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Calculus 3b

Preface

Preface

Here follow some guidelines for solution of problems concerning sequences and power series. It should
be emphasized that my purpose has never been to write an alternative textbook on these matters. If
I would have done so, I would have arranged the subject differently. Nevertheless, it is my hope that
the present text can be a useful supplement to the ordinary textbooks, in which one can find all the
necessary proofs which are skipped here.

The text presupposes some knowledge of Calculus 1a, Functions in One Variable, and it will itself be
the basis for the following Calculus 4b: Fourier Series, Differential Equations and Eigenvalue Problems.
The previous text, Calculus 2b, Functions in Several Variables will only be necessary occasionally.

Chapter 1 is a repetition of useful formulae — some of them already known from high school — which will
be used over and over again. The reader should read this chapter carefully together with Appendix A,
which is a short collection of formulse known previously. These will be assumed in the text without
further reference, so it would be a good idea to learn these formulse by heart, since they can be
considered as the tools of Calculus which should be mastered before one can proceed.

The text itself falls into two main parts, 1) Sequences of numbers and functions, and 2) Series of
numbers and power series. The more general series of functions occur only rarely in this text. I felt
that the main case of Fourier series should be put into a later text, because the natural concept of
convergence is not the same as the convergence dealt with here. I have seen too many students being
confused by the different types of convergence to let these two main cases clash in the same volume.

Comments, remarks and examples will always be ended by the symbol ¢, so the reader can see when
the main text starts again.

In general, every text in the Calculus series is given a number — here 3 — and a letter — here b — where
a means “compendium”,
b means “guidelines for solutions of standard problems”
)
c means “examples”.

Since this is the first edition of this text, there may still be some errors, which the reader hopefully
will forgive me.

21st June 2008
Leif Mejlbro
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Calculus 3b Repitition of important formulze

1 Repetition of important formulae

1.1 Decomposition

Today this technique is less practised than earlier because it has become easier to use the command
expand or similarly on a pocket calculator. Unfortunately this method is not always successful, and
even MAPLE may sometimes give some very strange results concerning decomposition. Now, decom-
position occurs in the most unexpected places in Calculus (and in the technical sciences), so in order
to amend the shortcomings of the pocket calculators, the reader should at least know how in principle
one can decompose a fraction of two polynomials so that one is able to modify the method when e.g.
an application of expand fails.

The practical performance of decomposition is best illustrated by an example with a list of the standard
steps needed. This will in several ways differ from the method given in Calculus 1a, Functions in One
Variable, because the reader must be considered as been at a higher level when reading the present
text than earlier.

Example 1.1 Decompose the fractional function, i.e. the quotient between two polynomaials

4
flz) = m = polynomial + basic fractions
b d-
= polynomial + “ + crdr

(x —1)2 x71+x2+1'

We see that the task is to find the polynomial and the constants a, b, ¢ and d, where the theory from
Calculus 1a, Functions in One Variable assures that this representation is unique.

1) Factorize the denominator.
This has already been done.

2) If the degree of the numerator is > the degree of the denominator, we separate a polynomial by
division. This polynomial is the first part of the result, cf. the description of the task. We shall
first use this polynomial again in the last step.

In the actual case we see that
xt 23 — 222 + 22 — 1
f@)= gy =1+ 30,2
(x —1)2(z2 + 1) (x —1)2(x2+1)

The polynomial (here the constant 1) is saved for the final result.

3) (Deviation from Calculus la, Functions in One Variable). A trick here is in the next step to choose
the simplest of the two fractional functions describing f(x), i.e. before and after the separation of
the polynomial. The following method will give the same result, no matter which representation of
the fractional part is chosen.

In the actual case we shall make a choice between
xt 223 — 222 + 22 — 1
—————————————————————— O
@-12@2+1) % T@-12@2+1)

The first fraction looks “nicest”, even though the degree of the numerator is 4. We shall therefore
choose this one in the following.
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Calculus 3b Repitition of important formulze

4) The cruz of the procedure: Choose any root in the denominator. (This is the reason why we start
by factorizing the denominator, so the roots can easily be found). Hold your hand or finger over
this Toot and insert the root in the rest of the fraction.

In this case the denominator has the real double root z = 1. Remove (z—1)? from the denominator
(done in practice by holding a hand or finger over it) and insert = 1 in the rest of the fraction.

Then we automatically get the coefficient a of W, ie.
T —
[ et RS
o le?+1,., 1241 2
Then reduce f(z) to
zt 1 1
f@)=F—mm =5 3t fil2),

(x—1)2(2+1) 2 (z—1)

where f1(x) denotes the rest, which should not yet be calculated.

Remark 1.1 This method can in principle also be applied for the complex roots x = + i. One
should here always think about if the complex calculations will become simple or not by applying
this method. ¢

5) Continue in this way with all the different real roots in the denominator. Think it over if it would
be profitable also to use it on some of the complex roots.

Returning to the example under consideration we see that 1 is the only real root. The method
applied to the complex roots will give some heavy calculations, although they will lead us directly
to the result. Since we here are more interested in giving some standard guidelines in the real case,
I shall decline from giving the complex variant, leaving this task to the reader as an exercise.

6) Find by reduction explicitly the simpler function fq(x), which is obtained by removing all the basic
fractions in 4) and 5).

Since we have not chosen the complex variant, we have already given f;(z) as a part of the example
belonging to 4). By a rearrangement and a reduction we get

xt 1 1 22+ 1 1 2t — 2?2 — 1
hi@) = e ==
2 2

(z —1)2(2% + 1) c—12 2241 2 (z—12x2+1)

If we have not introduced some error, then x — 1 must necessarily be a divisor in the numerator:
20t — 2% —1=22%)2 -2 - 1= (22> + 1)(2® = 1) = (x — 1)(z + 1)(22°% 4+ 1).
By insertion we finally get by a reduction,

1 (-D(@+1)(222+1) 1
Mo =5 sy "2

(x+1)(222 + 1)
(@—D@2+1)
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Calculus 3b Repitition of important formulze

7) Repeat the procedures 4), 5) and 6) on fi(x).

In the present case we shall hold our hand over x — 1 in the denominator and insert x = 1 in the

1
rest. This will give us the constant b of 1 ie.

po |1 (x+1)(222 + 1) Sl 0+1E+1) 3
2 2 +1 2 1+1 2

r=1
Another insertion gives

1 (z+1)(222+1) 3 1
ho) =5 oDz 2 -1

+ f2 ('T)7
hence by a rearrangement and a reduction,

(x+1)(222+1) 3 1 z22+1

fale) = 5
z) = =. 2. .
: 2 (@-1)@2+1) 2 z-1 a2+1
= (some longer calculations, which are not given here)
1 x
= 1+ .
+ 2 2241

8) Repeat 7), as long as possible.

In the considered case we have finished the task.

9) Finally, collect all the results found previously in order to get the final decomposition.

In the chosen example we get

a*t 1 1
@D - 2 o1 W
1 1 3 1
TR RS IER R R
_ 1Jr1 T 1 1 +§- 1 o

PR R R P DR S

An important special case is

P(x)

Theorem 1.1 Heaviside’s expansion theorem. Let f(z) = be a fraction of two polynomials
where the degree of the numerator is strictly smaller than the degree of the demominator.

Assume that the denominator only has simple roots, e.g.

Q@) = (z—a1)(x —az) - (x — an).
Define Q(x), 7 =1,...,n, by deleting v — a; in Q(z), i.e.
Q(x)

Qj(x)zxfaj =(@—-a) - (@—aj-1) (z—aj41) - (z—an).
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Calculus 3b Repitition of important formulze

Then we get the decomposition

P(x)  P(a1) 1 P(ay) o1
Q(.T) B Ql(al) T —ay * N Qn(an) T — Qnp .

fx) =

Proof. This follows immediately by using the method of holding your hand over the simple roots. ¢
A variant is the following:
P(z) ) ,
Theorem 1.2 Let f(x) = ——= be a quotient between two polynomials where the degree of the nu-
x

merator is smaller than the degree of the denominator.

Assume that the denominator has only simple roots, a1, ,a,. Then the decomposition can be written

_Pl@)  Pla) 1 o, Pla,) 1
= 0@ = Q) v T Q) T —an

The two theorems above can also be applied for simple complex roots in the denominator.
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Calculus 3b Repitition of important formulze

Example 1.2 Decompose

-1 @-DE- )a+D)@+ i)

An application of Theorem 1.1 gives a lot of calculations,
Qi) = (@ + 1)@ +1),  Qa2) = (=* ~ (= + 1),

Qs(z) = (z—1)(@® +1),  Qu(zx) = (2*—1)(z— i),

where

Qi) =4, @) =—41, Qs(-1)=—4, Qu(-i)=4i

By insertion we get

z 1 1 1 N 1 1
22—-1 4lz—-1 2—1i z+1 x4+ i)

Here, Theorem 1.2 is much easier to apply, because

Plz) x 1 a?
Q'(x) 4a3 4 a4
Since all the roots satisfy the equation a? =1, it follows that
P(ay) _ 1 a2
Q(a;) 4 7
where a? =1 for the real roots and a? = —1 for the imaginary roots, from which we get

e _1f1 11 o
ri—-1 4\lz—-1 2z2—i z+1 a4+ i’
1.2 Trigonometric formulae

We get from e.g. Calculus 1a, Functions of one Variable, the addition formule

1) cos(x 4+ y) = cosz - cosy —sinx - siny,

(

(2) cos(x —y) =cosx-cosy +sinx - siny,
(3) sin(z +y) =sinz - cosy + cosx - siny,
(4) sin(x —y) =sinx - cosy — cosx - sin y.

Mnemonic rule: cosz is even, and sinx is odd. Since cos(x + y) is even, the reduction can only
contain the terms cosx - cosy (even times even) and sinz -siny (odd times odd). Notice the change of
sign in front of sinz - siny. ¢

Analogously sin(x £ y) is odd, hence the reduction can only contain the terms sinz - cosy (odd times
even) and cosx - siny (even times odd). Notice that we here have no change of sign. ¢
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Repitition of important formulze

From time to time we need to simplify products of the type
sinx - siny, COS T - COS Y, sinx - cosy.

even even odd

We derive the simplifications of the addition formule above:

2sinz - siny = cos(z — y) — cos(x + y), (2) — (1),
2cosx - cosy = cos(x — y) + cos(z + y), (2) + (1),
2sinz - cosy = sin(z — y) + sin(x + y), (3) + (4).

The searched formuleae are then obtained by division by 2. They are called the antilogarithmic formule:

sinz -siny = i{cos(x —y) —cos(x +y)}, even,

1
COS X - COSY = i{cos(x —y)+cos(z+y)}, even,

1
sina - cosy = Q{sin(x —y) +sin(z +y)}, odd.

1.3 Notations and conventions

One of the main subjects in this text is concerned with power series. Some of these have already been

given in Calculus 1a, Functions of one Variable.

It is of paramount importance that the student is able to recognize the structure of the elementary
standard series. We shall here based on Calculus 1a, Functions in one Variable, once again go through
them. We shall also add a couple of new concepts which only will give sense later, but which are most

conveniently put here.

1) The faculty function n!

This is defined by

nl:=1-2---n fornéeN, and 0! := 1,

i.e. the product of the first » natural numbers with the convention 0! = 1 (the product of no
natural number is put equal to 1).

Warning. The notation is a little treacherous. In order to warn again later misunderstandings we
here calculate explicitly

2n+1)!=1-2---2n—1)-(2n)2n+1) = (2n — 1)!(2n) - 2n + 1),
2n)! = 1-2---(2n—2)-(2n—1)-(2n)
= 2n-2)!2n—-1)-2n) = 2(n—-1)!-(2n—1) - (2n).

When one later applies the method of power series in the solution of differential equations, one
often makes errors in these formulee, where there is a factor 2 (or in general # 1) in front of n. ¢
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Calculus 3b Repitition of important formulze

2) The binomial coefficients < Z >

These were introduced in e.g. Calculus 1a, Functions of one Variable, by

<a>:a-(a—1)~--(a—n+1) foraeR, neN

n ]_ . 2 e m
i.e. we have n factors in both the numerator and the denominator. Notice that the sum of a
“column” from the numerator and the denominator is a constant.

(a—j+1)+ j =a+1, j-th factor,

numerator  denominator
and that one subtracts nothing in the first factor of the numerator. Due to this displacement of
the indices we only subtract n — 1 in the n-th factor of the denominator, because 0,1,...,n — 1
are the n consecutive numbers, starting with 0.

I B Sweden
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Calculus 3b Repitition of important formulze

Note also the recursion formula

@ _a—n [ «
n+1 ) n+1\n )’
which is often preferred in numerical computations.

A practical convention is the extension to n = 0,

(5)-

If a=peNandn €N, then
p!

(p)zp-(p—l)---(p—n+1) nl(p —n)!

for n < p,

n 1-2---n -
0 for n > p.

In fact, if n > p, and they are both natural numbers, then j = n —p € N, and 0 must occur as a

factor in the numerator.

We emphasize

!
py__ P for n < pand p € N, and 0 otherwise.
n nl(p —n)!

3) The notation 0°.

According to Calculus 1a, Functions of one Variable, 0° does not make sense. However, when we
restrain ourselves to power series, we have a latent limit z — 0 for x°. Therefore, when power
series are considered, we shall always use the practical convention

0°:=1,

even if this does not make sense in general!

The introduced conventions

0l =1, (‘8‘):1, 00 =1,

correctly applied, will mean a huge relaxation in the theory of power series.

1.4 Standard power series

It is of paramount importance that one can recognize the most elementary standard power series.
These have already been given in Calculus 1a, Functions of One Variable.

It will here be convenient to split them into two different groups:

a) power like series, i.e. the radius of convergence is finite (for standard series usually 1),

b) exponential like series, i.e. the radius of convergence is always oo.

The notion of radius of convergence will formally be defined later. Here it is just mentioned to explain
why we split the standard power series into to different classes.

14
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1.5 Power like standard series

These are again in a natural way divided into three subgroups:

1 0
=> . ox" for |z < 1,
. 1—=z -
i) )
e = Yo (=1)ma™ for |z <1,

1+ax)p=>"

n=0

2™ forpeNand z € R

™ for |z <1and a € R,

(
() =T (|
(

-1 n—1
In(l+z)=>"", 11 am,  for |z| < 1,
iii)
Arctan z = Y >° ﬂx%*‘l for x| < 1.
"=02n +1 ’

(a polynomial),

Remark 1.2 It is not possible here in the calculus of real functions to explain why In(1 4+ z) and
Arctan x are naturally put into the same subgroup. This can only be seen clearly if one also has
Complex Function Theory at hand. Therefore, the reader just has to accept that this is a convenient
fact which still cannot be explained with the means we so far have at hand.

In general, a power series is notated

o0
g anpx™,
n=0

where the index n in a, is in accordance with the exponent n in ™. The idea is to recognize the

structure of a,, in the three cases above.

Group i) is characterized by a,, is equal to either 1 or (—1)", i.e. by a constant, and possibly with a

changing sign.
Group ii) is characterized by a,, being a binomial coefficient.
Group iii) is more tricky:

e In(1 + x) is characterized by

i.e. the index occurs only in the denominator supplied by a changing sign.

e Arctan x is characterized by

(="

n =20 —,
@2 o+ 1

and agp41 =

where only odd exponents occur. As with In(1+ ) the index is only occurring in the denominator.

15
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Remark 1.3 One may wonder why

(_l)nil £E2n
2n

[M]¢

3
Il
—

cannot be found on the list. The reason is the following formal calculations, which later will be proved
to be true for |z| < 1,

_1\n—1
( 1) x2n —
2n

n—

- (_1) ! n __ 1
; — (22" = 5 In(1 + z?),

NE
DO | =

Il
-

n
where one in the last equality substitute y = 22, then use the series for In(1+y) and finally substitute
back again. ¢
1.6 Recognition of power like series
Since we still do not have a sufficient pool of examples, we can only set up a general procedure.

a) Given a power like series Y > a,x™, i.e. the radius of convergence is finite (check the radius of
convergence).

b) Strip the coefficient a,, of its sign, |a,|. If |a,| is a fraction of polynomials in n, we decompose
after n, cf. section 1.1. Then each basic fraction, named b,, in the following, is treated separately.

c) If
by, is: think of:
tant ! ly] <1
constan —
K 1 :l: y? y )
binomial coefficient, (1 £ y)?, lyl <1,
1
-, In(1£vy), ly| < 1,
n
! Arct ly < 1
rctan .
m+ 1 Y, Y

d) In ¢) we get a hint of the type of the series. Substitute y in a suitable way, expressed by z, and
add, if necessary suitable powers of  [remember to divide by this outside the sum, and remember
to add the additional assumption that x # 0, because one is never allowed to divide by 0.] With
some luck this procedure will succeed in many cases — and in courses of Calculus in almost every
case.

Remark 1.4 It should be mentioned that one cannot reduce every power like series in this way. The
advantage of the theory of power series is that one by using it one can define new functions which
lie beyond the elementary theory of functions from e.g. Calculus 1a, Functions of one Variable . In
practical applications in engineering problems one can in this way design one’s own functions which
are convenient for the solution of a given technical problem. ¢
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1.7 Exponential like standard series

These are also in a natural way divided into three subgroups:

: — 1 n — (=" n
i) exp(x)= Z i exp(—x) = Z ( n') z", xeR,
=0 n=0 ’
i) sinx = i ﬂﬂ”“ sinh(z) = i ;1‘2714—1 reR
S = (2n+1)! ’ S = (2n+ 1) ’ ’
— (=1 — 1
iii) cosx = Z ((Qn;' ", cosh(z) = (2n)'$2n, z e R.
n=0 ’ n=0 ’

They are all characterized by having a faculty function in the denominator.

1
Group i) has a,, given by , posmbly supplied by a change of sign.

Group ii) contains only odd exponents, and ag, 1 is

(=1

1
m, possibly supplied by a change of sign

Group iii) contains only even exponents, and asg,, is possibly supplied by a change of sign.

