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Preface 

This volume is a tribute to Gerard G. Emch, on the occasion of his seventieth 
birthday. To all of us who have put down their appreciation in writing here, Gerard 
Emch has been a teacher, mentor and friend. This collection of articles, some 
inspired by Gerard's own work, is a sequel to the special session, dedicated to him, 
at the XXVth Workshop on Geometrical Methods in Physics, held in Bialowieza, 
Poland, from July 2 - 8, 2006. A large number of Gerard's students, friends and 
collaborators were invited to that meeting, but of course, not everyone was able to 
attend. We did however, receive expressions of good wishes from them all. The call 
for papers also went out to a longer list of names than just the ones represented here. 
In presenting this volume to Gerard, we offer him our collective good wishes and our 
thankfulness for having shared with us all that he has - scientifically, professionally 
and in friendship. 

Scientifically, Gerard's work spanned five decades, including in its gamut the 
foundations of quantum mechanics, the C* -algebraic approach to quantum me­
chanics and field theory, equilibrium and non-equilibrium statistical mechanics, 
quantum ergodic theory and in more recent years the history and philosophy of 
science. It is less well known that Gerard started his scientific career working on 
paramagnetic resonance in certain compounds. However, the scientific atmosphere 
of the Departement de Physique Theorique in the University of Geneva ofthose days, 
under the influence of Joseph M. Jauch was probably overwhelming and Gerard 
gravitated to more theoretical and fundamental issues of quantum physics. Collab­
orating with Jauch and Piron, Gerard did some pioneering work on quantum logic 
(particularly on quatemionic quantum mechanics), symmetries and representations 
of the Lorentz group. Along with these, there were already signs of Gerard getting 
interested in quantum statistical mechanics - both equilibrium and non-equilibrium. 
In the interim period, the celebrated paper of Haag and Kastler on the C*-algebraic 
approach to quantum mechanics and quantum field theory made its expected impact 
on Gerard and his early batch of graduate students at the University of Rochester 
(including the editors here). This led to a series of publications on phase transition 
and partial states, on the one hand, and on coarse-graining and the quantum master 
equation on the other, by Gerard with his students and other collaborators. As a nat­
ural sequel followed a number of significant papers by Gerard on K-flows, as well as 
on the question of dilation of irreversible dissipative dynamics represented by com­
pletely positive semi-groups on *-algebras. Many of the research areas pioneered 
by Gerard are now under intense development. With one of the present editors and 
other students, Gerard also studied the relationship between geometric quantization 
and generalized coherent states before launching himself into an entirely new area 
of research, viz., geometry and theory of general relativity. The new millennium 
saw Gerard getting interested in history and philosophy of quantum mechanics 
and thermodynamics; there were several papers with Antoinette Emch-Deriaz (a 
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professor of history at the University of Florida, Gainesville) amongst others and a 
book on the logic of thermodynamics that Gerard co-authored in this period. 

This is a large canvas of scientific creativity, displaying considerable energy and 
originality on the part of Gerard in his distinguished scientific career. 

Human relationships are multi-faceted and complex. It would be hard to describe 
our indebtedness to Gerard and all the ways in which we had come to appreciate 
him. For those among us, who had been his students, his influence has in many 
ways shaped the conduct of our professional and scientific lives. Looking back on 
those years, what stands out most in our thoughts is the very personal relationship 
that Gerard and Antoinette nurtured with his students. Some of his students and 
associates remember fondly the delightful hospitality of the Emch's, the initiation 
into the art of savouring good wine and of hand-grinding Turkish Coffee (ouch!). 
Unforgettable also is Gerard's sense of humour and ready wit, acerbic at times in 
the old days, however mellowing like good wine with age! 

All of Us who have collaborated with or just known Gerard over the last four 
decades and have cherished this association, wish him the very best in the years to 
come. 

S. Twareque Ali 
Montreal, Canada 

Kalyan B. Sinha 
Bangalore, India. 



Berezin-Toeplitz Quantization over 
Matrix Domains 

S. Twareque Ali and M. Englis 

We explore the possibility of extending the well-known Berezin-Toeplitz quantization to repro­
ducing kernel spaces of vector-valued functions. In physical terms. this can be interpreted as 
accommodating the internal degrees of freedom of the quantized system. We analyze in particular 
the vector-valued analogues of the classical Segal-Bargmann space on the domain of all complex 
matrices and of all normal matrices, respectively, showing that for the former a semi-classical 
limit, in the traditional sense, does not exist, while for the latter only a certain subset of the 
quantized observables have a classical limit: in other words, in the semiclassical limit the internal 
degrees of freedom disappear, as they should. We expect that a similar situation prevails in much 
more general setups. 

1. Introduction 

Dedicated to Gerard G. Emch on 
the occasion o/his 70th birthday 

Let Q be a symplectic manifold, with symplectic form OJ, and 'H a subspace of 
L 2(Q, dfl), for some measure fl, admitting a reproducing kernel K. For¢ E COO(Q), 

the Toeplitz operator T¢ with symbol ¢ is the operator on 1t defined by 

T¢J = P(¢f), J E 'H, 

where P : L 2(Q,dfl) ~ 'H is the orthogonal projection. Using the reproducing 
kernel K, this can also be written as 

T¢J(x) = in J(y)¢(y)K(x, y)dfl(y)· 

It is easily seen that T¢ is a bounded operator whenever ¢ is a bounded function, 
and II T¢ IIH ..... H ~ 1I¢lloo, the supremum normof¢. 

The first author would like to acknowledge support from the NSERC, Canada and FQRNT, Quebec. 
Research of the second author was supported by GA CR grant no. 201/03/0041 and AV CR research 
plan no. AVOZ IO 190503. 
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Suppose now that both the measure f.J. and the reproducing kernel subspace 1i 
are made to depend on an additional parameter h > 0 (shortly to be interpreted as 
the Planck constant), in such a way that the associated Toeplitz operators TJhl on 
1ih satisfy, as h ~ 0, 

and 

(where {" .} is the Poisson bracket with respect to w), and, more generally, 

as h -t 0, 

(l.l) 

(1.2) 

(1.3) 

for some bilinear differential operators Cj : CXl(Q) x COO(Q) -t COO(Q), with 

Co(</J, !!f) = </J!!f and CJ(</J, !!f) - CJ(!!f, </J) = 2~ {</J, !!f}. Here the last asymptotic 
expansion means, more precisely, that 

VN =0, 1,2, .... 

(1.4) 

One then speaks of the Berezin-Toeplitz quantization. Indeed, it is well known that 
the recipe 

00 

</J * !!f := 2: hj C/</J, !!f) 
j=O 

then gives astar-producton Q, and (1.2), (1.3) just amount to its correct semiclassical 
limit. 

Observe that if we introduce the normalized reproducing kernels - or coherent 
states- by 

k'- K(·, y) 
Y ,- II K(·, y)IlH' 

i.e. 
K(x, y) 

ky(x) = 1/2' . K(y, y) 

and define the Berezin transform of an operator Ton 1i by 
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then (1.4) implies that as h ~ 0, 

(1.5) 

pointwise and even unifonnly on n. Often, one also has a stronger version of (1.1), 
namely 

'<::Ix En. (1.6) 

The simplest instance of the above situation is n = ]R2n ::: en, with the standard 
(Euclidean) symplectic structure, and 

(1.7) 

the Segal-Bargmann space of all holomorphic functions square-integrable with re­
specttothe Gaussian measure d,uh(Z) := e- lIzll ' / h (n h)-n dz (dz being the Lebesgue 
measure on en). The space 1ih admits the reproducing kernel Kh(X, y) = e(x.y)/h. 

The Berezin transfonn turns out to be given just by the familiar heat operator 
semigroup, 

so that, by the stationary phase (WJKB) expansion (see Section 6 below; for a 
discussion of the (WJKB) approximation, see for example [Me], Chapter 7) , 

( 1.8) 

Similarly, 

TJflif;l(X) = (n h )-2n r r ¢(Y)'f/(z)e«x.y)+(y,z)+(z,x)-lIx Il2 -lIyII 2-lIzll'1/ h dy dz, 
len Jell 

so by stationary phase again, 

'Throughout this paper, we are using the slightly nonstandard Laplacian Ll = Lj 82 /8zj8zj, which 

differs from the usual one by a factor of 4. 
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(Here the summation extends over all multiindices a, fJ, y , i.e. n-tuples of nonnega­
tive integers a = (a], ... , an), etc., and we are using the usual multi index notations 
lal = a] + ... + an, a! = a]! ... an!, aa = alal/ax~' ... ax~n.) Inserting (1.8) and 
(1.9) into (1.5), we get formulas for the cochains C): 

(1.10) 

The resulting star-product coincides, essentially, with the familiar Moyal product. 
Other examples of Berezin-Toeplitz quantization include the unit disc D with 

the Poincare metric, bounded symmetric domains, strictly pseudoconvex domains 
with metrics having reasonable boundary behaviour, or, provided one allows not 
only holomorphic functions but also sections of line bundles as elements of 7th, 
all compact Kabler manifolds whose Kabler form is integral. In all these cases, 
the choice of the spaces (1.7) which works are the weighted Bergman spaces 
7th = L~o] (0, e-if>/ h wn ), where n is the complex dimension of 0 and <I> is a Kabler 
potential for w (so, for instance, for the unit disc 7th = L~o](D, (1 - IdP/h)-2». 
See [KS], [BMS] or [AE] for the details and further discussion. 

In this note, we explore the possibility of extending the above formalism to 
reproducing kernel spaces of vector-valued functions. In physical terms, this can 
be interpreted as accommodating the internal degrees of freedom of the quantized 
system. 

In more concrete terms, this means that we again consider, for a given h > 0, 
a suitable measure /1-h onQ, and a reproducing kernel subspace 7th c L~N(Q, d/1-h), 

where the subscript eN indicates that we are now dealing with vector-valued func­
tions taking values in eN for some N 2: 1. The reproducing kernel K h of 7th will 
thus now be a matrix-valued object, Kh : 0 x 0 ~ eNxN . We can again consider, 
for each ¢> E C)()(O), the associated Toeplitz operators, and investigate the existence 
of the asymptotic expansion (1.4). In fact, we can now even allow matrix-valued 
symbols ¢> E C~XN(O). By analogy with the scalar-valued case, one may again 
expect appropriate asymptotic expansions 

()() 

TJh)(x) = LL)¢>(x) h)" 
)=0 

()() 

TJh)T~h)(x) = L M)(¢>, I/f)(x) h), 
)=0 

(1.11) 

(1.12) 

with some differential and bidifferential operators L) and M), respectively, whose 
comparison would yield (1.5), thus suggesting that (1.4) is also likely to hold. 
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Unfortunately, at this level of generality the results are negative: we show that 
for certain spaces 1th as above, which are quite natural generalizations of the 
Euclidean situation (l.7) to vector-valued functions, the semiclassical expansions 
(1.11), (1.12) fail to hold. ~specifically, it seems that there are asymptotic 

expansions for TJhl(x) and TJhlT~hl(x) in powers of h, but their coefficients do not 
depend only on the jets of cP and If! .at x, but also at other points (i.e. are not local 
operators); besides, in addition to integer powers of h, half-integer powers seem to 
also enter the picture. Finally, (1.1) and (l.6) may also break down. 

However, it turns out that upon restricting to appropriate domains n and ap­
propriate classes of functions cP, If!, the situation can be saved completely: namely, 
the following picture emerges. The admissible functions cp can be identified with 
functions f(d,; d2, ... ,dN ) on ex eN-' that are symmetric in the N - I variables 
d2, ... ,dN . Clearly, one can associate a function u# of this form to any function 
u : e ~ e by the recipe u#(d,; d2, ... ,dN ) := u(dd. We show that for any func­
tions f, g of the above form, there exist uniquely determined functions u, on e, 
r = 0, I, 2, ... , such that 

00 

T?lT?l ~ I>' T~r (1.13) 
,=0 

Further, the u, are given by differential expressions involving f and g; and, finally, 
if f and g themselves are of the form v# and w#, respectively, for some functions 
v, w on e, then in fact u, = C, (v, w) with the bidifferential operators C, given 
by (1.1 0) for n = I, i.e. n = c. This suggests the following interpretation: 
our quantum system has N internal degrees of freedom, which have no classical 
couterparts, so that only a subset of the quantized observables have a classical limit. 
In the semiclassical limit the internal degrees of freedom disappear, as they should. 
We conjecture that similar quantizations can be carried out by our method in much 
more general setups. 

The paper is organized as follows. In Section 2, we introduce the spaces 1th 
of vector-valued functions on eN x N, as well as their analogues for the subset of 
all normal matrices in eNxN . These spaces have previously appeared in [AEG). 
In Section 3, we define a generalization of the Berezin transform - which will 
now also be a matrix-valued object - and establish its basic properties. Sections 4 
and 5 discuss the semiclassical asymptotic expansions (1.11)-(1.12) in the above 
two settings of the domains of all matrices and all normal matrices, respectively. 
In Section 6 we present our first result in the positive direction, by establishing an 
asymptotic expansion - which is, however, of a highly non-local nature - for - ----------
T~hl and T~hlT~hl in the case of the normal matrices. Finally, in Sections 7 and 8 
we introduce our restricted class of observables cp and establish the asymptotic 
expansion (1.13). 
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2. The Domains and The Spaces 

Our first domain is Q = eNxN , with the measures 

where d Z denotes the Lebesgue measure on eN x N. The measures fl h are normalized 
to be of total mass one. The functions 'l'j(Z) := zj satisfy 

(2.1) 

for some numbers Ck > 0; see [AEG]. Explicitly, Ck are given by ([Gin], formula 
(1.40), and [Kri]) 2 

C - N!(k+I)(k+2) 
fork 2': N - 1, I (k+N+I)! 

k - (k + N + I)! N! 

N!(k + I)(k + 2) (k + I)(k + 2)(N - k - 2)! 
fork < N - 1, 

that is, 

1 HI HI ] 

Ck = (k + l)(k + 2) [ I1(N + j) - I1(N - j) . 
J=I J=I 

(2.2) 

In particular, Co = I, CI = N, C2 = N 2 + I, etc. 
It follows that if XI, ... , XN is the standard basis of eN, then the functions 

j = I, ... ,N, k =0, 1,2, ... , (2.3) 

are orthonormal in L~N(Q, dflh). Let Hh be the subspace spanned by these func­
tions. Then the function 

(2.4) 

converges for all X, Y E Q and is the reproducing kernel of Hh , in the sense that 

2The authors are grateful to M. Bertola for this result. 
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Our second domain will be the subset Qnonn = {Z E eN x N Z' Z = Z Z'} 
of all normal matrices in eN x N. By the Spectral Theorem, any Z E Qnonn can be 
written in the form 

Z = V'DV, (2.5) 

with V E V(N) unitary and D diagonal; D is determined by Z uniquely up to 
permutation of the diagonal elements, and if the latter are all distinct and their 
order has been fixed in some way, then V is unique up to left multiplication by 
a diagonal matrix with unimodular elements. Consequently, there exists a unique 
measure d /1 h (Z) on Qnonn such that 

where dV is the normalized Haar measure on V(N), and dD is the Lebesgue 
measure on eN, where we are identifying the diagonal matrix D = diag(d], ... , dN ) 

with the vectord = (d], ... , dN ) E eN, and IIDII2 = IIdll 2 := IdIl 2 + ... + IdN I2. 
Again, one easily checks [AEG] that 

r z'j Zk d/1h(Z) = Jjkk!hk /, JQnorm 

(2.6) 

so that the elements (2.3) are orthogonal also in L~N(Qnonn, d/1h), and we let 'Hh 
be the subspace spanned by them. The reproducing kernel is then given by 

(2.7) 

(with the series converging for all X, Y E eN x N), in the sense that 

Remark. At first sight, the most natural candidate for the vector-valued space 
'H would seem to be the subspace L~O],CN (Q, d /1) of all holomorphic functions 

in L~N(Q, d/1) (i.e. of all square-integrable eN -valued functions which depend 
holomorphically on the coordinates Zll, ... , ZNN of the point z E Q). However, 
this choice turns out to be too simple-minded: the reproducing kernel is then just 
k(x, y)/, where k(x, y) is the reproducing kernel of the ordinary (scalar-valued) 
space L~o](Q, d/1); the Toeplitz operator T¢ (to be introduced in the next section) 
is just the N x N matrix [T¢Jk]7,k=] of Toeplitz operators on L~o](Q, d/1); and 

the Berezin transforms (also to be introduced in the next section) are just ~ = 
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- N ",N ~ N 
[T¢>jk]j.k=1 and T¢>T", = [L...I=I T¢>JIT"'Ik]j,k=I' Thus, for instance, for the spaces 

(1.7) with n = 1 (i.e. on n = C), IITJh)T~h) - TJ~II ~ 0 as h ~ 0, while 

where 

II 21r [T(h) T(h)] _ r,(h) II ~ 0 
ih ¢>, '" [¢>,,,,n ' 

(here G, a are applied individually to each element of a matrix, and the dot stands 
for matrix multiplication). From the physical point of view, this "matrix-valued 
Poisson bracket" seems to be a rather doubtful object, indicating that the spaces 
L~OI,CN are probably not the right route to take. 

3. The Berezin Transform 

Let, quite generally, H be a reproducing kernel subspace of eN -valued functions in 
L~N (n, d!1), for some domain n and measure !1 on it, with reproducing kernel K; 

thus K is a eNxN -valued function on nand 

f(X) = in K(X, Y)f(Y)d!1(Y) \:IX En, f E H. (3.1) 

In particular, for any X E eN, the functions 

Ky,x(X) := K(X, nx 
belong to H, and 

(3.2) 

See [AAG] for more information on such spaces and their reproducing kernels. 
Let T be an arbitrary bounded linear operator on H. For any fixed X E n, 

the expression (T Kx , xl::, Kx,x') is evidently linear in X and X"; thus there exists a 

unique N x N matrix T(X) such that 

We define the Berezin transfonn T of T by 
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That is, 

At first sight, this definition may seem a little ad hoc; the reason behind it is that 
this seems to be the only way to make the following statements true. 

Proposition 3.1. T is a eN x N -valued function on n satisfying 

(i) T* = (T)*; 

(ii) if cp is a matrix-valued function on n such that cpKx,x E Hfor all X E n 
and X E eN, then 

M¢>(X) = K(X, X)-1/2cp(X)K(X, X)I/2 

where M¢>f := cpf; 

(iii) in particular, I (X) = 1'<:1 X E n; 

(iv) IIT(X)lIcN->cN ::::: IITII1-l->'H, '<:IX En. 

If the elements ofH are holomorphic functions, then also 

(v) T(X) = 0 '<:IX only ifT = O. 

Proof. (i) is immediate from the definition, while (ii) follows from the reproducing 
property (3.1), and (iii) is a trivial special case of (ii). To prove (iv), observe that, 
by (3.2), 

IIKx.xll~ = (Kx,x, Kx.x)'H = X*Kx.x(X) = X*K(X, X)X = IIK(X, X)'/2xll~N' 

Thus, for any x, X' E eN, 

IX'*T(X)xl = I(T KK(X.X)-'!2 X ' KK(X,X)-'/'x,)1 

::::: 1IT11 II Kx,K(x,X)-1/2 x II IIKK(x,x)-'/2 x,1I 

= 1IT11l1xllcN IIx'IlCN, 

and the assertion follows. _ 
Finally, for (v), note that T == 0 implies T == 0, i.e. 

'<:Ix, X' (3.3) 

whenever X = Y. lUi consists of holomorphic functions, then K (X, Y) is holo­
morphic in X and conjugate-holomorphic in Y; thus the left-hand side of (3.3) 
is holomorphic in X and conjugate-holomorphic in Y. It is well known that such 



10 S. Twareque Ali and M. Englis 

functions are uniquely determined by their restriction to the diagonal X = Y; 
consequently, (3.3) holds for all X, Y, i.e. 

X'(TKy,x')(X) = 0 '<Ix,x''<IX,Y. 

Hence T K y,x' = 0 for all Y and X', and thus for any f E H 

x"(T* f)(Y) = (T* f, Ky,x') = (f, T Ky,x') = 0, 

i.e. T* f = O. Thus T* = o and T = O. • 
In analogy with the scalar-valued situation, we next define for any cp E C~XN (0) 

the Toeplitz operator Tq, on H by the recipe 

Tq,f(X) := L K(X, Y)cp(Y)f(Y)dfl(Y), 

or, equivalently, 

Tq,f = P(cpf), 

where P : L~N(O, dfl) ~ H is the orthogonal projection. Note that the last 
formula implies that II Tq, 111t->1t ~ IIcplioo := SUPXEQ IIcp(X)lIcN ->CN; in particular, 
by Proposition 3.1, also II Tq,(X)lIcN->CN ~ IIcp II 00' 

Proposition 3.2. The following fonnulae hold: 

Tq,(X) = K(X, X)-1/2 . L K(X, Y)cp(Y)K(Y, X)dfl(Y)' K(X, X)-1/2; 

r;T.,(X) = K(X, X)-1/2 

. LL K(X, Y)cp(Y)K(Y, Z)IfI(Z)K(Z, X) dfl(Y)dfl(Z) 

. K(X, X)-1/2. 

In particular, if cp is a multiplier ofH (i.e. cp f E H whenever f E H), then 

and, similarly, when cp and 1fI' are multipliers ofH, then 

~(X) = K(X, X)-1/2cp(X)K(X, X)IfI(X)K(X, X)-1/2. 
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4. Bad Behaviour: All Matrices 

We now exhibit an example of some pathological phenomena, showing in particular 
that the straightforward generalizations of the expansions (1.11) and (1.12) cannot 
hold: first, apart from the integer powers of h, we will see that also Jh enters the 
picture; and second, instead of evaluations at X we get also contributions from other 
points. This applies to the case of the full matrix domain Q = eN x N ; for the normal 
matrices Qnarm, we will show in the next section that at least the second of these 
pathologies still remains. 

Theorem 4.1. Consider the full matrix domain Q = eN x N with N = 2. Let Hh be 
the spaces from Section 2, with reproducing kernels Kh given by (2.4). Let X be the 
matrix 

Then: 

Note that the matrix on the right-hand side does not depend on the value of 
</J at X, but rather on its value at O. 

(ii) If </J(Y) = -JiY22I, where Y22 denotes the (2, 2)-entry ofY, then 

TtleX) = xJh + O(h) ash ~ O. 

Proof. Since X2 = 0, the series (2.4) for Kh(X, Y) becomes simply 

(4.1) 

Thus 

T~h)(X) = 10 Kh(X, Y)</J(y)Kh(Y, X)dj.1h(Y) 

([d. XY°</J(Y) </J(Y)YX* XY0</J(Y)YX*] 
= In 'f'(Y) + 2h + 2h + 4h2 dj.1h(Y). 

(4.2) 
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On the other hand, the change of variable Z = Y /.jJi and Taylor's expansion imply 
that for any Coo function f on n, 

In f(Y)df.1h(Y) = In f(v'hZ) df.1 J(Z) 

= f ~,1j f(O)h j , 

j=O J. 

(4.3) 

where,1 = L~,k=l 82/8zjk8Zjk is the Laplacian on C2x2 . Applying this to (4.2), 
we therefore get 

TJh\X) = ¢(O) + O(h) 

X[,1(Y*¢(Y»)(O) + O(h)] 
+ 2 

[,1(¢(Y)Y)(O) + O(h)]X* 
+ 2 

+ x[,1(Y*¢~~)Y)(O) + O(l)]X-. 

- -
Now TJh)(X) = K(X, X)-1/2TJh)(X)K(X, X)-1/2; note that 

. (all a12) and thus, for any matrIX A = , 
a21 a22 

(4.4) 
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Consequently, 

T(h)(X) = (0 ¢dO).J2h) + O(h) 
</> hI (O).J2h ¢'22(0) 

+ (~ ~ Ll[Y*6(Y)]n(0») + O(h) 

+ ( ~Ll[¢(~)Yhz(O) ~) + O(h) 

+ ( ~Ll[Y*¢(OY)Y]22(O) 0) o + O(h), 

Note that, by a simple calculation, 

2 ad-. 
Ll[Y*¢(Y)]ab(O) = L ~(O), 

k=1 aYka 

13 

Letting h '\, 0, (i) therefore follows immediately, For ¢(Y) = Y2z../2l, only the 

second term in the last formula for TJh)(X) gives a nonzero contribution, equal to 

TJh)(X) = (~ .jh Ll[Y2~Y*hz(0») + O(h) = .jh X + O(h), 

as Ll[Y22Y*hz(0) = 1 by (4.5). This settles (ii), • 
Remark. We pause to observe that applying (4.3) to I(Y) = y*k yk and comparing 
with (2.1) shows that 

This gives, conceivably, a way of evaluating the numbers Ck without recourse to 
random matrix theory, and can also be used to show that the Ck have an interesting 
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combinatorial meaning. Namely, expanding /).k and y.k yk yields 

N 

L 
N 

L YalaYa2al ... Yaka' _1 Yakak+1 Yak+l ak+2 . .. Ya2'_lb, 
ai, .. ,a2k-I=1 

where, for the sake of brevity, we temporarily write aij for a 2 / aYij, and similarly 
for aij. Clearly a nonzero contribution only occurs if to each Y there is applied 
precisely one a, and to each Y precisely one a. (We also see that the result will be 
independent of y, i.e. a constant.) Thus 

N N 

L L 

Changing the order of summations and using the fact that aij Ykl = <5ik <5jl , this 
becomes 

N N 

/).k(y.k yk) = L L L <5i'(lIal<5j'lIla .... <5i ,lk)a, <5j"k1a'_1 

a,rE6k il,jl.···,ibh=l al ... ·,a2k_I=1 

Replacing i = (i I, ... , ik), j = (jl, ... , jk) by io r- I , jor-I and setting,u = r-IO", 

we thus get 

/).k(y.k yk) = k! L L <5jla<5hil ... <5j ,i'_1 

flE6, i.j 

In other words, [/).k(y.k yk)]ab / k! = ck<5ab is the constant equal to the number of 
triples (,u, i, j), where,u E 6k and i, j E {I, ... , N}k, such that 

j = (a, i l , ... , h-d, j o,u = (ifl(2)' ... , ifl(k), b), and h = ifl(l)· 

It is evident that, indeed, this number is zero for a i= b (since the sequences 
(a, ii, .. . , ik-I, h) and (i fl(l), i fl(2), . . . , i fl(k), b) must be permutations of each 
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other), while for a = b it is independent of a. It is also clear that Ck is always 
an integer, a fact definitely not apparent from (2.2). D 

We conclude by giving a formula analogous to part (i) of the last theorem also 
~ ~ -

for TJh)T~h)(X). It shows, in particular, that Tt>T~h)(X) - TJ~(X) need not tend 
to 0 in general as h ~ 0, but does so for scalar-valued </> and '1'. 

Theorem 4.2. Under the hypotheses of Theorem 4.1, 

• (h) (h) _ 2' 2 ~ (Trp(O) Trlfl(O) 0) 
l~ T¢ TIfJ (X) - 0 (</>'I')zz(0) . 

Proof. Using the formula for TJh)T~h) from Proposition 3.2 and (4.1), we have 

Making again the change of variable Y ~ Y v'J/, Z ~ Zv'J/, the double integral 
becomes 

The rest of the proof proceeds in the same way as in Theorem 4.1, using instead 
of (4.3) the expansion from the following lemma (applied also to Y'</>(y) and 
'I'(Z)Z in place of </>(Y) and 'I'(Z), respectively), the fact that 

1 
({ Y' </>(y), 'I'(Z)Z}b = 4 Tr </>(0) Tr '1'(0), 

and the relations (4.4). We leave the details to the reader. 

Lemma4.3. For</>, 'I' E C~XN(n), 

In In </>(v'J/y)K1(Y, Z)'I'(v'J/Z)dI11(y) d I11(Z) 

= </>(0)'1'(0) + h[fl</>(O). '1'(0) + </>(0)· fl'l'(O) + ({</>, 'l'U(O)] + O(h 2), 

as h ~ 0, where 

1 8</> 8 'I' 
{{</>, 'l'U := 2: L a- Eik-;;--:, 

i,j,k Yij ZkJ 

• 
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Proof. Using the Taylor expansions for ¢ and 1fI, we see that the integral asymp­
totically equals 

-p -0 
'" h ,a'+'P'r'l'+'61 aaa ¢(O) r r a-p K (Y Z) r~ d (Y)d (Z) ar a 1fI(0) 
L.. 'P' i .. i .. Y Y I , Z Z III III 'c5,' 

a,P,r,o a.. n n Y· . 

(The summation extends over all multi indices a, p, y, c5.) Note that the kernel 
satisfies K I (Y, Z) = K I (E Y, E Z) for any E E C of modulus one; hence the last 
integral vanishes unless la I + I y I = IPI + 1c51. Thus the coefficients at half-integer 
powers of h in fact vanish. The coefficient at hO is clearly ¢(0)1fI(0), since 

by the reproducing property of K 1 and (2.1). For the coefficient at hi, the only 
nonzero contributions, by virtue of the last observation, come from la I = IPI = 1, 
or Iy 1= 1c51 = 1, or lal = 1c51 = 1, or IPI = Iy 1= 1 (i.e. from yy, ZZ, YZ, oryz). 
Since 

(and similarly for ZijZkl), the first two possibilities contribute 

and ¢(O) . ~1fI(0), respectively. For the yz possibility, the corresponding integral 
vanishes, since the integrand is a function holomorphic in the entries of Y and Z· 
and vanishing at the origin. Finally, for the last possibility yz we use the series (2.4) 
to split the integral as 

II YijZkIKl(Y, Z)dlll(y)dlll(Z) 

= f ~( r Yijym dIl1(Y»)( r ZklZ·m dIl1(Z»). (4.7) 
m=O em in in 

U sing again the invariance of d III under the change of variable Y f--t E Y, we see 
that we only get nonzero contribution for m = I. In that case, 
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and similarly for the Z integral. Thus the integral (4.7) equals 

and the total contribution from the yz possibility is 

~ a¢ Jjl alfl 
~ a- (0)"2 Eik 8(0) = H¢, 1fI}}(0), 

i,j,k,1 Yij Zkl 

which concludes the proof of the lemma. • 
5. Bad Behaviour: Normal Matrices 

The matrix X = (~ ~) featuring in the last section was not normal; this tempts 

one to hope that things might perhaps still work out fine for the domain Qnonn of 
all normal matrices. We show that even in this case, unfortunately, the non-local 
behaviour described above still persists. 

Theorem 5.1. Consider the domain Qnonn of all normal N x N matrices, with 
N = 2. Let 7th be the spaces from Section 2, with reproducing kernels Kh given 
by (2.7). Let X be the matrix 

of the projection onto the first coordinate. Then 

(hi (hi 
[T¢ (X)] II = [T¢ (I)] II, 

(h) (hi 
[T¢ (X)122 = [Tq'> (0)122. 

Consequently, the asymptotic expansion (1.11) cannot hold. 

Proof. As X is a projection, we have X j = X V j ~ 1; thus 

00 xjy.j 00 y.j 

Kh(X,Y)= ~-.-. =I+X~-. -. =(I-X)+XKh(l,Y). 
~ ]!h1 ~ ]!h1 
j=O j=1 



18 

Thus 

S. Twareque Ali and M. Englis 

Tr(X) = [ Kh(X, y)¢(y)Kh(Y, X)djJ.h(Y) 
JQnorm 

= X · [ Kh(l, y)¢(y)Kh(Y, I)djJ.h(Y) · X innorm 

+ X . k,onn Kh(l, y)¢(y)djJ.h(Y)· (1- X) 

+ (1- X).1. ¢(y)Kh(Y, I)djJ.h(Y) · X 
Gnonn 

+ (1- X)· koonn ¢(y)djJ.h(Y)· (1- X). 

But for any matrix A = (:~: :~~). we have XAX = e~1 ~), XA(I - X) = 

(~ a~2). etc.; hence 

and similarly, since Kh(O, Y) = I, 

Finally, since Kh(X, X) = e~h ~). Kh(l, I) = e l / h I, and Kh(O, 0) = I, the 

assertion about TJhJcX) = K(X, X)-1 /2TJh)(X)K(X, X)-1 /2 follows. • 

For completeness, we also state the analog of Theorem 4.2, which shows, among 
others, thatthe expansion (1.12) cannot hold. Its proof is the same as for Theorem 5 .1. 

Theorem 5.2. In the situation of the preceding theorem, 
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6. An Application of Stationary Phase 

In this section we finally start exhibiting also results in the positive direction, 
namely, by using the stationary phase method we establi~the existence of an 

(albeit non-local) semiclassical asymptotic expansion for TJh) for the case of the 
normal matrices. 

Recall that the stationary phase (WJKB) method tells us that if S, ¢ are smooth 
complex-valued functions on some domain in en, such that S has a unique critical 
point Xo (i.e. S'(xo) = 0), which is nondegenerate (i.e. det SI/(xo)) =j:. 0) and is a 
global maximum for Re S, and ¢ is compactly supported, then the integral 

h -n J ¢(x) eS(x)/ h dx (6.1) 

has an asymptotic expansion 

00 

eS(xo)/h Lh j .cj¢(xo) ash ~ 0, (6.2) 
j=O 

with some differential operators .c j whose coefficients are given by universal ex­
pressions in S and its partial derivatives. See e.g. [Hrm], Section 7.7. The hypothesis 
of the compact support of ¢ can be replaced by the requirement that the integral 
(6.1) exist for some h = ho > 0, and that the maximum of Re S at Xo strictly 
dominate also the values of Re S at the boundary or at infinity, in the sense that 
Re S(xn) ~ Re S(xo) ~ Xn ~ Xo. 

On the other hand, if the global maximum of Re S is not a critical point, then 
(6.1) decays faster than any power of h as h '::.I O. 

The formulas for the operators .c j are fairly complicated in general, but fortu­
nately become quite explicit if the phase function S is quadratic (which will be the 
only case we will need). Namely, assume that 

Sex) = -(Q(x - xo), x - Xo)cn 

for some matrix Q with positive real part. Then Xo is a unique critical point of S, 
is nondegenerate, and 

1 . .c. = -Q' , . , ' 
} . 

where Q = _(Q-1 8, 8) . (6.3) 

Let us now apply this to the integral defining TJh) (X) in the case of the domain 
of normal matrices, viz. 

TJh)(X) = r Kh(X, Xrl/2 Kh(X, y)¢(y)Kh(Y, X)Kh(X, X)-1/2 dfJ.h(Y). JQnonn 
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Let 

Y = UDU', x = VCV' (6.4) 

be the spectral decompositions of Y and X, respectively. Observe that owing to the 
invariance of the kem~ Kh and the measures J1h under unitary transformations, 

we have TJh)(X) = VT~~)(C)V', where <p v (Y) := V'<P(V YV')V; thus it suffices 
to deal with the case of V = I, i.e. when X = C = diag(cl, ... ,CN) is a diagonal 
matrix. From (6.4), we then have 

00 [CkU D,kU']ij 
[Kh(X, Y)]ij = L k!hk 

k=O 
00 N k -dk , = ~ ~ CjUi/ IUlj 

L..L.. k!hk 
k=O 1=1 

N 
~ cd//h -= L..e' Ui/Ujl, 
1=1 

and similarly for Kh(X, X). Thus the matrix entries of TJh)(X) are given by 

__ N 

[TJh)(X)]ab = (7Ch)-N r 1 L e-ICaI2/2heCadi/hUaIUjl<pjk(U DU') 
JU(N) eN j.k .l.m=1 

. e"bdm / hUbmUkme-lcbI2/2he-lIdIl2 / h dU dD. 

For simplicity, we will write <P(U;d l , •.• , d N) instead of <P(U DU'). The last inte­
gral over D is precisely of the form (6.1), with phase function given by 

The critical point condition S' = 0 amounts to 

'ii = I, ... , N. 

It follows that there is no critical point if Ca # Cb, or if Ca = Cb # 0 and I # m; 

while for Ca = Cb # ° and I = m, or Ca = Cb = ° and I, m arbitrary, there is a 
unique critical point 

I·th slot 

-----d = (0, ... ,0, Ca ,0, . .. ,0) == Call, 
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which satisfies the assumptions for the application of the stationary phase method. 
The critical value is 

and the operators .c j are equal to -t,~j, by (6.3). By (6.2), it therefore follows that _ J. 

[TJh)(X)lab = O(h OO ) for Ca =f:. Cb, while 

(6.5) 

as h ~ 0 if Ca = Cb =f:. 0, and 

(as <p( U; 0) = <p(0) is independent of U) 

(6.6) 

as h ~ 0 if Ca = Cb = O. Here the subscript at ~ indicates that it applies only to the 
d-variables in <p(U; d1, ..• , dN ). 

Thus the coefficients at each h r in the asymptotic expansion do not depend on 
the jet of <p at X, but rather on the behaviour of <p near the whole orbit {U Pa U· : 
U E U(N)} of the spectral components Pa := diag(O, ... , 0, Ca , 0, ... ,0) of X. 
Also, the off-diagonal entries asymptotically vanish (i.e. are O(hOC)) if Ca =f:. Cb, 

which is quite unexpected. 
Observe that setting Ca = 0 in (6.5) gives 

where 
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It can be shown that 

(6.7) 

and in fact, 

(6.8) 

(The above relation can be obtained by an application of standard orthogonal­
ity relations for the matrix elements of irreducible representations of compact 
groups - in this case applied to the irreducible subrepresentation of V (N), carried 
by second order symmetric tensors, in the decomposition of the natural representa­
tion of V(N) ® V(N).) Thus we have 

which is different from (6.6). Thus we see that, in general, it is not possible to use 
the formula (6.5) in both cases Ca = Cb 1= 0 and Ca = Cb = O. 

For scalar-valued <p, (6.5) simplifies to 

and ifin addition <p is independent of V, i.e. <P(VYV*) = <P(y) ';IV E V(N), then 
the last integral can be evaluated by Schur's orthogonality relations, yielding 

_ 00 h' 
(h) "-' ~ ~ , A-[T</> (X)]ab "'" uab . L...... I" (Ll(d)'f' )(CaXa). 

,=0 r. 
(6.9) 

In the general case, however, it does not seem that (6.5) can be simplified in any way. 
~ame manner, one can also prove the following formula for the asymptotics 

of Tt) T~h), which of course reduces to (6.5) upon taking for If! the constant function 
equal to I. The strange-looking operators OO1mq originate from the formula (6.3). 

Theorem 6.1. For any functions <p, If! E C~xN(Qnonn) and a diagonal matrix 
X = diag(c" ... ,CN), 

ash ~ 0 
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. W/qWbq (m~q¢>ijlf/k/)(U, W;caXm, caXq)dU dW 

(6.10) 
as h ~ 0 ifca = Cb i= 0, where 

and 

N 00 h r 1 1 L L;T UaLUiLUjmUpm 
i,j,k,l ,m, r=O UrN) UrN) 

p,q,L,M=1 

. WpqWkqW/MWbM (m~q¢>ijlf/k/)(U, W;O, O)dU dW 

(6.11 ) 
as h ~ 0 ifca = Cb = O. 

The fonnula (6.11) can clearly be simplified upon carrying out the summations 
over Land M and perfonning the two integrations (which can be done since 
¢>(U;O) = ¢>(O) and If/(W;O) = If/(O) are independent of U and W) via Schur's 
orthogonality relations; the result is 

Similarly, as with (6.5) and (6.6), using (6.7) it can be shown that for Ca = 0 the 
fonnula (6.10) reduces to 

which is different from (6.11). We refrain from going into these details because they 
are not needed anywhere in the sequel. 
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We conclude this section by observing that (1.6) also fails in general. 

Proposition 6.2. Let </J be the CNxN -valuedfunction on nnonn, N ~ 2, defined by 
</J(Z) = I det Z121. Then 

lim TJh)(X) = 0 
h-40 

VX E nnonn. 

Proof. Since </J(VZV') = V</J(Z)V'VV E U(N),itisenoughtochecktheasser­
tion for diagonal X, so let X = diag(ct, ... , CN). As </Jjk(U;d) = Jjdd t ••• dN I2, 
we have 

m 

forr> N. 

(Here the hat ~ indicates that the corresponding variable is omitted.) Thus by (6.9) 
and (6.6) 

that is, 

as h -7 0, and the assertion follows. • 
Similarly, it can be shown that (1.1) breaks down too: for instance, for </J(Z) = 

I det ZI2e- Tr(Z' Z) I, one has 
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(where 1I¢>1I00 := sUPZEQnonn 11¢>(Z)lIcN->cN). This can be proved by observing that 
the operator Tq, is diagonal with respect to the basis (2.3), with eigenvalues 

(k + l)h N 

(h + 1)2N+k' 

and sUPk(k + l)/(h + l)k ~ l/(eh) = II¢>II~N / h. We omit the details. 
We now tum to classes of observables ¢> which are more manageable than the 

general case. 

7. Spectral and U -Invariant Functions 

A function ¢>(Z) of Z E 11nonn will be called spectral if it is a function of Z in the 
sense of the Spectral Theorem: that is, if there exists a function f : C ~ C such 
that ¢> = f#, where 

(7.1) 

Our first observation is that for spectral functions, all goes fine with the Berezin­
Toeplitz quantization. 

Theorem 7.1. If¢> = f# and 'I' = g# are two smooth spectraljunctions, then there 
exist unique spectral junctions Pr, r = 0, 1, 2, ... , such that 

ash ~ ° 
in the sense of operator norms (i.e. as in (l.4».Infact, 

where 

I -r 
Cr(f, g) = - ar f· a g 

r! 

are the operators (l.lO)for n = 1. 

(7.2) 

Proof. Recall that the monomials Zk, k = 0, 1, 2, ... , are orthogonal in the Segal­
Bargmann space (1.7) for n = 1: 

Comparing this with (2.6), we see that the mapping 

I : Zk Xj ~ Zk ® Xj (7.3) 
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is a unitary isomorphism of our space 7th onto the tensor product L~ol( e, d j.J. h )®eN . 
Now if rjJ = f# is a spectral function and x, " E eN, then 

(T~h)ZkX, Zl,,) = (rjJZk X, ZI")L~N(nnonn.dJih) 

= r "ozolrjJ(Z)ZkXdj.J.h(Z) 
lrlnonn 

= r 1 'IOU DolrjJ(D)Dkuo X dU e-Tr(DOD)/h ~. 
leN U(N) (1I:h)N 

However, for any matrix X, 

1 U XU O dU = Tr(X) I. 
U(N) N 

(7.4) 

(Indeed, performing the change of variable U H UI U and using the invariance 
of the Haar measure, it transpires that the left-hand side commutes with any UI E 

U (N). Thus it must be a multiple of the identity. Taking traces and using the cyclicity 
of the trace, (7.4) follows.) Thus we can continue the above calculation with 

Consequently, under the isomorphism I, the operator T~h) on 7th corresponds to 

the operator Ty) ® I on L~ol(e, dj.J.h) ® eN, and the desired assertions follow 
immediately from the ordinary Berezin-Toeplitz quantization on e. • 

We list one more corollary of the above isomorphism I; it will not be needed in 
the sequel, but should be contrasted with Proposition 6.2 at the end of Section 6 and 
the example immediately thereafter. We omit the proof. 

Proposition 702. For any spectral function rjJ = f# and x E e, 

(7.5) 
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where the Ttl on the right-hand side is the ordinary scalar-valued Berezin transform 

of the operator Ttl on L~ol(C, df-lh)./n particular; 

Remark. We pause to note that for the full matrix domain Q = C NxN , the spaces 
Hh are not isomorphic to L~ol(C, dv) for any rotation invariant measure von C. 
The reason is that the numbers Ck in (2.2), which take over the role of the k!, are 
not the moment sequence of any measure on [0, 00) if N > I. This can be seen by 
checking that 

I HI r 
(k + l)(k + 2) D(N + j) = Jc Izl2k dVN(z) 

where 

N-I 
1 " (N - l)!(N - j) . 2 

dVN(z) := - ~ ., Izl2J e-1zl dz; 
1i j=O } . 

thus for Ck to be a moment sequence (even of a measure which is not necessarily 
non-negative) it is necessary and sufficient that 

{
I HI } 00 

(k + l)(k + 2) D(N - j) k=1 
(7.6) 

be a moment sequence. However, the latter cannot be the case, since (7.6) has only 
a finite number of nonzero terms. 

We restrict our attention exclusively to Qnorm in the rest of this paper. D 

Returning to the main line of discussion, we proceed to introduce another class 
of functions. 

A CNxN -valued function </J on ilnorm will be called V -invariant if 

</J(VZV*) = V </J(Z) V* '<IV E V(N) '<IZ E Qnorm. (7.7) 

Clearly, a spectral function is V -invariant, but not vice versa: an example is the 
function </J(Z) = 1 det Z1 2/ from the end of Section 6. The relationship between 
spectral and V -invariant functions is clarified in the next proposition. 
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Proposition 7.3. A function </J is U -invariant if and only if there exists a func­
tion f(d l; d2, ... ,dN ) from C x CN - I into C, symmetric in the N - I variables 
d2, ... ,dN , such that </J = f#, where 

The function f is uniquely determined by </J. 
Further, </J is spectral if and only if f depends only on the first variable, i.e. if 

and only if f(d l; d2, ... ,dN ) = f(d l; 0, ... , 0). 

Proof. For any complex numbers E I, ... , EN of modulus one, consider the matrix 
E = diag(EI, ... ,EN). Then E E U(N) and E DE' = D for any diagonal matrix D; 
thus by (7.7) 

</J(D) = E </J(D) E' 'VEl, ... ,EN E T. 

Consequently, </J(D) is also a diagonal matrix. Define the functions fl' ... , fN on 
eN by 

where D = diag(dl, ... , dN ). (7.9) 

For any permutation (J of the set {I, 2, ... , N}, let Fa denote the permutation matrix 
[Fa Lk = Ja(j).k. Then Fa E U(N) and 

if D = diag(dl, ... , dN ). 

Thus by (7.7) again 

It follows that h is symmetric with respect to the N - I variables d 1, ... , d j, ... , d N 

and </J = f# for f = It-
Conversely, it is easily seen that any function of the form (7.8) is U -invariant, 

and f# = g# ~ f = g. 
Finally, the assertion concerning spectral functions is immediate upon comparing 

(7.8) and (7.1). • 

One consequence of the last proposition is that the mapping 

(7.10) 
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with f1 : C ~ C defined by 

fD (z) := fez; 0, ... , 0) 

is a projection from U -invariant functions onto spectral functions. (Here the first 
# in (7.10) is the one for U -invariant functions from (7.8), while the second is the 
one for spectral functions from (7.1); however, there is no danger of confusion 
in this abuse of notation.) In terms of f# = ep, the function f' can be expressed 
directly by 

Z E C, 

where Ell is the matrix of projection onto the first coordinate, i.e. [E II ]jk = OljOIk. 
The projections f ~ rand (7.10) will playa crucial role in the next section. 

8. Quantization of U -Invariant Functions 

We now proceed to establish our final result - a generalization of Theorem 7.1 to 
U -invariant functions. The key ingredient is played by the following specializations 
of the asymptotic expansions from Section 6. 

TheoremS.I. For any smooth U -invariantfunctionsep = f# and IjI = g# on ilnorm, 

00 

TJh) ~ L hr (lrep)# 
r=O 

and 

00 

TJh)T:) ~ L hr mr(ep, 1jI)# 
r=O 

as h ~ 0, where lrep and mr(ep, 1jI) are thefunctions on C defined by 

1 
lrep(z) := - (~r f)(z; 0, ... ,0) 

r! 

(8.1 ) 

(8.2) 

(8.3) 

mr(ep, 1jI)(z):= [r\ (~(d) + ~(e) + ad~:eJr f(d)g(e)Jld=(z;o ..... O)· (8.4) 
e=(z;O, .... O) 
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Proof. In principle this could be gleaned from the fonnulas (6.5) and (6.6), but 
it is better to use directly the definitions: if X = VCV' with V E U(N) and 
C = diag(cl, ... , CN), then by Proposition 3.2 

T~h)(X) = 1. Kh(X, X)-1 /2 Kh(X, Y)¢>(Y)Kh(Y, X)Kh(X, X)-1 /2 dph(Y) 
Qnorm 

00 

= :L hr (ir¢»#(X) . 
r=O 

Here we have used, in tum, the fonnula (2.7) for Kh (X, Y); the U -invariance 
of ¢>; the fonnula (7.4) for the integral over U(N); the fact that Tr(D·k¢>(D)Di ) = 
;:.7=1 d~d~¢>j/D) , combined with the summation ofthe exponential series and the 

commutativity of C with C*; the fact that ¢> = f# ; the independence of the integral 
on j; the stationary phase expansion; and (7.1) and the definition of [r¢> . 
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The proof of (8.2) is similar:3 

Tf>iI:)(X) = InO",", InO",", Kh(X, X)-1/2 Kh(X, y)¢>(y)Kh(Y, Z)'I'(Z) 

. Kh(Z, X)Kh(X, X)-1/2 df/h(y)df/h(Z) 

111 1 . CkV'UD'k DIU'WE'I = Ve-CC /2h L ¢>(D) L -...,.-:-;--
eN eN U(N) U(N) k k !hk I I !hi 

31 

Emw·vc·m 
. 'I'(E) " e-CC'/2h V ' dU dW df/h(D)df/h(E) 

~ m!hm 
m 

( 
00 h' a2 , ) 

= V . diagk L ~ [~(d) + ~(e) + ad1ael] f(d)g(e)k:(~k;O .... ,O) . V· 
,=0 e-(q,O, ...• O) 

00 

= L h' (m,(¢>, 'I'»#(X). 
,=0 

Here the penultimate line comes from the formula (6.3). • 
30 f course, (8.1) can also be obtained from (8.2) upon setting 'I' '" I; but it is more instructive to 

give a separate proof. 
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Corollary 8.2. If g is a smooth function on C and g# the corresponding spectral 
function on (loonn, then 

ash ~ O. (8.5) 

In particular; 

(8.6) 

Proof. Combine (8.3) with the last part of Proposition 7.3. • 
The following theorem is the main result of this section and indeed, of this paper. 

Theorem 8.3. For any smooth U -invariant functions ¢>, 'I' on (loonn, there exist 
uniquely determinedfunctions go, gl, .... on C such that 

ash ~ O. (8.7) 

Moreover; if¢>= f# and 'I' = g#, then the functions gm are given by 

(8.8) 

for some bidifferential operators Gm on CN (independent of f and g). In particular; 

Go(f, g)' = f" g' , and 

G I (f, g)" - G I (g, j)" = 2~ {f", g"}, 
(8.9) 

the Poisson bracket of f" and gD on C. 

