 8k(S), S G &h sweep out an interval which 
may contain arbitrarily many spectral lines of Lsp(S*). We introduce there­
fore a set of new geodesies which also measure the twist parameters and 
whose lengths sweep out intervals in which the number of spectral lines has 
an upper bound depending only on g. 

(13.3.1) For each & G {/ + 1, . . . , 3g - 3} there exists a Riemann surface 
Sk G &; and a simple closed geodesic &k(Sk) intersecting yk(Sk) transversally 
suchthat€(dk(Sk)) = tk. 

Proof. Let S0 G &t be defined by ai+1(S0) = . . . = a3g_3(S0) = 0, and let 
&(S0) be a closed geodesic on S0 which intersects yk(S0) transversally. As 
ai+l(S),..., a3g_3(S) run through the interval [-^ ^» ^ r u n s t n r o ugh &i 
and €(&(S)) is a continuous function which ranges in an interval of width 
less than £(yi+l) + . . . + ^(73^.3). Observe that only finitely many closed 
geodesies tf' exist such that £($'(S)) < €(&(S0)) for some S G ^-. Hence, 
there exists 5^ G 9{ and a closed geodesic &k(Sk) which intersects yk(Sk) 
transversally such that €(&k(Sk)) = tk. It remains to show that 1̂  is simple. 

To this end let us walk along i}k starting at an intersection point with 
yk. In order to return to yk we have to leave the collar %{yk). There are two 
cases. 

Case 1. Departure and first return to yk take place on opposite sides of 
yk (Fig. 13.3.1). 

We claim that in this case the tour ends at the first return. Suppose not. We 
then would have to leave ^(yk) a second time. Since the width w(yk) of the 
collar is larger than t{yk)> it would be possible to construct a homotopically 
non-trivial closed curve &* shorter than &k and also leaving and reentering 
%{yk) on opposite sides of yk. The closed geodesic in the free homotopy 
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Figure 13.3.1 Figure 13.3.2 

class of #* intersects yk transversally and is shorter than &k> a contradiction. 
This proves our claim. 

If 1̂  is not simple, then it contains a closed loop which we may cut off and 
obtain a shorter homotopically non-trivial closed curve which leaves and 
reenters *#(/*) on opposite sides of yk. Again, this is impossible, and we 
obtain the simplicity of &k. This completes the proof in case 1. 

Case 2. Departure and first return to yk take place on the same side of 
yk (Fig. 13.3.2). 

We let crbe the corresponding arc on $k. Since £(yk) < vKy*), a similar ar­
gument as in the first case shows that now t \ intersects yk in exactly two 
points and that &k = G<J', where a' is a second arc, also with departure and 
first return to yk on the same side of yk. The two arcs intersect each other 
only at their endpoints on yk, otherwise &k would contain a closed loop 
which is freely homotopic to a closed geodesic of the type considered in the 
first case. Thus, it remains to prove that a (and similarly a') is simple and 
has two different endpoints. 

Figure 13.3.3 

Suppose this is not the case. Then there exists a point p which is either a 
transversal self-intersection point of <r or else the common initial and endpoint 
of a The arc is a product a = uv w, where u is an arc from the initial point of 
Gtop, v is a geodesic loop at/?, and w is the arc from/? to the endpoint of a. 
(If /? is the common initial and endpoint, then u and w are point curves.) 
Since v is not contractible, either uw or uv~lw is a curve which is not homo-
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topic with fixed endpoints to an arc on yk. In fact, if uw is homotopic to an 
arc on yk, then any lift of uv~lw in the universal covering connects different 
lifts of yk as shown in Fig. 13.3.3. Hence, either uwc' or uv~lwa' is a 
closed curve which is freely homotopic to a closed geodesic shorter than fy 
and interesting yk transversally, a contradiction. (13.3.1) is now proved. O 

(13.3.2) tk < £($k(S)) < 4(w(yk) + log Ig) for any S e ^ and for any k = 
i + 1, . . . , 3 # - 3 . 

Proof. Let Sk be as in (13.3.1). Cut Sk open along yk to obtain a bordered 
surface S'k (not necessarily connected) with boundary geodesies y\ and 

For small t > 0 the distance set 

Z\t) = {p G S'k | dist(p, yv
k) < t), v = 1, 2, 

is isometric to the annulus yl x [0, r[ endowed with the hyperbolic metric 
ds2 = dp2 + cosh2p da2 and has area 

areaZv(0 = €(yk)sinht. 

By the collar theorem this holds for any t < w(yk). Since ^(y^) ^ exp(-%), 
we have, up to negligible errors, area Zv(w(yk)) = 2. Now let £ > w(yk) and 
let f grow until it reaches a limiting value tv beyond which Zy(t) is no longer 
isometric to yl x [0, t[. Since Zv(tv) has area less than An{g- 1), we obtain 
up to negligible errors 

/v<w(y*) + log2;r(#- 1). 

If Zl(tx) n Z2(t2) * 0 , we find a curve of length < tx + t2 on S'k which 
connects yl and /£. On Sk again, this curve can be extended to a closed curve 
by adding an arc on yk. In the free homotopy class of this new curve we 
have a closed geodesic # of length €($) < t{ + t2 + \€{yk) which intersects 
yk in exactly one point. If Zx{tx) n Z2(t2) = 0 , then we find, for each v, two 
geodesic arcs of length 2tv emanating perpendicularly from yl and meeting 
each other smoothly. The two arcs together form an arc av with both end-
points on yl not homotopic (with fixed endpoints) to an arc on yl. This 
remains true if cr1 and a2 are interpreted as arcs on 5^. Hence, adding suitable 
arcs on yk, we obtain a closed curve on Sk which is freely homotopic to a 
geodesic & of length €< 2{tx + t2) + €{yk) which intersects yk twice. Since 
i \ is not longer than -& we obtain the following result. 

mk{Sk)) < 4{w{yk) + \og2n(g- 1)). 
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In order to estimate /(^(S)) for all S e &b we observe that ^ = &k(S) inter­
sects the union y/+1 u ... u y3g_3 at most 3g - 3 - i + 1 < 3g - 3 times. 

In fact, if &k intersects yk twice, then it intersects none of the yy for 
j - i + 1 , . . . , 3g - 3, for otherwise its length £ would satisfy 

£> 4w(yk) + 2w(yj) > 4(w(yk) + loglnig- 1)) 

(cf. (13.1.4)). If &k intersects yk in only one point, then it intersects any of 
the y. at most once, j = * + 1, . . . , 3g - 3, since otherwise we would be able 
to construct a shorter geodesic than $k which also intersects yk in exactly one 
point (recall that /(yy) < w(yj)). Hence, $k = &k(S) intersects the union 
yi+l(S) u . . . u y3g_3(.S) at most 3g - 3 times. If now the twist parameters 
ai+l(S),..., cc3g_3(S) run through the interval [-|, | ] , then £$k{S) varies by 
at most (3g - 3) exp(-4g). This proves (13.3.2) O 

(13.3.3) If Se 9k and if f(5) * { y .+ 1(5), . . . , y3g_3(.S)} w a primitive 
closed geodesic of length €(£(S)) < 1 + ti+l, then £(S) intersects the union 
yi+l(S) u . . . u y3g_3(S)6tf wort ftv/c£. 

Proof. If £(S) has more than two intersections points, then it runs through at 
least 3 collars, and in view of (13.1.4) and (13.3.2), its length satisfies the 
inequality 

€(C(S)) > 6min{w(y,)|fc = / + l , . . . , 3 s - 3 } 
> 2 + min{ tk \ k = i + 1, . . . , 3g- 3}. 

By (13.2.5) and (13.2.6), min{^ | k = / + 1, . . . , 3g- 3} > ti+l- 1, and 
€(aS))>l+ti+l. O 

(13.3.4) LetSe ^. If there exists a closed geodesic C(S) such that €(C(S)) 
- 4 + *i+i which intersects y- and yk for some j e{Ai + l , . . . , 3 g - 3 } and 
some k e {i + 1 , . . . , 3g - 3}, then €(yk) < (Sg)2€(yj). 

Proof. Since £runs through the collars ^(yy) and ^(y*), we have in view of 

(13.2.5) and (13.2.6) 

2(w(y,.) + w(yk)) < /(«5)) < \ + ti+l < | + tk. 

Since tk < (w(yk) + log7g), (see (13.3.2)), we obtain 

w(yj)-w(yk)<^ + 2loglg 

and (13.3.4) follows. O 
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(13.3.5) ti+l < €(frt+l(S)) < ti+l + \ei+l for all S e 9k. 

Proof. We restrict ourselves to the case where t?,+1 intersects yk for some 
k e {/ + 2 , . . . , 3g - 3}. The case where di+l intersects only yi+l is similar 
and easier. Observe by (13.3.3) that in the present case # /+1 intersects no 
further yt for €> i + 2, £* k. The length of #i+1(S) is therefore uniquely 
determined by the twist parameters ai+l = ai+l(S) and ak = ak(S). Recall 
((13.2.4) and (13.3.1)) that €(&i+l(Si+l)) = ti+l is the minimal possible 
length of a closed geodesic on Si+l which intersects yk(Si+l) transversally. 
Hence, &i+i(Si+l) intersects yi+l(Si+1) and yk(Si+l) perpendicularly. We 
estimate how much €(&i+l(S)) increases if, starting from this position, we 
alter ai+l(S) and ak(S) by at most± 1. 

To this end we first consider the geodesic arc p. on #/+1 contained in the 
collar ^(yk) connecting boundary points p' and/?" . Since &i+\(Si+l) inter­
sects yk(Si+l) perpendicularly, we have 

€(p) = 2w(Yk). 

Figure 13.3.4 

Replace ak(Si+l) by ak(Si+l) + cp, \<p\ < 1, to obtain a new surface 5. Let 
&i+i(S) be the broken geodesic in the free homotopy class of i>f+1(5) which 
outside %{yk) coincides with &i+i(Si + l) and inside *#(/*) consists of a geode­
sic arc p which connects p' and p" as shown in Fig. 13.3.4. Let q' and q" be 
the feet of the perpendiculars from p' and/?" to yk. By symmetry, p 
intersects yk in the midpoint q between q' and q" and forms two isometric 
right-angled triangles p'q'q and p"q"q, where p'q' =p"q" = w(yk), qq' -
qq" = \(p\ Ay*) ^ A/*)- Formula (i) of Theorem 2.2.2 yields 

cosh ^€(p) ^ cosh w(y*) cosh |Ay*)-

Since yk is small, we compute with negligible errors using (13.3.4), 

|(A£)-A^)) = iA£)-w(r*) < ^2(yk) < \{Hft\yi+l). 
In a second step we vary <xi+l(S) to obtain 5* and argue similarly, however 
without involving the factor (8g)4. Then we replace the broken geodesic 
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Figure 13.3.5 Figure 13.3.6 

obtained so far by the closed geodesic fii+l(S). In view of the definition of 
ei+l (in (13.2.4)) we now have (13.3.5). O 

(13.3.6) / / 6i+l intersects none of the geodesies yi+2, . . . , Yig-z, then a 
given value of t(fii+x{S)) is obtained for at most two values ofai+l(S), as 
S e &.. 

Proof. If i)f+1 intersects yi+l twice, then a small e-neighborhood E of 
&i+i u yi+l has the topological signature (0, 4) (Fig. 13.3.5). If #,+1 inter­
sects yi+l only once, then E has signature (1, 1) (Fig. 13.3.6). By (13.3.3), 
other cases do not occur. 

Since the angle sum of a hyperbolic geodesic quadrangle is less than 2;r, 
none of the boundary components of E is contractible. Replace each bound­
ary component p of E by the closed geodesic p* in its free homotopy class. 
By the Baer-Zieschang theorem on isotopies (Theorem A.3), the geodesies 
p* form the boundary of a geodesically bordered surface E* of signature 
(0, 4) or (1, 1) which is isometrically immersed in S and contains tfi+1 and 
yi+l in its interior. (The interior of E* is embedded but some of the boundary 
geodesies of E* may coincide on S). Moreover, since fory = / + 2 , . . . , 3g- 3 
we have p nyj = 0 for each boundary component p of £, it follows from 
the minimal intersection property of geodesies (Theorem 1.6.7) that 
p* n yj = 0 for each boundary geodesic of £*, and by Theorem A.3 we 
have E* r\y- - 0 j = i + 2 , . . . , 3g - 3. Hence, the geometry of E* is not 
affected by ai+2, ..., «3g_3, and it follows that for S e ^ the twist parameter 
along yi+l(S) with respect to E* differs from ai+l(S) only by an additive 
constant. This proves (13.3.6). o 

If #/+1 intersects some yk, k>i + 2, then the length of #/+1 no longer 
determines ai+x up to finitely many values. We shall therefore introduce an 
additional geodesic tf/+1. By (13.3.3), $i+l intersects no further yy, j > 2, 
and #/+1 n yj+1 and #i+1 n yk consist of only one point (each). A small open 
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r«+i 

Figure 13.3.7 

neighborhood F of #/+1 u y/+1 u y* has signature (1, 2) (Fig. 13.3.7). 
As before, there exists a geodesically bordered surface F* of signature 

(1,2) carrying #f+1, yi + l and yk in its interior such that the twist parameters 
of F* along yi+l and yk differ from a /+1 and ak only by additive constants 
(as 5 varies through ^ ) . 

To define #/+1 we use the intersection point of &i+l and yi+l as the initial 
point of a parametrization so that t?l+1 and y.+1 become closed loops. This 
allows us to form the product &i+l yi+v and we let #/+1 be the closed geode­
sic in the free homotopy class of #;+1 yi+v The length of tf/+1(S) is the same 
as the length of #I+1(S'), where Sf is the surface obtained from S by replacing 
ai+l(S) with al+1(5) + 1 (or ai+l(S)- 1), depending on how yi+l(S) is 
oriented). As in the proof of (13.3.5), this affects ^(0,-+1) by at most 
Ay,- + 1) so that by (13.3.5) we have 

(13.3.7) ti+l < WLiiS)) < ti+1 + ei+l for allS e 9{. 

We also have the following analog of (13.3.6). 

(13.3.8) If #;+1 intersects yi+l and yk, where k > i + 2, then any value of 
the pair (^^/+1(5), €&l+l(S)) is obtained for at most two values ofai+l(S)y as 
S runs through ^. 

Proof. Consider the simple closed geodesic 77 on F* which intersects yk 
twice but does not intersect yi+l and # i+1 The length of 77 depends only on 
ak. By (13.3.6), a given value of /(TI) is only possible for two values of 
ak. 

Cut F* open along 77 and let Q be the resulting connected component which 
carries &i+l and yi+l in its interior. By the minimal intersection property of 
geodesies, #/+1 lies in the interior of Q. It remains to prove that the length of 
r] is determined by the lengths of #J+1 and #/+1. 

Cut Q open along yi+l to obtain a geodesically bordered surface Y of signa­
ture (0, 3) with boundary components 77, y/+1, y"+l. Drop the common per­
pendicular a on Y from y/+1 to y"+l. (Fig. 13.3.8 shows y/+1, a and y/^ in 

e 
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Figure 13.3.8 

the universal covering.) Then ^(y/+1), Ay/+i) and a determine the length of 
ry. It remains to prove that a is determined by #/+1 and tf/+1. By symmetry, 
#J+1 intersects #/+1 in the midpoint m of a and we obtain two isometric geo­
desic triangles mp'q' and mp"q'\ where 

m<7'=^?(tf/+1), mp' = ^.(0 i+1), /?'<?' = |Ay / + 1). 

Since these data determine the triangles and their interior angles uniquely, the 
data also determine a. This proves (13.3.8). O 

13.3.9 Definition. We let 2£ be the set of all primitive closed geodesies 
on S* which have their length in the interval [ti+l, ti+l + ei + l] and which 
intersect at least one of the geodesies yi+r . . . , y^.y 

(13.3.10) Let S e &*. Let ${S) be a closed geodesic on S intersecting 
yi+l(S) and assume that €(&(S)) e [ti+l, ti+l + e /+1]. Then there exists 
C<= 3t satisfying €(&(S)) = €(C(S*)). 

Proof. Let Lsp(l)(5) be the subsequence of Lsp(S) which corresponds to all 
those primitive closed geodesies on S which intersect at least one of the geo­
desies yi+v . . . , y3£_3. As S runs through ^ only Lsp^\S) varies. Since 
S* e 0f, we conclude that for S e # f the equality Lsp(S) = Lsp(S*) holds 
if and only if Lsp(l)(S) = Lsp(0(5*). Hence, if Lsp(S) = Lsp(S*), then 
€(#(S)) e Lsp(i)(S*) and (13.3.10) follows. o 

(13.3.11) ghascardinality#%<exp(106g). 

The proof of (13.3.11) will be our fourth and final step. Let us first show 
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how (13.3.11) implies Theorem 13.1.1. 
We begin with the case that i)/+1 intersects one of the geodesies y/+2, • • •, 

r3g_3. For all S e 9? we have *(i%+1(S)), €(%+l(S)) e [ff+1, fi+1 + e / + 1], 
((13.3.5) and (13.3.7)). By (13.3.10), there exist f and f e £ such that 
A ^ + i ( « ) = A«5*)) and /W+1(5)) = Af'(5*)). By (13.3.8), the two 
values determine ai+l(S) up to two possible values. By (13.3.11), this yields 
the estimate # # f < 2 exp2(106g). This yields (13.2.7) and it proves the theo­
rem in the present case. 

Now assume that #l+1 intersect only y/+1. Then we have the better estimate 
# ^ * < 2 exp(106g), ((13.3.7) and (13.3.8)). By (13.3.3), this covers all the 
cases, and the proof of Theorem 13.1.1 is now reduced to the proof of 
(13.3.11). 

13.4 Parameter Geodesies of Length < exp(~4g) 

Each geodesies £ e % (cf. Definition 13.3.9) intersects the collar of some 
parameter geodesic yk whose length has no a priori lower bound. If we alter 
£ by adding a Dehn twist along yk, the length of £ changes arbitrarily little. 
We now show that the interval [ti+l, ti+l + ei+1] is small enough so that the 
cardinality of & has an a priori upper bound. 

Recall that ym+1, . . . , y3g_3 are all the simple closed geodesies of length 
< 1 on S*. Their collars ^(yj) have width 

w{yj) > arcsinhj 1/sinh | } = 1.406 . . . , j = m + 1 , . . . , 3g - 3. 

For j = m + 1, . . . , 3g - 3 we introduce the reduced collars 

(13.4.1) % y ) = {p € S* | distQ?, y.) < w(Yj) ~ \ 1 

and define 

S = closure of (S* - (%m+1) u ... u %3 ,_3))) . 

S need not be connected. By the collar theorem, the reduced collars %{yj) are 
pairwise disjoint. The boundary components of ^(y.) will be denoted by 
dj and dj'. They are pairwise disjoint simple closed boundary curves of S. 
On %{yj) c S* we draw a geodesic arc \i- of length 2w(yy) which connects 
the two boundary components of ^(y;) with each other. Then p} intersects 
dj, y} and ^"perpendicularly. 

We letpj and p'j be the intersection points of p} with dj and dj'. (cf. Fig. 
13.4.1). 



356 The Size of Isospectral Families [Ch. 13, §4 

13.4.2 Lemma, (i) The injectivity radius ofS* atp is > \for anyp e S. 
(ii) On S* the points p'm+v p"mArX, . . . , P^_3» P'ig-3 havepairwise distances 

> 1. 
(iii) Ifx G dj andy G dj', then distQc, pj) < \ and dist(y,/?J) < \for j = 

m + 1 , . . . , 3 g - 3 . 

Proof. Statement (i) is an immediate consequence of Theorem 4.1.6. 
Statement (ii) follows from the definition of the reduced collars. Statement 
(iii) follows from formula (v) of Theorem 2.3.1: the maximal possible dis­
tance 5 for x G dj is assumed when JC and pj are the vertices of a trirectangle 
with sides (w(Yj) ~ £)» 4 (̂/y)» * » \& The for11111!21 is 

sinh \8 = sinh(^(yy)) cosh(w(yy) - \). 

Observe that 8 is a monotone increasing function of €{yj). For ^(yy) = 1 we 
obtain 8 = 0.712... . O 

(13.4.3) Let £ G Stand let rjcz £bea subarc contained in ^(Yj) which con­
nects the two boundary components of%{Yj) with each other. Ifrj* p)y then 
#(77n/i,.)<3(8s)4- 100, y = m + l , . . . , 3 * - 3 . 

Figure 13.4.1 

Proof. Assume 77 * p- and set N = #(77 n pj). Drop the perpendiculars a of 
length w(Yj) from either endpoint of 77 to yy to obtain two isometric right-
angled triangles abc which are isometrically immersed in %{Y}) (in Fig. 
13.4.1 these triangles are embedded, but in general, b may be longer than 
Yj and the triangle appears wrapped around ^(y,)). If we lift 77 and yy- into the 
universal covering we get an ordinary right-angled triangle abc in H, and the 
immersion of this triangle into ^(y.) is given by the universal covering map. 
We have c = 2 A*7)» and b satisfies 

\{N-\)ayj)<b<\{N + \y{yj). 
By formula (i) of Theorem 2.2.2, we have coshc = cosh a cosh 6. For x = 
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c - a w e obtain ex > cosh c/cosh a = coshfr > 1 + ^b . This yields the 
following inequality, 

ex>l + l(N-l)2€2(Yj)t 

where x = \^{J]) - w(Yj). NOW let j]' be the shortest geodesic arc in ^(y,) 
which connects the endpoints of r\, and consider the corresponding triangle 
ab'c'. We have b' < \f(Yj) and since €(yj) < 1 < w(y;), we obtain 

where y = |/(77') - w(y,). Now replace 77 by 77' and let £' be the closed geo­
desic in the free homotopy class of the resulting curve. Then 

£{£')< €{Q-2x + 2y. 

Recall that £G 3? intersects ŷ  for some & e {* + 1, . . . , 3g- 3}. (Ify> 
1 + 1, we take & =7.) Hence, f' intersects yy- and y*. Since 

' i+ i + e , - + i £ '* + e* 

(cf. (13.2.6)), and since £ e £ has length ^(£) e [fJ+1, f/+1 + e l+1], it 
follows from the definition of tk (in (13.2.4)) that 

tk<€(0<tk + ek-2x + 2y. 

Together with (13.2.4) we get 

x < \ek + y < \m?t\yk) + ±€2{yj). 

This shows, first of all, that x is small, and the above lower bound for ex can 
be simplified as follows. 

x>|(W-l)V 2(y, . ) . 

Observe that 

€{yk) < (ZgMrj). 

If j e {m + 1, . . . , n}, this is trivial because in this case £(yk) ^ Ay,)- If 7 ^ 
n + 1, the inequality follows from (13.3.4). 

