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Preface

This book deals with two subjects. The first subject is the geometric theory
of compact Riemann surfaces of genus greater than one, the second subject
is the Laplace operator and its relationship with the geometry of compact
Riemann surfaces.

The book grew out of the idea, a long time ago, to publish a Habilita-
tionsschrift, a thesis, in which I studied Bers' pants decomposition theorem
and its applications to the spectrum of a compact Riemann surface. A basic
tool in the thesis was cutting and pasting in connection with the trigono-
metry of hyperbolic geodesic polygons. As this approach to the geometry of
a compact Riemann surface did not exist in book form, I took this book as
an occasion to carry out the geometry in detail, and so it grew by several
chapters. Also, while I was writing things up there was much progress in
the field, and some of the new results were too challenging to be left out of
the book. For instance, Sunada's construction of isospectral manifolds was
fascinating, and I got hooked on constructing examples for quite a while. So
time went on and the book kept growing. Fortunately, the interest in exis-
tence proofs also kept growing. The editor, for instance, was interested, and
so was my family. And so the book finally assumed its present form. Many
of the proofs given here are new, and there are also results which appear for
the first time in print.

Introductory remarks and some history about the individual subjects are
given at the beginning of each chapter. I shall therefore use this place to add
a few global remarks.

The book has two parts. The first part consists of Chapters 1 through 6
and is an introduction to the geometry of compact Riemann surfaces based
on hyperbolic geometry and on cutting and pasting. This part is in textbook
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form at about graduate level. The prerequisites are kept to a minimum, but I
assume that the reader has a background either in differential geometry or in
complex Riemann surface theory. Consequently, the standard introductory
material which belongs to the intersection of these fields is not treated here.
In particular, the fundamental group, the universal covering and the topo-
logical classification of compact surfaces are assumed to be known. The
theorems about isotopies of curves on surfaces, on the other hand, are less
standard. Since they are basic for Teichmiiller theory, they are treated in the
Appendix.

Chapter 1 deals with the general properties of surfaces which are obtain-
able by pasting together geodesic polygons from the hyperbolic plane.
Chapter 2 is an account of hyperbolic trigonometry, the basic computational
tool in this book. This chapter also contains an account of two less familiar
models of the hyperbolic plane, the hyperboloid model and the quaternion
model. The reader may skip this chapter, though, as only the formulae will
be needed later on.

Chapters 3 and 6 describe the construction of compact Riemann surfaces
based on the pasting of geodesic hexagons and lead to the Fenchel-Nielsen
model of Teichmiiller space. The chapters may be read in this order.
Chapter 6 is organized in such a way that it may also be used as a starting
point for further reading in Teichmiiller theory. Chapters 4 and 5 contain
the basic qualitative geometric results about Riemann surfaces: the collar
theorem and Bers' theorem on length controlled pants decompositions. In
these chapters we also briefly consider surfaces of variable curvature.

The second part of the book starts with a fairly self-contained introduc-
tion to the spectrum of the Laplace operator based on the heat kernel. This
approach is particularly suitable in the case of a Riemann surface because
the heat kernel of the hyperbolic plane is known explicitly. After a brief
look at isoperimetric techniques and the famous small eigenvalues in
Chapter 8 we devote the rest of the book to the question of how far and to
what extent the geometry of a compact Riemann surface is reflected in the
spectrum of the Laplacian.

Many years ago Huber [2] proved that two compact Riemann surfaces
have the same sequence of eigenvalues of the Laplace operator if and only
if they have the same sequence of lengths of the closed geodesics. This
theorem does not only show that the eigenvalues contain a great deal of
geometric information, it also indicates that spectral problems may be
approached by geometric methods such as those developed in the first part
of the book. This is important because the computation of the individual
eigenfunctions and eigenvalues is a very difficult matter and practically
unsolved, whereas the computation of the closed geodesics can be carried
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out explicitly and we may focus our attention right away on the global
problems. These so-called inverse spectral problems have been studied
quite successfully in recent years (not only in the case of Riemann surfaces,
of course), and we are now in a position to present a number of global re-
sults within a common framework. This will be carried out in Chapters 10
through 14. Huber's theorem and related results will be proved in Chapter 9
where we shall use trace formula techniques.