1
(2n)!”
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Calculus 3b Repitition of important formulze

Remark 1.5 The exponential like standard series are in some sense easier to treat than the power
like ones. There is, however, a small pitfall in the case of trigonometric and hyperbolic functions,
where the leap in the indices is 2. When we e.g. identify a,, in

. _ — (_1)n 2n+1 __ = n
Smx —nzzomﬂj —;anx

one is wrongly inclined to identify a,, by (—1)"/(2n + 1)!. This is of course wrong, because the index
must follow the exponent, thus

a2n+1 = (—1)"
" (

Gnril & =00

1.8 Recognition of exponential like series

a) Given an exponential like series > a,z", i.e. the radius of convergence is infinite (check), and
the faculty function occurs only in the denominator.

b) Reduce a, in a convenient way to a sum of terms, the numerators of which are constants — possibly
supplied by a factor (—1)™ — and the denominators are pure faculty functions. Any such term is
denoted b, in the following.

c) If the denominator in b, is:

n! think of exp(y) or exp(—y),
(2n+ 1)! think of siny or sinhy,
(2n)! think of cosy or coshy.

d) In c) we get a hint of the type of the series. Choose a convenient substitution of y, expressed by z.
In particular be very careful by writing the correct exponent for the trigonometric and hyperbolic
functions. By some small pottering this procedure is usual successful — at least in courses of
Calculus.

Example 1.3 In order to illustrate the technique of introducing the auxiliary variable y, we shall
here show how we can find the function which is described by the series

1
x) = x"
10=-3 o
n=0

a) Since (2n)! occurs in the denominator, the series is of exponential-type.
1

b) It is seen by an identification that a,, = W, and we are apparently ended in the pitfall mentioned
n)!

in the remark on page 16.

c) According to the list > >° ﬁx" must be written on either of the two ways

- (_1)71 2n S 1 2n
cosyzz Y or coshyzzwy .

n=0 n=0
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Calculus 3b Repitition of important formulze

d) It is again seen by an identification that we have the two possibilities
(—1)"y?" = 2" ie. Y = (=1)"z" = (—z)" >0, n €N,
or
y2”:$”20, n € N.

The former possibility can only occur, when x < 0, and the latter possibility can only be satisfied,
when x > 0. We therefore have the two cases:

i) If x <0, we can use y = /—z = /|z], s0
f(x) = cosy = cos(v/—x) for z < 0.
ii) If z > 0, we use instead y = /x, so
f(x) = coshy = cosh(v/z)  for z > 0.

Summarizing we get

= 1 . [ cos(y=z) forz<0,
flz) = 7;) (2n)!x - { cosh(y/z) for z >0,

which could not be expected, if one has never seen applications of this time before. ¢

1.9 Integration of trigonometric polynomials
Problem: Find

/Sinmx -cos” x dux, m,n € Ny.

We shall in the following only consider one single term of the type sin™ x - cos™ z, of a trigonometric
polynomial, where m and n € Nj.

We define the degree of sin™ x - cos™ x as the sum m + n.

There are here two main cases what integration is concerned: Is the term of odd or even degree?
These two cases are then again divided into two subcases, giving us a total of four different variants
by integration of a trigonometric function of the type above:

1) The degree m + n is odd.

a) m = 2p even and n = 2¢g + 1 odd.
b) m =2p+ 1 odd and n = 2¢ even.

2) The degree m + n is even.

a) m=2p+ 1 and n =2q+ 1 are both odd.
b) m = 2p and n = 2¢ are both even.
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la) m = 2p even and n = 2¢ + 1 odd.
Apply the substitution u = sinx (corresponding to m = 2p even), and write

cos29t 4 dy = (1-— sin? x)?cosxdr = (1 — sin? x)?dsinz,

SO

/sinQp z-cos® T pdy = /Sin2p z(1 —sin® z)?dsinz = / u? - (1 —u?) du,

u=sinx
i.e. the problem is reduced to integration of a polynomial, followed by a substitution.
1b) m = 2p+ 1 odd and n = 2q even.

Apply the substitution u = cosz (corresponding to n = 2¢ even), and write

2p+1 2

sin zdr = (1 —cos’z)P coszdr = —(1 — cos?)P dcos z,

SO

/sin2er1 z-cos®xdr = — /(1 —cos®x)P - cos® wdcosx = —/ (1 —u?)? - u?? du,

U=Ccos T

i.e. the problem is again reduced to integration of a polynomial followed by a substitution.
2) When the degree m + n is even, the trick is to use the double angle instead as integration variable.
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Calculus 3b Repitition of important formulze

Here we use the formulee

2 2

. 1 1 . 1 .
sin® 2 = 5(1—005295), cos”x = 5(14—00829&), sinz - cosx = 5511123;.
2a) m =2p+ 1 and n = 2¢ + 1 are both odd.

Rewrite the integrand in the following way:
. 2p+1 2g+1 1 Pl 1
sin“? - cos®T = 5(1—(:05230) 5(1+c082x) . §s1n2:n.

The problem is now reduced to the case 1b), so by the substitution u = cos 2z we get

1 1
/Sinszr1 z-cos® T pdr = “opterl 3 /uzcos%(l —u)?(1+u)? du.

We see that the problem is again reduced to integration of a polynomial followed by a substitution.

2b) m = 2p and n = 2q are both even.

This is the most difficult case. First rewrite the integrand in the following way:

1 Pl !
sin2pm~cos2qx={2(1—0082$)} {2(1+0082$)} .

We see that on the left hand side the degree is 2p 4+ 2¢ in (cos x,sin x), while the degree is halved on
the right hand side to p + ¢ in (cos 2z, sin 2z), i.e. we now use the double angle. On the other hand
we are forced to replace one single term by many terms, which now must be treated separately.

Since we halve the degree, whenever 2b) is applied and since the other cases can be calculated imme-
diately, the problem can be solved in a finite number of steps.

Example 1.4 Let us calculate the integral
/ cos® x dz.

The degree 0 4+ 6 = 6 is even, and both m = 0 and n = 6 are even. Hence, we are in case 2b). When
we switch to the double angle we get the following calculation of the integrand

3
1 1
cos® = {5(1 + cos2x)} = g(l + 3 cos 2z + 3 cos® 2z + cos® 2z).
Integrations of the first two terms are straightforward:

1 1 3
g/(l—l—Scost)dm = §x+ T sin 2.

The third term is again of type 2b), so we have to double the angle again,

1 3 [1 3 3
5/300522xda:: §/§(1+cos4x)dx=1—6x+6—451n4x.
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The last term is of the type la), so

1 1 1 1 1
§/c0532:cdx: g/(lfsin22x)~§dsin2x: 1—6$in2x—4—8sin32$.

Summarizing we get after a reduction

6 9 Lo I I 2
/COS rdr = 16 x + sin 2z 18 sin” 2z + 64 sin4zx. <>

1.10 Use of pocket calculators

The use of pocket calculators will usually be admitted; but they may be dangerous to use on series.
The reason is that there are still lacking a lot of recognizable series in the memory of the pocket
calculator (the known series are typically the standard series in the previous section, and no more).
If one e.g. type in

Z( 7”11’00)

on a TI-92 or TI-89 or HP-48, one of the following three events will occur:

1) We are so lucky that the pocket calculator actually recognizes the series. Then we get the right
answer, but since the pocket calculator typically only knows the standard series above we might
as well have used tables instead. This is, however, a minor point.

2) The pocket calculator does not recognize the series and it chooses to stop. The pocket calculator
is rescued, but we have not obtained the desired solution.

3) (Worst case!) The pocket calculator does not recognize the series, but continues its calculations! I
have once myself in a test experienced this phenomenon, where the calculations did not stop, until
T had removed all the batteries (including the backup battery). All my information was lost, but
I rescued the pocket calculator. This test was provoked by one of my students who did not know
how to stop the calculations. The guarantee had to give him a new pocket calculator, and he was
an experience richer!

It is always one’s own responsibility if one relies on results from pocket calculators. These also contains
errors. For instance the older versions of TI1-92 and TI-89 will give wrong results by calculating

x
1
—dt for x < —1,
/_2 V2 -1
because they were simply missing some numerical signs in their catalogues of standard functions. This

has been reported back to Texas Instruments, so I guess that at least this error does not exist any
more
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Finally, I have also found wrong results in earlier versions of MAPLE in integrals like e.g.

/2 1
/ —da:zz, a € R,
o l+tan“z 4

when oo = 1/2, 3/2, 5/2, etc., and there are continuously found new examples. In some cases I have
found some other more advanced examples where even MAPLE cannot give the right answer without
a very active help of the applier. Hence,

Never trust blindly a result found by a pocket calculator or by MAPLE or Mathematica. These
utilities also contain errors.

On the other hand, since they exist, they should also be used, but do not forget to use your
brain as well!

Download
brochure
here!
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Calculus 3b Real sequences, folklore

2 Real sequences, folklore

In this short chapter we present some “dirty tricks” which may be useful when solving problems with
simple sequences.

2.1 Rules of magnitude

From Calculus 1a, Functions of one Variable we already know that

Inz
— — 0 forz — oo, when « > 0;
x

rz-Inx — 0 for x — 0+,

(a power function “dominates” any logarithm).

xa

— — 0 forz — oo, when o > 0 and a > 1,
ar

(an exponential “dominates” any power function).

We here add

an
— =0 for n — oo, when a > 0,

n!

(a faculty function “dominates” any exponential),

Proof. By choosing N > 2a, it is easily seen that for p € N and p — oo we have

| 0| a-a---a-a-*-a < g 0
. B . _ a . - — .
N+p N+p 1-2.--N-(N+1)---(N+p) — N 2
Furthermore,

n!
— =0 for n — oo.
nn

Just modify the proof above,

2.2 Square roots etc.
Problem: Assume that a,, — co. How can we estimate expressions like

Van4+1 — 4/ Cn,

where the type of convergence is “oco — 00”7 Cf. page 26.

Rewrite the difference in the following way:

e WA = V@) (T VE) _ angs —a
\V an+1 \/771_ \/mJ'_\/(Z 7\/@“‘\/@’

and proceed with the right hand side (rules of calculation etc.).

This method can be extended. We have for instance

Vnt1 — V/an =

Ap4+1 — Qn

(Yans1)” + g1 - an + (an)®

which follows immediately by a multiplication by the denominator.
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2.3 Taylor’s formula

We let e(z) — 0 for x — 0 denote some unspecified function, which tends towards 0 for z tending
towards 0. From Calculus 1a, Functions of one Variable, we retrieve the following important expansions
of first order:

L =1+z+a-e(z), s =1-a+x-e(x),
1+z2)*=1+azr+z-e(z), Vitz=1+1iz+a e(z),
In(l+2z)=x+x-¢c(z), Arctan z = z + 22%¢(x),
exp(x) =142+ -e(x), exp(—x) =1—a+ - e(x),
sinx = x + 2%¢(z), cosz =1+ e(z),

sinhz = z + 22%¢(x), coshz =1+ x-e(x).

These are the most common cases, but some expansions of higher order may occur, cf. the following
examples. They are typically applied by a first approximation.

Example 2.1 a) We get from sinz = x + z2¢(x) that

: 2
s1nx:x+:c€(w):1+x.€(x)_)1 for 2 — 0.
T

X

A variant for sequences is obtained by replacing = by % for n — oo:

o1 1 1
n-sin—=14+—¢(—-) —1 for n — oo.
n n \n

b) When the same first order approximation is used on (sinz — z)/x?, we get

sine —x  x+ae(x) —x ()

)

x3 3 x
which is of the type “0/0” for  — 0. The solution here is to expand sinz to a higher order
sinx—x—ix?’—i—x‘l( S g g
= 30 e(r) =2 % + z%e(x).

Let us try again,

: 1,3 .4
sine —x @ —gr° +ate(r) —w 1
e 3 =—6+x-5(x)—>—6 for x — 0,

and this time we succeed.

¢) In order to find the order of expansion in general, always start by finding the order of the roots of
the denominator. This is 1 in a), because x = z!, and it is 3 in b). We shall now consider

cosz — 1+ a2

fi 0.
cos(z?) — 1 orr
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2

If we put y = 2=, we get the denominator

1 1 1
cos(z?) —1=cosy—1=1— §y2 +y%e(y) — 1= —§y2 +y%e(y) = —§z4 + zte(2),

because both £(y) and e(x) tend towards 0 for x — 0, since y = 2.

The reduction shows that the denominator has a root of order 4 in & = 0. Consequently, the
numerator shall also be expanded up to the fourth order. Since

1 1 1 1
cosr =1-— EIQ + Ix‘l +2%e(z) =1— §x2 + ﬂx"‘ + 2¢(x),

we get for the numerator

1 1 1 1 1
cosx — 1+ 5332 =1- 53:2 + ﬂzA +2%e(x) — 1+ §x2 = ﬂx‘l + 2°¢(x),
hence by insertion
1.2 1 4 5 1 1
COST + 57 _ 2% +ave(r) 241+ ve(r) 21 _ )
cos(v?) =1 —gat+axte(x) —5+e(x) -3 12

A variant for sequences is obtained, when x is replaced by % for n — oo:

cos(p) =1+5m 1
cos(l)—l - 12f0rn—>oo. 0

n2

f(n)

In the applications we have more typically a quotient like (n) for n — oo. This type of problem is
g(n

transformed back to Taylor’s formula by the substitution n = 1/z, i.e. x =1/n — 0 for n — oco.

2.4 Standard sequences

It should in general be allowed to refer to the following standard sequences without any proof:

1
— — 0 for n — oo, — — 0 forn—o0oga>0,
n ne
Yn —1 for n — oo,
1\" a\™
1+ —) —eforn— oo, (1—1——) — e for n — 00,a € R,
n n

(—1)"*! is divergent, though bounded,

1 1 1
1+ 3 + 3 + -+ + — is divergent, and unbounded.
n
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3 Real sequences; description of procedures for different types
of problems

In this chapter we suggest some methods for solving problems containing sequences. The list of methods

is of course far from complete, if such a list does exist at all.

3.1 Sequences

1) Given a sequence (a,,) and a possible limit a € R. Show that a,, — a for n — oo.

a) Show directly that |a — a,| — 0 for n — oc.

Example 3.1 Show that a,, = % converges towards a = 1:
n
n (n+1)—n 1
la = axl ‘ n+1’ n+1 n—l—lH oo ¢
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b)

Split the sequence (a,) by using the rules of calculations into subsequences and exploit the
convergence of each of these.

Example 3.2 Show that a,, = % + (—1)™-27™ converges towards a = 1.
n

n
We write the sequence in the form a,, = b,, + ¢,, where b,, = o — 1 for n — oo due to the
n

example above, and ¢, = (—=1)"-27" — 0 for n — oo, because

1
|O—cn|:2—n—>0 for n — oo. O

2) Given a sequence (a,) with no hint of a prescribed limit. Examine whether (a,,) is convergent or
divergent.

2)
b)

Check if there is some obvious candidate for a limit. If so, go back to 1) above.

Split (a,) by means of the rules of calculations into subsequences like e.g.

b
bnicn, bn'cn’ _"’
Cn
and combinations of these possibilities. We treat separately each of the subsequences. If they
are all convergent, and no denominator is 0, then the convergence follows by the rules of
calculations.

Example 3.3 For
(3)
cos | —
__\"/
1
cosh (—)
n

Ay =

1
— - =1 for n — oo. O
Cn c 1

By the splitting in b

=

there will often occur some illegal types of convergence like
0
00 — 00, 0- oo, E7 eller -—.
00 0

We shall deal with these types in the following.

¢) Type oo — o0, i.e. ap = b, — ¢, where b, — o0 and ¢,, — oo for n — oo.

Rewrite the sequence by e.g. putting everything on the same fraction line or by using that

2 2
_bn_cn

= , or similarly.
bn + cp, Y

bn_cn

There are of course here many variants.
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Example 3.4 Let a, = vn?+n+1—n. Put b, = vn2+n+1 and ¢, = n. Then b, — o
and ¢, — oo for n — oco. Rewrite the expression like above,

b b2 —c2  (n*+n+1)—n? n+1
ap = n — Cn = = =
bntcn  VnZ4n+1l4n 1 1
n 1+*+72+1
n o n
1
1+ — 1
= L — = for n — oo,
1 1 1+1 2
1+ -+ =
non
because

1 1
1—|———|——2—>\/1+0+O:1 for n — oo. O
non

d) Type 0 - o0, i.e. a, = by, - ¢, where b, — 0 and ¢,, — oo for n — oo.

Here we have several variants:

i) Introduce some d,, — oo for n — oo, where ¢, /d,, is convergent, and where d,, is simpler
than ¢,,. Then consider

an = (by - dy) - (2—2)

1
Example 3.5 Let a,, = sin > vn? + 1. Then b,, = sin ( ) —0and ¢, =vVn2+1—
n

oo for n — oco. Choose the simpler sequence d,, = n — oo. Then

ot () () 5

Con(y)

Sln —

i 1+——>1 1=1
-1
n

1 1
for n — oo, because — 1 forz=— — 0 and 1—|——2—>1forn—>oo.<>
n n

1
ii) If b, — 0+, then T oo. In this case we rewrite the expression in the following way,
n

O
1 )
bn

which is of the type 2 Then contain like in med e).
00

an =b, ¢, =

e) Type g, i.e. ap = by/cp, where b, — 0o and ¢, — 00 [or —o0].

Isolate the dominating terms in both the numerator and the denominator, and divide by the
dominating term of the denominator.

29
Download free eBooks at bookboon.com



Calculus 3b Real sequences; description of procedures for different types of problems

Example 3.6 Let

n3 4+ 2n% —Tn — 20
nt +173n3 + 1135 °

ap =

If we put b, = n®+2n? —7n—20 and ¢,, = n* +173n3 + 1135 (> 0 for all n, so we never divide
by 0), we see that b, — oo and ¢, — oo for n — oo. The dominating term in b,, is n3, and the
dominating term in ¢, is n*. Rewrite in the following way,

i 220

n® +2n2% —Tn — 20 n n?Z2 nd
In =" 3 - 1 1135
n*+173n3 4+ 1135 n4{1+ 73+ }

n n
1+2 7 20
1 e B 140-0—-0
= 1 R 1T 0x0 =0 for n — oo. O
+ ==+
n n

0
f) Type o’ i.e. ap, = by/cp, where b, — 0 and ¢,, — 0 for n — oo.

In this case one will usually apply Taylor’s formula.