Proof. The uniqueness is immediate from (8.6). The existence is, by virtue of (8.2) 
and (8.5). equivalent to 

r=O 

Comparing the expressions at like powers of h on both sides, this becomes 
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which is solved by the recursive recipe 

(8.10) 

From (8.4) it is also clear that gm are ofthe form (8.8) with appropriate bidifferential 
operators Gm . Finally, a short computation using the special instances r = 0, 1 
of (8.4), 

gives (8.9). • 
Remark. Note that the quantities Gm(¢, IfI)D do not depend only on f' and l: 
the bidifferential operators G m involve derivatives also in other variables than d I, el, 

and only after these are applied one takes the restriction to d2 = ... = dN = e2 = 
... = eN = O. It is therefore quite remarkable that G 1 (¢, lfI)b - G 1 (1fI, ¢)b depends 
only on fb and gD - the derivatives with respect to the other variables having 
cancelled out. 0 

We indicate another proof of the last theorem, based on the isomorphism (7.3). 
(We gave the proof above first since the isomorphism (7.3) is probably something 
peculiar to the domain of normal matrices, while the stationary phase method should 
work also in other situations. The proof below also requires a slightly stronger 
hypothesis on the functions ¢ and 1fI.) 

For a function f on eN and h > 0, let Ph f be the function on e defined by 

P f( ) '-1 f( ) -(lz212+-+lzNI2)/h dz2 ••. dZ N 
h Zl .- CN-l ZI,Z2,···,ZN e (lCh)N-1 . 

Theorem 8.4. Let ¢ = f#, IfI = g# be smooth U -invariantfunctions on Qnonn such 
that the partial derivatives of f and g of all orders are bounded, and let C, be the 
bidifferential operators (7.2). Then 

in the sense of operator norms. Consequently, (8.7) holds for 

gm= L 
j,k,r~O, 

j+k+r=m 

where /!,.' denotes the Laplacian with respect to the last N - 1 variables Z2, ... ,ZN. 
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Proofo By a computation similar to the one in the proof of Theorem 7.1, for any 
X,1] E eN, 

(Tt)Zk x, Z',,) = f "OZO'1(Z)Zk X dJ1.h(Z) JQnorm 

= f! "oUDO'U01(UDUO)UDkUOxdUe-Tr(D'D)(h~ 
lCN UrN) (71:h)N 

= f f "OU DoI1(D)DkuoX dU e-Tr(DOD)(h ~ 
kNl~~ ~h~ 

(by the U -invariance of 1) 

= (x, ,,) ~ f Tr(DO'1(D)Dk)e-Tr(D'D)(h ~ 
N lCN (71:h)N 

N 
_ ~ '" f -I k " A, -lIdll'(h ~ 
-(X,,,) NL..lCNdjdJ(d),d" ... ,d), ... ,dN)e (71:h)N 

)=1 - 1 -, k • -IIdII'(h dD -(x,,,) dldl!(dl,d2, ... , ... ,dN)e -hN CN (71: ) 

=(x,,,) fd'ld}Ph!(d])e-ldd'(hddl 
lc 71:h 

= (x, ,,) (l Ph!, Z')L2(C.dflh) 

= (X, ,,) (T~~jl, zl) L~ol(C.dflh) 

= (T~~j ® l)(l ® X), z' ® 1]) L~jC.dJlh)®CN. 

Consequently, under the isomorphism (7.3), the operator TJh) on Hh corresponds to 

the operator T~~j ® I on L~ol(e, dph) ®eN • Thus by the ordinary Berezin-Toeplitz 
quantization on e, 

T(h)T(h) ~ T(h) T(h) ® I 
if> 'I' Ph! Phg 

00 

::::: 2: hr TgiPh!,Phg) ® I 

(the last isomorphism is the one from the proof of Theorem 7.1). This proves the 
first claim. The second part of the theorem follows upon inserting the expansion 

00 h j 

"'" 'b Ph! = ~ -:r (A') f) , 
j=O J. 
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which follows from the Taylor formula (or stationary phase), and taking Berezin 
transforms on both sides. (The hypothesis of boundedness of the derivatives of f 
and g is needed in order that the resulting expansion for C(P"f, Phg) converge 
uniformly on eN. and thus imply the convergence of the corresponding expansion 
forTc(h()PfP ).bytheinequalityllT<t>II ~ II¢IIoo.) • 

r h. hg 

For two U -invariant functions ¢ = f#, !If = g#, define their "star product" ¢ * !If 
as the formal power series 

00 

¢ * !If := ~:>r Gr{f, gr. 
r=O 

As usual, this product can be extended by C[[h ]]-linearity to all ¢, !If E U[[h]], the 
ring of all power series in h with coefficients in the algebra U of all U -invariant 
functions on nnonn. Alternatively, upon identifying ¢ = f# E U with f, we may 
view this as the star product 

00 

f * g:= L hr Gr{f, g)P 
r=O 

on the algebra S ofall functions f(d l ; d2, ... , dN )on e x eN - l symmetric in the last 
N -1 variables, which again can be extended by C[[h ]]-linearity to all f, g E S[[h]], 
the ring of formal power series with coefficients in S. If we extend to S[[h]] by 
C[[h]]-linearity also the operators G" then the extended star-product will still 
satisfy the relations (8.9). Further, * is clearly associative, since the multiplication 
of operators is associative - both (¢ * !If) * 1'{ and ¢ * (!If * 1'{) originate from 
the asymptotic expansion as h ~ 0 of [T~h)T~h)T~h)r-: (However, in contrast to a 
genuine star-product, the function constant one is not the unit element for *.) 

The appearance of fD and gP, and not f and g, in (8.9) means that the eN- l 

part of f disappears in the semiclassical limit h ~ 0, and only the projection fP, 
which lives on e, survives. As mentioned before, we are dealing here with a 
quantum system which has N internal degrees of freedom. This is made clear by the 
isomorphism (7.3), since the tensor product space L~ol(e, df.l.h) ® eN is exactly the 
Hilbert space of a single quantum particle, moving on the phase space e and having 
N internal degrees of freedom. The full set of quantum observables of this system 
include those which do not have classical counterparts. The interesting fact that 
emerges from our analysis is that, it is exactly those observables which are Berezin 
quantized versions of U -invariant functions, that have classical counterparts. Since 
the internal degrees of freedom are purely quantum in this case, they do not survive 
in the semi-classical limit. 



36 S. Twareque Ali and M. Eng/is 

Acknowledgement 

Part of this work was done while the second author was visiting the first; the support 
of the Mathematics Department of Concordia University is gratefully acknowl­
edged. 

References 

[AAG] S.-T. Ali, I.-P. Antoine, I.-P. Gazeau: Coherent States, Wavelets and Their Generalizations, 
Springer-Verlag, New York, 2000. 

[AE] S.-T. Ali, M. Englis: Quantization methods: a guide for physicists and analysts. Rev. Math. 
Phys.17(2oo5),391-490. 

[AEG] S.-T. Ali, M. Englis, I.-P. Gazeau: Vector Coherent StatesJrom Plancherel's Theorem. Clifford 
Algebras and Matrix Domains. 1. Phys. A: Math. Gen. 37 (2004), 6067~089. 

[BMS] M. Bordemann, E. Meinrenken, M. Schlichenmaier: Toeplitz quantization of Kahler manifolds 
and glen). n ---t 00 limits. Comm. Math. Phys. 165 (1994),281-296. 

[Gin] 1. Ginibre: Statistical ensembles of complex. quatemion. and real matrices. 1. Math. Phys. 6 
(1965),440-449. 

[Hrm] L. Hiirmander: The analysis of linear partial differential operators. vol. I. Grundlehren der 
mathematischen Wissenschaften, vol. 256, Springer-Verlag, Berlin - Heidelberg - New York -
Tokyo, 1985. 

[KS] A.V. Karabegov, M. Schlichenmaier: Identification of Berezin-Toeplitz deformation quantiza­
tion. 1. reine angew. Math. 540 (2001), 49-76. 

[Kri] C. Krist jansen, 1. Plefka, G.W. Semen off, M. Staudacher: A new double-scaling limit of N = 4 
super-Yang-Mills theory and pp-wave strings. Nuclear Physics B 643 (2002),3-30. 

[Me] E. Merzbacher, Quantum Mechanics, Wiley, New York, 1970. 

Department of Mathematics and Statistics, Concordia University, Montreal, Quebec, Canada H3G 1 M8 
E-mail: stali@mathstat.concordia.ca 

Mathematics Institute, Zitna 25, 11567 Prague I, Czech Republic E-mail: englis@math.cas.cz 



Partial *-Algebras, A Tool for the 
Mathematical Description of 

Physical Systems 

lean-Pierre Antoine 

We review the main steps in the development of partial *-algebras. First we discuss the algebraic 
structure stemming from the partial multiplication. Then we study in some detail the locally 
convex partial *-algebras, in particular, the Banach partial *-algebras, and we describe a number 
of concrete examples. Next we consider the partial *-algebras of closable operators in Hilbert 
spaces (partial O*-algebras), with a special emphasis on their *-automorphisms. Finally we 
sketch the representation theory of abstract partial *-algebras and give some instances of possible 
physical applications. 

1. Introduction 

To Gerard Emch, colleague, friend, editor, 
on the occasion of his 70th birthday 

Forty years ago, Haag and Kastler [27] introduced the algebraic approach to Quan­
tum Field Theory, and soon their method was extended to statistical mechanics. 
The rationale was to free the theory from particular realizations, linked to specific 
models, and to focus on the basic structure, namely, the algebra of observables and 
states on it. This more abstract language, exploiting the deep mathematical theories 
of C*-algebras and von Neumann algebras, soon became the standard approach to 
the mathematically rigorous description of physical systems with infinitely many 
degrees of freedom. Textbooks flourished and, among many authors, Gerard Emch 
argued forcefully for the new approach [6]. 

Still there is a problem. Basically, the operator algebras that appear in the theory 
are algebras of bounded operators. Yet we know that most observables of a quantum 
system should be in fact represented by unbounded operators. This essentially 
follows from symmetry considerations. Indeed, if the system is invariant under a Lie 
group of transformations, the symmetry generators represent the corresponding Lie 
algebra, and as such they are realized by self-adjoint, mostly unbounded operators 
in the corresponding Hilbert space. Of course, unbounded operators may always be 
taken as affiliated to some von Neumann algebra, but this solution somehow masks 
the simplicity of the situation. Think of the position, the momentum or the energy 
observables. 
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Now unbounded operators in a Hilbert space are notoriously difficult to multiply, 
because of domain problems, so that the nice algebraic structure gets lost. A possible 
way out is to consider only as observables operators with a common, dense, invariant 
domain. In other words, one starts from an algebra of unbounded operators. This 
concept, originally introduced by Powers [31], was developed into a rich theory, 
mostly by the Leipzig group around Lassner and Uhlmann (see the monograph [32] 
for a review). 

However, the problem is not yet completely solved, since in many cases it is 
difficult or unnatural to find an invariant domain common to all the observables of a 
given system. This suggests to look at the algebraic structure, if any, that would arise 
if one tries to multiply unbounded operators without the domain restriction. Indeed 
there is a rich structure behind, and not only at the algebraic level, as was found by 
W. Karwowski (Wrodaw) and myself [5, 6]. Since then, several mathematicians 
have joined this circle of ideas and a full-fledged theory has emerged, thanks to 
the work of F. Mathot and J. Shabani (Louvain-Ia-Neuve), G. and G.A. Lassner 
(Leipzig), G. Epifanio, C. Trapani, F. Bagarello, and F. Tschinke (Palermo), A. 
Inoue, H. Ogi, I. Ikeda, and M. Takakura (Fukuoka). We will present here a quick 
overview of the theory, following essentially [11], [12], and [14], where the proofs 
and the original references may be found. 

As will be clear in the sequel, the theory has developed mostly along math­
ematical lines, according to its own momentum. Yet physics is never far away. 
More precisely, one of the motivations was, and still is, to understand physical sys­
tems with infinitely many degrees of freedom, such as met in statistical mechanics 
or quantum field theory. In both cases, the system exhibits a singular behavior. 
For instance, the thermodynamical limit may fail to exist in the usual approaches 
in the presence of long range interactions. Also un smeared quantum fields are 
very singular objects (operator-valued distributions). Another example is given by 
Hamiltonians corresponding to very singular interactions (<<:5 or «:5', pointlike or on 
a surface). All these applications will be described briefly in Section 6. Before 
that, we will examine successively the algebraic structure stemming from the par­
tial multiplication (Section 2), the locally convex partial *-algebras, in particular, 
the Banach partial *-algebras, including several types of examples (Section 3), 
the partial *-algebras of closable operators in Hilbert spaces (also called partial 
O*-algebras) and their *-automorphisms and automorphism groups, (Section 4) 
and, finally the representation theory of abstract partial *-algebras (Section 5). 

2. The Algebraic Structure 

Definition 2.1. A partial *-algebra is a complex vector space Qt, endowed with 
an involution x H x* (that is, a bijection such that x** = x) and a partial 
multiplication defined by a set r c Qt x Ql (a binary relation) such that: 

(i) (x,Y)Erimplies(y*,x*)Er; 



Partial *-Algebras 39 

(ii) (x,YI),(x,Y2)Erimplies(x,AYI+/lY2)Er, VA,/l EC; 

(iii) for any (x, y) E r, there is defined a product xy E Qt, which is distributive 
with respect to the addition and satisfies the relation (x Y) * = Y * x * . 

Notice that the partial multiplication is not required to be associative (and often 
it is not). We shall assume the partial *-algebra Qt contains a unit e, i.e., e* = 
e, (e, x) E r, V x E Qt, and ex = xe = x, V X E Qt. (IfQt has no unit, it may always 
be embedded into a larger partial *-algebra with unit, in the standard fashion [I D. 

Given the defining set r, spaces of multipliers are defined in the obvious way: 

(x, y) E r ~ x E L(y) or x is a left multiplier of y 

~ Y E R(x) or Y is a right multiplier of x . 

For any subset 1)1 c Qt, we write 

LI)1 = n L(x), RI)1 = n R(x), 
xE~ xem 

and, of course, the involution exchanges the two: 

(um* = RI)1*, (RI)1)* = LI)1*. 

Clearly all these multiplier spaces are vector subspaces of Qt, containing e. 
The partial *-algebra is abelian if L(x) = R(x), V x E 2l, and then xy = 

yx, V Y E L(x). In that case, we write simply for the multiplier spaces L(x) = 
R(x) := M(x), vn = RI)1 := MI)1 (1)1 c Qt). 

Now the crucial fact is that the couple of maps (L, R) defines a Galois connection 
[4] on the complete lattice of all vector subspaces of2l (ordered by inclusion), which 
means that (i) both Land R reverse order; and (ii) both LR and RL are closures, 
that is, 

1)1 c LRI)1 and LRL = L, 1)1 c RLI)1 and RLR = R, 

for any vector subspace 1)1 of Qt. Let us denote by FL, resp. FR, the set of all 
LR-closed, resp. RL-closed, subspaces ofQt: 

FL = {1)1 c Qt : 1)1 = LRI)1}, FR = {1)1 c Qt : 1)1 = RLI)1}, 

both ordered by inclusion. Then, from standard results of universal algebra, one can 
deduce the following result. 

Theorem 2.2. (1) The set FR, ordered by inclusion, is a complete lattice with lattice 
operations 

9Jl /\ 1)1 = 9Jl n 1)1, 9Jl V 1)1 = RL(9Jl + 1)1). 
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The largest element is Ql, the smallest RQl. A corresponding result holds for F L , 

exchanging Land R. 
(2) Both L : FR ~ FL and R : FL ~ FR are lattice anti-isomorphisms: 

L(9Jt 1\ ry-t) = L9Jt V Lry-t, L(9Jt V ry-t) = L9Jt 1\ Lry-t, and similarly for R. 
(3) The involution ry-t H ry-t* is a lattice isomorphism between FL and FR. 

Actually, multiplier spaces determine completely the partial *-algebraic structure 
ofQl, as follows from the following statement: 

(x, y) E r ~ 3 (ry-t, 9Jt) E FL X F R, such that ry-t = L9Jt, 9Jt = Rry-t, 

and x E ry-t, Y E 9Jt. 

(such pairs of subspaces are called matching pairs). We emphasize that the complete 
lattices F R, FL are often difficult to describe explicitly, but much less is needed in 
practice, as we will see in the next section. 

As examples of partial *-algebras, some of which we will encounter below, 
we may cite partial *-algebras of polynomials, of functions, of infinite matrices 
or kernels, topological quasi *-algebras, Banach partial *-algebras, CQ*-algebras, 
and partial *-algebras of closable operators in a Hilbert space (partial O*-algebras). 

The last case is the most important in practice. It will also be needed to set 
up a representation theory, because a representation of a partial *-algebra Ql is 
a homomorphism of Ql into some partial O*-algebra (see Section 5). Here a *­
homomorphism of a partial * -algebra Ql into another one 23 is a linear map p : Ql ~ 
23 such that (i) p(x*) = p(x)* for every x E Ql, and (ii) whenever x E L(y) in Ql, 
then p(x) E L(p(y» in 23 and p(x)p(y) = p(xy). The map p is a *-isomorphism 
if it is a bijection and p-l : 23 ~ Ql is also a *-homomorphism. In particular, for 
Ql = 23, one speaks of a *-automorphism. 

3. Locally Convex Partial *-Algebras 

3.1. Basic Definitions 

Let Ql be a partial *-algebra with unit and assume it carries a locally convex, 
Hausdorff, topology r, which makes it into a locally convex topological vector 
space Ql[ r] (that is, the vector space operations are r-continuous). 

The partial *-algebraic structure of Ql is completely characterized by its spaces 
of left, resp. right, multipliers. Thus, quite naturally, we describe the topological 
structure ofQl[ r] by providing all spaces of multipliers with appropriate topologies. 
Our goal is to make the algebraic and the topological structure coincide as much as 
possible. 

We start with the following observation. Let 9Jt E FR. To every a E L9Jt, one 
may associate a linear map La from 9Jt into Ql: 

La(x) = ax, x E 9Jt, a E L9Jt. 
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Thus we may define the topology P'JJl on 001 as the weakest locally convex topology 
on 001 such that all maps La, a E LOOl, are continuous from 001 into 2J.[ r]. This is, 
of course, a projective topology. In the same way, the topology A. m on ')1 E FL is 
the weakest locally convex topology on ')1 such that all maps Rb : x ~ xb, x E 

')1, b E R')1, are continuous from ')1 into 2J.[ r ]. 
It follows immediately from the definition that, whenever 001],0012 E FR are 

such that 001] c 0012, then the topology P'JJl1 is finer than the topology (P'JJl2 fOOl]) 
induced by 0012 on 001]. In other words, the embedding 001] ~ 0012 is a continuous 
injection. 

Take now 2J. itself. It carries three topologies, r, P'3 and ,.1.'3' and it is easy to see 
that both P'3 and ,.1.'3 are finer than r. As a consequence, since r was assumed to be 
Hausdorff, all topologies P'JJl, 001 E F R, and A. m , ')1 E F L, are Hausdorff. 

Now, for reasons of coherence, it would be preferable that all three topologies 
on 2J., r, P'3 and ,.1.'3 be equivalent. Here is a handy criterion. 

Lemma 3.1. Let 2J.[ r] be a partial *-algebra with locally convex topology r. Then 
the projective topology P'3 on 2J. is equivalent to r if and only if, for each a E L2J., 
the map La : x ~ ax is continuous from 2J.[ r] into itself. Similarly, the projective 
topology ,.1.'3 on 2J. is equivalent to r if and only if, for each b E R2J., the map 
Rb : x ~ x b is continuous from 2J.[ r] into itself. 

Moreover, if the involution x ~ x * is r -continuous, then it is continuous from 
OOl[p'JJl] into 001* [A.'JJl*] E FL ,for every 001 E FR. 

According to our goal, we will naturally require that all three topologies Pz,., 
,.1.'3 and r on a topological partial *-algebra coincide and that the involution be 
continuous. Let us now look at multiplier spaces 001 E FR. If 001] C 0012, we have 
seen that the embedding is continuous. In order to make the structure tighter, we 
should also require that 001] be dense in 00l2[p'JJl2]' This is true in many examples, 
typically the function spaces (see Section 3.3). Of course, it is enough to require 
that R2J. be dense in each OOl[p'JJl] E FR. Indeed, if R2J. c 001] c 0012, and R21 
is dense in 0012 for P'JJl2' so is a fortiori 001]. But this condition is still too strong 
(and hardly verifiable in practice, because FR is too large). Thus, we introduce the 
following notion, which is sufficient and much more manageable. 

Definition 3.2. A subset IR of FR is called a generating family if 

(i) R2J. E IR and 2J. E IR, and 

(ii) x E L(y) if and only if 3001 E IR such that y E 001, x E LOOl. 

A generating family for FL is defined in a similar way. 

Thus a generating family determines completely the partial multiplication. 
Clearly, if IR is a generating family for FR, IL = LIR = {LOOl : 001 E IR} 
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is generating for F L , and similarly I~ = {VJl* : VJl E IR}, but these two have a 
priori nothing in common. The following properties are obvious: 

(i) if IR is generating for F R, so is the sublattice .JR of FR generated from IR 
by finite lattice operations. 

(ii) if IR is generating, the complete lattice generated by IR is FR itself. 

This last property allows us to weaken the density condition. 

Proposition 3.3. - Let 2([ r] be a partial *-algebra with topology r. Assume there 
exists a generating family IR for FR such that R21 is dense in VJl[p9Jl] for every 
VJl E IR. Then,for any pair VJl], VJl2 E FR such that VJl 1 c VJl2, VJl 1 is dense in 

VJl2 [P9Jl). 

Summarizing, we may now state our definition of locally convex partial 
*-algebra. 

Definition 3.4. - (a) Let 21[ r] be a partial *-algebra, which is a topological vector 
space for the locally convex topology r. Then 21[ r ] is called a locally convex partial 
*-algebra if the following two conditions are satisfied: 

(i) the involution x ~ x* is r-continuous; 

(ii) the maps x ~ ax and x ~ xb are r-continuous for all a E L21 and 
bE R2(. 

(b) The locally convex partial *-algebra 21[ r] is said to be tight, if, in addition, 

(iii) there is a generating family .JR for FR such that R21 is dense in 
VJl[P9Jl], VVJl E .JR. 

This definition seems natural, since it forces the topological structure determined 
by r to be consistent with the multiplier structure of 2(. 

The simplest example is that of a topological quasi *-algebra, which is defined 
as follows. A topological quasi *-algebra is a pair (21, 2(0 ), where 2(0 is a topological 
*-algebra such that the multiplication is separately, but not jointly, continuous, 210 
is not complete, and 21 is the completion of 210 • Thus 21 is only a partial *-algebra, 
since the product xy is defined only if either x or y belongs to 210. Clearly, (21, 2(0) 

is a (trivial) partial *-algebra with LVJl = RVJl = 2(0 and 210 is dense in 21. Thus 
every topological quasi *-algebra is a tight locally convex partial *-algebra. 

Other examples are given by Banach partial *-algebras and by Banach or locally 
convex partial *-algebras of junctions, that we will study in the next sections. 

3.2. Banach Partial *-Algebras 

Particularizing Definition 3.4, we obtain the following one [15]. 
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Definition 3.5. (a) A partial *-algebra 2t is said to be a normed partial *-algebra if 
it carries a norm II . II such that 

(i) the involution x ~ x* is isometric: IIx II = IIx*lI, \;I x E 2t ; 

(ii) for every a E L21, there exists a constant Ya > 0 such that lIax II ~ 
Yallxll, \;Ix E 2t. 

(b) 2t[ II . III is called a Banach partial *-algebra if, in addition, 

(iii) 2t[1I . II] is a Banach space. 

Then 2t[ II . II] is a locally convex partial *-algebra and both P')! and A')! are equivalent 
to the norm topology on 2t. 

We describe now topologies on the spaces of multipliers of a Banach partial 
*-algebra. To begin with, let us consider the spaces of universal multipliers. The 
following sets of seminorms define, respectively, the topology PR'~ on R2t and Aux 

on L2t: 

R21 3 b ~ IIxbll, x E 2t; L2t 3 a ~ lIax II, x E 2t. 

In practice, it turns out that these topologies are often equivalent to norm topologies. 
Take now an arbitrary matching pair oot E F R, Loot E FL. Apart from P'JJI and 

AL'JJI' other topologies can be defined on oot and Loot, respectively, starting from the 
fact that, as above, Loot can be identified with a space of linear maps from oot into 
2t. Let 9 be a bounded subset ofoot[p'JJI] and a E Loot. We put 

lIallg = sup II ax II. 
XEg 

This family of seminorms endows Loot with a topology AI.'JJI finer than AL'JJI' One 
defines in a similar way a topology P'JJI on oot. In general, these topologies are neither 
normable, nor Freehet. 

At this point, it should be clear that there is a deep analogy between partial 
*-algebras and PIP-spaces [2, 3], the duality there being replaced here by the 
exchange under L or R. Thus we are led to consider Banach partial *-algebras 
for which "sufficiently many" multiplier spaces are themselves Banach spaces. In 
order to reach a proper definition, we study the relationship between the various 
topologies on a given matching pair (oot, Loot). 

Let oot E FR and let II . 1I'JJ1 be a norm on oot (for simplicity, we denote the 
corresponding norm topology by the same symbol). We say that II . II 'JJI is admissible 
if one has P'JJI :::5 II ·11 'JJI :::5 P'JJI . Similarly, a norm II ·11 L'JJI on Loot E FL is admissible 
whenever AL'JJI :::5 II . IIL'JJI :::5 AL'JJI • 

Let now II . 1I'JJ1 be an admissible norm on oot E FR. Then La : oot[1I . 1I'JJ11 ~ 
2t[ II . II] is continuous, that is, 
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Then we can define a norm II . IIZ9Jl on vm by 

lIall~9Jl = sup lIaxll· 
IIxll9Jl~1 

lean-Pierre Antoine 

(3.1) 

Since the unit ball of 9J1[1I . 119Jl] is bounded in 9J1[P9Jl], it follows that II . IIZ9Jl is 
admissible too. In the same way, we can define a new norm II . II: on 9J1 by 

IIxll: = sup lIaxli. (3.2) 
Ua 1I~_9Jl ~ I 

It is easily seen that IIx II: :( IIx 119Jl, for every x E 9J1, and that IIx II: is admissible. 
Moreover, 

which is closely reminiscent of the Holder inequality. 
If II . II: is strictly weaker than II . 119Jl' then we can start the procedure again and 

define a new norm II . liZ: on L9J1.1t is easily seen that II . liZ: :( II . IIZ9Jl . But we 
cannot go further, the procedure stops there. 

Proposition 3.6. If II . 119Jl is admissible, then one has 

This leads to a natural definition. The norm II . 119Jl on 9J1 is said to be reproducing 
if!! . II: is equivalent to II . 119Jl. Then 9J1[11 . 119Jl] itself is said to be reproducing. 

The central questions here are the completeness of 9J1 in a suitable norm II . 119Jl 
and the possible equivalence between the three topologies P9Jl, 1I·1I9Jl and P 9Jl . These 
properties rely on the sequential completeness of9J1[P9Jl], but not on the completion 
of Q{. Indeed, one has: 

Proposition 3.7. Let Q{ be a normed partial *-algebra and let 9J1[P9Jl] be se­
quentially complete. Then 9J1[1I . 119Jl] is complete, i.e., a Banach space, for any 
reproducing norm II . 119Jl. 

Note that, under these conditions, two comparable reproducing norms are nec­
essarilyequivalent. 

A slightly stronger condition is that all the operators La be closed. Indeed: 

Proposition 3.8. Assume that Q{ is a Banach partial *-algebra and that, for every 
a E L9J1, the map La : x E 9J1 ~ ax E Q{ is closed in Q{. Then 9J1[P9Jl] is 
sequentially complete. 
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We come now to the central result of this section. 

Theorem 3.9. Let 9Jt[prot] be sequentially complete and let II . II rot be an admissible 
norm on 9Jt. Then the following statements are equivalent. 

(i) II· llrot is reproducing; 

(ii) 9Jt[ II . II rot] is a Banach space; 

(iii) II· II rot is the unique (up to equivalence) admissible Banach norm on 9Jt. 

From those results, we may deduce information about the equivalence of topolo­
gies on a given multiplier space 9Jt. 

Proposition 3.10. Given 9Jt E :FR , assume that 9Jt[ II . II rot] is a Banach space. Then 
Pm is equivalent to II . II: and II . llrot is admissible if and only if it is reproducing. 
Similarly, if L9Jt[ II . lI~rot] is a Banach space, then A Lrot is equivalent to II . lI~rot' 

Combining this proposition with the previous results, we get: 

Corollary 3.11. lf9Jt[p!lJ!] is sequentially complete and II . II rot is reproducing, then 
9Jt[ II . II rot] is Banach and all three topologies II . II rot, II . II: and Prot are equivalent. 

After this discussion, we are now in a position to define what seems to be a 
natural class of Banach partial *-algebras. Following the analogy with PIP-spaces, 
we are led to impose a perfect symmetry between left and right multipliers, and 
thus to require that the two spaces of a pair of matching subspaces (9Jt, L9Jt) be 
both Banach spaces for an admissible norm. These norms are then automatically 
reproducing and coincide with 1I·lIrot "" 11·11: and 1I·II~rot,respectively. 

Definition 3.12. A normed partial *-algebra or a Banach partial *-algebra 2([ II . II] 
is said to be of type (B) if there exists a generating family IR such that, for each pair 
of matching subspaces 9Jt E IR, L9Jt E IL, both spaces are Banach spaces for a 
reproducing norm. 

We emphasize that completeness of 2([11 . II] may be relaxed (which leads to 
the definition of a normed partial *-algebra), but not that of the multiplier spaces 
9Jt[ II . II rot] E IR, where IR is a generating family. Indeed, these spaces are com­
pletely determined by the partial multiplication (i.e., the set n. If one of. them, 
say 9Jt, would be noncomplete, it could be embedded into its completion 9Jt with 
respect to II . II rot, but nothing guarantees that the latter is still contained in 2(, and 
thus there is a priori no way of extending the partial multiplication to 9Jl ! We refer 
to [14] or [15] for further details (notice that the definitions of the latter paper are 
different from, and supersede, those of the former). 
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3.3. Examples of Banach or Locally Convex Partial *-Algebras 

(i) LP Spaces on a Finite Interval 

A standard example of an abelian partial *-algebra is the space L 1 ([0, I], dx), 
equipped with the partial multiplication [9]: 

j E M(g) <=> 3q E [1,00] such that j E U, g E Lq, Ilq + Ilq = l. (3.3) 

A similar structure may be given for every LP. 
Thus we consider as generating family the scale of Banach spaces I 

{U([O,I],dx),1 ~ p ~ oo},withU c Lq, p > q.Forl < p < oo,every 
space U is a reflexive Banach space with dual (U)' = LP (II p + lip = I). 

Now, being a scale, I is of course a lattice, albeit not a complete one. The 
lattice completion of I, denoted F, is obtained by adding the so-called nonstandard 
spaces: 

h;q<p p<q,;, 00 

Then, for I < p ~ 00, LP-, with the projective topology, is a non-normable 
reflexive Frechet space, with dual LP+. And for I ~ P < 00, LP+, with the 
inductive topology, is a nonmetrizable complete DF-space, with dual LP-. Finally 
the following inclusions are strict: 

LP+ C LP C LP- C U+ (I < q < p < 00), (3.4) 

all embeddings in (3.4) are continuous and have dense range. Then the complete 
lattice F generated by Lis also a chain, obtained by replacing each L P (I < p < 00) 

by the corresponding triplet LP+ c LP C LP- and adding the two spaces L 00-

and LI+: 

Now we tum to the structure of partial *-algebra. The commutative partial multi­
plication on the space L 1 ([0, 1], dx) being defined as in (3.3), it is easy to see that 

As for topologies, take first the spaces LP, ~ P < 00. The following result is 
standard ([3] or [35, Chap. 15]): 

IIfII% = sup r'ljgldx = sup ! r'jgdX! = II flip , I ~ p < 00. 
gELP.liglip:S;1 Jo gELP.liglip:S;1 Jo 
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By the same argument, 1I!II;o 
3.10, we obtain 
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II !II p. Combining this result with Proposition 

(3.5) 

As for the topologypu, it is known that every LP, 1 ~ p < 00 satisfies the closure 
condition of Proposition 3.8 [17]. Thus, every LP, 1 < P ~ 00, is sequentially 
complete for pu. For p = 1, one can prove directly that PLi coincides with the 
usual norm topology (as it should!), using the fact that the function fo(x) == 1 
belongs to LI with lifo III = 1.1 

The other multiplier spaces LP± do not belong to the generating family, so we 
don't have to take them into consideration (actually we don't have precise results 
on them, contrary to what is stated in [12] and in [14]). 

In conclusion, the topological structure and the multiplier structure of I coincide 
and Q( = L I [(0, 1), dx] is an abelian Banach partial *-algebraoftype (B). It is tight, 
which means that the smallest space MQ( = LOO[(O, l),dx] = MLI is dense in 
every multiplier space LP. The involution f H 7 is of course L I-continuous. The 
multiplication is continuous from L 00 x L I into L I . Actually, it is not only separately, 
but even jointly continuous, and similarly from LP x 0> and from LP- x 0;+ into 
L I , thanks to Holder's inequality and the fact that all topologies are either Frechet 
or DF [12]. 

Similarly, one may consider the scale: Io = (U([O, 1], dx), 1 < p < ooj with 
largest space Ll+ = Uq Lq. For the same reasons as before, Ll+[O, 1] is a tight 
abelian locally convex partial *-algebra. In addition, the chains I and Io are partial 
inner product spaces [2, 3] and the latter structure coincides with the other two. 

(ii) The Spaces U(IR, dx) 

We tum now to the spaces LP(IR, dx) on the whole line. The difference with the 
previous case is that these no longer form a chain, no two of them being comparable. 
We have only 

LP n Lq c U, for every s such that p < s < q. 

Hence we take the lattice generated by I = (LP(IR, dx), I ~ p ~ 00J, that we call 
J (Figure 1). The extreme spaces of the lattice are, respectively: 

vJ= n u , and u u= L U. 
h;q,;; 00 I,;; q,;; 00 

Here too, the lattice structure allows to give to VJ a structure of abelian Banach 
partial *-algebra. This partial *-algebra does have a unit, as we have assumed in 

IThis corrects some inexact statements made in [12] and in [14]: the topology PLP does not coincide 
with the II . II p-norrn topology for p > 1. 
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general, namely the function fo(x) == 1, which belongs to L 00, but not, of course, 
to any space LP(IR, dx), p < 00. 

LoonL I 

smallest 

l/q 

, 
U/\U: 

-------------- -------------- --------- LI+U 
, 

-------, 
LP v Lq 

CP v L'i = (U /\ U)' 

Figure 1. The lattice J. 

LI + L oo 

largest 

The lattice operations on J are those familiar in interpolation theory [18]: 

lip 

• LP /\ U = LP n U is a Banach space, with the projective norm IlfllpAq = 

IIfllp + IIfllq· 

• LP v Lq = LP + Lq is a Banach space, with the inductive norm IIfllpvq = 
inf(lIgli p + IIhllq), f = g +h, g E U, h E Lq. 

• For 1 < p, q < 00, both spaces LP /\ L q and LP v L q are reflexive and 
(U /\ Lq), = Lr v LrJ. 

Notice that the lattice J is already obtained at the first generation. One has, for exam­
ple,L(r,s)/\L(a,b) = L(rVa,sAb),whereL(r,s) = L' /\LS,ifr > s and L(r,s) = L'vLs, 

if r < s. Furthermore, in the lattice J, inclusion means continuous embedding with 
dense range. Now we endow VJ with the natural partial multiplication 

f E M(g) ¢:::> fg E Vj, i.e., fg E C, forsomes, 1 ~ s ~ 00. 
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Then the multipliers of the basic spaces are simple, namely, for p > q,2 

and thus 

Thus matching pairs are of the form (L(p,OO), L(P,OO». Since L("q·oo) c L(P'oo) for 

q < p, these multiplier spaces form a scale of Banach spaces. 
In conclusion, we obtain another abelian Banach partial *-algebra of type (B), 

very similar to the previous one. 
Two remarks are in order, First, here too, the lattice completion F of J and the 

multiplier spaces may be characterized explicitly [21]. Second, another structure 
of locally convex partial *-algebra may be given to the family J of spaces, simply 
replacing multiplication by convolution, with similar results [12, 14], 

We note finally that the only difference between the two cases (LP([D, I])} and 
(U(JR)} lies in the type of order obtained: a chain I (total order) or a partially 
ordered lattice J. 

(iii) Amalgam Spaces 

The lesson of the previous example is that an involutive lattice of (preferably 
reflexive) Banach spaces turns quite naturally into a (tight) locally convex partial 
*-algebra if it possesses a partial multiplication that satisfies a (generalized) Holder 
inequality. A whole class of examples is given by the so-called amalgam spaces first 
introduced by N. Wiener (see [25] for a review). The simplest ones are the spaces 
(LP, eq ), consisting offunctions on JR which are locally in LP and have eq behavior 
at infinity, in the sense that the LP norms over the intervals (n, n + 1) form an eq 

sequence, For 1 < p, q < 00, the corresponding norm 

[ 

00 [ n+l Jq/Pj l/q 
IIfllp,q = n~oo 1 If(xWdx 

turns the space (LP, eq ) into a reflexive Banach space. The same is true for the 
obvious extensions to p and/or q equal to 1 or 00. Notice that (LP, ep) = LP. Once 
again, the set of all spaces (LP, eq ) may be partially ordered by inclusion, and it 
turns out to be a complete lattice, with exactly the same order structure as that of the 
spaces LP(JR, dx). Thus one gets another abelian Banach partial *-algebra of type 
(B) [12,14]. 

2The fonnula given in [12] and in [14] for M(LP v Lq) is incorrect. the result should read LCP,OO) 
instead of LCq,oo). 
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(iv) Locally Convex Partial *-Algebras a/Operators 

Let us consider the partial *-algebra of operators on a scale of Hilbert spaces, with 
the usual operator multiplication [3, IS]. There are several cases to consider here, so 
we start with the simplest one, namely, a single triplet of Hilbert spaces, associated 
to a positive self-adjoint operator S ~ I with domain D( S), 

(3.6) 

in the sense that HI = D(S), equipped with the graph norm IIfIIl = IISfil and 
the corresponding inner product (fIg) I = (S/ISg), and H_I = H; , the conjugate 
dual of HI, itself a Hilbert space. Now, for every a > 0, sa is also a positive self­
adjoint operator and sa ~ I. So we obtain a continuous family of Hilbert spaces 
{Ha, -I ~ a ~ I}, where, for a ~ 0, Ha = D(sa), with the graph norm, and 
H-a = H; . Actually, this family is a chain, since, for 0 < a < fJ < 1, one has 

HI C Hp c Ha c H c H-a C H_p C H_ I , (3.7) 

and each embedding is continuous with dense range. 
Now we consider the operators on the chain (3.7). Let B(HI, H_I) be the Banach 

space of bounded operators from H I into H-I with its natural norm 11·111, -I. In 
B(H I, H_I), we define an involution A H A * by the relation 

<A*/,g>= <Ag,/>, V/,gEH I , 

where < ., . > is the form that puts HI and H_I in conjugate duality. 
If a, fJ E (-1, I), we can also consider the Banach space B(Ha, Hp) of bounded 

operators from Ha into Hp with its natural norm 1I·lla,p. Because of (3.7), the 
restriction to H I of an operator of B(Ha, Hp) belongs to B(H I, H_ I). Therefore, 

Moreover,B(Ha , Hp)* = B(H_p, H-a) for every a, fJ E [-1, 1]. 
Let us now define the partial multiplication in B(H I, H_ d. Let X, Y E 

B(H I , H-d. We say that X E L(y) if there exist a, fJ, y E [-1,1] such that 
Y E B(Ha, Hp) and X E B(Hp, Hy ). In this case X . Y, the usual composition of 
the maps X and Y, is well-defined and belongs to B(Ha, Hy) c B(H [, H_I). It 
easily seen that, if X . Y is well-defined and belongs to B(Ha, Hy), then Y* . X* is 
also well-defined and belongs to B(H_ y, H-a). Moreover (X . Y)* = Y* . X*. As 
a result, B(H I, H_I) is a partial *-algebra with respect to the· multiplication. 

The next step is the identification of the spaces of multipliers. By the definition 
of multiplication just given, it follows that the family of spaces {B(Ha , Hp), -1 ~ 
a, fJ ~ I} is a generating sublattice forthe lattice ofleft (or right) multipliers. A small 
ca!culationthenshowsthat,foreverya,fJ E [-1, I],LB(Ha, Hp) = B(Hp, H-d 
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and RB(Ha, Hp) = B(H(, Ha). Furthermore, it is easy to see that the topology 
P6('Ha ,'Hp) is equivalent to the norm topology defined by II . Ila,p. It follows that 
the norm of each space B(Ha, Hp) is reproducing. In conclusion, B(H I, H_I) is a 
Banach partial *-algebra of type (B) under the algebraic and topological structure 
defined above. 

Moreover, wecanherealso 'enrich' the chain by introducing, for each 0 < fJ ~ 1, 
the spaces 

Hp- = n Ha, H_p+ = U H-a. 
O<a <p O<a <p 

In general, Hp- is a reflexive Frechet space, whose dual is H_p+, a reflexive DF­
space. As in the example (i), the enriched chain is then the complete lattice generated 
by the chain {Ha }. 

Starting from the construction just described, one can build several other exam­
ples. The first one consist in the discrete Hilbert scale built on the successive powers 
of the operator S, 

C H2 C HI C H C H_I C H-2 C ... , (3.8) 

where, for n E N, Hn = D(sn), with the graph norm IIflln = liS" fII, and 
H-n = H; , the conjugate dual of Hn. From the discrete scale {Hn, n E Z}, one 
can then build a continuous chain {Ha , a E JR}, by interpolation methods [18]. An 
example is the familiar chain of Sobolev spaces W}(JR), s E JR, where f E W}(JR) 
if its Fouriertransform J satisfies the condition (l + 1.12)'/2 J E L 2(JR). Although 
the construction is similar, there is an essential difference, however. Whereas the 
operators on the bounded chain {Ha , -1 ~ a ~ I} form a Banach partial *-algebra, 
in the case on an infinite scale one gets only a locally convex partial *-algebra. 
Actually the same statement is true for the 'open' chain (7ia , -I < a < I), exactly 
as with the LP spaces discussed above: One gets a Banach partial *-algebra only 
if the extreme elements of the family are themselves Hilbert spaces. Interestingly 
enough, the same structure is obtained if one considers operators on a lattice of 
Hilbert spaces, instead of a scale, or for that matter, operators on a partial inner 
product space [2, 3]. 

(v) Quasi *-Algebras of Operators in Rigged Hilbert Spaces 

Operators on an infinite scale of Hilbert spaces lead naturally to another type of 
partial *-algebras, namely operators on a rigged Hilbert space, and these tum out to 
be a quasi *-algebra. 

First let us recall the definition of a rigged Hilbert space. Let V be a dense 
linear subspace of the Hilbert space Hand t a locally convex topology on V 
finer than the topology induced by the Hilbert norm. Then the space V X of all 
continuous conjugate linear functionals on V[t], i.e., the conjugate dual of V[t], 
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is a vector space that contains 'H. The space V X will always be considered as 
endowed with the strong dual topology t x = P(V X , V) generated by the seminorms 
V X 3 e ~ sUP.;'eN 1 < e, ( > I, where < ., . > denotes the bilinear form that 
puts V and V X in duality and N runs over the family of all bounded sets of V[t]. 
The Hilbert space 'H is dense in V X [t X]. We get in this way a Gel 'fand triplet or 
rigged Hilbert space 

(3.9) 

where each embedding is continuous and has dense range. Clearly, this abstract 
set-up includes the familiar triplets of distribution spaces V(Q) c L 2(Q, d n x) C 

V'(Q), whereQ is a open domain inJRn , orS(JRn) c L\JRn) c S'(JRn) 
In order to make contact with the scale (3.8) of Hilbert spaces built on the 

successive powers of the self-adjoint operator S, it suffices to define 

Vs := VOO(S) = n D(Sn), (3.10) 
neN 

and to endow it with the projective topology defined by the family of Hilbert 
spaces {'Hn}, that is, the topology ts of VOO(S) is defined by the set of seminorms 
( ~ Ilsn(li, n = 0,1, .... Vs[ts] is a reflexive Frechet space. The conjugate 
dual space ofVs, denoted by V; ,contains each space 'H-n, n ~ 0; more precisely, 

Given such a rigged Hilbert spaceV[t] c 'H c V X [t X], we consider the follow­
ing spaces of continuous linear maps: 

• £'(V, VX) : the linear space of all continuous linear maps from V[t] into 
VX[tX]; 

• £'(V): the algebra of all continuous linear maps from V[t] into itself; 

• £,(VX): the algebra of all continuous linear maps from V X [t X] into itself. 

Both £'(V) and £'(V X) can be regarded as subspaces of £'(V, V X), in the sense that 
£'(V, VX) contains subspaces isomorphic to £'(V) and £,(VX). 

We remark that if X E £'(V, V X) and Y E £'(V), the product X . Y, defined 
as the composition of X and Y makes sense and XY E £'(V, VX). Similarly, if 
Z E £,(VX), then also Z . X is well-defined as an element of £'(V, VX). This defines 
a partial multiplication on £'(V, V X), and in fact gives the latter the structure of a 
quasi *-algebra. Indeed, define £,t (V) = £'(V) n £,(VX). Then £,t (V) is a *-algebra 
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and£,tcV) c £'(V, VX). Moreover, the map X H xt is an involution of £'(V, VX), 
i.e., xtt = X for each X E £'(V, VX), with all the required properties, so that we 
get: 

Proposition 3.13. (£'(V, V X), £,t (V» is a quasi *-algebra. 

Many more properties of £'(V, VX) as a partial *-algebra may be established, 
leading for instance to a new tre;;ttment of the multiplication of distributions. We 
refer to [14, Chap. 1 0] for further details. 

4. Partial *-Algebras of Closable Operators 

A completely different type of example is given by partial *-algebras of closable 
operators in a Hilbert space. From now on, we will mostly concentrate on this class. 
We refer to [14] for a thorough analysis and the original references. 

4.1. Basic Definitions and Properties 

Let H be a complex Hilbert space and V a dense subspace of H. We denote by 
.ct(V, H) the set of all (closable) linear.operators X such thatV(X) = V, ,V(X*) ~ 
V. The set.ct (V, H) is a partial *-algebra with respect to the following operations: 
the usual sum XI + X2, the scalar multiplication AX, the involution X H xt = 
X* fv and the (weak) partial mUltiplication XI 0 X2 = XI h X2, defined whenever 
X 2 is a weak right multiplier of XI (equivalently, X 1 is a weak left multiplier 
of X 2), by which we mean X2V C V(Xlh) and XI*V C V(X2*) (we write 
X2 E RW(X1)orXI E L W (X2». Whenweregard.ct(V,H)asapartial*-algebra 
with those operations, we denote it by .ct(V, H). 

A partial O*-algebra on V is a *-subalgebra rot of .ct(V, H), that is, rot is a 
subspace of .ct(V, H), containing the identity and such that xt E rot whenever 
X E rot, and XI 0 X2 E rot for any XI, X2 E rot such that X2 E RW(X I). Thus 
.ct(V, H) itself is the largest partial O*-algebra on the domain V. 

On the space .ct(V, H) we will consider the strong* topology Ts ., which is 
generated by the seminorms p~(X) = II X.;' II + IIxt .;'11,.;' E V. The space .ct(V, H) 

is complete for Ts •. For 91 c .ct (V, H), we denote by [91]'· the Ts· -closure of 91. We 
also meet the weak topology Tw on .ct (V, H), which is generated by the seminorms 
Pj.g(X) = 1(fIXg)l, I, g E V, and the quasi-uniform topology, T., defined by 
seminorms PN(X) = sUPjEN(IIXIIi + IIxt III), where N is a bounded subset of 
V, equipped with the projective topology determined by .ct(V, H). 

If we restrict ourselves to those operators in .ct (V, H) that, together with their 
adjoint, leave the domain V invariant, we obtain a *-algebra, namely .ct(V) = 
{A E .ct (V, H) : AV C V and A *V c V}. Then an O*-algebra is defined as a *­
subalgebraof .ct (V); thus.ct (V) is the maximal O*-algebracontained in.ct (V, H) 
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and it is Ts·-dense in £)(V, H), i.e., £)(V, H) = [,Ct(V)]'·. Clearly an O*-algebra 
is a particular case of a partial O*-algebra (see [32] for a comprehensive study of 
partialO*-algebras). 

Given a partial O*-algebra9J1, we define internal multipliers as R(X) = RW(X)n 
9J1 and L(X) = L W(X) n 9J1. Then the universal right multipliers of 9J1 are the 
elements of the set: 

R9J1 = RW (9J1) n 9J1 = (Y E 9J1 : X 0 Y is well-defined, V X E 9J1}. 

A Linvariant subset '.)1 of ,Ct(V, H) is called fully closed if V = 13('.)1) .­
nXE<J1 VeX). If '.)1 is not fully closed, its full closure is the smallest fully closed 
set that contains it, that is, iJi = (i(X) := X 113('.)1), X E '.)1}. Let 9J1 be a partial 
O*-algebra. If it is not fully closed, it may be embeddded into its full closure 
6n = i(9J1), which is a fully closed partial O*-algebra on the domain 13(9J1), 
isomorphic to 9J1. Thus one may always restrict the analysis to fully closed partial 
O*-algebras without loss of generality. On the other hand, a partial O*-algebra 9J1 is 
called self-adjoint if V = V*(9J1) := nXE!m V(X*), and this is a strong restriction. 

Given a Linvariant subset '.)1 of ,Ct(V, H), we define, as usual, its weak un­
bounded commutant: 

and its weak bounded commutant: 

m~ = {C E 8(H): (CX';I,,) = (C';IX t ,,), V.;,,, E V, V X Em}. (4.2) 

The restriction to V of '.)1~ is the bounded part of m~. Both '.)1~ and m~ are weakly 
closed, t -invariant subspaces, but not necessarily algebras. 