During the course of the years I was writing this book up I profited from
innumerable discussions with friends and colleagues to whom I should like
to express my warmest thanks. I am particularly indebted to Philippe Anker,
Colette Anné, Pierre Bérard, Gérard Besson, Leesa Brieger, Isaac Chavel,
Bruno Colbois, Gilles Courtois, Jozef Dodziuk, Patrick Eberlein, Edgar
Feldman, Burton Randol, Paul Schmutz and Klaus-Dieter Semmler for their
advice and encouragement, for teaching me special subjects, for reading
drafts and lecturing on various chapters, and, last but not least, for their
efforts to make this text look more English. My thanks also go to Frangoise
Achermann for typesetting the first version of the book.

And, finally, I am most indebted to my family for their love and patience.

Echandens, Peter Buser
May 1992
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Chapter 1

Hyperbolic Structures

In this chapter we collect a number of geometric properties of surfaces which
are modelled over the hyperbolic plane. The way of construction of these
surfaces is cutting and pasting. For this we shall include surfaces with piece-
wise geodesic boundary and prove existence and uniqueness theorems for
geodesics in various types of homotopy classes. The chapter ends with an
outline of the Fenchel-Nielsen parameters.

1.1 The Hyperbolic Plane

In this section we fix the notation, recall a few properties of hyperbolic
geometry and introduce various types of coordinates. We use Beardon [1] as
a reference for hyperbolic geometry, Klingenberg [1, 2] as a reference for the
differential geometry of surfaces and Macbeath [3] for the topology of cover-
ings. For a short history of hyperbolic geometry we suggest Milnor [2].

N, Z, Q, R and C denote respectively the natural, integer, rational, real
and complex numbers.

For any Riemannian manifold M we use the following notation.

dist( , ) is the distance function,

£(c) is the length of a curve c,

Is(M) is the isometry group of M,

Ist(M) is the subgroup of all crientation-preserving isometries.

The Poincaré model of the hyperbolic plane is the following subset of the
complex plane C,

P. Buser, Geometry and Spectra of Compact Riemann Surfaces, Modern Birkhiuser Classics, 1
DOI 10.1007/978-0-8176-4992-0_1, © Springer Science+Business Media, LLC 2010



2 Hyperbolic Structures [Ch.1, §1

H={z=x+iye C|y>0}

with the hyperbolic metric

(1.1.1) ds2=;)1§(dx2+dy2).

The distance in this model is given by the following formula (Beardon [1],
p. 130)

lz—wl?

1.1.2 shdist(z, w) =1 )
( ) cosh dist(z, w) + > Imz Imw

where cosh is the hyperbolic cosine function, and Im denotes the imaginary
part of a complex number. The group

PSL(2,R):{(ZZ)la,b,c,deR;ad—bc=l}/{il}

acts biholomorphically on H via the mappings

az+b
cz+d

and leaves the metric (1.1.1) invariant. Moreover, PSL(2, R) is the full
group of orientation-preserving isometries of H. The mapping
z—1
z+1

7> R ze H,

maps H biholomorphically onto the unit disk
D={w=u+ive C|u*+v<l}.
The induced metric is

2 Adu® + dvP)

(1.1.3) ds “l- @7
This is the disk model of the hyperbolic plane. In both models the geodesics
are the generalized circles which meet the boundary orthogonally. Yet another
model, the hyperboloid, will be considered in Chapter 2 in connection with
trigonometry. When no confusion arises, we will also use H to denote the
abstract hyperbolic plane.

The following theorems for the hyperbolic plane can immediately be seen
in the Poincaré model.

1.1.4 Theorem. There is a unique geodesic through any two distinct
points. <
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1.1.5 Theorem. [fa is a geodesic and p is a point, then there exists
through p a unique geodesic perpendicular fo a. o

1.1.6 Theorem. If a and b are geodesics with positive distance, then there
exists a unique geodesic perpendicular to a and b. <

A compact domain P c H is called a geodesic polygon if its boundary is a
piecewise geodesic closed Jordan curve. Sides and interior angles of a poly-
gon are defined in the usual way. An n-gon is a geodesic polygon with n
sides.