Example 3.7 Let

1 1
Arctan — 1 Arctan —
a, = ———"% = cos (—) _—
1 n L1
tan — sin —
n n

1 1

Here cos — — 1 for n — o0, so this factor does no harm. When we write x = — — 0 for n — oo,
n n

we get by Taylor’s formula, that

Arctan n  Arctan x

_w+a’e(x) 14 ae(w)
sinz  x+a22e(z) 1+ 2e(x)

— 1 for n — oo.
sin —
n

Using the rules of calculations we get that a,, — 1-1 =1 for n — co. ¢
g) In some malicious cases it is not possible to find the exact value of the limit. In such cases it

is extremely important first to prove the convergence, by e.g. monotonous convergence.

i) Show that the sequence is weakly increasing (decreasing).
ii) Show that the sequence is bounded from above (from below).
It is first after this analysis that one can trust a limit found on e.g. a pocket calculator. (Be

careful here, because experience has shown that in some cases the pocket calculator cannot be
stopped again!)
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Example 3.8 It is easily proved that

UL G
Ay = - — “ee —
" 2 3 n

is increasing and unbounded i.e. divergent. If one dares to risk one’s pocket calculator (check
the guarantee in advance!) and type in a,,, and then let the pocket calculator perform the limit
n — 0o, we can expect one of the following three things to happen:

i) The pocket calculator recognizes the sequence, which nevertheless may be considered to be
very unlikely.

ii) The most likely situation is that the pocket calculator just cannot be stopped. If e.g. the
rounding off is 107!, then the pocket calculator must add 10'* numbers in even the most
reasonable setup. We have had some bad experiences, where the command could not be
stopped.

iii) Finally, if the pocket calculator is able to give a finite number as the result, we may also
have the problem that due to the rounding off, a, will be considered as a constant for
n > N, and every element in the sequence, hence also ay, is finite. But due to the rounding
off this cannot be the true answer. ¢
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h) Sequences of the structure of segments like e.g.

! + ! + + 1
an: PPN R
n+1l n+2 2n

(sum of n terms following following some pattern) can in some cases be considered as means
for some integral. The limit of a,, is then the value of this integral. However, students of today
will probably not use this method by their first encounter with the theory of convergent series.

3.2 Iterative sequences

When we are concerned with practical solutions of mathematical models, sequences of this type are
very important because the nature in general does not behave in such a way that calculus taught in
high schools or in the first years at universities will suffice. In the applications there are especially
three types of problems which are of interest:

1) Solution of a transcendent equation like

fi(z)=0 or fo(x) =z,
where f1(x) and fo(z) are given continuous functions.
2) Solutions of linear difference equations like e.g.
Tpt2 + Qpg1Tnt1 + bpzy =0, n € Ny,
where (a,,) and (b,,) are given sequences.

3) Solution of linear differential equations with variable coefficients.

The linear difference equations can in particular be found in connection with solution of linear dif-
ferential equations of second order by the method of power series, a section which we refer to in
this short description. They may also occur in other technical applications, like e.g. in theoretical
telecommunications.

Remark 3.1 When some linear differential equation with variable coefficients cannot be solved by the
method of power series it may still be solved by iteration. The idea is very simple, though no longer
in the usual examination requirements at the universities: A hint is to take an outdated textbook
in mathematics, in which the proof of the existence and uniqueness theorem for linear differential
equations still can be found. Rewrite this proof for e.g. MAPLE. It is remarkable that an old proof
which a long time ago sunk into oblivion now again can be used with the new advanced computer
programs at hand. ¢

The proofs of the first and third case above rely on the important fiz point theorem. This theorem will
be treated more thoroughly in the next chapter. It remains the solution of a transcendent equation
like e.g.

fi(x)=0 or fa(z) = x,

where we assume that f; and fo are continuous. In the former equation we shall find the real zeros
of f(x), and in the latter equation we shall find fix points of the function f, if zeros or fix points do
exist. The two problems are obviously equivalent,

g1(z) = filr)+z=a  or  go(z):= fo(x) —2=0.
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The fix point version is rewritten as an iterative sequence by

Ap41 = f(an)7 n e N07
where ag is some prescribed initial value which we to some extent can choose ourselves.

Analysis. Draw the graphs of y = f(z) and y = z, respectively. The fix points are the intersection
points. Use the figure to find a suitable initial value ag for the iterative process.

We get a variant if the iterative sequence is given by the equation a,+1 = f(a,), where f(x) is a
continuous function. In that case we argue in the following way:

If (a,) is convergent with the limit a, then we get by taking the limit in the recursion formula, that
lima,y; = f(lima,), ie. a= f(a),

where the continuity of f assures that one can interchange the function and the limiting process. Then
we solve the equation f(a) = a in order to find the possible limits a. (We may get more possibilities,
where some of them do not have to be the correct limit).

Check of convergence. When we have found the possible limits a, we must not forget also to prove
that the sequence is convergent. We shall typically show that

la —an| — 0 for n — oo.

Here we can use the methods, which have been sketched in the previous section in this chapter.

3.3 Sequences of functions

The concept of a sequence of functions is derived from the concept of sequence of numbers, so it is
quite reasonable to treat problems of sequences of functions right after the treatment of sequences of
numbers. It will be shown later in the text why the sequences of functions are so important. The first
problem follows quite naturally:

Problem. Given a sequence of functions (f,(z)), fn: I — R, neN.
Examine whether (f,,(z)) is pointwise convergent or not.

Choose any fixed = € I. Check whether the sequence of numbers (fn(z)) is convergent or divergent,
cf. 1) and 2) in section 3.1..

Since z € I usually is considered as a variable, it may be helpful in the beginning of the learning
process temporarily to put 2z = a and then examine the sequence of numbers (f,(a)) instead, because
a traditionally is considered as a constant. By the end of such a course in calculus this trick should
no longer be necessary.

Problem. Given a sequence of functions (f,(z)), fn: I — R, n € N.
Examine whether (f,,) is uniformly convergent or not.

a) First check if all the functions f,(z) are continuous. They usually are, but in principal they do not

have to be continuous. When this is not the case one has to start from the very beginning only
using the definition, and one cannot proceed with b) etc. below.
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b) Check if (f,(x)) is pointwise convergent.

1) If ‘no’, then the sequence is neither pointwisely nor uniformly convergent.

2) If ‘yes’, find the pointwise limit function f(x), and proceed with ¢) below.

c) If the pointwise limit function f(z) is not continuous, it follows from a) and a theorem in the next
chapter that (f,(x)) is not uniformly convergent.

If instead f(x) is continuous proceed with d) below.

d) Remove the variable x by an estimate like
[fn(2) = f@)] < sup|fu(@) = f(@)| <an,  neEN,
e

where a,, is not depnding of x.

If a,, — 0 for n — oo, then (f,,) is uniformly convergent with the limit function f(z).

The method of examination of uniform convergence may be expressed in a flow diagram. See the next
page.

Remark 3.2 In the real life one may obtain the last possibility. However, exercises in calculus courses
are always constructed in such a way that if one does not make errors in one’s calculations, then one
will always end up in one of the three boxes to the right, and the question of uniform convergence will
at the same time have been answered. ¢

Interchange of the limit process and the integration.
a) Show that (f,) — f uniformly, cf. the above.
b) Refer to some suitable theorem.

c) Interchange the limit process and the integration,

n—oo n—oo

lim : fn(2) do = /1 lim f,(z)dr = /I f(z)dx.

Remark 3.3 Point c¢) must not be applied, if we only have got pointwise (and not uniform) conver-
gence, fn(x) — f(x) for n — oo. Instead one has to calculate a,, = [, fn(2) dx and check if (ay) is
convergent or not, cf. 2), because (a,,) is a sequence of numbers and not a sequence of functions. ¢

Interchange of the limit process and the differentiation.

Let (fn), fn : I — R, be a sequence of differentiable functions with continuous derivatives f/. (Check!)

a) Check if f,,(x) — f(x) pointwisely for n — oo, cf. above.
If ‘no’, we cannot interchange the two processes.

If ‘yes’, then f(x) exists, so we can proceed with b).
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Does f,(z) — f(x) converge 1o (fn) is neither pointwisely
pointwisely for n — co? nor uniformly convergent.
yes
- . no . . .
Is the limit function (fn) is pointwisely,
f(x) continuous? but not uniformly convergent.
yes
Estimate z)— f(z)| <a
o) = fl@)] < an yes (fn) is both pointwisely

forall € 1. and uniformly convergent.

Does a,, — 0 for n — o0?

no

Find a better estimate of a,,,

or try to show that (f,,) is not uniformly convergent.

One can always ask someone who knows more about the subject.

Figur 1: Flow diagram for uniform convergency, assuming that all f,,(x) are continuous.
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Calculus 3b Real sequences; description of procedures for different types of problems

b) Check if the derivatives f](x) — g(x) converge uniformly for n — oo, cf. above.

If “‘yes’, it follows from some theorem in the text book (quote it!) that

f'(x) = g(x) = lim f, ().

n—oo
If ‘no’, we have got a problem, which needs some rethinking.

Remark 3.4 One should in elementary courses on sequences never get the answer ‘no’ in b). If one
does (still in elementary courses), one must have made an error. (Find it!) In real life one can easily
get ‘no’ in b), because the nature is here dictating the mathematics, and not the other way round.
Fortunately there exist some more advanced mathematical disciplines, which can solve the problem.

O
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4 General series; tricks and methods in solutions of problems

4.1 Definition

The concept of a series is derived from the concept of sequences (cf. the previous chapters) and they
must not be confused. One should therefore notice the difference between the definition below and the
definition of a sequence.

By a series we shall understand a symbol like 7 | a,, or > > \ a, or similarly, where one imagine

that all the numbers a,, have been added for n in the index set {1,2,...} or {N,N + 1,...}, or
similarly, given by the summation sign in the prescribed order.

In order to be able to use series in our calculations we need a new concept, namely convergence.
Definition 4.1 We say that a series Y - | a,, is convergent (divergent), if and only if the correspond-
ing sequence of segments

n
Spi=ay+ax+---+a, = g ag
k=1

is convergent (divergent).

In case of convergence the series is given the sum

[ee] n
s = E an := lim s, = lim E .
n—oo n—oo
n=1 k=1

Remark 4.1 In words, this means that the meaningless concept of an infinite sum is traced back to
finite sums where one adds more and more terms, until the index set has been exhausted. We are in
this interpretation closely bound to the fact that the index set should be set up in a sequence — one
says that the index set is ordered. ¢

Contrary to so many other mathematical definitions it is actually possible from time to time to use
definition 4.1 in practical problems. More of this later.

4.2 Rules of calculus

We have only got rules of calculus for convergent series, and even these may be very treacherous. One
should in particular be very careful when one applies the following one:

Theorem 4.1 Assume that both >, a, and Y .~ | b, are convergent series (check!) with the same
summation index set (check!), and o and B are two real numbers. Then

az an —l—ﬁan = Z(aan + Bby).
n=1 n=1 n=1

Remark 4.2 (Important). This equality sign is not symmetric! The right hand side may be conver-
gent, while neither of the two series on the left hand side is convergent!

Ife.g. a, = (—1)" and b, = (—1)""!, and o = 3 = 1, then both Y~ | a,, and Y -, b, are divergent,
while

Z(aan + pby,) = Z 0=0 is convergent! O
n=1 n=1
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Later in the applications we shall often use this rule from the right towards the left, i.e. the illegal way!
In that case one shall always check afterwards if the two subseries Y | a,, and > 7, b, indeed are
convergent. ¢

Remark 4.3 There is no similar rule for the product:
oo oo o0
Z anby is not equal to Z ay * Z bn,
n=1

n=1 n=1

a statement which unfortunately is often seen at examinations. Of course one cannot just plug in
summation signs at pleasure in front of factors of a product! ¢

4.3 Change of index

If the domains of summation for two convergent series >~ a,, and Z;’o:p b, are not the same, then
we cannot directly apply the rules of calculus. We must first perform a change of indices on one of
the two index sets. In the example above it will be quite natural to change the index of Zfbo:p b,
such that the summation starts by n = 0. Notice, however, that one can easily get into that situation
where it would be more convenient to change the summation domain in Z;o:o an to start from n = p.
There is here no general rule.

The procedure is the following:

a) Introduce a new variable m by n = m + p. Then m = 0 for n = p, and m =1 for n = p+ 1, etc.
Hence we get by the substitution

S b= bip.
m=0

n=p

As a check one examines the first term in the two series: The first term on the left hand side is b,
and the first term on the right hand side is by, = by, so the two series contain the same terms as
previously, this time arranged in the same order.

b) Delete one of the arcs in the letter “m”, so that one again writes “n”,

S b= 3 = b
n=p m=0 n=0
In the example in the beginning we therefore get

Z an + Z b, = Z an + Z anrp = Z{an + bn+p}a
n=0 n=p n=0 n=0 n=0

different Same suinina-
summation sets tion set

assuming that both series are convergent.

Warnings of the transformation: If an index is multiplied by a constant, which often occurs in
connection with a power series, then one must be very careful with step a) above. We have for instance

o0 o0 o0 oo oo
nzla&n/ = mZ_OCLQ(m_,_l) = Z A2m+2 = 7;0@2714& 7é T;Oa%z—&—la

= = m=0 =
even odd
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where the following wrong variant is often seen at examinations

=1 = 1 = 1
2 @) 2 = 2 Gng oy e 7 2 Gnrnif O

n=1 n=0 n=0

4.4 A general advice

Never use the General Principle of Convergency in practical problems! The General Principle of Con-
vergency for series is very important in theoretical considerations, but not at all in practice. And even
if one should be so lucky to use it correctly, there will later be shown some other criteria which will
give the same result in a much easier way with much more information.

4.5 Elementary standard series
We collect here some standard series for later reference.

1) A quotient series
If -1 <k <1, then

=14kt k2+ k=
> +h+E 4+ -

n=0

where we have the variant
o0 oo k
kK" =k K= —.

The quotient series is coarsely divergent for |k| > 1.
Notice that the sequence of segments s, for every k € C is given by
Ertl —1

=Y K =14kt + k"= E—1
=0

for k #£ 1,

n+1 for k = 1.

This sequence of segments occur fairly often in problems. When k # 1, we get the result by
multiplying by k& — 1.

2) The harmonic series

is divergent!

[M]8
S|

3
Il
_

Remark 4.4 The traditional wrong argument here is the following: “Since a,, = 1/n — 0 for
n — 00, the series must be convergent, because it satisfies the necessary condition of convergence.”
The necessary condition of convergence is unfortunately not sufficient in this case. ¢

3) The alternating harmonic series is convergent with the sum

1
—)™ 1.2 =12
(-1~ =

NE

n=1
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4) slowly convergent/divergent series.

The series

o} o0

1 9]
Do 2
n=1 n=2

are (slowly) convergent for o > 1 and (slowly) divergent for v < 1.

S|

1 1 1
. . te.
(Inn)e’ Z n-Inn (Inlnn)e’ e

We here say that the convergence/divergence is slow, in order to express that we have absolutely no
chance in calculating the value of the series by using pocket calculators or MAPLE. For instance,
if we let a pocket calculator add the first 10° terms of the (divergent) harmonic series above, it
is easy by applying the integral test that the sum has barely passed 21, so one would be tempted
wrongly to conclude that the series is convergent. (Intuitively 21 lies “very far away” from infinity).
The importance of these slowly convergent series does not lie in their explicit sums, but in the fact
that they can be used in the comparison test in order to decide if another series is convergent or
divergent.

5) Important special cases.

=1 72 =1 7t
2oz=g wm Y g5
n=1 n=1
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4.6 Types of Convergence

1) Coarse divergence.
We say that the series is coarsely divergent if the necessary condition for convergence is not
satisfied, i.e. if

an -+ 0 for n — oo.

Although this terminology is very practical, it is not commonly used, so one may not find the term
“coarse divergence” in the textbooks. The reason for its introduction here will be made clear in
the following.

2) Absolute convergence.
The series Y| a, is said to be absolutely convergent, if

o0

Z lan| is convergent.

n=1

Notice that we have

oo oo
> an| <D lanl
n=1 n=1

3) Conditional convergence.

The series Y~ | a, is said to be conditionally convergent, if it is convergent, but not absolutely
convergent.

4) If a series is not of any of the types above, it is called divergent (though not coarsely divergent).

The type of convergence for a series can be found by going through the following flow diagram.

In any course of Calculus the problems will always be of a type such that all five results can only
occur in connection with Fourier series, where one often can make use of other results. The Fourier
series are treated in the following Calculus 4b, Fourier Series, Systems of Differential Equations and
FEigenvalue Problems.

Whenever one is only considering power series and one has made no error in the calculations one
will usually only end in one of the three upper boxes on the right hand side in the flow diagram.
We therefore have a weak test saying that if we do not end here in this particular case, then we
have probably made an error in our calculations. In that case one should start again from the very
beginning.

In the real life where the nature is governing we can of course get any of the five boxes of results.

No matter how a problem is formulated, experience shows that this flow diagram is optimal and the
closest one can get to some standard procedure.
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es
A. Is the series coarsely divergent? Y The series Y7 | a, is
Will a,, - 0 for n — o0? coarsely divergent.
yes
. yes . oo .
B. Is the series absolutely conv.? The series » >~ a, is
Is Y0 |an| < o0 ? absolutely convergent.
ja
C. Is the series cond. conv.? ves The series % | a,, is
Can Leibniz’s cond. be applied? .
conditionally convergent.
cannot be decided 1o
D. Ask an expert or give up. The series Y 0 | a,, is
divergent

Figur 2: Flow diagram for types of convergence.

4.7 An elaboration on the flow diagram.

A) Always start by checking the condition a,, - 0 for n — oo.

B) If one has reached this box, then the necessary condition a, — 0 for n — oo for convergence is
fulfilled, so we shall no longer bother with that condition in the following.
Write Y7, |an| (reduce it if possible) and apply one of the criteria of convergence (see the

following) in order to check whether Y >° | |a,| is convergent or divergent.

C) If one has come to this box, then the only method known within the elementary Calculus is Leib-
niz’s criterion. Since Leibniz’s criterion is considered as difficult by the students, it is recommended
not to use it, unless it is absolutely necessary!

