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Preface — Volume 1

Partial differential equations appear in both physics and geometry. Within
mathematics they unite the areas of complex analysis, differential geometry
and calculus of variations. The investigation of partial differential equations
has contributed substantially to the development of functional analysis. Al-
though a relatively uniform treatment of ordinary differential equations is
possible, multiple and quite diverse methods are available for partial differ-
ential equations. With this two-volume textbook we intend to present the
entire domain PARTIAL DIFFERENTIAL EQUATIONS — so rich in theories and
applications — to students on the intermediate level.

We presuppose a basic knowledge of the analysis, as it is conveyed in the
beautiful lectures [Hil] and [Hi2] by S. Hildebrandt or in our lecture notes [S1]
and [S2] or in W. Rudin’s influential textbook [Ru]. For the convenience of the
reader we further develop foundations from the analysis in a form adequate
to the theory of partial differential equations. Therefore, this textbook can
be used for a course extending over several semesters. We have intended to
present the theory in the same form we know from books on complex analysis
or differential geometry. In our opinion, gaining a deep understanding of the
subject replaces the need for exercises, which are implicitly present in our
text and may be supplemented from other books. By excluding exercises, we
instead focus on presenting a complete and self-contained theory.

A survey of all the topics is provided by the table of contents, which nat-
urally reflects the interests of the author. For advanced readers, each chap-
ter may be studied independently from the others. In selecting the topics of
our lectures and consequently for our textbooks, I tried to follow the advice
of one of the first great scientists at the University of Gottingen, namely
G.C. Lichtenberg: Teach the students h o w to think and not always w h a t
to think! When I was a student at Gottingen, I admired the commemorative
plaques throughout the city in honor of many great physicists and mathemati-
cians. In this spirit, I attribute the results and theorems in our compendium
to the persons who — to the best of my knowledge — created them.
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The original version of this textbook, Friedrich Sauvigny: Partielle Differ-
entialgleichungen der Geometrie und der Physik — Grundlagen und Integral-
darstellungen — Unter Beriicksichtigung der Vorlesungen von E. Heinz, was
first published in 2004 by Springer-Verlag. A translated and expanded version
of this monograph followed in 2006 as Springer- Universitext, namely Friedrich
Sauvigny: Partial Differential Equations 1, and we are now presenting a sec-
ond edition of this textbook.

In Chapter 1 we treat the Differentiation and Integration on Manifolds, where
we use the improper Riemannian integral. After the Weierstrafl approximation
theorem in Section 1, we introduce differential forms in Section 2 as function-
als on surfaces — parallel to [Ru]. The calculus rules for differential forms
are immediately derived from the determinant laws and the transformation
formula for multiple integrals. With the partition of unity and an adequate
approximation we prove the Stokes integral theorem for manifolds in Sec-
tion 4, which may possess singular boundaries of capacity zero besides their
regular boundaries. In Section 5 we especially obtain the Gaussian integral
theorem for singular domains as in [H1], which is indispensable for the theory
of partial differential equations. After the discussion of contour integrals in
Section 6, we shall follow [GL] in Section 7 and represent A. Weil’s proof of the
Poincaré lemma. In Section 8 we shall explicitly construct the x-operator for
certain differential forms in order to define the Beltrami operators. Finally,
we represent the Laplace operator in n-dimensional spherical coordinates.

In Chapter 2 we shall constructively supply the Foundations of Functional
Analysis. Having presented Daniell’s integral in Section 1, we shall continue
the Riemannian integral to the Lebesgue integral in Section 2. The latter is
distinguished by convergence theorems for pointwise convergent sequences of
functions. We deduce the theories of Lebesgue measurable sets and functions
in a natural way; see the Sections 3 and 4. In Section 5 we compare Lebesgue’s
with Riemann’s integral. Then we consider Banach and Hilbert spaces in Sec-
tion 6, and in Section7 we present the Lebesgue spaces LP(X) as classical
Banach spaces. Especially important are the selection theorems with respect
to almost everywhere convergence due to H.Lebesgue and with respect to
weak convergence due to D. Hilbert. Following ideas of J.v. Neumann we in-
vestigate bounded linear functionals on LP(X) in Section 8. For this Chapter
1 have profited from a seminar on functional analysis, offered to us as students
by Professor Dr.E. Heinz in Gottingen.

In Chapter 3 we shall study topological properties of mappings in R™ and solve
nonlinear systems of equations. In this context we utilize Brouwer’s degree of
mapping, for which E.Heinz has given an ingenious integral representation
(compare [HS8]). Besides the fundamental properties of the degree of map-
ping, we obtain the classical results of topology. For instance, the theorems
of Poincaré on spherical vector-fields and of Jordan-Brouwer on topological
spheres in R™ appear. The case n = 2 reduces to the theory of the winding
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number. In this chapter we essentially follow the first part of the lecture on
fixed point theorems [H4] by E. Heinz.

In Chapter 4 we develop the theory of holomorphic functions in one and
several complex variables. Since we utilize the Stokes integral theorem, we
easily attain the well-known theorems from the classical theory of functions
in the Sections 2 and 3. In the subsequent paragraphs we also study solutions
of the inhomogeneous Cauchy-Riemann differential equation, which has been
completely investigated by L. Bers and I. N. Vekua (see [V]). In Section 6 we
assemble statements on pseudoholomorphic functions, which are similar to
holomorphic functions as far as the behavior at their zeroes is concerned.
In Section7 we prove the Riemannian mapping theorem with an extremal
method due to Koebe and investigate in Section 8 the boundary behavior of
conformal mappings. Furthermore, we consider the discontinuous behavior
of Cauchy’s integral across the boundary in Section9 and solve a Dirichlet
problem for plane harmonic mappings. In this chapter we have profited from
the beautiful lecture [Gr] on complex analysis by H. Grauert.

Chapter 5 is devoted to the Potential Theory in R™. With the aid of the Gaus-
sian integral theorem we investigate Poisson’s differential equation in Section 1
and Section 2, and we establish an analyticity theorem. With Perron’s method
we solve the Dirichlet problem for Laplace’s equation in Section 3. Starting
with Poisson’s integral representation, we develop the theory of spherical har-
monic functions in R"™; see Section4 and Section 5. This theory was founded
by Legendre, and we owe this elegant representation to G. Herglotz. In this
chapter as well, I was able to profit decisively from the lecture [H2] on par-
tial differential equations by my academic teacher, Professor Dr. E. Heinz in
Gottingen.

In Chapter 6 we consider Linear Partial Differential Equations in R™. We
prove the maximum principle for elliptic differential equations in Section 1
and apply this central tool on quasilinear, elliptic differential equations in
Section 2 (compare the lecture [H6]). In Section 3 we turn to the heat equation
and present the parabolic maximum-minimum principle. Then in Section 4,
we study characteristic surfaces and establish an energy estimate for the wave
equation. In Section 5 we solve the Cauchy initial value problem of the wave
equation in R™ for the dimensions n = 1, 3,2. With the aid of Abel’s integral
equation we solve this problem for all n > 2 in Section 6 (compare the lecture
[H5]). Then we consider the inhomogeneous wave equation and an initial-
boundary-value problem in Section 7. For parabolic and hyperbolic equations
we recommend the textbooks [GuLe] and [J]. Finally, we classify the linear
partial differential equations of second order in Section8. We discover the
Lorentz transformations as invariant transformations for the wave equation
(compare [G]).
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With Chapters 5 and 6, we intend to give a geometrically oriented introduc-
tion into the theory of partial differential equations, without assuming prior
functional analytic knowledge.

In this second edition of our monograph Partial Differential Equations 1, we
have carefully revised Volume 1 and added Section 9 on the Boundary Behavior
of Cauchy’s Integral in Chapter 4. We shall present a revised version of our
book Partial Differential Equations 2 as well, where we shall add a new chapter
on Boundary Value Problems from Differential Geometry. The topics of the
new Chapter 13 are listed in the table of contents for our enlarged second
edition of Volume 2.

We follow the Total Order Code of the Universitext series, however, adapt
this to the present extensive contents. Since we see our books as an entity,
we count the chapters throughout our two volumes from 1-13. In each section
individually, we count the equations and refer to them by a single number;
when we refer to an equation in another section of the same chapter, say the
m-th section, we have to add Section m; when we refer to an equation in the
m-~th section of another chapter, say the [-th chapter, we have to add Section
m in Chapter [.

We assemble definitions, theorems, propositions, examples to the expression
environment, which is borrowed from the underlying TEX-file. Individually in
each section, we count these environments consecutively by the number n, and
denote the n-th environment within the m-th section by Environment m.n.
Thus we have attributed a pair of integers m.n to all definitions, theorems,
propositions, and examples, which is unique within each chapter and easy to
find. Referring to these environments throughout both books, we proceed as
described above for the equations.

We add Figure 1.1 — Figure 1.9 to our Volume 1 and Figure 2.1 — Figure 2.11
to our Volume 2, which mostly represent portraits of mathematicians. This
small photo collection of some scientists, who have contributed to the theory
of Partial Differential Equations, already shows that our area is situated in
the center of modern mathematics and possesses profound interrelations with
geometry and physics.

This textbook PARTIAL DIFFERENTIAL EQUATIONS has been developed from
lectures that I have been giving in the Brandenburgische Technische Univer-
sitdt at Cottbus from the winter semester 1992/93 to the present semester. The
monograph, in part, builds upon the lectures (see [H1] — [H6]) of Professor Dr.
Dr.h.c. E. Heinz, whom I was fortunate to know as his student in Gottingen
from 1971 to 1978 and as postdoctoral researcher in his Oberseminar from 1983
to 1989. As an assistant in Aachen from 1978 to 1983, I very much appreci-
ated the elegant lecture cycles of Professor Dr. G. Hellwig (see [Hel] — [He3]).
Since my research fellowship at the University of Bonn in 1989/90, an inten-
sive scientific collaboration with Professor Dr. Dr.h.c.mult. S. Hildebrandt has
developed, which continues to this day (see [DHS] and [DHT?2] with the list of
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references therein). All three of these excellent representatives of mathematics
will forever have my sincere gratitude and my deep respect!

Here I gratefully acknowledge the valuable and profound advice of Priv.-Doz.
Dr. Frank Miiller (Universitat Duisburg-Essen) for the original edition Par-
tielle Differentialgleichungen as well as the indispensable and excellent assis-
tance of Dipl.-Math. Michael Hilschenz (BTU Cottbus) for the present edition
Partial Differential Equations 1. Furthermore, my sincere thanks are devoted
to Mrs. C. Prescott (Berlin) improving the English style of this second edition.
Moreover, I would like to thank cordially Herr Clemens Heine (Heidelberg)
and Mr. Jorg Sixt (London) as well as Mrs. Lauren Stoney (London) and
all the other members of Springer for their helpful collaboration and great
confidence.

Cottbus, February 2012 Friedrich Sauvigny
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Chapter 1

Differentiation and Integration on Manifolds

In this chapter we lay the foundations for our treatise on partial differential
equations. A detailed description for the contents of Chapter 1 is given in the
Introduction to Volume 1 above. At first, we fix some familiar notations used
throughout the two volumes of our textbook.

By the symbol R™ we denote the n-dimensional Euclidean space with the

points © = (x1,...,x,) where ; € R, and we define their modulus
n 3
2
|z| = (Zmz) .
i=1

In general, we denote open subsets in R” by the symbol (2. By the symbol M

we indicate the topological closure and by ]\04 the open kernel of a set M C R™.
In the sequel, we shall use the following linear spaces of functions:

co()...... continuous functions on {2

CF)...... k-times continuously differentiable functions on (2

Ck(2)...... k-times continuously differentiable functions f on {2 with the
compact support supp f = {z € £2: f(x) #0} C 2

Ck()...... k-times continuously differentiable functions on {2, whose

derivatives up to the order k£ can be continuously extended
onto the closure 2

CE(2UO).. k-times continuously differentiable functions f on {2, whose
derivatives up to the order k£ can be extended onto the closure
2 continuously with the property supp f C 2U O

C¥(+,K) ... space of functions as above with values in K =R" or K = C.

Finally, we utilize the notations

Vi .ooooo... gradient (ug,,...,us,) of a function u = wu(z1,...,x,) €
Cl(r")
F. Sauvigny, Partial Differential Equations 1, Universitext, 1
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2 Chapter 1 Differentiation and Integration on Manifolds

n
Au..oooo... Laplace operator Y ug,,, of a function u € C*(R™)

i=1
Jpoooo functional determinant or Jacobian of a function f : R™ —
R" € CH(R™,R").

1 The Weierstrafl Approximation Theorem

Let 2 ¢ R" with n € N denote an open set and f(z) € C*(£2) with k €
N U {0} =: Ny a k-times continuously differentiable function. We intend to
prove the following statement:

There exists a sequence of polynomials p,,(x), x € R™ for m = 1,2,... which
converges on each compact subset C' C (2 uniformly towards the function f(z).
Furthermore, all partial derivatives up to the order k of the polynomials p,,
converge uniformly on C' towards the corresponding derivatives of the function
f- The coefficients of the polynomials p,, depend on the approximation, in
general. If this were not the case, the function

exp (—%) ;x>0
flx) = .

0, <0

could be expanded into a power series. However, this leads to the evident
contradiction:

_ v fM(0)
0= ;}Tfl}k

In the following Proposition, we introduce a mollifier which enables us to
smooth systematically integrable functions.

Proposition 1.1. We consider the following function to each € > 0, namely

Ko = hor e (L)

1 1 .
:Wexp (—g(zf—l——kzi)), z € R".

Then this function K. = K.(z) possesses the following properties:
1. We have K.(z) > 0 for all z € R™;
2. The condition /Kg(z) dz =1 holds true;

]Rn
3. For each § > 0 we observe: lim K.(z)dz=0.
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Proof:

1. The exponential function is positive, and the statement is obvious.
2. We substitute z = /zz with dz = \/¢" dz and calculate

/K (2)dz ! /e ( z|2) dz
= n X -0
: e P €
R’VL R’!L
+oo n

:#/exp(—bﬁ)dx: %/exp(—tz)dt =1

— 00

3. We utilize the substitution from part 2 of our proof and obtain

/K dsz / eXp \m|>dz*>0 for &—0+.
|z]|>6 || >6/+/E q.e.d.

Proposition 1.2. Let us consider f(z) € CJ(R™) and additionally the func-
tion
)= [ Ky -af@dy. werr

for e > 0. Then we infer

sup |fe(z) — f(z)] — 0 for & — 0+,
rzER™

and consequently the functions f-(x) converge uniformly on the space R™ to-
wards the function f(x).

Proof: On account of its compact support, the function f(x) is uniformly
continuous on the space R™. The number 1 > 0 being given, we find a number
d = 6(n) > 0 such that

,y R, |z —y| <6 = [f(2) = fy)l <n
Since f is bounded, we find a quantity €9 = £9(n) > 0 satisfying

2 sup |f(y)] / K.(y—xz)dy<n forall 0<e¢< e

yER™
ly—z|>d

We note that

Jae \—\/K ~ ) f(y) dy  fo /K y—z)dy|

/K y— ) (f() ~ 1)} dy |

ly—z|<8

H [ Kw-o U - @),

ly—=z|>d
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and we arrive at the following estimate for all points x € R™ and all numbers
0 < € < g9, namely

o) — f(z)] < / K.(y— ) |f(y) — f(x)|dy

ly—z|<d
+ / K.y — ) {|f )] + |/ ()]} dy
ly—z|>d
<n+2sup |fly / Ke(y —x)dy < 2n.
yEeR™

ly—z|>68
We summarize our considerations to

sup |f-(z) — f(z)| — 0 for e—=>0+.

wER™ q.e.d.

In the sequel, we need

Proposition 1.3. (Partial integration in R"™)
When the functions f(x) € C3(R™) and g(z) € C1(R™) are given, we infer

[ o5 1) ds = - /f

Rn

x)dr for i=1,...,n.

Proof: On account of the property f(z) € C3(R™), we find a radius r > 0 such
that f(z) =0 and f(x)g(z) = 0 is correct for all points z € R™ with |z;| > r
for one index j € {1,...,n} at least. The fundamental theorem of differential-
and integral-calculus yields

axz } dx

+r +r / +r
/ / /ax }dfl?z d.fl...dl‘i_ldjji_,rl.”dxn =0.

This implies

0= / &ii {f(m)g(:r)} dx = /9(33) aii f(z)dz —l—/f(:v)aii g(x)dz.
R~ e

q.e.d.

Rn

Proposition 1.4. Let the function f(z) € CE(R™,C) with k € Ny be given.
Then we have a sequence of polynomials with complex coefficients
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(m) J1 j
Pm(x) = E Ciy gy alr for o m=1,2,...
J1yeeesJn=0

such that the limit relations
Dp(z) — D*f(z)  for m o0, |a] <k

are satisfied uniformly in each ball Br := {x € R™ : |z| < R} with the
radius 0 < R < +oo. Here we define the differential operator D with o =
(a1,...,a) by

N olel
DU ey et

where ay,...,a, > 0 represent nonnegative integers.

Proof: We differentiate the function f.(z) with respect to the variables x;,
and together with Proposition 1.3 we see

0 0
gt = [{ o Kty =) | 1)

R’!L

ff/ D Ky} s

= Bv; e\Y y)ay

= [ K(
/ ~ ) ) dy
R!L

for i =1,...,n. By repeated application of this device, we arrive at

D f (x /K (y—2)D*f(y)dy, |af <k.

Here we note that D®f(y) € C§(R™) holds true. Due to Proposition 1.2, the
family of functions D f.(x) converges uniformly on the space R"™ towards
D? f(x) - for all |a| < k - when ¢ — 0+ holds true. Now we choose the radius
R > 0 such that supp f C Bp is valid. Taking the number £ > 0 as fixed, we
consider the power series

1 2|2 1 X1 |z|2)j
KE == n _—— = — — _ ,
(2) — exp ( 6 ) = ;)]! ( -

which converges uniformly in Bsp. Therefore, each number € > 0 possesses
an index Ny = Ny(e, R) such that the polynomial

No(e, R)

Pat) = an 3 3 LAy
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is subject to the following estimate:

sup |K(z) — P r(2)| <e.
|2|<2R

With the expression
Fonl@) i= [ Ponly = 2)1w)dy
R’H,

we obtain a polynomial in the variables z1,...,z, - for each € > 0. Further-
more, we deduce

D"]F‘;’R(gc) = /PE’R(y —z)D“f(y)dy forall zeR" |of<k.
RTL

Now we arrive at the subsequent estimate for all || < k and |z| < R, namely

D fule) = Do)l = | [ {Kelw =) = Ponty =)} D" f0) dy|

ly|[<R
< / K.(y — ) — Pep(y — 2)||D*f ()] dy
[y|I<R
<e / D° £ ()] dy.

ly|<R

Therefore, the polynomials DO‘J?E, r(x) converge uniformly on Bg towards the
derivatives D® f(z). Choosing the null-sequence ¢ = % with m = 1,2,...,
we obtain an approximating sequence of polynomials p,, g(z) := f; ’ r(x) in
Bpg, which is still dependent on the radius R. We take r = 1,2,.. "and find

polynomials p, = py,, » satisfying

1
sup |D(z) — Df(x)] < = forall |o| <k.
rE€ B, T
The sequence p, satisfies all the properties stated above. q.e.d.

We are now prepared to prove the fundamental

Theorem 1.5. (The Weierstrafl approximation theorem)

Let 2 C R™ denote an open set and f(x) € C*(2,C) a function with the
degree of reqularity k € Ng. Then we have a sequence of polynomials with
complex coefficients of the degree N(m) € Ny, namely

N(m)
fm(x) = Z cgzn)jnx]llxﬁl, z€R”, m=12,...,
J1seesJn=0
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such that the limit relations
D f(x) — D f(x) for m— o0, |af<k

are satisfied uniformly on each compact set C' C 2.

Proof: We consider a sequence 21 C {2 C ... C {2 of bounded open sets
exhausting (2. Here we have £2; C 2,11 for all indices j. Via the partition of
unity (compare Theorem 1.8), we construct a sequence of functions ¢,(x) €
C§°(02) satisfying 0 < ¢;(z) <1,z € 2 and ¢j(x) =1 on 2; for j =1,2,....
Then we observe the sequence of functions

_ J [@)¢i(x), € 2
fj(w) _{ 0, ZEER”\Q

with the following properties:
fi(z) € CE(R™) and D®f;(x) = D* f(x), z e, o<k

Due to Proposition 1.4, we find a polynomial p;(x) to each function f;(x)
satisfying

| =

su(pz) |D%j(z) — D% f;(z)] = sug |D%j(z) — D*f(x)] < =, lo| <k,
fASEO] ref2;

<

since {2; is bounded. For a compact set C' C (2 being given arbitrarily, we find
an index jo = jo(C) € N such that the inclusion C' C £2; for all j > jo(C) is
correct. This implies
1 L
sup |[D%j(z) — D f(z)| < =, Jj>30(C), |af <k.
zeC J
When we consider the transition to the limit j — oo, we arrive at the state-

ment
Sug |D%p;j(z) — D*f(z)] — 0
S

for all |a] < k and all compact subsets C' C {2. q.e.d.

Theorem 1.5 above provides a uniform approximation by polynomials in the
interior of the domain for the respective function. Continuous functions de-
fined on compact sets can be uniformly approximated up to the boundary of
the domain. Here we need the following

Theorem 1.6. (Tietze’s extension theorem)

Let C C R™ denote a compact set and f(x) € C°(C,C) a continuous function
defined on C. Then we have a continuous extension of f onto the whole space
R™ which means: There exists a function g(z) € C°(R™, C) satisfying

f(z) =g(x) for all points x € C.
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Proof:
1. We take x € R™ and define the function

d(x) ;= mi —
() = min |y — x|,
which measures the distance of the point x to the set C'. Since C' is com-
pact, we find to each point € R™ a point § € C satisfying |y — z| = d(z).
When z1, 22 € R™ are chosen, we infer the following inequality for 7, € C
with |[gy — 22| = d(x2), namely

d(er) — d(z) = inf (Jan —y]) — |z~ o))

IN

|21 = Yo| — 72 — Ty

< |1 — 2.

Interchanging the points x; and x5, we obtain an analogous inequality
and infer

|[d(z1) — d(z2)] < |1 — 2| for all points 1, x2 € R".

In particular, the distance d : R™ — R represents a continuous function.
2. For ¢ C and a € R", we consider the function

o(z, a) := max {2 - |Z($>a ,0} .

The point a being fixed, the arguments above tell us that the function
o(z,a) is continuous in R™ \ C. Furthermore, we observe 0 < p(x,a) < 2
as well as

o(z,a) =0 for |a— x| > 2d(z),

for |a—2x| < gd(x)

N~

o(x,a) >

3. With {a(k)} C C let us choose a sequence of points which is dense in C.

Since the function f(z) : C — C is bounded, the series below

22_]“9(%(1(’“))]“((1(@) and éQ‘kg(x,a(k))

converge uniformly for all z € R™\ C, and represent continuous functions
in the variable x there. Furthermore, we observe

i2_kg(x7a(k)) >0 for zeR"\C,
k=1
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since each point z € R™\ C possesses at least one index k with o(x,a®)) >
0. Therefore, the function

iZ_kQ(x,a(k))f<a(k)) -
h(z) = = = Z gk(x)f(a(k)), zeR"\C,

oo
Z 2—kg<x, a(k)) k=1
k=1

is continuous. Here we have set

2 efna)
RS —k (m a(k)>
;2 oz,

We have the identity

for zeR"\C.

ok ()

ng(x) =1, zeR"\C.
k=1
. Now we define the function

flx),zeC
g(x) ::{ .
h(z), z € R*\ C

We have still to show the continuity of g on dC. We have the following
estimate for z € C' and = ¢ C:

o)~ 1)1 = | 3 e { £(a®) - 1)} |
k=1

IN

S a@]f(e®) - 1)

k:|a(®) —z|<2d(z)

IN

sup [f(a) = f(2)]
a€C': la—z|<2d(x)

< sup f(a) = f(2)]

a€C : |a—z|<L2d(x)+|z—2|

< sup |f(a) = f(2)]-

a€C':|a—z|<3|z—z|
Since the function f : C' — C is uniformly continuous, we infer

lim h(z) = f(z) for 2€0C and x¢C.
zgC



10 Chapter 1 Differentiation and Integration on Manifolds

The assumption of compactness for the subset C' is decisive in the theorem
above. The function f(z) = sin(1/z), € (0,00) namely cannot be continu-
ously extended into the origin 0.

Theorem 1.5 and Theorem 1.6 together yield

Theorem 1.7. Let f(z) € C°(C,C) denote a continuous function on the com-
pact set C C R™. To each quantity € > 0, we then find a polynomial p.(x)
with the property

lp(z) — f(x)| <e for all points x € C.

We shall construct smoothing functions which turn out to be extremely valu-
able in the sequel. At first, we easily show that the function

1y .
W(t) ::{GXP(‘Z)”“” (1)
0, ift<0

belongs to the regularity class C*°(R). We take R > 0 arbitrarily and consider
the function

vr(z) ::z/J(|:E|2 —R2>7 xz € R™ (2)

Then we observe pr € C°(R",R). We have ¢gr(z) > 0 if || > R holds true,
wr(z) =0if |z| < R holds true, and therefore

supp(pr) = {x eR™ : |z| > R}.
Furthermore, we develop the following function out of ¢ (t), namely
o=0):R—-R € C*(R) via to(t) =1 -1 +1t). (3)

This function is symmetric, which means p(—t) = p(t) for all ¢t € R. Further-
more, we see g(t) > 0 for all t € (—1,1), o(t) = 0 for all else, and consequently

supp(o) = [-1,1].
Finally, we define the following ball for £ € R™ and € > 0, namely

B.(€) == {x ER" : |z —¢| < g} (4)
as well as the functions
z — &2 "
e () ::g<| = | >7 r € R". (5)

Then the regularity property ¢¢. € C®(R™ R) is valid, and we deduce
o

pee(x) > 0 for all & € B.(§) as well as e (x) = 0 if |z — & > ¢ holds
true. This implies

supp(pe,c) = B:(&).

A fundamental principle of proof is presented in the next
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Theorem 1.8. (Partition of unity)

Let K C R™ denote a compact set, and to each point x € K the symbol
O, C R" indicates an open set with x € O,. Then we can select finitely many
points (D, 22 .. 2(M) e K with the associate number m € N such that the
covering

K C U Ox(“)

p=1

holds true. Furthermore, we find functions x,, = Xu(z) : Oy — [0,400)
satisfying x, € C3°(Opw) for p=1,...,m such that the function

X@) =Y xu@),  weRr? (6)
p=1

has the following properties:

(a) The regularity x € C§°(R™) holds true.
(b) We have x(x) =1 for all z € K.
(¢) The inequality 0 < x(z) < 1 is valid for all x € R™.

Proof:

1. Since the set K C R"™ is compact, we find a radius R > 0 such that
K C B := Bg(0) holds true. To each point x € B we now choose an

open ball B, (z) of radius ¢, > 0 such that B, (z) C O, for x € K
and B (z) € R"\ K for x € B\ K is satisfied. The system of sets

{Bgm (x)}meB yields an open covering of the compact set B. According to

the Heine-Borel covering theorem, finitely many open sets suffice to cover
B, let us say

o ] o [e] o

Be, (zW), B, (z®),...,B., (™), B, ., (2™*Y),... B

m 7 Em+M (x(m-&-M)) N

Here we observe z") € K for p = 1,2,...,m and 2 € B \ K for
p=m+1,...,m+ M, defining €, := e, for p=1,...,m+ M.

With the aid of the function from (5), we now consider the nonneg-
ative functions ¢, (z) = @, ., (z). We note that the following reg-
ularity properties hold true: ¢, € C§°(O,u) for p = 1,...,m and
o € CPR™\ K) for p =m+1,...,m+ M, respectively. Furthermore,
we define @4 p+1(2) = pr(x), where we introduced g already in (2).
Obviously, we arrive at the statement

m+M+1
Z ou(x) >0 for all z € R".
p=1
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2. Now we define the functions x, due to

Xu(2) = r+MH

> o) pua), cemr

pn=1

for p =1,...,m+ M + 1. The functions x, and ¢, belong to the same
classes of regularity, and we observe additionally

m+M+1 m+M+1 —1 m+M+1
Z Xu(z) = [ Z gpu(x)] Z pu(x)=1 forall zeR"™
p=1 p=1 pn=1

The properties (a), (b), and (c) of the function x(z) = > xu(x) are
pn=1
directly inferred from the construction above. q.e.d.

Definition 1.9. We name the functions x1,X2,---,Xm from Theorem 1.8 a
partition of unity subordinate to the open covering {O,},cx of the compact
set K.

2 Parameter-invariant Integrals and Differential Forms

In the basic lectures of analysis the following fundamental result is established.

Theorem 2.1. (Transformation formula for multiple integrals)

Let 2,0 C R™ denote two open sets, where we take n € N. Furthermore, let
y=(yi(x1,.- -, Zn)y. oy Yn(T1,...,2,)) : £2 = O denote a bijective mapping
of the class C1(£2,R™) satisfying

Oy, ()
81‘]‘

Jy(z) = det( )MZl . #0 forall ze (2

Let the function f = f(y) : © — R € C°(O) be given with the property

/\f(y)ldy< oo
€]

for the improper Riemannian integral of |f|. Then we have the transformation
formula

/ fly) dy = / F(@)) 1y ()] da.
o e}

In the sequel, we shall integrate differential forms over m-dimensional surfaces
in R™.
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Definition 2.2. Let the open set T' C R™ with m € N constitute the param-
eter domain. Furthermore, the symbol

.”L'l(tl, e ,tm)
X(t) = : . T — R™ € C*(T,R")
.’En(tl, e ,tm)

represents a mapping - with k,n € N and m < n - whose functional matriz
dX(t) = (th(t),...,Xtm(t)>, teT

has the rank m for all t € T. Then we call X a parametrized regular surface
with the parametric representation X (t) : T — R™.

When X : T — R" and X : T — R™ are two parametric representations, we
call them equivalent if there exists a topological mapping

t=1(s) = (tl(sl,...,sm),...,tm(sl,...,sm)> T — T e CK(T,T)

with the following properties:

ot ) I (g) ... %(s)
1. J(s):zu(s)z >0  foral seT;

A(S1y- -y 8m)
821 (s) ... aim (s)

2. X(s) = X(t(s)) forallseT.

We say that X originates from X by an orientation-preserving reparametriza-
tion. The equivalence class [X| consisting of all those parametric representa-
tions which are equivalent to X is named an open, oriented, m-dimensional,
regular surface of the class C* in R". We name a surface embedded in the
space R™ if additionally the mapping X : T — R" is injective.

Ezample 2.3. (Curves in R™)

On the interval T' = (a,b) C R we consider the mapping

X =X(t) = (J;l(t), o ,xn(t)> e CNT,RY), teT

satisfying

X(1)] = Ak O + ..+ {2, (D)2 > 0 forall teT.

Then the integral
b
L) = [ o) de

determines the arc length of the curve X = X(t) .
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Ezample 2.4. (Classical surfaces in R?)

When T C R? denotes an open parameter domain, we consider the Gaussian
surface representation

X (u,v) = (x(u,v),y(u,v)w(u,v)) : T — R € CHT,R?).

The vector in the direction of the normal to the surface is given by

Ay, z) 0(z 1) 3(%?/))
A(u,v)’ d(u,v)’ d(u,v)

Xu/\XU:(

= (YuZo — Zulor ZuTo — TuZos Tuly — Tolu)-
The unit normal vector to the surface X is defined by the formula

Xu N X,
Nuwv) = =50

and we note that
IN(u,v)| =1, N(u,v)-X,(u,v) =N(u,v)-X,(u,v) =0 forall (u,v)eT.

Via the integral

A(X) = //|Xu/\X1,|dudv
T

we determine the area of the surface X = X (u,v). We evaluate
[ Xu A X)? = (Xu A Xy) - (Xu A Xy) = [ X[ X)* — (X - Xy)?

such that

A(X) ://\/|Xu|2|XU|2 — (Xy - X,)2 dudv
T

follows.

Ezample 2.5. (Hypersurfaces in R™)

Let X : T'— R”™ denote a regular surface - defined on the parameter domain
T C R"!. The (n—1) vectors Xy,,..., Xy, , are linearly independent for all
t € T; and they span the tangential space to the surface at the point X (t) €
R™. Now we shall construct the unit normal vector v(t) € R™. Therefore, we
require

lv() =1 and v(t) -X; (t)=0 forall k=1,...,n—1
as well as

det (th(t), N .,thfl(t),z/(t)) >0 forall teT.



Consequently, the vectors X, ...
n-frame. In this context we define the functions

D;(t) ==

(-1

7Xt

n—1
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and v constitute a positive-oriented

Then we obtain the identity

8901
oty

Oz

A1

T ‘e

Now we introduce the unit normal vector

v(t) = (1), on(t)) =

)nJr,L- 3(x1,172,...,xi_l,x,;+1,...,zn) z:l n
Aty tn-1) ’ o
Oz
ot
n
=> AND;  forall Ap,... A\, €R.
Oxp i—
Ot:,l i=1
An
teT

Evidently, the equation |v(t)| = 1 holds true and we calculate

Oz

- NN

811
ot

0Ty,

otq

Oxn

6tn—1

oz,
ot ;

:O’

1<j<n-—1.

This implies the orthogonality relation X, (¢) - v(t) = 0 for all ¢ € T and
7 =1,...,n— 1. The surface element of the hypersurface in R™ is given by

do =

Oxq

141

- NN

oz,

oty

Oz,
6tn—l

Un

dty...dt,—1

= Z Vij dtl . dtn,1
J=1
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Consequently, the surface area of X is determined by the improper integral

Example 2.6. An open set {2 C R™ can be seen as a surface in R” - via the
mapping
X(t):=t, with teT and T:= CR"

Ezample 2.7. (An m-dimensional surface in R™)

Let X(t) : T — R™ denote a surface with T C R™ as its parameter domain
and the dimensions 1 < m < n. By the symbols

gij(t) = Xy, - Xy, for d,5=1,...,m

we define the metric tensor of the surface X. Furthermore, we call

g(t) = det (g5 (1))

ij=1,....m

its Gramian determinant. We complete the system { Xy, };i=1... m in R™ at each
point X (t) by the vectors §; with j = 1,...,n —m such that the following
properties are valid:

(a) We have &; - & = 9, for all j,k=1,...,n—m;
(b) The relations X, -§; =0fori=1,...,mand j =1,...,n —m hold true;

(c¢) The condition det (th, R, O S P ,§n,m> > 0 is correct.

Then we determine the surface element as follows:

do(t) = det (th, o X Er ,gn_m) dty ... dt,,

- \/det{(XtU...,fnm)t o (th,...,gn,m)}dtl...dtm

_ \/det (gij(t))ivj:h“’m dty ... dty,

= \/g(t) dt ...dtn.

In order to evaluate our surface element via the Jacobi matrix 0X (¢), we need
the following

Proposition 2.8. Let A and B denote two n X m-matrices, where m < n
holds true. For the numbers 1 < i1 < ... < iy < n, let A;,. 4, define the
matriz consisting of those rows with the indices i1, ..., 1, from the matriz A.
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Correspondingly, we define the submatrices of the matriz B. Then we have
the identity
det Bil.

lim B

det(A' o B) = Z det A4;,.

1<y <...<im<n

Proof: We fix A and show that the identity above holds true for all matrices
B.

1. When we consider the unit vectors ey, . . ., e, as columns in R", the formula
above holds true for all B = (ej,,...,€;,,) with ji,...,jm € {1,...,n},
at first.

2. When the formula above holds true for the matrix B = (b1, ..., by, ), this

remains true for the matrix B’ = (by,..., Ab;, ..., by).
3. When we have our formula for the matrices B = (by,...,0,...,bn)
and B” = (b1,..., b/,...,by,), this remains true for the matrix B =

/ /1
(b1, 0+ 07, o). q.e.d.

Corollary: Given the n X m-matrix A, we have the identity

det (A' o A) = > (det Ay, 4, )%

1<i1 <...<im<n

We write the metric tensor in the form

(gij(t)> — OX(1)t 0 DX (1)
ij=1,m
with the functional matrix 0X(t) = (th t),..., X, (t)), and we deduce

g(t) = det (gq(t))i’j:l """" .
= Z (M (t)>2
1<i1<... <im<n Ot1, - ytm)

Therefore, the surface element satisfies

do(t) = +/g(t)dty ... dtn,

_ 3 (M(t))thl...dtm.

1<i1 <. <im<n

Definition 2.9. The surface area of an open, oriented, m-dimensional, reg-
ular C*-surface in R™ with the parametric representation X (t) : T — R™ is
given by the improper Riemannian integral
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A(X) ::T/ 3 (H)zdtl...dtm.

1<iy <...<im<n

Here the parameter domain T C R™ is open and the dimensions 1 < m < n
are prescribed. If A(X) < 400 is valid, the surface [X] possesses finite area.

Remarks:

1. With the aid of the transformation formula for multiple integrals, we im-
mediately verify that the value of our surface area is independent of the
parametric representation.

2. In the case m = 1, we obtain by A(X) the arc length of the curve X : T —
R™. The case m = 2 and n = 3 reduces to the classical area of a surface
X in R3. In the case m = n — 1 we evaluate the area of hypersurfaces in
R™.

In physics and geometry, we often meet with integrals which only depend
on the m-dimensional surface and which are independent of their parametric
representation. In this way, we are invited to consider integrals over so-called
differential forms.

Definition 2.10. On the open set O C R™, let the functions a;,. ;, € C*(O)
with iy, ..., im € {1,...,n} and 1 < m < n be given; where k € Ny holds true.
Now we define the set

F = {X | X : T — R" is a regular, oriented, m-dimensional

surface with finite area such that X(T) cC O }

By a differential form of the degree m in the class C*(Q), namely

n

wi= Z ai, i (x)dz, AL ANdx,

i1,eeeybm=1

or briefly an m-form of the class C*(O), we comprehend the function w :
F — R defined as follows:

w(X) ::/ Y ha (X(2) @iy in) oy x e F.

T D10y bm =1

Remark:

1. We abbreviate A CC O, if the set A € R” is compact and A C O holds
true.

2. Since the coefficient functions a;, .., (X(t)), t € T" are bounded and the
surface has finite area, the integral above converges absolutely.
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3. When two differential symbols

n
w = E aiy. i, (@) dzy, Ao N dx,,
U1 yeeyim =1

and
n

w = Z Eiil.‘.im (ac) dﬂ?il VAR d.’lﬁim

i1,enyim=1

are given, we introduce an equivalence relation between them as follows:
wr~w = wX)=w(X) forall X eF.

Therefore, we comprehend a differential form as an equivalence class of
differential symbols, where we choose a representative to characterize this
differential form.

4. When X, X € F are two equivalent representations of the surface [X], we
observe

w()N() = ' zn: iy iy ()N((s)> H dsy...dsm

1.y tm=1
T

= - . . 8(xi17"'axim) 8(t1,,tm)
= . Z azl...lm <X(t(5))> 8<t17 - ,tm) 8(81, o Sm) d51 . dSm

& Nwiys ... i,
=/ Zail..‘im<X(t))Hdtl...dtm

Tilwnxi?n:l
= w(X).

Therefore, w is a mapping which is defined on the equivalence classes of
the oriented surfaces [X] with X € F.

5. An orientation-reversing parametric transformation ¢t = ¢(s) with J(s) <
0, s € T induces the change of sign: w(X) = —w(X).

Definition 2.11. A 0-form of the class C*(O) is simply a function f(z) €
C*(O) and more precisely

w= f(x), zeO.
When 1 < m <n is fized, we name
ﬂmizd.’bil/\.../\diﬂim, 1§11,,zm§n

a basic m-form.
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Definition 2.12. Let w,w;,ws represent three m-forms of the class C°(O)
and choose ¢ € R. Then we define the differential forms cw and wy + we by
the prescription

(aw)(X) = cw(X) forall X eF

and
(w1 + w2)(X) := w1 (X) + wa(X) forall X eF

respectively.

The m-dimensional differential forms constitute a vector space with the null-
element

o(X)=0 forall X e F.

Definition 2.13. (Exterior product of differential forms)
Let the differential forms

w1 = Z gy .4 (fE) dl’il VAR dl’il
1<iy,....,51<n
of degree | and
W2 = Z bjl"'j'rn (-T) dzj, N...Ndx;,,

1<g1,0dm<n

of degree m in the class C*(O) with k € Ny be given. Then we define the
exterior product of wy and ws as the (I + m)-form

W= wiAws 1= g @iy i (@)bj, g, () dag, A Adag, Adxj, A. . Adxj,,
1<is, iy jm <n

of the class C*(0).
Remarks:
1. Arbitrary differential forms wy,ws, w3 are subject to the associative law
(w1 Awa) Awz = wy A (w2 Aws).

2. When two [-forms wy,ws and one m-form w3 are given, we have the dis-
tributive law
(w1 +LU2) /\CU3 = w1 /\W3+WQ/\W3.

3. The alternating character of the determinant reveals
dzi, A ... Ndz, =sign (m)dz; A ANdxi .

Here the symbol 7 : {1,...,l} — {1,...,1} denotes a permutation with
sign (7) as its sign.
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4. In particular, when the two indices ¢;, and i, coincide, we deduce
dl’il /\/\dl'” =0.

Therefore, each m-form in R™ with the degree m > n vanishes identically.
5. An [-form w; and an m-form wy are subject to the commutator relation

w1 N\ wg = (—1)lmw2 A wy.

Therefore, the exterior product is not commutative.
6. We can represent each m-form in the following way:

w = Z aiy . i, (@) dx;, Ao Ndx,,

1<i1<...<im<n

The basic m-forms dz;;, A ... ANdz;,, 1 <141 < ... < i, < n constitute
a basis for the space of all differential forms, with coefficient functions in
the class C*(0), where k € Ny holds true.

Definition 2.14. Let the symbol

w = Z ai, . i, ()dx;, N...Ndx;,, €O

1<i1<...<im<n

denote a continuous differential form on the open set O C R", with 1 <
m < n being fired. Then we define the improper Riemannian integral of the
differential form w over the surface [X] C O via

/‘” _/ Do Giin (X(f)> Hdtl...dtm

1<i1<...<im<n

if w is absolutely integrable over X and consequently
- . Xt)# dty ... dt,
/M /‘ > al"""( *) Atr,. . tm) |01
[X] 1<i1<...<im<n
< 400
is satisfied.

Remark: With the aid of the transformation formula, we show that these
integrals are independent of the choice of the representatives for the surface.
Therefore, we are allowed to write

p[]|w|=!|w|, [o=[e

(X] X
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FEzample 2.15. (Curvilinear integrals)
Let a(z) = (al(xl, ey Ty ey (T, ,xn)) denote a continuous vector-
field and

the associate 1-form or Pfaffian form. Furthermore, let
X(t) = (xl(t),...,xn(t)) . T = R" € CY(T)

represent a regular C'-curve defined on the parameter interval T = (a,b).

Then we observe
b n
/X w = / (;ai<X(t))x;(t)> dt.

We shall investigate curvilinear integrals in Section 6 more intensively.

Ezample 2.16. (Surface integrals)
Let the continuous vector-field a(x) = (al(:cl, ces )y ey (T, ,zn))

with the associate (n — 1)-form
W—Zal "'Hd:lc Ao oANdri_g ANdxiga A . AN doy,

be given. Furthermore, let X (t1,...,t,—1) : T — R™ represent a regular
C'-surface. Then we observe

O(T1, .y i1, Tig 1y - - Tn)
n+1i 9 [ a2 sy L 9 y4n
/w—/g (77 ) 8(t17...,tn,1) dtl...dtn_l

:/(iai(X(tD ()) dty .. dty

i=1

/ {a(X(0) - v(0)} o)

This surface integral will be studied more intensively in Section 5, when we
prove the Gaussian integral theorem.

Ezample 2.17. (Domain integrals)
Let us consider the continuous function f = f(x1,...,z,) with the associate
n-form

w=f(z)dxy A...Ndzy.
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Furthermore, X = X (t) : T — R" represents a regular C'-surface. Then we
infer the identity

/w/f@ﬁogaixjgﬁynﬁw
X T

This parameter-invariant integral is well-suited for transformations of the do-
main.

3 The Exterior Derivative of Differential Forms

We begin with the fundamental

Definition 3.1. For a 0-form f(x) of the class C*(O), we define the exterior
derivative as its differential

df (x) =Y fo,(@)dzi,  z€0.
=1

When
w = Z iy i, (I‘) dl‘il A A d.’ﬂim

1<i1 <...<im<n
represents an m-form of the class C1(O), we define its exterior derivative as
the (m + 1)-form
dw := Z (dail___im (a:)) ANdzi Ao Ndx;,
1<i1 <. <im<n
Remarks:

1. When w; and wy are two m-forms in R™ and a3, € R are given, we
have the identity

d(alwl + OZQCUQ) = aldwl + O[dedg.

Therefore, the differential operator d constitutes a linear operator.
2. When ) denotes an I-form and w an m-form of the class C1(O), we infer
the product rule

dwAX) = (dw) AX+ (=1)"w A dA.
We shall prove only the last statement. Here it suffices to consider the situation
w=f(x)8", A=g()8,

where ™ and B! are basic forms of the order m and [, respectively. Now we
deduce
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wAX= f(z)g(z)B™ A B

and, moreover,
dw A ) = d(f(@)g(x) AB™ A B
= (9@)dr(@) + F2)dg(x)) A 8™ A B

=dw AX+ (=1)"wAdA.

Ezample 3.2. Taking the function f(x) € C*(O), we can integrate immedi-
ately the differential form df over curves. With the curve

X@z(mwwwmﬁDeC%@%Rﬂ

being given, we calculate

= F(x®) - 1 (x(@).

Ezample 3.3. We consider the Pfaffian form
w= Z a;(z) dz;
i=1

of the class C1(O) and determine its exterior derivative as follows:

dw = Zda]—(w) ANdx; = Z 8(31:{ dx; N dx;
i=1 i

,j=1

- 8aj 8(11-
= Z (8% — 8xj> dx; N\ dx;.

1<i<j<n

Obviously, the identity dw = 0 holds true if and only if the functional matrix

Oa; . .
( L is symmetric. In the case n = 3, we evaluate
i,j=1,...,n

3mj
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dw = (% — aal) dry Ndxo + (8&3 aal) dxi N dzs

6351 8%2 3331 6x3
8a3 aag
+ <8—x2 — 8—x3> dxo N drs

= by (z) dxgy A dxs + ba(x) deg A dxy + bs(x) dxy A das.

Here we have defined the vector-field

(’)ag 8&2 8a1 8a3 (’)ag 8a1
(o)1) = (G2~ G Gt~ e e~ )

=V A (a1,a2,a3)(x) =: rota(x),

where V = (62 , 68 ) Bar ) denotes the nabla-operator. Integration of this
1 xro xr3

differential form dw over surfaces in R? will be possible by the classical Stokes
integral theorem.

Definition 3.4. We name

rota(z) = (203 _ 092 Oa_ dag daz Dy
o 8$2 8.1‘37 8.1’3 6331 ’ 81‘1 (’)332

the rotation of the vector-field a(z) = (al(m),ag(x),ag(x)) € CYO,R?).

Ezample 3.5. Now we consider a specific (n — 1)-form in R™, namely
w= Zal DFrday Ao ANdxi_y Adzigq A A day,,

whose exterior derivative takes on the following form:

dw = Z(—l)i—H (daz(a:)) ANdxi A...ANdx;—1 A d-Ti+1 A ... ANdxy,
=1

= Z( 1)Z+1 g{jl( )d.i?] ANdxi A . /\dl‘i_1/\dl‘i+1 A...ANdx,
ij=1 J

:Z( ]_)1+1 8;( )dxi/\d:rl/\/\dxi,l/\dxlﬂ/\/\dxn

Q

az

Q

(o

) drxi N ... Ndxy,
=1

= (dlva ) drxi A ... Ndxy,.
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Definition 3.6. The vector-field a(z) = (al(:zr), e ,an(x)> € CY(O,R") on

the open set O C R™ possesses the divergence

diva(z Z gzz rz e 0.

Example 3.7. We can integrate the n-form
dw = (diva(x))dzy A ... Ndzy,

over an n-dimensional rectangle. This differential form can also be integrated
over a substantially larger class of domains in R™ - bounded by finitely many
hypersurfaces - with the aid of the Gaussian integral theorem, one of the most
important theorems in the higher-dimensional analysis.

At first, we integrate dw over the following standard domain: For » > 0 we
define the semidisc

H = {x: (:L‘1,...,£En) eR"™ | T € (—7‘70), T; € (—7‘7—1—7“)7 i:27_._’n}
with the upper bounding side
S = {x:(O,xQ,...,xn) | |zi] <, 7;:2’_._’71}_

The exterior normal vector to the surface S is given by e; = (1,0,...,0) € R®
explicitly. Then we comprehend H and S as surfaces in R™ via the represen-
tations

HZX(th...,tn):(tl,...,tn), (tl,...,tn)GH

and
S:Y(E,...,?n_l)z(0,?1,...,%;1_1), Ei|<7”, i1=1,....,n—1,

respectively. With the assumption w € C}(H U S), we obtain

0 +r +7r P P
ai G,
/dw—/dw—// /(&cl 830") dxq...dz,

+7r “+r
:/.../al(O,xQ,...,xn)dxg...dxn = /w.
—r —r S

In the sequel, we shall investigate the behavior of differential forms with re-
spect to transformations of the ambient space.

Definition 3.8. (Transformed differential form)
Let the symbol
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w = Z iy i, (I‘) dl‘il A A d.’Bim

1<i1 <...<im<n

denote a continuous m-form in an open set O C R™. Furthermore, let T C R
with | € N describe an open set such that

T = ($17"'axn) :@(y)
= (e1(yrs- - w)s - ony, - m) T = O
defines a mapping of the class C*(T,R™). With

l
i .
d(plzzay(y)dy]? Zzla"'an
j=1 %

and

We = Z Qi ip, (Q(y)) dpi, A .. Nde,,,

1<i1 <. <tm<n

we obtain the transformed m-form wg with respect to the mapping &.
Remarks:

1. When wy,ws are two m-forms and aj,as € R are given, we infer the
identity
(a1w1 + agws)e = a1(wr)e + ao(w2)s.

2. When A represents an [-form and w an m-form, we have the rule

(w/\>\)¢. = we A Ao

The following result is important for the evaluation of integrals for differential
forms over surfaces.

Theorem 3.9. (Pull-back of differential forms)
Let w denote a continuous m-form in the open set O C R™. On the open set
T C R™ we define a surface X by the parametric representation

r=30(y) : T — O c CYT)
with @(T) CC O. Finally, we define the surface
Y(t)=(t1,.- - tm), teT

and note that
X(@t)=PoY(t), teT.

Then the following identity holds true:

o[

X Y
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Proof: We calculate

D¢ 9,
d(pil /\.../\d(pim = Z ) 41 dyj1 VANPIAN Z 0 dyjm
j1=1 Y, Yijm

Jm=1

_ 8(¢i1’-..7¢i7n)dy1/\ /\dy
= =" my

a(yla s 7ym)

as well as

a il,..., i,"L
we = Z i ..in (D(y)) H dyi1 A ... Ndym.

1<iy <...<im<n

This implies

/w:/ S (X(0) DT gy

3 1< <. <im<n Atr, - tm)
= /w’
X
and our theorem is proved. q.e.d.

Theorem 3.10. Let w denote an m-form in the open set O C R"™ of the
reqularity class C1(O). Furthermore, let the mapping

r=>&(y) : T — O C*T)

be given on the open set T C R!, where | € N holds true. Then we have the
calculus rule

d(w.gs) = (dw)¢>.
Proof: At first, an arbitrary function ¥(y) € C?(0) satisfies the identity
PV = d(dv) = d (Z 7, dyl-> =Y Wy, dy; Ady; = 0.
i=1 ij=1

Now we note that

We = Z iy i, (@(y)) dpi, Ao Ndy;,

1<i1<...<im<n

and we arrive at
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Z dail._im (@(y)) A d<P21 A A dgﬁim

1<i1 < . <im<n

SOy M (00) 2 g i,

1<i1<..<im<n j=1 k=1

> S (o) dey nde - A

1< <...<im<n j=1

dqu

and consequently
des = (dw)qs.

q.e.d.

Theorem 3.11. (Chain rule for differential forms)

Let w denote a continuous m-form in an open set O C R™. Furthermore, we
consider the open sets T' C RY and T” C R - with I,1"” € N - where the
C'-functions ,¥ are defined due to

UT' ST, &:T -0 with 22—y
Then the following identity holds true:

(We)w = Waow.

Proof: We calculate

Wpow = Z @iy i, (43 o J/(Z)) d(pi, o¥) A ... Nd(pi,, o W)

Tlgeeey im
i, OV 9pi,, OYj,
= a; ,,gm(éou'/z)(—l—hdzk AN | S dy,
le; et (2) oyj, Oz, oy, Oz,
J1seeesdm
1 -7k7n
Op; 0p;
= Y anin(P00(2)) ( L dy A2 dyy,
Zlgm e oy;, 0y;,. "
Jir-dm
= Z all Tm (é(y)> dgp’bl A A d@lm ’
B15eesm y:gl'/(z)
and consequently
Waow = (We)w-
Here we perform our summation over the indices i1,...,i, € {1,...,n},

Jiseedm €41, U}, and kq, ...k € {1,017 q.e.d.
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4 The Stokes Integral Theorem for Manifolds

We choose m € N and consider the m-dimensional plane

E™ .= {(O,yl,...,ym) S Rm+1 : (yla"'aym) € Rm}

Parallel to the Example 3.7 from Section 3, we take the data n € R™*! and
r > 0 in order to define the semicube

H.(n):= {y eR™: y € (m—r,m), yj € (nj—r,n;+r) for j = 2,...,m+1}
with the lateral lengths 2r. This object has the upper bounding side
S.(n) := {y eER™ Ly =my,y; € (; —rym; +7) for j = 2,...,m+1}.
We comprehend H,.(n) and S,.(n) as surfaces in R™*1:
He(m) « Y(ty, - tmgr) = (11, gt + tngn)

with —r <t <0, |t|<r, j=2,....m+1

as well as

Se(m) : Y(t1, oo ytm) = (1,2 + 1, oy Dmg1 + Em)
with |t;|<r, j=1,...,m.

When n € E™ and r > 0 are fixed, we define H := H,(n) and S := S.(n),
respectively. With n > m given, we denote by

& =P(y1, .., Yymt1) : H — R" € C'(H,R")

a surface, which can be continued onto an open set containing H in Rt
When we set

X(tlv s 7t'rn+1) = Q)(tl, v at7n+1)a (t17 ce 7t'm+1) € F)

we obtain the following (m + 1)-dimensional surface in R™, namely
Fi= {X(t) ER" : te H}

whose boundary contains the m-dimensional surface
S = {X(t) ER™ : te S}.

Let the m-form be given on the set F = &(H) by the symbol
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n
w= Z aiy. i (@)dziy Ao Ndzy,, T E€EF

0150y tm =1

of the class C§(F US) N CL(F). Here the symbol w € C(F) means that we
have an open set O C R" with F C O satisfying w € C*(0O). Finally, let dw
be absolutely integrable over F in the following sense:

[ f| 5 o ()i
F H

or Lt

i1,y bmy1=1 tmet1 ’ m+1)
< +o0.

Now we prove the basic

Proposition 4.1. (Local Stokes theorem)
Let the surface F with the boundary part S be given as above, and furthermore
the symbol w may denote an m-dimensional differential form of the class

CHFUS)NCHF)

satisfying
/|dw\ < +00.
F

Then we have the identity
/dw = / w.
F S

Proof:

1. At first, we prove this formula under the stronger assumptions ¢ € C?(H)
and w € C}(F US). Utilizing Theorem 3.10 and Example 3.7 from Sec-
tion 3, we infer the identity

form fau= fwrn fasi= [ [

S

2. When @ € C'(H) and w € C*(F)NCY(FUS) hold true, we approximate
uniformly in H up to the first derivatives by the functions &) (y) € C*°,
due to the Weierstral approximation theorem. Now we exhaust H by
rectangles

1
H(l) = Hrff(’r/l 17772,... anerl) CH

with the upper bounding sides

1
S(l) = Sr—% (7’]1 — 7,7’]2, e 777m+1>~
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The considerations in part 1.) reveal

/(dw)dsm = /W@(k) forall k,l > N eN.
H® SO

The transition to the limit £ — oo implies
/ (dw)¢ = / We.
H® s

On account of [ |dw| < 400, the limit procedure [ — oo yields

[ar- o= feo=
F H S S

This is exactly the identity stated above. q.e.d.

Now we introduce the fundamental notion of a differentiable manifold.

Definition 4.2. Let us fix the dimensions 1 < m < n as well as the set
M C R*. We name M an m-dimensional C*-manifold, if each point & € M
possesses an element n € R™ and open neighborhoods U C R™ of € € U and
VCR™ of n €V as well as an embedded regular surface

r=>&(y) : V—UecCFV)

such that
E=d(n) and S(V)=MnNU

is correct; here we have chosen k € N adequately. We call (?,V) a chart of
the manifold. All charts together

A= {(@L,VL) : LEJ}

constitute an atlas of the manifold. When @; : V; — U; N M with j = 1,2
represent two charts of the atlas A such that

leg::MﬂUlﬂUg#@

is correct, then we consider the parameter transformation @1 = @2_1 o P.
If the functional determinant satisfies Jg,, > 0 on &7 (Wh2) for such ar-
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bitrarily chosen charts from the atlas, the manifold is oriented by the atlas.

Us
U, M
W1,2
@1 gzj2
@2_1 0@1
"/,/'*-\\\
il () () "

(W) @y (Wr )

Definition 4.3. Let M denote a bounded, (m + 1)-dimensional, oriented C-
manifold in R™ with n > m. We indicate the topological closure of the point
set M by the symbol M and the set of boundary points by the symbol M =
M\ M. We name € € M a regular boundary point of the manifold M if the
following holds true:

We have a semicube H,(n) in R™T!
with n € E™ and r > 0, a regular E™
embedded surface -

B(y) : H(n) — R" € C'(H,(n)) o @ ¢

such that (P|HT(,]) belongs to the ori- e;
ented atlas A of M, e
and an open neighborhood U C R™ of £ € U with the following properties:

o) =¢, #(S(n) = MU, @(H(n) =MNU.

The set of regular boundary points will be denoted by the symbol OM.

Definition 4.4. For the bounded manifold M from Definition 4.3, we define
the set of singular boundary points AM according to

AM = M\ OM.

In the case AM = 0, we obtain a compact manifold with regular boundary. If
the condition OM = 0 is fulfilled additionally, we speak of a closed manifold.

X AM =10
)\QM__,,,....AM ~AM =10

)M — O

oM =10
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Proposition 4.5. (Induced orientation on dM)
Let M and OM from Definition 4.3 with the charts & : H.(n) — R™be given.
Then the mappings

{qs
constitute an oriented atlas of OM. Consequently, OM represents an oriented
C'-manifold.

belongs to the oriented atlas A of./\/l} =:0A

S,(m) ¢|Hr(77)

Proof: We consider &(n)) = ¢ = &(7j). The vectors @, (1), . .. Dy, (n) and

Dy, (M), ..., Py,... (1) span the m-dimensional tangential space Tyr((§) to M

at the point £&. When we add the vectors &, () and 5y1 (1), respectively, the

tangential space Th(€) to M is generated.
Now we construct an orthonormal system
N',...,N"™™ ¢ R" which is orthogonal to

Tom(€). We choose the vector N1 € Ty (&), @
directed out of the surface at the point &, and H “7\‘
obtain M
1 = 1 /qg' ¢
By, () N' >0, B, (7) N' >0, ;;
With the parameter 0 < 7 < 1, we consider the matrices
(1= 7)Py, (n) + TN* (1= 7)By, (i) + TN?
@y, () y, (77)
M(T) = gpmerl (77) 9 M(T) = éymﬂ (ﬁ)
N2 N2
Nn—m Nn—m

()" Now the func-

tions det M(7) and det M(7) in [0,1] are continuous with det M(7) # 0 and

det M (1) # 0 for all 0 < 7 < 1. Consequently, the following function is con-
tinuous in [0, 1], and we have

Furthermore, we define ¥ := ¢|S<(n) and ¥ = &

det (M(T)—l o M(T)) £0, 0<7<L.

By assumption we note that
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det (1\7(0)*1 o M(O)) = detd(@ o )| >0,
and a continuity argument implies
det O o )| = det (M(n*l o M(l)) > 0.

Therefore, A constitutes an oriented atlas of OM. q.e.d.

We now intend to prove the Stokes integral theorem for manifolds M with the
regular boundary OM and the singular boundary AM, namely the identity

/dw: /w,
M oM

under weak assumptions. The transition from the local Stokes theorem to the
global result is achieved by the partition of unity.

Let M denote an (m + 1)-dimensional, bounded, oriented C!'-manifold in R™
with the regular boundary 0 M. Furthermore, let the symbol

A= > biy i n (@) dogy Ao Nday, ., €M

1<i1<.o.<imy1<n
represent a continuous differential form on M.

We shall investigate which conditions for A allow us to define the improper

integral
/ A

M
of the differential form X\ over the manifold M.

1. At first, let the set

supp A :={x e M : A(z) #0} C MUOM

be compact. Then we have open sets V, C R™*! and U, C R\ AM with
¢ € J and, moreover, charts @, : V, — U, N M such that the open sets
{U,}.e cover the compact set supp A. Now we choose a partition of unity
in R™ subordinate to the sets {U,} and obtain

ar(z) : M —[0,1] € C' with suppay, C U, for k=1,...,ko

as well as

Zak(a:) =1 for all x € supp A.
k=1

We define
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/ :Z/ak)\ Z/ (N, s (1)
k= 1./\/1 k= 1Vk
if
/akw <400 for k=1,...,ko
M
is correct.

We still have to show that the integral, given in equation (1), is indepen-
dent of the covering for the support of A and of the partition of unity
used.

When i : XN/L — Tj'L N M with ¢ € J represents an alternative system of
charts covering supp A, we choose again a partition of unity for supp A
subordinate to the system {U,},. We obtain

1 M —[0,1] € CH, supp&lcﬁ”, l=1,...,1l

as well as

a(x) =1 for all =z € supp \.
1=1

We note that supp (axa;) C Up NU; N M holds true. Under the mapping
@7 o Qil for all indices £k = 1,...,kg and [ = 1,...,ly we transform the

mtegralb
/(Otkal)\)qsk :/ (Otkal)\)gl. (2)

Vi \
The summation yields

ko o

Z / ak)\ = Z Z /(ak&l)\)qsk
k= le k=1 =1 Vi
ko o lo
= Z Z/ akal)\ Z /(&l)\)"fl
k=1 l:l =1 v

Consequently, the integral given in (1) is independent of the choice of
charts and the partition of unity. Correspondingly, we define [ M 1Al and

Jom

. The dlfferentlal form \ € CY(M) is absolutely integrable over M, symbol-

ically

/|/\\ < 400,
M
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if we have a constant M € [0, +00) such that the inequality

/|B)\\ <M forall Be€CHMUIM,I0,1])
M

is correct. We say that the sequence of functions g, € C§(M UM, [0,1])
is exhausting the manifold, when each compact set K C MUOM possesses
an index kg = ko(K) € N such that

Br(x) =1 forall ze K, k> k.

When fM |A| < +o0 holds true, we show as in the theory of improper
integrals that for each exhausting sequence of functions {8y }x=12,.. the
following expression

lim BrA
k— o0
M

exists and has the same value. We set
/ T 3)
k—o0
M M

In this sense, we comprehend all improper integrals appearing in the se-
quel.

Definition 4.6. The singular boundary AM of the manifold M has capacity
zero if we can find a function

X € C5(MUOM,|0,1])

for each € > 0 and each compact set K C M U IM with the following prop-
erties:

1. We have x(z) =1 for all z € K;
2. The following condition holds true:

/\/V(X,X) d" o <e.
M

Here d™ 1o denotes the (m + 1)-dimensional surface element on M, and we
set

VO] = V06| = sup{IVx-¢ : € € Tla), I8l =1},

T

Now we arrive at our central result, namely
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Theorem 4.7. (The Stokes integral theorem for manifolds)
Assumptions:

1. Let M represent a bounded, oriented, (m+1)-dimensional Ct-manifold in
R™ - where n > m is correct - with the atlas A. Via the induced atlas 0A,
the regular boundary OM becomes a bounded, oriented, m-dimensional
C'-manifold. We assume that the regular boundary possesses finite surface
area as follows:

/ d™o < +o0.
oM

Furthermore, the singular boundary AM has capacity zero.
2. Let the symbol

w= Z ai, i, (x)dzy Ao ANdz;,, TEM

1<i1 <o < <n

denote an m-dimensional differential form of the class C*(M) N C°(M),
such that its exterior derivative dw is absolutely integrable in the following

sense:
/|dw| < 400.

M
Statement: Then we have the identity

o[-

M oM
Proof:
1. At first, let the condition w € C*(M) N CY(M U OM) be fulfilled. As
above we choose a partition of unity {ax} with K = 1,... kg on the set

suppw C M U IM subordinate to the covering system of the charts. We
utilize Proposition 4.1 and deduce

[o=% [m = [
M k=1 M M

oM k=1g

2. Let the differential form w be arbitrary now. Then we choose a sequence
{Bk}k=1,2,.. of functions exhausting the manifold M with the property

/\/V(ﬁk,ﬁk) d" e >0 for k — oo.
M

According to part 1, we obtain the following identities for k = 1,2, ...,
namely
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[ b= [ d(prs) = A[ By o + A[ 05 A w. (4)

oM M

At first, we see

’/dﬁk/\w‘ §c/\/V(ﬂk,5k)dm+10%O for k — oo.
M M

Furthermore, we estimate

/ |Brw| < / lw| < ¢ / d™ o < +oo for k=1,2,...
oM oM oM
Therefore, we comprehend

lim /Bkw:: /w<+oo.
k—o0
oM

15}

<

On account of [, |dw| < 400, we infer

lim /Bkdw =: /dw < 400.
k—o0
M M
The transition to the limit & — oo in (4) reveals the identity
/ w= / dw,
oM M

which corresponds to the statement above. q.e.d.

5 The Integral Theorems of Gauf3 and Stokes

We endow the bounded open set {2 C R™ with the chart X (¢) = ¢, t € {2 gen-
erating an atlas A. In this way, we obtain a bounded oriented n-dimensional
manifold M = 2 in R". When

@) = (@) ful@) : 2 —R" € CHQRY)

denotes an n-dimensional vector-field in R™ with its divergence

0

T%fn(f), I’GQ,

div f(x) = aixlfl(x)+...+

we consider the (n — 1)-form
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W = Zfz l+1 dl‘l A /\dlL’i_l /\dSUH_l A /\d.’ﬂn

The set of regular points 92, endowed by the induced atlas d.A, becomes an
(n — 1)-dimensional bounded oriented manifold in R™. We show the identity

[ e

later, where £(x) denotes the exterior normal to the domain Q at the point
x. When we take the relation

dw = (div f(:c)) dry A ... ANdzy,

into account, Theorem 4.7 from Section 4 reveals the fundamental identity of

Gauf:
/divf(x)d”xz/(f(x)~f(x)> "o (1)

(e} o8

With the aid of Theorem 4.7 from Section4, we shall derive the identity (1)
under very general conditions to {2 and f which are relevant for the applica-
tions in this textbook. Thus we shall obtain the Gaussian integral theorem.

Assumption (A):
Let 2 C R™ denote a bounded open set, with the topological boundary

=0 \ £2. For each boundary point z € 2, we can find a sequence of
points

{x(p)}CR"\ﬁ, p=12,...

satisfying () — z for p — oo; this means each boundary point is attainable
from outside.

Assumption (B):
We choose N € N bounded domains 7; ¢ R* ! with i = 1,2,...,N as

our parameter domains. Then we consider N regular hypersurfaces in R™ as
follows:

Fi XO) = (:cgi)(th...,tn,l),...,xﬁj)(th...,tn,l)) . Ty — R™.

Here the mapping X (t) € CY(T;) N C%(T;) is injective, and the rank of
its functional matrix satisfies the condition rgdX (¥ (t) = n — 1 for all points
t € T; and the indices i = 1,..., N. Furthermore, their surface areas fulfill

A(F;) = /dn*la(i)(t) < +4oo for i=1,...,N.

T;
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We define
F:=X(T)), F;:=XO(Ty), F, :=X9T)

with ¢ = 1,...,N. Let the union of these finitely many hypersurfaces F;
constitute the boundary of {2; more precisely

Q=F,U...UFy.
Furthermore, we require the condition
FiNnF;=FNF; forall 4,j€{l,...,N} with i#j.

Therefore, two different hypersurfaces possess common boundary points at
most.

We need the following two auxiliary lemmas:

Proposition 5.1. The point set 2 C R™ may satisfy the assumptions (A)
and (B). Furthermore, let z° € Fy denote an arbitrary point of the surface Iy
with 1 € {1,...,N}. Then we find an index k = k(z°) € {1,...,n} as well as
two positive numbers o = o(x°) and o = a(2°), such that the rectangle

QY 0,0) := {:17 ER™ : |z;—al| <o, i=1,...,nwithi#k; |xp—2xp| < a}
is subject to the following conditions:
02NQ = {x ER™ : |z —a¥ <o, i #k; 2 = D(x1,. .., Tho1, Thits - ,xn)}

Here & denotes a Cl-function on the domain of definition being given, such
that | — 29| < %0 holds true. Furthermore, we have the alternative

QHQ:{xER" Doy — 2% <o fori#k,

‘xk - $2| <o, T < @(1}1, sy Th—1, Lh+15- - - 7$n)}
or
nNNE = {:cER” Doy — 2% <o fori#k,
|xg — a:g| <o, x> D1, The1, Tt 1,y - - - ,xn)}
A Q
0
x
xg ,'/
The adjacent diagram illustrates the Q ne

statement of our proposition. |

Proof:
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. With the open set T C R™ !, let us represent our surface F' = Fj by the

mapping
X(t) = (xl(tly-~-atn—1)7~-~7xn(t1a-~-7tn—1)> : T — R™.

On account of rgdX (t) = n — 1 for all points ¢t € T, we find an index
k=k(z") € {1,...,n} with 2° = X (%), such that

01, . 1, Ty 1, - - Tp)

A(t1, - tn1)

is correct. Now the theorem of the inverse mapping provides an open set
U c R* ! and a rectangle

t=t0

Ry:i=(2) — 0,20 +0) x ... x (2_, — 0,20 | +0)
X(2) g — 0 xp g +0) X x (x5, — 0,2, + 0)

with a sufficiently small quantity ¢ = o(z") > 0, such that
Ft1ye o tn) i= (xl(t),...,xk_l(t),xk+1(t),...,xn(t)) LU — R,

constitutes a C'-diffeomorphism. This means that f is bijective, f as well
as f~1 are continuously differentiable, and we have the condition .J¢(¢) # 0
for all t € U. We define

k
v -1
= (T1,...,Th—1,Th+41,---,Tpn) € R, CR"

and introduce the function

K<

o) =, (f7'@), 2R,
Then we observe
o€ CH(RyR), X(U)={(01,...7n) re R,, xx = a(2)}.

Now we see

and consequently

dist (22, U Fp) > 0.

m=1
m#l

We choose the quantities ¢ > 0 and o > 0 sufficiently small, such that
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k

. 1
Q(zo, 0,0)N 2= Q(xo7 0,0)NF; as well as |€I>(§1/:) — 9:2| < 3 o

k
Vv . . . .
holds true for all z€ R,. We summarize our considerations and obtain

k

.
2NQ°, 0,0) = {a: eR" : 1€ R,, = = @(:\é)}

2. Now we define the point sets
%

Pt .= {x € Q(2°,0,0) : xp > @(m)},

PO .= {m €Q(z% 0,0) : 2 = D( )},

P = {x € Q2% 0,0) : 11, < @(%)}

These sets above decompose the set Q(x°, 9, o) according to the prescrip-
tion
Q2% 0,0) =P UP U PT. (2)

From the first part of our proof we infer
2NnQ0,0) = P. (3)

On account of z° € §2 and the assumption (A), we can find the two points
y € 2NQ and z € (R™\ £2) N Q. We distinguish between two possible
cases, namely the case 1: y € P~ and the case 2: y € PT.

Case 1. When we consider with § € P~ an arbitrary further point, we
find a continuous curve I' C P~ from y to g, which does not intersect the
surface P°. Since y € {2 holds true and the curve I" does not intersect the
set 2 due to (3), we infer § € £2. We finally obtain the inclusion

P~ CQNQ. (4)

Now we arrive at z € PT. Each further point 2 € P¥ can be connected
by a curve [" in PT with the point z. Since this curve does not intersect
{2, the condition z € R™\ {2 implies zZ € R™ \ 2 as well. We conclude

P C(R"\ 2)NQ. (5)
Furthermore, we observe
Q" 0,0) = (2N QU2NQ) U (R"\2)NQ). (6)

We deduce P~ = 2N Q and PT = (R \ ) N Q from the equations (2)
to (6).
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Case 2. In the same way as in the first case, we show Pt =02nNQ and
P =R"\2)NQ. qed.

Remark: In the neighborhood of a regular boundary point

N
Jfo € U F;
i=1

we choose the function
U(z) = j:(a:k —P(T1, ey Thoe1, Tht 1y - - - ,xn)>

due to Proposition 5.1. Thus we can characterize the set {2 in this neighbor-
hood by the inequality ¥(z) < 0.

Proposition 5.2. The set 2 C R™ may satisfy the assumptions (A) and (B);
let 2° € F, with 1 € {1,..., N} denote a point of the surface F;. Furthermore,
we have an open set U = U(z°) C R™ containing the point ° and a function
¥(x) € CY(U) with |V¥(x)| > 0 for all points v € U, such that

2NU={xeU : ¥(z) <0}
Then the vector
£(z) == V()" 'V¥(z), ze€2nU
has the following properties:

1. We have{(X(t)) Xy, (t)=0 fori=1,...,n—1 neart =1t

2. The condition [§] =1 on QNU holds true;
3. For each point x € 2 NU, we can find a number go(x) > 0 such that

2 for —pg<p<O0
T+ o€ € _ )
R™\ 2 for 0< o< +go

The vector & is uniquely determined by these conditions.

Definition 5.3. The function § = &(x), defined in Proposition 5.2 for all
points x € Fy U ... U Fy, is named the exterior normal of {2 at the point x.

Proof of Proposition 5.2: The uniqueness of £ follows from the properties 1 to
3 above. Now we shall prove the properties given for the function £. At first,
¥ =0 on 2NU holds true, and we infer

0= w(xl(t), . ,mn(t)), t=(tr, ... tar) € V(... ,1°_) C R""! open,

and consequently
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ofz%( )8% j=1,...,n—1

This implies §- Xy, =0in V for j = 1,...,n—1 and the property 1. Evidently,

the condition |¢| = 1 is valid on £ N U. Therefore, it remains to show the
property 3. When 0 < |g| < go holds true, we infer the inequality

W(x+ 0f) = ¥(x + 0f) — —QZ% (x + k0€)E

1 n
—_— v, v,
o VU ()] ; i (7 + KO§)Wy, (2) {
for all points = € 2N U; with a number x = k() € (0,1). This implies

Lot e 2 if —go<g<0
T
¢ R\ if 0< o< oo

<0if —pg<o0<0
>0if0< o< 0o

q.e.d.

Remark: Let the surface patch F' = F; bounding {2 be given by the parametric
representation

X(t)=X(t1,...,tn—1) : T — R™ on the domain T C R !
with the normal
I/(t) = |AX’t1 A A th—l ‘71Xt1 A A th_l(t)

n

Z(Dj(t))zl (Di(t),...,Du(t)), teT.

Jj=1

With a fixed € € {£1}, we observe

f(X(t)) =cv(t) forall teT.

Proof: At first, we see E(X(t)) = e(t)v(t), t € T with the orientation factor
g(t) € {£1}. Now the function

is continuous on the domain T', and we obtain €(t) = +1 or £(t) = —1 on T.
q.e.d.

Definition 5.4. The set 2 C R™ may satisfy the assumptions (A) and (B).
Then we define
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N
80 = U Fj
j=1

as the regular boundary of (2. Furthermore, let g(x) : 92 — R denote a
continuous bounded function on 0f2. We define the surface integral of g over
the regular boundary 0f2 by the expression

Now we formulate the assumption for our vector-fields to be integrated.

Assumption (C):
The function f(z)

= (f1(z),..., fu(z)), € 2 belongs to the regularity class
CH0,R")NC°(N,R"

, and we require

/|div f(z)|dz < +oo.
Q

We present a condition on the singular boundary FyU...UFy, which guar-
antees the validity of the Gaussian identity (1):

Assumption (D):

The set F} U ... U Fy has the (n — 1)-dimensional Hausdorff content zero
or equivalently represents an (n — 1)-dimensional Hausdorff null-set. More
precisely, for each quantity ¢ > 0 we have finitely many balls

K; ::{mER" : |x—ac(j)\§gj} for j=1,...,J

with the centers (/) € R” and radii 0; > 0, such that the following conditions
hold true:
J
1. FU...UEyC U K; (Covering property);
j=1

J
2. Z g}“l <e (Smallness of the total area).
Jj=1

Remark: The condition (D) is valid, if all surface patches F; withl=1,..., N
fulfill the subsequent assumptions: When £ is parametrized by the represen-
tation X = X (¢) : T; — F, we require the following:

1. The set T; constitutes a Jopdan domain in R"~!, which means that 7} is
compact and its boundary 7} represents a Jordan null-set in R*~!;
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2. The mapping X (t) satisfies a Lipschitz condition on T;, namely
IX#)- Xt <Lt —t"| forall ¢, €Ty,

with the Lipschitz constant L > 0.

We now arrive at the central theorem of the n-dimensional integral-calculus.

Theorem 5.5. (Gaussian integral theorem)

Let 2 C R™ denote a bounded open set satisfying the assumptions (A), (B),
and (D). Furthermore, the vector-valued function f(x) fulfills the assumption
(C). Then we have the identity

/divf(x)d:z:: /f(x)-f(a:) "o

0 o

Proof: (E.Heinz)
We shall prove this statement by referring to Theorem 4.7 from Section 4.

1. We comprehend M = (2 C R™ as an n-dimensional manifold in R™ with
the atlas A : X(t) =t, ¢t € 2. For each point

N
20 e U Fc
1=1
we now find a rectangle Q(z°, o, 0) due to Proposition 5.1, such that
NN = {xER" Cle — 2% < o(i # k),
TS P(T1,. .., Th1, Tht1, - - -, Tp), | — 2} < 0 }
On the semicube
H:= {teR" Lt € (—0,0), [ti] < o, i:2,...,n}
with the upper bounding side
S = {teR” Ct =0, |t <o i=2...,n}
in the direction of e1, we consider the transformation
Y(t) = (gc? + eata, ... ,x271 + epty, @(x(l) + eata, ... ,x271 + epty,
:c2+1 + epr1that,--- ,x% + entn) +e1ty, x%H + epr1that,--- ,x?L + 5ntn)

where €, € {£1} for kK = 1,...,n holds true. Choosing the sign factors
€1,...,Ep suitably, we attain the conditions
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Y(H)Cc2nQ, Y(S)=02nQ, and Jy(0)=+1

for the functional determinant of Y. Therefore, the mapping Y is com-
patible with the chart X from above, and we endow OM = 9f2 with the
induced atlas. On account of the condition Jy(0) > 0, the normal v(t)
to a surface patch oriented by 02 points in the direction of the exterior
normal & to 0f2.

We now consider the (n — 1)-form

W= Z(—l)”lfi(x) driA. . Adzi_iAdzi 1 A. . Adx, € CH(M)NCO(M).

i=1

From our considerations above we infer

. Due to the assumption (D), we have finitely many balls to each quantity

€ > 0, namely
K, = {:cER” : |x—z(j)|§gj} for j=1,...,J,

satisfying
J J
Flu...UFNCUKj and Zp?_lge.
j=1 j=1
Now we show that the capacity of the singular boundary vanishes. In this

context we construct a function ¥(r) : [0, +o0) — [0,1] € C* with

0,0<r<2 ,
U(r) = and M :=sup |¥'(r)] < +o0.
1, 3<r >0

For the indices j = 1,...,J we consider the functions
X; (@) ::W(|x—x(j)|/gj), x € R",

satisfying x; € C'(R™) and

() 1, |J;—a:(j)\23gj
X 0, |z — 2| < 20,

When E,, denotes the volume of the n-dimensional unit ball, we evaluate
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1 . 1
Vx;(x)| de = / ‘LT/' —|z -z ’—dx
[ 9y (5-le =29

Rm 20;<|z—a()|<30;

M n . n n . n
< — En(3"0f —2"0})
Qj

= ME,(3" —2")g} "
for j =1,...,J. We obtain a function
x(@) = x1(x) - ... xs(x) 605(5\(F1U...UFN))
with

/|VX |d:v<Z/|VXJ )| dx

J= 1Rn
J

< ME,(3" —2")) ol
Jj=1

< ME, (3" — 2")e.

Therefore, the set F; U...UF, C {2 has capacity zero.
3. The Stokes integral theorem for manifolds finally reveals

/f x)d" 10—/w—/dw—/d1vf

This corresponds to the statement above.

49

q.e.d.

We obtain immediately Green’s formula from Theorem 5.5, which is funda-

mental for the potential theory presented in Chapter 5.

Theorem 5.6. (Green’s formula)

Let 2 C R™ denote an open bounded set in R™ satisfying the assumptions (A),
(B), and (D). Furthermore, let the functions f(x) and g(z) belong to the class

CL(02) N C?(N2) subject to the integrability condition

/ (|Af($)| + IAg(x)|) dx < +o0.

9]

Here the symbol A\ denotes the Laplace operator due to

Z axzaxz

Then we have the identity
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!(ng—gAf)dat:aé( g—g—g%) "o

using the notations

of _

9 99 _ Vy(z) - &(x), x € 0f2.

Vi) €@, 5=

Proof: We apply the Gaussian integral theorem to the vector-field

hz) = f(z)Vg(z) — g(x)V f(2).

Now we deduce

div i(z) = Vh(z) = f(x)Ag(z) — g(z)Af(2),

and we obtain

/ (f(x)Ag(x) - g(m)Af(@) de — /h(x) E(x)do

o) an
B dg af 1
- [ (105w - s 5@ ) o
an
which implies the statement above. q.e.d.