Figure 1.1.1

1.1.7 Theorem. The area of an n-gon P with interior angles ¥y, ..., ¥, is
given by the following formula,

areaP=(n-2)r — (¢, +...+9).

Proof. Beardon [1], p.153. <o

The hyperbolic trigonometry will follow in Chapter 2. The remainder of this
section deals with geodesic coordinates.

Polar Coordinates. Let p, € H be an arbitrary base point and let A be a
unit tangent vector at p,. For every point p € H — {p,} there exists a unique
unit speed geodesic y : [0, oo[ — H with y(0) = p, and passing through p.
Welet o= o(p) € [—=, x| be the directed angle from A to the initial tangent
vector of ¥ and let p = p(p) be the distance from p, to p such that y(p(p)) = p.
Then (p, 0) = (p(p), o(p)) is the pair of polar coordinates of p with respect
to py and A. In polar coordinates the hyperbolic metric has the following
expression.

(1.1.8) ds* = dp* + sinh®pdc?.

This is easily obtained in the unit disk model with p, at the origin (or
Klingenberg [1, 2], Proposition 4.3.8). Instead of taking o(p) in the interval
[—=, =[, we may consider o(p) an element of the unit circle
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S'=R/[s> s +27].

Fermi Coordinates. If we replace the above base point by a base line, we
get Fermi coordinates. They are defined as follows. Let i be a geodesic in the
hyperbolic plane, parametrized with unit speed in the form

t>n() e H, t e R.

Then n separates H into two half-planes: a left-hand side and a right-hand
side of n. For each p € H we have the directed distance p from p to n: posi-
tive on one side and negative on the other. There exists a unique ¢ such that
the perpendicular from p to 1 meets 1 at n(f). Now (p, t) is the pair of Fermi
coordinates of p with respect to n. The metric tensor becomes

(1.1.9) ds* = dp* + cosh®pdt® .

This may be computed in the upper half-plane when 7 is the positive imagi-
nary axis (or Klingenberg [1, 2], Proposition 4.4.6).

For convenience, and to avoid difficulties with minus signs we adopt the
following sign conventions in all figures. If n is oriented we take the oriented
distance p from a point p to 17 to be negative on the left-hand side of n and
positive on the right-hand side. This fits with the convention that for a posi-
tively (= counterclockwise) oriented circle in the plane the points on the left-
hand side lie in the interior of the circle and have smaller values of p than the
points on the right-hand side.

Horocyclic Coordinates. For completeness we mention a third type of
geodesic coordinate in the hyperbolic plane, useful for the study of cusps.
We work in the upper half-plane. Let p, be a point in the extended complex
plane C U { o} which lies either on the real axis or is the point at infinity.
We call such a point a boundary point or point at infinity of H. The general-
ized (Euclidean) circles which are contained in Hu {p,} passing through p,

Figure 1.1.2
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(cf. Fig. 1.1.2) are called the horocycles with center p,,.

The transformations of PSL(2, R) map horocycles onto horocycles. In the
particular case p, = oo, the horocycles are the horizontal straight lines, and the
vertical straight lines are geodesics with p, an endpoint at infinity. The hori-
zontal and vertical straight lines intersect each other orthogonally. It follows
that for any position of p,, the geodesics through p, and the horocycles at p,
form an orthogonal family.

Now let & be a horocycle parametrized with unit speed in the form 7+
h(t) € H, t € R. The hyperbolic plane is again separated into a left-hand side
and a right-hand side. We let the parametrization of 4 be such that p lies on
the left-hand side of 4, and we take the oriented distance p from a point p to A
to be negative on the left and positive on the right. This fits with the sign con-
vention for the Fermi coordinates.

Again, there exists a unique ¢ such that the perpendicular geodesic from p
to 4 meets h at i(z), and (p, t) is by definition the pair of horocyclic coordi-
nates with respect to 4. Using the particular example ¢ - A(f) = x(f) + iy(t) =
t+1i, t € R, (and p, = =), we find the following formula for the metric ten-
SOT.

