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Preface

The Seventh International Conference on Mathematical Methods for Curves and
Surfaces took place June 26 – July 1, 2008, in Tønsberg, Norway. The earlier
conferences in the series took place in Oslo (1988), Biri (1991), Ulvik (1994),
Lillehammer (1997), Oslo (2000), and Tromsø (2004). The conference gathered
165 participants from almost 30 countries who presented a total of 129 talks.
This includes nine invited talks and seven mini-symposia.

This book contains 28 original articles based on talks presented at the confer-
ence. The topics range from mathematical analysis of various methods to practi-
cal implementation on modern graphics processing units. The papers reflect the
newest developments in these fields and also point to the latest literature. The
papers have been subject to the usual peer review process, and we thank both
the authors and the reviewers for their hard work and helpful collaboration.

We wish to thank those who have supported and helped organize the confer-
ence. First and foremost it is a pleasure to acknowledge the generous financial
support from the Department of Informatics and the Centre of Mathematics
for Applications (CMA) at the University of Oslo, and the Research Council of
Norway. We would also like to thank Andrew McMurry for his help with with
technical matters, and Sara Mørken for help with the registration.

November 2009
The editors
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Partial Differential Equations for Interpolation and
Compression of Surfaces

Egil Bae1 and Joachim Weickert2
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Abstract. Partial differential equations (PDEs) have recently shown to be very
promising for image interpolation and compression. Inspired from this work, we
present a PDE based approach to interpolation of surfaces from scattered point
sets using the geometric diffusion equation. Triangulated surfaces are consid-
ered in the discrete setting, and the geometric diffusion equation is discretized by
the finite element method directly on the triangular mesh. Furthermore, a PDE
based method for lossy compression of triangulated surfaces is presented. The
idea is to store only a few relevant vertex coordinates in the encoding step. In
the decoding step, the remaining vertices are reconstructed by solving the geo-
metric diffusion equation. Finally, two modified reconstruction methods are pro-
posed that are shown to improve the compression quality for both images and
surfaces. These reconstruction methods approximate instead of interpolating, and
have links to Hopscotch methods for the numerical solution of PDEs. Experi-
ments are presented illustrating that results of high quality can be obtained using
simple geometric diffusion without any information on surface normals.

1 Introduction

Compression of mesh geometry is getting increasingly more important. Surfaces of
millions, and even billions of vertices can get acquired. In order to handle such large
amount of data, compression is necessary.

Until recently, the most competitive image and surface compression methods are
based on decorrelating the data in the frequency domain, using methods such as wavelets
or the cosine transform [1,2,3]. For image compression, the work of [4] proposed a very
promosing alternative method, based on interpolation in the spatial domain with PDEs.

Inspired from this work, we propose a PDE based method for surface interpolation
from sparse scattered point sets, and a PDE based method for lossy compression of
triangulated surfaces. The interpolation method is formulated in the continuous setting
as finding the steady state of a time dependent geometric PDE. In the discrete setting,
triangulated surfaces are considered, and the PDE is discretized by the finite element
method, yielding a discrete flow for each vertex coordinate.

The compression method encodes the surface by storing only a suitable small subset
of the vertices. The surface is reconstructed in the decoding step by interpolating from
the scattered set of points by solving a geometric PDE.

M. Dæhlen et al. (Eds.): MMCS 2008, LNCS 5862, pp. 1–14, 2010.
c© Springer-Verlag Berlin Heidelberg 2010
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In this work, we particularly study the simple geometric diffusion equation, and show
that it has surprisingly good interpolation properties when the interpolation points are
selected properly. Furthermore, an improvement is presented based on this equation,
which links approximation and numerical methods for PDEs. A similar improvement
is also presented for image compression, showing that the linear diffusion equation can
yield equally good results as more complicated nonlinear PDEs.

The goal of this paper is to prove the concept of the new surface compression method.
We aim to make comparisons with other methods at later stage of development. At the
current stage it is hard to assess the exact compression rate of our method. Also, in
contrary to wavelets which require semi-regular meshes, our method is applied directly
to irregular meshes. This makes a direct comparison difficult.

The structure of the paper is as follows: In Section 2 we describe the continuous
framework behind our surface interpolation. A finite element discretization is presented
in Section 3. In the fourth section we give details on our baseline method for surface
compression, while in Section 5 we introduce two modifications that avoid singularities
at the interpolation points. Numerical experiments are performed in Section 6, and the
paper is concluded with a summary in Section 7.

Relation to previous work. PDEs have been used for a growing number of image and
surface processing problems in the recent years. They have shown to be very powerful
for problems such as inpainting, where one wants to fill in regions of missing informa-
tion using information at the boundary of the regions [5, 6, 7, 8, 9]. Interpolation is a
special type of inpainting problem, where the data is only known on a scattered set of
points. Until recently, PDE based methods have been little studied for this problem.

For surface interpolation, one method based on solving the Poisson problem was
proposed in [10]. Contrary to this work, we don’t need any information about the normal
vectors. From a compression point of view this is an advantage, since normal vectors
are expensive to store. For unoriented dense point clouds, a level set approach was
proposed in [11], based on finding the surface minimizing a functional depending on
the distance to the interpolation points. In [12, 13], Kobbelt et. al. proposed a method
for interpolating a fine polygon from the vertices of a coarse polygon by minimizing a
function of linearized curvature.

For image interpolation, the recent work of [4] demonstrated that certain PDEs
are very promising. Especially edge enhancing anisotropic diffusion [14], where an
anisotropic diffusion tensor suppresses diffusion across edges and allows diffusion
along them, performed well. Also the linear diffusion equation yielded good results,
provided that the interpolation points were chosen carefully. The image was recon-
structed by solving a Dirichlet boundary value problem with the interpolation data as
boundary conditions. Furthermore, a new image compression method was developed
based on these results, shown to outperform the well-known JPEG standard at high
compression rates. The idea was to store only pixels that were hard to reconstruct by
the PDE in the encoding step. In the decoding step, the image was interpolated from this
sparse set of pixels. Selection of the best interpolation points is a difficult combinato-
rial optimization problem. For the linear diffusion equation, [15] showed that the exact
solution could be computed. For other PDEs, suboptimal solutions could be estimated
by B-tree triangular coding, or stochastic approaches [4].
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We wish to extend the image interpolation ideas to surfaces. Locally, the coordinate
maps of a surface are very similar to an image. We therefore formulate PDEs, such
that the differential operators act directly on the coordinate maps. In this sense, the
geometric diffusion equation can be seen as the surface equivalent of the linear diffusion
equation.

The geometric diffusion equation and the Laplace-Beltrami operator have been ex-
tensively used in geometric modelling. Typically for the purpose of surface fairing or
smoothing [16, 17, 18, 19, 20]. In [21], a mesh encoding technique is developed based
on quantization of the discrete Laplace-Beltrami operator applied to the mesh.

2 PDE Based Surface Interpolation

In this section, we present the continuous formulation for our PDE based method for
surface interpolation from sparse scattered point sets.

We begin with some basic notation. Let S denote a smooth, compact, orientable
surface embedded in R3. S can be parameterized by {xα ,Ωα}α , where xα(ξα1 ,ξα2 ) :
Ωα �→ S are the coordinate maps (patches). For ease of notation, we from now on drop
the subscript α . We let ∇S denote the intrinsic gradient operator of S. Applied to a
function u ∈ C 1(S), this operator can be written in local coordinates

∇Su =∑
i, j

g−1
i j
∂ (u ◦ x)
∂ξ j

∂
∂ξi

, (1)

where gi j = I( ∂x
∂ξi

, ∂x
∂ξ j

) = ∂x
∂ξi
· ∂x
∂ξ j

are the metric coefficients with respect to x. I(·, ·) is

the first fundamental form, which at each p∈ S is the inner product on the tangent plane
TpS. The Laplace-Beltrami operator ΔS is a generalization of the Laplace operator for
manifolds. Applied to a function u ∈C2(S), it is defined by the duality∫

S
ΔSuφ dx =−

∫
S

I(∇Su,∇Sφ)+
∫
∂S
∂ncouφ dσ , ∀φ ∈C∞(S), (2)

where nco is the co-normal, which at each p ∈ ∂S is the normal vector of the curve ∂S
lying in the tangent plane TpS. Linear diffusion can now be formulated for a function u
defined on a surface

∂u
∂ t

= ΔSu on S × [0,∞) (3)

Our interpolation method is based on applying these differential operators directly to
the coordinate maps x. We will particularly focus on the geometric diffusion equation,
defined as

∂x
∂ t

= ΔS(t)x on S(t) × [0,∞). (4)

Note that this equation is non-linear, as the differential operators depend on the un-
known x. It can be shown that this equation describes motion by mean curvature (see
[22] page 151). A disadvangate of this equation is certain shrinking effects on the vol-
ume enclosed by the surface [23]. Incorporation of boundary conditions will counteract
most of these shrinking effects. An even better countermeasure is presented in Section 5.
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Our interpolation method can now be formulated. We let xknown denote the coor-
dinates of the scattered set of points. The surface S is reconstructed by solving the
geometric diffusion equation with xknown as boundary conditions.

∂x
∂ t

= ΔS(t)x on S(t) × [0,∞) (5)

x = xknown on ∂S(t) × [0,∞), (6)

S(0) = S0 (7)

where S0 is some initial guess. In order to be well posed in the continuous setting, xknown

is assumed to be patches of non-zero measure. In the discrete setting, points always have
a non-zero measure, so we avoid this problem.

As previously stated, the geometric diffusion equation can locally be seen as the sur-
face equivalent of the linear diffusion equation, since the Laplace-Beltrami operator is
applied to the coordinate maps. A different philosophy is to process the normal vectors,
which yields higher order PDEs. See [24] for total curvature minimization in the level
set framework. See [25] for minimization of Willmore energy and approximations on
discrete meshes.

It could interesting to formulate the interpolation method with higher PDEs, however
in this paper we focus on second order for a number of reasons: Higher order PDEs
requires information of the normal vectors at the boundary in order to have a unique so-
lution. From a compression point of view, storage of normal vectors at the interpolation
points would require twice as much space. Numerical solution of higher order PDEs is
computationally harder. Finally, we expect oscillation problems, since the boundary is
so sparsely scattered. On the order hand, higher order PDEs have many attractive prop-
erties such as less shrinking effects, preservation of edges etc. They should be explored
for the interpolation problem in the future. A generalization we have strongest belief in
is anisotropic geometric diffusion [19].

3 Finite Element Discretization

Discretization of our continuous surface interpolation model is done by the finite el-
ement method. Using linear elements results in linear coordinate patches, which suits
very well with triangulated surfaces. A finite element discretization for the Laplace-
Beltrami operator was first proposed in [18], and for the geometric diffusion equation
in [17]. We express equation (5) - (7) in weak form. That is, find x(t) such that∫

S(t)

∂x
∂ t
φ dx =−

∫
S(t)

I(∇M(t)x,∇S(t)φ)dx t > 0 (8)

S(0) = S0, (9)

for all φ ∈ C∞(S(t))3 = V 3 with φ = 0 on ∂S(t). Note that the boundary term in (2)
vanishes, because the boundary is held fixed.
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Spatial discretization is made by reducing V to a finite dimensional subspace Vh ⊂V .
The surface coordinate maps are thus reduced to a finite dimensional subspace. This will
result in a discrete surface Sh. Letting X(t) denote the discrete coordinate map, we then
obtain ∫

Sh(t)

∂X
∂ t
φ dx =−

∫
Sh(t)

I(∇Sh(t)X ,∇Sh(t)φ)dx t > 0 (10)

Mh(0) = Mh0 (11)

for all φ ∈V 3
h with φ = 0 on ∂Sh. We choose the subspace consisting of linear polyno-

mials on each triangle.

Vh = {φ ∈C0(Mh)s.t. |φ |T is a linear polynomial on each triangle T}.
Choosing time step τ and letting Xn = X(nτ) and Sn

h = Sh(nτ), we discretize semi-
implicitly in time [17] by∫

Sn
h

Xn+1−Xn

τ
φ dx =−

∫
Sn

h

I(∇Sn
h
Xn+1,∇Sn

h
φ)dx n ∈ [0,1, ...) (12)

M0
h = Mh0 , (13)

for all φ ∈ V 3
h such that φ = 0 on ∂Sn

h. We thus observe that the surface Sn+1
h at time

step n + 1 is parameterized over the surface at the previous time step Sn
h. For each time

step n, we choose the nodal basis {Φn
i }m

i=1 for Vh, where m is the number of vertices.
That is, for each vertex X̄n

i we associate a piecewise linear basis function Φn
i such that

Φn
j (X̄

n
i ) = δi j, i, j = 1, ...,m

The coordinate map can now be written in terms of the basis as Xn+1 = ∑m
i=1 X̄n+1

i Φn
i

and Xn = ∑m
i=1 X̄n

i Φn
i . Using these expressions, equation (12) can be written as a linear

system for the new vertex coordinates X̄n+1.

(M + τL)X̄n+1 = MX̄n n ∈ [0,1, ...) (14)

where Mi j =
∫

Sn
h
Φn

i Φn
j dx and Li j =

∫
Sn

h
I(∇Sn

h
Φn

i ,∇Sn
h
Φn

j )dx. At each time step, this
linear system must be solved for each of the three vertex coordinates. Note that the
stiffness matrix (M +τL) is identical for each of the three linear systems, only the right
hand side differs.

By the choice of the basis, we observe that (M + τL) is very sparse, with non-zeroes
mainly concentrated around the diagonal. To numerically solve the linear systems, it-
erative methods like the conjugate gradient method (CG) or SOR can be used. At each
time step n, X̄n can be used for initialization, since we expect X̄n+1 to be close to X̄n.

4 Surface Compression

The new compression method can now be formulated. A triangular mesh is encoded
by deleting all vertices that are reconstructed in acceptable quality by the PDE. Only
the remaining vertices are stored on the computer. In the decoding step, the unknown
vertices are reconstructed via PDE based interpolation.
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4.1 Encoding

To achieve a compression rate of p percent, we aim to store only p percent of the ver-
tices. The vertices should be selected such that the reconstruction error when using
them for interpolation points is minimized. Intuitively, these points should be located
at areas of high curvature. To efficiently find exact or suboptimal solutions of this com-
binatorial optimization problem is of interest in its own. Since the goal of this paper is
not efficiency, but to demonstrate the potential of the method, we present a stochastic
approach. The idea is to progressively reduce the number of vertices. This is achieved
by interpolating in small randomly selected subsets of the vertices, and permanently
removing the vertices with least reconstruction error:

Encoding Algorithm:
Set V = {all vertices in the mesh}.
Repeat until desired sparsification is reached:

1. Randomly remove set R of vertices (e.g. |R|= 5% of |V |).
2. Interpolate in V\R with geometric diffusion.
3. Permanently remove the set P, where reconstruction error is

smallest (e.g. |P|= 5% of |R|)
V ←V\P

In the interpolation step (step 2), the vertices in the known surface are used for ini-
tialization. Finally, a coarse triangulation topologically equivalent to the original mesh
should be defined for the sparse set of vertices. This triangulation should be stored in
addition to the set of vertices.

It is hard to assess the exact compression rate of our method at the current stage. We
assume that if p percent of the vertices are to be stored, the coarse triangulation requires
p percent as much storage as the original triangulation. Therefore, the compression rate
is also p percent. Since the coarse triangulation can potentially be stored with much less
space, the actual compression should be even higher.

4.2 Decoding

The surface is decoded by interpolating from the stored set of vertices V . Note that
we do not aim to reconstruct the exact locations of the original vertex positions. Our
aim is rather to reconstruct a surface which as close as possible resembles the original
surface. Within that surface, we do not care how the vertices are distributed relative to
the original surface.

Since only a small amount of vertices are known, the interpolation method requires
an initialization of all the unknown vertices. Furthermore an initial triangulation must be
defined on the set of all known and initial vertices. Note that such an initialization, also
determines an initialization of the metric coefficients of the discrete Laplace-Beltrami
operator.

The initialization can be computed in many ways. Starting with the coarse mesh, a
possibility is to iteratively refine and solve the PDE, introducing more vertices in each
iteration. At each step, the mesh should be topologically equivalent to the stored mesh.
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In our experiments, we have simply used the known mesh for initialization. This will
not have any influence on the final result, since under Dirichlet boundary conditions,
the steady state of the geometric diffusion equation is unique.

5 Surface and Image Approximation

It is well known that the diffusion equation results in a smooth functions everywhere,
except at the boundary where we in general cannot say anything about the smoothness.
In fact, as the area of the boundary points goes to zero, a logarithmic singularity will
arise at each boundary point. For the interpolation problem, this can be observed as a
sharp cusp at each interpolation point, although in the discrete setting the singularities
are not fully developed. The phenomena happens both for surfaces and images, but is
much more visible for surfaces.

We now present a method to counteract this problem, which is based on approxima-
tion instead of interpolation. Afterwards, a further improvement is presented which is
also able to prevent shrinking effects, and yields a sharper reconstruction at edges.

The idea is to iteratively exchange the role of interpolation domain and boundary
domain. Letting S1 denote the set of unknown vertices, and S2 the set of known vertices,
the algorithm can be sketched as follows.

Modification I:
for n=1,...,N:

1. Interpolate Sn+1
1 with Sn

2 fixed
2. Interpolate Sn+1

2 with Sn+1
1 fixed

where S0
i is the input and SN

i is the output for i = 1,2.
This process may be interpreted as Hopscotch iteration for the geometric diffusion

equation in the whole domain. Hopscotch iteration was developed in the 1960’s as a
numerical method for solving time dependent PDEs [26, 27]. The idea is to decompose
the spatial domain into two or more subdomains consisting of scattered regions. The
PDE is solved numerically by alternatingly taking one time step in each subdomain,
with function values in the inactive subdomain as boundary conditions. Attempts to an-
alyze the numerical error has been made in the above mentioned references. For a given
compression rate, S1 and S2 each contain a certain percentage of vertices. Therefore,
this method is independent on the resolution of the mesh.

Note that this method achieves smoothness at the expense of accuracy, as the sur-
face will be progressively diffused in each time step. However, the smoothness will be
significantly improved after only one iteration.

A further improvement can be made. For decompression, we observe that the inter-
polation points are located at locations of sharp edges and corners, where the curvature
is large. We therefore propose the same iterative scheme, but instead project the dis-
placements of the interpolation points back in their opposite direction. This can be seen
as inverse diffusion applied to the interpolation points. The motivation is to imitate the
behaviour of edge enhancing nonlinear PDEs, which perform inverse diffusion at loca-
tions of sharp corners. In order to maintain a smooth result, backward diffusion is only
applied every second iteration. The algorithm is sketched below.
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Modification II:
for n=1,2,...,N:

1. Interpolate Sn+1
1 with Sn

2 fixed.
2. Interpolate Sn+1

2 with Sn+1
1 fixed.

3. if n is odd: Sn+1
2 ← Sn

2−2Sn+1
2

We experienced that usually the best results were obtained with one iteration of mod-
ification I, or two iterations of modification II. All experiments in this paper are made
with these number of iterations.

We have also applied this method for image compression with linear diffusion. In
this case S1 and S2 can be replaced by Ω1 and Ω2, where Ω1 is the domain of unknown
pixels, andΩ2 is the domain of known pixels. Analyzing the L1 error, we are able to ob-
tain equally good reconstruction results based on linear diffusion as the more expensive
nonlinear anisotropic diffusion.

6 Numerical Experiments

This section presents numerical results. The mean L2 error measures for all surface
experiments, computed by the metro tool [28], are shown in Table 1. An illustrative
example is shown in Figure 1, where 10 percent of the interpolation vertices have been
selected. The coordinates of these vertices are depicted as dark dots in Figure 1(b).
This demonstrates that the encoding step tends to select vertices at locations of high
curvature, such as sharp edges. For this particular example, the compression is not lossy,
as the exact surface can be reconstructed.

The next example, Figure 4, aims to show the differences between the interpolation
method and the different approximation modifications. For this low resolution mesh,
the sharp cusps at each interpolation point are particularly visible, Figure 4 (b). As seen
in Figure 4(c)(d), the two modifications significantly reduces the problem. In addition,
modification II yields a sharper reconstruction with less shrinking effects. Although it
may be hard to see this difference when the surfaces are placed next to each other, the
effect is clear from the error measures in Table 1, Moai. As expected, modification I

Table 1. Mean L2 errors (metro) for surfaces

Compression rate Geometric diffusion Modification I Modification II
2 percent - - -

Moai 5 percent 0.047 0.050 0.024
10 percent 0.021 0.024 0.009
2 percent 0.218 0.226 0.171

Armadillo 5 percent 0.128 0.138 0.082
10 percent 0.065 0.079 0.049
2 percent 0.107 0.112 0.091

Max-Planck 5 percent 0.074 0.082 0.056
10 percent 0.045 0.059 0.033
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(a) Ground truth (b) interpolation points (c) Geometric diffusion

Fig. 1. Reconstruction from 10% of vertices

yields slightly higher errors than geometric diffusion, while modification II is signifi-
cantly better than both geometric diffusion and modification I.

Some more realistic examples are depicted next. In Figure 5, we compare interpola-
tion with geometric diffusion, modification I, and modification II. For this example, 90
percent of the vertex coordinates have been deleted in the encoding step. We observe
that the overall shape can be reconstructed quite well with geometric diffusion, Figure
5(b). A disadvantage is the sharp cusps at each interpolation point. The result of one
iteration of modification I is shown in Figure 5(c). The surface is smoother, but has
the drawback of smooth corners and edges, and slight shrinking effects. Figure 5(d) is
the result of two iterations of modification II, which we observe yields both a sharper
results at edges, while removing singularities at the boundary points. See also Table 1,
Armadillo.

Another example is shown in Figure 6, where 95 percent of the vertex coordinates
have been removed. This example demonstrates that quite amazing results can be ob-
tained with geometric diffusion. The improved result with modification II is also shown.
At such high compression rate some small scale detail, such as wrinkles, may become
less prominent.

We also demonstrate the approximation method presented in Section 5 for image
compression. In Figure 2 and 3, the reconstruction results of linear diffusion, anisotropic
diffusion and modification II are shown. In Table 2, we compare the L1 reconstruction

Fig. 2. Input images. Left: Trui, Right: Peppers. Resolution: 256×256.
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Fig. 3. Reconstructions from 2.5 % of pixels. Top: Trui. Bottom: Peppers. From left to right:
linear diffusion, anisotropic diffusion, modification II.

(a) Ground truth (b) Geometric diffu-
sion

(c) Modification I (d) Modification II

Fig. 4. Reconstruction from 10% of vertices, Moai experiment. Total number of vertices: 10002,
total number of triangles: 20000. (a) Ground Truth, (b) interpolation by geometric diffusion, (c)
modification I, (d) modification II.

error of the different PDEs. We observe that modification II yields equally good results
as the more sophisticated anisotropic diffusion, although it seems to have a slightly
lesser ability of preserving edges. Anisotropic diffusion was shown to outperform the
well known JPEG standard in [4]. Since modification II is based on linear diffusion, it
is several times faster than anisotropic diffusion.
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(a) Ground truth (b) Geometric diffusion

(c) Modification I (d) Modification II

Fig. 5. Reconstruction from 10% of vertices, Armadillo man experiment. Total number of ver-
tices: 165954, total number of triangles: 331904. (a) Ground Truth, (b) interpolation by geometric
diffusion, (c) modification I, (d) modification II.
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(a) Ground Truth (b) Interpolation points

(c) Geometric diffusion (d) Modification II

Fig. 6. Reconstruction from 5% of vertices, Max Planck experiment. Total number of vertices:
199169, total number of triangles: 398043. (a) Ground Truth, (b) selected interpolation points,
(c) interpolation geometric diffusion, (d) modification II.
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Table 2. Average absolute errors (L1 errors) for images

Linear diffusion Anisotropic diffusion Modification II
Trui 14.614 7.697 8.037
Peppers 12.967 10.591 9.471

7 Conclusions

We have presented new PDE based methods for interpolation, approximation and com-
pression of triangulated surfaces. Experiments show that amazingly good results can
be obtained with the simple geometric diffusion equation acting on the coordinate map
from unoriented points (i.e. without any normal vectors) when the interpolation points
are selected properly.

This work may only be considered a proof of concept, as further developments are
necessary for a practical method. In the future, we will study anisotropic geometric dif-
fusion equations [19] and develop a faster algorithm for selecting the best interpolation
points in the encoding step. Comparisons with other methods will also be made.
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Abstract. We show that Möbius transformations preserve the rotation-
minimizing frames which are associated with space curves. In addition, these
transformations are known to preserve the class of rational Pythagorean-
hodograph curves and rational frames. Based on these observations we derive
an algorithm for G1 Hermite interpolation by rational Pythagorean-hodograph
curves with rational rotation-minimizing frames.
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Pythagorean-hodograph curve.

1 Introduction

The rotation–minimizing frames which are associated with a space curve are useful
for generating sweep surfaces by moving a profile curve along a trajectory. The first
publication discussing this frame was probably [4]. Since then, the computation of this
frame and of the resulting sweep surfaces has been discussed in a substantial number of
publications, see [23] and the references cited therein. In particular, the construction of
rational parameterizations of these sweep surfaces is of interest, due to the importance
of NURBS representations for Computer-Aided Design.

The class of spatial Pythagorean–hodograph (PH) curves, which was introduced
in [10], seems to be particularly useful for sweep surface modeling. See [8] for an
introduction to this topic with many related references. These curves are equipped with
rational frames [14], which are called the Euler-Rodrigues frames [5, 6]. In addition,
certain PH curves support the exact computation of rotation–minimizing frames via
integration of rational functions [7].

PH space curves with rational rotation-minimizing frames have also been analyzed in
the literature. While such frames do not exist on PH cubics [12], an example of a spatial
PH curve of degree 7 with a rational rotation-minimizing frame has been reported in [5].
In that paper, the authors analyzed the conditions under which the Euler-Rodrigues
frame of a PH curve is also a rotation–minimizing frame, and they showed that this
requires at least polynomial degree 7 for space curves. In a recent manuscript, [9],
the authors use the Hopf map representation for PH space curves to demonstrate the
existence of rational rotation-minimizing frames on spatial PH quintics.

M. Dæhlen et al. (Eds.): MMCS 2008, LNCS 5862, pp. 15–25, 2010.
c© Springer-Verlag Berlin Heidelberg 2010
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The surfaces generated by rotation-minimizing frames have been called profile sur-
faces in [18,19]. Based on the kinematical interpretation of rotation-minimizing frames
as plane-rolling motions, a construction for rational profile surfaces has been presented
in [19]. This construction gives rational space curves with rational rotation-minimizing
frames, but the degree of the frames – and hence of the resulting profile surfaces – is
relatively high for non-planar curves.

Möbius transformations map polynomial or rational PH curves into rational PH
curves [20], where a rational PH curve is defined as a curve with rational parametric
speed. In addition to this result, in the present paper we show that Möbius transforma-
tions preserve rotation-minimizing frames, and in particular rational ones. This obser-
vation greatly enhances the flexibility of existing constructions for curves with rational
rotation-minimizing frames [5, 9], since the group of Möbius transformations can be
used to generate new ones.

We demonstrate this observation by formulating an algorithm for G1 Hermite inter-
polation by rational PH curves with rational rotation-minimizing frames. It is based on
Möbius transformations which are applied to planar PH cubics. In the case of the latter
curves, the Frenet frames are trivially rotation-minimizing and also rational.

2 Rotation-Minimizing Frames and Möbius Transformations

We recall the notion of the rotation-minimizing frame which can be associated with any
space curve and summarize the properties of Möbius transformations. We then analyze
the behaviour of rotation–minimizing frames, of Pythagorean-hodograph curves, and of
curves with rational rotation-minimizing frames under Möbius transformations.

2.1 Rotation-Minimizing Frames

We consider a C∞ parametric curve segment x : u �→ x(u) with the parameter domain
I = [0,1]. We assume that x is regular for all u ∈ I, i.e., x′(u) 
= 0, where the prime ′
indicates the differentiation with respect to u.

We consider a vector field r : u �→ r(u) along the curve x. Such a vector field is said
to be a rotation–minimizing with respect to x if there exists a function λ such that r
satisfies the equations

r′(u)−λ (u)x′(u) = 0
x′(u) · r(u) = 0

}
(1)

for all u ∈ I. The first equation implies λ = (r′ · x′)/(x′ · x′). The second equation ex-
presses the fact that the vector r(u) is contained in the normal plane of the curve at x(u).
Due to

(r(u) · r(u))′ = 2r′(u) · r(u) = 2λ (u)x′(u) · r(u) = 0, (2)

the length of the rotation-minimizing vectors r(u) is constant.
A rotation–minimizing frame (RMF) of the given curve x is defined as a triplet of

vectors
u �→ (t(u),r(u),s(u)) (3)
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with a unit vector r(u), where t = x′/|x′| is the unit tangent vector of the given curve
and s(u) = t(u)× r(u). Any vector field ρr(u)+σs(u) with constant coefficients ρ ,σ
is obviously again rotation–minimizing.

Let
Fx = {w,w ·x′(0) = 0,‖w‖= 1} (4)

be the unit circle in the normal plane of the curve at x(0), which is also the set of feasible
initial values for rotation-minimizing frames defined by the equations (1) at u = 0.

Finally we define the rotation–minimizing operator

Rx : Fx→ C (I,S2), (5)

where S2 is the unit sphere in R3, as the mapping which assigns to any initial vector
r0 ∈ Fx the solution of the equations (1) with initial value r(0) = r0. Consequently,
Rx(u) is a mapping from Fx into S

2 for any fixed value of the parameter u ∈ I.

2.2 Möbius Transformations

We consider the three–dimensional space which is extended by adding a single point ∞
at infinity. For any sphere with radius r > 0 and center c, the mapping

ρ : y �→ c +
r2

‖y− c‖2 (y− c), y 
∈ {c,∞}, (6)

which additionally maps c to ∞ and vice versa, is said to be the inversion with respect
to the sphere. It satisfies ρ2 = id. The reflection at a plane is also considered as an
inversion, which keeps ∞ fixed. A general Möbius transformation μ is defined as a
composition of an arbitrary number of inversions with respect to spheres or planes. In
particular, translations and rotations are special Möbius transformations, since they can
be obtained by composing two reflections at planes.

The set of Möbius transformations forms a group with respect to composition, which
contains the Euclidean group as a subgroup. Möbius transformations are known to
be the most general conformal (i.e., angle-preserving) transformations of the three–
dimensional space. The image of any plane or sphere under a Möbius transformation is
again a plane or a sphere.

While the Euclidean group provides six degrees of freedom, the set of Möbius trans-
formations depends on 10 independent parameters. These transformations can be rep-
resented by matrices of the group O(4,1), which is a Lie group of dimension 10. Any
Möbius transformation is also a birational mapping. See [1, 2, 15] for additional infor-
mation on this interesting class of transformations.

The differential
dμy : R

3→R
3 (7)

of a Möbius transformation at a point y maps the tangent space of the three dimensional-
space at any point y into the tangent space at μ(y). More precisely, for any vector v and
any differentiable function f : R3 → R, the directional derivative of f with respect to
the direction dμy(v) at the point μ(y) is equal to the directional derivative of f ◦μ with
respect to the direction v at the point y, see [11].
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In addition we define the normalized differential

d�μy : R
3→ R

3 : v �→ ‖v‖
‖dμy(v)‖dμy(v) (8)

as the version of this mapping which preserves the length of all vectors v.
As a special case we consider the inversion φ with respect to the unit sphere,

φ : y �→ 1
‖y‖2 y, y 
∈ {0,∞}. (9)

The differential dφy of this inversion is

dφy : R
3→ R

3 : v �→ ‖y‖
2v−2(v ·y)y
‖y‖4 . (10)

A short computation confirms that the length of the image of a vector equals

‖dφy(v)‖=
‖v‖
‖y‖2 . (11)

We use this result to find the normalized differential which preserves the length of the
vectors,

d�φy(v) : R
3→R

3 : v �→ ‖y‖2 dφy(v) = v− 2(v ·y)
‖y‖2 y. (12)

In the case of a general Möbius transformation, which is obtained by composing sev-
eral inversions, the differential and the normalized differential are both linear transfor-
mations whose coefficients are quadratic rational functions of the coordinates of the
point y.

2.3 Invariance of Rotation-Minimizing Frames

Möbius transformations commute with the computation of rotation minimizing frames.
More precisely, one has the following result.

Theorem 1. Consider a Möbius transformation μ which maps the curve x into another
regular curve segment μ ◦ x. Then

(i) the evaluation of the rotation-minimizing vector field with respect to x at the param-
eter value u for an initial vector r0 and the application of the normalized differential
of μ to the resulting vector

gives the same result as

(ii) the evaluation of the rotation-minimizing vector field with respect to μ ◦ x at this
parameter value u, where the initial vector is the image of r0 under the normalized
differential of μ at x(0),
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x μ ◦x

r0
d�μx(0)r0

Rx(u)
Rμ◦x(u)

μ

d�μx(u)

Fig. 1. Invariance of RMF under Möbius transformations, see Theorem 1

cf. Fig. 1. More precisely,

Rμ◦x(u)◦ d�μx(0) = d�μx(u) ◦Rx(u) for all u ∈ I, (13)

where Rμ◦x and Rx are the rotation-minimizing operators of the transformed and the
original curve and d�μx(u) is the normalized differential of the Möbius transformation
at x(u), respectively.

Proof. It suffices to prove this result for the inversion φ with respect to the unit sphere,
since any Möbius transformation is a composition of inversions and the result is obvi-
ously true for uniform scalings and reflections at planes.

We consider a rotation-minimizing vector v of the given curve x. Consequently, it
satisfies the two conditions

v ·x′ = 0 and v′ =
v′ ·x′
x′ ·x′ x

′ (14)

see (1). Using a direct computation one can show that

d�φx(u)(v) · (φ ◦ x)′ =
(

v− 2(v ·x)
‖x‖2 x

)
·
(‖x‖2x′ −2〈x′,x〉x

‖x‖4

)
=

=
1
‖x‖4

(
‖x‖2(v ·x′)+ (−2−2 + 4)

‖x‖2(x′ ·x)(v ·x)
‖x‖2

)
= 0.

(15)

In addition we get that

(d�φx(u)(v))′ =
(

v− 2(v ·x)
‖x‖2 x

)′
=

= v′ −
(

2(v′ ·x)
‖x‖2 +

2(v ·x′)
‖x‖2 +

4(v ·x)(x ·x′)
‖x‖4

)
x− 2(v ·x)

‖x‖2 x′
(16)

After replacing v′ using (14) and rearranging one arrives at

(d�φx(u)(v))′ = ‖x‖2
(

v′ ·x′
x′ ·x′ −

2(v ·x)
‖x‖2

)
(φ ◦ x)′. (17)
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Consequently, if v is a rotation-minimizing vector field with respect to the original curve
x, then the images d�φx(u)(v) form a rotation-minimizing vector field with respect to the
image curve φ ◦ x, since the conditions which are analogous to (14) are satisfied. This
completes the proof, as the initial conditions at u = 0 are linked by the normalized
differential d�φx(0) at the first point of the curve. �

Remark 2. Möbius transformations are also known to preserve the lines of curvature of
surfaces. This observation can be used to derive a geometric proof of the RMF preser-
vation, since the normal vectors of a surface along a curvature line form a rotation-
minimizing vector field.

Remark 3. Another frame of a space curve, which is also preserved by Möbius trans-
formations, can be obtained by assembling a triplet of vectors consisting of (1) the
unit tangent vector, (2) the unit normal vector of the osculating sphere at the point of
the curve, and (3) the cross product of these two vectors. This frame is generally not a
rotation-minimizing frame. See also [3] for a discussion of conformally invariant frames
of curves.

2.4 Invariance of PH Curves and Rational RMFs

In this section we consider the special case where x is a polynomial or rational curve.
For any rational curve x and any rational vector field r(u), the curve μ ◦ x is again a
rational curve and the vector field u �→ d�μx(u)(r(u)) is again a rational vector field.
Indeed, Möbius transformations μ are birational mappings and their normalized dif-
ferentials d�μy are linear transformations whose coefficients depend rationally on the
point coordinates of y.

Recall that a curve x is said to be a polynomial Pythagorean-hodograph (PH) curve
if the length ‖x′‖ of its first derivative vector is a polynomial function of the parameter
u for u∈ I. Following Ueda [20], we consider the extension of this notion to the rational
case: a curve is said to be a rational PH curve if the length ‖x′‖ of its first derivative
vector is a rational function of the parameter u for u ∈ I.

Corollary 4. If x is a polynomial PH curve, then μ ◦ x is a rational PH curve. More-
over, if x has a rotation-minimizing frame which is described by rational vector fields
(t(u),r(u),s(u)), then μ ◦ x possesses the rational rotation-minimizing frame

(d�μx(u)t(u),d�μx(u)r(u),d�μx(u)s(u)) (18)

which is obtained by applying the differential d�μx(u) to these vector fields.

Proof. The first part of the corollary is a direct consequence of the properties of the
normalized differential. The second one follows by combining this observation with
Theorem 1. �

The first part of this corollary was also noted by Ueda [20, §2]. The degree of a PH
curves is doubled by applying a Möbius transformation.
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3 Interpolation by Curves with Rational RMF

We describe an algorithm for Hermite interpolation by curves that posses a rational
rotation-minimizing frame (i.e. an RMF which can be described by rational vector
fields) demonstrate its performance by two examples.

3.1 The Algorithm

Given a curve x with parameter u and domain I = [0,1], we generate a piecewise rational
approximation of its rotation-minimizing frame with k segments, which is globally G1,
as follows (see also Fig. 2).

1. The curve is split into k segments, u ∈ [ui−1,ui], where u j = j/k (Fig. 2a).
2. For each segment we generate the unique sphere which passes through x(ui−1) and

x(ui) and which also touches the tangents of the curves at these points. Next we
choose a Möbius transformation μi which transforms this sphere into a plane πi

and apply it to the curve (Fig. 2b,c).
3. For each segment we generate a PH cubic in the plane πi which interpolates the G1

Hermite boundary data at (μi ◦ x)(ui−1) and (μi ◦ x)(ui) and compute its rational
rotation-minimizing frame (Fig. 2d).

4. We apply the inverse Möbius transformations μ−1
i to the planar PH cubics and to

their rational rotation-minimizing frames (Fig. 2e,f).

The last three steps steps are now explained in more detail.

Step 2. There are two degrees of freedom for choosing the point fi on the sphere which
is mapped into∞ by the Möbius transformation. We choose it as the point on the sphere
which possesses the maximum distance to x(ui−1) and x(ui), in order to obtain a map-
ping which possesses a relatively small distortion in the region of interest. We define
the image plane πi of the sphere as the unique plane which passes through x(ui−1) and
x(ui) and has the normal vector fi− zi, where zi is the center of the sphere.

Step 3. The Bézier form of PH cubics is characterized by a simple geometric condition
on the shape of the control polygon [10]. Using this observation, an algorithm for G1

Hermite interpolation can be formulated [13,17], which finds the interpolating PH cubic
by solving a single quadratic equation. Note that this equation does not always possess
real solutions. However, if the data are sampled from a smooth curve with sufficiently
small step size (i.e., sufficiently large k), then real solutions exist and to produce a
unique Hermite interpolant with approximation order 4. This can be shown by adapting
the analysis in the proof of [16, Theorem 10].

Finally we generate the rational rotation-minimizing frame of a planar PH cubic ci,

(c′i/‖c′i‖,n,c′i/‖c′‖×n), (19)

where n is a unit normal vector of the plane.

Step 4. By applying the inverse Möbius transformation μ−1
i to ci we obtain the spherical

rational PH curve μ−1
i ◦ ci of degree 6. Its rational rotation-minimizing frame consists

of the unit tangent vector, the unit normal vector field of the sphere, and of the cross
product of these two vectors.
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(a) (b) (c)

(d) (e) (f)

Fig. 2. The algorithm for computation of a rational approximation of the rotation-minimizing
frame, applied to a helix, k = 2. (a) segmentation, (b,c) defining the Möbius transformation, (d)
planar Hermite interpolation, (e) inverse Möbius transformation and (f) helix with approximating
curves.

3.2 Examples

Example 5. We apply the algorithm to the curve segment

x(t) =
(

sin(2t)cos(t)+
1
4

sin(t),sin(2t)sin(t)+
1
4

cos(t),
1
2

sin(4t)
)

, (20)

with domain t ∈ [π4 ,2π ]. The approximating rational curves with rational RMF and
the developable surface strips generated by a vector of the piecewise rational RMF are
shown in Figure 3. The approximation with k = 8 segments has still a relatively large
distance to the original curve (dashed). If an approximation with k = 16 segments is
used, then both curves can no longer be visually distinguished.

Example 6. We applied the algorithm to the space PH cubic

x(t) =
(
3t(1− t)2 + 3t2(1− t)+ t3,(1− t)3 + 3t(1− t)2,2t3) (21)
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Fig. 3. Top row: Approximation of a space curve (dashed) by rational curves with rational rotation
minimizing frames (solid), which were obtained by our algorithm with k = 8 (left) and k = 16
(right) segments. Bottom row: The strips of developable surfaces which are generated by a vector
of the RMF for both approximations.

with domain t ∈ [0,1]. As observed in [7], PH cubics are equipped with rational Frenet
frames and the difference angle to the (generally non–rational) rotation-minimizing
frame can be computed from

θ (t) = θ0−
∫ t

0
τ(u)‖x′(u)‖du, (22)

since both the torsion τ(u) of x and the parametric speed ‖x′(u)‖ are rational functions
of u. Fig. 4 shows the rotation-minimizing frame of (21).

In order to analyze the error, we consider the length of the differences

δ (u) = ‖rapprox(u)− r(u∗(u))‖ (23)

of rotation-minimizing vector fields of the approximating curve and of the approximat-
ing curve, where each point of the approximating curve is compared with the nearest
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1 2.37 10−1 n/a 2.76 10−1 n/a

2 3.17 10−2 7.47 2.67 10−2 10.3

4 6.86 10−3 4.62 2.01 10−3 13.3

8 6.29 10−4 10.91 1.32 10−4 15.2

16 1.01 10−4 6.21 8.35 10−6 15.8

32 1.30 10−5 7.80 5.24 10−7 15.9

Fig. 4. Example 6: Sweep surface generated by the non-rational RMF of a space PH cubic (left).
Average and end-point error for different numbers of segments (right).

point of the original curve,

u∗(u) = arg min
v∈[0,1]

‖xapprox(u)−x(v)‖. (24)

We use numerical integration to evaluate the average error and the end point error,

Ak =
∫ 1

0
δ (u)du and Ek = δ (1) (25)

for different numbers of segments k. The results are reported in the table in Fig. 4. The
numbers indicate that the average error decreases as h3, where h = 2−k is the stepsize.
The error at the joints – and in particular at the end point of the curve – decreases faster
with order 4 (in accordance with the phenomenon which is described in [22, 23]).

4 Conclusion

We showed that rotation-minimizing frames of space curves are invariant under Möbius
transformations. Since these transformations also preserve rational frames and rational
PH curves, it was possible to use this result in order to formulate an algorithm for G1

Hermite interpolation by rational curves with rational rotation-minimizing frames. As a
possible topic for future research, one might try to use the recent results about PH quin-
tics with rational rotation-minimizing frames [9] to achieve higher geometry flexibility,
which might lead to a scheme for interpolation with a higher order of smoothness.

Acknowledgment The authors would like to thank Martin Peternell for useful discus-
sions. The first author was supported by grant no. P17387-N12 of the Austrian Science
Fund (FWF).
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Abstract. We present an algorithm generating a collection of fat arcs which
bound the zero set of a given bivariate polynomial in Bernstein–Bézier represen-
tation. We demonstrate the performance of the algorithm (in particular the con-
vergence rate) and we apply the results to the computation of intersection curves
between implicitly defined algebraic surfaces and rational parametric surfaces.

1 Introduction

Bounding geometric primitives which enclose segments of planar curves are frequently
needed for various geometric computations, e.g., for solving the intersection problem
between two planar curves. Axis-aligned bounding boxes (min-max boxes), which can
easily be generated both for planar parametric curves and for implicitly defined curves,
are one of the simplest instances. Other useful primitives include fat lines (bounding
strips, see e.g. [1]), the convex hull of the control polygon, or fat arcs [2].

The performance of a bounding primitive depends on the approximation order. For
a bounding primitive with approximation order k, the number of primitives needed to
bound a curve with a given tolerance ε grows like k

√
1/ε. Consequently, the use of

geometric primitives with higher approximation order may provide computational ad-
vantages. Bounding boxes have only approximation order k = 1, while both the convex
hull of control polygons and fat lines provide approximation order 2, and fat arcs even
have approximation order 3.

Clearly, it is possible to define bounding primitives with an even higher approxi-
mation order. Fat arcs seems to be particularly useful since they provide a reasonable
trade-off between geometry flexibility and the computational simplicity of elementary
geometric operations. For instance, the computation of the intersection of two circular
arcs requires solely the solution of quadratic equations, while this becomes far more
complicated for higher order objects.

Various methods for generating an arc spline curve which approximate a given para-
metric curve with a prescribed tolerance have been described in the literature, see
e.g. [3] for many related references. The use of arc splines for geometric design ap-
plications can be traced back to a classical VTO report of Sabin [4]. Marciniak and
Putz dealt with the minimization of the number of arcs to approximate a curve under a
give tolerance [5]. Later Qiu et al. improved their method [6]. In a number of papers,
Meek and Walton applied arc splines to approximate parametric curves [7, 8, 9]
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Yong used arc splines for quadratic Bézier curve approximation [10]. Feichtinger
et al. compared various biarc interpolation schemes [11]. Held and Eibl approximated
with biarcs simple planar polygons either for symmetric and asymmetric tolerance
bounds [12].

Fat arcs as bounding geometric primitives were introduced by Sederberg [2]. Al-
gorithms which generate bounding fat arcs for parametric curves are described, e.g.,
in [13]. Of course, any arc spline approximation technique can also be used to generate
bounding fat arcs, simply by offsetting the obtained curve. The existing techniques for
fat arc generation deal exclusively with the case of parametric curves.

In this paper we present an algorithm which generates a collection of fat arcs bound-
ing an implicitly defined curve with a prescribed tolerance. First we describe how to
find a fat arc for a single curve segment in a box. Then we combine this technique with
adaptive subdivision in order to find a global approximation. As an application, we ap-
ply the fat arcs to approximate the intersection curve between implicitly defined and
parametric surfaces.

2 Preliminaries

We recall the construction of fat arcs for parametric curves. In addition, we present a
result concerning distance bounds and a criterion which guarantees single arcs.

2.1 Approximation by Arcs and Fat Arcs

In the case of planar parametric curves, the construction of fat arcs has been discussed
in [13,2]. The methods described there generate an approximating arc which possesses a
finite thickness. First, a median arc through three points of the original parametric curve
segment is defined, see Fig. 1. For instance, these three points can be chosen as the two
endpoints of the curve segment and the intersection point of the curve and the bisector
of the endpoints. As the second step, the method computes (an upper bound of) the
distance between the original curve segment and the median arc. Finally, an offset of the

p1

p2

p3

r(t)

R

bisector

ε

Fig. 1. Fat arc generation
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median with this distance is defined. The boundaries of the offset are concentric arcs,
whose radii are the sum and the difference of the median arc radius and the distance
of the curves. They define a bounding domain for the original curve segment. This
bounding region is called a fat arc. Since the approximation order of circular arcs is
equal to three, the offset distance behaves as O(h3), where h is the length of the given
curve segment (or of its parameter interval).

2.2 Distance Estimate

In order to construct fat arcs for an implicitly defined curve, we shall use the properties
of the defining function. We assume that the bivariate polynomial is given by its tensor-
product Bernstein-Bézier (BB) representation of degree (m,n):

f (x) =
m

∑
i=0

n

∑
j=0

di jβm
i (x1)β n

j (x2), (1)

with respect to the domainΩ = [0,1]2 and with certain coefficients di j ∈ R, where

β n
i (t) =

(
n
i

)
ti(1− t)n−i, t ∈ [0,1]. (2)

More generally, (x1,x2) will also be used as local coordinates

x1 =
ξ1−a1

h
, x2 =

ξ2−a2

h
, (3)

with respect to the general axis-aligned box B = [a1,a1 + h]× [a2,a2 + h] of size h×h
in the (ξ1,ξ2)-plane.

The implicitly defined curve is given as the zero set of the bivariate polynomial,

F = {x : f (x) = 0 ∧ x ∈ [0,1]2}. (4)

Clearly, the curve may be empty, or it may consist of more than one curve segment.
In order to construct a fat arc, we need to bound the distance between the median arc

and the curve using a result from [14], see also [15]. On the one hand, we consider the
medial arc as a parametric curve g : t �→ g(t) with parameter domain t ∈ [a,b], which
traces the point set

G = {g(t) : t ∈ [0,1]} (5)

where we assume that G ⊂ [0,1]2. On the other hand, in order to avoid certain technical
difficulties, we consider the set

F ∗ = F ∪∂Ω (6)

which is obtained by adding the boundary of the domain to the curve F . The one-sided
Hausdorff distance of F ∗ and G is defined as

HD(G ,F ∗) = sup
t∈[0,1]

inf
x∈F ∗
‖x−g(t)‖. (7)

We recall the following result from [14]:
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Lemma 1. If there exist positive constants c,η such that

∀x ∈Ω : c≤ ‖(∇ f )(x)‖ and ∀t ∈ [0,1] : |( f ◦ g)(t)| ≤ η (8)

hold, then the one-sided Hausdorff distance is bounded by

HD(G ,F ∗)≤ η
c

. (9)

Consequently, the parametric curve is contained in ε–neighborhood of F ∗, where ε =
η/c. However, it should be noted that this distance bound does not guarantee that the
implicitly defined curve is then also contained in an ε–neighborhood of the parametric
curve. The algorithm presented below uses an additional test to guarantee this property.
Nevertheless, in all computed examples the above distance bound provided a safe and
conservative estimate for the two-sided Hausdorff distance of the implicitly defined and
the parametric curve.

2.3 Evaluation of the Constants

In order to find the constants c and η in Lemma 1, we represent the median arc as a
quadratic rational Bézier curve,

c(t) =
2

∑
i=0

ci
w̃iβ 2

i (t)

∑2
j=0 w̃ jβ 2

j (t)
, t ∈ [0,1]. (10)

The composition f ◦c is a rational function of degree 2(m+n) which can be represented
by its BB representation with certain coefficients di and weights wi. The weights are
found by evaluating the (m+ n)th power of the denominator in (10). If all weights and
coefficients are positive, then

|( f ◦ c)(t)|=
2m+2n

∑
i=0

diwiβ 2n+2m
i (t)

∑2m+2n
j=0 wjβ 2m+2n

j (t)
≤

max
i

diwi

min
i

wi
= η . (11)

In order to find the second constant c, we generate the tensor–product BB representation(
∂ f (x1,x2)
∂x1

)2

+
(
∂ f (x1,x2)
∂x2

)2

=
2m

∑
i=0

2n

∑
j=0

hi jβ 2m
i (x1)β 2n

j (x2) (12)

which can be found using differentiation, product, and degree elevation formulas, see
[16]. If all coefficients hi j are positive, then

‖∇ f (x)‖ ≥√min
i, j

hi j = c. (13)

2.4 Identifying Boxes with Single Segments

In order to generate a fat arc approximation in a box, we need to ensure that the box
contains only one segment of the implicitly defined curve segment. Various criteria for
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isolating a regular segment of an algebraic curve have been discussed in the literature.
For instance, different types of discriminating curve families have been used in [17].
These discriminating families are particularly useful in combination with algorithms
that trace the algebraic curve segments.

In our case, we are interested in a criterion which guarantees that the boxΩ contains
a single curve segment with exactly two intersections with the boundaries.

Lemma 2. Consider an algebraic curve segment defined by the polynomial (1). We say
that the coefficients exhibit a corner event, if

– the coefficient at one of the corners is equal to zero and
– the first non-zero coefficients along the two neighboring boundaries have a different

sign.

We say that the the coefficients exhibit an edge event, if

– the control polygon along one the box boundaries has exactly one sign change from
plus to minus or vice versa.

If the number of the corner and edge events is equal to two and if the positive constant
c of Lemma 1 exists, then the box contains a single curve segment, which is regular,
connected, and which intersects the box boundary in exactly two points.

For the proof it suffices to observe that each event guarantees that the implicitly defined
curve crosses the box boundary in exactly one point. Moreover, the curve does not
contain any closed loops, since the gradient vector does not vanish in Ω .

The conditions of Lemma 2 are sufficient, but not necessary. For example, the lemma
excludes the case of a single arc of the implicitly defined curve crossing the same edge
twice.

3 Approximation of a Single Curve Segment

This section focuses on the approximation of a single segment of the algebraic curve.
We describe the algorithm and demonstrate its performance.

3.1 Outline

The algorithm FatArcSegment (see Alg. 1) is based on the corresponding techniques in
the parametric case, but it uses the bounds which are obtained with the help of Lemma 1.
It assumes that the conditions of Lemma 2 are satisfied.

The algorithm is successful, if it finds three points b1,b2,c of the median arc, the fat
arc thickness is smaller then the prescribed tolerance ε and if there is no sign change of
f along the boundaries of the fat arc. It the returns the fat arc which bounds the curve
segment.

It may happen, that there are no fat arc boundaries, or only one of the bounding arcs
can be generated (e.g. when the distance bound of the median arc and the implicitly
defined curve is greater then the radius of the meridian circle, or one of the bounding
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Algorithm 1. FatArcSegment( f ,B,ε)

Require: The conditions of Lemma 2 are satisfied.
1: b = {b1,b2}← approximate boundary points of the implicitly defined curve
2: c = {c}← approximate inner point of the implicitly defined curve
3: if #b = 2 and #c = 1 then
4: M ← circle through b1,c,b2 {median circle}
5: d← upper bound of HD(M ∩B,F ∗) {see Lemma 1}
6: if d � ε and d � radius of M then
7: Cd ← offset ring of M with distance d {fat circle}
8: C +,C− ← inner and outer circle of ∂C d
9: if there is no sign change of f along C +∩B or C− ∩B then

10: return B∩Cd {fat arc has been found}
11: end if
12: end if
13: end if
14: return /0 {no fat arc has been found}

Fig. 2. Examples for fat arc generation with the help of algorithm FatArcSegment. The red
curves are the implicitly defined curves. The median circles are shown in green.

arcs does not intersect the box). The local algorithm fails if no fat arcs are generated.
The algorithm then returns the empty set.

Figure 2 presents three examples of fat arcs which have been generated with the help
of the algorithm. The individual steps of the algorithm are described in the next section.

3.2 Details

We describe the generation of approximate points of the curve (lines 1 and 2 of the
algorithm), the segmentation of the fat arc boundaries and the sign change analysis
along the segmented boundaries (line 9).

Approximate Intersection Points: In order to construct the median arc (line 5), we
approximate three points of the implicitly defined curve. Two of them are the intersec-
tions with the boundaries of the box, while the third point is the intersection with the
bisector of the first two points.
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b1

b2

c
M

C−
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Cd

Fig. 3. Fat arc segmentation with a box: the thick black curves are the segmented fat arc bound-
aries

In the case of a corner event, the corner is a boundary point of the curve. In the case
of an edge event, the corresponding edge contains an intersection of the curve with the
boundary of the box. It is then approximated as follows: We consider the restriction of f
to the edge and generate its best L2 approximation by a quadratic polynomial q∗ which
additionally interpolates the values of f at the two neighboring corners. The root of q∗
then defines the approximate intersection of F with the edge. If no simultaneous corner
event occurs at the neighbouring two corner points, then there is exactly one root, since
the BB coefficients of f possess exactly one sign change from plus to minus or vice versa.

After generating the first two points, we restrict the function f to the intersection of
the bisector with the box. Again we generate its best L2 approximation by a quadratic
polynomial q∗ which additionally interpolates the values of f at the two end points. The
root of q∗ then defines the approximate intersection of F with the bisector.

Using similar arguments as in [18] it can be shown that the distance of the approx-
imate points to the curve behaves as O(h3), where h is the size of the box in global
coordinates, cf. Eq. (3).

Analysis of Fat Arc Boundaries: The fat arc in line 10 of the algorithm is obtained
by intersecting the circular ring Cd with the box. Its boundaries consists of segments of
circular arcs and of segments of box boundaries. See Fig. 3 for several examples. We
create the segments of the circular arcs and represent them by rational quadratic Bézier
curves. These segments will be referred to as the boundaries of the fat arc.

Since the diameter d of the fat arc is only a bound on the one–sided Hausdorff distance
HD(G ,F ∗), we need to verify that the fat arc indeed contains the implicitly defined
curve segment. This is done by analyzing the sign of f along the fat arc boundaries.

For each segment of the fat arc boundary, we compose f with the quadratic rational
parametrization and obtain a rational function in Bernstein-Bézier form. If all weights
and all coefficients of the numerator have the same sign, respectively, then no sign
changes of f are present (see line 9 of the algorithm).
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3.3 Approximation Order

Since the approximation order of curves by segments of circular arcs is three (see [2]),
the same result is anticipated for the results produced by algorithm FatArcSegment.
We confirm this approximation order by numerical examples. Consider the three bivari-
ate polynomials

f1(x) = x4
1 + x3

1x2
2 + 2x2

1x2−6x1x2 + x4
2−8x2

2−12x2

f2(x) = −x3
1− x2

1x2 + x1x2− x3
2 + x2

2−2x2

f3(x) = −4x3
1−5x2

1 + 2x2

(14)

with the domains (in global coordinates)

Bk = [−10−k,10−k]× [−10−k,10−k], k ∈R. (15)

In the case of the first polynomial, Fig. 4 shows the result of the fat arc constructions for
several values of k. The implicitly defined curve is the red one, the median arc denoted
with green and the fat arcs are represented with black.

Fig. 4. Left: The graph of f1. Right: Fat arcs for k = 0.5,0.75,1.0.

Fig. 5 visualizes the relation between the width of the fat arc and the size of the box
for the three polynomials in (14). For sufficiently large values of k, the slopes of the
three curves in the doubly-logarithmic plot are all three, thus confirming the expected
approximation order.

0.5 1 1.5 2

1

2

3

4
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k

− logd
f1

f2

f3

Fig. 5. Dependency between diameter and box size
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4 Approximation of an Implicitly Defined Curve

We describe an algorithm which generates a collection of fat arcs bounding a given
implicitly defined curve in a box. We present several examples and compare the perfor-
mance of fat arcs with bounding boxes.

4.1 The Global Algorithm

The algorithm GenerateFatArcs (see Alg. 2) combines FatArcSegment with recur-
sive subdivision. First it analyzes the signs of the Bernstein–Bézier coefficients with
respect to the current box. If no sign changes are present, then the current box does
not contain any components of the implicitly defined curve. Otherwise it tries to apply
the algorithm for a single segment. If this is not successful, then the algorithm either
subdivides the current box into four squares or returns the entire box, if its diameter is
already below the user-defined threshold ε .

Algorithm 2. GenerateFatArcs( f ,B,ε)

1: if mindi j > 0 or maxdi j < 0 then
2: return /0 {the box is empty}
3: end if
4: if f satisfies the assumptions of Lemma 2 then
5: A ← FatArcSegment( f ,B,ε) {single fat arc generation}
6: if A �= /0 then
7: return A {... has been successful}
8: end if
9: end if

10: if diameter of B > ε then
11: subdivide the box into 4 subboxes B1, . . . ,B4 {quadsection}
12: return

⋃4
i=1GenerateFatArcs( f ,Bi ,ε) {recursive call}

13: end if
14: return B {current box is small enough}

Note that the algorithm may return boxes which do not contain any segments of
the implicitly defined curve (“false positive boxes”). However, it is guaranteed that it
returns a region which contains the implicitly defined curve.

4.2 Examples

We illustrate the performance of the algorithm by four examples.

Example 3. The first example (see Fig. 6) visualizes the entire algorithm. We apply
the algorithm to a bivariate polynomial of degree (1,4) which has only one arc in the
region of interest and choose a relatively large tolerance ε . The first call of the algorithm
produces four subboxes which are then analyzed independently. The first box contains
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subdivision

�
return fat arc

�
subdivision

�
return /0

�
return /0

�
return fat arc

�
return fat arc

�
return /0

�
return fat arc

Fig. 6. Example 3: The decision tree of algorithm GenerateFatArcs

an arc which can be approximated by a single fat arc. The second box produces other
four subboxes, while the third and the fourth boxes do not contain any points of the
implicitly defined curve. Finally, analyzing the four second-generation subboxes leads
to three additional fat arcs and one empty box. The output is generated by collecting all
boxes in the leaves of the tree.

Example 4. We consider a polynomial f of degree (6,9) with randomly generated BB
coefficients in [−1,1]. Figure 7(a) shows the surface and the implicitly defined curve
segments. Figure 7(b) and (c) demonstrate the behavior of the algorithm for different
tolerances ε . The upper row shows the entire domain, while the lower row shows a
zoomed view of the lower left corner of the box. In the case of ε = 0.1, which is shown
in (b), some boxes are returned as bounding boxes, since FatArcSegment fails and the
diameter of the boxes is smaller than ε . For the smaller value of ε = 0.01, the fat arc
generation succeeded in all generated boxes.

In the next two examples we compare fat arcs with (recursively generated) bounding
boxes. In the latter case we accepted boxes with a diameter less than the prescribed
tolerance.

Example 5. We approximate an implicitly defined curve, see Figure 8, by fat arcs (a)
and by bounding boxes (b). Clearly, the use of fat arcs leads to a much smaller number
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a) b) c)

Fig. 7. Example 4: Fat arc generation for different tolerances. The graph of f and the implicitly
defined curve (a), and The fat arcs (top) and a zoomed view (bottom) for ε = 0.1 (b) and for
ε = 0.01 (c).

of bounding geometric primitives. This becomes even more dramatic for smaller toler-
ances. The plot in (c) shows the relation between the number of generated primitives
(fat arcs or boxes) and the tolerance ε =

√
2/2k.

Example 6. This example is based on an implicitly defined curve which possesses a
singular point, see Figure 9. In this situation, the fat arc generation will fail for any
box which contains the singular point, since no positive lower bound c on ||∇ f || exists.
Consequently, the algorithm always returns a box containing this point. Still, the re-
sults generated by our method (left) compare favorably with the use of bounding boxes
(right).

2 4 6 8

100

200

300

400

500

600

k

Number of boxes
boxes

fat arcs

(a) (b) (c)

Fig. 8. Example 5: Comparison of fat arcs (a) and bounding boxes (b). The relation between
tolerance and number of bounding primitives (c).
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Fig. 9. Example 6: Fat arcs (left) and bounding boxed (right) for an implicitly defined curve with
a singular point, where ε =

√
2/25

5 Approximation of Surface-Surface Intersections

As an application we apply the fat arc generation algorithm to the intersection problem
between implicitly and parametrically defined surfaces. The computation of surface-
surface intersections is a potential application of bounding region generation methods.
In practice, intersection computation of a parametric and an implicitly defined surface is
one of the most frequently encountered cases [19]. A good survey is given by [20, 21]
in this topic.

Consider an implicitly defined surface h(x,y,z) = 0 and a parametric surface patch
r(ξ1,ξ2) with domain Ω = [0,1]2. Then the implicitly defined curve f = h ◦ r = 0 de-
scribes the intersection curve in the domain of the parametric surface patch.

Using Algorithm GenerateFatArcs one may now construct a collection of fat arcs
with maximum width ε in Ω . The region described by them corresponds to a certain
subset (a strip) on the parametric surface patch.

Recall that the coefficients of the first fundamental form are defined as

gi j(ξ1,ξ2) =
∂
∂ξi

r(ξ1,ξ2) · ∂∂ξ j
r(ξ1,ξ2). (16)

In order to relate the thickness of the bounding fat arcs to the thickness of the corre-
sponding strip on the parametric surface, we present the following observation.

Lemma 7. We assume that there exists a constant C such that

g11(ξ1,ξ2)cos2 φ + 2g12(ξ1,ξ2)cosφ sinφ + g22(ξ1,ξ2)sin2 φ ≤C (17)

holds for all φ ∈ [0,2π ] and (ξ1,ξ2) ∈ Ω 0. Consider a single fat arc with width ε in
the parameter domain. Then the width of the corresponding region on the parametric
surface patch is bounded by 2ε

√
C.

Proof. The length L of a curve on the surface which corresponds to any straight line
segment

(ξ1(t),ξ2(t)) = (ξ 0
1 ,ξ 0

2 )+ t(cosφ ,sinφ), t ∈ [a,b] (18)
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ε = 0.1 ε = 0.01 ε = 0.001

Fig. 10. Example 8: Intersection of a cubic implicit and a biquadratic parametric surface, repre-
sented by fat arcs in the parameter domain. The number of fat arcs grows from 10 for ε = 0.1
to 25 for ε = 0.01. For the larger two tolerances, we also zoomed into a segment of the surface
patch.

in the parameter domain satisfies

L =
∫ b

a

√
g11 cos2 φ + 2g12 cosφ sinφ + g22 sin2 φ dt ≤ (b−a)

√
C. (19)

This observation can now be applied to the lines which pass through the center of the
fat arc.

If r is a rational surface patch, then the constant C in (17) can be found by found
by replacing (cosφ ,sinφ) by a rational parametrization of a semicircle1, say with a
parameter τ ∈ [0,1]. Then the left–hand side of (17) defines a trivariate rational function
which depends on the three parameters (ξ1,ξ2,τ)∈ [0,1]3 and the bound C can be found
with the help of the rational BB representation.

Example 8. We consider the intersection of a cubic implicitly defined surface with a
biquadratic surface patch. Fig. 10, upper row, shows the intersecting surfaces and the
implicitly defined intersection curve in the parameter domain. The lower row shows the
region on the surface which correspond to fat arcs in the parameter domain for three
different values of the tolerance ε .

1 A semicircle is sufficient, due to the symmetry of the quadratic form in (17).



Fat Arcs for Implicitly Defined Curves 39

6 Conclusion

We have presented an algorithm which generate a collection of bounding fat arcs for
a given planar curve. In contrast to the existing techniques, which mostly assume that
parametric representations are given, the algorithm can be applied to implicitly defined
curves.

The planned future work includes the extension to surfaces and to space curves,
which can be bounded by toroidal surface segments. We also plan to use the results
for solving systems of polynomial equations, where bounding primitives of higher ap-
proximation order may help to accelerate the convergence [18,22]. Finally it might also
be interesting to apply the algorithm to the problem of analyzing and certifying the
topology of an algebraic curve, see e.g. [23].

As another possible extension, one might consider other types of median curves,
such as conic sections or algebraic curves of degree higher than two. While this may
provide an even higher rate of convergence (cf. [24]), it makes the generation of the
fat curve more difficult (since e.g. the class of conic sections, unlike circular arcs, is
not closed under offsetting). As an advantage, the use of circular arcs leads to simpler
algorithms for intersection computation.
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Abstract. Recently, the Adaptive Delaunay Tessellation (ADT) was introduced
in the context of computational mechanics as a tool to support Voronoi-based
nodal integration schemes in the finite element method. While focusing on appli-
cations in mechanical engineering, the former presentation lacked rigorous proofs
for the claimed geometric properties of the ADT necessary for the computation of
the nodal integration scheme. This paper gives pending proofs for the three main
claims which are uniqueness of the ADT, connectedness of the ADT, and cover-
age of the Voronoi tiles by adjacent ADT tiles. Furthermore, this paper provides
a critical assessment of the ADT for arbitrary point sets.

1 Introduction

One building block in finite element analysis is the background tessellation of a spatial
domain, where requirements vary with the applications at hand. The corresponding field
of mesh generation traditionally focuses on the generation of both vertex positions and
connectivity, starting from a description of the domain boundary. Vertices are placed
heuristically to adaptively sample local features and maintain a good shape of the re-
sulting elements, although the discussion about the optimal shape is not settled even for
triangles [1]. The tessellation can be done in ad-hoc constructions [2], iteratively [3], or
based on guidance fields [4, 5] to name a few. In the rare occasion of a predetermined
set of vertices, the choice of methods is generally limited to the constrained Delaunay
triangulation or other, data-dependent, triangulations [6].

In [7], a novel tessellation technique, called Adaptive Delaunay Tessellation (ADT),
was introduced in the context of computational mechanics as a tool to support Voronoi-
based nodal integration schemes in the Finite Element Method. Its main contribution is a
simplified access to the element structure that supports nodal integration schemes based
on a robust and unique transformation of the Delaunay triangulation. While focusing on
the applications in linear elasticity, the presentation in [7] lacks rigorous proofs for the
geometric properties of the ADT which are uniqueness of the ADT, connectedness of
the ADT, and coverage of the Voronoi tiles by adjacent ADT tiles. These properties are
essential for the computation of the nodal integration scheme. The pending proofs for
these main claims are given in this paper.

We start with a motivation for the ADT and introduce some notation used in the rest
of this paper in Section 2. Uniqueness and connectedness of the ADT are stated and

M. Dæhlen et al. (Eds.): MMCS 2008, LNCS 5862, pp. 41–54, 2010.
c© Springer-Verlag Berlin Heidelberg 2010
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proved in Sections 3.1 and 3.2. Section 3.3 introduces an alternative characterization
of the ADT to simplify the proof of the last important property in Section 3.4 on the
coverage of the Voronoi tile of a vertex by ADT elements adjacent to it. We discuss the
ADT in Section 4 and conclude in Section 5.

1.1 Linear Elasticity and Nodal Integration in the Finite Element Method

The Finite Element Method encompasses a wide range of applications to model com-
plex continuous phenomena based on a description composed of many small parts,
called finite elements, which allow a structurally simpler definition of the phenomenon.
In the field of computational mechanics, which is the main target of the ADT, one of the
most basic and well-studied problems is that of linear elasticity, from which we sketch
the key aspects in a simplified form.

The Finite Element Method typically requires the evaluation of the integral∫
Ω
∇ψ · f

for the so-called test functionψ , and some function f . In general,ψ is an interpolant that
is defined piecewise over the elementsΩi of the domain. This allows the decomposition
of the global integral into a sum of local integrals,

∑
i

∫
Ωi

∇ψ · f .

This is the heart of the Finite Element Method and allows the numerical assessment of
the problem by concentrating on its local reformulation for each Ωi and the associated

local interpolant ψi = ψ
∣∣∣Ωi

. Disadvantages of the element-based approach are the re-

quirement of derivatives of the test function ψ , and numerical problems if the elements
Ωi are badly shaped, as discussed in [1].

One remedy for these problems is to turn to meshless methods, for which the dis-
cretization focuses on vertices rather than elements. One meshless approach based on
natural neighbor coordinates has been proposed in [8]. Another meshless technique is
nodal integration, as introduced in [9]. Here, an alternative tessellation of the domain
is considered, where the vertices v j are enclosed by polygons T j, with Ω =

⋃
j T j and

the above integral becomes

∑
j

∫
T j

∇ψ · f ,

assigning a part of the integral to each node v j rather than to an elementΩi. The canon-
ical choice for this tessellation is the Voronoi diagram of the vertices v j of the back-
ground tessellation, restricted to Ω . The application of Stokes’ theorem allows to write∫

T j

∇ψ · f =
∫
∂T j

n ·ψ · f ,
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where n is the outward pointing unit vector. By turning the area integral into a path
integral, no derivatives of ψ are required, but now the local integration domains Ti do
no longer correspond to the elements Ω j of the background tessellation. Therefore, the
computation of the path integral for each node can no longer be carried out on a per-
element basis, but requires the evaluation of the test function ψ at arbitrary positions
along ∂T j.

1.2 Voronoi Tile Coverage in the ADT

By covering the Voronoi tile of a vertex with a minimal set of adjacent polygons, the
computational assessment of Voronoi-based nodal integration is greatly simplified. Fig-
ure 1 shows a set of scattered points covering a rectangular domain. The boundary of
the Voronoi tile shown in Figure 1(b) is a convex polygon that intersects certain trian-
gles in the Delaunay triangulation of the point set, which are not necessarily adjacent to
the Voronoi site. The ADT, on the other hand, consists of polygons that are big enough
to cover the whole Voronoi tile. Thus, by traversing the polygons adjacent to a vertex,
one has access to an area that completely covers the Voronoi tile of that vertex.

(a)
(b)

(c)
(d)

Fig. 1. Example of an ADT tessellation. The point cloud with its Voronoi diagram in green and
the Delaunay triangulation in black is shown in (a). The closeup of a node with shaded triangles
depicting the necessary cover for its Voronoi tile is shown in (b). The corresponding ADT with
polygons shaded according to valence is shown in (c). In the closeup (d), it is apparent that the
adjacent ADT polygons cover the Voronoi tile.
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2 The Adaptive Delaunay Tessellation

Before presenting the main findings, we introduce the necessary notation and repeat
some important results.

We consider the canonical open ball topology on R2 and denote by [Ω ] the topo-
logical closure of a set Ω , by ]Ω [ its topological interior, and by ∂Ω := [Ω ]\]Ω [ its
topological boundary. For a set P⊂R2 of points, we denote by C (P) =]C (P)[∪∂C (P)
the convex hull of P.

We denote by (F,E) a partition of C (P) into polygonal faces f ∈ F that join along
edges e ∈ E . By DEL(P) := (FDEL,EDEL) we refer to a Delaunay triangulation of P,
composed of triangular faces f ∈ FDEL ⊂ P3 and edges e ∈ EDEL ⊂ P2. We will use f
and e to both denote the set of vertices from P and their geometric realizations. Two
faces f1 and f2 with f1∩ f2 = e ∈ EDEL are called neighbors with common edge e. We
consider angles greater or equal π/2 as obtuse and a triangle with an obtuse interior
angle is called obtuse. The longest edge of an obtuse triangle f is opposite to its obtuse
angle and will be denoted by e>

f = argmaxe∈ f |e|. Whenever the term e>
f is used, f

implicitly represents an obtuse triangle. For a triangle f ∈ FDEL we denote by cc( f ) its
circumcenter. Note that a triangle f is obtuse if it does not contain cc( f ) in its interior
and that cc( f ) lies on the opposite side of e> as the obtuse angle.

We denote by G = (P,E), a graph over P, where P represents the set of graph vertices
and E ⊂ P2 the set of of edges. A sequence of vertices ρ = (p1, . . . ,pn), (pi,pi+1) ∈ E ,
is a path of length |ρ | = n if none of its edges appears more than once, i.e., edges are
mutually distinct. A path is called closed if (pn,p1) ∈ E . We assume a path to be free
of loops of length one, i.e., edges (pi,pi). The Delaunay triangulation itself represents
an undirected, connected graph GDEL = (P,EDEL).

The Voronoi diagram of P is the partition of R2 into convex polygons Tp, called
Voronoi tiles of p, such that every point in Tp is not farther from p than from any
other vertex in P. For each vertex p ∈ P \ ∂C (P), its Voronoi tile is equal to Tp =
C ({cc( f ) | f ∈ FDEL, p ∈ f}), and we also call p a Voronoi site.

With these definitions the Adaptive Delaunay Tessellation is defined as in [7]:

Definition 1 (Adaptive Delaunay Tessellation). Let P⊂ R2, DEL(P) = (FDEL,EDEL)
and

E> = {e>
f | f ∈ FDEL ∧ e>

f �⊂ ∂C (P)}.

The tessellation of C (P) represented by (FADT,EDEL \E>), where FADT is the set of
faces generated by merging triangles with common edges in E>, is called the Adaptive
Delaunay Tessellation ADT(P).

Thus, the ADT of a point set is the result of removing from a Delaunay triangulation
of P of each obtuse triangle the longest edge, if this is not a boundary edge. Since no
new edges are generated in ADT(P), each triangle f ∈ FDEL is part of some polygon
g ∈ FADT, which we denote by A ( f ) = g⊃ f ∈ FDEL.
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Fig. 2. Points p1, . . . ,pn on a common circumcircle C with center c inside a triangle (a) or on an
edge e j (b).

3 Geometric Properties of the ADT

In this section we will discuss some of the geometric properties of ADT(P), i.e., unique-
ness, connectedness, and the inclusion of Voronoi tiles. The last property states that the
Voronoi tile of each p ∈ P is contained in the union of p’s adjacent faces from ADT(P).

3.1 Uniqueness of the ADT

Proposition 2 (Uniqueness). For any non-collinear set of points P⊂ R2, ADT(P) ex-
ists and is unique.

Proof. We will show that E> contains all edges of EDEL that are non-unique.
For any non-collinear point set P, DEL(P) exists, and is non-unique, if there are at

least n ≥ 4 points p1, . . . ,pn with a common empty circumcircle C with circumcenter
c, i.e., P∩ ]C[= /0. The convex hull of these points can be triangulated arbitrarily by
edges e1, . . . ,en−3 without violating the Delaunay condition, see Figure 2(a). Every ei

connects two points not neighboring on the circumcircle and belongs to two triangles of
the triangulation of C ({p1, . . . ,pn}). Because there is at most one non-obtuse triangle
containing the circumcenter c, every edge ei belong to at least one obtuse triangle.
Furthermore, every edge ei is the longest edge of the obtuse triangle that lies on the
opposite side of ei with respect to c. Thus, ei ∈ E>.

In case c lies on an edge, say e j, then e j ∈ E>, because at least one of its triangles is
rectangular, see Figure 2(b). So, all ei are in E>, such that EDEL \E> is unique. ��
Remark 3. If in the above setting the common edge e of two triangles is passing through
the common circumcenter, both triangles are rectangular, i.e., obtuse, and e is removed.
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Fig. 3. (a) Two Delaunay triangles with the circumcircle of�ABC. (b) |e>
f |< |e>

N( f )|.

3.2 Connectedness of the ADT

Before stating the second geometric property, we introduce some results used in its
proof. For every obtuse triangle f with longest edge e>

f and neighbor f ′, i.e., f ∩ f ′= e>
f ,

we use
N( f ) := f ′

to denote neighbor f ′ of f opposite to the obtuse angle. This relation imposes a sub-
graph of the dual Delaunay triangulation on the faces of DEL(P). For non-obtuse tri-
angles or if e>

f ⊂ ∂C (P), we set N( f ) = /0, and N( /0) = /0. This induces the directed
graph

−→
G DEL := (FDEL,

−→
E DEL), (1)

−→
E DEL := { ( f ,N( f )) | f ∈ FDEL ∧ N( f ) �= /0}.

Each −→e ∈ −→E DEL is associated with one Delaunay edge e ∈ E>.

In the proof we use the following lemma, which implies that the lengths of the longest
edges of obtuse triangles grow along a path in

−→
G DEL.

Lemma 4. For f ∈ FDEL with N( f ) �= /0,

e>
f �= e>

N( f )⇒ |e>
f |< |e>

N( f )|. (2)

Proof. We first show that there cannot be obtuse angles facing the same edge unless
they are both right angles. Consider Figure 3(a) and assume �ABC and �CDA with
common edge AC are triangles in a Delaunay triangulation. Let D′ be a point on the
circumcircle C of�ABC right of AC. Since �ABCD′ is a circular, simple quadrilateral,
∠ABC + ∠CD′A = π . By the Delaunay criterion, D must either be on or outside C,
and comparison to the inscribed angle yields ∠CDA≤ ∠CD′A = π −∠ABC. The only
obtuse angles that yield equality are ∠CDA = ∠ABC = π/2, in which case e>

f = e>
N( f ).



Geometric Properties of the Adaptive Delaunay Tessellation 47

In all other cases, i.e., e>
f �= e>

N( f ), we find e>
f adjacent to the obtuse angle in N( f )

and therefore shorter than e>
N( f ), see Figure 3(b). This yields (2). ��

Now we can state the result which guarantees that the transformation from Delaunay to
adaptive Delaunay does not lead to unconnected elements such as orphaned vertices or
even disconnected sub-graphs.

Proposition 5 (Connectedness). For ADT(P) = (FADT,EADT) the graph GADT =
(P,EADT) is connected.

Proof. GADT is a sub-graph of GDEL, and GDEL is connected. An edge of GDEL is not in
GADT if and only if its dual edge is in

−→
G DEL. The smallest subset of GADT which can

be disconnected consists of a single vertex. Boundary vertices cannot be disconnected,
since the duals of boundary edges are by definition not in

−→
G DEL. An inner vertex in

a Delaunay triangulation has a minimum valence of three, which means it cannot be
disconnected in GADT unless there is a closed path of length greater or equal to three in−→
G DEL.

We show that a path ρ can only be closed if it has length |ρ |= 2. Let without loss of

generality ρ = ( f1, . . . , fn) be a path in
−→
G DEL, i.e., fi+1 = N( fi). First assume e>

fi
�= e>

fi+1
,

1≤ i < n. With (2) we get

|e>
f1
|< |e>

f2
|< · · ·< |e>

fn |.
If ρ were closed, N( fn) = f1 and e>

fn
= f1∩ fn is both an edge of f1 and larger than e>

f1
.

Since this is a contradiction to e>
f1

being the largest edge in f1, ρ cannot be closed.
Now assume there is an i such that e>

fi
= e>

fi+1
. Since elements in ρ are mutually

distinct and N( fi+1) = fi, fi+1 is the last element in ρ and n = i+1. For ρ to be closed,
N( fn) = f1 must hold. Thus

N( fn) = N( fi+1) = fi = f1,

which leaves i = 1 and n = 2, and ρ can only be closed if it has length 2. Since the
longest closed path in

−→
G DEL has length |ρ |= 2, GADT is connected. ��

Remark 6 (Implementation). From the above reasoning it appears that numerical insta-
bilities might flip the inequalities and result in ambiguous or even inconsistent results.
However, the only setting where the inequalities in (2) are “only just” fulfilled arises
with co-circular points, where the uniqueness of the ADT should be forced by allowing
an epsilon threshold.

3.3 An Alternative Characterization for the ADT

In the following, we make use of an alternative characterization of the ADT, involving
the following construction, see Figures 4(a) and 4(b).

Definition 7 (Polygonal Extension PE( f )). For each triangular face f , we define

PE( f ) =]C ( f ∪{cc( f )})[∪{cc( f )}
as the Polygonal Extension of f , where cc( f ) denotes the circumcenter of f .
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Note that PE( f ) does not contain its boundary except for the circumcenter itself, which
is necessary to cover the case of rectangular triangles, as we will see later. We know
that if f is non-obtuse, we get

cc( f ) ∈] f [, and ] f [= PE( f ). (3)

If f is obtuse, then PE( f ) extends over e>
f , and

cc( f ) /∈] f [, and e>
f ∩PE( f ) �= /0. (4)

The following lemma is required in the proof of Proposition 9.

Lemma 8. Let f be an obtuse triangle and f ′ = N( f ) �= /0. Then,

PE( f )\ f ⊂ PE( f ′). (5)

Proof. Consider triangles f = �ABC, f ′ = �ACD and their circumcenters cc( f ),
cc( f ′) in Figure 4(c). It is sufficient to show that the excess area PE( f ) \ f given by
]C (A,C,cc( f ))[ is already contained in a subset of PE( f ′) given by ]C (A,C,cc( f ′))[,
as illustrated in Figure 4(d).

By definition, f shares the e>
f = AC with its neighbor f ′ = N( f ). The circumcenters

cc( f ) and cc( f ′) lie on the perpendicular bisector of e>
f on the same side of e>

f as D.
By the Delaunay empty circumcircle criterion, D is outside the circumcircle of f , and
on the side of e>

f opposite to B, thus the distance of cc( f ′) to e>
f is greater or equal to

that of cc( f ). Consequently,

C ({A,C,cc( f )} ⊂ C ({A,C,cc( f ′)})⊂ C ({A,C,cc( f ′),D}).

This relation also applies to the interior of these sets, which means

PE( f )\ f = ]C ({A,C,cc( f )})[
⊂ ]C ({A,C,cc( f ′),D})[∪{cc( f ′)}= PE( f ′),

see Figure 4(d). Note that in case of a rectangular triangle, the circumcenter lies on its
obtuse edge, and ]C ({A,C,cc( f )})[= /0⊂ PE( f ′) for arbitrary f ′. ��
Lemma 8 implies an equivalent characterization for the set of edges E> that are re-
moved when transforming a Delaunay triangulation into an ADT.

Proposition 9. Let DEL(P) = (FDEL,EDEL) and E> as in Definition 1. Then

e ∈ E> ⇔ ∃ f ∈ FDEL : e∩PE( f )∩]C (P)[ �= /0.

So, an adaptive Delaunay tessellation can also be created by merging all triangles,
whose polygonal extensions intersect, into polygons.

Proof. "⇒": If e ∈ E>, then e = e>
f for some obtuse f ∈ FDEL, and e∩ ]C (P)[ �= /0.

Then, (4) yields also e∩PE( f )∩ ]C (P)[ �= /0.
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(a) Triangle f and its circumcenter
cc( f ).
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PE( f1) cc( f1)

(b) Polygonal extension PE( f ).
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f2
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cc( f1)cc( f2)

(c) Triangles f and f ′.

B

C

A

D

PE( f2)

PE( f1)\ f1

(d) PE( f )\ f in light gray and PE( f ′).

Fig. 4. Geometric interpretation of the polygonal extension PE( f )

"⇐": Let e∩PE( f )∩ ]C (P)[ �= /0 for an f ∈ FDEL. If e is an edge of f then e = e>
f and

e ∈ E>. Otherwise, e �= e>
f , and e∩PE( f ) \ f �= /0. By Lemma 8 there exists an

obtuse triangle f ′ such that e∩PE( f ′) �= /0. This argument applies iteratively until
e is an edge of f ′. Since |FDEL| is finite and the subset relation in Lemma 8 is strict,
this iteration terminates with a f ′ ∈ FDEL such that e is an edge of f ′. The final f ′
exists, otherwise e would intersect the interior of a triangle and DEL(P) was no
triangulation. ��

The relation of triangles, polygonal extensions and ADT faces is captured in the follow-
ing result.

Proposition 10. For every f ∈ FDEL,

f ⊆ [PE( f )]∩C (P) ⊆ A ( f ). (6)
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Proof. The left inclusion is true by construction of PE( f ) and f ⊆ C (P).
The right inclusion is more difficult to show. If a triangle f is non-obtuse, or rectan-

gular, cc( f ) ∈ f and [PE( f )] = f ⊆A ( f ). In all other cases, f is obtuse and cc( f ) /∈ f .
If e>

f is on the boundary of C (P), then [PE( f )]∩C (P) = f ⊆ A ( f ). Otherwise, f is
obtuse and there is a triangle f ′ = N( f ) such that

PE( f )\ f ⊆ PE( f ′) by (5),

⇒ PE( f )⊆ f ∪PE( f ′),
⇒ [PE( f )]⊆ f ∪ [PE( f ′)],
⇒ [PE( f )]∩C (P)⊆ f ∪ [PE( f ′)]∩C (P).

Since A ( f ) = A ( f ′), the claim holds if we can prove [PE( f ′)]∩C (P)⊆A ( f ′). The
argument applies repeatedly until f ′ is non-obtuse, rectangular, or has its obtuse edge
on the boundary of C (P) following a path ρ in

−→
G DEL. In the proof for Proposition 5 we

showed that every path ρ ends in a triangle f that is either non-obtuse, has e>
f on the

convex hull, or in a loop consisting of two rectangular triangles. Therefore, the repeated
application of the argument terminates and the claim is proved. ��
An important observation following immediately from the above Proposition is given
in the following corollary:

Corollary 11. For every f ∈ FDEL with cc( f ) ∈ C (P) : cc( f ) ∈A ( f ).

3.4 Coverage of Voronoi Tiles

The last property we are going to prove is the coverage of a vertex’ Voronoi tile by
its adjacent ADT tiles, as illustrated in Figure 5(a). With this property, the adjacency
information contained in the ADT is sufficient to access the whole area covered by the
Voronoi cell of a vertex.

Proposition 12 (Inclusion of Voronoi Tile). If Tp denotes the Voronoi tile of p ∈ P,
then

Tp∩C (P)⊂
⋃

g∈FADT
g�p

g.

Proof. First assume that p /∈ ∂C (P), i.e., Tp is finite as in Figure 5(a). p has a set of
adjacent triangles { f} f�p, which in turn are adjacent via the edges {e}e�p. For each
edge e � p and triangles f1∩ f2 = e, we get a new triangle Ae = C ({p,cc( f1),cc( f2)}),
see Figure 5(b). This partitions Tp,

Tp =
⋃
e�p

Ae.
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Fig. 5. Voronoi coverage of adjacent ADT tiles

So we will show that each Ae∩C (P) is covered by A ( f1)∪A ( f2) for two cases:

– cc( f1) and cc( f2) are on opposite sides of e, see Figure 5(c): So cc( f1) and cc( f2)
are located on the perpendicular bisector of e that intersects e in me. We can split Ae

into A1
e = C ({p,cc( f1),me}) and A2

e = C ({p,cc( f2),me}) with Ae = A1
e∪A2

e . Since
me,p,cc( f1) ∈ [PE( f1)], (6) guarantees that A1

e ∩C (P) ⊂ A ( f1) and analogously
for A2

e .
– cc( f1) and cc( f2) are on the same side of or on e, see Figure 5(d): Without loss

of generality, let f1 be obtuse. We know cc( f1) ∈ PE( f1)\ f1 and by (5), cc( f1) ∈
PE( f2). Since cc( f2) ∈ PE( f2) as well, cc( f1),cc( f2),p ∈ [PE( f2)], and from the
convexity of [PE( f2)] it follows that Ae∩C (P)⊂ PE( f2)∩C (P)⊂A ( f2).

Now consider the case that p ∈ ∂C (P), and Tp becomes infinite. The argument goes
as above except for the two edges e1,e2 ⊂ ∂C (P) adjacent to p which have only one
adjacent triangle each, say f1 respective f2, as illustrated in Figure 6(a). Corresponding
to the above two cases, let without loss of generality cc( f1) /∈ C (P) like in Figure 6(b).
Because Ae1 is outside the convex hull, it does not contribute to Tp∩C (P) and needs
not be considered. Now, let without loss of generality cc( f2)∈C (P) like in Figure 6(c).
The contribution of Ae2 to Tp∩C (P) is given by C (p,me2 ,cc( f2))⊂ f2 ⊂A ( f2).

Consequently, all parts Ae∩C (P) are covered by ADT polygons, which are the cov-
ers of adjacent Delaunay triangles and thus also adjacent to p. ��



52 T. Bobach et al.
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cc( f1)

e2f1
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cc( f1)

e1

Ae1

(b)

f2
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cc( f2)
me2

p Ae2
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Fig. 6. Coverage of ADT tiles on the boundary of C (P). (a) For p ∈ ∂C (P), e1 and e2 have only
one adjacent triangle each. (b) Contribution of Ae1 to Tp. (c) Contribution of Ae2 to Tp.

4 Discussion

The ADT is optimal only under specific conditions, i.e., if the vertex positions cannot be
changed, and the Voronoi tile of each vertex needs to be covered by adjacent polygons.
A very homogeneous point set with all non-obtuse triangles is shown in Figure 7(a). In
this setting, the Delaunay triangulation and the ADT are identical. Figure 7(b) shows a
point set in which ill-shaped triangles are merged into ADT polygons, thus improving
the overall tile shape. Figure 7(c) demonstrates a situation where the ADT produces
non-convex polygons, and the extreme case of a “hanging edge” is illustrated in Fig-
ure 7(d). Apart from these artifacts inside the convex hull, which are rarely faced in
practice, badly shaped polygons frequently occur near the convex hull as a result of
many degenerate triangles, as illustrated in Figure 7(e). Arguably, the boundary poly-
gons are of better shape than the triangles they are composed of. In [7], a novel polygon
condition number has been introduced as a quality measure of polygonal tessellations.
Extensive statistical analysis of the ADT has shown that it considerably improves the
mean condition number of most unstructured triangulations over interior elements, and
results in moderate improvement for boundary elements. The issues inside the convex
hull can be handled by allowing vertices to move, and a regularization step could lead to
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(a) (b)

(c) (d)

( )(e)

Fig. 7. Several levels of badness in the point cloud. (a) very regular, (b) some obtuse triangles, (c)
constellation leading to non-convex ADT tiles, (d) constellation leading to flapping edge, (e) bad
boundary elements.

more well-shaped triangles and thus better ADT-polygons. Furthermore, the boundary
issues can be solved by insertion of an adequate amount of vertices along the convex
hull.

5 Conclusion

Certain nodal integration schemes, which are meshless extension of the Finite Element
Method, lead to new requirements on the background tessellation of the domain which
are no longer met by the popular Delaunay triangulation. Particularly nodal integration
schemes based on the Voronoi diagram of the domain vertices entail the integration of
an interpolant along the boundary of Voronoi tiles. This leads to a desirable property of
the background tessellation referred to as the coverage of Voronoi tiles. To this end, the
Adaptive Delaunay Tessellation for planar domains has been introduced before, but no
rigorous proofs have been given.
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In this paper we have introduced a simple, constructive definition of the Adaptive
Delaunay Tessellation based on the Delaunay triangulation of a point set, and showed
that it is unique, connected, and has the coverage of Voronoi tiles property. We fur-
thermore provided a critical assessment of some shortcomings of the ADT that need to
be considered in applications. This provides a profound theoretical background for the
application of this new tessellation for nodal integration schemes in the Finite Element
Method.
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Quadrangular Parameterization for Reverse
Engineering

David Bommes, Tobias Vossemer, and Leif Kobbelt

RWTH Aachen University

Abstract. The aim of Reverse Engineering is to convert an unstructured repre-
sentation of a geometric object, emerging e.g. from laser scanners, into a natu-
ral, structured representation in the spirit of CAD models, which is suitable for
numerical computations. Therefore we present a user-controlled, as isometric as
possible parameterization technique which is able to prescribe geometric features
of the input and produces high-quality quadmeshes with low distortion. Starting
with a coarse, user-prescribed layout this is achieved by using affine functions for
the transition between non-orthogonal quadrangular charts of a global parame-
terization. The shape of each chart is optimized non-linearly for isometry of the
underlying parameterization to produce meshes with low edge-length distortion.
To provide full control over the meshing alignment the user can additionally tag
an arbitrary subset of the layout edges which are guaranteed to be represented by
enforcing them to lie on iso-lines of the parameterization but still allowing the
global parameterization to relax in the direction of the iso-lines.

Keywords: reverse engineering, quadrangular remeshing, global parameteriza-
tion.

1 Introduction

The quality of a quadrangulation depends on several, often conflicting, properties. The
most important ones are regularity, alignment, orientation and sizing. Regularity means
that the number of irregular vertices ( valence �= 4) should be minimized, while ori-
entation implies that the elements should be locally oriented to the principal curvature
directions to best capture the geometry. For geometries with sharp features alignment
plays an important role, i.e. feature lines should be explicitly represented through edges
in the quadrangulation, which is an even stronger requirement than orientation. Finally
sizing means that the edge-length should be nearly constant which can be interpreted as
providing a close to isometric inherent parameterization in regular regions of the mesh.

Quadrangulations optimizing these properties are perfectly suited for many com-
puter graphics applications like Modeling, e.g. as structure aligned control meshes for
Catmull-Clark subdivision, multi-level hierarchies or shape matching to name a few.

The aim of Reverse Engineering is to convert a given unstructured triangle mesh into
such a structured quadrangulation (see Figure 1). Full automatic generation has proven
to be a very hard global task and often design decisions depend on the intended usage
and cannot forecast by only looking at the geometry. Therefore in Reverse Engineer-
ing full user-control is desired where the user can easily provide the topology, i.e. the

M. Dæhlen et al. (Eds.): MMCS 2008, LNCS 5862, pp. 55–69, 2010.
c© Springer-Verlag Berlin Heidelberg 2010
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(a) (b) (c)

Fig. 1. Reverse Engineering Pipeline: (a) The input is a dense, unstructured triangle mesh. (b)
The user provides a coarse layout controlling the quadrangulation. Singularities can only occur at
nodes of this layout. (c) A distortion minimizing parameterization is computed to extract a pure
quadmesh.

number and position of singularities, and some alignment constraints for the resulting
mesh. This can be achieved in a simple way by using coarse layouts which partition the
surface in quadrilateral patches as illustrated in Figure 1 (b). From this layout a glob-
ally smooth parameterization can be computed by assigning a two-dimensional chart to
each patch and connecting the parameterizations of neighboring charts with so called
transition functions (see Figure 1 (c) ).

The resulting mesh quality strongly depends on the metric distortion of the param-
eterization and on the alignment to sharp features. Consequently we present a new
method to handle both tasks in a robust way, enabling the usage of global parameteriza-
tion techniques for Reverse Engineering. Our main contribution is a chart optimization
technique which minimizes the distortion of the resulting global parameterization. In
contrast to other methods each chart is allowed to be an arbitrary 5 degree-of-freedom
(DOF) quadrilateral with interior angles possibly differing from 90 degrees. As a result
we need to specify generalized transition functions between these charts. Other impor-
tant ingredients of our practical Reverse Engineering method are alignment constraints
and T-Vertices, enabling simplified layout design. Figure 2 illustrates the gain of quality
due to our chart optimization where chart corners are chosen to form a unit square (a),
an optimized rectangle (b) and an optimized general quadrilateral (c).

2 Related Work

Remeshing of surfaces was investigated intensively in the last years and there are many
good surveys on this topic such as [1] and [2]. Therefore we will only discuss the most
relating works.

Direct quadrangulation methods like [3, 4] trace lines of principal curvatures to gen-
erate a quaddominant mesh. These methods have no explicit control over regularity and
placement of singularities which is necessary for Reverse Engineering.

Global parameterization methods as introduced by Khodakovsky et al. [5] take a
different way. In most cases a multi-chart parameterization is computed where continu-
ity conditions between neighboring charts ensure that all mappings of the integer grid
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Z×Z stitch together compatibly and form a mesh consisting of quadrilaterals only.
Some methods use a guiding vector field, often derived from the principal curvatures
of a surface, for local element orientation [6, 7, 8]. However, the creation of suitable
guiding fields is alone a very hard problem. Recently Ray et al. proposed a method to
design smooth N-symmetric fields with prescribed singularities [9]. But the automatic
placement of singularities is still unsolved.

(a)

(b)

(c)

Fig. 2. (a) A global parameterizations using unit charts leads to large distortions and foldovers for
a simple car model. (b) Even with optimized rectangular domains the distortions get large where
the patches have a trapezoidal shape. (c) Our generalized, quadrangular parameterization leads to
low distortion. Notice that in this example no alignment constraints were applied.

Instead of a vector field a coarse layout can be used to define the partitioning of the
surface into patches for a multi-chart parameterization and define the rough element
orientation. For user-controlled Reverse Engineering this way is very appealing and
intuitive. Dong et al. used the Morse-Smale complex of Laplacian eigenfunctions to
automatically compute a layout [10]. This method needs only a few singularities but
they are placed at almost random positions and there is no element orientation w.r.t.
geometric relevant structures. Huang et al. added orientation and alignment control to
this method by incorporating a guiding vector field [8].

A user designed coarse layout, here called singularity graph, was also used in [11] to
compute globally smooth harmonic parameterizations. These layout-based techniques
are closely related to our method. Therefore we will discuss them in more detail.

The method of Dong et al. [10] uses simple unit squares as charts for a globally
smooth parameterization. This is justified because in their layout, neighboring surface



58 D. Bommes, T. Vossemer, and L. Kobbelt

patches, originating from the Morse-Smale complex of the Laplacian eigenfunction,
have similar size. Furthermore the layout vertices, representing the mesh singularities,
are relaxed on the surface to prevent foldovers and large distortions. In Reverse Engi-
neering such a relaxation technique is not reasonable since it interferes with the desired
user-control. Figure 2 (a) shows the result of a globally smooth parameterization onto
unit square shaped charts with a fixed user provided layout. As one can see there are
large distortions and foldovers reflecting the fact that neighboring surface patches are
far from being equally sized. So obviously unit square charts are not sufficient for our
setting.

If one would restrict the layout to quadrilaterals and choose all free coefficients to
one the globally smooth parameterization technique of Tong et al. [11] is exactly the
same as the one discussed in the last paragraph. Notice that this equality is non-trivial
since both papers use a different formalism to derive the final global linear system.
Besides, the parameterization of Tong et al. is more general because it allows a larger
class of charts. Each chart is a polygon where the vertices lie on integer positions and
all edges are aligned to the coordinate axes, accordingly all interior angles of a chart
are multiples of 90 degree. In our car example this means moving from unit squares to
rectangular charts with two DOF’s, namely the two independent edge lengths. In the
original method this new DOF’s are chosen manually or by using a heuristic which
simply rounds the length of the corresponding layout edges to integer. Figure 2 (b)
shows the result of the car example using rectangular charts. Here we already used
our chart optimization technique presented in Section 3.1, instead of their heuristic, to
minimize the length distortion. But still we observe large distortions, for example near
the corner of the front window.

The problem is that the surface patches are far from being rectangular. Consequently
we consider an even more general class of charts, i.e. we allow charts to be arbitrary
quadrilaterals with five DOF’s. We exploit these DOF’s to minimize the distortion of the
parameterization and the result can be seen in 2 (c). Even without alignment constraints
the quadmesh edges follow the user prescribed layout and the length distortions are
much lower. This introductory example motivates our design choices for a practical Re-
verse Engineering method. In the subsequent paragraphs our method will be explained
in more detail.

3 Quadrangular Global Parameterization

The input to our quadrangular multi-chart parameterization method is a triangle mesh
M = (V,E,F) of arbitrary genus, which is a set of vertices, edges and faces, and a layout
graph G = (V ,E ,F ). For each edge of the layout graph the user can additionally set
a tag which enforces the alignment of the parameterization onto this layout edge, as
described in Section 3.2. The scenario of a multi-chart parameterization is depicted in
Figure 3. The vertices of the layout graph (red points) lie at triangle mesh vertices and
each edge of the layout graph intersects several mesh edges (blue points). In this way all
mesh vertices are partitioned into several surface patches, which are disjoint except the
layout vertices that belong to all neighboring patches. Each such patch Pα is equipped
with a two-dimensional chart Cα . Assume for simplicity that each layout graph face has
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Fig. 3. The left part shows the layout of a multi-chart parameterization. Vertices of the layout
graph (red) lie at mesh vertices and edges of the layout graph (blue) cut several mesh edges. Each
inner vertex of a patch Pα stores its parameter coordinates w.r.t the local frame of chart Cα . For all
pairs of neighboring patches transition functions φαβ exist which translate between their charts.
Notice that the red quadrilateral, connecting the four corners of Chart Cα , mapped to the surface
is generally not identical to the blue layout.

exactly four vertices, we will discuss in Section 3.3 how to incorporate more general
settings. The task is now to compute a piecewise linear multi-chart parameterization,
i.e. each vertex vi ∈ IR3 belonging to Pα is mapped by the function φα to the parameter
coordinates uαi ∈ IR2 expressed w.r.t the frame of chart Cα . Additionally for triangles
with vertices in different patches, for instance Pα and Pβ , we need a transition function
φαβ to translate between their charts in order to parameterize them. Obviously both
directions are possible and inverse to each other φβα = φ−1

αβ and the transition from one
chart into itself is simply the identity φαα = Id2.

A discrete harmonic parameterization of a surface with disc topology mapping to
a single chart is a well studied topic where typically the boundary of the surface is
mapped to the boundary of a disc and each interior vertex has to fullfill the discrete
harmonic equations

∑
j∈Ni

w̄i j(u j −ui) =
(

0
0

)
(1)

where Ni are the one-ring neighbors of vertex vi and w̄i j are normalized edge weights
which sum to one ∑ j∈Ni

w̄i j = 1. In all our examples we used the normalized discrete
harmonic weights

wi j =
1
2
(cotαi j + cotβi j) with w̄i j = wi j/ ∑

j∈Ni

w̄i j (2)

where αi j and βi j are the two angles opposite to edge ei j. There are many other good
choices like Floater’s Mean Value Coordinates, see [2] for more details. The key obser-
vation is that in our multi-chart parameterization setting we can compute a harmonic
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parameterization in the same way. The only difference is that instead of fixing a whole
boundary we now only fix the corner vertices of the layout graph in each chart and use
the transition functions to compute the harmonic conditions in a common frame:

∑
( j,β )∈Ni

w̄i j(φβα(uβj )−uαi ) =
(

0
0

)
. (3)

In this formulation a global relaxation is achieved. If the transition functions are
affine the combination of the above equations for all free vertices is a global linear
system of dimension 2(n−k)×2(n−k) where n is the number of triangle mesh vertices
and k is the number of layout vertices. The translational part of the affine transition
function as well as known values of constrained layout corners are moved to the right-
hand-side. Remember that the coordinates of layout corners cannot be unique because
they belong to different charts with different frames. So we need to specify 4|F | many
corner positions.

Fig. 4. A common coordinate frame of two charts Cα and Cβ can be constructed by first translat-
ing a common point into the origin, then rotating the common edge to a coordinate axis and finally
scaling along this axis to end up with the same edge length. The transition functions between the
charts are constructed in the same way by using the inverse of either α or β functions.

These parameter coordinates of the four patch corners can be in general position
(keeping the same orientation as on the surface). However we choose the first one to be
the origin and the second one to lie on the first coordinate axis which makes the repre-
sentation unique. So we end up with five DOF’s (a,b,c,d,e) for an arbitrary quadrilat-
eral (see Figure 2 (c)). The transition function between neighboring charts which share
a common edge (red) are simple affine functions, combinations of translations, rotations
and a scaling as depicted in Figure 4.
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φαβ = T−1
β R−1

β SRαTα (4)

They can be precomputed as 3× 3 matrices in extended coordinate representation
before accumulating the resulting values into the global system matrix.

The only question left is how to choose adequate corner parameter coordinates
(a,b,c,d,e) for a given patch. In [11] the average length of two opposing layout edges
rounded to an integer was used to fix width and height of the corresponding rectangle.
In the case of a five DOF chart we could do something similar by using all lengths of
the patch’s boundary. But as explained in the next section the available DOF’s can be
used to optimize the resulting parameterization in a more founded but still efficient way,
which in general leads to better results.

3.1 Chart Optimization

The idea of our chart optimization algorithm is to minimize the metric distortion of the
parameterization φ . The local distortion near a surface point p0 in direction v (in local
coordinates of the tangent plane) is described by the first order Taylor expansion

φ(p0 + v) ≈ φ(p0)+ Jφ (p0)v ⇒ φ(p0 + v)−φ(p0) ≈ Jφ (p0)v (5)

where Jφ is the Jacobi matrix which can be written as two rotations and a scaling by
applying the singular value decomposition

Jφ = U

[
σ1 0
0 σ2

]
V T (6)

Mapping a unit length vector ‖v‖ = 1, lying in the tangent plane of p0, into its chart
the resulting vector has length ‖Jφv‖ ∈ [σ1,σ2]. Consequently a circle on the surface is
mapped to an ellipse in the chart as illustrated in Figure 5. There are some well known
special cases [2]:

1. σ1 = σ2 is a conformal mapping which maps circles to scaled circles
2. σ1 ·σ2 = 1 is an equiareal mapping
3. σ1 = σ2 = 1 is an isometric mapping with no distortion

Fig. 5. Mapping a small disc from the tangent plane around a point p0 the transformation can be
approximated by the Jacobi matrix Jφ of the mapping φ . This means mapping circles into ellipses
where the length of the principal axes are related to the singular values of Jφ .
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Clearly an isometric mapping is the best we can hope for. So we try to choose our
chart corners to get as isometric as possible. The desired isometry measure is E =
|σ1 −1|+ |σ2 −1|. To approximate this measure we take the quadratic Frobenius norm
of the 2D strain tensor

E = ‖JT
φ Jφ − I‖2

2 (7)

which is 0 in the case of isometry and (σ2
1 − 1)2 + (σ2

2 − 1)2 when the mapping is
conformal.