D) If one in an elementary course of Calculus ends in this box, one has most probably made an error
in the calculations. When we end here in real life, we shall later in the section on Leibniz’s criterion
give a more general test.

4.8 Convergence tests

The common convergence tests are in a natural way divided into five groups. Notice that no conver-
gence test is universal in the sense that it can be applied in all cases, so it is recommended that one
always starts by searching that particular group of tests which is best suited for a given situation.

Furthermore, there exist some overlaps, so more tests can often be applied on the same problem.
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If one has the access to the literature from about 1900, one sees that the tests in each group can be
supplied by more of the same kind.
I Divergence test.

1) Test for coarse divergence, a, - 0 for n — cc.

I1 General criteria of convergence.
2) Comparison test.

5) Equivalence test.

IIT Comparison with a quotient series.
3) Quotient test (remember to check |a,| # 0 for n > N).

4) Root test (remember the numerical sign).

IV More advanced tests (check the assumptions!)
6) Integral test.
7) Leibniz’s criterion.

V' Other methods.

8) Telescopic series by decomposition and convergence of a sequence of segments of a series.
Elaborating comments to the convergence tests:

Warning. We introduce in some of these tests an auziliary sequence. The limit of this auxiliary
sequence must not be confused with the sum of the series (which is often postulated by students
at their examination). They are only introduced in order to decide whether we have convergence or
divergence.

1) Test of coarse divergence.
If a,, - 0 for n — oo, then the necessary condition for convergence is not fulfilled, and the series
>0 L an is coarsely divergent.

If some series is coarsely divergent, then we have obtained our answer, and we can save ourselves
for any other investigation of convergence. It is therefore highly recommended that one always
start with this test.

2) Test of comparison (two variants).

Let 0 < a,, <, for every n € N, i.e. every terme is > 0. (Check!) Then we have formally,

OSianéibnéoo.
n=1

n=1

A) Tf the larger series 22021 b, is convergent, then the smaller series 22021 a,, is also convergent,

o oo
0<) an <> by <0
n=1 n=1
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B) If the smaller series Zf;l an is divergent, then the larger series Zflozl b, is also divergent,

o0 o0
Z by, > Z a, = 00.
n=1 n=1

3) The ratio test.

An important assumption: It is (still) not allowed to divide by 0, so one should always check that
an # 0 for n > N for some constant N.

Assume that the numerical sequence of quotients is convergent,

an+1
Qnp

—c¢ forn—o0 (ogn>N).

Check that ¢ > 0. If this is not true one has forgotten the numerical sign!

A) If ¢ < 1, Then the series >~ a, is convergent (but its sum is not c).

B) If ¢ = 1, then neither the ratio test nor the root test can be applied. Try some other test
outside group III, since comparison with a series of quotients cannot be applied.

C) If ¢ > 1, then the series Y~ ay, is coarsely divergent.
The latter case can also be found by test 1).

SIMPLY CLEVER
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Remark 4.5 The ratio test is in particular applied, when a,, contains faculty functions like n!,
(2n)! or (2n + 1)! or similarly. ¢

Remark 4.6 The ratio test can never be applied, when a, is a rational function in n, i.e. a
quotient of two polynomials in n. If one tries, one will always end up in case B, where nothing can
be decided). ¢

Remark 4.7 Never forget the numerical sign! For instance, the series Zle(—l)”_ln is coarsely
divergent, because a,, = (—1)"~'n - 0 for n — oo. Nevertheless one may occasionally come across
the following “proof” of “convergence” made by students:

1 1
M:_i:—<1+—>—>1<1 for n — oo,
an n n

from which one erroneously conclude that the series is “convergent”. ¢

. . a
Remark 4.8 We notice that one can find convergent series, where ntl

is mot convergent. In

Qn
this case one will often — though not always — be able to solve the problem by using the extension

of the root test. In this respect the root test is slightly stronger than the ratio test. ¢

4) The root test.

Assume that the sequence of n-th roots is convergent,

Van| = |an'" — ¢ for m — oco.

A) If ¢ < 1, then the series Y .| a, is convergent (but its sum is not c).

B) If ¢ = 1, then neither the root test nor the ratio test can be applied. Try some of the other
tests outside group III.

C) If ¢ > 1, then the series Y~ | a,, is coarsely divergent.
The latter case can also be obtained by test 1).

Remark 4.9 Contrary to the quotient test we here do not have to assume that a,, # 0; remember
the numerical sign. ¢

Remark 4.10 Neither the ratio test nor the root test can be applied, when a, is a rational
function in n. One should instead try some other test. (One does not give up, or does one?) ¢

Remark 4.11 It is difficult to apply the root test, when the faculty function n! occurs, because
the student cannot be expected to be able to calculate V/n!.

In order to give some help we here add Stirling’s formula

n
n! ~\2mn - (2) for large n, ie. ¥nl~ %X2mn- 2.
e

e
A more accurate version is

n

n 1
n! ~+2mn - (—) exp | — for large n,
e 12n
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where the den relative error decreases when n increases.

To demonstrate the accuracy of e.g. the latter approximation formula we calculate for n = 10,
10! = 3628800

and
n\" 1
2n - (—) exp [ —— ) ~3628810,05  for n = 10,
e 12n
so this (classical) approximation is very accurate, indeed.

Stirling’s formula is also applied in Probability and Statistics. ¢

Remark 4.12 Since both the ratio test and the root test are proved by a comparison with a series
of quotients k>~ | ¢" with the same ¢ > 0, we get the following very strange result:

a
If both < et > and (\"/ |an\> are convergent, then they have the same limit,
. An+1 . n
lim =c= lim {/|an|
n—oo (o7 n—oo

This observation has been used to find the limit of some “exotic” sequences, but it will not occur
here further. ¢

Remark 4.13 Contrary to the ratio test the root test can be generalized to

limsup V/|a,| = ¢

n—oo

with the same classification A), B) and C). Since limsup,, ,., {/|a,| [which always exists] is not
commonly defined in most textbooks on Calculus of today, we shall not elaborate on this aspect.

O

The equivalence test.

Consider to series Zzozl a, and Z;ﬁ by, where all a,, > 0 and all b, > 0 for n > N (check!).
Assume that

Z—n—>1 for n — oo (possiblyan—>c>0 forn—>oo>.
n n

Then Y, a, is convergent, if and only if Y | b, is convergent.

Remark 4.14 Any person has his own favorites. I personally only apply the equivalence test very
rarely, because a,, /b, — 1 for n — oo implies that

%bn<an<2bn forn > N,

and then the comparison test will give the same resultat. ¢
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The two tests in the next group IV Advanced tests, are somewhat more sophisticated, and they
demand great care in their applications. (Never forget to check the assumptions etc.)

The integral test.

Let f:[1,00[— Ry be a decreasing function. (Check!) Then

Z f(n) is convergent, if and only if / f(t)dt is convergent.
1

n=1

When we have convergence we have the following useful estimates

/ T i< fn) < £(1) + / T,
1 ot 1

or more generally for p € N|

p+1 00

6) Yo s+ [ wa< S <3 o+ [ @
n=1 ptl n=1 n=1 1

P+

Remark 4.15 If one is only interested in the question of convergence/divergence, then it suffices
that f is decreasing for ¢t > to > 1 for some fixed to (the same conclusion). It is still possible to
apply the general estimate (5), if only p+ 1 > ¢g. ¢

Remark 4.16 The estimate (5) shows that if f(¢) is decreasing for ¢t > p + 1, then we can find an
a €]0, 1], such that

Zﬂn)=Zﬂn)+/:f<t>dt+a-f<p+1>.

If we delete o+ f(p + 1), we get an approximation of the series by a finite sum and an integral,
where the error is smaller than f(p+ 1). ¢

Remark 4.17 The integral test gives a long list if incredibly slowly convergent series. The stan-
dard examples are for a > 1,

1 1 s 1 1

1) ZZ‘;IE, f(t):tj og t?dt:a—l’

. 1 1 o dt o du  (In2)t—@
2 _ t — — _= —

) Lnes n(lnn)*’ 1) t(lnt)® o ) t(lnt)e Jn> u® a—1"
1

S logt til 2

3) Lnis ninn(lnlnn)e’ analogt til 2),

etc., where the reader should check that the chosen functions f(t) are decreasing for ¢ > to. ¢

The same series are (“slowly”) divergent, if a < 1 (with a special exception for a = 1, and where
we for a < 0 obtain coarse divergence). It is absolutely not a good idea to type any of these series
in a pocket calculator or in MAPLE.

The series above can conveniently be applied in connection with the comparison test, in case of
the ratio test or the root test give ¢ = 1, i.e. case B, where these tests cannot be applied.
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7) Leibniz’s criterion (“the problem child”).
If

a) b, — 0 for n — oo,

b) (b,) is decreasing, for n bigger than some N,

0<bp41 <by, for all n > N,

then the alternating series

i(—l)"‘lbn =5
n=1

is convergent, and we have the error estimate

s — Z(—l)k_lbk

1

|s — sp| = < bpt1 for all n > N,

i.e. the error is always smaller than the numerical value |(—1)"b,41| = bn41 of the first deleted
term (interval narrowing).
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Remark 4.18 Whenever Leiniz’s criterion is applied, always remember to check the assumptions
a) and b). At exams, this is the first thing which the teacher will check. ¢

Remark 4.19 Error estimates are extremely important by numerical calculations — even in tech-
nical disciplins. ¢

Remark 4.20 (Outside the usual syllabus.) An important extension of Leibniz’s criterion is the
following complicated monstrosity:

Let (ay,) and (b,) be two sequences which satisfy

a) b, — 0 for n — cc.
b) (b,) is decreasing for n > N for some N.

c) The sequence Y~ | a, does not have to be convergent, but there must ezist a constant ¢ > 0,
such that

[sn| = <c for all n € N,

n
>
k=1

i.e. the sequence of segments s, = ZZ=1 ay, is bounded (though not necessarily convergent).

Then Y7 | anb, is convergent.

For completion we show two applications of this extended criterion (only for special interested
readers).

1) Leibniz’s criterion is obtained when a, = (—1)""!. In fact, in this case we get from condition
¢) that

n

D a

k=1

|sn| =

| 1 for n odd,
"1 0 forn even,

S

k

hence the sequence of segments is bounded, which is sufficient. The sequence of segments is of
course not convergent.

. . 1. o
2) The Fourier series y .., — sinnz is pointwise convergent.
n

For x = pm, p € 7Z, there is nothing to prove, because the zero series is convergent. Choose a
fixed x¢g # pm, p € Z. Then €' = cosx + isinz # 1, hence we get by complex calculations on
ar = sinkxg = Im e,

n n n . L (eiwo)n+1 1
— J— <7 j— X0 J—
S,L—Zak—Zblnkxo— Im Z(e ) = Im prm— .
k=1 k=1 k=1
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Since sinz/2 = 5 {exp(izo/2) — exp(—izo/2)}, we get

s, = Im {(eiw0)"+1—1.exp(—xo/2)}: . {M}

e — 1 exp(—z0/2) eiwo/2 — e=ivo/2

n { gz (4 2) )}

Then we remove n by an estimation (notice that sinxzg/2 # 0 for xg # pm, p € Z)

4
| sin zg /2]

[sn| < {1+1}= for all n € N,

| sin zg /2]

and we have proved c).

Since b, = 1/n trivially fulfils a) and b), it follows from the extended criterion that the series is
pointwise convergent for every x # pm, p € Z, i.e. for every x € R, because we have already proved
the pointwise convergence for = € pr, p € Z. This result is of course at this stage far from obvious.

O

Telescopy.
If each term a,, is a quotient of two polynomials in n, and
P
ap = ﬂ — 0 for n — o
Q(n)

(i.e. the numerator is of lower degree than the denominator), then it is possible in some (but not
in all) cases to find the sum s = >, a,, directly by means of telescopy.

The procedure is the following:
P(n)
Q(n)

b) Calculate and reduce the sequence of segments s, = a1 + -+ + ay,.

a) Decompose a,, = , cf. Calculus 1a, Functions in one Variable.

c) Finally, take the limit n — oco. If

lim s, =s,

n—oo

then the sum s of the series is according to definition 3.1,
o0
Zak = lim s, = s.
n—oo
k=1

We illustrate the method by an example. Considering the series

oo 1 oo
;n(nJrl) :;an,
1

it is seen that a,, = ———.
" nn+1)
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a) We get by a decomposition
1 1 1

nin+1) n n+l

Ay =

b) The sequence of segments s, is written down and reduced,

Sp = a1+tax+---+ay
1 1 1 1 1 1 1
= (1‘§)+<§‘§>+<5‘1>+'“+(5n+1)
B 1
B Cn+ 1

It is seen that the series is reduced like an old-fashioned telescope, therefore the name.
¢) Finally, we get by taking the limit

> 1 1
Zizlimsnzhm (1— ):1.
— n(n + 1) n—o0 n—00 n-+1

The principle of telescopy can also be applied in other cases where a,, is not a quotient between
two polynomials. The main case is, however, what has been described above.

4.9 Series of functions

Just as for sequences we have here several types of convergence.

Let Y07, fo(z) be a series with functions as terms. We say that the series is pointwise convergent,
whenever the corresponding sequence of segments

sn(x0) =Y frlwo), meN,
k=1

is pointwise convergent as a sequence of numbers for any fixed z = xg € I.
If a series is pointwise convergent, then its sum function s(x) is given by
o0 n
s(x) = Z fulx) = nh—{roloz fe(x) = nh_}néo Sn(x) for z € 1.
n=1 k=1
If we only remember to keep = € I fized, there is no real difference between pointwise convergence of

a series of functions and convergence of series of numbers.

Since the pointwise convergence of series is derived from the pointwise convergence of sequences, we
have analogously a lack of good mathematical properties.

Let s(z) = Y7, fn(z) be pointwise convergent.
1) Even if every f,(x) is continuous, we cannot conclude that s(z) is continuous.

2) We cannot expect integration and summation to be interchangeable. Both

b oo oo b
an(ac) dx and Z/ fn(x)de
n=1 n=174a

may be convergent without being equal.

a
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3) Differentiation and summation cannot be interchanged either. Both

L YNGR SEAC
n=1 n=1

may be convergent without being equal.

In order to in some cases to obtain these desirable properties we introduce the concept uniform
convergence. Formally we have:

The series Y oo fn(2), x € I, is called uniformly convergent with the sum function s(z), if
>0 fa(z) = s(x) pointwisely for x € I.
To any € > 0 we can find a N, such that for any n > N and any x € I we have

> ful@)

k=n+1

n

3 i) - s(a)

k=1

= <e.

|sn(z) = s(z)| =

The definition of uniform convergence above is fairly complicated and it is rarely used in practice.
Instead we apply the important
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Test by a majoring series. Let > >~ f,(z), x € I, be a series of functions. If
a) one can estimate
[fn(@)| < ap for every x € I and every n € N,
where the a,, do not depend on x € I, and
b) the auxiliary series ) | a, is convergent (as a series of numbers),
then > ° | f,(z) is uniformly convergent.
The series of numbers Y~ | a,, is here called a majoring series for > -, fn(2).

Notice that the test by a majoring series does not give us the true sum function (here we shall instead
use the usual methods from pointwise convergence). We only obtain the estimate

> ful2)

where it is obvious that it in general is not a good idea to approximate s(x) by a constant.

|s(2)] =

gi\fn(ajﬂgian, forx € I,
n=1 n=1

Strategy by investigation of uniform convergence of series.
The two most commonly used possibilities are the following.
1) If every term f,(z) in the series is continuous, while the pointwise sum function s(z) = Y07 | fn()

is mot continuous (or does not exist), then the convergence cannot be uniform.

This principle is in particular used in the theory of Fourier series, where one typically in problems
in calculus starts with e.g. a discontinuous function (the pointwise sum function) and then use it
to construct the corresponding Fourier series, the terms of which all are continuous.

2) Assuming instead that “the series is probably uniformly convergent”, we may use the following
procedure:

a) Remove = € I by an estimation in the numerical value of | f,,(z)], e.g.

|fn(z)| < sup |fr(z)| < an for n € N.
xel

One may often be able to choose a,, = sup,¢; |fn ()|, but in some cases this expression may be
rather complicated. If so, then give an upper estimate by a simpler expression for a,, (convenient
for the following calculations in the next point b)).

b) Prove that >~ a, is convergent. If this is the case, we have solved our problem. If not, we
have got a problem. Something may be rescued by giving a better estimate in a), which means
that one in one’s first try has given a too crude estimate. This is illustrated by

1 1 1
Example 4.1 The series ) >°; — sinna has the two majoring series »° | — and Y )7 | —,
n n n
because
1 . 1 1 . 1
— sinnz| < —, and even |— sinnx| < —.
n n n n
53
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The first majoring series is divergent (hence no conclusion, because the estimate is too crude),
and the second one is convergent, hence the trigonometric series is uniformly convergent. (The
first majoring series is actually taken from an examination, where the conclusion unfortunately
became wrong). ¢

The importance of uniform konvergence is illustrated by the following results:

Theorem 4.2 Let every function f,(z), x € I, be continuous. (Check!) If f(z) = D07 falx) is
uniformly convergent, then the sum function f(x) is continuous.

It happens that the theorem is used in precisely this form, but one more commonly applies it in the
following equivalent version, cf. the previous mentioned strategy, pkt. 1.

Theorem 4.3 Let every function f,(z), x € I, be continuous. if

a) The series is pointwise convergent with the sum function f(z) =Y .7 fa(x),
b) The sum function f(x) is not continuous in the whole of I,

Then 307, fn(x) is not uniformly convergent in the whole of 1.

The next result is concerned with the interchanging of summation and integration. We hereby obtain
some very important relaxations of the calculations.

Theorem 4.4 If f(xz) = Y..° | fu(x) is uniformly convergent, then we can interchange summation
and integration (over a finite interval):

/an ydr =3 /fn

The consequence of this theorem is of paramount importance, in particular for the theory of power
series.

Finally we have the usual complications concerning differentiation.

