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Preface

Nanotechnology is a key technology of the 21st century. It investigates very small
structures of the size of a few nanometers up to several 100 nanometers. Thus,
these structures are often smaller then the wave length of light. In this book, we
concentrate on the mathematics of photonic crystals, which form an important
class of physical structures investigated in nanotechnology.

The investigation of these structures by mathematical methods is highly im-
portant for the following reasons.

e Since the physical behaviour in the nanoscale is very difficult and expensive
to measure in real experiments, numerical simulations play a fundamental
role in understanding such processes. In many cases theses structures are
fully three dimensional, and process on very different scales in space and
time, so that constructing efficient and reliable simulation methods is a true
mathematical challenge.

e Often ill-posed problems arise in a natural way, e. g., in the reconstruction
problem of nanostructures from measurements. Here, methods of the theory
of inverse problems must be developed and applied.

e Often it is not possible, e. g. due to very large differences in the underlying
scales, to consider the full basic physical equations directly in a numerical
simulation. Then, reduced and simplified models have to be constructed, and
their analytical properties and approximation qualities have to be investi-
gated.

e The numerical simulation can study only specific configurations. For a quali-
tative understanding of the behaviour of the underlying system, the mathe-
matical analysis of the underlying equations is indispensable.

In the mathematical analysis and the numerical appromixation of the partial
differential equations describing nanostructures, several mathematical difficulties
arise, e. g., the appropriate treatment of nonlinearities, simultaneous occurrence
of continuous and discrete spectrum, multiple scales in space and time, and the
ill-posedness of these problems.

Photonic crystals are materials which are composed of two or more different
dielectrics or metals, and which exhibit a spatially periodic structure, typically
at the length scale of hundred nanometers. Photonic crystals can be fabricated
using processes such as photolithography or vertical deposition methods. They
also occur in nature, e. g. in the microscopic structure of certain bird feathers,
butterfly wings, or beetle shells.

A characteristic feature of photonic crystals is that they strongly affect the
propagation of light waves at certain optical frequencies. This is due to the fact
that the optical density inside a photonic crystal varies periodically at the length
scale of about 400 to 800 nanometers, i. e., precisely at the scale of the wave-
lengths of optical light waves. Light waves that penetrate a photonic crystal are
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therefore subject to periodic, multiple diffraction, which leads to coherent wave
interference inside the crystal. Depending on the frequency of the incident light
wave this interference can either be constructive or destructive. In the latter case
the light wave is not able to propagate inside the photonic crystal. Typically, this
phenomenon only occurs for bounded ranges of optical wave frequencies, if it does
occur at all. Such a range of inhibited wave frequencies is called a photonic band
gap. Light waves with frequencies inside a photonic band gap are totally reflected
by the photonic crystal. It is this effect which causes, e. g., the iridescent colours
of peacock feathers.

In the mathematical modeling of photonic crystals by Maxwell’s equations
with periodic permittivity, such photonic band gaps are described as gaps in the
spectrum of a selfadjoint operator with periodic coefficients, while the frequency
ranges where constructive interference takes place form the spectrum (which is
arranged in bands) of this selfadjoint operator.

In this proceedings volume we collect a series of lectures which introduce into
the mathematical background needed for the modeling and simulation of light, in
particular in periodic media, and for its applications in optical devices. We start
with an introduction to Maxwell’s equations, which build the basis for the math-
ematical description of all electro-magnetic phenomena, and thus in particular of
optical waves. Next, we focus on explicit methods for the numerical computa-
tion of photonic band gaps. Furthermore, a general introduction to the so-called
Floquet—Bloch theory is given, which provides analytical tools to investigate the
spectrum of periodic differential operators and provides the aforementioned band-
gap structure of selfadjoint operators with periodic coefficients, such as they occur
for Maxwell’s equations in a photonic crystal. In the rest of this volume we con-
sider two applications. In the first application the theory of direct and inverse
scattering is introduced and applied to periodic media, and the second application
investigates nonlinear optical effects in wave guides which can be described by the
nonlinear Schrodinger equation.

We greatly appreciate the opportunity to give this course in the framework of
the Oberwolfach seminars, and we would like to thank the Oberwolfach institute
for their kind hospitality. Further, we want to thank for the kind assistance of
Birkh&user in the realisation of these lecture notes.



Chapter 1

Introduction

by Willy Dorfler

In this introduction we will present both the main physical concepts of elec-
tromagnetism (Section 1.1.1) and mathematical basic tools (Section 1.2) that are
needed for the topics discussed here.

1.1 The Maxwell Equations

The foundations of electromagnetism were laid by James Clerk Maxwell ! in the
years 1861-1865. It not only provided insight into the nature of electromagnetism,
but also gave the theory a clear mathematical structure. It consists of a system of
partial differential equations and some constitutive laws that describe the interac-
tion of the fields with matter. Here, we mainly consider waves of a fixed frequency
(in the range of light) or pulses with concentrated frequencies. This leads to the
simplification of the time-harmonic equations. On idealised periodic material ar-
rangements one ends up with linear (and nonlinear) eigenvalue equations. Using
results from spectral theory it is possible to understand the structure of the (linear)
eigenvalue problems qualitatively.

1.1.1 The partial differential equations
We seek vector fields D, E, B, H : Q) — R? such that Mazwell equations

oD -V xH=-J (Ampére’s circuital law), (1.1)
V-D=yp (Gauss’s law), (1.2)
B+VxE=0 (Faraday’s law of induction), (1.3)
V-B=0 (Gauss’s law for magnetism), (1.4)

113 June 1831 — 5 November 1879

W. Daorfler et al., Photonic Crystals: Mathematical Analysis and Numerical Approximation, 1
Oberwolfach Seminars 42, DOI 10.1007/978-3-0348-0113-3 1, © Springer Basel AG 2011
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hold for given J : Q — R3 and o : Q@ — R. We call E electric field, D electric
displacement field (or electric flux density), H magnetic field intensity, B mag-
netic induction, and J and o electric current intensity and electric charge density,
respectively. Furthermore, there are constitutive relations D(E, H) and B(E, H)
that describe the interaction of the fields with matter. Examples are given in Sec-
tion 1.1.3. This yields 14 scalar equations for 12 unknown functions. From the
above equations we can derive the compatibility condition

8t9+ V.-J= O,

which expresses conservation of charge. For a physical interpretation of equations
(1.1)—(1.4) see [17, Ch. 1].

1.1.2 The integral formulation

Let M be a smooth oriented two-dimensional manifold in R?® and V' C R? a
bounded domain with smooth boundary. Using the well-known integral relations
for sufficiently smooth vector fields A : V — R?, resp. A : M — R3,

/ V-A= A-ny (Gauss’ theorem),
v ov

/ (VX A) - ny = A -ty (Stokes’ theorem),
M oM

we can derive the following identities from (1.1)—(1.4)

H -ty
oM

/ (8tD+J)-nM, D~TLV:/,Q, (1.5)
M ov 14

E'tM:_/ OB -nyy, B -ny =0. (1.6)
M

oM ov

Here, nj; is the normal vector field on M, t,; is the tangential vector field on
OM (oriented counter-clockwise if one looks into the direction of nys), and ny
the exterior normal to V.

1.1.3 Constitutive relations

In vacuum there hold the relations
D(t,x) =coE(t,x), B(t,z)=poH(t x)

with the permittivity of free space €9 and the permeability of free space pg. In
matter, however, the fields have to be interpreted in a macroscopic way as a
mean field. An electric field E induces local dipoles in nonconducting media by
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dislocation of charges (as sketched in Figure 1.1). This gives rise to a polarisation
field P, that superposes the electric field and results in a total field

D =cE+P.

The connection between E und P can be described by a material model. For a
linear medium one makes the ansatz

P(t,x) = eo(G * E)(t,x) := &g /:)O Gt —r1,2)E(r,x)dr. (1.7)

Figure 1.1: Dislocation of local charges by an exterior electric field E and the polarisation
field P (without (left) and with (right) exterior electrical field).

The transfer function G(-,x) : R — R>3 is assumed to be causal, which
means that P(t,.) can only depend on E(r,.) on past times 7 < t. This is
expressed by the requirement

G(s,z)=0 for all s < 0 and all x € R3.

Special cases are homogeneous media, where G does not depend on x and isotropic
media, where G is real valued. If we perform a Fourier transformation in time,

e. g.,
D(w,z)= [ D(t,z)e “"dt
R3

(and likewise for E, P), the convolution will turn into
P(w,z) = coxp(w, z)E(w, @)

with the electric susceptibility
1 ~
XE(wam) = G(waw)'
€0
Thus we obtain the relation
D(w,z) = o1+ xg(w, w))E(w, x)

~

=goer(w, ) E(w, x). (1.8)
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Note that a relation D = gpe, E will only follow if the material parameter e,
is frequency independent, or, if the relation is considered at a single frequency
wo. To see this, multiply (1.8) by the Dirac measure d,, and apply the inverse
Fourier transform. This independency is not given in reality, however, it often holds
approximately on large frequency intervals. Linear relations B = uo(H + M), M
the magnetisation, and B = pop, H follows from analogous reasoning.

Usually, €, is taken to be real. This can only be an approximation, since &;
must have an imaginary part, except in the vacuum case, by the Kramers—Kronig
relation, that relates S(e;) to R(e,) — 1 [17, Ch. 7.10].

In the following, we will use the linear constitutive relations

D =¢FE = ¢pe. E, (1.9)
B=uH = pop. H (1.10)

(here with possibly space-dependent but time-independent scalar functions &, u).
g, 1 (&r, pr) are called (relative) permittivity and (relative) permeability, respec-
tively.

The interaction of electromagnetic fields with media is a rich and still devel-
oping topic. We mention only a few models.

The homogeneous, isotropic one-resonance model

Here it is assumed that the mentioned local dipoles are oscillating systems at
resonance frequency wy, that oscillate in the direction of the electric field. In this
model the equation for P is that of a damped harmonic oscillator and can be
solved explicitly. As a result one obtains the Drude-Lorentz model

1 w?

P
w)=——F—->—
xe(w) eowp —w? —iyw’
where wg and v are material constants named plasma frequency and damping
factor, respectively [17, Ch. 7.5]. The dependence of € on w is especially important
for metallic materials. Here, one often uses the expression with wg := 0 (Drude

model).

A quantum mechanical model

In a medium or an a scale where quantum effects become apparent the polarisation
will depend on a density matriz o € CN'V with a number N of energy levels. o
is hermitian and nonnegative with positive diagonal entries. Then one finds a
dependence P(E, g) and g satisfies an equation of the form 0,0 = L(E, ), where
L is affine linear in both arguments. The final set of (nonlinear) equations is
called Mazwell-Bloch equations. In case of N = 2 (two level model) one arrives
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for example at equations
875213 + 10, P + WP = asoFE,
0o+ az(0— 00) = —40:P - E.

az, ..., 0y are positive constants and p is the difference in number between excited
states and ground states per unit volume [22]. For mathematical investigations see
(8] [9]).

Effective medium approximations

These are methods to describe the effective permittivity or effective permeabil-
ity of composed materials when the material structures are very small, like the
Bruggeman model [4] or the Mazwell-Garnett model [15]. Especially newly de-
signed materials at nano-scale with electric and magnetic effects can result in
effective media with unusual optical properties (meta materials) [23].

Nonlinear polarisation

The previous approach (1.7) can be generalised to higher polynomial dependence
on E [1]. Of special importance is the cubic (Kerr—) nonlinearity

P =¢o(e; + o|E]*)E
(with some parameter a € R). Equations with cubic nonlinearities will be studied

in Chapter 5.

1.1.4 The wave equation

We consider the case of an electromagnetic field in the absence of charges and
currents (o = 0 and J = 0) and in the presence of a material with constitutive
relations D = ¢gE + P and (1.10). From the Maxwell equations (1.1) and (1.3)
we get

1
02(c0E + P) = 02D = 8,(V x H) = —V x (—v x E)
,u
1 1
2 —_— — =
or 20 (E+€OP)+V>< (MVXE) 0.
Using the linear relations (1.8) and (1.9), we find E + 1/¢g P = ¢E and therefore
1
e0ZE + V x (—V X E) =0.
7
In vacuum, we have € = g, pt = po. With 0 = V(g E) = 9 V-E we observe that
Vx(VxE)=V(V-E)-AE =-AFE
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and thus obtain the wave equation
1
0—28§E7AE =0, (1.11)

where ¢? = 1/(gouo) is the speed of light. An analogous equation holds for H.
Note, that the wave equation has solutions of the form E(t,x) = A(z + ctn)
for some suitable function A : R? — R? and a unit vector m. This models the
propagation of light in vacuum.

1.1.5 Time-harmonic Maxwell equations

In case of a monochromatic wave we can assume that all fields are of the form
E(x)e?t, etc. With o = 0 and J = 0 and the linear relations D = ¢E and
B = H, the Maxwell equations (1.1)—(1.4) turn into the time-harmonic Maxwell
equations

iweE -V x H=0, (1.12)
V-(eE) =0, (1.13)
iwpH +V x E=0, (1.14)
V- (uH) = 0. (1.15)
Elimination of E yields
1
V x (EV X H) =V x (iwE) = iw(—iw)uH = w’uH, (1.16)
while elimination of H gives analogously
1
V x (—V x E) = w%E. (1.17)
1

We thus finally arrive at eigenvalue problems for H and E. It means that, except
in cases where the frequency w (actually, w?) is an eigenvalue of this equation,
there exists no nontrivial electric field and thus no wave is transmitted. Note that
a solution of one of this problems will determine a solution of the other, using
the first order equations (1.12) and (1.14) above. Note further that (1.16) and
(1.17) have to be accompanied by (1.13) and (1.15), respectively, but formally, the
ladder follow as a consequence from the previous by taking the divergence and
using V-V x = 0.

In the following we study this problem in special geometric configurations
for illustration.

1d-like structures

Assume that we have a layered structure in x1—direction, with material properties
x1 — e(z1) and z1 — p(z1) (see Figure 1.2 (left)). We especially seek an electric
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0 i

Figure 1.2: Examples of a one-dimensional (left) and two-dimensional (right) structure.

field of the form x1 — E(x1). As an example, we think of an idealisation of a device
that consists of plane layers of material with alternating constant permittivity and
that we look for nonvanishing standing waves E(x1)e*? for w # 0. Note that in
this case

0
VX E = —81E3
81E2
and therefore
0 0
1 1
Vx| - —81E3 = — 81(;81-E12)
i Y 01 (£01 )

As a consequence we obtain from (1.17) the decoupled system
E1 = O,
1
—81(;81Ej> = w2€Ej for ] = 2,3.

The equation for H is analogous with € and p exchanged. As a result, we obtain
standard elliptic eigenvalue problems for Fs and Ejs.

2d-like structures (waveguide)

Consider now a material that consists of infinite columns in z3—direction modeled
by a permittivity (z1,z2) — e(z1,22) (see Figure 1.2 (right)), and we look for
time-harmonic solutions that are also periodic in xs—direction along the struc-
ture. Thus we seek fields (t, 21, 72, x3) — E(z1, 22)e'*%3e“t and (¢, 11, 22, 23) —
H (21, 32)e*3%3¢1%t for w # 0. This corresponds to a wave with frequency w that
travels in x3—direction with wavenumber k3. This structure is called a waveguide
if nontrivial fields of this kind exist. For such a vector field E we obtain

Vi, E; — iks[Ey; Bo)*

V x (Eeik”?') =
~Viy - [Ey; Eo]

ik‘gmg
)
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where Vi 5 := [01; 02], VfZ := [09; —01], and [Ey; Es]* = [Eo; —E4]. If we insert
this into (1.17), we get a system that can be separated as
Ey

1 1 1 E E
_vi. (Zvi,. el 12 1| _ 2 1
1,2<‘u 1,2 [ E, :| ) +1,uki3c1,2E3+ ,ukg |: By :| w’e |: By :| , (1.18)

1 1
—Vl 2 (—V1_2E3) + i—kJ3V1_2 . El = w25 E3. (1.19)
Co\p 7 I T B
For given k3 this is an eigenvalue problem for w, while for given w this is a quadratic
eigenvalue problem for ks (for such problems see [25]). In case of k3 = 0 (standing
wave) this system decouples as

1 E E
v (i [ ]) - [ ]
1
_VLQ . (—V172E3> = wQSEg.
H

The second equation is an elliptic eigenvalue problem for (E3,w). Correspondingly,
one can also obtain (Hj,w) by the same type of equation (but with px and e
interchanged). Having determined in this way Fs5 and Hs, we derive equations for
the remaining components from Maxwell’s first order equations

Ey - H,y 1 oo
= —Vi,H = ——Vi,FEs.
{ Eo ] fwe | B2 Hy fwp 28

Waves that are described by the components FEi, Fs, Hs are called transverse-
electric (TE) and those described by the components Hy, Hs, E5 are called trans-
verse-magnetic (TM). If ;4 and ¢ are constant, then (1.18)—(1.19) simplifies to the
eigenvalue problem

7A1’2E = (w2€,u — k’g)E

However, this result could easier be obtained from (1.11).

We have seen that problems with 1D or 2D structures can be solved using
an eigenvalue problem for the Laplace-operator. The off-plane problem (ks # 0)
however leads to the more involved equation (1.18). Also, full 3D problems will in
general be of a more complex type.

The construction of waveguides is an important topic in optical communica-
tion technology [1], see also Chapter 5.7.3.

1.1.6 Boundary and interface conditions

Electromagnetic fields generally exist in the whole space, they are generated by
charges and currents (¢ and J in (1.1) and (1.2)) and influenced by interaction with
matter as indicated in Section 1.1.3. In our macroscopic modeling, permittivity
and permeability are assumed to be smooth functions that are discontinuous along
smooth material interfaces. It is therefore important to consider how this influences
the electromagnetic field.
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Figure 1.3: Interface conditions: Neighbourhood of the interface S (left), continuity of
the tangential electric field component (middle), continuity of the normal electric field
component (right).

Jump conditions

Let S be a surface, or part of a surface, where material parameters jump. If we
consider the cylindrical domain S; = S x (—7,7) for 7 > 0 (see Figure 1.3) and
if a surface charge density og is located on S, then we obtain in the limit 7 \, 0
from (1.5)

/(D<1> — D). ng = ogvol(S).
S

Since S is arbitrary, we conclude the pointwise equation
(DY — D). ng=0s onS.
Applying this idea to the other Maxwell equations in Section 1.1.2 yields that
ns - (BY — B@) =,
ns x (EY — E®) =0,

ng x (HY — H®) = Jg,

holds on S, where Jg is a surface current density.

Perfect conductors

In a conductor an electric field gives rise to an electric current by Ohm’s law J =
o F for some o > 0. o is called electrical conductivity. Good conductors, like metals,
have large values of 0. A perfect conductor is a material that is characterised by
the formal limit ¢ — oco. In the time-harmonic case of Section 1.1.5 we get in this
limit

E:%(ingJerH)_m.
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Therefore the electric field, and thus the magnetic field, vanish in a perfect conduc-
tor. If one side of S is occupied by a perfect conductor, we thus get the condition

ngxE=0andns-B=0 onS (1.20)

for the fields E and B on the other side from the jump conditions. Note that if
FE is a potential, E = —VV, then ng x E = 0 on S implies that the tangential
derivative of ¥ vanishes on S, meaning that S is a level set for .

Unbounded domains

On an unbounded domain one needs conditions for |x| — co. We split the electric
field E into the incident part, e. g. a plane wave E'(x) = ¢*? and a part E*
that is scattered by some object, E = E* + E*. For the scattered wave we impose
the Silver—Miiller radiation condition

‘@1vaXﬁmwx%_mﬁ@0=o
x| —o00 X

This means that there is no wave emanating from oo. This topic will be studied
in more detail in Chapters 4.1.1 and 4.1.2.

1.1.7 Photonic bandstructure

Our purpose is to study the propagation of electromagnetic waves in crystals. A
crystal is a periodic configuration of atoms or molecules, here idealised to exist in
the whole space of R%. It is modeled by a periodic permittivity function e, and
permeability p,, more precisely, assume that I" is a lattice spanned by the linearly

independent directions a',a?,...,a% € R?,
d
I:.= {anaJ i ny EZ,jzl,...,d},
j=1

and that e, and p, are periodic functions on I', that is,
(@4 R) =e.(x), io(xz + R) = p(x) forallz € R4, ReT.

In the following we will assume the special case that a’ = e?, the i-th euclidian
unit vector.

The problem we want to consider is the eigenvalue problem (1.17) (or (1.16)),
which can be written in the form

L(V)E = X, E in RY,

where L is linear differential operator with periodic coefficients. Physically, such
eigenfunctions cannot exist since they have unbounded energy. Nevertheless, we
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see by Bloch—Floquet theory in Chapter 3 that the full spectral information for the
corresponding Maxwell operator in R3 is obtained from quasi-periodic eigenfunc-
tions, that is, eigenfunctions that satisfy

Eir(x + R) = exp (ik - R) E(x) (1.21)
for all x € R?, R € T and k € R2. If we define
uk(x) = exp ( — ik - ¢) Ex (),
we get that ug is periodic on T,
up(x + R) = ug(z) forallz c R4 ReT.

Consequently, ug is completely determined by its values on the fundamental cell
W of the lattice T,

d
W= {ZSjaj s €[ - %’ %], j= 1,...,d} (Wigner-Seitz cell),

j=1

(see Figure 1.4 (left)) and thus the equation for Ej turns into the eigenvalue
equation

L(V +ik)ur = Aup, in W (1.22)

for ug. Moreover, if we define the dual grid
d .
I .— {QWanb] nj €, = 1,...,d},
j=1

where b', ..., b are unit vectors such that b’ - a™ = §y,, for I,m € {1,...,d} (in
our setting b = e7), we observe that Ej,k also satisfies (1.21) like Ej, since
exp(—i(k + K) - @) = exp(—ik - ) due to K - R € 2rZ for R € T, K € I'*. Thus
it suffices to consider k in a fundamental cell B of I'*, e. g.,

d
B = {Zsjbj cs;€l-mm),j=1,... ,d} (Brillouin zone)
j=1

(see Figure 1.4 (right)).

The essential theoretical result is that, for real and strictly positive e, u,
and fixed k € B, the reduced problem (1.22) is an elliptic eigenvalue problem
on a bounded domain (corresponding to a self-adjoint operator with a compact
inverse), so that the spectrum is discrete with real nonnegative eigenvalues A
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Figure 1.4: Orthogonal lattice (of size a) with Wigner—Seitz cell W (left), dual lattice
with Brillouin zone B, the fundamental region and the high symmetry points (right).

and eigenfunctions ug, , for n € N (see Chapter 2.1 (Theorem 2.1.7) and Chapter
3 for a more general theory). It is convenient to assume that they are ordered as

0< A1 < Ag2<...

for each k. The collection of curves k — Ag_j, is called the photonic bandstructure
(see Figure 1.5). The curves are continuous by a result of [20, Ch. IV.2.6] (see also
[7]). The total spectrum o of the operator L is then the projection of all these
curves onto the A-axis, which can be expressed as a collection of intervals,

o= U [,injfB Nkems SUP A
€
et keB

If for some n € N the interval

(zlelg ks inf Aknt)
is non-empty, this is called a band gap. In general, such periodic structures have
no band gaps, and the existence of band gaps strongly depends on the material
distribution. Analytically, only in very specific cases the existence of band gaps can
be verified analytically [12] [13]. A rigourous computer-assisted proof for a band
gap has been given in [16]. Thus, without physical experiments the prediction of
band gaps require numerical methods.

In the more general case that e, depends also on w, one ends up with a
nonlinear eigenvalue problem L(V)E = A&, (.,w)E. Bandstructure computations
in this case have been obtained in [10].

Molding the way of light

Bandgaps are interesting for the following reasons. They provide a range of fre-
quencies, for which no propagated wave exists in the crystal. If one then modifies
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Figure 1.5: Photonic bandstructure of the 5 smallest eigenvalues along the path
' X, M, T (the high symmetry points, see Figure 1.4) around the Brillouin zone B.
There is a bandgap between the second and third band.

the crystal along a path in a way that allows light propagation for band gap fre-
quencies, the light is confined to this path. In this way one can construct circuits
for light similar to those known from semiconductors [18] [14].

A challenging topic is to find materials with large bandgaps and to fabricate
them. In a computational model one may start with some material and to enlarge
bandgaps by varying the distribution of the permittivity. Such optimisation meth-
ods have been developed in [7] and [19]. This is especially challenging for 3D since
in each optimisation step a full 3D Maxwell band structure has to be computed.
Recent progress in this area has been made in [5] (see Chapter 2.2.12) and [24].

Acknowledgement. The author thanks Markus Richter for discussions an for pro-
viding figures from his thesis [24].

1.2 Some tools from analysis

1.2.1 Classical- and Sobolev—Function spaces

Here we will use the classical and the Lebesgue and Sobolev function spaces
Co(Q), C*(Q), CH(Q), CP* (@),
LP(Q), WhP(Q), HY(Q), WyP (), H ()

for k € N, a € [0,1], p € [1, 00], and their corresponding norms. Note, C° = C%°
WOP = [P and H* = W*2. In the following we let Q C R” be a bounded domaln
with Lipschitz-continuous boundary. The dual spaces to Wéc P(Q) are denoted by
W—kp () (1/p+1/p’ = 1), analogously H~*(2). Here, the norm is the operator
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norm of the functionals. The definitions extend to classes of functions v :  C
R"™ — R? (or C%) componentwise and by taking, for example, the euclidian vector
norm. The notation will then be W#?(Q)%. Existence of continuous embeddings
between these spaces can be concluded by looking at their Sobolev numbers k + «
for C*+2(Q) and k —n/p for WFP(Q). A continuous embedding id : X — Y exists
if X C Y and if the Sobolev number of X is larger than that of Y. In case of
equality of the Sobolev numbers, such embeddings may or may not exist.

1.2.2 Fractional Sobolev spaces

For s € Ryg let |s] := max{m € N : m < s} and define the Fractional Sobolev
spaces (or Sobolev-Slobodeckij spaces) by

WP(Q) :={w: Q@ = R : |w]y.pq) < oo},
where, with m := [s],

“w”Wsp(Q ”w"me(Q Jr[[wﬂgvsp(g)
|0%w(z) — 0%w(y)|”
[[ WSP(Q) Z /Q |l'— |p(b m)+n dwdy

This is, for s > 0 and p € (1,00)7 a separable, reflexive Banach space. In case
p = 2 it is a Hilbert space that is denoted by H*. C*°(Q) is dense in W*P((Q).
WP(Q) is defined to be the closure of C§°(Q) with respect to |. lwew (o) and
the vector valued function space is defined again componentwise. The dual spaces
are denoted by W' (Q) or H~5((2), respectively. These spaces are defined for
example in [3, Ch. 14] [11, Ch. B.3.1].

An alternative norm equivalent construction for p = 2 is as follows: let E be
a continuous extension operator Eq : f : Q@ = R — Eqof : R" — R (see e. g. [3,
Ch. 1.4] [11, Ch. B.3.2]) and let

2y = [ ERTEP( +1€?)" de,
0y = [ 1BaT(©F (1+1¢P)" de

where ~ denotes the Fourier transform as in Section 1.1.3. Details can be found
in [26].

1.2.3 Traces

One can also define Lebesgue and Sobolev spaces on the boundary manifold 9€2 as
LP(0Q), W™P(0RQ), ..., or other smooth lower dimensional manifolds in Q. There
exists a continuous trace operator

AL WP (Q) — WT(ON)
such that v9% = v|6Q for all v € C*®(Q), if m >rand m—n/p>r—(n—1)/q

(see [3, Ch. 1.6], [11, Ch. B.3.5], or [21, Ch. 3.2.1]). Note also, that v is surjective
in this case: for each g € W™7(92) there exists v € W™P?(Q) such that v9%v = g.
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1.2.4 The space H(div,2)

The linear space
H(div,Q) :={v € L*(Q)* : V-v e L*(Q)}
with the norm
”vH%{(div,Q) = ||'U||%2(Q)3 + ”V'”"%%Q)

is a Hilbert space. It has C>=(Q)? as a dense subset. We define the trace operator
¥ by 4% = n - 'U|c’m for all v € C°°(Q)3. This trace operator has a continuous

extension H (div, Q) — H~'/2(9Q). We define Hy(div, ) by the closure of Cg°(Q)?
with respect to |- | g 4;y 0)- In this case it holds

72 (Ho(div, Q) = 0.

The integration by parts formula reads: for all v € H(div,Q) and w € H'(Q)
there holds

/{v'Vw+V'vw}:<fnyv,w) 1 1 .
Q H™2(0Q)xH2(0Q)

1.2.5 The space H(curl, )

The linear space
H(curl, Q) := {v € L*(Q)% : V x v € L*(Q)%}
with the norm
”v"?{(curl,ﬂ) = ||”||2L2(Q)3 + |V x ”"%2(9)3

is a Hilbert space. It has C>=(Q)? as a dense subset. We define the trace operator
7% by 7% = n x v|c,m for all v € C>°(Q)3. This trace operator has a continu-

ous extension H (curl, Q) — H~1/2(9Q)%. We define Hy(curl, ) by the closure of
C5°(Q)? with respect t0 |- | (o 0y In this case it holds

7% (Ho(curl,Q)) = 0.

Moreover, we define the trace operator 7%9 by V%Q'u = (n x v) x n|a§2 for all

v € C™(Q)3. This trace operator has also a continuous extension H(curl, Q) —
H~1/2(9Q)3. More precisely, one finds with Y := range(77?) and Y’ = range(y$?)
that the integration by parts formula reads: for all v, w € H(curl, ) holds

/Q{va-w—v~V X w} = <’7&9*Q’W,’Ytaﬂv>y'xY

[21, Ch. 3.5].
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1.2.6 Periodic function spaces

We let I' C R? be a lattice as in Section 1.1.7. We have seen that periodic functions
are determined on a fundamental compact cell . Another viewpoint is to define
the equivalence relation € ~ y < x —y € I'. The corresponding residue class,
denoted by R?/T, is a compact manifold and it can be identified with Q. Thus we
let for m > 0

H™ (Q) = {% ve H’"(R3/F)}.

per
This can be used to define

Hper(curl, Q) := {v|Q : v € H(curl, R3/F)}

and Hpe,(div, Q) likewise. Note that these are functions that are defined on
and for which the corresponding traces are well defined on the identified portions
of 09Q.

1.2.7 Compact embeddings

For a bounded domain 2 ¢ R? with Lipschitz-continuous boundary, the embed-
dings H*(Q) — L?*(2) are continuous and compact for s > 0 (i. e., a bounded
sequence in H*(Q) has a subsequence that converges in L?(f2)). Especially, H!(Q)
is compactly embedded in L?(Q2) (Rellich’s theorem). Obviously, H (curl, Q) and
H (div, Q) are subspaces of L?(2)? that both contain H*(£2)3,

HY(Q)® C H(curl, ), H(div, Q) C L*()3.

However, neither H (curl, Q) and H (div, ) nor H (curl,Q) N H (div, ) are com-
pactly embedded in L?(Q)? [2, Prop. 2.7]. Taking boundary values into account
can change the situation as we see from the following theorem.

Theorem 1.2.1. Let Q C R? be a bounded domain with Lipschitz-continuous bound-
ary. The space Xx(Q) := Hp(curl, Q) N H(div,Q) is continuously embedded in
H*(Q)3 for some s > 1/2 and for all v € Xn(2) holds

[] g2 )2 < C(H'U||L2(Q)3 + |V x v 20 + ”V'v||L2(Q)3)»

with a constant C > 0 that depends on Q0 and s. Especially, Xx(Q) is compactly
embedded in L*(Q)3. If the boundary of Q is of class C1'1 or Q is convez, then the
embedding is valid for s = 1.

The same result holds true if we replace Xn(92) by X1(Q) := H(curl,Q) N
Hy(div, Q).

Proof. See [2]. O
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1.2.8 Decompositions

The curl and div operators will also play a role in the decomposition of vector
fields: They can be split into a sum of a vector field in the kernel of div and one
in the kernel of curl. We start by giving a complete characterisation of the kernel
of the curl operator for simply connected domains.

Theorem 1.2.2 (De Rham Theorem). Let Q C R3 be a bounded and simply con-
nected domain with Lipschitz-continuous boundary. Let v € Hy(curl,Q2). Then
V x v = 0 in  is necessary and sufficient for the existence of a scalar poten-
tial ¢ € HY(), such that q is constant on each connected component of 9 and
v = Vq. If 0Q consists of a single component, we can choose ¢ € Hg (£2).

Proof. [21, Thm. 3.37, Thm. 3.41, Thm. 4.3, Rem. 4.4]. O
Theorem 1.2.3 (Helmholtz decomposition). Let Q C R3 be a bounded domain
with Lipschitz-continuous boundary. For each v € Hy(curl,Q)), there exists z €
Ho(curl, Q) with V-2 = 0 (i. e, z € Xx(Q)) and ¢ € HY(Q) such that q is
constant on each connected component of 02 and

v=2z+ Vg

If 02 consists of a single component, we can choose q € HE(Q). This splitting
is orthogonal with respect to the L*(Q2)3 and the H (curl,Q) inner product. The
mappings v — z and v — Vq are continuous, that is, it holds

”z”H(Curl,Q) + ”Vq”L2(Q)3 < ”v"H(Curl,Q)‘
This decomposition of v into z and Vq is called Helmholtz decomposition.

Proof. See [21, Lem. 4.5] for £, = 1 and homogeneous boundary conditions. The
idea is to define, for given v, ¢ as the solution of —Ag = —V-v in Q, ¢ = 0 on 02
(in the single-connected case), in the weak sense: Existence and uniqueness of ¢
follow from the Lax-Milgram Theorem 1.2.5 with a(q,§) := [, V¢-V& and F(£) :=
Jov - V¢ for H := Hj(Q) (and with a = C' = 1). Then let z := v — Vq. O

The following decomposition, however, yields a more regular part in the first
term.

Theorem 1.2.4 (Regular decomposition). Let Q C R? be a bounded domain with
Lipschitz-continuous boundary. For each v € Xn(Q), there exists z € H'(Q)? with
V-z =0 and q € H}(Q) such that

v=2z+ Vq.
The mappings v — z and v — Vq are continuous, that is, it holds

1212 0)s T 1Vl 20 < Clol g cun,o)-

with a constant C > 0 depending on 2. A corresponding result holds for v € Xr(Q)
with ¢ € HY(Q).
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Proof. [6, Thm. 3.4]. O

Both theorems can be formulated more general concerning the structure of
the decomposition, depending on the topology of €2, however, we limit our consid-
erations in view of our later applications in Section 2.2.

1.2.9 Two functional analytic tools to prove existence

The following well-known theorem is a consequence of the Riesz representation
theorem from functional analysis in case of positive definite forms [21, Thm. 2.17,
Thm. 2.21].

Theorem 1.2.5 (Lax—Milgram Theorem). Assume that the forms a and F satisfy
the following properties on a Hilbert space H.

(1) a: Hx H— R is a continuous and coercive bilinear form, that is,

la(v,w)| < Clo|glwly — for allv,we H,

a(w,w) > a|w|% for allw € H,

for positive constants C, c.
(2) F: H— R is a continuous linear form.

Then there is a unique solution uw € H to the problem
a(u,v) = F(v) for allveV

that depends continuously on data, i. e., it holds
u H 1 H’-
«

The next result generalises the Lax—Milgram Theorem 1.2.5 to problems with
linear constraints [21, Thm. 2.25].

Theorem 1.2.6 (Babuska—Brezzi Theorem). Assume that the forms a,b and Fsatis-
fy the following properties on a pair of Hilbert spaces H, M and

K = {UEH : b(q,v):Oforallqu}.

(1) a: Hx H — R is a continuous bilinear form and coercive on the closed
subspace K of H, that is,

a(w,w) > a|w|% for allw e K

for some positive constant c.
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(2) b: M x H— R is a continuous bilinear form and it satisfies the inf-sup

condition

b(q,v)

i su —>0>0
q€M\{0} ye H\{0} ||Q||M||U||H

for some constant 3.

(3) F: H— R is a continuous linear form.

