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Preface

This book contains an introduction to three topics in stochastic control: discrete time
stochastic control, i.e., stochastic dynamic programming (Chapter 1), piecewise de-
terministic control problems (Chapter 3), and control of Ito diffusions (Chapter 4).
The chapters include treatments of optimal stopping problems. An Appendix re-
calls material from elementary probability theory and gives heuristic explanations
of certain more advanced tools in probability theory.

The book will hopefully be of interest to students in several fields: economics,
engineering, operations research, finance, business, mathematics. In economics and
business administration, graduate students should readily be able to read it, and
the mathematical level can be suitable for advanced undergraduates in mathemat-
ics and science. The prerequisites for reading the book are only a calculus course
and a course in elementary probability. (Certain technical comments may demand a
slightly better background.)

As this book perhaps (and hopefully) will be read by readers with widely differ-
ing backgrounds, some general advice may be useful: Don’t be put off if paragraphs,
comments, or remarks contain material of a seemingly more technical nature that
you don’t understand. Just skip such material and continue reading, it will surely
not be needed in order to understand the main ideas and results.

The presentation avoids the use of measure theory. At certain points, mainly in
Chapter 4, certain measure theoretical concepts are used, they are then explained in
a heuristic manner, with more detailed but still heuristic explanations appearing in
Appendix. The chosen manner of exposition is quite standard, except in Chapter 3,
where a slightly unusual treatment is given that can be useful for the elementary
types of problems studied there. In all chapters, problems with terminal restrictions
are included.

One might doubt if Ito-diffusions can at all be presented in a useful way without
using measure theory. One then has to strike a balance between being completely
intuitive and at least giving some ideas about where problems lie hidden, how proofs
can be constructed, and directions in which a more advanced treatment must move.
I hope that my choices in this respect are not too bad.
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viii Preface

A small chapter (Chapter 2) treats deterministic control problems and has been
included because it makes possible a very simple exposition of ideas that later on
reappear in Chapters 3 and 4. In addition, and more formally, certain proofs in Chap-
ter 3 make use of proven results in Chapter 2.

The level of rigor varies greatly. Formal results should preferably be stated will
full rigor, but certain compromises have been unavoidable, especially in Chapter 4,
but in fact in all chapters. The degree of rigor in the proofs varies even more. Some
proofs are completely heuristic (or even omitted), other ones are nearly, or essen-
tially, rigorous. Quite frequently, first nonrigorous proofs are presented, and then,
perhaps annoyingly often, some comment on what is lacking in the proofs, or how
they might be improved upon, are added.

Hopefully, what might be called introductory proofs of the most central results
are easy to read. Other proofs of more technical material may be quite compact, and
then more difficult to read. So the reader may feel that readability varies a lot. In a
book of this type and length, it was difficult to avoid this variability in the manner
of exposition.

Altogether, there are a great number of remarks in the text giving refinements
or extension of results. On (very) first reading, it is advisable to skip most of the
remarks and concentrate on the main theory and the examples. Asterisks, usually
one (*), are used to indicate material that can be jumped over at first reading; when
two asterisks (**) are used, it indicates in addition that somewhat more advanced
mathematical tools are used.

Solved examples, examples with analytical (or closed form) solutions, play a big
role in the text. The aim is to give the reader a firmer understanding of the theoret-
ical results. It will also equip him or her with a better knowledge of how to solve
similar, simple problems, and an idea of how solutions may look like in slightly
more complicated problems where analytical solutions cannot be found. The reader
should get to know, however, that most problems cannot be solved analytically, they
need numerical methods, not treated in the current book.

On the whole, sufficient conditions for optimality are proved with greater rigor
(sometimes even with full rigor) compared with proofs of necessary conditions.
Even if the latter proofs are heuristic, the necessary conditions that they seem to
provide can be compared with the sufficient conditions established, and the former
(slightly imprecise) conditions can tell how useful the latter conditions are, in other
words how frequently we can hope that the sufficient conditions can help us solve
the optimization problems we consider.

A number of exercises, with answers provided (except for a few theoretical prob-
lems), have been included in the book.

For the reader wanting to continue studying some of the themes of this book, or
who wants to consult alternative expositions of the theory, a small selection of books
and articles are provided in the References. These works are also referred to at the
ends of the chapters. The few titles provided can only give some hints as to where
one can seek more information; for more extensive lists of references, one should
look into more specialized works.
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Sections 1.1 and 1.2 have, with some changes, appeared in the book by
K. Sydseter et al. (2005), Further Mathematics for Economic Analysis by Prentice
Hall.

Early versions of the chapters have been tried out in courses for PhD students in
economics, from whom useful feedback is gratefully acknowledged.

Peter Hammond has read early versions of the chapters in the book and given a
tremendous amount of useful advice, much more than he surely remembers.

Knut Syds@ter and Arne Strgm have read and given comments on parts of the
book and also helped in technical matters related to presentation and layout. Also,
Tore Schweder has helped me at certain points. For all this help, I am extremely
grateful.

All errors and other shortcomings are entirely my own.

The Department of Economics at University of Oslo has over the years made
available an excellent work environment and Knut Syds®ter and Arne Strgm, my
co-mathematicians at this department, have carried out more than their share of
work related to teaching and advising students of all types, which has given me
more time to work on this book, among other things. Thanks again.

Finally, I am very grateful for the excellent technical support provided by
Springer concerning the preparation of the final version of the manuscript.
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Chapter 1
Stochastic Control over Discrete Time

This chapter describes the optimal governing of certain discrete time stochastic pro-
cesses over time. First, solution tools for finite horizon problems are presented, the
most important being the dynamic programming equation, but also a stochastic max-
imum principle is rendered. In three sections, infinite horizon problems are treated.
Optimal stopping problems are discussed, where when to stop is a — or the —
central question, both for a finite and infinite horizon. Problems of incomplete ob-
servations, where we learn more the longer the process runs, are also discussed,
and we end this part by presenting stochastic control with Kalman filtering. Finally,
some approximation methods are briefly discussed, and an extension to stochastic
time periods is presented.

1.1 Stochastic Dynamic Programming

What is the best way of controlling a system governed by a difference equation that
is subject to random disturbances? Stochastic dynamic programming is a central
tool for tackling this question.

In deterministic dynamic programming, the state develops according to a differ-
ence equation x, = f(¢1,%,u,), controlled by appropriate choices of the control
variables u;. In the current chapter, the function f is also influenced by random
disturbances, so that x;41 is a stochastic quantity. Following common practice, we
often (but not always) use capital letters instead of lower-case letters for stochastic
quantities, e.g., X; instead of x;.

Suppose then that the state equation is of the form

X1 = f(t,Xe,ur,Vis1),  Xo = x0, Vo = vo, X0, vo given ,u; € U, (1.1)

where, for each ¢, V;11 is a random variable that takes values in a finite set V. The
probability that V;;1 = v € V is written P;(v|v,); it is assumed that it may depend
on the outcome v, at time ¢, as well as explicitly on time . We may allow V,;| to

A. Seierstad, Stochastic Control in Discrete and Continuous Time, 1
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2 1 Stochastic Control over Discrete Time

be a continuous variable that takes values anywhere in R. Then the distributions
of V4 are often given by densities p;(v|v), separately piecewise continuous in v
and v;. Mostly, we speak as if the V;’s are discrete random variables. However, the
solution tools presented can also be used for continuous stochastic variables. We
assume that t = 0,1,...,7, T a given positive integer, that x, belongs to R”, and
that 1, is required to belong to a given subset U of R". The vectors u, are subject to
choice, and these choices, as well as the stochastic disturbances V;;; determine the
development of the state X;.

Example 1.1. Suppose that Z;, Z, ... are independently distributed stochastic vari-
ables that take a finite number of positive values (or a continuum of positive values)
with specified probabilities independent of both the state and the control. The state
X; develops according to:

Xiv1 =Zi1 (Xe —uy), u; € [0,00). ()

Here u, is consumption, X; — u, is investment, and Z,; is the return per invested
dollar. Moreover, the utility of the terminal state xr is ﬁTBxley and the utility of the

current consumption is 3’ utl “Tfort < T, where B is a discount factor, and 0 < y < 1.
The development of the state x; is now uncertain (stochastic). The objective function
to be maximized is the sum of expected discounted utility, given by

T—1
Y B'Ew 7+ BTBEX; . (ii)

=0
! 0

Let us, for a moment, consider a two-stage decision problem. Assume that one wants
to maximize the criterion:

E{f0(0,Xo,u0) + fo(1,X1,u1)} = fo(0,Xo,u0) +E fo(1,X1,u1),

where E denotes expectation and fy is some given function. Here the initial state
Xo = xo and an initial outcome vy are given and Xj is determined by the difference
equation (1.1),i.e., X; = f(0,x0,up, V). To find the maximum, the following method
works: We can first maximize with respect to u, and then with respect to ug. When
choosing u;, we simply maximize fy(1,X),u;), assuming that X; is known before
the maximization is carried out. The maximum point u} becomes a function uj (X))
of X;. Imagine that this function is inserted for u; in the criterion, and that the
two occurrences of X; are replaced by f(0,x,u0,V1). Then the criterion becomes
equal to

f0(07X07M0) +E{fo(l,f((),.X(),M(),V]),MT(f(O,X(),M(),V])))}7

i.e., ugp occurs in both terms in the criterion. A maximizing value of u is then chosen,
taking both these occurrences into account.

When there are more than two stages, this process is continued backwards, as we
shall see.
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To see why it matters that we can observe X; before choosing u;, consider the
following problem: Let T = 1, fo(0,x1,u1) =0, fo(1,x1,u1) = Xju1, X; =V}, where
V) takes the values 1 and — 1 with probabilities 1/2, and where u can take the values
1 and —1. Then, EX u; = 0 if we have to choose u; before observing X; (hence
a constant u;), but if we can first observe X, then we can let u#; depend on X;. If
we choose u; = u; (X)) = Xi, then EXju; = 1, which yields a better value of the
objective. In Sections 1.1-1.6, we shall assume that X;, in fact both X; and V;, can
be observed before choosing u;.

Let us turn to the general problem. The process X;, determined by (1.1) and the
random variables V;, is to be controlled in the best possible manner by appropriate
choices of the variables u;. The objective function is now the expectation

T
Y ELfo(t, X, (X, Vi) (1.2)
=0

Here several things have to be explained. Each control u;, t =0,1,...,T is a func-

tion, u;(x;,vy), of the current state x, and the outcome v;. Such a function is called
a policy (or more specifically a Markov policy or a Markov control). For a large
class of stochastic optimization problems, including the one we are now studying,
this is the natural class of controls to consider in order to achieve an optimum. Both
V; and X; are random variables, the X;’s arising from the state equation when the
functions u,(X;, V) are inserted in the equation. The letter E, as before, denotes ex-
pectation. For completeness, a detailed description of its calculation follows in the
next paragraph, but because it will not be much used later on, readers may want to
skip reading it.

To compute the expectation requires specifying the probabilities that are needed
in the calculation of the expectation. Given v, recall that the probability for the
events V| = vy and V, = v, jointly to occur equals the conditional probability for
V> = v, to occur, given V| = vy, times the probability for V| = v; to occur, given
Vo = vo. Hence it equals Pj (v2|vy) times Py(vi|vp). Similarly, given vy, the probabil-
ity of the joint event V| = vy, Vo = vy, ..., V; =14, is given by

p*(vl,... ,v,) = P()(V1|V())-P1(V2|V1) R -Pt_l(v,|v,_1). (1.3)

(This is actually a conditional probability, vy given.) Now, given the policies u; (x;,v;),
the sequence X, = 1,...,7, in (1.2) is the solution of (1.1), found by calculating,
successively, Xi,Xa,..., when, successively, V|,Va,.... and u; = u;(X1,V)), up =
u(X>,Va), ... are inserted. Hence X; depends on Vi, ..., V; and, for each ¢, the
expectation E fy(t,X;,u;(X;,V;)) is calculated by means of the probabilities specified
in (1.3).

Though not always necessary, we shall assume that fo and f are continuous in
(x,u), (in (x,u,v) if V; takes values in a nondiscrete set).

The optimization problem is to find a sequence of policies ug;(xo,v0),. ..,
uj (xr,vr) that gives the expression in (1.2) the largest possible value. Such a policy
sequence is called an optimal policy sequence.
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We now define the optimal value function

T
J(t,x0,v) =maxE | Y fo(s, Xo, ug (X, Vi) | x0,vi | (1.4)
s=t
where the maximum is taken over all policy sequences us; = u (x5, Vs),s = 1,..., T,

given v, and given that we “‘start the equation” (1.1) at the state x; at time ¢, as indi-
cated by “| x;,v,” in (1.4) and apply the controls u; from the sequence when using
(1.1) to calculate all the X;’s. The computation of the expectation in (1.4), (or expec-
tations, when E is taken inside the sum), is now based on conditional probabilities
of the form p*(vii1,...,vs|ve) = B (vesa|ve) - Poo1 (vslvs—1).

The central tool in solving optimization problems of the type (1.1), (1.2) is the
following optimality (or dynamic programming) equation:

J([ - 1,)6'[,],1/[,1) - I;lax{fo(t* 1,xl,1,ul,1)+E [J(t,X[,V[) |X[71,Vt7]]} (15)
t—1

where X; = f(t — 1,x,_1,4_1,V;) is to be inserted. The “x;,—;” in the symbol
“lx,—1,v—1]” is just a reminder that x;_; occurs in the expression to be inserted.
After the insertion, the equation becomes J( — 1,x,_1,v,—1) =

max{f()(t_ laxt—lvut—l) +E[J(t7f(t_ 17-xt—1)ut—17‘/t>7‘/l) | V[—l]})

Up—1
t=1,...,T. Moreover, at time 7', we have

J(T,XT,VT) ZJ(T,)CT) :maxfo(T,xT,uT). (1.6)
ur

The equations (1.5), (1.6) are, essentially, both necessary and sufficient. They are
sufficient in the sense that if u; | (x;—1,v,—) maximizes the right-hand side of (1.5)
forr =1, ..., T and the right-hand side of (1.6) forr =T + 1, then u | (x;—1,vi—1),
t =1,...,T 4+ 1, are optimal policies. On the other hand, they are necessary in
the sense that, for every x,_1,v;—_1, an optimal control ;" | (x,—1,vi—1),t =1,...,T,
yields a maximum on the right-hand side of (1.5), and, for # = T + 1, on the right-
hand side of (1.6). To be a little more precise, it is necessary that the optimal control
u | (x—1,v—1) yields a maximum on the right-hand side of (1.5), (1.6) for all values
of x;,_1,v;— that can occur with positive probability, given {u} },.

The solution method is thus as follows: The relation (1.6) is used to find the func-
tions uj (xr,vr) and J(T,x7,vr), and then (1.5) is used to find first u} | (x7—1,vr—1)
and J(T — L,xr—1,vr—1) (then J(T,x7,vr) is needed), and then u} _,(x7_2,v7r_2)
and J(T —2,x7_p,vr—3) (then J(T — 1,xp_1,vy_;) is needed), and so on, going
backwards in time until ug(xo,vo) and J(0,xp,vp) have been constructed. At any
time ¢, the optimal control to use, given that (x;,v;) has been observed, is then
uy (X7, V).

The intuitive argument for (1.5) is as follows: Suppose the system is in a
given state x;_1, and v, is given. For a given u;_1, the “instantaneous” reward
is fo(t,x,—1,u;—1). In addition, the maximal expected sum of rewards at all later
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times is E[J (¢, X, Vi) |x—1,vi—1] when X; = f(t — 1, x,—1,u,—1,V;). When using u; 1,
the total expected maximum value gained over all future time points (now including
event — 1), is the sum in (1.5). The largest expected gain comes from choosing u;_
to maximize this sum.

Note that when P, (v|v,) does not depend on v;, then v; can be dropped in the func-
tions J; (x¢,v¢), 4 (x¢,v¢), and in (1.5),(1.6). Then in (1.5) the conditioning on v,_;
drops out, and J (¢ — 1,x,—1,v,—1 ), and the maximizing vector u;_; = u,—1 (X;—1,v—1)
will not depend on v,_. (In some later sections, fy(z,.,.) will depend also on v, and
then this simplification does not hold.) In examples below, this simplification is
employed.

Example 1.2. Consider the following example

T-1

maxE | ¥ (1/2)' (1 —u)x) ">+ (1/2)72 2 (x7) "2 | |

1=0

subject to
Xi41 = wXiVisr, Xo=1,V, € {0,8}, Pr[V; =8| =1/2, u, € [0,1].

This problem is closely related to Example 1.1.
Solution. Evidently, J(T,x7) = (1/2)72"/2(x7)"/2.

Next, let us find the optimal u = uy_; and J(T — 1,x7_1), where J(T — L,xp_) =
max{(1/2)" (1= wxr—1)' 2+ E[(1/2)72 2 (V1) ]} =
max{(1/2)" (1= w)xr-1)'? +(1/2)72'2(1/2)8' 2 (urr 1) 2} =
max{ (1/2)"" (o) 2[(1 =)' 2]}

When differentiating to obtain the maximum point (we have a concave function in
u), we get
(1/2)" o) V2= (1/2) (1 =)™ 2 (1/2)u 2] = 0,

which gives (1—u)"/2=u=12 or 1 —u=u, i.e.,u=ur_; = 1/2. Inserting in the
maximand, we get

J(T = 1xroy) = (1/2)7 (xr1)"22(1/2) "2 = (1/2) 1212 (xp 1) /2

We now guess that, generally, J(r,x,) = (1/2)'2"/2(x,)!/2. Let us try this guess,
hence let us find J(7 — 1,x,_1 ) and the optimal u = u,_; from the optimality equation
(we now see that we can repeat the above calculations for 7" replaced by ¢):
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J(e=1,x-1) = max{(1/2)" (1= w)x-1)' 2 +E[(1/2)2 (v V) 2]}
= max{(1/2)"" () 2[(1 = )2 +u 2]}
_ (1/2)17121/2(%_1)1/27
the last equality because when differentiating to obtain the maximum point, we get
(1/2) 1 (x—)"2[(=1/2) (1 —u) /2 4 (1/2)u~"/?] = 0, which gives (1 —u) /> =

w2 ie,u=u_1=1/2 again.
In this example, incidentally, u;_; came out as independent of x;_. U

In the next example, the outcome of the stochastic variable depends on its value
one period earlier.

Example 1.3. We want to solve the problem

maxE[XT +VT]’ Xiv1 = wXiVip1 +(1— Mt>Xt(1 _‘/H-l)a

Xo = 1,u; €0,1],
Vi €{0,1},Pr[Vi = 1|V, = 1] =3/4,Pr[Viy = 1|V, =0] = 1 /4.
Solution. Formally, we need to work with a second state variable, say ¥; governed
by Y+1 = Viy1. Then, fo(T,x7,yr) = x7 + yr, while fo(z,.,.) vanishes for t < T.
However, below we write xr + vy and J (7, x,,v,) instead of x7 +yr and J (¢, x,, y;, v¢).
Note that, by necessity, X; > 0 for all 7.
Now, J(T,xr,vr) = xr +vr. Let us next find J(T — 1,x7_1,vr_1).

Forvr_1 =1,J(T — l,xr_1,vr—1) =

ml?xE{uxT,lVT + (1 —w)xr_ (1 =Vp)+Vyr|lvr_1 =1}

= ml?x{(3/4)ux771 +3/4+(1/4) (1 —w)xr—1} = (3/4)xr—1 +3/4.

Here, u = ur_; =1 is optimal.

For Vr—1 = O, J(T — l,xT_l,vT_l) =
IIlL’;lXE{MfolvT + (1 7u)xT71(1 7VT) +VT‘VT,1 = 0}
= m;lx{(l/4)ux7_1 +1/4+ 3/ —wxr_1}=3/4)xr_1 +1/4.

Here, u = ur_1 = 0 is optimal.
Let us now find J(T — 2,x7_2,vr—2). We can write J(T — 1,x7_1,v7_1) =
(3/4)XT71 + 3VT,1/4—|— (1 — VT,1)/4.
For Vr_o = 1, J(T — 2,xT_2,vT_2) =
mfx{E[(3/4) (uxr—2Vr—1+ (1 —w)xr_o(1 = Vr_1))+3Vr_1 /4

(1= Vro1) /4lvr 2]}
= max{ (3/4)(3/4)uxr 2+ 3/4] + (1/4)[(3/4)(1 —whwr 2+ 1/4]}
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= (3/4)xr—2+(3/4)*+(1/4)?
= (3/4)*xr_, +10/16.
Here, u = ur_» = 1 is optimal.
Forvr_, =0,J(T —2,xr_2,vr_2) =
m;lx{E[(3/4) (uxy Ve + (L —u)xp o (1 =Vy_1))+3Vr_1 /4
+(1=Vr1)/4vr 2]}
= max{(1/4)[(3/4)uxr—2 +3/4] + (3/4)[(3/4)(1 —u)xr—> +1/4]}
= (3/4)*x7_2 +6/16.
Here, u = ur_» = 0 is optimal.

We now guess that J(¢,x;,v;) is of the form J(,x;,v,) = (3/4)T ~'x, +a, when v; =
1,J(t,x;,v:) = (3/4)T ~'x; + b; when v, = 0. We can write J(¢,x,,v;) = (3/4)T "'x; +
ave +b, (1 —v;). Then, J(t — 1,x,_1,v—1) =

m‘f‘XE{(3/4)T7t(uxz—1Vr + (= w)x1(1=V)) +aVi + b (1 = Vi) [vi—1}.
For v,_1 = 1 this expression equals
max{(3/4)[(3/4)" "uxi—1 +a] + (1/4)3/4)7 7 (1 —u)xi-1 + b}
= (3/4)" Vg + (3/4)a + (1/4)by,
with u = u,_; = 1 optimal, and for v,_; =0, we get J(t — L,x,_1,v,—1) =
max{(1/4)[(3/4)" w1 +a] + (3/4)3/4)7 (1 -+ b}
— 3/ x4 (1) + (3/4)by,

with u = u,_; = 0 optimal.
Note that for all ¢, the optimal u; equals v;.

The entities a; and b, are governed by the backwards difference equations a;_; =
(3/4)a; + (1/4)b;, by—y = (1/4)a; + (3/4)bs, ar = 1, by = 0, and so are known.
In fact, it is easy to find a formula for them. Adding the right-hand side of the
equations, we see that a,_1 +b;—1 = a; + b;, sousing ar + by = 1 yields a; +b; = 1.
So a,_| = (1/2)a; + 1/4, which has the solution a;, = (1/2)7~~1 4 1/2, while
by=1—a,=1/2—(1/2)T-(-1), O

Remark 1.4 (State- and time-dependent control region*). The theory above holds
also if the control region depends on 7,x in the manner that U = U(t,x) = {u:
hi(t,x,u) > 0,i = 1,...,i*}, for some given functions A;’s that are continuous in
(x,u). If U(z,x) is empty, then, by convention, the maximum over U (¢, x) is set equal
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to —oo. Hence, now u, (x;,v;) has to take values in U(z,x;), and the maximization in
(1.5), respectively (1.6), is carried out over U (r — 1,x,_1), respectively, U(T,xr) O

An additional comment is perhaps needed to make quite clear what the problem
now is: A maximum of the criterion is sought in the set of all pairs of sequences
{X;}s, {us(x,v)}s that satisfy the state equation and the condition u(Xs,Vy) €
U(s,X;) as. for s =0,...,T. If the set of such pairs is empty, the problem has no
solution.

Example 1.5. Let us solve the problem in Example 1.1:
r—1o 1
maxE | Y Blu, T+ BTBX T, @)
t=0

Xf+] :Z[+] (X[ —u[)7 Uz S (O,XZ), (11)

where 0 < y< 1,0< B < 1,B>0,and Z,t =0, 1,... are independently distributed
non-negative random variables, EZ,l_y < oo,

Solution. Here J(T,xr) = BTBxlfy. To find J(T — 1,x7—_1), we use the optimality
equation

J(T—1,x7 1) = max (BT "' Y+ E [BTB(Zr (xr—1 —u)' 7)) . (i)

The expectation must be calculated by using the probability distribution for Z7. Now
the expectation in (iii) is equal to

BTBDr(xr_1 —u)'™", D, =E [Z,H} . (iv)

Hence, the expression to be maximized in (iii) is 87~ 'u! =7+ BT BD7y (xg_1 —u)' 7.
If we put u = wx, w € (0,1), and let @(w) := w!'=7 4+ h(1 —w)' =7, where h = BBDr,
then J(T — 1,x7_1) = BT~ 'x'~"max,, @(w), and we see that we need to solve the
maximization problem

= Y L h(1—w) 7],
Wrg(%ﬁ)fp(vv) Jmax WY+ h(1—w)' 7] v)

We find the maximum of the concave function ¢, by solving
@'(w)=(1=yw 7= (1=yh(1—w)""=0,
which yields w=% = h(1 — w)~7. Solving for w yields

1

Inserting this in ¢ gives its maximal value

max @(w) = 1/(14+h"Y") =Y LB /(14 RV = 07 (vid)
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Define Cr := B,C;/_y1 =1+ (ﬁBDT)l/V = 1447, and generally,
¢ =14 (BC1Di)'. (viii)

Then, the optimal wur_; = wxr_; = xT_l/C;/jl and J(T — l,xr—y) =
ﬁT_lxlT__ﬁ max @(w) = BT_ICT,lxlT__K. As J(T — 1,x7_) has the same form as
J(T,xr), then, to find the optimal ur_, and J(T — 2,x7_3), (vi) and (vii) are
used for h = BCr_Dr_y. This yields ur o = xr_»/Cy%, and J(T —2,x7 ) =
ﬁT’zCT_leTﬂ;. This continues backwards, so evidently we obtain generally

Uz :xt/Ctl/Y S (O,XI), (Ctl/y > 1), and J(t,x,) = ﬁtC,xtl_Y.
Note that C; is a known sequence; it is determined by Cr = B and backwards
recursion, using (viii). O

1.2 Infinite Horizon

Suppose that P (v;1|v;) and f are independent of 7, and that fy can be written
Sot,x,u) = g(x,u)a’, o € (0,1] (f and g continuous). The problem is often called
stationary, or autonomous, if these properties hold. Put & = ((uq (x0, vo), u1 (x1,v1) -..).
The problem is now

Y o (%, V)

max E
Y
t=0

, (X, Vi) €U, Pr[Vigr =v|v] =P(v|vy), (1.7)

where X; is governed by the stochastic difference equation

XtJrl :f(Xtaul‘(Xt7VI)7‘/l+l)7 (18)

with Xo,Vy given, (g, f,P(v|v;) given entities, the control u, subject to choice in
U, U given). Again, V; 11 can also be allowed to be a continuous random variable,
governed by a density p(v|v), separately piecewise continuous in v and v;, but in-
dependent of f. The maximum in (1.7) is sought when considering all sequences
7t := (up(x0,v0),u1(x1,v1),...) and selecting the best. We base our discussion upon
condition (1.11) below, or P, or N. in Remark 1.6 below, implying that the infi-
nite sum in (1.7) always exists in [—eo, oo], for condition (1.11), the sum belongs to
(—o0,00). For a given sequence 7 := (ug(xo,vo),u1 (x1,v1),...), let us write

JTI(S7-X.S‘7VS):E Zatg(X[7ul(Xl7‘/l))|xsva I (19)

t=s

where we now start the difference (state) equation at X; = x;. Let J(s,x5,v5) =
sup,; Jx (s, x5, vs). We now prove that J(1,x9,vo) = aJ(0,x9,v0). The intuitive argu-
ment is as follows. Let JX (x,v) = Y2 E[o *g(X;,u,(X;,V;))|x,v] and let J* (x,v) =
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sup, JX (x,v). Then J¥(x,v) is the maximal expected present value of future rewards
discounted back to = k, given that the process starts at (x,v) at time r = k. When
starting at (x,v) at time 7 = 0, and discounting back to ¢ = 0, the corresponding max-
imal expected value is J(x,v) = J(0,x,v). Because time does not enter explicitly in
P(v|v,),g and f, the future looks exactly the same at times # = 0, and # = k, hence
J*(x,v) = J(0,x,v). As Jr(k,x0,v0) = a*J (x0,v0) (in the definition of Jz (k,xo,vo)
we discount back to 7 = 0) and hence J (k, xo, vo) = otk J¥ (x0,vo) = a¥J(0,x9, vo) and
in particular J(1,x9,vo) = aJ(0,x0,vp).

The heuristic argument for the optimality equation can be repeated in the in-
finite horizon case. So (1.5) still holds. Using (1.5) for + = 1, and then inserting
oJ(0,x,v)) = J(1,x,v) and writing J(x,v) = J(0,x,v),x = xo,v = vy, gives the fol-
lowing optimality equation, or equilibrium optimality equation or Bellman equation

J(x,v):mlflx{g(x,u)JraE[J(X],Vl) | x,v]}, (1.10)

where X; = f(x,u,V1).

Observe that (1.10) is a “functional equation,” an equation (hopefully) determin-
ing the unknown function J (J occurs on both sides of the equality sign). Once J is
known, the optimal Markov control is obtained from the maximization in the opti-
mality equation. Evidently, the maximization yields a control function u(x,v), not
dependent on 7, and this is what we should expect of an optimal control function:
If we have observed x,v at time O and time ¢, the optimal choice of control should
be the same in the two situations, because then the future looks exactly the same at
these two points in time.

It can be shown that the optimal value function J(x,v) = sup,Jz(0,x,v) is de-
fined and satisfies the equilibrium optimality equation in three cases to be discussed
below, (1.11), as well as P. and N. in Remark 1.6. (At least this is so when “max’ is
replaced by “sup” in the equation.) Let us first consider the following case.

M < g(x,u) < My forall (x,u) e R" x U, (1.11)

where M| and M, are given numbers. In case of the boundedness condition (1.11),
it is known that the equilibrium optimality equation has a unique bounded solution
J(x,v) (when “max” is replaced by “sup,” if necessary). Furthermore, J(x,v) is au-
tomatically the optimal value function in the problem, and a control u(x,v) giving
maximum in the optimality equation, given J(x,v), is the optimal control.

Remark 1.6 (Alternative boundedness conditions*). Complications arise when the
boundedness condition (1.11) fails to hold. Then we cannot know for sure that
the optimal value function is bounded, so we may have to look for unbounded
solutions of the Bellman equation. But then false solutions can occur (bounded
or not bounded), not equal to the optimal value function. Even in the case where
(1.11) holds, allowing unbounded solutions may lead to nonunique solutions, even
a plethora of solutions (see Exercise 1.48 and the following even simpler problem,
where g =0, f =x/o, and where J(x) = ax satisfies the Bellman equation for all a).
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‘We shall consider two cases, P. and N., where some results can be obtained. In
both cases, we must allow for infinite values for the optimal value function J(x,v),
~+o0 in case P, and —oo in case N.

P. Either g(x,u) > 0 for all (x,u) € R" x U, and o = 1, or for some negative number
Y, g(x,u) > vy forall (x,u) € R" xU and o € (0,1).

Let J"(x,v) be the value function arising from using u(.,.) all the time. In the cur-
rent case, if u(x,v) yields the maximum in the Bellman equation when J*(x,v) is
inserted, then u(.,.) is optimal. (In other words, if we have been able to find a con-
trol u(x,v) such that the pair (u(x,v),J"(x,v)) behaves in this way, then u(x.,.) is
optimal.)

Most often, it can be imagined that first the Bellman equation were solved and
a pair (u(x,v),J(x,v)) satisfying it were found (in particular, then, u(x,v) yields the
maximum in the equation). Next, if we are lucky enough to be able to prove that
J4(x,v) = J(x,v), then all is well.

Sometimes it is useful to know the fact that if J*(s,x,v,T) is the value function
arising from using u = u(x,v) all the time from s until # = 7" when starting at (s, x,v),
then J*(0,x,v,T) — J"(x,v) as T — oo. Also J(0,x,v,T) — J(x,v) as T — oo, where
J(s,x,v,T) is the optimal value function in the problem with finite horizon T, and
where we start at (s,x,v).

Note that, in the current case, the optimal value function J is < J for any other
solution J of the Bellman equation for which JS>M (1 — a) for some M <0.

N. Either g(x,u) <0 forall (x,u) € R" x U, and o. = 1, or for some positive number
Y, g(x,u) < yforall (x,u) € R" x U and o € (0,1).

In this case, it is known that if u(.,.) satisfies the Bellman equation with the optimal
value function inserted, then u(.,.) is optimal. It is also known that if U is compact,
then J(0,x,v,T) — J(x,v) as T — oo. (In fact, for this result, we now do need that
f and g are continuous and V is finite. For other assumptions on V, see Section 1.6
below.)

How can this information be used? Assume that we have found a function J(x, v)
satisfying J < M(1 — o) for some M > 0, together with a function u(x, v) satisfying
the Bellman equation. If we are able to prove that the Bellman equation has only one
such solution J(x, v), then this is the optimal value function J(x,v) (because J(x,v)
is known to satisfy the Bellman equation, both in case P. and N.), and then u(x,v)
is optimal. Another possibility is the following: Suppose that U is compact and that
we can apply the limit result limz_...J(0,x,v,T) = J(x,v) mentioned above. If we
then find that TIIBL J(0,x,v,T) = J(x,v), then J(x,v) is the optimal value function
and u(x) is optimal.

Note that in case N., the optimal value function J is > J for any other solution
J of the Bellman equation for which J<Mm (1 —a) for some M > 0. (This fact lies
behind the uniqueness argument in the last paragraph.) (]

Remark 1.7 (Modified boundedness conditions*). The boundedness condition (1.11)
and the conditions in P. and N. need only hold for x in X (xg) := UsX;(xp), where
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Xs(xo) is the set of states that can be reached at time s, when starting at xo at time 0,
considering all outcomes and all controls.

The conclusions drawn in the case where (1.11) is satisfied also hold if the fol-
lowing alternative condition holds: There exist positive constants M, M*, B, and
6 such that for all x € X(xg), all u € U and all V, |f(x,u,V)| < M+ 6|x| and
lg(x,u)| < M*(1+ |x|P), with a§P < 1, and a € (0,1). Moreover, the conclusions
in case P. (respectively, case N.) hold if the next to last inequality is replaced by
g(x,u) > —M*(1+ |x|P) (respectively, g(x,u) < M*(1+|x|B)). Note that J needs to
be defined only for x in X' (x), this set having the property that if x belongs to the
set, also f(x,u,v) belongs to it. a

Example 1.8. Consider the problem

max E Zﬁtx,lfyullfy @)
ur€(0,1) t=0
Xep1 = Vi1 (L—uy)x:,  xp is a positive constant. (ii)

Here, Vi, V5, ... are identically and independently distributed non-negative stochas-
tic variables, with D = EV!~Y < oo, where V is any of the V;’s. We may think of x;
as the assets of, say, some timeless institution. At each point in time an amount u;x;
is spent on some useful purpose, and the total effect is measured by the expectation
in (i). (For a comment on (ii), see Example 1.1.) It is assumed that

p=(BD)/"<1, Be(0,1), ye(0,1) (iii)

Solution. In the notation of problem (1.7), (1.8), g(x,u) =x'"Yu' =Y and f(x,u,V) =
V(1 — u)x. The equilibrium optimality equation (1.10) yields

J(x) = mex, (X' YT+ BEJ(V (1 —u)x)] (iv)

We guess that J(x) had the form J(x) = kx' =7 for some constant k (the optimal value
function had a similar form in the finite horizon version of this problem discussed
in the previous section). Then, canceling the factor x' =7, (iv) reduces to

k= =Y 4 BkD(1 —u)' 7],
2y TP v

where D = EV'~7. Using the result from Example 1.5 (the maximization of ¢) gives
that the maximum in (v) is obtained for u =

1

“Tipam P (BD)"" )

U

and the maximum value in (v) equals (1 + pk'/?)?, so k is determined by the
equation
k= (1+pk!/1)7.
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Raise each side to the power 1/, and solve for k'/7 to obtain '/ =1/(1 — p), or
k= (1—p)~7. Hence, the solution is J(x) = (1 —p) "x' 77, withu = 1 — p.

In this example, the boundedness condition (1.11) is not satisfied for x € X (xp).
One method out is to use the transformation y; = x,/z, zr+1 = Vi+12,z0 = 1, which
gives that ;1 = (1 —u)y;,yo = xo. Replacing x; by y,;z, as Z, = V; -...- V,, tak-
ing the expectation inside the sum in the criterion (using actually what is called the
monotone convergence theorem), the problem can be transformed into a determin-
istic one. The deterministic difference equation y,.; = (1 — u)y;,yo = Xo is the state
equation, we have a new discount factor B = BEV'~7 and a new g-function equal to
Yl e [O,x(l)_y] forall y € X (yo) C [0,x0]. In this problem, the modified bound-
edness condition in Remark 1.7 is satisfied. Another way out is the following: Let
us use P. in Remark 1.6: Then we need to know that J* (x) = J(x). It is fairly easy to
carry out the explicit calculation of J* (x), by taking the expectation inside the sum
and summing the arising geometric series. But we don’t need to do that. Noting that
Xy = x0p'Vy -...-V,, evidently, we must have that J**(xp) = kx(l)_y, for some k. We
must also have that J** (xp) satisfies the equilibrium optimality equation with u = u,
and the maximization deleted, (in the problem where U = u,, u, is optimal!). But
the only value of k for which this equation is satisfied we found above. Thus the test
in P. works and u, as specified in (vi) is optimal. (I

1.3 State and Control-Dependent Probabilities

Suppose that the state equation is still of the form

Xit1 = f(t, X u,Vig1), X0,V are given (1.12)
where V| takes values in a finite set VV = {¥y, ..., v, }, whose elements have prob-
abilities Pr[V,11 = v] = pO) (£, Ue Ve )y vy PP[Vip) = V) = pm) (£,%X¢,ur, vy ), TE-

spectively, hence these probabilities are conditional ones, also written P, (v|x;, u;, v;),
v € V. Thus, the probability Pr[V;41 =v] = P(v|x;,us,v¢) of the event Vi) = v, is
supposed to depend on the time ¢, the outcome v;, the state x;, and the control u,
we select at time 7. We may allow V instead to be all R”, for some #, thus allowing
the V;’s to be continuous stochastic variables. Then the distribution of V;; is often
given by a density p;(v|x;,u,v;), separately piecewise continuous in each compo-
nent of v, x;, u, and v;. In the main theoretical discussions, we mostly stick to discrete
random variables. However, the solution tools presented can also be used for contin-
uous stochastic variables. Again it is assumed that x; belongs to R”, that u; belongs
to a given subset U of R”, and thatr =0, ..., T.

Example 1.9. A machine is supposed to be in one of three states. Either “as good
as new,” denoted by (2), or “functioning” (1), or “broken” (0). After having been
used all day, the machine is checked in the evening and its state is determined. The
following table describes the “transition probabilities” of the state from one evening
to the next one (it is an example of a so-called Markov process).
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The state next evening

0 1 2
(1)
The state when the 0 1 0 0
machine is checked 1 0.4 0.6 0
2 02 04 04

The table should be understood as follows. The first column lists the three possible
states of the machine, when it is checked in the evening. The uppermost row shows
the possible states of the machine after it has run for one day. If the machine is,
say, “as good as new,” i.e., in state 2, then the last row says that upon checking the
machine the next evening there is a probability of 0.2 of finding that it is “broken”
(state 0), a probability of 0.4 of finding that it is functioning (state 1), and a proba-
bility of 0.4 of finding that it is as good as new (state 2). The other two rows below
the bar are read similarly. If we use the symbols above, we let vo =0, vi =1, Vp =2,
X1 = f(t,x,us,Vir1) = Virq, where x,41 € {0,1,2} and v, € {0,1,2}. Moreover,
u; € {0,1}, u, = 0 means that we do not repair the machine after the evening check,
whereas #; = 1 means that we repair it. The above table describes the situation the
next evening if we do not repair the machine. The elements in the matrix in (1)
are hence the probabilities P (¢,x,,0) = PV (t,x,,u;, = 0), i =0, 1,2, x, = 0, 1, 2,
where i gives the column number and x; the row number.

If the machine is repaired one evening, then it is simply assumed that it is as good
as new (in state 2) the next evening. Thus, Pt(z) (t,x,1)=1and P,m (t,x,1) =0 for
i=0, 1, regardless of x;. O

Let us return to the general problem. The process determined by (1.12) and the
random events Vi, V,, ..., is to be controlled in the best possible manner by appro-
priate choices of the variables u,. The criterion to be maximized is the expectation

E

T
fo(tvxlaul(xla‘/[)7‘/l) . (113)

=0

Again, each control u;, t =0,1,2,...,T should be a function, u (x;,v;), 1 =0, ...,
T, of the current state x; and the current outcome v,. To compute the expectation in
(1.13), i.e., to calculate E[fo(t,X;,u;(X;,V;), V)] for any given ¢, requires specifying
the probabilities that lie behind the calculation of this expectation. Let us consider
the case where V is discrete. Given that the policies uo(xo,X0), ..., ur (xr,vr) are
used, note first that X; = X;(V1,...,Vs) in other words, X; depends on the outcomes
of Vi, ..., V;. The probability of the joint event Vi =v, Vo =, ..., V; = v, is given
by p*(vi,...,v) =

Po(vi|xo,uo,vo) - Pr(valxr,ur,vi) .. By (vl 1,1, v 1) (1.14)
where ug = ug(xo,v0), u1 = uy (x1,v1),. .., ur—1 = ur—1(xr—1,vr—1) and where each
Xs = x5(v1,...,vy) (the x,’s forming a solution sequence of the state equation for

the specified control sequence), so the expression in (1.14) is a function (only) of
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(v1,...,v¢). Similarly, when inserting X; = X, (V1,..,V;) in fo (¢, X, u:(X;,V;), V;), this
function becomes a function only of (Vi,...,V;) and the probabilities for the various
outcomes (vi,...,v;) we have already specified, so E[fy(t,X;,u;(X;,V;),V;)] can be
calculated. Thus, the expression in (1.13) is equal to

T
(Z Z fO(taxtaut(tht);Vt))p*(vl7-'~avl)7 (1.15)

t=0Vv{,....vr
where the inner sum is taken over all combinations of values (vy,...,v,). The proba-
bilities p*(v1,...,v;), and hence the expected value, depend on the policies chosen,

so sometimes we write Ey, ., instead of £ in (1.13).

Though not always necessary, we shall assume that f and f are continuous in
(x,u), even in (x,u,v) if V is nondiscrete.

The optimization problem is to find a sequence of policies uf(xo,vo), ...,
uj (xr,vr), which gives the expression in (1.13) the largest possible value, subject
to the difference equation (1.12).

We now define

T
J(t,%,v) = SUpEy iy | Y fo(s, Xs,us (X5, Vi), Vi) | 2,01 | (1.16)

s=t

where the supremum is taken over all policy sequences uy; = uy(x,v5),s =1,...,T,
given v, and given that we start at the state x; at time 7, as indicated by | x;,v,.”
The computation of the expectation is now based on conditional probabilities of the
form

Pr(vepr |xe,u (X6, ve ), ve) - oo Pr—y (v |xr—1,ur—1 (Xr—1,v7—1),v7—1).

In (1.16), and in these probabilities, given u(.,.),...,ur—i(.,.), for s =1+
1,...,T, x, is a function of (v;4+1,...,vs) (and the given v,), as well as of the given
start value x;, again determined by the difference equation (1.12).

(We seek a maximum in (1.16), and in a similar definition in Section 1.1, we
wrote max and not sup. When we write max we indirectly say that a maximum
exists, and being a little more formal in this section, we don’t want to include such
an assumption in the definition. A similar remark pertains to the optimality equation
(1.17), (1.18) below.)

Again, the central tool in solving optimization problems of the type (1.12)—
(1.13) is the following optimality equation (we write also here sup instead of max).
Fort <T

Jt—1,x5_1,vi1) = Sup{fo(t — 1,1, u—1,vi—1)

Ur—1

+ Y POl ) (8, f (- 17xt—1»ut—lavt)avt)}~ (1.17)
eV
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Of course also here, if possible, we want to maximize, and in the maximization, the
vector u;—1 is constrained to lie in U. The equation can be written more concisely as

J(t—=1x—1,vi—1) = sup{ fo(t — L,x—1,ur—1,v—1)

Ur—1

+Ey, , [J(6,X, V1) [ x-1,vi1] }- (1.18)

Of course, this version is also valid for continuous stochastic variables. Moreover,
when t = T, we must have

J(T,xr,vr):supfo(T,xT,ur,vT). (1.19)

ur

The intuitive argument for (1.17) is exactly as before: Suppose the system is in state
x;—1. For a given u,_1, the “instantaneous” reward is equal to fo(¢,x,—1,u4—1,v—1).
In addition, the sum of rewards at all later times is at most J(¢,x;) if x; = f(t —
L,x;—1,u—1,v), and the probability of this event is P_1(v|x;—1,u;—1,v,—1). When
using u;_1, the total expected maximum value gained over all future time points
(now including even 7 — 1) is the sum in (1.17). The largest expected gain comes
from choosing u;_| to maximize this sum.

A formal proof is presented later on. In connection with the proof, certain theo-
retical questions are discussed. In particular, it can be shown that the maximal value
of the criterion cannot be increased by allowing policies that depend on past states
as well as on the present state.

Remark 1.10 (Criterion to be minimized). Suppose that we want to minimize the
value of the criterion. Then, to obtain the optimal value functions J(z,x;,v;) a mini-
mization is carried out instead of a maximization. In the optimality equation, “max”’
(or “sup”) must then be replaced by “min” (“inf™).

To see that this is correct, recall that to minimize a criterion is the same as max-
imizing (—1) times the criterion. Thus, we can apply the above ‘“maximization the-
ory” to a problem where fy is replaced by — fy. From this it is easy to see that the
“min”’-version of the optimality equation follows. (]

Example 1.11. Consider Example 1.9 again. In this example, the values of fy will
be costs, rather than rewards. Let the values of the function fj for all # be given by
the table

u
0 1
(2) 0 2
x 1 0 1
2 0 172

From the table, we see for instance that fo(¢,x,,u;) = fo(x;,u;) =35 when x;, = 0,
u; = 1. The costs in the table may be interpreted as follows: A broken machine leads
to lost sales. But, if it is repaired, then that will add to the costs (see the numbers
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2 and 5 in the table). Repair carried out on a machine in better shape costs less,
as indicated by the last column. We are going to use the machine in a production
run over a period of three days. Before we start (i.e., at time ¢ = 0), the machine is in
state 1. Because we are going to minimize costs, we replace sup with inf, (or min)
in (1.18) and (1.19), see Remark 1.10. For J(3,X3) we get:

0 J(3,2)=0
y ) o s
3 = uy =0
We naturally choose u3 = 0 because we shall not produce anything the next day. Let
us compute J(2,x;) forx; =0, 1, 2.

First let x = 0. If u = 0 is chosen, then the expected cost is fo(0,0)+1-J(3,0) +
0-J(3,1)4+0-J(3,2) =2+1-2+0-0+0-0 = 4, where the factors 1, 0, 0 make up
the first row in the matrix (1) in Example 1.9. If u = 1 is chosen, the expected cost
is fo(0,1)+1-J(3,2) =5+1-0 = 5. (Recall that a newly repaired machine is still
as good as new (x = 2) after one day’s use.) The minimum of the numbers 4 and 5
is 4, attained by u = 0, so J(2,0) = 4.

Next, let x, = 1. If u = 0 is chosen, the expected cost is fy(1,0) +0.4-J(3,0) +
0.6-J(3,1)+0-J(3,2) =0+0.4-2+0.6-0+0-0 = 0.8, where the factors 0.4, 0.6,
and 0 make up the second row in table (1) in Example 1.9. If u = 1 is chosen, the
expected cost is fo(1,1)+1-J(3,2) = 1. The minimum of the numbers 0.8 and 1 is
0.8, attained for u = 0.

Finally, put x, = 2. If u = 0 is chosen, we get fo(2,0) +0.2-J(3,0)+0.4 -
J(3,1)4+0.4-J(3,2) =0+02-2404-040.4-0=0,4. If u = 1 is chosen, we
get fo(2,1)+1-J(3,2) =0,5+1-0=0.5. The minimum of the numbers 0.4 and
0.5 is 0.4, attained for u = 0. We summarize our calculations thus:

J(2,0)
i

4 J(2,1)=0.8 J(2,2)=0.4
0 uy =0 uy =0

4)

Let us compute J(1,x;), x; =0, 1, 2, in the same way.

Letx; =0.If u=0is chosen, we get f5(0,0)+1-J(2,0)4+0-J(2,1)+0-J(2,2) =
2+4+1:-440-0.840-0.4=6.If u=1 is chosen, we get fo(0,1)+1-J(2,2) =
5+41-0.4 =5.4. The minimum, 5.4, is attained for u = 1.

Next, let x; = 1. If u = 0 is chosen, the expected cost is fo(1,0) +0.4-J(2,0) +
0.6-J(2,1)40-J(2,2) =0+0.4-440.6-0.8+0-0.4 =2.08. If u = 1 is chosen, the
expected cost is fo(1,1)+1:J(2,2) =1+40.4 = 1.4. The minimum, 1.4, is attained
foru=1.

Finally, let x; = 2. If u = 0 is chosen, we obtain f;(2,0)+0.2-J(2,0)+0.4-
J(2,1)+0.4-7(2,2) =0+0.2-4+0.4-0.8+0.4-0.4 = 1.28. If u = 1 is chosen,
we get fo(2,1)+1-J(2,2) =0.5+1-0.4 =0.9. The minimum, 0.9, is attained for
u=1.

This gives the following table:

J(1,0) =54 J(1,1) =
(5) ) -
u 1

1.
=1 u 1 u
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From (5), we now conclude that if two production days remain, we always repair
the machine, whatever its state. If only one production day is left, then it is too
expensive to repair the machine for such a short spell of time. O

In the next example, we go back to a very simple probability structure. (Recall that
any minimization problem can be rewritten as a maximization problem by changing
the sign of the criterion function, and in case of minimization, we get minimization
also in the optimality equation.)

Example 1.12 (Linear quadratic multidimensional problem). Let H' be the trans-
pose of the matrix H, and call a symmetric n X n matrix positive definite if, for all
x €R", x# 0, x'Hx > 0, and positive semidefinite if x'Hx > 0. Consider the follow-
ing problem with n state variables and r control variables:

min E
U, UT

Y x;R,xt—Fu;Qtut] : (1.20)

0<t<T

where R; and Q, are given symmetric positive definite square matrices. The mini-
mization is subject to the condition (equation)

X1 =Ax;+Bu,+€&, u €R', xp givenin R", (1.21)

where A; and B, are given n X n and n X r matrices, respectively, and where the ran-
dom variables & are independently distributed with mean zero and finite covariance
matrices, their distributions being independent of history.

Solution. We will need the following result: Let Q be a symmetric and positive defi-
nite r X r—matrix, let C be a symmetric and positive semidefinite n X n—matrix, let A
be a n x n—matrix, and let B be an n X r—matrix. The following equality is obtained
by a completing-the-square argument presented below:

h(u) := ' Qu+ (Ax+Bu)'C(Ax +Bu) = (' +XH")K (u+ Hx) +x'Jx, (%)

where K = Q+ B'CB, H =K 'B/CA, J = A'/CA — H'KH = A'CA —A'CB(Q +
B'CB)~'B'CA (K is symmetric and positive definite).
The equality (*) follows from h(u) =

' Qu+u'B'CBu+x'A'CAx+x'A'CBu+u'B'CAx

= u'Ku+x'A'CAx + X A'CBK'"'K'u+u'KK ' B'CAx
=u'Ku+uKHx+xH Ku+xHKHx+x'Jx

= (' +XH)K(u+ Hx) +x'Jx.

The minimum point and minimal value of (u) are evidently given by

u=—Hx, minh(u)=x"Jx. €)
u
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Define the symmetric, positive definite matrix C; by the (backwards) Riccati
equation

Ci =R +A,Cr1A; — (A/C+1B:)(Qr + BjCr1B,) ' (B/Cr+1A,), (1.22)

Cr41 = 0. As a backwards induction hypothesis, assume that J(¢,x) is of the form
X' C;x+d; for t replaced by ¢+ 1 and let us prove that then the formula is also correct
for ¢ (it is correct for t = T, for Cr = R7,dr = 0). Using the induction hypothesis,
the optimality equation is:

J(t,x) = muin{x'Rtx—i— WQu+E(Ax+Bu+¢g)Coi(Ax+Bu+g)}t+di
Now,

E[(Atx +B[M + 8[)1C1+] (Atx—O—Blu + 8[)] = (Atx+Blu),C[+] (A[X"’Bﬂ/l)
+E[(A[x+ Btu)/CH_lS, + S;Ct_i,_l (A[.x+ Btu)} +E(8;CI+18t), (1 23)

where the second term on the right-hand side vanishes. Only the first of the three
terms is relevant to the minimization, because the third one is independent of u, so

J(t,x) = min{x'R.x +u' Quu+ (A;x + Bu)' Cry1 (Aix + Bu) } + d,
u

where d; = E(€]C,11&) + d;11. Using (*x), we have that the optimal control u = u,
satisfies u; = —D,x, where D, = (Q; + BC;+1B;) ' B/C,11A,. Moreover, using (%)
and (1.22), we get J(¢,x) = xX'C;x+d;, where d, satisfies the backwards recursion

dy = dpyy + Zi N/ C

1N = Cov(g),dr =0,

(the top indices ij indicating elements in the matrices). We have obtained results
in conformity with the so-called “certainty equivalence principle,” namely that the
control is the same as that obtained by taking expectation on the right-hand side of
the state equation, i.e., by putting & = 0, as if there were no uncertainty. This is
a rather exceptional result, completely dependent on the particular structure of the
problem. (]

Proof of the optimality equation (1.18), (1.19)

The proof is provided for the specially interested reader and we assume that V is
finite. Write z; = (x;,v;). For simplicity, fo(s,.,.,.) is assumed to be independent of
vs. We define, as before,

T
J(I,Zf) = Ssup Eut,m,ur [ZfO(S7XSaMS(ZS)) ‘ Zt‘| ; (124)
Uty UT s=t
fort < T, with
J(T,zr) = sup fo(T,xr,ur). (1.25)

ur
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The optimality equation to be proved is

J(t—1,z-1) =sup{ folt — L, xi—1,us—1) + Ey,_, [J(t,Z) | z—1]}. (1.26)

Ur—1

In the proof, we shall consider a larger class of control policies, namely the general
history-dependent controls u(zy,...,z). Thus the controls are allowed to depend
on all previous events v and states x. The proof to be presented makes it possible to
answer the following question: Is it possible to achieve even better results if we are
allowed to select policies from this larger collection of policies?

The argument below uses the following iterated expectation rule that can be
found in standard texts on probability theory (see also the Appendix):

EY|Xi,....Xy)| =E[E[Y | X1,....X%] | X1,..., Xpn] ,m < n.

Let us write J(z,z_.,) for the value that results when the policies in (1.24) are chosen
from the class of policies us(z—.5) := us(z1,- - - ,25), where the symbol z_,; means the
sequence (zj,...,2s), and where we condition on z_,, rather than on just z;.

Write ES~! .= Ey_,..u; (if the probabilities  do not depend on the controls,
drop the superscripts s — 1 and s on E below, the reader may want to concentrate on
this slightly simpler case). The following sequence of equalities will be explained
shortly:

T
J(s—1,ze51) = sup E*! l: Z Jo(T,Xz,u(Z-.7)) |Z—‘S—l}

1zs—1 T=s—1

f()(si ]axs—l7us—](z—>s—1))

sup
ug1(°)

T
+supES~! {Zfo(ryxﬁur(zﬁf)) | Zsm1 H

t>s T=s

= sup {fo(s—l,xxl,usl(zﬂl))
us—l(‘)

4 supES! [Es { ifo(fyxnur(zﬂr)) |Zﬂs} | zﬁng

t>s T=s§
‘ T—s—1 }:|

= sup[fo(s — Lxy_1,uy—1) + ES I(5,Z0) | 2o5-1]]- (1.27)

Us—1

— su;()){fo(s—lyxshus1(Zﬂ1))
ug—1(-

T

ZfO(T7XT7MT(Z*>T)) ‘ Z_.g

1=s

+ES! {supEs

t>s
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Here sup,~.,_; means the supremum over all policy sequences s (+),...,ur(-), and
SUp; . has a corresponding interpretation. In the last line, u,—1(.) and us—1(z—5—1)
are abbreviated to u,_;. The first equality repeats the definition. The second equality
follows from a general rule stating that joint suprema equal iterated suprema (so we
can first take supremum over u,(-),...,ur(-), and afterwards over u,_1). The third
equality is the iterated expectation rule. The fifth (last) equality follows from the
definition of J(s,z_s). The fourth equality requires a few more words: Consider the
problem of finding the supremum of asum Y’ a;(w;)g;, g; > 0, where the variable w;, for
every i, can be chosen from some set W;. Evidently, sup Y. a;(w;)g; = ¥ supa;(w;)g;, to
“maximize” the sum, make each term as large as possible, a rule that works when there
is no interdependence between the choices of the different w;’s. The supremum in the
fifth line is of this type: Given z_,;_1, the inner expectation depends on Xj, V;, and
us(.),...,ur(.), the dot indicating here (as elsewhere) functions (i.e., the functional
forms of these controls), when we calculate this expectation, we then imagine that
the X;’s occurring both in fy, uz, T > s, and in the probabilities appearing as factors
in the products are expressed by means of Xy, V, and the controls, using the differ-
ence equation. Write z; = (f(s — 1, x5 1, us—1(2—s5—1), Vi), i), When i runs through
{1,...,m}, these are the possible values (Xj,V;) takes. The outer expectation is
a sum of the type Y a;(w;)q; where g; is the probability Py (Vi|xs—1,us—1,Vs—1)
and where Wi = (Ms(zﬂsfl ;Zi)a Us+1 (Zﬂxfl 7Zi7zs+l)a (X 7uT(Z~>A‘71 7Ziyzs+l g 7ZT))-
Here z_,,_ is fixed and w; = w;(zs11,...,27), i = 1,...,m, can be chosen inde-
pendently of each other. (This point in the proof makes essential use of the history-
dependence of the controls.) But then, as was just seen, the “sup” can be taken inside
the sum, in other words, the fourth equality is valid. |

Note that the supremum in the last line in (1.27) is evidently the same whether we
consider u#,_1 to be a vector ranging through U or a function ranging through the set
of history-dependent controls; it is the latter version of (1.27) that we obtained from
the arguments above, see the last line in (1.27), where, by the way, Es! evidently
can be replaced by E,, (. ).

Having justified (1.27), we shall prove that for all s, J(s,z—s) = J(s,%s,vs). The
proof goes by backwards induction. Consider first the case where s = 7. By defi-
nition, J(7,z—.r) = sup,,. fo(T,xr,ur). The supremum and hence J(7;,...) depend
only on x7. By induction, assume that we can write J(s,z_.5) = J(s,Xs,vs). Take a
look at the last line in (1.27). By the induction hypothesis, we can replace J(s,Z_;)
by J(s,X;,Vs). Disregarding u,_1, the expression E,,_, [J(s,X;,Vs) | z05-1] =

EMS,1 [J<Saf(s_ 1axs—l7us—l7‘/s);vs) | Z—>s—l]

depends on z_.;_; only through (x,_1,vs_1) (remember that the probabilities needed
to calculate this conditional expectation depend only on x;_1,vs—1). Hence, the
supremum in the last line is a supremum of a function only depending on xs_1,v_1
(and s) in addition to the “maximization” variable u;_1. Thus, this supremum de-
pends only on x;_1, v, (and s), so we can write J (s — 1,z 1) =J (s — 1, x5—1,v5_1)
and the induction argument is finished. From this it follows that (1.26) is satisfied.



22 1 Stochastic Control over Discrete Time

Let us next consider the necessary and sufficient conditions connected with the
optimality equation for a sequence of controls u; (x;,v;) to be optimal. First, write

T
J(t7xlavf;ul) e 7uT) = Eu,,...,ur ZfO(S7XSauS(ZS)) | XtsVt | s
s=t

and note that J(z,x,,v;; 4y, ..., ur) satisfies

‘](t_ laxfflvvtfl;utflw . .,MT) = fo(t_ 1,x17|7ut,l(217]),\/[71)
+Eu,_](z,_|)[J(t7Xt7‘/t;ut7- "7”T)‘xt—17vt—1]- (128)

(This is a special case of the optimality equation, in which there is a single choice
available for u;_;, of course the equality follows by the double expectation rule
again.)

First a proof of sufficiency: Suppose that the suprema in (1.26) are attained (i.e.,
sup can be replaced by max), that maximum is obtained by the vectors i | (x;—1,v¢—1)
for all 7, and likewise that max in (1.25) is obtained by uj.(xr) = uj (x7,vr). Then,
by definition, u}(xy) gives us the optimal optimal value J(T,xr) = J(T,x7,vr).
Now, letting ¢ = T in (1.26) and using J (T, X7, Vr) = J(T, X7, Vr,u} (x7)), it follows
from (1.26) and (1.28) that J(T — 1,xp—1,vr—1) =J(T — L,xgp_1,vr—15t_ |, uy).
(Remember that u}_ | gives maximum in (1.26) in this case.) As a backward induction
hypothesis, assume

J(t,x0,v0) = J (8,0, v5uf ... up). (1.29)

Substituting the latter expression for the former one in (1.26), and using the fact that
u;_; gives the maximum, by (1.28) we obtain (1.29) even for # — 1. Thus the equality
(1.29) holds for all #. This means that the policies u; are optimal: The optimality
equation is a sufficient condition for optimality.

Next, let us prove necessity. So let u(.,.),...,uy(.,.) maximize the criterion
(1.13). If, by contradiction, u?(x,vs) for some x;,vs does not satisfy the opti-
mality equation with ¢ — 1 replaced with s, then we know that J(s,xs,vs) is >
J(8, X5, vssu5 s, ... uz). If we know that we can attain (xy, vy) with positive con-
ditional probability, given x,_1,v,_1 and using u;_,, then, the optimality equation
gives that also J(s — 1,xy1,vs—1) > J(s — 1, x5 1,vs—15 uy_y,uy,ui, ... uz). If we
also can obtain a pair x,_1,vs_; with positive conditional probability, given x;_5,vs_»
and using u}_,, such that (x,,v;) can be attained with positive probability, given this

Xy 1,Vs—1, then J(s —2,x5 2,v52) > J (5 —2,X5 2, Vs 23Uy_p,Uy_1, Uy, Uy | .. UT).
In this manner, we can continue backwards and obtain that J(0,xo,vo) > J(0,xo, vo;
U, Uy, Uy, uy g ..., uy) if there is a solution sequence x7, ... . ., xj of (1.12), given

uf,t < s, such that (x},vs) can be attained with a positive probability. A contradiction
has arisen. This argument entails that the optimality equation is also necessary, at
least for points (x,—1,v,—1), the occurrence of which has a positive probability, given
Uy, Up. O

In practice, we often search for control functions that satisfy the optimality equation
for every x;_1,v;—1.
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Let us write down in a more precise form what we have now proved (see Theorem
1.21 for a slightly more precise version in case V is nondiscrete).