Using a triangle mesh where the mapping is piecewise-linear, the Jacobi-matrix of a
triangle is constant and depends linearly on the parameter values u0, u1 and u2 of the
triangle,

Jφ = [u0u1u2]
[

p0 p1 p2

1 1 1

]−1
⎡⎣1 0

0 1
0 0

⎤⎦ (8)

In the above equation p0, p1 and p2 are the 3D triangle vertices in local 2D coor-
dinates and u0, u1 and u2 are the corresponding parameter values. Therefore JT

φ Jφ is
quadratic and the isometry measure of a triangle t is a quartic polynomial in the param-
eter values, Et(u0,u1,u2) = ‖JT

φ Jφ − I‖2
2.

The aim of this section is to optimize the isometry of the harmonic parameterization
by finding adequate parameter coordinates for the four corners of a chart. Consequently
we need to express the isometry measure of a triangle w.r.t. these values (a,b,c,d,e). To
approximate the relation between the global parameterization and the change of chart
corner positions we assume that the dependency is bilinear, which is a good approxi-
mation for all interior vertices of a chart:

ui = ui(a,b,c,d,e) = si(1− ti)
(

a
0

)
+(1− si)ti

(
b
c

)
+ siti

(
d
e

)
. (9)

Since we use these bilinear coordinates si and ti in the sense of freeform deformation,
the parameter coordinates ui are linear in the corner positions (a,b,c,d,e) and so the
measure Et(a,b,c,d,e), now expressed in dependency of the four chart corners, is still
a quartic polynomial. Finally we sum up the measures of all triangles lying completely
inside the polygon formed by the chart corners that we want to optimize and weight
them by the area of the corresponding surface triangle.

Eα = ∑
t∈Cα

Et(a,b,c,d,e) ·Aφ−1(t) (10)

In this optimization phase all layout edges are always tagged for alignment which
ensures that all vertices of patch Pα are mapped into Cα . This energy only depends on
five variables and is very well conditioned because of its geometric nature. Therefore
we can use a simple and efficient Newton method to find a local minimum. Since the
bilinear dependency is only an approximation we have to recompute the parameteriza-
tion after each chart optimization. To initialize the charts we can simply use unit charts
or the heuristic of [11]. The complete algorithm works as follows:

1. tag all layout edges for alignment
2. compute an initial parameterization with unit charts
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3. iterate k times
(a) optimize all charts individually
(b) update transition functions
(c) recompute parameterization

4. restore user-provided alignment tags and compute final parameterization

The bilinear relation is close to the exact dependency, therefore in all our experiments
three iterations were sufficient to converge. Notice that our method is similar to [10].
However, instead of relaxing the layout vertices on the surface we relax them within the
charts. This is more suitable for Reverse Engineering where the user provided layout
is in general not allowed to be changed. In the next section we will discuss how to
incorporate layout alignment constraints into the computation.

3.2 Alignment Constraints

The user can tag a subset of layout edges for alignment which ensures that it will be
explicitly represented in the meshing. For the parameterization this means that the map-
ping of a tagged layout edge should be the straight line connecting both corresponding
corners in the chart. Or in other words the parameter coordinates along the layout edge
are not independent. The parameter coordinates at a point pe = (1−λ )pi +λ p j on the
layout edge cannot be computed directly in the form ue = (1−λ )ui +λu j because ui

and u j are represented w.r.t different charts (see Figure 6 (a) ). However by employing
the transition function, we can express the alignment constraint in a simple form where
the image of the layout edge is constrained to have the first coordinate equal to zero.
This is exactly the lower right setting in Figure 4:

uγe = (1−λ )SRαTαuαi +λRβTβuβj
!=
(

0
∗
)

. (11)

The global linear system already has full rank, therefore after adding the alignment
constraints we have to relax some other equations to be solved only in least squares

(a) (b)

Fig. 6. (a) The parameter values at a layout edge can be computed at the intersection points
of triangle mesh edges pe by incorporating the transition function between both charts. (b) A
local refinement of a quadrangular layout has global support (top). By allowing T-Vertices, the
refinement of the layout remains local (bottom).
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sense. A good choice are the harmonic constraints of all vertices which are involved
in alignment constraints. This means pulling the parameterization onto the layout edge
by allowing slight non-harmonicity near the constraint. Notice that our alignment con-
straints restrict only one coordinate of the parameterization and there is still a global re-
laxation in orthogonal direction. Finally the parameterization is formulated as a mixed
least squares system of the form[

AT A BT

B 0

](
x
y

)
=
(

AT b
c

)
(12)

where the equations Bx = c are fullfilled exactly and the equations Ax = b are satisfied
in a least squares sense. In the next section we will describe how to simplify the layout
generation by allowing T-vertices.

3.3 T-Vertices

Restricting the layout graph to consist only of four sided polygons as done before is
too restrictive in practice. Making a local refinement to keep more features, a global
refinement would result as illustrated in Figure 6 (b). Remember that in many Reverse
Engineering scenarios this layout is directly designed by a user and the effort should
be as low as possible. Therefore we allow an arbitrary number of T-vertices per layout
edge. This can be easily achieved by computing a separate transition function for each
part of a layout edge. The parameter coordinates of T-vertices in a chart are defined by
linear interpolation of the corners to keep the number of variables of a chart constant
and allow to extract a mesh consisting only of quadrilaterals as explained in the next
section.

4 Meshing

The meshing proceeds as follows, first a consistent quadmesh is constructed in the 2D
charts of the parameterization which is then mapped to the surface. The four corners
of a chart form a four sided polygon in the plane whereas each edge can be partitioned
by T-vertices into several subintervals as depicted in Figure 7. By backmapping the
chart polygon edge it is possible to compute the desired number of samples nd which
is the quotient of the length of the backmapped curve and the target edge-length for
the meshing provided by the user. This value may be chosen differently for each layout
edge. However in the case of a consistent quadmesh the number of samples cannot be
chosen arbitrarily. There are the following consistency constraints:

1. The number of segments (quadmesh edges) on opposite edges of the chart polygon
must be equal. In the example of Figure 7 (a) this means n1 +n2 +n3 = n4 +n5 and
m1 = m2.

2. Each T-vertex lies on a sampling position.
3. In each subinterval the samples are distributed linearly which guarantees that neigh-

boring charts stitch together compatibly.
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(a) (b)

Fig. 7. (a) Allowing T-Vertices in the layout is possible in a simple way by computing a transition
function per layout edge. (b) To get a closed quadrangulation the number of samples on opposite
edges of a chart must be equal.

With these restrictions a consistent quadmesh can be constructed by connecting op-
posite sample pairs. This is always possible since condition 1 states that the number
of samples is equal on opposing sides. We assemble the two equations per layout face
in a common linear system Bn = 0 and compute free variables via Gauss elimination
as done in [11]. Simply fixing the free variables by rounding the corresponding entries
from the local desired number of samples nd leads to poor results since the free variables
computed by the Gauss elimination strongly depend on the numbering of the variables
and can lead to strong deviations from the expected number of samples on other edges.
Therefore we first compute the best continuous solution nc which meets the constraint
Bnc = 0 and thus minimizes the deviation from the desired values nd in a least squares
sense. As a result we solve the linear system from equation 12 with A = Id , B = B,
b = nd and c = 0. Then rounding the free variables to the integer closest to the value
of the continuous solution nc leads to appealing results because the continuous solution
captures the global necessary edge-length distribution.

5 Results and Discussion

In this section we will discuss the properties of the presented method by exploring
some results. The first example is the sheared cube with unit edge length depicted in
Figure 8 (a). This simple model illustrates the difference between the parameterization
of [11] and our method which are displayed in (b) and (c) respectively. In (b) edge length
distortions and S-shaped isolines are unavoidable because of the inherent tangential
continuity of this method. This can be seen by unfolding neighboring faces of the cube
where the isolines in the case of 8 (b) are smooth since the necessary curvature of
the cone singularities is distributed over the whole geometry. In contrast to this result
our method 8 (c) concentrates the tangential curvature at feature lines, i.e. regions of
high geometric curvature where tangential continuity is not important. This example is
indeed a hint how to use the presented method. Charts with five DOF’s are advantageous
for patches with a layout lying on geometric features while charts with two DOF’s are
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(a) (b) (c)

Fig. 8. (a) A sheared cube with unit edge length is segmented along the geometric edges. (b)
Restricting to charts with 2 DOF’s, length distortions and S-shaped isolines are unavoidable since
the necessary curvature of the cone singularities is distributed over the whole geometry. (c) Our
method concentrates the tangential curvature at geometric features where they don’t influence the
mesh quality. This approach leads to the expected result of uniformly shaped quadrilaterals.

better suited within smooth or flat regions. Typical objects consist of both types of
regions, such that the user should be able to select for each patch which optimization is
performed. This is possible in a straightforward way due to the fact that the optimization
of individual charts is independent.

The second example is the car model depicted in Figure 2 and already discussed in
the introduction. Figure 9 shows all chart polygons after 3 steps of optimization with 2
DOF’s and 5 DOF’s in (a) and (b) respectively. The presented optimization algorithm
finds well shaped chart polygons robustly and produces almost symmetric configura-
tions since the user-provided layout is almost symmetric. Compared to the time which
is necessary for the solution of the global linear system, the optimization of charts is

(a)

(b)

Fig. 9. (a) The corner positions of the car model’s charts are optimized to lie on a rectangle.
The resulting parameterization maximizes the isometry. (b) In this optimization the corners were
allowed to lie in general position. Thus the resulting polygons are planar approximations of the
surface patches.
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(a) (b)

Fig. 10. (a) The sharp corner between front window and hood is not represented in the globally
smooth parameterization without alignment constrains. This leads to sampling artifacts, i.e. trian-
gles that cut away the sharp corner. (b) The layout curve is tagged for alignment and consequently
the mesh edges are pulled onto it, leading to a better approximation of the input geometry.

neglectable. Altogether the computation timings are comparable to [10] while in prac-
tice we need fewer iterations to converge. In all our examples we used the sparse direct
solver SuperLU as proposed in [12].

In Figure 10 we demonstrate the usage of alignment constraints. Between the front
window and the hood of the car is a sharp edge which should be represented in the final
meshing to prevent sampling artifacts. Therefore the lower red layout curve is tagged
for alignment. As one can see the isoline of the quadmesh connecting both endpoints
of this layout curve in Figure 10 (a) is pulled onto the layout curve in Figure 10 (b)
without introducing unnecessary distortion. However by using alignment constraints the
computation time for solving the resulting mixed least-squares linear system is higher
because of the doubled dimension.

(a) (b)

Fig. 11. (a) A rough layout (highlighted in blue) leads to large length distortions near a geometric
feature. (b) T-vertices can be used to locally refine the layout with minimal effort. The new layout
captures the geometric feature much better and avoids the length distortions.
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The third example is the rockerarm model from Figure 1. For this mechanical part
first a coarse layout was designed to guide the meshing. Figure 11 (a) shows a close up
from the backside where large distortions appear near a geometric feature, not covered
in the layout. In Figure 11 (b) the layout was locally refined by using T-vertices. In this
way the designer can control the Reverse Engineering hierarchically by starting with a
rough layout which is refined until all features are captured up to the desired quality.
The overall effort to design a layout is minimized by using T-vertices.

6 Conclusion

In this paper, we have presented a global parameterization technique designed for the
requirements of Reverse Engineering. Our solution is a generalization of well known
global parameterization methods which allows to use chart corners in general position.
To find good positions automatically an iterative algorithm is applied which optimizes
the isometry of the resulting parameterization. This chart optimization can be used in
combination with other methods as well. Additionally we described the incorporation
of alignment constraints and T-vertices which are important ingredients of a Reverse
Engineering solution.
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Abstract. We explore three commodity parallel architectures: multi-core CPUs,
the Cell BE processor, and graphics processing units. We have implemented four
algorithms on these three architectures: solving the heat equation, inpainting us-
ing the heat equation, computing the Mandelbrot set, and MJPEG movie com-
pression. We use these four algorithms to exemplify the benefits and drawbacks
of each parallel architecture.

1 Introduction

The gain in performance of computer programs has typically come from increased pro-
cessor clock frequency and increased size of system memory. New computers have been
able to handle larger problems in the same timeslot, or the same problem at greater
speed. Recently, however, this trend has seemed to stop, and in the most recent years
we have actually seen a decrease in clock frequency. The new trend is instead to in-
crease the number of processor cores. There are several different multi-core designs in
commodity hardware: your typical multi-core CPU consists of a few fat cores with a
lot of complex logic; graphics processing units (GPUs) consist of several hundred thin
processors with reduced functionality; and the Cell BE [1] consists of a mixture of fat
and thin cores.

A key point to designing algorithms for these architectures is to understand their
hardware characteristics. The aim of this work is to give a good understanding of how
the hardware performs, with respect to a set of four example algorithms: solving the heat
equation, inpainting missing pixels using the heat equation, computing the Mandelbrot
set, and MJPEG movie compression. These four algorithms are chosen because they
display different characteristics found in many real-world applications.

2 Related Work

There has been a lot of research into high-level programming abstractions to parallel
architectures. All abstractions attempt to create an intuitive and simple API with as low
as possible performance penalty. APIs such as OpenMP [2] and MPI [3] show good per-
formance and have become de facto standards in shared memory and cluster systems,
respectively. These two APIs have also been exploited to create abstractions to program-
ming the Cell BE [4,5]. CellSs [6] is another abstraction for the Cell BE, consisting of a
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c© Springer-Verlag Berlin Heidelberg 2010



A Comparison of Three Commodity-Level Parallel Architectures 71

source to source compiler and runtime system. There have also been several high-level
abstractions to programming the GPU for general purpose computation (GPGPU [7]).
The most active languages today are CUDA [8] and Brook [9], where CUDA is a ven-
dor specific language from NVIDIA, and Brook is an API with an extended version for
AMD GPUs called Brook+ [10]. RapidMind [11] is a high-level C++ abstraction of-
fering a common platform for different back-ends: multi-core CPUs, the Cell BE, and
GPUs. This enables the programmer to easily run the same code on different hardware
setups by simply changing the back-end. The back-ends themselves are responsible
for low-level optimization and tuning, letting the programmer focus on high-level op-
timization of algorithms. OpenCL [12] is an API ratified by the Khronos group, in the
same family of standards as OpenGL [13]. OpenCL offers a common low-level inter-
face to program architectures such as multi-core CPUs, Cell BE and GPUs. Approved
in December 2008, the first compilers have now appeared for GPUs, and the number
of supported architectures is expected to rise. Such an open standard with support for
multiple platforms is a great step in unifying heterogeneous programming efforts. In
this work, we do not use or discuss the aforementioned higher-level abstractions, but
instead present implementations created using lower-level tools for each architecture.

The algorithms we examine have been implemented earlier on all three architectures.
The heat equation and other partial differential equations (PDEs) have been imple-
mented on the Cell BE [14] and on the GPU [15]. Inpainting using PDE-based tech-
niques has also been implemented on the GPU [16], but not, to our knowledge, on the
Cell BE. A Mandelbrot generator is part of the NVIDIA CUDA SDK code samples,
and writing an optimized Mandelbrot set generator for the Cell BE was the topic for the
linux.conf.au 2008 hackfest. The main building block of MJPEG movie compression
is also part of the NVIDIA CUDA SDK, and MJPEG 2000 has been implemented on
the Cell BE [17]. We emphasize that our aim is not to compete with these implemen-
tations, but rather to show how implementations with a similar amount of optimization
can uncover differences.

3 Architectures

Multi-core CPUs, the Cell BE, and GPUs all consist of several processors, with varying
type and composition. This section briefly describes these architectures and the low-
level languages and tools we have used to program them. We have chosen to compare
models that were released in the same time period, and argue that the intrinsic differ-
ences we identify do not change dramatically with newer generations.

Modern CPUs incorporate a multi-core design that consists of multiple fat cores
on a single chip, where each core has a large cache and a lot of logic for instruction
level parallelism (ILP). More than half of the chip area is typically used for cache and
logic, leaving a relatively small number of transistors for pure arithmetic operations. To
utilize all cores in the multi-core processor we use OpenMP, a C, C++ and Fortran API
for multi-threading in a shared memory system. In C++, the API consists of a set of
compiler pragmas that for example can execute loops in parallel.

The Cell BE is a heterogeneous processing unit, consisting of one power processor
element (PPE) and eight synergistic processing elements (SPEs). The PPE is a regular
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fat CPU core, while the SPEs are thin cores capable of SIMD execution on 128 bits
of properly aligned memory. The next version of the Cell BE is planned to have two
PPEs and 32 SPEs. In the current version, each SPE has a small local store to hold their
program and data, and is connected to the PPE through a fast on-chip interconnect.
As opposed to the PPE, the SPEs have little or no ILP or cache, dedicating almost
all transistors to floating point calculations. The API that we have used to access and
program the SPEs is the SPE Runtime Management Library version 2 (libspe 2) [18].
In our use of libspe 2, the PPE program typically creates a context for each of the SPEs,
and loads an SPE program (written in a subset of C++) into each context. The PPE
then sets the SPEs to execute the programs. The SPEs are responsible for explicitly
transferring data between local store and main memory using direct memory access
(DMA). DMA executes asynchronously, meaning we can overlap memory transfer with
computation. This effectively hides memory latency and transfer time. While the SPEs
are computing, the PPE mainly acts as a supervisor handling support functions for the
SPEs. This use is often referred to as the SPE-centric programming model, where the
SPEs run the main part of the program.

The gaming industry is the main driving force behind the development of GPUs.
Traditionally, the GPU only had a fixed set of graphics operations implemented in hard-
ware, but recent generations have become programmable. Current high-end graphics
cards have several hundred stream processors where almost all transistors are dedicated
to floating point arithmetics. The NVIDIA GeForce 9800 GX2 for example, has 256
stream processors. The last generations of GPUs from NVIDIA can be programmed us-
ing CUDA, an extension to C that views the GPU as a general stream processor. CUDA
typically uses the GPU to execute the same program, referred to as the kernel, over a
large set (or stream) of data. To execute the kernel, the input data is first transferred to
the GPU, and then the computational domain is divided into equally sized blocks. Each
block has one virtual thread per element, and the blocks are computed independently.
When the kernel has completed execution on all blocks, the data is typically read back
to the CPU.

We have benchmarked the four algorithms on two different commodity level hard-
ware setups. The CPU and GPU implementations were run on the same system, con-
sisting of an Intel Core 2 Duo 2.4 GHz processor with 4 MiB cache, 4 GiB system
memory, and an NVIDIA GeForce 8800 GTX card with 768 MiB graphics memory.
The Cell BE implementations were run on a PlayStation 3, containing the 3.2GHz Cell
BE processor with 6 available SPEs and 256 MiB system memory. The CPU has a the-
oretical performance of about 20 GFLOPS per core, and each SPE on the Cell BE has a
theoretical performance of about 25 GFLOPS. The GPU has a theoretical performance
of about 520 GFLOPS. All the implementations have been compiled using level three
optimization and the fast-math option enabled. They also contain approximately the
same amount of platform specific optimizations. The time and effort needed to program
the different architectures, however, differs somewhat. Implementing the CPU version
required less time and debugging efforts than the GPU version and the Cell BE ver-
sion. The difference in effort comes from two main contributors: prior experience with
the architecture and quality of programming tools, debuggers and profilers. If we at-
tempt to disregard the impact of prior experience, we can give a few general remarks on
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programming effort. Of the three architectures, we find that the CPU implementation
uses the highest level API, and requires the least programming effort. Both the GPU
and Cell BE implementations on the other hand, use lower level APIs that require de-
tailed knowledge of the hardware to avoid performance pitfalls. Thus, they require more
programming effort to reach the same level of optimization as the CPU.

4 Algorithms and Results

To compare the architectures, we have implemented four different algorithms: solving
the heat equation with a finite difference method, inpainting missing pixels using the
heat equation solver, computing the Mandelbrot set, and MJPEG movie compression.
We have selected these algorithms because they exhibit different computational and
memory access properties that are representative for a large range of real-world prob-
lems: the first two are memory streaming problems with regular and irregular memory
access patterns, respectively, and the last two are number crunching problems with uni-
formly and nonuniformly distributed computation. All four algorithms can easily be
parallelized and should thus fit the architectures well.

The following sections describe the algorithms and some details for the Cell BE
and GPU implementations. Our CPU implementations use OpenMP to parallelize the
execution, using a static scheduler for the two algorithms with a predetermined work-
load and a dynamic scheduler for the two with a data-dependent work-load. We employ
the ��� �������� ��� pragma on the outmost loops, thus minimizing OpenMP over-
heads.

4.1 The Heat Equation

The heat equation describes how heat dissipates in a medium. In the case of a 2D ho-
mogeneous and isotropic medium, it can be written as ut = a(uxx + uyy), where a is
a material specific constant. Using an explicit finite difference scheme, the unknown
solution un+1

i, j in grid point (ih, jh) at time (n + 1)k is given by

un+1
i, j = a

k
h2

(
un

i−1, j + un
i+1, j + 4un

i, j + un
i, j−1 + un

i, j+1

)
, (1)

where h and k determine the spatial and temporal resolution, respectively.

Characteristics - The heat equation benchmark shows how efficient each architecture is
at streaming data. Solving the heat equation using this explicit finite difference scheme
requires approximately the same number of memory accesses as arithmetic instruc-
tions. As the processor clock speeds are much higher than the memory clock speeds on
our architectures, the performance should be limited by memory bandwidth. The mem-
ory access pattern, however, is regular and thus enables efficient hardware pre-fetching
techniques on the multi-core CPU. Thus, the multi-core CPU should get full use of its
large cache as long as the two cores keep from fighting over the same set of cache lines.
On the Cell BE we can try to hide memory access by overlapping this with computa-
tion, and on the GPU explicitly gather the data into fast on-chip memory called shared
memory.
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Listing 1.1. CellHeat.cpp
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This algorithm displays properties found when solving other PDEs using explicit
finite difference/element/volume methods. Image filtering, such as convolution, is an-
other class of algorithms with the same properties.

Implementation - By examining the computational molecule for un+1
i, j , we see that it de-

pends on the value at grid-point (ih, jh) and the four closest neighbours in the previous
time-step. Because of this dependency, we cannot simply update the value of un

i, j in-
place. By having two buffers, we store the result of odd time-steps in the “odd” buffer,
reading from the “even” buffer, and conversely for even time-steps. This way we can
update all elements in parallel at each time-step.

On the Cell BE, we divide the domain into blocks with an equal number of rows,
and let each SPE calculate its sub-domain. Listing 1.1 shows the Cell BE algorithm
in pseudo code, and Figure 1 is a graphical representation. For each row we want to
compute in the output, we need to explicitly gather the needed data from main memory
to local store and write the result back. Using asynchronous memory transfer, we can
overlap with computation, and only keep four rows of input in local store at any given
time. We have used intrinsic SIMD instructions in the actual implementation, as the
SPEs are SIMD processors.

On the GPU, we divide the computational domain into blocks with one virtual thread
per element. For each block, each thread reads one element from the GPUs main mem-
ory into shared memory. The shared memory is fast on-chip memory accessible to all
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Fig. 1. The heat equation computed on the Cell BE (left) and on the GPU (right)
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Fig. 2. Runtime of the four different algorithms: the heat equation (top left), inpainting (top right),
the Mandelbrot set (bottom left), MJPEG (bottom right). CPU ST represents the serial CPU
version, and CPU MT2 represents the multi-threaded CPU version running on two CPU cores.

virtual threads in the same block. We also have to read the apron (also called ghost cells)
into shared memory. The apron consists of the data-elements outside the block that we
need for our computational molecule. Figure 1 shows the block and its apron. When all
data has been read into shared memory, each thread computes one output element and
writes the result to GPU main memory.

Results - Figure 2 shows the runtime of computing one step of the heat equation on the
different architectures. For the GPU, this includes the time it takes to read the result back
from graphics memory. The other two architectures place the result in main memory
without the explicit read-back. Table 1 breaks the GPU and Cell BE run-times up into
time spent computing and time spent waiting for memory transfers to complete. The
table shows that the GPU suffers from an expensive read-back of data from the GPU to
the CPU, whilst the Cell BE is able to hide much of the memory reads and writes by
overlapping with computation. This explains why the GPU barely beats the multi-core
CPU implementation. The GPU, however, will outperform the other architectures if the
data is allowed to remain on the GPU throughout multiple time-steps.
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Table 1. Breakdown of running times. For the GPU, the percentages represent kernel execution
time and GPU-CPU transfer time. For the Cell BE, the time represents time spent computing, and
stall time while waiting for DMA requests to complete.

Heat Inpainting Mandelbrot MJPEG
GPU Memory 75% 55% 0% 80%

Computation 25% 45% 100% 20%
Cell BE Memory 10% 10% 0% 5%

Computation 90% 90% 100% 95%

4.2 Inpainting

Noisy images (e.g., from poor television reception) can be repaired by inpainting. Here
we use the heat equation on masked areas as a naïve example of inpainting. Using
this approach, information from the area surrounding a block of noisy pixels will be
diffused into the block and fill in the missing values. Technically, each masked element
is updated using Equation (1), whereas we set un+1

i, j = un
i, j for unmasked elements.

Characteristics - The inpainting benchmark shows how efficient each architecture is at
streaming data, executing conditionals, and computing on a subset of the data. Inpaint-
ing using the heat equation requires even fewer arithmetic instructions per memory
access than solving the heat equation. This is because we have to read the mask for all
elements, but only run computations on a few of them. This memory access pattern will
further make matters worse, as the CPU will underutilize its cache. The GPU will have
problems with the added conditional as all processors in one warp (currently 32 stream
processors) are forced to run commands synchronously. The effect is that even if only
one processor in the warp branches differently from the others, the whole warp must
evaluate both sides of the branch.

This algorithm has properties that are also found in other algorithms with a lot of
memory access and little computation, e.g., image processing algorithms working on
masked areas.

Implementation - Both the Cell BE and GPU implementations of this algorithm are
very similar to the heat equation solver. The major difference is that the Cell BE and
GPU must explicitly gather the mask into local store and shared memory, respectively.

Results - For each image resolution, we used a noise mask to inpaint approximately
5% of the image using ten time-steps of the heat equation. Figure 2 shows that the GPU
performs relatively better compared to the heat equation solver. This is because the GPU
is able to keep the data in graphics memory throughout the ten passes. This lessens the
effect of the single read-back, as shown in Table 1. Because the GPU executes one warp
synchronously, it uses about the same time to complete one pass of inpainting, as it does
to complete one pass of the whole heat equation. The Cell BE computes four elements
synchronously using intrinsic SIMD instructions. However, it only runs slightly faster
per pass than the heat equation. This can be explained by the fact that the SPEs do
not contain a conditional branch predictor, making the branch almost as expensive as
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computing the heat equation itself. Using a computationally more demanding algorithm
would diminish the effect of the branch on the Cell BE. There was also not enough
physical system memory to benchmark domains larger than approximately 3600×3600
for the Cell BE. The single threaded CPU version runs much faster per pass than the
heat equation, whilst the multi-threaded version only has a marginal speedup. This can
be explained by the increased load on the memory bus, as the additional mask has to
be loaded into cache, compared to the heat equation solver alone. Using multiple cores
does not increase performance when the bottleneck is the memory bandwidth.

4.3 The Mandelbrot Set

The Mandelbrot set is a fractal that has a very simple recursive definition:

M =
{

c ∈ C : z0 = c, zn+1 = z2
n + c, sup

n∈N

|zn| < ∞
}

. (2)

Informally, it is the set of all complex numbers that do not tend towards infinity when
computing zn+1. When computing the Mandelbrot set, one uses the fact that c belongs
to M if and only if |zn| < 2 for all n ≥ 0. Typically, one picks a set of discrete complex
points C and a fixed m, and then the point c ∈ C is assumed to be in the set if |zn| < 2
for all n ≤ m.

Characteristics - This benchmark shows how well each architecture performs floating
point operations, and how it copes with dynamic workloads. Computing whether a com-
plex coordinate belongs to the Mandelbrot set requires a lot of computation, and only
a single memory write. For coordinates that are in the set the program has to compute
all m iterations while coordinates outside often compute only a few. This means that
neighbouring pixels often have very different workloads, as the boundary has a highly
complex geometry.

Computing the Mandelbrot set exhibits properties also found in algorithms such as
ray-tracing and ray-casting, as well as many other iterative algorithms. Algorithms with
a lot of computation per memory access, such as protein folding, also show these prop-
erties.

Implementation - Using the abscissa as the real part and the ordinate as the imaginary
part we create a set of complex numbers C. For each point c ∈C, a while-loop computes
zn until |zn| > 2 or n > m. The pixel is colored using the value of n when the loop
terminates, yielding a gray-scale image where all white pixels are assumed to be part of
the Mandelbrot set.

In our Cell BE implementation, we partition the domain into lines, where only the
real part of c varies between pixels. We know that the computational time for each line
can differ drastically, so we use a dynamic load distribution. The PPE simply fills a fixed
length queue with line-numbers for each SPE, and the SPEs then start processing their
queue. The PPE continues to enqueue line-numbers in non-full queues until the whole
domain has been enqueued. The actual computation is done using SIMD instructions to
utilize the hardware.
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Results - Table 1 shows that computing whether a complex coordinate belongs to the
Mandelbrot set or not is computationally intensive, and Figure 2 shows that both the
GPU and Cell BE perform very well. Using multiple CPU cores scales perfectly. On
the GPU, it does not drastically affect the results that two pixels close to each other
can have very different workloads. Even though each warp is executed synchronously,
most warps simply contain only pixels within the set, or outside it. Thus, the number
of warps with a mixture of pixels within and outside the set is often far less than the
number of warps with a relatively homogeneous workload.

4.4 MJPEG

MJPEG is an “industry standard” for compression of a movie stream. The main part of
the algorithm consists of dividing each frame into 8×8 blocks, computing the discrete
cosine transform (DCT), and then quantizing each block:

pu,v = α(u)α(v)
7

∑
i=0

7

∑
j=0

gi, j cos
[π

8
(i+ 0.5)u

]
cos

[π
8

( j + 0.5)v
]
,

α(n) =
{√

1/8 ,n = 0√
2/8 ,n �= 0

,

ru,v = round(pu,v/qu,v) .

Here, gi, j is the element (i, j) from the 8× 8 block, pu,v is the amplitude of frequency
(u,v), qu,v is element (u,v) of the quantization matrix, and ru,v is the result.

Characteristics - The MJPEG results show how efficient each architecture is with a
typical data flow, where the computationally intensive part of the code is accelerated,
and the rest of the code runs on a single CPU core. Computing the DCT and then
quantizing is an algorithm that is both cache friendly and requires a lot of computation
per memory access. The performance should therefore be limited by processing power
rather than memory access. Computing the cosines is typically also very expensive.

The MJPEG algorithm is representative for many image and movie compression al-
gorithms, as they all do a lot of computation per memory access. These properties are
also displayed in computationally heavy image processing algorithms, such as comput-
ing the FFT and image registration.

Implementation - To optimize for DMA transfer, our Cell BE version computes a row
of blocks. Since the total amount of work is constant in each block-line, we use a static
load distribution, dividing the domain into an equal number of block-lines per SPE. The
SPE then computes each block in each block-line until there are no more block-lines to
compute.

MJPEG compression fits the GPU perfectly, as CUDA already assumes that compu-
tation should be split up into blocks. We simply use a block-size of 8×8 and let CUDA
automatically schedule the blocks in our GPU implementation.
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Results - Figure 2 shows the time it takes to compute the DCT, quantize, and Huffman
code one image consisting of an intensity channel and two chrominance channels with
half the horizontal and vertical resolution of the intensity image. Table 1 breaks down
the time spent on DCT and quantization, as these are the parts that have been acceler-
ated. The GPU is heavily penalized for overhead connected with starting each memory
transfer. It has to upload the three images and download them again after the computa-
tions. The overhead with starting these six memory transfers is substantial. The Cell BE
does not suffer from such overheads, but is able to overlap almost all memory access
by computation. However, Huffman coding using the PPE is very slow. The PPE takes
50% more time to complete compared to the CPU, even though it is the exact same
code.

5 Summary

We have examined how a set of four algorithms perform on three sets of commodity
level parallel hardware. All the algorithms we displayed, except inpainting, scaled well
on the CPU. The inpainting algorithm saturates the memory bus, which again limits
performance. The Cell BE performs well on algorithms where memory access can be
hidden by computations, and when it comes to raw floating point performance. How-
ever, it has a relatively slow PPE core that can limit performance. The limited system
memory on the PlayStation 3 can certainly also be a problem. The GPU is, by far, the
best performing architecture for computationally intensive operations, but transferring
memory to and from the graphics card can be very expensive.

This work has focused on four applications that show different properties of the
three architectures. This is a small comparison, and it would be of great use to broaden
the number of algorithms, architectures, and programming languages to give a broader
understanding of commodity level parallel architectures.

The authors would like to thank the anonymous reviewers for their thorough com-
ments and feedback.
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Abstract. The mean distance between a curve and its control polygon is bounded
in terms of the norm of second order differences of the control points. We also an-
alyze the distance of a rational curve to its control polygon and suggest a choice
of the weight for obtaining rational curves much closer to its control polygon than
Bézier curves.

Keywords: Control polygon, rational curve, mean distance.

1 Introduction

In Computer-Aided Geometric Design, parametric curves

γ(t) =
n

∑
i=0

Pi ui(t), t ∈ [a,b], (1)

are generated by blending systems of functions (u0, . . . ,un), ui : [a,b] → R, ui(t) ≥ 0,
t ∈ [a,b], i = 0, . . . ,n,∑n

i=0 ui(t) = 1, t ∈ [a,b]. The points Pi ∈Rk, i = 0, . . . ,n, are called
control points of γ and P0 · · ·Pn is the control polygon of the curve.

When a parametric curve (1) is generated by a blending system of n functions
(u0, . . . ,un), the convex hull property is satisfied, that is, the curve lies in the convex
hull of its control polygon. Another important property is linear precision

n

∑
i=0

αi ui(t) = t, t ∈ [a,b], (2)

for a strictly increasing sequence of real numbers (αi)n
i=0. If a system of functions

(u0, . . . ,un) has linear precision, the graph (t, f (t)), t ∈ [a,b], of the real function f (t) =
∑n

i=0 ci ui(t) is the parametric curve (1) with control points Pi = (αi,ci)T for all i ∈
{0,1, . . . ,n}. Both the Bernstein basis and the B-spline basis have the linear precision
property.

The endpoint interpolation property is also usually required: the first control point
always coincides with the first point of the curve and the last control point always
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coincides with the last point of the curve. If a system (u0, . . . ,un) satisfying the endpoint
interpolation property has linear precision, then α0 = a and αn = b.

We are interested in providing a measure of the degree of approximation of a para-
metric curve by its control polygon. This problem has been previously discussed in
several papers (c.f. [1, 5, 6, 7]). For this purpose, we will bound the mean distance be-
tween a parametric curve and its control polygon. A natural way to parameterize the
polygon is by the piecewise linear function π : [a,b] → Rk, defined by

π(t) =
αi − t
αi −αi−1

Pi−1 +
t −αi−1

αi −αi−1
Pi, αi−1 ≤ t ≤ αi.

We can also represent π as a parametric curve with control points Pi, i = 0, . . . ,n using
the first degree B-spline basis

π(t) =
n

∑
i=0

PiNi(t), Ni(t) :=

⎧⎨⎩
(t −αi−1)/(αi −αi−1), if αi−1 ≤ t ≤ αi,
(αi+1 − t)/(αi+1 −αi), if αi ≤ t ≤ αi+1,
0, elsewhere,

(3)

for all i ∈ {0, . . . ,n}, where α−1 := a and αn+1 := b. Therefore the curve γ and its
control polygon can both be regarded as two parametric curves generated by the same
control points, but different blending system of functions.

Along this paper we will adhere to the notation in [1]: ∇ci := ci − ci−1 denotes the
usual backward difference and δci := ∇ci/∇αi −∇ci−1/∇αi−1 is a normalized second
order backward difference. Observe that ∑n

i=0 ciNi(t) is a convex function if and only if
δci ≥ 0, i = 2, . . . ,n.

A system of functions (u0, . . . ,un) satisfying the linear precision property (2) is
convexity preserving if for any set of coefficients c0, . . . ,cn such that δci ≥ 0 for all
i = 2, . . . ,n, the function ∑n

i=0 ciui(t) is convex.
In Section 2, the mean distance between two curves with the same control polygon

is bounded and the result is applied to bound the mean distance between a curve and
its control polygon. In Section 3, we discuss how to apply the above results to rational
curves. A suggestion for the choice of the weights is provided.

2 Mean Distance between Two Parametric Curves

For a given norm ‖ · ‖ in Rk, we will bound

M =
1

b−a

∫ b

a
‖γ(t)− γ̄(t)‖dt,

which can be regarded as the mean distance between two parametric curves γ , γ̄ . Let us
observe that the total area between both curves has a more complicated formula

1
2

∫ b

a

∫ 1

0
‖(γ(t)− γ̄(t))× ((1− s)γ ′(t)+ sγ̄ ′(t))‖2 dsdt.

However, if L and L̄ are the lengths of γ and γ̄ , M(L+ L̄)/2 can be regarded as a rough
estimation of the total area between both curves.
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Fig. 1. Distance and area between a Bézier curve and its control polygon

Let (u0, . . . ,un) and (ū0, . . . , ūn) be two blending systems defined on an interval [a,b]
having the linear precision property for some common strictly increasing sequence
(αi)n

i=0. We shall assume that both curves

γ(t) =
n

∑
i=0

Pi ui(t) and γ̄(t) =
n

∑
i=0

Pi ūi(t) (4)

share the same control polygon.
In Theorem 1, we bound

∫ b
a ‖γ(t)− γ̄(t)‖w(t)dt, where w(t) is a weight function,

usually taken as 1. Similary as in [1], we will express the bound as a constant times
max{i=2,...,n} ‖δPi‖/di. This constant is of the form

∫ b
a D(t)w(t)dt, where D(t) is a func-

tion whose computation can be considerably simplified in the particular case where γ̄(t)
is the control polygon π(t). The result has been stated with full generality in order to be
applied to Bézier, B-splines, rational and other kinds of curve representations without
increasing the complexity of the proof.

Theorem 1. Let (u0, . . . ,un) and (ū0, . . . , ūn) be two blending systems defined on an
interval [a,b]. Let us assume that

n

∑
i=0

αi ui(t) = t and
n

∑
i=0

αi ūi(t) = t

for some common strictly increasing sequence of values α0, . . . ,αn and let w : [a,b] →
[0,+∞) be a nonnegative weight function. Let γ(t) and γ̄(t) be two parametric curves
generated by the same polygon P0 · · ·Pn, with P0, . . . ,Pn ∈ Rk. Then, for any sequence
d2, . . . ,dn of positive numbers we have∫ b

a
‖γ(t)− γ̄(t)‖w(t)dt ≤ max

i∈{2,...,n}
‖δPi‖

di

∫ b

a
D(t)w(t)dt (5)

where

D(t) :=
n

∑
i=2

di |vi(t)− v̄i(t)|
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and

vi(t) :=
n

∑
j=i

(α j −αi−1)u j(t), v̄i(t) :=
n

∑
j=i

(α j −αi−1)ū j(t).

If, in addition, vi(t) ≥ v̄i(t) for all t ∈ [a,b], then

D(t) = s̄(t)− s(t), where s(t) :=
n

∑
i=0

σi ui(t), s̄(t) :=
n

∑
i=0

σi ūi(t),

and (σi)n
i=0 is the sequence uniquely defined by

σ0 = σn = 0, δσi = −di, for all i ∈ {2, . . . ,n}.
Proof. Taking into account that

γ(t)− γ̄(t) =
n

∑
i=0

Pi (ui(t)− ūi(t)) =
n

∑
i=1

∇Pi

n

∑
k=i

(uk(t)− ūk(t)) =

n

∑
i=1

∇Pi

∇αi
∇αi

n

∑
k=i

(uk(t)− ūk(t)) =
n

∑
i=2
δPi

n

∑
j=i

n

∑
k= j

∇α j(uk(t)− ūk(t))

we obtain

γ(t)− γ̄(t) =
n

∑
i=2

δPi (vi(t)− v̄i(t))

and ∫ b

a
‖γ(t)− γ̄(t)‖w(t)dt =

∫ b

a

∥∥∥ n

∑
i=2
δPi (vi(t)− v̄i(t))

∥∥∥w(t)dt.

Then we deduce from the last formula that∫ b

a
‖γ(t)− γ̄(t)‖w(t)dt ≤

n

∑
i=2

‖δPi‖
∫ b

a
|vi(t)− v̄i(t)|w(t)dt

=
n

∑
i=2

‖δPi‖
di

∫ b

a
di |vi(t)− v̄i(t)|w(t)dt

and (5) follows. If, in addition, vi(t) ≥ v̄i(t) for all t ∈ [a,b], we can write

n

∑
i=2

di |vi(t)− v̄i(t)| =
(
β (t −α0)−

n

∑
i=2

di v̄i(t)
)
−
(
β (t −α0)−

n

∑
i=2

di vi(t)
)

where β = (αn −α0)−1∑n
l=2(αn −αl−1). Now let us prove that

s(t) = β (t −α0)−
n

∑
i=2

di vi(t).

By the linear precision property and by the definition of vi, we have that

β (t −α0)−
n

∑
i=2

di vi(t) = β
n

∑
i=1

(αi −α0)ui(t)

−
n

∑
i=2

i

∑
l=2

dl(αi −αl−1)ui(t).
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We can easily check that the coefficient of u0 in the previous expression is 0 and that
the coefficient of un is β (αn −α0)−∑n

l=2 dl (αn −αl−1) = 0. We can also verify that
δ
[
β (αi −α0)−∑i

l=2 dl (αi −αl−1)
]
= −di. Hence β (αi −α0)−∑i

l=2 dl (αi −αl−1) =
σi, i = 0, . . . ,n. Analogously we can prove that

s̄(t) = β (t −α0)−
n

∑
i=2

di v̄i(t),

and hence D(t) = s̄(t)− s(t). �

We observe that, if di = αi −αi−2, i = 2, . . . ,n then σi = (αi − a)(b−αi), i = 0, . . . ,n
and we can also express s̄(t)− s(t) in Theorem 1 in terms of the operator

E[ f ](t) :=
n

∑
i=0

f (αi)(ui(t)− ūi(t)).

by means of the formula s̄(t)− s(t) = E[(t −a)(b− t)].
Now let us consider the particular case where (ū0, . . . , ūn) = (N0, . . . ,Nn), and hence

γ̄(t) = π(t) is the control polygon of γ(t).

Corollary 2. Let (u0(t), . . . ,un(t)) be a blending basis defined on [a,b] such that there
exists α0 < α1 < · · · < αn with ∑n

i=0αi ui(t) = t and let d2, . . . ,dn be a sequence of
positive numbers. Then, for any parametric curve γ(t) = ∑n

i=0 Pi ui(t) and the parame-
terization π(t) of its corresponding control polygon given by (3), we have∫ b

a
‖γ(t)−π(t)‖ dt ≤ max

i∈{2,...,n}
‖δPi‖

di

∫ b

a
D(t)dt

where

D(t) :=
n

∑
i=2

di(vi(t)− v̄i(t)) = s̄(t)− s(t), (6)

vi(t) :=
n

∑
j=i

(α j −αi−1)u j(t), v̄i(t) :=
n

∑
j=i

(α j −αi−1)Nj(t)

s(t) :=
n

∑
i=0
σi ui(t) and s̄(t) :=

n

∑
i=0
σi Ni(t),

and (σi)n
i=0 is the sequence uniquely defined by

σ0 = σn = 0, δσi = −di, for all i ∈ {2, . . . ,n}.
Proof. It can be checked that ∑n

i=0αi Ni(t) = t for all t ∈ [a,b]. The result follows from
Theorem 1 if we prove that vi ≥ v̄i.

The curves (t,vi(t))T and (t, v̄i(t))T can be seen as parametric curves generated by
the systems (u0, . . . ,un) and (N0, . . . ,Nn), respectively, with the same control polygon
W0 · · ·Wn where

Wj :=
{

(α j,0)T , if j < i,
(α j,α j −αi−1)T , if j ≥ i.
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The points W0, . . . ,Wi−1 are collinear and the points Wi−1,Wi, . . . ,Wn are collinear too.
Therefore all the control points W0, . . . ,Wn lie on the polygon W0Wi−1Wn. On the one
hand, the parametric curve (t, v̄i(t))T describes the polygon W0Wi−1Wn. On the other
hand, by the convex hull property the curve (t,vi(t))T is included in the inside of the
triangle with vertices W0, Wi−1 and Wn . So we have that vi ≥ v̄i. �

Now let us apply the previous result to the particular case where γ(t) is a Bernstein-
Bézier curve and π(t) is its corresponding control polygon. This result is not new. The
bound was already obtained by Reif (Theorem 2.2 of [7]).

Corollary 3. Let (B0,n(t), . . . ,Bn,n(t)) be the Bernstein basis of degree n defined on
[a,b] and let γ(t) = ∑n

i=0 Pi Bi,n(t) and π(t) the parameterization of its control polygon
defined by (3). Then we have that

1
b−a

∫ b

a
‖γ(t)−π(t)‖dt ≤ n−1

12
max

i∈{2,...,n}
∥∥∇2Pi

∥∥ .

Proof. We have that the Bernstein basis has the linear precision property

n

∑
i=0

αi Bi,n(t) = t, for all t ∈ [a,b],

with αi = a + i(b−a)/n for all i ∈ {0, . . . ,n}. So we have that

δPi =
n

b−a
∇2Pi, i ∈ {2, . . . ,n}.

Now we choose di = 2(b−a)/n for all i ∈ {2, . . . ,n} and check that the σi’s introduced
in Corollary 2 are of the form

σi = (αi −a)(b−αi) =
i(n− i)

n2 (b−a)2.

Then, by Corollary 2, we have∫ b

a
‖γ(t)−π(t)‖dt ≤ n2

2(b−a)2 max‖∇2Pi‖
∫ b

a
D(t)dt,

and ∫ b

a
D(t) =

n

∑
i=1

(b−a)2

n2 i(n− i)
∫ b

a
(Bi,n(t)−Ni(t))dt =

(b−a)2

n2

(
b−a

n
− b−a

n + 1

) n

∑
i=1

i(n− i) =
(b−a)3

n3(n + 1)
(n + 1)n(n−1)

6

and the result follows. �

We observe that in Corollary 3

D(t) :=
n−1

∑
i=1

(αi −a)(b−αi)(Ni,n(t)−Bi,n(t)) = (P−B)[(t −a)(b− t)],
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where P is the operator transforming each function into its piecewise linear interpolant
at (αi, f (αi))

P[ f ](t) :=
n

∑
i=0

f (αi)Ni(t), t ∈ [a,b],

and B is the Bernstein operator

B[ f ](t) :=
n

∑
i=0

f (αi)Bi,n(t), t ∈ [a,b].

In [1], the distance maxt∈[a,b] ‖γ(t)−π(t)‖ between a curve and its control polygon
was analyzed. For the case of convexity preserving systems with the endpoint inter-
polation property, a practical bound was described in Proposition 2 of [1]. We restate
below this result because it will be used for discussing bounds of the distance of rational
curves to its control polygon.

Theorem 4. Let (u0(t), . . . ,un(t)) be a blending basis defined on [a,b] such that there
exists α0 < α1 < · · · < αn with ∑n

i=0αi ui(t) = t and let d2, . . . ,dn be a sequence of pos-
itive numbers. Assume that the representation is convexity preserving and that the end-
point interpolation property holds. Then, for any parametric curve γ(t) = ∑n

i=0 Pi ui(t)
and the parameterization π(t) of its corresponding control polygon given by (3), we
have

max
t∈[a,b]

∥∥γ(t)−π(t)
∥∥≤ max

i∈{2,...,n}

∥∥∥δPi

di

∥∥∥ max
i∈{1,...,n−1}

D(αi),

where D(t) is defined by formula (6) .

3 Mean Distance from a Rational Curve to Its Control Polygon

Given a blending system of functions ( f0, . . . , fn) defined on [a,b] and some strictly
positive weights w0, . . . ,wn > 0, a rational curve

γ(t) =
1

∑n
i=0 wi fi(t)

n

∑
i=0

wi fi(t)Pi, t ∈ [a,b], (7)

can be defined. The rational curve can be interpreted as a curve defined by the blending
system (u0, . . . ,un) with

ui(t) :=
wi fi(t)

∑n
k=0 wk fk(t)

, i = 0, . . . ,n. (8)

Even in the simplest case of Bézier curves we cannot expect to have the linear precision
property for all set of positive weights. If the linear precision property holds, then

t =
n

∑
i=0

αiui(t) = ∑n
i=0 wiαi fi(t)
∑n

i=0 wi fi(t)
.
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Therefore t∑n
i=0 wi fi(t) is a function in 〈 f0, . . . , fn〉. For Bézier curves this implies that

∑n
i=0 witBi,n(t) is a polynomial of degree less than n−1, and so

Δnw0 =
n

∑
i=0

(−1)n−i
(

n
i

)
wi = 0.

In the case of B-spline curves this restriction on the weights is yet more complicated
to express. For other spaces generated by blending systems of functions, the linear
precision property would imply that all weights are equal reducing the problem to the
nonrational one. For this reason, we want to relax the linear precision property.

Let us recall that a system ( f0, . . . , fn) is totally positive of order k (TPk), if all the
minors of its k× (n + 1) collocation matrices

M

(
f0, . . . , fn

t0, . . . ,tk−1

)
:= ( f j(ti))0≤i≤k;0≤ j≤n, a ≤ t0 < t1 < .. . < tk−1 ≤ b

are nonnegative. In the particular case that k = n+1, the system is called totally positive
(TP).

In Theorem 2.6 of [2] it was shown that, if ( f0, . . . , fn) is a TP2 blending system, then
all functions

∑n
i=0αiwi fi(t)
∑n

i=0 wi fi(t)
, w0, . . . ,wn > 0, α0 < · · · < αn (9)

are increasing. Moreover, if for some particular choice of wi and αi, i = 0, . . . ,n, a
function (9) is strictly increasing, then all functions (9) are also strictly increasing for
any choice of wi and αi, i = 0, . . . ,n.

In Corollary 4.6 of [2] it was shown that, if ( f0, . . . , fn) is a T P3 blending system
and for some particular choice of wi and αi, i = 0, . . . ,n, the function (9) is strictly
increasing, then for any choice of the weights wi and αi, i = 0, . . . ,n, the blending
system (u0 ◦α−1, . . . ,un ◦α−1) is convexity preserving, where ui(t) is defined by (8)
and

α(t) := ∑n
i=0αiwi fi(t)
∑n

i=0 wi fi(t)
=

n

∑
i=0
αiui(t). (10)

We also observe that ∑n
i=0αiui ◦ α−1(t) = t, and we recover the linear precision

property for the rational system (u0 ◦α−1, . . . ,un ◦α−1).
Assume that for some strictly increasing sequence a = α0 < · · · < αn = b both func-

tions

α(t) :=
n

∑
i=0

αiui(t), ᾱ(t) :=
n

∑
i=0

αiūi(t)

are strictly increasing. This condition automatically holds for non-rational and for ra-
tional Bézier and B-spline representations with strictly positive weights because they
are totally positive bases. In Section 4 of [4], we can find more examples of systems
of functions satisfying this condition. If the endpoint interpolation property holds, then
α(a) = a and α(b) = b and we deduce that α([a,b]) = [a,b] = ᾱ([a,b]).

The main idea is that we do not compare points in both curves with the same pa-
rameter value. The distance between both curves is measured comparing corresponding
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points of both curves γ ◦α−1 and γ̄ ◦ ᾱ−1. A suitable choice of αi (for instance, equidis-
tant values in [a,b]) might give rise to parameter changes leading to reasonable distance
bounds. Let us observe first that (u0 ◦α−1, . . . ,un ◦α−1) and (ū0 ◦ ᾱ−1, . . . ūn ◦ ᾱ−1)
are blending systems with the linear precision property and we can apply to them the
results of the previous section. From Theorem 1 we have∫ b

a

∥∥γ(α−1(t))− γ̄(ᾱ−1(t))
∥∥w(t)dt ≤ max

i∈{2,...,n}
‖δPi‖

di

∫ b

a
D(t)w(t)dt

where D(t) := ∑n
i=2 di |vi(t)− v̄i(t)| and

vi(t) :=
n

∑
j=i

(α j −αi−1)u j(α−1(t)), v̄i(t) :=
n

∑
j=i

(α j −αi−1)ū j(ᾱ−1(t)).

The change of variables t = α(s) gives rise to∫ b

a
D(t)w(t)dt =

∫ b

a
D(α(s))w(α(s))α ′(s)ds,

which might have a simpler form. However, for the effective computation of the above
bound and other estimates, it might be required to invert the function α . Since α is
strictly increasing, the solution s of the equation α(s)− t = 0 can be obtained by the
bisection method. We have tested Newton’s method in the particular case of rational
Bézier curves with fast and accurate results. In this way, we have computed ti =α−1(αi)
in bound (11) of Theorem 3 for the numerical tests at the end of this section.

Observe that if γ̄ is the representation of the control polygon (3), then ᾱ(t) = t and
Corollary 2 gives∫ b

a

∥∥γ(α−1(t))−π(t)
∥∥ dt ≤ max

i∈{2,...,n}
‖δPi‖

di

∫ b

a
D(t)dt

with D(t) = ∑n
i=2 di(vi(t)− v̄i(t)) = s̄(t)− s(t),

s(t) :=
n

∑
i=0

σi ui(α−1(t)), s̄(t) :=
n

∑
i=0

σi Ni(t),

and (σi)n
i=0 the sequence defined by

σ0 = σn = 0, δσi = −di, for all i ∈ {2, . . . ,n}.
Theorem 4 can also be used for analyzing the distance between a rational curve and

its control polygon.

Theorem 5. Let ( f0, . . . , fn) be a T P3 blending system satisfying the endpoint inter-
polation property. Let a = α0 < α1 < · · · < αn = b be such that α(t) = ∑n

i=0αi ui(t)
is an strictly increasing function, with the functions u0,u1, . . . ,un given by (8), and let
d2, . . . ,dn be a sequence of positive numbers. Then, for any set of weights w0, . . . ,wn > 0
the curve

γ(t) =
1

∑n
i=0 wi fi(t)

n

∑
i=0

wi fi(t)Pi,
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satisfies

‖γ(α−1(t))−π(t)‖ ≤ max
i∈{2,...,n}

‖δPi‖
di

max
i=1,...,n−1

D(αi) (11)

where

D(αi) = σi − ∑
n
k=0 wkσk fk(ti)
∑n

k=0 wk fk(ti)

and ti := α−1(αi).

Proof. Let us define ui(t), i = 0, . . . ,n by (8). Then (u0 ◦α−1, . . . ,un ◦α−1) satisfies the
linear precision property by (10) and is convexity preserving by Corollary 4.6 of [2].
Observe that since ( f0, . . . , fn) satisfies the endpoint interpolation property, then we
have that

ui(a) =
wi fi(a)
w0 f0(a)

= δi0, ui(b) =
wi fi(b)
wn fn(b)

= δin, i = 0, . . . ,n,

and, since α(a) = a, α(b) = b, we deduce that (u0 ◦α−1, . . . ,un ◦α−1) also satisfies the
endpoint interpolation property. Applying Theorem 4 to the curve γ(α−1(t)) =∑n

i=0 ui◦
α−1(t)Pi, we obtain (11), where

D(t) =
n

∑
k=0

σk(Nk(t)−uk ◦α−1(t)) =
n

∑
k=0

σkNk(t)− ∑
n
k=0σkwk fk(α−1(t))
∑n

k=0 wk fk(α−1(t))
.

By (3), we have that ∑n
k=0σkNk(αi) = σi and defining ti := α−1(αi) we may write

D(αi) = σi − ∑
n
k=0σkwk fk(ti)
∑n

k=0 wk fk(ti)
. �


We observe that the values D(αi) depend on the weights w0, . . . ,wn. A question which
arises in a natural way is the choice of the weights w0, . . . ,wn such that the bound in
(11) is the least possible. We will study the important particular case where ( f0, . . . , fn)
is the Bernstein basis:

fi(t) =
(

n
i

)
ti(1− t)n−i. i = 0,1, . . . ,n.

We have chosen αi = i/n, i = 0,1, . . . ,n, and di = αi−αi−2, i = 2, . . . ,n. A first attempt
revealed that the determination of an optimal choice of the weights has a complicated
analysis. Therefore, we tried to determine numerically almost optimal choices and sug-
gest a choice of the weights that may give near optimal results, at least for low degrees.

For our experiments we used degrees n = 5, n = 8 and n = 10 and we obtained almost
optimal and symmetrical choices of the weight vector,

waopt
5 = (1,4,12,12,4,1).

waopt
8 = (1,8.5,110,400,700,400,110,8.5,1).

waopt
10 = (1,15.6,452,3500,14764,22120,14764,3500,452,15.6,1).
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Table 1. Distance measures for different weights and degrees

n weights max0≤i≤n D(αi)

5
wunit 4.8000×10−2

waopt 2.3732×10−2

wnopt 2.5687×10−2

8
wunit 3.1250×10−2

waopt 1.1516×10−2

wnopt 1.2279×10−2

10
wunit 2.5000×10−2

waopt 7.8476×10−3

wnopt 8.4429×10−3

We also found that this values were similar to those obtained by the formula

wnopt
n = ((3/2)i(n−i), i = 0, . . . ,n)

and checked that this choice lead to near optimal results, at least for low degrees. In
Table 1, we can find the value of maxD(αi), for different degrees and different choices
of the weight vector. We observe that the distance can be reduced even by a factor
greater than 3 in some cases.

We have also analyzed the behaviour in the case of degrees much higher than 10. We
have obtained significative reduction of the distance but with the disadvantage of using
very high weights. The values of the ti = α−1(αi) tend to concentrate to the ends of

-1

-0.5

 0

 0.5

 1

 0  0.2  0.4  0.6  0.8  1

Fig. 2. Rational curves with different choices of weights
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the interval, leading to curves with very high change rate and high values of γ ′(t) at the
ends of the curve. For this reason, we only recommend using near optimal weights for
moderate degrees up to 12.

In Figure 2, we have depicted three rational curves of degree 5 corresponding to
the control polygon P0 · · ·P5, with Pi = (i/5,(−1)i), i = 0,1, . . . ,5. The solid line cor-
responds to unit weights, that is, the Bézier curve. The dashed line corresponds to the
choice wnopt

5 , whereas the dotted line corresponds to waopt
5 . In both cases we found that

the curves imitate better the shape of the control polygon than in the Bézier case.
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Compactly Supported Splines with Tension
Properties on a Three-Direction Mesh
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Abstract. In this paper we show that for a regular triangulation it is possible to
construct composite triangular C1 functions with local tension properties which
are non-negative and compactly supported. Moreover, they form a partition of
unity and reproduce first degree polynomials.

1 Introduction

Piecewise functions with tension properties are nowadays very popular and are prof-
itably used in several practical problems, ranging from the construction of curves and
surfaces in free form design to shape preserving interpolation or approximation. The
univariate cases and their tensor product counterparts are relatively simple and well
studied. In particular, in some cases B-spline like basis with tension properties have
been explicitly computed (see, as typical examples, those reported in [7]) and, among
the general results we recall that any spline space composed by piecewise functions
taken from Chebyshev spaces admits a B-spline basis [3, 18, 21].

The construction of piecewise bivariate functions with tension properties defined
over a triangulation is far more complicated; however, some triangular macro-elements,
defined on Clough-Tocher or Powell-Sabin splits, [8, 9, 10], and single triangular ele-
ments with tension properties, [13], have been recently proposed and used in the con-
struction of composite C1 functions. While for the classical Powell-Sabin quadratic
macro-elements an effective basis consisting of positive compactly supported functions
have been proposed, [14], similar results have not been obtained for functions with
tension properties.

In this paper we present a first result in this direction. We start by defining a class
of variable degree polynomial triangular elements, where the independent degrees,
k1,k2,k3, associated with the vertices, P1,P2,P3, of the triangular domain play the role
of tension parameters. These elements are closely related to those described in [13] and
tend to affine functions for large degrees. They belong to a nine dimensional subspace
of Pmax{k1,k2,k3} isomorphic to the finite element space of polynomials of total degree
five. Their normal derivatives across the edges are computed as a function of the normal
derivatives at vertices and their second derivatives vanish at the vertices.

Then we construct a partition of unity composed of non-negative C1 piecewise poly-
nomial functions with hexagonal support centered at the vertices of a uniform equilateral

M. Dæhlen et al. (Eds.): MMCS 2008, LNCS 5862, pp. 93–110, 2010.
c© Springer-Verlag Berlin Heidelberg 2010
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triangulation of the plane, and generating a space containing first degree polynomials.
These functions are C2 –with vanishing second derivatives– at the vertices of the trian-
gulation, partially resembling super splines (see, e.g. [5, 22]). It is worth noticing that,
since we work with spaces isomorphic to subspaces of quintic polynomials,C2 functions
could in principle be obtained (see [17,19]); here the additional available parameters are
used to fulfill the tension properties. It is also worth anticipating that their support con-
sists of 24 triangles and that there are 12 non-vanishing basis functions on each triangle.
Since the dimension of the triangular finite element space is 9, we have a redundant
spanning system. This fact is common in bivariate triangular splines, as pointed out,
e.g., in [1, 4, 6, 20].

The paper is divided into five sections. In the next one we recall some univariate
results about the variable degree spaces which constitute the building blocks for the
construction of the triangular element. In Sect. 3 we describe the nine parameter trian-
gular elements with tension properties; more precisely, we show that they can be defined
by assigning Hermite conditions at the vertices of the triangle and that it is possible to
use them for locally constructing composite C1 surfaces on general triangulations. It
is worth mentioning that also the degrees are local, that is are independently assigned
to each vertex, so that the surface assumes a planar or cuspidal behavior only where
needed. Then in Sect. 4 we consider composite surfaces on uniform triangulations and
show that it is possible to construct a set of functions with the above mentioned proper-
ties. Section 5 is devoted to final comments and examples of applications.

2 Background Material

In order to make the paper self-readable, we start by presenting some preliminary ma-
terial. Let us briefly recall the main definitions and properties of quintic-like variable
degree polynomials, referring to [11] and [12] for full details.

Given a (vector) parameter k = (k0,k1) with ki ≥ 5 and t ∈ [0,1]1, we consider the
six-dimensional, variable degree polynomial space

VPk
5 = span

{
(1− t)k0 ,t(1− t)k0−1, IP1,(1− t)tk1−1,tk1

}
. (1)

Clearly VPk
5 is isomorphic to P5 and in particular we have VP(5,5)

5 = P5. Its main prop-

erty is the geometric control of its elements. Indeed, it is shown in [11] that VPk
5 admits

a positive, normalized pseudo-Bernstein basis, {Bk
j }. Therefore, any φ ∈ VPk

5 can be

expressed as φ = ∑5
j=0 b jBk

j , and its shape can be determined by the pseudo control
polygon �φ = �φ (t), that is by the piecewise linear function such that

�φ (ξ j) = b j ; j = 0,1, . . . ,5 , (2)

where the Greville abscissas are given by

ξ0 = 0, ξ1 =
1
k0

, ξ2 =
2
k0

, ξ3 = 1− 2
k1

, ξ4 = 1− 1
k1

, ξ5 = 1 .

1 We use the interval [0,1] for notational simplicity; the extension to general intervals is straight-
forward.
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The pairs (ξ0,b0) , . . . ,(ξ5,b5) are called pseudo-Bézier control points. Obviously
VPk

5 ⊆ Pk̃, k̃ = max{k0,k1}, and therefore any φ ∈ VPk
5 can be represented also us-

ing the (redundant) k̃-degree Bernstein basis {B(k̃)
0 ,B(k̃)

1 , . . . ,B(k̃)
k̃
} and described by the

corresponding k̃-degree Bézier net λφ = λφ (t).
An important property of VPk

5 (see [11], Subsection 3.1) makes easier both the prac-
tical control and the theoretical analysis of the shape of variable degree curves. It can
be stated as follows.

Theorem 1. Let φ ∈VPk
5 , let �φ be defined by (2) and let λφ be the k̃-degree Beziér net

of φ . Then there exists a corner cutting operator D k̃
k such that

λφ = D k̃
k�φ . (3)

The operator D can be viewed as a one sided degree-elevation as shown in Fig. 1 for
the cases k0 = 5,k1 = 7 and k0 = 7,k1 = 5. From the well-known results of [16] we
know that sufficient conditions on the shape of a Bézier curve can be inferred from
the (discrete) shape of its control polygon and, from the above property, the shape of
the control polygon reproduces that of the pseudo control polygon. Therefore, we can
control the shape of a variable degree curve using the mutual position of only six points,
independently of the degrees k0 and k1.

Let Lq denote the space of continuous piecewise linear functions with break points
i/q, i = 0, . . . ,q. Let n,m ∈ N, m ≤ n, and let E n

m the degree raising operator

E n
m : Lm �→ Ln s.t. ∀ f ∈ Lm ,

(4)
m

∑
i=0

f

(
i
m

)
B(m)

i =
n

∑
i=0

(E n
m f )

(
i
n

)
B(n)

i .

As mentioned in the introduction, the degrees k0, k1 act as tension parameters for the
spaces (1): indeed, from the properties of the involved functions we immediately have
the following asymptotic result (see also the similar results in [11] for spline spaces).

Fig. 1. Examples of the operator D k̃
k



96 P. Costantini, F. Pelosi, and M.L. Sampoli

Theorem 2. Let φk ∈VPk
5 be such that

dq

dtq φ
k(p) = f q

p ; p = 0,1 ; q = 0,1,2 ,

for given values f q
p . Then, setting k := min{k0,k1}, for any t ∈ [a,b] ⊂ (0,1)

lim
k→+∞

d2

dt2 φ
k(t) = 0 .

3 The Triangular Element

In this section we construct a triangular element with tension properties. This element,
closely related to and simpler than that described in [13], is particularly suited for the
compactly supported functions of Sect. 4.

Given a triangular domain, we want to construct a triangular polynomial element
depending on shape parameters and possessing tension properties, that is tending to an
affine function for limit values of the shape parameters. As usual we shall describe the
triangular surface patch in terms of its Bernstein-Bézier net (see e.g. [15]). Let T ⊂
R

2 be a non-degenerate triangle with vertices P1, P2, P3. The barycentric coordinates
u1,u2,u3 are such that any point P ∈ T can be expressed as

P =
3

∑
i=1

uiPi,

where, setting u = (u1,u2,u3) and using standard multi-index notation, we impose ui ≥
0 and |u| = 1. A bivariate n-degree Bernstein-Bézier polynomial can be written in the
form

p(u) = ∑
|α |=n

b(n)
α B(n)

α (u) where B(n)
α (u) =

n!
α!

uα , (5)

for α = (α1,α2,α3), with |α| = n and using classical conventions for uα = uα1
1 uα2

2 uα3
3

and α! =α1!α2!α3! . The functions B(n)
α (u) are called triangular Bernstein polynomials

and the points b(n)
α are the corresponding Bernstein-Bézier coefficients.

As in the univariate case we may associate to each B-B-polynomial a Bézier control
net whose values are

b(n)
α =

(α
n

, b(n)
α

)
, |α| = n .

For simplicity we shall refer to b(n)
α as control points as well.

The basic idea behind the construction of the triangular element is to associate to
each triangle vertex a variable degree ki ≥ 5, i = 1,2,3 and given k = max{k1,k2,k3},

to define a space VP�,k
5 such that

VP�,k
5 ⊂ Pk ; dimVP�,k

5 = 9 . (6)
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In the Bernstein-Bézier representation each element of Pk will be uniquely determined
once the (k+2)(k+1)/2 Bézier control points are assigned. The construction of a sub-
space of dimension 9 will imply that, given 9 free parameters, it is possible to determine
all the control points.

We shall see in the following that once 9 conditions (3 for each vertex) are given,
all the control points are obtained by imposing linear relations/shape constraints with a
similar approach to that used in the construction of the univariate space (1).

As usual in the Finite Element literature, the triangular element is defined by Hermite
interpolation conditions at each vertex: function and gradient values,

f (Pr) ; fx(Pr), fy(Pr) ; r = 1,2,3 . (7)

The construction can be sketched as follows: the Hermite conditions are used to deter-
mine the 3 control points around the vertices on 3 polynomials of degree k1,k2 and k3

respectively:

{b(ki)
kiei

,b(ki)
(ki−1)ei+e j

, j �= i} , i = 1,2,3 . (8)

If we impose now vanishing second derivatives at each vertex, we have that the next

three control points around the vertices, i.e. b(ki)
α with αi = ki−2, lie on the same plane.

For instance the control points b(k1)
α with α1 = k1 −2, i.e., the control points

{b(k1)
(k1−2)e1+2e2

,b(k1)
(k1−2)e1+e2+e3

,b(k1)
(k1−2)e1+2e3

},

lie on the plane defined by {b(k1)
k1e1

,b(k1)
(k1−1)e1+e2

,b(k1)
(k1−1)e1+e3

}, and can be obtained using
straightforward computations (see [15]).

Having obtained (8), we can completely determine all the control points of a k degree
Bézier net. The construction is done in three steps.

First we construct the control points along the edges PiPi+1, where i−1 ∈ Z3, i.e the
sum is performed mod3,

b(k)
(k−r)ei+rei+1

, r = 0, . . . ,k ; (9)

then we determine the control points along the second lines parallel to the edges, and
finally along al the remaining parallel lines.

Let us consider now in detail the construction of the edge control points. We may
describe the construction of the edge P1P2 as a similar procedure can be used for the
other ones. We recall that the sections of a bivariate k-degree polynomial of the form (5)
along isoparametric lines, for instance u3 = const, are univariate k-degree polynomials
defined in the interval [0,1−u3].

The Hermite conditions relative to the present edge imply to compute a function
ψ = ψ(t) , t ∈ [0,1] , ψ ∈VPk

5 , with k = (k1,k2), such that

ψ(0) = f (P1), ψ ′(0) = ft (P1), ψ ′′(0) = ftt (P1) = 0 ;
ψ(1) = f (P2), ψ ′(1) = ft (P2) , ψ ′′(1) = ftt (P2) = 0 ;
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Setting k̃ = max{k1,k2} and recalling the definition of Bézier control nets (2) and (3),
the control points of the considered edge can be obtained from the degree elevated net
of ψ :

b(k)
(k−r)e1+re2

= λψ
(

r

k

)
, r = 0, . . . ,k ; λψ = E k

k̃
D k̃

k�ψ . (10)

Let us move now to the construction of the second lines. As before the corresponding
control points

b(k)
α , with αi = 1, i = 1,2,3, (11)

are seen as the control points of a degree elevated control polygon of a univariate vari-
able degree polynomial. In more detail, considering for instance the line u3 = 1/k,
parallel to P1P2, the extreme points values

b(k)
(k−1)e1+e3

,b(k)
(k−2)e1+e2+e3

,b(k)
e1+(k−2)e2+e3

,b(k)
(k−1)e2+e3

,

can be seen as given by the Hermite conditions (7). The other control points are com-
puted as a function of those ones.

In order to explain the idea more thoroughly, let us introduce the following notation.

Let n ∈ N, n ≥ 5 and denote with π (n)
α the plane such that

π (n)
α

(
β
n

)
= b(n)

β , β ∈ {α,α− e1 + e2,α− e1 + e3} , α1 �= 0

and with δ n
α the cross boundary normal derivative (n.d. for short) of π (n)

α with respect to

the edge b(n)
α b(n)

α−e1+e2
. We have that, calling H the orthogonal projection of P3 into the

line P1P2, and with ρH the corresponding parameter value (i.e. H = (1−ρH)P1+ρHP2)),

δ (n)
α =

n
‖P3 −H‖

[
b(n)
α−e1+e3

−
(
(1−ρH)b(n)

α +ρHb(n)
α−e1+e2

)]
.

Let us consider now n = k1 (for P1) and n = k2 (for P2). Due to the vanishing second
derivatives at the vertices, we have the n.d. across the first two points and the last two
are equal:

δ (k1)
k1e1

= δ (k1)
(k1−1)e1+e2

; δ (k2)
2e1+(k2−2)e2

= δ (k2)
e1+(k2−1)e2

.

Let δ = δ (t) , t ∈ [0,1] be the piecewise linear function connecting the points(
0,δ (k1)

k1e1

)
,

(
1
k1

,δ (k1)
k1e1

)
,

(
2
k1

,δ (k1)
k1e1

)
,

((
1− 2

k2

)
,δ (k2)

e1+(k2−1)e2

)
,((

1− 1
k2

)
,δ (k2)

e1+(k2−1)e2

)
,
(

1,δ (k2)
e1+(k2−1)e2

)
.

We point out that δ is the pseudo-Bézier control polygon of a variable degree polyno-
mial in VPk

5 where now k = {k1,k2} and we construct the degree elevated piecewise
linear function

d = d(t) := E k
k̃
D k̃

kδ .
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Finally, recalling the definition of λψ in (10), we set

b(k)
α := λψ(ξs)+ d(ξs)

‖P3 −H‖
k

, α3 = 1, α2 = s , s = 0, . . . ,k−1 , (12)

where ξs = (s + ρH)/k. We can repeat a similar construction for the edges P2P3 and
P3P1, defining all the control points (11).

Now, if k = 5 all the control points are already determined. Let us describe the con-

struction for the remaining lines, for k ≥ 6, in order to determine the points b(k)
α with

2 ≤ αi ≤ k− 4. We use three preliminary sets of internal control points, namely b1(k)
α ,

b2(k)
α and b3(k)

α . The first one is constructed using lines parallel to the edge P2P3, that

is, for any α1 = 2, . . . ,k−4 , b1(k̄)
α is on the straight line connecting the (already com-

puted) control points b(k̄)
α1e1+(k−1−α1)e2+e3

and b(k̄)
(k−1−α1)e1+α1e2+e3

. Similarly, the second

and third set are computed using lines parallel to the edges P3P1 and P1P2 respectively.
Finally, the internal control points are computed by a weighted sum:

b(k)
α =

(
α1 −2

k−6
b1(k)
α +

α2 −2

k−6
b2(k)
α +

α3 −2

k−6
b3(k)
α

)
. (13)

We remark that for k = 6 we have to determine a unique internal point. Each set b1(k)
α ,

b2(k)
α and b3(k)

α reduces to a single point, then the internal point can be simply computed
as a mean of them. Note also that in (13) the weights are chosen so that the three values

b1(k)
α , α1 = k−4; b2(k)

α , α2 = k−4; b3(k)
α , α3 = k−4 are exactly interpolated.

Of course the proposed choice (13) is not the only possible one; for instance the inner
control points could have been placed directly on a plane connecting the three points
specified above, as in Fig. 2(d). On the other hand, we may observe that formulas (10)
and (12) both reproduce the good features of (1) and facilitate the C1 continuity between
adjacent patches (see the next section), while formulas (13) provides nice shapes when
we have different degrees (the shapes of the second lines, different around the vertices,
are smoothly blended when moving toward the center).

Remark 1. If the data (7) are taken from an affine function, (10), (12) and (13) imply

that all the control points b(k)
α lie on the same affine function.

Using Theorem 2, the construction defined by (13) and the properties of derivatives of
triangular Bernstein polynomials ( [15]), we have the following result.

Theorem 3. Let the data (7) be given, let VP�,k
5 be given by (6), and letΦ(k) ∈VP�,k

5 .
Let C ⊂ {T \ {P1P2,P2P3,P3P1}} be any compact set. Then, for any (x,y) ∈C

lim
k1,k2,k3→∞

∂ 2

∂xμ∂yν
Φ(k)(x,y) = 0, μ+ν = 2 .

Essentially, Theorem 3 says that the functions of the space (6) have tension properties
because the sequence Φ(k) tends uniformly, in any compact C, to the plane connect-
ing the points (Pr, f (Pr)) , r = 1,2,3. Moreover, the convergence is smooth since the
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Fig. 2. The triangular element: (a) k1 = k2 = k3 = 5; (b) k1 = k2 = k3 = 100; (c)-(d) k1 = k3 =
5, k2 = 100 but different strategies for control points of the internal lines: by using (13) (c), and
by placing them on a plane (d)

corresponding values of the second derivatives decrease. In Fig. 2(a)-(c) is reported an
example of a triangular element for different choices of the degrees.

We conclude with two technical lemmas useful in the next section.

Lemma 1. Let Γr, r = 1,2,3 be the plane defined by the data (7) and let

Δ+
r = {(x,y) s.t. Γr(x,y) ≥ 0} .

Let

Q1 = P1 , Q2 = P1 +
P2 −P1

k1
, Q3 = P1 + 2

P2−P1

k1
,

Q4 = P2 −2
P2−P1

k2
, Q5 = P2 − P2 −P1

k2
,Q6 = P2 ,

and let us recall the notations of (12). If

Q1 , Q2 , Q3 , Q1 +
P3 −H

k
,Q2 +

P3 −H

k
, Q3 +

P3 −H

k
∈ Δ+

1
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and

Q4 , Q5 , Q6 , Q4 +
P3 −H

k
, Q5 +

P3 −H

k
, Q6 +

P3 −H

k
∈ Δ+

2 ,

then the control points given by (10) and (12) are non negative.

Proof. Let us remind (10); since from the above conditions we obtain �ψ ≥ 0, the claim
in the case u3 = 0 follows from the fact that λψ is obtained from �ψ with a corner cutting

process. Similarly, by the linearity of the operators E k
k̃

, D k̃
k, the process described in (12)

can be written as
E k

k̃
D k̃

k
(
�ψ + δ

)
,

and the hypotheses of the lemma imply that �ψ + δ is non negative. �

Lemma 2. If the conditions required in Lemma 1 are fulfilled for all the edges P1P2,
P2P3, P3P1 then all the control points are non-negative.

Proof. Using a rotation of the vertices Lemma 1 implies that the control points (9) and
(11) are non-negative. The claim follows observing that the addenda in (13) are given
by linear interpolation of control points lying on the second lines. �


4 Construction of a Spanning System of Splines

Aim of this section is to study the construction of spline functions on the regular trian-
gulation defined by the directions (1,0) , (1/2,

√
3/2) , (1/2,−√

3/2), in order to obtain
a spanning system. These spline functions can be obtained by suitably collecting the tri-
angular elements described in the above section. Their tension properties are obviously
inherited by the splines.

Let P = {Pr; r = 1,2, . . . ,R} be a general set of planar points organized in a tri-
angulation {Tν ; ν = 1,2, . . . ,N} and let D = ConvHull(P) =

⋃N
ν=1 Tν . Moreover let

Ir = {ν s.t. Pr ∈ Tν} and T Pr =
⋃
ν∈Ir Tν , i.e. the union of triangles which share the

vertex Pr. Assume we are given the Hermite conditions

f (Pr) ; fx(Pr), fy(Pr) ; fxx(Pr) = fxy(Pr) = fyy(Pr) = 0 ; r = 1,2, . . . ,R ,

and the degrees k = {k1,k2, . . . ,kR}. We consider two adjacent triangles given by Tν1 =
�(Pr1Pr2Pr3), Tν2 = �(Pr1Pr4Pr2). By construction the composite function they form is
C2 at Pr1 and Pr2; moreover, the same formulas (10) and (12) are applied for the two
triangles, ensuring both that the control points on the common boundary coincide and
that the opposite points of the second lines are coplanar. Standard results on compos-
ite triangular Bézier surfaces (see, e.g. [15], p. 291) ensure us that the two triangular
polynomials are C1 across the common edge Pr1Pr2 .

We remark that the degrees are independent and therefore can be chosen for satisfy-
ing local shape constraints. Note that kr influences only the triangles in T Pr . Therefore,
if we increase the only kr1 the surface exhibit a cuspidal shape around Pr1 and tends lo-
cally to f (Pr1). If we increase kr1 and kr2 the surface tends, along the edge Pr1 , Pr2 , to the
line connecting f (Pr1) and f (Pr2) and, if we increase kr1 , kr2 and kr3 , the corresponding
patch tends to the plane connecting f (Pr1), f (Pr2) and f (Pr3).
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Fig. 3. The support D̃

Let us now study the construction of a single spline function. Using the same nota-
tions as in the previous section, let the set of points

P̃ = {O,P0,P1, . . . ,P17} , O = (XO,YO),Pr = (Xr,Yr) ,

be extracted from the regular triangulation as shown in Fig. 3. The set D̃ = ConvHull(P̃)
will constitute the support of our spline. Without loss of generality we assume O =(0,0)
and the edges of all triangles of D̃ with unit length. In particular we have P12 = (−2,0),
P3 = (−1,0), P0 = (1,0) and P6 = (2,0). Moreover, we define the directions of the
triangulations as

εi = Pi −O , i = 0, . . . ,5 .

Let kO , kr, r = 0, . . . ,17 be the degrees associated to P̃. We use variable degree trian-
gular elements of the form (6) and join them in order to form a positive spline which
vanishes at the boundary of D̃. Since the triangular elements are uniquely defined by
the Hermite data (7), we specify the values of

f (O) , fx(O) , fy(O) ; f (Pr) , fx(Pr) , fy(Pr) , r = 0,1, . . . ,17 , (14)

and use them to ensure that the Bézier control points satisfy the required properties.
In particular, in order to define a spanning system of spline functions useful in the ap-
plications, the data (14) will be computed imposing in turn central symmetry, compact
support, linear function reproduction and finally positivity and shape constraints.

If we impose that the function vanishes at the boundary of the domain D̃ we obtain

f (Pr) = fx(Pr) = fy(Pr) = 0 , r = 6, . . . ,17 . (15)

The symmetry around the point O implies immediately
〈
[ fx(O), fy(O)] ,ρ

〉
= 0 for

any direction ρ , that is
fx(O) = fy(O) = 0 ; (16)

moreover, because of symmetry we require that

f (P0) = f (P1) = · · · = f (P5) , (17)
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and if we call Mr, r = 1, . . . ,5 the rotation matrices such that

εT
r = MrεT

0 , r = 1, . . . ,5 ,

then we have to impose

[ fx(Pr), fy(Pr)]T = Mr [ fx(P0), fy(P0)]
T . (18)

In addition we must require that〈
[ fx(Pr), fy(Pr)] ,ε1

〉
=
〈
[ fx(Pr), fy(Pr)] ,ε5

〉
,

which along with (18) gives

1
2

fx(P0)+
√

3
2

fy(P0) =
1
2

fx(P0)−
√

3
2

fy(P0) ,

and so

fy(P0) = 0 . (19)

Let us consider now the property of partition of unity and P1 reproduction.
From Remark 1 we know that if the Hermite data are taken from an affine function

the triangular patch reproduces the affine function. Therefore, it will suffice to impose
that the values f , fx, fy are taken from the functions 1,x and y. Moreover, because all
our compactly supported functions can be obtained by translating the central one, we
can limit ourselves to consider the sum of the Hermite data at the center O. Before, it is
worth observing that the degree kO or kr associated with the point O or Pr is shared by
all the functions not vanishing at that point. For instance, for the function centered at P3

the point O plays the same role that the point P0 plays for the B-spline centered at O. In
other words the value of the sum of the compactly supported functions at O is given by

f (O)+
17

∑
r=0

f (Pr) = f (O)+
5

∑
r=0

f (Pr) ,

(similar formulas hold for the partial derivatives) and we assume that

kO = k0 = · · · = k17 := k . (20)

If we impose the partition of unity we therefore obtain

f (P0) =
1− f (O)

6
, (21)

and note that (16) and (18) imply that the condition

[ fx(O), fy(O)]+
5

∑
r=0

[ fx(Pr), fy(Pr)] = [0,0] ,
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is automatically satisfied. We now impose that x and y are reproduced. Since we use
a uniform triangulation and assume that (20) holds, we may choose O,P0, . . . ,P5 as
Greville points. We start observing that, because of symmetry, the conditions

XO f (O)+
5

∑
r=0

Xr f (Pr) = XO = 0 , YO f (O)+
5

∑
r=0

Yr f (Pr) = YO = 0 ,

are implicitly satisfied and that

XO [ fx(O), fy(O)]+
5

∑
r=0

Xr [ fx(Pr), fy(Pr)] = [1,0] ,

YO [ fx(O), fy(O)]+
5

∑
r=0

Yr [ fx(Pr), fy(Pr)] = [0,1] ,

lead respectively to

[−3 fx(P0),0] = [1,0] ; [0,−3 fx(P0)] = [0,1] ,

which in turn give

fx(P0) = −1
3

. (22)

For the remaining constraints we introduce the points E,F,G. Recalling that along each
direction εi the spline section is a piecewise curve composed by 2 quintic-like variable
degree curves, in the segment OP6, we denote with E,F the third and third but last
pseudo-Bézier control points of the first piece, while G is the third control points of the
second piece. We refer to Fig. 5, where we have depicted the projection of the above
mentioned control points on the xy-plane.

Let us turn then to positivity constraints. We concentrate on the subset

D = ConvHull({P0,P6,P7,P1,O,P5,P17}) ,

as shown in Fig. 4 (the other similar subsets are obtained via a central symmetry) and
in particular on the control points around P0 (see Fig. 5). We recall that fx(P0) = −1/3,
fy(P0) = 0 and fxx(P0) = 0, therefore if the control point G is nonnegative then by
construction the whole pseudo-Bézier polygon and the curve (relative to the piece P0P6)
do the same. Recall that in our construction we are assuming (20), than k0 = k6 = k .
For simplicity we can impose, Fig. 5, that

G = 0 that is f (P0)− 2
3k

= 0 ,

obtaining, from (21),

f (P0) =
2
3k

, f (O) =
k−4

k
. (23)

Note that the plane given by f (P0), fx(P0), fy(P0) is non-negative for x ≤ 1 + 2/k; in
particular, all the points around P0 and included in the rectangle depicted in Fig. 5
are non-negative. We also observe that, since fx(O) = fy(O) = 0, the points around



Compactly Supported Splines with Tension Properties on a Three-Direction Mesh 105

P
0

P
6

P
7

P
1

O

P
5

P
17

Fig. 4. The subset D
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Fig. 5. Left: the projection of the control points around the vertices. Right: the rectangle contain-
ing non-negative control points.

O shown in Fig. 5 are all equal to f (O). Therefore, by symmetry, the points directly
obtainable from the function values, its first and its (vanishing) second derivatives are
non-negative.

The non-negativity of the remaining control points follows immediately from Lem-
mas 1 and 2.

We refer again to Fig. 5; since we would like to have a bell shaped basis function, it
is reasonable to impose that the value F of the control polygon is less or equal to the
value E , that is F = f (P0)−2 fx(P0)/k ≤ E = f (O), which leads to

2
3k

+
1
3

2
k
≤ k−4

k
;

the above inequality is satisfied for

k ≥ 6 . (24)

Therefore we shall assume that all the degrees are greater or equal to six, even though
this fulfills only visually pleasing requirements.
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We will denote with ϕ̃ the C1 variable degree polynomial spline defined by (16)–(24).
We introduce the bi-infinite regular triangulation T defined by the vertices

P =
{

Pγ =
(
Xγ ,Yγ

)
; γ = (γ1,γ2) ∈ Z

2} , (25)

where

Xγ =
{
γ1 for γ2 even
γ1 − 1

2 for γ2 odd
; Yγ =

√
3

2
γ2 ,

and the associated sequence of degrees

k = {kγ ; kγ ≥ 6, γ ∈ Z
2 }.

Referring to Fig. 1, we note that O = P(0,0) and we denote with Dγ the translated of D̃
and, setting ϕ(0,0) = ϕ̃ , with ϕγ the C1 spline function defined by formulas (16)–(24)
applied to Dγ .
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Fig. 6. Some basis functions. (a) kO = ki = 6 all i ; (b) kO = ki = 15 all i ; (c) kO = ki = 30 all i ;
(d) kO = ki = 50 all i .
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Fig. 7. Some basis functions. kQ = ki = 6, all i, except, (a): kO = 50; (b) kO = k3 = 50; (c)
kO = k3 = k4 = 50.

We have the following result.

Theorem 4. The functions ϕγ have the following properties

– ϕγ ∈C1
(
R2
)

and ϕγ ∈C2
(
Pγ
)

;
– ϕγ ≥ 0 and ϕγ (x,y) > 0 for (x,y) ∈ Int

(
Dγ
)

;
– ∑γ∈Z2 ϕγ = 1 ; ∑γ∈Z2 Xγϕγ = x ; ∑γ∈Z2 Yγϕγ = y .

We refer to Figs. 6 and 7 for graphical examples of the functions ϕγ for different de-
grees. We conclude this section with some remarks.

Remark 2. For any triangle T of the uniform triangulation (25) there are 12 non-
vanishing B-splinesϕγ on T . Since the finite element space defined in Subsection 2.2 has
dimension 9, it follows that the functions ϕγ are not linearly independent if restricted to
T . For similar results in the standard polynomial case see [1, 4, 17, 20].
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Remark 3. In principle, it is possible to construct compactly supported spline func-
tions on a six-triangle support (referring to Fig. 1, on ConvHull(O,P0, . . . ,P5)). How-
ever in this case we would have vanishing gradients at any points Pγ , with unpleasant
shapes and without the P1 reproduction.

Remark 4. In view of their applications in quasi-interpolation, one of the typical re-
quests for compactly supported splines is the P2 reproduction. In the present case we
are interested in tension properties and, while the reproduction of P1 is a necessary
request, the P2 reproduction would be in contrast with our goals.

5 Examples and Conclusions

The aim of this section is to present the simplest application of the compactly supported
functions, namely in quasi-interpolation. Let the functions ϕγ , γ ∈ Z2 be defined as in
the previous section, and let us introduce the space

V Sk = span{ϕγ : γ ∈ Z
2} .

and, for any function f ∈C(R2) , the quasi-interpolation operator

Q : C(R2) �→VSk , Q f =∑
γ

f (Pγ )ϕγ . (26)

Let T ∈ T be any triangle of the regular triangulation, and let (x,y) ∈ T ; since the
splines ϕγ have the compact support Dγ , it is immediate to see that the evaluation
of Q f (x,y) requires the evaluation of the twelve basis splines centered at the points
specified in Fig. 8. Let F be the continuous piecewise linear function such that

F(Pγ) = f (Pγ ) ;

from the asymptotic properties of the spline functions ϕγ we immediately have the
following results.

Fig. 8. The centers of supports of basis functions ϕγ needed for the computation of Q f (x,y)
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Proposition 1. Let the quasi-interpolation operator Q f be given by (26), and let F be
the piecewise linear function interpolating the data. Then

if kγ → ∞ then |Q f (Pγ )− f (Pγ)| → 0 ;

if kγ → ∞ ∀γ then ‖Q f −F‖∞→ 0 .

In practical applications, the quasi-interpolant Q f can be used to model the object
described by the function F . Figure 9 shows an example in the parametric setting. We
end this section with some conclusive remarks and open questions.

We have presented the construction of a new family of compactly supported splines
with tension properties on a regular triangulation. These functions have been obtained
by joining triangular elements with tension properties and the construction of the trian-
gular elements is done by using univariate results and without triangular splits. Finally,
applications to quasi-interpolation have been shown.

The first open question concerns a degree-dependent definition of the constraints
(17)–(19) which takes into account the subsequent modifications on the shape of the
compactly supported function. The second point is given by second derivatives. In prin-
ciple, it is possible to use non-vanishing Hessian matrices at the knots. However, while
the changes induced in the symmetry constraints seem to be manageable, the positivity
constraints appear much more involved. The last question is a classical one and con-
cerns a possible generalization to general triangulations –which would greatly enlarge
the practical applications of our method. Indeed, this problem is very hard also in the
case of polynomial box splines, and we are not optimistic about its solution.

(a) (b)

(c) (d)

Fig. 9. An example of parametric quasi-interpolant. (a) the data surface. (b) Quasi-interpolant,
kγ = 6 all γ . (c) Some degrees have been increased to 40. (d) The resulting quasi-interplant.
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Abstract. We use ideas from algebraic geometry and dynamical systems to ex-
plain some ways that control points influence the shape of a Bézier curve or patch.
In particular, we establish a generalization of Birch’s Theorem and use it to de-
duce sufficient conditions on the control points for a patch to be injective. We
also explain a way that the control points influence the shape via degenerations to
regular control polytopes. The natural objects of this investigation are irrational
patches, which are a generalization of Krasauskas’s toric patches, and include
Bézier and tensor product patches as important special cases.

Introduction

The control points and weights of a Bézier curve, Bézier patch, or tensor-product patch
govern many aspects of the curve or surface. For example, they provide an intuitive
means to control its shape. Through de Castlejau’s algorithm, they enable the computa-
tion of the curve or surface patch. Finer aspects of the patch, particularly continuity and
smoothness at the boundary of two patches are determined by the control points and
weights. Global properties, such as the location of a patch in space due to the convex
hull property, also depend upon the control points. When the control points are in a
particular convex position, then the patch is convex [1].

We apply methods from algebraic geometry, specifically toric geometry, to explain
how some further global properties of a patch are governed by the control points. We
first investigate the self-intersection, or injectivity of a patch. We give a simple and
easy-to-verify condition on a set of control points which implies that the resulting patch
has no self-intersection, for any choice of weights. For 3-dimensional patches as used
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for solid modeling, injectivity is equivalent to the patch properly parameterizing the
given solid. This uses Craciun and Feinberg’s injectivity theorem [2] from the theory of
chemical reaction networks, which may be seen as a generalization of Birch’s Theorem
from algebraic statistics.

A second global property that we investigate is how the shape of the patch is related
to the shape of a control polytope. This is a piecewise linear triangulated surface whose
vertices are the control points. It is regular if the underlying triangulation comes from a
regular triangulation of the domain polytope of the patch. We show that regular control
polytopes are the limits of patches as the weights undergo a toric deformation corre-
sponding to the underlying regular triangulation, and that non-regular control polytopes
can never be such a limit. This gives a precise meaning to the notion that the shape of
the control net governs the shape of the patch.

This line of inquiry is pursued in terms of Krasauskas’s toric patches [3], as it re-
lies upon the structure of toric varieties from algebraic geometry. The correct level of
generality is however that of irrational (toric) patches, which are analytic subvarieties
of the simplex (realized as a compactified positive orthant) that are parameterized by
monomials xα , where x is a vector of positive numbers and the exponent vector α has
real-number coordinates. (This is a usual toric variety when α has integer coordinates.)
While irrational patches may seem exotic for modeling, they occur naturally in statis-
tics as discrete exponential families [4] and their blending functions may be computed
using iterative proportional fitting (IPF) [5], a popular numerical algorithm from statis-
tics. Furthermore, these blending functions have linear precision. For toric patches, this
was observed in [6] and developed in [7], and the analysis there carries over to irrational
patches. While we work in this generality, our primary intent (and the main application)
is to shed light on properties of Bézier curves, surfaces, and 3-dimensional patches.

We recall the standard definition of a mapping via control points and blending func-
tions, and then the definitions of toric Bézier patches in Sect. 1. There, we also illustrate
some of our results on examples of Bézier curves. In Sect. 2, we introduce irrational
toric patches, recalling the geometric formulation of a toric patch and the use of itera-
tive proportional fitting to compute these patches, explaining how these notions from [7]
for toric patches extend to irrational patches. The next two sections contain our main
results. We study injectivity of patches in Sect. 3, and discuss degenerations to control
polytopes in Sect. 4. Appendices A and B contain technical proofs of some theorems.

1 Toric Bézier Patches

We interpret the standard definition of a mapping via control points and blending func-
tions (see for example [8, §2]) in a general form convenient for our discussion. All
functions here are smooth (C∞) where defined and real-valued. Let R> be the set of
strictly positive real numbers and R≥ the set of non-negative real numbers. We will use
the following typographic conventions throughout. Vector constants (control points, in-
dexing exponents, and standard basis vectors) will be typeset in boldface, while vector
variables will be typeset in standard math italics.

Let A be a finite set of points that affinely span Rd , which we shall use as geometri-
cally meaningful indices. A control point scheme for parametric patches, or (paramet-
ric) patch, is a collection β = {βa | a ∈ A } of non-negative functions, called blending
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functions. The common domain of the blending functions is the convex hull Δ of A ,
which we call the domain polytope. We also assume that the blending functions do not
vanish simultaneously at any point of Δ , so that there are no basepoints.

Lists B := {ba | a ∈ A } ⊂ Rn of control points and positive weights w := {wa ∈
R> | a ∈ A } ∈ RA

> together give a map F : Δ → Rn defined by

F(x) :=
∑a∈A waβa(x)ba

∑a∈A waβa(x)
. (1)

The denominator in (1) is positive on Δ and so the map F is well-defined.

Remark 1. We will refer to both βa(x) and waβa(x) as the blending functions of a patch.
This generality of separating the weights from the blending functions will be used in
Sect. 4 when we investigate the effect of systematically varying the weights of a patch
while keeping the control points and blending functions constant.

The control points and weights affect the shape of the patch which is the image of the
map F (1). For example, the convex hull property asserts that the image F(Δ) of the
patch lies in the convex hull of the control points. To see this, note that if we set

β a(x) :=
waβa(x)

∑a∈A waβa(x)
,

then β a(x) ≥ 0 and 1 = ∑a∈A β a(x). Then formula (1) becomes

F(x) = ∑
a∈A

β a(x)ba ,

so that F(x) is a convex combination of the control points and therefore lies in their
convex hull. In fact, if there is a point x ∈ Δ at which no blending function vanishes,
then any point in the interior of the convex hull of the control points is the image F(x)
of some patch for some choice of weights. In this way, the convex hull property is the
strongest general statement that can be made about the location of a patch.

Another well-known manifestation of control points is the relation of a Bézier curve
to its control polygon. Fix a positive integer m and let A := { i

m | i = 0, . . . ,m} so
that Δ is the unit interval. The blending functions of a Bézier curve are the Bernstein
polynomials,

βi(x) (= β i
m
(x)) :=

(m
i

)
xi(1− x)m−i .

The control polygon of a Bézier curve with control points b0,b1, . . . ,bm is the union
of the line segments b0,b1, b1,b2, . . . , bm−1,bm between consecutive control points.
Fig. 1 displays two quintic plane Bézier curves with their control polygons (solid lines).
The convex hulls of the control points are indicated by the dashed lines. The first
curve has no points of self-intersection, while the second curve has one point of self-
intersection. While this self-intersection may be removed by varying the weights at-
tached to the control points, by Theorem 11 it is impossible to find weights so that a
curve with the first set of control points has a point of self-intersection.

We will also show that the control polygon may be approximated by a Bézier curve.
We state a simplified version of Theorem 13 from Sect. 4.
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Fig. 1. Quintic Bézier curves

Theorem. Given control points in Rn for a Bézier curve and some number ε > 0, there
is a choice of weights so that the image F [0,1] of the Bézier curve lies within a distance
ε of the control polygon.

In Fig. 2, we display one of the quintic curves from Fig. 1, but with weights on b0—b5

of (1,202,203,203,202,1) and (1,3002,3003,3003,3002,1), respectively. The control
polygon for the second curve is omitted, as it would obscure the curve. The first curve
lies within a distance ε = 0.13 of the control polygon and the second within a distance
ε = 0.02, if the control polygon has height 1.
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Fig. 2. Degenerating quintics

1.1 Toric Patches

Krasauskas [3] introduced toric patches as a generalization of the classical Bézier and
tensor product patches. These are based upon toric varieties from algebraic geometry
and their shape may be any polytope with integer vertices. The articles [9,6] provide an
introduction to toric varieties for geometric modeling.

A polytope Δ is defined by its facet inequalities

Δ = {x ∈ R
d | 0 ≤ hi(x) , i = 1, . . . , �} .
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Here, Δ has � facets (faces of maximal dimension) and for each i = 1, . . . , �, hi(x) =
vi · x + ci is the linear function defining the ith facet, where vi ∈ Zd is the (inward
oriented) primitive vector normal to the facet and ci ∈ Z.

For example, if our polytope is the triangle with vertices (0,0), (m,0), and (0,m),

m := {(x,y) ∈ R
2 | 0 ≤ x,y, and 0 ≤ m− (x + y)} , (2)

then we have h1 = x, h2 = y, and h3 = m− x− y. Here, m is the unit triangle with
vertices (0,0), (1,0), and (0,1) scaled by a factor of m.

Let A ⊂ Δ ∩Zd be any subset of the integer points of Δ which includes its vertices.
For every a ∈ A , Krasauskas defined the toric Bézier function

βa(x) := h1(x)h1(a)h2(x)h2(a) · · ·h�(x)h�(a) , (3)

which is non-negative on Δ , and the collection of all βa has no common zeroes on
Δ . These are blending functions for the toric patch of shape A . If we choose weights
w ∈ R

A and multiply the formula (3) by wa, we obtain blending functions for the toric
patch of shape (A ,w).

Example 2 (Bézier triangles). When Δ is a scaled triangle or a product of such tri-
angles, (3) gives the blending functions of the Bézier patch or Bézier simploid [10]
with the corresponding shape. To see this for the scaled triangle m (2), note that
given an integer point a = (i, j) ∈ m , and weight the multinomial coefficient w(i, j) :=

m!
i! j!(m−i− j)! , then the corresponding blending function is

β(i, j)(x,y) = m!
i! j!(m−i− j)! xiy j(m− x− y)m−i− j .

This is almost the bivariate Bernstein polynomial, which is obtained by substituting mx
and my for x and y, respectively, and dividing by mm. (This has the effect of changing
the domain from m to the unit triangle .)

2 Irrational Patches

Krasauskas’s definition (3) of toric Bézier functions still makes sense if we relax the
requirement that the points A ⊂ Rd have integer coordinates. This leads to the notion
of an irrational patch (as its blending functions are no longer rational functions), which
provides the level of generality appropriate for our investigation.

Let A ⊂ Rd be a finite collection of points and set Δ ⊂ Rd to be the convex hull
of A , which we assume is a full-dimensional polytope. We may also realize Δ as an
intersection of half-spaces through its facet inequalities,

Δ = {x ∈ R
d | hi(x) ≥ 0 for each i = 1, . . . , �} . (4)

Here, Δ has � facets with the ith facet supported by the affine hyperplane hi(x) = 0
where hi(x) = vi · x + ci with ci ∈ R and vi an inward pointing normal vector to the ith
facet of Δ . There is no canonical choice for these data; multiplying a pair (vi,ci) by a
positive scalar gives another pair defining the same half-space.
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Following Krasauskas, we provisionally define (irrational) toric Bézier functions
{βa : Δ → R≥ | a ∈ A } by the same formula as (3),

βa(x) := h1(x)h1(a)h2(x)h2(a) · · ·h�(x)h�(a) .

These are blending functions for the irrational toric patch of shape A . While these
functions do depend upon the choice of data (vi,ci) for the facet inequalities defining
Δ , we will see that the image F(Δ) of such a patch given by weights and control points
is independent of these choices.

2.1 Geometric Formulation of a Patch

We follow Sect. 2.2 of [7], but drop the requirement that our objects are algebraic. Let
A ⊂ R

d be a finite subset indexing a collection of blending functions {βa : Δ → R≥ |
a ∈ A }, where Δ is the convex hull of A . Let RA be a real vector space with basis
{ea | a ∈A }. Set RA≥ ⊂ RA to be the points with non-negative coordinates and let RA

>

be those points with strictly positive coordinates.
For z = (za | a ∈ A ) ∈ RA≥ , set ∑ z := ∑a∈A za. The A -simplex, A ⊂ RA≥ , is the

set
A := {z ∈ R

A
≥ : ∑z = 1} .

We introduce homogeneous coordinates for A . If z ∈ RA≥ \{0}, then we set

[za | a ∈ A ] :=
1

∑z
(za | a ∈ A ) ∈ A .

The blending functions {βa : Δ → R≥ | a ∈ A } give a C∞ map,

β : Δ −→ A

x �−→ [βa(x) | a ∈ A ] .

The reason for this definition is that a mapping F : Δ →Rn (1) given by the blending
functions β , weights w, and control points B factors through the map β : Δ → A .
To see this, first note that the weights w ∈ R

A
> act on A : If z = [za | a ∈ A ] ∈ A ,

then
w.z := [waza | a ∈ A ] . (5)

The control points B define the map πB : A → Rn via

πB : z = (za | a ∈ A ) �−→ ∑
a∈A

zaba .

Then the mapping F (1) is simply the composition

Δ β−→ A w.−→ A πB−−→ R
n . (6)

In this way, we see that the image β (Δ) ⊂ A of Δ under the map β determines
the shape of the patch F(Δ) (1). Internal structures of the patch, such as the mapping of
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texture, are determined by how β maps Δ to β (Δ). For example, precomposing β with
any homeomorphism of Δ gives blending functions with the same image in A , but
with a different internal structure.

For an irrational toric patch of shape A with blending functions (3), the image
β (Δ) ⊂ A is independent of the choice of normal vectors. For this, we first define
the map ϕA : R

d
> → A by

ϕA : (x1, . . . ,xd) �−→ [xa : a ∈ A ] . (7)

Let XA be the closure of the image of the map ϕA . When A ⊂ Zd , this is the positive
part [11, §4] of the toric variety parameterized by the monomials of A . When A is not
integral, we call XA the (irrational) toric variety parameterized by monomials in A .

In Appendix B we prove the following theorem.

Theorem 3. Suppose that A ⊂ Rd is a finite set of points with convex hull Δ . Let
β = {βa | a ∈ A } be a collection of irrational toric Bézier functions for A . Then
β (Δ) = XA , the closure of the image of ϕA .

We prove this by showing that the restriction of the map β to the interior Δ◦ of Δ factors
through the map ϕA .

By Theorem 3, the image of the irrational toric blending functions for A depends
upon A and not upon the choice of toric blending functions for A . Thus the shape of
the corresponding patch F(Δ) (1) depends only upon A , the weights w, and the control
points B. However, the actual parameterization of XA by Δ , and hence of F(Δ) does
depend upon the choice of toric blending functions for A .

To ensure that the patch F(Δ) has shape reflecting that of Δ , we require that the
map β : Δ → XA be injective. This also guarantees that the patch F(Δ) is typically an
immersion. In the context of irrational toric patches, this injectivity is guaranteed by
Birch’s Theorem from algebraic statistics. For a standard reference, see [12, p. 168].
When A ⊂ Zd , Birch’s Theorem follows from general results on the moment map in
symplectic geometry [11, §4.2 and Notes to Chapter 4, p. 140].

Theorem 4 (Birch’s Theorem). Suppose A ⊂ Rd is finite and let β be a collection of
toric Bézier functions. If we choose control points B to be the corresponding points of
A , {ba = a | a ∈ A }, then the composition

Δ β−−→ XA
πB−−→ R

d

is a homeomorphism onto Δ .

By Birch’s Theorem and Theorem 3, any two sets β ,β ′ of toric Bézier functions of
shape A differ only by a homeomorphism h : Δ ∼−−→ Δ of the polytope Δ , so that β ′ =
β ◦ h. In fact, h restricts to a homeomorphism on all faces of Δ . As we are concerned
with the shape of a patch and not its internal structure, we follow Krasauskas’ lead and
make the following definition.

Definition 5. A(n irrational) toric patch of shape A is any set of blending functions
β := {βa : Δ → R≥ | a ∈ A } such that the map β : Δ → XA is a homeomorphism.
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The projection map πB : A → Rd appearing in Birch’s Theorem induced by the
choice B = {ba = a | a ∈ A } of control points is called the tautological projection and
written πA . Restricting the tautological projection to XA gives the algebraic moment
map μ : XA → Δ . The components of its inverse μ−1 : Δ ∼−−→ XA provide a preferred
set of blending functions for the patch. When A ⊂ Zd , these were studied in [7, 6],
where they were shown to have linear precision, and that they may be computed by it-
erative proportional fitting (IPF), a numerical algorithm from statistics [5]. These same
arguments apply to irrational toric patches—the preferred blending functions have lin-
ear precision and are computed by IPF.

Any patch has unique blending functions with linear precision [7, Theorem 1.11].
While the classification of toric patches for which these preferred blending functions
are rational functions remains open in general, it has been settled for surface patches
(d = 2) [13], and this places very strong restrictions on higher-dimensional patches.