As for bicommutant, we consider here only the weak unbounded one, namely 
m~(1 = (m~)~. Its bounded part is the (restriction to V of) ('.)1~)', where 8' 
denotes the usual bounded commutant of a subset 8 C 8(H). We note the relation 
(~(1 )~(1 = ~(1 and remark that ~(1 is fully closed whenever '.)1 is, because of 
the obvious inclusions V c 13('.)1 ~(1) c 13('.)1). The crucial fact is that, for any 
Linvariant subset '.)1 of ,Ct (V, H), ~ is a von Neumann algebra if, and only if, 

~(1 = [('.)1~)' IV t· 
A partial GW*-algebra 9J1 on V is a fully closed partial O*-algebra which 

satisfies the two conditions ~ V = V and 9J1~(1 = 9J1 (notice the analogy with the 
usual condition 9J111 = 9J1 defining a von Neumann algebra). In that case, 9J1~ is a 
von Neumann algebra, the (closure of the) bounded part of 9J1 is also a von Neumann 

algebra, namely 9J10 := (9J1'w)" and 9J1 = [(9J1~)' IV)'". The good properties of 
partial GW*-algebras stem precisely from the fact that they contain a Ts' -dense 
subset of bounded operators. 
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The easiest way of constructing a partial GW*-algebra is to take a bicommutant. 
Indeed, if 1)1 is a fully closed t -invariant subset of .ct CD, 1{), then 1Jt" is a partial 
GW*-algebra on V if and only if ~ V = V. On the other hand, if 9J1 is a partial 
O*-algebraon V (not necessarily fully closed), such that 9Jt,V = Vand~" = 9J1, 
then 9JL is a partial GW*-algebra on V(9J1). 

As a last point, we may ask the question whether a partial O*-algebra is a (tight) 
locally convex partial *-algebra. The answer, of course, depends on which topology 
f one chooses, and many different ones are available, the strong* rs., the quasi­
uniform r., the weak fw, etc. We will not enter into the technical details, for lack of 
space, but only indicate a few general results. First, if .cl(V, 1{) is self-adjoint, then 
it is a locally convex partial *-algebra for these three topologies, and it is complete 
for f s • and r •. More generally, any self-adjoint partial O*-algebra 9J1 is a locally 
convex partial * -algebra for the weak topology r w, and the same is true for r. if R9J1 
contains only bounded operators. In all cases, tightness is open. 

4.2. *-Automorphisms oCPartial O*-Algebras 

In the algebraic formulation of quantum theories [6], the observables of a physical 
system are represented by hermitian elements of a certain *-algebra 2t and states 
by positive linear functionals on 2t. Then a symmetry of the system is realized by a 
*-automorphism a of2t, and a one parameter symmetry group by a *-automorphism 
group at (t E IR) of 2t. Given a state, the Gel'fand-Naimark-Segal (GNS) con­
struction yields a representation 7r of 2t by bounded operators in a Hilbert space 
1{" and a *-automorphism a" (resp. *-automorphism group a() of 7r (2t). Then the 
question is whether a" is spatial, that is, whether there exists a unitary operator 
U in 1{" such that a"(A) = U* A U, for every A E 7r(2t). Even more interesting 
is the case where U itself can be taken in 7r (2t), i.e., the automorphism is inner. 
For a one parameter group a/o spatiality means that the automorphism group at" 
is unitarily implemented, i.e., at" (A) = e-iHt AeiHt , where H is a self-adjoint op­
erator. In particular, if the automorphism is inner, this means that H E 7r (2t)" (or 
H is affiliated to 7r (2t)"), in other words that the operator H is an observable. For 
instance, if at represents the time evolution of the system, then' at" is inner' means 
that the Hamiltonian exists as an observable in the (GNS) representation at hand 
[19,22,29]. 

Now, if one decides to describe the set of observables of a given physical system 
by some partial *-algebra, in particular, a partial O*-algebra, one must generalize 
to that context the notion of *-automorphism, and of spatiality as well. 

Let 9J1 be a partial O*-algebra on V, obtained, for instance, from the partial 
*-algebra of observables by a GNS construction (the latter indeed extends to partial 
*-algebras, as we shall see in Section 5.2). According to the general definition (see 
Section 2), a *-automorphism of 9J1 is a linear bijection a : 9J1 -? 9J1 such that (i) 
a(Xt) = a(X)t, '<IX E 9J1; (ii) a(Y) E RW(a(X» if and only if Y E RW(X) and 



56 Jean-Pierre Antoine 

then 0" (X 0 y) = 0" (X) 0 0" (Y); and (iii) the same relations hold for 0" -I • It follows 
that 0"(9J1) = 9J1 and 0" (R9J1) = R9J1. The *-automorphism 0" is spatial if there 
exists a unitary operator V E H such that Va := VrV E RW(9J1) and O"(X) = 
Va *(X 0 Va), V X E 9J1. It is inner if in addition Va E 9J1, i.e., Va E R9J1. Notice 
that, if 9J1 is self-adjoint and 0" is spatial, then Va E .ct (V) and 0" (X) = Va * X Va, 
for every X E 9J1. 

Armed with these seemingly natural definitions, one may study under what 
conditions a *-automorphism is spatial or inner, and also the structure of the cor­
responding one-parameter groups of *-automorphisms, both globally and at the 
infinitesimal level (using the notion of derivation). As expected, one gets significant 
results only if one assumes that 9J1 is a partial GW*-algebra, because then many 
known results on *-automorphisms of von Neumann algebras will be lifted from the 
bounded part of 9J1 to 9J1 itself [10]. Indeed, if 9J1 is a partial GW*-algebra on the 
domain V, its bounded part 9J1b = {X E 9J1 : X E B(H)} is the restriction to V of 

- - -I 

the von Neumannalgebra9J1b = {X : X E 9J1b}, withcommutant9J1b = 9J1~. The 
key observation is that every *-automorphism 0" of9J1 induces a *-automorphism O"b 
of the von Neumann algebra 9J1b, by the simple relation O"b(A) = O"(A), A E 9J1b. 
Accordingly, one says that a *-automorphism 0" of9J1 is weakly spatial (resp. weakly 
inner) if the corresponding *-automorphism O"b of the von Neumann algebra 9J1b is 
spatial (resp. inner). This is the crucial link, which allows one to control in a rather 
complete way the properties of *-automorphisms and *-automorphism groups on 
partiaIO*-algebras. 

It is clear that a weakly spatial *-automorphism will be spatial as soon as there 
is enough continuity for lifting it from 9J1b to 9J1. This is indeed the case, and of 
course the relevant topology is the strong* one. Indeed, 

Theorem 4.1. Let 9J1 be a partial GW*-algebra on V and 0" a *-automorphism of 
9J1. If 0" is weakly spatial (resp. weakly inner) and rs. -continuous, then 0" is spatial 
(resp. inner). 

If 9J1 is self-adjoint, the two conditions are in fact equivalent: 

Corollary 4.2. Let 9J1 be a self-adjoint partial GW*-algebra on V and 0" a *­
automorphism of 9J1. Then 0" is spatial if and only if it is weakly spatial and 
rs. -continuous. 

At this point, one may systematically list all the known results about spatial 
*-automorphisms of von Neumann algebras, as given in standard treatises such as 
[23] or [33], and try to lift them to partial GW*-algebras. The following one is very 
simple. 

Corollary 4.3. Let 9J1 be a partial GW*-algebra with a cyclic and separating 
vector. Then every rs. -continuous *-automorphism of9J1 is spatial. 
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4.3. Automorphism Groups and *-Derivations of Partial O*-Algebras 

From the point of view of physical applications, a crucial role is played by auto­
morphism groups: They describe either the time evolution of the system or physical 
symmetries. This is the reason why it is worth considering them in the context of 
partial O*-algebras [10]. 

Let 9J1 be a partial O*-algebra on D and let Aut.(9J1) denote the set of *­
automorphisms of 9J1. A one-parameter *-automorphism group of 9J1 is a map 
lR. 3 t H a/ E Aut.(9J1) such that (i) ao(X) = X, VX E 9J1; and (ii) as+/(X) = 
as(a/(X», VX E 9J1. If r is any topology on ,ct(D, '}-{), then the automorphism 
group a/ is called r-continuous if lR. 3 t H a/(X) is continuous from lR. into 
.ct(D,1i)[r], VX E 9J1. 

If t H aleX) is r-continuous, we define its infinitesimal generator as 

on the domain Dr(ba ) consisting of all X E 9J1 for which the limit r -
limt->o t-l(a/(X) - X) exists in .ct(D,1i). If the involution X H xt is r­
continuous, then X E Dr(ba)impliesXt E Dr(ba)andba(Xt)=ba(X)t. 

In analogy with the C*-situation, one would expect that Dr(ba ) is a partial 
O*-algebra and that ba is a *-derivation of it, but for this we need a suitable form 
of the Leibniz rule. Motivated by the properties of infinitesimal generators, we 
define a weak *-derivation of9J1 as a linear map b : 9J1 ~ Ct(D, '}-{) satisfying the 
following conditions: 

(i) b(X)t = b(Xt), V X E 9J1, 

(ii) (b(X 0 n,1 '1) = (Y,I b(Xt) '1) + (b(n,1 xt'1), 

V X, Y E 9J1 such that X E L W(n and V r;, '1 ED. 

The weak *-derivation bof 9J1 is called spatial, resp. inner, if there exists an element 
Ho = HJ E R W (9J1), resp. H E R9J1, such that 

(i) Ho is the restriction to D of an operator H E C(9J1D, 1i) that satisfies the 
relation (H xtr;IY'1) = (Xt(lHY'1), V X E RW (9J1), Vr;, '1 E D. 

(ii) b(X) = bH,,(X) := i(H 0 X - X 0 H), X E 9J1. 

Clearly, the properties of these derivations will depend both on the continuity prop­
erties of the automorphism group and on the type of partial O*-algebra considered. 
As expected, partial GW*-algebras will again behave better. Indeed we have: 

Proposition 4.4. Let 9J1 be a partial GW*-algebra. Let t H a/ be a strong*­
continuous one parameter *-automorphism group of9J1 and ba the corresponding 
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infinitesimal generator. Then D(Ja) is a partial O*-algebra and Ja is a weak *­
derivation of D(Ja) satisfying Ja (D(Ja» C 9J1. 

We consider first derivations which are generators of the automorphism group 
a tH generated by a self-adjoint operator H in Ji, that is, 

a~ (X) = eitH Xe-itH , X E .c~(V, Ji). 

Proposition 4.5. Let 9J1 be a partial GW*-algebra and H a self-adjoint operator 
in Ji. Assume that the corresponding unitary group {e itH , t E lR} satisfies the 
following three conditions: 

(i) eitHV = V, Vt E R 

(ii) eit H 9J1 e-it H = 9J1, V t E lR; 

(iii) t H eitHi; ist'JJl-continuous, Vi; E V. 

Then, 

(1) V X E 9J1, ajl (X) is a strong*-continuous one parameter *-automorphism 
group of9J1. 

(2) Dw(Ja ) is a partial O*-algebra and Ja is a weak *-derivation of Dw(Ja ). 

(3) If either D w (Ja)V c V( H), or V c V( H), then Ja is spatial, that is, 
Ja(X) = JHJX) := i(H 0 X - X 0 H), X E 9J1, where Ho := H rV. 

Let now 15 be an arbitrary weak *-derivation of 9J1 such that J(9J1) c 9J1. Then 
Jb == of9J1b is a *-derivation of 9J1b into 9J1, which provides a simple tool for the 
study of J. 

Theorem 4.6. Let 9J1 be a partial GW*-algebra and b a weak *-derivation of9J1 
such that J(9J1) C 9J1 and b(9J1b) C 9J1b. If 15 is weakly continuous, then there exists 
H = H t E 9J1b n R9J1 such that 

J(X)¢ = i(H oX - X 0 H)i;, V X E 9J1, V¢ E V. 

The converse is also true if9J1 is self-adjoint. 

4.4. Tomita-Takesaki Theory of Modular Automorphisms 

In the standard approach to quantum statistical mechanics, the equilibrium states 
of a physical system (Gibbs states) are described by the so-called KMS states on 
the observable algebra ~, and these states are derived with the celebrated Tomita­
Takesaki theory of modular automorphisms [20]. Once again, the obvious question 
is, what happens if one starts from a partial O*-algebra 9J1 as observable "algebra"? 
It turns out that the Tomita-Takesaki theory can be extended to that case, but the 
construction is rather involved. Hence we will give here only a brief, nontechnical 
summary. The full story may be found in the monograph [14]. 
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The key notion (due to Tomita) for answering the question is that of a generalized 
vector on 9n. By this, one means a map A : 9n ~ 11, defined on a domain D(A.), 
such that there exists a subspace B(A) of9n with the following properties: 

(i) D(A) = linear span (Y 0 X : X E B(A.), Y E L(X)} ; 

(ii) A is linear on D(A.); 

(iii) A(B(A.» cD; 

(iv) A(Y 0 X) = Y A(X) for every X E B(A.) and Y E L(X). 

Such a subspace B(A) is called a core for A, and every core B(A) can be embedded 
in a maximal core BM(A). 

Then, under suitable conditions (coded into the expression '(9n, ),) is a cyclic 
system'), one defines the commutant AC : KA(X) = XAC(K), K E 9n~, and it 
turns out that AC is a generalized vector for the von Neumann algebra~. Under 
similar conditions (one says, '(9n, A, AC ) is a cyclic and separating system'), one 
defines the bicommutant ACC : AAC(K) = K Ace(A), A E (~)', and again ACC is a 
generalized vector for the von Neumann algebra (~)'. 

At this stage, one defines the modular involutions (on suitable domains): 

As in the usual von Neumann case, one shows that SA and SA" are closable conjugate 
linear operators in 11. Consider then the polar decomposition of the respective 
closures (denoted by the same symbol, for simplicity), SA = ht1l/2 and S)." = 

h"t1l(? Using these and a number of technical conditions, one introduces the key 
notion of standard generalized vector, in terms of which the fundamental theorem 
may be stated as follows. 

Theorem 4.7. Let A be a standard generalized vector fora partial O*-algebra 9)1. 

Then: 

(1) SA = SA'" and thus h = he, and t1A = t1;ec . 

(2) Define a/eX) = t11Xt1-;it, X E 9n, t E JR. Then (a/}tE~ is a one­
parameter group of *-automorphisms of9n. 

(3) A satisfies the KMS condition with respect to (a/}tER, i.e., 'if X, Y E B M(A)t n 
BM(A), there exists a function fx.Y, bounded and continuous in the strip 
-1 ::;; Imz ::;; 0 and analytic in the interior, such that, for all t E R 

fx.y(t) = (A(a/(X»IA.(Y», 

fX,y(t - i) = (A(yt)IA(a/(Xt))). 
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The next step in the theory is to relax somewhat the assumptions, with help of 
the weaker notion of modular generalized vector, then to consider the particular 
case where the partial *-algebra is a partial GW*-algebra. Finally one can prove 
a generalized Connes cocycle theorem, that allows to compare two generalized 
vectors on the same partial GW*-algebra. 

In summary, essentially the complete Tomita-Takesaki theory extends to partial 
*-algebra<;, provided the appropriate notions are identified. 

5. Representation Theory 

5.1. Generalities 

A *-representation of a partial *-algebra Q( is a *-homomorphism of Q( into 
.c~(V, H),forsomepairV c H,that is, a linear map n : Q( ~ .c~(V, H) such that: 
(i)n(x*) = n(x)t for every x E 2t;(ii)x E L(y) in Q(impliesn(x) E LW(n(y» 

and n(x) 0 n(y) = n(xy). 
Let n be a *-representation of a partial *-algebra Q(. It is calledfitlly closed if 

n (Q() is fully closed. In any case, a *-representation n can always be extended to a 
fully closed *-representation 7r(Q(), namely 7r(x) = i(.X), x E Q(, on the domain 
V(7r) = V(n(Q(». 

Next we define the weak commutants of a *-representation of a partial *-algebra. 
Besides the usual weak bounded commutant n(Q()~ of n(Q(), as defined in (4.2), 
we introduce a new one, called quasi-weak, which takes explicitly into account the 
possible lack of associativity: 

{C E n(Q()~ : (Cn(x,*)';in(x2)") = (C';in(x,x2)"), 

\i x" X2 E Q( such that x, E L(X2) and \i';,,, E V(n)}. (5.1) 

Cqw(n) is a weakly closed *-invariant subspace of B(H), contained in n (Q()~, 
and, moreover, Cqw (7r) = Cqw(n). Thus we have now two possible definitions of 
irreducibility, namely: 

• n is irreducible if Cqw(n) = n (Q()~ = C/; 

• n is weakly irreducible if Cqw(n) = C/. 

5.2. The GNS Construction 

As always, the crucial question is how to build concrete representations. For 
*-algebras, the Gel'fand-Narmark-Segal (GNS) construction is usually the answer 
[20,6]. In order to extend it to partial *-algebras, we must first have an appropri­
ate notion of state. In the case of a *-algebra Q(, a state is a normalized positive 
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linear form on 21. But the positivity condition requires the existence of products 
a* a, which need not exist in a partial *-algebra. The alternative, of course, is to 
use sesquilinear forms. However, for a *-algebra 21, the GNS construction works 
only if the starting sesquilinear form cp on 21 x 21 is invariant, in the sense that 
cp(x *y, z) = cp(y, x z), for all x, y, Z E 21. Clearly this definition is inapplicable 
for a partial *-algebra, since the products x*y and xz need not exist. An obvious 
solution is to impose this relation for y, Z E R21 only, and this gives us a good hint. 

Let 21 be a partial *-algebra, and let ep be a sesquilinear form on D(ep) x D(ep), 
where D(ep) is a subspace of 21. The form ep is said to be positive if ep(x, x) ~ 
0, V X E D(ep). Then we have: 

ep(x, y) = ep(y, x», V x, y E D(ep), 

lep(x,y)1 2 ~ ep(x,x)ep(y,y), Vx,y E D(ep), 

and hence 

Nrp := {x E D(ep) : ep(x, x) = O} 

= {x E D(ep): ep(x, y) = 0 for all y E D(ep)}, 

(5.2) 
(5.3) 

(5.4) 

and so Nrp is a subspace of 21. For each x E D(ep), we denote by Arp(X) the element 
of D( ep ) j N rp which contains x, and define an inner product (.1.) on Arp (D( ep» = 
D(ep)j Nrp by 

(Arp(x)IArp(Y» = ep(x, Y), x, Y E D(ep). (5.5) 

We denote by 'Hrp be the Hilbert space obtained by the completion of the pre-Hilbert 
space Arp (D( ep ». We are now ready to introduce the relevant class of sesquilinear 
forms. 

DefinitionS.t. (a) Letep be a positive sesquilinearform on D(ep) x D(ep). A subspace 
B(ep) of D(ep) is said to be a pre-core for ep if 

(i) B(ep) c R21 ; 

(ii) {ax: a E 21,x E B(ep)} c V(ep); 

(iii) ep(ax,Y) = ep(x,a*y), VaE21,Vx,YEB(ep); 

(iv) ep(a*x, by) = ep(x, (ab)y), Va E L(b), V x, y E B(ep); 

(b) The subspace B (ep ) is called a core if, in addition, 

(v) Arp(B(ep» is dense in 'Hrp. 

Condition (iv) takes care of the possible non-associativity of 21. 
We denote by Brp the set of all cores B(ep) for ep and call biweight on 21 a positive 

sesquilinear form ep on D(ep) x D(ep) such that Brp is nonempty [13]. 
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This notion is biweight is precisely the one that allows the GNS construction on 
a partial *-algebra, as shown in the next proposition. 

Proposition 5.2. Let rp be a biweight on 2l with a core B(rp). Put 

Then ;r; is a *-representation of2l into £t(Arp(B(rp», Hrp). 

Denote by;r: the closure of ;r;. We call the triple (;r:, Arp, Hrp) the GNS con­
struction for the biweight rp on 2l with core B(rp). 

In view of this result, it is natural to ask whether one can characterize the GNS 
construction in terms of a core. Some care is needed, since it might happen that 
;r:[ = ;r:2 with Bl(rp) =1= B2(rp). The key observation is that the set of all cores 
Bl(rp) E Brp giving the same GNS representation as B(rp), i.e., ;r:[ = ;r:, has a 
maximal element, namely 

Bdrp) = {x E D(rp) n R2l: Arp(X) E D(;r:), and 

ax E D(rp) and Arp(ax) = ;r: (a )Arp(X )for all a E 2l}. 

We say that B(rp) is GNS-maximalwhenever B(rp) = BL(rp). Then one gets a unique 
characterization: 

Proposition 5.3. Let rp be a biweight on 2l and Bl(rp), B2(rp) two GNS-maximal 
coresforrp. Then: 

• ;r:' c ;r:' ¢::> Bl(rp) c B2(rp) 

• ;rB[ = ;rB2 ¢::> Bl(m) = B2(rp) rp rp 'f' 

We may now define the appropriate notion of pure state. Let 2l be a partial 
*-algebra with unit e, rp a state or normalized biweight, i.e., rp(e, e) = 1. We say 
that the state rp is pure if it cannot be decomposed in a convex combination of two 
states rpl, rp2 with the same core B(rp) as rp : 

The interest of this concept is that the equivalence between the purity of a state rp 
and the irreducibility of its GNS representation ;r: extends to partial *-algebras, 
essentially with the same proof: 

Proposition 5.4. Let 2l be a partial *-algebra with unit, rp a state on 2l, with core 
B(rp). Then the GNS representation;r: is weakly irreducible, i.e., Cqw(;r:) = C/, 
if and only if rp is a pure state. 

Actually, biweights seem a crucial concept, for they allow the extension to 
partial *-algebras of several classical results from von Neumann algebra theory. 
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For instance, the Radon-Nikodym theorem, concerning the relative domination 
of one biweight over another one, and the Lebesgue decomposition theorem of 
a biweight into an absolutely continuous biweight and a singular biweight. In 
addition, the definition of standard biweights on a partial GW*-algebra leads to 
a further generalization of the Tomita-Takesaki theory of modular automorphism 
groups. 

5.3. Biweights vs. *-Homomorphisms 

It turns out that biweights exhibit unfamiliar features (in particular when compared 
with the sesquilinear forms defined by positive linear functionals on a *-algebra 2t). 
For instance, the restriction of a biweight to a partial *-subalgebra is not necessarily 
a biweight. Also, if 2tJ and 2t2 are partial *-algebras, ep a biweight on 2t2 and «I> a 
*-homomorphism from 2tJ to 2t2, then the natural composition ep 0 «I> of ep and «I> 
may fail to be a biweight. Clearly, it is the density condition (v) of Definition 5.1 
that creates the problem. Thus one needs to give sufficient conditions for a biweight 
to pass safely through these two operations [16]. 

Let us look first at the problem of the restriction of a biweight to a partial *­
subalgebra or, more generally, to a subspace. Let 2t be a partial *-algebra and Il) 
a *-invariant subspace of 2t. Given a biweight ep on 2t with domain D(ep) and core 
B(ep), we consider its restriction eprs to Il) and define 

Then we perform the standard construction, which yields the Hilbert space 'Hrp'S as 
the completion of Arp'S (D(eprs» with respect to the inner product (Arp'S (x )IArp'S (y») = 
eprs(x, y). Next, we define the map 

which is well-defined, injective and isometric. Thus it extends to to an isometric 
operator ~ from 'Hrp'S into 'Hrp. It follows that IrsHrp'S is a closed subspace of Hrp. 
Let P be the projection from Hrp onto IrsHrp'S . Then the condition we are looking 
for is given by the following proposition. 

Proposition 5.5. The following statements are equivalent: 

(i) Arp'S (B(eprs» is dense in 'Hrp'S; 

(ii) IrsArp'S(B(eprs» ~ PArp(B(ep» ~ IrsArp'S(B(ep'}J». 

Notice that the first inclusion in condition (ii) is automatic. 
Now we tum to the heredity problem of biweights through a *-homomorphism. 

In general, if 2t J , 2t2 are partial *-algebras, ep a biweight on 2t2 with domain D( ep) 
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and core B(cp), and <I> is a *-homomorphism of Qt. ( into Qt.2, then cpif> is not necessarily 
a biweight on Qt.(. Several examples of that situation may be found in [16]. However, 
the following proposition shows that, under certain conditions, biweights can be 
pulled back from one partial *-algebra to another one by a *-homomorphism. 

Proposition 5.6. Let Qt.(, Qt.2 be partial *-algebras, cp a positive sesquilinear form on 
Qt.2 defined on D(cp) x D(cp) and B(cp) a pre-corefor cp. Let<l>bea *-homomorphism 
ofQt.( into Qt.2. Define 

and 

D(cpif» = {a E Qt.( : <I>(a) E V(cp)}, 

B(cpif» = (x E RQt.( : <I>(x) E B(cp)}, 

cpif>(a, b) = cp(<I>(a), <I>(b)). 

If <I>(B(cpif>)) is a core for cp, then B(cpif» is a core for cpif> and, therefore, cpif> is a 
biweight on Qt.( with domain D(cpif» and core B(cpif».ln particular. if<l> is surjective, 
then <I>(B(cpif») is a core for cp if, and only if, B(cpif» is a core for CPif>. 

Proposition 5.6 then suggests the following definition. 

Definition 5.7. Let Qt.(, Qt.2 be partial *-algebras, <I> : Qt.( -7 Qt.2 a *-homomorphism 
and cp a biweight on Qt.2 with domain D(cp). We put D(cpif» = {a E Qt.( : <I>(a) E 

D(cp)}. If B(cp) is a core for cp, then we put B(cpif» = {x E RQt.( : <I>(x) E B(cp)}. 
Then we say that: 

(a) <I> preserves biweights if, for any biweight cp on Qt.2 and for any core B(cp) 
for cp, <I>(B(cpif») is a core for cp. 

(b) <I> strictly preserves biweights if, for any biweight cp and for any core B(cp), 
the equality <1>( B (cpif>)) = B (cp ) holds. 

Then one can prove the following results. 

Proposition 5.8. (a) Every *-isomorphism strictly preserves biweights. 

(b) Every *-homomorphism <I> : Qt.( -7 Qt.2 such that <I>(RQt.() = RQt.2 strictly 
preserves biweights. 

Once again we verify the usual situation: Most of the time, results which are stan­
dard for *-algebras can be extended to partial *-algebras, provided some technical 
conditions are imposed. This is the price to pay for the far greater generality. 
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6. Physical Applications 

Two important potential applications of partial O*-algebras in physics have been 
described in the previous sections, namely, the description of symmetries of quantum 
systems by automorphism groups (Section 4.3) and the Tomita-Takesaki theory of 
modular automorphisms, central in quantum statistical mechanics (Section 4.4). 

Another instance where partial *-algebras are useful is Wightman's approach 
to (axiomatic) quantum field theory. In a concrete realization, the point-like (un­
smeared) field A(x) is represented as a sesquilinear form on a certain domain V in 
a Hilbert space H [28, 34] and one of the basic Wightman axioms is that 

AU) = r A(x)f(x)dx, f E Cgo(1R4), IR4 (6.1 ) 

is a well-defined operator in V. The interesting point is that the field A (x) may be de­
fined as a £'(V, V X )-valuedfield, in the sense of Section 3.3. By this we mean amap 
A from Minkowskispace-time Minto £'(V, VX),A : x E M ~ A(x) E £'(V, V X), 
satisfying the usual axioms of translation invariance, existence (and uniqueness) of 
a translation invariant vacuum and spectral condition. In practice, one chooses for 
V the domain V = VOO(H) where H = pO is the energy operator. Then one can 
prove the following result. 

Proposition 6.1. Let x ~ A(x) be an £'(V, VX)-valuedfield with V = VOO(H). 
Then the integral 

< AU)e;, 'I >:= L f(x) < A(x)e;, 'I > d4x 

convergesforalle;, 'I E Vanddefinesforeachf E SCM), the Schwartz space over 
M, an operator of Z(V, VX). For every ;;, 'I E V, the map f ~ < AU);;, 'I > is a 
tempered distribution. Moreover AU) E £) (V),for all f E SCM). 

The Wightman field AU) so obtained satisfies all the required conditions. Ad­
ditional boundedness properties of A U) may also derived, see [14, Chap. I I] for 
further details. 

Another field where partial *-algebras have had a impact is quantum statistical 
physics. There, the observable algebra 2l (which is supposed to be a quasi-local 
C*-algebra) does not contain, in general, the thermodynamical limit of the local 
Heisenberg dynamics. Then the procedure to follow for circumventing this difficulty 
is to define in 2l a new locally convex topology, T, called, for obvious reasons, the 
physical topology, in such a way that the dynamics in the thermodynamical limit 
belongs to the completion of21 with respect to T [30]. In spite of possible technical 
difficulties, the ideas are very simple. 

In statistical physics, one has to deal with systems consisting of a very large 
number of particles, so large that one usually considers this number to be infinite. 
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One begins by considering systems living in a local region V and requires that 
the set of local regions be directed, i.e., if VI, V2 are two local regions, then there 
exists a third local region V3 containing both VI and V2. The thermodynamical 
problem consists in finding macroscopic properties of the system, starting from a 
given interaction between the particles. Thus one asks the question, how does the 
system behave when V becomes larger and larger (IVI ~ oo)? One starts with 
the local algebra 21v of observables living in V, including the local Hamiltonian 
H v. Then one considers the *-algebra of local observables 210 = U v 21 v, which is 
well-defined as a *-algebra since the set of local regions is directed. The observable 
algebra 21 is taken as the completion of21o in the physical topology (which is defined 
from a family of *-representations of 2(0)' Thus (21, 2(0) is a quasi *-algebra. This 
technique has been applied successfully to a number of spin systems with long range 
correlations, such as the BCS model and almost mean field models. It yields also a 
neat treatment of the method of effective Hamiltonians, and in another direction, a 
nice derivation of the Bogoliubov inequality for Bose gases. More details and the 
original references may be found in [14, Chap. 1 1 ]. 

Another instance where partial *-algebras show up is the proper definition of 
Hamiltonians corresponding to very singular interactions (J or J', po inti ike or on 
a surface) [I, 7, 26]. The point is that such a Hamiltonian has to be defined via 
von Neumann's theory of self-adjoint extensions of symmetric operators, using 
sesquilinear forms. These in tum are neatly formulated in terms of operators on 
a scale of Hilbert spaces, as discussed in Section 3.3 (iv), and we know that such 
operators do constitute a partial *-algebra. 

7. Outcome 

In conclusion of this rapid survey, we may say that the theory of partial *-algebras 
has reached a reasonable stage of maturity. Many nontrivial examples have been 
studied, both abelian and nonabelian, although no classification has been made so 
far. The representation theory is well under control. In particular, many standard 
results extend to partial *-algebras, such as the GNS construction or various struc­
ture properties. Two offshoots, in particular, have undergone a rapid development, 
namely CQ*-algebras and partial O*-algebras. The latter, and among them partial 
GW*-algebras, are a far reaching generalization of *-algebras of operators, both 
bounded and unbounded. Their structure is quite complex, yet a substantial body 
of information is available. Besides the representation theory associated to various 
notions of generalized vectors and weights, progress has been achieved also in the 
study of *-automorphisms and *-derivations, in particular the spatial theory. 

These last results point toward a promising direction of research, namely the study 
of dynamical systems based on partial O*-algebras. In view of the results obtained 
so far, it is reasonable to expect progress for the case of partial GW*-algebras, since 
then the powerful theory of von Neumann algebras is available. In particular, the 
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modular theory of Tomita-Takesaki extends, with suitable modifications, to partial 
GW*-algebras. Another active direction is a deeper analysis of particular types of 
partial *-algebras, for instance Banach partial *-algebras, for which some significant 
progress has been made [15, 16] since the publication of the monograph [14]. 

Where do we go from here? Admittedly, physical applications are scarce so 
far. However, the mathematical tool is there and continues to be developed for its 
own sake. Future research will decide which physical systems, if any, are complex 
enough to require the use of this approach. 
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Some Variations on Maxwell's 
Equations 

Giorgio A. Ascoli and Gerald A. Goldin 

In the first sections of this article, we discuss two variations on Maxwell's equations that have been 
introduced in earlier work-a class of nonlinear Maxwell theories with well-defined Galilean limits 
(and correspondingly generalized Yang-Mills equations), and a linear modification motivated by 
the coupling of the electromagnetic potential with a certain nonlinear Schrooinger equation. In the 
final section, revisiting an old idea of Lorentz, we write Maxwell's equations for a theory in which 
the electrostatic force of repulsion between like charges differs fundamentally in magnitude from 
the electrostatic force of attraction between unlike charges. We elaborate on Lorentz' description 
by means of electric and magnetic field strengths, whose governing equations separate into two 
fully relativistic Maxwell systems-{)ne describing ordinary electromagnetism, and the other 
describing a universally attractive or repulsive long-range force. If such a force cannot be ruled 
out a priori by known physical principles, its magnitude should be determined or bounded 
experimentally. Were it to exist, interesting possibilities go beyond Lorentz' early conjecture of a 
relation to (Newtonian) gravity. 

It is a pleasure to dedicate this paper to Gerard Emch, whose skeptical perspective helps 
motivate those who know him to the pursuit of deeper scientific understandings. 

1. Introduction 

Maxwell's equations are among the most beautiful in physics, unifying the forces 
of electricity and magnetism in a classical field theory that explains electromag­
netic waves [1]. Some well-known, profoundly-motivated variations on Maxwell's 
equations have included the Bom-Infeld theory (a nonlinear but Lorentz-covariant 
modification, that introduces an effective upper bound to the electric field strength), 
and the Yang-Mills equations (introducing non-Abelian gauge potentials) [2, 3]. 
These ideas go back many decades, and have deeply influenced the development 
of theoretical physics. Indeed, there has been a recent resurgence of interest in 
non-Abelian Bom-Infeld Lagrangians [4], which tum out to have important appli­
cation in string theory and related subjects [5, 6, 7, 8]. More recently, variations of 
Maxwell's equations have been considered as "test theories," with respect to which 
observations in astrophysics can provide upper bounds to deviations from the usual 
equations or laws of physics [9, 10]. We nevertheless seek to approach the idea of 
modifying Maxwell's equations in new ways with appropriate humility. None of 
the variations considered in this article is ad hoc. Rather, each occurred in answer 
to a specific question in fundamental physics. 
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Sections 2 and 3 review two such modifications considered by the second author 
in recent years. The first of these, proposed in joint work with Vladimir Shtelen 
[11, 12], is a class of Galilean nonlinear Maxwell theories, together with non­
Abelian versions that generalize the Yang-Mills equations and the non-Abelian 
Born-Infeld equations. These possibilities arise in answer to the question of whether 
and how Maxwell's equations for the four fields E, B, D and H can survive un­
changed in the Galilean limit of c ~ 00, a feature that is present in neither the 
usual, linear Maxwell theory, nor the usual Born-Infeld theory. The second variation 
is a simple, linear modification, that can be associated with a change over time in 
some "constants" of electromagnetism. This possibility comes up in answer to the 
question of how to write gauge-invariant expressions for the electromagnetic field 
strengths E and B, when Maxwell's equations are coupled with a natural and very 
general family of nonlinear Schrodinger time-evolutions in quantum mechanics 
[13]. Such a family of nonlinear Schrodingerequations was developed and studied 
in a series of articles, in joint work with Heinz-Dietrich Doebner and Peter Nat­
termann [14, 15, 16]. In the general nonlinear equation, a certain "frictional" term 
originally proposed by Kostin [17] is the one requiring a change in Maxwell's equa­
tions for the field strengths, after nonlinear gauge transformations are taken into 
account. 

Finally, in Section 4, we take up a different question. In a 1900 article that 
seems to be not very well-known today, Lorentz explored the idea that (New­
tonian) gravity could be explained if the electrostatic force of repulsion between 
like charges were smaller in absolute magnitude than the electrostatic force of 
attraction between unlike charges [18]. Setting aside Lorentz' conjectured rela­
tion to gravity, we want to reopen the possibility of a difference in magnitude 
between these forces. There is then a straightforward and elegant description of 
the situation by means of Maxwell's equations, that was partially written down 
in Lorentz' original article. Under the given hypothesis, one may introduce new 
electric and magnetic fields whose governing equations separate into two fully 
relativistic Maxwell systems-one describing ordinary electromagnetism, and the 
other describing an overall attractive or repulsive long-range force that couples 
to an "absolute charge." While the latter force might conceivably have something 
to do with gravity, it is more plausible to regard it as an extremely small, but 
theoretically possible, correction to ordinary electromagnetism. Such a correction 
could, in principle, be time-dependent, and serve as a further "test theory" for 
astrophysical measurements. Whether attractive or repulsive, a modified electro­
magnetism could be important in modeling the early universe. Unless a known 
physical principle rules out such a force a priori, its magnitude should be regarded 
as an experimental question. Well-known nonlinear and non-Abelian generaliza­
tions of Maxwell's equations, and their unification with weak interactions, could 
then equally well be constructed from the new equations, opening up interesting 
possibilities. 
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In the remainder of this section we establish notation, summarize some elemen­
tary, familiar background material, and make a few relevant remarks. All of our 
discussions pertain to (3 + 1 )-dimensional space-time. 

Let us write Maxwell's equations in SI units, as follows [1]: 

aB 
V'xE=-- V'·B=O, at ' 

aD 
V'xH=-+j, at V'·D=p, (1.1) 

where E(x, t) is the electric field, D(x, t) the electric displacement, B(x, t) the 
magnetic induction, and H(x, t) the magnetic field; p(x, t) is the charge density, 
and j (x, t) the electric current density. 

The first pair of Eqs. (1.1) imply that we can write E and B in terms of potentials 
(<I>, A), 

B=V'xA, 
aA 

E=---V'<I>. at (1.2) 

The choice of <I> and A is not unique. For an arbitrary smooth function e(x, t), new 
potentials A' and <1>' that are obtained from the gauge transformation 

A' = A + V'e, 
ae 

<1>'=<1>-­at (1.3) 

give just the same fields E and B . Thus E and B are said to be gauge invariant. The 
condition V' . B = ° expresses the nonexistence in nature of magnetic monopoles, 
which in this article we do not consider changing. Our choice of SI units here 
is motivated by the desire to avoid incorporating the speed of light c into the 
definitions of any of the fields, as we shall later be interested in considering the 
c ~ 00 limit. 

From the second pair of Eqs. (1.1), there follows immediately the equation of 
continuity, 

ap . 
-+V"J=o, at 

expressing conservation of electric charge. 

(1.4) 

Thus far, the system is underdetermined. To complete Maxwell's equations in 
the presence of matter, one introduces constitutive equations relating the fields D, 
H to the fields E, B. The usual system of Maxwell equations in vacuo is obtained 
using linear constitutive equations, 

D = l:oE, 
1 

H= -B, 
/10 

(1.5) 

where 1:0/10 = l/c2 . However, we shall shortly be considering a certain class of 
nonlinear constitutive equations. 
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One may take the point of view, given the absence of magnetic monopoles, that 
the only physically detectable fields are E and B. These are defined operationally 
via the observed Lorentz force F on a small "test particle" with electric charge q 
moving with velocity v: 

F=qE+qvxB. (1.6) 

The fields H and D can then be regarded as unobservable constructs used to 
describe, by way of the latter two Maxwell equations and the constitutive equations, 
how the observable fields are produced by charges and currents. 

As noted in Ref. [11], we then actually have a more general class of linear 
constitutive equations, 

[~J=[ eo 
-A 

A 
1/ flo 

(1.7) 

which-when combined with Eqs. (1.1 )-leadfor all values of the real parameter 
A to the same set of equations for the observable fields E and B. Thus the choice 
A = 0 resulting in Eqs. (1.5) is arbitrary. 

Also relevant to the forthcoming discussion is the well-known minimal cou­
pling of the electromagnetic potentials (<I>, A) with Schrodinger's equation for the 
(complex-valued) wave function Ifl(x, t) of a single quantum-mechanical particle 
having charge q, 

alfl 1 2 
in- = -(-inV - qA) IfI + q<l>lfl· at 2m 

Local U (1) gauge transformations act on Ifl according to the formula, 

(1.8) 

(1.9) 

and it is easily checked that if Ifl obeys Eq. (1.8), then Ifl' obeys a gauge­
transformed equation of the same form, with new electromagnetic potentials given 
by Eqs. (1.3) in which 8(x, t) = (n/q) ()(x, t). 

The gauge-invariant fields E and B, which exert the electric and magnetic forces 
on the charged quantum particle, are obtained from <I> and A using Eqs. (1.2), and 
satisfy Eqs. (1.1). The gauge-invariant probability and probability flux densities for 
the particle are given, respectively, by 

(1.1 0) 

these also obey an equation of continuity. 
Let us remark on the fact that Eqs. (1.1) respect the Lorentz transformations of 

special relativity, while Schrodinger's equation respects Galilean transformations. 
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The minimal coupling of Eq. (1.8) is compatible with these facts because Eqs. (1.1) 
also respect Galilean transformations. It is the linear constitutive equations that 
impose Lorentz symmetry on the usual Maxwell equations, breaking the Galilean 
symmetry (see below). 

We reproduce Lorentz transformations here in SI units for completeness. Let 
the subscript II indicate the component of a vector in the direction of the velocity 
v of an inertial frame of reference, let the subscript --'- indicate the component 
perpendicularto v, and let v = Ivl. Then with 

the space-time transformation under the Lorentz boost is 

the field transformations are 

v·x 
t' = y(t - -); 

c2 

(l.ll) 

( l.l2) 

, I 
B 1- = Y (B - "2 v x Eh , 

c 
Ell = Ell ' E ~ = y (E + v x Bh , 

HII=HII , H~=y(H-vxDh, 

, 1 
D 1- = Y (D + "2 v x Hh ; 

c 

and the electric current and charge density transformations are 

j'lI = Y (j II - P v), 
., . 
J1- =J-L, 

v·j 
p' = y (p - -2 ). 

C 

The corresponding electromagnetic potential transformations in SI units are 

cI>' = y (cI> - v . A) , 
, v 

A = y (A - "2 cI» . 
c 

(l.l3) 

(l.l4) 

(l.l5) 

Under Lorentz transformation, the following combinations of the fields are then 
invariant: 

2 1 2 
II = B -"2 E, h = B . E; 

c 

2 1 2 h = D -"2 H, 14 = H . D; 
c 

15 = B . H - E . D, 
I 

h=B.D+"2 E . H . 
c 

( l.l6) 
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The Bom-Infeld Lagrangian as a function of these invariants is 

I: = 1- R, (l.l7) 

Next let us write the above in covariant notation. Define xl' = (et, x), 
f.1 = 0,1,2,3, and xI' = gl'vxV = (et, -x), where the metric tensor gJiV = 
diag (1, -1, -1, -1), and where summation over repeated Lorentz indices is un­
derstood; for example, xl'xl' = e2t 2 - x2• We further define aJi == a/axl' = 
[(l/e) a/at, V]; and we shall use the anti symmetric Levi-Civita tensor e aPJiv, with 
e0 123 = 1. Then the usual relativistic tensor fields Fap and FaP, constructed from 
the fields E and B, are 

F. _ [ -(lJC)E, 
(l/e)E 1 (l/e)E2 (I/c)E, ] 

0 -B3 B2 
(1.18) ap - -(1/e)E2 B3 0 -Bl ' 

-(1/e)E3 -B2 Bl 0 

p' ~ ~ c"'," F," ~ [ 2, 
-Bl -B2 

-B, ] 0 (l/e)E3 -(l/e)E2 
2 B2 -(I/e)E3 0 (l/e)E1 ' 

B3 (l/e)E2 -(l/e)E1 0 

with 

F aP = gal'gpvFuv, 'L 'LI'V 
r Jap = gal'gpvJ . (1.19) 

Likewise, 

(1.20) 

and so forth. Maxwell's equations (1.1) then become 

(1.21 ) 

with j P = (ep,j). With AI' = (<<1>, -A), we have from the first of Eqs. (1.21), 

(1.22) 
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The first two invariants of Eqs. (1.16), that enter Eq. (1.17) for the Bom-Infeld 
Lagrangian density, are now written 

( 1.23) 

Note that our strategy, following Refs. [ 11] and [12], has been to postpone writing 
constitutive equations for as long as possible. These now relate D, H to E, B; or, 
equivalently, they relate Gap to FaP. The general form for Lorentz-invariant 
constitutive equations is given by [19] 

1 
D = MB + 2" NE, H = NB - ME, 

c 

where M and N are functions of the Lorentz invariants in Eqs. (1.16), or 

1 
B = RD+ 2"QH, E = QD- RH, 

c 

(1.24) 

(1.25) 

where Q and R are likewise functions of the invariants. The linear constitutive 
equations (1.5) correspond to the choices M = 0, N = 1/ flo, in which case 
eo = 1/ floC2 . Other choices lead to nonlinear relativistic field equations, such as 
Bom-Infeld or Euler-Kockel electrodynamics. It is natural in Eqs. (1.24) to take M 
and N to be functions ofjustthe first two invariants It and h (which depend only 
on E and B), or in the inverted Eqs. (1.25) to take Rand Q to be functions of 
just the invariants 13 and 14 (which depend only on D and H). 

The usual approach to writing nonlinear Maxwell theories is to begin with the 
Lagrangian £ , which can be written as a function of the invariants. The constitutive 
equations then follow from the Euler-Lagrange equations. But not all Lorentz­
covariant theories are Lagrangian, and the approach via constitutive equations is 
more general. 

In covariant form, Eqs. (1.24) become 

GIlV = NFllv +cMF!'v == M ~ +M ~ 
laF!'v 2aFIlV ' (1.26) 

where Ml and M2 are likewise functions of the Lorentz invariants. 
Now we are ready to discuss the three variations to which this article is devoted. 

2. Maxwell Equations Having Galilean Limits 

When Maxwell's equations are written for the four fields E, B, D, and H as in Eqs. 
(1.1), the system is underdetermined. In the SI units we are using, these equations 
are independent of the speed of light c. Furthermore, the corresponding equations 
for the primed fields defined by Eqs. (1.13) and the primed currents defined by 
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Eqs. (1.14), when written in the primed coordinates defined by Eqs. (1.12), are 
unchanged from Eqs. (1.1 )--even though the Lorentz transformations given in Eqs. 
(1.12)-(1.14) are parameterized explicitly by c. Since the invariance of Eqs. (1.1) 
holds for every value of c, we should not be at all surprised that in the limit c ~ 00, 

these equations also respect the resulting Galilean transformations, 

x' = x - vt , t ' = t , 

B'=B, E'=E+vxB, 

H'=H-vxD, D'=D, (2.1) 

j'=j-pv, 
, 

p =p. 

Now, the value of c does appear in the constitutive equations. Thus the choice 
between Lorentz or Galilei symmetry, or the selection of a particular, finite value 
of c under which the Lorentz symmetry holds, resides entirely in the constitutive 
equations. 

For the linear constitutive equations (1.5) or (1.7), the speed of light is specified 
by c = (eo,uo)-1/2. In this case, taking a Galilean limit requires that some aspect 
of Maxwell's equations be sacrificed, as discussed in detail by Le Bellac and Levy­
Leblond [20]. 

The constitutive equations that select Galilean symmetry, when combined with 
Eqs. (1.1), are 

D = MB, H = NB - ME, (2.2) 

or, equivalently 

B = RD, E = OD - RH, (2.3) 

where M and N, 0 and R are arbitrary functions of Galilean invariants, 

(2.4) 

i5 = B . H - E . D, i6 = B . D. 

These constitutive equations and field invariants are respectively the formal limits 
as c ~ 00 of their Lorentz invariant counterparts. 

As discussed in Ref. [20], however, taking the mathematical step of letting 
c ~ 00 is not precisely the same thing as imposing the low velocity condition 
v / c < < 1 on a class of physical systems governed by the dynamical equations with 
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Lorentz symmetry. For instance, when E and B are held fixed, the limit c ~ 00 

does not allow the "electric limit" of Ref. [20], although v / c < < I is compatible 
with it. 

Letting if be a constant in Eqs. (2.2) requires (since V . B = 0) that the 
charge density p == O. Hence the answer to the question of a consistent Galilean 
electrodynamics, retaining Maxwell's equations, the continuity equation, and the 
Lorentz force, is a class of essentially nonlinear theories, that can arise as the c ~ 00 

limit of a class of essentially nonlinear Lorentz-covariant theories. Indeed, Le Bellac 
and Levy-LeBlond emphasize (always assuming linear constitutive equations) the 
mutual incompatibility of Galilean invariance, the continuity equation with non­
zero values, and magnetic forces between electric currents. 

With nonlinear constitutive equations, these features are no longer incompati­
ble. Nontrivial choices of if and N in Eqs. (2.2), or Rand Q in Eqs. (2.3), 
combined with Maxwell's equations, yield fully consistent Galilean versions of 
electrodynamics. 

For example, Ref. [11] proposes to set 

A 1 
Q=-

G 

A 2 H·D 
R = a. + 2a. G IDI2 ' (2.5) 

which are homogeneous functions of the field strengths. This can be shown to lead 
to an interesting, albeit non-Lagrangian, theory. 

Writing the Lagrangian for a nonlinear relativistic theory as 

(2.6) 

a short calculation in Ref. [12] demonstrates from the Euler-Lagrange equations that 

a.c 
M=--. 

ah 
(2.7) 

Therefore the necessary compatibility condition for the constitutive equations to 
describe such a Lagrangian theory is given by, 

aM aN 
2-+-=0. 

af( ah 
(2.8) 

In the Galilean limit, we would take .c = C(il , i2), and argue similarly. 
The usual Bom-Infeld theory does not have a nontrivial Galilean limit. The 

Lagrangian .cUI, 12) is given by 

(2.9) 
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which leads to the constitutive equations (1.24) with 

I 
N=-. 

!loR 
(2.10) 

Taking c ~ 00, we have of course It ~ i, = 8 2 , and 12 ~ i2 = 8 . E . But for 
large c, one has R ~ (c / b)[ i, - iii b2] ' / 2, whence the limits of M and N are both 
zero. 

It is therefore suggested in Ref. [12] to modify the Born-Infeld Lagrangian, 
replacing R by 

(2.11 ) 

where A, , ..1.2 are new constants with the dimensions of 1/ c2• Now, taking c ~ 00, 

one obtains the Galilean constitutive equations (2.2), with 

(2.12) 

Similarly, generalizations of classical (non-Abelian) Yang-Mills theory are writ­
ten by means of Lorentz-covariant, nonlinear constitutive equations. Again, with 
appropriate choices for the dynamics, the new systems can have fully consistent 
Galilean-covariant limits as c ~ 00. In analogy with Eqs. (2.11 )-(2.12), one ob­
tains a class of generalizations of non-Abelian Born-Infeld theories that are of this 
type [12]. 