We specialize the Stokes integral theorem for manifolds onto 2-dimensional
surfaces in the Euclidean space R3. Since we even prove this theorem for sur-
faces with singular boundaries, we need the following result which is important
to construct conformal mappings (in Chapter 4) and central within the theory
of Nonlinear Elliptic Systems (in Chapter 12).

Theorem 5.7. (Oscillation lemma of R. Courant and H. Lebesgue)
Let
B:= {w:u—i-iv:(u,v)e(C%RQ s wl <1}
denote the open unit disc and
X(u,v) = (xl(u,v)7...,117n,(u,v)) : B R" e CYB)

a vector-valued function with finite Dirichlet integral D(X); more precisely

D(X) := // (|Xu(u,v)|2 + \Xv(u7v)|2) dudv < N < +o0.
B

For each point wy = ug + ivg € B and each quantity 6 € (0,1), we then find
a number §* € [6,\/], such that the estimate
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TN
log %

L= / do(w) < 2

|w—wo|=6"
weB

is valid for the length L of the curve X (w), |w —wo| = 6*, w € B.

For the proof of this theorem we add the elementary

Proposition 5.8. Let the numbers a < b be given and the function f(z) :
[a,b] = R be continuous. Then we have the estimate

b

/blf(x)lda:<\/m /\f(x)de.

a

Proof: Let Z : a = x9 < 1 < ... < xny = b represent an equidistant
decomposition of the interval [a, b] - with the partitioning points x; := a+j b*T“
for j=0,1,...,N. When {; € [z}, x;41] denote arbitrary intermediate points,

the Cauchy-Schwarz inequality reveals

N-1

N— N-1
FENN @ —25) < (| D FENP (g —z5) (| D (@i — )
i—0 =0

j=0

=Vb—a i\f(fj)lQ(ij—xj)'

Jj=0

The transition to the limit N — oo yields the inequality

/b @)z < Vb—a / @) e,

which has been stated above. q.e.d.

Proof of Theorem 5.7: We introduce polar coordinates about the point wy =
ug + ivg as follows:

u=ug+ocosp, v=uvo+osing, 0<0<VE, @i(0) < < pa(0)
Furthermore, we define the function
P (0, ) == X(ug + ocos p, vy + osinp)

and calculate
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¥, = X, cosp+ X, sinp,
U, =—X,osinp+ X,0cosp

as well as .
|Wg|2 + ? |&p<p|2 = ‘Xu|2 + |Xv‘2~

Using the intermediate value theorem of the integral-calculus in combination
with Proposition 5.8, we obtain

V3 »2(0) )
N2 = ([P 41Xy dudo> [ [ (10 + 5 0)edods
B 5 »1(0)
\/31 w2(0) p2(8") \/Sd
* Q
2/5 / Wy |* dp | do = / W, (5%, )| dep /?
g w1(0) p1(6%) g
) ) 1 02(8") 2
>lfgty — 1 / (5%, ) d
N 2( g5) ©2(0%) — @1(0%) (0%, @)l de
p1(0*)
2(5%) 2
> Liog (1 / 7,(5%, )| d
< In g 5 pl0,@)lap
@1(6%)

for a number 6* € [, v/d]. Finally, we infer the inequality

©2(8") N ~
. T 0
L= / %o (0%, )l dp < [ 11 =2 I
0g 5 log 5
©1(6%)
and arrive at the statement above. q.e.d.

Remark: When we choose wy € B in Theorem 5.7, we have only to require
the regularity X € C*(B\ {wo}).

We are now prepared to prove the interesting

Theorem 5.9. (Classical Stokes integral theorem with singular
boundary)

1. On the boundary of the closed unit disc B we have given ko € N U {0}
points wy, = exp (ipg) for k = 1,... ko with their associate angles 0 <
o1 < ... < g, < 2m. When we exempt the points wy for k =1,... ko
from the sets B and OB, we obtain the sets B' and OB', respectively.
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2. Furthermore, let the injective mapping
X(u,v) = (xl(u,v),xg(u,v),xg(u,v)) : B—R*cCYB')nCB)

with the property X, A X, # 0 for all (u,v) € B’ and finite Dirichlet inte-
gral D(X) < +o0 be given. Let the surface be conformally parametrized,
which means the conformality relations

| Xul =X, Xu-X,=0 for all (u,v) € B
are satisfied. Denoting by
X(p) = X(ei‘p), 0<p<2or
the restriction of X onto OB, we obtain the line element

—
d'o(p) =X (p)ldp, 0<p<2m, o & {o1,.. 00}
We require finite length for the curve X (p); and more precisely

ko—1 Pki1

LX)=Y_ [ do(p) < +ox,

k=0 Pk

where we defined g := p, — 2.
3. By the symbol

v(u,v) = | Xy A Xy TP X0 A Xy, (u,v) € B’
we denote the unit normal vector and by

d?o(u,v) := | Xy A X, | dudv

the surface element of the surface X (u,v). The tangential vector to the
boundary curve is abbreviated by

_ X'y
T =X

4. Let © D X(B) =: M constitute an open set in R, and let the vector-field

a(z) = (al(I1,$2,$3)7a2($1,IQ,.’L‘g),CLg,(.Tl,{L'Q,(E:;)) € CH(O)NnC' (M)
be prescribed with the integrability property

/ [rot a(X (u,v))| d*o(u,v) < +oo.
B
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Then we have the Stokes identity

2m

// {rota(X(u, v)) ~V(U,U)} d?o(u,v) = / {a(Y(apD -T(go)} d'o(p). (7)
B 0

Remarks: Since the surface is conformally parametrized, our condition D(X) <
400 is equivalent to the finiteness of the surface area of X, on account of the
relation

D(X) = 2//d20(u,v) = 2A(X).
B

The introduction of isothermal parameters in the large is treated in Section 8
of Chapter 12.

Proof of Theorem 5.9:

1. We intend to apply the Stokes integral theorem for manifolds: The set
M := X(B) constitutes a bounded oriented 2-dimensional C*-manifold
in R3 with the chart X (u,v) : B — M. The regular boundary M :=
X (0B') inherits its orientation by the mapping X (), 0 < ¢ < 27 and
possesses finite length L(X) < +oo. At first, we show that the singular
boundary AM := X ({wy, ..., wk,}) € M C R? has capacity zero.

2. When w* € 0B is a singular point of the surface, we introduce polar
coordinates in a neighborhood of w* as follows:

w=w"+ pe'?, 0<o<0" vi(0) <p < wao).

For the quantity n > 0 being given, the Courant-Lebesgue oscillation
lemma provides a number ¢ € (0, p*) with the following property: Defining
the function Y (g, ¢) 1= X (w* + 0e™?), 0 < p < p*, p1(p) < » < 2(p), we
have the inequality

2(87)

1Y, (5%, )] dp < 2, | T2

log 5

<1 (8)
p1(6%)

for one number §* € [4, \/5] at least. Consequently, we find two numbers
0 < g1 < 0" < g9 < p* with the property

»2(0)
[Yo(0,¢)|dp <2n  forall g€ [o1,00]

v1(0)

Now we consider the weakly monotonic function

¥(o) : [0,0"] — [0,1] € C*
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with the properties

0,0<0< 01
V(o) = Y
1,02<0<0

In a neighborhood of the surface M, we now construct a function
X = x(x1,22,23) € C*(M)
satisfying
V(o) =xoY(0,¢), 0<o0<0", pi(0) <¢ <¢2(0)
This implies

V'(0) = VX|y (.« Yelos9) = [VX(Y (2,0))l[Yo(0,9)]-

%)

‘We conclude

[] oo

wEBNB ,x (w*)

0" w2(0)
<[| [ oxveenmiiviae | d
0 w1(0)
0" w2(0)
~ v | [ Waewldo| a
0 »1(0)
02 @2(2) 02
Z/W'(Q) / Y, (0,0)|de | do < 2n/¥7’(g) do =
o1 »1(0) 01
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for all n > 0. In this way, we see that the boundary point X (w*) € M has
capacity zero, and the finitely many boundary points X ({w1, ..., wk,})

share this property.
. Now we consider the Pfaffian form

w = ay(x) dry + as(z) dzs + as(z) dzs € CH(M) N CO(M)

satisfying

/\dw| < //|rota(X(u,v))|d20(u,v) < 400,
M B
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Theorem 4.7 from Section 4 yields the identity

{/ {rota(X(u,v)) .u}d%

27
= /dw = / w= / {Q(Y(w)) -T(w)} d'o(p),
M oM 0
and our theorem is proved. q.e.d.

6 Curvilinear Integrals

We begin with the fundamental

Ezample 6.1. (Gravitational potentials)

Let the solid of the mass M > 0 and another solid of the mass m > 0 with
m < M be given (imagine the system Sun - Farth). Based on the theory
of gravitation by I. Newton, the movement in the arising force-field can be
described by the Newtonian potential

M
F(:c):'ymr , r=r(z)=1/2? +23+23, xR\ {0}

here v > 0 denotes the gravitational constant. We determine the work being
performed during the movement from a given point P to another point @ in
the Euclidean space by the formula W = F(Q) — F(P). We can deduce the
force-field by differentiation from the potential as follows:

@) = (A@). L) S) = VF(@)

mM mM
=7 3 (T1,72,73) = —’Yr—gfﬂ-

Now we associate the Pfaffian form
w= fi(x)dzry + fo(x) dze + f3(v) dxs
M
=7 %(131 dz1 + xo dzo + x3 dxs).

When
X(t) : [a,b] — R3\ {0} € C'([a,D])

denotes an arbitrary path satisfying X (a) = P and X (b) = @, we infer
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(P2 (1) + Fuyah(t) + Fuh(t) ) dt

ST
&
I
D\w

- F(X(b)) - F(X(a)).

Consequently, this integral depends only on the end-points - and does not
depend on the path chosen. Then we speak of a conservative force-field; move-
ments along closed curves do not require energy.

We intend to present the theory of curvilinear integrals in the sequel.

Definition 6.2. Let {2 C R™ - with n > 2 - denote a domain and P,Q €
2 two points. Then we define the class C(£2, P, Q) of piecewise continuously
differentiable paths (or synonymously, curves) in 2 from P to Q as follows:

C(2,P,Q) = {X(t) :Ja,b] — 2 € C%([a,b]) -
—o<a<b<+4oo, X(a)=P, X(b)=0Q;
We have a =ty <t;1 < ... <ty =b such that
X | € C ([ti,tis1], 2) fori=0,...,N —1 holds true}.

[tirtita

With the set
c() = Jcw,pp),
Pe

we obtain the class of closed paths (or synonymously, closed curves) in (2.
When X (t) = P, a <t < b holds true, we speak of a point-curve.

Remark: In particular, the polygonal paths from P to () are contained in

C(£2,P,Q).

Definition 6.3. Let

denote a continuous Pfaffian form in the domain 2 and X € C(£2, P,Q) a
piecewise continuously differentiable path between the two points P,Q € (2.
Introducing

X(]) = X‘{t]‘,t]‘_'_l] € Cl([tj7tj+1]) fO’f’ j: 05"'7N_ 1a
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we define by

/w;: b= /Zn:fi(X(t))x’i(t)dt

the curvilinear integral of w over X.

Definition 6.4. Let
w:Zfi(a:)dasi, x e N

i=1
represent a continuous Pfaffian form in the domain 2 C R™. Then we call
F(x) € CY(2) a primitive of w, if the identity

dF =w mn {2
or equivalently the equations

Fy,(z) = fi(x) for ze€ 2 and i=1,...,n

hold true. When w possesses a primitive, we speak of an exact Pfaffian form.

Theorem 6.5. (Curvilinear integrals)
Let 2 C R™ denote a domain and w a continuous Pfaffian form in (2. Then

w possesses a primitive F in 2 if and only if we have the identity [w = 0
X
for each closed curve X € C(£2, P, P) - with a point P € (2. In the latter case,

we obtain a primitive as follows: We take a fixed point P € 2 and have the
following representation for all arbitrary points Q € 2, namely

F(Q) := fy—&—/w with 'Y € C(£2,P,Q),
Y
where v € R is a constant.
Proof:

1. When w possesses a primitive F', we infer
n n
w:Zfi(x)dxi:Zin(x)dxi, x € (2.
i=1 i=1

Let us consider X € C({2, P, P) with P € {2 and

X0 .= Xl 0 € CY([tj,tj41]) for j=0,....,N —1.
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This implies

X =0 X6 =0 ¢ \i=1
N-1 tHld N1
:ZwtjaF@wgﬂ:ﬁﬂFg%ﬂo F(x(t))

- F(X(tN)) - F(X(to)) = F(P)— F(P) =0.
2. Now we start with the assumption

/w =0 forall curves X €C(2,P,P) with P e {2
X

The point P € {2 being fixed, we choose a path X € C(£2,P,Q) for
an arbitrary @ € (2 and define F(Q) := [w. Then we have to show

X
the independence of this definition from the choice of the curve X: When
Y € C(£2, P, Q) represents another curve, we have to establish the identity

)

We associate the following closed curve to the curves X : [a,b] — R™ and
Y : [¢,d] = R™, namely

B X(t), t € [a,b]
Z“%_{Y®+dﬂiewﬁ+dd.

Evidently, Z € C(£2, P, P) holds true and

Lol f
o [

X Y

follows, which implies

3. Finally, we have to deduce the formulas

Fo(Q) = fi(Q) for i=1,....n.

Here we proceed from () to the point
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Q: =Q+ce;, e :=(0,..., 1 ,...,0)

along the path
Y(t):[0,e] = R?, Y(t) =Q + te;

for a fixed index i € {1,...,n}. Now we evaluate

F(Q.) = F(Q) + F(Q.) — F(Q) = F(Q) + / w
Y

= F(Q) + / fjfj(m))y;(t)dt
o J=1

=F(Q)+ /fi(Q + te;) dt.
0

Finally, we obtain

d d -
d—xiF’Q:d_gF(Qa)‘E:O:fi(Q), i=1,....n

proving the statement above. q.ed

Let .
w= Z fi(z) dz;

i=1
represent an exact differential form of the class C1({2) in a domain £ C R™.
Then we have a function F(z) : 2 — R € C?(£2) with the property

dF =w or equivalently f;(z) = F,,(x).
Furthermore, we infer the identity
do=dF=dYy Fy dv;= Y F,, dvj Adz; =0,
i=1 ij=1

since the Hessian matrix (Fwﬂj)i7j:17,,_,n is symmetric.

Definition 6.6. We name an m-form w € C*(£2) in a domain 2 C R™ as
being closed, if the identity dw = 0 in {2 holds true.

Remark: The Pfaffian form w =" | fi(z)dz;, x € §2is closed if and only

if the matrix (%ﬁ(@) is symmetric.
J

The considerations above show that an exact Pfaffian form is always closed.
We shall now answer the question, which conditions guarantee that a closed
Pfaffian form is necessarily exact - and consequently has a primitive.



6 Curvilinear Integrals 61
Ezample 6.7. In the pointed plane R?\ {(0,0)}, we consider the Pfaffian form

—Y € 2 2
w= dzx d x > 0.
ZrE Ot W v

This 1-form is closed, since we have

D ( —y \_—@+y) (92 -2+’
oy \z24+y2)

(% +4?) (@2 +y?)?

as well as

0 T ity —a(2e) oy —a?
oz x2+y2 - (:c2 +y2)2 - (IQ +y2)27

and consequently

0 —y 0 x
do=— | —=—>"=) dy/Nd — | ———= ) de ANdy =0.
v Ay (a:2+y2> 4 x+8a: (x2+y2> vy

We observe the closed curve
X(t) := (cost,sint), 0<t<2rm

and evaluate

2m
/w:/(—sint(—sint)+costcost) dt = 2.
X 0

According to Theorem 6.5, a primitive to w in R?\ {0,0} does not exist - and
the differential form is not exact there.

The nonvanishing of this curvilinear integral is caused by the fact that the
curve X in R?\ {(0,0)} cannot be contracted to a point-curve.

Definition 6.8. Let 2 C R" denote a domain. Two closed curves
X(t) : [a,b] — 2 and Y (t) : [a,b] — (2, X, Y €eC(2)
are named homotopic in §2, if we have a mapping
Z(t,s) : [a,b] x [0,1] — 2 € C%[a,b] x [0,1],R™)
with the properties
Z(a,s) = Z(b,s) for all s €[0,1]
as well as

Z(t,0)=X(t), Z(t1)=Y(¢) for all t € [a,b].



62 Chapter 1 Differentiation and Integration on Manifolds

Now we establish the profound

Theorem 6.9. (Curvilinear integrals)
Let 2 C R™ constitute a domain, where the two closed curves X,Y € C(£2)
are homotopic to each other. Finally, let

w:Zfi(x)dxi, x €2
i=1

represent a closed Pfaffian form of the class C*(£2). Then we have the identity
/ w= / w.
X Y

For our proof we need the following

Proposition 6.10. (Smoothing of a closed curve)
Let
X() : [a,b) — R" € C(22)

represent a closed curve, which is continued periodically via
X@+kw—@)=xw, teR, kel
onto the entire real line R with the period (b—a). Furthermore, let the function
x(t) € Cg°((=1,41), [0, 00))
give us a mollifier with the properties

x(—t) = x(t) forall € (-1,1)

and
+1
/X(t) dt =1
-1
When we define
1 T—1
xmﬁ%=—x< >, T €R,
€ €

we obtain the smoothed function

Xo(t) = +/oox<r>xt,5<r> dr = +/Ooxmé X ( - t) dr,

3

which has the period (b — a) again. Then we observe
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lim X°(¢) = X(¢) uniformly on [a,b].
e—0+

Furthermore, the function X*(t) belongs to the class C*°(R), and we obtain
the estimate

d
EXE(t)‘SC forall te€la,b], 0<e<eq,

with a constant C > 0 and a sufficiently small eg. For all compact subsets
T C (to,tl) U (tl,tg) U...uU (tN—latN) C (a, b)

we infer

d
EXE()—>X’(t) for =04+ uniformly in T.

Proof: We show parallel to Proposition 1.2 in Section 1 that

Xe(t) — X(t) forall te€][a,b] uniformly, where e — 0+ holds true.

Since X is piecewise differentiable and continuous, a partial integration yields

%X%wz/fx 5 Xe(T dT—/ZX (——m&))m
- / X/(r)xee(r) dr

Therefore, we obtain

_XE ‘ /|X/ )Xt e (T T<C/Xt5 = for all teR,

using the estimate | X’ (7)| < C on R. Finally, we show - parallel to Proposition
1.2 in Section 1 again - the relation

d . .
8£%1+ pn X(t) = X'(t) uniformly in T C (to,t1) U... U (tn—1,tN),

which had to be proved. q.e.d.
Proof of Theorem 6.9:

1. Let X, Y € C(£2) represent two homotopic closed curves. Then we have a
continuous function

Z(t,s) : [a,b] x [0,1] — 2 € C°([a,b] x [0, 1], R™)
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with the properties
Z(a,s) = Z(b,s)  forall se]l0,1]
and
Z(t,0)=X(), Z(t1)=Y() for all ¢ € [a,b].

We continue Z onto the rectangle [a,b] x
[—2, 3] to the function

X(t ) t,S) € [aa b] [72,0] ,,,,,,,,, Q
B(t,s) =4 Z(t,s), (t,s) € [a,b] x [0,1] . 1 Z}?t(tl)
Y (t), (t,8) € [a,b] x [1, 0 aL,,Xfﬂ,,,bAt

Via the prescription
@(t R — a),s) —&(t,s) for teR, se[-23] and keZ,

we extend the function onto the stripe R x [—2, 3] to a continuous function,
which is periodic in the first variable with the period (b — a).

. On the rectangle Q := [a,b] x [—1, 2] we consider the function
+o0o +oo
w0 [ [ e @nctden  oral 0<e<t

Now the regularity #¢ € C*°(Q) is fulfilled, and we have the limit relation
& (u,v) — P(u,v) for e —0 uniformly in [a,b] x [-1,2].
This implies the property &¢(Q) C 2, 0 < € < g9 and the periodicity
&° (u + k(b — a),v) =& (u,v) forall (u,v)eRx[-1,2], keZ.

For all parameters a < u < b we have
+oo +oo
-0 = [ [ SE€nn©rrendedy

—00 —00

400 400
_ / / X (€)Xue ()X 1.2 () dédn

“+o0
_ / X(E)xue(€)dE = X(u)

and additionally
P (u,2) =Y (u).
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3. By the Stokes integral theorem on the rectangle @), we obtain the following
identity for all 0 < € < g9, namely

/w—/w:quse:/d(w(ps):/(dw)g;szo.
Xe ye aQ Q Q
We observe ¢ — 04, and Proposition 6.10 yields
0= lim /w—/w :/w—/w
e—0+
Xe ve X Y
and therefore our statement above. q.e.d

Definition 6.11. Let the domain 2 C R™ as well as the points P,Q) € {2 be
giwen. We name two curves

X(@),Y(t) : [a,b] — 2€C(2,P,Q)

as being homotopic in {2 with the fixed start-point P and end-point Q, if we
have a continuous mapping

Z(t,s) : [a,b] x [0,1] — 2
with the following properties:
Z(a,s) =P, Z(b,s)=0Q for all s € [0,1]
as well as

Z(t,0)=X(t), Z(t,1)=Y(t) for all t € [a,b)].

We deduce immediately the following result from Theorem 6.9.

Theorem 6.12. (Monodromy)

Let £2 C R™ denote a domain and P, Q € {2 two arbitrary points. Furthermore,
let the two curves X (t),Y (t) € C(£2,P,Q) be homotopic to each other with
fized start- and end-point. Finally, let

w = Zfl(x) dx;, T e
i=1

represent a closed Pfaffian form of the class C1(£2). Then we have the identity

)
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Proof: We consider the following homotopy of closed curves in (2, namely
P(t,s) : [a,2b —a] x [0,1] — 2

with

5(t,5) = X(t),a<t<b
TNz —ts), b<t<2W—a’

Now we note that
X(t),a<t<b
B(t,0) = () asts .
X(@2b—1),b<t<2b—a

Here the curve X is run through from P to @ and then backwards from @ to
P. Therefore, we infer
/ w = 0.

@(70)

Furthermore, we deduce
X@),a<t<b
B(t,1) = (), ast< .
Y(2b—1t),b<t<2b—a

Here the curve X is run through from P to @ at first, and the curve Y is run
through from @ to P afterwards. Finally, Theorem 6.9 reveals the identity

0= /w:/w:/w—/w.
¢(1O) é('vl)

X Y

q.e.d.
The study of curvilinear integrals becomes very simple in the following do-
mains.

Definition 6.13. A domain 2 C R™ is named simply connected, if each
closed curve X (t) € C(§2) is homotopic to a point-curve in 2. This means
geometrically that each closed curve is contractible to one point.

Theorem 6.14. (Curvilinear integrals in simply connected domains)
Let 2 C R™ constitute a simply connected domain and

w:Zfi(a:)dasi, T e

a Pfaffian form of the class C1(§2). Then the following statements are equiv-
alent:
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1. The Pfaffian form w is exact, and therefore possesses a primitive F'.
2. For all curves X € C(§2, P, P) - with a point P € {2 - we have the identity
Jw=0.

X
3. The Pfaffian form w is closed, which means

dw=0 1in {2
or equivalently that the matrix (gi (x)) is symmetric for all
i ij=1,n

points x € (2.

Proof: From the first theorem on curvilinear integrals we infer the equivalence
‘1. & 2.7, The statement ‘1. = 3.” is revealed by the considerations preceding
Definition 6.6. We only have to show the direction ‘3. = 2.”: Here we choose
an arbitrary closed curve X (¢t) € C(£2, P, P), which is homotopic to the closed
curve Y(t) = P, a <t <0b, due to the assumption on the domain 2. The
application of Theorem 6.9 yields

/w/w/b _ 5(Y )y at = o,

X Y v
which implies our theorem. q.e.d.

Remark: In the Euclidean space R3, our condition 3 from Theorem 6.14 im-
plies that the vector-field f(x) = (f1 (), fa(z), fg(l‘)), T € {2is irrotational,

which means
rot f(x) =0 in 2.

In simply connected domains 2 C R3, Theorem 6.14 guarantees the existence
of a primitive F' : 2 — R € C?(£2) with the property VF(z) = f(z), x € (2.

7 The Lemma of Poincaré

The theory of curvilinear integrals was transferred to the higher-dimensional
situation of surface-integrals especially by de Rham (compare G. de Rham:
Varietés differentiables, Hermann, Paris 1955). In this context we refer the
reader to Paragraph 20 in the textbook by H.Holmann and H. Rummler: Al-
ternierende Differentialformen, BI-Wissenschaftsverlag, 2. Auflage, 1981.

We shall construct primitives for arbitrary m-forms, which correspond to
vector-potentials - however, in ‘contractible domains’ only. Here we do not
need the Stokes integral theorem!

Definition 7.1. A continuous m-form with 1 < m < n in an open set {2 C R™
with n € N, namely
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w = Z alvl,__im(:c)dx“ /\.../\d{Eim, x € .Q,
1<i1 <. <im<n

is named exact if we have an (m — 1)-form

A= Z biy..iny (@) dxiyy N NdEy, x e

1<i1 <<l —1<n
of the class C1(£2) with the property
dA=uw i 2.

We begin with the easy
Theorem 7.2. An ezact differential form w € C1(£2) is closed.
Proof: We calculate
dw = d(d)\) = d > dbi, s, (x) Adxzy, A ... Ndzg,,

1<i1 < .. <bm_1<n

— 3 (ddbil___im_l(z)> Ndzi, A...ANdzi, = 0,

1<i1 <...<im_1<n

which implies the statement above. q.e.d.

We now provide a condition on the domain (2, which guarantees that a closed
differential form is necessarily exact.

Definition 7.3. Let 2 C R™ denote a domain with the associate cylinder
Q:=02x[0,1] c R™.

Furthermore, we have a point xog € {2 and a mapping

~

F=F(x,t) = (fl(xh...,xn,t),...7fn(9c1,...,xn,t)) 02— 0

of the class C2(2,R") as follows:
F(z,0) =9, F(z,1)=x forall x € (2.
Then we name the domain {2 contractible (onto the point x¢ ).

Remarks:

1. Let the domain {2 be star-shaped with respect to the point xy € (2, which
means
(tx+ (1 —t)xo) € 2 forall tel0,1], ze€ .

Then {2 is contractible with the contraction-mapping

F(z,t) ==tz + (1 —t)zo, x €, tel0,1].
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2. Fach contractible domain {2 C R™ is simply connected as well. When
X(s), 0 < s <1 with X(0) = X(1) represents a closed curve in 2, it is
contractible onto the point xg via

Y (s, 1) :zF(X(s),t), 0<s<l, 0<t<l.

In a contractible domain, we can perform the contraction of an arbitrary
curve X(s) by the joint mapping F'. Therefore, the contraction is inde-
pendent from the choice of the curve X.

3. The following chain of implications for domains in R™ holds true:

convex — star-shaped
= contractible
— simply connected.

On the cylinder 2 we consider the I-form

y(z,t) = Z Ciy (T t) dzgy, Ao N dxy,
1<iri<..<i<n
of the class C(£2). We use the abbreviation % := " for the time-derivative
and define
A(z,t) == Z Ciy iy (T t) dzgy, Ao AN dxy, .

1<i1<...<i1<n
Furthermore, we set

1 1

/’y(x,t) dt = Z /Cil...iz (x,t)dt | dziy A... Adxy,.

) 1<ii<..<ia<n \}

The fundamental theorem of the differential- and integral-calculus reveals

1

/ Sty dt = ~(x, 1) — (. 0). (1)

0

The function g(z,t) : Q-Re C’l(fZ) being given, we determine its exterior
derivative

Za—gdxk—f—gx t)dt =: dyg + g dt.
k=1

Consequently, we obtain
dy=dzy+dt Ny

abbreviating
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dyry = Z (dsz'l...il (:z:,t)) Adxi, A...Ndx;,.

1<i1<...<i1<n

Finally, we deduce the identity

d /’y(x,t)dt z/(dx’y(a:,t)) dt. (2)
0 0

Therefore, we calculate

1

d /’y(x, t)dt

0
1

Z Z 8Iz /Cil.“il (LL', t) dt dl’z A\ d.’Eil VANPAN dxl-,

1<i1<...<yy<n =1 0
1

t) dt | dx; A d:cil VANPIAN d:cil
1<’Ll< <y <n i= 1 0
1

/ (Z Ciy . (2, 1) da:z> Adziy A ... Ndx;, p dt
1<21< <ii<n Oz;

1

/ 3th

0

We are now prepared to prove the central result of this section.

Theorem 7.4. (Lemma of Poincaré)
Let £2 C R™ denote a contractible domain, and choose a dimension1 < m < n.
Then each closed m-form w in {2 is exact.

Proof (A.Weil):

1. Since {2 is contractible, we have a mapping
F=F(zt): 2 — 2eC*N)
satisfying
F(z,0) =9, F(z,1)=z forall z e (2.

On the set £2 = £2 x [0, 1], we consider the transformed differential form
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W(x,t) == wo F(x,t)
= Z (73 . (F(l‘, t)) dfil VAN dfzm

1<i1 <...<im<n

= Z iy i, (F(.’E, t)) dwfil VANPIAN dg;fim +dt A OJQ(JJ, t)

1<i1 < . <im<n

= w1 + dt A\ wa.
Here we used the identities
dfi, = dofi, + fi dt  for k=1,...,m.

The differential forms wq(x,t) and we(x,t) are independent of dt and have
the degrees m and (m — 1), respectively. Furthermore, we note that

wi(z,0)=0 and wi(z,1)=w(x).
2. We evaluate
0= (dw)oF =d(woF)=dw
= dwy + d(dt Nwe) = dywr + dt Awy — dt A dws
= dywi +dt Awy — dt A (dgws + dt A ws)
= dywi + dt A (w1 — dypws).

This implies
@1 = deQ. (3)

3. Now we define the (m — 1)-form

1
A= /wg(ac,t) dt.
0

With the aid of the identities (1), (2), and (3) we calculate

1

) = / (dsione, 1) dt = /wl(x,t) dt = w1 (2, 1) — wn (x,0) = w(x),
0

0
which completes the proof. q.e.d.

Ezample 7.5. In a star-shaped domain 2 C R3, let the source-free vector-field

b(z) = (bl(x),bg(x),bg(x)> . 2 — R% e CL(Q2,R?)
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with
divb(z) =0

be given. Then its associate 2-form
w = by(x) dxo Adxs + ba(x) des A dry + bs(x) dxy A dxs
is closed. Theorem 7.4 gives us a Pfaffian form
A = a1 () dzy + az(z) doa + az(x) drs € C*(0)

satisfying d\ = w. The calculations in Section 3 imply the following identity
for the vector-field a(x) = (a1(x), az(z), as(z)), namely

rot a(x) = b(x) forall € 2.

Therefore, we have constructed a vector-potential a(x) for the source-free
vector-field b(x).

8 Co-derivatives and the Laplace-Beltrami Operator

In this section we introduce an inner product for differential forms. We con-
sider the space

R" := {f:(fl,...,fn) 1 T; €R, i:l,...,n}

with the subset @ C R"™. Furthermore, we have given two continuous m-forms
on O, namely

a = > @i, i, (T)dTi, A...NdT;,,, TEO,
1<y <...<ign <0,
as well as
B = > biyi, (@) AT AL AdT,, T EO.

1<i1<...<im<n

We define an inner product between the m-forms @ and 3 as follows:

@Bm= Y. i@ by, (@, m=0,1...n (1)

1<i1 < . <im<n

Consequently, the inner product attributes a 0-form to a pair of m-forms. It
represents a symmetric bilinear form on the vector space of m-forms.

Now we consider the parameter transformation

T =dx)= (451(301,...,xn)7...,d5n(x1,...,xn)> : N — 0 C*N)
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on the open set 2 C R™. The mapping ¢ satisfies
Jo(z) = det (aqs(x)) £0  forall ze. 2)
We set
2
g(x) == (Jqs(x)) = det (8@(m)t o 3@5(m)), x € L.
The volume form
w=+/g(x)drs A...Ndx,, z €2 (3)

is associated with the transformation T = @(x) in a natural way. The m-forms
@ and 3 are transformed into the m-forms

a=de = Y @y (@(az)) dd; () A ... A\ dD; ()

1<i1<...<im<n

Z ai, . (x)dzy, Ao Ndxy,

1§i1<-~~<im§n

and

Bi=Bo= D b (P@)dPi,(2) A A D, ()

1<i1<...<im<n
=: E bil...im ((ﬂ) dl’il VANAN dl’im,
1§i1<-~<im§n

respectively. We shall define an inner product (a,f),, between the trans-
formed m-forms « and 8 such that it is parameter-invariant:

(@ B)m(x) = @ B)m(2(),  we (4)

We shall explicitly represent this inner product for differential forms of the
orders 0,1,n — 1,n in the sequel.

1. Let m = 0 hold true. We consider the 0-forms
a=a@), B=i@).
Then we see

Setting

we obtain
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2. Let m = n hold true. We consider the n-forms
a=a(T)dz, A...NdT,, B =0bT)dT1A...NdZ,.
We calculate

o= Ts :E<45(x)) ddy A ... A dD,

— 6(45(33)) <Z %dml) A A (z > azn dazin>

i1=1

= 6(915(36)) Jo(x)dxy A ... ANdxy,.
Therefore, we have

a(z) = E(@(x)>J¢(x), b(z) = E(@(m))Jq;(x), z €.

Now we set

a=> a@dr, B= ZEi(f) dz;
i=1 i=1
and calculate
a=0ag =y al|P(z))dP;
> a(2()
=Y ai(2@) (Z - dmj)
i=1 j=1 "7
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Thus we obtain

oa=ap = Z aj(xz)dz; with aj(x)=) @ (@(x)) e
Jj=1 =1 J
2 .\ : o 0%,
B=DFp=> bie)de; with biz)=3 b (@(:c)) .
j=1 i=1 Ty
where j = 1,...,n is valid. We introduce the following abbreviation for

the functional matriz

0P;
F(z):= (8xj (a:))i}j_l"."n, x € .

The vectors
a(z) = (al(x),...,an(x)>, a(z) = (al(z),...,an(f))

and

b(w) = (b1(@), - bu(@), B(a) = (Bi(@),.. Bal(@))
are subject to the transformation laws
a(z) = E(@(w)) o F(z), b(z)= E(@(z)) o F(a),

and

aw) o F~' (@) =a(9(2)), b@)o F(2) =b(o()),

respectively. We define the transformation matriz

G(x) = (9:()) = F(a)' o F(a)

6J=1,..,n

with the inverse matrix
t
-1 _ (i _ 1 —1
)= ("), =F @ (F )

Evidently, we have

and

Now we define
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n

(@, B(@) = Y g7 (@)ai(@)b; ().

Then we infer

4. Let m = n — 1 hold true. We define the (n — 1)-forms
0; = (=1)"tdzy A ANdT;_y ANdTia A .. N dT,
for 1 <4 < n and consider the (n — 1)-forms
a=>Y @@, B=> b0
i=1 i=1
We use the symbol ~ to indicate that we omit this factor. Defining

Qj = (—l)j_l dei N... A da:j_l A de_H A...ANdxy,

for j =1,...,n, we calculate

a=0p= Y (@(@) (=) Yddy AL AdB; 1 NdDiq A ... A dD,
=1

P 16‘%]11 .77,1

'dﬂ?l/\.../\di‘j/\.../\dl‘n
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Correspondingly, we define b;(x) for j =1,..., n. The matrix of adjoints
for F(z), namely

=1,...,

E(z) = Jg() (F(x)t>_1 (5)
When n n
@:a:Zaj(x)Hj, 3452,6’:253‘(%)9]‘

denote the transformed (n — 1)-forms, their coefficient vectors

a(ac)z(al(x) ..... an(x)), E(x)z(al(f) ..... En(f))

and

<

b(z) = (bl(z) ..... b, (x)),

are subject to the transformation laws

(z) = (Bl @), ..., bn (z))

-1

a(z) = a(@(x)) o BE(z) = Jgs(x)ﬁ(@(z)) o (F(x)t) :
b(z) = B(qﬁ(m)) o B(z) = Jq§(x)l_)<§5(x)> o (F(x)t)_l.

Now we define as the inner product
(@ Blamrl@) =~ 3 gi@las(alby(a)
a, fB)p-1(x) i= —— ii(2)aq ()b, (x).
1 9(@) m':ng J

Finally, we infer

(0, B)n1 () = s al(2) 0 G(z) o (b(x))
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Now we introduce another operation in the set of differential forms.

Definition 8.1. When k € K := {0,1,n — 1,n} holds true, we attribute to
each k-form « its dual (n — k)-form xa as follows:

1. Let k =0 and o = a(x) be given. Then we define

where
w=+/g(x)dxy A... Ndz,

denotes the volume form (compare (3)).
2. Let k=1 and

a= ai(x) dz;

i=1
be given. Then we define
xa = /g(x) 9" (x)a;(x) | 0;
i=1 \j=1
3. Letk=n—1 and

a=Y a;(x)b;

=1

We collect some properties of the x-operator.

1. The *-operator represents a linear operator from the vector space of k-
forms into the vector space of (n — k)-forms. It gives us an involution,
which means

wxa = (=1)kF=Fgy

for all k-forms a with k € K.
2. The k-form « and the (n — k)-form § fulfill the identity

(o, Bk = (*a,ﬁ)n_k(—l)k("_k), ke K.

We prove this statement for all k € K:
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a) Let £ =0, @ = a(x), f = b(z)w, *8 = b(x), *a = a(z)w be given.
Then we obtain

(a0, %8)0 = a(x)b(z) = a(x)b(x)(w,w), = (a(x)w, b(z)w), = (xa, B)p.

b) Let k = n, a an n-form, 8 a 0-form be given. We calculate with the
aid of property 1 and (a) as follows:

(Oé,*ﬁ)n = (*(*a)a *B)n = (*0‘7 *(*6))0 = (*O‘,ﬂ)ﬂ
¢) Let k =1 be given. We consider the forms

n

a= Zai(x) dz;,, B = sz(x)ez

i=1

Then we obtain

(@) = T S gii@)aa) (Z gjk<x>bk<x>>
9(33) Q=1 k=1

as well as

(vt, B g(”;) S gis() (z gi%)ak(x)) bi(x)

= \/ﬁ Z ai(z)bi(x).

This implies (o, *8); = (—=1)" " (xa, B)pn_1.
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d) The case k = n — 1 remains. With the aid of property 1 and (c), we
deduce for the (n — 1)-form « and the 1-form S as follows:

(Oz, *B)n—l = (_l)nil(*(*a)a *5)n—1
= (v, ()1 = (=1)" "} (xa, )1
3. Taking the two k-forms « and § with k& € K, we infer

(0, %¥B8)n—k = (—1)F"=F) (x(xa), B)k
- (Y

Consequently, the x-operator represents an isometry.
4. Two k-forms « and [ satisfy the identity

AB) = (D) B (ka) A B = (a, Blrw, K EK.
For the proof, we show the relation
a A (+B) = (o, B)xw. (6)

Then the (n — k)-form *a and the k-form § satisfy

(=D B (xa) A B = B A (va) = (B, @)rw = (@, B)rw = a A (xB).
a) Let k=0, a = a(z), B = b(x), *8 = b(x)w be given. Then we see

a A (+8) = a(@)b(z)w = (a, B)ow.

b) Let k = 1 as well as

afzjal Jdri, = Zb ) dz;

and
n

8=/ 3 [ g @) ) o)

Jj=1

be given. Now we evaluate

A(xB) = Z g" bj(x) | driA.. . Adzy, = (o, B)1w.

1,j=1

¢) For k=n—1 and

a= iai(aﬁ)@, 8= ibi(x)é'
i=1 i=1
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as well as

we infer

a A (x8) = (Z ai(x)9i> A i Z Zgij(:c)bj(a:) dx;

! Z gij(x)ai(z)bj(z) | dey A... Adzy,

V g(x) i,j=1

= (a, B)n—1Vyg(@)dzs A ... Ndzy, = (o, B)p—1w.
d) Finally, let &k = n, a = a(x)w, and § = b(z)w be given. This implies

a A (x0) = a(x)wb(x) = a(z)b(z)w = (o, B)nw.
. Let .
a= Z a;(z)dx;
i=1
denote a Pfaffian form and
v =&(F) = (@1@1,...,@),...,qsn(fl,...jn))
a parameter transformation. Then we observe (xa)g = *(ag).

We use the invariance of the inner product as well as the property 4: For
an arbitrary 1-form

n
B=> bi(x)dr;
i=1
with the transformed 1-form S, we infer the identity
Ba N *(ae) = (Be, ao)1we = {(B, @)1 tows

={(B,1w}te ={BA (xa)}o = Ba A (x)s.
Then we obtain
Bao A (x(ag) — (xa)e) =0  for all j,

and consequently
*(ap) = (*a)s.
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Definition 8.2. Given a 1-form
o= Z a;(z) dx; x €S

of the class C1(£2), we define the co-derivative da due to
da:= xd * a.

Remark: Now § represents a parameter-invariant differential operator of first
order - and attributes a O-form to each 1-form. We determine the operator &
in arbitrary coordinates. Let us consider

a—Zal Ydz;, *a=+/g Z Z x)a;(x) | 0;.

7j=1

Then we evaluate

dx o = a \/g(il,’) g”(.’t)(lj(l') dri A ...Ndxy,

Theorem 8.3. (Partial integration in arbitrary parameters)
Let £2 C R™ denote a domain satisfying the assumptions (A), (B), and (D)
for the Gaussian integral theorem. The parameter transformation

T=0(z): 2 — O cCHR)
may be bijective and subject to the condition
Jo(x) >n>0 for all points x € 12.

Furthermore, let a 1-form

3

Z a;(z) dx;, z e
=1
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and a 0-form B = b(z), x € 2 of the class C1(2) be given. Then we have the
identity

/ (0, dB)ro + / (60, B)ow = / (v) A B.

Q 0 a0
Here the boundary 082 is endowed with the induced canonical orientation of
R™.
Proof: The assumptions on the parameter transformation @ guarantee that
all functions appearing belong to the regularity class C1(£2). We apply the
Stokes integral theorem and obtain - with the aid of (6) - our statement as
follows:

[t = [ands) =1t [a)nas

o) 2 2
~ () n5) - [@rarns
A o)
:/(m)m_/(d*a)A(**B)
a2 0
:/(*a)/\ﬁ—/(d*a,*ﬁ)nw
982 1)
:/(*a)/\ﬁ—/(*d*mﬁ)ow
an 1]
~ [taynp- [Ga, o
an 1]

q.e.d.

Corollary: When we require zero-boundary-values in Theorem 8.3 for the func-
tion 3, or more precisely 3 € C§(£2), we deduce the identity

[ [Gap o

0 0

Therefore, we name ¢ the adjoint derivative to the exterior derivative d.

Definition 8.4. The two functions v (z) and x(z) of the class C1(£2) with
their associate differentials

dy = il Ve, dx;, dx = il Xz, dT;
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being given, we define the Beltrami operator of first order via

V (1, x) = (dp, dx)1( Zg 2y, () Xa, ().

3,5=1

Remark: Evidently, the property

V() (@) = V@.%) (2(2))

holds true, where we note that

B(2(@) = @), x(2(2) = x(@).

Consequently, V represents a parameter-invariant differential operator of first
order.

Definition 8.5. We define the Laplace-Beltrami operator
A(x) == ddyp(x), x €2
for functions ¢ (x) € C*(02).

Remark: Since the operators d and § are parameter-invariant, the operator A
is parameter-invariant as well:

A(z) = AE(@@)), ze .
Using (7), we now describe A in coordinates:

n

Adp = bdip =6 (> s, da

Jj=1

Ve P

Vil Z 9" (),

Theorem 8.6. Let §2 C R™ denote a domain satisfying the assumptions (A),
(B), and (D) of the Gaussian integral theorem. Furthermore, the parameter
transformation

T=®(z): 2 —06

belongs to the class C%(£2) and is bijective subject to the condition
Jo(x) >n >0 for all points x € 0.

Finally, let the functions ¥(x) € C?(2) as well as x(z) € C1(2) be given.
Then we have the identity

/V v+ [(Avuw = [ (v

9] o
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Proof: We apply Theorem 8.3 and insert
a=dpeC' (), B=x(x)eC ().
At first, we obtain

v+ [Gaw.pw = [ o

0 [0} a1

Using the Definitions 8.4 and 8.5, we infer the identity
[vwoow+ [(av00 = [ eaon
0 0 o9

stated above. q.e.d.

Remark:

1. We evaluate the Laplace operator in cylindrical coordinates,
r=rcosp, y=rsing, z=h,

where 0 < 7 < 400, 0 < ¢ < 2w, —00 < h < 400 hold true. Therefore,
we consider the case n = 3 and choose

=71, T2=¢, x3=h

The fundamental tensor appears in the following form:

100 . 100
(gi)={0r20 |, (47)=[0%0
001 001

This implies

g(x) = det (gij) = r*.
In our calculations we have to respect only those elements on the principal
diagonal. With the aid of (7), we then obtain

AN AN )
or \_ or Op \ r dp oh \' Oh

0, * 1R P
ar o r D2 " on2

A:

S|

S|

_82+18+1 82+82

COr2  ror  r20p?  Oh?’

For plane polar coordinates we set z = 0, and the expression above is
reduced to
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P10 1
SO ror  r20p?

Defining
2
A= 8—
Op?
for the angular expression, we rewrite A into the form
2 10 1
A=—+

o i e
(compare the Laplace operator in spherical coordinates).
2. We introduce spherical coordinates

x=rcospsing, y=rsinpsind, z=rcosf

with 0 < 7 < 400, 0 < ¢ < 27, and 0 < 0 < 7. Calculations parallel to
Remark 1 yield

A—i 2 7«22 +L2 Sinag +L6_2
- r2 | 0r or sin 6 90 a0 sin? 0 92

_8_2+2g+i Lg 1 92 +L8_2
T o2 ror 12 \sineoa \™" o0 sin? 6 02

Here the operator A does not depend on r again. However, it is only
dependent on the angles ¢, 6.

When we investigate spherical harmonic functions in Chapter 5, we need the
Laplace operator for spherical coordinates in n dimensions. Now we treat this

general case.

Let the unit sphere in R, namely
T={e=(a,..&) eR" : I =1},
by parametrized by
E=£(t) = (51(151, et ,5n(t1,...,tn_1))t T — ¥ e CHT),
with the open set T'C R"~!. Via the mapping

X(rt) :=r&(t1, ..oy ta1), re (0,400), teT,

we obtain polar coordinates in R™. Furthermore, the functional matrix appears
in the form
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aX(Tv t) = (XT, thv cee 7th_1) = (gvrgtu s 7r£tn_1)‘
We determine the metric tensor as follows:
1 0 0 10 --- 0
0 r2hy, --- rzhlyn,l 0
(1) = (9:5(r). = o= :
b : © r?H(t)
0 T2hn71,1 e ’rghn—l,n*l O

where we abbreviate

H(t) = (hij(t))i,j:17...,n71 = (5ti(t) &b (t)>i,j:1,...7n71.

Using the convention
H7 (1) = (7 (1)) G = (970n) ,
i,j=1,...,n—1 ij=1,...,n

we infer
10 0 1 0 0
plit plin—1
G 1(Ta t) = <gij(7,’ t)) = O Hﬁl(t) = ’ - 7,,2
1,9 : . :
0 r 0 thT;l,l hnf’;?,nfl

Furthermore, we define

g(r,t) :==det G(r,t), h(t) :=det H(t)

and obtain
g(r,t) = r*"Dh(t).

When u = u(r,t) and v = v(r,t) are two functions, we determine the Beltrami

differential operator of first order due to

V(u,v) = Z gij(x)uzivz]-

3,7=1

oudv 1 L Gu dv
= — I ) -

aror 2 igz:l ) ot; ot;

We express the invariant Beltrami operator of first order on the sphere X via

n—1 %@

I'(u,v) = Z h (t) %, 7%,

i,j=1
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and deduce

oudv 1
or or = 12
Now we represent the Laplace-Beltrami operator in spherical coordinates: We
take the function

V(u,v) = I'(u,v) for all w=w(rt), v=o(rt). (9)

w=u(r,t) =u(r,ty,...,th—1),
utilize the identity /g(r,t) = 7" ~1\/h(t) as well as formula (8), and obtain

Uy
1 3 _1 Uty
Au = diviesy § Vg(rt) G (r,t) o
g(r,t)
’U/t”71
B 1 0 ( ) 8u>
Vorn or Vg
1 h
+ dive { v /Rt = H ) o :
Tl Wt
’U,tn71
u 1
LN e L UNE N B N OLa L :
o2 r Or 12 h(t) vt
Ut,,

Defining the Laplace-Beltrami operator on the sphere X by

we obtain the following identity

2 -1 1
%JrnT%JrﬁAu for all u = u(r,t) € C*((0,+o0) x T).
(10)
We still show the symmetry of the Laplace-Beltrami operator on the sphere
for later use.

Au =

Theorem 8.7. Taking the functions f,g € C%(X), we have the relation

[ 1©(49©) dote) = - [ ris.90a06) = [ (47(6))ste) doto)
P P

X

Here do denotes the surface element on X.
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Proof: Let 0 < & < 1 be given, and we consider the domain
02, := {xER" : 1—6<|x|<1+5}.
Furthermore, we have

u(r,ﬁ) = f(§)7 U(’/’,ﬁ) = g(f)’ T€(1_651+€)7 §e .
Theorem 8.6 yields

/V(u,v)er/(Au,v)ow: /(*du)v: /v%dcr,
£

0. 902, 0.

where v denotes the exterior normal to 0f2.. These parameter-invariant inte-
grals are evaluated in (r, )-coordinates: Via the identities (9) as well as (10)

and noting that
ou ou
— =4+—=0 on 0f2,
Ov or c
we arrive at the relation
1+ 1+

o= [ | [ mrtoa@emt )i [ | [ Sa0gdee ) ar
1—e X € X

1—

1+4e€
| [rcar) [(rto+amg)ate
1—e b))

This implies

/2 (Af(ﬁ))g(é“) do(€) = _/Ep(ﬁ g) do(£).

Correspondingly, we deduce the second identity stated above. q.e.d.

9 Some Historical Notices to Chapter 1

The theory of partial differential equations in the classical sense is treated
within the framework of the continuously differentiable functions. The pro-
found integral theorem of Gauf constitutes the center for the classical investi-
gations of partial differential equations. This might explain the title Princeps
Mathematicorum attributed to him. His tomb in Gottingen and the monument
for him, together with the physicist W. Weber, express the great respect, which
is given to C.F. Gau8.
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Our treatment within the framework of differential forms, created by E. Cartan
(1869-1961), simplifies the various integral theorems and classifies them geo-
metrically. Though differential forms are systematically used, with great suc-
cess, in differential geometry, analysts mostly refrain from their application in
the theory of partial differential equations. We owe the introduction of invari-
ant differential operators to E. Beltrami (1835-1900) — the first representative
of a great differential-geometric tradition in Italy.

Figure 1.1 PORTRAIT OF CARL FRIEDRICH GAUSS (1777-1855)
Lithography by Siegried Detlef Bendixen published in Schumacher’s As-
tronomische Nachrichten in 1828; taken from the inner titel-page of the biog-
raphy by Horst Michling: Carl Friedrich Gaufl — Aus dem Leben des Princeps
Mathematicorum, Verlag Gottinger Tageblatt, Gottingen (1976).




Chapter 2

Foundations of Functional Analysis

We start with the Riemannian integral - and their Riemann integrable func-
tions - and construct a considerably larger class of integrable functions via
an extension procedure. Then we obtain Lebesgue’s integral, which is distin-
guished by general convergence theorems for pointwise convergent sequences
of functions. This extension procedure - from the Riemannian integral to
Lebesgue’s integral - will be provided by the Daniell integral. The measure
theory for Lebesgue measurable sets will appear in this context as the theory
of integration for characteristic functions. We shall present classical results
from the theory of measure and integration in this chapter, e.g. the theorems
of Egorov and Lusin.

Then we treat the Lebesgue spaces LP with the exponents 1 < p < 400 as
classical Banach spaces. We investigate orthogonal systems of functions in the
Hilbert space L?. With ideas of J. von Neumann we determine the dual spaces
(LP)* = L9 and show the weak compactness of the Lebesgue spaces.

1 Daniell’s Integral with Examples

Our point of departure is the following

Definition 1.1. We consider an arbitrary set X, and by M = M(X) we
denote a space of functions f: X — R which have the following properties:

- M is a linear space, which means
forall f,g € M and all a, B € R we have of + g € M. (1)
— M s closed with respect to the modulus operation, which means
for all f € M we have |f| € M. (2)

Furthermore, the symbol I : M — R denotes a functional on M satisfying the
following conditions:

F. Sauvigny, Partial Differential Equations 1, Universitext, 91
DOI 10.1007/978-1-4471-2981-3_2, (C) Springer-Verlag London 2012
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I is linear, which means

for all fyg € M and all o, 8 € R we have I(af + Bg) = al(f)+ 8I(g).
(3)
I is nonnegative, which says

for all f € M with f >0 we have I(f) > 0. 4)

Here the relation f > 0 indicates that f(x) > 0 for all x € X is correct.
I is continuous with respect to monotone convergence in M, which means

for each sequence{fn}n=12,. CM with f, 10

: o (5)
we have lim,_,o I(fy) = 1(0) =0.

Here we comprehend by fn, | 0 that the sequence {fn(2)}n=12.. C R is

weakly monotonically decreasing for oll x € X and lim f,(x) = 0 holds
n—oo

true.

Then this functional I is named Daniell’s integral defined on M.

Remarks:

1.

From the linearity (1) and the lattice property (2) we infer

1
max (f.9) = 5 (f+9+1f —gl) €M
as well as 1
min(f,9) = 5(f+9-1f—g) €M
for two elements f,g € M. In particular, with each element f € M we
have

1

J* (@) = max (f(2),0) = 5 (£@) + [/@)]) €M

as well as
f(x) = max(—f(x),()) =(=f)T(x) € M.

We address f1 as the positive part of f and f~ as the negative part of f.
The definitions of fT and f~ imply the identities

f=r"=f" and |fl=f"+f" ="+
Consequently, the lattice condition (2) is equivalent to
feM = ftelM. (2"

More generally, we see that finitely many functions f1,..., f,, € M with
m € N imply the inclusion

max (f1,...,fm) €M and min(f1,...,[fm) € M.
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2. The condition (4) is equivalent to the monotonicity of the integral, namely

I(f) > I(g) forall f,ge M with f > g. (4
3. The condition (5) is equivalent to the following property:

All sequences {fn}tn=12.. C M with f, T fand f,g e M
with g < f fulfill (5)
I(g) < lim I(f,).
n—roo

Proof: At first, we show the direction ‘(5') = (5)’. Let the sequence of
functions {fy, }n=1,2,.. C M with f,, | 0 be given. Then we infer (—f,) 1 0.
We set f(z) =0 = g(z). The linearity of I implies I(g) = 0 immediately.
The combination of (5') and (4) reveals the relation
0=1I(g) < lim I(—f,)=— lim I(f,) <0.
N—>00 Naa =’

n—oo
>0

This yields lim I(f,) = I(0)=0.
n—oo

Now we show the implication ‘(5) = (5').
The sequence {fy}n=102,.. may satisfy f, T f with an element f €
M, which immediately implies (f — f,) | 0. From (5) we infer 0 =
lim, o0 I(f — frn), and the linearity of I yields

0=I(f)— lim I(f,).

n—r oo

With g < f and (4’) we obtain

lim I(f,) =1(f) > I(g),

n—oo

and the proof is complete. q.e.d.

Now we provide examples of Daniell integrals, where we need the following

Theorem 1.2. (U. Dini)

Let the continuous functions fi, f2,... and f € C°(K,R) be defined on the
compact set K C R™. We have the relation f; 1 f, which means that the
sequence {fi(z)} C R is weakly monotonically increasing for all x € K and
furthermore

lim fi(w) = f(2).

Then the sequence {fi}i=12,.. converges uniformly on the set K towards the
function f.

Remark: The transition to functions g; := f — f; implies that the statement
above is equivalent to the following:

A sequence of functions {gi}1=1.2... C CO(K,R) with g; | 0 has necessarily the

yeun
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property that {gi}i1=1,2,... converges uniformly on K towards 0.

Proof of Theorem 1.2: Let {g; }i1=1,2,... C C°(K,R) denote a sequence satisfying
g1 1 0. We have to show that

sup |gi(z)] — 0
reEK

is correct. If this property was not valid, then we could find indices {l;} with
l; < l;41 and points & € K such that

g,(E)>e>0 forall ieN

hold true with a fixed quantity € > 0. According to the Weierstrafl compact-
ness theorem, we can assume - without loss of generality - that the relation
& — & for i — oo is valid, with the limit point £ € K. For the fixed index
l., we now choose an index i, = i(l,) € N such that I; > l.holds true for all
1 > i,. Now the monotonicity of the sequence of functions {g;} implies

g (&) > g (&) >e  forall i>i,.

Since the function g;, is assumed to be continuous, we infer

g1, (&) = lim g (&) > ¢ for all [, € N.

1—> 00

Therefore, {g;(§)} does not constitute a null-sequence, which gives an obvious

contradiction to the assumption.
q.e.d.

Main example 1: Let us consider X = (2 with the open set 2 C R™ and
the linear space

My = My(X) = { f(z) € CO(2,R) : /\f(x)|dx < 400
(9]

Here the symbol
[1r@ds
Q

means the improper Riemannian integral over the open set 2. Then our space
M, satisfies the conditions (1) and (2). Now we choose the functional

L(f):= [ flx)dz,  fe M,
/

where the improper Riemannian integral over {2 appears again on the right-
hand side. Because the Riemannian integral is linear and nonnegative, the
conditions (3) and (4) are evident. We still have to establish the continuity
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of our functional with respect to monotone convergence, namely (5). Let us
consider with {f,}n=12.. C M a sequence of functions satisfying f, | 0. If
K C £ denotes a compact subset, Dini’s theorem tells us that {f,,} converges
uniformly on K towards 0. When we observe the properties 0 < f,,(z) < f1(z)
for all n € N and = € 2 as well as f |fi(z)|dz < 400, the fundamental

convergence theorem for improper Rlemannlan integrals implies

n—0o0

lim 13(f,) = lim /fn )da = /( lim fn(x)> da = 0.
n—oo
—_———
=0
Therefore, I represents a Daniell integral on the space Mj.

Remark: The set M7 does not contain all functions whose improper Rieman-
nian integral exists. The concept of Daniell’s integral additionally necessitates
the function space being closed with respect to the modulus operation, namely
the lattice property (2). For instance, the integral

/ smx for all powers « € (0,1)
1

does not converge absolutely, although it exists as an improper Riemannian
integral.

Main example 2: As we described in Section4 of Chapter 1, let M C R"
denote a bounded m-dimensional manifold of the class C' with the regular
boundary M. Then we can cover M by finitely many charts, and we define
the Riemannian integral over M via partition of unity, namely

f) = / f@)dmo(z),  fe My

for all functions of the class
My = {f(x) :M — R : fis continuous on ﬂ}

Here the symbol d"*c means the m-dimensional surface element on M. This
integral I gives us a further interesting Daniell integral: The linear space M
is closed with respect to the modulus operation. The properties (1) and (2)
are consequently fulfilled. The existence of the integral above follows from the
continuity - and therefore the boundedness - of f on the compact manifold M.
The linearity and the positive-semidefinite character of I are evident. The
continuity of I, with respect to monotone convergence follows from Dini’s
theorem again.
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2 Extension of Daniell’s Integral to Lebesgue’s Integral

In our main examples from Section 1, we already have an integral which allows,
at least, to integrate the continuous functions with compact support. Now we
consider an arbitrary Daniell integral I : M — R due to Definition1.1 in
Section 1. We intend to extend this integral onto the larger linear space

L(X) > M(X),

in order to study convergence properties of the created integral on the space
L(X). This extension procedure is essentially based on the monotonicity prop-
erty (4) and the associate continuity property (5) of this integral.

Developing our theory of integration simultaneously for characteristic func-

tions
l,ze A

xa() ::{O,IEX\A

of the subsets A C X, we obtain a measure theory which depends on our
Daniell integral I for the subsets of X.

The extension procedure presented here was initiated by Carathéodory, later
Daniell considered these particular functionals I, and Stone established the
connection to measure theory. The consideration of minimal surfaces gave
H. Lebesgue the impetus to study thoroughly the concept of surface area.

We prepare our considerations and introduce the function

0,t<0
SZB(t)::{t t>0

which is continuous and weakly monotonically increasing. Furthermore, we

define
f(x) == &(f(2)) = max (f(2),0), ze€X

and study the following properties of the prescription f — fT:

i.) f(z) < f(z) for all x € X;

) f(
i.) fi(z) < fo(@) = (@) < fy(z) forall z € X;
iii.) fn(z) = f(2) = fiH(z) = fH(z) forall z € X
iv.) fo(x) | f(z) = @)L ff(z) forallz e X
v.) fulz) T f(x) = fH@) 1 fr(z) forallze X
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Proposition 2.1. Let {g,} C M and {g,} C M, n = 1,2,... denote two
sequences satisfying gn(x) 1 g(x) and g, (z) 1 ¢'(z) defined on X. Here g,g" :
X — RU{+o0} represent two functions with the property ¢'(x) > g(x).
Then we infer the inequality

lim I(g;) > Tim_I(gy).

n— oo

Proof: Since {I(gn)}n=12,.. and {I(g},)}n=1,2,... represent monotonically non-
decreasing sequences, their limits exist for n — oo in RU {4o0c}. In the case

lim I(g)) = +o0, the inequality above evidently holds true. Therefore, we

n—oo

can assume lim I(g),) < 4oo without loss of generality. With the index m
n—0o0

being fixed, we observe
(g —g)T L (gm—9¢)T=0 for n — oo.

Then we invoke the properties of Daniell’s integral I as follows:

I(gm) — lim I(g.) = lim (I(gm)—f(g;)) = lim I(gn —g.,)

n—oo n—oo n— oo

< lim I((gm —g;)+) = 0.

n—oo

Now we see
I(gm) < lim I(g.,) for all m €N,

n—oo

and we arrive at the relation

lim I(gm) < lim I(g),).
n—oo

m—0o0
q.e.d.

When we assume g = ¢’ on X in Proposition 2.1, we obtain equality for the
two limits above. This justifies the following

Definition 2.2. Let the symbol V(X)) denote the set of all functions f: X —
R U {400}, which can be approrimated weakly monotonically increasing from
M(X) as follows: Each such element f possesses a sequence {fn}n=12,. in
M(X) with the property

fulx) 1 f(x) for n— oo and forall zelX.

For the element f € V, we then define

I(f) == lim I(fn),

n— oo

and we observe I(f) € RU {+oo}.
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Definition 2.3. We set

—Vi={f: X 5RU{-oc} : -feV}

and define

I(f) =—I(—f) e RU{—o0} forall fe—-V.

Remarks:

1.

The set —V represents the set of all functions f which can be approxi-
mated weakly monotonically decreasing from M as follows: There exists
a sequence { fp,}n=12,.. C M satisfying f,, | f. Then we obtain

I(f) = lim I(fn).

n—oo

. If f € VN(—V) holds true, we find sequences { f), } =12, and { f}/ }n=12, .

in M which fulfill the approximative relations f/ 1 f and f/ | f, respec-
tively. Now we see f/ — f/ | 0, and the property (5) implies
RT "o__pry 7 AT /
0= Tim I(f, = fp) = lim I(fy)— lim I(f;)

n—oo

as well as
. mo_ 1 /

Jim I(f;) = lim I(fy,).
Consequently, the functional I is uniquely defined on the set V.U (=V) D
VNn(-V)> M.
The set V contains the element f(r) = +oo as the monotonically in-
creasing limit of f,(z) = n; however, it does not contain the element
g(z) = —oo. Therefore, the set V' does not represent a linear space.

According to Proposition 2.1, the functional I is monotonic on V' as fol-
lows: Each two elements f,g € V with f < g fulfill I(f) < I(g). Fur-
thermore, the linear combination af + g of two elements f,g € V with
nonnegative scalars o > 0 and 8 > 0 belongs to V' as well, and we have

I{af + Bg) = al(f) + BI(g)-

Proposition 2.4. The function f : X — [0, 400] satisfies the equivalence

feEV = f@)=>) eala),

where @, € M(X) and ¢, >0 for all n € N hold true.



2 Extension of Daniell’s Integral to Lebesgue’s Integral 99

Proof: The direction ‘<=’ is evident from the definition of the space V: The
element f is constructed monotonically by the functions ¢,, € M, and this
implies the conclusion.

Now we show the opposite direction ‘=" as follows: Taking f € V, we find
a sequence {fn}n=12.. C M such that f, 1 f, and we infer f,;7 * f+ = f.
When we define

fox)=0 and  on(@) = £, (x) = £ 1 (@),

we observe
k

@) =>enlx) 1 f(z)

n=1

and consequently
> enla) = flx).
n=1

Obviously, the functions fulfill ¢, (z) € M and ¢, (x) > 0 for all n € N.
q.e.d.

Proposition 2.5. Let the elements f; € V with f; > 0 fori = 1,2,... be

given. Then the function

belongs to the set V, and we have
I(f) =Y I(f)-
i=1

Proof: 'The double sequence ¢;; € R with ¢;; > 0 satisfies the following
equation:

oo oo o0 n

Cii = ci; | = lim Cii. 1
E:zy E,E,w nHOOE:w (1)
i,j=1 i=1 \j=1 ij=1

This equation holds true for convergent as well as for definitely divergent
double series. On account of f; € V, we have functions ¢;; € M satisfying
@i = 0 such that

filz) = Zcpij(a:) forall ze€X andall ieN
j=1

is correct. From Definition 2.2 we infer
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(fz) - n11—>120 I Z Pij = hm ZI L)Ozj = ;I(QDZJ)

Jj=1

Furthermore, we have the following representation for all x € X:

z) =Y filz) = Z Z%g =Y wijle)= lim | Y ()
=1 =1 3,7=1 7,7=1

Consequently, f € V holds true and Definition 2.2 yields

I(f) Jim 1 Z pij | = lim Z I(piz)

i,7=1 i,j=1

Z (piz) Z ZI(S%) :Zj(fi)'

i,j=1 i=1 \j=1
q.e.d.

Definition 2.6. We consider an arbitrary function f : X — R = RU {00}
and define

IH(f) = inf{f(h) heV, hzf}, I7(f) = sup{[(g) Lge-V, g< f}.

We name I (f) the upper and I~ (f) the lower Daniell integral of f.

Proposition 2.7. Let f : X — R denote an arbitrary function and (g,h) a
pair of functions satisfying g € =V and h € V as well as g(x) < f(x) < h(z)
for all x € X. Then we infer

I(g) < I"(f) < IT(f) < I(h).

Proof: Definition 2.6 implies I(h) > I*T(f) and I(g) < I~ (f). Furthermore,
we find sequences {gn}n=1,2,.. C =V and {h,}n=12.. CV satisfying

yoen

gn < f<h, forall neN,

such that
lim I(g,) =17(f) and lim I(h,) = I*(f)

n— oo n—oo

holds true. On account of 0 < h,, + (—gy,) € V for arbitrary n € N, we see

0 < I (hu+(=ga)) = L(ha) +1(=g0)
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and consequently
1(gn) < I(hn)
and finally

I(f) = lim T(ga) < lim I(hy) = I*(f).
n— 00 n— o0 qed

In the sequel, we consider functions with values in the extended real number
system R = R U {—oo} U {+o0}. Within the set R we need the following
calculus rules:

— Addition:
a+ (+o00) = (+00)+a =+ooforallaeRU{+oo}

a+(—o00)= (—o0)4+a =-—-ooforallaecRU{-oc0}

—  Multiplication:
a(4+00) = (+o0)a = + o0 }
forall0 < a < +o0
a(—00) = (—0)a = — o0
0(+00) = (+00)0 = +00
0(—00) = (—00)0 = —©
a(+0) = (+o0)a = —o0

forall —co<a<0
a(—00) = (—0)a = + 00
—  Subtraction: For a,b € R we define
a—b:=a+ (-b),
where we set
—(4+00) = —oc0 and — (—o0) = +00.
—  Ordering: We have

-0 <a< 400 for all a €R.

Remark: Algebraically the set R does not constitute a field, because the ad-
dition is not associative; consider for instance:

(—o0) + ((+oo) + (+oo)) = (—00) + (+00) = 0,

((—oo) + (+oo)) + (400) = 04 (+00) = +00.
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With these calculus operations in R, we can uniquely define the functions f+g,
f —g, cf for two functions f: X — R and g : X — R and arbitrary scalars
¢ € R. Furthermore, we have the inequality f < g if and only if g — f > 0 is
correct.

Definition 2.8. The function f : X — R belongs to the class L = L(X) =
L(X,I) if and only if

—co < I (f)=T7(f) < +o0

holds true. Then we define

and we say that f is Lebesgue integrable with respect to 1.

Remark: In our main example 1 from Section 1, we consider the open subset
£2 C R™ and obtain the class L(X) =: L(§2) of Lebesgue integrable functions
in §2. In our main example 2, we get the class of Lebesgue integrable functions
on the manifold M with L(X) =: L(M).

Proposition 2.9. The function f : X — R belongs to the class L(X) if and
only if each quantity € > 0 admits two functions g € =V and h € V satisfying

g(z) < f(x) <h(z), ze€X and I(h)—I(g) <e.
In particular, I(g) and I(h) are finite.

Proof:

‘=" We consider f € L(X) and note that I~ (f) = I""(f) € R. According to
Definition 2.6, we find functions g € —V and h € V with ¢ < f < h and
I(h) —I(g) < e.

‘=" For each quantity ¢ > 0, we have functions g € —V and h € V with
g < f < hand I(h)—1(g9) < e. On account of I(h) € (—o0,+0o0] and
I(g) € [—00,+00), we infer I(h),I(g) € R. Now Proposition 2.7 implies
the estimate

0<IT(f)—I(f) <I(h)—1I(g) <e¢

for arbitrary € > 0. Consequently, IT(f) = I~ (f) € R holds true and
finally f € L(X). q.e.d.

Theorem 2.10. (Calculus rules for Lebesgue integrable functions)
The set L(X) of Lebesgue integrable functions has the following properties:
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a) The statement
fe LX) for each feV(X) with I(f)<4oo

is correct, and the integrals from Definition 2.2 and Definition 2.8 coin-
cide. Consequently, the functional I : M(X) — R has been extended onto
L(X) D M(X). Furthermore, we have

I(f)>0  forall feL(X) with f>0.
b) The space L(X) is linear, which means
c1f1 + cafa € L(X) forall fi1,fo € L(X) and c1,c0 €R.

Furthermore, I : L(X) — R represents a linear functional. Therefore, we
have the calculus rule

I(cifi +cafe) = cil(f1) + c2I(f2) forall fi1,fo € L(X), c1,c2 €R.

c) When f € L(X) is given, then |f| € L(X) holds true and the estimate
[I(f)] < I(|f]) is valid.

Proof:
a) Consider f € V(X) with I(f) < 4o00. Then we find a sequence

{fn}n:1,2,... C M(X)

such that f, 7 f holds true. When we define g,, := f,, and h,, := f for all
n € N, we infer g, < f < h,, with g, € =V and h,, € V, and we observe
I(hy,) —I(gn) = I(f)—I(fn) — 0. Proposition 2.9 tells us that f € L(X),
and Definition 2.8 implies
o0 <I(f) == I*(f) = I(f) = lim_I(f,) < +oc.

We consider 0 < f € L(X), and we infer from 0 € —V the statement
0< I-(f) = I(f).

b) At first, we show: If f € L(X) is chosen, we have —f € L(X) as well as
1(~f) = —1(}).

With f € L(X) given, each quantity & > 0 admits a pair of functions
g € =V and h € V satistying g < f < h as well as I(h) — I(g) < e.
This implies —h < —f < —g with —h € =V and —g € V. We note that
I(—g) = —I(g) and I(—h) = —I(h) hold true, and we obtain

I(—g) —I(—h) = —I(g)+ I(h) <e forall e>0.

Finally, we arrive at —f € L(X) and I(—f) = —I(f).
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Now we show: With f € L(X) and ¢ > 0, we have ¢f € L(X) and
I(cf) = cl(f).

Therefore, we consider f € L(X),c > 0, and each € > 0 admits functions
ge—Vand heV withg < f <haswell as I(h)—I(g) < €. This implies
cg <cf <ch,cge -V, ch eV and finally

I(ch) —I(cg) =c (I(h) - I(g)) < ce.
We have thus proved cf € L(X) and I(cf) = cI(f).

Finally, we deduce the calculus rule: From fi,fo € L(X) we infer
fi+ f2 € L(X) and I(f1 + f2) = I(f1) + I(f2)-

The elements fi, fo € L(X) being given, we find to each ¢ > 0 the
functions ¢1,92 € —V and hi,hy € V satisfying ¢g; < f; < h; and
I(h;) — I(g;) < € for i = 1,2. This immediately implies hy + he € V,
g1+92€ =V, g1+92 < fi+ fo < hi+he and I(hy+he) —1(g1+92) < 2e.
We conclude f; + fo € L(X) and obtain the calculus rule I(f; + f2) =
I(f1) +1(f2)-

Therefore, I : L(X) — R represents a linear functional on the linear space
L(X) of Lebesgue integrable functions.

With f € L(X), we find functions g € —V and h € V satisfying g <
f < hand I(h)—I(g) < € to each € > 0, and we see g7 < fT < ht.
Furthermore, we have sequences g, | g and h,, T h in M (X)), which give us
the approximations g;” | g% and h;l 1 h™, respectively. Therefore, h™ € V/
and g™ € —V holds true as well as h™ — g7 € V. From h > g we infer
h*t — gt < h— g and see

I(h") = 1(g") = I(h") + I(=g") = I(h" —g")
<I(h—g) = I(h) = I(g) < e
Consequently, the statements f* € L(X) and |f| = fT + (—f)" € L(X)
are established. With f € L(X), the elements —f and |f| belong to L(X)

as well, and the inequalities f < |f|, —f < |f| imply I(f) < I(|f]),

—I(f) =1(=f) < I(|f]) and finally [I(f)] < I(|f]). qe.d.

Now we deduce convergence theorems for Lebesgue’s integral: Fundamental
is the following

Proposition 2.11. Let the sequence {fi }r=1,2.... C L(X) with f >0, k€ N

and Y I(fi) < +oo be given. Then the property
k=1

fl@)=>" fulx) € L(X)
k=1
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is fulfilled, and we have
= I(fr):
k=1

Proof: Given the quantity € > 0, we find functions g, € —V and hy € V with
0 < gr < fr < hgand I(hg) — I(gr) < €27 for all k € N, on account of
frx € L(X). Therefore, we have the inequalities

1(gr) > I(hy) — (fk)**k and I(hk)<f(gk)+*§1(fk)

oo
Now we choose n so large that > I(fx) < € is correct. When we set
k=n-+1

=Y gk, hi=) M,
k=1 k=1

we observe g € —V and h € V, due to Proposition 2.5, as well as g < f < h.
Furthermore, we see

Ig) = Y1) > Y (1) = 57) = Do 1(fi) —2¢

k=1 k=1 k=1

and . .
thk <> (100 k):ZI(fk)Jrg

= k=1 —

Consequently, we obtain I(h) — I(g) < 3¢ and additionally f € L(X). Finally,
our estimates yield the identity

= I(fx)
k=1
q.e.d.

Theorem 2.12. (B.Levi’s theorem on monotone convergence)
Let {fu}n=1,2,.. C L(X) denote a sequence satisfying

fn(x) # £00 forall z€X andall neN
Furthermore, let the conditions

fa@) 1 f(x), 2z€X, and I(f,)<C, neN
be valid, with a constant C € R. Then we have f € L(X) and

lim I(fn) =I(f).

n—oo
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Proof: On account of fi(x) € R, the addition is associative there. Setting
or(r) = (fi(z) = fima(z)) € LX),  k=23,...,

we infer p > 0 as well as

Z@k (x) — fi(z), xeX.

Now we observe

n

_I(fl)Zf(fn)—f(ﬁ):ZI((pk) for all n > 2.

k=2

Proposition 2.11 implies
f=f=> ¢r € LX)
k=2

and furthermore

o
lim I(fa) = 1(f1) =) Ipw) =1 (Z%) =I(f = f1) = I1(f) = I(fr)-
k=2 k=2
Therefore, we obtain f € L(X) and the following limit relation:

lim I(f,)=I(f).

n—oo

q.e.d.

Remark: The restrictive assumption f,(z) # +oo will be eliminated in the
next section.

Theorem 2.13. (Fatou’s convergence theorem)
Let {fn}n=12... C L(X) denote a sequence of functions such that

0 < fo(z) < 40 forall xe€X andall neN
holds true. Furthermore, we assume

liminf I(f,) < +o0.

n—oo

Then the function g(x) := lin_l)inf fn(x) belongs to the space L(X), and we
n oo

observe the lower semicontinuity

I(g) < liminf I(f,).

n—oo
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Proof: We note that

g(z) = liminf f,(z) = lim < inf fm(x)> = lim (kliﬂrrgognyk(xo

n—00 n—oo \ m>n n—00

holds true with
gni(@) = min (fu(@), Fusr(@),- - furn(@)) € LX),

When we define
gn(x) = nlgfn fm(l')v

we infer the relations g, | g and —gn x T —gn for £ — oo. Furthermore,
we obtain I(—gp ) < 0 due to f,(z) > 0. From Theorem 2.12 we infer
—gn € L(X) and consequently g,, € L(X) for all n € N.

Furthermore, we see g (z) < fm(x), x € X for all m > n. Therefore, the
inequality

Ign) < inf I(fn) < Tim ( inf I(f)) = liminf I(f,) < +o0

n—oo \ m>n

is correct for all n € N. We utilize g, T ¢g as well as Theorem 2.12, and we
obtain g € L(X) and, moreover,

o i .
I(g) = lim I(g,) < liminf I(f,)

q.e.d.

Theorem 2.14. Let {fp}n=12,.. C L(X) denote a sequence with
| fn(2)] < F(z) < 400, neN, zelX,
where F(x) € L(X) is correct. Furthermore, let us define

g(x) :=liminf f,,(z) and h(z):=limsup f,(z).

n—o0 n—00

Then the elements g and h belong to L(X), and we have the inequalities

I(g) <liminf I(f,), I(h) > limsupI(fy).

n—00 n—o0

Proof: We apply Theorem 2.13 on both sequences {F + f,,} and {F — f,} of
nonnegative finite-valued functions from L(X). We observe the inequality

I(F+f,) <I(F+F)<2I(F) <+ forall neN.
Thus we obtain

L(X) 3 liminf(F + fp) = F +liminf f,, = F +g
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as well as g € L(X). Now Theorem 2.13 yields
I(F) + I(g) = I(F 4 g) < liminf I(F + f,) = I(F) + liminf I(f,)
n—oo

n—oo
and
I(g) < liminf I(f,).

n—oo

In the same way we deduce

L(X) 3 liminf(F — f,) = F —limsup f, = F — h
n—oo

n—oo

and consequently h € L(X). This implies
I(F) — I(h) = I(F — h) <liminf I(F — f,,) = I(F) — limsup I(f,)

n—00 n—o00

and finally
I(h) > limsup I(f,).

n—00

q.e.d.

Theorem 2.15. (H.Lebesgue’s theorem on dominated convergence)
Let {fn}n=1,2,... C L(X) denote a sequence with

fu(x) = f(x) for n—o0, z€X.
Furthermore, we assume
|fn(z)| < F(z) < +00, neN, zeX
where F' € L(X) is valid. Then we infer f € L(X) as well as
Tim I(f,) = 1(f).
Proof: The limit relation

lim fo(z) = f(z), reX

n— o0
implies
liminf f,,(z) = f(z) = limsup f,(z).

n—0o0 n—00

According to Theorem 2.14, we have f € L(X) and

limsup I(f,) < I(f) <liminf I(f,).

n—oo

Therefore, the subsequent limit exists
lim I(fn),
n—oo

and we deduce

I(f) = lim I(fn).

n—oo q.e.d.
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3 Measurable Sets

Beginning with this section, we have to require the following

Additional assumptions for the sets X and M(X):

e We assume X C R” with the dimension n € N. Then X becomes a topo-
logical space as follows: A subset A C X is open (closed) if and only if we
have an open (closed) subset A C R™ such that A = X N A holds true.

e Furthermore, we assume that the inclusion Cf (X, R) ¢ M(X) C C°(X,R)
is fulfilled. Here CP(X,RR) describes the set of bounded continuous func-
tions. This is valid for our main example 2. In our main example 1, this is
fulfilled as well if the open set {2 C R™ is subject to the following condition:

/1dx < 4o00.
o

We see immediately that the function fo =1, £ € X then belongs to the
class M (X).

Now we specialize our theory of integration from Section2 to characteristic
functions and obtain a measure theory. For an arbitrary set A C X we define
its characteristic function by

(2) l,ze A
Xalt) = 0,z X\A

Definition 3.1. A subset A C X is called finitely measurable (or alternatively
integrable) if its characteristic function satisfies x4 € L(X). We name

1(A) == I(xa)

the measure of the set A with respect to the integral I. The set of all finitely
measurable sets in X is denoted by S(X).

From the additional assumptions above, namely fo = 1 € M(X), we infer
xx € M(X) C L(X) and consequently X € S(X). Therefore, we speak
equivalently of finitely measurable and measurable sets.

Proposition 3.2. (o-Additivity)
Let {A;}iz1,2,.. C S(X) denote a sequence of mutually disjoint sets. Then the

set -
A= U A;
i=1

belongs to S(X) as well, and we have
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Proof: We consider the sequence of functions

k

fri= xa, Txa<xx € LX)
=1

and note that f, € L(X) for all £ € N holds true. Now Lebesgue’s convergence
theorem yields x4 € L(X) and consequently A € S(X). Finally, we evaluate

w(A) =I(xa) = lim I(fx) = lim I(xa, +...+xa,)
k—o00 k—o00

= lim (p(A0) . pu(Ag)) = D (A,
=1

k— o0
q.e.d.