(1.1.10) ds* = dp* + e* dr*.

1.2 Hyperbolic Structures

A Riemannian manifold of constant curvature —1 is locally isometric to hy-
perbolic space. A more self-contained approach to such manifolds is obtained
if we define them through a hyperbolic atlas in which the coordinate neigh-
borhoods are mapped into hyperbolic space and all overlap maps are local
isometries. This approach is particularly useful with respect to cutting and
pasting and has been most successful in dimensions two and three (see
Benedetti-Dedo [1], Epstein [2], Sullivan [1], Thurston [1] for some litera-
ture in dimension 3). We use this approach for the compact Riemann sur-
faces.

In the following, a surface will always be a smooth orientable two dimen-
sional manifold, possibly with piecewise smooth boundary. An atlas with
coordinate systems (U, ¢), where U is the coordinate neighborhood and ¢ the
coordinate map, will always be a subatlas of the differentiable structure. The
surfaces need not be connected, although later we shall restrict ourselves to
connected ones. Since the definition for bordered surfaces is somewhat
lengthy, we first consider the unbordered case.
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1.2.1 Definition. Let S be a surface without boundary. An atlas 4 of S is
called Ayperbolic if it has the following properties.

1 W) cH,forall (U, p) € 4.

() If(U, ¢) € A and (U', ¢') € A, then for each connected component
V of U N U’ there exists an isometry m € Is*(H) such that ¢’ - ¢! coincides
with m on @(V).

As for atlases of other types, every hyperbolic atlas extends to a unique
maximal one.

Every hyperbolic atlas induces a Riemannian metric of constant curvature
~1 on S. Conversely, every Riemannian metric of constant curvature —1 on
S is obtained in this way because any such metric is locally isometric to the
hyperbolic plane.

In order to define hyperbolic atlases for surfaces with boundary we use the
following terminology. Let § > 0 and let 0 < ¥ < 2z. A subset V of H is
called a circle sector of radius 6 and angle ¥ at p, € H if it has the following
form, where (p, o) are polar coordinates based at p,,.

V={(p,0) e H|0<p<§ 0<o<B}u{py}.

A half-disk is a circle sector of angle 7.
Now let S be a surface with non-empty piecewise smooth boundary JS.
The set

intS:=S-9$

is called the interior, and its points are the interior points of S. The boundary
dS of S is composed of smooth arcs, the sides of S. A side may have 0, 1 or
2 endpoints. A smooth closed boundary curve is a side with no endpoints.
Every endpoint of a side is the endpoint of an adjacent side and is called a
vertex of S. A point of dS which is not a vertex is called an ordinary bound-
ary point. In the following we shall allow that the boundary be smooth at
some of the vertices, but the number of vertices must be locally finite.

1.2.2 Definition. Let S have non-empty boundary. An atlas 4 of S is
called hyperbolic if it has the following properties.
(1) For each p e S there exists a coordinate system (U, ¢) € 4 with p € U
such that ¢(U) c H is
—a circle sector of angle ¥ < wat ¢(p), if p is a vertex,
— a half-disk at ¢(p), if p is an ordinary boundary point,
—an open disk with center ¢(p), if p is an interior point.
@) If (U, 9) € Aand (U’, ¢’) € 4, then for each connected component V
of U M U’ there exists an isometry m € Is*(H) such that ¢’ » ¢~' coincides



Ch.1, §2] Hyperbolic Structures 7
with m on @(V).

The restriction to angles ¥ < x is for convenience. We might as well extend
Definition 1.2.2 to arbitrary % > 0. However, this causes the distinction of
numerous additional cases in Theorems 1.5.2, 1.5.3 and 1.6.6 below.

1.2.3 Definition. Let S be as above. A maximal hyperbolic atlas on S is
called a hyperbolic structure. The hyperbolic structure is complete if its in-
duced metric on S is complete (in the sense of metric spaces). A connected
surface together with a complete hyperbolic structure is called a hyperbolic
surface.