The last three inequalities yield (13.4.3). O 

13.4.4 Remark. It is easy to give examples where ti+l = tp for some j > 
i + 1, and where tf/+1 intersects y/+1 twice but #y intersects yy only once. In 
this case we have approximately /(y;) = ^2(y/+1), and a single Dehn twist 
along y.+1 "costs" about the same as int(l//(y/+1)) Dehn twists along y-. 
This shows that we cannot prove (13.4.3) (in any form) if the condition 
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"*i+i + £i+i - h + eJt" m (13.2.6) is replaced by the condition "ti+l < tk\ 

13.4.5 Definition. We let 2£x c & be the subset of those closed geodesies 
on S* which intersect some yk twice, ke {/ + 1 , . . . , 3g - 3}. We let 3£2

 c & 
be the set of all f e &-$x which intersect some y t , /: e {/ + 1 , . . . , 3g - 3} 
and some y;-, j e {m + 1 , . . . , 3g - 3} satisfying /(yy) < (8g)2 €(yk). Finally 
w e s e t ^ = ^ - ( ^ u ^ 2 ) . 

(13.4.6) #^<(14^) 1 7 . 

Proof. Let f e ^ intersect yt twice for some & > / + 1. By (13.3.3), £ 
intersects y* in exactly two points and is a product of four arcs: £ = 
r7j (Tj^o^, where 77 x and % are contained in %{yk) connecting the boundary 
components of %(yk) with each other. Since £ e % it follows from (13.2.6) 
that /(C) < ** + £*, so that by (13.3.2) 

By Lemma 13.4.2(iii), we may replace £by a broken geodesic £ homotopic 
to £ which is a product f = ^ a j r)26-

2, where the curves 77Y and 7)2 are con­
tained in %(yk) (the reduced collar) connectingp'k with /?£ (Fig. 13.4.1 with k 
instead of /), and where 

€{av) < 41og7£ + f + e„ 
v = l , 2 , 

#(f,vniik) < 3(8*)4,if f j v * ^ . 

The second claim follows from (13.4.3). We count the possibilities for £. 
Since by Lemma 13.4.2 the lifts of p'k and p'k' in the universal covering of S* 
have pairwise distances > 1, there cannot be more arcs ol and a2 than pair-
wise disjoint disks of radius \ in a disk of radius 4 log 7^ + 2 + ek. Hence, 
there are at most (17g)4 possibilities for o^, and the same holds for a2. Since 
a given cardinality of r\v n jxk determines fjv up to two, the above estimates 
and the fact that there are at most 3g - 3 different yk show that there are at 
most (1 Ag)17 possibilities for £. O 

(13.4.7) #$2< (12g)26. 

Proof. Fix k e {/ + 1, . . . , 3g - 3} andy e {m + 1, . . . , 3g - 3 } such that 

Ayy)<(8£)V(y,). 
Up to negligible errors we get w(yj) > w(yk) - 2 log 8g. As in the proof of 
(13.4.6), C e ^ 2 splits into an arc in ^(y*), an arc in ^(y,) and into two 
additional arcs, where by (13.3.2) and (13.2.5) the lengths of the latter add 
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up to at most 8 log 8g. The proof is now the same as that of (13.4.6). o 

(13.4.8) #^<exp(105^). 

Proof. Let £ e f£3. Then £ runs exactly once across one of the reduced 
collars ^(y*), k e {/ + 1 , . . . , 3g -3} (cf. (13.4.1)), and we have the 
inclusion €(£) e [ti+l, ti+l + ei+l], We subdivide £into fj-aics and cr-arcs: 
each 77-arc is contained in some Vo(yp with y e {m + 1 , . . . , 3g - 3}, and 
connects the two boundary components of %{yp with each other; the o~-arcs 
are the remaining arcs on £ 

(1) £ has at most 3g - 3 r\-arcs. 

In fact, if £runs twice across some <£(/,), then %{yp has width w(y;) > 1, 
and Yj has length €{yp < 1. This would allow us to construct a new geodesic 
£' of length €(£') <€(£)- 1 < tk which also intersects Yk exactly once, a 
contradiction. 

(2) If £ intersects Yjf°r some] e {m + 1 , . . . , 3g- 3}, y * k, thenj< i + 1, 
and £ intersects ^ at most 3 times. 

(cf. Fig. 13.4.1 for the definition of /*•). In fact, since /(£) < fi+1 + \, 
(13.3.4) implies that; <n+l<i+l. Since £ e £3, we get £2(Yp ^ £*• We 
can now repeat the proof of (13.4.3) to get (2). 

(3) Each a-arc of £ has length > 1. 

This holds because %yp has width w{yp ~ 2> J' ~ m + 1» » 3^ — 3 (cf. 
(13.4.1)). 

(4) At each point of a o-arc, the injectivity radius is > \. 

If not, then Lemma 13.4.2 would imply that a subarc o' of some cr-arc enters 
one of the collars ^(yp with j > m + 1, then intersects ^(yp and leaves 
^(Yp without intersecting yp as shown in Fig. 13.4.2. 

Figure 13.4.2 
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However, a simple computation shows that a' has positive distance from 
^(y/) unless it has self-intersections. But a' cannot have self-intersections 
because this allows us to construct a new geodesic £' of length < tk which 
still intersects yk transversally, a contradiction. 

(5) The total length of all c-arcs is < \l(g - 1). 

For the proof we subdivide each cr-arc into arcs of length Xa> 1 with Xa as 
close to 1 as possible. Let sl9..., sebt the set of all endpoints of all arcs in 
this subdivision of of all <7-arcs. The total length of the cr-arcs is less than 
£. We also have 

dist(sv, sj > l-ek, V*VL, 

because a shorter distance would again allow us to construct a closed geode­
sic f' of length < tk which intersects Yk transversally. The disks of radius r = 
2(1 - ek) around sly . . . , s€ are pairwise disjoint and have area equal to 
2;r(coshr- 1). Since the sum of these areas cannot exceed 2n(g- 1), this 
proves (5). 

In the next step we let {Per S be a maximal set of points of pairwise distances 
>1 which for j = m + 1, . . . , 3g - 3 contains the points p\ and p" as in 
Lemma 13.4.2 (Fig. 13.4.1). Then we construct a homotopic curve f which 
connects points of fPin the following way (Fig. 13.4.3). 

Figure 13.4.3 

Divide each cr-arc a of f into Na < 1 + €(0) arcs of length < 1 using divi­
sion points q°,..., qfi . Then q° and q% lie on the boundary of S. Connect 
q°and similarly qZ with that point of {p'm+l, . . . , P^_3} which lies on the 
same boundary component. Connect each remaining qa

v with the point of !P 
which lies next to it (Fig. 13.4.3). We let /?f,..., p% be the set of the joined 
points. By Lemma 13.4.2 and by the maximality of fP, the joining arcs qa

vpa
v 

have length < 1. Renumber all points successively along f in the form 
qXy..., qN and /?!, . . . , pN. The new curve £ is defined as the sequence of the 
geodesic arcs/?vj?v+1, v = 1, . . . , N, pN+l := pl9 where pvpv+l denotes the 
geodesic arc in the homotopy class (with fixed endpoints) of the curve 
PvQvqv+iPv+i in which qvqv+l is the arc on f from qv to qv+v The arcs of f 
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are of the following 3 types. 

(a) An arc fromp'kto p'k' in %{yk) having less than 3(8g)4 transversal inter­
sections with jik (cf. (13.4.3)). 

(b) Arcs frompy to p'j in ^(y,), j> m + IJ * k, having at most 5 trans­
versal intersections with /iy (cf. (2) above). 

(c) Arcs of length < 3 which connect points of fP. 

Since £ e 3^, there is exactly one arc of type (a). By (1), £ has at most 3g - 4 
arcs of type (b), and by (5) and (3) at most 17g arcs of type (c). 

How many £ are possible? If we draw a geodesic £ beginning with the arc 
of type (a), we have at most 6(3g - 3)(8g)4 different ways to begin. For the 
remaining at most 20g arcs of type (b) and (c) we have at each step at most 
132 choices, since at most 122 points of fPlie at distance < 3 of a given point 
in fP. These are at most exp(105g) possibilities for £. This proves (13.4.8). O 

Together with (13.4.7) and (13.4.6) we get the estimate (13.3.11) and 
Theorem 13.1.1 is proved. O 



Chapter 14 

Perturbations of the Laplacian in 
Teichmiiller Space 

An important consequence of the real analytic structure of Teichmiiller 
space is the analyticity of the Laplacian. In Buser-Courtois [1], for instance, 
this was used to show that the spectrum of a compact Riemann surface is 
determined by a finite part. That article also contains an outline proof of the 
analytic structure of the Laplacian. In this chapter we give a detailed account. 
The main theorems are contained in Sections 14.7 and 14.9. The finiteness 
result follows in Section 14.10. Sections 14.1 - 14.5 provide the necessary 
material from the perturbation theory of linear operators. These sections are 
based on Kato's book [1] but are written in a self-contained style. Section 
14.6 then links the general theory with Teichmiiller space, where for conve­
nience we recall the necessary facts from Chapter 6. 

All analyticity arguments are reduced to a few elementary properties of 
holomorphic functions of several complex variables such as the Cauchy inte­
gral formula and Weierstrass' convergence theorem. We use chapter 1 of 
Grauert-Fritzsche [1] and chapter 1 of Narasimhan [1] as a general reference 
for holomorphic functions of several complex variables. 

The review of the basic notation for linear operators and sesquilinear forms 
is postponed to the beginning of Section 14.3. 

14.1 The Hilbert Spaces HQ and Hx 

We let M be a compact Riemannian manifold which will be kept fixed 
throughout this section. C°°(M) denotes the space of all complex valued 
smooth functions on M. For /, g e C°°(M) we define an inner product 

P. Buser, Geometry and Spectra of Compact Riemann Surfaces, Modern Birkhäuser Classics, 362 
DOI 10.1007/978-0-8176-4992-0_14, © Springer Science+Business Media, LLC 2011 © Springer Science+Business Media, LLC 2010
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(/» #)o>a positive semi definite symmetric sesquilinear form q[/, g ] and the 
corresponding 1-product (/, g)x as follows. 

(/> *)o '=\f8 dM, q\f, g] := f ( grad/, grad| > dM 

(14.1.1) 
(/>£)i :=(/,£)<>+ <?!/.£]• 

Here ( , ) is the Riemannian metric tensor on M, grad is the associated gra­
dient and dM is the volume element. The bar denotes complex conjugation. 
The only theorem from analysis on manifolds which will be needed in this 
chapter is Green's formula for the Laplace operator A. In the above notation, 
Green's formula is as follows 

(14.1.2) (4f, g)0 = q\f, g] = (f Ag)0, fg* C°°(M). 

C™{M) is a pre-Hilbert space with respect to (, )0 and also with respect to 
(, ) x . The corresponding norms are denoted by || ||0and|| Up 

ll/llo = V(/,/)o. II/II, = V(/,A-
We complete these pre-Hilbert spaces via Cauchy sequences. 

14.1.3 Definition. For v = 0, 1 we let Hv = HV{M) be the completion of 
the pre-Hilbert space (C^iM), ( ,)„). 

For metric quantities (convergence, etc.) we use the prefix v to indicate that 
the quantity is understood with respect to Hv. Thus, "v-convergence" means 
convergence with respect to the norm || ||v, etc. 

Every u € Hv is the v-equivalence class [fk]v of a v-Cauchy sequence {fk} 
c C°°(M), fc= 1,2,. . . , where, by definition, two sequences {fk} and {gk} 
are v-equivalent if and only if \\fk - gk \\v —> 0 as k -> oo. For u = [fk]v e Hv 
and w = [gk]v e Hv the inner product is 

(u, w)v = lim (fkt gk)v. 

For u, w e Hx the extension of the sesquilinear form q is 

q[u,w] = lim q[fk, gk]. 
k—>oo 

The corresponding quadratic form will also be denoted by q: 

q[u] :=q[u, w], u e Hv 

We first show that there is a natural injection of Hl into H0. Since || ||0 < || ||l5 
every 1-Cauchy sequence is a 0-Cauchy sequence, and 1-equivalence implies 
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O-equivalence. For any 1-equivalence class [f^e Hly the following is 
therefore an image in #0, independent of the choice of the representative {fk} 

WM = I/Jo-

14.1.4 Proposition, i: / ^ —» H0 is a linear injection. 

Proof. Linearity is clear. To prove injectivity, we must show that if 
{fk} c C^iM) is a 1-Cauchy sequence such that \\fk ||0 -> 0, then \\fk ||j -> 0 
as k -» oo. 

Let co= lim ||/4 | |j. Fix e > 0. There exists N e N such that for all ft > JV\ 
Wfn -IN 111 <~e"From the fact that \\fk ||0 -> 0 and the inequality I (/„, 4/^)01 < 
||/„ ||o ||4/ivllo» ^ follows that (/„, AfN)0 —> 0 as « -> oo. By Green's formula 
(14.1.2), q[/n,/^] -> 0 as n -> oo. Now 

£2 > ||/„ " M = Wfn II? + II/NII? - 2 ^ { (/„,/„)() + Ql/n./iv] } • 
As n —> oo, the right-hand side converges to a? + \\fN \\2. Hence, co2 < e2 for 
all e > 0. This proves the proposition. O 

The pre-Hilbert space (Hv (, )0) will from now on be considered as a dense 
subspace of the Hilbert space H0 with respect to the injection /. 

In Section 14.6 we shall pull back smooth functions via piecewise smooth 
homeomorphisms. For this we also need the following function space. 

14.1.5 Definition. CL(M) is the space of all Lipschitz-continuous func­
tions/: M —> C which are C^-differentiable outside some compact subset 
Ff <z M of measure zero. 

For/ e CL(M) with corresponding set F= Ff, grad/is a continuous gradient 
vectorfield with bounded norm o n M - T . Thus, for /, g e CL(M) the forms 
(14.1.1) are well defined. 

14.1.6 Lemma. C°°(M) is \-dense in CL{M). 

Proof. For/ e CL{M) with corresponding set F, a sequence fx,f2,... in 
C°°{M) must be constructed such that 11/^-/11! -> 0. Using a partition of 
unity on M, we may assume that the support of/lies in the neighborhood U 
of a coordinate system (£/, <p) with <p:U -> (p(U) c R", where n = dim M. 
We set 7 := (p(F), F :=/° cp~l on (p(U), F :- 0 elsewhere. Then there exists a 
constant L such that 
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(1) | F (x ) -F (y ) |<L |x -y | , J t j e R " , 

and F is C^differentiable on R" - y. It suffices now to find a sequence 
F,, F2>... of smooth functions on Rn with the following properties, where 
dt denotes the first partial derivative with respect to the z'-th coordinate: 

(2) Fk -> F uniformly on Rn, 

(3) \di(Fk-F)\ <cons tonR n - r , / = 1, . . . , n, 

(4) dtFk —» djF uniformly on compact subsets of Rn - y, i = 1, . . . , n. 

We use smoothing operators. Let 0: [0, oo [ —» R be a smooth function satis­
fying 0(0 = 1 for 0 < t < \, 0(0 ̂  0 for | < t < 1, 0(0 = 0 for t > 1. For k = 
1,2,... we set 0 (̂x) = ck$(k\x\), x e Rn, where ck is a constant such that 

(5) #k(y)dy = 1, 

and |x I is the distance in R" from x to the origin. Now we define 

Fk(x) = | 0*(x - y) F(y) dy, x e R". 
^R" 

Since 0* is smooth with compact support and since F is bounded and contin­
uous, Fk is smooth. We prove (2) - (4). Property (2) follows immediately 
from the uniform continuity of F and from (5). To prove (3) we first note 
from (1) that \dtF\ < L on R " - y. Then we write dtFk as follows, where 
Th denotes the parallel translation x i-> Th (x) = x + he{, x e R", and e, is from 
the standard basis {e l t..., en} of Rn: 

(6) 

dMx) = lim I \ (&k(Thx - y) - 0*(x - y)) F(y) dy 

= lim i f #k(x ~ y) (F(Thy) - F(y)) dy. 

Then using (1) and (5), we obtain ldfF*Qt)| < L. Since by (1), I^F(x)| < L 
for all x e Rn - y, this proves (3). For the proof of (4) we let B be a compact 
subset of Rn - y. Let e > 0. By the uniform continuity of dtF on compact 
subsets of R n ~7 , there exists 8 with 0 < S< dist(B, y) such that 
\dtF(y) - <?,F(x)l < e for all x, y e R" with x e B and |x - y I < 5. By (6) 
and (5) then 

= f U*-^ ( x ) - ^ F ( x ) = 0,(x-y)(«9/F(y)-<?I.F(x))dy. 
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Now let k > 1/S. Then ^(x - y) = 0 if \x - y\ > 8, and, by using (5) again, 
we see that I d^ix) - d^ix) I < e, for any x e B. The lemma is proved. o 

If/ e CL(M) and if {fk} is an infinite sequence in C°°(M) with \\fk -f^ -> 0, 
then {fk} is a 1-Cauchy sequence. Its 1-equivalence class [fjj G HX(M) is 
uniquely defined by/. Setting j(f) = [fk]i gives an isometric embedding 

(14.1.7) j:CL{M)^Hx{M) 

of the pre-Hilbert space (CL(M\ (, )2) into the Hilbert space HX{M). We 
shall from now on consider CL(M) as a dense subspace of HX{M) with re­
spect to this embedding. This gives the inclusions 

(14.1.8) r ( M ) c C L ( M ) c / / , ( M ) c / / 0 ( M ) . O 

14.2 The Friedrichs Extension of the Laplacian 

In Chapter 7 we used a family of integral operators to prove that the 
Laplacian has a complete orthonormal sequence of eigenfunctions in H0. 
More precisely, we showed that there exists a O-orthonormal sequence of real 
valued C00-eigenfunctions (p0, <px, . . . which is complete in C°°(M) with 
respect to the 0-norm. The corresponding eigenvalues are non-negative and 
satisfy 0 = A0 < Xx < A2 ^ . . . , with Xk -» oo as k —» oo. (The sign conven­
tions for the Laplacian are such that A(pk = Xk<pk .) 

We use the sequence (p0, <pY, . . . to give a different characterization of the 
spaces H0 = H0(M) and Hx = HX{M) and then extend the Laplacian from 
C°°(M) to a larger linear subspace H2 of H0. 

Since C°°(M) is dense in H0, the sequence {(pk) is complete in H0 too, and 
so every u e H0 has a Fourier series expansion 

OO 00 

U=YJ ak<Pfr w i t h ak = ("' %)o m& 2 \ak\2 = II u ||o < °°-

oo oo 

14.2.1 Proposition. Hx = {u - £ #*<& I 2 ^J«*l2 < °°} • 

Proof. We abbreviate the right-hand side by HR . For u e HR the partial 
sums 

n 

*=0 
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belong to C°°(M). It follows therefore by Green's formula and by the ortho-
normality of the eigenfunctions <pk f or n > m that 

n 

q[sn-sm] = (A(sn-sm),sn-sm)0 = X A^l2-
k = m+l 

Since u e HR, it follows that the partial sums sn form a 1-Cauchy sequence, 
and therefore HR<zHv It remains to show that HR is 1-closed in Hl and that 
its 1-orthogonal complement is zero. 

To show that HR is 1-closed let v e Hx be in the 1-closure of HR and 
consider a sequence v1? v 2 , . . . in HR which 1-converges to v. Each vr has a 
Fourier series expansion vr = X ar ^ in //0 . We modify the sequence 
vx, v2, . . . in //^ in such a way that it still converges to v, but such that for 
each vr only finitely many ar k are different from 0. Then vr e C°°(M) and, by 
Green's formula 

00 

lkl|2 = Za+;i,)k,*i2. 
yt=0 

Since || vr - v \\x —> 0 as r —> oo, it follows that || vr - v ||0 -> 0 and therefore 
ar,k = (vr' ^X) ~~* (v ' %)o = : a*» f° r e a c n -̂ Since || vr \\Y -» || v ||1? then for any 

Z(l+A tMI2<||v| |?. 

Since A* —> oo as k —» oo, this shows that v e HRy and thus //^ is closed. 
Now let v e C°°(M) be 1-orthogonal to //#. Then (v, <pk\ = 0 for all k, 

where, by Green's formula, 

(v, q>k)x = (v, <pk)0 + q[v, <%] = (v, <^)0 + (v, A<pk)0 = (1 + At)(v, % ) 0 . 

By the completeness of the sequence {(pk} in H0 this implies that v = 0. 
Since C^iM) is 1-dense in H{, we have thus shown that the 1-orthogonal 
complement of HR in Hx is zero. o 

We shall extend the Laplacian to the following linear subspace of Hv 

14.2.2 Definition. H2 = H2(M) = {u = X ak<pk\ ^ ^\\ak\2 < oo}. 

oo 

If v = Z ^ % e C°°(M), then 4v e COIf). Also, for any k 
k=0 

(Av, <pk)0 = (v, A(pk)0 = At(v, %)0 = A A . 

Since C°°(M) c / /0 , then 
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Av = Z ^ A f e Z A 2 | ^ l 2 < o o . 

This shows that 

(14.2.3) C0o(M)(zH2czHl. 

Moreover, the following operator Q is an extension of A. 

14.2A Definition. We let Q be the linear operator with domain D(Q) = 
H2 = H2(M) defined by 

00 00 

Q(u) = Z V*<& for w = X ak<Pk e Hi-
k=0 k=0 

Q is called the Friedrichs extension of A. 

14.2.5 Proposition, (i) Q is a maximal self-adjoint extension of A in H0. 
(ii) (Qu, v)0 = q[w, v] for all u G H2andallv e Hv 
(iii) D(Q) is the set of all u G Hlfor which there exists u' e H0 satisfying 

(u\ v)0 = q[u, v] for all v G Hv 

Proof. Let w, v G H0 be given by 
00 00 

U = E<l*%. V = Z&ikflfc. 

and denote by un, vn the partial sums 
n n 

*=0 *=0 

We first prove (ii). If w, v G // , , then {w,,}^! and {vn}^°=1 are 1-Cauchy 
sequences, and therefore 

00 

q[w,v] = limq[w„, v j = lim (Aun, v„)0 = X V A -

If w G H2 and v e //0, then 
00 00 

Qu = 2 hfltfh a n d (SM,V)0 = S A ^ ^ = q[w, v]. 
k=0 k=0 

We next prove (i). If w, v G 7/2, then (gw, v)0 = q [w, v] = (w, Q v)0. 
Hence, £ is a symmetric operator. If v G //0, and if there exists v* of the 
form 
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v* = L *?« 6 //„ 

satisfying (Qw, v)0 = (w, v*)0 for all w e H2, then in particular Xkbk = 
(Q<P& v)0 = (<Pk> v*)o = £* for & = 0, 1, . . . . This implies that 

that is, that v e //2. Hence, the domain of the adjoint of Q is H2, and there­
fore Q is self-adjoint. A similar argument shows that if u e //0, and if there 
exists u' e H0 satisfying (u\ <pk)0 = (w, ̂ <^)0 for fc = 0, 1, . . . , then u € H2. 
This proves (i). 

The last argument also proves that the right-hand side in (iii) is contained 
in H2 = D(0. The converse inclusion follows from (ii). o 

Since A0 = 0 is an eigenvalue of Q, Q is not invertible. But Q + 1 is invertible 
(see the beginning of Section 14.3 for notation), and (Q + l)"1 is a bounded 
operator. Later we shall need the square root of (Q + l)"1. It is defined as 
follows. 