We show that with A, B € S(X) their intersection AN B belongs to S(X) as
well. On account of x anp = XaXx B, We have to verify that with x4, x5 € L(X)
their product satisfies xaxp € L(X) as well. In general, the product of two
functions in L(X) need not lie in L(X) as demonstrated by the following

Ezample 8.3. With X = (0,1), we define the space

M(X) = f:(O,l)—)RECO((O,l),R) :/|f(a:)\dx<—|—oo
0

and the improper Riemannian integral I(f) := [ f(z) dz. Then we observe

Ot

f(z) = % € L(X); however, f*(x):= i ¢ L(X).

Now we establish the following

Theorem 3.4. (Continuous combination of bounded L-functions)
Let fr(xz) € L(X) for k = 1,...,k denote finitely many bounded functions,
such that the estimate

|fe(z)| <c for all points = € X and all indices ke {l,...,k}

is wvalid, with a constant ¢ € (0,400). Furthermore, let the function & =
D(y1,...,ye) : R = R € C°(R",R) be given. Then the composition

9(z) ;:qs(fl(x),...,fn(x)), reX

belongs to the class L(X) and is bounded.
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Proof:

1. With f: X - R € L(X) let us consider a bounded function. At first, we
show that its square satisfies f? € L(X). We observe

) = {f(x) = A} + 20 f(z) — N2

and infer
fA(x) > 20 f(x) —A*  forall \€R,

where equality is attained only for A = f(z). Therefore, we can rewrite
the square-function as follows:

f2(z) = sup (2)\f(x) - /\2).
AER

Since the function A — (2Af(z) — A?) is continuous with respect to A for

each fixed x € X, it is sufficient to evaluate this supremum only over the

set of rational numbers. Furthermore, we have Q = {)\;};=12,... and see

2/ N _ a2) = 2
f(z) = sup (2/\zf (x) Az) im ( R (2>\zf () = A )> :
With the aid of

(@) 1= max (%f (z) - A?)

we obtain
@) = lim g (x) = lim @f (2),

m—r o0 m— o0

where the last equality is inferred from the positivity of f2(x). Since f €
L(X) holds true, the linearity and the closedness with respect to the
maximum operation of L(X) imply: The elements ¢, and consequently
@~ belong to the space L(X). Furthermore, for all points z € X and all
m € N we have the estimate

0<oh(z) < fi ) <c

with a constant ¢ € (0, +00). From the property fo(z) =1 € L(X) we infer
fe(z) = ¢ € L(X), and the functions ;. have an integrable dominating
function. Now Lebesgue’s convergence theorem yields

(@) = lim gh(2) € L(X).

m—0o0

2. When f,g € L(X) represent bounded functions, its product f - g is
bounded as well. On account of part 1 of our proof and the identity

fg=1(f+9P ~ (7~ 9"

we deduce fg € L(X).
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3. On the rectangle

Q= {y: (y1,.-,ys) ER™ ¢ Jy| < e, kzl,...,n}
we can approximate the continuous function @ uniformly by polynomials
@12451(2;17--.7%), l:172,....

From part 2 we infer that the functions

a(@) =0 (fi(2)..... ful@)),  weX
are bounded and belong to the class L(X). We have the estimate
lai(z)| < C forall ze€X andall [e€N

with a fixed constant C' € (0,400). Since the function satisfies p(z) =
C € L(X), Lebesgue’s convergence theorem yields

9(0) = 2(fi(@), o fule)) = i () € LX)

Corollary from Theorem 3.4: If f(x) € L(X) represents a bounded function,
its power |f|P belongs to the class L(X) for all exponents p > 0.

Proposition 3.5. With the sets A, B € S(X) the following sets ANB, AUB,
A\ B, A°:= X \ A belong to S(X) as well.

Proof: Let us take A, B € S(X), and the associate characteristic functions
X4, xB are bounded and belong to the class L(X). Via Proposition 3.4, we
deduce

XanB = XaxB € L(X) and consequently AN B e S(X).

Now we see AUB € S(X) due to xaus = xa+ X5 — xanB € L(X). Further-
more, we observe

XA\B = XA\(AnB) = XA — XanB € L(X) and consequently A\ B € L(X).
On account of X € S(X), we finally infer A° = (X \ A) € S(X). q.e.d.

Proposition 3.6. (c-Subadditivity)
Let {A;}iz1,2,... C S(X) denote a sequence of sets. Then their denumerable

union
o0
A= U A;
i=1

belongs to S(X) as well, and we have the following estimate:

yeus

u(A) < p(Ai) € [0, +od].
i=1
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Proof: We make the transition from the sequence {A4;}i=1 2
{B;}i=12,.. of mutually disjoint sets:

to the sequence

yeus

By := Ay, By:=A3\By,..., By := A\ (B1U---UBg_1),...
Now Proposition 3.5 yields {B;}i=1,2,... C S(X). Furthermore, we note that
B; C A; holds true for all i € N and, moreover, A = G B;. Then Propo-
sition 3.2 implies A € S(X) as well as p(4) = >.°, /j:Bll-) < 32 u(A).
q.e.d.

Definition 3.7. A system A of subsets of a set X is called o-algebra if we
have the following properties :

1. X e A
2. With B € A, its complement satisfies B¢ = (X \ B) € A as well.

3. For each sequence of sets {B;}i=12

yeen

o)
in A, their denumerable union |J B;
i=1
belongs to A as well.

Remark: We infer ) € A immediately from these conditions. Furthermore,
o0

with the sets {B; };=1,2,... C A their denumerable intersection satisfies [\ B; €
i=1

A as well. .

Definition 3.8. We name the function p: A — [0,+00] on a o-algebra A a
measure if the following conditions are fulfilled:

1. p(0) = 0.
2. u( U Bi> = > w(B;) for all mutually disjoint sets {B;}i=1,2,... C A.
i=1 i=1

We call this measure finite if 1(X) < 400 holds true.

Remark: Property 2 is called the o-additivity of the measure. If we only have
finite additivity - that means u (Uf\il Bl-) = Zf\]:l w(B;) for all mutually
disjoint sets {B;}i=1,2,...8 C A - we speak of a content.
From our Propositions 3.2 to 3.6, we immediately infer

Theorem 3.9. The set S(X) of the finitely measurable subsets of X consti-
tutes a o-algebra. The prescription

n(A)=1(xa), AeSX)
defines a finite measure on the o-algebra S(X).

Remark: Carathéodory developed axiomatically the measure theory, on which
the integration theory can be based. We have presented the inverse approach
here. The axiomatic measure theory begins with Definitions 3.7 and 3.8 above.



114 Chapter 2 Foundations of Functional Analysis

Definition 3.10. A set A C X is named null-set if A € S(X) and p(A) =0
hold true.

Remark: The measure u from Definition 3.1 has the property that each subset
of a null-set is a null-set again. For B C A and A € S(X) with u(A) =0 we

namely deduce
0=1I%(xa) 2 I"(x5) 21 (x5) 20,

and consequently
I"(xp) =1 (x5)=0.
Therefore, we obtain xp € L(X) and finally B € S(X) with u(B) = 0.

Proposition 3.6 immediately implies

Theorem 3.11. The denumerable union of null-sets is a null-set again.

Now we show the following
Theorem 3.12. Each open and each closed set A C X belongs to S(X).
Proof:

1. At first, let the set A be closed in X and bounded in R" O X. Then
we have a compact set Ain R? satisfying A = AN X. For the set A
we construct - with the aid of Tietze’s extension theorem - a sequence of
functions f; : R™ — R € C§(R") such that

1, zeA

—_

file) = 0, x€R"with dist (z, A) > 7
€ [0,1], elsewhere

holds true for I = 1,2,.... We observe fi(z) — xz(x), set gi = fi |X,
and obtain
g €CY(X)c M(X) C L(X)

as well as
0<gi(z) <1 and g(x) = xa(z), r e X.

On account of fo(x) =1 € M(X), we can apply Lebesgue’s convergence
theorem and see
xa(z) = llinologl(x) € L(X).

Therefore, A € S(X) is satisfied.
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2. For an arbitrary closed set A C X we consider the sequence
A ::Aﬁ{a:e]R” sz §l}.

Due to part 1 of our proof, the sets A; belong to the system S(X) and
consequently A = U A; as well. Finally, the open sets belong to S(X) as

complements of closed sets. q.e.d.

Proposition 3.13. Let us consider f € V(X). Then the level set

O(f,a) = {:13 eX : f(z) > a} cX
is open for all a € R.
Proof: We note that f € V(X) holds true and find a sequence
{fatn=12,. C M(X)C C°(X,R)

satisfying f,, 1 f on X. Let us consider a point £ € O(f,a) which means
(&) > a. Then we have an index ng € N with f,,(£) > a. Since the function
fno © X — R is continuous, there exists an open neighborhood U C X of ¢
such that f,,(x) > a for all z € U holds true. Due to f,, < f on X, we infer
f(z) > afor all z € U, which implies U C O(f, a). Consequently, the level set

O(f,a) is open. qed.
The following criterion illustrates the connection between open and measur-
able sets.

Theorem 3.14. A set B C X belongs to the system S(X) if and only if the
following condition is valid: For all § > 0 we can find a closed set A C X and
an open set O C X, such that the properties A C B C O and u(O\ A) < 0
hold true.

Proof:

‘—>" When we take B € S(X), we infer xp € L(X) and Proposition 2.9
in Section?2 gives us a function f € V(X) satisfying 0 < x5 < f and
I(f)—u(B) < ¢ for all € > 0. According to Proposition 3.13, the level sets

O.={zeX| f(zr)>1—-€e} DB

with € > 0 are open in X. Now we deduce

1 1
1- <
1_6( £)xo. <

XB < X0, = 1
—€

and we see
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p(O2) ~ W(B) = I(xo,) ~ n(B) < 11—

I(f) — u(B)

for all € > 0. For the quantity 6 > 0 being given, we now choose a
sufficiently small € > 0 such that the set O := O, D B satisfies the
estimate 5

#(0) — u(B) < 3.

Furthermore, we attribute to each measurable set B¢ = X \ B an open set

O = A° such that A° = O D B¢ and (O N B) < ¢ hold true. Therefore,
the closed set A C X fulfills the inclusion A C B C O and the estimate

#(O\ A) = u(0) — u(A) = (#(0) = u(B)) + (u(B) - u(4))

§ § ~
<§+M(B\A) = §+M(Bm0)<6.

‘=" The quantity § > 0 being given, we find an open set O O B and a closed

set A C B - they are measurable due to Proposition 3.13 - such that the
estimate I(xo — xa) < ¢ is fulfilled. Since x4,x0 € L(X) is fulfilled,
Proposition 2.9 in Section 2 provides functions g € =V (X) and h € V(X)
satisfying

g<xa<xs<xo<h in X and I(h—g) <34

Using Proposition 2.9 in Section 2 again, we deduce xp € L(X) and con-
sequently B € S(X). q.e.d.

In the sequel, we shall intensively study the null-sets. These appear as sets
of exemption for Lebesgue integrable functions and can be neglected in the
Lebesgue integration. We start our investigations with the following

Proposition 3.15. A set N C X is a null-set if and only if we have a function
h € V(X) satisfying h(x) > 0 for all x € X, h(z) = 400 for allx € N, and
I(h) < 4o0.

Proof:
‘=" Let N C X denote a null-set. Then xny € L(X) and I(xn) = 0 hold

true. For each index k € N we obtain a function hy € V(X) satisfying
0 < xn < hgin X and I(ht) < 27F, due to Proposition 2.9 in Section 2.
According to Proposition 2.5 in Section 2, the element

h(z) := Z hi(x)
k=1
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belongs to the space V(X)) and fulfills

I(h) = I(h) < 1.
k=1
On the other hand, the estimates hi(x) > 1in N for all k¥ € N imply that
the relation h(z) = +oo for all x € N is correct. We note that hx(xz) >0
in X holds true, and we deduce h(z) > 0 for all z € X.
‘=" Let the conditions h € V(X), h(z) > 0 for all x € X, h(z) = o0 for
all z € N, and I(h) < 400 be fulfilled. When we define

he(x) = —

we immediately deduce h. € V(X), he(z) > Oforallz € X, and I(h:) < ¢
for all € > 0. On account of h(z) = 400 for all x € N, we infer

0 < xn(z) < he(z) in X forall £>0.

Proposition 2.9 in Section?2 yields I(xy) = 0, which means that N is a
null-set. q.e.d.

Definition 3.16. A property holds true almost everywhere in X (symboli-
cally: a.e.), if there exists a null-set N C X such that this property is valid
for all points x € X \ N.

Theorem 3.17. (a.e.-Finiteness of L-functions)
Let the function f € L(X) be given. Then the set

N = {xeX : |f(x)|=—|—oo}

constitutes a null-set.

Proof: With f € L(X) being given, we obtain |f| € L(X) and find a function
h € V(X) satisfying 0 < |f(z)] < h(z) in X as well as I(h) < +oo. Fur-
thermore, h(x) = 400 in N holds true and Proposition 3.15 tells us that N
represents a null-set.

q.e.d.

Theorem 3.18. Let the function f € L(X) be given such that I(|f|) = 0 is
correct. Then the set

N::{xEX:f(:E)#O}

constitutes a null-set.
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Proof: With f € L(X) being given, we infer |f| € L(X). Setting
fi(@) =[f)], kel

we observe

> 1) =0.
k=1

According to Proposition 2.11 in Section 2, the function
(@)= fu(x)
k=1

is Lebesgue integrable as well. Now we see N = {z € X : g(x) = 400}, and
Theorem 3.17 implies that IV is a null-set. q.e.d.

Now we want to show that an L-function can be arbitrarily modified on a null-
set, without the value of the integral being changed! In this way we can confine
ourselves to consider finite-valued functions f € L(X), which are functions f
with f(z) € R for all x € X, more precisely. A bounded function is finite-
valued; however, a finite-valued function is not necessarily bounded. In this
context, we mention the function f(z) =1,z € (0,1).

Proposition 3.19. Let N C X denote a null-set. Furthermore, the function
f: X = R may satisfy f(x) =0 for allx € X \ N. Then we infer f € L(X)
as well as I(f) = 0.

Proof: Due to Proposition 3.15, we find a function h € V(X)) satisfying h(z) >
0 for all x € X, h(z) = +o0 for all z € N, and I(h) < +oo. For all numbers
€>0,weseeech eV and —ch € —V as well as

—ch(z) < f(x) < eh(x) forall ze X.
Furthermore, the identity
I(eh) — I(—¢eh) = 2eI(h) forall >0

is correct. We infer f € L(X) and, moreover, I(f) = 0 from Proposition 2.9
in Section 2.
q.e.d.

Theorem 3.20. Consider the function f € L(X) and the null-set N C X.

Furthermore, let the function f : X — R with the property f(z) = f(x) for

all z € X \ N be given. Then we infer f € L(X) as well as I(|f — f|) = 0,
and consequently I(f) = I(f).
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Proof: Since f € L(X) holds true, the following set
Ny = {x eX :|f(x)= +oo}

constitutes a null-set, due to Theorem 3.17. Now we find a function ¢(x) :
X — R such that

fx) = f(z) +

(
Evidently, we have the identity ¢(x) = 0 outside the null-set N U N;. Propo-

sition 3.19 yields ¢ € L(X) and I(¢) = 0. Consequently, f € L(X) is correct
and we see

x) for all z e X.

1N =1(f +9) = 1) +1(p) = I(]).
When we apply these arguments on the function
(@)= If(x) = flx)], wEX,

Proposition 3.19 shows us ¢ € L(X) and finally

0 =I() = I(f - f])
q.e.d.

Remark: When a function f coincides a.e. with an L-function f, then f €
L(X) holds true and their integrals are identical.

We are now prepared to provide general convergence theorems of the Lebesgue
integration theory.

Theorem 3.21. (General convergence theorem of B.Levi)

Let {fx}r=1,2,.. C L(X) denote a sequence of functions satisfying fi 1 f a.e.
in X. Furthermore, let I(f) < c for all k € N be valid - with the constant
c € R. Then we infer f € L(X) and

lim I(f) =1(f)-

k—o0

Proof: We consider the null-sets
Ny, = {xeX: |fk(:c)\=—|—oo} for keN

as well as
Ny = {x € X : fr(x) 1 f(x) is not Valid}.

We define the null-set

o0

N = U Ng,
k=0
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and modify f, fr on N to 0. Then we obtain the functions fk € L(X) with
I(f)=1(fs) <c forall keN

and f with ﬂ T f According to Theorem 2.12 from Section 2, we deduce
f € L(X) as well as

lim I(fx) = I(f)-

k—o0
Now Theorem 3.20 yields f € L(X) and

I(f) = I(f) = lim I(fy) = lim I(fy).
k—oc0 k—o0
q.e.d.

Modifying the functions to 0 on the relevant null-sets as above, we easily prove
the following Theorems 3.22 and 3.23 with the aid of Theorem 2.13 and 2.15
from Section 2, respectively.

Theorem 3.22. (General convergence theorem of Fatou)

Let {frx}r=1,2,... C L(X) denote a sequence of functions with fi(x) > 0 a.e.
i X for all k € N, and we assume

liminf I(f}) < +o0.
k—o0

Then the function
g(x) := likm inf fr(z)
— 00

belongs to the class L(X) as well, and we have lower semicontinuity as follows:

I(g) < lim inf I(fy).

Theorem 3.23. (General convergence theorem of Lebesgue)

Let {fr}tr=1,2... C L(X) denote a sequence with fr — f a.e. on X and
|fi(z)| < F(z) a.e. in X for all k € N, where F € L(X) holds true. Then we
infer f € L(X) and the identity

Tim I(i) = I(f).

We conclude this section with the following

Theorem 3.24. Lebesgue’s integral I : L(X) — R constitutes a Daniell inte-
gral.

Proof: We invoke Theorem 2.10 in Section2 and obtain the following: The
space L(X) is linear and closed with respect to the modulus operation. Fur-
thermore, L(X) satisfies the properties (1) and (2) in Section 1. The Lebesgue
integral I is nonnegative, linear, and closed with respect to monotone conver-
gence - due to Theorem 3.21. Therefore, the functional I fulfills the conditions
(3)-(5) in Section 1. Consequently, Lebesgue’s integral I : L(X) — R repre-
sents a Daniell integral as described in Definition 1.1 from Section 1.

q.e.d.
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4 Measurable Functions

Fundamental is the following

Definition 4.1. The function f : X — R is named measurable if the level set
- above the level a -

O(f,a) := {xeX 2 f(x) >a}

is measurable for all a € R.

Remark: Each continuous function f : X — R € C°X,R) is measurable.
Then O(f,a) C X is an open set for all a € R, which is measurable due to
Section 3, Theorem 3.12. Furthermore, Proposition 3.13 in Section 3 shows us
that each function f € V(X) is measurable as well.

Proposition 4.2. Let f : X — R denote a measurable function. Furthermore,
let us consider the numbers a,b € R with a < b and the interval I = [a,b];
for a < b we consider the intervals I = (a,b], I = [a,b), I = (a,b) as well.
Then the following sets

A= {xGX : f(x)e]}
are measurable.

Proof: Definition 4.1 implies that the level sets

O(f,¢) == O(f, ¢) = {xeX . f(x) >c}

are measurable for all ¢ € R. For a given ¢ € R, we now choose a sequence
{en}n=1,2,.. satistying c, 1 ¢, and we obtain again a measurable set via

Os(f, ) := {xGX : f(x)zc}: Fj {xeX : f(x)>cn}.

The measurable sets S(X) namely constitute a o-algebra due to Section 3,
Definition 3.7 and Theorem 3.9. Furthermore, we have the relations

(@

OQ(fa +OO) = m OZ(fa Tl), Ol(fa 700) = Ol(f? 7”);

n=1

and these sets are measurable as well. The transition to their complements
shows that

Os(f,c) == {xeX : f(x)gc} and Ou(f,c) == {xeX : f(x)<c}

are measurable for all ¢ € R. Here
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A::{xGX:f(x)GI}

can be generated by an intersection of the sets O1—-O,4, when we replace ¢ by
a or b, respectively. This proves the measurability of the sets A. q.e.d.

For a,b € R with a < b, we define the function

a,—00<t<a
¢a1b(t) = t7 a Stib
b, b <t <too

as a cut-off function. Given the function f: X — R, we set

a, —oo< f(x)<a
fa,b(x) = (Zsa,b(f(x)) = f(x)a a < f(il') <b
b, b< f(x) <too

Evidently, we have the estimate
| fap(x)| < max (] al,|b]) < +o00 forall z€X, abeR.

Furthermore, we note that

fH(x) = fo4oo(x) and f7(z) = foooo(x), r e X.

Theorem 4.3. A function f : X — R is measurable if and only if the function
fap belongs to L(X) for all a,b € R with a < b.

Proof:

‘= Let f: X — R be measurable and —co < a < b < 400 hold true. We
define the intervals

b—a b—a
Iy :==[—o0,a); 1) = [a—&-(kz—l) , a+k — ); It := [ b, +00]
with k = 1,...,m for arbitrary m € N. Furthermore, we choose the inter-
mediate values
h—
m=a+(—-1) a, [=0,...,m+ 1.
m

We infer from Proposition 4.2 that the sets
A= {{E e X : f(:L’) GI[}

are measurable. The function
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m+1

Jm = Z XA,
=0

is Lebesgue integrable, and we observe
| fro(2)| < max(|2a —b|,|b|) forall z€ X andall meN.

Since constant functions are integrable, Lebesgue’s convergence theorem
yields
Jap(z) = lim f,,(z) € L(X).
m—0o0

‘=" We have to show that the set O(f,a) is measurable for all a € R. Here
we prove: The set {x € X : f(x) > b} is measurable for all b € R. Then
we obtain the measurability of

U{xeXf )za+%}

via Proposition 3.6 from Section 3. Choosing b € R arbitrarily, we take
a = b — 1 and consider the function

g(x) := fap(x) —a € L(X).
Evidently, g : X — [0,1] holds true and, moreover,
gx)=1 <<= f(z) =0

The corollary from Theorem 3.4 in Section 3 yields g'(x) € L(X) for all
[ € N. Now Lebesgue’s convergence theorem implies

X(z) := lim g'(z) = € L(X),

l—o0

1, z € X with f(z) > b
0, z€ X with f(z) <b

and consequently {z € X : f(x) > b} is measurable for all b € R. q.e.d.
Corollary: Each function f € L(X) is measurable.
Proof: We take f € L(X), and see that N := {x € X : |f(z)] = 400} is a
null-set. Then we define
~ _{f(a:),a:EX\N

f(z) = 0. zeN e L(X).

According to Definition 4.1, the function f is measurable if and only if fis
measurable. We now apply the criterion of Theorem 4.3 on f. When —oco <
a < b < 400 is arbitrary, we immediately infer

Focalw) =min (F),5) = 2 (Fw) +b) = 21 Fle) ~b] € LX),
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because f € L(X). Analogously, we deduce Ja,+00 € L(X) for g € L(X).
Taking the following relation

fa,b = (f—oo,b)a’Jroo

into account, we infer fa)b e L(X). q.e.d.

In the next theorem there will appear an adequate notion of convergence for
measurable functions.

Theorem 4.4. (a.e.-Convergence)
Let {fr}r=12.. denote a sequence of measurable functions with the property
fe(xz) = f(z) a.e. in X. Then f is measurable.

Proof: Let us take a,b € R with a < b. Then the functions (fx),,» belong to
L(X) for all k € N, and we have

[(f)ap(@)] < max(fal,[0]) and  (fi)ap = fap ae in X.

The general convergence theorem of Lebesgue yields f,, € L(X). Due to
Theorem 4.3, the function f is measurable.
q.e.d.

Theorem 4.5. (Combination of measurable functions)
We have the following statements:

a) Linear Combination: When f, g are measurable and o, 3 € R are chosen,
the four functions af + Bg, max(f,g), min(f,g), | f| are measurable as

well.
b) Nonlinear Combination: Let the k € N finite-valued measurable func-
tions f1,..., fx be given, and furthermore the continuous function ¢ =

d(y1,---,Yx) € CO(R®,R). Then the composed function

g(x) :== ¢(f1(x), . -,f,i(x)), reX
is measurable.

Proof:

a) According to Theorem 4.3, we have f_, ,,9-p, € L(X) for all p € R.
When we note that f = lim f_,, holds true, Theorem 4.4 combined
p—00

with the linearity of the space L(X) imply that the function
af +Bg = pEI_POO(O‘ffp,p + B9—pp)

is measurable for all o, 8 € R. In the same way, we see the measurability
of the functions
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max(f,g) = pEToo max(f_pp, J—p,p)

and

min(f, g) = pEI_POO min(f—p,ps 9—p.p),

as well as | f] - due to |f| = max(f,—f).
b) The functions (fx)—pp € L(X) are bounded forallp > 0and k= 1,..., k.
According to Theorem 3.4 in Section 3 and Theorem 4.3 in Section 4, the

function ¢((f1),p)p(33), cee (fﬁ),p,p(x)) belongs to the class L(X). Fur-
thermore, we have the limit relation

9@) = tim_ 6((f)-pp@)s.- - (f)-ps(@))

p——+oo

for all x € X, and Theorem 4.4 finally yields the measurablity of g.q.e.d.

Now we define improper Lebesgue integrals.

Definition 4.6. We set for a nonnegative measurable function f the integral

I(f) = (fo.n) €[0,+o<].

lim I
N—~+oco

Theorem 4.7. A measurable function f belongs to the class L(X) if and only
if the following limit
lim I(f.;) €R
a——00
b——+oo

exists. In this case we have the identity

() = lim I(fup) = I(/) ~1(F).

b—+o00

Therefore, a measurable function f belongs to L(X) if and only if I(fT) < 400
as well as I(f~) < 400 are valid.

Proof: On account of fop = (f1)op—(f)o,—a forall —oo < a <0 <b< +o00
we see

lim I(f,p) existsin R <« lim I((fi)O,N) exist in R.
N N

Consequently, it suffices to show:

feLlX) < NEIEOOI((fi)OJV) exist in  R.

‘=" Let us take f € L(X). Then we infer f* € L(X), and B.Levi’s theorem
on monotone convergence yields
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i 1{(0x) = 104 <=
‘=" If

i ()0

N—+o0

in R exist, the theorem of B.Levi implies f* € L(X), and together with the

identity f = fT — f~ the property f € L(X) is deduced. qed

Theorem 4.8. Let f : X — R denote a measurable function satisfying
f@) < F@), weX,
with a dominating function F' € L(X). Then we have
ferLX) and I(f]) <I(F).

Proof: According to Theorem 4.5, the functions f™ and f~ are measurable,
and we see 0 < f* < F. Consequently, the estimates 0 < (fi)o,N < F and
(fF)o.n € L(X) are correct. Furthermore, we have

I((fi)O,N) <I(F)< 400 forall N >0.

B.Levi’s theorem now yields I(f*) < +oo and f* € L(X), which implies
f € L(X). On account of the monotonicity of Lebesgue’s integral, the estimate
I(] f|) < I(F) follows from the inequality | f(x)| < F(x).

q.e.d.

Theorem 4.9. Let {f1}1=1,2,... denote a sequence of nonnegative measurable
functions satisfying fi(z) T f(x), x € X. Then the function f is measurable,
and we have

1(f) = lim T(f).

Proof: From Theorem 4.4 we infer the measurability of f. According to
Definition 4.6, two measurable functions 0 < g < h satisfy the inequality
I(g) < I(h). Therefore, {I(f)}i=12,.. € [0,+00] represents a monotonically
nondecreasing sequence, such that I(f) > I(f;) for all I € N holds true. We
distinguish between the following two cases:

a) Let us consider
llim I(f1) < ¢ < +o0.
—00

Then we have I(f;) < ¢, which implies f; € L(X) due to Theorem 4.7.
B.Levi’s theorem now yields f € L(X) and

1) = Jim 1(f).
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b) Let us consider
llim I(f;) = 4o0.
—00

Then we note that I(f) > I(f;) for all I € N holds true, and we obtain
immediately

1(f) = +o0 = lim I(f)).

q.e.d.

Definition 4.10. We name a function g : X — R simple if there exist finitely
many mutually disjoint sets Ay, ..., An» € S(X) and numbersny,...,n,« € R
with n* € N, such that the following representation holds true in X :

n*
g= Z e XAy -
k=1

Remark: Evidently, we then have g € L(X) and

I(g) = Z Mk 1(Ap).
k=1

Let us take an arbitrary decomposition Z : —co < yg < y1 < ... < Yp+ < +00
in the real line R, with the intervals Iy := [yr—1,yx) for k = 1,...,n*. Fur-
thermore, we consider an arbitrary measurable function f : X — R and select
arbitrary intermediate values n, € Iy, for k =1,...,n*. Now we attribute the
following simple function to the data f, Z and 7, namely

FEM = Z M XA,
k=1

with Ay :=={x € X : f(z) € It} for k =1,...,n*. Then we observe

I(f(z’")> = iflk 1(Ag).
k=1

We denote by a canonical sequence of decompositions such a sequence of de-
compositions, whose start- and end-points tend towards —oo and 400, respec-
tively, and whose maximal interval-lengths tend to O.

Theorem 4.11. When we consider f : X — R € L(X), each canonical se-
quence of decompositions {Z(p) tp=1,2,... in R and each choice of intermediate
values {n(p) tp=1,2,... gives us the asymptotic identity

yeen

n(®)

. (r) ,(P) .
1) = Jim (7)< lim Y 0 u(A).
k=1

p—r o0
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Remark: Therefore, Lebesgue’s integral can be approximated by the Lebesgue
sums as above, and the notation

1(f) = / £() dy(z)
X

is justified. However, the Riemannian intermediate sums can be evaluated nu-
merically much better than the Lebesgue sums.

Proof of Theorem 4.11: Let us consider the function f € L(X), a decompo-
sition Z with its fineness 6(Z) = max{(yx — yx—1) : kK = 1,...,n*}, and
arbitrary intermediate values {ng}x=1,. n+. Then we infer the estimate

IfED (@) < 6(2) + |f(z)] forall zeX.

When {Z(p)}pzl,l___ describes a canonical sequence of decompositions and
{n(p) tp=1,2,... denote arbitrary intermediate values, we observe the limit rela-
tion )

FETMT) () 5 f(x) ae. for p— oo,

which is valid for all € X with |f(z)| # 4+o00. Now Lebesgue’s convergence
theorem yields

n(®)

. ®) @) T )
1() = Jim 1(FE770) = lim ;m@um?).

p—0o0

q.e.d.

Now we shall present a selection theorem related to a.e.-convergence.

Theorem 4.12. (Lebesgue’s selection theorem)
Let { fx}k=1,2,... denote a sequence in L(X) satisfying

lim I(] fr — fil) =0.
k,l—oc0

Then a null-set N C X as well as a monotonically increasing subsequence
{km }m=12.... exist, such that the sequence of functions {fr,, (z)}m=12,. con-
verges for all points x € X \ N and their limit fulfills

lim fi, (x) = f(z) € L(X).

m—r 00

Therefore, we can select an a.e. convergent subsequence from a Cauchy se-
quence with respect to the integral I.

Proof: On the null-set

Ny = G {xEX D fr(x)] = +oo}
k=1
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we modify the functions f; and obtain
~ fk(CC),(EEX\Nl
fe(x) = )
0, xeN;

Without loss of generality, we can assume the functions {f;}r=12,. to be
finite-valued. On account of

lim I(] f, = fil) = 0,

p,l—o0

we find a subsequence k1 < ko < --- with the property
1
I(| fp = fil) < om forall p,l>kn, m=12....

In particular, we infer the following estimates:
1

I(|fkm+17fkm,|)§2—m’ m=12...
and -
Z I(‘ fkm+1 = Jkm ) <1
m=1

B.Levi’s theorem tells us that the function
o0
9(@) =Y | frpr (@) = fr, (@), zeX
m=1

belongs to L(X), and Ny := {z € X \ N1 : |g(x)] = 400} represents a
null-set. Therefore, the series

o0

> | frpir (@) = fr, (z)| forall z€ X\ N with N:=N UN,
m=1
converges, as well as the series

o0

(@) = o, (@)).

m=1
Consequently, the limit
lim (fo,, (@) = fiu (@) = F(@) = fio (@)

m—»o0
exists for all points x € X \ N, and the sequence {fg,, }m=1,2,.. converges on
X \ N towards f. We note that g € L(X) and | fx, (v) — fu, (z)] < |g(2)|
are valid, and Lebesgue’s convergence theorem is applicable. Finally, we infer
f € L(X) and the relation

I(f) = lim I(f,,).

m— oo
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Proposition 4.13. (Approximation in the integral)
Let the function f € L(X) be given. To each quantity ¢ > 0, we then find a
function f. € M(X) satisfying

I(f = fl) <e

Proof: Since f € L(X) holds true, Proposition 2.9 from Section 2 provides two
functions g € —V and h € V such that

9(@) < f(@) S h(z), weX, and I(h)-1I(g) <.

Recalling the definition of the space V(X), we find a function h'(z) € M(X)
satisfying

B (z) <h(z), z€X, and I(h)—Ik)<

DO ™

This implies
[f=WI<[f=hl+h=N]<(h—g)+ (h—1N),

and the monotonicity and linearity of the integral yield

e

I(|f=W|) < (I(h) = I(g)) + (I(h) = I(W)) < = + % —e.

[\V]

With f. := h' we obtain the desired function. q.e.d.

Theorem 4.14. (a.e.-Approximation)

Let f denote a measurable function satisfying | f(z)| < ¢, x € X with the con-
stant ¢ € (0,400). Then we have a sequence {fi}r=12,.. C M(X) satisfying
| fr(@)] <c¢, z€ X forall k€N, such that fr(x) — f(z) a.e. in X holds
true.

Proof: Since f is measurable and dominated by the constant function ¢ €
L(X), we infer f € L(X) from Theorem 4.8. Now Proposition 4.13 allows
us to find a sequence {gx(x)}r=12,.. C M(X) satisfying I(| f — gx|) — 0 for
k — oo. We set

hi(x) 2= (g)—c,c(2)

and observe hy, € M(X) as well as | hi(z)| < c for all x € X and all k € N.
We note that

|hk - f‘ = | (gk)fc,c - ffc#:

=|(gr — [-ce

<lgr— fl

is correct and see

lim I(| hx — f]) < lim I(]gx — f|) = 0.
k—o0 k—»o0
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On account of the relation
(b= hal) < (b — f)+ I f —hal) — 0 for k1 oo,

Lebesgue’s selection theorem yields a null-set N; C X and a monotonically
increasing subsequence {ky, }m=1,2,... such that the following limit exists:

h(z) := lim hg, (z) forall ze X\ Nj.

We extend h onto the null-set by the prescription h(z) := 0 for all x € Ny.
Now we conclude

lim | Ay, (2) = f(2)| = [h(z) = f(z)] o X\ Ny

m— o0

The theorem of Fatou yields

1= f) < Y (A, - f1) = 0.
Consequently, we find a null-set Ny C X such that

f(z) = h(x) forall x€ X\ Ny

holds true. When we define N := Ny U Ny and f,,(x) := hy,, (z), we obviously
infer f,(z) € M(X), |fm(z)] < c for all x € X and all m € N, and the
following limit relation:

lim f,(x)= lm hy, e h(x) el fz) forall ze€ X\ N.
m—r o0 m—r o0
Consequently, we obtain fp,(z) — f(z) for all z € X \ N. q.e.d.

Uniform convergence and a.e.-convergence are connected by the following re-
sult.

Theorem 4.15. (Egorov)

Let the measurable set B C X as well as the measurable a.e.-finite-valued
functions f : B — R and fi : B — R for all k € N be given, with the
convergence property fr(x) — f(x) a.e. in B. To each quantity § > 0, we
then find a closed set A C B satisfying u(B \ A) < ¢ such that the limit
relation, fr(x) — f(x) uniformly on A, holds true.

Proof: We consider the null-set
N = {:E € B : fi(z) — f(x) is not Satisﬁed}
To m € N and for all [ € N exists

=<zxzeB:
an index k > [ with | fx(z) —

-Un {xeB:|fk(m) f(x |>— = {J Bm,
k>l

m=1 [=1

83|~
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where

DX

B, =

U{een: tne-ron- 1}

has been defined. We observe B, C N and consequently u(B,,) = 0 for all
m € N. We note that

Buii=J{z e B ) - 1@ > -}

k>l

l

1

holds true and infer By, ; D By, ;41 for all m,l € N. From the relation
Bm = n Bm,l
1=1
we then obtain

0=p(Bm) = Hm pu(Bp,)-

Consequently, to each index m € N we find an index [,,, € N with l,,, < l,11
such that

iU feen s tne-r@i> 2} = nBnn) < 5o

k>l

holds true. We define

By
1

Em = DBy,1,, and B =

SR

Evidently, the set B is measurable and the estimate

N

wB) <> p(Bm) <

m=1

is fulfilled. When we still define A := B \ B , we comprehend

E:Bm<6§m> =Bﬂ<ﬁ§fn>
m=1 m=1

Il
D)

{xEB S fe(x) = fz)] < % for allkZlm}.

m=1

For all points = € j’ we find an index [,, € N to a given m € N such that

forall k>1,,

| fr(z) = f(2)] <

1
m
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holds true. Consequently, the sequence { fx|5}x=1,2,... converges uniformly to-

wards f|z. According to Theorem 3.14 in Section 3, we now choose a closed
set A C A with 5

N(A\A)<§.

We note that A C A holds true, and the sequence of functions {fx |4 }x=1,2,...

converges uniformly towards f|4. When we additionally observe B\ A = B,
we finally see

p(B\A) = p(B\A) 4 u(A\4) < 310 =6

q.e.d.

The interrelation between measurable and continuous functions is revealed by
the following result.

Theorem 4.16. (Lusin)

Let f : B — R denote a measurable function on the measurable set B C X.
To each quantity § > 0, we then find a closed set A C X with the property
w(B\ A) < 0 such that the restriction f|a : A — R is continuous.

Proof: For j =1,2,... we consider the truncated functions
—Jj» f(x) € [-00, —j]
fj(x) = f(.’l?),f(ﬁ?)E[—],—‘r]]
+7, f(x) € [+, +od]
All functions f; : B — R are measurable, and we infer

| fi(x)| <j for all z € B.

We utilize Theorem 4.14 and the property M(X) C CY(X): For each index
j € N, there exists a sequence of continuous functions f; : B — R satisfying

klim fix(x) = fi(x) a.e. in  B.

Via Egorov’s theorem, we find a closed set A; C B to each j = 1,2,...
satisfying
)
u(B\ 4;) < BYESE
such that the sequence of functions {f j,k|A]‘}k:1A’2’m converges uniformly to-
wards the function f;]4;. The Weierstrafl convergence theorem reveals conti-
nuity of the functions f;|4, for all j € N. The set

A\Z: ﬁA]CB
j=1
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is closed, and we arrive at the estimate

p(BAA) < BV A) <Y o0 = o
j=1

Jj=1

Now the functions f; : A — R are continuous for all j € N, and we recall

f(z) = lim fj(z) in A.

Jj—o00
Egorov’s theorem supplies a closed set A C A with

WA\ 4) < 3.

such that f; converges uniformly on A towards f. Consequently, the function
fla is continuous, and we estimate as follows:

w(B\A) = u(B\A) +u(A\A) < S+ 2 =5
q.e.d.

Remark: We have learned the Three principles of Littlewood in Lebesgue’s the-
ory of measure and integration. J.E.LITTLEWOOD: “There are three principles
roughly expressible in the following terms: Every measurable set is nearly a
finite union of intervals; every measurable function is nearly continuous; every
a.e. convergent sequence of measurable functions is nearly uniformly conver-
gent.”

5 Riemann’s and Lebesgue’s Integral on Rectangles
With d € (0, +00) being given, we consider the rectangle

Q:= {x:(:cl,...,xn)eR” s xy] < d, jzl,...,n}, where n € N.

o
In our main example from Section 1, we choose X = (2 :=Q and extend the
improper Riemannian integral

I:MX)—R, with  f— I(f) ::/f(:c)dx
7}
from the space
M(X) = fec@) : /|f(a:)|da:< oo
Q

onto the space L(X) D M(X) and obtain Lebesgue’s integral I : L(X) — R.
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Theorem 5.1. For the set E C {2 being given, the following statements are

equivalent:

(1) E is a null-set.

(2) To each quantity € > 0, we find with {Qk }x=1,2,... C 2 denumeradbly many
oo oo

rectangles satisfying E C U Qr and Z | Q| <e.
k=1 k=1

Proof:

(1)=(2): Since E represents a null-set, Proposition 3.15 from Section 3
provides a function h € V(X) with h > 0 on X, h = +o0 on E, and
I(h) < +o0o0. With the constant ¢ € [1,+00) chosen arbitrarily, we con-
sider the open - and consequently measurable - set

EC::{xEQ:h(m)>c}DE.

Then we observe

—_

1
WE:) = I(xe.) = EI(CXEC) < Ef(h) <e
for ¢ > I(h) . The open set E,. can be represented as a denumerable union of
closed rectangles @, which intersect, at most, in boundary points. There-
fore, we deduce

(o]
ECE.= Qs
k=1
We note that the boundary points of a rectangle constitute a null-set and

see o
D IQk = (B <&
k=1

(2)==(1): For each index k € N we find a function hj, € CJ({2) satisfying

() =4 - T @ and  I(hy) < 2|Qul.
(= [0,1} , CCER”\Qk

The sequence {g;(x)}i=12,.., defined by g;(z) := 22:1 hi(x), converges
monotonically and belongs to M (X). This implies

Furthermore, we have xg(x) < h(z), € R™ and estimate

0<TI (xp) <I"(xp) <I(h ZI (h) <22|Qk|<25

for all € > 0. Therefore, E is a null-set. q.e.d.
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Riemann’s and Lebesgue’s integral are compared as follows:

Theorem 5.2. A bounded function f : 2 — R is Riemann integrable if and
only if the set K, containing all points of discontinuities, constitutes a null-
set. In this case the function f belongs to the class L({2), and we have the
identity

Im=/ﬂwM=4ﬂmm
2

this means that Riemann’s integral of f coincides with Lebesgue’s integral.
Here we have to extend f to 0 onto the whole space R™.

Proof: We consider the functions

i) o= T —(r) = i : n
m™(z) = lim \yililﬂsf(y) and m”(z) = lim lyﬁg‘fgf(y), z € R

We have the identity m™*(z) = m™(z) if and only if f is continuous at the
point x. Let

N
z:Q= e
k=1

denote a canonical decomposition of () into IV closed rectangles Q.. We define
the simple functions

N
m;y =sup f(y), my = glkff(y) and fzi(x) = me)(@k(x) € L(X).
k=1

Qk

We observe the identity
N
I(F2) =) mi| Qxl.
k=1

Therefore, Lebesgue’s integral of the functions f g coincides with the Rieman-
nian upper and lower sums, respectively, of the function f - associated with
the decomposition Z. When we denote by

N
0z = J 0Qx
k=1

the set of the boundary points for the decomposition Z, then 0Z constitutes
a null-set in R™. Now we observe an arbitrary canonical sequence of decom-
positions {Z,},=1,2,.. for the rectangle @), such that its fineness tends to 0.
We obtain the limit relation

lim f;p () =m*(z) forall ze2\N,

pP—r 00



5 Riemann’s and Lebesgue’s Integral on Rectangles 137

where -
N=Joz,cQ
p=1

is a null-set. Now we select an adequate canonical sequence of decompositions
such that

/f(z)dx:plln;ol(fgp) and /f(x)dz:plingol(fgp).
Q

Lebesgue’s convergence theorem implies

/f(:z:)dx:[(mf) and /f(x)d:cz[(m+).
Q Q

Now we note that the function f : 2 — R is Riemann integrable if and only
if

I(m*) = /f(x) dx = /f(x) dr = I(m™) or equivalently I(m*t—m~)=0
Q

holds true. Due to m™ > m™, this is exactly the case if m™ = m™ a.e. in Q
holds true, or equivalently if f is continuous a.e. on Q. qed
We intend to prove Fubini’s theorem interchanging the order of integration for

Lebesgue integrable functions. Here we consider two open bounded rectangles
@ C RP and R C R? and begin with the following

Proposition 5.3. Let f = f(2,9) : Q x R — R € V(Q x R) be given. Then
the function f(x,y), y € R belongs to the class V(R) for each x € Q, and the

function
z) :/f(x,y)dy

belongs to the class V(Q). Furthermore, we have

/fmydxdy—/ (z) da.

QXR

Proof: Since f € V(Q x R) holds true, we find a sequence {f,(z,y)}n=12.. C
C(Q x R) satisfying f,(z,y) 1 f(z,y). For each z € Q, the functions
fn(x,y), vy € R belong to the class C§(R) and consequently f(z,y) to V(R).

When we define
T) = / folz,y)dy,  ©e€Q,
R
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we infer ¢,, € CJ(Q) and ¢, (z) T () in Q. This implies

//f r.y) drdy = lim //fn £.y) dedy = lim /% _/<p(x)dx,
Q

@xR QXR q.e.d.

Proposition 5.4. Let N denote a null-set in Q X R and define

N, = {yGR : (x,y)EN}.

Then we have a null-set E C Q, such that N, constitutes a null-set in R for
all points x € Q \ E.

Proof: Since N is a null-set, we find a function h(z,y) € V(Q x R) with A > 0
on @ X R and h(z,y) = +oo for all (z,y) € N, such that the property

+oo>// (z,y dmdy—/ () dx with () ::/h(m,y)dyZO

QxR R

holds true - due to Proposition 5.3. We note that ¢ € V(Q) and

/go(ac) dx < 400

Q

is satisfied and deduce ¢ € L(Q). Furthermore, we find a null-set £ C @ with
p(x) < 400 for all z € @ \ E. On account of h = 400 on N, the set N, is a

null-set for all z € @\ E.
q.e.d.

Theorem 5.5. (Fubini) Let f(z,y) : Q@ x R — [0, 4+00] represent a measur-
able function. Then we have a null-set E C @Q, such that the function f(x,y),
y € R is measurable for all points x € Q \ E. When we define

/f(x,y)d% reQ\E
plz) = { # ,
0, re bk

the function ¢ is nonnegative and measurable. Furthermore, we have Fubini’s

identity
/fmydwdy—/ (z) da.

QXR
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Proof: For n =1,2,... we consider the functions

f(@,y), if f(z,y) €[0,n]
otherwise

fn(x7y) = {

with f, € L(Q X R). Applying Theorem 4.14 from Section 4, we find for each
number n € N a null-set N,, C @ x R and a sequence of functions

fmm(x,y)ECg(QxR) with |fn,m|§n on QXR,

n,

such that
Jim fom(z,y) = fo(z,y)  forall (z,y) € (@ x R)\ Ny
Each fixed number n € N admits a null-set F,, C @, such that
{yeR: (z,y) e N,} CR

represents a null-set for all points z € Q \ E,,. Now Lebesgue’s convergence

theorem yields
// fn(z,y) dedy

QXR
= lim //fnym(x,y)d:cdy: lim / /fn,m(z,y)dy dx
m— 00 m— 00
QxR Q R
~ lim [fum@ydy| ae= [ | [ faev) dy | a.
m—00 H/—/
Q\E, R Q\E. R €L(R)
In addition,
E:=|JE,cQ

n=1

constitutes a null-set, and we see

//fn(xvy)dxdy: / /fn(x,y)dy dz.

QxR Q\E \R

Finally, Theorem 4.9 from Section 4 yields

[ 1wy =t (] 1uwp) dody

Q%R QXR
= lim /fn(x,y)dy dz = / /f(wvy)dy dm:/s@(x) dx.
n—oo
Q\E \R Q\E \R Q

q.e.d.
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6 Banach and Hilbert Spaces

We owe the basic concepts for linear spaces, which appear in the next sections,
to the mathematicians D. Hilbert and S. Banach. Here we can equally consider
real and complex vector spaces.

Definition 6.1. Let M denote a real (or complex) linear space, which means
frgeM, a,BeR (orC) = af +Pge M.

Then we name M a normed real (or complex) linear space and equivalently
a normed vector space if we have a function

-1 M — [0, 400)

with the following properties:

(ND[fII =0 <= f=0;
(N2) Triangle inequality: ||f + gl < | fIl+llgll ~ for all f,g € M;
(N3) Homogeneity: ||Af|l = |M|fll  for all f e M, A€ R (orC).

The function || - || is called the norm on M.

Remark: From the axioms (N1), (N2), and (N3) we immediately infer the
inequality

1F =gl = |IF1 = llgl | forall f.ge M,

because we have

=Ml = [1f =g+ gll = llgll < If = gl + llgll = llgll = 1If = gll;

which yields our statement by interchanging f and g.

Definition 6.2. The normed vector space M is named complete, if each
Cauchy sequence in M converges. This means, to each sequence {f,} C
M satisfying limpg oo || fx — fill = 0 we find an element f € M with
limg o0 Hf - ka =0.

Definition 6.3. A complete normed vector space is named a Banach space.

Example 6.4. Choosing the compact set K C R™, we endow the space B :=
CY(K,R) with the norm

/1] 1=jg}g\f(m)|=g1€a;§|f(x)l, feB,

and thus obtain a Banach space. This norm generates the uniform convergence
- a concept already introduced by Weierstraf.
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Definition 6.5. A complex linear space H' is named pre-Hilbert-space if an
inner product is defined in H'; more precisely, we have a function

(,): H' xH —C
with the following properties:

(H1) (f +g,h) = (f.h) + (g,h) forall f,g,h € H

(H2) (f,Ag) = A(f,g) forall f,ge N \eC;

(H3) Hermitian character: (f,qg) = (g,f) forall f,g € H';
(H4) Positive-definite character: (f, f) >0, if f #0.

Remarks:

1. We infer the following calculus rule from the axioms (H1) - (H4) immedi-
ately:
(H5) For all f,g,h € H' we have

(fag+h):(g+h’f):(g’f)+(h7f):(fvg)+(f’h)

(H6) Furthermore, the relation

(A, 9) = M(f,9) forall f,geH, XeC

is satisfied.
Therefore, the inner product is antilinear in its first and linear in its second
argument.
2. In a real linear space H', an inner product is characterized by the prop-

erties (H1) - (H4) as well, where (H3) then reduces to the symmetry
condition

(f,9)=1(g,f) forall fgeH.

Ezxample 6.6. Let us consider the numbers —oco < a < b < +00 and the space
H' := C°([a, b],C) of continuous functions. Via the inner product

b
(frg) = / F@)g(x) dr,

the set H' becomes a pre-Hilbert-space.

Theorem 6.7. Let H' represent a pre-Hilbert-space. With the aid of the norm

IFIF:= v/ (S, ),

the set H' becomes a normed vector space.

Proof:
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1. At first, we show that the following inequality is valid in H’ , namely

(@, DI =19l < IfIlllgll for all f,g €H'.

With f,g € H', we associate a quadratic form in A\, u € C as follows:
0 < QA p) = (A — ng, Af — pg)

= [AP(f, ) = Nalg, £) = Ml f.9) + |1l* (g, 9)-

When (g, f) = (f,¢9) = 0 - in particular f = 0 or g = 0 - holds true, this
inequality is evident. In the other case, we choose

I (Vi
A=boE= (9, 1)

The nonnegative character of @ - easily seen from the property (H4) -
implies the inequality

£ 111191

2
0= =i+ Sege

and finally by rearrangement

[(F 9l < IfIHgll forall  f.g €.

2. Now we show that ||f|| := +/(f, f) satisfies the norm conditions (N1)
- (N3). We infer for all elements f,g € H' and A € C the following
properties:

i.) || f]l = 0, and (H4) tells us that || f|| = 0 is fulfilled if and only if f =0
is correct;

i.) [AfIl = VO AS) = AN F) = ALl
iii.)
If + 9> = (f +9.f +9) = (f. /) + 2Re(f,9) + (9.9)
< £ + 21, 9)l + llgl?
< A%+ 20 £ gl + llgll?
= (I£1I+ llgl)?,
and consequently
1+ gl < 171 + llgll-

Therefore, || - || gives us a norm on H’. q.e.d.

Definition 6.8. A pre-Hilbert-space H is named Hilbert space, if H endowed
with the norm

Il =1,  feH

is complete and consequently a Banach space.
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Remarks:

1. We prove that the inner product (f,g) is continuous in H. Here we note
the following estimate for the elements f, g, fn, gn € H:

|(frs gn) = (f, 9| = |(fas gn) = (fns9) + (fns9) — (f, 9)l
< |(fnvgn) - (fnvg)| + |(fnag) - (fvg)|
< |<fnagn_g)‘+|(fn_f7g)|

< A fall llgn = gl + 1fn = fIHIgll-

Therefore, when the limit relations f, — f and g, — g for n — oo in H
hold true, we infer

lim (fn, 9n) = (£, 9)-

We observe that the completeness of the space H is not needed for the
proof of the continuity of the inner product.

2. The pre-Hilbert-space from Example 6.6 is not complete and consequently
does not represent a Hilbert space.

3. In Section 3 from Chapter 8, we shall embed - parallel to the transition
from rational numbers to real numbers - each pre-Hilbert-space H' into a
Hilbert space H. This means H' C H and H' is dense in H.

4. Hilbert spaces represent particular Banach spaces. The existence of an
inner product in H allows us to introduce the notion of orthogonality:
Two elements f,g € H are named orthogonal to each other if (f,g) =0
holds true.

Let M C H denote an arbitrary linear subspace. We define the orthogonal
space to M via

Ml::{geH : (g,f):OforallfeM}.

We see immediately that M~ is a linear subspace of 7, and the continuity of
the inner product justifies the following

Remark: For an arbitrary linear subspace M C H, its associate orthogonal
space M= is closed. More precisely, each sequence

{fa} M+ in Mt satisfying f, = f for n— o0
fulfills f € M*.

Proof: Since {f,} C M* holds true, we infer (f,,g) = 0 for all n € N and
g € M. This implies

0= lim (fn,9) = (f,9) forall geM.
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q.e.d.

Fundamentally important is the following

Theorem 6.9. (Orthogonal projection)
Let M C H denote a closed linear subspace of the Hilbert space H. Then each
element f € H possesses the following representation:

f=g9+h with ge M and he M=

Here the elements g and h are uniquely determined.

This theorem says that the Hilbert space H can be decomposed into two
orthogonal subspaces M and M+ such that H = M @© M+ holds true.
Proof:

1. At first, we show the uniqueness. Let us consider an element f € H with
f=gi+hi=g2+hy, g €M, h;jeM"
Then we deduce
0=f—f=(g1—g2) + (h1—ha).
The uniqueness follows from the identity
0= l(g1 — g2) + (h1 — ha)|]?
= ((91 = 92) + (h1 = h2), (91 — g2) + (h1 — h2))
= llgr = g211* + 1 — ha .

2. Now we have to establish the existence of the desired representation. The
element f € H being given, we solve the subsequent variational problem:
Find an element g € M such that

—g||=inf ||f—gl|l=:d
If = gll g@ﬂf gl
holds true. We choose a sequence {gr} C M with the property
Tim [1f — gi| = d.
—00

Then we prove that this sequence converges towards an element g € M.
Here we utilize the parallelogram identity

2 2
e+ p—|I” _1 2 2
22+ |25 =5 e re) o pwen

which we easily check by evaluating the inner products on both sides. Now
we apply this identity to the elements
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@:f_gkv 'l;[):f_glv k,l€N

and obtain
2
9k + gi gk — g1 1
f- " = (I =l 4117 = al?).
2 2
Rearrangement of these equations implies
2
9k — i 1 Ik + i
o< 252 = 3 (17— out? + 1 - al?) - |-

1
<5 (IF = gul? + 11 = aul?) -

The passage to the limit &k, — oo reveals that {gy} represents a Cauchy
sequence. Since the linear subspace M is closed, we infer the existence of
the limit g € M for the sequence {g}.

Finally, we prove h = (f —g) € M= and obtain the desired representation
f=9+(f-9)=g+h

When ¢ € M is chosen arbitrarily as well as the number € € (—&g, g),
we infer the inequality

I(f = 9) +epl?>d* = f - gl*
We note that
If —gl* +2eRe(f —g,0) + 2@l > |If — glI?,

and deduce
2eRe (f —g,0) + &[] >0

for all ¢ € M and all € € (—¢eg,&p). Therefore, the identity
Re(f—g,9)=0 for all e M

must be valid. When we replace ¢ by ip, we obtain (f — g,¢) = 0. Since
the element ¢ has been chosen arbitrarily within M, the property

(f —g) e M*

is shown. q.e.d.

The subsequent concepts on the continuity of linear operators in infinite-
dimensional vector spaces have been created by S. Banach.

Definition 6.10. Let {M, |- |l1} and {Ma,| - |2} denote two normed linear
spaces and A : My — My a linear mapping. Then A is called continuous at
the point f € My, if we can find a quantity 6 = §(g, f) > 0 for all e > 0 such
that

geMy, lg—flh<é = |Alg) —A(f)l2 <e.
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Theorem 6.11. Consider the linear functional A : M — C on the linear
normed space M, which means

Alaf + Bg) = «A(f) + BA(g) forall f,ge M, «,p5€C.

Then the following statements are equivalent:

(i) A is continuous at all points f € M;
(i1) A is continuous at one point f € M;
(iii) A is bounded in the following sense: There exists a constant « € [0, +00)
such that
A <allfl forall feM

holds true.

Proof:

(1) = (i4i) : Let A be continuous in M, then this holds true at the origin
0 € M in particular. For ¢ = 1 we find a quantity §(¢) > 0 such that
IfIl <6 implies |A(f)| < 1. We obtain

AW <31 forall feM.

(#i1) = (1) : We immediately infer the continuity of A at the origin 0 from
the boundedness of A.

(ii) = (i) : Let A be be continuous at one point fy € M. For a number € > 0
being given, we find a quantity § > 0 satisfying

peM, ol < = [Alfo+¢) - A(fo)l <e.

The linearity of our functional A gives us the following estimate for all

feM:
peM, o< = JA(f+¢)—A(f)l<e

Therefore, A is continuous for all f € M. q.e.d.

Remark: This theorem remains true for linear mappings A : M; — My
between the normed vector spaces {M, | - |1} and {Moy,|| - ||2}. Here we
mean by the notion ’A is bounded’ that we can find a number a € [0, +00)
such that

[ANl2 < aflflly forall feM

holds true.

Definition 6.12. When we consider a bounded linear functional A : M — C
on the normed linear space M, we introduce the norm of the functional A as

follows:
[Al:==  sup  |A(f)].
feMm, |ifli<1
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Definition 6.13. By the symbol
M* = {A : M — C : A is bounded on M},

we denote the dual space of the normed linear space M.

Remarks:

1. We easily show that M*, endowed with the norm from Definition 6.12,
constitutes a Banach space.

2. Let H denote a Hilbert space. Then its dual space H* is isomorphic to H,
as we shall show now.

Theorem 6.14. (Representation theorem of Fréchet and Riesz)
Each bounded linear functional A : H — C, defined on a Hilbert space H, can
be represented in the form

A(f)=(9,f)  forall feH,
with a generating element g € H which is uniquely determined.
Proof:

1. At first, we show the uniqueness. Let f € ‘H and g1,g2 € H denote two
generating elements. Then we see

A(f) = (91, f) = (g2, f)  forall feH.
We subtract these equations and obtain
(91, f) — (92, f) = (91 — g2, f) =0 for all f e H.
When we choose f = g1 — g2, we infer g; = go on account of
0= (g1 — 92,91 — g2) = [lg1 — ga*.
2. In order to prove the existence of g, we consider
M= {fe?—l : A(f):O}CH

representing a closed linear subspace of H.
i.) Let M = H be satisfied. Then we set ¢ = 0 € H and obtain the
identity
A(f)=(g9,f)=0 for all feH.
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ii.) Let M;'H be satisfied. We invoke the theorem of the orthogonal pro-
jection and see H = M & M+ with {0} # M. Consequently, there
exists an element h € M with h # 0. We now determine a number
a € C, such that the identity A(h) = (g, h) for g = ah is correct. This
is equivalent to

A(h) = (g,h) = (ah,h) =@ (h,h) =@ ||h|*

and
A(h)
g=—
[[72]|>
Now the identity A(f) = (g, f) is valid for all f € M and for f = h.
When f € H is arbitrary, we define ¢ := %. With f := f — ch, we

obtain )
A(F) = A(f) — cA(h) = A(f) - % A(h) =0

and consequently fe M. Therefore, we have the representation
fZJ?-i-ch for feH, where fEM and ch € M* .
This implies
A(f) = A(f) + cA(h) = (g, f) + c(g,h) = (g, f + ch) = (g, f)
for all f € H. q.e.d.

Definition 6.15. We name a Banach space separable if a sequence {fr} C B
exists, which lies densely in B. More precisely, we find an index k € N to each
element f € B and every € > 0 such that ||f — fi|| < e holds true.

Definition 6.16. In a pre-Hilbert-space H', we name the denumerably infinite
many elements {¢1, p2,...} C H' orthonormal if

(pir ;) =06;; forall i,j €N
s valid.

Remark: When we have the system of denumerably many linearly independent
elements in H’', we can apply the orthonormalization procedure of E. Schmidt
in order to transfer this into an orthonormal system.

Here we start with the linearly independent elements {f1,...,fn} C H' of
the pre-Hilbert-space H'. Then we define inductively

N-1
01 = L fl Qg 1= f2 - (@17‘](‘2)801 o fN - J;l (@]7fN)§0]
. ”le ’ ’ ||f2_(<p1af2)<,01”7.“ : o

Iv = > (95, In)p;

Jj=1
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The vector spaces spanned by {f1,...,fn} and {¢1,...,pn} coincide, and
we note that
(¢irpj) =0;; for i,j=1,...,N.

Proposition 6.17. Let {¢y} with k = 1,...,N represent a system of or-
thonormal elements in the pre-Hilbert-space H' and assume f € H'. Then we
have the identity

N
Hf— CksﬁkH = Hf (@k, QﬁkH +Z|Ck_ (on, HI?
k=1 k=

k=1

for all numbers cq,...,cy € C.

Proof: At first, we define

N

N
=f- (eks f)ers Z(@k, —Ck)<Pk~

k=1 k=1

Then we deduce the equation

N N N
F=Y ewpe=F= (o6 o+ ((s%f) - Ck)SDk =g+h
k=1 k=1 k=1

Now we evaluate

(f g:lwk, ,XN:(% _Cl)¢l>

=1

N N
Z(sﬁl, *Cl) ei, f Z @k, f (901, )*Cl) (e, @)

=1 k=1

We note that (g, ¢;) = g and obtain (g, h) = 0. This implies

|£- cmH (9+h.g+ 1) = gl + 0]
=1

= Hf Z (or, f <PkH + ( (or, f) —Ck) ((s%f) _Cl) (er, @)
k,l=

1
N
*Hf (Pka SDkH +Z|90k, f)— el
q.e.d.

Corollary: For all numbers cq,...,cy € C we have
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(TS STV S P e
k=1 k=1

and equality is attained only if ¢, = (¢x, f) for K = 1,..., N holds true.
We name these numbers ¢ the Fourier coefficients of f (with respect to the

system (¢)).

2

)

When we set ¢; = ... =cy =0, we obtain

Proposition 6.18. The following relation

N 2 N
£ =X ten D] = 1712 =D w, £ = 0
k=1 k=1
holds true.

From the last proposition we immediately infer

Theorem 6.19. Let {¢i}, k = 1,2,... represent an orthonormal system in
the pre-Hilbert-space H'. For all elements f € H’, Bessel’s inequality

Yol HE<IIFIP
k=1

holds true. An element f € H' satisfies the equation

> 1w HIF = 11£1
k=1

if and only if the limit relation

N
Jim_ Hf -~ ];(sok, f)sDkH =0

is valid.

Remark: The last statement means that f € H’' can be represented by its

Fourier series
oo

jg:(@kﬂf)wk

k=1
with respect to the Hilbert-space-norm || - ||.

Definition 6.20. We say that an orthonormal system {py} is complete - we
abbreviate this as c.o.n.s - if each element f € H' of the pre-Hilbert-space H'
satisfies the completeness relation

17 =D ICens NI
k=1
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Remarks:

1. In Section4 and Section 5 of Chapter 5, we shall present explicit c.o.n.s.
with the classical Fourier series and the spherical harmonic functions.
More profound results are contained in Chapter 8 about Linear Operators
in Hilbert Spaces.

2. With the aid of E.Schmidt’s orthonormalization procedure, we can con-
struct a complete orthonormal system in each separable Hilbert space.

3. When we have a complete orthonormal system {pr} C H' with k =
1,2,... in the pre-Hilbert-space H’, the representation via the Fourier
series

F=> (er: Nen

k=1
holds true with respect to convergence in the Hilbert-space-norm. The in-
teresting question remains open, whether a Fourier series converges point-
wise or even uniformly (see e.g. H.Heuser: Analysis II. B. G. Teubner-
Verlag, Stuttgart, 1992).

7 The Lebesgue Spaces LP(X)

Now we continue our considerations from Section 1 to Section4. We assume
n € N as usual, and we consider subsets X C R"™ which we endow with the
relative topology of the Euclidean space R™ as follows:

. open
ACXis { closed }
open

<=  There exists B C R"
closed

}WithA:BﬂX.

By the symbol M (X) we denote a linear space of continuous functions f :
X — R =R U {£oo} with the following properties:

(M1) Linearity: With f,g € M(X) and «, 8 € R we have af + g € M(X).
(M2) Lattice property: From f € M(X) we infer |f| € M(X).
(M3) Global property: The function f(z) =1, x € X belongs to M (X).

We name a linear functional I : M — R, which is defined on M = M(X),
Daniell’s integral if the following properties are valid:

(D1) Linearity: I(af + Bg) = aI(f) + BI(g) for all f,g € M and «a, 8 € R;

(D2) Nonnegativity: I(f) > 0 for all f € M with f > 0;

(D3) Monotone continuity: For all {fi} C M(X) with fr(z) } 0 (k — o0) on
X we infer I(f) — 0 (k — 0).
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Example 7.1. Let X = 2 C R™ denote an open bounded set, and we define
the linear space

M=MX)=df: X 5Re(X) /|f(x)|dx<+oo
(9]

We utilize the improper Riemannian integral on the set X, namely
1= [ fa)dn,  feu
2

as our linear functional.

Ezample 7.2. On the sphere X = S»~! .= {x e R : |z| = 1} we con-

sider the linear space of all continuous functions M (X) = C°(S"~1), and we
introduce the Daniell integral

17)= [ f@ydo @), fen
Sgn—1

In Section2 we have extended the functional I from M(X) onto the space
L(X) of the Lebesgue integrable functions. In Section3 we investigated sets
which are Lebesgue measurable, more precisely those sets A whose character-
istic functions x4 are Lebesgue integrable.

Definition 7.3. Let the exponent satisfy 1 < p < +o0o0. We name a measurable
function f : X — R p-times integrable if |f|P € L(X) is correct. In this case
we write f € LP(X). With

1
P

11 = 1o o= | [ 1f@P duta) | = (2071))"
X

we obtain the LP-norm of the function f € LP(X); here the symbol pu denotes
the Lebesgue measure on X.

Remark: Evidently, we have the identity L'(X) = L(X).

The central tool, when dealing with Lebesgue spaces, is provided by the sub-
sequent result.

Theorem 7.4. (Holder’s inequality)

Let the exponents p,q € (1,+00) be conjugate, which means p~ + ¢~ = 1
holds true. Furthermore, we assume f € LP(X) and g € L1(X) being given.
Then we infer the property fg € LY(X) and the inequality

1f9llzrxy < N fllercollgllacx)-
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Proof: We have to investigate only the case ||f|, > 0 and ||g|; > 0. Alterna-
tively, we had || f||, = 0, and consequently f =0 a.e. as well as f - g =0 a.e.
would hold. Analogously, we treat the case ||g||; = 0. Then we apply Young’s
inequality

al  b?
ab < — + —
p q
to the functions
1
p(r) = lf(@)], (@) =—rlg(@)], 2E€X,
@ ¥ = o)

and we obtain

e [f ()] = (@) < L O LR
T Tal, @9@)] = elayi (@) < .

p llFIE a lgllg
for all points x € X. Theorem 4.8 from Section 4 implies fg € L(X) = L}(X).
Now integration yields the inequality

I(|fg]) < I(|g|") =

1 p
11£15llglly I(f17) +

and finally

IIfIIp || ||q

I(1fgl) < I lIpllgllg- qe.d.

Theorem 7.5. (Minkowski’s inequality)
With the exponent p € [1,4+00), let us consider the functions f,g € LP(X).
Then we infer f + g € LP(X) and we have

If +glleecxy < 1 fllzex) + lgllzex)-

Proof: The case p = 1 can be easily derived by application of the triangle
inequality on the integrand |f 4 g|. Therefore, we assume p, g € (1, +00) with
p~t 4+ ¢~ = 1. At first, convexity arguments yield

(@) + g@)P <227 (|f (@) + |g()?)
and consequently f 4 ¢ € LP or equivalently I(|f 4 g|?) < 4+00. Now we have
(@) + g(@)[P = [ f(x) + g() P! | f(z) + g(2)]
< |f(@) + g(@)P | f(@)] + £ (2) + g(@)[" (=)
= f(@) + g(@)|7 | f@)| + | (@) + g(2)] 7 |g(x)].

The factors of the summands on the right-hand side are L9- and LP-functions,
respectively. Therefore, we obtain
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I(f +gI?) < I(f + 9P) 7 (If | + lgllp)-

Finally, we see
1
(S + 9P < fllp + lgllp

and the desired inequality

1f+gllp < 1f1lp + llgllp-
q.e.d.

Remark: Minkowski’s inequality represents the triangle inequality for the |- ||,-
norm in the space LP.

The following result guarantees the completeness of LP-spaces, which means:
Each Cauchy sequence converges towards a function in the respective space.

Theorem 7.6. (Fischer, Riesz)
Let us consider the exponent p € [1,400) and a sequence { fx}x=12,.. C L?(X)
satisfying
lim || fx — fillzr(x) = 0.
k,l—o00

Then we have a function f € LP(X) with the property
kli{l;o Ilfe — fllLe(x) = 0.
Proof: With the aid of Holder’s inequality we show the identity

im I(|fx — fil]) = 0.

k,l—o0

Here we estimate in the case p > 1 as follows:

I(|fi = fil) = I(|fi — fil - 1) < |l fi = fillpllLllg — 0.

The Lebesgue selection theorem gives us a subsequence k1 < ko < k3 < ...
and a null-set N C X, such that

lim fg, (2) = f(z), r€X\N

m—ro0

holds true. We observe that the function f is measurable. Now we choose
I > N(e) and ky,, > N(e), where || fx, — fill, < € for all k,I > N(e) is valid,
and we infer

I fr = A1) = W — Ailll i, < 2"

For m — oo, Fatou’s theorem implies the inequality
I(|f = fiP) <e”  forall 1> N(e)

and consequently
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If = fille(x) <€ forall [ > N(e).

Since LP(X) is linear and f; as well as (f — f;) belong to this space, we infer
f € LP(X). Furthermore, we observe

lim [|f = fill, = 0.
I=o0 q.e.d.

Definition 7.7. A measurable function f : X — R belongs to the class
L>®(X) if we have a null-set N C X and a constant ¢ € [0,+00) with the

property
[f(z)|<e  forall ze X\N.

We name

[flloe = [IfllL(x) = esssup |f(z)]
zeX

—inf {c >0 There exists a null-set N C X }

with |f(z)] <c forallz € X\ N
the L*°-norm or equivalently the essential supremum of the function f.
Remark: Evidently, we have the inclusion

L>X)c () rIx).
pE[l,+00)

Theorem 7.8. A function f € (| LP(X) belongs to the class L*°(X), if the
p>1

condition

limsup || f|| z»(x) < 400
p—ro0

is correct. In this case we have
I fll e (x) = plggo Ifllzexy < o0,

where the limit on the right-hand side exists.
Proof: Let f € () LP(X) hold true. When we assume f € L*°(X), we infer

p>1
0 <||flloo < 400 as well as

(1P =[PPt < AN ae on X,

Therefore, we obtain
1_4a a
1£llp < 1 fllse "1 fIlG
and finally
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lim sup [ [l < [[flloo < 400 (1)
p—00

In order to show the inverse direction, we consider the set
Ay = {:r X :|f(x) > a}

for an arbitrary number a < || f||. Therefore, A, does not constitute a null-
set. We obtain the estimate

+oo > limsup ||f|, > liminf|/f]|,
p—r00 p—roo

-

= liprgioréf (I(|f|p)> " > aliminf (M(Aa)) = a.

pP—o0

=

Now we infer
+ 00 > 11;r_1)ior<1>f|\f||p > [[flls (2)

and consequently f € L°°(X). These inequalities immediately imply the ex-

istence of

Corollary: Holder’s inequality remains valid for the case p = 1 and ¢ = oc.
Furthermore, Minkowski’s inequality holds true in the case p = co as well.

Definition 7.9. Let 1 < p < 400 be satisfied. Then we introduce an equiva-
lence relation on the space LP(X) as follows:

f~g <= f(x)=g(x) ae inX.

By the symbol [f] we denote the equivalence class belonging to the element
feLP(X). We name

£r(x) = {[f] : f e LX)}

the Lebesgue space of order 1 < p < +4oc0.

We summarize our considerations to the subsequent

Theorem 7.10. For each fixed p with 1 < p < +00, the Lebesgue space LP(X)
constitutes a real Banach space with the given LP-norm. Furthermore, we have
the inclusion

LN(X) D L(X)

for all1 <r < s < +oo. Moreover, the estimate

[fllerx) < Cry8) 1]

£5(X) forall fe LX)
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holds true with a constant C(r,s) € [0,4+00). This means, the mapping for the

embedding
P LX) — LX), fed(f)=f

is continuous. Therefore, a sequence converging in the space L°(X) is conver-
gent in the space L7(X) as well.

Proof:

1. At first, we show that £P(X) constitute normed spaces. Let us consider
[f] € LP(X): We have ||[f]]|, = 0 if and only if || f||, = 0 and consequently
f =0 ae. in X is fulfilled. This implies [f] = 0 and gives us the norm
property (N1). Minkowski’s inequality from Theorem 7.5 ascertains the
norm property (N2), where Theorem 7.8 provides the triangle inequality
in the space L*°(X). The norm property (N3), namely the homogeneity,
is obvious.

2. The Fischer-Riesz theorem implies completeness of the spaces LP for 1 <
p < 400. Therefore, only completeness of the space £>° has to be shown.
Here we consider a Cauchy sequence {f;} C L satisfying

I fx = filloo =0 for k,1— ooc.

We infer the inequality || fi|lcc < ¢ for all & € N, with a constant ¢ €
(0,400). Then we find a null-set Ny C X with |fi(z)| < ¢ for all points
z € X \ Ny and all indices k € N. Furthermore, we have null-sets Ny ;
with

e@) = (@) < i~ e for z€ X\ Ni

We define
N := Ny U U Ny
k,l
and observe

lim  sup |fx(z)— fi(z)]=0.
k,laoomeX\N

When we introduce the function

lim fp(z), z€ X\ N
f(x) =g koo € L=(X
(@) 0 , €N <
we infer
lim sup |fi(z)— f(z)|=0
k—oo gex\N
and finally

1. — oo == .
kggoﬂfk fllee(x)y =0
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3. Let us assume 1 < r < s < +00. The function f € L°(X) satisfies

151 = (205 0) < { (107) (u0) T} = (w00) 7 151

for all elements f € L*(X). q.e.d.

Definition 7.11. Let By and By denote two Banach spaces with By C Bs.
Then we say By is continuously embedded into By if the mapping

L : By — By, f=L(f)=f
is continuous. This means, the inequality

1B, < cllflls,  for all  f e By
holds true with a constant ¢ € [0,+00). Then we use the notation By — Bs.
Remarks:

1. The transition to equivalence classes will be made tacitly - such that we
can identify £P(X) and LP(X).

2. We have the embedding £5(X) < L"(X) for all 1 <r < s < 4o00.

3. On the space C°(X), we obtain with

Ifllo = sup [f(z)],  feCX)
reX

the supremum-norm which induces uniform convergence. With the LP-
norms || - ||, for 1 < p < 400, we have constructed a family of norms
which constitute a continuum beginning with the weakest norm, namely
the L'-norm, and ending with the strongest norm, namely the L>°-norm
or the C%norm, respectively. Exactly in the centrum for p = 2, we find
the Hilbert space H = L*(X).

Ezxample 7.12. Let the space
H = L*(X,C) = {f —g+ih: ghe LQ(X,R)}
be endowed with the inner product
(f1, fo)u == I(f1f2) for fj=g;+ih; €H and j=1,2.

Here we define I(f) = I(g+ih) := I(g)+iI(h). Then H represents a Hilbert
space.

In the sequel, we use the space of functions

M>(X) = {f € M(X) : sup |f(z)] < +oo} = M(X)NL®(X).
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Theorem 7.13. (Approximation of LP-functions)
Given the exponent p € [1,+00), the space M>°(X) lies densely in LP(X),
which means: For each function f € LP(X) and each e > 0, we have a function
fe € M°(X) satisfying

1f = fellr(x) <e.

Proof: Let € > 0 be given. We choose K > 0 and consider the truncated

function
f(x), z € X with |f(z)| < K

fex4r(x):=¢ —K, € X with f(z) < -K
+K, z € X with f(z) > +K
subject to the inequality
|f(@) = fok+x(@)]P < [f(2)]".

Furthermore, we have
lim |f(],‘) — f_K,+K($)‘p =0
K—o0
almost everywhere in X. Lebesgue’s convergence theorem implies

im I(|f - f-k+x[") =0,
K—oo

and we find a number K = K(g) > 0 with

I f(x) = fox4+rx(@)]p < %

According to Theorem 4.14 in Section4, the function f_jk yx possesses a
sequence {@g tr=12,.. C M(X) with |p(x)|] < K satisfying

or(r) — fox+x(x) a.e. in X.
The Lebesgue convergence theorem yields
||ffK,+K - <Pk||§ = I(|f7K.,+K —¢i’) —0

for k — co. Consequently, we find an index k = k(¢) with

g
| f-—k,+5 — Pkllp < >

The function f. := @) € M(X), which is uniformly bounded by K(c) on
X, satisfies

1f = fellp <IIf = fomarllp + 1 f-k ok = @reellp <
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Theorem 7.14. (Separability of LP-spaces)

Let X C R™ be an open bounded set and p € [1,400) the exponent given. Then
the Banach space LP(X) is separable: More precisely, there exists a sequence
of functions {¢k(x)}k=1,2,... C C§°(X) C LP(X) which lies densely in LP(X).

Proof: Let us consider the set

N
R:=(g(z)= Z Qiyi, Tl a5 € Q, N e NU{0}

1 yeenyin=0

of polynomials in R™ with rational coefficients. Furthermore, let
xj(z) : X — R e C5°(X), ji=1,2 ...

denote an exhausting sequence for the set X, which means

Xi(@) < xjp1(x), lim xj(z)=1 forall zeX.
j

— 00

Now we show that the denumerable set
D(X) = {h(z) = x;()g(a) : jEN, g€ R}

lies densely in LP(X). Here we take the function f € LP(X) and the quantity
e > 0 arbitrarily. Then we find a function g € M*°(X) with ||f — g, < e.
Now we infer

HWWﬂ%Z/M@—M@MWWM@
X

— [ (1= 5@) gte)P dut) — o

X

and consequently we find an index j € N satisfying [|g — x;9/, < €. Now the
function x;¢ has compact support in X. Via the Weierstraf§ approximation
theorem, there exists a polynomial h(z) € R such that sup,cx x;jlg—h| < d(¢)
is correct - with a quantity d(¢) > 0 given. Consequently, we find a polynomial
h(z) € R with the property

Ix;9 — x;jhll, <e.
This implies
1f = x5l < IIf —gllp + 9 = x59llp + Ix59 — x5hllp < 3e.

Consequently, D(X) lies densely in LP(X). q.e.d.
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8 Bounded Linear Functionals on LP(X) and Weak
Convergence

We begin with

Theorem 8.1. (Extension of linear functionals)
Take p € [1,+00) and let A : M>*(X) — R denote a linear functional with
the following property: We have a constant « € [0, 4+00) such that

AN < allfllerxy  foral fe M™(X)

holds true. Then there exists exactly one bounded linear functional A
LP(X) — R satisfying

|A| <a and A(f)=A(f) forall feM™(X).
Consequently, the functional A can be uniquely continued from M*°(X) onto
LP(X).

Proof: The linear functional A is bounded on {M>°(X), || | r(x)} and there-
fore continuous. According to Theorem 7.13 from Section7, each element
f € LP(X) possesses a sequence { fi }r=1,2... C M>(X) satisfying

||fk—f||Lp y =0 for k— oo

Now we define

A(f) = lim A(fi).

We immediately verify that A has been defined independently of the sequence
{fx}k=1,2,... chosen, and that the mapping A : L?(X) — R is linear. Further-
more, we have
[Alf=""sup  JA(f)l=  sup  JA(f)] <«
feLr, |Ifllp,<1 feme=, ||fllp<1
When we consider with A and B two extensions of A onto L? (X), we infer A=
Bon M *°(X). Since the functionals A and B are continuous, and M *(X)

lies densely in L?(X), we obtain the identity A=DBon LP(X).
q.e.d.

Now we consider multiplication functionals A, as follows:

Theorem 8.2. Let us choose the exponent 1 < p < +oo and with g € [1,4+00]

its conjugate exponent satisfying
1 1
-4+ -=1
p q

For each function g € LY(X) being given, the symbol Ay : LP(X) — R with
Ag(f)=1I(fg9),  feLP(X)

represents a bounded linear functional such that ||Ag|| = ||gllq holds true.
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Proof: Obviously, A, : LP(X) — R constitutes a linear functional. Hélder’s
inequality yields the estimate

[Ag(N)l = I(F)l < I([fllgD) < [ Fllpllgllq  for all - f e LP(X),

and we see
[ Agll < llgllq-

In the case 1 < p < 400, we choose the function

f(x) = g(x)|7 sign g(x)

and calculate

Ag(f) = 1(£9) = T (lg1#*1) = 1(|g|")

= lgllg = lglllglls = alla (7(71))” = lgllall /-

This implies

A
o0 gll,  and therefore 14, > gl o
£l
and consequently ||A,| = ||g||q for all 1 < p < +o0. In the case p = 400, we

choose
f(x) = signg(z)

and we obtain

Ag(f) = I(gsigng) = I(|g]) = llgllx [ [l
This implies

Ay(f)
1/ lloo

In the case p = 1, we choose the following function to the element g € LY(X) =
L>(X) and for all quantities € > 0, namely

=llgll ~ and therefore [[Ag[| = [[g][:-

1, z€ X with g(z) > ||lglle — e
fe(@) =< 0, 2 € X with |g(z)| < [lg]lc — € -
—1, 2 € X with g(z) < —[|glec + ¢

Therefore, we have

Ag(fe) = I(gfe) = (lglloe =)l felly  forall >0,

which reveals
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Ay(f)
1/l

Consequently, |Agll > ||lg]lco — € is correct and finally |44l = |g]lcc-  g-€.d.