3. Modification From a Nonlinear Schrodinger Equation 

Another variation on Maxwell's equations occurs as a result of considering the cou­
pling of external electromagnetic fields with nonlinear Schrodinger time-evolutions 
[13, 16]. First we write the class of Schrodinger equations under consideration. Refs. 
[14] and [IS] provide extensive motivation and development, that we omit here; we 
mainly follow the discussion in Ref. [13]. 

Letting IfI(x, t) be the quantum-mechanical wave function, and define 

p(x,t) = IfIIfI, j(x,t) = {l/2i)[IfIVIfI-(VIfI)IfI]. (3.1) 

In this article we shall use the notation p (x, t) to refer to the spatial probability 
density for the quantum-mechanical particle, to distinguish it from the net charge 
density p (x, t) that appears in Secs. I and 2. Thus p is here the expression we 
called p gi in the first of Eqs. (1.10). 



Some Variations on Maxwell's Equations 79 

Define the real, homogeneous functionals R I [ If/l, ... , R5 [If/l , by 

The Laplacian in the linear Schrodinger equation (1 .8) can be expanded with respect 
to this basis of functionals, 

so that it does not appear explicitly in the equation we shall next write down. The 
general family of nonlinear Schrodinger equations takes the form, 

+ U(x, t) + V· (AI,(x, t)p) + A 2(x: t). j + al Inp + a2 S, (3.4) 
p p 

where ,p is a If/ / at, the coefficients ]) j (j = 1,2),.u j (j = 1, ... ,5), and a j (j = 
1, 2) are all continuously differentiable, real-valued functions of t; S(x, t) is 
arg [ If/(x, t) 1; U(x, t) is a real-valued scalar function; and A, AI, and A2 are 
distinct real-valued, time-dependent vector fields. 

Writing a class of nonlinear Schrodinger equation by adding terms of the form 
(3 .2) to the usual, linear Schrodinger equation as in Ref. [15], we have 

(3.5) 

where Ho If/ is given by the right-hand side of Eq. (1 .8), and D and the D; have 
the dimensivn of diffusion coefficients. Then Eq. (3.5) is obtained from Eq. (3.4) 
with the values, 

al = a2 = o. (3.6) 
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The motivation for the form adopted in writing Eq. (3.4), for the presence of the 
terms with a I , a2 and Al =f. 0, and the time-dependence of the coefficients, is 
the possibility of introducing a group of nonlinear gauge transformations that leave 
this family of equations invariant (as a class). With 'I' = R exp [i S], these take 
theform 'I' ~ '1" = R'exp[iS'],with 

R' = R, S' = AS + y In R + e ; (3.7) 

where y and A are continuously differentiable, real-valued functions of t , A =f. 0, 
and e is a continuously differentiable, real-valued function of x and t. Then 
nonlinear gauge transformations obey the group law, 

With quantum-mechanical measurements characterized as sequences of positional 
measurements (at distinct times), together with the application of external fields be­
tween positional measurements [21, 22], and maintaining the standard interpretation 
of p = 1'1'12 as a probability density for the outcomes of positional measurements, 
such transformations then leave the distribution of outcomes of all measurements 
invariant. They are also local in space-time, and respect a separation condition for 
multi particle product wave functions [16,23]. Notice that with y == 0 and A == 1 , 
we recover the usual local U (1) gauge group of electromagnetism (acting linearly 
on '1') as a subgroup of the larger group of nonlinear gauge transformations. 

Under the nonlinear transformation in Eq. (3.7), we have 

P'=VI''I''=p, 

(3.9) 

so that p (as desired) is gauge-invariant (for nonlinear as well as linear gauge 
transformations). Thus we shall also write p = p gi when we want to emphasize 
this. But j is not gauge-invariant--one must write a new gauge-invariant current 
(see below), to fully generalize Eqs. (1.10). Moreover, if 'I' satisfies Eq. (3.4) 
then '1" likewise satisfies an equation of this form, but with new (primed) coeffi­
cients and new external fields. The coefficients transformed under (y, A, e) are 
given by 

, Y V2=--VI+V2, 
2A 
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2 

'-~ -~ +A /15 - 4A/13 2/14 /15, 

y I (A 
- a2 + - -y 
2 2 A 

- y), (3.10) 

Observe that even if one begins with a I = a2 = 0 and with time-independent 
coefficients v j and /1 j , the fact that y and A can be time-dependent requires that 
in Eq. (3.4) the a j be permitted to take nonzero values, and that all the v j, /1 j , and 
a j be, in general, time-dependent. However, the nonlinear gauge transformations 
do not mix the coefficients a j with the coefficients v j and /1 j . 

The nonlinear term with coefficient a I was first proposed as a modification 
of linear quantum mechanics by Bialynicki-Birula and Micielski [24], and the 
term with coefficient a2 was proposed still earlier by Kostin [17]. The term with 
coefficient V2 =1= 0 was derived by Doebner and Goldin from considerations of 
local current algebra representations [14], which led to the generalized equation 
containing the nonlinear functionals R j [15]. 

The external fields of Eq. (3.4) transformed under (y, A, B) are given in Ref. 
[13] by 

A' = A - ~ VB 
A ' 

A; = AAI - y A - ~ A2 + (~VI - /11 + ~ /13 - /14) VB, 

2/13 A' = A2 - - VB 
2 A' 

v' = AV - iJ + (~-a2)e + ~ [Ve]2+ 

(/14 - /13 ~) v2e + ~ V . A2 - A2 . ve. (3.11 ) 

Observe that Eqs. (3.1 0)-(3.11) imply both the nonzero Al and nontrivial A2 values 
are required in Eq. (3.4). Even if one begins with Al == 0 and A2 == -2 A, as in 
the linear Schrodinger equation [cf Eqs. (3.6)], the nonlinear gauge transformations 
compel one to introduce more general values for these fields. Nonlinear Schrodinger 
equations with arbitrary values of A2 were proposed by Haag and Bannier [25], 
while the interaction with a general external vector field Al was considered in 
Ref. [26]. 

Next let us write the equations of motion described by this class of nonlin­
ear Schrodinger equations entirely in terms of gauge-invariant quantities, as in 
Ref. [13]-where "gauge invariance" is interpreted with respect to the group of 
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nonlinear gauge transformations. To start, a gauge-invariant current density Jgi 

may be written 

(3.12) 

which evidently reduces to Eq. (1.10) for the linear Schrodinger equation [ when 
VI = -hI2m, V2 = 0, A = (q 12m)A]. We thus have (again) a continuity equa­
tion for the probability density, ap gi I at = - v . Jgi . Refs. [15] and [16] provide a 
set of gauge-invariant parameters necessary for the desired description, 

2 /13 
rs = VI/1S - V2/14 + V2 -

VI 

VI . VI 
fJI = VI al - V2 a2 + V2 - - V2 , fJ2 = a2 -

VI VI 
(3.13) 

When rl =f. 0, r4 =f. 0, or fJ2 =f. 0, time-reversal invariance is violated. When 
r3 =f. -lor r4 =f. 0, Galilean invariance is violated. 

Gauge-invariant external magnetic and electric fields are now given by the for­
mulas [13] 

where 

B=V xA = ~B, 
2m 

A aA q 
[; = - V U - at - fJ2 A = 2m E, (3.14) 

Thus 0 is to be identified with (q 12m)<I> (which may be directly checked for the 
linear Schrodinger equation); but the main point here is that the formula for E 
in terms of <I> and A has been modified from Eq. (1.2) to include an extra term, 
originating with Kostin 's nonlinearity: 

aA 
E = - V <I> - - - fJ2 A . at (3.16) 

The extra term is necessary-if we leave it out of Eq. (3.14), [; fails to be gauge­
invariant. We also have new gauge-invariant external vector fields, 

Agi_~A -A 
2 - 2 · 

2/13 
(3.17) 
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Continuing to follow Ref. [13], we are now in a position to write equations of 
motion obtained from Eq. (3.4), in a form that is manifestly gauge-invariant for the 
group of nonlinear gauge transformations. We use the hydrodynamical variables 
variables p gi and jgi / p gi, where the latter has the interpretation of a gauge­
invariant velocity field. We then have the interpretation of the (gauge-invariant) 
magnetic induction as a vorticity field, 

( 
jgi ) q 

V'x -. =-2B=-B. 
pgl m 

(3.18) 

The dynamical equations are the equation of continuity that we wrote above, 

apgi i 
- = -V' .jg, 
at 

together with the equation for the changing velocity field, 

( 
jgi ) q 

-/h -. + -E. pgl m 

(3.19) 

(3.20) 

In Eq. (3.20) we see that /h, taken to be positive, has a natural interpretation as 
a gauge-invariant coefficient of friction-it governs the magnitude of the term in 
at (jgi / p gi) that is proportional to jgi / p gi. 

In the framework of the nonlinear quantum mechanics discussed here, the (gauge­
invariant) expected values for the position, velocity, and acceleration of the quantum 
particle (all of which are functions of t) are given respectively by the following 
expressions: 

< x > = J xpgi(x)dx, 

(3.21) 
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a<v> 

at 

In Eqs. (3.20)-(3.21), we see that the laws of force describing the interaction of 
the charged particle with the E and B fields are unchanged from those in linear 
quantum mechanics. 

Now Eq. (3.16) gives us the variation on Maxwell's equations that is the focus 
of this section. The usual equations for E and B are replaced by 

aB 
VxE=---/hB, V·B=O. at (3.22) 

Note that the second of these equations is still consistent with the first. Let us take 
/h to be a constant, independent of t . If Eo(x, t), Bo(x, t) satisfy the original 
Maxwell equations (with P2 = 0), then fields satisfying Eqs. (3.22) are given by 

E = Eoe-1hf , B = Boe-1hf . (3.23) 

But nonlinear quantum mechanics alone does not specify the remaining two 
Maxwell equations. One possibility is to maintain the constitutive equations 
(l.5), with fixed coefficients co and f.1o. Then taking Eo, Bo , Do = coEo, 
Ho = (1/ f.1o)Bo, Po and j 0 to satisfy the usual, linear Maxwell equations (1.1), 
we must have 

(3.24) 

and 

v . D = p, with p = Po e -P2f , 

aD pD. . . . P f V x H = - + 2 + J, with J = Joe - 2 • at (3.25) 

That is, with P2 > 0, the magnitudes of all the electric charges and currents are 
decaying exponentially with time. Of course, the equation of continuity for p and 
j no longer holds, and net charge is no longer conserved. Instead, we have the 
equation 

ap 

at -V·j - P2p. (3.26) 
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The nonzero value for /h, interpreted as a coefficient of friction experienced 
by a charged particle, has introduced a preferred universal reference frame. The 
corresponding Maxwell theory is no longer covariant. 

Another alternative is to join the standard Max well equations for D and H with 
Eqs. (3.22) by supposing that the coefficients in the constitutive equations-the 
permittivity and permeability offree space-are time-dependent. With 

we may combine Eqs. (3.22) and(3.23) with the constitutive equations, 

D = c(t)E, 
I 

H=-B. 
/l(t) 

(3.27) 

(3.28) 

Then D = Do, H = Ho, p = po,andj = jo.Wehave c(t)/l(t) = l/c2 for 
all t . The equation of continuity holds for p and j , and the net charge is conserved. 

Since current systems of units define the vacuum permittivity to have a fixed 
numerical value, the modification embodied in Eqs. (3.28) requires some reexami­
nation of the way in which we define our units of measurement for electromagnetism. 
We shall return briefly to the idea of time-dependent permittivity and permeability 
toward the end of the next section. 

4. Force Differences Between Like and Unlike Charges 

For our final variation on Maxwell's equations, we pursue the suggestion by Lorentz 
that the electrostatic force of repulsion between like charges is slightly different in 
magnitude from the electrostatic force of attraction between unlike charges. While 
Lorentz proposed this idea in 1900 as a way to arrive at a universally attractive 
(Newtonian) gravitational force, we want to regard it here as just a modification 
of classical electrodynamics. Let us write a description of the situation in terms of 
field strengths. 

The electrostatic forces among pairs of positively-charged point particles having 
charges Q+ > 0 and q+ > 0 and/or negatively-charged point particles Q_ < 0 
and q_ < 0, is described by 

Fe = _1_ Q+q+ r = -- Q-q- r 
4Jl'c{ r2 4Jl'c{ r2 ' 

(4.1) 

where r is the unit vector at the location of each particle, pointing away from the 
other, and r is the distance between the pair. The subscripts e and u stand for 
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"like" and "unlike" respectively, and E:e =1= E:u • If I Q+ I = I Q-I and Iq+ I = Iq-I , 
then the forces F u in the second equation are equal. 

Introduce the electric field E+ exerting force on positive charges, and the electric 
field E_ exerting force on negative charges; also the displacement fields D+ 
and D_ produced (respectively) by positive and negative charges. In ordinary 
electromagnetism, E = E+ = E_ , while D = D+ + D_ . Evidently we must keep 
track separately of the density p+ ): 0 of positive charge and the density p_ ~ 0 
of negative charge. From Eqs. (4.1), the force F+ experienced by the positively 
charged particle with charge q + in the presence of a composite having charges Q + 
and Q _ at a distance r is given by 

and similarly for a negatively charge particle, 

There is a net electrostatic force between neutral composites that is attractive if 
E:u < E:e, and repulsive if E:u > E:e. The situation thus far is described by the 
Maxwell equation 

(4.4) 

and the constitutive equation 

(4.5) 

Similarly, introduce B+ and B_ as the magnetic inductions that exert velocity­
dependent forces on positive and negative moving charges q+ and q_ (respectively); 
so that the total forces are given (respectively) by 

Evidently, we must also keep track separately of the current of positive charge j + 
and the current of negative charge j _. We introduce H+ and H_ as the magnetic 
fields produced (respectively) by electric currents j + and j _, and (respectively) 
by changing displacement fields D+ and D_. Then we obtain, consistent with 
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Lorentz covariance and the absence of magnetic monopoles, the additional Maxwell 
equations, 

with the constitutive equation 

(4.8) 

where 

(4.9) 

From Eq. (4.4) and the first of Eqs. (4.7), we have separate continuity equations for 
p+ , j + and p_ , j _ , 

~ [ p+ ] + V . [ ~ + ] = 0 . 
at p- J-

(4.10) 

Thus far we have written in Eqs. (4.4) and (4.7) a doubled set of Maxwell equa­
tions, indexed by (+, -), that are coupled by the matrix constitutive equations 
(4.5) and (4.8). To recover the theory as a perturbation of ordinary classical elec­
trodynamics, define p = p+ + p_ and D = D+ + D_ ; so that p is the net charge 
density, and V . D = p. Defining E = !(E+ + E_), we recover the constitutive 
equation E = (1/ £o)D by setting 

(4.11) 

Similarly, defining j = j + + j _ and H = H+ + H_ , we have the usual Maxwell 
equation VxH = aD/at +j.Letting B = ~(B++B_),wealsohavetheMaxwell 
equations V x E = -aB/at and V·B = 0, and we recover the constitutive equation 
B = lloH by setting 

(4.12) 

Then it follows from Eqs. (4.9), (4.11), and (4.12) that £:ollo = l / c2 . In short, we 
still have the four fields E, B, D, and H, and they still satisfy the usual Maxwell 
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equations incorporating the net charge density and net electric current density, with 
coefficients Co and flo = 1/ coc2 . 

But we also have an additional set of fields, density, and current, 

- 1 
E = "2 (E+ - E_), 

H = H+ -H_, 
- 1 
B = "2 (B+ - B_), (4.13) 

p = p+ - p- , j = j+ - j- . 

These also obey Maxwell's equations; but with new constants in their constitutive 
equations, Ei and Ii , that are given by 

(4.14) 

In ordinary electromagnetism, Ei is infinite and Ii is zero-so that, although p, I, 
fi and Ii: are defined and nontrivial, E == 0 and B == 0 . 

If it is not actually infinite, the magnitude of Ei is presumably very large compared 
with that of Co ; while if it is not zero, the magnitude of Ii is small compared with 
that of flo. One verifies straightforwardly that Eli = 1/ c2 ; but the new constants 
may be of either sign-both positive (for a net attractive force between neutral 
composites), or both negative (for a net repulsive force). We thus have obtained a 
pair of fully decoupled Max well systems, consistent with the equations set down in 
Lorentz' original article. 

An idealized composite point particle, having positive charge q+ ~ 0 and 
negative charge q_ ~ 0, may be equivalently described as having net charge 
q = q+ + q_ and absolute charge q = q+ - q_ ~ O. Such a particle, moving with 
velocity v, experiences according to Eqs. (4.6) the total force 

F = F + + F _ = q (E + v x B) + q (E + v x B). (4.15) 

Thus the new fields E, B, D, and H couple to the absolute charge (which is 
always positive), and the absolute current; while the usual fields E, B, D, and 
H still exist in this framework and couple to the net charge and the net current. 
One should no longer automatically take positive charge flowing to the right to be 
indistinguishable mathematically or physically from the same amount of negative 
charge flowing to ihe left. The net currents j are the same in these two cases, but the 
absolute currentsj are equal and opposite. 

Let us close this section with some comments and speculations, many of them 
rather obvious, about such a "doubled electromagnetism" theory. 

In his original article [18], Lorentz took the new force to be attractive. He sought 
to identify the absolute charge with mass (and consequently the absolute current 
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with momentum), and to calculate whether the precession of the perihelion of 
Mercury's orbit could then be understood as due to the (very small) magnetic force 
that would originate from the absolute current. He concluded that the resulting force 
would be too weak to explain the astronomical observations, and of course this line 
of thinking was superseded by the success of Einstein's general relativity. 

However, we want to entertain the idea of a modified electrodynamics that does 
not identify the extra fields with gravity, and that treats absolute charge not as 
mass but as an additional property of matter. Of course, this does not preclude 
the possibility that existing measurements of gravitational forces have erroneously 
incorporated a small extra electrostatic force (attractive or repulsive). It would seem 
to be an especially interesting conjecture that the new force is repulsive. In any case, 
we appear to have an additional parameter with which to fit cosmological models, 
and an additional "test theory" for study through observations in astrophysics. 

Since we have a new set of fields obeying Maxwell's equations, we would also 
need to have a new type of electromagnetic wave (coupling weakly with the absolute 
charge), a new type of photon, and a new quantum electrodynamics (see below). 

Now the absolute electric charge of a system must be at least equal to the net 
electric charge, and at least equal to the sum of the absolute charges of the system's 
components. However, it could in principle be greater. The absolute charge of a 
nucleon, for example, might be the sum of the absolute values of the charges of its 
constituent quarks; but one could also conjecture additional, unobserved positive 
and negative charges in equal measure, contributing to a larger value of the overall 
absolute charge. While net charge is quantized in fixed units, it is plausible but not 
necessary that absolute charge be similarly quantized. Thus, it does not appear to be 
inconsistent to take the absolute charge to be proportional to the mass, as Lorentz 
implicitly did. 

However, modem particle physics offers no fundamental theoretical reason to 
make such an assumption. If we make reference only to constituent quarks and 
leptons, the absolute charge of a proton (comprised of two up quarks and one down 
quark) is 5/3; that of a neutron (comprised of one up quark and two down quarks) 
is 4/3; and that of an electron (taken to be fundamental) is 1. Then the absolute 
charge of a proton together with an electron is 8/3, double that of the neutron, 
while the respective masses are very close to equal. Under these assumptions, 
the absolute charge per gram of electrically neutral matter comprised of heavier 
elements is macroscopically different from that of matter comprised of lighter 
elements, and their accelerations under the Earth's absolute electric field would 
be different in magnitude. Since such differences are not observed, we should 
take the empirically-determined magnitude of any new inverse-square-Iaw force 
of "absolute electromagnetism" to be small compared with Newtonian gravity­
making it extremely small in comparison with ordinary electromagnetism. 

Still, one may conjecture that physical "constants" are not actually constant, 
but change as the universe ages. We discussed in Sec. 3 the possibility of the 
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vacuum permittivity and permeability changing exponentially with t, producing 
a modification in Maxwell's equations and a universal frictional force that breaks 
covariance. One may instead take these to be fixed at eo and /10, but entertain the 
possibility that eu and ee are changing, and that they have not always been as close 
as they are today. For example, we could have 

(4.16) 

and modify the Maxwell equations for the perturbing fields E, B, D, and ii as in 
Sec. 3. 

Furthermore, should there be regions of space-time containing plasmas of elec­
trons and positrons, these might contribute proportionally more to absolute charge 
than to gravitational mass. Such speculations leave open some possibilities for 
observable effects in astrophysics, even for a small force. 

While net charge and absolute charge are both conserved when there is no particle 
creation or annihilation, it seems clear that absolute charge is not conserved by fun­
damental particle processes. [Of course, at the time of Lorentz' paper, mass, positive 
charge, and negative charge would all have been taken as separately conserved.] 
As long as we stay with Lorentz' idea that absolute charge is proportional to mass, 
then (as mass is transformed into energy during fundamental particle processes) 
we have a conservation law. But if we take absolute charge to be an independent 
quantity with which the new electromagnetic fields couple, it becomes an unlikely, 
speculative possibility that absolute charge transforms into something previously 
unknown during annihilation processes, so as to maintain a conservation law. More 
likely, one should take the new U(l) gauge symmetry to be broken outside the 
classical domain that is governed by Maxwell's equations, requiring a different 
quantum electrodynamics for absolute electromagnetism. 

We have not discussed the question of absolute charge from virtual particle­
antiparticle pairs, or vacuum polarization. It appears that, unlike the situation for 
net charge, it should be possible to have a coherent superposition of quantum states 
having different absolute charges. For example, the neutral pion, written as a linear 
combination of up and down quark-antiquark pairs, (iiu - dd)/..;1 , would combine 
states of absolute charges 4/3 and 2/3 (in units of the electron's charge). 

If Lorentz' conjecture breaks no known physical principle, then the question 
of a discrepancy in magnitude between the electrostatic forces between like and 
unlike charges is purely an empirical one, and the best we can do in principle is 
to establish an experimental upper bound to this discrepancy (or, equivalently, to 
the ratio eole). For example, it is clear that his conjecture continues to respect the 
charge conjugation invariance of electromagnetism. However, it should be noted 
that current physics tends to assume the equality in magnitude between these forces. 
Thus the present, official definition of the coulomb is effectively as a unit of net 
charge, while the value of eo is not measured but fixed by definition. Just as we 
have come to distinguish (theoretically) gravitational mass from inertial mass, and 
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to regard their proportionality as a question to be determined by experiment, so 
may it be necessary to distinguish (theoretically) t:{ from t:u , and to regard their 
closeness as having a value to be bounded by experiment. 

Possible further development of a "doubled electromagnetism" theory could en­
tail its involvement in electroweak unification or in the standard model, its nonlinear 
modifications (as discussed for Maxwell's equations in Sec2 of this article), its cou­
pling with linear and nonlinear Schrodinger quantum mechanics (as discussed for 
Maxwell fields in Sec. 3 of this article), its non-Abelian generalizations, and its 
quantum electrodynamics. 
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Physical Applications of Algebras of 
Unbounded Operators 

F Bagarello 

After a brief historical introduction on the standard algebraic approach to quantum mechanics of 
large systems. QMoo , we review some basic mathematical aspects and few physical applications 
of algebras of unbounded operators. 

1. Introduction 

This paper is dedicated to 
Gerard Emchfor his 70th birthday 

During the past 20 years a long series of papers concerning algebras of unbounded 
operators appeared in the literature, papers which, though being originally moti­
vated by physical arguments, contain almost no physics at all. On the contrary the 
mathematical aspects of these algebras have been analyzed in many details and this 
analysis produced, up to now, the monographes [32] and [2]. Some physics appeared 
first in [28] and [31], in the attempt to describe systems with a very large (l024 ) 

number of degrees of freedom, following some general ideas originally proposed 
in the famous Haag and Kastler's paper, [27], on QMoo . 

More recently other physical applications of algebras of unbounded operators 
have been proposed, see [4, 5, 7, 8, 10, II, 12, 13] for instance. 

Here we review some basic mathematical results as well as some physical ap­
plications. In particular, in Section II we give an introduction to non relativistic 
quantum mechanics for systems with infinite degrees of freedom, focusing on some 
physically relevant results and on open problems. In Section III we introduce some 
mathematical definitions and results concerning algebras of unbounded operators, 
while their physical applications are given in Section IV. 

2. A Short Review of Non Relativistic QM 00 

It is a well known fact that for systems with infinite degrees of freedom the unique­
ness von Neumann theorem does not hold, in the sense that the same physical system 
may have several inequivalent representations. For this reason a purely algebraic 
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or an Hilbert space descriptions of such a system need not to be equivalent, as it 
happens for finite systems. 

This kind of physical systems can be properly discussed within the framework of 
C*-algebras, as first proposed by Haag and Kastler, [27], whose construction goes 
as follows. 

The algebra. Let L be a physical system with infinite degrees of freedom, V C ~d 
a finite d-dimensional region, 'Ttv the related Hilbert space (whose construction 
depends in general on L, [33]), Qt v = B ('Tt v )the associated C*-algebra of bounded 
operators acting on 'Ttv and let finally Hv be the self-adjoint energy operator for 
Lv, the restriction of L in V. 

The family of algebras {Qt v } satisfies the following properties: 

• isotony:ifVI c V2thenQtv, c Qtv2·Moreoverll.1I2 lv l = 11·111 (~Qtvp Qt V2 c 
QtVI UV2 ); 

• if VI n V2 = 0 then [QtVI ' Qtv2 ] = 0. 

In particular this last property clearly shows the non relativistic regime we are 
working with here, since it simply means that two operators localized in disjoint 
spatial regions are necessarily independent, i.e. they must commute. Then we define 

Qt = Qto"·", where Qto = UvQtv and Qt is the quasi-local C*-algebraofthe bounded 
observables. 

On this algebra we can introduce the spatial translations { y x}, which is a group 
of *-automorphisms ofQt satisfying the following: yxQtv = Qt v +x, YXI YX2 = YXI+X2' 

The states. The states of L are positive, normalized linear functionals on Qt which, 
when restricted to V, reduces to the states over the finite system Lv and, therefore, 
over the finite volume algebra Qtv. In other words, they corresponds to a family of 
densitymatricespv: peA) = trv(pv A)foreach A E Qtv. Heretrv is the trace in 'Ttv. 
These states satisfy the following consistency condition: trv(pvA) = trv'(Pv,A) 
'<1AEQtv,VCV'. 

They have a physical interpretation which is given by the Ruelle, Dell' Antonio 
and Doplicher's theorem: these states have zero probability to describe an infinite 
number of particles in a finite region. They are usually called in the literature locally 
finite states. 

Among all the states a particular role is played by the so called pure states: p is 
pure if it is not a convex combination of other states, i.e. if there are no PI, P2 and 
A E]O, l[ such that p = API + (1 - A)P2. Their relevance is due to the fact that, 
how we will discuss in the following, they are related to the pure thermodynamical 
phases of a certain physical system. 
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The dynamics. The next step in our analysis is related to the description of the time 
evolution of the physical system L. This is obtained from the dynamics of LV in the 
Heisemberg representation as follows: 

first we define the time evolution of the element A E Qt v in the volume V as 
follows: Qt v :3 A ~ a~,(A):= eiHvt/fiAe-iHvt/fi. 

secondly we use a~(A) to define at(A) as follow at(A) = r -limy a~(A), 
where r is a reasonable topology of Qt, i.e. a topology usually related to L 
itself. Possible topologies are the following: 

for short range interactions and discrete systems r is usually the uniform 
topology, [26]; 

for long range interactions it is known that a~ is not II. II-converging: a 
possible alternative for r is the strong topology (restricted to a relevant 
family of states). This different topology has been used by many authors, 
e.g. [6,29,37] and references therein. In this case a state p must be chosen 
in such a way that 

and this limit defines the time evolution of the state p, Pt, by means of 
pt(A) := peat (A». It is clearthatthe existence of (sufficiently many) such 
P 's has to be checked in each model. 

The symmetry. It is possible to introduce the concept of symmetry related to L: an 
automorphism ofQt, y, is a symmetry of the system L if at (y (A» = y (a l (A» and 
is a local symmetry if y : Qt v ~ Qt v and if y (Hv) = Hv. 

Moreover, the automorphism y is a symmetry of the state p if Py (A) := 
p(y(A» = peA), \fA E Qt. 

Representations and GNS-construction. A crucial notion, also in view of its 
physical applications, is that of a *-representation of a *-algebra. This is essentially 
a map n : Qt ~ B(1t), for a certain 1t, which preserves the algebraic structure of 
Qt: 

n(A + B) = n(A) + nCB), n(AA) = A n(A), 

n(AB) = n(A)n(B), n(A*) = n(A)*. 

It is clear that n (Qt) is a *-algebra as well. 

It is a well known fact that any state p over an abstract C*-algehra Qt produces a 
unique (but for equivalence) triplet (1tp , n p, Qp), where 1tp is an Hilbert space, n p 

is a *-representation, in the sense just discussed, and Qp is a cyclic vector of 1tp , 
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i.e. 1l'p(Qt)Qp is dense in 'Hp. Moreover we have, VA E Qt, 

Also, 1l' p is irreducible if and only if p is pure. 

Remark. (1) The first obvious remark is that GNS representations generated 
by different states need not be unitarily equivalent! 

(2) Each (GNS) representation corresponds to a phase of the physical system. 
In particular, GNS representations generated by pure states correspond to 
pure phases [30]. 

(3) States which are only locally different are macroscopically indistinguish­
able: all the macroscopic observables have the same expectation values. 
This has a clear physical interpretation: equal values of the macroscopic 
observables (the so-called order parameters) label unitarely equivalent rep­
resentations, which are interpreted as the same phase of the matter. In other 
words: two different phases of the matter correspond to two representations 
in which some macroscopic observable assumes different values. 

(4) An interesting result is the following: even if the algebraic dynamics for 
L cannot be given in an hamiltonian form, nevertheless, under certain as­
sumption on L, the dynamics in each representation 1l' p is hamiltonian: there 
exists a s.a. operator Hp such that, 'rj A E Qt, 

see [33] and references therein. Hp is what is often called in literature the 
effective hamiltonian. 

Also, this result has a clear physical interpretation: different phases of L 
may have, and they usually have, different dynamical behaviors, and this is 
reflected in the different possible expressions for Hp. 

Continuing our brief review of standard results in Q Moo, we discuss now some 
results on equilibrium states and on the associated phase structure for quantum 
systems with infinite degrees offreedom. 

It is well known that, for finite systems, there exists a single thermodynamical 
phase and an unique equilibrium state corresponding to some fixed thermody­
namical conditions. The situation is completely different for infinite systems. For 
these systems the role of the thermodynamical limit is crucial, and not only for the 
existence of the time evolution, as we will discuss in a moment. 
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In order to keep the analysis simple, it is convenient to make the following 
assumptions on the finite volume hamiltonian Hv: 

(I) first we require that H v is such that H VI U V2 - H VI - H V2 is a surface effect. 
This condition holds, for instance, for short range forces; 

(2) there exists c > 0 such that II Hv II :::; clV I, where IV I is the volume of V or, 
for discrete systems, the number of lattice sites inside V. 

These assumptions imply, first of all, that at (A) = 1111 - limy /' a~(A). 
Now, let us define the following functionals: 

I Ev(pv) = trv(pvHv), 
Sv(pv) = -k trv(pv log(pv», 
Fv(pv) = Ey(pv) - TSv(pv). 

These are called the local energy, the entropy and thefree energy functionals. 
In [33] it is proven, because of the assumptions on H V and of the subadditivity 

of the entropy, that the following global density functionals 

e( ) = lim Ev(pv) s( ) = lim Sv(pv) f( ) = lim Fv(pv) 
p v/' IVI ' p v/' IVI ' p v/' IVI 

exist, as well as the following incrementalfunctionals 

I .-lE(plp') = limy /' (Ev(p~) - Ev(Pv») , 
.-lS(p Ip') = limy /' (Sv(p~) - Sv(pv») , 
.-IF(plp') = limy /' (Fv(p~) - Fv(pv») , 

where p' is a local modification of p, i.e. a state which differs from p only on a 
volume of finite size and Pv is the restriction of p to V. 

The role of these functionals is crucial in the analysis of the equilibrium states. 
A state p is globally thermodynamically stable (GTS) if it is invariant under trans­
lations and if it minimizes f(p). It is locally thermodynamically stable (LTS) if 
.-IF(plp') ~ 0 for all p', local modification of p. Then, [33], it is proved that a GTS 
state is a LTS state, while an LTS state which is invariant under translations is also 
a GTS state for systems with short range interactions. 

Again, this result has a physical interpretation, which can be deduced also from 
the explicit solution of some easy physical models: a GTS state is an equilibrium 
state. The LTS states are, for systems with long range interactions, only metastable 
states (Le. states with a long mean life and good thermodynamical properties). In 
[33] it is also proven that the LTS and the KMS states are exactly the same objects. 
This implies, of course, that a KMS state for an infinite system is not an equilibrium, 
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in general, but only a metastable state. We recall here that P is a fJ -KMS state if for 
each A, B E Q( there exists a complex function FAB(Z) which is analytical in the 
strip 5(z) E [0, hfJJ, continuous on the boundaries, and is such that 

What makes the difference between finite and infinite systems is that, while 
the potential ft v (p) is convex, and therefore admits an unique minimum, the free 
energy density functional f(p) is affine, so that more than a single minimum may 
be achieved. 

If this is the case, L admits different thermodynamical phases under the same 
thermodynamical conditions, each corresponding to a different GTS state. We say 
that the system possesses macroscopic degeneracy: these different equilibrium 
states (and the related physical phases) are labeled by the (different) values of 
some macroscopic observables (like the magnetization in the case of ferromagnetic 
materials), [33]. 

This fact has several related consequences, the first being that we can use this 
approach to discuss in a natural settings the so called spontaneous breaking of a 
symmetry: 

suppose that L has a local symmetry y and let ~ = {p E Q(' : pis GTS}, 
be the set of GTS states. Then, since necessarily we have f(p) = f(py), it 
follows that for any p E ~ also PJ' E~: the symmetry y maps ~ into itself. 

Therefore we see that, if ~ consists of a single element PI, Y is necessarily a 
symmetry of PI: the symmetry is unbroken. In other words, in this case it is clear 
that PI = (PI)y' 

If, on the contrary, ~ = {PI, ... , Pn}, then, in general, we can only say that 
(Pi)y = P j, for some i and j not necessarily coincident: if this is the case, then the 
symmetry is spontaneously broken. 

Of course, whenever a system exhibits a spontaneously symmetry breaking, a 
related result on the spectrum of the theory can be deduced by making use of the 
non relativistic Goldstone's theorem which has proved to be a very important tool 
both in condensed matter and in quantum field theory, [35]. 

We want to end this list of results related to our algebraic approach by mentioning 
a very interesting relation between KMS states and the Tomita-Takesaki theory: 

let P be a -1-KMS state (Le. a KMS state corresponding to fJ = -1. This 
is what it is usually called simply a KMS state). This state generates a GNS 
representation (rtp, lC p, Up). Let Up (t) the unitary operator which implements 
at in this representation. Then Up is cyclic and, since P is KMS, is also 
separating for lCp(Q()", i.e. lCp(X)Up = 0 implies that lCp(X) = 0, [17]. 
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Then we are in the assumptions of Tomita-Takesaki's construction, so that we 
can introduce a modular conjugation Jp and a modular operator !l.p associated to 
(7r p(21)", Qp). Calling Hp the generator of Up(t), we find that 

In other words: given a system L an effective hamiltonian surely exists in any 
representation GNS-constructed by a given KMS-state. 

It may be worth stressing that these are only few results which can be obtained 
within an algebraic frameworks. More results on phase transitions, applications to 
quantum field theory, statistical mechanics etc. can be found in many specialized 
textbooks, among which we only cite [36, 17, 18,33,34,22]. 

We devote the second part of this section to a brief discussion of some limits which 
are, in our opinion, intrinsic with the approach discussed so far, and which suggest 
the construction of a slightly generalized algebraic framework. These conclusions 
are based on a simple remark: the main results which have been given in this section 
are obtained under some requirements, which may not be necessarily satisfied in 
many relevant conditions. For instance, we have assumed that the norm of the local 
hamiltonian Hv does not grow faster than IVI: IIHv II ~ clVl· 

However, this is not always true: actually. it is false quite often! For instance, this 

inequality is violated already by a gas of free bosons, for which Hv = ~jEV a Jaj , 

since each creation and annihilation operator is such that lIa j II = lIa J II = 00. 

The second assumption considered above is that the interactions are short 
ranged. 

However this is not the case in many situations. For instance, the Coulomb 
interaction is long ranged, while in the mean field models the real forces are 
replaced by interactions with an infinite range: this means that, given two particles 
localized for instance in the two lattice sites i and .i, they feel the same strength 
independently of the difference Ii - j I. However, many results can be obtained even 
under these conditions. In particular we find that: 

• a~ is not norm convergent to an algebraic dynamics at, but, as we have 
already sketched before, we can (often) find a different topology which makes 
of a~(A) a Cauchy sequence for each (or for many) A E 21, see [6, 37, 21] 
just to cite few authors. 

• We have already mentioned that, in general, KMS states are not equilibrium 
states (i.e. GTS states). Moreover, they are not even limits of Gibbs state, [25], 
in general. 

• surface effects become volume effects, so that variables at infinity (i.e. com­
pletely de localized operators) appear in the dynamics of strictly localized 
operators. These are related to the order parameters used to describe different 
phases, see [29] and references therein; 
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• the density functionals e(p) and f(p) do not necessarily exist, since in the 
proof of their existence, the assumption that the forces are short ranged is 
crucial, see [33]; 

• the Goldstone's theorem holds only in a modified form [29]. 

We see that a new world appears whenever the range of the interactions appearing 
in the physical system modify their range. We also observe that many things can be 
said but many other aspects are still to be clarified. 

A third assumption which is usually somehow hidden in the C*-algebraic ap­
proach to QMoo is related again to the presence on the (almost) unavoidable un­
bounded operators. Consider, for instance, the position and momentum operators 
fj and p. As we have already mentioned, they satisfy the following commutation 
relations: [fj, p] = i IT (in convenient units) and, as a consequence, it is an easy 
exercise to check that at least one of them must be unbounded. Actually, it is well 
known that they are both unbounded on £2(lR.). In the literature three main possible 
ways to deal with unbounded operators have been proposed: the first one consists 
in restricting the action of the operators on some (possibly dense) subset of a given 
Hilbert space, a sort of common domain of all the operators. A second possibility 
is to exponentiate these unbounded and self-adjoint operators in order to define 
unitary (and therefore bounded) operators. The original operators can be recovered 
by taking suitable derivatives of the unitary maps on certain relevant sets of vectors. 
A third possibility is the following: we could replace, say, the self-adjoint operator 
p with a bounded operator PN whose spectrum coincides with the one of P inside a 
compact interval [ - N, N], and is zero outside this set. It is clear that P N is bounded 
and, as N ~ 00, approaches P in some sense. Then one considers only those states 
WN on 2(, N -depending as well, such that WN(P N) converges in the limit N ~ 00 to 
some finite quantity, which is interpreted as the mean value of the original operator 
P on a state which can be seen as the limit of the family of states WN. An example 
of this procedure can be found in [I]. 

However, quite often none of the above procedures works as one would like. As 
an example, we cite the Lindblad expression for the generator L of a completely 
positive semigroup (describing the time evolution of a quantum open system). These 
structures playa very important role in the analysis of order-disorder transitions out 
of equilibrium, [33, 34]. 

More in details, let 2( and B be C*-algebras. We recall that a map f : 2( ~ B is 
positive if f(A) > 0 for each A > o. It is completely positive, CP, if, for any finite 
matrix algebra M, the mapping f ® IT : 2( ® M ~ B ® M is positive. 

A quantum dynamical semi-group is a set {Tr : t ? OJ of completely positive, 
identity preserving maps of Qt such that Ts"It = Ts+r for all s, t ? 0 and To = n. 
If Tr is norm wise continuous in t for all A E Qt, then there exists an infinitesimal 
generator L defined by the formula 

d 
-TrA = LTrA = "ItLA, VA E Qt 
dt 
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Lindblad proved that, if Qt = B(H) (for some H), L has necessarily the following 
expression: 

where H is self-adjoint and Vj , L j Vj* Vj E Qt. 
Very few results exist for unbounded operators, [24, 20, 14], mainly because of 

the following technical difficulty: if Tr is a semi group (and not a group) it follows 
that Tr(AB) =1= Tr(A)Tr(B). 

To avoid this kind of difficulties, in many physical applications involving open 
systems the boson reservoir is replaced by a fermionic one, as for instance, in [19] 
for the open BeS-model, changing a realistic into a, somehow, toy model. This 
suggests that an alternative procedure should be considered, and this will be the 
output of the next section. 

3. Algebras of Unbounded Operators 

In this section we will briefly introduce different examples of what we generically 
call algebras of unbounded operators, giving only those mathematical results and 
definitions which are relevant for our purposes. A much deeper analysis of these 
aspects can be found, for instance, in [2] or in [32]. 

Let Qt be a linear space, Qto c Qt a * -algebra with unit n (otherwise we can always 
add it): Qt is a quasi * -algebra over Qto if 

[i] the right and left multiplications of an element of Qt and an element of Qto 
are always defined and linear; 

[ii] Xl(X2a) = (xlx2)a, (axl)X2 = a(xlx2) and Xl(ax2) = (xla)x2, for each 
Xl, X2 E Qto and a E Qt; 

[iii] an involution * (which extends the involution of Qto) is defined in Qt with 
the property (ab)* = b* a* whenever the multiplication is defined. 

A quasi * -algebra (Qt, !2to) is locally convex (or topological) if in Qt a locally 
convex topology r is defined such that (a) the involution is continuous and the left 
and right mUltiplications are separately continuous; and (b) Qto is dense in Qt[ r ]. 

Let {Pa} be a directed set of seminorms which defines r. The existence of such 
a directed set can always be assumed. We can further assume that Qt[ r] is complete. 
Indeed, if this is not so, then the r -completion I.it( r] is again a topological quasi 
*-algebra over the same *-algebra Qto. 

Example. Let H be a separable Hilbert space and N an unbounded, densely defined, 
self-adjoint operator. Let D(Nk ) be the domain of the operator N k , kENo, and 
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V the domain of all the powers of N: V == DOO(N) = nk~oD(Nk). This set is 
dense in H. Let us now introduce £t (V), the *-algebra of all the closable operators 
defined on V which, together with their adjoints, map V into itself. Here the adjoint 
of X E £)(V) is xt = XlV. 

In V the topology is defined by the following N -depending seminorms: 1 E 

V -? 11111n == IINn111, n E No, while the topology <0 in £)(V) is introduced by the 
semi norms 

where kENo and fEe, the set of all the positive, bounded and continuous 
functions on JR+, which are decreasing faster than any inverse power of x: £t (V)[ <0] 
is a complete *-algebra. 

It is clear that £t (V) contains unbounded operators. Indeed, just to consider the 
easiest example, it contains all the positive powers of N, but it does not contain 
elements like eN. Moreover, if N is the closure of No = at a, with [a, at] = 1, 
£t (V) also contains all positive powers of a and at. 

Let further £(V, V') be the set of all continuous maps from V into V', with their 
topologies (in V' this is the strong dual topology), and let < denotes the topology 
defined by the seminorms 

X E £(V, V') -? IIXII! = IIf(N)Xf(N)II, 

fEe. Then £(V, V/)[ < ] is again a complete vector space. 
In this case £t(V) C £(V, V') and the pair 

(£(V. V/)[ <], £t (V)[ roD 

is a concrete realization of a locally convex quasi *-algebra. 

Remark. let us now suppose that V == S(JR), the set of the test functions, and 
V' = S'(JR). Since S(JR) c S'(JR), it is easy to check that £t(S) c £(S, S'). 
Let'P(x) E S'(JR). We define the map Z", as follows: (Z",f)(x) = 'P(x)f(x), 
V f(x) E S(JR). Since 'P(x)f(x) E S'(JR), and since Z", is continuous, we conclude 
that Z", E £(S, S'). It is clear that, for instance, Z~, does not exist for generic '1', 
and this reflects the fact that £(S, S') is not an algebra. 

Using a quasi *-algebra is not the only possibility to include unbounded operators 
in a reasonable algebraic framework. For completeness we briefly mention now 
two other possibilities which, however, will play no major role in the physical 
applications considered in the next section. 
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We begin recalling that a partial *-algebra [3] is a complex vector space 2l with 
involution * (with the usual properties) and a subset r c (2l, 2l) such that 

(x, y) E riff(y",x") E r; 

if(x, y), (x, z) E rthen (x, AY + f.1z) E r for all A, f.1 E C; 

if (x, y) E r then there exists an element x . y E 2l. This multiplication satisfies 
the following properties: x . (y + AZ) = x . y + AX . Z and (x . y)" = y" . x", 
Vex, y), (x, z) E r. 

It is easy to check that each quasi *-algebra is also a partial *-algebra, but not 
vice-versa. 

Other examples of algebras of unbounded operators are the so-called CQ*­
algebras [9], which can be seen as particular cases of topological quasi *-algebras. 
We do not give here the general definition but only its simplest version, referring to 
[9,15,16]formoredetails. 

A (proper) CQ*-algebra is a quasi *-algebra such that: 2l0[ 11.110] is a C*-algebra; 
2l[ II. II] is a Banach space in which 210 is dense; the two norms are related as follows: 
IIx 11o = max {suPllall(;! II ax II, sUPllall(;! IIxa II}, Vx E 2l0. 

This is a natural generalization of C*-algebras: indeed the completion of any 
C*-algebra (2l0, II 11o) with respect to a weaker norm II II satisfying: (i) II A "II = II A II, 
VA E2loand(ii)IIABil (IIAIIIIBllo,VA,B E2lo,isaCQ*-algebra. 

Remark. These structures have been proved to be useful in relation with the 
Tomita-Takesaki's theory, [16]. 

Let us now go back to quasi *-algebras. It is not surprising that, analogously to 
what happens for C*-algebras, a crucial role for physical application is played by 
the *-representations of a quasi *-algebra: 

let (2l, 2lo) be a quasi *-algebra, D" a dense domain in a certain Hilbert space 
H", and 7r a linear map from 2l into £t (D", H,,), where 

£t (D", H,,) = {X closable in H" : D(X) = D" and D(X") ::;2 D,,}. 

This is apartial *-algebra with the usual operations X + Y, AX, the involution xt = 
Xrv, and the weak product X OY == Xt"Y(defined whenever YD" c D(Xt") 

and XtD" c D(Y"). Notice that these conditions produce the definition of the set 
r c (£t (D", H,,), £t (D", H" »). Let furthermore 

£t (D" ) is a *-algebra and for its elements the weak multiplication 0 reduces to the 
ordinary multiplication of operators. 
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A *-representation of~ is a linear map from ~ into Ct (V1C' 'H1C ) such that: 

(i) n-{a*) = n-{a)t, Va E~; 

(ii) if a E ~,x E ~o, then n-{a) on-{x) is well defined and n-{ax) = n-{a) 0 

n- (x). 

Moreover, if 

(iii) n- (~o) c Ct (V 1C ), 
then n- is said to be a *-representation of the quasi *-algebra (~, ~o). 

As for C*-algebras, we see here that a *-representation preserves the algebraic 
structure of the abstract quasi *-algebra (~, ~o). 

Remark. It may be worth noticing that it might appear more natural to repre­
sent (~, ~o) in another quasi *-algebra (C{V1C , V~), Ct (V1C )), analogous to the 
one constructed above with V1C instead of V = DOO(N). We will return on this 
quasi *-algebra in the following. Nevertheless, it is usually more convenient to use 
Ct (V1C' 'H 1C ) for the following reasons: 

(l) if a E ~ then n-{a) E Ct (V1C' 'H1C). Therefore, Vcp E V 1C , n-{a)cp E 'H 1C . Of 
course, if we decide to represent a as an element of C(V1C , V~), we go out 
of the Hilbert space (n- (a)cp tj 'H 1C , in general)! This is not exactly what one 
expects from a representation of a *-algebra, since the abstract elements of 
the algebra are usually represented acting and living on some Hilbert space; 

(2) we also have a technical reason to use ct (V1C , 'H 1C ), which will appear clear 
in a moment: in the theorem on the derivations given in the next section the 
topology Ts plays a role, and this can be defined on Ct (V1C' 'H 1C ) but not on 
C(V", V~); 

(3) finally we can observe that any partial *-algebra is a quasi *-algebra: there­
fore the choice of representing a quasi *-algebra into a partial *-algebra of 
operators is, in any case, absolutely consistent. 

The *-representation n- is called ultra-cyclic if there exists ~o E V1C such that 
n- (~o)~o = V 1C . n- isfaithful if n- (x) = 0 implies x = O. 

As we have anticipated, we use n- to introduce a certain topology on n- (~): let 
n- be a *-representation of~. The strong topology Ts on n-{~) is defined by the 
seminorms: {p,(.); ~ E V 1C },wherep.;(n-(a)) == 1In-(a)~II,a E ~,~ E V 1C . This 
will be used in the next section. It may be worth noticing again that lin- (a)~ II would 
make no sense in general if n- (a) was an element of C t (V, V'). 

As for ordinary C*-algebras, even now it is possible to give a GNS-like construc­
tion. As a matter of fact, several possible extensions of this construction exist, but 
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we will here mention only one, [38], where the topology r is taken as a norm 11.11 . 
Therefore 21 is a Banach space and we suppose, for simplicity, that (21, 2(0 ) has a 
unit II. Let rp be a sesquilinear form on 21 x 21 such that 

(i) rp(x,x);? 0, "Ix E 21; 

(ii) rp(ax,y) = rp(x,a*y),Va E21,x,y E21o; 

(iii) there exists y > 0 such that Irp(x, y)1 ~ y IIxlillyll, "Ix, y E 210. 

These conditions imply that 

Nrp = {a E 21 : rp(a, a) = OJ = {a E 21 : rp(a, b) = 0, Vb E 21j. 

Let Arp(21) = 21/ Nrp and let us introduce a scalar product on this vector space as 
follows: < Arp(a), Arp(b) >= rp(a, b). 

Let further 'Hrp be the completion of Arp(21) wrt the norm inherited by this scalar 
product. One can check that Arp(2lo) is dense in 'Hrp. 

Let us finally define a map 7r;: 

Then 7r; is a *-representation of 21 in .ct (Arp(2lo), 'Hrp). Moreover, 

(i) Arp(21o) = 7r;(2lo)Arp(lI) (i.e. Arp(lI) is ultra-cyclic); 

(ii) rp(a, b) =< 7r;(a)Arp(II), 7r;(b)Arp(lI) >, Va, bE 21. 