00 00 

(14.2.6) K{u) = X (1 + h)~l'\<Pk for M = X <*& e H0. 

This is a bounded operator with the property that the three mappings 

K i HQ —> /if, K '. H^ —̂  **2> **■ ' "0 —̂  **2 

are vector space isomorphisms. Moreover, 

(14.2.7) (Q + 1) • K2 = jrf on //0, K2 °((2 + 1) = W on //2. 

The following properties are easily checked. 

(14.2.8) (i*,v)0 = (Ku,Kv)x = (tfw, tfv)0+q[Xw, ATv], u,veH0, 

(14.2.9) q [ ^ ] = ^ y , £ = 0 , 1 , . . . , 

(14.2.10) q [ / r M ] < H | 2 , M G / / 0 , 

(14.2.11) (ATu, v)0 = («, ATv)0, a, v G //0. 
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14.3 A Representation Theorem 

The Friedrichs extension Qof A represents the quadratic form q in the sense 
that (Qu, v)0 = q[w, v] for u e H2, v e Hx (cf. Proposition 14.2.5). In this 
section we shall prove that if t is a perturbation of q sufficiently close to q (in 
a sense to be made precise), then there exists a suitable perturbation TofQ 
which represents t. (For the general form of the representation theorem we 
refer to Kato [1] theorem VI-2.1). 

We first recall some definitions. For this we let X with norm || || and con­
vergence —> be an arbitrary Banach space. 

A linear operator in X is a linear mapping 

T : D(T) -» X, 

where D(T) is a linear subspace (in general not a closed one) of X called the 
domain of T. The set 

R(7) = {TU\UG DOT)} 

is called the range of T. 
If D(T) = X and | |7|| := sup{||7w|| | ||w|| = 1} < oo, then T is a bounded 

operator and || T \\ is its norm. 
An operator T : D(T) —» X is closed if the following holds. Whenever 

{xn }̂ °=1 c D(T) is a sequence such that {Txn }™=1 is a Cauchy sequence and 
such that xn -» x for some x e X, then x e D(7) and Txn -» Tx. 

We denote by 08(X) the set of all bounded operators and with ^(X) the set 
of all closed operators in X. 

If T and S are operators in X, then the domain of their sum is defined as 
D(T + S) = D(T) n D(S). We shall use the notation 'T + 5" only if one of 
the two operators is bounded. If £ e C is a complex number and if T is an 
operator, then T + £ denotes the operator T + Qd. 

An operator A is said to have a bounded inverse if A is one-to-one with 
range R(A) = X and if its inverse A~l belongs to $(X). 

A sesquilinear form in X is a mapping t : D(t) x D(t) -> C which is linear 
in the first and conjugate linear in the second argument. D(t) is a linear sub-
space of X (not in general closed) called the domain of t. 

For t a sesquilinear form we usually abbreviate t[ M, U] by t[u]. 

14.3.1 Exercise, (i) IfTe <g(X) and ifB e »(X), then T + B e «(X) 
withD(T + B) = D(T). 

(ii) If A e S$(X) a«d A is one-to-one, thenA'1 : R(A) -^>Xis a closed op­
erator. 

(iii) / / r e <€(X)andifB,B~l e ®(X),thenBTe <£(X). 
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(iv) For any compact manifold M, the Friedrichs extension Q of A (cf. 
Definition 14.2.4) is a closed operator in H0(M). (Hint: use (14.2.7).) 

14.3.2 Lemma. IfTis a linear operator inX which has a bounded in­
verse, and if A is a bounded operator with \\ A \\ < \\ T~l ||_1, then T + A has a 
bounded inverse. 

Proof. Observe that u e D(7) if and only if (1 + T~lA)u e D(T). Hence, we 
are allowed to write T + A = 7(1 + T~lA). Set C = -T~lA. Then C e 09(X) 
and || C || < 1. Hence, the series 1 + C + C2 + . . . converges in ^(X) and de­
fines a bounded operator C with the property (1 - C)C = C (1 - C) = id. 

Hue D(7), then C'T~l(T + A)u = w, that is, T + A is one-to-one. If 
w e X, then (1 - C)C'T~lu = T'lu e D(7). Hence, C T ' H G D(T) and now 
(T + A)C'T'lu = T(l- C)C'T~lu = u. Hence, by the above observation, 
T + A has range X, and C T~l is a bounded inverse of T + A. O 

We now consider sesquilinear forms t which are small perturbations of q (cf. 
the hypothesis of Theorem 14.3.5 below). The goal is to represent these 
sesquilinear forms by closed operators T. Since we will require that T - £ 
have a bounded inverse for all f e C which are not eigenvalues of Q, we first 
consider the following situation. Let f e C be any complex number different 
from the eigenvalues A0, Xlt . . . . We then define the bounded operator 
Z = 1 - (1 + C,)K2. It is characterized by the property 

(14.3.3) Z % = i ^ > „ * = 0, 1 , . . . , 

where {(pQy <ply . . . } is the complete orthonormal sequence of eigenfunctions 
of Q with respect to A0, Xx, . . . . Since Xk - £ * 0 for all k, Z has a bounded 
inverse defined by 

(14.3.4) Z~lcpk = ^f^p<pk, * = 0, 1 , . . . . 

Observe that || Z || > land || Z"11| > 1. 

14.3.5 Theorem. Let t be a sesquilinear form in H0 with domain D(t) = 
Hx and assume that for all u,v e Hx 

\t[u,v]-q[uyv]\<Cqm[u]ql,2[v], 

where c is a positive constant, c < 1. Then there exist operators B e ^(//0) 
andT G ^(//0) with the following properties. 

(i) t[Ku, Kv] = (Bu, v)0for all u, v e //0, andB is uniquely determined 
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by this property. 
(ii) B + K2 has a bounded inverse. 
(iii) T = K~lBK~l\ the domain ofT is D(T) = K(B + K^iHJ, and this 

is a l-dense subset ofHv 
(iv) t[w, v] = (7M, v)0forallue D(T)andallv e Hv 
(v) / / C G C , and ifB; :=B- £K2 has a bounded inverse, then T — £ has 

bounded inverse (T- 0~l = KB^K e »(//0). 
(vi) IfC, e C - {A0, Alf ... } and if in the hypothesis of the theorem 

c < inf \Xk - £1 / (Xk + 1), then B - C,K2 has a bounded inverse. 
k 

We remark that if in the above theorem t = q, then B - 1 - K2 and T -
K~2-l=Q (cf. (14.2.7,8,11) and Proposition 14.2.5). 

Proof, (i) The function p given by 

)3[ii,v] := t[KutKv]= ( t - q)[Ku, Kv] + q[Ku, Kv] 
= (t-q)[AT«,A:v] + ( ( l - A : V v ) o 

(cf. (14.2.8,11)) is a sesquilinear form with domain H0. By (14.2.10) it 
satisfies the inequality 

|/3[M ,v]|<(c+l)| |w||0 | |v| |0 , u,veH0. 

The bounded operator B and its uniqueness are therefore given by the Riesz 
representation theorem. 

(ii) and (vi) Observe that (ii) is a special case of (vi) for f = - 1 . To prove 
(vi) we consider the difference A = B - (1 - K2), (which vanishes if t = q). 
A is a bounded operator with norm 

||A || = sup \(Au, v)0l = sup | ( t - q)[Ku, Kv]\<c 
I I 

(cf. (14.2.10)), where the supremum is taken over all u, v e H0 with || u ||0 = 
|| v ||0 = 1. By hypothesis, c < \\Z~l \\~l, where Z"1 is as in (14.3.3). Recalling 
thatZ= 1 - (1 + C)K2, we obtain^ - £K2 = Z + A with ||A || < ||Z_11|_1. By 
Lemma 14.3.2, B - £K2 has a bounded inverse. 

(iii) Since (B + K2)'1 is a bounded operator with range H0, and since Hx is 
0-dense in H0, (B + K^iHJ is 0-dense in H0. By (14.2.8), K is a Hilbert 
space isometry from (H0, ( , )0) onto (H ly ( , ){). Therefore, D := 
K(B + K2)-1^^ is l-dense in Hx. 

The operator T := K~X{B + K2)K~l is defined on D. For u e D we have 
(B + K2)K~lu G Hx <m<\K2(K-lu) e Hv Hence, 

BK~lu eHx fox zMue D. 
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It follows that K~lBK~lu is well-defined for all u e D. Setting D(7) := D and 
Tu = K~lBK~lu for u e D(7), we obtain an operator 7 with the property 
D(7) = D(7'), and 

7 + 1 = 7 ' . 

By Exercise 14.3.1(ii), 7 ' e <£(//0) and by Exercise 14.3.1(i), 7 e ^(//0). 
(iv) If u G D(7), and if v e i / j , then there exists u\v' e H0 satisfying 

w = AT(£ + K2ylKu\ v = tfv'. Note that u' = 7'«. From (i) and (14.2.11) it 
follows that 

t[n,v] = ( ^ + ^ 2 ) - ' ^ ' , v ' ) o 
= (*TiT- /T2(£ + K2ylKu\ v')0 

= ( K ' - I * , * V ' ) O 
= (Tu, v)0. 

(v) Since B = B; + £K2, then (5 + AT2)^1 = 1 + (1 + O * 2 ^ 1 and therefore 
(B + K2)Bl\Hx) c //,. Similarly, writing fl? = 5 + AT2 - (1 + QK2, we see 
that B;(B + K2)~\Hl)czHl. Both statements together yield Bf{Hx) = 
(B + K2r\Hx) and therefore KB~\H2) = /sT(B + /^2)"1(//1) = D(7). It 
follows that KB'^K : //0 —> D(7) is one-to-one and onto. 

Hence, if w e D(7), then B;K~lw e Hi = D(^_1), and we may write 
( 7 - f)w = AT-^A:-^ - {w = Ar_1(flc + c /^ /r 1 ^ - fw = j r 1 ^ - ^ . it 
follows that ( 7 - QKB'^Ku - u for all u e H0. This concludes the proof that 
KB'}K is the bounded inverse of 7 - f. o 

14.4 Resolvents and Projectors 

In this section we again let X be a Banach space. Norm and convergence in X 
are denoted by || || and -». We recall that by definition, the assertion 
"A"1 e 08QQ" implies that A has range R(A) = X. 

14.4.1 Definition. Let 7 e ^(X) be a closed operator in X. The set 

p(7) = { C G C | ( 7 - 0 _ 1 e ^ ( X ) } 

is called the resolvent set of 7, and C - p(7) is called the spectrum of 7. The 
family of bounded operators 

R(0 =/?(C,7):=(7-C)-1 , £ep(7) , 

is called the resolvent ofT. 
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14.4.2 Lemma. (Resolvent equation). Let R(£) be the resolvent of T and 
let d, £2 e p(T). Then 

R(Ci)-R(Q = (Ci-?2)*(Ci)tf(C2). 
In particular, R(d) commutes with /?(£2). 

Proof. R(C2) s e n d s X to the domain D(7 - Q = D(T ~ Ci)» a n d s o t h e 

product R(d)((T- Ci)/?(£2)) is well-defined on X and is equal to #(£2)- It 
follows that 

R(Ci) - R(Q = R(Ci)(T- QR(& - R(Ci)(T- QR(Q 

We also note that T commutes with the resolvent in the following sense. 

14.4.3 Lemma. Let T e <g(X) and let f e p(T). For all u e D(T) 

(T-£)-lTu =T(T-£Tlu. 

Proof. (T - CTlTu =(T- C)~l(Tu - C,u) + £(J - 0~lu 
= (T-0(T-0-lu + C(T-CTlu 
= T(T-C)-lu. O 

14.4.4 Proposition. (Von Neumann series). Let T e ^(X) and let 
& e p(T). If\C- Col \\R(Co)II < 1, then f e p(7)am/ 

00 

*(C) = 2(C-C0)n^+1(Co)-

In particular, p(T) is an open subset ofC. 

Proof. We denote by Bm the partial sum 

m 

n=0 

m = 1,2,... . Asm-^ co,Bm converges in £$(X) to some bounded operator 
B. From the resolvent equation R(£0) = R(Q - (f - Co)^(0^(Co) w e s e e m a t 

m 

and further 
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m 
(T- QBm = Z (C- CoTiT- f)^(?)(l - (f- CoWWmCo) 

n=0 
771 

= z (c - Com - ( f - c0)^(Co))^(Co) 
n=0 

=1 - (C- « m + 1 ^ + 1 ( C o ) -

Now let « e X . Then 1?,„M G D( r - £) for any m. As m -» oo, Z^w -> Z?M, 
and (T- QBmu = u - (f- ftr+1Km+1(WK -> "• In particular, the sequence 
{(T - C)£OTw} is a Cauchy sequence. Since T - £ is a closed operator, it 
follows that Bu G D(7- f) and that (T- QBu = u. Hence, R(7/- f) = X. 
By Lemma 14.4.3 applied to £0, (T- QBmu = 5 JJ - £)u for u e D(7). It 
follows that B(T- Qu = u for all u e D(T), and therefore (T- £) is one-to-
one, and B is its bounded inverse. O 

14.4.5 Definition. A bounded operator P G 38 (X) is a projector if P2 = P. 

14.4.6 Lemma. Lg?? G 38 (X) &e a projector. Then Pu = w/or a// 
u G ,P(X). / / ^ e 38 (X) is a second projector such that \\P - Q \\ < 1, then the 
restriction Q \ P(X) : P(X) —> Q(X) is an isomorphism of vector spaces. In 
particular, dim P(X) = dim Q(X). 

Proof. Let E = P(X). If w G £, then u-Pv for some v e X and therefore 
Pu =P2v=Pv = u.IfueE and if u * 0, then || w- Qu\\ = ||Pw- £>w|| < 
11^- <2|| ||w|| < ||K||. Hence, the restriction of Q to E has kernel zero, and 
therefore dim Q (E) = dim£. This shows that dim£>(X)> dimP(X). 
Similarly we show that dim P(X) > dim Q(X). O 

In the following we consider curves in the complex plane. A curve is called 
piecewise regular if it consists of a finite number of smooth arcs, such that 
each arc has nowhere vanishing speed. 

Let T e ^(X). To every piecewise regular closed curve Tin the resolvent 
set p{T) we associate a bounded operator Pr as follows 

To see that the integral exists and defines a bounded operator, it suffices to 
note from the von Neumann series that the operator-valued function 
£i-» R(£) is continuous and therefore uniformly continuous on T. Note that 
for all u G X, 
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14.4.7 Lemma. IfTis homotopic in p(T) to T\ then Pr= Pr>. 

Proof. It suffices to show that if a piecewise regular curve y is homotopic in 
p(T) to a point, then P = 0. Now for any u eX and for any bounded linear 
functional <p on X, it follows that 

rM) = -iJ; 
The von Neumann series shows that the complex-valued function 
£ h-» cp(R(Qu) is holomorphic on p(T). By Cauchy's integral theorem, 
(p(PYu) = 0. Since this holds for any <p and any w, then Py = 0. O 

From now on we let T in p(T) be a piecewise regular Jordan curve. The 
complement C - T then consists of two open connected components. We 
denote by int Tthe bounded component and by ext Tthe unbounded compo­
nent. In the following, /"will always be parametrized with positive orienta­
tion so that 

C dC _ {2m if w e in tT 
JrC-w " [o if w e ex t r 

To simplify the language, a closed Jordan curve will be called admissible if it 
is piecewise regular and positively oriented. 

14.4.8 Theorem. Let T e ^(X), let Tbe an admissible Jordan curve in 
p(T) and let P := Pr as above. Then 

(i) Pis a projector, 
(ii) PR(0 = R(C)Pforall f e p(7/), 
(Hi) P(X)aD(T), 
(iv) PTu = TPu for all u e D(T), 

(v) TPu = PTPu = - 2^- j CR(C)udC for all u e X. 

Proof. Let V c int Fbe a second admissible Jordan curve which is homo-
topic in p(T) to R Since p(T) is open and since T is piecewise regular, such 
a curve is not difficult to find. By Lemma 14.4.7, P =Pr=Pr>. Hence, 

P2 = (2mJ2\[\ R(OR(z)dz]d£ 

From the resolvent equation and since F ' c int F, we obtain 
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Figure 14.4.1 

This proves (i). Statement (ii) holds because R(Q commutes with R(z) for 
£,ze p(T). To prove the remaining statements we approximate the defining 
integral by finite sums. Let Toe parametrized in the form 11-> T(f), t e [0, 1] 
with T(0) = r ( l ) . For each n = 1, 2 , . . . , we set £k = r(*/w), it = 0 , . . . . n 
(so that Co - Ci)anc* define 

Then Sn -> P as n -> 00. Now let M G X . Then fl(Qw e D ( r - Q = D(7) 
and therefore Snw e D(7). Further, 

75„M = - 5 5 - Z (ft+1 - &)(T- Q K ( « I I - -+T X, (&+1 - &)&/?(?*)«. 
z m k=0 L m k=0 

The first sum vanishes, whereas for n —» 00, the second sum converges to 

Since T is a closed operator and since Snu —> Pw, it follows that Pu e D(7) 
and that TPu = u>. This is (iii) and part of (v). 

Now fix f e p{T). By Lemma 14.4.2, /?(£) commutes with Sn and there­
fore with P. For w e D(T) we conclude that Pu = P(T- 0~\T- Qu = 
( T - tylP(T- C)u e D(T- f). Applying ( 7 - f) to both sides we see that 
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(T- C)Pu=P(T- ()u. This proves (iv). Finally, if u e X, then Pu e D(F) 
by (iii). Since P2 = P and observing (iv) we obtain TPu = TPPu = PTPu. The 
theorem is proved. O 

14.4.9 Exercise. Prove that for all n € N 

TnP = PTnP = - -~r \cnR(OdC. 

(This exercise will not be needed below.) 

We relate Pr to the spectrum of T. Recall that u e D(F) - {0} is an eigenvec­
tor of T with eigenvalue A e C if Tu = Aw. Clearly, each eigenvalue belongs 
to the spectrum C - p(F), but the converse does not hold in general. For 
every eigenvalue A of T we denote the corresponding eigenspace by E(X, T): 

E{X,T) = {we D(T)\Tu = Xu}. 

We say that A is an isolated eigenvalue of T if it is an eigenvalue and if there 
exists an open neighborhood U of A e C such that U - {A} c p(T). 

14.4.10 Proposition. Let T, rand P -Prbe as above and assume that 
u e D(F) - {0} is an eigenfunction ofT with eigenvalue A. Then 

\u ifX e intF 
Pru = . 

[0 if I e ext F 
In particular, £(A, T) a Pr(X) ifX e int F 

Proof. For every z e p(F), ( 7 - f)w = (A- £)M, and therefore ( F - C)"1" = 
(A- O-1**- Hence, 

The proposition follows. O 

If A is an isolated eigenvalue and if Fis such that A e int F but 77 e ext F for 
all other 77 in the spectrum of T, then we are tempted to conclude that 
£(A, T) = Pr(X). Here is a counterexample. 

14.4.11 Example. Let X = C2 and let T be given by the following matrix 
(with respect to the standard basis of C2) 

'1 by 

T = , 
vo 1 
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Then X = 1 is an eigenvalue, and the resolvent set is p(T) = C - {1}. The 
eigenspace E(1,T) has dimension 2 if ft = 0 and dimension 1 if ft * 0. For 
C G p(7) we compute 

ft r u \ 
1 R(0 = 

( l - C ) 

l - f -ft 

o i-c, 
For any admissible Jordan curve Fwith 1 G int F 

'1 (T 
P r " V0 1 

Hence, Pr(X) *E(1,T) except for the case ft = 0. The example also shows 
that an equality E(X> T) = Pr(X) may hold for a particular T and fail for T' 
arbitrarily close to T, even in very simple cases. 

We now consider a particular case where equality does hold. In the follow­
ing, a set or a sequence A c X is said to be complete if the subspace A' of all 
linear combinations of elements of A is dense in X. For linear subspaces 
El9..., En of X we denote by Ex + . . . + En the smallest linear subspace of X 
which contains El9..., En. 

14.4.12 Theorem. Let T G <£(X) and assume that T has a complete 
sequence ult u2,... of eigenvectors with eigenvalues fi^fa, ... . 

(i) If 77 is an isolated eigenvalue ofT, then 77 = nkfor some k. 
(ii) Let 77j,..., r\nbe isolated eigenvalues and assume that the vector space 

E := E(t]l, T) + ... + E(rfny T) is finite dimensional. IfTis an admissible 
Jordan curve in p(T) such that rjve int Tfor v = 1, . . . , n and such that 
fik e ext rfor all fik£ {rju ..., 77̂ }, then Pr(X) = E. 

Proof. We begin with (ii). By Proposition 14.4.10, E c Pr(X). Now let 
v € Pr(X). There exists an infinite sequence vlf v2, . . . converging to v, 
where each v, is a linear combination v, = X btj u}. By Proposition 14.4.10 
again, PTvi = Eft* ujy where ft* = bi} if \i} G {77̂  . . . , r\n} and bfj = 0 other­
wise. Hence, Prvt e E for all /. Since Pr is a bounded operator, Prvt con­
verges to Prv = v. Since E is finite dimensional, E is closed, and therefore 
v G E. 

To prove (i) we let Toe an admissible Jordan curve in p(T) with 77 G int T 
and with jik G ext Tfor all p,k * 77. Here E := £(77, T) is closed because T is 
a closed operator. Hence, by the preceding argument, £(77, T) = Pr(X). If 77 
were different from filt //2, . . . , then all of the above bis would vanish, 
yielding v = Prv = 0 for any v G £(77, T), a contradiction. O 
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14.5 Holomorphic Families 

In this section we consider parametrized families z h-» F(z) e Y in a Banach 
space Y, where z = (zp ..., zm) e U for some open subset U a Cm. For any 
Banach space X we let X* denote its dual space, that is, the Banach space of 
all conjugate-linear bounded functional on X. For v G X* the action on 
w G X will be denoted by (M, V). 

14.5.1 Definition. A function w i-> F(w) e Y, w e U is complex differ-
entiable at z G U if there exists an open neighborhood U' of z in U and con­
tinuous functions £i-> F ^ ) , . . . , £H-> FOT(£) G Y, £ G (/', such that 

m 

F(C) = F(z) + E (fit - **) W ) , f = (?i. • • •, U € C/'. 
Jt=i 

F is holomorphic in f/ if F is complex differentiable at z for all z e U. 

14.5.2 Exercise, (i) Every holomorphic family is continuous. 
(ii) IfX is a Banach space with dual X*, and ifu(z) in X and v(z) in X* are 

holomorphic families, then («(z), viz)) is a holomorphic function. 
(iii) Let Y = £$(X) be the Banach algebra of bounded operators over a 

Banach space X. IfT(z), S(z) e $J(X) are holomorphic families, then 
T(z)S(z) is a holomorphic family. 

(iv) IfT(z) G $J(X) and u(z) e X are holomorphic families, then T(z)u(z) 
is a ho lomorphic family. 

We now give a different characterization of holomorphic families. 

14.5.3 Theorem. If z i-> u(z) G X, z G £/, « a continuous family with the 
property that (w(z), v) w a holomorphic function for all v in a dense subset of 
X*, then u(z) is a holomorphic family. 