Theorem 1.13. If a sequence of pairs (u} (x;,v),J(t,x;,v)), t =0,...,T, has been
found such that the optimality equations (1.19) and (1.18) are satisfied for all
(xr,vr), respectively, (Xi—1,vi—1), uf(xs,vy) yielding maximum in the equations,
then uf = u;(x;,v¢),t =0,...,T, are optimal. On the other hand, if u} = u; (x;,v;),
t=0,...,T, are optimal, then in the optimality equations (1.19), respectively (1.18),
where now the optimal value functions appear, these controls must yield the suprema
at any (xr,vr), respectively (x;—1,v_1), that can be reached with positive probabil-
ity from the given start point xo, given u; = u;(x;,v;),t =0,...,T. O

Letusnow return to history-dependent controls. We showed above that J (7, x;, v, ) =
J(t,z—). Now, considering only the case where suprema are attained (the general
case is only slightly more complicated), we now know from the sufficiency results
above that the u(x;,v;)’s coming out of the optimality equations are optimal,
hence, J(t,x;,v;) = J(t,x¢,ve3uf, ... u}) = J(t,z—). Thus, the more general history-
dependent controls do not “achieve more” as measured by the criterion than Markov
controls.

Remark 1.14 (Complete observability). Important questions in stochastic optimiza-
tion over time are what it is possible to observe and what it is necessary to remember.
We need to be able to observe the x;,v,’s, but we do not need to store past values, in
order to behave optimally. If the probabilities 7 and fy(z, ., .,.) do not depend on vy,
we have noted that it does not do any harm, if the v;’s are unobservable. If, however,
say, the x;’s are only “partially observable,” then the controls depending on these
“partial observations” (even on their entire history) will frequently be inferior to the
optimal ones in the inaccessible “completely observable” case. A particular type of
such problems is discussed in Sections 1.7, 1.8 below. O

Remark 1.15 (Control sets U (t,x) and fo = fo(t,x;,u;,Vi+1)*). Let us note that even
in the current setting, the control set U can be allowed to depend on ¢, x, we can allow
sets of the form U(t,x,) = {u € U* : hi(t,x;,u) > 0,i=1,...,i*}, U* some given
subset of R”. Compare Remark 1.4. We can even allow %; to be independent of u.
(Then U (t,x;) = U* if h;(¢,x;) > 0 for all i, and U(z,x;) = @ if not all 1;(¢,x;) > 0.)

Note that for t < T, the maximization in the optimality equation must actually be
restricted to U*(r — 1,x,—1) :=={u € U(t — 1,x,—1) : (f(t — 1,x—1,u,V,),Vi) € O(¢)
a.s.}, where O(¢) = {(x,v) : J(t,x,v) > —eo}. This follows from the fact that if the
property (f(t —1,x_1,u,V;),V;) € Q(t) a.s. fails to hold for any given u, then for
this u, the expectation term in the optimality equation equals —eo, see, e.g., (1.17).
IfU*(t—1,x,_1) is empty, J(t — 1,x,_1,v;_1) equals —eo. (We assume J(7,x,v) < oo
for all 7, x,v.)

Sometimes, situations are encountered where the instantaneous reward equals
Jo(t,x ur,vey1), ice., the reward depends on a future random shock V,yj. In
equation (1.18) then fo(r — 1,x_1,u,—1,v;—1) must be replaced by E,, [fo(t —
Lxe—1,u-1,V4) | Xr—1,v¢—1]. Furthermore, J(T,xr,vr) = sup,,. Eu, [fo(T,xr,ur,
vr41)|xr,vr]. (To see this, note that it is possible to rewrite such a problem on the
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form considered earlier, by putting Z; 1 = fo(¢t, X, us,Vi+1), Zo = 0, with Z as a new
state variable, and then maximizing ):zT:o Z;+1 instead of the original criterion.) [J

Remark 1.16 (Stochastic Euler equation). Sometimes, a problem of the following
form is encountered:

T
max E ZF(H— L,X, X, +1,Vi41) |, xo given, xp,...,x741 free (1.30)
=0

(i.e., subject to choice in R), V1| governed by a conditional probability distribution
P, (v|x;,v;) or a conditional density p(v|x;,v,), F a C'-function.

Such problems can be solved by using the so—called Euler equations, which take
two forms (F, and F3 are derivatives): Fort =0,..., T — 1,

E[F(t + 2,41, %42 (X1, Vit2), Vig2) X1, Vig1]
+F'3([+lv-xlaxter"yl«Fl):0 (131)

(expectation with respect to V;5), and for ¢ = T, the first term drops out, so:
F3(T+1,xT7xT+1,vT+1) =0. (1.32)

The solution method is as follows: First, solve (1.32) for x7. 1, to obtain a function
X741 = X741 (X7, vr4+1), NExt, insert this function and r = T — 1 in (1.31), solve this
equation for x7 to obtain a function x7 (x7_1,Vr), insert this function and r =7 —2
in (1.31), solve this equation for x7_; to obtain a function x7_1 (x7—2,Vr—_1), and so
on backwards. (Generally, the optimal choices of x; depend on x;_; and v;, but on
nothing more.)

To see that (1.31) is correct, note that if we replace X4 by u,+1 and X; by u,, and
next put ¥;41 = u, then the sum in (1.30) equals Z,T:OF(I + LY, w1, Vi) =
Zllel F(t,Y;,u,,V;). Now, given a sequence of optimal policies {u (y;,v¢)}s, in
the current case the term E[J(¢,Y;,V;)|y;—1,v,—1] in the optimality equation equals
E[YIVF (s, Yy, us(Ys, Vi), Vi))|yr—1,vi—1]). Because only the first term in the sum de-
pends on u,_j(=Y;), then when differentiating in the optimality equation with re-
spect to 1,1, where we have inserted y, = u,_1, and using the envelope theorem
(i.e., disregarding the term u, (y;,v;) = u; (u;—1,v;), we get that

0="F(t—1,y—1,u—1,vi—1) FE[F(t,u—1,u,(ye, Vi), Vi) [yi—1,vi-1]-

ReplaCing (t_ 1ayt*17uf*17”tf(yl?‘/l)) by (t+ 1axt7xl+17-xl+2(xl+l7vl+2))’ we get
(1.31). 0

Remark 1.17 (History dependence versus Markov dependence*). Why don’t we
need history-dependent controls? Some new arguments will now be presented. First,
take a look at a much simplified situation: Suppose T =2, f =0, fv(0,.,.,.) =0,
Jfo(l,.,.,.) =0, x; is a constant, which we then ignore. Insert a history-dependent
control u5(Vy,V2) in the criterion, which now is E[fy(2,u3(Vi,V2),V2)]. Can we find
a function u(V,) giving as good a criterion value? Intuitively speaking yes: We might
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for example get a proposal for such a control by considering maxy, fo(2,u5(Vi,V2),
V>). Supposing that a maximum point exists for all V,, it would then be one of the
function values of u}(.,.), and the value would be a function only of V,. Hence a
function u, (V) would exist such that fy(2,u.(V2),V2) > fo(2,u5(V1,V2),V2). The
criterion value for u,(.) would be > the one for u*(.,.).

A (much) refined argument of this type is used by Arkin and Evstigneev (1987)
to show that Markov controls suffices.

Another argument, that we want to be “forward-looking,” is the following. Define
as before

T
J(t,z)= sup Ey o | Y fols, Xeous(Zos)) | 2| 5 (1.33)
s=t

Uty...,uT

where the supremum is taken over all history-dependent controls. Let us show the
equality J(¢,z—;) = J(t,z), i.e., let us show that when z is given, the supremum
in (1.33) is independent of z,/,#' < r. Let {u,} be any given sequence u;,...,ur of
history-dependent controls, and let us denote by Jy, }(¢,z—) the value of the crite-
rion in (1.33) obtained by deleting “sup.” Let ztl, and ztz,, ' <t be two sequences
of values of zy,t" < t. For is(z,Zii1,...,2Z5) := us(z(l),...,zt1717z,,Z,+1,...,ZS),
we have that Jiay(t,23, . ,22 1.21) = Jpu (1,28, - ,2— 1 %), because the controls
is(.) and u; give the same X;’s, s > t, given z, and the ztl,’s. Then, surely, we
have J(t,23,...,2% | z1) > Jiu3 (8,29, -5}y, 7). hence even (23,2 7)) >
J (t,z(‘), e ,z,[] ,Zr). A symmetric argument gives the opposite inequality, hence we
have equality and so independence of zy,...,z;—1. Then, moreover, for any given ¢,
the supremum in (1.33) can be found by restricting the controls to be of the type

ugl)(zt, ...,Zs), in particular, u,m is of the form u,(t)(zl). Assume that supremum in

(1.33) is attained for a sequence of controls ugt) (Zryeees2s)y8 >t

For any sequence of controls us(z_.),s =0,1,2,..., by optimality of uﬁ’),

t—1
J{MAY}(O,Z()):E ZfO(SaXSauS(ZHS)”ZO +E[J{ux}(t’zﬂt)|zo]
5s=0

t—1
SE |‘Zf0(S7XYauA‘(Z~>S))|ZO +E[J{u<z)}(t7zr)|20}- (134)
s=0 s

Define

= (g o).y @)oot @)ty o) G 02) ).
Let {u}*(z_s)} be any given sequence of history-dependent controls. Moreover, let
“is better than” mean “has a criterion value no less than the criterion value of.”
Evidently, using (1.34) fort = 0 and {u,} = {u}*}, we get that u is better than u}*.
Next, using (1.34) for t = 1 and {u;} = u:{ , we get that uf is better that ug . Then,
using (1.34) for # = 2 and {us} = u;, we get that u; is better than ], and so on.
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Hence, for any 7, u;" is better that {u}*}. This holds in particular for z = T, and u;
consists only of Markov controls.

We should rather not assume that the maximum in (1.33) is attained. It it is pos-
sible to work with a modification of the proof where ugt)(zt, ...,Zs) only brings
us within a distance of &/2' from the supremum. Then ug has a criterion value
> —¢g/29+ the criterion value of u}*, u] has a criterion value > —¢/2'+ the crite-
rion value of uj and so on. Then, " has a criterion value > —/20 —... —€/2'+
the criterion value of u*. Letting € | O yields again the conclusion that the supre-
mum of the criterion is not influenced by restricting the controls to be Markov ones,
rather than history-dependent. (When ) is nondiscrete, an argument is needed to
show that uy) (z,---,2s) can be chosen to be at least “minimally well-behaved,” it is
dropped here.) O

Remark 1.18 (Retarded systems can be rewritten as nonretarded ones*). We now
generalize the standard problem (1.12), (1.13). In a retarded system that we shall
now consider, P (v;+1].,.,.), fo, and f depend also on past values of x and v. Thus,
in conformity with earlier notation, write x_; := (xo,...,%), v—; := (Vo,..., V1),
P (Vesr |y uy vest)s fo(t,x,up,v—y) and f(t,x_,u,v—41). Now, the controls
must depend on the history, the controls have to be of the form u,(x_;,v—,). Then
the optimality equation reads:

‘I(t_ 17x—>t—17v—>l‘—1) = Ta?{fo(l‘_ 17x—>t—17ut—17v—>1‘—1>)
r—

+Eut,| [J(taxﬂtfl aXlav~>Z717Vt)|x~>t71aV—»tfl}} (135)

The sequence of equalities in (1.27) actually establishes the optimality equation
also in the current problem. In such problems, controls u(zo, ...,z ) can give better
results than Markov controls.

This retarded problem can be rewritten as a nonretarded one, by changing the
definition of the state. Define the new state vector to be £ = (xg,....,%,0,...,0) €
R™T+D 9, = (vo,...,v,,0,...,0) € RYT+1) (assuming that V is a subset of RY).
Write fo(t,%,u:,%) = fo(t,x_s,u;,v_;). Then the original problem can be ex-
pressed as:

maxE Y fo(t, %, ur, ;) (1.36)
1

subject to
xAtJrl = fA(tvalauta‘erl) = (XO,. . ~axtvf(taxﬁlautavﬂwl),oa s 70) (1.37)

(the last vector having n(T 4 1) components), where the component V; | in V.,
is distributed according to B, (v|%;, u;, ;) := P.(v|t,x_;,u;,v_;), (of course, the other
components are fixed because ¥, is given). Now, the Markov controls (policies) i (.)
depend on the state (£, 7;), and one can apply the optimality equation to the (£, V;)-
system. The problem has become nonretarded.

Assume that P, (vt,...), fo and f also depend on past values of u,, for example
let P (v|...) = P, (v|x_s,u_;,v—;). Now, introduce a new state variable wy, governed
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by w1 = u;, (where wy is an arbitrary vector). Then we can write B (v|...) =
P,(v|r—s,ur,v—y), where r, = (x¢,w;) = (x;,4,—1), and similarly for f; and f. Hence,
replacing x by r brings us back to a problem of the previous retarded type. O

Example 1.19 (Problem with a “hard” end constraint). Consider the problem

maxE | Y —u?/2],
0<1<2
subject to
X1 =X +u +Vipr, x2>2as.

(i.e., with probability 1), u, € (—,2],x0 = 0.5. Here, V; takes values in {—1,0},
and Pr[V, = 0] =3/4, all V; being i.i.d.

Solution. Using Remarks 1.4, 1.14, as always, let us solve the problem backwards:
J(2,x0) =0ifxy >2,J(2,x7) = —o0 if x5 < 2, ur = 0. Next, consider the equation

J(1,x1) = max{—u /2 +EJ(2,x +u; +V»)}. (a)

If possible, a u; must be chosen such that J(2, x| 4+u; +V,) > —co with probability 1,
ie.,
x1+u—1>2<u; >3 —x, (b)

otherwise there is a positive probability (in fact at least 1/4), that x, becomes <2
(which is forbidden), and which is taken care of in the current set-up by the fact
that the expectation in (a) then has value —eo. Thus u; must, if possible, be chosen
such that (b) holds. The best u; that can be chosen lies at the left boundary of
the set U*(1,x1) :={u:u>3—x}N(—o0,2] = [3—x;,2], if 3 —x is positive,
otherwise u; = 0 is chosen, i.e., u; = max{0,3 —x;}. If 3 —x; > 2, ie., 1 > xy,
then U*(1,x;) = 0 (here meaning that the end condition cannot be met). Hence,
J(1,x1) = —(max{0,3 —x;})?/2 if x; > 1 and J(1,x;) = —oo if x; < 1. Finally,
consider the equation

J(0,x0) = max{—u?/2+ EJ(1,x0+uo+V)}. (©)

At the first step, we don’t need to calculate J(0,xo) for all xy values, only for the
given start point xo = 0.5. If ug is chosen such that x; = 0.5+ up— 1 < 1, (up < 1.5),
then J(1,0.5 4+ up + V1) has value —eo with positive probability, so if possible, we
avoid such a value. We restrict the value of ug to U*(0,xp) := (—0,2] N[1.5,00) =
[1.5,2]. The right-hand side of (c) becomes {—u3/2 — (3/4)(max{0,2.5—up})*/2—
(1/4)(max{0,3.5 —up})?/2} =: ¢(u) when ug € U*(0,x0). Now, ¢ is concave and
at up = 1.5 it has the derivative ¢'(1.5) = —1.5+ (3/4)(2.5—-1.5)+ (1/4)(3.5—
1.5) = —0.25, which shows that up = 1.5 yields maximum. Thus uy = 1.5,u; =
max{0,3 —x; },up = 0 are optimal. In fact, u; = 3 —x; in all actual runs of the
process, as 3 — x| never becomes negative.

(If Pr[V; = 0] = 1/4, then ¢’ (up) = 0 for uy = 14/8 € (1.5,2), so this is the
optimal u in this case.) ]
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In Example 1.28, the condition x, > 2 a.s. is replaced by Ex7 > y, and the problem
is solved by means of the stochastic maximum principle.

Remark 1.20 (Technical note*). Certain problematic questions have been glossed
over in the presentation so far. When V is finite, there are few problems, in par-
ticular the criterion (1.13) is always defined, but its supremum may be infinite (so
J(t,x:,v,) may be infinite). If ) is discrete but nonfinite, for any given policy se-
quence the criterion value may be infinite, or the expectation may not exist. Now,
the main use of (1.18), (1.19) are as parts of sufficient conditions, see the first as-
sertion in Theorem 1.13, in which we implicitly assume finiteness of the suprema in
(1.18), (1.19). When V is nonfinite, it follows from the assumption of finiteness of
suprema that E, [J(z, f(t — 1,x,—1,u,V;), Vi) |x—1,vi—1] < oo for all ¢, all u,x;—1,v;—1,
a strengthened version of this inequality is explicitly included as an assumption in
the theorem to follow.

When V is nondiscrete, the same problems arise, and in addition some “behav-
ioral conditions” on J(#,x;,v;) and the control functions are needed. The sufficient
condition in Theorem 1.13 is stated in more precise form in Theorem 1.21 below in
this case.

Define a function of several real variables to be separably piecewise continuous
(for short called sp-continuous) if it is piecewise continuous in each real variable,
i.e., as a function of any of these variables it has a finite set of discontinuity points,
it has one-sided limits everywhere, and it is right-continuous or left-continuous.

Theorem 1.21. If we have found sp-continuous functions J(t,x;,v;) satisfying
E[|J(t, f(t,x—1,u,V2), Vi) | |xe—1,vi—1] < oo for (xi—1,u,v,—1) € Xi—1(x0) X U XV,
as well as (1.18) and (1.19), with sp-continuous functions u; | (x;—1,v,—1) yielding
maximum in (1.18), (1.19), then the controls {u} |(x,—1,vi—1)};—1 are optimal in
the set of all sequences of sp-continuous controls {u; 1 (X;—1,vi—1) }r—1. O

(From the assumptions in Theorem 1.21, certain properties not explicitly stated fol-
low. For example, the sp-continuity of J(# — 1,x,_1,v,_1) puts certain restrictions
on the dependence of the expectation in (1.18) on (x,_,u_1, v,—1), compare the
stronger continuity conditions explicitly stated in case (c) and (d) below.)

Let us next discuss another question. Can conditions be stated that ensure at the
outset that a finite maximum of the objective in (1.13) can be obtained, and that
the above dynamic programming method does yield optimal controls? Below some
examples of such conditions are given.

Assume that U is compact. Then a maximum of (1.13) is attained, the maxima in
(1.18), (1.19) are attained for x;—; € X;_(xo), and controls u; | (x;—1,vi—1),%—1 €
Xi—1(x0) yielding maximum in (1.18), (1.19) exist in four cases now to be considered.

(a) V is a finite set.

(b) V is nonfinite but discrete, and fo(,x,u,v) is bounded, (i.e., for some K > 0,K >
| fo(2,x,u,v)| holds for all u € U,x € X;(x0), v € V).

(c) V is nondiscrete, fj is bounded, and, for all bounded continuous ¢ (x,u,v), the
function y(x;,us,ve) := Ey, [@ (x¢, e, Vis1) |, v¢)] is continuous in w = (xz, vy, u;) €
R"xVxU.
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(d) V is nondiscrete, (x;,us,v) — p;(v|xs,vr,u;) is continuous, [ |v|y;(v)dv < eo,
where y;(.) is given in (1.38) below, and, for some k, | fo(¢,x,u,v)|+|f(t,x,u,v)] <
k(14 |x| + |v|) for all ¢, all (x,u,v) € R" x U x V. (Then boundedness of fj is not
necessary.)

In the case (c), we can even let V; have a probability distribution that is a mixture
of a discrete one and one given by a density.

For the above conditions, the functions J(¢,x,v) become continuous in x, respec-
tively in (x,v) in case V is nondiscrete. If a unique maximum point always exists
in (1.18) and (1.19), even u; is continuous. (For these continuity results, see the
Maximum Theorem in Sydsaeter et al. (2005).) Now, if unique maximum points
do not necessarily exist, then the «,’s usually become at least sp-continuous (in ex-
ceptional circumstances they exhibits only weaker well-behavior properties, namely
so-called Borel measurability, see the Appendix).

When U is noncompact, results are not so neat. (Let us confine our attention
to the nondiscrete case.) Perhaps J(z,x,,v;) is not continuous. (For a simple cal-
culus example, note that max,cg{—u*(Inx)> — 2ulnx} equals 1 for x # 1, and
equals O for x = 1.) Usually, however, J(¢,x;,v;) becomes what is called lower
semicontinuous (Isc) in A;(xp) x V (a function h(y) is Isc if, for any ¥ in its set
of definition, liminfy, 5 h(y,) > h(¥)). Generally, the supremum of an infinite num-
ber of Isc-functions (hence in particular of continuous functions) is again Isc, and
usually, taking the conditional expectation in the optimality equation also pre-
serves the lIsc-property, i.e., if J(¢,x,,v,) is Isc, then the conditional expectation
of J(¢, f(t — 1,x—1,u,—1,V;),V;) is Isc in (x,—1,u,—1,vi—1). (Note that if J(¢,x;,v;)
is Isc, then (x;—y,u—1,v¢) — J(t, f(t,X—1,us—1,v¢),v;) is Isc.) This surely holds if
Jo(t,x,u,v) is bounded for (x,u,v) € X;(x0) X U XV, (x;,u;,v;) — pr(V|Xse, ve, 1) is
continuous and, for all (x;,v;,u;) € R" x V x U,

pr|xe,ve ur) <y (v), w(v) some integrable function. (1.38)

(Then surely the criterion (expectation) in (1.13) is defined, and the supremum of it
is finite.)

Now, let us imagine that the only functions that we are able to integrate are sp-
continuous functions, but not, say, Isc-functions. (Often, taking conditional expec-
tation means finding a multiple integral, and we are able to integrate each iterative
integral with respect to the one-variable sp-continuous function in question.) Most
often, J(¢,x;,v,) and J(z, f(t — 1,x,—1,u,—1,v;),v;)) will not only be Isc but also be
sp-functions, so it is not problematic to work with such an assumptions in a suf-
ficient condition. Very often, the maximizing controls will also come out as such
functions. So it does not subtract much from the usefulness of Theorem 1.21 that
we work with such assumptions in that theorem.

As the reader can see now, when V is nonfinite, we have been slightly imprecise,
or sloppy, at certain points above, and we will continue this praxis.

At one point above, we mentioned a measurability concept. It should now per-
haps come as no surprise that more advanced books on stochastic dynamic program-
ming use measure theory with a vengeance. (]
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Remark 1.22 (Reformulation of the problem™*). When the probability distributions
are allowed to depend on (x;, vy, 1, ), for z; = (x¢, vy ), we write fo(z,z,u; )= fo(t, X, uy,
v¢) (in a sense we consider v; also to be a state). There is a probability distribution of
Z;+1, denoted Q,(z;,u; ), which is determined by the probability distribution of V|
and the state (difference) equation. Hence, the problem (1.13) can be rephrased as
follows: We seekmax E[Y. fo(,Z;,u,(Z;))] subjecttoZ, | governed by the distribution
Q. This is a frequently occurring formulation of dynamic programming problems.

a

1.4 Stochastic Maximum Principle in Discrete Time

Occasionally, it happens that one can find the solution of a problem more quickly
by using the stochastic maximum principle set out below instead of the optimality
equation. Essentially, the maximum principle can be derived from the optimality
equation. Hence it contains “no new information,” but it can be useful to start di-
rectly with this principle.

We shall only consider the problem (1.1)—(1.2) in Section 1.1, and again we write

Pr Vi1 = vlvg] = Ps(v]vy), (1.39)

thus this probability does not depend on x;,us, as it did in Section 1.3. We also
assume that U is convex.

Assume that the components f;, i = 1,...,n of f, fy, and the partial derivatives
fix> fius 1=0,...,n, (exist and) are continuous. Let u(xo,vo), ..., uy(x7,vr) be an
optimal sequence of policies in problem (1.2), with corresponding solution sequence
Xo, X{(V1), ..., X5(V1,...,Vr) of (1.1). In case V is nondiscrete, we assume the
controls to be piecewise continuous in each component of their arguments x;,v;.
This was called sp-continuity above. (Drop the sp-continuity if V is discrete, also in
the theorem to follow.) The following necessary condition is satisfied:

Theorem 1.23 (Necessary condition for optimality). There exists a sequence of
sp-continuous functions (s, xs,vs) such that the following conditions hold. For all
pairs (xg,vr) such that Pr[X; = xr, Vr = vr] > 0, (or in the nondiscrete case, that
the corresponding density is positive at (xr,vr)), and for all u € U,

Jou(T,xp,uy (xr,vr)) (u—uy(xr,vr)) <O0. (1.40)

Fors=1,...,T, forall pairs (xs—1,vs—1) such that Pr[X} | =xs_1,Vs_1 =v5_1] >0,
(or in the nondiscrete case, that the corresponding density is positive at (xs_1,Vs—1)),
and forallu € U,
0> {fOu(s* Lxs— 7’4:71 (xsfl 7stl))
+E[ll/(S,f(S - 17xS*l 7u:71 (XS,] 5 V‘Yfl)a‘/s)7vb‘) :
fu(s —1,x1 7u:71 (xsfl y Vs—1 )7VS)|V571] (u - M;,l (xsfl y Vs—1 ))7 (1.41)



1.4 Stochastic Maximum Principle in Discrete Time 31

where f, is the Jacobian matrix { f,-,,j} of partial derivatives with respect to uj,
Jj=1,...,r. The functions Y(s,xs,vs) are governed by (1.43) and (1.44) below. [

In the case where V is discrete, (1.41) can be written

[fou(s = Lxg 1,y (X1, v5-1))

+ Z {PS—I(VS|VS—1)W(S7f(S_ 1>xs—17u:_l(xs—17vs—1)avs>7vs)

=%

X fuls = g1t (v ), v) | (0= 0 (5, vee0) €0, (142)

where u € U. The equations determining (s, xs,Vs) recursively backwards are as
follows:

W(Saxs;vs) = fO)c(Saxmuif (XS,VS))
+E["I/(S+ 17f(sax57u;(xsaVS)aVS+l)7VS+l)fx(sax57u:(x_¥7vs)a‘/s+1)‘VS]'

(1.43)

Here f, is the Jacobian matrix { f,-xj} of partial derivatives with respect to x;, j =
1,...,n. Moreover, the following terminal condition holds:

V(T xr,vr) = fou(T, X7, uz (x7,v7)). (1.44)

In the case where V is discrete, (1.43) can be written

W(Saxhvs) = fOx(saxﬁu;F(xsaVs))
+ Z {Ps(Verl‘Vs)lI/(sJF 1vf(SaXSauif(xs,vs)avs+l)aVs+1)

Vs+1 eV

X fr (8, Xy 1ty (X5, V5)y Vo) T (1.45)

The conditions (1.40)—(1.44) are called the stochastic maximum principle for dis-
crete time. Note that these conditions make it possible to compute y(,x;,v;) and u;
recursively backwards. First, use (1.40) to find u} as function of (x7,vr). Next, cal-
culate y(T,x7,vr) by means of (1.44). Then use (1.41) to find u}._, as a function of
(x7—1,vr—1) and then use (1.43) to find y(7 — 1,x7_1,vr—1). Then calculate uj._,
using (1.41) and then find w(T —2,x7_2,v7_2), using (1.43). And so on backwards.
We often construct a solution of (1.40)—(1.43) without taking into consideration the
conditions Pr[X;_| = x;_1,V,—1 =vs_1] > 0, Pr[X7 = x7,Vy = vr] > 0. Hence, we
disregard the fact that (1.40)—(1.44) need only be satisfied when strict inequalities
for the probabilities specified prevail (or corresponding inequalities for densities in
case of continuous variables V).

Note than when u}_, (xs—1,vs—1) is an interior point in U, then (1.41) holds with
equality when (u—u}_,(x;—1,vs_1)) is deleted (this follows from the original ver-
sion of (1.41)).

Using the envelop theorem, the formulas (1.40)—(1.43) can be deduced from the
optimality equation, if we assume that J is C' in x. (Differentiating the equation
with respect to x, using the envelop theorem, and letting W (s, xs,vy) = Ji(s, x5, )
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gives (1.43), and using the last equality and first order conditions related to the fact
that u*(r — 1,x,-1,v,—1) maximizes the right-hand side of the optimality equation
gives (1.41).) Let us sketch another derivation of the stochastic maximum principle
that does not make use of the C 1-assurnption on J. (In what follows, for the sake
of simplicity the reader may very well assume that x € R, in which case f; is a
number.)

Proof of Theorem 1.23 (sketch)

Write z,—1 = (x,—1,vs—1) and Z = (X,*,V;). Fix an integer s and choose a small
control wy_(zs—1) with the additional property that the control u;_i(zs—1) :=
wy—1(zs—1) + u}_,(zs—1) belongs to U. Let u;(z;) = uj(z) for t < s—1, and let
u :=u;(Z) fort >s—1.Fort > s—1, u, is not a Markov control, but a history-
dependent control, dependent on (xo and) vg, ..., v;—1 (x] is a function of these
variables, given ug, uj, ...). We saw above that a Markov control that is opti-
mal among all Markov controls is also optimal among all history-dependent con-
trols. Let us compute the effect on the criterion by changing from the sequence
{uf:s=0,1,...,T} to the sequence {us:s=0,1,...,T}. Let w,(z) =0, #£s—1
and let X;(V_,) be the path associated with u, when the controls u, are inserted in
the state difference equation (1.1). This will be the same as the path obtained when
wi(Z) +uf (Z]) is inserted, where Z = (X,*(V_,),V;). We then obtain that

T T
A=EY folt, X, (Z)) +wi(Z)) —E Y. folt, X u;(Z))
=0 =0
T
Y folt. X uf (Z)) +wil(Z)) — folt. X uf (Z)) |- (1.46)

t=s—1

From the state difference equation (1.1), we have as a first-order approximation that
Xs—xg = fu (s = 1) - ws1(z5_y) where fii (s — 1) := fu(s — Lxg_y,ui_y (z5_),vs)-
Moreover, in a compact notation,

Xl = X1 2 S, 15 (25), i) (6 — x5) = i (9) (s = x5)
Xer2 = Xgp0 2 S (s 1) (o1 —x530) = S (s 1 (9) (6 —x5)
and in general
Kokl = Xg i A fe (k) - 7 (9) (6 —x9),
where x; —x¥ & fii(s— 1)ws_ ( 1)- The terms in the latter sum in (1.46) for ¢ > s

approximately equal T @) (2 ) To:(@) == fox(t, X, uf (Z})). Using the approx-
imations for the differences (xt - x,*) just calculated, in the first order we therefore
get that A equals
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E | fiu(s= Dot (Z0) + fo,() i (s = Dwar (Z2)
+f0x(s+1)fx(s)fu(s_l)WS*I(Z;ZI)
o T T = ) fE 6= Dwe (Z)]

If we let W(s,x5,ve,) =

Jox(8) + for(s + 1)f () + -+ for (T (T = 1) -+ f1(s),

we can write this compactly as

AR E [fo (s = Dwem1 (Z5 )+ W(s.X] Voo ) fu (s — Dwsr (Z7))]. - (1.47)

The symbol (s, x},v,_.) means that ¥ at time s depends on x}, vy, ..., vr (given
uy, ..., up).

Fix a state Z, and choose wy_1(Z) = w, where w is small, u}_,(Z)+w € U, and
ws—1(z) =0, z # Z. (If V is nondiscrete, a similar perturbation is needed in a small
interval around Z, the details here are omitted.) If we read [ ] as the bracket in (1.47)
wehave A~ E[]=P-E{[]|Z;_| =z}, where P=Pr[Z}  =z|.1f A >0, then it
would improve the expected value of the criterion to rnake the change from u; to u;
for this choice of wy_1. Therefore, A <0, because { u} (X;*) :1=0,1,.. } is optimal.
When Pr(Z;_, = Z) # 0, we can now show that for z = (xs 1 Vs—1)s Xo | = Xe—1,

fgu(s_ 1)W+E[ll7(57Xj7VSH)f:(s_ 1) |x5'*17VS*1]W <0 (1.48)

forallw e U —u*(Z) = {u—u*(Z) : u € U}. The inequality (1.48) holds because we
cannot have PE{[] | Z; =z} > 0 for w = Aw, A small and > 0, because in that case
PE{[]|Z =z}~ A >0.

Note that

W, ve=) = fou(8) + {5+ D+ fou(s +2) £ (s +1)
o A DT =1 F s+ DA ()
= Jox($) + W(s+ 1x5,p,vs1-) /i () (1.49)

Thus we have the following recursive formula (difference equation) for y:

W(S’xs Vo) = fgx(s) +y(s+ lax;»lvVSJrlH)f;(s) (1.50)
with end condition
W(T,xp,vr) = fo,(T). (1.51)

Now define y(s,x;,vy) = f5.(s) + Es [W(s+ 1,X, |, Vsg1—) f7 (5)], where E; means
conditional expectation given x}‘7vs. By (1.50), we obtain that
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W(s,x5,v5) = fou(s) + Es[for(s+ 1)+ W(s+2,X; 15, Vira ) fi (s+ 1) £ (5)]

= fgx(s) +Es{fgx(s+ 1)
FE[W(s+2,X] 5, Vi) fi(s+ DX 1 Ve ] - £ ()}
= fo$) +Es[w(s+ 1,X), |, Vi) i (s)]. (1.52)

Now, for x; = x¥, (1.43) is the same as (1.52). Next (in a compact notation), by
(1.52),

Ex i {W(s, ) fu (s = 1)} = B { [fou(s) + W(s+ 1. ) () fu (s = 1)}
= Ex1{for(s) + (Es [W(s + 1, ) £ (s)]) fi (s = 1)}
=Ex{y(s,-. )} fuls—1).
Hence, by (1.48), (1.41) holds. O
In the theorem to follow, a sufficient condition is presented.

Theorem 1.24 (Sufficient condition). Let uj(xo,vo),...,us(xr,vr) be a sequence
of policies that, together with a sequence of adjoint functions w(0,x0,v9),. ..,
Y (T, xr,vr) satisfy conditions (1.40)—(1.43), ((1.40) for all pairs (xr,vr) and (1.41)

for all pairs (xs_1,vs—1)). Then u§(xo,vo),...,us(xr,vr) are optimal, provided the
Sunction (x,u) — fo(t,x,u) +y(t+1,x7,vi11)f(¢,X,u,v111) is concave for all pos-
sible values of x;_;,v;1 and for allt =0,...,T, with (T +1,.,.) = 0. O

(In case V is nondiscrete, add the assumptions that u(.,.) and y(¢,.,.) are sp-
continuous.) If X; is required to belong to given convex sets A, t = 1,...,T, then
concavity need only hold for x € X;. For a proof, see Exercise 1.23 below.

Example 1.25. Let us consider Example 1.5 in Section 1.1 again, and let us solve
the problem by means of the maximum principle. Now, by (1.44), w(T,x7,z7) =
(1—y)B"Bx;” and, by (1.43)

V(s,x5,2) = E [W(s + 1, Zg 1 {xs — ug(xg) }, Zos1) 'Zs+1] . (ix)

This equation has number (ix) and (i)—(viii) can be found in Example 1.5. Now,
us(xs) := ui(x) is determined by the equation

(1- ’)/)ﬁsu;y—FE[lll(s—F 1, Zg 41 (xs _”S)aZ.s+l)(_Zs+l)] =0. x)

We obtain (x) from (1.41) by replacing s — 1 with s and assuming an interior maxi-
mum point u 1= uj.

Let us solve the problem backwards. Because we know y(T,xr,Zr), then by (x),
we can find u7_1: We have

(1= uy?  +E[(1 =B B{Zr (xr 1 —ur—1)} '(=Zr)] =0,  (xi)
which yields

(1—y)B" 'u,” — (1—y)B" -BDr(xr—1 —ur—1) "' =0, (xii)
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where Dy = E {Z}fq . This is a first-order condition for maximum of the expres-
sion BT~ 1w~ + BTBD7 (xr_1 —u)' 7 that we maximized in Example 1.5, and the
solution ur_ is therefore given by (vi) in Example 1.5, i.e., ur_; = x7_ /C;/_Yl,
where C}/jl =1+ (ﬁBDT)l/y. Because uy_ is known, W(T — 1,x7_1,z7—1) can
be found from (ix). Using (C;/_y z — 1)Y= BBDr, we obtain

V(T —1,xr_1,z7-1) = E [(1— )BT B(Zr (x7—1 —ur—1)) 7 Zr]
-
(1—-y)B"'-BBDy (XT—l - lel)
C /Y
T—1
(=B =i - g
=(1-yB"Crax

where Cr_1 is given in (viii) as before, with C; = B. This means that (7T — 1,x7_1)

is of the same form as y(7,xr). Hence, ur_, is given by ur_, = xT_z/C;/jz
where C}/_yz =14 (BCr_\Dr_1)"/7 and w(T —2,x7_5,27_2) is given by y(T —
2,x7-2,27-2) = (1 — ¥)BT~2Cr_2x; ,~7. By continuing backwards, we again
obtain that u, is given by u, = xt/CtI/Y, where C,l/y = 14 (BC1 1Dy 1)Y7 and
v(t,x,z) = (1 —y)B'Cx; . In the above presentation, we have disregarded that
we actually need to observe the inequality X; > u,;, however the control u, came
out as satisfying this inequality (strictly), moreover sufficient conditions apply, see
Theorem 1.31. (We could have used the control w of Example 1.5, in which case
no state-dependent inequality appears; this, however, leads to slightly more compli-
cated calculations.) O

Remark 1.26 (Growth conditions*). For the above theory to hold in the case where
V is nonfinite, we actually need that the system satisfies certain “growth condi-
tions.” These can for example be: For some functions ¢ (¢,V;), for all i =0,...,n,
|f,'(t,0,Lt7Vj)‘ < ¢(I7Vj)’ |ﬁx_,'(t7xauavj)| < ¢(I’Vj)* ‘ﬁuj(t7x7u7vj)‘ < ¢(I7Vj) for
all x,u € U,V; €V, where

sup E[@(t,V))|Vj-1] < eo.
Vj,]EV

If V is nondiscrete, sp-continuity of (v,v,) — p;(v|v;) is assumed. O

Remark 1.27 (Terminal conditions). Let us make the following change in the prob-
lem: There is a mixture of soft and hard end constraints

(a) xi- = ¥ for i = 1,...,I with probability 1

(b) xi > & fori =1+1,...,m with probability 1
() Exh. =% fori=m+1,....,m

(d) Ex; > % fori=m'+1,...,m".
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(The constraints (a), (b) are called hard, the constraints (c), (d) are called soft.) We
call a control sequence admissible if it takes values in U, and if its corresponding
solution sequence satisfies all the end constraints. (In addition, if V is nondiscrete,
the controls are required to be sp-continuous.) Now, we may need to work with
general history-dependent controls i, (v_,), they may lead to strictly better criterion
values, at least when soft constraints of the form (c) or (d) appear in the problem,
see Remark 1.29 below.

Let u;(v—), t =0,...,T, be optimal, and write the corresponding solu-
tion as x;(v_,). Now define the Hamiltonian H (s, y,u, ¥,vsr1) := Wofo(s,y,u) +
W f(s,y,u,vsr1), Yo some number in {0,1}. The following maximum condition
holds: There exists a sequence of adjoint functions y(s,v_,s) and a number v
in {0,1}, such that, for all u € U, all v_,;_; that occur with positive probability
(positive density in the continuous case), 0 >

E[Hy(s — 1,x5 1 (vos—1) st (Vs 1), W8, V), Vi) [vess—1 ] (e — gy (v—5-1))

(1.53)
The adjoint equation is now
Y(s,v_ys) = E[He(s,x5 (Vo) iy (Vo) W(s+ 1,v541), Vot 1) [v—s)- (1.54)
Finally, the following transversality condition on y(7,v_,7) holds:
V(T,v—1) = Yo fox(T,x" (v—r)u” (v—1)) + pr(v—1). (1.55)

Here pr(v_r) belongs to R”, the components pr(v_7) for i > m are constants,
pr(vor) =0,i>m", and, as.,

i

0(=0ifx}(V.r)># as)fori=I1+1,...,m, and
0(=0if Ex}(Vor) > %) fori=m' +1,...,m".
Finally, (W, pr(V_r)) is different from zero with probability 1.

In case V is nondiscrete, add the assumption that u;(.,.) are sp-continuous, and
the property that (normally) y(z,.,.) and pr(.) are sp-continuous. Conditions of the
type of Remark 1.26 are again needed for the above result to hold if V is nonfinite.

If the variables V; take values in a finite set )/, then the above maximum prob-
lem can be reduced to a deterministic nonlinear programming problem in Euclidean
space, with a finite number of constraints, and from which the above necessary con-
ditions can be deduced. If V is nonfinite, e.g., if the variables V; are continuously
distributed, there are an infinite number of constraints, and one has to work in an in-
finite dimensional space, at least if m > 1 (m = 0 means no hard constraints). And, in
this case (m > 1), certain “constraints qualifications” may be needed, see Arkin and
Evstigneev (1987) in a similar situation. (Thus, in the case where V is nondiscrete,
completely precise necessary conditions are not stated.)

For yp = 1, the conditions are sufficient if (y,u) — H (s,y,u, W(s+ 1,v_511),Vss1)
is concave for all v_1 1.
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Arkin and Evstigneev (1987) have shown that if only hard end restrictions appear

in the problem, then as mentioned before, it suffices to consider Markov controls.
Imagine that a given problem is to be solved. One can start by trying to solve
the problem by assuming that u*(.,.) and y(.,.,.) are as in Theorem 1.23 (i.e., are
Markov functions), except that y(7,xz,v;) = y(T,x}., vr) has to satisfy (1.54), fora
pr(vor) = pr(xy,vr) satisfying the inequality and complementary slackness con-
ditions above. Occasionally, such a try may fail, but if it succeeds, then of course
one candidate for optimality that satisfies the necessary conditions (1.53)—(1.55) has
been found. To prove uniqueness of the candidate, (hopefully this will be the case),
then one may have to use (1.53)—(1.55) in full generality. This is not needed when
sufficient conditions applies. The current comment is used in the example to follow.
O

Example 1.28 (Problem with a soft end constraint). Consider the problem

y —u%/z] |

0<r<T

max E

subject to

() X401 = X, +u + Vg1, Xo given,

(ii) Exr >y, u, € (—0,2],
Vi+1 takes values in {—1,0}, Pr[V;11 =0] = p € (0, 1), y a fixed number. We assume
2T >y—xo+T(1—p).
Solution. Evidently, ur = 0. Let yp = 1. Now, y(T) equals a non-negative constant
a thatis 0 if Ex7 > y. The first-order necessary condition (1.41) yields
(i) —w—1 + E[w(t,x—1 +up—1 + V. Vi) - 1y ] = 0 if w1 € (—o0,2), replace =
by > if u,—1 =2.
The equation for y(t,x;,v;) is
V) y(t =1, x5 1,vi1) = E[w(t,x 1 +u 1+ Vi, Vi) - 1]

From the last equation, used backwards from time 7', we see that y will only de-
pend on time, so we write it . If we try the value a = 0, we get y/ ! =y 2= .
= y" = 0. Then (iii) yields u; = O for all # < T. Then (i) gives x7(Vy,...,Vr) =
X0 + Y1<i<7 Vi, which has expected value xo — 7(1 — p). If xo —T(1 — p) >y,

then ug = u; = ... = ur = 0 is a candidate for optimality. If this inequality fails
to hold, then we have to look for a suitable positive value of a: Then (iv) gives
Yyl =yl2=_. =y =aq, and (iii) gives u, = a,t < T, if interior solutions.

Then (i) yields xr = x7(V1,...,Vr) = xo + Ta+ ¥ 1<,<r V;i. A positive a requires
Exy =y, whichyield xo+Ta—T(l —p) =y,ie,a=(y—xo+T(1—p))/T > 0.
Fortunately, we have assumed 27 >y —xo+ T (1 — p), so u; = a < 2. Sufficient con-
ditions give optimality. (As far as the necessary conditions go, trying the alternative
vy =0 gives a # 0, i.e., a > 0 and EX7 = y. But, at the same time, the maximum
condition implies u#, = 2 and hence EXy = xo+27T — T (1 — p) >y, a contradiction.
Formally, at this point, the general versions of (1.53)—(1.55) should be used.) O
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Remark 1.29 (Nonexistence of an admissible Markov control*). In softly end con-
strained problems, in certain cases history-dependent admissible controls may exist,
but not Markov controls. An example is given in Exercise 1.24. It was said in Sec-
tion 1.1 that when P;(v|v;) does not depend on v;, then it suffices to consider Markov
controls u (x;), (more general controls do not give a higher value of the criterion).
In a trivial sense, this property fails in this example. Moreover, in Section 1.1 it was
also said that when P, (v|v,) does depend on v;, then it suffices to work with Markov
controls u,(x;,v;). This is no longer necessarily the case in softly end constrained
problems, as the above-mentioned exercise shows. 0

Remark 1.30 (Soft terminal constraints, another method*). Problems with soft ter-
minal constraints (c) and (d) (m = 0 above) can sometimes also be solved by means
of the optimality equation. Then the reward function fy(7,.,.) at time 7 has to be
modified by adding to it a term ¥ ;< A'(x}; — &), and using this in a free end
problem, denoted P A= (7L] e ,lm//). The solution obtained from the optimal-
ity equation will then depend on the numbers A;, and by varying these parameters
a solution is sought such that (c) and (d) are satisfied. If the AP’s also satisfy the
transversality conditions connected with (d), for pr(v_r)’ replaced by A, then an
optimal solution to the soft end constrained problem has been found. This method
represents a sufficient condition for finding an optimal solution in such problems,
it is not in general possible to show that the method is also necessary (i.e., that
there must exist A”’s yielding such a solution). Without being very precise, it fre-
quently fails in nonconcave problems. Compare the similar situation in nonlinear
programming, where it is not always the case that the Lagrangian is maximized,
though the first-order conditions related to such a maximization are satisfied by an
optimal point. In the current setting, these first-order conditions take the form of
the stochastic maximum principle. See also Exercise 1.22. Recall that the stochas-
tic maximum principle is a necessary condition. (When it works, the above use of
the optimality equation to find an optimal Markov control yields optimality among
all history-dependent controls in P* as seen before, and then also in the original
problem.) ]

Infinite Horizon

Consider the problem

T

maleim E [Zfo(t,Xt,u,(Xt,V,)) , x; €R", (1.56)
- =0

subject to
Xt+1 :f(tvxlvut(xtavt)avt+l)a X0,V0 given, U € UcC RrvU convex. (157)

Now, fo,f and P,(v|v;+1) can depend explicitly on 7, as written. Assume that the
conditions in Remark 1.26 are satisfied in case V is nonfinite, and that the limit in
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the criterion (1.56) exists for any given sequence uo(Xo, Vo), u1 (X1, V1), ... We state
a sufficient condition for such problems.

Theorem 1.31 (Sufficient condition). Suppose that the pair of sequences (X{(V1),
X5 (Vi, V), X5 (Vi,Va,V3), .. ug, ui (X1, Vi), u5 (X2, Va), . . ., satisfies (1.57) and (1.41)
Sfor some function y(s,xs,vs) satisfying (1.43). Assume that (x,u) — fo(t,x,u) +
W(t+1,x7 1, vee1) f(t,x,u,vi11) is concave for all possible values of x;, |, vi+1, and
for all t. Then the pair of sequences is optimal, provided the following condition is
satisfied:

fim inf E[y(e,X, Vi, Vi) V) (X (Vi V) =X (Vi V)] 20 (158)
Sor all admissible pairs of sequences (X1(V1),X2(V1,V2),X3(V1,V2,V3),....,up,
u1(X1,V1),u2(X2,Va), ..., Le., all pairs satisfying (1.57). O

Here (as well as in the sufficient finite horizon condition of Theorem 1.24), it is
permitted to have restrictions of the form h;(¢,X;,u;) > 0 a.s., forall r,i = 1,....,7
(h; continuous and quasiconcave in (x,u)) on the sequence pair (X, (V}),X>(V1,V2),
X3(V1,Va,Va), ... uo,u1 (X1, V1),u2(X2,V5), ... in order for the pair to be called ad-
missible. The concavity is only needed in { (x;,u,) : h;(¢,x;,u;) > 0 for all i}. (Again,
assumptions of sp-continuity of u} (x,v) and y(s,x,,vs) should be added in case V
is nondiscrete.)

1.5 Optimal Stopping

Consider the problem

So(s, Xy, us(Xs, V), Vy) (1.59)

T
max Ey, . .

s=0
when Xy = x is given, and

Xip1 = f(t, X, u (X, Vi), Vi), PrVigr = vlx,up, v = P (v|xg,u,v;)  (1.60)

where u;, t =0, ..., T are policies, u; = u,(X;,V;). Compared with the problem in
Section 1.3, the only difference is the T on top of the summation sign instead of 7.

Let us now assume that we can vary the length of the period during which we
let the process run. Hence in the maximization problem (1.59), 7 is also subject to
choice, in addition to uy, ..., ur.

We first assume that 7 is restricted to the range 0 < 7 < T — 1, with T given. By
a couple of redefinitions, this new problem can be changed to a problem where we
have a fixed horizon T. Let us add a new control value #* (“stop”) to those in U.
When we use u#® we end up in a special state x* outside of R”, which is sometimes
called the coffin state. When x* is reached, the process continuously stays in x°
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and no instantaneous rewards are earned. Thus, we extend the definitions of fy and
f such that x* = x,41 = f(¢,x,u’,v,) for all ¢, x;, v, while x* = f(¢,x*,u,v,), and
So(t,x*,u,v;) =0 for all 7, vy, u € U U {u'}. (If the reader feels uneasy about what
kind of objects u* and x* are, he can enlarge the state space and control space by
adding one dimension to each, letting x* and ° be the vector (0,...,0,1) in R**! and
R™+1, respectively. By redefinition, U then consists of vectors with last components
equal to zero and the values of f are (n+ 1)-vectors, with last component equal to
zero for all u different from u*, x # x°.)

We have now a fixed horizon 7', and an extra control *, which, when used, takes
us to a state x* that we never can leave again, and where we do not get any rewards.
It is required to use u® at time ¢ = T'. Thus, u is chosen from U U {u*} forr < T and
from {u*} (no other choice!) for t = T. This “stopping problem” now incorporates
the problem (1.59)—(1.60), provided fo(t,x;,u®,v;) = 0.

So far, we have assumed that no reward is obtained by using «°, and particularly
this is so at time 7', at which we have to use u*. However, it is now possible to change
that feature of the problem: At any time ¢, there may be a reward connected with the
use of u*; that reward is fo(z,x,,u*,v;) (still, fo(z,x5,u’,v,) = 0).

Because we are now dealing with a problem with a fixed horizon, the optimality
equation and the methods associated with it are still valid. (The stochastic maximum
principle must be modified because we no longer have differentiability of fy and f
with respect to x.)

Let us now consider “pure” stopping problems where the only options available
are either to stop (use u = u*) or to continue (use u = u¢). In our original formulation,
we can think of U as containing only the point #¢. Then we can write the optimality
equation thus: J(# — 1,x,—1,v,—1) is equal to the maximum of the two numbers in
curly brackets below:

J(t_ laxt*hvl‘*l) = max{fg(t - l,xl,],bl‘?,vf,]),f()(l‘ - 17x1*17u67vl*1)
+E[J(t7f(t - laxl—huc7‘/t)7‘/[)|xt—l7vt—l]}a (161)

where E = E,c. (When using u*, we do not get any expectation term in addition to
Jo(t—1,x,_1,u’,v,_1) because we end up in the coffin state x* where no rewards are
earned.) Evidently,

J(T,xt,ve) = fo(T,xr,u’,vy). (1.62)

Let us look at a standard example in labor economics.

Example 1.32 (Job search). A student has a period of T days in which to find a
one-month summer job. She receives one job offer with wage v, each day. She
cannot turn back to past offers. The decision whether to say yes (u = u®) or no
(u = u°) is made on the basis of the wage offered. The wages v = v; offered are
sampled from a single known probability distribution ¢@(v) over an interval [0, R],
the v; being i.i.d. (independently and identically distributed). If she turns down an
offer one day, it costs her an amount ¢ to obtain a job offer the next day. While still
searching for a job, the student is in state x°, but once she has accepted a job, she
is in state x*. On the last day she takes whatever is offered her, so J(T,x°,v) = v
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and fO(t7xC7uSaV) =V, fo(t7xc7uc7v) == fo(t,x‘Y,uSﬂ/) = fo(t,x“,uc,v) =0, and
f(t7xcauc7v) :xca f(trxa usvv) =x.
When writing J(¢,v) = J(¢,x°,v), the optimality equation is

J(t—1,v,—1) = max{v,_1,—c+EJ(t,V;)} = max{v;_1,V'}, (i)

where V' := —c+ EJ(t,V;). In particular, v := —c+ EVy. We shall assume v > 0.
Let us write @(v) = [; ¢(v)dv. Consider for a moment the task of computing
Emax[V,V/]. In fact, Emax[V,V'] = [ max[v,v]@(v)dv =1/ fgt o(v)dv+ [Fve(v)
dv=v o)+ |Rv(d()—1)— K@) —1)dv ="+ [F(1 - ®(v))dv. Here we
have used that @(R) = 1 and integration by parts, ((®(v) — 1) = @(v)).
Now, J(t — 1,V,_1) = max{V,_1,/}, so, by definition, V7! = —¢ +
Emax{V,_1,V'}. Thus, we get

R
o :—c+v’+/7 (1— @ (v))dv. (if)

V
Starting from v/ = —c + EVr, each value v, is therefore determined by (ii) using
backwards recursion. The stopping rule is: Stop if v,_; > V', else keep searching.
(We choose the convention that if v,_; = V' we stop, though we could equally well
have continued.) We shall now show that the sequence V' is nondecreasing. One
way of showing this is to use the definition of V' and the easily proven fact that
J(t—1,v) > J(,v): The latter property is a simple consequence of the definition of
J(z,v), because the set of options at time 7 — 1 includes all options available at time ¢
moved back one period in time. (The reader might want to formalize this argument.
Try it!)

Let us instead infer the asserted monotonicity from (if). Observe that the right-
hand side of (if), denoted for the moment by g(v'), is nondecreasing in V' (calculate
the derivative). Because v/ = g(0) > 0, then v/ ! = g(vT) > g(0) =7, and then
V=2 =g(vT=1) > g(vI') =vT~!, and so it continues backward: v/’ <vI—1 <72 <
v
IfR=4,¢9=1/4and c = 1, then ®(v) =v/4 and v = 1, and we find that V' is
recursively given by v/~ = 1+ $(v)2. O

Some pure stopping problems have a structure that makes it possible to reach the
solution quickly. Define the sets B; by

B; = {(xtvvt) : fO(taxhusavt) > fO(taxtauCth)

+E[f0(t + laf(tvxtauc7‘/l+l)aus7‘/t+l) ‘ xtavt]} (163)
fort < T,and fort =T, let By = R" x V. The sets B, consists of those point (x;,v;)
for which it is better to stop at once than to continue one stage more and then stop.

(“Better” here equals “at least as good.”) It is easy to describe the optimal policies
if it so happens that the sets B, satisfy the property that

(xr,ve) € By = (f(t,x0,u,Vi11),Vig1) € By with probability 1, (1.64)

more precisely, with conditional probability equal to 1, given (x;,v,). When (1.64)
is satisfied, the sets B, are said to be absorbing, and in this case we can show that
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the optimal u (x;,v,) is defined by: v} (x;,v;) = u* < (x;,v,) € B;. It is trivial that
uy is optimal. By backwards induction from 7', we shall now show that if the above
policy is the optimal one at time ¢ + 1, then this policy is also optimal at time ¢: First,
assume that (x;,v;) € B,. Then consider the optimality equation: J(¢,x;,v,) =

max{fo(t7xlvus7Vt)afo(taxtvucaVt) +E[J(t+ 17f(taxt7uca‘/l+l)7‘/t+l) |xt7vl]}

Because (f(t,x:,u",Vi11),Vit1) € Biy1 with conditional probability 1, then with
conditional probability 1:

J(t+ lﬂf(tv-xhucvvt+1)a‘/t+l) :fo(t+ lvf(tvxtvucv‘/t+1)7usvvt+l)

(by the induction hypothesis that the proposed policy is the optimal one at time 7+ 1,
we do stop at # + 1 in this case). Hence, J(¢,x;,v;) =

maX{f()(l‘,X[,uS7Vt), f()(t7xlauc7vl)
+E[f0(t+ 17f(taxt7uca‘/t+1)aus7‘/t+1) |xt7vt}}

= fo(t,x;,u’,v;) because (x;,v;) € B,. Thus, by the optimality equation, u* is an
optimal choice of control at time 7 when (x;,v;) € B;.
If, on the other hand, (x;,v;) ¢ B, then

fo(tv-xhusvvl‘) < fo(tvxtaucvvt)+E[f0(t+ laf(tvxl‘ﬂMcv‘/l+1)ausa‘/t+1)|xtavt}~
But the expression on the right-hand side is
S fo(t,x;,u",vt)—i—E[J(t—i— 17f(t7xlauc7vt+l)7‘/t+l> ‘xtavt]a

(as we always have fo(f + 1,x41,u°,vi11) <J(t + 1,x41,v:+1)). Hence, by the op-
timality equation u*(x;,v,) = u® when (x;,v;) ¢ B,. This completes the proof of the
induction step.

Recall that checking whether (x;,v;) € B; is equivalent to comparing the gain
from stopping at once with the gain obtained from continuing one period more be-
fore stopping. Therefore u*(x;,v;) is called a one-stage look-ahead policy. Let us
consider two problems with this structure:

Example 1.33 (The thief’s problem). A thief avoids being caught with probability
p € (0,1) when out trying to steal something. The stolen objects have values A, > 0,
Aj,Ay,... being i.i.d. with mean EA; = a € (0,00). The wealth of the thief is x;,
which is the sum of the values of all objects he has successfully stolen so far. If he
is caught he loses all his wealth. Using w = 0 as representing being caught, whereas
w = 1 represents not being caught, we can write x;+; = W1 (x; +As41), where
PrWri=1|w,=1]=p,PriW1; =0|w,=1]=1—p,and Pr[W,;; =0 | w, =
0] =1 (if he is caught, he never returns to his thievery). The variables A, and W,
are stochastically independent. Moreover, the values of fy(z,x,u,w) are as follows:
SJolt,xe,u® 1) = x¢, fo(t,x,uc,0) =0, fo(t,x,u*,0) =0, and fo(7,x,,u,1) =0 (his
fortune is not guaranteed until he stops). Here the optimality equation becomes, for
w, =1,
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J(ta-xh]):max{xt7pE‘](t+]7xt+At+171)}7 (l)

(the variable A can be dropped in J). Instead of using (1), we shall take a short-
cut and see if a one-stage look-ahead policy is optimal. This means that we check
whether the sets B, given by (1.63) are absorbing, (Br =R x {0, 1}). The inequality
in (1.63) in this example reduces to x; > p(x; +a) if w, = 1, and to 0 > 0 if w, = 0.
Hence (x;,0) € B; for all x;, and (x;,1) € B; < x; > p(x; +a) < x, > pa/(1 —p).
(As V = (w,A) here, formally, B, should have consisted of triples (x,w,A), not pairs
(x,w), but the inequalities defining the sets B; put no restrictions on A € [0,00),
so it is dropped.) After noting this we are able to check whether the B,’s are ab-
sorbing, in other words, we prove that if (x;,w;) € By, then (X,4+1,W,4+1) € B, with
probability 1: Consider first the case w, = 0. Then W, | = 0 with probability 1 and
(Xi+1,Wit1) € Bry1. Next assume wy = 1. If Wi =0, then (X;41,Wi41) € By
automatically. Next, if W11 = 1, then x,1 = x; + A1 > x; > pa/(1 — p), which
implies (X;+1,W;+1) € Bi11.

The optimal policy is therefore: Stop at the first time when (x;,w;) € B;. If w, =0
at this point, this condition is automatically satisfied (after all he has then been
caught). If w, = 1 he is not caught at the 7-th theft. Then he stops if and only if
x> pa/(1—=p).

If it so happens that for all # < T, no pair (x;,w;) with w, = 1 satisfies the last
inequality, then the thief stops at the horizon T if he has not already been caught. [

Example 1.34 (The house sale). Ole is going to sell his house, and obtains an offer
every day. The offer on the 7-th day is denoted by v;. He has the option of recalling
earlier offers to consider them anew. It costs him C every day his house remains
unsold. The entity that Ole considers at day ¢ in order to decide if to continue col-
lecting offers or not is the maximum, max{vy,...,v, } = ¥, of all the offers received
so far. This is his state variable. (It is possible to describe the situation in such a
way that it exactly corresponds with the format in the theory above: Note that 7, is
governed by the difference equation v, = max{¥,V;y}.) The offers V; are i.i.d.
and follow a known probability distribution given by Pr[v, = v;] = p;, i = 0,...,i*.
Ole’s objective is to maximize
E[v; — tC],

where T > 1 is subject to choice. Let us see if a one-stage look-ahead policy is
optimal here.
Here, B, = {V, : ¥} > E[V,+1] —C},t < T, By = {V;};. Now, ¥;41 = max{v,1,V }

and
E[V41] ZmaX{vhvt}p, =Y wpi+ ) vipi
Vi <¥; Vi >V
The inequality defining B; can be written

ZVsz =V > Z Vipi t+ Z Vipi —

Vi <i; Vi >V

c> Z i — prﬂr Y vipi=—) wpi+ ) wipi
V

V> Vi >0 V>

ie.,
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or
C> Y (5i=7)pi
V>

We know that 7,1 > ¥;. But the right-hand side of the inequality decreases when
v; is replaced by 7,11, hence if 7 satisfies the inequality, then so does v, . Thus,
\7[ S Bl‘ = ﬁH‘l S Bl‘+1-

The sets B, therefore satisfy condition (1.64) (are absorbing), and the optimal
policy is: Stop at the first time when

b e {9 > Evp —C={y,:C> Y (vi—¥)pi}-

Vi>Vp

If no ¥, is found to lie in B, before T', Ole stops at t = T. The above policy is the
optimal one when recall is allowed. A glance at the policy reveals that Ole never

recalls an offer, except at r = T, where he may make use of all the offers received.
O

Remark 1.35 (Markov and non-Markov stopping times*). In the stopping problems
considered above, so-called Markov stopping times are sufficient for optimality (i.e.,
there is no need to consider more general ones). Any Markov stopping time T can
described as follows. There are given a sequence of sets C; C R"” x )V such that ©
equals the first time (X;,V;) belongs to C;. (Such controls come out of the optimality
equation (1.61).) In more general problems, it may be that more general (history-
dependent) stopping times T are needed, where T equals the first time Z_,; belongs
to given sets C; consisting of entities z_, (recall z; = (x;,vy)). |

1.6 Infinite Horizon

Let us again turn to infinite horizon problems, but let us now suppose that we have
state- and control-dependent probabilities. Again, assume that F;, and f are inde-
pendent of 7, and that fj can be written fy(¢,x,u,v) = g(x,u,v)a’, a € (0,1], (f and
g continuous). Put 7w = (uo(x0,vo),u; (x1,v1),...). The problem is

maXEﬂ' Zatg(X[,M[(X[,V[),‘/t) I (165)
T t=0
where X; is governed by the stochastic difference equation,
X1 = f(X,u(Xe, Vi), Vig1), Pr[Vigr = veg [, e, v = P(vega X, ue,ve) - (1.66)

with Xy given. The maximum in (1.65) is sought by considering all sequences
7 = (uo(xo,v0),u1(x1,v1),...) and selecting the best. We base our discussion upon
conditions (see (1.70) below) implying that the infinite sum in (1.65), as well as its
expectation, always exists in [—oo, oo]. For a given sequence 7, let us write
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T
Ju(s,x5,v5,T) = Z g(Xo,u (X, V1), Vi) | X, vs | (1.67)

where {X, }, is the solution of the state difference equation in (1.66) corresponding
to 7, starting at (s,x,vs). Define the function J(s,xy,vs, T) = supyJz(s, x5, vs, T).
Let Jz(s,x5,Vs,00) be the limit of Jz(s,x5,vs,T) when T — oo, (again (1.70) secures
existence), and write J(s,xs,vy) for sup Jz(s,xs,vs,00). The equality J(1,x0,v0) =
a.J(0,x9,vo) holds, and it follows from the equality J! (x,v) = J°(x,v) to be proved
in a moment, these entities being defined as follows. Let

=)

Ta(x,v) = ¥ Exlo ™ g (X, u (X, Vi), Vi) |, V]
t=k

and let J*(x,v) = sup, JX (x,v). Then J' (x,v) is the maximal expected present value
of future rewards discounted back to # = 1, given that the process starts at (x,v)
at time r = 1. When starting at (x,v) at time 7 = 0, and discounting back to r = 0,
the corresponding maximal expected value is J9(x,v). It was said in Section 1.2
that J' (x,v) = J%(x,v), “because the future looks exactly the same at times ¢ = 0,
and r = 1.” The meaning of the last expression can be made more precise by the
following consideration.