> ||glloo — €

We want to show that each bounded linear functional on LP(X) with 1 <
p < oo can be represented as a multiplication functional A, via a generating
element g € L9(X), where p~1 4+ ¢~1 = 1 holds true.

Theorem 8.3. (Regularity in LP(X))
Let us consider 1 < p < +o0 and g € L*(X). Furthermore, we have a constant
a € [0,+00) such that

[Ag(NI =19l < alfll,  forall feM=(X) (2)
holds true. Then we infer the property g € LY(X) and the estimate ||gllq < a.
Proof:
1. At first, we deduce the following inequality from (2), namely

I(fo)l <allfllp for all f measurable and bounded. (3)

According to Theorem 4.14 from Section 4, the bounded measurable func-
tion f : X — R possesses a sequence of functions { fx}r=12,.. C M>(X)
with

fre(x) = f(x) ae.in X

and
sup | fx(z)| < sup|f(x)| =: c € [0, +00).
X X

Now Lebesgue’s convergence theorem yields
1(f9)] = Jim [1(feg)] < lim allill, = ol ],

2. Let us assume 1 < p < +00, at first. Then we consider the functions

X)) .= .
9:() 0 , z€ X with |g(z)] > &

{g(a:) , x € X with |g(z)| <k
Now the functions

fe(@) = |gu(@)|7 signge(z), =€ X,

are measurable and bounded. Consequently, we are allowed to insert fy ()
into (3) and obtain

1(frg) = 1(1gul#*1) = 1(lgnl?) = llgnl§

Then (3) implies
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1(f19) < ol filly = a(I(lgx]")7 = algulls

For £k =1,2,... we have the estimate

q_ﬂ
a>llgelly * = llgrllg, o > I(|grl|?)-
We invoke Fatou’s theorem and obtain
l9(x)|? *= liminf |g(2)|? € L(X)
k—o0
as well as

a? > I(|g|?) and consequently ||g|lq < .

3. Now we assume p = 1. The quantity € > 0 being given, we consider the
set

E:= {x eX :|g(x)] > a+5}.
We insert the function f = xgsigng into (3) and obtain

ap(E) = alflly = H(f9)] = (o + e)u(E).
This implies p(E) = 0 for all € > 0 and finally ||g||lec < a. q.e.d.

Until now, we considered only one Daniell integral I : M*°(X) — R as fixed,
which we could extend onto the Lebesgue space L'(X). When a statement
refers to this functional, we do not mention this functional I explicitly: We
simplify LP(X) = LP(X,I), for instance, or f(x) = 0 almost everywhere in
X if and only if we have an I-null-set N C X such that f(z) = 0 for all
x € X \ N holds true. We already know that

M™(X) € L®(X) € I'(X),  1<p< oo
is correct. Additionally, we consider the Daniell integral J.

Definition 8.4. We name a Daniell integral
J: M*(X) — R,

which satisfies the conditions (M1) to (M3) as well as (D1) to (D3) from
Section 7 and is extendable onto L*(X,J) D L (X), as absolutely continuous
with respect to I if the following property is valid:

(D4)  Each I-null-set is a J-null-set.

With the aid of ideas of John v. Neumann (see L.H. Loomis: Abstract har-
monic analysis), we prove the profound

Theorem 8.5. (Radon, Nikodym)
Let the Daniell integral J be absolutely continuous with respect to I. Then a
uniquely determined function g € L*(X) exists such that

J(f)=1(fg) forall feM™(X)
holds true.
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Proof:

1. Let f € L*°(X) be given, then we have a null-set N C X and a constant
¢ € [0, +00) such that

If(x)] <e forall =z e X\N

is valid. We recall the property (D4), and see that N is a J-null-set as
well, which implies f € L (X, J). A sequence { fr}r=12.. C L*(X) with
fe 40 (k— o0) ae. on X fulfills the limit relation

fitd0 J-ae.on X for k— o0

due to (D4). Now B.Levi’s theorem on the space L!(X,J) yields
lim J(fk) =0.
k—o0

Consequently, J : L*(X) — R represents a Daniell integral. Then we
introduce the Daniell integral

K(f) =15+ J(f), [el>X). (4)

As in Section 2 we extend this functional onto the space L'(X, K); here
the a.e.-properties are sufficient. We consider the inclusion L'(X, K) D
LP(X,K) for all p € [1, +00].

2. We take the exponents p, q € [1,+oc] with p~* +¢~! = 1 and obtain the
following estimate for all f € M (X), namely

[T < IS < K(1FD

< fllerex, k) 1M La(x, 1)

= (L) + @) | fll o (x)-

Therefore, J represents a bounded linear functional on the space LP(X, K)
for an arbitrary exponent p € [1,400). In the Hilbert space L?(X, K) we
can apply the representation theorem of Fréchet-Riesz and obtain

J(f) = K(fh)  forall fe M>(X) (5)

with an element h € L?(X, K). Now Theorem 8.3 - in the case p = 1 - is
utilized and we see the regularity improvement h € L*°(X, K). Since J is
nonnegative, we infer A(x) > 0 K-a.e. on X. Furthermore, the relation (4)
together with the assumption (D4) tell us that the K-null-sets coincide
with the I-null-sets, and we arrive at

h(z) >0 a.e.in  X.
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3. Taking f € M>°(X), we can iterate (5) and (4) as follows

J(f) = K(fh) =1(fh) + J(fh)
= I(fh) + K(fh?)
=I(fh) + I(fh*) + J(fh*) = ...,
and we obtain
l
J(f):I(thk>—|—J(fhl), 1=1,2,... (6)
k=1

Let us define
A= {:EEX : h(:c)Zl}

and f = xa. Via approximation, we immediately see that this element f
can be inserted into (6). Then we observe

l

+oo>J(f)2I<thk)2lI(XA) forall [ €N

k=1

and consequently I(xa) = 0. Therefore, the inequality 0 < h(x) < 1 a.e.in
X is satisfied and, moreover,

hi(z) 1 0 ae.in X for [ — oo. (7)

Via transition to the limit [ — oo in (6), then B.Levi’s theorem implies

J(f)y=1 (f ihk> for all fe€ M>(X),
k=1

when we note that f = f* — f~ holds true. Taking f(z) = 1 on X in
particular, we infer that

o) =3 W) 2 PO
k=1

is fulfilled. q.e.d.

Theorem 8.6. (Decomposition theorem of Jordan and Hahn)

Let the bounded linear functional A : M*>(X) — R be given on the linear
normed space {M>(X), |-}, where 1 <p < +00 is fized. Then we have two
nonnegative bounded linear functionals A* : M (X) — R with A = AT —A~;
this means, more precisely,

A(f)=AT(f)—A~(f)  forall feM>(X)
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with
AX(f)>0  forall feM>(X) with f>0.

Furthermore, we have the estimates
A=) < 2|4l AT < 3]1A].
Here we define

A= sup  JA(H), [IAF[I== sup  [AF(f)].
seM=, | fll,<1 FeM=, | fll,<1

Proof:
1. We take f € M>°(X) with f > 0 and set

A*(f) = sup {Alg) : g € M*(X), 0= g < [}.
Evidently, we have AT(f) > 0 for all f > 0. Moreover, the identity
A*(ef) =sup{Alg) : 0 g<cfp =sup{A(cg) : 0= g < ff

:csup{A(g) : 0§g§f}z€A+(f)
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for all f > 0 and ¢ > 0 holds true. When we take f; € M°°(X) with

fj =20 - for j=1,2 - we infer
A (fr) + AT (f2)
= sup {A(gl) :0<g1 < fl} +SUP{A(92) :0<g2 < fz}
:sup{A(g1 +92) :0< g1 < f1, 0< g2 sz}
< sup {A(Q) 0<g<fi+ f2} = AT (fi + f2).
Given the function g with 0 < g < f; + f2, we introduce

g1:=min(g, f1) and go:=(g— f1)".

Then we observe g; < f; for j = 1,2 as well as g1 + g2 = g. Consequently,

we obtain
AY(fr+ f2) S AT () + AT (f2)

and finally
AT(fu+ f2) = AT (f1) + AT (f2).

Furthermore, the following inequality holds true for all f € M*°(X) with

f >0, namely
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IN

A% ()] = |sup {A(g) : g € M=(X), 0= g

i}
)
<sup {J1Allgll, = 9 € M*(X), 0< g < £}

< AN
2. Now we extend AT : M*°(X) — R via

IA

<sup {|A(g) s g€ M™(X), 0<g

M®(X)5 f(z) = f*(2) = f~(x)  with f*(2)20

and define

AT(f) = AT(fT) = AT (f7).
Consequently, we obtain with AT : M*°(X) — R a bounded linear map-
ping. More precisely, we have the following estimate for all f € M (X):

AT < AT+ AT ()]
< ALy + 17 1) < 20 Al 1F1lp-

This implies ||AT|| < 2|A].
3. Now we define

AT(f) == AT(f) — A(f) for all fe M*>(X).
Obviously, A~ represents a bounded linear functional. Here we observe
(A < TATHOI+TAD] < 20 Al 11l + ALl

and consequently ||A~]| < 3||A||. Finally, the inequality

AT(f) = AT = A() = sup {Alg) - 0 g < f} —A(f) 20

for all f € M*°(X) with f >0 is satisfied. q.e.d.

Theorem 8.7. (The Riesz representation theorem)
Let 1 < p < 400 be fized. For each bounded linear functional A € (LP(X))*
being given, there exists exactly one generating element g € L1(X) with the
property

A(f) =I(fg) forall f € LP(X).
Here the identity p~' + ¢~' = 1 holds true for the conjugate exponent q €
(1, +o0].

Proof: We perform our proof in two steps.
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1. Uniqueness: Let the functions g1, g2 € L9(X) with

A(f) =I(fg1) = I(fg2) ~ forall fe LP(X)

be given, and we deduce
= I(f(91 - 92)) for all f e LP(X).

We recall Theorem 8.2 and obtain 0 = [|g1 — g2||ze(x), which implies
g1 = g2 in LYX).
2. FEzistence: The functional A : M*°(X) — R satisfies

AN < allfll,  forall feM=(X) (9)

with a bound « € [0,400). The decomposition theorem of Jordan-Hahn
gives us nonnegative bounded linear functionals A* : M (X) — R satis-
fying
|A%|| < 3||A|| <3a and A=At — A"

Here the space M*°(X) is endowed with the | - ||,-norm. In particu-
lar, we observe |AT(f)] < +oo for f(z) = 1, € X. A sequence
{fr}r=1,2,.. C M>(X) with fr | 0 in X converges uniformly on each
compact set towards 0, due to Dini’s theorem. Then we arrive at the

estimate
|Ai(f;c)|§3a\|f;€||p—>0 for k — oo.

With A* we have two Daniell integrals, which are absolutely continuous
with respect to I. When N namely is an [-null-set, we infer

A% (xw)| < Ballxwl, = 0.

Therefore, N is a null-set for the Daniell integrals A* as well. The Radon-
Nikodym theorem provides elements g™ € £!(X) such that the represen-

tation
AT (f) = I(fg") for all fe M*(X)

holds true. This implies
A(f) = AT(f) = A~(f)
=I(fg")—1(fg")
=1I(fg) for all fe M*(X),

when we define g := gt — g~ € £}(X). On account of (9) our regularity
theorem yields g € £9(X). When we extend the functional continuously
onto LP(X), we arrive at the representation

A(f)=1(f9g) for all f e LP(X)

with a generating function g € £L9(X). q.e.d.
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Now we address the question of compactness in infinite-dimensional spaces of
functions.

Definition 8.8. A sequence {x}r=12.. C B in a Banach space B is called
weakly convergent towards an element x € B - symbolically x;, — x - if the
limit relations

klggo Azy) = A(z)

hold true for each continuous linear functional A € B*.

Theorem 8.9. (Weak compactness of LP(X))
Let us take the exponent 1 < p < 4+o00. Furthermore, let { fx}x=12... C LP(X)
denote a bounded sequence with the property

| fellp < ¢ for a constant c € [0,+00) and all indices k € N.

Then we have a subsequence { f, }1=1,2,... and a limit element f € LP(X) such
that fr, — f in LP(X) holds true.

Proof:

1. We invoke the Riesz representation theorem and see the following: The
relation f; — f holds true if and only if I(f;g) — I(fg) for all g € L(X) is
correct; here we have p~!4+¢~! = 1 as usual. Theorem 7.14 from Section 7
tells us that the space LY(X) is separable. Therefore, we find a sequence
{gm}m=1,2,.. C LYX) which lies densely in L?(X). From the bounded
sequence {fx}r=1,2,.. C LP(X) satisfying || fx||, < c for all k € N, we now
extract successively the subsequences

{ite=12,. 2 {frohi=e.. 2 {fiohi=ie.. D
such that
im I(f,omgm) =t am € R, m=1,2,....
l—o00 i

Then we apply Cantor’s diagonalization procedure, and we make the tran-
sition to the diagonal sequence fi, := fkfl)’ [=1,2,.... Now we observe
that

llir&](fklgm) =, m=12...

holds true.
2. By the symbol

There exist N € Nand ¢1,...,cy €R
N

and 1 <1 < ... <iy <400 Withg:ZCink
k=1

D:=<ge LX) :
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yees

Obviously, the limits
A(g) == llim I(fr,9) forall geD
—00

exist. The linear functional A : D — R is bounded on the space D which
lies densely in L9(X), and we have, more precisely,

|A(g)| < cllglly forall geD.

As described in Theorem 8.1, we continue our functional A from D onto
the space L?(X), and the Riesz representation theorem provides an ele-
ment f € LP(X) such that

A(g) = I(fg) for all g € LY(X).
3. Now we show that fy, — f in LP(X) holds true. For each element g €
L9(X) we find a sequence {g;};=12,. C D satisfying
g% lim g, € LIY(X).
J—00
Then we obtain

[1(f9) = I(frg)| < I(f(g = g+ L((f = fr)g)| + [1(fr, (95 — 9))]

< 2Cg = gjillq + I((f = fr)gi)| < €
for sufficiently large - but fixed - j and the indices [ > [j. q.e.d.
Remarks:

1. Similarly, we can introduce the notion of weak convergence in Hilbert
spaces. Due to Hilbert’s selection theorem, we can extract a weakly con-
vergent subsequence from each bounded sequence in Hilbert spaces. How-
ever, it is not possible to extract a norm-convergent subsequence from an
arbitrary bounded sequence in infinite-dimensional Hilbert spaces. Here
we recommend the study of Section 6 in Chapter 8, in particular the first
Definition and Example as well as Hilbert’s selection theorem.

2. We assume 1 < p; < ps < +00. Then the weak convergence fr — f in
LP2(X) implies weak convergence fi, — f in LP*(X), which is immediately
inferred from the embedding relation LP?(X) < LP*(X).

Theorem 8.10. The LP-norm is lower semicontinuous with respect to weak
convergence, which means:

fo— fin LX) = [|Ifll, < Uminf{| fi[],.
—00

Here we assume 1 < p < +o0o for the Hélder exponent.
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Proof: We start with fr — f in LP(X) and deduce
I(frg) = 1(fg) for all g e LY(X).

When we choose .
g(x) == |f(x)[sign f(z) € LY(X),

we infer

1(filfl¥sign f(@)) = 1(£17) = |11

with p~! + ¢! = 1. For all quantities € > 0, we find an index kg = ko(¢) € N
such that

1415 — e < 1 (il Esian o)) < 1(15el 111%)

P
q

< 1l (T0S17)) " = 1fello 1)

holds true for all indices k > ko(¢). When we assume || f||, > 0 - without loss
of generality - we find to each quantity € > 0 an index ko(g) € N such that

flly = 1f1lp = (1f1,) "7 forall k> ko(e)

is correct. This implies

hkrgloréf Il fellp = 11f1lp- q.e.d.

9 Some Historical Notices to Chapter 2

The modern theory of partial differential equations requires to understand
the class of Lebesgue integrable functions — extending the classical family
of continuous functions. These more abstract concepts were only reluctantly
accepted — even by some of the mathematical heroes of their time. A beautiful
source of information, written within the golden era for mathematics in Poland
between World War I and 1I, is the following textbook by

Stanistaw Saks: Theory of the Integral;, Warsaw 1933, Reprint by Hafner Publ.
Co., New York (1937).

We would like to present a direct quotation from the preface of this mono-
graph: “On several occasions attempts were made to generalize the old process
of integration of Cauchy-Riemann, but it was Lebesgue who first made real
progress in this matter. At the same time, Lebesgue’s merit is not only to
have created a new and more general notion of integral, nor even to have
established its intimate connection with the theory of measure: the value of
his work consists primarily in his theory of derivation which is parallel to
that of integration. This enabled his discovery to find many applications in
the most widely different branches of analysis and, from the point of view of
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method, made it possible to reunite the two fundamental conceptions of in-
tegral, namely that of definite integral and that of primitive, which appeared
to be forever separated as soon as integration went outside the domain of
continuous functions.”

The integral of Lebesgue (1875-1941) was wonderfully combined with the
abstract spaces created by D. Hilbert (1862-1943) and S. Banach (1892-1945).
When we develop the modern theory of partial differential equations in the
next volume of our textook, we shall highly appreciate the great vision of the
words above by Stanistaw Saks — written already in 1933.

Figure 1.2 PORTRAIT OF STEFAN BANACH (1892-1945)
taken from the Lexikon bedeutender Mathematiker edited by S. Gottwald,
H.-J.Tlgauds, and K.-H. Schlote in Bibliographisches Institut Leipzig (1988).




Chapter 3

Brouwer’s Degree of Mapping

Let the function f : [a,b] — R be continuous with the property f(a) < 0 <
f(b). Due to the intermediate value theorem, there exists a number & € (a,b)
satisfying f(£) = 0. When we assume that the function f is differentiable and
each zero € of f is nondegenerate - this means f’(£) # 0 holds true - we name
by

i(f,8) = sgn f'(§)

the index of f at the point £&. We easily deduce the following index-sum formula
Y. o=t
£€(ab): £(£)=0

where this sum possesses only finitely many terms. In this chapter we intend
to deduce corresponding results for functions in n variables. We start with the
case n = 2, which is usually treated in a lecture on complex analysis.

1 The Winding Number

Let us begin with the following

Definition 1.1. The number k € Ny := NU {0} being prescribed, we define
the set of k-times continuously differentiable (in the case k > 1) or continuous
(in the case k = 0) periodic complex-valued functions by the symbol

I, = {gp:cp(t) ‘R — CeC*R,C) : o(t+2n)=p(t) forallt ER}.

Now we note the following

Definition 1.2. Let the function ¢ € I'y with p(t) # 0 for all t € R be given.
Then we define the winding number of the closed curve p(t), 0 <t < 2w with
respect to the point z = 0 as follows:

F. Sauvigny, Partial Differential Equations 1, Universitext, 175
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W(p) = W(p,0) = 5

[}
\2‘3
€ |6
==
QL
~

27 27
1 [ o) 1 [d
. -~ [ 2
omi / o0 T o dt( o8 ‘p(t)> dt
0 0
27 d
— o7 | i (loeleO)] + dargeo(t)) .

0
Therefore, we obtain

27
1 d 1
Wie) = 5 [ 4 (o) de = 5 (argp(zn) - argo(0)).
0
where we have to extend the function arg p(t) along the curve continuously.
The integer W () consequently describes the number of rotations (or wind-

ings) of the curve ¢ about the origin.

Theorem 1.3. Let the function ¢ € Iy with o(t) # 0 for all t € R be given.
Then we have the statement W (y) € 7Z.

Proof: We consider the function

—
ﬁ\
©

oW
)
~_

o
AN
-
A
o
)

B(t) = p(t) exp (—
0

We observe

()= e (- / Zo e {pwren(- 25} =0

for all 0 <t < 27 and consequently @(t) = const. In particular, we see

(0) = #(0) = 2(27) = p(2m) e - / 28 a)
and therefore
exp (72/((5)) ds) =1 as well as 72,((5)) ds = 2mik, k € Z.

0 0
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This implies W () =k € Z.
q.e.d.

Proposition 1.4. For the functions @g, 01 € I'1 we assume |po(t)] > € and
loo(t) — @1(t)] < e, t € R with a number € > 0. Then we have the identity

W(po) = W(p1).
Proof: Witht € R, 0 <7 <1 we consider the family of functions
Pr(t) = @(t,7) := (1 = 7)o (t) + Tp1(t) = @o(t) + (1 (t) — po(t)).
These have the properties
lo(t, 7)| = lpo(t)] — Tle1(t) — wo(t)] > e —7e >0
as well as

©(t,0) = @o(t), ot 1) =¢1(t) for all teR.

Furthermore, we note that

1 Fen 1 T nen el
Wi = oo [ 5 = | (L= 7)polt) + rer()

with an integrand which is continuous in the variables (¢,7) € [0, 27] x [0, 1].
Therefore, the winding number W(®,) is continuous in the parameter T €
[0,1] and gives an integer due to Theorem 1.3. Consequently, the identity
W(p,) = const holds true, and we arrive at the statement W (pg) = W(p1)
from above.

q.e.d.

We shall now define the winding number for continuous, closed curves as well.
From Proposition 1.4 we immediately infer the subsequent

Proposition 1.5. Let {¢}r=12... C It denote a sequence of curves with
wr(t) # 0 for allt € R and k € N, which converge uniformly on the inter-
val [0, 27] towards the continuous function ¢ € Iy. Furthermore, we assume
©(t) #0 for all t € R. Then we have a number ko € N such that

Wipr) =W(p)  forall k,1>ko
holds true.

Definition 1.6. Let us consider the function ¢ € Iy with @(t) # 0 for all
t € R. Furthermore, let the sequence of functions {p}r=102.. C I1 with
or(t) #0 for allt € R and k € N be given, which converges uniformly on the
interval [0, 27] towards the function ¢ as follows:
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lim @i (t) = (1) for all t € [0,2n].
k—o0

Then we define
W(p) = lim W(pg).

Remark: The existence of such a sequence for each continuous function ¢ € Iy
can be ascertained by the usual mollification process. We still have to show
that the limit is independent of the choice of an approximating sequence
{@k}tk=12,.. C Iy. Taking two approximating sequences {@y}r=12,. and
{@k tk=12,.., we make the transition to the mixed sequence

©1, 1,92, P2y - = {VkIh=1,2,...

and Proposition 1.5 yields

lim W(pg) = lim W () = lim W(epx).
k—o0 k— o0 k—o0

From Theorem 1.3 and Proposition 1.5 we infer the inclusion W(y) € Z for

(RS FQ.

Theorem 1.7. (Homotopy lemma)
Let the family of continuous curves ®,(t) = p(t,7) € Iy for 7~ <7 < 77F be
given. Furthermore, we have ¢(t,7) € C°([0,27] x [r7,7F],R?) and

o(t,7) #0 forall (t,7)€[0,27] x [r~,7T].
Then the winding numbers W (®,) in [7~, 7] are constant.

Remark: The family of curves described in the theorem above is named a
homotopy. Therefore, the winding number is homotopy-invariant.

Proof of Theorem 1.7: On account of the property ¢(t,7) # 0 and the com-
pactness of the set [0,27] X [77,7%], we have a number € > 0 such that the
inequality |¢(t,7)| > € for all (¢,7) € [0,27] x [r~,77"] holds true. Since the
function ¢ is uniformly continuous on the interval [0,27] x [r7, 77|, we have
a number §(¢) > 0 with the property

lo(t, 7%) —@(t, 7)) < e for all ¢e€0,2n], if |[7" — 7" < d(e).

With the symbols {¢} br=12,.. C I't and {¢}* }k=1,2,.. C I, we consider two
approximating sequences such that

lim ;(t) = p(t,7*) and klim e (t) = @(t, ™) for all ¢ € [0,2n7]
—00

k—o0

hold true. Then we have an index ky € N such that the following estimates
are valid for all £ > kq:
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@] > e, e ()] > e, [ep(t) =@ (t)] <e  forall tel0,2n].

Proposition 1.4 now yields W(py) = W(g;*) for all indices k& > ko, and we
infer

W(Dr+) = W(Drux) forall 7%, 7** € [r~,77] with |7 — 71" < d(e).

Since the quantity d(¢) does not depend on 7*,7** and the interval [77, 7]
is compact, a continuation argument gives us the identity W (®,) = const for
all parameters 7 € [77,77].

q.e.d.

Theorem 1.8. Let the disc
BR::{ZE(C: |z|§R}

and the continuous function f : Bgr — C be given for a fized radius R > 0.
The boundary function p(t) := f(Re') may fulfill the condition

o(t) #0 for 0<t<2m,

and the winding number of ¢ satisfies W(p) # 0. Then we have a point
2« € Br with f(z.) = 0.

Proof: We assume that f did not have any zero in Bg. Then we consider the
following homotopy:

D,(t) == f(re'), 0<t<2m, 0<7<R.
With the aid of Theorem 1.7 and the identity $¢(t) = f(0) = const, we infer
0=W(P) =W(Pr)

in contradiction to the assumption W(®g) = W(p) # 0. q.e.d.

Theorem 1.9. (Rouché)
The radius R > 0 being fixed, let fo, f1 : Bk — C denote two continuous
functions with the property

|f1(2) — fo(2)] < |fo(%)] for all z € 0Bp.
The curve po(t) = fo(Re') satisfies the condition

wo(t) #0 for 0<t<2m aswellas W(pp) # 0.

Then we have a point z, € B with f1(z.) = 0.
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Proof: We set ¢ (t) := fi(Re®), 0 <t < 27, and consider the homotopy
D, (t) = p(t,7) = (1 — T)po(t) + T1(t), 0<t<2m.
Note that
lo(t, )| = lo(t) + 7(1(t) = po(t))]
> [eo(t)] = la(t) — wo(t)] > 0

for all (¢,7) € [0,27] x [0,1] holds true, and the homotopy lemma yields

W(p1) = W(gpo) # 0. According to Theorem 1.8, there exists a point z, € Br

q.e.d.

Theorem 1.10. (Fundamental theorem of Algebra)
Each nonconstant complex polynomial

f(2)=2"4+an 12" +... +ao
of the degree n € N possesses at least one complex zero.

Proof: (C.F.Gauf)
We set fo(z) := 2", z € C and consider the following function for a fixed
R > 0, namely

©o(t) := f(Re™) = R"e™, 0<t<2m.

We calculate

2

2 / n Rn int

1 t 1 ) ‘e’
/%Udt e e
0

Wi(po) = 5— ©o(t) = o Rneint
0

We choose the radius R > 0 so large that all points z € C with |z| = R fulfill
the subsequent inequality:

o) = B* > 1£(2) = fol2)] = lan—12""" +... + aql.
Using the theorem of Rouché, we then find a point z, € C with |z.| < R such

that f(z.) = 0 is satisfied.
q.e.d.

Theorem 1.11. (Brouwer’s fixed point theorem)
Let f(z) : Bg — Bgr denote a continuous mapping. Then the function f
possesses at least one fixed point: This means that we have a point z, € Bg

satisfying f(z«) = 2«.
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Proof: We consider the family of mappings
g(z,7) =z —1f(2), z€ Bgr, T€][0,1).
For all points z € 0Bg we have
l9(z,7)| = |z| = 7|f(2)| = R(1 —7) > 0.

Now we apply Rouché’s theorem on the function fo(z) := z, with the bound-
ary function ¢q(t) = Re®, and on the function fi(z) := g(z,7), for a fixed

parameter 7 € [0,1). Then we find a point z, € Br - for each parameter
7 € [0,1) - with the following property:

0= fl(z'r) = Zr 77_.}0(27')'

For the parameters 7, =1 — % with n = 1,2, ..., we obtain the relation

(1—%)]”(2,1):%, n=12...

abbreviating z, := z,, . Selecting a subsequence which converges in Bpg, the
continuity of the function f gives us the limit relation

2 i= lim z,, = lim 7,, f(zn,)
k—o00 k—o0

= Jim S = 1) ed

Definition 1.12. Let z € C denote an arbitrary point, and the function ¢(t) €
I'y may satisfy the condition ¢(t) # z for all t € R. Then we name

W(p,z) = W(p(t) - 2)

the winding number of the curve ¢ about the point z.

Theorem 1.13. Let the function ¢ € Iy with the associate curve
vi={pt)eC: 0<t<2m}

be prescribed. Furthermore, let the domain G C C\ v be given. Then the
following function

P(2) :=Wl(p,2), z2€G

is constant. If the domain G contains a point zy with |zg| > max{|e(t)] : 0 <
t < 27}, then we have the identity
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Proof:

1. Let 2y and z; denote two points in G, which are connected by the contin-
uous path

z=2z2(1):[0,1] = G with  2(0) = 20, 2(1) = 2.
We consider the family of curves
or(t) == p(t) — 2(7) # 0, tel0,2n], Te€l0,1].
The homotopy lemma implies
const = W(pr) = W(p —2(1)) = W(p,2(7)),  7€l0,1],

and consequently Wy, z9) = W(p, z1) for arbitrary pairs zg, 21 € G.
2. If we have a point 2y € G with the property |zg| > max{|p(t)| : 0 <t <
27}, we consider the following path

2(r) = —

=0 T€[0,1)

satisfying the condition z(7) & ~ for all 7 € [0, 1) . Now we comprehend the
identity Wy, z(7)) = const for 7 € [0,1). With the assumption ¢ € I7,
we deduce the relation

lim W(y, z(r)) = lim L/%dt =0.

71— T—1— | 2m1

The functions ¢ € I7 consequently fulfill W(p,z(7)) = 0 for all 7 €
[0,1) and finally W (¢, 29) = 0. Via approximation, we deduce the identity
W (e, 20) = 0 for the functions ¢ € Iy as well.

q.e.d.
Definition 1.14. Let the continuous function
f=7fz):{z€C: |z—2|<e} =>C with z€C and e9>0

be given, which possesses an isolated zero at the origin zy in the following
sense: We have the relations

f(z0) =0 and f(2)#0 for all points 0 < |z — 20| < &p.
Then we define the index of f with respect to z = zg as follows:
i(f, z0) == Wi(yp) with  @(t) := f(z0 + ee™), 0<t<2m 0<e<Le.

Remark: On account of the homotopy lemma (Theorem 1.7), this definition
is justified because W (y) does not depend on ¢.
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Ezample 1.15. Let the function f(z) be holomorphic with an isolated zero at
the point zg. Then f admits the representation

f(z) =(z—20)"g(z) with the integer n €N,

where the function g(z) is analytic and g(zp) # 0 holds true. This implies the
identity
i(f,20) =i((z — 20)",20) =m €N.

Ezample 1.16. An antiholomorphic function f(z) (that means f(z) is holo-
morphic) with the property f(z9) = 0 admits the representation

f(2) = (2= 2)"9(2)-
Here the function g(z) is analytic and g(Zp) # 0 holds true. The index of f
with respect to zy satisfies the identity

Z(f, ZO) =-n € —N.

Theorem 1.17. (Index-sum formula)
The function f € C?*(Bg,C) has the boundary function p(t) := f(Re') # 0,

t € [0, 2x]. Furthermore, this function f possesses in B the mutually different
zeroes zj, with their associate indices i(f,zr), k = 1,...,p and their total
number p € Ng. Then we have the identity

Z’L f7Zk:

k=1
Proof:
1. We set

F(xay) = 1ng(l‘7y)a (l‘,y) EBR
and calculate

1 o) 1 27T%f(Re“)
0

27
1 [ fo(Re™)(=Rsint) + f,(Re)(Rcost)
- / e dt

0
= %{Fdeery}_—?{dF
27i

with the Pfaffian form dF = F,(z,y)dz + Fy(x,y)dy. Here the boundary
0Bp is described in the mathematically positive sense.
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2. The sufficiently small quantity € > 0 being given, we consider the domain
[e]
2(e) := {z €EBRr: |z—zk| >¢ for k= 1,...,p}.
Setting
@k(t) = f(zk+5€it)7 O§t§2’ﬂ', kzla"wPu

we deduce

1
W(ka):% f dF7 k:17"'7p7

|z—z|=¢

similarly as in part 1 of our proof. Here the curves |z—zx| = € are described
in the mathematically positive sense. The Stokes integral theorem yields

P P
W(p) =D ilfiz) = W) = > Wipr)
k=1 k=1
P
R O IF
21 211
OBr k=1 |z—z)|=¢
1 1
= dF = — ddF
211 271
0902(e) 2(e)
=0 q.ed

2 The Degree of Mapping in R”

J.L.E. Brouwer introduced the degree of mapping in R™ by simplicial approxi-
mation within combinatorial topology. When we intend to define the degree of
mapping analytically, we have to replace the integral of the winding number
by (n—1)-dimensional surface-integrals in R (compare G.de Rham: Varietés
differentiables). E.Heinz transformed the boundary integral for the winding
number into an area integral and thus created a possibility to define the de-
gree of mapping in R™ in a natural way. We present the transition from the
integral of the winding number to the area integral in R? in the sequel:

Let the radius R € (0, +00) and the function f = f(z) € C?(Bg, C) satisfying
o(t) := f(Re) # 0, 0 <t < 27 be given. We choose ¢ > 0 so small that
e < |p(t)] for all ¢ € [0,27] holds true. Now we consider a function
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with 0 < § < ¢, and we investigate the integral of the winding number

2miW () = 7{ {J;fdx—k?dy} = de

0BR 0BR

= § DG = § (i)

aBR 6BR

with
F(z,y) = log f(x,y) + 2wik, keZ.

We remark that F' is only locally defined, whereas the differential dF is glob-
ally available. The 1-form

1/J(|f($ay)|)dF($7y)a (‘T>y) € BR

belongs to the class C(Bg), and we determine its exterior derivative. Via the
identity

(v i@y} = v (f@n) {(7- DY) det (DY) dv)

_ ¢Syl

= 2lf(z, ) {f(fwdﬂfydy)+7(fwdx+fydy)}

we obtain

a{v(f)ar} = a{w( )} ndr

_ % [(Fada + T, dy) + (o do + 1, dy)
A {%(fm dz + f, dy)}

_ %{fxdx—kfydy}/\ {fodz+ f,dy}

= I (o n gy dy) - (Foda A Fy )}

= Il ).

When we set f = u(x,y) + iv(z,y) as usual, we observe
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{ (|f|)dF} Mlm{(um—z’vx)d;v/\(uy—i—ivy)dy}
—iM UgVy — Vgply ) dT
= gl ety T ) ANy

(£ (2. 9)]) Ou,v)
)| Ay Y

The Stokes integral theorem therefore yields
/
//1/) Ifxy OWV) vy,
[f(z,y)l O(x,y)

with ¢ > 0 and note that

V()
4

Now we define w(t) :=

holds true. Let us choose a function w(t) € CY([0, +o0), R) with the following
properties:

(a) We have w(t) = 0 for all ¢ € [0,0] U [, +00);

(b) The condition /gw(g) do =1 holds true.
0

Then we observe

— 5 [ sy dsdy

Via the transition

we obtain the normalization

) //&1(|z\)dxdy =1 with z = z + 4y,
R2

- //w(lf(x’y)UJf(%y)dazdy,
By

These considerations propose the following definition for the degree of map-
ping in R™, namely

and we see
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Definition 2.1. Let {2 C R™ denote a bounded open set in R™, and let us take
the function

f = (fl(xlv s an)w . '»fn(xla cee 7xn)) € Ck(QaRn) OCO(§7RH)

for k € N with the property f(x) # 0 for all points x € 912. Given the inequal-
ity 0 < e <inf {|f(z)| : = € ON}, we consider a function w € C°([0, +00), R)
with the following properties:

(a) We have w(r) = 0 for all r € [0,0] U [e,+00), with § € (0,¢) chosen
suitably;
(b) We require the condition

[ty =1.

Rn

Then we define Brouwer’s degree of mapping for f with respect to y = 0 as
follows:

A7, 2) = d(£,2.0) = [ (5 @)y @)
2

Here we denote by

_ i fn)

o) x €S2
R R £

the Jacobian of the mapping f.
Remarks:

1. Introducing n-dimensional spherical coordinates due to
y=mn=(n,...,rp,) € R" with >0, |n| =1,

we comprehend

/ w(lyl) dy = & / (e dr,
R™ 0

where the symbol &,, means the area of the (n—1)-dimensional unit sphere
in R™.

2. We still have to establish the independence of the quantity d(f, {2) from
the admissible test function w chosen.

The subsequent result is fundamental.

Theorem 2.2. Let 2 C R™ denote a bounded open set - with n € N - and
consider the function f € C1(2,R™) N C°(2,R") satisfying |f(x)] > & > 0
for all points x € 02. Furthermore, let w(r) € C°([0,+00)) represent a test
function with the following properties:
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(a) w(r) =0 for allr € [0,6] U[e, +00), 0 < § < ¢&;

(b)/ = 0.

Then we have the identity
[ w1t @ stz s =o.
Q

Proof:

1. It is sufficient to show the identity above only for those functions f €
C%(2,R") N C°(£2,R"). By approximation this relation pertains to all
functions f € C1(£2,R") N CO(2,R").

2. Let us consider the function

f@@) = (fi(z),..., fa(2)) € C*(2,R") N C°(2,R")
and an arbitrary vector-field

a(y) = (a1(y), .-, an(y)) € C'(R",R").

Then we introduce the (n — 1)-form

n

A=Y (=D)"ai(f(@) dfy A ANdficy Ndfiga A A df.

i=1

With the aid of the identity

G =3 L 0ai (s(an 20k gy,
d{az(f(l”))}—; i (it f())) do; = > o @) 5,0 4o,
n 31'
=5, UG di

B
Il

1

we determine the exterior derivative

n

A= (=1 d{ai(f(@)} Adfs Ao Adfioy Adfipa A A dfy

i=1

= gz (f@)dfs A A fo = diva(f(z)) Jp(z)dor A .. Ada,.
i=1 7

3. Now we choose the vector-field a(y) such that w(|y|) = diva(y) holds true.
Via the function 1 (r) € C2(0, +00), we propose the ansatz a(y) := ¥(|y|)y
and realize
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wllyl) = diva(y) = nlyl) + /(o) (v 1) = mo () + byl ().

Using r = |y|, we obtain the differential equation

“) _ iy 4 n20) _ ()

r r rr

with the solution

We note that () = 0 for all » € [0,6] U [e, +00) holds true.
4. With the (n — 1)-form

S

o)) S ()T fi@) dfs A Adfici Adfi A Adf € CH(R)

i=1
we consequently obtain
dA=w(|f(@)])Jr(z) dzy A ... A day,.

The Stokes integral theorem now yields

/w(|f(a:)|)Jf(x) oy Ao A day = /d)\ ~0.
2 2 q.e.d.

Corollary from Theorem 2.2: Definition 2.1 is independent from the choice
of the test function: Let wy,ws represent two admissible test functions: The
function wy may satisfy the condition (a) from Definition 2.1 with d; € (0, ¢),
and the function ws may fulfill the condition (a) with d2 € (0,¢). Then we
have the identity

oo

/r"fl(wl(r) —wo(r))dr =0, (w1 —we)(r)=0 for re0,0]Ule,+00)
0

with § := min{dy, 2} € (0,¢). Theorem 2.2 yields

[ (5@ - walls@)D) Jytz)de =0

2

and consequently

/ w1 (1 (@)]) Ty (x)da = / w1 ()]) Iy (x)da

2 2 q.e.d.

In order to prepare the homotopy lemma we prove
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Proposition 2.3. Let the two functions fi, f» € C1(2,R") N C°(2,R") sat-
isfy |fi(x)| > Be with i = 1,2 for all points x € Of2. Furthermore, let the
inequality

|f1(z) — fa(x)| <& for all points = € 2

be valid. Then we have the identity
d(f17 ‘Q) = d(an ‘Q)
Proof: Let A = A(r) € C*([0,+00),[0,1]) denote an auxiliary function such
that
1,0<r <2
Alr) = .
0,3¢<r
Then we consider the function
fa(@) = (1= A(@D)) @) +A(A @) fola), @€ 2,
We note that f3 € C*(£2,R") N C°(2,R") and
|f3(x)] > 4e for all points x € 912
as well as
fs(@) = fil@) < (1= A(A@D))fa(@) = fil@)]
A A @) f2(2) = filz) <&, zeQ with i=1,2

hold true. Now we observe

B fi(z) for all z € 2 with |f1(z)| > 3¢
Flo) = fo(z) for all z € 2 with |fo(z)| <&

Let the symbols wi(r) € CJ((3¢,4¢),R) and wy € CY((0,¢€),R) denote two
admissible test functions. Then we infer the identities

wi(lfi(@))) g, (2) = wi([fs(@)]) T gy (2),  x €82,

and
wa([f2(2)) I (2) = wa(lf3(x)) s (), x € L.

An integration immediately yields

d(f1,0) = / o (2 (@) Ty, (@) do = / w1 (|fs(@)]) Iy, () da
(] (9]
- / wa (| fs(@)]) T, (2) d = / wa(|2(@)) gy (2) d = d(f, 2).
7] Q q.e.d.

Proposition 2.3 directly implies
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Proposition 2.4. Let the function f : 2 — R" € C°(2,R") be given with
the property f(x) # 0 for all x € 052. Furthermore, let

{fetr=12.. C CHR,R")NC°(2,R")
denote a sequence of functions satisfying
fe(z) #0 forall x €082 andall keN,

such that the convergence

lim f.(z) = f()

S
is uniform in 2. Then we have an index ko € N such that the identities
d(fi,$2) = d(f1, 2) for all k,1>ko
are valid.
On account of Proposition 2.4 the following definition is justified.

Definition 2.5. Let the function f(x) € C°(2,R™) with f(x) # 0 for all
z € O0f2 be gz'ven._Furthermore, let the sequence of functions {fx}r=12.. C
CL(£2,R™) N C°(2,R™) be given with the property

fe(x) #0 for all points © € 02 andall keN,

which converge uniformly in 2 as follows:

fe(z) — f(x) for k — oo.

Then we define
a(f, ) := klim d(fx, 2)
—00

and name this quantity Brouwer’s degree of mapping for continuous functions.

Fundamental is the following result.

Theorem 2.6. (Homotopy lemma)

Let f.(z) € C°(2,R") for a < 7 < b denote a family of continuous mappings
with the following properties:

(a) f-(x) = f(z,7) : 2 x [a,b] = R" € C°(2 x [a,b],R"),

(b) fr(x) #0 for all points x € 082 and all parameters T € [a, b].

Then we have the identity d(f., 2) = const in |a,b].
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Proof: At first, we have a quantity € > 0 such that |f.(z)] > 5e for all
points « € 042 and all parameters 7 € [a,b] is correct. Furthermore, there
exists a number ¢ = §(¢) > 0 such that all parameters 7*,7** € [a,b] with
|7* — 7**| < &(e) satisfy the inequality

If(z,7) = fz,7"")| < e for all points z € £2.
With
{fitk=12.. and {fi"}hp=12.. C CH(R,R") NCO(2,R")

we consider admissible sequences of approximation for the functions fr«(z)
and fr««(z), respectively. Then we have an index ko € N, such that the in-
equalities

|fi(x)| > 5e, |fi*(z)]>be  forall z€dR andall k> ko
as well as
|fi(x) — fi*(x)| <e  forall points z € 2 and all indices k > kg
are valid. Now Proposition 2.3 yields
d(fr, 2)=d(fr*, ) for all indices k > ko,
and we observe
d(fre, 2) = d(frex,2) forall 7%, 7 € [a,b] with |77 — 7| < §(e).

This implies the identity d(f., {2) = const for a < 7 < b. q.e.d.

Theorem 2.7. Let the function f € C°(2,R™) with f(x) # 0 for all points
x € 91 be given, such that d(f,§2) # 0 holds true. Then we have a point

& € 2 satisfying f(&) =

Proof: 1f this statement were false, we would have a quantity ¢ > 0 with
the property |f(z)| > € for all points x € (2. Let us denote the sequence of
functions {fi}x=12,. C CH(£2,R")NC°(12,R"), where the convergence

fr(z) — f(2) for k— o0

is uniform in 2. Now we have an index kg € N such that |fx(z)| > e in 2
holds true for all indices k > ko. When w = w(r) € CJ((0,¢),R) denotes an
admissible test function satisfying

[ty =1.

Rn
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we deduce the relation

d(fi, 2) = /w(|fk(x)|)<]fk (x)dx =0 for all indices k > kg
I7;
and consequently
d(f, ) = lim d(fi,2) =0
— 00

in contradiction to the assumption. Therefore, we have a point £ € 2 satisfying

f)=o. q.e.d.

Theorem 2.8. Let the functions fo, fi € C°(£2,R") with |fo(z) — fi(x)| <
|f1(z)| for all x € 082 be given. Then we have the identity

d(fo,£2) = d(f1, £2).
Proof: We utilize the linear homotopy
fr@)=1fo(z) + 1 -7)fi(x), 2€, 7Tel01].

On account of fr(z) # 0 for all x € 92 and all 7 € [0, 1], Theorem 2.6 yields
the identity

d(fo, 2) = d(f1, £2). q.e.d.

Definition 2.9. Let {2 C R™ denote a bounded open set, and let the func-
tion f(z) : 02 — R™\ {0} be continuous. Furthermore, let the function
f(z) : R" = R™ € CO(R™,R") with f(x) = f(z) for all x € O constitute a
continuous extension of f onto the entire space R™. Then we set

v(£,00) = d(f, )
for the order of the function f with respect to the point z = 0.

Remarks:

1. Due to Tietze’s extension theorem, there always exists such a continuation

f of f.

2. Theorem 2.8 tells us that v(f, 92) is independent of the extension chosen.

Using Definition 2.9, we obtain the following corollary from the homotopy
lemma:

Theorem 2.10. Let f,(z) = f(z,7) : 02 x [a,b] — R™\ {0} € C°(02 x
[a,b]) constitute a continuous family of zero-free mappings. Then we have the
identity v(f,,082) = const in [a,b].
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3 Topological Existence Theorems

We begin with the fundamental

Proposition 3.1. Let 2 C R"™ denote a bounded open set and define the
function f(z) =e(x — &), x € §2; here we choose € = +1 and & € 2. Then we
have the identity d(f,§2) = ™.

Proof: We take a number n > 0 such that |f(x)| > n for all points z € 912
holds true. Let w € CJ((0,7),R) denote an arbitrary test function satisfying
/w(|m|)da: _1

R’Vl
Then we have
47,2 = [(f@])Js @) do= [w(le - g)emdo =,
Q Q
q.e.d.
Theorem 3.2. Let f.(z) = f(z,7) : 2 x [a,b] — R" € C°(2 x [a,b],R")
denote a family of mappings with

fr(z) #0 forall €08 andall 7€ ]la,b].

Furthermore, we have the function

falz) = (= 9), x € 2
with a point § € (2. For each parameter T € [a,b] we find a point x, € 2
satisfying f(xz,,7) = 0.
Proof: The homotopy lemma and Proposition 3.1 yield
d(fr,92) = d(fa,$2) =1 for all 7 € [a,b].

Consequently, there exists a point z, € {2 with f(x,,7) = 0 for each param-
eter 7 € [a,b], due to Theorem 2.7 in Section 2. q.e.d.

Theorem 3.3. (Brouwer’s fixed point theorem)
Each continuous mapping f(x) : B — B of the unit ball B := {z € R" :
|x| < 1} into itself possesses a fized point & € B, which satisfies the condition

§=1(8).
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Proof: We consider the mapping
frl@)=x—7f(x), x€B
for all parameters 7 € [0, 1), which fulfills the following boundary condition

|fr(z)| > || —7|f(z)] >1—7>0 forall x€dB andall 7€][0,1).

According to Theorem 3.2, each 7 € [0,1) admits a point z, €B satisfying
fr(xz;) = 0 and equivalently 7 f(z,) = x,. We now choose a sequence 7, 1 1
for n — oo, such that {z,, }n=1,2, . in B converges. This implies

&= lim op, = lim 7,f(2,,) = lim f(e,,) = f(E).

n—oo — 00 n—oo

q.e.d.

Remark: Brouwer’s fixed point theorem remains true for all those sets which
are homeomorphic to the ball B.

Theorem 3.4. (H. Poincaré and L.E.J. Brouwer)
Let the dimension n € N be even. By the symbol

S" = {x cR"M . 2| = 1}
we denote the n-dimensional sphere in R"t1. Then there do not exist tangen-
tial, zero-free, continuous vector-fields on the sphere S™.

Proof: If ¢ : 8™ — R™*! were such a vector-field, we would have the properties
lp(z)] > 0 and (p(z),x) = 0 for all z € S™. Given the sign factor e = £1, we
consider the mapping f(x) := ex, x € S™ and the homotopy

(@) =QQ—-7)f(z) +To(x), x€S™

We observe

[fr(@)? = (1= 1) f(2)* + 7%|o(2)]* > 0
for all points x € S™ and all parameters 7 € [0, 1]. With the aid of Theorem
2.10 in Section 2 we comprehend

U((p,Sn) = U(flvsn) = U(va‘Sm) = U(fa Sn) =t

where we use Proposition 3.1. When the dimension n is even, we deduce the
relation
—1=uv(p,8") = +1.

This reveals an evident contradiction! q.e.d.
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4 The Index of a Mapping

In this section we transfer the index-sum formula from the case n = 2 to the
situation of arbitrary dimensions. In this context we derive that the degree of
mapping gives us an integer. We begin with the easy

Proposition 4.1. Let £2; C R" for j = 1,2 denote two bounded open dis-
joint sets and (2 := ()1 U 2y their union. Furthermore, let f(x) € CO(2,R")
represent a continuous mapping with the property

flx)#0 for all points x € 0021 U 0.
Then we have the identity

Proof: When we choose the quantity € > 0 sufficiently small, we obtain

|f(z)] > e for all points x € 921 U Of2,. Furthermore, we have a sequence of

functions {fx}r=12.. C C*(£2,R") N C°(2,R") satisfying fr — f uniformly

on 2 as well as |fx(x)| > ¢ for all points z € 9£2; U 92 and all indices

k > ko. Now we utilize the admissible test function w € CJ((0,¢),R) with the

property [ w(|y|)dy = 1, and we easily see for all indices k > ko the following
R‘n,

equation:

d( i, 2) = /w(|fk(x>\>Jfk(x> dz

(94
- / w(lfl@)) Ty, () di + / w(Ifu()) Iy, () da
2 022

— d(fk7 .Ql) + d(fkv ‘92)

This implies the desired identity d(f, £2) = d(f, 1) + d(f, £22). q.e.d.

Proposition 4.2. Let the function f € C°(£2,R"™) be defined on the bounded
open set {2 C R™, with the associate set of zeroes

F::{meﬁz f(:c)zO}.

Furthermore, choose an open set with £2y C {2 such that F C {2y holds true.
Then we have the conclusion

d(f,92) = d(f, ).
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Proof: We set (21 :=(2\ {2) and observe Q_\ 98 = 2 U 2. On account
of the property f(z) # 0 for all points x € {21, Theorem 2.7 from Section 2
yields the statement d(f, £21) = 0. Now Proposition 4.1 implies

d(f, ) = d(f,$20) + d(f, 1) = d(f, 20). qed.

Definition 4.3. We consider the function f(z) € C°(Q2,R™). With a suffi-
ciently small quantity € > 0, the point z € §2 satisfies the conditions f(z) =0
and f(x) #0 for all 0 < |z — z| < e. Then we name

i(f,2) = d(f, B:(2))
the index of f at the point = z. Here we abbreviate B.(z) := {x € R" :
|z — z| < e}.

Theorem 4.4. Consider the function f € C°(£2,R™), and let the equation
f(z) =0,z € 2 possess p € Ny mutually different solutions z(V, ... z®) € 0.
Then we have the identity

P
ZZ 1. x(])
j=1
Proof: We choose a sufficiently small quantity € > 0 such that the open sets
Q= {x eER™: |z —aW)| < 5}
are mutually disjoint. Now Proposition 4.1 and 4.2 yield

Q):d(f,UQj):Zd(f, =Y i(f.2V).
j=1 j=1 j=1

q.e.d.

Proposition 4.5. With A = (ai;)i j=1,...n let us consider a real n X n-matric
satisfying det A # 0. Then we have an orthogonal matriz S = (si;)ij=1,.n
and a symmetric positive-definite matric P = (pi;)i j=1,..n such that A =
S o P holds true.

.....

Proof: On account of det A # 0 we have a positive-definite matrix P with
P2 = A'A. The matrix A*A is namely symmetric and positive-definite, due

to
(A'Az,x) = |Az|*> >0  for all vectors z € R™\ {0}.

Via the principal axes transformation theorem, we find an orthogonal matrix
U and positive eigenvalues Aq1,..., A\, € (0,+00) such that
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A1 0
AtA=UtoAoU  with A= - —: Diag(A1, ..., An)
0 An
holds true. Setting
P:=UtoA?0U,  AY?:=Diag(\/A1,...,vV/An),
we obtain a symmetric positive-definite matrix with the property
P?P=U'oAoU = A'A.
This implies
|Pz|* = (Px, Px) = (P?z, 1) = (A'Az, x) = |Az|?

and consequently
|Pz| = |Az| for all x e R™

Now we introduce the matrix S := A o P~1: For all vectors € R™ we infer
|Sz|=|Ao P_lx\ = |PoP_1x| = |x|.

Therefore, the matrix S is orthogonal, and we arrive at the desired represen-
tation A = So P. q.e.d.

Theorem 4.6. Let the quantity € > 0 and the function f € C1(B.(2),R™) be
given with f(z) =0 as well as Jp(z) # 0. Then we have the identity

i(f,z) =sgn Jy(z) € {£1}.
Proof: There exists a real n X n-matrix A, such that the representation
f(x) = A(x — 2) + R(x) forall |z —2z|<py with 0<gy<e

holds true. Here the condition det A = J¢(z) # 0 is fulfilled, and we have the
behavior

|R(z)| < nlo)|x — 2| for all |z— 2z <p<py with él)i_r)r%) (o) =0

for the remainder term. Due to Proposition 4.5, we have the decomposition
A = S o P with an orthogonal matrix S and a positive-definite symmetric
matrix P. To the matrix

P =U"oDiag(A1,...,\y) 0 U

we associate the family of positive-definite symmetric matrices
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p..=U! oDiag(7'+ (I—=7)A1,..., 7+ (1 77'))\") oU,

which satisfies Py = P and P, = F; here the symbol E denotes the unit
matrix. When A, > 0 gives us the least eigenvalue of P and

A:=min(1, Apin) >0
is defined, we deduce

|Pyx|* = (Pyx, Prx) = (PPx,2)

= (UtODlag<T+(1—T))\1] ,...,[T+(1—T))\n]2> OU:L‘7£L'>
(Ut o Diag(\?,...,\?) o Uz, m)
— N(za) = Al

and consequently
|Prx| > Az forall ze€R" andall 7e€][0,1].
Now we consider the family of mappings
fr(z) = flx,7)=SoP(x—2)+ (1 —7)R(x), =z¢€ B.(z), 7€]0,1].
Evidently, we infer
folx) =SoPy(x—2)+R(x) =SoP(x—2z2)+ R(z) = A(x — 2) + R(z) = f(x)
as well as
filx)=SoPi(z—2z2)=Sx—z2) = gx), x € B.(2).

Furthermore, we estimate for all points z € R™ with |z — z| = ¢ € (0, 0o] as
follows:

[fr(@)] =[S0 Pr(z = 2)| = (1 = 7)|R(2)|
> |Pr(z = 2)| = |R(z)|

A
> (A =nlee—2 = 3

|z — 2| > 0.

Here we have chosen the quantity gg > 0 sufficiently small. The homotopy
lemma implies

d(f-, Bo(z)) = const for all parameters 7 € [0, 1]

and finally
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i(f,2) = d(f, Bo(2)) = d(fo, Bo(2)) = d(f1, Be(2)) = d(g, Be(2))-

When w € CJ((0, ), R) denotes an admissible test function with the property

[ty =1.

2
we infer
d(g, B,(2)) = / w(I9(@))) Iy (@)dz = (det S) /w(|x ~ 2)dz = det S.
lz—z|<o R

We summarize our considerations to the identity i(f, z) = det S = sgn J;(z).
q.e.d.

Theorem 4.7. The mapping f : 2 — R"™ may be continuous and the equation
f(z) =0, x e ﬁa

possesses only finitely many solutions (P, ... W) € Q. Let the function f
be continuously differentiable in each neighborhood of the zeroes =*), and we
assume

Jf(x(")) #0 for v=1,...,N.

Then we have the identity
N
d(f,02) = Z sgan(x(”)) =Nt -N".
v=1

Here the symbols Nt and N~ give us the numbers of zeroes with sgnJg = +1
and sgnJy = —1, respectively.

Proof: Theorem 4.4 combined with Theorem 4.6 immediately provide the
statement above. q.e.d.
With the assumptions of the theorem above for the function f, we obtain that
the degree of mapping is an integer. In the sequel, the latter property will be
shown for arbitrary functions f € C°(£2, R") satisfying f|sn # 0.

Proposition 4.8. With a = (a1,...,a,) € R™ and h > 0, we define the cube
W .= {xER” Da; <z <a;+h, izl,...,n}
and consider a function
f@)=(filzr,..sxn), s ful@n, . yxn)) : W — R™ € CHW,R™).

The associate image-set is denoted by the symbol W* := f(W). The functional
matric
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o0 = (f20) =@ fu@)  weWw

.....

possesses the following norm:

s = | 3 (L) —<Z|fxi<x>|2> Crew

1,j=1

Furthermore, we have a constant M € [0,+00) and a quantity € € (0,+00),
such that the inequalities

10f(@)]| <M and ||0f(z) —0f(x")| <e  forall pairs z',2" € W

hold true. Finally, we have a point £ € W satisfying J¢(§) = 0.
Then we have a function ¢ = ¢(y) € CJ(R™,[0,1]) with the property p(y) = 1

for ally € W*, such that
e(y)dy < K(M,n)h"e
R’H
is correct with the constant K (M,n) := 4"\/n" M"~1.
Remark: Therefore, we can estimate the exterior measure of the set W* by
K(M,n)h"e.
Proof of Proposition 4.8:

1. We easily comprehend the invariance of the statement above with respect
to translations and rotations. Therefore, we can assume f(£) = 0 without
loss of generality. On acount of the condition J¢(§) = 0, we find a point
z € R™\ {0} satisfying z o 9f(§) = 0. Via an adequate rotation, we
can assume the condition z = e, = (0,...,0,1) € R™ without loss of
generality, and consequently

0=en0df(§) = V()

2. The intermediate value theorem, applied to each component function,
yields

fi(z) = filx Z

with an individual point 29 = ¢ + t;(z — €) and t; € (0,1) for each
i € {1,...,n}. This implies

fi(@)] < |Vi(z) || —¢] < My/mh, i=1,...,n—1,

— &) =Vi(z") - (z— )




202 Chapter 3 Brouwer’s Degree of Mapping

for arbitrary points z € W. We obtain
W*Cc W = {y ER™ : |y| < Mynh, i=1,....,n—1; |y,| SE\/ﬁh}.
3. Let the function ¢ € CQ(R, [0,1]) with
_JL<1
o= {31 =

be given. We set

v = p(y) :ZQ(M%}M)""'Q(J\i/[%h)ﬁ(ey:zh)’ y € R™.

Then we observe p € CJ(R™,[0,1]) and ¢p(y) = 1 for all y € W** D W*.
Furthermore, we deduce

/ o(y)dy

Rn,
—+oo —+oo +oo
_ Y1 . . Yn—1 . Yn
—/Q<M\/ﬁh>dy1 /Q(M\/ﬁh)dyn—l /Q(s nh)dyn
400 n
= / o(t)dt | M"tyn"h"e
< (@"M™N/n")hve = K(M,n)h"e.

q.e.d.

Theorem 4.9. (Sard’s lemma)
Let £2 C R™ denote an open set and f : 2 — R™ € C1(£2,R™) a continuously
differentiable mapping. Furthermore, let the set F' C {2 be compact and

F* .= {y:f(:r) : x€F, Jf(x):()}

describe the set of its critical values. Then F* is an n-dimensional Lebesgque
null-set.

Proof: Without loss of generality, we can assume that F' represents a cube:
F=W-= {J;ER" ca; <z <a;+h, i:l,...,n}.

Now we consider a uniform decomposition of the cube W into N™ subcubes,
with the lateral lenghts % and an arbitrary number N € N. This is achieved
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by decomposing the axes via ai—i—j% withi=1,...,nand j =0,1,..., N and
by a subsequent Cartesian multiplication. In this way we obtain the subcubes
Wy for a=1,..., N® with the following properties:

N
W=|JWa,  WanWs=0(a#8)
a=1

The diameter of a subcube W, is determined by

. h
dlam (Wa) = \/ﬁ N
Now we set

M = sup ||0f ()] and ey:= sup ||0f(2')—af(z")].
zeW oz eW

’ " V/nh
|o' —a" | <5

Let N C {1,...,N™} describe the index set belonging to those subcubes W,
which possess at least one point { € W, with J;(£) = 0. Then we infer the
inclusion

wee | wr o with W= {y:f(x) : :z:GWa}.
aeN

According to Proposition 4.8, we obtain a function to each index o € N as
follows:

Yo = ¢a(y) € CYR™,[0,1]) with @a(y) > xw:(y),y € R"

and
[ eatiay < K010 () e

Rn
Here x4 means the characteristic function of a set A. We infer the estimate

() <> xwz (W) <D waly),  yeER?,

a€eN aeN

and the function > ¢, (y) € CO(R™, [0, +00)) satisfies
aeN

/(Z %(y)) dy <) (K(Mm) (%>HEN> < |W|K (M, n)ey

R™ aeN aeN

for all N € N. Letting N — oo we observe ey | 0. Therefore, W* represents

an n-dimensional Lebesgue null-set.
q.e.d.
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Theorem 4.10. (Generic finiteness) B
Let 2 C R™ denote a bounded open set and f € C'(£2,R") N C°(2,R") a
function satisfying i%fg |f(z)] >e>0.

xTE
Then we have a point z € R™ with |z| < € such that the following properties
hold true:

(1) The equation f(x) = z, x € §2 possesses at most finitely many solutions
2D 2™ e .
(2) The conditions Jy (x(”)) # 0 are correct for the indicesv =1,...,N.

Proof: Let us consider the set

F = {xeﬁz |f(a:)|§5},

and we observe that F' C R™ is compact as well as F' C 2. The set
F* = {y = f(z) : z€F, Jp(a) = 0}

of the critical values for f is a Lebesgue null-set, due to Sard’s lemma. There-
fore, we find a point z € R™ satisfying |z2| < € and 2z ¢ F*. Now we show
that this point z realizes the property (1): Assuming on the contrary that
the equation f(z) = z had infinitely many solutions z!, 22, ... € 2, we easily
achieve the convergence x¥ — £ for v — co. When we observe the property
f(z¥) = f(§) = z for all v € N | the preimages of the point z with respect to
the mapping f would accumulate at the point . Because £ € 2 and J;(§) # 0
are correct, the mapping f is there locally injective, and we attain an obvious
contradiction. Consequently, only finitely many solutions exist for the equa-

tion f(z) = z, x € 2 and each of them has the property (2). qed

Theorem 4.11. Let 2 C R denote a bounded open set and f € C°(£2,R™)
a continuous mapping satisfying f(x) # 0 for all points x € Of2. Then the
statement d(f, §2) € Z is correct.

Proof: We have only to consider mappings f € C'(B,R")NC%(£2,R™). Let us
choose a sequence of points {z”},=1,2,... C R™\ f(942), which do not represent
critical values of the function f and fulfill the asymptotic condition

lim 2¥ =0.
V—>00

The functions .
fo(x) == f(x) — 2, xeN, veN

satisfy the condition d(f,,2) € Z, due to Theorem 4.10 and Theorem 4.7.
Consequently, we have an index vy € N such that

d(f,2)=4d(f,,2) for all indices v > vy

is correct. Therefore, the statement d(f, {2) € Z is established. q.e.d.
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5 The Product Theorem

Let the function f € C(£2,R") N CY(2,R") with 0 < £ < i%fn|f(w)| be
rEe
given. Furthermore, we take an admissible test function w € C{((0,¢),R)
satisfying
[ etlsly dy=1.
R"L

Then we have the identity

[etts@hy@)de = d(.2) [ wllyl) do

N R
Now we shall generalize this identity to the class of arbitrary test functions
© € CY(R™\ f(012),R). Then we utilize this result to determine the degree

of mapping d(g o f, {2, z) for a composed function g o f with the generators
f,g € C°(R™,R™), and we obtain the so-called product theorem.

Definition 5.1. Let O C R™ denote an open set and assume x € O. Then we
call the following set
There exists a path o(t) : [0,1] — O € C°([0,1])
G = y e : . .
satisfying ¢(0) =z, (1) =y.

the connected component of x in O.

Remarks:

1. The connected component G, represents the largest open connected sub-
set of O which contains the point z.

2. When we consider two connected components with G, and G, only the
alternative G, NGy = 0 or G, = G is possible.

We easily establish the following

Proposition 5.2. Each open set O C R™ can be decomposed into countably
many connected components. Therefore, we have open connected sets {G;}icr
- with the index-set I C N - such that G, N G; =0 for all i,j € I with i # j

as well as _
o=]Ja;
il
hold true. This decomposition is, apart from rearrangements, uniquely deter-
mined.
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Definition 5.3. When the function ¢ € CJ(R") is given, we name

supp o = {:E ER™ : p(x) # 0}

the support of .

Proposition 5.4. Let the open set O C R™ be decomposable into the con-
o0

nected components {G;}i=12,..., which means O = |J G, and take the func-
i=1

tion ¢ € CJ(O). Then we have the identity

[ etz = S [ e

o i=1g,
where the series above possesses only finitely many nonvanishing terms.

Proof: We define the following functions

p(x), r € Gy
pi() = @) . i=1,2,...
0, QTGR”\G,

Now we have an index Ny € N, such that ¢;(z) = 0, z € R™ is correct for
all indices i > Nj. If this were not true, we could find points z(%) € G, for

j=1,2,... satisfying i; < iy < ... and p(z(%)) # 0. Since the inclusion

{$(ij)}j:1,2,... C suppyp

holds true and supp ¢ is compact, the selection of a subsequence z(%) —
£(j — 00) allows us to achieve £ € supp ¢ C O. When we denote by G;- = G¢
the connected component of £ in O, we can find an index j; € N such that
z() e Gy for all j > jo holds true. This reveals a contradiction to the
property (i) € Gy, for j =1,2,.... Consequently, we see

/(p(x)dz—/iozapi(x)dx = io: /cp,-(x)dx
B B i=1 i=1
No oo
= ;G/ga(x) dr = ; o(z) de. o

Definition 5.5. Let us consider f € C°(£2,R") and z € R™\ f(02). Then
we set

d(f, 2, z) = d(f(z) — z,£2,0)
for the degree of mapping for the function f with respect to the point z.
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Proposition 5.6. If G C R™\ f(942) denotes a domain, we infer
d(f,2,z) = const for all points z € G.

Proof: Given the two arbitrary points zg, z1 € GG, we consider the connecting
path

p() 10,1 = G € C([0,1],G),  ¢(0) =z, (1) =z

Now the family of functions f(z) — ¢(¢) with = € 2 and ¢ € [0, 1] describes a
homotopy. This implies

d(f,92,¢(t)) = d(f — ¢(t), £2,0) = const, ¢ €[0,1],
and we obtain d(f, £2, z9) = d(f, 2, z1), in particular. q.e.d.
Definition 5.7. When G C R™\ f(912) represents a domain, we define
d(f,2,G) :=d(f,$,2) for a point z € G.

Remark: Let £2 C R™ denote an open bounded set and f € C°(£2,R™) a con-
tinuous function. Then the set f(9£2) C R™ is compact. When {G;}i=1,....n,
with Ny € {0,1,...,400} constitute the bounded connected components of
R™\ f(02) and G4 the unbounded connected component, we have the rep-
resentation

R™\ f(892) = UG U Goo

Since we can find a point z ¢ f(£2), we infer the identity

d(f,92,Goo) = d(f,£2,2) = 0.

Theorem 5.8. Let {fy}r=12... C C'(2,R") N C°(2,R") denote a sequence
of functions, which converge uniformly on the set §2 towards the function
f € C°N2,R"). Furthermore, let

No
R™\ f(002) = JGi U Go, No€{0,1,...,+00}
=1

describe the decomposition into their connected components. To each function
p € CQ(R™\ f(092)) we find a number k* = k*(p) € N, such that the identity

/ D a0 g (2) do = S d(f, 2,G) / o(2)dz

Q =1 leh

for all indices k > k* is correct. Here the series above possesses only finitely
many nonvanishing terms - even in the case Ny = +00.



208 Chapter 3 Brouwer’s Degree of Mapping
Proof:
1. We observe that supp N f(942) = 0 holds true and both sets are compact.

Therefore, we find a quantity g > 0 such that the estimate
|f(z) — 2| >ep forall ze€0f2 andall ze&suppy

is correct. Because the convergence fi — f is uniform on §2, we find an
index k* = k*(p) € N such that

|[fi(x) — 2| > €0 for all points = € 012, =z €suppy, k>k*

holds true. We then take an admissible test function w € CJ((0,1),R)

satisfying [ w(|y|) dy = 1. With the number £ € (0,0}, we set
R"L
1
we(r) == o w(£> € CY((0,¢),R) satisfying /w5(|y|)dy =1
RTL

Finally, we define the function

[ e R S00)
G=1, itze f00)

. For all points z € supp ¢ and all indices k > k*(p) we observe

Hz) =d(f,92,2) = /wg(\fk(x) — z|)Jf, (z) dz, 0<e<eg.
o)

Now the integration of ¢(2)9(z) € CJ(R™\ f(942)) yields

[etene= [ ( [ erellsita) = ) dx) ”
R™ (o}

J
_ !Z ( R/ PNl (o) — 212} Ty (o) d

On the other hand, Proposition 5.4 implies

/ o(2)9(2) d= = ( / o(2) dz) d(f,2,G0)

R Goo =0
No
23 ( [oera) s,
=1 G,

where the series above possesses only finitely many nonvanishing terms.
The transition € — 0+ to the limit gives us the identity
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> di1,.2.6) [e@ = [e(@)n@de forall k> k().
G

i (]

Here we take the convergence

Elirgl+ o(2)we (| fr(x) — 2]) dz = o(fr(z)) for x € 2 uniformly

Rn

into account. q.e.d.

Theorem 5.9. (Product theorem for the degree of mapping)

Let us consider the functions f,g € C°(R™,R™), and let the set 2 C R™ be
open and bounded. We set E := f(042). With the symbols {D;}i=1.... n,, where
No € {0,1,...,400} holds true, we denote the bounded connected components
of the set R™\ E. Finally, we choose a point z € R™\ g(E). Then we have the
identity

d(go f,02,2) Zd £.2,D;)d(g, D;, 2),

where this series possesses only finitely many nonvanishing terms.

Proof: (L.Bers)

1. We define
h(z) = go f(2).

According to the Weierstrafl approximation theorem from Sectionl in
Chapter 1, we can choose sequences

{filx)}i=12,.. CC*R™,R") and {gr(y)}k=12... C C*(R",R")

which converge uniformly on each compact set towards the function f(x)
and g(y), respectively. In addition, we define the functions

hi(z) == gr o f(x), hu(z):=gko filx), kleN.
This implies the uniform convergence
hi(z) — h(x) for k— oo

as well as
hii(x) — hg(x) for 1 — o0

on each compact set.
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There exists a quantity € > 0, such that the estimate
|h(z) — 2] > ¢, |hp(z)—2|>€e forall x€0f2 andall k> ko(e)
is correct. Now we choose an admissible test function w € C§((0,¢),R)
with the property [ w(|u|)du = 1. Then we obtain the following identity

Rn
for all indices k > ko(e) and { > ly(k), namely

d(he, 2,2) = d(hy, 2,2) = / (i () — 2[) T (&) d
N

- / w(Ige(Fi(2)) = 2) Jou (i) I, () .

Q
When we define

or(y) = w(lgn(y) — 2y (y) € CR" \E)  for k= ko,
Theorem 5.8 yields

A 2.2) = [ on(fi@)In()de =3 d(1.2.0:) [ ouly) dy
D

0 i=1 s

for k > kg. Here only finitely many terms of the sum are nonvanishing.
When we note that

[eswds= [ wllot) = DIy )dy = dlar. Dic2) k= o

Di Di

we immediately infer

hk?'QZ dea'QD glmDi,Z)-
Now we have an index ki > kg such that
d(hg, $2,z) = d(h, $2,z) for all k> ky
holds true. Furthermore, we find an index ko > ki such that
d(gx, Di, z) = d(g, D;, 2) forall k>ky andall ¢=1,..., Ny

is valid. We summarize our results to

d(h, 2, z) Zd f,92,D;)d(g, D, 2).
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6 Theorems of Jordan-Brouwer

Let us consider the compact set F© C R™, and we denote the number of
connected components for the open set R™ \ F by the symbol N(F) €
{0,1,...,400}.

Theorem 6.1. (C. Jordan and J.L.E. Brouwer)
Let two homeomorphic compact sets F' and F* in R™ be given. Then we have

the identity N(F) = N(F™).

Proof: (J. Leray)

Since the sets F' and F* are homeomorphic, we have a topological mapping
f F — F* with its inverse mapping f L. F* — F. With the aid of
Tietze’s extension theorem we construct mapplngs f,g € C°(R") satisfying

f(x) = f(z) for all points 2 € F and g(y) = f~'(y) for all points y € F*. On
the contrary, we assume that

N := N(F) # N(F*) = N*

was correct: Then we depart from the inequality N* < N, without loss of
generality. Consequently, the number N* is finite. We denote by the symbols
{D;}i=1,...~v and {D} };=1, . n~ the bounded connected components of R\ F'
and R™\ F*, respectively. When we take z € Dy, and k € {1,..., N* +1}, the
product theorem yields

5'Lk :d(gofaD’LaDk) = d(gofaD’va)

= d(f,D;,D;) d(g Za” ik for k=1, N*+1
j=1

=aj =bjk
Now we have a point £ = (£1,...,&n-41) € RV 1\ {0} satisfying
N*4+1

> bl =0 for j=1,...,N*.

We obtain with the relation

N* N*+1 N*+1
Zzaw ]kgk—za”<zbjk£k>:0, ’L:].,“]\/v*—i-]_7
k=1

j=1 k=1

which constitutes an evident contradiction. The assumption N # N* was

incorrect and equality follows. qed.
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Theorem 6.2. (C. Jordan and J.L.E. Brouwer)

Let S* C R™ denote a set which is homeomorphic to the unit sphere S =
{x € R" : |z| = 1} via the topological mapping f : S — S*. Then this
topological sphere S* decomposes the space R™ into a bounded domain G,
which we call the inner domain, and an unbounded domain G4, which we call
the outer domain. We have the following property for the mapping f, namely

(f 5.2 +1, for z € G
v(f,S,z) = .
0, forzeGs

Proof: As in the proof of Theorem 6.1, we extend the mappings f S — 5
and ffl : 8% — S to continuous mappings f and g, respectively, onto the
whole space R™. Since the sphere S decomposes R" into an inner domain and
an outer domain, we infer the identity

N(S*) = N(S) =1

from Theorem 6.1. The mapping go f satisfies go f(z) = « for all z € S. Now
the product theorem implies

1:d(gof’B’O):d(.ﬁBaGl)d(valaO)v B := Bl(o)

Since the degree of mapping gives us an integer, the point z € G; possesses
the order R
U(f,S,Z):d(f7B,G1)::|:]. qed

Remark: In the special case n = 2 of our theorem above, we call the topological
sphere a Jordan curve and the associate inner domain a Jordan domain. We
obtain Jordan’s curve theorem in this plane situation. However, we have proved
Brouwer’s sphere theorem in the higher-dimensional case n € N with n > 3.

Theorem 6.3. Let U, denote an n-dimensional neighborhood of the point z €
R™, and the mapping f : U, — R™ may be injective and continuous satisfying
f(2) =0. Then we have i(f, z) = £1.

Proof: At first, we choose the quantity ¢ > 0 so small that

By(z) ={x eR" : |z — 2| < g}
is subject to the condition B,(z) C U,. Then we consider the sphere S :=
0B,(z) and the topological sphere S* := f(S), where G;1 denotes the inner
domain of S*. Now Theorem 6.2 implies

d(f, Bo(2),G1) = £1.

When we choose the point y’ € G; with its preimage &’ € B,(z), we observe
f(@") =y'. The connecting straight line



6 Theorems of Jordan-Brouwer 213
s:i={(1—t)z+tz' : 0<t<1}C By(z)

possesses the image arc s* := f(s) C R™\ S*. Since the point 3’ = f(2') € s*
is situated within G, we infer 0 = f(z) € G1. Consequently, we obtain

Z(f,Z) :d(vaQ(Z)aO) :d(faBQ(Z)aGl) ==+l d
q.e.d.

Theorem 6.4. (Invariance of domains in R")
Let G C R™ denote a domain and f : G — R™ a continuous injective mapping.
Then the image G* := f(G) is a domain as well.

Proof: Since the set G is connected and the function f is continuous, we
obtain that G* = f(G) is connected. We now show that the set G* is open:
Let the point z € G be arbitrary, and the quantity ¢ > 0 may be chosen so
small that B,(z) C G is fulfilled. The continuous injective mapping

g(x) = f(x) = f(2), @€ By(2)

satisfies i(g, z) = £1, due to Theorem 6.3. This implies
d(f, By(2), £(2)) = d(g, By(2),0) = 1.

Taking the quantity € > 0 sufficiently small, we infer the estimate
|f(z) — f(z)| >e forall z € dB,(2).

The homotopy theorem gives us the identity
€
A(f, Byl(2),0) = d(f, By(2), f(2) = £1 for (= ()] < 2.

For all ¢ € R™ with |(— f(2)| < § we have a point 2 € B,(z) satisfying f(z) =
(. This means B (f(z)) C f(G). Consequently, the function f represents an
open mapping, and the image G* = f(G) is a domain. qed
We supplement the following result to Theorem 6.2.

Theorem 6.5. (Jordan, Brouwer) FEach topological sphere S* C R™ de-
composes the space R™ into an inner domain G1 and an outer domain Ga,
which means ' '

R" =G US*UGs.

Furthermore, we have the property 0G; = S* = 0G>.

Proof: We only have to show the property 0G; = S* fori =1,2. Let f: S —
S* represent the topological mapping, and take with £ € S* an arbitrary
point. Then we define £ := f~1(#) € S, and we consider the following sets
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E::{xES : |x—§|§5} and F;:{gyes . |$—§|25}

with S = E'U F. The transition to their images E* := f(E) and F* := f(F)
yields the relation S* = E* U F*. Since the set R™ \ F is connected, our
Theorem 6.1 tells us that R™ \ F* is connected as well. Consequently, there
exists a continuous path 7 connecting two arbitrarily chosen points a; € G
and ay € G2, which does not meet the set F*. Since the image S* separates
the domains G; and Gs, we see m N S* # () and therefore 7 N E* # (). When
a) € 7 is the first point starting from a;, which meets the set E*, and a}, € 7
is the first point starting from ag, which meets the set E*, we select two points
a} € G; for i = 1,2 on the path 7 satisfying |a} — a}| < . Now we observe
¢ | 0 and obtain two sequences of points {a’ifj}j:m,m C G, for i = 1,2 such
that
lim o, =% fori=1,2.

j—o0 v

Thus we arrive at the conclusion 0G1 = §* = 0Gs. q.e.d.

Figure 1.3 PORTRAIT OF BERNHARD RIEMANN (1826-1866)
taken from page 848 of his Gesammelte Werke, Springer-Verlag (1990).




Chapter 4

Generalized Analytic Functions

The theory of analytic functions in one and several complex variables has been
founded by Cauchy, Riemann and Weierstra3 and belongs to the most beau-
tiful mathematical creations of modern times. We recommend the textbooks
of Behnke-Sommer [BS], Grauert-Fritzsche [Gr|, [GF], Hurwitz-Courant [HC|
and Vekua [V]. The investigations of analytic functions with respect to their
differentiable properties will be founded on the integral theorems from Chap-
ter 1 and with respect to their topological properties will be based on the
winding number from Chapter 3. We additionally obtain a direct approach to
the solutions of the inhomogeneous Cauchy-Riemann differential equations in
this chapter. In the last section we investigate the discontinuous behavior of
Cauchy’s integral across the boundary.

1 The Cauchy-Riemann Differential Equation

We begin with the following

Definition 1.1. Let the function f = f(z) : £2 — C be defined on the open set
2 C C, and zg € {2 denotes an arbitrary point. Then we name the function f
complex differentiable at the point zq if the following limit

lim f(Z) — f(Z()) —. f,(ZO)
LI

exists. We call f'(zo) the complex derivative of the function f at the point z.
When f'(2) exists for all z € 2 and the function [’ : 2 — C is continuous,
we name the function f holomorphic in f2.

We note the well-known

F. Sauvigny, Partial Differential Equations 1, Universitext, 215
DOI 10.1007/978-1-4471-2981-3_4, (C) Springer-Verlag London 2012
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Theorem 1.2. If the power series

f(z)= Z anz"
n=0

converges for all points |z| < R with the radius of convergence R > 0 being
fized, then the function f(z) is holomorphic in the disc {z € C : |z| < R} and
we have

f(z) = i na,z" L.
n=1

Proof:

1. At first, we show convergence of the series

oo
E na,z"" !
n=1

for all points |z] < R. According to Cauchy’s convergence criterion for
series, the given series converges if and only if the series

oo oo
E na,z" = E bpz" with b, :== na,
n=1 n=1

converges. Now we observe

limsup 3/|b,| = lim sup ({"/ﬁ Y \an\) = limsup ¥/|an|.
n—oo

n— 00 n—oo
Consequently, this series possesses the same radius of convergence R > 0
o0
as the series Y a,z".

n=0
2. Choosing a fixed point z € C with |z| < Ry < R we take a point w # z
satisfying |w| < Ry and calculate

n n

fw) = f(2) _ N, wh s
w— z 7;() w— z
= Zan (w”_l —|—w"_2,z—|—...—|—z"_1> (1)
n=1
= Zangn(wﬂz)'

1

3
Il

Here we have set g,(w, z) := w" ' +w" 224 ... 4+ 2""! for n € N. We
note that

|angn(w, 2)] < n|an|Rg_1 for all |w| < Ry, |2z| < Rp.
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Now part 1 of our proof yields

oo
Z nla,| Ry~ < +oc.

n=1

Due to the Weierstrafl majorant test, the uniform convergence of the series
in (1) for |w| < Ry, |2| < Ry follows. Performing the transition to the limit
w — z in (1), we obtain

f(z) = Z angn(z,2) = Znanz"_l.
n=0 n=1 q.e.d.