2.2 Iterative Proportional Fitting for Toric Patches

In algebraic statistics, A is identified with the probability simplex parameterizing
probability distributions on data indexed by A . The image XA ,w := w.XA of Rd

> under
the map ϕA (7) and translation by w (5) is known as a toric model [14, §1.2]. It is more
common to call this a log-linear model, as the logarithms of the coordinates of ϕA are
linear functions in the logarithms of the coordinates of R

d
>, or a discrete exponential

family as the coordinates of ϕA are exponentials in the logarithms of the coordinates of
Rd

>.
The tautological map appears in statistics as follows. Given (observed) normalized

data q ∈ A , the problem of maximum likelihood estimation asks for a probability
distribution in the toric model, p∈ XA ,w, with the same sufficient statistics as q, μ(p) =
πA (p) = πA (q). By Birch’s Theorem, the point p ∈ XA ,w is unique and hence

p = μ−1(πA (q)) .

Thus inverting the tautological projection is necessary for maximum likelihood estima-
tion.

Darroch and Ratcliff [5] introduced the numerical algorithm of iterative proportional
fitting, also known as generalized iterative scaling, for computing the inverse μ−1 of
the tautological projection. We now describe their algorithm.

Observe first that the toric patch XA ,w does not change if we translate all elements of
A by a fixed vector b, (a �→ a+b), so we may assume that A lies in the positive orthant
Rd

>. Scaling the exponent vectors in A by a fixed positive scalar t ∈ R> also does not
change XA ,w as x �→ xt is a homeomorphism of R> which extends to a homeomorphism
of Rd

>. Thus we may assume that A lies in the standard simplex Δd in Rd ,

Δd = {x ∈ R
d
≥ | ∑x ≤ 1} .

Lastly, we lift this to the probability simplex d+1 ⊂ R
d+1
≥ ,

d+1 := {y ∈ R
d+1
≥ | ∑y = 1} ,
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by
A � a �−→ a+ := (1−∑a, a) ∈ d+1 .

Since for t ∈ R> and x ∈ Rd
>,

(t,tx)a+
= t1−∑a(tx)a = txa ,

we see that replacing A by this homogeneous version also does not change XA .
We describe the algorithm of iterative proportional fitting, which is Theorem 1 in [5].

Proposition 6. Suppose that A ⊂ d+1 has convex hull Δ and q ∈ A . Set y :=
πA (q) ∈ Δ . Then the sequence of points

{p(m) | m = 0,1,2 . . .} ⊂ A

whose a-coordinates are defined by p(0)
a := wa and, for m ≥ 0,

p(m+1)
a := p(m)

a · ya

(πA (p(m)))a
,

converges to the unique point p ∈ XA ,w such that μ(p) = πA (p) = πA (q) = y.

We remark that if A is not homogenized then to compute μ−1(y) for y ∈ Δ , we first put
A into homogeneous form using an affine map ψ , and then use iterative proportional
fitting to compute π−1

A +(ψ(y)) = π−1
A (y). We also call this modification of the algo-

rithm of Proposition 6 iterative proportional fitting. Thus iterative proportional fitting
computes the inverse image of the tautological projection.

3 Injectivity of Patches

Birch’s Theorem (Theorem 4) states that for one particular choice of control points,
namely {ba := a | a∈A } and all weights w ∈RA

> , the mapping F (1) of a toric patch of
shape (A ,w) is a homeomorphism onto its image. From this, we can infer that for most
choices of control points and weights, this mapping is at least an immersion. To study
dynamical systems arising from chemical reaction networks, Craciun and Feinberg [2]
prove an injectivity theorem for certain maps, which we adapt to generalize Birch’s
Theorem. This will give conditions on control points B ⊂ R

d which guarantee that for
any choice w of weights, the resulting mapping F (1) of a toric patch of shape (A ,w)
is a homeomorphism onto its image. This result has several consequences concerning
the injectivity of toric patches.

Let us first give the Craciun-Feinberg Theorem. Let Y = {y1, . . . ,ym}⊂Rn be a finite
set of points which affinely spans Rn. For k ∈ Rm

> and Z := {z1, . . . ,zm} ⊂ Rn, consider
the map Gk : Rn

> → Rn defined by

Gk(x) :=
m

∑
i=1

ki xyizi . (8)
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Theorem 7 (Craciun-Feinberg). The map Gk is injective for every k ∈ Rm
> if and only

if the determinant of the Jacobian matrix,

Jac(Gk) =
(
∂ (Gk)i

∂x j

)n

i, j=1
,

does not vanish for any x ∈ Rn
> and any k ∈ Rm

>.

We give a proof in Appendix A.
The condition of Theorem 7 that the Jacobian Jac(Gk) does not vanish for any x∈Rn

>

is reminiscent of the Jacobian conjecture [15], which is that the Jacobian of a polyno-
mial map G : Cn → Cn does not vanish if and only if the map G is an isomorphism.
Since we are restricted to x ∈ Rn

>, it is closer to the real Jacobian conjecture, which is
however false [16], and therefore not necessarily relevant.

The condition of Theorem 7 is conveniently restated in terms of Y and Z. For a list
I = {i1, . . . , in} ⊂ {1, . . . ,m}, which we write as I ∈ ([m]

n

)
, let YI be the determinant

of the matrix whose columns are the vectors yi1 , . . . ,yin , and define ZI similarly. In
Appendix A, we deduce the following corollary.

Corollary 8. The map Gk (8) is injective for all k ∈R
m
> if and only if (YI ·ZI) ·(YJ ·ZJ)≥

0 for every I,J ∈ ([m]
n

)
and at least one product YI ·ZI is non-zero.

This leads to a generalization of Birch’s Theorem. An ordered list p0, . . . , pd of affinely
independent points in Rd determines an orientation of Rd—simply consider the basis

p1−p0 , p2−p0 , . . . , pd−p0 .

Let A and B = {ba | a ∈A } be finite sets of points in Rd . Suppose that {a0, . . . ,ad} is
an affinely independent subset of A . If the corresponding subset {ba0 , . . . ,bad} of B is
also affinely independent, then each subset determines an orientation, and the two ori-
entations are either the same or they are opposite. We say that A and B are compatible
if either every such pair of orientations is the same, or if every such pair of orientations
is opposite. We further need that there is at least one affinely independent subset of
A such that the corresponding subset of B is also affinely independent. Observe that
compatibility is preserved by invertible affine transformations acting separately on A
and B.

In Fig. 3 shows three sets of labeled points. The first and second sets are compatible,
but neither is compatible with the third.

We give our generalization of Birch’s Theorem. Suppose that Δ ⊂ Rd is the convex
hull of A and {βa : Δ→R≥ | a∈A } are toric Bézier functions for A . For any w∈RA

> ,
let Fw : Δ → R

d be the toric patch of shape (A ,w) given by the control points B ⊂ R
d :

Fw(x) := ∑a∈A waβa(x)ba

∑a∈A waβa(x)
. (9)

Theorem 9. The map Fw is injective for all w ∈ RA
> if and only if A and B are com-

patible.

As any set A is compatible with itself, this implies Birch’s Theorem (Theorem 4).
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Fig. 3. Compatible and incompatible sets of points

Example 10. Let be the convex hull of {(0,0),(1,0),(0,1)}. Set A := 3 ∩Z2 and
let w ∈RA

> be the weights of a cubic Bézier patch (Example 2 with m = 3). We consider
choices B ⊂ R2 of control points that are compatible with A . For convenience, we
will require that ba = a when a is a vertex and that if a lies on an edge of 3 , then so
does ba. For these edge control points, compatibility imposes the restriction that they
appear along the edge in the same order as the corresponding exponents from A . The
placement of the center control point is however constrained. We show two compatible
choices of B in Fig. 4. On the left is the situation of Birch’s Theorem, in which ba = a,
and on the right we have moved the edge control points. The region in which we are
free to move the center point is shaded in each picture.

Fig. 4. Compatible control points for the Bézier triangle

Proof (Theorem 9). Let (t,x) be coordinates for R
d+1 and consider the map Gw : R

d+1
>

→ Rd+1 defined by
Gw(t,x) = ∑

a∈A

txawa(1,ba) .

We claim that Fw is injective if and only if Gw is injective.

Since Fw is the composition (6) Δ β−→ XA
w.−→ w.XA

πB−−→ Rd , with the first map an
isomorphism, Fw is injective if and only if the composition of the last two maps is in-
jective. Since XA is compact, this will be injective if and only if its restriction to the
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interior X◦
A of XA is injective. Precomposing with the monomial parametrization (7) of

X◦
A , we see that Fw is injective if and only if the map Hw : Rd

> → Rd defined by

Hw(x) =
∑a∈A xawaba

∑a∈A xawa
: R

d
>

ϕA−−→ XA
w.−→ w.XA

πB−−→ R
d

is injective.
Since Gw(t,x)= t ·Gw(1,x), these values lie on a ray through the origin, and we invite

the reader to check that this ray meets the hyperplane with first coordinate 1 at the point
(1,Hw(x)). Thus Gw is injective if and only if Hw is injective, which is equivalent to the
map Fw being injective.

We deduce the theorem by showing that Gw is injective. This follows from Corollary 8
as the condition that A and B are compatible is equivalent to YI ·ZI ≥ 0 for all I ∈ ( [m]

d+1

)
,

where Y = {(1,a) | a ∈ A }, Z = {(1,ba) | a ∈ A } and we have m = #A . �

We now describe two applications of Theorem 9 to modeling.

3.1 Solid Modeling with (Toric) Bézier Patches

In solid modeling, we represent a 3-dimensional solid by covering it with 3-dimensional
patches, for example using Bézier toric patches as finite elements. Besides the obvious
C0 or higher continuity along the boundary as required, such Bézier finite elements
should at least provide a one-to-one parametrization of their image, i.e. they should
be injective. By Theorem 9, we may guarantee injectivity by requiring that the control
points B be compatible with the exponents A . Moreover, if these sets are incompatible,
then there is some choice of weights for which the patch is not injective.

3.2 Injectivity of Bézier Curves and Surfaces

Typically, the exponents A and the control points do not lie in the same space; surfaces
(A ⊂ R2) are modeled in 3-space (B ⊂ R3), or curves (A ⊂ R) in 2– or 3–space
(B ⊂ R2 or R3). Nevertheless, Theorem 9 gives conditions that imply injectivity of
patches.

Let p ∈ Rn+1 be a point disjoint from a hyperplane, H. The projection Rn+1−→ H
with center p is the map which associates a point x ∈ Rn+1 to the intersection of the
line px with H. We use a broken arrow as the projection is not defined on the plane
through p parallel to H. Identifying H with Rn gives a projection map Rn+1− → Rn.
A coordinate projection (x1, . . . ,xn,xn+1) �→ (x1, . . . ,xn) is a projection with center at
infinity. More generally, a projection Rn−→ Rd is a sequence of such projections from
points.

Theorem 11. Let A ⊂ Rd, w ∈ RA
> , and B ⊂ Rn be the exponents, weights, and con-

trol points of a toric patch and let Δ be the convex hull of A . If there is a projection
π : Rn−→ Rd such that A is compatible with the image π(B) of B, then the mapping
F : Δ → Rn given by the toric blending functions associated to A , the weights w, and
control points B is injective.
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Proof. By Theorem 9, the composition π ◦F is injective, from which it follows that F
must have been injective. �

Example 12. For the curve on the left in Fig. 1 (which is reproduced in Fig. 5), the
vertical projection R2 → R1 maps the control points {b0, . . . ,b5} to points on the line
in the same order as the exponents A = {0,1,2,3,4,5}, which implies that the curve
has no self-intersections.

π

�

b5

b4

b3

b2

b1

b0

Fig. 5. A compatible projection

4 Control Polytopes and Toric Degenerations

The convex hull property asserts that the image, F(Δ), of a toric Bézier patch of shape
(A ,w) given by control points B = {ba | a ∈ A } ⊂ R

n and weights w ∈ R
A
> lies in

the convex hull of the control points. When F(Δ) is a curve, the control points may
be joined sequentially to form the control polygon, which is a piecewise linear repre-
sentation of the curve. When F(Δ) is however a surface patch, there are many ways
to interpolate the control points by triangles or other polygons to obtain a piecewise
linear surface, called a control polytope, that represents the patch. The shape of this
control polytope affects the shape of the patch. For example, when the control points
have the form (a,λ (a)) for λ a convex function, then the patch is convex [17, 1]. Also,
Leroy [18] uses a particular control polytope for the graph of a function to obtain cer-
tificates of positivity for polynomials.

Among all control polytopes for a given set of control points, we identify the class of
regular control polytopes, which come from regular triangulations of the exponents A .
These regular control polytopes are related to the shape of the patch in the following
precise manner: There is a choice of weights so that a toric Bézier patch is arbitrarily
close to a given control polytope if and only if that polytope is regular.

4.1 Bézier Curves

It is instructive to begin with Bézier curves. A Bézier curve of degree m in Rn with
weights w is the composition (6),
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[0,1]
β−→ m+1 w.−→ m+1 πB−−→ R

n ,

where β = (β0, . . . ,βm) with βi(x) =
(m

i

)
xi(1− x)m−i for x ∈ [0,1]. Then the map β is

given by zi =
(m

i

)
xi(1−x)m−i, for i = 0, . . . ,m. Here, (z0, . . . ,zm)∈ R

d+1
≥ with z0 + · · ·+

zm = 1 are the coordinates for m+1. The image β [0,1] ⊂ m+1 is defined by the
binomials (m

i

)(m
j

)
zazb − (m

a

)(m
b

)
ziz j = 0 , for a + b = i+ j . (10)

To see this, suppose that (z0, . . . ,zm) ∈ R
m+1
≥ satisfies (10). Setting x := z1/(mz0 + z1),

then we may solve these equations to obtain zi =
(m

i

)
xi(1− x)m−i = βi(x).

If w = (w0, . . . ,wm) ∈ R
m+1
> are weights, then w.β [0,1] is defined in m+1 by

wiwj
(m

i

)(m
j

)
zazb − wawb

(m
a

)(m
b

)
ziz j = 0 , for a + b = i+ j . (11)

Suppose that we choose weights wi := ti(m−i). Dividing by ti(m−i)+ j(m− j), (11) becomes

(m
i

)(m
j

)
zazb − ti2+ j2−a2−b2(m

a

)(m
b

)
ziz j = 0 , for a + b = i+ j . (12)

Since i+ j = a + b, we may assume that a < i ≤ j < b. Setting c := i−a = b− j ≥ 1,
we see that

i2 + j2 −a2−b2 = c(i+ a)− c( j + b) = c(i− j + a−b)≤−2c < 0 .

If we consider the limit of these binomials (12) as t → ∞, we obtain

za · zb = 0 if |a−b|> 1 .

These define the polygonal path in m+1 whose ith segment is the edge

(0, . . . ,0︸ ︷︷ ︸
i−1

, x , 1− x , 0, . . . ,0︸ ︷︷ ︸
m−i

) for x ∈ [0,1] ,

and whose projection to Rn is the control polygon of the Bézier curve, which is the
collection of line segments b0,b1, b1,b2, . . . , bm−1,bm.

We illustrate this when m = 3 in Fig. 6, which shows three different Bézier curves
having the same control points, but different weights wi = ti(3−i) for t = 1,3,9. In alge-
braic geometry, altering the weights in this manner is called a toric degeneration. The
Bézier cubics are displayed together with the cubics w.β [0,1] lying in the 3-simplex,

4, which is drawn in R
3. In these pictures, the projection πB is simply the vertical

projection forgetting the third coordinate. The progression indicated in Fig. 6, where the
Bézier curve approaches the control polygon as the parameter t increases, is a general
phenomenon. Let ‖ · ‖ be the usual Euclidean distance in R

n.
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t = 1

πB

�

t = 3

πB

�

t = 9

πB

�

Fig. 6. Toric degenerations of a Bézier cubic

Theorem 13. Suppose that Ft : [0,1] → Rn is a Bézier curve of degree m with control
points B and weights wi = ti(m−i). Set κ := max{‖ba‖ : ba ∈ B}. For any ε > 0, if
we have t > κm/ε , then the distance between the control polygon and any point of the
Bézier curve Ft [0,1] is less than ε .

Proof. Let z ∈ w.β [0,1] ⊂ m+1, where the weights are wi = ti(m−i) with t > κm/ε .
Suppose that b− a > 1 are integers in [0,m]. Then there exist integers i ≤ j with a <
i ≤ j < b and a + b = i+ j. By (12), we have

zazb = ti2+ j2−a2−b2

(m
a

)(m
b

)(m
i

)(m
j

) ziz j .

Since the binomial coefficients are log-concave, we have(
m
a

)(
m
b

)
<

(
m
i

)(
m
j

)
.

Using i2 + j2 −a2 −b2 < −2 and zi + z j ≤ 1, we see that

zazb <
1

4t2 .

In particular, if |b−a| > 1, then at most one of za or zb exceeds 1/2t. We conclude
that at most two, necessarily consecutive, coordinates of z may exceed 1/2t. Suppose
that i is an index such that z j < 1/2t if j �= i−1, i and let x := zi−1bi−1 +(1− zi−1)bi, a
point along the ith segment of the control polygon. Since

1 ≥ zi−1 + zi = 1− ∑
j �=i−1,i

z j > 1− m−1
2t

,
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we have 0 ≤ 1− zi−1 − zi < m−1
2t < m

2t , and we see that

‖πB(z)− x‖ =
∥∥∑z jb j − (zi−1bi−1 +(1− zi−1)bi)

∥∥
≤ ∑

j �=i−1,i

z j‖b j‖ + |zi − (1− zi−1)|‖bi‖

< κ
m−1

2t
+ κ

m
2t

<
κm
t

= ε .

This proves the theorem as z ∈ w.β [0,1] is an arbitrary point of the curve F[0,1]. �


4.2 Regular Triangulations and Control Polytopes

In dimensions 2 and higher, the analog of Theorem 13 requires the notion of a regular
triangulation from geometric combinatorics. Let A ⊂ Rd be a finite set of points and
consider a lifting function λ : A → R. Let Pλ be the convex hull of the lifted points

λ (A ) := {(a, λ (a)) | a ∈ A } ⊂ R
d+1 .

We assume that Pλ is full-dimensional in that Rd+1 is its affine span.
The upper facets of Pλ are those facets whose outward pointing normal vector has

positive last coordinate. Any face of an upper facet is an upper face. We illustrate this
below when d = 1, where the displayed arrows are outward pointing normal vectors to
upper facets.

Projecting these upper facets to Rd yields a regular polyhedral subdivision of the
convex hull of A , which is the image of Pλ . For our purposes, we will need to assume
that the lifting function is generic in that all upper facets of Pλ are simplices. In this
case, we obtain a regular triangulation of A . This consists of a collection

{Ai | i = 1, . . . ,m}
of subsets of A , where each subset Ai consists of d+1 elements and spans a
d-dimensional simplex. We regard all subsets of the facets Ai as faces of the trian-
gulation. These simplices form a subdivision in that they cover the convex hull of A
and any two with a non-empty intersection meet along a common face.

The subdivision induced by the lifting function in Fig. 7 consists of three intervals
resulting from removal of the middle point of A , which does not participate in the
subdivision as it is not lifted high enough.

λ (A ) Pλ

A

Fig. 7. Upper faces and a regular subdivision
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A set may have many regular triangulations, and not every point needs to participate
in a given triangulation. Fig. 8 shows the edges in four regular triangulations of 3 ∩
Z2.

Fig. 8. Some regular triangulations

Not every triangulation is regular. We may assume that a lifting function λ for the
triangulation of 4 ∩Z2 in Fig. 9 takes a constant value at the three interior points.
The clockwise neighbor of any vertex of the big triangle must be lifted lower than that
vertex. (Consider the figure they form with the parallel edge of the interior triangle.)
Since the edge of the big triangle is lifted to a convex path, this is impossible, except in
some M.C. Escher woodcuts.

Fig. 9. An irregular triangulation
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Definition 14. Let B = {ba | a ∈A } ⊂Rn be a collection of control points indexed by
a finite set of exponents A ⊂ Rd with d ≤ n. Given a regular triangulation T = {Ai |
i = 1, . . . ,m} of A we define the control polytope as follows. For each d-simplex Ai in
T , the corresponding points of B span a (possibly degenerate) simplex

conv{ba | a ∈ Ai} .

The union of these simplices in R
n forms the regular control polytope B(T ) that is

induced by the regular triangulation T of A . This is a simplicial complex in Rn with
vertices in B that has the same combinatorial type as the triangulation T of A .

If the coordinate points (ea | a ∈A ) of RA are our control points (these are the vertices
of A ), then the regular control polytope is just the geometric realization |T | of the
simplicial complex T , which is a subcomplex of the simplex A . In general, B(T )
is the image of this geometric realization |T | ⊂ A under the projection πB.

Example 15. Let A := 3 ∩Z2, the exponents for a cubic Bézier triangle. Fig. 10
shows the three control polytopes corresponding to the last three regular triangulations
of Fig. 8, all with the same control points.

Fig. 10. Three control polytopes

The reason that we introduce regular control polytopes is that they may be approximated
by toric Bézier patches.

Theorem 16. Let A ⊂ Rd, w ∈ RA
> , and B ⊂ Rn be exponents, weights, and control

points for a toric Bézier patch. Suppose that T is a regular triangulation of A induced
by a lifting function λ : A →R. For each t > 0, let Ft : Δ→R

n be the toric Bézier patch
of shape A with control points B and weights tλ (a)wa. Then, for any ε > 0 there exists
a t0 such that if t > t0, the image Ft(Δ) lies within ε of the control polytope B(T ).

We prove Theorem 16 in Appendix B. Fig. 11 illustrates Theorem 16 for a cubic Bézier
triangle with the control points of Example 15. The patch on the left is the cubic Bézier
triangle with the weights of Example 2. The second and third patches are its defor-
mations corresponding to the lifting function inducing the leftmost control polytope of
Fig. 10. The values of t are 1, 5, and 100, as we move from left to right.

An absolutely unpractical consequence of Theorem 16 is a universality result: Any
surface which admits a triangulation that forms a regular control polytope may be ap-
proximated by a single Bézier patch.
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Fig. 11. Degeneration to the control polytope

As with Theorem 13, the main idea behind the proof of Theorem 16 (which is given
in Appendix B) is that for t large enough, the translated patch t.XA ,w ⊂ A can be
made arbitrarily close to the geometric realization |T | ⊂ A of the regular triangula-
tion T . The result follows by projecting this into R

n using πB.
In Appendix B we also prove a weak converse to Theorem 16. Namely if w.XA is

sufficiently close to the geometric realization |T | of a triangulation T , then T is in
fact the regular triangulation of A induced by the lifting function λ (a) = log(wa).

Theorem 17. Let A ⊂ Rd be a finite set of exponents. Suppose that |T | ⊂ A is
the geometric realization of a triangulation T of A and there is a weight w such that
the distance between XA ,w and |T | is less than 1/2(d + 1). Then T is the regular
triangulation induced by the lifting function λ (a) = log(wa).
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Appendix

A Proofs of Injectivity Theorems

Theorem 7. (Craciun-Feinberg) The map Gk is injective for every k ∈ Rm
> if and only if

the determinant of the Jacobian matrix,

Jac(Gk) =
(
∂ (Gk)i

∂x j

)n

i, j=1

,

does not vanish for any x ∈ Rn
> and any k ∈ Rm

>.

Proof. We show the equivalence of the two statements, transforming one into the other.
First, suppose there is a k ∈ Rm

> so that Gk is not injective. Then there exist c,d ∈ Rn
> so

that Gk(c) = Gk(d). Then we have

0 =
m

∑
i=1

ki(cyi −dyi)zi =
m

∑
i=1

k′i(( c
d )yi −1)zi ,

where k′ ∈ Rm
> is defined by k′i = kidyi , and c

d ∈ Rn
> has ith coordinate ci

di
. In particular,

Gk′( c
d ) = Gk′(ι), where ι := (1, . . . ,1). Define v ∈ Rn by

vi := log(ci)− log(di) ,

so that eyi·v = ( c
d )yi , where yi ·v is the Euclidean dot product, and we now have

0 =
m

∑
i=1

k′i(e
yi·v −1)zi . (13)
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Define the univariate function by f (t) = (et −1)/t for t �= 0 and set f (0) = e. Then
f is an increasing continuous bijection between R and R>. Define k′′ ∈ Rm

> by k′′i :=
k′i f (yi ·v). Then k′i(eyi·v −1) = k′′i (yi ·v), and (13) becomes

0 =
m

∑
i=1

k′′i (yi ·v)zi . (14)

We claim that v lies in the kernel of the Jacobian matrix of Gk′′ evaluated at the point
ι . Indeed, let e j := (0, . . . ,1, . . . ,0) ∈ R

n be the unit vector in the jth direction. Then

∂Gk′′

∂x j
(x) =

m

∑
i=1

k′′i xyi−e j yi, jzi ,

where yi = (yi,1, . . . ,yi,n). Since ιyi−e j = 1 and ∑ j yiv j = yi ·v, we see that

n

∑
j=1

∂Gk′′

∂x j
(ι)v j =

n

∑
j=1

m

∑
i=1

k′′i ι
yi−e j yi, jv jzi =

m

∑
i=1

k′′i (yi ·v)zi = 0 ,

so that v lies in the kernel of the Jacobian matrix of Gk′′ evaluated at ι , which implies
that the Jacobian determinant of Gk′′ vanishes at ι .

The theorem follows as these arguments are reversible. �

Corollary 8. The map Gk (8) is injective for all k∈Rm

> if and only if (YI ·ZI)·(YJ ·ZJ)≥ 0
for every I,J ∈ ([m]

n

)
and at least one product YI ·ZI is non-zero.

Proof. Observe first that the Jacobian matrix Jac(Gk) factors as the product of matrices
δ−1YDZT , where δ is the diagonal matrix with entries (x1, . . . ,xn), D is the diagonal
matrix with entries (k1xy1 , . . . ,kmxym) and Y and Z are the matrices whose columns
are the vectors yi and zi, respectively. If we apply the Binet-Cauchy Theorem to this
factorization, we see that

detJac(Gk) = x−ι · ∑
I∈([m]

n )
∏
i∈I

kix
yi ·YI ·ZI , (15)

where ι = (1, . . . ,1).
Suppose that (YI ·ZI) ·(YJ ·ZJ)≥ 0 for every I,J ∈ ([m]

n

)
, and at least one product YI ·ZI

is non-zero. Then all terms in the sum (15) have the same sign and not all are zero, and
so the Jacobian does not vanish for any x ∈ Rn

> and k ∈ Rm
>. Thus Gk is injective for all

k ∈ Rm
>, by Theorem 7.

Suppose that there are two subsets I,J ∈ ([m]
n

)
such that YIZI > 0 and YJZJ < 0. For

t ∈ R> and K ∈ ([m]
n

)
, define k(K,t) ∈ Rm

> by

k(K, t) j :=
{

t if j ∈ K
1 otherwise

If we fix x ∈ Rd
>, then the expansion (15), implies that detJac(Gk(K,t))(x) has the same

sign as YKZK when t � 0, at least when YKZK �= 0.
We conclude that there is some k,x such that detJac(Gk)(x) > 0 and some k,x such

that detJac(Gk)(x) < 0, and therefore some k,x such that detJac(Gk)(x) = 0. This im-
plies the corollary. �
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B Three Toric Theorems

Theorem 3. Suppose that A ⊂ Rd is a finite set of points with convex hull Δ . Let
β = {βa | a ∈ A } be a collection of irrational toric Bézier functions for A . Then
β (Δ) = XA , the closure of the image of ϕA .

Proof. Let Δ◦ be the interior of Δ , which we assume has � facets and is given by the
facet inequalities 0 ≤ hi(x), i = 1, . . . , �. Define two maps H : Δ◦ → R�

> and ψ : R�
> →

A by

H : x �−→ (h1(x), . . . ,h�(x)) ,

ψ : u �−→ [uh1(a)
1 · · ·uh�(a)

� : a ∈ A ] .

Then the map β : Δ◦ → A (whose image is dense in XA ) is the composition of the
maps H and ψ .

β : Δ◦ H−−→ R
� ψ−−→ A .

Let us recall the definiton of the map ϕA : Rd
> → A ,

ϕA : (x1, . . . ,xd) �−→ [xa : a ∈ A ] .

The theorem follows once we show that the map ψ factors through the map ϕA . For
this, define a new map fΔ : R�

> → Rd
> by

fΔ : u �−→ t = (t1, . . . ,td) where t j :=
�

∏
i=1

u
vi·e j
i .

Then we claim that
ψ : R

� fΔ−−→ R
d
>

ϕA−−−→ A .

To see this, we compute the component of ψ(u) corresponding to a ∈ A ,

�

∏
i=1

uhi(a)
i =

�

∏
i=1

uvi·a+ci
i =

�

∏
i=1

uci
i ·

�

∏
i=1

uvi·a
i = uc · ta .

Thus ψ(u) = ucϕA ( fΔ (u)), as maps to RA
> . The common factor uc does not affect the

image in A , which shows that ψ = ϕA ◦ fΔ and proves the theorem. �

A consequence of this proof of Theorem 3 is the derivation of equations which define
the points of XA . This derivation is similar to, but easier than, the development of toric
ideals in [19, Ch. 4], as we have monomials with arbitrary real-number exponents.

Suppose that we have a linear relation among the points of A ,

∑
a∈A

μa ·a = ∑
a∈A

νa ·a , (16)

for some μ ,ν ∈ RA . Then the analytic binomial

∏
a∈A

zμa
a −∏

a∈A

zνa
a =: zμ − zν (17)

vanishes on ϕA (Rd
>), considered as a point in RA

> . This follows from the easy calcula-
tion
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ϕ∗
A (zμ) = ∏

a∈A

(xa)μa = x∑a μa·a .

Even after clearing denominators, the common zero set of the binomials (17) is not
exactly the image ϕA (Rd

>) in the simplex A , as the point ϕA (x) ∈ A is where
the ray

R> · (xa | a ∈ A ) ⊂ R
A
>

meets the simplex A . If we require that the binomial (17) is homogeneous in that
∑a∈A μa = ∑a∈A νa, then it vanishes at every point of this ray and therefore on the im-
age of ϕA in A . Since the coordinates are positive numbers, we may further assume
that (16) is an affine relation in that

∑
a∈A

μa = ∑
a∈A

νa = 1 .

These necessary conditions are also sufficient.

Proposition 18. A point z in A lies in XA if and only if we have

zμ − zν = 0

for all μ ,ν ∈ RA with ∑a∈A μa = ∑a∈A νa = 1 and

∑
a∈A

μa ·a = ∑
a∈A

νa ·a .

One way to see the sufficiency is to pick an affinely independent subset C of A that
affinely spans Rd and use the formula xa = za for a ∈ C to solve for x ∈ Rd . Then the
point z ∈ A satisfies this collection of binomials if and only if z = ϕA (x). This is
also evident if we take logarithms of the coordinates.

These arguments only work for points z in the interior of A . For points of XA with
some coordinates zero, we use the recursive nature of polytopes and the toric Bézier
functions. Namely, if we restrict the collection {βa | a ∈A } of toric Bézier functions to
a face F of the convex hull of A , then those whose index a does not lie in F vanish,
while those indexed by points of A lying in F specialize to toric Bézier functions
for F .

Theorem 16. Let A ⊂ Rd, w ∈ RA
> , and B ⊂ Rn be exponents, weights, and control

points for a toric Bézier patch. Suppose that T is a regular triangulation of A induced
by a lifting function λ : A →R. For each t > 0, let Ft : Δ→Rn be the toric Bézier patch
of shape A with control points B and weights tλ (a)wa. Then, for any ε > 0 there exists
a t0 such that if t > t0, the image Ft(Δ) lies within ε of the control polytope B(T ).

Proof. The lifting function λ : A → R inducing the triangulation T also induces an
action of R> on A where t ∈ R> acts on a point z ∈ A by scaling its coordinates,
(t.z)a = tλ (a)za. Then Ft(Δ) is the image of t.XA ,w under the projection πB : A →
Rn. It suffices to show that t.XA ,w can be made arbtrarily close to |T | ⊂ A , if we
choose t large enough.

We single out some equations from Proposition 18. Suppose that a,b ∈A are points
that do not lie in a common simplex of T . That is, the segment a,b is not an edge in
the triangulation T , and therefore it meets the interior of some face F of T so that
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there is a point common to the interiors of F and of a,b. (If a = b, so that a does not
participate in the triangulation T , then this point is just a.) This gives the equality of
convex combinations

μa +(1−μ)b = ∑
c∈F

νc · c , (18)

where all coefficients are positive and ∑c νc = 1. Thus

zμa z1−μ
b = ∏

c∈F

zνc
c

holds on XA . The corresponding equation on t.XA ,w is

zμa z1−μ
b = tμa+(1−μ)b−∑c∈F νc·c · wμa w1−μ

b

∏c∈F wνc
c

·∏
c∈F

zνc
c . (19)

Since a,b is not in the triangulation, points in the interior of the lifted segment

(a,λ (a)), (b,λ (b))

lie below points of upper faces of the polytope Pλ . We apply this observation to the
point (18). Its height in the lifted segment is μa+(1−μ)b, while its height in the lift of
the face F is ∑c∈F νc · c, and so

μa +(1−μ)b < ∑
c∈F

νc · c .

This implies that the exponent of t in (19) is negative. Since the other terms on the right
hand side are bounded, we see that the left hand side, and in fact the simple product
zazb, may be made as small as we please by requiring that t be sufficiently large.

Suppose that A consists of �+d +1 elements. Repeating the previous argument for
the (finitely many) pairs of points a,b which are not both in any simplex of T , we see
that for any ε > 0, there is a t0 such that if t > t0 and z ∈ XA ,w, then

zazb < ε2/4�2 ,

whenever a,b do not lie in a common simplex of T . In particular, at most one of za or
zb can exceed ε/2�.

Let z ∈ XA ,w. Then there is some facet F of T such that if a �∈ F , then 0 ≤ za <
ε/2�. Suppose that F = {a0,a1, . . . ,ad} and set

zF := (1− za1 −·· ·− zad )ea0 + za1ea1 + · · ·+ zad ead ,

which is a point of the facet |F | of the geometric realization |T | ⊂ A . Then

‖z− zF‖ =

∥∥∥∥∥∑a∈A

zaea − (1− za1 −·· ·− zad)ea0 − za1ea1 −·· ·− zad ead

∥∥∥∥∥
≤ ∑

a �∈F

za + (1− za0 −·· ·− zad ) = 2 ∑
a �∈F

za

< 2�
ε
2�

= ε ,

as 1 = ∑a za. �
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We say that two subsets X and Y of Euclidean space are within a distance ε if for every
point x of X there is some point y of Y within a distance ε of x, and vice-versa.

Theorem 17. Let A ⊂ R
d be a finite set of exponents. Suppose that |T | ⊂ A is

the geometric realization of a triangulation T of A and there is a weight w such that
the distance between XA ,w and |T | is less than 1/2(d + 1). Then T is the regular
triangulation induced by the lifting function λ (a) = log(wa).

Proof. To show that T is the regular triangulation induced by the lifting function λ
whose value at a is log(wa), we must show that if a segment a,b between two points of
A does not lie in the triangulation T , then its lift by λ lies below the lift of some face
F of T .

Set ε := 1/2(d+1). For each face F of T , let xF ∈ A be the barycenter of F ,

xF := ∑
a∈F

1
#F

ea ,

where #F is the number of points of A in F , which is at most d+1. If z is a point of
XA ,w within a distance ε of xF , so that ‖z− xF‖ < ε , then in particular no component
of the vector z− xF has absolute value exceeding ε . Thus we have the dichotomy

za < ε = 1/2(d+1) if a �∈ F ,
za > 1/#F − ε > 1/2(d+1) if a ∈ F .

(20)

Now suppose that the segment a,b does not lie in the triangulation T . Then there
is a face F of the triangulation whose interior meets the interior of this segment. That
is, there is an equality of convex combinations (18) and a corresponding equation that
holds for points z ∈ XA ,w,

zμa z1−μ
b ·∏

c∈F

wνc
c = wμa w1−μ

b ·∏
c∈F

zνc
c .

Suppose that z is a point of XA ,w that lies within a distance of 1/2(d+1) of the barycen-
ter XF of the face F . Then, by the estimates (20), we have

1
2(d+1) ∏c∈F

wνc
c > zμa z1−μ

b ·∏
c∈F

wνc
c = wμa w1−μ

b ·∏
c∈F

zνc
c > wμa w1−μ

b · 1
2(d+1)

.

canceling the common factor of 1/2(d+1) and taking logarithms, we obtain

∑
c∈F

νc log(wc) > μ log(wa)+ (1− μ) log(wb) ,

which implies that the point (18) common to the segment a,b and the face F of T is
lifted higher in the face F than in the segment a,b, and so the lift of the segment a,b
by λ lies below the lift of the face F . As this is true for all segments, we see that T is
the triangulation induced by the lifting function λ . �
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Abstract. The progressive iteration approximation property (PIA) permits ap-
plying tools of CAGD to the interpolation of curves and surfaces. Convergence
rates of PIA for bases of different spaces are analyzed and compared, including
tables of rate of convergence and figures. In the rational case, the importance of
an adequate choice of the weights and of an adequate evaluation algorithm is
shown. Finally, a new approach to the PIA is introduced.

1 Introduction

In many applications of Computer Aided Geometric Design (CAGD) it is necessary
to interpolate or approximate a data point set with a parametric curve or a parametric
surface. In the literature several methods have been considered for this purpose. One
of them uses the progressive iteration approximation property of a curve and a surface
(see [5], [7], [10], [9] and [13]). This paper deals with this approach. In [10] the appli-
cation of the progressive iteration approximation method to normalized totally positive
representations was analyzed. In [7] the convergence rates of the different normalized
totally positive bases of a space of functions were compared, and the bases with the
highest convergence rate were obtained. Here we compare the convergence rate of the
optimal bases of different spaces of functions.

Let us recall that a basis (u0, . . . ,un) defined on a set I formed by nonnegative
functions and such that ∑n

i=0 ui(x) = 1 for all x ∈ I is called a blending basis. Given
a sequence of points {Pi}m

i=0 whose ith point is assigned to a parameter value ti, for
i = 0,1, . . . ,m, and a blending basis (u0, . . . ,um), we generate a starting curve as γ0(t) =
∑m

i=0 P0
i ui(t) where P0

i = Pi for i = 0,1, . . . ,m. Then, by calculating the adjusting vector
for each control point Δ0

i = Pi − γ0(ti), and taking P1
i = P0

i +Δ0
i for i = 0,1, . . . ,m, we

get the curve γ1(t) = ∑m
i=0 P1

i ui(t). Iterating this process we get a sequence of curves
{γk}∞k=0. Then, when limk→∞ γk(ti) = Pi for all i ∈ {0,1, . . . ,m} we say that the initial
curve satisfies the progressive iteration approximation (PIA) property.

Given a sequence of points {Pi j}0≤ j≤n
0≤i≤m, such that the point Pi j is assigned to a couple

of parameter values (xi,y j), for i = 0,1, . . . ,m and j = 0,1, . . . ,n, and a blending ba-

sis (ui j)
0≤ j≤n
0≤i≤m, we generate a starting surface as F0(x,y) =∑m

i=0∑
n
j=0 P0

i j ui j(x,y) where

P0
i j = Pi j for i = 0,1, . . . ,m and j = 0,1, . . . ,n. Then, by calculating the adjusting vector

for each control point Δ0
i j = Pi j −F0(xi,y j), and taking P1

i j = P0
i j +Δ0

i j for i = 0,1, . . . ,m

M. Dæhlen et al. (Eds.): MMCS 2008, LNCS 5862, pp. 136–152, 2010.
c© Springer-Verlag Berlin Heidelberg 2010
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and j = 0,1, . . . ,n, we get the curve F1(x,y) = ∑m
i=0∑

n
j=0 P1

i j ui j(x,y). Iterating this

process we get a sequence of surfaces {Fk}∞k=0. When limk→∞Fk(xi,y j) = Pi j for all
i ∈ {0,1, . . . ,m} and j ∈ {0,1, . . . ,n}, we say that the initial surface satisfies the pro-
gressive iteration approximation (PIA) property.

Section 2 recalls the main results on the PIA property. Section 3 analyzes the conver-
gence rates with the Bernstein basis and motivates the use of B-splines. It also shows
graphically and numerically the high convergence rate of the PIA when using B-splines.
Section 4 considers rational bases and shows, for low degrees, the optimal choice of the
weights in order to get the fastest convergence rate of PIA property. Section 5 presents
a new approach of the PIA. Conclusions and future work are discussed in Section 6.

2 Background of the Progressive Iteration Approximation
Property

In [10] it was studied in a general way under what conditions the curves generated
through a blending system (u0, . . . ,un) satisfy the PIA property.

Before stating this general result we need to define some concepts. The collocation
matrix of a system of functions (u0(t), . . . ,un(t)) at a sequence of ordered points t0 <
· · · < tn in R is given by

M

(
u0, . . . ,un

t0, . . . ,tm

)
:= (u j(ti))i=0,...,m; j=0,...,n. (1)

A matrix is totally positive (TP) if all its minors are nonnegative and a system of func-
tions is TP when all its collocation matrices (1) are TP. If, in addition, it is a blending
basis, then it is called normalized totally positive (NTP). In case of an NTP basis one
knows that the curve imitates the shape of its control polygon, due to the variation di-
minishing properties of TP matrices (see [11]). In fact, shape preserving representations
are associated with NTP bases.

An algorithm for the PIA procedure for curves can be written in the following way:

Algorithm 1. PIA algorithm for curves.
Input: (Pi)n

i=0, (ti)n
i=0, (u0, . . . ,un), nTol, xTol

For i = 0 : n
P0

i = Pi

End-For

γ0(t) = ∑n
i=0 P0

i ui(t)

k = 1

γ−1(ti) = ∞ i = 0,1, . . . ,n

While k ≤ nTol and max0≤i≤n‖Pi − γk−1(ti)‖ ≥ xTol
For i = 0 : n

Δ k−1
i = Pi − γk−1(ti)

Pk
i = Pk−1

i +Δ k−1
i
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End-For

γk(t) = ∑n
i=0 Pk

i ui(t)
k = k + 1

End-While

Output: γk−1(t) and, if nTol is exceeded, a warning message.

Remark 1. Let us observe that in Algorithm 1 it is necessary to evaluate curves of
the form γk(t) = ∑n

i=0 Pk
i ui(t). The algorithm used for this depends on the system

(u0, . . . ,un). For example, if (u0, . . . ,un) is the Bernstein basis of the space of polyno-
mials of degree less than or equal to n the corresponding curves are evaluated through
the de Casteljau algorithm.

The following result provides sufficient conditions in order to ensure the convergence
of Algorithm 1.

Theorem 2. (cf. Theorem 2.1 of [10]) Let U = (u0, . . . ,un) be a blending basis. Then,
if the basis U is TP and its collocation matrix M at t0 < t1 < · · · < tn is nonsingular, the
curve γ0(t) = ∑n

i=0 P0
i ui(t) satisfies the progressive iteration approximation property.

In [10] it was also analyzed in a general way under what conditions the surfaces gener-
ated through a tensor product basis satisfies the PIA property.

Iterating the PIA procedure for surfaces described in Section 1, an algorithm in
pseudo-code can be written in the following way:

Algorithm 2. PIA algorithm for surfaces.
Input: (Pi j)

0≤ j≤n
0≤i≤m, (xi)m

i=0, (y j)n
j=0, (u0, . . . ,um), (u0, . . . ,un), nTol, xTol

For i = 0 : m
For j = 0 : n

P0
i j = Pi j

End-For
End-For

F0(x,y) = ∑m
i=0∑

n
j=0 P0

i j ui(x)u j(y)

k = 1

F−1(xi,y j) = ∞ i = 0,1, . . . ,m and j = 0,1, . . . ,n

While k ≤ nTol and max0≤i≤m;0≤ j≤n‖Pi j −Fk−1(xi,y j)‖ ≥ xTol
For i = 0 : m

For j = 0 : n

Δ k−1
i j = Pi j −Fk−1(xi,y j)

Pk
i j = Pk−1

i j +Δ k−1
i j

End-For
End-For

Fk(x,y) = ∑m
i=0∑

n
j=0 Pk

i j ui(x)u j(y)
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k = k + 1
End-While

Output: Fk−1(x,y) and, if nTol is exceeded, a warning message.

The following result provides sufficient conditions in order to ensure the convergence
of Algorithm 2.

Theorem 3. (cf. Theorem 2.2 of [10]) Let U = (u0, . . . ,um) and U = (u0, . . . ,un) be
two blending bases. Then, if the bases U and U are TP and the collocation matrices
of U at x0 < x1 < · · · < xm and of U at y0 < y1 < · · · < yn are nonsingular, the tensor
product surface F0(x,y) = ∑m

i=0∑
n
j=0 P0

i j ui(x)u j(y) satisfies the progressive iteration
approximation property.

In order to find the bases with fastest convergence rates in a given space with NTP bases
we need to introduce the following concept.

Let (u0, . . . ,un) be a TP basis of a vector space of functions U . Then we say that
(u0, . . . ,un) is a B-basis if for any other totally positive basis (v0, . . . ,vn) of U the
matrix K of change of basis

(v0, . . . ,vn) = (u0, . . . ,un)K

is TP. Let us recall that, if a vector space of functions has a TP (resp., NTP) basis
then it has a B-basis (resp., normalized B-basis). It has been proved that in a vector
space of functions with NTP bases its normalized B-basis has optimal shape preserving
properties among all the NTP bases of the space (see [3]).

Using some strong results of Linear Algebra, Theorem 4 of [7] shows the basis with
the fastest convergence rate among all NTP bases of a space of functions.

Theorem 4. Given a space of functions U with an NTP basis, the normalized B-basis
provides a PIA with the fastest convergence rate among all NTP bases of U .

Now we state the analogous result for tensor product surfaces.

Theorem 5. (cf. Corollary 6 of [7]) Given spaces of functions U and V with NTP
bases, the tensor product of the normalized B-bases of U and V provides a progressive
iterative approximation with the fastest convergence rate among all bases which are
tensor product of NTP bases of U and V .

From now on we will compare the convergence rates of B-bases of different spaces of
functions.

3 PIA Algorithms Using the Bernstein and the Uniform B-Spline
Bases

One of the most important bases in CAGD is the Bernstein basis. It is well-known that
the Bernstein basis of degree n defined on [0,1] is the normalized B-basis of the space
of polynomials of degree less than or equal to n (see [2]). Therefore, by Theorem 4, the
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Bernstein basis of degree n on [0,1] provides a PIA with the fastest convergence rates
among the NTP bases of the space of polynomials of degree less than or equal to n. The
Bernstein basis (bn

0, . . . ,b
n
n) of the space of polynomials of degree at most n is defined

by

bn
i (t) =

(
n
i

)
ti(1− t)n−i, t ∈ [0,1],

for i = 0,1, . . . ,n.
In order to prove Theorem 2, Algorithm 1 was written in matrix form. Since this

matrix form is also very useful to study the convergence rate of the method, let us recall
it:

(Δ k
0 ,Δ k

1 , . . . ,Δ k
n)T = (I −M)k (Δ0

0 ,Δ0
1 , . . . ,Δ0

n ). (2)

where I is the identity matrix of n + 1 order,

M := M

(
u0, . . . ,un

t0, . . . ,tn

)
and the Δ l

j’s are row-vectors. Therefore, the iterative method converges if and only if

limk→∞ Δ k
i = 0 for all i ∈ {0,1, . . . ,n}. Then, from (2) we deduce that the PIA converges

if and only if ρ(I−M) < 1, where ρ(B) denotes the spectral radius of B. All the eigen-
values of a nonsingular totally positive matrix are real and belong to the interval (0,1]
(see Corollary 6.6 of [1]). If λ0,λ1, . . . ,λn are the n+1 eigenvalues of M then, the n+1
eigenvalues λ̃0, λ̃1, . . . , λ̃n of I −M are given by λ̃i = 1−λi, for i = 0,1, . . . ,n. Hence,
we deduce that ρ(I −M) = 1−min0≤i≤nλi. Obviously, the higher min0≤i≤nλi is, the
faster Algorithm 1 is.

First let us consider the application of Algorithm 1 with (u0, . . . ,un) = (bn
0, . . . ,b

n
n)

and the sequence (ti)n
i=0 given by ti = i/n for i = 0,1, . . . ,n. As we have just seen, the

convergence rate of the method depends on the minimal eigenvalue of the corresponding
collocation matrix.

Theorem 6. The n + 1 eigenvalues λ0,λ1, . . . ,λn of the matrix

M = M

(
bn

0(t), . . . ,b
n
n(t)

t0, . . . ,tn

)
, (3)

with ti = i/n for i = 0,1, . . . ,n, are given by

λi =
n!

(n− i)!
1
ni , i = 0,1, . . . ,n. (4)

Proof. The Bernstein operator is given by

Bn[g] =
n

∑
i=0

g(ti)bn
i (t) =

n

∑
i=0

g(i/n)bn
i (t).

Let λ be an eigenvalue of the matrix M and let v = (v0,v1, . . . ,vn) be its associated
eigenvector. Now let us prove that λ is also an eigenvalue of the Bernstein operator
associated to the eigenfunction f (t) = ∑n

i=0 vi bn
i (t). Since λ is an eigenvalue of the
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matrix M and v = (v0,v1, . . . ,vn) its associated eigenvector, we have that M v = λ v, and
so from formula (3) we deduce that⎛⎜⎜⎜⎝

∑n
i=0 vi bn

i (t0)
∑n

i=0 vi bn
i (t1)

...
∑n

i=0 vi bn
i (tn)

⎞⎟⎟⎟⎠=

⎛⎜⎜⎜⎝
λ v0

λ v1
...
λ vn

⎞⎟⎟⎟⎠ .

Then, multiplying the previous expression by the Bernstein basis, gathered as a row
matrix (bn

0(t),b
n
1(t), . . . ,b

n
n(t)), we deduce that

n

∑
i=0

f (ti)bn
i (t) = λ f (t).

Hence λ is an eigenvalue of the Bernstein operator and f is its associated eigenfunction.
Conversely, let λ̃ be an eigenvalue of the Bernstein operator and let f̃ be its asso-

ciated eigenfunction. Since λ̃ is an eigenvalue of the Bernstein operator Bn and f̃ its
associated eigenfunction, we have that

n

∑
i=0

f̃ (ti)bn
i (t) = λ̃ f̃ (t).

Then, evaluating the previous expression at t0, t1, . . . ,tn, we have that

n

∑
i=0

f̃ (ti)bn
i (tk) = λ̃ f̃ (tk), for k = 0,1, . . . ,n.

We can write the previous formulas in matrix form as

M

(
bn

0(t), . . . ,b
n
n(t)

t0, . . . ,tn

)⎛⎜⎜⎜⎝
f̃ (t0)
f̃ (t1)

...
f̃ (tn)

⎞⎟⎟⎟⎠= λ̃

⎛⎜⎜⎜⎝
f̃ (t0)
f̃ (t1)

...
f̃ (tn)

⎞⎟⎟⎟⎠ .

Therefore, λ̃ is also an eigenvalue of the matrix M and v = ( f̃ (t0), f̃ (t1), . . . , f̃ (tn)) is its
associated eigenvector.

It is well known that the eigenvalues of this operator are given by formula (4) (see
[4]). Therefore, we can conclude that the eigenvalues λ0,λ1, . . . ,λn of the collocation
matrix in (3) are also given by formula (4).

Let us observe that the previous result does not hold if t0 < · · · < tn are arbitrary points
in [0,1]. In fact, if n = 1, t0 = 0.9 and t1 = 1, then the matrix

M

(
b1

0(t),b
1
1(t)

t0, t1

)
=
(

0.1 0.9
0 1

)
has eigenvalues 0.1,1 instead of 1,1.
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In order to prove Theorem 3, Algorithm 2 was written in matrix form. For this pur-
pose, it is necessary to recall the Kronecker product of two matrices: given two matrices
A = (ai j)

0≤ j≤n
1≤i≤m and B = (bi j)

0≤ j≤q
1≤i≤p , their Kronecker product, denoted by A⊗B, is de-

fined to be the block matrix

A⊗B =

⎛⎜⎝ a11 B · · · a1n B
...

. . .
...

am1 B · · · amn B

⎞⎟⎠ ,

and so A⊗ B is an (m p)× (nq) matrix (see [8] for more details). So, we can write
Algorithm 2 in matrix form as

(Δ k+1
00 ,Δ k+1

01 , . . . ,Δ k+1
0n ,Δ k+1

10 , . . . ,Δ k+1
1n , . . . ,Δ k+1

m1 , . . . ,Δ k+1
mn )T

= (I −B)(Δ k
00,Δ

k
01, . . . ,Δ

k
0n,Δ

k
10, . . . ,Δ

k
1n, . . . ,Δ

k
m1, . . . ,Δ

k
mn)

T ,

where I is the identity matrix of (m+1)(n+1) order and the matrix B is the Kronecker
product of the collocation matrices

B1 = M

(
u0,u1, . . . ,um

x0,x1, . . . ,xm

)
and

B2 = M

(
u0,u1, . . . ,un

y0,y1, . . . ,yn

)
,

that is, B = B1 ⊗B2. Therefore, the PIA property for surfaces converges if and only if
ρ(I−B) < 1. If the eigenvalues of a matrix B1 are λ1, . . . ,λm, and the eigenvalues of a
matrix B2 are μ1, . . . ,μn, it is well-known that every eigenvalue of the Kronecker prod-
uct B can be expressed as the product of an eigenvalue of B1 and an eigenvalue of B2,
λi μ j (see Theorem 4.2.12 of [8]). Therefore,ρ(I−B)=1−(min0≤i≤mλi)(min0≤ j≤nμ j).
Obviously, the higher min0≤i≤mλi and min0≤ j≤nμ j are, the faster Algorithm 2 is.

As we have seen, the PIA rate depends on the minimal eigenvalue of the collocation
matrix of the corresponding basis. Obviously, the collocation matrix depends on the
basis. So in [7] it was pointed out the fastest basis of a space of functions with a NTP
basis.

We now apply Algorithm 2 taking (u0, . . . ,um) = (bm
0 , . . . ,bm

m), (u0, . . . ,un)= (bn
0, . . . ,

bn
n) and the sequences (xi)m

i=0 and (y j)n
j=0 given by xi = i/m for i = 0,1, . . . ,m and

y j = j/n for j = 0,1, . . . ,n. As we have seen previously, the convergence rate of the
method depends on the eigenvalues of the corresponding collocation matrix.

Theorem 7. The (m+1)(n+1) eigenvalues (ρi j)
0≤ j≤n
0≤i≤m of the matrix M =U⊗U where

U = M

(
bm

0 (t), . . . ,bm
m(t)

x0, . . . ,xm

)
(5)

with xi = i/m for i = 0,1, . . . ,m and

U = M

(
bn

0(t), . . . ,b
n
n(t)

y0, . . . ,yn

)
(6)
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with y j = j/n for j = 0,1, . . . ,n, are given by ρi j = λiλ j for i = 0,1, . . . ,m and j =
0,1, . . . ,n where

λi =
m!

(m− i)!
1
mi , i = 0,1, . . . ,m

and

λ j =
n!

(n− i)!
1
ni , i = 0,1, . . . ,n.

Proof. The result is a straightforward consequence of Theorem 4 taking into account
the fact that the eigenvalues of matrix B, which is the Kronecker product of two matrices
B1 and B2, are products of an eigenvalue of B1 by an eigenvalue of B2.

In Table 1 we can see the minimal eigenvalue of the collocation matrix of the Bernstein
basis of degree n (dimension n + 1), (bn

0, . . . ,b
n
n), at the strictly increasing sequence of

points (ti)0≤i≤n given by ti = i/n for i = 0,1, . . . ,n for different values of n.

Table 1. Minimal eigenvalue of the collocation matrix of the Bernstein basis of degree n

Degree n Dimension min0≤i≤n λi

1 2 1.00000E +00
2 3 5.00000E −01
3 4 2.22222E −01
4 5 9.37500E −02
5 6 3.84000E −02

10 11 3.62880E −04
15 16 2.98628E −06
20 21 2.32019E −08

Let us recall that the minimal eigenvalue of the corresponding collocation matrix de-
termines the convergence rate of the PIA. As the degree of the Bernstein basis increases,
the minimal eigenvalue decreases very quickly for both algorithms 1 (see Table 1) and
2. Hence, this method with the Bernstein basis is not interesting from a practical point
of view because of the slow convergence. Let us show how the convergence rate of PIA
increases considering the B-bases of another family of space of functions: the uniform
B-spline bases (see [3]).

We first give the general definition of the B-spline basis. Let U = {u0,u1, . . . ,um}
be a nondecreasing sequence of real numbers: u0 ≤ u1 ≤ ·· · ≤ um. The numbers ui are
called knots, and U is the knot vector. The ith B-spline basis function of degree p (order
p + 1) over the knot vector U , denoted by N p

i (u), is defined recursively as

N0
i (u) =

{
1, if ui ≤ u < ui+1,
0, otherwise,

and
N p

i (u) =
u−ui

ui+p −ui
N p−1

i (u)+
ui+p+1 −u

ui+p−1 −ui+1
N p−1

i+1 (u).
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Remark 8. The previous equation can yield the quotient 0/0. In this case we define the
quotient as 0.

For more details on B-splines see [12].
In particular let us consider only the uniform B-spline bases of degree p over nonpe-

riodic (or clamped or open) knot vectors U = {u0,u1, . . . ,um}, that is,

ui = a, for i = 0,1, . . . , p,
ui = b, for i = m− p, . . . ,m,

ui = a +(i− p) b−a
m−2p, for i = p + 1, . . . ,m− p−1.

(7)

The reason to consider only this sort of knot vectors is that the corresponding B-spline
curves satisfy the endpoint interpolation property and then, if we take in Algorithm
1 the first term of the sequence (ti)n

i=0 as a and the last one as b, at least two of the
eigenvalues are 1. In contrast to the case of polynomial curves, when applying PIA
with B-splines the convergence rate keeps high even for high dimensional spaces if we
keep a low degree.

First let us consider uniform B-spline bases of degree 2 over nonperiodic knot vectors
U = {u0,u1, . . . ,um} defined by (7) with a = 0 and b = 1. The dimension of the cor-
responding space of functions is m− 2. So we will denote the B-spline basis obtained
in this way by (N2

0 , . . . ,N2
m−3). Now, let us consider the strictly increasing sequence

(ti)m−3
i=0 given by ti = i/(m− 3). Then, we can apply Algorithm 1 with the basis and

sequence previously considered. As we have recalled above, the minimal eigenvalue of
the collocation matrix

M

(
N2

0 , . . . ,N2
m−3

t0, . . . ,tm−3

)
(8)

determines the convergence rate of this particular algorithm. In Table 2 we can see the
minimal eigenvalue of the collocation matrices (8) for differents values of m.

Table 2. Minimal eigenvalue of the collocation matrix of the B-Spline basis of degree 2

m Dimension min0≤i≤n λi

12 10 4.52981E −01
22 20 4.75086E −01
32 30 4.83271E −01
42 40 4.87435E −01
52 50 4.89946E −01
62 60 4.91623E −01
72 70 4.92822E −01
82 80 4.93721E −01
92 90 4.94420E −01
102 100 4.94979E −01

Let us observe that the minimal eigenvalue of the matrices of the previous kind keep
almost constant in spite of the dimension, which is very important from a practical
point of view. In order to check the rate of convergence of this particular algorithm (see
Table 2) we have applied it to two sets of points.
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As an example, let us consider the Lemniscate of Gerono given by the parametric
equations {

x(t) = cos t,
y(t) = sin t · cos t,

(9)

t ∈ [0,2π ]. We took a sample of 11 points {Pi}10
i=0 from the Lemniscate of Gerono in

the following way

Pi =
(

x

(
−π

2
+ i · 2π

10

)
,y

(
−π

2
+ i · 2π

10

))T

, (10)

for i = 0,1, . . . ,10. Starting with these control points we fit the Lemniscate of Gerono
by the sequence of curves generated by Algorithm 1 using the uniform B-spline basis
of degree 2 and the sequence (ti)m−3

i=0 considered previously for the particular case of
m = 13 (dimension 11). In Figure 1 (a) we can see the curve which must be imitated
and the starting control points extracted from this curve according to (10). In Figures 1
(b), (c) and (d), we can see the starting curve, and the curves of the sequence after 2 and
5 iterations obtained by Algorithm 1, respectively.
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0.2

0.4

1.0 0.5 0.5 1.0

0.4
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0.4
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(a) Original curve and (b) Iteration 0
sampled points

(c) Iteration 2 (d) Iteration 5

Fig. 1. Lemniscate of Gerono using the B-spline basis of degree 2

We can observe in these figures that Algorithm 1 using the uniform B-splines basis
of degree 2 converges very quickly to the Lemniscate of Gerono. This fact can also be
checked in Table 3 where we have shown the fitting errors of the sequence of curves
after some specific iteration levels (the fitting error at the step k ≥ 0 of Algorithm 1 is
taken as the maximum Euclidean norm of the adjusting vectors Δ k

0 ,Δ k
1 , . . . ,Δ k

10). As a
proof of the efficiency of the algorithm we can observe in Table 3 that with approxi-
mately 20 iterations we get an error with the order of the single precision unit roundoff,

Table 3. Euclidean norm when fitting the Lemniscate using the B-splines basis of degree 2

Iteration max0≤i≤10 ‖Δ k
i ‖2

0 1.84602E −01
5 3.87977E −03

10 4.01472E −05
15 4.16318E −06
20 1.86870E −07
25 7.27520E −09
30 2.71943E −10
40 3.68590E −13
50 5.55112E −16
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whereas with approximately 50 iterations we get an error with the order of the double
precision unit roundoff.

Now let us consider the helix of radius 5 given by the parametric equations⎧⎨⎩
x(t) = 5cos t,
y(t) = 5sin t · cos t,
z(t) = t,

(11)

t ∈ [0,6π ]. We took a sample of 19 points {Pi}18
i=0 from the previous helix in the fol-

lowing way

Pi =
(

x

(
i · 6π

18

)
,y

(
i · 6π

18

)
,z

(
i · 6π

18

))T

, (12)

for i = 0,1, . . . ,18. Starting with these control points we fit the helix by the sequence of
curves generated by Algorithm 1 using the uniform B-spline basis of degree 2 and the
sequence (ti)m−3

i=0 considered previously for the particular case of m = 21 (dimension
19). In Figure 2 (a) we can see the curve to be imitated and the starting control points
extracted from this curve according to (12). In Figures 2 (b) and (c) we can see the
starting curve and the curve of the sequence after 5 iterations obtained by Algorithm 1,
respectively.
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(a) Original curve and
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Fig. 2. Helix using the B-spline basis of degree 2

We can observe in these figures that Algorithm 1 using the uniform B-splines ba-
sis of degree 2 is very efficient for converging to the helix of radius 5. This fact can
also be checked in Table 4 where we have shown the fitting errors of the sequence of
curves after some specific iteration levels. As a proof of the fast convergence rate of the
algorithm we can observe in Table 4 that with approximately 20 iterations we get an
error with the order of the single precision unit roundoff, whereas with approximately
50 iterations we get an error with the order of the double precision unit roundoff.

Finally let us consider uniform B-spline bases of degree 3 over nonperiodic knot
vectors U = {u0,u1, . . . ,um} defined by (7) with a = 0 and b = 1. The dimension of the
corresponding space of functions is m− 3. We will denote the B-spline basis obtained
in this way by (N3

0 , . . . ,N3
m−4). Now, let us consider the strictly increasing sequence
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Table 4. Euclidean norm when fitting the Helix using the B-splines basis of degree 2

Iteration max0≤i≤18 ‖Δ k
i ‖2

0 2.27015E +00
5 3.03129E −02

10 5.45000E −04
15 1.27911E −05
20 3.46097E −07
25 1.01858E −08
30 3.18314E −10
40 3.52724E −13
50 8.88178E −16

(ti)m−4
i=0 given by ti = i/(m− 4). Then, we can apply Algorithm 1 with the basis and

sequence previously considered.
For the case of the B-spline bases of degree 3 we have considered the same curves

that in the case of the B-spline bases of degree 2, that is, the Lemniscate of Gerono
given by (9) and the helix of radius 5 given by (11). Let us start with the Lemniscate of
Gerono. We have taken the same sequence of 11 points {Pi}10

i=0 from the Lemniscate of
Gerono, given by (10) and (9), that were considered for the B-splines basis of degree
2. Starting with these control points we fit the Lemniscate of Gerono by the sequence
of curves generated by Algorithm 1 using the uniform B-spline basis of degree 3 and
the sequence (ti)m−4

i=0 considered previously for the particular case of m = 14 (dimension
11). In Figure 3 (a) we can see the curve which must be imitated and the starting control
points extracted from this curve according to (10). In Figures 3 (b), (c) and (d), we can
see the starting curve, and the curves of the sequence after 5 and 10 iterations obtained
by Algorithm 1, respectively.
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Fig. 3. Lemniscate of Gerono using the B-spline basis of degree 3

We can observe in these figures that Algorithm 1 using the uniform B-splines ba-
sis of degree 3 converges quite quickly to the Lemniscate of Gerono. This fact can
be checked more precisely in Table 5 where we have shown the fitting errors of the
sequence of curves after some specific iteration levels. In this case we need approxi-
mately 50 iterations in order to get an error with the order of the single precision unit
roundoff. Obviously, Algorithm 1 using the B-spline bases of degree 3 is slower than
the same algorithm using the B-spline bases of degree 2. We could expect this behaviour
since the minimal eigenvalues of the corresponding collocation matrices of the B-spline
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Fig. 4. Helix using the B-spline basis of degree 3

bases of degree 2 almost reach the minimal eigenvalue 0.5 of the collocation matrix of
the Bernstein basis of degree 2 at the points 0,1/2,1, while the minimal eigenvalue of
the collocation matrix of the Bernstein basis of degree 3 at the points 0,1/3,2/3,1 is
2.22222E−01 (see Tables 1 and 2). We have checked that the relationship between the
minimal eigenvalues of the corresponding collocation matrices of the B-spline bases
and the Bernstein basis of degree 3 is the same as that mentioned previously between
the minimal eigenvalues of the collocation matrices of the Bernstein basis and the B-
spline bases of degree 2.

Finally, in Figure 4 and Table 6 we can see the results obtained when applying Al-
gorithm 1 using the corresponding B-spline basis of degree 3 to the helix of radius 5

Table 5. Euclidean norm when fitting the Lemniscate using the B-splines basis of degree 3

Iteration max0≤i≤10 ‖Δ k
i ‖2

0 3.41935E −01
10 8.01351E −03
20 9.91843E −04
30 5.38469E −05
40 2.73960E −06
50 1.38409E −07
60 6.98716E −09

Table 6. Euclidean norm when fitting the Helix using the B-splines basis of degree 3

Iteration max0≤i≤18 ‖Δ k
i ‖2

0 3.79991E +00
10 1.52130E −01
20 9.14676E −03
30 7.70025E −04
40 6.29536E −05
50 4.83265E −06
60 3.56365E −07
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with the same 19 points given by (12) and (11). The conclusions are the same as those
derived for the Lemniscate with the B-spline basis of degree 3.

4 PIA Algorithms Using Rational Bernstein Basis of
Degree 2 and 3

In this section let us consider Algorithm 1 taking rational Bernstein bases of degree 2
and 3.

Let us start with a rational Bernstein basis of degree 2. Let us consider without loss
of generality the rational Bernstein basis (r2

0,r
2
1,r

2
2) given by

r2
0 =

b2
0

b2
0 + wb2

1 + b2
2

, r2
1 =

wb2
1

b2
0 + wb2

1 + b2
2

and r2
2 =

b2
2

b2
0 + wb2

1 + b2
2

.

Then, taking the increasing equally spaced sequence (ti)0≤i≤2 given by ti = i/n for
i = 0,1,2 we get the collocation matrix

M

(
r2

0,r
2
1 ,r

2
2

t0,t1,t2

)
=

⎛⎝ 1 0 0
1

2(1+w)
w

(1+w)
1

2(1+w)
0 0 1

⎞⎠ ,

whose eigenvalues are 1 (with multiplicity 2) and w
1+w , which is strictly increasing for

all w > 0. Therefore, in order to get the optimal convergence rate of the PIA we must
take w as high as possible, that is, w = 2128 in single precision and w = 21024 in double
precision. With those choices of the weight the eigenvalue w

1+w is almost 1 and, hence,
the method is very fast. Even with a considerably smaller w the corresponding conver-
gence rate is higher than that of the Bernstein basis of degree 2 (see Table 1). Let us
observe that high weights can produce overflow with the usual algorithm for evaluat-
ing rational Bézier curves. However, this problem is avoided when using the alternative
algorithm proposed in [6], whose elementary steps are all convex combinations, in con-
trast to the usual rational algorithm.

Analogously, for degree 3 we can consider without loss of generality the rational
Bernstein basis (r3

0,r
3
1,r

3
2 ,r

3
3) given by

r3
0 =

b3
0

b3
0 + wb3

1 + wb3
2 + b3

3

, r3
1 =

wb3
1

b3
0 + wb3

1 + wb3
2 + b3

3

,

r3
2 =

wb3
2

b3
0 + wb3

1 + wb3
2 + b3

3

and r3
3 =

b3
3

b3
0 + wb3

1 + wb3
2 + b3

3

.

Then, taking the sequence (ti)0≤i≤3 given by ti = i/n for i = 0,1,2,3 we get the collo-
cation matrix

M

(
r3

0,r
3
1,r

3
2,r

3
3

t0,t1,t2,t3

)
=

⎛⎜⎜⎝
1 0 0 0
8

9(1+2w)
4w

3(1+2w)
2w

3(1+2w)
1

9(1+2w)
1

9(1+2w)
2w

3(1+2w)
4w

3(1+2w)
8

9(1+2w)
0 0 0 1

⎞⎟⎟⎠ ,
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whose eigenvalues are 1 (with multiplicity 2), 2w
1+2w and 2w

3+6w . The two last eigenvalues
are strictly increasing for all w > 0. Therefore, in order to get the optimal convergence
rate of the PIA we must take again w as high as possible, that is, w = 2128 in single preci-
sion and w = 21024 in double precision. With these choices of the weight the eigenvalue

2w
1+2w is almost 1 whereas that 2w

3+6w is almost 1
3 . This last eigenvalue determines the

convergence rate of the method, which is also fast in this case.

Remark 9. Let us observe that if we take w extremely high then the quality of the in-
terpolant curve is affected. Hence we do not recommend taking values of w higher than
10. Nevertheless, with the choice w = 10 in the case n = 2 the minor eigenvalue of the
corresponding collocation matrix is approximately 0.91, whereas in the case n = 3 it is
approximately 0.32.

5 Another Approach of the Progressive Iteration Approximation
Property

In Section 2 we have considered the iterative method corresponding to the progressive
iteration approximation property as a method which gets a sequence of curves or sur-
faces represented with respect to the same basis but with different control points. In this
section let us fix the points and let us modify the basis used for the curve or the surface
representation.

Given a sequence of points {Pi}n
i=0 whose ith point is assigned to a parameter value

ti, for i = 0,1, . . . ,n, and a blending basis (u0, . . . ,un), we can generate the starting curve
of the PIA method as

γ0(t) =
n

∑
i=0

Pi u0
i (t)

where u0
i = ui for all i ∈ {0,1, . . . ,n}. Then, in order to compute the second curve of the

sequence
{
γk
}∞

k=0, we modify the used basis instead of modifying the control points.
So we have

γ1(t) =
n

∑
i=0

P1
i ui(t) =

n

∑
i=0

P1
i u0

i (t),

and then, taking into acount that

P1
i = P0

i +Δ0
i = Pi +(Pi− γ0(ti)) = 2Pi−

n

∑
j=0

Pj u0
j(ti),

we have that

γ1(t) =
n

∑
i=0

Pi 2u0
i (t)−

n

∑
i=0

n

∑
j=0

Pj u0
j(ti)u0

i (t).

Changing the indices i and j in the second sum on the right hand side of the previous
formula we can write

γ1(t) =
n

∑
i=0

Pi 2u0
i (t)−

n

∑
i=0

n

∑
j=0

Pi u0
i (t j)u0

j(t) =
n

∑
i=0

Pi

[
2u0

i (t)−
n

∑
j=0

u0
i (t j)u0

j(t)

]
.
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Denoting u1
i (t) := 2u0

i (t)−∑n
j=0 u0

i (t j)u0
j(t) for all i = 0,1, . . . ,n we have

γ1(t) =
n

∑
i=0

Pi u1
i (t).

Iterating this process we get the following formula

γk(t) =
n

∑
i=0

Pi uk
i (t)

where uk
i (t) = (k + 1)u0

i (t)−∑n
j=0∑

k−1
r=0 ur

i (t j)u0
j(t).

Let us consider the particular case where the basis (un
0, . . . ,u

n
n) is an NTP basis of the

space of polynomials of degree at most n. By Theorem 2 we know that limk→∞ γk(ti) =
Pi for i = 0,1, . . . ,n, that is, γk tends to the Lagrange interpolant of degree n as k tends
to infinity. Taking into account that

Pi = lim
k→∞

γk(ti) =
n

∑
i=0

Pi lim
k→∞

uk
j(ti)

for i = 0,1, . . . ,n, we can conclude that

lim
k→∞

uk
j(t) =

∏i�= j(t − ti)
∏i�= j(t j − ti)

for j = 0,1, . . . ,n, that is the Lagrange interpolation polynomials at {ti}n
i=0. In addition,

if we choose the Bernstein basis of degree n, taking into account that it is the normalized
B-basis of the space of polynomials of degree less than or equal to n, it provides, by
Theorem 4, the fastest convergence to the Lagrange interpolation polynomials.

6 Conclusions and Future Work

This paper has analyzed the convergence rates of PIA for bases of different spaces. It
is shown that B-spline bases presents advantages over Bernstein bases and that rational
spaces can present the greatest advantages. The importance of an adequate choice of
the weights and of an adequate evaluation algorithm has been also shown. The analysis
of the NURBS case will be considered in a future work.

In particular we shall try to find bases for generating optimal NURBS, in the sense
that the convergence rates of the PIA are maximal. Evaluation algorithms adequate for
these bases will be studied.
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A Topological Lattice Refinement Descriptor for
Subdivision Schemes

François Destelle, Cédric Gérot, and Annick Montanvert
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Abstract. The topological step of a subdivision scheme can be described as a
refinement on regular tiling lattices, or more generally as a local transformation
descriptor. The former classifies all the regular lattice transformations which give
rise to other regular lattices. These regular lattice descriptors are limited by the
type of the control mesh faces, the subdivided mesh must be composed by faces
of the same type. The latter category describes some local topological transfor-
mations as the insertion of vertices in each face, followed by the description of
a connectivity; such a descriptor is called meta-scheme. But these meta-schemes
cannot describe a large number of regular refinements. We propose a topologi-
cal descriptor that generalizes meta-schemes. Our descriptor is locally defined by
a triple of integers which describes the number of inserted vertices relatively to
the components of each face: vertices, edges and the face center. It is combined
with a flexible connectivity descriptor which enhances modeling capability. Our
descriptor can build the schemes commonly used and it can describe a variety of
others, including many regular rotative schemes. We ensure the conservation of
the control mesh global topology. The subdivision operators described here can
be concatenated, leading to more complex topological descriptions. In addition,
we propose a general geometric smoothing step.

1 Introduction

Subdivision surfaces are a popular tool for the modelling of smooth surfaces from
coarse meshes. Subdivision schemes are defined by the subdivided mesh topology cou-
pled with the geometry of new vertices. This geometry is usually obtained by a linear
combination of the old vertices via a topological correspondence between two subse-
quent lattices.

We introduce a lattice topological refinement descriptor. It describes the new faces
of the refined mesh. This formalism allows a simple and intuitive encoding of the topo-
logical description of all usual subdivision schemes, as well as the creation of many
new descriptions. The main characteristic of our descriptor is its generality: the faces
of the control mesh may be of any type (triangles, quadrangles, hexangles or others).
Thus we do not limit ourselves to the regular planar subdivision tilings, commonly used
for subdivision surfaces due to the straightforward correspondence between two subse-
quent regular lattices. For a compact and general regular descriptor see [1]. For works
about classical subdivision schemes see [2, 3, 4].

Our refinement descriptor is based on insertion of vertices into the faces of the con-
trol mesh. These inserted vertices are then connected with edges to build the faces of

M. Dæhlen et al. (Eds.): MMCS 2008, LNCS 5862, pp. 153–177, 2010.
c© Springer-Verlag Berlin Heidelberg 2010
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the refined mesh. Our complete description is composed by a vertex insertion descriptor
and a connectivity descriptor. The word meta-scheme was introduced in [5] and [6] to
describe potentially irregular subdivision descriptors. Our meta-scheme is a generaliza-
tion of the existing ones. The description is local to a face of the control mesh and its
immediate neighborhood. Any face can be subdivided by the same descriptor regard-
less of its type (triangle, quadrangle, etc.), and under some restriction, any face can
be subdivided independently of the others. These choices allow the control mesh to be
composed of several types of faces. The flexibility of our framework allows some inter-
esting discussions, like the simple implementation framework proposed in appendix B.

First we summarize existing work on the classification of lattice refinements. In sec-
tion 3 we describe our system, the insertion descriptor followed by the connectivity
framework. We raise questions about local topological constraints of the refined meshes
in subsection 3.3, we ensure that a refined mesh preserves the global topology of the
initial one. In section 4 we show how the usual subdivision schemes and the irregular
schemes presented in [5] and [6] can be described through our system. In subsection 4.3
we show that the concatenation of our descriptors can lead to more complex topologi-
cal refinements. In 5 we expose the limitations of our framework. Finally, we propose a
general geometric smoothing step in section 6.

2 Lattice Refinement Classifications

Several works on systematic classification exist for mesh subdivision. They display
neither the same analysis framework nor the same limitations. We split them into regular
classifications and possibly irregular ones.

On the first hand the word regularity comes from the regular tessellation of the Eu-
clidean plane into triangles, quadrilaterals or hexagons. The valence of regular vertices
are then 6, 4 and 3. In practice, such lattice refinements imply a restrictions: both the
control and the refined meshes are composed of one and the same type of faces. In this
case, the correspondence between two subsequent lattices is straightforward. In [7], the
author considers regular triangular subdivision and introduces the main concept used
here: a topological subdivision is an insertion of new vertices followed by a triangula-
tion step. A simple and complete description encoding is presented in [1], it is based on
a displacement vector between the two lattices: an edge of the control mesh projected
onto the refined lattice is the scheme descriptor. The length of the vector represents
the scheme arity and its orientation allows the introduction of rotative schemes, such
as the topology of

√
5 in [8]. This description is composed by a two-dimensional vec-

tor and two letters which notify the type of the faces and the primality of the scheme;
for example, QP(2,0) describes a Quadrangular Primal subdivision, and TD(0,3) is a
Triangular Dual subdivision, see Figure 1. A large set of relevancy criteria concerning
the usefulness of regular topological refinements for subdivision surfaces is introduced
in [9]. The aim of the previous analysis is to ascertain whether there exist any potentially
useful classes of topological refinement which have not yet been investigated.

On the other hand, the meta-schemes introduced in [5] and [6] present a local sub-
division approach. They do not focus on a mapping between two unbounded regular
lattices, but between a face of the control mesh and the resulting new faces of the re-
fined mesh. These two works are based on the insertion of new elements in place of
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Catmull and Clark
√

5

Fig. 1. Two examples of the regular topological subdivision descriptor [1]: QP(2,0) and QP(2,1)
describe respectively the topology of Catmull and Clark scheme and

√
5 scheme

the vertices, the edges and the center of a face. The first one [5] considers three kinds
of inserted elements, a vertex, an edge or a face is inserted instead of each kind of ele-
ment. For instance, the notation V E F → FE V means that a face is created for each
vertex, an edge is created for each edge and a vertex is created instead the center of the
refined face. In addition, they provide an independent connectivity step to complete the
description. The second one [6] considers only the insertion of vertices, while the pos-
sible connections are fixed and enumerated. It generalizes the former; it can describe all
the refinements defined in [5] and more. In addition, they propose a solution to achieve
a geometric smoothing, an inversion analysis of the subdivision process and they study
the concatenation of several descriptors.

A regular descriptor cannot describe the irregular cases proposed by the meta-
schemes, this description is constrained by the type of the faces; on the other hand,
meta-schemes cannot describe, even by concatenation of several descriptors, some of
the regular schemes when the arity is higher than 2, e.g. the topology of the ternary
Loop scheme TP(3,0). They are furthermore unable to describe most of the regular
rotative schemes. Our system is a generalization of the meta-scheme [6]; we introduce
more than one inserted vertex in place of each face element and we define a flexible
and independent connectivity encoding. Among its description capabilities, we include
a large number of regular schemes, in particular all schemes that verify the usefulness
heuristics for subdivision surfaces [9]. Additionally, we can describe through our for-
malism all known meta-scheme refinements.

3 Framework of Our Meta-scheme

Our insertion descriptor I in a face F is a triple of integers: (nv,ne,n f ), the principle
is the same as in [6]. It provides the number of inserted vertices relatively to the three
kinds of elements in a face, see Figure 2. The connectivity descriptor C defines the
new edges of the refined mesh; it is based on adjacency relations between the inserted
vertices. A new face is then a minimal cycle in the refined mesh. The couple (I ,C )
defines without any ambiguity the topological subdivision of a face F .

To be able to ignore the type of faces in a mesh, we define each operation in the same
way for each edge in a face. As an example, the insertion of a vertex in place of an edge
results in the insertion of a vertex for each edge in the face. Exploiting the rotational
symmetry of a face, the insertion algorithm will describe vertices corresponding to a
single half-edge of the face. We talk about meshes as half-edge structures. That is,
data structures which contain oriented and linked edges into each face. Consequently,



156 F. Destelle, C. Gérot, and A. Montanvert

(a) (b) (c) (d) (e)

Fig. 2. Insertion of the three kinds of vertices: (a) vertices: nv = 2, (b) edges: ne = 2, and (c)
center: n f = 1. Some connectivity examples associated to the insertion triples (d) (2,0,0), and
(e) (1,2,1).

we consider the orientation of faces, this feature allows the introduction of an order
among the inserted elements. In the following, we consider every face as anti-clockwise
oriented.

In subsection 3.3, we introduce a set of constraints to ensure that a refined mesh will
preserve the initial topology of the control mesh. These constraints are based on the
local topology of each graph created by the refinement of a face.

3.1 Insertion Descriptor I

As mentioned above, the three integers nv, ne and n f represent the number of vertices
inserted in place of each kind of element: vertices, edges and the face center.

Insertion of vertices vi

We insert nv vertices for each vertex of the face F , nv ∈ N. If nv = 1, we insert a new
vertex in place of each old vertex in F . If nv > 1, we insert and order nv − 1 vertices
for each vertex in F .

For each vertex in F , we consider an insertion sector, it is used as a two-dimensional
discrete array. Each vertex vi, i ∈ [[1,nv − 1]] is located in this array by its coordinates
(xi,yi). The insertion sector is related to each half-edge in the face, it is quadrilateral for
all types of faces. We first define the half-edge insertion sectors considering the middle
of edges and the face barycenter, see Figure 3. We need an order for the insertion and
we need to fix the bounds (X ,Y ) of the array, xi ∈ [[0,X − 1]] and yi ∈ [[0,Y − 1]]. We
fill this array with successive vertices vi column by column. The last column is not
necessarily entirely filled, see Figure 3 right. The connectivity step is based on these
half-edge insertion sectors and on the filling order of the inserted vertices, as explained
in the next section. This spatial representation is not geometric, only the induced spatial
adjacency relations are consistent. Our choices concerning the bounds (X ,Y ) of the
array of vertices are justified by the regular quadrangular subdivision behavior and the
local graph planarity constraint, see Figure 4.d. we provide a bound analysis in appendix
A and we discuss the local graph planarity constraint in section 3.3. We consider the
inferior integer value for the integer division operator in the following formula.{

Y = � √nv −1 �
X = � nv−1

Y � and

{
xi = i / Y
yi = i mod Y .

(1)
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⎧⎨⎩
nv = 1
X = 0
Y = 0

⎧⎨⎩
nv = 4
X = 3
Y = 1

⎧⎨⎩
nv = 4
X = 3
Y = 1

⎧⎨⎩
nv = 6
X = 3
Y = 2

Fig. 3. Vertices vi are ordered in an insertion zone related to each half-edge of the face, thus the
process is the same for all types of faces. We denote these zone as half-edge insertion sectors.
The connectivity step is based on these sectors and the order of the inserted vertices.

(a) (b) (c) (d)

Fig. 4. (a) Descriptor I : (4,0,0) with C : v → and X = Y = 2 for the vertices vi. (b) These
bounds induce a non-planar graph, some edges cross themselves. (c) Our bounds X = 3, Y = 1
prevent this situation for any descriptor C : v ↑→. (d) Example with nv = 7, this configuration of
vertices vi can describe the regular scheme QP(6,0).

Insertion of vertices ei

We need to order the inserted vertices ei, with i ∈ [[0,ne − 1]] and ne ∈ N, along each
edge. So they are uniformly spread over each edge, along the half-edge direction, see
Figure 2.b.

The separation made between the description of vertices ei and vi provides much
more capability to our formalism. As an example, all the regular triangular refinements
require one more inserted edge vertex ei than the number of inserted vertices vi relative
to each half-edge; for the quaternary Loop refinement TP(4,0), we need three edge ver-
tices ei per half-edge and two vertices vi. Moreover, all the regular rotative refinements
require that we do not insert any vertex ei, but the number of inserted vertices vi can be
greater than zero. The previous refinements described in our formalism are depicted in
section 4.

Insertion of vertex f
We fix n f ∈ {0,1}. If any, the vertex f is located at the barycenter of the old vertices
in the face, see Figure 2.c. This choice avoids any ambiguity regarding the kinds of the
inserted vertices in a face; notice that center of a face is the only rotationally invariant
point. For the meta-scheme in [6] the related descriptors are (nv,ne,n f ) ∈ {0,1}3.
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(a) (b) (c) (d)

(e) ( f ) (g) (h)

Fig. 5. We consider (a) and (e) the intra-element connectivities, here v → in I : (2,0,0), (b) and
(f) the first vertex v0 has two possible connections: v0 → and v0 ↗, (c) and (g) the inter-element
connectivities, here v f ↑ in I : (1,0,1). The extern connectivities (d) create links between adja-
cent faces, here v ↓ in I : (2,0,0). We can model the

√
3 scheme (h) with the connectivities v f ↑

and f ↓ in I : (1,0,1)).

3.2 Connectivity Descriptor C

Our connectivity descriptor will induce the new edges of the refined mesh, linking the
inserted vertices. It is defined by a set of symbols coupled with a set of directions
represented by arrows. We need to link the different inserted vertices: vertices vi are
located into the face, vertices ei are ordered along each edge and the vertex f (if any)
is located at the face barycenter. Finally, the preserved old vertex v0 will possess its
particular connectivity. In addition, a set of local graph topology constraints are exposed
in the next section; they ensure that a refined mesh will preserve the initial topology of
the control mesh for any (I ,C ).

Links between elements of the same kind are called intra-element connections, see
Figure 5.a and Figure 5.b. The links between elements of different kinds, for instance
between vertices vi and f , are inter-element connections, see Figure 5.c. The previous
links are said intern because the resulting new edges are located inside the old face.

The connections between elements in distinct faces are said extern. As an example,
we will need an extern connection between the vertices f of adjacent faces to describe
the topology of the

√
3 scheme [4], see Figure 5.h.

Vertices of the same kind are ordered, thus we can link them to each other in an
intuitive manner. We need to set rules for the inter-element connectivity. Each inserted
vertex of a same kind is processed the same way; as an example C : v → will mean that
all vertices vi are linked to their right neighbor. The inter-element connection C : ev ↑
will describe the connection of each vertex ei to its upper neighbor vi. In the following
part, we will describe the different connections that are used throughout our framework,
table 1 summarizes all the connection capabilities of our descriptor.
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Table 1. The different directions of our connectivity descriptor. A link is Intern intra-element,
Intern inter-element or Extern. There is no ambiguity among the notations but, to improve clarity,
we employ a bold letter for the extern connectivity.

Intern intra-connections Possibilities

v0 ↗→
v ↖↑↗→
e ↑→

Intern inter-connections Possibilities

ev ←↖↑↗→
v f ↑→
e f ↑

Extern connections Possibilities

v ↙↓↘
f ↓

Intern intra-element connections
Connections of this class describe links between elements of the same kind, see Fig-
ure 5.a. They are noted by a single letter C : v, e, or v0 and a set of directions. The
neighborhood of each vertex vi is relative to the discrete domain introduced in the half-
edge sectors. We consider the two immediate neighborhoods: ↑, →, plus the diagonal
directions ↖ and ↗, see Figure 6. The neighbor of a vertex vi along a direction is the
first one reached by a discrete displacement from vi along this direction. This neigh-
borhood is extended to the next and previous half-edge sectors, see Figure 6.b. We note
|F | the number of edges in F . A half-edge sector s ∈ [[1, |F |]] is adjacent to the two
sectors snext and sprev, where snext = (s + 1) mod |F | and sprev = (s − 1) mod |F |.
Thus we have to consider two adjacent arrays of vertices vi in our spatial neighborhood:
[X ×Y ] and [Y ×X ], as the next sector array snext is rotated by π

2 radians with respect
to s. The first row of adjacent vertices vi is composed of X +Y vertices: the first row of
the half-edge sector s plus the first column of the next sector snext .

As it has been said, the first vertex vs
0 shows a difference, there are two different

cases. vs
0 can be linked to the next sector first vertex vsnext

0 via the connection v0 →. It
can also be linked to vs

1 with the connection v0 ↗, see Figure 5.b.
Two vertices ei are neighbors if they are adjacent on the half-edge along the direction

→ (e ← is redundant). When denoting e ↑, the last vertex ei of a sector s is adjacent to
the first vertex ei of the next sector snext . As an example, this connection can describe
the topology of the Loop scheme, see Figure 7.a.

There is no intra-connection concerning the vertex f .
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I : (6, 0, 0) C : v → C : v ↑ C : v ↑→
(a) (b) (c) (d)

I : (10, 0, 0) C : v ↗ C : v ↖ C : v ↖↑→
(e) ( f ) (g) (h)

Fig. 6. Intern intra-element connectivity examples for vertices vi. We define two connections at
the same time in (d) and three in (h).

Intern inter-element connections
This connectivity builds the links between elements of different kinds, see Figure 5.c.
We adopt the two-letter notations ev, v f and e f coupled with a set of directions. Some
examples are depicted in Figure 7.

The first edge vertex es
0 can be linked to vs

0 with the connection ev ←. Symmetrically
the last vertex es

ne−1 can be linked to the first vertex vsnext
0 of the next sector with the

connection ev →.
The vertices ei can be linked to the vertices vi of the first row with the connections

ev ↑, ev ↖ and ev ↗. This first row contains the first row of the half-edge sector and
the first column of the next sector: vs

j(x j,0) and vsnext
k (0,yk), thus X +Y vertices. On

Figure 3, the example on the right shows five vertices on the first row for each half-edge
sector. We consider two distinct cases; in an intuitive way, if i < X , a vertex es

i is linked
to the vertex vs(i,0). If i ≥ X , ei is linked to the vertex vsnext (0,X +Y − (i + 1)) using
the connection ev ↑, see Figure 7.d.

The connection e f ↑ links all the vertices ei to the vertex f , see for example the
topology of the ternary Loop scheme, Figure 7.c.

The two connections v f ↑ and v f → are not as intuitive as the former ones. The con-
nection v f ↑ links the vertex f to v0 or to the last vertex vnv−1 if nv > 1, see Figure 7.e.
The connection v f → links the vertex f to the vertex v(X − 2,Y − 1): it is located on
the last row and the last but one column, see Figure 7.f. This direction is needed to
triangulate the center domain of the refined face. It is used in particular to describe the
regular triangular schemes shown later in subsection 4.2. These two connections allow
us to join the distinct half-edge sectors.
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{
I : (0, 1, 0)
C : e ↑

{
I : (0, 1, 1)
C : e f ↑

{
I : (0, 2, 1)
C : e ↑,e f ↑

{
I : (2, 2, 0)
C : v →,ev ↑

{
I : (3, 0, 1)
C : v f ↑

{
I : (3, 0, 1)
C : v f →

(a) (b) (c) (d) (e) ( f )

Fig. 7. The intra-element link e ↑ (a) and some intern inter-element connectivity examples applied
on a quadrangle and a triangle: (b) and (c) e f ↑, (d) ev ↑, (e) v f ↑ and (f) v f →. Vertices v0 are
not shown in (d), (e) and (f).

Extern connections
A connection is called extern if there is a link between two vertices in adjacent faces.
Edge vertices ei and the vertex v0 are not concerned by the extern connectivity, since
two adjacent faces share the same couple of half-edges. We denote an extern connection
with one bold letter coupled with a direction. There is no ambiguity concerning intern
and extern directions, we choose this notation to enhance clarity.

The face vertex f can be linked with adjacent vertex face centers, see Figure 8.a,
this connection is noted by f ↓. The vertices vi in a half-edge sector can be linked to
the vertices of the opposite half-edge sector with the the connection v ↓, see Figure 8.c.
This opposite domain is rotated by π radians with respect to the sector, but the adjacency
process remains the same as before.

Finally, we define the two diagonal directions v ↙ and v ↘. If a vertex vi is not
located on its domain borders (x �= 0 and y �= 0) these connections are ignored. This
choice is motivated by the description of the regular quadrangular rotative tilings, shown
in Figure 8.b and in section 4.2. A connection v ↙ or v ↘ is needed but it may imply a
triangulation of the vertices inside the half-edge sector.

3.3 Topology Constraints on the Refined Mesh

During the refinement process of a face, we aim to preserve the local topology of the
mesh. A single face describes a two manifold, the graph is planar and there is only
one connected component. A non-planar graph cannot be drawn in the plane without
edge intersections. In this section we present rules to assure that a set of faces, created
by the refinement of a face and its immediate neighborhood, remains a two-manifold
description. These rules are necessary for a general topology preservation result. We
split the analysis between the planarity of the new graph and its number of connected
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{
I : (0,0,1)
C : f ↓

{
I : (2,0,0)
C : v0 ↗,v →,v ↙

{
I : (2,0,0)
C : v0 ↗,v →,v ↙↓

(a) (b) (c)

Fig. 8. The extern connections allow us to describe the dual mesh transformation and many reg-
ular rotative tiling refinements. (a) Dual mesh, (b)

√
5 scheme topology, and (c)

√
7 scheme

topology, that is the regular triangular rotative scheme TP(2,1) applied on a quadrangular control
mesh.

(a) (b) (c) (d) (e)

Fig. 9. Four examples of minimal connectivities, they are required to fulfill the topology con-
straints on the resulting graph. (a) I : (1,0,0), C : v0 →, (b) I : (1,0,1), C : v f ↑ (4-8 scheme
topology). (b) and (c) are described by the same insertion descriptor I : (1,1,1) with three pos-
sible connectivities C : ev ←→,e f ↑, C : v f ↑,e f ↑ and C : ev ←→,v f ↑.

components. Notice however that our framework can be equally applied to meshes that
do not possess a two-manifold structure.

Local planarity
In order to ensure a locally refined planar graph, the following conditions must be ful-
filled. We set four restrictions on intern intra-element connectivity:

– If two faces F1 and F2 share an edge (i.e. two opposite half-edges) they must
specify the same descriptor concerning this edge. Thus ne is the same for the two
descriptors I1 and I2 and they must specify the same intra-element connections e.

– The connection v → links the first vertex vs
0 to the first one of the next sector vsnext

0
only if there is no vertex ei and if there is no extern connection.

– Intern connections v ↖ and v ↗ cannot be specified simultaneously, see Figure 6.h.
– Intern connections v0 ↗ and e ↑ cannot be specified simultaneously, see Figure 10.a.
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(a) (b) (c)

Fig. 10. A set of connectivities does not always give rise to a local planar graph

We set one restriction on intern inter-element connectivity:

– Connection v f → is allowed if vertices vi respect the inequality: X > Y . That is if
the length of the array columns is smaller than the length of its rows. For example,
if nv = 10 (thus v0 and X = Y = 3 in each half-edge sector) see Figure 6.h, we
cannot use this connection.

Finally we set three restrictions on extern connectivity:

– No extern connection is allowed if C contains one of the connections v0 →, e →,
ev → or ev ←, see Figure 10.b.

– Extern connections v ↙ and v ↘ cannot be specified simultaneously.
– Connection v → and extern connections v ↙ and v ↘ cannot be specified in addi-

tion to the extern connection f ↓, see Figure 10.c.

Connectedness
To ensure the unicity of the connected component, we cannot leave any isolated vertex.
Thus any kind of inserted element v, e or f must be associated with the same kind of
connectivity. Some connections must be forced to ensure the creation of the new faces of
the refined mesh. In Figure 9 are depicted several examples of minimal connectivities,
they are mandatory to fulfill the local topological constraints.

Moreover, a sub-graph of the resulting mesh must not be isolated from the whole
graph, like it is depicted in Figure 6.d, the new sub-graph inside the face is disconnected.
For this particular case, a connection v0 ↗ must be added. More generally, if nv > 1 a
connection v0 ↗ or one of the three connections ev ↖↑↗ must be added to fulfill the
constraint.

3.4 Note on Dual Schemes

A refinement is dual if it is applied on the dual of the control mesh, noted M ∗. We
describe the result of a topological dual subdivision as the dual mesh M ′∗ of the result
of a primal subdivision M ′. The results M ′∗ and M ∗′ are similar except at the surface
border if any. Thus, the dual subdivisions result from the composition of primal sub-
divisions with our description of the dual mesh. Our dual mesh insertion descriptor is
I : (0,0,1), a face of the control mesh is considered as a vertex in the refined mesh.
As an example, the Doo and Sabin scheme [10] is the dual Catmull and Clark scheme,
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and the hexagonal scheme proposed by Dyn and al. [11] is the dual Loop scheme,
topologically speaking. The composition of several descriptors is further developed in
subsection 4.3.

4 Topological Refinements That Can Be Described

In addition to the defined descriptions, we can define a large set of topological refine-
ments that cannot be described by the existing classifications. Notice that an application
of a regular case descriptor of a kind on a different kind of face provides an irregular re-
finement. Thus our regular triangular description applied to quadrangles and pentagons
is irregular, see Figure 11. Among all the possibilities, we can define a large number
of irregular topological refinements close to the regular ones, topologically speaking.
Some examples of such irregular refinements are illustrated in Figure 14. This example
can be considered as a sequence of descriptors from a regular description into another.
A slight variation in the insertion or in the connectivity descriptor results in a topologi-
cally close refinement.

Base (a) (b) (c)

Fig. 11. Regular subdivision without rotation, ne = 5, for (a) triangular, (b) quadrangular behav-
ior. (c) An adaptative topological refinement example with regular triangular and quadrangular
behaviors. The insertion triples are I : (4,5,1) and I : (7,5,1) for respectively the triangular
and the quadrangular case.

4.1 Usual Subdivision Schemes

Here are shown some possibilities of our descriptor. First, in Table 2 we describe with
our formalism the regular schemes [1] which are not rejected by the Dodgson heuristics
[9]. We add the regular subdivisions TP(4,0) and QP(4,0) because the connectivity
descriptors are the same for higher arities (n ≥ 4), our connectivity descriptor does
not necessarily increase its complexity as the arity of the regular schemes increases.
These topological refinements are exposed in Figures 12 and 13. Second, we propose
a method to describe through our descriptors a large number of regular refinements
without rotation. Finally, we show in Table 3 the irregular refinements introduced by
the meta-schemes [5] and [6] described through our formalism.
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Table 2. Regular classifications [1]

Regular descriptor [1] Usual name Insertion I Connection C

QP(1, 1) 4-8 (1, 0, 1) v f ↑

QP(2, 0) Catmull-Clark (1, 1, 1) ve ←→, e f ↑

QP(2, 1)
√

5 (2, 0, 0) v0 ↗, v ↑,v ↙

QP(2, 2)
√

8 (2, 1, 1) v0 ↗, ev ↑↗, v f ↑

QP(3, 0) ternary (2, 2, 0) CQ

QP(4, 0) quaternary (3, 3, 1) CQ

TP(1, 1)
√

3 (1, 0, 1) v f ↑, f ↓

TP(2, 0) Loop (1, 1, 0) ev ←→, e ↑

TP(2, 1)
√

7 (2, 0, 0) v0 ↗, v ↑, v ↙↓

TP(2, 2)
√

12 (2, 1, 1) v0 ↗, ev ↑↗, v f ↑, e f ↑, v ↓

TP(3, 0) Loop ternary (1, 2, 1) CT

TP(4, 0) Loop quaternary (2, 3, 0) CT

Not described − (2, 3, 1) any C

Base QP(1, 1) QP(2, 0) QP(2, 1)

QP(2, 2) QP(3, 0) QP(4, 0)

Fig. 12. Topological refinements similar to the primal quadrilateral schemes classified in [9], for
a control mesh composed by a pentagon, three quadrangles and three triangles. These topological
refinements are regular only if applied on quadrangles.
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Base TP(1, 1) TP(2, 0) TP(2, 1)

TP(2, 2) TP(3, 0) TP(4, 0)

Fig. 13. The regular triangular refinement behavior. These topological refinements are regular
only if applied on triangles.

Table 3. Meta-schemes [5] and [6]

Descriptor [5] Descriptor [6] Insertion I Connection C

9 V VV (1, 0, 0) v0 →

8 E EE (0, 1, 0) e ↑

7 VE VE (1, 1, 0) ev ←→

7 VE VE, EE (1, 1, 0) ev ←↑→, e ↑

5 VF VF (1, 0, 1) v f ↑

3 VF VF, VV (1, 0, 1) v0 →, v f ↑

2 EF EF (0, 1, 1) e f ↑

2 EF EF, EE (0, 1, 1) e ↑, e f ↑

1 VEF VE, EF (1, 1, 1) ev ←→, e f ↑

1 VEF VF, EF (1, 1, 1) v f ↑, e f ↑

1 VEF VE, VF (1, 1, 1) ev ←→, v f ↑

1 VEF VE,EF, VF (1, 1, 1) ev ←→, v f ↑, e f ↑

Not described Not described (1, 2, 1) any C
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{
I : (1,1,1)
C : ev ←→,e f ↑

{
I : (1,2,1)
C : ev ←→,e f ↑

{
I : (1,3,1)
C : ev ←→,e f ↑

{
I : (2,1,0)
C : v →,ev ←↑↗→

{
I : (2,2,0)
C : CQ

{
I : (2,3,0)
C : v →,ev ←↖↑→

{
I : (3,1,1)
C : v →,ev ←↖↑↗→,v f ↑

{
I : (3,2,1)
C : v →,e →,ev ←↑↗→,v f ↑

{
I : (3,3,1)
C : CQ

Fig. 14. Our descriptor can build a variety of non regular refinements. Here are shown several
simple topological transitions between three regular refinements; we can imagine several inter-
mediate descriptions between them.

4.2 Description of Regular Refinements without Rotation

In this section we describe how a regular subdivision without rotation can be described
by our meta-scheme. Let the functions RQ and RT determine the insertion triple
I : (nv,ne,n f ) from a face type and a chosen arity n, for a regular descriptor Q/TP(n,0).
Beside, the connectivity descriptors CQ and CT define the connectivities of regular
quadrangular and triangular behaviors without rotation.

RQ(n) :

⎧⎨⎩
ne = n−1
nv = 1 + �n2

e/4�
n f = n2

e −4(nv−1)
RT (n) :

⎧⎪⎨⎪⎩
ne = n−1

nv = 1 + �(ne(ne−1)
2

)
/3�

n f = � ne(ne−1)
2 �−3(nv−1) .

(2)

{
CQ = v →, e →, ev ←↑→, v f ↑
CT = v ↖→, e ↑→, ev ←↖↑→, v f ↑→ .

(3)
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Some examples are depicted on Figure 11. On (c) we have adapted the connectiv-
ity descriptors locally accordingly to the type of faces, it is an adaptative topological
refinement that can be associated to the topology of the subdivision scheme Quad-
Triangle [12].

Not all regular refinements can be described by a descriptor couple (I , C ). Be-
side this fact, many regular refinements can be described by the concatenation of two
descriptors, this point is discussed in the next section. Refinements that cannot be de-
scribed by our system are exposed in section 5.

4.3 Concatenation of Descriptors

New topological subdivision schemes can be built by concatenation of several simple
descriptors. A concatenation is a successive application of several refinement descrip-
tors (I ,C ) on a face. In [6], the number of simple subdivision steps that are concate-
nated is called the order of the topological refinement description. The concatenation of
all possible couples of descriptors lead to a very large number of topological transforma-
tions, the space spanned by the refined meshes created by our concatenated descriptors
will be part of our future work; it requires a set theoretic study.

As mentioned in subsection 3.4, we can describe the dual topological refinements
with the concatenation of a primal description and the dual descriptor I : (0,0,1).

We here present the special case of the description of the regular encoding [1]
through the concatenation of two couples (I ,C ). As an example, the concatenation
of two Loop scheme topological descriptors TP(2,0) produces the regular descrip-
tor TP(4,0). With our formalism, the preceding example is: (I : (1,1,0),CT )⊕ (I :
(1,1,0),CT ) = (I : (2,3,0),CT ). For simplicity, we use in the following the regular
notations [1] rather than ours for the description of regular topological refinements.

For a regular scheme descriptor Q/TP(n,m) from [1], with n,m ∈ N∗, we denote the
arity and the rotation angle of the scheme respectively a and φ :⎧⎨⎩aQ =

√
n2 + m2 aT =

√
(n + m/2)2 +(

√
3m/2)2

φQ = arctan(m/n) φT = arctan(
√

3m/2
n+ m

2
) .

(4)

The result of the concatenation process is expressed through the arity and the rotation
angle of each descriptor Di. We advance the following formula

D1(a1,φ1) ⊕ D2(a2,φ2) = D3(a1a2,φ1 +φ2) . (5)

From there we go back to the notation Q/TP(n,m). Let be QP(n,m) = QP (o, p) ⊕
QP(q,r). The expression of the triangular case TP(n,m) follows the same reasoning

(we do not detail it here). Since tan(x + y) = tan(x)+tan(y)
1−tan(x)tan(y) we have⎧⎨⎩

n2 + r2 = (o2 + p2)(q2 + r2)
m/n = | pq+or

oq−pr | if oq �= pr
n = 0 otherwise.

{
⇒
{ n = |oq− pr|

m = pq + or .
(6)
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Table 4. Examples of concatenations of regular primal descriptors. The right column is the result
of the concatenation of the first and the second columns.

First Second ⊕

QP(o, p) QP(q, r) QP(oq-pr, pq+or)

QP(o, p) QP(p, o) QP(0, p2 + o2)

QP(o, p) QP(x, 0) QP(x.o, x.p)

QP(o, 0) QP(1, 1) QP(o, o)

QP(o, 0) QP(2, 1) QP(2o, o)

First Second ⊕

QP(2, 1) QP(1, 1) QP(1, 3)

QP(3, 1) QP(1, 1) QP(3, 4)

QP(2, 1) QP(2, 1) QP(3, 4)

QP(2, 2) QP(2, 2) QP(0, 8)

QP(3, 3) QP(3, 3) QP(0, 18)

The two symmetric definitions Q/TP(n,m) and Q/TP(m,n) are described by almost
the same descriptors (I ,C ), the difference is in the connection description which in-
duces the tiling rotation: we use the links v ↘ and v ↙ to model respectively the clock-
wise and the anti-clockwise rotations.

In our formalism, this regular case is written as follows. From equation 2, nv and n f

can be determined from ne.