Proof. Fix z = (z j , . . . , zm) e U c Cm = C x .. . x C. For k = 1, . . . , m, 
we let rk be a positively oriented circle with center zk in C. We take the radii 
of these circles so small that the closure in Cm of int T2 x . . . x int rm is con­
tained in U. Then the Cauchy integral formula (see for instance Grauert-
Fritzsche [1], p. 11) yields for all f = ( £ , . . . , f j e int f\ x . . . x int Tm, 

Wo.v, = w r j ; j ( c . g ^ . 0 < ; . . . c 
J 1 J m 

It follows that 
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( i i ( 0 - u{z\ v) = ( 2 / n H . . . f («(£'), v )^df ; . . .d f ; , 

where D := (£,' - & ) . . . ( £ - CXf,' - z , ) . . . ( £ - z j , 

k = l 

and each Pk is a polynomial in the variables £•, f/, z-, / = 1 , . . . , m. Hence, 

(u(o-u(z),v) = s (ct-zA)(2«o-wJ...J («(n,v)^df1'...df;. 

Now, for it = 1 , . . . , m, the family uk(Q> C e u'> U' : = i n t ri x • • • x i n t l̂n» 
defined by 

uk(o := (^r" f... f "(C) § tfc; •..«; 

is continuous and 

(11(f)- U(Z), V) = ( 2 (ft" Z,)M,(0, V). 
4=1 

(Note that the integral exists because u(z) is a continuous family.) Since this 
holds for all v in a dense subset of X*, then 

m 

«(f) = "(z) + 2(f f t-Z t)ll f t(f). 
* = 1 

This proves that u is complex differentiable at z for all z e U. O 

14.5.4 Theorem. Le? z h-> T(z) e &(X), z e U czCm be a continuous 
family of bounded operators. If for all u in a dense subset ofX and all v in a 
dense subset ofX* the function (T(z)u, v) is holomorphic, then the family 
T(z) is holomorphic. 

Proof. The proof is similar to the preceding one and we use the same nota­
tion. First 

axc*v) - (2^J r 5 ._ ( g , ) "^_ Q ^. . .^ . 
Since the family T(z) is continuous, the following integral exists 

Tk(0 = (2mTmL.[ T(0%dt{...d^. 
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It defines a continuous family of bounded operators with the property 
m 

( ( 7 ( 0 - r(z))ii, v) = (X (&- zk) Tk(Ou, v) 

for all u in a dense subset of X and all v in a dense subset of X*. Hence 
m 

T(0 = T(z)+X(Zk-zk)Tk(0- O 
k=l 

The preceding theorem allows us to translate theorems from complex func­
tion theory to holomorphic families of operator-valued functions. The follow­
ing theorem is frequently used. 

14.5.5 Theorem. If for n = 1, 2 , . . . the families z H> T„(Z) G 38(X), 
z e U, are holomorphic and if\\Tn(z) - T(z)\\ —» 0 uniformly on compact 
subsets ofU, then the family T(z) is holomorphic. 

Proof. We first observe from the locally uniform convergence that the family 
T(z) is continuous. Now let u e X, v e X*. Then \((Tn(z)- T(z))u, v)| < 
IIu I I I I v IIII ^ n ( z ) - ^(z) II- Hence, the holomorphic functions z h-> (Tn(z)u, v) 
converge uniformly on compact subsets of U to the function /(z) = 
(T(z)u, v). By Weierstrass' theorem (cf. e.g. Narasimhan [1] p. 7 ) , / i s 
holomorphic, and by the preceding theorem, T(z) is holomorphic. O 

14.5.6 Theorem. Let z \-^ T(z) e £$(X), z e U,be a holomorphic family, 
let z' e U and assume thatT~x(z') e £$(X). Then there exists an open neigh­
borhood U' ofz' in U such that T~l(z) e $ft(X)for all z e U\ and such that 
the family z \-* T~l{z) is holomorphic on U'. 

Proof. Let S(z) = T{z') - T(z). By the continuity of the function z H> \\ S(z) \\ 
there exists an open neighborhood U' of z' in U such that ||S(z)|| ^ 
^llr-V)!!-1 for all ZG U'. Now, T(z) = (1 -A(z))T(z') with A{z) := 
S{z)T~\z') and \\A(z) \\ < \. By Theorem 14.5.5, the family z H> (1 - A(z))~l 

- 1 + A(z) + A2(z) + . . . is holomorphic on U'. Thus, the family 
z h-» r_1(z')(l - A(z))~l is the bounded holomorphic inverse of T(z) for 
zeU'. O 

14.6 A Model of Teichmiiller Space 

Our goal is to study the Laplacians of the various surfaces S e 9"v where ZTg 
is the Teichmiiller space of the compact Riemann surfaces of genus g, (g > 2). 
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For this we shall pull back the structures from S onto some fixed base 
surface S0 e ZTg. The Laplacians then appear as certain closed operators in the 
Hilbert space H0(S0). 

To make this section independent we recall some facts from Chapter 6 and 
in particular from Section 6.7. The reader who is not familiar with Chapter 6 
and with the notion of Teichmuller space may take the following lines as an 
ad hoc definition of Teichmuller space. 

Let D be the disk model of the hyperbolic plane and let fP<z D be a convex 
geodesic polygon domain with the consecutive sides bl,b2,bl,b2, 
. . . , b2g_v b2g, b2g_v b2g, and angles £, f2, fi>Ci> • • •» S%-v £>*> Cig-n C2g 
as in Fig. 6.7.1 and Fig. 14.6.1. The sides are geodesic arcs t\-^bn(t), 
t H> bn(t)y t G [0, 1], n = 1 , . . . , 2g, parametrized with constant speed and 
with positive boundary orientation. IP is called a normal canonical polygon if 
the following conditions are satisfied (/ denotes the length): 

€(bn) = e(bn\ # i = l , . . . , 2 $ , 

Two normal canonical polygons fPwith sides blt..., b2g and <£' with sides 
b[, . . . , b2g are considered equal if and only if there exists an orientation-pre­
serving isometry from ?Pto T' which maps bn to b'n and bn to b'nt n -
1 , . . . , 2g. We let &g denote the set of all normal canonical polygons. 

For each iPe ^gwe have a sequenceZ(JP) e R6*-6defined by 

z = Z(!P) = (€(b3),..., <f0>2g)> f3, . . . , £2g, C"3, • • •, f 2 P -

From Theorem 6.8.13 we have 

14.6.1 Proposition. For ! ? G ^ f/ze lengths ofbx andb2and the angles 
Ci> &» f i» f 2» flrg r e ^ analytic functions ofz = Z^) . 77*e sef 

£g = {Z(<P)\<Pe 3>g) 

is a connected open subset ofR6g~6. The mapping &\-> Z(!P)from $Pg to 6£g is 
one-to-one and onto. o 

In the following we shall use z e 3T as the independent variable and denote 
by ¥[z] the unique polygon fPin 0> with Z(fP) = z. When the need arises, 
dependence on z will be emphasized by denoting the the sides and angles of 
^[z] by bn[z]J>n[zl fn[z], Cn[z], n = 1 , . . . , 2g. All analyticity arguments 
in the sequel will be understood with respect to the canonical analytic struc­
ture of the open subset 2 c R6*"6. 
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We relate &g to the Teichmuller space STg. Let T e <3>g with sides bn, bn> n = 
1 , . . . , 2g be as above. We paste together bn and bn via the identifying equa­
tions 

(14.6.2) bn(t) = bn(l-t)y f e [ 0 , 1], /i = l , . . . , 2 * . 

The resulting quotient space S = S((P) has a unique Riemann surface 
structure such that the canonical projection (£—> S is an isometry in the inte­
rior of (2. By Theorem 6.8.13, every compact Riemann surface of genus g 
arises in the form 5 = 5(fP) for some <P e &g. For !P= tP[z], z e %g, we set 

S[z] := S(!P[z]). 

Theorem 6.8.13 then states, more precisely, the following. 

14.6.3 Proposition. The mapping z —» S[z] w # real analytic diffeomor-
phismfrom the open set ££g c R6*-6 onto the Teichmuller space STg. o 

We may therefore take the statement"^ = {S[z] \ z e f g } " as an ad hoc 
definition of Teichmuller space in this chapter. 

b2[z] 

r># P[z] 

Figure 14.6.1 

We next introduce particular homeomorphisms between the various poly­
gons in &g. To this end we fix, once for all, a polygon !P* e 0>g whose sides 
and angles are denoted by £*,£*,£*,£*. The corresponding surface 

S* := S[fP*] 

will serve as reference or base surface. We first decompose fP* into 2g - 1 
geodesic quadrilaterals < f̂, . . . , ^?2*-i a s shown in Fig. 14.6.1 and then de­
compose all other 2>[z] e 8Pg in the same manner. The quadrilaterals on 
P[z] are denoted by <£[z], K = 1 , . . . , Ig - 1. 
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To define a homeomorphism from IP* to &[z] we use quadrilateral coordi­
nates. They are defined as follows. 

Let b,a,b\a' be the sides and let wly..., w4 be the vertices of a convex 
geodesic quadrilateral <^c D as shown in Fig. 14.6.2 with all interior angles 
less than n. Each side is parametrized on the interval [0, 1] with constant 
speed. The orientations are such that a and a' go from b to b' and such that b 
and b' go from a to a'. The parametrizations are extended to the interval 
[-£, 1 + e] for small positive e. We set 

01= {(s,t)e R2\0<s, t<l}y mE = {(s,t) e R2 | -e<5, r< 1 + e } . 

For (s, t) e 02, the geodesic connecting tf(s) with #'(•?) intersects the geodesic 
connecting b(t) with Z?'(0 in a uniquely determined point x(s, t). Hence, we 
obtain a mapping 

(s, t) i-» x(s, t) = x(s, t; w{,..., w4) e & (s, t) e 0t. 

Since all interior angles of ^are smaller than n, this mapping can be ex­
tended to a diffeomorphism 

(14.6.4) x : 0tE -> g£ = ^ w l f . . . , w4) := 4^ £ ) c D 

for some e > 0. We call 5 and t the quadrilateral coordinates of the point 

4/ 

(s,t) 

Tau) 
Figure 14.6.2 

The trigonometric formulae of Chapter 2 imply that there exists e > 0 and 
small open neighborhoods U(w{),..., £/(w4) in D such that d?e(cox, . . . , o>4) 
is a convex quadrilateral for any (co^ . . . , co4) e Q := {/(w )̂ x . . . x t/(w4), 
and such that the mapping 

(s, ty coly..., co4) i-> x(s, t; ©j, . . . , co4) e D 

is real analytic on £%£ x Q. For given (oj, . . . , co4) e £2 we let 

gift, t) = g^ / ; « ! , . . . , ©4), (5, t) G $£ 

be the components of the hyperbolic metric tensor of @E{cox, . . . , ft)4) with re­
spect to the quadrilateral coordinates, 1 < /, j < 2. If e is sufficiently small, 
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then det(g/y(s t; a\,..., «4)) > const > 0 on &e x Q, and the components 

gjk(s,t) = gjk(s,t;cov..., ffl>4) 

of the inverse tensor are well defined on @le x Q. The #f • and, by Cramer's 
rule, the gJk are real analytic functions on £%e x Q. For simplicity, we call 
both, g^ and gjk the components of the metric tensor. 

Now again consider the quadrilaterals @* and &K[z] in ?P* and in &[z], 
z € £g. For K = 1, . . . , 2g - 1, we label the sides of @f and ^ [ z ] in a cor­
responding manner and then introduce quadrilateral coordinate mappings (cf. 
(14.6.4)) 

(14.6.5) JCJ:0-»<&*, x r[z]:0-><&[z], 

K = 1 , . . . , 2 g - 1 (cf. (14.6.4)). For each pair ^* , <^[z] we define a 
homeomorphism 

Vrjz] = ^ [ z ] o ( x * ) - 1 : ^ * ^ ^ [ z ] . 

From the definition of the quadrilateral coordinates follows the property that 
if u is any side of @*> parametrized with constant speed, then y/K[z] °w is 
also parametrized with constant speed. Hence, for K = 1, . . . , 2g - 1, the 
mappings y/K[z] coincide along any side belonging to two adjacent quadrilat­
erals, and there is a homeomorphism ys[z]: IP* —» &[z] satisfying 

V[z]°x*(st) = xK[z](s, t), (s,t)em, K= 1 , . . . , 2g- 1. 

Moreover, y^z] satisfies y/[z] ° fr*(f) = fr„[z](0 and v [̂z] ° £*(0 = hn[z](t), 
t e [0, 1], A = 1, . . . , 2g. Hence, y/[z] can also be interpreted as a homeo­
morphism 

(14.6.6) yr[z] : S*-> S[z], 

where S[z] = S^tz]) is the Riemann surface obtained by pasting together 
the sides of fP[z] as above. 

Now let z0 e f£ be an arbitrary point which will be kept fixed. We abbre­
viate S[z0] = 50, &K[z0] = < .̂ and ^[ZQ] = xK. For z e ^ we consider the 
homeomorphism 

(14.6.7) 0 = « z ] := y[z] - (V^tzoir1 : S0 -> S[ z]. 

In quadrilateral coordinates, 0 is given by 

<t>[z]oXJis,t)=xK[z](syt), ( j , f )e&, «c= 1 2 ^ - 1. 

From the properties of the mappings x (cf. (14.6.4) and (14.6.5)) and from 
Proposition 14.6.1 we have 
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14.6.8 Proposition, (i) 0 : S0 -> S[z] and <fl : S[z] -> S0 are Lipschitz-
continuous everywhere and smooth outside a compact set of measure zero. 

(ii) Denote by gK[z] the pull-back on @Kvia <f> of the metric tensor of 
&J.z], K= l,...,2g-hand let gKij(s,t) = gKij(s,t;z) andgJ

K
k(s,t) = 

gJ*(s, t; z) be the components ofgK[z] with respect to the quadrilateral coor­
dinates, 1 < ij, k<2. Then these components are real analytic functions on 
gftx££g which can be extended analytically onto an open neighborhood of 
Mx%g inR2x%g o 

In general, the tensors gK[z] do not match along the sides belonging to adja­
cent quadrilaterals. This causes no problem, for the tensors will only be used 
in connection with integration over S0. 

For each S[z] e STg we have the (2g - l)-tuple of tensors g[z] = 
(gi[zL.-.>g%-il>])onS0. 

The family {g[z] \z e Stg) is our model of Teichmuller space. 

Observe that we may construct this model on any given ,S0 e 9"g. 
Let us now pull back the function spaces from S = S[z] to S0 via the above 

homeomorphism 0= 0[z] : S0 —> S[z]. F o r / e C^iS) we let 

<PJ = / • 0. 
By Proposition 14.6.8 we have ^f e CL(S0)y and by (14.1.8), CL(S0) a 
//j(50). Since (j> is Lipschitz-continuous, there exist positive constants c0, cx 
such that || $J\V < cv\\f \\v for all/ e C°°(S), v = 0, 1. Hence, ^ maps every 
v-Cauchy sequence in C°°(S) onto a v-Cauchy sequence in H^SQ). We can 
therefore extend (p^ to a linear mapping 0^ : HV{S) —> HV(S0), v = 0, 1, with 
the property that || 0#H||„ < cv\\ u \\v for all u e HV(S0). Since the same argu­
ments hold for f \ we obtain 

14.6.9 Proposition. For v = 0, 1 the mapping 

^:tf„(S)-*//„(S0) 

is an isomorphism (but not an isometry) ofHilbert spaces with the property 
that for suitable constants c0, c, 

}N| V <| |^ | | V <C V H| V , «e//v(S). o 
Let us next pull back the sesquilinear forms and operators from 5 to S0. We 
use the following notation. Subscript S indicates a quantity on S = S[z], and 
subscript z indicates its pull-back on S0. Thus ( , )s is the inner product on 
H0(S), qs the quadratic form q on M = S as in (14.1.1) and Qs the Friedrichs 
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extension of the Laplacian on 5 as in Definition 14.2.4. The corresponding 
pull-backs on S0 are denoted by €v qz and Qz: 

€z[u, v] = ( ^ M , ^;V)S, w, v G H0(S0)t 
(14.6.10) qz[w, v] = qMlht, ftV], u, v e H ^ ) , 

Qz" = 0* ° Qs ° f*u> ueDz:= (f>*(H2(S)). 

(^(//2(S)) does not coincide with H2(S0) in general.) Qz and qz are related 
by the equation 

(14.6.11) qjii, v] = <fz[02w, v], u e Dz, v G //,(50) 

(cf. Proposition 14.2.5). Since 0^ is an isomorphism of Hilbert spaces, (f>% 
pulls back every closed operator on S to a closed operator on S0 and every 
bounded operator on 5 to a bounded operator on S0. In particular, Qz is a 
closed operator (cf. Exercise 14.3.1). From the spectral theorem of the 
Laplacian (Theorem 7.2.6) we then have 

14.6.12 Proposition. Let z e ^ c R6*"6, S = S[z] and Qz e ^(H0(S0)) 
be as above. Then Qz has a complete system of eigenfunctions (p0[z]y cp^z], 
. . . , inH0(S0) with corresponding eigenvalues 0 = A0(z) < Xx{z) < ... , 

where Xn(z) —» oo as n -> oo and where each Xn(z) coincides with the n-th 
eigenvalue Xn(S) of the Laplacian ofS = S[z].IfC, e C is not one of these 
eigenvalues, then (Qz- O"1 G 0B(//O(SO)). O 

Observe that the above sequence q>0[z], ^ [ z ] , . . . is orthonormal with re­
spect to the inner product €z but not with respect to the inner product (, )0 of 
H0(S0), in general. 

14.7 Reduction to Finite Dimension 

We now prove the basic theorem of this chapter. It states that in Teichmiiller 
space the eigenvalues of the Laplacian behave locally like the eigenvalues of 
an analytic family of matrices. Hence, the theorem gives access to the results 
from the analytic perturbation theory in finite dimensions (as, for instance, in 
Baumgartel [1]). For better reference, the theorem is stated in a form which is 
independent of the description of Teichmiiller space as given in the preceding 
section. The analytic structure in question is the standard real analytic struc­
ture of Teichmiiller space as defined in Section 6.3. (By Theorem 6.8.13, the 
parameters for Teichmiiller space commonly used in the literature are analytic 
with respect to this structure.) 
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We denote by M"+1 the set of all ((n + 1) x (n + l))-matrices with coeffi­
cients in C. 

14.7.1 Theorem. Let Q be an open neighborhood in R6g~6and let z H-> 
S[z] € 2Tgi z € Q,be a real analytic diffeomorphism of Q. onto some open 
neighborhood in ZTr We denote by Xk(z) the eigenvalues Xk(S[z]) of the 
Laplacian ofS[z]y k = 0 , . . . . Now consider z0 e Q and let n G N and 
b eRbe constants such that 

Xn(z0) <b< Xn+l (z0). 

Then there exists an open neighborhood U ofz0 contained in A and an open 
neighborhood V in C6g~6 satisfying V n R6g~6= Uy and a matrix valued 
function z\-*Az = (#iy(z)) € Mn+1, z G V, with the following properties. 

(1) For all z e U we have 

Xn{z)<b<Xn+l{z). 

(2) For z G U the sequenceX0(z),..., Xn{z) is the sequence of all eigen­
values {listed with multiplicities) ofAz. 

(3) The functions z H> fl/y-(z), Z G V , are holomorphic. 

Proof. For the proof we use the model of the preceding section with base 
surface S0 and let z0 G &g be the point with S[z0] = S0. By virtue of Propo­
sition 14.6.12, we prove the theorem in terms of the eigenvalues A0(z), 
Xx (z),.. . , of the operators Qz. 

We proceed in the following steps. First we extend qz, €z and Qz to com­
plex z. Then we show that for £0 not an eigenvalue of QZQ, the bounded 
operator-valued function (z, f) H» RZ(Q = (Qz - 0~l e @(H0(S0)) is well de­
fined and holomorphic in a neighborhood of (z0> £0) in C6g~6 x C. Finally, 
we use projectors to interpret A0(z),..., Xn(z) as the eigenvalues of a matrix 
Az, where the matrix-valued function z i-> Az is holomorphic in a neighbor­
hood of z0. 

We will from now on use Hv to denote HV(S0), v = 0, 1, 2. 

We begin with the extension to complex z. Recall that S0 = S[z0] is obtained 
by pasting together the sides of a polygon <P which is tessellated by quadrilat­
erals @x, . . . , @2g-1- T n e interior of each @K is isometrically embedded in S0, 
and for each fcwe have the diffeomorphism 

xK:@K->m={(s, t) G R 2 | 0<5 , t< 1}. 

For F, G G C°°(50) we denote by FK and G^ the coordinate representations 
with respect to xK: 
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FK = Fo(xKy\ G r = G o ( ^ . 

The forms €z and qz of (14.6.10) are given as follows 
2g-l 

SZ[F,G] = £ I FK(s,t)GK(s,t)0K(syt;z) dsdU 
2g-l r 

2g-i 2 r 

qz[F, G] = £ X djFK(s, t) dkGK(s, t) gJ
K

k(s, t; z)0K(s, t; z) ds dt, 
(14.7.2) 

2g-l 2 

where dl = d/dsy d2 = d/dt and 

dK(s, V, z) = Vdetfe^/s, t; z)). 

To simphfy the notation we abbreviate 

'='*. q = v e = e»-
Observe that € is the inner product (, )0 of H0, q is the quadratic form as in 
(14.1.1) for M = S0 and Q is the Friedrichs extension of the Laplacian on S0. 

By Proposition 14.6.8 there exists e> 0 and an open neighborhood Ul of 
z0 in R6*-6 such that the functions gK y(.s, t\ z) and g£(s, t\ z) are real analytic 
on ^ £ x [ / , . Note that in particular det(g„ i}(s, t; z)) > 0 on $lE x JJV There is 
therefore an open neighborhood Vx of z0 in C6g~6 such that the functions 
gKij(s, t; z), gJ

K
fc(s, t; z) and 0̂ .(5, t\ z) can be extended to smooth complex 

valued functions on $ht x Vx which are holomorphic in z for each fixed 
(5, t) e ffie. 

We now let gKjj, gJ
K

k and 6K denote these extensions. 

It then follows from Weierstrass' theorem (Narasimhan [1], p. 7) that for 
given F,G e C°°(S0) the functions z 1-̂  €Z[F, G] and z h-» qz[F, G] are holo­
morphic on V{. We shall extend this to elements of H0 and Hv 

For the next lemma we fix a small open neighborhood V of z0 in C6*"6 

whose compact closure is contained in Vj. We again use the short notation 
fr[w, U] = fr[w] for any sesquilinear form b. Recall that £[u\ = || w||o for 
UGH0. 