Now we shall study the relationship between complex differentiation and par-
tial differentiation.

Theorem 1.3. Let the function w = f(z) = f(z,y) = u(z,y) + iv(z,y) :
2 — C be holomorphic in the open set 2 C C. Then we have f € C1(£2,C)
and the following two equivalent conditions are satisfied:

fa+ify,=0 in {2, (2)
or
Up = Vy, Uy = —Ty in {2 (3)
The equations (3) are named the Cauchy-Riemann differential equations.
Remark: The functions u = Re f(z) : 2 = R and v = Im f(2) : £2 — R denote

the real and imaginary part of the function f, respectively.

Proof of Theorem 1.3: Since the function f is holomorphic in 2, the complex
derivative exists:

N1 f(z+ Az) — f(2)
Fe= Jfim, Az '
Aze C\{0}

Setting Az =& > 0, we find in particular

flz+e) = f(2)

/ o .
f(z) = lim
ee R\{0}
. r+ey)— flo,
ee R\{0}

Passing to the limit with Az = ie, we deduce

IR (CRNO LS (©)
6EER_\>?O}
_ lim f(xay"i_il_ f(:my) _ %fy(m7y>

e—0
ee R\{0}
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Consequently, f € C1(£2,C) holds true, and (2) is immediately inferred from
fo=[f"=1f, in 2. On account of the identity

fo+ify = (u+iv)g +i(u+iv)y = (ug —vy) +i(vy + uy)
the relation (2) is satisfied if and only if (3) is correct. q.e.d.

Remark: The property (2) for holomorphic functions implies that the oriented
angles are preserved with respect to the mapping w = f(z) at all points z € 2
with f/(z) # 0. Mercator has already discovered this property conformal - so
important for geography - proposing his well-known stereographic projection
of the sphere onto the plane.

Theorem 1.4. Let the function f(z) = u(z,y) + iv(z,y) € C1(2,C) be de-
fined on the open set 2 C R? = C, and we assume (2) or alternatively (3).
Then the function f is holomorphic in §2.

Proof: We apply the mean value theorem separately on the functions u = Re f
and v = Im f. Utilizing z = x4iy € 2 and Az = Az+iAy € C with |Az| < ¢,
we obtain the identities

w(z + Az) —u(z) = u(w + A,y + Ay) — ulz, y)
= ue (&1, M) Az + uy (§1,1) Ay
= Uz (1, m) Az — v3(§1,m) Ay

and

o(z + Az) — v(2) = v(z + Az, y + Ay) — v(z,y)
= vz (&2, 1m2) Az + vy (&2, 12) Ay
= g (&2, m2) Az + ug (€2, 1m2) Ay

at the intermediate points (&1,m1), (§2,72) € 2 satisfying |z — (& +ing)| < €
for £k = 1,2. We now compose

fz+ Az) = f(z)
= {u(x + Az, y + Ay) — u(z, y)} + z{v(:z: + Az, y + Ay) — v(:z:,y)}

— {ux(&, m) + 7;1]7;(623772)}A$ + i{ux(ﬁg, n2) + ivx(ﬁl,m)}ﬂy
= {Ux(&,m) + ivw(ﬁz,nz)}(Ax +iAy)

i [t (€20m2) = warm)]| + i [vel€r,m) — vl m2)]| A0,
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Abbreviating

902 A2) 1= [t (€2.m2) = (§1,m0) | + i v (E1,m) = va(Earm2)]

we find

f(z+ Az) — f(2)
Az

) ) A
= uy(&1,m) + vz (€2, m2) + ig(2, AZ)A—Z-

The transition to the limit |Az| — 0 yields

flz+A42) = f(2) _ : - Ayy
dm, T SR i, (04 = )
Aze C\{0} Aze C\{0}

utilizing f € C1(£2,C). Therefore, the function f : 2 — C is holomophic in

{2 due to Definition 1.1.
q.e.d.

2 Holomorphic Functions in C"

Our present considerations are based on the theory of curvilinear integrals
from Section 6 in Chapter 1.

We choose the domain {2 C C and denote by

w:f(z)zu(m,y)+iv(m,y)7 (l',y)EQ

a complex-valued function with u,v € C1(£2,R). Let the points P,Q € §2 and
the curve X € C(§2, P, @) be given. Then we consider the curvilinear integral

[ 1raz = [ {utw.w) + oo} + idy)
X X

:/(udm—vdy)+i/(vdm+udy)

b'e X
:/wl—i—i/wg
b'e X

with the real differential forms
wy =udr —vdy, ws:=vdr+udy.

Now the differential forms w; and ws are closed if and only if the identities
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ou  Ov
O—dwl——(a—y—I—%)da:/\dy,
ou v

hold true in 2. We infer the following equations:

u(z,y) _ Ov(z,y)  Ou(z,y) _ dv(z,y)

Ox oy Oy Ox

in f£2. (1)

This Cauchy-Riemann system of differential equations is equivalent to the
property that the function f : 2 — C is holomorphic, and therefore possesses
a complex derivative at each point z € 2 which represents a continuous

function.

Theorem 2.1. (Cauchy, Riemann)

Let 2 C C denote a simply connected domain, and let f € C*(£2,C) be a
continuously differentiable function. Then the following four statements are

equivalent:

(a) The function f is holomorphic in £2;

(b) The real part and the imaginary part of f(x,y) = u(z,y) +iv(x,y) satisfy
the Cauchy-Riemann system of differential equations (1);
(¢) For each closed curve X € C(£2, P, P) with P € {2 we have the identity

)[ f(2)dz = 0;

(d) There exists a holomorphic function F : 2 — C satisfying

Fl(z)=f(z), z2€,
which represents a primitive function F of f.

Proof:

1. The equivalence of (a) &

(
2. Now we prove (b) < (c): Evidently, the condition

/f(z)dzzO forall X €C(£2)
X

is fulfilled if and only if

b) has been shown in Section 1.

/wlz(), /wQ:O for all X € C(£2)

X X
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holds true. This is equivalent to
dO.J1 = 0, dWQ =0 in 2

and finally to (1).

3. We now prove (¢) = (d): Here we apply Theorem 6.5 from Section 6
in Chapter 1. The statement (¢) then is equivalent to the existence of
functions U,V € C(£2,R) with the properties

dU(z,y) =wi(z,y),  dV(z,y) =wa(z,y) in £
giving us the conditions
Us(,y) = u(z,y), Uy(z,y) = —v(z,y),
Va(z,y) = v(z,y), Vy(z,y) =ulz,y).

Now the equations (2) are equivalent to

L (UG) + iV () = ) + iv(ey) = Frp),

10

1 Oy
By the definition F' = U + ¢V we obtain a holomorphic function in {2
satisfying

(3)
(Uay) +iV(a.y) = ul@.y) +iv(z.y) = fz.9).

F’(z):%F(x,y):f(z), z € (2.

4. Finally, we show the direction (d) = (c¢): When the curve X € C(£2) is
given, we deduce

b b

/f(z)dz:/f(X(t))X’(t)dt
X a

- F(X(b)> - F(X(a)) =0
on account of X (a) = X (b). q.e.d.

Remark: The statement in the direction (a) = (c¢) is known as Cauchy’s
integral theorem.

[
—
&=

B
N

b

=~
S~—
N—

a

~

The subsequent statements, which can be taken from Theorems 6.9 and 6.12
in Section 6 of Chapter 1, are valid for arbitrary domains 2 C C.

Theorem 2.2. Let {2 C C denote a domain where the two closed curves
X,Y € C(2) are homotopic to each other. Furthermore, let w = f(z), z € {2,
represent a holomorphic function in §2. Then we have the identity

/f(z) dz:/f(z)dz.
X Y
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When we fix the end points of our curve we obtain the following

Theorem 2.3. (Monodromy)

Let 2 C C be a domain where we choose two arbitrary points P,Q € (2.
Furthermore, we consider two curves X,Y € C(£2, P,Q) homotopic to each
other, which both have the start-point P € (2 and the end-point Q € (2. If the
function f : 2 — C is holomorphic, we then have the identity

/f(z) dz:/f(z)dz.
X Y

A set © C R" is denoted as compactly contained in a set £2 C R" - symbolically
© CC {2 - if the set © is compact and © C 2 holds true.

Theorem 2.4. (Cauchy, Weierstraf})
Let 2 C C denote a domain, and let the center zg € {2 and the radius r > 0
be prescribed such that the open disc

K =K, (2) = {ZG(C : |zfzo|<r}
realizes the inclusion K CC 2. Furthermore, let us consider the function

f € CH(£2,C). Then the following statements are equivalent:

(a) The function f(z) is holomorphic in K;
(b) We have the validity of Cauchy’s integral formula

)= 5 § L ac
0K

for all points z € K - with { = £ + in - where the curvilinear integral is
evaluated over the positive-oriented circumference;
(¢) The series expansion

f(z):Zak(z—zo)k, ze K
k=0
with the coefficients
L)
ak::pf (20), k=0,1,2,...

holds true.

Proof:
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1. At first, we show the direction (a) = (b). We observe that the function

(e K\ {z}

is holomorphic on its domain of definition. For all sufficiently small quan-
tities € > 0, the curves

X(t):=z+cee, 0<t<or

and 4
Y(t) =z +re?, 0<e¢p<2r

are homotopic to each other in the set K \ {z}. This implies

j{g(—cldgz/g(C)dC - [9©
OK Y X

2w

it
:/7f(2+_€6 )'seitdt

cett

2

= i/f(z+ee“)dt.

0

Via transition to the limit € —+ 0+ we obtain
% Cf(TC)ZdC =2mif(z)
oK

and

f(z):ﬁ fg(—ozdc forall z e K.
OK

2. We secondly deduce the direction (b) = (¢): For all points z € K, ( € 0K
we have the identity

1 1 1 1
(=2 ((—2)—(z—2) (-2 _2=%
¢ —20
Now we observe
zZ— 20 <1
¢— 20 ’

such that we can expand this fraction into the uniformly convergent geo-
metric series
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1 > zZ— 20 k_oo 1 k
CiZO Z(CZO) _1;)(4720)]6+1 (Z—ZO) .

k=0

This implies

1) = o § 2 ac

271 (—=z
oK
IR f(©) RY
- 2mi k=0 \gk (= Zo)kH @ (Z z0>

oo
= Z ar(z — zo)k
k=0

with the coefficients

1 f(9) F® (z0)
= d¢ = , k=0,1,2,...
U= omi (¢ — zp)kt1 ¢ k!
oK
3. The direction (¢) = (a) has already been shown in Section 1. q.e.d.

Remark: In the sequel, we tacitly mean uniform convergence of power series
in the interior of their domain of convergence.

Theorem 2.5. (Identity theorem for holomorphic functions)

Let two holomorphic functions f,g : {2 — C be given on the domain 2 C C.
Furthermore, let {zi}i=12.. C 2\ {20} denote a convergent sequence with
the limit

lim zp = 29 € {2.
k—o0

Finally, the coincidence

f(ze) = g(2r), k=1,2,...

may hold true. Then we have the identity

Proof: On the contrary, we assume that the holomorphic function h(z) :=
f(2) — g(2) did not vanish identically. At the point zg € {2 we expand the
function h = h(z) into the following power series

oo

h(z) :Zak(z—zo)k, z € Ky(z0), o0:=dist(z0,012).
k=0
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On account of h(zp) = 0 we have a positive integer n € N with a,, # 0, such
that
h(z) =an(z — zo)"{l + a(z)} with  lim «a(z) =0
zZ—r20

holds true. Taking the quantity ¢ > 0 sufficiently small we obtain

1 Qn
|h(2)] = |anllz — 20" (1—§> = %|z—z0|n, z € Ky(20).

This implies the relation
h(z)#0 for all z € Ky(z0)\ {70}

contradicting the assumption
h(zx) = f(zr) — g(zx) = 0, k=1,2,3,...

We now define Wirtinger’s differential operators

9 1o 0y 0 _1(d .9

0z = 2 \0ox oy) 0z 2 \ox oy )
The function f(z) = u(z,y) + iv(x,y) fulfills the Cauchy-Riemann system of
differential equations if the identity

%f(z) = (fo+ify) = % (um + vy +i(uy + wy))

N~ N

i
(ug —vy) + §(vw—|—uy) =0
holds true. Therefore, holomorphic functions satisfy the partial differential
equation

0
0z
We can comprehend the function f(z) = u(z,y) + w(z,y) : 2 — C €
C1(£2,C) alternatively as a function depending on the variables z and Z; then
we see % and % as partial derivatives. These differentiators are C-linear and
the product as well as the quotient rule are valid. Furthermore, we have the

following complex version of the

(2)=0 in 2. (4)

Chain rule: Let the symbols 2,0 C C denote two domains with the asso-
ciate C*-functions w = f(z) : 2 — © and a = g(w) : © — C. Then the
composition

h(z) ::g(f(z))7 z € (2

represents a C''-function as well, and we have the differentiation rules
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hz(2) = gu(f(2)f2(2) + 92 (f(2)) F.(2),
h=(2) = gu(f(2) f2(2) + gu(f(2)) fz(2)  in £
Furthermore, we have the following

Calculus rules: For a C-function f(z) : 2 — C the identities

(f2(2)) = f2(2),  (fz(2)) = f.(2)

and

fz f?
?z 7?
are correct. In particular, a holomorphic function f : 2 — C satisfies the
condition

Tz = = — L |

Vg Uy

Ji(2)=|f'(z)?>0 forall ze .

When we take (4) into account, holomorphic functions are exactly those which
are independent of the variable Z. These statements are proved in Chapter 1
of the book [GF] by H. Grauert and K. Fritsche or in the monograph by [Re]
by R.Remmert on pp. 52-56.

When we finally consider a function f : 2 — C € C?(£2,C), we infer

0 0 0 0 1

5 (z):£$ (z):ZAf(z), z € 2.

Now we investigate holomorphic functions in several complex variables.
Definition 2.6. We name the function
w=f(2) = f(z1,...,2n) : 2 —C, (#1y...,2n) € 2

- defined on the domain 2 C C™ with n € N - holomorphic if the following
conditions are satisfied:

(a) We have the regularity f € C°(£2,C);
(b) For each fized vector (z1,...,z,) € 2 and index k € {1,...,n} being
given, the function

@(t) = f(Zl, .. .,zk_l,t,zk+1, .. .,Zn), t e Kek(zk)

is holomorphic in the disc
K., (z1) = {t eC: |t—z < sk}

with a sufficiently small radius e, = € (z) > 0.
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Theorem 2.7. (Cauchy’s integral formula in C")

Let the function f = f(z1,...,2n) : £2 — C be holomorphic in the domain
2 C C". With the data 2° = (29,...,20) € 2 and Ry > 0,...,R,, > 0 let the
polycylinder

P.= {zz(zl,...,zn) s e — 20 < Ry, kzl,...,n}

be compactly contained in 2, which means P C £2. Then we have the following

integral representation for all points z = (z1,...,2,) € P, namely
[z, 20)
1 ... n
= 2 ]{ AGIEEHC) dc, ... d¢,
(2mi) (GL—21) o (G — 2n)
[¢1—20 =R [Cn—20|=Rn
27 27 . )
1 / / F(20+ Ryettr .. 20 + R,ettn)
i) T Raet —z1) - (20 & Rueitn — 2,)
0 0

(iRye™) - ... (iRne™) dty ... dt,.

Proof: The function f = f(z) is holomorphic with respect to the variables
Z1,...,2n. Therefore, we deduce

flz1,..0 20)
o 1 f(C17227~--;Zn>
T omi j{ ¢1— 21 =
[(1—20 =Ry
_ 1 % dCl f f(C17C2aZ37"'7ZTL) dCQ
(2mi)? G1—= G2 — 22
[(1—20 =R [C2—29|=R2

- f{ f{ ey 4

[(1—20 =Ry [Cn—25|=Rn

The second representation is revealed via introduction of polar coordinates.

q.e.d.
Theorem 2.8. Let the sequence of holomorphic functions fi(z1,...,2,) :
2 — C, k=1,2,..., be given on the domain 2 C C", which converges

uniformly on each compact subset of {2 C C™. Then the limit function
f(z1,eoy2n) = Um fr(z1,...,2n), 2=1(21,...,2n) € 2
k—o0

is holomorphic in 2 C C™.
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Proof: We apply Cauchy’s integral formula in C™. Here we choose the poly-
cylinder P as in Theorem 2.7 and infer the following representation for all
points z € P:

flz1, oy 2n) = kliﬁrgo fe(z1, .oy 2n)
i filGis- o)
k—s o0 (271'2)” (Cl - Zl) et (Cn - Zn)

‘CI*Z%]I:RI |Cn_ 9L|:RTL

_ 1 f((lav(n)
~ (2 j'{ 7{ (GL—21) - (Co — 2n) dei - dén.

[Gi—=20|=R1  [¢n—2)|=Rn

¢y ... d¢,

Therefore, the limit function f = f(z) is holomorphic in P. q.e.d.

Theorem 2.9. With the assumptions of Theorem 2.7, we have the following

power-series-expansion for all points z = (z1,...,2y,) satisfying |zx — 20| < Ry
with k=1,...,n, namely
o0
FGrzm) = D k(= )P (2 — )P
K1, kin=0

Here the coefficients fulfill

_ 1 (G- Gn)
aklu.kn—@m.)nf 7{(Cl—Z?)kl‘Ll'---'(Cn—Zg)k"Hdﬁu.dcn

[¢1 *Z?‘:Rl [¢n—25|=Rn

1 b k1 9 kn

forky, ...k, =0,1,2,.... Setting

M = HlOaX |f(<1a7<n)|
[Ck—25 =Rk
k=1,...,n

(=2

we have Cauchy’s estimates

M

R g Mo he=0L2
1 .. n

lak, .. k.| <

Proof: As in the proof of Theorem 2.4 we deduce

l

oo
=21 N
(Ck — )1
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for k =1,...,n. The absolute convergence of this series yields
1 _ i (21 — 29)™ (20 — 2p)""
G=z) o (Gomzm) S (G=2)Rth T (G = zp)fntt
Now Theorem 2.7 implies the following identity for all points z = (21, ..., 2,)
satisfying |z — 20| < Ry with k =1,...,n, namely
oo
FGzm) = D k(= )P (2 — )
E1yeeeskin=0
The further statements are evident. q.e.d.

Theorem 2.10. (Liouville)
Let the entire holomorphic function f(z1,...,2,) : C* — C be given. Further-
more, we have a constant M € [0, +00) such that the estimate

[f(z1,. . zn)| <M forall (z1,...,2,) €C"
holds true. Then we have a constant ¢ € C such that
f(z1,...,z0) =c on the space C"
is correct. Therefore, each bounded entire holomorphic function is constant.

Proof: We can expand the function f = f(z) into the power series

oo

k
f(zl’_._’zn): Z akl-uknzﬁ'-""zﬁ"

on the whole space C™ about the origin z; = 0,...,z, = 0. Choosing the
polycylinder
P = {(21,...,zn) €C": |zj)| <R for j = 1,...,n} ccr,

the Cauchy estimates yield

skl S prm, — 0 for R—oo

for all (kq1,...,k,) € N® with k1 + ...+ k, > 0. This implies

z) = —ceC for all point o 2m) €CT
f(z1,.-.,20) =ag.0=:CcE€ or all points (23 Zn) € qed.



230 Chapter 4 Generalized Analytic Functions

Theorem 2.11. (Identity theorem in C™)

Let the functions f(z) : 2 — C and g(z) : 2 — C be holomorphic on the
domain 2 C C™. Furthermore, let the point 20 = (29,...,2%) € 2 be fized
where the coincidence

a\" 9\
(551> ...<EZ;> F(ClyensCo)

o\ M 2\
= (8_<1> RIR (@> g(Cl,. . ,Cn) =20

for all indices k1, ..., k, =0,1,2,... is valid. Then we infer the identity
f(z) =g(2) forall ze (2.

(=

Proof: We consider the function

h(z) = f(z) — g(2), z €

and the nonvoid set

o k1 Pl kn
O:=Kzef: (8—6) <5—Cn> h(()’g_:z:O

for k1,...,k, =0,1,2,...

Evidently, this set is closed and open as well - because the function h = h(z)
can be expanded into a vanishing power series at each point z € ©. When
we connect an arbitrary point z! € £ with the point 2 € © by a continuous
path ¢ : [0,1] — 2 € C°([0, 1], £2) satisfying ¢(0) = 20 and (1) = 2, then a
continuation argument yields the inclusion ([0, 1]) C ©. The set © is namely
simultaneously open and closed. This implies 2! = (1) € © and consequently
© = (2. Therefore, we obtain h(z) = 0 in 2 and finally f(z) = g(z) in 2.

q.e.d.

Remarks:

1. When two functions f = f(z) and g = g(z) coincide on an open set, they
are identical on the whole domain of definition due to Theorem 2.11.

2. If two functions f = f(z) and g = g(z) coincide only on a sequence
of points which converges in the domain of holomorphy, they are not
necessarily identical! For instance, we consider the holomorphic function

i, zn) =210 2, z2=1(z1,...,2n) €C"
vanishing on the coordinate axes.
The following result provides a powerful tool (see Theorem 1.9 in Chapter 5,

Section 1) for the investigation of analyticity for solutions of partial differential
equations.
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Theorem 2.12. (Holomorphic parameter integrals)
Assumptions: Let © C R™ and 2 C C" denote domains in the respective
spaces of dimensions m,n € N. Furthermore, let

f=Fft2)=f(ts, ..., tm,21,...,2) : Ox 2 — C € C%O x 2,C)

represent a continuous function with the following properties:

(a) For each fized vector t € © the function
D(z2) = f(t,2), z e

is holomorphic.
(b) We have a continuous integrable function F(t) : © — [0,400) €
C°(O,R) satisfying

/F(t)dt < 400,
6

which represents a uniform majorant to our function f = f(t,z) - that
means
|f(t,z)] < F(t) forall (t,z) € © x (2.

Statement: Then the function

o(z) = /f(tz) dt, ze

e
is holomorphic in (2.
Proof:

1. We consider a closed n-dimensional rectangle @) satisfying @@ C ©, and we
show that the function

U(z):= /f(t,z) dt, z e
Q
is holomorphic. Here we decompose the rectangle @) via the formula
Ny
zZ:Q=Ja
=1

into subrectangles whose measure of fineness satisfies: 6(Z;) — 0 for k —
0o. Then we consider an arbitrary compact set K C 2: For each € > 0 we
have an index ko = ko(¢) € N such that the following estimate holds true
for all k& > kg, namely
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/ftzdt—Zf(t(” )|Ql| <e

Ny

w(z) =Y f(1. )@l | =

=1

for all z € K with t) € Q;. On a compact set the continuous function
f = f(t, 2) is namely uniformly continuous! The sequence of holomorphic
functions

Ny,
)=Zk:f(t(“7z)\Ql|, ze, k=1,23,...
=1

converges uniformly on each compact set K C (2 towards the holomorphic
function
:/f(t,z)dt, zeNR
Q
due to Theorem 2.8.

2. Now we exhaust the open set © by a sequence of compact sets
RiCRy,CR3C...CHO

where each set Ry is a union of finitely many closed rectangles in ©. From
the first part of our proof we infer that the function

2) :/f(t,z)dt7 z € (2
Ry,

is holomorphic for each index k& € N. With an arbitrarily given quantity
e > 0, we have the relation

/ F(t)dt <e for all k> ko(e).
O\Ry

This implies the following inequality for all z € (2, namely

w@ -l =| [ seaa]< [ Foase

@\Rk @\Rk

with the index k > ko(¢). Therefore, the sequence of holomorphic func-
tions ¢ = pr(z) with k& = 1,2,3,... converges uniformly towards the

holomorphic function
z):/f(t,z)dt, z € {2
e

This completes the proof. q.e.d.



3 Geometric Behavior of Holomorphic Functions in C 233
Remarks:
1. The transition from the equation fz(z) = 0 to the system

0
0zZ;

flz1,...,20) =0, i=1,...,n

is easy, since the latter constitutes a linear system.
2. We refer the reader to the excellent book [GF] by Grauert and Fritzsche

for further studies in the theory of holomorphic functions with several
complex variables.

3 Geometric Behavior of Holomorphic Functions in C
We begin with the surprising

Theorem 3.1. Let the function f : G — C be holomorphic on the domain
G C C, and take a point zg € G. Then the following statements are equivalent:

(a) The function f is locally injective about the point zo;
(b) The function f is locally bijective about the point zo;
(c) We have the condition J¢(zp) > 0.

Proof:

1. The direction (a) = (b) is contained in the Theorems of Jordan-Brouwer
in R™ for the special case n = 2.

2. We now show the direction (b) = (¢): Here we consider the disc
K::{zG(C : |z—zo\<g} ccaG

with a sufficiently small radius ¢ > 0. Then we define

F(2) = f(2) — f(z0), 2€K
and
@(t) := F(oe™) #0, 0<t<2m.
Now the index-sum formula yields
1 =W(p) =i(F,2)=mn
if the expansion
F(z) =an(z — 20)" + o]z — z0|™), z = 2

with a,, # 0 and n € N holds true. Here the function

¥(2) := o]z = z|")
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satisfies
¥(2)
m ——
o=l
Then we infer the statements n = 1 and F’(zg) # 0. Finally, we arrive at
the condition

Jf(Z()) = JF(Z()) = |F/(ZO)‘2 > 0.
3. From the fundamental theorem on the inverse mapping we infer the im-
plication (¢) = (a). qed

Example 3.2. Theorem 3.1 becomes false for functions which are only real-
differentiable. In this context, we consider the bijective function

flx) =23, r €R,
whose derivative Jg(x) = 222 possesses a zero at the origin x = 0.

Problem: Generalize the results of Theorem 3.1 to holomorphic functions with
n complex variables

f= (fl(zl,...,zn),...,fn(zl,...,zn)> G —C"
in the domain G C C" (compare [GF] Chapter 1)!

Even for holomorphic mappings, which are not necessarily injective, we have
the following

Theorem 3.3. (Invariance of domains in C)
Let us consider a domain G C C, where a nonconstant holomorphic function
w= f(z):G— C, z € G is defined. Then the image

G* = f(G) = {wzf(z) ze G}
is a domain in C as well.

Proof: We transfer the proof from Theorem 6.4 in Chapter 3, Section 6 to the
plane situation, and we note that the function f = f(z) locally possesses the
expansion

f(2) = f(20) + an(z — 20)" + o(]z — 20|™) with a, € C\ {0}
at an arbitrary point zg € G. Consequently, the function
9(2) = f(2) = f(20), |z—=l<o¢

satisfies the conditions

i(9,20) =n#0 and g(z) #0
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for all points z € C with |z — zg| = ¢; here we have chosen the radius ¢ > 0
sufficiently small. The arguments of the proof quoted above yield the state-

ment of our theorem.
q.e.d.

Theorem 3.4. (Maximum principle for holomorphic functions)
Let the nonconstant holomorphic function f : G — C be given on the domain
G C C. Then we have the following inequality for all points z € G, namely

|f(2)] <sup|f(Q)] =: M.
¢eG

Proof: If M = 400 holds true, nothing has to be shown. Therefore, we assume
the condition M < 4o00. Choosing the point z € G arbitrarily, we find a
quantity 6 = 6(z) > 0 such that the disc

By(f(2)) = {weC: |w— f(2)] <}
fulfills the inclusion
B;s(f(2)) C G

according to Theorem 3.3. Consequently, we infer the statement above from
the following inequality:

M:=sup[f(O] =  sup |w|=[f(2)[+>]|f(z)]-
ceaG weBs(f(z))

q.e.d.

Remarks:

1. When we additionally assume that the domain G is bounded and the

function f : G — C is continuous, we find a point zy € G with the
property

sup [f(¢)] = |f(z0)| > [f(2)]  forall zeG.
CeG

2. The transition from f to % reveals the
Minimum principle for holomorphic functions: The nonconstant holomor-
phic function f : G — C\ {0} on the domain G C C satisfies the estimate

1f(z)] > gggu(m for all z € G.

3. In the minimum principle we cannot renounce the assumption f # 0, as
demonstrated by the subsequent
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Ezxample 3.5. On the domain
G::{ze(C : |z|<1}
we consider the holomorphic function
f(z) =2z, z €.
Here the function |f(z)| attains its minimum at the interior point z = 0.

4. Let the function f(z1,...,2,) : G — C be holomorphic on the domain
G C C™. Then we infer the identities

Jz,(2) =0 in G for j=1,...,n
We consider the square of the modulus for this function, namely
D=®(2)=D(21,...,20) = |f2) = f(2)f(2), z €.
For the indices j = 1,...,n we evaluate its derivatives
b, = fo, f+[F, =f,f+f(fz)=Ff,F i G

and B B
QZ]‘EJ' = ijEjf+ ijij = |ij|2 in G.

Therefore, we arrive at the inequality
AB(z) =4 .z () =4> |f,(:)> >0, z2€G. (1)
j=1 j=1

Those functions are subharmonic and consequently subject to the maxi-
mum principle, as we shall show in Chapter 5.

Now we consider the reflection at the real axis
7(2) =%, z e C. (2)

This function is continuous on the complex plane C, and we observe

T(2) =2 <= z€elR (3)
Denoting the upper and lower half-plane in C by

HT = {z::z:+iy€(c : :|:y>0},
respectively, we obtain the topological mappings
r:H"->H, 7:R=>R, 7:H —H.

The function 7 = 7(z) is antiholomorphic in the following sense.
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Definition 3.6. On the open set 2 C C we call the function f : 2 — C
antiholomorphic if the associate function

g(z) == f(2), z €

is holomorphic in 2.

Theorem 3.7. FEach holomorphic function f : {2 — C is orientation-
preserving, which means

Jr(z) >0 forall z e .

Each antiholomorphic function f : 2 — C is orientation-reversing, which
means
Jr(z) <0 forall ze€ 0.

Proof: If the function f = f(z) is holomorphic, we infer
[z [z
I J=
When the function f = f(2) is antiholomorphic, we consider the holomorphic
function g(z) := f(z) with z € £2 and calculate

Ji(z) = =|f*>>0 in 0

fz f? § g_ .
0 T Al I L S P R T )
-1z 19292
Consequently, all statements are proved. q.e.d.

The basic tool for the investigation of the boundary behavior for solutions of
two-dimensional partial differential equations is provided by the following

Theorem 3.8. (Schwarzian reflection principle)
In the upper half-plane we consider the open set 2t C HY such that

I=002"NnRcCR
represents a nonvoid open set. Furthermore, we define the open set
- ::{ZE(C tZ € Q"'}CH‘
and consider the disjoint union
N:=00T0runN-.

Finally, let the function f : 2T UL — C € CHNRT)NCY(NTUT) be holo-
morphic in 27 and satisfy f(I') C R. Then the function

f(z),zetur
F(z)==<¢ 4
) {f(i),zeﬁ‘ W

is holomorphic in the set (2.
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Proof:

1. Obviously, we have the regularity F' € C*(2% U 27). We consider all
points z € 27 and derive as follows:

Fs(z) = % {Tofor}z)

= (70 fluw ()7'7+(7'°f)w ()FE

= (7' © f)w ()

= T w + 7= _w
fw(z)f ) Slpor(z)” ez

— 0.

Consequently, the function F' = F(z) is holomorphic in 21 U 2.

2. Furthermore, the function F' = F(z) is continuous in (2 and, in particular,
on the real line in I'. We choose the limit point zg € I" arbitrarily and
consider a sequence of points {zj }x=12.. C 2~ with the property

lim z, = 2p.
k— o0

We infer the relation
klif{:o F(z) = klglgo f@x) = f(Zo) = f(20)
= f(20) = F(2),

where we note that f = f(z) is continuous in 2 U .
3. We still have to show the holomorphy of the function F = F(z) on the
set §2: Let zg € I' be an arbitrary point, and we consider the semidiscs

Hi;:{ze@:\z—z0|<g7 :l:Imz>€}CQi

€

with a sufficiently small radius ¢ > 0 being fixed and the parameter ¢ —
0+. With the aid of Cauchy’s integral theorem and the Cauchy integral
formula we deduce: For each point z € C\ R with |z — 2| < ¢ we have a
sufficiently small quantity € = e(z) > 0 with the property

F(z) = ZLM f fﬁ% ¢ + 2% f fﬁ% dc. (5)

OHZ OHZ

In the transition to the limit ¢ — 0+ the integrals on the real axis cancel
out, and we obtain

FO =5 ld le-al<e (©

[(—z0|=0
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This representation formula reveals the holomorphy of the function F' =

F(z) about the point 2o € I q.e.d.

The reflection at the unit circle is important:
o(z) = % 2 e\ {o}. (7)
This function is holomorphic with the complex derivative
U’(z):—zi z e C\ {0}.
Combined with the reflection at the real axis, the function
f(Z)Z:TOU(Z):%, z € C\ {0}

in polar coordinates satisfies the identity

f(rew):%ew, 0<r<+4oo, 0<¢<2m. (8)

Obviously, the unit circle line |z| = 1 remains fixed with respect to the map-

ping f = f(2).

We add a further element to the Gaussian plane C, namely the infinitely
distant point co € C, and we obtain Riemann’s sphere

C :=CuU{o0}.
Now we define the e-disc about the point co by

K (o0) := {ZE(C : |z|>§}u{oo}7 0 <e < Ho0. (9)

When we use the familiar discs
K.(0):= {z eC: |z| < 5}7
we obtain the topological mapping
o : K (0)\ {0} — Kc(00) \ {oo} (10)
for all 0 < e < +o0.

Definition 3.9. We call a set O C C open - in Riemann’s sphere - if each
point zg € O possesses a disc Kc(zp), with a sufficiently small radius € > 0
about the respective center, such that

KE<Z()) cO
is fulfilled. Here we mean, as usual,
K (20) := {z €C:lz—2) < E}

for all points zy € C and radii € > 0.
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Theorem 3.10. The system of open sets

T(C):= {O cC:0is open}
constitutes a topological space.

Proof: Exercise.

The limit point zy € C being given, we define the notion limit for a sequence
of points {zx}r=1,2,.. C C tending to zy as follows:

lim zp = 2o

{ For all € > 0 we have an index ko = ko(¢) € N
<~
k—o0

such that z € K.(z9) for all k > kq(e) holds true.

(11)
We obtain the usual notion of convergence for the points zo € C, however, the
infinitely distant point zp = co as limit point means:

For all € > 0 we have an index ko = ko(e) € N

lim zp =29 < 1 .
ko0 such that |z| > = for all k > kg (g) holds true
€

(12)
As an exercise one proves the subsequent

Theorem 3.11. Riemann’s sphere {C,T(C)} is compact in the following
sense:

(a) To each sequence of points {zi}tr=12,. C C there ezists a convergent
subsequence {zk, }1=1,2,... C {2k }k=1,2,.. with the property

2o := lim 2, € C.
l—o0
(b) Each open covering {O,},c; of Riemann’s sphere C contains a finite sub-
COVETINgG.

Definition 3.12. Let 2 C C denote an open set, where f : £2 — C may be
defined. Then the function f = f(z) is called continuous at the point zg € (2,
if each quantity € > 0 admits a number § = 6(g, zg) > 0 such that the inclusion

7 (Ks(z0)) © Ko (1(20))

holds true. When the function f = f(z) is continuous at each point zy € {2,
we call the function continuous in 2.
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Theorem 3.13. The reflection at the unit circle

o0, z2=0
1

o(2) =1 —, z2€ C\{0}
0, z=

gives us a continuous bijective mapping o : C — C. This function is holomor-
phic in C\ {0} with the derivative

J/(z):fzi 2 eC\ {o}.

Proof: Exercise.

We define the stereographic projection from the unit sphere
S? = {x = (21,79,23) ER? : |2 = 1}
= {(sinﬁcosap,sinﬁsinap, cos?) : 0<9 <, 0<p< 27r}

onto the plane R? = C according to

7 S? ——R2U {0}, S22 3 (z1,z2,23) — (p1,p2) € R2U {o0} (13)

with
x1 =sindcosp, x2 =sindsing, x3= cosv,
_ sindcosp _ sindsing
P sy T 2T T Zcose

This mapping ist bijective, and its restriction to the sphere without north-pole
S$2\ {(0,0,1)} is conformal in the following sense: Oriented angles between
two intersecting curves are preserved with respect to the mapping

7: 8%\ {(0,0,1)} — R2

Here we refer the reader to the brilliant Grundlehren [BL] by W. Blaschke and
K. Leichtweif3.
We observe the following behavior for a sequence of points

(2™} 2103, € S?\ {(0,0,1)}

satisfying () — (0,0, 1) with k — oo, namely
W(x(k)) — 00 for k — oo.

Therefore, the definition 7((0,0,1)) := oo makes sense, in order to extend the
mapping 7 continuously onto the whole sphere S2.
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4 Isolated Singularities and the General Residue
Theorem

On the basis of the Gaussian integral theorem in the plane, we establish the
fundamental

Theorem 4.1. (General residue theorem)
Assumptions:

I. Let G C C denote a bounded domain whose boundary points G are ac-
cessible from the exterior as follows: For all points zo € G there exists a
sequence {zk}k=1,2,.. C C\ G satisfying limy_oo 21, = 20. Furthermore,
we have J € N regular C*-curves

X(j)(t) : [aj7bj]—>(CeCl([aj,bj],(C), j:L...,J

with the following properties:
X0 ((a5,5)) 0 XD (@ b)) =0, Gk {1, T}, £k
and
. J .
¢=Jxv ([aj, bj]).
j=1

Finally, the domain G is situated at the left-hand side of the respective
curves: More precisely, the function

d o Thd
—1 EX(J)(t) EX(J)(t)v te (a‘j’bj)
represents the exterior normal vector to the domain G for j = 1,...,J.

The entire curvilinear integral - over these J oriented curves - will be
addressed by the symbol [ ---.

oG
II. Furthermore, let N € NU{0} singular points - where N = 0 describes the
case that no singular point exists - be given, which are denoted by (; € G
forj=1,...,N. Now we define the punctured domain

G/::G\{C]_’...,CN} and 5,125\{Cla"'7cN}‘

III. Let the function f = f(z) : G - Cet (@, C)n Co(é/,C) satisfy the
inhomogeneous Cauchy-Riemann equation

% (2) =g(z) forall ze Q. (1)
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IV. Finally, let the right-hand side of our differential equation (1) fulfill the
following integrability condition:

é/|g(z)| drdy < 4o00.

Statement: Then the limits

, €
Res (f, ) == El_1>151_~_ o

2m
/f(Ck +ee'?)e’? dyp (2)
0

exist for k=1,..., N, and we have the identity

N
/f(z) dz—2i//g(z)da:dy=2ﬂ'iZRes (f,Ck)- (3)
e} e k=1

Proof: We apply the Gaussian integral theorem to the domain
G, = {zEG Dz — x| > e for k:l,...,N}.

Here the vector € = (e1,...,en) consists of the entries €1 > 0,...,ex > 0.

Figure 1.4 ILLUSTRATION OF THE RESIDUE THEOREM

() {
G, K
\
" \
\ \
\ \
\

With the notations f(z) = u(z,y) + iv(z,y) and
0Ge : z(t) = x(t) +iy(t), te€ag,bx], k=1,..., K=J+N

we obtain
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/ f(z)dz = / (u + iv) (dx + idy)
8G. G.

- /(uda:fvdy)+i /(vdaz+udy)

G, 0G.

by
/(ua? — vy dt—l—zZ/vx + uy')
k

k=1

~

The exterior normal to the domain GG, satisfies

€)= —i{a 2 +v/0?) {0+ )

~{d @ +y 2} " (Yo, -20)

with t € (ag,by) for k =1,..., K. Consequently, the Gaussian integral theo-
rem implies

K b o b
4m ;/ o€} o0 2/“”

= //(—vw — Uy + (Uy — ivy) dedy

Ge

do(t
e ®

with the line element

1) = /&' (02 + y/ (1)2 dt.

We observe

2ifz =i(fs +ny) = —fy+ifs = —uy — vy +iug — vy

and infer the identity

/f 2—22/ f=(z d:vdy—z f f(2) d=. (4)

=L—Cel=eu

Here we integrate over the positive-oriented circular lines on the right-hand
side. On the left-hand side in (4) we can implement the transition to the limit
er — 04 for each k € {1,..., N} separately, and therefore the limit on the
right-hand side exists:

lim ]{ f(z)dz e C.

Ek—>0+
[z2—Ckl=¢€k
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In particular, we can evaluate

27
lim 7{ f(z)dz = lim ek/f(§k+5kei“")iei¢dap
0

Ek*)0+ Ek*)0+
lz—Cr|=¢x

2
= 2w lim k. /f((k + e,e)e? dyp
0

Ek *}04, 27T

= 2mi Res (f, (k)

for k =1,..., N. The transition to the limit ¢ — 0 in (4) implies

N
/f(z) dz — Qi//g(z) dxdy = 2mi Z Res (£, k),
lel G’ k=1

and finally the statement above follows. q.e.d.

Definition 4.2. We name Res(f, (k) from (2) the residue of f at the point
C-

Definition 4.3. We denote those domains G C C, which satisfy Assumption
1. in Theorem /.1, as normal domains.

Remarks to Theorem 4.1:

1. In the case N = 0 - without interior singular points - we obtain the
Gaussian integral theorem in the complex form

//%f(z) dzdy :% /f(z) dz. (5)
! oG

2. In the case that g(z) = 0 in G’ holds true, the function f = f(z) is holo-
morphic in G’, and we infer the classical residue theorem due to Liouville:

N
/ f(2)dz = 270’ S Res (£,Gi). (6)
le k=1

3. If the function f = f(z) remains bounded about the point (j, which means

sup | f(2)] < o0,
0<|z—Cr|<er

we infer Res (f, () = 0.
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4. Let the following representation
?(z)
2 =G’

with a continuous function ¢ = @(z) at the point i, hold true. Then we
have the following identity

f(z) = 0 < |z — (k| <egs (7)

2m .
. € D(Cr +ee'?)
Res (f,Ge) = lim, %/Qd@
0
2m
= e P

for the residue, and consequently

Res (f, (k) = D(Ck)-

Theorem 4.4. (Integral representation)
Let the assumptions I. to IV. of Theorem 4.1 be fulfilled. Additionally, the func-
tion f = f(z) satisfies the condition

sup |f(2)] < +o0. (8)
zeG’

Then we have the integral representation

10=5 [ a2 [[ M deay, zec.
oG G

oW

where we abbreviate G := G’ \ {z} and ( =&+ in.

Proof: Choosing the point z € G’ as fixed, we apply Theorem 4.1 to the
following function

h(¢) :=
Now we calculate

N
/h({) d¢ — QiﬂhE(C) dédn = 2mi ZRGS (h, (i) + 2miRes (h, 2)
k=1

oG ar
= 2mif(z).

This implies
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f(z):ﬁ/cf“)zdg“—%//%dfdn, zeqG
oG

G

which corresponds to the statement above. q.e.d.

As a corollary we obtain the following

Theorem 4.5. (Riemann’s theorem on removable singularities)
In the punctured disc

Q::{ZGC:0<|Z—ZO|§T}

with the center zy € C and the radius r € (0,400), let the function f : 2 — C
be holomorphic and bounded, which means

sup |(2)] < +oc.
z€2
Then f = f(z) can be continued onto the full disc
Q.= {ZE(C : |z—zo|§7“}

as a holomorphic function.

Proof: We apply Theorem 4.4 to the set {2 and the holomorphic function
f = f(2). Now we infer the statement above from the following integral rep-
resentation:

f(z):%m f Cf(fozd(, z € (2. (10)
[¢—zo|="

q.e.d.

In the sequel, we investigate holomorphic functions in the neighborhood of
singular points.

Theorem 4.6. (Laurent expansion)
Let the function f = f(z) be holomorphic in the punctured disc

.QZZ{ZE(CZO<|Z—Z()|<T},

where zg € C and r € (0, +00) holds true. Then we have the representation

+oo

fz)= Z an(z — z9)" forall ze (2 (11)

n=—oo

with the coefficients
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1 f(¢
Gp = — j{ @(7)71“(1( for neZ,

2mi — 20)
I¢—20l=0

where the radius o € (0,r) has been chosen arbitrarily. The convergence of
this so-called Laurent series, with its principal part

— 0o

g(z) := Z an(z — 29)", z €2

n=-—1

and its subordinate part

) ZZan(z—zo)", z € {2,

is uniform on each compact set contained in §2. Finally, we have the identity

Res(f,z0) = a_1. (12)

Remark: The determination of the Laurent series gives us the residue as its
coeflicient a_1, and then we can evaluate integrals by the residue theorem.
The coefficients of the Laurent series are uniquely determined.

Proof of the theorem: Without loss of generality, we can assume zy = 0. We
consider the point z € {2, fix the numbers 0 < £ < |z] < 6 < 7, and apply
Theorem 4.4 to the domain

G::{ze@:e<|z\<5}.

Now we obtain

_ 1 f(Q) 1 f(©) ~
)_% j{ C—ng_% ]{Edg for all points z € G.
<=0 I¢|=e

The expansion of the power series as usual, namely

2m j{ C_ch Zan for all |z] <6,

0
¢|=o n=

gives us the subordinate part of the Laurent series. Now we expand the ex-
pression below for all |(| = € and |z| > ¢ as follows:

1 - n, —n—
_§—Z: Zz” T;)C z "

Here the convergence of the series is uniform on each compact set. For all
points satisfying |z| > € we obtain the following expansion
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1 QO 1 f(©) —n—
AL = b
I¢l=e "= I¢|=¢

oo

_ Z ainilz—n—l
n=0
—0o0

= Z a2,

n=-—1

This gives us the principal part of our Laurent series. Therefore, we have
shown the uniform convergence of the series

+oo
f(z)= Z anz" for €< 2] <94,

n=-—o00
where 0 < € < § < r has been chosen arbitrarily. q.e.d.

Definition 4.7. Let the holomorphic function f = f(z) be represented by its
Laurent series (11), in the neighborhood of the point zy € C, due to Theorem
4.6.

i) When we find a nonvanishing coefficient a,, # 0 with its indexn < N
for each integer N € Z, we say that the function f possesses an essential
singularity at the point zg.

ii) When we have a negative integer N € Z with N < 0, such that a, =0 for
all indices n < N holds true and an # 0, we say that f possesses a pole
of the order (—N) € N at the point z.

11i) When the condition a, = 0 for all n € Z with n < 0 is correct, we say
that f possesses a removable singularity at the point zg.

Theorem 4.8. (Casorati, Weierstraf3)

Let the assumptions and notations of Theorem 4.6 be valid. Additionally, let
the function f : 2 — C be continuous. Then this function f = f(z) does not
possess an essential singularity at the point zy. It has a pole at this point if
and only if f(z9) = oo is correct; and it has a removable singularity at the
point zo if and only if f(zo) € C holds true.

Proof: Since f : 2 — C is extendable into the point zy as a continuous
function, we have a constant ¢ € C and a quantity € > 0 such that

f(z)#¢c for all z € K.(z)

holds true. Now we consider the holomorphic function
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z € K:(20) \ {20}

On account of the condition

sup  |g(2)] < 400,
0<|z—z0|<e

we can continue g = g(z) as a holomorphic function into the point zy, due to
Riemann’s theorem on removable singularities. Consequently, we have a holo-
morphic function h = h(z), z € K.(20) satistying h(zg) # 0 and a nonnegative
integer n € Ny such that

o
f(z) —c

holds true. This implies the representation

=9(2) = (2 = 20)"h(2), 2z € K(20)\ {20}

+o0
FR)=ct(z—20)"W=)"" = Y bi(z = 20)" = (2 = 20)Vo(2)

k=—n

for all points z € K (z0) \ {#0}. Here we have used the integer N € Z and the
holomorphic function

Y= /(/)(Z)v ze KE(ZO)
satisfying 1(zo) # 0.
Now the function f = f(z) possesses a pole at the point zq if and only if the
relation

tim [7() = Jirn {1z — 20/ [9(2)|} = (z0)] Jim |2 — 20]Y = +oo

zZ— 20 zZ—20

2#20 2#20 2#20

or equivalently
f(z0) = o0

holds true.
Correspondingly, the function possesses a removable singularity at the point
zp if and only if

lim 1£(2)] = Jim {12 = 20 ()|} = (0| Jim |2 = 20 < +o00

Z—r20 Z—20

2#£20 z#20 2#20
or equivalently
f(Z()) eC
holds true. Thus the statement above is established. q.e.d.

Remark: We could show by the method described that a function with an
essential singularity zo approaches each value in C as closely as possible in
each neighborhood of this singular point.
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We consider the holomorphic function f : {2 — C defined on the punctured
disc
2= {ZG(C : 0<|z—zo|<r},

with no essential singularity at the point zg. Then we have the representation
f(2) = (z — 20)"¢(2), 2€0, nel, (13)
with the holomorphic function ¢ : £2U {2y} — C satisfying ¢(z9) # 0.

Definition 4.9. We name the integer n € Z from the representation (13) the
order of the zero zg.

Remark: If n € N holds true, we infer f(z9) = 0. In the case n = 0, the
condition f(zg) # 0 is fulfilled. If n € —N holds true, the function f = f(z)
possesses a pole of the order N = —n € N at the point zg, and we note that

f(z0) = o0.

Theorem 4.10. (Principle of the argument)
Let the assumptions I. and II. of Theorem /.1 be fulfilled. The function

f=f(:G =cC\{0}

may be holomorphic in G and extendable into the singular points as a contin-
uous function f : G — C. We denote the order of the zeroes for the singular
points (i by the symbols ny = nk () € Z for k=1,...,N. Then we have the
index-sum formula

al 1 1
Som= 5 [ i {f@ e+ pian}. (14
k=1 oG

Proof: We apply the residue theorem on the holomorphic function

f'(z) =
) ze€qG.

F(z):=
Here we consider the expansions

f(2) = (=)™ ek(2),  2€G\{G}, 2= G, (15)

with the holomorphic functions ¢, = @i (z) satisfying ¢r(Cx) # 0. These
imply the representations
(2 — Go)™ n(2) + (2 — G)™ ¢l (2)
(2 = Q)" pr(2)
e 9(2)
2= G pr(2)

F(2) =
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for

ZEG\{C/C}7 Z_>Ck?7

and we obtain
Res (F, (k) = ng k=1,...,N. (16)

The residue theorem yields

N
an:ZRes F ) = /
k=1

G d€+lf5dn
(= = /
oG

"o | 70 ¢

oG

27i

/f£d€+fnd77

and the statement above is proved. q.e.d.
Remark: We refer the reader to Section 1 in Chapter 3, presenting the winding
number, in order to comprehend the notation principle of the argument.

Now we shall investigate properties of the singular double integral from rep-
resentation (9).

Definition 4.11. Let 2 C C denote a bounded open set, and the bounded
continuous function
g€ L>(0,C)nC%$,0C)

may be given. Then we name

Tolgl(2) = — = //C dedy, s e 9, (17)

the Hadamard integral operator; here we use ( = £ + in again.

The following result is fundamental for the two-dimensional potential theory.

Theorem 4.12. (Hadamard’s estimate)
Let 2 C C denote a bounded open set, and let g € C°(£2,C) be a continuous
function with the property

[9lloc = sup [g(¢)] < +o00.
cen

Then we have a constant v € (0,+00) such that the function

¥(2) :=Talgl(z), 2€C
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satisfies the inequality

¥z
[5(2) = ()] < 2ylglcler = 2l o 2L
(18)
1
for all points z1,22 € C with |21 — 29| < 5 ¥(z1).
Here we have defined the quantity
W(z1) := sup |z — z1].
z€(2
Proof: We take the points 21, z9 € C with z; # z5 and observe
1 9@ 9O )
) —h(zo) = = — déd
b(=1) = () = — //(C_Z2 c o, ) %dn
(19)

:l// f;_zim () dedn.

We utilize the transformation

3

=21+ 2(220 — 21), z € C,

which satisfies 0 + 2; and 1 +— 25 and has the Jacobian |23 — 21|?. Then we
estimate as follows:

|¢(Zl) - ¢(Z2)|
) 1
< —le2 = 21l // mdﬁdn
7

1 ﬂ 1

1o = 21l S S

7T'| 2 1||| || |<~_Z1||<~_Z2|
C:l¢—z1]<9(21)

1 2
= —|zg— 2z 0 29 — 21| dxd
| 2 1|||g|| [/ 2'2*2'1)||(Z*1)(22721)|| 2 1| Y

z: | |< 19(21)
Tea =211

1 1
Zzy — —— dady.
- |22 — 21]l|9l 0o // = 1] xdy

z:z|< 0(21)
CT=Tz1 - 22

IN

Now we have a constant v € (0, +00) such that

// B || 1 dxdy <~ // 5 drdy forall Re[2,400) (20)
P

1<|2|<R
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holds true. For the points z1, 29 € C with 0 < |21 — 29| < %19(21) we have

g V)
|21 — 2o

Therefore, the following estimate

¥ 1
W) =0 < Do —llale [ ey
1<zl < 25
9(21)
[z1 —29]
= L glloclzz — 21| 27 — rdr
™ r
1
19(21)
= 27[|glloc|z1 — 22|log m
yields the statement above. q.e.d.

Definition 4.13. We consider the function f : 2 — R™ on the set 2 C
R™, where m,n € N holds true. Furthermore, let w : [0,400) — [0,+00)
denote a continuous function - with w(0) = 0 - which prescribes a modulus of
continuity. Then the function f is named Dini continuous if the estimate

[f(@) = f(y)l <w(lz—yl)  for all points z,y € 2 (21)

holds true.
In the special case
w(t) = Lt, t €10, 400),

the function f is called Lipschitz continuous with the Lipschitz constant L €
[0, +00).
In the special case

w(t) = Ht*, t €0,+00),

we name f Holder continuous with the Holder constant H € [0, +o00) and the
Holder exponent « € (0,1).

Corollary of Theorem 4.12: The function (z) = Talg](z), z € 2 is Dini
continuous with the following modulus of continuity

9
w(t) = 2lgllotlog 5, tE[0,+00), ¥ :i=diam 2. (22)

Therefore, the function ¢ = 9(2) is Holder continuous in 2 with each Holder
exponent a € (0, 1).
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Theorem 4.14. (Removable singularities)
Let the assumptions I. to IV. of Theorem 4.1 be satisfied. Furthermore, the
function f = f(z) may be subject to the condition

sup |(2)] < +oc.
zeG’

Finally, let the right-hand side g = g(z) of the inhomogeneous Cauchy-
Riemann differential equation (1) fulfill

sup |g(2)] < 4o0.
z€G’

Then the function f = f(z) is extendable into the singular points (1,...,(Nn €
G as a Hélder continuous function, with an arbitrary Holder exponent o €
(0,1).

Proof: We use Theorem 4.4 and Theorem 4.12. q.e.d.

5 The Inhomogeneous Cauchy-Riemann Differential
Equation

We recommend the study of the excellent monograph [V] of I.N.Vekua and,
moreover, the interesting treatise by

I.N. Vekua: Systeme von Differentialgleichungen erster Ordnung vom ellip-
tischen Typus und Randwertaufgaben. Deutscher Verlag der Wissenschaften,
Berlin, 1956.

Definition 5.1. Let the continuous function @ : 2 — C be given on the open
set 2 C C, and choose a point zy € {2 as fired. We consider the normal
domains Gy, for k =1,2,... of the topological type of the disc - with area |G|
and length |0Gy| of their boundary curves - which satisfy the inclusions

z0 € Gy C 12, keN (1)
and the asymptotic condition
lim |0Gy| = 0. (2)
k—o0

When all these sequences of domains {Gy}r=1,2.... possess the uniquely deter-

mined limit
= —Q5 3
k—)oo 21|Gk| / dz = dz (20), ®)
OGy,

we call the function & = ®(z) (weakly) differentiable at the point zp in the
sense of Pompeiu.
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Remark: The Gaussian integral theorem in the complex form yields the iden-
tity
d
= D(20) = P=(20) for all points 2y € {2 4)
Z
for all functions & € C*(£2,C); here we used Wirtinger’s derivative on the

right-hand side and Pompeiu’s derivative on the left-hand side.

Definition 5.2. We take the open set 2 C C and define Vekua’s class of
functions as follows:

. d
Cx(2): =P e C%n,C) : There exists = D(2) =: g(2) .
forall z€ 2 with geC°N,C)

Proposition 5.3. The rules of differentiation for the class C'(§2) remain
valid even in the class Cz(§2) - if the formula contains only the functions
b and d=.

Proof: Consider the unit disc
B = {C:£+ine(c L [¢] < 1}

and the mollifier x = x(¢) € C§°(B, [0, +00)) with the property

B//x(&n) dédn = 1.

With an arbitrary function & = &(z) € C3({2), we associate the mollified
function

P°(2) == // 52 X (%) B(C)dedy,  z€Q with dist(z,C\ £2) > e,
(7]
(5)

where 0 < & < gq is valid. One easily shows that the Pompeiu derivation
commutes with the mollification process (compare the Friedrichs theorems in
Section 1 of Chapter 10 of Volume 2 for Sobolev spaces). Thus the statements

P (z) — D(2) for € =04 uniformlyin © (6)

and p
PL(z) — = &(z) for € — 0+ uniformlyin © (7)

z

for each compact set @ C 2 hold true. Therefore, we can transfer the rules of
differentiation into the class Cz(£2).

q.e.d.
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Proposition 5.4. Let 2 C C denote a bounded open set and g € C°(£2,C) N
L>(02,C) a function. Then the integral

U(z) :=Tolg](2), z €2

is differentiable - in the sense of Pompeiu - with respect to Z at each point
zo € {2, and we have

%Wmhw@@ 20 € 0. (8)

Proof: As described in Definition 5.1, let us consider a sequence {Gj}r=12, .
of domains contracting to the point zy € 2. We utilize the characteristic

function
() 1, z € Gy
Xa, (2) == .
“ 0,2€C\ Gy

Now we deduce

ﬁ !kW(z)dz 2@|Gk\ / __[/C dédn | dz
2m|Gk|// © [ s |

olem

=2M|Gk| // O2rixe, () dédy

_ |G%\ [[ st agan
Gy

for k =1,2,3,.... Finally, we obtain the identity

d . 1 B
ELZ/(zO): lim m /W(z)dz = g(20)

k—o0
G

for all points zg € (2. q.e.d.

Remark: In general, the function ¥ = ¥(z) does not belong to the class C1(£2);
however, ¥ lies only in the class Cz((2).

Theorem 5.5. (Pompeiu, Vekua)
On the open set 2 C C we consider the continuous function g € C°(£2,C).
Then the following statements are equivalent:
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(a) The element f = f(z) belongs to Vekua’s class of functions Cz(£2) and
satisfies the partial differential equation

i) =), e ()

in the sense of Pompeiu;
(b) The element f = f(z) belongs to the class C°(£2,C), and we have the
following integral representation for each normal domain G CC {2:

L 9(Q)
G

Proof: We show the direction (a) = (b): Let us consider the element f € Cz({2)
with

L6 =96, zeo

Then we have a sequence of functions fi(z) € C'(£2,C) for k = 1,2,...
satisfying

fe(z) — f(2), z €06
d
frz(2) — p= f(z),z€0

in each compact set © C 2. Based on Theorem 4.4 from Section 4, we com-
prehend the following identity for each normal domain G CC (2:

fk(z)—i fk //Bffk dédn, z€G, keN.

21
oG

uniformly for £ — oo (11)

Therefore, we obtain the integral representation (10) via transition k& — oo to
the limit.

We now show the direction (b) = (a): The curvilinear integral in (10) rep-
resents an analytic function in the domain G. Furthermore, the parameter
integral T¢[g] is continuous in G and weakly differentiable with respect to z
in Pompeiu’s sense. Therefore, we obtain

d
%f(z):g(z)v ZGG?
according to Proposition 5.4. q.e.d.

Definition 5.6. We name a function g : 2 — C, defined on the open set
{2 C C, Holder continuous if each compact set @ C 2 admits a constant
H = H(®) € [0,400) and an exponent o = «(O) € (0,1] such that the
estimate

lg(z1) — g(22)| < H(O)|z1 — zz|0‘(@) for all points 21,290 € O (12)
holds true.
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Definition 5.7. Let G C C be a normal domain, take the point z € G as
fixed, and let B B
f:G\{z} = CeC%G\{z})

denote a continuous function. We consider the domains
G:(z) := {CEG 2 ¢— 2] >6}
for all numbers 0 < e < dist{z,C\ G}. Then we call the expression
#f ¢)d&dn = hm // f(¢) d&dn (13)

Go(z)

Cauchy’s principal value of the integral
[ £ azan
Go(z

if the limit (13) exists.

Remark: When the improper Riemannian integral [[ f(¢)d&dn exists, we
Go(z)

ﬂ #¢)dgan = [[ 7(¢)dean (14)

Go(z)

infer

Example 5.8. We consider the function

A(2) = Ag(2) == To1 =——//—d§ n-——ﬂ—dﬁdn

Go(z)

for all z € G. The Gaussian integral theorem in the complex form yields

Y

Ge(2)

=—— lim L
T s—>0+ C
(Z)
1 1 ¢
= —— 1. —
™ Eilgl+ 24 / dC
0G:(z)

1 ¢ [ ¢
=—— [ — — 1 d
2mi (—=z de+ 2mi c0t _7{ ¢
oG I¢—2|=¢
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for all z € G. With the aid of the transformation ¢ = z + €e® and d{ =
icet? dyp, let us calculate as follows:

27

I itp .
lim f{ ¢ dc= lim / 4e€%) ieeiv ap
e—0+ (—=z e—0+ cewr
jc—z|=2 0
27
=4 I ip
7 5£%1+ (z +eet®)dp
0
27
=1 lim 27r§+s/e*w dy
e—0+
0
= 2miZ.
This implies B
1 ¢
Alz)=Z— — d G. 15
() =7-gr [ Fzde  ze (15)
G
The function A = A(z) belongs to the class C*°(G), and we observe
Az(z) =1, z €@, (16)
as well as B
Au(2) 1/—< &, »€G (17)
z = 45 ’ z .
: 2mi | (¢ — 2)?
€]
Now we deduce the identity
Z 2 i
. o ztee o
sl—l>r(1)1+ ?{ (¢ — 2)? d6 = sl—%l-s- 2e2ie °° de
jc—z|=< 0
_ 27 27
_ . E —ip —2ip
281_1>%1+ s/e do+ [ e dy o,
0 0

where we utilize the substitution ¢ = z 4 e?® again. Both integrals in the last
line vanish, which implies

. 5 _
al—l>%l+ ]{ (¢C—2)? dc =0.
jc—2|=<

Therefore, we obtain
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o 13 ) 1 ¢
Az(z)—_ﬁ (¢ —2)2 dC+sl—l>%1+ﬁ 7{ de

oG [(—z|=¢

1 ¢
T 2mi 513(1)1+ / (C—2)? a6

0G:(z)

and the Gaussian integral theorem yields

=1 im [ S

Ge(2)

1 1

= e
Go(Z)
Finally, we arrive at the formula
Au(z) = 1# L iea ca (18)
R A
Go(z)

Here we have presented Cauchy’s principal value of an integral which does
not converge absolutely.

Proposition 5.9. On the normal domain G C C, let the function g : G —
C € C°%G,C) be Hélder continuous. Then Cauchy’s principal value of the
following integral exists for all points z € G, namely

XG) = t6ldle) = 3 2 ded

e
Go(z
1 ((C)) "
o 9
- 51—1>I(r)1+ T // (¢ —2)? dedn

Ge(2)
The function x : G — C is continuous in G.
Definition 5.10. We call I1 from (19) the Vekua integral operator.

Proof of Proposition 5.9: For all points z € G and all numbers
0 < e < dist (z,C\ G) we observe

L ] L

Ga(2) "o Go(2)
(20)

Now the integral
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/ / dfdn, zeG
Gg Z)

converges absolutely, and the function @ : G — C is continuous. We utilize
the function A = A(z), z € G from Example 5.8, and we infer from (20) the
following identity for € — 04, namely

X(2) = 2(2) + 9(2)A:(2), 2z G (21)
Furthermore, the function x = x(z) is continuous in G. q.e.d.

Proposition 5.11. Let G C C denote a normal domain, and let the function
g € C°(G,C) be Hélder continuous in G. Then the function

v = Telle) =+ [[ &Ly, zec
G

belongs to the regularity class C1(G,C), and we have the identities
U=(z) = g(z), W.(z)=Iglg|(2) for all points z € G. (22)

Proof:

1. Let the point zp € G be fixed and g(zp) = 0 hold true. With the aid of
formula (19) from the proof of Theorem 4.12 in Section4, we determine
the difference quotient for the points z € G \ {2} as follows:

V(z) —W(20) 1 9(¢) — g(20)
P C[f(c—zoxc—z) i

This implies

- L [feQ )
Zzli)%ﬁ— 71'!/ (C_ZO)2 dédn = Ilg[g — g(20)](20)-

(23)
Choosing the arguments z = 2y + & and z = zg + i, respectively, with
0 — 0 and 0 # 0, the limit (23) reveals the relation

¥, (20) = lclg — g(20)](20) = —i¥y(20), (24)

and consequently
U=(20) =0, W.(20) = Hclg — g9(20)](20)- (25)

2. If the point zy € G is fixed, we consider the function

9(2) = {9(2) = g(z0) | + 9(z0) =: §(=) + g(20).
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With the aid of Example 5.8, we obtain the identity
U(z) = Tclgl(z) = Telg+ g(20)](2)
= Tc[)(2) + 9(20)Tc[1](2)
= Tc[9)(2) + g(20)A(2)

for all points z € G. Due to part 1 of our proof, we can differentiate the
first summand at the point zy with respect to z and Z using the result
(25); the second summand is infinitely often differentiable in G according
to the results (16) and (18). Therefore, we obtain

Wz(20) =0+ g(20) - 1

and
¥ (20) = Helg)(20) + 9(20) Ha[1](20) = Halg](20)-
This implies the identities
U, (20) = IIglg](20), ¥=(20) = g(20) for all zp € G. (26)
Since the right-hand sides are continuous in G, the function ¥ = ¥(z)
belongs to the class C(G,C). we.d

Proposition 5.12. Let the function g : G — C of the class C*(G,C) be given
on the normal domain G C C. Then we have the identity

0 1 _
Melal(s) =T | g9] () - 5 [ &L (27)
oG
for all z € G.
Proof: We observe

Melal(e) = tim § -+ [[ (2

G(z

dfdn , z €G.

Let us calculate with the aid of the Gaussian theorem in the complex form as
follows:

. 3(0) o 9 (30
JE&G /(/) @z %= si%lg/(/) o (zz> dedn

sy f] s o

Ge(2)

a 9
—lm & / KO} ~dC / / 6<
e—0+ 27 ¢ —

9Ge(2) Go(2)
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We set ¢ = z + €’ again and obtain

27 .
_ _ i _
lim 7( 9C) 4e = lim / glztee®) , civ gy

e—0+ (-2 e—0+ ce P

[¢—=|=¢ 0
27
=4 lim /y(z + e€'?)e? P dyp

e—0+

and consequently

This implies

e—0+

L B )]

Go(2)

for all z € G. Therefore, we deduce the following identity for all points z € G:

. 1 9(9)
Ge(z)
- _; e—0+4+
Ge(z)
L [9(Q) = // 9¢(¢)
22,/47de+ C7Zd§dn
oG Go(z)
0
=T
¢ [6( } 271'1 § — z
This corresponds to the statement above. q.e.d.

We summarize our considerations to the important

Theorem 5.13. (Regularity for the inhomogeneous Cauchy-Riemann
equation)

Let the set 2 C C be open, where the function g € C*(£2,C) with k € NU {0}
is defined. Furthermore, the element f = f(z) belongs to Vekua’s class of
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functions Cz(£2) and satisfies the inhomogeneous Cauchy-Riemann differential
equation

L i) =g() e (28)

in the sense of Pompeiu. Then the function f is contained in the regularity
class C*(£2,C), and its derivatives of the order k are Dini continuous - with
the modulus of continuity described in Section 4, Theorem 4.12. If additionally
all k-th derivatives of the right-hand side g = g(z) are Hélder continuous
functions in 2, the reqularity f € C*T1(£2,C) follows.

Proof:

1. According to Theorem 5.5, the differential equation (28) is equivalent to
the integral equation

e 2m/< & +Tlgl(2). =€,

in arbitrary normal domains G CC 2. The first summand on the right-
hand side represents a holomorphic function in G and the regularity of
f = f(z) is consequently determined by the Hadamard integral operator

U(z) = Tglg](2), z €@.

In the basic situation k& = 0, Theorem 4.12 from Section 4 reveals that the
function ¥ = ¥(z), and f = f(z) as well, is Dini continuous in G - with
the modulus of continuity described there. If the right-hand side g = g(z)
is additionally Holder continuous in {2, Propositions 5.9 and 5.11 yield

Ve CHG) Ws(2) =g(2), V() =Iclgl(z), =2€G.  (29)

2. In the case k = 1 we have g € C(£2), and the relation (29) implies
W= € CH(£2). Furthermore, Proposition 5.12 yields

0 1 9(Q) =
v, (z) =11, =T¢ | == - — | =2=dC, G 0.
() =Teldl0) =T | 0] () - o [ 2L a8 seqec
oG
(30)
Here the second summand on the right-hand side is again holomorphic in
G, and the function

2(:) =T | ga| (). eG

is Dini continuous. If g, and gz or equivalently g, and g, are additionally
Holder continuous in {2, the relation (30) combined with Proposition 5.11
imply the regularity ¥, € C'(£2) and the identity
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v.. =2 Tc[a ](z)—i./g(o ac

~ 0z 3_C g 27 (—z
oG (31)
_ 9 1 9(0) =
=tle o] 0= 5 [t
oG
for all points z € G. Furthermore, we have
U.z(2) = g.(2) = ¥z.(2) in G, (32)
and
U (2) = g=(2) in G. (33)

Therefore, the regularity ¥ € C?(§2) is proved, and the derivatives are
determined by the formulas above.

3. In the cases k = 2,3, ... one continues the procedure in the way described.
Here one essentially utilizes the formula

o= o 1 [ A
oG

for all z € G. q.e.d.

6 Pseudoholomorphic Functions

Let 2 C C denote an open set, and let us define the linear space of complex
potentials

B(£2) = {a : {2 — C : There exists a bounded open set © C {2 such that
a€C%6,C)NL>*(O,C) and a(z) =0 for all z € 2\ O
holds true}.

Definition 6.1. The function f = f(z) = u(z,y) + v(z,y), (z,y) € 2 of
the class C°(£2,C) N Cx(82) is called pseudoholomorphic in §2, if we have a
complex potential a € B(§2) such that the differential equation
d
L f=a)f(), ze (1)
Z
is satisfied in the Pompeiu sense.

Ezample 6.2. Let the function f € Cz(f2) satisfy the differential inequality
[l < Mf(z)l, zef2 (2)
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in the bounded open set 2 C C, with the constant M € [0,+00). Now we
define the open set

0= {ze() : f(z);éo}
and choose the potential
fz(2)
,2 €0
a(z) = f(2) : (3)
0, z€N\O

satisfying ||a|l.c < M. Consequently, the inequality (1) is fulfilled and the
function f = f(z) is pseudoholomorphic in §2.

If the potential
1 .
a(z) = 5 {ate.y) +iBa.y)}

is Holder continuous in 2, the solution of (1) belongs to the class C*(£2)
according to the regularity theorem from Section 5. Then we can transform
(1) into a real system of differential equations. At first, we note

2fz = fo +ify = (ugx —vy) +i(ve + uy)
and simultaneously
2af = (a+1i8)(u+1iv) = (au — fv) +i(av + Su).
Therefore, the equation (1) is equivalent to the system
Uy — Vy = ot — P 0 @
Vg + Uy = v+ Pu

and finally to
2O\ e (2,9) —Blay)\ [ulz,y)
s (u(w))(;(w) (w))(u(w?y)) we )
a—y 8_x Y Y Y » Y

Theorem 6.3. (Similarity principle of Bers and Vekua)

On the open set £2 C C we consider the pseudoholomorphic function f = f(z),
with the associate potential a € B(§2) and the associate open set © C {2 being
given. Furthermore, we introduce the parameter integral

U(z) = 7% // g(—oz dé&dn, z € (2, (6)
o
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representing a Dini continuous function - according to Theorem /.12 from
Section 4. Then the following function

B(z) := f(z)e V), z € (2,
is holomorphic in (2, and we have Vekua’s representation formula
f(z) =e?@ @(2), z € 2. (7)

Proof: Let the symbols x,, € C5°(6,[0,1]), n = 1,2,... denote a sequence of

functions such that
i B B 1,z€ 0
im x,(2) = x(2) := .
n—00 0,z€C\0O

Then we consider the functions

@, (2) == Telaxn)(2) = // dfdn, z €C, (8)

for n =1,2,... of the class Cz(C) satisfying
— U, (2) = a(2)xn(2), ze€C with neN. (9)
We now investigate the sequence
B,(2) = f(z)e ) e for n=1,23,... (10)
of the class Cz(£2). With the aid of (1), we calculate

d

—u, ) | d d
Fa) = L) - e o)}

dz
= e {a(2)f(2) = f(2)al=)xa(2)} ()
= e @ a(2)f(2) {1 - xa(2)}

for all points z € {2 and the indices n = 1,2, .... We apply Theorem 5.5 from
Section 5 and obtain the following identity for each normal domain G CC {2,
namely

& 2m/< dc——// Tl ey 12)

for all z € G and n =1,2,.... Via Lebesgue’s convergence theorem we easily
verify
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lim &,(z) = lim z) exp // Jxn(€ dfdn

n—oo n—oQ

= f(z)exp // = dfd (13)

for the point z € {2 being fixed. The transition to the limit in (12) yields the
identity

¢, €@, 14

o / 2la (14)

for each normal domain G CC f2. Consequently, the function ¢ = &(z) is

holomophic in 2. q.e.d.

On the basis of Vekua’s representation formula, we can immediately transfer

various properties of holomorphic functions to the class of pseudoholomorphic
functions.

Theorem 6.4. (Carleman)

We have given the pseudoholomorphic function f : £2 — C on the open set
2 C C. Furthermore, let us consider the limit point zy € {2 and the sequence
of points {zx tr=1,2,.. C 2\ {20} with the following properties

lim 2z =29 and f(z)=0 forall keN.

k—o0

Then we infer the identity
fz)=0 in (2.

Proof: Combine the identity theorem for holomorphic functions with Theorem

6.3 from above.
q.e.d.

In the same way we transfer the principle of the argument to pseudoholomor-
phic functions.

Theorem 6.5. (Uniqueness theorem of Vekua)
Let the function f : C — C be pseudoholomorphic with the asymptotic property

lim sup |f(2)] =0. (15)

6—>0+| |>1
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Then we have the identity
fz)=0 in C.

Proof: We denote the complex potential belonging to the function f = f(z) by
a € B(C), and we mean by © C C the associate bounded open set. According
to Theorem 6.3 we have the representation

f(z) =e?@ @(2), z€C,

with a holomorphic function ¢ = &(z), z € C. Furthermore, the function

= e

is bounded: We have a fixed constant C' € (0, +00) such that the estimate

1 1 1
<= - <z

is valid. Consequently, the holomorphic function

B(2) = f(z)e V&) z €S2

zeC

is bounded and finally constant - due to Liouville’s theorem. We take (15)
into account, and we infer

1 P 0
s—1>%1+|slu>p1| ( )|

and consequently
f(z)e ?®) =d(z)=0 in C.

Finally, we obtain

fiz)=0 in C,

and the statement above is established. q.e.d.

Remark: An entire pseudoholomorphic function, vanishing at the infinitely
distant point, is identically zero.

7 Conformal Mappings

We begin with the central

Definition 7.1. Let £2; C C for j = 1,2 denote two domains, and we call
the mapping w = f(z) : £ — (25 conformal if the following properties are
fulfilled:
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(a) The function [ : 1 — (25 is bijective;
(b) The function f : 21 — 25 is holomorphic;
(¢c) The Jacobian satisfies J(z) = |f'(2)|> > 0 for all points z C §2y.

Remark: On account of Theorem 3.1 in Section 3, we can deduce the condition
(c) from the properties (a) and (b).

Remark: A conformal mapping preserves the oriented angles between two
intersecting arcs.

Definition 7.2. Two domains 21 and {25 in the complex plane C are called
conformally equivalent, if there exists a conformal mapping f : 1 — (2
between them.

Definition 7.3. For a domain {2 C C we name the set
Aut (§2) = {f 22— Q2 fs conformal}
the automorphism group of the domain 2.

Remark: An easy exercise reveals that Aut ({2) represents a group with respect
to the composition

fi, f2 € Aut (2), then f:= fao fi1 € Aut(f2)

with the unit element f = idy,.

Definition 7.4. Let the complex parameters a,b,c,d € C be given such that
ab
det (cd) =ad—bc#0
holds true, and we define
C*:= {ZE(C : cz+d7é0}.

Then we name the mapping

az+b

_ e C*
cz+d *

w= f(z):=

a Mobius transformation or alternatively a fractional linear transformation.
10
01

f(z)=2z+0b, zeC

With the coefficient matrix

we obtain the translation
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by the vector b € C. The coeflicient matrix
a0
01

f(z) = az, ze€C

yields a rotational dilation

- using a complex parameter a € C\ {0} - about the angle ¢ = arga with
the modulus |a|. Both mappings are conformal on the complex plane C, they
can be continued onto the closure C = CU {oo}, and we have the fixed point

f(o0) = o0.
With the coefficient matrix 01
(¥s)
we obtain the reflection at the unit circle
fe)=7,  zeC\{0)

which is conformal on the set C\ {0}; this mapping can be continued onto
the extended complex plane C = C U {oo} setting f(0) = oo.

We speak of an elementary mapping when we jointly refer to a translation, a
rotational dilation, or a reflection at the unit circle.

Theorem 7.5. Fach Mdbius transformation

az+b
= — eC”
=50
possesses finitely many elementary mappings f1(2),..., fn(z) - withn € N -

such that the representation

f(z) = fao...0fa0 fi(2), zeC*

is valid. The domain C* is conformally mapped onto the image f(C*) by the
function f = f(z). Fach circle in C is transformed into a circle or a straight
line by the mapping f = f(2); this function additionally transfers each straight
line in C into a straight line or a circle in C.

Remark: When we comprehend a straight line as a circle extending to the
infinitely distant point, then the Mobius transformations are circle-preserving.

Proof of Theorem 7.5:
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1. Given the linear transformation f(z) = az + b, z € C with the complex
parameters a € C\ {0} and b € C, we choose the elementary mappings

fi(z) :==az, fa(z):=z+Db

and obtain
fao fi(z) =az+b= f(2), zeC.

2. With an arbitrary fractional linear transformation

az+b

_—, eC*
cz+d &

f(z) =

- for the parameter ¢ # 0 - we choose the following mappings

bc — ad a
z+ =
c

Ry =etd, pe) =1, f2)=

c

and obtain

fo o =15 ( ) = T

cz+d c cz+d+z

bc — ad + acz + ad az+b

B c(ez+d) T ocz+d /)

for all points z € C*. Observing part 1. of our proof, the mappings f1, f2
and f3 can be represented as a composition of elementary mappings, and
this remains true for the mapping f = f(z) as well.

3. Since the elementary mappings transform the extended complex plane C
topologically onto itself, the mapping f : C — C is topological as well.
Furthermore, the function f: C* — f(C*) is analytic, and the mapping

az+b

= — C*
/) cz+d’ Z€
satisfies the identity
, acz 4+ ad — caz — cb ad —be ) .
= = 0 for all t C*.
() CETIE EETIE # or all points  z €

Consequently, the mapping f : C* — f(C*) is conformal.

4. Evidently, linear transformations transfer circles into circles - and straight
lines into straight lines. In order to show the circle-preserving property of
the Mobius transformations, we establish this feature only for the reflec-
tion at the unit circle:

Circles and straight lines in the z = x 4 iy - plane are described by the
following equation:

0=a(2®+y*) +Br+yy+6 (1)
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with suitable real numbers «, 8,v,0 € R. We now define the number

a::%(ﬂ—i’y)e(c

and transform (1) into the complex equation
0=0azZ+2Re(az)+ 0 =azZ+az+az+0. (2)
On the set C\ {0} we multiply (2) by I 1 and obtain

1

1 1 1
= —+a—-+6§——, e C\ {0}.
ata-+a—+0- z \ {0}
Settingw:%andE:
straight lines:

, we arrive at the joint equation for circles and

=

0 = o+ aw + aw + dww = dww + 2 Re (aw) + a. (3)

Therefore, the function z — % maps circles/lines into circles/lines. qed

Remarks:
1. Given the two Mo6bius transformations

az+b az+
d —
wra d oez)

flz) =

their composition
F(z) = foe(2)

represents the following Mobius transformation

_ Az+B

F(z) = Cz+ D

with the coefficient matrix

(en)=(a)-(35), g

2. The Mobius transformation

az+b
possesses the following inverse M&bius transformation
—dz+b
o(z) = =12
cz—a

We leave the proof of these statements as an exercise to the reader.
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Example 7.6. Let us denote the unit disc by
B .= {zzx—I—iyEC s 2] <1}
and the upper half-plane by the symbol
HY = {w:u—i—ive(c : v>0}.

We then consider the Mobius transformation

z+1

f(z):my z € C\ {i}, (5)
and evaluate
O =i f)=TmfE) =00, () =1 =1
as well as 144
. — )
F) =0, f-) = ==

Therefore, the domains Ht and B are conformally equivalent via the mapping
f:B—HT.
Example 7.7. Let the point 2y € B be chosen as fixed. We now consider the
Moébius transformation

Z— 20 —=

w=f(= %, :eB, (6)

1—20
% —1)°

=20\ _ 2
det (70 _1> 14+ |2]° <0

with the coefficient matrix

Here, we observe

as well as f(zg) = 0. We calculate as follows:

].—ZO ].—ZO
1)| = = 1
1= |25 L_% ,
—].—ZO —1—20
—1)| = =
D= | \4_%
. i*Zo i*ZO 21720 ’L'f,Zo
_ _ — — = 1.
POl =171 “Zo—i Zo+i 20—

Therefore, we have the mapping properties f : 9B — 9B and f(z9) = 0.
Consequently, the function f = f(z) represents a conformal mapping from
the unit disc B onto itself.
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Definition 7.8. Let us consider a continuous mapping f : 2 — §2 of the
domain 2 C C into itself. We call zy € 2 a fixed point of the mapping
f = f(z) if the identity f(z0) = zo holds true. When the property 0 € {2
is valid, and O provides a fixed point of the mapping, we name this function
origin-preserving.