Remark. (I) this approach uses sesquilinear forms instead of linear function-
als: indeed, while w(a*b) is not well defined for generic a, bE 21, indepen­
dently of the choice of the linear functional w, rp(a, b) surely makes sense 
if rp is a generic sesquilinear form on 2( x 21. This allows to define a scalar 
product on 2( x 21, as shown above; 

(2) the physical interpretation is analogous to that discussed in the previous 
section: different sesquilinear forms produce different representations which 
can still be interpreted as different phases of the matter. 

4. Physical Applications 

In this section we will show how the algebraic framework discussed so far can be 
applied in the rigorous treatment of some physical systems. 
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4.1. Existence of An Effective Hamiltonian 

We begin with reviewing some recent results obtained in collaboration with A. 
Inoue and C. Trapani, [12, 13], and concerning the possibility of introducing, under 
certain conditions on r, an effective hamiltonian. 

Definition. Let (~[ r], llo) be a quasi *-algebra. A *-derivation of llo is a linear 
map J : ~o ~ ~ with the following properties: 

(i) o(x') = J(x)*, 't:/x E ~o; 

(ii) J(xy) = xJ(y) + J(x)y, 't:/x, y E ~. 

As we see, a *-derivation of ~o does exactly what one expects from a similar 
object: it is a linear map, it preserves the adjoint, and it satisfies the Leibnitz rule, 
of course only for those elements for which this can be defined. From a physical 
point of view we know that it is quite hard for a derivation to be implemented by an 
hamiltonian at an algebraic level: even if a local hamiltonian Hv does exist (i.e. the 
energy for finite V), usually the sequence {Hv} do not converge to a self-adjoint 
operator H in most topologies, even when the sequence eiHvt X e-iHvt converges 
for each observable X. This means that the dynamics is, in general, hamiltonian 
only at a local level. However, as we have already discussed in Section II, under 
some conditions of r an effective hamiltonian exists in B(Hp), i.e. in the C*-algebra 
obtained, via GNS-representation, from some state p. The role of the representation 
is evident, and we will recover the relevance of certain representations even in our 
settings. In particular, we will restrict to those *-representations 7r: of (~, ~) such 
that, whenever x E ~o satisfies 7r:(x) = 0, then 7r:(J(x» = O. Under this rather 
natural assumption, the linear map 

J,,(7r:(x)) = 7r:(J(x», x E~, 

is well-defined on 7r:(~) with values in 7r:(~) and it is a *-derivation of 7r:(~). We 
call J1C the *-derivation induced by 7r: • 

Given such a representation 7r: and its dense domain V1C C H 1C , we consider the 
graph topology tt generated by the seminorms 

~ E V1C ~ "A~", A E .ct(V1C ). 

Let V~ be the conjugate dual space ofV1C and tt the strong dual topology ofV~, 
i.e. the topology generated by the semi norms 

V'1C '3 Z ~ pECz):= sup 1 < x,z > I, 
xeE. 
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where <, > is the form which puts in duality V1C and V~ and E is a bounded set in 
V 1C . Then we get the rigged Hilbert space 

Let £'('0, 'OX) denote the space of all continuous linear maps from V1C [tt] into 
V~ [tt] and let .ct (V1C ) be as usual. Then one has 

Each operator A E .ct (V1C ) can be extended to an operator A on the whole V~ 
in the following way: 

< A(, 11 >=< C;', At 11 >, V( E V~, 11 E V 1C . 

Therefore the left and right multiplication of X E .c(V1C , V~) and A E .ct (V1C ) can 
always be defined: 

(X 0 A)C; = X(AC;), and (A 0 X)C; = A(XC;), Vc; E V 1C , 

and for that we can conclude that (.c(V1C , V~), .ct (V1C » is a quasi *-algebra. 

Let J be a *-derivation of 210 and 7C an ultra-cyclic *-representation of (21, 210) 
with ultra-cyclic vector C;o. Then 7C (210) c .ct (V1C ). We say that the *-derivation J1C 
induced by 7C is spatial ifthereexists H" = HJ E .c(V1C , V~) such that H1C C;o E 1{1C 
and 

J1C (7C (x» = i {H1C 0 7C(X) - 7C(X) 0 H1C ), Vx E 210 . 

The meaning of this definition is clear: a derivation produces in a representation 
7C a spatial induced derivation if this can be implemented by a symmetric operator 
H1C: the way in which J1C is, in a certain obvious sense, described by H1C is via a 
generalized commutator, i.e. a commutator where we may need to consider some 
opportune extensions of the the operators involved. To be more explicit, if x E 210, 
then 7C(X) E .ct(V1C ), so that, since by definition H1C E .c(V1C , V~), it is clear 
that H 1C 0 7C (x) 'II = H 1C 7C (x) 'II E V~ for each 'II E V 1C. Viceversa, in general we 
have 7C (x) 0 H1C'II = it (x )H1C 'II E V~, since H1C'II E V~ for each'll E V 1C , so 
that 7C (x )(H1C 'II) is not well defined. This kind of difficulties, however, is not a big 
surprise since they are very common whenever one deals with unbounded operators, 
and it is easily overcome here by means of the 0 multiplication. 

The main result concerning spatial derivations is contained in the following 
theorem, [12], which extends and analogous result for C*-algebras which can be 
found, for instance, in [17]. 
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Theorem 4.1. Let (Qt[ T ], 2to) be a locally convex quasi *-algebra with identity and 
J be a *-derivation ofQto. 

Then the following statements are equivalent: 

(i) There exists a (T - Ts)-continuous, ultra-cyclic *-representation 7C ofQt, 
with ultra-cyclic vector ¢'o, such that the *-derivation J" induced by 7C is 
spatial. 

(ii) There exists a positive linearfunctional f on Qto such that f(x* x) ( p(x)2, 
V X E Qto, for some continuous seminorm p of T and, denoting with j the 
continuous extension of f to Qt, the following inequality holds: 

for some positive constant C. 

(iii) There exists a positive sesquilinear form cp on Qt x Qt such that: 

cp is invariant, i.e. cp(ax, y) = cp(x, a* y ),Jor all a E Qt and x, y E Qto; 

cp is T-continuous, i.e. Icp(a, b)1 ( p(a)p(b),jor all a, b E Qt, for some 
continuous seminorm p of T ; 

cp satisfies the following inequality: 

for some positive constant C. 

Remark. (1) even if Jcannotbe writtenasJ(x) = i[H, x], for any HE Qt, if the 
above theorem can be applied, then J" is, essentially, the commutator with 
a certain symmetric operator, H" . Again, as we expect for physical reasons, 
the dynamics depends on the representation 7C and, as a consequence, on 
the phase of the matter. 

(2) The above theorem can be used to answer to the following question: suppose 
we add to a spatial *-derivation Jo a perturbation Jp such that J = Jo + Jp is 
again a *-derivation. Under which conditions J is still spatial? A sufficient 
condition for this to be true, [12], is that Ij(Jp(x))1 ( Ij(Jo(x))I, for all 
x E Qto, which is exactly what we expect since this means simply that Jp is 
smaller than bo. Ifwecall H", H",o and H",p the operators which implement 
J, Jo and Jp, we can also prove thati[H", A]!fI = i[H",o + H",p, A]!fI, for 
all A E £t('O,,) and!fl E V". 

Theorem 1 is the starting poiQt to considerthe problem of the removal of the cutoff 
for infinite systems. This means that we are assuming, as usual, that the dynamical 
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behavior of the infinite system is obtained as a suitable limit of its restriction to a 
finite volume VL . At the infinitesimal level, this means that we have a family of 
inner derivations c5L, with hL their associated energies, (i.e. c5L(x) = i[h L, x] for 
all x E 210 and for all L) but we don't now if the limit of these derivations is still 
inner or, at least, if the induced limiting derivation is spatial in some particular 
representations. Let now be more precise. 

Let 5 be a physical system, (2l,2l0) a quasi *-algebra and (5L = (2lL C 
2l0, L, a~}, LEA} a family of regularized systems, i.e. 5L is the restriction of 5 
to some finite volume VL . Here A is a set of indexes, used to label the finite volume 
systems SL. We suppose that, for each fixed L, the dynamics a~ is generated by a 
*-derivation c5L : 

00 k 

at (x) = T - " ~ c5k (x) = eihLt xe-ihLt Vx E 2lL. 
L 0 ~ k! L ' 

k=O 

Here TO is a topology on 2l0 . Actually, this assumption is not necessary even if this 
is really what we have in mind, and what actually happens for ordinary C*-algebras 
at least for discrete systems, where each hL is a bounded operator and TO is the 
uniform topology. 

Definition4.2. The family (5L , LEA) is said to be c-representable ifthere exists 
a *-representation 7C of (2l, 2(0) into some (£(V", V~), £t (V,,» such that: 

(i) 7C is (T - Ts )-continuous; 

(ii) 7C is ultra-cyclic with ultra-cyclic vector (0; 

(iii) when 7C(X) = 0, then 7C(c5dx» = 0, VL EA. 

Any such representation 7C is a c-representation. 

Making use of this definition we can prove the following Proposition, [13]: 

Proposition 4.3. Let (5L, LEA) be a c-representable family and 7C a c­

representation. Let hL = hi E 2lL be the element which implements c5L: 
c5dx) = i[h L, x], Vx E 2l0, VL E A. Suppose thatc5dx) is T-CauchyVx E 210 and 
that SUPL 117C(hd(oli < 00. 

Then, one has 

(a) c5(x) = T - limL c5L (x) exists in 2l and is a *-derivation of2lo; 

(b) c5", the *-derivation induced by 7C, is well defined and spatial. 

Remark. (I) It is clear that if the sequence (h d is r -convergent, then c5dx) is 
automatically T-Cauchy Vx E 2l0. 
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(2) This Proposition implies that any physical system S with a c-representable 
regularized family {SL, LEA} admits an effective hamiltonian in the sense 
of [10,37,33,28]. 

(3) This is our version of Sewell's result on the existence of different effective 
hamiltonians in different (GNS-like) representations: a physical system ~ 
exhibits different dynamics in its different thermodynamical phases). 

(4) We want to cite here an open problem which, in our opinion, deserves a 
deeper analysis: what does it happen if we consider a representation 1C' 

globally equivalent but locally different from a given c-representation 1C? Is 
1C' still a c-representation? Do the related effective hamiltonians coincide? 
This is indeed what one expects in connection with what has been discussed 
in the C*-algebraic approach, even if no explicit proof of this claim exists at 
this stage. 

4.2. The Time Evolution at 

We discuss here the following problem: suppose that we have been able to prove 
that the derivation ~ exists. Nevertheless, in general we have no information about 
~2, ~3, .. . . Moreover, even if all these maps do exist, this does not mean that the 
series L:o h ~k(X), which can be taken as the definition of at(x) when x and H 
are both bounded, exists as well, for a generic x E 210 . In other words, the existence 
of ~(x) does not imply, by no means, the existence of at(x) for x E 21 or even for 
x E 210. 

Furthermore, the effective hamiltonian H", whose existence has been proved in 
the previous subsection, is symmetric but not self-adjoint, and therefore the spectral 
theorem cannot be used to define e iH• t and, as a consequence, to define 1C(a t (x)) 

as eiHrt 1C(X) e-iH• t ! So the following crucial problem arises: how to define a time 
evolution in this case? 

This is a rather hard problem already in a standard setting, when there is no 
problem in multiplying elements of the algebra. Here this is quite a dangerous 
operation and the difficulties are even more than before. We will devote the rest of 
this subsection to some partial results which can be used to analyze certain classes 
of physical systems. It may be stressed that no general result really exists up to now. 

4.2.1. From ~ to at: the first way 

We begin considering a class of models which are suggested by the mean field spin 
models, reviewing some results first obtained in [13]. 

Let us assume that the finite volume hamiltonians hL can be written in terms of 
some s.a. elements sf, a = 1,2, .. , N, which are r-converging to some elements 
sa E 21, commuting with all the elements of 210: 

sa = r -lims~, 
L 

[sa,x] = 0, "ix E 210. 
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For mean field spin models sa is the magnetization and r is the strong topology 
restricted to a relevant family of states, [6], or, alternatively, the so-called physical 
topology, [8, 10, 11]. 

We say that {s~} is uniformly r -continuous if, for each continuous seminorm p 
of r and for all a = 1, 2, ... , N, there exists another continuous seminorm q of r 
and a positive constant c p,q.a such that 

p(s~b) :( cp.q,aq(b), Vb E 2t, VL EA. 

From this definition it also follows that peas£) :( Cp,q,aq(b), Vb E 2t, and that 
the same inequalities can be extended to sa. Then we have 

Lemma 4.4. If{s~} is a uniformly r-continuous sequence and ifr -limL s~ = sa, 

Va, then r -limL (sOk = (sa)k, Va andfork = 1,2, .... 

Proposition 4.5. Suppose that (1 ) Vx E 2to [h L, x] depends on L only through s~ 

and (2) s~ ~ sa and {sf} is a uniformly r-continuous sequence. 
Then. for each kEN, the following limit exists 

r -limik[hL,x]k = r -limJ~(x), Vx E 2to, 
L L 

and defines an element of2t which we call J(k)(X). 

Remark. The reason why we prefer to use J(k)(x) instead of Jk(x) is just to stress 
in this way that it is not possible to write ik[h, x h since, first of all, no global h does 
exist and, secondly, even if it does, [h, X]k is not well defined in general because of 
domain difficulties. 

Once we have obtained conditions for all the multiple commutators to exist in 
some reasonable sense, we still need to find conditions for which the infinite series 
which defines at (x) do converge. For that it is convenient to introduce here the 
following definition: 

Definition 4.6. We say that x E 2to is a generalized analytic element of J if, for all 
t, the series L~o t-1l' (J(k)(x» is rs-convergent. The set of all generalized analytic 
elements is denoted with g. 

Therefore we have, [13], 

Proposition 4.7. Let Xy be a net of elements of2to and suppose that, whenever 

1l'(xy) ~ 1l'(x)thenxy ~ x. Then, Vx E g andVt E JR, the series L~o t-J(k)(x) 
converges in the r -topology to an element of2t which we call at (x). 

Moreover, at can be extended to the r-closure 9 ofg. 

It may be worth noticing that, even if the assumptions are rather strong, they are 
satisfied, for instance, by mean field spin models! 
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4.2.2. From J to at: the second way 

Let 7C be a faithful *-representation of the quasi *-algebra (2l,2l0) and J a *­
derivation of2lo such that J"" is well-defined on 7C(2l0) with values in 7C (2l). 

We define the following subset of 210 (a domain of regularity of J) 

Whenever J is regular the set 2l0( J) is large. For instance, if J is inner in 2lo with an 
implementing element h E 2l0, then 2lo(J) = 2l0. For general J, 2lo(J) is not empty 
since it contains, at least, all the mUltiples of the identity n of 2l0. 

2lo(J) is a *-algebra which is mapped into itself by J. Moreover it is easy to 
check that 7C(Jk(X» = J~(7C(X», V X E 2lo(J) and V kENo. Therefore it follows 
that J~ (7C (x» E 7C (2lo). 

Let as be the topology on 2l defined via rs in the following way: 

213 a ~ q,(a) = p,(7C(a» = 117C(a)~II, ~ E V". 

Then we have the following theorem, [13]: 

Theorem 4.8. Let (2l, 2(0) be a quasi *-algebra with identity, J a *-derivation on 
210 and 7C afaithful *-representation of(2l, 2(0) such that the induced derivation J" 
is well defined. Then, we have: 

( 1) if the following inequality holds 

then L~o tJk(x) converges for all t in the topology as to an element 

of2lo(J)'" which we call at(x); at can be extended to 2lo(J)O"'. Moreover 

at : 2lo(J(' ~ 2lo(J)'" and 

at+r(x) = a\ar(x», Vt,r, Vx E2lo(J); 

(2) Suppose that the following inequality holds 

3c > 0 : V'II E V" 3A'11 > 0, n E Nand '12 E V" : 

P'1I(J~(7C(X») ~ A'1ICkk!kn P'12 (7C (x», Vx E 2lo(J), Vk E No, 

then L~otJk(x) converges,for t < ~ in the topology as to an element of 

2lo(J(, which we call at (x); at can be extended to 2lo(J('. Moreover at 

maps 2lo(Jt into itselffor t < ~ and, Vx E 2lo(J), 

at+r(x) = at(ar(x», 
I 

Vt, r, with t + r < -. 
c 
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Remark. (1) As we see, this theorem gives sufficient conditions for a l to be 
defined (as a converging series) at least on a certain subset of 210. 

(2) Here and in the previous approach the spatiality of the derivation is not 
used. It is obvious that, when H" exists as a self-adjoint operator mapping 
D" into 1-{", we could use the spectral theorem to define 7r(a l (x» .­
eiH,/7r (x )e-i H.I; 

4.2.3. A different point of view 

In a recent paper, [11], we have considered the problem of the existence of a I 

from a slightly different point of view, which is maybe more suitable for systems 
with a finite number of degrees of freedom. This is because we have assumed that 
the energy operator of our quantum system system does exist as a self-adjoint, 
unbounded and densely defined operator Ho ~ n. Then, it is known that the 
operator ei Hoi, and therefore the time evolution of an observable X, can be defined 
via the spectral theorem. However, but for finite dimensional Hilbert spaces, our 
claim is that the natural algebraic framework to discuss the dynamical behavior 
of the system is .dCD, 1-{)[roJ, where D = Doo(Ho), rather than B(1-{). Indeed, 
if di m(1-{) = 00, it is clear that in general Ho ¢ B(1-{) and that J does not map 
B(1-{) into itself. On the other hand, it is evident that Ho E .d(D, 1-{)[fO) and that 
J: .d(D, 'H)[fO) ~ .d(D,1-{)[ro). 

These claims are based on the following natural procedure: 

let Ho = floo AdE(A) be the spectral decomposition of Ho. We define, for 

L ~ 1, the projectors Q1 = flL dE(A) and we introduce the regularized 

hamiltonian HL = Q1HoQ1-

For each L, we see that Q1, HL E B(1-{) n .c~(D, 1-{). Furthermore, we have 
[Q1, HLJ = [Q1, Hol = [Ho, HLJ = O. 

If fO is the topology on .c~(D, 1-{) generated by the semi norms 

.c~(D,1-{):3 A H IIAll j ,k = max{IIHtAf(Ho)lI, II f(Ho)A Ht II}, 

then we have: 

(i) HL ~ Ho with respect to the topology fO; 

(ii) {eil HI. } is fo-Cauchy in .c~(D, 'H) and converges to ei Hoi 

(iii) VA E .c~(D, 1-{), the sequence {eiIH'Ae-iIHI.} is fo-Cauchy in .c~(D, 1-{) 
and converges to eitHo Ae-ilHo . 
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We can therefore conclude that Ho, eiHo1 , and al(A) := e ilHo Ae-ilHo all belong 
to £t(V, 1{), VA E £t(V, 1{). Moreover we can also show that 

This suggests the use of £t(V, 1{)[ TO] as a natural algebraic and topological 
framework for the analysis of the time evolution of, at least, finite quantum systems. 
Of course, a similar construction can be repeated also for Q Moo systems, at least for 
those systems for which an unbounded, self-adjoint and densely defined operator 
M exists such that [M, Hd = 0 (on a dense domain), [28]. 

In the same paper we have considered the role of a perturbation in this approach: 
let H = Ho + B, and suppose that the spectral decomposition of the free hamil­
tonian Ho is explicitly known while the spectral decomposition of the perturbed 
hamiltonian H cannot be exactly found, which is exactly what usually happens in 
concrete situations. We have shown that the convenient algebraic structure is again 
£t(V,1{), with V = DOO(Ho), (since, if Ho has discrete spectrum, we know an 
o.n. set in V and, as a consequence, we know V) but the technically convenient 
topology, T, is that given by the seminorms 

because with this choice some of the above convergence results (i)-(iii) can still 
be established. Moreover this apparent difference between the algebraic and the 
topological frameworks, can be easily controlled. Indeed we have proven in [11] 
that, if (1) D(Ho) ~ D(B) and if H = Ho + B is self-adjoint on D(Ho), and 
(2) if VOO(Ho) = VOO(H) (hypothesis for which we gave necessary and sufficient 
conditions), then TO == T. 

Under these assumptions we can therefore undertake a deeper analysis of the 
existence of the algebraic dynamics for a perturbed hamiltonian. We refer to [11] 
for a detailed analysis, which eventually produces a rigorous definition of the 
Schrodinger dynamics. 

4.3. Fixed Point Results 

This is an alternative procedure which again produces a rigorous definition of the 
dynamics ofa (closed) physical system, [5], and which is based on a generalization 
of well known fixed point theorems. 

Let B be a T -complete subspace of £t (V) and T a map from B into B. We say that 
T is a weak T strict contraction over B, briefly a WTSC(B), if there exists a constant 
c E]O, l[ such that, for all (h, k) E CN := (C, 91), there exists a pair (hi, kl) E CN 
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satisfying 

VX,YE13. (4.1) 

In what follows we will consider equations of the form T x = x, T being a 
wrsc(l3). The first step consists in introducing the following subset of 13: 

13L == Ix E 13: sup IITx _xllh,k ~ LJ, 
(h,k)EC N 

L being a fixed positive real number. 

Lemma 4.9. Let T be a wr sc( 13). Then 

(4.2) 

(a) if TO = 0 then any x E 13 such that SUP(h,k)ECN IIx IIh,k ~ L, belongs to 13L 
for L ~ L,(l + c); 

(b) if IITOllh,k ~ L2 for all (h, k) E eN, then any x E 13 such that 
sUP(h,k)ECN IIxllh,k ~ L, belongs to 13Lfor L ~ LI(l + c) + L2; 

(c) ifx E 13L then Tnx E 13L,forall n E ')1; 

(d) 13L is r-complete; 

(e) if 13 L is not empty, then T is a wr sc( 13 L). 

13 L is non empty, see [5]. The existence of a fixed point is ensured by the following 
Proposition: 

Proposition 4.10. Let T be a wr sc( 13). Then 

(a) VXo E 13L the sequence {xn == Tn XO}n;;,O is r -Cauchy in 13L. Its r-limit, 
x E 13L, is a fixed point ofT; 

(b) if Xo, Yo E 13L satisfy the condition SUP(h,k)ECN IIxo - Yo IIh,k < 00, then 
r -limn Tnxo = r -limn Tnyo. 

For physical applications we need to consider the case in which these maps 
depend on an external parameter: 

let I c ~ be a set such that 0 is one of its accumulation points. A family of 
weak r strict contractions {Ta}aEI is said uniform if 

1) Ta : 13 -'? 13 Va E 1,13 being a r-complete subspace of .c+(V); 
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2) '<t(h, k) E eN and '<ta E I there exist (hi, k') E eN, independent of a, 
and c" E]O, 1 [, independent of (h, k), such that 

(4.3) 

3) L == lim",o c" E]O, 1[. 

We further say that the family {T" l"El is r-strong Cauchy if, for all (h, k) E eN 
and '<ty E B, 

(4.4) 

We caIlB~) thefollowing set B~) == {x E B : SUP(h,k)ECN II T"x - X IIh,k ::::;; L} . 

Proposition 4.11. Let {T"l"El be a r-strong Cauchy uniform family ofwrsc(B). 
Then 

( I) There exists a wr sc( B), T, which satisfies the following relations: 

IITy - T"yllh,k ~ ° '<ty E B, '<t(h, k) E eN 

and 

IITy - Tzllh,k ::::;; LilY - zllh',k' '<ty, z E B, 

where (hi, k') are those of inequality (4.3). 

(2) let {X"l"El be afamily offixedpointsofthe net {T"l"El: T"x" = x"' '<ta E I. 
If{x" l"El is a r-Cauchy netthen, calling x its r-limit in B, x is a fixed point 
ofT. 

(3) If the set n"E1Bi") is not empty and if the following commutation rule holds 

T,,(TpY) = Tp(T"y), '<ta, fJ E I and'<ty E B, 

then, calling 

I· Tn 0 h 0 n B(") x" = r - 1m "x, w ere x E "El L ' 
n~oo 

each x" is a fixed point of T", T"x" = x" and {x" l"El is a r -Cauchy net. 
Moreover r -lim,,~o x" is a fixed point ofT. 
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As an application we have proven in [5] that, under certain technical assumptions, 
the a -time evolution of a given operator x, 

is associated with an uniform family of wrsc(.c t ), {Va), which is also r-strong 
Cauchy. This implies that, because of the Proposition above, the dynamics for the 
physical system can be obtained as a r-limit of the regularized dynamics xa(t), 
which is a fixed point of V := lima Va. 

4.4. Explicit Estimates 

We end this excursus of (class of) models for which the time evolution is under 
control, by considering the so-called almost mean field Ising model, defined by the 
following finite volume hamiltonian 

(4.5) 

with 0 < y ~ 1, [7]. Particularly relevant in the mathematical description of this 
model is the almost magnetization operator st := WF Lpev (J~. In fact, if A is a 

local observable, its regularized time evolution a~(A) := eiHvt Ae-iHvt in general 
depends on t, A and st. 

We refer to the original paper, [7], for the mathematical details. Here we introduce 
a different topology r on the C*-spin algebra Qls, which has proved to be of some 
usefulness, as follows: 

where f belongs to C. With these definitions, calling 2l.o the ra-completion of 2ls 
and 2l the r-completion of2ls, we proved in [7] that: 

• (2l[ r], 2{a[ ra]) is a topological quasi *-algebra; 

• all the powers of the almost magnetization sj are ra-converging in Ql; 

• the finite volume dynamics a~ ra-converges to a one-parameter group of 
automorphisms at of 2l.o ; 

• at solves the ra-limit of the finite volume Heisenberg equation of motion. 
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Another spin model which can be analyzed within the same algebraic framework 
is the almost mean field Heisenberg model, 

3 
J ~ ~ a a 

Hv = IVIY .~ ~ (Ji (Jj' 
l,jEV a =1 

with! < y :::;: I, see [8], which differs from the Ising model because itis intrinsically 
three-dimensional. 

A different class of models that we have considered using the same approach 
involves free and interacting bosons, [4] . The formal hamiltonian H for the one mode 
free bosons is simply the number operator N = at a, a anda t being the annihilation 
and creation operators for the bosons. They satisfy the canonical commutation 
relation [a, at] = I. (More properly, N is the unique self-adjoint extension of the 
symmetric operator a t a .) 

The construction of the topological quasi *-algebra is the usual one. Let D := 
DOO(N) = nk~oD(Nk) . This set is dense in the Fock-Hilbert space 1i constructed 
in the standard way. Starting from D we can define the *-algebra .ct (D). It is clear 
that all powers of a and a t belong to this set. The topology in .ct (D) is the usual 
quasi-uniform topology: 

where fEe and k ~ O. 
Let £, be the subspace of 1i generated by all the vectors which are proportional 

to (a t )'<1>o. Let also :h be the direct sum:FL := Eo Ell EI Ell .. ... Ell EL . Finally, 
let N = Z::::o lil, be the spectral decomposition of the number operator N. The 

operators ill are projection operators, as well as the operators Q L = z:f=o ill. The 
following properties are obvious: 

It is clear that ilk : 1i ~ Ek, and QL : 1t ~ :FL. The operator QL is used 
to cut-off the hamiltonian, by replacing a with aL := QLa QL . The regularized 
hamiltonian is simply HL = QLNQL = NQL and the related time evolution is 
a~(X) = e iHL1 Xe- iHL1 • This occupation number cut-off produces a self adjoint 
bounded operator HL and we have shown in [4] that the limits of a~(an) and 
a~((atn exist in .ct(D)[ro]forall n E N. Incidentally, let us remind that we have 
just seen that this result can be further generalized, see [II]. 

The same algebraic framework turns out to be useful also in the analysis of the 
thermodynamical limit of the interacting model described by the following formal 
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hamiltonian: 

where a~ = I~I LieV a? Here the algebra .c.t(V) must be replaced by m = 
B('Hspin ) ® .ct(V). The topology on 21, rcomp, is generated by the following 
seminorms:IIXAllf,k,'I' == IIXIIJ.kIlA'¥II, X E .ct(V) and A E B('Hspin ), It is 
worthwhile to remind also that'll cannot be a generic vector in 'Hspin, but must 
belong to the set 

. I" 3 3 3 l : hm - ~ap 'I' = a oo 'I' , 110'0011:( I . 
IVl,oo IVI 

peV 

As before, the regularized hamiltonian is obtained by replacing a with aL ,­
QLa QL, so that the new hamiltonian HV,L depends on two, in principle, unrelated 
cutoffs. The existence of the limit of a~,L(X) = eiHv.l.1 Xe-iHv.Lt is ensured by 
the following result, [4]: the limit of a~,L (a) for IVI and L both diverging exists 
in m[ ro]. Moreover, if the two cutoffs satisfy the relation I V I = L', for a certain 
integerr> 1, thesameholdstruealsofora~" L(O'~)' 
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Where's That Quantum? 

Stephan De Bievre 

The nature and properties of the vacuum as well as the meaning and localization properties of one 
or many particle states have attracted a fair amount of attention and stirred up sometimes heated 
debate in relativistic quantum field theory over the years. I will review some of the literature 
on the subject and will then show that these issues arise just as well in non-relativistic theories 
of extended systems. such as free bose fields. I will argue they should as such not have given 
rise either to surprise or to controversy. They are in fact the result of the misinterpretation of the 
vacuum as "empty space" and of a too stringent interpretation of field quanta as point particles. I 
will in particular present a generalization of an apparently little known theorem of Knight on the 
non-Iocalizability of field quanta. Licht's characterization of localized excitations of the vacuum. 
and explain how the physical consequences of the Reeh-Schlieder theorem on the cyclicity and 
separability of the vacuum for local observables are already perfectly familiar from non-relativistic 
systems of coupled oscillators. 

1. Introduction 

Quantum field theory is the study of quantum systems with an infinite number of 
degrees of freedom. The simplest quantum field theories are the free bose fields, 
which are essentially assemblies of an infinite number of coupled oscillators. Ex­
amples include the quantized electromagnetic field, lattice vibrations in solid state 
physics, and the Klein-Gordon field, some of which are relativistic while others are 
not. Particles show up in quantum field theory as "field quanta." As we will see, 
these do not quite have all the properties of the usual particles of Newtonian physics 
or of Schrodinger quantum mechanics. I will in particular show (Section 3) that 
the quanta of free bose fields, relativistic or not, can not be perfectly localized in a 
bounded subset of space. This, in my opinion, shows conclusively that the difficul­
ties encountered when attempting to define a position observable for the field quanta 
of relativistic fields, that continue to be the source of regular debate in the literature 
[20] [21] [22] [3] [10] [15] [18] [19] [48] [47], do not find their origin in any form 
of causality violation, as seems to be generally thought. Instead, they result from an 
understandable but ill-fated attempt to force too stringent a particle interpretation 
on the states of the quantum field containing a finite number of quanta. 

States of free bose fields that are perfectly localized in bounded sets exist, but 
necessarily contain an infinite number of quanta. They can be classified quite easily, 
following the ideas of Licht [28]. This is done in Sections 5 and 6. It turns out 
that those states do not form a vector subspace of the quantum Hilbert space. This 
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has on occasion been presented as surprising or paradoxical within the context of 
relativistic quantum field theory, but it isn't: these properties of localized states are 
familiar already from finite systems of coupled harmonic oscillators. 

The previous issues are intimately related to certain properties of the vacuum of 
free bose fields, that also have stirred up animated debate in the literature. I will in 
particular explain the physical implications of the Reeh-Schlieder theorem for free 
bose fields and their link with the localization issue. The Reeh-Schlieder theorem 
has been proven in the context of relativistic field theory, but holds equally well for 
(finite or infinite) non-relativistic systems of coupled oscillators. By studying it in 
that context, one easily convinces oneselfthat its implications for the quantum theory 
of measurement, for example, have nothing particularly surprising or paradoxical, 
and do not lead to causality violation, but are the result of the usual "weirdness" 
of quantum mechanics, since they are intimately linked to the observation that the 
vacuum is an entangled state. This thesis is developed in Section 7. 

The paper is organized as follows. After defining the class of free bose fields under 
consideration (Section 2), I will briefly discuss the question of the "localizability" 
of states with a finite number of quanta in Section 3. I will in particular recall from 
[7] a generalization to free bose fields of a little known result of Knight about the 
Klein-Gordon field [27], which shows they can not be perfectly localized excitations 
of the vacuum. I will then discuss the various, sometimes contradictory viewpoints 
on the question of particle localization prevalent in quantum field theory textbooks 
in Section 4 and compare them to the one presented here. I will argue in detail that 
the latter could help to clarify the situation considerably. 

Section 5 contains the precise definition of "localized excitation of the vacuum" 
that I am using and some technical material needed for the presentation of Licht's 
theorem on the characterization of local states in Section 6. Section 7 explains the 
physical implications of the Reeh-Schlieder theorem for free bose fields and their 
link with the localization issue. 

Some of the proofs missing here, as well as a detailed critique of the Newton­
Wigner position operator from the present viewpoint on localization can be found 
in [7] which, together with the present work, is itself a short version of Chapter 6 of 
[5]. I refer to these references for more details. 

Intrigued by a talk by G. Hegerfeldt at the University of Rochester, where I 
was a graduate student, I have touched upon the particle localization issue in the 
last chapter of my PhD thesis [6], written under Gerard Emch's supervision, and 
it has continued to intrigue me. In recent times, I have come back to this and to 
the related issues discussed here, from quite a different angle. Knowing Gerard's 
lifelong fondness for the algebraic approach to quantum field theory and statistical 
mechanics as well as for foundational issues in physics, I feel I can safely assume 
that the mixture of both I am presenting in these pages will provide him with some 
reading pleasure, particularly because there is plenty of material here for him to 
disagree with. 
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2. Free Bose Fields 

The simple physical systems under study here obey an equation of the form 

(2.1 ) 

where Q is a self-adjoint, positive operator on a dense domain V(Q) in a real 
Hilbert space K and having a trivial kernel. I will always suppose K is of the form 
K = L;(K, d/L), where K is a topological space and /L a Borel measure on K . 
Here the subscript "r" indicates that we are dealing with the real Hilbert space of 
real-valued functions. In fact, all examples of interest I know of are of this type. 
Those include: 

(i) Finite dimensional systems of coupled oscillators, where K = JRIl and Q is 
a positive definite matrix; 

(ii) Lattices or chains of coupled oscillators, where K = [2(Zd, JR) and Q2 

is usually a bounded finite difference operator with a possibly unbounded 
inverse; 

(iii) The wave and Klein-Gordon equations, where K = L 2(K, JR), K c JRd 
and Q2 = -Ll + m2 with suitable boundary conditions. More precisely, the 
Klein-Gordon equation is the equation 

Equation (2.1) can be seen as a Hamiltonian system with phase space 

Here the notation [ ] means that we completed V in the topology induced by 
1/ Q±1/2q 1/ where 1/ . 1/ is the Hilbert space norm of K. On H, the Hamiltonian 
(X = (q, p) E H) 

I I 2 
H(X) = "2 p . p + "2 q . Q q, (2.2) 

defines a Hamiltonian flow with respect to the symplectic structure 

seX, X') = q . pi - q' . p. 

The Hamiltonian equations of motion q = p, jJ = _Q2q are equivalent to (2.1). 
Note that I use· for the inner product on K. 

The quantum mechanical description of these systems can be summarized as 
follows. Given a harmonic system determined by K and Q, one chooses as the 
quantum Hilbert space of such a system the symmetric Fock space F+(Kc ), and as 
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quantum Hamiltonian the second quantization of Q: H = dl(Q). Note that this is 
a positive operator and that the Fock vacuum is its ground state, with eigenvalue O. 
In terms of the standard creation and annihilation operators on this Fock space, the 
quantized fields and their conjugates are then defined by (1'/ E K~ 1/2): 

(2.3) 

and, similarly (1'/ E Kf/2)' 

(2.4) 

For later purposes, I define, for each:; E KC, the Weyl operator 

(2.5) 

I will also need, for each X = (q, p) E 1i 

(2.6) 

It follows easily that 

WF(ZQ(X)) = exp -i(q . P - P . Q). 

Loosely speaking, the observables of the theory are "all functions of Q and P ." 
For mathematical precision, one often uses various algebras (called CCR-algebras) 
generated by the Weyl operators WF(ZQ(X)), X E 1i, as we will see in some more 
detail below. 

Things are particularly simple when the set K is discrete, as in examples (i) 
and (ii) above. One can then define the displacements Q j and momenta Pj of the 
individual oscillators, with j = 1, . . . , n in the first case and j E -zi in the second 
case. These examples are a helpful guide to the intuition, as we will see below. 

Apart from the vacuum 10), which is the ground state of the system, excited states 
ofthe form 

playa crucial role and are referred to as states with k "quanta." The quanta of the 
Klein-Gordon field, for example are thought of as spin less particles of mass m. In the 
case of an oscillator chain or lattice, they are referred to as "phonons." To the extent 
that these quanta are thought of as "particles," the question of their whereabouts is 
a perfectly natural one. It is to its discussion I tum next. 
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3. So, Where's That Quantum? 

Let me start with an informal discussion of the issue under consideration. Among 
the interesting observables ofthe oscillator systems we are studying are certainly the 
"local" ones. I will give a precise definition in Section 5, but thinking for example of 
a finite or infinite oscillator chain, "the displacement q7 or the momentum P7 of the 
seventh oscillator" is certainly a "local" observable. In the same way, if dealing with 
a wave equation, "the value q(x) of the field at x" is a local observable. Generally, 
"local observables" are functions of the fields and conjugate fields in a bounded 
region of space. In the case of the oscillator chain or lattice, space is K = Zd 
(d ~ 1), and for a finite chain, space is simply the index set K = (1, . .. n) . 

I find this last example personally most instructive. It forces one into an unusual 
point of view on a system of n coupled oscillators that is well suited for making the 
transition to the infinite dimensional case. Think therefore of a system of n oscillators 
characterized by a positive n by n matrix Q2. A local observable of such a system 
is a function of the positions and momenta of a fixed finite set B of oscillators. In 
this case, K = JRn, which I view as L~(K), where K is simply the set of n elements. 
Indeed, q E JRn can be seen as a function q : j E (1, ... n) H q(j) E lR, obviously 
square integrable for the counting measure. 

Consider now a subset B of K, say B = (3,6, 9). A local observable over B is 
then a finite linear combination of operators on L 2(JRn) of the form (a j, b j E JR, 
j E B): 

Note that those form an algebra. More generally it is an operator of the form 

for some function f in a reasonable class. In other words, it is a function of the 
position and momentum operators of the oscillators inside the set B. 

Better yet, if you write, in the Schrodinger representation, 

L2(JRn) ~ L2(JR~B, TI dx j ) ® L2(JRn- ~ B TI dx j ), 

jEB j¢B 

then it is clear that the weak closure of the above algebra of local observables is 

B(L 2(JRCB, TI dx j» ® D. 
jEB 
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So, indeed, a local observable is clearly one that acts only on the degrees of freedom 
indexed by elements of B. The definition of a local observable over a finite subset 
B of any oscillator lattice is perfectly analogous, where this time the Q j' Pj are 
defined on Fock space, as explained in the previous section. This definition is natural 
and poses no problems. 

Now what is a local state of such a system? More precisely, I want to define 
what a "strictly local excitation of the vacuum" is. The equivalent classical notion is 
readily described. The vacuum, being the ground state of the system, is the quantum 
mechanical equivalent of the global equilibrium X = 0, which belongs of course to 
the phase space H, and a local perturbation of this equilibrium is an initial condition 
X = (q, p) with the support of q and of p contained in a subset B of K. An example 
of a local perturbation of an oscillator lattice is a state X E H where only qo and 
Po differ from 0. In the classical theory, local perturbations of the equilibrium are 
therefore states that differ from the equilibrium state only inside a bounded subset 
B of K. It is this last formulation that is readily adapted to the quantum context, 
through the use of the notion of "local observable" introduced previously. Turning 
again to the above example, let me write 10, il) for the ground state of the oscillator 
system in the Schrodinger representation; then a strictly local excitation of the 
vacuum over B is a state VI E L 2(JR" , dx) so that, for all a j, b j E JR, 

(VII exp -i ~)ajPj - bjQj)IVI) = (0, ill exp-i L(ajPj - bjQj)IO, il). 
j_B j_B 

In other words, outside B, the states VI and 10, il) coincide. Any measurement 
performed on a degree of freedom outside B gives the same result, whether the 
system is in the vacuum state or in the state VI. The mean kinetic or potential 
energy of any degree of freedom outside B is identical in both cases as well. All 
this certainly expresses the intuitive notion of "localized excitation of the vacuum". 
Note that it is based on the idea of viewing the full system as composed of two 
subsystems: the degrees of freedom inside B and the degrees of freedom outside B. 
The analogous definition of strictly local excitation of the vacuum for the general 
class of bose fields considered in the previous section is easily guessed and given 
in Section 5. 

The following question ilfises naturally. Let's consider a free bose field and 
suppose we consider some state containing one quantum, meaning a state of the 
form at (';)10). Can such a state be perfectly localized in a bounded set B? Since we 
like to think of these quanta as particles, one could a priori expect the answer to be 
positive, but the answer is simply: "NO, not in any model of interest." This is the 
content of the generalization of Knight's theorem proven in [7] (see Theorem 7.1 
(iv». States containing only one quantum (or even a finite number of them), cannot 
be strictly localized excitations of the vacuum. This is a little surprising at first, but 
perfectly natural. In fact, it is true even in finite chains of oscillators, as I will now 
show. 
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A special case of the result is indeed easily proven by hand, and clearly brings 
out the essential ingredient of the general phenomenon. Consider a finite oscillator 
chain, and suppose simply Q2 does not have any ofthe canonical basis vectors ei of 
JR." as an eigenmode. This means that each degree of freedom is coupled to at least 
one other one and is certainly true for the translationally invariant finite chain, to 
give a concrete example. I will show by a direct computation that in this situation 
there does not exist a one quantum state at (';)10) (.; E e", ~ . .; = I), that is a 
perturbation of the vacuum strictly localized on one of the degrees offreedom, say 
the first one i = I. In other words, there is no such state having the property that, 
for all Y = (a, b) E JR. 2n , a I = 0 = b l , one has 

n 11 

)=2 )=2 

(3.1 ) 

Now, a simple computation with the Weyl operators shows that this last condition 
is equivalent to 

.; . za(Y) = 0, 

for all such Y. Here za(Y) = ~(QI/2a + iQ-I/2b), and simple linear algebra then 

implies that this last condition can be satisfied for some choice of'; if and only 
if el is an eigenvector of Q. But this implies it is an eigenvector of Q2, which is 
a situation I excluded. Hence at (';)10) is not a strictly localized excitation of the 
vacuum at site i = I for any choice of';. 

Of course, if the matrix Q2 is diagonal, this means that the degrees of freedom 
at the different sites are not coupled, and then the result breaks down. But in all 
models of interest, the degrees of freedom at different points in space are of course 
coupled. 

The main ingredient for the proof of the generalization of Knight's theorem 
to free bose fields given in [7] is the non-locality of Q. A precise definition will 
follow below, but the idea is that the operator Q, which is the square root of a 
finite difference or of a second order differential operator in all models of interest, 
does not preserve supports. The upshot is that states of free bose fields with a finite 
number of particles, and a fortiori, one-particle states, are never strictly localized 
in a bounded set B. This gives a precise sense in which the elementary excitations 
of the vacuum in a bosonic field theory (relativistic or not) differ from the ordinary 
point particles of non-relativistic mechanics: their Hilbert space of states contains 
no states in which they are perfectly localized. 

Having decided that one-quantum states cannot be strictly localized excitations of 
the vacuum on bounded sets, the question arises if such strictly localized states exist. 
Sticking to the simple example of the chain, any excitation of the vacuum strictly 
localized on the single site i = 1 can be proven to be of the type exp i F( Q I, PI) 10), 
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where F( Q I, PI) is a self-adjoint operator, function of Q I and PI alone. For a 
precise statement, see Theorem 7.1. Coherent states exp -i(al PI - hI QI )10) are of 
this type. So there are plenty such states. Note however that the linear superposition 
of two such states is not usually again such a state: the strictly localized excitations 
of the vacuum on the site i = 1 do not constitute a vector subspace of the space of all 
states. This is in sharp contrast to what happens when, in the non-relativistic quantum 
mechanics of a system of n particles moving in JR, we ask the question: "What are 
the states 'I'(Xl, ... , xn) for which all particles are in some interval I c JR?" These 
are all wave functions supported on I x ... x I, and they clearly form a vector space. 
In that case, to the question "Are all particles inside I T' corresponds therefore a 
projection operator PI with the property that the answer is "yes" with probability 
('I'I PI 1 '1'). But in oscillator lattices there is no projection operator corresponding 
to the question "Is the state a strictly local excitation of the vacuum inside BT'. 
This situation reproduces itself in relativistic quantum field theory, and does not any 
more constitute a conceptual problem there as in the finite oscillator chain. I will 
discuss this point in more detail in Section 7. 

In view of the above, it is clear that no position operator for the quanta of, 
for example, the Klein-Gordon field can exist. Those quanta simply do not have 
all attributes of the point particles of our classical mechanics or non-relativistic 
quantum mechanics courses. But, since the same conclusion holds for the quanta of 
a lattice vibration field, this has nothing to do with causality or relativity, as seems 
to be generally believed. It nevertheless seems that this simple lesson of quantum 
field theory has met and still continues to meet with a lot of resistance, as we will 
see in Section 4. 

So, to sum it all up, one could put it this way. To the question 

Why is there no sharp position observable for particles? 

the answer is 

It is the non-locality of n, stupid! 

More details on this aspect of the story have been published in [7], where it is in 
particular argued more forcefully that the Newton-Wigner position operator is not 
a good tool for describing sharp localization properties of the quanta of quantum 
fields. 

4. Various Viewpoints on Localization 

Now, what is currently the standard view in the physics community on the question 
of localization of particles or quanta in field theory? Let me first point out that 
this is not necessarily easy to find out from reading the textbooks on quantum field 
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theory or relativistic quantum physics. Indeed, the least one can say is that the whole 
localization issue does not feature prominently in these books. One seems to be able 
to detect three general attitudes. First of all, some books make no mention of it at 
all: [31] [9] [11] [26] [12]. In [9], for example, when discussing the attributes of 
particles in an introductory chapter, the authors identify those as rest mass, spin, 
charge and lifetime, but do not mention any notion of position or localizability. 

A second group of authors give an intuitive discussion, based on the uncertainty 
principle, together with the non-existence of superluminal speeds, to explain sin­
gle massive particles should not be localizable within a region smaller than their 
Compton wavelength: [4] [36] [8] are examples. The idea is that, since t:.Xt:.P ~ h, 
whenever t:.x is of the order of the Compton wavelength hi me, t:.P ~ me. Since 
the gap between positive and negative eigenstates is 2me2, this is indicating that 
to obtain such sharp localization, negative energy eigenstates are "needed." Let 
me point out that this reasoning does not by any means exclude the possibility 
of having one-particle states strictly localized in regions bigger than the Compton 
wavelength. The argument is then further used to support the idea that in a fully 
consistent relativistic quantum theory, one is unavoidably led to a many body theory 
with particle/anti-particle creation, and to field theory. 

The essential idea underlying this type of discussion is that, even though the 
solutions to the relevant wave equation (Klein-Gordon or Dirac, mostly) do not, as 
such, have a satisfactory probabilistic interpretation, the coupling to other (classical 
or quantum) fields is done via the solution and so the particle is present essentially 
where this wave function is not zero: the particle is where its energy density is. In 
this spirit, Bjorken and Drell, for example write, at the end of the section where 
they address some ofthe problems associated with the single particle interpretation 
of the Klein-Gordon and Dirac equations (including a brief discussion of the Klein 
paradox at a potential step): "We shall tackle and resolve these questions in Chapter 
5. Before doing this let us look in the vast, if limited, domain of physical problems 
where the application forces are weak and smoothly varying on a scale whose energy 
unit is me2 and whose distance unit is :c. Hence we may expect to find fertile fields 
for application of the Dirac equation for positive energy solutions." 

This attitude means that whenever a conceptual problem arises, it is blamed on 
the single-particle approach taken. The trouble is that, once these authors treat the 
full field theory, they do not come back to the localization issue at all, be it for 
particle states or for general states of the field. 

A third group of authors give a sligthly more detailed discussion, including of the 
Newton-Wigner position operator, but fail to indicate the problems associated with 
the latter, leaving the impression that strict particle localization is quite possible 
after all: [37) [16] [41] [42]. Sterman, for example, when discussing one-quantum 
states of the field, writes: "To merit the term 'particle', however, such excitations 
[of the quantum field] should be localisable." He then discusses the Newton-Wigner 
operator as the solution to this last problem, without pointing out the difficulties 
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associated with it. Something similar happens in Schweber who writes: "By a single 
particle state we mean an entity of mass m and spin 0 which has the property that 
the events caused by it are localized in space." Interestingly, neither of them makes 
any mention of the contradicting intuitive argument which completely rules out 
perfect single particle localization. This is in contrast to Greiner, who does give this 
argument, but does not point the apparent contradiction with the notion of a position 
operator, the (generalized) eigenstates of which are supposed to correspond to a 
perfectly localized particle. Of course, this last point is obscured, as in many cases, 
by the observation that the Klein-Gordon wave function corresponding to such a 
state is exponentially decreasing with a localization length which is the Compton 
wavelength. 

Let me note in passing that it is generally admitted that a photon is not localisable 
at all, not even approximately. This is sometimes argued by pointing out it admits no 
Newton-Wigner position operator, or intuitively, based on the uncertainty principle 
argument which blames this on its masslessness: its Compton wavelength is infinite. 
Note however that massless spinless particles are localisable in the Newton-Wigner 
sense, so that this argument is not convincing. In fact, it was proven in [3] that one­
photon states can be localized with sub-exponential tails in the sense that the field 
energy density of the state decreases sub-exponentially away from a localization 
center. 

To summarize, it seems there is no simple, generally agreed upon and clearly 
argued textbook viewpoint on the question of localization in quantum field theory, 
even for free fields. The general idea seems to be that the above intuitive limitations 
on particle localization give a sufficient understanding since, at any rate, the whole 
issue is not very important. As Bacry puts it, not without irony, in [2]: "The position 
operator is only for students and ... for people interested in the sex ofthe angles, this 
kind of people you find among mathematical physicists, even among the brightest 
ones such as Schrodinger and Wigner." 