Theorem 4.5 Let (f,), fn: I — R, be a sequence of functions for which the derivatives f) : I — R
all exist and are continuous. If

a) The series f(z) =Y.~ fn(x) is pointwise convergent for z € I,
b) The series g(x) = > -, fh(x) is uniformly convergent over I,
then f is differentiable in I with f'(z) = g(x), i.e

d (oo} oo f
T M2 g =)
By the general applications in this chapter one should therefore always check that every f/(z) is

continuous and check a) and b).

Notice, however, that when one is considering power series, then everything is simpler and more
streamlined, if only one stays inside the open interval of convergence. We shall deal with this in the
next chapter.
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Finally, it should be mentioned that there also exist other meaningful concepts of convergence. The
most important of these is the convergence in squared mean, also called convergence in L2. This concept
is closely connected with energy in Physics, and in this sense it is more important for an engineer
than pointwise convergence. In fact, it is never possible to measure ezxactly a physical function at every
point, while considerations concerning energy are far more robust.

At this stage I admit that the formal mathematical definition is impossible to explain, so I shall only
give a sketch. A series Y o | f,(x), € I, converges in L*(I) towards a function f(z) [which does not
have to be equal to e.g. some existing pointwise limit function], if

J

This squaring does not look nice at this early step of the student’s education! It is nevertheless the
right concept of convergence in e.g. the theory of Fourier series, where one in some presentations for
some obscure reason denotes convergence in L2(I) by the symbol ~, i.e.

2

dr — 0 for n — oo.

f@) =" ful@)
k=1

1 = .
f~ 5 @0 + Z{an cosnx + by, sinnal, I=[-mnl

n=1

In many important cases, which will be explained in Calculus 4b, the series on the right hand side is
actually pointwise convergent with the adjusted function f* as its sum function. We can then write

. 1 = .
ff(x) = 5ao—|—z:{ancosmc—&—bnsmm}7 x € [—m, 7,

n=1
and we have reduced the task to investigating where f*(z) = f(x).

Here we have only used the example in order to explain that the difference in the notations ~ and =
in the theory of Fourier series relies on the difference in the applied concept of convergence.
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5 Power series; methods in solution of problems

This chapter of survey assumes that the reader can handle the concepts from chapter 4. It contains
e Standard power series.
e Recognition of the structure of the standard power series.
e Convergence of power series.
e Review of important theorems.
e Solution of differential equations by means of power series.
e Solution of recursion formule (simple difference equations).
e Second order differential equations (straight tips).

e Second order differential equations (solution formula).

5.1 Standard power series

These are the building stones in the theory of power series and the reader is therefore encouraged to
learn these by heart! They are all known from the usual textbooks in Calculus. We shall here subdivide
them into two groups:

a) Quotient like series.

All these series are variations of the power series >~ 2". With only one obvious exception, they
have all the radius of convergence o = 1.

b) Ezponential like series.

These are all variations of the exponential series Y — They are all convergent in the whole
n!

of R, hence the radius of convergence is 0 = oo.

a) Quotient like series, o = 1. (Learn both columns by heart!)

1 n " 1
1_£=Z?:Ox , S o =1 lz] <1,
1 o0 n,.n S N .M 1
= ano(_l) €, ano(_l) T = ) |IE| <1,

14+2 1+x

(1+m)a:22°_0<z>x", Zf_()(g)m":(l—i—x)a, |z| < 1, acR

o (_1 n—1 o (_l)n—l
In(14+z)=>,", — LA P L 2" =In(1+2z), |z <1,

(_l)n p2ntl Zoo (_1)n p2ntl

m 1 ) n=0 3, 1 1 =arctanz, |z|< 1.

arctanz =y
If in the third line @« = n € Ny, then (1 + x)™ is a polynomial. The series only contains a finite
number of terms, hence the radius of convergence is 0 = occ.
In some languages one may use the notation “Arctan” instead of “arctan”.
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b) Ezponential like series, o = oo. (Learn both columns by heart!)

o 1 ~ 1 .
exp(z) =Y., o ", Yoo = exp(z), x € R,
e G O LA o D" i
Slnl’—znzomx 5 anomx = s, .'L'GR,
1) —1)"
cosz =y, ((271))! 2, > ((271;! %" = cosz, r €R,
inh ¢ = oo 1 2n+1 o0 1 2n+1 __ o3 h R
sin x—znzomx , anomx = sinh z, x € R,
[e%s} 1 29 o8] 1 2n
coshz =3 " @)l ", > o ) x*™ = cosh z, z € R.

[ ]
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5.2 Recognition of the structure of standard power series

Problem: Given a power series ZZO:O anx™. Is it possible to make a shortcut and directly identify
the structure of one of the standard power series above and thereby obtain a) the sum function, and
b) the radius of convergence and the interval of convergence?

Answer: This is actually possible in many cases (whereby one saves a lot of time). We here sketch
one procedure:

First rewrite the coefficient a,, in such a way that it consists of a finite sum (or difference) of terms
of the structure

1 1 1 i 1 1 «
(6) n 2n+1 n! (2n+ 1)! (2n)! n
const. all odd all odd even rare

n

possibly supplied by an alternating sign (—1)".

The series is then formally split into the corresponding subseries, i.e. here disregarding any discussion
of the convergence (we shall take care of this later). Here we can encounter variants like

1 1 1 1 1

tc.
ntl 2—1 m+D @D @nr2l °°

By some change of the summation variable,
m=n+1, 2m+1=2n—1, m=n+1, 2m+1=2n—-1, 2m=2n+2, etc.

where the summation index set is changed correspondingly (always check the first term before and
after the transform) we arrive to (6).

Constants in the power n, like e.g. a™, where a > 0, are built into ™, because a"z" = (az)".
The rest is only some pottering: Let b,, be one of the possibilities.
a) by=1orb, =(-1)".

Set up

n=0

1 > 1 =
— = " — = —1)"y" 1.
= ;y T Ty S0y Jyl <
Compare with the actual subseries and find y expressed by z. Adjust the lower bound of summation
by

1) either removing additional terms,

2) or by adding missing terms and subtract them again.

Hereby we the the sum function and the interval of convergence, where the condition |y| < 1 is
translated into a condition on z, when one solves the equation y = y(x) in x.
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(-1

1
b) b, =—orb, =
n n
We rewrite the first case to

0 e

n
The last alternating sign (—1)™ is then combined with =", to (—1)

N

m(l+y)=> ———vy"  |yl<1.

by = —

n .1

2™ = (—x)™. Then set up

n=1
Repeat the procedure from a).
1 _1\n
= or b, = (=1) .
2n+1 2n+1

c) b,

In the first case rewrite to
_ (71)71 . (71)n
n+1 ’

where the last alternating sign (—1)™ is built into the z-term. Set up

n

(D"
arctany = Z a1 ynt ly| < 1.

n=0
Adjust the z-series such that only odd exponents occur, e.g.

1,2n+2 2’rLJr17

=x-x put x outside the sum.

1
z? = = .22 for z £ 0.
x

Check especially = = 0 afterwards,

" = (V)™ = % (\/E)%H for z > 0,

etc. Repeat the procedure from a).

yn

Set up the exponential series exp(y) = >~ , — and proceed as in a).
n!

(-1)" 1

®) b= O T @

(odd 2n +1)

Write the series for sin(h) z. Adjust the exponents like in ¢), and proceed like in a).
1

_ D" _
f) b, = @n)! or b, = @)l (even 2n).

Write the series for cos(h) x. Adjust the exponents like in ¢) in a way, such they are all even! Then
proceed like in a).

There calculations are correct in the intersection set of all the the intervals of convergence, from which
one also directly can find the radius of convergence.
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5.3 Convergence of power series

The convergence of power series Y a,z"

possibilities.

is very simple to describe, because there are only three

A) The series is only convergent for x = 0, the radius of convergence is o = 0.
This case is of no interest, because the series cannot be used in practical calculations.

B) The series is absolutely convergent for every x € R, and uniformly convergent in every bounded
interval; the radius of convergence is p = co.

C) The radius of convergence o € R, is positive and finite.

The series is absolutely convergent for every x €] — g, o[, and uniformly convergent in every closed
subinterval [a,b] C] — o, o].

It should be noted that one can find examples where the series is both absolutely and uniformly
1

convergent in the whole of [—p, 0]. A simple example is er Y 7 — 2™, x € [~1,1], where ¢ = 1,
n

However, this is not the general rule.
The series is divergent for |z| > o.

For |z| = p a special investigation is needed, in which one may possibly apply Abel’s theorem
(see below). In general, convergence at the end points is only of limited interest, even though this
problem can often be met with at examinations.

The radius of convergence o is formally defined by

o0
0= Z {|x| Z anpz™ is convergent} .

n=0
However, one rarely applies this definition. Instead one typically derive the radius of convergence from
the root test or the ratio test:

1) Preparations (in order to avoid errors). One will often see the so-called lacunar series, i.e. series

with “gaps” in the index set, like e.g. > 7 j a,2®™ or Y > a,z*" ™!, where one has made an abuse
on the notation, because the index n should follow the exponent n, which is not the case here. In
principle this can always be amended.

In order to avoid fallacies one may introduce b,, as the numerical value of the n-th term different
from zero.

Example 5.1 a) For > ja,z™ we put b, = |a,| - |z|". (Nothing new).

b) For Y7, an,x®" we put b, = |a,| - 2*". (Lacunar series; the terms z?"**

ete. O

are missing),

2) We choose the ratio test, if the faculty function enters b,,.

Assuming that z # 0, (never divide by zero, however, we have a trivial convergence for z = 0),
then b, > 0 and

bni1 _ |ant1 .m = |z|P9. |ant1]
bn |an|  [a]?

lan|
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where we in each case must find p and gq.
Main case: If b, = |ay| - |x|™, then p=n+ 1 and ¢ = n, hence p — ¢ = 1.

The lacunar case: If the series is Z:;OZO anx?®™, then p = 2n 4+ 2 and ¢ = 2n, hence p — ¢ = 2.

An+1 . .
When ||n—+|| — ¢, then the condition for convergence is
2%

1\ Y=
|z|P77-c < 1, Le. |z] < (—) =0 for ¢ > 0,
c

and o = oo, for ¢ = 0.

3) The root test cannot be applied if the faculty function enters b, unless one will use Stirling’s
formula,

n! ~V2mn - (E) .
e

Vbp = Van| - |x|P™W/m = |z|* - e for n — oo

If
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is convergent, i.e. {/|a,| — ¢ for n — oo, we obtain the radius of convergence by

1 1/
|| < (E) =0 for ¢ > 0,

where o = o0, if ¢ = 0.

leza

Main case: If b, = |a,| - |z|™, then p(n) = n, hence o

Lacunar case: If e.g. (with odd exponents) b, = |a,| - |z|*"!, then p(n) = 2n + 1, hence p(n) _
n

2 1 1
nt =2+ — — 2= for n — oo.
n

We see that we have many variants. However, in the main case, where we do not have “gaps” in
the series, we have

Ap+1

—cor Y/|ay| — ¢ forn — occ.

1
0= —, where either
c n

5.4 Review of some important theorems

The following results are the most common ones used in the theory of power series.
If >, anaz™ has the radius of convergence ¢ > 0 (incl. ¢ = 00), then

a) the series is absolutely convergent for every |z| < o,

b) the series is uniformly convergent in every closed and bounded interval [a,b] C] — o, o[ (though it
is not necessarily equal to | — o, o].

The consequences of these results are immense:
1) The sum function f(z) = > > a,z" is continuous for |z| < o.

2) Summation and integration can be interchanged (termwise integration),

/m{ 0o 0o T 0o a
Zant"} dt = Zan/ t"dt = Z n_ gntl for |z| < o,
0 n=0 n=0 0 n=0 ntl

and the termwise integrated series has the same radius of convergence p.

3) Summation and differentiation are also interchangeable (termwise differentiation), and the differ-
entiated series has the same radius of convergence p.

On grounds of the method of solution of differential equations by using power series we here mention
the important formulae

fla) =300 ana™, lz| < o,
['(x) = ZZO:1 nanz" "t = ZZO:O(R + 1)ap412™, lz| < o,

f'(@) =30 n(n = Dapa™ ™ = 3772 (n 4+ 2)(n + Dang2z”, 2] <o,
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etc. We note that since differentiation of a constant is 0, the lower bound of summation increases by
each differentiation.

However, be aware of the lacunar series, where we have to apply a different rule.

For f(z) = 0" anz*™ we get

[ee] [ee]
fl(x) = Z 2n - apr® Tt = Z(Zn +2) @y
n=1 n=0

because the constant vanishes by differentiation. Now, the first term in the series of f’(x) is no longer
a constant, 2a;x, so the lower bound of summation does not change by the next differentiation,

f(x) = Z 2n(2n — 1a,z®" 2 = Z(?n +2)(2n 4 a2
n=1 n=0

Abel’s theorem can be difficult to handle (there often appear fallacies here). Check always the following
assumptions:

a) The series Y.~ jana™ is convergent for |z| < o with the sum function f(z).

b) The series Y > ano™ (or Y., a,(—0)", if we instead consider the end point « = p) is convergent!

The student is often inclined to forget the last condition.

It is only when both these conditions are fulfilled that we can conclude that

T—0— r——0+

Zangnz lim f(x), resp. Zan(—g)”: lim  f(x).
n=0 n=0

The problem is that lim,_.,_ f(z) = f(¢) may exist by a continuous extension, while the series
Yoo ane™ is not convergent.

For x = —p we apply a similar method.

Splitting of series. If f(xz) = > 77 apz™ for |z| < o, and g(z) = > bya™ for [z| < A, and o and
are constants, then

(o9}

Y (aan + Bby)a" = af(z) + Bg(x)

n=0

at least for |z| < min{p, A}.

When A = ¢ we may in some cases obtain that the left hand side has a larger interval of convergence.
Usually it is the indicated one above.

Cauchy-multiplication is not presented here! Avoid it like the plague! I have seen too many errors here
in the students’ calculations to recommend it. Notice also that one does mot multiply two series by
removing one of the sum signs (a frequent error by examinations). In general we have

i anpx™ - i bpx™ # i anb,x™ (and #+ i anbnx2"> .
n=0 n=0 n=0 n=0
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Theorem 5.1 (The identity theorem for power series). (Important!)
If two power series Y-~ janx™ and Y.~ bya™ have the same sum function f(z) in a neighbourhood
of 0, then they are identical and

1
an, = b, = — f(”)(O) for every n € Ny.
n!

A typical and frequent application in the following is:

If Y2 yapa™ =0=>% ", 0-2z" then a, = 0 for every n € Nj.

5.5  Determination of the sum function by termwise differentiation or
integration

It is possible in some cases (though one shall not always do it) determine the sum function of a series
o0
f(z) = Zanx", lz] < o,
n=0

by first differentiating (integrating) it termwise, then find the sum function of the differentiated (in-
tegrated) series, and then finally find f(x) by the inverse operation, i.e. integration (differentiation).

Unfortunately the process is rarely so easy as described above. There are usually some “noise” which
confuses the student. We therefore here sketch a possible procedure.

1) Choice of method. Where is the unwanted factor n, n + 1, etc., situated?

a) If the factor is found in the denominator, we choose differentiation.

b) If the factor is found in the numerator, we choose integration.
2) Adjustment of the series. Calculate f(0) separately and then assume that x # 0.

a) If the factor is in the denominator, then the exponent must be equal to (a factor in) the
denominator. Multiply or divide by a convenient factor, and put the new series equal to g(x),
which then is found by a differentiation.

1
Example 5.2 Let f(z) =", —— 2", |z| < 1. Then f(0) = 1, and for  # 0 we have

n=0p 41
=1 1 1 1 >, gntl
_ n__ n+l _ — h — .
f(z) ,?:0”“ T xn§zon+1x mg(w% vor g(x) g:on“

It follows that ¢g(0) = 0 and

d | antt > 1
/ _ — n —
v - {3 s

n=0

so by an integration,

g($):g(0)—|—/ g'(t)dt:0+/ %z—ln(l—m) for |z| < 1.
0 o 1—
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By insertion we get

= 1 ., 1 —x
f(x):;n_i_lm :Eg(a:):—T for 0 < |z| < 1,

(never divide by 0), supplied with
f(0)y=1 for x = 0. O

b) If instead the factor is in the numerator (the case of integration), then the exponent must be
the numerator minus 1. Multiply or divide by a convenient factor and put the new series equal

to g(z), which then is determined by integration.

Example 5.3 Let f(z) =) .2 nz", |z| < 1. Then f(0) =0, and we get for z # 0

oo e9) oo
flx) = Z nx" = Z nz" ' =z -g(z), where g(z) = Z na" "t
n=1 n=1 n=1

It follows that ¢(0) = 1, and by an integration,
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G(z) = 9(0)+/ g(t)dt=1—|—/ {Znt"l}dt
0 0 n=1
= 1+Z/ nt"fldt:1+Zm”
n=1 0 n=1

> 1
= " _ - < 1.
Yoat=r— o

n=0

From this we get by a differentiation that

1

g(x) = G'(z) = m,

hence by insertion

for |z| < 1.

f(m):;nx":m~g(x)=m

Notice that in this case we do not need the assumption x # 0, because the function f(x) also
satisfies f(0) = 0. Nevertheless it is a good idea always to calculate f(0) separately and then
calculate f(x), because one then avoids inadvertently a division by 0. O

Before the method is applied one should always first try other method, e.g. decomposition of a,, after
n. The reason is that one often makes errors in the calculations described above. Note also that we
shall perform an integration in both cases, where the result cannot always be expressed by elementary
functions, known by the students.

Outside the usual syllabus we mention the important

Theorem 5.2 Weierstrafl’s approximation theorem.
Every continuous function f(x) defined on a closed and bounded interval I can be uniformly approxi-
mated by a sequence of polynomials.

In the literature one can find some explicit constructions, e.g. by means of the so-called Bernstein-
polynomials. It will go beyond the purpose of this text to go further into them here.

5.6 The method of power series by solution of linear differential equations
with polynomial coefficients

This is a very important technique, and at the same time it looks fairly complicated when the student
first encounters it. For that reason we here sketch a possible standard procedure, where we have lots
of possible variants. The method is illustrated by an attendant example.

1) Notice that the coefficients of the equation are polynomials in x.

This is the case for the attendant example defined by

Py dy
ros 2 tay=0, z€R, y(0)=1, y(0)=0.
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2) Assume that the equation has a solution which can be described by a power series y = ZZO:O anx™
with the interval of convergence | — o, ¢ .