Then there is a unique solution [u,p] € K x M to the problem

a(u,v) + b(p,v) = F(v) forallveV,
b(q,u) =0 forall g € Q,

that depends continuously on data, i. e., it holds

1 1 1
llas < S 1F L and plas < 5 (14 2 ) 1F L
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Chapter 2

Photonic bandstructure
calculations

2.1 Approximation of Maxwell eigenvalues
and eigenfunctions

by Willy Dorfler

2.1.1 The Maxwell eigenvalue problem

We recall that for the time-harmonic case with frequency w we derived for the
spatially varying part of the electric field @ — E(x) the equation (1.17),

1
V X (—V X E) = w?cE
1
with the additional constraint
V- (EE) =0.

For the material parameters we set pu = pop, and € = gge,. Moreover, we assume
here that € is bounded in R?® and we impose the boundary condition (1.20),
n x u = 0, of a perfect conductor on 9. With the definitions A := (w/c)? (c the
speed of light, Section 1.1.4) and w := E the eigenvalue problem now reads

V x (LV X u) = \e;u in Q,

My
V- (sru) =0 in Q,
nxu=0 on 0f.
W. Dérfler et al., Photonic Crystals: Mathematical Analysis and Numerical Approximation, 23
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A is called Maxwell eigenvalue. Note that the problem for v := H would lead
to equations with &, and p, interchanged and the boundary condition n - u = 0
(1.20). We will continue with the first version and the additional setting u, = 1,
which is a reasonable choice for many applications.

The eigenvalue problem will be connected to the following problem, the
(strong) curl-curl source problem: Let a (suitable) vector field f be given. As-
sume that we can define u := T f as the unique solution to the problem

VXV xu=c¢f in Q,
V-(eru) =0 in Q, (2.1)
nxu=0 on 0f).
This defines a linear operator T'. The connection to the eigenvalue problem is that
we now seek a nontrivial u such that u = T'(Au) or Tu = u/A (for A # 0). Thus
we have to study the spectrum of T'. The same can be done in the discrete case.
This will be the guideline for the following section.

We restrict the considerations to the following classes of domains 2 and
coefficients e, ;.

Assumption 2.1.1.

(1) Let Q C R? be a bounded domain with a polygonal simply connected bound-
ary.

(2) Let &, : © — R be piecewise constant with two-sided bounds 1 < &, < g4
for some e > 1, pu, = 1.

For more general conditions on ¢, and fi,, such as e, it € C or e, pp € R332,
and the related different techniques, see [19] [26, Ch. 4.2, 4.6].

2.1.2 The weak curl—curl source problem

The second equation in (2.1) is interpreted as a linear constraint on the first
equation. We choose a Lagrange ‘parameter’ p, multiply the first equation by an
arbitrary v € Ho(curl, Q) and the second with arbitrary ¢ € H}(Q) and integrate
by parts to get the weak curl—curl source problem

/ {V xu-V xXv +5er~v} = / ef v for all v € Hy(curl, ), (2.2)
Q Q

e&Vg-u=0 for all ¢ € Hy ().
Q

In the following we will use the abbreviations

V = Ho(curl, Q) with |v]y = |v] g (cun0),
Q := Hy(Q) with qlg := [Vl p2(qys-
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Note that due to Assumption 2.1.1.(2), we have f € L?(Q)3 if and only if &, f €
L?(Q)3. The above problem is then formalised as to find u € V' and p € Q with

a(u,v) + b(p,v) = F(v) forall v e V, (2.3)
b(g,u) =0 for all g € Q,

with continuous bilinear forms, resp., linear form

a:VxV =R, a(w,v)::/wa~V><v, (2.4)
Q
b:QxV =R, blgv):= &Vq- v, (2.5)
Q
F:V —-R, F(v) ::/5rf~v. (2.6)
Q

Reduction to a single equation

We incorporate the constraint into the space and therefore seek u € V., with
V. ={veV :blgv)=0foralqeQ}. (2.7)
Then the second equation is automatically satisfied and it remains

a(u,v) = F(v) for all v € V. (2.8)

Existence

([23] [19, Ch. 4] [26, Ch. 3.4]). Existence and uniqueness for these type of equations
will be proved via the Babuska—Brezzi Theorem 1.2.6. In order to establish the
requirements, Theorem 1.2.1 would be the right tool for the following arguments
if e, would be constant. But we now need requirements on V-(g,u) instead of V-u.
However, the result can be reformulated correspondingly.

Theorem 2.1.2. Let Q@ C R? and ¢, as in Assumption 2.1.1. Then the space
Xn(Q;er) := Ho(curl, Q) N H(div(e, . ), Q) is continuously embedded in H*(2)3

for some s > 0, more precisely, for each of its elements holds

[0l e s < CIvly + V- (erv)l L2 ()s)

with C' > 0, depending on Q,e.,s. Especially, V., is compactly embedded in
L%(Q)3. If &, is uniformly Lipschitz-continuous, then one can find s > 1/2. If,
in addition to that, Q) is convex, then we can take s = 1. A corresponding result
holds for v € Xv(;e,) := H(curl, Q) N Ho(div(e,. ), ).

Proof. [19, Thm. 4.1, Lem. 4.2, Cor. 4.3]. Let v € Xn(Q;¢;). Application of the
Regular decomposition Theorem 1.2.4, that actually holds also under the stated
requirement on v, establishes v = z + Vq for z € H'(2)? and ¢ € Q. Multiplying



26 Chapter 2. Photonic bandstructure calculations

by e, and taking (formally) the divergence yields the boundary value problem
-V (&.Vq) = V-(g;,2) = V-(g,v) in Q, ¢ = 0 on 99, to be interpreted in
the weak sense. While the second term on the right is in L?(Q2)? by assumption,
the first term will be in L*(Q2)3 only if ¢, is sufficiently regular (e. g., uniformly
Lipschitz), but a distribution otherwise. The result follows from the elaborated
regularity theory for elliptic equations with Dirichlet boundary condition that
results in the bound [Vl . g < C(l2]51(qp + V- (620)]2(qys) Which leads
immediately to the stated bound [14]. We note, that for v € V. we get the bound
[Vl 472 @)z < Cllvly which proves the compactness.

For the case of X1(Q;e,) we have n - Vg = 0 as a boundary condition and
can refer to regularity results for the homogeneous Neumann problem [14]. O

Theorem 2.1.3 (Poincaré-Friedrich-type inequality). Let Q@ C R® and &, as in
Assumption 2.1.1. Then

[Vl L2(0)s < CRIV X v 120 (2.9)
holds for all v € V. with a constant Cr > 0.

Proof. The proof is indirect: Assuming that the assertion is wrong, we have a
sequence {vn}nen C Ve, that satisfies |vn| 2 =1 and [V X vp| 12 — 0.
Using the compact embedding into L?(Q)3, Theorem 2.1.2, we find a limit v of
a subsequence that satisfies: [v];,q)s =1 and |V x v];q)s = 0. By Theorem
1.2.2 we see that v = Vp for some p € H'(2). Since n x v =n x Vp = 0 on 99,
p is constant on 92 and we can choose p = 0 on 9. Now p fulfills V-(,Vp) =0
(in the weak sense) with homogeneous boundary conditions and thus p = 0 and
so v = 0. This however contradicts |v];2 s =1 [26, Cor. 3.51, Cor. 4.8]. O

Theorem 2.1.4. Let Q C R? and ¢, as in Assumption 2.1.1. Then, for any given
f € L33, there is a unique solution [u,p] € V. x Q to the weak curl—curl
source problem (2.2) and it satisfies the a priori bound

lulv +lplg < Clflrz @)

for C:= (C% + 2)e .

Proof. We take a,b, F' from (2.5)—(2.6) and identify H := V, K := V_ , and
M := @. From Theorem 2.1.3 we obtain the bound

]2 < CrIV X 0] 20 forallv e V...
Then we have coercivity of the bilinear form a on V_, since then

Cf

a(v,v) = |V x 0|22 = =5
PP o2 +1

1
2 2
IV x o720y + m"v X V[72(q)s
> (1ol + 1V X 0lagays ) = mrr ol
= CR+1\TEQ) L) CE+1
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To prove the inf-sup—condition choose an arbitrary smooth ¢ € @ and let v, :=
Vq € L*(Q)%. With V x Vg = 0 we see that v, € H(curl, Q). Since q|c,m =0 we
have that Vq|8Q is proportional to the normal vector n to 92 and thus nx V¢ = 0,
hence v, € V. Thus it holds

IVal?2q)s

sup b(g,v) > b(g,vq) > min{e,(x)}

> > |q|
vevriop Ily = Togly = =eo IVl 20—

and the inf-sup—condition follows readily from this. Note, that the proof relies on
the property V@Q C V. The continuity of the right hand side in (2.8) is easily
verified by

) =] [ eof -] < lerflisiap Iolizor
< coel flzaqap Ioly

for all v € V. Applying Theorem 1.2.6 proves existence and uniqueness. The
estimate follows immediately from (2.8) and the given bounds on a and F. |

Theorem 2.1.5. Let Q C R? and e, as in Assumption 2.1.1. Then the mapping
T:L*(Q)2 — V., CL?*Q)3, f— Tf :=u, with u from Theorem 2.1.4, is linear
and continuous. Moreover, u € H*(2)® for some s > 0 and hence T is compact.

Proof. The first assertion is a direct consequence of the previous Theorem 2.1.4.
The regularity of w and the compactness of T follows from Theorem 2.1.2. O

Remark 2.1.6. In case f € V.. we find p = 0. Indeed, taking v := Vq € V for
q € Q as a test function, we obtain the weak formulation for —V-(¢,Vp) = 0 in Q,
p = 0 on 09, which is uniquely solved by p = 0. However, if f ¢ V__, then p # 0
and thus w is not a weak solution of (2.1) but

VxVxu+eVp=ef in Q,
V-(eru) =0 in €, (2.10)

nxu=0 on 0f2.

Thus, (2.10) is the correct definition for T'f in the strong form.

Theorem 2.1.7. Let Q C R? and ¢, as in Assumption 2.1.1. Then there exists a
discrete set of positive Mazwell eigenvalues with eigenspaces of finite multiplicity.

Proof. The weak form of the eigenvalue problem is given by (2.2) with f replaced
by Au. Taking v = u we see that all eigenvalues are a priori non-negative. Note that
according to Remark 2.1.6 we will find p = 0. Since the weak curl-curl problem
is uniquely solvable, there is no zero eigenvalue. Thus all Maxwell eigenvalues
are eigenvalues of T', since Tu = 1/Au. The assertion for T follows from its
compactness (Theorem 2.1.5). O
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2.1.3 The discrete curl-curl source problem

We choose a Galerkin method to find a numerical approximation to (2.1) in that
we formulate (2.2) in terms of discrete spaces V" c vV and Qn C @ with inherited
norms. Usually, these spaces are defined to be piecewise polynomial functions on
a decomposition of €2 into a collection of “elements” like tetrahedra or hexahedra.
The regularity of these functions at the interfaces has to be such that the trace
operators are well defined. The parameter i symbolises the maximal diameter of
such elements and it will be the quantity that we refer to in the error estimates
which study the behaviour for A — 0. We will here not consider the influence of
an approximation of Q (2 = €2) and the permittivity e, (e, = &, ). Thus we seek
ul € V", p, € Q) such that, with a,b, F as in (2.4)—(2.4)

a(u”,v") + b(v" pp) = F(v") for all v" € V", (2.11)
b(u", q,) =0 for all g5, € Qp.

Again, as in Section 2.1.2, we can reduce this system to one equation on a con-
straint space. Let

Vi = 1w e V" b(gn, w") =0 for all g, € Q)
and seek ul € Vgr such that
a(u”, v") = F(v") for all v" € V.

The discrete problem is again of the type (2.3) and existence und uniqueness
requires the validity of the conditions in Theorem 1.2.6. By Theorem 2.1.4 the
requirements can be stated as follows.

Theorem 2.1.8. Assume that an estimate like (2.9) holds with constant Cap for
all vM € V?r and that VQ, C V. For any given f € L2(Q)3, there is a unique

solution u" € V?r to the discrete curl-curl source problem (2.11) and it satisfies
the bound

h
[w"lv + lprlg < Clflr2()s

for C == (C3 + 1)ew.

Proof. We recall the proof of Theorem 2.1.4 and note that the requirement (2.9)
guarantees coercivity of a on Vf__.’r and that the requirement VQ), C V" suffices
to prove the inf-sup—condition. O

Remark 2.1.9. Note that V?r ¢ V., thus the required inequality cannot be
derived from (2.9). It will be formulated as an assumption in Assumption 2.1.13
and later be proved in Lemma 2.1.23.

In analogy to Theorem 2.1.5 we have the following consequence.
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Theorem 2.1.10. The mapping T" : L2(Q)? — Vgr c V" c H(curl,Q), f —
Thf = u” with u" from Theorem 2.1.8 is linear, continuous, and compact.

Proof. This is a direct consequence of the previous Theorem 2.1.8. The compact-
ness is trivial since Vf__.’r is finite dimensional. |

2.1.4 Problems of Maxwell eigenvalue computations

(1) Solutions in general Lipschitz domains can have strong singularities: if
® is a solution to A® = 0 in an L-shaped domain 2 we have V® € H*(Q2)3 for
some s € (%, 1). Since Vx V& =0and V-V® =0, u = V& is an example of
a singular solution of a curl-curl equation. In case of discontinuous permittivities,
however, one may find examples that u € H*(2)? for any given s > 0 [14].

(2) The operator curl has an infinite dimensional kernel, namely the space
of all gradients (here VH{(£2)). The relevant eigenfunctions however lie in the
orthogonal component to these gradients. This has been used for the coercivity
estimate and for the inf-sup condition in the proof of Theorem 2.1.4.

(3) Finite elements space that do not fit to the curl-div structure will in
general produce spurious eigenvalues since the gradient space is not well separated
from its orthogonal component [2, Sect. 5].

(4) If one uses H'-conforming spaces, the method will only compute the
projection of the singular solution into H'(Q)? since the ansatz space is only a
proper subspace of the solution space: the method seems to converge, the result
however is wrong [12] [26, Lem. 3.5.6] [2, Sect. 5].

2.1.5 Convergence of discrete eigenvalues

With notations from (2.4)—(2.6), the discrete curl-curl eigenvalue problem reads

a(u v") +b(v",pp) = )\h/ el o for all v" € V",
Q

b(u",qn) =0 for all gn, € Qp.

An abstract framework

With the operator T" from Section 2.1.3 at hand, the discrete eigenvalue problem
can be formulated as T"(\yu") = u” or T"u" = 1/\,u” for A, # 0. The
convergence of the eigenvalues A\, for h to 0 is connected to the convergence of
eigenvalues of T" towards eigenvalues of T'. For linear spaces X,Y, IL(X,Y) will
denote the space of linear mappings X — Y together with the operator norm.

Theorem 2.1.11. For the uniform convergence of the spectrum of T" towards the
spectrum of T it is necessary and sufficient that

lim IT — T"| (1203, 1203y = 0-
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Proof. [6, p. 1288] |

Theorem 2.1.12. Assume that |T — Th||L(L2(Q)3’L2(Q)3) < Cht for h < hg with
some ho,t > 0. Let A € C\ {0} be an eigenvalue of T with multiplicity m; €
N and eigenspace E(N\;) C V... Then there are exactly m; discrete eigenvalues
Ahgy - A Of T" that converge to ;. If we define the approzimate eigenvalue

by

and the corresponding approximate eigenspace in Vf__.’r by

Eh () : @5 (Anj)s

then there exist hg > 0 such that for all h € (0, hg)
N = Ayl < Ch? and  5(E(N),E"(Mny)) < CRY,

where & measures the distance between linear spaces.

Proof. See e. g. [3], [6, Thm. 1]. O

Convergence of the discrete curl—curl source problem

Following [6] (or [2, Sect. 13]), we now establish the convergence of solutions of
the discrete curl-curl source problem (2.11) towards those of (2.2) under suffi-
cient conditions that are formulated in the following assumption. Here, we slightly
changed condition (3) and separated it from the regularity requirement (4) for
solutions of Maxwell equations.

For convenience we introduce, for r, s > 0, the space
H™) (curl, Q) == {v e H'(Q)® : V xv e H*(Q)}
with the norm, resp. semi-norm,

10l o) eurey = 10l )s + 1V X 0] e )

[[v]]H(T"5>(curl,Q) = [[v]]HT'(Q)3 +[V x ”]]Hs(sz)3-

For r = s we let H"")(curl, Q) = H"(curl, Q).



2.1. Approximation of Maxwell eigenvalues and eigenfunctions 31

Assumption 2.1.13 (Convergence requirements).

(1) Ellipticity on the discrete kernel: Assume that there exists a constant Cqp > 0
such that

[0"22(ys < CarlV X 0" 2 (0ys (2.12)

holds for all v" € V?r.

(2) Weak approzimability: For some s > 0 holds that for all v" € V?r there
exists v € V., such that

[o" = vl 2y < CR*|V X 0" L2(q)e- (2.13)

(3) Strong approximability: For some r,r’ > 0 holds that for all suitably regular
v € V, there exists v/ € V" such that

V|| for r, v’ > 0,
"’U _ ,vh”V < Ch" ” "H(M7 ) (curl,©2) (214)
[ P for r > 1.

" . _ . 3
(4) Regularity: For the solution w = T'f € V., of the weak curl-curl problem
(2.2) holds one of the a priori bounds

”u||H<r.,r/>(cur1,Q) = C”f||L2(Q)3 for r, 7' >0

or vl gr ) < ClFlL2@p  forr> 1.

Remark 2.1.14. The interpolation estimate (2.14) can actually be obtained with
[0l (@2 + IV X [ 11 (g for p > 2, on the right hand side [6, p. 1286]. For r > 1,
this last term can be estimated by |v]y. q)s using Sobolev embedding results,
Section 1.1.4.

The basic error estimate can now be formulated as follows, a result often
called Strang lemma in finite element theory [17, Ch. 2.3.2], see also [3].

Lemma 2.1.15. Using Assumption 2.1.13.(1) we have the error bound

[b(p, w" — w)] )

h . h .
u—u SC( inf |lu—v +  su inf ———%—
” lv vheVh ” lv b V x wh||L2(Q)3

whEV’;r weV,,

between the solutions of the continuous and discrete curl—curl source problem, u =
TfcV. and u" = Thf € V?r (for f € L?(Q)3), respectively. The constant C
can be chosen as (Car + 2)(1 + /).
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Proof. Let [u,p] € V., x Q and [u",p,] € V?r X Qp, solve (2.2) and (2.11),
respectively. We start to bound |v" — u”|y, for arbitrary v" € V?r and get

IV x (v" - uh)||%2(m3 = /QV x (v —ul) -V x (v — uh)

:/Vx(vh—u—l—u—uh)-Vx(vh—uh)
Q

<V x (0" = @)l (s [V x (0" = )| paays + b0 — ps 0" — ul)],

hence with b(p — pn,v" — u) = b(p, v" — u" — w) for arbitrary w € V.,
_ h_uM\| < inf h_oh
b(p — pn, v" — u")| < mf b(p,v" — u" — w)|
[b(p, w" — w)

< sup inf

| h h
_swp inf IV % (0" = u")l oy
Er

V X w0 2 e

This gives

b(p, w" —w
IV % (0" — a) g < IV % (0" —w)l oy + sup inf o2~ W)L
whevgr weV,

V x wh"Lz(Q)S -
The assertion with inf,.cyn follows from

lu—u"ly < Ju—o"|y +v" —u"ly
< Ju ="y + (Car + DIV x (v — ") g2y

[b(p, w" — w)|

< (Cap +2)Ju—v"[y + (Cap +1) sup  inf ——2— "
v V X w1

whevh weV,,
r

Now let v" € V" and define z, = V¢, by JoerVon - Va, = [yer(u—v") Vg,
for all g5, € Qp. 2" uniquely exists with ||zh||L2(Q)3 < Vexolu — vh||L2(Q)3. But
then v" + 2" € V?r and

[u = (0" + 2"y < lu ="y + 2" 2 p < (1+ VEx)lu— "y
This shows the assertion with inf,ncyn. O

Now we can prove an error estimation under the condition that w is suffi-
ciently regular as stated in Assumptions 2.1.13.(4) (cf. [6]).

Theorem 2.1.16. Under Assumptions 2.1.13 we have T" — T for h — 0 in
IL(L*(2)3, L%(Q)3), and more precisely, with t := min{r, s},
ITf —T"fly < Ch'I fll 120

Thus the assertions of Theorem 2.1.12 hold true and the convergence of the eigen-
values and eigenspaces can be deduced accordingly.
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Proof. We proceed with the result from Lemma 2.1.15 in order to establish an
estimate for |u — u"[;, in terms of 1 £l 22 s

Given w", we see from Assumption 2.1.13.(2) that we can find w € V., such
that
h
|b(p, w" — w)| |w" — w20 ,
< Iplo < CR*|Fl 2
|V x wh"m(g)s >V x wh”L2(Q)3 Q L2(Q)

for some s > 0. Thanks to Assumption 2.1.13.(3-4) we can choose v" so that
lu—v" |y < Ch[£] 20 (2.15)
where one of the cases r € (0,1] or » > 1 is used. This proves

[ —uly < CR™™M £ pa g0 -

Verification of Assumptions 2.1.13

We start with a modification of the Helmholtz decomposition Theorem 1.2.3 for
nonconstant ¢, and a discrete version of it.

Theorem 2.1.17. Let Q C R? and &, as in Assumption 2.1.1. For each v € V,
there exists z € V., and q € H} () such that

v=2z+ Vg

This splitting is orthogonal with respect to the e.-weighted L?(Q)® and the
H(curl, Q) inner product. The mappings v — z and v — Vq are continuous,
that s, it holds

Izlv +1Val2 ) < lvlv-

Proof. See Theorem 1.2.3 or [26, Lem. 4.5]. O

Corollary 2.1.18. Let Q C R? and e, as in Assumption 2.1.1. For each v € V,
there exists a unique w € V. such that

Vxw=Vxv in.
Moreover, it holds w € H*(Q)3 for some s > 0 with the bound
lwl g 0ys < Cloly

for some constant C' > 0. If e, is uniformly Lipschitz-continuous, then s > 1/2.
If, in addition to that, 2 is convez, then we can take s = 1. The mapping v —
w = H. v is also called Hodge mapping [19, Ch. 4.2].
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Proof. We apply Theorem 2.1.17 to v € V and define w := z € V. . The first
assertion then follows immediately. The second assertion then is verified using
Theorem 2.1.2. (|

Theorem 2.1.19. Let Q C R? and e, as in Assumption 2.1.1. Let V" and Qp, as
in Section 2.1.3 with VQp, C V™. Then, for each v € V" there exists 2" € V};r
and qn € Qp, such that

v =2+ V.

This splitting is orthogonal with respect to the e.-weighted L?(Q)3 and the
H(curl, Q) inner product. The mappings v" — 2" and v" — Vq, are contin-

uous, that is, it holds
th"H(curm) + ”th”L2(Q)3 < ||”h||H(cur1,Q)~
Proof. See Theorem 1.2.3 for the proof or [26, Lem. 4.5]. O

To proceed, we first need some more specific assumptions on the discrete
spaces formulated below. It is assumed that our finite element space V" is con-
structed on a collection of elements 7 of tetrahedra or hexahedra denoted by T
with the usual requirements [8, Ch. 3], [17, Ch. 1.2]. In our case we can require
Q = UperT. For T € T we let hy := diam(T) be the diameter of an element
T and wp be the local domain composed of T and all its neighbouring elements,
wr :=Uper . ar201T"}. Note that h = maxrer hr. It is assumed that the mesh
is quasi-uniform, meaning that hp/hp < C for all 7" € wp and all T € 7 with a
universal constant C' > 0.

Assumption 2.1.20. Assume that for V" there exists a linear projection IT" :
V N H*(Q)? - V" for some sy € (0, 1], such that

(1) I =" for all v" € V",
(2) V x v = 0 implies IT"v € VQy, for all v € V,
(3) For all sufficiently regular v holds

V], for r € [sg, 1], v’ > 0,
Jv — Hh’U"L2(T)3 < Chh [l curton) [0, 1]
'v]]HT(wT)3 for r > 1,
IV x (v— Hhv)||L2(T)3 < Chp[V X 0l gr(opys for > sg
(cf. Section 1.2.2). Moreover, if V X v is piecewise polynomial on 7, then
v — Hh”||L2(T)3 < C(hST[[”]]Hs(wT)B + hr|V x ’U||L2(wT)3) (2.16)
for some s € [so, 1].

Lemma 2.1.21 (Strong approximability). Let V" satisfy Assumption 2.1.20. Then
the strong approzimability 2.1.13.(3) is valid for r > so.
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Proof. Use Assumption 2.1.20.(3) and sum its square up over 7' € 7. a

Lemma 2.1.22 (Weak approximability). Let V" satisfy Assumption 2.1.20. Then
the weak approzimability 2.1.13.(2) is valid for s > sq.

Proof. (Cf. [19, Lem. 4.5]) Let v € V' be given. Define v € V., by v = H. v" €
H*(Q)? as in Corollary 2.1.18 for some s > so. By Assumption 2.1.20.(1) we have
v — II"v = " (v" — v) and by definition V x (v — v) = 0 which implies that
v —I1"v = Vg, for some ¢, € Q), by Assumption 2.1.20.(2). Thus we can derive
the bound (note Qp C Q)

IVE" ~ o)y = [ (oh ~ ) (0" ~ o+ T — )

= / e(vM — ) - (T'v — v)
Q
< Ves IVE (0" = 0)l pao)s T — ]2 ()

which gives
[o" = 0] 20y < IVE®" = 0)|72(0)s < Voo [TT"0 = 0] 1agys-
Now observe that V x v = V x v" is piecewise polynomial so that for some s > s
Jo" — V] 12(0) < Chs([[”]]Hs(Q)s + [V x v"L2(Q)3) < ChP|V x 'Uh"L2(Q)3’

where we have used Assumption 2.1.20.(3) ((2.16) squared and summed up over
T € T) and the bound [v] ;. s < C[V X 0|25 resulting from Theorem 2.1.2

and Theorem 2.1.3. This gives the stated result. (]

Lemma 2.1.23 (Ellipticity on the discrete kernel). Let V" satisfy Assumption
2.1.20. Then the ellipticity on the discrete kernel 2.1.13.(1) is valid.

Proof. (Cf. [19, Lem. 4.7]) Let v" € V?r. According to Theorem 2.1.17 and The-

orem 2.1.19 there exists z € V1, ¢ € Q and z" € V}f (that is, with permittivity
11, qu € Qp such that v = z + Vg and v"* = 2" + V¢,. With this we get the
estimate

IVEv By = [ ot o = [ et 2t
Q Q
< VeEoo ||\/avh"L2(Q)3 (2l 2gys + 12 — zh||L2(Q)3)'

The estimate |2[2g)s < Cr[V X 2[}2(q)s follows from Theorem 2.1.3. Observe
that V x z = V x 2" = ¥V x v by construction, so that actually it holds that
z = H_. z". From the proof of the weak approximability, Lemma 2.1.22, we thus
get |z — zh||L2(Q)3 < Ch*|V x zh||Lg(Q)3 for some s > 0. By insertion of these
equalities and inequalities we end up with the stated result. O
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Theorem 2.1.24 (Regularity of the electric field). Let f € L*(2)3. Then for the
solution E =T f € V. of the weak curl-curl problem (2.2) holds the priori bound

”E”H(T'W”)(curl,Q) < C|\f||L2(Q)3 for some r' >0, r" >1/2.

Proof. (Cf. [26, Lem. 7.7]) We first note that the estimate for HE\|HT/(Q)3, for

some 7' > 0, is a consequence of Theorem 2.1.2. Thus it remains to prove a
corresponding estimate for w := V x E. For arbitrary f, the solution FE of (2.2)
satisfies Vxw = VXV x E = &,(f — Vp) and this right hand side is in L?(Q)3 by
assumption and Theorem 2.1.4. Hence w € H (curl, 2) and furthermore V-w = 0.
Therefore, the trace n - w is well-defined in H~/2(9%) (Section 1.2.4). We claim
n-w = 0. This would prove w € Xt and by Theorem 1.2.1 that w € H" (Q)?
for some r” > 1/2 (note that &, does not appear in this argument).

Fix @y so that  is smooth near xy. We may represent E as E = an + ft,
where n, t are extended (into 2) normal and tangential vector fields with respect
to 00 and «, B some scalar coefficient functions. n is assumed to be a gradient
field, i. e., n ~ V dist(.,0%). Due to the boundary condition n x E = 0 we have
B(y) =0 for all y € 99Q. For w we then obtain

n{o) - w(wo) = n(0) - (o) V x nlwo) + H(wo)V x t(zo)

+ V(o) x n(zo) + V(o) X t(mo))
= Va(zg) - (n(zo) X n(xg)) + t(xo) - (n(xo) X VB(20)) = 0.

The last term vanishes since V3(x¢) is normal. O

Theorem 2.1.25 (Regularity for time-harmonic fields). Let E € Xn(Q;e,) and
H € X1 (Q;1) be solutions of the time-harmonic Mazwell equations (1.12)—(1.15).
Then E € H'") (curl, Q) with v’ > 0, 7" > 1/2 and H € H¥ (Q)3 with s’ > 1/2,
V x H € H (K)3 with s" > 0 for all K C Q where , is constant.

Proof. E is treated as in Theorem 2.1.24. For H we proceed as in the proof of
Theorem 2.1.24. Since H € X1(€;1), we can apply Theorem 1.2.1 to get H €
H*'(Q)3 for some ' > 1/2. Now define w := 1/, V x H. Clearly, V xw € L*(Q)3,
V-(e,w) = 0in Q, and n x w = 0 on JQ from (1.12). Hence w € H*" (Q)? for
some s” > 0. This implies V x H € H*" (K)? for all subsets K of Q where &, is
constant. (|

Remark 2.1.26.

(1) The assertion of the previous theorem applies to the nontrivial eigenfunctions
of the eigenvalue problem, or to the solutions to the time-harmonic source
problem with a suitable current J.

(2) The exponent r’ in Theorem 2.1.24 can be arbitrarily small, depending on
09 and the jump discontinuity of e, [14]. If €, is Lipschitz-continuous (which
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includes the case when ¢, is constant), then " > 1/2 and if moreover § is
convex, then ' = 1, as already denoted in Theorem 2.1.2. If ¢, is piecewise
constant on two connected subdomains, then the electric field is piecewise in
(H’"')3 for ' > 1/4 and, if Q is convex, for v’ > 1/2 [14, Sect. 7a]. This holds
especially in our applications for photonic crystals, Section 2.2.

The Nédélec edge elements

We now present a family of finite element methods that fulfills the requirements.
Take k € N and let Py, be the space of polynomials up to degree k, P;, those of
homogeneous degree k (i. e. Py, = Uy_,P/) and P} the vector fields with compo-
nents in Pi. Now one defines

V=P @{ve(P.)?:z vx) =0 forall x c R*}.
This polynomial space satisfies
Pi=Vi® V(Ps1)®

and for v € Vk with V x v = 0 one gets v = Vg for some ¢ € Pj41.

We let X5 be the standard simplex in R3 and we consider Rj, to be the finite
element space on ¥3. Let 7 be the decomposition of € into tetrahedra and define
for T € T a affine linear bijective mapping Fr : 33 — T with det(Fr) > 0. The
local finite element space V}} on T is then defined by

Vi = {v=(DFL)""WoF;' : 5V}

A consequence of this definition is that V x v = 0 on T is equivalent to Ux5=0
on X3. Our global finite element space is now given as

VM= {veH(curl, Q) : ’U’T cV»L.

This will give V" ¢ H(curl,Q) and that the boundary condition n x v" = 0
can be fulfilled. A more detailed description can be found in [26, Ch. 5.5]. The
construction of corresponding elements on quadrilaterals is given in [26, Ch. 6.3].
The lowest order method is also described and used in Chapter 2.2.3.

There is a second family of curl-conforming elements on tetrahedra where
the local space is P¢ [26, Ch. 8.2]. Although they have more degrees of freedom,
they do not improve the convergence order in the curl-norm for a given degree.
However, they show the improved L?-convergence which the first family does not
provide.

Theorem 2.1.27 (Strong approximation of Nédélec elements 1). There exists an
interpolation operator TI" : H*(Q)® — V" that satisfies the conditions of As-
sumption 2.1.20 for so > 1/2.



38 Chapter 2. Photonic bandstructure calculations

Proof. 1t is shown in [26, Thm. 5.41] that for r = 1/24 6, § > 0, one gets

1/2 1/246
[v = 0] o 7y < OBy > (B0 ] 25 oy + 1 2NV X 0] g5 )
r 1/2
< W (10] e oy + D71V X 0l g2y )-

Finally this yields for r > 1/2
[v — TT"w]y, < Chiplvl =172 (cur,0)-

The remaining properties follow from [26, Ch. 5.5]. O

Theorem 2.1.28 (Strong approximation of Nédélec elements 2). There exists an
interpolation operator . L%(Q)3 — V" that satisfies the conditions of Assump-
tion 2.1.20 for some sg > 0.

Proof. Tt has been shown in [27] that there exists an interpolation operator " .
L*(Q)* — V" with “Hhv”L2(9)3 < 0"”"132(9)3, v — Hh””m(g)s < C"”"H(Cuﬂ,g)

and v — Hh'u||L2(Q)3 < Ch|v| g1 (curi,0)- By space interpolation [8, Ch. 14.2] we
thus get |v — I_Ih'u||L2(Q)3 < CR|vl e (eun,y for s € (0,1) and h := max{hr :
TeT}. O

Theorem 2.1.29 (Strong approximation of Nédélec elements 3). Assume that 2
s decomposed into two disjoint connected subsets Qy, Qo and T is a decomposi-
tion of Q with either T C Qq or T C Qg for all T € T. Assume that v is in
HOr=12(Q)3 N HO=1/2)(Q,)3. Then Assumption 2.1.20 holds true with a set
wr that is either in Q1 or Qy in both cases [6, p. 1286].

Proof. Both interpolation operators in Theorems 2.1.27 and 2.1.28 allow local
estimates where there is the freedom to choose wr as required in the given situa-
tion. O

Theorem 2.1.30 (Eigenvalue approximation in a periodic domain). Assume that
g, 18 piecewise constant and two-valued on a decomposition of Q := [0,1]* and
T be a discretisation, both as in Theorem 2.1.29. If we discretise the electric or
magnetic eigenvalue problem (1.17), (1.16) by Nédélec edge elements, the discrete
eigenvalues will converge to the exact eigenvalues for decreasing meshsize. The
convergence rate for the eigenvalues approximation will be at least 1.

Proof. Electric field: Since € is convex and 992 = () we have by Remark 2.1.26 that
E is piecewise in (H"™ )3 for ’ > 1/2 and by Theorem 2.1.24 that Vx E € H" ()?
for v > 1/2. The result follows since Theorems 2.1.28 and 2.1.29 pave the way to
apply Theorem 2.1.16. Note that the eigenvalue convergence is twice as large as
the rate for the spatial approximation.

Magnetic field: We find solutions H € H¥ (Q)3 and V x H € H* (Q;)* N
H*" (Qy)3 for s > 1/2, s” > 0. The results follow in the same way as above from
Theorem 2.1.29. g
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2.1.6 Some Generalisations and Extensions
Collective compactness / Discrete compactness property

Convergence of the eigenvalues as in Theorem 2.1.12 (but without a rate) can
also be obtained under the weaker condition that the family of discrete operators
over a family of arbitrarily fine meshes is collectively compact [26, Ch. 2.3.3]. This
can be reformulated in terms of a discrete compactness property of a family of
approximation spaces [26, Ch. 7.3.2] and has been developed and used by many
authors to prove convergence of different methods and elements, e. g. [22] [1] [10]
[15] [5] [2, Sect. 19] and others.

H'—conforming finite elements

Standard H'-conforming spaces cannot be used in general, as already mentioned in
Section 2.1.4, since solutions of Maxwell’s equation can exhibit strong singularities.
However, it was found out that formulating the divergence constraint in a weaker
space than L?(2)® can cure the problem. Let Y be a Sobolev space in between
H=YQ)3 and L?(Q)3, V', and Qj, be H'-conforming finite element spaces of equal
polynomial degree.

In the Weighted Residual Method [13] one considers u such that V-u € Y :=
{pe L*(Q) | dY¢| 12 (q) < 00}, where d a distance function from the singularities

and 7 some suitable positive number. One variant of the method is to seek u”
such that

/ {V xul V x o+ dV-u"Vol + Vpy - vh} = / f-o" forall v eV,
Q Q
/uh'th:O for all g5, € Qp,.
Q
The H~“-regularisation considers V-u € Y := H~*(Q) for some « € [1/2,1]

and in order to get computable expressions one uses grid-dependent norms [7].
Here we seek u” such that

{V xul .V x o 4+ p2V.uV .o + Vp, 'vh} = / f-o forall " € V,,
Q Q
/{fuh -V + R*1 vy, - Vagr} =0 for all gn, € Qp.
Q

An overview on this topic is given in [11]. Note that this theory follows also
the scheme presented in Assumptions 2.1.13.
Differential forms

In the assumptions of this section we used a structural condition concerning V@
and V' (see Theorem 2.1.4 (proof), Theorem 2.1.8, or Assumption 2.1.20). This
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comes naturally if one considers the electric and the magnetic field as differential
forms. The underlying structure (“exact sequence”) should also show up in the
discrete spaces (“commuting diagram”). More on this topic can be found in [19]
[2, Part. IV].