14.7.3 Lemma. Let z' e V. For any S>0 there exists an open neighbor­
hood V(z\ S)ofz' in V such that 

\€Z[F,G]- f,[F,G]\<S\\F\\0\\G\\0 
and 

\qz[F, G] - qz-[F, G]I < Sqm[F] qm[G] 

for all F, G e C0 0^) and for all z e V(z\ S). 
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Proof. We first consider the case F = G. 
Fix S > 0. By the uniform continuity of 0K on 0t x V there exists an open 

neighborhood W of z' in V such that \0K(s, t;z)- 0K(s, t; z')\ < ^Sd^s, t; z0) 
for all (s, U z) e 01 xW, K= 1 , . . . , 2 g - 1. For z e W 

2g-l r 

* ^II^IB. 
By continuity, and since the matrix (gJ^(sy t; z0)) is symmetric and positive 

definite for all (s> t) e 01 and all K, there exists a positive constant // such that 
2 

X *£*(*, *; z0) ^5* ^ MKI2 + Kl2) 

for all (fllf aj) e C2 and all (j, 0 e 08. We let W be an open neighborhood 
of z' in V such that 

I gJ
K

k(s, t\ z)6K{s> t; z) - gJ
K

k(s, t; z ')0Jis, t;z')\< \S/i 0K(s, t; z0) 

for all (s, u z) e 01 x W\ K = 1, . . . , 2g - 2 and l<j,k<2. Then 

2g-i 2 r 

I qz[F] - qz{F] | < | ^ £ X I <?,F,(s, 01 I W M 01 ^ > '; *o) ^ * 
K = 1 j,k = l Jgt 

2g-i 2 r 

^ f f i l ^ ( J , 0 < V ^ , 0#?(*, t\ zo)0K(s, t; z0) ^ dt 
K = \ j,k = \ Jgt 

= jSqiF]. 

We take V(z', 5) = W n W. 
In the next step we "sesquilinearize" the inequalities I €Z[F] - €Z{F] I < 

|5||F||o and lqz[F] - qz{F] I < |5q[F] using the following identity, in which 
p may be any sesquilinear form in a complex vector space. 

(14.7.4) p[x,y] = \(P[x + y]-p[x-y] + ip[x + iy]-ip[x-iy]). 

We only consider qz; the procedure for €z is the same. Let s and t be positive 
real parameters. Applying (14.7.4) to p = qz - qz> and using the identity q [x 
+ y] + q[x-y] = 2q[x] + 2q [y] (recall that q = qZQ is positive semi-def­
inite), we see that 
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I qz[F, G] - qz{Fy G] I = ~ Iqz[sF, tG] - qz{sF, tG] I 

= | 5 ( j q [ F ] + | q [ G ] ) . 

If q [F]=0 or q[G]=0, then the inequality of the lemma follows with 
t/s —> 0, or with s/t-^O, respectively. If q[F] and q[G] are different from 
0, then the inequality follows with sit = (q [G]lq[F])m. O 

By restricting V to a smaller neighborhood of z0 if necessary, we may 
assume, in the particular case z' = z0 and 5=1 , that 

V(z0, 1) = V. 

Lemma 14.7.3 together with Schwarz's inequality applied to the positive 
semi-definite form q then implies 

(14.7.5) K[F,G]|<2| |F| |0 | |G| |0 , |qz[F, G]| < 2q1/2[F]q1/2[G] 

for all z G V and all F,G G C°°(50). We may therefore extend the forms tz 
and qz from C°°(50) to //0 and //x : 

(14.7.6) €J[u, v] = lim <fz[̂ > G J , qz[M\ v'] = lim qz[F,', G,'], 
Jfc-» 00 /t—* 00 

where u,veH0 are the O-equivalence classes of O-Cauchy sequences {Fk} 
and {Gk} in C°°(S0), and w\ V' G Hl are the 1-equivalence classes of 
1-Cauchy sequences {F/ } and {G*} in Coo(5'0). 

In the next lemma the neighborhoods V(z\ 8) are as in Lemma 14.7.3. 

14.7.7 Lemma, (i) The function z \-+ fz[u, v] is holomorphic on Vfor all 
u,v e H0. 

(ii) Suppose z' e V and 8>0. Then 

\{z[u,v]-Uu>v]\<8\\u\\0\\v\\0 

for all z G V(z\ 8) and all M,VG H0. 
(iii) The function z\^>qz[u,v]is holomorphic on Vfor allu>v e Hv 
(iv) Suppose z' G V and 8>0. Then 

\qz[u,v]-qz{u,v]\< Sqm[u]q1/2[v] 

for all z G V(z\ 8) and all w, v G HV 

Proof. If u = [Fk] and v = [GJ , where {F*} and {Gk} are O-Cauchy 
sequences in C°°(50), then the functions z H» /Z[F*, G* ], & = 1, 2 , . . . , are 
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holomorphic as mentioned a few lines before Lemma 14.7.3. By (14.7.5), 
€£Fk, Gk] -* €z[u, v] uniformly on V. By Weierstrass' theorem, the func­
tion z h^ €z[u, v] is holomorphic. The same proof applies to qz. The inequali­
ties follow immediately from Lemma 14.7.3. O 

14.7.8 Proposition. There exists an open neighborhood V(z0) in C6g~6 

and a family of operators zt-> 6Z G ^(//0), z € V(z0), with the following 
properties. 

(i) The domain D(0Z) is l-dense in Hv 
(ii) qz[w, v] = €z[6zu, v]forallue D(0Z) andv e // , . 
(iii) (0Z + I)"1 e ®{H0)forallz e V(z0). 
(iv) Ifze V(z0) n R6*'6, then D(0Z) = Dz arcd 0Z = Qv where Dz and Qz 

are as in (14.6.10). 
If Co is a complex number different from the eigenvalues ofQ = QZQ, then 

there exists an open neighborhood V[ Co] c V(z0) ofz0 and an open neighbor­
hood £/(§)) of Co in C such that the following additional properties hold. 

(v) (0Z- CTl e ®(H0)forallze Vl^andall C e tf(«. 
(vi) The bounded operator-valued function (z, £) h^ (6Z - £)_1 is holomor­

phic on V[fiJxtf(?o). 

Proof. We let V(z0) De m e neighborhood V(z0, | ) as in Lemma 14.7.3 and 
Lemma 14.7.7. By Lemma 14.7.7(iv), 

|q z[M ,v]-q[M ,v] |< |q1 / 2[M]q1 / 2[v] 

for u, v G Hl and any z G V\Z0). By Theorem 14.3.5, there exists a closed 
operator 7Z G ^(H0) with properties (1) - (4) below. 

(1) The domain D(TZ) is l-dense in Hv 

(2) qz[w, v] = (Tzu, v)0for all u G D(7Z) and A// V G Hl. 
(3) (Tz + l) '1 = K(BZ + /T2)-1/^ G ^(//0), w/zere £z G ̂ (//0) is a bounded 
operator satisfying 

(Bzu, v)0 = qz|Xw, #v]/or all « ,ve # 0 . 

To state the next property of the operators Tz, we let Xk be the eigenvalues of 
<2, Xk - Xk(z0), k = 0, 1, . . . , and £0 a complex number different from these. 
We define 

p = | m i n U , - g , (/'(Co) = K e C | I C - g < p } . 
it 

There is then a constant c(£0) G ]0, 1 [ such that 

c(Co) < inf ^ f # r off f G (/'(CO)-
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By Lemma 14.7.7 there exists an open neighborhood V'[ £Q] of z0 in V'(z0) 
such that for z e V[ £ol and for u,v e Hx 

\qJLu, v] - q[u, v] | < c(ft)q1/2[ii]q1/2[v]. 

By points (v) and (vi) of Theorem 14.3.5 

(4) (T2 - C)"1 = K(B2 - CK2TlK G ®{H0) 

for any z e V ' [ £0] and any £ G U'(£0). 
We first prove that the family z h-» Z?z G £$(//0), Z e V"(zo)» is continuous. 

For this we fix z' e V'(z0)> let 8 be a positive number and consider any 
z G V(z\ 8), where V(z\ 8) is as in Lemma 14.7.7. We take 8 so small that 
V(z\ 8) c V"(z0). By Lemma 14.7.7 and by (14.2.10), for any u,v e H0 
with||ii||o = | |v| |o=l, 

\((BZ-Bz.)u,v)0\ = \(qz-qMKu,Kv]\ 
< Sqm[Ku]qm[Kv] < 8. 

Hence, || Bz - Bz> || < 8. This proves the continuity of the family z i-> Bz. 
By Lemma 14.7.7 and by Theorem 14.5.4, the family z h-» Bz is holomor­

phic on V"(z0). By Theorem 14.5.6 and by Exercise 14.5.2, we have this. 

(5) The family (z, f) K> (T2 - C)'1 is holomorphic on V'[ C0] x (/'(Co)-

We now introduce 0Z which represents qz with respect to €z rather than to 
t. (Recall that / =^ = (, )0.) By Lemma 14.7.7 applied to z' = z0 and to 8 = 
\, £z is a bounded sesquilinear form on H0 for any z G V(Z 0 ) . By the Riesz 
representation theorem there exists a bounded linear operator Lz G ^(H0) 
satisfying 

€z[u, v] = (Lzu, v)0, for u, v G S8(//0). 

By Lemma 14.7.7 and by Theorem 14.5.4, the family z H> LZ is holomorphic 
on V"(z0), the proof of the continuity of the family Lz being the same as for 
Bz. By Lemma 14.7.7, 

||LZ-1|| = ||LZ-LJ| = sup(^z-/Z0)[M,v]<|. 

(The supremum is over all u, v G H0 with || u ||0 = || v ||0 = 1.) This shows that 
L~l G 2ft(H0). By Theorem 14.5.6, the family z i-» L~l is holomorphic on 
V'Uo). We define 

D(0Z) = D(TZ) 0z = L;lTz 

for any z G y(zo)- By Exercise 14.3.1(iii), 6Z is a closed operator. Together 
with (1) and (2) we obtain (i) and (ii) of Proposition 14.7.8. 
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We let V(zo) c V'(zo) be an open neighborhood of z0 such that 

(6) | | (T ; + l r lHL, - i | | < i 

for z € V(z0). For £0 as above we let V[ Q] <z V(z0) nV'[ £0] be an open 
neighborhood of z0 and let U(£0) c (/'(Co) ^ a n °Pe n neighborhood of £0 
such that for any z e V[ £0] and any £ e (/(£0) 

(7) i ci II (^, - c r 1 ii || ̂  - 1 1 | < i . 
Now consider the pair (z, Q where either z e V(z0) and £ = - 1 , or else 
z £ ^[£o] and ^ e [ / (Q. Lemma 14.3.2 implies that the operator 
(1 - C(TZ - CT\LZ - 1)) has a bounded inverse, and we check that this 
operator restricted to D(TZ) is a one-to-one mapping of D(T2) onto itself. It 
follows that 

6Z- C = L-Z\TZ- 0(1 - t(Tz - CTl(Lz - 1)), 

and that 6Z - £ has the bounded inverse 

(0Z - c r 1 = (i - C(rz - CT\LZ - i)y\Tz - ;ylLz. 

When (z, £) e V(z0) x {-1 } this is property (iii) by virtue of (6); when 
(z, O e V[£0] x (/(Co) this is (v) by virtue of (7). By Theorem 14.5.6, by 
(5) and by Exercise 14.5.2, the family (z, £) H» (0Z - £)_1 is holomorphic on 
nC0]x^(Co).Thisis(vi). 

To prove (iv) we let z e V(z0) u R6*'6. Then (H0, €z) is a Hilbert space 
which is isometric to H0(S[z]) under the isomorphism 0^ : H0(S[z]) —> 
^o(^o) = ^o a s m Proposition 14.6.9. Using the same proposition note that 
0^ is also a one-to-one mapping from H^Siz]) onto H0(S0). Together with 
(14.6.10) we translate point (iii) of Proposition 14.2.5 as follows. 

Dz = D(QZ) = {u e Hx | there exists u' e H0 satisfying 
£z[u\ v] = qz[u, v] for all v e HY}. 

By point (ii) of Proposition 14.7.8, D(0Z) e D(<2Z). Moreover, this with 
(14.6.11) shows that <,[0zw, v] = tz[Qzuy v] for all v e i / j . Since Hx is 
dense in the Hilbert space (//0, /z) (cf. Proposition 14.6.9 and (14.6.10)), it 
follows that 6zu = Qzu for all u e D(0Z). Now Qz is the pull-back on S0 of the 
Friedrichs extension of the Laplacian of S[z]. Therefore, -1 belongs to the 
resolvent set of Qz. In particular, Qz + 1 is one-to-one. Since 0Z + 1 has range 
//0, we conclude that D(0Z) = D(QZ). Proposition 14.7.8 is now proved. O 

We turn to the proof of Theorem 14.7.1. Let T be an admissible Jordan 
curve in the resolvent set p(Q) = C - {A0(z0), A^ZQ), . . . } such that 
Av(z0) e int Tfor v = 0 , . . . , n, and Av(z0) e ext Tfor v> n + 1. 
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U(d) 

- K — K -
-1 * 0 A>n + 1 

Figure 14.7.1 

We first work with complex z. Consider the family of operators 
0Z, z e V(z0) as in Proposition 14.7.8. For every £0 on Fwe have the neigh­
borhoods nCol c V(z0) cC 6 «" 6 of z0 and U(C0) c C of Co as in Proposi­
tion 14.7.8. By the compactness of T, there exist finitely many such points, 
say Ci» • • •» Cw s u c n that the corresponding neighborhoods £/(£i), • • •» ̂ (Cw) 
cover 7". We define 

V = V[CJ n . . . n V [ g , C/r= £/(£) u . . . u U((N). 

By Proposition 14.7.8, 

Ur is contained in p(0z) 

for any dz with z e V, and the family (z, Q i-> rtz(£) := (0Z - C)~l e $(//0) is 
holomorphic o n K x [ / r . Letting 

= "il̂  r(o« 
as in Section 14.4, we obtain a holomorphic family z H> PZ e 55(//0), z e V. 
Note that the integral is holomorphic by virtue of Theorem 14.5.5. By 
Theorem 14.4.8, Pz is a projector with range PZ(H0) c D(0J and with the 
property 

OZPZU = PAPZU - - J L - J {K z (0"# 

for all w e //0. By restricting V to a smaller neighborhood of z0, if necessary, 
we obtain 

\\Pz-Pj<\forall zeV. 

By Lemma 14.4.6, dim PZ(H0) = dim PZQ(H0) for any z e V. By Theorem 
14.4.12, />Zo(//0) = E(X0, G) + . . . + ̂  Q) (recall that 0 = &* = K )• I n 

particular, if {<p0, <ply . . . } is the complete sequence of eigenfunctions of Q 
with respect to A0(z0), Xx (z0),... , then 
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(p0, . . . , (pn is a vector space basis ofPZQ(H0), 

and by Lemma 14.4.6, 

Pz(p0, . . . , Pz(pn is a vector space basis ofPz(H0\ 

for any z e V. By Exercise 14.5.2, the products (Pz(pp Pz(pi)o a r e holomor­
phic functions of z, for /, k = 0 , . . . , n. By Theorem 14.4.8(v), the family 
z h-> Pz0zPz is holomorphic. We obtain therefore by Cramer's rule that the 
coefficients tf,;(z) in the linear combination 

pzezpz(Pz(Pi) = £ aij(z)Pz<pj 
j=0 

are holomorphic for z e V. By Theorem 14.4.8, 0Z restricted to PZ(H0) coin­
cides with Pz0zPz and is given by the matrix AZ = (<2ty (z)). Now let 

U = VnR68~6 

and letz e £/. Then, by Proposition 14.7.8(iv), 6Z = Qz, and by Proposition 
14.6.12, Qz has a complete sequence of eigenfunctions. Only finitely many 
eigenvalues of Qz are contained in int T, and since Tis contained in p(0z), all 
the remaining eigenvalues of Qz are contained in ext T. By Theorem 14.4.12, 
PZ(H0) is spanned by the eigenspaces corresponding to the eigenvalues of 
6Z = Qz which are contained in int F. Since dim PZ(H0) = dim PZQ(H0) and 
since the eigenvalues are listed in increasing order, these eigenvalues are 
A0(z),..., A„(z). Hence, for any z e U, the inequality A„(z) < b < An+1(z) 
holds, and A0(z),..., Xn{z) are the eigenvalues of Az. Theorem 14.7.1 is 
now proved. O 

14.8 Holomorphic Families of Laplacians 

In this section (it will not be needed afterwards) we shall interpret 0Z occur­
ring in Proposition 14.7.8 as a holomorphic family of Laplacians in the sense 
ofKato[l],p. 366. 

Let Z B T Z with Tz: X ^ X be a family of operators in a Banach space X, 
where z e W and W is an open subset of Cm. The family Tz is called holo­
morphic if there exist bounded holomorphic families Az e S9(X) and 
Bz G ®(X), z e W, such that for all zeW, D(TZ) = R(AZ) and TZAZ = Bz. 
The domains D(TZ) depend on z in general. 

Consider now the family 9Z as in Proposition 14.7.8. For z e V as in the 
proposition, (0Z + l)"1 is bounded holomorphic, and 
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e2(oz + lr 1 = (ez + i)(e2 +1)-1 - (ez + iyl = 1 - (ez + irl 

is bounded holomorphic. Hence, 6Z is holomorphic in the more general 
sense. 

We can restate the preceding remark together with Proposition 14.7.8 in a 
global form. For this we pull back the structures from S[z] to a fixed base 
surface - for instance the surface S* of Section 14.6 - for all z G & . We use 
the homeomorphism y4z] : S* -» S[z] as in (14.6.6). Note from the defini­
tion of the homeomorphisms 0 = 0[z] : 50 = 5[z0] —> S[z] that 

(14.8.1) 0[z]ov4zo] = y[z], 

For any z G 2E we now let Qz e ^(H0(S*)) denote the pull-back on S* of the 
Friedrichs extension of the Laplacian of S[z]. By abuse of notation we may 
take the family Qz, z G fg, as the family of the Laplacians of the compact 
Riemann surfaces in the Teichmuller space STg. 

14.8.2 Theorem. There exists an open neighborhood £tg of$£g in C6g~6 

and a holomorphic family of closed operators 6Z e ^(//0(S*)), z e ^ , with 
the following properties. 

(i) Ifze%gthendz = Qz. 
(ii) (0Z + l)"1 G ®(H0(S*))for all z G &g and the family (0Z + 1)_1 is 

bounded holomorphic on §tg. 
(iii) Let z' G 2£g and let W be a connected open neighborhood ofz' in 2tg. 

If Zz, z G W, is a family of closed operators such that Ez = Qzfor all 
z G W n ®tg and such that (Zz + l)"1 G 3ft(H0(S*)) is bounded holomorphic 
for zeW, then Zz = 0zfor all z eW. 

(iv) Let z0 G 2£g and let Co G P(Qz0)- Then there exists an open neighbor­
hood V of z0 in 0£g and an open neighborhood U of Co in C such that 
(0Z- f)"1 e ®(HQ{S*)) for all ( z , f ) e V x [ / and such that the family 
(6Z- C)~l is bounded holomorphic onVxU. 

Proof. Let z0 G 3£g and let V(z0) cz C6g~6 be the neighborhood of z0 as in 
Proposition 14.7.8. By restricting V(z0) to a smaller neighborhood of z0, if 
necessary, we may assume that V(z0) is connected and that for any z = 
( z x , . . . , z^.g) G V(z0) the real part % z := ( % zlt . . . , % z6g_6) belongs to 
V(z0). 

Let 0Z with z G V(Z0) be the family of operators on S0 = S[z0] as in 
Proposition 14.7.8. If z G V(Z0) n ^ , then (14.8.1) implies that the pull-
back of 6Z on S* via v4zo] coincides with <2r We may therefore remain nota-
tionally consistent and denote the pull-backs of all 6Z again by 9Z. Since 
y/[z0] induces isomorphisms between the Hilbert spaces HV(S0) and HV(S*) 



Ch.14, §8] Holomorphic Families of Laplacians 399 

for v = 0, 1 (Proposition 14.6.9), the statements of Proposition 14.7.8 re­
main valid on S*. 

We let §fcg be the union set of all V(z0) for z0 e 2Eg. For the proof of the 
theorem it remains to show that for overlapping neighborhoods V(z0) and 
V(ZQ) the pull-backs via y/[z0] and W\.z'o\ coincide, and that we have (iii). 
Both statements follow from the following uniqueness argument. 

Let z' G V(z0) and let W be a connected open neighborhood of z' in 
C6*"6 together with a family of operators Zz in H0(S*) such that (Zz + l)"1 is 
bounded holomorphic and such that Ez - 6Z for z e V(z0) n W n %%. 
Assume also that %g.z e W for all z G W. Then for u, v e H0(S*), the func­
tion z F-» (((0Z + l)"1 - (Zz + 1) ~l)u, v)0 is holomorphic and vanishes on 
V(z0) nW n R6*-6. It vanishes therefore on K(z0) n W, meaning that 
(6Z + l)"1 = (2i + l)"1 and thus Zz = Bz for all z e 7(z0) n W. o 

In view of the preceding theorem we may take the operators 0Z, z e ££g as a 
holomorphic family of Laplacians. 

14.9 Analytic Properties of the Eigenvalues 

In this section we draw conclusions from Theorem 14.7.1 concerning the 
eigenvalues. (Section 14.8 will not be needed.) We show that they are real 
analytic functions (of several real variables) in neighborhoods where they are 
simple. Then we prove that along real analytic curves in Teichmiiller space 
the eigenvalues are analytic functions (now of one variable) even at those 
points where they have multiplicities. 

To simplify the notation in the first theorem, we let A_1() = -oo. The theo­
rem is stated with respect to the standard real analytic structure of Teichmiiller 
space as defined in Section 6.3. 

14.9.1 Theorem. Let S0 e ^ , let a and b be real numbers, a<b, and let 
mandnbe integers, m<n , such that 

Xm_ .(So) <a< US0) * ^ USo) <b<K+i W -
Then there exists an open neighborhood U of S0 in 3~g such that 

Xm_ ,(S) <a< Xm(S) < . . . < Xn(S) <b< Xn+l(S) 

for allS G U and such that for any symmetric function aof(n + l-m) vari­
ables the function S H-> <y(Xm(S), . . . , Xn(S)) is real analytic on U. In particu­
lar, Xn(S) is an analytic function in a neighborhood ofS0 ifXn(S0) is a simple 
eigenvalue. 
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Proof. It suffices to consider the case m = 0. We let the neighborhoods U c 
R6*-6, V c C6*""6 and the matrices Az G Mn+\ z G V, be as in Theorem 
14.7.1. The eigenvalues are now the eigenvalues of Az> and we get for any 
integer k, 

AQ(Z) + .. . + A*(z) = trace A*. 

This shows that for any k the function z h^ AQ(Z) + .. . + A*(z), z G U, is the 
restriction to U of a holomorphic function on V. Since any symmetric func­
tion is a polynomial expression of power sums, this proves the theorem. O 

As a supplement to Theorem 14.9.1 we show that the eigenvalues Xn(S) vary 
with uniformly controlled speed as S varies through 5^. The statement is in 
terms of the Teichmuller distance S as defined in Section 6.4. We recall that 
this distance function is compatible with the standard topology of &. 

14.9.2 Theorem. Let M, S e &g at distance S= S(M, S). Then for any 
neN, 

e-4\(M)<Xn(S)<e4X(M). 