Notice that this is an assumption, so we shall later test it when we have found a candidate. In the
following the unknowns are the infinitely many coefficients a,,, n € Np, and last but not least the
radius of convergence p. The latter is often forgotten, which means that the calculations become
without any value. This is also the case when ¢ = 0, because then the series only “lives” in | — g, g],
which is the empty set when p = 0.

3) Write the equation from the right to the left and insert mechanically the series
o0 o0 [ee]
dy d?y
_ n g n—1 - g _ n—2
y= Zanm O T Znanx i Zn(n Dayz™ ™2,
n=0 n=1 n=2
into the equation.
Notice the changes in the lower summation limits by the differentiations.

In the example under consideration we get

d?y | dy
0 = — 4+ 2=
* dx? * dx oy

oo oo oo
T E n(n — l)anx"_2 +2 E nanx" ' 4 x E anpx”.
n=2 n=1 n=0

In this setup we see that we are able to continue the calculations in the next step without repeating
“: 077 .

4) All factors outside the sums are put inside.

When the factors contain more terms (like e.g. inl 4+ ) we introduce a new summation for each
of the terms.

o0 o o
0= Z n(n — Da,z" ' + Z 2nanz™ "t + Z anz™ .
n=2 n=1 n=0

5) Is it possible to add convenient zero terms?

In the given example we see that n(n — 1)a,z" ! is defined when n —1 > 0, i.e. n > 1. The
corresponding sum starts by n = 2, but if we insert n = 1, we see that n(n — 1)a,z" ! = 0 for
n = 1. Therefore, we can change n = 2 in the lower summation bound to n = 1 by adding 0,

o0 o0 o0
0= Z n(n — Da,z" ' + Z 2nana”t + Z anz™ .
n=1 n=1 n=0

6) The various series are collected in groups according to their type, i.e. according to a,z"t7, or
similarly.

By “type” we here mean the difference between the index of a,, and the corresponding exponent.
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In the attendant example we get

oo oo o0
0= Z n(n — Da,z" ' + z 2na,x” 'Y + Z anz™ .
n=1 n=1 n=0

The series in the brackets are all of the type
index — exponent =n—(n—1) =1,

and analogously the type of the last series is n — (n + 1) = —1, i.e. of a different type.
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7) Inside each group we adjust the lower summation bound, either by removing terms or by adding
terms, which then must be subtracted outside the sums.

Here the lower bound is n = 1 for every sum in the group of type 1, and the lower bound is n =0
for the group of type —1.

If we had neglected point 5) for the attendant example, then we would have got different lower
limits in the group of type 1

o0 o0 oo (oo}
Z n(n — Da,z™ ' + Z 2na,z" ! = {Z n(n — Da,z™ ! + Z Qnanx”_l} + 2a;.
n=2 n=1

n=2 n=2

We see that we here get some technical problems because the series cannot be added as long they
do not have the same lower bound. I therefore highly recommend the student to the troubles of
adding zero terms in 5).

8) Inside each group the series are now of the same kind, i.e. with the same summation set and the
same cluster a,z™7 under the summation sign (supplied by polynomial coefficients in n). We can
therefore put them under the same sum.

Reduce the expression in the example and factorize the n-polynomial

o0

0 = Z{n(n — 1)+ 2n}a,z" "t + Z anaz" !
=1 n=0
(o)

n
o
Z n(n+ Da,z" ! + Z anz" T
n=1 n=0

The factorization is here n(n — 1) +2n =n? —n+2n =n% +n=n(n+1).

9) Every type is now represented by exactly one sum. They still cannot be added because they have
different exponents. Choose a common exponent, and transform the series, such that they all have
the same exponent.

In the example we choose the exponent n+1. The first series is not of this type, so put m+1 =n—1,
i.e. n = m+ 2. Then the lower bound n = 1 corresponds to the new lower bound m =1—-2 = —1,
so we have the calculation

(o] oo (oo}
Z n(n+1)a,z" ! = Z (m 4 2)(m + 3)am 2™ = Z (n+2)(n + 3)api22™
n=1 m=—1 n=—1

where we in the latter equality just write “n” instead of “m”. Then we get by insertion

o0

0= Z (n 4 2)(n + 3)an 2™ + Z anz"

n=-—1 n=0

10) Every series has now the same exponent, though not necessarily the same lower bound. Adjust
the lower bound by removing the unwanted terms. The removed terms may now be reduced to a
polynomial with increasing exponents.
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By a continuation of the example we here get

oo o0
0 = 1-2-a1+ Z(n +2)(n + 3)anq2z™ ™ + Z apa"
n=0 n=0
= 2ay + Z(n +2)(n + 3)an oz + Z anz"
n=0 n=0

11) The series have now the same exponent and the same lower bound. They can therefore be collected
in one single sum.

In the specific example we get
oo
0=2a; + Z{(n 4+ 2)(n 4 3)an o + an fz" Tt
n=0
We note that ™! now stands alone as a factor and that the coefficients do not contain x.

12) Check that the polynomial outside the sum does not contain terms with an exponent which also
occurs in the series.

If the polynomial contains some terms with exponents which are interfering with exponents in the
series, this is an indication of a miscalculation during the process. Since this error can have been
made anywhere, the only advice is to start from the very beginning!

In the given example, 2a; is a constant, i.e. of degree 0. The smallest degree in the series is obtained
for the lower bound, i.e. for n = 0, where the corresponding exponent is n + 1 =1 > 0. Therefore,
we have no interference here, and we may proceed.

13) Set up the recursion formula by means of the identity theorem. The recursion formula is valid
in precisely the summation index set of the series. Therefore, indicate this summation index set
explicitly!

Since

0= Z 0-2" =2a; + Z{(n +2)(n + 3)ania + anyz"

n=0 n=0

and since there is no interference between the series and the polynomial outside the sum, we
conclude from the identity theorem (quote it!) that

2a, =0, from the polynomisl
and
(7) (n+2)(n+3)ant2 +a, =0forn=0,1,2,--- from the series.
We conclude that

a1:O,
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and that we get the recursion formula (note that (n +2)(n + 3) # 0 for n € Ny)

1
Apy2 = —( a, for n € Njy.

n+2)(n+ 3)

Here we have specified where the recursion formula holds, namely for n € Ny. This detail is often
forgotten by the student.

In general, do not forget to check that we mever unintendedly divide by 0 in the set where the
recursion formula holds. If the denominator becomes 0 for some ng, we have to consider this value
separately by directly checking (7).

Always remember that we get an extra minus sign when we rewrite (7). This is also a very frequent
error in practice.

14) Check if there are “leaps” in the recursion formula.
When the leap is 1, i.e. when a,+1 is expressed by a,, proceed with point 15).

If the leap is 2, then divide into the two cases of n = 2p even and n = 2p + 1 odd and set up new
recursion formula in each of the two cases, before one proceeds with 15).

Analogously when the leap is > 2.

In our chosen example we express a,2 by a,, hence the leap is 2. Therefore we must consider the
two cases of n = 2p even and n = 2n + 1 odd separately.

The original recursion formula is

1
P No.
Gt = T g e

a) For n = 2p even it is seen that we stay inside n € Ny, when p € Ny. The we get by insertion

1

—_—— a9y, € Ny,
2p+2)(2p+3) pETo

A2p4+2 =

i.e. when we put b, = ag, (the calculations become easier in the following)

1

by =} No.
P T 2p+2)(2p+3) 7 pet

b) For n = 2p + 1 odd we see that we stay inside n € Ny, when r p € Ny. We get by insertion

1

=—— € Ny.
a2p4-3 2p+3)(2p + 4) A2p+1, p 0

The following calculations also become easier to perform, if we introduce ¢, = agp+1. If we do
this, we get

1

I — € No.
pt1 (2p+3)(2p+4) @ P 0
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In the real life we may see that a, s is expressed by a combination of both a,+; and a,,. These
difference equations are in general too difficult to solve in a first course of calculus, so one will
avoid them. If the student therefore at this stage has derived such an equation, this will most likely
be an indication of some earlier miscalculation. (Check!)

15) Solve the recursion formula.

There are here so many variants that we instead refer to the next section concerned with solution
of difference equations.

We can proceed with the example. It is given in 1) that

y(0)=ap=1 and ' (0)=1-a; =0.

We also proved the latter in 13), which means that we formally has an over-determined problem,
i.e. too much information: If we demand a power series solution, then we are forced to put a; = 0.
Fortunately the given data is also giving a; = 0.
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a) For n = 2p even we have found the recursion formula

1

b =~} N b, = .
p+1 2p+2)(2p +3) p; P € No, p = Q2p

Thus ag = by = 1. If we replace p by p — 1, we instead get

1
b,=————-—b,_1, € N.
T e+ !

By recursion (the indices decreases, i.e. b,_1 is expressed by b,_2, etc.) we get

b = -1 . -1 -1
P2+ p-DEp-2) (2-1+41)-(2-1)

b1—17
by successively calculating the factor in front of b,_1, in front of b,_2, etc. until we have found
the factor in front of by, corresponding to p = 1.

A counting gives p factors, hence the numerator must be (—1)?P. The denominator becomes
2p+1)(2p)(2p—1)---3-2-1=(2p+ 1),

Hence

(=nr (="

(2p+1)' 0 (2p+1)!, ecause 0g ap

agp = bp =

b) For n = 2p+ 1 odd we found the recursion formula

1

= ¢, € Ny, = :
P Ty P Tt

Here we already have ¢y = a; = 0. Therefore, we conclude by induction that ¢, = 0 for every
p € Np. In fact,

1) Co = 0.
ii) If some ¢, = 0, then also the successor ¢,11 =0, i.e. c1 =0, ¢ =0, c3 =0, etc.

16) Set up the formal series (i.e. the candidate).
Remember here that we have b, = ag, and ¢, = agp11, and that a, is the coefficient of z".

We found in the illustrating example that

(=1)”
“ =y P €Nyp, and a1 =¢=0, peNo.

We therefore have the formal power series (write n instead of p)

= - n = n

n=0

Note that the exponent 2n belongs to as, and not to ™.
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17) Find the radius of convergence .

This is a very important part of the solution. In fact, if p = 0, then the series is divergent for
x # 0, and the equation has no power series as a solution.

There are three methods.

a) We recognize the series as a variant of one of the standard series.
b) The radius of convergence is determined from the recursion formula in 13).
¢) The radius of convergence is determined directly from the series in 16).

(_1)n 2n

Let us consider the obtained formal power series Y- 2t 1) x
n !

a) When we insert = 0 and use the convention z° = 0, we get the sum

(-1

1=
(2-0+1)!

f(0) =
(="
(2n +1)!
series. When we write down the series for siny, we get

When x # 0, the coefficient resembles “something like siny”, cf. the list of standard

s1ny:z%my2 +1 for y € R.

This expression is equal to the formal z-series when we choose y = x, apart from a missing
factor x. Since — = 1 for x # 0, this is easily repaired for = # 0,

= I (=) sinx
2n S 2n+1 _ f 0
;x x;@n—i—l)!x T or @ #

By this recognition method we found i) the interval of convergence R, i.e. ¢ = 0o, and also ii)

A # 0, and f(0) =1 for z = 0.

the sum function
T

b) From 13) we have the recursion formula

1
Ap42 = _(

————Qy, f Np.
n+2)(n+3)a' or n € Ny

Since a,, = 0 for n odd, we are only interested in

1
A2n+2 = *m a2n,

so the series is written Y 7 a2, 2", Where all as,, # 0. Then put d,, = |as,z?"| > 0 for z # 0.
We get by the ratio test that

x2n+2 .T2

= 1 f
o (2n—|—2)(2n—|—3)—>0< or n — 00

dn+1 a2n4-2

dn

A2n

for every fixed x # 0. Therefore, the series is convergent in R and ¢ = oo, where we combine
the two cases £ = 0 and z # 0.
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_1)"
c) If instead we apply the ratio test directly on > > ﬁ 227, and use that
n !
(_1)n 5 m2n
[N P S A 1) R 0,
’(2n+1)!aj @ny D)~ or z #
then we get
ki1 22" t2 (2n+1)! x?
f— . = O 1 f
kn | (2n+3)1 a2n @ni3)Ent2) - ornTee

for every fixed x # 0. Then proceed as above.

18) A typical demand is an explicit expression of the sum function. This can be found by means of
the earlier described methods concerning the recognition of the structure as well as use of tables
of standard power series.

We have already shown the method in the example in 17). We shall only collect all the results,

sinx

oo for x #£ 0
_ _ (_l)n 2n __ ’

y_f(x)_z(2n+1)!$ -

n=0 1 for x = 0.

sinx
Although it is not necessary it is always a good idea to test the result, i.e. we insert y =

x # 0, into the original differential equation, and we check the initial conditions. Notice that

sin

1
li = lim — = lim {1 =1
tim S i o+ (2)} = lim {1+ (@)} = 1
hence the function y = f(x) is continuous, what it should be for theoretical reasons.
It “only” remains to elaborate on 15), i.e. describe how one solves recursion formulae of the given type.
This will be done in the next section.

5.7 Solution of recursion formulae (difference equations)

The simple recursion formulae occurring in courses in Calculus will for pedagogical reasons all be of
the following two types:

I Of first order, i.e. the leap is 1 in the indices,
p(n)ani1 = q(n)ay,.

IT Of second order, i.e. the leap is 2 in the indices
p(n)ant2 = q(n)ay,.

A weak test is that if one in a problem from a course i Calculus does not get one of these structures,
then one has probably made a miscalculation.

Here, p(n) and ¢q(n) are polynomials in n, when the corresponding differential equation has polynomial
coefficients in .
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1) If we have not already factorized p(n) and ¢(n) this should be done now!

2) Determine whether p(n) and g(n) have common factors.

If p(n) = (n — a)p1(n) and ¢(n) = (n — a)q1(n), it is tempting to reduce the expressions by
removing n — « in e.g. (we shall only treat case I here, since case II is treated analogously)

(n —a)p1(n)ant1 = (n — a)qi(n)an, n=ng,no+1,n0+2,....
However, one must not do this without first checking whether it can be done or not.

a) If @ does not belong to the domain of the recursion formula, {ng,no +1, ...}, this can be done
immediately, i.e. the recursion formula is reduced to the simpler

p1(n)ant1 = q1(n)an, n=mng,no+1,...,

because p1(n) and g (n) have a lower degree.

b) If on the other hand there is some j € Ny, such that a = ng + j, we reduce the recursion
formula for n = ng + j = « to the triviality

0 angyjt1 = 0 gy
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We see that there is no connection between an,4; and an,4;+1, 50 concerning formal calcula-
tions they can be chosen independently of each other.

(We may get some explicit values later by using other conditions, but it is not possible to see
this at this stage).

In this case we must divide the domain of the recursion formula into to subdomains,

{no,no+1,...;,n0+j—1} and {no+j+1,no+75+2,...},

much each must be treated separately! Notice that we here now miss the index n = ng + j!.
(This phenomenon occurs actually from time to time).
We can remove n—ng — j by reduction of the recursion formula in each of the two subdomains.

3) When we have got rid of common factors (and possibly divided the domain into subdomains and
exceptional points) we continue by investigating whether p;(n) = 0 or ¢;(n) = 0 for some n in a
subdomain.

a) If py(ny) =0, then ¢1(n1) # 0, because we have removed common factors in point 2). Therefore
we conclude from

0 :pl(nl) cQpy 41 = Q1(7l1) “Qny,

that a,, = 0. This value is then applied recursively and decreasingly in order to get a,, 1 (=0,
if we also have g1 (ny —1) # 0, etc.; if ¢1(n; — 1) = 0, or possibly g1 (ny —j) = 0, we here proceed
to the next point).

b) If g1 (n2) = 0, then pi(n2) # 0, because we have already removed common factors in 2). It then
follows from

0 = p1(n2)an,+1 = q1(n2)an,,

that an,+1 = 0. We use this value inductively and increasingly in order to determine a,,42 = 0,
if also py(ng + 1) # 0, ete.; if p1(ny + 1) = 0, or possibly p;(ns + j) = 0, we return to the first
point.nkt.

After these general remarks which can be applied in both cases I and II, we turn to the solution
itself. Here we have three possibilities,

e induction (we let the indices increase),
e recursion (we let the indices decrease),

e the “Deus ex machina” solution, or the so-called “divine inspiration”. The first time one sees
this method it looks like magic, but with some training it often becomes very easy to apply
and it leads straight to the solution.

We shall demonstrate all three methods on two examples

I a1 =——an, neNy, and ag = 1, (first order)
n

+1
-1

m an, n € Ny, and ag =1, a; =0, (second order)

1I Ap42 =

where we have treated II recursively previously in 15).
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4) Inductive solution.

Calculate the first 3—4 elements of the sequence. Try to find some pattern which can be derived
from these elements, i.e. set up an hypothesis. Assume that this pattern holds for some n. Then
show that this implies that the pattern is also valid for the successive step n + 1. Conclude by
induction that this pattern is true for every n.

I Wh =land apy; = ——
en ag and a,41 T

1 1 1 1

an = Qo = —— Q1 = —

O+1 0 ) 2 1 )
1

an, n € Ny, we get successively

[

1 1 1
aa = Ao = — = = —.
579416 3.3.1 3

1

E At least this holds for n = 0, 1, 2,
n!

This gives us the hint that the general pattern is a,, =
3.

1
Then assume that we have a,, = - for some n. Then we get for its successor that
n!

1 1 I 1
n+1

o1 = e R N S T

This is of the same form as the assumption, only with n replaced by n + 1, hence the pattern
is the same for n + 1. Since the hypothesis holds for n = 0, 1, 2, 3, it follows from above that
it holds for n =4, n =5, n = 6, etc., i.e. for every n € N.

-1
(n+2)(n+3)
indicates that we must divide into the cases of n even or odd. We see immediately that since
a1 = 0, we must necessarily have a3 = 0, and then as = 0, etc., hence it follows by induction
that agpy1 = 0. (The reader should try to prove this based on the argument in I).