(I : (nv1,ne1,n f 1), CQ)⊕ (I : (nv2,ne2,n f 2), CQ) =
(I : (nv,(ne1 + 1)(ne2 + 1)−1,n f ), CQ) .

(7)

Table 5. Description of the concatenated refinements introduced in [5] and [6]

Descriptor [5] Descriptor [6] Insertion I Connection C

12 VEF1/F VE, EF (1, 1, 1) ⊕ (0, 0, 1) ev ←→, e f ↑

11 EF2/F EF, EE (2, 0, 0) v0 ↗, v →

10 VF2/F VF, VV (1, 0, 1) ⊕ (0, 0, 1) v0 →, v →, v f ↑

5 E/EF2 EF, EE (2, 0, 1) v →, v f ↑, v ↓

6 VE2/F VE, EE (1, 1, 0) ⊕ (0, 0, 1) e ↑, ev ←→

3 F/VF2 VF, VV (1, 0, 1) v f ↑, f ↓

X X X (2, 0, 1) v f ↑, f ↓
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Table 4 is a brief summary of some regular quadrangular compositions denoted as
in [1]. Our descriptors cannot describe the scheme QP(4,2), which corresponds to I :
(5,1,1), but this scheme can be expressed as an accessible composition: QP(4,2) =
QP(2,0) ⊕ QP (2,1). The previous concatenation can be written with our notations

(I : (1,1,1), C : ev ←→,e f ↑)⊕ (I : (2,0,0), C : v0 ↗→,v →,v ↙)

Additionally, we show in Table 5 that our concatenated descriptors can describe all
the concatenated refinements introduced in [6].

5 Limitations of Our Framework

Vertices vi repartition
As exposed in subsection 3.1, our insertion framework for the vertices vi is motivated
by the regular quadrangular refinement behavior. We need to establish a correspondence
between ne vertices ei and X +Y vertices vi. The regular triangulation must provide
a correspondence between ne vertices ei and X +Y − 1 vertices vi. Thus we cannot
model the regular schemes TP(n,0) where n > 8 without a concatenation of several
descriptors. We can here imagine an automatic regular repartition of vi relative to the
type of the faces: triangles or other.

Regular refinements which cannot be described
From equation 6, we cannot describe the regular schemes Q/TP(n,m), n,m > 2, that
cannot be described as a concatenation of elementary operators; for the quadrangular
case, we cannot describe QP(n,m) if there are no valid couples (o, p),(q,r) as n =
oq− pr and m = pq + or. The schemes T/QP(3,2) and T/QP(2,3) are such examples.
Furthermore, we cannot describe the regular mixt refinements MP(n,m), because we
are constrained to process the connection step in the same way for all inserted elements
of the same kind: v0, vi, ei and f .

6 A Geometric Smoothing Step

As a final step, we propose to define a geometry on the refined mesh. It is an automatic
framework designed to locate the inserted elements and to smooth the overall geometry.
We cannot easily define a subdivision mask for each topological refinement and each
kind of face, so we propose a method independent of the vertices valence and the type of
faces. Our method is based on two geometric steps, we first locate our inserted vertices
in each face of the control mesh, then we apply a low-pass filter on the geometry.

6.1 Mean Value Coordinates for Inserted Vertices vi

First we need to express the geometry of the inserted vertices vi as a convex combination
of several old vertices in M . This common geometric problem has been studied in [13],
where a vertex location in a planar polygon is expressed by a convex combination of
the vertices of this polygon.
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(a) (b) (c)

Fig. 15. A reference face is generated on the unit circle (a). We consider the central area for the
vertex organization, R = cos(π/|F |). Then we order the vertices vi with polar coordinates in a
uniform manner, (b) two vertices: nv = 3, (c) five vertices: nv = 6.

These coordinates are known as Wachspress coordinates. Later, the mean value co-
ordinates [14] were introduced. As the former ones, the resulting coordinates depend
continuously and (infinitely) smoothly on the vertices of the polygon, but they are nec-
essarily strictly positive.

For each refined face, we create a reference face, which is regular: each vertex
vi(xi,yi) of a sector s is set in a uniform manner on the unit circle, see Figure 15. Then,
for each edge s of the reference face, we uniformly order the inserted vertices vi using
polar coordinates (r,θ ), see Figure 15.{

ri = cos(π/|F |)
Y+2 (2 + yi)

θi = 2π
|F | (s+ 1+xi

X+1 )

{
αi = risinθi

βi = ricosθi .
(8)

As said earlier, the last row in the half-edge sector of the vertices vi can be filled by
X −1 vertices, then we replace X by X −1 in the preceding expression, see Figure 15.c;
this particular case arises if XY > nv −1. The set of convex coefficients for each vertex
vi is then computed by the mean value method applied to the reference cartesian coor-
dinate couple (αi,βi). We can now determine a set of geometric coefficients relative to
a reference face of any type and apply it to any inserted vertices in the control mesh.
This method has been studied for the coefficients of the subdivision scheme

√
5 in [8].

Before the geometric step, an inserted vertex f is located on the barycenter of the old
vertices. The edge vertices ei are ordered on the old half-edges in a uniform manner. A
vertex ei, i ∈ [[0,ne −1]], of an edge linking the two vertices Va and Vb is defined by

ei =
(1 + i)Va +(ne− i)Vb

ne + 1
. (9)

6.2 Low-Pass Filtering of the Geometry

The mean value coefficients for the vertices vi and the uniform vertices ei and f distri-
butions lead to planar refined faces. In order to use our subdivision schemes to model
smooth surfaces, as in common subdivision schemes, we need to apply a local low-pass
filter on the new vertices. We do not have any subdivision mask, so we use a geometric
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Quads + Triangles

{
I : (2,0,0)
C : v0 ↗→,v →

{
I : (3,1,0)
C : v0 ↗,v →,ev ←↑→

{
I : (2,1,0)
C : v →,ev ←↑↗→

{
I : (2,1,1)
C : v →,ev ←↑↗→,v f ↑

{
I : (2,2,0)
C : v →,ev ←↑→,e ↑→

Fig. 16. Some surfaces build by our descriptors that can neither be described by the regular clas-
sification nor by the existent meta-schemes

heuristic. This step is highly tunable, at this point one can adjust the coefficients ac-
cording to some fairness criteria. We choose to simply apply a mean filter on the vertex
geometry. We consider their immediate neighbors on the refined mesh, instead of the
old vertices of M .

The new vertices v0 replace the old vertices of F . The new positions ṽ0 are given by
half the sum of their old positions and the weighted sum of their immediate neighboring
vertices, noted N

ṽ0 =
1
2

(
v0 +

1
|N|

k=|N|
∑
k=1

Nk

)
. (10)

For the new vertices ei we consider their current position and the neighboring vertices
which do not belong to the old edge, because they are set between two edge vertices
ei already. Each new position of vertex ei is half the sum of their positions and the
weighted sum of their geometric neighborhood which does not belong to the old edge,
noted Nv

ẽi =
1
2

(
ei +

1
|Nv|

k=|Nv|
∑
k=1

Nv
k

)
, (11)

where Nv is the immediate neighborhood of a vertex ei which contains neither another
edge vertex ei nor the vertices vs

0 and vsnext
0 .



A Topological Lattice Refinement Descriptor for Subdivision Schemes 173

(a) (b) (c)

(d) (e) ( f )

Fig. 17. (a) Our descriptor I : (3,1,0), C : v0 ↗,v →,ev ←↑→ applied on a square. (b) A
diamond-shape control mesh composed of an octagon, several quadrangles and several triangles.
(c) One step of subdivision, (d) two steps, (e) three steps. (f) The enlighten limit shape.

The results show that the refined meshes are then quite smooth, see Figure 17. Of
course, these subdivision schemes do not generate C2 surfaces, but this geometric step
can be applied to any of our topological refinement descriptions.

7 Conclusion

We have presented a construction framework that allows the description of a wide va-
riety of topological refinements for subdivision surfaces. It extends meta-schemes with
a description couple (I ,C ). It can describe a large number of regular topological lat-
tice refinements, in particular all of the useful topological subdivision schemes depicted
in [9]. We have explored some of the adaptative topological refinements. We extend the
description capabilities with the concatenation of two descriptors. We propose a sim-
ple but highly tunable general smoothing step for the refined meshes. Future works
will focus on the study of the space spanned by the subdivision descriptors. We aim to
achieve better geometric behaviors for our refined surfaces, and then be able to perform
a fairness measure relative to each topological refinement.
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Appendix

A Horizontal X and Vertical Y Bounds on the Spatial Domain for
the Vertices vi

We propose a definition of the bounds (X ,Y ) of the half-edge insertion sectors for which
any insertion descriptor I coupled with any valid connection descriptor C gives rise to
locally planar graph, see section 3.3. The array of inserted vertices vi(xi,yi), i ∈ [[1,nv−
1]] is defined by the two bounds X and Y and by a filling order. Thus xi ∈ [[0,X − 1]]
and yi ∈ [[0,Y −1]]. We choose to insert the vertices vi in the array column by column.
The first one v1 is set at (0,0); if X > 1 the second one if v2 is set at (0,1), (1,0)
otherwise, and so on. Some array bounds are not useful in practice, they give rise to local
non-planar graphs when the connectivity descriptor is applied, see Figure 4.b: some
edges cross themselves. Additionally, we aim to easily describe the regular refinement
schemes through our formalism.

First, to avoid the crossing of edges, the last line of the array must not contains less
vertices than there are in a filled column, see Figure 4.a. Second, the arrangement of ver-
tices vi should make possible the integration of most regular refinements. As exposed
earlier, we have to link ne vertices ei with X +Y vertices vi. For the regular quadrangular
case this implies ne = X +Y . For the regular triangular case this implies ne = X +Y +1;
we need to choose between these two constraints on X and Y . We choose to fulfill the
quadrangular constraint, the regular triangular case is easily integrated with these two
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bounds for regular refinements up to arity 8 (without tiling rotation). Finally, we search
for the minimal values of (X ,Y ) that verify these conditions.

Regular schemes QP(n,0) with n odd
We have ne =

√
4(nv −1) = 2

√
nv −1 (from equation 2 in section 4.2), which is an

integer. We note that
√

nv −1 = ne
2 is an integer because if n is odd, ne is even. Consider

the system {
X + Y = 2

√
nv −1

X . Y ≥ nv −1 ,
(12)

the minimal values of X and Y solutions of this system are{
X =

√
nv −1

Y =
√

nv −1 .
(13)

Regular Schemes QP(n,0) with n Even: We have ne =
√

4(nv −1)+ 1. We can see
that ⎧⎪⎪⎨⎪⎪⎩

√
4(nv −1)+ 1∈ N

⇒ �√4(nv −1)� =
√

4(nv −1)+ 1−1
⇒ �√4(nv −1)� = ne −1
⇒ ne = 2�√nv −1�+ 1 .

(14)

So we have {
X + Y = 2�√nv −1�+ 1
X . Y ≥ nv −1 .

(15)

The solution couple of minimal values for the regular bound setting for all QP(n,0)
is {

X = � nv−1
Y �

Y = � √nv −1 � .
(16)

Moreover, this expression implies that the last row of the domain array contains at
least the number of vertices vi there is in a filled column. The last row of a domain
contains � nv−1

Y � vertices, we have ∀nv ∈ N∗: Y ≤ �√nv −1�, thus Y ≤ � nv−1
Y � and our

planar graph constraint is also fulfilled. It can be proved that the regular triangular
constraint ne = X +Y + 1 is fulfilled for refinements of arity up to 8.

B A Simple Implementation Model

We present here a simple implementation model for our topological refinement descrip-
tor. This algorithm builds the new faces F ′

i ∈ M ′ induced by a refinement of F ∈ M
described by a description couple (I , C ). By construction, the mesh is designed to be
a half-edge structure. We assume that adjacency procedures are known, they are defined
in subsection 3.2. Moreover, we assume that all the constraints on (I , C ) are stored in
a list structure, thus we have a procedure to test if a refinement descriptor is valid: the
connectivity is at least minimal and it respects the local graph planarity constraint. No-
tice that if a description couple (I , C ) is valid, all the cycles of the refined sub-graph
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are minimal. We naturally split our algorithm between three subsequent creation steps:
vertices, connectivity and faces F ′

i .

Algorithm 1. Creation of new faces F ′
i from (I , C )

Require: (I : (nv,ne,n f ), C ) is valid
{Initialization}
F ′

i ←{ /0}
list_vertices ←{ /0}
list_halfedges ←{ /0, /0}
Y ←�√nv −1�
X ←� nv−1

Y �
count ← 0

{Creation of vertices from I }
if n f > 0 then

list_vertices ← f
end if
for all half-edges ei ∈ F do

if nv > 0 then
list_vertices ← vi

0
for j = 1 to nv −1 do

list_vertices ← vi
j( j/Y, j mod Y )

end for
end if

if ne > 0 then
for j = 0 to ne −1 do

list_vertices ← ei
j

end for
end if

end for

{Creation of half-edges from C }
for all vertices vi ∈ list_vertices do

for all connectivity c ∈ C of the same kind do
neighbor ← Adjacency(vi,c)

{Half-edge structure: next and opposite}
if neighbor �= { /0} then

list_halfedges ← he[2count+0](vi, neighbor)
list_halfedges ← he[2count+1](neighbor ,vi)
previous ← Find(list_halfedges, any, vi)
Next(he[2count+0]) ← previous
previous ← Find(list_halfedges, any, neighbor)
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Next(he[2count+1]) ← previous
count ← count + 2 {Next one}

end if
end for

end for

{Creation of F ′
i , minimal cycles in the new graph}

count ← 0
for all new half-edges hei do

if hei /∈ F ′
i then

face ← { /0}
next ← Next(hei)
while next �= hei do

face ← next
next ← Next(next)

end while
F ′

i ← face
end if

end for
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Abstract. We compare three criteria of convergence of subdivision sche-mes for
curves. The first involves the contraction of the differences of the refinements, the
second, the contraction of the modulus of continuity of the refinements. The third
one resorts to the notion of joint norm and may be used only for affine periodic
subdivision schemes. We will relate these three criteria together by using specific
norms for subdivision operators which make them equivalent for their respective
scope. The duality theory plays an important role.

1 Introduction

A (binary) subdivision matrix is a matrix S = (s(i, j) : i, j ∈ Z) for which there exists an
interval [σ ,σ ′] such that s(i, j) = 0 if i−2 j /∈ [σ ,σ ′]. The interval [σ ,σ ′] is a support.
A subdivision matrix generates a subdivision scheme S . The initial state of the scheme
is a function f0 : Z → R. The sequence of refinements of the scheme, fn : Z → R, n ≥ 0,
is recursively defined by

fn+1(i) = ∑
j∈Z

s(i, j) fn( j), i ∈ Z,n ≥ 0.

As example, we consider a subdivision scheme whose refinements are given by
quadratic interpolation centred around even integers (see Fig. 1). For n = 0,1,2, ... and
k ∈ Z, we refine according to the rule

fn+1(4k + i) = p(2k + i/2), i = 0,±1,±2

if p is the quadratic polynomial such that p(2k + i) = fn(2k + i), i = 0,±1.
The corresponding subdivision matrix is

S =

⎛⎜⎜⎜⎜⎜⎜⎜⎜⎝

· · · · · · · · · · · · · · ·
· · · 1 0 0 · · ·
· · · 3/8 3/4 −1/8 · · ·
· · · 0 1 0 · · ·
· · · −1/8 3/4 3/8 · · ·
· · · 0 0 1 · · ·
· · · · · · · · · · · · · · ·

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎠
. (1)

M. Dæhlen et al. (Eds.): MMCS 2008, LNCS 5862, pp. 178–193, 2010.
c© Springer-Verlag Berlin Heidelberg 2010
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2k-1 2k 2k+1

y = p(x)

Fig. 1. Refinement by quadratic interpolation around even integers

The entry s(i, j) in bold corresponds to the rank i = 0 and the column j = 0. If i ∈
{−2,−1,0,1,2} and s(i, j) �= 0, then j ∈ {−1,0,1}. For all i, j ∈ Z, s(i + 4, j + 2) =
s(i, j).

We begin by recalling some definitions. A subdivision scheme S is C0 convergent,
or simply C0 if, for every sequence of refinements fn : Z→R, the sequence of polygonal
lines {(i/2n, fn(i)) : i ∈ Z} converges uniformly in any finite interval to the graph of
φ : R→R. φ is called the limit of the refinements fn. In Fig. 2, we get the limit function
of the refinements of the subdivision scheme by quadratic interpolation where f0(0) =
1, f0(1) = 1/2, otherwise f0(k) = 0.

−3 −2 −1 0 1 2 3

0

.5

1

Subdivision scheme by quadratic interpolation

y = φ(x)

Fig. 2. One refinement and the limit of the refinements of a subdivision scheme by quadratic
interpolation: • : f0 ◦ : f1 −−− : the limit φ
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A subdivision matrix S is affine if S1 = 1, i.e. for all i∈Z,∑ j s(i, j) = 1. It is periodic
of period p if

s(i+ 2p, j + p) = s(i, j) for all i, j ∈ Z.

The subdivision matrix (1) is periodic of period 2. A subdivision matrix S is uniform
if it is periodic of period 1. A subdivision scheme is affine, periodic or uniform if the
corresponding subdivision matrix has the respective property.

Classically, a subdivision scheme is given in terms of its subdivision mask, a function
a : Z → R. In this situation, the subdivision matrix whose entries are s(i, j) = a(i−2 j)
is uniform i.e. periodic of period 1.

The main objective of this paper is to propose and compare three criteria of C0 con-
vergence of subdivision schemes for curves. They all involve norms of subdivision ma-
trices. In Sect. 2, we investigate the contractivity of the differences of a subdivision
scheme, what is the root of the first criterion. In Sect. 3, we see how to apply this cri-
terion by computing the difference norm of Sn. There are two distinct ways to do that,
as a primal problem of optimization or as a dual one. In Sect. 4, we validate a second
criterion that involves the contractivity of the modulus of continuity of the refinements.
The first two criteria are equivalent. In Sect. 5, we state the third criterion which ap-
plies only to affine periodic subdivision schemes. We show that the last two criteria are
equivalent for periodic schemes. In Sect. 6, by numerical computations, we compare
these three criteria for the subdivision scheme defined by quadratic interpolation. Some
conclusions follow in the last section.

Particular instances of the first criterion have been found by Gregory, Dyn and Levin
[6] in the uniform case and by Buhmann and Micchelli [1] in the periodic case. The
third criterion extends a previous result of Daubechies and Lagarias [4] connected with
uniform schemes. These criteria are closely related to the notion of spectral radius.
The theme of spectral radius is recurrent in the field of subdivision schemes, and such
occurrences happen in the works of Jia and Jiang [7] and Charina, Conti and Sauer [3].
The same last three authors, in their other paper [2], consider a criterion of convergence
based on specific norms for subdivision schemes quite similar to our first criterion. What
is different in their case is that it applies to uniform schemes which may be multivariate.

2 Contraction of Differences

The main tool of our analysis is the normed space �0(Z) = { f : Z → R :
{i : f (i) �= 0} is finite} with the difference norm

δ ( f ) = max{|Δ f (i)| : i ∈ Z}

where Δ is the forward difference operator, Δ f (i) = f (i + 1)− f (i). Any subdivision
matrix (s(i, j)) induces an operator on �0(Z):

S f (i) = ∑
j∈Z

s(i, j) f ( j).

The norm of S with respect to δ is defined as δ (S) = sup{δ (S f ) : δ ( f ) ≤ 1}.
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Lemma 1. A subdivision operator S on �0(Z) is bounded with respect to the difference
norm δ if and only if the sum of every rank∑ j∈Z s(i, j) is the same and the entries s(i, j)
are uniformly bounded.

Proof. Let [σ ,σ ′] be the support of S. In the first part of the proof, we assume that
the subdivision operator S is bounded with respect to the difference norm δ . We set
M = δ (S).

Let i ∈ Z, we choose an interval [a,b], a,b ∈ Z, such that s(i, j) = s(i + 1, j) = 0
for all j /∈ [a,b]. For any integer N, we define the piecewise linear function f such that
f (a) = f (b) = 1, f (a−N) = f (b+N) = 0, Δ2 f ( j−1) = 0 if j /∈ {a−N,a,b,b+N}.
Let g = S f , then

g(i+ 1)−g(i) = ∑
j∈Z

[s(i+ 1, j)− s(i, j)] f ( j) =
b

∑
j=a

[s(i+ 1, j)− s(i, j)].

Since for all j, |Δ f ( j)| ≤ 1/N, then δ ( f ) ≤ 1/N and |Δg(i)| ≤ M/N. We get that
∑ j∈Z[s(i + 1, j)− s(i, j)] ∈ [−M/N,M/N]. As N may be chosen arbitrarily large, then
∑ j s(i+ 1, j) = ∑ j s(i, j). From that, the sum of every rank ∑ j∈Z s(i, j) is the same.

Let i ∈ Z, we choose an interval [a,b], a,b ∈ Z, such that s(i, j) = 0 for all j /∈ [a,b].
For every j ∈ [a,b], we define the function f (�) = δ�, j. Let g = S f , then Δg(k) = s(k +
1, j)− s(k, j). Since δ ( f ) = 1, then δ (g) ≤ M, i.e. |s(k + 1, j)− s(k, j)| ≤ M for all k
and j. Let us assume that s(i, j) �= 0, then i− 2 j ∈ [σ ,σ ′]. We set N = σ ′ −σ , then
s(i+ N + 1, j) = 0. From the telescoping sum, ∑N

k=0[s(i+ k + 1, j)− s(i+ k, j)] = s(i+
N + 1, j)− s(i, j), we obtain that |s(i, j)| ≤ M(N + 1). The entries s(i, j) are uniformly
bounded.

In the second part of the proof, we assume that∑ j∈Z s(i, j) =C for all i and |s(i, j)| ≤
M for all i and j. Let f ∈ �0(Z) such that δ ( f ) = ||Δ f ||∞ ≤ 1, let g = S f and let
J = { j : i−2 j or i+ 1−2 j ∈ [σ ,σ ′]}, then Δg(i) = ∑ j∈J[s(i + 1, j)− s(i, j)] f ( j). Let
k be the minimal element of J, since the sum of every rank is the same, Δg(i) =
∑ j∈J[s(i + 1, j)− s(i, j)][ f ( j) − f (k)] and |Δg(i)| ≤ 2M∑ j∈J( j − k) ≤ 2M(σ ′ −σ)2.
The subdivision operator S is bounded with respect to the difference norm δ . �


The following lemma is Lemma 1 of [5].

Lemma 2. Let S be a subdivision matrix with support [σ ,σ ′] and let Sn = (sn(i, j) :
i, j ∈ Z) be the n-th power of S with n > 0. If sn(i, j) �= 0, then i−2n j ∈ (2n −1)[σ ,σ ′].

Proof. We proceed by induction on n. For n = 1, it is tautological. Let m be a positive
integer. Let us assume by induction, that the lemma is true for n = m, we will show
that the lemma is true for n = m + 1. Let sm+1(i, j) be a nonzero entry of Sm+1, since
sm+1(i, j) = ∑k∈Z sm(i,k)s(k, j), there exists k such sm(i,k) �= 0 and s(k, j) �= 0. By
hypothesis, i−2mk ∈ (2m −1)[σ ,σ ′] and k−2 j ∈ [σ ,σ ′]. We obtain

i−2m+1 j = (i−2mk)+ 2m(k−2 j) ∈ (2m −1)[σ ,σ ′]+ 2m[σ ,σ ′] = (2m+1 −1)[σ ,σ ′].

the lemma is true for n = m+ 1. �
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Theorem 3. Let S be a subdivision scheme whose subdivision operator S on �0(Z) is
affine, we assume that there exist n ∈ N such that ||Sn|| < 1 for a norm || · || equivalent
to the difference norm δ , then S is C0 convergent. Moreover, on any interval, every
limit function φ of S is Hölder continuous

|φ(x)−φ(y)| ≤C|x− y|α

with α = − ln ||Sn||1/n/ ln2. Finally if not only ||Sn|| < 1, but ||Sn|| < 1/2n, then any
limit function of S is constant.

Proof. The norm || · || is equivalent to the difference norm, there exist ε > 0 and M such
that εδ ( f ) ≤ || f || ≤ Mδ ( f ) for all f ∈ �0(Z). Let m ∈ N be such that ||Sm|| < 1. We
assume that [σ ,σ ′] is a support for S . We consider a sequence of refinements fn : Z →
R of S and the corresponding sequence of piecewise linear functions φn : R → R with
nodes i/2n, i ∈ Z and with values φn(i/2n) = fn(i). If a < b are two integers of Z, let
|| · ||∞ denote the uniform norm on C[a,b]. We will show that φn converge to a function
φ in the uniform norm.

The values of φn on [a,b] are uniquely determined by fn(i), i ∈ [a2n,b2n]. Since

(∀i ∈ Z) fn(i) = ∑
j∈Z

sn(i, j) f0( j),

it follows from Lemma 2 that the restriction of φn to [a,b] is uniquely determined by
the values of f0( j), j ∈ J where J = [c,d], c = infn{(a−1/2n)σ ′} and d = supn{(b−
1/2n)σ}. So there is no loss of generality by assuming that f0( j) = 0, j /∈ J.

We compare both sequences ||φn+1−φn||∞ and || fn|| (the norm of fn in �0(Z)). Since
the maximum difference on [a,b] between φn+1 and φn is attained at a point on the
(n + 1)th mesh, then

||φn+1 −φn||∞ ≤ max{Mn,M
′
n}, (2)

where {
Mn = max{| fn+1(2i)− fn(i)| : i ∈ Z}
M′

n = max{| fn+1(2i+ 1)− ( fn(i)+ fn(i+ 1))/2| : i ∈ Z}. (3)

As S is affine, we obtain

fn+1(2i)− fn(i) = ∑
σ≤2i−2 j≤σ ′

s(2i, j)( fn( j)− fn(i)).

From the telescoping series ∑i+N−1
k=i Δ f (k) = f (i + N)− f (i), we obtain the inequality

| f (i±N)− f (i)| ≤ Nδ ( f ). Since | fn( j)− fn(i)| ≤ | j − i|δ ( fn) ≤ | j − i| · || fn||/ε , we
obtain | fn+1(2i)− fn(i)| ≤ β || fn|| where

β = sup
i∈Z

∑
σ≤2i−2 j≤σ ′

|s(2i, j)( j− i)|/ε.

From (3), we get Mn ≤ β || fn||.
The number 2 fn+1(2i+1)− fn(i)− fn(i+1) is the sum of the four terms fn+1(2i)−

fn(i), fn+1(2i+2)− fn(i+1), fn+1(2i+1)− fn+1(2i) and fn+1(2i+1)− fn+1(2i+2).
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From (3), it follows that M′
n ≤ Mn + δ ( fn+1). From (2) and from the inequality

δ ( fn+1) ≤ M|| fn+1||, we obtain

||φn+1 −φn||∞ ≤ β || fn||+ M|| fn+1||. (4)

We set λ = ||Sm||1/m. By hypothesis, λ < 1. By definition of ||Sm||, for every function
f , ||Sm f || ≤ λm|| f ||. From that || fn+m|| ≤ λm|| fn||, n = 0,1, .... We obtain the inequal-
ities || fmq+r|| ≤ λmq|| fr|| for r = 0,1...,m−1, q = 0,1,2, ..., and

|| fn|| ≤ Lλ n (5)

where L = max{|| fr||/λ r : r = 0,1, ...,m−1}.
From (4) and (5), we get

∞

∑
n=0

||φn+1 −φn||∞ ≤ L(β + Mλ )/(1−λ ).

From Weierstrass criterion, the sequence φn converges uniformly on [a,b] to a function
φ . The interval [a,b] may be arbitrary large, the scheme S is C0 convergent.

Let us investigate the Hölder continuity. Let x,y ∈R be such that 0 < y−x ≤ 1, there
exists � ∈ N∪0 such that 1/2�+1 < y− x ≤ 1/2�. Then

|φ(x)−φ(y)| ≤ |φ(x)−φ�(x)|+ |φ�(x)−φ�(y)|+ |φ�−φ(y)|. (6)

Every function φ� is a Lipschitz function, the Lipschitz constant being the largest slope
between two consecutive nodes:

|φ�(x)−φ�(y)| ≤ 2�δ ( f�)(y− x) ≤ M|| f�||. (7)

From the fact that φ −φ� = ∑∞n=�(φn+1 −φn) and from (6) and (7), it follows that

|φ(x)−φ(y)| ≤ 2(β + M)
∞

∑
n=�

|| fn||. (8)

From (5) and (8), we obtain that

|φ(x)−φ(y)| ≤ 2(β + M)Lλ �/(1−λ )

Let α be the exponent for which 1/2α = λ . Since 1/2� ≤ 2(y− x), we get λ � ≤ [2(y−
x)]α and |φ(x)−φ(y)| ≤C|x− y|α where C = 2(β + M)L/(λ −λ 2).

Finally if ||Sn|| < 1/2n, then the number − ln ||Sn||1/n/ ln2 is > 1. Let φ be any limit
function S , then φ(x + h)− φ(x) = o(h) as h → 0, this means that φ ′(x) = 0 for all x
and φ is a constant function. �


Theorem 3 is an extension of Lemma 3.1 of Dyn, Gregory and Levin [6].
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3 Computation of δ (Sn)

We provide two ways for computing the difference norm of Sn: the primal formula (9)
and the dual formula (10).

Theorem 4. Let S be an affine subdivision matrix with support [σ ,σ ′], for every i ∈ Z,
we set [ai,bi] = ([i, i+ 1]+ (2n−1)[−σ ′,−σ ])/2n ∩Z, then

δ (Sn) = sup
i∈Z

{
bi

∑
j=ai

[sn(i+ 1, j)− sn(i, j)] f ( j) : f ∈ Ei} (9)

where Ei = { f : [ai,bi] → R : f (ai) = 0, |Δ f | = 1}.

Proof. By definition, δ (Sn) = sup{δ (Sn f ) : δ ( f ) ≤ 1}, i.e.

δ (Sn) = sup
δ ( f )≤1

sup
i∈Z

{∑
j∈Z

[sn(i+ 1, j)− sn(i, j)] f ( j)}.

By changing the order of the upper bounds, we get δ (Sn) = supi m(i) where

m(i) = sup{∑
j∈Z

[sn(i+ 1, j)− sn(i, j)] f ( j) : f ∈ �0(Z), |Δ f | ≤ 1}.

Let i ∈ Z. If sn(i + 1, j)− sn(i, j) �= 0, then by Lemma 2, 2n j ∈ [i, i + 1] + (2n − 1)
[−σ ′,−σ ]. It follows that

m(i) = sup{
bi

∑
j=ai

[sn(i+ 1, j)− sn(i, j)][ f ( j)− f (ai)] : Δ f ≤ 1}

since S is affine. The number m(i) is the the least upper bound of the values of a linear
function on a compact convex set Ki = { f : [ai,bi] → R : f (ai) = 0, |Δ f | ≤ 1}. After
identifying the extreme points of Ki, we obtain (9). �

Remark 5. The cardinality of Ei is equal to 2σ

′−σ . If S is periodic, the computation of
δ (Sn) involves a finite number of arithmetical operations.

Before getting the dual formula of δ (Sn), we investigate the dual space of �0(Z).

Lemma 6. Let the seminormed space E = { f : Z → R : limi→±∞ Δ f (i) = 0} with its
seminorm δ ( f ) = max{|Δ f (i)| : i ∈ Z|}, then �0(Z) is dense in E.

Proof. Let ψ : R → [0,1] be the function such that ψ(x) = 1 if |x| ≤ 1, ψ(x) = 1−|x|
if 1 < |x| < 2 and ψ(x) = 0 if |x| ≥ 2. The function ψ is a Lipschitz function: |ψ(x)−
ψ(y)| ≤ |x− y| for all x,y ∈ R. Let f ∈ E and let ε > 0, there exists an integer M such
that |Δ f (i)| < ε whenever |i| ≥ M. We set a = max{| f (i)| : i ∈ [−M,M]}.

Let N > M, we set fN(i) = ψ(i/N) f (i) for all i ∈ Z. Then

Δ fN(i)−Δ f (i) = [ψ((i+ 1)/N)−ψ(i/N)] f (i)+ [ψ((i+ 1)/N)−1]Δ f (i).
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If |i|> 2N, then |[ψ((i+1)/N)−ψ(i/N)] f (i)|= 0. If |i| ≤ 2N, then |[ψ((i+1)/N)−
ψ(i/N)] f (i)| ≤ | f (i)|/N (from the Lipschitz property of ψ) and | f (i)| ≤ a + 2Nε (if
i > M, then f (i)− f (M) =∑i−1

j=MΔ f ( j) and | f (i)| ≤ | f (M)|+2Nε; a similar inequality
holds for i < −M; if i ∈ [−M,M], the inequality | f (i)| ≤ a+2Nε is obvious). Thus for
all i, |[ψ((i+ 1)/N)−ψ(i/N)] f (i)| ≤ (a + 2Nε)/N.

If |i| ≥M, then |[ψ((i+1)/N)−1]Δ f (i)|< ε (for every x, |ψ(x)−1| ≤ 1). If |i|< M,
then [ψ((i+ 1)/N)−1]Δ f (i) = 0.

If follows that
|Δ fN(i)−Δ f (i)| ≤ 3ε+ a/N.

We may choose N so large that a/N < ε and in that case, |Δ fN(i)−Δ f (i)| ≤ 4ε for all
i ∈ Z. Obviously fN ∈ �0(Z). �0(Z) is dense in E . �


Theorem 7. Let λ : Z → R, we consider the linear functional L : �0(Z) → R, L( f ) =
∑i∈Zλ (i) f (i). The functional L is bounded on the normed space �0(Z) with the differ-
ence norm δ if and only if there exists a function Λ : Z → R such that λ = ΔΛ and
∑i∈Z |Λ(i)| < ∞. Moreover in that case, ∑i∈Z |Λ(i)| = ||L||.

Proof. Sufficiency. Let us assume that there exists a function Λ : Z → R such that
λ = ΔΛ and ∑i∈Z |Λ(i)| < ∞. Let f ∈ �0(Z), by summation by parts

L( f ) =∑
i∈Z

[ΔΛ(i)] f (i) = −∑
i∈Z

Λ(i+ 1)[Δ f (i)].

If |Δ f | ≤ 1, then |L( f )| ≤ ∑i∈Z |Λ(i)|.
Necessity. Let us assume that L is a linear functional on �0(Z) such that |L( f )| ≤

M||Δ f ||∞ for all f . Let E = { f : Z → R : limi→∞Δ f (i) = 0} and let ||Δ f ||∞ be the
seminorm on E . By Lemma 6, L can be extended on the whole E by continuity and
|L( f )| ≤ M||Δ f ||∞ for all f ∈ E . For every j ∈ Z, we define the function f j : Z → R,
f j(i) = 1 if i ≥ j and f j(i) = 0 otherwise; f j belongs to E . We define the function Λ ,
Λ( j) = −L( f j). The function f j − f j+1 takes the value 1 only at j, otherwise it is 0.
From that, ΔΛ( j) = L( f j − f j+1) = λ ( j).

Let N be an arbitrary integer, for j ∈ [−N,N], we define s j as -1 if Λ( j) ≥ 0 and 1
otherwise. Let f = ∑N

j=−N s j f j. Since Δ f (i) = ∑N
j=−N s jδi, j−1, the values taken by Δ f

are 0 or ±1. Thus L( f ) = ∑N
j=−N |Λ( j)| ≤ M. It follows that ∑ j∈Z |Λ( j)| ≤ ||L|| where

||L|| = sup{L( f ) : f ∈ �0(Z), |Δ f | ≤ 1}.
Now let ε > 0, then there exists f ∈ �0(Z) such that |Δ f | ≤ 1 and L( f ) > ||L||− ε .

Since f = ∑ j f ( j)( f j − f j+1), then

L( f ) =∑
j

f ( j)[Λ( j + 1)−Λ( j)] = −∑
j
Λ( j + 1)[ f ( j + 1)− f ( j)].

It follows that
||L||− ε ≤ L( f ) ≤∑

i∈Z

|Λ(i)|.

As ε may be arbitrary small, we obtain ||L|| ≤∑i∈Z |Λ(i)|. The conclusion is reached.
�
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Remark 8. If L( f ) = ∑i∈Zλ (i) f (i) is a bounded linear functional on (�0(Z),δ ), then
∑i |λ (i)| < ∞ and ∑i λ (i) = 0. This follows from the fact that λ = ΔΛ with Λ ∈ �1.
More precisely, λ (i) = Λ(i+ 1)−Λ(i) with ∑i |Λ(i)| < ∞; thus ∑i |λ (i)| ≤ 2∑i |Λ(i)|
and ∑iλ (i) = ∑iΔΛ(i) = 0.

There is another way for computing δ (Sn), by duality. Let S∗ be the adjoint of S con-
sidered as an operator on the normed space (�0(Z),δ ). It means that for all L ∈ �0(Z)∗,
for f ∈ �0(Z), S∗L( f ) = L(S f ). We recall a theorem that is proved by Akilov and Kan-
torovic [8, p.305]. If U : E → E is a continuous linear mapping on the normed space E,
then U∗ is a continuous linear mapping on E∗ and ||U∗|| = ||U ||. From that, it follows
that δ (Sn) = δ (S∗n) for every n.

Theorem 9. Let S be an affine subdivision matrix and let T be the matrix whose entries
are

t(i, j) =
j

∑
k=−∞

[s(i,k)− s(i+ 1,k)],

then for all n ∈ N,
δ (Sn) = ||T n||∞. (10)

Proof. By definition,

δ (S∗n) = sup{||S∗nL|| : L ∈ �0(Z)∗, ||L|| ≤ 1}.
It is an optimization problem, the maximization of a convex function on the unit ball B
of �0(Z)∗. Let j ∈ Z, we define the linear functional Lj: Lj( f ) = Δ f ( j). Then the set
E of extreme points of B is precisely {±Lj : j ∈ Z}. The convex hull of points of E is
dense in B. Consequently δ (S∗n) = sup{||S∗nL j|| : j ∈ Z}. Let i ∈ Z, then S∗nLi( f ) =
∑ j λ ( j) f ( j) where λ ( j) = s(i + 1, j)− s(i, j). According to Theorem 7, the function
Λ( j) = tn(i, j) = ∑k≤ j[s(i + 1,k)− s(i,k)] is �1(Z) and ||S∗nLi|| = ∑ j |t(i, j)|. We get
the following

δ (S∗n) = sup
i
{∑

j

|tn(i, j)|},

which is (10). �

Corollary 10. If there exists an n such that ||T n||∞ < 1, then the corresponding subdi-
vision scheme is C0.

Buhmann and Micchelli [1, Theorem 3.3] proved the previous result for periodic sub-
division schemes. See also Theorem 4 of Charina, Conti and Sauer [3] where they in-
vestigate the C0 convergence of uniform multivariate vector subdivision schemes.

4 Contraction of the Modulus of Continuity

Let f : Z → R, h ∈ N, the modulus of continuity of f is

ωh( f ) = sup{| f (i)− f (i′)| : |i− i′| ≤ h}.
For every h, on �0(Z), ωh is a norm equivalent to the difference norm (since δ ( f ) ≤
ωh( f ) ≤ hδ ( f )). Let S be a subdivision matrix, sn(i, j) is the (i, j)-entry of Sn.
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Theorem 11. Let S be an affine subdivision matrix whose entries are uniformly bounded
and whose support is [σ ,σ ′], let h ≥ σ ′ − σ − 1 and let the norm ωh( f ). Then for
n = 1,2,3, ...

ωh(Sn) = sup{∑
j∈Z

|sn(i, j)− sn(i′, j)|/2 : i, i′ ∈ Z, |i− i′| ≤ h}

provides the norm of Sn with respect to the norm ωh on �0(Z).

Proof. We set μn = sup{∑ j∈Z |sn(i, j)− sn(i′, j)|/2 : i, i′ ∈ Z, |i− i′| < h}.
First step of the proof:ωh(Sn)≤ μn. Let f : Z→R such thatωh( f )≤ 1, we will show

ωh(g)≤ μn where g = Sn f . Since the subdivision scheme is affine, ∑
j∈Z

sn(i, j) = 1, i∈Z.

We deduce that for any c ∈ R,

g(i)− c = ∑
j∈Z

sn(i, j)( f ( j)− c), i ∈ Z. (11)

We consider two integers i1, i2 ∈ Z with |i1 − i2| ≤ h. We may assume that i1 ≤ i2
and we define the sets J1 = { j : −σ ′(2n −1)+ i1 ≤ 2n j ≤ −σ(2n −1)+ i1}, J2 = { j :
−σ ′(2n − 1) + i2 ≤ 2n j ≤ −σ(2n − 1) + i2} and J = { j : −σ ′(2n − 1) + i1 ≤ 2n j ≤
−σ(2n −1)+ i2}. From the fact that J1 ⊂ J and J2 ⊂ J and from Lemma 2, we obtain
that sn(i1, j) = sn(i2, j) = 0 for any j /∈ J.

Using equality (11) for i1 and i2 we get:

g(i)− c =∑
j∈J

sn(i, j)( f ( j)− c) for i = i1 and i2.

By substraction, for any c ∈ R we obtain:

g(i1)−g(i2) =∑
j∈J

[sn(i1, j)− sn(i2, j)]( f ( j)− c), from which we deduce that:

∀c ∈ R, |g(i1)−g(i2)| ≤ 2μn max{| f ( j)− c| : j ∈ J}.
Now let M = max{ f ( j) : j ∈ J} and m = min{ f ( j) : j ∈ J}, we choose c = (M +

m)/2. We already know that for any j ∈ J, | fn( j)− c| ≤ (M −m)/2. We get |g(i1)−
g(i2)| ≤ μn(M−m).

The diameter of J is δ (J) = [i2 − i1 +(σ ′ −σ)(2n−1)]/2n. By hypothesis, σ ′ −σ ≤
h+1, we obtain that δ (J) ≤ h+(2n −1)/2n. Since δ (J) is an integer, we get δ (J) ≤ h
and M −m ≤ ωh( f ) ≤ 1. It follows that |g(i1)− g(i2)| ≤ μn and ωh(Sn f ) ≤ μnωh( f )
for all f ∈ �0(Z).

Second step of the proof:ωh(Sn)≥ μn. Let ε ∈ (0,μn), then there exist i1, i2 ∈Z such
that |i1 − i2| ≤ h and

∑
j∈Z

|sn(i1, j)− sn(i2, j)|/2 > μn − ε.

We set f ( j) = 1 if [sn(i1, j)− sn(i2, j)] > 0, f ( j) = 0 if sn(i1, j) = sn(i2, j) and f ( j) =
−1 otherwise. Since ∑ j∈Z |sn(i1, j)− sn(i2, j)| > 0 and ∑ j∈Z[sn(i1, j)− sn(i2, j)] = 0,
there exist j1 and j2 such that f ( j1) = 1 and f ( j2) = −1. Let us show that that | j2 −
j1| ≤ h. Since sn(i1, j1) �= sn(i2, j1), there exists i ∈ {i1, i2} such that sn(i, j1) �= 0.
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Similarly, there exists i′ ∈ {i1, i2} such that sn(i′, j2) �= 0. From Lemma 2, i− 2n j1 ∈
(2n−1)[σ ,σ ′] and i′−2n j2 ∈ (2n−1)[σ ,σ ′]. After substraction, we obtain 2n| j1− j2| ≤
|i− i′|+(2n −1)(σ ,−σ)) ≤ 2nh+2n −1. It follows that | j1 − j2| ≤ h. This shows that
ωh( f ) = 2.

Moreover if we set g = Sn f , then g(i1)− g(i2) = ∑ j∈J∑ j∈Z |sn(i1, j)− sn(i2, j)| >
2(μn − ε), this means that ωh(g) ≥ 2(μn − ε). As ε may be arbitrarily small, we get
ωh(Sn) ≥ μn. �


We are ready for our second criterion of convergence.

Corollary 12. Let S be a subdivision scheme whose subdivision matrix S is affine
and has [σ ,σ ′] as support. We assume that there exist n > 0 and α < 2 such that
∑ j∈Z |sn(i, j)− sn(i′, j)| ≤ α whenever |i− i′| < σ ′ −σ . Then S is C0.

Proof. Let N = σ ′ −σ , from Theorem 11, there exists an integer n such that ωN(Sn) <
1. If we apply Theorem 3 with the norm || f || = ωN( f ), then S is C0. �


5 Contraction of Joint Norms

In this section, we limit ourselves to affine periodic subdivision schemes. For these
schemes, we propose a third criterion that originates in [4]. This criterion involves joint
norms and is linked to the second criterion by duality. We begin by proving some lem-
mas about periodic subdivision schemes.

Lemma 13. Let S be a periodic subdivision matrix S of period p and let sn(i, j) be the
entries of the matrix Sn for n > 0, then all i, j ∈ Z sn(i+ p2n, j + p) = sn(i, j).

Proof. We proceed by induction. The entry sn+1(i+ p2n+1, j+ p) is equal to ∑k∈Z s(i+
p2n+1,k)sn(k, j + p) = ∑k∈Z s(i,k − p2n)sn(k− p2n, j) by periodicity of S and by in-
duction, and this is equal to ∑k∈Z s(i,k)sn(k, j) = sn+1(i, j). �


Lemma 14. Let S be a subdivision matrix of support [σ ,σ ′]. Let p > 0, n > 0 and
Sn = (sn(i, j) : i, j ∈ Z), if i ∈ [−σ ′+1,−σ+ p2n−1] and sn(i, j) �= 0, then j ∈ [−σ ′+
1,−σ + p−1].

Proof. Let i and j be such that i ∈ [−σ ′ + 1,−σ + p2n − 1] and sn(i, j) �= 0. From
Lemma 2, i−2n j ∈ (2n −1)[σ ,σ ′] and 2n j ∈ i+(2n −1)[−σ ′,−σ ]. We get that 2n j ∈
[−2nσ ′ + 1,−2nσ + p2n−1]. It follows that j ∈ [−σ ′ + 1,−σ+ p−1]. �


Lemma 15. Let S be a periodic subdivision matrix of support [σ ,σ ′] and of period p.
Let N = σ ′ −σ + p−1, define for n = 1,2, ..., the nth family of N ×N matrices

A(n)
r = (sn(i+ pr, j) : i, j ∈ [−σ ′ + 1,−σ+ p−1]), r = 0,1, ...,2n −1

and set A0 = A(1)
0 , A1 = A(1)

1 . Then A(n)
r = Ab1Ab2 . . .Abn where ∑n

k=1 bk2k−1 is the binary
expansion of r.
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Proof. We proceed by induction on n. For n = 1, the statement is trivial. Let us assume
that the lemma is true n = m where m is a given value. Let n = m+1 and r ∈ [0,2m+1−
1], we use the binary expansion of r, ∑m+1

k=1 bk2k−1. Let i, j ∈ [−σ ′+1,−σ+ p−1], then

sm+1(i+ pr, j) = ∑
k∈Z

sm(i+ pr,k)s(k, j).

We distinguish two cases.

Case 1. bm+1 = 0. By replacing in Lemma 14, n by m, i by i+ pr and j by k, we obtain

sm+1(i+ pr, j) = ∑
k∈[−σ ′+1,−σ+p+1]

sm(i+ pr,k)s(k, j). (12)

and A(m+1)
r = Ab1Ab2 . . .AbmA0.

Case 2. bm+1 = 1. From Lemma 13,

sm+1(i+ pr, j) = ∑
k∈Z

sm(i+ pr− p2m,k− p)s(k, j),

= ∑
k∈Z

sm(i+ pr− p2m,k)s(k + p, j).

By replacing in Lemma 14, n by m, i by i+ pr and j by k, we obtain

sm+1(i+ pr, j) = ∑
k∈[−σ ′+1,−σ+p−1]

sm(i+ pr− p2m,k)s(k + p, j). (13)

and A(m+1)
r = Ab1Ab2 . . .AbmA1.

In both cases, we obtain the desired conclusion. �

Lemma 16. Let n > 1 and let (ai j) be an n×n matrix, then

max{∑
i
|∑

j
xiai j| :∑

i
xi = 0,∑

i
|xi| ≤ 1} = max{∑

j
|ai j −ai′ j|/2 : i < i′}.

Proof. Let K be the compact convex subset of R
n, {(x1,x2, ...,xn) : ∑i xi = 0,∑i |xi| ≤

1}, the extreme points of K are

{±(x1,x2, ...,xn) : ∃i′ < i′′ such that xi′ = 1/2,xi′′ = −1/2,xi = 0 for i �= i′, i′′}.

The maximum of the convex function f (x1,x2, ...xn) = ∑i |∑ j xiai j| is reached at an
extreme point, this maximum is max{∑ j |ai′ j −ai′′ j|/2 : k < �}. �

Let A be a finite set of square matrices of order m, the n-th joint norm of A is defined
to be

Jn(A , || · ||) = max{||A1A2...An|| : Ai ∈ A , i = 1,2, ...,n}
where || · || is a matrix norm acting on m ×m matrices. This notion of joint norms
originates from Rota and Strang [9].
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Theorem 17. Let S be an affine subdivision matrix of support [σ ,σ ′] which is periodic
of period p. Let N = σ ′ −σ + p−1, define two N ×N matrices

Ar = (s(i+ pr, j) : i, j ∈ [−σ ′ + 1,−σ+ p−1]), r = 0,1.

Define E to be the (N − 1)-dimensional subspace of RN orthogonal to (1, ...,1). We
choose the 1-norm of RN restricted to E. Let the norm ωN on �0(Z). Then for n =
1,2,3, ...,

Jn(AT
0 |E,AT

1 |E, || · ||1) = ωN(Sn). (14)

Proof. Since S is affine, the column vector with N equal components is a common
eigenvector of A0, A1. From that, AT

0 and AT
1 map E into itself. If Br is the restriction of

AT
r to E , we may compute the joint norms Jn(B0,B1) from any norm of E . We choose

the 1-norm of R
N restricted to E: ||x||1 = ∑N

i=1 |xi| where x = (x1, ...,xN)T ∈ E . We
consider the norm ωN( f ) on �0(Z). We will prove that for n = 1,2,3, ...,

max{||Bb1Bb2 ...Bbn ||1 : b1 = 0,1,b2 = 0,1, , ...,bn = 0,1,} = ωN(Sn). (15)

We set J = [−σ ′ + 1,−σ + p − 1]. Let n > 0 and let r be an integer ∈ [0,2n −
1], we use the binary expansion of r: ∑n

k=1 bk2k−1 = r. From Lemma 15, the matrix
Ab1Ab2 ...Abn is equal to (sn(i + r, j : i, j ∈ J) = (ci j : i, j = 1, ...,N). From Lemmas 16
and 14, we obtain that

||BbnBbn−1 ...Bb1 ||1 = max{∑
i
|∑

j
xici j| :∑

i
xi = 0,∑

i
|xi| ≤ 1},

= max{∑
j
|ci j − ci′ j|/2 : i < i′},

= max{∑
j∈J

|sn(i+ r, j)− sn(i′ + r, j)|/2 : i, i′ ∈ J, i < i′},

= max{∑
j∈Z

|sn(i+ r, j)− sn(i′ + r, j)|/2 : i, i′ ∈ J}.

From Lemma 13 and Theorem 11,we obtain

max{∑
j∈Z

|sn(i+ r, j)− sn(i′ + r, j)|/2 : i, i′ ∈ J,r ∈ [0,2n −1]},

= max{∑
j∈Z

|sn(i+ r, j)− sn(i′ + r, j)|/2 : i, i′ ∈ Z, |i′ − i| ≤ N} = ωN(Sn).

From that, (15) (or (14), what is the same thing) is true. �

As a consequence, we obtain the third criterion of convergence.

Corollary 18. Let || · || be a given submultiplicative norm on L (E,E), if there exists
an n such that Jn(AT

0 |E,AT
1 |E, || · ||) < 1, then the corresponding subdivision scheme is

C0.
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Proof. Let a matrix norm || · || on L (E,E) such that Jn(AT
0 |E,AT

1 |E, || · ||) < 1 for a
given n > 0. There exists M such that ||A||1 ≤ M||A|| for all ||A|| ∈ L (E,E). It follows
that

Jnk(AT
0 |E,AT

1 |E, || · ||1) ≤ MJk
n(AT

0 |E,AT
1 |E, || · ||) for all k.

If k is large enough, Jnk(AT
0 |E,AT

1 |E, || · ||1) < 1. From (14), we obtain ωh(Snk) < 1.
From Theorem 3, the corresponding subdivision scheme is C0. �

For the case of a period equal to 1, Corollary 18 has been proved by Daubechies and
Lagarias [4, Theorem 2.2 and Lemma 2.3]. Our result is new for a period > 1.

6 Numerical Results for a Specific Scheme

In this section, we numerically compare the three criteria of convergence for the subdi-
vision scheme of quadratic interpolation around even integers.

Theorem 19. Let S : �0(Z) → �0(Z) be a subdivision operator which is bounded with
respect to the difference norm δ . We assume that the subdivision matrix is periodic
of period p and has [σ ,σ ′] as support. Let N = p− 1 +σ ′ − σ , for r = 0,1, we set
Br the restriction to E, the hyperplane x1 + x2 + ...+ xN = 0, of the linear map whose
matrix representation is (s( j + r, i) : i, j ∈ [−σ ′ + 1,−σ + p− 1]). Then the three se-
quences n

√
δ (Sn), n

√
ωN(Sn) and n

√
Jn({B0,B1}, || · ||) (where || · || is any matrix norm

on L (E,E)) converge to the same value. �

Proof. We recall a theorem which is proved by Akilov and Kantorovich [8, Theorem
(2.V), p.165]. If on a normed space with norm || · ||, U is a bounded linear operator,
then the sequence ||Un||1/n converge to the number infn{||Un||1/n}. From that theorem,
the sequence n

√
δ (Sn) converges. For the same reason, for any integer N, the limit of

n
√
ωN(Sn) as n → ∞ exists. The norms δ and ωN are equivalent: for all f ∈ �0(Z),

δ ( f ) ≤ ωN( f ) ≤ Nδ ( f ). It follows that for all n, δ (Sn)/N ≤ ωN(Sn) ≤ Nδ (Sn). From
that, both sequences n

√
δ (Sn) and n

√
ωN(Sn) has the same limit c.

We set B = {B0,B1}. By Theorem 14, Jn(B, || · ||1) = ωN(Sn). Since the norms
|| · || and || · ||1 of L (E,E) are equivalent, then both sequences n

√
Jn(B, || · ||) and

n
√

Jn(B, || · ||1) = n
√
ωN(Sn) has the same limit c. The three sequences n

√
δ (Sn),

n
√
ωN(Sn) and n

√
Jn(B, || · ||) converge to c. �


Let us apply the previous theorem to the subdivision scheme S of quadratic interpola-
tion around even integers. In this case, the period is 2, the support is [−3,3] and N = 7.
In Table 1, we provide the ten first elements of the three sequences n

√
δ (Sn), n

√
ω7(Sn)

and n
√

Jn(B, || · ||2) where || · ||2 is the euclidean norm. From Theorem 19, the sequences
converge to the same value c. For each sequence, we put in bold the first element less
than 1. These elements are δ (S), 3

√
ω7(S3) and 5

√
J5(B, || · ||2). Each criterion shows

that S is C0.
We get a better approximation of the value c by computing δ (S20)1/20 = 0.5358.

Since any quadratic function is a limit function of S , from Theorem 3, we already have
that δ (Sn) ≥ 1/2n for all n > 0, this means that c ≥ 1/2. By other means, it could be
shown that for the subdivision scheme of quadratic interpolation around even integers,
c = 1/2 and that any limit function of the scheme is C1.
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Table 1. Norms of powers of a subdivision operator and joint norms

n n
√
δ (Sn) n

√
ω7(Sn) n

√
Jn(B, || · ||2)

1 0.7500 1.2500 2.7709
2 0.7500 1.1040 1.7068
3 0.6897 0.9888 1.2889
4 0.6580 0.9269 1.1087
5 0.6323 0.8550 0.9759
6 0.6141 0.8022 0.8918
7 0.5997 0.7598 0.8303
8 0.5884 0.7274 0.7850
9 0.5793 0.7014 0.7501
10 0.5717 0.6804 0.7225

7 Conclusion

We obtained three criteria of C0-convergence of subdivision schemes for curves. Each
one requires computation of norms, the respective norms being the difference norm,
the modulus of continuity and the nth-joint norm. Criteria 1 and 2 can be applied to
any affine nonuniform subdivision scheme and they are equivalent in the sense that if a
subdivision scheme is C0 convergent according to one criterion, it is also C0 convergent
according to the other. The third criterion can be used only for periodic affine schemes
and in that case, Criteria 2 and 3 are equivalent. In spite of these equivalencies, the first
criterion with the difference norm seems to be the most powerful from the computa-
tional point of view.

It would be interesting to find similar criteria of Cm-convergence, m > 0 of subdivi-
sion schemes for curves or even surfaces. For the study of the differentiability of order
m for curves, the norm ||Δm+1 f ||∞ appears as a natural candidate. For surfaces, the
choice of a suitable norm is less obvious and a good computation of norms of opera-
tors is a more difficult task. A few years ago, Charina, Conti and Sauer [2] investigated
the Lp-convergence of multivariate scalar and vector subdivision schemes. The operator
norm they used was very similar to our δ (S). In some sense, they anticipated our own
work.
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Abstract. A rotation–minimizing adapted frame (f1(t), f2(t), f3(t)) on a given
space curve r(t) is characterized by the fact that the frame vector f1 coincides
with the tangent t = r′/ |r′|, while the frame angular velocity ω maintains a zero
component along it, i.e., ω · t ≡ 0. Such frames are useful in constructing swept
surfaces and specifying the orientation of a rigid body moving along a given
spatial path. Recently, the existence of quintic polynomial curves that have ratio-
nal rotation–minimizing frames (quintic RRMF curves) has been demonstrated.
These RRMF curves are necessarily Pythagorean–hodograph (PH) space curves,
satisfying certain non–linear constraints among the complex coefficients of the
Hopf map representation for spatial PH curves. Preliminary results on the design
of quintic RRMF curves by the interpolation of G1 spatial Hermite data are pre-
sented in this paper. This problem involves solving a non–linear system of equa-
tions in six complex unknowns. The solution is obtained by a semi–numerical
scheme, in which the problem is reduced to computing positive real roots of a
certain univariate polynomial. The quintic RRMF G1 Hermite interpolants pos-
sess one residual angular degree of freedom, which can strongly influence the
curve shape. Computed examples are included to illustrate the method and the
resulting quintic RRMF curves.

Keywords: Pythagorean–hodograph space curves, rational rotation–minimizing
frames, Hermite interpolation, Hopf map representation.

1 Introduction

In applications such as computer animation, motion control, and swept surface con-
structions, it is often necessary to specify the variation of an orthonormal frame along
a curved path, that describes the orientation of a rigid body as it traverses this path. In
typical cases, one frame vector is prescribed a priori (e.g., the unit tangent vector to the
path, or the unit polar vector from a fixed origin to each point of the path) and only one
degree of freedom remains, associated with the orientation of the two frame vectors in

M. Dæhlen et al. (Eds.): MMCS 2008, LNCS 5862, pp. 194–208, 2010.
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the plane orthogonal to this prescribed vector at each curve point. Frames that incor-
porate the unit tangent and unit polar vector as one component are known as adapted
and directed curve frames, respectively [7]. An infinitude of such frames exists on any
given space curve, but among them the rotation–minimizing frames (or RMFs) are of
special interest. The distinctive property of RMFs is that their angular velocity always
maintains a zero component in the direction of the prescribed frame vector.

The focus of this paper is on rotation–minimizing adapted frames — and, in partic-
ular, the construction of curves with rational rotation–minimizing frames (or RRMF
curves). Specifically, the problem of constructing such curves through interpolation of
G1 Hermite data (end points and tangents) is addressed. The rational dependence of
RMFs on the curve parameter is desirable on account of its exactitude, its compatibility
with native CAD system representations, and the efficient subsequent computations it
facilitates. The existence of non–degenerate quintic space curves with rational RMFs
(or quintic RRMF curves) has recently been demonstrated in [9]. Such curves are nec-
essarily Pythagorean–hodograph (PH) space curves, and the basis for the procedure
described herein is the system of constraints [9] on the complex coefficients in the Hopf
map representation of spatial PH curves, that characterizes RRMF curves.

The problem of Hermite interpolation by spatial PH curves typically admits a multi-
plicity of formal solutions. For example, the construction of C1 spatial PH quintic Her-
mite interpolants incurs selection of two residual angular parameters [6, 8, 16]. Since
spatial PH quintics must satisfy three scalar constraints in order to be RRMF curves,
relaxing from C1 to G1 Hermite data results in a net loss of one residual degree of
freedom — i.e., the quintic RRMF interpolants to spatial G1 Hermite data comprise a
one–parameter family of solutions.

The plan for this paper is as follows. After briefly reviewing the conditions for a PH
space curve to have an RRMF in Section 2, the problem of G1 Hermite interpolation
using RRMF quintics is formulated in Section 3. A procedure for solving this problem
is then described in Section 4, and a selection of computed examples is presented in
Section 5. Finally, Section 6 summarizes the key results of this paper and makes some
concluding remarks.

2 Rational RMFs on Polynomial Space Curves

An adapted frame on a regular parametric space curve r(t) is an orthonormal basis
(f1(t), f2(t), f3(t)) for R3 such that f1 coincides with the unit tangent t = r′/ |r′|. The
variation of such a frame may be characterized by its angular velocity ω(t), such that

df1
dt

= σ ω × f1 ,
df2
dt

= σ ω × f2 ,
df3
dt

= σ ω × f3 ,

σ(t) = |r′(t)| being the parametric speed of the curve. Among all adapted frames on
a given space curve, the rotation–minimizing frames (RMFs) exhibit the least possible
magnitude |ω(t)| of the frame angular velocity [1, 12, 15]. An RMF may be character-
ized by the property that its angular velocity maintains a vanishing component in the
direction of f1 = t, i.e., ω · t ≡ 0, and hence the instantaneous rate of rotation of f2 and
f3 about f1 is always zero.
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In general, the RMFs of polynomial or rational curves do not admit rational de-
pedence on the curve parameter, and this fact has prompted several authors to pro-
pose schemes for piecewise–rational RMF approximations [11, 14, 17, 18]. Clearly, a
polynomial space curve r(t) = (x(t), y(t), z(t)) that admits a rational RMF — i.e.,
an RRMF curve — must have a rational unit tangent vector, and it must therefore
be a Pythagorean–hodograph (PH) curve [5], whose derivative or hodograph r′(t) =
(x′(t), y′(t), z′(t)) satisfies

|r′(t)|2 = x′2(t) + y′2(t) + z′2(t) = σ2(t) (1)

for a suitable polynomial σ(t). Two useful (equivalent) representations for spatial PH
curves, introduced in [3], are based on the algebra of quaternions H and the Hopf map,
expressed in terms of complex number pairs C × C.

Exact RMFs can be computed for any spatial PH curve [4], but in general they in-
cur transcendental functions. The RRMF curves form a proper subset of all spatial PH
curves. Using the quaternion model, it was shown in [13] that no RRMF cubics exist,
except the degenerate cases of linear or planar curves. Subsequently, the existence of
non–degenerate RRMF quintics was demonstrated in [9], using the Hopf map model,
and conditions on the complex coefficients in this model were introduced, that identify
a spatial PH quintic as an RRMF curve. The Hopf map H : C×C → R3 specifies a spa-
tial Pythagorean hodograph in terms of two complex polynomials α(t) = u(t)+ i v(t),
β(t) = q(t) + i p(t) as

r′(t) = H(α(t), β(t)) , (2)

where

H(α(t), β(t)) = ( |α(t)|2 − |β(t)|2 , 2 Re(α(t)β(t)) , 2 Im(α(t)β(t)) ) . (3)

In order to define an RRMF curve, the complex polynomials α(t), β(t) in (3) must
satisfy [9, 13] the condition

αα′ − α′α + ββ′ − β
′
β

αα + ββ
=

ww′ − w′w
ww

, (4)

where w(t) = a(t) + i b(t) is a complex polynomial with gcd(a(t), b(t)) = constant.
As noted in [9], when w(t) is either a real polynomial or a constant, the condition (4)
becomes

αα′ − α′α + ββ′ − β
′
β = 0 .

This circumstance identifies coincidence of the RMF with the Euler–Rodrigues frame
(ERF) — a rational adapted frame defined [2] for any spatial PH curve, that may be
expressed in terms of the Hopf map model as

e1(t) =
( |α|2 − |β|2 , 2 Re(αβ) , 2 Im(α β) )

|α|2 + |β|2 ,

e2(t) =
(− 2 Re(α β) , Re(α2 − β2) , Im(α2 + β2) )

|α|2 + |β|2 , (5)

e3(t) =
( 2 Im(α β) , − Im(α2 − β2) , Re(α2 + β2) )

|α|2 + |β|2 .
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It was shown in [2] that the ERF is not rotation–minimizing for any non–planar RRMF
cubic or quintic. Nevertheless, the ERF serves as a useful rational adapted “reference”
frame in the problem of identifying RRMF curves.

To define an RRMF quintic, we employ complex quadratic polynomials

α(t) = α0 (1 − t)2 + α1 2(1 − t)t + α2 t2 ,

β(t) = β0 (1 − t)2 + β1 2(1 − t)t + β2 t2 , (6)

in (3), where αk, βk ∈ C for k = 0, 1, 2. The constraints on these six coefficients that
identify non–degenerate RRMF quintics are

(|α0|2 + |β0|2) |α1α2 + β1β2|2 = (|α2|2 + |β2|2) |α0α1 + β0β1|2 , (7)

(|α0|2 + |β0|2) (α0β2 − α2β0) = 2 (α0α1 + β0β1)(α0β1 − α1β0) . (8)

It has been shown in [9] that these are necessary and sufficient for the existence of a
quadratic complex polynomial w(t) such that (4) is satisfied. Since (7) and (8) are con-
straints on real and complex values, respectively, they amount to three scalar constraints
on the coefficients of the polynomials α(t) and β(t).

Once the coefficients of the two quadratic polynomials α(t), β(t) satisfying (7) and
(8) are known, the coefficients of the polynomial

w(t) = w0 (1 − t)2 + w1 2(1 − t)t + w2 t2

in (4) are given [9] in terms of them by

w0 = 1 , w1 =
α0α1 + β0β1

|α0|2 + |β0|2
, w2 =

α1α2 + β1β2

α0α1 + β0β1
.

The rational RMF (f1(t), f2(t), f3(t)) can then be expressed [9] in terms of the ERF (5)
and the polynomials a(t) = Re(w(t)), b(t) = Im(w(t)) as

f1(t) = e1(t) ,

f2(t) =
a2(t) − b2(t)
a2(t) + b2(t)

e2(t) − 2 a(t)b(t)
a2(t) + b2(t)

e3(t) , (9)

f3(t) =
2 a(t)b(t)

a2(t) + b2(t)
e2(t) +

a2(t) − b2(t)
a2(t) + b2(t)

e3(t) .

This rational rotation–minimizing frame is of degree 8 in the curve parameter t.

3 Interpolation of G1 Spatial Hermite Data

We are concerned with constructing quintic RRMF curves r(t) for t ∈ [ 0, 1 ] that inter-
polate given G1 spatial Hermite data — i.e., initial/final points pi, pf and unit tangents
ti, tf . Thus, the curve defined by (2)–(3) must satisfy (7)–(8) and

r(0) = pi ,
r′(0)
|r′(0)| = ti , r(1) = pf ,

r′(1)
|r′(1)| = tf . (10)
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The unit tangents ti, tf can be specified in terms of polar angles θi, θf measured from
the x–axis, and azimuthal angles φi, φf measured about the x–axis, as

ti = (cos θi, sin θi cosφi, sin θi sinφi) , (11)

tf = (cos θf , sin θf cosφf , sin θf sin φf ) . (12)

Since the first condition in (10) is trivially satisfied by taking pi as integration con-
stant on integrating (3), we need only consider the displacement

Δp =
∫ 1

0
r′(t)dt = pf − pi

rather than pi, pf individually. Now it is always possible to choose a coordinate system
in which the initial tangent ti is in the (x, y)–plane, the initial point pi is at the origin,
and the displacement Δp = pf − pi lies on the x–axis. We say that such coordinates
define canonical Hermite data, with φi = 0 and Δp = (X, 0, 0). We henceforth assume
data of this form, and for brevity we write φf = φ and

(ci, si) = (cos 1
2θi, sin 1

2θi) , (cf , sf) = (cos 1
2θf , sin 1

2θf ) . (13)

Note that, for non–planar data, θi, θf and φ must not be integer multiples of π.
Interpolation of the displacement Δp = (X, 0, 0) by a PH quintic yields the two

conditions

5 X = |α0|2 − |β0|2
+ Re(α0α1 − β0β1)
+ 1

3 Re(α0α2 − β0β2) + 2
3 (|α1|2 − |β1|2)

+ Re(α1α2 − β1β2)
+ |α2|2 − |β2|2 , (14)

0 = 2 α0β0

+ α0β1 + α1β0

+ 1
3 (α0β2 + α2β0) + 4

3 α1β1

+ α1β2 + α2β1

+ 2 α2β2 . (15)

Since (14) is a scalar equation, while (15) is a relation among complex values, interpo-
lating Δp incurs three scalar constraints on the coefficients of α(t), β(t).

From (3) and (6), we can write the interpolation of end tangents as

r′(0)
|r′(0)| =

(|α0|2 − |β0|2, 2 Re(α0β0), 2 Im(α0β0))
|α0|2 + |β0|2

= ti , (16)

r′(1)
|r′(1)| =

(|α2|2 − |β2|2, 2 Re(α2β2), 2 Im(α2β2))
|α2|2 + |β2|2

= tf . (17)
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Since ti and tf are unit vectors, (16) and (17) each yield two scalar constraints on
the coefficients of α(t), β(t). Hence, the G1 Hermite interpolation conditions impose
seven scalar constraints on the six complex coefficients of the polynomials α(t) and
β(t). Thus, in conjunction with the RRMF constraints (7)–(8), we have altogether ten
scalar constraints and twelve scalar unknowns.

Another scalar constraint may be imposed by noting [10] that the polynomials (6)
embody one non–essential freedom. Namely, if the polynomials α(t), β(t) generate a
specific hodograph r′(t) through (3), the same hodograph is obtained on replacing them
by exp(iξ)α(t), exp(iξ)β(t) for any ξ ∈ R. Hence we may assume, without loss of
generality, that one of the coefficients in (6) is real. Thus, we expect the RRMF quintic
interpolants to given spatial G1 Hermite data to form a one–parameter family of space
curves.

4 Solution of RRMF Hermite System

As noted in Sections 2 and 3, the interpolation of G1 Hermite data by RRMF quintic
curves involves a system of eleven scalar constraints on the six complex coefficients
α0, α1, α2, β0, β1, β2, leaving one scalar degree of freedom. Consider first interpola-
tion of the end tangents.

Proposition 1. For canonical–form Hermite data, interpolation of the two end tangents
(11)–(12) may be achieved by expressing α0, β0 and α2, β2 in terms of complex values
γ0 and γ2 as

α0 = γ0ci , α2 = γ2cf exp(i12φ) , (18)

β0 = γ0si , β2 = γ2sf exp(− i12φ) . (19)

Proof. Substituting (18)–(19) in (16)–(17) and simplifying yields (11)–(12). �

From (18) and (19) we see that

|α0|2 + |β0|2 = |γ0|2 and |α2|2 + |β2|2 = |γ2|2 .

Thus, denoting by ρ2 the ratio of the end–derivative magnitudes,

ρ2 =
|r′(1)|
|r′(0)| =

|α2|2 + |β2|2
|α0|2 + |β0|2

, (20)

we have
|γ2| = ρ |γ0| .

Therefore, we can write γ0 = γ exp(iλ0) and γ2 = ρ γ exp(iλ2) where γ, ρ ∈ R+ and
λ0, λ2 ∈ [ 0, 2π ]. The redundancy of the representation (2) can be used to fix either λ0
or λ2. We choose λ0 = 0 and, for simplicity, set λ2 = λ. Invoking the notations (13),
we obtain the expressions

α0 = γ ci , α2 = ρ γ cf exp(i(λ + 1
2φ)) , (21)

β0 = γ si , β2 = ρ γ sf exp(i(λ − 1
2φ)) , (22)

where ci, si, cf , sf �= 0 and φ is not an integer multiple of π for non–planar data.
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Consider now the RRMF conditions (7)–(8). If we substitute the expressions for
α0, β0, α2, β2 and simplify, we obtain

| cf exp(i12φ)α1 + sf exp(−i12φ)β1 | = | ci α1 + si β1 | , (23)

ρ γ2 exp(iλ) [ cisf exp(−i12φ) − cfsi exp(i12φ) ]

= 2(ciα1 + siβ1)(ciβ1 − siα1) . (24)

Condition (23) implies that, for some angular parameter η, we must have

exp(iη) [ cf exp(i12φ)α1 + sf exp(−i12φ)β1 ] = ci α1 + si β1 ,

and hence

[ sf exp(i12φ) − si exp(iη) ] β1 = [ ci exp(iη) − cf exp(−i12φ) ] α1 . (25)

Now if η is such that sf exp(i12φ) = si exp(iη), condition (25) implies that α1 = 0.
This is possible only if sf = si and η = 1

2φ, or sf = −si and η = 1
2φ + π. In the

former case (24) is satisfied by taking λ = 1
2π or 3

2π and |β1|2 = ρ γ2| sin 1
2φ|. In the

latter case (24) is satisfied with λ = 0 or π and |β1|2 = ρ γ2| cos 1
2φ|. In all other cases

(25) implies that

β1 =
ci exp(iη) − cf exp(−i12φ)
sf exp(i12φ) − si exp(iη)

α1 . (26)

Substituting (26) into (24), cancelling the factor1 cisf exp(−i12φ)−cfsi exp(i12φ) from
both sides, and setting ε = cicf exp(−i12φ) + sisf exp(i12φ), we obtain

|α1|2 = 1
2 ρ γ2 | sf exp(i12φ) − si exp(iη) |2

exp(−iλ) [ exp(iη) − ε ]
. (27)

For a valid solution, the expression on the right must have a non–negative real value.
This is equivalent to satisfaction of the relations

Im( exp(−iλ) [ exp(iη) − ε ] ) = 0 , Re( exp(−iλ) [ exp(iη) − ε ] ) > 0 ,

by the parameters η and λ, and consequently

exp(−iλ) = μ0(η) with μ0(η) =
exp(−iη) − ε

| exp(−iη) − ε | . (28)

Substituting from (28) into (27), we obtain

|α1|2 = ρ γ2f1(η) with f1(η) =
1
2 | sf exp(i12φ) − si exp(iη) |2

| exp(iη) − ε | . (29)

1 Under the stated assumptions on ci, si, cf , sf and φ, this factor is always non–zero. The same
is true of the term exp(iη) − ε, for all values of η.
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Assuming that2 3α0 + 4α1 + 3α2 �= 0, equation (15) allows β1 to be expressed in
terms of α1 as

β1 = − (6β0 + β2)α0 + 3(β0 + β2)α1 + (β0 + 6β2)α2

3α0 + 4α1 + 3α2
.

Equating this expression for β1 with (26) and cancelling γ from both sides gives the
equation

δ0(η, ρ)α1 + δ1(η, ρ)α1 = γ δ2(η, ρ) , (30)

for α1, with coefficients

δ0(η, ρ) = 3 [ ci + ρ cfμ0 exp(−i12φ) ] μ1 ,

δ1(η, ρ) = 3 [ si + ρ sfμ0 exp(−i12φ) ] , (31)

δ2(η, ρ) = − 6 [ cisi + ρ2cfsf exp(−iφ) ] − 4 ρ f1 μ1

− ρ exp(−i12φ)[ cisf μ0 + cfsi μ0 ] ,

where we define

μ1(η) =
ci exp(iη) − cf exp(−i12φ)
sf exp(i12φ) − si exp(iη)

. (32)

Now the pairs of (ρ, η) values such that |δ0|2 = |δ1|2 and Re((δ0 − δ1)δ2) �= 0 or
Im((δ0 + δ1)δ2) �= 0 are unacceptable, because equation (30) has no solution. On
the other hand, if there exist pairs such that |δ0|2 = |δ1|2 and Re((δ0 − δ1)δ2) =
Im((δ0 + δ1)δ2) = 0, equation (30) corresponds to only one scalar condition. In this
special case, we also need equation (29) to determine α1.

In general, we can assume that |δ0|2 �= |δ1|2 and derive α1 from (30) as

α1 = γ
δ0δ2 − δ1δ2

|δ0|2 − |δ1|2 .

Once η is chosen, the correct ρ value is identified via (29) by the positive real roots of
the equation

| δ0δ2 − δ1δ2 |2 − ρ f1(η) (|δ0|2 − |δ1|2)2 = 0 , (33)

which is a polynomial equation of degree 6 with real coefficients. We may write

δ0δ2 − δ1δ2 =
3∑

k=0

zk ρk ,

with

z0 = 18 cisi(si − ciμ1) ,

z1 = 18 cisiμ0[sf exp(−i12φ) − cfμ1 exp(i12φ)] + 3 si exp(i12φ)(cisfμ0 + cfsiμ0)
+ 12 f1μ1(si − ciμ1) − 3 ciμ1 exp(−i12φ)(cisfμ0 + cfsiμ0) ,

z2 = 18 cfsf [si exp(iφ) − ciμ1 exp(−iφ)] + 3 sfμ0(cisfμ0 + cfsiμ0))
+ 12 f1μ0μ1[sf exp(−i12φ) − cfμ1 exp(i12φ)] − 3 cfμ1μ0(cisfμ0 + cfsiμ0) ,

z3 = 18 cfsfμ0[sf exp(i12φ) − cfμ1 exp(−i12φ)] ,
2 This incurs no loss of generality: the condition α1 = − 3

4
(α0 +α2) imposes two more scalar

constraints on η and ρ, so no degrees of freedom remain for satisfying (27).
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while

|δ0|2 =
2∑

k=0

d0kρk and |δ1|2 =
2∑

k=0

d1kρk ,

with

d00 = 9 |μ1|2c2
i ,

d01 = 9 |μ1|2cicf [ μ0 exp(−i12φ) + μ0 exp(i12φ) ] ,

d02 = 9 |μ1|2c2
f ,

d10 = 9 s2
i ,

d11 = 9 sisf [ μ0 exp(−i12φ) + μ0 exp(i12φ) ] ,

d12 = 9 s2
f .

Hence, setting

| δ0δ2 − δ1δ2 |2 =
6∑

k=0

ckρk ,

where

c0 = |z0|2 ,

c1 = 2 Re(z1z0) ,

c2 = 2 Re(z2z0) + |z1|2 ,

c3 = 2 Re(z3z0) + 2 Re(z2z1) , (34)

c4 = 2 Re(z3z1) + |z2|2 ,

c5 = 2 Re(z3z2) ,

c6 = |z3|2 ,

equation (33) reduces to

c6 ρ6 +
5∑

j=1

(cj − ej−1f1)ρj + c0 = 0 , (35)

with

e0 = (d00 − d10)2 ,

e1 = 2 (d00 − d10)(d01 − d11) ,

e2 = (d01 − d11)2 + 2 (d00 − d10)(d02 − d12) ,

e3 = 2 (d01 − d11)(d02 − d12) ,

e4 = (d02 − d12)2 .

Equation (35) must possess at least one positive real root, for some value of the angular
parameter η, if an RRMF quintic G1 Hermite interpolant is to exist. Since the coeffi-
cients of (35) have a complicated, non–linear dependence on the Hermite data and on
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the parameter η, a thorough investigation of the existence (and number) of interpolants
is a challenging task, beyond our present scope. We hope to address it in a future study.

From (21)–(22) and (26)–(27) we observe that the coefficients of α(t), β(t) are all
proportional to γ. Hence, we may write

αk = γ ak and βk = γ bk (36)

for k = 0, 1, 2, where

a0 = ci , a1 =
δ0δ2 − δ1δ2

|δ0|2 − |δ1|2 , a2 = ρ cf μ0 exp(i12φ) , (37)

b0 = si , b1 = μ1a1 , b2 = ρ sf μ0 exp(−i12φ) . (38)

Substituting (36) into (14), the γ value corresponding to a positive real root of (35) can
be computed as

γ =

√
5X

f2(η)
, (39)

where f2(η) is defined by

f2(η) = |a0|2 − |b0|2 + Re(a0a1 − b0b1)
+ 1

3 Re(a0a2 − b0b2) + 2
3 (|a1|2 − |b1|2) (40)

+ Re(a1a2 − b1b2) + |a2|2 − |b2|2 .

Of course, we must require f2(η) > 0 for (39) to yield a real γ value. Again, due to the
complicated dependence of (40) on η and the prescribed Hermite data, a detailed study
of the conditions under which this holds is deferred to a future study. For the present,
we only observe from experience with experimental tests that there are infinitely many
admissible choices for η in the case of sufficiently dense data sampled from a smooth
analytic curve, some of which produce very reasonable shapes. On the other hand, as
shown in the examples of the following section, we have also been able to identify
admissible fair–shaped RRMF quintic interpolants for many other data sets.

We conclude by summarizing the computation of RRMF quintic interpolants to spa-
tial G1 Hermite data as follows (for brevity, we exclude the cases η = 1

2φ when sf = si,
and η = 1

2φ + π when sf = −si). The procedure employs Nη uniformly–sampled val-
ues of the η parameter.

Algorithm

Input: pi,pf , ti, tf , Nη

1. transform the Hermite data to canonical form;
2. determine θi, θf , φ = φf from expressions (11)–(12);
3. compute ci, si and cf , sf from (13);
4. compute ε = cicf exp(−i 12φ) + sisf exp(i12φ);
5. for η = 2πk/Nη with k = 0, . . . , Nη − 1:
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(a) compute μ0, μ1, f1 from (28), (32), (29);
(b) compute c0, . . . , c6 from (34);
(c) find a positive real root ρ of equation (35);

if no positive real root exists, return to step 5;
(d) compute δ0, δ1, δ2 from (31);
(e) compute a0,a1,a2 and b0,b1,b2 from (37) and (38);
(f) compute f2 from (40) — if f2 ≤ 0 return to step 5;
(g) determine γ from expression (39);
(h) compute α0, α1, α2 and β0, β1, β2 from (36)–(38);
(i) construct the hodograph (2) from α(t) and β(t);
(j) transform to original coordinates by inverting step 1.

Output: a set of RRMF quintics interpolating the Hermite data,
corresponding to the chosen η values.

5 Numerical Results

The numerical results show that the η, ρ values can significantly influence the shape
of the resulting RRMF interpolant. In computing the following examples, we used the
MATLAB function roots to solve (35). The Bernstein coefficients of the polynomials
α(t), β(t), w(t) are quoted to five significant digits.

Example 1. Figure 1 shows two RRMF quintic interpolants to the data

p0 = (0, 0, 0) , p1 = (1, 1, 1) , t0 =
(1, 0, 1)√

2
, t1 =

(0, 1, 1)√
2

,

together with their Bézier control polygons. After transforming this data to canonical
form, the coefficients of the α(t), β(t), w(t) polynomials are

α0 = 1.4194 , α1 = − 0.7920 + 0.4058 i , α2 = − 0.9158 + 2.5605 i ,
β0 = 0.4512 , β1 = 1.1392 + 0.7361 i , β2 = − 0.5593− 0.6590 i ,
w0 = 1.0 , w1 = − 0.2751 + 0.4094 i , w2 = 1.1863 + 1.5044 i ,

for the curve on the left with (η, ρ) = (5.2000, 1.9158), and

α0 = 1.5363 , α1 = 1.1372 + 0.4334 i , α2 = 0.7595 + 1.2735 i ,
β0 = 0.4883 , β1 = − 0.0461− 0.2865 i , β2 = − 0.4712 + 0.0067 i ,
w0 = 1.0 , w1 = 0.6637 + 0.2024 i , w2 = 0.6024 + 0.7542 i ,

for the curve on the right with (η, ρ) = (4.3250, 0.9652). Both cases satisfy (4).
The corresponding values of the shape integrals3 (89) in [8] are

L = 2.3259 , E = 44.509 , Ermf = 22.856 ,

3 L is the total arc length; E is the elastic energy associated with the Frenet frame; and Ermf is
the energy associated with the RMF.
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Fig. 1. The RRMF quintic interpolants of Example 1, with Bézier control polygons
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Fig. 2. Comparison of the ERF (left) and RMF (right) along the RRMF quintic shown on the right
in Figure 1. For clarity, the unit tangent vector is omitted from the plots.

for the curve on the left, and

L = 1.9070 , E = 5.7495 , Ermf = 1.4641 ,

for the curve on the right. Figure 2 shows the variation of the ERF and RMF along the
RRMF quintic on the right in Figure 1.

Example 2. Figure 3 shows two RRMF quintic interpolants to the data

p0 = (0, 0, 0) , p1 = (1, 0, 0) , t0 =
(1, 1, 0)√

2
, t1 =

d1

|d1| ,

where d1 = (0.2, 0.2, 0.4057), together with their Bézier control polygons.
In this case, the coefficients of the α(t), β(t), w(t) polynomials are

α0 = 1.9240 , α1 = 0.3403− 0.9857 i , α2 = − 0.8882− 1.2811 i ,
β0 = 0.7970 , β1 = 0.1805 + 1.4013 i , β2 = − 1.0041 + 0.1499 i ,
w0 = 1.0 , w1 = 0.1841− 0.1798 i , w2 = 0.7110− 0.5408 i ,
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Fig. 3. The RRMF quintic interpolants of Example 2, with Bézier control polygons
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Fig. 4. Comparison of the ERF (left) and RMF (right) along the RRMF quintic shown on the left
in Figure 3. For clarity, the unit tangent vector is omitted in these plots.

for the curve on the left with (η, ρ) = (4.2000, 0.8933), and

α0 = 2.0292 , α1 = 0.8559− 0.4150 i , α2 = − 0.7008− 1.0107 i ,
β0 = 0.8405 , β1 = − 0.7890 + 1.0190 i , β2 = − 0.7921 + 0.1183 i ,
w0 = 1.0 , w1 = 0.2226 + 0.0030 i , w2 = 0.5319− 0.4045 i ,

for the curve on the right with (η, ρ) = (4.2000, 0.6682). Both curves satisfy (4). The
values of the shape integrals are

L = 2.1610 , E = 15.806 , Ermf = 12.807

for the curve on the left, and

L = 1.9263 , E = 19.945 , Ermf = 15.998 ,

for the curve on the right. Figure 4 shows the variation of the ERF and RMF along the
RRMF quintic on the left in Figure 3.

Example 3. In the final example, we consider data obtained by sampling the circular
helix r(t) = (sin(t), cos(t), t) at ten equidistant points on t ∈ [ 0, 9

2π ]. The resulting
G1 RRMF quintic interpolants are illustrated in Figure 5.
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Fig. 5. A piecewise G1 RRMF quintic interpolant (right) to Hermite data sampled from the circu-
lar helix (left). For each spline segment (delimited by the * symbols) the RRMF quintic Hermite
interpolant is shown together with its Bézier control polygon.

6 Closure

A method for computing quintic RRMF (rational rotation–minimizing frame) curves
that interpolate spatial G1 Hermite data has been presented. Such curves are useful
in applications such as motion control, animation, and swept surface constructions.
The method involves one free angular parameter, that can strongly influence the curve
shape. Numerical experiments show that, for many Hermite data sets, interpolants of
good shape can be obtained by the method, but the formulation of an automatic and
efficient procedure for their selection is an open problem. Further open problems con-
cern the existence and multiplicity of the interpolants to arbitrary Hermite data, and the
geometrical significance of the parameter η. Because they are highly non–linear, these
problems are non–trivial: we hope to address them more carefully in future studies.
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Abstract. This paper is intended to provide a multiresolution analysis (MRA)
scheme to obtain a sequence of Cr-spline surfaces over a Powell-Sabin triangu-
lation of a polygonal domain approximating a Lagrangian data set and minimiz-
ing a certain “energy functional". We define certain non separable scaling and
wavelet functions in bidimensional domains, and we give the decomposition and
reconstruction formulas in the framework of lifting schemes. Two important ap-
plications of the theory are given: In the first one we develop an algorithm for
noise reduction of signals. The second one is related to the localization of the
regions where the energy of a given function is mostly concentrated. Some nu-
merical and graphical examples for different test functions and resolution levels
are given.

1 Introduction

Multiresolution and subdivision schemes are successfully applied in a variety of engi-
neering fields. Subdivision schemes are based on refinement rules which are applied on
a starting set of discrete data to generate a new denser set. The procedure is recursively
used and, under some assumptions, it converges to a certain limit function [7, 10].

Subdivision schemes are related with multiresolution algorithms. More precisely, the
multiresolution algorithms connect a finite sequence aL, which represents sampling of
weighted-averaged of a function at resolution level L, with its multi-scale representation

{ak,dk,dk+1, . . . ,dL−1}, (1)

where, for 0≤ k ≤ L−1, the sequence ak denotes an approximation of aL at resolution k,
and, for k ≤ j ≤ L−1, d j represents the intermediate details needed to recover a j+1 from
a j. In this way, it is possible to obtain {aL−1,dL−1} from aL (decomposition process)
and, reciprocally, we can also obtain aL from {aL−1,dL−1}, or equivalently, aL from (1)
(reconstruction process). Wavelet decompositions constitutes a relevant theory of linear
multi-scale representations [6, 15]. In fact, the construction of multiresolution schemes
according to different practical contexts is a growing relevant research area [4,13]. The
theoretical analysis depends on the underlying functional space used to formulate the
problem at issue and, as usual, the difficulty level increases with the spatial dimension.
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In this work we introduce a multiresolution analysis to obtain Cr-spline surfaces
which approximates a Lagrangian data set in a certain type of domain D ⊂R2, and min-
imizes an “energy functional". The minimization spaces are spline spaces constructed
from the Powell-Sabin subtriangulation associated to different uniform Δ1-type trian-
gulations of D. More precisely, for each resolution level we will consider a uniform
Δ1-type triangulation in such a way that the approximating spline spaces associated to
consecutive levels are nested. Recently, some authors have developed subdivision algo-
rithms regarding energy properties (see e.g. [9]) and Powell-Sabin splines (see e.g. [19]
and references therein). In the context of compressing surfaces related to hierarchical
bases, it can be consulted [11], where C 1-cubic splines defined on triangulated quadran-
gulations are used. In the present work we obtain the corresponding decomposition and
reconstruction algorithms and, by the use of them, we will compute the detail coeffi-
cients relative to the multiresolution representation (1) in the framework of the minimal
energy surfaces. Our approach allows us to localize the regions where the energy of
a given function is mostly concentrated, what is a relevant fact for practical purposes.
We will be also able to use the developed algorithms to describe a process to denoise a
given signal, what constitutes a field of increasing interest in the last years.

The organization of the paper is as follows: In Section 2 we describe the basic back-
ground on multiresolution techniques, while in Section 3 we develop the basic concepts
needed to describe the construction of the minimal energy surfaces and we state the
problem we want to solve. In Section 4 we derive the decomposition and reconstruc-
tion procedures in the framework of the multiresolution analysis scheme, and we make
use of two theorems given in [2] and [3] in order to show that as the number of La-
grangian data and resolution level increases, some kind of convergence is guaranteed in
the context of the present work. Finally, in Section 5, two applications of the developed
theory are analyzed: one concerning noise reduction and the other one related to the
localization of the regions of maximum energy of a given function.

2 Background on Multiresolution

A multiresolution scheme constitutes a suitable framework for the representation of
a data set aL into an approximation ak, 0 ≤ k ≤ L − 1, and different detail levels
{dk,dk+1, . . . ,dL−1}. In this context, a collection of approximation spaces {Vj} j≥0 of a
suitable functional space H such that

V0 ⊂V1 ⊂ ·· · ⊂Vj ⊂ ·· · ⊂ H , (2)

and
⋃

j≥0 Vj is dense in H , is considered [6, 15]. The detail spaces Wj (for j ≥ 0) are
defined by the identity Vj+1 = Vj

⊕
Wj. Hence, we have

VL = VL−1 ⊕WL−1 = · · · = Vj ⊕Wj ⊕·· ·⊕WL−1 ( j ≤ L−1).

In the classical wavelet theory, the multiresolution analysis is developed in H =
L2(R), and the spaces Vj are generated by dilation and translation of one fixed function,
called the scaling function, while the detail spaces are generated by the application of
the same procedure to the so-called wavelet function. The multiresolution analysis in
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L2(R2) is based on tensor products of these functions [6,15]. The classical construction
involves Fourier transforms techniques to obtain the scaling and wavelet functions in
terms of the low-pass and high-pass filters, respectively. However, there are many situa-
tions in which the multi-scale approach is well suited to formulate certain problems but
the Fourier techniques are no longer available to obtain the multiresolution algorithms.
In such cases these algorithms are given by means of the so-called lifting schemes, i.e.,
a completely spatial framework without the frequency analysis [12, 18].

Lifting methods can be regarded as a reimplementation of the decomposition and
reconstruction processes, which are classically given by means of filter bank algorithms
defined by the so called quadrature mirror filters. These four filters make use of the
operations given by downsampling, upsampling and convolutions. The lifting scheme
proposes to split the input data in old and new components. The terms old and new are
used according to the hierarchy defined by the subdivision procedure (see Figure 1).
The new data is predicted from the old data by the use of a predictor P. The predictor
needs not to be exact, so the details d j are defined by the difference

d j = anew
j+1 −P(aold

j+1). (3)

Conversely, in practice, the data aold
j+1 is equal to a j up to a filtered (or lifted) version

of the details, by means of the operator U :

a j = aold
j+1 +U(d j). (4)

The case P = 1 and U = 1/2 corresponds to the Haar wavelet transform (see [12], p.
24). In fact, all the classical wavelet transforms can be reformulated by means of lifting.

SPLIT P U

aj�1
old

aj�1
new

aj�1

dj

aj

�

�

Fig. 1. General lifting scheme

The lifting transform is easily invertible. From (3) and (4) it follows

anew
j+1 = d j + P(a j −U(d j))

aold
j+1 = a j −U(d j)

.

So, the plus signs are replaced with minus signs and split is replaced with merge. The
inversion involves the same operators, P and U . This fact constitutes a great advantage
of lifting schemes in comparison with the classical inverse wavelet transforms. The
lifting reconstruction diagram is:
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MERGEPU

�

�

aj�1
aj�1
old

aj�1
new

dj

aj

Fig. 2. The inverse lifting scheme

3 Background on Minimal Energy Surfaces

Let T
R2 be any uniform Δ1-type triangulation of the plane R2 induced by integer trans-

lates of x = 0,y = 0 and x+y = 0, and let D ⊂R2 be a polygonal domain such that D is
the union of some triangles of T

R2 . Let us consider the Sobolev space Hr+1(D) (r ≥ 1),
whose elements are (classes of) functions u defined on D such that their partial deriva-
tives (in the distribution sense) ∂βu belong to L2(D), with β = (β1,β2) ∈ N

2 and
|β | = β1 +β2 ≤ r + 1. In this space we consider the usual inner semi-products

(u,v)t = ∑
|β |=t

∫
D
∂βu(x)∂β v(x)dx for t = 0, . . . ,r + 1,

being ∂ 0u(x) = u(x) for all x ∈ D, the corresponding semi-norms

|u|t = (u,u)1/2
t =

(
∑
|β |=t

∫
D
∂βu(x)2dx

)1/2

for t = 0, . . . ,r + 1,

and the norm

‖u‖r+1 =

(
r+1

∑
t=0

|u|2t
)1/2

.

We will consider a uniform Δ1-type triangulation T of D (see e.g. [5]), and the
associated Powell-Sabin subtriangulation T ∗ of T (see [14] or [16]). Such subtrian-
gulations are obtained by subdividing each triangle T ∈ T into six subtriangles by
connecting each vertex of T to the midpoint of the opposite side. Hence, all these micro
triangles have the barycenter of T as a common vertex. Nevertheless, Powell-Sabin sub-
triangulation can be also obtained by using the incenter of T instead of the barycenter
in the split procedure for a larger class of triangulations (see [17]).

Let n = n(r) = 2r + 1 for r even and n = n(r) = 2r for r odd. Let [x] denote the
integer part of x. We consider the set

S
r,r+[ r

2 ]
n (D,T ) = {v ∈Cr(D) : v|T ∈ S

[ n−1
2 ]+1,r+[ r

2 ]
n (T,T ∗), ∀T ∈ T },
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where

S
[ n−1

2 ]+1,r+[ r
2 ]

n (T,T ∗) =

⎧⎨⎩v ∈C[ n−1
2 ]+1(T ) :

v|T ′ ∈ Pn(T ′),∀T ′ ∈ T ∗,T ′ ⊂ T,

and v is of class Cr+[ r
2 ]

at the vertices of T

⎫⎬⎭ ,

and Pn(T ′) indicates the space of bivariate polynomials of total degree at most n over
T ′. In [14] it is shown that given a function f ∈Cm(D),m ≥ r+[ r

2 ], there exists a unique

function v ∈ S
r,r+[ r

2 ]
n (D,T ) such that the values of v and all its partial derivatives up

to order r +[ r
2 ] coincide with those of f at all the vertices of T .

Let us consider a finite subset P = {p1 . . . , pq} of points in D and a given vector of
real values Z = (zi)

q
i=1 ∈ Rq. From the continuous injection of Hr+1(D) into C0(D), we

can define the evaluation operator ρ(v) := (v(pi))
q
i=1 ∈ Rq for all v ∈ Hr+1(D).

We are looking for a Cr-surface, r ≥ 1, that approximates the points
{(pi,zi)}q

i=1 ⊂ R3 by minimizing the functional energy

J(v) =< ρ(v)−Z >2
q +

r+1

∑
t=1

τt |v|2t ,

where < · >q represents the usual Euclidean norm in Rq, τ := (τ1, . . . ,τr+1), τi ∈
[0,+∞) for all i = 1, . . . ,r and τr+1 ∈ (0,+∞). Observe that the first term of J measures
(in the least squares sense) how well v approximates the values in Z, while the sec-
ond one represents the “minimal energy condition” over the semi-norms | · |1, . . . , | · |r+1

weighted by the parameters τ1, . . . ,τr+1, respectively.
More precisely, for each resolution level, the minimization problem under consider-

ation is:

Problem 1. Find an element σ ∈ S
r,r+[ r

2 ]
n (D,T ) such that J(σ) ≤ J(v) for all v ∈

S
r,r+[ r

2 ]
n (D,T ).

In [2] it is shown that, under the condition

Ker(ρ)∩Pr(D) = {0},
Problem 1 has a unique solution (the main idea of the proof consists of applying the
Lax-Milgram Lemma to the bilinear form a(u,v) =< ρ(u),ρ(v) >q +∑r+1

t=1 τt(u,v)t ,
where < ·, · >q represents the usual Euclidean inner product in Rq, and to the linear

form ϕ(v) =< Z,ρ(v) >q, for u,v ∈ S
r,r+[ r

2 ]
n (D,T )).

Moreover, if we let N = dim(S
r,r+[ r

2 ]
n (D,T )), we consider a basis {v1, . . . ,vN} of

the finite element space S
r,r+[ r

2 ]
n (D,T ), and we denote the unique solution of Problem

1 as σ = ∑N
i=1αivi, then the vector of coefficients X =

(
(αi)N

i=1

)t
is obtained as the

unique solution of the linear system

CX = T, (5)

where
C = (a(vi,v j))

N
i, j=1 and T =

(
(ϕ(vi))N

i=1

)t
.

Clearly, the coefficient matrix C of (5) is symmetric and, in [2], it is also shown that
C is positive definite.
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4 Multiresolution Analysis

In the present section we will use the following notation: Given two sets of functions

F = { fi}d f
i=1 and G = {g j}dg

j=1 of the space Hr+1(D) we will denote

CF ,G = (a( fi,g j))i=1,...,d f
j=1,...,dg

and
TF =

(
(ϕ( fi))

d f
i=1

)t

(observe that the bilinear form a and the linear form ϕ considered previously can be
extended to Hr+1(D)).

Let {T j} j≥0 be a sequence of refined uniform Δ1-triangulations of D in such a way

that the sequence of approximation spaces Vj = S
r,r+[ r

2 ]
n (D,T j) is nested as in (2), and let

us denote n j = dim(Vj). From Example 7.2.7. of [1] we know that Vj ⊂Hr+1(D). On the
other hand, given u ∈ Hr+1(D) and ε > 0, by applying the Stone-Weierstrass theorem
and the continuous injection of Hr+1(D) into C0(D), there exists p ∈ ⋃

n≥0 Pn(D) and
C > 0 such that

‖u− p‖r+1 ≤C‖u− p‖∞ <
ε
2
.

By applying Lemma 6 of [2], we have that for h small enough there exists v ∈Vj(h),
where j(h) ≥ 0 is such that the diameter of the triangles of T j(h) is h, such that

‖p− v‖r+1 <
ε
2
,

and, therefore,
‖u− v‖r+1 < ε.

Hence
⋃

j≥0 Vj is dense in Hr+1(D) with respect to ‖ · ‖r+1 and, in particular, the ap-
proximation spaces Vj constitute a MRA in H = Hr+1(D) :

V0 ⊂V1 ⊂ ·· · ⊂Vj ⊂ ·· · ⊂ Hr+1(D).

Let B0 = {ϕk
0}n0

k=1 be the usual Hermite basis of V0 and, for all j ≥ 0, let us consider

Ψj = {ψk
j }

n j+1−n j
k=1 the functions of the Hermite basis of Vj+1 associated to the knots

belonging to T j+1 that do not belong to T j. Then, it is clear that if we define{
ϕk

j+1 = ϕk
j for k = 1, . . . ,n j

ϕk
j+1 = ψk−n j

j for k = n j + 1, . . . ,n j+1,

we have that B j+1 = {ϕk
j+1}

n j+1
k=1 = B j ∪Ψj is a basis with local support of the space

Vj+1 for j ≥ 0.
Let σ j be the unique solution of Problem 1 for T = T j. Then, there exists a sequence

a j = {ak
j}

n j
k=1 such that

σ j =
n j

∑
k=1

ak
jϕ

k
j , (6)
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and, from (5), it follows that, for all j ≥ 0,

CB j ,B j a j = TB j . (7)

Moreover, for all j ≥ 1 we have that

CB j ,B j =
(

CB j−1,B j−1 CB j−1,Ψj−1

CΨj−1,B j−1 CΨj−1,Ψj−1

)
(8)

and

TB j =
(

TB j−1

TΨj−1

)
. (9)

Hence, if we denote the element σ j = ∑
n j
k=1 ak

jϕk
j as

n j−1

∑
k=1

ãk
j−1ϕ

k
j−1 +

n j−n j−1

∑
k=1

dk
j−1ψ

k
j−1,

that is,

{a1
j ,a

2
j , . . . ,a

n j
j } = {ã1

j−1, ã
2
j−1, . . . , ã

n j−1
j−1 ,d1

j−1,d
2
j−1, . . . ,d

n j−n j−1
j−1 }, (10)

then from (7), (8), (9) and (10), it holds

CB j−1,B j−1 ã j−1 +CB j−1,Ψj−1 d j−1 = TB j−1 (11)

CΨj−1,B j−1 ã j−1 +CΨj−1,Ψj−1d j−1 = TΨj−1 , (12)

where ã j−1 =
(
(ãk

j−1)
n j−1
k=1

)t
and d j−1 =

(
(dk

j−1)
n j−n j−1
k=1

)t
.

By replacing TB j−1 by CB j−1B j−1a j−1 in (11) we obtain

a j−1 − ã j−1 = (CB j−1,B j−1)
−1CB j−1,Ψj−1 d j−1.

From this last equation and by the use of the notation introduced in (6), the decomposi-
tion algorithm can be formulated as follows:⎧⎨⎩d j−1 =

(
(ak

j)
n j
k=n j−1+1

)t

a j−1 = ã j−1 +(CB j−1,B j−1)
−1CB j−1,Ψj−1d j−1,

(13)

and the reconstruction algorithm is:⎧⎨⎩
(
(ak

j)
n j
k=n j−1+1

)t
= d j−1(

(ak
j)

n j−1
k=1

)t
= ã j−1 = a j−1 − (CB j−1,B j−1)

−1CB j−1,Ψj−1d j−1.
(14)

Observe that by taking P and U of expressions (3) and (4) as the null operator and
C−1

B j ,B j
CB jΨj respectively, the previous algorithms are formulated in the framework of

the lifting scheme recalled in Section 2.
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In [2] and [3] two convergence results (for exact and noisy data, respectively) are
shown in the context of the present work. More precisely, for each s ∈ N∗, let Ps ⊂ D
be a finite set consisting of q = q(s) points and Zs ∈ Rq be a vector of real values.
Let d = ds = supx∈D{δ (x,Ps)}, where δ denotes the Euclidean distance in R2. Let
g ∈Cn+1(D) and h j be the diameter of the triangles of T j for j ≥ 0. Let us suppose that
{h j} j≥0 ⊂ R

+∗ admits 0 as an accumulation point. Let σs, j be the solution of Problem 1
for T = T j,P = Ps and Z = Zs. Then, in [2] it is shown that:

Theorem 2. Under the hypotheses

d = O

(
1
s

)
, s → +∞, (15)

∃C > 0 and s̃ ∈ N
∗ such that q(s) ≤Cs2, ∀s ≥ s̃, (16)

τr+1 = o(s2), s → +∞, (17)

τm = o(τr+1), s → +∞, ∀m = 1, . . . ,r, (18)

s2h2n+2
j

τr+1
= o(1), s → +∞, (19)

it holds that lims→+∞ ‖g−σs, j‖r+1 = 0.

On the other hand, let us consider for each s ∈ N∗ a set Z̃s = Zs +ϑ s of noisy data
points, where ϑ s = (ϑ s

i )
q
i=1 is a error vector in Rq of white noise type for all s ∈ N∗,

and let σ̃s, j be the solution of Problem 1 for T = T j,P = Ps and Z = Z̃s. Then, in [3]
it is shown that:

Theorem 3. If in addition to (15), (16) and (18), the following conditions hold:

d = O

(
inf

a,b∈Ps,a �=b
< a−b >2

)
, s → +∞, (20)

∃C > 0, ∃α ∈ (1,2) such that lim
s→+∞

τr+1

sα
= C, (21)

s2−αh2
j → +∞, s → +∞, (22)

s2−αh2n+2
j → 0, s → +∞, (23)

then lims→+∞ ‖g− σ̃s, j‖r+1 = 0 almost surely.

We also want to mention that, if D = [a,b]× [a,b] is a square domain, then (19), which
is the unique hypothesis involving the sequence of triangulations, could be replaced by
a new condition (19’) in which the resolution level j appears. More precisely, in this
case it is easy to compute that h j = 1

2 j γ, where γ =
√

2(b− a), and hence, Equation
(19) can be replaced by

s2

τr+1(4n+1) j = o(1), s → +∞. (19′)
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Analogously, in the convergence result for noisy data, conditions (22) and (23) can
be stated in terms of the resolution level j:

s2−α

4 j → +∞, s → +∞, (22′)

s2−α

(4n+1) j → +∞, s → +∞. (23′)

5 Applications

In order to show the effectiveness of the given algorithms, we will consider two ap-
plications. In the first one, the noise of a surface is reduced and in the second one,
the subdomain in which the energy of a surface is maximally concentrated is spatially
localized.

In both cases, in order to establish the multiresolution scheme required to formulate
the algorithms, we have considered the domain D = (0,1)× (0,1) and triangulations
T0,T1 and T2 (which are represented in Figure 3).