2.2 Calculation of the photonic band structure

by Christian Wieners

2.2.1 The parameterised periodic eigenvalue problem

We consider the Maxwell eigenvalue problem for the magnetic field for optic waves
in a periodic medium in R?® with g, = 1 for the magnetic permeability (so that
there is no magnetic induction in the medium), and assume that the electric per-
mittivity e, is a periodic function on the lattice ' := Z3 (that is, &,(z) = &,(z+ R)
for all R € Z3). This eigenvalue problem has the following form: determine eigen-
functions H : R? — C? and eigenvalues A\ € C such that

Vx(e'VxH) = M\H, (2.17a)
V-H = 0, (2.17b)

in R? (cf. Chapter 1.1.5).

Therefore, we proceed as in Chapter 1.1.7. If we take Q := (0,1)% to be the
fundamental cell of the periodic structure, we have to find for any k € R? a series
of (quasi-periodic) eigenfunctions H that can be represented as

H(z) = **H(x) for all z € Q2 (2.18)

where H is now a periodic function in the fundamental cell 2. The curl-operator
applied to this ansatz yields

V x H(z) = ¢**(V x H(z) + ik x H(z)) = ¢**V, x H(z).
Here, we have introduced the shifted gradient operator
Ve = V+ik (2.19)

and we consider the transformed eigenvalue problem: determine periodic eigen-
functions H : ) — C? and eigenvalues \ € C satisfying

Vi x (g7 ' Vi % ﬁ) = )\H, (2.20a)
Vi-H = 0 (2.20D)
in Q. Then, defining H by (2.18) indeed gives an eigenfunction of (2.17).
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We recall (Theorem 2.1.7) that the spectrum is real and discrete with ordered
real eigenvalues

OS)\}cS)\iS“'S)\gﬁ“'

The Floquet—Bloch theory guarantees that the full spectrum of the Maxwell op-
erator associated to problem (2.17) can be computed by a series of eigenvalue
problems (2.20) in the fundamental cell @ = (0,1)3 of the periodic structure,
where it is sufficient that k is in the Brillouin zone B = [—, 7|3. The spectrum
of the problem (2.17) is given by

o= inf AL, sup AL
U [ A gop

and possible nonempty intervals

sup Ay, inf Ap*!
(keg k> kEB k )
are called band gaps. In the following we develop a numerical method to compute
photonic bandstructures to find such bandgaps.

2.2.2 Galerkin approximation of the eigenvalue problems

In the next step, we derive a weak formulation for the eigenvalue problem (2.20).
This allows for general coefficients e, € L*°(Q) with 1 < g,(z) < e for almost
all € Q. In principle, it is also possible to consider a tensor-valued electric per-
mittivity e, (as it is required, e. g., for anisotropic materials), but in our examples
we will consider only the special case that we have a material with e, > 1 in a
subset w C Q and empty space in  \ w, where we set e, = 1.

We use the spaces

V = Hpel(curl,Q) = {u|Q: u € H(curl, RS/ZS)} ,
Q = Hi(®):={do: g H'®R/Z")}
of periodic functions on = (0,1)3 (that is, with periodic boundary conditions

on 0N for the corresponding trace operator), see Chapter 1.2.6. For uw,v € V and
p,q € Q we define the Hermitian sesqui-linear forms!

ak(u,v):/sr_lvk xu- Vi xvdr,
Q

m(u,v) :/ﬂ-vdac,
Q

INote that in our notation the sesqui-linear forms (and also all dual pairings) are anti-linear
in the first component.
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bk(v7q):/6'vkqua

Q

Ck(p»Q):/Vkp'qudl’a
Q

and we define — depending on the Floquet parameter k — the subspace which
includes the k-divergence constraint (2.20b) by

X5 :{vGV: bk (v,q) =0 for allqEQ}

(Xo =V in (2.7)). Now, we can rewrite the equation (2.20) in weak form: find
(u,\) € X\ {0} x R such that

ag(u,v) = Am(u,v) forallv e Xy . (2.21)

Obviously, V@ is contained in the kernel of the sesqui-linear form ag(-,-), i.e.,
ag(v,v) = 0 for v = Vg with ¢ € Q. Moreover, for any § > 0, the sesqui-linear
form

al (u,v) = ag(u,v) + 6 m(u, v) (2.22)

is elliptic in V' (and thus also in X}). Since X embeds compactly into L2, (€2)?
(see Theorem 1.2.1 and Theorem 2.1.7), the spectrum of the corresponding self-
adjoint operator is discrete, positive, and all eigenvalues have finite multiplicity. As
a consequence, the eigenvalue problem (2.21) has a discrete non-negative spectrum,
and the dimension of kernel of the sesqui-linear form ag(-,) in X is finite.

For the discrete Galerkin approximation of (2.21) we consider finite element

subspaces Vi, C V and Qp k. C @, and we define the constrained discrete space
Xh,k: = {’Uh € Vh: bk('uh,qh) =0 for all qn € Qh}

Note that in X x the k-divergence constraint is fulfilled only approximately, so
that the discretisation is non-conforming, i.e., we have X, ¢ Xk.

On the discrete space, we define the Galerkin approximation:
find (wp, ke, A k) € Xk \ {0} x R such that

ak(uh7k,vh7k) = Ak m(uh7k,vh7k) forall vpp € Xnk - (2.23)

Due to the nonconformity of the discretisation, it is not a priori clear that all
eigenvalues of the discrete problem indeed approximate the eigenvalues of the
continuous problem, compare Chapter 2.1.4. This requires a suitable choice of the
finite element spaces.

For the numerical analysis of the eigenvalue problem (2.23) we refer to [4]. If
the Assumptions 2.1.13 and 2.1.20 can be verified (as in the previous section for
k = 0), we can apply Theorem 2.1.16 which guarantees eigenvalue convergence.
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2.2.3 Lowest order conforming finite elements
on hexahedral meshes

We now introduce a family of finite element spaces which satisfy the required
conditions for eigenvalue convergence [4].

Let Q = Ucec, Qe be a decomposition into hexahedral cells ¢ € Cp, and let
Qe: Q= [0,1]> — Q. be the transformation to the reference cell. For k = 0 we
use the standard Nédélec elements with edge degrees of freedom [26, Chap. 6.3]
and standard trilinear conforming H' elements, i.e.,

Vh,O = {u € Xo: D@Zu 0 Y. € 730,17161» + 731,07161/ + 731,1706z for all ¢ € Ch},
Qro={q€Q:qop.€P111 forallceC},

where P; ;1 denotes the space of polynomials with degree 4,7,k in coordinate
x1, T2, x3, respectively. For the implementation we use a nodal basis in both cases,
where each basis function is associated to a nodal point.

Let {z,: v €V} C Q be the set of all vertices, where V}, denotes an index
set enumerating the vertices, and let &, be the set of all edges e = (x.,y.), i.e.,
e is understood as an ordered tupel of two vertices. Note that this defines an
orientation for every edge which is independent of the cells. The midpoint of e is
defined by z. = (x. + y.)/2 and and its tangent by t. =y, — x..

In V', 0 a nodal basis function 1, ¢ is associated to every edge e € &, such
that for all up 0 € Vo

y€
Up,0 = Z <¢/e,o,uh,0>¢e,o, <¢;,o,uh,o> = / Up,o - teds.

e€ly Te

Here, the dual functionals 1#/6’0 € V?z,o denote the degree of freedom associated
to the edge e. Note that due to the periodic boundary conditions the boundary
degrees of freedom are not independent, i. e., we have ¥, o = 4, ¢ if z¢,, Ze, € 00
with 2., — 2., € Z3.

Analogously, we have nodal basis functions ¢, o € Q0 associated to a vertex
v such that for all g,0 € Qn.0

Gho= Y _ (300 0)Puo,  (Phor o) = gnol(zo)-

vEV)

Again, the degrees of freedom ¢, o € Qp0 are periodic, i.e., ¢;, o = ¢, ¢ and
thus gn.0(2v,) = qn.0(2v,) for z,,, 24, € 0Q with z,, — z,, € Z3.

An important feature of the pair of finite element spaces Vi, o X Qp 0 is the
property VQpn.o C Vo (see Theorem 2.1.8), i.e., we have

Vano = Z<¢IE,O,V%,O>¢&0 (2.24)

ecéy,

for all gn,0 € Qn,0-
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2.2.4 Conforming elements with phase-shifted nodal basis

Starting from the standard nodal basis and degrees of freedom, we now consider
modified elements for k # 0 with a phase shift: we define

Vige = Span{tp, e €&}, Yop(x) = mE =)y (2),
Qh,k = Span{¢v,k: v € Vh}a ¢v,k(w) = e—ik'(w—zv)¢v’0<w)

with the basis representation depending on the phase-shifted degrees of freedom

ye .
Uk = Z (Vg Ung)Wop, (V! o, Wn k) :/ ek @2y o - tods,
e€&y, Te
Gk = Y ADy ke Gk ok (D ks an0) = ank(20) -

vEV)

In the implementation we use the transformation properties of the phase-shifted
basis functions: we have

Vioor(x) = e FE2Ive o(x),
Vix ¢, p(x) = e *FE2IV xy o(2),
Vi o p(@) = e FE IV (2).

As a consequence, all sesqui-linear forms are obtained by simple scaling, i.e.,

ak(Ve, ks Yes k) efik'(zelfzez)a0<¢e1,0a1/’e2,0)a

Mo, gy Cer k) = etk (Zer —ey) m(Y., 0> Vey.0)s
k(P g dop) = e FET2)bo(th o 00 0),

ck(Don s Pus k) e R (= =202) ¢4 (¢, 0, Pua.0)

for all e,e1,es € &, and v, v1,v9 € Vy. This property makes the use of the phase-
shifted basis very attractive, and only small modifications from the standard ele-
ments are required in the implementation. In particular, inserting (2.24) we obtain

Vidur(@) = e FE=IVg, o(x)
etk (@mz) Z <17b/e,07 V¢v,0>'¢e,o($)

ecéy,

= o= Z (WY, s V¢v,0>e_ik'ze'¢e,k(w) ;

e€ly

i.e., the inclusion VQp r C Vi is also satisfied for the phase-shifted elements.

The sesqui-linear form co(+,-) vanishes for all constants, i.e., co(v,v) = 0 if
and only if v is constant. Thus, co(-,-) is elliptic in th = Qno/R. For k # 0
we observe that the sesqui-linear form cg(,-) is elliptic in @Qp, g, since the kernel
of the operator Vy, is spanned by non-periodic functions e’*®. For k # 0 we set
Qh’k = @n,k in order to unify the notation.
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2.2.5 Discrete operators

For the formulation of the following algorithms we introduce discrete operators

Ank © Ve — Vi,
Mug = Vi — Vi,
Bnr @ Vi — Q;l,k,
Chk : Qunrx— Qhs

induced by the sesqui-linear forms, i.e.,

<Ah,k"‘/)el,k, ¢52,k> = ak('/’el,m 1/’62,1.:) )

<Mh,k’¢el,k, ¢52,k> = m("pel,k’ 1/’62,10 )
(BhxWe ks Pvk) = bk(Ye g, dok),
(Chkbor ks Poa k) = Ck(Poy k> Duo k)

for all e,ey,es € &, and v,v1,v2 € Vj. In the implementation, the operators

are represented by matrices A4, , = (A )617626&, My, = (Mﬁ’ez)el,ezesh’

“=e1,e2
Bh,k = (Ev,e)vevhy’eegh’ Qh,k = (Qvl,vz)vl,vgevh with
/ /
Ape = Z Ael,ez"/)w,k ® 1/}617"" ) Ael,ez - a’k(’(/"emk’ "pEl»k) ’
e1,e2€Ey
/ /
Mh,k = Z M51762¢82,k} ® ¢el,k ’ Mel,ez = m('l?bez,k’ ¢61,k) ’
e1,e2€E&
/
Bh,k = Z Bu,e"pe,k ® ¢2},k ; Bv,e = bk(we,k? ¢v,k) 5
vEV,e€E
Ch’k = Z QUhUQQ%;Q,k X ¢;1,k 5 QU1,’U2 == Ck(¢v2,k7 ¢v1,k) 5
v1,02€Vh

where the rank-one-operators are defined by (1] ® ¥5)u = (Y7, u),. In all
cases, the matrix representation is sparse, i.e., the number of non-zero entries is
proportional to the number of edges and vertices. The matrix representations of
Ap k. and C, g are used in the construction of smoothers for the multigrid iteration.
A matrix representation of By, j can be avoided in the implementation since the
operator can be directly evaluated by

Busnk = O bk(Unk dok)d) s
veEV)

and the coefficients can be computed by local integration. Nevertheless, using a
matrix representation is far more efficient since this operation is applied very often.

The operator By k: Vi — Q;l’k is the phase-shifted divergence operator
in weak form, and its adjoint B;LJC: Qnir — V;Lk corresponds to the weak phase-
shifted gradient. It is an important observation for our algorithms, that the strong



46 Chapter 2. Photonic bandstructure calculations

consistency property Vi Q. C Vi i of the discretisations allows also for a phase-
shifted gradient operator in strong form

Shk: Qi — Vi

which is defined by nodal evaluation, i.e.,

ShkGhk = Z<"/}/e,k,vkqh,k>¢e,k

ey,

= > (qh,k(ye)eik'(y"z‘f) - Qh,k(ﬂce)eik'(wf%))we,k :

e:(weaye)egh

corresponding to the matrix representation S, 5, = (S with

—eav)eefh,ve\/h

Shk = Z ﬁe,v¢i},k ® ¢e7k’ ﬁe’v — (bv,k(’ye)eik'(ye_ze) _ (bv,k(iﬂe)eik'(we_ze)-
ec&y, veEV)

Moreover, this operator satisfies the compatibility condition

i (Sh,kPh ks Ghk) = Ck(Phk> Qh k) »

i.e., the operator equation By, xSk = Ch k-
A direct consequence of this compatibility is the inf-sup stability of the finite
element pair V', i X Qn k, i.€.,

sup b (Vh.k, Qb k) S bi(Sh.kh, k> Ghk) _ ck(Qn.kes n k)
Vh €V \{0} ||vh,kHH(curl,Q) o HSh,kqh,k ‘H(Curl,Q) ||Shakqh,k||L2(Q,C3)
> Bllankll e .cs (2.25)

for all g, € Qh,k, where the constant § > 0 is independent of the mesh size and
can be computed from the Poincaré-Friedrich constant. Recall how this is used to
prove Theorem 2.1.8.

Further compatibility properties can be formulated as an exact sequence
property, cf. [26, 19]. In particular, the operator Sj, x maps into the kernel of A, g,
i.e., Ap kShr = 0. In order to obtain a preconditioner for the LOBPCG method,
we define the stabilised Maxwell operator Ag e = Ak + My for 6 > 0. This
operator is self-adjoint and regular, and we will see below how to construct a
robust multigrid preconditioner for this operator.

2.2.6 The projection onto the constrained space

Since for the constrained space X, no local basis exists, we construct approxi-
mations in the full space V'j, x and we provide a projection onto Xy, .
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This projection can be constructed as follows: for vy, , € V', i we construct
Phk € Qh,k such that vy, x — Vipn e € Xk, i.e.,

0 = be(Vnk— Vidhk, hk)

= br(Vhksquk) — ck(Phk,qnk)  forall  gur € Qni.

Thus, we have Bh’kvh,k = Ch,kph,k and Vh,k = Sh,kph,k~ Since the kernels of Sh,k
and C, k coincide, the identity Sh kph.k = Sh,kC;,lcChkph,k holds. Together, this
defines a projection operator

. A—1
Prg=1d = SpkoCppoBrk: Vie — Xnk,

where CA’,:,IC Qo — Qn.k gives the solution to a Poisson problem.

In the algorithms below for the eigenvalue computation it will be required
that the evaluation of the projection is quite accurate. More precisely, we use an
iterative scheme which reduces the initial residual norm by a suitable factor, so
that the algebraic error of the approximate projection is considerably smaller than
the discretisation error.

2.2.7 Operator properties and finite element convergence

The discretisation X, , is non-conforming, i.e., X ¢ X. The consistency er-
ror of the non-conformity is controlled by the inf-sup stability (2.25), the well-
posedness of the inverse follows from the discrete ellipticity (2.12).

The construction of the phase-shifted spaces allows to apply the arguments
of Chapter 2.1 (that relate to the case k = 0) to the actual setting. Especially we
have refer to Theorem 2.1.30 for convergence of eigenvalues and eigenfunctions.
This method has been developed in [4].

2.2.8 The preconditioned inverse iteration including projections

The inverse iteration is the most simple algorithm for the computation of the small-
est eigenvalue and the corresponding eigenmode in the space V', i of divergence-
free functions. Unfortunately, this requires to solve in every step a Maxwell prob-
lem in V', .

In order to get rid of the exact Maxwell solution in every step, we assume
that it is sufficient to apply a (linear) preconditioner of the Maxwell problem.
Since the Maxwell operator has a large kernel, we consider the shifted operator

A =Ank+0Mug: Vi — Vi

and the corresponding sesqui-linear form (2.22) for some fixed operator shift § > 0,
and we use in the iteration a preconditioner

!/
Th,k: Vh,k — Vh,k
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for Ai,k' We require that the preconditioner is optimal in the sense that T},  is
spectrally equivalent to the inverse of A‘,i_k, ie,

Co al (v gy Vike) < ai(Th,kAi,kvh,k, vihk) < Cral (v g, V) (2.26)

for all vy, € Vi with constants C; > Cp > 0 independent of the mesh size h
and the operator shift 4.

It turns out that it is not required to include the divergence constraint into the
preconditioner T}, x; it is sufficient to include a projection step onto the constrained
space X, i, in every iteration. Together, this results in algorithm 1 for the projected
inverse iteration.

Algorithm 1 Preconditioned inverse iteration.

(S0) Choose randomly vi .k € Vi i \ {0}.
(S1) Compute the projection wp r = PhrVhk € Xh k.
(S2) Compute a normalisation

1

Uh ke = —F———————
Vmwn e, w )

(S3) Compute the eigenvalue approximation

Wh,k -

)\h,k = ak(uh,lm uh,k)
and the residual
i
Tk = AnrUnk — AMpMprungk € X i .

(S4) If the residual norm |7y k| is small enough, then STOP.
(S5) Apply the preconditioner: Compute vp, g := ThkTh,k. Go to step (S1).

This method is proposed and analysed in [20], where more details are given.
It is observed that the spectral estimate (2.26) transfers to the combined method
which includes the projection, i. e. , the condition number of the combined operator
Py, 1 Th 1 Ap k. (vestricted to the constrained space X, ) is bounded independently
of the mesh size and the shift parameter.

It turns out that one or two preconditioning steps in (S5) are sufficient. On
the other hand, for the evaluation of the projection the approximation by simple
preconditioning is not enough (although an exact projection is not required): if the
projection is approximated only roughly, the iteration will converge to a vector in
the kernel of Ay, g, i.e., to an eigenvector with eigenvalue 0.

The convergence of this algorithm is linear, provided that the first eigenvalue
is isolated. The convergence rate depends on the quotient between first and second
eigenvalue. In principle, this can be improved if the operator shift ¢ is adapted
in every iteration step. The optimal choice 6 = —\,  with the approximated
eigenvalue of step (S3) leads to cubic convergence of the eigenvalue iteration, but
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it requires to solve nearly indefinite linear problems, so that the iteration with
simple preconditioning in (S5) is far more efficient.

2.2.9 The Ritz—Galerkin projection

Since in our application we cannot guarantee that the first eigenvalue is simple,
and since we aim for the simultaneous approximation of several eigenvalues in
order to identify a band gap, we need a block version of the inverse iteration.

Let N > 0 be a small number, e.g., N = 10. For a given set {“i,k’---v“ﬁk} C
X1, of linear independent functions we can define the Galerkin approximation of
the eigenvalue problem (2.23) in the subspace XhN’k = Span{u}hk, cey uixk}: Set
up the Hermitian matrices

AN = (ak(%,k,uz,k)) , My = (m<u§zk’u2k)) e CNN

l,n=1,...,N l,n=1,...,N

and solve a matrix eigenvalue problem: find eigenvectors 2™ € CV \ {0} and eigen-
values p, € R with

AN =M =1 N 227)

where we assume that the eigenvalues are ordered such that p; < ps < - < pn.
We set (z1,...,2Y) = Z(u} ,...,ul,) for this procedure. Then, compute the
Ritz—Galerkin projection

N

Yr = Huh,€Xnk, n=1,...,N. (2.28)
=1

By construction, we have for [ # n

ak(ylh,kw yZ,k) =0, m(ylh,kw yZ,k) =0,
and for the Rayleigh quotient

Ak (y;zl,k’ yz,k)

fin = :
" mY) e Y )

The preconditioned inverse iteration can be started simultaneously for the N vec-
tors uj, 5, if in every step a Ritz—Galerkin projection is included. Again, we expect
linear convergence of the eigenvalue approximations pi, ..., , to A}L,k < - <
Ah.k» provided that for some 1 < n < N a spectral gap )\ml — Ak > 0 exists.
The convergence factor (in case of exact projections and suitable start vectors)
can be estimated by

2 AP+ 6
=1-— 1 - 24— 2.29

cf. [25, Thm. 9].
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2.2.10 The modified LOBPCG method including projections

The LOBPCG method is introduced in [24] in order to improve the convergence
of the preconditioned inverse iteration by augmenting the subspace of the Ritz—
Galerkin projection. The main idea is inspired by the tree-term recursion of Lanc-
zos method: the Ritz—Galerkin subspace is built of three components, the actual
approximations yj ., the preconditioned residuals W g and suitable conjugated
directions dj, .

Here, we consider the modification introduced by [30] where the precondi-
tioned projected inverse iteration [20] is combined with the LOBPCG method [24],
cf. Algorithm 2.

It turns out that this algorithm is far more robust than a simple block version
of the preconditioned projected inverse iteration. Nevertheless, a careful choice of
stopping criteria is required. In our implementation, we use the following strategies:

(1) In every Ritz—Galerkin step it should be checked with a Gram-Schmidt
orthogonalisation, whether the vectors u,llk,,uhN L Spanning the Ritz-
Galerkin subspace are linearly independent: for n = 2, ..., N compute

n—1
n __ .n 1 n 1
VUhe = Upk — E m(uh,ka Uh,k) Up i
=1

so that v}, is orthogonal to uj, ;... ,uﬁ;cl. If [Jog, gl = \/m(V] o V7 ) =
€1, set up = vp /||v} ,ll. Otherwise, the vector v} , is nearly linearly
depending from u}l’k, e ,uZ;cl. Then, uy , is replaced by a new random
vector and the orthogonalisation procedure is repeated.

Here, €; = 1078 is appropriate, if the stopping criterion for the residual is
not too small.

(2) The projections wj ;, = Py v}, in (SO) and (S2) are computed only ap-
proximately: we compute ah k € Qn,k such that ||Chrgn ke — Bt} gl <
€2 4 02| By kv || and set wi ;. = v}, — SpkGnk € Vg, i-c., in general
wz’k ¢ Xh,k~
Here, €3 = 107® and a residual reduction #; = 10~7 is appropriate. For sim-
plicity, one can use a simple Euclidean vector norm since the strong residual
reduction already ensures that the relative error is small enough.

Note that the eigenvalue accuracy which can be obtained with the projected
LOBPCG method is strictly limited by the accuracy of the projection.

(3) On the other hand, the algorithm does not require an accurate solution of the
preconditioning step in (S2). In our implementation it is realised as follows:
we apply a few iterations of a Krylov method (preconditioned with T}, x)
such that ||Ai,k'”2,k —rhkll < e+ Os]lry 4 ll. Moreover, we observe that
the algorithm is not sensitive with respect to the operator shift § > 0 (in
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Algorithm 2 The modified LOPCG method
(S0) Choose random vectors v}, 4, ..., V5, € Vik.
Forn =1,..., N, compute the projections and normalisations
n n 1
Wy = Pokvhe € Xnk, Upp = ————————— Wp i .
m('wh,k7wh,k)
Then, compute the Ritz—Galerkin eigenvalues X', ... A" and eigenvectors
(zl, . ,ZN) = Z(u;ll,k, . ,uflv,k)
and the Ritz—Galerkin projection
N
yﬁ,k=zz7ﬁu2’fkeXh,k, n=1,...,N.
m=1
(S1) For n=1,..., N, compute the residuals
Thie =Ank¥ng — A Muryng € Vi
and check for convergence.
(S2) For n =1,...,N, apply the preconditioner v}, , = Thx"h s € Vi and com-

(54)

pute the projection wy, 4 1= Pr xv} p € Xp k-
Perform this step in the first iteration; otherwise go to (S4).
Compute the Ritz—Galerkin eigenvectors

1 2Ny _ z (0l N 1 N
(z7,...,277) = (wh,Im---7wh,k7yh,k7--.7yh,k)'
Forn=1,...,N, set
N
n n 1
hk = E 2 whk € Xnk,
=1 N
~n n n l
Yue = dpk+ E EN+1Ynk € Xhk -

=1

Then, set yj, , = Yy, forn=1,...,N. Go to (51).
Compute the Ritz—Galerkin eigenvectors

1 3N 1 N 1 N 1 N
(Z yeees R ):Z(wh,k7'--7wh,k7yh,7k7--'7yh,k7dh,k7'“7dh,k)'

Forn=1,...,N, set

n_ 1 n 1
2l Wh g + 2oN+1Dhk

Qe
]
bl

|
M=

! N
n 1
kT E ZN+1Yhk -

=1

<
=3
ko
Il
QU
>3

Then, set yj, 1, = ¥}, and dj, , = dy, j forn=1,...,N. Go to (S1).
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particular, Ai,k and Aj . have the same eigenvectors). From (2.29) we can
estimate that a residual reduction f3 = 0.1 and an operator shift § = 0.1\ ,,
is a suitable choice (indeed, a further reduction to a smaller § > 0 or a smaller
03 does not reduce the required number of LOBPCG steps).

(4) After a few LOBPCG iteration steps the smallest eigenvalues are already very
accurate (if NV is large enough). Depending on the accuracy of the projection
it may be not possible to improve the corresponding eigenmode. So in step
(S1) we determine 0 < neony < N such that ||} .|| < esforn=1,..., ncony-
Then, we proceed the method with the vectors

Nconv+1 N Nconv+1 N Nconv+1 N
whfloc 7"'7wh,k7yhf]2v 7"'7yh,k7dh,k 7"'7dhk

in step (S4).

The overall procedure is more efficient if N is larger than the desired number
of eigenvalues. Thus, one should stop the LOBPCG iteration if ncony > N/2.
Here, ¢4 ~ /€2 is appropriate. Then, we can expect a relative accuracy of
€2 ~ €5 for the eigenvalues. Since in this stopping criterion the residual norm
is used for estimating the error, a mesh-independent evaluation is required.

This is obtained, e. g., by the application of the preconditioner: set

75 kll = \/<T2,kvw2,k> = \/<TZ,k’TkakTZ,k>'

A simple alternative (which avoids to apply the preconditioner) is to use one
sweep of a Gauss—Seidel relaxation R j : V;-’k — Vi for A, i.e., to use

75 &l = <7'Z,k’Rk,k7"Z,k>'

More details on different variants of the LOBPCG method and the suitable
choice of parameters are discussed in [9].

2.2.11 A multigrid preconditioner for the Maxwell operator

A suitable multigrid preconditioner 7} : V;‘,k — Vi satisfying (2.26) with
C1 > Cy > 0 independent of the mesh size and robust for 0 < § < § is introduced
by Hiptmair [18]. Therefore, let Vo C Vig C --- C Vi C V be a nested
sequence of curl-conforming finite element spaces with phase-shifted basis and with
mesh size hj =277hg onlevel j =0,...,.J,and let Qo C Q16 C -+ C Qr CQ
be the corresponding H '-conforming spaces with phase-shifted basis.

The main observation is that a stable splitting corresponding to the decom-
position

J J
Vie=Vor+ Z Vik+ Z ViQjk
=1 =1

with respect to the energy norm of A‘;  €xists. As a consequence we obtain multi-
grid convergence for a hybrid smoother which alternatively operates on V ; ; and
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ViQj k. The multigrid preconditioner is defined recursively: for j = 0, define
Tor = (Ag k)_l. For j > 0, the definition of T j, requires:

1) a prolongation operator [ g: Vi_1 1 — Vi3

2) the adjoint operator (restriction operator) I}, : V' — V' 3

3) asmoother Rjg: V') — Vi for Ajy;

)

)

4) a smoother Djx: Q) p — Qjk for Cjk;

5) a transfer operator Sjg: Qjr — Vjik;
)

6) the adjoint transfer operator S, : V' ) — Q' ..

Now, define T}, by

id — A9 . T) &
= (id — A o Lk Tj—1 1} ) (id — 61 AS 1 SjkDjkeS)p)” (id — A Rjie)" .

For given residual 7, the result vy, = T gr sk is computed by Algorithm 3.

Algorithm 3 Multigrid preconditioner v = Ty 7k with hybrid smoother.

(S0) Set j = J.
(S1) Set vjk =0. For K =1,..., compute

Wik = Rjkrjk,
Uik = Uik T Wik,

- 5 o
Tik = Tik— Ajrwik .

1,5 /
wik = 0 AjrpSikD;kSikTik,
Uik = Uikt Wik,
5
Tik = Tik — AjRWik .

(S3) If j >0, set rj_1,6 = Ij 75k, j :=j — 1, and go to (S1).
(84) Ifj = 0, set Vo,k = T(),kTo’k.
(S5) For j=1,...,J set

Vik = Uikt Likvi-1k -

Return the result vy .

The prolongation is defined by the simple embedding V;_1x C Vg, i.e.,

Ligvji—1k = Z<’¢'/e,kvvj—17k>¢e,k’

ect;
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and it is represented by the matrix I, , = (181’82)(e1,e2)e€jx€j,1

Ij»k = Z 181,621/}/82,16 ® 1/)61,1‘7 ’ 161,82 = <¢/61,k’ 1/}82,k> .

(el,ez)egj ng,1

The restriction is represented by the transposed matrix I ]Tk, i.e.,

Ijllvk = Z lel,@wel,k ® "7b/€2,k .

(e2,e1)€Ej_1XE;

Note that this implies that the transfer operators depend on the phase-shift, but
again (as it is observed in Chapter 2.2.4) by a simple scaling the operators can be
constructed from the standard operators for k = 0.

The smoothing operators are constructed algebraically from the matrix rep-
resentations of A;x and Cj k. E. g., the Gauss—Seidel relaxation is defined by

-1
Rk = Z R Ve, k@Yo, ks R, = (diagAj,k + lowerAj,k> ,
e1,e2€E;
-1
Dy = Z Qvl,v2¢vz,k ® Puy ke s Qj,k = (diang,k + loweer,k> .
v1,V2E€V),

Note that Gauss—Seidel smoothing depends on the numbering of the indices.

For the parallel smoothers R;j and Djj suitable damping is required; in
addition, we use multiple smoothing v, u > 1, and we use a symmetric variant of
the presented algorithm.

In the same way, we construct the Laplace preconditioner Uj g : Q; " @ik

within the projection step. Again we set Uy, = C; ,1c, and recursively Uj i, is defined
for 7 > 0 by

id—CjpUje = (id = CjrdjuUj—16d}s) (id = CjeDj—1k)"

where Jjr: Qj—1.k — Qjr and JJ’-,k: ;k — Q;el,k are the prolongation and
restriction operators, respectively (again obtained from the standard transfer op-
erators by a scaling with respect to the phase-shift).

2.2.12 Numerical results for a band gap computation

Finally, we summarise results from [9] for the eigenvalue computation of a specific
configuration. The computation is realised in the parallel finite element code M++
[28] which supports fully parallel multigrid methods [29].

We consider a material distribution proposed in [16], where we use a material
with permittivity e, = 13 (which is in a realistic range for, e.g., silicon), and
for the empty space we have €, = 1. The distribution is a layered structure, cf.
Fig. 2.1. The structure is highly symmetric in zy plane, but is not symmetric
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in z direction. The configuration consists of silicon blocks, the block thickness in
the periodic structure is 0.25. We start in level 0 with one hexahedron, then we
use regular refinement, see Tab. 2.1. Thus, level 3 is the minimal level where the
material distribution is represented exactly, i.e., the distributions is aligned with
the cells.

Figure 2.1: A layered structure in the periodicity cell [0, 1]* (left) and (for illustration)
in [0,2]® showing 8 periodicity cells (right).

level j | number of cells | d.o.f. in X | d.o.f. in Qp
2 64
3 512 1944 729
4 4096 13872 4913
5 32768 104544 35937
6 262144 811200 274625
7 2097152 6390144 2146689
8 16777216 50725632 16974593

Table 2.1: Refinement levels, number of cells and degrees of freedom for the test config-
uration.

We test the convergence properties of the LOBPCG method for a fixed pa-
rameter k = (3,1, —2), where we use ¢, = 10~% as stopping criterion. The results
in Tab. 2.2 indicates that the convergence is almost independent of the mesh
size, and that the number of iterations only slowly increases with the number of
computed eigenvalues.

All results are obtained on a parallel Linux cluster. Since the multigrid solver
is of optimal complexity, we expect an optimal scaling behaviour of the parallel
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N # | level 3 | level 4 | level 5 | level 6
1 6 6 6 7
2 6 7 7 7
3 7 7 7 8
4 7 8 8 8
5 9 10 10 11
6 9 10 11 11
7 11 12 12 12
8 11 12 12 12
9 12 13 13 13
10 12 13 14 14

Table 2.2: Number of iterations of the projected LOBPCG method for the convergence
of the first IV eigenvalues and eigenvectors depending on the refinement level.

algorithm, provided the coarse problem is fine enough. For a fixed-size numerical
performance test (cf. Tab. 2.3) we observe good scalability only up to 256 processor
kernels. Optimal scalability is obtain for fixed load per processor kernel up to 50
million unknowns, cf. Tab. 2.4.

processor | multigrid aver. | computing | scaling
kernels conv. rate time factor
64 0.28 37:47 min.
2.12
128 0.28 17:45 min.
1.80
256 0.27 9:54 min.
1.19
512 0.29 8:20 min.

Table 2.3: Fixed-size parallel scalability and Maxwell multigrid convergence on refine-
ment level 7.

Next, we study the eigenvalue convergence. Again, we fix the parameter k =
(3,1, —2), and we set ¢4 = 10~* for the defect precision. Then, at least for isolated
eigenvalues we may expect algebraic eigenvector convergence O(e4) and eigenvalue
convergence O(e3), so that we can assume that the discretisation error is much
larger than the algebraic truncation error. The eigenvalue results are presented in
Tab. 2.5, and from their asymptotic behaviour we estimate the convergence rate in
Tab. 2.6. For smooth eigenfunctions O(h?) convergence can be expected, but due
to the poor regularity resulting from the discontinuous permittivity the observed
convergence rate with respect to the mesh size are smaller.
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refinement level d.o.f. | computing time | scaling factor
5 104,544 1:05 min.
1.78
6 811,200 1:56 min.
5.12
7 6,390,144 9:54 min.
8.09
8 50,725,632 80:21 min.

Table 2.4: Fixed-load parallel performance on 256 processor kernels.

n level 3 level 4 level 5 level 6 level 7 level 8
1 3.86613 3.81920 3.80119 3.79449 3.79202 3.79111
2 4.13949 4.09004 4.07099 4.06392 4.06132 4.06036
3 5.01881 4.87990 4.82904 4.81021 4.80322 4.80063
4 5.38737 5.24131 5.18723 5.16714 5.15967 5.15690
5 | 10.19397 9.68279 9.54135 9.50006 9.48747 9.48348
6 | 10.46622 9.95338 9.80933 9.76693 9.75392 9.74977
7 | 12.22023 | 11.26907 | 11.02740 | 10.95948 | 10.93931 | 10.93307
8 | 12.35505 | 11.40819 | 11.16670 | 11.09883 | 11.07870 | 11.07247
9 13.78493 | 12.78181 | 12.51608 | 12.43920 | 12.41575 | 12.40829
10 | 13.95290 | 12.93797 | 12.66950 | 12.59189 | 12.56823 | 12.56071

Table 2.5: Eigenvalue results A}, n=1,...

, N, for different refinement levels j.

57

Finally, we collect the results for different k following a path in the Brillouin
zone. The result illustrates the band structure, cf. Fig. 2.3. Although this path
does not cover the full Brillouin zone, one expects extrema in the photonic bands
on the boundary of the Brillouin zone or at points with high symmetry, so that
we can assume that this figure provides the correct band gap information of the
given material distribution. Guaranteed band gap computations can be obtained
by a finite number of further eigenvalue computations (including upper and lower
eigenvalue bounds) and a suitable perturbation argument (cf. [21]).