IT When ag =1 and a1 = 0, and a,42 = an, n € Np, the leap of 2 in the indices

Now ag = 1, hence we get for first terms with even index that

~1 1 ~1 +1

ay = — Q) = ———— aqs = aa =

T 0+2)(0+3) 3.2 T 2+2)2+3) % 5.4-3.2
-1 -1 _(~1)3

e 7™M T 765.4.3-1 1

These all fit in the pattern

S G0
T 2p+ 1)

forp=0,1, 2, 3.

Assume that this holds for some n = 2p. For the successor n+ 2 = 2(p + 1) (notice the leap of
2) we then get
-1 . -1 (—1)p+
2p+2)(2p+3) P (2p+3)2p+2) (2p+ 1)
(it

(2p+3)  (2p+2)+ 1)V

a2p4-2
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Calculus 3b Power series; methods in solution of problems

hence the same pattern as in the assumption, only with 2p replaced by 2p + 2. Then the
assumption follows in general by induction.

By induction we let the indices increase, i.e. we derive the successor.

5) Recursive solution.
Write the recursion formula, such that n (in case I) or 2p (2p+ 1) (in case II) is the largest index.
Repeat this iteration on a,,—; (case I) or on agp—2 (azp—1) (case II) etc., as far as we can inside
the domain and reduce. (Here we can get a counting problem, i.e. how many factors do we have?)

1
I The recursion formula a,4+1 = o an, n € Ny, is equivalent to

n
1

Ay = — Qp—1 for n € N.
n

1 .
Check the first term: For n = 0 we have ag41 = a1 = —— a¢ in the first formula, and for

0+1
1
n = 1 we have a; = —a;_1 = a¢ in the second formula; hence they are equivalent. When we

repeat the formula for n — 1, etc., we get

1 1{ 1 }
ap = —0Op-1= — Ap—2 ¢ = """
n n|ln—1
1 1 1 1 1 1
f— —_— e — Mt e — . at_ = — Q, fr—
n n-1mn—2 1 1 [

1
because ag = 1 was given. This holds for every n € N, and trivially for n = 0, thus a,, = - for
n!
n e No.
IT When a; = 0, we always apply the inductive method to conclude that asp1 = 0 for every odd
indices 2p 4+ 1 € Ny, i.e. for p € Ny.
For the even indices n = 2p, we write the recursion formula
-1
a =———qa
¥ = opt2)2p+a)
When p is replaced by p — 1 (be very careful with the factor 2 in the formula; here one often
sees miscalculations), we get
-1
A2p = T 75 U2p—2
o(2p+1)(2p)

This gives by recursion (i.e. a repetition of the pattern on as,_s etc.)

for p € Np.

for p € N (check the first term).

~1 ~1 -1
T ey T @)@ @p-Dp-2) T
B ~1 ~1 ~1
(2p+1)(2p) @2p—-1)(2p—2) 3-2a22
(p factors, e.g. 2p, 2(p—1), ..., 2-1)

(—1) (—1)?
e+ 1T 2pr1)

(=1)P
(2p+1)!
we have proved the formula for every p € Nj.

because ag = 1. Therefore, as), = for p € N, and since this is trivially true for p = 0,
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6) The “divine inspiration”.
Multiply the recursion formula by some factor # 0, such that the two sides of the equation obtain
the same structure, only for different indices. Introduce if necessary an auxiliary sequence b,,, and
reduce.

1
I The formula a,+1 = T an, n € Ny, is multiplied by (n + 1)! # 0. We get

(n+ D'ays1 = nlay, n € Np,

where the left hand side can be derived from the right hand side by writing n + 1 instead of n.
Writing b,, = n!a,, we obtain the very simple recursion formula

bn+1 :bn :bn—l = "':bOZO!G,OZ 1.
Thus
b, =nla, =1, ie. a, = o for n € Np.

EXPERIENCE THE POW

FULL ENGAGEMENT...

RUN FASTER.
RUN LONGER..
RUN EASIER... ——
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Calculus 3b Power series; methods in solution of problems

IT First we inspect the formula

-1

e ——— b} E N .
= o) 2p o) PR

We see that there is a leap of 2 in the indices, as well as two successive factors in the denomina-
tor, so we may expect a multiplication by (2p + 3)! # 0. There is furthermore a change of sign.
We compensate for this by a multiplication by (—1)P*!. All things considered we multiply by
(=1)P*1(2p + 3)! # 0. Then we get the equivalent recursion formula

(=P ((2p+3))azpra = (D" 2+ 1) + Dlagg
= (=1)P@2p+1lag,, peNo.

We see that the left hand side can be derived from the right hand side by writing p+ 1 instead
of p. If we put b, = (—1)?(2p + 1)! agp, we get the trivial recursion formula

bpr1=by=b,1=-=by=(-1)"(2:-0+1)0ap=1-1-1=1.
But then

(="

—_— f Np.
@p+yp TPET

by =(—1)P2p+1)lagy, =1, ie. ag =
In general we investigate the recursion formula for odd indices in the same way, but since we
already know that a; = 0, it is here easier to conclude inductively that aspy; = 0 for every
p € Np, cf. point 4).

The argument is not at all “divine” although it may look like magic the first time one sees it. In
fact, we have a true argument in the beginning of II. But the method demands a lot of training,
and one should not in general choose this as one’s favorite standard method. I have here ordered
the three methods according to what I believe that the student will consider the easiest one [point
4)], the middle one [point 5)] and the most difficult one [point 6)]. There may, however, be students
whose priorities are different from this order.

5.8 Second order differential equations (straight tips)

There exist some non-authorized straight tips which are only rarely described in usual textbooks in
Calculus. I shall here present some of them.

Given a differential equation

d?y dx
(8) po(x)@—&—pl(a:)%—l—pg(x)y:g(x), x € R,

where po(z), p1(x), p2(x) are polynomials in 2 without any common zero, and where g(x) has a
convergent power series expansion valid in all of R.

d2
Find all complex zeros to po(x) (the coefficient of the term of highest order d—g) If po(z) is a
x

polynomial of degree m, then we have at most m different zeros {z1,22,...,24}, ¢ <m, and z; € C.

The radius of convergence p for any power series solution of (8) is then one of the numbers |z1|, |z2],
.oy Jzgl or oo.
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We note that if po(0) # 0, then there will always exist a power series solution.
If po(0) = 0, there does not necessarily exist a power series solution.

We call the zeros of po(x) for the singular points of the equation. It is seen that they determine the
radius of convergence o of a power series solution.

The numerical values of the singular points indicate the possible value of the radius of convergence.
One shall still find ¢ by one of the earlier methods, e.g. by an application of the ratio test. The straight
tip above, however, gives us a possibility of a weak control. If one by e.g. the ration test finds a p,
which is not either oo or the numerical value of some singular point, then we can conclude that we
have made a miscalculation of p.

Example 5.4 In the differential equation

Py | dy
— +2-= =0 eR,
T dz? + dx Ty =0, *
we see that po(z) = 2. The only singular point is 2 = 0. The possible values of g are either 0 or co. It
can be shown that the power series solution in fact has ¢ = co. ¢

Example 5.5 (A Bessel equation; not usually in the syllabus, although it is extremely relevant in
some engineering courses). We see that the differential equation
d?y 1
2 2 _
xcl.$2+<x +4)y—0, $€R7
has po(x) = 2. The only zero is x = 0 (of multiplicity 2), hence we must have o € {0, 00} for a power
series solution. It is here possible to find a power series solution where o = co. ¢

Example 5.6 (Outside the usual syllabus). For the differential equation

d'y *y dy
POV e T

we have po(z) = 1. This is a constant # 0, hence it has no zeros. Therefore, i) there exist power series

solutions, and ii) they all have radius of convergence g = co. ¢

Example 5.7 If po(z) = 1 + 22, then po(z) # 0 for every z € R. One could then be misled to the
wrong conclusion that ¢ can only be oo. This is not true. The equation po(x) = 1 + 22 = 0 has the
two complex roots +i. Since |+ i| = 1 # 0, we conclude that i) such an equation has power series
solutions, and ii) every one of these has a radius of convergence p € {1,000}, i.e. either p = 1 or p = .

O

The next trick demands a lot of training. In principle integration is the inverse operation of differen-
tiation. Therefore, if we can rewrite the equation
@) Y 421 (@) 2t pa(w)y = o(o)
) —= x) == )y =gz
Po A2 P du p2\T)y =g
in the form

d

e 1 (e} - 6w
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by possibly adding a factor a(z), such that G(x) = a(x)g(z), then we get by integration that
d x
Fy(x) %{Fl (x)y} =ca+ / G(t) dt, ¢o arbitreer konstant,
)

ie.

Another integration gives

Fi(z)y=c +e /:: ijt) —I—/f: Fgl(t) {/z: G(u)du} dt,

where ¢; and ¢g are arbitrary constants. Thus, if we neglect possible zeros of F} (t) and Fs(t) etc., the
complete solution becomes

v R e R L, R {/ )

where ¢y and ¢y are arbitrary constants.

The solution of the corresponding homogeneous equation is obtained by putting G(z) = 0, i.e.

. e [T dt
y=an@) +ee) = g+ 7 / Ey(t)’

from which it is seen that the linearly independent solutions of the homogeneous equation are given
by

1 1 Todt
p1(x) = i) and () = m/wo ?(t)

By recalling the well-known rules of differentiation

df  d

dg
f%'i'gdx—%(f'g)a
and
dg d _.d (g .
it A f e (f , provided that f(x) # 0,

we shall now demonstrate how we often can guess the structure

% {Fg(x) % {F1(x)y}} = G(x),

or possibly

O {m@ {2 -ow,

83
Download free eBooks at bookboon.com



Calculus 3b Power series; methods in solution of problems

if only we have given a solution ¢(x) of the homogeneous equation. In the case of (9) we can even
calculate the expression and compare it with the given equation in order to find explicitly the functions
Fy(x) and G(x) = a(z)g(z), i.e. find a(z).

All this is theoretically very easy; but the procedure is actually difficult in practice, even though most
of the equations in simple courses of Calculus can be solved in this way by inspection. Of the known
equations so far it is only the Bessel equation in the example above which cannot be solved in this
way.

On the other hand, the student should not only rely on this method, but only consider it as a valuable
alternative.

Example 5.8 The example above can now be solved in the following way:

d? d
0 = x—y+2—y+xy The trick is to write 2=1+41
dz? dx
d?y dy dy dx A’y d [dy
= —+1--= —= Write 1 = — and —5 = — | ==
{x dz? + dx} + dx oy e de 4 T dr \do
= T i @ + d_:c . @ + d_y + 2y Differentiation of a product
dz \ dx dr dx dz
d d d
A + i +zy Differentiation is linear
dx T dx
d dy . L
= —qr-—+1-ypr+uxy Differentiation of a product
dx dx

Put z = zy. The equation is then reduced to

d?z
— +2=0,
dz?
with the complete solution
z=xy = c1sinx + cy cos, c1, co arbitrar constants.

For x # 0 we get the complete solution

sinx cosx .
Co , c1, co arbitrar constants,
T

y=aC

and we see that the calculations are somewhat easier to perform than by inserting a power series.
Unfortunately, the method relies heavily on that on immediately sees the right way of putting the
equation by writing

d d d

dy _dy  dy

dr dx dx
and then treat the to terms on the right hand side differently. ¢
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Example 5.9 (Outside the usual syllabus). We shall here in a more difficult example add the argu-
ments which are indicated at the end of the example above. We rewrite the equation in the following
way:

d*y d’y  dy d
fr— — _— —_— 1 —_ 1  —_— J—
0 4 +(\—2x) T do Write T (A—2x)
4 d
— d_aj + {()\ — x)% (%) + %()\ —x) ﬁ} Differentiation of a product
- d'y + ° (A — ) dy Differentiation is linear
- dat dx dx

4
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Putting x = A we get ¢ = 0 from the given boundary conditions. Hence

&’y
da3

d
Putting z = d—y we see that this equation with the corresponding boundary values is equivalent to
x
the system

d2Z ! 1!
?—F(A—x)z:o, 2(0) = 2'(A) = 2"(N\) =0,
Y

— = 0)=0.
i y(0)
The next trick is to put z(x) = (A — x) and then perform the change of variable t = A\ — z. Then we
get by the chain rule that

dz _dt dp  dp

dr  dx dt  dt’

Pz dt d (dz _d [ dy _dQ_ap
dx?  dx dr \dx/)  dt dt )] = de2’

and we have transformed the first equation into

d290 ’ "

CLLE e =0, p()=¢(0) =¢"(0)=0.

Now, it can be proved that this equation does not have an elementary function as a solution (t), so
at this stage we have somehow to use the method of inserting power series.

Replace the boundary problem with the following initial value problem:

il

dt?
When ¢ = 0 we see that we must have ¢”(0) = 0.

Since po(t) = 1 there are no singular points, hence 1) the equation has a (unique) power series solution,
and ii) the radius of convergence is g = oo.

+t-p(t) =0, ©(0) =1 and ¢'(0) = 0.

By insertion of the power series solution

o(t) = Z ant" and ¢"(t) = Z n(n —1)a,t" 2,

n=0 n=2
we get ag = ¢(0) =1 and a; =1-¢'(0) =0, and

0 = Z n(n —1apt™ % + Z ant™tt

n=2 n=0
o o0
= Z (n+3)(n+ 2)an 3t™ + Z ant" ! (n—2=m+1 etc.)

n=-—1 n=0

= 2 1a3+ Y {(n+3)(n+2)anis+a,}t"

n=0
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It follows from the identity theorem that as = 0 and that we have the recursion formula
(n+3)(n+2)ants +a, =0 forn e Ny (the summation domain).

Since ag = 1 and a; = 0 and as = 0, and since there is a leap of 3 in the indices, we get by induction
(because (n+ 3)(n + 2) # 0 for n € Np) that

aspy1 =0 and aspi2 =0, for every p € Ny,

hence the power series solution is of the form
o0
‘P(t) = Z a3pt3p7
p=0

and b, = ag, satisfies the recursion formula (n = 3p)
Bp+3)Bp+ 2)bpr1 = —b, for p € Ny, and by = 1.

This is not a “nice” formula. We find the first coefficients

1 1 1
bo=1, bj=——\ byp=— hy=
0T TP oy P 23560 0T 2.3.5-6-8-9 ’
SO
> 1 1 1
= bt =1—-3+——15— —94...
(1) pz_;” 6" T80 " T2060" T

The ratio test applied on the recursion formula confirms that we indeed have p = co.

When we have found ¢(t) we shall still find A such that ¢(A) = 0, A > 0. The primitive method —
which works — consists of successively to determine possible positive zeros in

1

1N =1-¢ A2, Apy = 1,81712,
(/\)—1f1/\3+ L o o1 = 2,02403
P2 - 6 180 ) 2,1 — 4 )
(\) =1 Lys o Loye L o a,—1,08044
PN =2 180 12060 " 0 BT :
etc. ete.,

and then arrange these according to size. In the example I have calculated the smallest positive zero
on a pocket calculator. It is seen that the convergence is very fast. It can be shown that if the j-th
zero Ay ; exists as a real positive number for n > N, then the true j-th eigenvalue will always lie
between two successive terms in the sequence for n > N (and closest to the term of highest index).
In the given example we get

1,98444 < \; < 2,02403,

where the first eigenvalue A\ lies closest to the lower bound.
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The convergence of the second eigenvalue A, is somewhat slower, For instance we see that A3 is
complex because @4(\) has only one real root. However, after a couple of extra iterations we obtain
a reasonable approximation (and at the same time we see that the approximations of the previous
eigenvalue also is enhanced).

The interested reader may as an exercise on the pocket calculator of this method find the first positive
zero 7 of

oo n

sinx o Z (—1) [1;2’”‘
= T ,
x — (2n+1)!

by solving successively
1, 1 1

<p1(x):1—6x, wg(x):1—6x2+mx7 ete..

It is seen that when the complex roots disappear, then the convergence towards the true value A\; = 7
is in fact fairly fast. ¢

5.9 Differential equations of second order, a general solution formula
It is convenient here to mention a solution formula for a general differential equation of second order

2
(10) fg(t)ZTg—kfl(t)(jl—gt/+f0(t)y=u(t), tel,

because it is closely connected to the method of power series.

There does not exist a general solution formula of (10), but if one knows just one solution y;(¢) # 0
of the corresponding homogeneous equation

d*i dy:

fa(t) a2 T fi(t) o Jo(t)y1 =0,

then equation (10) can be completely solved!

The simplest method is to apply a theorem which should be included in every textbook on this matter,
and which I shall recommend as the standard method. The procedure is the following:

1) First find a nontrivial solution y; (¢) of the homogeneous equation.

This may be i) either given, ii) or found by a lucky guess (possibly by using a given hint), iii) or
it can be found by the method of power series (when fo(t) and f1(¢) and fo(t) are polynomials).

2) Normalize the equation (10), i.e. divide by fa(t),

Py [ dy | folt)  ult)
R RO T ORI AOY

(If one forgets to perform this part of the process, we shall later obtain very wrong formuls).
The zeros of the denominator f5(t) divide I into subintervals. The method of solution can only be
applied on these open subintervals, so one should always afterwards also test whether the found
solution also is valid in these points. The same can be said of the zeros for y; (¢).
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3) Calculate the function
_ f(t)
Q(t) = exp <f2(t) dt) .

Any antiderivative of f1(t)/f2(t) may be used. Choose that one which after a reduction gives the
simplest (t).

4) Calculate

/ y1 (1) Q(t) - ;;((% dt = F(t).

Again we may use any antiderivative. Do not forget the normalizing factor f5(¢) in the denominator
(a frequent error).

5) Calculate

F(t) 1 / 1 1
—~ . ——dt =G1(t) and ——  ———dt = G5(1).
[ 5@ =60 am e
Here we can also apply any antiderivative.

6) The solution of (10) in then in every of the open subintervals of I, where fa2(t) # 0, given by

y(t) = y1(t) - G1(t) + crya (t) + cayn () Ga(t),
where ¢y and ¢y are arbitrary constants.
Notice that ya(t) = y1(t)G2(t) is a solution of the homogeneous equation, and that y;(¢) and yo(t)

are linearly independent.

7) Test the result, i.e. check if the complete solution can be extended to the zeros of fa(t) and y1(¢).