T0 T1 T2

Fig. 3. Triangulations T0,T1 and T2 of D = [0,1]× [0,1]

Both applications are developed with C1-quadratic splines, that is, Vj = S 1,1
2 (D,T j),

and therefore n j = dim(Vj) = 3(2 j +1)2. To obtain the basis functions B j of the vector
space Vj, we have considered the following three steps:

1. Let us consider the reference triangle T0 with vertices A1 = (0,1),A2 = (0,0)
and A3 = (1,0), and the linear functionals Li( f ) = f (Ai), Li+3( f ) = ∂ f

∂x (Ai)
and Li+6( f ) = ∂ f

∂y (Ai) for i = 1,2,3. Let us consider then a basis of functions
{w1, . . . ,w9} over T0 that verify Li(wj) = δi j for i, j = 1, . . . ,9. Let {T1, . . . ,T6}
be the microtriangles of the Powell-Sabin triangulation of T0:

Over each triangle Td , every polynomial p of total degree two can be expressed
as p(x) =∑i, j,k=0,1,2

i+ j+k=2
cd

i jkλ
i
1λ

j
2λ

k
3 , where (λ1,λ2,λ3) is the barycentric coordinate vec-

tor of x with respect to Td , for all x ∈ Td . By applying the relations that must verify
the B-coefficients of a given function f in order to be of class C1 (see [8]), we
determine the B-coefficients of the basis functions {wi}9

i=1.
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T1

T2
T3 T4

T5

T6

A1

A2 A3

T0

Fig. 4. Powell-Sabin triangulation of T0

2. By composing the affine transformation that carries any arbitrary right triangle T ∈
T j into the reference triangle T0 with the functions {wi}9

i=1 described above, we
obtain the usual Hermite functions basis (up to constants) over T .

3. Finally, by properly joining the functions above we get the basis B0, and in general,
for j ≥ 0, the basis B j+1 is obtained by joining the basis B j with the usual Hermite
functions of Vj+1 associated to the 2 j+1(1 + 3 ·2 j−1) knots belonging to T j+1 that
do not belong to T j.

5.1 Noise Reduction

We have considered a set P = {pi}2000
i=1 of points arbitrarily distributed over the domain

D, and a vector of values Z = { f (pi)+ϑi}2000
i=1 , where f is the test function represented

in Figure 5 and defined by

f (x,y) = e8(−(x−0.5)2−(y−0.5)2),

and ϑ = {ϑi}2000
i=1 is a noisy vector with zero mean and deviation μ = 5 · 10−2. The

parameters values used in the example are τ1 = 10−3 and τ2 = 10−5.
The process used to reduce the noise is as follows:

Step 1. We have considered the resolution level L = 3. By substituting in expression
(6) the coefficients a3 obtained with Equation (7), we get the approximation spline
σ3 = ∑n3

k=1 ak
3ϕ

k
3 (see Figure 6).

Fig. 5. Test function f
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σ̂3σ3

σ2 σ̂2

σ1 σ̂1

σ0

Fig. 6. Approximating splines and perturbed splines for different resolution levels
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Step 2. By applying recursively the decomposition algorithm (13) we obtain the
approximation coefficients at and the detail coefficients dt from a3 for t = 2,1,0 (in
Figure 6 are represented the approximating splines σt = ∑nt

k=1 ak
t ϕk

t for t = 0,1,2,3).
Step 3. In order to reduce the noise we have considered the following threshold

method (used before in [19]) to define the perturbed detail coefficients d̂t = {d̂k
t }nt+1−nt

k=1 :

d̂k
t =

{
dk

t if |dk
t | > 0.1 max{|dk

t |}nt+1−nt
k=1

0 if |dk
t | ≤ 0.1 max{|dk

t |}nt+1−nt
k=1

for t = 0,1,2 and k = 1, . . . ,nt+1 −nt.
Step 4. With the reconstruction algorithm (14) we recursively obtain, from ât and

d̂t , the perturbed approximation coefficients ât+1 = {âk
t+1}nt+1

k=1 for t = 0,1,2 (we define
â0 = a0).

Step 5. Finally, the perturbed approximation splines, in which the noise is reduced,
are

σ̂t =
nt

∑
k=1

âk
t ϕk

t for t = 0,1,2,3.

In Figure 6 the splines σ̂t , for t = 1,2,3, are represented.

5.2 Localization of Energy

In this second application we propose to detect the regions in which the energy of a
given function is maximally concentrated. We have considered the very localized test
function defined by

g(x,y) =

⎧⎪⎪⎪⎪⎨⎪⎪⎪⎪⎩
1−8

√
(x−a)2 +(y−a)2 if (x−a)2 +(y−a)2 ≤ 1

82

1−8
√

(x−b)2 +(y−b)2 if (x−b)2 +(y−b)2 ≤ 1
82

0 otherwise

,

where a =
1
4

+
π

100
and b =

3
4
− π

100
. In Figure 7 we can see that the energy of g is

concentrated around the two vertices.
The procedure starts as in Application 1:

Step 1. We have considered the resolution level L = 3. By substituting in expression
(6) the coefficients a3 obtained with Equation (7), we get the approximation function
σ3.

Step 2. By applying recursively the decomposition algorithm (13) we obtain, from
a3, the approximation coefficients at and the detail coefficients dt for t = 2,1,0.

Step 3. For each resolution level t = 0,1,2, we have partitioned the set of the detail
coefficients dt = {dk

t }nt+1−nt
k=1 into five blocks Dk

t for k = 0, . . . ,4 in the following way:
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Fig. 7. Test function g

Let
Mt = max{|dk

t |}nt+1−nt
k=1 ,

mt = min{|dk
t |}nt+1−nt

k=1 and
ht = Mt −mt .

Then

dk
t ∈

⎧⎪⎪⎪⎪⎨⎪⎪⎪⎪⎩
D0

t if |dk
t | ∈

[
mt ,mt + 4

11 ht
]

D1
t if |dk

t | ∈
(
mt + 4

11 ht ,mt + 5
11 ht

]
D2

t if |dk
t | ∈

(
mt + 5

11 ht ,mt + 6
11 ht

]
D3

t if |dk
t | ∈

(
mt + 6

11 ht ,mt + 7
11 ht

]
D4

t if |dk
t | ∈

(
mt + 7

11 ht ,Mt
] (24)

Step 4. To each triangle T ∈ Tt (t = 1,2,3) we have assigned a number nT defined
as follows:

nT = max{m ∈ {0,1,2,3,4} : dk
t ∈ Dm

t for all k such that T ⊂ supp(ψk
t )}.

Note that the largest detail coefficients belong to D4
t . This means that this block is

related to the regions around the vertices.
Step 5. Finally, in order to emphasize the energy distribution of g according to the

contour plot map of g given in Figure 8, we have considered, for each resolution level
t = 1,2,3, a graphic representation of Tt in which the triangles T ∈ Tt have been col-
ored by the following criteria: black if nT = 0, dark gray if nT = 1, medium gray if
nT = 2, light gray if nT = 3 and white if nT = 4. Such representations are given in
Figure 8.

A comparison between the different graphics of Figure 8 makes possible to conclude
that, as the resolution level increases, the regions in white tend to the regions in which
the energy of g is maximally concentrated.
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Abstract. Many different approaches have been proposed for segmenting ves-
sels, or more generally tubular-like structures from 2D/3D images. In this work
we propose to reconstruct the boundaries of 2D/3D tubular structures by contin-
uously deforming an initial distance function following the Partial Differential
Equation (PDE)-based diffusion model derived from a minimal volume-like vari-
ational formulation. The gradient flow for this functional leads to a non-linear
curvature motion model. An anisotropic variant is provided which includes a dif-
fusion tensor aimed to follow the tube geometry. Space discretization of the PDE
model is obtained by finite volume schemes and semi-implicit approach is used
in time/scale. The use of an efficient strategy to apply the linear system iterative
solver allows us to reduce significantly the numerical effort by limiting the com-
putation near the structure boundaries. We illustrate how the proposed method
works to segment 2D/3D images of synthetic and medical real data representing
branching tubular structures.

1 Introduction

This paper considers the segmentation of branching tubular objects from 2D/3D im-
ages. This problem arises in several application fields, like road map extraction in aerial
photography and in medical image analysis where the interest focuses on the extrac-
tion of anatomical surfaces of tubular structures, like blood vessels. Indeed, problems
like aneurysm or stenosis can occur in a vessel, and the clinicians need tools both for
computer aided diagnosis, and for clinical routines or surgical planning. Furthermore,
algorithms for segmentation of tubular structures are the key components of automated
radiological diagnostic systems. For this reason it’s important to obtain as much of the
fine detail as possible. Therefore, automatic and robust methods are needed to extract
the exact shape of the tubular structures. Moreover, when the vascular anatomical mod-
els have to be used in blood flow simulations, to provide clinicians with further insight
into the medical analysis, it is important to construct embedded boundary representa-
tions of these models on the same computational grid used by the computational fluid
dynamics simulations.

In this work, we mainly address the extraction of tubular structures from 2D/3D im-
ages, and we apply the proposed segmentation method for blood vessels, neurovascular

M. Dæhlen et al. (Eds.): MMCS 2008, LNCS 5862, pp. 224–241, 2010.
c© Springer-Verlag Berlin Heidelberg 2010



Segmentation of 3D Tubular Structures 225

structures and similar characteristics medical images. Ideally the segmentation model
should be able to follow tubular structures and connect eventually disconnected parts.

Recently, several methods based on deformable models have been proposed for the
segmentation of vessels or, more generally, tube-like structures. These model-based
techniques can naturally capture the physics and geometry of shapes varying in space
and time. We refer the reader to [13] for an extended review on vessel segmentation
algorithms. Since explicit deformable model representation is usually impractical, level
set techniques to evolve a deformable model have been recently introduced, which pro-
vide implicit representation of a deformable model. A curve in 2D or a surface in 3D
evolves in such a way as to cover a complex shape or structure. Its initialization can
be either manual or automatic and it needs not to be close to the desired solution. A
disadvantage of level sets segmentation approach is the computational effort required
to cover the entire domain of interest which is, in general, one dimension higher than
the original one. Interested readers are referred to recent literature on the level set seg-
mentation strategy for tubular structures [12], [6], [5], [21], [3], [10], [27], [1].

The method we propose can be considered as a geometric deformable model for
the segmentation of tubular-like structures and it is characterized mainly by two com-
ponents: the mean curvature flow and the directionality of the tubular structures. The
major advantage of this technique is the ability to segment twisted, convoluted, and oc-
cluded structures without the user interactivity, following branching of different layers,
from thinner to larger structures. One of the major disadvantages of the geometric de-
formable models, that is the computational cost, is strongly reduced by the proposed
numerical approach limiting the number of unknowns in the solution of the linear sys-
tems involved in the evolution. The dependence on the grid resolution chosen to solve
the discretized PDE model is still an open problem, and it should be chosen according
to the minimum structure width to be segmented and eventually the resolution of the
computational grid used by the computational fluid dynamics simulations.

An application of a variant of the proposed PDE model to the challenging problem
of composed segmentation is given in [9], where the authors focused on an a priori
composition of sources to obtain a single segmentation result according to a specific
logic combination. Basically, the two PDE models presented in [9] and in the present
work differ both for the initial function which is in the former computed as a Boolean
composition of signed distance functions, and for the diffusion function which controls
the evolution. In fact, while in [9] the anisotropic diffusion is defined only in the 2D
case, this work extends the isotropic 3D PDE model presented in [9], providing an
anisotropic model for 3D segmentation which is realized by an original finite volume
discretization of the diffusion tensor.

The paper is organized as follows. The non-linear PDE model for tubular structures
segmentation is introduced in Section 2, and an anisotropic variant is discussed in Sec-
tion 3. Numerical aspects related to the discretization of the PDE model are discussed
in Section 4. Its implementation by a suitable dynamic segmentation algorithm is dis-
cussed in Section 5. In Section 6 a speed up strategy is proposed to significantly reduce
the computational complexity in the solution of the linear systems. Synthetic and real
tests are provided in Section 7. Section 8 contains concluding remarks.
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2 A Segmentation Model for Tubular Structures

In this section we formulate the segmentation problem as a geometric deformation of
a 3D manifold driven by the properties of the structures we want to recover. Unlike
parametric deformable models based on parametric surfaces deforming under the influ-
ence of internal and external forces, geometric deformable models use surfaces which
propagate under a curvature dependent speed function, and are represented implicitly
as higher dimensional functions. The main advantage of the implicit approach is the
possibility to handle complex interfaces and adaptable changes in the topology dur-
ing the development. However, these models can suffer some drawbacks, such as an
over-smoothed recovery of the structures, uncomplete boundaries reconstruction, and
ambiguous behaviors in case of long and thin objects where the propagation can flow
over the boundaries.

To alleviate the problem of over-smoothed reconstruction, a well-known and success-
ful strategy has been proposed by Perona and Malik, see [18], which detects structure
boundaries in images by the diffusion function

g(s) = 1/(1 +(s/ρ)2), (1)

where ρ > 0 is a small positive constant, and s represents the norm of the gradient
of the image. The effect of this diffusion function when applied to PDE-based image
denoising models, is to provide restored images of high quality and with sharp edges.

This section describes the implicit representation of the segmentation surface, repre-
sented as a 3D manifold which is the graph of a trivariate function φ mapping an open
set Ω ⊂ R3 into R. We refer the reader to [17] for a excellent introduction to dynamic
implicit surfaces.

The problem of determining the surface that best fits the object boundary represented
in a 3D image I, can be posed as a volume minimization problem with objective function

Vg :=
∫
Ω

g(|∇I|)dV dV =
√

1 + |∇φ |2dxdydz, (2)

where the metric g is defined by (1) in Ω and Vg represents the weighted volume of a
3D manifold on Ω .

The local minimizer for the volume functional (2) which is attracted to the boundary
of the object is determined by the steepest descent of (2), namely

∂φ
∂ t

=
√

1 + |∇φ |2∇.

(
g(|∇I|) ∇φ√

1 + |∇φ |2

)
, (3)

or, equivalently, in advection-diffusion form

∂φ
∂ t

= g(|∇I|)∇.

(
∇φ√

1 + |∇φ |2

)
+∇g ·∇φ . (4)

The PDE model (4) represents the mean curvature motion of the 3D manifold in 4D
space with metric g. The metric g in (4) is the edge function appropriately chosen so
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that the object boundaries act as attractors under a particular flow. This term allows
us to extract sharp features, such as edges, corners, spikes, and to accelerate the de-
formation of the initial function. In the evolution of φ according (4) the 3D manifold
assumes constant values for most regions far from the boundaries. The first term in
(4) corresponds to a minimal volume regularization weighted by the function g, while
the second term corresponds to the attraction to the image edges. The advection term
in equation (4) introduces a driving force which moves the level surfaces towards the
object boundaries.

In [16], a variant to the equation (4) is proposed for dealing with the boundary com-
pletion problem. The authors introduce in (3) a parameter ε ∈ (0,1], with the effect to
segment boundaries which are eventually uncompleted due to, for example, noise or
corruptions in the acquisition phase. Then the PDE model (3) takes the form:

∂φ
∂ t

=
√
ε2 + |∇φ |2∇.

(
g(|∇I|) ∇φ√

ε2 + |∇φ |2

)
, (5)

where the variability in the parameter ε provides both a regularization effect and a hole
filling strategy. The PDE model (5) reduces to (3) for ε = 1. However, this variant
does not improve the reconstruction of slightly disconnected tubular structures. The
latter problem can be solved by the introduction of a suitable diffusion tensor, which is
discussed in Section 3.

The model (5) is based on the use of Riemannian mean curvature flow of graphs
to compute the segmentation results [22], unlike from other level set methods used in
image segmentation (e.g geodesic active contour, see [2]) which follow the evolution
of a particular level set of φ . In [16] the initial segmentation function is located in an
approximate object center and then the function is driven by equation (5) and evolves to
a numerical steady state. Its shock profile gives the segmentation result and shape of the
object. To that goal, we choose a suitable isoline of the shock profile which represents
the boundary of the segmented object. This isoline is most naturally taken as the average
of maximal and minimal value of the final segmentation function.

Moreover, the ε-regularization was not used just as a tool to prove existence of a
viscosity solution of the level set equation, but ε represents a modelling parameter. For
small ε , the segmenting surface closes gaps in image object boundaries and is stabi-
lized, i.e. almost unchanging by further evolution, so it is easy to stop the segmentation
process.

The initialization of the evolving surface is usually a problem since it involves user
interaction for locating in the 3D image some starting points at particular recognizable
parts of the structure to be segmented. This is overcome by our method which auto-
matically initialize the surface evolution using a suitable designed distance function, as
described in Section 5.

3 An Anisotropic Variant of the Segmentation Algorithm

In this section we present a variant of the isotropic model (5) designed to improve
significantly the connectivity of the coherent structures in the segmentation.



228 E. Franchini, S. Morigi, and F. Sgallari

The idea is to evolve the segmentation function by isotropic mean curvature motion
in homogeneous regions, and by anisotropic deformation driven by the directional field
representing the structure orientation, in presence of tubular structures. We aim to cap-
ture the vessel’s structure and the vessels directions locally by a local spatial coherence
descriptor. Coherence enhancing image smoothing has been introduced by [25], [26]
and successfully applied in image filtering by anisotropic diffusion. This type of non-
linear diffusion includes the construction of a diffusion tensor which can be directly
built as follows.

Given an intensity function I, its Gaussian-smoothed version ∇Iσ , provides the con-
trast of an edge, but it is unsuited for finding closed parallel structures. Let us construct
a matrix D0 from the system of orthonormal eigenvectors,

v1‖∇Iσ , v2⊥∇Iσ , v3⊥∇Iσ and v3⊥v2 (6)

which has the following form

D0 = [v1 v2 (v1 ×v2) ]

⎡⎣λ1 0 0
0 λ2 0
0 0 λ2

⎤⎦⎡⎣ vT
1

vT
2

(v1 ×v2)T

⎤⎦ . (7)

The corresponding eigenvalues are computed so that diffusion along edges is preferred
over diffusion across them, that is, by

λ1 = g(|∇I|)
λ2 =

{
g(|∇I|) if c = 0
g(|∇I|)+ (1−g(|∇I|))e−K/c K > 0, else

(8)

where g(·) is defined in (1) and suitably adapts its values to the anisotropy, c := |∇I|2,
and K has the role of a threshold parameter. The diffusion tensor is a smooth, symmetric
and positive definite matrix. The positive definiteness of the matrix D0 follows easily
from (8) and from the positivity of g(·).

The diffusion tensor is then obtained by applying a componentwise convolution with
a Gaussian Kδ :

D := Kδ ∗D0 (9)

where δ ≥ 0 represents the integration scale reflecting the characteristic size of the
structures.

In local homogeneous areas of an image the diffusion is reduced to be the isotropic
mean curvature motion driven by (5), in fact, following (8), D is replaced by g(|∇I|).
Areas nearby elongated structures are characterized by values of g(·) approaching to
zero. The effect on the diffusion of the segmentation function is thus stronger along the
coherence directions. In all the experiments reported in Section 7 we set K = 1 ·10−5.
Since if c >> K then λ2 ≈ 1, while if c << K then λ2 ≈ g(‖∇I‖), the segmentation
function flows along the coherence direction when it approaches to the edges and stops
when the object boundary is reached.

There are other possible approaches to construct and use the 3D structure tensor,
see e.g. [25], [26]. We have described a simpler procedure according to the fact that
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our tensor matrix is computed only at the pre-processing step and to our consequent
assumption that the 3×3 matrices are constant at every image voxel.

If we consider the diffusion tensor D, computed by (9), in the segmentation model
(5), we have the following non-linear anisotropic segmentation

∂φ
∂ t

=
√
ε+ |∇φ |2∇.

(
D

∇φ√
ε+ |∇φ |2

)
, φ(x,0) = φ0(x) x ∈Ω , (10)

where D does not depend on φ but only on I, therefore it is computed only at the pre-
processing step. We will refer to the models (5) and (10) by isotropic and anisotropic
segmentation models, respectively.

In the next section we illustrate a discretization of the PDE model (10) in terms of
finite volume schemes.

4 Solving the PDE Model

The computational method for solving (10) is based on an efficient semi-implicit co-
volume scheme suggested in [16], [4] suitable for image processing applications.

Equation (10) is accompanied with Dirichlet boundary conditions

φ(x, t) = 0 in [0,T ]× ∂Ω , (11)

and initial conditions
φ(x,0) = φ0 in Ω , (12)

where [0,T ] is a time interval, andΩ ⊂R3 is the computational domain which includes
the tubular structures to be reconstructed. We assume that initial state of the function is
bounded, i.e. φ0 ∈ L∞(Ω).

The semi-implicit in time discretization is obtained by treating the non-linear terms
of the equation from the previous time step while the linear ones are considered on the
current time level. Time-discretization of (10) by Euler’s method yields the following
semi-discrete scheme.

Let τ be a uniform discrete time step, φ0 be a given initial function. Then, for every
discrete time step tn = nτ , n = 1, . . .N, we look for a function φn, solution of the equation

1√
ε2 + |∇φn−1|2

φn −φn−1

τ
= ∇.

(
D

∇φn√
ε2 + |∇φn−1|2

)
. (13)

The computational domain is obtained through Ω decomposition into cubic cells
(corresponding to the image voxel structure) and the construction of a co-volume mesh
using a complementary 3D tetrahedral grid. For each voxel boundary face we construct
4 tetrahedras using diagonals of the voxel boundary face. Two nodes of every tetrahe-
dron correspond to centers of neighbouring voxels (the only degree of freedom nodes),
and the other two nodes correspond to voxel boundary vertices. Then the co-volume
(dual) mesh consists of cells p, p = 1, ..,M, associated with the center of the voxels.
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Let an initial function φ0 be given by discrete values in the voxel centers, a piecewise
linear approximation φh of the solution φ is built on the tetrahedral grid and it has
constant value of gradients in tetrahedras.

By this construction the co-volume mesh corresponds exactly to the voxel structure
of the image inside the computational domain Ω . Let Cp denote the set of all nodes q
(centers of voxel) connected to the node p by an edge. This edge will be denoted by
σpq and its length by hpq. Then the co-volume boundary face epq is shared by the co-
volumes p and q. We denote by Epq the set of four tetrahedras havingσpq as an edge. For
each T ∈ Epq let cT

pq be the area of the portion of epq that is in T , i.e., cT
pq = m(epq ∩T ),

where m is measure in R
d−1.

Let Np be the set of the all tetrahedras that have p as a vertex. We will denote by
|∇φT | the constant value of |∇φh| on T ∈ Th and we will use the notation

|∇φT |ε =
√
ε2 + |∇φT |2, (14)

to define the regularized gradients.
Following the classical finite volume methodology [14] [8], we integrate (13) over

every co-volume p, p = 1, . . . ,M and using divergence theorem we get∫
p

1
|∇φn−1|ε

φn −φn−1

τ
dx =

∫
∂ p

Dp∇φn

|∇φn−1|ε ·ν (15)

where ν denotes the unit normal to ∂ p, and Dp is the tensor matrix in p pre-computed
by (9).

We refer the reader to [7] for the numerical aspects concerning the discretization of
a similar 3D diffusion tensor by semi-implicit schemes in time and finite volume in
space. The diffusion tensor introduced in [7] is used to construct a coherence enhancing
image denoising filter.

We denote by ωT = Dp∇φn the vector obtained by transforming the gradient vec-
tor defined on tetrahedron T ∈ Th, using the matrix Dp associated with the cell p. The
neighboring cells q of the co-volume p are in the set Cp = {qw,qe,qs,qn,qt ,qb} accord-
ing to their position with respect to p as shown in Figure 1. According to the position
of q ∈Cp, the normal vector ν to the boundary of the co-volume p is ν = νe = (1,0,0)
for qe, ν = νw = (−1,0,0) for qw, ν = νt = (0,1,0) for qt , ν = νb = (0,−1,0) for qb,
ν = νs = (0,0,1) for qs and ν = νn = (0,0,−1) for qn.

For the approximation of the right hand side of (15) we get

∑
q∈Cp

(
∑

T∈Epq

cT
pq

ωT

|∇φn−1
T |ε

)
·ν, (16)

therefore, for each co-volume q ∈Cp, the product ωT ·ν reduces to the scalar product

ωT ·ν = di ·∇φp, i = 1,2,3, f or νw,νt ,νs

ωT ·ν = −di ·∇φp, i = 1,2,3, f or νe,νb,νn
(17)
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where di represents the ith row of the tensor matrix Dp = [Dk j]k, j=1,2,3 defined in (9).
We discretize∇φp by forward differences for each q ∈Cp. For example, for qe, we have
ωT ·νe = d1 · (φqe −φp,φqt −φp,φqs −φp). Therefore, (16) can be rewritten as

∑
q∈Cp

apq(φn
q −φn

p). (18)

For example, for apqe , we have

apqe =
cpq

hpq
(D11 ∑

T∈Epqe

1

|∇φn−1
T |ε

+ D21 ∑
T∈Epqt

1

|∇φn−1
T |ε

+ D21 ∑
T∈Epqs

1

|∇φn−1
T |ε

). (19)

Similarly we obtain the other coefficients apq,∀q ∈Cp.
The left hand side of (15) is approximated by

bn−1
p

φn
p −φn−1

p

τ
(20)

where bn−1
p = Mε

pm(p), m(p) is measure in Rd of co-volume p and Mp is an approxi-
mation of the capacity function inside the finite volume p. We used the averaging of the
gradients proposed by Walkington [24], i.e.

Mε
p =

1

|∇φn−1
p |ε

, |∇φn−1
p |ε = ∑

T∈Np

m(T ∩ p)
m(p)

|∇φn−1
T |ε . (21)

Applying boundary and initial conditions given by (11) and (12), respectively, and
(18)-(20) at the time step n,n = 1, . . . ,N, we look for φn

p , p = 1, . . . ,M, satisfying

bn−1
p φn

p + τ ∑
q∈Cp

an−1
pq (φn

p −φn
q ) = bn−1

p φn−1
p . (22)

Fig. 1. Neighboring cells q ∈Cp of the co-volume p
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That is a system of linear equations which can be written in matrix-vector form as

AΦn = b, (23)

where A ∈ RM×M is the coefficient matrix andΦn = (φ1, . . . ,φM) is the vector solution.
We remark that the isotropic model (5), where D is replaced by g(), leads to a sym-

metric and diagonally dominant M-matrix A in (23), while the anisotropic model (10)
cannot guarantee that the apq coefficients are all positives, and thus the matrix A is no
longer an M-matrix. Any efficient iterative solver can be applied to solve the linear sys-
tem (23) in case of sparse, symmetric, diagonally dominant M-matrices, for example we
used the PCG (preconditioned conjugate gradient), [20], with an incomplete Cholesky
factorization as effective tool to construct efficient preconditioners [11]. For the solu-
tion of the anisotropic model (10) since any theoretical consideration on the coefficient
matrix A is still an open issue, in order to find out the solution even in case of singular
matrix, we apply a variant of GMRES, which can overcome breakdowns of the Arnoldi
process. GMRES is a popular iterative method for the solution of large linear systems of
equations with a square nonsingular matrix [20]. The standard implementation is based
on the application of k steps of the Arnoldi process to the matrix A with initial vector b.
When the matrix is singular, GMRES may break down before an acceptable approxi-
mate solution has been determined. In [19] the authors described an efficient technique
to overcome breakdown and hence to work out an approximation of the solution also in
the singular case, they refer to this strategy as breakdown free GMRES (BFGMRES).
We observe that in all the experiments run we have never found singularities in the
matrices A.

A speed up strategy to solve the linear systems (23) is discussed in Section 6.

5 The Dynamic Segmentation Algorithm

In this section, we discuss the implementation of the PDE model (10) for the segmen-
tation of 3D images. The same algorithm can easily be adapted to the segmentation of
2D images.

A gray-level 3D image I containing tubular structures is thresholded to obtain a rough
segmentation estimate which is used to generate an initial distance function. This rep-
resents the initial surface which continuously evolves, by following equation (10), to-
wards the boundaries of the tubular structures. The evolution is stopped when a change
of solution in time (in L2-norm) is less than a prescribed tolerance.

The thresholding process consists of making a binary image I0 from the input gray-
scale image I based on a user threshold. Since the images can be represented by a
real-valued function defined on a region Ω ⊂ R3 or by the discretization of such a
function, the threshold process allows us define in a natural way the sub-domain Ω1 ⊂
Ω , Ω1 := {x ∈Ω : I0(x) = 1}. The choice of the threshold value is not an issue because
of the fact that in practical cases the structures to be segmented are characterized by
a particular intensity value represented by a given gray level. For example, vascular
system containing a contrast fluid, can be identified as the brightest formations in the
volume. As it will be better illustrated by the examples in Section 7 the 3D mask I0

resulting from the pre-computed binarization, in general, preserves the largest tubular
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structures while breaks up into small pieces the thinnest ones. These structures will be
perfectly recover and reconnected by the surface evolution process.

Given I0, we define the initial function as

φ0(x) =

{
1 if x ∈Ω1

(1− dist(x,I0)
max{dist(x,I0)} ) else

, (24)

where dist(·) represents the Euclidean distance implemented by distance_ f unction(I0)
in Tubular Segmentation Algorithm.

The dynamic segmentation method is described by the following Tubular Segmenta-
tion Algorithm which applies equation (10) to a given input image I, and uses the input
parameter Thrs as threshold value for the initial binarization.

Tubular Segmentation Algorithm

INPUT: I, T hrs, Tol
OUTPUT: segmented surface Γ
STEP pre-comp:

I0 = threshold(I,T hrs)
φ(x,0) = distance_ f unction(I0);
Compute the tensor matrix D;

STEP evolve:
repeat
compute φ(x,tn) in (10) by solving (23) for Φ , ∀x ∈Ω1;
until ‖φ(x,tn)−φ(x,tn−1)‖2 < Tol;

STEP post-comp Γ is extracted as the s-level set of φ

In the final STEP ���������, the reconstructed surface is obtained from the implicit
surface φ as the zero level set of the function φ(x)− s, that is the s-level set of φ :
{x ∈ Ω : φ(x) = s}, where s = (max(Φ) + min(Φ))/2. This is motivated by the fact
that the flow driven by (10) forms a sharp step in the proximity of the object boundaries,
while it approaches at constant values inside/outside the object.

6 Fast Linear System Resolution

The computation of an approximate solution of the PDE non-linear model (10) requires
the update of the unknown function φ(x,t) for each co-volume of the 3D image domain
Ω , at each time step n, which is a time consuming process. Since the unknown function
φ(x,t) evolves only on nodes sufficiently close to the structure boundary, we speed
up the computation by determining the updated values for φ(x, t) only for the nodes
x identified by φ0(x) > η , for a given small tolerance η . The idea of computational
adaptivity goes back to the narrow band level set methods in [23], but the way this
can be realized strongly depends on the model discretization and on the iterative linear
system considered.
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In case of vessel structures, for example, this means a significant reduction of the
computational effort required since the number of nodes representing the vessels is
small compared with the dimension of the entire 3D image which contains them.

In practice, at each time step, the number of unknowns of the linear system (23) is
significatively reduced, and thus both the storage and the computational cost are much
lower. Since at each row of A corresponds a node inΩ , considering a limited number of
nodes M1 << M, we get a linear system with a sparse coefficient matrix which contains
M −M1 zero rows. Moreover, if we consider to apply a Krylov-type iterative method,
like PCG or GMRES methods, where the main computational step involves a matrix-
vector product with a vector of unknowns which contains M −M1 zeros, then we end
up with a matrix A which has M−M1 zero rows and columns.

It is easy to verify that applying a suitable permutation to rows and columns of
A, and corresponding elements of b, we get a linear system with a coefficient matrix
Ã ∈ R

M1×M1 with the same epta-diagonal structure as A. In a similar way, the same per-
mutation applied to the components of the right-hand side vector b, leads to a vector
b̃ ∈ RM1 .

Therefore, instead of solving the linear system (23) which involves a M ×M coeffi-
cient matrix, we apply a Krylov-like iterative method for computing the solution Φ̃ of
the linear system

ÃΦ = b̃. (25)

Thus the coefficient matrix Ã is obtained by considering only the nodes close to the
boundary of the tubular structures. Moreover, when it has been computed as the dis-
cretization of the isotropic model, Ã has full rank and it is symmetric positive definite,
thus the PCG method is used instead of the bfgmres algorithm.

In general, iterative methods for solving linear systems (23) and (25) require to store
only the non-vanishing elements of the coefficient matrix and to compute at each iter-
ative step a matrix-vector multiplication. A very simple test on the distance function
dist() let us determine the elements of the matrix Ã and vector b̃, moreover the multi-
plication is inexpensive because of the lower dimension matrix. This strategy considers
only a small portion Ω1 of the grid domain Ω with a negligible penalization on the
results.

In order to estimate the error between the approximated solutions Φ̃ andΦ we com-
pare the results obtained by solving the linear systems (23) and (25) using the bfgmres
algorithm with the stopping criterium driven by the tolerance 1 · 10−6, for three 3D
simple test images.

Each 3D image consists of 103 voxels, representing a black cube in a white back-
ground, with cubes with increasing dimensions. The dimension of the cube determines
the number of unknowns in (25). In Table 1 and in Fig.2 we illustrate the results for
the three 3D test images. The results displayed in Table 1 columns 2-3 (Fig.2 (a)) are
related to 3D image with cube dimension 4, in Table 1 columns 4-5 (Fig.2 (b)) the cube
dimension is 6, while in Table 1 columns 6−7 (Fig.2 (c)) the cube-dimension is 7. All
the coefficient matrices have full rank.

In Table 1, for each of the three examples, the column denoted by BFGMRES rep-
resents the solution of the linear system (23), while the column labelled BFGMRESs
reports the results obtained by solving (25). The rows in Table 1 display the dimensions
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Table 1. Resolution of the linear systems (23) and (25) by BFGMRES iterative solver. The Table
reports the relative errors (‖err‖), the residual norms (‖res‖), the number of iterations (#itsin),
and the number of non-vanishing elements (nz) for matrices of dimension dim and full rank.

BFGMRES BFGMRESs BFGMRES BFGMRESs BFGMRES BFGMRESs
dim 1000 144 1000 343 1000 512
nz 6400 1008 6400 2401 6400 3584

#itsin 55 9 74 9 24 9
‖res‖ 9.2 ·10−7 9.8 ·10−7 6.3 ·10−7 6.2 ·10−7 9.8 ·10−7 1.8 ·10−7

‖err‖ - 2.1 ·10−7 - 1.8 ·10−7 - 6.9 ·10−7
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Fig. 2. Residual errors as function of the number of iterations required by BFGMRES iterative
method used to solve linear systems (23) (solid curve) and (25) (dashed curve) for the three 3D
test images; (a) case 3D image with cube dimension 4, (b) case 3D image with cube dimension
6, (c) case 3D image with cube dimension 7

of the matrices A∈RM×M and Ã∈RM1×M1 denoted by dim, the non-vanishing elements
by nz, the norm of the residuals, ‖res‖, the relative errors on the approximate solutions

‖err‖ = ‖Φ− Φ̃‖2/‖Φ‖2,

and the number of iterations (#itsin) required to solve the linear systems by the bfgmres
method. The results are qualitatively the same from a visual inspection, and the relative
errors reported in Table 1 confirm the goodness of the approximate solutions.

While in Table 1 we report the results related to a single time step, in Table 2, we
consider the relative errors in the approximate solution Φ̃ for an increasing number of
time iterations (#itsout) in STEP �	�
	� of Tubular Segmentation Algorithm. At each

Table 2. Relative errors in the approximate solution φ as functions of the number of outer itera-
tions (#itsout )

#itsout ‖err‖
2 2.1 ·10−5

4 2.4 ·10−5

6 2.5 ·10−5

8 2.7 ·10−5

10 2.8 ·10−5



236 E. Franchini, S. Morigi, and F. Sgallari

time step the dimension of the linear systems (25) remains the same, and the error on
the solution propagated by the function evolution is limited in time.

The computed examples in the next section demonstrate the effectiveness of the pro-
posed anisotropic segmentation method. The examples deal with some of the challenges
in vasculature segmentation techniques, which include the ability to track the vessels to
the second and third layers of branching and the possibility to grow and reconnect gaps
while keeping separated thinner long tubular structures which are very close to each
other.

7 Experiments and Results

In this section we present 2D and 3D examples which demonstrate the performance
of the proposed segmentation algorithm in case of synthetic and real images. The syn-
thetic 2D examples have been constructed with the aim to point out the influence of the
diffusion tensor introduced in model (10) in the segmentation of tubular structures.

We applied Tubular Segmentation Algorithm, with or without diffusion tensor, to
each of the example images and we set the parameters involved to τ = 1 · 10−3, time
step for 3D images and τ = 1 ·10−2 time step for the 2D images, and ε = 1 ·10−3.

In the first 2D example we are concerned with the segmentation of a carotid vascular
system represented in a Magnetic Resonance Angiography (MRA) image made up of
182×182 pixels shown in Fig. 3 (left). MRA technology is based on detection of sig-
nals from flowing blood and suppression of signals from other, static, tissues. The blood
vessels appear as high intensity regions in the image. The structures to be segmented
represent several vessels of variable diameters which are close to each other, partial
occlusions and intersections make the segmentation very challenging. In Fig.3 the seg-
mented structures obtained by 10 iterations of the isotropic (center) and anisotropic

Fig. 3. Carotid vascular system segmentation. The original image (left); segmentation by the
isotropic segmentation model (center), segmentation by the anisotropic model (right).
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Fig. 4. Kidney vascular system segmentation. First row: original image to be segmented (left); re-
sults obtained by the isotropic segmentation model (center), and anisotropic segmentation model
(right). Second row: the segmentation function φ is shown at the final time step for isotropic (left)
and anisotropic (right) evolutions.

(right) segmentation models are displayed. The segmented curves in the second row are
extracted using contour values s = 0.90 and s = 0.98, respectively. Visual comparison
shows the anisotropic segmentation method to give the most accurate restoration.

The second example illustrates the ability to reconstruct structures which present
small occlusions along the coherence direction. We would like to determine the bound-
ary curves of the kidney vascular system represented in the MR image shown in Figure
4 (first row). The image consists of 220× 220 pixels. Applying 10 time steps of the
anisotropic segmentation model, the structure is well reconstructed while maintaining
the narrowing, as shown in Fig.4 (second row, right). The propagation driven by the
isotropic segmentation model leads to enhance the disconnections, as shown in Fig.4
(second row, left). The iso-contours determined by the segmentation functions shown
in Fig.4 (second row), using s = 0.95 are over-imposed on the original image and shown
in Fig.4(first row).

In order to investigate the capability to segment two distinct tubular structures which
are very close along the flow direction, we built up the synthetic image of dimension
200×200 pixels shown in Fig.5 (first row, left). The segmentation result after 10 itera-
tion steps of the isotropic segmentation model are illustrated in Fig.5 (first row, center),
while the result obtained by the anisotropic segmentation model are displayed in Fig.5
(first row, right). The two structures which are originally separated have been joined
together by the isotropic approach while a very good reconstruction of the two tubular
structures is obtained by the anisotropic model. The representation of the segmentation



238 E. Franchini, S. Morigi, and F. Sgallari

Fig. 5. Segmentation of structures in synthetic image. First row: the original image to be seg-
mented (left); results obtained by the isotropic segmentation model (center), and anisotropic seg-
mentation model (right). Second row: the segmentation function φ is shown at the final time
step.

functions shown in the second row in Fig.5 let us to observe how the evolution of the
isotropic function tends to fill the gap between the two structures.

We finally illustrate some preliminary experimental results on 3D real data sets from
medical imaging.

In the first 3D example, we apply Tubular Segmentation Algorithm to a MRA image
of pelvic vasculature shown by volume rendering in Fig.6(left). The ��
	�� data set
considered consists of 181× 181× 181 voxels extracted from a volume data set of
181× 383× 383 voxels. In particular, the red box outlined in the image includes the
region of interest inside the ��
	�� image considered for segmentation. The data sets
��
	�� and �
���, used in the 3D examples, are DICOM sample images available
on the web site (��������������
���	����
���������
��������
). The surface
boundary obtained after 15 iterations of Tubular Segmentation Algorithm is displayed
in Fig.6(right). Visual inspection shows a very good reconstruction after only a few time
steps. We observe that the reconstruction of the thin vessels in the image is accurate even
if these structures were not well defined by the initial 3D mask I0. Computational time
was 80sec for each iteration on a standard PC with 2GHz, and 4Gb RAM.

In the second example, volumetric segmentation is applied to MRA data set repre-
senting a brain aneurysms (vessel wall dilatations). The volumetric data set �
��� of
dimension 120× 250× 200 has been extracted from a 120× 448× 540 MRA image
of the brain-neck vasculature system shown in Fig.7(left), and presents vessel patterns
with different curvatures, diameters and bifurcations. The final segmentation obtained
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Fig. 6. Segmentation of the ������ data set. The original MRA image (left); segmentation result
(right).

Fig. 7. Segmentation of the ����� volume data set. The original MRA image (left); segmentation
result (right).

after 10 time steps of Tubular Segmentation Algorithm is shown in Fig.7(right). The
technique can also be used to compute vessel radii, a clinically useful measurements in
case of aneurysms.

These preliminary results demonstrate the applicability of the developed method for
the segmentation of quite different and topological complex tubular structures.

8 Conclusions and Future Work

In this paper we introduced a segmentation method based on the distance function
which is successfully applied to 2D/3D images containing tubular structures. The al-
gorithm is automatic, accurate and fast. The latter is due to a speed up strategy in the
iterative method for linear systems. The algorithm is provided with a diffusion tensor
to move the evolving surface toward elongated tubular structures, connecting gaps in
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the underlying raw data, while keeping the structures distinguished along the coherence
direction. Future work will concentrate mainly on theoretical results and the validation
of the method, on the comparison of the results we obtained using the proposed algo-
rithm with other segmentation techniques, with the support of experts in medical image
analysis.
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Abstract. Recent methods for tuning a subdivision scheme create a concentric
wave pattern around the extraordinary vertex (EV). We explain it as resulting
from the antagonism between the rules which would create a nice limit surface at
the EV and the ordinary rules used in the surrounding regular surface.

We show that even a scheme which fulfils the most recently proposed condi-
tions for good convergence at the EV may still produce this wave pattern.

Then, in order to smooth this antagonism, we define any new vertex as a con-
vex combination of the ideal new vertex from the EV point of view and the one
defined with ordinary rules. The weight of the extraordinary rules decreases as
the new vertex is topologically farther from the EV.

The concentric wave pattern shades off whereas the expected conditions are
not too much spoiled. This tuning method remains simple and useful, involving
no optimisation process.

1 Introduction

Subdivision schemes are efficient tools for generating free-form surfaces and are used
in many fields of computer graphics and geometric design [26]. Starting from a polyg-
onal mesh of arbitrary connectivity, they define surfaces as the limit of a sequence of
polygonal meshes each of whose vertices is a linear combination of a small number of
vertices belonging to the previous mesh in the sequence.

Many schemes have been proposed for various lattices [8] and for interpolating or
approximating the first mesh of the sequence. They all propose different sets of rules
for defining a vertex of a subdivided mesh. One set is dedicated to the regular regions
of a mesh. Another set defines the vicinity of extraordinary elements (vertices or faces).
An extraordinary vertex (EV) does not have the ordinary number of incident edges, e.g.
six for a triangular lattice. An extraordinary face has a non ordinary number of sides.
Notice that usually no extraordinary vertex or face is added through subdivisions after
the first step, isolating such extraordinary elements. Sometimes more sets are proposed
for the vicinity of surface features such as crest lines or border.

It is easy to define rules generating convenient limit surfaces in regular regions. For
instance, if an approximating surface is expected, the successively subdivided regular
meshes are interpreted as control polyhedra of the same Box-spline surface, the defini-
tion of new vertices being derived from the associated uniform knot-insertion operator.
The limit surface is this same Box-spline surface with an n-sided hole around each ex-
traordinary element. Every hole is filled in using a patch derived from the extraordinary
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rules. More precisely, at each subdivision step, the extraordinary rules define the con-
trol polyhedron of a new Box-spline ring which continuously extends the regular part
of the surface within the n-sided hole. Unfortunately, even if these n-sided patches con-
nect continuously with the regular Box-spline surface, they may have an unsatisfactory
shape such as pinching, a flat spot, or fluctuating curvature [21].

To solve these problems, two methods have been proposed. On the one hand, spe-
cific surfaces are used for these n-sided patches. Karčiauskas and Peters propose nested
guided surface rings [10]. Levin proposes blending the limit surface with a low degree
polynomial [12]. On the other hand, the method known as subdivision scheme tuning
involves staying within the simple subdivision framework and modifying extraordinary
rules to satisfy expected properties. The surfaces produced by solutions of the first kind
may have a better shape than the ones produced by solutions of the second kind, how-
ever one of the main properties of subdivision schemes is lost: the simplicity of their
implementation. As a consequence, we believe that it is worthwhile to continue inves-
tigating the second method and to propose rules to obtain the best limit surfaces within
the simple framework of stationary subdivision schemes (the rules are the same what-
ever the subdivision step).

1.1 Related Work

The expected properties which the extraordinary rules should satisfy must lead to n-
sided patches behaving as well as possible. Some studies on n-sided patches generated
by subdivisions focus on their mathematical properties at the limit [18,16,25]. Achiev-
ing C2-continuity is impossible for low-support stencils [19]. Other studies investigate
their shape properties at the limit [5,15] or the convergence behaviour of the scheme [6]
and provide conditions which can be used in practice for tuning subdivision schemes.
In Sect. 2, the most recently proposed conditions for the good behaviour of generated
surfaces are recalled.

Because the rules are linear combinations of vertices, they can be collected into one
matrix called the subdivision matrix. Each line of this matrix, known as the stencil, col-
lects the coefficients applied on old vertices to define a new one. Each column, known
as the mask, collects the influence that an old vertex has on the definition of new ones.
If the scheme is stationary, then the behaviour at the limit is characterised by the eigen-
structure of the subdivision matrix.

The most common tunings define a specific stencil for the new EV only and in order
to come close to few expected conditions of eigenvalues [4, 13, 9, 23]. These schemes
may produce artifacts localised at the EV like the pit in Fig. 3 (middle column). Only
a few expected conditions can be fulfilled with such schemes because the only stencil
for the new EV does not contain enough degrees of freedom. Other studies propose
new stencils for more vertices than the EV (most commonly they define new stencils
for the EV and the first ring of its neighbours). For tuning Loop’s scheme, Prautzsch
and Umlauf propose building the subdivision matrix from eigenvalues chosen in order
to generate G2 limit surface with zero curvature at the EV, and keeping the original
eigenvectors [17]. But the zero curvature at the EV introduces a flat spot which is un-
desirable. Recently Ginkel and Umlauf proposed an extension to this study [7]. But they
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leave the simple framework, proposing a non-stationary scheme which takes into ac-
count the geometry of the mesh. Loop presents a modified version of his scheme with
bounded curvature and convex hull property [14]. The convex hull property is a suf-
ficient but not a necessary condition for designing a limit surface which lies near the
input mesh. Moreover, this scheme causes a concentric wave pattern around the EV.
Barthe and Kobbelt use the most recent conditions on eigenvalues and eigenvectors [3].
But the coefficients of the stencils are computed as minimising a linear combination of
a number of quality measures, and their scheme may also cause the same concentric
wave pattern (see Fig. 10).

Peters and Reif highlighted the necessity to take into account not only the con-
vergence at the EV, but also the shape of its neighbourhood [15]. They proposed
with Karčiauskas using shape-at-the-limit charts for characterising the quality of a
scheme [11]. Most recently, Augsdörfer et al. [1] extended their work by actually tuning
schemes with similar charts. They proposed changing the mask of the EV. Some coef-
ficients in the mask are chosen to satisfy conditions of eigenvalues. The others result
from an optimisation process, minimising variation in curvature computed on a large
set of input meshes.

1.2 Our Proposal

Like these last studies, we stress the fact that every tuning method should take into ac-
count not only conditions of eigenvalues and eigenvectors for a good convergence at the
EV, but also the shape of the regular neighbourhood. Indeed, in Sect. 3 it is shown that
even a scheme which fulfills all the most recently proposed conditions on eigenvalues
and eigenvectors can still produce the same concentric wave pattern as those mentioned
above. The subdivision matrix of such a scheme is built from the expected eigenstruc-
ture using the technique proposed by Prautzsch and Umlauf. We propose to explain
this concentric wave pattern as resulting from antagonism between the behaviour of the
shape expected for the EV and the one expected for the surrounding area. In order to
achieve a compromise between these two behaviours, we blend in Sect. 4 the extraordi-
nary rules with the ordinary ones. The weight of the extraordinary rules decreases as the
new vertex is topologically farther from the extraordinary element. Finally, the coeffi-
cients of the resulting stencils are given as explicit equations depending on the valence
of the extraordinary element and not as a result of an optimisation process, which is still
difficult to set. As a result, the concentric wave pattern shades off whereas the expected
conditions are not spoiled too much (see Sect.6).

From now on, the article deals with the tuning of Loop’s scheme: the lattice is trian-
gular, the extraordinary element is a vertex whose valence is not equal to six, and the
ordinary rules generate a quartic Box-Spline [13]. Its practical generalisation to other
stationary schemes is discussed in Sect. 8.

2 Expected Properties

The properties one can expect from a stationary subdivision scheme are of two kinds.
Firstly, the scheme must be simple and unambiguous to apply in practice, which leads to
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symmetry conditions. Secondly, the generated limit surface must behave as well as pos-
sible, in particular around the EV, which leads to conditions of the subdivision matrix
eigenstructure.

2.1 Symmetries

Before presenting the symmetry conditions of the stencil coefficients, let us introduce
some notation.

Notation. We assume that the vicinity of the EV is made up of ordinary vertices. As a
consequence, it can be divided into n topologically equivalent sectors, where n is the EV
valence. Let us identify each sector with an integer k ∈ K := {0, . . . ,n−1}. Moreover
the vicinity can be divided into rings of vertices topologically equidistant from the EV.
Let us identify each ring with a letter X ∈ {A}∪X with X := {B,C,D}. For Loop’s
scheme, each vertex in the vicinity of interest is uniquely determined by a couple (ring,
sector). Notice that the EV being alone in its ring, no sector number is necessary: A is
sufficient. Let Xk be an old vertex and let xk be the new one as illustrated in Fig.1 for
Loop’s scheme.
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Fig. 1. Vertex notation around an EV

Stencils. If no feature, such as crest lines or borders must be taken into account, then
one expects for the stencil to be independent from the choice of sector 0. This is called
rotational symmetry. Moreover Loop’s scheme does not rotate the lattice between two
successive meshes in the subdivision sequence, the weight of Xj+k should be the same
as the weight of Xj−k in the definition of y j. This is called mirror symmetry.

Under these assumptions, the weight of Xj+k in the definition of y j depends only on
the rings X and Y and on the gap ±k between the sectors j and j + k or j and j − k,
which leads to the following stencil:

y j = sn− j
y,A A + ∑

X∈X ,k∈K

sk
y,X Xj+k (1)
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with indices taken with modulo n and where sk
y,X = sn−k

y,X are real scalars. Discrete Fourier
techniques, used already by Doo and Sabin [5], allow us to write, if n is odd,

sk
y,X =

1
n

S0
y,X +

2
n

(n−1)/2

∑
ω=1

Sωy,Xcω,k
φX−φY

(2)

and if n is even,

sk
y,X =

1
n

S0
y,X +

2
n

(n−2)/2

∑
ω=1

Sωy,X cω,k
φX−φY

+
1
n

Sn/2
y,X ek

φX−φY
(3)

where

cω,k
φX−φY

= cos

(
2πω

n
(k +φX −φY )

)
ek
φX−φY

= exp(iπ(k +φX −φY ))

and if ω �= 0, Sωa,X = Sωy,A = 0. We introduce phases φX equal to 1/2 if X = C and 0
otherwise, in order to obtain real numbers as transformed coefficients Sωy,X [2]. This
implies, if ω �= 0,

Sn−ω
y,X = Sωy,X exp(2iπ(φX −φY )) . (4)

2.2 Behaviour at the Limit

Doo and Sabin [5] have already remarked that behaviour of the limit surface at the
EV is related to the eigenstructure of the subdivision matrix. Hence we refer to the
eigenstructure for a scheme derived from the stencils previously described, and the most
recently proposed conditions of eigenvalues and eigenvectors for convenient behaviour
of the limit surface.

Eigenstructure. Let us define the matrices Sω with ω ∈ {0, . . . ,n−1}, whose compo-
nents are Sωy,X defined in Sect. 2.1 with (Y,X) ∈ {{A}∪X }2 if ω = 0 and (Y,X) ∈ X 2

otherwise. Let λωp be the p-th greatest eigenvalue of Sω and vωp :=
[
Xωp
]

X
the associated

eigenvector which components are Xωp .
From (4), we deduce that, if ω �= 0, then λωp is an eigenvalue of Sn−ω and[

Xωp exp(−2iπφX)
]

X
is its associated eigenvector.

Let s be the subdivision matrix with a block lower triangular structure described by
Sabin [20] ( s multiplies vectors which entries are associated to vertices sorted by rings
and not by sectors). Using inverse discrete Fourier transform techniques, we obtain:

– λωp is an eigenvalue of s;

–
[

A0
p, B0

p . . .B0
p, C0

p . . .C0
p, D0

p . . .D0
p

]t[
0, Bωp cω,0

φB
. . .Bωp cω,n−1

φB
, . . .

]t
and[

0, Bωp sω,0
φB

. . .Bωp sω,n−1
φB

, . . .
]t

are eigenvectors of s
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where

sω,k
φX

= sin

(
2πω

n
(k +φX)

)
.

In particular, they define the three quadratic natural configurations [20] also called char-
acteristic meshes [1] which vertices coordinates are (for X ∈ X ):

– for the cup-shape,
A: (0, 0, A0

2), Xj: (X1
1 c1, j
φX

, X1
1 s1, j
φX

, X0
2 );

– for the first saddle-shape,
A: (0, 0, 0), Xj: (X1

1 c1, j
φX

, X1
1 s1, j
φX

, X2
1 c2, j
φX

);
– for the second saddle-shape,

A: (0, 0, 0), Xj: (X1
1 c1, j
φX

, X1
1 s1, j
φX

, X2
1 s2, j
φX

).

Expected Eigenvalues. Conditions on eigenvalues of a convenient limit surface at
the EV have been summed up by Peters Reif and Karčiauskas [15, 11]. If λ := λ 1

1 ,
μ := max(λ 2

1 ,λ 0
2 ), L :=

{
λ 0

1 ,λ 1
1 ,λ n−1

1 ,λ 2
1 ,λ n−2

1 ,λ 0
2

}
and ν the greatest eigenvalue

which does not belong to L , then
Continuity
λ 0

1 = 1: necessary for convergence;
1 > λ > μ : necessary for C1-continuity;
μ = λ 2

1 = λ 0
2 > ν: necessary for C2-continuity .

Let us assume that λ 0
1 = 1 > λ > μ > ν , then

Flexibility
μ = λ 2

1 > λ 0
2 : EV hyperbolic in sign and not L2-elliptic;

μ = λ 0
2 > λ 2

1 : EV not L2-hyperbolic;
μ = λ 0

2 = λ 2
1 : the scheme can generate both elliptic and hyperbolic shapes;

Principal Curvatures
μ < λ 2: the principal curvatures converge to 0;
μ > λ 2: at least one principal curvatures diverges;
μ = λ 2: both principal curvatures are bounded and at least one of them does not

converge to 0;
Speed of Convergence
λ is close to 1/2: otherwise the convergence may be highly non-uniform.

Expected Eigenvectors. The only condition of eigenvectors taken into account in any
tuning method is the necessary condition for scheme convergence:

v0
1 := [ 1 . . .1 ]t .

Indeed, eigenvectors have been studied less than eigenvalues, probably because it is
not straightforward to translate the conditions of eigenfunctions for C2-continuity onto
eigenvectors [16, 25]. Nevertheless Gérot et al. [6] proposed conditions of eigenvectors
deduced from the interpretation of subdivided meshes as a sequence of sample Cp-
surfaces. Such conditions have been used by Barthe and Kobbelt [3]; they are equivalent
to force the vertices of the characteristic meshes, defined in Sect. 2.2, to be samples of
nice quadratic shapes:
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– X1
1 , ∀X ∈ X are such that the projection of the characteristic meshes on the plane

z = 0 are “well-shaped” planar meshes;
– the altitudes satisfy, ∀X ∈ X

X0
2 −A0

2 = τ(X1
1 )2,

X2
1 = τ ′(X1

1 )2.

where τ and τ ′ are constants.

3 Designing a Scheme from an Eigenstructure

The method we propose for building the subdivision matrix from an expected eigen-
structure is similar to the one used by Prautzsch and Umlauf [17]. Prautzsch and Um-
lauf kept the original eigenvectors and changed only the eigenvalues of the subdivision
matrix in order to create a G2-flat point at the EV. We define the small matrices Sω with
ω ∈ {0, . . . ,n−1} (Sect. 2.2) from eigenvalues and eigenvectors which have both been
changed in order to fulfil the most recently proposed expected properties (Sect. 2):

Sω = VωΛω (Vω)−1

where Λω = diag(λω1 ,λω2 ,λω3 ) if ω �= 0, Λ0 = diag(λ 0
1 ,λ 0

2 ,λ 0
3 ,λ 0

4 ) otherwise, and the
columns of Vω are the eigenvectors vωp with p ∈ {1, . . . ,3} or p ∈ {1, . . . ,4} respec-
tively. Then, the coefficients of the stencils are deduced from (2 - 3).

Notice that the stencils defined in (1) assume that the first-ring neighbours of the EV
are all ordinary vertices. Moreover these stencils may be much larger than the ordinary
ones, up to the complete two-ring neighbourhood of the EV (Fig. 2).

Fig. 2. Old vertices (white) involved in the stencil defining a new one (black) in the vicinity of an
EV for Loop’s original scheme (left) and for our tuning (right)

Furthermore, the conditions derived from expected properties do not provide a value
for all eigenvalues and eigenvectors: heuristics must be used. We have tested sev-
eral heuristics, such as decreasing eigenvalues and simple eigenvectors, without major
changes in the resulting surface. Hence we recommend the following simple one: keep-
ing the eigenvalues and eigenvectors corresponding to ω ≤ 3 as close as possible to
those defined for the ordinary rules, and eigenvalues for ω > 3 equal to zero. We apply
it to Loop’s scheme in the following section.
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3.1 Loop’s Scheme

In this section, we write the eigenstructure of the ordinary Loop’s scheme matrices Ŝω

for the successive values of ω . Of course, the matrices Ŝω satisfy all the expected con-
ditions of eigenvalues and eigenvectors presented in Sect. 2.2. Hence we keep them as
matrices Sω for the extraordinary rules in so far as they do not contradict the eigenstruc-
ture presented in Sect. 2.2.

• ω = 0 The eigenstructure for the ordinary Loop’s scheme is

Λ̂0 = diag(1,1/4,1/8,1/16),

V̂ 0 =

⎡⎢⎢⎣
1 −1 0 0
1 1 0 0
1 5 1 0
1 7 2 1

⎤⎥⎥⎦
In particular the eigenvector v0

2 satisfies (with X1
1 coming from ω = 1 and for all X ∈

X ):
A0

2 = −1; X0
2 −A0

2 = 2(X1
1 )2.

For the extraordinary rules, we choose the same eigenstructure except for A0
2 := α that

is kept as a free parameter which will be fixed in Sect. 4.1.

S0 =
1
8

⎡⎢⎢⎣
8 + 3α −3α 0 0
6 + 3α 2−3α 0 0
4 + 3α 3−3α 1 0

(7 + 6α)/2 3−3α 1 1/2

⎤⎥⎥⎦
• ω = 1 The eigenstructure for the ordinary Loop’s scheme is

Λ̂1 = diag(1/2,1/8,1/16),

V̂ 1 =

⎡⎣ 1 0 0√
3 1 0

2
√

3 1

⎤⎦
For the extraordinary rules, we choose the same eigenstructure except for valence n = 3.
Indeed, from Sect. 2.2 we know that S1 and S3−1 have the same eigenvalues. Moreover
(λ 1

1 )2 must be an eigenvalue of S2 and
(
X2

p exp(−2iπφX)
)

X
is an eigenvector of S1

(Sect. 2.2). Hence we choose

Λ1 = diag(1/2,1/4,1/8),

V 1 =

⎡⎣ 1 1 0√
3 −3 0

2 4 1

⎤⎦
As a consequence, if n = 3 ,

S1 =
1

4(1 +
√

3)

⎡⎣2
√

3+ 1 1/
√

3 0
3 2 +

√
3 0

3
√

3+ 2 1/
√

3 (1 +
√

3)/2

⎤⎦
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and otherwise,

S1 = Ŝ1 =
1
2

⎡⎣ 1 0 0
3
√

3/4 1/4 0
11/8

√
3/8 1/8

⎤⎦
• ω = 2 The eigenstructure for the ordinary Loop’s scheme is

Λ̂2 = diag(1/4,1/8,1/16),

V̂ 2 =

⎡⎣1 0 0
3 1 0
4 1 1

⎤⎦
For the extraordinary rules, we choose the same eigenstructure except for valence n = 3:
S2 is not involved in the stencil (1), and for valence n = 4: S2 = S4−2. Hence, for n = 4
we choose

Λ2 = diag(1/4,1/4,1/8),

V 2 =

⎡⎣1 1 0
3 −3 0
4 4 1

⎤⎦
As a consequence, if n = 4 ,

S2 =
1
4

⎡⎣1 0 0
0 1 0
2 0 1/2

⎤⎦
and otherwise,

S2 = Ŝ2 =
1
4

⎡⎣ 1 0 0
3/2 1/2 0
9/4 1/4 1/4

⎤⎦
• ω = 3 The eigenstructure for the ordinary Loop’s scheme is

Λ̂3 = diag(1/8,1/8,1/16),

V̂ 3 =

⎡⎣1 0 0
0 1 0
8 0 1

⎤⎦
Notice that because Ŝ3 = Ŝ6−3, ω = 3 is the particular case for n = 6. Concerning the
extraordinary rules, no eigenstructure must be defined for n < 6. Aiming for the most
natural generalisation, we propose for n > 6 the following eigenstructure:

Λ3 = diag(1/8,1/16,1/32),

V 3 =

⎡⎣ 1 0 0
3
√

3 1 0
8 1 1

⎤⎦
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Fig. 3. Concentric waves generated with purely eigenstructure-based rules shade off when a
blending smoothes the antagonism between EV and its regular neighbourhood. First line: the
original mesh and the surface produced after 6 subdivision steps. The following nine images rep-
resent (from top to bottom respectively) the enlighted surface, mapped Gaussian curvature, and
reflection lines for (from left to right respectively) surfaces subdivided with blended rules, with
original Loop’s rules, and with pure eigenstructure-based rules.

As a consequence, if n > 6 ,

S3 =
1
8

⎡⎣ 1 0 0
(3
√

3)/2 1/2 0
(24−3

√
3)/4 1/4 1/4

⎤⎦
• ω > 3 We propose Sω = 0.

With these matrices Sω , α = −1 as in the original scheme, and (2–3) the stencils for
vertices around an EV are completely defined. They define a tuning of Loop’s scheme
exclusively focused on properties in the limit at the EV. Figure 3 illustrates side effects
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such an exclusiveness may cause on the surface around the EV. These side effects are
discussed in the following section.

3.2 Antagonism between EV and Its Neighbourhood Creates Concentric Waves

As illustrated in Fig. 3, the surfaces generated by these extraordinary stencils based on
expected eigenstructure of the subdivision matrix only, are far from satisfactory. Two
reasons can explain this misbehaviour.

Firstly, (1) implies that new vertices belonging to the two-first-ring around the EV
must be defined with extraordinary stencils. But they belong to the neighbourhood of
ordinary vertices as well. As a consequence, their definition should follow ordinary
rules at the same time.

Secondly, the regular part of the initial mesh defines a Box-Spline surface with an
n-sided hole around each EV. If an extraordinary rule is defined only for the new EV,
then the meshes through subdivision are all control polyhedra of this same Box-Spline
surface. On the other hand, if extraordinary rules are also used for other vertices in the
vicinity of the EV, then the first ring of Box-Spline patches surrounding the n-sided
hole is modified. And if these rules are defined for convenient limit surface at the EV
(as the ones proposed in the previous section), nothing ensures that the deformation
they induce on surrounding Box-Spline rings is consistent with the shape of the global
surface.

Intuitively, a compromise must be found between a nice limit surface at the EV and
the side effects created by the uncontrolled transition from EV to ordinary vertices. We
propose the definition of a new vertex around an EV as a convex combination of the
ideal new vertex from the EV point of view (defined with the rules given in the previous
section) and the ideal new vertex from the ordinary vertices’ point of view (defined with
ordinary rules).

4 Blending the Stencils for Smoothing the Antagonism

Let y j be the new vertex defined with eigenstructure-based rules (1). Let ŷ j be the new
vertex defined with ordinary rules. Let ỹ j be the final new vertex resulting from blending
the extraordinary and ordinary stencils:

ỹ j := σyy j +(1−σy)ŷ j

with
σy := σ(Y 1

1 )

where Y 1
1 is the radius of ring Y in the projection of characteristic meshes onto the plane

z = 0 (see Sect. 2.2 and Fig. 4), and σ(l) is a cubic polynomial interpolating Hermite
conditions (σ(0) = 1,σ ′(0) = 0) and (σ(Δ) = 0,σ ′(Δ) = 0):

σ(l) := 2
l3

Δ3 −3
l2

Δ2 + 1.

The symbol Δ defines the end of the influence of the eigenstructure-based rules in the
definition of new vertices. Notice that this blending process do not enlarge the sten-
cils (1) defined from the expected eigenstructure.
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Fig. 4. Weights of the eigenstructure-based rules in the definition of new vertices, and rings in the
projection of characteristic meshes onto the plane z = 0

4.1 Loop’s Scheme

For Loop’s scheme, we have chosen in Sect. 3.1 v1
1 :=

[
1
√

3 2
]t

. We choose Δ = 3 in
order to include the ring D which radius is equal to 2 (see Fig. 4). Thus, the weights of
the eigenstructure-based rules in the definition of new vertices are

σA = σ(0) = 1, σB = σ(1) = 20
27 ,

σC = σ(
√

3) = 6
√

3
27 , σD = σ(2) = 7

27 .

This blended scheme needs to be eigenanalysed. The blending and discrete Fourier
transform being linear, if Ŝω are small matrices for ordinary rules then the small matri-
ces S̃ω for the blended scheme are defined by

S̃ωy,X = σY Sωy,X +(1−σY)Ŝωy,X .

Let us remember that in Sect. 3.1, we left as free parameter A0
2 := α . We obtain the

following eigenvalues:

λ 1
1 =

{
53
144 − 5

√
3

108 + 1
432

√
19641−9240

√
3 if n = 3

101
216 + 7

108 c1,1
0 if n > 3

λ 2
1 =

{ 47
216 if n = 4
61
216 + 7

108 c2,1
0 if n > 4

λ 0
2 =

7
72
α+

25
72

Here, α is chosen in order to obtain λ 0
2 =

(
λ 1

1

)2
. Among the expected eigenvalues we

do not satisfy the non-polar artifact condition anymore (λ �= 1/2), we still fulfil the
necessary condition for C1-continuity (1 > λ > μ) but not for C2-continuity (λ 2

1 �= λ 0
2 ).

If the valence of the EV is in {4,5}, the EV is not L2-hyperbolic and both principal
curvatures are bounded and at least one of them does not converge to 0 (μ = λ 0

2 =(
λ 1

1

)2
> λ 2

1 ). If the valence of the EV is greater or equal to 7, the EV is hyperbolic
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10 15
0,0

0,1

0,2

0,3

0,4

0,5

0,6

20 25 3063
n

Fig. 5. Eigenvalues for the original Loop’s scheme (thin lines) and for our blended scheme (thick
lines) for different valences n for the EV. Solid line for λ 1

1 , dash line for λ 2
0 and dash-and-dot line

for λ 1
2 . The solid line should be close to 0.5 and the grey area highlights the difference between

λ 2
0 =

(
λ 1

1

)2
and λ 1

2 which takes the scheme away from necessary condition for C2-convergence:
this area is smaller and the solid line is closer to 0.5 for our blended scheme.

in sign and not L2-elliptic and at least one of the principal curvatures diverges (λ 0
2 =(

λ 1
1

)2
< μ = λ 2

1 ). However the eigenvalues remain quite close to these conditions,
which explains the visually good shapes obtained. In particular they are better than the
original Loop’s scheme eigenvalues (see Fig. 5), without the concentric wave pattern
caused by the perfect eigenvalues schemes (see Fig. 3).

Figure 6 illustrates the eigensurfaces associated with the eigenvectors of the blended
scheme, while Fig. 7 shows its basis functions for various valences.

Fig. 6. Characteristic maps and meshes of the blended scheme, for valences 3, 4, 8 and 18. The
injectivity of maps is required for regularity of the surface at extraordinary vertices.
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Fig. 7. Basis functions of our blended scheme, for valences 3, 4, 9 and 18

5 Implementation Issues

The subdivision is performed in two steps: after subdividing the regular parts, the neigh-
bourhood of each EV is computed. As explained in Sect. 2.1, the stencil coefficients sk

y,X
can be easily determined from matrices Sω with real entries. They can be computed and
stored in a 4-dimensional array S where S [Y ] [X ] [n] [k] is the weight sk

y,X of Xj±k in the
definition of y j around an EV whose valence is equal to n. At each step of subdivision,
we store each extraordinary vertex topological neighbourhood in a list, increasing the
efficiency of the process. Notice that since no EV is generally added through subdivi-
sion, the local treatment of EV neighbourhood is constant in time.

6 Results

Instead of a limit surface analysis [22], [1], we propose to evaluate the global surfaces
behaviour generated by our scheme through the shape and the curvature distribution
analysis in the early subdivision steps (near 6). We have intensively tested each scheme
on various geometric models. In Fig. 9 and Fig. 10, some of the most relevant ones
containing one EV surrounded by ordinary vertices are shown. Figure 8 and Fig. 11
illustrate some results on complete meshes.

6.1 Curvature Distribution Rendering

We use the surface’s piecewise quartic parametrisation to compute the Gaussian and
mean curvatures of each regular vertex. We subdivide until the central hole at the ex-
traordinary vertex is smaller than one pixel. For each image the measures are thresh-
olded between [−1,1], the hue H (from HSV coding) is uniformly distributed from
cyan to blue for the interval [−1,0], and from yellow to red in [0,1]. In addition we
normalise the value V (from HSV coding) with norms of the measures to emphasis the
sign changes in attempt to see in the early subdivision steps the so-called hybrid shapes,
which can lead to curvature oscillations [11].

6.2 Other Tunings of Loop’s Scheme

In order to evaluate the global surface behaviour generated by our scheme, we compare
our scheme to stationary standard-tuned Loop’s schemes on several control models.
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(a) (b) (c) (d)

Fig. 8. From top to bottom: Two complete meshes with several EVs. From left to right: control
mesh (a), surface (b), mean curvature mapped on surfaces generated after 6 steps with original
Loop’s scheme (c) and our blended scheme (d).

(a) (b) (c) (d) (e)

Fig. 9. From top to bottom: different geometric models with one extraordinary valence and a
mapped curvature (g stands for Gaussian and m for mean curvature) crest (9,g), low-valence
saddle (3,g), high-valence hill (12,m). From left to right: control mesh (a), curvature (b,c) and
reflection lines (d,e) mapped on surfaces generated after 6 steps with original Loop’s scheme
(b,d) and our blended scheme (c,e).
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Among them, we choose the scheme originally proposed by Loop [13], the two schemes
proposed by Barthe and Kobbelt’s [3] to improve the curvature or to reduce polar distor-
tions, the G2-scheme presented by Prautzsch and Umlauf [17], and the scheme proposed
by Karčiauskas, Peters and Reif tuned to obtain λ 2

1 = λ 0
1 for valence n > 3 [11]. Notice

that the tuning method proposed by Augsdörfer et al. [1] does not fit well on Loop’s
scheme. It first requires the reduction of the number of freedoms by imposing μ = λ 2,
before optimising λ for the best curvature behaviour around the EV. However, in the
case of Loop’s scheme, μ = λ 2 defines the value of λ .

6.3 Curvature Distribution and Fairness Improvement

Figure 9 shows that the classical Loop’s scheme is not appropriate for some geometric
models. It yields undesirable behaviour, e.g. curvature oscillations and major shape dis-
tortions. For saddle-like meshes, Loop’s scheme produces an acute angle as the valence
increases, which can be easily seen on the reflection lines. For the ridge-like meshes,
it leads to a saddle-like behaviour, as do all the classic directional box-spline deriving
schemes [15].

Our scheme corrects some of these artifacts (see Fig. 9). The fairness and the curva-
ture general distribution, even for the valence 3, are greatly improved. In comparison
with other tuning methods, it achieves the best global shapes (see Fig. 10).

(a) (b) (c) (d) (e)

Fig. 10. From top to bottom: different geometric models with one extraordinary valence and a
mapped curvature (g stands for Gaussian and m for mean curvature): crest (8,g), hill (8,m) and
high-valence hill (18,m). From left to right: control mesh (a), and curvature mapped on surfaces
generated after 6 steps with different tuned Loop’s schemes: (b) our blended scheme, (c) Barthe
and Kobbelt’s reducing the polar artifact (first line), Barthe and Kobbelt’s optimized to improve
the curvature (second line) [3], or Warren and Weimer’s [24] (third line), (d) Karčiauskas, Peters
and Reif’s [11], (e) Prautzsch and Umlauf’s [17].
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7 Limitations

As already noted in Sect. 3, our blended scheme uses much wider stencils than the other
schemes. This has little bearing on computing efficiency (see Sect. 5), but it prevents the
use of our scheme in the first subdivision step if one EV is in the one-ring neighbour-
hood of another EV: Equation (1) could not be written. Moreover, our scheme defines
extraordinary stencils for the EV and its two-ring neighbourhood. As a consequence,
if one EV is in the two-ring neighbourhood of another EV, then different extraordinary
stencils (and not only one) can be in competition with an ordinary stencil. In these cases,
another scheme with smaller stencils or heuristics convenient for the first subdivision
steps must be used at the two first steps.

Notice that our tuning is designed in order to smooth some artifacts localised at the
EV which are produced by the classical Loop’s scheme after several subdivision steps,
while erasing the concentric wave pattern which normally occurs when extraordinary
stencils are defined for more vertices than the EV. As a consequence, if another scheme
is used at the very first steps only, some artifacts localised at the EV together with the
concentric wave pattern still shade off if our scheme is used in the following steps (see
Fig. 8).

But it also means that our tuning method is not designed to remove other artifacts
which are created in the first subdivision steps, such as the rotational artifact on a prism-
like model (see Fig. 11). Only a non-stationary adaptation of Loop’s scheme could
obtain the flexibility required for an acceptable modelling of all these shape definitions.

Fig. 11. Prism-like model presents a challenging geometry for all the stationary schemes. Mean
curvature is mapped onto the surface generated by original Loop’s scheme (left) and by ours
(right). Our scheme improves the surface behaviour but the rotational artifact [21] is still visible.

8 Conclusion

Recent methods for tuning a subdivision scheme, where extraordinary stencils are pro-
posed not only for the extraordinary vertex (EV) but also for its neighbours, create a
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concentric wave pattern around the EV. We have proposed that this concentric wave
pattern results from contradictory behaviours for a convenient shape at the limit EV,
and for convenient transition onto the surrounding regular surface.

Firstly we have shown that even a scheme which fulfils the most recently proposed
conditions for good behaviour of the limit surface, may still produce this wave pat-
tern. The designing of this scheme extends the method proposed by Prautzsch and
Umlauf [17]: the subdivision matrix is built from an expected eigenstructure. Whereas
Prautzsch and Umlauf kept the original eigenvectors and changed only the eigenvalues
of the subdivision matrix in order to create a G2 flat point at the EV, we change both
eigenvalues and eigenvectors in order to fulfil the most recently proposed conditions
for good behaviour of generated surfaces [15, 6]. In addition, we use discrete Fourier
techniques to make the definition of the expected eigenstructure as simple as possible.

Then, in order to achieve a compromise between a nice limit surface at the EV and
the side effects created by the uncontrolled transition from EV to ordinary vertices, we
have proposed the definition of a new vertex around an EV as a convex combination of
the ideal new vertex from the EV point of view (defined with the rules given previously
and the ideal new vertex from the ordinary vertices point of view (defined with ordinary
rules). The weight of the extraordinary rules decreases as the new vertex is topologically
farther from the extraordinary element. We applied this principle to Loop’s scheme.
Even if all artifacts are not removed, such as the rotational artifacts, the concentric
wave pattern shades off whereas the expected conditions are not spoiled too much. This
tuning method remains simple and useful, involving no optimisation process.

The practical generalisation of this method to other schemes than Loop’s requires
extra notation and phases φX if each vertex in the vicinity of interest is not uniquely
determined by a couple (ring, sector) (e.g. Catmull and Clark’s [4]) or if the scheme ro-
tates the lattice (e.g. Kobbelt’s [9] or Velho’s [23]). The generalisation to dual schemes
near an extraordinary face (e.g. Doo and Sabin’s [5]) should not add other difficulties
once the stencils (1) are rewritten.

It seems difficult to remove the other artifacts such as the rotational artifact, while
staying in the simple but useful context of stationary subdivision schemes. Other mea-
sures related more to signal processing than to differential geometry could be proposed.
But in order to keep the tuning process as simple as possible in such a way that anyone
can apply it easily to any scheme, these measures should not be used in an optimisation
process.
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Abstract. Preparing a CAD model for Finite Element (FE) analysis can be a
time-consuming task, where shape and mesh simplifications play an important
role. It is important that the simplified model has the same mechanical properties
as the original one, and that the deviation from the original stays within a given
tolerance.

Most FE mesh simplification algorithms are either fully or partially sequen-
tial, and are therefore not suitable for architectures with high levels of parallelism.
Furthermore, the use of processors such as GPUs of IBMs Cell BE require algo-
rithms to be adapted to benefit from their computational advantages. Here, we
present an algorithm written for parallel processors, and its implementation for
the Cell BE.

1 Introduction

Simplification of triangulations is often used in computer graphics, where it is used
to reduce the complexity of 3D models before rendering. Often, the user specifies the
target number of triangles desired. The simplification software aims at creating a tri-
angulation with the given number of triangles that qualitatively resembles the original
model.

FE Analysis (FEA) allows engineers to analyze properties like strength and heat con-
ductivity in a simulated environment. The analysis can be performed on simple compo-
nents, such as beams, or on complex models, and large assemblies such as models of
entire airplanes. The components usually originate from 3D scanning or CAD systems.
Even though CAD systems are integrating FEA tools into their tool chains, the process
from a CAD model to a fully usable FE mesh remains a manual and time consuming
process. In the automotive industry it can take up to four months to create a mesh for a
car. In this text we use the terms mesh and FE mesh for shape representations adapted
for simulation purposes.

CAD models use smooth shapes such as NURBS, sphere segments and torus seg-
ments to represent the surface of objects. Solid objects are represented by their bound-
ary surfaces. Transforming their shape is often time consuming and tedious. FE meshes
on the other hand are usually piecewise planar. Volume meshes, such as tetrahedral
meshes, are often used to represent solid objects in FE analysis and mesh generators are
powerful when the input model is locally compatible with the desired FE size. Model
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preparation brings the CAD model to a shape that is well suited for the meshing pro-
cess. Later, the prepared model is used as a starting point for meshing. To improve and
automate the model preparation, its starting point can be shifted from CAD models to
triangulations, enabling also a larger range of shape changes. The domain (2D or 3D)
being described by a triangulation, it is then subjected to a FE mesh generation process
whose output is called the FE mesh. The target size for each finite element is depen-
dent of the required accuracy. In addition, there may be a number of other important
requirements for a mesh, including maximal/minimal angles, maximal valence and rel-
ative size of neighbor elements. These requirements are not meaningful for designers
so even if a CAD model is exported into the right format, it will not necessarily be
acceptable as a FE mesh. Hence, the need for a shape transformation process prior to a
FE mesh generation.

During the last five years the trend in commodity hardware have gone from single-
core processors to homogeneous multi-core or heterogeneous many-core processors.
This evolution is driven by difficulties in developing faster cores as well as the evolution
of highly parallel processors, e.g., Graphics Processing Units (GPUs).

The development in hardware has made research in new algorithms necessary, as
most algorithms are unsuited for the new massively parallel architectures. During the
past years the interest for such research has increased tremendously, and has grown into
a new discipline in computer science called “General-Purpose Computing on GPUs”
(GPGPU). Research in GPGPU has attracted the interest from researchers all over the
world. Due to the increase in flexibility of GPUs more and more algorithms can be
adapted to take advantage of them. The research has led to development of new algo-
rithms as well as new uses of algorithms not commonly used. Bitonic sort by Baxter [1],
which has been successfully implemented on GPUs by Purcell et al. [2], is one of many
examples. For a thorough overview of the field please refer to [3].

Another trend in processor design is heterogeneous processors such as the Cell
Broadband Engine Architectures (Cell BE) from Sony, IBM and Toshiba. The IBM
Cell BE is targeting both supercomputers and the home entertainment market. In ad-
dition to one or more traditional processor core(s), called Power Processing Elements
(PPEs), the Cell BE include a number of thin cores called Synergistic Processing Ele-
ments (SPEs). The current Cell BE consists of one PPE and eight SPEs. IBM is planning
to release a updated version featuring 32 thin cores and two fat cores, yielding a total of
one teraflop per second. In contrast to GPUs, the thin cores of the Cell BE operate in-
dependently, and can even execute different programs. This places the Cell BE between
current GPUs and multi-core CPUs when it comes both to flexibility and performance.

In this paper we present an algorithm and its implementation on multi-core CPUs
and the Cell BE. The goal of the algorithm is to yield high scalability beyond the eight
cores we tested it for on the Cell BE. We had the 32 core Cell BE and GPUs in mind
when developing the algorithm.

2 Related Work

Computer models of product components often contain numerous details that are part
of the component shape “as-manufactured”. To meet the objectives and hypotheses of
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component behavior simulation and reduce the time spent in the FEA process, it is
advantageous that these details are removed. Shape simplification is important in com-
puter graphics as well as in preparation of models for FEA. The wide range of appli-
cations has led to many different approaches to provide transformation operators, each
useful for its applications. Gotsman et al. [4] give a good overview of the algorithms,
and we will here describe some of the key features of selected algorithms and data
structures.

a)

V Vd

b)

c)

A1 AT

d)

Fig. 1. Vertex removal operations, unchanged areas are marked in blue. a) original triangulation,
b) arbitrary re-triangulation, c) half-edge collapse and d) edge collapse.

Most simplification algorithms are based on removing one vertex at a time, possibly
grouping removals into passes. Before a vertex is removed, a number of decimation
criteria are tested. The most common decimation criteria either restrict the geomet-
ric deviation between the input and simplified models, or verify that the topology of
the surface is maintained. Figure 1 illustrates commonly used schemes for removing a
single vertex V . Figure 1b) depicts a general vertex removal where the neighborhood
surrounding the vertex V is remeshed freely. One example of this scheme is Schroeder
et al. [5], where the remeshing is determined mainly by feature edges and aspect ratios.
Hoppe [6] used edge collapse, where one edge is collapsed, placing its two vertices
at the same position, leaving two triangles degenerated. This operation is illustrated in
Figure 1d).

Kobbelt et al. [7] introduced half-edge collapse, illustrated in Figure 1c), where an
edge is collapsed by moving one of the vertices V onto the other Vd . The main difference
between edge collapse and half-edge collapse is that the latter has a smaller affected area
A1 and keeps the original vertex locations. As with edge collapse, half-edge collapse can
be extended to support non-manifold surfaces.

Shape simplification can be performed in parallel on shared memory parallel archi-
tectures, providing the vertices being removed at the same time are not too close to
each other. A common strategy is to create a set of vertices that can be removed si-
multaneously without one vertex removal being influenced by any of the others. Such
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independent sets can be created in parallel. Dadoun and Kirkpatric [8] and Karp and
Wigderson [9] presented algorithms that find independent set in polylogarithmic time
(assuming a very high number of processors).

The main challenge for parallel algorithms is to find “good” independent sets in
parallel. In a sequential setting, it is common to use greedy algorithms that use a cost
function to guide the selection of vertices, and a “good” independent set is one where the
decimation cost is low for all the vertices. Franc and Scala [10] proposed an algorithm
for finding such a set without sorting the vertices, however their method for finding the
independent set is sequential.

Botsch et al. [11], proposed to improve performance of evaluation of decimation cri-
teria by using the GPU. In their work, the decimation criterion is expressed as threshold
on the distance from the decimated surface to the original. The criterion is checked by
sampling a piecewise linear approximation to the signed distance field attached to the
original surface, and comparing the sampled value to the tolerance. In their work, the
approximation to the signed distance field is computed using a CPU-based implemen-
tation of fast marching methods. This is transferred to a 3D texture in graphics memory.
Then, the triangles that are to be checked are rendered using this texture. This is a
first contribution to an efficiency increase in a decimation operator through the use of
heterogeneous processor architectures.

Hjelmervik and Léon [12] presented an hybrid GPU-CPU simplification algorithm.
In their work, the GPU performs the most computationally intensive tasks, while the
CPU maintains the data structure. This means that data must be sent between the system
memory and graphics memory, which imposes overhead. The overhead due to memory
transfers makes this algorithm only feasible when decimation criteria with high arith-
metic intensities are involved.

DeCoro and Tatarchuk [13] presented the first algorithm to perform the entire sim-
plification on the GPU. They implemented vertex clustering using the geometry shader
to discard degenerated triangles. Since the GPUs support stream out of vertex data, the
simplified version can be reused for further simplification.

Simplification algorithms often sort the vertices based on their decimation cost. Sort-
ing is a fundamental building block for a wide variety of applications. Parallel sorting
algorithms suitable for heterogeneous architectures have therefore attracted the atten-
tion from several research groups. GPUTeraSort by Govindaraju et al. [14] is success-
fully implemented on multi-core processors and GPUs, and AA-sort by Inoue et al. [15]
has shown high speedups for multi-core processors and the Cell BE processor.

3 Description of the Algorithm

Our main goal is to develop a flexible algorithm for shape simplification that is suit-
able for many-core heterogeneous architectures. To take advantage of the high level of
parallelism, it is important that a large number of vertices are removed simultaneously
and that all steps in the algorithm can be performed in a parallel fashion. Existing thin
cores do not have the capability to allocate or deallocate system memory, prohibiting
implementation of algorithms that use dynamic memory.

The demand for performance improvement seems most crucial either when con-
sidering simplification of large models where computationally demanding decimation
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criteria are in play and/or when the simplification must be performed at an interactive
rate. However, many applications use QEM or other computationally inexpensive dec-
imation criteria. Performance may also be important for these applications, either to
improve the interactivity or to simplify assemblies consisting of a large number of less
detailed objects. Thus, low overhead is a key feature of our algorithm. Furthermore, the
algorithm should be extendable to transfer properties attached to the faces (or edges or
vertices) of the triangulation to enable the implementation of mechanical criteria like
the transformation of pressure fields.

Compute costs

Sort vertices

create ISv

remove vertices

done
yes

no

(a)

Compute costs

Sort vertices

remove vertices

done
yes

no

(b)

Sequential

Parallel

Fig. 2. Flowchart of simplification algorithms. Figure a) illustrates a traditional simplification
algorithm. By removing the vertices as they are inserted into ISv we get the flowchart illustrated
in b).

A simplified view of popular simplification algorithms is illustrated in Figure 2(a).
Typically, an independent set of vertices, ISv is created using a greedy, sequential algo-
rithm, which inserts vertices one by one into ISv. Such a set is used to ensure that no
neighboring vertices are removed simultaneously. Indeed, neighboring vertices could
be removed in the same pass as long as it does not occur at the same time. Since neigh-
boring vertices may be candidates for removal in different threads, it becomes necessary
to implement vertex removal in a thread safe manner. This is the approach implemented
and Figure 2(b) illustrates our algorithm. This is an alternative to the implementation of
a parallel algorithm for creating ISv. With our approach, it means that multiple threads
may perform vertex removals on the same triangulation, while maintaining the integrity
of the data structure. If competing threads perform conflicting vertex removals, this situ-
ation must be detected and resolved. In our implementation, threads detecting a conflict
will ignore the current vertex removal and continue with another candidate vertex.
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Serial simplification algorithms can iteratively remove the vertex with lowest dec-
imation cost. The decimation cost can be updated as the neighborhood is modified,
ensuring that the priority queue is up to date. In a parallel setting, the use of a priority
queue would be a bottleneck, since any update would require exclusive access. Algo-
rithms based on ISv are guided by the decimation cost, but even the vertex with highest
decimation cost can enter ISv in the first pass. Requiring the candidate vertices to have a
decimation cost less than a given threshold can improve this situation. In our algorithm,
each thread performs the vertex removals in the order given by the decimation cost.
However, the vertices are not reordered within one simplification pass. Depending on
the objective of the decimation process, a well suited decimation criterion can prevent
unwanted vertex removals, making the application less dependent of the decimation or-
der and on the concept of threshold. Again, this shows what key concepts helped get
around the use of ISv.

Vertices not removed in the first simplification pass may be removed at a later pass.
We use a removable flag assigned to each vertex, indicating the status of the vertex
removal. Vertices failing the simplification criteria are marked as “not removable”. This
is not a permanent status, since further simplifications can change their neighborhood,
hence their cost and status. However, a vertex failing the simplification criteria once
is less likely to be removed than vertices not yet considered. As a compromise, we
reconsider all vertices marked as “not removable” every third pass. To restrict the SPEs
to only consider the removable vertices as candidate vertices, we assign removed and
not removable vertices cost of −2 and −1 respectively. After the vertices are sorted in
ascending order, the removable vertices are located at the top of the array.

A wide variety of data structures can be used to describe and store triangulations. Due
to its simplicity and efficiency, vertex incidence lists are often used for simplifications.
In its simplest form, each vertex contains a list of pointers (or indices) to its neighboring
vertices. A vertex removal operation performed on this data structure modifies not only
the removed vertex V , but also to the vertices in its one-ring neighborhood because the
adjacency relations must be updated. Thus, no other vertex in its two-ring neighborhood
can be removed at the same time. Thread safe vertex removal operations using such a
data structure has an increased risk of failing, especially when the number of vertices
gets small, which is often the case when a fair proportion of vertices are removed.

Another popular data structure for triangulations is based on half-edges. Figure 3
illustrates the data elements involved in a vertex removal. The edges surrounding the
one-ring neighborhood of a vertex V stay unchanged during its removal. Therefore,
we only read and modify the half-edges on the “inside” of this area during a vertex
removal. These half-edges are only relevant for vertex removals of any vertex inside
this one-ring neighborhood. Therefore, the half-edge data structure does not increase
the radius of influence beyond where the triangles change.

Vertex removal operators can result in a locally topologically illegal configuration,
such as two faces being mapped on top of each other. Before removing V it must be
verified that no edge is added between already connected vertices. To perform this test,
the area of interest is expanded from the one-ring neighborhood of V to the two-ring. For
the (half-)edge collapse the area of interest is expanded from the one-ring neighborhood
of the V to also include the one-ring neighborhood of the destination vertex Vd . In
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V

Vertex

Half edge

Pointer

Non-modifiable pointer

Fig. 3. Illustration of the half-edge data structure. Pointers belonging to boundary edges and there-
fore not modifiable are marked in red.

Listing 1. Thread safe vertex removal
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Figure 1c) the original area of interest is labeled A1 and the added area labeled AT . Due
to the small area of interest and simple implementation, half-edge collapse is used in
this work.

A thread safe vertex removal operation must detect if either the vertex itself or one
of its neighbors is being removed by another thread. Thread safe locking mechanisms
are available for most parallel architectures, and we added a lock for each vertex to
the data structure to implement such a mechanism. As shown in Listing 1, we lock
the potential vertex V as the first step of a vertex removal. During the update of the
data structure, we update the pointers to V as the last step, to ensure that competing
vertices removal threads see that V is locked. During a vertex removal with the half-
edge collapse operator, the data structure is locally inconsistent within the one-ring
neighborhood of V . The inconsistencies take form either as three consecutive half-edges
not forming a loop, i.e. a triangle is modified or collapses, or half-edges pointing at the
incorrect vertex, i.e. the pointer to the half-edges are updated but not the pointer to the
vertex. These inconsistencies can easily be detected, by verifying that there is no vertex
locked and that three consecutive vertices form a triangle. If neither inconsistency or
locked vertices are found, the vertex removal process can safely continue.
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4 Cell BE Implementation

From a programming point of view, memory management related issues constitute the
main differences between traditional homogeneous architectures and heterogeneous
processors such as GPUs and the Cell BE. So far, we have described vertex removal
operations using shared memory architectures with coherent caches. Traditional ho-
mogeneous multi-processor and multi-core systems fit this description. However, het-
erogeneous architectures such as GPUs and the Cell BE are not equipped with coher-
ent caches. Therefore, algorithms implemented on such architectures should not rely
on memory transfers being performed in the order they are issued. In this section we
present our Cell BE implementation of thread safe vertex removal.

Instead of a hardware controlled cache, each SPE has 256KB of local memory called
local store, used to store both code and data. A program running on a SPE does not
access system memory directly, but uses Direct Memory Access (DMA) instructions to
copy data to and from system memory. DMA transfers are asynchronous, allowing the
SPE to continue execution while data is being transfered. One way of managing the data
transfers is by creating a software managed cache, using DMA transfers to and from
local store. Such a cache normally contains functions to read/write data, initiate reading
of a memory location (touching), and notifying to the cache that the content may be
outdated (dirtying). In addition to DMA instructions, each SPE has an atomic unit. The
main purpose of this unit is to allow atomic operations such as locking mechanisms.
The atomic unit can also be used to create a software-based coherent cache. However,
one should try to avoid the use of the atomic unit, as it easily can become a bottleneck
in the application. Instead, we use a software-based cache for reading half-edges and
vertices, and perform the corresponding write operations without using the software-
based cache. Our modified algorithm uses the atomic unit for maintaining the status
of a vertex. A vertex can have the following states: locked, removed, not removable,
or removable, covering the needs for both the current decimation pass and the process
between the passes.

An implication of lacking coherent cache is that we have no guarantee that memory
transfers are performed in the order they are issued. The Cell BE has an option to obey
the order of the issued commands, but this postpones each memory operation, causing
unnecessary stalls. The basic data element in a SPE is a quadword, and data transfers
of naturally aligned quadwords are performed as atomic operations. Based on the con-
cept of atomic operations, we therefore store vertices and half-edges in quadwords to
guarantee that we never read a partly updated vertex or half-edge. An half-edge is repre-
sented as three indices (four if face attributes are explicitly represented), while a vertex
is represented as three floating point numbers and one index. Vertices and half-edges
can therefore be stored in a quadword each, with no or little overhead. The updated
algorithm is given in Listing 2.

Only pointers pointing towards deleted elements are modified, thus all partly updated
triangles will have references to deleted elements (see Figure 3). Therefore, partly up-
dated triangles will either include a reference to a vertex marked for removal, a half-
edge marked for removal or the half-edges will not form a loop. If any of these cases are
detected, the vertex removal process ignores V , otherwise no conflict is present and the
vertex removal continues. Since our cache is not coherent, data may remain in a SPEs
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Listing 2. Simplified view of thread safe vertex removal on Cell BE
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cache after its value is updated. Our data structure consistency tests will detect the cases
where the data is partly updated and can either ignore the candidate vertex, or dirty the
cache and re-read the inconsistent data.

In our test cases, the overall cache-hit ratio is 80–90%. The high cache-hit ratio is
due to the fact that geometrically near data elements are likely to be located near each
other in memory. In our test cases each triangle is initially defined by three subsequent
half-edges. However, for the first vertex and half-edge read for a given candidate vertex
V the cache-hit ratio is very low. This is because the candidate vertices are not treated
in their natural order, but rather in a sorted order. Thus, the cache-hit ratio is almost
unaffected by dirtying the cache at the beginning of each vertex removal operation.

The cost of a cache-miss is reduced if the processor is busy while the memory trans-
fer takes place. This can be achieved by touching the cache before the data is needed.
This strategy is only feasible if the program can continue execution before the data is
transferred. In our algorithm this is not the case. Bader et al. [16] presented an alter-
native latency-hiding technique for the Cell BE. They use software-managed threads to
let the SPE continue working after a memory request is issued. The SPEs do not have
hardware support for quickly switching between threads. Therefore, the program itself
is responsible for switching between the software-managed threads. We applied this
strategy in our application, manually switching threads after a cache miss. To facilitate
this behavior, we implemented two different cache touching functions in our software-
based cache. One function only starts the required data transfer, while the other function
also reports if the data element is already in cache. This allows us to only swap threads
when an actual cache-miss is encountered. However, with the high cache-hit ratio in our
algorithm this only gave us 2% speedup.

5 Results

The main purpose here, is to highlight how the speedup scales up when the number
of threads is increasing. For each parallelizable stage of our algorithm, we uniformly
divide the vertices among the threads. The computation time seems to be sufficiently
uniform to justify this choice. We compared our cell implementation with an unopti-
mized version ran on the PPE only. In our benchmarks the PPE version and the SPE
version ran neck and neck. This indicates that our pre-fetching strategy and software
based cache is successful. However, no strong conclusions should be made based on
this, since the PPE version may be far from optimal.
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Fig. 4. Turbine blade (top) and fandisk model (bottom) before and after simplification

Figure 4 shows the two test models before and after simplification. The vertex-cost
is set to its discrete Gaussian curvature. The 90% vertices with lowest costs are con-
sidered as potential for removal. Potential vertices are removed if the maximal angular
deviation from the previous model is less than 25 degrees and all interior angles in the
resulting triangles are larger than 10 degrees. This yields good visual quality of the
resulting triangulations. However, they do not provide any guaranteed error estimates.
These criteria were chosen because of their balance between computations and mem-
ory operations. In addition, we include benchmark results where only topology tests
are performed. Obviously, the resulting models are not usable, since the geometry is ig-
nored. However, it shows that our algorithm performs well also for less computationally
intensive decimation criteria.

In the current Cell BE implementation the sorting is performed by the PPE. Parallel
sorting algorithms are becoming a standard component for parallel architectures, and is
a part of software development kits for GPUs and the standard C++ library distributed
with the ��� compiler now contains parallel sorting. However, sorting is not yet a part
of the IBM Cell SDK [17] we used for the Cell BE. Implementing parallel sorting
algorithms such as AA-sort by Inoue et al. [15] is outside the scope of our work. We
therefore performed the benchmarks using a single-threaded sorting algorithm. For the
turbine blade model in Figure 4, sorting and other sequential parts of the code represent
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less than one percent of the total runtime when using one SPE. The lack of parallel
sorting implementation does not notably affect this benchmark, but must be remedied
if the number of cores is to increase greatly.

Figure 5 illustrates the speedups achieved using a varying number of SPEs. The
corresponding runtimes using one SPE is listed in Table 1. For the blade model, the
speedup is almost linear for both benchmarks. The much smaller fandisk model does
not achieve the same speedup when only topology is tested. This is due to the overhead
caused by starting and stopping SPE threads.

Table 1. Runtimes of simplification, using one SPE on IBM QS21

model #vertices runtime geometric runtime topology
blade 882954 53.7s 9.0s
fandisk 6475 0.37s 0.05s
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Fig. 5. Speedup of simplification of the turbine blade model (left) and the fandisk model (right).
Benchmark of geometry-based simplification criteria and purely topological ones are presented.

6 Concluding Remarks

We have developed a flexible framework for shape simplification, suitable for hetero-
geneous many-core systems. The vertex removal is performed in a thread safe manner,
allowing each thread to operate independently and eliminating the need of an inde-
pendent set of vertices. The flexibility of the framework allows the inclusion of any
decimation criterion based on information located inside the one-ring neighborhood.
Furthermore, properties associated to the faces can be propagated throughout the sim-
plification process, thus allowing simplification criteria with guaranteed error estimates
such as error spheres used by Véron and Léon [18].

Our benchmarks have shown that our framework performs well both for arithmeti-
cally intensive and memory intensive decimation criteria. Furthermore, it has sufficiently
low overhead to be used in applications treating a large number of smaller models. The
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use of software-managed threads did not give us the expected performance increase.
This may change if the software related to software-managed threads is optimized.

The strategy presented here can be used also for other operations performed on tri-
angulations. Operations such as edge-flip and the Bowyer Watson algorithm for vertex
insertion are candidates for this framework.

GPUs supporting the CUDA API perform data transfers of naturally aligned quad-
words as atomic operations. Locking mechanisms are now also available on commodity
GPUs. This opens up the possibility to develop a GPU-based implementation of our
framework. Whether or not such an implementation is feasible is an open question, as
the execution units of current GPUs operate in a synchronous manner. We will investi-
gate this in a future article.

References

1. Batcher, K.E.: Sorting networks and their applications. In: AFIPS Spring Joint Computing
Conference, pp. 307–314 (1968)

2. Purcell, T.J., Donner, C., Cammarano, M., Jensen, H.W., Hanrahan, P.: Photon mapping on
programmable graphics hardware. In: Proceedings of the ACM SIGGRAPH/EUROGRAPH-
ICS Conference on Graphics Hardware, pp. 41–50. Eurographics Association (2003)

3. Owens, J., Houston, M., Luebke, D., Green, S., Stone, J., Phillips, J.: GPU computing. Pro-
ceedings of the IEEE 96(5), 879–899 (2008)

4. Gotsman, C., Gumhold, S., Kobbelt, L.: Simplification and compression of 3d meshes. In:
Tutorials on Multiresolution in Geometric Modelling, pp. 319–361. Springer, Heidelberg
(2002)

5. Schroeder, W.J., Zarge, J.A., Lorensen, W.E.: Decimation of triangle meshes. In: SIG-
GRAPH 18992: Proceedings of the 19th annual conference on Computer graphics and in-
teractive techniques, pp. 65–70. ACM, New York (1992)

6. Hoppe, H.: View-dependent refinement of progressive meshes. In: SIGGRAPH 1997: Pro-
ceedings of the 24th annual conference on Computer graphics and interactive techniques, pp.
189–198. ACM Press/Addison-Wesley Publishing Co., New York (1997)

7. Kobbelt, L., Campagna, S., peter Seidel, H.: A general framework for mesh decimation. In:
Proceedings of Graphics Interface, pp. 43–50 (1998)

8. Dadoun, N., Kirkpatrick, D.G.: Parallel algorithms for fractional and maximal independent
sets in planar graphs. Discrete Appl. Math. 27(1-2), 69–83 (1990)

9. Karp, R.M., Wigderson, A.: A fast parallel algorithm for the maximal independent set prob-
lem. In: STOC 1984: Proceedings of the sixteenth annual ACM symposium on Theory of
computing, pp. 266–272. ACM, New York (1984)

10. Franc, M., Skala, V.: Parallel triangular mesh decimation without sorting. In: SCCG 2001:
Proceedings of the 17th Spring conference on Computer graphics, Washington, DC, USA, p.
22. IEEE Computer Society, Los Alamitos (2001)

11. Botsch, M., Bommes, D., Vogel, C., Kobbelt, L.: GPU-based tolerance volumes for mesh pro-
cessing. In: PG 2004: Proceedings of the Computer Graphics and Applications, 12th Pacific
Conference on (PG 2004), Washington, DC, USA, pp. 237–243. IEEE Computer Society,
Los Alamitos (2004)

12. Hjelmervik, J., Léon, J.C.: GPU-accelerated shape simplification for mechanical-based ap-
plications. In: Shape Modeling International, pp. 91–102 (2007)

13. DeCoro, C., Tatarchuk, N.: Real-time mesh simplification using the GPU. In: I3D 2007:
Proceedings of the 2007 symposium on Interactive 3D graphics and games, pp. 161–166.
ACM, New York (2007)



Simplification of FEM-Models on Cell BE 273

14. Govindaraju, N., Gray, J., Kumar, R., Manocha, D.: GPUTeraSort: high performance graph-
ics co-processor sorting for large database management. In: SIGMOD 2006: Proceedings of
the 2006 ACM SIGMOD international conference on Management of data, pp. 325–336.
ACM, New York (2006)

15. Inoue, H., Moriyama, T., Komatsu, H., Nakatani, T.: AA-sort: A new parallel sorting algo-
rithm for multi-core SIMD processors. In: PACT 2007: Proceedings of the 16th International
Conference on Parallel Architecture and Compilation Techniques, pp. 189–198. IEEE Com-
puter Society, Los Alamitos (2007)

16. Bader, D.A., Agarwal, V., Madduri, K.: On the design and analysis of irregular algorithms
on the Cell processor: A case study of list ranking. In: Proc. of the 21st International Parallel
and Distributed Processing Symposium, pp. 1–10. IEEE, Los Alamitos (2007)

17. IBM: Software development kit for multicore acceleration version 3.1: Programmers guide
(August 2008)

18. Véron, P., Léon, J.C.: Shape preserving polyhedral simplification with bounded error. Com-
puters & Graphics 22(5), 565–585 (1998)



Effects of Noise on Quantized Triangle Meshes

Ioannis Ivrissimtzis

Durham University, Durham, UK
���������������	
����
����	������

�

��������
������������������������	
���

Abstract. In this paper we measure the effects of noise on the performance of a
standard entropy compression algorithm for quantized triangle meshes. In a first
experiment, we show that a small amount of added noise may lead to slightly
smaller filesizes. The magnitude of stochastic resonance is too small to have any
practical applications in mesh compression. In a second experiment, we study the
effect of a fixed amount of added noise on different levels of quantization. The
results show that the effect of the added noise does not increase monotonically
with the level of quantization. These two phenomena have implications in the
design of validation experiments for mesh processing algorithms. They show that
the tacit assumption that the effects of added noise increase monotonically with
the amount of noise and with the level of quantization can be wrong.

1 Introduction

Three dimensional models reconstructed from scan data are now commonly used in
graphical applications. Nevertheless, and despite the improvements in the optical data
acquisition technology, imperfections in the whole process mean that noise is always
present. Noise affects negatively the quality of a model in a way which can be described,
depending on the point of view, as information loss, or pattern degradation, or entropy
increase. By common practice, which is of course theoretically justified, we generally
assume that the negative effects on a model’s quality increase monotonically with the
volume of the noise.

In this paper, we argue that this assumption is a simplification which may not hold
within the context of entropy compression of quantized triangle meshes. To study the
response of the compression rate to added noise, we first encode the mesh connectivity
and then quantize the vertex coordinates and encode them with a predictive scheme.
The obtained corrective vectors are entropy encoded. Comparing the filesizes, we often
detect a small reduction when small amounts of noise are added, see Fig. 1.

We explain this behavior through the stochastic resonance paradigm. Stochastic res-
onance describes the phenomenon where small amounts of noise improve the ability
of biological or electronic systems to detect a signal [1]. Typically, it appears when a
system can only detect signals that are above a threshold. In this case, a small amount
of added noise may slightly enhance the signal and push it just above the system’s
detection threshold. Stochastic resonance has been studied theoretically and has been
detected in various biological systems and computer simulations.

M. Dæhlen et al. (Eds.): MMCS 2008, LNCS 5862, pp. 274–284, 2010.
c© Springer-Verlag Berlin Heidelberg 2010
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Fig. 1. The x-axis shows the amount of added noise as a power of 2. The y-axis shows the average
difference in the filesize in bytes. Small amounts of noise reduce the filesize.

In entropy mesh compression, all the main components of the stochastic resonance
paradigm are present. Indeed, the positions of the mesh vertices are the signal. The
most significant bits represent the low frequencies and the least significant bits the high
frequencies and we only encode the low frequencies with the quantization procedure
determining a detection threshold. Finally, the use of entropy encoding means that the
resulting filesize is a measure of the signal’s entropy.