Given any sequence 7 = (uj (x1,v1),uz2(x2,v2),...), let us translate this sequence
one step to the left, i.e., define a new sequence @' = (uj(xo,vo),u) (x1,v1),...),
where ujy = uy, u} = up, etc. Symmetrically, if 7’ is given, a translation to the
right gives a policy 7 corresponding to /. Then, due to the autonomy in the
problem, Jg,(xo,vo) = JL(x1,v1) when x; = xg,v; = vo. Therefore, J(0,x0,vp) :=
J(x0,v0) = supp Jg,(xo,VO) = sup,J1(x0,v0) = J' (x0,v0). Because atJL(xo,v0) =
Jz(1,x0,v0,00), 0J(0,x0,v0) = J(1,x1,v1), when x| = xg,v] = vp.

Now, consider for a moment the optimality equation for a finite horizon T,
(1.18), for = 1. When we let T — oo, we get J(0,xp,vo) on the left-hand side
and, on the right-hand side, we get J(1,X;,Vi) = aJ(0,X;,V1), so most likely,
the equality still holds. Thus, by this heuristic argument, we obtain the following
Bellman equation or optimality equation (or “equilibrium optimality equation”) for
J(x0,v0) :=J(0,x0,v0):

J(xo,v0) = Sup{g(xO,uo,V()) + O0Ey, (X1, V1) | xo,V()]}, (1.68)

ugp
where X| = f(xo,uo,V)). For discrete V, it can also be written
J(x0,v0) = sup {g(XOMo,Vo) +a), P(V|xo7uo,Vo)f(f(xo,uow),v)} . (1.69)
ug vey

We explain a little better below that the condition (1.68) is a valid necessary con-
dition on the optimal value function if one or more of the following conditions are
satisfied for all x, u and v.
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(B) My <g(x,u,v)<M;, 0<a<1 (Boundedness)
(P) 0<g(x,u,v), 0<a<1 (Positivity) (1.70)
(N)  glx,u,v) <0, 0<a<1 (Negativity)

In case (P), the lower bound O on g can be replaced by a negative number M if
o < 1, and in case (N), the upper bound 0 on g can be replaced by a positive num-
ber M if ov < 1. We continue to call the cases (P) and (N), respectively, even if
they have been modified in this way. Moreover, these conditions need only hold for
x € X(xp). All the conclusions stated in the three cases (1.11), P. and N. in Section
1.2 still hold for the current setup. So recall the following results: Let u*(x,v) be a
given control function, and let Ju (x0,v0) be the value of the criterion for u* (i.e.,
J¥ (x0,v0) = Jz(0,x0,v0,00), with T = (u* (x,v),u* (x,v),...). With assumption (B)
or (P) satisfied, it is sufficient for u*(x,v) to be optimal that u*(x, v) yields the supre-
mum in (1.68) for J replaced by J* . If (B) or (N) is satisfied, is suffices for u* (x,v)
to be optimal that u*(xg,vo) gives the supremum of the right-hand side of (1.68)
as written. Moreover, (1.68) has a unique bounded solution J (x0,v0) when (B) is
satisfied, which equals the optimal value function J(xg,vo). For further properties in
case of (1.70), see Exercise 1.49.

An observation that is in particular useful in case (P) is that sometimes (B) holds
for u*, even if (P) fails when u is arbitrary. If (B) holds in this manner in case (P),
and if the optimality equation (1.68) is satisfied by some function J(x,v) together
with some control function u* (giving maximum in (1.68) for J inserted) and such
that (B) holds for u*, then automatically J = J* = J (x,v) and u* is optimal. (Note
that J** has to satisfy (1.68) when the maximization is omitted, as J* is the optimal
value in a problem where the only admissible choice of u is u = u*. Evidently, J(x,v)
also satisfies this version of (1.68), hence by uniqueness J¢ =7 2

Finally, note that in all these cases, J(0,xo,v0,T) — J(x0,v0) when T — oo, in
fact, in case (N), we need the assumption that U is compact, and some additional
boundedness and continuity assumptions of the type of (C) or (D) mentioned in con-
nection with (1.91) and (1.92) in Section 1.9. When these assumptions are added,
we denote the case (N+). (In the same cases, for T = (u,u,...), of course also
Jz(0,x0,v0,T) — J2(x0,v0), one way of seeing this is to imagine that we have a
single choice of control, namely u, in the control problem.)

Note that it can be shown that history-dependent controls are “no better” than
Markov controls (the supremum of the criterion is the same). Actually, the argu-
ment in Remark 1.17 works also for an infinite horizon, it still tells us that history-
dependent controls are “no better” than Markov controls. Or at least, it comes close
to to telling us that. (Using the notation of Remark 1.17, define u, = (u(<)0>,u(11>, )
As uttrl was better than u," for all ¢, intuitively ., must be the very best. But some
limit theorems must be invoked to obtain this conclusion, see Exercise 1.37.)

Next, consider the sequence of equalities/inequalities in (1.27) in the proof of the
optimality equation, for s = 1. Now, (1.27) also holds for 7' = cc. And in the last line,
(with s = 1), J(1,Z_5) = J(1,Z;) = 0J(0,Z;), hence the Bellman equation (1.68)
follows.
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A few words about stopping problems are in order: As we saw above, these
problems are only a special type of the general problems we have discussed, so
the theory above is applicable to them. In particular, in cases (B), (N), and (P), as
applied to the stopping problem (where the control region is augmented by u*), the
following optimality equation holds

J(x0,v0) = sup {g(xo,uo,vo)+Och0[J(X1,V1)\xg,vo]}, (1.71)
upeUU{u’}

which in a pure stopping problem reduces to
J(x0,v0) = max{g(xo,u’,vo),g(x0,u’,vo) + AE, [J(X;,V1) | x0,v0) }.  (1.72)

Now there is no point in time at which we are forced to use u°.

Of course, the comments connected to the cases (B), (N), and (P) also hold
in the current particular case where all the time the control is chosen from U =
{u“,u’}. In fact, when in the definition of the finite horizon optimal value function
J(0,x0,v0,T), u is allowed to be chosen from {u¢,u*} even at t = T, then we have
that J(0,x0,vo,T) — J(x0,Vv0) in the three cases, in particular now only (N) (no fur-
ther conditions) is needed in order to obtain this conclusion.

Define J7(0,x0,vo) as the supremum of the expected gain over all policies which
surely stop at time t = T (use u* at T).

In a pure stopping problem, the equilibrium optimality equation is satisfied by
the optimal value function J(x,v) not only in cases (B), (P), and (N), but also if the
following condition is satisfied: For some non-negative a, M’, and M, for all x and v

glxuv) < —a<0, —-M <g(xu',v)<M, min{—a,a—1}<0 (1.73)

where we allow M’ = o iff a = 1, and where min{—a, & — 1} < 0 means that the
first inequality in (1.73) holds for —a < 0 if o < 1, and for —a < 0 if a = 1.
(Of course, if a < 1, (1.73) implies that (N) is satisfied.) Under condition (1.73),
J(X0,v0) = SUPz £ stops sometime J (0,%0,v0, ), Where the supremum is taken only
over stopping times 7 that stop sometimes with probability 1. Moreover, if the op-
timal value function is inserted in the equilibrium optimality equation, then maxi-
mizing the right-hand side of this equation gives us the optimal control (whether to
stop or continue). Furthermore, at least when o = 1, with probability 1, an optimal
policy in the infinite horizon problem stops at some time point. Finally, when (1.73)
holds and M’ < oo, then J7(0,x0,vo) T J(x0,v0) when T — co.
In pure stopping problems, of course J(0,xo, v, T) = Jr(0,x0,vo) if

glx,vu) <g(x,v,u’), forall x,v (1.74)

s0 J7(0,x0,v0) — J(xp,vp) if this inequality holds in case (P) and (N). Let us also
mention that the sets B; defined in connection with (1.64) now become independent
of ¢. Using that J7(0,x0,v0) — J(x0,v0), we can easily generalize the arguments
associated with (1.64) to cover the situation with an infinite horizon. Thus, we have
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the following result. In the case (1.73) with M’ < oo, (or (N) or (P) with (1.74)
added), assume that the set

B:={(x,v):g(x,u’,v) > g(x,u,v) + QEue [g(f(x,u’, V1), u®, V1) | x,v] } (1.75)

is absorbing in the sense that (x,v) € B = (f(x,u,V1),V1) € B with conditional
probability 1, given (x,v). Then the optimal policy is: stop the first time (x;,v,) € B.
(See Exercises 1.42, 1.43, and 1.44 below.)

Remark 1.36 (Weaker boundedness conditions). Remark 1.7 also holds in the cur-
rent setting. (The bounds on g in that note must now hold also for all v.) For a proof,
see Exercise 1.47. (]

Example 1.37. In the examples of the thief’s problem (Example 1.33) and the house
sale (Example 1.34) in the preceding section, we actually have examples of infinite
horizon stopping problems if we simply drop the condition that the “play” stops at T’
(and the separate definition of B; for = T'). In both cases the sets B; are independent
of t. Concerning the optimal policies, the solutions are the same, one can simply
drop the remarks about what is done at the horizon 7. In the house sale problem,
the seller Ole never recalls earlier offers. Evidently, then, the policy described is also
optimal in the problem where recall is not allowed. (To prove this intuitively evident
fact in a formal manner, the reader may leave the “pure stopping” formulation we
have used so far and introduce controls combining when to stop with which offer to
pick if one stops. In this setting, the optimal policy found above is obviously optimal
in the no recall case, because the set of policies in this latter problem is a subset of
the set of policies in the recall case.) (I

Example 1.38. Consider Example 1.32, the job search, and assume in this example
that the horizon is infinite. The equilibrium optimality equation becomes J(v) =
max{v,—c+ E[J(V)]}. Denote —c+ E[J(V)] by V. Then, taking expectations on
both sides of the last equality, we get E[J(V)] = E[max{V,V'}]. Calculating this
expectation in the same way as E[max{V,V'}] in Example 1.32, we get E[J(V)] =
V + [X(1 — ®(v))dv. Inserting this in the equality defining v/, we get ¢ = [5(1 -
@(v))dv, a relationship that determines v'. We have already calculated the expected
reward E[max{V,v'}] connected with the policy u*: stop if and only if v >'. By
definition of v/ we get that max{v,v'} = max{v, —c+ E[max{V,V' }|} = max{v, —c+
v+ jf(l — @(v))dv}, hence the equilibrium optimality equation is satisfied for
J = max{v,V'}.

Observe that (1.73) is satisfied. Evidently, any upper bounded function J satisfy-
ing the equation must have the form max{v,v'}, v/ determined as above. Of course
the optimal value function is bounded above by R. Thus, max{v,v'} must be the
optimal value function. Hence, the policy described above is optimal.

Another argument telling us that J = max{v,Vv'} is the optimal value function
is the following one. Let us prove that this function is the optimal value function
by using the convergence property described subsequent to (1.72). Remember that
v in Example 1.32 was nonincreasing. From (ii) in Example 1.32, we see that the
sequence is bounded above by R (in fact, V' 1< g(R) < —c+R for all ¢, with g as
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defined subsequent to (if) in that example). Hence, when ¢ decreases indefinitely, v/
tends to a limit v/, which coincides with the v/ determined above, as we get the same
relationship as that defining v/ by taking limits in (ii). From the formula J(r — 1,
vi—1) = max{v,_1,v'} we see that when t — —oo, J(f — 1,v) — max{v,V'}, so the
last expression is the optimal value function in the current problem. (To let 7 tend to
—oo in a fixed horizon stationary problem is “the same” as letting the horizon tend
to 0.) O

1.7 Incomplete Observations

So far, it has been assumed that x;, and when needed, v;, are observable. In such
cases we speak of complete (or perfect) observability. Now that assumption is re-
laxed.

Consider the retarded system where P, fp, and f also depend on past val-
ues of x, u, and v. Using an earlier notation, we write P (vi41|x_s,u—s,v—),
Jo(t,x—yyu—y,v_y) and f(t,x_;,u—y,v_y1). Assume that x, and v, are not observ-
able, but that there is another observable state z, governed by z, = h(t,x_;,u_—_1,
v_y), t > 0. For simplicity, it is assumed that vy and xy are given, known entities.
(The control u;, whose values we choose, is naturally assumed to be observable.)
Note that controls can only depend on what is observed. Hence, u; can only be
a function of s_;, where s, = (u;-1,2), (S0 = 20), $0 uy = u;(s_), which means
that u, depends on the vector (ug,...,u;—1,20,---,%). These are the types of con-
trols considered in the following. The discussion below will be confined to the case
where V is discrete.

There are now two methods for rewriting such a system as a perfectly observ-
able one. Once that has been done, the problem can be solved by the familiar tools
available in this case.

Method 1

Noting that x( is fixed, a recursive use of the difference equation for x; gives x;
as a function of u_,,_|,v_,;. Hence, one can write z; = ﬁ(nu_,,_l,v_,,), and sim-
ilarly, one can write fo(t,x_s,u;,v—;) as fo(t,u—;,v—;) and f(t,x_r,ur,v—s11)
as f(t,u_;,v_;y1), and, finally, B (v|x_,,u;,v_,) as P(v;t,u_,,v_;). Note that
PriVoysr = vesilu] = POi;0,up,v0) « ... - Pviprstu—y,v—y) =:
P*(veir |t uy).

The criterion to be maximized is now

T
ZEfO(tau*?l(Sﬂl)aVﬂl)a
t=0

where u_;(S_;) = (uo(So),u1(S=1),...,u;(S—¢)). (When the functions u(.),...,
ur(.) have been specified, then by induction, one may see that, for any 7, u,(s_,)
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simply depends on v, . .., v;, through the h-function, so P(vt,u_;,v_;) = P (v|[v_,)
depends also merely on vy,...,V;, the latter probabilities entering the calculation
of the expectation in the criterion.) Consider the calculation of any of the terms
E fo(t,u—;(S—;),V_;) in the criterion. By means of the rule of double expecta-
tion, the term can be written EE[fo(t,u_;(S_;),V_;)|S_.]. Here fo(t,s .;,u;) :=
E[fo(t,u—(s—;),V_;)|s—] is calculated by means of known conditional probabili-
ties that are presented shortly. But note first that, because s_,; is fixed, when calcu-
lating this conditional expectation it does not matter whether u, is considered to be
a fixed vector or a function of s_.;. The former assumption is made here, and this
makes f dependent on the vector u;. (When calculating the outer expectation, the
dependence of u; on s_,, is taken into account.) Let 14(v) be the indicator function
of the set A (i.e., 14(v) = 1 if v € A, = 0 if v ¢ A). The conditional probabilities
mentioned are:

P (Vo ls—ir) = Pr{Vorn = vor]s—ti]
= Pr[vﬂwl = VHHI‘MHMZHHI}
= PriVo 1 =voyn &Z 111
= 2t |ue) /PPZ 11 = 21 U]
= Pr{V_oip1 = voigi|u—]
X1a(Vorg1) /PriVost € Alu_y], (1.76)

where
A= {V*’Hrl : h(tl+ 17u~>t’7V~>I'+l) = Zl/+lao < r < t}'

Here both probabilities occurring in the last fraction can be calculated by means
of the P*’s. When the probabilities P" have been calculated, then also the expres-

sion P¥(z;41t,5—¢,u;) defined as follows is known: Write B= {v_,, | : h(t + 1,u_;,
V_r41) = zr+1} and define

P (zeg1t,spsty) == Pr{Zisy = zeg1|U—r, 2]
= Pr[VA,H»l €B|uﬂtazi>t]
= ZP}"[V*,H»] S B|u~>t7V4>1]

Vot

xPr[V*)[ = VH[|M*>[7Z*>[]’ (1.77)

where the sum extends over all v_,, satisfying h(t,u_y_y,v_y) = zut' < t. The
factors in the terms in the sum are calculated by means of P and PY, respectively,
(Pr{V_y =v_ylu—s,z—(| = Pr[V_y = v_|u_—1,2—] equals P"(v_;|s_)).

The criterion to be maximized is now

E|Y fo(t,S—ru(S—:))|- (1.78)
t

The maximization takes place subject to
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Sev1 = (ur, Ziv1),  Pr{Zecy = zls—r,u] = P2t s, ur). (1.79)

Thus, as might be expected, Z; plays the role of V; in the completely observable
case. The optimality equation is now:

J(tvsﬂt) = mlflx{fO(tvsﬂhu) +Eu[‘](t+ 17SHI+1)|S*>ZHU (1.80)

where E, is calculated by means of P*(z|t,s_;,u).
The retarded system in Method I can of course be rewritten as a nonretarded one by
means of the methods above, see Remark 1.18.

In the above discussion, no regard has been paid to the dimensionality (or com-
plexity) of the resulting system. High dimensionality is a well-known obstacle to
computing solutions numerically, a topic not touched in this chapter. Sometimes
the next method is more conservative in this respect, especially if there are easy
formulas for updating the parameters of the distributions.

Method I1

This method is presented only for the case where P;(v|...), fo, f, and h are all
“nonretarded,” i.e., fy(t,.,.), f(¢,.,.), and P,(v|...) depend only on the current val-
ues x;, vy, 4y of x, v, and u (v,y| for f), whereas h(t, .,.) depends only on x;, v;, and
u;—1. Thus we now consider the case where the observable variable satisfies z; =
h(t, % u—1,v;), t > 0, where the state develops according to x,1 = f(¢,x;,ur,Viy1),
where the function fj in the criterion is fy = fo(¢,x;,u,V;), and where the condi-
tional probabilities for V;1; = v are of the form Pr[V, | = v|x;,us, vi] = B (v|x¢, s, v¢)
(so also explicitly dependent on ). Still xo, vy are given and known. Let y, = (x;,v;).
In Method II, the conditional probability O, defined by

y—= O(y;—t+1):=PrVip1 = ylu—s,z111] (1.81)

is taken as the state variable. Intuitively, this seems plausible: If we cannot ob-
serve yy, it is reasonable to let u, depend on the (updated) probability distribution
of y;. Using rules for calculating conditional expectations, the knowledge of the
P(v|...)’s, and the equations for x; and z, it should be intuitively evident that once
O, is known, u; is chosen and z;1 is observed, then it is possible to calculate O,
from Q; (and u, and z,11), i.e., Qs+1 = F(t,0Q;,u;,Z;41) for some known function
F. Anyway, this is confirmed below. Furthermore, by the rule of double expecta-
tion, any term fo(7,X;,u;,V;) in the sum in the expression E[Y, fo(7,X;,u;(Q;),V;)]
can be replaced by E[fo(7,X;,u;,V;)|0;], the conditional expectation calculated by
means of Q;, := Q(y;— t). Because Q; is fixed, when calculating the conditional
expectation, it does not matter whether i, is assumed to be a vector or a function of
Q;. For convenience, the former assumption is made. (When calculating the outer
expectation in the expression E Y E[fy|Q;], the dependence of u; on O, is taken into
account.) Write E[fo (¢, X, us,V;)|Q;] =: g(t, Or,u; ). Furthermore,



52 1 Stochastic Control over Discrete Time

PT[ZH—I :lehutavt]
:Pr[‘/tJrl € {V : h(t+ l,f(l‘,xt,u,,v),u”v) :Z}|xt7utvvt}~

The latter probability can be calculated by means of P, (v|x;,u,v,). Hence, once the
distribution Q; : y — Q(y; — t) is known, we can also calculate

S(z;t, Qrsur) :=Pr(Zi1 = 2|Qs, ] = Z Pr(Z 1 = z|x¢, e, v ] O (X, ve). - (1.82)

(xe,v1)

Then the problem has been reduced to maximizing

E

Z g(thtvut(Qt))‘| (1.83)

0<t<T

subject to
Or1 = F(tvgtvutazt+l) and PF[ZH-I ZZ‘Qtaut] = S<Z;I7Qt7ut)7 (1.84)

where now Z; plays the role of the random disturbance (instead of V;).

In practical problems, it is often evident how to find the function F, so for solving
such problems it is not necessary to read what follows, namely how we construct
the function F in the general (but discrete probability) case. The function F is con-
structed as follows: Evidently,

R(V,t— 17)’t71,ut71,zt) = Pr[‘/t = V|Yt717ztautfl]
= Pr[Vt =v&Z; = Zr‘yt—laut—l]/Pr[Zt = Zzlyz—1,ut—1]
=Pr[V, € {v}NAlyi—1,u,1]/Pr[V; € Alyi—1,u 1], (1.85)

where A := {V' : h(t,x;—1,u,—1,V') = z; }. (Note that R(v;r —1,.,.,.) has value zero,
when z; # h(t,x,—1,u;,—1,v).) Evidently, R(v;r — 1, .,.,.) can be calculated by means
of the probabilities P_ (v]x;—1,u—1,Vi—1)-

Let (x,v) be arbitrarily given and define

R*((xvv);t - 17}7171;”171;&) = R(V;t - 17yl*17utflvzt) ’ 1{x:x=f(t—1,x,,1,u,,l,v)}(x)

(e, R*((x,v)syi—1,u-1,%) = Rviys—1,u-1,2) if x = f(t = 1,x_1,u;_1,v) and
R* =0, otherwise). Then, for y = (x,v),

Q(y;_) l) = Pr[Yt :y|u_,[_1,Z—>t]
= Z PrlY, = ylyi—1,u—r—1, 2] PrlYi1 = yio1[ur—2,20-1]

Yi—1

Y R (et — Lyt u-1,2)Q(y—15— £ — 1) (1.86)

V-1

(by our current probability assumptions, Pr[Y, = y|y,_1,u—,—1,z2—/] = Pr[t; =
Ylvi—1,u-1,z]). Evidently, a recursive relation for Q, :=y — Q(y;— ¢) has been
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obtained:

Qt :F(t_ lan‘flvul‘flvzt) = ZR*(}’tJ— 1»)’171,Mtfl,Zt)Qtfl(y:fly (187)
Yi—1

In this case, the optimality equations is:
](I7Qt) = ml?'x{g(taQtaM) +EM[J([ + ],Qt+1)|Qt]}7 (188)

where Q41 = F(t,0;,u;,Z;+1) and the expectation with respect to Z,,; is calcu-
lated by using the probability distribution S(z;7, Q;,u;). Recall that S(z;¢, O, uy) :=
Pr[Z,+1 = z|O:,u;], where Q is the probability distribution of (X;,V;) obtained when
z; has been observed.

Example 1.39. We have just bought a machine that can be used to produce plastic
cups. The state X of the machine can be “good” (state I) or “bad” (state II). The
state does not change over time (X; = X for all 7). The probability of a saleable
product is a in state [ and b < a in state II. The revenue from a saleable cup is 1,
whereas that from a defective cup is 0. The unit cost of production is ¢ > 0, re-
gardless of quality. At time ¢, the probability of state / is believed to be g;. In other
words, the probability P that the machine produces a saleable product takes one of
two values a or b, and at time ¢ we believe Pr[P = a] = ¢;. (P is a stochastic vari-
able belonging to the two point set {a,b}.) Before t = 0, a random draw was made
that determined P, with known probability A of drawing a and (1 — A) of drawing
b. (More prosaically, long experience in a variety of ways has told us that the fre-
quency of getting a good machine when buying one is A.) We assume that b < c,
and that Aa — ¢ > 0, which means that we produce at least one cup. We use the
experience from producing cups by the machine bought to make inferences about
the probability for the machine to be good. So there is “learning” in the sense of
Bayesian updating, to which we return in a moment. At each time t = 0,1,2,...,
a cup is produced and its quality z; is inspected to see whether it is saleable. If
yes, z; = 1, otherwise z; = 0. Total profit is Y o<,<.(z: — ¢), where the stopping time
7€ {0,...,T} is subject to choice and T is fixed. This pure stopping problem will
be solved by using Method II. Initially, a belief g_; = A is given, before zg is ob-
served, from which an updated value gg is determined. Similarly, g, is our belief
after z; is observed. At the start of the time period of our problem, zg is known and
so also go, and we wish to find max;( ) E[Yo<;<¢(Z — c)], where the symbol 7(.)
is a reminder that the stopping rules we consider depend on the states z;, ¢;. (Note
that z; is both an “observable” and a “state” determining the payoff. So, formally,
in the framework of Method II, the updated distribution Q; is actually the joint dis-
tribution of z; and X;, but as z; is observed, the value of z; is known exactly, so we
can confine the interest to the distribution of X; = X.) After observing z,_1, and then
inferring the updated ¢,_|, we decide whether to continue or not. If we stop at time
t — 1, we can pocket z;_ — c. If we continue, we also get z;_; —c immediately and in
addition the future expected profit E[J;(Z;,q:)|zi—1,¢:—1)]- The optimality equation
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compares these two alternatives (we don’t write Q, but stick to a small letter, i.e., g;,
even when it is considered as stochastic):

Jt—l(Zt—bC]t—l) = maX{Zt—l —C, 31 —C+E[Jt(zta%)|1t—1761t—1]}- (l)

First, let us find the difference equation for the state ¢, (the updating formulas):
Given g;—1, let ¢(g;—1) :=Pr[P =a|Z, = 1] and let y(q,—) := Pr[P = a|Z; = 0]. By
standard rules for conditional probabilities, (dropping writing conditioning on g1,
e.g., writing Pr[Z, = 1] instead of Pr[Z, = 1|g;—1]),

0(g—1) =Pr[lP=a& Z, =1]/Pr[Z, = 1]
Pr[Z, = 1|P = a] Pr[P = q]
~ Pr[Z = 1|P = a]Pr[P = a] + Pr[Z, = 1|P = b| Pr[P = b]

and
V(gi—1) = Pr[P = a& Z; = 0]/ Pr[Z, = 0]
B Pr[Z; = O|P = a] Pr[P = 4]
~ Pr[Z, =0|P = a|Pr[P = a] +Pr[Z, = 0|P = b|Pr[P = b]
Hence,

qr = aqi-1/{g—1a+(1—q-1)b} = ¢(g:—1) whenz =1and

4 =(1=a)gi1/{(1=a)g1+(1=b)(1 =g1)} = y(g1) whenz =0. (ii)

Thus, g, = F(z;,q:—1), where the function F has the two values specified above for
7z = 1 and z, = 0, respectively. Note also that, by (ii), ¢(g;—1) > ag,—1/{ag;—1 +
a(l—g-1)} = g1 = (1 —a)gi1/{(1 —a)gi—1 + (1 —a)(1 = q—1)} = ¥(g—1),
so g;—1 is revised upwards if a good cup is produced and downwards if a bad cup
is observed. Define B;_1(¢:—1) = E[J;(Z,q:)|zi—1,4:—1]. This expectation depends
only on g,_1, as indicated by the notation f;_1(q,—1). Evidently, when calculating
this expectation, the expression ¢, = F(z;,¢,—1) is inserted for ¢,: The distribution of
zr depends only on g;—; (e.g., see the expression for Pr[Z, = 1] =Pr[Z; = l|g,—1] =
gi—1a+ (1 —¢q,—1)b used above).

Now, given g;—2, ¢;—1 is a stochastic variable taking the value ¢(g,—2) with
probability g,—2a+ (1 — q,—2)b (= Pr[Z;,—; = 1]) and the value y(g,—,) with the
probability (1 —a)g,—» + (1 —b)(1 — ¢,—2). Hence, taking the conditional expecta-
tion, given ¢;_», on both sides of the optimality equation, and using f;_>(g;—2) =
E[Jt—l(Zr—th—l”%—z] yields

Bi-2(gi—2) = [max{1—c,1—c+B-1(9(g-2)) }lagi—2+ (1 — gi—2)b]

+[max{—c,—c+ B-1(y(g:—2)) H[(1 —a@)gi—2+ (1 = b)(1 —q,—2)] (i)

This gives a recursive formula for 3;(.): Note that Br_1(gr—1) =

Elr(Zr,qr)|zr—1,97-1] = agr—1 +b(1 —gr—1) — c(= 1Pr[zr = 1|g7_1] —¢).
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Because the function Br_(.) is known, one can calculate the function Br_»(.) by
means of (iii) (witht — 1 = T — 1), then one can calculate the function B7_3(.) (for
t—1=T —2in (iif)), and so on backwards. At each step, the complete 3-function
is needed. Using (iii), by backwards induction, it is easily seen that the functions S
are increasing (see Exercise 1.38 below), with 3;(0) =b—c¢,B,(1) = [T —t](a—c¢).
In fact, the equalities also follow immediately from the fact that if g, = 0 we stop
immediately, and when ¢, = 1 we surely continue to ¢ = T, and the expected earning
at each stage from ¢ + 1 on is a — ¢c. Moreover, we must have J;_(z,—1,q;—1) >
Ji(z1,q:) when (z—1,9,—1) = (z,4;), as there are more options available at time
¢ — 1 than at time ¢. Using f;(0) < 0 and f3;(1) > 0, it follows that points ¢’ exist, at
which B,(¢') = 0. (From the formula for B7_1(g7_1), in particular, we get ¢g' ! =
(c—=b)/(a—b).) Using J;—1 > J;, Bi—1(qr—1) > Bi(q;) when g;— = g;. This entails
that ¢'~! < ¢' for all ¢. The optimal behavior is then as follows: As earlier stated,
there is an original belief g_;, and we observe zp (the saleability of the first cup
produced). Using (i), we can calculate go for the appropriate case, depending on
whether zo was 1 or 0. Production continues if and only if go > ¢°. If another cup is
produced, inspecting it determines the value of z;. Using this and gg, we calculate
¢q1 from (ii), and production continues if and only if ¢; > ¢'. And so on until T, if
production has not already been stopped before.

Consider the situation where 7 is large. In the case where the machine is bad
(the producer does not know this), then most often the updates g, will be lower than
the preceding one, and these estimates will eventually become less than ¢', so we
will stop. Consider next the situation where the machine is good. Most often the
updates g; will be higher than the preceding one, so often (perhaps in the majority
of possible production runs), we will not stop and the estimates g; will increase
toward 1. However, not infrequently, production runs may appear in which, to begin
with, enough bad cups are produced to push the estimates g, below ¢', causing the
producer to stop production even in this case. Had he known that the machine was
good, he would not have stopped: Then, at each point in time, the expected net
income is a — ¢ > 0. (Symmetrically, not infrequently, we may continue “too long”
in cases where the machine is bad, but we never have such information for sure.) []

1.8 Control with Kalman Filter

Consider the linear-quadratic problem of Example 1.12 in Section 1.3. It will now
be assumed that it is not possible to measure x exactly. The state is still governed by
(1.21) and the criterion appears in (1.20). What we can observe is z; = H;x; + vy,
where H; is a known matrix, v; is a random variable with all v;, & independent
for all £. It is assumed that v, has Gaussian density proportional to exp[—1{V'G,v}]
and that & has Gaussian density proportional to exp[— % {W'N,w}], G; and N, known
matrices, G, = Covar(v;), N,' = Covar(g). The current problem will be solved
using the ideas that lie behind Method L. Let s, = (1;—1,%).
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The following results will be needed: Consider for the moment the situation
where z = Hx + v, let ¢ be the normal density of x with Covar(x) = M~!, Ex =
x*, and let ¥ be the normal density of v (v and x independent), with Ev = 0,
Covar(v) = R~'. We will need expressions for £ = E[x|z] and Covar(x|z). The con-
ditional density of z given x is W(z — Hx). Then the conditional density of x given z
is ¢ (x)y(z— Hx)/y*(z), where y*(z) = |7, ¢ (x)w(z — Hx)dx. Let " = z — Hx".
Using ~ to mean “proportional,” note that

¢ (x)y(z— Hx)
~exp(— 1 {(x—x*)M(x—x*) + (z— Hx)'R(z— Hx)})
~exp(—{(x —x")M(x —x*) + (2 = H(x —x*)'R(Z' = H(x—x"))})
~ exp(— %{(x x*)(M+H'RH)(x —x*

7( I/) ()C )C* ( )I_IRZ//+ (ZU)/RZU})~

The last expression is the same as exp(—5 W(x—x*—(M+H'RH)""H'R{") (M +
H'RH)(x —x* — (M +H'RH) '"H'R") + Ot})7 o a term in z (or in 7, i.e., inde-
pendent of x). This can be checked by multiplying out in the last expression. The
conditional density of x given z has the same form (the term in z is different). Hence,
the conditional expectation of x given z is

f:=x"+(M+HRH) 'H'R; = x4+ (M+H'RH) " 'H'R(z — Hx") (a)
and the conditional covariance Covar(x|z) is
Covar(x|z) = (M+H'RH) ' =M~ M "H'(HM'H' + R '"HM™'.  (b)

To prove the last equality, first multiply from the left by H. Then the equality
becomes

HM+HRH) "'=HM™' —(I+R " (HM'H') ") 'HM .
Next, multiplying by (M + H'RH ) from the right, we get
H=H+HM '"H'RH — (I+R'(HM'H')" " "HM~'(M + H'RH).
Canceling H and multiplying by 7+ R~ (HM~'H’)~! from the left yields 0 = 0,
i.e., the equality in (b) is verified.
(Given the Gaussian assumptions, statistics texts tell us that the estimator £ is a

“maximum likelihood”” and “minimum variance” estimator.)
We want to prove the formula

Covar(x|z)H'R=M'"H'(HM'H' + R ")~ (b)

Let B=HM'H',D = (B+R~")"'BR. Note that, by (b),
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Covar(x|z)H'R =M 'HR—-M'H'D= (M 'H'RD™' —M~'H')D
= (M 'H'RR'B'(B+R")~M'"H')D
=M 'H' +M'"H'B'R"' —M'H")D
=M 'H'B'R"YB+R")"!BR
=M 'H'[(B+R ")RB|"'BR=M""H'[BRB+B]"'BR
=M 'H'[BRB+R Y| 'BR=M'H'(B+ R 1),

and (') follows. Combining (a) and (b'), we get £ =
x* + Covar(x|z)H'R(z— Hx*) = x* + M 'H'(HM'"H' + R (z— Hx*). (")

Let us now turn to the solution of the linear-quadratic problem. As before, let C; be
given by the following Riccati equation:

C =R +A;Ci1Ar — (A;Cr1Br) (O +B;Cr+1Bz)_1 (B,Cr11A:), (1.89)

Cry1 = 0. Using the induction hypothesis that J(r + 1,s_,41) is equal to

E[x;HC,HxZH |s—i+1] +di41, di+1 some constant (it is correct for 1 + 1 = T, with

Cr = Ry, dr = 0), we are going to prove that such a formula also holds for 7 + 1 re-
placed by . Using the induction hypothesis, the optimality equation reads (compare
Method I):

J(I,Sg,t) = H}{inE{x;R[Xt =+ u;Q,ut —|—E[(A,x, +B,ut + et)/CH,l
1

(Aex; + Bty + &) s 1] +dr1ls—i }
= minE{x;R,xt + M:Qtut + (Apxt + Beuy + et)/CtH
(Atx,+B,u,+8,)|sﬂl}+E{dt+1|SH,}. (1.90)

(Here the double expectation rule has been used.) Define £, = E[x;|s—,]. The cal-
culations leading to (") above tell us how to obtain this estimate of x;, but let us
postpone making this connection.

Now, E[xX|Rx;|s | = ZR% + E[(x; — £ )R (x; — %) |s—] and

E[(Aix; + By + &) Criy (Arxy + Biug + &)|s ]
= E[(Aif: + A (x, — %) + Biu, + 8I>ICI+1
X (AR +Ar(xp — %) + By + &) 5]
= (ArxAz JFBtMt)/Cerl (AtxAt +Btut) + E[(Az (xt *)?t) + gr)lct+l
X (A — %)+ &)|s—s],

see a similar calculation, namely (1.23) and the subsequent comment in Example
1.12. Using these expressions yields J(¢,s_,) =

mln{)?;R,)?, + u; Qtu, + (AtxA, —i—B,ut)/Ct_H (A,x'} —|—B,ut)}
+E[(Ar(x; — %) + &) Cry1 (Ar(xy — %) + &) |5 1]
—|—E[(x, —XAI)/R[ (xt —XA[)|S*>Z].
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Using results from Example 1.12, the control u; = —D,%,, D; = (Q; + B/C,41B,) !
B/C;+14,, gives minimum in the optimality equation, see (k) in that example.
Moreover, for such a u;,

KR %+ u; Quuy + (Arky + Biuty) Gyt (Arky + Bouy ) = %G, %, ()

see Example 1.12 again.
Then, using (¢’) yields

J(t,sﬂt) = .xA;Ct.xA( +E[(x, 7.XA[)IR[ (.XI 7.xA[)|s*>l}
+E[(A[ (x, —),C\[ + 8[)’C[+] (A[(xl —)?,) + g[) |S*>[] + d[+] .

Similar to earlier calculations, inserting £ = x; + (£ —x;) in £C.& gives that
)?;C;)?, = E[XA;CIXA[ |s‘>l] equals

E[x;C,xt|s_,,] +E[(£t —xt)/C, ()?, —x,)|s_,,].
Hence, J(t,s;) = E[x,Cix;|s—| + d;, where

d[ = E[(XA[ —XI)IC[ ()?; _xt)|sﬂt] +E[(X[ —fo)/R[ (x, _XAZ)‘S*)[]
FE[(Ar(x — %) + &) Cry1 (A (5 — %) + &) |s—i] + i1

The next to last addend equals E[(A; (x; — %)) Ci+14; (xy — &) |s—] + E[(&)'Ci+1&)]-
We omit giving the explicit expression for d; but we note that it can be expressed by
means of d;, 1 and the given matrices in the problem, (in particular each term of the
form E[(x! — %)a(x] — £/)|s_,] is determined by the conditional covariance matrix
Covar(x;|s—) = P, defined below).

It remains to describe the estimate £,, which determines the control u;. Let £, X;,
M,, H;, G;, and P; play the roles of £, x*, M~' H, R~ and Covar(x|z), respectively,
in (b"") above. Note that x* = &, is the estimate at time 7 of the current state x;, before
z; is observed. Evidently, x; equals AX,—1 + B;—1u;—1 = AX—1 — B;—1D;—1X,—1. Then
X = X is the estimate of the current state x; after observing z;. As can be seen by
induction, the current estimate £, as well as the current estimate of Covar(x, ), given
s_., in fact depend only on the entities in s_.;, via X, and z, (and therefore on %,_1,
%), as follows from (b) and (b”), see also (d), (e), (f) below.

Altogether, for C; as given in (1.89), we get the following formulas:

(c) J(t,5—1) = E[X|Cox;|s—¢] + dy

( Ur = *tht, D; = (Qt +B;CI+IBI)_1B;CH»1AI

() % = X% +MH/(H:M,H' +G;)" " (z, — H%,), % = E(x0)
(f) X1 =A% + By

(g) My+1 = APA, + N;,My =Covar(xo)

(h) B, = M, — M,H](H,M,H, +G,)"'H,M,

(i) dy = h(di+1), dr =0, the formula for (.) omitted.

The explanation of formula (g) is as follows: P, is Covar(x|s—;), so M4 is
evidently Covar(x,11|s—;). (So far, we have always assumed x( fixed and known,
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but the specification of Xy and My indicates a generalization to the case where only
these entities are known at the outset.) Note that (g) is solved forwards, using that
P, depends on M; via (h). All values of M, and all values of C; (and then also of D;)
can be calculated before the initial time. Then at all times #, from (d) and (e), we
see that the optimal control u, can be calculated, given that z, is observed.

The so-called Kalman filter consists of the algorithm that recursively generates
the estimates %, (i.e., (d), (e), (f)), as stated above, the update £, depends only on
z; and the previous update X;_1.

1.9 Approximate Solution Methods in the Infinite Horizon Case*

Successive approximation. In this section, we shall give proofs of some results
yielding approximate solutions to infinite horizon dynamic programming problems,
as well as proofs of some of the results presented in the sections on an infinite
horizon. The problem is as in Section 1.6, see (1.65), (1.66); to simplify the notation,
we shall assume no dependence on v; in P (V1 1|x;,u,) and in g(z, .,.) in this section.
Recall the definitions of X' (x) (Remark 1.7 in Section 1.2) and J(0,x9,vo,K) (now
independent of vg), see a definition subsequent to (1.67), where K = T'. The optimal
value function J depends now only on x.

One approximation result has already been mentioned in Section 1.6: Under cer-
tain conditions, J(0,x0,K) — J(x0) when K — oo. When K is large, then using the
finite horizon optimal controls uy, ..., uk at the stages 0,1,..., K and arbitrary con-
trols afterwards yields approximately the infinite horizon optimal value (at least in
the case (B) of (1.70)). Most often for ¢ not too large, there will be no appreciable
difference between the u,’s, so frequently, ug(xo) is approximately optimal in the
infinite horizon problem when K is large. Another method yielding approximately
optimal solutions is the so-called successive approximation method, next to be de-
scribed, with a little more precision.

Below, functions /(x),h*(.), h(x),J(x) appear, assume them to be sp-continuous
in case V is nondiscrete (no such assumption needed when V is discrete). For any
given function 4(.), define T (k) by

(Th)(x) = sup{g(x,u) + &l h(f(x,u, V) x|},

and let T?(h) = T(Th),T3(h) = T(T?(h)) and so on. Evidently, T is nondecreas-
ing: h < h* = T(h) < T(h*). Under certain conditions, we shall see later on that
limy .. T¥(0) = J, where J(x), as before is the optimal value function in the infinite
horizon problem.

Let the control u(x) be the one yielding the supremum (=maximum) when cal-
culating 7%(0), (recall: when T¥~1(0) is known, a maximization is carried out to
find 7%(0)). The control u is then usually approximately optimal for k large. In cer-
tain circumstances, it is easy to give bounds, telling clearly how close i is to being
optimal, For example in case (B) of (1.70), [J(x) —J,, ()(x)] < 200 M /(1 — )2,
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where M = max{|M|, M|} and J,) is the criterion value resulting from using the
control u(x) at all times. (See Exercise 1.45 below.)

Note that, formally, in the definition of 7, /& can be any extended real-valued
function, i.e., taking values in [—oo, o], provided 4 is either bounded below or above
(and is minimally well-behaved so the expectation can be calculated, with values in
[_°°7°°])'

In this section, the cases (B), (P), and (N) denote the cases of (1.70), including
the modifications described subsequent to (1.70) if @ < 1. Denote by (N+) the case
where in addition to (N), the following conditions hold: U is compact and either
(C) V is finite and (x,u) — P(v|x,u) is continuous, or (D) V is nondiscrete and
the probabilities are given by piecewise continuous densities v — p(v|x,u) being
continuous in (x,u) for each v, such that p(v|x,u) < y(v) for some integrable v,
with [ |v|y(v)dv < oo, In case (D), it is further assumed that, for some constants kg
and ky, for all x € X (xg), all v, u € U,

g (o, )| < kg (14 [c]), [ f (e, 0, v) | < K (1 x|+ [v]), (1.91)
The probability assumptions in case (D) can be replaced by, for some k,,

E [|V]||x] < k,(1+ |x]) and E,[h(x,u,V)|x] is continuous in (x,u)
for any continuous function A(x,u,v) satisfying |h(x,u,v)|
< kp(1+ |x| +|v|) for some ky, for all x € X (xp),v,u € U. (1.92)

(In case of (1.92), V can even be discrete but nonfinite.)
The following theorem will be proved.

Theorem 1.40. In the cases (B), (P), (N+), limg_.J(0,x,K) = J(x) and
limy .. T(0) (x) = J(x) for any x € X (xg). O

Proof. It turns out that the cases M, > g, M) >0, x < land M; < g, M; <0, x < 1,
can be reduced to the cases 0 > g, and 0 < g, respectively: In the second case, adding
the positive number —M) to g changes the value of the criterion by ¥ o*(—M)),
in case o € (0,1). A similar remark pertains to the first case. Thus, it suffices to
consider the cases in (1.70). Two lemmas are needed.

Lemma 1.41. Assume g > 0, i.e., (P) in (1.70). Then for any non-negative J, if J >
T(J), then J > T=(0). In particular, J > T*(0). Symmetrically, if g <0 (i.e., (N) in
(1.70)) J <0 and J < T(J), then J < T*(0), in particular, g < 0= J < T=(0). O

Proof. Assume first g > 0. The inequality / > 0 implies the second of the inequal-
ities / > T'(J) > T(0). Then, J > T(J) > T*(J) > T?(0), J > T(J) > T3(0), and
so on, so J > T*(0) for any k. Hence J > T>(0). Because J = T'(J), J > T*(0).

A symmetric proof works for the case g < 0. |

For any given control function u(x), and any bounded function /(x), define

Ty () (x) = g (o, u(x)) + 0 [ (f (x,u(x), V) ) ).
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Moreover, define Tuk(i)(h) recursively by Tf()(h) = Tu<_)(Tu"<f>l (h)).

Lemma 1.42. Let fz(x) be a bounded function. In the cases (B), (P), (N), for any
given sequence of sp-continuous controls {u(.) }5, for all k, for all Xy € X (xo),

Y ot g(Xe,ug(Xy)) + o (X )50 | < T (B) (%), (1.93)
0<s<k

X; the solution of the difference equation given {us(x)}s and Xy (starting at t =0
at £o). Equality holds in (1.93) if us(.) = u(.) for all s, u(.) a given sp-continuous
control, and T (h) is replaced by T"(Jr)l(h) O

(Here, and below, we have omitted to indicate that the expectation depends on the
control sequence {u}.)

Pmof Evidently, (1.93) holds if k = 0 (equality holds in case of uy(.) = u(.) and
T'(0) replaced by T1 ( )). Assume by induction that the inequality holds for

a given k (equality in case us(.) = u(.) and T%(0) replaced by Tf(.)(O)) Define

h(X1) := E[Y <5<kt Ocs_lg(Xg,uS(xS)) + Ock+llA1(Xk+2)|X1]. Then, using (1.93) for
Y o<s<k replaced by ¥ j <s<¢+ and %o replaced by X,

E

Y ae(Xeus(Xy) + @ h(Xi) %
0<s<k+1

= E[g(%0,u0(%0)) |%o]

1 E a{E Yo e (X us(x) X,

1<s<k+1

akH/AZ(XkJrz)} |3?o]

= E[g(f0,u0(%0)) + ath(f (£0,u0(%0),V))[%0]
< T(h)(%0) < T(Tk“(h))( 0) = T2 () (o).
(Equality holds in case of 752 = Tk(JSz us(.) = u(.).) Thus, the asserted inequality
(equality) (1.93) holds for all k, all £y € X (x). O

Lemma 1.42 has the evident implication that for 1 = 0
J(%0) <T7(0)(%o) forall %€ X(x0), (1.94)

(with equality if 7=(0) and J(£y) are replaced by T (0) and J,,(.) (%0))-
To see this, by a monotone convergence theorem, see the Appendix, (1.93) holds
also for k = oo, next note that the supremum over all policy sequences of the left-

hand side equals J(%)).

Proof of T*(0)(x) — J(x), x € X (xo), in cases (B) and (P)
Combine (1.94) with J > T*(0) (Lemma 1.42). O
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Proof of T*(0)(x) — J(x), x € X (xo), in case (N+)

Note that T¥(0) | 7*°(0) , so T¥*1(0) = T(T*(0)) > T(T=(0)). Fix an x in X (xo),
and (using compactness of U and continuity of g and f in «) choose u; such that

T 0) (%) = gl ur) + QB [T(0) (f (x,ui, V) ) 4]
= max{g(x, u) + 0, [T*(0) (f (x,u,V))[x]} = T(0)(x),

(it may be seen by induction and a Maximum Theorem, see Sydsaeter et al. (2005),
that (1.91) and (1.92) imply continuity of the maximand). Because T is nonincreas-
ing, then for i > k,

g(x,) + B [TH(0)(f (x,14,V)) 1]
> (i, i) + 0By [T'(0)(f (x5, V)) ] > T(0)(x).

Then also g(x,u) + oE,[T*(0)(f(x,u,V))|x] > T>(0)(x), where u is a cluster point
of u;. Letting k — oo (and using a monotone convergence theorem), gives g(x,u) +
O, [T(0)(f (5,1, V)) ] = T(0) x).

Define U*(x) = {u € U : g(x,u) + oE,[T*(0)(f(x,u,V))|x] > T=(0)(x)}, and
note that we have show that U*(x) = NU*(x) # 0. There exists a (minimally well-
behaved) function u. (x) € U*(x) for all x € X (x), such that

g(xv U (x)) + aEu*(x) [Tm (O) (f(x7 Use (x)v V)) |x]
=T,.,()(T7(0))(x) = T*(0) (x).

(On the existence of u,(x), see Remark 1.44 below.) It then follows that
T2 (T2(0)(x) = T2(0) (), T2 | (T=(0))(x) = T=(0)(x), ... x € X (x0).
Because 0 > T°(0), then, using the “equality case” of (1.94), we get J(x) >
() = limg TF ()(0)(x) = limy Tt ((T™(0))(x) > T=(0)(x). By (1.94), we have
J(x) <T=(0)(x), so J(x) = T(0)(x),x € X(xp). O

Proof of limg_,.J(0,x,K) = J(x), x € X (x0)

Consider first the case (P), with g > 0. Note first, by non-negativity of g, for an
arbitrary {uy(.)}s, that

E <J

b

Z o' g (X, us (Xs))|x SE{ Z o’ g (X, us (Xs))|x

0<s<K 0<s<oo

$0 J(0,x,K) <J and J(0,x,00) = supg J(0,x,K) < J. On the other hand,

E Z (ng(XY,uX<XY))‘X SJ(O,)C,K),
0<s<K

SO



1.9 Approximate Solution Methods in the Infinite Horizon Case 63

E Z o’ g (X5, us(Xs)) x| < supJ(0,x,K) :=J(x,00)
0<s<oo K
and hence J(x) < J(x,e0).

In case (N+), with g < 0, evidently J(0,x,K) > J(x) (J “contains more negative
terms”), so J(0,x,00) := limg J(0,x,K) > J(x). On the other hand, for any given
7 = {uy(.) }5, the inequality (1.93) gives J5 (0, %, K) < T*1(0)(%), s0 J (0, %0, K) <
T*+1(%y), and taking limits, gives J(0,%,00) < 7°(0)(£). Then, for £ = x, using
T=(0)(x) = J(x), gives J(0,x,00) < J(x). So limg_.J(0,x,K) = J(x) even in this
case. 0

Finally, note that the case where P;(V;+1|.) and g(z,.) do depend on v, can be
taken care of by using an auxiliary state £, governed by %;11 = V;4. Replacing the
x; above by (x;, %) means that this case is also covered.

Remark 1.43 (Proof of certain assertions in Sections 1.2 and 1.6). In Sections 1.2
and 1.6, the assertion claimed in case (P), namely that if J,,()(x) = T (J,())(x), then
Ju()(x) = J(x), follows immediately from J,(y > T*(0) = J, see Lemma 1.41 and
Theorem 1.40.

Let us next prove in case (N) that u(.) is optimal if it satisfies T, (J)(x) =
T(J)(x),x € X(x0). AsJ =T(J) = Ty, using a result from Lemma 1.40, namely
J=T(J)=J>T>(0), for the case (P), with g replaced by —g, and with no
possible choice of controls other than u(.), (so T = T,,), for J = —J, we get
that —J > —TM(.)(O). Furthermore, —Tu<_)(0) = —Jy(), (by equality in (1.94)). So
Ju(y 2. O
Remark 1.44 (Well-behavior of u.). In the case of a nondiscrete V, we did not state
any well-behavior property of u,, but at least it can be assumed to be what is called
“Borel-measurable,” see the Appendix. A so-called measurable selection result is

needed to obtain u,(.), (note that U¥(x) is closed, and x — distance(q, U*(x)) is
Borel-measurable for each g € R"). (I

Remark 1.45 (Comment on T*(h)). In cases (B), (P), (N+), limy .. T*(h)(x) = J(x),
x € X(xo), for any bounded function & = h(x). O

This can be shown by an easy modification of the above proofs.

Other Methods

Assume again (1.70), with subsequent modifications. Recall that, for any policy
u(x), the following equality holds

Ju()(x) - g(x, u(x)) + aEu(x) [Ju()(f(xa M(X),V))|)C], (1.95)

orJ,() = Tu(,)(Ju(_)). One (complicated!) way to see this is that this is the Bellman
equation in case of no possible choice of control other than u(.), in which case Ju()
is the optimal value function.
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Consider what we shall call the finite case, where it is assumed that U, V are finite
sets. This has as consequence that, given a fixed start point x(, for some countable
set S, for any #,X; € S, (so X (xp) C S). We shall even assume S to be finite in this
“finite” case. Then, given u(.), (1.95) represents a set of k linear equations, one for
each of the k elements in S. The construction of J,,( (x),x € S, means solving these
linear equation where J,,(y(x),x € S, are unknowns. In this finite case, condition (B)
is satisfied in case a < 1.

Policy Iteration

Policy iteration is a stepwise approximate solution method and works as follows.
Choose an arbitrary initial policy ug(x), calculate J,((x), and then the control
uy (x) yielding maximum when forming 7'(J,, ) (x), then calculate J,,, (.y(x), and next
calculate the control u(x) yielding maximum when forming 7'(J,, )(x) and so on.
(We assume that such maxima are attained.) Suppose that for any u = u(x), any
X0 € X (x0), for = (u(.),u(.),...),

lilzninfakEﬂ [Ju(Xi)|%0] = O, (1.96)

that @ < 1 and that g > M for some constant M (call this case (P+)). (When (B)
holds, (1.96) automatically holds.) In case (P+), it turns out that J,, (x) — J(x) when
i — oo, for any x € X' (xp), so for i large, u; is approximately optimal.

To see this, we need only consider the case g > 0. Because for any i, 7;,,(J,;) (x) =
Ju; (x), then Ty, (Ju,) (x) = T (Ju; ) (x) = Ty (Ju; ) (x) = Ju;(x), and then TMZ,»H (Ju;) (x) >
T, (Ju;)(x) > Jy;(x), and in general Tu’jﬂ (Ju;)(x) > Jy;(x). Now, it can be shown
that the nondecreasing sequence {Tuk,~+ | (Ju;) (%) }x has a limit 7,7 (J,,)(x) equal to

Ujt1
Juy, (x), at least when (P+) holds. To see that 7,7 | (Ju,)(x) = Ju,:l (x), observe that

the equality version of (1.93), yields

Ex| Y o'e(Xguiri (X)) + o, (X)) Ifo | =Tyl (Jy)(R0),  (1.97)

Uit
0<s<k

where X; is the solution of the difference equation given £y € X' (xo) and u(x) =
u;1(x) for all 5. (In the current case, (1.93) holds for any non-negative fz.)

Using (1.96), taking limits as k — o in (1.97), we get Jy,,, (fo) = T,7" | (Ju;) (f0) =
Ju;(X0), (which of course implies J,,,,, (X0) > Ty, , (Ju;) (X0))-

When (P+) holds, it can further be shown that lim; .. J,, (x) = J(x), the optimal
value function: Note that, for any u, as T, (J;) = T (J,; ), by the last inequality, for
x € X(xo),

80x,u) + 0By [, (f (6,0, V) |x] = T (i) () < T (Ji) (%) < i (%)-

Letting i — oo here yields
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]imJuM ()C) Z g(x7u> + aEu[]imJu[ (f(x,u,V))|X],
l l

hence lim; J,,;(x) > T (lim; J,,; ) (x).

Thus, by Lemma 1.41 and Theorem 1.40, lim;J,, > T°(0) = J. Evidently, all
Ju, < J, so0lim; J,; (x) = J(x), the optimal value function.

In the finite case, as S is finite, the collection of control functions is finite, and so
in this case we cannot have J;,,, (x) > J,,(x) for some x € S for an infinite number
of i’s, so in this case an optimal policy will be found after a finite number of steps.

In the finite case, Jui(')(x) can be calculated by using (1.95), and, in general,

TE(Jy_,) = Ju;» when k is large.

Linear Programming

We here confine our attention to the finite case where o < 1, (X (xp) =: S, with S, V,
U finite). For any function J, J > T'(J) = J > T*(J) > ... > T*(J) > limT*(J) =
J=T(J),soalso Y, J(x) > Y, J(x), and J(x),x € S, solves the problem miny_, J(x)
subject to J(x) > T (J)(x),x € S. Now, the last inequalities can also be written

J(x) > g(x,u) + aE, [J(f(x,u,V))|x] forall x,u.

This is a finite set of linear inequalities in J(x). Finding the solution vector of this
linear programming problem, i.e., the minimizing vector with components J*(x),
x € S, means finding the optimal value function in the dynamic programming prob-
lem: J*(x) = J(x).

1.10 Semi-Markov Decision Models

We now modify the basic setup slightly. The time lengths between the stages
shall now be stochastic. Thus transitions (changes in the state) occur at stochas-
tic time points Tj, T, = 1'2—1—171,73 =13 +7,...., 71 >0, 7 >0. Let 0 =1=0.
The change in the state at time 7; is influenced by a stochastic variable V; (see
(1.99) below). Given V; = v;, the next V;.; in the process is determined by the
probabilities P(v;11]x,u,v;, 7/ ). (We can also allow continuous variable v 1, in
which case densities vj+1 — p(vji1]x,u,v;,7/1) are given.) Given that a transi-
tion occurred at 7; > 0, the next time ;. := /™! + 1; > 7; at which a transi-
tion occurs is a random variable, and /7! has the cumulative distribution 7/+! —
F(t/*Yxj,u;,v5,77),7/7! € [0,00). We have to ensure that an infinite number of
transitions do not occur in a finite interval, so we require: There exist numbers § > 0
and &' € (0,1) such that, for all x,v;,u, 7/,

Prt/tl < 5|x7u,vj,1j] :F(5;x,vj,u7rj) <1-4" (1.98)
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(To see this, note that Pr[ty,..., Ty € [0,8)] < (1 — &)Y, by rules of condi-
tional probabilities, so the probability for an infinite number of transition points 7;
in [0, 8) is zero. Next, the event that an infinite number of transition points occur in
[0,28) has also probability zero, because then an infinite number of points belong to
[0, 8) or, if not to this set, then to [§,28), both these events having probability zero.
An infinite number of transitions cannot occur in [0,36), by a similar argument,
neither in [0,78) for any n, by continuing this argument.)
The state equation is now written

Xjp1 = f(x,u;,vje1, 7Y, xo (and Vo = vp) fixed. (1.99)

In the interval (7;,7;j;) the state x(z) equals x;. Thus, x(z) is defined for all 7 in
(0,00), and with probability 1, x(z) is a piecewise constant function on any interval
[0,a) (on [0,a) it has, with probability 1, a finite number of jumps).

The criterion to be maximized is

- l Y e 50X ,u(X;, V1)V, 7))
j=0

J

T; .
—|—/ o e “h(Xj,uij(X;,Vj,1;),Vj, T])ds}]
T

=

=E| Y e {0 (X),u;(X;,Vj, 1), V5, )
=0
—I—h(Xj,uj(Xj,Vj,Tj),Vj,Tj)(l —e‘“j“)/oc}] , (1.100)

where the 7;’s (j > 1) can take values anywhere in [0, ), so the horizon is infinite.
The functions f, fO, and h, as well as the number o > 0 are given entities, f, fO,
and /& continuous. A control u; is chosen each time a transition has occurred, i.e. at
each time point 7;, u; € U, U a given set in R”. We wish to maximize the criterion
over all policy sequences {u;(X;, Vi, i) }7.

We shall treat the current topic in a slightly nonrigorous manner, let us neverthe-
less mention that, of course, certain assumptions have to be satisfied for the above
expectations to be defined. (Sufficient conditions are for example that f°, £, and &
are all bounded functions, then even the supremum of the criterion is then finite.
Weaker conditions exist, allowing Lipschitz continuity in x of some rank K, pro-
vided £(0,u,v,7/), f2(0,u,v,7/),h(0,u,v, /) are bounded functions and K is small
enough.)

Let fo(x,u,v, /) :=

Pt + [ (b e (1= e ) o) dF (tix., 7).
0
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(dF calculated with respect to #). Define the infinite horizon current optimal value
function J(j,x;,v;,7;,7’/) to be equal to

max E[Z e~ 5% fo (Xi,ui(Xi, Vi, T), Vi, T) |, v, T (1.101)

=]

where (7;,X;) is the process determined by the u;’s, starting at the given point (7;,x;)
(v; also given). (The word “current” is used to indicate that we discount back to 7},
not to t = 0. Note that 7; — 7; = ,i _ +1’L'k ) The maximum is taken over all policy
sequences {u;(X;,V;, ;) };= ;. Observe that, by the autonomy in the problem and the
infinite horizon, J(j,x;,v ﬁrj,rf ) is independent of j and 7; and can be written
J(x,v,T), where x = x,,v = v;,T = 7/. The following Bellman equation then holds:

J(x,v,T) = max {fo(x,u,v, )
+E[h(x,u,v,T)(1 — e~ %) Ja+e % I(X,V, 1)|x, v, 7]} (1.102)

(expectation with respect to the stochastic variables X,V, ©), i.e.,

J(x,v,7) :max{fo(x,u,v,r)—i—/ E[J(X,V,t)|x,u,v,tle” *dF (t;x,u,v,7)},
u 0
(1.103)

where X = f(x,u,V,t), and where

E[J(X,V,1)|x,u,v,t] = ZP V], u, v, t)J(f (x,u,0,1),0,1)

in the discrete probability case. To see that this is correct, one can imagine that the
time between stages are all equal to one, and that 7/ is “included” in the stochas-
tic variable V;. Then the Bellman equation (1.68) ylelds (1.102). Agaln it can be
expected that optlmal controls are of the form u;(x;,v;,7/) = u(x;,v;,t/), in partic-
ular, the controls do not depend on ;.

As said above, the current topic will be treated somewhat informally. The infinite
horizon should require of us to state properties holding in cases similar to (B), (P),
and (N) in Section 1.6 above, however, we refrain from doing that.

In pure stopping problems, where U = {u*,u‘} and h(x,u*,v,7) = 0, we con-
fine our interest to problems where we can stop only at jump points (the “moment
after” such jumps), so let us have this as a requirement. In this case, the Bellman
equation is

J(x,v,7) = max{f°(x,u’,v,7),
fg(x,uc,v,‘c)Jr/OmE[J( x,ul Vo), Vo) |x,ul v, tle” *dF (t;x,u v, T)},

(the expectation E is with respect to V).

Example 1.46. At a workplace for garbage collection, used PCs are received in ac-
cordance with a Poisson process with intensity A. At any point in time, the persons
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working there can decide to take their truck and transport all the PCs to a reprocess-
ing factory, which is reckoned to cost K. As long as x = i PCs are in the store, then,
per unit of time, a cost ¢(i) is incurred, ¢(0) = 0, ¢(i) increasing to infinity with . It
is easily seen that the decision to ship away the PCs will be taken at the moments in
time PCs arrive. At which point in time should PCs be trucked away?

The control u takes values in {0, 1}, u = 0 means the PCs are trucked away, and
u = 1 means the opposite. The state equation is x| = 1+ x;u;. The criterion is

Tit+1
E|Y —-K(1 —uj)e*mf'—l—/r " —c(Xj)ujewdt],
J i

a > 0.