In Theorem 1.4.1 we shall prove that every bordered hyperbolic surface is a
subdomain of an unbordered hyperbolic surface and has a piecewise geodesic
boundary.

Typical examples of hyperbolic surfaces are the hyperbolic plane, the half-
planes, the hyperbolic polygons and the compact Riemann surfaces of signa-
ture (g, 7) which will be defined in Section 1.7.

Note that we have restricted ourselves to orientable surfaces. If a hyper-
bolic atlas is given, the surface will be considered oriented with the orienta-
tion induced by the atlas.

On a surface with hyperbolic structure the definitions of geodesics, surface
area, angles, etc. carry over from the hyperbolic plane in an obvious way.
Note that the angle ¥ occurring in Definition 1.2.2 is the interior angle at
vertex p of S.

1.2.4 Theorem. Let S be a hyperbolic surface and let I" < Is*(S) be a
subgroup which acts properly discontinuously and without fixed points on S.
Then the quotient I'\S carries a uniquely determined complete hyperbolic
structure such that the natural projection «: S — I'\S is a local isometry.

Proof. We define the atlas A’ for I'\S using the atlas 4 of S. For all
q € I'\S we select ¢’ € n7'(¢) and let (U, @) € A be a coordinate system as
in Definition 1.2.2, with radius & so small that the restriction 7 | U of nto U
is a homeomorphism. We define ((n(U), ¢ (n | U)™") to be an element of
A'. This atlas defines the differentiable structure of I" \S and it satisfies the
conditions of Definition 1.2.2. The natural projection z:S — I'\S is a
Riemannian covering map and hence I"'\S is complete. The uniqueness is
clear. <
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1.3 Pasting

If two sheets of paper are pasted together along a straight boundary, we get a
smooth sheet of paper. Since the hyperbolic plane has a twice transitive
isometry group, a similar fact holds for hyperbolic polygons: let S and S* be
disjoint convex geodesic polygons in H such that all interior angles are not
greater than 7. Use an isometry m € Is*(H) to move them together as in
Fig.1.3.1. Then $* := m(S) U S’ is again a hyperbolic geodesic polygon.

* LS+ 5" mod(*)
:> J\—

Figure 1.3.1

Now observe that in order to construct S* we need not move S. We can
paste S and S’ together along sides y and y' as follows. Assume S and S’ are
disjoint. Let ¥ : [0, 1] = S and 7’ : [0, 1] — S’ be a parametrization of the
sides with the same constant speed and with opposite boundary orientation
(the sides are assumed to have the same length). Then there exists an iso-
metry m € Is*(H) such that

m(y®))=vy'(), tel0, 1]

Define an equivalence relation on the disjoint union S U §” as follows. For
every point p = y(t), t € [0, 1], the equivalence class consists of the two
points y(f) and y'(¢). For every point p ¢ v U 7’ the equivalence class con-
sists of the single point p. We shall say that the equivalence relation thus de-
fined is determined by the pasting condition

*) Y =y'®, tel0,1],
and denote by
F=8+5" mod(*)

the quotient space of S U S’ with respect to this equivalence relation. If we
project the Riemannian metric from S U §’ to F, then F is isometric to the
domain $* :=m(S) U S".

In a similar manner we paste together more general surfaces. Assume that
Sy, ..., S, are pairwise disjoint hyperbolic surfaces and let y,, y{, 7,
Y2> ---» Y ¥ De pairwise distinct sides of S :=§, U ... U S,,. Assume that
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for each k, the sides y, and y, are parametrized in the form y, : I, = S,
v; -1, = S with the same constant speed. Here /, is an interval. When
7, and y; are smooth closed geodesics, then we also allow I, to be the circle
R/[t t + a,] for some a,, or we may take [, = ]—oo,+oo[ and parametrize
the geodesics periodically with period g,.

In addition, we assume that the orientations of the sides are such that the
quotient surface below will again be orientable.