Note that the eigenfunctions within the Floquet theory are abstract con-
structions and not physical objects; nevertheless, some illustrations are presented

in Fig. 2.4 and 2.5.
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A" (3,4) A" (4,5) A" (5,6) A™(6,7) A"™(7,8)

0.04693 1.38 0.01801 1.43 0.00669 1.44 0.00247 1.44 0.00091
0.04945 1.38 0.01905 1.43 0.00707 1.44 0.00260 1.44 0.00096
0.13891 1.45 0.05087 1.43 0.01883 1.43 0.00698 1.43 0.00259
0.14607 1.43 0.05407 1.43 0.02009 1.43 0.00747 1.43 0.00277
0.51118 1.85 0.14144 1.78 0.04130 1.71 0.01259 1.66 0.00399
0.51284 1.83 0.14405 1.76 0.04240 1.70 0.01301 1.65 0.00415
0.95116 1.98 0.24167 1.83 0.06792 1.75 0.02017 1.69 0.00625
0.94685 1.97 0.24149 1.83 0.06787 1.75 0.02013 1.69 0.00623
1.00313 1.92 0.26573 1.79 0.07687 1.71 0.02346 1.65 0.00746
1.01493 1.92 0.26847 1.79 0.07761 1.71 0.02366 1.65 0.00752

© 00~ O U Wi

_
o

Table 2.6: The eigenvalue convergence rate is estimated by A™(j—1,7) = |Aj_; j — AT 4]
and the factor log, (A"(j —1,7)/A" (4,7 + 1)).

Bibliography

[1]

2]

D. Boffi. Fortin elements and discrete compactness for edge elements. Numer.
Math., 87:229-246, 2000.

D. Boffi. Finite element approximations of eigenvalue problems. Acta Nu-
merica, 19:1-120, 2010.

D. Boffi, F. Brezzi, and L. Gastaldi. On the convergence of eigenvalues for
mixed formulations. Ann. Scuola Norm. Sup. Pisa CI. Sci. (4), 25:131-154,
1997.

D. Boffi, M. Conforti, and L. Gastaldi. Modified edge finite elements for
photonic crystals. Numerische Mathematik, 105(2):249-266, 2006.

D. Boffi, L. Demkowicz, and M. Costabel. Discrete compactness for p and
hp 2d edge finite elements. Math. Models Methods Appl. Sci., 13:1673-1687,
2003.

D. Boffi and L. Gastaldi. Interpolation estimates for edge finite elements and
application to band gap computation. Appl. Numer. Math., 56:1283-1292,
2006.

A. Bonito and J.-L.. Guermond. Approximation of the eigenvalue problem for
the time harmonic Maxwell system by continuous Lagrange finite elements,
2009. Report TAMCS 2009-121, Texas A&M.

S. C. Brenner and L. R. Scott. The mathematical theory of finite element
methods, volume 15 of Texts in Applied Mathematics. Springer, New York,
1994.



Bibliography 59

[9]

[10]

[14]

[15]

[16]

AN

Figure 2.2: The Brillouin zone and the points of high symmetry.

A. Bulovyatov. Parallel multigrid methods for the band structure computa-
tion of 3D photonic crystals with higher order finite elements. Ph.D. thesis,
Karlsruhe Institute of Technology, 2010.

S. Caorsi, P. Fernandes, and M. Raffetto. On the convergence of Galerkin
finite element approximations of electromagnetic eigenproblems. SIAM J.
Numer. Anal., 38:580-607, 2000.

P. Ciarlet Jr. and G. Hechme. Computing electromagnetic eigenmodes with
continuous Galerkin approximations. Comput. Methods Appl. Mech. Engryg.,
198:358-365, 2008.

M. Costabel and M. Dauge. Maxwell and Lamé eigenvalues on polyhedra.
Math. Methods Appl. Sci., 22:243-258, 1999.

M. Costabel and M. Dauge. Weighted regularization of Maxwell equations in
polyhedral domains. A rehabilitation of nodal finite elements. Numer. Math.,
93:239-277, 2002.

M. Costabel, M. Dauge, and S. Nicaise. Singularities of Maxwell interface
problems. Math. Model. Numer. Anal., 33:627-649, 1999.

L. Demkowicz, P. Monk, C. Schwab, and L. Vardapetyan. Maxwell eigenvalues
and discrete compactness in two dimensions. Comput. Math. Appl., 40:589—
605, 2000.

D. C. Dobson, Jayadeep Gopalakrishnan, and J. E. Pasciak. An efficient
method for band structure calculations in 3D photonic crystals. Journal of
Computational Physics, 161(2):668-679, 2000.



60 Bibliography

0.7

08 [ e —_ — ==

— =

w/(2m)

0.2

Figure 2.3: Band structure illustration along a curve in the Brillouin zone along the
points I'; X, M, R, T, and Z (cf. Fig. 2.2). A band gap is observed between the bands 4
and 5.

[17] A. Ern and J.-L. Guermond. Theory and practice of finite elements, volume
159 of Applied Mathematical Sciences. Springer, New York, 2004.

(18] R. Hiptmair. Multigrid method for Maxwell’s equations. SIAM Journal on
Numerical Analysis, 36(1):204-225, 1998.

[19] R. Hiptmair. Finite elements in computational electromagnetism. Acta Nu-
merica, 11:237-339, 2002.

[20] R. Hiptmair and K. Neymeyr. Multilevel method for mixed eigenproblems.
SIAM Journal on Scientific Computing, 23(6):2141-2164, 2002.

[21] V. Hoang, M. Plum, and C. Wieners. A computer-assisted proof for photonic
band gaps. Zeitschrift fiir Angewandte Mathematik und Physik, 60:1-18, 2009.

[22] F. Kikuchi. On a discrete compactness property for the Nédélec finite ele-
ments. J. Fac. Sci. Univ. of Tokio Sec. 1A, 36:479-490, 1989.

[23] F. Kikuchi. Mixed Formulations for Finite Element Analysis of Magnetostatic
and Electrostatic Problems. Japan J. Appl. Math., 6:209-221, 1989.

[24] A. V. Knyazev. Toward the optimal preconditioned eigensolver: locally op-
timal block preconditioned conjugate gradient method. SIAM Journal on
Scientific Computing, 23(2):517-541, 2001.



Bibliography 61

Figure 2.4: Illustration of the eigenfunction uj ;. On the left, a surface plot of the
amplitude of |uj) ;| and on the right isosurfaces are displayed.

[25]

A. V. Knyazev and K. Neymeyr. A geometric theory for preconditioned
inverse iteration. III: A short and sharp convergence estimate for general-
ized eigenvalue problems. Linear Algebra and its Applications, 358(1):95-114,
2003.

P. Monk. Finite Element Methods for Mazwell’s Equations. Clarendon Press,
Oxford, 2003.

J. Schéberl. Commuting quasi interpolation operators for mixed finite ele-
ments, 2002. Report ISC-01-10-MATH, Texas A&M.

C. Wieners. Distributed point objects. A new concept for parallel finite el-
ements. In R. Kornhuber, R. Hoppe, J. Priaux, O. Pironneau, O. Widlund,
and J. Xu, editors, Domain Decomposition Methods in Science and Engineer-
ing, volume 40 of Lecture Notes in Computational Science and Engineering,
pages 175-183. Springer, 2004.

C. Wieners. A geometric data structure for parallel finite elements and the
application to multigrid methods with block smoothing. Computing and Vi-
sualization in Science, 13:161-175, 2010.

S. Zaglmayr. High order finite element methods for electromagnetic field com-
putation. PhD thesis, Johannes Kepler Universitat Linz, 2006.



62 Bibliography

Figure 2.5: Illustration of the eigenfunction uj, , for k = (3,1, —2). The cutting planes
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Chapter 3

On the spectra of periodic
differential operators

by Michael Plum

The main mathematical tool for treating spectral problems for differential
operators with periodic coefficients is the so-called Floquet—Bloch theory. It re-
lates the spectrum of a selfadjoint operator realising a periodic spectral problem
on the whole of R™ to a family of eigenvalue problems on the periodicity cell.
Here, the eigenfunctions (“Bloch waves”) are subject to semi-periodic boundary
conditions depending on an additional parameter which varies over the so-called
Brillouin zone. The result is the “band-gap” structure of the spectrum of the
whole-space operator. Floquet—Bloch theory applies, in particular, to periodic
Schrodinger equations and — what is most important within the scope of this
book — to periodic Maxwell eigenvalue problems, i.e. to photonic crystals.

This theory is well-known to all experts, but it is not easy to find a self-
contained exposition which moreover uses elementary arguments giving an easy
access also for (doctoral) students. Since this book is mainly aiming at educating
doctoral students, such a self-contained description is given here. On one hand,
it is rather general because periodic differential operators of arbitrary even order
are considered (which actually does not complicate the arguments), but on the
other hand the coefficients are assumed to be “smooth”, in order to satisfy our
requirement of easy access. A more general exposition for non-smooth coefficients
has been published in [2]. Important contributions to Floquet—Bloch theory have
been made e.g. in [9, 10, 11].

Floquet-Bloch theory does not give an answer to the question if there are
really gaps in the spectrum or if the bands actually overlap. An asymptotic answer
(for sufficiently “high contrast” in the coefficients) has been given in [5]. In a more
concrete case, existence of a gap has been proved by computer-assisted means in [8].

W. Dérfler et al., Photonic Crystals: Mathematical Analysis and Numerical Approximation, 63
Oberwolfach Seminars 42, DOI 10.1007/978-3-0348-0113-3_3, © Springer Basel AG 2011
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3.1 The spectrum of selfadjoint operators

Here, we briefly summarise some basic results about the spectrum of selfadjoint
linear operators

Definition. Let (H,(-,-)) denote a complex Hilbert space, D(A) C H a dense
subspace, and A : D(A) — H a linear operator.

a) The adjoint A* : D(A*) — H of A is defined by
D(A*) == {u € H : Ju-euVoep(a)lu, Av) = (u*,v)} and A*u := u* for
u € D(A*); note that, for u € D(A*), u* is unique.

b) A is selfadjoint iff A= A* (i.e. D(A) = D(A*), Au = A*u for u € D(A)).

Definition. Let A: D(A) — H be a selfadjoint linear operator.

a) The resolvent set p(A) C C of A is defined as p(A) := {A € C: A— A\ :
D(A) — H is bijective}.

b) The spectrum of A is the set o(A) := C\ p(A).

c) The point spectrum o,(A) of A is the set of all eigenvalues of A.

d) The continuous spectrum o.(A) of A is the set o.(A) := {A € C: A —
Al is one-to-one but not onto}.

Basic results.
i) For A € p(A), (A — A)~! is bounded.

Proof. A is selfadjoint and hence closed, which implies that (A — A\I)~! is closed.
Moreover, (A — AI)~! is defined on H, whence its boundedness follows from the
Closed Graph Theorem. O

ii) For all A € C,kernel (A — AI) = range (A — AI)=.

Proof. If u € kernel (A — AI) \ {0}, we have A € R since A is symmetric, and
(u, (A= M)v) = ((A = X)u,v) =0 for all v € D(A), i.c. u € range (A — AXI)*. If
vice versa u € range (A — AI)* \ {0}, we obtain (u, Av) = (Au,v) for all v € D(A),

whence the selfadjointness gives v € D(A), Au = Au, and A € R since A is
symmetric, i.e. u € kernel (A — AI). O

iii) For A € o.(A),range (A — AI) is dense in H (but not equal to H), and
(A — MI)~! is unbounded.

Proof. Since A— A is one-to-one, range (A — Al) is dense in H by ii). If (A—\I)~*
were bounded, then (since (A — A\I)~! is closed) range (A — AI) would be closed,
and hence equal to H, which contradicts the definition of o.(A). O

iv) 0(A) = 0. (A)Uo,(A).
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Proof. For each A € C, A — A is either bijective (i.e. A € p(A)), or one-to-one
but not onto (i.e. A € 0.(4)), or not one-to-one (i.e. A\ € g,(A)). This gives the
result. O

v)o(4) CR

Proof. For A = p+iv € C, v # 0, we calculate |[(A — A)ul]? = |[(A — ul)ul|* +
V2 ||lul|?* > v?||u||? for all u € D(A), which shows that A — \I is one-to-one, and
(A — X)~! is bounded. So A ¢ 0,(A), and iii) shows that A\ ¢ o.(A). Thus,
X € p(A) by iv). O

3.2 Periodic differential operators

Let L(z, D) = > 1< Ca(x)D™ denote an m-th order linear differential opera-
tor on RY with complex-valued and periodic coefficients, i.e. there exist linearly
independent vectors ai,...,ax € RV such that

col(z +aj) = calx) (xeRY |a|<m,j=1,...,N). (3.1)

We assume that L(-, D) is uniformly strongly elliptic, i.e. m is even, and there
exists § > 0 such that

(1)7Re{ Z ca(a:)ga} > §|¢|™ for all z,& € RY.

laj=m
(Note that the following assumption, together with (3.1), implies boundedness of
the coefficients.) We suppose that

co € C1*(RN) for a # (0,...,0), co,. o) € LZ(RY), (3.2)

.....

and that L(-, D) is formally symmetric, i.e. it coincides with its formal adjoint
L*(-, D) given by L*(-, Dyu = 37, <,,,(=1)!*I D*(€4u). This implies

/ [L(-, D)u] 5z — / I (- Djvdz (3.3)
RN RN
for all u,v € C§° (R™), and hence, by denseness, for all u,v € H™(RY). See also

Chapter 1.2 for a description of the Lebesgue and Sobolev function spaces used
here and in the following.

Furthermore, let w € L (R”) denote some real-valued weight function which
is bounded from below by a positive constant, and which is also periodic in the
sense (3.1). Thus, the complex Hilbert space L?(R”Y) can be endowed with the
weighted scalar product

(u,v) = /w(ac)u(a;)mdx (u,v € L*(RY))

which is equivalent to the canonical (unweighted) one.
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Now define an operator A in L?(RY) by

D(A) := H™(RY), Au:= lL(-,D)u. (3.4)

w
Lemma 3.2.1. A is selfadjoint.

Proof. By (3.3), (3.4), A is symmetric on H™(R™) with respect to (-,-), which
implies that H™(RY) € D(A*) and Au = A*u for u € H™(RY). To prove the
reverse inclusion D(A*) ¢ H™(RYN), let u € D(A*), i.e. u € L>(RY) and there
exists some u* € L?(RY) such that

(u, Av) = (u*,v) forall ve H™RN). (3.5)

Now let © denote some fundamental domain of periodicity (see also Section 3),
and Qy O Q some additional bounded domain. R is the union (with measure
zero overlap) of countably many translation copies Q + z, (n € N) of Q. (3.5) and
(3.4) imply, for each n € N,

/ uL(-, D)vdx = / wu*vdx for all v € CF°(Qo + 2n),
Qo+2zn Qo+2zn

whence the transformation x — x — z, and the periodicity of the coefficients give,
for each n € N,

/u( + zp)L(-, D)vdx = /wu*( + zp)odx for all v e C§°(Qp).
Q() QD

Therefore, by [1, Thm. 6.3],

u(- + zn)|Q € H™(Q)),
lul + z0)llzm @) <7 (1w + 2n)llz2(00) + lu + 20)llz200)) » (3.6)

where v depends only on L(-, D), 2, g, and w. Squaring this inequality and trans-
forming x — x + z, in the integrals in the norms we obtain

ll3im gmny < 20 (1 gty + IelBx(pmn))

Here, the right-hand side is summable over n € N since )y intersects only with
finitely many of the (disjoint) translation copies of 2, and u,u* € L?(R"). Hence
also the left-hand side is summable, implying u € H™(RY). a
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Remarks.

a) We can alternatively assume that L(-, D) is given in divergence form
2 lal,|81<m/2 (=1)1*ID%(¢o3D?). Then the formal symmetry simply reads c,s =
C3a. Instead of (3.2), we now require

cap € CF(RY) (3.7)

which is weaker than (3.2) for the “higher order” coefficients, but stronger for
the “lower order” ones. Under these assumptions (together with uniform strong
ellipticity), we can use [6, Thm. 16.1] (instead of [1]) to obtain the crucial statement
(3.6) in the proof of Lemma 3.2.1.

b) Both alternative smoothness assumptions (3.2) and (3.7) may be regarded
as unpleasant in view of some applications. In [2], a more general (but technically
more involved) theory is presented where L(-, D) is given in divergence form, with
the coefficients c,5 assumed to be merely in L>(R") (and periodic). Here, the
underlying Hilbert space is chosen to be the dual space H~™/ 2(RN).

¢) For a general description of the construction of selfadjoint operators from
formally selfadjoint differential expressions, see e. g. the books [3, 7, 11].

Our aim is now to prove a “band-gap” structure of the spectrum of A, i.e.
to prove that the spectrum of A is a union of compact intervals. The proof will
furthermore give access to computation of these spectral bands via eigenvalue
problems on bounded domains.

3.3 Fundamental domain of periodicity
and the Brillouin zone

Let © be a fundamental domain of periodicity associated with (3.1). For example,
Q can be chosen to be the N—dimensional parallelogram which has the origin
in RY as one corner, and the vectors a; forming the sides which meet at that
corner. But there is a lot of freedom in choosing Q. (If e.g. N = 2, a; = (1,0)7,
az = (0,1)T, then Q2 = (0,1)? can be chosen, but as well the parallelogram spanned
by a1 = (1,0)7, @& = (1,1)T.)

Next, let by, ...,bx € RN denote the columns of 27r(MT)~! with M denoting

the matrix with columns aq,...,ay. Hence
bl-aj:27r51j (l,jil,,N) (38)
bi,...,by generate a new periodicity lattice in R, the so-called reciprocal lattice.

As before, we can choose a fundamental domain of periodicity. A particular choice
is the set of all points in R which are closer to 0 than to any other point in the
reciprocal lattice. This set is called Brillouin zone B.
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3.4 Bloch waves, Floquet transformation
For fixed k € B, we consider the eigenvalue problem

L(-,D)Y = Awyp on Q, (3.9)
Y(x +aj) = e 9y(x) (j=1,....N). (3.10)

In writing the boundary condition in the form (3.10), we understand 1 extended
to the whole of RV, In fact, (3.10) forms boundary conditions on 99, so-called
semi-periodic boundary conditions.

Since L(+, D) is formally symmetric and the coefficients of L, as well as
the weight function w, are periodic with domain of periodicity 2, we conclude
that (3.9), (3.10) is a symmetric eigenvalue problem in L?(;w). Since € is
bounded, compactness arguments can be used to prove that (3.9), (3.10) has a
(-, )-orthonormal and complete system (s (-, k))sen of eigenfunctions in H;™ (RY),
with corresponding eigenvalues satisfying

A(k) < Xg(k) <--- < Ag(k) 00 as s — 00. (3.11)

The eigenfunctions (-, k) are called Bloch waves. They can be chosen such that
they depend on k in a measurable way (see [11, XIII.16, Theorem XIII.98]).

Now define
s (2, k) = e F Ty (2, k) (3.12)
Then,
Ds(- k) = (D + ik) s (-, k)
and thus
L(-, D)tbs(- k) = eFTL(-, D + ik) s (-, k) . (3.13)

Furthermore, using (3.10) and (3.12),
¢s(.’L' + aj, k) = e—ik‘(flf+(lj),(/)s<$ +aj, k) = ¢S(CL', k),

which together with (3.13) shows that (¢s(-, k))sen is an orthonormal and complete
system of eigenfunctions of the periodic eigenvalue problem

L(-,D +ik)p = Awg on £, (3.14)
¢ +a;)=o)  (G=1....N),
with the same eigenvalue sequence (As(k))sen as before. We shall see that the

spectrum of the operator A can be constructed from the eigenvalue sequences
(As(k))sen by varying k over the Brillouin zone B.
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An important step towards this aim is the Floquet transformation

1 )
U (k) = —= Y fla—Mn)e*" M (zeQkeB), (3.15)
VLB'nGZN
recalling that M denotes the matrix with columns aq,...,an.

Lemma 3.4.1. U : L2(RY) — L2(Q x B) is an isometric isomorphism, with inverse

(U 'g)(z — Mn) = \/% /g(x,k)e_”“TM” de (zeQnezZV). (3.16)
B

If g(-, k) is estended to the whole of RN by the semi-periodicity condition (3.10),
we have

1
Ulg= — k) dEk. 3.17
9= B/ 9, k) (3.17)

Proof. For f € L?>(RY),
/w|f(x)|2dx =y /w|f(x — Mn)|? dz. (3.18)
RN nezZN o

Here, we can exchange summation and integration by Beppo Levi’s Theorem.
Therefore,

Z |f(x — Mn)]* < oo fora.e x€Q.

nezZN

Thus, (Uf)(x, k) is well defined by (3.15) (as a Fourier series with variable MTk)
for a.e. z € , and Parseval’s equality gives, for these z,

J1wn@pPa= 3 (#- .
B

nezZN
By (3.18), this expression is in L?*(£), and
1Ufllz2x By = I fllL2@m) -

We are left to show that U is onto, and that U~ is given by (3.16) or (3.17). Let
g € L*(Q x B), and define

f(z — Mn) = \/% /g(:r,k)e_ikTM" de  (zeQnezl). (3.19)
B
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For fixed x € €2, Plancherel’s Theorem gives

ST (- M) = / (e, B2 de,
B

neZN
whence, by integration over {2,

/ w|g(x,k;)|2d:cdk;:/ S wlf(s - M) dz

QxB Q nezN

Z/w|fx—Mn |2d$—/w|f( )|? dx,

neZlN ¢ RN

i.e. f € L*(RY). Now (3.15) gives, for a.e. x € Q,
1 T
o= ) = Jwn@re i e,
B

whence (3.19) implies Uf = g and (3.16). Now (3.17) follows from (3.16) using
g(z + Mn, k) = e* " Mng(z k). O

3.5 Completeness of the Bloch waves

Using the Floquet transformation U, we are now able to prove a completeness
property of the Bloch waves 1,(-, k) in L2(RY) when we vary k over the Brillouin
zone B.

Theorem 3.5.1. For each f € L*(RY) and | € N, define

filz) == \/EZ/ b (k) 12y Vs (2, k) dk - (€ RY). (3.20)

Then, f; — f in L*(RY) as | — oo.

Proof. Since Uf € L?(Q x B), we have (Uf)(-,k) € L*(Q) for a.e. k € B by
Fubini’s Theorem. Since (15 (-, k))sen is orthonormal and complete in L?(Q;w) for
each k € B, we obtain

lllr& WUF( k) — gl(',k)HL2(Q;w) =0 fora.e.keB

where

l
=Y (U E) s (7)) L2y ¥s (@, K) - (3.21)

w
Il
_
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Thus, for xu(k) = [(UF)(-+k) = gu(-+ k) 22 guye e st
Xxi(k) = 0asl— oo fora.e. ke B,
and moreover, by Bessel’s inequality,
xi(k) < ||(Uf)(',k)||2L2(Q;w) forallle Nand a.e. k€ B,

and [|[(U f)(, k)|I72 (0,0, I8 in L' (B) as a function of &, by Lemma 3.4.1. Altogether,
Lebesgue’s Dominated Convergence Theorem implies

/Xl(k)dkHOaSlHoo,
B

IUf = gllrzoxp) — 0asl—oo. (3.22)
Using (3.20), (3.21), and (3.17), we find that f, = U~ 'g;, whence (3.22) gives

NU(f = fllz2@axp) — 0 asl — oo,

and the assertion follows since U : L2(RY) — L%(Q x B) is isometric by Lemma
3.4.1. ]

3.6 The spectrum of A

In this section, we will prove the main result stating that

o(A) =] I, (3.23)

seN

where
Iy :={\s(k): k€ B} (s€N). (3.24)

For each s € N, )\, is a continuous function of k € B, which follows by standard
arguments from the fact that the coefficients in the eigenvalue problem (3.14)
depend continuously on k. Thus, since B is compact and connected,

I, is a compact real interval, for each s € N. (3.25)
Moreover, Poincaré’s min-max principle for eigenvalues implies that

ps < As(k) forallseN, ke B,
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with (us)sen denoting the sequence of eigenvalues of problem (3.9) with Neumann
(“free”) boundary conditions. Since j; — 0o as s — 00, we obtain

min [y — 00 as s — 00, (3.26)
which together with (3.25) implies that
U I is closed . (3.27)
seN
The first part of the statement (3.23) is
Theorem 3.6.1. (A) D U,y Is-
Proof. Let A € U,y Is, i.e. A = A(k) for some s € N and some k € B, and

L<’D)wb(’k) = )‘wwb<vk) (328)

We regard 1,(-, k) as extended to the whole of RY by the boundary condition
(3.10), whence, due to the periodicity of the coefficients of L(-, D), (3.28) holds
for all z € RV,

We choose a function n € C§°(RY) such that

nx) =1 for|z| <1, n(z)=0 for|z|>2,
and define, for each [ € N,

||

u(z) =17 <7) Vs(@, k) .

Then,

26.0) -z = X eor® [ () wntow] = xn (B vy 29)

o] <m

=0 () (@D~ v+ 1

where R is a sum of products of bounded functions, derivatives (of order > 1) of
n <|l—|>, and derivatives (of order < m — 1) of ¢s(+, k). Thus (note that (-, k) €
Hig (RY)),

loc
C
IR 2@y < Fl%s( B) |l mm=1(ka) » (3.30)

with Ky, denoting the ball in RY with radius 2I, centered at 0. Moreover, the
semi-periodic structure of 14(-, k) implies

||1/}S(~, k')HHm,fl(Km) S C\/VOI(KQ]) .
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Together with (3.28), (3.29), (3.30), this gives

C
[(L(:; D) = Aw)ui 2wy < 54/ vol(Ka).
l

Furthermore, again by the semiperiodic structure of (-, k),

lwill 2@y 2> ells (5 k)| 2 r) = e/ vol(Ky)
with ¢ > 0. Since vol(Kq;)/vol(K;) is bounded, we obtain
1

T [(L(, D) = Aw)w[| 2wy <
HulHL2(]RN)

NIQ

Because moreover u; € H™(RY) = D(A), this results in

1
WH(A — M)u||p2yy — 0 as | — oo.

Thus, either ) is an eigenvalue of A, or (A — M\)~! exists but is unbounded. In
both cases, A € o(A) by the result i) in Section 1. O

Now we turn to the reverse statement

Theorem 3.6.2. o(A) C U I
seN

Proof. Let A € R\ USGN I,. We have to prove that A € p(A4), i.e., that, for each
f € L2(RY), some u € D(A) exists satisfying (A — A)u = f. (Then, A — I is
onto, and hence also one-to-one by the basic result ii) in Section 1.) For given
f € L3%RY), we define, for | € N,

L
T) = \/ﬁ;B/ Ui Vs (- k) L2 () Vs (2, k) dk

and

l

1
() :ﬁg oy x ODCR), sl k) s2(@uuys(a, k) dk - (3.31)

=1
Here, we note that, due to (3.27), some § > 0 exists such that

As(k) —A| >¢6 forallseN, ke B. (3.32)
In particular, the boundary value problem

(L(, D) — Aw)v(-, k) =w(U f)(-, k) in Q, (3.33)
v(z + aj) = e*Yo(z) (j=1,...,N)
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has a unique solution for every k € B. Bloch wave expansion gives

IUHC RN ) = ZI U E), s (k) L2 (s

= Z |<(w71L('7D) - )\)’U(', k)v 1/15(', k)>L2(Q;w)|2 .

Since both wv(-, k) and (-, k) satisfy semi-periodic boundary conditions,
w™L(-, D) — X can be moved to 1s(-,k) in the inner product, and hence (3.9)
and (3.32) give

1T RNZ2 ) = z:IA = AP, k), s (k) L2 (s

> 62”1}(" HLQ(Q;w) .

By Lemma 3.4.1, this implies v € L?(2 x B), and we can define v := U~ v €
L?(RY). Thus, (3.33) gives

(U E), $s( k) L2 () = (W L(, D) = N (Uu) (-, k), (k) £2(01)
= <(Uu)("k)7 (w_lL( ) Wa( ) )> 2(Qw)
= ()‘S(k) - )‘)<UU(7 k)a ’l/)S( ’ )>L2(Q;w) )

whence (3.31) implies

l

1
|B| Z ('7k)>L2(Q;w)ws($7k) dk, (334)
.s:l

and Theorem 3.5.1 gives
w —u, fi— f in L*RY). (3.35)
We will now prove that (in the distributional sense)
(w'L(-,D) = Nu; = f; foralll €N, (3.36)

which implies (compare (3.37) below) that (u;, (A — A)v) = (f;,v) for all v €
H™[RYN) = D(A), whence Lemma 3.2.1 implies u; € D(A), and

(A*)\I)ul =f; foralll eN.
Since A is closed, (3.35) now implies
u € D(A), and (A—AX)u=f,

which is the desired result.
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We are left to prove (3.36), i.e. that
(ur, (W™ L(-, D) = N)@) r2@ny = (fi, o) 2y for all € Co°(RY).  (3.37)

So let ¢ € C5°(RY) be fixed, and let K C RY denote a ball containing supp(¢)
in its interior. Both the functions

(k) 1= (@) T =5 (O, k) 1o

are easily seen to be in L?(K x B) by Fubini’s Theorem, since (3.32), and the fact
that (w™*L(-,D) — N)p € L>°(K) and ¢ € L>(K), imply that both

[ e ds

K

/ Its(z, k)| do
K

CIUHC R @ 195 (5 B L)

the latter factor is bounded as a function of k because K is covered by a finite
number of copies of 2, and the former is in L'(B) by Lemma 3.4.1.

Since K x B is bounded, r and t are also in L'(K x B). Therefore, Fubini’s
Theorem implies that the order of integration with respect to x and k may be
exchanged for r and ¢. Thus, by (3.31),

and

are bounded by

/w(w)ul () (w=LL(z, D) — N)p(x) dz

Ti}{/ k) dk | do

1

~ VB /A (kzl)—/\«Uf)("k)’%('»k»ﬂ(ﬂ;w)
1B S

w
Il

<"/)S<'v k)’ (w_lL('v D) - )‘)(p>L2(K;w) dk .

Since ¢ has compact support in the interior of K, w™*L(-, D) — XA may be moved
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to (-, k), and hence (3.9) gives

/w(:z:)ul () (w=tL(z, D) — N)p(x) dx

s

l

wb( ) )>L2(Q;w) <ws('a k)7 30>L2(K;w) dk

/ts(x, k)dx | dk

<(Uf)(7 k)a 1/)8(7 k)>L2(Q;w)7/}S(I7 k) dk Wdif

®— m\

= S 3\
S

o
m\

w(@) fi(z)e(z) dz,

N N

e. (3.37). 0

Theorems 3.6.1 and 3.6.2 give the result (3.23). It is however difficult to
decide, whether there are really gaps in the union (3.23). Moreover, it is not easy
to make statements about the nature of the spectrum o(A), for example to decide
if 0(A) = 0.(A) (i. e. no eigenvalues occur). The only easy result is

Theorem 3.6.3. o(A) contains no eigenvalues of finite multiplicity.

Proof. (See [4]) Let A be an eigenvalue of A and suppose that E := kernel(A — \I)
is finite dimensional. The periodicity of the coefficients of L(-, D) shows that f € E
implies f(- 4+ a;) € E. Thus, the mapping

V:{ J]?:JF( +a1) }

is well defined, and moreover

<Vf7 Vg>L2(]RN) = <fa g>L2(RN) for fag € Ea

i.e. V is unitary. The assumption dim £ < oo implies that V' has at least one
eigenvalue k € C, and |k| = 1 since V is unitary. An eigenfunction f € E\ {0} of
V, associated with r, satisfies f(- +a1) = kf, and thus |f(z+a1)| = |f(z)| for all
x € RV, which contradicts f € L2(RY). O
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Chapter 4

An introduction to direct and
inverse scattering theory

by Armin Lechleiter

Scattering theory deals with perturbation of waves by obstacles. Our view-
point on wave propagation is therefore somewhat different compared to the one
taken in the previous chapters, particularly since we are here interested in wave
propagating through unbounded domains. Such problems occur quite naturally in
scientific and engineering applications. The most basic example is scattering of
a plane wave from a bounded obstacle placed in a homogeneous space. Possible
applications include for instance radar technology. As another example, consider
diffraction of light waves from a layer with periodic micro structure. Here, the scat-
tering object is a structure which is bounded in one direction and periodic with
respect to the other directions. This example indicates a strong link to photonic
crystals and periodic differential operators as studied in the previous chapters, but
in our example the crystal is not globally periodic. In contrast to the eigenvalue
problems for partial differential equations related to band gaps studied in the pre-
vious chapters, scattering theory is more related to source problems for differential
equations.

To fix some ideas on scattering theory, let us consider the problem of scatter-
ing of waves by bounded scattering objects placed in a homogeneous background
medium. In this entire chapter, we concentrate on a penetrable inhomogeneous
scattering object. Inside the penetrable inhomogeneity, physical characteristics of
the medium are different compared to the background medium outside. Hence, a
wave propagating through the locally perturbed medium will differ from a cor-
responding wave propagating through unperturbed medium. Computation of the
difference between these two waves, which is called the scattered wave, is a typical
direct scattering problem.

W. Dérfler et al., Photonic Crystals: Mathematical Analysis and Numerical Approximation, 79
Oberwolfach Seminars 42, DOI 10.1007/978-3-0348-0113-3 4, © Springer Basel AG 2011



80 Chapter 4. An introduction to direct and inverse scattering theory

In an inverse scattering problem, one is given (partial) measurements of scat-
tered waves and the task is to determine the perturbation of the medium. Problems
of this kind have a wide range of application in, e. g., nondestructive testing, explo-
ration of the earth in geophysics, and noninvasive techniques for medical imaging.
Direct and inverse scattering problems are intimately connected with each other in
the sense that the inverse problem is dependent on the direct problem. However,
their characteristic features are quite different: Typically, direct scattering prob-
lems possess a unique solution that depends continuously on the data — such prob-
lems are called well-posed. Additionally, all direct scattering problems we consider
here are linear problems, neglecting that nonlinear scattering is also an important
issue. On the other hand, the inverse scattering problems arising as identification
problems from the direct problems are intrinsically nonlinear and, even worse,
they lack continuity properties: Typically, the operator mapping measurements to
the scattering object is discontinuous. Such problems are called ill-posed and this
property causes problems concerning the stability of numerical algorithms to solve
inverse scattering problems.

In this chapter, we will only deal with time-harmonic waves having angular
frequency w > 0. Time dependence of all waves throughout the text is hence
exp(—iwt), but this dependence is usually suppressed. We denote by ¢y the wave
speed in the background medium and plug in the time dependence into the wave
equation c%Au — 0w = 0 to find the Helmholtz equation

Au+k*u=0 (4.1)

with wave number k? = w?/cZ. The same reduction led to the time-harmonic
Maxwell’s equations in Chapter 1.1.5. As before, we note that it is the real part
of exp(iwt)u which has physical significance (and a sinusoidal time dependence).
Despite the fact that scattering theory for Maxwell’s equations in three di-
mensions is the fundamental model for light propagation in dielectric photonic
devices, we prefer for this introduction to stick to simpler model problems and
work with a scalar Helmholtz equation most of the time. The scalar problems we
consider often arise as simplified models from the full Maxwell system (see Chap-
ter 1.1.5) and share with the latter one many (but not all) of its characteristic
properties. For this introduction it seems more appropriate to explain important
facts on comparatively simple problems rather than going through the technical
difficulties of real-world problems. Interested readers will have no problems to go
deeper into the subject, using the monographs [41, 33, 19] as a starting point.
Nevertheless, we assume the reader to be familiar with certain concepts of
functional and real analysis as well as Sobolev spaces (see Chapter 1.2.1). We use
Fredholm theory a couple of times, integrate by parts, and use trace theorems in-
volving fractional Sobolev spaces on the boundary. A probably more exotic issue
that we use without much explanation or proof is the concept of unique continu-
ation. Unique continuation results state that a solution to a homogeneous linear
differential equation that vanishes in a certain set needs to vanish even in a larger
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superset. Whenever we use this concept, we indicate where to find a proof of the
specific result employed. Finally, we employ elliptic regularity results several times
in the text, mostly we only require interior results from [39]. We also require such
regularity theorems in spaces of periodic functions, where they follow, roughly
speaking, from the standard regularity results by periodic extension. However, we
never carry out this argument in detail. Similarly, we use Rellich’s compact em-
bedding lemma in Sobolev spaces of periodic functions with periodic boundary
conditions without giving a proof.

This text is an enlarged manuscript of two lectures on scattering theory
aimed to be understandable for someone without prior knowledge on this matter.
This gives some restriction on space and implies that some classical concepts of
time-harmonic scattering theory stay on a somewhat informal level, especially, we
do not give proofs of several important results. Hopefully, the text nonetheless
provides key ideas and concepts.