Solution. For x = i, the Bellman equation for this problem is:
J(i) = max{—K+J(1)y,—c(i)/ o+ (c(i) /o +J(i+1))7}, (%)

where ¥ = A /(A + ). To see this, first note that we shall now find the maxi-
mum of two terms, one term stemming from u = 0 and one from u = 1. The latter
case, which corresponds to keeping the PCs in store, yields the term E[—c(i)((1 —
) @) + (i + 1)e ] = [ de M [—c(i) (1 — ¢ ) /a) +J(i + 1)e“]dr =
—c(i)/a+(c(i)/a+J(i+1))y. Next, u =0 gives the term —K + E[J(1)e”**] =
—K+J(1)y.

Let us guess that the optimal policy is as follows: There is a natural number i*,
such that the PCs are trucked away, if and only if their number exceeds or equals i*.
Then J(i*) = —K +J(1)y. Using

J(i) = —c(i)/a+ (c(i) Ja+I(i+ 1)y = —c(i)(1 =) /a+yI(i+1)
for i < i*, by backwards recursion J(i* — 1),...,J(1) can be found. We get
J) = (—K+J)Y)Y = (1=l = 1)y 2+c(=2)7 2 +...+c(1)]/a.
Hence, J(1)(1 —¥") = =Ky ' = (1 — y)¢(i*) /o where
O ) =c(i* — 1)y 2+l —2)7 P +... +c(1),

soJ(1) = (1 =¥ ' [=Ky ~' = (1 — )¢ (i*) /a]. Now, by (*), i* is the largest i*
such that
—c(i" =D =y)/a+J0")y
=—c(i" =11 =y)/a+(=K+J(1)n)y>-K+J(1)7,

K>vyJ(1)+c(i*—1)/o

Using the expression for J(1), we get
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K>y(1=9) 7[Ry = (1= 7)o (") /] +c(i — 1)/
which is equivalent to

aK > c(i* = 1)(1=7) — (1-1) 79 (i"). (#)

So, i* is the largest i* such that this inequality holds. To see that such a i* exists,
note first that oK > c(0)(1—7) — (1 —)yp(1) = —(1 — )y (1), and next that
o (i*) <c(i*—1)/(1—17), as can be seen by replacing c(i* —2),...,¢(1) by ¢(i*— 1)
in the formula for ¢ (i*), and summing the arising series. The right-hand side of (**)
is hence > ¢(i* — 1)(1 — ¥ —y) and for large i*, aK (the left-hand side) is even
< —D(1-7 —7).

(A precise argument for the fact that the above policy is optimal is omitted. Sim-
ilar to the arguments used in the infinite horizon job search case, it is however easy
to show that the above policy — and J(i)-function — is the only one satisfying the
equilibrium optimality equation. And we are in a situation similar to the (N) case,
where we then can conclude that the policy is indeed optimal.) (]

Further reading. Among a great number of books on dynamic programming, we
mention only Ross (1983), (1992), Bertzekas (1976), and, with measure theory,
Bertsekas and Shreve (1978), Hernandez-Lerma and Lasserre (1996), Stokey et al.
(1989), and Puterman (1994).

1.11 Exercises

Exercises for Section 1

1.1. (Bertsekas) A farmer annually produces x; units of a certain crop and stores
(1 — uy )x; units of his production, where 0 < u; < 1, and invests the remaining ux;
units, thus increasing the next year’s production to a level x| given by

X1 = X + Wiy, k=0,1,....,N—1.

The scalars W;, are bounded independent random variables with identical probability
distributions that depend neither on x; nor on u;. Furthermore, E {Wk} =w>0.
The problem is to find the optimal policy that maximizes the total expected product
stored over N years:

N-1
E {XN+ Z (1 —uk)Xk} .
k=0

Show that an optimal control law is given by:

(D) Ifw> 1, then up(xo) = -+ = uy—1(xn—1) = 1.
2)If0 <w < 1/N, then ug(xp) =~ =uy—1(xy—1) =0.
3)If1/N <w < 1, then

up(xp) =+ = “N—/E—1(xzv—1‘<—1) = 1,’4N—/‘<(XN—/‘<) = =uy-1(xn-1)=0

where k is such that 1/(k+1) <w < 1/k.
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1.2. In the examples in the text in Section 1.1, and also in the subsequent exercises
for Section 1.1, the situation is so simple that the J(z,x;, v, )-functions have the same
structure for all ¢, e.g., in one problem, all are quadratic in x;. In most problems this
is not so. Consider for example the problem

s=T—1
max E Z Inug —xr |,
s=0
s.toxr1 = 14+ Vipixu,xo = Ly, € (0,1],V; € {1,2},V; iid,,

PrlV, = 1] =1/2.

Then J(T,xT) = —XT, J(T - l,xT_l) = —lnx+1n(2/3) —2,and J(T —2,xT_2) =
—2+1n(2/3) — (1/2)In(14+x) — (1/2) In(1 4 2x). Show these formulas.

1.3. Consider the problem:
max E | —dexp(—yXr) + Z —exp(—yu;)],

where u, are controls taking values anywhere in R, 6 and 7y are given positive num-
bers, and where
Xiv1 =2X; —u + Vit X0 given.

Here V;11,t=0,1,2,...,T — 1, are identically and independently distributed. More-
over, K := E [exp(—YV+1)] < 0. Show that the optimal value function J(f,x) can
be written J(¢,x) = —oy exp(—7x), and find a backwards difference equation for ¢.
What is o ?

1.4. (Blanchard & Fischer) Solve the problem
T-1
maxE | Y (146)In(G)+k(1+6) " InAr |,
t=0
where w; and C; are controls, k and 8 given positive numbers, and

A1 = A =G+ r)wi+ (14 Vi) (1= w)],

where r; is a given sequence of positive numbers. The stochastic variables V; are
bounded and independently and identically distributed.

1.5. Solve the problem

Z 2(1,{,)1/2 +aXT

t<T

max £ , uy >0, a>0, x9>0, T fixed,

where

Xi+1 = X; — u; with probability 1/2, X, | = 0 with probability 1/2.
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1.6. Solve the problem

max E

Z (1 —u)X;

0<e<T

s XOZI

subject to u, € [0, 1] and
X1 =X +u Xy + Vi1,

where V;1; > 0 is exponentially distributed with parameter A, (i.e., the density of
Vi1 > 0is ¢(v) := Ae 2Y), (V, iid.).

1.7. (Hakanson) Let x; denote capital, y; income, ¢; consumption (a control), and z
investment with uncertain return (another control). The balance x; — ¢; — z; is placed
in a bank and earns a return r equal to 1 plus the interest rate. Let the gross rate of
return on the uncertain investment (i.e., z) be B; (so B; equals 1 plus an uncertain net
rate of return). Assume that the random variables f; are bounded and independently
and identically distributed. Then

Xip1 =B =z +r(X —c) + .

Assume that Ef; > r. Let K > 0, v € (0,1) be given numbers. The maximization
problem is

maxE{ Z [Oct(Cz)y]/}”rOCT(K/Y)(XT)Y}v

0<t<T—-1

where ¢; > 0, z; > 0.

(a) Solve the problem, i.e., find the optimal controls. (Assume that ¢; > 0 and
Xi+1 > 0.) Hint: When maximizing w.r.t. (¢,z), first maximize w.r.t. z. When maxi-
mizing w.r.t. z, use the fact that for an arbitrarily given number b > 0, one has that

r;lza(;(E [{rb+(B—r)z}?] =b"a where a= I?Zaé(E [{r+(B—=r)s}]. (%

Don’t try to find a, use it as a known parameter in the solution of the problem.
Formally, we let the w¥—function be —oo when w < 0. Write expressions of the form
{y+r(x—c)+(B—r)z}"as {r(+y+x—c)+ (B —r)z}? when using ().

(b) Discuss dependence on parameters in the problem, including the distribution
of B.

(c) Show ().

1.8. Consider the problem

subject to (T fixed and)

Xt+1 = M[Xt‘/t+1,u el .= [0, 1],
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where V; | = 2 with probability 1/4, V,; = 0 with probability 3/4, (V; i.i.d).

(a) Find J(T,x), J(T — 1,x), and J(T — 2,x), and corresponding controls. Be aware
that the maximands will be convex in the control #, so maxima will be situated at
corners (ends of U).

(b) Find J(¢,x) for general ¢, and the corresponding controls.

1.9. Solve the problem
max E Z (u)'* +a(Xr)' ?|, w >0,
0<r<T—1
a,T given positive numbers, subject to
Xiv1 = (X —u)Vipr, xo0=1,

where V;1| = 0 with probability 1/2, V,; = 1 with probability 1/2, (V; i.i.d). Hint:
Try J(t,x) = 2a;x"/?,a, > 0.

1.10. Solve the problem
max E[(xr)' "% /(1 - a)], u €(0,1),
o >0, o # 1, subject to
X1 =X +u Vi1 Xy, x0>0,
where the V;1’s are i.i.d., Viyp € {—1, 1}, Pr[V41 =1]=p > 1/2.
1.11. Solve the problem

T-1

max E [Z _“z2 —X%
=0

5 M[GR

when X411 = X;Viy1 +u;,xp a given number, Vi) € {0,1}, Pr[Viy = 1|V, =
1] =3/4, Pr[Viy1 = 1|V, = 0] = 1/4, (V; a Markov chain). Hinr: Try J(t,x,1) =
—ax?,J(t,x;,0) = —b,x>.

Exercises for Section 1.2

1.12. Consider the problem

maxE | Y (—u; — X))o |, a€(0,1), u€ER,
=0

X1 =X +up +Vig, E(Vt+l) =0, E(Vf+1)2 =d.
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(V, bounded and i.i.d.) (a) Guess that J(x) is of the form ax + ¢, and insert it in
(1.10) to determine a, b, and c.

(b) Solve the finite horizon problem by assuming a quadratic form of the value
function. (We now sum only up to time 7.) Find J(0,x0,T), let T — oo and prove
that the solution in (a) is optimal (we are in case N).

1.13. Solve the problem

oo

Y B'(Inu, +1nX,)

t=0

max £ aXH-l = (Xt _ut)‘/t+17x0 > Oa U € (0,)(7;)7

where 8 € (0,1),V, > 0, and all V; i.i.distributed, with |E InV;| < eo. Drop final proof
of optimality of the control (i.e., discussion of satisfaction of conditions like P. or N.)

1.14. In Example 1.8, by calculating explicitly J*+, show that J(x) = J"*.

Exercises for Section 1.3

1.15. Solve the dynamic programming problem

max E

Z (1 —u)X;

0<e<T

s X()Zl

subject to u, € [0, 1] and
X1 =X + Xy +Vig,

where V| is exponentially distributed with parameter 1/x; (i.e., the density of V;;

iso(v):= {e“’/"’}/x,).
1.16. Use the stochastic Euler equation to solve the problem

2
maxE Y [1 = (Vg1 + X1 — X,)* + 1+ V3 4+ X3], Xo = xo,
t=0

X1,X,,X3 € R, all V; bounded and i.i.d. with EV, = 1/2, xo given.

1.17. Let {u(z)}; be a finite sequence satisfying the optimality equation, to-
gether with a finite sequence of functions {J(z,z)},, and let {X,*}, correspond to
{u; (z)}+. Prove the optimality of 7#* := {u;(z;)};, by elaborating the following ar-
gument (the setup is as in the proof of the optimality equation): Let 7 := u;(z), be
an arbitrarily given control sequence, with corresponding sequence {X;},. Define
J(t,z,7) = E*[YL, fo(s,Xs,us(Zs))|z], where the conditional probabilities used to
calculate the expectation are P, (V;|z;,u,(Z;)] (which explains the superscript 7 on the
expectation). Trivially, J(T,zr, %) < J(T,zr,n*) = J(T,zr). By backwards induc-
tion, let us prove that J(r,z;,m) < J(t,z,7*) = J(t,z). Assume that the inequality
is correct for 7. Now,
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|Zt1‘|

T
Zfﬂ(svxsa us(Zs))|Zt‘| |Zt1]

s=t
= fO(f_ 1>-xt—laut—l(zt—1)) +En[](fazt,ﬂ7)|Zt—1]

< ol — Loyt o)) + E*UI(0.20) 1]

< m’flx{fo(t_ Lxe—1,u) +E“[J(t,Z) |z} = J(t — 1,z-1).

T
J(t— 1;Zt—177[) =E" [ Z f0(57XS7uS(ZS))|Zt—1

s=t—1

T
ZfO(S7X37uS(ZS))|Zl‘71aZt

s=t

=folt = 1,5 1,u;1(z1)) +E" |E"

= folt —Lxi—1,u—1(z-1)) +E* |E”

If T = 7%, the inequalities are equalities, hence J(t — 1,z,—1) =J(t — 1,z_1,7").

Exercises for Section 1.4

1.18. Solve Example 1.19 in Section 1.3 (a hard end constraint), by using the
stochastic maximum principle.

1.19. In Exercise 1.5, let a = 0, and add EX7 > 0 as a soft constraint. Solve this
problem by means of the stochastic maximum principle as well as by means of
Remark 1.30.

1-a

1.20. In Exercise 1.10, replace x; “/(1 — a) by Inxr, and solve the problem by
means of the stochastic maximum principle.

1.21. Solve Exercise 1.3 by means of the stochastic maximum principle.

1.22. Consider the deterministic problem max,,cg [max{—uj, —2}| subject to X; =
uo, Xo =0, X(1) > 1. Show that uyp = 1 satisfies the necessary first-order conditions
(at this point we have differentiability) but that the procedure in Remark 1.30 does
not work (essentially, the Lagrangian in this nonlinear programming problem is not
maximized).

1.23. Explain the following proof of sufficiency of Theorem 1.24, even for the end
constraints in Remark 1.27, and for pr(x},vr) satisfying the transversality condi-
tions in that remark. Show also that essentially the same proof works for history-
dependent controls u; (v_,). Below, H(s,x,u, y) = fo(s,x,u) + wf, f(T,.,.,.)) =0,
Yri1 = pr, and Y = W(s+1»f(svx:7u:<x§’VS>7Vs+1)7Vs+l)'



1.11 Exercises 75

E{i)fo(&X*,u:) —fo(s,Xs7us)}
L
:E{ZH §, X ut W) — H(s, Xy, g, Wy 1)
-
e 05 Vo)~ 5 Ko Vo)
2 5 L5 ) O )+ (55 i) )
_WS+1(f(s7XS*7u:7VY+1)_f(S>XS7uS7VY+1)}
>E{ZE (s, Xy, Wor 1) (X7 — X))+ Hy (s, X u, Wy y) (uy — ug)
Ve (Vo) 5 Kot Vo)

> E{ZE S’Xs ’usaWS-‘rl)(Xs* —X;)— WS-H( s+1 7 S-H)V—’S]}

Z'l/s (X = X5) = Yot (X — Xor1)

[V’O(Xo —x0) — Yr41(X741 —X7r41)] =0.

1.24. (Nonexistence of admissible Markov controls)

(a) Consider the following system. Let xo = 0,X; =V; € {0,1}, X2 = X1 V5, X3 =
Xoug+up, U ={—1,1},V, €{0,2},Pr[V; = 1] =Pr[V, = 2] = 1/2, and let us require
that EX3 = 1. Show that no admissible Markov controls u, (x;) exist, but that history
dependent controls exist.

(b) Introduce the following changes in the system in (a): X, =V, € {0,2}, Pr[V, =
2|lvy = 1] =1/2,Pr[V, =0|v; =0] =1, so E[V2|v{] = v;. Show that no admissible
Markov controls u, (x;,v,) (but history dependent controls) exist.

Exercises for Section 1.5

1.25. Solve the optimal stopping problem where we shall choose 7 to maximize

E| Y o+Y;

0<r<t—1

(jt:—l’ TST

Here Y; is a stochastic process that develops according to

Y11 =Y, +Viy1, where
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1 1
Pr[VtH = l} = e and Pr[V,H :O] =1- e
Vi41 taking only the values 1 and 0, the V;’s being independent. (If we stop att = 7,
we get the reward Y dollars, at all times ¢ < 7, we have had to pay 1 dollar.)

1.26. Solve the optimal stopping problem max; EXr, X;+1 = (X, — 1/2)Viy1, Vig1 =
0 with probability 2/3, V;4+1 = 1 with probability 1/3 (t < T) (V; i.i.d.).

1.27. A surgeon, Jane, is going to carry out a certain operation, the success of which
has a probability 1/2 (the successes are i.i.d.). During the course of maximum three
days, Jane is going to perform the operation twice each day. She may stop at the end
of the first or second day and definitely stops at the end of the third day. She wants to
have a flattering record of operations, using as success criterion 48 times the fraction
st /2t of successful operations, where s; is the number of successful operations up to
and including day ¢, t = 1,2,3. Find an optimal stopping policy that maximizes the
expected value of the success criterion.

1.28. (Ross) John drives to his job. He can either park at his workplace, which costs
him K > 0, or else he can park for free in the street leading up to his workplace, at
any parking place numbered s = 1,2,3,.. ., starting the numbering from the entrance
to his workplace. (He passes place s before passing place s — 1.) The probability
that any parking place in the street is available is p. John wants to minimize the
cost, which equals s if he parks in the street (the effort of walking) and equals K
otherwise. Hint: You will need the number n* being the greatest number n such that

("' —q)/p+¢" 'K > 1, where g = 1 — p, and the formula

n—2 n—1 n+1l

np+(n—1)gp+---+2¢""p+q" " p=n+(q""" —q)/p.
1.29. Solve the problem max; EX;, where 7 is subject to choice in [0, 3],
Xit1 =X+ )Viy1, xo >0 given,
and where V;; = 0 with probability 1/2 and V,;| = 1 with probability 1/2 (V; i.i.d.).
1.30. Solve the stopping problem:

max EX;
T

subject to T € [0, 7], T fixed, and
X[+1:X(/2+yt‘/[+1, t:0,1,2,...T, X():1

Ver1 =3y Vit1/2,

yo = 1, where V; 4 =1 with probability 1/2 and V;;; = 0 with probability 1/2, (V;
i.i.d.). Does a one-stage look-ahead policy apply? (Hint: The sets B; can be restricted
to X;(xo) x V.) (Hint: The sets B; can be restricted to X (xo) x V.)
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1.31. Solve the problem max; EX2 subject to T € [0,T], T fixed, and X, | = V; 1,
t=0,1,2,...,T, where V,.; is uniformly distributed in [0, 1] (V; i.i.d.).

Exercises for Section 1.6

1.32. Mary owns a piece of land on which new sites for silver mines all the time are
found with a certain probability. The total amount of silver in all deposits known
at time 7 is x;, and X; 1| = x, + a with probability € (0,1) (a new bed has been
found), X, = x, with probability 1 — u. The real price of silver is e, declining
all the time. Mary wants to sell all deposits at a certain time. Which time is optimal?
(The horizon is infinite.)

1.33. Solve the job search problem in the case where earlier job offers can be re-
called. The horizon is infinite.

1.34. In Example 1.38 (job search with infinite horizon), prove that J** = max{v,v'}.
1.35. Consider the infinite horizon problem
max E[X;a] when X;11 = (X, + 1)V, Xo > 0,

where X is given and V; € {0, 1}, Pr[V; = 1] = 1/2, all V; i.i.d., ¢ € (0, 1).
The stopping rule is: Stop the first time x > k (Why such a rule ?). Find an
unsolvable equation for k. Hint: Given this rule, show that J(0) = Y7 (a/2)/k =

k(er/2) /(1 - a/2).

1.36. Consider an infinite horizon optimal stopping problem where all rewards are
positive when #° is used, and no rewards occur when u¢ is used. One might be-
lieve than it cannot be optimal to operate with a policy for which there is a pos-
itive probability that we never stop (use u*); here is a counterexample. Consider
the following Markov chain with states k = 1,2,..., where Pr[l|1] = 1, Pr[1|2] =
1/2, Pr[3]2] = 1/2, Pr[1]3] = 1/4, Pr[4|3] = 3/4, and generally, Pr[1]k] = 1/4%72,
Pr[k+1|k] = 1 —1/4572, k > 2. No reward is obtained when we do not stop (use
u), and a reward g(k) > 0 is obtained when we stop when the state is k, where
g(l)=1,and g(k) = B(k)/2 > 0, k > 2, where (k) equals the expected discounted
reward obtained from following the policy of stopping the first time the state equals
1, given that we start at k at time 0. (A discount factor & € (0, 1] is given.) Trivially,
it is then never optimal to stop at k > 2, so when starting in any ko > 1, it is op-
timal to stop the first time k = 1. Being in case (P), show that for this policy u(.),
T(J*0)) = J*() Show also that when starting in ko > 2, the probability of stopping
sometime is < 2/3.

1.37. (a) Show in case (N), with g < 0, that Markov policies are as good as
history-dependent ones. Hint: With (1) being the s-th control in the sequence
u, from Remark 1.17, we know that ¥5* o E[fo((1;")s)] < Yoo E[fo((u;',)s)],
(shorthand notation). Show that u_! is better than any ", by using the preceding
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inequality and the following property (actually a special case of the general Fa-
tou’s lemma in disguise). Let a <0,n,m=0,1,2,.... Then };”_(limsup,, ., a; >
limsup,, .. Yo gal. (Puta” = E[fo((w),)n)].)

(b) Show the same result in case (P), (use then J(0,x,v,T) — J(x,v)).

Comment added. Here, the expression “are as good as” implies that the supremum
of the criterion is the same for the two types of controls. It does not automatically
follow that when the supremum is attained by a history-dependent control, it can
even be realized by a Markov control, though frequently, for example if ) is finite,
it does follow. This makes no problem for the sufficient conditions related to (B),
(P), and (N).

Exercises for Section 1.7

1.38. In Example 1.39. by induction prove that ;1 (g,—1) is nondecreasing in g;_1.
Hint: ¢ and y are nondecreasing in g;_p, e.g., use

o) = —

a+ ( — 1) b

qr—1

1.39. Consider Example 1.32 (job search) again but assume that the density ¢ (v)
now contains an unknown parameter 0, which is unknown, but takes only one of
two known values 0; and 6, and for which an initial probability mass distribution
go is given, giving positive mass to the two values 0; and 6, of 0. The distribution
of 0 is updated in a Bayesian manner, i.e., if we at time ¢ believe g; and observe
vy, then g;41(0) is proportional to g,(0)¢(v;, 0), (g/(0) = g(v—;—1,0)). Show that
again there is a reservation price v/, = 0,1,..., T — 1, working in the same manner
as before, and describe how it is determined.

1.40. Pete can sit for an examination in a given course an unlimited number of times.
Each time his exam papers are corrected by the same teacher. Teachers differ in their
willingness to let persons (here Pete) pass exams, and this willingness is expressed
by the fraction Q of correct results required. The Q’s (teachers, in a sense) are sam-
pled from a distribution (density) on [0, 1] initially believed to be yp(q). Pete has a
probability of F(x) of producing a fraction of at most x of correct answers, F con-
tinuous, increasing. Pete gets no information about his scores but only whether he
has passed or not. Pete gets a reward of 10 dollars from his father in case he passes
but has to pay one dollar per exam. Find the optimal stopping rule for Pete (it hardly
pays to continue indefinitely if he recurrently fails).

Hint: Pete updates his beliefs about the teacher. See if a one-step look-ahead
policy works.

1.41. Two urns A and B are given. A has two white balls, B has one white and one
black ball. An urn is drawn at random (equal probabilities) and given to Adam. (That
the urn is drawn in this manner is known to him.) He is presented with the following
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situation: At times r =0, 1,..., he may draw a ball from the urn, inspect it, and put
it back. Each draw costs him 1/32 dollars. After each draw he can decide if he wants
to stop or not. If he stops he has the possibility to buy the urn at the price of 1.50
dollars. In case he buys the urn he can sell the white balls it contains for one dollar
a piece. Find an optimal stopping policy.

Hint: Consider a one-stage look-ahead policy. When stopping at time ¢, the ex-
pected reward is max[0,x; + 1 — 1.5], x, = Pr[the urn is A], the probability after
draw ¢.

Exercises for Section 1.9

1.42. Consider the infinite horizon case where U = {u°,u*}, and assume that (1.73)
holds. Let E = E| |xo,vo]. Prove that if M’ < o, then Jr 1 J, which implies that J
is the supremum of the criterion when confining the stopping times to belong to the
set of stopping times that stop a.s. Hint: Let V= = (vo,V},Va,...), let T = ©(V*>)
be any stopping time, let A := {V*=: 7(V*) < oo} and let 77 = min{T, t}. Define
Ire == It (vo, V1, . ..) i= Yo<s<rp—1 €°g(Xs,u", Vy) + @ g(Xz, ,u®, Vi, ). Evidently,
forV= €A, 0> 17 =11 — a7 g(Xey, 1’ , Ve ) | oo r — 7 g(Xe,u°, V2), E[I7  14] —
EIl, ;14], and (by (1.73) and M’ < o), '

hHlTll’le[OCTTg(XTT 5 MS, VTT)IA] 2 E[Otrg(Xf, MS7 VT) 1A]7

hence liminfy E[I7 ¢ 14] > E[lw 14]. Now, for any 7', liminfy I ¢ (1 — 14) > Lo £ (1 —
14) (when o = 1, the right-hand side is —eo, and when @ < 1, I ¢ (1 —14) > Lo £ (1 —
14) — a’M'). Hence, liminfr .o E[lr¢] > E[loz], so liminf7_..sup; E[lr ;] >
liminfr e E[I7 1] > E[l £|. Thus, liminfz ... J7(0,x0,v0) > J(x0, Vo). On the other
hand, J7(0,x0,v0) < J(xo,vp), the former being a supremum over a smaller set of
policies.

1.43. Assume that (1.73) holds, and that oc = 1. Prove that an optimal policy T* stops
at some finite time with probability 1. Prove also that the problem can be reduced to
one for which (N) holds. See (a) and (b) below.

(a) For a = 1, stopping at once gives g(xp,vp) > —eco. What is the expected total
reward if we don’t stop with positive probability?

(b) Denote the original problem by P, and the criterion value (total expected reward)
by J(xo,vo,T) when using the stopping time T = t(Vj,Va,...). Define g(x,u,v) =
g(x,uc,v), g(x,u*,v) = g(x,u®,v) — M (recall g < M), and denote by P the problem
where § is the instantaneous reward function, and by J(xo, vo, T) the corresponding
criterion value. Prove that J(xo, vo, T) = J(xo,v0, T) — M when 7 stops with probabil-
ity 1, hence J(xo,vo) — M = J(xo,v0), the optimal values in problem P and P differ
by the amount M.

(c) Show that J(0,x0,vo,T) — J(xo,vo). Hint: Show this in case of P. (Note that
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(N) holds for problem P). Look through the proof of J(0,xq,vo,T) — J(xp,vo) in
case (N) to see that (1.91) and (1.92) (actually continuity in u) are not needed when
U ={uu'}.

(d) Show the equilibrium optimality equation, using that it does hold for problem P.
(e) Assume that J(xg,vp) is inserted in the optimality equation (1.72). Show that
maximizing the right-hand side of the equation gives the optimal control. Hint: Use
problem P and results for case (N).

1.44. In the infinite horizon case in which the “one-stage look-ahead” set B is ab-
sorbing, show that the one-stage look-ahead policy is optimal if (1.73) and M’ < o
hold, or if g(x,u°,v) < g(x,u*,v) in case (P) and (N). Hint:

(a) For (N) and (1.73) (for (N) we can assume g < 0 =: M). For any horizon T, with
Ur = {u'}, the policy, 7, stop first time (x;,v;) € By, is optimal if {B, }, are absorb-
ing. Here B, = B, t < T. Now, the policy 7: stop first time (x;,v;) € B gives maximum
in J7(0,x9,vo) = max{g(xo u’,vo), g(x0 u’,vo) + E[Jr (0, f(x0,u, Vi), V1)|x0,v0] },
and when (x;,v;) ¢ B the second number in max{} is > € + the first number, € inde-
pendent of 7', see the finite horizon proof. Let T — oo, noting that M > J7(0,x0,vo) >

g(xo,u*,vp), so

J(xo,vo)
= max{g(xo,u’,vo), g(x0,u,vo) + OCli%nE[JT (0, £ (x0,u, V1), Vi)|x0,vo0] }

= max{g(xo,u’,vo),g(x0,u,vo) + aE[J(f (x0,u, V1), Vi)|x0,v0]},

with 7 yielding the maximum. So the Bellman equation is satisfied by J(xo,vo),
with 7 yielding maximum.

(b) For (P), Jr(0,x0,v0) = J(0,x0,v0,T,7) — J2(x0,v0), so J2(xo,v0) =
max{g(xo,u’,vo),g(xo.u",vo) + limsupy aE[J(0, f(xo,u",V1),V1,T,7)|x0,v0]} =
Wl g(xo.u®,v0),g(x0.u, vo) + E[J2(f (x0,u¢, V1), V1) |x0, vo] }, with T actually yield-
ing the first maximum, and where y;{,} means the choice of the first or second
number according to the -rule (the £-argument in (a) also works here). Because the
last right-hand side equals J9(xo, o), the Bellman equation is satisfied by J2 (xo,vo)
and 7.

1.45. In this problem, assume (B) in (1.70) and the setup in Section 1.9.

(a) Let M = max{|M;|,|M|}, |J| := sup,|J(x)| and let J,J', and J?> be any
bounded functions. Prove the inequalities |Tu(.)(11) - Tu(,)(12)| <olJ I, T~
T(P)] < aldt = |, [TUY) = THO)| < ada! — P2, [T (1) — T4 ()] <
@1 — P [T4) - TN < (M 210 and 1T ()~ T ()] < M+
2|J|Ja*=1. Hint: For the second inequality, use g(x,u)+ aE,[J'(f(x,u,V))[x] <
g, u) + QB [J7 (f (oc,u, V) |x] + @By [[JH(f (¢, u, V) — I (f (x,u,V)) ||], for the fifth
that |7(J) —J| < |T(J)|+|J| <M +2|]].

(b) Prove that the equations J = T'(J) and J = T,(y(J) have unique bounded solu-
tions. (Hint: If, say, the first one has two solutions Jy,Ja, then |[J; —Jz2| = |T(J)) —
T(LH)| <ali — ).
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(©) Use |[T(J) =T*(J)| < Zi_y [T/ (J) =T/ 1 (J)|, to prove, for i > k, that |T*(J) —
TH()| < a* (M +2|J])/(1 — o) =: Bi(J). So T'(J) is a convergent sequence, with
limit, say J, and |/ — T*(J)| < Bi(J). Similarly, show that T’ J~) converges to a
limit denoted Ju(,), and that \Ju N Tu’?.) (N < Bu()).

(d) Here and in (e) below, let the limit J correspond to J = 0. Define u; by
T(T*1(0)) =T, (Tk’l(O)), i.e., u yields maximum at the k-th iteration. Use

(¢) and |7, (/) = T, (T*1(0)| = | Ty (/) = T*(0)| < B—1(0) to show [T, (/) —

J| < 2Bi-1(0) and by induction, |Tu";(ﬂ - Tu’:’l(ﬂ\ < o™ 12B,_(0), and hence
(T'" 13) <z 1T () =T~ ()] < 2Bi-1(0)/ (1 — ) and [y, —J] < 2Bx—1(0)/
1—

(e) Use (b) to show J = J, fuk<'> =Jy()» J and J,, (), being, respectively, the opti-
mal value of the criterion, and its value for u(.) = u(.). Hint: By (a) and (c), J/ =
7=(0) « T""1(0) = T(T(0)) — T(T=(0)), Ju, = Ty < T, (0) = T, (T; (0)) —
Tuk( uk(o)) J= T(J)’J”k :Tuk(Juk)~

1.46. Prove that, for the conclusions related to the cases (B), (P), (N) in (1.70) to
hold, it suffices that these three conditions hold for all x € X (xg) := U, X} (x0). Simi-
larly, the suprema sup, in Exercise 1.45 can be replaced by sup,¢ x(y,), the functions
considered being bounded over X (xo). Hint: Essentially, the three conditions were
only used for states belonging to X' (xo). (We might redefine g by letting g(x,u) =0,
for x ¢ X(xp). Then g is still continuous in u, if it was continuous before. Note
that for & =0, for x ¢ X'(xo), 0= T,,)(h)(x) = g(x,u(x)) + aE[h(f(x,u(x),V))|x],
0 =7 (h)(x) = sup, {g(x,) + L [h( (x.u,V))[x]}.)

1.47. Prove that, for positive M, ,a,y > 1 given, when oy € (0, 1), |g(x:,u, V)| <
M(1+ |x|P), and |x;| < ay for x, € X;(xp), then this case can be reduced to the
case (B). Hint: In a new problem, let & = Otj/ﬁ be the discount factor, and let the
instantaneous reward be g(y,z,u,v) = g(z-y,u,V) /2P, where y; = x; /21, 141 = V21
20 = a, S0 yr+1 = f(z - yr,u,V)/vz. Here, || is bounded for all (y,z) € X (yo,20) C

[—1,1] x [a, o).

1.48. Consider the deterministic problem

maxZ(l/Z)(x, +u )27 X1 = x —ug,up ER.
s=0

Show that J(x) = x satisfies the infinite horizon equilibrium optimality equation,
and that, however, J(x) = oo, e.g., consider the criterion value for a sequence such
that x, +u, = 2! for all t, xp = x. (This means u; = 2' — x;, x; the solution of
X1 = 2x, — 2!, xo given.) It was said above that the fact that a function J satis-
fies the Bellman equation is not sufficient for knowing that J is the optimal value
function. This problem is an example of that phenomenon. In this example, any u
gives maximum in the equilibrium optimality equation. (If u; is replaced by u; -+ u?
in the state equation, still J (x) = x satisfies the Bellman equation, now for u = 0,
still u; = 2" — x; yields an infinite criterion value.)
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1.49. Using Lemma 1.42 in Section 1.9, show the following assertions: For a pair
(J,u(x,v)) satisfying the Bellman equation, note that in case P /= J* automatically
holds (so u(x, v) is optimal) if, forany £y € X (xo),v € V,lim, ... &' E[J(X;, V;) |50, V] =
0, for X; being a sequence of solutions corresponding to ug = u(x,v) and the Vs,
starting at (0,%9). In case N, J is the optimal value function (so u(x,v) is optimal)
if this limit condition holds even for arbitrary choices of the controls u; = ug(x,v).
(Hint: Using (1.93), show J, =T, = Jin case (P) and J < T“(f: Jin case (N));
note that (1.93) holds even for any h 50 1in case (P) and h < 01in case (N)).

Exercises for Section 1.10

1.50. Mary owns a piece of land that is continuously explored for silver deposits.
The total amount of silver in all deposits known at time ¢ is x;. New deposits of size
V; are found according to a Poisson process with intensity A, so x; jumps to x; + V;
each time a find is made, V; > 0 and i.i.d., EV; = a. The price of silver is constant
equal to 1, and the discount factor is e~?'. Mary wants to sell all deposits at a certain
time. Which time is optimal?

Hint: In pure stopping problems, one-step look-ahead policies are again optimal
when the set B is absorbing (i.e., (x,v,7°) € B = (f(x,u¢,V,7"),V,t!) € B, with
conditional probability 1, given (x,v, 7°)), where B = {(x,v,7%) :

fO('x7 MS’V7 TO) Z fo('x7uc7v7 TO)

FE[e™ fo(£(x,u V. TV, 0V, 7)) |, v, €, T

1.51. Prove that when f 0 and h are bounded, the supremum of the criterion in
(1.100) is finite.

Hint: Pr[1y,..., 7y €[0,8)] < (1—8")M*1, so the expected value of the number of
transitions in [0, §) is < K for some constant K. On [n8, (n+1)38), if one transition
has occurred, the expected value of the number of further transitions is also < K (so
the expected value of the number of transitions in [nd, (n+ 1)6) is < 1 +K).



Chapter 2
The HJB Equation for Deterministic Control

This short chapter digresses from the main subject of the book and discusses how
ideas in dynamic programming in continuous time deterministic control problems
lead to sufficient conditions for optimality. In the next chapters, these ideas will be
carried over to a stochastic setting. The main reason for including the current chapter
is that here the ideas can be presented in a very simple setting. Also, some proofs
presented here form the basis of proofs in the next chapter.

The continuous time analog of the dynamic programming equation is called the
HIJB equation and will be presented first. A tool for solving this partial differen-
tial equation is to construct a “field of extremals,” that is, a set of solutions to the
so-called characteristic equations corresponding to the HJB equation (actually the
equations of the maximum principle).

2.1 The Control Problem and Solution Tools

Let f: R"*1— R" and § : R" — R be given functions, and consider the following
control problem over a fixed time interval [0, T],

maxS(x(T)), (2.1)
subject to
X = f(t,x(t),u(r)) ve., x(0)=x"€cR", (2.2)
u(t) eU CR” forall ¢ (2.3)
(@ x(T)=x!, i=1,...,1,
®b) x(T)>xl, i=I+1,...,m, (2.4)
(¢) xi(T) free, i=m+1,...,n.

Here, v.e. (= virtually everywhere) as well as v.a. (= virtually all) mean for all ¢
except a finite or countable number of points. Assume that S is C', that f and f, (the
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Jacobian with respect to x of f) are continuous, and that all control functions u(.),
u(t) € U, are piecewise continuous. The set of such functions is denoted U’. The
problem is to maximize S(x(7)) over U’, more precisely we can write the problem
as max,()ey S(x“(')(T)) subject to (2.4), where x(t) = x“(')(t) is the solution on
[0,7] of (2.2) for u(.) inserted in f. The solution x*()(¢) is called admissible if also
(2.4) is satisfied. If it also yields a maximum of S(x#(T)) among all admissible
solutions x”(T), it is called an optimal solution, and the corresponding control is
called an optimal control. The entities T', U, f, x°, xl.l, and § are fixed.

This is a standard control problem where the objective is a “scrap value” function,
giving the value of the “stock” x(7) that remains at the terminal time. A control
problem with an integral criterion can be written as problem (2.1)—(2.4) by adding an
extra state variable. This is shown in Remark 2.13 below. Formulating the problem
as above makes proofs shorter and more transparent.

Let us first recall the maximum principle for the above problem.

Theorem 2.1 (Necessary condition). Ler (x*(¢),u*(¢)) be an optimal pair in prob-
lem (2.1)—(2.4). Then for some po, po = 0 or po = 1, and some continuous function
p(1), with (po, p(t)) # (0,0) for all t, the following (necessary) conditions hold:

u*(t) maximizes p(t)f(t,x"(t),u) subjecttoucU forva.t  (2.5)

p(t) = —p@) fe(t,x"(t),u”(¢)) forva.t (2.6)
(d') pi(T) no conditions, i=1,...,1
(b') pi(T)zpo%xET)) (with = ifx{(T) >x}), i=1+1,....m 27
) P = S (T) it
8x,~
O

Written out, the condition (b') in (2.7) means that fori =[+1,...,m, always p;(T) >

as(gi*xiT)) and if x} (T) > x], then in fact p;(T) = po%xgn).
there are no conditions on p;(T),i=1,...,l.

Suppose that the interval [0, T is replaced by [s, T'] for some s € [0, 7’) and that x°
is replaced by y. Let u = u(.) belong to U’. The corresponding solution x(z) := x"(t)
of (2.2) on [s,T], with initial point (s,y), is called (s,y)-admissible if it satisfies
(2.4), moreover J(s,y) := S(x*(T;s,y)), and we call (x(.),u(.)) := (x*(.),u(.)) a
(s,y)-admissible pair. We shall assume that unique solutions to (2.2) exist on all
[s,T] for any (s,y), s € [0,T), y € R", any u(.) € U’. Uniqueness in fact follows
from the existence and continuity of f,. The problem obtained by this replacement,
where J"(s,y) is the objective, is referred to as problem P(s,y).

Define the value function V(s,y) as the supremum of J¥(s,y) over all (s,y)-
admissible solutions x"(7):

Moreover, (a’) means

V(s,y)= sup S&*(T:s,y)) (2.8)
uel(s,y)
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s€[0,T),y € R", where
U(s,y):={uec U’ : x(t)is (s,y)-admissible}. 2.9

(The assumption of existence on all [s,T] of x"(.) for any s,y, any u(.) can be re-
laxed, if we agree that V (s, y) is only defined for (s,y) such that U (s,y) is nonempty,
i.e., contains at least one control u for which x*(.) is defined on all [s, T'] and is (s, y)-
admissible).

Two simple lemmas can be proved:

Lemma 2.2. For any (s,y)-admissible solution x"(t), the value function V (t,x"(t))
is nonincreasing int fort € [s,T]. O
Proof. Let 1; be the indicator function of any given set I (i.e., 1;(s) =1 if s €I,
1;(s) = 0 otherwise), let x*(.) be a given (s,y)-admissible solution, and let #' < ¢”
be two points in [s,7]. For any element v in U (#”,x"(¢")) the control w, := w,(t) :=
Vi 7)(2) +uljo ) (z) belongs to U(t',x" (")) as well as to U(t",x*(t")) (the solu-
tion X" (r) starting at (#/,x"(¢')) of course satisfies (", x"(¢")) = (¢",x*(t")) and
also (2.4) (as v € U(¢",x"(1"))). Moreover, whether x"¥(r) starts at (#/,x"(¢')) or
at (¢”,x"(¢")), the solutions coincide on [¢”,T], and trivially x"*(T) = x"(T) (x"(¢)
starts at (", x"(¢"")). Then

sup  S(N(T)) = sup  SE™(T))

veU (¢ x4 (")) veU (1 x4 ("))

< sup  S(H(T)).
acU (¢ x(t"))

The inequality follows because U (', x(¢')) contains all w,(.) and perhaps also other
controls. Thus V (¢,x"(¢)) is nonincreasing in 7. O

Lemma 2.3. If x*(¢) is an optimal solution in the original problem (2.1)—(2.4), then
t — V(t,x*(r)) is a constant function on [0,T]. O

Proof. By Lemma 2.2, for t € [0,T],
V(0,x°) >V (t,x* (1)) > V(T,x*(T)) = S(x*(T)).

But S(x*(T)) equals V (0,x%) by the optimality of x*(.), so the inequalities must be
equalities. (]

Let the target set M be defined by
M:={xcR": x;=x!fori=1,...,1, x;>x} fori=1+1,...m}. (2.10)

Let the controllable set Q be the set of points (s,y) with 0 < s < T from which it is
possible to reach the target set M at time 7'. Thus,

O:={(s,y):yeR", 0<s<T, an (s,y)—-admissible x"(¢) exists}. (2.11)

Let u(s+) mean a right limit of u(.) at s. Then we have the following theorem.
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Theorem 2.4 (The value function satisfies the HJB equation). Let (s,y) be an
interior point in the controllable set Q at which the value function V(s,y) is differ-
entiable. Then

Vi(s,y) +Vy(s,9) f(s,y,v) <0 forallve U (2.12)

and if (x,(t),u.(t)) is an optimal pair in P(s,y), then

us(s+) € argmax,ey{Vy(s,y) f(s,y,v)} (2.13)

and
Vi(s,y) +Vy(s,9) f(s,y,us(s+)) = 0. (2.14)
O

Proof. Given any v € U, choose the interval D := [s — §,s + 8] so small that the
solution x,(¢) of (2.2) for u(t) = v on D, with x(s) =y, belongs to Q for ¢t € D.
Because (s+8,x,(s+8)) € O, there exists a control u™ (¢) that is (s +&,x,(s + §))-
admissible. Define u(r) = u™(¢) for + > s+ and u(t) = v on D, and denote
the corresponding (s,y)-admissible function by x*(r). Because V (z,x*(¢)) is non-
increasing in ¢, its derivative at ¢ = s is nonpositive, which gives the inequality
(2.12). Equation (2.14) follows from noting that the right-hand derivative of the
constant function V (¢,x,(r)) at r = s equals zero, the derivative being V; (s, x.(s)) +
Vi (8, x4 (8)) f(s,x:(s),u.(s+)). Hence, (2.13) follows from (2.12) and (2.14). O

Combining (2.13) and (2.14), the following equation holds for (s,x) = (s,x.(s))

Vi(s,y) + Sug‘/y(s,y)f(s,y, u) =0 (2.15)
ue

This equation is called the Hamilton—Jacobi—Bellman equation, or the HIB equa-
tion, or the partial differential equation of dynamic programming.

Remark 2.5 (A proof of the maximum principle in the case V is C*>*). Let | = m (i.e.,
no inequality terminal conditions). Suppose that (x*(¢),u*(¢)) is an optimal pair in
P(0,x"), such that (s,x*(s)) belongs to the interior of O for all s. Assume that V
is C? in the interior of Q. Then the maximum principle (2.5)—(2.7) is satisfied for
p(s) =V, (s,x*(s)) and pg = 1. The proof is as follows: Note that «*(.) is optimal in
P(s,x*(s)), (S(x*(T)) =V (s,x*(s))). The maximum condition (2.5) is an immediate
consequence of (2.13) and the definition of p(s). Next, let (s, y) € Q. Then, by (2.12),
0> Vi(s,y) +Vy(s,) f(s,y,u*(s+)) and by (2.14), the inequality is an equality if y is
replaced by x*(s). Hence x*(s) maximizes the right-hand side of the last inequality,
so if u*(s+) = u*(s), then 0 =

Vip (5,27 (5)) + Vi (5,07 () (5,7 ()7 (5)) + Vi (3,07 (5)) fu, 27 (), 7 ()

The sum of the two first addends equals (d/dt)(Vy(s,x*(s)) = p(s), and so (2.6)
holds. Finally, for s = T, V = § on the target set M, which implies p;(T) :=
Vy,(T,x*(T)) = Sy,(x*(T)) for i > m. (The ad hoc assumption on V that V is C? fre-
quently fails; a better proof is found for example in Fleming and Rishel (1975).) OJ
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Define the admissible set Q to be the set of points (s,x(s)), where s € (0,7T) and x(.)
is admissible (i.e., (0,x°)-admissible).

A function defined on a set Q' is said to be C' in Q' if there exist both an open
set Q" containing Q' and an extension of the function to Q” that is C' on Q". Note
also that c1Q means the closure of Q.

We present first a sufficient condition for optimality in P(0,x°) in the free end
case (m = 01n (2.4)). To formulate it, two equations are needed.

W(s,y) + squy(s,y)f(&ym) =0 (2.16)
ve
Wi(s,x"(s)) +Wy(s,x*(s)) f(s,x7(s),u”(s)) =0 ve. (2.17)

Theorem 2.6 (Verification theorem, sufficient condition, free end). Consider
problem (2.1)~(2.3) and let (x*(t),u*(t)) be a (0,x°)-admissible pair. Suppose
W (s,y) is a continuous function on clQ, which is C Vin Q, and satisfies the HIB
equation (2.16) for all (s,y) in Q, as well as

W(T,y) > S(y) forall (T,y)e clQ. (2.18)
Assume also that (x*(t),u*(t)) satisfies
W(T,x(T)) = S(*(T)) 2.19)

and u*(s) € argmax,cy{W,(s,x*(s))f(s,x (s),v)} ve., (i.e., the equality (2.17)
holds). Then u*(t) is optimal and W (0,x°) =V (0,x°). O

Proof. Along any (0,x")-admissible trajectory x(¢) corresponding to some u(t), the
function W (s,x(s)) is nonincreasing in s, because (2.16) implies

(d/ds)W (s,x(s)) = Wy(s,x(s)) + Wy (s5,x(s)) f(5,x(s),u(s)) <0 ve.

Moreover, by (2.17) there is equality if u(s) = u*(s), x(s) = x*(s), implying con-
stancy of W(s,x*(s)). Thus, using (2.18) and (2.19), S(x*(T)) = W(T,x*(T)) =
W(0,x°) > W(T,x(T)) > S(x(T)), so (x*(¢),u*(t)) is optimal. O

This theorem implies that one way of solving a control problem is to solve the HIB
equation. Examples show that this can be an effective procedure. Having found such
a solution, the theorem then furnishes a sufficient condition for optimality.

Let us explain the method in detail: Consider the case with no terminal condi-
tions. (Terminal conditions are discussed in the next section.) The HJB equation
(2.16) is used in the following way. First, the maximizing v on the left-hand side
of (2.16) is found (we assume the maximum exists). It normally becomes a func-
tion v(s,y,W,). (At this point, consider W, simply as a parameter.) This function is
inserted on the left-hand side of (2.16), which then becomes a nonlinear first-order
partial differential equation in W (s,y), namely

Ws(s,y) +Wy(s,9) f(s,y,v(s,y, Wy(s,y))) = 0. (2.20)



88 2 The HJB Equation for Deterministic Control

Then solve this equation for W, using the boundary condition W(T,y) = S(y)
(most often, we need only look for functions W satisfying (2.18) with equal-
ity). When W has been found, then we can define u(s,y) := v(s,y,W,(s,y)) €
argmaxyey Wy (s,y) f(s,x,v), and this is the optimal control on so-called feedback
form. This means that if, at time s, the state is y, then the optimal choice of control
at time s is u(s,y). Next, to find the optimal solution for the given initial condi-
tion (0,x%), solve X = f(t,x,u(t,x)) with x(0) = x°. Denoting the solution x*(¢), the
optimal control is then u*(¢) = u(¢,x*(¢)). The sufficient condition in Theorem 2.6
implies that u*(¢) is optimal.

Example 2.7. Let us apply Theorem 2.6 to the problem:
max [—yx; (T)? +x2(T)]  st. % =ax; +bu, ko = —u®, x;(0) = 1, x2(0) =0,

uelU:=R,y>0.
Solution. The scrap-value function is S(x1,x2) = —yx? +x2, so we try to find a func-
tion W that satisfies

W(T,x1,x2) = —}/x%+x2 [%]

(i.e., (2.18) with equality), and (2.16), i.e.,

W, + maﬂé({le (ax1 + bu) — Wy,u®} = 0.
ue

Carrying out the maximization yields u = bW,, /2W,,, which inserted into the HJB
equation gives the following partial differential equation in the unknown function
W =W(s,x1,x2):

bWy, )?

W, W,
s T axy X1 + 4Wx2

=0. [xx]
We guess that W is of the form W = cx% +x, where ¢ = ¢(s) is a function of time.
Imagine that this W is inserted into [+*]. This yields the equation c'x% + ZCLIX% +
b2c2x% =0or

¢+ 2ca+b*c? =0.

This Bernoullian differential equation can be solved by introducing the variable
d = 1/c. Then, d = —¢/c?, so d = 2ad + b, with general solution d = Ce?* —
b? /2a. The boundary condition [#] yields [Ce?*T —b?/2a] ™! = —vy, 50 C = (b* /2a—
1/7)e 2T and c(t) = [(b*/2a— 1/7)e*~T) —b?/2a] 1. So W equals x + x¢(s)
for this ¢(s). One may want to check that it really satisfies the HIB equation. The
control u yielding maximum in the HJB equation is

( ) b le bx1
u(s,xy,xp) = = .
DT TOW, T (02 )2a— 1/7)e2 6T — B2 /2q

Next, let us continue by constructing u*(¢) for the given initial point (0,1,0). We
do that only for a specific set of values of a, b, and ¥, namely a =1, b = V2, and
y=1/2. Then u = —v/2x; (¢2"~7) +1)~!, and

X]/xl =1 —2(8207” + l)il.
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This is a separable equation. Integrating (by using the substitution v = e2=T)

the right-hand side and the formula —1/v(v+1) =1/(v+1) —1/v), yields

on

Inx; =D+t —2(t—T) _Hn(ez(z—T) 1)
or
X(t) =De T (20T) 4 1) = D/ (e + 2T,

where D and D' are (related) arbitrary constants, D’ determined by 1 = D/(1 + &%),
ie,D' =1/(1+¢T). Then

\/E(e’ + eZT—z)

W) == (14e2T)(e2t=T) 1)

Knowing u* (), then x3(¢) can be calculated. O

In the above example, a guess concerning the form of W led to a proposal for the
solution, via an ordinary differential equation for c. This method owed its success to
pure luck. A general method of solving first-order partial differential equations is to
find the “characteristics” of the equation. That is what is actually done when using
the maximum principle. In effect, we shall show that when solutions to the maxi-
mum principle have been found, then frequently we automatically get a solution of
the nonlinear partial differential equation (2.20).

In some cases, the above procedure does not work. Sometimes the optimal value
function V(s,y) is not C! in Q, indicating that Theorem 2.6 will not work. (See
Exercise 2.3.) In other cases, V (s,y) is not continuous at s = T, so even if V(7,y) =
S(T,y), it may not work to require W(7',y) = S(T,y). This is the case for the example

maxxs (1) — (1/2)(x1(1))?], s.t. £1 = u,x1(0) = 0,% = u,x2(0) = 0,u € R.

Here V(s,y1,y2) = W(s,y1,y2) = 1/2 —y1 +y2, s < 1, so in fact W(1,y;,y2) +
¥1/2=(y1—1)?/2+y2 > y2, and (2.18) holds (with inequality!).

When V is not C', a generalization of the HJB equation exists, employing so-
called viscosity solutions. This matter cannot be considered here (see Fleming and
Soner (1993)), but a slight weakening of the conditions appears in Remark 2.10.

2.2 Terminal Conditions

Frequently, when terminal conditions are imposed (see (2.4)), it is impossible to
find a function W defined and continuous on all of clQ, with the properties stated in
Theorem 2.6. What frequently fails is continuity of W at points in c1QN ({7} x R"),
as is shown in the next example. The following modification of Theorem 2.6 then
holds.

Theorem 2.8 (Verification theorem, sufficient condition, end constrained case).
In the end constrained case ((2.2),(2.3), m > 0 in (2.4)), if W(s,y) is defined and
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continuous on {(0,x°)} UQ and is C' on Q, but not necessarily defined for s =T,
then Theorem 2.6 holds, provided conditions (2.18), (2.19) are replaced by the con-
ditions

limsupW (¢,x(¢)) > S(x(T)) (2.21)

t—T

for all admissible solutions x(t), and

S(x*(T)) > limsup W (¢,x"(z)). (2.22)

t—T
O

Proof. To obtain this result, replace T by T’ < T in the proof of Theorem 2.6. We
then obtain W (T’,x*(T")) = W(0,x°)) > W(T’,x(T")). Taking limsup as 7" — T,
gives S(x*(T)) > S(x(T)), even in this case. O

The two boundary conditions in the theorem usually do not completely determine
the solution. That actually works to our advantage. Unknown parameters in W also
enter the feedback control u(s,y) obtained from the maximization in the HIB equa-
tion, and then also x(z;s,y) (the solution of & = f(z,x,u(t,x)),x(s) = y). Values of
these parameters are sought such that the terminal conditions and boundary condi-
tions (2.21), (2.22) are satisfied by x(t;O,xO). An example of this procedure is given
below.

Remark 2.9 (Restrictions on the solutions*). Assume that all solutions are required
to belong to a given set Q in R"*! (i.e., in (t,x)-space). In particular, assume that
(t,x*(¢)) € Q. Replace Q by QN Q in Theorem 2.8 (as well as in the next remark).
Then optimality of (x*(¢),u*(¢)) holds among all admissible pairs (x(.),u(.)) for
which (¢,x(¢)) € Q forall € (0,T). O

Remark 2.10 (Weaker differentiability conditions on W*). Sometimes the value
function is not C! in all Q, as required in Theorem 2.8. However, the C! -assumption
on W can be slightly weakened. Only the following assumptions are needed in The-
orem 2.8 for u*(r) to be optimal: W is defined on some open set Q' containing Q and
is locally Lipschitz continuous on Q. The function W is differentiable and satisfies
the HIB equation (2.16) in Q" \ Z* for some set Z*, with the following property.
There are given C!-functions Vi(s,y) on Q',i=1,...,¢, such that, for any i, the
vector of derivatives (W, W;y) is nonzero for all (s,y) such that y;(s,y) =0, and Z*
is contained in {(s,y) € Q' : y;(s,y) = 0 for some i}. (If Z* is such a set, we call Z*
slim, or better, slim in Q'.) Finally, W is differentiable at all points (¢,x*(¢)), except
a finite number (or countable number) of points, with (2.17) assumed satisfied. [

Proof of Remark 2.10. For the purpose of this proof, let us define Z* to be “system
slim” if, for any admissible solution x(.), for v.e. s € (0,7") such that (s,x(s)) € Z*,
for any € > 0, there exist arbitrary small numbers # > 0 and corresponding vectors
(a,b) := (ap,by) € R x R" such that (1 +a,x(t) +b) ¢ Z* for v.e. 1 € (s,s+h), and
|(a,b)| < €h. Assume first that Z* is system slim. Let x(s) be an arbitrary admissible
solution, and let ¢ < d be any two points in (0, 7).
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Now, for any real-valued locally Lipschitz continuous function o(¢) on [c,d], by
standard calculus, a(t) = a(c) + [ &(s)ds, t € [c,d], if & exists and is continu-
ous in [0,7]\ A, A containing a finite number of points. A slight extension of this
result allows A to be countable. A more general result says that the last equality
always holds, i.e., that ¢ automatically exists at sufficiently many points (and is
well-behaved enough), for the equality to hold. (Actually, this has brought us into
measure theory, A being a null set, but perhaps uncountable. See Exercise 2.9 for
another way out.) Define (d™ /ds)a(s) := liminf, o h~[ot(s + ) — a(s)).

Let us prove that W(s,x(s)) in nonincreasing in [c,d]. Using the remarks on
o(.), and recalling the local Lipschitz continuity of W, this monotonicity will fol-
low if we show that (d* /ds)W (s,x(s)) < 0 for v.e. s in (c,d), (note that when-
ever (d/ds)W (s,x(s)) exists, it equals (d* /ds)W (s,x(s))). Given any s in (c,d) for
which system slimness holds, for any € > 0, let & and (a,b) be as in the definition
of system slimness. For & small, (¢ +a,x(f) + b) belongs to Q, when t € [s, s+ h].
Now,

W W (s + hyx(s + h)) — W (s,x(s))]

=h ' W(s+h+a,x(s+h)+b)—W(s+a,x(s) +b)]
TR W (s + h,x(s+h)) — W(s + h+a,x(s + h) +b)]

+h W (s +a,x(s) +b) — W (s,x(s))].

Because W is locally Lipschitz continuous with a rank, say K, near (s,x(s)), then
for i small enough, the absolute values of the two last terms are smaller than Ke,
and because W (t 4 a,x(t) + b) is differentiable for v.e. 7 in (s,s + h) with derivative
< 0 (by the HIB equation), the first term on the right-hand side is nonpositive. It
then follows that (d* /ds)W (s,x(s)) < 0 for v.e. s € [c,d].

Next, let us show that slimness implies system slimness. Given any admissible
x(.), let s € (0,T) be such that x(.) exists near s, and is continuous here. Define
I:={i:yi(s,x(s)) =0} and I° = {i € I : (d/ds)y;(s,x(s)) = O}. There exists a unit
vector (d’,b’) such that Wis(s,x(s))a’ + Wi (s,x(s))b’ # 0 for all i € I. Let € > 0,
assumed to be so small that, for all 7 € [s, s+ €] and for all (¢”,0") € R x R” such
that |(a”,b")| < &, the three following properties hold: y;(r +a”,x(t) + ") # 0 for
i ¢ L yis(t+a" x(t) +b") + wi(t +d" x(t) +b")x(t) # 0 for i € I'\\ I° and, for some
Y>0,foriel,

[Wis(t " x() + B7)d + it + 0" x(0) + D) 2 ,
(y independent of (¢,a”,b")). Choose h € (0,min{g,1}) so small that, for i € I°,

lyi(t,x(r))] < (y/2)eh when t € [s,s + h], (recall that wj;(s,x(s)) = 0,
(d/ds)y;(s,x(s)) =0). Let (a,b) = eh(d',b). As y;(t +a,x(t) +b) =

eh
it x(0)) +/ [Wis (1 + 0, x(1) + 08 ) + yin i + O, x(1) + OV )']d0,
0
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then |y;(t + a,x(t) +b)| > yeh — (y/2)eh > 0 for t € [s,s+h], i € I°. In fact, for
any i, Wi(t +a,x(t) +b) # 0 for vee. t € (s,s+h), and |(a,b)| < €h. Hence, system
slimness has been proved.

By continuity and monotonicity on [c,d] for any ¢ > 0, W (d,x(d)) < W(0,x(0)).
Again, W (s,x*(s)) is constant on [c,d], and so also on [0, d], which then again entails
optimality of u*(.). O

Remark 2.11 (Changed assumptions in Theorem 2.8 and Remark 2.10%). If it is as-
sumed that t — W (z,x*(¢)) is constant in [0,7), then the conclusions in Theorem
2.8 and Remark 2.10 hold even when (2.17) is deleted, together with (in Remark
2.10) the assumption on differentiability of W along (¢,x*(¢)). (This constancy, a
consequence of (2.17), is what is actually used in the proofs of these results above.)

O

Remark 2.12 (Uniqueness of solutions of the HIB equation*). There exist several
uniqueness results connected with the solution of (2.16). Here, a single result is in-
dicated (actually taken from the theory of so-called viscosity solutions, Fleming and
Soner (1993), p.86). Assume that H(¢,x, p) = sup,.y, pf(t,x,u) is C' and satisfies
|H,| <K(1+]|p|), | f(t,x,u)| < K, with K a given constant, (¢,x) € Q := [0,T] x R",
u € U. Then there is at most one function W, which is C! on (0,T) x R", satisfies
(2.16) and W(T,.) = S(.) and is bounded and uniformly continuous on Q. O

Remark 2.13 (Criterion containing an integral). Assume that the criterion (2.1) is
replaced by

max {/OT fo(t,x(t),u(t))dt—l—So(x(T))} (2.23)

(Spis C" and Jfo and fo, are CY). We then introduce a new scalar state variable xo(1)
governed by xo(t) = fo(t,x,u), with xo(0) = 0. Then xo(T) = [i fo(t,x(t),u(r))dr.
Introduce the augmented state vector ¥ = (xg,x) and define S(&) = xo + So(x). Then
the maximization of the criterion in (2.23) is the same as the maximization of
S(%(T))) in this “augmented system.” Hence, we are back in the setting of (2.1)-
(2.4). However, let us write down the HJB equation in the case the criterion is as
given in (2.23):

Vi(s,y) + rvnezgﬂ{fo(s,y, v) +Vy(s,9) f(s,3,v)} = 0. (2.24)

The term fy(s,y,v) in (2.24) is actually (dV/dxo)fo(s,y,v), where V (s,%), is the
value function in the augmented system. It has the property that dV /dxo = 1, more-
over V(s,y) in (2.24) equals V (s, (0,y)).

In Theorem 2.8, in this case, replace S by Sp in (2.21) and (2.22) and in (2.18)
and (2.19) in the free end case, moreover (2.24) replaces (2.16) (for V replaced by
W), and (2.17) is replaced by: For v.e. ¢,

Wi(t,x" (1)) + fo(t,x™ (1), u” (1)) + Wy (2,x" (1)) f(£,x7(¢),u"(t)) = 0. (2.25)

O



2.2 Terminal Conditions 93

Example 2.14 (End constraints). Let us solve the end constrained problem
1
max/ —utdt, i=ucR, x(0)=0, x(1)=1.
0

Solution. According to the theory above, W (s,y) should be the optimal value of the
criterion in the following problem:

1
max/ —udt, i=ucR, x(s)=y, x(1)=1. (%)
N

The HJB equation in this example is Wy + rnaxu[—u2 + Wyu] = 0, which after max-
imization (u = W, /2) becomes W + (W,)?/4 = 0. We guess that the solution is of
the form W = a(s) + b(s)y+ c(s)y*. Insertion into the HIB equation gives

a+by+cy* +b* /4 +bey+c*y* =0.