The automorphism group Aut (B) can be explicitly determined with the aid
of the following

Theorem 7.9. (Schwarzian lemma)
Let w = f(z) : B — B denote a holomorphic, origin-preserving function.
Then we have the estimate

| (2)] < 7] for all points =z € B.

If there exists a point zo € B\ {0} satisfying |f(z0)| = |20|, the function
f = f(2) admits the representation

with a certain angle ¥ € [0, 27).
Proof: The function
9(z) == —, 0 %€ B\ {0}

can be holomorphically continued onto the disc B, and we have the boundary
behavior

limsup [g(2)| < 1.

z—0B

From Theorem 3.4 in Section 3 we infer
sup |g(z)| < limsup [g(2)] < 1
z€B z—0B

and therefore

|f(2)| < 7] for all points =z € B.

If there exists a point zg € B\ {0} with |f(z0)| = |20|, we observe |g(zo)| = 1.
Consequently, the mapping g = g(z) is constant - due to the theorem quoted
above. This implies

g(z) =¢€", z€B

or equivalently .
f(z) =€z, z € B,

with an angle 9 € [0, 27). q.e.d.
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Theorem 7.10. (Automorphism group of the unit disc)
An automorphism w = f(z) : B — B of the unit disc is necessarily of the
following form:

i9 2 — Z
w:f(z) :6“9202:7_017 ZEB, (7)

with 2z := f~1(0) € B and ¥ € [0,27). On the other hand, each mapping of
the form (7) - with zo € B and 9 € [0,27) - represents an automorphism of
the unit disc B. In particular, the origin-preserving automorphisms of B are
of the form

f(z) =€z, z € B, (8)

with an angle ¥ € [0, 27).
Proof:

1. From Example 7.7 we see that all Mobius transformations of the form (7)
represent automorphisms of the unit disc.

2. When the function w = f(z), 2 € B gives us an origin-preserving auto-
morphism of B, Theorem 7.9 yields the estimate

lw] = |f(2)] < |7 forall ze B.

Now the inverse mapping z = g(w), w € B represents an origin-preserving
automorphism of B as well, and we deduce

lz| = |g(w)| < |w] forall w e B.
‘We combine our estimates to
|z < fw]=f(2)| <[2], z€B

and obtain
|f(2) =21, z€B.

Our Theorem 7.9 provides an angle ¥ € [0, 27) such that
f(z)=e"2, z€B

holds true.
3. If w = f(z) : B — B represents an arbitrary automorphism of B, we set
20 := f71(0). Then we consider the Mobius transformation

zZ— 20

w = g(z) = z € B,

Zoz — 1 ’
and we obtain the following origin-preserving automorphism of B, namely
h(w) := f o g Y (w), w € B.

Recalling the second part of our proof, we infer
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fog Y (w)=e"w, wE B,

with an angle ¥ € [0, 27). The mapping w = g(z) then satisfies
i i * %0
= = ——— € B,
f2) = eg(z) = e 20
and the statement above is proved. q.e.d.
Remarks:

1. With the aid of Theorem 7.10 we can investigate Poincaré’s half-plane,
which provides a model for the non-Euclidean geometry.
2. As an exercise, we show the subsequent representation:

Aut(B) = {f(z) —e? 270 . eB, Ve [o,zw)}

Zoz — 1
az+b _ -
=qf== ca,beC,aa—bb=1,.
bz+a
3. With the aid of Example 7.7, one then deduces the following statement:
Aut(HH) = { ) = P58 0 By 6 e R mit ad— By =1
= = iy Vs Y= .

When two domains are given in the complex plane, which are bounded by a
circle or a straight line, we then can map them conformally onto each other
via a Mobius transformation. This fact is contained in the following

Theorem 7.11. Let the points z, € C and w, € C for v = 1,2,3 with z, #
zy and w, # wy for v # p be arbitrarily given. Then we have a uniquely
determined Mdébius transformation

az+b

="y

satisfying  f(z,) =w, with v=1,23.

Remark: In particular, each Mobius transformation with at least three fixed
points reduces to the identical mapping.
Proof of Theorem 7.11:

1. We establish the existence of our mapping: If the inclusion z1, 29,23 € C
is correct, we consider the transformation

zZ— 21 Z9 — 21

f(z)=——:—=——, ze€C\{zs}

Z— 23 29 —Z3

and observe

F(z1) =0, f(z)=1, flzs)=oc.
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If one of the points z1, 22, 23 coincides with the infinitely distant point oo,
i.e. z3 = oo without loss of generality, we define

A 2 eC

f(z) =

b)
22 — 21

and obtain
f(z1) =0, f(z2) =1, [f(z3)=o0.
Correspondingly, we construct a mapping g = g(w) with the property

glw1) =0, g(we) =1, g(ws)= 0.

With the function h(z) := g~ 1o f(z), we then get a Mdbius transformation
satisfying
hz) =g ' (f(z1) =g 1 (0) =wi, h(z2) =ws, h(z)=ws.

. We now show the uniqueness: With f;(z) for j = 1,2 let us consider two
Mobius transformations satisfying

fi(z) =w,, v=1,23 for j=1,2.

Then the Mobius transformation f5 Yo f1(2) : C — C possesses three fixed
points z, with v = 1,2,3. Choosing a M&bius transformation g = g(z)
with
9(0)22’1, 9(1)2227 g(OO):Z'g”
the resulting mapping
h(z):=g o fytofiog(z), z2eC
possesses the fixed points 0, 1, and co. When we observe

az+b —

h(z) = ——, eC,
(2) cz+d N
we deduce .
0=~"r(0) =-
0=
and therefore b = 0. Furthermore, we have
az
= lim h(z) =1
o© zlg)lo (Z) zl>r20 cz + d

and infer § = 1. This implies
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h(z) =z for all points z € C

and, moreover,

g_lofgloflog(z)zz, z e C.

This is equivalent to the statement

fato fi(z) ==, zeC,

and we arrive at the identity

f1(z) = fa(z) for all points z € C.

q.e.d.

We shall now determine those domains 2 C C, which are conformally equiv-
alent to the unit disc B. Since the extended complex plane C is compact in
contrast to the unit disc B, these two domains cannot be conformally equiv-
alent. A conformal mapping being topological in particular, the topological
properties of conformally equivalent domains have to coincide! Now the func-
tion -

1) =1
represents a topological mapping of C onto B. Such a conformal mapping
- between those domains - cannot exist, since this function has to be con-
stant due to Liouville’s theorem! Consequently, the domains C and B are not
conformally equivalent. However, we provide the fundamental

, zeC

Theorem 7.12. (Riemannian mapping theorem)
Let 2 C C with 2 # C denote a simply connected domain. Then there ezists
a conformal mapping [ : {2 — B.

Remark: The whole class of conformal mappings from (2 onto the unit disc B
is given in the form g o f with g € Aut (B).
Before we provide a proof of our theorem, we need the following preparatory

lemmas.

Proposition 7.13. (Arzela, Ascoli)
Let the numbers m,n € N and the compact set K C R™ be chosen; and let the
set of functions

Fi= {fL:K—HRm : LEJ}
be given - with the index set J - satisfying the following properties:

(1) The set F is uniformly bounded: Consequently, we have a constant p > 0
such that

[f(@)] <p for all points x € K and all indices 1 € J.
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(2) The set F is equicontinuous: Therefore, each quantity ¢ > 0 admits a
number § = §(e) > 0 such that all points «’',2" € K with |2’ —2"| < ¢
and all indices v € J satisfy the inequality

|fb(xl) - fb(x”)l <e.

Statement: Then the set F contains a uniformly convergent subsequence in
K, namely g € F for k =1,2,3,..., which converges uniformly towards a
continuous function g € C°(K,R™).

Usually this result is proved in connection with Peano’s existence theorem in
the theory of ordinary differential equations.

Proposition 7.14. (Root lemma)
Let G C C\ {0} denote a simply connected domain such that z; = r1e'?* € G

with 11 € (0,+00) and p1 € [0,27) holds true, and define wy = \/ﬁe%“"l.
Then we have exactly one conformal mapping

fz)=Vz,  zed

onto the simply connected domain G := f(G) C C\ {0} with the following
properties:

f2(2) = 2, f(z) = 2f1(2) for all points z € G, 9)
f(z1) = wy, (10)

and _ _
Gn(-G)=0. (11)

Proof: We consider the holomorphic function in GG, namely
[ 1
g(2) ::/ZdC:logz—logzl, z € G.

Here the curvilinear integral has to be evaluated along an arbitrary curve from
z1 to z - within G - and the logarithm function has to be continued along this
path. Then the function

1
f(z):—wlexp{gg@)}, e
is holomorphic and satisfies the conditions
f(z1) =wiexp0=w

as well as
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f2(z) = w% expg(z) = rietP1elogze—logz

A2z, for all points =z € G.
Z1
The property (11) follows from the construction. q.e.d.

Proposition 7.15. (Hurwitz)

Given the domain 2 C C, let the holomorphic functions fi : 2 — C for
k=1,2,3,... converge uniformly on each compact set in §2 towards the non-
constant holomorphic function f : 2 — C. Furthermore, let the functions
fx = fr(2) be injective for all indices k € N. Then the limit function f = f(z)
is injective as well.

Proof: If the function f = f(z) were not injective, we would have two different
points z1, 2o € {2 with the property

f(z1) = w1 = f(22).

We then consider the function

which possesses the two zeroes z; and z5. At these points we determine their
topological indices i(g, z;) = n; € N for j = 1,2. We now consider the func-
tions

9k(2) = fr(z) — w1, z€ Kj:= {ZG(C : |zfzj\§sj},

with a sufficiently small number €; > 0 for j = 1,2 and k = 1,2,3,.... Then
their winding numbers fulfill

Wigk, K;) =i(g9,2j) =n; € N with j=1,2 forall k> ko; (12)

here the index ko € N has to be chosen sufficiently large. On account of (12),
the functions gx = gr(z) possess at least two zeroes for all indices k > kg - in

contradiction to the injectivity of fr = fx(z) assumed above. qed

We are now prepared to establish the Proof of Theorem 7.12:

1. Let 2 C C with the property {2 # C denote a simply connected domain.
At first, we find a point zp € C\ {2. Via the conformal mapping

f(z) =2z — 20, z €
we make the transition to the conformally equivalent domain

2 cC\{o}. (13)
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With the aid of the conformal mapping
f2)=Vz, ze

from Proposition 7.14, we construct a conformally equivalent domain such
that
QN (=0) =0. (14)

. We now start from a simply connected domain with the property (13) as
well as (14), and choose a point zy € {2 as fixed. We consider the following
set of admissible functions

F = {f : {2 — B : f is holomorphic and injective in 2, f(z9) = 0}.

With the aid of the extremal principle by P. Koebe, we are looking for
those mappings f € F which realize the following condition:

[/ (20)] = sup |®'(z0)]. (15)
PeF

At first, we verify that the class F is nonvoid. On account of (14) we find
a point z; € C and a radius ¢ > 0, such that the statement z ¢ (2 is
satisfied for all z € C with |z — 21| < p. The function

1
fi(z) = , z €
zZ— 2z

is bounded according to

|fl(z)|§ ) ZGQ'

SN

Application of the conformal mapping

fa(w) == r{w — fi(20)}, weC

- with a sufficiently small radius » > 0 - finally gives us the admissible
function

fi=faofieF.

. Let us consider an arbitrary function with f € F and observe its Dirichlet
integral

D)= [[ {18+ 15} dady =2 [[ 1£. 0 5] dody < 2.
0] 2

Let z; € 2 denote an arbitrary point, and § > 0 may be chosen so small
that the disc
Bjs(z1) :== {z eC:lz—x|< (5}
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fulfills the inclusion B /5 (z1) CC (2. Then the oscillation lemma of
Courant and Lebesgue provides a number 6* € [5,v/§] with the follow-
ing property:

2\/?71'

o (16)

|df ()] <
z:i|z—z1|=6*
When we observe the injectivity of the mapping f = f(2), the diameter
of the corresponding domains is estimated as follows:

V2m

T (17)

diam f(B(;(zl)) < diam f(B(;*(zl)) <

For each compact set K C {2, the class of functions
Fi={f:K=C: feF}

is consequently equicontinuous and uniformly bounded. With the aid of
Proposition 7.13, we can select a subsequence - converging uniformly on

each compact set K C {2 - from all sequences of functions {fx}r=12,.. C
F.

. Invoking Proposition 7.15 we obtain compactness of the class of functions

F in the following sense: From each sequence { fi }x=1,2... C F satisfying
0 < |fr(20) < |fr41(20)| for k€N,

we can select a subsequence {fi, }i=12,. converging uniformly on each
compact set K C {2 towards a function f € F. In this way, we find a
function f € F with the extremal property (15).

Finally, we have to show the surjectivity

£(2) = B. (18)

. If the statement G # B for the image G := f({2) C B was correct on the

contrary, we could find a point z; € B\ G. The mapping

z—z
w=1Y(z) = 212711, z€B

belongs to the class Aut (B) and fulfills
Y1(21) =0, ¥1(0) = 21.
On the simply connected domain
G1:=11(G) € B\ {0}

we consider the conformal root-function from Proposition 7.14, namely
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w=1(z) == Vz, z € Gy
with zp := /z1. We then obtain the simply connected domain
G :=12(G1) C B\ {0}

with zo € Go. Finally, we utilize the automorphism

zZ — Z9
= = , €eB
W=y (Z) Zoz — 1 i
with the property
P3(z2) =0

and define the domain
G3 = ’L/Jg(GQ) C B.

The composition
Yi=1zotppor 1 G— G3

is conformal, and we note that

Y(0) = b3 0 by 0 1 (0) = 1h3 0 Pa(21) = ¥3(22) = 0.

Then we observe ¥ o f € F on account of
Yo f(z0) =¥(0) =0.
We now evaluate as follows:
(¥ o f) (20) = %' (0) ' (20)
= ¥3(22)¥5(21)¥1(0) f' (20)

1 1
= = (Ziz =1
s 1205 (Z121 — 1) f'(20)
1 1

= 5o {(E) 1 (=)

2222 -1 222

_ ‘Z2|2 +1 /

- 222 f(ZO)

Here we take z; = /21 into account. From 0 < 23| < 1 we infer
(1—|2)?>0 aswellas |2]* —2|z|+1>0

and consequently

285
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|22‘2 +1
2‘ZQ|

With the subsequent inequality

> 1.

2
2ol +1
Wo el = 2L )] > 1 z0)| = sup /(o)
2|z2] deF
we arrive at a contradiction. Therefore, the proof is complete. q.e.d.

8 Boundary Behavior of Conformal Mappings

We begin with the fundamental

Definition 8.1. A bounded domain 2 C C is called Jordan domain, if its
boundary 082 = I represents a Jordan curve with the topological positive-
oriented representation v : 0B — I' and the parametrization

B(t) := (), teR.

The number k € N being given, we name I" k-times continuously differentiable
and regular at the point z; = (t1) € I' with t; € [0,27), if we have a quantity
e =¢(t1) > 0 such that

BeCH(ti — et +¢),C)

as well as

B'(t)#0  forall te(t;—e,t;+e)

holds true. If we have additionally an expansion into the power series

0=y

k=0

| =

'B t—tl) forall t1 —e<t<ty+e, (1)

?T‘

we call 2y = B(t1) a regular analytic boundary point. We speak of a C*-
Jordan curve (and an analytic Jordan curve) I', if each boundary point z; € I"
is regular and k-times continuously differentiable (or analytic, respectively).

Theorem 8.2. (Carathéodory, Courant)
Let £2 C C denote a Jordan domain. Then the conformal mapping f : 2 — B

can be continuously extended onto the closure §2 as a topological mapping

f: 02— B.

Proof:
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1. We take the point z; = B(t1) € I" as fixed, and for all numbers 0 < 6 < dg
we consider that connected component Gs(z1) of the open set {z € £ :
|z — z1] < 0} satisfying z; € 0Gs(z1). With the parameters ty < t3 we
denote by

,B[tg,t3] = {,B(t) : tg S t S tg}

the oriented Jordan arc on the curve I' from the point zo = S(¢2) to the
point z3 = B(t3). The boundary of the set Gs(z1) consists of the circular
arc Ss(z1) C £2 and the Jordan arc

Fg(zl) = ﬁ[tg,tg] with {9 <t < t3.
This implies
8G5(21) = Fg(zl) US(s(Zl).

The Courant-Lebesgue oscillation lemma from Section 5 in Chapter 1 can
be transferred to the present situation. To each quantity 6 > 0 prescribed,
this gives us a number §* € [§,v/§] with the following property:

202w

) < A

2E€Ssx(21)

(2)

Now the image f(Ss«(z1)) C B represents a Jordan arc of finite length,
whose end points - being continuously extended - are situated on 9B.
Since the mapping f : {2 — B is injective, we infer

2\/§7T
V—=Tlogd’

Therefore, the function f = f(z) is uniformly continuous on {2 and can
be continuously extended onto the closure 2.

2. In the same way we prove the continuous extendability of the inverse
function

diam f(G5(=1)) < diam (G- (21)) < (3)

g(w) = f"'(w), weB,

onto the closure B. Here we utilize the modulus of continuity for the
Jordan curve I' in the following sense: For each quantity € > 0 we have
a number 6 = d(¢) > 0, such that each pair of consecutive points z; =
B(t;) € I for j = 1,2 with t1 <tz and |21 — 22| < 6(¢) fulfills the following
estimate:

diam B[t1,t2] == sup  [B(m1) — B(m2)| <e. (4)

t1 <11 <T2<t2

3. Since the function f = f(z) is continuously extendable onto 2 and the
function g = g(w) onto B as well, the mapping f : 2 — B is topological.

q.e.d.
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Theorem 8.3. (Analytic boundary behavior)

Let z = g(w) : B — §2 denote a conformal mapping onto the Jordan domain
2 C C, which is - via the prescription g : B — {2 - topologically extendable.
Let the boundary I' be regular and analytic at the point zy = g(wy) € I' = 912
with wy € OB. Then we have a convergent power series

Zak(w —wy)" for all points w € C  satisfying |w—wi| <e

- with the coefficients ay, € C for k € Ng and a; # 0 - choosing € > 0
sufficiently small, such that the following representation holds true:

= Zak(w —wy)k for all points w e B with |w—wi| <e. (5)

Therefore, the function g = g(w) can be analytically extended across the
boundary OB at the point wy, € 0B.

Proof:

1. Since z1 = g(wy) = B(t1) € I represents a regular analytic boundary
point of the curve I', we observe

=1
Zpﬂ(k) t1) t—tl) forall t1 —e<t<t;+e, (6)
k=0

with 3/(t1) # 0. We now can extend the convergent power series into a
complex neighborhood using the variable r = (¢ 4 is) € C, and we obtain
the following function:

oo

1
h(r) := Z A BE () (r —t1)* forall reC with |r—t;|<e.
k_

) (7)
On account of the condition /3'(¢1) # 0, the holomorphic inverse mapping
h~! exists in a neighborhood of the point z; = h(t1).
2. We now use the following M6bius transformation:

(:H" — B is conformal and satisfies £(0) = wy.
To the holomorphic mapping
U(¢):=h"togol(), (e H" with [(|<e¢ (8)

we can apply the Schwarzian reflection principle and obtain the holomor-
phic function

(C), [Cl<e (9)
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on the full disc about the origin. Now the function
hoWol  (w)=> ap(w—w)® forall |w—w|<e (10)
k=0

is holomorphic as well; and we consider their expansion about the point
wy € OB into a convergent power series. From (8) and (10), we finally
infer

g(w) = Zak(w —wy)* for all points w € B with |w—w;| <e.
k=0

(11)
Since the mapping g : B — (2 is topological, the coefficient a; in the
expansion (11) satisfies the condition a; # 0.

q.e.d.

Remark: If the boundary I" denotes a polygon, we can represent the conformal
mapping g : B — 2 with I' = 9{2 via the Schwarz-Christoffel formulas by a
curvilinear integral in a nearly explicit way.

Theorem 8.4. (Boundary point lemma in C)
On the disc

By(z1) = {ZG(C e — 2 <,Q} with z1 € C and p>0
let the holomorphic function
w= f(z) : By(z1) — B € C*(By(z1),B) (12)
be given, such that the condition
lf(z1)| <1—¢ with a quantity € >0

is satisfied. Furthermore, let zo € 0B,(z1) denote a boundary point with
|f(z2)| = 1. Then we have the inequality

[ V)

€
[f'(z2)| = —. (13)
0
Proof: We consider the function
lw) =21 + (22 — 21)w, we B

satisfying

0)=2z, L1)=2z, [l(w)=|zw—2|=0 forall weB. (14)
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We set wy = f(z1) € B as well as wa = f(22) € 0B and use the M&bius

transformation
W — W —
h(w) = e’ ——~ weE B,

wlw—l’

with a suitable angle ¢ € [0,27). Then we obtain

h(wl) = 0, h(wg) =1 (15)
and calculate
1 ()| = (@yws —1) =W (wp —wy)| _ 1= |waf?|
2 |E1u/2 — 1‘2 |]. — m1w2|2
1 1
< = 16
S TR G-l (16)
1 1

S--ar
We now consider the origin-preserving holomorphic mapping
&(w) :=ho fol(w), weB
of the class C1(B, B). The Schwarzian lemma yields
|P(w)] < |wl, w € B. (17)

Therefore, we arrive at the inequality

220, 1L 1ot) o
r—1 - 1—r T 1l-r

for all » € (0,1), and we infer
[2'(1)] > 1. (18)
The combination of (14), (16), and (18) yields
1
L[] = W (w) f' ()0 (D] < 1/ (22)le

and consequently

which implies the statement above. q.e.d.

Theorem 8.5. (Lipschitz estimate)
The C?-Jordan-domain 2 C C is conformally transformed by the mapping
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f 2 — B onto the unit disc with the inverse mapping z = g(w) : B — (2.
Then we have the estimate

sup |g'(w)| < +o0, (19)
weB

and consequently the mapping g = g(w) is Lipschitz continuous on the closure
B.

Proof: According to the Weierstrafl approximation theorem, we can approxi-
mate the domain (2 by the Jordan domains {2, - with n € N - such that their
bounding analytic Jordan curves I',, = 32, converge for n — oo towards the
C?-Jordan-curve I' = 012 inclusive of their derivatives up to the second order.
Based on Theorem 8.3, we now consider the conformal mappings

gn : B— 0, € C'(B,0,)
with their inverse mappings
fn: 2, — BecCY2,,B)

for all indices n € N: They converge for n — oo uniformly - and in the interior
together with their derivatives - towards the function g € C°(B,f2) and its
inverse function f € C°(£2, B), respectively. Now we have a fixed radius o > 0
independent of n € N, such that each domain §2,, possesses a support circle

BQ(Zl) C 2, with 2z, € £2,,, 29 € 839(2’1) Nnrl,

at each boundary point z9 € I3, = 32, given. Observing the relation f,, — f
for n — oo, we find a quantity € > 0 independent of n € N such that the
following estimate holds true:

[FnCz)| S |fGED]+ | fa(z1) — f(z1)]| <1-—¢ for all indices n > ng(e).
(20)
Here we have chosen the index ng(e) so large that the inequalities

‘f(zl)| <1-2e, |fn(zl)_f(zl)‘ <e

are satisfied. From Theorem 8.4 we infer the estimate

, n > no(e).

[ (22)] =

22
4

Setting wq = f,,(22), we obtain the following statements for the inverse map-
pings:
lgh, (wa)| < % for all wy € 9B and n > ng(e). (21)
€

The maximum principle for holomorphic functions yields the estimate
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4
sup gy (w)] < 5. n = mo(e). (22)

For n — oo, we finally obtain the statement above with the following inequal-
ity:
sup |g/(w)] < +ox. (23)
B
q.e.d.

Remarks to the reflection of the mapping over the differentiable boundary:

For an arbitrary boundary point z; = B(t1) € I' we consider the plane C'-
mapping

h(r) = h(t +is) = h(t,s) := B(t) +isB'(t), r=t+is, |r—ti] <e

and evaluate

% h(r) = % {ht(r) + ihs(r)}
- ; {go e +is 0}
= 535”(15) = 56”(Rer)lmr, Ir—t1] <e.

For a sufficiently small £ > 0 the Jacobian satisfies

B'(t) + z‘sB”(ﬂ) hy(r) he(r)
i3 (t) b (r) ha(r)

with a constant A > 0. Now we make the transition from the function z = h(r)
to its inverse mapping r = h=1(z), |z—21| < €* with a sufficiently small e* > 0.
We differentiate the identity

>N r—til<e (24)

Jn(r) = det <

hltoh(r)y=r |r—ti|<e
with respect to r and 7 and obtain in

hH(h(r))he(r) 4 bz ' (R(r)he(r) = 1

! (h(r))hi(r) + hz (h(r))he(r) = 0

a nonsingular linear system of equations for the unknowns h;!(h(r)) and

hZ*(h(r)). Via Cramer’s rule we determine

h#=(r)  —if"(Rer)

h;l(h(r)):_Jh(T) = 2T (1) Imr, |r—ti] <e.

Inserting 7 = h~1(z) we obtain the equation
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—iB"(R hfl
i (Reh (),
2Ju(h=1(2))

On account of (24) and since the function |8”(t)|, |t — t1]| < & is bounded, we
obtain the pseudoholomorphic function

with a constant ¢; > 0. As in the proof of Theorem 8.3, we now insert the
holomorphic function g o £(¢) with ¢ € H* and || < € into the function
h=' = h=1(2). Then we obtain a pseudoholomorphic function with

V() :=h"logol((), (¢eH', [(|<e

9
0z

i (z) = Y(2), |z—a2]<e*. (25)

z)| <1 [Imh™ ()’, |z — 21| < ¢e” (26)

Due to Theorem 8.5, we obtain further constants co > 0 and c3 > 0 such that
the estimate

(Ol =15,

-

goZ(C)

\ goecn‘

g Q)|

)
< cyeac3 ‘Im ht ogo é(C)’

= cicae3 [ImW(Q)|

for all points ¢ € Ht with || < ¢ holds true. With the aid of an integral
representation from Theorem 5.5 in Section 5, we can immediately derive a
reflection principle for the pseudoholomorphic function ¥ = ¥((), which pos-
sesses real values and a vanishing Pompeiu derivative on the interval (—¢, +¢).
Then we obtain the pseudoholomorphic function

d
bzw«ﬂScumo, ¢l << (27)

with the constant ¢ := c¢ycec3. We now apply the similarity principle of Bers
und Vekua to the function ¥ and obtain asymptotic expansions for our original
function g on the boundary 0B. The functions, which appear in this context,
do not belong to the regularity class C!, in general.

Now we shall prove that the regularity property g € C*(B,C) holds true and
that its derivative ¢’'(w) : B — C\ {0} is subject to a Holder condition for each
exponent « € (0,1). Here we need the following statement which is shown via
the theory of harmonic functions presented in Chapter 5.

Proposition 8.6. (Hardy, Littlewood)
The holomorphic function G(w) = z(w) + iy(w) € CY(B) may satisfy the
condition
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ey

‘E <l <400 for all parameters t € R. (28)

Then we have a constant L = L(l) € (0, +00) such that the estimate
|G'(w)| <L for all points w € B (29)
18 correct.

Proof: We consider the Jordan curve
I.= {(cost,sint,y(eit)) eR}: 0<t< 27r}.
According to (28), each point of this curve
(uo,v0,Y0) = (uo0, vo,y(uo,v0)) € I’
admits a lower and an upper support plane
yE(u,v) = yo + o (u — ug) + BE(v — o), (u,v) € R? (30)

which are both situated entirely at one side of the curve I'. For their measure
of ascent we have a constant L = L(I) € (0, +00) such that the real coefficients
a®, f* satisfy the following conditions

(a®)?+ (B¥)? < L. (31)
On account of the maximum principle for harmonic functions, we derive

Yy (u,v) < y(u,v) <yt (u,v) for all points (u,v) € B,

(32)
y~ (uo,v0) = Yo = y™ (uo, vo)-
This implies
2y(re”) <L for all ¢ e R, (33)
or _—
and together with (28) we infer the inequality
lyw(w)| < L for all points w € OB. (34)
The maximum principle for the holomorphic function y,, yields
[y (w)| < L for all points w € B. (35)

Now we invoke the Cauchy-Riemann differential equations for the function

G(w) = z(w) + iy(w) with w € B, and we arrive at the estimate (29). qed
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Theorem 8.7. (C!l-regularity)

Let g : B — (2 denote a conformal mapping onto the C?-Jordan-domain 2 C
C with the bounding C?-Jordan-curve I' = 052. Then we have the regularity
g € CY(B, ) and the condition

g (w) #0 for all points w € B.

Furthermore, we have a Lipschitz constant L = L(g) € (0,400) such that the
estimate

|9’ (w1) — ¢'(wa)| < L|lwy —ws|  for all points w1, ws € B
is satisfied.

Proof: As in the proof of Theorem 8.5, we approximate the function g : B — 2
uniformly in B by conformal mappings g, : B — (2, for n = 1,2,... such
that

sup |gl, (w)] < ¢q, n € N.

B

When we define the functions

Gpn(w) :=log g,,(w) = log|g., (w)| + i arg g}, (w), weB for neN,

(36)
we observe
lim G,(0) = lim log ¢.,(0) = log ¢'(0) € C. (37)
n—oo n oo
We still have to verify the estimate
sup |Gl (w)] < ca, n € N. (38)

weEB

Now we associate the subsequent Gaussian metric with the mapping g, =
gn(w), namely

ds? = B, (w) (du® + dv?) = |¢),(w)|?(du® + dv?). (39)

We invoke the following formula by F. Minding from a lecture of differential
geometry for the geodesic curvature k,, of the boundary curve I, = 0(2,:

= fin\/ En(cost,sint) — 1, teR. (40)

Here we recommend the first volume in the Grundlehren der mathematischen
Wissenschaften [BL] by W. Blaschke and K. Leichtweiss, where especially § 77,
§ 78, and § 92 are relevant. Minding’s formula is explicitly derived in the trea-
tise on Minimal Surfaces [DHS] by U. Dierkes, S. Hildebrandt, and F. Sauvi-
gny with the identity (48) of Section 1.3.

0
pw log \/Ep(rcost, rsint)
r
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On account of (40) and Theorem 8.5, the mapping
Gn(w) = zp(w) +iyn(w), we B

from (36) then satisfies the following estimate:

< & forall teR and neN (41)

with a constant ¢s. The Cauchy-Riemann differential equations yield

d .
2 Yn (elt)

g < é forall t€R and neN. (42)

Via Proposition 8.6 we arrive at the estimate (38).

Therefore, the sequence of functions {Gy, }n=1,2,... is equicontinuous and uni-
formly bounded. Via the theorem of Arzela-Ascoli, we achieve the transition to
a uniformly convergent subsequence on B with {Gn, }k=1,,.., and we obtain
the continuous function

G(w) := lim Gy, (w), w € B.

k—o0

Now we observe

G(w) = lim G, (w) = khj& log g,,, (w) = log ¢’ (w), w € B.

k—o0

Consequently, the function
P (w) := log g’ (w), weEB

can be continuously extended on the closure B, and we deduce the continuity
of the derivative ¢g'(w) : B — C\ {0}. Since the functions {Gy, },—1.2, . satisfy
a joint Lipschitz condition in B, this remains true for the limit function G =
G(w) and consequently for g = g(w), w € B.

q.e.d.

Remark: In order to obtain the statement g € C2?(B), we have to assume
higher regularity for the boundary curve I' = 0f2.

9 Behavior of Cauchy’s Integral across the Boundary

Let G C C denote a bounded regular C?-domain, such that its boundary
I' = G represents a regular C?-Jordan-curve. When the length of the curve
I' is given by L = |0G| = |I'| € (0,400), we imagine this contour being
parametrized with unit-velocity — such that the domain lies to the left — by
the following function:
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(=(®t):R—TI€C*R,C), (1

C(t+kL) =((t)for allt € Randk € Z (periodicity with the period L), (2
IC'(t)] =1 forall teR (unit— velocity), (3

v(t) .= —i¢'(t), t € R is the exterior unit normal to G. (4

For a sufficiently small sy > 0, the 2-dimensional vector-field
Z(t,s) :==C(t) + sv(t), teR,se(—sp,+50) (5)
yields a C!-diffeomorphism of
the stripe R x (—sg,+s9) onto the tube Gy UI'UG{,

which is periodic in the variable ¢t with the period L. Here we have chosen the
domains

GE:={2=2(t,;s) €C: teR,+s € (0,+50)},
which are not simply connected.
Ezxample:
For the unit disc G = B := {z € C : |z| < 1} we take the parametrization
((t) = e, t € R and the exterior unit normal v(t) = —i(’(t), t € R. When
weset ':'={z2€C: |z|=1}and G] :={2 € G: 0 < |z|] < 1} as well as
G{ :=={2 € G: 1< |z] <2}, the vector-field

Z(t,s) :=e" 4 se, teR,sc(~1,+1) (6)
yields the diffeomorphism
Z :Rx (-1,+1) = Gy UT'UGT, (7)
which is periodic in the variable ¢ with the period 2.

We remark that G; C G lies within the domain G with I' as its exterior
boundary, while Ga' C C\ G lies in the the exterior domain of G' with I" as
its interior boundary. For each point z = Z (¢, s) € GOi U I" with the uniquely
determined parameters ¢ € [0,L) and +s € [0, s,) respectively, we have the
unique projection point 2 = Z(t,0) € I' onto the curve I'; we observe that the
correspondence Gy UI'UG{ 2 2 — 2 € I' is continuous!

For each point z = Z(t,s) € G, UT'U Gé, we consider the complez logarithm
function

log, (¢) :=log,(¢ — 2) = In[C — z[ +iarg,;,)(( —2), ¢€C\{z}, (8)

on the leaf C\ {z} sliced along the semi-line z + R;. Here we have introduced
the ray
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R, :={sv(t) e C: s >0}

where the argument function arg, () is discontinuous, with a jump of the size
21 > 0 for an approach in the clockwise to the counter-clockwise direction +
or —, respectively.

Finally, we define the characteristic function

1, ze G
x(z):={ %,2€0G (9)
0, 26 C\ G

Now we prescribe a boundary function
f=fQ): I'>CeCHD) (10)
for k =1 or k = 2, meaning that the function
F(t) := f(¢(t)), t € R belongs to the class C%(R,C) (11)
of those C* (IR, C)-functions, which are periodic in R with the period L > 0.

We shall study the behavior of Cauchy’s integral

1

fg(_odc, 2€C\T (12)
oG ?

near the boundary contour I'. To achieve this aim, we perform real partial
integrations of Cauchy’s integral in the subsequent Propositions 9.1 and 9.2.

Proposition 9.1. For boundary functions f € CY(I"), Cauchy’s integral ap-
pears in the form

1 L
P(z) = x(2)f(2) - 7/0 F'(r)log.(¢(7) — 2)dr, z€Gy UGy (13)

2mi
with the complex logarithmic kernel (8) above.

Proof: For all z = Z(t,s) € Gy UG with ¢t € [0,L) and +s € (0,s0) we
calculate as follows:
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L
¢(z)zi% f(C) dg:ﬁ/o F(T) C:/(T)dT

2t J (—z (1) —2
oG
t+L ,
e [ (1o ¢r) - 9) F(ryar
D) — t+L
— om [FOoscn -], o [ P on ) - 2y ds
L

=X~ 5 [ Forc(r) = 2)

q.e.d.

In order to study the behavior of the complex derivative for the holomorphic
Cauchy integral, we provide

Proposition 9.2. For boundary functions f € C*(I'), the complex derivative
of Cauchy’s integral appears in the form

d

Lo
—P(z) = 5 ]{ g(TOZ d¢, z€Gy UGY (14)
oG

as Cauchy integral for the directional derivative

ooy EE)

Proof: For all z € Gy UG{ let us calculate:

d%@(z): 1 FQ 4o 1 LF(r)

for ¢(=C@t)el and te€l0,L). (15)

i f = T fy G-
oG

2ri Jo \C¢(1)—2
1 -1 L 1 [F F(r)
_%[F(T) C(T)—Z:|O omi J, ((7)—z

B T G 4G S O N S o (9]
2w Jo (1) C(T)—zd _27Tiaf(zdc'

q.e.d.

We are now prepared to establish the interesting
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Theorem 9.3. (Cauchy’s integral across the boundary)
For Cauchy’s integral ®(z) from (12) with the boundary function f € C*(I")
from (10) with k =1 or k = 2, we have the following statements:

(a) If k =1 is assumed, Cauchy’s integral &(z) can be extended to a continuous
function onto the set Gy UI" from the interior and to a continuous function
onto the set TUGY from the exterior. Along the curve I', Cauchy’s integral
@(2) possesses a jump of the size f(2) due to the representation (13) above.
Here the parametric integral of (13) with the complex logarithmic kernel is
continuous on Gy UI'UGY .

d
(b)If k = 2 is assumed, the complex derivative d—@(z), z € C\ I can be
z

extended continuously onto Gy U I' from the interior and onto I' U G§
from the exterior. Furthermore, we have the jump relation
d : 1 [t F(7)
gy )-L [
06 =220 - 3= | (G5

27

I
) log,(¢(T) —2)dr, z € Gy UGSr

(16)
for the complex derivative of Cauchy’s integral.

Proof:

(a) Since fol —1In rdr < oo is correct, the parametric integral with the complex
logarithmic kernel
1 (L
o F'(t)log,(¢(T) — 2)dr, 2€ Gy UTUGH (17)
possesses an integrable majorant. With the aid of the convergence theorem
for — absolutely convergent — improper Riemannian integrals, we compre-
hend the continuity of the parametric integral (17) in dependence of the
variable z on the domain Gy UI'UG{ . Now the identity (13) of Proposition
9.1 reveals the statement (a).
(b) We integrate via Proposition 9.2 and Proposition 9.1. The identity in (16)
is derived for all z € Gy UGy as follows:

d 17 f©
%@(z) 2w % (—=z dc
oG

3@ - g [ (5D o6 -

As in (a) above, we observe the continuity of the parametric integral on

Gy UT'UGY, and the proof of statement (b) is complete.
q.e.d.
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Remarks:

1. In order to establish Holder-continuity for the relevant functions, one has
to derive an inequality parallel to Hadamard’s estimate from Theorem 4.12
in Section4 for the parametric integral (17) with the complex logarithmic
kernel.

2. On the boundary curve I' = G, we can interpret Cauchy’s integral only
as a Cauchy principal value

B(z9) := lim {i 7{ ©) dg}, wel. (18)

e—0+ L 2mg ¢ — 2o
C€OG: |(—2z0|>e

A real partial integration yields

N 1 1

L
D(20) = if(zo) - 2_7Ti/o F'(1)log,, (¢(T) — 20)d7, 20€l. (19)

Thus we obtain from (13) the jump relation

lim &(z) = :I:%f(zo) +&(z), zel (20)

z—rz0, 2€G]

for all boundary functions f € C1(I").
We shall utilize Cauchy’s integral to solve a boundary value problem for har-
monic functions on the unit disc in

Theorem 9.4. (Harmonic extension)
On the boundary I' = OB of the open unit disc B := {z = z+iy € C: |z| < 1}
we prescribe the boundary values

f=fz): I =-CeC*D)
for k=1,2. Then we have a function
U=U(z)="¥(zx,y): B—CecC®B)nC*(B), (21)
which satisfies the Laplace equation

:42347(2):0 forall z=xz+iyeB

(22)

and assumes continuously the boundary values

im U(x,y) = f(xo,y0) forall 2o = (xo,y0) €. (23)
(@,y)—(wo,y0), (x,y)€B

This function has the integral representation (28) with (24)-(26) below.
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Proof: We consider the holomorphic Cauchy integral

_ L

?() = o5

fg(TC)dC» 2eC\T. (24)
oB ?

Furthermore, the function

P*(2) = @(%), 2 € B\ {0} (25)

is holomorphic on its domain of definition, and for z — 0, z # 0 it remains
bounded. Riemann’s removability theorem yields a holomorphic extension of
@* into the origin 0, which we shall use without renaming this function. Now

*ok e PR () 1
() = b (z)—¢(2>7 y: (26)

gives us an antiholomorphic function due to
77(2) = P,(2)(2): + P5(2)(2): = P(2) =0, z€B. (27)

Then we inherit the regularity of  and ** on B from our Theorem 9.3, and
we define the harmonic function

U(z):=P(z) —P**(2), z€B. (28)
This means that
Uz(2) =Poz(2) —Pi3(2) =0, 2€ B
holds true. Furthermore, we have the boundary behavior

lim ¥(z)= lim (@(z)—@**(z))

z—20,2€EB z—20,2€EB

SCCEREE)

= f(z0) forall zy€T,
due to Proposition 9.1. q.e.d.

Remarks: When we want to prescribe complex boundary values, we can solve
this problem only in the class of harmonic functions; here we leave open the
question, for which boundary functions this harmonic mapping provides a dif-
feomorphism. A conformal mapping searches for its boundary representation
within the given boundary contour. For boundary value problems with holo-
morphic functions, we can only prescribe the real part on the boundary; here
we refer the reader to Theorem 2.2 (Schwarzian integral formula) in Section 2
of Chapter 9.
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10 Some Historical Notices to Chapter 4

C.F. GauB} created the complex number field with his inaugural dissertation
on the Fundamental Theorem of Algebra in 1801. Furthermore, he character-
ized differential-geometrically the conformal mappings — already known from
the stereographic projection. It was the eminent task of Cauchy (1789-1857),
Weierstrafl (1815-1897), and Riemann (1826-1866) to develop the theory of
holomorphic functions — via the alternative concepts of contour integrals,
power series, and complex differentiability, respectively. Obviously, Riemann’s
ideas proved being most profound and constructive for the theory of partial
differential equations and for the geometry in general.

Astonishingly late in the 1950s, the inhomogeneous Cauchy-Riemann equa-
tion was studied by L. Bers and I.N. Vekua — independently in New York and
Moscow. This was performed in the natural desire, to extract the square root
out of a second-order elliptic equation. In this context, the discovery by Car-
leman, in 1930, of the isolated character for the zeroes in pseudoholomorphic
functions cannot be estimated highly enough!

The complete proof of Riemann’s mapping theorem posed a great challenge
for Dirichlet, Weierstraf}, Koebe, Hilbert, Courant. .. The analytic boundary
behavior was already solved by H.A.Schwarz via his reflection principle, the
continuous boundary behavior was investigated by Carathéodory in 1913 and
simplified by R. Courant (1888-1972) via his well-known lemma together with
H. Lebesgue (1875-1941). However, the differentiable boundary behavior had
to wait for S. Warschawski, in 1961/68, to be fully understood. The behav-
ior of Cauchy’s integral across the boundary has originally been studied by
Plemelj.
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Figure 1.5 PORTRAIT OF HERMANN AMANDUS SCHWARZ (1843-1921)
Niederséachsische Staats- und Universitatsbibliothek Gottingen; taken from
the book by S. Hildebrandt, A. Tromba: Panoptimum — Mathematische Grund-
muster des Vollkommenen, Spektrum-Verlag Heidelberg (1986).




Chapter 5

Potential Theory and Spherical Harmonics

In this chapter we investigate solutions of the potential equation due to
Laplace in the homogeneous case and due to Poisson in the inhomogeneous
case. Parallel to the theory of holomorphic functions we develop the theory of
harmonic functions annihilating the Laplace equation. By the ingenious Per-
ron method we shall solve Dirichlet’s problem for harmonic functions. Then
we present the theory of spherical harmonics initiated by Legendre and elab-
orated by Herglotz to the present form. This system of functions constitutes
an explicit basis for the standard Hilbert space and simultaneously provides
a model for the ground states of atoms.

1 Poisson’s Differential Equation in R™

The solutions of 2-dimensional differential equations can often be obtained
via integral representations over the circle S'. As an example we remind the
reader of Cauchy’s integral formula. For n-dimensional differential equations
will appear integrals over the (n — 1)-dimensional sphere

St = {g:(gl,...,gn)e]&" : §§+...+§3=1}, n>2 (1)

At first, we shall determine the area of this sphere S”~!. Given the function
f=f&:5"1 5ReC'%S" L R) we set

| f@rae= [ reaue -3 [ €. )
gn-1 =13

l€l=1
By the symbols X1, ..., Xxy we denote the N € N regular surface parts with

their surface elements dwg satisfying

N
on—1 — UEZ, Ei ﬂfj =0X; ﬂ82j7 N
i=1

F. Sauvigny, Partial Differential Equations 1, Universitext, 305
DOI 10.1007/978-1-4471-2981-3_5, (C) Springer-Verlag London 2012
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We now consider a continuous function
f:{xzrfe]R” a<r<b, 565”71}—”1%
with 0 < a < b < 400, and we define the open sets
(’)izz{:ﬁ:rﬁ:feﬂi,re(a,b)}, i=1,...,N.

We require the integrability [ [f(z)|dz < 400 and set
a<|z|<b

2

fayde=3" / f() d. (3)
=1 o

a<|z|<b i
The surface parts X; are parametrized as follows
i E=€t)=E(tr, .. tn) Ty = X € YTy, X%), i=1,...,N

with the parameter domains T; C R"~!. By the representation

x=uz(t,r) =x(tr,..., th—1,7) =7&(t1, .-, tn-1), teT;, r¢e/(ab)
(4)
we obtain a parametrization of the sets O; for i = 1,..., N. The Jacobian of
this mapping is evaluated as follows:
7, (t) & (1)
Loty =| 0 =t = (60 G A A )
Tgtn—l (t) gtn—l (t) ' '
&(t) &(t)

Here the symbol A denotes the exterior vector product in R™. We have

gtl ATRS /\ftn—l = (Dl(t)’ e 7Dn(t))
with

n+j 8(617 cee vgj*17£j+17 R 7£n)
PR )

We note |£(t)| = 1 and infer £(t) - &, (t) =0 for all i = 1,...,n — 1. Therefore,
the vectors £(t) and &, A... A&, _, are parallel to each other and we deduce

Dj(t) = (=1)

, J=1,...,n.
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Setting dwe = i D;(t)?dty...dt,—1, t € T; we obtain
j=1
/f(a;) dx / FEE@)r™t | Dj(t)2dty ... dby_y dr
o, T % (a,b) J=1
b
:/rnfldr/f(rf)dwg, i=1,...,N.
a ol
Summation over ¢ = 1,..., N finally yields
b
/ flz)dz = /r”fl dr / f(ré) dwe. (6)
a<l|z|<b a Sn—1

Especially the functions f € CO(R™,R) with [ |f(z)|dz < +oo fulfill the
Rn

[ o= / e [ d. (7)

R Sn—1

identity

Before we continue to evaluate the area of the sphere S"~!, we shall explicitly
provide a calculus rule for the integral defined in (2). In this context we
consider the following special parametrization of S"~!

Yo &=t, i=1,...,n—1, fn:i\/l_t%_...—t%_l,
=t ota-n) €Ti={te R 5 <1},

We calculate

06 % O 1.0 &
oty oty Oty én
. . : : . : n—1 g
851 . agn—l afn 0 --. 1 _gn—l ; J gn
atnfl 8lenfl atnfl gn
A1 o /\n—l )\n )\1 o )\n—l )\n

The surface element of X1 consequently fulfills
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G(D2dty .. dt, . = dt,

dty...dtn—1

\/1—t§_..._tg_1

Therefore, the relation (2) implies

/ £(6) deoe
[€]=1

f(t]_,...,tn,]_,—f—\/f)+f(t17...,tn,1,—\/f) (
= dty...dt,—1
1 \/17t%7...7t$171

setting,/...:\/l—tf—...—tfl_l.

8)

We now return to evaluate the area for the (n — 1)-dimensional sphere S"~*

Wy 1= / dwe .

Sn—1

We take a continuous function g = ¢(r) : (0,400) — R, and require the
function f(z) = g(|z|) to fulfill

/|f(a:)|d:r < +o0.
RTL

Then the relation (7) yields

[ stz = ( ymrnlg<r> dr) ( / dwg>

R™ 0 gn—1
+o0o (9)

= wy / " Lg(r)dr.
0
We insert the function g(r) = e="", r € (0, +00) and obtain

—+oo

_ 2 — 2 —ai—..—a?
(.Un/rn 16 " dT:/e ] dr = /6 T dpy Lo day,

0 R Rn (10)
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Here we observe

—+o0

Definition 1.1. By the symbol

+oo
I'(z):= / t*te t dt, z2€C with Rez>0
0

we denote the Gamma-function.
Remark: We have
I'(z+1)=z2I(2) forall ze€C with Rez>0.
Therefore, we inductively obtain
I'(n)=(n-1)! for n=1,2,...

With the aid of the substitution ¢t = p? and dt = 20 dp we calculate

N 7
F(—) = /t_%e_tdt = /—6_922ng
2 0
0 0
+oo +o00
=2 / e do = /6792 do = /7.
0 —o0

Substituting ¢t = 72 and dt = 2r dr, we finally deduce

“+o00 +oo +o0
F(g) = / t"Tetdt = / 2= o dr = 9 / m=le=m* qr.
0 0 0

From the relation (10) we get the following identity for the area of the sphere

571 namely
2(r(y))
—. (11)
2

I'(3)

Wy =

We now become acquainted with a class of functions which have similar prop-
erties as the class of holomorphic functions.
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Definition 1.2. On the open set 2 C R™ with n > 2 we name the function
o = ¢(z) € C*(£2,R) harmonic in £2, if ¢ satisfies the Laplacian differential
equation

Ap(2) = Poya (@) + oo+ Que, () =0 for all x € . (12)

At first, we shall find the radially symmetric harmonic functions in R™ \ {0}.
Here we begin with the ansatz

p(x) = f(lz]), = eR"\{0}, (13)

using the function f = f(r) : (0,400) — R € C?((0,+00),R). According
to Chapter 1, Section 8 we decompose the Laplace operator with respect to
n-dimensional polar coordinates (&,7) € S"~! x (0, +00) as follows:

02 n-190 1
2t 5 T2
aor r Or r

Here the operator A is independent of the radius r . Therefore, the function

¢ is harmonic in R™ \ {0} if and only if the function f satisfies the following
ordinary differential equation

aQ_f(T) n—10f
or? r Or

The linear solution space of this ordinary differential equation is 2-dimensional,
and we easily verify: The general solution of (15) is given by

A= (14)

(r) =0, r € (0,+00). (15)

fry=a+blogr, re(0,+00), a,beR, if n=2,
fry=a+b*", re(0,+00), a,beR, if n>3.
We observe that the solutions f # const of (15) behave at the origin like

i |£(r)] = +oc.
Therefore, the radially symmetric solutions ¢(z) = f(|z]), x € R™\ {0} of the
Laplacian differential equation possess a singularity at the point = 0. This
phenomenon enables us to derive an integral representation for the solutions
of Poisson’s differential equation. We meet with a comparable situation in
Cauchy’s integral.

Definition 1.3. A domain G C R" satisfying the assumptions of the Gaus-
sian integral theorem from Chapter 1, Section 5 is named a normal domain in

R™.

Definition 1.4. On the normal domain G C R™ we define the function

1
plysa) = o logly —a|+4(yse), zyeG with x#y,  n=2 (16)
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and alternatively

1 . ,
ﬂ%w%Zzgjgﬁfw—ﬂ2‘+www% z,y€G with z#y, n>3.
(17)

Here the function ¢(;x) - defined by y — ¥(y;x) - is harmonic in G and
belongs to the class C1(G) for each fized x € G. Furthermore, we observe
the regularity property 1 € C°(G x G). Then we name ¢(y;x) a fundamental
solution of the Laplace equation in G.

Of central significance for the potential theory is the following

Theorem 1.5. On the normal dﬁmam G C R™ with n > 2, we consider a
solution u = u(z) € C*(G) N CY(G) of Poisson’s differential equation

Au(z) = f(z), reG (18)
prescribing the function f = f(z) € C°(G) as its right-hand side. Then we

have the integral representation

uw) = [ (w0 SE ) — ol ) 5o 0)) do )

+/w@ﬂﬂm@

G

for all x € G. Here the symbol v : 0G — R"™ denotes the exterior unit normal
for the domain 0G, do(y) means the surface element on the boundary 0G,
and p(y; x) indicates a fundamental solution.

Proof:

1. We present our proof only for the case n > 3. Take a fixed point z € G
and choose £y > 0 so small that the condition

B.(z) := {yER" sy — <6} ccG
is satisfied for all 0 < & < g9. We introduce the polar coordinates
y=x+7ré, EeR” with £ =1

about the point x, and denote the radial derivative by %. On the domain

G. := G\ B.(x) we apply Green’s formula and obtain
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/ Fw)o(y:z) dy

Ge

(Auly)ely:2) — uly)A,(y:a) ) dy

!
/

= (scv(y; x)%(y) - u(y)g—f(y; x)) do(y)
G

= / (sa(y;x)%(y) —U(y)g—f(y;w)) do(y)
oG

- [ () - uw) S ) doy)
9B (x)
for all € € (0,¢9).

2. Observing (17), we now see

o . au —
Jim Py )5 (y)do(y) =0.

0B ()

Furthermore, we calculate

. dp
Jim, u(y) 5, (y;z) do(y)
9B.(z)
T _ _ 1—-n
= lim / u(y) nly x| " do(y)
9B.(2)

(20)

3. From (20), (21), and (22) together with the passage to the limit ¢ — 0+

we now infer the stated identity
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[+ [ (65w - el )5 0) doly) = o)
G oG
for arbitrary points = € G. q.e.d.

Theorem 1.6. Given the point T= (%1, . ,%n) € R™ and the radius R €

(0,400), we consider the ball Br(z) := {x € R™ : |z— & | < R}. Let the
function

w=u(zy,...,2,) € C2(Bgr(2)) N C'(Bg(2))

solve the Laplace equation Au(zy,...,x,) = 0 in BR@). Then we have a
power series

k kn
Px1y...,xn) = E Aoy oy X1 oo Ty

k1,...,kn=0
R
for xz; € C with |z;] < e i=1,...,n

with the real coefficients ag, ., € R for ki,...,k, = 0,1,2,..., converging
absolutely in the designated complex polycylinder such that

w(z) = P(xi— 21, ..., ¢0— Ty) for zeR™ with |a:j—§j|§

£

23)
Proof:
1. It suffices only to prove the statement above in the case 2=0and R = 1,
which can easily be verified with the aid of the transformation
Ty :=% +Ry,y € B1(0) satisfying T : B;(0) — Bg(z).
Furthermore, we only consider the situation n > 3. With the function

1

mw—ﬂzf", y € B:= B(0)

we obtain a fundamental solution of the Laplace equation in B for each
fixed x € B. Theorem 1.5 yields the representation formula

ue) = [ (u)Got0) — o) 5o W) doly),  we B (@0
OB

The points z € B being fixed and y € 0B arbitrary, we comprehend

1 -n
Lo(yx) =y Vyply;z) = ;y-(\y*xll Vy\y*xl)

(25)
:%y-(\y*x\’"(y*x)) = éy'(y*@'

w wnly — x|™
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2. We take arbitrary A € R, y € 0B and = = (z1,...,2,) € C" satisfying

|| < ﬁ for j =1,...,n and consider the composite quantity
ly— = <Z(yj—17j)2) = (I—QZijjJer?) :
j=1 j=1 j=1
Abbreviating

n n
QZZ—ZZijTj—FZIL’? eC
j=1 j=1

we see
\ 0o 2N o0 2N n n l
y—ar=(1+02 =) (?)Ql => (?) (—2Zijj +Zx§) .
=0 j=1 j=1

Here we observe
n n n n
o =] =23 s + 02| < 2 Il + D Jo
j=1 j=1 j=1 =1

1 3
<9 m4—mn<?2
sS4 e S g

3. The function
1
Y(z) = |y — x|, xp € C  with |xj\§4—, j=1,...,n
n

is consequently holomorphic for each fixed point y € dB. On account of
the relation (25), the function

F(9) = uly) 5 i) — plysa) o), sl < o

is holomorphic on the given polycylinder for each fixed y € 9B and
bounded. Now Theorem 2.12 from Chapter 4, Section 2 about holomorphic
parameter integrals, together with (24), now yields that the function u(z)
is holomorphic on the given polycylinder. Therefore, the function v can
be expanded into the power series specified above. Since the function u(x)
is real-valued, the coefficients ay,. x, are real as well. They are namely
the coefficients of the associate Taylor series.

q.e.d.

Of central interest is the following

Theorem 1.7. Let us take the point £€ R", the radius R € (0, +00), and the
number A € R with A < n. Furthermore, let the function f = f(y1,...,yn) be
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holomorphic in an open neighborhood U C C" satisfying U DD BR(i), Then
the function

F(ml,...,xn)::/ W 4 e B (26)

ly — x>
BR(‘%)

can be locally expanded into a convergent power series about the point .

Proof: Applying the transformation Ty :=2 +Ry, y € B1(0) we can concen-
trate our considerations on the case 2= 0 and R = 1. We therefore investigate
the singular integral

F(zy,...,2,) = / f_(y) dy, x € B := B1(0).
The point = € B being fixed, we consider the transformation of variables due
to E. E. Levi, namely

y=x+ o0& —x)=(1-0)r+ 0, 0<o<1, [l=1

gn = gn(gla"'afnfl) =4

The so-defined mapping (1, ...,&,—1, 0) — y is bijective, and we have

731 &1
ogsworyn)

a(gla"-agn—lvg) 6y1 8yn
aénfl agnfl
do do

&1

0 —o2L

¢ %t

fn—l

0o .- _
Y Y fn
fl_xl gnfl_xnfl gn_xn
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&
1 0
s
:Qn—l
fn—l
0 1 2
&n
51_(51 gnfl_xnfl gn_xn

_ (qu D+ 66— an))

:9’;1 (1_2@-%) 40 for |¢|=1, |z|<Ll.
n i=1

The transformation formula for multiple integrals now yields

o= [ s
lyl<1

] PR
n k=1

0 g2y . +e2_ <1
En(€1yeees En—1)>0

/ / x:rg & x)) "t <1Z§kxk) déy ... dép—1dpo
€ — x| 1 —

0 2442 <1
En(€1,0s6n—1)<0

:/ (/ fx+@ ))u_g_m)dwg)d@

1€1=1

As in the proof of Theorem 1.6 we expand the function |¢ —z|* into a conver-
gent power series. With the aid of Theorem 2.12 from Chapter 4, Section 2 we
infer that the function F'(z) can be expanded into a convergent power series

in a neighborhood of the point x = 0. qed

Definition 1.8. A function ¢ = p(21,...,x,) : 2 — R defined on the open
set £2 C R™ is named real-analytic in §2 if the following condition holds true:

For each point r= (:%1, . ,%n) € (2 there exists a sufficiently small number

o .
e =¢(x) > 0 and a convergent power series
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oo

k En
P21y y2n) = E oy o 21+ oo 2y
ki,....kn=0

for z; € C with |zj]<e, j=1,...,n
with the real coefficients
Ok, b, ER  for ki,...,k,=0,1,2,...

such that the identity

o o o .
O(T1,y ) = Plr1— 1,00, Tp— Tn), lzj—x; | <e, j=1,...,n

is satisfied.

Theorem 1.9. (Analyticity theorem for Poisson’s equation)

The real-analytic function f = f(x1,...,2,) : 2 = R is defined on the open
set £2 C R™ with n > 2. Furthermore, let the function w = u(z1,...,z,) €
C?(92) represent a solution of Poisson’s differential equation

Au(zy,. . xn) = f(21,...,Tn), (X1,...,2p) € £2.
Then this function u(z) is real-analytic in the set 2.

Proof: Taking € 2 and BR(%) CC {2, Theorem 1.5 allows us to represent
the solution u(x) by the fundamental solution ¢ in the following form

uw) = [ (s — o0 5o w) o)+ [ elwr)dy

dBr(2) Br(Z)

with z € BR(JOL'). According to Theorem 1.6, the first integral on the right-hand
side represents a real-analytic function about the point . From Theorem 1.7
we infer that the second integral yields a real-analytic function about the

point  as well.
q.e.d.

2 Poisson’s Integral Formula with Applications

In Theorem 1.5 from Section1 we have constructed an integral representa-
tion for the solutions of Poisson’s equation in normal domains G with the
aid of the fundamental solution ¢(y;x). The representation formula becomes
particularly simple if the function ¢(.; ) vanishes on the boundary dG. This
motivates the following
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Definition 2.1. On a normal domain G C R™ we have the fundamental solu-
tion ¢ = p(y; ) given. We call this function a Green’s function of the domain
G, if the boundary condition

o(y;2) =0 for all y € 0G (1)
is satisfied for all x € G.

Theorem 2.2. Given the ball Bg := {y € R" : |y| < R} with R € (0,+00)
and n > 2, we have the following Green’s function:

R(y— )

27| y € Br, € Bg, (2)

o(y;x) = log

in the case n = 2 and

R n—2
(p(y;x):@ 1 <|y 1 - (m) n2>

(3)

_ 1 ( 1 R"2 >
2= nwn \ly—2["2 (RY—2R2(x - y) + |z[2ly[?) T

fory € Bg, x € By in the case n > 3.

Proof:

1. At first, we consider the case n = 2. Taking the point z € Bpg as fixed,

the expression

_ R(y—z) Ry— Rz
R2 -7y  —Ty+ R’

yeC

is a Mobius transformation with the nonsingular coefficient matrix

R —Rx R —Rx 9 9
@) det I = R(R* — |z|°) > 0.

Furthermore, we have

R? — Rz R?— Rz
= |————— = = 1
(B —TR + R? ’ R? — Rx ’
F(—R)| = —R? - Rx B R? + Rx B
| RE+R?>| |R2+Rx|
|f(iR)|— iR? — Rx _ iR? — Rx _ R?2 +iRx _
" |—iRT+ R? R2+iRx| |R2+iRx ’

J0)=-% €Bu.
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This implies
lf(y)] =1 for all y € OBg

and then

. =1
o(y; ) —log

for all y € 9BR and all x € Bg. Finally, we note that

1 y—x 1 1 T
) = —1 Tl = “logly—x|— —log|R— <
Plysz) = 5 -log | — %y‘ 5 108 ly — ] — o og‘R Ry‘
——lo | —x\——lo _z —R—2
= g1y g R Y =
2 1 -
= —log|y—x\ —log —mzx ——log %

1
=: o logly —a|+u(y:x),  y€Br, x€Br\{0}.

The function v (-;z) is harmonic in Bg as the real part of a holomorphic
function.
. We now consider the case n > 3, and begin with the following ansatz:

1 1 K _
o(y;r) = - , y € Bg.
(2=n)wn \ |y —2|""2 |y — Az|"~2

Here the point x € Bp is fixed; the constants K and A have still to be
chosen adequately. At first, we see that the function

1 K
(2 = n)wn |y — Az"—2

Y(y; @) = —

is harmonic in y € Bg if Az € Bg holds true. The condition o(y;x) = 0
for all y € 0Bp is satisfied if and only if

1 K

ly — "2 |y — |2

or equivalently
K ly —z? = |y — \z|? for all y € 0Bgr
is correct. On account of |y| = R we can transform this identity into
K2 (R = 2(y - 2) + [of’) = B = 20(y - @) + XJaf?

and finally into
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R? (K_ - 1) — 2z -y) (K_ - /\> + W(Kﬁ - )\2> ~0.

Setting \ := K722 we obtain
0=R*\—1)+[z*(A = 2\ = (A= D{R? - \|z|?}.

Since the case A = 1, K = 1 and consequently ¢ = 0 has to be excluded as
2 — n—2
the trivial one, we choose A := (%) and K = \"2° = (%) . Now we

obtain Green’s function of the domain B with the following expression

1 ( 1 (%)%2

2= o, \ly —z*2 R\’
- () -

for z € Bg \ {0}. We note

Qo(ya l’) = n_2>a ye ERa

R

‘y— %x‘ ’|x\y—R2% |z[?|y]? = 2R*(z - y) + R* )

and Green’s function satisfies

2

1 ( 1 Rn2 )
2—n)w, \ly —z["2  (|z]2|y|? — 2R%(x - y) + R*) "2

o(y;x) = (

for all y € By and x € Bp. q.e.d.

Theorem 2.3. (Poisson’s integral formula)

In the ball B := {y € R™ : |y| < R} of radius R € (0,400) in the Euclidean
space R™ with n > 2, let the function u = u(z) = u(x1,...,z,) € C*(Bg)N
C°(BRr) solve Poisson’s differential equation

Au(z) = f(x), x € Bg

for the right-hand side f = f(z) € C°(Br). Then we have the Poisson integral
representation

L e |
= ZR O [R Pl fW)dy ()

for all x € Br. Here the symbol ¢ = p(y;x) denotes Green’s function given
in Theorem 2.2.

Proof:
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1. At first, we assume the regularity u € C?(Bg). Theorem 1.5 from Section 1
yields the identity

0
w0 = [ wad)+ [ i@, o€ B
lyl=R ly|I<R
We confine ourselves to the case n > 3. According to Theorem 2.2 we have

Green’s function

e(y;z) = m(@*ﬂ%n*my*/\ﬂ%n)’ y € B, z € Bg,

2 n—2
with ) := <£) and K = (E) — A\
|| 2|

Taking = € By as fixed and y € 0Bpg arbitrarily, we calculate

9 . _Y .
5@(1/,:6)— 7 Vyp(y; )

_ 1 l—n Yy —2x
= RV (Iy z| 2]
1 y—z Yy — Az )
= y . —_— K .
Ruwy, (Iy—:vl” ly — Az|™
This formula remains true for n = 2 as well, where K = 1 is fulfilled in

this case. We additionally note that
ly — x> = R* — 2A\(z - y) + N[z

L, Y—Ar
~Kly = el "|yms>

R R4
— R (py)
FESERNNE

R2
= 1o (ol =26 ) + B?) = Ny —af?

and consequently
ly — Az = A2 |y — ™.
Finally, we obtain

0 1 n
Cotyir)=——— gy (y—az— KA F(y— A
5, ¥ 3 2) Roonly — " (y x *(y »’C))
1 n —n42
P (171> _ ly[? (17@)
Ruwy, |y — z|? A Ruw, |y — x| R?
yl? — |=/?

:m forall ye€ dBr and =z € Bpg.
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Therefore, we get the Poisson integral representation

we) = [ MR a [ owasan o b

ly|=R [y|<R

2. Now assuming u € C?(Bg) N C°(Bg), part 1 of our proof yields the
following identity for all ¢ € (0, R):

ue) = [ =R ot : / oy, 01 0) dy

Here ¢(y; x, 0) denotes Green’s function for the ball B,. We observe the
transition to the limit p — R— and obtain

ww) = [ awy+ [ e mswa

ly — x|
ly|=R ly|I<R

for all x € Bp. q.e.d.

Remarks:

1. In the special case n = 2 and f = 0 we obtain for 0 < p < R and
0<9<2m:

. 1 27 R2_g2 .
u(pcosd, psind) = %/RQ ~90Rcos(r—0) + &2 u(Rcos A, Rsin \) dA.
0
2. We name
1 [yl — = B
P(z,y, R) = Ron y—a y€Br, x€DBg

the Poisson kernel.
3. Later in Chapter 9 we shall investigate the boundary behavior of Poisson’s
integral.

Theorem 2.4. We consider a solution u = u(x) € C*(GQ) of Poisson’s differ-
ential equation Au(z) = f(x), x € G in the domain G C R™. For each ball
Br(a) CC G we then have the identity

u(a):ﬁl / u(x)da(x)—% /|/ log<ﬁ>f(a:)dx (5)
z—a|=R z—al<R

in the case n = 2, and alternatively
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u(a) = Rn—;lwn / u(zx) do(x)
) |z—a|=R (6)
e / (\x—a\Q_”—RQ_")f(x) dx
lz—a|<R

in the case n > 3.

Proof: Via an adequate translation we can achieve a = 0. We then consider
Green’s function

1 y 1 R _
10)= 5 -log|%| = —log i, yeDn, —2,
p(y;0) = 5 - log | o7 8 ] y € Br n
and alternatively
1 1 1 —
;0) = — — , € Bg, > 3.

Poisson’s integral formula now yields

w0) = gz [ wwda) =5 [ ro() rwdy

lyl=R ly|<R
in the case n = 2 and
1 1 1 1
= — d R e c— - d
0= g, [ - gy [ (G g
ly|=R lyI<R
in the case n > 3. q.e.d.

Corollary: Harmonic functions u have the mean value property

wo) = i [ ul)dot). 7

ly—al=R
it Br(a) CC G is satisfied.

Theorem 2.5. (Harnack’s inequality)

Let the function u(z) € C*(Bg) be harmonic in the ball B = {y € R" :
ly| < R} of radius R € (0,+c0), and we assume u(x) > 0 for all € Bg.
Then we have the estimate

_ lal Izl
Y u(0) < u(x) < e u(0) forall x € Bgr. (8)

| \;I
|z| n—1 || n—1
(1+%) (1-%)
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Proof: At first we assume u € C?(Bpg), and later we establish the inequality
above for functions u € C?(Bgr) by a passage to the limit. From Theorem 2.3
we infer
u(z) = / P(z,y, R)u(y) do(y), r € Bpg.
ly|=R

For arbitrary points y € R™ with |y| = R and « € Bgr we have the following
inequality:

yl? —l=l* _ lyl? == _ |yI* — |=?

(R+[zh)» = ly—a" — (R—|z))"
We multiply this inequality by RL%u(y) and then integrate over the boundary
OBg:

1 R?—|af? 1 R?—|zf?
R e | U080 <06 < g [ et

ly|l=R lyl=R

Using the mean value property of harmonic functions we obtain

R2 — af? R — Jaf?
R~ 4(0) <u(z) < R"? ————u(0)
(R+ [a])" (R — [a])"
and consequently

_ ‘;’”{_Lz 1— |z
m u(0) < u(z)

Finally, this implies

IN

ﬁu S %’U,(O), .TEBR.
(14 %) (%) ted

Theorem 2.6. (Liouville’s theorem for harmonic functions)
Let u(z) : R™ — R denote a harmonic function satisfying u(z) < M for all
x € R™, with a constant M € R. Then we have u(x) = const, xr € R™.

Proof: We consider the harmonic function v(z) := M —u(z), x € R™ and note
that v(x) > 0 for all x € R™. Harnack’s inequality now yields

1 _ lzl 14 Lzl
R y(0) < v(z) < — R

We observe R — +oo and obtain v(z) = v(0) for all x € R™ and finally
u(x) =const, x € R™.

(0), z € B, R>0.

q.e.d.

Fundamentally important in the sequel is
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Definition 2.7. Let G C R™ denote a domain and u = u(z) = u(x1,...,Tp)
G — R € C°G) a continuous function. We name u weakharmonic (super-
harmonic, subharmonic), if

1

u(a) = (Z,S)m

/ u(z)do(z) = 1 u(a 4+ r€) do(§)

W,

ja—al=r =

for all a € G and r € (0,9(a)) with a certain ¥(a) € (0, dist(a, R™ \ G)] is
correct.

Remarks:

1. The function u : G — R € C°(G) is superharmonic if and only if the
function —wu is subharmonic.

2. A function is weakharmonic if and only if this function is simultaneously
superharmonic and subharmonic.

3. A weakharmonic function is characterized by the mean value property -
and should be carefully distinguished from certain weak solutions of the
Laplace equation in Sobolev spaces, which are not necessarily continuous
functions in general.

4. If the functions u,v : G — R are superharmonic and the constant a €
[0,4+00) is given, then the following continuous functions

wr () = au(z),
wa(z) = u(z) + v(2),
ws(z) := min{u(z),v(z)}, z € G,

are superharmonic as well. For w; and ws this statement is evident, and
we investigate the function ws. Taking the point ¢ € G and the radius
r € (0,9(a)) we infer

1 wz(a+r€)do(€) = i / min{u(a + 7€), v(a + r&)} do(§)

W,
[€]=1 [€]=1

gmin{wL /u(CL—&-Tf)dU(f)ai /v(a—i—r{)da({)}

n

"ei=1 j6l=1
< min{u(a),v(a)} = ws(a).

5. If the functions u,v : G — R are subharmonic and the constant a €
[0,4+00) is given, then the following functions

wy(x) = au(x),
we(x) = u(x) + v(x),

ws(z) := max{u(z),v(z)}, z € G,
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are subharmonic functions in G as well.

Theorem 2.8. Let the function u = u(z) € C*(G) be defined on the domain
G C R™. Then this twice continuously differentiable function u is weakhar-
monic (superharmonic, subharmonic) in G if and only if the relation

Au(z) =0 (L0, >0) forall z€G
s correct.

Proof: We present our proof only in the case n > 3. We define f(x) := Au(z),
r € G and see f € C°(G). Theorem 2.4 yields the following identity for all
points a € G and radii r € (0,9(a)):

u(a) = r”*llwn / u(z) do(x)
|z—a|=r
1 2—n __ 7,2771 z)dzx
= / (= ) () dr.
Setting
o)== () de
la—al<r

we easily see: The function u is weakharmonic (superharmonic, subharmonic)
if and only if

x(a,r) =0 (>0, <0) forall ae G, re(0,9a))

holds true. We finally note the inequality |z — a[*>=™ — 72~ >0 for all z € G

with |z — a| < r, and we obtain the statement above. qed

Theorem 2.9. (Maximum and minimum principle)
The superharmonic (subharmonic) function u = u(z) : G — R - defined on
the domain G C R™ - may attain its global minimum (mazimum) at a point

re G'; this means
u(x) > u(x) (u(x) < u(:%)) forall z€G.

Then we have
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Proof: Since the reflection w — —u transfers subharmonic functions into su-
perharmonic ones, the statement has only to be shown for superharmonic
functions. Now the superharmonic function u : G — R € C°(G) may attain

its global minimum at the point Z € G. We then consider the nonvoid set

G* = {x €G : u(r) = inf u(y) = u(%)}
yeG
which is closed in the domain G. We now show that this set G* is open as
well. If namely a € G* is an arbitrary point, we observe

inf u(y) = u(a) > € / u(a +71€)do(&) for all r e (0,9(a)). (9)

yeG W,
|£1=1

This implies u(x) = u(a) for all points x € R"™ with |z — a| < ¥(a). Conse-
quently, the set G* is open. Since G is a domain and especially connected, we
easily see by continuation along paths: u(z) = u(%) for all z € G. We finally

obtain u(z) = const, x € G. q.e.d.

Theorem 2.10. Let the function v : G — R € CY%G) be superharmonic
(subharmonic) in the bounded domain G C R™. Furthermore, all sequences of
points {x(k)}k:m,m C G satisfying klim 2®) = 2 € OG have the property

— 00

lim inf u(z®) > M ( lim sup u(z®)) < M)

k—o00 k— o0
with a constant M € R. Then we have the behavior
u(x) > M (u(x) < M) forall z€G.

Proof: Tt suffices to consider superharmonic functions v : G — R. If the
statement u(z) > M for all © € G were false, we have a point £ € G with
w=u(§) < M. We now construct a sequence of connected compact subsets
of G exhausting the set G; this means @; 1 G for j — oo satisfying

§€@1C@2C....

Due to Theorem 2.9, the superharmonic function u attains its minimum at a
boundary point y) € 00; of each compact set ©;. Therefore, we have the
inequalities

u(y(j))gu(g):u for j=1,2,...

From the sequence {y(j )} j=1,2,... C G we now select a convergent subsequence
{.’I}(k)}k:LQ)m - {y(j)}j:mw. We then obtain a sequence {ai(k)}kzl,z,,,, cG
satisfying
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lim ™ =z €dG  and likm inf u(z™) < p < M.
—00

k— o0

However, this contradicts the assumption

liminfu(z®) > M  forall {z®}_1o  cG with lim 2™ € dG.

k—oc0 k—o0

q.e.d.

Theorem 2.11. Let G C R" denote a bounded domain. Furthermore, we
consider two functions u = u(z), v = v(z) : G - R € C°G), which are
weakharmonic in G. Then we have the estimate

sup [u(z) — v()| < sup |u(x) — v(o)].
z€G z€IG

Proof: The function w(z) := u(xr) — v(x), z € G is continuous in G and
weakharmonic in G. Setting M := sup |u(z)—v(z)|, Theorem 2.10 yields the
x€0G
inequality
—M<w(x)<M forall zeG.

This implies the stated estimate. q.e.d.

Theorem 2.12. Let G C R” denote a bounded domain. Then the Green func-
tion g (y;x) for this domain is uniquely determined, and we have

wa(y;x) <0 forall ye G and fived x€G. (10)
Proof: (Only for n > 3.)

1. Let the two Green functions

1 . _
Sﬁj(y;z):mh/*ﬂ2 +¥i(y;z),  yelG, zeG j=12

be given. Then we infer 0 = ¢1(y; ) = p2(y; ) for y € 9G, x € G and
therefore
Uiy o) = Poly;z),  yedG, zed.

Theorem 2.11 now implies ¥1(y; x) = ¥2(y; =), and finally
P1 = $2, y6G7 z € G.

2. We take the point z € G as fixed and consider Green’s function

1
ea(y;z) = mw -

P+ (ysz),  yeQ

for the domain G. Then the function x(y) = ¢(y;z) : G\ {z} = R
is harmonic. Arbitrary sequences {y*};—15. . C G’ := G\ {z} with
klim y*) € 0G’ = G U {z} now satisfy

—00
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lim sup X(y(k)) <0.

k—oc0

Therefore, Theorem 2.10 yields x(y) < 0 for all y € G’ and Theorem 2.9

implies the inequality (10). qed

Remark: The existence question for Green’s function on Dirichlet domains G
will be answered affirmatively in the next section.

3 Dirichlet’s Problem for the Laplace Equation in R™

In this paragraph the symbol G C R™ always means a bounded domain, and
f=f(x): 0G — R € C°(OG) denotes a continuous function on its boundary
O0G. Our interest is devoted to the following Dirichlet’s boundary value problem
for the Laplace equation

u(z ) € C*(G)NCY(G),
Au(z) = forall z €@, (1)
u(z) = ( ) for all z € 0G.

Theorem 3.1. (Uniqueness theorem)
Consider two solutions u(zx), v(x) of the Dirichlet problem (1) for the data G
and f. Then we have

u(zr) = v(w) in G.

Proof: The function w(x) := v(x) —u(x), z € G belonging to the class C*(G)N
C°(G) is especially weakharmonic in G and has the boundary values

= f(z)— f(x) =0  forall ze€dG.

Theorem 2.11 from Section 2 implies w(z) = 0 in G and therefore

= €G.
o(r) =u(x), @ wed.
With the aid of Poisson’s integral formula we can explicitly solve the Dirichlet
problem on balls.

Theorem 3.2. On the ball Br(a) :={y € R" : |y —a| < R} with the center
a € R™ and the radius R € (0,+00) we consider Poisson’s integral

u(z) = L / ly —al” — |z —af fly)do(y), x € Br(a). (2)

ly — x|
ly—al=R
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Then the function u belongs to the regularity class C?(Bgr(a)) N C°(Bg(a))
and is harmonic in Br(a). Furthermore, we have the boundary behavior

limu(z) = f(z)  forall € 0Bgla). (3)
acewB_g?a)
Consequently, the given function u solves Dirichlet’s problem (1) on the ball
G = Bg(a) for the continuous boundary function f : OBr(a) — R being
prescribed.

Proof:

1. At first, we consider the situation ¢ = 0, R = 1 and set B := B1(0) C R".
Then we obtain the function

— i 7|y|2 — |.L“‘2 o = ;T g X
w5 |/ i s = / Ply:a)f(y) do(y), =€ B

(4)
with Poisson’s kernel
Lyl =P

= on =l y€ 0B, xz¢€B.
n

P(y;z)

2. Formula (4) immediately implies the regularity v € C?(B). According to
part 1 in the proof of Theorem 2.3 from Section 2 the following identity is

satisfied: 2 — [af? p
1 |ly|©— |z
P(y: S - B bl B .
(y;2) on =l 5, ¥ 37

(5)
=y Vyp(y; ), y€ 0B, xe€B.

Here the symbol ¢(y;x) denotes Green’s function for the unit ball B
described in Section 2, Theorem 2.2. We note that ¢ is symmetric, more
precisely

o(z;y) = o(y; x) forall z,ye€ B with =z #uy. (6)
Furthermore, we have
A P(y;x) =y -V, (Axw(y;a:)) =0, r€B, yedB. (1)
Consequently, we obtain

Au(z) = / A P(y;2) f(y)do(y) =0 for all z € B. (8)

ly|=1
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3. Applying Theorem 2.3 from Section 2 to the harmonic function v(z) =1,
x € B we deduce

R O s 1do(y) = / P(y;x)do(y) for allz € B. (9)
wn, ly — ="

ly|=1 lyl=1

1=

Furthermore, P(y;z) > 0 for all y € 9B and all x € B is satisfied.
4. We now show that the relation

lim u(z) = f(x)
weh

is correct for all boundary points 1€ OB. We take an arbitrary point
x € B and see

we) = 1) = o [ B ()~ 18)) doto)
ly|=1
_ ! WP =12 ey eon) o
Wy / ly —a| (f(y) f( )) do(y) (10)
yeEOB
ly—=|>26
1 ly[* — Jz]? o
o / W(f(y) - f(fv)) do(y).
yEOB
ly—a|<28

The function f is continuous at the point . Given the quantity € > 0 we
therefore have a number § = d(g) > 0 such that |f(y) — f(z)| < € holds
true for all points y € OB with |y— %\ < 26. This implies

= [ M ) - ) aot)

Wn, |y_x|n
y€OB
ly—z(<28
1 / \ylz—lch?‘ ‘
< = LA T bd N — ()| do (11)
< o =] f(y) = f(z)| do(y)
yeEOB
ly—z| <28

< ¢ for all z € B.