4.1 Scattering of Time-harmonic Waves

Scattering problems involve partial differential equations posed on unbounded do-
mains. We are going to see later on that such problems require additional “bound-
ary conditions at infinity” — more precisely, we need to prescribe the asymptotic
behaviour of a solution to (4.1) as |z| — oo to obtain uniqueness of solution. For
this task one employs a so-called radiation condition. Roughly speaking, a radia-
tion condition serves to assert a direction to a time-harmonic wave. Assume that
u is a solution to the source problem Awu+ k?u = f in the whole space for a source
f with compact support D. From a physical point of view, a wave generated in
D should travel away from D in the homogeneous exterior to D. A radiation con-
dition provides a tool to determine whether or not a solution to the Helmholtz
equation does so. By the way, a solution to the Helmholtz equation that satisfies
a radiation condition it therefore often called an outgoing wave.

4.1.1 Radiation Conditions — Waves with Direction

As a motivation for the radiation condition in two and three dimensions we first
study the one-dimensional situation — in 1D everything is a little more straightfor-
ward. Our arguments will at first stay on a formal level where we do not care for
correct function spaces. In one dimension, the homogeneous Helmholtz equation is

v’ + k*u =0, k>0,

and it is well known that two linearly independent solutions to this differential
equation are uy(x) := exp(zikz). In the time domain, these two solutions cor-
respond to el(FFr—w) regpectively, and we note that they are constant on the
characteristics {(z,t) : tkx —wt = C}, C € R. Consider first exp(—iwt)u4: As
t increases, x needs to increase for that (z,t) remains on the same characteristic.
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Figure 4.1: In one dimension, a harmonic wave can travel to the left or to the right.

For the two plots, we chose k = w = 4. (a) The solid blue curve shows the real part
of exp(—iwt)u— for t = 0 and = € (—1,1). The dashed-dotted curve shows the real part
of the same function for ¢ = 0.1 and = € (—1.1,0.9). Obviously, the time-harmonic wave
moved to the left. (b) Now we plot the real part of exp(—iwt)ut for t = 0, z € (—1,1)
(solid curve), and for ¢ = 0.1 and = € (—0.9, 1.1). Here, the curve moves to the right as
t increases.

Therefore the wave u; moves to the right as time increases. For exp(—iwt)u_, the
situation is just the opposite: As ¢ increases, x needs to decrease for that (z,t) re-
mains on the same characteristic and hence u_ moves to the left. This observation
is sketched in Figure 4.1. Note that

v/, —ikuy =0 and wu_ 4+iku_ =0 inR. (4.2)

These two relations can be used to assign a direction to a solution v of u” +k?u = f,
where f has support in (—R, R) for some R > 0. If v/ — iku = 0 for z > R we
say that u travels to the right on the half-axis {x € R : > R}, and similarly,
if w' + iku = 0 for x > R we say that u travels to the left in {x € R : x > R}.
The first and second option correspond to an outgoing and to an incoming time-
harmonic wave, respectively. Of course, the analogous construction works on the
left half-axis {x € R: z > —R}.

We finally want to point out how to use the radiation conditions (4.2) to set
up a variational solution theory for the outgoing solution u : R — C to v’ +k%u =
f for, e. g., f € L?(—R, R), which is extended by zero to all of R. Actually, we
will meet this procedure several times again in the sequel in higher dimensions
and for different problems. Since u should have two derivatives more than f, we
seek u € HE (R). We multiply the differential equation by 7 € H'(—R, R) and
integrate by parts,

R R
/ (V" — k*uv) dx — u'(R)v(R) + u'(~R)v(—R) = —/ fodx. (4.3)
—R —R

Point evaluation of «’ and v is well defined since functions in H'(a,b), a < b, are
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continuous. Since we want u to be outgoing, we prescribe u/(R) — iku(R) = 0 and
uw'(—R) + iku(—R) = 0. Thus, (4.3) becomes

R —
Bip(u,v) := / (v — k*ud) dx — iku(R)v(R) — iku(—R)v(—R) (4.4)

-R
R
- _[R foda (4.5)

and we arrive at the following variational formulation: Find v € H*(—R, R) such
that Bip(u,v) = — ffR fudz for all v € HY(—R, R). Let us investigate whether
this variational problem is solvable. Due to

R

R
R (Bi (u, w) :/_R(|u’|2+|u|2) dw—(k2+1)/R|u|2d:v,

the sesquilinear form Bip is a compact perturbation of a coercive form. Thus, Fred-
holm’s alternative implies that (4.4) has a unique solution in H'(—R, R) for all
f € L?(=R, R) if the corresponding homogeneous problem has only the trivial so-
lution. Assume that u is a solution to the homogeneous problem (that is, for f = 0).
Taking the imaginary part of Bip(u,u) shows that k(|u(R)|?+|u(—R)|?) = 0, that
is, u(R) = u(—R) = 0. Note that the variational formulation f_RR (w'v" — k*uD) da
directly implies that v € H?(—R, R) and that u” — k*u = 0. Integrating again by
parts in the variational formulation gives

R
/_R (—u" — K*u) vdz + (v/(R) — iku(R))v(R)

— (W' (=R) +iku(—R))v(—R) =0 forallve H'(—R, R).

We conclude that u/(R) — iku(R) = 0, v/(—R) + iku(—R) = 0. Further, u(R) =
u(—R) = 0 implies that v/(R) = v/(—R) = 0, too. The Picard-Lindel6f Theorem
yields that w vanishes entirely, and in consequence the variational problem (4.4)
is solvable for any wave number k& > 0.

The last integration by parts also shows that, for general f € L?(—R, R), a
solution u to the variational problem satisfies

R
[R (—u" = Ku+ f)vde + (v'(R) — iku(R))v(R)
— (' (=R) +iku(—R))v(-R) =0 for allv e H'(-R,R),

especially, the differential equation u” 4+ k*u = f is satisfied in L? sense. Finally,
we note that the extension up of such u to a function on the entire real line,

u(R) exp(ik(x — R)), x> R,
=< u, —R<z <R,
u(~R)exp(-ik(z + R)), &< R,

Ug

belongs to HZ .(R) since (point-)traces and derivatives are continuous at +R.
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4.1.2 Scattering from Bounded Media

In this section, we transfer the concept of the one-dimensional radiation condi-
tion (4.2) to higher dimension m = 2 or m = 3. Our aim is to find a tool that
tells whether or not a solution to the Helmholtz equation (4.1) is “outgoing”.
We need some new notation: For 0 # x € R™ we set & = z/|z|. The vector
zeS={xeR™: |x| =1} is a direction in the unit sphere S of R™. Assume, for
simplicity, that u € C?(R™ \ Bg) is a classical solution to the Helmholtz equation
Au + k*u = 0 in the exterior of the ball B = {z € R™ : |z| < R}, R > 0. From
the 1D case, it seems somehow advisable to consider the restriction of u to the
ray {rf : r € (R,00)} of direction 6 € S. If we want to check a criterion similar
to (4.1), we need to introduce the directional derivative

Oru(z) ==& - Vu(z), for0#x=ri.

Then the first condition of (4.1) motivates to consider d,u(x) — iku(x) for x = rf
and » > R. In the 1D case we imposed that the analogue quantity vanishes —
this is not meaningful for the multi-dimensional case, since there are more than
just two directions. Instead, we prescribe that 0,u(rf) — iku(rf) tends to zero as
r — 00. More precisely, we call u a radiating solution to the Helmholtz equation
(or simply radiating), if

lim 7#(™=Y/2(8,u — iku) = 0, (4.6)
T—00
uniformly in & € S. This is the so-called Sommerfeld radiation condition. The role
of the power (m — 1)/2 is of course not clear at this point. However, the following
consequence shows its meaning: By Cauchy-Schwartz’s inequality,

/ |0,u — ikul? ds < Rl_m/ dsmax R™ ' |0,u — iku|> — 0 as R — oo
dBr oBr  9Br

—0 by (4.6)

because R'™™ [, ds = 27™/2 /T (m/2) is uniformly bounded as R — oo. In
analogy to the 1D case we studied in the last section, Sommerfeld’s radiation
condition guarantees uniqueness of solution to exterior scattering problems on
unbounded domains, see for instance the proof Theorem 4.1.4 below.

With Sommerfeld’s radiation condition at hand we can now formulate a typ-
ical scattering problem: Consider a plane wave u’(x) = exp(ikz - 0), x € R™, of
direction 6 € S which is scattered by an inhomogeneous medium described by a
refractive index n? : R™ — C. We assume that supp(n? — 1) = D where D is
a bounded Lipschitz domain. The presence of the scatterer D creates a scattered
field u* such that the total field u = u® + u* satisfies the Helmholtz equation

Au+Ek*n’u=0 in R™.
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Since the scattered field is created locally in D, u® needs to be an outgoing time-
harmonic wave and we impose the Sommerfeld radiation condition (4.6) on u®.
Then, with a little bit of algebra, we find that u® solves the following problem:

Au® + E*n*u® = —k*(n? — Du'  in R™,
lim 7™~ 1/2(§u —iku) =0 uniformly in & €S. (4.7)
r—00
Later on, we will show solvability of this problem using the radiating fundamental
solution of the Helmholtz equation. Here we restrict ourselves to dimension m = 3;
for m = 2, the fundamental solution involves Bessel functions and everything
becomes a bit more complicated. The function

cos(k|z|) + asin(k|x|)

4|z

Go(z) = for z € R*\ {0}

is a fundamental solution of the Helmholtz equation for all ¢ € C. This means
that (again, in the distributional sense)

AG, + kQGa = _6Oa (48)

where Jy is the Dirac distribution at the origin: do(¢0) = ¥(0) for ¥ € C§°(R3).
Recall that (4.8) means that

/m Go (AY + k*Y) dz = —9(0).

For a proof of this identity we refer to [39, Theorem 9.4]. At least formally, the
last equation means that all functions uq(z) = [, Ga(x —y) f(y) dz satisfy Au +
k?u = —f. Again, this statement can be made mathematically rigourous in a
distributional sense. Our aim is now to determine a € C such that G, is a radiating
solution to the Helmholtz equation, in the sense of (4.6). Since G, is a radial
function, we only consider x = (r,0,0), r > 0:

0rGo(z) — 1kGy(x)
(a —1)kcos(kr) — k(1 +ia)sin(kr)  cos(kr) + asin(kr)

47y (4mr)?

All terms in O(1/r) cancel if and only if a = i, thus, we see that precisely for a = i

lim r (0,Gi(rf) — ikGi(rf)) =0

T —00

uniformly in 6 € S, that is, G satisfies the Sommerfeld radiation condition. In the
literature on scattering theory, it is common to define

eik\w\

- Ar|x|’

O(z) = Gi(x)
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Let now y € R3. Then x — ®(x —y) is a translated fundamental solution, which is
called a point source at y. Since the limit in (4.6) is requested to be uniform in the
angular variable, it is not difficult to see that a translation of a radiating function
is still a radiating function. Thus, z +— ®(z — y) also satisfies the Sommerfeld
radiation condition. Since (|z —y| — |z|)/(|lz — y| + |z|) < |y|/|z|, the expansion

e =yl =l [yl?

[z —yl=le| =2 y+ Tyt —
|z =yl + || |z =yl + ||

shows that
O(x —y) = ®(x) (e_iki"y + 0 (Jz|7) ), as |z| — oo.

This implies that ®(z — y) behaves, for large z, as a radiating spherical wave ®(x)
with amplitude

Do (Z,y) := exp(—ik T - y), zeS, yeR™. (4.9)

This observation is a special case of the following general theorem, see [19, Theorem
2.5].

Theorem 4.1.1. Every radiating solution u € C?(R®*\ Bg) to the Helmholtz equation
has the asymptotic behaviour of an outgoing spherical wave,

u(z) = (z) (uoo(fc) +0 (|27 ) as |z| — oo.

The function us, € L*(S) is called the far field pattern of u.

Part (a) of the following lemma is known as Rellich’s lemma, and parts (b)
and (c) are consequences of that lemma (actually, in dimension m = 2 and 3).

Lemma 4.1.2. Assume that D is a bounded Lipschitz domain with connected com-
plement and let u € Hfoc_(Rm\D) be a radiating solution of the Helmholtz equation
Au+ k*u =0 in R™\ D with far field .

(a) Iflim, oo [ |ul*ds =0, then u =0 in the exterior of D.

(b) If %(faD u@,,ﬂds) >0, then uw =0 in the exterior of D.

(¢) If uso =0, then u = 0 in the exterior of D.

A proof, in the context of spaces of continuously differentiable functions, can

be found in [19, Theorems 2.12 & 2.13]. In a more general context, the result is
shown in [39, Theorem 9.6]. Note that the Sommerfeld radiation condition is well

defined for a solution of the Helmholtz equation in HZ (R™ \ D) since such a
solution is a smooth function by interior elliptic regularity results, see [39].
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The Lippmann—Schwinger Integral Equation

The scattering problem (4.7) can be reformulated as a volumetric integral equation
posed on the scattering object D. This so-called Lippmann—Schwinger integral
equation admits a comparatively simple solution theory. The integral equation
approach for the medium scattering problem is based on the fundamental solution
for the Helmholtz equation. In the last section, we introduced this function for
dimension m = 3 and we restrict ourselves to three dimensions here, too. In two
dimensions, the theory works very much in the same way but the fundamental
solution involves Hankel functions, which we want to avoid for simplicity. Thus,
we recall that ®(z,y) = e*1*=¥l /(47|z — y|) for = # y € R®, and formally define
the volume potential of a function f: D +— C by

V(f) = /D () (y) dy.

In the following, it is convenient to extend functions in L?(D) implicitly by zero
to all of R?. The analysis of medium scattering is greatly simplified by means of
the following proposition.

Proposition 4.1.3. The volume potential V is a bounded operator from L*(D) into
H?(B) for all balls B C R3. For f € L*(D), the function v = V(f) € HZ (R?)
solves Av + k*v = —f in L%(R3).

For a proof of this proposition we refer to [19, Theorem 8.3, and, again
in a more general context, to [39, Chapter 6]. The solution u® to the scattering
problem (4.7) solves Au® + k*(1 + q)u® = —k?*qu’ subject to the Sommerfeld
radiation condition. We are going to tackle this problem in greater generality and
find a solution v € HZ (R?) to

Av+E*(1+q)v = —k?qf inR® for f € L*(D), (4.10)

where v also satisfies the Sommerfeld radiation condition (4.6). The trick is to
seek a solution in form of a volume potential V(g) with unknown density g €
L?(D). Note that the striking advantage of this approach is that the radiation
condition is automatically built in: Since ®(-,y) satisfies Sommerfeld’s radiation
condition, v := V/(g) is by linearity a radiating function for any g € L?(D). Since
Av + k*v = —g and since we want to solve Av + k?v = —k?q(f + v), the density
g needs to be equal to k?q(f + v). Plugging in this equation in the definition of
v yields v — K2V (qu) = k*V(qf) in L?(R3?). We restrict this equation to D since
[ € L*(D) and knowledge of v|,, is sufficient to reconstruct V everywhere in R3
due to v = k*V (q(f + v)). Thereby we obtain the Lippmann—Schwinger integral
equation

v —Kk*V(qu) = kK*V(qf) (4.11)

which is an operator equation in L?(D).
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Theorem 4.1.4. Let ¢ € L°>°(D) such that 3(q) > 0 and f € L*(D).
(a) If a function v € HE (R3) solves the Helmholtz equation (4.10) in the weak

loc
sense and the radiation condition (4.6), then the restriction v|p solves the
Lippmann—Schwinger integral equation (4.11). If v € L?(D) solves the Lipp-
mann—Schwinger integral equation, then k*V (q(v+ f)) provides an extension
of v to a function in HE (R?®) solving (4.10) together with (4.6).

(b) The Lippmann—Schwinger equation (4.11) has a unique solution for all k > 0

and f € L?(D), and this solution depends continuously on f.

Proof. (a) Assume first that v € HZ _(R?) is a radiating solution to (4.10). The

volume potential V (k%q(f + v)) satisfies
AV(E*q(v+ ) + BV (g + f)) = =kq(v + f)

and hence w = v — V(k?q(v + f)) is a solution of the Helmholtz equation Aw +
k2w = 0 with zero right hand side. Moreover, w satisfies the Sommerfeld radiation
condition and is hence an entire radiating solution of the Helmholtz equation. It
is well known that such a function vanishes identically in all of R3, see [19].

Assume now that v € L?(D) solves the Lippmann—Schwinger equation (4.11).
We extend v by the volume potential k?V (¢(f + v)) to a radiating solution of the
Helmholtz equation in R3. As mentioned above, V is a bounded operator from
L3(D) into HZ_(R?), thus, v € HZ_(R?®). We computed in the first part of the
proof that AV (k%q(v + f)) + k*V (k*q(v + f)) = —k?q(v + f) in R3. From the
latter equation combined with the Lippmann—-Schwinger equation it follows that
Av + k*v = —k%q(v + f), which means that Av + k%(1 + q)v = —k?qf. The proof
of this part is complete.

(b) The boundedness of V from L*(D) into H{ _(R?) implies that f +—
k*V(qf)|p is a compact operation on L?(D). From the Lippmann-Schwinger
equation (4.11) one observes that Riesz theory [34] (one could also use Fredholm
theory here) implies that the Lippmann—Schwinger equation is solvable for any
right-hand side if its only solution for f = 0 is the trivial solution. Hence, to finish
the proof we show injectivity of I — k* V(g-)|, on L*(D).

Assume that v — k* V(qu)|, = 0 for v € L*(D). According to part (a) of the
proof, the extension of v by k2V (qu) to all of R? is a radiating solution of (4.11)
for zero right hand side. The mapping properties of V imply that v € HZ _(R?).

Using this regularity result, we conclude by Green’s first identity in B, := {x €
R3: |z| <7}, r > 0 large enough, that

0= —/ (Av + E*n*v)vde = / (IVv|* — E*n?|v|?) dx — / T0pv ds
B

r B 0B,

which implies

%(/ v@,.ﬁds) = k:2/ S(n?)|v|*dz >0
OB, B

.
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and Theorem 4.1.2 (c¢) implies that v vanishes in the exterior of B, for r large
enough. However, in this situation the unique continuation property [31, Lemma
5.3 & Theorem 5.4] implies that v vanishes in all of R3. O

In two dimensions, the kernel of the Lippmann—Schwinger equation involves
Bessel functions — apart from this technical complication the last result transfers
one-to-one to two dimensions.

A particularly nice feature of the integral equation approach to solve scat-
tering problems is that the far field of the solution can be easily computed. Since
v = k?V(q(f + v)), the far field of v can be represented as the far field of a vol-
ume potential with density k%q(f + v). By linearity, the far field pattern of the
volume potential again takes the form of an integral operator where the kernel ®
is replaced by the far field ®., of the kernel: For g € L?(D),

(V(9))o = ( R dy)mz [ ot dy

We computed above that @, (Z,y) = exp(—ik &-y), thus, the far field of a solution
to (4.11) is given by

voe(2) = K2 (V(g(w + ) (&) = K /D VG () + () dy,  EES.

Apart from existence theory, the Lippmann—Schwinger equation can also be
used for numerical purposes [49]. One exploits that the volume potential is a
convolution operator and hence a multiplication operator in the Fourier domain.
Using fast Fourier transform, this allows to rapidly evaluate the operator arising
in the Lippmann—Schwinger integral equation. The discrete system is then solved
using an iterative method. Details on this spectral method can be found in [49, 46].
For a two dimensional computational example, we choose a kite-shaped obstacle
D = (—1,1)2\]0,1) x (=1, 0] in which the contrast ¢ equals two. The wave number
is k = 3, the wave length A\ = 27/k is hence 2/3, and the direction of the incident
plane wave is d = (—1/v/2,1/v/2)". Figure 4.2 shows the obstacle together with
the real parts of total, incident, and scattered field. The plot of the scattered field
illustrates the Sommerfeld radiation condition: Away from the scatterer the field
behaves like a spherical wave with a certain amplitude.

4.1.3 Scattering from Periodic Media

In the last section we studied scattering of an incident time-harmonic wave at a
bounded inhomogeneity. Now, we will investigate scattering of waves at periodic
structures. For simplicity, we start in two dimensions and assume that the struc-
ture’s period in the lateral variable z1 is 27. Again, our model for time-harmonic
wave propagation is the Helmholtz equation Au + k%*n?u = 0, where we assume
that the periodic index of refraction n? € L°°(R?) with R(n?) > ¢ > 0, $(n?) > 0,
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Figure 4.2: Scattering from an L-shaped inhomogeneous medium D = (—1,1)%\ [0, 1) x
(=1, 0] where the contrast is equal to two. The wave number k equals 37, the wave length
X is 2/3. (a) Refractive index n? (b) Real part of incident field d = (—1/v/2,1/v/2)"
(c) Real part of total field (d) Real part of scattered field.
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Figure 4.3: A periodic structure (e. g., a surface or an interface) is hit by a plane wave
under a certain angle of incidence. In this section, we consider the problem of finding the
associated scattered field.

equals one outside the periodic penetrable object. Periodicity of the scattering
structure thus means that n?(zy + 27, 29) = n%(z1,22), © = (z1,22) " in R2. We
will further assume that n?(z1,z2) equals one for |z3| large enough. Our main
interest lies in solving the problem of scattering of a downwards traveling plane

wave
ul(z) = eFTd = gik(@ditaads) deS, dy <0

at the periodic structure, compare Figure 4.3. This problem arises for instance
when one considers scattering of electromagnetic waves from a dielectric three-
dimensional structure which is independent of one coordinate, when the wave
vector indicating the direction of the wave is orthogonal to the invariance axis of
the structures, see, e. g., [23, 12]. These special structures are called diffraction
gratings, and that is why the problem we consider in this section is sometimes
called the diffraction grating problem.

A central difference to the problem from the last section is that the Sommer-
feld radiation condition is not the physically adequate radiation condition for the
periodic scattering problem. Indeed, Sommerfeld’s radiation condition treats all
directions in the same way, but solutions to the periodic problem should behave
differently in the vertical periodic layer compared to the homogeneous half-spaces
above and below. As in the last section, we would like to impose that the scat-
tered field propagates away from the structure, which means that the scattered
field above and below the structure should radiate upwards and downwards, re-
spectively. We formulate this condition with the help of Fourier analysis.

First, we note that the incident field u? does not share 27—periodicity of the
structure,

2mia, 4

ul(xy + 27, x2) = 2Pyl (1), 10) = 2™ (2, 22) (4.12)

where we introduced the quasiperiodicity o := kdy. We call functions that sat-
isfy (4.12) a-quasiperiodic with respect to 1. For an a-quasiperiodic function, a
translation by 27 in x1 causes a phase shift by exp(2rwia). Since the refractive in-
dex n? is assumed to be 27 periodic, it seems from a physical point of view mean-
ingful to assume that u® is a-quasiperiodic, too. This assumption is intimately
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connected with uniqueness of solution for this scattering problem: From the equa-
tion Au + k?>n?u = 0 for the total field, we note that Au® + k?n’u® = —k%qu’
with ¢ = n? — 1. A translation by 27 in x; direction of the right hand side hence
creates a factor exp(27mic), whereas the differential operator on the right in invari-
ant under such a shift (because n?(xy + 27, z2) = n?(z1,22)). Hence, we see that
for a given solution u® also exp(2wic)u®(x1,x2) is a solution, and if u® was not
a-quasiperiodic, this procedure would generate a new solution.

The 27 periodic function x; +— e~ 1%"14*(z1, 22) can be written as a Fourier

series,
(@1, 22) E a;(za)e e,

JEL

—ia11

&

Assume that h is so large that h > sup{|za| : (x1,22) € supp(q)}. Then Au® +
k?u® = 0 in the half space {(x1,22) : 22 > h} and plugging our ansatz (formally)
into this equation we get

S0+ ag(e2) (K — (G + a)?))el0Tm o,
JEZ

Thus, a;-t(acg) = G, exp(i/k? — (j + @)? (z2 F h)), where we define the square
root via holomorphic extension from the positive real numbers to the complex
plane slit at the negative imaginary axis. The numbers 4; will play the role of
constants that we will later on identify as Fourier coefficients of u®. We have
to choose the sign in front of the root appropriately to obtain an upwards or a
downwards propagating solution. At this point we recall what we found out in the

analysis of the one-dimensional situation in Section 4.1.1: For k? > (j + a)?, aj

propagates upwards, whereas a; propagates downwards. Further, for k? < (j+a)?,
aj+ decays exponentially as xa — oo — we call such modes evanescent — and a;
decays exponentially as o — —oo. Since we seek for bounded solutions (physically
corresponding to finite-energy solutions), we hence prescribe that

(o) =Y af el for gy >, o=+ a, B = /k? - a2,
JEZ
Z a7 el =Fi(eath)  for gy < —h, (4.13)
JEZ

and we require uniform convergence of the two series in the two half-spaces. This is
the famous Rayleigh expansion condition [44]. Note that k% > (j+«)? implies that
the j-th mode exp(i(ajz1—3j(x2—h)) is a propagating mode, whereas k? < (j+a)?
implies that exp(i(a;x1 — 5;(x2 — h)) is an evanescent mode. Finally, we note that
the numbers ﬁji are the Fourier(-Rayleigh) coefficients of the restriction of u® to
the lines

Tup ={(z1,£h): -1 <1 <7},
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that is,

1 .
iy = u? (z)e 1o gs = — / (1, £R)e TN G(zy). (4.14)
27T Tin

Variational Formulation and Existence of Solution

We have now prepared all tools to precisely formulate the periodic medium scat-
tering problem, to derive a variational formulation, and to determine conditions
such that this formulation is uniquely solvable. We do all this under the general
(technical) assumption that

K2 #a?  foralljeZ

This assumption appears a bit from nowhere and a few comments are in order.
Later on, we shall see that this condition means that k2 does not correspond to a
so-called Rayleigh(~Wood) frequency at which the number of propagating modes
changes. Also, Rayleigh frequencies might involve nonuniqueness phenomena, thus,
roughly speaking, the latter condition is a nonresonance condition. Taking a purely
technical point of view, if k? = a? our later (simple) analysis breaks down, since
several times we are forced to divide by this term.

For an a-quasiperiodic incident plane wave ! such that Au’ + k?u’ = 0 in
R? we seek an a-quasiperiodic function u® € HZ (R?) = {u € D'(R?) : u|y €
H?(B) for all open balls B C R?} that satisfies Au® + k*n?u® = —k%qu’ in the
weak sense and further the Rayleigh expansion conditions (4.13).

Due to periodicity, we can restrict ourselves to the strip Q := {(x1,z2) :

—m < 21 < 7} and further will start to seek a solution in
HY o) i={u € H,.(Q) : u= Ulg, for some a-quasiperiodic U € HE (R}

Further, a variational formulation of the scattering problem should be defined in
a bounded domain, say, in j, := (—m,7) X (—h, h), and thus we seek a solution in

HY(Qn) :={ue€ H' () : u= Ul for some U € H,, 1,.(2)}. (4.15)

The Rayleigh expansion condition has now to be enforced by the variational
formulation, since it is not included in the space H}(€Q). Assume that u® €
HFOC(RQ) is a solution to our quasiperiodic scattering problem. By multiplication
of Au® + k?n?u = —k%qu’ by a test function 7, v € H} (), and by using Green’s
identity in , we find that

/ (Vu® - Vv — E*nu’T) ds — / 7O,u’ds = k‘z/ qu'T dz.
o o Qn

Here, v is the exterior normal field (defined almost everywhere) to €, and 0,
v - V the the normal derivative. Due to v(—m, ) = exp(—2wia)v(m, ) and be-
cause the direction of the exterior normal field v changes, we have d,u®*(—m,-) =
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—exp(2mia)d,u(m, ) (here, we exploited that u® € HZ_
that

/ v0,u’ds = / v0,u’ds + / v0,u’ds
oy, Ty T'_n
= / E@gus ds — / Eﬁzus ds.
T, T

Further, from the Rayleigh expansion condition (4.13) we formally see that

(R?)). Thus, we compute

62uS|Fh - izﬁjﬂjeiaﬁh = T+(us|Fh)7 and
JEL
b, =1 i ST ). (19
JEZ

The two Dirichlet-to-Neumann operators

TE) =i Gdtenn, Gt = [ gE@)en0rn g(ay),

. 2m
JEZ
are bounded from Hol/2(Fih) into H;l/Q(Fih), where

— 2+
”(bi"Z;l/Q(Fih) = Z |k2 - a?' 1/2|¢J |2a

JEL
and (ﬁji are the Fourier coefficients of ¢* € H,, 1/2 (T4p). Indeed,

TG e p,,, = S0 K = 217215, 2165
JEL

= SR = 1B P = 16* ] e,

JEZ

Note that it is our general assumption that k% # a? for all j € Z which yields

that the expression defining | - H ) /2(r is positive definite and hence defines

a norm. We replace the term fF v8 u ds in (4.16) by fF vTT(u®)ds, proceed
analogously with the term on I'_j, and note that the last mtegral is well defined

for u®,v € H(Qy). Indeed, it can be shown that HY? (T'+n) is the trace space of
HL(Qp) on T'yp, (see [39, 34] for more on Sobolev spaces), and that there holds

/ T+ (ul|r, ) ds
T'n

< Clollag@mllv’l iz, < Clvlay@ollv®llay @, (417)

17 (u?)

< [[oll /2

Tn) ||H51/2(Fh,>
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We hence obtain the following variational formulation, where we replace the in-
cident field u® for convenience by an arbitrary function f € L?(Qj): Find u® €
HL(Qy,) such that for all v € H}(€Qy,) it holds

By (u®,v) = / (Vu® - VT — k*n*u’T) ds
Qpn
7/ T (uf)ds 7/ T~ (u%)ds = kz/ qfvdz. (4.18)
Fh 1_‘h, Qh,

With the help of (4.17) it is easy to see that B, is a bounded sesquilinear form
on H}(Q). We note a couple of further estimates for this form: First, using the
Plancherel identity,

—%(/ W () ds) = ~RGY Bl )
Typ jEZ
> \Je— ki >0,

2S5 k2
J.aj>k

and for the imaginary part we find

%(/FihﬁTi(usp“h)dS) = — Z \/ﬁh};ﬁ:ﬁ (419)

a2 k2
j.aj<k

For the sesquilinear form this implies that
R(Bo(u', %)) = Jul,) + [ (1= B2nd)u
a Qh

and since L?(Qy,) is compactly embedded in H!(€,) (this is Rellich’s compact
embedding lemma in the periodic setting), B, satisfies a Garding inequality. Fred-
holm theory [39] implies that existence of solution for problem (4.18) follows from
uniqueness of solution. If we can show that for u’ = 0 the only solution to (4.18)
is the trivial solution, then there exists a unique solution for any incident field u’
— actually, this statement then holds for any right hand side f € L?(Qy).

So, let us investigate under which conditions uniqueness of solution holds,
and assume that u® € HL(Qy,) satisfies B, (u®,v) =0 for all v € H} (). Then

3 </Qh k:2n2|us|2ds> +$ (/Fh ET+(us)ds) +$ (/FhﬂT_(us)ds> =0.

Since all three terms are nonnegative (the first one by our assumption (n?) > 0,
the other two by (4.19)), they all have to vanish. We distinguish now two cases
where we can prove uniqueness of solution:
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(1) If 3(k?n?) > 0 on some open set of Q,, then u® vanishes on this set. From
the unique continuation property for elliptic partial differential equations, see,
e. g., [48, 31], we obtain that u® vanishes in Q. Hence, we have uniqueness of
solution and thereby existence holds, too. This case corresponds to a medium
that is (partially) absorbing. Roughly speaking, the absorbing medium is
usually easier to treat than the nonabsorbing medium we consider next.

(2) Assume that $(k*n?) = 0. Due to

s(/ T ds) = Y0 (K2 - a2 laf =0,
Fin

C 22
].(xj<k

u® consists only of evanescent modes. If u® is not the trivial solution, we
call it a surface wave since it is exponentially localised near the inhomoge-
neous medium. Existence of surface waves is indeed possible (see the next
Section 4.1.4), even if this situation is “rare”: The form B, = B, (k) depends
holomorphically on k € {c € C : R(c) > 0, ¢ # «; — in, n > 0} since the
volumetric term is a polynomial in £ and the boundary terms depend holo-
morphically on k. For a precise definition of holomorphic operator-valued
functions we refer to [25, 30, 19]. The fact that 5B, depends holomorphically
on k and also satisfies a Garding inequality remarkably implies the following
property [25]: The set of singular frequencies {k;} in Ry where nonunique-
ness occurs is at most countable and has no accumulation point other than
oo: For all 0 < k # {k;}.;, N € NU oo, the variational problem (4.18) is
uniquely solvable for any right-hand side.

In the beginning of this section we started to seek for a strong solution u®
of the scattering problem in H?, such that the equation Au + k?n?u = —k%qu’ is
satisfied in the L? sense. By elliptic regularity results [39] it can be shown that
a solution u® € H}(Qy) to (4.18) does indeed belong to H2(,). Further, it is
important to note that (as in the one-dimensional case) the solution u can be
extended by the Rayleigh expansion condition (4.13) to a function in HZ, ()
which solves the Helmholtz equation Au+ k%(1+ q)u = —k?qf. This is due to the
fact that trace and normal derivative of u and its extension agree on I';,. We do
not prove the last two results here, but recapitulate the main result of this section.

Theorem 4.1.5.

(1) If S(k*n?) > 0 on some open subset of Qp, then (4.18) is uniquely solvable
for any right-hand side f € L?(Q,).

(2) If S(k*n?) = 0 in Qp, then there exists a (possibly finite) sequence {kj}j-vzl,
N € NUoo, such that for all 0 < k # {k;}}_,, the variational problem (4.18)
is uniquely solvable for any right-hand side f € L?*(Qn). If N = oo, then

kj — 00 as j — oo.



4.1. Scattering of Time-harmonic Waves 97

There is of course much more theory on periodic scattering problems than
we presented in this section. Interesting further topics include for instance other
boundary conditions [43, 30, 12, 23], a-priori estimates and existence theory via
Rellich identities [12] improving the above existence theory, analysis of nonunique-
ness phenomena [23, 12, 40], electromagnetic waves [1, 47], and numerical analy-
sis [10]. These references are by no means complete but rather might serve as a
starting point for readers interested in these topics.

Again, we want to illustrate the last result by a numerical example, which
is computed by a finite element method using the software FreeFem++ (see
http://www.freefem.org). The radiation condition is implemented using a per-
fectly matched layer, see, e. g., [10]. Figure 4.4 shows two periods of the periodic
medium consisting of a layer {(zy,22)" : f(z1) — 1 < 22 < f(z1) + 1} with a
27 period function f such that f(z1) = 3 for x; € [-7/2,7/2) and f(z1) = 4
for x1 € [r/2,37/2). Further, real parts of incident, total, and scattered field are
shown. The refractive index equals 1 in the half spaces above and below the inho-
mogeneous medium, and 1.5 in the layer itself. The wave number equals 27, that
is, the wave length is 1 in the domain exterior to the layer.

4.1.4 Nonuniqueness for the Periodic Scattering Problem

To complete the study of the periodic scattering problem from the last section, we
have a brief look at nonuniqueness phenomena and show the existence of surface
waves under certain assumptions on the periodic refractive index. We follow the
analysis in [12]; our notation and assumptions are as in the last section, especially,
we assume that k2 # a? for all j € Z. Due to Theorem 4.1.5 we can further assume
that the periodic refractive index n? is real valued. The main result in this section

is that
/ (n2 —1)dz >0,
Qn

which implies that there is at least one k£ > 0 such that the homogeneous problem
corresponding to (4.18) has a nontrivial solution. Such a nontrivial solution decays
exponentially as x5 — 400 and is in this sense concentrated in a neighbourhood
of the diffraction grating. Therefore, these solutions are often called surface waves.

We first reformulate the nonuniqueness problem as a spectral problem. If
u € H} () solves By(u,v) = 0 for all v € H} (), then we take the imaginary
part of By(u,u) = 0 to see from (4.19) that all radiating modes for which k* > a3
vanish. Thus, the unique extension of u via the Rayleigh expansion condition (4.13)
possesses only evanescent modes and therefore this extension decays exponentially
as z2 — +oo. This implies that u € H}(Q) (recall that Q := {(z1,22) : 0 < 21 <
27}). Since u is a weak solution to the Helmholtz equation,

a(u,v) = / Vu - Vodr = k2/ n*uvdr =: k?(u,v). (4.20)
Q Q
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0 T 20 T 2w
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() (d)
Figure 4.4: Scattering from a periodic inhomogeneous layer. The contrast equals 0.5 in

the layer, the wave number is 27. (a) Refractive index n® (b) Real part of incident field
with direction (c) Real part of total field (d) Real part of scattered field.
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The inner product (u,v) = [, n*uv dx is equivalent to the standard inner product
on L?(Q) since, by assumption, 0 < ¢ < n® < ||n?|| L) < co. A norm is then

defined by |uly = (u, u)1/2. Now we can interpret (4.20) as eigenvalue problem for
A, defined by (Ayu,v) = a(u,v) for all v € HL(Q), with domain

D(Ay) ={ue€ HL(Q) : 3C : a(u,v) < C|v| for all v € HL(Q)}.
The eigenvalue problem is to find (A, u) € Rsg x D(A,) such that Ayu = Au.
We state the following lemma from [12] without proof.
Lemma 4.1.6.
1. A, is a positive selfadjoint operator on (L?(Q), (+,)).
2. If k is an eigenvalue of Ay, then (4.18) is not uniquely solvable.