Proof. Let <j>: S -» M be a piecewise smooth #-quasi isometry. By the def­
inition of the distance function 8, it suffices to show that 

Xn(S)<q\(M). 

We use that 0 induces a mapping / H > / ° 0 from CL(M) to CL(S) (cf. 
Definition 14.1.5 and Lemma 14.1.6). We let <p0, (ply . . . and y/0, \ffx, ... be 
complete orthonormal sequences of eigenfunctions of the Laplacian on M and 
S respectively. We denote by R the Rayleigh quotient 

J||grad/||2dM 
R(f,M) =-V— , 

\fdM 

where/ G CL(M) and || || and grad are taken with respect to the given metric. 
Since 0 is a g-quasi isometry, we have || grad(/ ° <p) || < q\\ grad/||. An ele­
mentary argument from linear algebra shows that we have the stronger 
inequality || grad(/ • 0) fdS < q2\\ grad/||2dM. This yields 

R(f°(t>,S) < q4R(f,M). 
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Now let/be any linear combination/= c0cp0 + . . . + cn(pn. Then, by Green's 
formula, R(f M) = (Xx(M)c\ +...+ Xn(M)c2)/(c] + . . . + c2) < Xn. There 
exists a choice of coefficients c0, . . . , cn such that/0 <p is a non-zero function 
on 5" which is orthogonal to \j/0, . . . , \f/n_ j . For this choice we have, again by 
Green's formula, R(f • 0, S) > Xn(S). This gives us the string of inequalities 
Xn(S) < R(f. 0, 5) < ^4/?(/, M) < ^4An(M). O 

We like to mention that Theorems 14.9.1 and 14.9.2 do not allow us to 
prove the analyticity of the individual eigenvalues. Although we have not 
constructed explicit counterexamples in Teichmuller space for this, the fol­
lowing example of an analytic family of positive definite symmetric matrices 
shows that the analyticity of the individual eigenvalues is likely to fail at 
points where they occur with multiplicities. The example is due to Rellich 
[1], the variables are (xlt x2) e R2. 

fl + 2xl xl+x2\ 
\Kxl+x2 \+2x2) 

The eigenvalues of these matrices are given by the two-valued function 

Xl2{x) = 1 + xx + x2 ± V 2{x\ + x\). 

The graph of this function is a cone, and thus there exists no pair of analytic 
functions which would represent it in a neighborhood of x - 0. 

We observe, however, that if we restrict this function to analytic curves 
through the origin, for example the line n-» (at, fit) e R2, t e R, then the 
restriction of X^ 2 to this line is indeed represented by two analytic functions; 
in our example these functions are 

€xif) = l+t(a+p±^2(a2 + p2)). 

Hence, the eigenvalues may become more regular if we restrict ourselves to 
one variable. This has been shown by Rellich [1] for operators in finite di­
mensional spaces and later in more generality. In conjunction with Theorem 
14.7.1 we translate this to analytic curves in Teichmuller space to obtain the 
following improvement of Theorem 14.9.1 in the case of one variable. 

14.9.3 Theorem. Let I <= R be an interval and let t\^S(t) e 2Tg, t e / , 
be a real analytic curve in Teichmuller space. Then there exist real analytic 
functions fk:I->R,k = 0, 1,. . . such that for any t e I the sequence f0(t), 
f(t),... is the sequence of all eigenvalues of the Laplacian ofS(t) (listed 
with multiplicities, though not in increasing order). 
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Proof. In view of Theorem 14.9.2, it suffices to prove that if t0 e /, n e N 
and b > 0 are such that Xn(S(t)) <b< Xn+l(S(t0)), then there exists an open 
interval I0 containing t0 and real analytic functions g0, . . . , gn : I0 —> R such 
that for any t G /0 n / the inequahty Xn(S(T)) <b< Xn+l(S(t)) holds and such 
that, up to a permutation depending on t, the sequence g0(f), . . . , gn(t) coin­
cides with the sequence X0(S(t)), . . . , Xn(S(t)). This statement, in turn, is a 
consequence of Theorem 14.7.1 and the next theorem. O 

The theorem in question is Rellich's theorem [1], which we state in a slightly 
restricted form; for the general form we refer to the original paper, or to 
Baumgartel [1], section 3.5, or to Kato [1], chapter II, §6. 

We let G be an open subset of the complex plane C. A matrix valued func­
tion s h-> As = (aij(s)) G M^, s G G, is called a holomorphic family if the co­
efficients ai} are holomorphic functions on G. 

14.9.4 Theorem. Let s\-$ As G MN
y s G G, be a holomorphic family of 

matrices. Let S0G G and assume that for any s = s0 + t G G with t G R the 
eigenvalues ofAs are real. Then there exists an open neighborhood G' ofs0 
in G and holomorphic functions hly ..., hN: G' -> C such that for s G G' the 
eigenvalues ofAs {listed with multiplicities) are hx(s), ..., hN(s). 

Proof. We denote by H(G) the ring of all holomorphic functions and by 
M(G) the field of all meromorphic functions on G. The eigenvalues of As are 
the roots of the characteristic polynomial 

Z(s; X) = XN + a^^X"-1 + ... + a0(s), 

where ak e H(G), k = 0, . . . , N - 1. We shall prove Theorem 14.9.4 solely 
by looking at the roots of % as functions of s. For this we first prove some 
general facts about polynomials. 

We use the following conventions and notations. When speaking of roots 
of a polynomial or of eigenvalues, then we shall always take them to be listed 
according to their multiplicities. For r > 0 and for w e C we denote by Br(w) 
the open disk Br(w) = { s G C | l . y - w | < r } and by Cr(w) its boundary, 
Cr(w) = { s e C | | j - w l = r } . 

Now let 

p = p(s; X) = Xm + «m_1(5)Am-1 + . . . + a0(s) 

be an arbitrary polynomial of degree deg(p) = m with coefficients in H(G) 
and leading coefficient 1. If p(s\ X') = 0, we shall say that X' is a root ofp 
for s\ If, for fixed s' the polynomial X i-> p(s\ X) has a Mold root at X\ then 
X' will be called a k-fold root of p for s'. In (1) - (5) we prove a number of 
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general facts about p. We begin with the continuity of the roots. 

(1) Let s' G Gy X' G C and assume thatp(s'; A') = 0. IfX is a k-fold root of 
pfor s' and ife>0, then there exists 8 > 0 such that for any s G BS(S'), p 
has k roots for s contained in BE(X'). 

Proof. We write p in the following form 

p(s;X) = (X-XT + bm_l(s)(X-X')m-l+ ...+b0(s). 

By assumption, b0(s') = . . . = b^^s') = 0, bk(s') * 0. For s in a suffi­
ciently small open neighborhood of s' we may thus write 

p(s; A) = bk(s)(X- A')*(l + u + v), 

where 

v = v(,;A) = ^ | (A-r ) - + . . . + ^f a_A T l . 

There exists p > 0 and o > 0 such that for any s e Ba(s') and any A G Bp{X') 
the inequality \u(s; A)I < \ holds. Now let e G ]0, p[. Then there exists 8 > 0 
such that for any s G ^ ( .S ' ) and any A G Ce(A') the inequality |v(s; A) I < \ 
holds. For any fixed s e Bs(s'), Rouche's theorem applied to the holomor-
phic function A h^ p(s; A), A G BE{X') U C£(A') tells us that this function has 
k roots in BE{X'). O 

(2) Let s' G G, A' G C #rcd assume thatp(s'; A') = 0. //A' is a simple root 
ofpfors', then there exist open neighborhoods Bs(s'), BE{X') and a holo-
morphic function £: Bs(s') —» BE(X') such that for any s G BS(S') and for any 
X G BE(X') the equation p(s; A) = 0 holds if and only ifX = €(s). 

Proof. By (1) there exist e > 0, 8 > 0 and a continuous function / : B^s') —» 
BE(X') with these properties, and it remains to show that £ is holomorphic. 
Denote by px and/?2

 t n e partial derivatives of p with respect to s and A re­
spectively. Fix s G 55(.y') and let A = £{s). For £ and co small in absolute 
value and satisfying €{s + Q = X + co we then have 

0 = p(s + £ A + 6o) - /?0; A) = CPito A) + ft)/?2(s; A) + r, 

where |r| < cflCI2 + \co\2 + \£co\) for some constant c> 0. By the known con­
tinuity of /, such co exists, and we have co -» 0 as £ —> 0. By the simplicity 
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of the root X for s (recall the properties of £ which are already established), 
we have p2(s; X) ■*■ 0. Therefore, the limit of colC for £ —> 0 exists, that is, 
€ is complex differentiable at s. O 

(3) Assume thatp -p'p'\ where p' andp" are polynomials with coefficients 
in M(G) and leading coefficients 1. Then the coefficients are in H(G). 

Proof. Let s* e G. We show that the coefficients of/?' and/?" have no poles 
in s*. 

There exists a neighborhood W of s* whose closure is compact and con­
tained in G such that the coefficients are holomorphic in W- {s*}. By (1), 
there exists a constant K > 0 such that whenever s e W and A e C with 
p(s; X) = 0, then \X\ < K. 

Now fix s G W - {5*} temporarily. Then/?,/?' and/?" become polyno­
mials with coefficients in C and decay into linear factors. Any such factor 
(X- c) (where now c e C) of/?' or/?" is also a factor of/? and has therefore 
the upper bound Id < K. This shows that, now again for variable s, the coef­
ficients of/?' and/?" are bounded functions onW- {5*}, that is, they have 
no poles in s*. O 

According to (3), /? (with leading coefficient 1) is irreducible in the ring of 
polynomials with coefficients in H(G) if and only if it is irreducible in the ring 
of polynomials with coefficients in M(G). We shall thus simply say that/? is 
irreducible if either is the case. 

(4) Let q be another polynomial with coefficients in H(G) and leading coef­
ficient 1. Assume that 1 < deg(<?) < deg(/?) - 1. If there exists s' e G and a 
sequence {sn }^j in G - \s') with sn —> s' such that for each n there exists 
X(n) G C satisfying p(sn; X(n)) - q(sn; X(n)) = 0, thenp and q have a non-
trivial common divisor with coefficients in H(G). In particular, p is not irre­
ducible. 

Proof. By virtue of (3) it suffices to prove this statement with H(G) replaced 
by M(G). We can then dispense with the condition about the leading coeffi­
cients and, since M(G) is a field, apply the Euclidean algorithm: write p = 
hq + r, where h and q are polynomials with coefficients in M(G) and deg(r) < 
deg(<?) - 1. If deg(r) = 0, that is, if r e M(G), then the hypothesis implies 
that r(sn) = 0 for all n, and consequently r = 0. In this case q is a common 
divisor. If deg(r) > 1, then q and r satisfy the same hypothesis as p and q, 
and we can repeat the argument. We thus obtain the common divisor in a 
finite number of steps. O 
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(5) Ifp is irreducible and ifs' e G, then there exists an open neighborhood 
Bs(s') such that for any s e B^s') - {s'} the polynomial X\-^p(s; X) has 
only simple roots. 

Proof. This follows from (4) by taking q = ~dp/dX <> 

We return to the characteristic polynomial % ~ X(s> ^) °f As. In the ring of 
polynomials with coefficients in M(G), % may be decomposed into irreducible 
factors, and by (3) we can write the decomposition such that each factor P is 
a polynomial with coefficients in H(G) and leading coefficient 1. It suffices to 
show that the roots of any such P are holomorphic functions in a neighbor­
hood of s0. (This is no longer a general property of polynomials, and we 
shall use the assumptions about As in the proof.) 

Let X0 be a fc-fold root of P for s0. We must find neighborhoods B£s0) and 
BE(X0) and k holomorphic functions hly . . . , hk: B^s0) —» BE(X0) such that for 
any s e B£s0) and any X G BE(X0) the equation P(s; X) = 0 holds if and only 
if X - hK(s) for some x: e {1, . . . ,&} . 

For k = 1 this was shown in (2) and we may thus assume that k > 2. We 
let e > 0 be so small that all roots of P for s0 different from X0 are further 
apart from X0 than 2e. By (1), there exists S > 0 such that for any s e B2s(s0), 
P has exactly k roots for s contained in BE(X0). By (5) we may take this S 
such that, in addition, all roots ofP for s e B2^s0) - {s0} are simple. We fix 
s' = s0 + <5. The polynomial P has k pairwise different roots X^s'), . . . , 
Xk(s') in BE(X0) for s\ Let us first consider Xl(s'). 

By (2), there exists a holomorphic function ^ defined in a neighborhood 
of s' satisfying £x(s') = X^s') and P(s; £x(s)) = 0 for all s in this neighbor­
hood. Now we go once around C^s0), starting at s\ and construct an analytic 
continuation of €l around Cs(s0). This is possible because the roots are con­
tinuous functions of s, for s e B2s(s0). As we come around, back to s\ we 
obtain a holomorphic function €2 defined in a neighborhood of s' satisfying 
P(s; £2{s)) = 0 for s in this neighborhood. If £2 is different from €l9 then, as 
P has only simple roots for s\ we also have £2(s') * ^(.?')• If this is the 
case, we go around C^s0) a second time to obtain £3, and so on. Eventually 
we find an integer n such that for the first time €n+1 = €v For the functions 
€ly ..., €n thus obtained, analytic continuation along C^s0) induces the cyclic 
permutation ^, B /2 , £2\^> €3t . . . , €n H> €V We uniformize these functions 
using the mapping £H> S0 + 8£n which maps a tubular neighborhood of the 
unit circle C{(0) onto a tubular neighborhood of Cjis0). Thus we get a holo­
morphic function L defined in a tubular neighborhood of C{(0) with the prop­
erty that fory = 1, . . . , n and for £ in a small neighborhood of f ■ = e2m(i "1)/n 

we have 
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(6) L(Q = tfio + 8?). 

Using analytic continuation we see that L has a holomorphic extension onto 
the punctured diskB^O) - {0} satisfying 

(7) PiSo + SClUO) = 0. 

By (1), L has a continuous extension into £ = 0, and thus L has a holomor­
phic extension onto the full disk Bx{0). We now show that n = 1. This will 
imply that the function £x has a holomorphic extension hx on the disk B^s0) 
satisfying h^s') = X^s') and P(s; hx(s)) = 0 for all s e Bs(s0). Since the 
same arguments may also be applied to X2(s'), . . . , Aft(s')» this will conclude 
the proof of Theorem 14.9.4. 

To prove that n = 1, we use that, by the hypothesis of the theorem, all 
roots of P for s0 + t e G are real if t is real. 

In view of (7), this hypothesis implies that L(Te27d(j~m) e R for 0 < r < 1 
and for j = 1, . . . , n. For the coefficients c0, cx,... in the power series 
expansion 

L(0 = c0 + clC+c2C2 + ... 

this implies that c- G R if j is an integer multiple of n and that cy = 0 if j is not 
an integer multiple of n. In particular, 

L(0 = c0 + cnC + c2nt2n + ... . 

Together with (6), applied to the case f = £2 = e2OT /n, we obtain the sequence 
of equations /2(j') =€2(s0 + SQ = L(Q = L(l) = A(50 + 5) = ^( j ' ) , that is, 
AI = 1. Theorem 14.9.4 is now proved. O 

14.10 Finite Parts of the Spectrum 

We denote by $lg = 3'gIMg the space of all compact Riemann surfaces of 
genus g. For any e > 0 we denote by $lg{e) the subset of all S e @lg with 
injectivity radius > e. As an application of the analyticity of the eigenvalues 
given in the preceding section, we prove the analog of Theorem 10.1.4 for 
the eigenvalues (Buser-Courtois [1]). As in the proof of Theorem 10.1.4, we 
use that analytic varieties are Noetherian. A difficulty arises from the fact 
that, in contrast to the geodesic length functions, the eigenvalues are not 
globally defined analytic functions on Teichmuller space. The difficulty is 
bypassed by using a theorem of Bruhat-Cartan [1], which states that, under 
suitable conditions, points on a real analytic variety may be joined by analytic 
curves on the variety. For the full statement of the theorem and its proof we 
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refer the reader to Bruhat-Cartan [1]. 

14.10.1 Theorem. For any e > 0 there exists an integer m(g, e) with the 
following property. If 5, F e ^(e) and if Xn(S) = Xn(F) for n = 0 , . . . , 
m(g, e), then S and F are isospectral. 

Proof. By Theorem 6.6.5, there exists a compact subset Q(e) c &g such that 
any S e &tg(£) is represented by an element in Q(e). It suffices therefore to fix 
any pair (50, F0) e ZrgxZTg, and to find an open neighborhood U0 of 
(S0, F0) in 9~g x &g together with a positive integer N such that the following 
holds: if (5, F) e U0 and if A,<5) = At-(F), for i = 0, . . . , N, then 5 and F are 
isospectral. 

If S0 and F0 have different spectra, then there exists N such that XN (S0) * 
XN(F0). By Theorem 14.9.2, there exists an open neighborhood U0 of 
(50, F0) in &g x &g such that XN(S) * XN(F) for any (S, F) e U0. Hence, 
nothing has to be proven in this case, and we may from now on assume that 
S0 and F0 have the same spectrum. 

Let Lv L2,... with Ll<L2< ... be an infinite sequence of positive 
real numbers such that no Lk is an eigenvalue of S0 and such that Lk —» oo as 
k —» oo. By Theorem 14.9.2, there exists, for each Lk, a neighborhood Uk of 
(50, F0) in 5^ x &g such that if (5, F) e £/*, then the spectra of S and F do 
not contain L .̂ For simplicity we take these neighborhoods in such a way 
that 

£/1=)£/2z>... , 

and such that the boundary of each Uk is a smooth connected real analytic 
subvariety of STg x 3~g. For each k there exists an integer k* such that 

(1) Xk*(S)<Lk<Xk*+l(S), Xk*(F)<Lk<Xk*+l(F), 

for any pair (S, F) e Uk. We define 

(2) Ak = {(5, F) e (7, | Af(5) = AZ(F), / = 0, . . . , * * } . 

By Theorem 14.9.1, AA is a real analytic subvariety of Uk. Since the germs 
of analytic functions at a given point form a Noetherian ring (Grauert-
Remmert [1]), and since fory > k we always have Aj <z Ak n C/y, this implies 
that there exists an integer K satisfying 

(3) Aj = AKn Uj for all j > K. 

By the theorem of Bruhat-Cartan [1], there exists an open neighborhood U0 
of (50, F0) in UK such that for any (S, F) e AKn U0 an analytic curve can be 
found which is contained in AK n U0 joining (50, F0) to (S, F). 
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Now let (5, F) e U0 and assume that Xt(S) = X£F) for i = 0, . . . , Nt 
where N = K* (cf. (1)). We want to prove that 5 and F are isospectral. For 
this we recall that (S, F) e AK and let 

f i-> C{t) = (S(t), F(t)) e AKn U0, t e [0, 1], 

be a real analytic curve, with C(0) = (S0, F0) and C(l) = (5, F). Then we let b 
be any (large) positive real number. By Theorem 14.9.3, there exists an inte­
ger M and two sequences of real analytic functions fm : [0, 1] —» R, gm : 
[0, 1] -» R, m = 0, . . . , M, such that for any t e [0, 1] the/m(f) and gm(t) 
are eigenvalues of S(t) and F(f), respectively, and such that the subsequence 
of all/m(0 < b (respectively, all gm(t) < b) coincides, up to a permutation, 
with the subsequence of all eigenvalues < b of S(t) (respectively, F(f)). 

In view of (2) and (3) we can renumber the functions gm such that for some 
8 > 0 we get 

Lit) = gm(t\ m = 0 , . . . , M , 

for all t e [0, S\. By the real analyticity of the functions, these equations then 
hold for all t e [0, 1]. Hence, the eigenvalues < b of S coincide with the 
eigenvalues < b of F. As b was chosen arbitrarily, this proves Theorem 
14.10.1. O 

We remark that the property of having a small injectivity radius can be seen in 
a finite part of the spectrum: if p is the injectivity radius and A the number of 
eigenvalues in [|, \] of a compact Riemann surface S of genus g, then 

qk>g- < A < c2log-, 

where cx and c2 are constants depending only on g (Buser [5]). 
As in Buser-Courtois [1], we conjecture that Theorem 14.10.1 holds with 

a constant which depends only on g. 



Appendix 

Curves and Isotopies 

Teichmuller theory hinges strongly on the fact that homotopies of simple 
curves can be carried out by surface homeomorphisms. The necessary theo­
rems have been studied by Baer [1], Epstein [1], Zieschang [1] and others. 
We reprove these theorems for completeness. The proofs are similar to those 
in the literature but are not based on piecewise linear mappings. At certain 
points we use hyperbolic geometry. In the final part we give an application to 
the mapping class group of the 3-holed sphere and to length decreasing 
homotopies. 

The Theorems of Baer-Epstein-Zieschang 

Throughout the appendix we make the following assumption. 

A.O Assumption. S is a smooth compact connected orientable two dimen­
sional manifold with possibly empty piecewise smooth boundary. At any 
boundary point p of S where the boundary is not smooth, we assume that the 
adjacent arcs do not have parallel tangent vectors. 

Since all compact surfaces of the same signature are homeomorphic, this is 
no restriction of generality. Moreover, all compact hyperbolic surfaces satisfy 
this assumption. 

If two surfaces S and S' satisfy Assumption A.O, and if both have the 
same signature, then they are piecewise diffeomorphic (see for instance 
Massey [1] or Hirsch [1]). We may therefore assume, when this is conve­
nient, that S carries a metric of constant curvature in which the boundary is 
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piecewise geodesic with all interior angles < n. Thus, in most cases S is a 
surface with a hyperbolic structure and we shall use results of Chapter 1. 

A.l Definition. Let S and S' be given as above. Two homeomorphisms 
(p0, <px: S -> S' are called isotopic if there exists a continuous mapping 
/ : [0, 1] x S —» S" with the following properties. 

(i) /(0, ) = <Po, / ( l , ) = 9v 
(ii) J(p, ) : S -» S' is a homeomorphism for any p G [0, 1]. 

Now assume that S = S'. If A c S is a subset, then the homeomorphisms 
<p0, <Pi'. S —> S are called isotopic with A pointwise fixed if ^0(x) = x and 
^(x) = x for any * e A, and if there exists a mapping / with the above prop­
erties such that in addition 

(iii) J(p, x) = x for any x e A and any p e [0, 1], 

A homeomorphism h : S —> 5 is called a 1-homeomorphism if it is isotopic to 
the identity with dS pointwise fixed, h is an A-1-homeomorphism if it is iso­
topic to the identity with A u dS pointwise fixed. 

The mapping / in Definition A.l is sometimes called an isotopy or a level-
preserving isotopy. 

A.2 Theorem. (Alexander-Tietze). LetD c 5 be a domain homeomorphic 
to the compact unit disk in R2 and let A = S - int D. If <p : S —> S is a homeo­
morphism which is the identity on A, then (p is an A-1-homeomorphism. 

Proof. It suffices to prove the theorem for the case (p: E —> E, where E = 
{x e R2 | U| < 1}, and where <p(x) = x for all x e dE. We define, for 
x e E and p e [0, 1], 

f* if \x\ > P 
P ' * [p<Kx/p) if x < p . 