Choosing a point € B with |z— §| < § we infer the following estimate
for all y € OB with |y— §| > 20, namely

ly—a| > ly— x| — |[z—x| > 26 — 6 = .
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Consequently, for all y € 9B with |y— 5:| > 20 and z € B with |z— %\ <
n < § we have

lyl> = 121> _ (yl+ |=zD(lyl — |=])

|y _ x|n — o
2 o 2 o
< sollzl=lz]) = lw —a
<2
- 5n
Setting M := sup |f(y)| we now can estimate as follows:
y€IB
1 / lyl* - |x|2( o
- WL L ()~ £(8)) doty
- (1) - 1)) dotw)
yEIB
ly—2|>25
1 / yl* — |z ‘ o
< - W= 1) 1) doty
— |1 = 1) dotw)
yeOB
ly—&1>25 (12)
2M 2 2
S S
y -zl
y€EOB
ly—7|>25
2M
< 2nw, < &
WnpO™

if we choose n € (0, ) sufficiently small. With the aid of (10), (11), and
(12) we deduce

lu(z) — f(z)] <2  forall z€B with |z—z|<n. (13)

This implies
lim u(z) = f(z) for all € OB.

oy
z€EB

5. The function

wwy= o [ UM a0, ees

Wn ly — z|™
ly|=1

solves Dirichlet’s problem on the unit ball B. We now utilize the trans-
formation

r=Te=5(€~a), €€ Bala).
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Then the function v(§) := u(T€), £ € Br(a) gives us a solution of Dirich-
let’s problem

v =1v(§) € C*(Br(a)) N C°(Br(a)),
Av(€) =0 for all ¢ € Bgr(a), (14)

v(§) =g(&)  forall ¢ € dBg(a),
where we have set g(&) := f(T€), £ € 0Br(a). Taking

n:=T'y=Ry+a, y € OB
we see ) € OBg(a) and do(n) = R" ! do(y). On this basis we calculate

2 2
o —urg = - [ Mo

ly|=1
1 / |Tyf? - |Te]? 1

T
[n—al=R

| 7 (In— al? = g — af?)
© Ry, / Ul
n—al=F f

f(y)do(y)

do(n)

g(n) do(n)

1 _al2 1 g2
" Rw / I (|177—§|ii d g(n) do(n), ¢ € Br(a).
nln—a\=R

q.e.d.

Theorem 3.3. (Regularity theorem for weakharmonic functions)
Let the weakharmonic function u = u(x) : G — R € C°(G) be given on the
domain G C R™. Then the function u is real-analytic in G and satisfies the
Laplace equation Au(x) =0 for all x € G.

Proof: Let the point a € G be chosen arbitrarily. For a suitable radius R €
(0, +00) we then consider the ball Br(a) CC G, where we solve Dirichlet’s
problem with the aid of Theorem 3.2, namely

v =wv(x) € C*(Bgr(a)) N C°(Bg(a)),
Av(z) =0 for all = € Bg(a), (15)
v(z) = u(z) for all x € 0Bg(a).

Theorem 2.11 from Section 2 now yields u(z) = v(x) in Br(a). Consequently,
we have u € C%(G) and Au(z) = 0 for all z € G. According to Theorem 1.9
in Section 1, the function u is real-analytic in G.

q.e.d.
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We now intend to solve Dirichlet’s problem (1) for a large class of domains G.
In this context we use an ingenious method proposed by O. Perron.

Definition 3.4. Let G C R"™ denote a bounded domain on which the con-
tinuous function u = u(z) : G - R € C%QG) is given. Then we define the
harmonically modified function

v(z) := [u]a,r(7)

u(x), x € G with |t —a| > R
T / v TZ|/ — J:rn al u(y)do(y), v € G with |x —a| < R
ly—al=R

for alla € G and R € (0, dist(a, R™ \ G)).

Remark: The function v = v(x) : G — R € C°(G) is harmonic in Bg(a) and
coincides with the original function on the complement of this ball G\ Br(a).

In the sequel we need the important

Proposition 3.5. Let the point a € G and the radius R € (0, dist(a, R™ \ G))
be chosen as fized, whereas u = u(z) denotes a superharmonic function in G.
Then the harmonically modified function

v(z) = [u]g,r(), xeG
is superharmonic in G as well, and we have
v(z) < u(x) forall ze€Q@.

Proof:

1. At first, we show the inequality v(z) < u(x) for all z € G. In this context
we only have to verify v(z) < u(x) for all x € Br(a). The function

w(x) == u(z) —v(x), x € Bg(a)
is superharmonic in the ball Bgr(a). Each sequence of points
{z®} =12, € Br(a)

with lim z® =z € O0Br(a) satisfies

k—o0

lim inf w(z®™) = w(z) = 0.
k— o0
From Section 2, Theorem 2.10 we infer w(z) > 0, x € Br(a) and conse-
quently
v(z) < u(x) for all z € Bg(a).
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2. We now show that v is superharmonic in GG. Choose an arbitrary point
& € 0Br(a) and a quantity ¥(§) € (0,dist(§, R™ \ G)]. Using part 1 of our
proof, we then obtain

! / v(m)da(x)ég% / u(z) do(x) < u(€) = v(€)

Qn_lwn " 1Wn
lz—&l=¢ lz—¢&l=¢

for all p € (0,9(€)). Consequently, the function v is superharmonic in G:
In the ball Bg(a) the function v is harmonic anyway, and in G \ Bg(a)
this function v is superharmonic.

q.e.d.
We additionally need the following

Proposition 3.6. (Harnack’s lemma)
We consider a sequence wi(z) : G — R, k = 1,2,... of harmonic functions
in G, which are descending in the following way:

w (z) > we(z) > wy(x) > ... forall ze€G.
Furthermore, let the sequence converge at one point &€ G which means

lim wy, (%) > —oc.
k—o0

Then the sequence of functions {wy(z)}r=12, uniformly converges in each
compact set © C G towards a function harmonic in G, namely

w(z) == lim wg(z), z€d.
Proof: Without loss of generality we assume 2= 0 and for the ball the inclusion
Bpr C G with a radius R € (0,+00). For the indices k,l € N with k¥ <1 we

define the nonnegative functions vy (z) := wi(x) — wi(x) > 0, x € Br. We
apply Harnack’s inequality and obtain
1

O

Setting K := 2. (3)!=" =3.2"72 we infer

+
N[

0 < vpi(2) = Ukt (0 vkt (0),

N\:u

wi(2) — wi(2)] < Klw(0) — wi (0)]

for all z € B and all k,l € N.

(16)

Since the limit klim wy(0) exists, the sequence {wy(x)}x=1,2,... converges uni-
—o0

formly in @ towards the function w(z). When we cover a compact set
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© C G by finitely many balls we comprehend that the sequence of func-
tions {wg(z)}x=1,2,.. converges uniformly in @ towards the function w(x).
The transition to the limit in Poisson’s integral formula shows that the limit

function w(z) is harmonic in G.
q.e.d.

In order to solve Dirichlet’s problem we utilize the following set of admissible
functions

M = {v :G — R e C%G) : vis in G superharmonic, and
for all sequences {x(k)}kzl,l___ C G with klim k) = 2% € G
—00

we have lim inf v(z(*®)) > f(x*)}
k—o00

Here the symbol f : G — R denotes a continuous boundary function. Since
=M =
v(x) max flx) e M

holds true, we have M # ().
Proposition 3.7. Let us define the function

u(x) == vlen/f/1 v(z), z €.

Then u is harmonic in G and we have
m<u(z) <M forall z €.
Here we abbreviate m := inf f(x) and M := sup f(x).
r€IG 2€0G
Proof:

1. We take a sequence of points {.’L‘i}i:172)3,m C G which are dense in G. For
each index ¢ € N, there exists a sequence of functions {v;;};=12,.. C M
satisfying ‘ ‘

lim v;;(2*) = u(z*).
j—oo

The minimum principle implies the estimate v;;(x) > m for all z € G and
all 7,7 € N. We now define the functions

vg(x) = 1§Hil,ij%lcvij(x), zeqd

for each index k € N. Evidently, we have vi(x) > vii1(z), x € G for
all £ € N. The minimum of finitely many superharmonic functions is
superharmonic again according to a previous remark, and we infer

v € M, k=1,2,...
We observe u(z?) < vy () < vig(x?) for 1 < i < k, and we obtain

lim vy (2") = u(z?) forall i=1,2,...
k— o0
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2. In the disc Br(a) CC G we harmonically modify the function v to the
following function

wi () = [vk]a,r(T), z € G.

With the aid of Proposition 3.5 we see {wy }x=1,2,.. C M. Furthermore,
we have wg(x) > wia1(x) in Br(a) for all k € N and

u(z') < wp(z') < vg(a?) for all 4,k eN.
Therefore, we obtain

lim wy,(2") = u(z?) forall 7eN.
k—o0
According to Harnack’s lemma the sequence {wy(z)}r=12,.. converges
uniformly in Br(a) towards a harmonic function w(x), and we compre-
hend
w(z?) = u(z?) for all z'€ Bg(a), i=1,2,...

Since w and u are continuous functions, we infer the identity u(z) = w(z),
x € Br(a). Consequently, the function u has to be harmonic in G, because
the ball Br(a) CC G has been chosen arbitrarily.

3. The inclusion M € M implies the estimate u(z) < M for all x € G. Since
the inequality v;j(z) > m for all x € G and all 4,j € N holds true and
consequently vg(z) > m in G for all k € N is valid, we finally obtain

u(z) = klirrgo vp(z) > m forall zeG.

q.e.d.

Definition 3.8. Let us consider the bounded domain G C R™. We name a
boundary point x € G regular if we have a superharmonic function

P(y) =P(y;x) : G =R with g}l—r}}v P(y)=0
yeG

and
o(e):= inf &(y) >0 forall €>0.
yeG
ly—a|>e
If each boundary point of the domain G is regular, we speak of a Dirichlet
domain.

Remark: A point x € G is regular if and only if we have a number r» > 0 and
a superharmonic function ¥ = ¥(y) : G N B,(z) — R satisfying

lim ¥(y)=0 and inf  ¥(y) >0, O<e<r
Yy r>|y—z|>e
yEGNB-(z) yeG
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Here we set m := inf  ¥(y) > 0 and consider the following function
r>ly—z|>1r
yea

: 29 (y)
o(y) ::{mln<17 — ),yeGﬁBr(m)
1, y € G\ B.(z)

which is superharmonic in G.

Theorem 3.9. (Dirichlet problem for the Laplacian)
Let G C R™ denote a bounded domain with n > 2. Then the Dirichlet problem

u=u(z) € C*G)NC°G),
Au(z) =0 in G, (17)
u(z) = f(x) on O0G

can be solved for all continuous boundary functions f : 0G — R if and only if
G is a Dirichlet domain in the sense of Definition 3.8.

Proof:

‘=’ Let the Dirichlet problem be solvable for all continuous boundary
functions f : 0G — R. Taking an arbitrary point £ € OG we define the
function f(y) := |y — &|, vy € OG, and we solve Dirichlet’s problem (17) for
these boundary values. We apply the minimum principle to the harmonic
function v = u(z) : G — R and obtain

u(z) >0 forall =€ G\ {¢}.

Therefore, the boundary point ¢ is regular.

‘=" Let G be a Dirichlet domain and « € G an arbitrary regular boundary
point. Then we have an associate superharmonic function @(y) = &(y;x) :
G — R due to Definition 3.8. Since the function f : G — R is continuous,
we can prescribe € > 0 and obtain a quantity § = §(¢) > 0 satisfying

[fly) — f(x)]| <e forall yedG with |y—z|<4.

We now define

= inf [} .
n(e) Jnf (y) >0
ly—=|>6(e)

1. Let the upper barrier function

St

v*(y):=f(w>+8+(M—m)%> yed
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be given. Evidently, the function v* is superharmonic in G. Furthermore,
an arbitrary sequence {y*)}1—1 2 C G with y*) — y* € 9G for k — o
satisfies

liminf o™ (y®) > f(y™).

k—o0

Consequently, v+ € M holds true.
. Now we consider the lower barrier function

St

v (y) = f(x)—a—(M—m)%, y e G.

We choose v € M arbitrarily. Considering a sequence {y(k)}k;:m,.,. cG
with y*) — 4y~ € G for k — oo, we can estimate

lim inf (U(y<k>) - f(y<’<>))

k—o0

> liminf (v(y®) — f(y7)) +liminf (£(57) v~ (s 1))

k— o0

> 0.

Furthermore, the function v — v~ is superharmonic in G, and Theorem
2.10 from Section 2 yields v — v~ > 0 in G. This implies

v(y) > v~ (y), yeG forall ve M.
. The harmonic function

u(y) = inf vy), yeG

constructed in Proposition 3.7 now attains the prescribed boundary values
f continuously. On account of 1. and 2. the estimate

v (y) < uly) <ot (y) forall yeG

is fulfilled, which means

Fa)—e— M -m) P cu) < f@)+e+ 0 -mZY yea

n(e) n(e)
Using the relation liné P(y) = 0 we obtain
Y

B

Yy—x

S

@) = ulp)l <=+ O ~m) T < 2
for all y € G with |y — 2| < 6*(g). This implies
lim uly) = /(2).

Yy—x

Therefore, the function u solves Dirichlet’s problem (17) for the boundary
values f. q.e.d.
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Figure 1.6 POINCARE’S CONDITION OF EXTERIOR SUPPORT BALLS

Oy

——————
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Theorem 3.10. (Poincaré’s condition)

A boundary point x € 0G is regular, if we have a ball B,(a) with the center
a € R" and the radius v € (0,+00) satisfying G N B,.(a) = {x}. Especially,
bounded domains with a reqular C?-boundary are Dirichlet domains.

Proof: For n = 2 we consider in G the harmonic function

?(y) = log <|yra|) y €@,
and for n > 3 we consider the harmonic function
d(y) = - ly — a|2_", y €G.

Then we immediately obtain the statements above. q.e.d.

Theorem 3.11. Let Bg := {x € R" : |z| < R} denote the ball about the
origin of radius R > 0 and consider the pointed ball By := Bg \ {0}. The
function u = u(x) € C*(Br) N C°(Bg) is assumed to be harmonic in Bg.
Then the function u is harmonic in Bg.

Proof: We restrict our considerations to the case n > 3 and set

1 R? — |z)?
Rw,, ly — x|
K

v(z) = u(y) do(y), x € Bg.

This function v is harmonic in Br and continuous in Bg with the boundary
values
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v(x) = u(z), x € OBp.

Since the functions u and v are continuous in Bg, we have a constant M > 0
such that

sup [u(z) —v(z)| <M
zEBR

holds true. Given the quantity € > 0, we now can choose a sufficiently small
number 6 = §(e) € (0, R) such that

M < 5(|x|2*” - szn) forall zeR"™ with |z|=0d(e).
We consider the spherical shell K, := {x € R" : §(¢) < |z| < R} and see
u(z) — v(@)] < E(|a:|2_" - RH) for all = € OK..
The maximum principle for harmonic functions now yields
lu(z) — v(z)] < 5(|x|2_” - RQ‘") forall z € K..

Since the number € > 0 has been chosen arbitrarily and the behavior d(¢) | 0
for € | 0 can be achieved, we obtain

u(z) = v(z), = € Bp.
Now the functions u and v are continuous in Bg, and we infer
u(z) = v(z), T € Bpg.
Therefore, the function « is harmonic in Bg. q.e.d.

Remarks:

1. When we consider the Riemannian theorem on removable singularities
for holomorphic functions, it suffices to assume the boundedness of the
functions in the neighborhood of a singular point in order to continue
them holomorphically into this point.

2. There are bounded domains, where the Dirichlet problem cannot be solved
for arbitrary boundary values. For example, we consider the domain

G:=Bg,  0G=08BrU{0}.

On account of Theorem 3.11, there does not exist a harmonic function for
the boundary values f(z) =1, |z| = R and f(0) = 0.
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4 Theory of Spherical Harmonics in 2 Variables:
Fourier Series

The theory of spherical harmonics has been founded by Laplace and Legendre
and is applied in quantum mechanics to the investigation of the spectrum for
the hydrogen atom. We owe the theory in arbitrary spatial dimensions n > 2 to
G.Herglotz. In the next two paragraphs we utilize Banach and Hilbert spaces
introduced in Chapter 2, Section 6. At first, we consider the case n = 2.

On the unit circle line S* := {z € R? : |z| = 1} we consider the functions
u = u(z) € C°(ST, R). They are identified with the 2m-periodic continuous
functions

C? (R,R) := {v ‘R—>ReCR,R) : v(p +27k) = v(p) }

forallp e R, k€ Z
via 4(p) := u(e¥), 0 < ¢ < 2m. We endow the space C°(S1, R) with the norm

lullo == maxfu(z)],  weC(S,R) (1)
zeS?t

and get a Banach space with the topology of uniform convergence. By the
inner product

() = / W () do,  ww e CO(S,R) (2)
0

the set C°(S!,R) becomes a pre-Hilbert-space. We complete this space with
respect to the L?-norm induced by the inner product (2), namely

Il ==+ (u,w), u € C°(SHR), (3)

and obtain the Lebesgue space L?(S!, R) of the square integrable, measurable
functions on S'. Furthermore, we note the inequality

lu|] < vV2r||ullo for all ue C°(S',R). (4)
If a sequence converges with respect to the Banach-space-norm || - ||o, this is
as well the case with respect to the Hilbert-space-norm | - ||. However, the

opposite direction is not true, since the Hilbert space L?(S!,R) also contains
discontinuous functions.

Theorem 4.1. (Fourier series)
The system of functions

1 1 1

——, —=coskyp, ——sinkyp, e|0,2n], k=1,2,...

o Jeske msinke, o [0, 2]

represents a complete orthonormal system - briefly c.o.n.s. - in the pre-Hilbert-
space H = C°(S! R) endowed with the inner product from (2).
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Proof:

1. We easily verify that the system of functions S given is orthonormal,
which means |ju|| = 1 for all u € § and (u,v) = 0 for all u,v € S with
u # v. It remains for us to comprehend that this orthonormal system of
functions is complete in the pre-Hilbert-space H. According to Theorem
6.19 from Chapter 2, Section6 we have to show that the Fourier series
for each element u € H approximates this element with respect to the
Hilbert-space-norm || - || from (3).

2. Let the function

u=u(r) €H=CS"R)

be given arbitrarily. We then continue v harmonically onto the disc
B={zcR?: |z| <1}
via
/ L u(@)dp, |l <1 (5)
» .
27_[_ | <p7 )

et® —z|2

here we have set z = re’’. We now expand Poisson’s kernel as follows:

1—r2 _ 1—r2
\eiﬂ" _ z|2 - |€w _ Tem‘Q
1—7r2

- [1 — rei@—¢)|2

_ 11—
(1 = rei@=9))(1 — reile=")

1 1

= 1 — reile—?) * 1 — re—i(e—=7)

oo 00
=1+ Z ,,,keik(gofﬁ) + Z Tkefik(tpfﬁ)
k=0 k=0

= 1+2Zrkcosk(<p—19).
k=1

Here the series converges locally uniformly for 0 < r < 1 and ¢,9 € R.
Now we have

cos k(p — ) = cos kg cos kv + sin ke sin k9,

and we obtain the following identity with g(¢) := u(e®), ¢ € [0,27):
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27
) 1 >
u(re'?) = 7 / {1 + ZZrk(cos kg cos k¥ + sin kg sin kl?) }g((p) dy
™
0

k=1
1 2m ) 1 27
= %/9(90)61@4-/;{(;/g(ga)cosl«pdap>rkcos]m9
0 = 0

2
1
+ <— /g(g@) sin ke d<p> r* sin lm?}.
™
0

Finally, we set

27
1
ayp = ;/g(cp) cos ko do, k=0,1,2,... (7)
0
and
1 2m
b, ::;/g(cp)sinkwdgp, k=1,2,.... (8)
0

With the representation
. 1 >
u(re'’) = 5(10—1—2 (ak cos k¥ + by, sinkﬁ)rk, 0<r<1,0<d <27 (9)
k=1

we obtain the Fourier expansion of a harmonic function within the unit
disc.

Since the function u(2) is continuous in B, we find a radius r € (0,1) to
each given € > 0, such that

lu(re’?) — g(9)] < e for all ¥ € [0,2m). (10)

Furthermore, we can choose an integer N = N(¢) € N so large that

<e forall ¢€]l0,2m)

(11)
is satisfied. For the quantity € > 0 given, we therefore find real coefficients
Ag,..., Ay and By, ..., By, such that the trigonometric polynomial

N
ao k . i
5 + kg_l r (ak cos ki + by sin kﬁ) —u(re')

N
EF.(9) := Ao—l—Z(Aksinkﬁ—&—Bkcoskﬁ), 0<dv<2r
k=1

fulfills the following inequality
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|F.(9) — g(v)] < 2e for all o € [0,2m). (12)
From the relation (4) we infer

IF. - gl < 2v2re. (13)

On account of the minimal property for the Fourier coefficients due to
Chapter 2, Section 6, Proposition 6.17, the Fourier series belonging to the
system of functions above approximates the given function with respect
to the Hilbert-space-norm. From Theorem 6.19 in Chapter 2, Section 6
we infer that this system of functions represents a complete orthonormal
system in H.

q.e.d.

Remark: We leave the following question unanswered: Which functions g =
g(19) satisfy the identity (9) pointwise even for the radius » = 1, which concerns
the validity of the pointwise equation

. 1 >0
u(em) = §a0 + g (a;.C cos k9 + by, sinkn?), 0 << 2m.
k=1

We have shown only the convergence in the square mean. For continuous
functions the identity above is mot satisfied, in general. The investigations
on the convergence of Fourier series gave an important motivation for the
development of the analysis.

We now present the relationship of trigonometric functions to the Laplace
operator. At first, we remind the reader of the decomposition for the Laplacian
in polar coordinates:

92 19 1 02

A= —+-——+—=>—.
or? +r8r+r2 Op?

(14)
For an arbitrary C2-function f = f(r) we therefore have the identity

k2
(SO G ) = (770 70 = ) ) S = (2t ) o

Here we abbreviate
k2

r2

1
Lif(r) = f"(r)+ ;f’(r) (r), r > 0.
We note that
Lp(r®) = k(k — 1)rF=2 4 krh=2 — k2rF72 = 0, k=0,1,2,...

and obtain

A(r* coskp) = 0 = A(rFsin k), k=0,1,2,... (15)
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Proposition 4.2. Let the function u = u(z1,r2) € C*(BR) be given on the
disc Br = {(z1,72) € R? : 2% + 23 < R%*}. By the symbols

27 2m

ag(r) = %/u(rew) cos ko do, b(r) = %/u(rew) sinkpde  (16)
0 0

we denote the Fourier coefficients of the function u and by

27 27
1 . - 1 .
ag(r) = ;/Au(r@“") cos ko dp, b(r) = ;/Au(rew)sin kodp (17)
0 0

we mean the Fourier coefficients of the function Au for 0 < r < R. Now we
have the equation

ag(r) = Lrag(r), bi(r) = Liby(r), 0<r<R. (18)

Remark: The Fourier coefficients of Au are consequently obtained by formal
differentiation of the Fourier series

u(re®) = %ao(r) + i (ak(r) cos ki + by (r) sin lﬂ?).
k=1

Proof of Proposition 4.2: We evaluate as follows:

27

1 )
ag(r) = - /Au(rew) cos ke dop,
0

27
1 2 10 1 02 ,
_ = Y Y, 29 ip
W/{<8r2+r8r+r2&p2>u(re )}coskgpdgp
0

2 o0
0? 10 1 ) k2 )
= | — - _ e _ 1P
(8r2 + 8r>{7r /u(re ) cos kg d@} pv /u(re ) cos ko do
0 0

= Liag(r), 0O<r<R, k=0,1,2,...

Similarly we show the relation (18) for the functions by (r). qed
Theorem 4.3. We choose k € R and define R? := R?\ {0}. Furthermore, the
symbol Hy, = Hi (&) : S* — R denotes a function defined on the unit circle S*
with the properties

|| * H, (i) e CXR?) and A{|x|ka <i>} =0, z € R?

] ||
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Then we infer k € Z, and we have the identity
Hy, (") = Ay, cos kY + By, sin kv
with the real constants Ay, By.

Proof: At first, we calculate

o= sfeen ()
2]
0 10 1N\,
= (W*W*an—@z) [P H(e)]
82

= [k(k —1)rk=2 ¢ krkfz} Hy (") + 72—

02 Hy, (ew)'

Therefore, the functions Hy(e¥) satisfy the linear ordinary differential equa-

tion
2

d ) )
d—goQHk(ew) + kQHk(ew) =0, 0 < <2m.
This means that

Hy (') = Ay cos ko + By sin ko, Ap,Br €R

holds true if k # 0 is correct. Since the function Hy is periodic in [0, 27|, we
infer k € Z. In the case k = 0 we obtain the solution

Ho(eiw) = Ao + Bo(p, Ao, By € R.

Therefore, By = 0 holds true, and the theorem is proved. q.e.d.

5 Theory of Spherical Harmonics in n Variables

Theorem 4.3 from Section 4 suggests the following definition of the spherical
harmonics in R™:

Definition 5.1. Let Hy, = Hg(z1,...,2,) € C2(R™) denote a harmonic func-
tion on the set R™ := R™\{0} which is homogeneous of degree k, more precisely

Hy(txy,. .. te,) =t H(zy, ..., z,) forall zeR™, te(0,400).

Then we name
Hy = Hk(flu?fn) : Sn_l - R

an n-dimensional spherical harmonic (or spherically harmonic function) of
degree k; here the symbol

Shi={g=(&,... &) ER" : G4+ & =1}

denotes the (n — 1)-dimensional unit sphere in the Fuclidean space R™.
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In this paragraph we answer the following questions for n > 2:

1. Are there spherical harmonics in all spatial dimensions, and for which

degrees of homogeneity k do they exist?

Is the system of spherically harmonic functions complete?

3. In which relationship do the spherical harmonics appear with respect to
the Laplace operator?

o

In Chapter 1, Section 8 we have represented the Laplace operator in R™ with
respect to spherical coordinates. We utilize r € (0, +o0) and & = (&1,...,&,) €
S7=1 and the function u = u(r¢) satisfies the identity

2 n —
Au(re) = utre) + "1 L ugre) + L Aure); (1)

here the symbol A denotes the invariant Laplace-Beltrami operator on the
sphere S"~!. We now endow the space of functions C°(S"~! R) with the
inner product

we)i= [ uw©u©do(e),  wve s LR )
Sn—l
and we obtain a pre-Hilbert-space H = C°(S"~ 1, R). Setting
[ull := v/ (u, u)

the set H becomes a normed space.

Theorem 5.2. The function
Hy = Hg(&1,...,6,):S" P =R

is an n-dimensional spherical harmonic of the degree k € R if and only if the
following differential equation

AH(E) + k{k+ (0= 2) bHy(€) =0, ge s (3)

is satisfied. If Hy and H; are two spherical harmonics with different degrees
k # 1 satisfying k + 1 # 2 — n, we then have the orthogonality relation

(Hy, H;) = 0. (4)
Proof:
1. On account of (1) we have the identity

0= AH(r€) = A{rka(f)}

- {k(k 1)k 4 (- 1)rk-2}Hk(§) R 2 AH(€)
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and equivalently
AH(E) + {k? + (n = Dk} H(E) =0, e s,

2. The symmetry of the operator A from Theorem 8.7 in Chapter 1, Section 8
yields

(K + -2k} / Hiy(€)Hy(€) dor(€)
s

_ / (AH()) Hi(€) do(€)

Sn—1

_ / (&) (AHL(6)) do(€)

Sn—1

{2+ (-2} / Hy () Hi(€) do(©).
s

This implies that
0= {k:2 — 2+ (n—2)(k - z)}(Hk,Hl) = (k= {k+14n—2}(Hy, H)

and therefore (Hy, H;) = 0if k #1 and k + 1 # 2 — n is fulfilled. qed
Remarks: The spherical harmonics of the degree k are consequently eigenfunc-
tions of the Laplace-Beltrami operator A on the sphere S"~! to the eigenvalue
—k{k + (n—2)}. The orthogonality condition (4) is especially satisfied in the
case k> 0,1>0and k # .

At this moment we do not yet know for which degrees k¥ € R (nonvanish-
ing) spherical harmonics of the degree k exist. This will be investigated now:
Given the continuous boundary function, we shall construct a harmonic func-
tion with the aid of Poisson’s integral and shall decompose this function into
homogeneous harmonic functions of the degrees kK = 0,1,2,.... Here we have
to expand Poisson’s kernel suitably with the aid of power series.

We take v > 0 as fixed and choose h = cos¥ € [—1,+1] with ¢ € [0, 7]; then
we consider the following expression in ¢t € (—1,+1):
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(1 —2ht +t3)7" = (1 — 2(cos V)t + %)~

=(1—e"t) (1 —e W)~
{2 (el G e}
Ax [l 2 o)

Here we set

{y] _ <_y>(_1)m e ) PO o et U YR

m

g

Defining the real coefficients

=3 1]

I
DN =
.MS
EIAN

|: v :| {ei(m—2k)19 + e—i(m—Zk)ﬂ}
m—k

_y m [m”_ k} cos(m — 2k)D,

we obtain the following identity for ¢ € (—1,+1):

(1 —2ht +t3)7" = i WM™, te (—1,+1). (5)

m=0

On account of the Binomial Theorem, we have the following expansion for
pE L
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cospl = %(ei’”9 + eii”ﬁ) = %{(em)p + (e*w)p}

= %{(cosﬁ+isin19)p+ (cosﬂ—isinﬁ)p}

= (cos V)P — (12’ ) (cos ¥)P~2(sin )2 + (Z ) (cos 0P (sin¥)* —

Due to the formula sin® = 1 — cos® 9, Gegenbaur’s polynomials c( )(h) are
polynomials in h = cos® of the degree m. Furthermore, we utilize the relation

o0

W (=h)(—=t)™ = (1 — 2ht + t2)~ Z W (h

m=0

and comparison of the coefficients yields

D (=h) = (-)™(h), m=0,1,2,... (6)
Therefore, Gegenbaur’s polynomials can be represented in the form
e (h) = AS0R" 4 hE (7)
with the real constants ’y,(n), 77(: ) 9, . . Furthermore, we have the estimate

(c;?(h)‘gzmj{zn v }:cgpu) forall hel-1,+1]. (8

m—k
k=0

With v = % we obtain the Legendre polynomials by c% )(h). We now choose
n € N\ {1}. With the aid of (5) we expand as follows for ¢t € (—1,+1) and

hel-1,+1]:

1t 9 >,
Ao o)F = Zcm Y1 =)™ =Y Pr(h; (9)

m=0

For the case n = 2 we have derived the following expansion in the proof of
Theorem 4.1 from Section4 (compare the formula (6)):

1—¢2

T TE =12 > (cosmi)t™,  te(—1,+41). (10)

m=1

Therefore, we have Py(h;2) = 1 and P,,(h;2) = 2cosmd, m = 1,2,.... For
the case n > 3 we calculate

2% O 1 1—2ht + 2 4+ 252 2L (—2h 4 2t)
( +n—2§>(1—2ht+t2)%—1_ (1—2ht+t2)%
1—t2

T (1—2ht+ )%
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Therefore, we have the identity

1—¢ 2t 0 1
1oz — 1 P —,  te(=1,41). (11
(1—2ht +2)% <+n—28t)(12ht+t2)5—1 (—=1,+1). (11)

Together with (9) we infer

> . 1 —t? 2t 0N = (2-1),;\um
2 Prllint —m—(”n_za)i% (e,

m=0 m=0

and comparision of the coefficients yields the formula

n_ 2
Po(hin) = ¢ ”(h)(nin2+1), m=0,12,... (12)

The relations (8) and (12) imply the estimate
| P (hsm)| < P (15m), hel[-1,+1], me{0,1,2,...}. (13)
This inequality holds true for n = 2,3, ...

We now can expand the Poisson kernel: We choose n € S"~! as fixed and
x =r¢ with r € [0,1) and € € S"~! to be variable. We utilize the parameter
of homogeneity 7 € R with |7r| < 1, and obtain the following relation with
the aid of the expansion (9):

P ~Ira? _ 1 (P
KR (TSI
1— (rr)?

: {1 = 2(rr)(&,m) + (Tr)2} (14)

= 3 {Pu(Emin)rm e

For each z € R"™ with || < 1 and each 7 € R with |7z| < 1 we have the
identity

w3

n|* — |ra[? -
)= 2 =3 ARl ) e
S 2 APl (Emim)ryT
Taking n € S"~! fixed, the comparison of coefficients yields

Aw{Pm((f,n);n)r’"} =0, |zl<1, m=012... (15

On account of (7) and (12) we have the representation
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P ((ém); n)rm = (wﬁl’”)(g,n)m +alm o4 )rm

= 7™ (@, )™ + w2, )™ 2+

with the real constants 71'7(nm),71'£nm_)2, .... Therefore, P,,((&,n);n)r™ is a ho-
mogeneous polynomial of the degree m in the variables z1,...,2,. On ac-
count of (15), we obtain an n-dimensional spherical harmonic of the degree
m € {0,1,2,...} with P,,((£,n); n) for each fixed n € S"~1. Given the function

f=fn):8""1—=ReCS" 1 R), then the integral

f© == [ Pa(Enmin)fdo), ees

Wn
[n|=1

represents an n-dimensional spherical harmonic of the degree m. Here f(&)r™
means a homogeneous polynomial in the variables x1, ..., x,.

Theorem 5.3. Let the function f = f(x) : S" ! — R € C°(S" L, R) be
prescribed, and the function u = u(z) : B :={x € R" : [z] < 1} = R of the
class C?(B) N C°(B) solves the Dirichlet problem

Au(z) =0 forall x € B,
u(z) = f(x) forall x€dB=5"""1.
For each R € (0,1) we then have the representation

u(zx) = Z

0

{wln / Pm(&?h+-~~+€n77n;”>f(77)d0(77)}7'm (16)

Inl=1

with x = r€, € € "1 and 0 < r < R. The series on the right-hand side
converges uniformly.

Proof: The unique solution of the Dirichlet problem above is given by Poisson’s
integral. With the aid of the expansion (14) for 7 = 1 we infer

2 _ (2
ue) = [ =12 4 don)

Wn |77 - xln
[n|=1
1 o0
- [{Z () rmastn.  wen
Tzt =0

For all £, € S" ! and 0 <r < R < 1 we obtain the inequality
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i Pm((&n);n)r’"’ < i

m=0 m=0

P,n((f,n);n>‘rm < iPm(l;n)Rm
m=0

1— R? 1+R

(1-2R+R?:  (1-R)»!

respecting (9) and (13). Due to the Weierstrafl majorant test, the following

series -
> P ((67 n); n) '
m=0

converges uniformly on S"~! x "~ x [0, R] for all R € (0,1). This implies

u@):i{wi / Pm(sml+...+fnnn;n)f<n>do<n>}rm, o] < B,

m=0 n
[nl=1

where the given series converges uniformly for all R € (0,1).
q.e.d.

We choose kK =0,1,2,... and denote by
My = { f:8" 1 5 R : fis n-dimensional spherical harmonic of degree k}

the linear space of the n-dimensional spherical harmonics of the order k. We
already know dim My > 1 for £k = 0,1,2,... and intend to show dim M, <
+00 in the sequel. For the function f = f(n) € H = C°(S" 1, R) we define
the projector on My, by

PO = 1O = [ P&+ .+ Gamin) S don),

[n|=1

Theorem 5.4. For each integer k = 0,1,2,... the linear operator Py : H —
H has the following properties:

a) (Pyf,g) = (f, Prg) for all f,g € H;
b) Pk(H) = Mk;
C) Pk (@) Pk = Pk.

Proof:

a) Let the functions f,g € H be chosen arbitrarily. Then we have
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(Puf,g) = / Py /()g(€) do(€)
[El=1

- / / PelEams + . . + £amn) f(n)g(€) do(n) dor(€)

[€]=1 [n|=1
= (f, Prg).

b) and ¢) In our considerations preceding Theorem 5.3 we already have seen
that

f€)=Pirf(&) € M,  forall feH.

Therefore, we have Py(H) C My. Choosing f € M;, arbitrarily we infer
AL(f(©rk) = 0 in R™ with z = r¢. Now our Theorem 5.3 yields the
representation

FOrt =3 (Puf@)r, ces™™, relo.
m=0
Comparison of the coefficients implies
f&) =Pif(e), €es™h

Consequently, we obtain My C Py(H) and Py o Py, = Py. q.e.d.

We now show that dim My € N for k =0,1,2,...is correct. For a fixed index
k€ {0,1,2,...} we choose an orthonormal system {¢, }o=1,.. v of dimension
N € N in the linear subspace Mj C H. Then we have

(Pa,8) = dap forall «o,p€{l,...,N}

and
Proo(§) = 0al(), a=1,...,N.

For each ¢ € S"~! we infer

| 2 p(emn)eatndot =gale) a=1....N.

[nl=1

Bessel’s inequality now yields

SIS { / wipk(@,n);n)soa(n)do(n)}

< / {wiPk((g,n);n)}Qda(n) for all € e S" L.
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Therefore, we have

N= / S G2 (€) do(€)

=1
lg]=1 %

IA

{wipk(@,n);n)}zda(n) o 6)

n
[€1=1[n]=1

Consequently, we get the following estimate for the dimension of My, namely

dikag/ /{wlnpk((g,n);n)}Qda(n)dg(g)<+oo, k=0,1,2,...

[€]=1|n|=1
(17)
We now set N = N(k,n) := dim M}, and choose N orthonormal functions
Hi1(8),...,Hin(€) in My, spanning the vector space My,. Each element f €
M}, can be represented in the form

f&) =crHu () + ... +enHpn(6),  £es™

with the real coefficients ¢; = ¢;[f] for j = 1,..., N. More generally, taking
f = f(&) € H we have the identity

— [ Pu(€min) rnydotn) = e[/ Hia(€) + -+ enlf)Hin (©)
Inl=1
with the real constants ¢1[f],...,en[f]. This implies

alfl = [ HM@){} / Pk((E,n);n)f(n)dU(n)}d0(§)
|§l=1 In|=1
-/ f<n>{wi / Pk(@,n);n)ml(s)da(s)}da(n)
Imi=1 lef=1
= [ ot doto).
In|=1

Therefore, we obtain

1 N(k,n)

= [ r(enm)smason = [ {3 mu©mon s ot

Wn,
=1
In|=1 |n|=1

and consequently
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N (k,n)
/{_ ( ) Z Hya(§) Hia( )}f(n)da(n)=0
Inl=1

for all £ € S"~1 and each f = f(n) € H. Since the functions Py((£,7);n)
and Hy;(€) are continuous, we get the addition theorem for the n-dimensional
spherical harmonics

N(k,n)
1
Z Hiy(§)Hii(n) = —Pk<€1771 +. +§n77n§n>7 g&mes !t (18)

for k =0,1,2,... and n = 2,3,.... We insert £ = 7 into (18) and integrate
over the unit sphere S”~!. Then we obtain

Nk = | N(f) (Hu(©)) do(€) = Pu(1:m)

lg=1 =1

On account of (9), we finally deduce the expansion

1—¢2 1+t
N(k, Py(1; = t 1.
Z n)t Z w(1;m)t Ta-or Q- v It <

We summarize our results as follows:

Theorem 5.5. I. The cardinality N (k,n) of all linear independent spherical
harmonics in R™ of the order k is finite. The number N(k,n) = dim My,
is determined by the equation

1+1¢

Tt ZNknk, It] < 1. (19)

II. Let Hy1(§),...,Hpn () represent the N = N(k,n) orthonormal spherical
harmonics of the order k, which means

/ Hkl(g)Hkl/(f)dO'(f) = oy fO?” l,l,E {1,...,N} (20)

l€|=1
is satisfied. Then we have the representation
N(k,n) 1
Z Hya () Hya(n) = — Py (51771 +... +€n77n;n> (21)

for all ¢&,m € S"~L. Here the functions Py(h;n) are defined by the equation

1—¢t2
S — Pu(h; l<t<4l, —1<h<+l
(1—2ht +2)% Z e(hs )t + shst

(22)
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III. Each solution u = u(z) € C*(B) N C°(B) of Dirichlet’s problem
Au(z) =0 in B,
u(z) = f(x) on OB =S""1

possesses the representation as uniformly convergent series

o N(k,n)
u(a:):Z{ > ( / f(n)sz(n)da(n)>sz(£)}Tk (23)

k=0 U i=1 \ i,
with x = r€, £ € S" Y and 0 < r < R; here R € (0,1) can be chosen
arbitrarily.

Proof: Statement IIT immediately follows from (18) together with Theorem
5.3. q.e.d.

Analogously to Theorem 4.1 from Section 4, we obtain the following result for
arbitrary dimensions n > 2:

Theorem 5.6. (Completeness of spherical harmonics)
The n-dimensional spherical harmonics { Hyi(§) }r=0,1,2,...; i=1,...,N (k,n) CONSi-
tute a complete orthonormal system of functions in H. More precisely,

(Hklka’l’):(Skk’(sll’a kvk/:07172a"'7 l,l/:].,...,N(k,n)

holds true, and for each element f € H we have the relation

M N(k,n)
li H
MILHOOHJC Z St Hra( H
or equivalently

I£1I* = Z Z fr

Here we have used the following abbrematwns
fkl::(faHkl>, k:07132a"'a lzlaaN(k7n)
for the Fourier coefficients.

Proof: We have only to show the completeness for the system of the n-
dimensional spherical harmonics. To each element f € H we have a function
u = u(x) with the following properties:

1. the function u is harmonic for all |z| < 1;
2. the function w is continuous for |z| < 1 and satisfies the boundary condi-
tion
u(z) = f(x) for all |z| =1.
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According to Theorem 5.5, Statement IIT we see: For each € > 0 there exists
a radius r € (0,1) and an index M = M(e) € N, such that

M(e) N(k,n)
‘f(f) -y ok flekl(g)’ <e forall £e8s™ L
k=0 =1
This implies
M(e) N(k,n)

Hf(f)— DS szHkl@)H < Ve,

k=0 1=1
and the minimal property of the Fourier coefficients yields

M(e) N(k;n)

Hf(f)Z > szHmng Wn €.
P

From this relation we immediately infer the statement. q.e.d.
Corollaries from Theorem 5.6:

1. With (&) and g(¢) we consider two real, continuous functions on S"~1,
and then Parseval’s equation

oo N(k,n)

| 1©9©dr©) =3 >~ fugn

€l k=0 =1
holds true with

fu = / FOH() do(6),  gu = / 9(6) Hua(€) do (€).
[€]=1 [€l=1

2. Nontrivial spherical harmonics H; of the order j # 0, £1, £2,... do not ex-
ist. Due to Theorem 5.2 such a function would satisfy the orthogonality re-
lations (H;, Hy;) = 0. The system of functions { Hxi }p—0,1,2,...; 1=1,....N(kn)
being complete in H, we infer H; = 0 for all j # 0,+1,42,...

At the end of this paragraph we shall investigate the relationship of the spher-
ical harmonics to the Laplace operator in R™. From (1) we infer the decom-
position
7 n-10 1
A= — 4+~ 1
or? + r or * r2
We note (3) and obtain the following identity for arbitrary C?-functions f =
fr):

A in R".

n Ly - wm}ﬂmo

A{f(?")Hkl(g)} = {f”(r) + r (24)

_ (Lk,nf(r)>Hkl(§)7 I=1,...,N(k,n)
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with the operator

Linf(r) == (82 +n—1ﬁ_w)m),

or2 r Or 72

Evidently, we have Lj 9 = Lj with the operator Lj from Section 4.

Let the function u = u(x1,...,2,) € C?(Bg) with Bg := {z € R" : |z| < R}
be chosen arbitrarily. We now expand u in H with respect to the spherical
harmonics

u(rf) ZZ Jra(r)Hi (€ 0<r<R, €£eS" L (25)

Here we utilize the n-dimensional Fourier coefficients

fr(r) == / w(rn)Hgi(n) do(n), k=0,1,2,..., l=1,...,N(k,n).

In|=1
(26)
We then expand the function @(x) = Au(z), * € Bgr in H with respect to
spherical harmonics as well, and we obtain the n-dimensional Fourier series

Au(z) = Au(re) = Z Frt (r) Her (€), 0<r<R, €teS"' (27)

with the Fourier coefficients fkl(r) = Ly o fri1(r). We consequently obtain the
series for Au in H by formal differentiation of the series for w. This is the
content of the following

Proposition 5.7. Let the function v = u(z) € C?*(Bg) be given, and its
Fourier coefficients fri(r) are defined due to the formula (26). Then the
Fourier coefficients firi(r) of Au, namely

fkl / AU’I”I])HM( )do() k:0,172,..., l:17...7N(k,n),
Inl=1
satisfy the identity
Fur(r) = Ly fr(7), k=0,1,2,..., Il=1,...,N(k,n), (28)
with 0 <r < R.

Proof: We choose 0 < r < R, and calculate with the aid of (3) as follows:
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Fulr) = / Au(r€) Hyg(€) dor(€)

lg]=1
_ / { ((5_:2 + n; 1% + T%A)u(rf)}Hkl(f) do(§)

lel=1
_ (5_; L ; ! %) / u(r§)Hy (§) do(§)

=1
by [ A doe
|€]=1

~ (g 2 ML) g dote
= Lpnfu(r) for k=0,1,2..., llgljl,...,N(kan)

q.e.d.

Remark: The most important partial differential equation of the second order
in quantum mechanics, namely the Schrédinger equation, contains the Lapla-
cian as its principal part. Therefore, the investigation of eigenvalues of this
operator is of central interest. This will be presented in Chapter 8.

Figure 1.7 PORTRAIT OF JOSEPH A. F. PLATEAU (1801-1883)
Universitatsbibliothek der Rheinischen Friedrich-Wilhelms-Univeritat Bonn;
taken from the book by S. Hildebrandt and A. Tromba: Panoptimum -
Mathematische Grundmuster des Vollkommenen, Spektrum-Verlag Heidel-
berg (1986).




Chapter 6

Linear Partial Differential Equations in R"

In this chapter we become familiar with the different types of partial differen-
tial equations in R™. We treat the maximum principle for elliptic differential
equations and prove the uniqueness of the mixed boundary value problem for
quasilinear elliptic differential equations. Then we consider the initial value
problem of the parabolic heat equation. Finally, we solve the Cauchy initial
value problem for the hyperbolic wave equation in R™ and show its invari-
ance under Lorentz transformations. The differential equations presented are
situated in the center of mathematical physics.

1 The Maximum Principle for Elliptic Differential
Equations

We shall consider a class of differential operators and equations, which con-
tains the Laplace operator and equation as its characteristic representative.

Definition 1.1. Let 2 C R™ be a domain with n € N, where the continuous
coefficient functions a;;(x),b;(x),c(z) : 2 = R € C°(2) fori,j =1,...,n
are defined. Furthermore, let the matric (a;;(x)); j=1,...n be symmetric for all
x € (2. The linear partial differential operator of the second order

L:C%*82) = C%N) defined by

n

Lu(z) =Y aj(x )837 o +Zb 8% + c(z)u(z), z € 2, (1)

ij=1

is named elliptic (or alternatively degenerate elliptic), if and only if

n

Z aij(2)§§; >0 (07" alternatively Z aij(2)&& > 0)

i,j=1 ,j=1

F. Sauvigny, Partial Differential Equations 1, Universitext, 363
DOI 10.1007/978-1-4471-2981-3_6, (C) Springer-Verlag London 2012
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for all € = (&1,...,&) € R"\ {0} and all x € 2 is satisfied. When we have
the ellipticity constants 0 < m < M < +o0 such that

n

ml¢]? < Z ai;j(2)6:& < M

ij=1

for all € = (&,...,&) € R™ and all © € 2 holds true, the operator L is
called uniformly elliptic. In the case c¢(x) = 0, © € §2, we use the notation
Mu(z) := Lu(x), © € 2 for the reduced differential operator .

Remark: A uniformly elliptic differential operator is elliptic, and an elliptic
differential operator is degenerate elliptic. The Laplace operator appears for
a;j(x) = dij, bi(xz) = 0, ¢(x) = 0 with ¢,j = 1,...,n and is consequently
uniformly elliptic with m = M = 1.

Proposition 1.2. Let M = Mu, u € C?(§2), be a reduced, degenerate ellip-
tic differential operator on the domain {2 C R™. The function u attains its
maximum at the point z € {2, that means

u(z) < u(z) forall x € (2.
Then we have {Mu(z)}z=- < 0.

Proof: Since u(x) attains its maximum at the point z € §2 | we infer u,,(z) =0
for ¢ = 1,...,n and consequently

n n

Mu(z) = Z i (2) Uz, (2) + Zb 2) Uy, (2 Z Ug,z; (2)aij(2).
ij=1 i=1 ij=1
Now the n x m-matrix A := (a;;(2))ij=1,..n IS symmetric and positive-

semidefinite. Therefore, we have an orthogonal matrix S = (s;5);, j=1,....» and

a diagonal matrix
A1 0

A= .
0 An
with the entries A\; > 0 for j = 1,...,n, such that

A=8"0AoS (2)

holds true (Theorem on the principal axes transformation). Now we set

Vi 0

0 VAn

and see
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A=S"0A0S=8"0(A2)*0A308
(3)
= (A208)*0A20S=T*cT

with T := A2 0 § =: (tij)ij=1,..,n. Consequently, we obtain

A=T*"oT = <Ztkitkj> . (4)
k=1

i,j=1,...,n

Since the Hessian (ug,«,(2))i,j=1,...,n is negative-semidefinite, we conclude

yeeey

I

S
8

8
<
—

I
~—

S
<
—

I3
~

n n

— < > U, (z)tkitkj) <0.

k=1 "i,j=1 q.e.d.

Theorem 1.3. (Uniqueness and stability)

I. Let L define a degenerate elliptic differential operator on the bounded do-
main 2 C R™ with the coefficient function c(x) <0, x € £2.
II. We have the constants 0 < m < M < 400, such that

m<ap(z) <M, [h(z)|<M, |c(z)|]<M forall x € (2

QCBM::{IGR":|x|<M} (5)

1s satisfied. -
II1. Finally, let v = u(x) € C?(2) N C(2) be a solution of the Dirichlet
problem

Lu(z) = f(x) in £, u(z) = g(x) auf 00 (6)

with the given functions f = f(z) € C°(2) N L>®(2) and g = g(z) €
Co(00).

Statement: Then we have a constant v = vy(m, M) € [0,+00), such that

u(z)] < max |g(y)| +y(m, M) sup |f(y)|, =€ (7)
yeosf? yeN

Proof:
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1. We consider the auxiliary function v(z) := %%t z € 2, with the arbitrary
parameter 8 > 0. Then we calculate

Lo(x) = a11(x) 2P 4 by (x)BeP + c(x)eP™
Z eﬁll (m/32 _ Mﬂ _ M)

> e_ﬁ(m’M)M, T € 2,

choosing 3 = B(m, M) so large that mB3? — M3 — M > 1 is satisfied.
2. The quantity o > 0 still to be fixed, we define the auxiliary function

w(z) = +u(2) + o(v(e) ~ M) — maxlg(y). xR

On account of ¢(z) < 0 in (2, we can estimate as follows:
_ _ BM
Lu(@) = £Lu(2) + oLv(x) — c(x) (0™ + max [a(y))
> £ f(x) + 0e M (8)

> —sup |f(y)| + oe™ M, x € .
yes?

Choosing ¢ = ™M (qup | f(y)| + €) with a fixed number £ > 0, we

yeNR
obtain

Lw(x) >e>0 for all z € 0. (9)
3. We calculate

w(z) = Fu(z) + o(v(z) — M) — max [g(y)|

Sig(r)—;gg}glg(y)l < 0

for € 892. Now w(z) < 0 even holds true for all z € 2. If this were
violated, there would exist a point z € 2 with w(x) < w(z) for all x € £2.
Proposition 1.2 yields

Lw(z) = Mw(z) + c(z)w(z) <0

in contradiction to (9). This implies
+ < BM _ 2,8M( )
u(x) < max |g(y)| + ce max [9(y)| + e sup If(y)l+e

for all z € 2 and all € > 0. Passing to the limit £ | 0, we finally obtain

u(z)| < max g(y)| +y(m, M) sup | f(y), =€,
Y€ yeN

with y(m, M) := e2P(mMM q.e.d.



1 The Maximum Principle for Elliptic Differential Equations 367

Remarks to Theorem 1.3:

1. The estimate (7) is already interesting for ordinary differential equations
(n = 1). This inequality is valid for uniformly elliptic differential operators
in R™ with n = 2,3, ..., and additionally for parabolic differential opera-
tors as

Ay — (x,t) € R" x [0, +00)

0

FTR
appearing in the heat equation (compare Section 3).

2. We cannot omit the assumption c(x) < 0, z € {2 in Theorem 1.3, which
is illustrated by the following example: For the function

u=u(r) =sinzy ... sinz,, x=(x1,...,2,) € 2:=(0,m)" CR",

we calculate
Au(z) = Zumm (x) = —nu(x), x € 2.
i=1

Therefore, u satisfies the homogeneous Dirichlet problem
Au(z) + nu(x) =0 in £2, u(x) =0 on 9.

An estimate of the form (7) evidently does not hold here.
3. Let uj(z) € C?(£2) N C°(§2) be two solutions of the problems

Luj(x) = fij(x) in £, uj(xz) = gj(x) on 912, j=1,2.

Applied on the function u(x) := uy(x) — uz(x), Theorem 1.3 yields the
following estimate

[ur () —uz(2)] < max |g1(y) = g2(y)[ +(m, M) sup | fi(y) = fa(y)| (10)
Yye yeN

for all = € 2. This implies the unique solvability of the Dirichlet problem
(6) and the continuous dependence of the solution from the boundary
values and the right-hand side of the differential equation.

4. The question of existence for a solution u = u(x) € C%(£2) N C°(2) of
the Dirichlet problem (6) can be answered in the affirmative for uniformly
elliptic differential operators £ with ¢(z) < 0, € £2 under the following
assumptions: The functions a,;(z), b;(x), ¢(x), f(x) are Holder continuous
in 2 and the boundary 92 of the bounded domain {2 C R™ can locally be
represented as the zero-set of a nondegenerate C?-function ¢ = o(x) with
Holder continuous second derivatives, and g : 32 — R has to be contin-
uous. We shall establish this existence theorem in Chapter 9, departing
from the Poisson equation Au(z) = f(z), x € 2 and extending the result
to the class of uniformly elliptic differential operators by the continuity
method. This has been discovered by J.Leray and P. Schauder, and can
as well be studied in the monograph [GT], Chapter4 and Chapter 6.
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Proposition 1.4. (Boundary point lemma of E. Hopf)
I. The coefficient functions a;j(z),b;(z) € C°(G) are given on the ball

G:=B.(§) ={xeR": [z =& <r}

in such a way that the reduced partial differential operator

n

Mu(z) =" a; ()8%6% +Zb axl a=xes

4,j=1

is uniformly elliptic in G with the ellipticity constants 0 < m < M < +o0.
IL. Let a solution u = u(z) € C*(G) N C°(G) of the differential inequality

Mu(z) >0 forall z€@
be given, and for a fixed point z € 0G we have
u(z) <wu(z) foral z€G and u(§) < u(z). (11)
II1. Finally the derivative of u in direction of the exterior normal
v v(z) = |z - €Mz - €) € 5

may exist at the point z € 0G, namely

ou, = .. d ou(z) —u(z +tr(z))
a(z) = tg%l_ Eu(z +tv(z)) = tg%l— - .
Statement: Then we have 5
U
— . 1
(>0 (12)

Proof:

1. Tt is sufficient to prove the theorem for the case G = B := B;(0) and
u(z) = 0. Given a function u = u(x) with the properties I, II, III, we
consider the composition

v(y) == u(€ +ry) —u(€ + 1), y € B.

If we show (12) for v(y) at the point n € OB, then we see (12) for u(x) at
the point z =& +rn € IB,.(§).

2. Now let the function u = u(z), * € B, with the properties I, II, III be
given and u(z) = 0 hold true. For a parameter o > 0 still to be fixed, we
consider the auxiliary function

—alz 2 a —a(w%-{- +a:2) — o)

olx) :=e e = ) T x=(x1,...,2,) € B.

We remark ¢(z) = 0 for all x € 9B and calculate
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2 2
e, (@) = ~20g;c ),

Oaia; (T) = (40423:ixj — 2a51j)e*“(‘/’“’§+“'mi), x € B.
Consequently, we obtain

Mep(z) = {4a2 ﬁ: a;j(z)zia; — QQZCL“ zazx bi( } —ala?

i,5=1
n

1 -
> 2 —alz)? 2 » b, .
> 4a’e m|z| % E (an(iﬂ) + fzbi(fﬂ)) ) r€B

i=1
(13)
. Now we determine numbers 7 € (0,1) and k; € (—o0,0), such that
u(z) < kq for all =z € 9B, (0) (14)

is valid. On account of (13), we can choose o € (0,400) so large that the
inequality

Mo(z) >0  forall ze2:= {w ER™ : r <|z| < 1} (15)
is satisfied. Then we define the auxiliary function
v(x) = u(z) + ep(x), x € 2.
Here we choose € > 0 so small that the inequality
v(z) <0 for all =z € 012 (16)

holds true on account of (14). Furthermore, (15) and the assumption IT
yield
Mou(x) = Mu(z) + eMep(z) >0 for all z € £2. (17)

Due to Proposition 1.2, the function v(x) attains its maximum on 9f2.
Therefore, (16) implies v(z) <0, z € {2 and

u(zr) < —ep(x) = 8(6_0‘ — e_alm‘z), x e . (18)
Now we define the functions

W(r) = u(rz), () i= —ep(rz),  m<r<L
Since @(r) < o(r) for ry <7 <1 and @(1) = 9(1) = 0 hold true, we obtain

d

d d
el s 2
dru(r) r=1_ drv(r)

= Le(ema —gm” } — 2aee > 0.
r=1 d’l"{g(e € ) r=1 ase

This implies the inequality (12) stated above. q.e.d.
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Theorem 1.5. (Maximum principle of E. Hopf)

I. Let M = Mu, u € C?(£2), denote a reduced elliptic differential operator
on the domain 2 C R™, n € N.
II. The function u = u(z) € C%(£2) satisfies the differential inequality

Mu(x) >0, x € {2,
and attains its maximum at a point z € {2, that means
u(z) > u(x) forall =z € £2.
Statement: Then we have u(x) = u(z) for all x € £2.

Proof: We consider the following nonvoid set which is closed in {2, namely

O := {33 € N : ulx) =supu(y) = s} #£ (.

yen

Then we show this set being open. Since {2 is a domain, the continuation
along a path yields the identity © = {2 and consequently

u(z) = s =u(z) forall z e (2.

We choose & € © arbitrarily. For a given n € {2 with
1 .. n
n—¢] < 3 dist(6,R"\ )

we consider the ball G := B,(n) of radius p := |n — £| about the center
7. Obviously, we have G CC {2 und & € IJG. Therefore, we find ellipticity
constants 0 < m < M < +oo such that Mu, u € C?(G), is uniformly elliptic.
If the inequality u(n) < s = u(&) were fulfilled, Proposition 1.4 would yield

ou
5, (&) = Vul§) v >0

in contradiction to Vu(§) = 0. This implies u(n) = s. Since this is correct for
arbitrary n € £2 with [ — | < § dist(&, R™ \ £2), we obtain B,.(§) C © with a

radius 0 < r < 3 dist(§,R™ \ £2). Therefore, the set © is open. qed

Theorem 1.6. (Strong maximum principle)

I Let 2 C R™ be a domain and z € 32 a boundary point of {2 with the
following property: There exists a ball B,(z) and a function

¢ =@(x) € C*(By(2)) with Vo(z)#0 and o(z) =0,
such that we have

QN B,(z) = {:17 € B,(2) : olz) < o}.
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II. The coefficient functions a;j(x),b;(x) € C°(£2), i,j = 1,...,n, are given
in such a way that the reduced partial differential operator

= ij bl 3 'Qa
Mu(z) ijzz:la () Pride; u(z) + ; (z)axlu(x) S
1s uniformly elliptic on (2. -
III1. The function u = u(x) € C?*(£2) N C°(2) may satisfy the following differ-
ential inequality
Mu(x) >0 for all x € £2.

1V. The function u attains its mazximum at the point z, namely
u(z) < u(z) forall z € (2.

Finally its derivative in the direction of the exterior normal v to 012 exists
there and satisfies

ou
Oov
Statement: Then we have u(z) = u(z) for all x € £2.

() =0.

Proof: On account of the assumption I, we can find a ball G = B,.(§) with the
center ¢ € §2 and the radius r > 0 such that

G C 1, GNoN ={z}, y(z):|z—§|_1(z—§)

is valid. If the inequality u(§) < wu(z) would be fulfilled, the Hopf boundary

point lemma implies — (z) > 0 in contradiction to the assumption IV. Con-

sequently, the function u attains its maximum at an interior point £ € (2.
Theorem 1.5 gives us the identity u(x) = u(z) for all z € (2.

q.e.d.
Example 1.7. For n = 2,3, ... we consider the sector
S = {:E—I—iy:rew cr>0, o€ (—%,%)}
and the function v = v(x,y) : S — R defined by
v(z,y) := —Re((x + iy)™) = —r" cos nyp, x4y =re¥ € S.
Obviously, we have:
v e C%(S), Av(z,y) =0 in S, v(z,y) <0 in S, 19)

v(z,y) =0 on OS, v(0,0) =0, Vu(0,0) = 0.

The harmonic, nonconstant function v takes on its maximum at a boundary
point with vanishing gradient. Consequently, the assumption I in Theorem 1.6
cannot be deleted.
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The applicability of the maximum principle for linear elliptic differential
operators £ depends decisively on the sign-condition c¢(z) <0, z € (2.

Definition 1.8. We denote the linear elliptic differential operator L being
stable, if there exists a function v(x) : 2 — (0,+00) € C?(02) satisfying

Lo(x) <0 for all x € (2.

If the sign-condition above is fulfilled, then the operator L is stable with the
function v(z) = 1, z € 2. In the general situation of a stable differential
operator £, we apply the fundamental product device as follows

o) € 0.

u(z) =w(z)v(r), =z €2, orequivalently w(z)=
We then calculate

Luw) = Y ay(@)[w(@)o(@)]s,e, + Y bi(@)[w(@)o(@))s, + c(@)w(z)o(z)
i=1

ij=1

n n n
= Z i (T)We ;v + Z i (7)[We, Ve, + We, Uz, ] + Z i (T) Wz, 0,

ij=1 ij=1 ij=1
+ Y bi(@)we, (2)o(x) + D bi(@)w(x)ve, (2) + elx)w(z)o(x)
i=1 i=1
= Z {v(m)am (x)}wmlm]
ij=1

= 2 i (T)Waya,; () + ' bi(z)w,, (z) + &(x)w(z) = Lu(z).

Therefore, we obtain an elliptic differential operator L for w(x) satisfying
a sign-condition for the coefficient function é(z) := Lv(z). The differential
operator L is subject to the maximum principle, and we conclude

Theorem 1.9. Let L be a stable elliptic differential operator defined on the
bounded domain 2 C R™ and the function u = u(z) € C*(2) N C°(2) may
solve the homogeneous Dirichlet problem

Lu(zx) =0 in £, u(z) =0 on 9.

Then we have u(z) =0 in §2.
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2 Quasilinear Elliptic Differential Equations

Now we investigate a class of elliptic differential equations, which contains the
linear ones as a special case, namely the quasilinear differential equations. Let
{2 C R" be a bounded domain. We consider the coefficient functions

A = AY(z,p) = AY(zy,...,20;p1,...,0n) € CO(2 x R™,R)
for i,j =1,...,n. The matrix (A" (z,p))i j=1,.n is symmetric and positive-
definite for each (z,p) € £2 x R™. The partial derivatives
A (x,p) = iAij(ac,p) € C'(2 x R, R), ,5,k=1...,n
Pk 5pk
should exist. Furthermore, we choose a function

B =B(x,2,p) = B(x1,...,Z0;2;P1,--,0n) : 2 X RxR" - R

of the regularity class C°(2xR*"), whose partial derivatives B., By, , ..., By,
exist and belong to the class C°(£2 x R!*"). Finally we abbreviate

B, := (Bp,,---,Bp,) and A;j = (AY AT ij=1,...,n.

P1? 7 Pn

We now consider the following differential operator acting on the functions
u=u(z) € C*(£2), namely

Qu(zx) := Z A”(z,Vu(x))%a%u(z) + B(z,u(x), Vu(x)), x € {2
= O
We denote by
n . o2
> A, Vule) 5o ula)

,j=1

the principal part of the operator Q. The term B(z,u(z), Vu(z)) of lower
order is called subordinate part of Q.

Remark: Here we investigate quasilinear operators Q whose principal parts
only have coefficient functions A% independent of w.

Ezample 2.1. We consider the case n = 2 and abbreviate (z1,z2) =: (z,y).
The function -
H=H(z,y,2) : 2 xR—>R

is assumed to be continuous and may possess the continuous partial derivative
H_(z,y,2): 2 xR — R. We consider a solution z = ((z,y) : 2 — R € C?(02)
of the nonparametric equation of prescribed mean curvature
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MC(,y) i= (14 G w,9)) o — 2oy + (14 G (@) )G 2,9)

@)
= 2H(w,y,¢(,9) (1 V¢, 0)P)  (wy) € 2.

The surface
X(z,y) = (z,y,((z,y), (z,y) €N

represents a graph over the z,y-plane with the prescribed mean curvature
H(X(x,y)) at each point X (z,y). We name M the minimal surface operator
and

MC(Qf,y) =0, (x,y) € 0,

is the intensively studied minimal surface equation. The operator M( repre-
sents the principal part of a quasilinear elliptic differential operator with the

coefficients
Al(p) A (p) s P3 —p1p2 3)
A% (p) A2(p) ) \-pip2 1493 )

3
B(z,y,z,p) = —2H(z,y,2)(1 4+ p +3)?, (4)

the equation (2) appears as the quasilinear elliptic differential equation

Setting

QC(xvy) =0, (%y) € (.

Now we consider two solutions u = u(z) € C?(£2) and v = v(z) € C?(2) of
the general quasilinear elliptic differential equation

n 2
Qu(z) = Z A (z, Vu(x))ax?awj u(z) + Bz, u(z), Vu(z)) =0, z e
= -
and
Qu(z) = Z A (2, Vv(x))ax(?amjv(m) + B(z,v(z), Vu(z)) = 0, x € {2,

respectively. For the difference function
w(zx) := u(x) —v(x) € C*(2,R)

we derive a linear elliptic differential equation. The relations (5) and (6) imply
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0 = Qu(x) — Qu(x)

2

n . 9
= Z A (a:,Vu(x))axiaxjw(m)

=30 {4, vuta) - Aij(x,VU(x))}%awjv(m)

+{B(x7u(x), Vu(z)) — B(z, u(z), Vv(x))}

+{ B, u(@), V(@) - B(z,v(@), Vo(@)}, @€ Q.
We set
aij = a;j(v) = AY(2,Vu(z)), x€ 2 for i,j=1,..., n
and see a;; € C°(£2,R). Furthermore, we calculate

B(z,u(z), Vu(z)) — B(z,v(z), Vu(zx))

!

B(z,v(x) + tw(z), Vo(x)) dt

Sl

/Bz ) + tw(z), Vo(z)) dt
0

and define the continuous function
(z) := /Bz(x,v(x) + tw(z), Vo(z)) dt, x € L.

Finally we note that

B(z,u(z), Vu(z)) — B(x,u(z), Vo(x))
0

= Vuw(z) - /Bp(m,u(m), Vou(z) +tVw(x)) dt
0

B(z,u(x), Vu(z) + tVw(x)) dt

&=

and

375

(11)
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A (z, Vu(z)) — A¥(x,Vo(z)) = / %Aij(z, Vou(z) + tVw(z)) dt
0

1
= Vw(x) - /A;j (z, Vou(z) + tVw(x)) dt.
0
We define the coefficient functions

n 1

(1) ba @) = @) 3= Y vy 0 /AJ 2, Vo(z) + (Vu(z)) di
) 1 O

+/Bp(x,u(x),Vv(:1c) + tVw(x)) dt, x € {2,

i (12)

and observe b; = b;(z) € C°(§2) for i = 1,...,n. Altogether we obtain the
following linear elliptic differential equation for w = w(x), namely

Z: 8@6% +Zb &zrz z)+c(x)w(x) =0, x € 2, (13)

with the coefficient functions from (8), (10), and (12).
Ezample 2.2. On the domain {2 C R? we consider two solutions
u=u(z,y) € C*(N) and v=rv(z,y) € C*(N)
of the minimal surface equation
Mu(z,y) = 0= Muo(z,y), (z,y) € £2.

Then the difference function w(x,y) := u(z,y) — v(z,y), (z,y) € £2, satisfies
the linear elliptic differential equation

a(Z, Y)Waa (T, y) + 2b(x, Y)Wy + (@, y)wyy (T, y) 14
+d(z, y)we (z,y) + e(z, y)wy(z,y) =0  in
with the coefficient functions
alz,y) =1+ul,  b(z,y) = —uguy,  c(z,y)=1+u]

and

d(x,y) = _(Uy+vy)vxy+(ux+va:)”yy7 e(z,y) = (uy+vy)vxar—(u:c+vx)”acy'
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Theorem 2.3. (Uniqueness of the mixed boundary value problem)

I Let 2 C R? be a bounded domain, whose boundary 02 may contain an
- eventually void - subset Fi(“)!? with the following properties:
a) The set 02\ I is closed.
b) For all £ € I' we have a number o0 = o(§) € (0,+00) and a function
o = p(z) € C*(B,(£)) with ¢(§) =0 and Vp(£) # 0, such that

20 B,(&) = {y € By(&) : ly) <0}.

II. The continuous functions f = f(z) : 0\ I = Randg=g(z): I = R
are given.

II. The two functions u = u(x) : £ — R and v = v(z) : 2 — R of the
regularity class C%(2) N C%(2) N CY (2 U T) are solutions of the mized
quasilinear elliptic boundary value problem

Z A (z, Vu(a:))ax?axju(x) + B(z,u(x), Vu(x)) =0, x € 2, (15)
u(z) = f(x), x€0N\T, (16)
%u(m) = g(z), rxel. (17)

Here v = v(x) : I' — S"~1 denotes the exterior normal on I' to the
domain (2.
1V. Finally, we require

B.(z,z,p) <0 for all (z,z,p) € 2 xR™™,
Statement: Then we have u(x) = v(z) for all v € £.

Remark: The boundary condition (16) is called the Dirichlet boundary condi-
tion, whereas in the equation (17) the Neumann boundary condition appears.

Proof of Theorem 2.3: The function
w(z) := u(x) —v(x) € C](2)NC*(2)nCH(RUT)

satisfies the linear elliptic differential equation (13), which is even uniformly el-
liptic in a neighborhood of I'. Furthermore, w fulfills the homogeneous bound-
ary conditions
9]
w(x) =0, ze€dNR\T, and a—w(m) =0, zel. (18)
v
The coefficient (10) has the correct sign  c¢(x) < 0 for all z € £, due to
the assumption IV. From Theorem 1.5 and Theorem 1.6 of Section 1 we infer
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that w(x) can neither in {2 nor on I" attain its global maximum and global
minimum. This implies w(z) = 0 and therefore

u(z) = v(x) in 2. wed.

Ezxample 2.4. The Dirichlet problem for the nonparametric equation of pre-
scribed mean curvature

¢ =((x,y) € C2(2)NCO(R),

[

MC(a,y) = 2H(w,y, (o) (14 V@) o2, (19)
C(x,y) = f(z,y) on 0IN
has at most one solution, if H, > 0 in {2 x R is assumed.

Remarks:

a) The existence question for a solution of the mixed boundary value problem
in Theorem 2.3 is very difficult. Already for the minimal surface equation
(this means H = 0 in (19)) the Dirichlet problem (19) can only be solved
on convex domains for arbitrary continuous boundary values f : 02 — R.
For a direct parametric approach of the Dirichlet problem (19) we refer
the reader to the paper by
F.Sauvigny: Flachen vorgeschriebener mittlerer Krimmung mit einein-
deutiger Projektion auf eine FEbene. Mathematische Zeitschrift, Bd. 180
(1982), S. 41-67.

b) A general theory for quasilinear elliptic differential equations is developed
in the book of D. Gilbarg and N. Trudinger [GT], Part 2 (especially in the
Chapters 14-16).

c) Finally, we emphasize that C°-stability with respect to the boundary val-
ues for quasilinear elliptic differential equations can only be achieved by
controlling the first derivatives up to the boundary.

3 The Heat Equation

We set Ry := (0,400) and denote the constant heat conductivity coefficient
by x € Ry. We consider functions

u=u(r,t) =u(zy,...,rn,t) :R" xRy - R € C*(R" xR,) (1)

satisfying the heat equation

%u(x,t) = kAzu(x,t), (z,t) e R" x R4 (2)

For n = 1 the solution of (2) models the distribution of temperature in an
insulating wire, and for n = 3 we obtain the temperature distribution in a
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heat conducting medium. The transition from the solution u = u(z,t) of (1)
and (2) to the function

v=uv(z,t) ;== u(vET1,. .., VETn,1), (z,t) € R" x Ry

yields the following differential equation

%v(z,t) = Ayv(z,t) in R"” xR,. (3)

The equations (2) and (3) are not invariant with respect to reflections in the
time: ¢ — (—t). Therefore, the heat equation describes an irreversible process
distinguishing between the past and the future. However, the heat equation
is invariant with respect to linear substitutions

E=ax, zTe€RY r=a’t teR, (4)

choosing the number a € R\ {0}. The quantity |z|?/¢ is invariant under the
transformation (4) as well and often appears in connection with this differen-
tial equation.

We are looking for a solution of (3) by the ansatz
v=uv(x,t) =expi(\t +&-x), (z,t) € R" x Ry,

with A € C and € = (§1,...,&,) € R™. Then the relation (3) implies

0
0= av(z,t) — Ayv(z,t)

— (iOtE) (z')\ + |§|2)7 (z,t) € R" x R,
Inserting i\ = —|¢|? we obtain a solution of the heat equation (3) as follows:
vz, t) = e leltgita (z,t) e R" x Ry. (5)

For each fixed t € Ry, the function v(-,t) describes a plane wave which is
constant on the planes £ - x = const. The phase plane has the unit normal
vector |€]71¢, and the length of the wave is given by L = 2r|¢|~t. More
precisely, we have

2
v(x+ %é,t) = v(z,t) for all (z,t) e R"xR; andall [€Z. (6)

The amplitude of the wave is determined by

471'2t)

_1el2
ol t) = e = exp (= 5
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and consequently the solutions decay exponentially.

For a given function g = g(§) € C§°(R™,R) we consider the integral

u(z,t) == (2m) "2 /e(iélx_wt’g(ﬁ) dg

Rn
+oo +oo (7)
= (2m)" % / / elrotebnen) o ~IEt g (6) de, .. de,.

Now we calculate
ui(z,t) = (27)7 % / e e K (—[¢[?)g(€) de
R’Vl

and

Asulayt) = (2) " [ eI g)ge) de

R

for all (¢,t) € R™ x R,. Therefore, follows

Agu(z,t) — u(z,t) =0, (x,t) e R" x Ry. (8)
Furthermore, the function u(x,t) satisfies the initial condition

u(e.0) = r)F [eSrgas,  werr, )
RTL

Now the question arises for which functions f(z) : R” — R the initial value
problem

w(@,0) = f(z), TER"  ueCOR" x [0+x)) (10)
of the heat equation (8) can be solved. In this context we need the following

Theorem 3.1. (Fourier-Plancherel)
The linear operator

g(x) :=F"Y(g)| = (QW)_%/eig'mg(f) ¢, g€ Cg(R™)  (11)
R"L
has a continuous extension on the Hilbert space

@ is Lebesgue-measurable and

Hom 2R =4 0B 5C: o hane /Igo(f)lzd§<+00
Rn
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with the inner product

(. 9) = / POTE)dE, b e’

Rn
The mapping F~' : H — H has the inverse
O =B = em 7t [ f@dn, feCrERY (2)
R'Il,

which can be extended continuously on H as well. Furthermore, the operators
F and F~' are isometric on the Hilbert space H, more precisely

(Fp,F) = (p,9) = (F 0, F7ly)  forall o9 €H,
and we have
(Fo, ) = (0, F'9)  forall ¢, €H.
Proof: This Theorem 5.11 will be proved in Chapter 8, Section 5.

Definition 3.2. We name the operator F : H — H the Fourier transforma-
tion and F~! the inverse Fourier transformation.

In (7) we choose the function

o(€) = F(1)| = fe) = 22 / T (eydr,  feH

Rn

such that ¢g(&) € C§°(R™) holds true. Now (9) implies

u(w, 0) = (2m)~% / ¢ f(€) de
R™ (13)

=F'oF(f)| = f(a), x € R™.

x

Furthermore, we calculate via Fubini’s theorem

u(a 1) = (2m) / i It f(e) de

Rn
=) [ [ty ayag (14)

R” R™

= (2m)7" / ( / ei“”)'ﬁ'“df) Fy)dy.

Rn n
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With the aid of the substitution

i(z —y) 1 _n
== S - dée=+"%d R™
3 o +\/in, 3 2 dn, ne

we determine

. N e12 eyl i lz=yl? i o (|2 n
/ezw v)—lé| tdg:/é At G @) I G )l g
R’Vl

R™

z—y|? n
:/67‘ 4},/' 67‘7"21575 d77

Rn
= t—%e—‘ﬁflz /e—\n\2 dn
Rn
“+o0 n
_n _le—y|? 2
=t 2¢ at e ¢ d@ ,
and consequently
/eié-(m*y)*\ﬁ\% d¢ =8t %e oy (15)
Rn
Inserting (15) into (14) we obtain
x—y|?
u(z,t) = (4“)7%/67' T f(y)dy,  (2,1) €R" x (0,+00).  (16)

R

With the integral (16) we have found a solution of the initial value problem
(10) for the heat equation (8).

Definition 3.3. The function

2
K(z,y,t) = (47rt)_% eXp{ — [ 4ty| }, zeR", yeR" teR,

represents the kernel function of the heat equation.

Proposition 3.4. We have the following statements for the kernel function
K(z,y,t) : R* x R" x Ry — Ry of the heat equation:

(i) K € C?(R" x R" x R,) and

8 N n n
(&fAI)K(x,y,t)fO in R™xR"xR,.
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(i) For all (z,t) € R™ x Ry we have

/K(m,y,t)dy= L.
R’I’L

(iii) For each § > 0 the following integral converges uniformly

K(z,y,t)dy — 0 (t = 0+4) for all z eR"™
yily—w|>4
Proof:
(i) Formula (15) gives us
_ 2 _
K(z,y,t) = (4rt)" % exp{ _ o=yl 4;" } - (QW)*"/e“w*y)f*‘f‘%dg.
RTI,
The heat equation
(% - Am) {ei@*y)'i*lf‘%} -0 in R"xR"xR,
holds true, and the given integral remains absolutely convergent while
differentiating with respect to ¢t and z. Therefore, we comprehend
9 —n 9 i(r—y)-&—
(E—Ax)l((x,y,t):(%r) /(E—AQC){Q( )€ \5\2t}d§:0
Rn

for all (z,y,t) € R® x R™ x R,.
(ii) We calculate for 6 > 0 with the aid of the substitution y = = + Vtn,
dy = (4t)% dn as follows:

2
—n €T —
K(x,y,t)dy = (4nt)~ 2 / eXp{ _ %} dy

yily—z|>4 yily—=z[>4

(17)
-z / e~Inl? dn for all (z,t) € R" x Ry.

m:|nl> A
Inserting § = 0 into (17), we obtain
/K(ﬂc,yﬂf) dy=n"*% /exp(—\n|2)d77 =7 in% =1
Rr R™
(iii) In the case 6 > 0 the formula (17) implies
/ K(z,y,t)dy =72 / e~ nl* dn —0(t—0+)
y:ly—=z|>6 17:\77\>\/%

uniformly for all x € R"™. q.e.d.
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Independently of the Fourier-Plancherel integral theorem, we now prove the
following

Theorem 3.5. Let f = f(z) : R® = R € C°(R") be a continuous, bounded
function and we define

ula,t) = / K (. 1) (y) dy
v (18)

z—y|?
= (rt)t [ )y, @n) eR xRy
]Rn

Then the following statements hold true:

(i) Setting C; = {t = o +i7 € C : o > 0} there exists a holomorphic
function U : C" x C; — C, such that

u(z,t) = Uz, t) for all (x,t) €e R" x Ry

is correct. This especially implies u € C°(R™ x R).
(ii) The function u satisfies the heat equation

Agu(z,t) — %u(z,t) =0 in R"™xRy.

(iii) We have uw € CO(R™ x [0, +00)) and u fulfills the initial condition
u(z,0) = f(z) for all x eR™
(iv) Finally, we have the inequality

inf f(y) <u(z,0) < suwp fu)  forall (e.f) R xRy, (19)
yeR™ yER™

where only for constant functions f : R™ — R equality is attained.

Proof:

(i) At first, we extend the kernel K : R” x R” x Ry — R to the domain
C" x R™ x C. as follows: With the notation z = £ +in € C*, y € R™ and
t =0 +ir € C; we define

K(a,yt) 1= (4m) 5 ()% exp { - 22220
for (z,y,t) € C" xR™ x C;. To each fixed y € R™ the function K (z,y,1t) :
C" x C4 — C is holomorphic, and the kernel K : C" x R" x Cy — C is
continuous. Furthermore, we have
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|K(.”L',y,t)| = (477)_%(|t‘2)_% exp{ — Rew

at o0
= (dn)"E(0? + 1) eXp{ - %Re@ YT Z;?)+ (Zi— y +in) }
Now we calculate
Relé =y tin) (E—y+in)
o +iT
UQ;JFTQRG{(U —in)|(€ -y —n? +2im- (€ - )] }
= ﬁ{a(ﬁ —y)? —on’ +2m - (€~ y)} (21)
— oy (o€~ )+ 7l = Pl = ool
— oI~ )+l = Lol

From (20) and (21) we derive the relation

= (4m) 3 (o 4 ) F exp { ol - o€ —y) + 0}

1
do(0? +72)

T )7%exp{@}07%(47r)7%eXp{ - Ia(ﬁ—y)+m|2}

o2 4 do(0? + 72)
T2\ +1 2 T 72
= (1+ %) e { )R (e Tnme+ T)

=: Oy (y) for all (z,y,t) € C* x R" x C4..

Consequently, the parameter integral

Ula,t) = / K,y )f()dy,  (2,6) € C* x Ty
J

has an integrable majorant. Due to Theorem 2.12 in Chapter 4, Section 2
the function U : C" x CL — C is holomorphic.