We now define an equivalence relation on S by the pasting condition or
pasting scheme:

() Y (®) = v (1), tel, k=1,...,n.
1.3.1 Definition. Under the above hypotheses,
F=S8+...4+S, mod(£)

is the quotient space of the disjoint union S =S, U ... U §,, with respect to
the equivalence relation defined by ().

F is a separable Hausdorff space, and if certain general conditions are satis-
fied, then F is a hyperbolic surface in a natural way. Before we prove this,
we give a few examples.

1.3.2 Example. (Hyperbolic cylinders).

S al Y /

2
/
/

Figure 1.3.2

Consider the geodesic T+ n(7) = ie" € H, 7 € R. Let ¥ and 7’ be geodesics
intersecting 71 perpendicularly in a and b, as in Fig 1.3.2, where la| < |b].
The closed strip S included between y and y’ is a hyperbolic surface with
atlas 4= {(S, id)}.

Parametrize ¥ and y’ with unit speed and opposite boundary orientation
such that ¥(0) = @ and y'(0) = b. The isometry m given by

bz
m(z)—a , ze H,
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maps 1 onto itself and satisfies the equation m(y(t)) = y'(¢), t € R. The
pasting condition

1) v =v(), teR,
yields the hyperbolic surface
) C =S mod(1).

The geodesic arc 7 | [log lal, log |b|] projects onto a closed geodesic 1, on C
of length

3) ¢=¢(n) =log |'§|.

If I'={m* | k € Z} < PSL(2, R) denotes the cyclic subgroup generated by
m, then the quotient manifold I"\H carries a natural hyperbolic structure
such that the covering H — I'\H is a local isometry (Theorem 1.2.4). We
therefore identify /" \H with C.

Introducing Fermi coordinates based on 7 (cf. above (1.1.9), we obtain a
description of C as the surface

4) C=RxR/[t>t+{],
where ¢ is as in (3), with the Riemannian metric
S) ds* = dp® + cosh’pdt® .

In any of these forms, C is called a hyperbolic cylinder. The coordinates used
in (5) are called the Fermi coordinates for the cylinder. Observe that n, is
parametrized with unit speed. If i, is reparametrized with speed ¢ instead,
then (5) is replaced by

6) ds? = dp® + ¢*cosh®pdt?.

1.3.3 Example. (The pasting of closed geodesics).

Figure 1.3.3
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Let S, S’ be hyperbolic surfaces (not necessarily distinct) and assume that y
on S and ¥’ on S’ are closed boundary geodesics with the same length, for
example ¢. We parametrize y and y’ periodically on R with period 1 and
speed ¢. If S coincides with S, then we assume that y and y’ are distinct and
have the same boundary orientation, thatis, S and S’ are either both on the
left hand side or both on the right hand side of y and y’. Let

(D F=8+58 mod(y(¥) =y'(-t), t € R).

The two geodesics y and ¥’ project to a simple closed geodesic y, of length
¢ on F. For sufficiently small £> 0 the following tubular neighborhoods are
isometric

{peF|dist(p,y,)<e} and {pe C|dist(p,n)<e},

where C is from Example 1.3.2 with €(n,) = €(y,). The pasting condition in
(1) may be replaced by

(2) y®) =y'(a—1), tek,

with an arbitrary so-called rwist parameter o € R. The above e-neighborhood
of y, remains geometrically the same, but globally, the surfaces arising from
different o are in general not isometric (cf. the examples in (3.6.6)).

\ -
AR 1 19,-]&’
A IPd
¥, W
e P
P ‘\
= ps \
7 \
, \ F
’
Va A

Figure 1.3.4

Not every pasting of hyperbolic surfaces yields a hyperbolic surface, even
if the orientability condition is satisfied. For instance, if several vertices with
interior angles ¥, ..., ¥, together define an interior point of the quotient F as
shown in Fig. 1.3.4, then an obvious condition is that ¥, +...+ &, =27 A
more subtle problem is contained in the following example which we adopt
from Benedetti-Dedo [ 1] (cf. also de Rham[1]).