Then / : £ x [ 0 , l ] - ^ £ i s a continuous mapping and satisfies the conditions 
(i) -(iii) of Definition A. 1 with <p0 = id and <px = (p. O 

We now state the theorems of Baer, Epstein and Zieschang in a form which 
is adapted to the canonical curve systems as in Chapter 6. Afterwards we 
shall look at some examples to explain the lengthy hypotheses of the theo­
rems. The proofs are be based on the Jordan Schoenflies theorem and will 
begin after Corollary A.7. 

We introduce the following notation. Curves a and p are said to be 
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non± homo topic if a is neither homotopic to (5 nor to fi~l, where /T1 is the 
curve parametrized in the opposite sense. (If non-oriented curves are consid­
ered then "non± homotopic" may be replaced by "non-homotopic".) 

In the first theorem, homotopy means free homotopy. 

A.3 Theorem. (Baer-Zieschang). Let cv ..., cm be pairwise disjoint homo-
topically non-trivial simple closed curves in the interior ofS which are pair-
wise non±homotopic. Ifyly . . . , ym in the interior of S is another set of 
curves with these properties, and if c^ is freely homotopic to y^ for p, -
1 , . . . , m, then there exists a l-homeomorphism (f>: S —> S such that <f> ° cfl = 
ytl,p=l,...,m. 

The next theorem concerns simple loops that is, simple closed curves with a 
given base point. In this theorem, "homotopy" means homotopy with fixed 
base point. 

A.4 Theorem. (Epstein-Zieschang). Letp e intS and let cx, ..., cmbe 
homotopically non-trivial simple loops in intS with base point p which 
pairwise intersect each other only at p and which are pairwise 
non±homotopic. Ify{, . . . , ymin intS with base pointp is another set of 
loops with these properties, and if c^ is homotopic to y^ (with p fixed) for p 
= 1, . . . , m, then there exists ap-l-homeomorphism (f>: S —» S such that 
0° Cfl = ytl>p = 1 , . . . , m. 

The third theorem will be needed in the induction proof of Theorem A.4. In 
itself, it is interesting mainly in the case m = 1 and for arcs cl,yl with two 
different endpoints. In this theorem, "homotopy" means homotopy with 
fixed endpoints. 

A.5 Theorem. (Epstein-Zieschang). Letpv ..., pm, qx,..., qm e dS and 
let for p = 1 , . . . , m, c^be an arc from p^ to qH which, except for the end-
points, lies in the interior ofS. Assume the following hypotheses. 

(i) IfPn * Qp> then c^ is a simple arc oriented from p^ to q^ ifp^ = q^, then 
c^ is a simple homotopically non-trivial loop with base point p^; p = 
1 , . . . , m. 

(ii) Forp^vthe curvesc^andcvare non±homotopic (in the homotopy 
class with p^ and q^ fixed). 

(iii) The curves c{,..., cm pairwise intersect each other at most at their 
endpoints. 

V Yi> • • • > Ymis another set of curves with these properties, where y^ is 
oriented from p^ to q^ p = 1, . . . , m, and if each c^ is homotopic (with fixed 
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endpoints) to y^ then there exists a l-homeomorphism <j>: S —> S such that 
0° ctl=y^^i= l , . . . ,m . 

We first consider a few examples. 

GEDD QMS) 
Figure A.l 

Fig. A.l shows that Theorem A.3 fails if homotopic curves are admitted: the 
closed curves cx and c2 shown on the cylinder cannot be interchanged by a 
homeomorphism of the cylinder which keeps the boundary fixed. 

The second example in Fig. A. 1 shows that the theorem also fails if cx is 
homotopic to some c~l. Similar counterexamples can be given in the case of 
Theorems A.4 and A.5. 

The next example is more difficult and we give two figures, one showing 
the surface S (an annulus) and one showing its universal covering. 

The example shows that Theorem A.5 cannot be extended to arcs with 
different endpoints in the interior of 5. One checks in the universal covering 
that c and y are homotopic with fixed endpoints. However, any homotopy 
between c and y moves c over one of the endpoints. Therefore this homotopy 
cannot be carried out by a {p, q}-l-homeomorphism. 

The final example is due to Epstein-Zieschang [1] and shows that Theorem 
A.4 needs certain modifications if 5 is a non-orientable surface. 

The example is on the Mobius band. In the first figure, the Mobius band is 
shown cut open into a rectangle. The second figure shows again the universal 
covering. Note that the group of covering transformations is generated by a 
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Figure A.3 

glide reflection which maps the covering curve y of y onto f and c onto 5. In 
the proof of Theorem A.4 the reader will indeed find an argument which uses 
the fact that in the orientable case no covering transformation is a glide reflec­
tion. 

For the proofs of the theorems we need the Jordan-Schoenflies theorem 
and corollaries which we state in the following condensed form. For the 
proof we refer to Dostal-Tindell [1], Stillwell [1] and Moise [1]. 

A.6 Theorem. (Jordan-Schoenflies). (i) Let c and y be simple closed 
curves in the interior of the closed unit disk E. Then there exists a l-homeo-
morphism 0 : is —» £ such that (f><>c = yor(l)<>c = y'1. 

(ii) Let p, q e E (possibly withp = q) and let c and y be simple arcs con­
necting p to q which, except possibly for the endpoints, are contained in the 
interior ofE. Then there exists a {p, q }-l-homeomorphism 0 : E —> E such 
that <p°c = yor(j)<>c = y~l. 

We note the following corollary. 

A.7 Corollary. Let c be a homotopically trivial simple closed curve in S. 
Then c bounds a disk. 

Proof. We assume that S has signature (g, n) with g + n > 2 and leave the 
remaining cases to the reader. We may assume that S carries a hyperbolic 
structure and let n: S —> S be a universal covering with 5 c D , where D is 
the unit disk model of the hyperbolic plane. 

Since c is simple and homotopically trivial, c has a simple closed lift c in 
5 c D which bounds a disk D c D . N o boundary point of § is in the interior 
of D for otherwise dS would intersect c and then dS would have to intersect 
c. Hence, D c S. If T * id is a covering transformation with respect to n, 
then neither T(D) <z D nor D c T(D). Since both components of D - c and 
both components of D - T(c) are connected, we conclude that if D n T(D) * 
0 , then c intersects T(c); but then c would have a self-intersection. Hence, 



414 Curves and Isotopies [Appendix 

D n T(D) = 0 for any covering transformation T * id. It follows that n re­
stricted to D is one-to-one, and c bounds the disk n{D). o 

We now prove Theorems A.3 - A.5. In the first step we show that we may 
restrict ourselves to "nice" curves. 

A.8 Lemma. Let cx,..., cmbe as in Theorem A.3, or A.4 or A.5. Then 
there exists a \-homeomorphism <p\S-^S such that <p <> c^ is a piecewise 
geodesic curve for p, = 1 , . . . , m. In the case of Theorem A.4, <p may be 
chosen to be a {p }-l-homeomorphism. 

Proof. We let c 1 ? . . . , cm be as in Theorem A.4, the remaining cases have 
similar proofs. 

Let/? e int S be the base point of the loops cx,..., cm and let e be a small 
positive number such that the setD = {x e S | dist(/?, x) < e} is a disk and 
such that each cM contains points outside D. Each c^ is a product of three arcs: 
cp. - aii vn b^, where a^ goes from p along c^ to the first intersection point of 
cM with 3D, v^ is the middle section, and b^ goes from the last intersection 
point of c^ with dD back to p. 

By Theorem A.6, there exists a {p }-l-homeomorphism D —> D mapping 
ax onto a geodesic arc with initial point/?. Now cut D open along ax and 
apply Theorem A.6 to modify this homeomorphism such that also the image 
of bx is a geodesic arc (with endpoint p). We may now assume that ax and bY 

themselves are these arcs. The arcs ax and bx separate D into two topological 
disks. Applying Theorem A.6 to one of these disks we find another {p}-l-
homeomorphism fixing ax and bx and mapping a2 onto a geodesic arc; and so 
on. 

We may from now on assume that alt...tam and bx, ...,bm are geodesic 
arcs. 

Since cx,..., cm intersect each other only at/?, there exist disjoint open 
neighborhoods Ux,..., Um in S such that the arc v^ is contained in Um for \i -
1 , . . . , m. It remains, for each c = c^, to find a 1-homeomorphism of U = U^ 
onto itself which maps the middle section v = v^ of c = avb onto a piecewise 
geodesic curve such that the geodesic arcs a and b are kept fixed. 

For this we consider the universal covering n:S —» 5, where S c D . We 
shall use the fact that S is a subset of R2 with the induced topology. Let c -
a v b be a lift of the loop c = avb. Then c is a simple arc in R2 contained in the 
interior of some large rectangle AaR2 (A need not be contained in S). By 
Theorem A.6, there exists a homeomorphism \\r: A —» A which maps c onto 
a straight line segment c' = a'v'b' (where a' is the image of 5, etc.). 
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V-v 

4- *r 
! b' 

Figure A.4 

Let 91' e R2 be a rectangle as in Fig. A.4 parallel to c' containing v' in the 
interior. We take 91' so small that 9t := \{f~l(9lf) is contained in S and such 
that 7r restricted to 91 is one-to-one with image 91 := n{9l) c U. (Recall that n 
restricted to v is one-to-one.) There exists a piecewise geodesic curve v in the 
interior of 91 which connects the endpoints of v. 

The existence proof for v need not yield a simple v, but if v is not simple, 
then it forms finitely many loops such as loop X in Fig. A.5. Removing them 
successively we end up with a simple v. In a similar way we achieve that v 
intersects a and b only at the endpoints. In view of Theorem A.6 there exists 
a 1-homeomorphism of 91 mapping v onto v. This proves the lemma. O 

Before proceeding with the proofs of Theorems A3 - A5, we draw a conclu­
sion of the preceding proof. We use the following terminology. Let D c S be 
a topological disk and let v be a simple arc in D with two different endpoints 
on dD and all remaining points in the interior of D. Then v will be called a 
topological diameter ofD. 

Figure A.5 
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A.9 Lemma. Let v be a simple arc in int S and let U be an open neighbor­
hood in S containing v. Then there exists a simple closed curve pcU which 
bounds a disk i c f / such that v is a topological diameter of <2fl. o 

In the proof of Theorem A.3 - A.5 we shall successively map c^ to yM for p. = 
1 , . . . , m. To distinguish the various cases, we introduce the following 
classes of pairs a, p of curves in S. 

Types of Curves. 

(1) a and p are simple closed homotopically non-trivial freely homotopic 
curves in the interior of 5. 

(2) a and P are homotopically non-trivial simple loops in the interior of S 
with the same base point and homotopic to each other with a homotopy 
which keeps the base point fixed. 

(3) a and p are homotopic arcs with endpoints on dS and all other points 
in the interior of S. If the two endpoints are different, then a and p are simple 
arcs. If the two endpoints coincide, then a and p are simple homotopically 
non-trivial loops. 

Two subarcs a on a and b on p are said to form an overlap if a u b is a sim­
ple closed curve and if there exists a closed topological disk D <zS with dD = 
a u b. The overlap D is proper if there exists a topological disk D' with D c 
D' such that D' n a = a,D' n p = b, and such that a and b are topological 
diameters of £>'. 

proper overlap transversal intersection removable intersection 

Figure A.6 

Let D c 5 b e a topological disk such that D n a and D n P are topological 
diameters of D which intersect each other in exactly one point me int D. If a 
and p are of type (2) or (3) we also assume that m is not the common base 
point of a and p. We say that m is a transversal intersection if D n a has 
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points on either side of D n /?; otherwise m is called a removable intersec­
tion. By Theorem A.6, there exists a 1-homeomorphism <p:D —> £> such that 
(p(D n a) n /? = 0 if m is a removable intersection. 

A.10 Lemma. Let a, pbe a pair of curves of type (1), (2) or (3). Assume 
that a intersects p only infinitely many points and that each intersection point 
different from the endpoints (in case of type (2) or (3)) is a transversal inter­
section. If a and P have at least one transversal intersection, then there exist 
proper subarcs a of a and b ofp which form a proper overlap. 

Proof. We restrict ourselves again to the case that S has signature (g, n) with 
g + n > 2 and leave the remaining cases to the reader. We may assume that S 
is a surface with a hyperbolic structure and work with a universal covering 
n : S —> S, where 5 c D . Every covering transformation T * id is the 
restriction to S of a hyperbolic element of Is+(D) and has a unique invariant 
geodesic aT <z S (the axis of T in D). 

Every homotopically non-trivial closed curve c on S is freely homotopic to 
a unique closed geodesic y. If c is a lift of c in S, then the homotopy between 
c and y lifts to a homotopy in S between c and a covering geodesic y of y. 
The curves c and y have the same endpoints at infinity. A covering transfor­
mation T leaves c invariant if and only if it leaves y invariant. By Theorem 
A.6, c separates D - c into two connected components, and since T pre­
serves orientation, these components are ^-invariant if c is r-invariant 

Let now a, P be a pair of type (1) with at least one transversal intersection 
point m. Let a and p be (not necessarily homotopic) lifts in S of a and p 
respectively which intersect each other in a lift m of m. We first claim that a 
and p have an overlap in S. 

Let a and b denote the closed geodesies freely homotopic to a and p re­
spectively, and let a and b be lifts of a and b homotopic to a and p respec­
tively. Then a and a have the same endpoints at infinity and the same holds 
for p and b. 

Figure A.7 



418 Curves and Isotopies [Appendix 

If a intersects b transversally as suggested in the first example of Fig. A.7, 
then the endpoints at infinity of a lie on different sides of P (here we are using 
Theorem A.6). There exists a lift p of p which has the same endpoints at 
infinity as a. It follows that p intersects /?, and this implies that p has a self-
intersection, a contradiction. Hence, a does not intersect b transversally. 

If a n b = 0 , as in the second example of Fig. A.7, then p has both end-
points at infinity on the same side of a, and so p and a have at least two inter­
section points. Since all intersection points are transversal and since there are 
only finitely many intersection points, there exist subarcs a ' of a and P' of 
p which form an overlap in D. Since every connected component of dS has 
two endpoints at infinity, no boundary point of S is in the interior of the 
overlap. Therefore the overlap is contained in 5 . If a = b as in the third 
example of Fig. A.7, then we also find such an overlap in S because then a 
and P are 7-invariant under some covering transformation T ^id, and so p 
crosses a periodically. 

Now let D' c S be the disk bounded by a' and p'. If D' contains a point x 
in its interior lying on a lift a of a (not necessarily different from a), then 
there exists an arc a" in D' with endpoints on p'. By Theorem A.6, there 
exists a subarc p" of P' such that a" and p" form an overlap D" czD'. 
Repeating this argument finitely many times we end up with an innermost 
overlap D*, and we claim that its image n(D*) in S is a proper overlap. For 
this we let a* and p* denote the arcs which form the boundary of D*, where 
a* lies on some lift of a and P* lies on some lift of p. Then we let m* and n* 
be the common endpoints of a* and p*. We claim that for any covering 
transformation T * id, T(D*) n D* = 0 . 

Figure A.8 

For this we first observe that neither T{D*) c D* nor D* c T{D*). Since 
D* and T(D*) contain no points in the interior which lie on a lift of a and p> 
and since all intersection points of a and p are transversal, it follows that the 
only possible intersection point of D* and T(D*) is one of the points m* and 
n*. For the same reason as before, our intersection point must also be one of 
the points T{m*) and T{n*). Since T has no fixed points, it follows that either 
T(m*) = n* or T(n*) = m*. In both cases, T leaves the liftp of p invariant 
which carries the arc p*. Since T preserves orientation it follows that D* and 
T(D*) lie on the same side of p. Since the lift a of a which carries a * 
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changes sides at m* and n*, this is impossible. We have thus proved that 
T(D*) n D* = 0 for any covering transformation T * id. 

We remark here that for non-orientable 5, the above covering 
transformation T may be a glide reflection and then it is indeed possible that 
T(D*)nD* = {n*}. 

Since T(D*) nD* = 0 for all T * id, it follows that % restricted to D* is 
one-to-one, and since n is a covering map, there exists an open neighborhood 
containing D* on which ;ris one-to-one. Hence, n(D*) is a proper overlap in 
S. This proves the lemma for pairs of type (1). 

Next let a, ft be a pair of type (2) and let/? be the common base point of a 
and p. As before, we find an overlap D* in S as in Fig. A.8 bounded by arcs 
a* and p* which lie on lifts of a and p respectively, and which intersect each 
other at points m* and n*. Moreover, we find this D* such that it contains no 
further points in the interior which lie on lifts of a and p. Again, if T is a 
covering transformation, T^id, then T(D*) intersects D* at most in m* or 
«*, and this only by sending either n* to m* or m* to n*. 

If m* and n* are transversal intersections, then the earlier argument (for 
pairs of type (1) is still valid and implies that T(D*) n D* = 0 . 

If m* (or n*) is not transversal, then it is a lift of p, and since n* = Tim*), 
n* is also a lift of p. It follows that n(a*) = a. Since a intersects p transver-
sally at some point different from/?, a* intersects a lift of p at some point dif­
ferent from m* and n*, a contradiction. Hence, this last case cannot occur 
and the lemma is proved for pairs of type (2). 

Finally, let a, p be a pair of type (3). If the endpoints /?, q of a and p co­
incide, the proof for type (2) works without modification. Let us therefore 
assume that/? *q. 

Denote by u the boundary component of S containing /? and by v the 
boundary component containing q (we may, of course, have u - v). 
Consider homotopic lifts a and p in S with initial point p on lift u of u and 
endpoint q on lift v of v as shown in Fig. A.9. 

We let a' be the arc on a from p to the first intersection point r (after p) of 
a with p, and we let p' be the arc on p from p to r. Then a' and p' form an 

Figure A.9 
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overlap D'. We now claim the following (this is the argument which fails in 
the example of Fig. A.2). 

D' contains no lift ofp and q in its interior. 

In fact, if /?* is a lift ofp in int D', then /?* lies on some lift u* of u. Now u* 
has two endpoints at infinity, and therefore u* intersects the boundary of D' 
at some point different from/? and q. This is impossible because a and p in­
tersect dS only at/? and q. This proves the claim. 

From the claim follows that if x e int D' lies on a lift of a or p, then x lies on 
an arc on this lift which has both endpoints on dD' and all other points in 
intD\ We find therefore a smaller overlap and eventually an innermost 
overlap £>*. 

The boundary arcs of D* and their intersection points are again denoted by 
a*, /?*, m* and n*. If T is a covering transformation, T * id, then, as 
before, the intersection T(D*) n D* is non-empty only if either Tim*) - n* 
or T(n*) = m*. Neither is possible because in the present case, ;ris injective 
on any lift of a. Lemma A. 10 is now proved. O 

In the final argument of the preceding proof we did not use the fact that a and 
p have a transversal intersection. Hence, a and p form a simple overlap if 
anp={p,q). 

The counterpart of this for curves of type (1) is the following. 

A.ll Proposition. Let a and p be homotopically non-trivial simple closed 
curves on S. If a and p are freely homotopic and ifanp = 0, then a and p 
bound an embedded annulus in S. 

Proof. By attaching annuli along the boundary of S if necessary, we may as­
sume that a and P lie in the interior of S so that they form a pair of type (1). 
We assume again that S has a hyperbolic structure and leave the remaining 
case of the torus to the reader. 

Let a and p be homotopic lifts of a and p in S. They have the same end-
points at infinity and by Theorem A.6, they bound a strip Z in D that is, a 
domain homeomorphic to [0, 1] x R1. If T is a covering transformation, T* 
id, then either T{a) = a and Tip) = p, or else 7(a) n a = 0 and Tip) r\p = 
0 . It follows that either TiZ) = I or 7(X) n X = 0 . If there were a bound­
ary component S of dS which intersects the interior of Z, then 8 would be 
contained in Z, and have the same endpoints at infinity as a and p. But then 
the lift of the homotopy between a and p (which is a homotopy in S between 
a and p) would take place in the closure of one of the two half-planes of 
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Figure A.10 

D - 5, a contradiction. Hence, ZczS. 
Let T be a generator of the cyclic subgroup of all covering transformations 

which map X onto itself. 
Let u be a shortest geodesic arc in L from a to p and let/? e a and # e p be 

its endpoints. We denote by a' and /T the arcs along a and J3 from /? to T(p) 
and from q to 7(^). By the minimizing properties of w, a\T ° u)(fi')~liCl is a 
simple closed curve. By Theorem A.6, this curve encloses a closed disk A'. 
Now r(0 ') nfi' = T(q) and T(a') n a'= Tip) so that T{A') n A' = r(u). 
Similarly 7_1(A ' ) n A ' = «. For any other covering transformation T * W we 
have T(A ') n A' = 0 . It follows that TT restricted to A ' - T(u) is one-to-one, 
and n(A') is an embedded annulus. o 

We turn to the proof of Theorems A.3 - A.5. The structure of the proof is as 
follows. By Lemma A.8, there exist 1-homeomorphims (py y/: S —> S such 
that (p ° c l f . . . , (p° cm and y ° yx> . . . , y/° ym are piece wise geodesic curves. 
It is easy to see that cp can be modified such that in addition all intersection 
points of (p o cv and y/° y^, v, fi = 1 , . . . , m, are transversal except for the 
possible endpoints. We thus assume that clt..., cm and yly . . . , ym them­
selves have these properties and then only admit homeomorphisms which 
preserve these properties. We do not change the names of the curves when 
they are deformed. 

In the first step, cx will be mapped to yv Then 5 will be cut open along cx 
- yx and we shall have to prove that on the new surface the curve systems 
c 2 , . . . , cm and y2, . . . , ym satisfy again the hypotheses of one of the 
Theorems A.3 - A.5. We then have a 1-homeomorphism of the new surface 
mapping c2 onto y2. Since this homeomorphism keeps the boundary point-
wise fixed, it can be interpreted as a 1-homeomorphism of S itself which 
keeps cl = yl pointwise fixed and mapping c2 onto y2. After that we cut along 
c2 = y2 and so on. 

Let us start with Theorem A.5 and assume that cx and yx (which form a 
pair of type (3)) have two different endpoints/? and q on dS. If cY and yx have 
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Figure A.11 

a transversal intersection, then there exist subarcs c' of cx and y' of yx form­
ing a proper overlap. 

By definition, there exists a disk D <z S such that we get c' = D ncx and 
y' = D n yx, and such that c' and y' are topological diameters of D. By 
Theorem A.6, there exists a 1-homeomorphism <p\D —» £) which maps c' to 
a piecewise geodesic arc c" with c' and c" on different sides of y'. This 
removes the overlap and creates two removable intersection points (or one, if 
one of the endpoints of c' coincides with p or q). After removing the remov­
able intersection points we have at least one intersection point less. After 
finitely many such steps, cx and yx intersect each other only in p and q. By 
the remark preceding Proposition A. 11, cx and yx form a proper overlap, and 
we find a final 1-homeomorphism 0 which maps cx onto yx. 