We see that if we choose ¢ = —b? /4, b = —bc, and ¢ = —c?, the HIB equation is
satisfied. Now, the last equation gives c¢(s) = 1/(s+ D), where D is an integration
constant. Then b = E /(s +D) and a = F + E? /4(s+ D), where E and F are integra-
tion constants. Then W = F + [E? /4 + Ey+y?*]/(s+ D) =F + [y+E/2]*/(s + D).
Now, W (s,y) is <0, s € (0,1), (the criterion is nonpositive). When y is large, the
second term in the last formula for W dominates, so s+ D < 0. For y = —E /2,
W (s,y) = F < 0. Both terms must then vanish as s — 1 and y = 1, because we
guess that W(1,1) = 0 (see the limits, or limsup’s, in (2.21),(2.22)), so we try F =
0,1+E/2=0,i.e., E=—2.(Infact, W(s,1) =0, as u = 0 is evidently optimal when
starting at (s, 1), as can be seen directly from the problem formulation. The function
s — W (s,1) would not be constant unless E = —2.) Then, W = (y — 1)?/(s + D).
Now, the feedback control u(s,y) equals W, /2 = (y — 1) /(D + ). Solving the equa-
tion x = (x — 1)/(D+1), we get x(r) = 1+ C(D+1), where C is an integration
constant. Now, x(s) =y, x(1) =1, gives | + C(D+s) =y, 1 +C(D+1) =1, i.e.,
D=—-1,C=(y—-1)/(s—1),and W = (y—1)?/(s—1).

Note that W is not defined at s = 1. For (s,y) = (0,0), denote the solution
x*(1), it equals ¢. Evidently, W(¢,x*(t)) = (t — 1)2/(t — 1) = —(1 —t) satisfies
limsup,_,; W(z,x*(r)) < 0. Moreover, for any admissible piecewise continuous
function u(z), if sup, |u(r)| <M, then |x(r) —x(1)| = |x(r) — 1| < M(1 —1t) and hence

W (t.x(0)] < (x(r) = 1)/ (1 —1) < MP(1=1)*/(1 1) < M*(1 —1),

so W(t,x(t)) — 0 ast — 1, hence limsup,_,; W(¢,x(z)) > 0. Evidently, Theorem 2.8
gives optimality of of u(#;0,0) = 1.

We now solve the problem (x) by means of the maximum principle, using p(r)
as adjoint variable: Evidently, u = p(¢)/2, p = 0, p(s) = p(¢) must be so chosen
that x(T) = 1, i.e., p(s) is determined by y+ [ p(s)/2dt =1, i.e., u = p(s)/2 =
p(1)/2 = (1-3)/(1—s). Then W(s,y) = —(1-)2/(1—s). 0
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Example 2.15 (End constrained problems again). Consider next the two problems:

(a) maxfsl(x—%uz)dt, x=ueR, x(s)=y x(1)=0,yeR,
(b) max [ xdr, x=uec|[-1,1], x(s)=y, x(1)=0,y€[s—1,1—s],

s €[0,1), (s,y) given. Let the optimal values in the two problems be denoted by
V*(s,y) and W*(s,y), respectively. In both problems p(r) = 1/2 —t (see below),
when y = s = 0. Along the optimal path for this initial condition, p(t) = V' (t,x*(¢))
in the first problem. As should be well-known, this is a relationship that is frequently
expected to hold, see, e.g., Remark 2.5. But the corresponding relationship fails in
the second case (for t > 1/2, 0 = Wy (¢,x"(¢)) # p(t) at least if we let W' be a left
partial derivative, we are then on the boundary of the domain of definition of W*).
We might then suspect that the HIB equation fails in problem (b), but essentially it
does hold.

Solution. Let us give some details. In the first problem, u(t) = p(t) = C —1, x(t) =
—12/24Ct+D,V*(s,y) = [ [-1?/2+Ct + D — (1 — C)?/2]dt, where C and D satis-
fiesy=—s?/2+Cs+Dand0=—1/24+C+D,ie,D=(1—s5)"(s/2—5/2+Y),
C = 1/2—D. From these formulas, V5" is easily calculated by differentiating under
the integral sign. We then get V" = [M2cy+D,—ccyldr = [-2t/(1—s)+ (1 +
C)/(1—s)]dt =—(1-5*)/(1—5)+1+C=C—s,s0 Vy(s,y) = p(s) =C—sandit
is easily seen that V* satisfies the HIB equation and the boundary conditions (2.21)
and (2.22).

In the second problem, u = 1, fort < ¢, u = —1, for t > o, where the switch point
G is determined by y+ [ 1dr + [L—1dt = 0 , hence 6 = &(s,y) = (s+ 1 —y)/2,
x(t)=y+t—sfort <o,x(t) =y+20—s—t=1—tfort > o, with W*(s,y) =
[S(+1—s)dt + [4(1—1)dt = §(s,5,y,0(s,y)), where (s,7,y,0) := [ (y+1 -
T)dt + j; (1 —1)dr. We here and below consider only points (s,y) such that s — 1 <
y < 1 —s, as the end condition can only be satisfied for such initial points. Now,
¢ =—¢3,anddo/ds=—do/dy=1/2,and, fors =1, Wy = ¢3—01/2=0—5>0
and W) = —y+ ¢+ ¢4/2 = —y — (0 —5), (¢1 = —y). This means that the HIB
equation is satisfied by W* for points (s,y) satisfying s — 1 < y < 1 —s and even for
points (s,y) satisfying y = 1 — s, if we agree that partial derivatives at such points
equal left derivatives. It is easily seen that the boundary conditions (2.21) and (2.22)
are satisfied. (The picture of the optimal solution for y = s = 0 is a “tent” with
its base (or floor) being the interval [0,1] on the x-axis, and with top in the point
(1/2,1/2)). Geometrically it is easily seen that if the point (s,y) is situated on the
line y = 1 —s, then changing y to y+ Ay, Ay < 0, makes a second-order change only
in the area representing W*(s,y), so Wy (s,y) =0fory=1—s.

(Letting s = ¢, the feedback optimal control u(z,y) is given by u = 1 if t < (r +
1—y)/2,ie,t<l—y,andu=—1ifr=1-y.)

Imagine that in both problems (a) and (b) originally we wanted to solve the prob-
lems for (s,y) = (0,0). In problem (a), the set Q is open (it equals (0, 1) x R), in the
second one it is not (it is the closed set Q confined between the four lines y = +¢,
y = =£(1—1)). In both problems we checked that the proposed value function (V*
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and W*) satisfied the HIB equation for (at least) (s,y) € Q, in problem (b) we then
agree to use the formula for W* above, also for (s,y) not in Q, (W* is C'-extendable
to an open set larger than Q). In problem (a), the satisfaction of the HIB equation
also follows from general theory (Theorem 2.16 below), whereas in problem (b) the
above explicit test has to be carried out (Theorem 2.16 does not apply). As correct
boundary conditions hold both in case (a) and (b), in both cases Theorem 2.8 can be
invoked to ensure optimality of the controls proposed. (]

Recall that in Example 2.7, the optimal control came directly out specified as a
function of ¢ and x. In the case where an arbitrary initial point (s,y) is given,
when using the maximum principle, non-feedback controls ¢+ — u(z;s,y) are ob-
tained, which of course will depend on (s,y). For the moment assume them to
be right continuous in ¢. From these controls, feedback controls u(f,y) are ob-
tained simply by putting u(¢,y) = u(t;t,y). It may not be immediately appar-
ent that the equation x(z) = f(¢,x,u(t,x)), x(s) = y, has the same solution as
x(t) = f(t,x,u(t;s,y)), x(s) =y, and sometimes there lies a problem here—but
in cases of unique solutions of the two differential equations and unigque non-
feedback optimal controls for any starting point (s,y), this must be so: Solving
the last one gives a solution x(¢;s,y). Now, x(t';s,y) = f(¢/,x(t';s,y),u(t';s,y)) =
S x(t'ss,y),u(t’st,x(t;s,9)) = f(/,x(t';s,y),u(t’,x(t';s,y)), the next to last equa-
lity because u(t';s,y) is also optimal in the problem where we start at (¢, x(¢;s,y))
(the “tail is optimal”), and so by uniqueness u(t';s,y) = u(¢';t', x(t';s,y)). (If the
last equality holds, for any 7', s,y, ' > s, we say that we have a consistent family of
controls, one might even argue that if the family was not consistent at the outset, it
might be possible to rearrange it in such a manner that this property holds.)

Above W (t,x) was the solution of a partial differential equation, and we said that
in effect W (¢, x) could be found by using the “method of characteristics,” which here
amounts to solving the maximum principle. In fact, when the maximum principle
yields a solution x(z;s,y) for all initial points (s,y) in the admissible set Q, then very
often W (s,y) = S(x(T’s,y)) satisfies the HIB equation, and x(z; 0,x°) is optimal. Let
us state this result precisely. (Below, an open set Q¥ appears, frequently it is chosen
to equal or include Q.)

The following preconditions must be satisfied: Assume that there exists an open
set 0% in (r,x, p)-space such that A(z,x, p) := max, H(t,x,u, p), as well as its first-
and second-order derivatives with respect to x and p (exist and) are C° here (the
maximum assumed to exist for all (z,x, p) € 0*). Assume also that there exists an
open set 0% in (0,T) x R", such that for any (s,y) € Q°U{(0,x°)}, on [s, T] there ex-
ist solutions p(t;s,y) and x(z;s,y), with x(s; s,y) =y, and with corresponding control
u(t;s,y), of the necessary conditions (maximum principle) (2.5)—(2.6), for which the
terminal conditions (2.4) and the following transversality conditions are satisfied.

pi(T;s,y) > (9/9x;)S(x(T;s,y)),i=1+1,....m

with equality holding if x;(T';s,y) > x/, (2.26)
pi(T;s,y) = (9/9xi)S(x(T;s,y)), i=m—+1,...,n. (2.27)



96 2 The HJB Equation for Deterministic Control

Assume, finally, that (¢, x(¢;0,x")) € Q° forall # € (0, T). The solutions x(¢; s, y) shall
here be called characteristic solutions (sometimes the name extremals are used.)

Theorem 2.16 (Sufficient condition for characteristic solutions). /n addition to
the preconditions just stated, assume that, for each t € (s,T], (s,y) — (x(t;s,y),
p(t;s,y)) is continuously differentiable in Q°, with t — (x;(t;5,y),%,(t;5,)) contin-
uous at t = T. Assume furthermore, for any (s,y) € Q°U{(0,x%)}, that (t,x(t;s,y),
p(t;s,y)) € O forallt € [s,T). Assume also the “consistency condition” that

(x(r;0,x%), p(r';0,x°)) = (x(t's1,x(£;0,x°)), p('s1,x(;0,x°)) (2.28)

for all ¥t € [0,T], t' > t. Assume, finally, that S(x(T;s,y)) is continuous on
{(0,x°)}y U Q° and that

limsup S(x(7;¢,%(t)) > S(X(T)) (2.29)

t—T

for all admissible solutions %(.) for which (t,%(t)) belongs to Q° for all t € (0,T).
Then (x(1;0,x°),u(t;0,x°)) is optimal in the class of such admissible pairs. O

Remark 2.17 (Open set Q). Frequently, the set QU is taken to be the admissible set
0, in which case Theorem 2.16 requires this set to be open for optimality to hold. [J

The consistency condition can be dropped if it is explicitly required that
lim, 7S (x(T;t,x(t;0,,x°))) = S(x(T;0,x%)). If (2.29) fails for some admissible
solutions, then optimality holds in the subset of admissible solutions for which
(2.29) holds.

In free end problems, in which QU is taken to be the admissible set, very often
limg_7y—yx(T;s,y) = ¥ for all (T,¥) € c1Q°, ((s,y) € @°). In this case, of course,
(2.29) holds with equality. In end constrained problems, this property often fails in
cases where arbitrary large values of |%(¢)| can occur. (For example, this property
fails in Example 2.20 below.)

A weaker condition that implies (2.29) with equality is of course

lim x(7;¢,%(¢)) = 2(T) (2.30)

t—T

for all admissible £(7).

Remark 2.18 (Conditions implying the limit condition (2.30)*). The limit condition
(2.30) is satisfied if, for any admissible solution £(.), i) := lim, 7 p(r:1,%(t))
exists and (T,%(7T), p)}o) belongs to O*. Another condition implying the limit con-
dition is sup, ;- |u(t;s,%(s))| < oo for all admissible x(.). O
Note that when Theorem 2.16 holds, then W(s,y) := S(x(T;s,y)) satisfies the
HJB equation (2.16) in Q° and u(s;0,x°) yields supremum in this equation for
y = x(5;0,x9).

Usually, the triples x(;s,y), p(t,s,y),u(t;s,y) are found by first finding a control
i(t,x, p) maximizing H (¢,x,u, p). (When there is a unique maximum of the Hamil-
tonian, then usually u(z,x, p) becomes continuous in (¢,x, p), at least this holds if U
is compact. The method works also in other cases.) Next, one solves the equations
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x= f(t,x,04(t,x,p)), p=—H(t,x,i(t,x,p),p)

with initial condition x(s) =y, and terminal conditions (2.4), (2.26), and (2.27).
The two differential equations are one variant of what is called the characteristic
equations of the HIB equation, and we shall call x(;s,y), p(¢;s,y),u(t;s,y) a char-
acteristic triple. The consistency condition most often follows automatically from
the above construction.

Remark 2.19 (Optimality of u(.;s,y)*). In case of Theorem 2.16, if the consistency
condition also holds for (0,x°) replaced by any (s,y) € Q°, and (2.29) holds for all
(s,y)-admissible solutions #(t), then, for all (s,y) € Q°, u(.;s,y) is optimal. O

Example 2.20. Let us solve the problem
/2
max/ (P —u?)dt, i=u, x(0)=0, x(x/2)=0, ueck.
0

Solution. Let %y = x> — u?, xo(0) = 0, so the criterion equals S(xo,x) = xo(7/2).
Here, we have two states, xo and x, the adjoint function pg(¢) corresponding to
xo equals 1, and, for p corresponding to x, H = x> — u> + pu. Now, H, = —2u +
p=0yields (i =) u= %p. Moreover, ¥ = it = %p. Also, p = —dH/dx = —2x.
Hence, ¥ = —x, which has the solution x(#) = Acost + Bsinz. With x(7/2) =
0, B =0, so x(t) = Acost. For the start point (s,y), s € [0,7/2), y = Acoss,
and so A = y/coss, and thus, x(t;s,y) = yeost and u(z;s,y) = ysmt. (Ac-
tually, solutions for xg, pg, x, and p shouldcbseswritten down for arcl;)iirsary start
points (s,yo,y) and shown to be C! in (s,yo,y), which is easy and hence omitted,
note that x(;5,y0,y) = x(¢;s,y).) We want to prove that xo(7/2;s,%(s),£(s)) —
Xo(m/2) when s — /2, for any admissible (£(.),£(.)) with corresponding con-
trol 4(.). Let K = sup, |d(¢)|. Now, £(7/2) = 0, hence |%(s)| = |%(s) —£(n/2)] <
K(m/2 —5) so £(s)/coss is bounded. This means that the integrand in the expres-
sion xo(7/2;5,%(s),£(s)) = Zo(s) + fsn/zxo(a;s,)éo(s),i(s))dc is bounded, hence
xo(7/2;55,%0(s),%(s)) — Zo(m/2) when s — /2. By Theorem 2.16 (and subsequent
comments), u#(¢;0,0) = 0 is optimal. (Here, we can let 0* = (0,7/2) x R x R X
(1/2,3/2) x R, Q* consist of points (¢, xo,x, po, p), and Q° = (0,7/2) x R%) [

It would be more difficult to prove optimality in this nonconcave problem if we
did not have recourse to Theorem 2.16. Necessary condition gives u(f) =0 as a
unique candidate also if T = 7 /2 is replaced by, say, T = 2w+ /2, but in the latter
case the candidate is not optimal (no optimal solutions exist, no x(z;s,y) exists for
s=m/2,y#0).

In the literature, often a variant of Theorem 2.16 is given, where it is imag-
ined that originally a feedback control function u(z,x) is given, and then unique
solutions x(¢;s,y) of the equation x = f(¢,x,u(t,x)) satisfying the terminal condi-
tions are postulated to exist for all (s,y) € Q. If Q is open, and u(z,x) is contin-
uously differentiable, at least in the free end case, continuous differentiability of
(s,y) — (x(;5,y), p(t;s,y)) follows from general theory of differential equations.
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The continuous differentiability of (s,y) — (x(#;s,y), p(t;s,y)) throughout Q may
fail if u(¢,x) is not C'. Less demanding result can also be found (see, e.g., Fleming
and Rishel (1975)), in which u(z,x) is allowed to be less smooth, it may even be
discontinuous at certain points).

A question naturally arises as to how well-behaved the function u(z,x) in general
will be. A general existence theorem asserts that in the above problem, for con-
ditions occurring in standard Fillipov—Cesari existence theorems, there exists, on
the controllable set O, an optimal feedback function u(z,x) that is a so-called Borel
measurable function. This type of function can have a lot of discontinuity, neverthe-
less in some sense values at nearby points are “most often” not too far apart, (see
the Appendix for a further discussion). One should note that what can actually be
proved is that there exist a Borel measurable function u(z,x) and for each (s,y) in
Q an optimal pair (x(¢;s,y), u(t;s,y)) where the latter function can be expressed as
u(t;s,y) = u(t,x(t;s,y)). Although solving differential equations x = f(¢,x,u(t,x)),
for u(z,x) given, raises difficult questions when u(t,x) is not continuous, neverthe-
less such results can be proved. (See Haussmann and Lepeltier (1990) for a proof
even in a stochastic setting.)

Problems encountered when a given u(¢,x)-function is discontinuous in x can be
indicated as follows: Assume that u(z,x), x real, has a discontinuity as a function
of x along a horizontal line x = x’ in (f,x)-plane and that f(z,x,u(r,x'—)) > 1 when
x < x' and f(t,X,u(t,X’+)) < —1 with u(z,x), say, right-continuous in x. In such
situations it is difficult to agree on what a solution should be. (Starting from below,
the solution would never enter the region x > x/, it leaves the region x < x/, but
having touched the line x = ¥/, it can never reenter the region x < x’. Neither can it
stay on the line x = ¥/, here x < —1.)

In spite of such problems, in a number of practical applications, lines of discon-
tinuity are crossed without problems. In these applications, when crossing a line of
discontinuity, the state luckily locally moves away from the line.

Proof of Theorem 2.16. Define W (s,y) = S(x(T’;s,y)). Let ii € argmax, pf(z,
(t,%,p) € Q*. From the first-order conditions for a local minimum at (£,
(&, p) — H(t,x',p') = p'f(1,x',id), it follows that Hy(t,%,p) = pfi(t,%,i), a
H,(t,%,p) = f(t,%,ii). This means that H(t,%,p) = pH,(t,% p) and that x(.;s
and p(.;s,y), satisfy

u),

1%,
ﬁof
)

(@) (1) = By(t,x(1:5,5),p(135,y)) (b) plt) = —Hu(t,x(135,9), p(135,y)) (2.31)
These equations are the characteristic equations of the HJB equation. Write
w(t35,y) =Wy (s,y) = p(t;5,9)x,(t35,y) and (23, y) = Wi(s,9) = p(£35,9)xs (88, ¥).
Let (s,y) belong to Q°. It will be shown that

w(T;s,y) =0,w(T;s,y) =0. (2.32)

To see this, let x'/) be either (9/dy)x;(T;s,y) or (9/ds)x;(T;s,y) and note that
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Y (pj(T:s,y) = Sy, (x(T15,)))xV)

J

= )y (pj(T:5,y) — S, (x(T:5,)))x\).
Pj(T5.y) =Sy, (x(T5.y))#0

In the last sum, evidently, by the transversality conditions, the sum runs only over
j=1,...,m, at most. If p;(T;s,y) —ij(x(T;s,y)) >0, j=1+1,...,m, then, by
continuity of (s',y") — p;(T3s",y") = Sx,(x(T55",5")), pi(T35',5") = Sy, (x(T35",y)) >
0 for all (s',)") in a neighborhood of (s,y), hence x;(T;s",y’)) = x} here, i.e.
(d/9y)x;(T;s,y) =0and (d/ds)xj(T;s,y) = 0. This evidently also holds for j <1,
so the last sum equals zero. Hence (2.32) holds, as Wy — px, = }.[Sy, (9 /dy)x; —
pj(2/9y)xj], Wy — pxs = ¥ ;[Sx;(9/ds)x; — p;(d/ds)x,] (shorthand notation).

Let (§,) be a given point in Q°, let 7/ < T be any number close to T, T’ > §,
and define A7/ := {(t,x(1;8,9), p(t:8,9)) : t € [$,T’]}. For some € > 0, B(A7/;€) :=
{(t,x,q) :dist((t,x,q),A7/) < €} is contained in Q*. Because p(s;s,y) is close to
p(5;8,9) when (s,y) is near (§,§), § any given number close to §,§ > §, then, by stan-
dard theory of differential equations, numbers s" and T” exist, s’ < §, T"” > T', such
that, for all (s,y) near ($,9), x(¢;s,y) and p(z;s,y) are defined on [s", T"], satisfying
(2.31), being, uniformly in ¢, close to x(¢;$,9) and p(t;$,¥) for (s,y) near (§,9) for
any t € [/, T"] (so (t,x(t;5,y), p(t;s,y)) € B(Ar;€), t € [s/,T"]), and being C' in
(s,y) near (§,9) for any # € [/, T"]. This holds for any pair (§,7) in Q°. Moreover,
the partial derivatives x;, Xy, Xy, pr, Ps, and py exist and are continuous in (t,s,y) for
t€(¢',T") and (s,y) near (5,9).

In the calculations to follow, in H(¢,x, p), H,(t,x, p), and H(t,x, p), x(t;s,y) and
p(t;s,y) are inserted for x and p, and d/dy and d/ds means derivatives with respect
to y and s, at (§,¥), after these insertions. (Note that, for (s,y) near (§,¥), Xy = Xy,
X5 = Xy, all exist and are C? in (1,y), because x(t;5,y) = y+ [ H,.) Lett € (s, T").
Using (2.31)(a) and pH; = H (shown above), we get that

Wp = —PDtXy — PXyr
= (9/9y)(=pxt) + pyxe — pixy
= (d/dy)(—H)+ Hyxy+ pyH, = 0.

Similarly, as x;; = xy, we get

Wf = —DtXs — DXt
= (9/0s)(—px;) + psxi — pixg
= (9/9s)(—H) + p,H, + Hyx; = 0.

Because T’ was arbitrary, this holds for ¢ € (s',T).

Now, (2.32) then implies w(z;§,3) = 0,W(;§,3) = 0 for all 7 in [$, 7], by continu-
ity inz € [§,T]. Writing (s, y) instead of (§,), because w = 0 and x,(s;s,y) = I, then
p(s;s,y) =W, (s,y). Using px = pH, = H (see (2.31) and preceding comments) and
y=x(s;s5,y) (so (d/ds)x(s;s,y) = 0) yield
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0 = p(s;5,)(9/ds)x(s;5,y)

= [p(s35,y)(9/dt)x(t;5,y) + p(s;5,y)(9/Is)x(t;5,)]i=s
= H(s,y,p(s:5,y)) + p(s:5,9)[(9/9s5)x(:5,y)]i=
:I:I(s P (S’ ))-‘FVVS(S,)/),

(the last equality as W equals zero). As p(s;s,y) = Wy(s,y) (obtained above), the
HJB equation (2.16) holds in Q°. In particular, the last equality holds for r =
5,x(t,0,x%) =y, so p(t;¢,x(t;0,x°)) = Wy (,x(¢;0,x)) and the previous one gives

0= W,(£,x(1:0,x°)) + A (2,x(1;0,x°), p(r:1,x(1;(0,x°))) (2.33)

Thus, (2.17) holds for (x*(.),u*(.)) = (x(.;0,x°),u(.;0,x°)).
Now,
W(t,x(t;O,xO)) = S(x(T;t,x(t;O,xO))) = S(x(T;O,xO)),

the second equality following from consistency. Then (2.22) holds. As (2.21) is
assumed to hold in Theorem 2.16, then all conditions in Theorem 2.8 are satisfied,
o (x(.,0,x%),u(.,0,x°)) is optimal. O

The proof was formed so that the comment subsequent to Remark 2.17 becomes
self-evident. As we saw, consistency automatically implies that

W(t,x(t;O,xo)) = S(x(T;t,x(t;O,xO))) = S(x(T;O,xO)),

from which lim, 7 S(x(T;t,x(¢;0,,x°))) = S(x(T;0,x°)) follows; the latter condi-
tion can replace consistency in Theorem 2.16.

Proof of Remark 2.18. Note that

T
x(T;t,%(1)) = X(¢) +/t flo,x(o;1,%(t)),u(o;t,%(t))do.

Consider first the boundedness condition on u(t;s,%(s)). The boundedness of
u(t;s,%(s)) and £(¢) gives that f(o,%(s),u(o;s,%(s)) is bounded, which means, by
Gronwall’s inequality, that, for s in some interval (s',T), x(o;s,£(s)) is bounded,
(fv(o,x,u(0;s,%(s))) is bounded on a neighborhood of (s,0,x) = (T,T,%(T))).
Hence, f(o,x(0;s,%(s)),u(0;s,%(s))) is bounded by some constant C for s in
[s",T], s" near T, ¢ € [s,T]. Thus,

(Tst,20) = 20) < 1/ (0,x(030,5(0)) u(030,5(0)) o < C(T 1)

fort € (s”,T). Hence, x(T;t,%(t)) — £(T) whent — T.

Incase ¢:= (T,)?(T),p)}o) belongs to Q*, then (H,, H,) is bounded by a constant
K > 1 onaball B(gq,d) around this point. From the limit condition in Remark 2.18 it
follows that for ¢ in some interval I := [T — &', T, we have that (¢,£(r), p(t;2,%(¢)) €
B(q,8/2), for later use &' is also chosen such that 6’ < §/4K. Fortr €1, 6 € [t,T),
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[(x(031,2(1)), p(031,8(1))) — (£(1), p(1:1,%(1)))| < K(0 —1) <KS' < §/4,

in fact, (0,x(0;t,%(¢)), p(0;1,%(t))) stays inside B(g,8) when o increase from ¢
to 7. From this we get that lim,_.7 x(T;7,%(r)) = 2(T). O

Remark 2.21 (Criterion containing an integral). Now, we want to apply the above
results to a problem where an integral also appears in the criterion, see (2.23). Simi-
lar to what we did in Remark 2.13, the problem is changed to an “augmented” prob-
lem where an additional state xo appears, with X9 = fo(f,x,u),x0(0) = 0, (fp and
fox are CY), and with criterion xo(T) + S (x(T)). The augmented state vector is now
X = (x0,x). Let po be the adjoint variable corresponding to x( and let p correspond to
x. The Hamiltonian in the augmented system is written H (¢,x,u, p, po) := pofo+pf-

In this case, we need to modify the assumptions in Theorem 2.16 in the fol-
lowing way. Assume the existence of open sets Q° and Q* and triples (x(z;s,y),
u(t;s,y), p(t;s,y)) for (s,y) € Q°U{(0,x°)}, t € [s, T}, satisfying the earlier termi-
nal and transversality conditions (2.4), (2.26), (2.27) such that u(z;s,y) maximizes
H(t;x(t,s,y),u, p(t;s,y),1) v.e., and such that x(¢;s,y) = f(¢,x(t;s,y),u(t;s,y)) ve.,
x(s) =yand

p(t:s,y) = —Hy(t,x(t:5,y),u(t,s,y), p(t:5,y),1) v.e. (2.34)

Moreover, assume, for (s,y) € {(0,x°)} U @°, that (¢,x(¢;s,y), p(t;5,y)) belongs to
Q* forall 7 € [s,T), and that consistency (see (2.28)) holds.
Define xo(¢;s,y) by

Xo(t:5,y) = folt,x(t:5,y),u(t;s,y)), x0(s;s,y) = 0. (2.35)

The function xo(;s,y) exists on [s,T] for (s,y) € {(0,x°)} U Q", assume that
x0(T3s,y) +So(x(T;s,y))iscontinuouson { (0,x°) }UQ®, and that (s, y) — (x0(t;5,),
x(t;s,y), p(t;s,y)) is C' in (s,y) € Q°, for each t € (s,T], with t — (xos(t;5,),
Xoy(138,), x5(t35,¥), xy(235,y)) continuous at t =T

Define A (t,x,p,po) = max,cy H(t,x,u, p, po) and assume, finally, that H(z,x,
p, 1),as well asits firstand second derivatives with respect to x and p (exists and) are C°
in Q*. Finally, assume that limsup,_,[xo(T;2,%(2)) + So(x(T;2,%(2)))] > So(£(T)),
for any admissible £(¢). Then again u(¢;0,x°) is optimal. (If lim, .7 [xo(T’t,
x(t;0,x°)) 4+ So(x(T;¢,x(¢;0,x°)))] = So(x(T;0,x°)), again consistency, (2.28), can
be dropped.) (]

To see that the assertion in this remark is correct, define 9% = { (¢, x0,x, po, p) : (t,x,p/
Po) € Q% xg € (—o0,00), po € (1/2,3/2)}, 0° = {(t,x0,x) : (t,x) € Q°,xp € R} and
for (s,y0,y) = (5,5) € 0° U{(0,0,x)}, let

(XO(I;S7y)ax(t;svy)ap(t;saj)’)) = ()C()(t;S,y) +y03x(t;say)ap(t;say))'

As H(t,x,p, po) = poH (t,x,p/po, 1), then H(t,%, p, po) = H(t,x, p, po) has contin-
uous first- and second-order derivatives with respect to X, p and pg in Q*. Let p =
(p,po). E(535,9) = (x0(t:5.5),x(555,9)). pl5:5,5) = (p(t:5,5),1). The “augmented”
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collection 9°, 0% H (t,%, p), (X(t;5,%), (p(t;s,7)) can now play the roles of Q°, 0,
H(t,x,p), x(t;s,y), p(t;s,y) in Theorem 2.16.

Remark 2.22 (The C'-property of (s,y) — xo(t;s,y)*). Assume the conditions in
the preceding remark to be satisfied. The C'-property of (s,y) — xo(t;s,y) for
(s,y) € Q°, and continuity of ¢ — (xos(¢;5,),%0y(t;5,y)) at t = T follow if it is
assumed that, for ¢ € [s,T), fo(t,x(t;s,y),u(t;s,y))) and its first derivatives with re-
spect to s and y are locally bounded in (s,y) € Q°, uniformly in 7 € (s, T). If the uni-
form local boundedness of f; even holds for (s,y) € {(0,x°)}UQ°, then xo(T’s,y) is
continuous in (s,y) for (s,y) € {(0,x°)} UQ°. (Note that fo(t,x(t;5,y),u(t;s,y))) =
H,, (t,x(t;5,y), p(t;5,y), 1), so the derivatives exist for each ¢ € (s,T’) and are con-
tinuous.)
The two properties of fo(z,x(t;s,y),u(t;s,y)) are satisfied if for any (s,y) €
{(0,x)HuQ",
(t,x(t;s,y), p(t;s,y)) € QF for r € [s,T], (2.36)

(i.e.,also fort =T). O

It is easy to see that the asserted implications of (2.36) are correct, let us however
merely show that when (2.36) holds for (s,y) € Q°, then xo(¢;s,y) is C' in Q°, for

€ (s,T]. Note first that, for any (s,y) = (§,9) in Q°, a set Ay, (see Ags defined
in Proof of Theorem 2.16 above), belongs to Q*, and (using that x(¢;s,y) = 1:1,,0),
similar to what was noted in that proof, standard theory of differential equations
says that for all (s,y) near (§,7), solutions X(z;s,y), p(t;s,y) exist, for 7 in some
interval [/, T"], (s, T") containing [§,T], being C' in (s,y) and uniformly close to
(%(1:5,9), p(1:5.9)) 1 € (s/,T"].
Remark 2.23 (Changed preconditions for Theorem 2.16%*). Sometimes, the condi-
tions presupposed in Theorem 2.16 are too demanding. Let us change the differ-
entiability assumptions on H(t,x,p) as follows: For a moment, call a function of
(t,x,p) “l-smooth in an open set” V if the function and its first derivatives with
respect to x and p (exist and) are C° in V. Assume that there exist C! -functions
O, k=1,...,k" on clQ*, such that, for any point (¢,x, p) in O, ¢(t,x, p) = 0 for
at most one k and such that H, as well as it first and second derivatives with re-
spect to x and p are C* in Q*\ Z,Z := {(t,x,p) € Q" : ¢;(t,x, p) = O for some i}.
Assume also that H(t,x, p)|a and H,(,x,p)|a, (|4 means restricted to A), have 1-
smooth extensions to an open set containing clA for any set A of the form N;®’,
@' = {(t,x,p) € Q" : ¢;(t,x,p) > 0}, or @' = {(t,x,p) € Q" : ¢;(t,x,p) < O} (the
direction of the inequality sign may depend on 7).

Let us also weaken the differentiability assumptions on (s,y) — (x(;s,y),

p(t;s,y)): Let 7 be given subset of Q°, 7 closed, such that

25 {(s,y) € Q°: ¢i(s,y, p(s;5,y)) =0 for some i}. (2.37)
Define Qs :={tr € (5,T) : i (,x(;5,y), p(t;5,y)) = O for some k}. Assume for any

(5.9) €QONZ 1 € (5,T), 1 ¢ Qs. that (s',Y) — (x(1:5",Y), p(t:',y)) is C' in
neighborhood of (s,y). Moreover, for (s,y) € Q°\ Z,t € (s,T), assume that
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O (t,x(t:5,y), p(t;5,y)) = 0= 0 # @ps (1, x(235,), p(t:s,))
O (,x(1:5,3), P38, 9))5(155,3) + O (1,x(835,), p(£:5,9)) (£ F 15, y),
(2.38)

(i.e., the right-hand side is nonvanishing both for the left limit and the right limit).
Assume, finally, that S(x(7T’;s,y)) is locally Lipschitz continuous on {(0,x°)} U Q°
and that

7= {(s,y) € Q" (T,x(T:5,y), p(T:s,)) =0 forsome i} (2.39)

and Z (see (2.37)) are slim in Q°. Except for the above changes in the differen-
tiability assumptions, assume that the other assumptions in Theorem 2.16 are kept
unchanged. Then u(z,0,x°) is optimal.

In this remark, it is not necessary explicitly to assume the property that t —
(x4(t;8,y),xy(t;5,y)) is defined and continuous atr =T. O

Remark 2.24 (Dropping slimness of Z'*). In Remark 2.23, the assumption that Z' is
slim can be deleted, provided, for any (s,y) € Q°, ¢;(T,x(T;s,y), p(T;s,y)) = 0 for
at most one i and (2.38) holds also for t = T, when ¢ is replaced by 7 —. (]

Remark 2.25 (Criterion containing an integral). In case of Remark 2.21, where an
integral appears in the criterion, the conditions assumed in Remark 2.23 should be
applied to H(t,x, p, po), i(t:5,5), p(t:s,5)) instead of H(z,x, p), x(t;5,y), p(t:s,y).
Assume from now on in this remark that ¢, k = 1,...,k* do not depend on xy and
po. Then of course the definitions of the entities Z, and Z’ in the augmented system
(both required to be slim), reduces to (2.37)(2.39), and the augmented version of
(2.38) reduces to (2.38).

It is now assumed that A (¢, x, p, 1), as well as its first and second derivatives with
respect to x and p, are C° in Q* \ Z, and that A(t,x, p,1) has the extension prop-
erty of H(z,x, p). The nontangentiality condition (2.38) is kept unchanged. In this
case, we in addition assume that even (s',y") — xo(t;s’,y’) is C! in a neighborhood
of any (s,y) in Q°\Z, 1 ¢ Qyy,t € (5,T), and that xo(T;s,y) + So(x(T;s,y)) is lo-
cally Lipschitz continuous on {(0,x°)}UQ°. (If p(s’;s’,y’) is C! in a neighborhood
of any (s,y) in Q°\ Z, and is locally Lipschitz continuous on {(0,x°)} U Q°, the
two last properties automatically follow. Compare Remark 2.27 below.) Then, again
u(t;O,xO) is optimal. O

Remark 2.26 (Changes in the premisses of Remarks 2.23, 2.25%). Assume, at any
(s,y) € Q°\ Z, continuity of p(T’s,y) and existence and continuity of t — (x(t;5,),
xy(t;5,y)) att = T (in case of Remark 2.25, existence and continuity at t = T of
t — (xos(r55,),%0y(155,),%(£35,¥),xy(t;5,y)). Then, in Remarks 2.23 and 2.25,
slimness of Z' can be omitted and clA can be replaced by (clA) N ((0,T) x R>").

]

Proof of Remark 2.23. Define again W (s,y) := S(x(T;s,y)). Define Z*=Z' UZ
and write v = (s,y). Let ¥ := (§,5) belong to Q°\ Z*. By compactness of [3,]
and nontangentiality ((2.38)), there is at most a finite number of “crossing point”
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;0),p(t;9)) € A for t <7, t close to 7. By the extension property of
H(t,x,p) and (2.31), for t < {, t close to 7, the solution (x(t;v),p(t;v)) has an
extension (x~(#;v),p~(¢;v)) to a slightly larger interval, in fact to an interval
(.1, " <ii >1i with v— (x"(t;v),p” (t;v)) being continuously differen-
tiable near ¥ for all ¢ in [¢” ,¢" ]. Similarly, the solution (x(r;v), p(t;v)), t > I, t close
to 7 has an extension (x*(r;v),p™(;v)) to an interval [} ,¢,], /' <7 <, with
v — (xT(t;v), pT(1;v)) being continuously differentiable near 7, for all ¢ in [¢/ ,7/].
By the nontangentiality condition (2.38), a C'-function 7'(v), v near ¥, exists such
that (%) =7, and ¢;(T (v),x (T'(v);v),p~(T(v);v)) = 0. Now, for t* >, t* close
to 7, as xT(¢t*;v) = x~ (T (v),v) + f}*(v)x*(s;v)ds, then, neglecting the small term
(integral) arising from differentiating under the integral sign,

X, (1459) = —x T (F0) T (9) +x~ (50) T (9) +x,, (£ 9). (2.40)

By the fact that u(f—;9) and u(f+;?) maximize the Hamiltonian pf at 7, then

p(f50)xT(7,9)) = p(£;9)x~ (f;9), and multiplying by p(7;9) in (2.40), we get
(7:9)

p(£;0)x (£;9) = p(£;9)x, (£;9). (2.41)

Evidently, by the extension property, continuity of v — (p(7T;v),x(T;v)) at ¥, ex-
istence of x,(T’; %), and continuity of # — x,(¢;%) at t = T hold for all $ € Q°\ Z*.
Then as in the proof of Theorem 2.16,

xi(T;v) = x} for vcloseto 7€ Q° \Z* (2.42)

if the first inequality in (2.26) is strict for (s,y) = . For (s,y) = ¥ € Q°\ Z*, by this
result it follows from (2.26), (2.27) that (2.32) holds, as in the proof of Theorem
2.16.

Now, for (s,y) =¥ € Q°\ Z*, w; = 0 and W, = 0 for ¢ ¢ Qy, by the same argument
as in the proof of Theorem 2.16, and by (2.41) w(z;s,y) and W(¢;s,y) are constant
for all ¢ € [s,T], the constants being equal to zero, by (2.32). From this, as in the
proof of Theorem 2.16, it follows that W (s, ) satisfies the HIB equation in Q°\ Z*.
Furthermore, by definition of W and consistency, r — W (¢,x(#;0,x°)) is constant
on [0,7). Finally, by assumption, S(x(T';s,y)) is locally Lipschitz continuous on
{(0,x°)} U Q" and Z* is slim. Hence, Remarks 2.10 and 2.11 yield optimality of
u(t;0,x%). O

Remark 2.26 has in fact the same proof, existence, and continuity with respect to
t, of x4(t;9) and x,(r;9) at t = T now being postulated. In this case, the extension
properties are not needed for # = T', hence allowing the replacement of clA by clAN
((0,T) x R?").

Proof of Remark 2.24 (sketch). Define Z; = {v € Q° : ¢;(T,x(T;v), p(T;v)) = 0}.
First, note that for any ¥ in Z’, hence ¥ € Z; for some i, we have enough dif-



2.2 Terminal Conditions 105

ferentiability for the arguments in proof of Theorem 2.16 to work near 7, if
7!(9) = 0, where T;(v) is a C'-function defined in a ball B around ¥, such that
T;(9) = T and, for all v € B, ¢;(T;(v),x(T;(v);v), p(T;(v);v)) = 0. To see this, let
(x7(:3v),p~ (;v)) be an extension of (x(.;v), p(.;v)) slightly beyond T, v close to
v. As x(T(v);v) = x~(T(v);v), then x(T:;v) —x~(T(v);v) is of the second order,
hence x,(T,7) exists, and equals [(d/dv)x™ (T(v);v)]y=s = [(d/V)x~ (T;V)]y—s-
Furthermore, t — x,(¢,9) = x, (z,9), t < T is continuous at = 7. So it is only for
Din Z; := {V € Z; : T/ (9) # 0} for some i that differentiability of v — x(T;v) may
fail at v. But locally, 7; is slim as we shall see. (We could have, in an obvious way,
“localized” the requirement of slimness in Remark 2.10.)

If ¥ € Z; (with T,(v) and B as above), for some ball B C B around 7, we have
that 7/ (v) # 0 forv € B, and Z;NB C {v € B: T;(v) = T}. But the latter set (and so
Z;NB) is slim in B (in B, v — T;(v) — T behaves as a y-function).

Hence, Remark 2.24 follows. O

Remark 2.27 (The Lipschitz continuity of S(x(T';s,y))*). In Remark 2.23, if p(s;s,y)
is locally Lipschitz continuous on {(0,x°)} U Q° and “general consistency” holds,
e, (x(t'ss,y), p(t'ss,y)) = (x(t'st,x(t35,y)), p(t'st,x(t35,y))), t > 1 > s, then
S(x(T;s,y)) is locally Lipschitz continuous here. To see this, note that for any
§ = (5,9) € {(0,x°)} UQ", by the extension property of H, H, and H, and their
first derivatives with respect to x and p are bounded on a open neighborhood B of
(9, p(8;9)) (of course, only a finite number of extensions is what needs to be con-
sidered). Choose a § such that ¢;(s,x(s;5,9), p(5;$,9)) # 0 for all i, and such that
for all 7 € (8,38], all (s,y) near (8,9), (¢,x(¢;s,y),p(t;s,y)) € B. Because the right-
hand side of the equation for (%, p) is bounded and Lipschitz continuous in (x, p)
for (t,x,p) in B, then, evidently, by Gronwall’s inequality, (x($;s,y), p(8;s,y)) is
Lipschitz continuous in (s,y) near (§,7). Similarly, an open neighborhood B’ of
(T,x(T;%), p(T;9)) exists, such that all “needed” extensions of A, and A, and their
first derivatives are bounded on B’ (for any set A = N; P’ of the type of Remark 2.23,
for which (T,x(T;9), p(T;9)) € clA, an extension is needed). Choose a T’ < T such
that (¢,x(¢;9), p(t;9)) € B fort € [T',T), and ¢;(T',x(T";9), p(T';9)) # O for all i.
Because y’ — (x(T7;5,y"), p(T';5,y")) is C' near x(5;9), v — (x(T';v), p(T";v))
is Lipschitz continuous near v. But then, by Gronwall’s inequality (and, simi-
lar to what happened on B, by boundedness and Lipschitz continuity on B'), for
t € [T\ T), (x(t:T",x(T",v)), p(t:T",x(T',v))) belongs to B for v close to ¥, and
v — (x(T;v),p(T;v)) = (x(T;T",x(T",v)), p(T;T',x(T',v))) is Lipschitz continu-
ous near V. The asserted property of S(x(T;s,y)) follows. O

Remark 2.28 (The C'-property of (x(t;s,y), p(t;s,y))*). It suffices to assume in Re-
mark 2.23, for any (s,y) € Q°\ Z, for some t > s, ¢ arbitrarily close to s, that
(s',y) — (x(t;5",y), p(t;5',¥')) is C' in a neighborhood of (s,y). The last property
is evidently equivalent to p(s’;s’,y’) being C! near (s,y).

To sketch how this is proved, consider again the proof of Remark 2.23. Let ¥ =
(5,9) be a point in Q¥ \ Z. First, note that if § is the first point in Qy to the right of §,
then evidently, (s,y) — (x(t;5,y), p(t;s,y)) is C' near ¥, for any ¢ € (§,5). Observe
also that because (s,y) — (x(£;5,), p(t;5,y)) is C' for (s,y) close to (§, ), for t close
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to §, then, by (2.31) and the existence of f"(v), this C! -property also holds forz > &, ¢
close to §, for (s,y) close to (§,7). By extension of this argument, (x(;s,y), p(t;s,y))
is C! in Q°\ Z close to (§,9), for any ¢ ¢ Qsy, t € (5,T). From this the assertion
follows. ]

Remark 2.29 (Changed end conditions*). The conclusions of Theorem 2.16 and
Remark 2.23 also hold when the end conditions are changed to read g'(x(7)) =
0,i=1,...,n", g (x(T)) >0,i=n'+1,...,n", where g’ are C'. Then the tranversal-
ity conditions on p(t;s,y) read p(T;s,y) = Y, Al(s, )&l (x(T;s,9)) + S (x(T;s,y)),
where Ai(s,y) are certain numbers, being, for i > n’, > 0 and even equal to zero if
g (x(T;s,y)) > 0. It is assumed that A’(s,y) is continuous in Q° for i > n'. O

(A new proof of (2.32) is needed in this case: Now Y, Al(s,y)gl(x(T;s,y)) =
Yai(sy)£0 A (5,9) 8 (x(T35,y)). When Al (s,y) > 0 forsome i > n', then A’(s',y') >0
for (s',y’) near (s,y),s0 g (x(T;s’,y")) = Oforall such (s',y"). This also holds fori < n’.
Hence, (9/dy)g'(x(T;s,y)) = 0 and hence ¥;A'(s,y)gi(x(T;s,y))xy(T;s,y) = 0.
A similar argument holds for (d/ds), so (2.32) follows.)

Remark 2.30 (The domain of definition of f and fp*). In Theorem 2.16, f needs only
be defined on Q° x U, provided Q* = {(t,x, p) € Q* : (t,x) € Q°}, and for Remark
2.21, add that even f; needs only be defined on Q° x U. Similar comments pertain
to Remarks 2.23 and 2.25. Moreover, in Theorems 2.8, 2.6, and in Remark 2.13, it
suffices that fy and f are continuous, so no differentiability assumptions are needed
(fo = 0 in the theorems). Assuming this, in Remarks 2.23, 2.25, it is only needed to
assume that f, and fo, exist and are C° for (r,x) € Q°\ Z, u € U. O

Example 2.31. Consider the problem
2
max/ tudt, % = u € [0,1],x(0) = 0,x(2) < 1.
0

Solution. The solution is trivial, let us nevertheless apply Remark 2.25 to solve it.
Let Q° = (0,2) x (—1,1). Evidently, p is independent of ¢, so p(t;s,y) = p(s,y) <
0. When y > s — 1, we can put p(s,y) = —y— 1, u(t;s,y) = 1 for r € (1 +y,2),
u(t;s,y) =0forr € (s,1+y), x(t;s,y) = max{y,r — 1}. If y <s—1, p(s,y) = 0 and
x =y+t—s. Evidently, H is C? in Q* := (0,2) x R x IR, except at points (s,y, p)
where s+ p = 0. Hence, let ¢(s,y,p) := s+ p. Then Z' =0, and Z = {(s,5 — 1) :
s € (0,2)} is slim. Moreover, (s,y) — (x(¢;5,y), p(t;5,y)) is C' near any (s,y) such
that y #s— 1, forr € (s5,2),t ¢ {r € (5,2) : 1 — 1 =y}, (the last set contains Q;, =
{t € (5,2) : (t,x(t35,), p(t;5,y)) = 0}) Finally, (d/dt)¢(t,x(t;s,y), p(t;s,y)) =
(d/dt)(t+ p(s,y)) =1 # 0, so (2.38) is satisfied. Now, p(s;s,y) is discontinuous,
but xo(;s,y) = fém{svyﬂ} rdr is locally Lipschitz continuous in {(0,0)} U Q" for
t=2and C'in (s,y) € Q°\ Z, for t € (s5,2), t # y+ 1. In fact, all conditions in
Remark 2.25 hold. O
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2.3 Infinite Horizon

In the original problem (2.1)—(2.4), let us replace T by oo. The terminal conditions
must then be modified to read:

limx; (1) =x',i=1,....1, (2.43)

[—o0

(the limit required to exist), and

lilminfxi(t) >xli=1+1,...,m. (2.44)
Some of the x}’s, i=1+1,...,m may be . We now want to maximize

limr_. S(x(7T)). However, we get into trouble if this limit does not exist, so

instead here we use catching up optimality: We define the pair (x”o (.),u%(.)) to be
catching up optimal in the infinite horizon problem if

liminf{S(x”O (5)) = S(x*(s)} is > 0 for all admissible pairs (x"(.),u(.)). (2.45)
§—>00
In the case where lim,_... S(x*(s)) exists and is finite for all admissible x*(t), catch-
ing up optimal is the same as “ordinarily optimal”, i.e., giving the largest value to
limy e S(X*(T)).
The next theorem is the infinite horizon variant of Theorem 2.8:

Theorem 2.32 (Verification theorem, infinite horizon). Let W (s,y) be a C' func-
tion on a set Q in (t,x)-space that satisfies

liminf[W (T, x(T)) —S(x(T))] > 0 (2.46)
for all (0,x°)-admissible solutions x(t) that stays in O, (i.e., (t,x(t)) € O fort €
[0,T]). Assume also that W satisfies the HIB equation (2.16) in Q. Furthermore, let
(x*(¢),u*(t)) be an (0,x°)-admissible solution staying in Q such that

liminf[$(x' (7))~ W(T. (7)) >0 2.47)
and such that
Wi(t,x*(t)) + Wy (t,x"(2)) f(2,x"(£),u"(£)) =0 ve. (2.48)

Then (x*(.),u*(.)) is catching up optimal in the set of all admissible pairs (x(.),u(.))
Sor which x(.) stays in Q. O

Proof. As before,W (t,x*(t)) = W(0,x°) > W(t,x(¢)) (x(t) admissible). Then
S(x*(t) = S(x(r)) > S(x*(r)) = W(t,x*(¢)) + W(z,x(¢)) — S(x(¢)). Taking liminf on
bothsides and using (2.46) and (2.47) yields catching up optimality of (x*(.,.),u*(.,.)).

(]
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Note that when f is independent of #, and a criterion [5° f°(x(t), u(t))e~*dt, o >
0, is going to be maximized (note that f° is independent of 7), then this is the same
as maximizing limz . xo(T), xo = fPe~* x0(0) = 0. (If necessary, turn to catch-
ing up optimality.) In this case, we can expect W (s,y) to be of the form h(y)e™*,
where h(.) satisfies the “current value” HIB equation 0 = —a + max, { f° +h.f},
which in the scalar case (x one-dimensional) is an ordinary differential equation in
h. (Note that A(.) satisfies the last equation iff W = h(x)e~* satisfies the ordinary
HIJB equation.)

2.4 Free Terminal Time Problems, with Free Ends

Consider the scrap value problemmax S(7, x(T')) (where Sis C!), subjectto (2.2),(2.3),
where we allow T to be subjectto choiceinagivenset [T7, T3], T» > T > 0(the end state
is free). Assume for the moment that [0, 7] is replaced by [s, 7], and, moreover that
the maximum of S(7,x"(7T')) is found for all triples (x"(¢),u(r),T) where x(.) starts
at (s,y) and T belongs to [max{s, 7}, 7). (Such a triple is called (s,y)-admissible
and “admissible” means (0,x°)-admissible.) This problem is denoted P*”, and the
maximal value of its criterion is denoted W*(s,y). Let the set G* be defined by:

G ={(s,y) € [T1, L] x R", W*(s,y) > S(s,y) }. (2.49)

By definition of G*, W*(s,y) < S(s,y) for (s,y) € G, := ([T1,T»] x R") \ G*. But,
of course, the optimal value is never strictly smaller than S(s,y), because we always
have the possibility to stop immediately at (s,y) and get S(s,y). So, W*(s,y) =
S(s,y) for (s,y) € G. and we can define G, = {(s,y) : W*(s,y) = S(s,y),s € [T1,T»] }
Moreover, it is natural to call G* the continuation region: We don’t stop immediately
at (s,y) when we are in G*, because by continuing, we can get something better:
W*(s,y) instead of S(s,y).

Let us write down some relationships that can be expected to hold. Assume that
W*(s,y) is continuous in (s,y). Then W*(s,y) satisfies:

W*(s,y) = S(s,y) for (s,y) € dG, (2.50)

where dG., denotes the boundary of G, (in fact, G, is a closed set).
At each point (s,y) € ([0,71) x R") UG* at which W*(s,y) is differentiable in
(s,¥), the following equality (HIB equation) holds for W = W*:

0:‘/Vs(svy)+Sup‘/Vy(Say)f(S7yau)' (251)

uclU

(At least it holds if P has an optimal control.) The argument for this relationship
is as before.

Let (x(.;s,y),u(.;s,y),T) denote an optimal triple in problem P*>, the functions
being defined on [s, 7], with T € [max{s, T} },1],x(s;s,y) = y. If we stop as soon
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as possible in case we are indifferent to continuing or stopping, then, if 7 > s,
(T,x(T;s,y)) belongs to dG,: The point (T,x(T;s,y)) does not belong to G*, oth-
erwise, it would be strictly better to continue a little longer. But it cannot belong to
the interior of G, because then we could as well have stopped earlier.

Let us define u(t;s,y) = u for t > T, u any given vector in U. Letting (d*/dT)
denote right (+) and left (-) derivatives, by optimality, it follows that (+1)(d*/dT)
S(T,x(T;s,y)) <0if T € (max{s,T1},T»). Moreover, (d~ /dT)S(T,x(T;s,y)) >0
if T =T, and (d*/dT)S(T,x(T;s,y)) <0if T = max{s,T1}. If T = s, of course
x(T;s,y) = x(s;5,y) = ¥).) Now, (d*/dT)S(T,x(T;s,y)) =

St (T,x(T;s,y)) +Se(T,x(T,5,)) f(T,x(T;s,y), u(T+;s,y)).

Let the admissible set Q now consist of all points (s,x“(s)), s € (0,T), where
x"(.) belongs an admissible triple (x*(.),u(.),T), and let D* be the set of all (T,y) €
clQ, T € [T}, T»] that satisfy the following conditions:

St (T, )+ sup,cy Sx(T, ) f(T,y,u) =0 if T € (T1,T»),
(>0if T=T, <0if T=T). (2.52)

Not seldom, we can expect that D* = dG,, because, roughly, both sets contain points
(T,y) at which it does not pay to continue (if possible, i.e., T < T5), nor stop at an
earlier point in time (if possible, i.e., 7 > T7). The solution method then consists
in finding a solution W of the HJB equation on an open subset D containing Q N
((0,T7) x R™), such that D** := clQN (dD) N ([T1,Tz] x R") C D*, and such that W
is C! in D, continuous on cID and satisfies W (s,y) > S(s,y) for (s,y) € D, s > Tj,
and W (s,y) = S(s,y) for (s,y) € D**. In fact, a sufficient condition is connected to
this method, we then need to put in further conditions, on the other hand, though
(2.52) (or D** C D*) is useful when constructing a solution W, it need not formally
be included in the theorem to follow.

Theorem 2.33 (Sufficient condition for the HJB equation, free end, free termi-
nal time). Assume that open subsets Q" and D of R"*! and a function W (s,y),
defined on Q" have been found, Q C Q", D C Q", W(s,y) being C' in D and in
Q"\cID, and locally Lipschitz continuous in clQ” , satisfying the HJB equation (2.51)
in D, and, for s > T, satisfying W (s,x) > S(s,x) if (s,x) in QN D, W(s,x) > S(s,x)
if (s,x) in clQ. Moreover, assume that QN ((0,T1) x R") C D. Assume, furthermore
the “HJB inequality”:

0>Ws+ Supr(S,)’)f(S,yau) (2.53)
uel

for (s,y) € O\cID, s € (T1,Tz). Assume also that W(t,x) = S(t,x) for (t,x) €
(clQ)NAD, t > Ty. Moreover, assume that 9*D := (T}, T») x R"]N(dD)N Q" is slim
in Q". Assume, finally, that there exists a control function u*(s), with corresponding
solution x*(s) defined on some interval [0,T*], T* > 0, T* € [T}, Tz, which yields
the supremum in the HIB equation (2.51) for (s,y) = (s,x*(s)) € D, and such that
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T* = sup{r > 0: (s,x*(s)) € D for s € (0,1)}. Then (x*(¢),u*(¢),T*) is an optimal
triple in the class of all admissible triples (x(t),u(t),T), T € [T, T3]. O

Remark 2.34 (Solution method for the HJB equation). As before, a standard method
for solving the HJB equation is to obtain solutions of the characteristic equations,
for (s, y) in an open set Q° containing Q. In this case, imagine that solutions of the
characteristic equations, denoted x(;s,y,T), p(t;s,y,T), with corresponding con-
trols u(t;s,y,T), defined for ¢ in [s, 7], have been found for any (s,y) in Q°, any T
in [max{s, T} }, 2], satisfying p(T;s,y,T) = Sx(T,x(T;s,y,T)). Next, assume that
points 7 = T'(s,y) in [max{s, 71 }, T>] have been found satisfying n(T’;s,y) :=

St(T,x(T;5,y,T)) + max So(T,x(T;5,y, T)) f (T, x(T35,,T),u) = 0

if T € (max{s,T1},T»), > 0if T =Tp, <0 if T = max{s, T} }. (Hopefully, such
a point T exists.) For T = T(s,y), write x(t;s,y) = x(t;5,v,T(s,y)) p(t;s,y) =
p(t;5,y,T(s,y)). Note that the function W (s,y) := S(T(s,y), x(T(s,y);s,y)) au-
tomatically satisfies the HIB equation for s < T'(s,y), provided enough differen-
tiability is exhibited by the “characteristic entities” x(z;s,y), p(t;s,y) and T(s,y),
(s,y) € {(s y) € Q°: T(s,y) > s}. Defining D = {(s,y) € Q° : s < T(s,y)} and
Q" = Q°, one may then test if the conditions in Theorem 2.33 hold, with the reason-
able proposal W (s,y) = S(s,y) for (s,y) such that s = T(s,y). A sufficiency result
formulated directly in terms of the “characteristic entities” can actually be stated; it
is omitted here (but see Chapter 3, Remark 3.54). O

Remark 2.35. Note that if 77 = 0 and a function W has been found, satisfying
W(0,x°) = 5(0,x°) and both (2.53) and W (s,y) > S(s,y) in Q, being C' in Q, then
T* =0 is optimal. |

Proof of Theorem 2.33 (sketch). Similar to the proof of Theorem 2.6, (d/ds)

W (s,x*(s)) = 0 for s in (0,T*), and for any (0,x°)-admissible triple (x(.),u(.), T),
(d/ds)W (s,x(s)) <0 forany (s,x(s)) & d*D, sin (0,T), s # T. If the last inequality
holds, except perhaps for a countable number of points s, we can integrate and get
S(T*,x(T*)) = W(T*,x(T*)) = W(0,x°) > W(T,x(T)) > S(T,x(T)). If the set of
exceptional points is uncountable, an argument similar to that in the proof of Remark
2.10 can be used to give the same result. Hence, (x*(.),u*(.)) is optimal. O

Proof of Remark 2.34 (sketch). The formulations in the remark are somewhat
sketchy, yet, let us give some explanations of the assertions. Fix (§,9) in 0, such
that § < T := T(§,9) € (T}, T»), write £(t;5,y) = x(t;5,y,T), and let W(s,y) =
S(T,%(T;s,y)). Evidently, at (§,5), W(s,y) satisfies the HJB equation, by the fixed
horizon results. Then also the function W(s,y) := S(T'(s,y),x(T(s,y);s,y)) satis-
fies the HIB equation at (§,7), because WS = W, and W Wy, as we shall see.
Extend t — £(¢;s,y) a little beyond 7" in such a way that (07 /dn)x(t;s,y)],_4 =
[(97/d1)%(t;5,y)],_#. Then, note that

n(T,5.9) = [(9/9T)S(T,x(T:5,))ly

—F 5=$
= Sr(T,2(7:8.9)) + Sx(T,2(1:5.,9))[(9/9)%(1:3.9)],_¢
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Hence, if n(7(8,9);$,9) = 0 (which does hold if T'(§,9) € (T1,72)), then at (§,9),
(

and

Wy(3,5) == (3/9y)S(T(5,y),x(T(s5,y):5,y)) = Sa(T 2(T:5,9))%,(T:3.9)
=: W, (5,9).

At least, these equalities evidently hold if T (s,y) is differentiable at (§,7), and it is
no problem to assume this to hold if 7'(§,¥) € (T1,72). Considering next the case
where T'($,9) equals T; or T, the equalities also hold if T'(s,y) equals Tj or T,
even in a neighborhood of (§, ). In this case, it seems more problematic if no such
neighborhoods exist. But then, normally, (7 ($,7),$,9) = 0, and all that is needed
for the equalities to hold when 1 (7'($,9),$,9) = 0 is that T'(s,y) is locally Lipschitz
continuous, which can be assumed without problem (i.e., most often this will turn
out to be the case in the problem at hand). O

Remark 2.36 (Restrictions on the solutions*). Assume that all solutions are required
to belong to a given set Q in R**! (i.e., in (#,x)-space). Replace Q by QN Q in The-
orem 2.33 and assume that (¢,x*(t)) € Q, t € (0,T*). Then (x*(¢),u*(¢)) is optimal
among all admissible triples (x(.),u(.),T) for which (z,x(t)) € Q. € (0,T). O
Remark 2.37 (T, = o). If T = o, and T* < o, Theorem 2.33 yields optimality
among all admissible triples (x(.),u(.),T), T € [T},o). O

Example 2.38. Consider the problem
T
max/ [—u? —x—1)dt s.t. x=u<0, x(0) = —4, T >0, x(T) free.
0

Solution. We rewrite the problem by letting %y = —u®> — x — 1, x0(0) = 0, in
which case we want to maximize xo(7). We solve the problem for the initial
point (0,0, —4) replaced by (s,y0,¥), s > 0, y,yo € R. Using the maximum prin-
ciple, with p and p( as adjoint variable corresponding to x and xg, we get po = 0,
po(T) =1, po(t) =1, so H = —u? — x — t> + pu. Write § = (yo,y). Next, p = 1,
p(t;,9,T):=p(t) =t —T, and u = (t — T)/2 maximizes H. Hence, x(;5,7,T) =
V(= T)2 /4= (s— T2 /4, W(5,5) i=x0(T35.5) = yo+ [ (—y— (1 —T)2/2+ (5 —
TV /4 —12)dt = yo—y(T —s) — (s—T)3/12—T3/3+5%/3 =: ¢(s), where T =
T(s,5) = max{s, (—y)'/?} for y < 0. The last formula follows from the fact that the
equality in (2.52) reduces to —y— T2 = 0. Fory > 0, surely T = T (s,y) = s by (2.52).
(In general, we have T = T'(s,y) = max{s, (max{0, —y})'/2}.) By Remark 2.34 we
know that the HIB equation is satisfied for (s,y) such that s > 0 and s> +y < 0.
Moreover, for s = T'(s,y), i.e., y+ s> > 0 we have that 0 > supu{—u2 —y— sz}, ie.,
(2.53) is satisfied for W = y,. Evidently, the set {(s,y) : s > 0,s> +y = 0} is slim. For
(Svy) €D:= {(Say()ay) 18>0,y < 0752 +y <0,y € R}’ W(S,f)) > S(i) = Yo, be-
cause ¢ ((—y)'/?) = yo and ¢’(s) < 0, for s < (—y)'/2. Now, for (s,7) = (0,0, —4),
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x(T30,0,—4) = —4 — T?/4, and then T? 4 x(T;0,0,—4)) = 0 gives T = 4/31/2.
Remark 2.37 gives optimality of u = (r —4/31/2) /2. O

Further reading. Fields of extremals has quite a long history, we here mention only
the treatment of this subject in Bliss (1946), Boltyanskii (1971), and Fleming and
Rishel (1975). These books also discuss the HIB equation.