A compact form of 4)-6) is

v =0nl0) [ g { [t };(8) dt} dt,
2

d
where f5(t) is the coefficient of Wg in (10) and y; (¢) is introduced in 1), and Q(t) is introduced in 3).

By each inside integration we add an arbitrary constant (cs by the innermost integral, and ¢; by the
outermost integral). Notice that 2(¢) occurs once in the “numerator” and once in the “denominator”,
and that y;(t) occurs twice in the “numerator” and also twice in the “denominator”.

We see that it is only the normalizing factor f2(t) in the denominator which is not put in this
“symmetric way”.

Remark 5.1 The method of Wronskians, which is described in every textbook of Calculus, is of course
correct. However, it is also unnecessarily complicated. It is an unhappy historical relict, originally
aiming at quite another object. The theory of determinants were introduced in Linear Algebra in the
beginning of the 1800s. Like any other new inventions there was a large opposition among scientists
in those days against this theory. In order to show that determinants actually were useful Liouville
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developed in 1829 this theory for differential equations of second order. For that reason the formulae
became really “contaminated” by determinants.

This example convinced the established mathematical world, and Liouville’s solution was from then
on called the method, and it was further developed by many mathematicians in the rest of the 19th
century, and then the theory fossilized. It looks like that only Belmann (in the 20th century) had
realized that the determinants were not at all necessary, but no one listened to him, because he was
notorious for his hot temper and his very egocentric appearance.

It is also a mystery why Wronski got his name attached to this formula. He has apparently had nothing
to do with the development on the determinant, which now is named after him. The point is of course
that it is very difficult to find a formula years before one is even born! It is possibly a misquote from
some one in the 19th century, and then his name got stuck to it.

Finally it should be mentioned that the Wronskian W (t) is connected with the theory here by the
formula

W(t)Q(t) = c,

where the constant ¢ # 0 depends on the chosen system y; (t), y2(t) of linear independent solution of
the homogeneous equation.

, (often very difficult to calculate).

Note that the calculation of (t) only applies two of the coefficient functions of the equation, so §2(t)
should be easy to find. ¢
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Calculus 3b Formulze

A  Formulsae

Some of the following formulae can be assumed to be known from high school. Others are introduced
in Calculus la. It is highly recommended that one learns most of these formule in this appendix by
heart.

A.1 Squares etc.

The following simple formulee occurs very frequently in the most different situations.

(a+b)? = a? + b2 + 2ab, a? + b? + 2ab = (a +b)?,
(a—b)? = a% + b — 2ab, a +b2—2ab*( b)?,
(a+b)(a—b) = a® — 12, V= (0 Do)
(a+0b)? = (a—b)? + 4ab, (a —b)? = (a+b)? — 4ab.

A.2 Powers etc.
Logarithm:

Infzyl = Inlz|+nlyl, x,y#0,

x

;‘: 1H‘.’E|—h’l‘y|, xay#ov
In|a"| = rin |z, x # 0.
Power function, fixed exponent:

(xy)" =a" -y",x,y >0 (extensions for some r),

z\"  a"
(—) =—,2,y>0 (extensions for some r).
Y Y

Exponential, fixed base:

a®-a¥ =a""¥, a>0 (extensions for some z, y),

(a®)Y =a",a >0 (extensions for some z, y),
e 1 .
a™¥=—,a>0, (extensions for some z),
a

{‘/E:al/",azo, n € N.
Square root:

Va2 = |z, z € R.

Remark A.1 It happens quite frequently that students make errors when they try to apply these
rules. They must be mastered! In particular, as one of my friends once put it: “If you can master the
square root, you can master everything in mathematics!” Notice that this innocent looking square
root is one of the most difficult operations in Calculus. Do not forget the absolute value! $
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A.3 Differentiation

Here are given the well-known rules of differentiation together with some rearrangements which some-
times may be easier to use:

{f(@) £g(2)} = f'(x) £ 4'(2),

{f(@x)g(2)} = f'(2)9(z) + f(2)g'(x) = f(2)g(2) {f/(fﬂ) o }

+
fx)  g(@)
where the latter rearrangement presupposes that f(x) # 0 and g(z) # 0.
If g(z) # 0, we get the usual formula known from high school

{f(ﬂﬁ) }/ _ [(@)g(x) = fz)g' (x)
g9(z) g9(x)? '

It is often more convenient to compute this expression in the following way:

I {f (@) g(lm} S SR IR {J}/((f)) e }

where the former expression often is much easier to use in practice than the usual formula from high
school, and where the latter expression again presupposes that f(z) # 0 and g(xz) # 0. Under these
assumptions we see that the formulee above can be written

{f(z)g(x)}" _ f'(x)  g'(x)
fl@)g(x) — flz)  g(x)

Since
— 1n €T l(x) T 75 0

we also name these the logarithmic derivatives.
Finally, we mention the rule of differentiation of a composite function
{f(e(@)} = f'(e(2)) - ¢ (2).

We first differentiate the function itself; then the insides. This rule is a 1-dimensional version of the
so-called Chain rule.

A.4 Special derivatives.

Power like:

e (%) =a- 27!, for x > 0, (extensions for some «).
x
d 1
d—1n|x|:—, for o # 0.
x x
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Exponential like:

gy P T = expz,
x
d
. () =Ina-a”,
x
Trigonometric:

—sinx = cosx,
dx

— cosx = —sinwz,

dx

d
— tanz =1+ tan’z =
dx

dz
Hyperbolic:

— sinhz = cosh z,
dx

— coshz = sinh z,
dx

d
—tanhz = 1 — tanh® 2 =

dx

T

Inverse trigonometric:

— Arcsin x =

dx V1—22’

— Arccos z = —
dzx

d 1
T Arctan x = 5
d 1
% Arccot x = 1—|——J;

Inverse hyperbolic:

% Arsinh z =

d

— Arcosh v = ——
dx 72 —
d

— Artanh z = L
dx 1-—

d

— A he=——
dr rcoth = =2

Remark A.2 The derivative of the trigonometric and the hyperbolic functions are to some extent
exponential like. The derivatives of the inverse trigonometric and inverse hyperbolic functions are

d
— cotx = —(1 +cot’x) = —

dicothx: 1—coth?z = —

Va2 41

for z € R,

forzx € R oga > 0.

for x € R,

for z € R,

forx#g—kpw,peZ,

for x # pm,p € Z.

for z € R,

for z € R,
for z € R,

for z # 0.

forze]—-1,1],
forxe]—1,1],
for z € R,

for x € R.

for z € R,

for z €] 1,400,
for |z| < 1,

for |z| > 1.

power like, because we include the logarithm in this class. ¢
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A.5 Integration

The most obvious rules are about linearity

/{f(x) + Ag(z)} do = /f(m) dx + )\/g(x) dz, where X € R is a constant,

and about that differentiation and integration are “inverses to each other”, i.e. modulo some arbitrary
constant ¢ € R, which often tacitly is missing,

[ F@ s = fa).

If we in the latter formula replace f(z) by the product f(x)g(z), we get by reading from the right to
the left and then differentiating the product,

F(@)g(z) = / {f(@)g(x))' da = / 1'()g(w) da + / f(2)d (@) de.

Hence, by a rearrangement

www.job.oticon.dk
PEOPLE FIRST

94 Click on the ad to read more
Download free eBooks at bookboon.com



http://oticon.com/

Calculus 3b

Formulze

The rule of partial integration:

/ f(@)g(x) dz = f(z)g(x) - / (@) (@) de.

The differentiation is moved from one factor of the integrand to the other one by changing the sign
and adding the term f(z)g(x).

Remark A.3 This technique was earlier used a lot, but is almost forgotten these days. It must
be revived, because MAPLE and pocket calculators apparently do not know it. It is possible to
construct examples where these devices cannot give the exact solution, unless you first perform a
partial integration yourself. ¢

Remark A.4 This method can also be used when we estimate integrals which cannot be directly
calculated, because the antiderivative is not contained in e.g. the catalogue of MAPLE. The idea is
by a succession of partial integrations to make the new integrand smaller. See also Chapter 4. ¢

Integration by substitution:

If the integrand has the special structure f(p(z))-¢'(x), then one can change the variable to y = ¢(x):

[ fe@ - @do =+ [ fe@)do@) = [ jwa

y=¢(z)
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Integration by a monotonous substitution:

If p(y) is a monotonous function, which maps the y-interval one-to-one onto the z-interval, then

Jr@a=[ e

Remark A.5 This rule is usually used when we have some “ugly” term in the integrand f(x). The
idea is to put this ugly term equal to y = ¢~ (x). When e.g. x occurs in f(x) in the form /z, we put

y = Y(x) =T, hence = ¢(y) = 4% og ¢'(y) = 2y. O

A.6 Special antiderivatives

Power like:

1
/fdx:1n|m|,
x

1
/a:o‘ dp = —— b
a+1

1
—— dx = Arctan z,
1+ 22

1 1 1+
- dr==1
/1—x2 . 2n‘1—x

)

1
/ dx = Artanh z,
1 — 22

1
/ dx = Arcoth x,
1— 22

1
————dr = Arcsin x
/ V1—22 ’
1
————dx = — Arccos x
/ V1— 22 ’
= Arsinh z,

1
—dx
/\/3:24—1

1
/ﬁdﬂc:lm(w+ a? +1),

x
———drx=V2%2 -1
/\/x2—1 '
dx = Arcosh z,

| =

1
/ﬁdw:lnmvfﬂ—u,

for x # 0. (Do not forget the numerical value!)
for a #£ —1,
for z € R,
for x # £1,
for |z| < 1,
for |x| > 1,
for |x| < 1,
for |z| < 1,
for z € R,
for x € R,
for x € R,
for x > 1,

for z > 1 eller x < —1.

There is an error in the programs of the pocket calculators TI-92 and TI-89. The numerical signs are
missing. It is obvious that V22 — 1 < |z] so if © < —1, then z + Va2 — 1 < 0. Since you cannot take
the logarithm of a negative number, these pocket calculators will give an error message.
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Exponential like:

/expxdm =expu,

/amdm: L-a”’,
Ina

Trigonometric:

/sinaﬁda}: —cosz,

/cosxdx =sinzx,

/tanxdx: —In|cos x|,

/cotxda::hl|sinx|,

/ 1 d:czlln 1—|—s%nx 7
cos T 2 1 —sinx
1 1 1-—

/. dp = L (LT
sin x 2 14 cosz
1

/ 5— dr = tanz,
cos? x

1
/.2 dx = —cot x,
sin” x

for z € R,

forz € R, og a > 0,a # 1.

for z € R,
for x € R,

™
forx#§+p7r, p € Z,
for x # pw, p€Z,

™
form;é§+p7r, pEZ,
for x # prw, p€Z,

T
forx;é§+p7r, pEZ,

for z # pw, pé€ Z.

Hyperbolic:
/sinhxdm = coshz, for z € R,
/coshxdx = sinh z, for z € R,
/tanhxdx = Incoshz, for z € R,
/cothxdlen\sinhﬂ, for x # 0,
1 .
/ dx = Arctan(sinhz), for z € R,
coshx
1
/ dx =2 Arctan(e”), for z € R,
coshz
1 1 coshz — 1
/sinhxdx 2 n(coshx—i—l orz#0,
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1 r—1
=1 f
/sinhx . 41|’ or @ # 0,
1
/ﬁdx:tanhx, for x € R,
cosh” x
1
/7dx:—cothx, for x # 0.
sinh” x

A.7 Trigonometric formula

The trigonometric formulee are closely connected with circular movements. Thus (cosu, sinu) are the
coordinates of a piont P on the unit circle corresponding to the angle u, cf. figure A.1. This geometrical
interpretation is used from time to time.

(cosu, sinu)

Figur 3: The unit circle and the trigonometric functions.
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The fundamental trigonometric relation:
cos?u+sinu = 1, for u € R.

Using the previous geometric interpretation this means according to Pythagoras’s theorem, that the
point P with the coordinates (cosu,sinu) always has distance 1 from the origo (0,0), i.e. it is lying
on the boundary of the circle of centre (0,0) and radius v/1 = 1.

Connection to the complex exponential function:
The complex exponential is for imaginary arguments defined by
exp(iu) :=cosu+1 sinu.

It can be checked that the usual functional equation for exp is still valid for complex arguments. In
other word: The definition above is extremely conveniently chosen.

By using the definition for exp(iu) and exp(—iu) it is easily seen that

cosu = —(exp(iu) + exp(—iu)),

|»—l N | —

sinu = Z_(exp(iu) —exp(—iu)),

[\
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Moivre’s formula: By expressing exp(inu) in two different ways we get:
exp(inu) = cosnu + 1 sinnu = (cosu +1 sinu)"™.
Example A.1 If we e.g. put n = 3 into Moivre’s formula, we obtain the following typical appliction,
cos(3u) + i sin(3u) = (cosu + i sinu)?
= cos® u + 3i cos® u - sinu 4 3i% cosu - sin® u 4 i*sin® u
= {cos®u — 3cosu - sin® u} + i{3cos® u - sinu — sin® u}
= {4cos®u —3cosu} + i{3sinu — 4sin®u}
When this is split into the real- and imaginary parts we obtain
cos3u:4cosgu73cosu, sin3u = 3sinu — 4sinu. ¢
Addition formulse:
sin(u 4+ v) = sinwu cosv + cosu sin v,
sin(u — v) = sinw cosv — cosu sin v,
cos(u + v) = cosu cosv — sinu sin v,
cos(u — v) = cosu cosv + sinu sin v.

Products of trigonometric functions to a sum:
. 1. 1 .
sinu cosv = o sin(u + v) + 5 sin(u — v),
: 1. 1.
cosu sinv = o sin(u + v) — 5 sin(u — v),
: . 1 1
sinu sinv = 5 cos(u — v) — = cos(u + v),

1 1
COSU COSV = 5 cos(u — v) + 3 cos(u + v).

Sums of trigonometric functions to a product:
. . . fu+v uU—0
sinu + sinv = 2sin cos ,
() =("2")
. . u+v\) . fu—v
sinu —sinv = 2cos | —— | sin ,
()= (")
u+v U —v
cosu + cosv = 2 cos cos ,
()2
. u+uvy\ . u—v
cosu—cosv:—281n(2)sm< 5 )

Formula of halving and doubling the angle:

sin 2u = 2sinu cosu,

2 2

cos 2u = cos” u — sin u:2cos2u—1:1—2sin2u7

1 _ o

sing = £/ % followed by a discussion of the sign,
1

cos % =14/ % followed by a discussion of the sign,
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A.8 Hyperbolic formulae

These are very much like the trigonometric formulae, and if one knows a little of Complex Function
Theory it is realized that they are actually identical. The structure of this section is therefore the same
as for the trigonometric formulae. The reader should compare the two sections concerning similarities
and differences.

The fundamental relation:
cosh? x — sinh? z = 1.
Definitions:
1 . 1
coshx = 5 (exp(x) + exp(—z)), sinhx = 5 (exp(z) — exp(—2x)).
“Moivre’s formula”:
exp(x) = coshz + sinh x.

This is trivial and only rarely used. It has been included to show the analogy.
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Addition formulse:

sinh(z 4 y) = sinh(x) cosh(y) + cosh(z) sinh(y),
sinh(z — y) = sinh(z) cosh(y) — cosh(z) sinh(y),
sinh(y),

sinh(y).

cosh(z + y) = cosh(z) cosh(y) + sinh(x)

cosh(z — y) = cosh(z) cosh(y) — sinh(x)

Formula of halving and doubling the argument:
sinh(2z) = 2sinh(z) cosh(x),

cosh(2z) = cosh?(z) + sinh?(z) = 2 cosh?(z) — 1 = 2sinh®(z) + 1,

h(z) — 1
sinh (g) == % followed by a discussion of the sign,

cosh (f) _ cosh(;:) + 1'

Inverse hyperbolic functions:

Arsinh(z) = In (m + Va2 + 1) , z € R,
Arcosh(x) = In (x + \/x27—1) , x>1,
Artanh(z) = %ln <1+i) , lz| <1,
Arcoth(z) = %ln (i i_ 1) , |z > 1.

A.9 Complex transformation formulse

cos(iz) = cosh(x), cosh(iz) = cos(x),

sin(iz) = i sinh(x), sinh(iz) = isina.

A.10 Taylor expansions

The generalized binomial coefficients are defined by

(a) ala—1)--(a—n+1)

n = 1.2...n ’

with n factors in the numerator and the denominator, supplied with

(5)

The Taylor expansions for standard functions are divided into power like (the radius of convergency
is finite, i.e. = 1 for the standard series) andezponential like (the radius of convergency is infinite).
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Power like:

1 n
— =) " o <1,
n=0
L i(—l)”x" lz| < 1
1+Z n=0 7 ’
I+ax)" = < .)xj, neN,zeR,
— J
7=0
o - « n
(1+x) —Z%(n)z, aeR\N,|z| <1,
o0 l‘n
In(1 = —1)nt <1
14 = S <1,
s 2n+1
Arctan(z) = nZ:O(_ ) 1 |z < 1.
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Exponential like:

— 1
exp(x) = Z gx”, reR
n=0 "
- n 1 n
exp(—z) = ) (=1)"—a", zeR
= n!
3 - n 1 n
sin(z) = Z(—l) me A r eR,
n=0 ’
— 1
sinh(z) = gt z €R,
ng() (2n+1)!
E 1
cos(z) = Z(—l)" (2n)'l‘2", z € R,
n=0 ’
cosh(z) = i ! 2" z € R.
= (2n)!

A.11 Magnitudes of functions

We often have to compare functions for x — 0+, or for x — oco. The simplest type of functions are
therefore arranged in an hierarchy:

1) logarithms,

2) power functions,

3) exponential functions,
4) faculty functions.

When z — o0, a function from a higher class will always dominate a function form a lower class. More
precisely:

A) A power function dominates a logarithm for x — oo:

(Inz)?

— —0 for x — oo, a, 3> 0.
x

B) An ezponential dominates a power function for x — oo:

xOé
— —0 for x — oo, a,a>1.

ax
C) The faculty function dominates an exponential for n — oo:

an

—'—>O7 n—oo, neN, a>0.
n!

D) When 2 — 0+ we also have that a power function dominates the logarithm:

z%Inz — 0—, forx — 0+, «a>0.
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