In a second experiment, we study the effect of a fixed amount of added noise at
different levels of quantization. If the initial model was noise free, one would expect
the larger effect of the added noise to be on the model’s high frequencies, that is, at
the finest levels of quantization. However, because the initial model already contains
noise, as the frequencies increase, their entropy tends to the theoretical maximum and
the effect on them of the additional noise tends to zero. As a result, starting from the
low frequencies, the effect of a fixed amount of added noise is initially small, then as
the frequencies increase the effect of the added noise increases and reaches a maximum,
and finally, at the highest, already corrupted frequencies, the effect of the added noise
decreases again. This behavior was verified by the second experiment.

Summarizing, the first contribution of the paper is to demonstrate that within the
context of entropy mesh compression, a small amount of noise can reduce the filesize
of the compressed model. The second contribution is to propose an interpretation of this
phenomenon as a manifestation of stochastic resonance in quantized triangle meshes.
The third contribution is to demonstrate that, depending on the initial noise of the model,
some intermediate levels of quantization are the most sensitive to a fixed amount of
added noise.

1.1 Previous Work

The literature on stochastic resonance is extensive, reflecting the wide range of areas
where such phenomena have been detected. [2] is one of the early papers studying
stochastic resonance. [3] gives a detailed theoretical study of the phenomenon. An ex-
tended review of the subject can be found in [4].

Surfaces and triangle meshes in particular have been studied from a signal theoretic
point of view for a long time. Two influential early papers are [5] with a traditional
signal-theoretic approach, and [6] with a wavelet-subdivision approach. Applications of
the signal theoretic approach to triangle mesh compression have been studied in [7, 8].
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Noise and uncertainty in 3d models has also attracted considerable research interest and
a detailed study of the topic, in the context of point clouds, can be found in [9].

2 The Implementation of the Experiments

Following a typical mesh compression process we first encode the connectivity of the
model. Then, the vertex coordinates are quantized and encoded with a predictive scheme
and finally, the corrective vectors are entropy encoded.

For connectivity encoding we use the Edgebreaker [10]. It is a widely used algo-
rithm for triangle mesh connectivity compression giving compression rates comparable
with the theoretical bound of 3.24 bits per vertex. As spatial noise does not affect the
connectivity of a mesh, we are not directly interested in the entropy of the connectivity
encoding and we do not report any results on the filesize of the compressed connectiv-
ity. However, the connectivity encoding implies a traversal of the mesh triangles, which
traversal affects the encoding of the vertex coordinates.

For the predictive encoding of the vector of the vertices v̄ we use the parallelo-
gram rule [11]. Because of its simplicity, this rule is still considered the state of the
art, even though many other more complicated predictive algorithms have shown im-
proved results. Finally, the corrective vector is encoded with a version of arithmetic
encoding [12]. Arithmetic encoding generally gives better compression ratios than the
simpler alternative of Huffman encoding. In the experiments, we use implementations
of the Edgebreaker and the arithmetic coder that are available online [13, 14].

Before compressing the model, we add uniform random noise to v̄. For a better in-
sight into the experimental results, especially those in Section 4, we assume a proba-
bilistic model for the vertices of the mesh. The probability distributions of the vertices
are considered independent variables. The mean of the probability distribution of the
vector of vertices P(v̄) is equal to v̄. The addition of uniform noise gives a new distri-
bution

P(v̄)⊗U3[−d/2,d/2] (1)

with the same mean, which is the convolution of the initial distribution with the 3d
uniform distribution with mean (0,0,0) and support d3. Notice that the entropy of the
distribution in Eq. 1 is always higher than the entropy of P(v̄). We will refer to d as the
amount of added noise.

After adding uniform noise, the model is rescaled to have the unit cube as its bound-
ing box, and quantized. Notice that in almost all graphical applications the vertex coor-
dinates, either represented by floats or by integers, are discrete. That is, they are usually
described by a certain number of bits while, in contrast, the use of exact arithmetic is
rare. That means that our quantization of the model is not a discretization, but instead it
is a thresholding applied on an already discrete representation.

In the experiments we used four well-known models: the Horse, Fandisk, Max-
Planck and Venus. For each original model we created two more versions of it. The
noisy version was created by adding uniform noise with d = 5× 10−4, assuming that
the bounding box of the original is the unit cube. The smooth version was created by 50
iterations of the umbrella operator on the original model with parameter λ = 0.5. The
models are shown in Fig. 2.
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Fig. 2. The twelve models used in the experiments

3 Stochastic Resonance in Quantized Triangle Meshes

The results of the first experiment are are shown in Tables 1-4 in the Appendix. For
each model, level of quantization and amount of added noise, we did 20 experiments.
In each case we give the mean and the standard deviation of the differences from the
filesize of the original, reporting in bytes. In most cases, we notice a small reduction in
the filesize when small amounts of noise are added.

The reduction of the filesize can be seen as the manifestation of stochastic reso-
nance. In a broader interpretation, the non-monotonicity of the filesize as a function of
the added noise, can also be seen as a manifestation of stochastic resonance. For ex-
ample, in the 14-bit smooth Fandisk model shown Fig. 3 (left) the added noise always
increases the filesize of the original. Nevertheless, we can detect stochastic resonance
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Fig. 3. Left: Compressed filesize of the 14-bit smooth Fandisk. Right: When the vertex coordi-
nates are totally random, the curve of the filesize is inverted.

in the broader sense as added noise d = 2−18 leads to a smaller filesize compared to
d = 2−20, or d = 2−22.

To justify this broader interpretation of stochastic resonance, we notice that, usually,
the original model already contains noise. Thus, the filesize reported for d = 0 is just
an estimate of the mean filesize for the initial amount of noise, and thus, it should not
be treated as the filesize of a noise free model. In other words, the effects of the added
noise are better described by the function of the filesize in terms of the added noise, in
particular its local minima, than by a comparison with the filesize of zero added noise.

In a final experiment, we substituted all the vertices of the mesh with vertices with
random uniform distribution U3[−1/2,1/2]. The results show an inversion of the typi-
cal filesize curve, see in Table 5 in the Appendix, and Fig. 3 (right). This last experiment
is interesting because we know the exact distribution P(v̄) and can compute its entropy.
Indeed, with d = 0, each vertex follows the U3[−1/2,1/2] distribution and thus has
maximum entropy. By adding a certain amount of noise U3[−d/2,d/2] the distribution
of each vertex becomes the convolution of two uniform distributions U3[−1/2,1/2]⊗
U3[−d/2,d/2], rescaled so that its support is the interval [−1/2,1/2]3. As the uniform
distribution has maximum entropy, the new distribution has lower entropy. We can eas-
ily check that the minimum entropy of the convolution of two uniform distributions,
rescaled to the interval [−1/2,1/2]3, is obtained when d = 1, in which case we get a
triangle distribution. Then, as d increases above 1, the added noise starts to dominate
the original signal and the entropy increases again.

From these theoretical entropies, one would expect that, as d increases, the filesize
would decrease, until d = 1, and then it would start increasing again. Instead, we no-
tice that for a small d, even though the theoretical entropy of the model decreases, the
filesize increases. We can see this as a manifestation of stochastic resonance, in the
sense that the thresholding induced by the quantization changes the expected behavior
of the entropy. We consider this last experiment to be the most conclusive detection
of stochastic resonance in quantized triangle meshes, as it is the only case where the
distribution P(v̄) is known.

Even though unrelated to the phenomenon of stochastic resonance, in a final obser-
vation from Tables 1-4, we notice that the filesize of the Fandisk and the Horse models
increased with smoothing. In the case of Fandisk, smoothing degraded patterns of flat
surfaces meeting at sharp edges. In the case of Horse, smoothing degraded patterns
caused by the regular sampling of the object’s surface by the acquisition device. In con-
trast, the vertices of the Max-Planck and the Venus models are processed subsamples of
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Fig. 4. Wireframe views of parts of the Horse (left) and the Max-Planck (right) models

the originally acquired geometry and they do not exhibit this kind of regular patterns,
see Fig. 4.

4 Effect of Added Noise at Different Levels of Quantization

The magnitude of the phenomenon of stochastic resonance, as measured by the first
experiment, is negligible. We typically observe differences of few bytes on total filesizes
of several kilobytes. This can be explained by the large size and the irregularity of the
triangle meshes used in the experiments. Patterns just below the quantization threshold
are pushed above it by the added noise, but this effect is counterbalanced by patterns just
above the quantization threshold pushed below it. In contrast, the second experiment
studies a phenomenon of larger scale, which again is related to changes in entropy by
added noise. In particular, it studies how the added noise affects the entropy at different
levels of quantization.

In this case, as we compare different levels of quantization, and as the level of quan-
tization also affects the filesize, we do not report the filesize differences in bytes, but as
percentages of the initial filesize. That is, if s,s′ are the filesizes for a given quantization
level before and after the addition of noise, we report the relative difference (s′ − s)/s.
Fig. 5 shows these relative differences for different levels of quantization and for differ-
ent amounts of added noise. We notice that, in some cases, the relative difference first
increases with the level of quantization and then decreases, giving a local maximum.

This local maximum is related to the noise of the initial model. Indeed, if the initial
model was noise free we could assume that the appearance of compressible patterns is
independent of the level of quantization and thus, the rate of compression r is indepen-
dent of the level of quantization. The effect of the added noise on the entropy of the
noise free mesh would increase monotonically with the level of quantization, the com-
pression rate r′ of the model with added noise would monotonically decrease and tend
to 1, while the term r/r′−1 would monotonically increase and tend to r−1. For a given
level of quantization, the uncompressed meshes before and after the addition of noise
have the same filesize, thus, the relatively difference (s′ − s)/s = s′/s− 1 = r/r′ − 1
would also monotonically increase and tend to r−1.

In contrast, if the original model does have some noise, as the level of quantization
increases the entropy tends to its maximum and thus the effect of the added noise is
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Fig. 5. Each line of a graph corresponds to a different amount of added noise, from d = 2−22

to d = 2−12. The x-axis corresponds to the level of quantization and the y-axis to the relative
difference of the filesizes.
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minimal. That means that the ratio r/r′ tends to 1, and (s′ − s)/s = r/r′ − 1 tends to
zero. As a result, the largest effect of the added noise is not on the highest levels of
quantization but at some intermediate levels, which they are not very coarse, and thus
their entropy is affected considerably by the added noise, but not very fine either, and
thus their entropy is not already near its maximum.

In Fig. 5 we see such local minima, especially for the Venus and Max-Planck models.
That was expected as the Fandisk and the Horse models have low entropy, that is, low
initial noise, while the local minimum is a manifestation of the initial noise. In the latter
two cases, even though we can not detect a local minimum, still we can see that the
smooth and the noisy versions, which both have higher entropy than the original, tend
nearer towards that behavior.

Notice that for visualization purposes the scale of the y-axes in Fig. 5 varies from
graph to graph. For example, the noisy versions of the models always have lower values
of relative filesize differences than the originals, even when the shapes of the corre-
sponding curves are similar.

5 Discussion

We measured the effects of added noise on the filesize of entropy compressed quantized
triangle meshes. In a first experiment, we showed that usually the filesize does not
increase monotonically with the amount of added noise. Instead, when small amounts
of noise are added, we may have a small reduction in the compressed filesize. We argue
that this phenomenon should be interpreted inside the wider paradigm of stochastic
resonance. In a second experiment, we showed that the effects of the added noise on the
filesize do not always increase monotonically with the level of quantization. Indeed, the
effect of the added noise at the finest levels of quantization could be minimal. We argue
that this phenomenon is related to the initial noise of the model.

In the future we plan to investigate the effect of stochastic resonance on shape de-
scriptors, especially those based on coarse quantizations, as for example the ones de-
scribed in [15] which use 6-bits per coordinate. More generally, the measurement of
the effects of different amounts of added noise on different frequencies of a quantized
mesh can be seen as a shape analysis algorithm itself. We plan to investigate whether
we can analyze the shape of a mesh through the responses of its different frequencies
to different levels of added noise. Such experiments would mimic the way we study
physical models through their resonance to physical stimuli of different frequencies
and amplitudes.
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Appendix

Table 1. Fandisk: The filesizes reported in bytes

Added noise d 0 2−22 220 2−18 2−16 2−14 2−12

6-bit Mean 6148 16 -31.7 -30.1 -27.2 -27.6 -14.3
Stdv 0 5.5 3.8 2.7 3.5 5.1 7.0

12-bit Mean 14169 19 -0.45 6.8 37.15 145.2 600
Stdv 0 3.6 1.4 2.2 5.7 7.7 9.8

Smooth 6-bit Mean 6129 -1.1 -0.15 -0.3 -1.55 0.45 7.15
Stdv 0 1.0 1.35 1.3 2.0 3.8 7.5

Smooth 12-bit Mean 15572 -1.4 -1.4 -1.55 0.75 6.55 57.45
Stdv 0 1.2 1.2 1.6 2.6 3.6 5.0

Noisy 6-bit Mean 6790 0.5 0.15 0.05 0.2 -0.6 -1.4
Stdv 0 0.8 1.1 0.9 1.6 4.1 7.3

Noisy 12-bit Mean 18178 -0.1 0.15 0.3 0.55 -3.85 27.6
Stdv 0 1.0 1.7 2.5 3.1 4.2 5.6

Table 2. Horse: The filesizes reported in bytes

Added noise d 0 2−22 220 2−18 2−16 2−14 2−12

6-bit Mean 41326 0.95 0.2 0.35 2.65 21.85 156.05
Stdv 0 1.8 1.7 3.7 5.4 10.4 22.7

12-bit Mean 95396 -1.65 0.35 6.9 49.45 432.75 3791.25
Stdv 0 2.8 3.5 8.2 13.8 20.8 31.5

Smooth 6-bit Mean 41640 -0.25 -0.85 -1.65 -0.4 -2.3 17.75
Stdv 0 1.7 2.4 2.9 4.9 11.0 13.8

Smooth 12-bit Mean 95429 1.6 -0.5 -0.75 2.0 68.0 1103
Stdv 0 2.1 2.5 4.2 8.3 11.0 22.2

Noisy 6-bit Mean 47061 -0.95 0.4 4.25 0.25 -4.55 24.6
Stdv 0 1.5 2.1 3.6 7.9 17.4 23.1

Noisy 12-bit Mean 131033 4.65 4.65 2.85 3.65 3.95 121.7
Stdv 0 3.3 5.0 4.6 4.0 8.2 16.8
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Table 3. Venus: The filesizes reported in bytes

Added noise d 0 2−22 220 2−18 2−16 2−14 2−12

6-bit Mean 9697 -1.0 -0.55 -0.8 -2.75 5.0 196.75
Stdv 0 1.1 1.5 2.8 5.3 9.8 17.1

12-bit Mean 26043 1.45 -0.15 -0.85 3.7 32.5 468.55
Stdv 0 2.1 2.9 4.3 5.5 7.7 16.2

Smooth 6-bit Mean 9188 0.55 -0.05 0.6 5.05 9.35 242.25
Stdv 0 0.9 1.3 2.7 4.5 8.0 18.1

Smooth 12-bit Mean 24915 0 -0.9 -1.8 0.85 48.85 709.2
Stdv 0 2.7 3.3 3.3 4.9 6.7 9.6

Noisy 6-bit Mean 9840 -0.7 -0.55 -1.25 -3.45 2.1 156.85
Stdv 0 0.9 1.8 3.7 8.2 13.6 14.0

Noisy 12-bit Mean 26349 1.5 4.05 4.7 4.6 26.45 404.15
Stdv 0 2.7 3.3 3.6 5.8 5.2 16.3

Table 4. Max-Planck: The filesizes reported in bytes

Added noise d 0 2−22 220 2−18 2−16 2−14 2−12

6-bit Mean 84694 1.4 1.2 -0.8 -1.85 6.6 99.8
Stdv 0 1.4 2.2 6.7 7.4 17.8 36.6

12-bit Mean 202939 1.35 -1 2.5 9.1 95.95 1552
Stdv 0 3.7 4.4 9.1 12.0 22.7 26.3

Smooth 6-bit Mean 83754 1.9 1 0.8 -0.75 1.2 60.85
Stdv 0 2.0 2.8 3.3 7.2 16.9 34.7

Smooth 12-bit Mean 196469 1.85 0.75 -6.75 -8.95 98.15 1967.8
Stdv 0 3.4 5.1 7.4 12.7 20.6 20.6

Noisy 6-bit Mean 95721 1.3 1.5 1.3 2.55 6.95 52.6
Stdv 0 1.6 2.0 4.7 7.8 16.2 42.0

Noisy 12-bit Mean 265090 -1.9 -2 2.8 2.65 9.25 198.6
Stdv 0 4.6 5.2 6.4 8.4 14.7 20.4

Table 5. Average compressed filesizes of a 12-bit horse with uniformly random coordinates

Added noise d 0 2−22 220 2−18 2−16 2−14 2−12 2−10 2−8

Random Mean 261796 -1.25 1.35 1.3 3.45 -4.9 -13.6 -51.55 -207.55
Stdv 0 3.6 4.8 4.4 7.4 11.6 10.6 13.5 11.8
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Abstract. Given two parametric planar curves or surfaces we find their new pa-
rameterizations (which we call coherent) permitting to compute their convolution
by simply adding the points with the same parameter values. Several approaches
based on rational reparameterization of one or both input objects or direct com-
putation of new parameterizations are shown. Using the Gröbner basis theory
we decide the simplest possible way for obtaining coherent parametrizations. We
also show that coherent parameterizations exist whenever the convolution hyper-
surface is rational.

1 Introduction

Computer Aided Geometric Design, and consequently a vast variety of geometrical ap-
plications, is based on parametric piecewise rational representations, such as B-splines
and NURBS. Therefore, the major problem of CAGD is that many natural geometri-
cal operations do not preserve rationality of derived objects. Among the most frequent
such operations belong offsetting of curves and surfaces, convolutions and Minkowski
sums. The practical implementation of these operations usually requires approximation
techniques which typically lead to a dramatical increase of the number of used elements
(pieces in a piecewise representation).

As an attempt to solve those problems, a lively research interest in objects and rep-
resentations closed under mentioned operations appeared. For example, the concept of
planar Pythagorean Hodograph (PH) curves as polynomial curves with rational offsets
and polynomial arc-length function was introduced in [4] and later analyzed in many
publications, see e.g. [6, 14, 26]. A spatial variant of PH curves, which possess rational
frames, was introduced in [5] and analyzed e.g. in [8,10,28]. For a survey of planar and
spatial PH curves see [7].

Another approach is based on dual representations of curves and surfaces. A full
characterization of rational hypersurfaces with rational offsets was given in [19,21,22]
via description of hypersurfaces as envelopes of tangent hyperplanes. Further, the con-
cept of Minkowski Pythagorean Hodograph (MPH) curves (cf. [15, 18]) allows to de-
scribe domain boundary as a (rational) envelope of a family of hyperspheres (which
form the Medial Axis Transform of the domain). Finally, motivated by the convex geom-
etry, the support function representation of curves and surfaces was used in [1,11,29],
where hypersurfaces are described by the distance of their tangent planes taken as a
function of the corresponding unit normals.

M. Dæhlen et al. (Eds.): MMCS 2008, LNCS 5862, pp. 285–298, 2010.
c© Springer-Verlag Berlin Heidelberg 2010
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The convolution of hypersurfaces can be seen as a general concept embodying sev-
eral of above constructions. Indeed, the construction of classical offsets can be seen as a
convolution with a sphere, construction of general offsets as a convolution with an arbi-
trary other surface, etc. Many interesting problems related to this topic have arisen, e.g.
analysis of (geometric and algebraic) properties, determining number and kind of their
components (cf. [2]), description of their structure (cf. [9]), computing the convolution
degrees of hypersurfaces (cf. [16]) and mainly a construction of rational parameteriza-
tions of convolution hypersurfaces, if they exist.

This paper is devoted to the analysis of reparameterizations of given hypersurfaces
with respect to their convolution. This problem already attracted certain attention, see
[13, 16, 20, 23]. Our main result is Theorem 11 which gives a necessary and sufficient
condition for the existence of coherent parameterizations and provides a way how to
find them. The main idea lies in the description of hypersurfaces by dual (implicit
support function) representation and the following symbolic manipulations based on
Gröbner bases computations (see [3]).

The remainder of the paper is organized as follows. In Section 2 we give, after some
motivation, the definition of coherent parameterizations. In Section 3 we formulate the
general strategy of finding a parameterization coherent with given normal field and
show how it can be used for solving the problem by changing the parameterization of
only one of the given hypersurfaces. We also decide when this new parameterization is
rationally related to the original one. In Section 4 we show how to proceed when both
parameterizations need to be changed. Again, we distinguish the case when the coherent
parameterizations can be obtained via rational reparameterizations of the original ones.
In Section 5 we summarize the whole algorithm and conclude the paper.

2 Statement of the Problem

Let A, B be two hypersurfaces in Rn+1 where at each point x of A or B we have a given
nonzero normal nx. The convolution C = A � B is defined as the set of points obtained
by adding the points of A and B having parallel normals (called coherent points), i.e.,

C = {a + b : a ∈ A,b ∈ B,na ‖ nb}. (1)

This notion is closely related to Minkowski sums. In the general case, the boundary of
the Minkowski sum of two sets A,B is contained in the convolution of the two boundary
surfaces δA,δB. In the case of convex sets, the boundary of the Minkowski sum and the
convolution surface are identical. If one of the surfaces is a sphere, then the convolution
is a two–sided offset surface. See e.g. [27] for more information and related references.

In what follows we assume that A and B are irreducible rational hypersurfaces. In this
case, the convolution hypersurfaceC = A�B is algebraic but not necessarily rational and
can be reducible or irreducible.

Let us consider two given regular rational parametric hypersurfaces a(u1, . . . ,un),
b(s1, . . . ,sn) in Rn+1. For the sake of brevity, we will denote ū = (u1, . . . ,un), s̄ =
(s1, . . . ,sn), etc. In this case the normal direction is given simply as the unique direction
perpendicular to all partial derivative vectors. The convolution formula then becomes

A � B =
{

a(ū)+ b(s̄) : span
(
∂a
∂u1

(ū), . . . , ∂a
∂un

(ū)
)

=span
(
∂b
∂ s1

(s̄), . . . , ∂b
∂ sn

(s̄)
)}

.
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The problem of finding mutually corresponding parametric values ū, s̄ is highly non-
linear. In practice, the computation of the exact convolution is too complicated and
various approximation algorithms are used instead, see e.g. [9]. In some cases, how-
ever, it is possible to find parameterizations of the given hypersurfaces which make the
convolution computation trivial, as described by the following definition.

Definition 1. Rational parameterizations a(t̄), b(t̄) of a given pair of hypersurfaces
A,B ⊂ Rn+1 over the same parameter domain Ω ⊂ Rn will be called coherent iff the
convolution condition (parallel normals) is automatically satisfied for every parameter
value, i.e.,

span

(
∂a
∂ t1

(t̄), . . . ,
∂a
∂ tn

(t̄)
)

= span

(
∂b
∂ t1

(t̄), . . . ,
∂b
∂ tn

(t̄)
)

.

If we have coherent parameterizations of hypersurfaces (see Fig. 2) then by simply
taking a(t̄)+ b(t̄) we obtain a parameterization of the component of the convolution.1
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Fig. 1. The cardioid parameterized by a(u) =
(

2u2−2u4

u4+2u2+1 ,− 4u3

u4+2u2+1

),
(left) and the Tschirn-

hausen cubic parameterized by b(s) =
(

s2,s− s3

3

),
(right) with the normal vectors for u,s =

−2,−1,1,2 (orange, red, blue, green). For interpretation of the references to colour in this figure
legend, the reader is referred to the web version of this article.

Coherent rational parameterizations do not exist for all given pairs of hypersurfaces.
Clearly the rationality of the convolution, which is rather exceptional, is one of the
necessary conditions. We want to treat the existence of coherent parameterizations with
respect to given input parameterizations. More precisely, we will try to find the new

1 In this paper we do not require from the coherent parameterizations that every pair of corre-
sponding points is given by some parameter value. The question of existence for any a ∈ A,
b ∈ B with parallel normals na ‖ nb of some parameter value t̄0 ∈ Ω such that a = a(t̄0),
b = b(t̄0) is related to the reducibility of the convolution and to the convolution degree of
input hypersurfaces.
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Fig. 2. The cardioid (left) and the Tschirnhausen cubic (right) parameterized by their coherent
parameterizations ã(t), b̃(t) (see Section 4) with the normal vectors for t =−2/3,−2/5,2/5,2/3
(orange, red, blue, green). For interpretation of the references to colour in this figure legend, the
reader is referred to the web version of this article.

parameterizations as (rational) reparameterizations of the given ones. As we will see
later in this paper, in some cases it is sufficient to reparameterize only one of the input
hypersurfaces and in other cases both parameterizations must be changed.

3 Changing Parameterization with Respect to a Given Normal
Field

In this section we will present an algorithm which will be used in all the reparameteriza-
tions and which is based on the concept of a (extended) convolution ideal. The Gröbner
bases of these ideals give an immediate answer to the coherent parameterization prob-
lem.

Let a(ū) be a rational parameterization of a hypersurface A, α j(ū) relatively prime
polynomial coordinates of normal vectors associated with a(ū) and n = (n1, . . . ,nn+1),
the formal variables for a (not necessarily unit) parametric normal field. At this moment
we do not need any particular expressions for components of n and they are considered
only as symbols into which particular rational functions of t̄ will be substituted later.
Now, we are looking for a new parameterization of A, so that the given n is a normal
vector field associated with this new parameterization. This problem leads to a system
of polynomial equations

α j(ū) = λ ·n j, λ �= 0, j = 1, . . . ,n + 1, (2)

which is solved for ū, λ . Hence, this polynomial system can be treated using the Gröb-
ner bases theory. Let us define the following ideals

I = 〈α1(ū)−λn1, . . . ,αn+1(ū)−λnn+1,1−wλ 〉 ⊂ k(n1, . . . ,nn+1)[w, ū,λ ], (3)
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which results from (2), and

Ĩ = 〈I,numerator(x1 −a1(ū)), . . . ,numerator(xn+1 −an+1(ū))〉 ⊂
⊂ k(n1, . . . ,nn+1)[w, ū,λ ,x1, . . . ,xn+1],

(4)

which also involves the parametric representation a(ū) of A. The notation k(a,b)[x,y]
stands for the ring of polynomials in variables x, y with coefficients from the field of
rational functions in a, b over an infinite field k. Then, I is called a convolution ideal
and Ĩ an extended convolution ideal of the hypersurface A parameterized by a(ū). The
convolution ideals were thoroughly studied in [16] but the extended convolution ideal
is a new concept introduced in this paper. In what follows, we assume that the ideal I is
zero-dimensional (and then consequently Ĩ is also zero-dimensional) which is true for
all parameterized hypersurfaces with non-degenerated Gauss image.

Next, we compute the reduced Gröbner basis GI = {g0,g1, . . . ,gn+1} for the ideal
I with respect to the lexicographic order for w > u1 > .. . > un > λ and the reduced
Gröbner basis GĨ = {g̃0, g̃1, . . . , g̃2n+2} for the ideal Ĩ with respect to the lexicographic
order for w > u1 > .. . > un > λ > x1 > .. . > xn+1.

2 The product δ of the exponents of
leading monomials of all polynomials g j in GI is called the convolution degree of the
parameterization a(ū), cf. [16]. The convolution degree δ depends on a(ū). For different
parameterizations of A we can obtain different convolution degrees.

Remark 2. One can also give a definition of the convolution degree of a hypersurface
A denoted by Δ which is a geometrical invariant of A, i.e., it is independent from a
particular parameterization of A. Then, Δ is less than or equal to δ for an arbitrary
parameterization of A.

The Gröbner bases GI and GĨ give an immediate answer to the coherent parameteri-
zation problem. The rational parameterization of A corresponding to n(t̄) exists if and
only if (after substituting particular rational functions n j(t̄)) the last n + 1 polynomials
of GĨ can be solved for x1, . . . ,xn+1 as rational functions in t̄. It directly follows:

Lemma 3. If the exponents of leading monomials of the last n + 1 polynomials of GĨ
are equal to 1, a coherent parameterization can be found for any input normal field
n(t̄).

In a similar way, a coherent parameterization can be found via a reparameterization
ū = φ(t̄) if and only if the polynomials g1, . . . ,gn+1 from GI can be solved for u1, . . . ,un

as rational functions in t̄. Moreover, if δ = 1 then the last n + 1 polynomials of GĨ can
be solved for x1, . . . ,xn+1 as rational functions in t̄. Hence, we obtain:

Lemma 4. Let a(ū) be a parameterized hypersurface in Rn+1. If δ = 1 then a coherent
parameterization can be found for any input normal field n(t̄).

Parameterizations with the convolution degree equal to one (δ = 1) are the most suit-
able parameterizations with respect to the operation of convolution. These are called

2 For detailed explanation, why GI and GĨ contain n+2 and 2n+3 polynomials, respectively,
see [16].
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GRC parameterizations and they provide rational convolutions (and thus also coherent
parameterizations) generally with an arbitrary rational hypersurface. Nevertheless, also
parameterizations of higher convolution degrees, so-called δ -SRC parameterizations,
can provide coherent parameterizations and rational convolutions in the case all RC
conditions (conditions preserving Rational Convolutions) induced by the given δ -SRC
parameterization are fulfilled, see [16, 17].

Several examples on application of convolution ideals can be found in [16]. The
following example demonstrates the case when the convolution A�B is always rational
but the rational reparameterization φ of a(ū) such that a(φ(s̄)), b(s̄) are coherent exists
only for special parameterizations. In this case, the usage of extended convolution ideals
is suitable. Typically, this happens when a(ū) is not a proper parameterization3.

Example 5. Let A be a paraboloid parameterized by a(u,v) = (u2,v2,u4 + v4),. The
corresponding convolution ideal I and extended convolution ideal Ĩ are

I =
〈−8u3v−n1λ ,−8uv3 −n2λ ,+4uv−n3λ ,1−λw

〉
, (5)

Ĩ =
〈−8u3v−n1λ ,−8uv3 −n2λ ,+4uv−n3λ ,1−λw,x−u2,

y− v2,z−u4 − v4〉 . (6)

The reduced Gröbner bases of these ideals are

GI =
{

w− n4
3λ

4n1n2
,u +

λvn2
3

2n2
,v2 +

n2

2n3
,λ 2 − 4n1n2

n4
3

}
, (7)

GĨ =
{

w− n4
3λ

4n1n2
,u +

λvn2
3

2n2
,v2 +

n2

2n3
,λ 2 − 4n1n2

n4
3

,x +
n1

2n3
,

y +
n2

2n3
,z− n2

1 + n2
2

4n2
3

}
. (8)

From (7) it follows that a rational reparameterization φ can be obtained only for ex-
ceptional surfaces b(s,t) (e.g. in case when the associated coordinates of the normal
field are squares of some rational functions). On the other hand, the last three polyno-
mials of GĨ indicate that the coherent parameterization can be found for any surface
b(s, t) and its associated normal field (n1,n2,n3),(s, t) (cf. Lemma 3). This is obvi-
ously true, since we know that the paraboloid is an LN surface. Hence, substituting the
normal field of an arbitrary surface into (8) we do not obtain (in general) the rational
reparameterization φ but we always obtain suitable coherent parameterization of the
paraboloid.

4 Changing Parameterizations with Respect to Convolution

The main idea of the approach presented in Section 3 is based on reparameterizing
the first hypersurface with respect to the normal field of the other hypersurface and/or

3 Generally, a rational parameterization of a hypersurface provides a rational mapping from the
affine or projective hyperplane onto this hypersurface. A parameterization is called proper if
this mapping is birational, i.e., it has a rational inverse.
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vice-versa. However, this direct method gives only a sufficient condition for deciding
the rationality of the convolution and it can fail for some input parametric hypersur-
faces a(ū),b(s̄) despite the fact that coherent parameterizations exist. In this section,
we introduce a new method which exceeds this limitation. The most important cases
are n = 1,2, so we will assume that in the sequel of this paper.

Example 6. Let A be the cardioid given by a(u) =
(
−2u4+2u2

u4+2u2+1
, −4u3

u4+2u2+1

),
and B be the

Tschirnhausen cubic parameterized by b(s) =
(
s2,s− 1

3 s3
),

. Applying the approach
from Section 3 we arrive at GIa , GIb :

GIa =
{

w+
λ 2n3

2

64
+

(−27n2
1 −15n2

2)λ
64

+
3n2

4
,u− λ

2n3
2

72n1
+

(7n2
2 + 27n2

1)λ
72n1

+

+
n2

9n1
,λ 3 +

(−27n2
1 −15n2

2)λ
2

n3
2

+
48λ
n2

2

+
64

n3
2

}
, (9)

GIb =
{

w− λn2
2

4
−n1,s+

λn2

2
,λ 2 +

4λn1

n2
2

− 4

n2
2

,

}
. (10)

To summarize, a(u) is 3-SRC parameterization and b(s) is 2-SRC parameterization
with mutually incompatible RC conditions. We compute bases GĨa , GĨb

:

GĨa =
{

w+ p1y2 + p2y + p3,u + p4y2 + p5y + p6,λ + p7y2 + p8y + p9,

x + p10y2 + p11y + p12,y
3 + p13y2 + p14y + p15

}
, (11)

GĨb
= {w+ q1y + q2,s+ q3y + q4,λ + q5y + q6,x + q7y + q8,

y2 + q9y + q10
}

, (12)

where pi,q j are certain more complicated rational functions in n1, n2. Substituing the

normal fields nb =
(
1− s2,2s

),
, na =

(
(u2 −3)u,3u2−1

),
into the Gröbner bases

GĨa , GĨb
, respectively, we get from the last two polynomials of each basis two systems

of equations in x, y, however in both cases with non-rational solutions. Thus the direct
method presented in Section 3 fails.

As we will see later, for some pairs of rational hypersurfaces (e.g. for curves in Exam-
ple 6), it is possible to obtain a suitable normal field directly from their convolution and
then parameterize them coherently with respect to this field.

For this purpose we apply a generalization of the so-called support function represen-
tation of hypersurfaces (cf. [1,11,29]). The support function is a tool most widely used
in the convex geometry for the representation of convex bodies, see e.g. [12]. Recently,
this concept has been extended to the so-called quasi-convex hypersurfaces in [29].

A hypersurface in R
n+1 is described as the envelope of its tangent hyperplanes

Tn := {x : n ·x = h(n)}, (13)

where the support function (SF) h(n) is a function defined on the unit sphere Sn (or
a suitable subset). Among others, this representation is very suitable for describing
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convolutions of hypersurfaces as this operation corresponds to the sum of the associated
support functions, i.e.,

hC = hA + hB. (14)

However, given a parametric representation of a hypersurface, it is not always possible
to represent it via SF – mainly due to the fact, that for each vector n only one value of
h is possible.

For this reason we use a more general representation which is available for all alge-
braic hypersurfaces with non-degenerated Gauss image. A hypersurface is here repre-
sented as an envelope of tangent hyperplanes (13) where n and h satisfy the homoge-
neous polynomial equation

D(n,h) = 0. (15)

Recall that D(n,h) = 0 is a dual representation of a hypersurface. To emphasize the re-
lation to the standard one-valued SF representation and multi-valued SF representation
(15), we will call D(n,h) = 0 the implicit support function (or shortly ISF) representa-
tion of a hypersurface. More precisely, we mean by ISF the function n �→ h(n) (cf. (13))
which is implicitly defined by (15), where n is assumed to be a unit vector – for further
details see [1], where the theory of implicitly given support functions is discussed. Ob-
viously, the dual representation (15) does not generally require the normalized normal
vectors n. On the contrary, SF is a function defined only on the unit sphere Sn.

For a parametrically or implicitly given hypersurface we can find its ISF using a
suitable elimination technique – see e.g. [1, 11]. Next, we recall the following well-
known facts from algebraic geometry:

Lemma 7. For the dual hypersurface D(n,h) = 0 of a hypersurface A, it holds:

1. A is irreducible if and only if D(n,h) is irreducible.
2. There exists a rational representation of A if and only if the zero locus of the corre-

sponding D(n,h) = 0 is rational.

Remark 8. Let us emphasize that the rationality of the dual hypersurface D(n,h) = 0
does not guarantee the existence of a rational parameterization of the corresponding
ISF, which is a simultaneous rational parameterization of (15) and of n ∈ Sn. Hence,
since n is assumed to be a unit vector for ISF, the rationality of ISF is fulfilled only for
primal hypersurfaces with Pythagorean normals.

Given two ISF representations DA, DB of A, B we can easily compute the ISF represen-
tation DC of the convolution hypersurface C = A�B. It is enough to eliminate variables
hA, hB from the system of equations

DA(n,hA) = 0,
DB(n,hB) = 0,

hC −hA −hB = 0.
(16)

As mentioned in Section 2, the convolution hypersurface C = A�B can be reducible,
or irreducible. Firstly, we exclude from our further considerations components which
are degenerated (i.e., with dimensions less than n). Furthermore, to distinguish between



Reparameterization of Curves and Surfaces with Respect to Their Convolution 293

different kinds of irreducible non-degenerated components, we formulate the following
definition:4

Definition 9. A non-degenerated irreducible component C0 of the convolution hyper-
surface C = A � B is called simple if there exists a dense set S ⊂ C0 such that every
c ∈ S is generated by exactly one pair (a,b), a ∈ A, b ∈ B. Otherwise C0 is called
special.

In the case of reducible convolution hypersurfaces (and hence reducible DC) we speak
analogously about simple and special components of the corresponding dual hypersur-
face described by the implicit support function DC.

Remark 10. Analogously to [2] we can formulate:

1. Every C = A � B has at least one simple component.
2. If C = A � B is irreducible then it is simple.
3. Special components of convolution hypersurfaces are typically those ones when

C = (A � B)� B for centrally symmetric B – e.g. in case when offsets to offsets are
constructed.

4. Simple components of C correspond to simple components of the associated dual
hypersurface described by DC = 0.

There are efficient algorithms to check rationality of (a component of) DC = 0 and, if
possible, to construct its rational parameterization n(t̄),hC(t̄) – see e.g. [24, 25, 30, 31].
The normal field n(t̄) can be then used to obtain coherent parameterizations of the input
surfaces (as shown in the continuation of our example).

Example 6 (continued). Now we use the approach based on the dual representation.
First, we compute

DA(n1,n2,hA) = 16h3
A + 24n1h2

A −27n2
2hA −15n2

1hA + 2n3
1, (17)

DB(n1,n2,hB) = 9h2
Bn2

2 −12hBn3
1 −18hBn1n2

2 −3n2
1n2

2 −4n4
2. (18)

Next, by eliminating hA,hB from (16) we obtain the dual representation of C = A�B in
the form

DC(n1,n2,hC)= (186624n6
2)h

6
C+(−559872n1n6

2−746496n3
1n4

2)h
5
C+

+(−878688n8
2−676512n6

2n2
1+1119744n4

2n4
1+995328n2

2n6
1)h

4
C+

+(−442368n9
1+2072304n8

2n1+4944240n6
2n3

1+3297024n4
2n5

1)h
3
C+

+(−663552n10
1 −3504384n8

1n2
2−4316247n4

1n6
2−6453216n6

1n4
2−

−63990n2
1n8

2+642033n10
2 )h2

C+(414720n11
1 +1938816n9

1n2
2−

−753570n1n10
2 +772362n5

1n6
2+2832948n7

1n4
2−1290204n3

1n8
2)hC+

+(289224n8
1n4

2+458010n4
1n8

2−108387n2
1n10

2 −82944n10
1 n2

2+
+755109n6

1n6
2−55296n12

1 −128164n12
2 ). (19)

4 This definition is motivated by [2] where the defined notions were introduced for reducible
offset hypersurfaces.
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Fig. 3. The convolution curve C (purple) of the cardioid A (blue) and the Tschirnhausen cubic B
(red). For interpretation of the references to colour in this figure legend, the reader is referred to
the web version of this article.

DC is irreducible, i.e., C is simple. It can be shown that genus(DC) = 0 and thus DC

(and also C) is a rational curve. We use a parameterization algorithm (see [25, 30, 31])
and obtain

n1(t) =
6t −20t3 + 6t5

t6 + 3t4 + 16t3 + 3t2 + 1
, n2(t) =

1−15t2 + 15t4 − t6

t6 + 3t4 + 16t3 + 3t2 + 1
, (20)

hC(t) =−2
3

1−3t−54t5−23t9−54t7−3t11+264t6−23t3−9t4−12t2−9t8−12t10+t12

1+14t3+t12+14t9+6t11+6t−300t6+6t10+111t8+12t7+111t4+12t5+6t2 .

(21)

Now applying the approach from Section 3 we obtain the following rational repa-
rameterizations u = φi(t) and s = ψ j(t)

φ1 : u =
2t

1− t2 , φ2 : u =
t4
√

3−8t3 + 2
√

3t2 + 8t +
√

3
t4 −14t2 + 1

, (22)

φ3 : u = − t4
√

3+ 8t3 + 2
√

3t2 −8t +
√

3
t4 −14t2 + 1

,

and

ψ1 : s = − t3 + 3t2 −3t−1
t3 −3t2 −3t + 1

, ψ2 : s =
t3 −3t2 −3t + 1
t3 + 3t2 −3t−1

. (23)

An arbitrary pair (φi,ψ j), i = 1,2,3, j = 1,2, yields coherent parameterizations a(φi(t)),
b(ψ j(t)) of the cardioid and the Tschirnhausen cubic, respectively, e.g. for φ1 and ψ1

we have
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ã(t) =
(

8t2(−6t2 + t4 + 1)
(t2 + 1)4 ,

32(t2 −1)t3

(t2 + 1)4

),
, (24)

b̃(t) =
(

(t3 + 3t2 −3t−1)2

(t3 −3t2 −3t + 1)2 ,

−2(t3 + 3t2−3t −1)(t6 −12t5 + 3t4 + 40t3 + 3t2 −12t + 1
3(t3 −3t2−3t + 1)3

),
. (25)

Obviously, (20) is not a rational parameterization of ISF since n is not a unit vector.
However, it can be easily found if we divide it by |n| which is rational in this case.

The success of the previous example is by no means exceptional. In fact if the convo-
lution is rational, then the two original hypersurfaces can be parameterized coherently
with respect to a normal field (of a simple component) of the convolution.

Theorem 11. Let a(ū) and b(s̄) be parameterizations of the rational hypersurfaces A
and B, respectively. Let DC(n,hC) be the dual representation of the convolution hyper-
surface C = A � B. If (n(t̄),hC(t̄)), is a rational parameterization of a simple compo-
nent of DC(n,hC), then there exist parameterizations a(t̄) and b(t̄) of A, B which are
coherent with respect to the normal field n(t̄) and therefore with respect to each other.

Proof. In general, the convolution hypersurface C can be written in the form C = C1 ∪
C2∪. . .∪Cl , where Ci can be degenerated, simple, or special components. Let us assume
that C1 is a simple component and let DC1(n,hC) be a factor of DC(n,hC) associated to
the component C1. Then we can construct a set of equivalence classes

M =

⎧⎨⎩(n : hC : hA : hB) ∈ kn+1 × k× k× k

∣∣∣∣∣∣
DA(n,hA) = 0
DB(n,hB) = 0
DC(n,hC) = 0

⎫⎬⎭
= M1 ∪M2 ∪ . . .∪Ml . (26)

Further, we consider the natural projections

π2 : M → V (DC) : (n : hC : hA : hB) �→ (n : hC),
π3 : M → V (DA) : (n : hC : hA : hB) �→ (n : hA),
π4 : M → V (DB) : (n : hC : hA : hB) �→ (n : hB),

where V (DA) is a projective variety given by DA, etc. All natural projections π2, π3,
π4 are rational maps. Since C1 is simple, i.e., also the associated V (DC1) is simple,
π2 : M1 → V (DC1) is 1:1. This implies that π2 : M1 → V (DC1) is a birational map.
However, π3 and π4 do not have to be 1:1. In general, π3 is deghB

(DB(n,hB)) : 1 and
deghA

(DA(n,hA)) : 1. Thus, π3 and π4 are only rational maps.
Hence, we obtain two maps

ξ : V (DC1) → V (DA) : (n : hC) �→ (n : hA),
ζ : V (DC1) → V (DB) : (n : hC) �→ (n : hB),

where ξ = π3 ◦π−1
2 and ζ = π4 ◦π−1

2 , i.e., ξ and ζ are rational. This implies that any
rational parameterization of DC provides rational parameterizations of DA and DB. �
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Example 12. Let us consider two rational hypersurfaces A and B parameterized by a(ū)
and b(s̄), respectively, with rational convolution C = A � B. However, there exist only
non-rational dependencies ū = φ(s̄), and s̄ = ψ(ū) yielding parallel normal fields. We
can apply the approach from Example 6, compute a suitable rational parameterization
n(t̄) from DC(n,hC) and then set it to polynomials in Gröbner bases of the extended
convolution ideals Ĩa, Ĩb. As in Example 5, it is not enough to use the ideals Ia, Ib,
because they do not give rational reparameterizations. Typically, this is the case when
both parameterizations a(ū), b(s̄) are not proper parameterizations.

5 Summary and Conclusion

Finally, we will sketch the general algorithm for computing coherent parameterizations
based on the previous results – see Algorithm 1.

Algorithm 1. Finds coherent parameterizations of given parametric hypersurfaces
(if they exist).

Input: Hypersurfaces A, B given by their parameterizations a(ū) and b(s̄).
Output: Coherent parameterizations of A and B or “Convolution is not rational”.

1: Try to rationally reparameterize a(ū) with respect to the normal field nb(s̄) of B. For this
purpose compute Gröbner basis GIa of the convolution ideal of a(ū). Substitute n = nb(s̄) in
this basis and try to solve it for ū, obtaining rational parameterization a(φ(s̄)) coherent with
b(s̄). If necessary, repeat Step 1 with a and b swapped.

2: If Step 1 fails, try to find a new parameterization of A coherent with the normal field nb(s̄)
of B. For this purpose compute Gröbner basis GĨa

of the extended convolution ideal of A.
Substitute n = nb(s̄) in this basis and try to solve it for x, obtaining new parameterization of
A coherent with b(s̄). If necessary, repeat Step 2 with a and b swapped.

3: If Step 2 fails, compute successively the ISFs of A, B and of their convolution A�B. If the
dual of the convolution is not rational, then return “Convolution is not rational”. Otherwise
compute rational parametrization (n(t̄),h(t̄)) of its simple component. Substitute n = n(t̄)
in GIa and GIb and try to solve them for ū and s̄, respectively, obtaining coherent
parameterizations a(φ(t̄)) and b(ψ(t̄)).

4: If Step 3 fails, substitute n = n(t̄) in GĨa
, GĨb

respectively and solve each of them for x
obtaining new coherent parameterizations of A and B.

Details of Steps 1 and 2 are explained in Section 3 and Example 5 while details
of Steps 3 and 4 are explained in Section 4 and Example 6. Theorem 11 ensures that
coherent parameterizations are found by the algorithm, provided that the convolution is
rational. The examples given in this paper show that for various input data the algorithm
can stop at any step successfully providing coherent parameterizations.

Our approach to the problem of finding coherent parameterizations of given para-
metric hypersurfaces is an “economic” one – we try to find the simplest possible way to
coherent parameterizations. Thus, if possible, one of the input parameterizations is kept
unchanged. Also, the new parameterizations are, if possible, found via rational reparam-
eterization of existing ones. Using concepts of the extended convolution ideal and the
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dual representation in connection with implicit support function, we were able to solve
fully the problem and to describe an algorithm which finds coherent parameterizations
(if they exist) in an optimal way.

In the future we plan to develop further the concepts of the extended convolution
ideal and implicit support function and namely to study them in relation to the convo-
lution degree of hypersurfaces. We also plan to apply these tools for the computation of
convolutions of implicit algebraic hypersurfaces.
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Abstract. This paper gives an overview of two recent techniques for high-quality
surface constructions: polar layout and the guided approach. We demonstrate the
challenge of high-quality surface construction by examples since the notion of
surface quality lacks an overarching theory. A key ingredient of high-quality con-
structions is a good layout of the surface pieces. Polar layout simplifies design and
is natural where a high number of pieces meet. A second ingredient is separation
of shape design from surface representation by creating an initial guide shape
and leveraging classical approximation-theoretic tools to construct a final sur-
face compatible with industry standards, either as a finite number of polynomial
patches or as a subdivision process. An example construction generating guided
C2 surfaces from patches of degree bi-3 highlights the power of the approach.

1 Introduction

Understanding what makes a surface ‘fair’ or ‘of high-quality’ and understanding the
construction of curvature continuous, parametric surfaces well enough to no longer treat
multi-sided blends as a difficult exception is an ongoing research challenge for the com-
munity. This paper gives an overview of two useful techniques for constructing high-
quality surfaces. Such surfaces satisfy more stringent shape and differential requirements,
outlined in Section 2, than might be needed for computer graphics (where speed of con-
struction and rendering, with displacement for detail, is the main challenge) or result from
scanning existing artifacts (where compression and manipulation are major challenges).

2 The Higher-Order Surfacing Challenge

The ability to efficiently design geometrically-high-quality surfaces has a direct im-
pact on better product design and industrial competitiveness. Yet there has been little
progress in automating high-quality surface generation. In practice, industry manages
by time-consuming human intervention and by rejecting designs that are considered too
complex. Regions where several primary surfaces meet are of special concern. Figure 1
shows a C-pillar configuration where a car roof support meets the trunk and fender
region. As Figure 1 (b) illustrates, the primary surfaces (light, gold color in the exam-
ple) are trimmed, then pairwise joined by blend surfaces (darker, green color) leaving a
multi-sided hole to be filled in ( see e.g. [1]). The quality of the multi-sided fill depends

M. Dæhlen et al. (Eds.): MMCS 2008, LNCS 5862, pp. 299–315, 2010.
c© Springer-Verlag Berlin Heidelberg 2010
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(a) (b) (c)

Fig. 1. Multi-sided blend. (a) Automobile C-pillar, (b) Trimmed primary surfaces pairwise
blended. (c) High-quality fill.

on (i) preserving feature lines and functional curves and (ii) avoiding extraneous dips
in the surface so that highlight lines vary smoothly and monotonically almost every-
where. Some car designers additionally check for (iii) undue variation in the curvature
by sliding their hand over a first physical prototype of the surface. The multi-sided sur-
face blend of Figure 1 (c) was judged A-class (by a major car manufacturer) ‘because
our tests did not show anything undesirable’. Short of manufacturing the part, such
tests consist of simulating the reflection of parallel light sources, normal and curvature
distributions and section curvature (hedgehog) displays on the computer model.

Figure 2 shows some typical shape defects, detected in the computer model, of sur-
faces generated by standard and more sophisticated blend constructions in the literature.
Some of theses defects are macroscopic, and immediately visible by computer render-
ing, while more subtle ones become evident only when applying a Gauss-curvature tex-
ture, i.e. color the surface according to Gauss curvature. Example (a) shows the effect
of the finite support of the underlying basis functions: a ridge diagonal to the parameter
lines of a tensor-product spline results in aliasing ripples. Example (b) shows a similar
ripple formation for Loop subdivision [2], where low and high-valent vertices meet (the
control net is that of a pinched cylinder and features a central point of valence 20 sur-
rounded by points of valence 3.) Example (c) display a more subtle defect, visible as a
pinch-point in the highlight lines. Example (d) illustrates a pervasive problem of first-
generation subdivision algorithms for a range of input meshes: the shape is ‘hybrid’,
i.e. each nested surface ring of a subdivision surface has both positive and negative
Gauss curvature so that the curvature is not well-defined in the limit. This hybrid shape
is visualized, for one surface ring, by overlaying on the Bézier net, curvature needles
pointed up (red scale, positive Gauss curvature) and down (blue-green scale, negative
Gauss curvature). Example (e) illustrates how ‘tuning’ Catmull-Clark subdivision [3] to
achieve bounded curvature results in oscillation (of the Gauss curvature). The standard
Catmull-Clark limit surface has extraordinary points (corresponding to non-4-valent
control nodes) with infinite curvature and is generically hyperbolic. Example (f) shows
unintended curvature oscillations (Gauss curvature shading) in a transition layer and not
consistent with the monotone curvature variation at the center and in the surrounding
outer region.

Some defects, certainly (a), can be avoided by the experienced designer (by aligning
features with boundaries of the support of the basis functions). But [4, 5] showed that
shape deficiency (d) is intrinsic to all first-generation subdivision surface constructions
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(a) Aliasing ripples (b) Low-valence to
high-valence transi-
tion ripples

(c) Pinch-point in the highlight lines (d) Hybrid shape made visible by
signed Gauss curvature needles (blue-
green downward pointing needles in-
dicate negative Gauss curvature; red-
green upward positive curvature)

(e) Oscillation in the Gauss
curvature due to boundedness

(f) Oscillation in the Gauss curvature in
a transition layer

Fig. 2. Surface shape defects

such as the popular Catmull-Clark subdivision [3]: While subdivision initially does a
fine job in smoothing out transitions between primary surfaces, the shape problems are
typically concentrated in the neighborhood of so-called extraordinary points. The sur-
face quality deteriorates progressively as ‘the wrong’ eigenfrequencies take over near
such a point, and force for example saddle shapes no matter how carefully a designer
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might hand-adjust the input data. Since the shape defects manifest themselves already in
the first steps, algorithms that build on or initialize with several steps of Catmull-Clark
subdivision inherit coarse-level defects. More smoothing of the regular regions [6] ap-
pears to be even more detrimental to the shape near these extraordinary points. Con-
versely, constructions that do not make use of multiple refinement steps and construct
the blend from a minimal number of polynomial pieces pay for the abrupt transition of
patch type with curvature fluctuations (Figure 2(f)).

Since no overarching theory of surface ‘fairness’ exists to date, we extract from
folklore, theory and many examples the following working definition of a high-quality
surface blend. Given input data to be matched, a multi-sided surface blend is of high
quality if it does not create curvature features not implied by the input data. That is, the
blend surface should (a) minimize curvature variation but (b) preserve feature lines. By
default, the blend should therefore be at least curvature continuous. In practice, since
many downstream algorithms work directly on the parameterization, we also expect a
high-quality surface blend to have (c) a good distribution of parameter lines.

Fig. 3. Feature preservation: minimal curvature variation and parameter lines aligned with fea-
ture lines

One approach to improving surface quality is to optimize a (variational) functional.
Shape optimization functionals include the thin plate energy [7, 8, 9, 10, 11, 12], the
membrane energy [13], and total curvature [14,15]. Replacing differential operators by
differences, the optimization problems can be solved as sparse, finite linear or nonlinear
systems in the coefficients of a chosen basis. Evolution formulations seek to reduce vari-
ation which, for a surface x(u,v), amounts to solving the (geometric diffusion) equation
∂tx = Δxx in terms of the x-dependent Laplace-Beltrami operator Δx [16]. Discretized
versions of the Laplacian have been applied to polyhedral meshes, say in Taubin’s pi-
oneering paper [17], and, in the context of smoothing interpolatory subdivision and
multiresolution editing [13, 18]. Desbrun et al. [19] use implicit discretization to stabi-
lize numerical smoothing and Clarenz et al. introduced anisotropic geometric diffusion
to enhance features while smoothing. Similar discretizations are based on [20,21]. Flow
techniques evolve the surface according to ∂tx = v(x, t) where v represents a velocity
field [22, 23]. For example, geodesic curvature flow has been used for smoothing func-
tions on surfaces [19, 24, 25]. Schneider and Kobbelt [26] distinguish between ‘outer
fairness’ and ‘inner fairness’. Outer fairness amounts to satisfying the discretized par-
tial differential equation ΔxH(x) = 0 where H is the mean surface curvature. Inner
fairness seeks a good distribution of parameter lines. The latter is closely related to
mapping, with least distortion, a 3D triangulation to the plane [27, 28, 29]. Thus inner
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fairness addresses point (c) above; but none of the criteria directly optimizes (a) or (b).
Low-order linear functionals such as min

∫
∑(∂i jx)2 are computationally efficient but

give preference to polynomial representations of low degree. This restricts shape and
can lead to unwanted flatness of the surface. While the above-mentioned geometric dif-
fusion and mean curvature criteria aim in the right direction, such criteria are difficult

to customize to allow a designer to prescribe rather than . One possi-
ble approach to fairing is to leverage advances in difference geometry by generating a
discrete mesh-based representation first, for example by fairing according to [30]. The
difficulty is then in switching to a parameteric surface since, typically, interpretation
of the mesh points by (quasi-)interpolation leads to surface oscillations (see e.g. [31]).
Similarly, switching from a level-set representation induced by a scalar field (where
application of linear functionals makes sense) to the required parametric output risks
loosing any of the qualities that the field was optimized for. As an alternative and key
element of this survey, Section 4 therefore proposes the use of local shape hints in the
form of local (guide) surface fragments.

Generating curvature continuous surfaces without focus on surface fairness, on the
other hand, is no longer a major challenge. A number of sophisticated algorithms
now exist that automatically create curvature continuous blends. Polynomial G2 blends
(where Gk indicates that adjacent patches’ derivatives agree after reparameterization)
include for example [32,33,34,35,36,37,38,39,40,41,42,43,44,45,46,47,48] for quadri-
lateral patches and [44, 49, 50, 51] for triangular patches. Rational G2 blends include
[52, 53] and there are non-polynomial constructions resulting in C2 surfaces [54, 55].
Yet, while local curvature continuity is helpful in analyzing surfaces, it is clearly not
sufficient and certainly none of the early constructions can claim to meet both the shape
and representation requirements of product-defining outer surfaces in high-end CAD/-
CAM design (which need to be compatible with the industry’s NURBS standard). Still,
spline constructions of everywhere curvature continuous surfaces are now well enough
understood to consider them a starting point rather than a goal in themselves. This state
of the art sets the stage for this survey’s discussion of two complementary techniques
for improving the quality of curvature continuous surfaces.

3 Patch Layout

The layout of patches, i.e. the coarse parameterization of the surface, is an art requir-
ing a good understanding of the support and approximation order of the underlying
representation (Figure 2 a,b) as well as of conceptual and geometric considerations.
Allowing more flexibility in the layout simplifies the layout problem and can improve
the shape where a large number of patches join, such as a pole in the latitude-longitude
parameterization of the sphere.

The layout typically chosen in the (untrimmed) academic setting is one induced
by quadrilateral-based (tensor-product) subdivision surfaces, such as Catmull-Clark
subdivision [3]; or by triangle-based (three direction box-spline) subdivision, such as
Loop’s [2]. Setback blending, more typical in industrial design, where primary surfaces
are trimmed back and pairwise blended, can be transformed to the subdivision setting
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⇒ ⇒

⇒ ⇒

Fig. 4. Trimming and abstraction of boundary data. (top) The set back (trimmed) surfaces
are sampled to provide a depth 2 tensor-border (spline representation of the boundary) with 5-
sided holes. (bottom) Tensor-border derived from two cylinders. Such borders then have the same
layout as the standard setup of subdivision (middle) and (right).

by recording the first k derivatives across the resulting boundary. We call such data
along a boundary (loop) a depth k tensor-border (see Figure 4, middle).

In either case the multi-sided holes have no corresponding box-spline basis function
but are filled, either with a cap of n (macro-)patches or via subdivision, i.e. by an infinite
sequence of surface rings. Fundamentally, there are two types of layouts, depending on
whether the edge (t,0) or the edge (1, t) of the domain is mapped to the predecessor’s
edge (0,t). In the first case (Figure 5, left two), the layout reminds of a sprocket, a
mechanical part with gear-teeth. Such a layout is illustrated in Figure 6, left. In the
vicinity of the n-valent center this configuration mimics the map z4/n,z ∈ C and for
large n, the parameter lines are increasingly at odds with the curvature lines. Another
characteristic of this layout are T-corners. A T-corner is the location where an edge
between two distinct polynomial patches meets the midpoint of an edge of a third.

Fig. 5. Layout (top) Tessellating annuli generated by ct-maps (page 307) ρ and λρ [44]. (bot-
tom) Domains S and S/2 of each of the n = 5 pieces used for the prolongation ρ(S/2) := λρ(S).
(left) Quad-sprocket (Catmull-Clark subdivision) layout; (middle) Triangle-sprocket (Loop sub-
division) layout; (right) polar layout (S/2 is interpreted as halving only the vertical direction).
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With each refinement, quad-based sprocket layout subdivision such as Catmull-Clark
subdivision generates T-corners between the patches of the new surface ring and its
outer ancestor. Generally, nested surface rings of quad-sprocket subdivision rings have a
cascading sequence of T-corners (Figure 5, left). Similary, triangle-sprocket subdivision
rings have a sequence of points where 5 rather than the standard 6 patches meet and one
angle is π .

Fig. 6. (middle three) Iso-parameter lines of the conformal mappings (left) z4/n; (middle) cos z;
(right) ez. (Outer two) Gauss curvature images on a surface ring of (far left) quad- or triangle-
sprocket subdivision, (far right) polar subdivision.

An alternative layout for subdivision is the polar layout (Figure 5, right) typified
by the parameter lines of the map ez (Figure 6, right). Here the n bounding spline
segments combine to a single spline curve and the central facets are triangles that may
be interpreted as quads with one collapsed edge. An intermediate configuration is the
double-lens configuration according to the parameter lines of the map cosz = 1+z4/2 +
. . . mediating between the two extremes [31].

(CC) (Loop) (BPS)

Fig. 7. Wrinkle removal by polar layout (CC=Catmull-Clark subdivision [3], Loop = Loop
subdivision [2], BPS = Bi-3 polar subdivision [56]).

Polar layout allows for surface constructions (both by subdivision or finitely many
patches [56]) that thrive on high valences (see Figure 7). Such high valences occur nat-
urally in the design of surfaces of revolution and extruded shapes. Combining sprocket
layout and polar layout [58] allows keeping the Catmull-Clark valence low by shifting
high-valence connectivity to polar structures and orienting the control lines along model
features (e.g. the mouth, nose and eyes in Figure 8).
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Fig. 8. Combining polar layout (for high valences, such as the centers of the eyes) with sprocket
layout (for low valences, such as the 5-valent vertices surrounding the mouth or between thumb
and index finger on the right) [57].

4 Guided Surfacing

While prior approaches attempted to address both shape design and representation in
one step, guided surface construction separates shape design from surface representa-
tion. In the guided approach, the shape is defined via local surface fragments, called
guides, that need only obey few constraints (see Figure 9, top,left). A guide typically
does not match the boundary data but overlaps or leaves gaps; a guide may be of too
high a degree for downstream algorithms (piecewise degree 12 is useful for some con-
figurations) or it may have an otherwise undesirable representation that does not fit

(a) (b) (c)

Fig. 9. Guided surface rings. (top) Polar layout. (a) boundary data and guide (red cap) (b) first
layer, (c) second layer [43]. (bottom) Sprocket layout. The guided rings are shown first in an
exploded view, then combined to one surface [44].



An Introduction to Guided and Polar Surfacing 307

into the processing pipeline. Leveraging classical techniques of approximation theory
and spline construction, the guide is replaced by a sequence of nested, smoothly joined
surface rings so that the output consists of parametric pieces in standard rational or
polynomial form. Guide-based algorithms can be chosen so that the final output con-
sists of a few, of many or, in the case of subdivision, of an infinite number of patches.
Both finite and subdivision constructions use guided rings to transition to the central
point.

4.1 Guided Surface Rings

A guided surface ring is a low-degree, piecewise polynomial or rational spline approx-
imation to a ring-shaped region of a given surface fragment, called the guide. The two
reasons to generate guided rings are:

• to capture the shape of a complex guide surface and
• to obtain a smooth, low-degree standard (piecewise polynomial) representation.

The specific approach implemented in [44] is to generate the mth guided ring xm,
m = 0,1, . . . by applying an operator H that approximates (for example position and
higher-order derivatives of) a guide surface g at parameters defined and weighted by
λm-scaled copies of a concentric tessellation map ρ (see Figure 10):

xm := H(g ◦λmρ) : S×{1, . . . ,n}→ R
3. (1)

H
(

◦
)

Approx. guide g ct-map ρ
Operator �×n → R3 S×n → R2

Fig. 10. Guided ring generation for sprocket layout

We explain this in more detail.

The concentric tessellation map ρ . A concentric tessellation map (short: ct-map) maps
n copies of a sector domain S (see Figure 5, bottom) to an annulus in the plane:

ρ : S×{1, . . . ,n}→ R
2,

so that λm-scaled copies of this annulus join without overlap and smoothly as param-
eterizations to fill a disk around the origin. Characteristic maps of symmetric subdivi-
sion algorithms provide a ready source for ct-maps. For example, Figure 5, top, shows
uniform C2 ct-maps for three domain types S. However, the maps can also be chosen
non-uniform and unsymmetric. Figure 12, bottom (b) shows (the extension of) such a
map and illustrates its use. The ct-map relates the domain of the surface rings to that
of the guide: it orients and scales higher-order derivatives that the operator H extracts
from the guide surface.
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The operator H. The operator H maps the composition g ◦ρ : S×{1, . . . ,n} → R3 to
a piecewise polynomial surface in R3. Given an intermediate patch h( f ) that matches
the derivatives of a given map f defined on S, H prolongs it so that consecutive rings
xm,xm+1 join smoothly (Figure 9) and the outermost ring, x0, smoothly joins the sur-
rounding multi-sided boundary data, the tensor-border. In typical guided surface con-
structions, higher-order jets (collections of derivatives) of the composition f := g ◦ ρ
are well-defined because the rays that form the segment boundaries of the ct-map ρ
match the domain boundaries of the polynomial pieces of the guide g. Then, for exam-
ple the operator h := h55 for tensor-product patches, generates a patch of degree (5,5)
as follows. For each corner, h55 samples the second order expansion of f , and converts
it to a 3×3 group of Bernstein-Bézier coefficients.

∂ 2
t f ∂s∂ 2

t f ∂ 2
s ∂ 2

t f
∂t f ∂s∂t f ∂ 2

s ∂t f
f ∂s f ∂ 2

s f
⇒ (2)

By combining the four groups of nine coefficients per corner, h55 defines the 6× 6
coefficients of a polynomial patch of degree bi-5. Alternatively, h can be an operator
h33 that substitutes, for each bi-5 patch, a 3×3 array of bi-3 patches, i.e. a C2 spline in
B-spline form with single knots in the interior and four-fold knots at the boundary [47].
Clearly many other choices for h are possible.

Guided patchworks. Let ρ be a ct-map and let the guide g be defined as

g : R
2 → R

3, (u,v) �→ (x,y,z). (3)

The contraction of the smoothly connected annuli {λmρ}m is inherited by the sequence
of compositions {g ◦λmρ}m and the sampled C2 guided rings xm := H(g ◦λmρ) will
join to form a C2 surface in R

3 [44, Lemma 4] (as illustrated in Figure 9). There are
a number of possible combinations of h (and hence H) and ρ . For example, guided
C2 quad-sprocket patchworks in [44] use as ρ the characteristic ring of Catmull-Clark
subdivision (Figure 5 top,left) and use h := h66, which samples up to 3rd order and av-
erages coefficients determined by multiple corners. The operator h samples g ◦λmρ at
the corners of the L-shaped segment of a quad-sprocket construction. – For a second
example, guided triangle-sprocket patchworks use the characteristic ring of Loop sub-
division as ρ and apply an operator h8 [44] that returns patches of total degree 8. The
finite patchworks defined by these combinations of ρ and H (and a similar one for polar
layout) can reproduce quadratic expansions at the central point. This yields a systematic
way to generate C2 subdivision surfaces, the topic of the next section.

4.2 Guided Subdivision

A sequence of nested surface rings yields a surface ring structure just like that of stan-
dard subdivision (see Figure 11). While standard mesh-based subdivision generates
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control net Amc

control net Am+1c

generating system

generating system

refinement

surface ring xm

surface ring xm+1
nested rings

H(g◦λmρ)

or

or

H(g◦λm+1ρ)

Fig. 11. Standard generalized subdivision and guided subdivision both generate a sequence of
nested surface rings: Generalized subdivision surface rings are guided by a subdivision matrix A,
guided subdivision surface rings are guided by an explicit map g [47].

nested surface rings by applying powers of a square subdivision matrix A to mesh nodes
(control points) c and interpreting the resulting nodes as, say B-spline control points,
guided subdivision composes scaled copies of the ct-map with the guide and then re-
approximates to obtain nested surface rings. Indeed the finite union of guided rings is
easily constructed to be a C2 surface. And if the degree of the surface rings is chosen
to be bi-6, the guided rings reproduce the quadratic expansion of the C2 guide at the
central point so that the infinite union is C2 [44, Thm 1]. There are also constructions
of degree as low as bi-3 that preserve the shape so that the difference in quality is only
visible by comparing Gauss curvature. Figure 10 of [47] shows the correlation of lower-
ing the degree with a deterioration of the curvature distribution (as does the analogous
Figure 14 of [48] for finite polynomial constructions).

If the guide is (piecewise) polynomial then the construction of the contracting guided
patchwork rings is stationary and guided subdivision has a fast evaluation algorithm
based on superposition of eigenfunctions. A specific construction of a C2 subdivision
algorithm without explicit use of the guide is given in [43]. This algorithm maps jets to
jets rather than control points in R3 to points in R3, of a refined mesh. A general theory
of Ck subdivision constructions analogous to guided subdivision is laid out in [59, Ch 7].
Additional images can be found in [60].

4.3 Construction with Finitely Many Patches

Complex surface blends, for example when capping a C2 spline surface by n patches,
require an increase in either the degree or the number of pieces compared to the sur-
rounding regular spline surface. Typically, the new degrees of freedom do not match
the formal continuity constraints and this results in an under-constrained problem when
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(a) input data (b) ct-map (c) structure (d) highlight lines (e) completion

Fig. 12. Completion of a piecewise cone. Cone pieces (light green) in (c) and pairwise blends
(dark red) by n patches of degree (6,5) (gray) using (top) a uniform and (bottom) a non-uniform
ct-map [61]. The non-uniform ct-map allows us to match the sharper input features on the left
lobe.

fitting with finitely many patches. Guided surfacing effectively localizes the techni-
cal challenges while preserving global shape, even when the number of patches, their
layout and/or their degree are high [45, 46, 48]. Typically, the finite constructions ben-
efit from a few guided rings to transition from the boundary data to the central cap.
The guide stabilizes the transition, so that we do not observe the fluctuations of Fig-
ure 2 (f). Often, the rings and the final cap can be combined into macro-patches or
even splines for implementation. The spline-based approach trades degree for number
of pieces. We recently derived an algorithm for generating C2 surfaces with sprocket
layout consisting of n splines of degree bi-5 and a finite polar C2 construction of degree
(6,5) [61] (see Figure 12); constructions of even lower-degree are possible for simpler
tensor-borders.

4.4 Fitting a Guide

Fig. 13. Guide construc-
tion. The free control points
g�

i jk after enforcing C2 con-
straints between the polyno-
mial pieces of degree 5 are
marked as •.

If the design(er) does not provide the guide surface, and/or
specifies partial information such as the position and nor-
mal of the central point, the following default construction
of a piecewise polynomialC2 guide for sprocket layout can
be used [51]. We construct a C2 map g consisting of n poly-
nomial pieces of total degree 5 (see Figure 13) in BB-form:

g�(u,v) := ∑
i+ j+k=5

g�
i jk

5!
i! j!k!

uiv j(1−u−v)k, � = 1, . . . ,n.

While there is no restriction on the degree of the guide
surface since it is re-sampled and hence does not influence
the degree of the output. However, in our experience guide
surfaces consisting of n C2-connected triangular patches
of total degree 5 suffice to approximate well second order
boundary data (tensor-borders of depth 2) and there are no
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minfree gi jk
‖ H

(
◦

)
− H

( )
‖

. guide g ct-map ρ tensor-border b
. �×n → R3 S×n → R2 S×n → R3

Fig. 14. Derivation of a default guide surface for sprocket layout. H – Approximation operator
(page 308)

noticeable improvements in the final surface if the degree is higher. Conversely guides
based on single polynomials or lower-degree piecewise polynomial typically fail to
capture the existing boundary data.

With this Ansatz, enforcing the C1 and C2 constraints in terms of the BB-coefficients
leaves as free coefficients (shown as black bullets in Figure 13)

g∗i jk,i+ j+k=5 : g0
i jk, j + k ≤ 2, g�

i j0, j = 3,4,5, g�
122,g

�
023,g

�
032.

That is, the center quadratic polynomial is to be determined and each sector has some
extra degrees of freedom. For elliptic shapes, either the user should provide the location
of the central point or we set it as the limit point of a subdivision scheme. To set the
remaining free coefficients, we minimize the deviation of the guide from the boundary
data in the sense of Figure 14: given the ct-map ρ and the tensor-border b, we minimize

min
freeg∗i jk

‖H(g ◦ρ)−H(b)‖2
2. (4)

Guide creation and re-approximation can be alternated by using the preceding surface
ring as boundary data b.

5 A C2 Accelerated Bi-3 Guided Subdivision

To illustrate the level of flexibility provided by guided surfacing, we consider a sur-
face ring construction that samples with increasing density [62]. We first consider the
sprocket (Catmull-Clark) layout Figure 15, left. At level m, each of the three quads of an
L-shaped sector is partitioned into 2m×2m subquads. The operator h33 (see page 308) is
applied on each subquad, creating, after removal of the internal knots, a C2 bi-3 spline
that joins C2 with its neighbor spline in the surface ring. The construction approximates
the piecewise polynomial g ◦ρ : [0..1]2 → R by h33 up to second order at the corners
of the 34m subquads of each quad-sprocket segment xm

� , For polar layout, there are 2m

subquads (see Figure 15, right) and the construction approximates the piecewise poly-
nomial up to second order at the corners of the 2m subquads of each polar segment
xm

� . We call such schemes accelerated. To certify that the resulting subdivision surfaces
are generically curvature continuous, [62, Thm 6] tracked a sequence of local quadratic
functions and showed their convergence to the quadratic Taylor expansion of g at the
central point.
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Fig. 15. Structure of a sector of accelerated C2 bi-3 subdivision. (left) Quad-sprocket (Catmull-
Clark) layout and (right) polar layout [62].

Acceleration therefore circumvents one of the key assumptions that lead to the lower
bounds on the degree of curvature continuous subdivision surfaces derived in [63, 64].
Acceleration allows us to build C2 surfaces consisting of (infinitely many) polynomial
pieces of degree (3,3), the continuity-and-degree combination hoped for since 1978 [3].
While the construction for the sprocket configurations seems hardly practical, accel-
eration for polar configurations is natural and has been turned into a practical C2 bi-3
subdivision algorithm [65].
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56. Karčiauskas, K., Peters, J.: Bicubic polar subdivision. ACM Trans. Graph. 26(4), 14 (2007)
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Abstract. Magnetic tomography is an ill-posed and ill-conditioned inverse prob-
lem since, in general, the solution is non-unique and the measured magnetic field
is affected by high noise.

We use a joint sparsity constraint to regularize the magnetic inverse problem.
This leads to a minimization problem whose solution can be approximated by an
iterative thresholded Landweber algorithm. The algorithm is proved to be con-
vergent and an error estimate is also given.

Numerical tests on a bidimensional problem show that our algorithm out-
performs Tikhonov regularization when the measurements are distorted by high
noise.

1 Introduction

The magnetic tomography aims at spatially resolving an unknown vector-valued current
distribution from its magnetic field measured in the outer space.

Magnetic tomography has applications in many fields, i.e. geophysics, archaeolog-
ical investigations, medicine, microelectronic, nondestructive testing. In particular, we
focus our interest on magnetoencephalography (MEG) and nondestructive evaluation
(NDE) of structures. MEG aims to identify the regions of the brain where the neural
activity is located by detecting the regions where bioelectric currents flow, while NDE
aims to localize cracks and corrosion damage which appear as perturbations of the cur-
rent distribution within a given material [19]. In both cases an image of the current
distribution within the object under investigation has to be reconstructed in a noninva-
sive way, i.e. by the magnetic field measured by sensors located in the outer space.

Since the magnetic field decreases very fast as the distance between the current
source and the sensor position increases, the measured magnetic field can be very
weak and affected by high noise. Usually, the measurements are performed by very so-
phisticated instrumentations based on Superconducting QUantum Interference Device
(SQUID) magnetometers that can measure magnetic fields generated by deep currents
[19]. Even if SQUID magnetometers are able to measure very weak field, neverthe-
less the measurements are distorted by high noise and a sophisticated data analysis is
needed.

M. Dæhlen et al. (Eds.): MMCS 2008, LNCS 5862, pp. 316–328, 2010.
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In magnetic tomography, the measurements do not give an immediate current image.
In order to produce a current image, first of all, we need a model to relate the current
distribution and the external magnetic field; then, we have to solve an inverse problem.
In literature, this problem is known as magnetic inverse problem, and, in general, do
not have a unique solution, so that regularization techniques are needed [2], [14], [17].

The well-known Tikhonov regularization, which uses a quadratic constraint, gives
good results when the quantities under observation are equally distributed in time or
space [1], [8]. Actually, in MEG and NDE applications the regions where the currents
flow are usually small. This means that the current distribution we want to reconstruct
is spatially inhomogeneous and can be represented as a sum of weighted basic cur-
rents where only few terms are relevant. To reconstruct quantities with sparse patterns
a regularization technique based on sparsity constraints can be used; this leads to a
thresholded Landweber algorithm which is able to approximate the solution of a linear
inverse problem in an efficient way [5].

Our aim is to solve the magnetic inverse problem by using a joint sparsity constraint
as a regularization technique. Joint sparsity has been introduced in [11] in order to
deal with problems where the quantities to reconstruct are vector-valued functions. The
solution of the MEG inverse problem with joint sparsity constraints has been addressed
in [10]. Here, we focus our attention on NDE applications of the magnetic tomography.
The forward and inverse magnetic NDE problems are addressed in Section 2. Then, in
Section 3 we introduce a joint sparsity constraint as a regularization term. An efficient
algorithm to solve the problem is given in Section 4. Finally, some numerical tests on a
bidimensional problem are shown in Section 5.

2 The Forward and Inverse Magnetic NDE Problems

NDE problems can be modeled by the Maxwell’s equations for a polarizable and mag-
netizable macroscopic media [2]. In particular, the electric field E and the magnetic
field B can be described by the quasi-static Maxwell’s equations

curlE = 0 ,
curlB = μ0 J ,
div B = 0 ,

(1)

where J is the current density in the medium and μ0 is the magnetic permeability of the
vacuum.

Due to the conservation of the charge, the current density satisfies

div J = 0 . (2)

In the following we assume that the volume V0 where the current flows is a slab of
thickness d, with the surfaces of the slab at z = ±d/2. The magnetometers are located
on an horizontal plane Π at z = π, with

π := dist (∂V0,Π) >
d

2
, (3)

and they measure only Bz , the component of the magnetic field along ez , the normal
w.r.t. to Π (see Fig. 1).



318 F. Pitolli and G. Bretti

J(r’)

Π

V
0

Fig. 1. The NDE problem setting

From the quasi-static Maxwell’s equations it follows that the magnetic field B gen-
erated by the current J obeys the Biot-Savart law [2], [13], [17]

B(r) =
μ0

4π

∫
V0

J(r ′)× r− r ′

|r− r ′|3 dr ′ . (4)

Here, v ×w is the usual cross product of vectors in IR3 and |v| is the Euclidean norm
of the vector v.

For Bz(r) we have

Bz(r) =
μ0

4π

∫
V0

J(r ′)× (r− r ′)
|r− r ′|3 · ez(r) dr ′ =

=
μ0

4π

∫
V0

ez(r)× (r ′ − r)
|r ′ − r|3 · J(r ′) dr ′ , r ∈ Π ,

(5)

where the equality in the second line follows from the relation v×w · z = −z×w ·v,
holding for any v,w, z ∈ IR3.

Now, let ql ∈ Π, l = 1, . . . , N , be the locations of the magnetometers and let

B(J,ql) := Bz(ql) =
μ0

4π

∫
V0

ez(ql)× (r ′ − ql)
|r ′ − ql|3 · J(r ′) dr ′ (6)

be the normal component of the magnetic field evaluated in ql.
Observe that the magnetic field at different values of z are related by inward contin-

uation, so that we cannot obtain additional information by measuring the magnetic field
on planes at different heights. By the way, since curlB = 0 and div B = 0 in the outer
space, information on the z-component of the magnetic field is sufficient to determine
the whole magnetic field [15].

The magnetic NDE inverse problem aims at reconstructing the current distribu-
tion J starting from the normal component of the magnetic field, measured in ql,
l = 1, . . . , N . In order to identify the current sources from the measurements M =
{m1, . . . , mN} we have to minimize the discrepancy

Δ(J) := ‖G(J)−M‖2IRN , (7)
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where
G(J) = {B(J,q1), ...,B(J,qN )} . (8)

Unfortunately, this is a strongly ill-posed problem since there exist silent currents that
do not produce magnetic field in the outer space, so that non unique solutions can be
expected. Moreover, the intensity of the magnetic field decreases fast as the height of the
plane Π increases, so that the measured magnetic field can be very low and affected by
high noise. For these reasons the minimization of the discrepancy might not be feasible
and some regularization technique is required. This will be the subject of the following
section.

3 The Magnetic NDE Inverse Problem with Sparsity Constraints

We assume that the current distribution we want to reconstruct is spatially inhomo-
geneous and can be represented as a sum of weighted basic currents belonging to a
dictionary, such that only few terms in the sum are relevant. More formally, we assume
that [6].

Definition 1. The current density J = (J1, J2, J3) ∈ L2(V0; IR3) is sparsely repre-
sented by a suitable dictionary D := (ψλ)λ∈Λ, i.e.

J� ≈
∑

λ∈ΛS

j�
λ ψλ , j�

λ = 〈J�, ψλ〉 , � = 1, 2, 3 , (9)

where ΛS ⊂ Λ is the set of the few significant coefficients j�
λ.

As a dictionary we choose a stable multiscale basis (ψλ)λ∈Λ ∈ L2(V0, IR), i.e. a func-
tion basis satisfying the inequality

C1‖f‖2L2(V0) ≤
∑
λ∈Λ

|〈f, ψλ〉|2 ≤ C2‖f‖2L2(V0) , λ ∈ Λ , (10)

for all f ∈ L2(V0). Suitable dictionaries are, for instance, wavelets [4] or frames [3].
In order to enforce sparsity on the solution of the magnetic NDE inverse problem we

use a sparsity constraint as follows.

Given a set of magnetic field measurements M, determine a configuration of the current
density J that minimizes the functional

JΨ(J) := Δ(J) + ΨD(J) , (11)

whereD is a dictionary chosen in order the solution of the minimum problem is sparsely
represented, and ΨD is a suitable sparsity measure w.r.t. D.

A sparsity measure for the regularization of linear ill-posed problems when the quan-
tity to reconstruct is a scalar function f , has been introduced in [5]. In this case

ΨD(f) :=
∑
λ∈Λ

vλ |〈f, ψλ〉|p , p ≥ 1 , (12)

where (vλ)λ∈Λ are nonnegative weights. The solution of the related minimization prob-
lem leads to an iterative thresholded Landweber algorithm.
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Since in our problem the current J is a vector-valued function, a suitable sparsity
measure is the joint sparsity introduced in [11].

Definition 2. Let F = (F1, F2, F3) be a vector-valued function in L2(V0, IR3), and let
(ψλ)λ∈Λ be a dictionary. Let us denote by

fλ = (f1
λ , f2

λ, f3
λ) with f �

λ = 〈F�, ψλ〉 (13)

the decomposition coefficients of F and by ‖fλ‖p the usual p-norm for vectors.
Given the positive sequences (θλ)λ∈Λ, (ρλ)λ∈Λ, (ωλ)λ∈Λ, we define the joint spar-

sity measure as the functional

Ψ(p)
D (F, v) :=

∑
λ∈Λ

vλ ‖fλ‖p +
∑
λ∈Λ

ωλ‖fλ‖22 +
∑
λ∈Λ

θλ(ρλ − vλ)2 , p ≥ 1 . (14)

By using the decomposition (9), the discrepancy (7) can be written as

Δ(j) = ‖T j−M‖2IRN , (15)

where j :=
(
j�
λ

)
λ∈Λ,�=1,2,3 and the operator T : �2(Λ, IR3)→ IRN has entries given by

(T j)l =
3∑

�=1

∑
λ∈Λ

j�
λ

μ0

4π

∫
V0

(
ez(ql)× (r ′ − ql)

|r ′ − ql|3
)

�

ψλ(r ′) dr ′ , l = 1, . . . , N .

(16)
Thus, the magnetic NDE inverse problem with the joint sparsity constraint consists in
minimizing the functional

J (p)
θ,ω,ρ(j, v) = ‖T j−M‖2IRN + ΨD(j, v) =

=
N∑

l=1

|(T j)l −ml|2 +
∑
λ∈Λ

vλ ‖jλ‖p +
∑
λ∈Λ

ωλ‖jλ‖22 +
∑
λ∈Λ

θλ(ρλ − vλ)2

(17)
jointly with respect to both j and v, restricted to vλ ≥ 0.

The minimization of the functional (17) promotes that all entries of the vector jλ have
the same sparsity pattern. Note that v serves as an indicator of large values of ‖jλ‖p and

0 ≤ vλ ≤ ρλ, λ ∈ Λ, at the minimum. The quadratic term
∑
λ∈Λ

ωλ‖jλ‖22 makes the

overall functional convex, depending on a suitable choice of the sequence (ωλ)λ∈Λ.
We remark that when θλ = 0 and ωλ = α (a fixed constant) for all λ ∈ Λ, we obtain

the usual Tikhonov regularization since (vλ)λ∈Λ = 0 in this case.

The convexity conditions for the functional J (p)
θ,ρ,ω depend on the values of the pa-

rameters (θλ)λ∈Λ, (ρλ)λ∈Λ, (ωλ)λ∈Λ. Details can be found in [11].

In particular, we recall that for p = 1, 2,∞, J (p)
θ,ρ,ω is convex if

(smin + ωλ) θλ ≥ κp

4
=

⎧⎨⎩
3
4 if p = 1

1
4 if p = 2,∞

(18)

where smin is the minimum of the spectrum of T ∗T . In case of strict inequality, J (p)
θ,ρ,ω

is strictly convex.
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4 The Minimizing Algorithm

The minimizer j∗ of the functionalJ (p)
θ,ρ,ω can be approximated by the following thresh-

olded Landweber algorithm, deduced from [12].

Algorithm 1.⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

Let γ be a suitable relaxation parameter

Choose an arbitrary j(0) ∈ �2(Λ; IR3)

For 0 ≤ k ≤ K do j(k+1) = H
(p)
θ,ρ,ω

(
j(k) + γ T ∗(M − T j(k))

)
Compute v

(K+1)
λ =

{
ρλ − 1

2θλ
‖j(K+1)

λ‖p if ‖j(K+1)
λ ‖p < 2θλρλ

0 otherwise
λ ∈ Λ

(usually, the values (v(K)
λ )λ∈Λ are not needed).

The operator H
(p)
θ,ρ,ω is a thresholding operator acting on a vector-valued function f ∈

�2(Λ; IR3) as(
H

(p)
θ,ρ,ω(f )

)
λ

:= (1 + ωλ)−1h
(p)
θλ(1+ωλ),ρλ

(fλ) , λ ∈ Λ . (19)

The explicit expression of h
(p)
θ,ρ can be found in [12] where an efficient algorithm for its

evaluation is also given.

Algorithm 2.⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

Choose a positive sequence v(0)

Let f (0) = fλ

For 0 ≤ k ≤ K do

f (k+1) = S
(p)
v(k)

(
f (k)

)
v
(k+1)
λ =

{
ρλ − 1

2θλ
‖f (k+1)‖p if ‖f (k+1)‖p < 2θλρλ

0 otherwise
λ ∈ Λ

Approximate h
(p)
θ,ρ(fλ) ≈ f (K+1)

The operator S
(p)
v is itself a thresholding operator whose explicit expressions for p =

1, 2 are (cf. [11])
S(1)

v (f) =
(
S(1)

v (f )
)
�=1,2,3 (20)
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where

(
S(1)

v (f )
)
�=1,2,3 = s(1)

v (f�) =

⎧⎨⎩
sign (f�)

(|f�| − v
2

)
if |f�| > v

2

0 otherwise
(21)

and

S(2)
v (f ) =

⎧⎨⎩
‖f‖2−v/2

‖f‖2
f if ‖f‖2 > v

2

0 otherwise
(22)

The convergence of Algorithm 1 to the minimizer of J (p)
θ,ω,ρ can be proved as in [10].

Theorem 3. Let p = 1, 2,∞, and assume

inf
λ∈Λ

θλ(smin + ωλ) >
κp

4
(23)

with smin := min Sp(T ∗T ). Then for any choice j(0) ∈ �2(Λ; IR3) the Algorithm 1
converges strongly to a fixed point j∗ ∈ �2(Λ; IR3) and the pair (j∗, v∗) with

v∗λ =
{

ρλ − 1
2θλ
‖j∗‖p if ‖j∗‖p < 2θλρλ

0 otherwise
λ ∈ Λ (24)

is the unique minimizer of J (p)
θ,ρ,ω(j, v). Moreover, we have the error estimate

‖j(k) − j∗‖2 ≤ βk‖j(0) − j∗‖2 , (25)

where β := supλ∈Λ
4θλ(1−smin)

4θλ(1+ωλ)−κp
< 1 .

The convergence of Algorithm 2 follows from [12, Prop. 3.4].

Now, we want to focus our attention on the term T ∗T j(k) which appears in the third
line of Algorithm 1. The iterative procedure can be implemented only if this term can
be efficiently approximated at each iteration step.

The explicit expression of T ∗T j is given by (cf. [10])

(T ∗T j)λ,� =
∑
μ∈Λ

3∑
m=1

(
N∑

l=1

(A�,lψλ)(Am,lψμ)

)
jm
μ , λ ∈ Λ , � = 1, 2, 3 ,

(26)
where the operator A�,l : L2(V0; IR)→ IR is defined as

A�,l f :=
μ0

4π

∫
V0

(
ez(ql)× (r ′ − ql)

|r ′ − ql|3
)

�

f(r ′) dr ′ . (27)

Let M be the matrix whose entries are the coordinates of T ∗T in the multiscale basis
(ψλ), i.e.

M(λ,�),(μ,m) :=
N∑

l=1

(A�,lψλ)(Am,lψμ) , λ , μ ∈ Λ , �, m = 1, 2, 3 . (28)
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From (26) it follows

(T ∗T j)λ,� =
∑
μ∈Λ

3∑
m=1

jm
μ M(λ,�),(μ,m) , λ ∈ Λ , � = 1, 2, 3 . (29)

SinceM is a bi-infinite matrix, in order to implement an efficient procedure to compute
T ∗T j(k) we need the amplitude of the entries ofM to decay fast when λ and μ increase.

Let us choose as multiscale basis a compactly supported wavelet basis with Ωλ :=
supp (ψλ) ∼ 2−|λ|, where |λ| denote the spatial resolution scale of ψλ. Moreover, we
assume that the basis functions have d∗ vanishing moments, a prescribed smoothness,
and fast decay, i.e. |ψλ| ≤ C23/2|λ|.

It can be shown that M has compressibility properties w.r.t. such a basis (cf. [10],
[18]), so that T ∗T j(k) can be evaluated with an efficient procedure. In particular, we
have

|M(λ,�),(μ,m)| ≤ C2−(|λ|+|μ|)(3/2+d∗+1)×

×

⎧⎪⎪⎪⎨⎪⎪⎪⎩
Ndist (Ωλ, Ωμ)−(3+d∗) if dist (Ωλ, Ωμ) > 0

N∑
l=1

(dist (xl, Ωλ)dist (xl, Ωμ))−(3+d∗) otherwise

(30)

5 A Bidimensional Test Problem

We consider a bidimensional test problem and we assume the current is confined on an
horizontal plane S0, i.e.

J(r) =
(
J1(x, y), J2(x, y), 0

)
, (x, y) ∈ S0 . (31)

By substituting (31) in (6) and integrating over z′ we obtain, for l = 1, . . . , N ,

B(J,ql) :=
μ0

4π
d

∫
S0

J2(x′, y′)(x′ − xl)− J1(x′, y′)(y′ − yl)(
(x′ − xl)2 + (y′ − yl)2 + z2

l

)3/2 dx′ dy′ . (32)

Since the current coordinates in the multiscale basis are bidimensional too, i.e.

jλ = (j1
λ, j2

λ, 0) , λ ∈ Λ , (33)

the entries of T ∗T j become

(T ∗T j)λ,� =
∑
μ∈Λ

2∑
m=1

(
N∑

l=1

(A�,lψλ)(Am,lψμ)

)
jm
μ , λ ∈ Λ, � = 1, 2 ,

(34)
with

A1,l f :=
μ0

4π

∫
S0

−(y ′ − yl)
|r ′ − ql|3 f(r ′) dr ′ , A2,l f :=

μ0

4π

∫
S0

(x ′ − xl)
|r ′ − ql|3 f(r ′) dr ′ .

(35)
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We assume there are N = 400 sensors located on a regular horizontal grid at a fixed
height π = 1 mm. In the numerical tests the measured magnetic field is generated by
two sources, a square current loop of length 1 cm and a current dipole on the center of
the square, both located on S0.

We choose as a basis the Daubechies orthonormal wavelets with d∗ = 4 vanish-
ing moments and discretize the plane S0 with 64 pixels for each dimension. Finally, 3
multiresolution levels are used for the current decomposition.

We have realized a MATLAB code running on a x-64 based workstation with 8 pro-
cessors. It takes about 25 min for the construction of the matrixM and about 300 sec
for 120 iterations of the algorithm.

In Fig. 2 the distribution of the entries of the matrices T ∗
1 T1 and T ∗

1 T2 with amplitude
greater than 10−4(‖M‖∞/dimM) ≈ 0.1 are displayed. Just about 20% of the entries
are retained. The matrices T ∗

2 T1 and T ∗
2 T2 have a similar behaviour.

In Fig. 3 the measured magnetic field is displayed (the sensor locations are displayed
as black points). In Fig. 4 the current distribution reconstructed after 120 iterations of
the proposed algorithm is shown. The figures show that the proposed algorithm is able
to saparate both the current sources. Actually, in this case the inverse problem is well-
posed [2] and can be solved without a regularization procedure: indeed, the Tikhonov
regularization with regularization parameter set equal to 0 gives a similar result.

In Fig. 6 the current distribution reconstructed after 30 iterations of Algorithm 1 is
displayed when high white Gaussian noise with linear signal to noise ratio 1 is added to
the magnetic field of Fig. 5. The thresholding parameter (ρλ)λ∈Λ is chosen as

ρ|λ| = σ

√
2 log(2|λ|P )

2|λ|P
,

where σ is the noise level, |λ| = 0, · · · , 3, is the multiresolution scale, and P = 642

(cf. [7]). In the examples σ ≈ 133 pT , ρ0 ≈ 8 pT . Finally, we set (ωλ)λ∈Λ = 0.5,

Fig. 2. The distribution of the entries of the matrices T ∗
1 T1 (left) and T ∗

1 T2 (right). Just the entries
that exceed 0.1 are retained.
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Fig. 3. The magnetic field (pT ) produced by a square current loop (black square) with a current
dipole on its center (black circle). The magnetometers are displayed as black points.
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Fig. 4. The current distribution (left) reconstructed starting from the magnetic field displayed in
Fig. 3. The current intensity (μA) is also displayed (right). The current loop and the current dipole
are represented as a black square and a small circle, respectively.
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Fig. 5. The noisy magnetic field (pT ) produced by a square current loop (black square) with a
current dipole on its center (black circle). The magnetometers are displayed as black points.
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Fig. 6. The current distribution (left) reconstructed starting from the noisy magnetic field dis-
played in Fig. 5. The current intensity (μA) is also displayed (right). The current loop and the
current dipole are represented as a black square and a small circle, respectively.
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Fig. 7. The current distribution reconstructed by using the Tikhonov regularization starting from
the noisy magnetic field displayed in Fig. 5. Two different values of the regularization parameter
have been used: 0 (left) and 1001 (right). The current loop and the current dipole are represented
as a black square and a small circle, respectively.

and (θλ)λ∈Λ = 1. Nevertheless the reconstructed current images are less sharp than the
images in the noiseless case, it is still possible to separate the two sources. On the con-
trary, Tikhonov regularization is not able to give a satisfactory current image. In fact,
when the regularization parameter is chosen equal to 0 the current is not reconstructed
at all (see Fig. 7, left), while a regularization parameter greater than 0 produces a dis-
torted current image where the separation between the two sources is not sufficiently
sharp (see Fig. 7, right, where the regularization parameter is chosen by means of the
discrepancy principle and is equal to 1001).
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6 Conclusion

The numerical tests in Section 5 show that the proposed algorithm outperforms
Tikhonov regularization in the case when the magnetic field is affected by high noise.
This behaviour would be more evident in the three-dimensional case, where the prob-
lem is highly ill-posed and ill-conditioned, and we expect our algorithm to give better
results than the usual Tikhonov regularization.

In order to implement efficiently Algorithm 1 in the three-dimensional case we need
to solve some practical problems. First of all, the dimension of the matrix approximating
M dramatically increases and, moreover, accurate results require a high resolution, i.e.
a high pixel number. This means that we have to improve compressibility properties of
M by using a different, and better suited, multiscale basis.

Secondly, the convergence rate of the proposed algorithm can be very slow (see
Fig. 8) and acceleration techniques are mandatory. At present acceleration techniques
have been proposed in the scalar case [9], [16]. An extension to the three-dimensional
case will be the subject of further investigations.

0 200 400 600 800 1000
0

0.5

1

1.5

2

2.5
x 10

−3

Fig. 8. The norm of the difference between two successive iterations for the first 1000 iterations
of the proposed algorithm. The plot refers to the magnetic field measurements displayed in Fig. 4.
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Abstract. We consider discrete quasi-interpolants based on C1 quadratic box-
splines on uniform criss-cross triangulations of a rectangular domain. The main
problem consists in finding good (if not best) coefficient functionals, associated
with boundary box-splines, giving both an optimal approximation order and a
small infinity norm of the operator. Moreover, we want that these functionals
only involve data points inside the domain. They are obtained either by minimiz-
ing their infinity norm w.r.t. a finite number of free parameters, or by inducing
superconvergence of the operator at some specific points lying near or on the
boundary.

1 Introduction

Let Ω = [0,hm]× [0,hn] be a rectangular domain divided into mn equal squares, where
m,n≥ 4, each of them being subdivided into 4 triangles by its diagonals. We denote by
S1

2(Ω ,T ) the space of C1 quadratic splines on the triangulation T of Ω obtained in
this way. This space is generated by the (m + 2)(n + 2) spline functions {Bα ,α ∈ A},
where A = {(i, j), 0≤ i≤m+1, 0≤ j ≤ n+1}, obtained by dilation/translation of the
Zwart-Powell quadratic box-spline (ZP-element) ( [5] Chap.1, [6] Chap.3).

The ZP-element is the bivariate C1 quadratic box-spline supported on the octagon
with center at the origin and vertices at ( 3

2 , 1
2 ), ( 1

2 , 3
2 ), (− 1

2 , 3
2 ), (− 3

2 , 1
2 ), (− 3

2 ,− 1
2 ),

(− 1
2 ,− 3

2 ), ( 1
2 ,− 3

2 ), ( 3
2 ,− 1

2 ). It is strictly positive inside its support, that is partitioned
into 28 triangular cells. On every cell the ZP-element is a polynomial of total degree
2 and in [7] the polynomials are given. The ZP-element can be also expressed in BB-
form, i.e. specifying the Bernstein-Bézier (abbr. BB)-coefficients on every triangular
cell, ( [15] Chap.6).

In the space S1
2(Ω ,T ) we consider discrete quasi-interpolants (abbr. dQI) of type

Q f = ∑
α∈A

λα( f )Bα , (1)

where {λα , α ∈ A} is a family of linear functionals which are local, in the sense that
they are linear combinations of values of f at some points lying inside Ω and in a
neighbourhood of the support Σα of Bα and such that Q is exact on the space P2 of
quadratic polynomials.

M. Dæhlen et al. (Eds.): MMCS 2008, LNCS 5862, pp. 329–346, 2010.
c© Springer-Verlag Berlin Heidelberg 2010
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The points Mα ,α ∈A, used in evaluating f , are the centers of the squares (mn points),
the midpoints of boundary segments (2(m + n) points) and the four vertices of Ω , see
Fig.1. These points are defined by Mα = Mi, j = (si,t j) where

s0 = 0, si = (i− 1
2 )h, 1≤ i≤ m, sm+1 = hm,

t0 = 0, t j = ( j− 1
2 )h, 1≤ j ≤ n, tn+1 = hn.

(2)

The values of the function f at those points are denoted by fα = f (Mα ).

Fig. 1. Uniform criss-cross triangulation and data points

Another spanning set for the space S1
2(Ω ,T ) is formed by the box-splines {B′α ,α ∈

A} constructed in [9] and [19], but, in some applications, it may be more convenient
to make use of classical box-splines instead of the other ones, because the latter have
different supports and different expressions in the domain, while the ZP-element is
always the same.

The quasi-interpolants constructed in this paper are suitable for some applications.
For example they can be used for the approximation of the gradient of a function and
the computation of critical points and curvatures of a surface [12]. Furthermore they
can be used in the second stage of the two-stage method of Schumaker [21].

Here is an outline of the paper. In Section 2 we compare different choices for the
functionals of such dQIs: near-best functionals and functionals inducing superconver-
gence at specific points. In Section 3 we estimate the operator norm by estimating the
Lebesgue function near the origin ofΩ for two particular dQIs. Finally, in Section 4 we
give some numerical and graphical results.

2 On the Construction of Coefficient Functionals

In this section we are interested in the construction of linear functionals

λα( f ) = ∑
β∈Fα

σα(β ) f (Mβ ), (3)

where the finite set of points
{

Mβ , β ∈ Fα
}

, Fα ⊂ A, lies in some neighbourhood of
Σα ∩Ω and such that Q f ≡ f for all f in P2.
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The construction of such coefficient functionals is related to the following differential
QI (abbr. DQI), exact on P2 and defined on the infinite plane, A = Z2 ( [15] Chap.6):

Q̂ f = ∑
α∈A

(
fα − h2

8
Δ fα

)
Bα . (4)

By using the five point discretisation of the Laplacian Δ , from (4), the following
discrete functionals λi, j are defined in [16] (see also [17])

λi, j( f ) =
3
2

fi, j− 1
8
( fi−1, j + fi+1, j + fi, j−1 + fi, j+1). (5)

In the interior of the domain our quasi-interpolants make use of the same inner func-
tionals λi, j, with i = 2, . . . ,m−1, j = 2, . . . ,n−1, defined by (5).

For the sake of simplicity, we assume h = 1 and we propose two different ways of
constructing functionals associated with the box splines whose supports are not entirely
inside Ω : near-best functionals (denoted by λ ′α and λ ′′α ) and functionals (denoted by
λα) inducing superconvergence at some specific points.

2.1 Near-Best Boundary Functionals

In this section we construct convenient boundary coefficient functionals, called near-
best functionals, giving both the best approximation order and a small infinity norm
of the operator. In the definition of functionals if we consider more data points than
the number of conditions we are imposing, we obtain a system of equations with free
parameters. We choose them by minimizing their infinity norm.

The method used in this subsection is closely related to the techniques given in [1,2,
4,14] to define near-best discrete quasi-interpolants on type-1 and type-2 triangulations
(see also [3, 18]).

From (3) it is clear that, for ‖ f‖∞ ≤ 1 and α ∈ A, |λα( f )| ≤ ‖σα‖1 where σα is the
vector with components σα(β ), from which we deduce immediately

|Q f | ≤ ∑
α∈A

|λα( f )|Bα ≤max
α∈A

|λα( f )| ≤max
α∈A

‖σα‖1,

therefore we can conclude
‖Q‖∞ ≤max

α∈A
‖σα‖1.

Now assuming that card(Fα) > 6, we can try to find σ∗α ∈ Rcard(Fα ) solution of the
minimization problem (see e.g. [4], [14] Chap.3)

‖σ∗α‖1 = min
{
‖σα‖1;σα ∈ R

card(Fα ),Vασα = bα
}

,

where Vασα = bα is a linear system expressing that Q is exact on P2. In our case we
require that the coefficient functional coincides with the differential coefficient ( f −
1
8Δ f ) at the center cα of the octagonal support of the box-spline Bα , for f ∈ P2.
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This problem is a l1-minimization problem and there are many well-known tech-
niques for approximating the solutions, not unique in general (cf. [22] Chap.6). Since
the minimization problem is equivalent to a linear programming one, here we use the
simplex method.

Hereinafter we analyse some coefficient functionals λ ′α near the boundary of the
domain Ω .

Case α = (0,0)

We consider the 10-point linear functional

λ ′0,0( f ) = a1 f0,0 + a2( f1,0 + f0,1)+ a3( f2,0 + f0,2)+ a4( f3,0 + f0,3)+ a5 f1,1

+a6( f2,1 + f1,2),

and we impose λ ′0,0( f ) ≡ ( f − 1
8Δ f )(c00), c00 = (− 1

2 ,− 1
2 ), for f ≡ 1,x,x2,xy. Due to

symmetry of the ZP-element, there are only 6 unknowns and the monomials y and y2

can be excluded.
This leads to the system:

a1 + 2a2 + 2a3 + 2a4 + a5 + 2a6 = 1, a2 + 3a3 + 5a4 + a5 + 4a6 =−1,
a2 + 9a3 + 25a4 + a5 + 10a6 = 0, a5 + 6a6 = 1,

whose solution depends on the two parameters a4 and a6

a1 =
14
3
− 16

3
a4−4a6, a2 =−5

2
+ 5a4 + 5a6, a3 =

1
6
− 10

3
a4−a6, a5 = 1−6a6.

If we minimize the norm ‖λ ′0,0‖∞ we obtain

a1 =
20
9

, a2 = 0, a3 =−10
9

, a4 =
1
3
, a5 = 0, a6 =

1
6
,

with a norm equal to ‖λ ′0,0‖∞ = 5.44. Graphically we obtain a functional with data
points shown in Fig.2 (left).

If we want a functional with a smaller norm, we can add e.g. the point M22

λ ′′0,0( f ) = a1 f0,0 + a2( f1,0 + f0,1)+ a3( f2,0 + f0,2)+ a4( f3,0 + f0,3)+ a5 f1,1+
+a6( f2,1 + f1,2)+ a7 f2,2.

Solving the corresponding system and minimizing the norm ‖λ ′′0,0‖∞, we obtain

a1 =
22
9

, a2 = 0, a3 =−1
9
, a4 = 0, a5 =−3

2
, a6 = 0, a7 =

5
18

,

with a norm equal to ‖λ ′′0,0‖∞ = 4.44. Graphically we obtain the functional with data
points shown in Fig.2 (right).
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Fig. 2. Near-best functionals associated with B0,0

Case α = (1,0)

We consider

λ ′1,0( f ) = a1 f0,0 + a2 f1,0 + a3 f0,1 + a4 f2,0 + a5 f0,2 + a6 f3,0

+a7 f0,3 + a8 f1,1 + a9 f2,1 + a10 f1,2.

Solving the corresponding system and minimizing the norm we obtain

a1 = 38
45 , a2 = a3 = 0, a4 = 19

18 , a5 =− 1
2 , a6 =− 11

30 ,
a7 = 3

10 , a8 = a9 = 0, a10 =− 1
3 ,

with a norm equal to ‖λ ′1,0‖∞ = 3.4, see Fig.3.

Case α = (2,0)

We consider

λ ′2,0( f ) = a1 f2,0 + a2( f1,0 + f3,0)+ a3 f2,1 + a4( f1,1 + f3,1)
+a5 f2,2 + a6( f1,2 + f3,2).