In my view, it is the absence of a clear definition of "localized state" - such as 
the one provided by Knight - that has left the field open for competing speculations 
on how to circumvent the various problems with the idea of sharp localization of 
particles and in particular with the Newton-Wigner operator. Some authors seem 
to believe strongly in the need for a position observable for particles, claiming 
the superluminal speeds it entails do not constitute a problem after all, essentially 
because the resulting causality violation is too small to be presently observable 
[35] [15]. Others have provided alternative constructions with non-commuting 
components [2] [15]. 

To me, this is similar to clinging at all cost to ether theory in the face of the 
"strange" properties of time implied by Einstein's special relativity. Between giving 
up causality or giving up position operators for field quanta, I have made my choice. 
This, together with the definition of Knight and the accompanying theorem, which 
could easily be explained in simple terms in physics books, as Section 3 shows, 
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would go a long way in clarifying the situation. On top of that, it would restore 
the "democracy between particles" [2]. In fact, contrary to what is usually claimed 
and although I have not worked out this in detail here, photons are no worse or 
better than electrons when it comes to localization, a point of view that I am not 
the first one to defend. Peierls, for example, in [32], compares photon and electron 
properties with respect to localization and although he starts of with the statement 
"On the other hand, one of the essentially particle-like properties of the electron 
is that its position is an observable, there is no such thing as the position of the 
photon," he concludes the discussion as follows, after a more careful analysis of the 
relativistic regime: "If we work at relativistic energies, the electron shows the same 
disease. So in this region, the electron is as bad a particle as the photon." 

At any rate, if you find my point of view difficult to accept and are reluctant 
to do so, you are in good company. Here is what Wigner himself says about it in 
[49], almost forty years after his paper with Newton: "One either has to accept this 
[referring to non-causality] or deny the possibility of measuring position precisely 
or even giving significance to this concept: a very difficult choice." In spite of this, in 
the conclusion of this same article, he writes, apparently joining my camp: "Finally, 
we had to recognize, every attempt to provide a precise definition of a position 
coordinate stands in direct contradiction to relativity." 

Having advocated Knight's definition of "strictly local excitations of the vac­
uum", I tum in Section 6 to their further study. First, we need some slightly more 
technical material. 

5. All Things Local 

Let's recall we consider harmonic systems over a real Hilbert space JC of the form 
JC = L~(K, dJl), where K is a topological space and Jl a Borel measure on K. I 
need to give a precise meaning to "local observables in B c K", for every Borel 
subset of K. To do that, I introduce the notion of "local structure", which is a little 
abstract, but the examples given below should give you a good feel for it. 

Definition 5.1. A local structure for the oscillator system determined by nand 
JC = L~(K, d,u) is a subspace 5 of JC with the following properties: 

(2) Let B be a Borel subset of K, then 58 .- 5 n L~(B, dJl) is dense in 
L~(B, dJl). 

In addition, we need 

def 5 H(B,n) = 8 X 58. 
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Note that, thanks to the density condition in the definition, this is a symplectic 
subspace of H. This is a pretty strange definition, and I will turn to the promised 
examples in a second, but let me first show how to use this definition to define what 
is meant by "local observables". 

Definition 5.2. Let K = L;(K, d,u), Q, S be as above and let B be a Borel subset 
of K. The algebra of local observables over B is the algebra 

CCRo(H(B, Q» = span (WF(zn(Y) lYE S8 x S8}. 

Here "CCR" stands for Canonical Commutation Relations. The algebras 
CCRo(H(B,Q» form a net of local algebras in the usual way [14] [24] [17]. 
Note that Q plays a role in the definition of S through the appearance of the spaces 
K±I/2. The first condition on S guarantees that S x S c H so that, in particular, 
for all YES X S, s(Y, .) is well defined as a function on H which is important for 
the definition of the local observables to make sense. 

For the wave or Klein-Gordon equation, one can choose S to be either the space 
of Schwartz functions or CO'(IRd). Similarly, on a lattice, one can use the space of 
sequences of rapid decrease or of finite support. In the simple example of a finite 
system of oscillators, S = IRn will do. 

Finally, I need the following definition: 

Definition 5.3. Q is said to be strongly non-local on B if there does not exist a 
non-vanishing h E Kl/2 with the property that both hand Qh vanish outside B. 

Here I used the further definition: 

Definition 5.4. Let h E K± I /2 and B C K. Then h is said to vanish in B if for 
all '7 E S8, '7 . h = O. Similarly, it is said to vanish outside B, if for all '7 E S8" 
'7. h = O. 

Intuitively, a strongly non-local operator is one that does not leave the support 
of any function h invariant. In the examples cited, this is always the case (see [5] 
for details). 

Finally, we can give the general definition of "strictly local state," which goes 
back to Knight [27] for relativistic fields, and generalizes (3.1). 

Definition 5.5. If B is a Borel subset of K, a strictly local excitation of the vacuum 
with support in B is a normalized vector'll E F+(Kc ), different from the vacuum 
itself such that 

(5.1) 

for all Y = (q, p) E H(W, Q). 

So it is a state which is indistinguishable from the vacuum outside B. 
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6. Characterizing The Stricly Local Excitations 

Having established in Section 3 that in no models of interest finite particle states 
can be strictly localized excitations of the vacuum, it is natural to wonder which 
states do have this property. I mentioned that coherent states are in this class, as 
Knight already pointed out. Knight also conjectured that all states that are strictly 
localized excitations of the vacuum over some open set B, are obtained by applying 
a unitary element of the local algebra to the vacuum. This was subsequently proven 
for relativistic fields by Licht in [28]. Here is a version of this result adapted to our 
situation [5]. 

Theorem 6.1. Suppose we are given a harmonic system determined by 0 and 
K = L;(K, dJi), and with a local structure S. Let B c K and suppose 0 is 
strongly non-local over B. Let If! E F+ (Kc ). Then the following are equivalent: 

(i) If! E F+(Kc ) is a strictly local excitation of the vacuum inside B; 

Oi) There exists a partial isometry V, belonging to the commutant of 
CCRoCH(BC, 0)) so that 

If! = VIO). 

As we have seen, 0 tends to be strongly non-local over bounded sets in all 
examples of interest, so the result gives a complete characterization of the localized 
excitations of the vacuum over bounded sets in those cases. 

Since the condition in the definition of localized excitation is quadratic in the 
state, there is no reason to expect the set oflocalized excitations inside B to be closed 
under superposition of states. Of course it is closed under the taking of convex 
combinations (mixtures). Licht gives a simple criterium in the cited 1963 paper 
allowing to decide whether the linear combination of two stricly local excitations 
is still a strictly local excitation. Both the statement and the proof are again easily 
adapted to our situation [5]. 

Theorem 6.2. Suppose we are given a harmonic system determined by 0 and 
K = L;(K, dJi), and with a local structure S. Let B c K and suppose 0 is 
strongly non-local over B. Let 1f!1, 1f!2 E F+(Kc ) be strictly local excitations of the 
vacuum inside B, so that If!i = Vi 10), with VI, V2 E (CCRoCH(BC, 0)))'. Then 

is a stricly local excitation of the vacuum inside B for all choices of (a. , fJ) # (0,0) 
iff Vi VI is a multiple of the identity operator. 

The conclusion is then clear. Whenever 0 is strongly non-local over B, the 
superposition of strictly localized states does typically not yield a strictly localized 
state over B. In fact, taking VI = WF(zQ(Yd), and V2 = WF(ZQ(Y2)), with 
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Y" Y2 E H(B, 0), it is clear that Vi V, is a mUltiple of the identity only if Y, = Y2 

so that the localized states do certainly not form a vector space in that situation. 
This is in sharp contrast to what we are used to in the non-relativistic quantum 
mechanics of systems of a finite number N of particles. In that case, a wave function 
If/(x" ... XN) describes a state of the system with all the particles in a subset B of 
JR.3 iff it vanishes as soon as one of the variables is outside of B. The corresponding 
states make up the subspace L 2(BN) of L 2(JR.N). In that case, to the question "Are all 
the particles in the set B?" corresponds a projection operator PB with the property 
that the answer is "yes" with probability (If/I PB 11f/). To the question "Is the state a 
stricly local excitation of the vacuum in B?" cannot correspond such a projection 
operator! I will belabour this point in Section 7. 

7. Surprises? 

Here is a list of three mathematical truths that have originally been proven in the 
context of relativistic quantum field theory, and that seem to have generated a fair 
amount of surprise and/or debate: 

(I) The vacuum is a cyclic vector for the local algebras over open regions. 

(2) The vacuum is a separating vector for the local algebras over open regions. 

(3) The set of stricly local states (in the sense of Knight) over an open region is 
not closed under superposition of states. 

In that context, the open regions referred to are open regions of Minkowski space 
time. And by relativistic, I mean of course invariant under the Poincare group. Recall 
that a vector ¢ in a Hilbert space V is cyclic for an algebra A of bounded operators 
on V if spanA¢ = V. And it is separating if A E A, A¢ = 0, implies A = O. 

It turns out that, as soon as 0 is a non-local operator, suitably adapted analogous 
statements hold for the harmonic systems that are the subject of this paper. We 
already saw this for the third statement in the previous section. The results are 
summed up in the following theorem (proven in [5]). 

Theorem 7.1. Let K = L2(K, d,u), 0 2 ~ 0 and S be as before. Suppose that,for 
some B c K, 0 is strongly non-local over B. Then 

(i) The vacuum is a cyclic vector for CCRo(H(B C , 0»; 

(ii) The vacuum is a separating vector for CCRw(H(B, 0»; 

(iii) The set of stricly local states over B do NOT form a vector space. 

(iv) There do not exist finite particle states that are stricly local states over B. 

Since, as we pointed out, the hypotheses of the theorem hold in large classes of 
examples, and for various sets B, so do the conclusions. Note that they therefore do 
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not have a particular link with relativistic invariance. Note also that for lattices, the 
vacuum cannot be cyclic for a bounded set, since then H( B, Q) is finite dimensional 
so that spanrezQ(H(B, Q» is a strict subspace of K C . However, it is easily shown in 
translationally invariant models, for example, that the vacuum is cyclic for the the 
CCR-algebra over the complement of any bounded set B (See [5] for details). 

My goal in this section is to explain in each case why the above statements have 
generated surprise in the context of relativistic field theory, then to argue that none of 
these properties should have surprised anyone precisely since they hold for simple 
systems of n coupled oscillators, and for free bose fields in rather great generality as 
the previous theorem shows. In particular, they therefore hold for the Klein-Gordon 
equation on Minkowski spacetime, which happens to be relativistic (meaning here 
Poincare invariant). Why should it then be contrary to anyone's physical intuition 
if they continue to hold for interacting relativistic fields? 

Statement 1. This was proven for relativistic quantum fields by Reeh and Schlieder 
in [34] and has been a well-known feature of relativistic quantum field theory ever 
since. As already mentioned, in that context, the open regions referred to are open 
regions of Minkowski space time. For a textbook formulation in the context of 
axiomatic, respectively algebraic relativistic quantum field theory you may consult 
[43], respectively [17] [24]. 

Rather than giving the full proof of Theorem 7.1 (i), I will once again restrict 
myself to a system of n oscillators and consider the subspace of the state space 
L 2(JRtI) containing all vectors of the form 

L 

L>j exp -i(ajPI - bjQI)IO, Q), 
j=1 

for all choices of CI ... CL, LEN. Note that, since only the operators QI and PI 
occur in the exponents, it follows from the considerations of the previous sections 
that such vector is a linear combination of excitations of the vacuum that are strictly 
localized at site i = 1. Nevertheless, one can easily prove that that those vectors 
form a dense subset of the full Hilbert space, which means that the vacuum is a 
cyclic vector for the local algebra over that site. A very pedestrian proof goes as 
follows: thinking for simplicity of the case n = 2, it is easy to see, taking limits, that 
the vectors Q~ 10, Q) and Pt 10, Q) belong to the closure of the span of the above 
vectors. Now, using that Q is not diagonal, one easily concludes that therefore all 
wave functions of the form 

with P(XI, X2) any polynomial belong to the space. Taking Hermite polynomials, 
for example, one obtains a basis for the full state space L 2(JR2). Note that, again, Q 
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has to be non-diagonal for this to work. So indeed, the vacuum is a cyclic vector 
for the algebra of local observables over B (here B = (I}). It holds in much more 
generality, provided Q is non-local: this is the content of Theorem 7.1. There are 
various poetic and misleading ways to express this result, for example by saying: 
"Local operations on the vacuum can produce instantaneous and arbitrary changes 
to the state vector arbitrarily far away." Lest one enjoys confusing oneself, it is a 
good idea to stay clear of such loose talk, as I will further argue below. 

Let me now corroborate my claim that the cyclicity of the vacuum came as a 
surprise when it was proven for relativistic fields. Segal writes in [39] it is "partic­
ularly striking" and Segal and Goodman say it is "quite surprising" and a "bizarre 
phenomenon" in [40]. Streater and Wightman call it "a surprise" in [43]. Even rather 
recently, Haag refers to it as "startling" in [17] (p. 102), although he reduces this 
qualification to "(superficially) paradoxical" later on in his book (p. 254). Redhead 
in [33] similarly calls it "surprising, even paradoxical". 

The surprise finds its origin in an apparent contradiction between the above 
mathematical statement and some basic physical intuition on the behaviour of 
quantum mechanical systems. Segal for example writes in [39] that Reeh-Schlieder 
is particularly striking because it apparently means that "the entire state vector space 
of the field could be obtained from measurements in an arbitrarily small region of 
space-time." This, he argues, is "quite at variance with the spirit of relativistic 
causality." Similar arguments can be found for example in [33] or in [17] and 
in [15], the authors write that "it is hard to square with naive, or even educated, 
intuitions about localization." 

This supposed contradiction is, as we shall see, directly related to the misconcep­
tion of the vacuum as "empty space," which already was part ofthe problem with the 
debate surrounding the Newton-Wigner position operator. To understand this, let 
me explain what the contradiction translates to in our present context of harmonic 
systems: it is the too naive and, as we shall see, erroneous expectation that the math­
ematical operation of applying to the vacuum vector a local observable A belonging 
to the local algebra over some subset B of K yields a state A 10) / (01 A' A 10) 1/2 

which is a strictly localized excitation of the vacuum in B in the sense of Knight's 
Definition 5.5 (for brevity called "local states" in what follows) [25]. This, if it were 
true, would of course be in blatant contradiction with the cyclicity of the vacuum. 
Indeed, if the vacuum is cyclic, any state of the system, including one that differs 
from the vacuum very far away from B can be approximated by one of the above 
form. Fortunately, we know from Licht's result that applying a local observable to 
the vacuum yields a stricly local excitation only if the local observable is a partial 
isometry. Of course, this only shifts the paradox, because one may choose to find 
Licht's result paradoxical. Indeed, when A is a projector, one can, according to the 
standard interpretational rules of quantum mechanics, and in particular the "collapse 
of the wave function" prescription, prepare (in principle!) an ensemble of systems, 
all in the state A 10) / (01 A • A 10) 1/2. Now, if the projector A is a local observable, 
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these measurements can correctly be thought of as being executed within B. Now, 
if you think a/the vacuum as empty space, it is inconceivable on physical grounds 
that such a measurement could instantaneously change something outside B. But 
this is then in contradiction with the mathematical result of Licht which asserts 
that if A is a projector, the state A 10) / (OIA' A 10) 1/2 is not local and therefore does 
differ from the vacuum outside B. The way out is obvious: the vacuum is not empty 
space but the ground state of an extended system. To see what is happening, the 
example of the chain of n coupled oscillators of is again instructive. Concentrate 
for example on the seventh oscillator of the chain and consider the question: "Does 
the displacement of the seventh oscillator fall within the interval [a, b]?" To this 
corresponds the projector X[a,b]( Q7), The outcome of the corresponding preparation 
procedure will be an ensemble of systems, all in the state 

with the non-vanishing probability (OIX[a.b]( Q7 )10), But it is obvious that this state 
differs from the vacuum on the neighbouring site 8 and even on very far away 
sites! So even though the above projector corresponds to a local physical operation 
it does nevertheless not lead to a local excitation of the vacuum because even 
a local physical operation (here a measurement of the displacement of a single 
oscillator on one site) on the vacuum will instantaneously change the state of the 
system everywhere else. This is obviously the result here of the fact that the vacuum 
exhibits correlations between (commuting!) observables at different sites along the 
ring, a perfectly natural and expected phenomenon, After all, the oscillators on 
different sites are connected by springs. The ultimate reason for this phenomenon 
is therefore that the ground state of a typical oscillator system characterized by an 
n by n matrix Q2 is an "entangled" state in L 2(JRIl) ~ L 2(JR) 0 L 2(JR) ... 0 L 2(JR), 

unless of course Q2 is diagonal so that the oscillators are uncoupled to begin with, 
This entanglement can be seen in the fact that the ground state is a Gaussian with 
correlation matrix Q, which is not diagonaL The change far away that the vacuum 
undergoes in the above measurement process is therefore nothing new, but a version 
of the usual "weirdness" of quantum mechanics, at the origin also of the EPR 
paradox. 

In conclusion, I would therefore like to claim that in oscillator systems such as the 
ones under study here, one should expect that physical changes (such as measure­
ments) operated on the vacuum vector inside some set B c K (for example as the 
result of a measurement) will alter the state of the system outside B instantaneously. 
This is already true for finite dimensional systems as explained above and remains 
true for infinite dimensional ones such as oscillator lattices or the Klein-Gordon 
equation, That the latter has the additional feature of being Poincare invariant does 
not in any way alter this conclusion nor does it lead to additional paradoxes. It does 
in particular not cause any causality problems in the sense that the phenomenon 
cannot be used to send signals, as one can easily see. 
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In short, the cyclicity of the vacuum does not lead to any contradictions with 
basic physical intuition, provided the latter is correctly used. It is perhaps interesting 
to note that Licht's 1963 result which is of great help in understanding the situation, 
is not cited in any of the other works on the subject I mentioned (although his paper 
sometimes is to be found in the bibliography ... ). 

Statement 2. What about the separability of the vacuum? The separability also 
gives rise to an apparent contradiction that is equally easily dispelled with. Indeed, 
the "surprise" can be formulated as follows. If a non-trivial projector P belongs to 
the local algebra CCRw (,H(B, n), then P 10) :I 0 since the vacuum is a separating 
vector. Now this means that if the system is in its vacuum state and one measures 
locally some property of the system, such as, for example, whether the displacement 
ofthe oscillator on site 69 has a value between 7 and 8, then the answer is "yes" with 
non-zero probability. This consequence of separability (possibly first mentioned in 
[23]) can be paraphrased suggestively as follows: 

"When the system is in the vacuum state, anything that can happen 
will happen," 

or, alternatively, as in [44], "every local detector has a non-zero vacuum rate." This 
result is certainly paradoxical if you think of the vacuum as being empty space. 
Indeed, how can any measurement, local or not, give a non-trivial result in empty 
space? 

To see why there is no reason to be surprised, let us look again at my favourite 
example, a system of n coupled oscillators. Its ground state is a Gaussian with 
correlation matrix n, so the probability that the displacement of the oscillator on 
site 69 has a value between 7 and 8 is obviously non-zero! That a similar property 
survives in the quantized Klein-Gordon field does not strike me as particularly odd, 
since the mathematical structure of both models is exactly identical, as should be 
clear from the previous sections. 

Statement 3. In the context of relativistic quantum field theory, this was proven 
by Licht in his cited 1963 paper. He uses as a basic ingredient the result of Reeh 
and Schlieder. In our context here, it is the content of Theorem 6.2, which is a 
consequence of the strong non-locality of n. 

Now, Theorem 6.2 has an interesting consequence for quantum measurement 
theory. Indeed, given a set B so that n is strongly non-local over B, there cannot 
exist a projection operator PB on F+(J('c) with the property that PB If! = If! if and 
only if If! E F+(K5~) is a strictly local excitation of the vacuum over B. Indeed, 
if such an operator existed, the strictly localized excitations would be stable under 
superposition of states, of course. So there is no projector associated to the "yes-no" 
question: "Is the system strictly localized in B?" This is different from what we are 
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used to in the non-relativistic quantum mechanics of a finite number of particles. 
There questions such as "Are all particles in B?" have a projector associated to them. 
But of course, we are dealing here with extended systems, such as oscillator lattices, 
and asking questions about excitations of the vacuum, not about the whereabouts 
of the individual oscillators, for example! It is only when you forget that, and try to 
interpret all statements about the fields in terms of particles that you run into trouble 
with your intuition. 

As I pointed out before, this third statement above follows from the second, 
the second from the first and the main ingredient of the proof of the first by Reeh 
and Schlieder is relativistic invariance and the spectral property. This seems to 
have lead to the impression that these three properties, and especially the last one, 
are typical of relativistic fields, and absent in non-relativistic ones. For example, 
Redhead says in [33] that "to understand why the relativistic vacuum behaves in 
such a remarkable way, let us begin by contrasting the situation with nonrela­
tivistic quantum field theory". It is furthermore said in [25] that "in a relativistic 
field theory it is not possible to define a class of states strictly localized in a finite 
region of space within a given time interval if we want to keep all the proper­
ties which one would like to associate with localization." The authors include in 
those properties the fact that it has to be a linear manifold. Quite recently still, 
a similar argument is developed in some detail in [10]. They explain that "there 
are marked differences between non-relativistic and relativistic theories, which 
manifest themselves in the following alternative structure of the set of vectors" 'If 
representing states that are strictly localized excitations of the vacuum. They then 
go on to explain that, in the non-relativistic case, the set of localized states are 
closed under superposition, whereas in relativistic quantum field theory, they are 
not. 

But these statements are potentially misleading since precisely the same phe­
nomena produce themselves in the eminently non-relativistic systems of coupled 
oscillators that I have been describing as is clear from the results of the previous 
sections. These phenomena are a consequence of the strong non-locality of Q, and 
have nothing to do with relativistic invariance. The problem is that one has the 
tendency to compare relativistic field theories with the second quantization of the 
Schrodinger field, which is of course a non-relativistic field theory. In that context, 
the above three statements do not hold and in particular, the set of local states is a 
linear subspace of the Hilbert space. But if you compare, as you should, relativistic 
field theories to the equally non-relativistic harmonic systems, such as lattices of 
coupled oscillators, you remark that many of the features ofthe relativistic fields are 
perfectly familiar from the non-relativistic regime. They should therefore not come 
as a surprise, and not generate any paradoxes. It should be noted that already in [40] 
the source of the Reeh-Schlieder properties for free relativistic fields is identified 
to be the non-locality of (-,1 + m2)1/2. This is further exploited in [29] [30] and 
[46] where the anti-locality of potential perturbations of -,1, respectively of the 
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Laplace-Beltrami operator on Riemannian manifolds is proven, which then yields 
a proof of the Reeh-Schlieder property in these situations. 

As a further remark along those lines, I would like to point out that the fact that the 
stricly local states are not stable under superposition of states is sometimes related 
to the type of the local algebras of observables [28] [10]. In relativistic quantum field 
theory, they are known to be of type III [13], a result that generated a fair amount of 
excitement when it was discovered, since type III factors were thought to be esoteric 
objects [39]. It should be noted, however, that the local algebras of observables in 
oscillator lattices are type I factors, and that the stricly local excitations nevertheless 
are not stable under superposition. In addition, just as in relativistic quantum field 
theory, pure states look locally like mixtures: this is a consequence of entanglement, 
not of relativity. 

A further paradox related to the third statement is the following. Suppose you 
have a strictly local excitation of the vacuum If! over some set B. Now ask yourself 
the question if a local measurement inside B can prepare this state. In other words, 
is the projector onto If! a local observable? In relativistic theories, the answer is in 
the negative [33]. Indeed, since the algebras are of type III, they contain no finite 
dimensional projectors. But even in oscillator lattices, the answer is negative, since 
the local algebras do not contain finite dimensional projectors either, and this despite 
the fact that they are of type I. Of course, this is not in the least little bit surprising: 
intuitively also, to fix the state of an extended system such as an oscillator lattice, 
you expect to need to make measurements on every site of the lattice. In particular, 
if the state is a stricly local excitation of the vacuum on the fifth site, you should 
check it coincides with the vacuum on all other sites. So you can neither measure 
nor prepare such a state by working only on a few lattice sites. Again, the situation 
is very different from the one of, for example, a one-electron system, where local 
states can be prepared locally. 

Of course, by now, I hope I have brainwashed you into agreeing that it is really a 
bad idea to think of the vacuum as empty space. But should you not be convinced, 
again, you are in excellent company. This is how Schwinger talks about the vacuum 
in [38]: "With [quantum field theory] the vacuum becomes once again a physically 
reasonable state with no particles in evidence. The picture of an infinite sea of neg­
ative energy electrons is now but regarded as an historical curiosity, and forgotten. 
Unfortunately, this episode, and discussions of vacuuum fluctuations, seem to have 
left people with the impression that the vacuum, the physical state of nothingness 
(under controlled physical circumstances), is actually the scene of wild action." 
And a bit further down in the same article, he insists again: "I recall that for us the 
vacuum is the state in which no particles exist. It carries no physical properties: it is 
structureless and uniform. I emphasize this by saying that the vacuum is not only the 
state of minimal energy, it is the state of zero energy, zero momentum, zero charge, 
zero whatever. Physical properties, structure, come into existence only when we 
disturb the vacuum, when we excite it." 
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8. Conclusions 

As long as one studies only a finite number of oscillators, the imaginative description 
of the quantum states of harmonic systems in terms of quanta is rather cute but not 
terribly useful or important. It is however a crucial element of relativistic and non­
relativistic quantum field theories, which have an infinite number of degrees of 
freedom. In that case, the quanta are traditionally interpreted as particles. Photons, 
for example, are the quanta of the electromagnetic field and phonons are those of 
the vibration field. Electrons are similarly quanta of the Dirac field. 

Now if you want to interpret the quanta as particles, you automatically are lead 
to the question that features as the title of this manuscript. One thinks of a particle 
as a localized object, and so it seems perfectly natural to wish to have a position 
operator for it, or at least some way to answer questions such as : "What is the 
probability of finding the particle in such and such a region of space?" In fact, 
as I have argued via the generalization of Knight's theorem, since the particles of 
quantum field theory are quanta, the situation is similar to the one we discovered 
already with finite systems of oscillators: the quanta cannot be perfectly localized 
and therefore there is no way to associate a position operator to them, and in that 
sense the question above does not really make any sense at all. It should be noted that 
whereas Knight's definition is regularly referred to in discussions of localization 
issues, his theorem, which is very helpful in understanding the issues at hand, seems 
to never be mentioned. 

That quanta cannot be perfectly localized does not constitute a problem. A good 
notion of localized states exist: it is the one provided by considering localized 
excitations of the vacuum and goes back to Knight. Those states differ from the 
vacuum only inside a set B and there are plenty of them. They do however not 
form a vector subspace of the quantum Hilbert space, and no projection operator is 
associated with the localized excitations over a fixed set B. As I have explained, this 
feature of relativistic quantum field theories is also familiar from non-relativistic 
oscillator chains, and as such not related to relativistic invariance. If the right 
analogies between relativistic and non-relativistic theories are used, it is not counter­
intuitive or in any way surprising. 

Let me mention that a complete discussion of the localization properties of 
field states should also analyse notions of approximate localization, allowing for 
exponential or algebraic decay of the expectation values outside the set B. These 
notions are implicit in the physics literature, where states with exponential tails, for 
example, are often thought of as localized. They have been developed by several 
authors [1] [25] [3] [17] [48]. A complete discussion should finally also address 
those questions for other fields, such as complex bose fields and Fermi fields. These 
issues will be adressed elsewhere [45]. 

In conclusion, the morale of the story is this: when testing your understanding 
of a notion in quantum field theory, try to see what it gives for a finite system of 
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oscillators. Examples of situations where this algorithm seems to meet with some 
success are the various puzzles associated with particle localization and the Reeh­
Schlieder theorem and its consequences, as I have argued here. In particular, if the 
notion under study, when adapted to finite or infinite oscillator chains, looks funny 
there, it is likely to lead you astray in the context of quantum field theory as well: an 
example is the Newton-Wigner position operator. Of course, I am not the first one 
to point these analogies out. In [32], one can read: "The radiation field differs from 
atomic systems principally by ... having an infinite number of degrees of freedom. 
This may cause some difficulties in visualizing the physical problem, but is not, in 
itself, a difficulty of the formalism." 
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Thoughts about Anomalous Diffusion: 
Time-Dependent Coefficients versus 

Memory Functions 

V. M. Kenkre and F.l. Sevilla 

Relations between two natural generalizations of the standard diffusion equation. one involving 
memory functions and the other time-dependent coefficients, are investigated. It is shown that 
while the two descriptions are by no means equivalent to each other, each is equivalent to a 
spatially non local generalization of the other. Explicit prescriptions to bridge the two formalisms 
are provided and illustrated in two physical transport situations. Experimental relevance of these 
considerations is also briefly discussed, one in the context of NMR microscopy, the other in that 
of transient gratings in molecular crystals. 

1. Introduction and the Two Descriptions 

Electrons and holes in a semiconducting device [I], interstitial atoms injected into 
a solid [2], molecules in a gas container, ink droplets in a glass of liquid, mice 
carrying the deadly Hantavirus over a landscape [3], all of these entities engage 
in a common activity: they diffuse. The study of diffusion has, therefore, been 
fundamental, important, and active in diverse disciplines. Famous thinkers who 
have made primary and oft-used contributions to such a study include not only the 
physicist Einstein [4] but the financial expert Bachelier [5], the former in his research 
on Brownian motion, the latter during his investigations of markets and stock 
movements. In the present manuscript, the authors report thoughts and calculations 
regarding two manners of the generalization of the fundamental process of diffusion. 
Such generalization becomes necessary when the mechanism of motion is more 
complex than in normal diffusion and may involve coherence, spatial restrictions, 
trapping, and similar features. 

Non-equilibrium statistical mechanics in general, with transport theory as might 
be represented by diffusion processes as a sub-area, has benefitted from the early 
work [6] of Professor Gerard Emch on Master equations. One of the present authors 
(VMK) has mentioned some of that work in another festschrift article [7] written 
thirty years ago. He remembers fondly the years of overlap with Gerard as a friend 
and colleague in Rochester in the seventies. He thanks Gerard for much he taught 
him by example, including kindness, integrity and punctuality. It is with pleasure 
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that he dedicates the present article, with the consent of his co-author (FJS), to 
Gerard on the occasion of his seventieth birthday. 

One simple manner of describing standard diffusion is via the diffusion equation. 
The latter states that the time-rate of change of density P of whatever is diffusing 
(including the probability of a random walker) equals the product of the diffusion 
constant D and the Laplacian of P at the spatial location under consideration: 
aa~ = DV2 P. From here onwards let us consider I-dimensional systems for the 
sake of simplicity. The two manners of generalization of the diffusion equation that 
we wish to explore in the present paper are, respectively, 

aPex, t) 

at 
aPex, t) 

at 

a2 p(x,t) 
DxU) 2' 

ax 

11 a2 P(x, s) 
D ds </JU - s) 2. 
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The first introduces time-dependence into the diffusion coefficient whereas the sec­
ond injects temporal non-locality. Both reduce to standard diffusion in the respective 
limits X(t) = I and </J(t) = J(t). 

Our interest is in studying the connections, if any, between the above mentioned 
two alternatives to the description of non-standard diffusion. Clearly, the quantities 
X (t) and </J(t) need to be related to each other before any connection can be discussed. 
It is possible to show [8,9], through a study of the underlying processes not discussed 
here, that a sensible relationship is 

x(t) = 11 ds cp(s). 0.3) 

The precise source of this relation will become clearer below, but we can notice at 
once that it leads to exactly the same evolution for the mean square displacement 
from the two Eqs. (1.1), (1.2). Thus, multiplying each equation by x 2 , integrating 
over x from -00 to +00, and assuming that the probability decays at x = ±oo 
sufficiently fast, following standard procedures, we get the respective evolution for 
the mean square displacement 

0.4) 

from the x-formalism, and 

(1.5) 

from the cp-formalism. It is immediately clear that the two evolutions give identical 
results provided that X (t) is the time integral of the memory </J(t), i.e., that relation 
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(1.3) is true. We will assume that relation for the rest of the paper. Additionally, for 
simplicity, we will take the initial value of all moments such as (x 2)0 to vanish. 

2. Higher Moments, Differences and Relations 

What happens with higher moments of P(x, t) in Eqs. (1.1) and (1.2)? It is straight­
forward to show that the x-formalism gives, for the n-th moment (n is a positive 
integer) defined as (xn(t)) = J~oo dxxn P(x, t), 

_d(_xn,--(t_)) = Dn(n _ I)X(t)(xn-2(t)). 
dt 

For the evolution of the same quantity, the ¢-formalism gives 

--- = Dn(n - I) ds ¢(t - s)(xn- 2(s)). 
d(xn(t)) it 

dt 0 

(2.1) 

(2.2) 

Both formalisms connect the evolution of the n-th moment to the lower, (n - 2)-th 
moment, the X -formalism to its instantaneous value through a multiplicative factor 
containing xU), the ¢-formalism to its values at all times s in the past through the 
memory function ¢(t - s). Iterating Eqs. (2.1) and (2.2) over n down to n = 2, using 
the explicit solutions (1.4) and (1.5) for the second moment, and focusing attention 
only on the even moments (x 2n ), we have 

for the X -formalism and 

(2n)I 
(x2n(t)) = -' [Drr 

n! 

-2 (2n)! [ - ]n 
(x n(f)) = f n+ 1 D¢(f) 

(2.3) 

(2.4) 

for the ¢-formalism. In Eq. (2.3), we have defined a new time r = J~ ds X(s). In 
Eq. (2.4), tildes denote Laplace transforms and f is the Laplace variable; thus, for 
instance, ¢(f) = Jooo dte-o¢(t). 

When Eq. (1.3) holds, ¢(t) and X(t) are related in Laplace domain as X(f) = 
¢(f)/f. Therefore, by comparing (2.3) with (2.4) we obtain the result mentioned 
above that the second moments are exactly the same as predicted by the two for­
malisms. On the other hand, higher moments differ. Note as an illustration that the 
4-th moment is given by 

(2.5) 
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from the x-formalism, and thus is not the same as 

(2.6) 

which is the result of the ¢>-formalism, given relation (1.3). Clearly, Eqs. (2.5) and 
(2.6) yield different results forthe fourth moment for all cases except that of standard 
( not anomalous) diffusion in which X (t) = I. 

The importance of demonstrating explicitly the perhaps obvious fact that the 
two formalisms are not equivalent to each other stems from the wide use that each 
has found in practical applications to situations in which diffusion is suspected 
to be anomalous. The x-formalism is associated [10] with the phrase "fractional 
Brownian motion" if X(t) is a power of t, while the ¢>-formalism has been called 
the generalized master equation (GME) approach and used widely [11] for the 
description of coherence. The clear difference in the higher moments along with 
the exact congruence of the second moment leads us to ask what the precise relation 
between the two formalisms is. An inspection of Eqs. (1.1 )-( 1.2) or of (2.1 )-(2.2) 
shows the following. If the exact description happens to be that given by the memory 
function formalism, the description provided by the x-formalism emerges as the 
so-called half-Markoffian approximation. This terminology appeared decades ago 
in the study of exciton motion [11]. The Markoffian approximation (see, e.g., ref. 
[7]) on a time non-local term such as f~ ds¢>(s )b(t - s) is made if the memory ¢>(s) 
varies so rapidly that the slower b may be taken out of the integral as b(t). The full 
Markoffian approximation normally made, for instance, to convert the GME into 
the Pauli Master equation further assumes that ¢>(t) may be replaced by a t5-function 
times the time integral of ¢>(t) over all time: 

11 ds ¢>(s)b(t - s) ~ b(t) 100 
ds ¢>(s). 

The other, weaker and less-used Markoffian approximation [14] stops at taking b 
out of the integral, does not take the upper limit of the integral of the memory to be 
infinity, and has the form 

11 ds¢>(s)b(t - s) ~ bet) 11 ds¢>(s) = b(t)x(t). 

This partial Markoffian approximation, applied to the ¢>-formalism, can be said to 
be the content of the x-formalism. 

The above discussion should by no means imply that the x-formalism always 
provides a more approximate description than does the ¢>-formalism. It is possible 
that the underlying dynamics of a given system may be precisely that given by Eq. 
(1.1). In such a case, it will be Eq. (1.2) that will be the approximation. To make 
this clear, let us compare the exact solutions of the two equations. Because there 
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are no preferred points in space in the systems considered in this paper, the solution 
of Eq. (1.1) may be computed straightforwardly in Fourier space. It is given by the 
Gaussian 

-,-- = exp -Dk2 dsX(s) , Pck, r) [ 11 ] 
P(k,O) 0 

(2.7) 

where k is the Fourier variable and the circumflex denotes the Fourier transform 
through Pck) = J~oo dx P(x )eikx . Equation (1.2), on the other hand, may be solved 
in the Fourier-Laplace domain as 

P(k, (') I 

P(k, 0) = (' + D¢(f)k2· 
(2.8) 

Surely, it is impossible to find a </JU) that would make the right hand side of 
Eq. (2.8) identical to the Laplace transform of the right hand side of Eq. (2.7) for 
arbitrary xU). The reverse is also true: it is impossible to find a X(t) that would 
make the Laplace transform of the right hand side of Eq. (2.7) identical to the right 
hand side of Eq. (2.8) for arbitrary </J(t). Is there then no hope of finding a bridge 
between the two descriptions? One of the present authors has argued in the course 
of his study of stress distribution in granular materials [8] that a useful bridge might 
be constructed by generalizing one or the other of these two formalisms to include 
spatially non-local situations. To understand that argument, let us promote the x­
formalism by replacing the multiplicative factor DX(t) in Eq. (1.1) by a spatial 
convolution: 

ap(x,t) -100 , , a2 p(x',t) 
--- - dx :Dx(x -x ,t) ? 

at -00 ax'-
(2.9) 

The time rate of change of P(x, t) is now connected to its second spatial derivative 
(Laplacian) not only at x but at all locations x' through the connecting function 
:Dx(x - x', t) which incorporates, in addition, the time dependence of the simpler 
x(t) in anon-separable form. OnerecoversEq. (l.l)fromEq. (2.9)if:Dx(x-x', t) = 
D X (t)t5(x - x'). Let us similarly generalize the </J-formalism by replacing the factor 
D</J(t -s) in Eq. (1.2) by a spatial convolution involving the new connecting function 
:D¢(x - x', t - s): 

apex, t) 100 '11 , a2p(x', s) --- = dx ds:D¢(x -x ,t -s) 2. 
at -Xl 0 ax' 

(2.10) 

We see that Eq. (1.2) is recovered from Eq. (2.10) if:D¢(x - x', t - s) = D</J(t -
s )t5(x - x'). 

Whereas it was true that the spatially local equations of the X - and </J- formalisms 
could not be put into equivalence, we now see that their generalizations can be. 
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Equating the ratio ~:~:~~ as predicted by the two equations, we find that equivalence 
can be established provided 

(2.11 ) 

Equation (2.11) constitutes a practical bridge to pass between the two formalisms. 
Assume the (spatially local) X -formalism to be correct, i.e., that the system evolution 
obeys the original equation (1.1). An entirely equivalent description is then provided 
by the spatially non-local ¢>-formalism given by Eq. (2.10) in which 

(2.12) 

Thus, spatially non-locality in the ¢>-formalism is essential to describe a spatially 
local X situation. Equation (2.12) is the explicit prescription through which we can 
find the key ¢>-quantity, viz., 'D¢(k, f), for an arbitrarily given X(t). 

Conversely, if the (spatially local) ¢>-formalism provides the correct description, 
i.e., the system evolution obeys the original equation (1.2), a fully equivalent de­
scription is provided by the spatially non-local x-formalism given by Eq. (2.9), the 
key quantiy 'D(k, t) being computed for any given ¢>(t) by 

'Dx(k, t) = !!..- {-~ In 1£-1 ( 21 _ ) I} . 
dt k f + k D¢(f) 

(2.13) 

In the prescriptions (2.12) and (2.13) the symbols £ and £-1 stand, respectively, 
for the direct and inverse Laplace transforms, and the argument of the logarithm is 
the absolute value as shown. 

3. Applications of the General Formalism 

In this Section, we present an illustrative application of the prescription we have 
developed above in one physical instance in which the spatially local ¢>-formalism 
provides the exact description of the system. We will also mention briefly an instance 
of the opposite situation. 

3.1. ¢> to X: Memory Functions from a Railway-track Model 

Coherence issues in exciton transport [15, 16] led to a great deal of work based 
on memory functions in the seventies [11, 16]. The specific fonn of the memory 
functions often arose from quantum features in the dynamics of excitons [16]. To 
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I I :11 c} I 

Figure 1. Pictorial description of the "railway-track" model naturally addressed 
via the q,-formalism. 

dispel an incorrect notion held by some that an underlying quantum layer was 
essential to memory functions, one of the present authors introduced a trivially 
simple model that showed how memory functions could arise purely classically.i 
Because the model leads easily to Eq. (1.2), we study it here along with its equivalent 
spatially nonlocal X -description. 

For reasons that should be obvious, we call it the railway-track model. Let P--' 
(P<-) be the probability that a particle moves to the right (left) with rate c (-c). 
The particle is subject to scattering at rate Q, the only effect of scattering being 
to change the direction of motion from right to left and vice-versa. This system is 
depicted in Fig. 1 and analyzed through the coupled equations 

a P--' (x, t) 

at 
ap<-(x, t) 

at 

ap--'(x, t) 
c + Q[P<-(x, t) - p--'(x, t)], 

ax 
(3.1) 

ap<-(x, t) = -c + Q[P--'(x, t) - P<-(x, t»). 
ax 

(3.2) 

Note the Markoffian nature of equations (3.1), (3.2). By defining P(x, t) == P--' + 
P<- and R(x,t) == P--' - P<-, we get 

R(X,t) = R(x,0)e-2Qt +c ds e-2Q(t-S)_P(x, s). it a 
o ax 

(3.3) 

For the initial condition a P(x, t) / at It=O = 0, P(x, t) satisfies 

a P(x, t) 21t -2Q(t-s) a2 P(x, s) 
---=c dse 2 . 

at 0 ax 
(3.4) 

i The utter simplicity of the model meant that there was no need to publish it-it was only discussed 
at conferences and private discussions. Its simplicity also means that it has been probably invoked by 
others before or since. 
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Equation (3.4) is exactly of the cpform ofEq. (1.2) with D = c2/2Q, the memory 
cp(t) being equal to the exponentiaI2Qe-2Qt . This trivial but clear example shows 
how a memory function description arises from coarsegraining involved in seeking 
the evolution of the combination P(x, t) = P--> + P<-- without interest in how much 
of rightward motion versus leftward motion there is. Needless to say, we have here 
a caricature of a system in which particles move and scatter among various velocity 
states, only 2 such states being considered in this caricature system. 

The solution to the memory equation (3.4) with initial condition P(x, t) = b(x) 
is given explicitly by [8] 

-Qt [b(X + ct) + b(x - ct) ] 
P(x,t)=e 2 +T(x,t) , (3.5) 

where T(x, t) vanishes identically for ct :s Ix I and equals 

for ct > lxi, Iv(z) being the modified I Bessel function of order v and argument 
z. We point out in passing that the moments of P(x, t) may be computed by just 
knowing the Laplace transform of the memory function and using (2.4). Inverting 
the Laplace transform, we find 

(x 2n (t)) = (ct)2n M(n, 2n + 1, -2Qt), (3.7) 

h M( b 1 az a(a+l)z' a(a+I)···(a+n-l)z" . h K 
were a" z) = + b + b(b+I)2! + ... + b(b+I) ... (b+n-l)n! + ... IS t e ummer 
confluent hypergeometric function of argument z [17]. 

Our purpose in introducing the "railway-track" model here is to examine how 
one may pass from the cp- formalism to the spatially non-local X-formalism via our 
prescription (2.13). A straightforward evaluation after replacing ¢(f) by 2Q/(f + 
2Q) leads to 

1)x(k, t) 

(
C2) sin (QtJk2c2/Q2 - 1) 

= Q sin (QtJk 2c2/ Q2 - 1) + Jk2c2/Q2 - 1 cos (QtJk2c2/Q2 - 1)' 
(3.8) 

The Fourier inverse of this expression, 1) x (x - x', t), when substituted in Eq. (2.9), 
allows us to write the desired spatially non local x-description. 
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What new insights does the combination ofEqs (2.9) and (3.8) yield? One answer 
is that (2.9) may now be inverted explicitly as an infinite sum of local terms: 

apex, t) a2 D2(t) a4 D4(t) a6 
at = Do(t) ax2 P(x, t) + 2! ax4 P(x, t) + 4! ax6 P(x, t) ... , (3.9) 

a2/1f) (k t) I 
where the factors D2n (t) may be computed as (_1)/1 x2 ' . The first 

ak II k=O 

three factors are 

Do(t) D(I - e-2Qt ), (3.10) 

D2 
Q [4Qte-2Qt - (l - e-4Qt )] , (3.11) 

6D3 
Q2 [2 + e-2Qt (l - 4Qt - 8Q2t2) - 2e-4Qt (I + 4Qt) - e-6Qt ], 

(3.12) 

where and henceforth we suppress the symbol c and use D = c2 /2 Q in addition 
to Q. 

If we truncate (3.9) by keeping only the first term, the local x-description 
emerges: 

apex t) [it ] a 2 --'- = D dscjJ(s) -2P(X,t), 
at 0 ax 

(3.13) 

since Do(t) = DX(t) = D J~ dscjJ(s). The solution to Eq. (3.13) is given by the 
Gaussian 

and leads, as mentioned above, to precisely the same (x 2(t») as the exact solution. 
However, it predicts, for the next higher moment, 

(3.14) 

which is only an approximation (see Fig. 1) to the exact fourth moment 

(3.15) 

computed from (2.4). Any moment from the spatially-non local x-formalism may 
be computed from the infinite series (3.9). Note that not all the higher order terms 



156 

400 

300 
N ---Q '& 200 

----.. ---.... 100 ---"R ............ 

0 -- ....... _-- ...... .. -.. _---- ... 

-100 

0 2 3 

Qt 

V. M. Kenkre and F.l. Sevilla 

/ 
/ 

/ 
/ 

-- ........ _-. 

4 

/ 
/ 

5 

/ 
/ 

/ 

/ 
/ 

/ 

6 

Figure 2. Fourth moment (x4(t)) in units of (D /Q)2 as function of the dimension­
less time Qt. We compare the exact fourth moment of (3.5) in the ¢-formalism 
(solid-line) with the one given by the local X -formalism, i.e., the "half-Markoffian" 
approximation (dashed-line). The exact curve lies entirely below the approximate 
curve. The lower curve (dotted-line) gives the correction provided by just the second 
term of the infinite series (3.9). The dashed and the dotted curves add up precisely 
to the solid curve. 

are necessary to compute a given moment. Thus, the infinite series collapses into 
only the first two terms when computing (x 4(t)): 

(3.16) 

In Fig. 2 we show the fourth moment as function of time along with its half­
Markoffian approximation. 2 

21t might be interesting to observe that the recursive relation for the even moments in the spatially­
local ¢>-formalism, Eq. (2.1), the 2n-th moment depends on the previous one 2(n - I)-th while in the 
spatially-non-Iocal x-formalism, described by (3.9), the 2n-th moment depends on all the previous 
non-vanishing moments, the explicit relation is given by 

d 2n ~ (2n)! 2n-2m 
di (x (t)) = L.. (2n _ 2m)!(2m _ 2)! D2m-2(t)(X ). 

m=l 
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3.2. Time Dependent Diffusion Constant, a Sketch 

Obviously, the local ¢-fonnalism does not provide the more appropriate description 
in every physical system. A case in which the X-fonnalism appears is in the Master 
equation description r 18] of the effects of vibrational relaxation on intennolecular 
transfer of electronic excitation. Time-dependent transfer rates occur naturally there. 
The probability of occupation of vibrational levels as well as of site occupation, 
denoted by P,~ (t), where M and m refer to site and vibrational state respectively, 
obeys 

:t P!: (t) = ~)Ym.n P: (t) - Yn,m P!: (t)] + ~)F!:,N P!: (t) - F!:·M P!: (t)]. 
n N 

(3.17) 

When the use of a specific fonn for the relaxation rate Ym,1I and the assumption 
of nearest-neighbor transfer rates F:!,N = Fmi5M,N are made, an effective transfer 
equation is seen to emerge which is precisely of the fonn of the local X -description. 
It is possible to convert that time dependence into appropriate expressions for 
quantities such as n x (x, x', t) of Eq. (2.9) and cast the problem into a spatially 
non-local ¢ mould. We refrain from showing any of the details here for want of 
space. 

4. Concluding Remarks 

If the phrase "anomalous diffusion" is taken to represent any process that has some 
basic features of standard diffusion but also has significant departures from the 
latter, one can state confidently that one encounters anomalous diffusion in a rich 
variety of physical situations. Quantum mechanical (quasi)particles, such as Frenkel 
excitons in photosynthetic units and photo-injected electrons in molecular crystals, 
obey GME's [11] whose features are in some regimes similar to those of the standard 
diffusion equation but in others sharply different as when coherence is substantially 
present. A description via memory functions [12], i.e., via the ¢- fonnalism of Eq. 
(1.2), is natural in that case. In another extreme example of anomalous diffusion, 
one encounters animal movements [3] that are said to be an example of/ractional 
Brownian motion, which is nothing but Eq. (1.1) representative of the x-formalism 
with a power dependence of X(t) on t [10]. There is a large number of other instances 
where it is not clear which of the descriptions is appropriate. Prior to 1973, it had 
been thought that continuous time random walks represented a description that was 
fundamentally different from that provided by memory functions. This viewpoint 
held previously (even by some of the originators of one of those descriptions) 
was found [7, 13, 16] to be incorrect and led to a trivially simple but important 
clarification. Because the demonstration of such an equivalence between methods 
of investigation or description can typically save much unnecessary theoretical 
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labor, we thought it worthwhile to make that enquiry in the context of the x- and 
the q'>-formalisms. This enquiry, begun in part by one of the present authors in the 
context of the stress distribution of granular compacts [8], has been extended much 
further in the present paper. 