2.5 Exercises

Exercises for Section 2.1

2.1. Solve the problem
T
max {/ u'2dt +x(T)"?| % = —u < 0,x° given > 0.
0

Hint: Rewrite the problem to read max[xo(7) +x(7)"/?], 0 = u'/?,x0(0) = 0, and
try a solution of the HJB equation of the form W = xo + ¢ (r)x'/2.

2.2. Solve the problem
maxxs (1) — (1/2)(x1(1))?], s.t. 11 = u,x1(0) = 0,% = u,x2(0) = 0,u € R.
Hint: See solution presented at the end of Section 2.1.
2.3. Consider the problem
maxy(1),y = ux,y(0) = 0,% = 0,x(0) = x°,y(1),x(1) free, u € [0,1].

The solution is evidently u = 1 if x° > 0, = 0 if xy < 0. Show that x* — V(O,yo,xo),
y0 = 0 is not differentiable at x” = 0 (V the optimal value function).

Exercises for Section 2.2

2.4. Solve the following two problems, (a) and (b), by means of characteristic solu-
tions.

max/ol(—bﬂ +x)dt,x =u € R,x(0) =0, (a): x(1) =1, (b): x(1) > 1.

Hint for (b): Here Remark 2.23 is needed. The solutions x(z;s,y) will some-
times satisfy x(1;s,y) > 1. A single ¢-function is needed, namely, ¢(s,y,p) =
p9(1;s,y), where p@(_;.,.) is the adjoint function in problem (a). For (s,y) such
that p(@(1;s,y) > 0, by consistency in (a), p‘¥ (1;1,x(t;5,y))=p'® (1;5,y) > 0. It
may be explicitly checked (or argued as in (i) below) that this holds also for
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p(“)(l;s,y) < 0, in which case we in (b) are in the situation where x(1;s,y) > 1.
Hence, the premise in (2.38) “never happens.”

(i) p9(1:1,x(;s,y)) = 0 can never happen in case p@(1;s,y) < 0. By contra-
diction, assume the last equality. Then there is an (a)-solution x(@)(.;z,x(1;5,y)),
that by uniqueness equals x(.;#,x(;s,y)) (= x(.;s,y) by consistency), and the single
proposal for x(@)(.;s,y) would be x(.,s,y), and by uniqueness again x(%(.;s,y) =
x(.,s,y). By consistency, 0 = p\@ (1;x(t;5,y)) = p'@ (1;1,x\9 (1;5,y)) = pl9(1;s,y),
a contradiction.

2.5. Consider the following problem
T
max {/ —uzdt—l—x(l)z} i =u>0,x(0) =x" > 0,x(T) free.
Jo

(a) Solve the problem by means of characteristic solutions for 7' = 1/2. (b) Let
T = 2. Show that no optimal solution exists (show that an arbitrary large constant
control yields an arbitrary large criterion value). Do characteristic solutions exist?

2.6. Solve the following problem by means of (a) Remark 2.10 and (b) Remark 2.23.

max/ol(l —u)xdt,x =u € [0,1],x(0) = 1/2,x(1) free.

Exercises for Section 2.3

2.7. Let a* > 8, o > 0, and solve the following problem by means of Theorem 2.32:
max/ (—u? )2 +x%)e % dt,% = u > 0,x(0) = x° > 0, x(c0) free.
0

Hint: Try h(x) = ax? in the current value HJB equation.

Exercises for Section 2.4

2.8. Solve the following problem by means of Theorem 2.33

max{ [y [~1/2 4+ u'/?]dt +x(T)/2, T € [0,8], & = —u € (—o0,0], x(0) = 1, x(1)
free.

2.9. (Theoretical problem) Consider again the proof of Remark 2.10. Define d_ ot (s) =
liminfy ok~ !{a(s+ /) — ot(s —h)]. Show that slimness even implies the following
version of system slimness: (¢t + a,x(t) +b) = (t +ap,x(t) + by) ¢ Z* holds for
arbitrary small A, for v.e. 1 € (s — h,s+h), s any continuity point of %(s). From this,
prove that d_W(s,x(s)) < 0. Next, prove the monotonicity of W(s,x(s)) on any
closed interval [a, ] (and hence on [c,d]) at which x(s) is continuous, by covering
(a,b] by a finite number of disjoint intervals (a;,a;+1] for which W (a;,x(a;)) —
W(ait1,x(air1)) > —€(air1 — a;), € any given positive number.



Chapter 3

Piecewise Deterministic Optimal Control
Problems

Piecewise deterministic control problems involve systems governed by deterministic
differential equations but influenced by sporadic stochastic disturbances. In certain
situations, in an otherwise deterministic control system, it may happen that the state
jumps at certain stochastic points of time. Examples are sudden oil finds, or sudden
rain, sudden discoveries of metal deposits, or perhaps a sudden war. Similarly, in
seemingly deterministic processes, the dynamics may suddenly change character:
At certain stochastic points in time, the right-hand side of the differential equation
governing the system changes form, such changes being effected by jumps in a
(dummy) state variable. Examples of such phenomena are sudden inventions, sud-
den ecological disasters, earthquakes, floods, storms, fires, the sudden capture of
a criminal, which suddenly change the prospects of the firm, the society, the agri-
culture, the criminal, .... A systematic method for solving such problems, based
on the HJB equation (the Hamilton—Jacobi—Bellman equation) for the problem, is
presented in Davis (1993), Markov Models and Optimization, and also discussed be-
low. In this chapter, a related method is presented first, which is closely connected
to a common solution method in deterministic control theory. For problems with a
bound on the number of possible jumps, it yields a recursive solution procedure.

First, stochastic control problems with a fixed horizon are discussed, where so-
lution tools are fields of extremals (characteristic solutions) and a suitable version
of the HIB equation. Similar solution tools are used also when we later on turn
to optimal stopping problems, i.e., problems where also the horizon is subject to
choice.

The chapter contains statements of several theoretical results. Proofs are mainly
placed at the end of the chapter or completely omitted.

3.1 Free End, Fixed Terminal Time Problems

Consider the following control system:

x=f(t,x,u), t€0,T], x(0)=x"cR", ucUCR. (3.1)
A. Seierstad, Stochastic Control in Discrete and Continuous Time, 115
DOI: 10.1007/978-0-387-76617-1_3,
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Here, the control region U, the initial point x°, f : R!*"*" — R" and the terminal
time T are fixed. Equation (3.1) is required to hold v.e. (i.e., for all # except a count-
able number of points). The vector u is a control, subject to choice in U. At certain
jump time-points 7;, 0 < 7 < 72 < ..., the state jumps according to

x(tj+) —x(7;—) = g(,x(7j—)), (3.2)

where g is a fixed function. (Here, x(7;4) = right limit, x(7j—) = left limit.) The
points 7; are random variables taking values in (0,00). It will often be assumed that
at most N < co jump points, 7; can occur in [0,7]. The stochastic assumptions on
the jump points 7; are as follows: Given 7,_1, i > 1, 7; is exponentially distributed
in (7;_1,00) with parameter (jump intensity) A (i) > 0, so the density of 7, = 7 >
7y is A(i)e *@(T=%-1) Moreover, 7; is exponentially distributed in (0,0) with
parameter A (1). It is assumed that sup; A (i) < eo. (In some remarks, these stochastic
assumptions will be generalized.) The case where a maximum of N jumps can occur
is the case where A (i) = 0, i > N. The problem to be solved is:

[ e+ ¥ ao(x(mo)+hor-)| 63

max E
ul-.) o

subject to (3.1), (3.2). There are no terminal conditions (later on such ones will
be introduced). In (3.3), fo, go, and Ay are fixed functions, fy measures the run-
ning benefit obtained from the process, hg is a scrap value (or bequest function),
and go measures the benefit obtained at jump times. The functions g, go, ho are
assumed to be C2, and fy, fox, f, and f; (the Jacobian of f with respect to x) are
C°. Write @ = (11,72, ... ), T; < Tj+1. The control functions u(t, @) = u(t, 71,7, ...)
that will be used are, separately, piecewise and right-continuous in ¢ and piece-
wise continuous in each 7;. The control functions are assumed to depend (only)
on the history up till now, hence for any given ¢, u(f,®) depends only on the 7;’s
having occurred (i.e., 7; < t). Such controls are called nonanticipating. (In Remark
3.1 below, a more precise description of these controls are given.) The optimiza-
tion problem is to maximize the criterion in (3.3) in the class of nonanticipating
controls. We then imagine that u equals u(7,®) in (3.1) and (3.3), and that x and
x(.) in (3.3) equals x(¢, ) := x*(¢, ®), the solution of the equations in (3.1), (3.2),
for u = u(t, ). The function x*(¢,®) is constructed by solving (3.1) successively
on the intervals (0,7;),(71,%2), (T2, 73),.... First, (3.1) is solved on (0, 7;), using
(0,x°) as initial point. Next, (3.1) is solved on (71, 72) using (71,x*(71+, ®)) as ini-
tial point. Then, (3.1) is solved on (72, 73), using (72, x*(72+, ®)) as initial point, and
so on. The initial states x*(7;+, ®),x*(T+, ®),...,) are, successively, all obtained
from (3.2). For convenience, the function 7 — x(¢, ®) is taken to be left-continuous
(sometimes we write x(f—, @) in certain formulas, although we could as well have
written x(¢, ®)), moreover f — x(¢,®) is continuous at = 0 and on each interval
(7j,7j+1)N(0,T). It is assumed that for any bounded u = u(t, ®), x*(¢, ®) exists on
all [0, 77, a.s. (With probability 1, @ = (71, 72, ...) has the property that {j: 7; < T}
is finite, so a.s. the above construction terminates after a finite number of steps.) The
functions x“(, @) become piecewise continuous in each ;.
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A solution method will be presented in a moment. The method yields candidates
for the optimal controls that come out in a slightly different form than u(s, ®). After
presenting the method, the relationship between the various types of controls is
discussed.

Remark 3.1 (Comment on nonanticipating controls*). A more precise definition of
nonanticipating controls is as follows: For any given ® = (71, 12, ...) and 7, let i(z, ®)
be the largest index i such that 7; <. Then u(f, w) is called nonanticipating if for
any 7, any @ = (71, T2,...) and @' = (7], 7},...), the equality u(¢,®) = u(r, @) holds
whenever i(t, ®) = i(t,®') and 7; = 7} for j < i(®,1). O

3.2 Extremal Method, Free End Case

In this section it is assumed that the maximal number of jumps N is finite. In this
case, one standard, elementary, method of solving the problem is as follows.
First, find a control £(,x, p) such that

i(t,x, p) maximizes H(t,x,u, p) := fo(t,x,u) + pf(t,x,u) foru e U. (3.4)

(In this maximization, t,x, p are just parameters in the problem. H is called the
Hamiltonian function for the problem.) Then let us write down the so-called char-
acteristic equations. (Below H,, gox, hoyx denote gradients with respect to x, g, is a
Jacobian matrix with respect to x, and / is the identity matrix.)

x(t) = f(t,x,a4(t,x,p)), (3.5)
p(t) = —Hy(t,x,d(t,x,p),p) +A(j+ 1)p
—A(j+1)[gox(t,x) + p(tst,x+g(t,x), j+ 1) (I + g:(t,x))],  (3.6)

with boundary conditions

X(S) =Y p(T) = [h()x(x)}x:x(T)' 3.7

Here, the pair (s,y) is arbitrary, s € [0,7]. The ordinary differential equations
with boundary conditions (3.5)—(3.7) are solved by backwards recursion: First
(3.5)—(3.7) are solved on [s,T] for j = N, in which case A(N + 1) =0 and (3.6)
reduces to p(t) = —H,(¢,x,4(t,x, p), p). The solution pair x(.), p(.) obtained is de-
noted x(z;s,y,N), p(t;s,y,N). Then (3.5)-(3.7) are solved on [s,T] for j =N — 1.
In this case, the known function p(.;.,.,N) is inserted in (3.6). The pair of so-
lutions obtained is denoted x(;s,y,N — 1), p(t;s,y,N — 1). Then (3.5)—(3.7) are
solved on [s,T] for j = N — 2, with p(.;.,.,N — 1) inserted in (3.6), in which case
x(t;8,y,N —2), p(t;s,y,N —2) are obtained. In this manner, we work backwards un-
til j = 0 is reached and x(¢;s,y, j), p(t;s,y, j) have been obtained for j =0,1,...,N.
The controls
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U(ﬂsa)’,j) = ﬁ(lax(t;say>j)7p(t;s7y7j))a .]: 07 17'--7N7

are our candidates for the optimal controls (they yield nonanticipating candi-
dates for optimality, see Remark 3.2 below). We call the solutions x(z;s,y, j),
j=0,1,...,N,characteristic solutions (and u(¢; s, y, j), p(t;s,y, j), characteristic con-
trols, respectively characteristic adjoint functions). Finally, (x(z;s,y, j), u(t;s,y, j)),
Jj=0,1,... N, are called characteristic pairs, and (x(¢;s,y, j), u(t;s,y, j), p(t;8,, J))
characteristic triples. Sometimes the word “extremal” is used instead of the word
“characteristic solution,” and we call the above method the extremal method.

One reason why we, at each step, solve (3.5)—(3.7) for arbitrary initial points
(s,y) is that we need to know the controls u(z;s,y, j): The stochastic jumps bring the
state to points (s,y) that we cannot predict beforehand. The control u(z;s,y, j) tells
us how the system ought to be controlled from jump time no. j until the next jump,
given that the j-th jump brings the (path of the) state to a point (s,y) = (7;,y).

Remark 3.2 (Characteristic pairs yield nonanticipating candidate controls). Let us
show that characteristic pairs give rise to non-anticipating candidate controls, (‘“‘can-
didate” = candidate for optimality). For the given initial point (0,x°), the character-
istic pairs x(¢;s,y, j), u(t;s,y, j) give rise to nonanticipating functions x(¢, ®), u(t, ®)
in the following way: Again, ® = (7, ,...). For t < 71, x(t, @) = x(¢;0,x°,0). For
T <t < T,

x(t, 0) =x(t;71,x(11—, @) + 8(71,x(11—, @), 1).
Continuing in this manner, in general, by recursion, we have that, for 7; <t < 7;,,
x(1, @) = x(t:7j,x(7j—, ©) + g(7},x(7j—, ®)), J)-
Furthermore, for 7; <t < Tj11,
u(t; ) :==u(t;7;,x(tj+, ), j)
Evidently, u(7; ®) is a nonanticipating control of a special type. (]
If we also let p(t; @) := p(t;7j,x(7;+, @), j) for 7; <t < 7j;4, a triple x(7, ),
u(t,o), p(t,m) is obtained that satisfies the necessary conditions stated below
(Theorem 3.8). Hence u(t, @) is a candidate for optimality. If the collection u(z; s, y, j)

gives rise to an optimal control u(f, ®) in problem (3.1)—(3.3) (which we may hope
that it does!), we call the collection u(z;s,y, j), j=0,1,...,N optimal in the problem.

Example 3.3. Consider the problem:
T
max E {/ (—u?/2)dt +ax(T)|, x=ucR, x(0)=0,
0
with a possibility for a single, unit upwards jump in x(z) at T € [0,00), with T being

exponentially distributed with intensity A (i.e., the jump point 7 is distributed with
density Ae *7).
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Solution. The maximum condition gives i = p, and the characteristic equations for
Jj =1 (i.e., after a jump) becomes p = 0, x = p, with p(T) = a. As above,  denotes
running time. Hence, u(t;s,y,1) = p(t;s,y,1) = a, x(t;5,y,1) = y+a(t —s).

Next, for j = 0, the characteristic equations become: X = p, p = —Aa + Ap,
with p(T:s,y,0) = a. Then, p(t;s,y,0) = a + Ce*" where C is determined by
p(T;s,y,0) = a, so C =0, and p(z;s,y,0) = a. Thus, u(t;s,y,0) = a is the con-
trol also before the jump, which should not come as a surprise. Sufficient conditions
presented below (Theorem 3.9) secure that the optimal control has been found. [J

Next, replace ax(T') in the criterion by ax(7)?/2, with 1 —aT > 0.

Solution. As above, i = p, p(t;s,y,1) = p(T;s,y,1) and x(¢;5,y,1) =y+ p(T;s,y,1)
(t—s). Now p(T;s,y,1) is determined by the condition that ax(T;s,y,1) =
p(T;S,y, 1)(T 7‘5‘)) = p(T;S7y7 1)? which gives p(T;Say7 ) - ay/<1 +a(si

u(t;s,y,1) =ay/(1+a(s—T)) and x(t;5,y,1) = y+ay(t —s) /(1 —a(T —5)).

Let us find the characteristic solutions for j = 0. The characteristic equations be-
come p=—Aa(x+1)/(1+a(t—T))+ Ap, x = p. From this pair of equations, the
following second-order differential equation for x follows:

5,
a(
T)),s

d*x/di* = —Aa(x+1)/(1+a(t —T))+ Adx/dt. [+]
We prove below that this equation has the solution
x(:,5,0) = =1+ (CB(t) + D)(1 +alt = T)), [+¢]

where B(1) = [+e*® /(14 a(c —T))*do and where C and D are two arbitrary (in-
tegration) constants. The boundary conditions are x(s;s,y,0) =y and p(T;s,y,0) =
ax(T};s,y,0), so (recalling x = u = p), we get ¥(T’;s,y,0) = ax(T;s,y,0). Now, [#x]
yields that %(T,s,y,0) equals CB(T) + (CB(T) + D)a = Ce*T +aD, so the next to
last equality becomes Ce*” +aD = a(—1+ D), which gives C = —ae *”. Knowing
this, from [#x] and x(s;s,y,0) =y, the constant D is determined, and the resultis D =
(y+1)/(14+a(s—T))+ae*"B(s). The candidate for the optimal policy is hence
touse u(£;0,0,0) = (d/dt)[—ae T B(t)+1/{1—aT} +ae *TB(0)|(1+a(t—T))]
as long as no jump has occurred. When a jump has occurred at some 7, we use the
control u(t,®) := u(t,7) ;== u(t;7,x(t—;0,0,0) + 1,1) = a(x(r—;0,0,0)+ 1) /(1 +
a(t —T)) from then on (this control is independent of 7,z > 7). (Note that from the
characteristic triples we have obtained nonanticipating controls.)
To prove [*x], define w(t) by w(1+4a(t —T)) = x+ 1. Then

(dw/dt)(14+a(t—T))+wa=dx/dt

and
(d®w/dr*)(1 +a(t —T)) +2(dw/dt)a = d*x/dr*,

SO

(d®w/dr*)(1 +a(t —T)) +2(dw/dt)a = —Aa(x+1)/(1+a(t —T)) + Adx/dt

—Aaw+A(dw/dt)(14+a(t—T)) + Law,
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and hence
d*w/dt* = A —2a/(1+a(t—T))]dw/dt.

Integrating this separable equation, we get dw/dt = Ce* /(1 + a(t — T))?, so
w(t) = CB(t) + D. Here C and D are two integration constants. By definition of
w(t), x(¢;5,9,0) = —1+w(t)(1+a(t —T)) and [**] follows.

Do sufficient conditions apply here? Yes, but because the scrap value function
may be convex rather than concave (it takes place when a > 0), a theorem not using
concavity is needed, in this example Theorem 3.11 below is applicable. ]

Heuristic Derivation of the Extremal Method

Let us simplify the problem slightly by letting go = 0. Let J(s,y, j) be the optimal
value function in the problem, given the initial condition x(s) =y, and given that
exactly j jumps have occurred in [0, s]. Hence,

J(s.3.§) = max E[/ Solt (1, @), u(t, @)dt + ho((T)ls,j| . (3.8)

Ltlt

The maximization is carried out over all pairs (x (¢, ®),u(t,®)), x"(¢,®) a solution
starting at (s,y), (x"(f,®),u(t, w)) depending only on Tj;1,Tji2,...
Evidently,

J(T,y,J) = ho(y)- (3.9)

We want to be able to use the dynamic programming equation from Chapter 1, so we
now consider time to be discrete. Let s be a given time point and let s+ 4 be the next
time point, 2 small. When 4 is small, we can simplify the situation by assuming
that either a single jump occurs at s+ & with probability A*h, A* := A(j+ 1), or
no jump occurs at s+ i with probability 1 — A*A. Still, assume that j jumps have
occurred in [0, s]. Below, k is a stochastic variable, for which Pr[k = j+ 1]) = A*h,
and Pr[k = j]) = 1 — A*h. For any given vector u in U, for the moment let x"(¢) be the
continuous solution of (3.1) on [s,s+ ), starting at (s,y). The reward obtained over
the period (s,s+ k) is now fo(s,y,u)h. Using the dynamic programming equation
yields

(s.3.7) = max{fols v + EU(s-+h.x*(s ) )., )
= Iglealj({fo(s,y,u)h—k(l—l*h) (s+h,x"(s+h), j)

)

J)

AR (s4h,x"(s+h)+g(s+h,x"(s+h)),j+1)}

%I;leal}({fo(&y,u)h—k(l—l M (s,y, j) +Js(s,y, j)h

(8,3, 0) f (5,3, u)h] + AR (s,y +g(s,¥),j+ 1)}

To obtain the second equality, note that when a jump occurs at s + h, the state
after the jump is x*(s+ h) + g(s + h,x"(s+ h)), and to obtain the approximate
equality, we have used J(s + h,x"(s+ h), j) = J(s,y,j) + (d/ds)J (s,x"(s), j)h =
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J(s,9,7) + T (5,5 (s), )+ Ti(s,x"(s), j) f (s,y,u)h. Moreover a small error, as com-
pared with £, is made by replacing A*hJ (s +h,x"(s+h) +g(s+h,x"(s+h)),j+ 1)}
by A*hJ(s,y+g(s,y), j+1). Finally, if we drop all terms containing /2, because they
are “extremely small,” we get

J(s,y,]) = r;leax{fo(s,y, wh+J(s,y,j) = AR (s,y, j) +Js(s,y, j)h
(8,3, ) f (8,3, u)h+ A hI (s, y +g(s,y),j+ 1)}

The error may be seen to be small compared with h. Canceling the two terms
J(s,y, j) and dividing by h, we get

0= rtfleal}{fo(s,ym) +Je(5,y, ) f(s,9,u)}
FIs(8,,7) F A I (s, y+8(s,y), i +1) = A" (s,,j)  (3.10)

(where A* := A(j+ 1)), which is the so-called HIB equation in the problem. If
(x*(.,m),u*(.,)) is optimal in the problem, then, for any given @, after exactly j
jumps, u* (s, ®) yields the maximum in the above dynamic programming equation,
and so also in the last equation, for y = x*(s, ).

The HJB equation will reappear in a sufficient condition for optimality below
(Theorem 3.37).

Define j(s,j) := Ji(s,x* (s, ), j) (still the assumption is that exactly j jumps
have occurred before s). Then, from (3.9), evidently,

(when exactly j jumps have occurred before T). For H(s,x,u,p) = fo + pf, the
following maximum condition is easily obtained: After exactly j jumps, (s > T;),

H(s,x" (s, ), u"(s,0), p(s,j)) = maxH (s, x" (s, @), u, (s, J))- (3.12)

In fact, for y = x*(s,®), denoting the sum of terms not under the max—sign
in (3.10) by A, we have that max,cy{fo(s,y,u) + Je(s,y, /) f(s,y,u)} = —A =
Jo(s,y,u*(s,®)) +Ji(s,y, /) f(s,y,u*(s,®)), which entails (3.12).

Define L(s,y,u) =

fo(s,y,u) +Jx(s,y, J) f(s,y,u) + Js(s,, /)
+A I (s,y+8(s,y), j+1) = A I (5,3, ]).

By (3.10), 0 > L(s,y,u* (s, w)) for any (s,y), and 0 = L(s,x* (s, ®),u* (s, ®)). Hence
as a function of y, L(s,y,u* (s, ®)) has a maximum at x* (s, ). Thus, L, (s,x*(s, ®),
u*(s,)) = 0. Calculating Ly(s,x*(s, ), u*(s,)), using a shorthand notation and
that (d/dt)p(t, j) = Ju(t,x* (1), ) + X *(t, @) = Jix + Jo f, We get

0 = for +Jx+Juof +Lfe + AT+ 1)+ gx) — A7 T:())
= for+dp/dt + pfi+ AL+ 1) I+ gc) — A7 I (),
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that is, when exactly j jumps have occurred and s > 7;,

(d/ds)p(s,j) = — fox(s,x" (s, @),u" (s, @)) — P(s, j) fx(s,x" (5, @), u" (5, ®))
—AG+D)p(s, j+ 1)+ ge(s,x"(5,0))) + A(j+ 1) (s,x" (5, @), j), (3.13)

where p(s, j+1) = Ji(s,x* (5, 0)) + g(s,x* (s, m)), j+1)). Above, we wrote (s, j) =
Ji(s,x* (s, w), j), we might have written “in more detail” ji(s, j) := p(s,x* (s, ®), j) :=
Ji(s,x*(s,m), j). Then, of course, p(s, j+ 1) = p(s,x*(s, @) +g(s,x* (s, )), j+ 1).
So, evidently, for (¢,x) = (s,x*(s,®)), the adjoint equation (3.6) in the extremal
method is the same as (3.13) above. O

Later on necessary conditions for optimality will be stated (see Theorem 3.8), and
the above arguments intuitively explain how these necessary conditions arise.
In the next example, a maximum of N jumps can occur, 1| <N < oo.

Example 3.4. Consider the problem

maxE{/ol(_uz/z>dr+x(1)},

subject to X = u € R,x(0) = 0,x(7j+) —x(7j—) = x(7,—).

We assume that a maximum of N < e jumps can occur, and that 7; is exponentially
distributed in [7j_1,°) with intensity A;, all A; different. An interpretation of the
problem might be that x is the value of an 1nvest0r s stock holding in a research firm,
which now and then makes an invention. Each time an invention occurs, the value of
the stock doubles. Moreover, any other change in the value of the stock (using u # 0)
is costly. (The manner this is taken care of is debatable.) The best opportunities for
inventions are exploited first, so we may imagine that A; is a decreasing sequence.

Solution. Maximization of the Hamiltonian yields # = p, hence u(t;s,y,j) =
p(t;s,y, j). Itremains to find p(z;s,y, j). Now, (d/dt) p(t;s,y,N) = 0,s0 p(t;5,y,N) =
p(L;s,y,N) = 1. This function is is independent of the starting point (s,y). This will
also be seen to hold for j < N, so we drop (s,y) in the symbols for the adjoint func-
tions. Next, (d/dt)p(t;N — 1) = —2Ayp(t;N) + Anp(t;N — 1) (1 + g, = 2), which
has the solution p(t;N — 1) =2 — e (~1)_(To determine this solution also p(1) = 1
has been used.) The formula is easily obtained by using e M=) g integrating fac-
tor (i.e., by multiplying on both sides of the differential equation by this factor). The
method is shown in detail in the next calculation. Let us find p(t; N —2) :

(d/dO)p(t:N —2) = —22 1 p(E:N — 1) + Ay 1 p(:N —2)
= —2),1\/_12-1-2},1\/_16‘11\/([71) +AN_1p(l;N—2).

Using e~ -10—1) a5 integrating factor, i.e., multiplying on both sides by this factor,
and rearranging, we get

e (@ /dn) p(tN —2) — Ay_1e V10D p(1N —2)
= 4y e 101 4 og e —Av-1)(-1)
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The left-hand side of the last equality equals (d/dt)[e= -1V p(r;N —2)], s0 in-
tegrating on both sides yields e V-10=Dp(s; N —2) =

467%\]’1([71) + 22,1\/_1()4\/ — AN_l)ile(lNixN’I)(til) +C,

where C is an integration constant. Multiplying by ¢*¥-1¢~1) on both sides and
using p(1,N —2) = 1 yield p(t;N —2) =4+ 24y 1(Ay — Ay_1) e D 4 (1 -
42y 1Ay — Ay_1) " Her10=1),

In general, we guess that p(¢;N — j) has the following form: p(¢;N — j) =2/ +
Yo<i<j-1 a’ eM=i=1) Let us prove that p(;N — (j+ 1)) has a similar form. We have

(d/dt)p(t;N = (j+1))
= =2An_jp(t;N — j)+An_jp(t;N — (H‘ 1))
=2y 2 =2 ;- Y, deMTY 4 (A )p(N = (4 1)

0<i<j—1

Using the integrating factor e=*-i(=1) in the differential equation for p(t_;N —
(j+1)) yields that p(r;N — (j + 1)) has the form: p(t;N — (j+1)) = 2+
Yo<i<j a’j.He}”N*f(”l)’ , where

a5-+1 = Z)VN_jcl;/(lN_j —A,N_i), i<j. [a]

The last coefficient in the expression for p(t;N — (j+ 1)), a; 41 is an integration
constant. It is determined by p(1;N — (j+1)) =1, so

12— Y di=d,,. [b]
0<i<j—1
Using [a] for a', G @y ,aé > yields the following product for a’ JIRE
iy =iy iy <me 220 -m/ Anem — An—i), i< j. [c]

The coefficients ai 41, k=0,1,2,...,N — 1, are determined by the following differ-
ence equation, obtained by combining [b] and [c]:

aly =1-22— Y al M <t 1 240/ (Av—m — Av—i). [d]

0<i<k

First, as p(t;N—1) = 2—eAN("1), we get a(l) = —1. Then, [d] gives us all a’,§+1,k =
1,2,,...,N—1. By [c], for any j,j < k—1 we know all ai. Thus, we know
p(t,N — j) = u(t,N — j). A sufficient condition based on concavity (Remark 3.10
below) gives the optimality of u(t,N — j), j=0,1,...,N (or of the associated nonan-
ticipating control u(t, ®)). O

In Remark 3.2, we saw that characteristic pairs give rise to nonanticipating controls.
Let us give some comments on how so-called Markov controls arise.
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Remark 3.5 (Characteristic controls yield Markov candidate controls). When con-
structing the characteristic controls u(z;s,y, j) by the method above, we most often
obtain that

u(t'ss,y, j) =u(t'st,x(t;5,,j),j), t'>t>s. (3.14)

In fact, for any given j, when 7(z,x, p) is unique and C', for any given initial point
(s,y,p) solutions to (3.5) and (3.6), are unique. Next, the method tells us to seek
values of the parameter p such that p(T) = hoy(x(T;s,y, j)). Often this condition
gives a unique value of p. At least under such circumstances, (3.14) will hold.

Let us discuss (3.14) a little more. Suppose that the solution starts in (s,y, j) (as
J is mentioned, it means that exactly j jumps have already occurred in [0,s)). The
control u(z;s,y, j) then (hopefully) describes the optimal behavior from s on. At
any time ¢/ > s, the control value u(t';s,y, j) should be used as long as no further
jumps occur. Let x be a point that is reached by x(.;s,y, j) at time 7, and assume
that even at the times ¢ and 7' > ¢ only j jumps have occurred. At the time 1’ we
have then two prescriptions for which control value to use, namely u(¢’;s,y, j) and
u(t';t,x(t;5,y,j), j)- These two values should coincide, and that is what (3.14) re-
quire them to do. Define u(t,x, j) := u(t;z,x, j). Assuming (3.14), and then in par-
ticular that (3.14) holds for 7 = ¢/, we see that u(¢,x, j) gives, at all points (z,x), the
unique control to use. There is no “doubling” of proposed control values to use,
which would occur if (3.14) failed to hold. A control of the form u(z,x, j) is called a
Markov control. Most often, (3.14) holds, so most often characteristic controls give
rise to unique Markov candidate controls. (]

Remark 3.6 (Nonanticipating, characteristic, and Markov controls*). First, Markov
controls and nonanticipating controls will be compared. Given that j jumps have
occurred at 7y, ..., T;, a nonanticipating control u(z, @) makes it possible to calculate
the state x at time ¢ by using (3.1) and (3.2). At such a point (,x), the control
function prescribes the control value to be u(t; ®). Of course, even if different ’s
(i.e., different (71,...,7;)) by chance lead us to the same point (¢,x), different control
values (depending on ) may be prescribed. However, the above system has the
property that the future development of the system depends only on 7, x and j and not
when the jumps 71,...,7; have occurred. We can therefore expect optimal behavior
at time s to depend only on (¢, x, j). Thus, an optimal control u* (¢, ) will prescribe
the same control value at (z,x), irrespective of how the system came to x at time 7,
given that j jumps have occurred. Hence, by this loose argument, optimal controls
can frequently be expected to be of the type u(z,x, j), i.e., Markov controls. We
saw in Remark 3.3 that characteristic controls most often yield Markov controls, as
the consistency condition (3.14) most often holds. They also yield nonanticipating
controls, as we saw in Remark 3.2.

If Markov controls u(z,x, j) are given, let us imagine that these are inserted into
(3.1), which then are solved on [s, 7] for initial condition (s,y). The solutions ob-
tained are denoted x(z;s,y, j) (they satisfy x(s;s,y, j) = y), and corresponding con-
trols are u(t;s,y,j) = u(t,x(t;s,y,j),j). (Normally they automatically satisfy the
consistency condition (3.14).) As in Remark 3.2, solutions x(¢;s,y, j) give rise to
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nonanticipating solutions x(#, ®), and then also to nonanticipating controls u(z, ®)
(: u(t,x(t,a)),j),t € (tj7T/+l]‘

The solution method above yields characteristic controls u(z;s,y, j), which also
give rise to nonanticipating candidate controls u(f, ®) with corresponding solutions
x(t,®), as we have seen. O

Remark 3.7 (Explicit dependence on j). The functions fy, f, g0, g can be allowed to
depend explicitly on j. In fy and f, j has value O as long as no jump has occurred
(i.e., in (0,7y)), the value 1 when exactly one jump has occurred (i.e., in (71, 2)),
the value 2 when exactly two jumps have occurred (i.e., in (72,73)), and so on.
To simplify some statements, let 79 = 0,0° = 0, ® = (19, 71,...), and let @/ :=
(70,...,7;). The differential equation is thus

i=f(t,xu, ), 1€ (7,701), x(0)=x", ueU, (3.15)
the jump condition is, for j > 0,
x(Tj+)_'x(Tj_) :g(fj7x(7j_)7j>7 (316)

(no jump at 7p), and the criterion is

min{T.,r_,_,_,} ) .
EIY [0 fltxu i+ ¥, so(talt-). ) +ho(x(T-))
j=0/min{7.7;} 0<7;<T
(3.17)
The solution procedure now uses the four relationships:
i(t,x, p, j) maximizes
H(t,x,u,p,j):= fo(t,x,u,j)+ pf(t,x,u,j) forucU (3.18)
P(1) = —Hx(t,x,(t,x,p, j), ) + A (j+1)p = A(j + 1) [gox(t,x,j+1)
+p(tst,x+g(t,x, j+ 1), j+ 1) (I +g(t,x, j+1))], (3.20)

with boundary conditions

x(s)=y, p(T)= [h()x(x)]x=x(T;s.y,j) . (3.21)

From now on, this explicit dependence on j will be assumed. For a pair (x(z, ®),
u(t,m)) to be called admissible, we shall, in addition to the satisfaction of (3.15),
(3.16), also require that u(t, ) is bounded (sup, 4, |u(t, @)| < ).

In many practical problems, it is the dynamics (i.e., the right-hand side of the
state equation) that changes abruptly at time points 7y, 72,..., while there are no
jumps in the state, in fact both g and gop may equal zero. Such problems form an
important case to which the present setup applies. (]
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3.3 Precise Necessary Conditions and Sufficient Conditions

As before, let “v.e.” (virtually everywhere) mean everywhere except a finite (or
countable) number of points, and let “a.s.” mean almost surely, i.e., with probabil-
ity 1. As @/ = (19,...., 7)), we write x* (£, /) :=x*(, 70, ..., ;) :=x* (¢, T, ..., T}, T
T +1,...). Similar definitions hold for the p(¢, ®/) and u* (¢, @’) functions. The fol-
lowing maximum principle holds.

Theorem 3.8 (Necessary condition, free end). Assume that x*(t,®), u*(t,®), is
an optimal pair in problem (3.15)—(3.17), such that u*(t, ®) is bounded and nonan-
ticipating. Then, for each @, there exists a nonanticipating function t — p(t,®),
continuous in t between the points T; in @, differentiable v.e., such that, a.s., for v.e.
t>71;, j=0,1,2,...,

u ’_>fO(taX*(t7T07""Tj)au7j)+p(taTOa"->Tj)f(t7x>k(t7107-"aTj)au7j)

has a maximum at w*(t, 7, ..., 7;) in U. (3.22)
Moreover, t — p(t,7,...,T)), t > Tj, satisfies v.e.
p(l‘,l’o,...,fj) = —fox(l‘,x*(t,fo,...,Tj),u*(l‘,fo,...,T/),j)

—p(t,70,..., 7)) fe(t, X" (t,70,...,Tj),u" (£, 70, .., T}), J)
7A(j+ 1)g0x([7X*(t»TOa .. -7Tj)aj+ 1)
=A(+D)pt+, 70, Tj, )+ g(t, X7 (¢, 70, .-, Tj), j+ 1)}

+A(j+1)p(t,10,...,7)). (3.23)
p(T,%,...,7;) = hoe(x(T—,70,...,T))). (3.24)
The function p(t,%,...,T;),t > T}, is bounded, continuous in t € (t;,T|, and for
each such t, piecewise continuous in each ;i < j, and the limit p(Tj+,7,...,Tj)
exists. (]

Let us state precise conditions for Theorem 3.8 to hold; later on these conditions are
called the Standard System Conditions. We shall continuously assume that fy, f,
fox, and f; (exist and) are continuous, and that g¢, g, and kg are C2. (For the purpose
of Theorem 3.8, it would suffice to assume that fo, f, g0, &, 0, foxs fxs €0x» &xs AOxs
exist and are, separately, piecewise continuous in 7, and separately continuous in x
and in u.)

It is assumed that the following “growth conditions” are satisfied: The five func-
tions fo, f, 80,8, ho are Lipschitz continuous with respect to x with a common rank
K" <o, n=1,2,..., for u € UNB(0,n), independent of (,u, j). Moreover it is
assumed that the five functions satisfy an inequality of the following form when
playing the role of ¢: For some constants ¢, K,

|9 (2,x,u, j)| < 04+ K, |x|, forall (7,x,u,j),ucUNB(0,n). (3.25)

Finally, as before, sup; A () < oe.
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If N < o, the growth conditions can be replaced by the condition that
sup, o 1* (1, )| < .

From now on, these Standard System Conditions are assumed. Exceptions in
certain remarks are explicitly stated, let us note that if these growth conditions hold
even for n = oo, then in the theorem, u*(.,.) need not be bounded. (See Remark 5
and Remark 3 in Seierstad (2001).)

Formally, to solve a control problem completely, one has to find all possible con-
trols u** (¢, w) satisfying the necessary conditions in Theorem 3.8. Now, these con-
ditions are satisfied by a candidate u™*(¢, @) obtained from characteristic controls,
so if one can prove that no other u™* (¢, w) satisfies (3.22)—(3.24), a unique candidate
for optimality has been found. If one knows that the problem must have an optimal
control, then it must be this unique candidate.

So far, we have not provided results concerning existence of optimal controls,
they are, however, similar to the Fillipov—Cesari results in deterministic control the-
ory. In fact, with the Standard System Conditions, and provided U is compact and
{(fot,x,u, j)+ 7. f(t,x,u,j)) :u € U,y <0} is convex for all (z,x, j), an optimal
nonanticipating control exists (being perhaps only “Borel measurable,” see the Ap-
pendix for this term). (When, later on “hard” terminal constraints are added, we
have to add that an admissible pair must exist.) See Seierstad (2008).

Connected with the necessary condition above is a sufficient condition, based on
concavity: Define A (t,x, p, j) = sup,cy H(t,x,u, p, j). Then the following theorem
holds. (See Seierstad (2001).)

Theorem 3.9 (Sufficient condition based on concavity). Suppose the triple
(x*(t, ), u*(t,m), p(t,w)) satisfies the necessary conditions (3.22)—(3.24), with
(x*(t, ), u*(t,w)) satisfying (3.15), (3.16), u*(.,.) bounded and nonanticipat-
ing, p(t,®) having properties as in Theorem 3.8. Suppose, furthermore, that
x — ho(x) and x — go(t,x, j) are concave, and, for each j,@’, t > t;, that x —
H(t,x,p(t,w), j), and x — p(t,®’)g(t,x, j) are concave. Then (x*(t,®),u*(t,®))
is optimal in the set of admissible pairs. O

The concavity condition on H(t,x,p(t, 0 ),J) holds in particular when (x,u) —

Remark 3.10 (Sufficient concavity conditions for characteristic controls, N < o).
Similar to Theorem 3.9, sufficient for the characteristic triple x(¢;s,y, j),u(t;s,y, j),
p(t;s,y, j) to yield an optimal nonanticipating control is concavity of x — go(z, x, j),
x— ho((x), x = A(t,x, plt35,3, /). j)s and x — p(t:s,y, j)g(t,x, ) for all (s,y, /). In
addition, we assume that the control u*(, ®) corresponding with the characteristic
triple is a bounded function.

(Here, we imagine that characteristic triples have been found for any j, any (s,y)
in O(j), even in {(0,x°)} UQ(0) in case j = 0, Q(j) as defined in (3.26) below.) [J

Above, we have dropped stating assumptions concerning the dependence of
x(t;8,y,J), u(t;s,y,j), and p(t;s,y,j) on t,;s, and y. To a large extent, we
can avoid stating explicitly such assumptions, by saying that, implicitly (for ex-
ample in the preceding remark), it is assumed that the nonanticipating triples
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(x(t,0),u(t,), p(t,®)) arising from the characteristic triples satisfy the standard
assumptions. However, we do postulate that ¢ — (x(¢;s,y, j), p(t;s,, j)) is continu-
ousint € [s,T] and that r — u(z;s,y, j) is piecewise continuous in ¢ € [s, T].

When at most N jumps can occur, there is arecursive procedure related to the neces-
sary conditions. Loosely speaking, first (x*(¢; 19, . .., Tn ), 4™ (£; 70, . . ., V), P(£; T0, - - -,
Ty)) is constructed, then (x*(t;7p,...,Tv—1), u*(#;T0,.-.,Tv—1)s P(t;T0,.--,
Tv—1)), and so on. One way of systematizing this procedure was shown in the
solution method connected with (3.4)—(3.7) and (3.18)—(3.21) above (the extremal
method).

Now, Theorem 3.8 also holds if there is no bound on the number of jumps that
can occur (N = o). But, in this case no recursive procedure is available. Still, in
principle, one seeks triples (x*(1; 7o, ..., T;), u*(t; 70,...,7j), p(t: 0, .., Tj)) satisfy-
ing the necessary conditions for j = 0,1,2,..... Sometimes, it may pay instead to
turn to the so-called HJB equation described later on.

The next theorem gives a sufficient condition not requiring concavity. Roughly
the sufficient condition is as follows: Assume that for all initial points (s,y) €
[0,T] x R, characteristic pairs x(;s,Y, j), p(t;s,y, j) exist that are C! in (s,y). Then
the nonanticipating pair (x*(z,®),u*(¢,®)) corresponding with this collection of
characteristic pairs is optimal.

Frequently, we can restrict the set of initial points (s, y) needed to be considered,
and we need some assumptions on the maximized Hamiltonians A (t,x,p,j). To
formulate the theorem some definitions are needed: Let

Qx(”(j) ={(t,x(t,w’)) :t € (7j,T), for some '},
0(J) == Ux(.,) Qu(..) (1) (3.26)

the union taken over all admissible solutions x(.,.). Thus Q(j) consist of all points
(s,y) that can be reached after j jumps, considering all possible admissible solutions
and locations of these j jumps. In the next theorem also, sets Q°(j) C (0,T) x R”
appear, being (for each j) larger than Q(j). Sometimes, these sets can be constructed
by taking the union of Q. (j) for all solutions x(.,.), starting at time O at given
start points £°, where £° runs through a (perhaps small) open ball around x°. In other
cases, Q°(j) can, for example, be the whole set (0,7) x R”".

Theorem 3.11 (Sufficiency based on a field of characteristic solutions, N < o).
Foreach j=0,1,2,...,N, the following assumptions are made: A continuous func-
tion U(t,x,p, j) exists that gives maximum of the Hamiltonian in (3.18) for each
point (t,x,p) in a given open set Q*(j) C R'*2". Open sets Q°(j) C (0,T) x R",
0°(j) containing Q(j), and solutions x(t;s,y, ), p(t;s,y,j) on [s,T] of (3.19)-
(3.21) (the characteristic equations with boundary conditions) have been found for
(s,5) € Qo(j) := clQ°(}), being continuous in (t,s,y) for (s,y) € Qo(j), t € [s,T),

and C" in (s,y) € Q°(j) foranyt € (s,T], and any j. For allt € [s, T}, (s,y) € Qo(j),

(t,x(t35,,7), p(t;5,,j)) belongs to Q*(j) (3.27)
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and (t,x(t;s,y)) belongs to Q°(j) for all t € (s,T), for all (s,y) € Q°(}), for j=0,
even for all (s,y) € {(0,x°)} U Q°(0). Moreover, for all j < N,

if (s,y) €Q°(j), then (s,y+g(s,y,j+1))e°(i+1). (3.28)

The pair (x*(t,®),u*(t, ®)) corresponding to the pairs (x(.,., j),u(.,.,j)) is admis-
sible. Finally, H (s,x,p, j) and its first and second derivatives with respect to x and p
(exist and) are continuous in Q*(j). Then u(t;s,y, j) = 4(t,x(t;5,9, ), p(t;8,,J))s
j=0,1,2,...,N, are optimal controls (i.e., (x*(t,®),u*(t,®)) is optimal in the set
of admissible pairs). ([

For s =T, of course x(T’;s,y, j) =y, p(T;s,,j) = hox(y). Continuity of 4(t,x, p, j)
is actually not needed, for example, we might require only that # is (say) separately
piecewise continuous in each real variable it depends upon, and that t — u(z;s,y, j)
is piecewise continuous.

Lack of continuity may arise when £(t,x, p, j) is nonunique, so what needs ac-
tually be presupposed in general is that there exists, for each j, a triple u(z;s,y, j),
x(t;8,y,J), p(t,s,y, j) for which 4(z,x(¢;s,y, j), p(t;s,y,j)) equals u(t;s,y, j), with
u(t;s,y, j) assumed to be piecewise continuous in 7, and such that the characteristic
equations (3.19), (3.20), (3.21) are satisfied by x(z;s,y, j),u(t;s,y, j), p(t;s,y, j) (so
to speak: insert and check!), and with no well-behavior conditions on i(t,x, p, j).

Although the results in the theorem do follow from the stated premises, note
that, hidden in the premises is the fact that, in order for the stated differentiability
of (s,y) — (x(t;5,,J), p(t;5,¥, ) to hold, the system must, in most cases, satisfy
further differentiability properties.

Actually, the condition N < o in the theorem can be dropped, provided certain
additional conditions are required, including that (¢,x) — p(t;t,x, j) is C' in Q°(}),
see Remark 3.32 below. (There is then no “elementary” extremal method of finding
the entities x(z;s,y, j), p(t;s,y, ), but if such entities somehow have been found for
j=0,1,..., amodification of the theorem still holds.)

This theorem does not require concavity assumptions. So why use the preceding
Theorem 3.9 (or Remark 3.10) at all? The answer is that when concavity holds,
these tools are easier to apply, and in particular, there may be situations where
concavity holds, but where it is impossible to find open sets Q°(;j) and entities
x(t;8,y,J), p(t;s,y, j) satisfying all conditions in Theorem 3.11. (Note than in a lat-
ter remark, Remark 3.45, the conditions on the dependence of x(z;s,y, j), p(t;s,y, j)
on (s,y) are slightly weakened.)

Example 3.12. Example 3.3 revisited Consider the case of the scrap value function
ax(T)?/2. Let Q°(j) = (0,T) x R for j = 0,1. In this case, functions x(¢;s,y, j),
p(t;5,y,7), j = 0,1, were found for each (s,y), having the required continuity and
C'-properties. Moreover, H and 7 are C? in Q*(0) = Q*(1) = R?, and (3.28) holds.
Hence, u(t;s,y, j), j = 0, 1, is an optimal collection. O

Connected to Theorem 3.11, there is a sufficient condition that involves solutions
of a sequence of partial differential equation, the HJB equations of the problem.
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In fact, the solutions (x(;s,y, j), p(t;s,y, j)) yield the solutions to these HIB equa-
tions. A discussion of this theme is postponed to the next section on end constrained
problems.

Remark 3.13 (The C'-property in Theorem 3.11%). Sometimes, the C'-property
needs not be explicitly required. So Theorem 3.11 even holds when the C!-property
of (s,y) — (x(t38,y,j),p(t;s,y,j)) is deleted, provided it is assumed that (s,y) —
p(s;s,y, j) is locally Lipschitz continuous in Q°( ). In addition the following con-
sistency condition is then required: For T >t >t > s, (s,y) € Qo(J),

(x(t"s8,3, ), p(t"s5,5,))) = (x(t"s2,x(t55,9, ), ), p(t's2,x(855,9, ), j)).  (3.29)
(Most often, this property automatically holds.) ([

Remark 3.14 (Time- and state-dependent jump intensity). Assume that A(j) is a
C'-function of (¢,x). Then the density of T= 7, € [tj_1,0) is

Me (@), el HO I,
where x(s) = x(s, /"), (x(s) = x(T,@/~") for s > T). Now an auxiliary state vari-
able z is needed, together with a modified adjoint equation:

=At,x, j+ D {z—go(t,x,j+1)—z(r;t,x+g(t,x, j+1),j+ 1)}
—folt,x,i(t,x,p), j), (3.30)
p=—Hy(t,x,4(t,x,p),p,j) +A(t,x,j+1)p
—A(t,x, j+ 1)goe(t,x, j+ 1)
—A(t,x, j+ Dp(tst,x+g(t,x, j+ 1), j+ 1)+ g:(t,x,j+ 1))
—Ae(t,x, j+ D[go(t,x, j+ 1) +z(rst,x+g(t,x, j+1),j+1)—2]. (3.31)

Instead of finding characteristic pairs satisfying (3.19)—(3.21) forN.N - 1,N -2, ...,
one now has to find characteristic triples x(z;s,y,j), p(t;s,y,j), z(t;s,y,j), for
Jj=N,N—1,... that satisfy simultaneously (3.19), (3.30) and (3.31), with x(s) =y,
p(T) = hox(x(T)), z2(T) = ho(x(T)). See Seierstad (2001). O

Remark 3.15 (Stochastic jump sizes). A stochastic disturbance V; € R” may be in-
cluded in go(z,x, j) and g(,x, j). Thus, we now write go(z,x,V;, j) and g(¢,x,V}, j).
Here g, go and their first and second derivatives are C” in (¢,x,v) (the continuity in
(t,x) being uniform in v), and the growth conditions in the Standard System Condi-
tions (recall (3.25)) must hold uniformly in V; as far as gy and g are concerned. The
jump equation now reads x(t;+) —x(tj—) = g(tj,x(t—),V;, j). For simplicity, it is
assumed that all V;’s, j =1,2,..., belong to a given bounded set. If the stochastic
variable V; has a distribution that depends on 7}, then the solution method connected
with (3.18)—(3.21) again works when N < oo, though in (3.20) we replace

gox(t,x, j+ 1)+ p(tit,x+g(t,x,j+1), j+ 1) I+ g(t,x,j+1))
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by

E[gOX(tvx,Vj+laj+ 1)
+p(tst,x+g(t,x, Visr, j+ 1), j+ 1) (I +g:(t,x, Vi1, j+1)|f] (3.32)

(The expectation is with respect to V. 1.)

In @, we now include all outcomes of the V;’s, so @ = (7o, vo, T1, V1, T2, V2,...),
(vo having no effect), and nonanticipating entities at time ¢ now depend on the
outcomes (7;,v;) having occurred before ¢, e.g., when T; <t < Tjy1, then, for
o’ = (10,v0,...,7j,v}), p(t,®) equals

p(t,(!)j) ::p([,f(),V(),...,TJ‘,V]',T,V]'+1,T+1,Vj+2,...).

The distribution of V; can be allowed to depend on all 7;, i < j, and all earlier out-
comes v;, i < j. Then the necessary conditions of Theorem 3.8 still apply, provided
we in (3.23) replace

ng(taX*(t7T07"'7Tj)7j+1)
+p(t+,70,. .., Tj ) {I +gc(t,x*(t,70,...,7j),j+ 1)}
by
E[gox(t,x*(l,TU,V(),...,Tj,Vj),Vj+1,j—|-1)
+p(t—|—,’C0,V0,...,Tj,Vj,t,Vj+1)
{1+ g (t,x"(t,70,v0,...,Tj,v}),Vis1,j+ 1)}

| T0,v0,- -, Tj, V), t)]- (3.33)

The function p(z, ®’) is bounded, continuous in z, > 7;, with p(7;+, ®/) existing.
Moreover, for each such ¢, p(t, /) is separately piecewise continuous in each 7;, and

in each v;, i < j, when the expectation E[a(Vj41)| %0, V0, .., Tj,V}, Tj+1] is continu-
ous in 7y, vy,...,Tj,Vj, Tj+1 for any piecewise continuous function o(V;y), which
is assumed. (]

Remark 3.16 (Reformulation of the necessary conditions*). Define l((t,0)|To,. ..,

7)) = exp[-A(j + Dt — 1), 1(t]70,...,7) = 1 — u((t,)|70,..., 7)),
j=0,1,2,..., (10 =0), u(10,...,7;) := 1(71,...,7;), the latter being the simultane-
ous cumulative distribution of (71,...,7;) corresponding with the u(|t,...,7;)’s.
Define also

P(t,70,...,7j) = u((t,%)|70,...,7;)p(t, %0, ..., T))-

Let Du denote the density of the cumulative distribution p(7i,. .., 7;), (DU (1) := 1),
and let, as before, a dot above a function mean a derivative with respect to time 7. Then
p*(t,7,...,7;) satisfies the differential equation (3.35) below. In fact, the necessary
conditions (3.22)—(3.24) yield the following necessary conditions: Assume that
x*(t,0), u*(¢t,®) is an optimal pair in problem (3.15)—(3.17). Then, there exists a
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nonanticipating function p* (¢, ®), such that for Ay = 1, a.s., for v.e. t > Tj,

u— [Aofo(t,x*(t,70,...,7),u, ) ((t,°0)|70,...,Tj)
+p*(t,f(),...,Tj)f(t,x*(t,f()7...,Tj),M,j)]DH(T(),...,Tj)
has a maximum at u* (¢, 79, ..., 7;) in U. (3.34)

Moreover, (still for Ag = 1), for each @, r — p*(¢,79,...,T;), t > 7, is differentiable
v.e., and satisfies v.e.

p(t,70,...,7))
= —Aofou(t, X" (t, T, .., Tj),u" (t, T, -, Tj), ) L((2,0) |70, ., T)
—p (t,70,..., 7)) fe(t, X" (t,T0,..., Tj),u" (£, 70, -, T}), J)
—Aogox(t,x(t,70,...,7j),j+ 1) u(t|0,...,7))
—p (t+,70, ..., Tj, ) {T + g (t, X" (t,70,...,Tj), j+ 1) }u(t]| 70, ..., Tj). (3.35)

Finally,
P (T, %,...,7) = hox(x(T—,70,...,7j) ) U((T,)|T0,...,T)). (3.36)

Here p* (t,a)j ) is bounded, continuous in ¢, t > 7; , and is separately piecewise
continuous in each 7;, i < j, and the limit p*(7;+, ®’) exists. O

The term Du (7o, . ..,7;) in (3.34) is entered only for the purpose of the next remark,
here it is always positive and can be deleted. Moreover, a value Ay # 1 is needed
later on.

Remark 3.17 (General distribution of jump times*). The necessary conditions in
Remark 3.16 also hold, if the probability distribution of the 7’s are not of the
type above. In fact, the above necessary conditions (3.34)—(3.36) hold for any
given sequence of bounded conditional densities [L(¢|7o,...,7;),j = 0,1,..., for
t=Tj41 € [Tj,), [1(t]70,...,T;) separately piecewise continuous in ¢ and in each
7;, 1 > 0 (for j =0, the density is simply [t(¢) = fi(t|70)). If N = o, for the neces-
sary conditions to hold, a condition, (3.37) below, is needed. See Seierstad (2001).
Define ©,,(, /) to be the conditional probability that exactly m more jumps occur

in [0,7], given @/, T; < t. Assume the following inequality
On(t, ') < D(t, j)v(t, j)" 7, (3.37)

for some positive numbers &, P(t,j),v(r,j),v(t,j) € (0,1/(1 + k)), where
lg(t,x, /)] < a+ x|x| for all 7,x,j, o some given positive number, k being also
a Lipschitz rank of x — g(z,x, j),j = 1,2,.... Again a stochastic disturbance V can
be allowed, with modifications as described in Remark 3.15.

The necessary conditions, with Ag = 1 are sufficient if

X — Tea[}({fo(t,x,u,j),u((t,oo)\ro,...,Tj) +p*(t, o) f(t,x,u, j)}Du(o,..., 7)),
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x— p*(t,w)g(t,x, j), x — go(t,x, j), and x — ho(x) are concave for ¢ € (7}, Tj11).

The theory above applies also to the case where f and fy depend on the 7;’s, pro-
vided, for any given (x,u), these functions are nonanticipating in (7, @). In Theorem
3.8, as well as in (3.34), (3.35), in the functions fy, f, fox, fx, We simply replace j
by 7p,...,7;. Now, we must assume that the Lipschitz continuity is uniform in @,
(i.e., the Lipschitz ranks k" are independent of @), and that inequality (3.25) holds
for fo, and f for all @. Moreover, it is assumed that fy, f, fox and f; are separately
piecewise continuous in each 7;.

The same solution procedure applies as before. Let us relate it to the necessary
conditions (3.34)—(3.36), (with Ay = 1):

First, let i(,x, p*, 7o, ..., Tj) maximize fo(t,x,u, T, ..., T;))L((z,%)|T0,...,Tj) +
p*f(t,x,u,7,...,7;). Then, in the case N < oo, consider the equations

x(t) = f(t,x,a4(t,x,p",70,...,Tj),T0,---,Tj) (3.38)

and

pr(t) = —foxlt,x,0(t,x,p", %0, ..., Tj), T0, ..., Tj)((t,0)|T0, ..., T})
—p* fe(t,x,4(t,x,p", 70, ..., Tj), T0,-- -, Tj)
—gox(t,x, j+ 1) (|70, -, T))
—p (t+,70,. .., T, ) [T+ gx(t,x, j+ )] (2] 10, . .., T))- (3.39)

Boundary conditions for (x(), p(t)) are again, for s = 7;, the two equalities x(7;) =y
and
P (T) = hox(x(T)) u((2,%0) |70, -, 7)) (3.40)

In case N < oo, again these equations can be solved backwards. First for j =
N, solutions of the equations are found, which we denote x(¢;y,To,...,Tn),
P (t;,70,...,7n). Next, for j = N — 1, solutions of the equations are found,
which we denote x(£;y, 0, ..., tn—1), P*(£; 3, T0, - - -, Tn—1), for p* (14,70, . . ., TN—1,1)
replaced by p*(¢,x + g(t,x,N), 7,...,Tv—1,¢) (so in this case a knowledge of
p*(t;y, %o, ..., Tv—1,t) is needed), and so on.

Further comments are given in Remark 3.44 below, where it is shown how this
new type of problem can be rewritten to be of a type earlier considered, at least in a
special case. (]

3.4 Problems with Terminal Constraints

Let us next consider problems with terminal constraints. The tools available in the
general case are a little complicated, so we first consider a very special situation,
where x is a scalar, the jump sizes are constant, the scrap value function is zero,
and where the terminal inequality condition x(7—, @) > £ a.s., is imposed, £ a given
number. Such a terminal condition is sometimes called hard, as opposed to a soft
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one, which takes the form Ex(T—, @) > £, £ a given number. Below, mainly hard
end constraints are treated. Soft end constraints are briefly treated in Remark 3.35
below. Thus, we now have a system that, in addition to (3.15)—(3.17), is required to
satisfy the conditions:

x€R, hy=0, g=c#0, x(T—,®) >fas., N<oo, (3.41)

and that fp and f are independent of j. Now, if j jumps have occurred, then as long
as no further jumps occur, x(;s,y, j) has to be steered in such a manner that if none,
or one or more jumps occur in the future (after ¢), we are able to satisfy the end
constraint. At most N — j jumps can occur after s. Even if ¢ is very close to 7', such
a number of jumps can occur with positive probability. If ¢ > 0, we often need only
be concerned with satisfying the inequality x(7—,s,y, j) > £: If this inequality is
satisfied, and given any ¢ close to 7, and also given that j jumps have occurred in
[0,¢], then if one or more jumps occur after 7, it is easier to obtain x(T—;s,y, j') > £
, j/ > j (sometimes these inequalities will even be automatically satisfied). If ¢ < 0,
a more detailed discussion is needed. We will only consider two situations.

sup f(f,x,u) = 4o forall (z,x), (3.42)
uclU
or, for some constant K,
sup f(¢,x,u) <K forall (z,x). (3.43)
uclU

Let £/ = £ both in case c¢ is positive, and in case (3.42) (even if ¢ is negative). In
the case where c is negative and (3.43) holds, let #/ = £ — (N — j)c. In this case, we
have to arrange it so that if j jumps have occurred, then we must make sure that
x(T—;s,y,j)+ke>xfork=0,...,N— j(k jumps downwards can occur arbitrarily
close to T'). The most demanding equality is obtained for k = N — j. So, in general
we have to seek solutions x(¢;s,y, j) satisfying the end condition

x(Tss,y,j) > &/. (3.44)

As usual, there is a slackness condition that the adjoint function must satisfy at time
T. The functions p(T';s,y, j) must satisfy the transversality conditions

p(T:s,y,j) >0,=0ifx(T;s,y,j) >%,j=0,...,N. (3.45)

The extremal method for problem (3.15)—(3.17), (3.41), is the same as before, except
that the boundary conditions are:

x(s38,y,J) =, (3.44) and (3.45) (3.46)

Thus, the extremal method now consist of (3.18)—(3.20), (3.46).
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Example 3.18. Let us solve the problem maxE{f(f(3 —s)(1 —u)ds}, subject to
x=u€[0,1],x(0) =0, x(3) > 1 with probability 1.

There is a probability with intensity A > 0 that a single unit jump downwards
occurs.