(ii) The heat equation for u(z,t) can immediately be derived from (18) and
Proposition 3.4, (i).

(iii) Now we show that the initial values are continuously attained:
For given £ € R™ and £ > 0 we have a number § = §(&, &) > 0 such that

lf(y) — @ <e  forall |y—¢ <26



386 Chapter 6 Linear Partial Differential Equations in R™

holds true. We set M := sup{|f(y)| : y € R"} < 400 and obtain the
following inequality for all (z,¢) € R" xRy with |[z—&] < dand 0 <t < ¥:

ule,t) - £0)] = \ [ K000 - 1@y
J

< / K(2,9,0)| £ () — £(6)] dy

yily—z|<8
v [ Kol - 1l
y:ly—x|>4
< / K (o, 5,8)F(y) — £(6)] dy
y:ly—€1<28

+2M / K(xz,y,t)dy

y:ly—x|>0

<e+2Me.

(22)

Here we have chosen ¥ > 0 sufficiently small and used Proposition 3.4,
(ii) and (iii) in the last inequality. From the estimate (22) we obtain the

desired relation

t1_1>r51+u(x t) = f(x) for all = e R".

(iv) The statement (19) follows directly from the integral representation (18)

combined with Proposition 3.4, (ii).

Remarks:

q.e.d.

1. Bounded continuous functions f : R™ — R being given, we obtain a
bounded solution of the initial value problem for the heat equation by the
function u(x,t) defined in (18). However, there are further (unbounded)
solutions of the same problem; see the monograph of F. John [J], Chap-
ter 7, Section 1. Later in this section, we shall prove that the initial value
problem for the heat equation is uniquely determined in the class of

bounded solutions.

2. With the aid of (18) we can also construct solutions of the problem for

initial values f : R™ — R subject to the growth condition

If(z)| < Me**",  z eR™,

However, then the solution (18) only exists for the times 0 <t < ﬁ.
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Now we are going to prove a maximum principle for parabolic differential
equations: Over the bounded domain {2 C R™, where n € N is given, we
consider the parabolic cylinder

Or = {(x,t) ER"XR, : z€0, te (o,T]}
with the given height T € R . The parabolic boundary denotes the following
set
AQp = {(w,t) €R" x [0,+00) : (2,t) € (90 x [0,T]) U (2 x {o})}.
Proposition 3.6. Let function u = u(z,t) € C%(£2r) satisfy the differential
inequality
0
Apu(z,t) — —
u(x,t) pr

Then u cannot attain its mazimum at any point of (27.

(z,t) >0, (x,t) € Op.

Proof: We assume that v would attain its maximum at a point (£,7) € Q7.

If (¢,7) € EZT is correct, Proposition 1.2 from Section 1 yields the inequality
0
(Az - E)u(gaT) S 0

in contradiction to the assumption. Consequently, we have (£,7) € 27\ Qr
and especially 7 = T holds true. Furthermore, the differential inequality im-
plies

Ayu(€,T) > %u(f,T) > 0. (23)

Now also the function @(z) := u(z,T), x € {2 takes on its maximum at the
point £ € 2. From Proposition 1.2 in Section 1 we infer A% (§) < 0 contradict-
ing (23).

q.e.d.

Proposition 3.7. Let the function u = u(z,t) € C?(Qp)NCO(27r U AQT) be
a solution of the differential inequality

Agu(z,t) — %u(m,t) >0, (x,t) € 27,
and fulfill the boundary condition
u(z,t) <0, (z,t) € ALy

Then we have u(z,t) <0 in 270 U AQp.
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Proof: For the given ¢ > 0 we consider the following auxiliary function
w(z,t) := u(z,t) — et and observe

0 0 .
(Aw - a)w(m,t) = (Aw - E)u(w,t) +e>0 in 2p.
Then we determine the boundary condition
w(z,t) = u(z,t) —et <0 on Aflr.

Proposition 3.6 implies w(z,t) < 0 and consequently u(z,t) < et in 7. The
transition to the limit € | 0 yields

’U,(J},t) < 0 in QTUA.QT.
q.e.d.

Theorem 3.8. (Parabolic maximum-minimum principle)
Let u = u(z,y) € C*(2r) NCO(2r UAQT) be a solution of the heat equation

Agu(z,t) — %u(x,t} =0, (x,t) € O2p.

Then we have

min s, T ::mgux7t SM: max uig, 7), fl;,t EQ
(S,T)EAQT (5 ) ( ) (g,T)EAQT (6 ) ( ) T

Proof: Applying Proposition 3.7 to the auxiliary function
u(z,t) — M and m — u(x,t), (x,t) € 20 U AQp,

we obtain the statement immediately. q.e.d.

Theorem 3.9. (Uniqueness for the initial value problem of the heat
equation)

The bounded, continuous function f = f(z) : R* — R € C°(R") is given.
Then there is exactly one bounded solution u of the initial value problem for
the heat equation, attributed to this function f, with the following properties:

u=u(z,t) € C?(R" x Ry ,R)NCR" x [0, +00),R),

Apu(z,t) — %u(

u(z,0) = f(x), r e R",

z,t) =0 in R"™ xRy,

sup  |u(z, )| < +oo.
(z,t)ER™ xRy
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Proof: Let u = u(x,t) and v = v(z,t) be two solutions of (24), and we set

M := sup |u(z,t)]+ sup |v(z,t)] € [0,+00).
R™ xRy R xRy

For the function
w(z,t) = u(z,t) —v(x,t) € C*(R™ x Ry,R) N CO(R"™ x [0, +00), R)

we have

Ayw(z,t) — %w(m,t) =0 in R" xRy,
u(z,0) =0, r e R”, (25)

lw(z,t)| < M for all (z,t) € R™ x [0, 400).

Now we choose numbers 7' € Ry, R € R, define the ball
Bgr :={x € R" : |z| < R}, and attribute the parabolic cylinder

Brr = {(x,t) ER"XR, : v€Bp, te (O,T}}
with the parabolic boundary
ABrr1 = {(x,t) €EBrx[0,T]: x€0Br or t= O}.

On the domain Bg p we consider both the solution w(z,t) of the problem
(25) and the function

W(z,t) = 22]2\4 (@ + t).

2n
Now the comparison function W satisfies the differential equation

0 2nM
(A.r _ @)W(x’t) = F(1 -1 =0, (z,t) € BT,

and the following inequality holds true on the parabolic boundary

(26)

|’UJ([E,t)| S W($,t), (ili,t) S ABR,T~

Application of the parabolic maximum-minimum principle yields

2nM |xz|?
<W = Lad N
e, )] < We,t) = T (S0 +t),

(z,t) € Brr. (27)
We observe the transition R — +oo in formula (27) and obtain

w(z,t) =0, zeR" te(0,T],
with an arbitrary T € Ry. Consequently, we have w(x,t) = 0 and finally

u(z,t) = v(z,t) in R™ x Ry. qed
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Let us consider the following

Ezample 3.10. (An initial-boundary-value problem for the one-dimensional
heat equation)

We are looking for a solution v = v(z,t), 0 < & < L, t > 0 of the one-
dimensional heat equation

Vg (2, t) — ve(2,t) = 0, z € (0,L), te(0,+00), (28)
with the boundary conditions
v(0,t) =0 =v(L,t), t €[0,+00), (29)
and the initial condition
v(z,0) = f(z), xz € (0,L). (30)

Here f = f(x) : [0,L] — R is a continuous function satisfying f(0) = 0 =
f(L).

The problem (28)-(30) models a temperature distribution in an insulating
wire with fixed temperature at the boundary. We shall construct a solution
of (28)-(30) by reflection methods. Therefore, we apply an uneven reflection
to the function f at the points x = 0 and « = L such that

f(=a)==f(z), fL+(L-=)=—f(z), =zeR (31)

is satisfied. Setting

i

fl@),0<z<L
p(x) == .
0, otherwise
the continued function f appears in the form

—+o0

f(z) = Z {@(ZnL +z)—(2nL — m)}, x € R. (32)

n=—oo

For this continuous and bounded initial distribution f : R — R we globally
solve the heat equation.With the aid of the substitutions

¢E=2nL+ty, d&= tdy, n=0,+1,4£2, ...

we obtain
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“+ o0
ule, t) = / K(z,y.6)f(y) dy

+20 o
= /K(@gy,f) JFZ {@(2nL+y)—g0(2nL—y)}dy

- T (33)
+oo oo
- / ol6) 3 {K(x,§ —onL,t) — K(z,2nL — g,t)} de

Here we define

G(z,6,t) = Z {K(z,§—2nL,t)fK(x,Zang,t)}
T +o0
- 7w 2 {emdeemtrmi)® _mhrezmntl o (34)

=3
- 0 ) - B

, (Z+n)2)

denoting by

(35)

the Theta function.

The functions u(z,t) + u(—x,t) and u(z,t) + u(2L — x,t) are solutions of the
heat equation (28) in R x R; with homogeneous initial conditions. Theorem
3.9 now implies

u(z,t) +u(—x,t) =0 = u(z, t) + w(2L — z,t), (z,t) € R x [0,+00). (36)

Consequently, v(x,t) = u(x,t), x € [0,L], ¢ € [0,400) solves the initial-
boundary-value problem (28)-(30) for the one-dimensional heat equation.

Finally, we refer the reader to the book [GuLe], Chapters 5 and 9 with further
results on the heat equation.
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4 Characteristic Surfaces and an Energy Estimate

On a domain 2 C R"*! with n € N and for the functions u € C?(£2) we
consider the linear partial differential equation of second order

n+1 a n+1
Lu(y) ~—j%_: a1 (4) 5 gl Zb ayj +c(y)uly) = h(y) (1)

for y € £2. The coefficient functions a;x(y), b;(y) and c(y) for j,k=1,...,n+1
as well as the right-hand side h(y) belong to the regularity class C°(£2, R).
Furthermore, the matrix (a;x(y));k=1,...n+1 is symmetric for all y € (2.

Definition 4.1. Let © = o(y1,...,Yns1) : 2 — R € C?(2) be a nonconstant
function which defines the following nonvoid set

]:::{yeQ: @(y):O}.

We name F a characteristic surface for the differential equation (1), if the
adjoint quadratic form

n+1 9o 9y
Qlelw) = Y aply W Wg W) vEL (2)

fulfills the condition

Qlel(y) =0 forall yeF.

Otherwise F is called a noncharacteristic surface, if namely

Qlel(y) #0  forall yeF.

In the case n = 1 we speak of characteristic and alternatively of noncharac-
teristic curves.

Remark: Since we do not assume Vip(y) # 0 on F, the set F may have singular
points. Therefore, F C R"*! is not a hypersurface in general.

Ezxample 4.2.If L is elliptic in {2, where the matrix (a;x()); k=1, nt1 I8
positive-definite for all x € {2, then characteristic surfaces do not exist.

Example 4.3. We consider the differential operator of the heat equation

0 . n
EZAQ;—E in R XR+.

Then we obtain the quadratic form
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Qlel(w,t) = (pu, (z,1)%,  (2,t) ER" x Ry

7j=1

For fixed 7 € R we choose the function ¢(x,t) := ¢t —7 and see that the surface
F = {(x,t) ER"XR: p(z,t) = O} =R" x {7}

is characteristic. Especially, the plane R™ x {0} is a characteristic surface for

the heat equation.

Definition 4.4. For the given domain 2 C R™ and the numbers
—00 < t1 <ty < +0o0 we construct the box

Dy 4y = {(x,t) ER"XR: z€0, te (tl,tg)}.

We define the d’Alembert operator 0 : C?({2;, +,) — C%(§24, +,) setting
32
Ou(zy, ..., 25, t) = prek
for (z1,...,@n,t) € 2 X (t1,t2). Here ¢ > 0 denotes a fized positive constant
which represents the velocity of light in physics.

(xl,...,xn,t)—CQAxu(zl,...,xn,t) (3)

Ezxample 4.5. For the homogeneous wave equation
Ou(xy,...,20,t) =0 in R"xR
we obtain the associate quadratic form
Q) 1) = (pu(e, 1)) — P [Vag(w, ), (5,8) €R" X R,

Given the vector (&,7) = (&1,...,&, 7) € R® x R, we consider the function

2

ol 1) = S (= 7) %p; _¢’,  (n,6) eR" xR, @)

and calculate

The set
Fen = {@n eR : pa,t) =0}

(5)
—{@nerm: g =ct-rl} ’

represents a characteristic surface of the wave equation for each (£, 7) € R* 1.
These are conical surfaces with the singular tip (£,7) and the opening angle
« = arctanc.
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We now present a fundamental result for the wave equation.

Theorem 4.6. (Energy estimate for the wave equation)
Let the point (§,7) = (&1,...,&n,7) € R™ X Ry with the associate cone

K =K(T) = {(a:,t)eR"xR+ Cte(0,7), |x—§|<c(7‘—t)}

be given. Furthermore, we have a solution u = u(x,t) € C*(K)NCY(K) of
the homogeneous wave equation

Ou(x,t) + q(x,t)%u(x,t) =0 in K. (6)

Here q = q(z,t) € C°(K,[0,+00)) represents a nonnegative continuous
potential on K.
Then the following energy inequality holds true for all s € (0,7), namely

/ {02|qu(x,s)|2 |—u(x s)|? }dx
z:lz—€|<c(T—s)

(7)
< / { A|V,u(z, 0)|2+|—u(x 0)[2 }dx.

z:|lz—&|<cT

Proof:

Figure 1.8 ILLUSTRATION OF THE ENERGY ESTIMATE

1. With the aid of the transformation (z,t) — (c(z + &),t) we can confine
ourselves to the case £ = 0 and ¢ = 1. The coefficient matrix of the
d’Alembert operator takes on the form

-1 0

(@jk)jk=1,..nt1 = & ) (8)
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For s € (0,7) we consider the box
D = D(s) = {(x,t) ER" xR, : |g| <7t te (073)},

whose boundary 0D = Fo U Fs U F consists of the hypersurfaces Fy, Fs
and F. Here F = 0D NIK (0, 7) represents a characteristic surface of the
differential equation (6) with the exterior normal

v=vz,t) = (n(zt),...,vp(z,t),vpe1(x,t))

x (9)
= (52, t), vga (2, 1)) = (%m%) (z,t) € F.

The surfaces

Fo = {(x,t) €D\ IK(0,7) : t= o}

and

Fs = {(z,t) € 0D\ OK(0,7) : t= s}
possess the exterior normals

v=v(z,0)=(0,...,0,—1), (x,0) € Fy and

v=v(x,s)=(0,...,0,+1), (z,s) € Fs,

respectively.
. We multiply (6) by 2u;(x,t) and calculate for all (x,t) € D the identity

0 = 20 (e — Aguu(e 1)) + 202, 1) (e, 1))

0

_ 2 2 2 2 . _ 2
= = [|qu(m,t)| + |ula, 1) ] + dive (—2us Vau) + 2q(us)?.

Integration of (10) via the Gaussian integral theorem over the box
D = D(s) yields

0= 2/q(x,t)(ut(x,t))2 dx dt + / {|qu(a:, s)|? + |%u(x, s)|2} dx

D F
—/{|v u(,0) + | Su(, 0)12} do
xr b 8t )
Fo
+ /{ —2u;Vau -0+ % (|un|2 + |ut|2) } do(z,t)
F

2/{|V1u(x,s)|2+|ut(:c,s)\2}dm—/{\vxu(x70)\2—l—|ut(x,0)\2}dm.

]:s -7:0
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Here we observe that the term ¢(u;)? is nonnegative, and formula (9)
implies
2

~ (1920 + Juf?) on 7.

V2

[2u Vyu - 0| < 2\u||Vyul|P| = lu||Vgu| <

‘We conclude

/{\qu(x7s)|2+|%u(m,s)\2}d:ﬂS/{|Vzu(x,0)|2+|%u(m,0)|2}d;ﬂ.

T Fo q.e.d.

As a corollary of Theorem 4.6 we obtain

Theorem 4.7. (Uniqueness of Cauchy’s initial value problem for the
wave equation)

Let the assumptions of Theorem 4.6 be fulfilled, and additionally v = u(z,t)
may satisfy the homogeneous Cauchy initial conditions

u(z,0) = 0 = u(z,0) forall zeR™ with |z—¢| <er. (11)

Then we have u(z,t) =0 on K = K(&, 7).

Proof: From the initial conditions (11) we obtain
2 2 9 2
AV, 0P +|Su(@ 0P =0, |p—gl<er,
and the energy estimate in Theorem 4.6 yields

/ {02\Vmu(:ﬂ, s)|> + |%u(m, 5)|2} dr =0 for all s € (0,7).

z:lz—€|<c(r—s)

This implies V u(z,t) =0 = us(x,t) on K and consequently u(z,t) = const.
Again from (11) we obtain

t) = in K.

wet) =0 1n q.e.d.

In the sections Section 5 and Section 6, we shall explicitly solve Cauchy’s initial

value problem for the wave equation, with the aid of integral formulas: At

first, in the odd dimensions n = 1,3,5,... and later for the even dimensions
n=24,6,....

We now return to the general differential equation (1): For an ordinary differ-
ential equation of second order we prescribe the value of the function and its
first derivative at one point as initial values. Here we shall treat the higher-
dimensional analogue, namely Cauchy’s initial value problem for the partial
differential equation (1).



4 Characteristic Surfaces and an Energy Estimate 397
In the domain {2 C R™*! the partial differential equation
Lu(y) =h(y), y€ 2 with u=u(y) € C?(N) (12)
may be given due to (1). Furthermore, let the function
o=9y): N2 =>RecC*N) with Vp(y) #0,yc R

represent a hypersurface in R”*!, namely

(Z)#f::{yeﬂz gp(y)zO}CQ.

On F we prescribe the function f = f(y) : F — R € C?(F), and we require
the following initial condition of order 0 in

u(y) = fly), yeF. (13)

The derivatives of u tangential to the surface F are already prescribed by this
initial condition. Denoting the normal to the surface F by

v(y) = Vo) 'Vely), yeF
we additionally prescribe a function
9=9(y): F > ReC(F)
and require the following initial condition of the first order:

Tuly) =g(s). yeF. (14)

The function Vu(y) on F is already determined by (13) and (14).

We now recommend to introduce new coordinates as follows: Take the domain
I' C R” and the regular parameter representation

y=y(z1,. . x,) T — F e C*I)
of the surface F. We denote the parametric normal to the surface F by
(1, .. op) = v(y(e, . 2)), x=(z1,...,2,) €T.
Then we consider the parameter transformation
0=0(x1,...,0n,t): [ — € C*(I.,R")
on the box I :=I" x (—¢,e) C R"*! defined as follows:

O(x1,... xn,t) i=y(x1,. .., 2n) F (1, .., Tp),

r=(x1,...,xn) €I, te€(—¢,e). (15)
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Here € > 0 is chosen sufficiently small, and we set {2 := 0(I). Now
00 = (0y,,...,04,,0,) : [. — ROFDXx(n+1)

denotes the functional matrix of 8, and we see

86‘(x,0) = (711;---,’)%";1/) . (16)

x

The symmetric matrix function

B7Y(x,t) := 00(x,t) o (90(z,1))*, (z,t) € I (17)
satisfies
B (z,0) ov(z) = (Yay -+, Vay, V) © o v(z) =v(z), zel. (18)
Ve,
l/*

Therefore, v(x) is an eigenvector of the matrix B~!(z, 0) to the eigenvalue 1,
and the same is correct for the matrix B(z,0). We now consider the function

W(x1, T, t) = uoB(xy, ..., xp,t) : Te = R (19)
Setting 5
f(@):=fon(z), glx):=gor(x), =zel, (20)

we obtain the initial condition of order 0 equivalent to (13), namely

w(xz,0) = f(z), rel, (21)

and the initial condition of order 1 equivalent to (14), namely
0 . -
—u(z,0) = g(x), el (22)
ot

We now prove the following

Theorem 4.8. Let F be a characteristic surface for the differential operator
L in (1), and the function u = u(y) € C?(£2) may satisfy the Cauchy initial
conditions (13) and (14) on F. Then the expression Lu(y) for all y € F is
already determined by the initial values f € C*(F) and g € C1(F).

Proof:

1. With the aid of the parameter transformation # we make the transition
to the function a(x,t),(z,t) € I, - due to (19) - satisfying the initial
conditions (21) and (22) on I'. By differentiation to x; and x, we obtain
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iy (,0) = Foy (2, Ty (2,0) = Fopon (2, ya(,0) = G, (2)
for all x € I" and j, k = 1,...,n. The relation (19) implies
Vni(z,t) = Vyu(d(z,t)) o 00(x,t), (x,t) € I.. (23)
We set
duly) = (Vyu(y))', y € @ and a(z,1) == (Vo il(e,1))", (a,1) € T,
and rewrite (23) into the form
du(z,t) = (00(x,t))* o Ou(f(x,t)), (z,t) € I:.
Multiplying this identity by 90(x,t) from the left, we see
00(x,t) o du(x,t) = 90(x,t) o (90(x,t))* o Qu(f(x,t)).
Noticing B~! = 90 o (90)* , we conclude
Ou(0(x,t)) = B(z,t) 0 80(x,t) o du(x, t), (z,t) € I,. (24)

. The identity (24) for t = 0 implies that V,u(y) is determined for all y € F.
Now we note for all y € (2 that

n+1 82 n+1 8
Lu(y) = Y aji(9) g t¥) + > bi(y) g, -u(v) + culy)
J.k=1 J j=1 J
n+1 n+1 (9 a (25)
- M)+ 3 {bk > - <y>}3—yku<y> + ely)uly)

holds true, setting

n+1 n+1
Mu) =3 5 S antg ). vee
j k=1

Jj=1 9y

Therefore, we only have to show that Mu(y) is determined by the initial
data for all y € F. In this context we utilize the so called weak differential
equation as follows: Let x = x(y1,...,yYnt+1) € C§°(§2) be an arbitrary
test function and

X =X(x,t) = x00(x,t): . -+ R € C5(I%)

denote the transformed test function. Parallel to (24) we obtain the rela-
tion

Ox(0(x.1)) = B(z,t) 0 96(x,1) 0 O (1),  (w.t) € IL.  (26)
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The test function x € C5°(£2) being given arbitrarily, the Gaussian inte-
gral theorem yields the identity

([ x(y) Mu(y) dy = ([ {xw N (i el o))

j=1 77 V=1

n+1 o 9
- [{Z ajk<y>a—ij<y>a—%u(y)}dy (1)

— - [{@xw) o 4w 0 0uw)} dy

9]

with the symmetric matrix A(y) := (a;x(y))jk=1,...n+1, ¥ € £2.

3. We now apply the transformation formula for multiple integrals: For the
mapping y = 6(z,t), (z,t) € I'. we denote the modulus of the functional
determinant by

Jo(z,t) := | det 90(x, )], (z,t) € I..
Taking the identities (24) and (26) into account, the relation (27) implies

[xmuwdy =~ [ {@xw)* o Aw) o dutw)} dy

2 2

__ /(ax(e(x,t)))* o A(B(x, 1)) 0 du(O(x, ) Jo(x, t) d dt

FE

=— /(5‘)2(:&15))* oC(x,t) o dulx,t)Jg(x,t)dx dt

I.

with
(Cik (2, ) jk=1,....n1 = Cla, 1)
— (90(x,1))* o B(x,1) o A(B(x, 1)) 0 B, ) 0 90(w, £).
Then we calculate
enitmer (2,0) = v(x)* 0 B(z,0) 0 A(y(x)) 0 B(x,0) o v(z)
= (B(z,0) ov(z))" o A(vy(x)) o B(z,0) o v(x)
— (@) 0 A(y(z))or(z) = 0, el

since F is a characteristic surface for £. Consequently, we have
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Cnt1nt1(z,0) =0 forall zel. (28)
Additionally, we observe

([X( M /{ 1% x t)X:vJka}Je(x,t) dx dt

Jk

I

_/{ZCJ="+1 z,t) XIJUt}Jg(J? t) dxdt

Jj=1

=

/{ch+1 sz t)Xtuxk}Jg(x t) dx dt
I

€

/Cn+1 nt1(z, )Xt Jg(x, t) da dt
I

e

and find
[xomuwdy= 3" [ (enlo i) stot)dode
2 Jk=1p i
+Z/(cj7n+1(m7t)ﬂth) .X(x,t)dxdt

jzlp

€

+Z/ Cnt1,k(, 1) uwa(;) X(xz,t)dxdt  (29)

k= 1Fs

+/ (Cn+1,n+1(x7t)Je)thtfc(%t) dx dt

I
+/Cn+1,n+1(x7t)ﬁtt<]0>~((x7t) dx dt.
I.

4. On the ball
B:={zeR": |z| <1}

let us take the test function

Y =1(z) € C§°(B,[0,+00)) satisfying /w(z) dz =1.

B

The point n € F being fixed, we consider the sequence of test functions

xi(y) ="y —n)), y e R™ for 1=1,2,...
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Now the statement
xi(y) =0 forall |y—nf>1""

is correct, and we see

xi(y)dy=1 for 1=1,2,...

Rn+1

With the notation
Xi(z,t) :=x100(z,t) for 1=1,2,...

the formula (28) implies

Im [ cpt1nt1(z, t)u(z, t)Jo(x, t)xi(x, t) de dt = 0. (30)

l—o0
I,

Inserting the sequence of test functions {x;(y)}i=1,2,.. into the identity
(29), the last term on the right-hand side disappears in the limit. Since
the other terms are uniquely determined by F, f(y) and g(y), y € F

- due to part 1 of the proof - and the left-hand side satisfies

Mu(n) = llgrolo/Xz(y)MU(y) dy, neF
(9]

in the limit, the proof of the theorem is established. q.e.d.
Remarks:

1. The Cauchy initial value problem (12), (13), (14) cannot be solved for ar-
bitrary right-hand sides h, if F represents a characteristic surface. There-
fore, one should start with noncharacteristic initial surfaces F in order to
solve the Cauchy initial value problem. For the wave equation we shall
choose the noncharacteristic basic plane of the cone from above as the
initial plane.

2. When we consider the Cauchy initial value problem (12), (13),(14) on a
noncharacteristic surface F, the condition

Cntint1(7,0) = v(z)" 0 A(y(2)) ov(2) #0,  wel,

is valid. Localizing the equation (29) as in part 4 of the proof above, we
can determine 4 (x,0), € I' by the differential equation (12) and the
initial data (13), (14). Consequently, the second derivatives

(uyjyk(y))j,kzl,...,n+1, Yy e F

are already prescribed for the Cauchy initial value problem (12), (13),
(14) on noncharacteristic surfaces. Similar statements can be established
for the higher derivatives in case they exist.
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5 The Wave Equation in R" for n =1, 3, 2

We take sufficiently regular functions f = f(x1,...,24),9 = g(x1,...,2y,) :
R™ — R and intend to solve the Cauchy initial value problem for the n-
dimensional wave equation:

u=u(r,t) =u(z1,...,20,1) € C}(R™ x [0, +00),R), (1)
Ou(z,t) = aa; (z,t) — *Agu(z,t) =0, (z,t) e R" xRy, (2)
u(zx,0) = f(z), 2u(x 0) = g(x), r € R" (3)

ot

Here ¢ > 0 denotes a positive constant. We combine (1), (2),(3) to the problem
P(f,g,n) or briefly P(n). At first, we consider the case n=1 of the one-
dimensional wave equation

g (2, 1) — gy (z,t) = 0, (z,t) e R x R. (4)

In physics the function u(z,t) describes the vertical deviation of a swinging
string from the resting position € R in dependence of the time ¢ € R.

Due to Section 4, Example 4.5, we obtain the characteristic lines of the one-
dimensional wave equation

T =q«a*ct, teR, (5)
with arbitrary a € R. We now introduce these characteristics according to
E=u1x+ct, n=x—ct (6)

as characteristic parameters into the differential equation (4). We observe (6)
and deduce

1 1
=5E+m),  t=(E—m). (7)
Then we consider the function
U =u(5E+n. o €-m), (€ e (3)

On account of
1 1 1 1 1
U = e (564 (€= m) 5+ (5 + 1) 5o (€~ )5
we obtain

1 1 1 1 1
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Therefore, the wave equation (4) appears with characteristic parameters in

the form )

0
@U(fvn) =0, (§7n) € R2' (9)

On account of %Ug(ﬁ,n) = 0 the function Us = F’(§) is independent of n
and we see

U(&n) = F(&) +Gn)-
Returning to the parameters (x,t) we obtain

u(z,t) = F(x +ct) + G(z — ct), (z,t) € R, (10)

The solution belongs to the class C?(R?) if and only if F, G € C?*(R) is valid.
Now the functions v(z,t) := F(z + c¢t) and w(z,t) := G(z — ct) satisfy the
equations

vp—cv, =0 and w4+ cwy =0 in R?,

respectively. Then we obtain a solution of (4) by superposition with C?(R?)-
solutions for these equations. Here we remark that the one-dimensional
d’Alembert operator can be decomposed as follows:

~w o G @) W

In the physical interpretation, the solution (10) of (4) consists of an incoming
and an outgoing wave, each moving with the same absolute velocity into
opposite directions.

We are now going to solve the initial value problem P(f, g, 1): We require
f=f(z) € C*(R,R), g = g(z) € C'(R,R)
and deduce the following relation for the function u(z,y) given in (10):
u(z,0) = F(z) + G(x) = f(2),
ug(2,0) = F'(z) + G'(x) = f'(2),
u(z,0) = cF'(z) — cG'(z) = g(x), z €R.

The last two equations yield

F/(2) = 5 {ef (2) + 9()} = 3 /(@) + 5-9(a),
G'(2) = 5 (ef' (@)~ g(@)} = 3 f @) — 5o(a),  TER

and integration from 0 to x gives
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x

F(a) = 5 (@) + 5. [ 9€)de+ e,
0
Gla) = 5 @)~ 5. [ al€)de+ o

0

with the two constants c1, co € R. The equation F(x) + G(x) = f(z) implies
¢1 + ¢ = 0, and the solution of Cauchy’s initial value problem P(f,g,1) has
the representation

xz+ct
u@J%:F@+c®+G@4wﬂ:%{ﬂm+cﬂ+f@44ﬂ}+%;/medf

for x € R, t € R. Utilizing Theorem 4.7 in Section4, we finally obtain the
following

Theorem 5.1. (d’Alembert)
For the given functions f = f(x) € C*(R) and g = g(x) € C1(R) the expres-
sion

xz+ct
uet) =5 {f@ st fa-}+ g [ a@ds  @oert 2

represents the uniquely determined solution of Cauchy’s initial value problem
for the one-dimensional wave equation P(f,g,1).

Remark: (Domain of dependence for the one-dimensional wave equation)
The value of the function u(z,t) depends only on the initial values in the
interval [z — ct,x + ct], which means only on data within the characteristic
cone with the tip (x, ). This is in accordance with the statement of Section 4,
Theorem 4.7. On the other hand, the initial value at the point ¢ can only
become effective within the double cone

ﬁ@neRQ;ufa:cm}
Therefore, the signals can propagate with the velocity ¢ at most.

We now consider Cauchy’s initial value problem for the wave equation in R
and arbitrary n € N. In d’Alembert’s solution formula (12) already appears
a spherical mean value, which will enable us in higher dimensions n € N as
well, to solve the problems P(f, g,n) explicitly.

Definition 5.2. For f = f(x) € C?(R") the associate function
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v=vler) = Marif) = 5= [ f+rdole), (mr) R xR (13
1€l=1

is denoted as the spherical integral-mean-value of f over the sphere

0By (e) = {y e R : ly—a|=Irl}.

Theorem 5.3. (F. John)
For f = f(z) € C*(R™) given with k > 2, the function

v=wv(x,r)=M(x,r; f):R" xR—=>R

belongs to the regularity class C*(R™ x R), and the following statements hold
true:

a)v(xz,0) = f(x) for all x€R™ (Initial value),
b)v(z,—r) =v(z,r) forall ze€R™ reR (Even radial symmetry),

c) Ev(m,()) =0 forall z€R™ (Radial orthogonality),

2 n—
d) %v(m,r) + " 1 %v(x,r) —Agv(z,r) =0 in R™x (R\ {0})

(Darboux’s differential equation).
Proof:
a) From (13) we infer v € C*(R™ x R) and

1
v(z,0) = o / f@)do(&) = f(x) for all = e R"™.
" ei=1
b) and ¢) Once more we refer to (13) and see v(z, —r) = v(z,r) immediately,

while differentiation yields —v,(z,0) = v,.(z,0) for all x € R™.
d) We introduce polar coordinates on the sphere

S Hz):={yeR" : |y—x|=1}
as follows:
y=x+rE, e st r>o.

We remind the reader of Section 8 in Chapter 1, and the Laplace operator
with these coordinates appears in the form
0% n-10 1
A=—+———+=A
or? + r or + 2™
denoting the Laplace-Beltrami operator on the sphere S”~! by A. In The-
orem 8.7 of Section 8 from Chapter 1, we have proved the symmetry of A
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on S"~1. Consequently, we obtain the following equation for all z € R®
and r > O:

Awr) = o [ Aufla+r€)do(e)
l€1=1

2 n-10
! {ﬁ 4 ”715 + %A}f(:v—i—rg) do (&)

Wn
lg[=1

st e o [ 1 AS@ € do(©
1€1=1

o boten)+ o [ D s+ ao(e

n

|€l=1

utilizing A1 = 0. Therefore, Darboux’s differential equation is satified for
all x € R™ and r > 0. The invariance with respect to the reflection r — —r
implies that the Darboux equation remains valid for all x € R™ and r < 0.

q.e.d.

We now consider the case n=3 of the three-dimensional wave equation. In
physics their solutions represent waves from acoustics and optics. We prove
the following

Theorem 5.4. (Kirchhoff)

Let the functions f = f(z) € C3(R3) and g = g(z) € C?*(R3) be given.
Then Cauchy’s initial value problem P(f,g,3) for the three-dimensional wave
equation has the unique solution

u(z,t) = %{tM(x,ct; f)} +tM(z,ct; g)

= @ // {tg(y)+f(y)+Vf(y) . (y—x)}do(y) (14)

|ly—x|=ct
for (z,t) € R3 x R
Proof:

1. We specialize Theorem 5.3 to the case n = 3, and the function

v(z,r) = M(z,r;9), (x,7) € R® x (R\ {0})
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satisfies Darboux’s differential equation
2 1
0=vpp(z,7) + ;vr(x, r) — Agv(x,r) = ;{rv(m, )b — Agv(z, 7).

The multiplication with r yields

82

= W{m;(m,r)} — A {rv(z, )}, (z,7) € R® x R.

r
We now consider the function

1

Y(x,t) = E{ctv(w,ct)} = tv(z, ct) // x + ctf) do(€)
|€| 1

with (z,t) € R® x R. This function fulfills the wave equation

Oy (z, t) = ;21/)( t)— A Y(x,t) =0 in R*xR  (15)

and is subject to the initial conditions

P(z,0) =0, %w(z,O) =v(z,0) = g(z) forall ze€R3  (16)

2. Parallel to part 1 of the proof we see that the function
x(x,t) :==tM(x,ct; f) = / flx+ cté) do(§), (z,t) € R® x R,
\5\ 1
satifies the wave equation
Ox(z,t) =0 in R3xR.

Furthermore, we have x € C3(R? x R). Then we consider the function
0 0
t) = t)y = —{tM t;
plat) i= gx(@yt) = o {tM (et )

= M(x,ct; f) + t%M(x,ct;f)

:i / flz+ ct&) do(€ +46t{ / f(z + ctf) daﬁ)}
l¢]=1 ll=1

1

- = // {fe+ct€) + etV f(a + ct€) - €} o)

[€l=1
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As well the function ¢ fulfills the wave equation, and we have the initial
conditions

p(x,0) = M(z,0; f) = f(x),

2 o(@,0) = & \(2,0) = A, x(2,0) an
o79(@:0) = =5x(2,0) = ¢ Aux(a,

- CQ{tAIM(:E,ct; f)} —0 forall zeR®
t=0

3. With the expression
0
u(e,t) = oo t) +ule,t) = o {tM(@cti )} +tM(,ctig)

= iﬂ / flz 4+ ct&) + ctV f(z + ct€) - £+tg(x+ct§)}da(§)

for (z,t) € R3 xR we obtain a solution of the wave equation. The relations
(16) and (17) imply the initial conditions

u(z,0) = f(z), %u(a: 0) = g(x), T € R

With the aid of the substitution
Y= 2+ cté, do(y) = *t2do(€)
we deduce the following identity for all (x,t) € R3 x R, :

uet) = o [[ {190+ 1)+ Viw) - w0} dotw)

ly—el=ct q.e.d.

We now treat the case n=2 with the aid of Hadamard’s method of descent.
Solutions of the two-dimensional wave equation model the movements of sur-
faces, for instance those of water waves.

Theorem 5.5. Given the functions f = f(y) = f(yi,y2) € C3*(R?) and
g = 9) = g(y1,y2) € C*(R?), the unique solution of Cauchy’s initial value
problem P(f,g,2) appears in the form

u(x,t) = u(a:l, To,t

- 5 // {t0) + 16+ 9500 =)} s v

y:ly—z|<ct

for (z,t) € RZx Ry withr:= |y — x| = \/(y1 — 71)% + (y2 — 72)%.
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Proof: For z € R? = R? x {0} and ¢t € R} we consider the function

wet) = o [ {tam+ 1)+ Vi) =)ot

In—a|=ct

- ﬁ // {tg(yl,yz) + fly1,y2) + VI (y1,92) - (y — z)} do(n)

In—=z|=ct
z>0

(18)

with 7 = (y1,42,2) € R® and f(n) = f(y1,42), 9(n) = g(y2,52). We
parametrize the upper hemisphere |n — z| = ct, z > 0 as follows:

At =n—z? = (y1 — 21)? + (yo2 — 22)* + 22,

2= 2(y) = 2(y1,42) = VA — (g1 — 11)% — (g2 — 22)> = V2> — 12

using the parameter domain {y = (y1,v2) € R? : |y — | < ct}. On account

of
/ 0 2 —r 2 ct
L+ (EZ(TD B \/1 * (\/02152 - 7"2) - Va2 — 2’ T

the surface element of the upper hemisphere is determined by

do(y1,y2) = /1 + (agz(r))Qr drdp = (19)

r

ct dun d
Nz e Y1 aY2-

Inserting (19) into (18), we deduce

wat) =g [ {1+ 50 +910) =)} s v e

Hly— t
yily—z|<c q.e.d.

Remarks to Theorem 5.4 and Theorem 5.5:

1. In the case n = 1 the initial regularity f € C?(R), g € C'(R) being
sufficient, we have to assume the initial regularity f € C*(R"), g € C?(R")
for n = 2, 3. Consequently, the wave equation implies a loss of regularity
in the case n = 2,3. This phenomenon is even strengthened in higher
dimensions (compare Section 6).

2. From Theorem 5.4 we infer that the value of the solution w in the three-
dimensional wave equation at the point (z,t) depends only on the initial
values f and g on the sphere

OBut(x) = {y eER?: |y—z|= ct},

that means 0B..(z) is the domain of dependence for u(z, ).
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On the other hand, the initial values f and g near a point y at the time
t = 0 have an influence only on the points (x,t) near the conical surface
|z — y| = ct with the tip z € R3. The signals in the ball

B,:={zeR®: |z —y| <o}

have an effect only on u(z,t) in the domain

2:= U M(z) where M(x):= {(z,t) ER* xR, : |z — 2] zct}.
z€B,

Only the signals in R? can be sharply transmitted. This is possible, since
the domain of dependence of u(x,t) is a sphere and not an open set in R3.
This is known as Huygens’s principle in the sharp form. Already for the
wave equation in R? (and many other hyperbolic equations) this principle
is violated. According to Theorem 5.5, the solution u(z,¢) depends on
the initial values in an open disc for the two-dimensional wave equation.
Therefore, the perturbations especially of water waves propagate infinitely.

3. Assuming f € C3(B,) and g € C3(B,) with ¢ > 0, Theorem 3 yields a
constant C' € (0, +00) such that

C
lu(z, )] < 7 (r,t) € R® x Ry.

Therefore, the waves in R3, and in R? as well (compare the proof of Theo-

1
rem 5.5), have an amplitude with the asymptotic behavior n fort — +o0.

6 The Wave Equation in R™ for n > 2

We now continue our considerations from Section 5, however, we fix the con-
stant in the wave equation to ¢ = 1 — and leave the translation of the results
for arbitrary ¢ > 0 to the reader. We begin with

Theorem 6.1. (Mean value theorem of Asgeirsson)
The following two statements are equivalent for a function uw = u(z,y) =
WXLy Ty YLy - - Yn) € C?(R™ X R™) with n > 2:

1. We have the ultrahyperbolic differential equation

( @—Za—yz>U(w1,m,xn,yl,...,yn):0 in R"xR". (1)
i=1 "t i

i=1
II. For all (z,y,r) € R™ x R™ x Ry we have the identity
1

o [ uerrenae = - [ ueyrrode. @

n

n
1€]=1 l€1=1
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Proof:

I = II: Since the relation (2) is invariant with respect to the reflection r —
—r, we can assume r > 0 without loss of generality. We consider the

functions 1
p=p(z,y,r) = o u(z + 1€, y) do(§)
|€1=1
and )
v=v(z,y,r):= o u(z,y +71€) do(§)
|€1=1

for (x,y,r) € R® x R™ x [0,+00). At first, we note that
p(z,y,0) = u(z,y) = viz,y,0) for all (z,y) e R" xR" (3)
and
wr(2,9,0) =0 = v.(z,9,0) for all (z,y) € R™ x R". (4)

According to Theorem 5.3 in Section 5, the functions p and v fulfill the
Darboux differential equations

n—1
,urr(xaya ’I“) + TUT(-T’ yar) - Awu(x’ya ’I“) =0,
(5)

Vrr(x,yvr)"’_ I/T(lC,y,T) —Ayl/(.’b,y,T) =0
for (z,y,r) € R" x R® x R;.. Furthermore, the ultrahyperbolic differential
equation (1) yields the identity

Ayy(:c,y,r)sz{wi / u(x,y+r£)do(€)}

n
1€l=1

— [ Aty +r)dole)
"lei=1

— | Awu(z,y+7§)do(§)

_ {wi / u(x,y+r£>do<£>}

|€l=1
= Ayv(x,y,r) for all (z,y,r) € R" x R" x Ry.

On account of (3), (4), and (5) the function p(z,y,r) = plx,y,r) —
v(z,y,r) solves the boundary value problem
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n—1 . N
orr(x,y,7) + Te@r(l‘,yﬂ") — Ago(z,y,m) =0inR" x R" x Ry,
o(x,y,0) =0, @.(z,y,0) =0inR"” x R",

Theorem 4.7 from Section 4 implies ¢(x,y,r) = 0 in each compact subset
of the half-space R” x R® x Ry and p(z,y,r) = v(z,y,r) in R" x R" x R
or (2), respectively.

II = I: Let (xz0,y0) € R™ x R™ be a point, where the ultrahyperbolic differ-
ential equation (1) is not valid, which means

Ay (wo,Y0) # Ay(0,Y0)-
Respecting u € C?(R™ x R™), we find a number o > 0 such that
Agu(a,y') # Ay(2”,y") for all (2',y), (2", y") € Zy(x0,v0). (7)

Here we have set Z,(zo,y0) = {(z,y) € R*"xXR" : |z—zo|+|y—yo| < o}
We now differentiate (2) with respect to r, and the Gaussian integral
theorem combined with the mean value theorem of integral calculus yield
the following relation at the point (x,y,r) = (zq, yo, 0):

0= / Vmu(l’o + Qé.a yO) : gdd(f) - / vyu(‘TOa Yo + 95) : de’(f)
[§]=1 |€1=1

1 1
- / Agu(e, yo) de / A, (o, y) dy (8)

-1
QTL
|z—zo| <o ly—yol|<e

= (Axu(:%,yo) — Ayu(xo,ﬂ)) |Blo.

Here we have chosen & € R"™ with |Z — 20| < ¢ as well as § € R™ with
|§ — yo| < o suitably, and |B]| denotes the volume of the n-dimensional
unit ball. With (8) a contradiction to (7) now appears. Consequently, the
differential equation (1) is satisfied at all points (z,y) € R™ x R™. q.e.d.

We now utilize calculations and arguments presented at the beginning of the
n-dimensional potential theory in Section1 of Chapter 5. Furthermore, we
supply the following statement:

Proposition 6.2. For each number n € N with n > 3 and each continuous
function h = h(t) : [-1,1] = R € C°([—1,1]) we have the identity

[ o) doe) = . / B(s)(1 — 57)"7* ds.

geRn: [¢]=1
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Proof: At first, we parametrize

/ h(En) do(€)
[€]=1

h(\/l—tf—...—t%71)+h(—\/1—t%—...—ti,l)dt i
— 1-.-Wn-1-

42 g2
teRN—1: Jt|<1 \/1 b= =lh

Setting t = or with o € (0,1) and 7 € R"~!, |7] = 1, the formula (1) from
Chapter 5, Section 1 implies

[ hin)dot€) = o
l€1=1

N

Finally, we obtain the following identity with the aid of the transformation

S
s=1/1— 02 do= ————ds as follows:
V1—0% do —

/1 h(v/1—=0%) +h(=y1- QQ)Qn_z do.

i 1 n—2 s
h(€n) do(§) = wn—1 | (h(s) +h(=s))_(1 - )T 5 ds
d ! a
= Wn_1 /(h(s) +h(=s))(1 —s*)"T ds
0
= wp_1 / h(s)(1 — 32)% ds.
-1 q.e.d.

Proposition 6.3. (Integral equation of Abel)

For the given function f = f(x) € C*(R"™) with n > 3, let u = u(x,t) €
C?(R™,R) be a solution of the problem

32
o2
u(z,0) = f(z), wu(xz,0)=0 in R™

Ou(z,t) = ( - Az>u(m,t) =0 in R" xR,

(9)

Then the function u is symmetric with respect to reflections at the plane t = 0,
which means

u(x, —t) = u(z,t) forall (z,t) e R® xR,

and satisfies the integral equation

T

/u(x7 Q)(r2 —92)%3 do = w—nr"_2M(x,r; ), (z,7) e R"xR,. (10)

Wn—1

-
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Proof: At first, we note that u has to be symmetric with respect to reflections
at the plane ¢ = 0. More precisely, if u = u(z,t), (z,t) € R" x [0,400) is the
given solution of Du = 0 in R™ X [0,400), the function a(z,t) := u(x, —t)
satisfies this equation in R™ x (—o0,0]. The composition

(z.1) u(z,t), z€eR™, t>0
w(x,t) =
(z,1), zeR” t<0

=3}

fulfills w(z,0) = f(x), we(x,0) = 0 for all z € R™. Theorem 4.7 in Section 4
implies w = w in R™ x R, and we finally obtain the symmetry property stated.

We now consider the function v = v(z,y) := u(z1,. .., Tn, Yn), which satisfies
the ultrahyperbolic differential equation

Agv(z,y) = Ayv(z, y) in R"xR"

according to (9). Furthermore, we have v(x,0) = f(z), x € R™ and Theorem
6.1 yields

/v(x,r&)da(g): /v(x+r§70)da(§)

[€]=1 |€]=1
- / f(z +r€) do(€)
[¢]=1

— Mz, f),  (2.7) €R" xR,

Taking Proposition 6.2 into account and applying the transformation o = rs

d
with ds = —Q, we conclude
r

wnM (2,1 f) = / o(e,r€) do(€) = / u(a, rén) do(€)
[€l=1 [€]=1

u(z,rs)(l — sQ)nT_3 ds

= Wnp—1

2. n—3

Y 7 1
: 1——) 2 d
U(xg)( 2 ~do

/
]

-r

which is equivalent to (10). q.e.d.
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We are going to solve the Abel integral equation (10) for odd dimensions
n > 3, at first. In this context we set m = "7_3 € {0,1,2,...} and define the
functions

Wn

QD(T) = w—_lTn_2M({E,T; f)a w(T) = ’U,(SC,T), e R+

for x € R™ being fixed. Then we rewrite (10) into the form
T
[0 - @ymde=ptr),  rery. ay

We now assume f € C™3(R") = CHTH(R”). Both sides of the identity (11)
tending to zero when r — 0+, the relation (11) is equivalent to

/ bo)r? — A" do= — L), reRr,.

T 2mrdr

Again both sides tend to zero for r — 0+, and repeating this differentiation
m times we comprehend that (11) is equivalent to the identity

f 1 (1d

do= (=5

/w(g) e 2mm! \r dr

An additional differentiation reveals the following relation equivalent to (11),
namely

)mgo(r), reRy. (12)

)t = i Ty reR, )

We now set n = 2k + 1 with k € N and obtain m=%k—-1€0,1,2,.... Due to
the formula (11) from Chapter 5, Section 1 we have the equation

(14)

Therefore, we determine

Wn  W2k41 2(F(%))2k+1 . Q(F(%))zk

Wn—1 Wk rk+3) ~ I'(k)
_ @Ik _ I(3)(k—1)!
Fk+3) 5G+1)...(5+E&=))I(3)
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This implies

1w, 1 (k —1)12* 2

e = . 1
2mmlw,_y 22 N(k—1)11-3-...-(2k—1) 1-3-...-(n—2) (15)

Restricting ourselves to solutions symmetric with respect to reflections at the
plane ¢t = 0, more precisely

u(x, —t) = u(z,t) for all (z,t) € R" x R, (16)

we infer the following solution of Abel’s integral equation (10) from (13) and
(15):

O (e 7 BT
N s -2 ot \t ot b
for (z,t) e R® x Ry and n = 3,5,7,... We now prove

n+3

Proposition 6.4. Let f € C 2z (R") for n = 3,5,7,... be given, the func-
tion u = u(x,t), (z,t) € R” x R defined in (17) and reflected due to (16)
then belongs to the regqularity class C*(R™ x R) and represents the uniquely
determined solution of Cauchy’s initial value problem (9).

Proof: The function x(z,t) := M(z,t; f) belongs to the regularity class
n 1
C #(R” x R). The differential operator 17 diminishes the order of dif-

ferentiation by 1. We reflect the function defined in (17) according to (16)
and obtain
n—3_1

u=u(z,t) € C"7 "7 YR" x R) = C2(R" x R).

We note that

1

(—i>tk — k"2 keZ
tdt

and calculate

SIS

1-3- .0 (n—2)u(a, t)
=il e
=G oo
1 0 e O i TR
{

(n—2)(n—4)...-1tx+ct2xt+t3u}

=1-3-...-(n—2) {X(;v,t) + ctxi(z,t) +t2u(x,t)]
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with the constants ¢ € R and the functions p = p(z,t). Comparing with
Section 5, Theorem 5.3 we see

u(z,0) = x(x,0) = f(z), w(x,0)=cxi(z,0)=0, z € R™

We now show that u satisfies the wave equation: With the aid of Darboux’s
differential equation we deduce

13- (n— 2){utt(m,t) —Axu(x,t)}

()7 (o) 7 )

- () Ga) )i ™ {r s o)

We consider the ordinary linear differential operator L : C"2" (R) — CO(R)
defined by

I S G N (e S

n+3

for ¢ = ¢(t) € C72 (R). We show the claim L : C#(R) — O with O(t) = 0.
This relation is proved on the dense space of polynomials, and the Weierstrafl
approximation theorem gives the complete statement, which implies Cu = 0
in R" x R.

We take ¢(t) =tk with k € NU {0} and calculate

e
vo= () Ga) " )
dsld
i

(G0 () - S0 s

i{(i)Q[(n+k2)~...~(k+3)t’“+1}

)%{k(k - 1)tk+n74 +k(n — 1)tk+nf4}

(n+k2)~...~(k+1)kt’“}
:%{(n+k—2)~...-(k+3)(k+1)ktk1

—(n+k—2)~...-(k+1)ktk‘1}:O.
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From the linearity of L we obtain the statement for arbitrary polynomials,
and consequently the Proposition is proved. q.e.d.

With the aid of Proposition 6.4 we show

Theorem 6.5. Let the functions f = f(z),g = g(z) € C™% (R™) with odd
n > 3 be given. Then Cauchy’s initial value problem P(f,g,n) for the n-
dimensional wave equation is uniquely solved by the following function

1-3-...1- m-m{%(%%)T(tnZM(‘T’“f))

+<%%)n7_3(tn—2M(x7t;g))}’ (z,t) e R" x R,

Here we abbreviate

M(x,t; f) —i / (x +t&) do (&), (z,t) € R" x Ry.

P(z,t) =

(18)

Proof: According to Proposmon 6.4, we consider the following function re-
flected at the plane t = 0 with the aid of (16), namely

0 O\
o= g S e ), o,

Now u(z,t) solves the Cauchy initial value problem

Ou(x,t) =0 in R” xR,

(19)
u(z,0) = f(z), u(z,0)=0 in R".
Analogously, the function
1 9 (10N (s
t) = —(-= t"TEM (Lt t R™ x R
vlz,t) 1-3-...-(n—2)at(t6t) { (=, ’g)}’ (z,8) € R" x Ry
- reflected due to (16) - solves the Cauchy problem
Ou(z,t) =0 in R" xR,
(20)

v(z,0) = g(z), vi(z,0)=0 in R".

We now define the function
t

w(x, t) = /v(m,r) dr

n—3

- 1-3-...1- (n—2)!%(%%)T{TW_QM((E’T;Q)}CZT

19\%
t
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and easily see

w(z,0) =0, wx,0)=v(z,0)=g(x) in R"™.

Observing (20) we deduce

we(z,t) = — Vrr(x, 7)dT

D
Q)
=
I
o

t
= /va(x,r) dr = Al./v(x,T) dr
0

and consequently
Ow(z,t) =0 in R"™ xR;.

On account of (19), (21), and (22) the composition

Y(x,t) == u(z, t) + w(z,t), (x,t) e R" xRy

(21)

(22)

gives us the solution of P(f,g,n) defined in (18). From Theorem 4.7 in Sec-

tion 4 we infer the uniqueness of the solution.

q.e.d.

With the aid of Hadamard’s method of descent we want to solve P(f, g,n) for

even dimensions n > 2:

Theorem 6.6. Let the even, positive integer n > 2 and the two functions
n+4

f=fl),g=9gx) €C T (R™) be given. Then Cauchy’s initial value prob-

lem P(f,g,n) for the n-dimensional wave equation is uniquely solved by the

following function

Mx’t):a"{gt(tat [/m “?f)ds}

+(t8t {/\/j (9575;9)d8]}, (z,t) € R" x R,

Here we abbreviate as = 1 and

Qy =

2.4....-(n—2)

Proof:
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1. We extend the initial values onto the whole space R"*! as follows:

o xn, Tpgt) = f(x1, .., Tn),

9 (x1, . Ty 1) = g1, ., 20)

for (z1,...,2n11) = y € R*L. Observing f*,g* € o (R™1), we

can explicitly determine the unique solution of P(f*,g*,n 4+ 1) with the
aid of Theorem 6.5 as follows:

1 10\
Y1) = 1~3-...-(n—1){§<¥§)

()

(= 0yt )

(t”*IM(y,t;g*)) }, (y,t) € R™ x Ry.

(23)
2. We evaluate the integral-mean-value
1
My, f7) = M(z, 4, f*) = — X flar+t&, .. zn + 1) do(€).
n+

EERnTL, |¢|=1

In this context we choose the parametrization

b1 =k\1-G—...— €, do(e) =

ey ... den
VI-G—...-¢&

for €2 +...£2 < 1 and obtain

2 cey Ty n
e

&y ...d&,.
Wn+1
£3+..62<1
We now introduce polar coordinates in R™ as follows: & = on; for i =
1,...,n with o = [¢{] and n = (n1,...,n,) satisfying |n| = 1. Then we
obtain

1
M(a,t; ) = wilo/{m' |/1fx+tm7)d0( )} do
n
2wy, ; o1

= M (z,to; f) do

Wn+1 ) \/1—92
t

si‘,g 2wn Sn_l
e 2 Mz, 5; f) ds

Wn+1 0 1-— (%)2

1 snL
n M i f)d
Wn+1 tnfl/\/tz——SQ (@, 5:.f) ds
0
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3. In the case n = 2 we have j:’: = 1. In the case n = 4,6, ... we utilize
(14) and calculate

2, _2ACR) ACE) 2 TR

Wn1 (%) ret) ri) (%)
_ 2 I(3)-33+D..G+(E-1)

() 2 (21

B 1-3 o (n—=1) 1-3 (n—1)
25 l12- (21 24 (n—2)

4. The function v given in (23) does not depend on z,,1. According to the
results from 2. and 3. the solution 9 (x,t) = ¥(x,zy41,t) of the problem
P(f,g,n) can be represented in the form

1/’(%15) =

2~4-...1~(n—2){ t8t L/tm (z, 55 f)ds

10 anz s™ 1 n
(i) || et so ) @oewm <,
0

for n =4,6,8,... In the case n = 2 we obtain

G(x,t) = 8t{/m xsfds}Jro/t\/_ (z,5:9)ds

for (z,t) € R? x R;. q.e.d.

7 The Inhomogeneous Wave Equation and an
Initial-boundary-value Problem

We prescribe the function h = h(z,t) € C?(R™ x [0,4+o0),R) and consider
Cauchy’s initial value problem P(f, g, h,n) for the inhomogeneous wave equa-
tion, namely

u=u(z,t) =u(x1,...,2,,t) € C*(R" x [0, +0),R),
Ou(x,t) = h(z,t) in R"™ xRy, (1)
u(z,0) = f(z), wu(z,0)=g(x) in R™.

When we are able to solve the inhomogeneous wave equation for the initial
values f(z) =0, g(z) =0 in R”, the superposition with a solution of the ini-
tial value problem considered in Section5 and Section 6 for the homogeneous
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wave equation yields a solution of the problem P(f, g, h, n). Consequently, we
assume

f(x)=0, g(z)=0, reR” (2)

in the sequel. We now construct a solution u(x,t) of P(0,0,h,n) with the
following ansatz of Duhamel:

(o, 1) = /U(m,t,s) ds,  (x,t) €R" x R,. (3)
0

Here the functions U = U(x, t, s) are solutions of the wave equation for each
fixed s € [0, 1]

2

I:’U(il?7t,8) = w

Ul(x,t,s) — AU (x,t,5) =0 in R" xRy, (4)
satisfying the initial conditions
U(z,s,s) =0, Ux,s,s)=h(z,s), z € R"™. (5)

Then the function w from (3) solves the problem P(0,0,h,n). We evidently
have u(z,0) = 0, and the equation

t t

ug(x,t) :U(x,t,t)+/Ut(x,t,s)ds:/Ut(x,t,s)ds
0 0

implies u¢(x,0) = 0. Furthermore, we calculate

t
ug(z,t) = Up(x, t, t) —I—/Utt(x,t,s) ds

0
t

= h(z,t) +c? / AU(z,t,s)ds
0

= h(x,t) + A Azu(z, t), (z,t) € R" x Ry,

Alternatively to the problem (4) and (5), we recommend the transition to the
function

V(z,t,s) =U(z,t +s,s), (6)
satisfying the problem
OV (z,t,s) =0, (z,t) e R" x Ry,

(7)
V(z,0,s) =0, Vi(z,0,s)=h(z,s), e R,
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for each fixed s € [0,¢]. Now we can explicitly solve problem (7) with the aid
of integral formulas from Section 5 and Section 6. We confine ourselves to the
important case n = 3 in physics, and obtain from Section 5, Theorem 5.4 the

formula ]
V(l‘,t,S) = m //h(yas) dg(y)a

|ly—z|=ct
for h = h(z,t) € C?(R3 x [0, +o0)). Inserting

1

U(I,t,S) = V(x,t— S,S) = m

[rodow.  se o
ly—z|=c(t—s)
into Duhamel’s formula (3), we have proved the following

Theorem 7.1. Let h = h(x,t) € C*(R3 x [0,+00)) be given. Then Cauchy’s
initial value problem P(0,0,h,3) for the inhomogeneous wave equation is
uniquely solved by the function

u=u(z,t) = 47362 O/t {ti S yzl_/c‘(/tfi% s) da(y)} ds, (x,t) € R® xR,.
(8)

Remark: The solution u(z,t) only depends on the values of h restricted to
the backward characteristic cone

{(y7s)€R3xR: ly — x| = c(t — s), 0<s<t}

with the tip (z,t) € R® x R, and the basic surface in the plane t = 0.

So far, we only have considered solutions of the wave equation extending onto
the whole space R™, n € N. We now choose a bounded open set {2 C R™ with
smooth regular C2-boundary, and investigate the following initial-boundary-
value problem Po(f, g, §2) for the n-dimensional wave equation: We look for a

function u = u(x,t) : £2 — R in the class

0(, 1), ve(, 1), vge (1) € CO(())}

F= {v(axt) €O X0 A00)) = e [0, +00)

satisfying

Ou(w,t) = ug(x,t) — Azu(z,t) =0 in 2 x(0,+00),
u(z,0) = f(z) in £,

wl@,0)=g(x) i 9,

u(z,t) =0 in 90 x [0, +00).
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Here f,g : 2 — R are initial data of the regularity class C''(§2). The energy
of u at the time t is determined by

E(t) = %/{\ut(x,t)|2+c2|qu(a:,t)\2}dx, 0<t<+oo.  (10)
2

A solution u € F of (9) possesses finite energy. This can be seen by partial
integration, where we utilize Proposition 9.1 (Giesecke, E. Heinz) from Chap-
ter 8, Section 9. Let u € F be a solution of the problem Py(f, g, 2). We now
deduce

d
%E(t) = / {ututt +AV,u - qut} dx
Q
= /{ututt — cgutAxu} dx
Q

:/utDudx = 0, t €[0,+00).
7}

This implies
E(t) = const, t €[0,+00) (11)

for the solutions u = u(z,t) € F of Py(f, g, §2). For initial data
f@)=0, g)=0, zeq

we obtain

1
B0) =5 [ {o@) + Evi@l} de
1?)
Consequently, the condition E(t) =0, t € [0, +00) holds true which implies

w=0, Vyu=0 in £ x][0,+00).

We get u(z,t) = 0 for homogeneous initial values f = 0 = g¢. Since (9) is a
linear problem, we have established the following

Theorem 7.2. The problem Po(f,g,2) admits at most one solution.

With the aid of the spectral theory (compare Chapter 8, Section9) we are
going to construct a solution of Py(f, g, {2). There we prove the spectral theo-
rem of H. Weyl: For the domain (2 given as above, there exists a sequence of
eigenfunctions vy = vx(x) : 2 = R € C%(2) N C%(N2) with

ve(z) =0, €I, and /(vk(x))z de =1
I7;
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belonging to the eigenvalues 0 < Ay < Ay < A3 < ... — +00 such that
Avg(z) + Apvg(z) =0, x €, (12)

for k = 1,2,... is fulfilled. These functions {vjy(x)}k=1,2,.. represent a com-
plete orthonormal system in L2({2).

Ezample 7.3. In the case n = 1 and 2 = [0, 7], we find the eigenfunctions and
solutions of (12) as follows

2
vg(z) = \/jsin(kx), x € [0, ], k=1,2,...
0
We now construct a solution of Py(f, g, 2) with the ansatz
= Zak(t)vk(x), (x,t) € 2 x [0, 400). (13)

Evidently, u(z,t) = 0 on 92 x [0,400) holds true. Furthermore, the wave
equation

0=0u(z,t) =Y (a;;(t) + C2Akak(t))vk(m)

k=1
turns out being equivalent to the ordinary differential equations
ay(t) + A pag(t) = 0, k=1,2,... (14)

Additionally, we use the initial conditions
f(z) = u(x,0) Zak vg(z T € (2, (15)

and

ay, (0)vg (), z € . (16)

e}
—
&
I
&
~—
5
=
I

=

I M8

L

These are equivalent to

= /f(x)vk(x) dz, ay(0) = /g(m)vk(x) dz, k=1,2,... (17)
o 9

We find the uniquely determined coefficient functions from (14) and (17) as
follows:

ap(t) = ([{ ) cos(e/Mnt)+ Smci/\ﬁ\_k_t)} w(@)de, k=1,2,... (18)

Finally, we obtain

Theorem 7.4. The uniquely determined solution of Po(f,g,2) is given by
the series of functions (13) with the coefficients (18).
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8 Classification, Transformation and Reduction of
Partial Differential Equations

We consider the following linear partial differential equation of second order
on the domain 2 C R” with n > 2:

n

Lu(zx) := Z ne: )83318% +Zb (‘3331 z) + c(z)u(z) = d(z) (1)

i,j=1

with z € 2 and u = u(x) € C?(£2). The coefficient functions a;;(z), b;(z),
c(x) for i, = 1,...,n and the right-hand side d(z) belong to the regularity
class C°(£2), and the matrix (@ij(x))i j=1,..n is symmetric for all € {2. The
domain & C R"™ being given, we consider the diffeomorphism

€= £@) = (E1(1, - Tn)se s bn(T1, o 70)) 2 = O € CHR,RY) (2)
with the inverse mapping

r=x(8) = (@1(& .., &n)s s xn(bl,...,6,)) O = 2 € C?*(O,R").  (3)
We define the function

v(&) == u(x1(&r, .. &n), (€, 60)) 1 © = R € C*(O).

Then we calculate

v 8§]€ .
=1,... 4
axz Zagkaxz Pl )
and
62’11, i 82’0 8§k 85;
— = —=——+..., ih,j=1,...,n. 5
Owidr; o=, 006 D O J (5)
Here the points ... denote terms in 1 = %, v and {;% for k = 1,...,n.

Now the differential equation below is derived from (1), (4) and (5) using the
convention above:

n 2

Z agkagl V() +...=0 in 6, (6)

with the coefficients

n a a
Au(©)= Y ay@@) g 5 el ki=l..n (1
i,j=1 v J
o8,

We denote the Jacobi matrix by 9§ := (8—
Zj

)i,j=1,...n- For each £ € © the

expression
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(Ar(E))ki=1,....n = 0E(2(€)) © (aij(x(£))ij=1,....n © (OE(2(E)))"

is a real, symmetric n x n-matrix with (n + 1) independent coefficients. We
now intend to choose the parameter transformation (2) in such a way that
the leading coefficient matrix (Ag;)(€))k,1=1,... » appears as simple as possible.
Here we have n functions & (z),...,&,(x) at our disposal. Dividing by one
factor Ay;(§) in the homogeneous differential equation (6), we can achieve
one coefficient being normed to 1. Therefore, we can at most fulfill (n + 1)
conditions. We distinguish between

The case n=2: We have §(n+1) = n+1, and the parameter transformation
(2) can be chosen such that (Ag;(£))x,1=1,2 appears in the neighborhood of each
point = with (a;;(2))i j=1,2 7 0 in one of the following normal forms:

(o) G5) o) o

In principle, this transformation has been already established by C. F. Gau8.
As we shall see in Chapter 11 and 12, this possibility to locally — and some-
times even globally — reduce the equation into the normal form distinguishes
the two-dimensional theory of partial differential equations from the higher-
dimensional situation.

The case n=3: We can use the three transformation functions &; (), &2(z),
&3(x) to render the coefficients in (6) being zero outside the diagonal. Thus
we achieve

A12(§) = 0, Alg(g) = 0, A23(€) =0 in 6.

If (aij(x))ij=1,2,3 # 0 holds true, we still normalize one of the diagonal-
elements to 1 on account of the homogeneity in the equation (6); for instance
A11(€) = 1 in O. The other two diagonal-elements (in our case A22(&) and
As3(€)) remain undetermined. Therefore, a transformation into one of the
forms

100 10 0 100
010 |, 0-10 |, 010
001 00 —1 000

is impossible, in general. The matrices above correspond to the Laplace equa-
tion in R3?, to the wave equation in R?, and to the heat equation in RZ?,
respectively.

The cases n=4,5,. . .: In the case n = 4 we have six matrix-elements outside
the diagonal, which cannot be transformed into zero by the four parameter
functions & (), ..., &4 (x), in general. We remark that all time-dependent par-
tial differential equations in R? (as the wave and heat equation) are differential
equations in the space R*. In higher dimensions these problems are even in-
creasing.
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However, it is possible in the dimensions n = 2,3, ... to transform the dif-
ferential equation (1) into the normal form at a fixed point z° € 2. For the
sake of simplicity, we choose z° = 0 € £2 which can always be achieved by a
translation in R™. We consider the homogeneously linear transformation

&= fyas, i=1l,...mn, E=&@)=Fou, ©)
j=1

with the real coefficient matrix F' = (fi;)i j=1,...n € R"*". We expand
a;j(z) = ai; +0(1), z=—0, h,j=1,...,

set A := (wij)ij=1,..n € R™*", and transform the coefficient matrix

.....

(az’j(ir))i,jzl,...,n

into

(Ap(©)ri=1,.. = F o Ao F* 4 0(1), §—0. (10)

Due to the symmetry of A, we find an orthogonal matrix F' such that

A1 0
A= :=FoAoF"* (11)
0 An

becomes a diagonal matrix. Choosing

1 0 1, if \py =0
G:= with  up = 1 A £0 k=1,....,n,
0 M \/M
we obtain
€1 0
(GoF)oAo(GoF)*=GoAoG" = (12)
0 En

with e, € {—1,0,1} for k = 1,...,n. Setting M := G o F, we have proved the
following

Theorem 8.1. For each fized point 2° € §2, we have an affine-linear trans-
formation &€ = £(x) = M o (z — 2°) with the real coefficient matriz M € R™*"
such that the differential equation (1) transformed due to (6) possesses the
following coefficient matriz
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€1 0
(Ar(€))ki=1,.n = +o(1), &—a®,

0 En
with e, € {=1,0,1} and k=1,...,n.

Definition 8.2. The differential equation (1) is named elliptic at the point
z% € 2, if and only if all eigenvalues of the matriz (a;j(x°)); j=1,.. n do not
vanish and have the same sign. If (1) is elliptic for all 2° € §2, we denote the
differential equation being elliptic in 2.

Remarks: Eventually multiplying by (—1) we achieve that (a;;(z°))i j=1,..n
becomes positive-definite. Pointwise transformation into the normal form gives
us the leading matrix

1 0

The Laplace equation
Au(z,...,zp) =0

is the easiest and most important elliptic differential equation in R™. We have
no characteristic surfaces for elliptic differential equations (compare Section 4).

Definition 8.3. The differential equation (1) is named hyperbolic at the
point z° € 2, if and only if all eigenvalues of the matriz (a;j(z°)); j=1,..n do
not vanish and exactly one eigenvalue differs in its sign from the others. This

being correct for all x° € £2, we speak of a hyperbolic differential equation in
0.

Remarks: Eventually multiplying (1) by the factor (—1), the pointwise trans-
formation into the normal form yields the leading matrix

As the most important and easiest hyperbolic differential equation, we became
familiar with the wave equation

Ou(xy,...,2n,t) =0 in R"™.

For hyperbolic equations, characteristic surfaces appear reducing to cones for
the wave equation (see Section4).
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Definition 8.4. The differential equation (8.2) is named ultrahyperbolic at
the point ° € 2 if and only if all eigenvalues of the matriz (@ij (xo))i,jzlw,n
do not vanish, and at least two of them exist with a positive and a negative
sign, respectively. This being correct for all z° € £2, the differential equation
(1) is called ultrahyperbolic in 2.

Remark: For n > 2 the differential equation

A:vu(‘rlu ey Ly Y1y - - 7y’n) = Ayu(wh o Ty Yty e e 7yn)
is ultrahyperbolic in R?".

Definition 8.5. The condition det(a;;(2°));j=1,..n = 0 being fulfilled, we
call (1) parabolic at the point 2° € §2; we name (1) parabolic in 2 if and
only if det(ai;(x))ij=1,..n =0 for all x € £2 holds true.

Remarks: The equation (1) is exactly parabolic in {2 if and only if one eigen-
value of the matrix (a;;j(x)); j=1,..n 7# 0 vanishes for all € 2. The heat
equation in R™ appears as the main example:

wg(T1,. .., T, t) = Agu(xe, ..., Tn, t).

We shall now determine those affine-linear transformations leaving the wave
equation in R™, n € N, invariant. In this context we consider the transforma-
tion matrix

F = (fi)ki=t,. np1 € ROFDX(MHD

and the translation vector

=1, farn)" €R™TL

We define the affine-linear, nonsingular, positive-oriented transformation
Q: Rn-{-l N R”+1 by

(fa’r) = (fla e 757137_) = gﬁ(l’,t) = (301(551; cee 7xn7t)7~ . ~;S0n+1(x17 o ,l’n,t))
with .

fk:kal$l+fk,n+1t+fk, k=1,...,n,
o (13)

n
T = Z fn+1,lzl + fn+1,n+1t + fn+1
=1

and equivalently

(&,7) = Fo (x,t)" + f, (z,t) € R™H, (14)
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Definition 8.6. The transformation (13) or equivalently (14) is called Lorentz
transformation, if and only if all u = u(&,7) = u(&y, ..., &, 7) € C*(R™H)
satisfy the invariance condition

Ownfuoel| = OenuEnopln i B (5)

Here we have used the d’Alembert operator

o2 2y o
22 _ _
Dz = C(&ﬁ+“‘+&ﬁ>+aﬁ

with the constant ¢ > 0.

Remarks:

1. The relation (15) reveals that the set of Lorentz transformations ¢ :
R+ — R™*!is a group G, with the composition of mappings as group op-
eration and with the neutral element ¢ = idg»+1. We name G the Lorentz
group.

2. The subgroup Go := {p € G : ¢©(0) = 0} of the origin-preserving Lorentz
transformations consists of those mappings (14) with f = 0 satisfying the
condition (15).

On account of the calculations at the beginning of this section the invariance
condition (15) is equivalent to the matrix equation

—c2 0 - 0

Fo e o F* = - . (16)

Definition 8.7. Those Lorentz transformations ¢ = @(x1,...,2Zn,t) € G al-
lowing a time-independent measurement for the position in space, that means

d
E@k(xlw"amTut)EOa k:17"'7n7 (17)

and the time measurement being independent of the position in space, that

means J
mgpwrl(ml,...,xmt)zo, k=1,...,n, (18)

and which do not cause a time reversal, that means

d
E@n#»l(xl;"wxnvt) > 07 (19)

are called Galilei transformations.
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Remark: The Galilei transformations G’ C G constitute a subgroup of the
group of Lorentz transformations.

If (13) represents a Galilei transformation, we obtain the conditions

fk,n-i—l =0= fn-‘rl,ka k= 17 cee, N, fn+1,n+1 > 0.
Setting
fi1 -+ fin
!/ . . nxn F/ O
F = : : e R F= ,
’ ’ O f’rL+1,n+1
fnl N fnn
the relation (16) implies
1 0
F/O<F/)*: ) fn+l7n+1:17 det F' > 0.
0 1

These considerations yield the following

Theorem 8.8. In the class of Lorentz transformations (13) the Galilei trans-
formations take on the form

& =Fox"+f, t=t+ fns1 (20)
with the positive-oriented, orthogonal n X n-matrix
Jir - fin
Fl=1| : S
fr1 o fn
the translation vector f' = (f1,..., fn)* € R™ and the time dilation f,+1 € R.

Let v = ¥(x,t) = ¢¥(x1,...,2n,t) € G be an arbitrary Lorentz transformation.
Then we compose a Galilei transformation x = x(z,t) € G’ by a translation
in (x,t)-space and a rotation in z-space, such that the Lorentz transformation

p=p(&T)=x0pox (T) (21)

satisfies the following conditions:
¢ € Go, (22)
or(€r, . &) =& for k=2,...,n, (6, 7) e R™L. (23)

Therefore, we only have to study the origin-preserving Lorentz transforma-
tions in the case n = 1: For the real 2 x 2-matrix



434 Chapter 6 Linear Partial Differential Equations in R™

Fo(®P) crex2
v 6

we read off the following condition from (16):

Fo<_062(1)>oF*:(_062(1)>. (24)

Defining the symmetric matrix

ic 0 -0
A= ith A7 = ¢
(v7) (v'1)

we rewrite (24) equivalently into the form
FoAoA*"oF* = Ao A",
and finally
(A7'oFoA)o (At o FoA)* =E.

Here E denotes the unit matrix in R?. Consequently, the subsequent matrix
G := A7'oFoA is orthogonal, and we have det G > 0. We observe G € SO(2)

and obtain
G = ( cos = sinz> with z e C.

—sin z cos z

Respecting z = i and ¥ € R, we now calculate

FefoGoat = (€0, cos z sinz) -0
01 —sin z cos z 01
ic0 —%COSZ sin z cosz icsinz
= o] . = .
01 Zsinz cosz Zsinz cosz

B ( cos(i) —ct sin(iﬁ)) B ( cosh v —csinhﬁ)
-\ —1lsin(id) cos(iv) ~ \-isinh¥ coshd )’
We combine our considerations to
Theorem 8.9. For each Lorentz transformation ¢ € G there exists a Galilei
transformation x € G and a special hyperbolic transformation
coshd 0...0 —csinh?d

0 1 0 0

Qp(zla s 7xn7t) = © : ) (25)
0 0 1 0

f%sinhﬁo...o cosh ¥

€

such that the following representation holds true:

p=xlopox. (26)
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In classical physics those reference systems (x1, 2, x3,t) and (&1, &2, &3, 7) are
equivalent, which refer to each other by a Galilei transformation. Due to
Theorem 8.9, the origin of the first system is translated by such a motion
from the origin of the second system, however, the time is simply transferred.
On account of (20) the time measurement coincides in both systems, that
means

dr = dt. (27)

Additionally, the distance measurement is the same in both systems, more
precisely
d&} + dés + dé3 = dat + das + dxs. (28)

In relativistic physics of A.Einstein, the Galilei transformations G’ are re-
placed by the larger group G of Lorentz transformations. Since they simul-
taneously transfer space and time coordinates, a separate time and space
measurement is not possible any more. In special relativity theory we assume
the speed of light having the same value ¢ in all reference systems, if these
systems move towards each other with a velocity smaller than c¢. Measuring
the physical phenomena by the d’Alembert operator

1 1 02
0= ==5 — A4,
c? c2 Ot2

the Lorentz transformations appear as those mappings referring two equivalent
reference systems to each other.

Considering the case n = 1, at first, we have the special hyperbolic transfor-
mation
cosh? —csinhd i
<75'> - (—%sinhﬁ‘ cosh? ) ° (t) ’ (29)
d& cosh¥ —csinhd dx
(cdr) B (—Sinhﬁ‘ ccoshd ) ° (dt)

A dr? — de? = sinh® ¥ da® — 2¢sinh ¥ cosh ¥ da: dt + ¢ cosh? ¥ dt?

This implies
and consequently

- ( cosh? 9 dz? — 2ccosh ¥ sinh 9 dz dt + ¢ sinh? 9 dt2>
=2 dt? — da?.

Combined with Theorem 8.9 and the equations (27) and (28) as well, we
obtain the invariance property

A dr? — d&} — de3 — des = 2 dt* — do? — dxl — dad. (30)

Therefore, the Lorentz transformations leave the distance of two events
(z1,22,23,t) and (&1, &2, &3, 7) invariant with respect to the Minkowski metric
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do? := 2 dr? — d&} — d&3 — déz. (31)

The quantities dr and dé? + dé3 + d€3 are not preserved under Lorentz trans-
formations, in general.

We name a vector (x1, za,x3,t) time-like (or space-like) if and only if
A2 > at + 2k + ok (or ct? < a? +a3+23)

is satisfied. Two events (2, x5, x%,t"), (2}, 24, 24, ") occur at different times
(and at different positions in space), if and only if the vector

(o) — af 2} — ol — 2,0 1)

is time-like (and space-like, respectively). Then we find a Lorentz transforma-
tion such that both events occur at the same position in space (or at the same
time). Finally, the surface

ctzzx%—i—wg—i—x%

represents the characteristic light cone, on which each two events can be trans-
ferred into each other by a Lorentz transformation.

9 Some Historical Notices to the Chapters 5 and 6

Jean d’Alembert (1717-1783) may be seen as the founder of a great school for
mathematical physics in France. We know his name from the solution of the
one-dimensional wave equation. Furthermore, the corresponding differential
operator in R™ is denoted in his honor. Directly and indirectly, he inspired
most of the following mathematicians, creating in France after the Revolution
a golden era for mathematics:

J.L. Lagrange (1736-1813), G. Monge (1746-1818), P.S. Laplace (1749-1827),
A.Legendre (1752-1833), J. Fourier (1768-1830), and S. Poisson (1781-1840).

We got aquainted to Laplace and Poisson by their investigations of the ho-
mogeneous and inhomogeneous potential-equation, respectively. The names
of Monge together with Ampeére are connected with their nonlinear differ-
ential equation describing embedding problems for Riemannian metrics. In
the theory of spherical harmonics, Laplace and Legendre have given essen-
tial contributions. Fourier is, besides his series, well-known for the Théorie
de la Chaleur. Last but not least, Lagrange’s name stands aequo loco to Eu-
ler’s (1707-1783), when we are speaking of the variational equations in the
Calculus of Variations.

In those times, even the more theoretical mathematicians were confronted with
the difficult decision, wether to sympathize with the King, the Revolution,
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the Emperor, or the Republic. In the imperial times, some of the French
mathematicians even joined the FExpedition to Egypt, which was scientifically
a success. Then applied mathematics enjoyed a high recognition and played a
central role for the education of the youth in the Technical Sciences. The Ecole
Polytechnique of Paris was founded as the preimage for all modern Technical
Universities — as well as the Research University Scuola Normale Superiore at
Pisa. Simultaneously, classical Universities in the Rhine area were closed.

It was C.F. Gauss, who declined an offer for an attractive chair of mathematics
in a Parisian University — the scientific metropolis. At home, Gauf} successfully
founded a tradition for mathematics in the University of Gottingen. Within
his life-time, this prestigeous institution was administrated by the Kingdoms,
then in a personal union, of Hannover and England.

The beginning of the modern theory of partial differential equations is marked
by the seminal paper of E.Hopf, from 1927, on the maximum principle for
linear elliptic differential equations. While the classical results are mostly de-
rived by integral representations, the Hopf maximum principle is independent
of these ingredients. This paved the way for J. Schauder, to start his ingenious
treatment of elliptic equations in 1932/34 by functional analytic methods.
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Figure 1.9 SCHWARZ-RIEMANN MINIMAL SURFACE
spanning a quadrilateral — taken from H. A. Schwarz: Mathematische Abhand-
lungen I, page 2, Springer-Verlag, Berlin. .. (1890).
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