Solving the corresponding system and minimizing the norm we obtain

a1 =
7
3
, a2 = 0, a3 =−13

12
, a4 =− 5

24
, a5 = 0, a6 =

1
12

,

with a norm equal to ‖λ ′2,0‖∞ = 4, see Fig.4 (left).
If we add the point M23,

λ ′′2,0( f ) = a1 f2,0 + a2( f1,0 + f3,0)+ a3 f2,1 + a4( f1,1 + f3,1)+ a5 f2,2

+a6( f1,2 + f3,2)+ a7 f2,3,

we get

a1 =
23
15

, a2 = a3 = a4 = 0, a5 =− 7
12

, a6 =−1
8
, a7 =

3
10

,

with a norm equal to ‖λ ′′2,0‖∞ = 2.67, see Fig.4 (right).
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Case α = (1,1)

We consider

λ ′1,1( f ) = a1 f1,1 + a2( f2,1 + f1,2)+ a3( f3,1 + f1,3)+ a4 f2,2.

Solving the linear system we obtain

a1 =
3
4
, a2 =

1
4
, a3 =−1

8
, a4 = 0,

with a norm equal to ‖λ ′1,1‖∞ = 1.5, see Fig.5 (left).

Case α = (2,1)

We consider

λ ′2,1( f ) = a1 f2,1 + a2( f1,1 + f3,1)+ a3 f2,2 + a4( f1,2 + f3,2)
+a5 f2,3 + a6( f1,3 + f3,3).

Solving the corresponding system and minimizing the norm we obtain

a1 =
7
8
, a2 = 0, a3 =

3
8
, a4 =− 1

16
, a5 = 0, a6 =− 1

16
,

with a norm equal to ‖λ ′2,1‖∞ = 1.5, see Fig.5 (right).

Fig. 3. Near-best functional associated with B1,0
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Fig. 4. Near-best functionals associated with B2,0

Fig. 5. Near-best functionals associated with B1,1 (left) and B2,1 (right)

2.2 Boundary Functionals Inducing Superconvergence

In this section we construct boundary coefficient functionals inducing superconver-
gence of the operator Q at some specific points. Using the notations given in (2) these
specific points are (see Fig.6):

- the vertices of squares Ak,l = (kh, lh), k = 0, . . . ,m, l = 0, . . . ,n,
- the centers of squares Mk,l = (sk,tl), k = 1, . . . ,m, l = 1, . . . ,n,
- the midpointsCk,l = (sk, lh) of horizontal edges Ak−1,lAk,l , k = 1, . . . ,m, l = 0, . . . ,n,
- the midpoints Dk,l = (kh, tl) of vertical edges Ak,l−1Ak,l , k = 0, . . . ,m, l = 1, . . . ,n.

We remark that if A = Z2 the discrete operator defined by using the coefficient func-
tionals given in (5) is superconvergent at these points [11, 20].
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Fig. 6. A square of the uniform criss-cross triangulation

Recall that we construct the boundary coefficient functionals λα( f ) so that they co-
incide with the differential coefficients ( f − 1

8Δ f ) at the center cα of the octagonal
support of the box-splines Bα for f ∈ P2.

Since the differential quasi-interpolant (4) is exact on P2, the discrete operator that
we are constructing is also exact on P2, therefore the approximation order f −Q f is
O(h3) for smooth functions.

If we want superconvergence at some specific points, i.e. f (M)−Q f (M) = O(h4),
we have to require that, for f ∈ P3, the quasi-interpolant Q interpolates the function f
at those points. So we impose that Q f (M) = f (M) for f ∈ P3\P2, M being a specific
point of the domain.

This leads to a system of equations. We consider systems with free parameters and
we choose them by minimizing the infinity norm ‖λα‖∞ and solving the corresponding
l1-minimization problem. Hereinafter we analyse some coefficient functionals λα near
the boundary of Ω .

Case α = (2,1)

We consider the 12-point linear functionals (defined using 8 unknowns)

λ2,1( f ) = a1 f2,1 + a2( f1,1 + f3,1)+ a3 f2,2 + a4( f1,2 + f3,2)+ a5 f2,3+
+a6( f1,3 + f3,3)+ a7 f2,0 + a8( f1,0 + f3,0).

We require that:

(i) λ2,1( f ) coincides with the differential coefficients ( f − 1
8Δ f )(c2,1), c2,1 = ( 3

2 , 1
2 )

for f ∈ P2, i.e. for f ≡ 1,x,y,x2,xy,y2;
(ii) Q f (M) = f (M) for f ∈ P3\P2, i.e. for f ≡ x3,x2y,xy2,y3, and M = (2,1), ( 3

2 , 3
2 ),

(2, 3
2 ).

This leads to a system whose solution depends on the two parameters a4 and a6

a1 = 15
8 + 6a4 + 10a6, a2 =− 1

8 −3a4−5a6, a3 =− 1
4 −2a4,

a5 = 1
40 −2a6, a7 =− 2

5 −8a6−4a4, a8 = 2a4 + 4a6.
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If we minimize the norm ‖λ2,1‖∞ we obtain

a1 = 13
8 , a2 = 0, a3 =− 1

6 , a4 =− 1
24 , a5 = 1

40 ,

a6 = 0, a7 =− 7
30 , a8 =− 1

12 ,

with a norm equal to ‖λ2,1‖∞ = 2.3. Graphically we obtain a functional with data points
shown in Fig.7.

Fig. 7. Functional inducing superconvergence associated with B2,1

Case α = (1,1)

We consider

λ1,1( f ) = a1 f0,0 + a2( f1,0 + f0,1)+ a3 f1,1 + a4( f2,0 + f0,2)+ a5( f2,1 + f1,2)
+a6( f3,0 + f0,3)+ a7 f2,2 + a8( f3,1 + f1,3).

We require that:

(i) λ1,1( f ) coincides with the differential coefficients ( f − 1
8Δ f )( 1

2 , 1
2 ) for f ∈ P2;

(ii) Q f (M) = f (M) for f ∈ P3\P2 and M = (1,1), ( 3
2 ,1).

Solving the corresponding system and minimizing the norm we obtain

a1 =− 4
15 , a2 = 0, a3 = 33

20 , a4 =− 2
15 ,

a5 =− 1
20 , a6 = 0, a7 =− 1

15 , a8 = 1
40 ,

with a norm equal to ‖λ1,1‖∞ = 2.4, see Fig.8 (left).

Case α = (2,0)

We consider

λ2,0( f ) = a1 f2,1 + a2( f1,1 + f3,1)+ a3 f2,2 + a4( f1,2 + f3,2)+ a5 f2,3

+a6( f1,3 + f3,3)+ a7 f2,0 + a8( f1,0 + f3,0).
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We require that:

(i) λ2,0( f ) coincides with the differential coefficients ( f − 1
8Δ f )( 3

2 ,− 1
2) for f ∈ P2;

(ii) Q f (M) = f (M) for f ∈ P3\P2 and M = (2,0), ( 3
2 , 1

2 ), (2, 1
2 ).

Solving the corresponding system and minimizing the norm we obtain

a1 =−9
8
, a2 =−1

4
, a3 = 0, a4 =

1
8
, a5 =− 1

40
, a6 = 0, a7 =

12
5

, a8 = 0,

with a norm equal to ‖λ2,0‖∞ = 4.3, see Fig.8 (right).

Case α = (1,0)

We consider

λ1,0( f ) = a1 f0,0 + a2 f1,0 + a3 f2,0 + a4 f3,0 + a5 f0,1 + a6 f1,1 + a7 f2,1

+a8 f0,2 + a9 f1,2 + a10 f0,3 + a11 f4,0 + a12 f3,1 + a13 f2,2 + a14 f1,3.

We require that:

(i) λ1,0( f ) coincides with the differential coefficients ( f − 1
8Δ f )( 1

2 ,− 1
2) for f ∈ P2;

(ii) Q f (M) = f (M) for f ∈ P3\P2 and M = (1,0), ( 1
2 , 1

2 ), (1, 1
2 ).

Solving the corresponding system and minimizing the norm we obtain

a1 = 0, a2 = 131
60 , a3 = 9

40 , a4 = 0, a5 =− 173
300 , a6 =− 13

40 , a7 =− 47
60 ,

a8 = a9 = 0, a10 = 3
20 , a11 =− 1

120 , a12 = 3
50 , a13 = 1

4 , a14 =− 7
40 ,

with a norm equal to ‖λ1,0‖∞ = 4.74, see Fig.9 (left).

Case α = (0,0)

We consider

λ0,0( f ) = a1 f0,0 + a2( f1,0 + f0,1)+ a3 f1,1 + a4( f2,0 + f0,2)+ a5( f2,1 + f1,2)
+a6( f3,0 + f0,3)+ a7 f2,2 + a8( f3,1 + f1,3)+ a9( f4,0 + f0,4)
+a10( f4,1 + f1,4)+ a11( f2,3 + f3,2).

We require that:

(i) λ0,0( f ) coincides with the differential coefficients ( f − 1
8Δ f )(− 1

2 ,− 1
2 ) for f ∈ P2;

(ii) Q f (M) = f (M) for f ∈ P3\P2 and M = (0,0), ( 1
2 ,0).

Solving the corresponding system and minimizing the norm we obtain

a1 = 1403
504 , a2 = 0, a3 =− 63

32 , a4 =− 397
1440 , a5 = a6 = 0, a7 = 317

288 ,

a8 = 0, a9 = 11
224 , a10 = 0, a11 =− 37

160 ,

with a norm equal to ‖λ0,0‖∞ = 7.0, see Fig.9 (right).
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Fig. 8. Functionals inducing superconvergence associated with B1,1 (left) and B2,0 (right)

Fig. 9. Functionals inducing superconvergence associated with B1,0 (left) and B0,0 (right)

3 Two Examples of Discrete Quasi-Interpolants

Now, choosing conveniently the boundary coefficient functionals, we define two dif-
ferent discrete QIs of type (1) and we study their infinity norm on some square cells
of the domain Ω , as shown in Fig.10. We recall that in the interior of the domain the
coefficient functionals λi, j, with i = 2, . . . ,m−1, j = 2, . . . ,n−1 are defined in (5).

3.1 The Discrete Quasi-Interpolant Q1 f

A first discrete QI is defined by

Q1 f = ∑
α∈A

λα( f )Bα ,
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Fig. 10. Some square cells near the origin

where the boundary functionals are near-best in the sense of Sect. 2.1. Thanks to sym-
metry properties, only functionals in the neighbourhood of the origin are required:

λ0,0( f ) = 22
9 f0,0− 1

9 ( f2,0 + f0,2)− 3
2 f1,1 + 5

18 f2,2,

λ1,0( f ) = 38
45 f0,0 + 19

18 f2,0− 1
2 f0,2− 11

30 f3,0 + 3
10 f0,3− 1

3 f1,2,

λ1,1( f ) = 3
4 f1,1 + 1

4( f2,1 + f1,2)− 1
8 ( f3,1 + f1,3).

Along the lower edge, for i = 2, . . . ,m−1, we have

λi,0( f ) = 23
15 fi,0− 7

12 fi,2− 1
8 ( fi−1,2 + fi+1,2)+ 3

10 fi,3,

λi,1( f ) = 7
8 fi,1 + 3

8 fi,2− 1
16( fi−1,2 + fi+1,2)− 1

16( fi−1,3 + fi+1,3),

and analogous formulae along the three other edges of Ω .

3.2 The Discrete Quasi-Interpolant Q2 f

A second discrete QI is defined by

Q2 f = ∑
α∈A

μα( f )Bα ,

where we choose boundary functionals inducing superconvergence at the specific points
defined in Sect. 2.2. Thanks to symmetry properties, only functionals in the neighbour-
hood of the origin are required:

μ0,0( f ) = 1403
504 f0,0− 397

1440( f2,0 + f0,2)− 63
32 f1,1 + 11

224( f4,0 + f0,4)+
+ 317

288 f2,2− 37
160( f3,2 + f2,3),

μ1,0( f ) = 131
60 f1,0 + 9

40 f2,0− 1
120 f4,0− 173

300 f0,1− 13
40 f1,1− 47

60 f2,1+
+ 3

50 f3,1 + 1
4 f2,2 + 3

20 f0,3− 7
40 f1,3,

μ1,1( f ) = − 4
15 f0,0− 2

15( f2,0 + f0,2)+ 33
20 f1,1− 1

20( f2,1 + f1,2)−
− 1

15 f2,2 + 1
40( f3,1 + f1,3).
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Along the lower edge, for i = 2, . . . ,m−1, we have

μi,0( f ) = 12
5 fi,0− 9

8 fi,1− 1
4( fi−1,1 + fi+1,1)+

+ 1
8( fi−1,2 + fi+1,2)− 1

40 fi,3,

μi,1( f ) = − 7
30 fi,0− 1

12 ( fi−1,0 + fi+1,0)+ 13
8 fi,1− 1

6 fi,2−
− 1

24( fi−1,2 + fi+1,2)+ 1
40 fi,3,

and analogous formulae along the three other edges of Ω .

3.3 Norm Estimates

Now, we study the infinity norms of both operators, Q1 and Q2.

We define the quasi-Lagrange functions L(v)
α , v = 1,2, by the following expression of

Q1 f and Q2 f

Q1 f = ∑
α∈A

λα( f )Bα = ∑
α∈A

fαL(1)
α ,

Q2 f = ∑
α∈A

μα( f )Bα = ∑
α∈A

fαL(2)
α .

We know that the infinity norm of such operators is equal to the Chebyshev norm of
its Lebesgue function defined by:

Λv = ∑
α∈A

|L(v)
α |, v = 1,2.

Using a computer algebra system, we have computed the maxima of Λv in some
square cells near the origin (south-west vertex of Ω ), see Fig.10, for both operators.
The approximate values of these maxima are given in Table 1.

Table 1. Maximum value of the Lebesgue functions Λv, v = 1,2 near the origin

(i, j) (0,0) (1,0) (2,0) (1,1) (2,1) (2,2)
Λ1|Ωi, j

2.00 1.96 1.65 1.63 1.50 1.50
Λ2|Ωi, j

2.83 1.86 1.70 1.81 1.67 1.50

Theorem 1. For the operator Qv, v = 1,2 the following bounds are valid

‖Qv‖∞ ≤ v + 1, v = 1,2.

We remark that if A = Z2 the two discrete operators Q1 and Q2 coincide and their norm
is bounded by 1.5 [12].

4 Numerical Results

In this section we present some numerical results obtained by a computational proce-
dure developed in a Matlab environment [8].
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We approximate the following functions (Figs.11÷13)

f1(x,y) =
1

1 + x2 + y2 , f2(x,y) = ln(1 + x2 + y2),

on the square [−1,1]× [−1,1], and the Franke’s function (see e.g. [13])

f3(x,y) = 3
4 exp

(− 1
4

(
(9x−2)2 +(9y−2)2

))
+

+ 3
4 exp

(
−
(

(9x+1)2

49 − (9y+1)2

10

))
+

+ 1
2 exp

(− 1
4

(
(9x−7)2 +(9y−3)2

))−
− 1

5 exp
(−((9x−4)2 +(9y−7)2

))
on the square [0,1]× [0,1].

Fig. 11. Function f1(x,y) on [−1,1]× [−1,1]

Fig. 12. Function f2(x,y) on [−1,1]× [−1,1]
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Fig. 13. Function f3(x,y) on [0,1]× [0,1]

Fig. 14. |Q1 f1− f1| ≤ 6.7495 ·10−6 and |Q2 f1− f1| ≤ 1.9089 ·10−6 with m = n = 64

For each test function, we compute, using a 2000×2000 uniform rectangular grid G
of evaluation points in the domain, the maximum absolute error Ev f = maxx∈G | f (x)−
Qv f (x)|, v = 1,2, for increasing values of m and n, and the logarithm of the ratio be-
tween two consecutive errors, rv f , v = 1,2, see Table 2. In Figs.14÷16 the correspond-
ing errors between f and the two quasi-interpolants Q1 f and Q2 f with m = n = 64 are
shown.

If we evaluate the error at the points where superconvergence holds, Fig.6, we can
observe that with the operator Q2 the error is O(h4), see Table 3.

Although the infinity norm of the operator Q2 is greater than the infinity norm of Q1,
we can notice that the overall error is smaller.

Furthermore, from Figs.14 (right)÷16 (right), it seems that the operator Q2 has a
good global error while the operator Q1 presents a greater error near the boundary as
shown in Figs.14 (left)÷16 (left).
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Fig. 15. |Q1 f2− f2| ≤ 7.5843 ·10−6 and |Q2 f2− f2| ≤ 1.1194 ·10−6 with m = n = 64

Fig. 16. |Q1 f3− f3| ≤ 1.0417 ·10−4 and |Q2 f3− f3| ≤ 5.0880 ·10−5 with m = n = 64

Table 2. Maximum absolute errors

m = n E1 f1 r1 f1 E2 f1 r2 f1

32 5.5137(-005) 2.1396(-005)
64 6.7495(-006) 3.03 1.9089(-006) 3.49

128 8.4039(-007) 3.01 2.0738(-007) 3.20
256 1.0472(-007) 3.00 2.4737(-008) 3.07
512 1.3068(-008) 3.00 3.0335(-009) 3.03

1024 1.6320(-009) 3.00 3.7690(-010) 3.01

m = n E1 f2 r1 f2 E2 f2 r2 f2

32 6.3773(-005) 1.1627(-005)
64 7.5843(-006) 3.07 1.1194(-006) 3.38

128 9.2326(-007) 3.04 1.2723(-007) 3.14
256 1.1313(-007) 3.03 1.5380(-008) 3.05
512 1.3957(-008) 3.02 1.8994(-009) 3.02

1024 1.7389(-009) 3.00 2.3611(-010) 3.01

m = n E1 f3 r1 f3 E2 f3 r2 f3

32 9.1190(-004) 7.2117(-004)
64 1.0417(-004) 3.13 5.0880(-005) 3.83

128 1.2172(-005) 3.10 4.1378(-006) 3.62
256 1.4577(-006) 3.06 4.1153(-007) 3.33
512 1.7719(-007) 3.04 4.7279(-008) 3.12

1024 2.1932(-008) 3.01 5.7982(-009) 3.03
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Table 3. Maximum absolute errors at specific points (Sect. 2.2)

m = n E1 f1 r1 f1 E2 f1 r2 f1

32 5.3905(-005) 1.8852(-005)
64 6.7482(-006) 3.00 1.1886(-006) 3.99

128 8.4015(-007) 3.01 7.4451(-008) 4.00
256 1.0470(-007) 3.00 4.6558(-009) 4.00
512 1.3064(-008) 3.00 2.9102(-010) 4.00

1024 1.6314(-009) 3.00 1.8190(-011) 4.00

m = n E1 f2 r1 f2 E2 f2 r2 f2
32 6.2292(-005) 9.4628(-006)
64 7.4389(-006) 3.07 5.9488(-007) 3.99

128 9.0720(-007) 3.04 3.7235(-008) 4.00
256 1.1196(-007) 3.02 2.3280(-009) 4.00
512 1.3905(-008) 3.01 1.4551(-010) 4.00

1024 1.7325(-009) 3.00 9.0949(-012) 4.00

m = n E1 f3 r1 f3 E2 f3 r2 f3
32 8.7514(-004) 7.1035(-004)
64 1.0120(-004) 3.11 4.7068(-005) 3.92

128 1.1913(-005) 3.09 3.0205(-006) 3.96
256 1.4376(-006) 3.05 1.9001(-007) 3.99
512 1.7638(-007) 3.03 1.1886(-008) 4.00

1024 2.1836(-008) 3.01 7.4321(-010) 4.00

5 Final Remarks

In this paper we have defined and analysed C1 quadratic discrete quasi-interpolants,
constructing their coefficient functionals in several ways, comparing them and giving
norm estimates.

In a similar way, we are investigating the construction of good coefficient functionals
for C2 quartic spline quasi-interpolants on criss-cross triangulations and C2 cubic spline
quasi-interpolants on Powell-Sabin triangulations [10].

We plan to use these quasi-interpolants in the second stage of the two-stage method
of Schumaker [21].

Furthermore we will apply these operators to the approximation of critical points and
curvatures of a surface [12].
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Abstract. In Numerical Analysis one often has to conclude that an error function
is small everywhere if it is small on a large discrete point set and if there is a
bound on a derivative. Sampling inequalities put this onto a solid mathematical
basis.

A stability inequality is similar, but holds only on a finite–dimensional space
of trial functions. It allows bounding a trial function by a norm on a sufficiently
fine data sample, without any bound on a high derivative.

This survey first describes these two types of inequalities in general and shows
how to derive a stability inequality from a sampling inequality plus an inverse
inequality on a finite–dimensional trial space. Then the state–of–the–art in sam-
pling inequalities is reviewed, and new extensions involving functions of infinite
smoothness and sampling operators using weak data are presented.

Finally, typical applications of sampling and stability inequalities for recovery
of functions from scattered weak or strong data are surveyed. These include Sup-
port Vector Machines and unsymmetric methods for solving partial differential
equations.

1 Introduction

In many practical applications it is necessary to approximate or reconstruct a function
as a formula from given strong or weak scattered data. Important examples are domain
modeling, surface reconstruction, machine learning or the numerical solution of partial
differential equations.

If the strong or weak data used for reconstruction are seen as a sampling S( f ) ∈ IRN

of an unknown function f , and if a trial function u satisfying S(u)≈ S( f ) is calculated

M. Dæhlen et al. (Eds.): MMCS 2008, LNCS 5862, pp. 347–369, 2010.
c© Springer-Verlag Berlin Heidelberg 2010
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in order to recover f , then S( f − u) is small and one has to conclude that f − u is
small. Of course, such a conclusion requires additional assumptions, e.g., a bound on
derivatives of f −u.

The sampling inequalities surveyed here quantify the observation that a differen-
tiable function cannot attain large values anywhere if its derivatives are bounded, and if
it produces small data on a sufficiently dense discrete set. Along the lines of the above
argument, such inequalities are extremely useful in deriving a priori error estimates for
very general approximation processes [30].

In the univariate setting, sampling inequalities are quite easy to obtain. We assume a
sufficiently smooth function f on an interval [a,b] and a discrete ordered set of centers
X = {x1, . . . ,xN} ⊂ [a,b] with

a = x1 < x2 < · · ·< xN−1 < xN = b

and the fill distance

hX ,[a,b] := sup
y∈[a,b]

max
x∈X
|x− y|= 1

2
max

2≤ j≤N

∣∣x j− x j−1
∣∣ , (1)

i.e., the largest possible distance any point x ∈ [a,b] has from the set X . With this nota-
tion we consider an arbitrary point x ∈ [a,b] and its closest point x j ∈ X to get

f (x) = f (x j)+
∫ x

x j

f ′ (t)dt,

| f (x)| ≤ ∣∣ f (x j)
∣∣+√∣∣x− x j

∣∣√∫ x

x j

| f ′ (t)|2 dt,

which yields a first instance of a sampling inequality

‖ f‖L∞([a,b]) ≤
√

h| f |W 1
2 [a,b] +‖SX( f )‖�∞(IRN)

for the sampling operator

SX : W 1
2 [a,b]→ IRN with SX( f ) := ( f (x1), . . . , f (xN))T . (2)

This easy example already reveals the basic phenomenon, i.e., it bounds a function in
a weak continuous norm in terms of the sampled data on a discrete set X and a strong
continuous norm weighted by a power of the fill distance of X . We shall explain this in
general in the next section, while we postpone specific applications to sections 3 and 4.

2 Sampling and Stability

Here, we shall exhibit general features of sampling and stability inequalities and their
connections. We admit general spaces of multivariate functions and general sampling
operators. Specific cases will follow in Sect. 3.
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2.1 Sampling Inequalities

We consider a linear space F of real–valued functions on some domain Ω ⊂ IRd , and
assume F to carry norms ‖·‖S and ‖·‖W, where ‖·‖S is stronger than ‖·‖W, i.e.,

‖ f‖W ≤C‖ f‖S for all f ∈F . (3)

Here and in the following, C denotes a generic positive constant which is independent
of the terms in the following for all statements, but sometimes we add dependencies
of constants on certain problem parameters by adding argument lists. For example, we
could have written C(F ,S,W) in the inequality (3).

Furthermore, we consider classes L of finite sets Λ = {λ1, . . . ,λN} of linearly in-
dependent functionals from the dual space F ∗ with respect to ‖·‖S. These functionals
are used to sample a function from F via the continuous and linear sampling operator

SΛ : F → IRN ,

f �→ (λ1 ( f ) , . . . ,λN ( f ))T ,

generalizing (2). The term hΛ denotes some discretization parameter which should be

small, i.e., hΛ
N→∞−→ 0.

Note that the sampling operator contains general linear functionals on rather ar-
bitrary spaces. It allows strong and weak sampling in the sense of point evaluations
(strong sampling) and distributions that may involve integration (weak sampling). Mix-
ing strong and weak sampling is allowed.

Then an abstract form of a sampling inequality is

‖ f‖W ≤C
(
hσΛ ‖ f‖S +C (hΛ )‖SΛ ( f )‖IRN

)
for all f ∈F ,Λ ∈L (4)

where at this point we do not care which norm on RN is chosen. Sometimes such an
inequality holds even if ‖·‖S is replaced by a semi-norm | · |S with finite dimensional
kernel PS, and then we rewrite this as

‖ f‖W ≤C
(
hσΛ | f |S +C (hΛ )‖SΛ ( f )‖IRN

)
for all f ∈F ,Λ ∈L . (5)

The exponent σ > 0 is called sampling order. Hence there is a small factor in front of
the term with the strong continuous norm and a possibly large term in front of the term
with the discrete norm. Furthermore, in most cases the class L of admissible samplings
must be “sufficiently fine” in the sense that hΛ ≤ h0 holds for some positive constant h0.

If the sampling operator contains only point evaluations based on a finite point set
X = {x1, . . . ,xN} ⊂Ω , we write it as

SX := (δx1 , . . . ,δxN )T (6)

like in (2), and the discretization parameter is then given by the fill distance

hX ,Ω := sup
y∈Ω

max
x∈X
‖x− y‖2 (7)

of the discrete set X with respect to the domainΩ . Geometrically, the fill distance hX ,Ω
can be interpreted as the radius of the largest open ball with center in the closureΩ that
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does not contain any of the points from X . It is a useful quantity for the deterministic
error analysis in Sobolev spaces, i.e., if there are no further structural assumptions on
the approximated functions. On the other hand, the separation distance qX defined by

qX :=
1
2

min
j �=k

∥∥x j− xk
∥∥

2 (8)

is the largest radius of balls with centers in X that do not contain any other of the points
from X , and it is crucial for stability questions.

If the sampling operators of the class L consist of evaluations of f and its derivatives
on certain finite point sets X ⊂ Ω , we speak of strong sampling inequalities. If some
other functionals are involved, which may be well defined even if point evaluation is
not continuous, we speak of weak sampling inequalities. We shall treat strong and weak
sampling separately from Sect. 3 on.

2.2 Special Stability Inequalities

Continuing the notation of (5), we denote the kernel of the semi-norm | · |S by PS ⊂
F . If we insert an element p ∈PS from this kernel into the sampling inequality (5),
we obtain

‖p‖W ≤C
(
hσΛ |p|S +C (hΛ )‖SΛ (p)‖IRN

)
= C (hΛ )‖SΛ (p)‖IRN (9)

for all p ∈PS and Λ ∈ L . This means that we can bound a continuous norm by a
discrete norm on the data. Bounds of this kind will be called stability inequalities. They
follow from sampling inequalities and hold on the kernel PS of the strong semi–norm
involved, if it is finite-dimensional. If PS is a space of polynomials, and if SΛ = SX

is a strong pointwise sampling operator (6) on a finite set X , these estimates imply
Markov-Bernstein inequalities [6]. Let us explain this in some more detail. Assume that
|·|W = | · |W1

∞(Ω), and that |·|S = | · |Wk
∞(Ω) for k > 1 are classical Sobolev semi-norms.

This yields for all 1≤ �≤ d

‖∂� p‖L∞(Ω) ≤ C (hΛ )‖SX (p)‖�∞(IRN)
≤ C (hΛ )‖p‖L∞(Ω) for all p ∈ πk−1 (Ω) , (10)

where ∂� denotes the partial derivative in direction of the �-th coordinate. This is a spe-
cial case of classical Markov-Bernstein-inequalities [6]. Thus it is not surprising that
the proofs for sampling inequalities use those classical estimates. The stability inequal-
ity (9) implies that the data SΛ (p) contains already enough information about p ∈PS

to identify p from its discrete data SΛ (p). This is connected to the general concept of
norming sets introduced by Jetter, Stöckler, and Ward [17]. We shall briefly explain
this concept, since it is a direct way for proving stability inequalities under certain cir-
cumstances. A finite set Λ of linear functionals is called a norming set for PS if the
sampling operator

SΛ |PS
: PS → SΛ |PS

(PS)⊂ IRN

v �→ SΛ |PS
(v) = (λ (v))λ∈Λ

is injective. Then we can introduce another norm on PS by
∥∥SΛ |PS

(·)∥∥IRN and we im-
mediately get a stability inequality (9). This explains the terminology norming set. We
shall explain below why norming sets are crucial in the proofs of sampling inequalities.
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2.3 Inverse Inequalities and General Stability Inequalities

Stability inequalities like (9) are limited to the kernel PS of the strong semi-norm in
(5). But they should generalize to finite–dimensional trial spaces R in the sense

‖u‖W ≤Cstab(Λ ,R,W)‖SΛu‖IRN for all u ∈R (11)

bounding a weak continuous norm by a discrete norm. This is obvious due to the fact
that all norms on finite–dimensional spaces are equivalent, but it is hard to determine the
constants C(Λ ,R,W). Clearly, (11) implies that the sampling operator SΛ |R : R→ IRN

is injective, i.e., that Λ is a norming set for R.
To let a sampling inequality produce such a stability inequality, we could use (5) on

R to get

‖u‖W ≤C
(
hσΛ |u|S +C (hΛ )‖SΛ (u)‖IRN

)
for all u ∈R . (12)

The second part of the right–hand side is what we want, but the first part should go
away, preferably by moving it to the left–hand side. Thus we want to bound a strong
semi-norm by a weaker norm on the trial space like

|u|S ≤Cinv (R,W,S)‖u‖W for all u ∈R, (13)

and this is called an inverse inequality. We point out that such an inequality can hold
only if the constant Cinv (R,W,S) grows to infinity if the trial discretization becomes
finer and finer. This inequality, however, is independent of the sampling, and together
with our sampling inequality (12) it provides the stability inequality (11) with

Cstab (Λ ,R,W) = 2CC (hΛ )

provided that we have the stability condition

ChσΛCinv (R,W,S) <
1
2
, (14)

which can always be satisfied if hΛ is sufficiently small, i.e., the sampling is “fine
enough”. This means that in general

Sampling Inequality
+

Inverse Inequality

⎫⎬⎭⇒ Stability Inequality.

2.4 Connection to Lebesgue Constants

Sampling and stability inequalities are closely related to Lebesgue constants. To see
this, assume a trial space R that allows unique generalized interpolation for N linearly
independent functionals λ1, . . . ,λN defining a sampling operator SΛ with values in IRN .
Then we can use generalized Lagrange interpolation [39] to build the generalized car-
dinal interpolants uλi

from R with λ j
(
uλi

)
= δi, j , where δi, j denotes the Kronecker
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symbol, and the interpolant to a function f is IΛ ( f ) (·) =∑N
j=1λ j ( f )uλ j

(·). This yields
a stability estimate of the form

‖IΛ ( f )‖W =

∥∥∥∥∥ N

∑
j=1
λ j ( f )uλ j

∥∥∥∥∥
W

≤
N

∑
j=1

∣∣λ j ( f )
∣∣∥∥∥uλ j

∥∥∥
W

≤ max
1≤ j≤N

∣∣λ j ( f )
∣∣ N

∑
j=1

∥∥∥uλ j

∥∥∥
W

= ‖SΛ ( f )‖�∞(IRN) L(R,Λ ,W)

for all f ∈F , where the Lebesgue constant is defined by

L(R,Λ ,W) :=
N

∑
j=1

∥∥∥uλ j

∥∥∥
W

.

Now we explain how sampling inequalities can lead to bounds on Lebesgue constants
under suitable conditions. If we measure the discrete term in the �∞

(
IRN

)
norm, i.e.,

‖SΛ (u)‖�∞(IRN) = max
1≤i≤N

|λi (u) |,

we immediately get
∥∥SΛ

(
uλi

)∥∥
�∞(IRN) = 1 for all 1 ≤ i ≤ N. Applying the sampling

inequality (5) yields∥∥uλi

∥∥
W
≤ C1

(
hσΛ |uλi

|S +C2 (hΛ )
∥∥SΛ

(
uλi

)∥∥
�∞(IRN)

)
≤ C1

(
hσΛ |uλi

|S +C2 (hΛ )
)

.

Since we have just one sampling operator, we cannot be sure that a stability condition
like (14) holds, but in certain situations (see [13] for the case of pointwise interpolation
by translates of positive definite kernels) there may be bounds of the form

|uλi
|S ≤Ch−σΛ for all i, 1≤ i≤ N

and one has C2 (hλ ) = 1. This leads to boundedness of the norms
∥∥uλi

∥∥
W

, and conse-
quently the Lebesgue constant is bounded above by O (N).

3 Variations of Sampling Inequalities

After describing sampling inequalities in general together with their close connection
to stability, we now turn to special cases involving spaces of multivariate functions.
We review the first sampling inequalities dating back to 2005 to 2007 and give a proof
sketch. Then we turn to recent extensions to functions with unlimited smoothness and
weak sampling operators.

Throughout this survey we shall deal with a variety of Sobolev spaces defined as
in [7] and based on a bounded Lipschitz domainΩ satisfying an interior cone condition.
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3.1 Strong Sampling Inequalities: Finite Smoothness

Using the notation of the previous sections in the special case ‖·‖S = ‖·‖Wk
p (Ω) and

‖·‖W = ‖·‖Wm
q (Ω), the condition (3) reduces to

W k
q (Ω) ↪→W m

p (Ω) ,

i.e., by Sobolev’s embedding theorem k ≥ m and k− d
q ≥ m− d

p . Since 2005, several

strong sampling inequalities for functions u ∈W k
p (Ω) from Sobolev spaces W k

p (Ω)
with 1 < p < ∞ and k > d/p, or with p = 1 and k ≥ d on domains Ω ⊂ IRd have been
obtained. As a first step in this direction, Narcowich, Ward and Wendland considered
the case of functions with scattered zeros [21]. They proved the existence of positive
constants C and h0 such that the inequality

|u|W m
q (Ω) ≤Ch

k−m−d
(

1
p− 1

q

)
+ |u|W k

p (Ω)

holds for all functions u∈W k
p (Ω) with k−m > d/p and SX (u)= 0 on arbitrary discrete

sets X whose fill distance h in the sense of (7) satisfies h≤ h0. The constants C, h0 may
depend on q, m, p, k, Ω , and d, but not on X , h or u. In [38] this result was generalized
to functions with arbitrary values on scattered locations:

Theorem 1. We assume 1≤ q≤∞, α ∈ INd
0 , k ∈ IN, and 1≤ p <∞ with k > |α|+d/p

if p > 1, or with k ≥ |α|+ d if p = 1. Then there are constants C, h0 > 0 such that

‖Dαu‖Lq(Ω) ≤C

(
h

k−|α |−d
(

1
p− 1

q

)
+ |u|Wk

p (Ω) + h−|α |‖SX u‖�∞(IRN)

)
holds for all u ∈W k

p (Ω) and all discrete sets X ⊂ Ω with sampling operators SX from
(6) and fill distance h := hX ,Ω ≤ h0.

A similar result was established by Madych [19] in 2006, namely

‖u‖Lp(Ω) ≤C
(

hk|u|Wk
p (Ω) + hd/p‖SX u‖�p

)
(15)

for all u ∈W k
p (Ω) and all X with hX ,Ω < h0. Arcangéli et al. [2] generalized these

sampling inequalities by greatly extending the range of parameters:

Theorem 2. [2, Thm. 4.1] Let p, q, κ ∈ [1,∞], and let r ∈ IR such that r ≥ n if p = 1,

r > n/p if 1 < p < ∞, or r ∈N ∗ if p = ∞. Likewise, let i0 = r−n
(

1
p − 1

q

)
+

and γ =

max{p,q,κ}. Then, there exist two positive constants h0 and C satisfying the following
property: for any finite set X ⊂ Ω̄ (or X ⊂ Ω if p = 1 and n = r) with fill distance
h := hX ,Ω ≤ h0, for any u ∈W r

p (Ω) and for any l = 0, . . . ,�lo�−1, we have

|u|W l
q(Ω) ≤C

(
h

r−l−n
(

1
p− 1

q

)
+ |u|W r

p(Ω) + h
n
γ −l ‖u|X‖�∞(X)

)
.

If r ∈ IN∗ this bound also holds with l = l0 if either p < q < ∞ and l0 ∈ IN, or (p,q) =
(1,∞), or p≥ q.
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There are several variations, extensions and applications of such sampling inequalities,
including derivative data, inequalities on unbounded domains and applications to spline
interpolation and smoothing, see e.g., [2, 3, 10, 19, 38]. In all cases the sampling or-
der depends only on the smoothness difference of the two continuous (semi–)norms
involved.

3.2 Proof Sketch

A standard way to prove such sampling inequalities follows the lines of [21] and [38].

For some domain D star-shaped with respect to a ball, let
{

a(α)
j : j = 1, . . . ,N

}
be a

polynomial reproduction of degree k with respect to a discrete set X = {x1, . . . ,xN}⊂D ,
i.e.,

Dαq(x) =
N

∑
j=1

a(α)
j (x)q(x j)

holds for every α ∈ INd
0 with |α| ≤ k, all x ∈ D and all q ∈ πd

k (D) where πd
k denotes

the space of all d-variate polynomials of degree not exceeding k. Then we have

|Dαu(x)|
≤ |Dαu(x)−Dα p(x)|+ |Dα p(x)|

≤ ‖Dαu−Dα p‖L∞(D) +∑
N
j=1

∣∣∣a(α)
j (x)

∣∣∣ ∣∣p(x j)
∣∣

≤ ‖Dαu−Dα p‖L∞(D) +∑
N
j=1

∣∣∣a(α)
j (x)

∣∣∣‖SX (p)‖�∞(IRN)
≤ ‖Dαu−Dα p‖L∞(D) +

+∑N
j=1

∣∣∣a(α)
j (x)

∣∣∣(‖u− p‖L∞(D) +‖SXu‖�∞(IRN)
)

for arbitrary u ∈W k
p (D) and any polynomial p ∈ πd

k (D). Using a polynomial repro-
duction argument based on norming sets [18], the Lebesgue constant can be bounded

by ∑N
j=1

∣∣∣a(α)
j

∣∣∣ ≤ 2, if some moderate oversampling is allowed which is controlled via

a Markov inequality. As a polynomial approximation we choose the averaged Taylor
polynomial of degree k ( [7, Sect. 2]). This leads to a sampling inequality of the form

‖Dαu‖L∞(D) ≤
C

(k−|α|)!δ
k−d/p
D

(
δ−|α |D + h−|α |

)
|u|Wk

p (D)

+2h−|α |‖SXu‖�∞(IRN)

where δD denotes the diameter of D . To derive sampling inequalities on a Lipschitz
domain Ω satisfying an interior cone condition, we cover Ω by domains D which are
star-shaped with respect to a ball, satisfying δD ≈ h (see Duchon [14] for details on
such coverings). Global estimates are obtained by summation or maximization over the
local estimates.
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3.3 Strong Sampling Inequalities: Infinite Smoothness

We now consider strong sampling inequalities for infinitely smooth functions in the
sense of [26] where the sampling orders turn out to vary exponentially with the fill dis-
tance h. When applied to errors of discretization processes involving analytic functions,
such sampling inequalities yield convergence results of exponential order, like those of
spectral methods.

Following the above proof sketch, these exponential orders are achieved by appro-
priately coupling the parameter k, controlling the order of smoothness and the order of
polynomial reproduction, to the fill distance h. The key point for relations between k and
h is the existence of polynomial reproductions of order k on samplings of fill distance
O(h). Following [26], we handle infinitely smooth functions on a domainΩ by normed
linear function spaces H (Ω) that can for some fixed 1 ≤ p < ∞ be continuously em-
bedded into every classical Sobolev space W k

p (Ω). More precisely, for some p ∈ [1,∞)

and all k ∈ IN we assume that there are embedding operators I(p)
k and constants E (k)

such that
I(p)
k : H (Ω)→W k

p (Ω) with∥∥∥I(p)
k

∥∥∥{H →W k
p (Ω)} ≤ E (k) for all k ∈ IN0 .

There are various examples of spaces with this property, e.g., Sobolev spaces of infinite
order as they occur in the study of partial differential equations of infinite order [1], or
reproducing kernel Hilbert spaces of Gaussians and inverse multiquadrics.

In the case of infinitely smooth functions, the sampling order is mainly determined by
the asymptotic behaviour of the embedding constants E (k) for k→∞. Typical examples
are E (k) = 1 for W∞

p (Ω), or E (k)≤Ckkk/2 for the reproducing kernel Hilbert space of
Gaussians [26]. A typical result is the following theorem [26]:

Theorem 3. Suppose that Ω ⊂ IRd is bounded, has a Lipschitz boundary, and satisfies
an interior cone condition. If there are constants 0 < ε ≤ 1 and CE > 0 such that the
embedding constants are bounded by E (k) ≤Ck

Ek(1−ε)k for all k ∈ IN, then for all 1 ≤
q ≤ ∞ there are constants C, C1 and h0 > 0 such that for all data sets X ⊂ Ω with fill
distance h≤ h0 and sampling operators SX from (6) the inequality

‖Dαu‖Lq(Ω) ≤ eC log(h)/
√

h‖u‖H (Ω) +C1h−|α |‖SX u‖�∞(IRN)

holds for all u ∈H (Ω). Here, the constant C does not depend on the space dimension
d.

Similar results for different classes of infinitely smooth functions are obtained in [41].

3.4 Weak Sampling Inequalities

Now we focus on weak sampling operators. We consider a set of arbitrary functionals

Λ = {λ1, . . . ,λN} ⊂
(

W k
2 (Ω)

)∗
.
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These functionals define a weak sampling operator

SΛ := (λ1, . . . ,λN)T

and we expect a sampling inequality of the form

‖u‖L2(Ω) ≤Chk
Λ |u|W k

2 (Ω) +C‖SΛu‖�∞(IRN) .

Such an estimate can hold true only if the functionals Λ are a norming set [18] for the
polynomials of degree less than k (see Sect. 2.2). We will present two examples of such
functionals which are of current research interest.

Weak Convolution-Type Data. Like in [28], we shall use convolution-type data of the
form

λ j (u) =
∫
Ω K (x− x j)u(x)dx (16)

to build a sampling operator for weak data. Here X = {x1, . . . ,xN} ⊂Ω is a discrete set
of points, and K : IRd → IR is called a test kernel. We shall consider only convolution-
type data generated by translation invariant test kernels. These weak data are closely re-
lated to Finite Volume Methods. In the usual Finite Volume Method, one simply chooses
K (·− x j)≡ 1 on supp K (·− x j). There is a theoretical consideration of this case in [36].
In [28], this situation is generalized to non-stationary convolution type data of the form
(16), where the kernel K is of some fixed scale for all translates. In [24], the case of
stationary data is considered, where the support of the test kernel K (·− ·) is scaled
with the mesh-norm of X in Ω . This implies that λ j ( f ) is some weighted local mean of
f . To be precise we shall impose the following conditions on K:

Definition 4. A kernel K : IRd → IR is called a stationary test kernel if it satisfies

1.
∫
Ω K (x− x j)dx = 1 for all x j ∈ X,

2. supp(K (·− x j)) =: Vj ⊂Ω ,
3. c1hX ,Ω ≤ diam(Vj)≤ c2hX ,Ω , and

4.
∥∥K (·− x j)

∥∥
Lp(Ω) ≤Ch−d/q

X ,Ω , 1
p + 1

q = 1 .

Under these conditions there is the following theorem from [24].

Theorem 5. For weak sampling functionals (16) using a stationary test kernel, there is
a sampling inequality

‖u‖L2(Ω) ≤C
(

hk
X ,Ω ‖u‖W k

2 (Ω) +‖SΛ (u)‖�∞(IRN)
)

(17)

for all u ∈W k
2 (Ω) , k ≥ 0 and all sets X of centers with sufficiently small fill distance

hX ,Ω .

Such a sampling inequality will be very useful in the error analysis of numerical meth-
ods for weak solutions of partial differential equations, since it yields error estimates
for functions in W 1

2 (Ω). These estimates are not covered by the well–established theory
since W 1

2 (Ω) is not continuously embedded in C (Ω) for Ω ⊂ IRd with d ≥ 2.
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Galerkin Methods. Another kind of weak data, which arises naturally in the study of
partial differential equations, is Galerkin data. Namely, we consider a partial differen-
tial equation in its weak formulation

find u ∈H : a(u,v) = F (v) for all v ∈ X , (18)

where H = W τ
2 (Ω) is typically a Sobolev space and a : H×H → IR is a bilinear form

while F ∈ H∗ is a linear functional. Usually, the solution to (18) lies actually in a sub-
space Wσ

2 (Ω) ⊂W = W τ
2 (Ω) of order σ > τ . This difference in smoothness leads to

some sampling order. To solve the problem (18) approximatively we use a Ritz-Galerkin
approach [7, (2.5.7)] and consider the finite dimensional problem

find u ∈VK,X : a(u,v) = F (v) for all v ∈VK,X ,

where

VK,X := span
{

K (·− x j) : x j ∈ X
}

with a translation invariant kernel K. To simplify the constants in our sampling inequal-
ity, it is convenient to consider an orthonormal basis

{
φ j
}

j=1,...,N of VK,X with respect

to the bilinear form a(·, ·). We define a sampling operator SΛ := (λ1, . . . ,λN)T by

λ j (u) := a(u,φ j) .

If there the unique solution u∗ to (18) satisfies u∗ ∈W k
2 (see, e.g., [7] for a formulation

of this condition in terms of a and F), then there is a sampling inequality of the form
(12) with σ = k− τ (see [24, Thm. 8.3.1] for details).

4 Sampling and Stability in Reconstruction Processes

The previous sections dealt with sampling and stability inequalities in general and in
particular, but now we turn to applications of both. These can be described as general
reconstruction problems, where one tries to recover a function f from a weak or strong
data provided by a sampling SΛ ( f ).

4.1 Testing Trial Functions

Starting from a set

ΛE = {λ1, . . . ,λNE} ⊂F ∗

of linear functionals, we define a sampling operator via

SΛE := (λ1, . . . ,λNE )T .

Then we consider given data SΛE ( f ) generated by application of the sampling operator
SΛE to an unknown function f , and we test certain trial functions ur to see if they
reproduce the data, i.e., if

SΛE (ur) = SΛE ( f ) (19)
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holds. Thus sampling here is the same as testing. This viewpoint is borrowed from
Petrov–Galerkin methods, where an approximate solution is taken from a space of trial
functions, and it has to satisfy a number of test equations. There is a lot of literature
in this field which cannot be covered here but the selection [4, 5, 23, 40] should give
an overview. In the Finite Element Method, these test equations are weak, since they
are integrals against test functions, while in collocation methods the test equations are
strong, i.e., they are evaluations of functions or their derivatives at discrete points. Eval-
uating test data on trial functions is nothing else than sampling them in the sense of this
survey.

Consequently, we shall carefully distinguish between the test and the trial side. The
test side consists of the sampling operator SΛE based on the given functionals ΛE . The
trial side consists of a finite dimensional trial space R which is used to generate an
approximate solution ur ∈R to the problem. Typical examples for trial spaces are linear
hulls of translates of a kernel or finite element spaces. Note that we use letters like R, r
etc. for the tRial side and E , ε etc. for the tEst side. In applications to PDE solving,
sampling and testing involves a large variety of functionals. For instance, in strong
collocation methods for a Poisson problem

−Δu = g in Ω
u = ϕ on ∂Ω

there will be functionals of the forms

λ j (ur) := −Δur (x j) , x j in Ω , 1≤ j ≤ NΩ
λ j (ur) := ur (x j) , x j on ∂Ω , NΩ < j ≤ NE ,

and we assume that there is some f that provides sampled data λ j ( f ) to yield the test
equations

λ j (ur) = −Δur (x j) = −Δ f (x j) = g(x j), 1≤ j ≤ NΩ
λ j (ur) = ur (x j) = f (x j) = ϕ(x j), NΩ < j ≤ NE

which are at least approximately solved for a trial function ur. Weak methods will re-
place point evaluations by local integrals against test functions, but our common view-
point is that trial functions ur are tested by sampling them and comparing the sampled
data λ j (ur) to the given sampled data λ j ( f ) of an unknown exact solution f .

Error estimates will take the form of upper bounds of ‖ur− f‖ in some norm. But if
dist ( f ,R) is large, there is no testing strategy that can lead to small errors. Thus users
must care first for a trial space R which allows good approximations ur to the function
f providing the test data. This fact is often overlooked, and it is independent of how
testing is done. The job of testing is to enable the user to select one good approximation
ur ∈R to f in an efficient and stable way. Thus the error of the reconstruction process
depends crucially on the trial side, while the test side cares for the stability of the
reconstruction.

When testing trial functions, interpolation requires the trial functions to reproduce
the test data exactly, whereas approximation allows small errors in data reproduction.
While in some applications interpolation is required, others, in particular those involv-
ing errors or noise in the given data, prefer approximation methods. Sometimes certain
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parameters are used to control the error in data reproduction, e.g., in machine learning
or spline smoothing, and these parameters are closely related to regularization. Exam-
ples will follow later, after we have described our favourite trial spaces.

4.2 Kernel–Based Trial Spaces

Throughout the rest of this survey, we shall mainly restrict ourselves to kernel-based
methods, i.e., to “meshless” trial spaces spanned by translates of kernels. In their sim-
plest form, they define a trial space R generated by translates of a single trial kernel
K (·, ·) via

R := span
{

K (x j, ·) : x j ∈ XR
}

,

where the set XR := {x1, . . . ,xNR} ⊂Ω is called the set of trial points. To avoid compli-
cations, our trial kernels K : IRd× IRd → IR will always be symmetric, continuous and
positive definite on IRd , though we shall often restrict them to a domainΩ ⊆ IRd . They
are reproducing kernels in a native Hilbert space [37] NK(Ω) of functions on Ω ⊆ IRd

in the sense

f (x) = ( f ,K (x, ·))NK
for all f ∈NK(Ω), x ∈Ω ⊆ IRd ,

and NK(Ω) is continuously embedded in C (Ω). Typical examples are provided by
Gaussians K (x,y) = exp

(−‖x− y‖2
2

)
or Sobolev–Matérn kernels

Kτ−d/2 (‖x− y‖2)‖x− y‖τ−d/2
2

for τ > d/2 with the Bessel functions Kν of second kind. In the latter case one has
NK (Ω) = W τ

2 (Ω), and certain compactly supported Wendland kernels are reproducing
in Hilbert spaces which are norm–equivalent to Sobolev spaces. See [37] for details. To
arrive at useful sampling orders, we shall assume a continuous embedding

NK(Ω)⊆W τ
2 (Ω) (20)

for some τ > 0. Concerning the dependence of native Hilbert spaces NK(Ω) on the
domain Ω and related extension/restriction mappings, we again have to refer to [37]
for details. For an overview on the use of kernels, in particular in partial differential
equations, see the recent review [30] and the references therein.

By picking trial kernels of limited smoothness, we confine ourselves in this section
to the case of finitely smooth trial spaces. This is just for the sake of simplicity. Most
of the issues can be carried over to the infinitely smooth case using analytic kernels like
the Gaussian.

Kernel–based trial spaces allow to align the trial side formally with the test side. This
is done by a second set

MR = {μ1, . . . ,μNR} ⊂N ∗
K (Ω)

of linear functionals and a second sampling operator for trial purposes via

SMR := (μ1, . . . ,μNR)T
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to define a generalized kernel–based trial space

RMR := span
{
μx

j K (x, ·) : μ j ∈MR
}⊂NK(Ω) (21)

where we denote the action of μ j on the variable x by μx
j . The two sampling operators

SMR and SΛE will allow us to use sampling inequalities on both the trial and the test side.
Introducing coefficient vectorsα =(α1, . . . ,αNR)T ∈ IRNR we can write the trial func-

tions from RMR as

uα(·) :=
NR

∑
j=1

α jμx
j K (x, ·) = αT Sx

MR
K(x, ·) . (22)

4.3 Symmetric Interpolation Methods

In symmetric methods the test and trial sides are the same, i.e., we set SMR = SΛE and
NR = NE , allowing to skip the R and E indices for this subsection and to use Λ =
{λ1, . . . ,λN} ⊂NK(Ω)∗ throughout. Each trial function will be of the form (22), and
the interpolation system (19) takes the form of a linear equation for the coefficient
vector α

SΛ (uα) = AΛ ,Λα = SΛ ( f ) , (23)

where the kernel matrix

AΛ ,Λ :=
(
λ x

i λ
y
j K (x,y)

)
1≤i, j≤N

(24)

is symmetric and positive definite if the functionals in Λ ⊂ NK(Ω)∗ are linearly in-
dependent and if the kernel K is positive definite. Under these assumptions, the above
system is uniquely solvable [39] for data given by arbitrary functions f ∈NK(Ω).

We now sketch how sampling inequalities can be used for a fully general error analy-
sis of symmetric interpolation. We point out that sampling inequalities can also be used
for non-interpolatory and unsymmetric recovery processes, as will be shown in later
sections.

Assume that the sampling operator SΛ allows a sampling inequality of the form (5)
on a space F into which NK(Ω) can be continuously embedded. Then we have

‖ f −u∗ ( f )‖W ≤ChσΛ | f −u∗ ( f )|F for all f ∈NK(Ω)

if we denote the solution of the interpolation system by u∗ ( f ). Using the embedding
NK(Ω)⊂S and the standard minimum–norm property [37, 39]

‖u∗ ( f )‖NK(Ω) ≤ ‖ f‖NK(Ω)

of solutions of systems like (23) this implies the error bound

‖ f −u∗ ( f )‖W ≤ChσΛ ‖ f‖NK(Ω) for all f ∈NK .

We shall give a few examples.
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Symmetric Strong Interpolation. The simplest case takes a finite subset X of Ω with
fill distance (7) and assumes (20). Then we can use the above argument to apply Theo-
rem 1 and get an error bound

‖ f −u∗ ( f )‖Lq(Ω) ≤Ch
τ−d

(
1
2− 1

q

)
+‖ f‖NK(Ω) (25)

for all f ∈NK and all sets X with sufficiently small fill distance h. This reproduces the
well known error bounds (see [37]). If some other functionals are added, such a bound
will still hold.

Symmetric Weak Interpolation. In the case of weak convolution-type data based on
a set X = {x1, . . . ,xN} as defined in (16), i.e.,

λ j (u) =
∫
Ω

E(x− x j)u(x)dx j = 1, . . . ,N

with a stationary test kernel E as in Definition 4) the kernel matrix AΛ ,Λ as defined in
(24) has entries (

AΛ ,Λ
)

i, j :=
∫
Ω

∫
Ω

E(x− xi)E(y− x j)K (x,y)dxdy

where the kernel K is symmetric, positive definite and satisfies (20). Then the sampling
inequality of the form (17) yields as a direct consequence

Theorem 6. Under the above assumptions, recovery of functions f by symmetric weak
interpolation leads to interpolants u∗ ( f ) with error bounds

‖ f −u∗ ( f )‖L2(Ω) ≤ChτX ,Ω‖ f‖NK(Ω) (26)

for all f ∈NK (Ω) and all discrete sets X with sufficiently small fill distance hX ,Ω .

4.4 Symmetric Non-interpolatory Methods

Although interpolation processes lead to good approximation properties, they have
some drawbacks, e.g., the condition of the system (23) is dominated by the separation
distance qX of (8) which can be considerably smaller than the fill distance. In particu-
lar, if an additional point comes close to a point of X , the system condition deteriorates
dramatically, but omission of the new point would do no harm and can be viewed as
a regularization of the augmented system. This indicates that regularized methods are
important even in the case of noise-free data. We shall deal with these now.

Approximation as Regularized Interpolation. Here, we outline how sampling in-
equalities can be used to derive worst-case convergence rates for regularized recon-
struction processes. We shall concentrate on regularization methods that avoid exact
solving of the system (23).
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Besides improving condition numbers, most regularization methods have several ad-
vantages, e.g., regularization is closely related to sparse approximation [15]. The cru-
cial point for the analysis of all regularized reconstruction processes Πν , where ν is a
regularization parameter, is to show the following two properties

‖Πν ( f )‖W τ
2 (Ω) ≤ ‖ f‖W τ

2 (Ω) and

max
1≤ j≤N

∣∣λ j ( f −Πν f )
∣∣ ≤ g(ν, f )‖ f‖W τ

2 (Ω)

where the function g(ν, f ) determines the approximation quality of Πν . These proper-
ties can be seen as stability and consistency. We give two examples where these prop-
erties are successfully coupled with sampling inequalities.

Spline Smoothing. We shall focus on the well-known case of spline smoothing or �2-
spline-regression. A more detailed overview can be found in [35] and [37]. For a given
f ∈W τ

2 (Ω) and the various functionals λ j from the previous sections we can formulate
the smoothed optimal recovery problem

min
u∈W τ

2 (Ω)

(
N

∑
j=1

∣∣λ j (u− f )
∣∣2 +ν ‖u‖2

W τ
2 (Ω)

)
, (27)

where ν ≥ 0 is called the smoothing parameter. The case of strong data λ j = δx j is
discussed in [38], whereas the case of weak convolution-type data is dealt with in [24].
For a detailed discussion of the smoothing parameter see [35]. We simply note that
the special case ν = 0 corresponds to finding a generalized interpolant, i.e., a func-
tion u(0) ( f ) ∈W τ

2 (Ω) that satisfies the generalized interpolation conditions (19). It is
well known [37] that there always exists a solution u(ν) ( f ) to this relaxed interpolation
problem (27) in the linear space (21). The coefficients α ∈ IRN with respect to the basis
{λ x

j K (·,x)} can be found by solving the linear system(
AΛ ,Λ +νId

)
α = fΛ ,

with the kernel matrix AΛ ,Λ from (24) and

fΛ = SΛ ( f ) = (λ1 ( f ) , . . . ,λN ( f ))T .

As elaborated in [38] for strong data, we have the following two inequalities∥∥∥u(ν) ( f )
∥∥∥

W τ
2 (Ω)

≤
∥∥∥u(ν) ( f )

∥∥∥
W τ

2 (Ω)
≤ ‖ f‖W τ

2 (Ω) ,∥∥∥SΛ
(

f − s(ν) ( f )
)∥∥∥

�∞(IRN)
≤ √ν ‖ f‖W τ

2 (Ω) .

Inserting into the sampling inequality (1) yields the bound∥∥∥ f − s(ν)
f

∥∥∥
L2(Ω)

≤C
(
hτ +

√
ν
)‖ f‖W τ

2 (Ω) .

This inequality suggests an a priori choice of the smoothing parameter as ν ≤ h2τ ,
which leads to the optimal order [29] achievable by interpolation, but now using a linear
system with a condition independent of the separation distance qX .
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Kernel-Based Learning. There is a close link between the theories of kernel-based
approximation, spline smoothing and machine learning. Since there is a broad collection
of literature on this topic (see, e.g., [8,9,11,12,22,30,31,33] and the references therein),
we shall only briefly sketch the viewpoint of learning theory. In this section, we deal
only with strong recovery or approximation problems.

In order to recover a continuous function f from a strong sample like SX ( f ) =
( f (x1) , . . . , f (xN))T , the most common choice for an approximant in kernel-based ap-
proximation theory u f is an interpolant, i.e., SX

(
u f
)

= SX ( f ). This method obviously
makes the best use of the sample SX ( f ) ∈ IRN . But there are also some drawbacks
of classical interpolation. On the one hand, the reconstruction is very unstable if we
consider SX ( f ) to be spoiled by noise. On the other hand, there are also numerical dis-
advantages, namely the computation of the interpolant may be ill-conditioned. Further-
more, if u f (·) = ∑N

j=1α jK (·,x j) denotes the interpolant, there will be many non-zero
coefficients, i.e., this method is non-sparse.

One way out of these problems is provided by learning theory. Here, the reconstruc-
tion problem is an example of supervised regression, because the real values SX ( f )
are generated by an unknown, but fixed function f . Instead of SX ( f ) we may consider
more generally a vector of possibly disturbed values y ≈ SX ( f ). One typically relaxes
the interpolation condition by using a more general similarity measure, e.g., by using a
loss function. A typical example is Vapnik’s ε-intensive loss function [34]

| f (x)− y|ε =
{

0 i f | f (x)− y| ≤ ε
| f (x)− y|− ε i f | f (x)− y|> ε ,

which allows deviations up to a positive parameter ε > 0. A popular reconstruction tech-
nique called ν–Support–Vector–Regression (ν–SVR, [32]) in a Hilbert space H (Ω) of
functionsΩ → IR is then obtained as solution to the optimization problem

min
u∈H(Ω)
ε∈IR+

1
N

N

∑
j=1

∣∣u(x j)− y j
∣∣
ε + εν+λ ‖u‖2

H(Ω) (28)

with an a priori chosen parameter λ . In this section we shall focus on the ν–SVR, but
everything works as well for similar regression techniques such as the ε-SVR [25, 26].
The ν–SVR possesses a solution (uy,ε∗) [20], and if H (Ω) is equivalent to the na-
tive Hilbert space of a symmetric positive definite kernel K, there is a solution of the
form uy (·) = ∑N

j=1α jK (·,x j) which can be computed by solving a finite dimensional
quadratic optimization problem for the coefficient vector α [31]. As elaborated in [25],
sampling inequalities can be used to provide a worst-case error analysis, even in the case
of noisy data. Such bounds require no knowledge about the underlying noise model. As
outlined above, we assume that the data y = y f ∈ IRN comes from the strong sample
SX ( f ) from some function f ∈W τ

2 (Ω) ∼= NK (Ω) on a set X = {x1, . . . ,xN} ⊂ Ω , but
we allow the given data to be corrupted by some additive error r ∈ IRN , i.e.,

SX ( f ) = y + r . (29)

If we solve the optimization problem (28) with data y = SX ( f )− r, we obtain an ap-
proximant uy to the generating function f . The following theorem provides an upper
bound for the approximation error of this process.



364 C. Rieger, R. Schaback, and B. Zwicknagl

Theorem 7. Suppose some bounded domain Ω ⊂ IRd with Lipschitz boundary, and
�τ − 1� > d/2. Then there are constants C, h0 > 0, depending only on Ω , d, q and τ
with the following property. For all function f ∈W τ

2 (Ω), all sets X = {x1, . . . ,xN} ⊂Ω
with fill distance h ≤ h0 and all errors r ∈ IRN, a solution (uy,ε∗) of (28) with data y
being related to the samples of f via (29), satisfies for any δ > 0

∥∥ f −uy
∥∥

L∞(Ω)≤C

⎛⎝hτ−
d
2

⎛⎝‖ f‖W τ
2 (Ω)+

√√√√ 1
Nλ

N

∑
j=1

∣∣r j
∣∣
δ+
νδ
λ

+‖ f‖2
W τ

2 (Ω)

⎞⎠
+

N

∑
j=1

∣∣r j
∣∣
δ +νNδ + ε∗ (1−Nν)+ Nλ ‖ f‖2

W τ
2 (Ω) +‖r‖+ �∞

(
R

N)) .

The bound in Theorem 7 involves a positive parameter δ , which we are free to choose.
The optimal choice of δ obviously depends on the problem parameters. Again, the error
estimate suggests some choice of the problem parameters. If we assume that the error
does not exceed the data itself, i.e., ‖r‖�∞(IRN) ≤ δ ∗ ≤ ‖ f‖W τ

2 (Ω), we can choose the

parameters λ , ν and δ (see [25] for details) such that∥∥ f −uy
∥∥

L∞(Ω) ≤C
(

hτ−d/2‖ f‖W τ
2 (Ω) + δ ∗

)
.

This shows that the solution of the ν–SVR leads to optimal sampling orders [29] in
Sobolev spaces with respect to the fill distance h. These optimal rates are also attained
by classical interpolation in the native Hilbert space [37]. The ν–SVR, however, allows
for much more flexibility and less complicated solutions.

4.5 Unsymmetric Methods

We now go back to Sect. 4.4.1 and deal with unsymmetric recovery methods where
the sampling operator SΛS used for testing is different from the sampling operator SMR

defining the trial space. We simplify the trial space to let the sampling operator

SMR =
(
δx1 , . . . ,δxNR

)T

consist of point evaluations on a set of points XR := {x1, . . . ,xNR} ⊂ Ω only, and thus
we use the trial space

R := span
{

K (x j, ·) : x j ∈ XR
}

.

We want to recover an unknown function f ∈NK(Ω) ⊆W τ
2 (Ω) from its given weak

or strong test data

SΛE ( f ) := (λ1 ( f ) , . . . ,λNE ( f ))T
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using trial functions from R. That is, we seek a function ur( f ) ∈R satisfying

1. SΛE (ur ( f ))≈ SΛE ( f )
2. ‖ur ( f )− f‖Wm

2 (Ω) ≤ ε(r, f ,τ,m) small, for some m < τ .

Typically, one has ε(r, f ,τ,m) = hτ−m
R ‖ f‖W τ

2 (Ω). Consider the interpolation system

SΛE (ur ( f )) = SΛE ( f )

as in (19). Unfortunately, this system is unsymmetric and hence we cannot simply solve
a linear system as in the case of symmetric methods. But we use the observation from
Sect. 2.3 that under the condition (14) the linear system has full rank. Hence we can
apply any numerical method solving the usually overdetermined system (19) to some
accuracy by residual minimization. We denote by u∗ ( f ) the best approximant from R to
f which is an interpolant to the unknown data RMR ( f ) and define ur( f ) by the following
property

‖SΛE ( f )−SΛE (ur ( f ))‖IRNE = inf
ur∈R

‖SΛE ( f )−SΛE (ur)‖IRNE .

Then we have

‖SΛE ( f )−SΛE (ur ( f ))‖IRNE = infur∈R ‖SΛE ( f )−SΛE (ur)‖IRNE

≤ ‖SΛE ( f )−SΛE (u∗ ( f ))‖IRNE

≤ ε(r, f ,τ,m)‖SΛE ‖,
(30)

where ‖SΛE ‖ denotes the norm of the test sampling operator as a mapping between
W m

2 (Ω) and IRNE . Note that we used a sampling inequality to bound the interpolation
error. This gives the first property. For the second we find

‖ f −ur ( f )‖W m
2 (Ω) ≤ ‖ f −u∗ ( f )‖W m

2 (Ω) +‖ur ( f )−u∗ ( f )‖Wm
2 (Ω) .

In order to bound the second term on the right-hand side, we apply a stability inequality
of the form (11) to the function ur ( f )−u∗ ( f ) ∈R and get

‖ur ( f )−u∗ ( f )‖Wm
2 (Ω)

≤ Cstab (m,hE ,R)‖SΛE (ur ( f ))−SΛE (u∗ ( f ))‖IRNS

≤ ε(r, f ,τ,m)Cstab (m,hE ,R)‖SΛE‖ .

Now everything combines into

‖ f −ur ( f )‖Wm
2 (Ω) ≤Cε(r, f ,τ,m)(1 +Cstab (m,hE ,R)‖SΛE‖)

which reduces under the assumption ε(r, f ,τ,m) = hτ−m
R ‖ f‖W τ

2 (Ω) to the usual form

‖ f −ur ( f )‖W m
2 (Ω) ≤Chτ−m

R (1 +Cstab (m,hE ,R)‖SΛE ‖)‖ f‖W τ
2 (Ω) .
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4.6 Unsymmetric Weak Recovery

The paper [28] deals with unsymmetric recovery of functions f ∈ L2(Ω) from weak
data obtained via nonstationary convolution. Under suitable conditions on the trial and
test kernels, the numerical solution ur( f ) has an error bound of the form

‖ f −ur( f )‖W−2τ
2
≤Ch2τ

R ‖ f‖L2(Ω) for all f ∈ L2(Ω)

provided that both kernels have at least smoothness τ in the sense of Sect. 4.2. To show
how weak stationary sampling can be put into the framework of the previous section,
we follow [24] and combine the functionals from Sect. 3.4.1 with the ideas from the last
section and from [28] to derive L2–error estimates. For convenience we briefly recall
the definition of weak stationary convolution-type data

λ j (u) =
∫
Ω

E(x− x j)u(x)dx

with a stationary test kernel E as characterized in Definition 4. As outlined in Sect. 4.5
we consider the following problem. An unknown function f ∈W τ

2 (Ω) has to be recov-
ered approximately from its data (λ1 ( f ) , . . . ,λN ( f ))T . We know that there is a good
but unknown approximation u∗ ( f ) from the trial space R = span

{
K (x j, ·) : x j ∈ XR

}
to the function f ∈W τ

2 (Ω). Under certain conditions [24], there is an error estimate of
the form

‖ f −u∗( f )‖L2(Ω) ≤ hτR ‖ f‖W τ
2 (Ω) , (31)

showing the expected approximation order. The unsymmetric overdetermined system
(19) takes the form

λ j ( f −ur) = 0 for all 1≤ j ≤ NE .

As shown in (30) we can find a function ur ( f )∈R which solves this system up to some
accuracy, i.e., ∣∣λ j ( f −ur ( f ))

∣∣≤ChτR‖SΛE‖‖ f‖W τ
2 (Ω) for 1≤ j ≤ NE .

As pointed out in Sect. 4.5 and in (11) we assume an inverse inequality of the form

‖u‖W τ
2 (Ω) ≤Cγ (XR)‖u‖L2(Ω) for all u ∈R .

Unfortunately, the value of γ (XR) is in general not known. There is a result in this
direction in [24], namely if the trial kernel K is a radial basis function with algebraic
smoothness τ > d/2 and if XR is separated from the boundary by qR, then γ (XR)≈ q−τR .
Here, qR denotes the separation distance of XR. However, we can always make sure that
the fill distance of the test data is small enough to stabilize the reconstruction, i.e., we
shall assume a coupling of the discretizations as in (14),

γ (XR) hτE ≤
1

2C
with C > 1 . (32)



Sampling and Stability 367

Combining everything along the lines of [27] yields the following result:

Theorem 8. We denote by ur ( f )∈R the approximate solution of the system (19). Then
we have an error bound of the form

‖ f −ur ( f )‖L2(Ω) ≤C (1 +‖SΛE‖)hτR ‖ f‖W τ
2 (Ω)

for sufficiently fine test discretizations.

In contrast to the results of [28], this error analysis does not assume f to be known on a
slightly larger domain Ω̃ . Furthermore, the result holds for the L2-norm, not for negative
order Sobolev norms as in [28]. Unfortunately, the norm of the sampling operator shows

up in the final estimate. This norm ‖SΛE‖ ∼ h−d/2
E grows and hence prevents optimal

rates in the error estimate. Furthermore one needs to sassume τ > d/2, which excludes
fully weak problems. A promising way out seems to be to drop the inadequate �∞ norm

in favor of hd/2
E ‖SΛE u‖�2(IRN ) like in Madych’s sampling inequality (15). But this is

work in progress.

5 Outlook

Research on general sampling and stability inequalities is just in its beginnings, but
since they are of central importance to Numerical Analysis, they deserve a larger audi-
ence via this survey. There are at least two obvious directions for future research. On
the one hand-side, there are many more possible applications for which sampling in-
equalities involving different functionals are required. This might include sampling of
parametric curves and surfaces. On the other hand, there are some technical issues for
improving the practical applicability. In every theorem, there are several generic con-
stants involved for which one would need better bounds. This interacts with the stability
estimates and the coupling of trial and test discretizations. In particular, to provide re-
alistic upper bounds on fill distances on the test side, various generic constants need
thorough investigation.
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Abstract. We construct a rational biquadratic spline interpolating an arbitrary
function and its gradient at vertices of a rectangular grid of a domain Ω = [a,b]×
[c,d]. The introduction of the control net allows to give sufficient conditions en-
suring the bimonotonicity or the biconvexity of the underlying surface.

Keywords: Bivariate interpolation, bivariate rational splines.

1 Introduction

Let Xm := {a = x0 < x2 < .. . < x2m = b} be a partition of [a,b], and Yn := {c = y0 <
y2 < .. . < y2n = d} a partition of [c,d]. The rectangular domain Ω = [a,b]× [c,d] is
endowed with the induced tensor-product partition Zmn := Xm⊗Yn. Given Hermite
data at the vertices Ai, j := (x2i,y2 j) :

( fi, j, pi, j,qi, j), with fi, j := f (Ai, j), pi, j :=
∂ f
∂x

(Ai, j) qi, j :=
∂ f
∂y

(Ai, j),

we construct a rational biquadratic spline S interpolating those data. More specifically,
we consider the subpartition Z ′

mn of Zmn obtained by subdividing each rectangular cell
Ωi j := [x2i−2,x2i]× [y2 j−2,y2 j] into four equal subrectangles. In each cell of Z ′

mn, S is
a rational function with biquadratic numerator and bilinear denominator. In addition,
we prove that S preserves the bimonotonicity (resp. the biconvexity) of the data, i.e. the
monotonicity (resp. convexity) in the directions of both coordinate axes.

In Section 2, we recall some results on two-point Hermite interpolation by shape
preserving univariate rational quadratic splines. In Sections 3 and 4, we extend these
results to shape preserving properties of tensor product interpolants on rectangular cells
Ωi j. In Section 5, we give simple examples illustrating our method. Then, in Section 6,
we extend the method to Hermite interpolation over the whole domain Ω . Finally, in
Section 7, we define tensor-product B-splines allowing the global representation of the
piecewise rational interpolant.

Our results are quite similar to those obtained for example in [13] and [21] on ten-
sor products of Hermite subdivision schemes (see also [11] and [18]) and on variable
degree [3] [13] [2] [4] or parametric [6] [19] splines. It would be interesting to test
blending schemes, as done in [5] [7] for bivariate splines with variable degrees. Like
most of the previous papers, they extend previous works by Carlson and Fritsch [1] [14],

M. Dæhlen et al. (Eds.): MMCS 2008, LNCS 5862, pp. 370–384, 2010.
c© Springer-Verlag Berlin Heidelberg 2010
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mainly based on bicubics, since arbitrary values of partial derivatives are allowed. The
idea of using rational quadratic splines in the univariate case dates back to Delbourgo
and Gregory [8] [17] [9] [15] [16]. In addition, at the author’s knowledge, there is no
paper on bivariate shape-preserving rational splines. However, the introduction of con-
trol polygons and control nets in the study of rational interpolants seems to be new.
I Anyway, it greatly simplifies the study of monotonicity and convexity properties of
these types of curves and surfaces.

2 Univariate C1 Rational Quadratic Splines

We define a rational quadratic spline R in the interval I = [−1,1] as a piecewise
rational quadratic function whose restrictions to the subintervals I0 := [−1,0] and I1 :=
[0,1] are respectively

R(u) :=
P̃(u)

Q̃(u)
=

w0c0(1−u)2 +(w0 + w)c1u(1−u)+ wc2u2

w0(1−u)+ wu
, x ∈ I0, u = x + 1,

R(x) :=
P(x)
Q(x)

=
wd0(1− x)2 +(w+ w1)d1x(1− x)+ w1d2x2

(1− x)w+ w1x
, x ∈ I1.

The main weights are w0 and w1, the third weight w being adjusted in function of the
latter. The C1 continuity of R at the origin is expressed by

c2 = d0 = α0c1 +α1d1,

where α0 :=
w0 + w

w0 + 2w+ w1
and α1 := 1−α0 =

w1 + w
w0 + 2w+ w1

.

2.1 First and Second Derivatives

The first derivative of R is given, respectively in each subinterval, by

R′(u) =
P̃1(u)

Q̃2(u)
and R′(x) =

P1(x)

Q
2(x)

.

Using the positive functions σ0 and σ1 respectively defined in the quadratic Bernstein
basis {B0,B1,B2} of each subinterval by

σ̃0(u) = w0 ((w+ w0)B0(u)+ wB1(u)) , σ̃1(u) = w((w+ w0)B2(u)+ w0B1(u)) ,

σ0(x) = w((w+ w1)B0(x)+ w1B1(x)) , σ1(x) = w1 ((w+ w1)B2(x)+ wB1(x)) ,

the numerators can be written in the convenient form

P̃1(u) = Δc0 σ̃0(u)+Δc1 σ̃1(u), P1(x) = Δd0σ0(x)+Δd1σ1(x).

For the second derivative of R, setting

δ0 := wc0− (w+ w0)c1 + w0c2, δ1 := w1d0− (w+ w1)d1 + wd2,
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we obtain in each subinterval

R̃′′(u) =
2ww0δ0

Q̃3(u)
, R

′′(x) =
2ww1δ1

Q̄3(x)
.

It is easy to see that these quantities are positively proportional to the second order
divided differences of the control polygons c of R0 and d of R1:

[−1,−1 +θ0,0]c =
w+ w0

w0
δ0, [0,1−θ1,1]d =

w+ w1

w1
δ1.

2.2 Hermite Interpolant

It is now easy to construct a rational quadratic spline R solution of the local Hermite
interpolation problem:

R(−1) = f0, R′(−1) = p0, R(1) = f1, R′(1) = p1.

From the preceding section, we deduce

c0 = f0, d2 = f1,
c1− c0

θ0
= p0,

d2−d1

θ1
= p1,

therefore we get

c1 = f0 +θ0 p0 = f0 +
w0 p0

w0 + w
, d1 = f1−θ1 p1 = f1− w1 p1

w1 + w
,

and we see that there exists a unique solution depending on the choice of the three
positive weights w0,w1,w.

2.3 Control Polygon

According to the results in [20] [22], setting

θ0 =
w0

w0 + w
and θ1 =

w1

w1 + w
,

then the control polygon of R on I0 has vertices:

c0 = (−1,c0), c1 = (−1 +θ0,c1) c2 = (0,c2),

and that of R on I1 has vertices:

d0 = (0,d0), d1 = (1−θ1,d1), d2 = (1,d2).

As c2 = d0 = α0c1 +α1d1, we see that the rational spline R is completely determined
by its four control points {c0,c1,d1,d2}. The results of Section 2.1 allow to prove the
following

Theorem 1. R is monotone (resp. convex) if and only if its control polygon is monotone
(resp. convex).
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2.4 Rational Bernstein and Hermite Bases

The Bernstein basis B := {ρ0,ρ1,ρ2,ρ3} is composed of the four rational quadratic
splines defined respectively by ρ̃i(u) = π̃i(u)/Q̃(u) for x = u− 1 ∈ I0 and ρ i(x) =
π i(x)/Q(x) for x ∈ I1, where:

π̃0(u) = w0(1−u)2 π0(x) = 0
π̃1(u) = (w0 + w)u(1−u)+α0wu2 π1(x) = α0w(1− x)2

π̃2(u) = α1wu2 π2(x) = α1w(1− x)2 +(w+ w1)x(1− x)
π̃3(u) = 0 π3(x) = w1x2

It is easy to verify that these functions satisfy the interpolation properties:

ρ0(−1) = ρ3(1) = 1; ρ1(−1) = ρ2(−1) = ρ3(−1) = ρ0(1) = ρ1(1) = ρ2(1) = 0.

−ρ ′0(−1) = ρ ′1(−1) =
1
θ0

, −ρ ′2(1) = ρ ′3(1) =
1
θ1

,

ρ ′2(−1) = ρ ′3(−1) = ρ ′0(1) = ρ ′1(1) = 0.

Moreover they form a positive partition of unity and a totally positive system [22]. It is
now easy to derive from B the Hermite basis H := {ϕ0,ψ0,ϕ1,ψ1} associated with
the interpolation problem. The four rational splines in H have control polygons whose
ordinates are respectively

(1,1,0,0), (0,θ0,0,0), (0,0,1,1), (0,0,−θ1,0),

the abscissae being (−1,−1 +θ0,1−θ1,1). In other words, we have:

ϕ0 = ρ0 +ρ1, ψ0 = θ0ρ1, ϕ1 = ρ2 +ρ3, ψ1 =−θ1ρ2.

Then, the solution of the Hermite interpolation problem can be expressed in that basis

R = y0ϕ0 + p0ψ0 + y1ϕ1 + p1ψ1.

2.5 Monotone Rational Quadratic Splines

Consider the Hermite problem with increasing data: f0 < f1, p0 > 0, p1 > 0. The mono-
tonicity of the rational quadratic spline is equivalent (Theorem 1) to that of its control
polygon, i.e. to the inequality:

(M) p0θ0 + p1θ1 < Δ f0 := f1− f0.

The problem admits an infinite number of solutions. Here is a simple algorithm provid-
ing such a solution.

Algorithm (M)
1. if p0 + p1 ≤ 2Δ f0, then choose w0 = w1 = w = 1 (quadratic spline interpolant).
2. if p0 + p1 > 2Δ f0, then choose w0 = Δ f0/(2p0),w1 = Δ f0/(2p1) and w = 1.

Then inequality (M) is automatically satisfied and the interpolant is monotone.



374 P. Sablonnière

2.6 Convex Rational Quadratic Splines

Consider the case of convex data ( f0, p0; f1, p1) : p0 < Δ f0/2 < p1. By Theorem 1, the
function R is convex if and only if its control polygon is convex, i.e.

(C) p0 ≤ Δ f0− p0θ0− p1θ1

2−θ0−θ1
≤ p1,

which is equivalent to both inequalities:

w0

w0 + w
= θ0 ≤ 2p1−Δ f0

p1− p0
,

w1

w1 + w
= θ1 ≤ Δ f0−2p0

p1− p0
.

The problem admits an infinity of solutions. Here is a simple algorithm providing such
a solution.

Algorithm (C)
Choose w0 = 2p1−Δ f0, w1 = Δ f0−2p0, w≥ |p0 + p1−Δ f0|.

Then inequality (C) is automatically satisfied and the interpolant is convex.

3 Tensor Product of Rational Splines

In the square Ω := I× J = [−1,1]2 , a tensor-product (abbr. TP) rational biquadratic
spline S can be expressed either in the Hermite basis or in the Bernstein basis. We
denote by {ϕ0,ψ0,ϕ1,ψ1} (resp. {ρ0,ρ1,ρ2,ρ3} ) the Hermite (resp. Bernstein) ba-
sis w.r.t. the variables (u,x) ∈ I0× I1 and by {ϕ̃0, ψ̃0, ϕ̃1, ψ̃1} (resp. {ρ̃0, ρ̃1, ρ̃2, ρ̃3})
the Hermite (resp. Bernstein) basis w.r.t. the variables (v,y) ∈ I0× I1. We set f0,0 :=
f (−1,−1), f0,1 := f (−1,1), f1,0 := f (1,−1), f1,1 := f (1,1) and for the derivatives

pi, j := D1,0 fi, j =
∂
∂x

fi, j, qi, j := D0,1 fi, j =
∂
∂y

fi, j, ri, j := D1,1 fi, j =
∂ 2

∂x∂y
fi, j.

The weights on I (resp. J) being denoted {w0,w1,w} (resp. {ω0,ω1,ω}), we set

θ0 :=
w0

w0 + w
, θ1 :=

w1

w1 + w
, τ0 :=

ω0

ω0 +ω
, τ1 :=

ω1

ω1 +ω
.

β0 :=
ω0 +ω

ω0 + 2ω+ω1
, β1 := 1−β0 =

ω+ω1

ω0 + 2ω+ω1
,

the parameters α0 and α1 being defined in Section 2. Of course, all functions in the
variable y (or v = y+1) must be computed with the corresponding weights (ω0,ω1,ω).

Since the TP Hermite basis is defined by ϕi, j := ϕiϕ̃ j, ξi, j := ψiϕ̃ j, ηi, j := ϕiψ̃ j,
psii, j := ψiψ̃ j, the expression of S is

S =
1

∑
i=0

1

∑
j=0

( fi, jϕi, j + pi, jξi, j + qi, jηi, j + ri, jψi, j) .
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As we have respectively ϕ0 = ρ0 + ρ1, ψ0 = θ0ρ1, ϕ1 = ρ2 + ρ3, ψ1 = −θ1ρ1, and
ϕ̃0 = ρ̃0 + ρ̃1, ψ̃0 = τ0ρ̃1, ϕ̃1 = ρ̃2 + ρ̃3, ψ̃1 =−τ1ρ̃2, we obtain for example

ϕ0,0 = (ρ0 +ρ1)(ρ̃0 + ρ̃1),
ξ0,0 = θ0ρ1(ρ̃0 + ρ̃1),

η0,0 = (ρ0 +ρ1)τ0ρ̃1,

ψ0,0 = θ0ρ1τ0ρ̃1.

The expression S0,0 := f0,0ϕ0,0 + p0,0ξ0,0 + q0,0η0,0 + r0,0ψ0,0 therefore becomes

S0,0 = f0,0 ρ0ρ̃0 +( f0,0 + τ0q0,0)ρ0ρ̃1+
( f0,0 +θ0 p0,0)ρ1ρ̃0 +( f0,0 +θ0 p0,0 + τ0q0,0 +θ0τ0r0,0)ρ1ρ̃1.

Similar expressions hold for the three other restrictions S1,0,S0,1,S1,1 of S.
The expression of S in the TP Bernstein basis is

S =
3

∑
i=0

3

∑
j=0

ai, jρi, j, with ρi, j(x,y) = ρi(x)ρ̃ j(y).

The control net of S is formed by the 16 points of the space whose coordinates are
respectively (xi,y j,ai, j), the Greville coordinates being given by

(x0,x1,x2,x3) := (−1,−1 +θ0,1−θ1,1), (y0,y1,y2,y3) := (−1,−1 + τ0,1− τ1,1).

Comparing S0,0 = ∑1
i=0∑1

j=0 ai, jρi, j with its expression given above, we get

a0,0 = f0,0, a1,0 = f0,0 +θ0 p0,0, a0,1 = f0,0 + τ0q0,0,

a1,1 = f0,0 +θ0 p0,0 + τ0q0,0 +θ0τ0r0,0,

and similar expressions for the BB-coefficients at the other vertices,

a3,0 = f1,0, a2,0 = f1,0−θ1 p1,0, a3,1 = f1,0 + τ0q1,0,

a2,1 = f1,0−θ1 p1,0 + τ0q1,0−θ1τ0r1,0,

a0,3 = f0,1, a1,3 = f0,1 +θ0 p0,1, a0,2 = f0,1− τ1q0,1,

a1,2 = f0,1 +θ0 p0,1− τ1q0,1−θ0τ1r0,1,

a3,3 = f1,1, a2,3 = f1,1−θ1 p1,1, a3,2 = f1,1− τ1q1,1,

a2,2 = f1,1−θ1 p1,1− τ1q1,1 +θ1τ1r1,1.

4 Shape Preserving Properties

4.1 Sufficient Conditions on the Control Net

Theorem 2. If its control net is bimonotone in x and y, then the surface S is also bi-
monotone in x and y.
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Proof. Setting Δ1ai, j = ai+1, j−ai, j, Δ2ai, j = ai, j+1−ai, j and using the results of Sec-
tion 2.1, we obtain the following expressions:

∂S
∂x

=
3

∑
j=0

(
Δ1a0, j σ̃0(u)+α1Δ1a1, j σ̃1(u)

)
ρ̃ j(y)/Q̃2(u), x ∈ I0,u = x + 1,

∂S
∂x

=
3

∑
j=0

(
α0Δ1a1, jσ0(x)+Δ1a2, jσ1(x)

)
ρ̃ j(y)/Q

2(x), x ∈ I1,

∂S
∂y

=
3

∑
i=0

(Δ2ai,0 σ̃0(v)+β1Δ2ai,1 σ̃0(v))ρi(x)/Q̃2(v) y ∈ J0 = [−1,0],v = y + 1,

∂S
∂y

=
3

∑
i=0

(β0Δ2ai,1σ0(y)+Δ2ai,2σ1(y))ρi(x)Q
2(y), y ∈ J1 = [0,1],

where the functions σi and σ j (and their restrictions to both subintervals) are positive.
Therefore, it is clear that the positivity of the first differences of coefficients implies that
of partial derivatives, hence the partial monotonicities in x and y.

Theorem 3. If its control net is biconvex in x and y, then the surface S is also biconvex
in x and y.

Proof. As in Theorem 2, we use the expressions of second partial derivatives derived
from those of Section 2.1, respectively for x ∈ I0 (u = x + 1) and x ∈ I1:

∂ 2S
∂x2 = κ0

3

∑
j=0

δ0, j

Q̃3(u)
ρ̃ j(y), resp. κ1

3

∑
j=0

δ1, j

Q
3(x)

ρ̃ j(y),

and for y ∈ J0 (v = y + 1) and y ∈ J1:

∂ 2S
∂y2 =

3

∑
i=0

δi,0

Q̃3(v)
ρi(x), resp. κ4

3

∑
i=0

δi,1

Q
3(y)

ρi(x),

where the κ ′�s are positive coefficients depending only on the weights and

δ0, j := α1w0Δ1a1, j−wΔ1a0, j δ1, j :=−α0w1Δ1a1, j + wΔ1a2, j,

δi,0 := β1ω0Δ2ai,1−ωΔ2ai,0 δi,1 :=−β0ω1Δ2ai,1 +ωΔ2ai,2.

These quantities are positively proportional to second order divided differences (abbr.
dd) of the control net in both directions. For example, δ0, j is proportional to the dd of the
control points (−1,a0, j),(−1 + θ0,a1, j),(1− θ1,a2, j), and similar expressions for the
other δ ’s. Thus, the positivity of the dd in both directions x and y (i.e. the biconvexity
of the control net) implies that of second order partial derivatives.
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4.2 Bimonotonicity of the Local Control Net

Computing the differences Δ1ai, j (resp. Δ2ai, j), we can see that the monotonicity in x
(resp. in y) of the control net needs 16 inequalities to be satisfied, other than the in-
equalities pi, j,qi, j ≥ 0. For the sake of clearness, the data are assumed to be increasing
in both directions. We use the following notations

δ1 := Δ1 f00 ≥ 0, δ 1 := Δ1 f01 ≥ 0, δ2 := Δ2 f00 ≥ 0, δ 2 := Δ2 f10 ≥ 0,

ζ1 := Δ1 p00, ζ 1 := Δ1 p01, ζ2 := Δ2 p00, ζ 2 := Δ2 p10,

η1 := Δ1q00, η1 := Δ1q01, η2 := Δ2q00, η2 := Δ2q10.

Then, the inequalities are the following:

p00θ0 + p10θ1 ≤ δ1, p00θ0 + p10θ1 ≤ δ1 +(η1− (r00θ0 + r10θ1))τ0,

p01θ0 + p11θ1 ≤ δ 1, p01θ0 + p11θ1 ≤ δ 1 +(r01θ0 + r11θ1−η1)τ1,

q00τ0 + q01τ1 ≤ δ2, q00τ0 + q01τ1 ≤ δ2 +(ζ2− (r00τ0 + r01τ1))θ0,

q10τ0 + q11τ1 ≤ δ 2, q10τ0 + q11τ1 ≤ δ 2 +(r10τ0 + r11τ1− ζ2)θ1.

p00 + r00τ0 ≥ 0, p10 + r10τ0 ≥ 0, p01− r01τ1 ≥ 0, p11− r11τ1 ≥ 0,

q00 + r00θ0 ≥ 0, q01 + r01θ0 ≥ 0, q10− r10θ1 ≥ 0, q11− r11θ1 ≥ 0,

In view of the positivity of the slopes δi, δ j and of partial derivatives, it is always
possible to find sufficiently small values of the four parameters θ0,θ1,τ0,τ1 so that
the above inequalities are satisfied. Considering these parameters as functions of the
weights {w0,w,w1,ω0,ω ,ω1} we get:

Theorem 4. It is always possible to find values of the weights so that the control net of
the rational spline interpolant is increasing both in x and y. Therefore the interpolant
itself has the same property.

4.3 Biconvexity of the Local Control Net

We assume that the data are convex in both directions, thus they satisfy the following
inequalities.

ζ1 > 0, ζ 1 > 0, η2 > 0, η2 > 0.

Using the additional notations

ρ1 := Δ1r00, ρ1 := Δ1r01, ρ2 := Δ2r00, ρ2 := Δ2r10,
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and computing the slopes of the control net in both directions, we get the 16 following
inequalities for the biconvexity of the control net:

ζ1θ0 ≤ 2p10− δ1 ζ1θ0 ≤ (2p10− δ1)− (η1−2r10 +ρ1θ0)τ0

ζ 1θ0 ≤ 2p11− δ1 ζ 1θ0 ≤ (2p11− δ 1)+ (η1−2r11 +ρ1θ0)τ1

ζ1θ1 ≤ δ1−2p00 ζ1θ1 ≤ (δ1−2p00)+ (η1−2r00−ρ1θ1)τ0

ζ 1θ1 ≤ δ 1−2p01 ζ 1θ1 ≤ (δ 1−2p01)− (η1−2r01−ρ1θ1)τ1

η2τ0 ≤ 2q01− δ2 η2τ0 ≤ (2q01− δ2)− (ζ2−2r01 +ρ2τ0)θ0

η2τ0 ≤ 2q11− δ2 η2τ0 ≤ (2q11− δ2)+ (ζ 2−2r11 +ρ2τ0)θ1

η2τ1 ≤ δ2−2q00 η2τ1 ≤ (δ2−2q00)+ (ζ2−2r00−ρ2τ1)θ0

η2τ1 ≤ δ 2−2q10 η2τ1 ≤ (δ 2−2q10)− (ζ 2−2r10−ρ2τ1)θ1

As the right-hand sides of left inequalities and the quantities ζ1,ζ 1,η2,η2 are all pos-
itive, it is always possible to find sufficiently small values of the four parameters θ0,
θ1, τ0, τ1 so that the above inequalities are satisfied. Considering these parameters as
functions of the weights {w0,w,w1,ω0,ω ,ω1}, we get:

Theorem 5. It is always possible to find values of the weights so that the control net of
the rational spline interpolant is convex, both in x and y. Therefore the interpolant itself
has the same property.

4.4 Algorithms

As pointed out by one of the referees, it would be nice to have simple algorithms like
Algorithm (M) (Section 2.5) and Algorithm (C) (Section 2.6) for surfaces. However,
the problem has now become much more complex, since it depends on the 6 weights
{w0,w,w1,ω0,ω ,ω1} plus the 4 crossed derivatives {r00,r10,r01,r11} that can also be
considered as additional shape parameters.

5 Examples

We consider two sets of Hermite data, the first for bimonotonicity, the second for bi-
convexity. (The first is similar to a specific one extracted from the classical example of
the aluminium data set [1] [3]).

f00 f10 f01 f11 p00 p10 p01 p11 q00 q10 q01 q11 r00 r10 r01 r11

Ex1 0 64 62 65 0 20 3 18 90 16 3 2 0 -16 3 2
Ex2 0 0 0 0 -20 40 -3 48 -2 -13 50 1 10 -3 -2 8

With the notations of Section 4.3, we compute the following table:

δ1 δ 1 δ2 δ 2 ζ1 ζ 1 ζ2 ζ 2 η1 η1 η2 η2 ρ1 ρ1 ρ2 ρ2
Ex1 64 3 62 1 20 15 3 -2 -74 -1 -87 -14 -16 -1 3 18
Ex2 0 0 0 0 60 51 17 8 -11 -49 52 14 -13 10 -12 11
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Example 6. We notice that the data are increasing in both directions. For the bimono-
tonicity of the surface, the coefficients θ0,θ1,τ0,τ1 must satisfy the following inequali-
ties

5θ1 ≤ 16 5θ1 ≤ 16 +(8θ1−37)τ0/2

θ0 + 6θ1 ≤ 1 θ0 + 6θ1 ≤ 1 +(3θ0 + 2θ1 + 1)τ1/3

30τ0 + τ1 ≤ 62/3 30τ0 + τ1 ≤ 62/3 +(1− τ1)θ0

8τ0 + τ1 ≤ 1/2 8τ0 + τ1 ≤ 1/2 +(−8τ0 + τ1 + 1)θ1

The solution θ0 = θ1 = τ0 = τ1 = 1
2 is not admissible, so classical biquadratic splines

do not work. An admissible solution is (θ0,θ1,τ0,τ1) =
(

1
4 , 1

8 , 1
32 , 1

4

)
: it gives some

equalities and all inequalities are satisfied. An associated set of admissible weights is
for example (w0,w,w1;ω0,ω ,ω1) = (7,21,3;3,93,31).

Example 7. For the biconvexity of the surface, the coefficients θ0,θ1,τ0,τ1 must satisfy
the following inequalities

60θ0 ≤ 80 60θ0 ≤ 80 +(5 + 13θ0)τ0

51θ0 ≤ 96 51θ0 ≤ 96− (65−10θ0)τ1

60θ1 ≤ 40 60θ1 ≤ 40− (31−13θ1)τ0

51θ1 ≤ 6 51θ1 ≤ 6 +(45 + 10θ1)τ1

52τ0 ≤ 100 52τ0 ≤ 100− (21−12τ0)θ0

14τ0 ≤ 2 14τ0 ≤ 2− (8−11τ0)θ1

52τ1 ≤ 4 52τ1 ≤ 4− (3−12τ1)θ0

14τ1 ≤ 26 14τ1 ≤ 26− (14−11τ1)θ1

In particular, we get the constraints

θ1 ≤ 2/17, τ0 ≤ 1/7, τ1 ≤ 1/13.

θ0 θ1 τ0 τ1 w0 w w1 ω0 ω ω1

Ex1 1/4 1/8 1/32 1/4 7 21 3 3 93 31
Ex2 1/3 1/17 1/15 1/16 15 30 4 15 210 14

The solution θ0 = θ1 = τ0 = τ1 = 1
2 is not admissible, so classical biquadratic splines

do not work. If we try

θ1 = 2/17, τ0 = 1/7, τ1 = 1/13,

then the two following inequalities are not satisfied:

(14−11θ1)τ0 ≤ 2−8θ1 (52−12θ0)τ1 ≤ 4−3θ0.

An admissible solution is (θ0,θ1,τ0,τ1) =
(

1
3 , 2

17 , 1
15 , 1

16

)
. An associated set of ad-

missible weights is for example (w0,w,w1;ω0,ω ,ω1) = (15,30,4;15,210,14). In both
cases, we notice the higher values of the central weights w and ω .
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6 Hermite Interpolation in the Whole Domain

Consider a subrectangle Ri j = [x2i−2,x2i]× [y2 j−2,y2 j] of the partition. The weights
(respectively abscissae) corresponding to those denoted (w0,w,w1,ω0,ω ,ω1) (respec-
tively (θ0,θ1,τ0,τ1)) in the preceding sections are now denoted (w̃i,wi,wi, ω̃ j,ω j,ω j)
(resp. (θ̃i,θ i, τ̃ j,τ j)). Setting hi := x2i+2− x2i, k j := y2 j+2− y2 j, the slopes on the hori-
zontal and vertical edges of Ri j are denoted respectively

δH
i j := ( fi+1, j− fi, j)/hi, δV

i j := ( fi, j+1− fi, j)/k j.

In this section, we assume, for the sake of simplicity and clarity, that all crossed deriva-
tives ri j are set to zero. Using the notations:

ζH
i j := pi+1, j− pi j, ηH

i j := qi+1, j−qi j,

ζV
i j := pi, j+1− pi j, ηV

i j := qi, j+1−qi j,

we write all the constraints acting on the weights in the subdomain Ri j. We only sketch
the proofs. More details are needed for writing practical algorithms, they will be devel-
oped elsewhere.

6.1 Global Bimonotonicity

Assuming the data are increasing in both directions, we obtain the following inequalities
on the parameters θ̃i and θ i, for all indices j (resp. τ̃ j and τ j, for all indices i) in the
vertical (resp. horizontal) strip between x = x2i and x = x2i+2 (resp. y = y2 j and y =
y2 j+2):

pi jθ̃i + pi+1, jθ i ≤ 2δH
i j pi jθ̃i + pi+1, j θ i ≤ 2δH

i j +
k j

hi
ηH

i j τ̃ j,

pi jθ̃i + pi+1, j θ i ≤ 2δH
i j pi jθ̃i + pi+1, j θ i ≤ 2δH

i j −
k j

hi
ηH

i j τ j,

qi jτ̃ j + qi, j+1 τ j ≤ 2δV
i j qi j τ̃ j + qi, j+1 τ j ≤ 2δV

i j +
hi

k j
ζV

i j θ̃i,

qi jτ̃ j + qi, j+1 τ j ≤ 2δV
i j qi jτ̃ j + qi, j+1 τ j ≤ 2δV

i j −
hi

k j
ζV

i j θ i.

As the slopes δH
i j and δV

i j are positive, the first four inequalities can be satisfied by

sufficiently small values of the parameters θ̃i and θ i, provided the rhs are positive, i.e.

2δH
i j +

k j

hi
ηH

i j τ̃ j ≥ 0 and 2δH
i j −

k j

hi
ηH

i j τ j−1 ≥ 0.

In the same way, the last four inequalities can be satisfied by small values of the param-
eters τ̃ j and τ j, provided the rhs are positive, i.e.

2δV
i j +

hi

k j
ζV

i j θ̃i ≥ 0 and 2δV
i j −

hi

k j
ζV

i j θ i−1 ≥ 0.

Again the latter inequalities can be satisfied by taking sufficiently small values of pa-
rameters, whatever the signs of quantities ηi j and ζi j.
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6.2 Global Biconvexity

Assuming the data are convex in both directions, we obtain, as for bimonotonicity, the
following inequalities on the parameters:

ζH
i j θ i− k j

hi
ηH

i j τ̃ j ≤ 2(δH
i j − pi j),

ζH
i j θ̃i +

k j

hi
ηH

i j τ̃ j ≤ 2(pi+1, j− δH
i j ),

ζH
i, j+1θ i− k j

hi
ηH

i, j+1τ j ≤ 2(δH
i, j+1− pi, j+1),

ζH
i, j+1θ̃i− k j

hi
ηH

i, j+1τ j ≤ 2(pi+1, j+1− δH
i, j+1),

− hi

k j
ζV

i j θ i +ηV
i jτ j ≤ 2(δV

i j −qi j),

hi

k j
ζV

i j θ i +ηV
i j τ̃ j ≤ 2(qi, j+1− δV

i j ),

hi

k j
ζ

V
i+1, jθ i +ηV

i+1, jτ j ≤ 2(δV
i+1, j−qi+1, j),

hi

k j
ζV

i+1, jθ i +ηV
i+1, jτ̃ j ≤ 2(qi+1, j+1− δV

i+1, j).

As the rhs and the coefficients ζH
i j and η̄V

i j are positive because of the biconvexity of
Hermite data, all these inequalities can be satisfied by sufficiently small values of the
parameters θ̃i,θ i, τ̃ j and τ j.

6.3 Remark on Values of Parameters

When the number of data points is large, each pair of parameters, (θ̃i,θ i) or (τ̃ j,τ j),
has to satisfy a large number of inequalities. When the data have strong variations, it
may happen that the values of parameters are very small. It causes the appearance of flat
regions on the interpolating surface. This is the main drawback of this type of methods
based on tensor products.

7 Representation in Terms of Rational B-Splines

The representation of a patch in TP Hermite and Bernstein bases, given in Section 3,
is local. In this final section, we show how to derive a TP B-spline basis for the global
representation of the rational biquadratic surface.

7.1 Univariate Rational B-Splines

Let Xm := {a = x0 < x2 < .. . < x2m = b} be a partition of [a,b], with the weights
(w̃i,wi,wi) (and the associated parameters (θ̃i,θ i)) in each subinterval [x2i,x2i+2] of
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length hi := x2i+2− x2i. We set x2i+1 := x2i + 1
2 hi. Consider the local Bernstein basis

composed of the 4 rational quadratic splines {ρ (k)
i (t), k = 0,1,2,3} defined in Sec-

tion 2.3, the variable t being shifted to [−1,1] through to the change of variable x =
1
2 ((1− t)x2i +(1 + t)x2i+2). The local space can also be generated by the B-splines
{M2i,M2i+1,M2i+2,M2i+3} whose control polygons have the following ordinates

(μ̃i,0,0,0) (μ i,1,0,0) (0,0,1, μ̃i+1) (0,0,0,μ i+1),

the ordinates at points of the partition being respectively

μ̃i :=
hiθ̃i

hi−1θ i−1 + hiθ̃i

, μ i := 1− μ̃i =
hi−1θ i−1

hi−1θ i−1 + hiθ̃i

.

From the properties of the local Bernstein basis, one deduces that these B-splines form
a partition of unity. Moreover, they are globally C1 as the left and right derivatives of
M2i and M2i+1 at the point x2i are respectively

M ′
2i(x

−
2i) =

2(μ̃i−1)
hi−1θ i−1

=− 2

hi−1θ i−1 + hiθ̃i
=− 2μ i

hi−1θ i−1
=−M ′

2i+1(x
−
2i),

M ′
2i(x

+
2i) =− 2μ̃i

hiθ̃i
=− 2

hi−1θ i−1 + hiθ̃i
=−2(1− μi)

hiθ̃i
=−M ′

2i+1(x
+
2i).

Therefore the support of M2i is the interval [x2i−2,x2i+1], while that of M2i+1 is the
interval [x2i−1,x2i+2], for indices 1 ≤ i ≤ m− 1. The support of M0 is [x0,x1] and that
of M1 is [x0,x2]. Likewise, the support of M2m is [x2m−2,x2m] and that of M2m+1 is
[x2m−1,x2m]. Thus we get the collection of 2m + 2 B-splines {Mi(x), i ∈ Km}, with
Km := {0≤ i ≤ 2m+ 1}. A similar construction is valid for the interval [c,d] endowed
with the partition Yn := {c = y0 < y2 < .. . < y2n = d}. We then get the collection of
2n + 2 B-splines {N j(y), j ∈ Ln} with Ln := {0 ≤ j ≤ 2n + 1}, whose local control
polygons in the subinterval [y2 j,y2 j+2] have ordinates

(ν̃ j,0,0,0) (ν j,1,0,0) (0,0,1, ν̃ j+1) (0,0,0,ν j+1)

the ordinates at points of the partition being respectively

ν̃ j :=
k j τ̃ j

k j−1τ j−1 + k jτ̃ j
, ν j := 1− ν̃ j =

k j−1τ j−1

k j−1τ j−1 + k jτ̃ j
.

7.2 Bivariate Rational B-Splines

As usual, the B-spline basis of our bivariate space is defined as the collection of TP
B-splines {Mα , α = (i, j) ∈ Km × Ln} defined by Mα(x,y) := Mi(x)N j(y), and the
Hermite interpolant can be expressed as

S(x,y) = ∑
α∈Km×Ln

cαMα(x,y).
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The global B-spline control net has vertices cα := (sα ,tα ,cα) ∈ R3, whose projections
on Ω have the coordinates

s2i+1 = x2i +
1
2
θ̃ihi, s2i+2 = x2i+2− 1

2
θ ihi,

t2 j+1 = y2 j +
1
2
τ̃ jk j, t2 j+2 = y2 j+2− 1

2
τ jk j.

The value of S at the vertex Aγ = (x2i,y2 j), with γ = (i, j), is then given by

S(Aγ) =∑
β

cβMβ (Aγ) = ∑
r,s=0,1

c2i+r,2 j+sM2i+r,2 j+s(Aγ )

= μ̃iν̃ jc2i,2 j + μ̃iν jc2i,2 j+1 + μ iν̃ jc2i+1,2 j + μ iν jc2i+1,2 j+1.

It is a convex combination of the four neighbouring control vertices cα , for α = (2i +
r,2 j + s) and r,s = 0,1. Likewise, the other vertices of the local control net can be
expressed as linear combinations of spline control vertices. Therefore, bimonotonicity
and biconvexity conditions could also be expressed in terms of the latter.
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Abstract. We discuss the use of tensor product B-spline meshes to design accu-
rate three dimensional graphs of high level mathematical functions for the National
Institute of Standards and Technology (NIST) Digital Library of Mathematical
Functions. The graph data is placed inside a web based format such as VRML
(Virtual Reality Modeling Language) or X3D (Extensible 3D) to create an inter-
active visualization environment where users can carefully examine complicated
function attributes such as zeros, branch cuts, poles and other singularities. We
describe the grid generation technique and its effectiveness for creating clear and
informative visualizations.