3. The continuous spectrum o.(Ay) of A is included in [o?, +oo| and the spec-
trum o(Ay) of Ay is included in [a?/|n?|.,, ool

4. The following min-max principle for eigenvalues below the continuous spec-
trum holds: If

a’(”a u) < 2

a”, meN,

A = inf
m(@) VmCHé(Q)l,Ildim(Vm):muSeu‘En Jul,

then A1 (@), ..., Am () are the first m eigenvalues of A,.

Using the last lemma, it is possible to show that the condition fQ (n?=1)dx >
0 implies that A, possesses an eigenvalue A > 0 below the continuous spectrum.
Thus, the periodic scattering problem (4.18) is not uniquely solvable for wave
number k = \/2,

Theorem 4.1.7. If [,(n* —1)dx > 0, then there is at least one eigenvalue Ay (c)
of Ay for any o € (0,1].

Proof. Set, for j € N

1 |w2| < Jj,
wj(z) = ¢ 222l g ey < 2j,
0, else.

The function w; belongs to H(Q). Next, we set v; = ¢! *®1w; € H(Q). For the
gradient of v; we find

[V |? = [Vw; |* + o®fw;* = |0hw;]* + o®|w; .
Therefore the min-max formula from Lemma 4.1.6 yields

M) < Jol Vel de 5 e o - n)lu, P da
S Jonllo P dr Jo 2o do

a2

and this quantity is less than o? for j large enough. (]
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4.1.5 Radiation Condition for Electromagnetic Wave
Scattering from Periodic Media

In the last two sections we studied scattering of electromagnetic waves from diffrac-
tion gratings using a two-dimensional scattering problem for the Helmholtz equa-
tion. Such a simplified model is only valid under special assumptions on the grat-
ing and the angle of incidence. Of course, the fully three-dimensional problem of
scattering of electromagnetic plane waves from biperiodic dielectric structures gov-
erned by Maxwell’s equations is of even greater interest for optical applications. In
this problem, one meets for instance difficulties caused by a lack of compactness,
comparable with the corresponding difficulties occurring in the Maxwell eigenvalue
problem in Chapter 2.1.4. We will not go into the details of existence theory here,
but only describe the problem setting and set up a radiation condition leading
to an expansion of the electromagnetic fields similar to Rayleigh’s expansion in
the scalar case. This expansion can be coupled to variational formulations for the
electromagnetic scattering problems as we did twice before in this chapter. The
analytic tools to show existence of solution are then similar to the tools for the
Maxwell eigenvalue problem and the scalar scattering problems and we skip this
analysis entirely. Analysis of Maxwell’s equations in biperiodic media is for in-
stance contained in the papers [3, 21, 1, 2, 20, 11, 47], and the many references
therein.

Consider a biperiodic medium described by an electric permittivity € : R3 —
R and a magnetic permeability p : R® — R which are biperiodic, that is e(x) =
€(x + 2m(n1,n2,0)7), 2 € R3 ny o € Z. Further, we assume that there is some
constant h > 0 such that e = ¢y and p = o for |z3| > h. The system of governing
equations for propagation of monochromatic light described by the electric field
FE and the magnetic field H in the penetrable structure is

VxE—iwpH =0, VxH+iweE=0 inR% (4.21)

where w > 0 is the angular frequency of the electromagnetic wave (time depen-
dence exp(—iwt)). An incident electromagnetic wave (E*, H") satisfies this system
of equations for the background material parameters,

Vx E' —iwpgH' =0, VxH' +iweE =0 in R

As for the scalar problem, let us consider a downwards propagating incident plane
wave as incident field, with direction (sin(¢y)cos(¢z), sin(¢y) sin(¢z), cos(¢r)) "
where 0 < ¢y < 7/2, 0 < 3 < 27. It is convenient to define the wave vector

sin(¢1 ) cos(¢p2) o
k= wy/eopo | sin(¢1)sin(gz) =: Qs ,
cos(¢1) Y

since this implies k - k = w?u,e,. We choose a polarisation p € R3 such that
p-k=0and set ¢ = (k x p)/(wuop), and define the incident electromagnetic plane
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wave by
Ei _ peikm’ Hz _ qeikm.

These two fields solve Maxwell’s equations in free space,
V x E' = (ik x p)e*?® = iwpogqe!™™ = iwpoH',

ik: x (k x p) pilkw _ ik(k p) —plk- k)eilm
wo WHo

V x H' =ik x ge** = = —iweg B,

Moreover, E*, H® are quasiperiodic in (x1,2) with phase shift (ay, as), that is,
Ei(x +27(1,0,0)7) = exp(27ia;)Ei(z), E'(z +2m(0,1,0)T) = exp(27icg) E(z)
for z € R3. Set @ = (a1,2)". Analogous to the scalar case we seek for a-
quasiperiodic solutions (F, H) to Maxwell’s equations (4.21). In particular, the
a-quasiperiodic scattered fields (E®, H®) corresponding to incident fields (E*, H?)
have to satisfy the system

V x B* —iwpH® = iw(p — po)H',
V x H® +iweE* = —iw(e — o) ' in R®. (4.22)

Note that, by assumption on the material parameters, the right-hand side vanishes
for |z3| > h.

We are again facing a time-harmonic wave propagation problem in an infinite
domain and need to set up a radiation condition for (E*, H®) in order to have any
chance to obtain uniqueness of solution. We concentrate here on the magnetic field
in the half space {3 > h} and write it as a Fourier series,

eila0) e H%(z) = Z Hj(xg)ei(j’o)'z, x3 > h. (4.23)

JEZ?

Again, we set a; = j + «, j € Z*.Equations (4.22) reduce in {x3 > h} to a
second order equation for the magnetic field, V x V x H® —w?eouoH*® = 0 subject
to V- H® = 0. The identity V x V x H® = —AH?® + V(V - H®) implies that
AH® 4+ w?eguoH® = 0. Hence, separation of variables yields as in Section 4.1.3 a
representation of the (upwards radiating) function H*,

Ho ()= Hjei((aj’o)%"" ‘“2“060—‘%"”3), x5 > h.
jEZ?

Using this representation of the scattered field, one can derive analogues to the
scalar Dirichlet-to-Neumann operator T from Section 4.1.3 and formulate the
scattering problem variationally in a bounded domain. This task is beyond the
scope of this introductory chapter on scattering theory, but contained in the lit-
erature indicated in the beginning of this section.
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4.1.6 Scattering from Rough Layers

The scattering problems we discussed up to now describe propagation of time-
harmonic waves in bounded or periodic structures. It is also of much practical
importance to be able to solve corresponding scattering problems in structures
that are unbounded, but not perfectly periodic. This situation arises for instance
when a periodic structure is locally perturbed by one or a series of defects. There-
fore we give in this section some ideas on how to deal with scattering from rough
unbounded structures. These structures do not need to possess periodicity, but
some smoothness. The word “rough” does hence not refer (as it would be more
usual) to the local regularity of the surface but rather to the absence of “global”
constraints on the surface variation such as periodicity or decay. Our most impor-
tant requirements for existence theory are geometric nontrapping conditions on
the structure. One central difficulty when dealing with rough structures is their
unboundedness which makes compactness arguments usually impossible. To sim-
plify notation we concentrate on the two-dimensional problem, but all results are
also valid in R3.
The rough structures we consider are described by a surface

L = {(z1, f(21)), 21 € R} C R?

where f: R — R, § < f(x1) < h, is a differentiable function with bounded and
Lipschitz continuous derivative (this space is sometimes denoted as C}i’l) taking
values in (4, h) for 0 < § < h. In the domain Q = {(z1,22)" € R?: f(x1) < 2}
the propagative medium is described by a refractive index n? : Q — R such that
n? =1 for 2o > h — 0. Let Qp, := {(x1,22)" € R?: f(x1) < z2 < h}. We assume
that n? € L°° () satisfies the nontrapping condition

/ n?0xth dz < 0 for all nonnegative 1) € C*°(Qy,) N L*(Q),) with | = 0.
Qp

(4.24)
This condition prevents existence of surface waves (or trapped modes) along the
rough structure. Note that for a smooth index this condition means that 0 (n2) >
0. By the way, the condition for existence on surface waves from Section 4.1.4
violates this assumption. Finally, we assume that n? > ¢ > 0 in .
The problem we consider is to find a weak solution u € H () to a source
problem for the Helmholtz equation,

Au+k*n*u=g inQ, u=0 onT, (4.25)

which describes a time-harmonic wave generated by a source g. This scalar prob-
lem arises for the E-mode in a three-dimensional electromagnetic problem, see,
e. g., [42].

Of course, we have to impose a radiation condition on u to obtain uniqueness
of solution to this problem. Since we use again variational solution theory, one
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way to proceed is to construct an exterior Dirichlet-to-Neumann operator on the
artificial boundary I'y,, as we did it in Section 4.1.3 for the periodic medium. The
boundary I'j, is now unbounded and Fourier series have to be replaced by the
Fourier transform

Fo() = (202 [ @) dn, ¢ R
R

which is defined for smooth ¢ € C§°(R) and extends to a unitary operator on L*(R)

(which we identity with L?(T'),)). Since a solution u to (4.25) satisfies a Helmholtz

equation with constant coefficients in the half-space above I'y,, one checks that (at

least formally)

u*(x) = (2m) 1/ /R e/ (FEm =M VIEZIEEA O F (], )(€) dé
are two possible solutions which take Dirichlet boundary values u on I',. Naturally,
we want to find a time-harmonic wave that propagates upwards (thus, away from
the rough structure) and, following the 1D analysis in Section 4.1.1, choose the plus
sign in the latter expansion. We remark that this expansion, the angular spectrum
representation, can be rigorously explained for boundary values in a Sobolev space
setting, see [16], but we content us here with a formal computation and take the
normal derivative on I'y, yielding

Duly, (&) = i(2m) 112 /R R EPEEF (ulp, )(€) de.
This formula gives the normal derivative of an upwards radiating function in terms

of the Dirichlet values on I';,, and hence serves to define a Dirichlet-to-Neumann
operator on I'y,

T i(2m) 12 /R JIEZ[ERET F(€) de. (4.26)

From our study of the periodic scattering problem we know that T needs to be
bounded between the Sobolev spaces H*'/2(T},) with norm

ol = [ +IER) 1RO de

in order to obtain a bounded sesquilinear form for the variational formulation.
Achieving this bound is similar as in the periodic case,

T8 ey = [ 416D AT de

_ /Rmfl(kQ T EP)RIFHE)R dE = T Ol n(r,
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Again, we remark that H'/2(T,) is the trace space of H'(€;,) on T'j,, and that the
trace operator is bounded, [|v1/2r,) < Cllv]l g1 (q,) for v e H' ().

The variational formulation corresponding to (4.25) is also similar to the
periodic case, the main difference is that the domain €2; is now unbounded. Due
to the Dirichlet boundary condition on I', we seek a solution in HJ () == {u €
HY(Q) : u|p = 0}. We integrate (4.25) against a test function v, v € H} (),
integrate by parts, and replace d2u by T'(u) in the arising boundary terms on T'p,,

B, (u,v) := / (Vu - Vo — k*n*uv) dv — / T (u)ds = —/ gvds  (4.27)
Qp Qp

T'n

for allv € H(2,). As Fredholm theory does not apply to this variational problem
(Rellich’s compactness lemma fails due to the unboundedness of the domain 23),
one uses the method of a-priori estimates to prove existence of solution. The a-
priori estimate itself can be obtained by a Rellich identity and leads to existence
of solution through an estimate of the inf-sup constant of the sesquilinear form.

Theorem 4.1.8. The sesquilinear form B, satisfies an inf-sup condition in HE(Q4),
that is,
inf su [B:(u, v)
we H ({0} ve 2 ()\ 0} [l @) vl o)

>c>0,

together with a corresponding transposed inf-sup condition. The variational prob-
lem (4.27) has a unique solution u € H} () for all g € L*(Q,) with

HuHH1(Q) < (1 + h2/2(1 + k2) max(h, 1+ hk)) Hg||L2(Qh)'

We only sketch the proof, notably, we do not prove the Rellich identity in
full detail.

Proof. First, we establish the bound |u . g, ) < Clgl ;2 (g, for a solution to prob-
lem (4.27) with an explicit constant C. This is due to the following Rellich iden-
tity, which is found by several integrations by parts applied to & th x3050(Au —
k*n*u — g)dx =0,

/ (2\5‘2u|2 + k2x25‘2n2|u|2) de —R [ uT(u)ds— 2/ Tovo|0,ul? ds
Qp

Ty r

= h/ (|Vul®> = 2k*|ul® + 2|02ul?) ds — 2§R/ x202ug dr + R gudz.
VS Qp Qp

Here, v denotes the unit normal field on I' that points downwards, such that the
component vy is negative. The term [, @20n*[ul?dz = — [, n?a(w2|ul?) dz is
interpreted as a duality pairing between L>°(€2,) and L(). Note that there

appear no boundary terms due to the partial integration since n? is constant for
w3 > h — & and |u|? vanishes on I'. We refer to [16, 37] for a proof of this and
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similar Rellich identities. Further, it is shown in [16] that the angular spectrum
representation (4.26) implies that

/ (IVul? = 2k2|ul® + 2[0aul?) ds < 2k%(/ gﬂdw).
Tn

Qn
We recall that Poincaré’s inequality [u] ;. q,) < h/\/§||82u||L2(Qh) holds for u €
H}(Q4) because the domain €, is bounded in one direction, and again refer to [16]
for a proof. Finally, we note that —ﬂ?frh dT(p)ds > 0 for any ¢ € H'/?(T}).
Hence, the Rellich identity, the nontrapping condition (4.24) and the Poincaré
inequality imply

4/ [ulF2 ) < 201020720,

< llgllza(n) (2hll02ull 2, + (1 + 20K) [[ull L2(,))
< max(2h, 1+ 2hk)||gl[ L2 (o) [ull 72 (@)
Recall that n? > ¢ in Q) and that, necessarily, ¢ < 1. From the real part of the
variational formulation with v = u we obtain that ||Vul[72q,) — k*[[ull7(q,) <
||gHL2(Qh)HUHL2(Qh). In consequence,

”U"?{l(gh) <1+ k2)||u||%2(9h) + 19l 201Ul L2,
< (1+k*)h? /4 max(2h, 1 + 2hk)l|gll 20, [l @) + 190 20, [l 20,
< (14 h2/2(1+ K2) max(h, 1+ 5) ]l 2com 6l a0

This is an a-priori estimate in Hg (Qy) for a solution to the variational formulation
with right-hand side in L?(€4). To establish the inf-sup condition claimed in the
theorem, we need to extend this estimate to an arbitrary anti-linear form G €
H}(Qn)* in the dual of H}(Q) as right hand side. One uses that the difference
between a solution to the coercive problem to find ug € Hg(Qn) with [, (Vug -
VT + uo?) de = G(v) for all v € H} (), and the variational formulation of the
Helmholtz equation (4.27) with right-hand side G satisfies again (4.27) with right
hand side k2(n? 4+ 1)ug € L?*(Q,). Hence, for this difference, the above a-priori
estimate applies. Since an estimate for ug is easily obtained by coercivity, the
triangle inequality shows that

ull () < 142k (14 B /2(1 + k?) max(h, 1+ hk)) |Gl g2 (0,

=iy
Therefore
v B
up
vEHE(Q1)\{0} ”U"Hl(Qh)
From symmetry properties of the sesquilinear form B, shown in [16, Corollary 3.3
& Lemma 4.2] it follows that this directly implies a transposed inf-sup condition.
We can conclude by generalized Lax-Milgram theory (see [9] or [41, Theorem 2.22])
that the variational problem (4.27) is uniquely solvable. O

2 771||U||H1(Qh) > 0.
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4.2 Time-Harmonic Inverse Wave Scattering

In an inverse scattering problem, the task is to determine features of a scattering
object from partial knowledge of waves scattered from this object. Such features
might include geometric information or physical properties such as values of cer-
tain material parameters. As a model problem, we study in the following the
determination of the shape of a bounded scatterer from far field measurements
and of a periodic structure from near field measurements. We studied the corre-
sponding direct time-harmonic scattering problems in the first part of this chapter.
Notably, a thorough understanding of the direct problem is usually inevitable for a
reasonable analysis of the inverse problem. The method we employ for both prob-
lems under investigation is the Factorisation method, it is a member of the class
of so-called sampling methods for inverse problems. These methods, introduced
in [18, 32], recently gained some popularity since they provide geometric informa-
tion in short time compared to “classical” optimisation-type methods that try to
characterise the physical properties of the scattering object more completely. We
refer to [33, 14] for more details on sampling methods. Our material for inverse
scattering from bounded inhomogeneous media follows [33, Chapter 4] and [37];
the material on the periodic scattering problem is from [38, 36] and [5].

Generally speaking, inverse scattering problems have a very much differ-
ent character than direct wave propagation problems: They are nonlinear and
ill-posed. According to Hadamard’s definition from [27], a problem (that is, an
operator equation between Banach spaces) is called well-posed if there exists a
unique solution for any right-hand side, and if this solution depends continuously
on the data. If a problem does not meet these requirements, we call it ill-posed.
Inverse scattering problems belong to the latter class of problems since the opera-
tor mapping the scatterer to the measurements is discontinuous in any reasonable
topology — more insight on this behaviour is given in [19]. An ill-posed problem
needs a special treatment called regularisation to obtain a stable solution, and reg-
ularisation theory of inverse and ill-posed problems is by now a well-established
subject. Introductions to this theory are provided in, e. g., [31, 45, 24].

4.2.1 The Factorisation Method for Bounded Penetrable Objects

In Section 4.1.2 we considered scattering of a plane wave u'(-, ) = exp(ik - x) of
direction 8 € S from an inhomogeneous medium described by a refractive index
n? : R3 — C. We have seen that the corresponding scattered field u*(-,6) behaves
far away from the scatterer like a spherical wave with amplitude u3,(-,0). The
inverse problem we consider now is to find the (bounded) support D of the contrast
q =n?—1 when given the far field pattern u.(Z,6) for all angles of measurement
Z € S and all incident directions 6 € S. We construct an explicit formula for
reconstructing (more precisely, for imaging) D from this data, by a technique called
the Factorisation method. To apply this technique, we will need to strengthen our
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assumptions on the contrast ¢ from Section 4.1.2. Again, we concentrate here on
a three-dimensional setting, even if all theory also holds in two dimensions.

From now on for the rest of this chapter we assume that ¢ has the following
properties.

Assumption 4.2.1. The contrast ¢ € L>(R3) satisfies supp(q) = D where D is a
Lipschitz domain in R3 with connected complement. Moreover, we suppose that
R(q) > ¢ for some ¢ > 0 and I(g) > 0 almost everywhere in D.

These assumptions on the contrast are not the most general ones but easy to
treat in the analysis later on. See [33, 37] for assumptions that allow, e. g., for ¢
that vanishes on the boundary or on isolated points in the interior of D. However,
it is currently an open problem whether or not our assumption that the sign of ¢
does not change is necessary for the method to work.

Central to our method to solve the inverse scattering problem is the far field
operator,

F: L*(S) — L*(S), g»—>/ -, 0)ds(0).

This is an integral operator with continuous (even analytic) kernel us(+,-), see,
e.g, [19]. Therefore, F is a compact operator on L?(S). By linearity of the scattering
problem, F' maps a density g to the far field corresponding to the incident Herglotz
wave function

vy(x) = /g(e)ui(., )ds(h) = /g(o)ei“'wds(e) ,  zeR3
S S

Obviously, if we know {ux(Z,0) : &,0 € S} for all directions &,0 € S, then we
also know F'. Therefore we reformulate the inverse scattering problem as follows:
Given F, determine the support D of the contrast ¢!

Colton and Kirsch [18] first showed that factorisations of the far field operator
can be particularly useful for reconstruction of D. Their observation was based on
the Herglotz operator,

H: L*S)— L*(D ,gH/ ek ds(9), =z e D,

which is the restriction of the Herglotz wave function v, to D. The Cauchy-
Schwartz inequality implies that H is a bounded linear operator. The far field
pattern vy, of the scatterer wave for incident field vg is Flg = voo. We define the
solution operator G : L*(D) — L2(S) by f — vuo, Where v is the far field pattern
of v, solution to the scattering problem (4.10), i. e., Av + k?(1 + q)v = —k?qf in
R3. Then F = GH holds by construction of the far field operator.

The range of the solution operator G can be used to characterise the scat-
terer’s support D, as the following lemma shows.

Lemma 4.2.2. The far field ®o.(-,2) of a point source ®(-,z) at z € R® belongs to
the range of G if and only if z € D.
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Proof. We first show that the far field of a point source at 2 € R3\ D does not
belong to the range of G: Assume, on the contrary, that v is a radiating solution
of (4.10) for some f € L?(D) with vs = ®o(+, 2), then the far field pattern of the
radiating solution w = v—®(+, z) vanishes. Lemma 4.1.2 implies that v = ®(-,y) in
R3\ (DU{z}), however, ®(-,y) has a first-order singularity at y but v € HZ _(R?),
which is a contradiction.

If z € D, then we choose a small open ball B around z such that B C D,
and a smooth function x € C§°(B) with x = 1 in a neighbourhood of z. Let us
extend y by zero to all of R2. Then

A(1=x)®(,y) + kn*(1 = x)2(-,y)
= —k*q (=g ' AXD (-, y) —2¢ VX - VO(,y) + B2 (1 — X)®(-,y)) = —kqf,

and f belongs to L*(D) because R(¢) > ¢ > 0. Finally, ((1 - x)®(-,y)),, =
Do (-, y) shows that G(f) = veo. O

Unfortunately, the solution operator G is unknown to us as D is unknown,
and we only know the measurement operator F' = GH. Since the Herglotz operator
H is compact, the range of F' is in general different from the range of G (but
we will see below that there is a link between them). Nevertheless, Colton and
Kirsch [18] proposed in 1996 to consider the far field equation Fg, = ®. (-, 2) in
L3(S) and to check for each z whether this linear integral equation has a solution.
However, F' being a compact operator, this linear problem is ill-posed, even worse,
in general there will be no solution to the far field equation. Hence, one applies
a regularisation strategy, and solves egS + F*FgS = F*® (-, z) for a particularly
chosen regularisation parameter ¢ > 0. This is the Tikhonov regularisation applied
to the far field equation, see, e. g., [14] for details. The Linear Sampling Method
then consists in plotting 1/[|¢<||12(s) as a function of z. The idea is that for z ¢ D,
D (-, z) cannot belong to Rg(G) D Reg(F), thus, ||¢gS| is expected to be large. On
the other hand, for z € D, & (-, 2) € Rg(G) and one might hope that therefore
the regularized solution to the far field equation also has much smaller norm than
outside D. Consequently, plotting z — 1/||¢¢||2(s) on a grid should result in small
values outside D and considerably larger ones inside D. This vague statement
can be formulated in a mathematically more satisfactory way, see [14], and in
numerical experiments one observes that the method works very well indeed. But
it took a long time until a rigourous explanation was found why (a slightly different
version of) the Linear Sampling method does so [7, 4]. Let us remark that the
crucial ingredient of this explanation is a strong link between the Linear Sampling
method and the so-called Factorisation method. This method, which we investigate
in the following, gives a direct description of the range of G in terms of F; which
characterises the obstacle D in turn by Lemma 4.2.2. The following refinement of
the far field operator’s factorisation will be very helpful — and also explains the
method’s name.
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Figure 4.5: Factorisation of the far field operator F' = H*T H. The Herglotz operator H
maps a density on the unit sphere to the restriction of the Herglotz wave function with
that density to the obstacle. The middle operator T involves the solution of a scattering
problem, and H* gives the far field pattern of the solution.

Theorem 4.2.3. The far field operator can be factored as

F = H*TH,
where T : L*(D) — L*(D) is defined by T f = k*q(f + v|p), and v € HL (R3) is
the radiating solution of
Av+ k(1 +q)v = —Kqf in R3. (4.28)

The far field operator’s factorisation is illustrated in Figure 4.5. We remark
that in two dimensions a similar factorisation holds but involves an additional
constant, see [36, 14].

Proof. The adjoint of H with respect to the inner product of L?(D) is easily
computed to be

H*: L*(D) — L3(S), fH/ f(x)e *07dy g es.
D

In Theorem 4.1.4 we showed that the Helmholtz equation (4.28) together with the
Sommerfeld radiation condition has a unique solution v € H}. (R?) given by the
volume potential

v=k2V (alf + vlp)) (4.20)
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The adjoint H* maps f € L?(D) to the far field pattern of the volume potential
V(f), since the far field pattern of z — ®(z,y) is exp(—ik - y) (see (4.9)). In
consequence, H*f = (V f)s. Now, plug in T'f for f in the last formula, to see
that

11y =12 (Vs + ol,) )

Comparison of right-hand side of this equation with (4.29) shows that H*T'f is
the far field pattern of the radiating solution to (4.28): H*T = G. This proves the
claimed factorisation for F'. O

oo

Imaging by Factorisation

The Herglotz wave operator H, the middle operator T" and also the solution op-
erator GG have certain special properties which we will exploit for construction of
the Factorisation method. We gather these properties in the following lemma.

Lemma 4.2.4. Assume that the contrast q satisfies Assumption 4.2.1. Then the
following statements hold.

(a) The Herglotz operator H : L?(S?) — L?(D) is compact and injective.

(b) The middle operator T : L*(D) — L?(D) is injective and has a natural
splitting T = Ty + Ty into a sum of a coercive operator Ty, Tof = k2qf,
and a compact operator Ty, Th f = k*q v|,, where v is again the radiating
solution of (4.28). Moreover, T is an isomorphism and

s(/ Tdex) >0  for f € L*(D). (4.30)
D

Proof. (a) The kernel of H is a smooth function, hence H is a smoothing operator,
and therefore compact by Rellich’s embedding theorem. If Hg = 0 in D, then the
entire solution to the Helmholtz equation

x»—»/g(@)eike'xds(ﬂ)
S

vanishes in D. The unique continuation property directly implies that Hg van-
ishes entirely in R and the Jacobi-Anger expansion [19, Chapter 2] shows that g
vanishes.

(b) Ty is a compact operator due to Rellich’s compact embedding theo-
rem: The solution v to (4.28) belongs to H?(B) for all open balls B O D,
and compactness of the embedding H?(B) — L?(B) implies compactness of
L*(D) > f + v|p € L*(D). Further, multiplication by k?q is a bounded operation
on L?(D). Therefore Ty is compact. Concerning Tp, Assumption 4.2.1 implies

» ( /D 7Tofdx) e /D R(g)|f2dz > k[ f2acm.

that is, Tp is coercive on L%(D).
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Next we prove that T is injective. If T'f = 0, then f = —v in D. Since v is a
radiating solution of Av + k?(1 + q) v = —k?qf, we have Av + k%(1 + q) v = k?qu
in R3. Thus, v is an entire radiating solution of Av + k?v = 0 in all of R3, but
this implies that v vanishes. Consequently, T" in an injective Fredholm operator of
index zero, and hence an isomorphism.

Finally, we show (4.30). For f € L?(D),

/ Tdex:kz/ qw?dx:kz/ q(|w|2 fwﬁ) dz, (4.31)
D D D

with w := f + v|,. The definition of v in (4.28) yields Av + k?v = —k?*quw. We
plug this relation into (4.31) and find by Green’s first identity that

/?dex:kj/ q|w|2dx+/ (Av + k*v) vda
D D D

:H/@mmmﬁ/w%F—wwym+/a@m&
D D oD

In the last integral, v denotes the exterior unit normal to D. Since (¢q) > 0 by
assumption, we only need to show that & ( /. op UOv/dvds ) > 0. However, assuming
that S ([, , 70v/0rds) < 0 Lemma 4.1.2(c) yields that v vanishes entirely, which
is a contradiction. O

The preparations made in the last lemma combined with an abstract result
on range identities, see Theorem 4.2.5, directly characterises D in terms of F. As
a prerequisite, we introduce real and imaginary part of a bounded linear operator.
Let X C U C X* be a Gelfand triple, that is, U is a Hilbert space, X is a reflexive
Banach space with dual X* for the inner product of U, and the embeddings are
injective and dense. Then real and imaginary part of a bounded operator T :
X* — X are defined in accordance with the corresponding definition for complex
numbers,

%@y:%@+TW %@y:%@_Tw

Theorem 4.2.5. Let X C U C X* be a Gelfand triple with Hilbert space U and
reflexive Banach space X. Furthermore, let V be a second Hilbert space and F' :
V-V, H:V—->XandT: X— X* be linear and bounded operators with

F=H'TH.
We make the following assumptions:

(a) H is compact and injective.

(b) R(T) has the form R(T) = To+T1 with a coercive operator Ty and a compact
operator Ty : X — X*.

(¢) S(T) is nonnegative on X: (I(T)p, ¢) >0 for all p € X.
(d) T is ingective.
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Then Fy := |R(F)| + S(F) is positive definite and the ranges of H* : X* —V and

Fﬁl/2 : 'V — V coincide.

For a proof of this result we refer to [37].

Theorem 4.2.6. Let (\j, ;) jen be an orthonormal basis of the selfadjoint compact
operator Fy := |R(F)| + S(F). A point y € R® belongs to D if and only if

i @ veel < . (4.32)

j=1 Aj

Proof. The claim follows directly from an application of Theorem 4.2.5 to the
factorisation 47F = H*TH with V = L?(S), X = X* = L?(D). All the assump-
tions of Theorem 4.2.5 have been checked in Lemma 4.2.4. Note that (4. 30) im-
plies that (7)) is positive semidefinite, since ([, fTfdz) = [, fS(T)f da.
Therefore, Theorem 4.2.5 1mphes that Rg(F, 1/2) Rg(H*). Using Theorem 4.2.3,
Rg(H*) = Rg(T~'G) = Rg(G). Since (A ],w]) is an eigensystem of Fy we observe

that (A, AL/2 ,1;) is an eigensystem of F, !/2 and Picard’s criterion [31] implies that
00 2
f € L*(S) belongs to Rg(G) <= Z M < 0.
: j

Lemma 4.2.2 finally yields the claim of the theorem. O

Recall from (4.9) that the far field @ (-, y) is given by & — exp(—ik z-y). In a
numerical implementation of the Factorisation method, one picks a discrete set of
grid points in a certain test domain and plots the inverse of the value of the series
in (4.32) on this grid. Of course, we cannot numerically compute the entire series
but only a finite approximation afflicted with certain errors. Nevertheless, one
might hope that plotting the truncated series as a function of y leads to small values
at points z outside the support D of the contrast ¢ and to large values at points
inside D. But it is crucial to note that ill-posedness certainly afflicts the imaging
process, because we divide by small numbers ;. If we only know approximations
AJ with [AS — ;| <4, then the error in the term [(®oo (-, 2),4;) |” A} is in general
expected to be much larger than §. Even worse, also the singular vectors will be
afflicted with a certain numerical error, and we only know 1/)? with ||¢; — 1/1?\\ <
0. Hence, it seems necessary to regularise the series (4.32). Several methods are
available: truncation of the series at some index corresponding to the regularisation
parameter [35], comparison techniques [28] and Tikhonov regularisation [17], which
means to plot a noisy version of

S (Zﬁl@m(»z),wﬂ (4.33)
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for an adequately chosen regularisation parameter. For the following numerical
examples, we use this function to obtain an image of the scatterer. The eigensystem
(Aj, ;) is then replaced by numerical approximations ()\‘;, wg). The synthetic data
is additionally perturbed by random noise (a random matrix). Each measurement
is perturbed by a uniformly distributed random variable and the norm of the
artificially added matrix is scaled to a certain noise level.

In Figure 4.6 and 4.7 we use a numerical approximation of the far field op-
erator of dimension 32. For all plots, the series is truncated at N = 20 and e is
chosen to be twice the noise level of the data. When no artificial noise is added,
the noise level is found through the singular values of the measurement matrix,
in the same way as it is described, e. g., in [8]. The artificial noise is in general
different for all plots. Figure 4.6 presents reconstructions of a nonconvex but con-
nected inhomogeneity, whereas Figure 4.6 shows reconstructions of a disconnected
inhomogeneity consisting of two convex objects. The wave numbers 37 and 27 are
both times about the size of the object.

Actually, the exponential decay of the singular values implies that only a very
restricted number of the A; can be obtained in a reliable way. In our examples
this number is round about 10 (depending essentially on the wave number and the
size of the object), even if we do not add artificial noise to the data. So, the data
subspace containing those singular vectors that possess reasonable accuracy of,
say, one percent relative error is always rather low-dimensional compared to the
notse subspace, which contains all the remaining singular vectors. In consequence,
a lot of the terms |<<I>Oo(', z), w;_s>| will have nothing to do with the corresponding
exact term (i. e., for 6 = 0). Nevertheless, there is a reason to use these terms for
imaging: Since singular vectors are orthogonal to each other, the noise subspace is
always orthogonal to the data subspace. The paper [8] explains how this substantial
information can be exploited for imaging.

4.2.2 The Factorisation Method for Diffraction Gratings

In this section we use the Factorisation method to determine a periodic dielec-
tric structure mounted on a perfectly conducting plate. This problem arises for
instance in nondestructive testing of periodic diffraction gratings, where one uses
incident monochromatic light (a laser beam) to illuminate a periodic structure un-
der different angles and measures the corresponding reflected waves. From these
measurements one aims to determine the periodic structure. An important class of
diffraction gratings are constant in one lateral direction and periodic in the orthog-
onal lateral direction. For these structures, the direct and inverse electromagnetic
scattering problems decouple into two scalar problems when the wave vector of
the incident field is orthogonal to the invariance axis of the incident fields. In this
section, we only treat one of the two reduced scalar problems corresponding to
E-polarisation. Details on the physical background and practical applications of
direct and inverse scattering problems for diffraction gratings can be found, e. g.,
in [26].
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Figure 4.6: Inverse scattering for the L-shaped inhomogeneous medium from Figure 4.2.

The wave number equals 3w, the contrast inside the obstacle equals 10, and we use 32

uniformly distributed incident plane waves and measurement directions. The boundary
of the obstacle is indicated by a thin line. The four plots show regularised truncated
indicator function of the factorisation method, see (4.33). (a) Plot on [—10,10]%, no
artificial noise (b) Plot on [—2,2]?, no artificial noise (c) Plot on [—10, 10]?, relative noise
level of five percent (d) Plot on [—2,2]?, relative noise level of five percent.
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3.5

w

Figure 4.7: Inverse scattering for a disconnected inhomogeneous medium consisting of a
kite and a circle. The wave number k equals 27, the contrast inside the obstacle equals 0.2,
and we use 32 uniformly distributed incident plane waves and measurement directions.
The boundary of the obstacle is indicated by a thin line. The four plots show regularised
truncated indicator function of the factorisation method, see (4.33). (a) Plot on [—10, 10]?,
no artificial noise (b) Plot on [—2,2]?, no artificial noise (c) Plot on [—10, 10]?, relative
noise level of five percent (d) Plot on [—2,2]?, relative noise level of five percent.
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For imaging of periodic structures there are principally the same techniques
available as for bounded objects, but their analysis is sometimes more involved.
To give only a few references, the paper [22] studies an optimisation approach
for grating profile reconstruction. In [13], the authors study a continuation tech-
nique called the Kirsch—Kress method for grating profile reconstructions. Further,
in [6, 5] the authors study a Factorisation method for determination of a periodic
surface with Dirichlet boundary condition. Some of the ideas in the material be-
low originate in these works. The problem we investigate is close to reference [38],
where a similar periodic inverse medium problem for a dielectric structure is in-
vestigated in full space, that is, without a conducting plate below the structure.
Generally speaking, the method we describe is an instance of near field tomogra-
phy, since we require data measured a finite distance (in practice less than one
wavelength) away from the periodic structure. In contrast, the data we required
in the last section has been far field data which is in practice measured several
wavelengths away from the object. More on near field tomography (in the Born
regime) can be found in [15], where also lots of different associated measurement
modalities are explained. Inclusion of such physical properties of the measurement
process is however beyond our scope here.