The previous observation [8] that, as stated (i.e., in their spatially local form), the 
two descriptions cannot be generally equivalent, except in the trivial case when both' 
describe standard diffusion, has been made transparently clear in the present paper 
by Eqs. (1.4), (1.5) for the mean square displacement. The latter is formally similar 
in the two formalisms but sharply different in content for general q'>(t) or xU). The 
earlier indication [8] that each of the two formalisms is equivalent to a spatially non­
local form of the other has been extended here through the complete and practical 
prescriptions (2.12) and (2.13). These prescriptions allow one, given an arbitrary 
form of q'>(t) or X(t), to obtain, at least in principle, the corresponding non-local 
quantities ~ x (x , t) and ~ ¢ (x , t) in the other formalism. The prescriptions are given 
in k-space and the Laplace domain and are to be followed by a final Fourier-Laplace 
inversion if necessary. 

We have also examined, in detail, a physical case in which the (spatially local) 
q'>-formalism (i.e., memory functions) provides the accurate description. We have 
explicitly shown how our prescription developed in Eq. (3.8) is applied and how 
the spatially non-local character develops in the x-formalism (see Eq. (3.9)). This 
is the elucidation of the railway-track model. We have also pointed out how, the 
reverse situation, a natural description in terms of the x-formalism, arises in the 
theory of vibrational relaxation of molecular excitations in the presence of motion 
[18]. To avoid lengthy calculations we have refrained from showing the detail of 
that opposite situation. 

Because the spatial shape of the propagator in the local X -formalism is always 
Gaussian (for instance in fractional Brownian motion), only a generalization from 
the time t to r = I~ ds Xes) being necessary (see Eq. (2.7», one may tend to believe 
that the X-formalism is not as rich as the q'>-formalism-since the latter allows 
more freedom in the shape of the propagator. This is, however, not an appropriate 
statement. Indeed, there exists a certain "symmetry in richness" as we move from 
the Laplace domain to the time domain. For instance, an equation such as (1.1) will 
appear as a convolution equation in the Laplace domain. 

Since it may not be clear by inspection which of the two formalisms may 
be providing a correct description for a given system, we comment in passing 
about probing this question experimentally. We draw the attention of the reader to 
two observational set-ups in two widely different areas of study: transient grating 
observations in molecular crystals (TGO) [11, 19] and nuclear magnetic resonance 
microscopy (NMRM) [20, 21]. Both are sensitive not merely to the mean square 
displacement of the moving entities but to the entire Fourier transform of the 
probability density P(x, t). The TGO involve crossed laser beams that are used 
to create a sinusoidal spatial distribution of electronic excitations. The decay of 
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the amplitude of that distribution is measured and information is thereby extracted 
about the motion of the excitations. The NMRM uses the so-called pulsed-gradient 
spin echo technique [22]. In the limit of very short duration pulses, that technique, 
just as does the TGO, probes directly the Fourier transform of P(x, t) and not its 
rr.oments. Clearly, both experiments should be able, in principle, to discriminate 
between whether a local X or local ¢> formalism is appropriate. More details will be 
presented elsewhere. 

We have restricted attention in the present paper to spatially homogeneous (not 
the same as spatially non-local or local) systems only. Fourier transformation there­
fore diagonalizes the relevant matrices and there is no k - k' interaction. If spatial 
locations were not all equivalent, we would have terms such as ~x(x, x', t) and 
~¢>(x, x', t) in Eqs. (2.9) and (2.10) and the difference nature of the spatial kernels 
would be destroyed. Transformation via exp(i kx) would be useless and the problem 
would become quite complicated. Because situations where the diffusion coefficient 
itself may be spatially varying occur often in physical and biological applications, 
it is important to extend our analysis to incorporate them. We plan to do that in a 
future study. 
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Infinite Divisibility in Euclidean 
Quantum Mechanics 

John R. Klauder 

In simple - but selected - quantum systems. the probability distribution determined by the ground 
state wave function is infinitely divisible. Like all simple quantum systems. the Euclidean temporal 
extension leads to a system that involves a stochastic variable and which can be characterized by a 
probability distribution on continuous paths. The restriction of the latter distribution to sharp time 
expectations recovers the infinitely divisible behavior of the ground state probability distribution. 
and the question is raised whether or not the temporally extended probability distribution retains 
the property of being infinitely divisible . A similar question extended to a quantum field theory 
relates to whether or not such systems would have nontrivial scattering behavior. 

Introduction, Discussion & Proposition 

Preliminary Details 

Dedicated to Gerard G. Emch 
on the occasion of his 70th birthday 

An interesting and well studied class of quantum mechanical Hamiltonians consists 
of examples of the form 

expressed in units where m = h = I I, where the real potential V(x) is chosen so that 
the spectrum of 1i is nonnegative and the real, normalizable, nowhere vanishing 
ground state cPo(x) has zero energy eigenvalue; such systems are referred to as 
"simple systems" in this article. In this case, the ground state itself determines the 
Hamiltonian completely since 

and therefore cPo(x) - just as much as 1i itself - can be said to determine all the 
properties of the system. 

I For this particular dedicatee. one is tempted - following the suggeslion of Victor Weisskopf - to 
set e = m = c = h = I. despite the fact that this would give the fine structure constant an unphysical 
value. 
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Without loss of generality we can assume that cPo (x ) is normalized in the sense 
that 

f cPo (x )2 dx = 1 ; 

all integrals without indicated limits of integration extend from -00 to +00. In that 
case, cPo (x )2 determines a probability density, and, for all real s, the expression 

defines the associated characteristic function. The information contained in the char­
acteristic function C(s) determines the probability density cPo (x )2 and thereby the 
ground state cPo (x ) itself. Therefore, we can assert that the function C(s) determines 
all the properties of the system. 

The distributions in an interesting subclass of all probability distributions have 
the property of being infinitely divisible [1]. An infinitely divisible distribution 
may be characterized as follows: If X denotes a random variable the characteristic 
function of which is given by 

then, for every integer N 2: 2, there exists N independent identically distributed 
random variables, y~N), 1 ::; n ::; N, such that 

N 

X = L y~N). 
n=l 

Alternatively stated, this property implies that the Nth root of the characteristic 
function C(s) is again a characteristic function, i.e., 

C(N)(S) == CIIN(s) = f eisx p(N)(x)dx , 

where P(N)(X) denotes a probability density for all N. Note well that only a subclass 
of all probability distributions exhibits infinite divisibility. 

Remark. Integer powers of characteristic functions always correspond again to 
characteristic functions. Therefore, for infinitely divisible distributions, the expres­
sion CMIN(s) again describes a characteristic functions for all positive rational 
numbers M / N. All characteristic functions are continuous, and it follows that in 
the limit as those rational numbers tend to an arbitrary positive real number, i.e., a 
limit such that M / N ~ r, where 0 < r < 00, the result is again a characteristic 
function defined by C (s). D 
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The general fonn of characteristic functions which are infinitely divisible is well 
known [1]. For simplicity we shall confine attention to only those distributions 
which are even, i.e., for which V(-x) = V(x), leading to an even ground state 
cPo ( -x) = cPo(x), and thereby to an even characteristic function C( -s) = C(s). In 
that case, the characteristic function C(s) of an even, infinitely divisible distribution 
may be represented in the fonn [1] 

C(s) = exp{-!as2 - £[1 - cos(sy)] a(y)dy} , 

where a :::: 0 and a(y) :::: 0 for all y; clearly, a( -y) = a(y). In this expression we 
have allowed ourselves one simplification: namely, we have chosen an absolutely 
continuous measure a (y) dy. Existence of this expression requires that 

£[i/(l + i)]a(y)dy < 00. 

However, it may well happen that 

J a(y)dy = 00 , 

and indeed this situation is relatively common, especially in our studies. 
The general fonn of the characteristic function for infinitely divisible distribu­

tions implies that the associated random variable X, for which (e iSX ) = C(s), may 
be decomposed into a sum of two, independent random variables, X = X G + X p, 

where the random variable XG has a Gaussian distribution (detennined by a) and 
the random variable X p has a Poisson distribution (detennined by a); more pre­
cisely, X p has a ~ompound Poisson distribution or a generalized Poisson distribution 
depending on whether J a(y) dy is finite or infinite, respectively [2]. 

It is noteworthy that In(C(s» is the generator of the truncated ( = connected) mo­
ments of the distribution. Therefore, for infinitely divisible distributions, it follows 
that 

(e isX - Il) = -!as2 - £[1 - cos(sy)] a(y)dy . 

Assuming the necessary moments exist, we learn that the truncated moments (su­
perscript T) are given by 

and as a consequence the even order truncated moments are always nonnegative. 
This will be an important feature in our futher investigations. 

We shall not be interested in examples that have both a Gaussian and a Pois­
son contribution. Indeed, we shall focus on the wide class of examples that arise 
from Poisson distributions alone and thus we assume that there is no Gaussian 
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contribution. This means we shall set XG = 0 or equivalently assume that the 
parameter a vanishes. Having said this, we are left to focus on that subclass of 
characteristic functions which can be written in the form 

C(s) = exp{- J[l - cos(sy)] a(y)dy} , 

for nonnegative functions a such that 

J[i/(l + i)]a(y)dy < 00. 

We shall also write 

U(y)2 == a(y) , 

and we shall call the nonnegative function U(y) [= U( -y)] the modelfunction. 
Just as we have asserted that the characteristic function C(s) determines all 

the physics of our problem, we are clearly able to declare that the model function 
U(y) determines all the physics of our problem. In other words, we can, without 
loss of generality, adopt the model function U (y) as the primary input defining the 
problem at hand. Indeed, this view of the problem has the advantage that choosing 
U(y) initially, and within a certain suitable class of functions, ensures that we 
are dealing with an even potential V (x) that leads to a ground state <Po (x ) which 
in turn generates an infinitely divisible distribution that involves only a Poisson 
contribution. Of course, starting with the model function is often easier said then 
done! 

To demonstrate that this set of conditions is not empty, it is appropriate to present 
a few examples. 

Examples 

Example 1: The first example is an idealized example that has the advantage of 
being analytically quite simple. It is convenient to initiate our description in terms 
of the ground state wave function 

where a > 0 is a fixed parameter. In turn, this example corresponds to the potential 
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The characteristic function appropriate to this example is given by 

J aeisx 
C(s) = 2 2 dx 

;r(a +x ) 

= exp(-alsl) 

=exp{-aJ[I-cos(sy)](1/;rl)dy} . 

Thus, for this example, we see that the model function reads 

Jal 
U(y) = -- . 

.j7[lyl 

165 

It is true that J U(y)2 dy = 00, due to a divergence at y = 0. However, the 
present distribution falls very slowly as y ~ 00, so slowly in fact that no moments 
of the distribution exist. 

The next example is similar to the present one except that the moments of the 
distribution all exist. 

Example 2: For this model we start with the characteristic function of the ground 
state probability density in the form 

where b > ° and p > ° are free parameters at our disposal. Here, K I denotes the 
standard Bessel function. The ground state wave function for this example may be 
read off from the integrand of the characteristic function. In tum, the ground state 
implicitly determines the potential V (x). Clearly the model function for this case is 
given by 

Since K I (p Iy I) :::: 1 /(p Iy D for small argument, it follows that near the singularity 
at y = 0, the behavior of U (y) is actually identical in the two examples when b = a; 
indeed, in the limit that p ~ 0, it follows that Example 2 reduces to Example I. 

As a vast generalization of both Examples 1 and 2, we may consider characteristic 
functions of the general form 

exp{-b 1[1 -cos(s y)] F(y)/(;rl)dy} == 1 eisx G(x)dx , 
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generated by basic functions F E C2 with F(O) = 1, F 2: 0, and J[F(y)/(l + 
y2)] dy < 00. Generally speaking, after being given an analytic expression for the 
basic function for such examples, we cannot analytically specify the L 1 nonnegative 
weight function G describing the ground state probability density; however, we 
know that such a probability density exists. 

Euclidean Time Dependence 

The Hamiltonian for our system can be used to propagate the time forward either 
in real time by the evolution operator exp( -iH T) or in imaginary time by the 
evolution operator exp( - H T). The latter case corresponds to Euclidean quantum 
mechanics, which as is well known, can be described by a stochastic process 
involving a stochastic variable X (t), -00 < t < 00, with a distribution determined 
by a Feynman-Kac like probability distribution [3]. Expanding the meaning of the 
symbols representing expectation values, i.e., ( ( . ) ), to cover the stochastic variable 
X (t), we are led to consider correlation functions of the form 

for all p 2: 1 and all suitable weight functions /p. In tum, correlation functions may 
alternatively be described by a suitable generating functional having the meaning 
of a characteristic functional. Specifically, we have in mind the expression 

E{u} == (exp[iJu(t)X(t)dt]) , 

defined for all smooth test functions u. According to the tenants of Euclidean 
quantum mechanics, the functional E {u } obeys all the appropriate positive-definite 
inequalities and continuity to satisfy the Bochner-Minlos axioms to be the functional 
Fourier transform of a suitable probability distribution [4]. 

We further observe that since the Hamiltonian is explicitly time independent, the 
associated stochastic process is stationary. Specifically this implies a time translation 
invariance of the characteristic functional, which takes the form 

(exp[iJu(t - r)X(t)dt]) = (exp[iJu(t)X(t)dt]) 

for any r, -00 < r < 00. 

There is a connection of the characteristic functional E {u} involving all time and 
the characteristic function C(s) introduced above that occurs at anyone time, say at 
time t = 0. If we choose the function u(t) that enters the characteristic functional 
as 

u(t) = s J(t) , 
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where 15(1) is a Dirac delta function, then is follows that 

E{u(·) = s JO} = C(s) ; 

hence, the restricted evaluation of the characteristic functional E coincides with the 
characteristic function C defined at a single time. 

We can make a similar connection with anyone of the correlation functions 
themselves. For example, let us focus on 

evaluated for 

leading to (X (0)4). We assert the equality given by 

i.e., the fourth moment of the ground-state probability distribution. 

Now We Come to the Whole Point of the Present Paper! 

By choice, we have restricted the sharp-time, ground-state probability distribution 
to be infinitely divisible. This is encoded into the fact that an arbitrary, positive frac­
tional power of the characteristic function is again a characteristic function. Since 
the full-time characteristic functional (E) collapses to the sharp-time characteristic 
function (C) when the testing functions are evaluated at a sharp time (say, t = 0), it 
follows for such a set of limited test functions that the sharp-time restricted charac­
teristic functional is infinitely divisible. The question arises, therefore, whether the 
FULL time characteristic functional is itself infinitely divisible as well, or whether 
that property is restricted to those stochastic variables with a time spread restricted 
to a window of finite size. It may also happen that certain distributions enjoy full 
time infinite divisibility following from sharp time infinite divisibility, while other 
distributions do not exhibit full time infinite divisibility even though they have sharp 
time infinite divisibility. It is clear that the question raised here is fairly complicated. 
The simplest possibility would seem to be to show that sharp time infinite divisi­
bility does not imply full time infinite divisibility, and this could be determined by 
finding just one example for which a single property required by infinite divisibility 
fails to hold. 
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Selection o/the Test Question 

The structure of infinitely divisible distributions is such that the truncated correlation 
functions are positive definite functions. In particular, for such distributions, it 
follows that 

unless / = O. The simplest example derives from a uniform weighting where 
/ (t) = 1 in an interval - T < t < T, and / (t) is zero elsewhere. We should like to 
examine the behavior of this truncated correlation function for asymptotically large 
T, and compare it with the behavior for extremely small T. Due to stationary of the 
underlying ensemble, the large T behavior diverges as 2T; for small times, on the 
other hand, it behaves as (2 T)4 times the sharp time expectation value. To eliminate 
these unimportant temporal factors, it is convenient to rescale the truncated four 
point function by a factor (l + 2T)3/(2T)\ which leads to the alternative form 
given by 

Although this is just one measure of the truncated four point function it is a 
significant one and one that is comparatively easy to evaluate. If XZ < 0 for large T, 
it would establish that the full time probability functional is not infinitely divisible 
even though the sharp time probability function has been chosen (by design) to be 
infinitely divisible. Of course, if XZ > 0 for all T, then no definitive conclusion 
can be drawn about the nature of the full time probability distribution. To proceed 
further, one would need to check other moments, or even change to another model 
function in order to test the nature of the full time probability distribution. At 
present, the author is not aware of any general scheme that could decide whether 
or not the full time probability functional is infinitely divisible whenever the sharp 
time probability function has been chosen to be infinitely divisible. Nevertheless, 
in the absence of any proof to the contrary, it seems reasonable to conjecture that 
infinite divisibility for sharp time simple quantum systems does not imply full time 
infinite divisibility for them. 

Alternative Representation 

It is noteworthy that the evaluation of X2 can be reexpressed in terms of the eigen­
functions and eigenvalues of the Hamiltonian for our simple system, and we now 
turn our attention to develping this alternative expression for X2. For convenience, 
let us consider those special cases where 1t has a purely discrete, nondegenerate 
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spectrum such that 

where 0 = Eo < EI < E2 ··· and all the (real) eigenfunctions form a complete 
orthonormal set of functions for which 

Here, as before, the ground state is denoted by cPo(x). We shall also introduce these 
relations in the usual abstract bra-ket notation as well, namely 

with In) denoting the abstract eigenvectors, for which (n 1m) = Jnm . Of course, we 
let 10) denote the ground state. 

By definition, the correlation functions are symmetric functions of their temporal 
arguments. However, when expressed in terms of the eigenvectors and eigenvalues, 
it proves convenient to define the correlation functions in a time ordered manner. In 
particular, for the time ordered two point function, this rule leads to the expression 

00 

(X(t)X(u») = L(OIQln)e-E,,(t-U) (nIQIO) , t ~ u ; 
n=O 

we can of course extend this expression to all t and u values simply by replacing 
(t - u) by It - ul on the right hand side, but we choose not to do so in order 
to simplify the analysis in what follows. It is clearly convenient to introduce the 
notational shorthand that 

Qkl == (kl QII) . 

Similar expressions also exist for higher-order correlation functions. For example, 
for the time ordered four point function we have 

00 

(X(t)X(u)X(v)X(w») = L QOke-E,(t-U) Qkle-E/(u-v) 

k.l,m=O 

From the assumed symmetry of the potential, i.e., V ( -x) = V (x), it follows 
that the eigenfunctions have alternating parity, namely, that cPn( -x) = (-1 t cPn(x). 
Consequently, the matrix elements of Q, such as (kIQII) = Qkl, only connect 
eigenvectors of opposite parity; in other words, if k is even, then I is odd, or vice 
versa. In particular, for the two point function, as presented above, only odd values 
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of n lead to nonvanishing contributions. For the four point function, as presented 
above, only odd values of k and m contribute, while only even values of I need be 
considered. 

To begin our construction of X2, we may integrate our time ordered expressions 
over a restricted time region and rescale the result to account for such a limited 
integration domain. Initially, this recipe implies that 

(1: X(t)dt)4) = 24 [~QOk Qk/ Q/m QmoJ 1: dt lIT du 

x JU dv J" dwexp[-Ek{t - u) - E/(u - v) - Em(v - w)] . 
-T -T 

Here the factor 24 = 4! corrects for the limited domain of integration due to time 
ordering. For small T, the integral above involves terms O(T4 ), while for large T, 
this integral involves terms O(T2 ), O(T), and o(T). Since we content ourselves 
with the integral's value for very small and very large T values, it will suffice to 
consider terms of the indicated types, respectively. 

Small T Behavior 

First, consider very small T values, or more specifically consider the situation where 
Ek T « 1 for all sensibly contributing energy values. IR that case, we can replace 
all exponentials in the previous formula by unity, and therefore, to leading order 

T « 1 . 

This result of course is equivalent to the sharp time four point moment. Second, 
consider the square of the two point function, which leads to the result 

T « 1 , 

to leading order in T. This expression, of course, is just the square of the sharp time 
second moment. Finally, the truncated four point moment for small T is given by 

00 00 

k,l,m=l k,m=l 

note well, that for the first term all three sums omit the ground state, and for the 
second term both sums omit the ground state. This change of the first term has 
resulted in the factor 3 becoming a factor 2 in the second term. 
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We can readily check this result for the harmonic oscillator, namely where 
V (x) = !W2 x 2 . In that case, the only nonvanishing matrix elements of interest are 

QOl = QIO = l/.J2"Wand Q12 = Q21 = l/,JW. Therefore, 

X2 = QOl Q12 Q21 QIO - 2[ QOl QIO]2 

= [1 / (2w2) - 2/ (4w2)] = 0 . 

This is the correct result: Since the ground state for the harmonic oscillator is a 
Gaussian, the distribution is infinitely divisible; and, as a Gaussian, all truncated 
moments other than the second moment vanish. 

Large T Behavior 

Let us now tum our attention to the evaluation of X2 for large T. In this case it is 
useful to divide the fourth moment into two distinct expressions, namely, 

(1 + 2T)3 JT 
---:-4- (( X(t)dt)4) = A + B . 

(2T) -T 

In this expression, 

which is valid for T » 1, provided all E values are strictly positive, E > O. This 
restriction leads to the omission of the term for I = 0 above. The omitted term, 
where I = 0, can be evaluated separately, and to leading order it follows that 

The two point function for large T follows from the expression given by 

JT 00 [4T 2 ] 
(( X(t)dth = L QOk QkO - - 2 . 

-T m=l Ek Ek 

Consequently, for very large T, we observe that 

(1 + 2:)3 (((JT X(t)dt)2))2 
(2T) -T 

1 00 [ 4T 2 ] [ 4T 2 ] = 2T L QOk QkO QOm QmO E - E2 E - E2 
k.m=l k k m m 
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Finally, for large T, 

00 [1 1 I] 
= 24 L QOk Qkl Qlm QmO Ek EI Em 

k.I,m=1 

00 [11] 
+24 T L QOk QkO QOm QmO Ek Em 

k,m=l 

00 [1 1 1 1] 
-24 L QOkQkOQOmQmO --2 +-2-

k _ Ek Em Ek Em 
,m-l 

1 00 [ 4T 2] [ 4T 2] 
-3 2T L QOkQkO QOmQmO E - E2 E - E2 ' 

k,m=l k k m m 

which to leading order in T becomes 

00 [1 1 1] 
X2 = 24 L QOk Qkl Qlm QmO E If E 

k'/,m=l kim 

00 [1 1] 
-24 L QOk QkO QOm QmO E; E2 . 

k,m=l m 

Again, it is useful to test this expression with the harmonic oscillator. Besides 
the matrix elements already given previously, we need the first two excited state 
energy levels, E I = m and E2 = 2m. In that case, we find that 

as expected. 

Summary of Principal Formulas 

The truncated four point function given by 

is expressed alternatively by 

00 00 

X2 = L QOk Qk/ Qlm QmO - 2 L QOk QkO QOm QmO , 

k,l,m=l k,m=l 
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for small T, and by 

for large T. In this expression, Qkl == (kIQII) denotes a matrix element of the 
position operator Q, where the states Ik) are normalized eigenvectors of the time­
independent Schrodinger equation, 

[!p2+V(Q)]lk)= Eklk), 

for the real, even potential, V (Q). 

Remark. The apparent difference in dimensions between the behavior for small 
and large T arises from our choice of a scaling factor; had we used 

instead of (l + 2 T)3 / (2 T)4, where E is some characteristic energy level, then the 
two extremal expressions would have had the same dimensions. However, since 
our main concern is to study simple systems for which X2 > 0 for small T with 
the aim of finding examples for which X2 < 0 for large T, the formal difference in 
dimensionality is of little concern. D 

Why Bother? 

The reader may well ask why should one care about quantum systems that have 
infinitely divisible distributions for sharp time position variables and may - or may 
not - have infinitely divisible distributions for full time position variables. A brief 
explanation may help clarify the situation. 

A Euclidean formulation for a scalar quantum field theory is characterized by 
a stochastic field variable we may call <f;(x, t). The statistics of this variable are 
governed by a probability distribution, which, like our single degree of freedom 
examples discussed above, may be described by a characteristic functional 

(e i JU(x.t)1>(x.t)dxdt) • 

The sharp time expression is given simply by setting u(x, t) = v(x )0(1) leading to 

(e i J v(x)1>(x.O) dx) . 
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Interacting quantum field theories encounter divergences, and this is as true for 
the sharp time field expressions as it is for the full time field expressions. In a recent 
paper [5] it was argued that sharp time formulations involving an infinitely divisible 
field distribution tended to alleviate some of the principal causes of field theory 
divergences. From this point of view there would seem to be some merit in seeking 
to formulate matters so that sharp time fields had infinitely divisible distributions. 
Accepting such an argument opens the question of whether an infinitely divisible 
distribution for sharp time fields does - or does not - force the full time field 
distribution to be infinitely divisible. 

Suppose, for the sake of argument, it was true that the full time field distribution 
was also infinitely divisible. By an argument of Buchholz and Yngvason [6] this 
would result in a theory with a unit scattering matrix. For example, consider the 
truncated four point function 

where 

cp(f) == ff(x,t)cp(x,t)dxdt, 

for f a smooth test function, etc. For infinitely divisible distributions certain trun­
cated correlation functions are nonnegative, such as 

Consequently, by the Schwarz inequality, 

0::::: I(CP(f,)CP(f2)CP(g2)CP(g,»)TI 2 

::::: (cp(fdCP(/z)CP(f2)CP(f,»)T (cp(g,)CP(g2)CP(g2)CP(g,»)T . 

Now, take suitable limits so that 

cp(g,) ~ CPin(g,) , 

cp(fd ~ CPout(f,) , 

CP(g2) ~ CPin(g2) , 

CP(f2) ~ CPout(f2) , 

where "in" and "out" fields denote free fields appropriate to the asymptotic regime. 
In that case we find 

0::::: l(cpout(f')CPout(f2)CPin(g2)CPin(g,»)TI 2 

::::: (CPout(f, )CPout(f2)CPout(f2)CPout(f,») T 

X (CPin(g')CPin(g2)CPin(g2)CPin(gd)T = 0, 

leading to no two particle scattering. Extending this type of argument leads to a 
trivial theory in the sense that the scattering matrix S = n. 
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If, however, an infinitely divisible sharp time field distribution did not imply that 
the full time field distribution was infinitely divisible, then triviality of the scattering 
matrix may be avoided. 

This kind of question is extremely hard to study for a field theory. Hence, the study 
initiated in this paper is restricted to a single degree of freedom quantum system 
with the Hamiltonian form chosen to be similar in spirit to that of a traditional 
scalar field theory. If a positive outcome of the single degree of freedom problem 
emerges, it may well suggest that further study of the quantum field situation may 
be worthwhile. 

A Proposed Problem 

As a simple examination of the associated ground state reveals, neither of the two 
specific examples (Examples I & 2) suggested above are suitable for a detailed study 
since their spectrum is part discrete and part continuous. Unfortunately, distribution 
functions for general infinitely divisible characteristic functions are known for very 
few examples [1]. We conjecture that certain examples, such as 

C(s) = exp{-J[I - cos(sy)] e- r2 /(7r Iylu)dy) 

= J cos(sx) cPo (x )2 dx , 

for 2 :s a. < 3, may correspond to potentials with a purely discrete spectrum which 
would then permit our formulas to be applied. 

The implicitly defined ground state cPo (x ) above may be determined numerically. 
lfthe ground state falls to zero suitably faster than an exponential, then the spectrum 
of the Hamiltonian would be purely discrete. In turn, the potential associated with 
this ground state is 

Vex) 0:= cP;;(x)/2cPo(:t;) , 

which again could be numerically determined. Even if there are small errors in the 
numerical determination. it is quite likely that the simple system still lies within 
the special class that is infinitely divisible for the ground state distribution. With 
the potential V(x) - with symmetry enforced - now determined, standard computer 
programs could be used to calculate a number of eigenfunctions and eigenvalues, 
as well as suitable matrix elements. These quantities permit the calculation of X2 
for large and small T values. If, for large T, X2 < 0, the desired result will have 
been achieved; if, instead, X2 > 0, then further investigations are warranted. 

Of course, it may be true that sharp time infinite divisibility necessarily implies 
full time infinite divisibility. If this implication could be proved, then that would 
he an important result which would make any computation (such as outlined in the 
previous paragraph) completely unnecessary. 



176 John R. Klauder 

Dedication 

It is a pleasure to dedicate this article to my long time friend and benefactor, Gerard 
Emch, on the occasion of his 70th birthday. I wish him many long years ahead of 
good health and productive research. 
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Adaptive Dynamics and its Application 
to Chaos 

Masanori Ohya 

Infonnation Dynamics (10) was proposed to find a common frame treating chaotic behaviors of 
several dynamical systems, which synthesizes the dynamics of state change and the complexity 
of system, ID enables us to attain a new concept "adaptivity" studying dynamics, In this paper, we 
briefly review the 10 and the adaptive dynamics, and we discuss how they are used to understand 
chaos. 

Dedicated to Professor G. G. Emch on his 70th birthday 

1. Introduction 

The adaptive dynamics has two aspects, one of which is the "observable-adaptivity" 
and another is the "state-adaptivity", 

The idea of observable-adaptivity comes from the paper [21J. In that paper, we 
claimed that any observation will be unrelated or even contradicted to mathematical 
universalities such as taking limits, sup, inf, etc. Observation of chaos is a result 
due to taking suitable scales of, for example, time, distance or domain, and it will 
not be possible in the limiting cases. In other words, it is very natural to consider 
that observation itself plays a similar role of "noesis" ofHusseri and the mode of its 
existence is a "being-for-itself", that is, observation itself can not exist as it is but it 
exists only through the results (phenomena) of objects obtained by it. Phenomena 
can not be phenomena without observing them, so to explain the phenomena like 
chaos it is necessary to find a dynamics with observation. We claimed that most 
of chaos are scale-dependent phenomena, so the definition of a degree measuring 
chaos should depends on certain scales taken and more generally it is important to 
find mathematics containing the rules (dynamics) of both objects and observation, 
which is called "Adaptive dynamics". 

The idea of the state-adaptivity is implicitly started in Accardi's Chameleon 
dynamics [IJ. This adaptivity can be used to solve a pending problem for more 
than 30 years whether there exists an algorithm solving a NP complete problem 
in polynomial time. We found such algorithms first by quantum chaos algorithm 
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[34,35] and secondly by the adaptive dynamics [3] based on quantum algorithm of 
the SAT [33, 7]. 

In this paper the observable-adaptive dynamics for describing chaos is discussed 
based on Information Dynamics [28, 35]. 

There exist several approaches in the study of chaotic behavior of dynamical 
systems using the concepts such as (I) entropy and dynamical entropy, (2) Chaitin's 
complexity, (3) Lyapunov exponent (4) fractal dimension (5) bifurcation (6) ergod­
icily [10, 8, I, I L 13, 14,221. However these concepts are rather independently 
used in each case. In 1991, the present author proposed Information Dynamics 
[31,29, 19] to treat such chaotic behavior of systems from a common standing 
point, in which a chaos degree to measure the chaos appeared in dynamical systems 
is defined by means of two complexities in Information Dynamics [28, 29. 35]. In 
particular, among several chaos degrees, the entropic chaos degree was introduced 
in [27] and it has been applied to several dynamical systems [27,18,17]. For in­
stance, semiclassical properties and chaos degree for quantum baker's map have 
been considered in [16, 17]. 

In Section 2 of this paper, we review Information Dynamics and general chaos 
degree. In Section 3, we show how the entropic chaos degree is computed and a 
relation between the entropic chaos degree and Lyapunov exponent is clarified. In 
Section 4, the concept of adaptivity for studying chaos is discussed. 

2. Information Dynamics and Chaos Degree 

Information dynamics 00 for short) is a synthesis of the dynamk~ of state change 
and the complexity of states. It is a trial to provide a new view for the study of 
chaotic behavior of systems. We briefly review what ID is. 

Let (A, 6, a(C» be an input (or initial) system and (A. 6. a(C)) be an output 
(or final) system. Here A is a set of some objects to be observed and 6 is a set of 
some means to get the observed value, 0.( C) describes a certain evolution of system. 
Often we have A = A, 6 = 6, a = a. Therefore we claim 

[Giving a mathematical structure to input and output triples == Having a theory] 

Let (,A], 6 r • ar(GT» be the total system of (A. 6, a) and C4:, 6, a), and S be 
a subset of 6 in which we are measuring observables (e.g., S is the set of all KMS 
or stationary states in C*-system). 

The dynamics of state change is described by a channel sending a state to another 
state A: 6 ~ 6 (sometimes 6 ~ 6). Moreover ID contains two complexities, 
whkh are denoted by C and T. C is the complexity of a state IfJ measured from 
a rcft'rence ~y~tem S, in which we actually observe the objects in A and T is the 
lran:-.milt.-d complexity associated with a state change IfJ ~ AIfJ, both of which 
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should s;.Ili~ry the following propertie~ : 

(Axioms of complrxitics ', 

(i) furanyqJ ESC 6, 

(i i) For an) disjoint (i n a proper ~en~e) bijection j : ex S --4 ('x S. t he ~et of all 
extremal points of S. 

(iii) For <I> == rp 0 Ifl E S, c 6" !fI ESC 6 (here 0 is a properly defined 
product) 

(iv) 0 ~ TS(Ip:A) <;;. C~(Ip) 

(v) r"'(,,II: i d) = CS (qJ). where "i d" i~ an identity map from t.' III 8. 

Insteadof(iii),when"(iii')<I> E S1' C 6, ,putqJ == <I>! A.III '==' <I> r A(i.e.,the 

restriction of <I> to A and A, respectively). CS , (<1» ,c:; CS (tp) + C~; (!fI )" is satisfied, 
C and T is called a pair of strong complexity. Then ID is defined as follows: 

Definition 2.1. Information Dynamics is described by 

(.4. 6, a(G): A, 6. u(C);A: CS(Ip), TS(lp; A)) 

and some relations R among them. 

Therefore, in the framework of !D. we have to 

(i) mathematically determine (A. 6, a(G): A. 6, a(O'» 

(ii) choose A and R, and 

(iii) defineCs(rp), TS(rp;A). 

2.1. State Change and Complexities 

ID contains the dynamics of state change as its part. A state change is mathe­
matically described by a unitary evolution, a semi-group dynamics, generally, a 



180 Masanori Ohya 

channeling transformation (it is simply called "channel"). Let input and output 
triples (A, 6, a(C» and (:4, 6, a(C» be C*-dynamical systems; that is, A is a 
C* -algebra [15] and 6 is its state space and a (C) is an inner evolution of A with a 
parameter group C (or semigroup) and so is the output system. Let a channel be a 
mapping from 6(A) to 6(A). 

Although there exist several complexities, one of the most fundamental pairs of C 
and T in quantum system is the von Neumann entropy and the mutual entropy. Other 
entropic complexities C and T are c-entropy, Kolmogorov-Sinai type dynamical 
entropy, dynamical mutual entropy [23, 29, 19]. 

Here we remind that the quantum entropy and the quantum mutual entropy are 
examples of our complexities C and T, respectively. 

Example 2.2. The entropy S and the mutual entropy /, in both classical and 
quantum, satisfy the conditions of the complexities C and T of ID. For a density 
operator p in a Hilbert space H (the case A =B (H» and a channel A, C (p) is the 
entropy S(p) and T (p; A) is the mutual entropy /(p; A): 

C (p) = S(p) = -trp logp, 

T (p; A) = /(p; A) = sup ! ~ AkS(AEk, Ap); {Ek J I ' 
where the supremum is taken over all Schatten decompositions (EkJ of p; p 
L Ak Ek. In Shannon's communication theory in classical systems, p is a probability 
k 

distribution P = (Pk) = Lk PklJk and A is a transition probability matrix (ti.j) , so 
that the Schatten decomposition of p is unique and the compound state of p and its 
outpu(P" (== P = (Pi) = Ap) is the joint distribution r = (ri,j) with ri,j == ti.j P j. 
Then the above complexities C and T become the Shannon entropy and mutual 
entropy, respectively; 

C (p) = S (p) = - Lk Pk log Pb 

T (p; A) = / (p; A) = Li J' ri,j log r,'!... • 
, PiP, 

We can construct several other types of entropic complexities. For instance, one 
pair of the complexities is 

T (p;A) = sup! ~ PkS(Apk. Ap);p = ~ PkPk I, C (p) = T (p;id) 

where S(·, .) is quantum relative entropy of Umegaki[37] and p = Lk PkPk is a 
finite decomposition of p, over which the supremum is taken. 
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Example 2.3. Generalizing the entropy S and the mutual entropy I, we can construct 
complexities of entropy type: Let (A, 6(A), a( G», (A, 6(A), a( G» be C* systems 
as before. Let S be a weak *-compact convex subset of 6(A) and M!p(S) be the set 
of all maximal measures fJ on S with the fixed barycenter rp 

rp = is wdfJ· 

Moreover let F!p(S) be the set of all measures of finite support with the fixed 
barycenter rp. The following three pairs C and T satisfy all conditions of the 
complexities: 

TS(rp; A) == sup {is S(Aw, Arp )dfJ; fJ E M!p(S)} 

Cf(rp) == TS(rp;id) 

jS(rp; A) == sup {s (Is w ® Awdfl, rp ® Arp) ; fl E M!p(S)} 

Cf(rp) == IS(rp;id) 

JS(rp;A) == sup {is S(Aw,Arp)dfJ;fl E F!p(S)} 

Cr(rp) == JS(rp;id) 

Here, the state Is w ® Awd fJ is the compound state exhibiting the correlation 
between the initial state and the final state Arp, and S(·, .) is quantum relative entropy 
[6, 36, 24]. This compound state was introduced as a quantum generalization of 
the joint probability measure in CDS (classical dynamical system) [25, 26). Note 
that in the case of 6 =S, TS(resp.Cs , IS, JS) is denoted by T (resp. C, I, J) for 
simplicity. 

These complexities and the mixing S-entropy SS(rp) [32, 23], the CNT (Connes­
Namhofer-Thirring) entropy H!p(A) satisfy some relations. 

Theorem 2.4. (/) 0 ~ IS(rp;A) ~ TS(rp;A) ~ JS(rp;A). (2) C,(rp) = Cr(rp) = 
CJ(rp) = S(rp) = H!p(A). (3) When A = A = B(7-{),for any densit.v operator p 



182 M£I.\wwri Ohm 

2.2. Use ofID: Chaos Degree 

In quantum systems. if we take C (p) = S (p) =von Nl!umann entropy. T (p:!\) = 
I (p; A) =quantum mutual entropy and linear channd A, then we have 

D(p:!\) = C(Ap) - T(p:/\) 

= S (Ap) - I (p:!\) 

= S(Ap) - sup [Tr( ~ PI1AE"(logAE,, -IOgAP»): {E"'I 

= inf [~p"S (AE,,): (En'l = inf [~p"C (A£,,): I E,,'I 

since S (Ap) = - TrAp log Ap = - T r (L" 1'" A E" log Ap) for any Schatten 
decomposition {E" I of p. Therefore the above qualltity D (p: /\) ClIIl be interpreted 
as the complexity produced through the channel A. We apply this quantit,· n (p: A) 
to study chaos even when the channel describing the dynamics is not linear. LJ (p: A) 

is called the entropic chaos degree in the sequel. 
In order to describe more general dynamics such as in continuous ~ystems. we 

define the entropic chaos degree in C*-algebraic terminology. This setting will not 
be used in the sequel application. but for mathematical completeness we will discuss 
the C*-algebraic setting. 

Let (A, 6) be an input C* system and (A, 6) be an output C* system; namely, 
A is a C* algebra with unit I and 6 is the set of all states on A. We assume A = A 
for simplicity. For a weak* compact convex subset S (called the reference space) 
of 6, take a state rp from the set S and let 

rp = r wdf.1!f' is 
be an extremal orthogonal decomposition of rp in S. which describes the degree of 
mixture of rp in the reference space S. In more detail this formula reads 

rp(A) = /. w(A)dIl1p(W). A E A 
.5 

The measure f.1IfJ is not uniquely determined unless S is the Schoque simplex. so 
that the set of all such measures is denoted by MIfJ (S) . 

Definition 2.5. The en tropic chaos degree with respect to rp E S and a channel A 
is defined by 

D 5 (rp; A) == inf {i S5 (Aw)df.1; f.1 E MIfJ (S)} 

where S5 (Arp) is the mixing entropy [26, 32] of a state rp in the reference space S. 
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When S =15. D5 (I{J: AI is simply written as D (rp; AI. This DS (I{J: A) contains 
the classical chaos degree and the quantum abow. The classical entropic cham, 
degree is the case that A is abelian and rp is the prohahility distribution of a orbit 
generated by a dynamic~ (channel) ,\: 'fi = LA PA i5A• where 6A is the delta mc::t~lIre 

.. {I (f... =: I) h . . 
such as ()A U) == 0 (f... =I- j) . Then t e das~ical entroplc chatls deg.ret' I~ 

with the entropy S. Summarize that information Dynamics can be upl'licd hI the 
study of chaos by using more gcneral complex ity C( (II): 

Definition 2.6. (I) Ifl is more chaotic than rp i r C( 'I') ~ C( (P ). 

(2 )When If' E S change:-- to AI{!, thc cltO(l.1 degree associated to this state 
changeidynamics) /\ is givell hy 

Definition 2.7. A dynamics /\ produccs chaos iff DS (IP: /\) > u. 

Remark 2.S. It is impol1ant to note here that the dynamics /\ in the definition is 
not necessarily same as original dynamics (channel) but is one reduced from the 
original such that it causes an evolution for a certain observed value like orbit. 
However for simplicity we use the same nutation here. In some cases, the above 
chaos degree DS (rp: A) can be expressed as 

o 

3. Algorithm Computing Entropic Chaos Degree 

In orderto observe a chaos produced by a dynamics. one often looks at the behavior 
of orbits made by that dynamics. morc generally. looks at the behavior of a certain 
observed value. Therefore in our scheme we directly compute thc chaos degree 
once a dynamics is explicitly given as a slate change of system. Howevercven when 
the direct calculation does not show a chaus. a chaos will appear if one focuses to 
some aspect of the state change, e.g .• a certain observed value. In the later case, 
algorithm computing the chaos degree for classical or quantum dynamics consists 
of the following two cases: 

(I) Dynamics is given by ~i; = F, (x) with x E I == [a, b]N eRN : First find a 

difference equation XII + I = F (xn ) with a map F on I == [a, b]N C RN into itself, 
secondly let I == Uk Ak be a finite partition with A; n A j = 0 (i i= j) . Then the 
state rp(l1) at time n of the orbit determined by the difference equation is defined by 
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the probability distribution (p~Il)) , that is, rp(ll) = Li p;")c5i, where for an initiai 

value x E I and the characteristic function I A 

m+11 
(II) _ I ~ I (r-k) 

Pi = n + 1 ~ A, . X . 

k=m 

Now when the initial value x is distributed due to a measure \! on I after a proper 
time m, the above p;") is given as 

m+n 
(II) 1 r ~ (k) 

Pi == n + I if ~ IA; F X d\!. 
f k=m 

The joint distribution (p;;.I1+ I)) between the time nand n + 1 is defined by 

I m+n 
P (II,n+I)== __ ~1 (FkX) 1 (Ik+lx) 

IJ n + I ~ A, A, 
k=m 

or 

m+11 

p;;,n+l) == n ~ IlL lA, (F kx) 1AJ (Fk+1 x) d\!. 
k=m 

Then the channel An at n is determined by 

( 
(n.II+I») 

A == ~ : transition probability ~ m(Il+I) = A m(ll) 
11 (Il) r nr , 

Pi 

and the entropic chaos degree is given by 

(n) 

D ( . ) - D ( (II). A ) - ~ (n)S(A.I:) _ ~ (n,n+l) I Pi 
A X,f - A P , n - ~Pi nUi - ~Pij og (n,n+I)' 

i i.j Pij 

(3.1 ) 

We can judge whether the dynamics causes a chaos or not by the value of D as 

D > 0 ¢::::=} c haot i c 

D = 0 ¢::::=} stable. 

This chaos degree was applied to several dynamical maps such logistic map, 
Baker's transformation and Tinkerbell map, and it could explain their chaotic char­
acters. This chaos degree has several merits compared with usual measures such as 
Lyapunov exponent as explained below. 
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Therefore it is enough to find a partition {Ak} such that D is positive when the 
dynamics produces chaos. 

(2) Dynamics is given by rpt = Ftrpo on a Hilbert space: Similarly as making a 
difference equation for (quantum) state, the channel An at n is first deduced from 
Fr. which should satisfy rp(n+l) = An rp (II) . By means of this constructed channel, 
(a) we compute the chaos degree D directly according to the definition 2 or (fJ) we 
take a proper observable X and putxn == rp(n)(x), then go back to the algorithm (1). 

The entropic chaos degree for quantum systems has been applied to the analysis 
of quantum spin system and quantum Baker's type transformation [16, 17, 20]. 

Note that the chaos degree D above does depend on a partition A taken, which 
is somehow different from usual degree of chaos. This is a key point of our under­
standing of chaos, from which the idea of adaptivity comes. 

Example 3.1. Logistic Map 

Let us apply the entropy chaos degree (ECD) to logistic map. Chaotic behavior 
in classical system is often considered as exponential sensitivity to initial condition. 

The logistic map is defined by 

Xn+1 = aXn (l - xn), Xn E [0, 1] ,0 :::: a :::: 4 

The solution of this equation bifurcates as Fig I. 

x .. 

3.2 3 . 4 3 . 6 3 .8 4 

Figure 1. Logistic map 
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CD 
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(I 4 

. 
_--,--,-_-,-"~ j a: 

:;: 4 

Figure 2. Entropic Chaos Degree of Logi~ti<.' Map 

In order to compare ECD with other measure describing chaos, we take Lyapunov 
exponent for this comparison: Fig. 2 and Fig. 3. 

Example 3.2. Baker's transformation 

We apply the chaos degree to a smooth map on R2. Let us C,)mpIIlC the Lyapunov 
('xponent and the ECD for the following Baker's transformation /" : 

f ( .\/11) _ I' (tI) (/I)) 
.. li\' -jl1 XI ,x2 

f
o ~ x~") ~ 0.5~ , 
O 5 11/) 1 . < XI ~ 

where (x\'I),xil)) E [0,1] x [0,1] and 0 ~ a ~ 1. 

The ECD of Baker's transformation is shown in Fig. 4. 
The Lyapunov exponent is log 2a for Baker's transformation: Fig. 5. 

Example 3.3. Tinkerbell map 
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3 3.2 3.4 3.6 3.8 4 

Figure 3. Lyapunovexponent 
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Figure 4. ECD of Baker's transformation. 
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.{(f) 
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0.5 

o ~------~------~--~~--~------~-------I 
00 
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-1 

-15 

~ ~------------------------------------------~ 

Figure 5. Lyapunov exponent of Baker's transformation 

Let us compute the CD for the following two type Tinkerbell maps fa and fb on 
/ = [-1.2,0.4] x [-0.7,0.3]. 

J. ( (II») - J. (II) (II») 
a X - a Xl ' x2 

where (x~n),xitl») E /,-0.4:'( a :'( 0.9,1.9:'( b :'( 2.9,(Cl,C2,C3,C4) = 

(-0.3, -0.6, 2.0, 0.5), and (xjO), xiO») = (0.1,0.1). 

The Lyapunov exponent of Tinkerbell map is not so easy to compute, but the 
ECD of Tinkerbell map fa and fb are easily computed as: Fig. 6 and Fig. 7. 

From the above example and some other maps in [18], Lyapunov exponent and 
chaos degree have clear correspondence, but ECD can resolve some inconvenient 
properties of the Lyapunov exponent as: 

(I) Lyapunov exponent takes negative and sometimes -00, but ECD is always 
positive for all a ;? O. 
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Figure 6. ECD for Tinkerbell map fa 
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Figure 7. ECD for Tinkerbell map fb 
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(2) For some map f whose Lyapunov exponent is difficult to compute (e.g., 
dynamics in IRn (n ~ 2», the ECD of.f is easily computed. 

(3) Generally, the algorithm for ECD is much easier than that for Lyapunov 
exponent. 

3.1. ECD with Memory 

Here we generalize the above explained ECD to take the memory effect into ac­
count. Although the original ECD is based upon the choice of the base space 
I; := {I, 2, . .. , N}, we here take another choice. I;m, instead of I;, is a new base 
space. On this base space, a probability distribution is naturally defined as 

I 111+11 

(n.n+I •. ... Il+m) == __ J" I . (r~x) I . (rk+1x) ... 1 (F k+mx) dv . 
P'O/I ... lm n + I L... A/o All A,,,, 

1'=111 . 

. h' h . I'd I' . I' (n ,,+1 n+m) Th h I Wit Its mat ematIca I ea Izatlon, Pi"i, ... i", := Imn .... oc p;n/' ... ;,,:··· · . e c anne 
A,,, over I;III is defined by a transition probability, 

p.i<,;, .. .i,,,~,i5;,j," . (j;",j", = pUI, i2, ... , i lll , illl+IUo, .iI,···· }1Il)Pj".;, ... j",· 

Thus it derives the ECD with m-steps memory effect, 

io.il . .... ,,/II 

It notes that this quantity coincides with the original ECD when m = I. 
This memory effect shows an interesting result, that is, the longer the memory is, 

the closer the ECD is to the L.,-"apunov exponent for its positive part [31]. 

Theorem 3.4. For given f , x and A, there exists a prohahility space (il, F, l') 

and a random variable g depending Oil f, x, A stich that liml/HOC D;~(x:.n 
J~ gdv =the positive part of Lyaptlnov e.\ponellt. 

4. Adaptive Dy namics and Chaos Degree 

In adaptive dynamics. it is essential to consider in which states and by which 
ways we see objects. That is, one ha:- to select phenomena and prepare mode for 
observation for understanding the whole of a system. Typical adaptive dynamics 
are the dynamics for state-adaptive and that for observable-adaptive. 

State-adaptive dynamics is that the dynamics of a system depends on a state at 
one instant in which the interaction is switched on, or that in a composite system the 
interaction depends on the instant state of at least one of sub-system. Examples of 
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such adaptivity are seen in a compound state (or nonlinear lifting) studying quantum 
communication [3, 25, 26] and in an algorithm solving NP complete problem in 
polynomial time with stochastic limit [3]. 

Observable- adaptive dynamics is that the dynamics of a system depends on 
observables to be observed and the measurement depends on an observable chosen. 
Examples of this adaptivity are used to understand chaos [27, 21] and examine 
violation of Bell's inequality [2]. 

We will discuss how such adaptivities can be observed in dynamics which cause 
a chaos. 

First of all we examine carefully when we say that a certain dynamics produces a 
chaos. Let us take the logistic map as an example. The original differential equation 
of the logistic map is 

dx - = ax(l - x), 0:::;; a:::;; 4 
dt 

with initial value Xo in [0, 1]. This equation can be easily solved analytically, whose 
solution (orbit) does not have any chaotic behavior. However once we make the 
equation above discrete such as 

(4.1) 

This difference equation produces a chaos. 
Taking the discrete time is necessary not only to make a chaos but also to observe 

the orbits drawn by the dynamics. Similarly as quantum mechanics, it is not possible 
for human being to understand any object without observing it, for which it will not 
be possible to trace a orbit continuously in time. 