Solution. The conditions (3.18)—(3.20), (3.46) will be applied. After a jump, the
solution is u(z;s,y,1) =0if y > 1, and if y < 1, u(t;s,y,1) = 0 for t < y+ 2, while
u(t;s,y, 1) =1fort > y+2. To see this, note that p(z;s,y,1) = p(s;s,y,1). From the
maximum condition, evidently u = O to begin with, where 3 —¢ > p (if at all) and
u =1 at the end (if at all). Consider the case where we do have a point ¢ € (0,1) at
which the control switches from O to 1. Then, x(;s,y,1) =y fort < o, x(¢;s,y,1) =
y+t—o fort > o, with o determined by x(3;s,y,1) =11ie.y+3—0c =1, or
6 =y—+2. At s = 0, by the maximum condition, 3 — 6 = p(0;s,y,1) (both u =0
and u = 1 yield maximum in the maximum condition at ©), so p(¢;s,y,1) =1—1y
(p is independent of s and r). The formula for p(t;s,y,1) is valid if o € (s,3),
ie.,y€ (s—2,1). It works also for ¢ =s, (y = s —2) and we use it, though then
any p(t;s,y,1) > 1 —y would also work. The general formula for p(z;s,y,1) is then
p(t;s,y,1) =max{0,1 —y}, y > s —2 (from points (s,y),y < s — 2, it is not possible
to reach (3, 1) or above).

For j = 0 we need only consider (s,y) = (0,0), below p(r) is a shorthand for
p(1;0,0,0), similarly x(¢) := x(¢;0,0,0).

We guess, or try the possibility, that x(¢r) — 1 < 1 for all #, in which case
p(t;t,x(t) —1,1) =2 —x(¢). Now, dp/dt = Ap(t) — Ap(t;t,x—1,1) =Ap— A2+
Ax(r), while dx/dt =0 if 3—¢ > p and dx/dt = 1 if 3—t < p. We guess that the
two last inequalities occur on intervals [0, &), and (o, 3], respectively (this will be
confirmed). Thus on the first interval, x(t) = 0, and so p(t) =2+ Ce*" here, for some
integration constant C. On the last interval, x(t) = D +t, D an integration constant,
and we guess that x(3) = 2 (a jump may occur close to s = 3, i.e. x(T—) has to equal
at least 2). Thus, D = —1, which, by x(0) = 0, means o = 1, and which gives that
dp/dt =Ap(t) —A2+A(t—1) fort € (1,3).

The last equation has the solution p(f) =3 —r— 1/A +e*=V /A forr € (1,3)
(the integration constant is determined by 3 — o = p(a), i.e., 2 = p(1)). Forr €
(0,1), p(t) =2, (here p(r) =2+ Ce?', and 2 = p(1) gives C = 0).

Let us confirm a couple of properties: The transversality condition of (3.45) is
satisfied (p(3) > 0). Moreover, as 3 — ¢ is decreasing and p(¢) is nondecreasing, the
maximum condition is satisfied by u = 0 before ot = 1, and by u = 1 afterwards. Note
that a solution has to be found such that the end constraint is met with probability 1.
This requires x(7—;0,0,0) > 2. The solution x(#;0,0,0) = max{0,7 — 1} satisfies
the latter inequality and it describes the optimal behavior before a jump. After a
jump, the optimal behavior is as follows: If the jump occurs in [0, 1), we use u =0
from then on until 7 = 1, and then u = 1, if the jump occurs in [1,3), we use u = 1
all the time after the jump.

Note that the solution is the same for all A > 0. Sufficient conditions, see Remark
3.26 below, apply here. ]
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Example 3.19. Consider the problem
T
max E {/ —u2/2dt} , x=u,x(0)=-2,x(T)>0as., ueR,
0

with a possibility for a single, unit upwards jump in x(¢) at T € [0,00), T exponen-
tially distributed with intensity A.

Solution. When y > 0, evidently u(z;s,y,1) = u(z;s,y,0) = 0 are optimal (with the
p-function vanishing), so we consider only y’s satisfying y < 0. To find u(t;s,y,1)
and u(z;s,y,0), the solution method (3.18)—(3.20), (3.46) is used. We seek a solu-
tion x(¢;s,y, 1) satisfying x(7T;s,y,1) > 0. In fact, we guess that, after a jump has
occurred, we steer x in such a way that x(T’;s,y, 1) = 0. (The guess is confirmed be-
low.) As u= p(t;s,y,1) = p(s,y) by the maximum condition, we choose p(s,y) such
that if we start at (s,y), we end at (T,0), i.e., x(T;s,y,1) =y+ fsTﬁ(s,y)dt =0, or
p(s,y) = —y/(T —s). Moreover, u(t;s,y,1) =y/(s = T),x(t;s,y,1) =yt —T) /(s —
T) fory < 0.

To find u(t;s,y,0), y < 0, consider the characteristic equations: X = p, p =
—Ap(t;t,x+1,1)+Ap=A(x+1)/(T —t)+ Ap, (drop the first term if x+ 1 > 0).
Differentiating the first equation and inserting from the second and first equations
give d*x/dt*> = Adx/dt — A(x+1)/(t — T) for x < —1 (drop the last term in the
opposite case), with boundary conditions x(s;s,y,0) =y, x(T’;s,y,0) = 0. Defining
w(t) by w(t)(t = T) = x+ 1, we get dx/dt = (dw/dt)(t — T) +w and d*x/dt> =
(d*w/dt*)(t — T) +2dw/dt = Adx/dt — A(x+1)/(t —T) = A(dw/dt)(t — T) +
Aw — Aw, so d*w/dt?> = (A —2/(t — T))dw/dt. Integrating this separable equa-
tion, we get w(t) = Ce* /(t — T)?, and w(t) = D+ [/ Ce*® /(6 — T)?do (C and
D are integration constants). So w(t)(t —T) — 1 = x(¢) =: x(t;5,y,0) = B(£;5,y) :=
(t=T)[D+ [;C* /(6 ~T)do] —1 = (T —1)[(y+ 1)/(T —s) — [{Ce* /(T —
0)?do] — 1, as long as x(t) < —1 (we have used x(s) = y to determine D). The
equation for x is simpler when y > —1, then x(r;s,y,0) = D/ +C'e*"=%), D and C'
integration constants. With x(7) = 0, x(s) =y, this gives x(¢;s,y,0) = B*(t;5,y) :=
—yeT (e — AT fyet [ (e* — erT), fory € (—1,0).

Ultimately, before any jump, we need to know the solution x(¢;s,y,0) only for
(s,y) = (0,—2). The solution x(7;0,—2,0) is “smoothly pasted” together at the
point ¢/ < T at which the line x = —1 is crossed, by putting (¢”,0,—-2) = —1
(=—B*(t",1",—1)), as well as by requiring the first derivatives of t — f§ and t — B*
at 1 to be equal, which yields Ae*" /(AT — M) = [9B* (151", —1)/9t),_p =
[0B(1:0,2)/01),_pr = (~1)[~1/T — [ C*° /(0 —T)?do) ~Ce" /(T —1"). (The
first characteristic equation does tell that x is continuous.) The two equations deter-
mine C and ”: The first equation reduces to —1/7 — Cfé” e* /(T — 6)*do =0,
using this in the second one, it reduces to Ae*” /(AT — A"y = —ceM” /(T —1"),
or A/(e* —*"y = —C/(T —1"), which gives C = (" — T)A/(e*” — *"). Using
this, the first equality becomes

~1/T = —{A(T —1") /(T — M)} /(:” /(T —0)*do.
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For ¢ = 0, the right-hand side is 0, while for ¢/ = T it is —e (when ¢ — T, the
curly bracket has a positive limit, while the integral diverges). So a solution in (0,7)
for " exists, which then determines C.

Having found C and ¢”, then x(#;0,—2,0) = B(r;0,—2) for ¢ in (0,¢”) and
x(t;0,—2,0) = B*(r;¢”,—1) for t > 1”. Using sufficient conditions based on con-
cavity (Remark 3.26 below), it can be shown that the solutions x(¢;s,y,1) and
x(t;0,—2,0) are optimal. Here the solution depends on A. O

3.5 The General End Constrained Case

The assumption (3.41) will now be dropped, and fy and f now depend also on
Jj. In the standard problem (3.15)—(3.17), the following “hard” end conditions are
imposed. With probability 1,

(T o) =%,  i=1,...1, (3.47)
xi(T—, o) > %, i>n' +1,....n". (3.48)

Define U™ := U N B(0,m). In addition to the Standard System Conditions on the
system presented subsequent to Theorem 3.8, it is now assumed, for any m, that f,
and f are uniformly continuous in x, uniformly in (¢,u, j), u € U™, that go.(7,x, j),
and g.(,x, j) are uniformly continuous in x, uniformly in 7, j, and, finally, that, for
some constants M}, for all ¢, x,

|8t x, /) < M), 1g(1,0,j)] < M. (3.49)
N
Y M) <o, (3.50)
j=1

where N is the bound on the number of jumps that can occur. The last condition
is of course trivially satisfied unless N = co. A slight variant of condition (3.49) is
mentioned in Remark 3.23 below. When N = oo, the condition (3.50) is of course
very demanding (and rather artificial), but let us mention that it covers the important
special case where there are no jumps in the state x, but where the right-hand side
of the equation changes form at each time point 7;. However, sometimes we can do
without (3.50) even in the case where an unbounded number of jumps can occur.

We call a nonanticipating pair (x(f,®),u(f,®)) semiadmissible if, a.s., x(¢,®)
exists as a solution of (3.15), (3.16) on all [0, 7], sup, -7+ o, |u(f, @)| < oo forany 7' <
T,and E[ [, |%(t, ®)|dt < o and E [, | fo(t,x(t,®),u(t,®))|dt < . Occasionally, full
boundedness of controls may be a too restrictive requirement; an example appears
in Exercise 3.10.

Let IT be the map (x1,...,%,) — (X1,...,%,»), and let

B={xcR":x;=0,i<n,x; >0, +1<i<n"}. (3.51)
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The possibility of being able to satisfy (3.47), (3.48) depends on the behavior of the
process (i.e., on the “controllability” properties of the process). For example, if f
is a bounded function (implying case (3.53) below), we cannot hope to have (3.47)
satisfied, when large jumps in x;(.), i < n’ occur close to 7. We shall only discuss
systems satisfying one of the two condition: For some T’ € [0, T), for all x, j,

R c II{f(t,x,u,j)—b:ucU,be B} forall te[T'T], (3.52)
or for all bounded sets B* C R”,

sup [ITf(t,x,u,j)| <o , gi=0foralli<n' (3.53)
JxeB*te[T" T uclU

The problem now consists of (3.15)-(3.17), (3.47), (3.48), (3.49), and either (3.52)
or (3.53). For solutions to be admissible, (3.47) and (3.48) have to hold and in
case (3.52), we simply steer the system such that (3.47) and (3.48) hold. In case
(3.53), the situation is more complicated. Define g%/ (x) = x, g/ (x) = x+g(T,x, j +
1), g2/ (x) = g"(x) + g(T,g"/(x),j +2), and recursively g*/(x) = g= 1/ (x) +
g(T,¢""1(x),j+k). As long as only j jumps have occurred, we have to steer
the system in such a manner that the equalities x; = £;, i < n’ and the inequali-
ties (¢8/(x)); > %, k=0,....N—j,i=n"+1,...,n", hold for x = x(T—;s,y, j).
The reason is that however close ¢ is to T', further jumps can occur. Let us give some
further explanation:

Note that in case (3.53), an admissible solution must not only satisfy (3.48) (and
(3.47)), but for T > 7;, even g&/ (x(T—, @/)) > %, k = 1,2,...,N — j. To see this,
note that when ¢ is close to T, (by (3.53)), x(¢, @/)) ~ x(T—,®/), and in (¢, T), for
any k =1,...,N — j, there is a positive probability that exactly k further jumps
occur. Assuming only slightly erroneously that all these jumps occur at ¢, then
x(T—, /%) = gk (x(t,®7)) ~ g*/ (x(T—, ®/)) and the assertion follows.

Remark 3.20 (Extremal method, end constrained case, N < ). The extremal method
for finding solutions described in connection with (3.18)—(3.20) above also works
here, the only change needed is a change of the terminal condition on p(7): We will
need numbers (multipliers) A;(k,s,y, j),k=0,...,N—j,i=1,....,n", j=0,1,2...,
with A (k,s,y,j) := (A1 (k, 8,9, ]),-.., A (k,$,9,7),0,...,0) € R, to formulate the
condition.

P(T;s,3,0) = hos(X(Tss,, 1))+ Y, Ak,5,y,0)8v (x(Tss,3,))),
0<k<N—j
Ailk,s,y,j) >0, i=n"+1,...,n",
Ailk,s,y,7) = 0 if (& (x(Ts5,9, )i > %, i=n'+1,...,1",
Ai(k,s,y,j) = 0,for k>0, i<n, and also for i > n in case of (3.52),
(3.54)

s0 pi(Tss,y, ) = (hox(x(T:s,y, j))i, i > n".
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To solve the end constrained problem (3.15)—(3.17), (3.47)—(3.49) (i.e., to find
characteristic pairs) one applies (3.18)—(3.20), with boundary conditions

(3.47), (3.48), (3.54) and x(s;5,y,7) =y. (3.55)

(Formally, there may be a need to find also “abnormal” pairs; this is commented
upon subsequent to Theorem 3.22 below.) (]

Remark 3.2 above describes how characteristic triples x(z;s,y,j), u(t;s,y,J),
p(t;s,y, j) giverise to corresponding non-anticipating entities x(¢, @), u(t, @), p(t, ®).
Similarly,to A (k,s,y, j) corresponds A (k, Ty, .. ., Tj) := A (k, Tj,x(Tj+,T0, ..., T}), J)-

Remark 3.21 (Which start-points should enter characteristic triples). Let us discuss
a little more the start-points (s,y) used to construct the characteristic solutions.

At the outset, we must assume that admissible solutions exist. Now admissibility
implies that the terminal conditions are satisfied, and this sense of admissibility
should also be understood when reading the definition of Q(j) in (3.26). The just
mentioned assumption means that Q(j) is nonempty. As before, solutions x(z;s,y, j)
must be constructed for all points (s,y) in Q(j), (as well as for (0,x°) when j = 0).

|

In a sufficient condition below larger open sets Q°(j) appear. Sometimes they can
be constructed again by considering all solutions x(7, @), starting at t = 0 at all
%% in an open ball around x° as mentioned in the discussion subsequent to (3.26).
Occasionally, even Q°(j) = (0,T) x R" works. But note that now it can be more
difficult (or in some cases impossible) to find such larger open sets Q°(j) that have
the property that characteristic solutions can start anywhere in these sets and still
satisfy the terminal conditions.

To obtain a maximum principle (necessary condition), a condition is needed that
secures that “enough choices” of values of x are available: Let x*(¢,®) be an opti-
mal solution, and let IT as before be the map (xi,...,x,) — (x1,...,X,). For some
n > 0,¢ > 0, some bounded nonanticipating function z(¢,®), piecewise and left-
continuous in 7, piecewise continuous in each 7;, for all ®, for allz € [T —n,T] such
thatr € (T/, ‘L'j+1),

B(x"(t,0) +z(t,w),n) C
{f(t,x*(t,),u,j) —b:uc UNB(0,c),b € BNB(0,c)}. (3.56)

In case of (3.52), this condition often follows more or less automatically.

The following maximum principle will normally hold as a necessary condition
for optimality. The assumptions on fy, f, g0, g, o subsequent to (3.48) and to Theo-
rem 3.8 are again postulated.

Theorem 3.22 (Necessary conditions, end constrained case, N < ). Let
(x*(t, ), u*(t,w)) be an optimal pair in the end constrained problem (3.15)-
(3.17), (3.47), (3.48), (3.49), (3.50), (3.53), u*(t,®) bounded. Assume (3.56). Then
Theorem 3.8 holds with two modification: The transversality condition (3.24) on
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p(T,®) is changed to the following one: There exist a number Ay € {0,1} and

multipliers Ai(k,To,...,7j), k=0,...,N—j, i=1,...,n" such that (3.54) holds for
(Ai(k, 5., 7), P(T35,, ), X(T55,y, ] ) ho( (Tss,y,]))) replaced by (Ai(k, %, ..., Tj),
p(T,"L'(),..,’L’j),)C*(T,’Z,'(),...7 A),A()/’l()( (T 10, - - ))) supk|A (k 70, - - T,)‘ < oo,

Moreover, in (3.22)—(3.23), fo, fox, and gox are replaced by Ao fo, Ao fox and Aogox
respectively. Furthermore,

sup E| p (t,0)z(t, 0)dt] < (3.57)

lz(r.0)|<1

(the supremum taken over functions z(t,®) having properties as in (3.56)). Fi-
nally, if Ag = 0, then not all functions Ai(k,7,...7;), i=1,....,n", j=0,1,... k=
0,...,N— jvanish. O

Of course, if N = oo, then k € {0,1,2,...}. If N < o, j belongs to {0,1,...,N},
otherwise j =0, 1,... The functions A (k, 7y, ..., 7;) can normally be assumed to be
bounded functions, piecewise continuous in each variable 7; separately. The condi-
tion (3.56) will automatically ensure Ag = 1 if z(r, @) = 0.

Unless sufficient conditions (Theorems 3.24 and 3.27 below) are used, to en-
sure that all candidates for optimality have been found, it is necessary to apply the
solution procedure connected with Theorem 3.22 both for Ag = 1 and Ag = 0.

Formally, (3.56) is required to hold for x*(z, w). But, as for other constraints
qualifications, in practice, we need that (3.56) holds for all admissible pairs, not
only for x*(z, ®). (Or, more carefully worded: If (3.56) fails for some admissible
solution, it must automatically be considered a candidate for optimality.)

The word “normally” was used a couple of times above to indicate that there are
cases, rather exceptional ones, in which necessary conditions require multipliers less
well-behaved than the above ones. A proof of such conditions appears in Seierstad
(2002).

Remark 3.23 (Change in assumptions on g*). Theorem 3.22 holds also in the case
where fj(t,x,u,j), j <n”, is independent of x;,i > n”, and (3.49) holds for g, re-
placed by Ilg,. ([

The sufficient conditions in Theorem 3.9 now takes the following form (formally
we then need not assume (3.56)):

Theorem 3.24 (Sufficient conditions, end constrained problems). If we substi-
tute the transversality condition of Theorem 3.8 by the one in Theorem 3.22 for
Ao = 1, then Theorem 3.9 still holds in the end constrained case, provided all
Ak, 7o, ..,7;)g"/ are concave in x. a

Remark 3.25 (Sufficient conditions for semiadmissible pairs). In the end constrained
problem (3.15)—(3.17), (3.47), (3.48), (3.49), (3.52), or (3.53), the sufficient condi-
tions of Theorem 3.24 yield optimality even for semiadmissible pairs, provided the
transversality condition is replaced by limsup, ., E[p(f,®) (x(r,®) —x*(¢,®))] >
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E[ho(x*(T,0))(x(T; @) —x*(T, ®))] for all semiadmissible solutions. Concavity of
Ak, o, ..,7;)g"/ can then be dropped.

This also holds if 7 = oo, the concept of optimality, if neccessary, being replaced
by sporadic catching up optimality, see the definition subsequent to (3.70) below, in

case hg = 0. O

Remark 3.26 (Sufficient concavity condition for characteristic triples, N < o). Sim-
ilarly, in problem (3.15)—(3.17), (3.47), (3.48), (3.49), (3.52), or (3.53), the char-
acteristic triples x(z;s,y, j),u(t;s,v,j), p(t;s,y,j) yield an optimal control among
admissible pairs, if the concavity conditions in Remark 3.10 hold, if the pair
(x*(.,.),u*(.,.)) arising from the characteristic triples is admissible, and if, in case
(3.53), all A(k,s,y,j)g"/ are concave in x. O

Define r — z(#;s,y, j) to be the solution of the following differential equation (linear
in z), when (x(z;s,y, j), p(t;s,y, j)) is inserted for (x, p):

) = A0+ Df{z—go(t,x, j+1) —z(t:t,x+g(t,x, j+ 1), j+ 1)}
7f0(t7x7ﬁ(tax7p7j)7j)7 Z(T) :hO(X(T;S,y,j)) (358)

Assume that all x(z;s,y, j), p(t;s,y, j) are known. Solving (3.58) by using backwards
recursion yields solutions z(#;s,y, j). (With A(N+1) =0, z(¢;s,y,N) can first be
constructed from (3.58).) Define

J(5,3,J) = 2(s35,y, j) (3.59)

Then, normally (for example when the conditions in Theorem 3.27 to follow are
satisfied), J(s,x, j) is the optimal value in the problem where already j jumps have
occurred, and where the process starts at (s,y).

Theorem 3.27 (Sufficient conditions for a field of characteristic triples, with
N < o and terminal constraints). Consider the problem (3.15)—(3.17), (3.47),
(3.48), (3.49), (3.52), or (3.53). For each j =0,1,2,...,N, the following assump-
tions are made: A function 0(t,x, p, j) exists that gives maximum in (3.18) for each
point (t,x,p) in a given open set Q*(j) C R'*2". Open sets Q°(j) C (0,T) x R",
Q°(}j) containing Q(j), and solutions x(t;s,y, ), p(t;s,v,j), z(t;s,y, j) on [s,T] have
been found, satisfying, for u(t:s.y. j) = at,x(t:5.y, ), p(t:,3,J)). x(5:5,3,)) =
Y, (3.19)—(3.20), and (3.58) (the first ones being the characteristic equations of
x(i3ey.y.) and p(.s.,.,.)), for (s,y) € Qo(0) := {(0,x°)} UQ®(0) in case j =0, and
for (s,y) € Qo(j) := Q°(j) for any j > 0. (The functions x(t;s,y, j), p(t;s,y,]),
and z(t;5,y, ), (s,y) € Qo(j), are continuous in t € [s,T] and u(t;s,y, j) is piece-
wise continuous.) The characteristic pairs now satisfy the present terminal and
transversality conditions (3.47), (3.48), and (3.54), with A;(k,s,y, J) continuous in
(5,5) € Qo(j), fori=n"+1,....n". Forallt € [s,T), (s,y) € Qo(j), (¢,x(t;s,y, ),
p(t35,3, /) belongs 10 O*(j), (1,x(155,. j)) belongs 10 Qo(j), and if (s.y) € 0°(),
then (s,y+8(s,y, j+1)) € Q°(j+1).

Moreover, H(s,x, p, j) and its first and second derivatives with respect to x and
p (exist and) are continuous in Q*(j).
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Furthermore, (s,y) — (z(t;5,,7),x(t;5,y, ), p(t;s,y,j)) is C' near any (§,9) in
0°(j), j=0,1,2,...,N, for t € (§,T], and, for j =0, x(T;s,y,0) and z(s;s,y,0)
are continuous on {(0,x°)} U Q%(0), and, for any j, t — (z,(t;5,y,j),2y(t; 5,7, ),
x5 (35,9, 1), %y (235, j)) is continuous att =T, (s,y) € Q°(j).

Finally, the pair (x*(t,®), u*(t,®)) corresponding with the pairs (x(.,.,j),
u(.,.,j)) is semiadmissible.

Then (x*(t,0),u*(t,®)) is optimal in the set of all strongly semiadmissible
pairs, i.e., in the set S of semiadmissible pairs (£(t, ),i(t, )) for which E[|J (7,
xA(Tj+7w)7j)1[07T](Tj)|] < eo for all j and lithTZ(t;tva(tij)’j) = hO(x(Ta wj))
forall ®,t; < T, provided (x*(t,®),u*(t,®)) belongs to S. O

Remark 3.28 (Strong semiadmissibility). When U is bounded, S coincides with the
set of admissible pairs.

Consider next the case of an unbounded U. Usually, it does not restrict the useful-
ness of the above theorem, if in the theorem it is also assumed that for all 7/ € (0,7,
z(s;s,y, j) is bounded on bounded subsets of Q°(j)N ([0,7'] x R"). In this case,
the last inequality in the theorem (strong semiadmissibility) holds for semiadmis-
sible solutions if, for such solutions, lim, .7 z(T;t,%(t, @/), j) = ho(*(T, ®/)) and
lim, 7 {z(T;t,£(t+, @/ 1), j+ 1) — z(t;t,£(t+, /1), j+ 1)} = 0, for any j, both
limits uniform in /. O

In the next example, there are no jumps in the state variable, but the dynamics
change spontaneously after a stochastic time point.

Example 3.29. Consider the problem:
T
max E {/ (—u2/2)dt} , X=u+lpqg(t), ueR, x(0) =0, x(T)=0as.
0

with no jumps in x, T being exponentially distributed with intensity A4 (i.e., the jump
point 7 is distributed with density Ae 7).

Solution. The maximum condition gives ## = p. The characteristic equations for
Jj =1 (.e., after a jump) becomes p =0, x = u = p(s,y), p(s,y) an unknown to
be determined by x(T;s,y,1) = y+ [ p(s,y)dt =0, i.e. p(s,y) = —y/(T —s), s0
x(t35,3,1) =y —y(t =) /(T —s).

Note that for j = 0, the characteristic equationsarex=u+1=p+1,p=Ax/(T —
t)+Ap,soki=p=Ax/(T—t)+Ap=Ax/(T —t)+A(x—1).Lettingw(t —T) = x,
we get wit—T)+w=x,wit—T)+2w=X=Ax/(T—t)+A(x—1)=—-Aw+
AW —T)4+w—1)=A2w(t—T)—A.Sow=(A—-2/(—T)Ww—A/(t—T). Using
the integrating factor e *! (t — T')?, we get (d/dt)[we * (t —T)?| = —Ae M (t —T),
and integrating yields we (1 —T)2 = C+e ™t —T)+ (1/A2)e ™, C an in-
tegration constant. Hence, w = Ce* /(t — T)2 +1/(t = T) + (1/A)/(t — T)?. As
w(s:s,y) :==)w(s) =y/(s =T), w(t) = y/(s = T) +CB(s,t) + Infr = T| —In|s —
T|—(1/2)/(t = T)+ (1/1)/(s = T). where B(s,t) = ['e*"/(r — T)?dr. Thus,
x(t;5,9,0) =t —T)y/(s—=T)+ (t—T)CB(s,t)+(t—T)In|t —T|— (t —T)In|s —
TI = (1/2)+(t—T)(1/A)/(s—T).
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It is easily seen that when r — T, (r — T)B(s,t) — —e*T, so x(T) = 0 gives
—C*T —1/A =0, or C = —e*/A. Hence, w = (1 —=T)2[(t —T)+1/A —
el(th)/)L].

Now, z(t;5,y,1) = —y*(T —t) /2(T — 5)?, and for any admissible solution £(t, ®)
with a bound K on its time derivative z(s;s,£(s+,s),1) = —(&(s+,s))?/2(T —
s) — 0 when s — T, since |£(s+,s)| = |£(s+,s) — X(T,s)| < K(T —s). Moreover,
Z(t;5,,0) =

1 t
/ [*0 (x(r35,3,0) — 12/2] dr + / [#02.(x(r35,3,0) /21 = )| .
T T
Now, w is bounded (use 1’Hopital’s rule twice to find w(7—)), hence |x| = (s —
T) 4 w| < |w(s)|+ a constant, so, using the rule (a4 b)? < 2a®> +2b?, the absolute
value of the two last integrands are both < A(w(s))? + B, for some constants A and
B. Furthermore, as w(s;s,y) = y/(s —T), then, |z(s;s,7,0))| < [T [A(w(s))? +B]dt =
y?/(T —s)+B(T —s). Fory = £(t,@") this entity is < {K(T —s)}*/(T —s) +B(T —
s), which converges to zero, when s — T.

Evidently, (s,y) — (z(t;5,y,j),x(t;5,y, j), p(t;s,y, j)) is C' for (s,y) near any
(8,9)€10,T) xR, t € (§T], j=0,1, moreover the derivatives of the three functions
with respect to s and y are continuous in ¢ at # = T, and z(s;s,y, j) is continuous in
[0,T) x R.

Finally, note that X*(f,®), r > 7, has the bound [x(7;0,0,0)|/(T — 1) =
|x(7;0,0,0) — x(7;0,0,0)|/(T —t) < K(T —t)/(T — 1) = K, where K is a bound
on x(;0,0,0), so (x*(.,.),u*(.,.)) is admissible. Hence Theorem 3.27, with subse-
quent Remark 3.28, applies for Q*(j) = (0,7) x R?, 0°(j) = (0,T) x R, and yields
optimality of u(¢;s,y, j), j =0, 1 in the set admissible pairs, or optimality in this set
of the corresponding function u* (¢, ®). O

Remark 3.30 (Restrictions on admissible functions*). If the assumption Q(j) C
0°(jj) is dropped, but x*(t, /) € Q°(j) fort € (;,T) and still (x*(t,@),u*(t,®)) €
S, then optimality of u(¢;s,y, j) holds in the subset of strongly semiadmissible so-
lutions #£(.), for which (¢,£(t,®/)) € Q°(j), for t € (z;,T), for all @’. O

Remark 3.31 (Further properties of z(s;s,y,j)*). An additional property holds in
Theorem 3.27: J(s,, j) := z(s;s,y, j) is C! in Q°(}j) and satisfies the HIB equation
(3.64) below, with u(z;$, 9, j) yielding the supremum in the HIB equation (3.64) for
(5,) = (t,x(t:5.5, j)) for any (8,5) € Q°(j). O

Remark 3.32 (Unbounded number of jump points (N = oo)*). The conclusion in
Remark 3.31 even holds for N = e provided continuity of (s,y) — (z(s;s,y, /),
2(538,,4), P(5:5,5, ), py(535,3,J)) in Q°(j), j=0,1,... and the equality z,(s;s,, )
p(s,s,y, j) are postulated, ((s,y) € Q°(j)), and the conditions on J in Remark 3.39
(b) below hold. Moreover, optimality of (x*(.,.),u*(.,.)) holds in the same way as
in Theorem 3.27. O

Sometimes, Theorem 3.27 does not apply, because solutions defined for (s,y) in
open sets Q°(j) containing Q(j) do not exist. Consider the following example:
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Example 3.33. Consider the problem
3
max E [/ utdt] , x=—u, wu€c|0,1], x(0)=1, x(3—) >0as.,
0

with a possibility for a single, unit upwards jump in x(¢), with probability given by
the intensity A. We shall only consider a “medium sized” value of A, one for which
1/(e* —1) € (1,2).

Solution. (a) Consider first the situation after a jump with initial condition (s,y). Let
us construct the solution in this case. To get some “sizable” positive value of the
criterion, we have to use # = 1 for some time. The constraint x(3) > 0 limits the
time interval on which we can use u = 1. It evidently pays to postpone the use of
u =1 as long as possible, due to the factor 7 in the integrand. Hence, the optimal
path is evidently x = y until time #” given by y = 3 —¢”. Afterwards, u = 1 and
this yields x(3) = 0. Here we assumed s < 3 —y, and in this case then, x(¢;s,y,1) =
min{y,3 —t}. Now, p(t;s,y, 1) is constant, and to have a switch point at "/, we must
have p(t”;s,y) = 3 —y by the maximum condition. If on the other hand s > 3 —y, we
can use u = 1 all the time, and still the state ends above (3,0), so 0 = p(3;s,y,1) =
p(t;s,y,1) and x(¢;5,y,1) =y+s—1. If s =3 —y, still u = 1 all the time, and we can
put p(t;s,y,1) = 0. It is easily seen that the maximum condition holds in the two
cases s >3 —y, s <3 —y.

(b) Before a jump, we consider only the case (s,y) = (0,1). Our intuition tells us
that an optimal policy is as follows. The factor ¢ in the integrand in the criterion
makes it optimal to postpone using # = 1. When we surely have no jump, u =1 is
optimal on a unit interval I at the very end. However, with a positive probability for
ajump, it may pay to have I = (a,a+ 1) at which u = 1 somewhat earlier than at the
very end. It may be advantageous to make room for having # = 1 on an additional
set in case of a jump (a jump makes this possible). At least for A small, presumably
we will not exploit the latter possibility fully (or at all), for A large, we would expect
a to be close to (or perhaps equal to) 1. It can never pay to have a < 1, for if we
experience a jump at any point, x is < 2 here, and we cannot make use of a larger
interval than one of length 2 for x to decrease down to zero.

(c) Write x*(¢) := x(¢;0, 1,0), u*(¢t) := u(t;0,1,0), p(t) := p(t;0,1,0). The follow-
ing maximum condition holds:

(u—u" ()t + pt)(u(r) —u) <Oforall u € [0,1] [*]
and p(t) satisfies the differential equation:
pt) = =Ap(6:0,x" (1) + 1,1) + Ap(1) [#4]

with end condition p(3) >0, =0 if x*(3—) > 0.

(d) We now take for granted that u*(r) =0 fort € [0,a],a > 1, u*(t) = 1in (a,a+1)
and u*(t) =0 fort > a+1, and x*(r) = min{l,1 — (t —a)}, for t < a+1, a an
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unknown to be determined. Observe that if a jump occurs at s € (a, 3], then we jump
to a point (s,y) satisfying s > 3 —y. To see this, note that if s € (a,3], x*(s) > 1 —
(s—a),soy>2—(s—a) >2—s+1=3—s.From (a), recall that p(¢;s,y,1) =3 —,
if s <3 —y, whereas p(z;s,y,1) =0 for s >3 —y. Thus, for s > a, we jump to a point
(s,y) for which p(s;s,y,1) = 0.

(e) Define h* (1) := [> Ae 2T p(t;7,x* (1) +1,1)dt. Evidently, p(t) = e (h* (1) +h)
for some constant /2 > 0. Write y(z) := e *¢ —h*(¢) > 0, thent — p(t) = e* (y(t) —
h). Assume for the moment that there exists an interval [a,b] C (0,3), b:=a+1,
in the interior of which y(¢) —h > 0, with the opposite (strict) inequality holding
outside of [a,b]. Then, by (*), u*(t) = 1(4) (the indicator function of the set (a,b)).
If no jump occurs in [0, 3], we have guessed x*(3—) = 0, which is consistent with
the above choice of control. (There is a positive probability that there is no jump
in [0,3], so we must have x*(3—) > 0, in the case of no jump in [0,3].) Consider
first # > a. Then h*(t) = 0 (if we jump at T > ¢ > a, we jump to a point where
p(t:7,x(7) +1,1) = 0, see (d)) Thus, for r > a, y(t) = e *t =: ¢(r). Now, as
a and b are switch points, so by [x], y(a) —h = y(b) —h =0, so ¢(a) = ¢(D),
which implies o(a) := (a+ 1)e *@tD) —ge24 = ¢~ 2(g(e* — 1) + e *) = 0.
The equation has a solution @ = 1/(¢* — 1) that by assumption belongs to (0,2),
and for this a, h = e *“a. Note that the function re~*' increases until 7 = 1/ and
then decreases. Because be *? = ae=*“, 1/ belongs to (a,b) and te ' > ae~**
in this interval, so ¢ (t) —h > 0in (a,b), ¢(t) —h < 0 outside of [a,b]. Hence, u = 1
yields maximum of the Hamiltonian for ¢ € (a,b), and u = 0 yields maximum for
1> b, see [+],as 1 — p(t) = M (y(t) — h) = e (¢(r) — h) here. Consider next 7 < a.
For suchz, y(1) < ¢ (t) < ¢(a),sot —p(t) = X (y(t) —h) < M (¢(t) —h) <0, for
such 7, hence u = 0 maximizes the Hamiltonian.

It is easily seen that the candidates x(¢;s,y, 1) and x*(¢) satisfy sufficient condi-
tions (concavity holds). Note that here, for Q° (0) to contain all admissible solutions,
it must contain (,0) = (¢,x*(t)) for ¢ € (b,3), but no (s,y) can belong to 0°(0) for

€ (b,3), y <0, as from such a point (s,y) no solution exists that satisfies the end
condition. So no open set Q°(0) with the required properties in Theorem 3.27 can
be found. (]

Remark 3.34 (Restriction on the time path*). Consider the end constrained opti-
mization problem (3.15)—(3.17), (3.47), (3.48), (3.49), (3.52), or (3.53), with the
added restriction that there are given open sets A(z, j) C R" in which admissible
solutions x(t; T, ... T;) are required to stay, j =0, 1,..., (i.e., (t,x(t;®’)) € A(t, )
for all ¢, all j). Then Theorem 3.24 holds if the sets A(z, j) are convex. Moreover,
the concavity required of the functions occurring in that theorem need only hold in
A(t, J) (except for hp). a

Remark 3.35 (Soft terminal constraints). Consider the problem where, for simplic-
ity, hp = 0, and the hard end conditions (3.47), (3.48) are replaced by the following
soft ones:

—o)) =%  i=1...n (3.60)
E[x;(T—, )] > %, i>n+1,....1". (3.61)
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Consider the solution procedure for problem (3.15)-(3.17), (3.47), (3.48), (3.49),
(the extremal method). When (3.47), (3.48) are replaced by (3.60), (3.61), the con-
dition (3.54) in this procedure has to be replaced by the following one. Define an
auxiliary scrap value function g = Y7, Aix;, where the multipliers i so far are un-

knowns. Apply the solution procedure for this /-function, and at the end, determine
the A;’s by using the conditions (3.60), (3.61), and (3.62) below:

Ai>0i=n"+1,...0" L=0if EX(T;0)] >&,i=n"+1,....1",
L=0,i=n"+1,....n (3.62)

In (3.60), (3.61), and (3.62), x*(.,®) is the nonanticipating solution starting at
(0,x%), constructed by the method described in Remark 3.2. Note that in the cur-
rent case, the condition (3.50) and no controllability condition like that in (3.56) are
needed (for example in the necessary conditions to follow).

In fact, the free end necessary conditions (Theorem 3.8) also hold here, for the
auxiliary scrap value function hy = Zi,-xi, with (3.62) satisfied, and with the mod-
ification of the introduction of a Ag € {0,1} as in Theorem 3.22. (See Seierstad
(2001).) a

Only a very simple example of the use of the preceding remark will now be given.

Example 3.36. Consider the problem:
T
max E {/ (—u2/2)dt} , i=uelR, x(0)=0, Ex(T) =1,
0

with a possibility for a single, unit upwards jump in x(¢) at 7 € [0, ), with T being
exponentially distributed with intensity A (i.e., the jump point 7 is distributed with
density Ae*7).

Solution. The maximum condition gives i = p, and the characteristic equations for
Jj =1 (i.e., after a jump) becomes p = 0, x = p, with p(T) = a, a an unknown to be
determined. As always, ¢ denotes running time. Hence, u(z;s,y, 1) = p(t;5,y,1) = a,
x(t;s,y, 1) :y+a(t _S)'

Next, for j = 0, the characteristic equations become: x = p, p = —Aa+ Ap,
with p(T;s,y,0) = a. Then, p(t;s,y,0) = a + Ce* where C is determined by
p(T;s,y,0) = a, so C =0, and p(z;s,y,0) = a. Thus, u(t;s,y,0) = a is the con-
trol also before the jump. It remains to determine a. Now, if T > 7 x(T;1) =
x(1—3;0,0,0)+14+a(T — 1) =at+1+a(T — 1) = 1 +aT, otherwise x(T; ) = aT,
so all in all x(T;7) = aT + 1jg7)(7). Hence 1 = Ex(T:t) =aT +1—e*T, so
a=e T, O

Often the functions J(s,y, j) of (3.59) satisfy partial differential equations called the
HIJB equations (a fact already known from Chapter 2, see also (3.10)). Related to
Theorems 3.27 and 3.11, there is a sufficient condition based on these equations of
the problem. To introduce this approach, let us make some introductory comments.
We need the following convention: A function defined on a possibly nonopen set A
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is C! on A if it has an extension to a larger open set, which is C'. Define the optimal
value function by

J (8,3, ] max{

(1) fo(t,x ,),1)d
;/ ) folt, x(t,@),u(t,w),i)dt

+ Z go(ri,x(ri—,a)),i)—l—ho(x(T—,a)))|s,y,j]}.(3.63)

s<T;<T,i>j

where the maximization is over all so-called (s,y, j)-admissible controls u(.,®),
and where x(r,®) := x*(+) (1, ®). An (s,y, j)-admissible control is a nonanticipating
control for which x(r,w) = x*) (r, @) satisfies the terminal conditions and starts
at (s,y, ), exactly j jumps having already occurred, 7; <s, y = x(s+,®), u(.,.)
independent of 7, k < j. Without being too precise, let it be noted that very often,
especially in the free end case, for each j, J*(s,y, j) is C! in (an open set containing)
clQ(;j) and satisfies the j-th HIB equation:

0= Js(s,327) +8up{fo(5,3,4, /) +-Jy(5:3 1) f (5,320, 1)}
A+ D{go(s, 3 i+ D) +J(s,y+8(s,y, 0+ 1), 7+ 1) =J(s,3./)} (3.64)
In the free end case, J*(s,y, j) satisfies the boundary condition
J(T,x,j) = ho(x). (3.65)

In the case where a maximum of N jumps can occur, there is a recursive procedure
available for solving the HIB equations. First (3.64), (3.65) are solved for j = N,
then for j = N — 1 (then we need the knowledge of J(z,x,N)), and next for j =N —2
(then we need J(¢,x,N — 1)), and so on backwards. In end constrained cases, (3.66),
(3.67) below are used instead of (3.65) (then J(s,y, j) is perhaps not meaningfully
defined for s =T).

Related to the HIB equations is a sufficient condition, or verification theorem.
We need the following boundary conditions.

For all semiadmissible solutions £(¢, @), liminf,_.7 J(s,%(s, @), j) > ho(X(T, w)),

for all ® = (79, 72, ...) for which 7; <T < Tj4;. (3.66)

liH}J(&x (S (D) ) hO( (T7 O)))
5—
for all @ = (79, 72, ...) for which 7; <T < 7j4. (3.67)

For the next theorem, let us still postulate that the system satisfies the properties
stated in connection with (and including) (3.49), and consider again the problem
(3.15)—(3.17), (3.47)—(3.49), (3.52), or (3.53).

Theorem 3.37 (Sufficient condition for the HJB equations, N < o). Assume that
J(s,,/),j=0,1,..., are C' functions on Q(j), continuous on {(0,x°)} UQ(0) for
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J =0, satisfying the HIB equation (3.64) for all (s,y) € Q(j), and the bound-
ary condition (3.66). Assume that for any semiadmissible solution x(t,®), for
some constants Oy ), Ky for all j, [J(t,x(t,®), )| < O )+ Ky )|x(t, 0)]

when t € [Tj,Tjt1), 1 <T. Finally, assume that there exists a semiadmissible pair
(x* (s, w),u* (s, w)) satisfying (3.67) and, a.s., for any o, for Ag = 1, the equality

ue

=H(t,x"(t,0),u" (t,),J5 (1,3 (t,0), ), ]) (3.68)

forv.e.t such that t; <t < Tj11. Then u*(t, ) is optimal among all semiadmissible
controls. (]

Remark 3.38 (Stronger conditions*). The conditions (3.66), (3.67) are automatically
satisfied if J(s,y, j) can be continuously extended to Q(j) U(({T} x R™) N clQ(})),
Jj=0,1,...,and (3.65) holds for (7,x) in this set. This extension property frequently
holds in free end problems. (I

Remark 3.39 (Modification of requirements*). (a) In Theorem 3.37, note that (3.49)
can be replaced by the modification stated in Remark 3.23.

(b) In Theorem 3.37, weaken the growth conditions as follows: For any semiad-
missible solution x(¢, ) for each T/ < T, assume that for some constants O/ x(.,.)
Krra(.)s (X0 0), J)] < 0gr ) + Kpr o [X(1, @) ] when t € [77,7j41),0 < T
Finally, assume that (3.67) holds, and that E sup, |J(z,x*(f,®),®)| < oo, where
J(t,x,0) = ¥;J(t,x,j)1ig; 7,,,)(t). Then (x* (¢, ®),u" (t,®)) is optimal in the set of
semiadmissible pairs (x(f,w),u(t,®)) for which both (3.66) holds and
E[inf, min{0,J(¢,x(t, ), 0)}] > —co.

(¢) In Theorem 3.37, assume only the weakened growth condition of (b) above, drop
(3.66) and and replace (3.67) by the assumption that

lin%E[J(t,x*(t,a)),a))] = E[ho(x* (T, m))].

—

Then (x*(f,w),u*(t,®)) is optimal among all semiadmissible pairs for which
limsup,_,; E[J(t,x(t,0),®)] > Elho(x(T;®))]. This result even holds if the hard
constraints are replaced by soft ones, (3.60), (3.61). U

The relationship between Theorems 3.27 and 3.37 is as follows. A standard man-
ner of solving the HIB equations is using the so-called characteristic equations. For
H(s,x,p,j) := max,{ fo(s,x,u, j) + pf(s,x,u, j)}, the so-called characteristic equa-
tions for the solution of the j-th first-order partial differential equation are

X(S) = I:Ip(svxvpaj)v
p(S) = _ﬁx<s7x7p7j)
—A2(G+1)(d/dx){go(s,x, j+ 1)+ J(s,x+g(s,x, j+1),j+1)—J(s,x,/)}

It can be shown that these two equations imply that p(s;s,y, j) = Jy(s,¥, j), so the
equation for p can alternatively be written
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p(s) = —H(s,x,p, j) +A(j+1)p
—A(J+1)[gox(s,2x, j+ 1)+ p(sss,x+g(s,x, j+ 1), j+ 1) (I + gx(s,x, j+1))].

If H is C' in (x, p), the equation for x and the last equation for p can be shown to
be the same as (3.19)—(3.20) above. When all x(¢;s,y, j) and p(z;s,y, j) have been
found, from (3.58), (3.59) functions J(s,y, j) are obtained, and they will satisfy the
HJB equation (3.64). A recursive method is available iff N < co.

When using the HIB equations, we always get candidate controls on Markov
form, namely as any control function that yields the maximum in the HJB equation.

Sometimes, it is possible to use Theorem 3.37 but not Theorem 3.27, because
open sets Q°(j) cannot be found, for which the conditions in Theorem 3.27 are sat-
isfied. Of course, as just explained, a method for producing the functions J(s,y, j) of
Theorem 3.37, especially in case N < oo, is to use characteristic solutions, together
with the functions z(z;s,y, j) and put J(s,y, j) = z(s;s,y, j), see (3.58), (3.59). Hope-
fully, these solutions can be defined for (s,y) € Q(/). Finally, we can check if the
J(s,y,j)’s have C I_extensions to some larger open sets.

Remark 3.40 (Infinite number of jumps, all A(i) equal). When N = oo, there is an in-
finite family of HJB equations (3.64). So, assume not only that N = oo, but also that
all A(i) = A and that go, g, fo, f are independent of j. Then evidently, J*(s,y, j) is
independent of j, and the family of HIB equations reduces to one, namely the one
obtained from (3.64) by deleting the arguments j and j+ 1.

In the current case, the adjoint equations also reduce to a single equation. A single
HJB equation still holds, even if A depends on 7, x and u, which can be allowed. (See
Remark 3.50 below.) O

Allowing dependence on x in A, then, introducing an auxiliary state variable, say
y, jumping one unit each time a jump time occurs, makes it possible to rewrite
a function A (i) as A(y), and hence, from the single HIB equation, to recover the
family of HJB equations in Theorem 3.37, and even the possibility that only N < oo
jumps can occur.

Whether all the A’s are equal or not, it is only in rare cases that explicit formulas
for solutions of the HJB equation(s) can be found.

In the case considered in the above remark, Davis (1993) discusses the usefulness
of the HJB equation for numerical solutions of the problem. He also considers HIB
equations in problems with additional features, for example problems where the
state jumps each time it reaches a boundary.

Example 3.41. The following problem is essentially Example 3.3, with N = co. Con-
sider the problem:

max E {/OT(—M2/2)dt+ax(T) , x=u€eR, x(0) =0,

with a possibility for an unbounded number of jumps in x(¢) with the same intensity
A for all jumps 7;, and with the same size b, (i.e. x(7;+) —x(7;—) = D) .
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Solution. The single HIB equation is 0 = J, +max,[—u*/2 + Jyu] + A[J (s,y + b) —
J(s,y)]. The maximum is calculated by putting the first derivative with respect to u
equal to zero, it yields the maximum point u = Jy. Inserting this in the HIB equa-
tion gives 0 = J; + (Jy)?/2+ A[J(s,y +b) — J(s,y)]. We guess that J(s,y) is of the
form ¢(s) +ky, k a constant. The HIB equation yields that 0 = ¢’ +k?/2 + Akb,
s0 @(s) = cs+C, where ¢ := —K? /2 — Akb, and C is an integration constant. Now,
ax=@¢(T)+kx=cT+C+kx, so k=a, C=—cT, hence ¢(s) =c(s—T). The
control is u = Jy, = a.

Remark 3.42 (Infinite horizon, unbounded number of possible jumps). In this re-
mark, we shall briefly comment upon a sufficient condition for optimality in the
case where T = oo, hy = 0, N = o (an unbounded number of possible jumps),
all A(j) = A, and where go, g, fo, and f are independent of j. We then look
for an optimal pair in the set of admissible pairs (x(z,®),u(f,®)), where admis-
sible now means that u(¢,®) is bounded on any bounded interval. Then, for all j,
J(s,x,j) =J(s,x,0) and we assume that J(s,x,0) satisfies the conditions in Theorem
3.37 (the growth condition for all 7/ > 0 as in (b) in Remark 3.39). (Again, there is
a single HJB equation.) Then the conclusion of Theorem 3.37 still holds (at least in
the sense of catching up optimality or sporadically catching up optimality, see be-
low), provided the boundary conditions (3.66), (3.67) are replaced by the following
condition. For all admissible solutions £(.,.),

liminf E[J (s, 2(s:®),0) —J (5,2 (5, ®),0)] > 0. (3.69)
Here we can allow restrictions at infinity, say of the form liminf, .. £;(¢) > X; a.s.,
or liminf, . EX;(t) > X;, for a solution £(.,.) to be admissible.
We cannot always exclude the possibility that the criterion has infinite values.
Then sometimes the following criterion works: (x*(.,.),u*(.,.)) is called catching
up optimal if, for any admissible x(z, ®),

li]grgng U()T{fo(t,x*(t,a)),u*(t,a))) — fo(t,x(t,0),u(t,w))}dt| >0. (3.70)

The above sufficient conditions yield catching up optimality in cases where infinite
values of the criterion appears.

If liminf in (3.70) is replaced by limsup, we get sporadic catching up optimality,
and to obtain this weaker optimality property, one can even replace liminf by limsup
in (3.69). ]

A special case of the one in Remark 3.42 is the case where we add the assump-
tions that go(r,x) = e B'g%(x), fo(r,x,u) = e P fO(x,u), B > 0, and that g and f are
independent of 7. Then (normally) J*(s,x,0) = ¢ BSJ(x), where J(x) satisfies the
“current value HJB equation”

0= —BJ+max{f*+5f} +2{s’ +T(y+5(y)) T )}. (3.71)
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Turning this around, if J is C' and satisfies (3.71), then J(s,x,0) = e P J(x) is C'
and satisfies (3.64).

Example 3.43. Consider the problem
max/ (xu)%e Pl dt,
0

subject to
dx/dt = ax(1 —u),x(0) = x° > 0,u € (0,%0) and x(7+) = kx(1—),

where an unbounded number of jumps with intensity A can occur. It is assumed
that & € (0,1),8 > 0,a > 0,k > 0, and that k¥ :=  — A (k% — 1) — aa > 0. Write
K :=x/(1-a)>0.

Solution. We guess that J = Ay*, A > 0. Then the current value HJB equa-
tion is 0 = —BAY* + max,~o[y*u® + o0Ay*a(l — u)] + A (k* — 1)Ay*. Here, y*
can be cancelled, and the maximization gives u = B, where B = (aA)l/ (a=1)
so the HIB equation reduces to 0 = —f3 +B*/A + aa(l —B)+A(k* — 1) =
—Kk + B%/A — ocaB. Expressing B by means of A and using the last equa-
tion yield k = (aA)®(*~D JA — aa(aA)'/ (@) = (1 — a)a®/(®~DA/(@=1) Hence,
A=a%x/(1—-a))*! and B = Kk/a(l — a). All admissible £(¢,®) are nonneg-
ative, so liminfs_... EJ(s,%(s, ®)) > 0. Moreover, dx/dt = cx, for ¢ = a(l — B).
Note that for each ¢, such that 7; <t < 1jy4, for t € (1j,7j11), x(t,70,...,7j) =
x(tj4)e =) = kx(t;—)e~%). Using this equality for j replaced by j— 1,/ —
2,1 (x(to+) = x%), we get x(t,7,...,7;) = k/x’". From the theory of
Poisson processes, we know that the probability of j jumps in an interval
[0,¢] is (Ar)ie™*'/jl. Hence, we get that the expected value EJ(t,k/x"e"),
for m = k%, equals AE[m/(x*)%e®—P] = A(x")%e(®=Bly & (mAr)ie> /jI =
A(xo)ae(occ—ﬁ)temlte—lt _ A(xO)oce(ac+(m—1)l—[3)z — A(xo)ae—(vc+oca3)t
A(xo)o‘e*"/’ . The limit of the last expression, as ¢ goes to infinity, is zero, so (3.69)
holds. The optimal (Markov) control is u(s,y) = B, thus independent of (s,y). (By
a similar calculation, one can show that the value of the criterion is finite for this
control, so in effect # = B is not only catching up optimal, but “ordinary” optimal.)
O

Remark 3.44 (Generalizations (dependence on ®)*). Also in the hard end con-
strained case, the functions fy, f, g0, and g can be allowed to depend on @, provided
they are nonanticipating in (7, ®) for each x, u, compare with a similar remark (Re-
mark 3.17) in the free end case. (See Seierstad (2001).) Let us restrict the attention to
the case where the only change is that f(z,x,u, j) depends also on 7}, f(t,x,u, j,T;).
This can be taken care of by assuming that f = f(¢,x,u, j,w), where w is an aux-
iliary state, for which w = 0, and for which w(t;+) —w(t;—) = g(t;,w(7;—)),
g(t,w) :=1t—w. Then f and f, are assumed to be continuous, (3.25) is assumed
to hold uniformly in 7; as far as f is concerned, and the Lipschitz rank k" is inde-
pendent of 7; (see the Standard System Conditions connected with (3.25)). Finally,
fw need not exist, and no condition (like (3.49)) needs to be put on g. O
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Remark 3.45 (Weakened differentiability assumptions on the characteristic solu-
tions, N < oo*). Assume that (3.29) (i.e., consistency) holds for all (s,y) € Qo(j),
and that, in these sets, (s,y) — z(s;s,y, /), j =0,1,...,N, are locally Lipschitz con-
tinuous. Then the differentiability conditions on z(t,s, v, 1), x(t:8,5,7), plt;s,y,)),
and A (t,x,p,j)in Theorem 3.27 can be weakened as follows.

Let ¢y (t,x,p, j), k=1,...,k}, be C!'-functions in (z,x, p), defined on clQ*(j) and
assume that for any (¢,x p) € le*( ), 0 (2,5, p, j) = 0 for at most one k. Let Q' ()
be given closed sets containing Q' (j) := {(s,y) € Q°(j) : ¢ (s,y, p(s35,y,7),7) =0
for some k}, and define Qy ;1= {r € (5,T) : ¢ (¢, x(2;5,y, ), p(t:5,¥,)),J) = 0 for
some k}, and assume that for any (s,y) € Q°(j)\ Q'(j), forany r € (5,T),t ¢ Qyy. .
(s,y) — (z(t:5,y, ), x(t;5',, j), p(t;s',y', j)) is C' for all (s',y’) in a neighbor-
hood N, 4. ; of (s,y). Assume also that H(t,x,p,j) and its first- and second-order
derivatives with respect to x and p (exist and) are continuous in Q. (j) := {(¢,x, p) €
0*(j) : ¢i(t,x,p) # 0 for all i}, j =0,...,N. Assume furthermore that z(¢;z,x +
g(t,x, j+1),j+ 1), z(t:t,x+g(t,x, j+1),j+ 1), p(t:t,x+g(t,x, j + 1) j+1),and
py(tst,x+g(t,x,j+1),j+1) (exist and) are continuous in Q°(j) \ Q' (). Assume
that, for each j, the functions H,(t,x,p,j)|a and I:Ip(t,x,p,])|A have extensions
to an open set containing clA, such that these functions as well as their partial
derivatives with respect to x and p (exist and) are continuous on this open set, for
any set A of the form M;®’, &' = {(t,x,p) € 0*(j) : ¢i(t,x,p,j) > 0}, or @' =
{(t,x,p) € Q*(j) : ¢i(t,x, p, j) <0} (the direction of the inequality sign may depend
on i). Assume that, for each j < N, the functions z(¢;¢,x + g(¢,x,j+1),j+ 1)|s
and p(t;t,x+ g(t,x,j+1),j+ 1)|p have extensions to open sets containing clB,
such that z,(t;t,x+ g(t,x,j+1),j+ 1) and py(t;¢,x+g(t,x,j+1),j+ 1) exist on
these open sets, all four functions being continuous here, for any set B of the form
NiP;, O; = {(I,X) € QO(]) : ¢i(t7x7p(t;tax7j)7j) > 0}9 or §; = {(tvx) € QO(]) :
0i(t,x, p(t;1,x,7),j) < 0}, (the direction of the inequality sign may depend on i).
Assume also that for any given j, for any (s,y) € 0°(j) \ Q' (), and any ¢ € (s,T],

¢k(t7X(t's ¥, 7),p(t:5,3,7),j) = 0=
¢kt +¢kx(a/at) ( 38050 )+¢kp(a/at) ( Sayaj) 7& 07 (372)

the partial derivatives ¢k, @r, and ¢y, being evaluated at (¢,x(z;s,y, j), p(t;5,y, j), J)-
(Theright-hand side is required to be non-vanishing both for the left limits and the ri ght
limits. For t = T, let t* = T—.) Finally, assume that Q' () is slim, j =0, 1,2,.

D

Remark 3.46. Consider the property:
() € "W\ Q' () = (s.y+8(s..j+1) € QG+ D\Q'(j+1).  (B.73)

If (3.73) holds, and if z(r;z,x,j+ 1), z,(t:2,x,j+1),j+ 1), p(t;t,x,j+ 1), and
py(tst,x, j+1),j+ 1) are continuous in Q°(j + 1)\ Q'(j + 1), then z(r;t,x +
glt,x, j+1),j+1), zy(t:t,x+g(t,x, j+1),j+1), p(t;t x+g(t x,j+1),j+1),and
py(t;t,x+g(t,x,j+1),j+ 1) are continuous in Q°(j) \ Q' (/). The last continuity
property is among the assumptions in Remark 3.45.
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Moreover, the implications in Remark 3.28 still hold in the setting of
Remark 3.45. U

Remark 3.47 (Changes in the premises of Remark 3.45). Assume, for each j, at
any (s,y) € Q%) \ Q'(j), continuity of p(T};s,y,j) as well as existence of the
derivatives in, and continuity at t = T of, t — (z4(t35,, j), 2y(t:5,9, J), xs(t: 5,9, J),
xy(t;5,y,j))- Then clA can be replaced by (clA) N ((0,T) x R?*") and clB can be
replaced by (c1B) N ((0,7) x R"). O

Example 3.48. Example 3.19 revisited. Theorem 3.27, with Remark 3.45, can be
applied to obtain optimality of the proposed candidates in Example 3.19. Let
0°(0) = Q°(1) = (0,T) x R. Earlier we constructed solutions x(t;s,y, 1) for all
(s,y) € Q°(1). Now, we need solutions x(t;s,y,0) for all (s,y) € Q°(0). For y €
[—1,0), x(¢;5,,0) = B*(¢;5,y), for y < —1, x(t;5,y,0) = B(¢;s,y) for t <t"(s,y),
x(t;5,5,0) = B*(£;¢"(s,y),—1) forr > ¢"(s,y), where (s, y) is obtained by “smooth
pasting” again, i.e., by solving the equations —1 = B(¢";s,y) = (T —")[(y +
/(T —s)— [ Ce*® /(T — 6)2do] — 1, and AeM" /(2T — M) = [9B* (11", —1)/
M)y = (0B (1:5,9) /01— = (y+1)/(s = T) + J{ Ce** /(6 —T)*do —Ce*"
(T —1"). The two equations determine C and ”: The first equation reduces to
b+ 1)/(T—s)— Cf;” ¢’ /(T — 6)?do = 0, using this in the second one, it re-
duces to AeM” /(AT — My = —CeM" /(T —1"), or A/ (e* — M"Y = —C /(T —1"),
which gives C = (" — T)A/(e*T — *"). Using this, the first equality becomes

O+ D/(T=8) =~ =) =) [ P27~ 0Ydo

For t” = s, the right-hand side is zero, for t’ = T, it is —eo. So a solution in (0,7)

for t” exists, which then determines C. It is easily seen that C and ¢”(s,y) are C!

in (s,y), y < —1. Hence, x(¢;,y,0), as well as x(z,s,y,0) = u(t;s,,0) = p(t;s,y,0)

are C! in (s,y), for y < —1 and for 0 >y > —1, for any ¢ € (s,T], at least when

x(t;5,y,0) # —1 (more precisely, for any (§,7), for ¢ for which (x(¢;$,9,0) # —1,

then, close to (§,¥), the C' - property holds). For y > 0, x(t;5,y,0) = x(¢;5,y,1) = y.
NOW’ Z(I;S,y, 1) = 7(1’11111{0,))})2(71 *[)/(S* T)z and Z([;S,y,O) =

M /Tt e *9[min{0,y}A/(e* — *T)2do
= M (e e min{0,y} /(M — AT,

when y € [—1,e0), (for such a y, a jump bring us to a state y > 0, at which z(#;7,y,1)
vanishes, so the fo—term is what remains in (3.58) for j = 0).

Evidently, for ¢ € (s,T], (s,y) — (x(t;5,5,1), p(t;5,9,1), z(t;5,y,1)) is C' in
(5,¥) € (0,T) x (—e0,0) (and also for y > 0). For (s,y) € (0,T) x (—1,0) (and also
fory > 0), (s,y) — (x(¢;5,y,0), p(t;5,y,0), z(¢;5,y,0)) is continuous, see the explicit
formulas for these entities. It is also easily seen that (s,y) — (x(z;s,y,0), p(t;s,y,0),
2(t;5,y,0))is Clin (s,y) € (0,T) x (—oo0, —1) atleast fort = T and for ¢ € (s, T) such
that such that x(¢;s,y,0) # —1 (explicit expressions have been given for x(;s,y,0)
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and in effect also for p(t;s,y,0)). By using Remarks 3.45 and 3.47, sufficient dif-
ferentiability properties are then seen to hold (to use these remarks, let ¢; = y+ 1,
¢ =y). In the remarks mentioned, certain further properties are required, including
consistency, local Lipschitz continuity of z(s;s,y, j), extension properties, and the
“nontangentiality” condition (3.72), all of which are easily checked.