1 Introduction

One of the most cited publications from the National Institute of Standards and Tech-
nology (NIST) is the Handbook of Mathematical Functions with Formulas, Graphs and
Mathematical Tables first published in 1964 [1]. Currently, NIST is completely rewrit-
ing the handbook and will release it in both hardcopy and web-based format as the
NIST Digital Library of Mathematical Functions (DLMF). The DLMF will include for-
mulas, methods of computation, references, and software information for nearly forty
high level, or special, mathematical functions. The website will feature interactive nav-
igation, a mathematical equation search and dynamic interactive visualizations.

This paper discusses our use of mesh generation techniques to facilitate the accurate
3D plotting of functions over irregular, discontinuous, or multiply connected domains
for the visualizations. By modifying an algebraic tensor product spline mesh generation
algorithm that we originally designed for problems in aerodynamics and solidification
theory, we have created boundary/contour fitted computational grids that capture sig-
nificant function features such as zeros, poles, branch cuts and other singularities.

While the DLMF visualizations are not designed to compete with the on-demand
computational and plotting capabilities provided by many well-known computer alge-
bra packages, the motivation for our work stems from some of the inadequacies of such
packages. Commercial packages often have many built-in special functions, but their
3D plots are generally over a rectangular Cartesian mesh, leading to poor and mis-
leading graphs. Also, many packages have trouble properly clipping a function, that is,
accurately restricting the graphical representation to the points lying within the range

M. Dæhlen et al. (Eds.): MMCS 2008, LNCS 5862, pp. 385–393, 2010.
c© Springer-Verlag Berlin Heidelberg 2010
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of interest. Furthermore, some packages may display the properly clipped graph inside
the package, but provide no acceptable way to export the clipped data for use outside
the package. This is particularly important if the data needs to be transformed to a
web-based format such as X3D (Extensible 3D) or VRML (Virtual Reality Modeling
Language).

We show how our mesh generation algorithm eliminates or lessens the severity of
many of these problems. We also talk about progress in making the method more adap-
tive and discuss other possibilities for improvements.

2 Constructing 3D Graphs for Interactive Visualizations in a
Digital Library

The first release of the NIST DLMF will consist of thirty eight chapters authored by
special function experts throughout the U. S. and abroad. As primary developers of the
visualizations that will be an integral part of the DLMF, we have chosen the number
and location of graphics for each chapter after consultation with the authors and DLMF
editors. To ensure data accuracy, the plot data is being validated by computing each
function by at least two different methods, using commercial packages, publicly avail-
able codes, or the author’s personal codes. However, another concern is plot accuracy,
that is, we want to make sure that the displayed plot accurately represents the graph of
the function.

Most commercial packages produce very accurate 2D plots. They typically handle
discontinuities automatically or fairly easily with special options, and the packages
properly cut, or clip, curves so that only points within the desired range appear. Un-
fortunately, this is often not the case in 3D. In Figure 1, the plot of the Struve function
Lν(x), rendered using a popular commercial package, illustrates some of the problems
we have encountered. We wanted the plot to show the graph for function values less
than or equal to 10, but there is a flat area, or shelf, where values greater than 10 have
been set to 10. Also, areas near the poles are not resolved very well. Although the shelf-
like area may not concern many users, it might be confusing to students and others
unfamiliar with the behaviour of the function. Inputting a command to remove the shelf
produces a saw-tooth area that can be even more misleading.

Experienced users can input alternative commands to successfully clip the function
properly, but we found that this was still not sufficient for our requirements. Since the
computation of the function is over a rectangular Cartesian mesh, the figure can look
fine when viewed inside the package, but produce a very irregular color map when
the data is transformed to another format, such as VRML (Virtual Reality Modeling
Language) for viewing on the web. VRML and its successor, X3D (Extensible 3D) are
standard 3D file formats for interactive web-based visualizations [12], [13], [14]. Freely
available plugins can be downloaded for most platforms. Of course the figure can be im-
proved by using a much larger number of mesh points, but large data files hamper the
performance of our visualizations. The rendering problems can be eliminated or de-
creased in severity by computing the function over a specially designed boundary/con-
tour fitted mesh. While various unstructured techniques such as Voronoi or Delaunay
triangulations and quadtree designs might be used to construct such a mesh, a structured
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Fig. 1. Plot of Struve function Lν illustrating bad clipping and poor resolution of poles

design allowed us to write more efficient code to implement the interactive capabilities
for the visualizations. Whether a structured or unstructured grid is used, it is important
that the interior grid lines not stray too far from the contours of the function being plot-
ted. The next section discusses the tensor product B-spline mapping we have used to
produce our meshes.

3 Grid Generation Mapping

The complexity of the grid generation problem depends not only on the attributes of the
computational domain of the special function, but also on the behaviour of the function.
Function domains can range from simple rectangles to complicated multipy connected
domains with poles or branch cuts; however, large function gradients can further com-
plicate the creation of a suitable computational grid. Our mesh generation technique
is based on an algorithm developed by one of the authors for meshes to be used in
solving partial differential equations (pdes) related to aerodynamics and solidification
theory [4], [5], [6]. The algorithm constructs a curvilinear coordinate system defined by
a mapping T from the unit square I2 to a physical domain of arbitrary shape. We let

T(ξ ,η) =
(

x(ξ ,η)
y(ξ ,η)

)
=
(
∑m

i=1∑
n
j=1αi jBi j(ξ ,η)

∑m
i=1∑

n
j=1βi jBi j(ξ ,η)

)
, (1)

where 0 ≤ ξ ,η ≤ 1 and each Bi j is the tensor product of cubic B-splines. Hence,
Bi j(ξ ,η) = Bi(ξ )B j(η) where Bi and B j are elements of cubic B-spline sequences
associated with finite nondecreasing knot sequences, say, {si}m+4

1 and {t j}n+4
1 , respec-

tively. To obtain the initial αi j and βi j coefficients for T, we first construct the trans-
finite blending function interpolant that matches the boundary of the physical domain.
The interior coefficients are obtained by evaluating the interpolant at knot averages as
described in [2] to produce a shape preserving approximation that reproduces straight
lines and preserves convexity. For the boundary coefficients, we use the same technique
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if the boundary side is a straight line or use DeBoor’s SPLINT routine [2] to find coef-
ficients that produce a cubic spline interpolant of the boundary. For simple boundaries,
the initial grid is often sufficient, but for more complicated or highly nonconvex bound-
aries we can improve the grid by using a variational technique to find coefficients that
minimize the functional

F =
∫

I2

(
w1

{(
∂J
∂ξ

)2

+
(
∂J
∂η

)2
}

+ w2

{
∂T
∂ξ
· ∂T
∂η

}2

+ w3{uJ2}
)

dA (2)

where T denotes the grid generation mapping, J is the Jacobian of the mapping, w1,
w2 and w3 are weight constants, and u represents external criteria for adapting the grid.
The integral controls mesh smoothness, orthogonality, and depending on the definition
of u, the adaptive concentration of the grid lines. When solving pdes, u might be the
gradient of the evolving solution or an approximation of truncation error. Ideally, for
our problem, we want u to be based on curvature and gradient information related to the
function surface. We have made a slight modification of the integral we gave in [7]. The
adaptive term w3{Ju} has been replaced by w3{uJ2}. The new term produces a better
concentration of grid lines, and also can be shown to be equivalent to the adaptive term
used in the variational technique of Brackbill and Saltzman [3], [8].

To avoid solving the Euler equations for the variational problem, F is approximated
in the computer code by the sum

G =∑
i, j

w1

[(
Ji+1, j− Ji j

�ξ
)2

+
(

Ji, j+1− Ji j

�η
)2
]
�ξ�η

(3)

+∑
i, j

w2Dot2
i j�ξ�η

+∑
i, j

w3ui jJ
2
i j�ξ�η

where Ji j is the Jacobian value, ui j is the value of u, and Doti j is the dot product of
∂T/∂ξ and ∂T/∂η at mesh point (ξi,η j) on the unit square. When w3 = 0, G is actu-
ally a fourth degree polynomial in each spline coefficient so the minimum can be found
by using a cyclic coordinate descent technique which sequentially finds the minimum
with respect to each coefficient. This technique allows the minimization routine to take
advantage of the small support of B-splines when evaluating the sums that comprise G.

In Figure 2 we applied the algorithm to a puzzle shaped domain. The initial grid,
constructed using linear Lagrange polynomials for the blending functions, is shown on
the left. Note that the grid lines overlap the nonconvex boundary. The grid on the right
shows the mesh obtained after the spline coefficients are modified to minimize G with
weights w1 = 1, w2 = 0.5, and w3 = 0. The overlapping grid lines have been pulled
into the interior. When a grid line folds over a boundary, the Jacobian value changes
sign. The Jacobian terms of G try to minimize the changes in the Jacobian between
adjacent grid cells. Consequently, lines outside the boundary are pulled into the interior.
In the original code, this effect was obtained by trying to compute the interval for each
coefficient that would guarantee that the Jacobian remained positive [10]. However,
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Fig. 2. Initial and optimized puzzle grids

experimenting showed this to be a time consuming procedure that was not needed in
most cases. Gonsor and Grandine use the same idea to obtain similar results in [11].

4 Results

We have used boundary/contour fitted grid generation to produce computational grids
for over two hundred 3D visualizations for the NIST DLMF. In Figure 3 we show a
snapshot of the VRML rendering of the real-valued Struve function Lν(x). The data
values were obtained by computing the function over the contour grid shown on the
left. To create the grid boundary we found the contour, or level, curves where Lν = 10,
the maximum height we wanted to display, and Lν = −3, the minimum height. We
then connected the curves to parts of a rectangle to form a closed boundary for the grid
generation algorithm. In contrast to Figure 1, we show that the boundary/contour fitted
grid produces a nicely clipped function and very smooth color map. The dark horizontal
bar is actually a dense concentration of grid lines needed to accurately resolve the area
around a pole. Figure 4 shows a density plot of Lν that a user may obtain by scaling
the surface down so that the vertical component is near zero. This is one of several
interactive features that will be available to users of the DLMF.

Figure 5 shows a grid and surface for the modulus of the complex digamma, or psi,
function |ψ(z)|. The top and bottom halves of the grid were generated separately, with
an exponential function used to concentrate the grid points near y = 0. The accuracy of
the contours satisfying |ψ(z)|= 6 is illustrated in the surface shown on the right. Since
the coefficients define an explicit curvilinear coordinate system mapping, we can create
a coarser, or finer, grid simply by evaluating fewer, or more, points on the unit square.
Also, notice that as was seen in Figure 3, the grid spacing does not appear to be smooth
in some areas. To guarantee that key boundary or contour points, such as those at zeros
or corners, are maintained regardless of grid size, we identify “fixed points,” that is, grid
points that must always be kept. Grid lines are always drawn through these points. In
most cases, the resulting discontinuities in cell spacing do not affect the quality of the



390 B. Saunders and Q. Wang

1 2 3 4 5 6

-3

-2

-1

0

1

2

3

4

Fig. 3. Grid and Plot of Struve Function Lν

Fig. 4. Density Plot of Struve Function Lν

visualizations significantly, but this is an aspect of the technique that might be improved
by carefully chosen adaptive weights.

All the visualizations in the NIST DLMF represent either real-valued or complex-
valued functions of the form, w = f (x,y). For complex-valued functions, the user has
the option of using a height based color mapping where height = |w|, or a mapping
based on the phase, or argument, of w. Figure 6 shows a plot of the modulus of the

Hankel function H(1)
1 (z) with a phase based color map. On the left is a phase density

plot obtained by scaling the figure down in the vertical direction. The branch cut, zeros
and pole are visible in both figures.
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Fig. 5. Grid and Plot of Complex Digamma Function |ψ(z)|

Fig. 6. Plot of Hankel function H(1)
1 with phase colormap

In Figure 7 we attracted grid points in an equally spaced square grid to a circle and
a sine curve, respectively. To obtain the attraction to the circle we defined the u in the
adaptive term of our functional by

u(ξ ,η) = e−500[(ξ−.5)2+(η−.5)2− 9
64 ]2 (4)

and for attraction to the sine curve we defined

u(ξ ,η) = e−100[0.35(sin(2πξ )+1.35)−η]2. (5)

The parameters were chosen so that the curves lie completely within the unit square.
Of course these definitions guarantee that the grid lines are attracted to a circle (or sine
curve) in I2 but not in the xy plane. Choosing u in this manner allowed us to quickly test
the affect of u with few modifications to our code since the functional approximation G
will still be a fourth degree polynomial in each spline coefficient. To show the affect of
u we simply mapped the unit square to a larger square.

In order to reach our goal of adapting the grid lines to function curvature data, we
must update the code to allow u to have a nonlinear dependence on the spline coeffi-
cients. We have made some progress in this direction by incorporating Nash’s truncated
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Fig. 7. Grids adapted to circular and sinusoidal shapes

Newton algorithm code described in [9], but additional modifications to take better
advantage of the small support of B-splines are needed. We also need to look at the
movement of the boundary points. Minimization of G should also include adjustment
of the boundary coefficients, but this must be done very carefully so that we obtain a
reparameterization of the boundary curves without altering the shape of the boundary.
Then we can concentrate on defining an expression for u that captures the appropri-
ate function gradient information. We are acutely aware that the specialized nature of
some high level mathematical functions may mean that accessing and linking the codes
needed to compute gradient and curvature data may not be a trivial task.

5 Conclusions

We have used boundary/contour fitted grid generation to complete over two hundred
interactive 3D visualizations for the NIST Digital Library of Mathematical Functions.
Our tensor product B-spline technique has been effective in addressing many problems
that appear in commercial packages such as the inaccurate resolution of poles, bad
clipping, and poor color mappings. The clarity of the surface color map is still an issue
in areas where the gradient is large, but we believe this can be improved by using an
adaptive technique based on function gradient and curvature information. The adaptive
method should also result in smaller data file sizes, which can improve the efficiency of
some of our interactive features.

In spite of tackling several issues simultaneously, including the production of the
visualizations, data validation, the availability of VRML/X3D plugins, and accessibil-
ity on major platforms, we have made steady progress toward the development of the
adaptive code. We have successfully adapted our grids to curves defined on the unit
square and had some success with adaption to more general curves where the definition
is influenced by the spline coefficients.
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Our future work will include incorporating the movement of the boundary coeffi-
cients in the minimization functional, describing suitable adaption criteria that will cap-
ture gradient and curvature information, and integrating the computation of this function
information with the grid generation code.

Disclaimer

All references to commercial products are provided only for clarification of the re-
sults presented. Their identification does not imply recommendation or endorsement by
NIST.
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Abstract. In our contribution we study cubic and quintic Pythagorean Hodo-
graph (PH) curves in the Euclidean and Minkowski planes. We analyze their con-
trol polygons and give necessary and sufficient conditions for cubic and quintic
curves to be PH. In the case of Euclidean cubics the conditions are known and we
provide a new proof. For the case of Minkowski cubics we formulate and prove a
new simple geometrical condition. We also give conditions for the control poly-
gons of quintics in both types of planes.

Moreover, we introduce the new notion of the preimage of a transformation,
which is closely connected to the so-called preimage of a PH curve. We deter-
mine which transformations of the preimage curves produce similarities of PH
curves in both Euclidean and Minkowski plane. Using these preimages of trans-
formations we provide simple proofs of the known facts that up to similarities
there exists only one Euclidean PH cubic (the so-called Tschirnhausen cubic)
and two Minkowski PH cubics. Eventually, with the help of this novel approach
we classify and describe the systems of Euclidean and Minkowski PH quintics.

1 Introduction

Pythagorean Hodograph (PH) curves (see the survey [15], the book [17] and the refer-
ences cited therein) form an interesting subclass of polynomial parametric curves. They
possess a piecewise polynomial arc length function and rational offset curves in the pla-
nar case. PH curves provide an elegant solution to various difficult problems occurring
in many applications, in particular in the context of CNC (computer-numerical-control)
machining and offset approximations by rational splines. The notion of PH curves was
also generalized to Minkowski plane and space with applications to offsets trimming
and medial axis transform approximations.

Since their introduction in [10] planar PH curves have been studied in many publi-
cations. The greatest attention was devoted to various construction techniques [2, 9, 12,
13, 20, 22, 28, 30]. The number of publications devoted to structural and classification
results is much smaller. The original publication [10] and later [1] studying PH curves
from the point of view of complex numbers seem to be the most important. In [34] the
conditions for the monotonicity of curvature were studied for PH quintics.

M. Dæhlen et al. (Eds.): MMCS 2008, LNCS 5862, pp. 394–418, 2010.
c© Springer-Verlag Berlin Heidelberg 2010
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Spatial PH curves were introduced in [11], and they have later been characterized
using results about Pythagorean quadruples in the ring of polynomials and quaternion
calculus [7, 14]. Various construction and other techniques are also available [4, 16, 18,
21, 32, 33].

In the Minkowski setting, Minkowski Pythagorean hodograph (MPH) curves were
introduced by [29]. They are important in the context of the medial axis transform and
approximation of planar domain boundaries and their offsets. MPH curves and their
applications were studied in [5, 24, 25, 32]. In [23] a classification of planar and spatial
MPH cubics was given. The importance of planar Minkowski curves consist in the
fact that they (when embedded in the Minkowski space) describe certain symmetric
domains.

In [6] a unified approach to PH and MPH curves in planar and spatial settings based
on Clifford algebra calculus was proposed.

In this paper we analyze the types and properties of control polygons of PH cubics
and quintics in Euclidean and Minkowski planes. The case of Euclidean cubics was
thoroughly treated in [10]. We give new proofs of some of the results of this paper and
provide an analogical analysis for PH cubics in the Minkowski plane and planar PH
and MPH quintics. Moreover, we introduce a novel approach to classifying PH curves
using the so-called preimage of a transformation. This notion is closely related to the
preimage curve of a PH curve. Based on this new approach, as the main result of the
present paper, we give a classification of planar PH and MPH quintics and give simpler
proofs of the classification of planar and spatial PH and MPH cubics, cf. [10,11,23,32].

The paper is organized as follows. In Section 2 we recall some basic facts about the
Minkowski plane, Clifford algebras and PH curves. Section 3 introduces the preimage
of a transformation, a notion which plays a key role in classifying PH curves. In Sec-
tion 4 we study the control polygon properties and shapes of cubics in the Euclidean
and Minkowski planes. In Section 5 we provide a similar analysis for Euclidean and
Minkowski PH quintics. Finally we conclude the paper.

2 Preliminaries

In this section we summarize some fundamental results concerning PH curves in the
Euclidean and Minkowski plane and their representation using complex numbers and
Clifford algebra C�(1,1).

2.1 Minkowski Plane

The two–dimensional Minkowski space R1,1 is a real linear space with an indefinite
inner product given by the matrix G = diag(1,−1). We use the upper index 1,1 to
emphasize the signature of the inner product. Some authors use R2 or R2,1 to denote
the Minkowski plane.

The inner product of two vectors u = (u1,u2)�, v = (v1,v2)�, u,v ∈ R1,1 is defined
as

〈u,v〉= u�Gv = u1v1−u2v2. (1)

The two axes spanned by the vectors e1 = (1,0)� and e2 = (0,1)� will be denoted as
the x– and y–axis, respectively.
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Since the quadratic form defined by G is not positive definite as in the Euclidean
case, the square norm of u defined by ||u||2 = 〈u,u〉 may be positive, negative or zero.
Motivated by the theory of relativity one distinguishes three so-called ‘causal charac-
ters’ of vectors. A vector u is said to be space–like if ||u||2 > 0, time–like if ||u||2 < 0,
and light–like (or isotropic) if ||u||2 = 0.

A linear mapping L : R
1,1→R

1,1 is called a Lorentz transform or Minkowski rotation
if it preserves the Minkowski inner product, i.e. 〈u,v〉= 〈Lu,Lv〉 for all u,v∈R1,1. The
Lorentz transforms form the Lorentz group L = O(1,1).

Any Lorentz transform is described by a 2× 2–matrix L = (li, j)i, j=1,2. Its column
vectors l1 and l2 satisfy 〈li, l j〉= Gi, j, i, j ∈ {1,2}, i.e., they form an orthonormal basis
of R1,1 with respect to the inner product (1). The equation 〈l2, l2〉= G2,2 =−1 implies
l2
22 ≥ 1. The Lorentz transform L is said to be orthochronous if l22 ≥ 1. Obviously, the

determinant of any Lorentz transform L equals to±1. The special ones are characterized
by det(L) = 1.

The Lorentz group L consists of four components. The special orthochronous Lo-
rentz transforms form the subgroup SO+(1,1) which consists of matrices of the type(

coshα sinhα
sinhα coshα

)
.

The remaining three components are T1SO+(1,1), T2SO+(1,1) and T1T2SO+(1,1),
where T1 = diag(1,−1) and T2 = diag(−1,1).

2.2 The Clifford Algebra C�(1,1)

Any real linear space, which is equipped with a non–degenerate quadratic form, has an
associated Clifford algebra, see [6,27] for a more detailed introduction. In particular we
are interested in the Clifford algebra C�(1,1), which is linked to the Minkowski plane
R1,1.

This Clifford algebra has three different classes of basis elements: the scalar identity
element 1, the orthonormal basis vectors e1, e2 and the pseudo–scalar e12. The non–
commutative multiplication · can be deduced from the basic relations e2

1 =−e2
2 = 1 and

e1 · e2 = e2 · e1e12, see Table 1.
Any element of the Clifford algebra is a linear combination of these basis elements.

In order to simplify the notation, we shall use vectors in R4 to represent them,

A = [a0,a1,a2,a3] = a01 + a1e1 + a2e2 + a3e12.

Table 1. Multiplication table for C�(1,1)

· 1 e1 e2 e12

1 1 e1 e2 e12
e1 e1 1 e12 e2

e2 e2 −e12 −1 −e1

e12 e12 −e2 e1 1
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The conjugation of elements and the squared norm are defined as

Ā = [a0,−a1,−a2,−a3] and
N(A) = A · Ā = a2

0−a2
1 + a2

2−a2
3

respectively. The operation of conjugation satisfies A ·B = B̄ · Ā.
All vectors of R1,1 will be identified with pure vectors

c = (c1,c2)� = c1e1 + c2e2 = [0,c1,c2,0] ∈ C�(1,1). (2)

The norms in R1,1 and C�(1,1) are related by

||c||2 =−N(c).

The set of scalars combined with pseudoscalars forms a subalgebra

H
1,1 = R1 +Re12

of the Clifford algebra C�(1,1). Its elements will be represented by calligraphic char-
acters, A = [a0,0,0,a3] = a01 + a3e12.

Definition 1. We define on the algebra C�(1,1) the commutative multiplication

A � B :=
1
2
(A · e1 · B̄+ B · e1 · Ā).

Corresponding n-th powers will be denoted An� = A � A � . . .� A︸ ︷︷ ︸
n×

.

Note, that A �B is always a pure vector.
Now we state the following Lemmas, which we will make use of in the next section.

Lemma 2. Let a and b be two pure vectors. Then

N(a � b) =−N(a)N(b). (3)

Proof. By using the definitions of Clifford norm and Minkowski inner product, one can
check that both sides of (3) are equal to −(a2

1−a2
2)(b

2
1−b2

2). ��
Lemma 3. Let h = [0,h1,h2,0] be a pure space–like or light–like vector and A =
[a0,0,0,a3] ∈H1,1. Then all solutions of the equation

h = A �A (4)

are given by

a0 =±

√√√√h1±
√

h2
1−h2

2

2
, a3 =∓

√√√√h1∓
√

h2
1−h2

2

2
.

Proof. By using the definition of the symmetric product, the equation (4) is equivalent
to the system

a2
0 + a2

3 = h1 and 2a0a3 =−h2.

Solving this system, which yields a biquadratic equation, concludes the proof. ��
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2.3 Pythagorean Hodograph Curves

Given any vector space V with (possibly indefinite) dot product we can define Pythago-
rean hodograph (PH) curves, as polynomial curves in V with polynomial speed, i.e., as
polynomial mappings p : R→ V such that ||p′|| is a polynomial in t. Obviously, this
definition is invariant with respect to the mappings preserving the dot product. In this
paper we will analyse in detail the cases V = R2 and V = R1,1. However, many of our
approaches can be applied in general.

2.4 Planar Euclidean PH Curves

The hodograph of a planar curve p(t) = (x(t),y(t))� of degree n is the curve h(t) =
(x′(t),y′(t))� of degree n−1, where ′ denotes the first derivative. For the remainder of
the paper the hodograph of a curve p(t) will be denoted h(t).

Recall that a polynomial curve is called Pythagorean Hodograph (PH), see [10] if
the length of its tangent vector depends in a (piecewise) polynomial way on the param-
eter. More precisely, p(t) = (x(t),y(t))� is called a planar PH curve if there exists a
polynomial σ(t) such that

x′(t)2 + y′(t)2 = σ2(t). (5)

Following the classical result of [26] the general solution of (5) takes the form

x′(t) = q(t)(u2(t)− v2(t)),
y′(t) = q(t)(2u(t)v(t)),
σ(t) = q(t)(u2(t)+ v2(t)).

If all real roots of gcd(x′(t),y′(t)) have even multiplicity 1, then q(t) can be omitted.
In the sequel we will suppose this case, since the common factor q(t) raises the degree
of the curve without yielding more geometric flexibility (it does not modify tangent
directions).

Any PH curve can be therefore represented through its preimage

A (t) = (u(t),v(t)).

We will call the two dimensional vector space of u and v the representation space and
denote it SR2 . Then we can describe the whole situation by the following diagram

R

A (t)

����
��

��
��
h(t)

��

p(t)

��
��

��
��

��

SR2 ψ
��
R2 ∫ ��

R2

where ψ : (u,v)� → (u2− v2,2uv)� will be called representation mapping.
The representation result can be reformulated using complex numbers. Any planar

curve p(t) = (x(t),y(t))� is identified with the complex function p(t) = x(t) + y(t)i

1 This includes the generic case gcd(x′(t),y′(t)) = 1.



Low Degree Euclidean and Minkowski Pythagorean Hodograph Curves 399

and any preimage A = (u(t),v(t))� with the complex function A (t) = u(t)+ v(t)i.
Then the characterization mapping ψ corresponds to complex squaring, since A 2 =
(u + vi)2 = (u2− v2)+ 2uvi. The relation between the hodograph of a PH curve and its
preimage thus becomes

h(t) = A (t)2.

2.5 Minkowski Pythagorean Hodograph Curves

Following [29], Minkowski Pythagorean Hodograph (MPH) curves are defined simi-
larly to PH curves, but with respect to the norm induced by the Minkowski inner prod-
uct. More precisely, a polynomial curve p ∈R1,1, p(t) = (x(t),y(t))� is called an MPH
curve if

||h(t)||2 = x′2(t)− y′2(t) = σ2(t) (6)

for some polynomial σ .
Due to the definition of MPH curves, the tangent vector p′(t) cannot be time-like.

Also, light-like tangent vectors correspond to roots of the polynomial σ(t) in (6). Each
regular point of an MPH curve has a space-like or light-like tangent vector.

The equation (6) holds if and only if there exist polynomials u(t), v(t), q(t) such that

x′(t) = q(t)(u2(t)+ v2(t)),
y′(t) = q(t)(2u(t)v(t)),
σ(t) = q(t)(u2(t)− v2(t)).

Again we will suppose that q(t)= 1, in which case the following representation diagram
holds

R

A (t)

����
��

��
��

�
h(t)

��

p(t)

����
��

��
��

�

SR1,1 ψ
��
R

1,1 ∫ ��
R

1,1

where the representation mapping is ψ : (u,v)� → (u2 + v2,2uv)�.
The representation result can be reformulated using Clifford algebra C�(1,1), see

[6], by identifying vectors with elements of the algebra, cf. (2). Any planar curve p(t) =
(x(t),y(t))� is identified with the function p(t) = x(t)e1 +y(t)e2 and any preimage A =
(u(t),v(t))� with the function in the subalgebra H

1,1 by setting A (t) = u(t)+ v(t)e12.
Then the characterization mapping ψ corresponds to A (t) · e1 · ¯A (t) and the relation
between a PH curve and its preimage thus becomes

h(t) = A (t) · e1 · ¯A (t) = A (t)2�.

3 Inducing Transformations via Preimages

In the sequel we want to classify low degree PH curves up to "similarities". More pre-
cisely, we want to classify PH curves in V with respect to the action of the conformal



400 Z. Šír and J. Kosinka

group CO(V) = ON(V)×R+, where ON(V) is the group of all transformations pre-
serving the inner product. Since the PH curves are represented by preimages in the
representation space, we will try to realize the classification already on the level of
preimages. In this chapter we will investigate which transformations of the representa-
tion space produce transformations of the space V belonging to CO(V).

3.1 General Concept

As we have seen in Section 2, the general representation scheme for PH curves is

SV

ψ−−−−→ V

∫
−−−−→ V.

The integration commutes with any affine transformation of the hodograph and from
the transformation point of view it only can produce a translation through a choice of
integration constants. We are looking for certain preimages of conformal mappings,
i.e., for linear mappings of SV which produce conformal mappings of V. This concept
is formalized in the following definition.

Definition 4. An element of λ ∈ GL(SV) will be called the conformal preimage of μ ∈
CO(V) if and only if ψ(λ (a)) = μ(ψ(a)) for any element a ∈ SV.

In other words, the following commutative diagram holds

SV

ψ−−−−→ V

λ
⏐⏐E ⏐⏐Eμ
SV

ψ−−−−→ V

Indeed, one μ can have several preimages. On the other hand, due to the surjectivity
of ψ any λ can be the preimage of at most one μ .

Lemma 5. The set of all preimages of all μ ∈ CO(V) forms a subgroup of GL(SV),
which will be called the preimage group and denoted PCO(SV).

Proof. It is a straightforward observation that 1SV
is the preimage of 1V. Moreover, if

λ is the preimage of μ and λ ′ is the preimage of μ ′ then λ−1 is the preimage of μ−1

and λ (λ ′) is the preimage of μ(μ ′). ��
Before we turn our attention to concrete examples of V, we consider the influence of the
linear reparameterization of the preimage on the shape of the final PH curve. Indeed,
reparameterization is (besides the application of a transformation) another natural way
how to modify the preimage. The following lemma follows directly from the integration
by substitution rule.

Lemma 6. Let A (t) : R→ SV be a polynomial preimage of the PH curve

p(t) =
∫
ψ(A (t)) : R→V

and k �= 0, l real constants. Then A (kt + l) is the preimage of the curve 1
k p(kt + l).

Therefore, reparameterizing the preimage corresponds to scaling p(t).
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3.2 Group PCO(S
R2)

Recall that in the case of Euclidean planar PH curves, the representation mapping has
the form

ψ : (u,v)� → (u2− v2,2uv)�.

The conformal group CO(R2) is generated by mappings of the form

(
a b
−b a

)
to-

gether with the mapping given by

(
1 0
0 −1

)
. An element

(
k l

m n

)
∈ GL(S

R2) is the

preimage of

(
a b
−b a

)
∈CO(R2) if and only if for any (u,v)� ∈ SR2 it holds

(
a b
−b a

)(
u2− v2

2uv

)
=
(

(ku + lv)2− (mu + nv)2

2(ku + lv)(mu + nv)

)
.

Comparing the coefficients we obtain the following system of equations

a = k2−m2 = n2− l2 = kn + lm,

b = kl−mn =−2km = 2ln,

which implies n = k,m = −l,a = k2− l2,b = 2kl. These equations are well known in
the context of PH curves and it has a solution for any a,b. Similarly,(

1 0
0 −1

)
,

(−1 0
0 1

)
∈ GL(SR2)

are the two preimages of

(
1 0
0 −1

)
∈ GL(R2). Summing up, we obtain the following

result.

Theorem 7. The preimage group PCO(SR2) is the conformal group CO(R2) and any
element of CO(R2) has its preimage in PCO(SR2).

3.3 Group PCO(S
R1,1)

Recall that in the case of Minkowski planar PH curves, the representation mapping has
the form

ψ : (u,v)� → (u2 + v2,2uv)�.

The conformal group CO(R1,1) is generated by mappings of the form

(
a b
b a

)
, where

|a|> |b|, a > 0 (7)

together with the mappings given by

(
1 0
0 −1

)
and

(−1 0
0 1

)
.
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An element

(
k l

m n

)
∈ GL(SR1,1) is the preimage of

(
a b
b a

)
∈CO(R1,1) if and only

if for any (u,v)� ∈ SR1,1 it holds(
a b
b a

)(
u2 + v2

2uv

)
=
(

(ku + lv)2 +(mu + nv)2

2(ku + lv)(mu + nv)

)
.

Comparing the coefficients we obtain the following system of equations

a = k2 + m2 = n2 + l2 = kn + lm,

b = kl + mn = 2km = 2ln,

which implies n = k,m = l,a = k2 + l2,b = 2kl. Again, when (7) hold, this system has

always a solution. Moreover,

(
1 0
0 −1

)
,

(−1 0
0 1

)
∈ GL(SR1,1) are the two preimages

of

(
1 0
0 −1

)
∈ GL(R1,1). On the other hand, the element

(−1 0
0 1

)
∈ GL(R1,1) has no

preimage. Summing up, we arrive at the following result

Theorem 8. The preimage group PCO(SR1,1) is generated by the elements of the form(
k l
l k

)
, where k �= l can be arbitrary and by the elements

(
1 0
0 −1

)
,

(−1 0
0 1

)
. A preim-

age exists for an element of CO(R1,1) provided that its first matrix element is positive.

4 Planar PH and MPH Cubics

4.1 Euclidean PH Cubics

We start with recalling the properties of the control polygons of planar PH cubics,
cf. [10]. Let p(t) be a planar cubic in R2 expressed in the Bernstein-Bézier representa-
tion [19]

p(t) =
3

∑
i=0

piB
3
i (t), t ∈ [0,1],

where pi, are the control points and Bn
j(t) =

(n
j

)
t j(1− t)n− j are the Bernstein polyno-

mials. Moreover, let L1, L2 and L3 be the lengths of the control polygon legs and θ1, θ2

p0

p1 p2

p3

p(t)
L1

L2

L3

θ1 θ2

φ0

x

y

Fig. 1. Planar cubic and its control polygon
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be the control polygon angles included at the interior vertices p1, p2, respectively - see
Fig. 1. Then, as shown in [10], Section 4, the following theorem holds.

Theorem 9 (Farouki 1990). Let p(t) be a cubic in R2. Then p(t) is a planar PH cubic
if and only if

L2
2 = L1L3 and θ1 = θ2. (8)

Using the PH representation map (see [6]) and the complex numbers setting we refor-
mulate this theorem and provide an alternative proof. We express the hodograph h(t) of
p(t) and its preimage A (t) in the Bernstein-Bézier representation

h(t) =
2

∑
i=0

hiB
2
i (t), A (t) =

1

∑
i=0

AiB
1
i (t), t ∈ [0,1],

where hi and Ai are the complex control points.

Theorem 10. Let p(t) be a cubic in R2. Then p(t) is a planar PH cubic if and only if

h0h2 = h2
1. (9)

Proof. The relation between the hodograph and the preimage

h(t) = A (t)2

can be expressed using the control points as

h0 = A 2
0 ,

h1 = A0A1,
h2 = A 2

1 .
(10)

From the basic properties of complex numbers it follows that

h0h2 = h2
1. (11)

Now for the converse statement. Let p(t) be a planar cubic with its hodograph control
points hi, i = 0,1,2 such that it satisfies (11). First, compute A0 from the first equation
in (10) using any complex square root. Then, compute A1 from h1 = A0A1. Finally,
one can see that the last equation in (10) holds. Therefore, A0 and A1 form preimage
control points for p(t). Hence, p(t) is a planar PH cubic. ��
Remark 11. Let φi be the argument of hi, i = 0,1,2, in its polar form. Then (11) is
equivalent to the system

|h0||h2|= |h1|2,
φ0 +φ2 = 2φ1,

where |hi| denotes the absolute value of the complex number hi. Moreover, Li = 1
3 |hi−1|

for i = 1,2,3 and θ1, θ2 are the control polygon angles included at the interior vertices
p1, p2, respectively. Thus one can see that (9) is equivalent to the system (8).
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Fig. 2. The "unique" Euclidean PH cubic - the Tschirnhausen cubic (right) and its preimage (left)

Now, using the tools of Section 3, we give a new proof of the classification result for
Euclidean PH cubics - see [10] for the original proof.

Theorem 12. Up to Euclidean similarities there is only one Euclidean PH planar cu-
bic, see Fig. 2. More precisely, any planar Euclidean PH cubic can be transformed by
some element of CO(R2) and by a reparameterization to the Tschirnhausen cubic(

t− t3

3
,t2
)�

. (12)

Proof. It follows from Theorem 7 that Euclidean similarities of PH cubics can be gen-
erated by Euclidean similarities of their preimages. The preimage of any PH cubic p
is some straight line l. We can assume that l does not pass through the origin, since if
it does, the resulting curve is a straight line. By a suitable conformal transformation λ
(see Definition 4) it can be mapped onto the line passing through the point (1,0) and
parallel to the y axis and then reparameterized so that it becomes (1,t)�, which is the
preimage of the cubic (12). It follows from Theorem 7 and Lemma 6 that λ and the
reparameterization of the preimage will produce a similarity which together with the
reparameterization transform p to the desired form (12). ��

4.2 MPH Cubics

Now, we move on to planar MPH cubics. Using the PH representation map (see [6])
and the Clifford algebra C�(1,1) setting we express planar MPH cubics p(t), their
hodographs h(t) and the preimages A (t) as

p(t) =
3

∑
i=0

piB
3
i (t), h(t) =

2

∑
i=0

hiB
2
i (t), A (t) =

1

∑
i=0

AiB
1
i (t), t ∈ [0,1],

where pi, hi and Ai are the control points. In this setting, p(t) and its hodograph are
described by pure vectors, whereas the preimage lies in the subalgebra H1,1. The fol-
lowing Theorem is an analogy to the Euclidean case.
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Theorem 13. A planar cubic curve p(t) in R1,1 is an MPH curve if and only if its
hodograph satisfies

h0 � h2 = h1 � h1. (13)

Proof. The relation between the hodograph and the preimage

h(t) = A (t)�A (t)

can be expressed using the control points as

h0 = A0 �A0,
h1 = A0 �A1,
h2 = A1 �A1.

(14)

Exploiting the commutativity and associativity of the symmetric product � on pure vec-
tors, one can see that (14) yields (13).

In order to prove the converse statement, we need to distinguish two cases, since
light-like elements in C�(1,1) have no inverse elements. Let p(t) be a planar cubic with
its hodograph control points hi, i = 0,1,2 such that it satisfies (13).

First, assume that both h0 and h2 are light-like. Then, from (13) and Lemma 2 it
follows that h1 is light-like as well. Therefore, if A0 and A1 exist, they must be light-
like too and can be written as

A0 = [a0,0,0,±a0], A1 = [a1,0,0,±a1].

Checking different cases with respect to the 4 sign combinations, one can see that this
preimage either gives a light-like straight line as the corresponding MPH curve, or the
preimage gives h1 = [0,0,0,0]. In the latter case one can compute the preimage from
the first and third equation of (14) using Lemma 3, thus proving that p(t) is an MPH
cubic.

Second, let h0 be space-like (if h0 is light-like we simple interchange the roles of h0

and h2). Then, as in the Euclidean case, we compute A0 from the first equation of (14)
using any solution, see Lemma 3. Since N(h0) = N(A0 �A0) =−N(A0)2, we have that
N(A0) �= 0 and A0 is invertible. Therefore, using the second equation of (14), we can
compute

A1 =
h1 ·A0 · e1

N(A0)
. (15)

Indeed,

h1·A0·e1
N(A0) �A0 = 1

2N(A0)

(
h1 ·A0 · e1 · e1 · ¯A0 +A0 · e1 · ē1 · ¯A0 · h̄1·

)
=

1
2N(A0)

(
h1 ·A0 · ¯A0−A0 · ¯A0 · h̄1

)
= 1

2 (h1− h̄1) = h1.

Now, we express

A1 �A1 = 1
N(A0)2 (h1 ·A0 · e1 · e1 · ē1 · ¯A0 · h̄1) =

− 1
N(A0)2 (h1 ·A0 · e1 · ¯A0 · h̄1) =− 1

N(A0)2 (h1 · (A0 �A0) · h̄1) =
1

N(h0) (h1 ·h0 · h̄1)
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and verify that

h0 � (A1 �A1) = h0 � h1·h0·h̄1
N(h0) = (h0·e1·h1·h̄0·h̄1+h1·h0·h̄1·e1·h̄0)

2N(h0) =
1
2(h1 · e1 · h̄1 + h1 · e1 · h̄1) = h1 � h1.

We assumed that
h0 � h2 = h1 � h1,

therefore A1 �A1 = h2 as h0 is invertible. This completes the proof, since A0 and A1

give a preimage of p(t). ��
Still, we would like to obtain a geometric description of planar MPH curves as in the
Euclidean case, see Theorem 9. However, as the Minkowski inner product is not positive
definite, there is no straightforward definition of angle in the whole Minkowski plane.
Nevertheless, the following Theorem holds.

Theorem 14. Let p(t) in R1,1 be a planar MPH cubic. Then

||h0||||h2||= ||h1||2 (16)

and
||h2||2〈h0,h1〉2 = ||h0||2〈h1,h2〉2. (17)

Proof. Comparing Clifford norms of both sides of equation (13) gives

N(h0 � h2) = N(h1 � h1).

As h0, h1 and h2 are pure vectors, applying Lemma 2 yields

N(h0)N(h2) = N(h1)2.

As no leg of the control polygon of an MPH curve can be time-like, we arrive at (16).
Now, let A0 = [a0,0,0,a1] and A1 = [a2,0,0,a3] be the preimage control points of

p(t). Using (14), one can verify that both sides of equation (17) are equal to

− (a1a3−a2a0)2N(A0)2N(A1)2. ��
Remark 15. Let L1, L2 and L3 be the lengths of the control polygon legs of p(t) com-
puted with respect to the Minkowski inner product, i.e. Li = 1

3 ||hi||. We obtained an
analogous condition for the lengths of the control polygon legs of an MPH curve as in
the Euclidean case (cf. (8))

L2
2 = L1L3.

In the Euclidean case, the two angles included between h0 and h1, h1 and h2 are the
same, see Theorem 9. Using Euclidean inner product and norm, denoted by E , one can
express this condition as

||h2||E〈h0,h1〉E = ||h0||E〈h1,h2〉E . (18)

Consequently, equation (17) represents an analogy to the angular formula in Theorem 9.
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These observations lead us to the following definitions.

Definition 16. Let h = [0,h1,h2,0] be a pure space-like vector. If h1 > 0 then h is called
a positive space-like vector.

Using basic geometry, one can see that any positive space-like vector can be represented
using its Minkowski norm ||h|| and hyperbolic angle as

h = [0, ||h||coshφ , ||h||sinhφ ,0].

Moreover, any positive space-like vector can be uniquely represented using its Minkow-
ski norm and hyperbolic angle.

Definition 17. Let a and b be two positive space-like vectors. Then we define the angle
θ included between a and b as

coshθ =
〈a,b〉
||a||||b|| .

Note that this definition of angle is invariant with respect to special Lorentz transforms.
Moreover, the hyperbolic angle of a can be defined as the angle included between a
and e1.

Lemma 18. Let a and b be two positive space-like vectors

a = [0, ||a||coshφ , ||a||sinhφ ,0], b = [0, ||b||coshψ , ||b||sinhψ ,0].

Then
a � b =−[0, ||a||||b||cosh(φ +ψ), ||a||||b||sinh(φ +ψ),0].

Proof. The claim is a direct consequence of the definition of the symmetric product �
and the hyperbolic functions formulas

cosh(φ +ψ) = coshφ coshψ+ sinhφ sinhψ ,
sinh(φ +ψ) = sinhφ coshψ+ coshφ sinhψ . ��

Now, let us assume that h0, h1 and h2 are positive space-like vectors with hyperbolic
angles φ0, φ1 and φ2, respectively. Then Lemma 18 yields that both −h0 �h2 and−h1 �
h1 are positive space-like vectors as well. Thus, we see that the equation

h0 � h2 = h1 � h1

is equivalent to the system
L2

2 = L1L3,
φ0 +φ2 = 2φ1.

Finally, let θ1, θ2 be the angles included between h0 and h1, h1 and h2, respectively.
Collecting our results, we arrive at
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Theorem 19. Let p(t) be a cubic in R1,1 such that its hodograph control points are
positive space-like vectors. Then p(t) is a planar MPH cubic if and only if

L2
2 = L1L3 and θ1 = θ2. (19)

Proof. It only remains to show that θ1 = θ2 is equivalent to φ0 + φ2 = 2φ1. We leave
this computation as an exercise on inverse hyperbolic functions using the formulas

arccosh(x) = ln(x +
√

x2−1),
arccosh(x)+ arccosh(y) = arccosh(xy +

√
(x2−1)(y2−1)). ��

Now, we will give a classification of Minkowski PH planar cubics.

Theorem 20. Up to Minkowski similarities there are only two Minkowski PH planar
cubics. More precisely, any planar Minkowski PH cubic can be mapped by some ele-
ment of CO(R1,1) on one of the following cubics - see Fig. 3.(

2
3

t3 + 2t,
2
3

t3−2t

)�
, (20)(

t +
t3

3
, t2
)�

. (21)

Proof. Analogously to the proof of Theorem 12, we make use of Lemmas 8 and 6. The
preimage of any MPH cubic p is a straight line l, which has one or two intersections
with the light cone. If l contains only one intersection, than it is of the form (a,a) or

(a,−a) and we apply the mapping

( 1
a 0
0 − 1

a

)
or

( 1
a 0
0 1

a

)
, respectively, to map this point

to the point (1,−1) and the line l to the line given by (1 + t,−1 + t)�, which gives the
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Fig. 3. Two Minkowski PH cubics (top) and their preimages (bottom)
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cubic (20). If the straight line l has two intersections with the light cone, they are of the
form (a,a) and (b,−b). The mapping(

( 1
2a + 1

2b) ( 1
2a − 1

2b)
( 1

2a − 1
2b) ( 1

2a + 1
2b)

)
maps the line l on the line given by (1, t)�, which gives the cubic (21).

5 Planar PH and MPH Quintics

5.1 PH Quintics

Let p(t) be a planar quintic in R2 expressed in the Bernstein-Bézier representation [19]

p(t) =
5

∑
i=0

piB
5
i (t), t ∈ [0,1],

where pi, are the control points. Moreover, let Li, i = 1, . . . ,5 be the lengths of the
control polygon legs and θi, i = 1, . . . ,4 be the control polygon angles included at the
interior vertices pi. Then, as observed in [10], Section 5, the following constraint on the
lengths of the control polygon legs holds for any planar PH quintic

L1L2
4 = L5L2

2.

Using the PH representation map (see [6]) and the complex numbers setting simpli-
fies the matter. We express the hodograph h(t) of p(t) and its preimage A (t) in the
Bernstein-Bézier representation

h(t) =
4

∑
i=0

hiB
4
i (t), A (t) =

2

∑
i=0

AiB
2
i (t), t ∈ [0,1],

where hi and Ai are the complex control points.
The relation between the hodograph and the preimage

h(t) = A (t)2

can be expressed using the control points as

h0 = A 2
0 ,

h1 = A0A1,

h2 = 2
3A 2

1 + 1
3A0A2,

h3 = A1A2,
h4 = A 2

2 .

(22)

From the basic properties of complex numbers it follows that

h0h2
3 = h2

1h4, (23)

3h2h3h4 = 2h3
3 + h1h2

4 (24)
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and
3h2h1h0 = 2h3

1 + h3h2
0. (25)

Note the symmetry of the last two equations. Moreover, a simple computation re-
veals that (25) can be obtained from (23) and (24). More precisely, expressing e.g.
h0 from (23) and substituting it into (24) yields (25).

Now, let φi, i = 0, . . . ,4 be the argument of hi in its polar form and |hi| its usual
complex norm. Then (23) is equivalent to the system

|h0||h3|2 = |h4||h1|2,
φ0 + 2φ3 = φ4 + 2φ1.

In turn, this system is equivalent to

L1L2
4 = L5L2

2,
θ2 +θ3 = θ1 +θ4,

which yields a geometric constraint on the control polygon of a planar PH quintic.
However, it seems that (24) (or (25)) does not admit a straightforward geometric inter-
pretation.

Theorem 21. Let p(t) be a quintic in R
2. Then p(t) is a PH quintic if and only if

h0h2
3 = h2

1h4,
3h2h3h4 = 2h3

3 + h1h2
4.

(26)

Proof. It only remains to show the sufficiency of the system (26). Let p(t) be a pla-
nar quintic with its hodograph control points hi, i = 0, . . . ,4 such that it satisfies (26).
First, compute A0 from the first equation in (10) using any complex square root. Then,
compute A1 from h1 = A0A1 and A2 from h3 = A1A2. Thus we have

A 2
0 = h0, A1 =

h1

A0
, A2 =

h3

A1
.

Then, using the first equation of (26), we verify that

A 2
2 =

h2
3

A 2
1

=
h2

3h0

h2
1

= h4

and using the second equation of (26) we see that

2
3
A 2

1 +
1
3
A0A2 =

1
3

(
2

h2
1

h0
+

h0h3

h1

)
= h2.

Therefore, we found the control points of the preimage of p(t). Consequently, p(t) is a
planar PH quintic. ��
Now, we will provide a classification of Euclidean PH quintics, which is based on the
methods developed in Section 3.
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Theorem 22. Any planar Euclidean PH quintic can be transformed by some element
of CO(R2) and a reparameterization to one of the following forms(− 1

5 t5 +
(

1
3 − 2

3 b
)

t3 + t2a +
(
a2−b2

)
t, 1

2 t4 + t2b + 2
3 t3a + 2abt

)�
, (27)(− 1

5 t5− 2
3 t3c +

(
1− c2

)
t, 2

3 t3 + 2ct
)�

, (28)

where a≥ 0,b,c are real parameters.

Proof. Let p be a quintic PH curve and A (t) = (u(t),v(t))� its quadratic preimage.
From the geometrical point of view there are two possibilities: A (t) is either a parabola,
or it is degenerated into a half-line. In the former case we can rotate the parabola so
that its axis has the direction given by (0,1)�. If its vertex x-coordinate is negative

we apply the mapping

(−1 0
0 1

)
to make it positive. Then, we scale the parabola and

reparameterize it so that the vertex corresponds to t = 0 and it takes the form (t +a, t2 +
b). This preimage provides the PH curve (27). It follows from Theorem 7 and Lemma 6
that all the used transformations of the preimage will induce a similarity (element of
CO(R2) transforming p(t) to the desired form.

If A degenerates into a half-line, it is of the form (a′+ kq(t),b′+ lq(t))�, where
q(t) is a quadratic polynomial and a′, b′, l, k some real numbers. Again, we rotate A so

that it points in the direction of (0,1)� and possibly apply

(−1 0
0 1

)
in order to make

the x-coordinate of its extremal point positive (it can not be 0, since this would lead to
a degeneration of the quintic p into a line). Then, we scale it so that the x-coordinate of
this point is equal to 1. Eventually, via a suitable reparameterization this half-line will
take the form (1,t2 + c)�, which provides the PH curve (28). ��
The explicit forms of PH quintics (27) and (28) seem to be promising for the analysis
of possible singularities and other important features of PH quintics. In this paper we
will restrict ourselves to a description of symmetric PH curves, which can be obtained
from (28) and (27) by setting a = 0.

Theorem 23. Any PH quintic symmetric with respect to an axis is similar to(
−1

5
t5 +

(
1
3
− 2

3
b

)
t3−b2t,

1
2

t4 + t2b

)�
(29)

for some b ∈ R and any centrally symmetric PH quintic is similar to(
−1

5
t5− 2

3
t3c +

(
1− c2) t,

2
3

t3 + 2ct

)�
(30)

for some c ∈ R.

Proof. Obviously, (29) is symmetric with respect to the y axis and (30) with respect to
the origin. Due to Theorem 22 we only need to show that for a �= 0 the curve (27) is not
symmetric. However, this follows from the non-symmetric position of the point on the
parabola which is closest to the origin. Indeed, for its image on the PH curve there can
not be any symmetric point. ��
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Fig. 4. Examples of PH quintics symmetric with respect to an axis

Thus, we see that symmetric PH quintics form two one-parameter systems. Figures 4
and 5 show representatives of these systems for some typical and critical values of the
parameters.

5.2 MPH Quintics

Now, we move on to planar MPH quintics. Using the PH representation map and the
Clifford algebra C�(1,1) setting we express planar MPH quintics p(t), their hodographs
h(t) and the preimages A (t) as

p(t) =
5

∑
i=0

piB
5
i (t), h(t) =

4

∑
i=0

hiB
4
i (t), A (t) =

2

∑
i=0

AiB
2
i (t), t ∈ [0,1],

where pi, hi and Ai are the control points. In this setting, p(t) and its hodograph are de-
scribed by pure vectors, whereas the preimage lies in the subalgebra H1,1. The relation
between the hodograph and the preimage

h(t) = A (t)�A (t)
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Fig. 5. Examples of PH quintics symmetric with respect to a point

can be expressed using the control points as

h0 = A 2�
0 ,

h1 = A0 �A1,
h2 = 2

3A 2�
1 + 1

3A0 �A2,
h3 = A1 �A2,
h4 = A 2�

2 .

(31)

Exploiting the properties of the symmetric product � as in the cubic case, one can
see that

h0 � h2�
3 = h2�

1 � h4, (32)

and
3h2 � h3 � h4 = 2h3�

3 + h1 � h2�
4 . (33)

The symmetric equation holds

3h2 � h1 � h0 = 2h3�
1 + h3 � h2�

0 , (34)

but can be derived from (32) and (33). Moreover, using the same techniques as in
Section 4.2, one can show that provided that hi, i = 0, . . . ,4 are positive space–like
vectors, (32) is equivalent to the system

L1L2
4 = L5L2

2,
θ2 +θ3 = θ1 +θ4,

where Li, i = 1, . . . ,5 are the Minkowski lengths of the control polygon legs and θi,
i = 1 . . . ,4 are the (Minkowski) angles (see Definition 17) at the interior vertices of the
control polygon of p(t).
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Fig. 6. Shapes of Minkowski PH quintics (42), (43) and (44)

Theorem 24. Let p(t) be a quintic in R2 such that h0 and h1 are space–like or h3 and
h4 are space–like. Then p(t) is an MPH quintic if and only if

h0 � h2�
3 = h2�

1 � h4,
3h2 � h3 � h4 = 2h3�

3 + h1 � h2�
4 .

(35)

Proof. It only remains to show the sufficiency of the system (35). Let p(t) be a planar
quintic with its hodograph control points hi, i = 0, . . . ,4 such that it satisfies (35) and
let h0 and h1 be space–like, i.e., invertible in C�(1,1). First, compute A0 from the first
equation in (31) using Lemma 3. Then, compute A1 from h1 = A0 �A1 and A2 from
h3 = A1 �A2. Thus we have (cf. (15))

A 2�
0 = h0, A1 =

h1 ·A0 · e1

N(A0)
, A2 =

h3 ·A1 · e1

N(A1)
.

Now, using the following formulas

A 2�
1 =

h1 ·h0 · h̄1

N(h0)
, N(A1) =− N(h1)

N(A0)
we compute

A 2�
2 =

h3 ·A1 · e1 · e1 · ē1 · ¯A1 · h̄3

N(A1)2 =−h3 ·A 2�
1 · h̄3

N(A1)2 =
h3 ·h1 ·h0 · h̄1 · h̄3

N(h1)2 .

Verifying that
h2�

1 � (A 2�
2 ) = h2�

1 � h4,

using the first equation of (35) and the invertibility of h1 we conclude that

A 2�
2 = h4.

Second, we need to show that

2
3
A 2�

1 +
1
3
A0 �A2 = h2. (36)

In order to do that, we compute

A2 = h3·A1·e1
N(A1) = h3·h1·A0

N(A0)N(A1) ,

A0 �A2 = A0·e1· ¯A0·h̄1·h̄3+h3·h1·A0·e1· ¯A0
2N(A0)N(A1) = h0·h̄1·h̄3+h3·h1·h0

2N(A0)N(A1) .
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Thus we have

2
3
A 2�

1 +
1
3
A0 �A2 =

2h1 ·h0 · h̄1

3N(h0)
+

h0 · h̄1 · h̄3 + h3 ·h1 ·h0

6N(A0)N(A1)
.

Finally, by a straightforward computation we arrive at(
2
3
A 2�

1 +
1
3
A0 �A2

)
� h1 � h0 = 2h3�

1 + h3 � h2�
0 .

Comparing this equation with (34) gives (36) since h0 and h1 are invertible. Thus we
found the control points of the preimage of p(t). Consequently, p(t) is a planar MPH
quintic. If h3 and h4 are space–like, we simply use the symmetry of the equations (32),
(33) and (34). ��
Now, making use of the methods developed in Section 3, we will give a classification
of Minkowski PH quintics.

Theorem 25. Any planar Minkowski PH quintic can be transformed by some element
of CO(R1,1) and a reparameterization to one of the following forms(

1
5

t5 +
(

1
3

+
2
3

b

)
t3 + t2a +

(
a2 + b2) t,

1
2

t4 + t2b +
2
3

t3a + 2abt

)�
, (37)(

1
5

t5 +
2
3

t3c +
(
1 + c2) t,

2
3

t3 + 2ct

)�
, (38)(

2
5

t5 +
(

2
3

+
4
3

c

)
t3 + 2c2t,

2
5

t5 +
(
−2

3
+

4
3

c

)
t3 + 2c2t

)�
, (39)(

2
5

t5 +
(

2
3

+
2
3

c

)
t3− ct2 + c2t,

2
5

t5 +
(
−2

3
+

2
3

c

)
t3 + ct2

)�
, (40)(

2
5

t5 +
2
3

t3−2dt2 + 2d2t,
2
5

t5− 2
3

t3 + 2dt2−2d2t

)�
, (41)(

2
5

t5 +
2
3

t3 + t,
2
5

t5 +
2
3

t3− t

)�
, (42)(

2
5

t5− 2
3

t3 + t,
2
5

t5− 2
3

t3− t

)�
, (43)(

2
5

t5 + 2t,
2
5

t5−2t

)�
, (44)

where a≥ 0, b, c and d > 0 are real parameters.

Proof. The proof is analogous to the proof of Theorem 22. Let p be a quintic MPH
curve and A (t) = (u(t),v(t))� its quadratic preimage. If the preimage is a parabola
whose axis has a non-isotropic direction, then via the action of the group PCO(R1,1)
and a reparameterization it can be transformed into the form (t +a, t2 +b), which gives
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the quintic (37). If A degenerates into a half-line with a non-isotropic direction, it can
be transformed into the form (1,t2 + c)�, which provides the MPH curve (38).

The remaining cases correspond to the parabola with its axis direction given by
(1,1)� or a half line with the same direction. This orientation can not be changed by any
element of PCO(R1,1) to a non-isotropic one. These elements can however move the
vertex (the half-line end point) of the preimage so that it lies on one of the lines u = v,
v = 0 or u =−v. After a scaling and a reparameterization we obtain the following pos-
sible preimages for the parabola: (c− t + t2,c+ t + t2)� giving (39), (c− t + t2, t + t2)�
yielding (40) and (d−t +t2,−d +t +t2)� giving (41). In the case of half-line, a suitable
scaling removes any remaining free parameters and we arrive at three cases of preim-
ages: (1+ t2,t2)� giving (42), (−1+ t2,t2)�, which yields (43) and (1+ t2,−1+ t2)�,
which gives (44). ��
As we have seen in the proof, the main classes of Minkowski PH quintic are (37), (38).
The other cases have preimages with particular positions with respect to the iso-tropic
lines. To conclude this section we give figures of the three particular quintics (42)–(44),
which are the only centrally symmetrical Minkowski PH quintics having preimages
parallel to isotropic lines - see Fig. 6.

6 Conclusion

The main contributions of this paper are of two types. First, in the case of Euclidean
PH cubics we provide new simple proofs for the known facts [10] about their control
polygons and their classification. For Minkowski PH curves the classification result was
already published in [23]. We give a simplified proof. Moreover, we give an original
sufficient and necessary condition for the control polygon. Results for quintics in both
Euclidean and Minkowski planes are new; we provide classifications and sufficient and
necessary conditions for control polygons of quintic PH curves.

Second, the concept of the preimage of a transformation was introduced in a general
way and it seems to be very promising for studying PH curves of even higher degrees.
In particular we plan to give an analysis of possible configurations of singularities for
planar PH quintics and to classify low degree curves in the Euclidean and Minkowski
three dimensional spaces.
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On the Local Approximation Power of
Quasi-Hierarchical Powell-Sabin Splines
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Department of Computer Science, Katholieke Universiteit Leuven
Celestijnenlaan 200A, B-3001 Leuven, Belgium

Abstract. Quasi-hierarchical Powell-Sabin (QHPS) splines are quadratic splines
with a global C1-continuity. They are defined on a locally refined hierarchical
triangulation, and they admit a compact representation in a normalized B-spline
basis. We show that sufficiently smooth functions and their derivatives can be
approximated up to optimal order by a Hermite interpolating QHPS spline.

1 Introduction

Powell-Sabin splines [1] are C1-continuous quadratic splines defined on a conform-
ing triangulation. They can be compactly represented in a normalized B-spline basis
with an intuitive geometric interpretation involving control triangles [2]. These splines
are effective in many application domains, such as surface modelling [3] and data
fitting [4, 5].

Recently, we developed a hierarchical variant of Powell-Sabin splines in a quasi-
hierarchical representation, the so-called QHPS splines [6]. A hierarchical basis is con-
structed such that the basis functions of the coarser spaces are retained in the basis of
the finer space. In a quasi-hierarchical basis some of the coarse-level basis functions
are replaced by finer-level basis functions [7]. Similar to classical hierarchical Powell-
Sabin splines, the QHPS splines admit a local refinement in a straightforward way. In
addition, they have some other advantages. The basis functions form a convex partition
of unity. With each B-spline one can associate a control point such that the QHPS sur-
face lies inside the convex hull of these points. The support of the basis functions is also
smaller than in case of a hierarchical basis. The basis is shown to be strongly stable on
uniform hierarchical triangulations.

In this paper we consider the approximation power of QHPS splines. Splines of
degree d, defined on mesh Δ, have an optimal approximation order, if there exists an
approximating spline for any sufficiently smooth function, where the approximation
error is of the order |Δ|d+1 with |Δ| the length of the longest edge in Δ. For (quasi-)
hierarchical splines it is only meaningful to define a local approximation order, since
the mesh can be locally refined. It means for QHPS splines that the approximation error
on each triangle T in Δ must be of the order |T |3, where |T | is the length of the longest
edge of T .

The paper is organized as follows. Section 2 recalls the definition of the QHPS spline
space, and the construction of its basis. In Sect. 3 we establish a number of useful prop-
erties of polynomials. We derive in Sect. 4 an error bound for QHPS spline approxima-
tion, and it is illustrated numerically in Sect. 5.

M. Dæhlen et al. (Eds.): MMCS 2008, LNCS 5862, pp. 419–433, 2010.
c© Springer-Verlag Berlin Heidelberg 2010
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(a) (b)

Fig. 1. (a) A HPS refinement Δ∗
H (dashed lines) of a given hierarchical triangulation ΔH (solid

lines). (b) The QHPS points (bullets) and a set of suitable QHPS triangles (shaded).

2 Quasi-Hierarchical Powell-Sabin Splines

Consider a simply connected subset Ω ⊂ R2 with polygonal boundary, and assume a
conforming triangulation Δ0 of Ω is given. A triangulation is conforming if no triangle
contains a vertex different from its own three vertices. We construct a hierarchical trian-
gulation ΔH on Ω by partitioning successively subsets of triangles with a triadic split,
starting from the initial triangulation Δ0. An example of such a triangulation is drawn
in Fig. 1(a) with solid lines. The hierarchical triangulation has a total of n vertices. Of
these vertices, nh are non-conforming (or hanging) vertices. They are located on inte-
riors of triangle edges. The remaining ones, i.e. nc = n − nh, are called conforming
vertices.

To each hierarchical triangulation ΔH we can associate a hierarchical structure ΔH .
It is the set of triangles T k that are generated during the construction of ΔH . The
superscript k of a triangle T k refers to the refinement level of that triangle, i.e., the
minimal number of refinement steps needed to construct the triangle. We will denote
Δl

H as the subset of ΔH containing all triangles whose level number is l or lower,
and let Δl

H be its corresponding hierarchical triangulation. Note that these hierarchical
structures are nested

Δ0 ⊂Δ1
H ⊂Δ2

H ⊂ . . . ⊂ΔH . (1)

The hierarchical Powell-Sabin (HPS) refinement Δ∗
H is a particular partition of ΔH ,

where every triangle is split into six smaller triangles with a common vertex (see [6]
for details on the construction). In Fig. 1(a) such a HPS refinement is drawn in dashed
lines. Analogous to (1), the HPS refinement yields a nested structure of sets of triangles

Δ∗,0 ⊂Δ∗,1
H ⊂Δ∗,2

H ⊂ . . . ⊂Δ∗
H . (2)

Let Πd be the space of bivariate polynomials of degree less than or equal to d. The
space of piecewise quadratic polynomials on Δ∗

H with global C1-continuity is called
the hierarchical Powell-Sabin spline space:
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S1
2,H(Δ∗

H) =
{
sH ∈ C1(Ω) : sH |T ∗

j
∈ Π2, T ∗

j ∈ Δ∗
H

}
. (3)

In [6] is proved that the following interpolation problem at each conforming vertex Vk

sH(Vk) = fk, DxsH(Vk) = fx,k, DysH(Vk) = fy,k, (4)

has a unique solution sH(x, y) ∈ S1
2,H(Δ∗

H) for any set of nc triplets (fk, fx,k, fy,k).
Hence, the dimension of the hierarchical Powell-Sabin spline space is equal to 3nc.

We presented a geometric method in [6] to construct a normalized quasi-hierarchical
basis for the spline space S1

2,H(Δ∗
H). A hierarchical Powell-Sabin spline in its quasi-

hierarchical representation is called a QHPS spline, and it is denoted as

sQH(x, y) =
nc∑
i=1

3∑
j=1

ci,jB
j
i,QH(x, y). (5)

To find the QHPS basis functions, we associate with each conforming vertex Vi in
the hierarchical triangulation three linearly independent triplets (αi,j , βi,j , γi,j), j =
1, 2, 3. These triplets are determined as follows:

1. For each conforming vertex Vi in the hierarchical triangulation ΔH , identify the
corresponding QHPS points. Let k be the smallest level number of all triangles in
ΔH that contain vertex Vi. The QHPS points of Vi are defined as the midpoints of
all edges in the HPS refinement Δ∗,k

H ending in Vi. The vertex Vi itself is also a
QHPS point. In Fig. 1(b) the QHPS points are indicated as bullets.

2. For each conforming vertex Vi, find a triangle ti(Qi,1, Qi,2, Qi,3) containing all
the QHPS points of Vi. The triangles ti, i = 1, . . . , nc, are called QHPS triangles.
Note that these triangles are not uniquely defined. Figure 1(b) shows a possible set
of QHPS triangles.

3. The three linearly independent triplets (αi,j , βi,j , γi,j), j = 1, 2, 3, are derived
from the QHPS triangle ti of a vertex Vi as follows:
• αi = (αi,1, αi,2, αi,3) are the barycentric coordinates of Vi with respect to ti,
• βi = (βi,1, βi,2, βi,3) and γi = (γi,1, γi,2, γi,3) are the coordinates, with re-

spect to ti, of the unit barycentric directions, in the x- and y-direction respec-
tively, with respect to ti.

The QHPS B-spline Bj
i,QH(x, y) is defined as the unique solution of interpolation prob-

lem (4) with all (fk, fx,k, fy,k) = (0, 0, 0) except for k = i, where

(fi, fx,i, fy,i) = (αi,j , βi,j , γi,j) �= (0, 0, 0).

These quasi-hierarchical basis functions satisfy some interesting properties. The
QHPS B-splines have a local support. We denote the support of the B-splines asso-
ciated with the conforming vertex Vi as Si and its area as ASi . The proposed basis also
forms a convex partition of unity on Ω, i.e.,

Bj
i,QH(x, y) ≥ 0, and

nc∑
i=1

3∑
j=1

Bj
i,QH(x, y) = 1. (6)
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For any coefficient vector C = {ci,j : i = 1, . . . , nc; j = 1, 2, 3} in the QHPS spline
representation (5) it holds that

K∞ ‖C‖∞ ≤ ‖sQH(x, y)‖∞ ≤ ‖C‖∞, (7)

where constant K∞ only depends on the smallest angle in the triangulation and on
the size of the QHPS triangles. Moreover, the smaller the QHPS triangles, the larger
the stability constant. A common choice of QHPS triangles are the so-called optimal
triangles, i.e., the triangles with minimal area. On uniform hierarchical triangulations
K∞ is independent of the number of levels in the hierarchical structure, such that the
corresponding QHPS basis is strongly stable [6]. Stability for the more general Lp-norm
is considered in [8].

We find QHPS control points as ci,j = (Qi,j , ci,j). These points define QHPS con-
trol triangles Ti(ci,1, ci,2, ci,3), which are tangent to the spline surface z = sQH(x, y)
at the conforming vertices Vi. The projection of the control triangles Ti in the (x, y)-
plane are the QHPS triangles ti.

If the hierarchical triangulation is obtained by global triadic splits, i.e., the final tri-
angulation is conforming, then the QHPS B-splines are just the classical normalized
Powell-Sabin B-splines [2].

3 Polynomial Approximation

We first consider some inequalities for the Lp-norm of polynomials on a triangle T ⊂
R2. This norm will be denoted by the symbol ‖ · ‖p,T . Let |T | be the length of the
longest edge of triangle T , and let rT be its inradius.

Lemma 1. Let ‖∇pd‖∞,T = ‖max{|Dxpd|, |Dypd|}‖∞,T . Then, for any pd ∈ Πd(T )
it holds that

‖∇pd‖∞,T ≤ 2d2 − d

rT
‖pd‖∞,T . (8)

Proof. From [9] we know that

‖∇pd‖∞,T ≤ 4d2 − 2d

ωT
‖pd‖∞,T ,

with ωT the minimal distance between two parallel supporting lines that contain triangle
T between them. Using inequality 2rT ≤ ωT completes the proof. ��
Lemma 2. For any pd ∈ Πd(T ) it holds that

‖Dα
xDβ

y pd‖∞,T ≤
(

2d2 − d

rT

)α+β

‖pd‖∞,T , (9)

with 0 ≤ α + β ≤ d.
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Proof. The result for α + β = 0 is trivial, and Lemma 1 proves the case α + β = 1.
The inequality for general α and β follows by applying Lemma 1 for the Dx and Dy

derivatives repeatedly. ��
Lemma 3. For any pd ∈ Πd(T ) we have

‖pd‖∞,T ≤
(

12 (4d2 − 2d)2

AT

)1/p

‖pd‖p,T , (10)

with AT the area of T .

Proof. For the proof we refer to [8]. ��
We now introduce the so-called averaged Taylor polynomials, and we consider some of
their properties. More details can be found in [10].

Let B = {(x, y) : (x− x0)2 + (y − y0)2 < r2} be the disk centered around the
point (x0, y0) with radius r. The function

gB(x, y) =

{
K e−(1−((x−x0)2+(y−y0)2)/r2)−1

, if (x, y) ∈ B,
0, otherwise,

is called a cut-off function with constant K chosen such that
∫

R2 gB(x, y) dxdy = 1.
For any function f ∈ Cd(R2), we recall that

Td,(u,v)f(x, y) =
∑

α+β≤d

Dα
uDβ

v f(u, v)
α! β!

(x− u)α(y − v)β (11)

is the Taylor polynomial of degree d of f at (u, v).

Definition 4. The averaged Taylor polynomial of degree d over disk B is defined as

Fd,Bf(x, y) =
∫
B

Td,(u,v)f(x, y) gB(u, v) dudv (12)

with Td,(u,v)f(x, y) the Taylor polynomial (11) and gB(u, v) the cut-off function sup-
ported in the disk B.

The averaged Taylor polynomial is well-defined for any integrable function f ∈ L1(B).
It can be verified that Fd,Bf(x, y) is a polynomial of degree less than or equal to d. It
holds that

Fd,B pd = pd, ∀pd ∈ Πd. (13)

Let | · |k,p,Ω be the usual semi-norm in the Sobolev space W k
p (Ω), i.e.,

|f |k,p,Ω =
( ∑

α+β=k

‖Dα
xDβ

y f‖p
p,Ω

)1/p

. (14)

The next lemmas concerning averaged Taylor polynomials will be needed in the proof
of the approximation theorem for QHPS splines (Theorem 11). The first two lemmas are
recalled from [10]. Lemma 7 is a particular modification of Proposition 4.3.2 in [10].



424 H. Speleers, P. Dierckx, and S. Vandewalle

Lemma 5. For any 0 ≤ α + β ≤ d and f ∈Wα+β
1 (B), we have

Dα
x Dβ

y Fd,Bf = Fd−α−β,B(Dα
x Dβ

y f). (15)

Lemma 6. Let BT be the largest disk in triangle T with radius rT . For any f ∈
W d+1

p (T ), it holds for 1 ≤ p ≤ ∞ and 0 ≤ α + β ≤ d that

‖Dα
xDβ

y (f − Fd,BT f)‖p,T ≤ Kt,p |T |d+1−α−β |f |d+1,p,T . (16)

The constant Kt,p is independent of |T | and f .

Lemma 7. Let B be a disk in triangle T with centre (x0, y0) and radius r. For any
f ∈W d+1

p (T ), it holds that

‖f − Fd,Bf‖∞,T ≤ Kt

(
1 +

|T |
r

)2

|T |d+1−2/p|f |d+1,p,T , (17)

provided that 1 < p <∞ and d > 2/p− 1, or p = 1 and d ≥ 1, or p =∞ and d ≥ 0.
The constant Kt is independent of |T | and f .

Proof. From [10] we know that the remainder f − Fd,Bf has the following pointwise
representation for any point (x, y) ∈ T :

(f − Fd,Bf)(x, y)

= (d + 1)
∑

α+β=d+1

∫
B(x,y)

(x− u)α(y − v)β

α!β!
k(x, y, u, v)Dα

uDβ
v f(u, v) dudv,

where B(x,y) is the domain defined by the convex hull of (x, y) ∪ B. The function
k(x, y, u, v) can be bounded as

|k(x, y, u, v)| ≤ K1

(u− x)2 + (v − y)2

(
1 +

1
r
((x − x0)2 + (y − y0)2)1/2

)2

.

Because B(x,y) ⊂ T , we find that

|k(x, y, u, v)| ≤ K1

(u− x)2 + (v − y)2

(
1 +

|T |
r

)2

.

Hence, the remainder can be estimated by

|f − Fd,Bf | ≤ K2

∑
α+β=d+1

∫
B(x,y)

|(x− u)α(y − v)β |
(u− x)2 + (v − y)2

|Dα
uDβ

v f | dudv

≤ K2

∑
α+β=d+1

∫
T

((u − x)2 + (v − y)2)
d−1
2 |Dα

uDβ
v f | dudv,
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with K2 = K1(d + 1)
(
1 + |T |

r

)2
. Let 1/p + 1/q = 1, then Hölder’s inequality for

integrals and sums implies that

|f − Fd,Bf | ≤ K2

∑
α+β=d+1

(∫
T

((u − x)2 + (v − y)2)
(d−1)

2 q dudv

)1/q

×
(∫

T
|Dα

uDβ
v f |p dudv

)1/p

≤ K2

(∫
T

((u− x)2 + (v − y)2)
(d−1)

2 q dudv

)1/q

×
( ∑

α+β=d+1

1

)1/q( ∑
α+β=d+1

∫
T
|Dα

uDβ
v f |p dudv

)1/p

= K2

(
(d + 2)

∫
T

((u − x)2 + (v − y)2)
(d−1)

2 q dudv

)1/q

|f |d+1,p,T .

Assume that (d − 1)q + 2 > 0, and consider the disk D with centre (x, y) and radius
|T |. It holds that T ⊂ D. We apply a transformation to polar coordinates to obtain that

|f − Fd,Bf | ≤ K2

(
(d + 2)

∫
D

((u− x)2 + (v − y)2)
(d−1)

2 q dudv

)1/q

|f |d+1,p,T

= K2

(
2π(d + 2)

∫ |T |

0
r(d−1)q+1 dr

)1/q

|f |d+1,p,T

= K2

(
2π(d + 2)

(d− 1)q + 2

)1/q

|T |d−1+2/q|f |d+1,p,T

= K1(d + 1)
(

2π(d + 2)
(d− 1)q + 2

)1/q (
1 +

|T |
r

)2

|T |d+1−2/p|f |d+1,p,T ,

which results in (17). Note that for p = 1 (q =∞) we get Kt = K1(d + 1). It remains
to check when (d− 1)q > −2.

If 1 < p <∞, then d− 1 > −2/q = 2/p− 2 or d > 2/p− 1.
If p = 1, then d− 1 ≥ 0 or d ≥ 1.
If p =∞, then d > −1 or d ≥ 0. ��

4 Local Approximation Error of QHPS Splines

Let the Cartesian coordinates of the corners Qi,j of the QHPS triangles ti be denoted
as (Xi,j , Yi,j), and the Cartesian coordinates of conforming vertices Vi as (xi, yi). We
suppose that all QHPS triangles are chosen as optimal triangles. We define the QHPS
Hermite interpolant IQH : C1(Ω)→ S1

2,H(Δ∗
H) as

IQHf =
nc∑
i=1

3∑
j=1

ψi,j(f)Bj
i,QH , (18)
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where ψi,j(f) are linear functionals of the form

ψi,j(f) = f(Vi) + (Xi,j − xi)Dxf(Vi) + (Yi,j − yi)Dyf(Vi). (19)

Taking into account the following relation for a QHPS spline sQH in representation
(5) at a conforming vertex Vi,⎡⎣ ci,1

ci,2
ci,3

⎤⎦ =

⎡⎣αi,1 αi,2 αi,3
βi,1 βi,2 βi,3
γi,1 γi,2 γi,3

⎤⎦−1 ⎡⎣ sQH(Vi)
DxsQH(Vi)
DysQH(Vi)

⎤⎦
=

⎡⎣Xi,1 Yi,1 1
Xi,2 Yi,2 1
Xi,3 Yi,3 1

⎤⎦⎡⎣xi yi 1
1 0 0
0 1 0

⎤⎦−1 ⎡⎣ sQH(Vi)
DxsQH(Vi)
DysQH(Vi)

⎤⎦
=

⎡⎣1 Xi,1 − xi Yi,1 − yi

1 Xi,2 − xi Yi,2 − yi

1 Xi,3 − xi Yi,3 − yi

⎤⎦⎡⎣ sQH(Vi)
DxsQH(Vi)
DysQH(Vi)

⎤⎦ ,

one can easily check that

IQH(sQH) = sQH , ∀sQH ∈ S1
2,H(Δ∗

H), (20)

and

IQHf(Vi) = f(Vi), (21a)

DxIQHf(Vi) = Dxf(Vi), (21b)

DyIQHf(Vi) = Dyf(Vi). (21c)

We will use the Hermite interpolant IQH for the characterization of the approxi-
mation power of QHPS splines. Given a sufficiently smooth function f , we prove in
Theorem 11 that the QHPS spline IQHf approximates the function f with an optimal
order on each triangle in the hierarchical triangulation. This means that the approxima-
tion error measured on a triangle T is of the order |T |3.

We first introduce the mesh parameter D, called the level disparity.

Definition 8. Let Di be the largest difference between the level numbers of the triangles
T ∈ ΔH that lie in the support Si of the QHPS B-splines associated with a conforming
vertex Vi. Define the level disparity D as the maximum of all constants Di.

In the worst case scenario, D equals the number of levels in the hierarchical triangula-
tion. Yet, it is shown in [8] that a hierarchical triangulation can be locally adapted such
that D is bounded by a constant independently of the number of levels in the hierar-
chical triangulation. Intuitively, one obtains a bounded level disparity when the level
numbers of neighbouring triangles in ΔH vary smoothly. A detailed procedure can be
found in [8].
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TD

T

Fig. 2. The hierarchical structure ΔH of a given hierarchical triangulation ΔH with three levels
and a level disparity D = 1. A triangle T ∈ ΔH of level l = 2 and its corresponding triangle
TD ∈ ΔH are shaded.

For a given triangle T ∈ ΔH with level number l, we denote triangle TD as the
triangle of level max{l − D, 0} in the hierarchical structure ΔH such that T ⊆ TD.
Figure 2 illustrates such a triangle for a hierarchical triangulation with three levels and
D = 1.

We now formulate two lemmas with respect to length relations between the longest
edges of particular triangles.

Lemma 9. Suppose that T ∗ ∈ Δ∗
H is a subtriangle of T ∈ ΔH . The lengths of the

longest edges of both triangles are related as

|T ∗| ≤ |T | ≤ Kl∗ |T ∗|, (22)

where Kl∗ = sin(θΔ∗
H

)−2 with θΔ∗
H

the smallest angle in Δ∗
H .

Proof. The lower bound is trivial. To prove the upper bound, we consider the triangles
T ∗ and T in Fig. 3. Let l1 and l2 be the lengths of two sides of the same triangle T . By
the law of sines it follows

sin(θT ) l1 ≤ l2 ≤ |T |, (23)

with θT the smallest angle in T . By relation (23) it follows that the lengths in the figure
are related as

l2,1 + l2,2 ≤ sin(θΔ∗
H

)−1d1. (24)

Using relations (23) and (24), we obtain that

|T | ≤ sin(θΔ∗
H

)−1(l2,1+l2,2) ≤ sin(θΔ∗
H

)−2d1 ≤ sin(θΔ∗
H

)−2|T ∗|. ��
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T ∗

l1,1 l1,2

l2,1

l2,2

d1

d2

Fig. 3. A triangle T ∗ (shaded) in the HPS refinement Δ∗
H , inside the triangle T ∈ ΔH

Lemma 10. Suppose that T ∗,l and T ∗,l+1 are triangles of a successive refinement level
in Δ∗

H such that T ∗,l+1 ⊂ T ∗,l. The lengths of the longest edges of both triangles are
related as

|T ∗,l+1| ≤ |T ∗,l| ≤ Kl∗∗ |T ∗,l+1|, (25)

where Kl∗∗ = 5/4 sin(θΔ∗
H

)−3 with θΔ∗
H

the smallest angle in Δ∗
H .

Proof. The lower bound is trivial. We consider the triangle T ∗,l and the set of triangles
T ∗,l+1

m (with m = 1, . . . , 9) in Fig. 4. Using the relation (23), we find that

|T ∗,l| ≤ sin(θΔ∗
H

)−1(1 + sin(θΔ∗
H

)−2) |T ∗,l+1
m |, for m = 1, 6, 7, 9,

|T ∗,l| ≤ sin(θΔ∗
H

)−1(2 sin(θΔ∗
H

)−1) |T ∗,l+1
m |, for m = 2, 3, 4, 5, 8.

Since the minimal angle θΔ∗
H

in the HPS refinement can be bounded from above by
π/6, we have

|T ∗,l| ≤ 5/4 sin(θΔ∗
H

)−3 |T ∗,l+1
m |, for m = 1, 6, 7, 9,

|T ∗,l| ≤ sin(θΔ∗
H

)−3 |T ∗,l+1
m |, for m = 2, 3, 4, 5, 8.

This completes the proof. ��
We finally come to the approximation theorem for QHPS splines. The next proof is
inspired by the one for bivariate splines on conforming triangulations in [11, 12].

Theorem 11 (Local approximation order). Assume that ΔH is a hierarchical trian-
gulation of domain Ω with its level disparity D bounded independently of the number
of levels in ΔH , and assume that the corresponding HPS refinement Δ∗

H has a min-
imal angle θΔ∗

H
bounded from below by a positive constant. Let T ∗ be a triangle in

Δ∗
H , and denote its level number by l. The triangle TD is then defined as the triangle

of level max{l −D, 0} in the hierarchical structure ΔH such that T ∗ ⊆ TD. For any
f ∈W k+1

p (Ω), the QHPS Hermite interpolant (18) locally behaves on T ∗ as∥∥Dα
xDβ

y (f − IQHf)
∥∥

p,T ∗ ≤ Ka|T ∗|k+1−α−β |f |k+1,p,TD , (26)
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1 2
3

4 5
6 7
8
9

Fig. 4. A triangle T ∗,l (shaded) and the nine smaller triangles T ∗,l+1
m of a successive refinement

level inside T ∗,l. The indices m are depicted in the corresponding triangles.

provided that 1 ≤ k ≤ 2, 0 ≤ α + β ≤ k and 2/k < p ≤ ∞. The constant Ka is
independent of |T ∗| and f .

Proof. We start by stating the following triangle inequality∥∥Dα
x Dβ

y (f − IQHf)
∥∥

p,T ∗ ≤
∥∥Dα

xDβ
y (f − Fk,BT ∗ f)

∥∥
p,T ∗

+
∥∥Dα

xDβ
y (IQHf − Fk,BT ∗ f)

∥∥
p,T ∗ ,

where Fk,BT ∗ f is the averaged Taylor polynomial of degree k as defined in Lemma 6.
The first term in the right-hand side can be bounded by (16), i.e.,

‖Dα
xDβ

y (f − Fk,BT ∗ f)‖p,T ∗ ≤ Kt,p |T ∗|k+1−α−β |f |k+1,p,T ∗ . (27)

We now examine the second term in more detail. The Hermite interpolant IQH repro-
duces quadratic polynomials. Using (20) and (8)-(10), we obtain that∥∥Dα

xDβ
y (IQHf − Fk,BT ∗ f)

∥∥
p,T ∗ =

∥∥Dα
x Dβ

y IQH(f − Fk,BT ∗ f)
∥∥

p,T ∗

≤
(

6
rT ∗

)α+β

AT ∗
1/p

∥∥IQH(f − Fk,BT ∗ f)
∥∥
∞,T ∗

≤
(

6
rT ∗

)α+β

123/p
∥∥IQH(f − Fk,BT ∗ f)

∥∥
p,T ∗

=
K3

rT ∗α+β

∥∥IQH(f − Fk,BT ∗ f)
∥∥

p,T ∗ . (28)

Fix (x, y) in the triangle T ∗. Since the QHPS basis forms a convex partition of unity,
we can bound the Hermite interpolant IQH in (18)-(19) as∣∣IQHf(x, y)

∣∣ ≤ ∑
i|T ∗⊆Si

∑
j

|ψi,j(f)|Bj
i,QH(x, y)

≤ max
i|T ∗⊆Si

,j
|f(Vi) + (Xi,j − xi)Dxf(Vi) + (Yi,j − yi)Dyf(Vi)|.
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By the definitions of the level disparity D and the triangle TD , we have∣∣IQHf
∣∣ ≤ ‖f‖∞,TD + max

i|T ∗⊆Si
,j
|Xi,j − xi| ‖Dxf‖∞,TD

+ max
i|T ∗⊆Si

,j
|Yi,j − yi | ‖Dyf‖∞,TD .

We know from [6, 8] that the length of the longest edge of an optimal QHPS triangle
can be bounded as |ti| ≤ K4 |TD|, where K4 only depends on the minimal angle in
Δ∗

H . Since
|Xi,j − xi| ≤ |ti|, |Yi,j − yi | ≤ |ti|,

it follows that∣∣IQH(f − Fk,BT ∗ f)
∣∣ ≤ ‖f − Fk,BT ∗ f‖∞,TD

+ K4 |TD| ‖Dx(f − Fk,BT ∗ f)‖∞,TD

+ K4 |TD| ‖Dy(f − Fk,BT ∗ f)‖∞,TD ,

and using Lemma 5, we get∣∣IQH(f − Fk,BT ∗ f)
∣∣ ≤ ‖f − Fk,BT ∗ f‖∞,TD

+ K4 |TD| ‖Dxf − Fk−1,BT ∗ (Dxf)‖∞,TD

+ K4 |TD| ‖Dyf − Fk−1,BT ∗ (Dyf)‖∞,TD .

By Lemma 7 we find for 2/k < p ≤ ∞ that∣∣IQH(f − Fk,BT ∗ f)
∣∣ ≤ Kt(1 + 2 K4)

(
1 +

|TD|
rT ∗

)2

|TD|k+1−2/p|f |k+1,p,TD .

From Lemmas 9 and 10 we get |TD| ≤ Kl∗(Kl∗∗)D|T ∗|. Filling this inequality and the
following bound for the inradius [6],

rT ≥ tan
(

θT
2

) |T |
2

, (29)

into the upper bound for
∣∣IQH(f − Fk,BT ∗ f)

∣∣, we arrive at∣∣IQH(f − Fk,BT ∗ f)
∣∣ ≤ K5 |T ∗|k+1−2/p|f |k+1,p,TD ,

with K5 independent of |T ∗| and f . Hence,∥∥IQH(f − Fk,BT ∗ f)
∥∥

p,T ∗ =
(∫

T ∗
|IQH(f − Fk,BT ∗ f)|p

)1/p

≤ K5 |T ∗|k+1−2/pAT ∗
1/p|f |k+1,p,TD

≤ K5 |T ∗|k+1|f |k+1,p,TD . (30)

Combining inequalities (27)-(30), we obtain approximation bound (26) with

Ka = Kt,p +K3K5
(
2/ tan(θΔ∗

H
/2)

)α+β
. ��

Remark that Theorem 11 is a generalization of the approximation theorem in [13] for
classical Powell-Sabin splines. There, a related upper bound is provided for the error of
a Powell-Sabin spline interpolant analogous to (18)-(19).
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5 Numerical Example

We illustrate the derived approximation order of QHPS splines with a numerical exam-
ple. We consider the test function

f(x, y) = exp(−16(x2 + y2)) (31)

on the domain [−1, 1] × [−1, 1]. We compute the Hermite interpolating QHPS spline
IQHf on a nested sequence of locally refined hierarchical triangulations. The initial
triangulation is a regular conforming mesh, consisting of 32 triangles, as shown in
Fig. 5(a). Define a triangulation patch P ⊆ ΔH as the set of all triangles on the finest
level in hierarchical triangulation ΔH . We obtain a set of successive meshes by refining
triadically each triangle in the corresponding P that is not situated at the boundary of
P . Figure 5(b) depicts such a hierarchical triangulation after two refinement steps. One
can check that its level disparity equals D = 1.

Figure 6 shows the reduction of the (local) interpolation error. This error is computed
on the triangulation patches of the successive hierarchical triangulations. It is measured
by the L∞-norm

∥∥f − IQHf
∥∥
∞,P and by

∥∥f − IQHf
∥∥

2,P√AP
, (32)

withAP the area of patchP . Since the considered triangulation patches have a different
area, a fair comparison directs us to use an L2-norm scaled by the square root of the
area of the patch. As expected, the error behaves as O(|P|3).

(a) (b)

Fig. 5. (a) Initial triangulation with its HPS refinement indicated in dotted lines. (b) Locally re-
fined hierarchical triangulation with three levels. The level disparity in the triangulation equals
D = 1.
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Fig. 6. Convergence of the error, measured by the L∞-norm and by (32), of the Hermite inter-
polating QHPS spline IQHf , computed for test function (31) on the triangulation patches P of
a nested sequence of locally refined hierarchical triangulations. The reference direction shows
O(|P|3).

6 Conclusion

We have proved that the local approximation order of QHPS splines is optimal on par-
ticularly constructed hierarchical triangulations. For a sufficiently smooth function f ,
there exists a Hermite interpolating QHPS spline IQHf , where the approximation error
measured on a triangle T ∗ in the HPS refinement is of the order |T ∗|3.
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Abstract. This paper introduces logarithmic curvature and torsion graphs for
analyzing planar and space curves. We present a method for drawing these graphs
from any differentiable parametric curves and clarify the characteristics of these
graphs. We show several examples of theses graphs drawn from planar and 3D
Bézier curves. From the graphs, we can see some interesting properties of curves
that cannot be derived from the curvature or torsion plots.

1 Introduction

To design high quality shapes, CAD systems are usually equipped with tools for in-
specting the geometric quality of curves and surfaces. For curves, the curvature plot,
which is the plot of curvature versus arc length or versus the parameter, is commonly
used [1]. For surfaces, the color coding of Gaussian curvature or mean curvature, the
reflection lines [8], or isophotes [10] are used. This paper proposes a new method for
identifying the shape information of planar and space curves. For planar curves, we
propose to use logarithmic curvature graphs (LCGs). For space curves, we propose to
use logarithmic curvature graphs and logarithmic torsion graphs (LTGs). Note that the
term “logarithmic curvature” has been used by Farouki et al. in [3]. We use the term in
an entirely different context.

A logarithmic curvature graph is a graph whose horizontal and vertical axes are logρ
and log

(
ρ ds

dρ

)
[9, 11], where ρ and s are the radius of curvature and the arc length,

respectively. An LCG is the analytical representation of a logarithmic curvature his-
togram(LCH) originally proposed by Harada [6, 7]. Harada has used LCHs to analyze
curvature variation properties of curves in existing aesthetic objects and discovered that
LCHs (i.e. LCGs) of many such curves become linear. The overall shapes of curves
whose LCG is linear has been clarified and a method for drawing a curve segment has
been proposed in [11]. If the LCG of a curve is linear, its slope α is known as the type of
the curve [6]. If α = −1,0,1 or 2, the curve is known to be the Clothoid, the Nielsen’s
spiral [5], the logarithmic spiral, or the circle involute [6, 11]. Conversely, if we could
draw the LCG of a planar curve and found that the LCG is almost linear with slope α ,
we can find the type of the curve. If α is close to −1, it means that the curve is close
to the Clothoid. To identify the shape information of space curves, we need to append

M. Dæhlen et al. (Eds.): MMCS 2008, LNCS 5862, pp. 434–443, 2010.
c© Springer-Verlag Berlin Heidelberg 2010
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LTGs onto LCGs. The role of torsion variation is not clearly known for aesthetic space
curves. However, for a certain class of space curves, if we could know both the LCGs
and LTGs are linear, we could get the shape information of the curve. LCGs and LTGs
can be used to find the shape information of curves.

In this paper, we propose LCGs and LTGs to be drawn from any differential para-
metric curves, such as Bézier curves, or NURBS curves. We clarify the characteristics
of LCGs and LTGs and show several examples of theses graphs drawn from Bézier
curves. LCGs and LTGs do not replace curvature and torsion plots. LCGs and LTGs of-
fer the information related to the curvature and torsion variations that the curvature and
torsion plots do not offer. For planar curves, LCGs are already introduced in [12, 13].
In this paper, however, we draw LCGs and LTGs from space curves and derive more
detailed characteristics. Moreover, using the LCGs, we show that we can find an inter-
esting property of polynomial curves near the inflection point. Using LCGs and LTGs,
we show that the slopes of LCGs and LTGs of typical 3D class A Bézier curves [2] get
closer to 1 as the degree gets higher.

2 Logarithmic Curvature Graphs and Their Characteristics

2.1 Logarithmic Curvature Graphs

LCGs are defined to be graphs whose horizontal and vertical axes are given by logρ and

log
(
ρ
∣∣∣ ds

dρ

∣∣∣), respectively. See Fig.1(a). Comparing the previous definition of LCGs,

which was derived from the linearity of LCG [9, 11]

log

(
ρ

ds
dρ

)
= α logρ+ c , (1)

the absolute value is taken for ds
dρ . This is because, in the previous definition, ρ is as-

sumed to be monotonically increasing with respect to s. The effect of taking the absolute
value can be considered as reparameterizing the curve so that the radius of curvature be-
comes monotonically increasing with respect to the arc length.

Let x(t) be a differentiable curve with parameter t. We represent the first, second and
third derivatives of x(t) with respect to t by ẋ, ẍ and

...
x , respectively. To draw the LCG,

we need to compute both logρ and log
(
ρ
∣∣∣ ds

dρ

∣∣∣). We can easily compute logρ . Let κ

be the curvature. We can compute log
(
ρ
∣∣∣ ds

dρ

∣∣∣) using the following equations:

dρ
ds

= − 1
κ2

dκ
ds

, (2)

dκ
ds

=
(ẋ∧ ...

x ) · (ẋ∧ ẍ)(ẋ · ẋ)−3|ẋ∧ ẍ|2(ẋ · ẍ)
|ẋ|6 |ẋ∧ ẍ| . (3)

Note that (3) works for both planar and space curves. For planar curves, however, it is
more efficient to use the simplified version of dκ

ds [1, 11].



436 N. Yoshida, R. Fukuda, and T. Saito

ρlog

⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
ρ

ρ
d
dlog s

α: slope

s−=
−=
1  

  :1
κ

α

-4 -3 -2 -1 1 2

0.5

1

1.5

2

2.5

3

3.5

4

s21  

  :2

−=

−=

κ

α

se−=

=

κ
α
  

  :0
12/1  

  :2

+=

=

sκ

α

( )1/1  
  :1

+=
=

sκ
α

s

κ

( )1=Λ

s−=
−=
1  

  :1
κ

α

(a) Logarithmic curvature graph (b) Curvature plot of curves with linear LCGs

Fig. 1. Logarithmic curvature graph and the curvature plot of curves with linear LCGs

At the point of dρ
ds = 0 (or dκ

ds = 0), the vertical value of the LCG is not defined. As

the curve gets close to the point of dρ
ds = 0, the vertical value gets close to infinity since

ρ and | ds
dρ | get close to a constant and infinity, respectively. Therefore, when we draw

the LCG of a curve with not monotonically varying curvature, the vertical values of the
LCG contain the same number of infinite values as the number of curvature extrema.
Both the vertical and the horizontal values of the LCG is not well-defined at the point of
ρ = 0 or ρ = ∞. In [11], we have clarified that a curve with linear LCG whose slope is
greater than or equal to zero has an inflection point at infinity. A curve with linear LCG
whose slope is smaller than 0 has an inflection point (not at infinity). Corresponding to
these properties, if the radius of curvature of a curve approaches infinity as the arc length
approaches infinity, both the horizontal and vertical values of the LCG approaches ∞.
If the LCG is linear, this means that the slope of the LCG is greater than or equal to 0.
If the radius of curvature of a curve becomes infinite not at infinity, the horizontal value
of the LCG becomes ∞ whereas the vertical value becomes −∞ at that point. Again, if
the LCG is linear, this means that the slope of the LCG is smaller than 0.

Modifying (1), we get the curvature function with respect to the arc length [11]:

κ =
{

e−Λs i f α = 0

(Λαs+ 1)−
1
α otherwise

(4)

where Λ = e−c. See Fig.1(b). If the LCG is (approximately) linear, the curvature func-
tion can be (approximately) represented by (4).

2.2 Continuity of Curves and Continuity of LCGs

We consider the continuity of a curve and the continuity of its LCG. If a curve is G1

(or less than G1) continuous at some point of the curve, both the horizontal and verti-
cal values of the LCG becomes different at the point. If a curve is G2 continuous at some
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Fig. 2. LCGs of curves with G1, G2 and G3 continuity

point, the horizontal values of the LCG becomes the same. But the vertical values be-
come different at the point. If a curve is G3 continuous at some point of the curve, the
LCG of the curve becomes positionally(G0) continuous since both the horizontal values
and vertical values take the same values. See Fig.2 for the continuity of curves and the
continuity of LCGs. Note that the positional continuity of the LCG does not necessarily
mean that the curve is G3 continuous. Suppose there are two curve segments with G3

continuity. Translating or rotating one of the two segments does not change the LCG
since it does not affect the differential properties of curves.

2.3 Formulation by Curvature

LCGs in the above sections are formulated by the radius of curvature ρ . LCGs can also
be formulated by curvature κ . Except for this section, we say LCGs to mean LCGs
formulated by the radius of curvature.

We simply consider replacing ρ of LCGs formulated by the radius of curvature by
κ . Then the horizontal and vertical values of LCGs formulated by curvature are logκ
and log

(
κ | ds

dκ |
)
, respectively. Since

logρ =− logκ , (5)

horizontal values of LCGs formulated by the radius of curvature and LCGs formulated
by curvature have the same absolute value but opposite signs.

Using (2) and κ = 1
ρ ,

ρ
ds
dρ

=−κ ds
dρ

. (6)

Since ρ and κ are both positive, taking the absolute values of ds
dρ and ds

dκ , we get

ρ
∣∣∣∣ ds
dρ

∣∣∣∣= κ ∣∣∣∣ ds
dρ

∣∣∣∣ . (7)

Therefore, the vertical values of LCGs formulated by the radius of curvature and the
vertical values of LCGs formulated by curvature are the same. Thus the LCG of a curve
formulated by the radius of curvature is symmetric to the LCG formulated by curvature
with respect to the vertical axis of logρ = 0.
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3 Logarithmic Torsion Graphs and Their Characteristics

3.1 Logarithmic Torsion Graphs

We define logarithmic torsion graphs by replacing ρ of LCGs by the radius of torsion
μ . The linearity of the LTG can be represented by

log

(
μ

ds
dμ

)
= β logμ+ d , (8)

where β is the slope of the straight line and d is a constant. See Fig.3 for the LTG.
Similar properties as in LCGs hold for LTGs. Thus we try to abbreviate the explanation
as much as possible.

Similarly as in Section 2.1, we represent a curve by x(t) and denote the fourth deriva-
tive of x(t) with respect to t by

....
x . Let τ be the torsion. Then the LTG of a curve can

be drawn using the following equations:

dμ
ds

= − 1
τ2

dτ
ds

, (9)

dτ
ds

=
(ẋ∧ ẍ) · ....x |ẋ∧ ẍ|2−2((ẋ∧ ẍ) · ...x )(ẋ∧ ...

x ) · (ẋ∧ ẍ)

|ẋ∧ ẍ|4|ẋ · ẋ| 1
2

. (10)

μlog
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β: slope

Fig. 3. Logarithmic Torsion Graph

At the point of dμ
ds = 0 (or dτ

ds = 0), the vertical value of LTG becomes infinite. There-
fore at the torsion extremum, the vertical value of the LTG becomes infinite. At the point
of μ = 0 or μ = ∞, both the horizontal and vertical values of the LTG are not defined.
Similarly as in LCG, as the curve approaches the point at μ = ∞ in infinite distance,
both the horizontal and vertical values of LTG approaches∞. If the point at μ =∞ is in
a finite distance, the horizontal value of LTG approaches ∞ whereas the vertical value
approaches ∞, as the curve approaches the point at μ = ∞.

Modifying (8), we can obtain the torsion function with respect to the arc length:

τ =

{
e−Ωs i f β = 0

(Ωβ s+ 1)−
1
β otherwise

(11)

where Ω = e−d . The (approximate) linearity of LTG means that the torsion function is
(approximately) represented by (11).
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3.2 Continuity of Curves and Continuity of LTGs

The torsion is related to the third derivative of a curve. See Fig.4 to see the relationship
between the continuity of curves and the continuity of the LTG.

(a) G2 continuity (b) G3 continuity (c) G4 continuity
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Fig. 4. LTGs of curves with G2, G3 and G4 continuity

3.3 Formulation by Torsion

Since

logμ =− logτ, logμ
∣∣∣∣ ds
dμ

∣∣∣∣= logτ
∣∣∣∣ ds
dτ

∣∣∣∣ , (12)

the LTG formulated by the torsion is symmetric to the LTG formulated by the radius of
torsion with respect to the axis logμ = 0.

4 Examples of LCGs and LTGs

4.1 Planar Bézier Curves

Fig.5 shows the curve, the curvature plot, and the LCGs of three planar Bézier curves.
Fig.5(a) is a Bézier curve with not monotonically varying curvature. There is a point in
the LCG where the vertical value becomes infinite since there is a curvature extremum
in the curve. Fig.5(b) is a Bézier curve with monotonically varying curvature. Although
the curvature is monotonically varying, its LCG is not linear. Therefore this Bézier
curve is not very aesthetically pleasing from the viewpoint of Harada’s analysis [6, 7].
Fig.5(c) is a Bézier curve with almost linear LCG. The slope of the LCG implies the
type(α) of log-aesthetic curves.

Using LCGs, we can find an interesting property of polynomial curves. Fig.6 (a) and
(b) are cubic and quintic Bézier curves with inflection points. As the curve approaches
the inflection point (in a finite distance), the horizontal value (logρ) of the LCG ap-

proaches ∞ whereas the vertical value
(

log
(
ρ
∣∣∣ ds

dρ

∣∣∣)) approaches −∞. In both of the

LCGs, we can see that the slopes approach −1 as the curve approaches the inflection
point. This indicates that in the vicinity of the inflection point, the curve can be ap-
proximated by the Clothoid(the log-aesthetic curve with α = −1). We found that in
any polynomial Bézier curves of any degree, the slope of the LCG near the inflection
point is −1 except when the control points are placed in specific positions. Fig.6(c) and
(d) show the cases where the slopes of the LCGs are not −1 near the inflection points.
The slopes of the LCGs near the inflection point of Fig.6(c) and (d) are 1

2 and 1
4 . This
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Fig. 6. LCGs of Bézier curves with inflection points

indicates if the control points of a Bézier curve of degree n are placed in a specific
position as shown in Fig.6 (c) or (d), the curve can be approximated, near the inflec-
tion point, by log-aesthetic curves with α = − 1

n−2 . Note that LCGs do not give proofs
for the properties of curves. They provide the shape information of curves for further
investigation.
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Fig. 7. LCGs and LTGs of typical 3D class A Bézier curves
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4.2 3D Bézier Curves

As an application of LCGs and LTGs, we show that these graphs can be used to find
the shape information of space curves. We found that the LCGs and LTGs of typical 3D
class A Bézier curves [2] get closer to be linear with slopes both 1, as the degree gets
higher. This means that typical 3D class A Bézier curves get closer to 3D logarithmic
spirals as the degree gets higher.

Let n and bi(0≤ i≤ n) be the degree and the control points of a Bézier curve, respec-
tively. Let Δbi = bi+1−bi(0≤ i < n) be the forward difference of control point vectors.
Typical 3D class A Bézier curves are curves with monotonically varying curvature and
torsion having the relationship

Δbi = MiΔb0 (1≤ i < n) (13)

where M is a matrix composed of a rotation about an axis and a scaling. Note that
(13) does not guarantee the curvature and torsion are monotonically varying. A method
for drawing typical 3D class A Bézier curves by specifying two endpoints and their
tangents is proposed in [4]. Drawing the LCGs and LTGs for typical 3D class A Bézier
curves, we found that both LCGs and LTGs get closer to be linear with slopes 1 when
the degree gets higher. Fig. 7 is an example where the degree is changed with the same
endpoint constraints. In the figure, the slopes are computed by the least square method
and "var." means the variance. A curve whose slopes of the LCG and LTG are both 1 is
the 3D extension of a logarithmic spiral:

L(t) =
(
eat cost,eat sin t,bet) , (14)

where a and b are constants. LCGs and LTGs do not give a proof that typical 3D class A
Bézier curves are approximations to the 3D extensions of a logarithmic spiral. However,
they give the shape information concerning the curves, which the curvature and torsion
plots do not offer.

5 Conclusions

We have proposed logarithmic curvature graphs (LCGs) and logarithmic torsion graphs
(LTGs) for analyzing the characteristics and identifying the shape information of any
differentiable parametric curves. We have clarified the characteristics of these graphs
and showed several examples of the graphs drawn from planar and space Bézier curves.
Using LCGs and LTGs, we showed that these graphs can identify the shape information
of curves, which the curvature and torsion plots do not offer. Future work includes the
fairing and segmentation of curves based on the linearity of these graphs, and most
importantly, the extension of logarithmic graphs to surfaces.
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Bartoň, Michael 15
Bastl, Bohumı́r 285
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