Now let us think about finite partition A = {Ak; k = 1, ... , N} of a proper set 
1== [a,b]N c]RN andequi-partition W = {BZ;k = 1"" ,N} of I. Here"equi" 
means that all elements BZ are identical. We denote the set of all partitions by P and 
the set of all equi-partitions by pe. In the section 4, we specified a special partition, 
in particular, an equi-partition for computer experiment calculating the ECD. Such a 
partition enables to observe the orbit of a given dynamics, and moreover it provides a 
criterion for observing chaos. There exist several reports saying that one can observe 
chaos in nature, which are very much related to how one observes the phenomena, 
for instance, scale, direction, aspect. It has been difficult to find a satisfactory theory 
(mathematics) to explain such chaotic phenomena. In the difference equation 4.1 
we take some time interval r between nand n + 1, if we take r ~ 0, then we 
have a complete different dynamics. If we take coarse graining to the orbit of Xt 

for time during r; XII == ~ ~~~l)r xtdt, we again have a very different dynamics. 
Moreover it is important for mathematical consistency to take the limits n ~ 00 or 
N (the number of equi-partitions)~ 00 , i.e., making the partition finer and finer, 
and consider the limits of some quantities as describing chaos, so that mathematical 
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terminologies such as"lim","sup" ,"inf' are very often used to define such quantities. 
Let us take the opposite position, that is, any observation will be unrelated or even 
contradicted to such limits. Observation of chaos is a result due to taking suitable 
scales of, for example, time, distance or domain, and it will not be possible in the 
limiting cases. 

It is claimed in [21] that most of chaos are scale-dependent phenomena, so the 
definition of a degree measuring chaos should depend on certain scales taken. Such 
a scale dependent dynamics is nothing but adaptive dynamics. 

Taking into consideration of this view we modify the definitions of the chaos 
degree given in the previous sections as below. 

Going back to a triple (A, 6, a (G» considered in Section 2 and we use this triple 
both for an input and an output systems. Let a dynamics be described by a mapping 
f t with a parameter t E G from 6 to 6 and let an observation be described by a 
mapping 0 from (A, 6, a (G» to a triple (B, '1', f3 (G». The triple (B, '1', f3 (G» 
might be same as the original one or its subsystem and the observation map 0 may 
contains several different types of observations, that is, it can be decomposed as 
o = Om' . ·OI.Let us list some examples of observations. 

For a given dynamics * = F (qJt) , equivalently, qJt = ftqJ, one can take several 
observations. 

Example 4.1. Time Scaling (Discretizing): Or : t ~ n, * (t) ~ qJn+l, so that 

~; = F (qJt) => qJn+1 = F (qJt) and qJt = rtqJ => qJn = fnqJ. Here r is a unit time 
needed for the observation. 

Example 4.2. Size Scaling (Conditional Expectation, Partition): Let (B, '1', 
f3 (G» be a subsystem of (A, 6, a (G», both of which have a certain algebraic 
structure such as C*-algebra or von Neumann algebra. As an example, the subsys­
tem (B, '1', f3 (G» has abelian structure describing a macroscopic world which is a 
subsystem of a non-abelian (non-commutative) system (A, 6, a (G» describing a 
micro-world. A mapping Oc preserving norm (when it is properly defined) from A 
to B is, in some cases, called a conditional expectation. A typical example of this 
conditional expectation is according to a projection valued measure 

associated with quantum measurement (von Neumann measurement) such that 
Oc (p) = Lk PkpPk for any quantum state (density operator) p. When B is 
a von Neumann algebra generated by {Pk}, it is an abelian algebra isometri­
cally isomorphic to L 00 (n) with a certain Hausdorff space n, so that in this 
case Oc sends a general state qJ to a probability measure (or distribution) p. 
Similar example of Oc is one coming from a certain representation (selection) 
of a state such as one Schatten decomposition of p ; p = ORP = Lk AkEk 
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by one-dimensional orthogonal projections {Ek} associated to the eigenvalues 
of p with Lk Ek = I. Another important example of the size scaling is due 
to a finite partition of an underlining space n, e .. g., space of orbit, defined as 
Op (n) = {Pk; Pk n Pj = PktJk/k, j = I"" N), uf=1 Pk = n}. 

4.1. Chaos Degree with Adaptivity 

We go back to the discussion of the entropic chaos degree. Starting from a given 
dynamics <Pt = rt<p, it becomes <Pn = rn<P after handling the operation Or. Then by 
taking proper combinations 0 of the size scaling operations like Oc, OR and Op, 
the equation <Pn = rn<P changes to o (<Pn) = o (rnlP), which will be written by 
OlPn = or n 0- 1 OIP or IP ~ = r~ <P 0 . Then our entropic chaos degree is redefined 
as follows: 

Definition 4.3. The entropic chaos degree of r with im initial state IP and observa­
tion 0 is defined by DO (IP; r) = Iso s (rO wO) dJ1.°, where J1. 0 is the measure 
operated by 0 to a extremal decomposition measure of <P selected by of the ob­
servation 0 (its part OR). The entropic chaos degree of r with an initial state IP 
is defined by D (IP; f) = inf {DO (<p; f); 0 E SO}, where SO is a proper set 
of observations naturally determined by a given dynamics. 

In this definition, SO is determined by a given dynamics and some conditions 
attached to the dynamics, for instance, if we start from a difference equation with a 
special representation of an initial state, then SO excludes Or and OR. 

Then one judges whether a given dynamics causes a chaos or not by the following 
way. 

Definition 4.4. (I) A dynamics r is chaotic for an initial state IP in an observation 
o iff DO (<p; f) > O. 

(2) A dynamics r is totally chaotic for an initial state IP iff D (IP; f) > O. 

The idea introducing in this section to understand chaos can be applied not only to 
the entropic chaos degree but also to some other degrees such as dynamical entropy, 
whose applications and the comparison of several degrees will be discussed in [31]. 

In the case of logistic map, Xn+1 = aXn(l - xn) == F (Xn) , we obtain this 
difference equation by taking the observation Or and take an observation Op by 
equi-partition of the orbit space n = {xn} so as to define a state (probability 
distribution). Thus we can compute the entropic chaos degree in adaptive sense. 

As an example, we consider a circle map 

where w = 27rv (0 < V < I). If v is a rational number N / M, then the orbit {On} 
is periodic with the period M. If v is irrational, then the orbit {On} densely fills the 
unit circle for any initial value 00 ; namely, it is a quasiperiodic motion. 
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Theorem 4.5. Let I = [0, 27r] be partioned into L disjoint components with equal 
length; 1= BJ n B2 n ... n BL . 

( 1) If v is rational number N / M • then the finite equi-partition P = 
{Bk;k = 1"" ,M} implies DO (00;/") = o. 

(2) If v is irrational. then DO (00 ; f") > Of or any finite partition P = {Bd. 

Note that our entropic chaos degree shows a chaos to quasiperiodic circle dynam­
ics by the observation due to a partition of the orbit, which is different from usual 
understanding of chaos. However usual belief that quasiperiodic circle dynamics 
will not cause a chaos is not at all obvious, but is realized in a special limiting case 
as shown in the following theorem. 

Theorem 4.6. For the above circle map. if v is irrational, then D (00 ; f") = O. 

Such a limiting case will not take place in real observation of natural objects, so 
that we claim that chaos is a phenomenon depending on observations, environment 
or periphery, which results the adaptive definition of chaos as above. 

Note here that the chaos degree and the adaptivity can be applied to understand 
quantum dynamics either [16, 17,20]. 
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The C* Axioms and the Phase Space 
Fomalism of Quantum Mechanics 
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It is proven that the phase space localization operators on the Hilbert spaces of ordinary quantum 
mechanics provide a set of operators that are physically motivated and form a C* algebra. Then, 
it is proven that the set of localization operators, when extended, are informationally complete in 
the original Hilbert spaces. 

Dedicated to G. G. Emch. 

1. Introduction 

In 1972, "Algebraic Methods in Statistical Mechanics and Quantum Field Theory" 
was published by Gerard Emch [8], giving the axioms for a physical system in an 
algebraic setting using the language of Irving Segal [19], and then continuing to 
obtain the C*-algebraic formalism for a physical system. Of these axioms, only the 
fifth contained an assumption that was questionable in its physical content. Bearing 
in mind that for each observable A and state cjJ, one obtains a distribution of values 
for the observed results of measurement, we have: 

Axiom 5: For any element A in the set of observables Qt and any non-negative 
integer n, there is at least one element, denoted An, in Qt such that (i) the set 
of dispersion-free states for An is contained in the set of dispersion-free states 
for A, (ii) < cjJ; An > = < cjJ; A >n for all cjJin the set of dispersion-free states 
for A. (Here < cjJ; B > is the expectation of B in state cjJ.) 

This axiom is necessary in order to define the product of two or more observables 
as a member of Qt. Our objective here is to justify that axiom (as well as all the other 
axioms of the C* approach) for a set of observables that are physically motivated 
as well as informationally complete in the Hilbert spaces of ordinary quantum 
mechanics. In this way, we will obtain a completely physically motivated basis for 
the C* formalism for quantum mechanics. Then, the C* formalism may be used for 
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more general physical situations, with an additional restriction that we will place 
on the algebra of observables having to do with the phase space formalism. 

It is first en cum bent upon us to justify why this is a problem at all. We take 
the position operator, Q, and the momentum operator, P, as examples. They are 
unbounded self-adjoint operators with a purely continuous spectrum on any of 
the non-relativistic Hilbert spaces in quantum mechanics. We first treat them as 
being generated by their spectral projections onto compact sets of their spectrum, 
each being a bounded self-adjoint operator. But you have a problem; each of these 
has a piecewise continuous spectrum, and thus has no purely discrete spectrum 
(eigenvalues) associated with it, much less a complete basis of eigenvectors. The 
same problem appears for any operator with a purely continuous spectrum in any 
Hilbert space. Next, we may use a theorem [22] that says that if T is a self­
adjoint, bounded operator on a separable Hilbert space, then there exists a self­
adjoint compact operator K such that T + K has eigenvectors that span the space. 
Moreover, by a theorem of von Neumann [21], II K II may be made arbitrarily 
small and T does not have to be bounded. But there is no physical interpretation for 
what K is! 

A way to circumvent this came from considering the phase space formalism for 
quantum mechanics [16]. In this formalism, the Hilbert spaces in which quantum 
mechanics is done are the usual ones and on each one we may define a phase space 
localization operator; we shall investigate the properties of such a phase space 
localization operator. It will have all the properties we want. 

In Section 2, we define the phase space representations for any locally compact 
Lie group and obtain the phase space localization operators on them. In the next sec­
tion, we define the usual quantum mechanical representation spaces for the Galilei 
and Poincare groups, obtain an embedding of these spaces into the appropriate 
phase space representation spaces, and then pull back the phase space localization 
operators. We also discuss the here-to-fore known informational completeness of 
such phase space localization operators. In Section 4, we investigate in detail the 
spectral properties of these pulled back phase space localization operators. We find 
that for any function that is LP in the phase space, these operators have a purely 
discrete spectrum. In Section 5, we show that they comprise a set of operators that 
are physically observable and form a C* algebra. Finally, in Section 6, we show 
that we may construct a Hilbert space equivalent to the original one in which the 
localization operators form an informationally complete set. 

2. Phase Space Representations of a Locally Compact Group 

The majority of this section has been discussed in [6]. 
From classical experiments, one learns that classical (Newtonian) equations of 

motion are invariant under translations, boosts (relative velocity transformations 
between inertial [Galileian] reference frames), and rotations. Prior to 1887, these 
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were invariably viewed to generate the group of Galileian transformations on space­
time. Since the Michaelson-Morley[l4] experiment, and the subsequent analysis 
of numerous luminaries, these spacetime translations, boosts and rotations were 
interpreted as the generators ofthe group of Lorentz (or Poincare) transformations on 
either energy-momentum space or on spacetime. These transformations generated 
the entire group from those transformations acting on an arbitrarily small neighbor­
hood of any point. Transformations infinitesimally near the identity transformation 
form a vector space (the Lie algebra of the group) on which a non-associative opera­
tion (the Lie bracket) is defined. Thus, classical experiments reveal the kinematical 
groups of relevance. 

The lesson learned through the efforts of mathematicians over the last 250 years 
is that we may use a space with a Poisson bracket, a phase space, to describe a 
classical consevative mechanics. A phase space is mathematically a symplectic 
manifold which possesses a closed, non-degenerate 2-form on it. Furthermore, the 
relevant Galilei or Poincare group acts on this space in such a way as to preserve 
the Poisson bracket (acts "symplectically"). The phase space is thus a "G space", G 
the kinematical group. As a consequence of this set-up, "conjugate variables" are 
coordinates on the phase space which realize the canonical skew-symmetric form 
of the Poisson bracket, etc. With the experience of the Galilei and Poincare groups, 
one may abstract this formulation to the setting of the action of a Lie group G on 
any phase space on which G acts symplectic ally. 

A Lie group G generates, as above, a Lie algebra g; we may think of 9 as 
the collection of all left-invariant vector fields on G. This process is invertible by 
exponentiation that associates an element of the group (near the identity) to any 
element of the Lie algebra sufficiently near the origin (zero). One may thus go from 
the Lie algebra to the Lie group, and vice versa. 

In the following, it is essential that 9 is a finite-dimensional vector space. If 1\ 

designates the anti-symmetric tensor product on 9 then one may form the skew­
symmetric tensor algebra *(g) over 9 consisting of IR., g, 9 1\ g, 9 1\ 9 1\ g, etc. Let 
their duals be denoted by g*, etc. and note that g* may be thought of as the collection 
of all left-invariant I-forms on G, (g 1\ g)* as the left-invariant 2-forms on G, and 
so on. We then define the coboundary operator b 

as follows. Let {Ai} be a basis of 9 and let {wi} be the associated dual basis of g* so 
that Wi (A j) = b~. The structure constants C;j E IR of g, defined relative to the basis 

{Ad, are determined by the Lie bracket relations: [Ai, A j] = L. C;jAk. The IR in 
k 

the sequence above can be considered to be the collection ofleft-invariant functions 
on the group G, which is assumed to be connected, so that the IR may be thought of 
as the left-invariant O-forms t on the group. We define bot = 0 as an element of 
g*. Next, thinking ofthe Wi as left-invariant I-forms we find that the Maurer-Cartan 
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equations hold: dai = - ~ L C~oi /\ w j . We then define 
i,j 
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recognizing that this 2-form is actually in (g /\ g)*. One extends this expression for 
t>l linearly, obtaining g* ~ 0, (g /\ g)*. Making use ofthe skew-derivation property 
for t>z 

for A., fl E g*, one defines t>2 and proceeds inductively to define t>. 
Next, let 

Z2(g) == {w E (g /\ g)" I t>z(w) = O} 

denote the space of closed, left-invariant 2-forms on G, and for w E Z2(g), define 

hw == (¢ E 9 I w(¢",·) = OJ. 

It turns out that hw is a Lie sub-algebra of g; so, by exponentiation, hw determines 
a subgroup Hill of G. We must assume that Hill is a closed subgroup of G to obtain 
a manifold: 

It is a symplectic manifold as the 2-form w, when factored by its kernel, is the 
pull-back of a non-degenerate closed 2-form on G / Hw. That r is a symplectic 
G space follows because G acts on G / H", by left multiplication on left cosets: 
gx = g(gl H",) = (ggl)Hw , where x = gl H", for some gl in G. Since r == G / H", 
is a symplectic manifold, it naturally possesses a left-invariant Liouville measure fl 
equal to the m-th exterior power of w, where the dimension of r is equal to 2m for 
some integer m. 

The following result (Theorem 25.1 of[10]) captures the essence of the need for 
the construction outlined above and is sufficient for our purposes, but only in the 
context of single-particle kinematics. 

Theorem 2.1. Any symplectic action of a connected Lie group G on a symplectic 
manifold M defines a G morphism. 'I' : M ~ Z2(g). Since the map 'I' is a G 
morphism. 'I'(M) is a union ofG orbits in Z2(g). In particular, if the action ofG on 
M is transitive. then the image of'l' consists of a single G orbit in Z2(g). 

For the Galilei group and the Poincare group, elements of Z2(g) are fixed by a 
choice of mass and spin. Consequently, one obtains all the single-particle symplectic 
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spaces on which G acts symplectically and transitively, and one has a unified 
mathematical picture of kinematics in the two (Galileian and Lorentzian) cases of 
relevance to one-particle physics. Using the "methode de fusion" [20], we describe 
multi-particle kinematics by a phase space that is a Cartesian product of the single­
particle phase spaces with symplectic form equal to the "sum" of the symplectic 
forms on each of the single-particle factors. Thus we may start from the symplectic 
action of a group on classical single-particle phase space and obtain all the phase 
spaces (single- or multi-particle) on which G acts symplectically, in a physically 
meaningful way. 

One may form L ~ (0, a Hilbert space, on which one may represent G by unitary 
operators V"(g) 

for'll E L ~ (0, X E r, g E G, h a generalized cocycle, and a a one-dimensional 
representation of H; i.e., incorporate a phase factor in the left-regular representation. 
Then define an operator A(f), for all ,u-measurable f, by 

[A(f)'P](x) == f(x)'P(x). 

When the f are characteristic functions X(~), these operators on L~(O have a 
clear classically-motivated interpretation of localization observables in the phase 
space region ~. The A(f) are a commuting set, reflecting the classical property 
that the operators of position, momentum, etc. are all obtainable with precision 
simuJtaeously. For this reason and others, it will become evident that L ~ (0 is not a 
Hilbert space of fundamental importance to the description of quantum mechanical 
models of elementary (i.e., irreducible) single-particle systems. It will tum out that 
it is reducible into a direct sum (or integral) of such irreducible spaces. 

3. Quantum Mechanical Representation Spaces 

This section is also taken from [6]. 
In the case where G is one of the inhomogeneous Galilei and Lorentz groups, 

we know that all continuous, irreducible, unitary Hilbert space representations are 
obtained through the "Mackey Machine" [13] and the earlier Wigner classification 
[23] and that these representations are characterized by the Casimir invariants 
in the universal enveloping algebra of the Lie algebra. These Casimir elements 
are identifiable as the physical quantities of rest mass and spin (or helicity in 
the mass-zero case) in the case G = the inhomogeneous Lorentz group. For the 
inhomogeneous Galilei group, the analysis ofUvy-Leblond [12] achieved a similar 
picture physically characterized by mass and spin. 

In what follows, U will denote an irreducible unitary representation of G on an 
irreducible representation space, denoted ft, with inner product denoted < ., . >. 
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We wish to encode the entire content of the state vector rp E 1{ into a complex­
valued function on the phase space r in a manner that is reversible. The goal is to 
be able to reconstuct the state from the complex numbers [W'l(rp )](x) which encode 
it. Hence, to intertwine 1{ with L ~ (r), we define a linear transformation W'l from 

1{ to L~(r) by 

[W'l(rp)](x) = < U«(J(X»l1, rp > 

for x E r = G / H w, for all g E G, and for all rp E 1{, where 11 is a vector in 1{ and 
where (J is a (Borel measurable) section 

(J: G/Hw ~ G. 

To ensure that the image of W'l actually lies in l:~(r) one must exercise some 
care in the choice 11. One first selects and fixes, once and for all, a (Borel measurable) 
section (J : G / H w ~ G. Now, one says that 11 is admissible with respect to the 
section (J if 

J 1 < U«(J(X»l1, 11 > 12 dfJ.(x) < 00. 

r 

Assuming that 11 is admissible with respect to (J, one says that 11 is a -admissible 
with respect to (J if in addition to admissibility of 11 one also has 

for all h in Hw, where a is a one-dimensional representation of Hw. If 11 is a­
admissible with respect to (J then we may define the mapping W'l from 1{ to L ~ (r). 
[16] As we shall see, this is also enough to describe states rp E 1{ by their images 
W"(rp) in L ~ (0. 

To illustrate that these conditions are achievable for all representations indexed 
by mass and spin of the Galilei and Poincare groups, consider, for example: 

(1) the case of a massive, spin less, relativistic particle (G = Poincare group) in 
which one finds [1] that 11 must be rotationally-invariant under Hw = S U (2), and 
square-integrable over r = G / Hw ~ JR6 ~ JR~osition X JR~omentum' the classical 
phase space of a massive, relativistic, spinless particle, 

(2) the case of a massive, relativistic particle with non-zero spin (G = Poincare 
group) in which one finds [3][5] that 11 must be rotationally invariant about the "spin 
axis" (but not necessarily invariant under all rotations in SU(2», i.e., invariant 
under Hw = double covering of 0(2) ~ stabilizer in SU(2) of the spin axis, and 
square-integrable over r = G / Hw ~ JR~osition X JR~omentum x S;Pin, the classical 
phase space of a massive, relativistic, spinning particle. 
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Orthogonality relations are present, insuring that the images of the W'l are 
orthogonal in L ~ (r). We have the 

Theorem 3.1. [I I] Let G be a locally compact group, H a closed subgroup, (lk : 

G / H ~ G any Borel sections, and Uk any unitarily inequivalent representations 
of G square-integrable with respect to ak on Hilbert space Hk. (k E (1,2}.) 
Also, let H ka, denote the non-trivial closed subspaces ofHk generated by the set 
of ak-admissible vectors in Hk. Assume that the vectors '1k, i;k E Hka, and that 
qJk, 'l'k E Hk. Then there exists a unique, positive, invertible operator C on H ka, 
such that 

J < qJI, UI(al(x))'11 >1-l' < U2(a2(x))'12, qJ2 >1-l' df1(x) = 0, 

G/H 

J < qJI, U1(al(x))'11 >1-l' < U1(al(x))i;I, '1'1 >1-l' df1(x) 

G/H 

Therefore, we have a prescription for when the representations are orthogonal in 
L~(r): when < C'12, C'11 >1-lI= 0. 

Note, in the case of a compact group G, the positive operator C is just a positive 
constant. In general, this does not hold on all locally non-compact groups, for 
example for the Poincare group in the representations with non-zero spin. See [16, 
pp. 328 - 329] for a condition which guarantees that C is a constant. 

We work, now, with a single choice of G, H, a, a, and '1. For the sake of 
simplicity we denote the closure of the image of W'l by W'1(H) c L~(r). Let P'1 
denote the canonical projection 

and denote by A'1(f) the pulled back mapping [16] 

This is a plausible candidate for the quantum mechanical operator that corre­
sponds to the classical observable f. For example, for the Heisenberg group and 
for '1 = the ground state wave function of the harmonic oscillator, then A '1(q) = Q 
= the position operator, and A'1(p) = P = the momentum operator. Note that we 
have gone from a commuting set of A(f)s to a non-commuting set, the A'l(f)s. 
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One can prove [16] that A~(f) has an operator density P(·): 

A~(f) = J l(x)T~(x)df1(X), 
1 

T"(x) == 1 U(a(x»11 > < U(a(x»I1I, 

and that, up to a finite renormalization of f1 if necessary, 

A~(l)=l. 

With this set-up one can make a number of remarks: 

1) We may restate the orthogonality relation in this case by replacing 
1 U(a(x»11 > < U(a(x»11 1 with T~(x), yielding just a multiple of 
< rp I ,rp2 > rt I on the right-hand side of the second relation of Theorem 
2. 

2) Let P denote any quantum density operator; i.e., P is non-negative and has 
trace one. Then one may write P = L Pi PIf/; , the If/i forming an orthonormal 
set and PIf/; denoting the corresponding projection. Now, using the inter­
pretation of 1< U(a(x»l1, If/i >12 as the transition probability from If/i to 
U(a(x »11, one has the quantum expectation value given by 

Tr(pA~(f» = LPi J I(x) 1< U(a(x»l1, If/i >12 df1(x); 

I 1 

i.e., the sum over the transition probabilities. [16] 

For example, when using a "screen" to detect a particle in a vector state given 
by If/, one idealizes the detector (the screen) as a multi-particle quantum system 
consisting of identical sub-detectors. In a fixed laboratory frame of reference a 
sub-detector is represented by a state vector 11 whose phase space counterpart W~ 11 
is peaked about a reference phase space point which may be referred to as "the 
origin". For a fixed space-time reference frame, one may "position" a detector 
at all "points" of space-time (space-time events) exactly as Einstein located rods 
and clocks. Of course, one must now position mass spectrometers (devices that 
measure rest-mass in their own rest frames) and Stern-Gerlach devices at all space­
time events in addition to rods and clocks. As Einstein imagined that the rods and 
clocks were also equipped (at all space-time coordinate events) in all inertially­
related space-time reference frames, so must we imagine that our inertially-related 
space-time reference frames carry identical mass spectrometers and Stern-Gerlach 
devices in addition to rods and clocks (boosted relative to the rest "laboratory" 
frame). So, instead of rods and clocks situated at each space-time event and at rest 
in inertially-related (uniformly moving) rest frames, we must add to that imagery a 
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more elaborate set of apparati. For a fixed value of momentum p there are infinitely 
many pairs (m, u) such that p = mu; of course the momentum does not alone 
characterize the uniform relative velocity (boost) represented by p - one requires 
also the rest-mass m. The totality of all such "placements" of detectors constitutes 
the phase-space distribution of detectors - the classical phase space frame analogous 
to the classical space-time (Lorentz) frame (of rods and clocks). Thus the complete 
detector is composed of sub-detectors each located at different "positions" (points of 
O. The sub-detector located at "position" x E r, obtained from t/ by a kinematical 
placement procedure (with the same intent as Einstein's placement of identical rods 
and clocks at all points of spacetime), is U (a (x ))t/. Since the probability that If! is 
captured in the state given by U (a (x))t/ is 1 < U (a (x))t/, If! > 12, the formula for the 
expectation is justified. One cannot improve upon this procedure when measuring, 
by quantum mechanical means, the distribution of the particle. 

3) Since T"(x) ? 0 and A ~(1) = I, then Pclass(X) == Tr(p P(x)) is a classical 
(Kolmogorov) probability function [16]. Consequently, 

quantum expectation Tr(pA ~(f)) 

= J f(x)Tr(pT"(x))df.1(x) 

r 

= J f(x)Pclass(x)df.1(x) 

r 
classical expectation. 

4) Since the operators A~(f) enjoy the feature of the same expectation as 
the "classical" observables f, one might ask whether these operators are 
sufficient to distinguish states of the quantum system. 

Definition 3.2. [15]: A set of bounded self-adjoint operators {Ap 1 f3 E I, I some 
index set} is informationally complete iff for all states p, pi such that Tr(pAp) = 
Tr(p' Ap)for all f3 E I then p = p'. 

Example [15]: In spinless quantum mechanics, the set of all spectral projec­
tions for position is not infOlmationally complete. Neither is the set of all spectral 
projections for momentum, nor even the union of them. 

The {A~(f) 1 f is measurable} (or, equivalently {P(x) 1 x E r)) is known to 
be informationally complete in a number of cases and under the single additional 
condition on t/, that < U(g)t/, t/ >"1= 0 for a.e.g E G: 

a) spin-zero massive representations of the Poincare group [I] 

b) mass-zero, arbitrary helicity representations [4] of the Poincare group 

c) the affine group [II] 
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d) the Heisenberg group [11] 

e) massive representations [2] [16] of the inhomogeneous Galilei group. 

This leaves the case of massive, non-zero spin representations [5] of the Poincare 
group. We will have more to say on this in Section 6. 

5) If) = {Ap I fJ E I} is informationally complete, then any bounded operator 
on 7-{ may be written as the closure of span(). [7] 

6) When we specialize A'I(f) to f = X(Ll) , X(Ll) the characteristic function 
for the Borel set Ll, then 

X(Ll) = classical localization in Ll C r, 
A(X(Ll) operator on L!(r) localizing in Ll c r, 

A'I(X(Ll» operator on 7-{ localizing in Ll c r. 

4. Spectral Properties of the A "(j) 

These A'I(f) have several properties [16] of relevance to us here. We first provide 
the 

Definition 4.1. Let 7-{ be a Hilbert space and let A be a compact operator on 7-{. Let 
{ak} denote the set of singular values (eigenvalues) of A. The nth trace class, Bn, is 
defined to be the set of all compact operators such that Lk I ak In < 00. We denote 

the corresponding norm by II A II B" == [Lk I ak In] l i n. 

Then we have the 

Theorem 4.2. Let (X,~, f.1) be a measure space, let 7-{ be a Hilbert space, and let 
A : ~ ~ 8(7-{) be a positive operator valued measure. Suppose A has an operator 
density T such that II Tt 11:( cforall x E X, and Tr(Tx) :( kforall x E X, c and 
k constants. Let f E L~(X). ThenA(f) == Ix f(x) Tx d f.1 (x) is a bounded operator 
that is compact with II A(f) II :( cl i p II f lip and II A(f) IIBp :( rep) II f lip for 
some constant rep). In the case p = 1. rep) = k. 

The proof is an excursion in interpolation theory. [17] 
In the case at hand, we have c = k = I and X = r = G / H . Thus, for 

A'I(f) # 0: 

a) A'I(f)iscompactforallf E L~(X),andthusforallf E L~(X), 1:( p < 
00. In particular, we have that it is compact for all f equal to a characteristic 
function on a compact, measurable set in r. 

b) Suppose A'I(f)1p = Alp , for f in L~(X), A""' I, IIIp 11= 1. Suppose also that 

g E L~(X), and II f - g IiI < < 1. Then II Alp - A'I(g)qJ II = II A'I(f - g)1p II 
:( II f - g III < < I. Thus, Ip is nearly an eigenfunction of A '1(g) with the 
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same eigenvalue as A ~(f). The eigenvalues are close. In particular, this holds 
if we take g to be a characteristic function and f to be a fuzzy set function. 

Now we have the 

Definition 4.3. Let A and B be two effects; i.e., self-adjoint, positive operators in 
1{ that have spectrum in [0, I]. Then A and Bare comeasurable iff we can write 
A = A, + C, B = B, + C,for A" B, and C effects, and A, + B, + C is an effect. 

In particular, for A = A~(f),andB = A~(g),thenC = A~(min{f,g}).Couple 
that with the fact that in 1{, two projections are comeasurable iff they commute and 
you obtain the 

Theorem 4.4. [18] The set {A~(f) I 0 ~ f ~ 1, f f.1-measurable} does not con­
tain any two non-trivial projections. 

But the T~(x) are covariant as an easy proof will show. Thus the A ~(f) are 
covariant: 

U(g)A~(f)U-'(g) U(g) J f(x)T~(x)df.1(x)U-'(g) = A'7(g-'.f), 

r 
[g.f](x) = f(gx) for all g E C. 

Hence, if you have one non-trivial A ~ (f) that is a projection, you have many. 
Consequently, 

c) The set {Nlen I 0 ~ f ~ 1, f f.1-measurable} does not contain any non­
trivial projection. [18] Hence, any non-trivial operator in the set has spectrum 
in (0,1). This is in spite of the informational completeness of the set {A ~(f) I 
f is f.1-measurable}. One has to be careful on this point. 

Now, one may prove such things as 

d) If ~ is a compact subset of r with a piecewise differentiable boundary, 
we show that 2,0.; - A}) is small, {A;} the eigenvalues of A '7(X(~». Then 
A~(X(~» has a decreasing spectrum which starts out just below 1, remains 
just below 1 until it suddenly drops to values just above zero [16, pp.281-283]. 
Notice that X(~) E L~(X) n Lc;(X), the additional restriction to which we 
referred in the introduction. 

e) ForaIl~ c r, II A'7(X(~» II ~ f.1(~). 
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5. The Other C* Axioms 

For completeness, we discuss cursorilly the other axioms of the C* approach to 
physical systems. See [8] for a complete discussion. They are 

Axiom I) For each physical system L we can associate the triple (Qt, 6, <; > ) 
formed by the set Qt of all its observables, the set 6 of all its states, and a 
mapping <; >: (Qt, 6) -? lR which associates with each pair (A, ¢) in 
(Qt, 6) a real number < ¢; A > that we interpret as the expectation value of 
the observable A when the system is in the state ¢. 

Definition 5.1. For a fixed A E Qt, we have < .; A >: 6 -? RifT ~ 6, denote by 
A IT the restriction < .; A >: 'I -?R Declare A IT~ B IT whenever < ¢; A > ~ 
< ¢; B > V¢ E T.IfT = 6, then we simply write A ~ B. A subset T is said to be 
full with respect to a subset 1)3 ~ Qt iff A and B in 1)3, and A IT~ B IT=> A ~ B. 

Example: Let 1{ be a separable Hilbert space. Let {lfIi} be an orthonormal 
basis for 1i. For IfI E 1i and II IfI 11= 1, let P'I'({J = < 1fI, ({J > 1fI. Let 
1)3'1' = CLiaiP'I'"ai E C,Li I ai 1< oo}.ThenT'I' = (P'I';} is full with 
respect to 1)3'1'. 

Axiom 2) The relation ~ is a partial ordering relation on Qt. 

Axiom 3) (i) There exist in Qt two elements 0 and 1 such that, for all ¢ E 6, 
we have < ¢; 0 > = 0 and < ¢; 1 > = I. 

(ii) For each observable A E Qt and any A E lR there exists (AA) E Qt 
such that < ¢; AA > = A < ¢; A > for all ¢ E 6. 

(iii) For any pair of observables A and B in Qt there exists an element 
(A + B) in Qt such that < ¢; A + B > = < ¢; A > + < ¢; B > for 
all ¢ E 6. 

Definition 5.2. Denote the set of all dispersion-free states for the observable A by 
6 A . 

Definition 5.3. A subset T ~ 6 is said to be complete if it is full with respect 
to the subset QtT ~ Qt defined by QtT = {A E Qt I 6 A ;2 T}. A complete subset 
T ~ 6 is said to be deterministic for a subset 1)3 ~ Qt whenever 1)3 ~ QtT. A 
subset 1)3 ~ Qt is said to be compatible if the set 6'13 == nBE'B 6 B is complete. 

Example: T'I' is complete because it is full with respect to QtT == 1)3'1'. It is 
moreover deterministic for any subset Q: ~ QtT == 1)3'1'. 

Example: Compatibility of 1)3 in 1{ is known to be given by A B = B A V A, 
B E 1)3. 
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Axiom 4) The set 6 A is deterministic for the one-dimensional subspace of ~ 
generated by A; for any two observables A and B we have 6 A+B ~ 6 An 6 B, 

and 6] = 6. 

Example: If in 1i we take a bounded observable A that has no eigenvalues, 
then 6 A is empty and Axiom 4 is inachievable. 

Axiom 5) The axiom discussed in Section 1. 

Definition5.4. LetAandB E~.AoBisdefinedbyAoB = !([A+B]Z-A 2-B 2 ). 

Axiom 6) For any three observables A, B, and C in which A and C are 
compatible, (A 0 B) 0 C - A 0 (B 0 C) vanishes. 

Axiom 7) The norm of A E ~, II A 11= sUPq,E6 1< cjJ; A > I, is finite and ~ 
is topologically complete when regarded as a metric space with the distance 
between any two elements A and B of ~ defined by II A - B II. 6 is then 
identified with the set of all continuous positive linear functionals cjJ on ~ 
satisfying < cjJ; 1 > = 1. 

Axiom 8) A sufficient condition for a set Il3 of observables to be compatible 
is that ;:P(Il3) is associative. Here ;:P(Il3) is the set of polynomials in 1l3. 

Axiom 9) ~ can be identified with the set of all self-adjoint elements of a real 
or complex, associative, and involutive algebra 9t satisfying 

(i) for each R E 9t there exists an element A in ~ such tht R* R = A2; 

(ii) R* R = 0 implies R = O. 

We mention Axiom 10 for completeness only. It is not necessary to obtain a C* 
algebra. 

Axiom 10) To each pair of observables A and B in ~ corresponds an observ­
able C in ~ in the sense that for all cjJ E 6, we have 

< cjJ;(A- < cjJ;A > 1)2> < cjJ;(B- < cjJ;B > 1)2 > ~ < cjJ;C >2. 

Now, all axioms except the fourth and fifth hold in any Hilbert space construction 
with < cjJ; A > = Tr(cjJA). Consequently, consider any Hilbert space for which the 
phase space formalism applies. Form 

~+ - the algebra generated by ~o, 

~o - (A~(f) I f E L~(f) n L~(f), 0::;; n· 
Then, any A ~(f) E ~+ is of the form A ~(f) = Li Ai P'I', for some orthonormal 
basis {'I'i}. Consequently, Axioms 4 and 5 are satisfied. (One must be aware that, in 
A~(f) + A~(h) = A~(f + h), we may have all three of A~(f), A~(h), A~(f + h) 
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possessing distinctly different eigenvectors!) Take Ql == Ql+ - Ql+, and we have a 
set on which all the axioms hold. Or take !R == Ql + iQl. Thus we have arrived at 

Theorem 5.5. Any Hilbert space in which the phase space formalism applies, 
including all the single particle Hilbert spaces of quantum mechanics, satisfies the 
axioms of the C* algebraformalismfor a physical system. 

6. On the Informational Completeness of the Representation 

Having a C* algebra in the phase space framework of quantum mechanics, we may 
now employ the G.N.S. construction [9][ 19] which we assume is familiar to the 
reader: 

Choose any state cp in the original Hilbert space 1t in which the localization 
operators, A "(j), were defined, and form < cp, A >, A E Ql. (Note: This includes 
cp = P Ifl for any'll E 1i.) Let.Rq, = {K E Ql I < cp; R* K > = 0 T:j R E Ql}, which by 
the Cauchy-Schwarz-Buniakowski inequality is equal to {K E Ql I < cp; K* K > 
= O}. Since 1t is irreducible, any vector in 1t is cyclic; so, we will take cp = P Ifl' 
with'll of the form U(g-I )yt, g E G. Then, abusing the notation, we have for our 
particular situation, 

{A"(j) E QlIII A"(j)U(g-l)yt 11= O} 

{A"(j) E QlIII A"(g-I.j)yt 11= OJ. 

Since the set of f s is invariant under the group G, it suffices to consider just 

Now 

~" {A"(j) E QlIII A"(j)yt 11= O} 

{A"(j) E QlI A"(j)yt = OJ. 

A"(j)yt = J f(x) < U«(J(x»yt, yt > U«(J(x»ytd/1(x). 

If < U «(J (x »yt, yt > = 0 a.e. x for x in some compact set 0 with non-empty 
interior, then for all f with support in 0, A"(j)yt = O. Thus~" "I- {OJ in a way 
that is invariant under all infinitesimal transformations. If < U «(J (x »yt, yt > "I- 0 
a.e.x E r, there may be some fs such that A"(j)yt = 0, but A"(g.j)yt = 0 does 
not hold for all g infinitesimally in all directions. Thus, A "(j)yt = 0 holds only for 
a thin set of f s, in agreement with A" (j) being an integral operator. 

Remark. I) If f is always positive or always negative, then since 
spec(A "(j» ~ (0, 1), resp. ~ (-1,0), A "(j)yt "I- O. 
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2) The a-admissibility of Yf impiies 

< U(a(x))Yf, Yf > =1= 0 a.e.x E r 
¢::> < U(g)Yf, Yf > =1= Oa.e. g E G; 

i.e., the same condition for obtaining informational completeness in the 
previously known cases for the Galilei and Poincare groups. 

3) By using the modular function we obtain: if Yf is admissible, then U (g)Yf is 
admissible for all g E G. Moreover, we have: if Yfis a-admissible, then U(h)Yf 
is a-admissible for all h E H. Thus, coupled with the results above, we have 
that any vector of the form U (h )Yf, h E H, will be suitable for obtaining the 
results below. 0 

We will now obtain a representation of 2t/ ~'" Yf satisfying < U (g )Yf, Yf > =1= 0: 
For R, S in 2t/ ~'" define (R, S) == < P,,; R* S >. This turns out to be a sesquilinear 
form and generates a norm on 2t/ ~". Hence 2t/~" is a preHilbert space which has 
the Hilbert space 'H'1 as its completion. Note that we are taking the completion in 
the topology dual to the strong or weak sense, by the cyclicity of Yf. This is the same 
topology as the topology for which informational completeness is discussed in [16]. 

The representation IT"of2tisdefinedby IT,,(R) : 2t/~" ~ 2t/~",IT,,(R)S = RS. 
The G.N.S. Theorem then proceeds to show that IT ,,(R) can be extended to a bounded 
operator on 'H'1' Taking 2t/ ~'7 instead of 2t is moot when we operate on 'H". 
The set {A"(f)} is informationally complete in this representation. But for all 
practical purposes, we have that 'H" s;;: 'H. Define U(g) : A"(f) f-7 A"(g-I.f), 
g E G. U is an anti-representation of G on 2t. But using the covariance property 
of the A "(f), we see that this representation of the symmetry group is given by 
U(g)A"(f) = U(g)A"(f)U-I(g); i.e. by the same U we had before. But that U is 
irreducible, and hence the Hilbert space obtained through the G.N.S. construction 
is the same as the original Hilbert space and IT ,,(2t) = B('H). Consequently, 

Theorem6.1. The set {A"(f) I f E L~(r)nL':(r),Jreal-valued, Yfa-admissible 
in 'H and < U(g)Yf, Yf > =1= 0 a.e.g E G) is informationally complete in the 
G-irreducible representation space 'H,Jor any G that is a Lie group. 

7. Conclusion 

We have exhibited a set {A "(f) I f real valued and L ~ (r) n L ~(X)} of operators 
that have a physical meaning in any experiment in which one measures by quantum 
mechanical means. These A "(f) each have a full set of eigenvectors. They form a 
C* algebra, and hence form a foundation forthe C*-algebraic formalism for physics 
in the free case. We may use the G.N.S. construction to obtain the informational 
completeness of {A "(f) I f real valued and L ~(r) n L~(X)}. Generalizing to any 
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physical system that has the phase space localization operators on it, we obtain a 
C* algebra and the informational completeness of these A ~(f). 
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Stochastic Flow on the Quantum 
Heisenberg Manifold 

Kalyan B. Sinha 

(Dedicated to Professor Gerard G. Emch on the occassion of his seventieth birthday) 

1. Introduction 

Following the work of Rieffel [I] on the deformation quantization of Heisenberg 
manifolds, a detailed study was undertaken in [2] to understand the geometry of 
such a manifold as a concrete example in non-commutative geometry [3]. In this 
article, a canonical non-commutative (quantum) stochastic flow is constructed on 
the quantum Heisenberg manifold which in a natural way is associated with the 
Dirac operator of the manifold. 

First, we give a brief description of the manifold and some of its properties, more 
details can be found in [1] and [2]. For each I), f1., V E lR with f1.2 + v2 i= 0 and for a 
given natural number c, let SC denote the space of Coo functions rp : lR x T x Z ~ C 
such that 

a) rp(x + k, y, p) = e(ckpy)rp(x, y, p)for all k E Z and where we have written 
e(x) = exp(21C i x), 

b) for every polynomial P on Z and every partial differential operator X = 
8m +n _ 

--- on lR x T, the function pep )(X rp )(x, y, p) is bounded on K x Z for 
8xm 8yn 
any compact subset K of lR x T. For such a class of functions on the "com­
pactified" Heisenberg manifold, we define the following non-commutative 
and associative product and conjugation: 

(rp * 1fI)(x, y, p) 

= I>(x -1J(q - p)f1., Y -1J(q - p)v, q)lfI(x -lJqf1., y -lJqv, p - q) 
q 

and 

rp*(x, y, p) = (ji(x, y, -p) (l.1) 
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In (1.1) we note the expected properties that when ~ = 0, «(jJ * If/)(x, y, p) = 
L: (jJ(x, y, q) If/(x, y, p - q), i.e. if we look at (jJ and If/ as functions on JR. x 11' x 11', 
q 

given as a Fourier series in the third variable, then the *-multiplication reduces 
indeed to the classical (commutative) pointwise multiplication of functions and 
similarly the conjugation *-operation is indeed just the complex conjugation. We 
denote this *-algebra given by (l.l)as A 00, look at its representation in L 2(JR. x 11' x 11') 
given by 

(n«(jJ)¢")(X, y, p) = I>(x -~(q -2p)f.1, y- ~(qr-2p)v, q)¢"(x, y, p-q), (1.2) 
q 

and also denote by A and N the norm and weak closures of n(AOO) respectively. 
In such a case, A will be called the Quantum Heisenberg manifold. Here ~ is to be 
interpreted as the (2n )-1 times the Planck's constant in Quantum Mechanics. 

It is to be noted that the (classical) Heisenberg group G acts ergodically on A 
via the following action on Aoo: 

(L(r.s,tl(jJ) (x, y, p) = e(p(t + cs(x - r»)(jJ(x - r, y - s, p) (1.3) 

for (r, s, t) E G, and that there is a faithful normal tracial state r on N given by 

r«(jJ) = t dx ( dy(jJ(x, y, 0) on A oo . io iTi 

This leads in a natural way to the following canonical Dirac operator: 
3 

( 1.4) 

D' X = L: d x j ® a j, where X /s are a basis of the Lie-algebra of G and a 's are 
j=1 

the 3 Pauli a j matrices. More specifically, if we take as the basis the following three 
upper triangular matrices: 

Co.) ° , 
° 

with a > 1, then one has the following 

Proposition 1.1. Let D' be given as above. Then in L 2 ([0, 1] x [0, 1] x /Z), D' rep-
3 

resented as D' = L: idj ®aj withDom (D') = {J E L 21/(x, 0, p) = I(x, 1, p) 
j=1 
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f(1, y, p) = e(cpy)f(O, y, p); pf, *, * E L2} ® ((:2 is self-adjoint where 

.af af 
-I ax' id~(f) = -i ay - 2ncpxf(x, y, p), 

-id~(f) = -27rcpaf(x, y, p). ( 1.5) 

It is convenient to make a unitary transformation U : L 2 ([0, 1] x [0, 1] x Z) ~ 
L2 ([0,1] x [0,1] x Z) by 

U(f)(x, y, p) = { e(-cxyp)f(x, y, p) for y < 1, 
f(x, y, p) for y = 1. 

Under this transformation D' goes over to the self adjoint operator D given as 
follows: 

Dom (D) = {J E L 2 If(x, 0, p) = f(x, 1, p), f(O, y, p) = f(1, y, p) and 

pf, ~{, ~< E L2} ® ((:2 == V ® ((:2 with D = L.idj ® (Jj, where 
J 

idl(f) = 2ncyp f(x, y, p) - i :~, id2(f) = -i :~, -id3(f) = -27r pcaf. 

(1.6) 
For convenience, we shall also set 

and r = _a- l (I ® My ® -idjO)) on L2 ([0,1] x [0, 1] x Z)withthedomainsof 

self adjointness of dj°),s being given by the appropriate periodic boundary conditions 
as in (1.6). 

It is also clear (see for example [4]) that r is essentially self-adjoint on the 

linear span of the product domain L 2 ([0, 1] x [0, 1]) ® Dom ( -i djO)) ; and we 

shall denote the self-adjoint extension also by r. The full details of the geometric 
properties of A and of K -theory on it can be found in [2] and [7]. The aim here is 
to construct the associated stochastic process. 

2. Construction of the Stochastic Process 

Clearly djO),s, defined above, mutually commute and we set Ut 

exp (i L.~=I djO)Wj(t)), where (Wj}}=l are three mutually independent classical 

standard Brownian motions. Then Ut is a unitary operator in H == L2(A, r) ::: 
L2 ([0,1] x [0,1] x Z)for almost all (Wj }}=l' Wealsosetat(a) = Utau; fora E A. 
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Then note that though at is not a (random) automorphism of A , at(a) E B(1t) for 
almost all OJ j . 

It follows from the last part of the previous section that 

·d ·d(O) ·d ·d(O) d ·d ·d(O) 
I 1 = I 1 + r, I 2 = I 2 an I 3 = I 3 . (2. I) 

Since id;OJ and r (both unbounded self-adjoint operators) commute (being non­
trivial in the different tensor components), it follows that V is the domain of 
essential self-adjointness of both the triplets {idjOJ} and {id j }. 

Next we want to take into account the perturbation of the commuting triplet 

(idiO), idiO), id~O») by (r, 0, 0) somewhat along the lines of Evans and Hudson [5]. 

But the perturbation r is unbounded and hence the method of [5] cannot be applied. 
However, the following simple observation comes to the rescue; there is a natural 
"imprimitivity" between the map e ifJd2 and My viz. 

(2.2) 

wherea+b=(a+b)mod I. 
Thus Ut leaves the Dom (r) invariant and 

(2.3) 

and at (r) is a self-adjoint operator with Vthe domain of its essential self-adjointness 
for almost all OJ. Also, observe that at(r) and as(r) commute for all s, t :?: 0 and 
almost all OJ. 

Now consider the quantum stochastic differential equation [6, 7] in H ® 
r (L 2(lR+, ( 3)) , where rcHo) is the symmetric (Boson) Fock space overthe Hilbert 
space Ho (see [6] for details): 

dVt VI {iat(r)dOJl(t) - ~at(r2)dt} 
Vo = I in H ® r(L 2(lR+, ( 3)). (2.4) 

This can be easily seen to have a unitary solution. In fact, the solution can be 
explicitly written down as 

Finally, we set 

Vt = exp (i fot as (r)dOJl (S)) , 
since at (r) and as (r) commute. 

Y!t(a) = Vtat(a)Vt* for a E A, 

(2.5) 

(2.6) 
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and it follows easily from the above that 

3 

d17r(a) = L 17r([idj , a])dwAt) + 17r(.C(a»dt, where C(a) 
j=1 

1 3 

= -2 L [dj , [dj , a]], for a E ADO. 
j = 1 

Then we observe the following properties of the map If. 
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(2.7) 

(i) Since {idj }~=I are the Lie-derivations of A from the action of the Lie group 
G by (1.3) and since ADO is stable under their actions, it follows from the 
theory described in Chapter 8 of [7] that the differential equation (2.7) has 
solutions in N for almost all w j. Therefore 17.(.) maps [0, T] x A into 
N ® B(r(L 2(lR+, (:3))), for every T < 00. 

(ii) It is also clear from (2.6) that 1'/r is unital, multiplicative and *-preserving. 

(iii) Thus 17r for each t E [0, T] defined by (2.6) is an unital, *-homomorphism 
from A into N ® B(r(L 2(lR+, (:3»), further satisfying the quantum sto­
chastic differential equation (2.7) on the smooth subalgebra ADO. 

Thus 17, constructed above, describes the canonical diffusion or *­
homomorphic stochastic flow on A [6,7]. 
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