Our setting for the periodic inverse scattering is a half-space variant to the
periodic direct scattering problem in Section 4.1.3. Since we want to model the
metallic plate supporting the dielectric material, the problem is placed in

Ri = {(xl,Ig)T,IQ > 0}

We consider a periodic index of refraction n? € L*(R2), R(n?) > ¢ > 0, (n?) >
0. Again n?(xy + 27, 22) = n?(w1,22) for (z1,22)" € R? and n? = 1 for x5 >
h—9,0 < d < h. The wave number is again denoted by k and as in Section 4.1.3
we assume that k* # o for any j € Z. The incident fields we use to obtain data
for the Factorisation method are a-quasiperiodic plane waves, where a € [0,1)
is fixed throughout the section. The total field v solves Au + k*n’u = 0 in Ri
and u = 0 on Tg := {(z1,22)" : —7 < @1 < 7, 2 = 0}, and the scattered field
u® = u — u' satisfies the Rayleigh expansion condition (4.13). The differential
equation for u® is hence Au® + k?n?u® = —k%qu’, subject to u* = —u’ on I'y.
Actually, it is convenient here (and suffices for later purposes) to merely consider
incident fields of the form

Uj = ell@m1=Biz2) _ cilegmtBiee) 57 (4.34)

which vanish on I'g. Recall that a; = j+a and 3; := (k* — a?)l/Q for j € Z. Since
we assume that o # k* for all j € Z, we have (3; # 0. For the given incident
fields, u® = —u} = 0 on I'y.

The incident wave u’ is a linear combination of exp(i(ajz1 — 8;x2)), a down-
ward propagating field, and exp(i(a;z1 + 5;x2)), which is an upward propagating
field. The upward propagating part has no physical meaning, but from an abstract
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mathematical viewpoint it poses no difficulty: The scattered field corresponding
to such an incident field equals minus the incident field. This special choice for the
incident fields u; has been proposed and discussed in [5]; remarkably, concerning
the analysis of the Factorisation method, these fields offer some crucial advantages
over, e. g., simple incident plane waves exp(i(a;z1 — G;x2)).

As in Section 4.1.3 we seek for a variational solution in the domain €, :=
(—m,m) x (0,h) and denote 'y, = (—m, 7) x {h}. Analogously to (4.15) we define
the quasiperiodic Sobolev space H.,(Q) and set H} (Qn) = {u € HL(Q), u =
0 on Tg}. The variational formulation for the scattered field u$ € H, ((Q4) solving
Aus + k*(1 + q)ui = —k*qu’;, subject to the Rayleigh expansion condition in the
form Opus = T+ (u$) on Ty, is

/ (Vuj - Vo — k2n2u§6) ds — / oI (uf) ds = kz/ qu;ﬁdm (4.35)
Qp I'n Qn

for all v € H}\, ¢(Q2,). A more general problem is to find u$ € H, () such that

/ (Vu$ - VT — E*n’uD) ds — /
Qn

T'n

Tt (uf) ds = K / qfvdzr (4.36)
Qpn

forallv € H}, o(), where f € L?(2) is a given source function. Existence theory
for this problem can be derived in the same way as we did it in Section 4.1.3;
especially, existence and uniqueness hold if (n?) > 0 in some open subset of Q,
or if k does not belong to the (countably many) exceptional wave numbers. In the
sequel, we will simply assume that (4.35) is uniquely solvable for any j € Z. Then
we can define a solution operator G : L?(§),) — % which maps f to the Rayleigh
sequence of (i) ez of u € HY ,(Qp), solution to (4.36).

If one combines several incident fields, the resulting scattered field is the
corresponding linear combination of the scattered fields. We achieve such linear

combination using sequences (a;)nez € ¢? and define the corresponding operator
by

a; 1 k? > o?
H(a;) = E Lyl o, where w; :=<{ 7’ 4.37
( J) ez ﬁjwj ]|Qh ! {exp(iﬂjh), k2 < Oé?. ( )

Division by B;w; is a weighting that eases computations subsequently. In the next
lemma, we prove that H is a compact operator from ¢2 into L?(£2y,). Therefore we
introduce the sequence

i3 2
w*{exp( iB;h), k*>a«

J 1, k< a

Lemma 4.2.7. H : (> — L2*(Qy,) is compact and injective and its adjoint H* :

L*(Qp) — 2 satisfies H*(f) = —4mi(w}i;)jez where u € H) o(Q) solves Au +

k?u = f in Qy, subject to the Rayleigh expansion condition.
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Proof. We formally compute

QhH<aj)fd$:Zﬂjwj /Qhujfdx = <(a]), (/th<ﬂjwj>dw>>é2.

JEL

Note that @; = a; and 3; = 3; if k? > o but B; = —3; else (the case oF = k% is
excluded by assumption in this entire section). The numbers w; are real. Therefore

1 (e_i(aj;m—ﬁjwz) _ e—i(ajwl-‘rﬁng)) k2 > 042-
ul ﬁw ’ J
J o e

(ﬂjwj> 1 —i(ajz1+8522) —i(ajz1—Bx2) 2 2
_ﬂ-w-(e Tt — e J1J2>,k<aj

J]

— 1 (e*i(aﬂlfﬁsz) _ e*i(aﬂﬁﬁjrz)) )
Bjw;

Assume now that u € H} ;(Qp) is a weak solution to Au + k*u = f in Qy, u =0
on Iy, and dou = TF(u) on T'j,. The variational formulation of this problem is

/ (Vu - Vo - k*uv) do — / ol " (u)ds = — fodx forallve Hi,o(Qh)-
Qp 'y Qp

This problem is uniquely solvable for any wave number k& > 0. As in Section 4.1.3
one shows that the sesquilinear form satisfies a Garding inequality, and thus all
what remains to show is uniqueness of solution. By interior elliptic regularity
results [39], any solution u € H], 5(€) for f = 0 belongs to H?(£Y,). Plugging in
Osu into the variational formulation with f = 0, and taking twice the real part
yields by partial integration that

0=2R [ (Vu-Vu—k*udu) dv —2R [ 0ul"(u)ds
Qp 'y

:/ (02| Vul® = K*0a|ul?) dx — 2/ |0ou|? ds
Qpn

I'n

:/ |Vul? ds — |Vu|? dska/ |u|? ds — 2R |0o71|? ds
'y 1) T'n Tn

_ / (191ul? — |8ul? — K?Juf?) ds —/ Opul?ds. (4.38)
Fh, 1_‘0
Since Jpu = T (u) we find through the expansion ulp = 37, u;exp(i(a;z1)
that
|01ul? — |0ou|? — K |ul? = 271'2 |4 ]2 (a? - \a? - k| -k*) <0
JEZ

and, hence, (4.38) yields that the normal derivative dou vanishes on I'y. By con-
struction, u vanishes on Iy, too, that is, the Cauchy data of u vanishes. Then
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Holmgren’s theorem [29] shows that u vanishes in €. Actually, in this simple
geometric setting, this can also be deduced from the Rayleigh expansion.

The Rayleigh expansion condition implies that ulp, = 37,y @ exp(iayz1).
Thus, Green’s second identity implies, for v; := ué/(ﬁjwj), that

0= / (Av; + k2vj)ude = / 75 (Au + k*u) da —|—/ (ud2Tj — U;02u) ds
Qp Qpn

T'n
= / v; fdr + Z 1y / (€' ™1 o057 — 1By 1) ds.
Qp €7, I'n
Further,
1 i3 3 . i, s ZiBihy  —ics
rU_j'Fh, - ﬁw (elﬁjh - eilﬁ]h)eila]zlv 62rU_j'Fh, - E(elﬁjh te lﬁ]h)e 1a]z17
jWj j

and altogether we find

10 . A7 —ifjh . k,2 > 2
O:/ U_jfdiEJrQﬂ/ eﬂﬁfhd‘s:/ v, f do + W% Ui ) a;,
Q wj Jr, Qn 4mid;, k* < a3

We have hence shown that H*(f) = —4mi(wji;);jez. Since the operations f
ulp, and ulp +— (@) are bounded from L*(9,) into Hi”(rh) and from Hi”(rh)
into £2, respectively, and since (w;‘) jez is a bounded sequence, H* is a bounded
operator. Moreover, elliptic regularity results [39] imply that u is H2-regular in a
neighbourhood of 'y, thus, f — wulp, is a compact operation from L?(Qy) into

Y 2(Fh) and H* is a compact operator. Therefore H is compact as well.

To show that H is injective it is sufficient to show that H* has dense range,
which follows from the fact that all sequences (J;;)iez belong to the range of H*
(by definition, the Kronecker symbol d;; equals one for j =1 and zero otherwise).
To see this, we note that exp(i(a;z1 + 5;(z2 — h)) has Rayleigh sequence (d1)iez.
Choose a cut-off function xy € C*°(R) such that x(¢) =0 for t < 0 and x(t) = 1 for
t > h/2. Then (z1,x2) — x(z2)exp(i(a;z1 + Bj(x2 — h)) has Rayleigh sequence
(0j1)1ez, too, satisfies a homogeneous Dirichlet boundary condition on I'y, and a
Helmholtz equation with some right-hand side f € L?(Q,) that we could compute
explicitly. According to the above computations, H*(f) = —4ni(w;d;)iez. By a
simple scaling this implies that (d;;)iez € Rg(H*) for any j € Z. O

Next we define and factorise the data operator of the inverse transmis-
sion problem. This data operator models measurements in a finite distance from
the periodic inhomogeneous medium of scattered fields caused by the incident
waves (4.34). Due to the near field measurement methodology this operator is
usually referred to as the near field operator, denoted by N. We define N : /2 — (2
to map a sequence (a;) to the Rayleigh sequence of the scattered field caused by
the incident field H/(a;),

N :=GH. (4.39)



120 Chapter 4. An introduction to direct and inverse scattering theory

The inverse periodic transmission problem is now to reconstruct the support of the
contrast ¢ = n?2 — 1 when given the near field operator N. We solve this problem
using the Factorisation method and start again with a suitable factorisation.

Theorem 4.2.8. The near field operator satisfies

ik?
WN=—H'TH,
4m
where W : 02 — (2 is defined by W (a;) = (w}a;)jez. T: L*(Qp) — L* () is defined
by Tf=q(f+vlp), where ve H) o(Q) is the radiating solution to (4.36).

Proof. Let us first note that W is an invertible operator on ¢2, which is clear

since wj = 1 for k* < of and |wj| = |exp ( —iy/k? —a2)| = 1 else. For sim-

plicity, we denote by @ the operator that maps f € L?(;) to the Rayleigh
sequence (ii;)jez of u € H} o(), solution to Au + k*u = f. This operator al-
ready appeared in Lemma 4.2.7, where we showed that H* = —47iW @, that is,
Q = i/(4m)W ~1 H*. By definition of the solution operator G we have G f = (1) ez
where u € H} ,(Q,) is a radiating weak solution to Au+k?(14q)u = —k?qf. This
means that Au + k?u = —k2q(f +u), thus, Gf = —k2Q(q(f + u)). We substitute
the above representation of @ to find that
ik2 —1 rr*
Gf = =W H (gl + w).

which yields the claimed representation of N = GH. |

With this factorisation, we can again use the abstract result from Theo-
rem 4.2.5 on range equalities for a characterisation of the support of the periodic
contrast q. There are merely two ingredients lacking: We need to show that 7" is an
isomorphism with semi-definite imaginary part and we also need to characterise
the support of ¢ using the range of the solution operator G by the help of special
test functions.

Lemma 4.2.9. Suppose that the contrast ¢ € L (Qy,) satisfies R(q) > ¢ > 0 and
S(q) > 0 and that the direct scattering problem (4.36) is uniquely solvable for any
f € L*(Qy). Then the following statements hold.
(a) The middle operator T : L*(Qy,) — L*(Qu) is injective and has a natural
splitting T = Ty + Ty into a sum of a coercive operator Ty, Tof = k?qf, and
a compact operator Ty, T\ f = k*q v|,,, where v solves (4.36). Moreover, T
is an isomorphism and C\‘y(th fTfdx) >0 for f € L*(Q).
(b) Suppose that the complement of supp(q) in Qy, is connected and let z € Q.
The sequence (rj(z)) ez with

ri(z) = —4;5_6_1(“1Z1+51(Z2_h)) (4.40)
j

belongs to Rg(Q) if and only if z belongs to the interior of the support of q.
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The proof of part (b) necessitates to introduce the a-quasiperiodic Green’s
function, which we completely avoided up to this point and also in the subsequent
remainder of the section. This part of the proof is actually the only point where
we need Green’s functions in this section.

Proof. (a) The operator T; is compact since f +— v is a compact mapping. This
follows from elliptic regularity results [39], since the solution to (4.36) belongs
to H2(S2,). Assume that Tf = q(f +v) = 0. Then we note as in the proof of
Theorem 4.2.4 that v is a radiating solution to the homogeneous problem Av +
k?v = 0 subject to the Dirichlet condition u = 0 on I'y. However, we showed in
the proof of Lemma 4.2.7 that this implies that v vanishes. Hence, f vanishes, too,
which shows that T is injective. Finally, concerning the sign of the imaginary part
of T the analogous computation to (4.31) shows that

2> 02
J:k >aj

(b) The sequence (r;(z)) ez is the Rayleigh sequence of the a-quasiperiodic
Green’s function

i 1 . .
G(z,z) = ﬁ Z Ee’(“ﬂ'(m_zl)""ﬁj‘12_22‘), T #£z, x,2 € Q.
7 ]

Assume that (7;(2))jez € Rg(G) for z not in the interior of supp(g). Then there
are u € H}, (Q) and f € L?(Qy) such that Au + k*n’u = —k*qf in the varia-
tional sense and u; = r;j(z) for j € Z. Since the Rayleigh sequences of G(-,z) and
u are equal, both functions are equal on a strip (—m, ) X (h — d,h) where § > 0
is chosen such that sup ., ,.)7esupp(q) (2) < h —d. This equality follows from the
representation (4.13) which is the same for both functions G(-,z) and u. There-
fore, by analytic continuation, G(-, z) equals u in the complement of supp(q)U{z}.
However, u belongs to H}, (€,) but from [6] we know that G(-, z) has a logarith-
mic singularity at z. Therefore G(-,z) ¢ H], 4() (the gradient is not square
integrable). Since G(-,z) = u in the complement of supp(q) U {z} we arrive at a
contradiction. Hence, (7;(2));ez cannot belong to Rg(G) for z & supp(q).

For z € supp(q) we need to construct f € L*(Q,) with G(f) = (r;(2))jez.
For this construction one uses the same technique as in Lemma 4.2.2, and therefore
we omit the details here. O

Theorem 4.2.10. Suppose that the contrast ¢ € L*>°(Qy,) satisfies R(q) > ¢ > 0 and
S(q) > 0 and that the direct problem (4.36) is uniquely solvable. Let v = —4mi/k?
and denote by (\j,¥;)jen an orthonormal eigensystem of (YW N )y = [R(YW N)|+
S(YWN) and by r(z) = (ri(2))iez the test sequence from (4.40). A point z € Qp,
belongs to the support of q if and only if



122 Chapter 4. An introduction to direct and inverse scattering theory

3 6
2
0

-6 -4 -2 0 2 4 6

(a)

3 6
2
’
0

-6 -4 -2 0 2 4 6

(b)

A

N

A

N

Figure 4.8: Inverse scattering for a periodic penetrable medium (see Fig. 4.2), modeling
a dielectric material mounted upon a perfectly conducting plate. The plate is modeled
through a Dirichlet boundary condition at I'g. The wave number equals 27, the contrast
inside the obstacle equals 0.5, and we use 33 incident waves. The boundary of the ob-
stacle is indicated by a white line (over one period). The four plots show two periods of
the reconstruction using a regularised truncated indicator function of the factorisation
method, see (4.41). (a) No artificial noise. (b) Relative noise level of one percent.

Proof. We apply Theorem 4.2.5 to the factorisation YW N = H*T H of the near
field operator. The assumptions on H* and T have been checked in Lemma 4.2.9(a)
from which we obtain the identity Rg((yWN);3) = Rg(G) = Rg(H*T) = Rg(H*)
since T is an isomorphism. Combination of this range identity with the character-
isation given in Lemma 4.2.9(b) yields the criterion (4.41). O

Again, we finish with a numerical example (more examples can be found
in [38, 5]. The boundary of the medium is given by the 27 periodic extensions to
the real line of the function f(z1) = 1+7/2 1|_1/2.x/2), ¥1 € [~7, 7), respectively.
The contrast of the medium in between this boundary and the line I'y equals 0.5.
We use 33 incident waves and show the reconstructions using the inverse of the
square root of the series in (4.41). The series index j runs from 10 to 29, which
provided better results than starting the series at j = 1. The plot in Figure 4.2(b)
is computed from data where we added 1 percent of uniformly distributed artificial
noise to the synthetically computed data.
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Chapter 5

The role of the nonlinear
Schrodinger equation in
nonlinear optics

by Guido Schneider

We explain the role of the Nonlinear Schrédinger (NLS) equation as an am-
plitude equation in nonlinear optics. The NLS equation is a universal amplitude
equation which can be derived via multiple scaling analysis in order to describe
slow modulations in time and space of the envelope of a spatially and temporarily
oscillating wave packet. It turned out to be a very successful model in nonlinear
optics. Here we explain its justification by approximation theorems and its role as
amplitude equation in some problems of nonlinear optics.

5.1 Introduction

The Nonlinear Schréodinger (NLS) equation
OrA =i 0% A+ i A|A]? (5.1)

with 7€ R, X € R, v1,11s € R, and A(X,T) € C is a universal amplitude
equation which can be derived via multiple scaling analysis in order to describe
slow modulations in time and space of the envelope of a spatially and temporarily
oscillating wave packet. For instance, for the nonlinear wave equation

Ot = 02u—u—u? (x €R, t € R, u(z,t) €R), (5.2)

the ansatz for its derivation is given by
e¥nLs = €4 (e(z — ¢4t),€7t) eilkortwot) 4 ¢ ¢, (5.3)
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128 Chapter 5. Nonlinear optics

where 0 < ¢ < 1 is a small perturbation parameter, where ¢, is the group velocity,
and where the basic temporal and spatial wave number wy and ko are related by
the linear dispersion relation w? = k3 + 1. We obtain that the envelope A of the
underlying carrier wave e!(Fo#+«ot) hag to satisfy in lowest order the NLS equation

2wedrA = (1 — 2)9% A — 3A|AP. (5.4)

The dynamics of the NLS equation is discussed in the subsequent section. The
NLS equation possesses pulse solutions leading to modulating pulse solutions in
the original system. Modulated wave packets occur in various circumstances, cf. [3],
especially light pulses in nonlinear optics, or in the theory of water waves, where
the NLS equation as an amplitude equation has been derived first, cf. [34]. See
Figure 5.1.

OE1)

Figure 5.1: A modulating pulse described by the NLS equation. The envelope advancing
with group velocity ¢y in the laboratory frame modulates the underlying carrier wave
advancing with group velocity c¢,. The envelope evolves approximately as a solution of
the NLS equation.

In this lecture notes we explain mathematical results justifying this formal
derivation, i. e., we explain results that show that the NLS equation makes right
predictions about the behaviour of the solutions in the original system. We explain
the major steps to prove such results, i. e., we explain how to prove estimates
between true solutions of the original system and the formal approximation.

In case of no quadratic terms in the original system the proof of error esti-
mates turns out to be rather easy. The estimates follow by a simple application
of Gronwall’s inequality. This is the situation as it occurs in nonlinear optics due
to the reflection symmetry perpendicular to the fiber. A complete proof of the
estimates in this situation is given in Section 5.3. In case of quadratic terms the
proof of the approximation property is presented in Section 5.4. In this case there
are serious difficulties due the long O(1/€?) time scale w.r.t. ¢, which corresponds
to an O(1) time scale w.r.t. T. However, by averaging or normal form techniques
the quadratic terms can be eliminated and this case can be brought back to the
situation discussed in Section 5.3. In Section 5.5 the content of the two previous
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sections is summarised and an outlook is given to related approximation questions
for the NLS equation. In Section 5.6 we explain why the NLS equation is called a
universal amplitude equation.

The succeeding sections are devoted to possible applications and are then
written in a more informal style. We explain why the rate of information transport
can be increased by multiplexing, i. e., by taking pulses with different carrier waves.
We explain why photonic crystals in principle can be used as optical storage and
why photonic crystals can be used as insulators perpendicular to the direction of
pulse propagation.

We refer to [1] for an introduction into fiber optics from a physical point of
view. There are various models claiming to be the right models for the description
of nonlinear optics. Since we are interested in the mathematical ideas, we restrict
ourselves to nonlinear wave equations as starting point, although these models
in general are only phenomenological models of nonlinear optics, but showing
dispersion and nonlinear response like optical fibers and photonic crystals.

Notation: The space of uniformly continuous and uniformly bounded functions
u: R — R is denoted with CY(R,R). It is equipped with the norm

lul|co = sup [u(z)].
zeR

The space of m times differentiable functions v : R — R with uniformly contin-
uous and uniformly bounded derivatives dJu for j € {0,...,m} is denoted with
Cy"(R,R). It is equipped with the norm

lulley =, _max 107 co-

The space of Lebesgue integrable functions u : R — R is denoted with L*(R,R).
It is equipped with the norm
fullos = [ fu(e)lda.
R

For p > 1 a function v is in LP(R,R) if |u|? € L. The space L? is equipped with

the norm
v 1/p
oo = ( [ futa)raz) ™"

The space of m times weakly differentiable functions v : R — R with derivatives
in L2 for j € {0,...,m} is denoted with H™(R,R). This so called Sobolev space
is equipped with the norm

ullgm =  max ||00ul|Le.

fullan = _max (0]l
Finally we introduce weighted Sobolev spaces H"(n) by u € H™(n) if up™ € H™
where p(z) = (1 + x2)'/2. The space H™(n) is equipped with the norm

[l zrm my = llup"™ || -
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5.2 The NLS equation

Beside the fact that the NLS equation is a universal amplitude equation which
occurs in various circumstances the NLS equation is also a paradigm for a nonlinear
dispersive equation which led to interesting mathematics which has been developed
in relation with local and global existence questions of solutions for this equation
[5, 33].

The normal form: By rescaling A, T, and X the NLS equation (5.1) can be
brought into its normal form

OrA = —i0% A +iaA|A?

with @ = +1. The case a = 1 is called defocusing and the case o = —1 is called
focusing.

Local existence and uniqueness: We begin with a local existence and uniqueness
result in Sobolev spaces.

Theorem 5.2.1. Let m > 1 and Ag € H™(R,C). Then there exist a time Ty =
To(|Ao|lzzm) > 0 and a unique solution A € C([0,To), H™) of the NLS equation
with A‘t:O = Ao.

Proof. Since m is sufficiently large, the standard proof for semilinear evolution
equations applies [20]. The operator —i@g( generates a strongly continuous (con-
traction) semigroup (eiiTai )r>0 in every H™-space as can be seen by considering
the problem in Fourier space. Moreover, the nonlinearity A — ia|A[?A is locally
Lipschitz continuous in H™ for m > 1. The local existence and uniqueness thus

follows by considering the variation of constant formula
. 2 T . 2
A, T) = e 9% A(,0) +/ e =40 A(, 7)|A(, ) [Pdr
0

and using the contraction mapping principle. For T > 0 sufficiently small the
right hand side is a contraction in the space

{AeC(0, T, H™) | sup [JAC,T)|[am < 2[|Aollam}
Te[0,To]

equipped with norm [[Al| = suppeo rp [[AC, T) [ O
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Dispersion: The linear problem shows dispersion. Since the linear dispersion re-
lation for solutions e***«? is given by w = k? the group velocity ¢g = 2k varies
with k. As a consequence harmonic waves move with different velocities and there-
fore localised wave packets dissolve. The effect of dispersion can be seen with the
explicit solution formula [28, p. 4] for the solutions of the linear Schrodinger equa-~
tion

OrA = —i0% A

which is given by

—(X-Y)2

wr - A(Y,0)dY.

1 oo
““X’T):m/ ¢

We immediately obtain the estimate

1 oo
sup |A(X, T S—/ A
XE%I (XN < ——= _OOI (

i. e., solutions to spatially localised initial conditions decay uniformly towards zero
with a rate 7~1/2. Dispersion conserves energy, i. e., == [ |A(X,T)|?dX = 0, but
spreads it all over the real axis.

X,0)|dX,

The pulse solutions: In the focusing case, i. e. @« = —1, the focusing of energy by
the nonlinearity and the defocusing of energy by dispersion are in some equilibrium
such that pulse solutions of the form

A(X,T) = B(X)e“T.
can exist. Then B, with B(X) € R, satisfies
iwB = —iB" +iaB®

or equivalently
0=B"+wB—aB>. (5.5)

For @« = —1 and w < 0 equation (5.5) possesses two homoclinic solutions to the
origin in the (B, B’)-plane. See Figure 5.2. These pulse solutions correspond to the
envelopes of the modulated pulse solutions of the original system drawn in Figure
5.1.

Soliton property: Due to fact that the NLS equation is a completely integrable
Hamiltonian system, see below, the pulse solutions are also called solitons. There
exist inverse scattering schemes, namely the AKNS—-scheme and the ZS-scheme
which allow to solve the NLS equation explicitly, cf. [3, 10]. A non-trivial so-
lution which can be constructed in this way out of two single solitons is called
2-soliton. For T' — +o0 it consists of two single pulse solutions. There is a nonlin-
ear interaction of the solitons but except of two phase shifts after the interaction
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Figure 5.2: The (B, B’)-phase portrait for 5.5 with the homoclinic solutions.

asymptotically the two solitons look exactly as before the interaction. Completely
integrable Hamiltonian systems possess infinitely many conservation laws. As an
example the L2-norm is conserved along solutions. We have

(d/dT)|| Al 7-

(d/dT) / AAdX = / (OrA)A + A(Op A)dX

zRe/A (—i(0% A — a|A]?A)) dX = 0.
In Hamiltonian systems also the Hamiltonian is conserved which is given here by
1 2 1 4
H(A) = 5|8XA(X)| + Za|A(X)| dX.
R
In order to show that the NLS equation is a Hamiltonian system we first compute
OaH[B] = lim e (H(A+¢eB) — H(A))
E—

= lim 5*1/ 10x (A +eB)|2/2 + alA +eB|* /4 — |0x A]?/2 — |A[* /4 dX
R

e—0

:%/(8§<Z+aZ\A|2)BdX.
R

d4H|[-] maps B € L?(R,C) linearly into C and hence 94 H|[] is an element of the
dual space. By the Riesz theorem [2, Satz 4.1] a Hilbert space can be identified
with its dual space via the mapping

B: Lin(L? R) — L (B — (A,B) = %/Z(X)B(X) dX) — A.

Hence 04H = 0% A + aA|A|? and so finally the NLS equation can be written as
abstract Hamiltonian system

OrA = —i0% A + aiA|A]> = iBOsH(A) = JBOAH(A)



5.3. Cubic Nonlinearities 133

with the skew symmetric operator (JA) = iA. The skew symmetry of J in L?
follows from

(JA,B) = %/iA(X)B(X)dX = —%/MiB(X)dX = —(A,JB).

In the defocusing case the Hamiltonian is positive definite, i. e., H(A) > 0 for
A # 0, whereas in the focusing case it is indefinite. Hence, in the defocusing case
we can use the two conserved quantities, the L?-norm and the Hamiltonian H to
obtain the global existence and uniqueness of solutions in H'. Due to the local
existence and uniqueness in H' an a priori estimate for the H'-norm is sufficient
for this result. We get the H'-estimate for free since

[A(T) |2 < H(A(T)) + | A(T)||z2 = H(A(0)) + [ Ao 72
for all T € R.

5.3 Cubic Nonlinearities

In this section we explain how to justify the NLS equation in case of cubic non-
linearities in the original system. For expository reasons we restrict ourselves to

Ot = 0%u —u—u? (5.6)

with © € R, ¢t € R and u(z,t) € R as original system. Our main purpose is to
prove that solutions of (5.6) behave as predicted by the associated NLS equation.
The NLS approximation

eynrs = €A (e(z — c4t), £%t) eilkoztwot) 4 ¢ ¢, (5.7)
is formally a good approximation if the terms which do not cancel after inserting
enLs into (5.6) are small.

The residual: These terms are collected in the so-called residual
Res(u) = —0fu + 0%u — u — u®. (5.8)

If Res(u) = 0 then w is an exact solution of (5.6). With the abbreviation F =
ellkoz+wot) we find

Res(etnrs) = B ((wg— kg —1)A)
+ &2 E ((2iko — 2ic,wo)0x A)
+3E ((f2iw06‘TA + (1= )% A-34 \A|2)
+ 2 B3 (- A?)
+ 84E(2098X8TA)
+ e E(—02A) +c.c.
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By choosing w = wy and k = kg to satisfy the linear dispersion relation
w?=k2+1,
by choosing ¢4 to be the linear group velocity

P )
9 dk k=Ko wo

and by choosing A to satisfy the NLS equation
2iwgdrA = (1 — 2)0% A — 3A|A[? (5.9)

the first three lines in the residual cancel.
Unfortunately, we still have Res(einns) = O(e®) (why we need a smaller
residual will become clear in a moment).

Formal smallness of the residual: However, it turns out that by adding higher
order terms to the approximation eynyg the residual can be made arbitrarily
small, i. e., for arbitrary, but fixed 8 there exists an approximation eyg with
ebg — etbnrs = O(e®) and Res(eypp) = O(eP).

Since epg — ethnLs = O(e3) the approximation et)3 makes the same predic-
tions as eiYnpg about the behaviour of the solutions u of the original system. We
will show Res(eyps) = O(eP) for = 4,5. With these two examples the general
situation can be understood.

In order to obtain

Res(e¢y) = O(e?) (5.10)

we define
ey = enis + (%43 (e(x — ¢gt),e%t) E® + c.c.) .

We find
Res(etps) = 3B (= A — (9w — 9k3 — 1) A3) + O(e*).

Since 9w2 — 9k — 1 =9(k2 + 1) — 9k — 1 = 8 # 0 we can choose
Az = —(9wi —9ks — 1)1 A3
in order to achieve (5.10). In order to achieve
Res(eys) = O(e?) (5.11)
we define

ePs = ety + (e Ara(e(x — cgt), %) E + e* Az (e(z — ¢4t), ) E® + c.c.) .
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where A5 and Ass are new functions to be chosen below. We find
Res(eyps) = ) (—inoaTA12 +(1- 63)8§A12
— 3A% A5 — 6|A]> Ay — 2098X8TA>
+ e B3 ((9wd — 9k2 — 1) Azp — 3A%A15) + O(°) + c.c.
By choosing Ajs to satisfy the linearised NLS equation
—2iwgdr Az + (1 — ¢2)0% A1z — 3A%A15 — 6 |A]” Ao — 2¢,0x07A =0

and Az to satisfy
(9w(2) — gkg — 1)1432 — 3A2A12 =0
we achieve (5.11). In order to achieve

Res(ets) = O(”)

we choose .
B(m)
= S Y e (x T)En

Im|=1,3,....2N+1 n=1

with N and 3(m) sufficiently big, where

a(m) = |[|m|-1],
X = e(z—c4t),
T = &t

As before Aj; satisfies the NLS equation, the Ay, for n > 2 linearised NLS equa-
tions, and the A,,, for m # +1 algebraic equations.

Estimates for the residual: These formal orders of the residual can be improved
to estimates in norms. We find for instance

[Res(eunis)llop < 1+ 52 + 55
where
3173 43 30113
1 = 2B A o < 26 1Al
89 = 4H84E098X5TA||cg < 48409“8'1“14“0;,
s3 = 2||e*E07 Allcp < 2¢°)| 07 Al ¢

We can use the right hand side of the NLS equation to estimate [[0rA| ¢y and
|07.A]|co. For instance we have

1
orA <
107 Alley < 5

(= eo%Alle; + 3141 ) = 0 (I14llcg) -
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Analogously, we find
103 Alleg = © (14llc; )
such that the following holds:

Proposition 5.3.1. Let A € C([0,To], C) be a solution of the NLS equation. Then
for all ey € (0,1] there exists a C > 0 such that for all € € (0,e0):

sup  [[Res(e¢nrs(t))llco < Ce®.
OSt§T0/€2

Similarly we can prove that for every 3 > 0 there exists an m € N sufficiently large
and an approzimation £z such that the following holds. Let A € C([0,To], Ci™)
be a solution of the NLS equation. Then for all g € (0,1] there exists a C' > 0
such that for all € € (0,¢&0):

sup |[Res(ey(t))lco < Ce”
OStST()/EQ

and

sup letnrs(t) —eyp(t)|cy < Ce.
0<t<Ty /=2

The equations for the error: Estimates for the residual, even in norms, are only
a necessary condition that the NLS equation predicts correctly the behaviour of
the original systems. By no means they are sufficient. The errors can sum up
in time and there are a number of counterexamples, cf. [22, 13], showing that
formally correctly derived amplitude equations make wrong predictions about the
behaviour of the original system.

The error e’ R, the difference between the correct solution u and the ap-
proximation €1 = g2, is estimated with the help of Gronwall’s inequality. The
error

PR=u—cyp

satisfies
2R = 0°R — R — 3%’ R — 3c" 1 R? — PR3 — ¢ ~PRes(e)).

Although there is local existence and uniqueness in C}"-spaces by the method
of characteristics these spaces and this method are not suitable for obtaining
estimates on the long time scale O(1/£?).

Estimates for the residual in Sobolev spaces: With this respect Sobolev spaces
turn out to be more suitable. Hence, we assume:

Let A € C([0,Tp], H?*) be a solution of the NLS equation with sa4 > 0
sufficiently large.
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As a first step we have to re-estimate the residual in Sobolev spaces. The
arguments are less trivial than before according to the scaling properties of the
L?-norm. For eynpg we find similar as before

|Res(ethnrs) | s < C (3| A(er)||3e + e*|0xOr A(e)| = + (|03 A(e")| 1+ )
=0 (| A(e) || presa) -

However,

4l = ( | |A<sx>|2da:)1/2 —e(f |A<X>|2dX)1/2 — 2 A e

such that finally

IRes(evnis ()l = O (/2] Allgess)
Nevertheless, for the overall goal this loss of e~ /2 is no problem, since as before,
the residual can be made arbitrary small by adding higher order terms to the
approximation.

Lemma 5.3.2. For all B > 0 and s > 1 there exists an sa sufficiently large such
that the following holds. Let A € C([0,Tp], H*4) be a solution of the NLS equation.
Then for all g9 € (0,1] there exists a C > 0 such that for all € € (0,e0) there is
an approzimation g with

sup  ||Res(evp(t))||gs < CeP1/2
0§t§Tg/€2

and

sup letnrs(t) — evp(t)|co < Ce.
0<t<Tp /2

The functional analytic set-up: There are at least two possibilities to obtain the
estimates for the error between the approximation ¢ and true solutions u of the
full system, namely energy estimates and secondly the combination of semigroup
theory with the variation of constant formula. Although energy estimates are more
easy for cubic nonlinearities we use the second approach since it will be more useful
in case of quadratic nonlinearities.

Before we do so, we recall properties of the Fourier transform which will be an
essential tool in the following. The Fourier transform F of a function u € L?(R,R)

is given by .
(Fu)(k) = (k) = 5 / w(@)e dg.

The inverse Fourier transform F~! is given by

(F10)(2) = ulz) = / a(k)eit k.
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Fourier transform is an isomorphism between H™(n) and H"(m), i. e., there are
positive constants C,, ,, and Cy, , such that

lullgm(n) < Cmin
It is continuous from L' to C}, i. e., there is C' = 1 > 0 such that
[ullco < Cllullza-

The space H™(n) is closed under pointwise multiplication for m > 1/2 and under
convolution for n > 1/2, 1. e.,

[ - vl gy < Cllullgm ) 101 5 (n)

for m > 1/2 and
% V| gy < Cllall zrm ()|l 5 ()

for n > 1/2. Moreover, pointwise multiplication in z-space corresponds to convo-
lution in Fourier space

F(uv) = (Fu) * (Fo).

The Fourier transform of A(ez)el*o® is given by

1 i ~ 1 : '
% A(gw)elki(jiﬂe—lk;t de = % /A<€w)el(k0—k)l dz

L1 x0ei(™) ax = 22 (k — ko) . (5.12)

2 e €

The equations for the error in Fourier space: In order to use semigroup theory
we write the equations for the error as first order system in Fourier space. We
choose e = 93,5/ and find

OR=—(K>+1)R— I T I e PRes(er)).

This is written as

8,51% = —Vk%+ lﬁg,
atﬁg =V k‘2 + 1&1 —|— 82ﬁ
where

1 -~ ~ ~ o~ ~ —
— (f:w*? ¥ R— 30730 « B2 — £20-2R*3 4. e*f’*QReS(w)) .