Remark. Under the homeomorphism 0 described in this way, c 2 , . . . , cm 
may have lost the property of being piecewise geodesies. We may fix this by 
applying Lemma A.7 again. In view of other approaches to surface topology, 
for instance based on piecewise smooth homeomorphisms, we do not want 
to apply Lemma A.7 but rather improve the construction of 0 as follows. 

Let again D' be the above proper overlap formed by the arcs c' on cx and 
y' on yx, and let xbea point in the interior of D' lying on one of the curves 
cv, v = 2 , . . . , m. Then x belongs to a subarc c" of cv contained in D' which 
has both endpoints on y'. If there exist more than one such arcs, then we 
find an innermost one which together with a subarc of y' forms a proper 
overlap contained in D'. With the above procedure we then first remove this 
innermost overlap without affecting the remaining curves. Then we continue 
in this way until all overlaps in D' are removed. After this has been done we 
shall say that D' is free (with respect to c2 , . . . , cm) and then finally remove 
D'. The homeomorphism 0 modified in this form now maps c2,..., cm again 
onto piecewise geodesic curves. 

Next, let cx and yx be either of type (3) with the same endpoint/? on dS, or of 
type (2) with base point/? e int S. With the above procedure we remove the 
transversal intersection points of cx and yx also in this case. 
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We now have to deform cx into yx. For this we use the universal covering 
n : S —» S. Let c' and y' be homotopic lifts of cx and yx in S. Then c' and 
y' connect liftspx and/?2 ofp and 7r restricted to c' - {p2} and nrestricted to 
7' _ {^Hs one-to-one onto cx and yx respectively. By hypothesis, cx is ho-
motopically non-trivial and therefore/?! */?2. 

Figure A.12 

In S, c' and y' form a proper overlap D' and, as in the earlier cases, any 
covering transformation T* id satisfying T(D') n D'*0 maps px to p2 or 
inversely and satisfies T(D') n D' = {px} or T(D') n D' = {/?2}. Hence, ;r 
restricted to D' - {p2} is one-to-one onto a domain D c S which is a limiting 
case of an overlap. If D is not yet free, that is, if there are points in int D 
lying on one of the curves c2 , . . . , cm, then there exist overlaps which we re­
move as in the earlier cases until D is free. Now there exists a disk D in S 
containing D' with the following properties. 

n restricted to D - {p2} is one-to-one. 
c' and y' are topological diameters of D. 
7i(D) intersects c2,..., cm at most at/?. 

By Theorem A.6, there exists a {/?2}-l-homeomorphism D —> D which 
maps c' to y'. Since ;rrestricted to D is one-to-one, this induces a 1-homeo-
morphism /r(D) —> n(D) which maps C! to yx without affecting c2,..., cTO. 

Finally, we consider the case where cx and yx are of type (1). Here we re­
move all overlaps so that by Lemma A. 10, cx and yx are disjoint. By 
Proposition A. 11, cx and yx bound an embedded annulus A. As before, we 
remove all intersections of A with c2,..., cm (the hypothesis of Theorem A.3 
is such that no cv is completely contained in A, v = 2 , . . . , m). Now there 
exists a larger annulus A' containing A in its interior, and together with 
Theorem A.6 we find a 1-homeomorphism of A' which deforms cx into a 
piecewise geodesic which intersects yx in exactly one point /?. We may do 
this in such a way that cx(0) = yx(0) = p. The pair cx> yx is now of type (2) 
and we continue as in the preceding case. 

We have achieved the first step of the proof of Theorems Al - A3. 
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Now that cl = yly we proceed by induction. We begin with Theorem A3. 
The idea is to cut S open along cx into a new surface S' and then to apply the 
induction hypothesis to the remaining m - 1 pairs of curves on S'. Since the 
1-homeomorphism on S' which will map cv to yv, v = 2 , . . . , m, fixes dS' 
pointwise and since cl = ylcz dS\ this homeomorphism can be interpreted as 
a 1-homeomorphism of S which fixes cx pointwise, and we are done. The 
problem, however, is to show that on S' the curves still satisfy the hypothe­
sis of Theorem A.3 that is, we have to show that on 5", cv remains freely 
homotopic to yv, v = 2 , . . . , m. 

For this we use hyperbolic geometry. By Theorem 1.6.6, q is freely ho­
motopic to a simple closed geodesic, and by what we have proved so far, this 
homotopy can be carried out by a 1-homeomorphism of S. We may therefore 
assume that cx is a closed geodesic so that S' is again a surface with a hyper­
bolic structure. (Sr may consist of two connected components.) We let c[ and 
c'{ be the two boundary geodesies of S' which on S together form cv 

Fix v G {2 , . . . , m}. By Theorem 1.6.6, cv and yv are freely homotopic in 
S' to closed geodesies cv and yv. The corresponding homotopies can also be 
carried out in S. By the uniqueness of the closed geodesic in a free homotopy 
class we have cv = yv on S. By the hypothesis of Theorem A.3, cv is not 
± homotopic to cx (cf. the definition preceding Theorem A.3), and therefore 
cv and yv are different (as point sets) from c\ and c'{. Hence, we also have cv 
= yv on 5" that is, cv is homotopic to yv on 5, v = 2 , . . . , m, as claimed. 
Theorem A.3 is now proved. 

The same argument goes through in the case of Theorem A. 5. For 
Theorem A.4 we may again assume that cx is a smooth closed geodesic. On 
S' the curves c2,..., cm and y2> • • • > Ym

 n o longer satisfy the hypotheses of 
Theorem A.4, but they satisfy the hypothesis of Theorem A.5 and we are 
done. Theorems A.3 - A.5 are now proved. O 

An Application to the 3-Holed Sphere 

We give an application to the mapping class groups of the annulus and the 3-
holed sphere. All homeomorphisms will keep the boundary pointwise fixed. 
The following terminology is used. 

We let M be the standard annulus 

d = { ( p ^ l O ^ p ^ c r e S 1 } , 

where Sl= RV|> h^ s + 1]. On jtfwe have the standard twists rn, « e Z , de­
fined by 
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T"(p, a) = (p, <T + np). 

For the next definition we recall point (in) of Definition A.l. 

A.12 Definition. Let M be a surface with boundary dM & 0 . Two 
homeomorphisms (p0, (px\M —» M which coincide on dM are called d-iso-
topic if they are isotopic with an isotopy which fixes dM pointwise. 

A. 13 Proposition. Let 0 : si —» si be a homeomorphism which fixes dsi 
pointwise. Then there exists a unique n e Z such that $ is d-isotopic to T". 

Proof. We look how 0 acts on the arc p H> a(p) := (p, 0) e i , p G [0, 1]. 
Let si = {(p, s) | 0 < p < 1, -oo < 5 < +oo} be the universal covering sur­

face with covering map n(py s) = (p,s mod(l)). 
The curve 0 ° a has a lift in si which connects point (0, 0) with point (1, n) 

for some n e Z. Hence, T~n° <p°a has a lift in ^ which connects (0, 0) with 
(1, 0). By Theorem A.6, this lift is homotopic with fixed endpoints to the 
curve p h* a(p) = (p, 0) e i , p e [0, 1]. Hence, r~n ° 0° a is homotopic 
with fixed endpoints to a. By Theorem A.5, there exists a 1-homeomorphism 
J \ &€->$& satisfying / ° t~n <> 0 ° A = «. By Theorem A.2 (applied to the rect­
angle obtained by cutting si open along a), J ° T~" <> 0 is <9 -isotopic to the 
identity. Hence, i~n ° 0 is <?-isotopic to the identity. The uniqueness of n is 
left as an exercise. O 

Proposition A. 13 allows us to define boundary twists. For this we consider 
again an arbitrary surface S (satisfying Assumption A.O) and let 7 be a 
boundary component of S. We assume for convenience that 7 is smooth. 

A. 14 Definition. A homeomorphism (p : S —> S is called a boundary twist 
along 7 if there exists an embedded annulus A^aS satisfying A^ndS = 7, 
together with a homeomorphism <p' : S —> S such that the following hold. 

(i) (p' is the identity mapping on S - A9, 
(ii) qoand cp' are cMsotopic. 

We insert here the definition of Dehn twists. 

A. 15 Definition. Let c be a homotopically non-trivial simple closed curve 
in the interior of S which is not homotopic to a boundary component of 5. A 
homeomorphism A : S —> S is called a Dehn twist along c if there exists an 
embedded annulus A a S containing c together with a homeomorphism A': S 
—> S such that the following hold. 
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(i) A' is the identity mapping on S - A, 
(ii) A and A' are <9-isotopic. 

A.16 Proposition. Let A be a fixed embedded annulus in S satisfying 
AndS = y, and leth: s&-^>Abea homeomorphism. Define 

n _ \h • Tn o /r1 on A 

[id on S - A. 
77ie/i <zrcy boundary twist along y is d-isotopic to a unique #n. 

Proof. Let <p' and A^ be as in Definition A. 14 and lety : M-» A9 be a home­
omorphism. We may assume thaty'dO} x Sl) = h({0} x S1) = y. There 
exists a positive e< 1 so small thaty'([0, e] x S1) c A. There exists a d-iso-
topy changing (p:=j~l°(p°j into a homeomorphism of si which is the iden­
tity mapping on [e, 1] x Sl. This is obtained as follows. First we define 

fs(p,o) = ((l-*(l-£))p,<T), 0 < * < 1 . 

The desired isotopy is then given by 

[ / W ' / T W ) if 0 < p < l - 5 ( l - e ) 
< 
Up, a) if l - 5 ( l - e ) < p < 1. 

&(P> o") = 

This shows that (p is d-isotopic to a homeomorphism which is the identity 
mapping outside y([0, e] x Sl) and in particular outside A. The proposition 
follows now from Proposition A. 13. O 

For our next application we let 7 be a hyperbolic surface of signature (0, 3) 
with smooth boundary geodesies yu y2 and y3 that is, a pair of pants as in 
Chapter 3. For k = 1, 2, 3 we fix an annulus Ak together with a homeomor­
phism j k : si-* Ak such that Ak n AK = 0 for £ * Kand A* n 7 = yk, k = 1, 
2, 3. As A^ we may, for instance, take the half-collars as in Proposition 
3.1.8. For k = 1, 2, 3, we let &k denote the boundary twists 

$k = A 0 WA~!-

A. 17 Proposition. Any homeomorphism <$>: 7—> 7fixing dY pointwise 
is d-isotopic to a product &"1 ° tfj1 ° ̂ ? w^tn uniquely determined nu n2, n3. 

Proof. We letph-> a{p) eYype [0, 1], with a(0) e y2 and a{\) e y3 be a 
simple arc, for instance the common simple perpendicular. By Proposition 
A. 18 below, (p o a is homotopic to a with endpoints gliding on y2 and y3. 



Appendix] An Application to the 3-Holed Sphere 427 

Hence, there are boundary twists $2
ni a n d ^s"3 s u c n t h a t di"2 ° d*"3 ° <f>° a 

is homotopic to a with fixed endpoints. By Theorem A.5, there exists a 1-
homeomorphism / : Y -^ Y such that / o #2 "2 ° ^3 "3 ° 0 ° a - a- Cutting Y 
open along a we get an annulus. By Proposition A. 17, / o tf^"2 ° ̂ 3 H ° 0 *s 

d-isotopic to #"' for some n r e Z . Hence, 0 is d -isotopic to 
tf J2 ° #3

3 ° #"> = #"• ° ̂ 22 ° ̂ ? - W e l e a v e the uniqueness as an exercise. O 

A.18 Proposition. Let a, b : [0, 1] -^ Y with a(0), b(0) e y2 and a(l), 
b(\) e 73 ̂  simple arcs. Then a and b are homotopic with endpoints gliding 
on 72 and y3 . 

Figure A.13 

Proof. We may assume that Y is a standard 7-piece as in Section 3.1 and 
that a is the the common perpendicular ax from y2 to yv We let c denote the 
perpendicular from y2 to y2 which separates yx from y3 as in Fig. A. 13. Let P 
be any simple arc in the homotopy class of b with endpoints gliding on y2 
and 73. By Lemma A.8, there exists a 1-homeomorphism Y -> Y which 
transforms p into a curve which intersects o only finitely many times and 
only with transversal intersections. Let m be the minimal possible number of 
such intersection points in the homotopy class of b (with gliding endpoints). 
Then m = 0. In fact, take p with m intersection points and assume m > 1. 
Then there exists an arc /?' from p(0) to the first intersection point/? with a. 
This arc runs in one of the annuli Al and A3 separated by o and decomposes 
this annulus into an annulus and a disk D. If some other parts of p are con­
tained in the interior of D, then there are overlaps with a which we may re­
move as in the proof of Theorems A.3 - A.5. If no other parts of p are con­
tained in the interior of D, then we can remove D itself. In both cases we end 
up with a curve p* which is again in the homotopy class of b. Now p* inter­
sects a in less than m points, a contradiction. Hence, m - 0. 

We may now assume that b is contained in the annulus A3 (Fig. A. 13) and 
that b has the same endpoints as a. There exists a boundary twist #3

3 such 
that b' := tf3

3 ° b is homotopic to a with fixed endpoints. Finally, b' is homo-
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topic to b with endpoint gliding on y3, and we are done. O 

In Chapter 6 we used Proposition A. 17 to show that if <p: S —> S is a homeo-
morphism of a compact surface S of genus g > 2 which fixes each yv in a 
pants decomposition y^ . . . , y3g_3 pointwise and without interchanging the 
two sides of yv, then (j> is isotopic to a product of Dehn twists along 
7i> • • • > Y3g-3- We mention here without proof that any orientation-preserving 
homeomorphism of S is isotopic to a product of Dehn twists. Hence, the 
Dehn twists are generators of the orientation-preserving mapping class 
group. This has first been shown by Dehn [1]. Later, Lickorish [1] has given 
a generating set of Dehn twists along only 3g - 1 curves. A simplified proof 
may be found in Birman [1]. Humphries [1] has shown that the minimal 
possible number of Dehn twist generators is 2g + 1 and that the Dehn twists 
about the following simple closed geodesies av . . . , ag, cx,..., cg_v ml, m2 
generate the orientation-preserving mapping class group. 

Figure A.14 

Length-Decreasing Homotopies 

To prove the existence of geodesies in a given homotopy class in Chapter 1, 
we used the Arzela-Ascoli theorem. In view of Lemma A. 8 we describe here 
a procedure proposed by K.-D. Semmler which is entirely based on geodesic 
polygons. An important property of the procedure is that if the original 
polygon is simple, then the polygon remains simple at all steps. In this 
section, polygon means geodesic polygon curve. 

For the sake of completeness we first recall the theorem of Arzela-Ascoli. 
We let X and Z be metric spaces with the following properties: X has a count­
able dense subset D = {dl9 d2,... } and Z is compact (usually a compact 
subset of some larger space). In both spaces we let dist denote the distance 
function. A mapping / : X —> Z is L-Lipschitzian if 

dist(y(x), y(y)) < L dist(*, y) 
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for any x,y e X. The Arzela-Ascoli theorem is this. 

A.19 Theorem. Let {7„C=i be a sequence of L-Lipschitzian mappings 
yn:X —> Z. Then there exists a subsequence of {yn }™=l which converges 
uniformly on compact sets to an L-Lipschitzian mapping y :X —> Z. 

Proof. We outline the well-known argument. Since Z is compact, there 
exists a subsequence {yln }̂ °=1 of {yn }̂ °=1 such that {y^id^ }^L{ converges. 
Then there exists a subsequence {y2n }̂ Li of {yln }™=l such that {72n(d2) C=i 
converges, then a subsequence {y3n }̂ °=1 of {y2n }™=l such that {y3n(d3) }™=l 
converges, and so on. The diagonal sequence {ynn }™=l has the property that 
{ ynn(dk) }™=l converges for any dke D. Since D is dense in X and since all 
mappings are L-Lipschitzian, {ym(x) }™=l converges for any x e X. Here we 
use the triangle inequality. The triangle inequality also shows that the limiting 
mapping is L-Lipschitzian and that the convergence is uniform on any com­
pact subset of X. o 

If the mappings yn are smooth curves on a compact subset Z of a Riemannian 
manifold M and if all curves are defined on the same interval (or on S1) and 
with uniformly bounded speed, then the limiting mapping 7 is a rectifiable 
curve. If the curves yn belong to a given homotopy class H, and if the 
boundary of M is sufficiently regular (for instance the piecewise geodesic 
boundary of a surface), then 7 belongs to H. If in addition the lengths 
€(yn) converge to the infimum X = inf{€(c) | c e H} and if X > 0, then any 
arc of 7 in the interior of M is a geodesic arc. 

We now restate this in terms of polygons. For simplicity we restrict our­
selves to closed curves and assume that M is a compact Riemannian manifold 
without boundary. 

There exists 8> 0 such that for any/? e M, U - {x e M \ dist(x, p) < 8} 
is diffeomorphic to an open Euclidean ball and has the property that all x, 
y € U can be joined in U by a unique length minimizing geodesic arc (cf. e.g. 
Cheeger-Ebinfl]). Distance sets with these properties are called normal 
neighborhoods. 

We consider the free homotopy class of a piecewise smooth curve 
c :Sl -^M. The curve can be subdivided into small arcs such that each arc is 
contained in a normal neighborhood. Each small arc may be replaced by a 
minimizing geodesic arc in the normal neighborhood with the same end-
points. Hence, c is homotopic to a closed geodesic polygon. To simplify the 
notation, we denote this polygon again by c. The geodesic arcs of c are called 
the sides of c. 

Let now cx be the geodesic polygon which goes from the midpoint of the 
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first side of c to the midpoint of the second side, from there to the midpoint 
of the third side and so on until it returns to the midpoint of the first side. In 
this way c has been changed, within its homotopy class, into a shorter geode­
sic polygon cx with the same number of sides. One can prove that if this pro­
cedure is repeated indefinitely, then a sequence clyc2,... is obtained which 
converges to a geodesic y freely homotopic to c. This is the usual length-de­
creasing homotopy. 

Let now M be two-dimensional. Then the difference between simple and 
non-simple curves is essential, and we want to improve the above procedure 
in such a way that simple curves remain simple. If c is piecewise smooth and 
simple, then the above subdivision of c can be made fine enough so that the 
approximating geodesic polygon is again simple. We may therefore assume 
that the original curve c : Sl —> M is a geodesic polygon. 

In the following, 8> 0 is a constant such that for all/? € M the distance set 
U = {x e M \ dist(.x,p) < 28} is a normal neighborhood. Semmler's algo­
rithm is this. 

A.20 Algorithm. 

• Let c° = c and choose p° = q° e c°. 
• Assume that ck and pk

y qk e ck have been defined, where the segment 
pkqk =: <rk is an oriented geodesic arc on ck of length < 8. 

If ck lies in a normal neighborhood of radius 28 about pk, then replace 
ck by the point curve pk and stop. 

• Otherwise letp*+1 be the midpoint of <r\ and define qk+1 e ck by the 
condition that the oriented arc on ck from pk+l via qk to qk+1 has length 8. 
Replace this arc by the minimizing geodesic arc ok+l fromp*+1 to qk+\ Then 
"clean up" as explained below, call the new curve ck+1 and continue. 

The procedure is illustrated in Fig. A. 15. The dashed line is the new geodesic 
arc <T = cr*+1. The "cleaning" is optional: If the original polygon c is simple 

Figure A.15 
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and we want all ck to be simple, we have to remove the intersections with c 
which may occur. Since ck is piecewise geodesic, there are at most finitely 
many intersection points, and if ck is simple, all intersections are caused by 
arcs in a normal neighborhood U of a and having both endpoints on a, as for 
example the arcs ft and £2 in Fig- A. 16. This follows from the Jordan curve 
theorem and from the fact that ck is a simple closed curve which has points 
outside U. 

Figure A.16 

The "cleaning" is illustrated in Fig. A. 16: each arc £ with the two end-
points on crcan be replaced by a shorter arc f' which lies on o. After that, an 
infinitesimal homotopy removes all self-intersections. Clearly this can be car­
ried out so that ck+l is again piecewise geodesic and such that still £(ck+1) < 
€(ck). The curves c and c are freely homotopic. 

If the procedure stops, then c is homotopic to a point. Let us therefore as­
sume that the procedure does not stop. Then all ck have length bounded be­
low by 4<5, and there exists £ > 48 such that €(ck) -> € as k —> oo. From this 
follows that €(ok) —» <5, and that the angle between <jk and <jk+1 converges to 
n. If we now extract a subsequence {kn }™=l such that pnk -> p and qnk —> q 
for suitable p,q e M, then cnk converges to the geodesic y through p and q, 
and it follows that y is a closed geodesic which is freely homotopic to c. 
Moreover, if c is simple and the cleaning option is on, then y is also simple. 
(Observe that no diagonal argument has been used.) 

A.21 Remarks, (i) Unless M has negative curvature, the above algorithm 
does not necessarily produce the shortest closed geodesic in the given homo­
topy class. 

(ii) It seems possible, although we do not know a proof, that the cleaning 
option does not come into action if the original polygon c has sufficiently 
small sides. 

(hi) The example in Fig. 1.5.2 shows that the cleaning option cannot be 
defined for homotopy classes with fixed endpoints. 

(iv) If M is a surface as above but with piecewise smooth boundary, and 
if A, B c dM are closed and connected, then Algorithm A.20 can be modi­
fied (including the cleaning option) for the homotopy classes of curves with 
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endpoints gliding freely on A and B. The modifications are straightforward 
and we omit the details. If c is a curve with endpoints on A and 5, the algo­
rithm produces a geodesic y from A to B. If A is a smooth closed boundary 
geodesic or a smooth side which meets its adjacent sides under an angle less 
or equal n/2y then y is orthogonal to A, and the same holds for B. If c is 
simple then y is simple. 

(v) The reader will convince himself that if all curves ck lie in a given 
homotopy class, then the limit y lies also in this class. 
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454 Formula Glossary 

Formula Glossary 

2.2.2 Right-angled triangles 2.3.1 Trirectangles 
(i) coshc = cosha cosh b, (i) cos cp = sinh a sinh b, 
(ii) cosh c = cot a cotp, (ii) cos cp = tanha tanhp, 
(iii) sinh a = sin a sinh c, (iii) cosh a = cosh a sin 9, 
(iv) sinh a = cotp tanh b, (iv) cosh a = tanhp coth b, 
(v) cosa  = cosh a sinp, (v) sinh a = sinh a coshp, 
(vi) cos a = tanh b coth c. (vi) sinh a = coth b cot cp. 

2.3.4 Right-angled pentagons 
(i) cosh c = sinh a sinh b, a 
(ii) cosh c = coth a cothp. 

2.4.1 Right-angled hexagons 

(i) cosh c = sinh a sinh b cosh y - cosh a cosh b, 
(ii) sinh a : sinha = sinh b : sinhp = sinh c : sinh y, 
(iii) cotha sinh y = cosh y cosh b - coth a sinh b. 

cosh c = sinh a sinh b cosh y + cosh a cosh b. 

2.2.1 Triangles 

(i) cosh c = - sinh a sinh b cos y + cosh a cosh b, 
(ii) cosy = sin a sinp cosh c - cos a cosp, 
(iii) sinh a : sin a = sinh b : sinp = sinh c : sin y. 

b 
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