1.3.4 Example. (A counterexample). Let a and f be the following geod-
esics in the upper half-plane: a(t) = 1 + ie', B(f) = 2 + ie’, t € R. The closed
strip S included between a and f is a hyperbolic surface. The two sides of S
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do not meet, but they have zero distance since dist(a(t), f(#)) = 0 as t — .
Now paste together the two sides via the isometry m given by m(z) = 2z,
z € H. The corresponding pasting condition is

(D) o(r) = B(t+log2), t € R.

The surface F =S mod(1) has a hyperbolic structure such that the natural
projection S — F is a local isometry, but the structure is not complete: con-
sider the sequence of points a, = 1 +i2", b, =2 +i2"*' = m(a,), n = 0,
1,....Then a, and b, project to the same point p, on F. The horocyclic arc
(horizontal line) from a, to b,_, has length 27" and consequently we have
dist(p,_;, ) <2 on F, i.e. the p, form a Cauchy sequence. This sequence
does not converge.

7

o
—
(58]

Figure 1.3.5

Fig. 1.3.5 shows S and the surface F obtained by this pasting. F is a half
cylinder with boundary geodesic y of length log 2. However, y does not be-
long to F. The boundary of S projects to an infinite geodesic «, on F for
which y is an asymptote. The points p, lie on a horocyclic curve #; which
intersects oy and y orthogonally. The missing limit point of the sequence
{p,} is the intersection point of /; and y.

In the next theorem we consider again m distinct surfaces S, ..., S,, with
hyperbolic structures together with a choice of distinct sides y,, 7|, ¥2, 72,
-+s ¥ 7, asin Definition 1.3.1. The pasting scheme

(o) n®=vw, tel, k=1,...n,
gives rise to the orientable surface
F=§+...+S, mod().

In the following, a vertex cycle is the set of all vertices of S, ..., S, which
together define a single point of F (this point may be an interior point or a
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boundary point of F).

1.3.5 Theorem. Assume that the following conditions hold.

(1) For each vertex cycle which yields an interior point of F the sum of the
interior angles at the vertices is 2,

(i1) for each vertex cycle which yields a boundary point of F the sum of
the interior angles is < 7.

Then F carries a unique hyperbolic structure such that the natural projec-
tiono:S,vU...uS,, = Fisalocal isometry.

Now assume that the following additional condition is satisfied.

(iii) F is connected, the hyperbolic structures of S, ..., S, are complete,
and any pair of non-adjacent sides in the list y,, ..., v, lying on the same
surface S, has positive distance.

Then the hyperbolic structure of F is complete.

Proof. The construction of the hyperbolic atlas 4 is straightforward and we
restrict ourselves to a particular case.

Let 4,, ..., 4, be the hyperbolic structures of S, ..., S,,and letp € F be
a boundary point whose inverse image under o is the vertex cycle p,, ..., p,
with corresponding interior angles ®,..., 9, whose sum is o =
% + ...+ 9, <z For sufficiently small £ > 0 the distance neighborhoods

U={xeSu...uS,|distx,p;) < e}

are pairwise disjoint for i = 1, ..., r, and we obtain coordinate systems
W, ¢) € 4,0 ... U 4, such that ,(U,) is a circle sector V; in H of radius &
and angle ;. We suppose that the cycle is numbered in such a way that the
left-hand side of U, is identified with the right-hand side of U, ,, for i =
1,...,r—1.

We then find orientation-preserving isometries m;, ..., m, of H such that
Vi=m(V,)u...um/(V,) is a circle sector of angle ¥ and such that for i =
L, ..., r— 1 the left-hand side of m(V;) coincides with the right-hand side of
M (Vi)

It follows that x € U; and y € U; are equivalent mod() if and only if
m@Lx)) = mj(tp_/-(v)). Hence, we have a well defined mapping

p=mo @ +...+m, o @ mod()

fromU :=U;+...+ U, mod() onto V, and we let (U, ¢) be an element of
A. In a similar manner we obtain coordinate neighborhoods in all other
cases, and we check that the atlas 4 thus defined is hyperbolic and that the
mapping 6: S — Fis a local isometry. The uniqueness is clear.