1=

This system is abbreviated in the following as

O R(k,t) = Ak)R(k,t) + 2 F (k,t).
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We use the variation of constant formula
t
R(k,t) = IR (k,0) + £ / AT Pk 7) dr
0

in order to estimate the solutions of this system. Herein, (e*(*)t);5¢ is the semi-
group generated by A(k) which is defined for fixed k by

M =N " (A(k))".

n=0

Lemma 5.3.3. The semigroup is uniformly bounded in every H(s), i. e., there
exists a C' > 0 such that we have sup,cp ||| o= po(s) < C.

Proof. We have A(k) = SD(k)S~! where

s:G ii> and D("i):(wzj Mgﬁ)

such that
eA(k)t _ SGD(k)tS_l.

Hence,
A(k)t

||eAtUHH0(s) <suplle llc2—c2 l|ull 7o s)
keR

and further

A(k)t D(k)t

sup |e lczmcz - 1S lczoee

lcz—c2 < IS]lc2—c2 sup [l
keR keR

< Sle—c2 1S lez—ez < oo O
Lemma 5.3.4. For every s > 1 there is a C' > 0 such that for all € € (0,1] we have
| Ellzrosy < C (HRHH“(S) + 73R Fo sy + €7 2R o5 + 1) .

Proof. The estimate follows from

1 B ~
|y < 1Emco:
[+ R] ., < CIMEco 1o
19 R * Rl gro(s) < Clleoll L) |1 Rl Fro sy
||R*3||H"(S) < C”RH?{O(s)’

le™ Res(e))|| o) < C,
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and finally

ko

[P L1 (s) = 2” ( ) +h.o.t. ’ o < CHéA(g)‘ s +h.o.t.

< CHAHLl(S) + h.o.t. < C||A||Ho(8+1) + h.o.t. (|

Remark 5.3.5. Note that \\1Z||Ho (s) = O(e7/2) such that @Z has to be estimated in
the L'(s ) norm, resp. ¥ in the Cj-norm in order to get € for the most dangerous

term 521/) * 1/1 * RR. This power is necessary to obtain estimates on the natural time
scale O(1/&?) w.r.t. t.

Using the previous lemmas shows the inequality
IR rros)
t
< Ce? / (IR ogs) + 7 NRT) oy + 2RI oy +1) dr
0
t t
< 052/ (IR oy +2) dr < 20T0+cg2/ 1Bl a10 ) AT,
0 0
which holds as long as
7R Fo (s + €2 IR o) < 1. (5.13)
Gronwall’s inequality then yields:
IRl progs) < 2CT0eC" < 20Tpe™ = M

for all ¢ € [0, Tp/2]. Choosing ¢ > 0 such that ef *M2 4 ¢2° 2 M3 < 1 we have
satisfied the condition (5.13) and so proved the following approximation result.

Theorem 5.3.6. For all 3 > 3 and s there exists an s sufficiently large such that
the following holds: Let A € C([0,Tp], H**) be a solution of the NLS equation
(5.9). Then there exists an €9 > 0 and a C' > 0 such that for all € € (0,£¢) there
are solutions u of the original system (5.6) which can be approzimated by e which
is O(e3) to etnrs defined in (5.7) such that

sup  |Ju(t) — e (t)|| e < CeP~1/2,
te[0,To /2]

and as a consequence

sup  |Ju(t) — e¥nrs(t)|ms < Ce3/2,
te[0,Ty /2]
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Remark 5.3.7. So far we have not made any remark about the existence and
uniqueness of the solutions of the equations for the error. We have local existence
and uniqueness of the solutions of the nonlinear wave equation (5.6) in the spaces
where we proved the error estimates.

Fix m > 1 and let (ug,uy) € H™+L % H™. Then there exists a ty > 0 such
that (5.6) possesses a unique solution u € C'([—to, to], H™!) with u|;—o = up and
Opuli=o = u1. In order to construct solutions of (5.6) we use the formula

1 1 T+t
u(w,t) = 5wl +0) +uole —0) + 5 [ @) de
r—t
t  pr4(t—s)
+/ / f(y,5)dyds
0 Jz—(t—s)
with f(x,t) = —u(z,t) — u(x,t)® which is based on the solution formula for the

inhomogeneous wave equation. For ¢y > 0 sufficiently small the right hand side
F(u)(z,t) is a contraction in the space C([—to,to], H™'!). Thus there exists a
unique fixed point u* = F'(u*) which is a classical solution of (5.6) if m > 2.

Like for ordinary differential equations the solutions exist until the norm of
the solutions becomes infinite. By using the error estimates as a priori estimates
we can guarantee that the solutions stay bounded for t € [0,7p/e?] and so we
can apply the local existence and uniqueness again and again to guarantee the
existence and uniqueness of the solutions of the error equations which are obtained
from (5.6) by a smooth change of variables.

5.4 Quadratic Nonlinearities

In this section we explain how to justify the NLS equation in case of quadratic
nonlinearities. For expository reasons we restrict ourselves to

OPu = 0%u — u + u? (5.14)

with z € R, ¢t € R and u(z,t) € R as original system. The ansatz for the derivation
of the NLS equation is then given by

ey = eA; (e(z — cgt), €%t) eilhoztwot) ¢ ¢
+ 245 (e(z — cgt), e°t) Alkoztwol) 4 ¢ ¢ (5.15)
+ &2 Ao (e(x — cgt), %) .

We find as before at ¢E the linear dispersion relation and at €2E the condition
for linear group velocity ¢g. At e*E we find

2in8TA1 == (1 - 03)8§A1 + 2A1A0 + 2A2A71.
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The algebraic relations which are found at e2E°? and 2 E?
€2E0 : 0 = 7A0 —+ 2A1A,1
e2F?: 0= —(—4wl +4k3 +1)Ay + A?

can be solved with respect to Ay and Ay since —4wg + 4kZ + 1 # 0. Inserting the
solution for Ay and As into the equation for A; finally yields the NLS equation

2iwgdrAr = (1 — 2)0% A1 +vA1 | A1 (5.16)
with
2z
—dwd +4k3 + 1

Like in case of cubic nonlinearities the residual

y=4+

Res(u) = —0fu + 02u — u + u?

can be made arbitrarily small by adding higher order terms, i. e., we have again

Lemma 5.4.1. For all B > 0 and s > 1 there exists an sa sufficiently large such
that the following holds. For A € C([0,To], H**) and g9 € (0,1] there exists a
C > 0 such that for all e € (0,e¢) there is an approzimation g with

sup  ||Res(evp(t))||gs < CeP1/2
0<t<Tp/e?

and

sup levnrs(t) — evp(t)llco < O
0§t§Tg/62

In order to prove that the solution A of the NLS equation predicts the be-
haviour of the solutions u of the original system correctly we estimate as before
the difference e’ R = u — e1) between the correct solution u and its approximation
and as before we choose €9 = €tp3,5/5. This difference satisfies

O?R = 0?R — R+ 2eR + £’ R? + e PRes(e1)).
Again this is written as a first order system in Fourier space
BiRy = -k +1 Ry,
~ ~ 1
Ry =VE?+1 R+ ——
(2% 1 NS

The simple argument of the last section no longer works because of the new
O(e)-term 2e1) * R. In principle this term can give some exponential growth of
order O(exp(et)) which is definitively not O(1)-bounded on the time scale of or-
der O(1/%). However, this term turned out to be oscillatory in time and can be

(25@* R+ R + sfﬁRe/s(s\w)> .
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eliminated with averaging or a normal form transformation such that it finally
has an O(1)-influence on the size of the solutions. This observation goes back to
Kalyakin [15]. In order to eliminate this term we first write this system as a first
order system

O:R = AR +2¢B(¢), R) + O(£?), (5.17)

with A a symmetric linear and B(-,-) a bilinear mapping. In Fourier space they
are defined through

AL (VR 0 ¢ _ a1 1
0 +ivEZ+1)’ vz\i —i)”

A ... A 0
_ 1 —1 —
B(U,U) = —#=S"'B(SU,S0), BU,V) = (Ul*f/l)’

where U = (U' 1, 02) Next we make a near identity change of variables
R=w+eQ(¢,w) (5.18)
with @ an autonomous bilinear mapping. This gives

Ohw + eQ(Oy), w) + eQ (v, dyw) = R = AR+ 2eB(¢, R) + O(e?)
= Aw+eAQ(th, w) + 2eB(1h, w) + O(e?)

and so
drw = Aw + [AQ(Y, w) — Q(AY, w) — Q(¢b, Aw) + 2B(1h, w)] + O(e?)  (5.19)

where we used 9,10 = Ay + O(g?). In order to eliminate the dangerous terms
2e B(1), w) we have to find a @ such that

In Fourier space with
(B(Y,w); =

>
m,n=1,2
Qi 0)); = o
’ m,nz—l,Q/q

[ Bl b= ) = D 1)
(

kok— 1,00 (k — D (1) di

for the j-th component of B and Q, wio(k) = Fv1+ k2 and b/, ¢/, some
coeflicients we obtain the well known relation

l(wj(k) - wm(k - l) - wn(l))‘ﬂnn(k@ k-1, l) = l;gnn(kv k— l7l) (520)
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Since the approximation v is of order O(e) only close to the wave numbers +k,
Equation (5.20) can be solved with respect to ¢”,,, due to the validity of the non
resonance condition

inf inf (k) — 1) - > 21
j,m,rlllé{l,Z}k,leRlﬁc—l\gé|<w](k) wm(k=1) —wa())| 2 C >0 (5.21)

for a 6 > 0 fixed. Since all kernels are globally Lipschitz, and since we have a
real-valued problem the non-resonance condition (5.21) can be relaxed to

infinf |(w; (k) — wi (ko) — wn(k — k 0, 5.22
j,né%l,Z}érelRKw]( ) — wilko) = wn o)l > (5:22)

due to || x x>0y (w(-) — w(ko)) e (-)]|L1(s) = O(e?). Since

sup b7, (k, k—1,1)] < C < o0
jm,ne{l,2}, k,leR

we obtain
(Q, )| zs < Cllb|| s

Thus the transformation (5.18) can be solved with respect to w for e > 0 suffi-
ciently small. Therefore (5.19) transforms into

U)”Hs

opw = Aw + O(£?) (5.23)

and so the proof of the approximation property from Section 5.3 then applies line
by line to (5.23) if ey = e¢)g45/2 is chosen with 3 > 2.

5.5 Summary and outlook

The NLS approximation can be derived in various systems, including those that
describe water waves, cf. [34], nonlinear optics, cf. [3], quantum theory, cf. [19],
DNA double strands, cf. [14], and plasma physics, cf. [27]. In most of these sys-
tems, particularly in nonlinear optics, these approximations turn out to be very
successful; agreement is generally better when experimental data is compared with
NLS approximations opposed to existing estimates. However, sometimes this ap-
proximation fails, cf. [12]. Therefore, an important issue is the validity of the NLS
approximation. Checking this directly with numerical experiments would be com-
putationally demanding for € — 0, due to the large computational domains nec-
essary. Ignoring these practical issues, numerical simulations would only provide
evidence for the validity of the NLS approximation since only a finite dimensional
phase space can be considered. Therefore, the validity of the NLS approximation
can only be proved analytically and the proof of such estimates is a nontrivial
task.

The goal of an approximation theorem for the NLS equation is to show that
on an O(1/e?)-scale w.r.t. ¢ the approximation and the true solution of the original
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system which are both of order O(¢e) differ only by an error O(¢'*#) for a 3 > 0
as ¢ — 0. If quadratic terms are absent in the nonlinearity such an approximation
result can easily be obtained with the help of Gronwall’s inequality [17] as has
been explained in Section 5.3. The case of non-resonant quadratic terms in the
nonlinearity for general quasilinear hyperbolic systems has already been handled
in [15]. The idea to handle such systems is to eliminate the quadratic terms using
a normal form transform has been explained in Section 5.4. Gronwall’s inequality
can then be applied within the resulting system to obtain the required estimates.
The quadratic terms can be eliminated if a non-resonance condition
Tjijags (k) = min inf |wj, (k) — wj, (k — ko) — wj, (ko)| > 0
J1J2Js kER

is satisfied. Herein, the w;(k)s are the curves of eigenvalues of the linearised original
system. In [15] the case of quasilinear quadratic terms is excluded explicitly, i. e.,
only semilinear quadratic terms are allowed. The reason for this is that normal
form transforms in quasilinear systems lead to a loss of regularity and thus local
existence and uniqueness of solutions in general can no longer be proven.

In a number of papers we tried to weaken the non-resonance conditions neces-
sary for the proof of an approximation theorem. In [25] an approximation theorem
has been shown in case that the set of resonant wave numbers

{ k| rj (k) =0 for some ji, j2, and js }

is separated from the set of integer multiples of the basic wave number ky and
that analytic solutions of the NLS equation are considered. The proof is based
on the fact that the influence of the resonances is exponentially small due to the
analyticity of the NLS solutions. In [24] the situation of a resonant wave number
k = 0 (motivated by models for the water wave problem) has been handled in case
that the nonlinearity also vanishes at k = 0.

In [26] the situation of a basic wave number ko resonant to wave numbers kq
and k2 has been considered. There is a three wave interaction (TWI) system

OorAr = iy AzAs,
OrAy = iyA1As,
OrAs = iy3A;As,

associated to the resonances, cf. [26, Sec. 3.3]. We proved an approximation the-
orem [26, Theorem 3.8] in case that the subspace {4y = A3 = 0} associated to
the wave number kg is stable in the TWI system. The proof is based on a mix-
ture of normal form transforms for the non-resonant wave numbers and energy
estimates for the resonant wave numbers. There is also a counterexample [26, Sec.
4.1] showing that the NLS equation fails to approximate solutions in the original
system in case of an unstable kg-subspace in the associated TWI system and peri-
odic boundary conditions in the original system. In [11] the ideas of [24] and [26]
are brought together to handle Boussinesq equations which model the water wave
problem in case of small positive surface tension.
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5.6 The universality of the NLS equation

As already explained the NLS approximation can be derived in various systems.
In order to explain why this is the case and why the NLS equation plays such an
important role, we review the derivation of the NLS equation from (5.6) from a
different point of view. This derivation will explain why the NLS equation occurs as
universal amplitude equation describing the evolution of modulated wave packets.
The underlying system will condense in the values of the coefficients v, and v in
(5.1).

The Fourier transformed system: It turns out that Fourier transform is the key
for the understanding of the universality. Hence we consider (5.6) in Fourier space.
The Fourier transform u satisfies

oFu(k,t) = —w?(k)u(k, t) — a*(k, ), (5.24)

where w(k) = Vk?+1 sign(k). By introducing w(k) = (au(k), Lk)atﬁ(k)) we
rewrite (5.24) into the first order system

Ay (k, t) = M (k)i (k,t) + N(b)(k,t), (5.25)
where
~ 0 w(k SN 0
i1 = (_Jyy “0). W@ - (ﬁ)ﬂ*g(k,t)) |

This system is diagonalised for fixed wave number k. By chance for (5.25) the

- 1 1 . .
associated transformation U = % ( L ) is independent of k and unitary,
i. e. U7 = U*. The transformed variable 2 = U*w satisfies the diagonalised
System

Oz =AM+ U*N(U32), (5.26)
with A(k) = diag(iw(k), —iw(k)).

Derivation of the NLS equation: According to (5.12) for (5.26) we make the
ansatz

(k- . .
é(k, ﬁ) _ EE_lAl < 0 ’ 52t> elw(ko)telcg(k—ko)té*l
3

, (5.27)
e A, (k + kO,EQt) e iw(ko)tgics (k+ko)t g
€

cf. (5.12), where
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Since the Fourier modes of the wave packet are concentrated in an O(e) neigh-
bourhood of the basic wave numbers +kq the evolution of the wave packet will be
strongly determined by the curves +w at +ky. At elw(Fo)teics(k—koltg, we find

iw(ko)Al + iECgKAl + 528T211 = iw(ko)Al + i&'akaCo)KAl
31
4w(k:0)

+ %528]3(.0(]{30)K2A1 +€2 Al *Al *A,1 +O(€3),

where k = ky + e K and where we used

/A <k — = ko) eiw(ko)teicg(k—f—ko)tA <'€ — ko) eiw(ko)teicg(é—ko)t de
3 3

_ 5/121 (k —€2k:o B m) A(m)ein(ko)teicg(k—2ko)t dm .

At €% and ! we obtain the linear dispersion relation and the linear group velocity.
At €2 we obtain an NLS equation.

The general situation: By this procedure it is clear that the NLS equation occurs
as amplitude equation of dispersive systems whenever the Fourier transform of the
initial condition is strongly concentrated at a wave number kg # 0 and when the
concentration and the amplitude are of the correct order.

Figure 5.3: Derivation of the NLS equation is based on the concentration of the Fourier
modes at a certain wave number. The left panel shows the curves of eigenvalues and
the concentration of the Fourier modes. Hence for the evolution of these modes only the
curves of eigenvalues close to these wave numbers plays a role. The right panel therefore
shows an expansion of these curves at these wave numbers.

Therefore, the NLS equation is the universal amplitude equation describing
slow modulations in time and space of a propagating wave packet in dispersive
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systems
0¢2;(k,t) = iw;(k)Zz;(k,t) + nonlinear terms (5.28)

for 7 in some index set. An example is the one dimensional Maxwell-Lorentz
System

5‘311 = 5‘t2u+8t2p, 3t2p+w3p+rp\p|2 = du,

with coefficients wq, r,d € R, describing the electric field u and some polarisation
field p, where the polarisation field p is modeled as a forced nonlinear oscillator.
The Fourier transformed system is written as first order system and then diago-
nalised leading to

Oz1(k,t) = iwi(k)z1(k,t) + nonlinear terms ,

Ot24(kyt) = iwa(k)Z4(k,t) + nonlinear terms ,

with curves of eigenvalues plotted in Figure 5.4. Hence the NLS equation can also
be derived for this more realistic model of nonlinear optics. The justification is not
completely trivial due to the occurrence of some Jordan block at k = 0, cf. [7].

Figure 5.4: The curves of eigenvalues for the Maxwell-Lorentz system.

5.7 Applications

In this section we use the NLS equation to give some insight into a number of
problems from nonlinear optics. This will be done in a rather informal style. We
explain the possibility of multiplexing and the use of photonic crystals as optical
storage and as wave guides.
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5.7.1 Multiplexing

So far we considered pulses modulating one carrier wave with some basic wave
number, say ko. Now two or more carrier waves with different basic wave numbers,
say ki, ..., kyn are taken. Since it turns out that pulses to different carrier waves do
not interact in lowest order the use of more than one carrier wave allows to increase
the rate of information through one fiber. This procedure is called multiplexing.
See Figure 5.5. In the following we explain these ideas with the help of the NLS
approximation.

1

A i\
(Al

o 500 1000 1500 2000 2500 3000 3500

Figure 5.5: Multiplexing: The rate of information through the fiber is increased by
using the same fiber for sending digital information in different bands, i. e. physically
wave packets with different carrier waves are sent. In each band independently Os and 1s
are sent by sending a light pulse with this carrier wave or not. Why this works, i. e. why
the pulses to different carrier waves do not interact in lowest order although they travel
through each other can be explained via the NLS approximation as will become clear in
this section.

For simplicity let us consider here again the nonlinear wave equation with
cubic nonlinearity
Ot = 0%u —u—u?

as original system and let us consider the situation of N different carrier waves.
By making the ansatz

N
EwmultiNLS = Z SA]' (8(1} — Cjt)’ 52t) ei(kjw""“’jt) + c.c.
j=1

a system of coupled NLS equations is obtained, namely

2iw;j0rA; = (1 - c?)@fgj Aj —3A; |Aj|2 — coupling terms;

for j =1,..., N, where the jth coupling term is given by

6 > Aj|ALP,

In|=1,....N,n#j
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where we assumed for simplicity that there are no additional indices j1,...,7Js
with kj, +...4+ k;, = 0. If this assumption is not satisfied there will be additional
coupling terms A;, A;, A;, in the equation for A_; which however can also be
handled as explained below.

At a first view there seems to be a full coupling between all equations. How-
ever, looking more closely at the coupling terms shows that they have different
arguments if ¢; # ¢,. We have for example

A A = Ay (e = e5t),€%8) | Ay (e(a — ent), &20) |

= A(X,T) A (X5 — e Yew — )T, T)|.

Hence two spatially localised functions interact only on an O(e)-time interval
w.r.t. the T-time scale of the NLS equation if ¢; # c¢,. Thus the influence of
the coupling terms on the dynamics of the NLS equations is only O(e). Hence
for spatially localised solutions the NLS equations decouple and the dynamics
of the modulations of the carrier waves can be computed for each carrier wave
individually by solving

2iwj8TAj = (1 — C?)ag(JA] — 3A] |Aj|2 .

The argument that spatially localised wave packets with different group velocities
do not interact in lowest order has been made rigourous in case of the above NLS
approximation first in [21]. The idea has been generalised in [4] for the interaction
of various wave packets. It has also been used in case of the interaction of long
waves [16, 31, 32]. In case of dissipative systems mean-field coupled Ginzburg—
Landau equations take the role of the NLS equation [23].

The interaction of pulse solutions to different carrier waves can be described
very precisely such that [21] and [4] can be improved strongly. In [9] and [30] a
shift of the underlying carrier wave and a shift of the envelope both of order O(g)
are described via the more detailed ansatz

N
EVmultiNLS = Z cA; (5(x — ¢t —e;(x, 1)), 5215) el(kiztwtteQ;(e,t)) | c.c.,
j=1

where the A; satisfy decoupled equations and where for the pulse shift ei; and
the phase shift £{2; we have explicit formulae. The internal dynamics of the wave
packets described via the A; and the interaction dynamics of the wave packets de-
scribed via 1; and §2; can be separated up to very high order. An almost complete
description of the interaction of general localised NLS described wave packets can
be found in the analytic works [8] and [7].

Remark 5.7.1. In nonlinear optics very often time and space are interchanged.
Due to the finite size of the fibers and due to the experimental data which can
be measured initial conditions are posed at one end of the fiber, namely at = = 0,
and one is interested in the solution at the end of the fiber, namely at z = .,
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i. e. x is considered as evolutionary variable, and ¢ as unbounded variable. From
a mathematical point of view there is no difference if no dissipation is considered.
However, very often phenomenologically dissipation is added to the NLS equation.
It has been explained in [29] that it is highly problematic if 2 and ¢ is interchanged.
In this case the NLS equation with dissipation cannot be derived and justified from
Maxwell’s equation!

5.7.2 Photonic crystals as optical storage

In principle photonic crystals can be used as optical storage. Due to their periodic
structure the spectrum in general is not connected (see Ch. 3 for more details)
and so called gap solitons can occur. These gap solitons appear at some band
edge where the curves of eigenvalues drawn over the Bloch wave numbers have
horizontal tangentials, i. e., the group velocity of the wave packet modulated by
the gap soliton vanishes. See Figure 5.7. Hence, in principle standing light pulses
are possible. In experiments this fact is used to decelerate light already by a fac-
tor 1/1000. These standing light pulses can be found by an approximation via an
NLS equation. There exists an approximation result [6] for the NLS approximation
in periodic media guaranteeing that these standing light pulses exist at least on
time scales of order O(1/¢?). A more detailed analysis [18] using spatial dynam-
ics and invariant manifold theory allows to construct these standing light pulses
on time scales of order O(1/e™) where the size of n depends on the validity of
some non-resonance condition. We leave these analytic questions untouched and
restrict ourselves to the derivation of the NLS equation. As before a nonlinear
wave equation

Otu = x10%u — xou — xzu® (5.29)

but now with 2m-periodic coefficient functions xi, x2 and x3, serves as concrete
example of an original system. We follow the approach of Section 5.6 by replacing
Fourier transform by Bloch wave transform.

Figure 5.6: A standing light pulse (line) in a photonic crystal (solid bars). The wave-
length of the carrier wave and of the photonic crystal are of a comparable order.
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Bloch wave transform: Bloch wave transform is defined through

ﬁ(ﬁ,l’):( )( )fZ ez €Tl + ),

g (5.30)
= [1, e at,x) de,

=
=
H
Qz

where .
au(l,x) =a(l,x+2m) and a(l,x)=a(l+1,z)e”. (5.31)

Bloch wave transform is an isomorphism between
Hs(Ra C) and L2((71/2,1/2],Hs([0,27r),((:)).

The multiplication in a-space u(z)v(z) corresponds in Bloch space to the operation

(ux0)(l,x) = / a(l —m,x)o(m, x)dm, (5.32)

where (5.31) has to be used for [¢ —m| > 1/2. For 27 periodic x : R — R we have
T (xu)(l,x) = x(x)(Tu)(¢,z). Applying the Bloch wave transform to (5.29) gives

il x) = —L(6, 0y )a(l, w) — xa(@)a™ (¢, ), (5.:33)
where the operators L(¢, d,) : H2([0,2x)) — L?([0,27)) are given by

E(f,aw)ﬂ(& Nx) = —x1(2)(0p +10)%U(L, x) + xo(x)u(l, x).

Spectral properties: For fixed ¢ these operators are self adjoint and positive def-
inite in the space Lfa ([0,27), C) equipped with the inner product

(@(t,),5(6, ) s = / ", )5, 2)x () de

The induced norm |[| - |22 and the usual L? norm are equivalent if we assume
1

x1(z) > v > 0 for a constant v independent of x by assumption. The self-
adjointness of L(¢,d,) follows from

27

7 (0@ +i0)%5(x) + xa(a)i () () da

(-0, + i0i(a) [0+ 000 + 2200

(L(L, 00

x) —

o\o\
> |

= <&7 (6 0z ) >X17

and the positive definiteness from

(L(C,0,), 1)y, = /O i 10, a(z)[2 + <z2 + ’;T—SD |a(z)[2 dz > 0
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for @ # 0 in L2 . Thus, for each fixed £ there exists a Schauder basis (f;(/,-))jen

of L*([0,27)) of eigenfunctions of L(, d,) with strictly positive eigenvalues w?(¢),
i.e. L(€,0,)f;(4,) = w2(€) f;(£,). See Figure 5.7.

-

[0}
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o120 ‘ . 12 1

A Y

Figure 5.7: The curves of eigenvalues drawn over the Bloch wave numbers ¢. There are
horizontal tangentials at the wave numbers ¢ = 0,41/2.

The diagonalised system: Since i(Z, 0z ) is self-adjoint in Li ,» the eigenfunctions

(fj(£,-))jen can be chosen to form an orthonormal basis of L2 for each fixed
£. Moreover, the (f;(¢,-)) can be chosen to be smooth w.r.t. {. We expand the
solution for fixed ¢ with respect to this orthogonal basis, i. e.

ul, x,t) = Zﬁj(@, ) f;(t @),

JEN
with 4;(¢,t) = @;(¢ + 1,t) due to (5.31). The coefficient functions
aj(l,t) = (f;(L,-), a(l, -, b)),

satisfy
Oy (0,t) = —wrii; (6,t) + (f5(6,), xa( T3 (E, 1)) 5, - (5.34)

By introducing
0(€) = Ovtij(€) /w;(£),  0(£) = (0;(€))jen,

where w_;({) = —w;(¢) we rewrite these second order equations as first order
systems, for j € Z. These systems are diagonalised for fixed £. Again by chance
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the transform is independent of £. We set

. z; T .1 (1 1 1 (1
4= (2) =0 (5) e 055 (0 5) =500 )

where as above Z;((,t) = Z;(£ + 1,t), due to @;((,t) = @;(£ + 1,t) and w;(¢) =
w;(€+1). We obtain

0,7,(0.t) = A (02,0, 1) — U (.@-(2, t)), (5.35)

with A;(f) = diag(iw; (£),iw_;(£)) and

NI
NI

§j<f,t) = / / Z ﬁjl 2, J3 f f—gl,fl—fg,62)(2]'14—2_]'1)(@—@1,25)

U1 71 J1.J2.03€N
2 2

X <2j2 +2—j2)(61 _52’ t) (2j3+2—j3)(g2’ t) dly dfla

Brwis = T2 OUE) 0O (= 0.6 = )1 (01.),

System (5.35) is of the form
02 (0, t) = iw;(£)Z;(¢,t) + nonlinear terms (5.36)

for j in some index set with nonlinear terms possessing a convolution structure as
in the Fourier case of the previous sections. Since (5.36) has the same structure as
(5.28) the NLS equation is also the universal amplitude equation describing slow
modulations in time and space of a propagating wave packet in spatially periodic
dispersive systems, as they occur in the description of nonlinear optics in photonic
crystals.

At the band edges we have group velocity zero. The NLS approximation
therefore gives standing pulses in lowest order. As already said it has been shown
rigorously in [18] that such solutions exist on time scales O(1/e™) where the size
n depends on the validity of some non-resonance condition.

5.7.3 Photonic crystals as wave guides

Photonic crystals can be used to guide light. See Figure 5.8. The periodic struc-
ture perpendicular to the direction of the pulse propagation creates band gaps
and hinders light of certain temporal wave numbers to emerge perpendicular to
the direction of the pulse. Hence, a photonic crystal with a defect, i. e. with an
additional structure that breaks the periodicity, can guide light along the defect,
thus creating a wave guide.
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Figure 5.8: Wave guides in one dimensional and two dimensional photonic crystals.

The model problem: As an example we consider a nonlinear wave equation but
now in R2?, namely

0?u = Au — Vu +yu?, (5.37)

with v = u(z,y,t) € R, (v,y) € R*t € R,y € {-1,1}, and V = V(y) =
Vioe (V) 4+ Vper (v) with Vier(y) = Vper(y + 27) and

[Vioe(y)| < Ce Pl for some C, 8 > 0.

See Figure 5.9. It is the purpose of this section to derive a Nonlinear Schrodinger
equation describing the pulse propagation along the z-axis, i. e. along a defect of

the photonic crystal described by Vioe and Ver.
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Figure 5.9: A possible function y — V (y).
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The linearised problem: As a first step we consider the linearised problem
O*u = Au — Vu. (5.38)
We look for solutions u(z,y,t) = e“'e*@v(y) and find that v has to satisfy
V' — kv — Vo = —w? or —Lv=—v"+Vv=(w? - k?)v.

In case Vi, = 0 the operator L possesses spectral gaps, i. e.,

o(=L) = Jloy. )]

jeN

with ... < a; < 85 < ajp1 < Fj+1 < ... In case Vi # 0 discrete eigenvalues
can emerge from the spectral bands into the spectral gaps. See Figure 5.10. We
assume that there is at least one such eigenvalue A with 3; < A < ;1. This A is
the eigenvalue associated to the wave guide.

m
o) TR By U5 B3

Figure 5.10: A possible spectrum o(—L).

The eigenfunction associated to A is called ¢, i. e., Ly = —Ap. The adjoint
eigenfunction is called ¢* and satisfies (¢*, @) = 1. The spectral values of the
linearisation Au — Vu are given by o(L) — k2, i. e., the spectral values can be
drawn as a function over the Fourier wave numbers k € R. See Figure 5.11. The
curve k — —A—k? will be the one for which we derive the NLS equation. Therefore,
this NLS equation will describe wave packets which move along the defect, i. e.,
along the z-axis.

Derivation of the NLS equation: We split u into modes associated to ¢ and into
the rest, i. e., we set u = cp + w with {(p*, w) = 0 and find

D2c = (=A+0%)c+y(p", (cp +w)?), (5.39)
Rw = Aw+Vw+y(1—¢* (cp+w)?). (5.40)

In order to derive the NLS equation we make the ansatz
c=cA (e(z — cyt),e%t) eilkoztwot) 4 ¢ ¢ (5.41)

with A1 (X,T) € C. At O(g) and O(g?) in the c-equation we find the linear dis-
persion relation and the group velocity for the wave packet

dw ko

wi = Xo + k3, and Co = T lk—ko o
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Figure 5.11: A possible spectrum of (L — k*I) drawn over the Fourier wave numbers .

At O(e?) in the c-equation we find the NLS equation
Qwedr Ay = 0% Ay + 3v(0*, 0 ||V A1 | AL * . (5.42)

We expect that under relatively weak assumptions the following approxima-
tion result holds.

Claim 5.7.2. Let A € C([0,To], H*4 (R, C)) be a solution of the NLS equation (5.42)
with s being sufficiently large. Then there exist eq > 0 and C > 0 such that for all
e € (0,e9) the difference between true solutions of (5.37) and the approximation
defined in (5.41) is less than Ce? in the sup-norm uniformly for all t € [0, Ty/<?].

Outline of a proof: The major difficulty lies in the construction of an approxi-
mation £¢ which makes the residual
Res(u) = —02u + Au — Vu + yu®

small. If this smallness is established, the error estimates easily follows with a
simple application of Gronwall’s inequality. In order to show this, suppose that we
have an approximation with e ?Res(e1)) = O(¢?). The error R = u — ) made
by this approximation satisfies

O}R=AR—VR+~(3*°R + 3¢y R* + ' R® + ¢ *Res(cv))) .
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We consider the energy

E = / ((0:R)* + (VR)* + VR?) dx

and find
%@E = [((0:R) (AR — VR +~ (3?¢?R + 33y R* + ' R® + £ ?Res(cv)))
—(8,R)AR + 8,RVR) d
= [((0:R)y (32®¢®R + 33 R? + e*R? 4+ e ~*Res(cv))) ) d
and so

|0,E| < CL(0)e®E + Co(1h)> E3/? + e*E? + Crese®.

Since F(0) = 0 Gronwall’s inequality implies for ¢ > 0 sufficiently small
that supejo 7, /e2) E(t) = O(1). Since \/E(t) is equivalent to the H' norm if
infzer V(z) > 0 we have shown sup,cio 7, /-2 |1 R(f) |1 = O(1).

Smallness of the residual: In order to make the residual small additional lower
order terms are added to the approximation. There are two fundamentally different
situations, namely when integer multiples of wy fall into spectral gaps and when
integer multiples of wy do not fall into spectral gaps. The second case is much
more involved and is left to future research. In the first case we make the ansatz

e = (et., e1dy,) with

5"/’0 = Ay (E(SL' - cgt)? EQt) ei(k0$+w0t) +c.c.,
+e34; (s(ac —cgt), EQt) e3ikortwol) 4 ¢
ey = Wi (e(z — cgt), e%t) eilhoztwot) ¢ ¢,

+ W (e(z — cqt), %) eBilkortwot) 4 ¢ ¢

and define A_; = A; and W_; = W;. Inserting this approximation into (5.39)-
(5.40) gives the following set of equations

2iwedr A1 = 0% A1 +3v(p*|e o) A1 A%,
—(3w0)2A3 = (_/\0 - (3k0)2) Az + (e, ‘P3>A?’ (5.43)
—(w0)?Wr = (02— k3 — V) W1 +3v(1— 9", o) A1 |41, '
—(Bwo)*Ws = (95 — (3ko)*> = V) Ws + (1 — ¢*, ©*) A},

We made this ansatz under the assumption that integer multiples of wy falls into
spectral gaps, i. e., we assume

(Sl) —(3w0)2 + Ao + (3]60)2) £ 0,
(52) —wp ¢ 0(0; — ki — V),
(S3) —(3wo)? ¢ 0(9; — (3ko)* = V).
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The second equation can be solved with respect to As if (S1) is satisfied. The
third equation can be resolved with respect to Wi if (S2) is satisfied. The fourth
equation can be resolved with respect to Wy if (S3) is satisfied. Hence, under the
assumptions (S1)—(S3) the residual Res(e., e1) is formally of order O(e?) if the
above ansatz is plugged in. Due to the loss of e~! by scaling in R? the residual is
only O(g%) in L? which is not sufficient according to the above outline of a proof.

In order to obtain O(e?) in L? we have to extend the above approximation
further, namely e, by

+ ety (s(x —¢qt), 5215) ellkoztwot) 4 ¢ o

+ M Wa1 (e(z — cgt), %) edikortwod) 4 ¢ e
and e, by

e An (e(x — cqt), €%t) ekorteol) ¢ e

+ e Az (e(x — cgt), £2t) ¥ilkortwot) 4o

The variable A;; solves an inhomogeneous linear Schrédinger equation and the
variables As1, W11, and W3y satisfy algebraic equations which can be solved under
the same conditions (S1)—(S3). Hence we have established the validity of the above
claim under the validity of the non-resonance conditions (S1)—(S3).

Theorem 5.7.3. Under the assumptions (S1)—(S3) the following holds. Let A €
C(]0,Ty], H*A(R,C)) be a solution of the NLS equation (5.42) with sa being suf-
ficiently large. Then there exist eg > 0 and C > 0 such that for all e € (0,e¢) the
difference between true solutions of (5.37) and the approximation is less than Ce?
in the sup-norm uniformly for all t € [0,Ty/£?].

We strongly expect that the method presented in this section applies to
Maxwell’s equations and two dimensional photonic crystals, i. e., when Fourier
transform in the z-direction has to be replaced by Bloch wave transform. This has
to be subject of future research.
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