The completeness of F in case (iii) is clear if the surfaces S, ..., S, are
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compact (which is the main case considered in this book). However,
Example 1.3.4 shows that the non-compact case needs an argument. Rename
the sides which are involved in the pasting as follows: v, = Bo,_1» Y& = Bow k
=1, ..., n. Denote by B the union B = 8, U ... U f3,, and let P be the set of
all endpoints of 3, ..., B,,. There exists £ > 0 such that the distance sets
U ={xeS | dist(x, p) < €}, p € P are pairwise disjoint coordinate neigh-
borhoods. Denote by U* the union of all U;, p € P. Condition (iii) implies
that for some positive § < £/2 we have

(1) dist(B,— U, B)= 6, i k=1,...,2n,i#k.
k

Now let x|, x,, ... be an infinite sequence in S =§, U ... U S, whose im-
age o(x,), o(x,), ... in F is a Cauchy sequence. To prove the completeness
of F we must show that some infinite subsequence of x, x,, ... converges
in S. We distinguish two cases.

Case 1. dist(x,, B) > §, for some positive §, < § and almost all n. Here
we take N so large that for all n > N, dist(o(x,), o(xy)) < 8,/2 and such that
dist(xy, B) > 8,. The distance set

W={ze S|dist(z, xy) < 8,}
is compact, connected and isometric under o to the distance set
W'={z'e F|dist(z, o(xy) < §,}.

It follows that the x,, n = N, form a converging Cauchy sequence in W.

Case 2. dist(.x”‘_, B) converges to 0 for some subsequence {x,,k}, k=1
2,.... We may assume that this is the sequence {x, } itself. We take N so
large that for n 2 N, dist(o(x,), o(xy)) < 6/2. We let zy € B be the point
which lies closest to xy.

If dist(zy, P) < €/2, then x, € U® for all n = N, and we are done, since U*®
has compact closure.

If dist(zy, P) > €/2, then the equivalence class of zy consists of exactly

two points, zy and, say, wy, where dist (wy, P) > e /2. Let
W,={z e S|dist(z,zy)< 8}, Wo,={ze S|dist(z, wy)<§}.

By (1), W, and W, are compact and connected. Moreover, W, U W, is the
inverse image under o of

W':={z"€ F|dist(z’, o(zy)) < 8}.

As in case 1, it now follows that the x,, n =2 N, form a converging Cauchy
sequence in W, U W,. 34

To conclude this section we mention the inverse process of pasting.
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1.3.6 Definition. Let F =8, +...+ §,, mod() be as above with the
natural projection o: S, U ... U S, > F, and let

C=o(ypu...vuoy)=0Du...uo(y,).

Then we say that S, ..., S,, are obtained by cutting F open along C.

It is not difficult to see, for example, that if C is a set of disjoint simple closed
geodesics on a hyperbolic surface S then S can be cut open along C.

In a similar way we shall frequently cut open surfaces along sets of
piecewise geodesic curves.

1.4 The Universal Covering

Every complete unbordered surface of constant curvature —1 is universally
covered by the hyperbolic plane (Cheeger-Ebin [1] or Klingenberg [1, 2]). In
this section we adapt this to the complete hyperbolic surfaces with boundary.
This is made easy due to the following theorem.

1.4.1 Theorem. Every hyperbolic surface S with boundary is isometri-
cally embedded in a hyperbolic surface S* without boundary such that S is a
deformation retract of S*.

Proof. We paste additional pieces to the boundary as follows. Along each
closed boundary geodesic y of length ¢ we paste a half-cylinder
[0,0[ X R/[t> 1+ 1]

with the metric ds* = dp* + ¢*cosh®pdt? as in Example 1.3.3. Along each
non-closed side of length a we paste a strip

Figure 1.4.1



16 Hyperbolic Structures [Ch.1, §4

[0, ©[ X [0, a]

with metric ds® = dp® + cosh®pdt* . For sides of infinite length we proceed
similarly. Note that the strips are right-angled. Finally, for each vertex p of §
with interior angle ¢ we paste an infinite circle sector

2={p}ul0,[x[0, 7= 9]

with metric ds® = dp? + sinh®pd