Finally, using the limit conditions in Remark 3.28, let us show that an admis-
sible pair £(z, @), 4(¢, ®) is strongly semiadmissible. Here it suffices to show that,
uniformly in @/, lim, 7 z(t;¢,%(¢, @/), j) = 0, j = 0, 1. For any semiadmissible pair
(®(-5.),4(.,.)), X(T, @) > 0 and |%(s,w) —%(T, w)| < K(T —s), where K is a bound
on i(t,®), s,t > 7. Now, |min{0,y} — min{0,y'}| < |y —)'], so

|min{0,%(s, @)} = |min{0,%(s, )} — min{0,2(T, 0)}| < Ke(T —s). (%)

Hence, the above limit condition holds for j = 1 for any admissible solution, because
then K can be taken to be independent of 7. Thus, strong semiadmissibility follows
for admissible solutions, when the below argument in case j = 0, is also taken into
consideration. (For any semiadmissible solution for which EK; < oo, a similar limit
condition yields again strong semiadmissibility.) So, let j = 0. For ¢ close to T,
#(t,®%) > —1, and (*) again holds now for some K, so the formula of z(¢;s,y,0)
for y > —1 can be used, and it yields that z(t;t,;?(t,a)o),O) — 0 whent — T.
Note that u* (¢, ®) is admissible, as x*(¢,7) = min{0,x(7;0,—-2,0)}/(t — T), where
|x(7;0,—2,0)| = |x(7;0,—2,0) —x(T;0,—2,0)| < K(T — 1), for some K, by bound-
edness of x(#;0,—2,0). Thus, Remarks 3.45, 3.47, and 3.28 yield that (u(z,s,y,0),
u(t,s,y, 1)) are optimal (i.e., the corresponding nonanticipating pair (x*(¢),u*(¢))
with x*(0) = —2), is optimal among all strongly semiadmissible pairs, so in partic-
ular among all admissible pairs). (|

Remark 3.49 (Weakened differentiability assumptions in Theorem 3.37%). The con-
clusion in Theorem 3.37 even holds for the following weakening of its assumptions:
For each j, J(s,y,j) is defined and locally Lipschitz continuous in some open set
Q’j containing Q( ). For given C'-functions ;(s,y, j) on Q';, i = 1.3, J(s,9,7)
is differentiable and satisfies the HIB equation in Q’j \ Z%, where Z;-‘ are given sets
contained in {(s,y) € Q’; : Wi(s,y,j) = 0 for some i}. (Still J(s,y,0) is continuous
on {(0,x°)} U Q(0).) The functions ;(s,y, j) have the property that (s,y) € Q';,
Vi(s,3,J) = 0= (Wis(s,, ), Wiy (s,y,j)) # 0. Finally, for any @/, J(s,y, /) is dif-
ferentiable at all points (r,x*(r,®’)),7; < t, except a finite number (or countable
number) of points, with (3.68) assumed satisfied as written. U

Remark 3.50 (A = A(t,x,u, j), g0 = go(t,x,Vj,wj, j), g = g(t,x,V;,w;, j)*). In this
remark the intensities A () are allowed to depend on (¢,x,u), so A(j) = A(t,x,u, j),
with A(.,.,.,.) <K, for some K. Moreover, gy and g are assumed to depend on two
additional variables V;,w;, so go = go(t,x,V;,w;, j), g = g(t,x,Vj,wj, j). Here, V;
is a stochastic variable in R”, with cumulative distribution v — 7(v;z,x, j). If jump
number j occurs at t = 7; and the state before the jump is x = x(7;—, ®), then the
cumulative distribution of V; is m(v; 7;,x(7j—, ®), j). Furthermore, w; is a control
variable taking values in a given set W;. It is assumed that at each jump point 7;
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it is possible to choose w; after having observed the “size” v; of the jump, and w;
can also depend on all earlier 7;,v;,7; < t. Now @ = (79, Vo, T1,V1,-..), (vo having
no effect), and the controls u(¢,®) depend only on 7;,V; for 7; < t. The controls
wj(w) depend on 7;,V;,i < j. The functions go, g, &ox, &x, §oxr; &xx L€ continuous in
(x,V,w,1), the continuity being uniform in (z,x,w), and A and A, are continuous in
(t,x,u).

Optimal nonanticipating controls are denoted u*(,®),w}(®). The HIB equa-
tions are now

O = Js(say7j) +Su8 {fO(Saya M,]) +Jy(say>j)f(svyauaj) +)L(Saya M,]+ 1)
ue

xE| sup {go(s,y,V,w,j+1)+J(s,y+g(s,y,V,w,j+1),j+1)

WGWj+1

—J (s,yJ)}Is,y,j] } (3.74)

The expectation is calculated by means of 7 (v;s,y, j+ 1).

We are not going to present detailed precise conditions for sufficient conditions
to hold, but let us at least assume that for each (s,y), go and g are bounded functions
of V,w.

Provided A depends only on (t,x, ), and 7 not on x, the equations in the extremal
method must be modified as follows: First, in addition to i, we also need the function
w(t,x,v, j+ 1) yielding, by assumption, the maximum in

max [go(t7x7vaw7j+ 1) +Z(l;t,x+g(t,x,v,w,j+ 1)7J+ 1)}
WEWj+1

There are now three “states” x, p,z, whose differential equations must be solved
simultaneously:

= f(t,x,a4(t,x,p, j) J), (3.75)
p = —H(t,x,a(t,x,p, j),p,j) +A(t,x,j+1)p
—A(t,x, j+ D{E[p(t;t,x+g(t,x,Vip1,w(t,x,Vjy1,j+1),j+1),j+1)
X (1 + gx(t,%,Vig1,W(t,x,Vig1,j+ 1), j+1))
+gox (X, Vi1, (t,x, Vi1, i+ 1), j+ Dt, j]}
—l—{Z—E[go(t,x,VjH,W(I,X,Vj+1,j+1),j—|—1)
+z(t;t, x4 g(t,x,Vip1,w(t,x,Vig1, j+ 1), j+1),j+1)
[, J] (2, x, j+ 1), (3.76)

z= _f()(tvxvﬁ(tvxvpvj)vj)
+A(t,x,j+1){z—E[go(t.x,Vjr1,w(t,x,Viy1,j+1),j+1)
+z(tst, x4 g(t,x, Vi, w(t,x,Vigr, j+ 1), j+ 1), i+ 1)t ]} (3.77)



156 3 Piecewise Deterministic Optimal Control Problems

The expectations are calculated by means of 7(v;z, j+ 1). For each j, these equa-
tions are solved simultaneously in (x, p,z), with side conditions in the free end case
x(s) =y, p(T) = hox(x(T)),z(T) = ho(x(T)) and in the hard end constrained case,
(3.55) and z(T') = ho(x(T)) (in which case g is assumed to be independent of w). (]

For necessary conditions in the case A = A(¢,x, @), see Seierstad (2001).

Remark 3.51 (Several stochastic processes*). It is possible to generalize the above
theory to the case where there are several stochastic processes at work. So assume
now that there are given i* jump functions g‘(¢,x), i = 1,...,i*, and i* stochastic
processes furnishing, for each 7, jump points ‘L’;-, j=1,2,..., according to intensities

A'(1,x,u). So the state jumps according to x(ti+) —x(7i—)) = g'(t}, x(7}—)) at 7.
For each stochastic process, it is assumed that an unbounded number of jumps can
occur. Moreover, gg = 0 (for simplicity), and fj and f are independent of j. There

is then again a single J-function, and it satisfies

0= max {fo(s,yﬂt) () f 530 s (5.3)

+Y [ (s,,u)d (5,548 (5,9)) = A (s, 3,u)J (5,)] } (3.78)

i

Sufficient conditions related to this equation are similar to those in Theorem 3.37;
the precise statement is dropped. (]

Again, auxiliary state variables can be introduced to take care of a situation where
the 17’s do depend on the number of jumps of various types having already occurred.
In a soccer match, one might imagine that two different processes of the above type
determine the two teams’ goals, and one might wonder if the “differential game”
corresponding with the match could be solved by using the tools presented!

3.6 Optimal Stopping Problems

In this section, control problems are studied in which (also) the terminal time is
subject to choice. First, we describe the necessary changes in the extremal method
and state a corresponding sufficient condition, based on the field of characteristic
solutions obtained. Next, necessary conditions and the approach connected with the
HIJB equations will be discussed.

The problem studied is now the maximization problem:

max E
u(.,.),T€[T,T)

min{z;;,T}
r/ folt (e, @),u(t, @), j)ds
Jj=0

min{z;,T}

+ Z gO(Tju-x(Tj_vw)7j)+h0(T7x(T+7w)) ) (379)
Jje{j=lit<T}
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where the maximization is subject to the standard restrictions (3.15), (3.16) (the
differential equation, the given start point, the jump condition, and the restriction
u € U) and terminal conditions (if any). A fixed interval [T}, T3] is specified, within
which 7 is subject to choice. The maximization in (3.79) is carried out over all
admissible triples x(t,®),u(t,®),T(w), i.e., triples x(f,®),u(t,®),T(®) where
u(t, ®) is bounded, x(#, ®) is a solution on [0, T'(®)] satisfying (3.15), (3.16) and ter-
minal conditions (if any), with x(0, @) = 10, corresponding with the nonanticipating
u(t,®) € U, and where T () is a stopping time, i.e., 1o 7() (f) is nonanticipating.
Again jump intensities A (i) are specified, and the extremal method will only work
if, for some N < oo, A (i) = 0 for i > N. We mainly consider the case of a free end
(no terminal conditions).

(The entity T+ in (3.79) means that if we stop immediately when a jump has
occurred at some time T, the instantaneous reward we then get is ho(7T,x(T+)),
where x(T+) := x(T—) 4+ g(T,x(T—), j) if the jump has number j, x(t) = x(t, ®).)

Write @/ := (19, ...,7;, T2, T, +1,...). Note that T, = T(®) (= T (®’)) may hold
for a range of values of @/, i.e., with positive probability.

The extremal method will now be changed to allow for the optimal choice of
T. It is assumed that fy, f,go,g, and hg are C2. Because T is subject to choice, we
expect T to become a function of (s,y, j), T =T (s,y, j) € [T1,T]. For each starting
point (s,y, j), we shall also choose T. As we have one more unknown, we need to
add further conditions to the basic conditions (3.18)—(3.21) of the extremal method.
Let us write down all equations needed for the extremal method. In the method, we
need an auxiliary state variable z that we have met before.

Extremal method for free terminal time, free end, N < oo

The extremal method makes use of the following relationships.

i(t,x, p, j) maximizes H(t,x,u, p, j) := fo(t,x,u, j)+ pf(t,x,u, j) for u € U (3.80)
x(t) = f(t,x,4(t,x,p, ), J) (3.81)

p(t) = —Hy(t,x,a(t,x, p, j),p. ) + A(j+1)p
—A(+Dlgox(t,x, j+ 1)+ p(tst,x+g(t,x, j+ 1), j+ 1) (I +gx(t,x,j+1))] (3.82)

with boundary conditions

x(s) =y, p(T) = [hox(T,x)]s—x(r (3.83)
) =A0+1)[z—go(t,x,j+1)— (tx+gtxj+1),j+1)]
—fo(t,x,4(t,x,p,j),J), 2(T)=ho(T,x(T)) (3.84)

n(T,x(T;s,y,T,j),p(T;s,5,T,j),j) =0if T € (max{s, T },T»),
N(T.x(T;s,3. T, j),p(T:s,%.T,j),j) 20if T =15,
N(T,x(T;s,3,T,j),p(T;s,3,T,j),j) <0if T =max{s, 71}
where N(T,x,p,j) = m'?xH(T,x,u,p,j) + hoe (T, x)
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J(s, 3, T, j) == 2(s:5,%, T, ), (3.86)
J(5,y,7) =T (5,3, T(s,y,)),]), for s <T(s,y, ), (3.87)
p(t:s,y,j) = p(t;s,y,T(s,y,j),J), for s <T(s,y, ). (3.88)

Note that J(s,y, j) = ho(s,y) and p(s;s,y, j) = hox(s,y) when s = T (s,y, j). Condi-
tions (3.86), (3.87), (3.88) contain only definitions: we need the entities p(s;s,y, j+
1) and J(s,y, j+ 1) in (3.82), (3.84), and (3.85). Note that s is an arbitrary point in
[0,T3], and y is an arbitrary state. Now T is a parameter that is determined in the
solution procedure. Before knowing the correct value of 7', we need to solve (3.81)—
(3.83), for arbitrary T (as well as arbitrary (s,y, j)), so we write the solution pair as
(x(t;5,3, T, ), p(t;5,9,T, j)). Moreover, there is not a full simultaneity between the
differential equations. In fact, when x(¢;s,y,7, j) and p(z;s,y,T, j) are known, we
can insert these functions for x and p in (3.84), and solve this linear equation in z, to
find the solution z = z(;s,y,T, j). Once x(¢;s,y,T,j) and p(t;s,y,T, j) are known,
we can use (3.85) to determine T = T'(s,y, j). A full explanation of the use of these
equations is thus as follows (again a recursive solution procedure is available). First
(“step N™), x(t;5,9,T,N), p(t;s,y,T,N) are found using (3.81)—(3.83), where T is
a given parameter. At this step A(N + 1) = 0. Condition (3.84) is used to deter-
mine z(¢;s,y,T,N) and condition (3.85) is used to determine the (hopefully) optimal
T =T(s,y,N), Then, J(s,y,T,N), J(s,y,N), and p(t;s,y,N) are written down, us-
ing (3.86), (3.87), (3.88). Next (“step N — 17), from (3.81)—(3.83), x(¢;s,y, T,N — 1),
p(t;s,9,T,N — 1) are found (in (3.82) the function p(s;s,y,N) just constructed en-
ters). Using the known J(s,y,N), (3.84) yields z(¢;s,y,T,N — 1), Moreover, using
(3.85) (and the known J(s,y,N)), the (hopefully) optimal 7 = T (s,y,N — 1) is de-
termined. Then, J(s,y,T,N — 1), J(s,y,N — 1), and p(t;s,y, N — 1) are written down,
using (3.86), (3.87), (3.88). Next (“step N —2”), from (3.81)~(3.83), x(t;5,y,T,N —
2),p(t;s,y,T,N —2) are found (in (3.82) the known function p(s;s,y, N — 1) enters).
Then z(t;s,y,T,N — 2) is found by means of (3.84), using the known J(s,y,N — 1).
Moreover, inserting the known J(s,y, N — 1) when using (3.85), the (hopefully) op-
timal T = T'(s,y,N — 2) is determined. Then, J(s,y,T,N —2), p(t;s,y,N —2) and
J(s,y,N —2) are written down, using (3.86), (3.87), (3.88). And so on. At each
step, quintuples x(z;s,y,T, j), p(t;8,3, T, j),z2(t;5,%,T, j), T (5,9, 7),J (8,3, T, j), j =
N,N —1,...., are obtained. (We presuppose that the function r — u(z;s,y,T, j) :=
a(t,x(t;s,9,T, j), p(t;s,y,T, j),j) becomes piecewise continuous.)

We call the collection x(¢;s,y,j) := x(t;8,%, T (s,v,7),j), p(t;s,v,]) := p(t;s,y,
T(s,y,j),/)s J(s,5,)), T(s,y,j) a characteristic quadruple, and if we add
u(tss,y, j) = a(t;x(t;s,v,7), p(t;s,y, j), j), we speak of a characteristic quintuple.
Recall that s € [0, 7], and that s < T'(s,y, j) < T». The function u(z;s,y, j) is defined
fort € [5,T(s,y, j)], and the same goes for x(z;s,y, j), p(t;s,y, j).

Also in the current situation, using the characteristic solutions x(¢;s,y, j), we can
write down the corresponding nonanticipating solution x(¢, ®), and then the corre-
sponding candidate control u(¢, ) (and also p(t, ®)). So x(t; @°) := x(¢;0,x°,0) for
t € [0,min{1,7(0,x°,0)}], with T (@) := T (@) := T(0,x°,0) if 7(0,x°,0) < 1. If
7(0,x°,0) > 11, let x(t; 0" ) := x(t; 71, x(11 —, ®°) + g(71,x(71—, ®°), 1), 1) for ¢ in
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(e, min{ %, T (71,x(11 =, 0°) +g(T1,x(11 — ©°), 1), 1)}].

If T(71,x(71—, @°) + g(71,x(11—, @°),1),1) < 1, then T(®) := T(0') := T (11,
x(t1—, 0°) + g(t1,x(11—, ®°),1),1). If

T(Tlax(rlfawo) +g(717x(1177w0)3 l)a 1) > T2,

define x(t; 0?) := x(t; 72, x(2—, ®') + g(12,x(12—, ®"),2),2) for ¢ in (7, min{1s,
T(T27 (TZ , 0 )+g(TZa ( 770)1)72)72)}]'11:

T(T,x(n—, 0') +g(0,x(1—, 0'),2),2) < 13,

(
let T(®) := T(@?) := T (0, x(a—, @) + g(1,x(1r—, ®"),2),2). If
(72—

T(0.x(1—, 0") +g(T2,x 0'),2),2) > 13,

continue by defining x(t, @*) for ¢ in
(1’-37 min{1,'4, T(T37X(T3_7 (Dz) + g(T3,X(T3—7 a)z)a 3)7 3)}]

by x(t; ®3) 1= x(t; 73, x(13—, ®°) + g(73,x(73—, ®*),3),3). And 50 on.

We see that as long as T (7, x(—, @) + g(t, x(7e—, @), k), k) > Tyt
we continue at least as long as ¢ belongs to (T, Tx+1), while we stop at r =
T(Tk,x(fk—, a)k*') —I—g(Tk,x(Tk—, (Dkil),k),k) the first time T(Tk,)C(‘L'k—, (Dkil) +
8(Tix(—, @), k), k) < T

Note that the function 1) 7(g)) (¢) is nonanticipating. To see this, observe that if
t > T(®), and k is the smallest k such that 74| > T'(®), then 7 > T(®) > 7 and
T(®w) = T(w*) depends only on 7;,i < k.

Remark 3.52 (Free end). Define n*(T,s,y,j) : N(T,x(T;s,3,T,j),p(T;s,5, T, ), J).
The formulation of (3.85) is chosen such that it also works in case of end constraints,
briefly treated in Remark 3.61 below. In the free end case

N(T,x(T;s,y,T,j),p(T;8,%,T,j),j) =0"(T,s,y,j)
= ﬂ**(T,x(Tm,)@ Ta])v.])

where 1% (T, x, j)

:fO(Tvxvﬁ(T X hOx(T x) J) J)
+hox (T, x) f(T,x, (T, x,hox(T,x), j), j) + ho (T, x)
+AGG+D]go(T,x, j+ 1)+ J(T,x+g(T,x,j+1),j+1)—ho(T,x)].

O

It may be shown that 2UT)6=TIn*(T sy j) = Jr(s,y,T, j). Thus, assuming that
J(s,y,T,J) gives the optimal value when stopping at 7', then (3.85) is a necessary
condition for choosing T optimally (e.g., if T'(s,y, j) € (max{s, T} },T»), by neces-
sity, Jr = 0 at this point).
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Below, two examples are presented showing the use of this procedure. As we in
particular want to describe the use of (3.85) in determining the optimal stopping
time, we have chosen examples that are quite trivial, in particular no control u ap-
pears.

Example 3.53. Consider the pure stopping problem (no control u):
max Ex(T), when T € [0,b], x=e " ,x(0) =0,

where x(t) can have two downwards unit jumps with intensity A, e * < 1 < e?, ba
fixed positive number.

Solution. The procedure (3.80)—(3.88) will be used. Evidently, x(;s,y,7,2) = y+
e —e !, p(t;s,y,T,2) = 1.Furthermore, (T, x, p,2) equalse~ " pson*(T,s,y,2) =
e~ T .Moreover,z(t;5,y,T,2) =z(T;5,9,T,2) =y+e S —e T, J(s,9,T,2) =y+e 5 —
e~ T. In this case, we always choose to wait until # = b before stopping, a trivial
result ((3.85) = T = b). Note that J(s,y,2) =y+e > —e ",

Next, let us consider j = 1. In this case, p = Ap — A. With the end condition
p(T;s,y, T, 1) = 1, this gives p(t;s,y,T,1) = 1. Furthermore, n (T, x, p,1) :==e~ T p+
Alx—1+e T —e?—x). Hence, for n*(T,s,y,1) =e T +A(—1+e T —e7?),
we have that n*(T,s,,1) =0 if e T(1+24)=A(1+e?), ie, T=T"=
—In[A(1 +e?)(1+A)71] € (0,b). Now, if T < T*, n*(T,s,y,1) >0, and if
T >T* n(T,s,y, 1) <0. Hence, for s < T*, we cannot have T(s,y,1) =s or
T(s,y,1) = b, the only possibility is T(s,y,1) = T*. For s > T*, T (s,y,1) = 5. Now,
also x(t;5,y,T,1) =y+e*—e ', and

() =Az—(x—14+e " —e D) =Alz— (x(t;5,0,T,1) =1 +e " —e )] =

AMz—(y—1+e*—e )], s02(t;5,y,T,1) =y+e* —1—e P+ Ce where C is
determined by z(T';s,y,T,1) = x(T;s,y,T,1). The last equality gives y+e*—1—
e +CAT =y+et—e T whichgivesC=e T (1+e " —eT),s02(t;5,y,T,1) =
y—l4+e*—e b+ (1+e?—eT)er=T) Hence,

J(S,y, T, 1) =y— 1 +€7§ —eib—|— (1 +€7b _e*T)el(sz)7
and for s < T*,
J(S,y7 1) = ‘,(Svva(Svyv 1)7 1) =y 1 +€_S —e_b-l- (1 +€_b —e_T*)eA(S—T*),

while for s > 7%, J(s,y,1) = y.

Finally, let us consider j = 0. As before, p(7,0,0,0) = 1 (we now need only
consider (s,y) = (0,0). Moreover, for T < T*, n(T,x,1,0) = e T +A{x -2+
el —e 1 (14e?—eT)ATT) = T4 A{24eT—e b+ (14e"—
e TYHT-TY Hence, n*(T,0,0,0) = e T +A{-24e T —e?+ (14" -
e TYAT=T for T < T*. For T =T*, (using e ! = A(1+e?)/(1+ 1)),
n*(T*7OaOaO) =

el —A=A(14+e ) 1+1) =1 <A[1+2)(1+1) " =1] =0.
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Moreover, for T < T*, (d/dT)n* =

—e T+ 422 (14— TH) AT <
—e (1 + )+ A1 4+e?—eT)=-A(1+e?)/(1+1) <0, to obtain the
last equality, e =7 = A(1+e~?)/(1 +A) was used. Thus, if 7** is the solution of
n*(T,0,0,0) =0, then 7** < T* and the optimal stopping time is max{0,7**}. (In
(=0, T*), (d/dT)N*(T,0,0,0) < 0, so if T** > 0, then 1%(0,0,0,0) > 0.) More-
over, in (T**,T*], n*(T,0,0,0) < 0. Finally, in (T*,b], n*(T,0,0,0) = T -1 <
e "1 <0.
The sufficient condition below, (Remark 3.55) can be used to show optimality of
this solution. ]

Remark 3.54 (Sufficiency based on a field of characteristic solutions, N < o).
Define Q, y(j) = {(t,.x(t+,07)) : t € [1;,T(®/)] for some @'}, and Q(j) =
U(.,)Qx(.,.)(J), the union taken over all admissible pairs (x(.,®),T(®)). Similar
to Theorem 3.11, assume the existence of a H-maximizing #4(¢,x, p, j) defined on
open sets Q*(j) C (0,T>) x R?", and open sets Q°( /) satisfying (3.28) and contain-
ing O(j). Assume that, for any T € [T}, 1], solutions x(¢;s,v,T, j), p(t;s,3, T, j),
238,30, T,j), J(s,3,T,j) , t € [s,T], have been found, satisfying (3.81)—(3.84), and
(3.86) for 4 replaced by u(t;s,y,T, j) = a4(t,x(t;5,9,T, ), p(t;5,%,T, ), j), together
with a function 7'(s,y, j) satisfying (3.89) below, for all (s,y) € clQ%(j). Assume
that x(z;s,y,T,j) and p(z,s,y,T,j) are continuous in (¢,s,y), t € [s,T], (s,y) €
clQ®(j), and that, for any (§,9) in Q°(j), x(t;s,y,T,j) and p(t,s,y, T, j) are C'
in (s,y) € Q°(j), (s,y) close (5,9), t € [s,T]. Moreover, for any (s,y) € Q°(j)
((s,y) € {(0,x°)}uQ°(0) in case j = 0), assume that (¢,x(¢;s,, T, j), p(t;5,,T, j))
belongs to Q*(j) for all T, all ¢ € [s, T], and that (,x(¢;s,y,T, j)) belongs to Q°(j)
forall T,allz € [s,T]N [0, 7). Furthermore, assume that 7 — J(s,y, T, j) is Lipschitz
continuous in [T}, 7»]. Finally, assume that H and the first and second derivatives of
it with respect to x and p exist and are continuous in Q*(j). Then

u(t;svyaj) = ﬁ(’ax(ﬂsa}%T(S,}’J)J),P(“SvyvT(S,}%J),J),J.)a JZO, 1;"'7Na

are optimal, more precisely, the triple (x*(¢,®),u*(t,®),T*(®)) corresponding to
these entities is optimal among all admissible triples (x(7, ®),u(t, ®), T(®)), pro-
vided u*(.,.) is bounded. U

Remark 3.55 (A sufficient condition based on concavity, N < =). A sufficient con-
dition based on concavity can also be stated. We state only the most essential condi-
tions: Assume that, for any j, any T € [T}, T3], any (s,y) in Q(}), (in {(0,x°)}UQ(0)
in case j = 0), solutions (x(t;5,y,T,j), p(t:s,y, T, ), 2(t,5,3,T, j), J(5,5,T, ) of
(3.81)-(3.84), and (3.86) have been found, to which there correspond functions
T (s,y,j) satisfying (3.85). Moreover, assume that the concavity conditions in Re-
mark 3.10 are satisfied for each T. Finally, for each j, assume that

n(T' x(T';s,3,T', ), p(T';5,3,T', j),j) > 0 if T' € [max{Ty,s},T(s,y,))),
(T x(T";s,9,T', j),p(T" 5,3, T, j),j) <0 if T' € (T(s,y,j), T3] (3.89)
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Then the characteristic solutions are optimal. (See Seierstad and Sydsaeter (1987),
Theorem 13, p. 145, for a more carefully worded condition in the deterministic
case.) O

Example 3.56. Consider the pure stopping problem (no control u):
max Ex(T), when T € [0,b], i=—x, x(0)=x">0
and where x(¢) can have a single unit upwards jumps with intensity A > x°.

Solution. All start values y are chosen to be > 0. After one jump, it surely pays to
stop at once, J(s,y,1) =y, and p(t;s,y,1) = 1.

Let us find x(1;0,x°,7,0), p(¢;0,x°,T,0). Evidently, x(¢;0,x°,T,0) = x%~"
and p = p+Ap — A. With p(T) = 1, this gives p(¢,0,x°,7,0) = [1 —4/(1 +
MM HAET) L3 /(14 A). Next, (T, x, p,0) in (3. 85) reduces to 1(T,x, p,0) :=
—xp+A(x+1—x)=—xp+2,s0on*(T,0,x°,0) = —x"~T 4+ 1. Now, for any T,
n*(7,0,x°,0) > 0, so T(0,x°,0) = b.

Remark 3.55 gives directly that this proposal T (0,x°,0) = b is optimal, because
n*(T,0,x°,0) >0 forall 7. O

Let us state necessary conditions for the current problem. Let x* (¢, ®),u*(t, ®),
T*(w) be an optimal triple in problem (3.79). Recall that when 7; < T», then
T*(0/) :=T"(@0/,T5,T» + 1,...). Moreover, for t > t;, x*(t,0’) := x*(t,0’, T,
T, +1,...), and the same type of definition is used for p(r,®’/) and u*(t,®’).
The three functions are defined on [7;,7*(®/)]. We need to introduce the function
7*(t, ) defined on [1;, T*(w/)], satisfying the two equations: For 7 > 7;, v.e.,

(1t 0)) = —folt,x"(t,0),u*(t,0'), )+ 2(j+ 1)z
A+ D)[go(t,x* (t,@7), j+ 1)+ 2" (t+, @ ,1)] (3.90)
Z(T*(0),0') = ho(T* (@), x(T* (/) +, 7)), (3.91)

(t — 7*(t,®’) continuous). Assume that the Standard System Conditions connected
with (3.25) are satisfied (/g still C?).

Theorem 3.57 (Necessary condition for free terminal time, free end, N < ).
Assume that x*(t,0),u*(t,®),T*(®) is an optimal triple in problem (3.79). Then,
Sunctions p(t, ), defined fort € [0, T (®)), exist, with properties as in Theorem 3.8,
such that, for any given j, the maximum condition (3.22) and the adjoint equation
(3.23) hold for T replaced by T* (a)j) (hence, (3.22) and (3.23) are satisfied for v.e.
t € (tj,T*(@)). Furthermore, p(T*(@/),®’) = ho (T*(@/),x*(T*(0/)+, ®’)).
Moreover, a.s., for T; < T*(a)j),

N(T* (@), 0’) = 0if T*(0’) € (T, T2),
N.(T*(@)),0’) > 0if T*(0’) = T1, N.(T*(@0’),0’) <0if T*(0’) =Ti, (3.92)

where N,(T, ®/) =
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mfo(T,x*(T7 o), u, p(T, @), j) + ho; (T, x* (T, ®"))
+A(+ 1) [go(T,x* (T, @), j+ 1)+ (T, 0/, T) — ho(T,x*(T, @))].
Finally, a.s., N.(T*(0/)+,0/) <0 if T*(w/) = 7;. O

See Seierstad (2001).
The HJB Equation in Optimal Stopping
An alternative solution tool is the HIB equation. Define

J*(s,y,j) = sup E Z/“l a1 (O folt, x(t, @), u(t, @), j)dt
k>jY

u(.,.),T
+ Y so(mx(n—,),))
k>j7Tk<T
+ho(T,x(T+,®))]s,y, j] , (3.93)

where the maximum is found for all triples (x(f,®),u(t,®),T(®)) satisfying the
differential equation and the jump condition, with x(.,.) starting at (s,y, j), (i.e., j
jumps before s, 7; <5, y = x(s+,®)), and where we allow T = T(®) to be sub-
ject to choice in [max{s,T1},T2], (x(t,®),u(t,®),T(w)) independent of T,k < j
((x(.,.),u(.,.)) nonanticipating, T'(®) a stopping time). Except for Remark 3.61 be-
low, we assume here a free end. When the solution procedure above is used, in
well-behaved cases, J(s,y, j) coincides J*(s,y, j). Let the set G*(j) be defined by:

G*(j) ={(s,y) € [, o] xR, J"(s5,y,j) > ho(s,y)}. (3.94)

By definition of G*(j), J*(s,y,7) < ho(s,y) for (s,y) € G.(j) := ([T1, 2] x R") \
G*(j). But, of course, the optimal value is never strictly smaller than &g (s,y), be-
cause we always have the possibility to stop immediately at (s,y) and get hi(s,y).
So, J¥(s,y, ) = ho(s,y) for (s,y) € G.(j). Moreover, G*(j) is “the continuation
region”: We don’t stop immediately at (s,y) when we are in G*(j), because by con-
tinuing, we get J*(s,y, j) instead of hg(s,y).

Assume that J*(s,y, j) is continuous in (s,y). Then, for each j, J*(s,y, j) satisfies
the following condition: Let dG..(j) denote the boundary of G (). Then

J (8,3, 7) = ho(s,y) for (s,y) € dG.()), s € [T1, T] (3.95)

Note that dG.(j)N((T1, ) x R") = dG*(j) N ((T1,Tr) x R").

Similar to the fixed horizon case, at each point (s,y) € ([0,77] x R") U G*(j)
at which J*(s,y, j) is differentiable in (s,y), the following equality (HIB equation)
usually holds, for J = J*.
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0 =J5(S;y7j) +SUP{f0(S,yaM7j) +Jy<say7j)f(s7yvu7j)}

uclU

FAG+D{go(s,y, i+ 1) +J(s,y+g(s,y,j+1),j+1) =J(s,5,/)}  (3.96)

Finally, the following condition usually holds: For all (7,y) € dG.(j),

+A(+ 1) {go(T,y,j+1)+J(T,y+g(T,y,j+1),j+1)=ho(T,y)} =0
if Te(T,,T) (>0if T=T, <0if T=T). (3.97)

In Chapter 2, in order to derive (2.52) (the analog of (3.97), the left and right
derivatives (d*/dT)S(T,x(T;s,y)) (S the scrap value function) were used to de-
cide whether it pays to continue a little longer or shorter. A similar discussion of
whether it pays to continue a little longer or shorter can be carried out in the current
situation (it should not pay, in optimum), and this leads to the condition (3.97).

Equality (3.96) is the HIB equation of the problem. The solution of the problem
now consists in finding solutions J(s,y, j) of the HIB equation (3.96) on open sets
G(j), such that dG(j) N ([T1,T»] x R") consists of points (T, y) satisfying (3.97) and
such that J(T,y, j) = ho(T,y) at such points.

Also in the optimal stopping case, a sufficient condition is connected with this
procedure; some further conditions are then needed.

Theorem 3.58 (Sufficient condition for the HJB equation, free end, free hori-
zon, N < oo). Assume that open subsets Q"(j) and G(j) of R"*! and functions

J(s,y, ) defined on clQ"(j) have been found, G(j) Q" (j), Q) € Q" (j), J(s,¥, )
being C" in (Q"(j)NG(j))U(Q"(j)\cIG(})), satisfying the HIB equation (3.96) in
G(j) and satisfying

J(t,x, ) > ho(t,x) for (t,x) € Q(j)NG(j), t>Ti. (3.98)

Moreover, assume that Q(j)N([0,T1) x R") C G(j) and that [(T, T>) x R"| N dG())
is slim. Furthermore, assume, for (s,y) € clQ(j), that J(s,y, j) > ho(s,y), and, for
(5,9) € [()) N((T1, T2) x R")|\ ¢l G(j), that

(3.96) is satisfied with the equality replaced by > . (3.99)

Assume also that J(s,y,j) is locally Lipschitz continuous on clQ"(j). Assume
that J(s,y,j) = ho(s,y) for all (s,y) € (clQ(j)) N dG(j), s > Ti. Assume, fur-
thermore that, for any admissible pair x(t,®),T (o), for some positive constants
Oy, Ke(.,)) J(t,x(t, @), j)| < o)+ K 122 @)
if t € [Tj,Tj41). Assume, moreover, that there exists a control functwn u “(t, ),
with corresponding solution x*(t, ®) defined on some interval [0,T*(®)] that yields
the supremum in the HJB equation (3.96), for vee. s € (1;,7j11), s < T*(®) at
(s,y) = (s5,x*(s,0")), and satisfies J(T*(@’),x*(T*(@0/)+,®’), j) = ho(T* (@),
H(TH(0))+,0))) if T*(0)) = 1; < To, where T*(®/) := T(11,...,7;, T2, > +
1,...). Finally assume that 1o 1+(o)|(t) is nonanticipating, that T*(w’) = sup{t :
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(s,x"(5,07)) € G(j) for s € (tj,1)} (T* (@) = 7; if the last set is empty), and that
(x*(.,.),u*(.,.)) is admissible. Then (x*(t,®),u*(t,®), T*(®)) is an optimal triple
in the problem (3.93). O

Remark 3.59 (Method of solving the HJB equation). As before, a standard method
for solving the HJB equation is to use the characteristic equations. We then imag-
ine that, for each j, characteristic quintuples have been found for all (s,y) in some
open set Q" (j) containing Q(j) N ([0,77) x R™), and that the open set G(j) equals
{(s,y) € Q"(j) : s < T(s,y,j)}. Note that the functions J(s,y, j) defined in (3.87)
automatically satisfy (3.96) for (s,y) € G(j), provided enough differentiability is
exhibited by the functions x(z;s,y,T, j), p(t;s,9, T, j), and T(s,y,Jj), at least when
T(s,y,j) € (T1,T2). (Then J(s,y, j) = ho(s,y) for (s,y) ¢ G(j), so the HIB inequal-
ity needs to be tested for this function J(s,y, j) outside of G().) O

Example 3.60. Assume in Example 3.56 the possibility of an unbounded number of
jumps, all with intensity A.

Solution. The HIB equation 0 = J; +J(—x) —AJ+AJ(x+ 1) (as well as the adjoint
equation) is now satisfied for a single function J independent of ;.

Below, let y > 0. Let us do some preliminary calculations. The expected value
z(o) of x(0), o € (s,b] can be found as follows: Given x(o), the conditional
expected value of x(o + do) is approximately equal to (x(o) + x(o)do)(l —
Ado)+ (x(o) 4+ 1)Ado, the two terms arising, respectively, from the two events:
no jump in (0,0 +do), and one jump in (6,06 +do). (For do small, the possi-
bility of more than one jump may be discarded.) Then Ex(c +do) ~ x(o)(1 —
Ado) —x(o)do(1l — Ado) + (x(o) + 1)Ado ~ x(o) — x(0)do + Ado. Hence,
Elx(6+do)—x(0)]/do ~ —x(o) + A (still conditional expectation). Hence, tak-
ing unconditional expectation on both sides gives z = —z(o) + A. This differen-
tial equation has the solution z(¢) = A + (y — A)e~=%) (given z(s) = y). Does it
pay to stop at b rather than stopping at once? This requires y < z(b), which yields
y(1—e =) < A(1 —e=(=%)), or y < A. So if this inequality holds, it pays to con-
tinue. (In fact in Example 3.56 above, we saw that even if only one jump may occur,
it pays to continue.) What is the optimal strategy if y > A? We suspect that if y is
not too large, it may still pay to continue.

It is difficult to solve the HIB equation in this case. So a guess is needed. Let us
calculate the expected reward when starting in (s,y) and waiting until the first jump
occurs and then stopping at once, or if no jump occurs stopping at b. (Denote this
policy R*.) The expected reward is evidently

b o
/ (yesfp—i-l)le““p)dp—l-/ ye* PAe* P dp
K b
_ K(s,y) ::yl(l _’_2{)71(] _e(1+l)(s7b)) +1 _el(sfb) _i_ye(lJrl)(sfb).

Now, k(b,y) = y. Note also that dx(s,y)/ds = yelI 1) =b) _  gA(5=b) jg negative
wheny = A , s < b. Thus, the function # — (7, 4) stays above A when going back-
wards. Hence, the solution x,(s) of y = k(s,y) satisfies x.(s) > A. The formula is
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x(s) = (14 1) (1 _ez(s—b)> / <1 _e(l+l)(s7b))

which evidently is < 1 +A when s < b.

We have seen that [ + 4 > x,(s) > A . Compared with the above strategy, (R*),
it pays to stop at once if y > x.(s) but to continue if y < x,(s). Note also that if
y < A, then it pays to continue even if only one jump can occur as seen above. (And
perhaps we don’t stop immediately after that jump.) At such y, we surely know what
to do. So from now on, we only consider y > A .

Note that then y+1 > A +1 > x..(s). If we propose the set {(s,y) : y > x.(s) } to be
the “stopping region,” then we see that if L <y < x,(s), a jump at (s,y) brings y+ 1
into this stopping set. Thus if we now put J(s,y) = k(s,y) in the set Gy := {(s,y) :
s <b,A <y <x(t)}, while J(s,y) = y elsewhere in [4,e0), then theoretical results
tell us that J(s,y) satisfies the HIB equation, for (s,y) in Gy. To explain intuitively
the satisfaction of the HIB equation, simply note that J(s,y) as here defined is the
optimal value function in a very restricted problem: That one in which we are given
no choices, and in which we get the reward x(7) + 1 = ye~(*~%) 41, when we jump
from (7,x(7)) € G, to (T,x(t+ 1)) and x(b) = ye~*~%) in case of no jump. How-
ever, that J(s,y) satisfies the HIB equation in G, can be directly tested by insertion
into the equation. To see this, let x(s) = x(0)e™* be an arbitrary solution (i.e., x(0)
arbitrary). Insert x(0)e™* for y in (say) the integral formula for k(s,y). When differ-
entiating the ensuing expression with respect to s, note that after differentiating the
two integrands, the integrals sum to A x(s,x(s)). Differentiating with respect to the
lower integration bound gives —A (x(0)e * 4+ 1). So &;(s,x(s)) + K (s,x(s))x(s) =
(d/ds)x(s,x(s)) = —A(x(0)e * 4+ 1) + Ax(s,x(s)). This evidently yields the satis-
faction of the HIB equation at (s,y), for y = x(s) = x(0)e™*. We also check that the
HIJB inequality is satisfied by the function hg(s,y) =y for y € [A,e)\ G, (which
follows from y > A). Using sufficiency results (Theorem 3.58), we can conclude
that the optimal policy has been found: Also at points (s,y) € G,, we continue.

A central point in this sufficiency argument is that J(s,y) is (Lipschitz) continu-
ously pieced together along the curve x, ().

Above we noted that for y < A, we knew that we continued. So the continuation
region in fact is G := {(s,y) : s < b,y < x,(s)}. We can in principle construct solu-
tions of the HIB equation also for (s,y) € G, (s,y) ¢ Gy, by successively construct-
ing solutions in {(s,y) : s < b,x.(s) =2 <y < x.(s) = 1}, {(s5,y) : s < b,x,(s) =3 <

y < x.(s) —2},..., as we always jump from a given set in this sequence to the pre-
ceding one, on which we have already constructed the solution. But we don’t need
these solutions. ]

Remark 3.61 (End constraints). Assume in problem (3.15), (3.16), (3.79) , with T
subject to choice in [T7, T3], that the following terminal conditions are introduced:
a.s.,

x,'(T((D)+,CO):xAi,l': 1,...,n/, (3.100)
xi(T(0)+,w) > %,i=n"+1,....1". (3.101)
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Then Theorem 3.58 also holds in the case of end constraints, provided the fol-
lowing changes are made: Allow triples (x(7,®), (t ), T(w)) that are semi-
admissible in the sense that supw,<T,\ (t, @)1 7(w)| < oo, for all T < T,
E{) o |x(t, @)l po.r()ldt} <o, E{fozlfo(t x(t, @), (t w))l[or jldi} <eo, and
assume that (x*(z, a)) *(t,w),T*(w)) is semiadmissible. Weaken the assump-
tions on J(s,y,j) to be that it is defined and locally Lipschitz continuous on
©1Q"(j))N([0,T2) x R™), that J(s,y, j) = ho(s,y) is required to holds for all (s,y) €
0(j)NaG(j), s € [T, T>), and that J(s,y, j) > ho(s,y) is required to hold for all
(s,¥) € Q(j), s € [T1, T»). Furthermore, add the condition that, a.s., if T*(®/) = T»
for some @/, then,

lim J(t,x*(t,07), j) = ho(T* (@), x"(T* (&), (3.102)
11T (/)

and that, for any semiadmissible pair (x(t,®),T(®)), a.s. for any @’/ such that
T(w/) =T,
lim J(t,x(t,@), j) > ho(To, x(T, ®7)). (3.103)
—12
Finally, assume that for any semiadmissible pair (x(¢, @), T (®)),any T" < T, for some
constants Qg (), Krvx(.,.)> [ (t,X(t, @), 1) 10,70y ()] < 07 <) + Kpr a0 [X(2, @)
when 1 € [t, ‘L'JH) 1< T and that

sup |J(t7x(t7 (D), w)1[07T(U))] (t)| < oo
t<T»

In case of the elementary solution procedure, replace the transversality condi-
tion p(T) = [hox(T,X)]s—x(r) in (3.83) on p(T;s,y, T, j) by (3.54) for A;(k,s,y, j) =
Ailk,s,3,T,j), Ailk,s,y,T,j) (hopefully) continuous in (s,y) for i = n’ +
1 n”. O

yerey

3.7 A Selection of Proofs*

Proofs are given for sufficient conditions (verification results) based on the HJB
equation and characteristic solutions, as well as for the necessity of the HIB equation
(only in the fixed terminal horizon case). Certain details are treated with less than
full rigor. To simplify the notation, we shall consider the special case where fo =0
and go = 0. The general case is treated by applying the “special case” to a redefined
problem where an auxiliary additional state x is introduced governed by

%o = fo(t,x,u, j),x0(0) =0, (3.104)
xo(Tj+) —x0(7j—) = go(7),x(7;—),Vj, j), (3.105)

and where the following criterion is maximized
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E[xo(T—)+h0(T,x(T—))]. (3.106)

Proof of Theorem 3.37

Let u(t,®) be a bounded function, with corresponding solution x(z, ®) of (3.15),
(3.16). Assume that the following inequality has been shown:

J(1j,x(15,0), j) 2 J(T (T, 07), jet U DED)
T , _ .
+/ J(tx(t,07) +g(1,2(0,07), j+ 1), j+ DA+ DHVEar (3.107)
with equality holding if x(.,.) = x*(.,.) and «*(.,.) is bounded. The right-hand side
equals
J(Tx(T, @), et DT

T .
+/ J(tj1,x(Tj+, @), j+ DA+ 1)U O 5 gr; .
o ‘Ej
Hence, for 7; < T,
J(tj,x(7j+, @), j) Z/T J(T (T, ), )A(j+ 1)tV 5) g,

+/ (T4 1,x(Tj1+, ), j+ 1)
xA(j+1)e 1+1)(T/—T,+1)d1-]+1
= E[J(T,x(T, ), /)1 (7.00)(Tj1)| @]
FE[J (i1, X(Tia1+, @), j+ 1)1 7 (Tj41) @] (3.108)

Then, J(0,x°,0) >

E[J(T,x(T,®),0))1(1.0)(71)]

+EJ(T1,x(T1+, @) 1) 1o, 77(71)]

> E[J(T (T, ®),0))1(7.0)(71)] + E[E[1jo 7)(71)J (T .X(T, ©),1)1(7) (%) | @]
+E[E[J (72, x(2+, ),2) 1, r1(%) 1jo,71(71) | @]

E[J(T,X(T, w)7i)1[‘c,-,7:i+1) (T)] +E[‘](TZ7X(TZ+7 w)72)1[0,T] (TZ)L

o

i=0

the first (second) inequality following from using (3.108) for j =0, (j = 1). Contin-
uing in this manner, using (3.108) for j =2,3,..., we get J(0,x°,0) >
j o .
Z E[J(T,X(T7 CO), l) 1 [7,Ti+1) (T)] + E[J(Tj+l 7X(Tj+l +7 0)) »J + 1) 1 [0,7] (Tj+l )] .
i=0
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Now, Pr[7j,1 <T]— 0, when j — co. Using the growth conditions stated subsequent
to Theorem 3.8, it can easily be proved that when j — o, then E[J(Tj11,x(Tj+1+, ®),
J+ D7 (Tj+1)] — 0 and also that the infinite sum to follow exists. (Here
boundedness of u(.,.) is needed.) Hence, letting j — oo, we get

=

J(0,x°,0) > Y EJ(T,x(T,0),i)1 (4, ,)(T), (3.109)
i=0

with equality if x(.,.) =x*(.,.) and u*(.,.) is bounded.
Let us prove (3.107). Multiplying by e+ (%=9) in the “HJB-inequality” corre-
sponding with (3.64), with y = x(s, ®/), gives
0 > Jy(s,x(s, @), j)et D=9
Uy (s,x(s. @), ) (5,(5, @) (s, @), )5
+l(‘]+ 1) (S x(s )—|- (S X(S a)/) J+ 1) ]+ l)el(j+1)(rj7‘\')
—A(j+1)I(s,x(s,@7), j)et U=
= (d/ds)[](s _x(s (DJ) )ek JHD(Tj— s)]
FA(+ 1)JI(s,x(s, a)j))+g( x(s, 0 ) J+1),j+1e A1) (tj=s)

(s,
(DJ
(DJ

Equality holds if (x(.,.),u(.,.)) = (x*(.,.),u*(.,.)) , provided u*(.,.) is bounded. In
case T; < T, integrating between s = 7; and T yields (3.107). (For j =0, 1) =0,
even continuity of J(s,y,0) on {(0,x°)} UQ°(0) is used.)

To prove Theorem 3.37, replace T by T’, T’ < T, in the arguments leading to
(3.109). Then (3.109) means that J(0,x°,0) > E[J(T',x(T', ®), ®)], with equality
if x(.,.) =x*(.,.). Here x(.,.),u(.,.) and x*(.,.),u*(.,.) are allowed to be semiad-
missible. By semiadmissibility and the growth condition on J, letting 7/ — T and
using (3.66), we get J(0,x°,0) > limsupy/_ 7 E[J(T',x(T', ®), ®)] > E[ho(x(T, )],
and, by (3.67), equality holds if x(.,.) = x*(.,.). This means that (x*(.,.),u"(.,.)) is
optimal.

Essentially the same arguments also work in cases (a), (b), and (¢) in Remark 3.39.

]

Remark 3.62 (Changed premises). Let x(.,.),u(.,.) and x*(.,.),u*(.,.) be strongly
semiadmissible. If (3.107) holds for J(T,x(T,®’), ) replaced by ho(x(T,®’))
(equality if x(.,.) = x*(.,.)), then J(0,x°,0) > Eho(x(T,®)) (equality if x(.,.) =
X, O

Proof of Theorem 3.27

For simplicity, assume that all semiadmissible pairs are strongly semiadmissible,
and that the end conditions (3.47) and (3.48) are required to hold for all w. Let us
first note that from the conditions assumed in the theorem, by backwards induction,
it easily follows that
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(5,9) = (2535, 1), 29(535,3, 1), P(535,3, )5 Py (538,, 7)) is €% in @°(j).  (3.110)

To see this, assume by induction that (3.110) holds for j+ 1 (no such assumption
needed when j = N). Let us prove that it then holds for j. Essentially, the argu-
ment is simply that the functions zy(t;s,y, j) and py(t;s,y, j) (as well as z(s;s,, j)
and p(s;s,y, j)) satisfy a set of differential equations with continuous right-hand
sides that we don’t need to write down, and from this (3.110) follows even for
Jj. But perhaps the following additional arguments are helpful: For any j, for any
(5,5) € Q°(j). and for any T’ € (5, ), let A(T", 5.9, /) = { (1,x(1:8.9.)). p(t:5.9. /) :
t€[8,T')}, let B(T',$,9, j) = {(t,x(t;8,9, ) + g(t,x(t;8,9, ), j+1) : t € [§,T']} and
choose an € > 0 such that C(T”,3,9, j,€) = {(¢,x,q) : dist((¢,x,q),A(T',8,9,))) <
€} C 0*(j), and such that D(T",3$, 9, j,€) = {(¢,x) : dist((¢,x),B(T",$,9,j)) < e} C
QO( J+1). Now, H and its first and second derivatives with respect to x and p
are bounded on C(T',$,9,j,€) and by the induction hypothesis, p(s;s,y,j+ 1)
and py(s;s,y,j+ 1) are bounded on D(T",8§,9, j,€). There exists a § < §, such
that for (s,y) close to (§,9), the solutions x(t;s,y, j), p(t;8,¥,7)),z(t;s,y,J) ex-
ist even for ¢ in [5, 7], still being C! in (s,y) near (§,%) for such ¢, moreover
(1, x(t55,5, 1), p(£35,7, ))> and. (t,x(235,3, /) + §(6,x(135,7, ), j + 1)) stay, respec-
tively, in C(T”,$,9, j,€) and in D(T",$,9, j,€) when r € [§, T']. Evidently, p(z;s,y, j),
2(t;s,y, j) as well py(;s,y, j), 2y(¢,s,y, j) are bounded for 7 € [$,T"] for (s,y) close
to (§,9). From this (3.110) follows even for ;.

By backwards induction, we shall prove that z,(s;s,y, j) = p(s;s,y, j) for (s,y) €
0°(j) (from which it follows that zyy(s;s,y, j) is C° at such points). Let (5,5) be
any given point in Q(j) when ] > 0, (5,5) € {(0,x°)} U Q(0) in case j = 0. Let
{653, )) = 2(t35,9, NN, (0 J(5.5, ) = 2 (5:5.5, ). Using (3.58), an
easy calculation shows that

(s, ) = = A0+ DI, x(t5,y, ) +(t,x(655,3, ), j+1), j+ 1)erITDED,
s0, by the boundary condition in (3.58),
2 (35,3, ) = ho(x(T:s,y, j))e* T DET)

- / A(j+1)J(o,x(035,y, ) +8(0,x(035,y, /), j+ 1), j+ 1) D46,
t
(3.111)

For a given number j, consider the following deterministic problem, denoted DP
below.

. _ T . _
max{ho<x<r>>e“f+“<s-”+ / [J(r,x+g<r,x,j+1>7j+1>wj+1>e“f+1><f-f>dz}

subject to
x=f(t,xu(t),j),x(5) =3, ueU,
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with end conditions x;(T) = £;,i = 1,...,n",.x;(T) > £,i =n'+1,...,n" in case
(3.52) holds, in case of (3.53) add (g"/(x)); > %i,k=1,....N—ji=n'+1,....n".
The integrand is defined on Q°(j). We assume (5, 3) € Qo(j).

Let us apply the theory in Chapter 2 (Remarks 2.21, 2.30) with fo = J(f,x+
g(t,x, j+1),j+1A(j+ 1)erUtE) to the above deterministic problem (DP),
in which the Hamiltonian is denoted H* and the maximized Hamiltonian A*
and in which xo(z;s,y) is defined by xo(s;s,y) = 0, %o(t) = J(t,x + g(t,x,j +
1), j+ DA +1)erUTDE) where x = x(t;5,y, j). We propose (x(:s,y), u(t;s,y),
p*(t;s,y)) as a characteristic triple in DP, where (x(¢;s,y), u(t;s,y)) = (x(¢;s,Y, j),
u(t;s,y, j)), and p*(t;s,y) = p(t;s,y,j)exp(A(j+ 1)(§—1)). Using the induction
hypothesis that zy(s;s,y, j+ 1) = p(s;s,y, j+ 1) (not needed when j = N), an easy
calculation shows that p*(¢;s,y) is a characteristic adjoint function in DP (i.e.,
the proposal works, as the maximum condition in DP holds). Now, A* has first-
and second-order partial derivative with respect to x and p, at all (t,x,p) € Q* :=
{(t,x,p) € Q*(j) : (t,x) € Q°(j),t > §} (by the induction hypothesis, zy, (7, x, j+1)
is C° for (¢,x) € Q°(j+ 1), so second-order partial derivatives of A* do exist and
are CY). Now, z(t;5,y, j) =

ho(x(Ts55,3, )T o (T3,7) ) —xo (835, y)e* ).

The C'-property of z(t;s,, j) and x(t;s,y, j) postulated means that xo(z;s,y, j), t €
(s,T],is C" in Q°(}), use the last equality for ¢ = s, and then for arbitrary ¢. This
equality also gives that xo,(z,s,y, j) and xoy(?,s,y, j) are continuous at r = 7. It is
assumed that s (x(T, ®/)) := J(T,x(T, ®/), j) = lim, 7 J(¢,x(t,®7), j), so for § =
7j, § = x(1;+, @), the Remarks 2.21, 2.30 in Chapter 2 yield optimality in DP of
u(t;5,5) in the set {u(r; /) : (x*)(.,.),u(.,.)) is semiadmissible}. Moreover, from
these results, z;(s;s,y) = p*(s;s,y), which yields z,(s;s,y, j) = p(s;s,y, j) for any
s > §, in fact for any s > 0, as § was arbitrary. In particular, the CO-property of
(z(s35,,0),x(T;s,y,0)) on {(0,x°)} UQ°(0) means that xo(;s,y) is C° on this set,
so optimality even of u(;0,x%,0) in DP follows.

Evidently, for any x(.) = x(¢, ®/), x(., .) semiadmissible, by J (5,7, j) = z*(5; 5,7, j)
and optimality of u(t;5,¥), for § = 7}, § = x(7;+, /),

J(5,5,J) > ho(x(T))e*U+DE=T)

T . -
+/ J(t,x(t) 4 g(t,x(1), j+1), j+ DA+ 1)U g (3.112)

with equality holding for x(7) = x(;5,7). So, for any semiadmissible x(¢,®), for
§=1j, y:x(rj—i—,aﬂ),

J(tj,x(tj+, @), j) > ho(x(T, 7)) I+ D7)

T X . .
+/ J(t,x(t,07) +g(t,x(t,@7), j+ 1), j+ DA+ 1)U Ear. (3.113)
Tj

Equality holds for x(¢,w) = x*(¢,®), x*(t, ®) corresponding with the x(z,s,y, j)’s.
Then Remark 3.62 yields optimality of u* (7, ®). O
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Proof of Remark 3.45 (sketch)
Note that, by consistency, (¢,x(t;s,y, j)) & Q' ())

< O(t,x(t;8,y, 7), p(tst,x(t58,, ), j)) # 0 for all k
© O (t,x(135,3,)), p(135,,J), ) # O for all k
& (1,x(t55,y,)), p(t:5,3,7)) & 0:(J).

Assume by backwards induction that the equality z,(t;s,y,k) = p(s;s,y,k) holds
for k = j+ 1, and let us prove it for k = j. Let (5,9) € Q°(j) \ Q'(j) be given.
Define H*(t,x,p, j) :==H(t,x,p, j) +z(tst,x+g(t,x, j+1), j+1). Let f be any point
such that (7, x(7:8,9, j), p(7:8,9, /) & O«(j). let A be a set of the type of the remark,
such that (¢,x(¢;8,9, j), p(#:8,9,j)) € A for ¢ close to 7, t < 7, and, using the above
equivalences, let B be a set of the type of the remark, such that (z,x(¢;5,9, j)) € B, t
close to 7, t < 7. There exist extensions of A (¢,x, p, j) and of z(t;t,x+ g(t,x,j+ 1),
J+ 1), pt;t,x+g(t,x,j+1),j+ 1) of the type described in the remark to open
sets larger than clA, clB, respectively. A similar property holds for ¢ > 7, ¢ close
to 7, so extensions x~ (¢;v, j), p~(t;v, ), x(;v,j), pT(t;v,j), v = (s,y) exist with
the same properties as x~ (¢;v), p~ (t;v), x*(t;v), p™(¢;v) in the proof of Remark
2.23 in Chapter 2, (see also Remark 2.30). From the arguments in that proof it is
seen, as in the proof of Theorem 3.27, that u(z;3,¥, j) is optimal in DP for (§,5) €

Qo(/j), moreover zy(s;s,y, j) = p(s;s,y, j). So, again, optimality of (x*(.,.),u"(.,.))
follows. g

Proof of Theorem 3.11 (sketch)

Using the simultaneous continuity of x(z;s,y, j) and p(t,s,y, j), by backwards in-
duction it is easily proved that x,(¢;s,y, j), Xs(£;8,%, ), Py (t7s,y, J) xy(t38,y,]) are
continuous in (¢,s,y), for ¢ in any interval [¢',T] C (0,7] and for (s,y) € Q°(j)
s < t' (by the induction hypothesis, these entities satisfy differential equations with
right-hand sides continuous in (z,s,y), for ¢ in any interval [¢',T] C (0,T] and for
(s,¥) € Q°(j), s < t'). We need to show that the conditions in Theorem 3.27 are
satisfied. It suffices to show that z(z;s,y, j) exists and is continuous in (z,s,y), for
(5,y) € Q0(j),t € [5,T), and that z,(t;s,y, j) and z(¢;s,y, j) exist and are continuous
in (t,s,y), for ¢ in any interval [¢', T] C (0,T] and for (s,y) € Q°(j), s <1’

Assume by backwards induction that z(¢;s,y, j+ 1) is continuous in (z,s,y), for
(s,y) € Qo(j),t € [s,T]. (No such assumption is needed when j = N.) This means,
by (3.28), that z(#;¢,x(¢;5,y, j) + g(t,x(¢;s,y, ), j+ 1), j+ 1) is continuous in (z,s,y)
for (s,y) € Qo(j), t € [s,T]. Then, evidently, z(t;t,x(t;s,y, j) + g(t,x(t;5,y, j),j +
1), j+ 1) is uniformly locally bounded in (s,y) € Qo (j) (i.e.,

sup |z(t32,x(¢55, 9, 7) +g(t,x(t58,, ), j+ 1), j+1)]
tes,T]

is locally bounded). Hence, by (3.58), z(t;s,y, j) is continuous in (¢,s,y), for (s,y) €
Qo(j),t € [s,T], as (by (3.58) and fy = 0),
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(l Y7 ) hO( (T Ky y7])) A(j+1)(t=T)

+ / A(j+1)z(050,x(035,, j) +8(0,x(035,3, j), j+ 1), j+ 1) D=9gg.
Jt

By backwards induction, let us prove the continuity of z,(;s,y, j). Assume it to
hold for j+4 1 (no such assumption is needed when j = N). This means that
zy(t:t,x(t;8,y, j) + g(t,x(t;8,, j), j+ 1), j+ 1) is continuous in (z,s,y), for ¢ in any
interval [/, T] C (0,T] and for (s,y) € Q°(j), s < ¢’. Then, evidently, z,(t;t,x(t;s,

v, J)+g(t,x(t;8,y,j),j+1),j+ 1) is uniformly locally bounded. Now, using conti-
nulty of x,(t;s,y, j) (and so uniform local boundedness of this entity), it is then eas-
ily seen by differentiating under the integral sign in the above formula for z(z;s,y, j)
that z,(1;s,y, j) exists and that z,,(; s, y, ]) is continuous in (¢, s,y) for 7 in any interval
[t',T] C (0,T] for (s,y) € Q°(j), s < t'. A similar argument yields that z(;s,y, j)
has these properties. (]

Proof of Remark 3.13**

We need to prove that (s,y) — (x(¢;5,y, /), p(t;s,y, j)) is C! in Q°(j). We want to
prove that (x(¢;s,y, ), p(t;s,y,j)) is defined for (s,y) in an open set Qo(j) con-
taining QO( ) := Q°(j) U (clQ°(j) N [{T} x R™)), in fact for any (s,y) near any
(5,9) € Q°(j), for ¢ in an open interval containing [§,7], and such that for each
such, (x(t:s,y, /), p(t:s,y, j)) is C' in (s,y), with (s,y) — (p(s:5,, /), Py (35,3, j))
continuous near ($,7). (If (§,9) = (T,9) this represent an extension of the x- and p-
functions near such a point.) Assume by backwards induction that these properties
hold for j+ 1, and let us then prove them for j. (No induction hypothesis is needed
when j = N.) First note that, by continuity and (3.28), for j < N,

(s,y) € clQ°(j) = (s,y+g(s,3,j+1)) € cl@°(j+1). (3.114)

Let (§,7) be any given point in 0°(j). Now, H,, and H, are C! in (x, p) for (t,x, p) in
C(T,5,9,j,€) C Q*(j), and by the induction hypothesis (p(t;t,y, j+1), py(t:t,y, j+
1)) is continuous for (¢,y) in D(T,$,¥, j,€) C Qo(j+ 1) (see proof of Theorem 3.27
for the two last sets mentioned). By standard theory of differential equation, for any
initial point (s,y,q) in a neighborhood B of (§,9,4), 4 := p($;$,9, j), a unique so-
lution (X(;s,y,q), p(t;s,y,q)) exists on an interval [§', T’] slightly larger than [§, T,
and, for any ¢ € (§',T’], the solution is C' in (s,y,q), the derivatives being contin-
uous in (¢,s,y,q), t € (§,T'), (s,y,q) near (§,9,4). Because (s,y) — p(s;s,y,j) is

continuous, for (s,y) close to (§,9), (s,y) € Qo(j), (s,y,p(s;s,y,j)) belongs to B,
and by uniqueness of solutions,

x(t:s,y, j) = X(t:5,y,p(s38,%, 7)), p(t:s,y,)) = p(t:s,y, p(s;8,y,7))  (3.115)

for such (s,y).

Write (y,q) = O, andX(t 5,0)=X(t;5,y,q9) = (X(t;8,y,9),p(t;5,y,q)). For Q =
(v, p(s;8,5, ), t > 5" >5, (5,5) € Qo(j), ¥ := x(s';5,y, j), using consistency and

(115 yield X(:5,0) = X(135',X(5:5.0)) = X (125, x(5'35,, ). p(s'35,3,4)) =
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(x(1:5',2(5"35,, ), ). p6:8',2(8', 5.3, 7)) = (6(6:8",5 ). p(6sY, ) = X (639,
Q'), where 0" := (', p(s'ss", ¥, j)).

In fact, even for t = s < s’, we have Q = X(s;5,0) = X(s;5',Q’), because if
this did not hold, even X (s';5,0) = X(5';5,X(s;5,0)) would differ from X (s';s,
X(s;5',0")) = Q' and we already know that X (s';5,0) = X (s;5',Q") = Q. Replac-
ing (s,5",y,y) by (s',5",y,y") soy’ =x(s";s",y', j), whether 5" is < s’ or > s, we
have

2(s"ss" " p(s" " 7)) = x(s'55', Y, J)
p(s'ss" Y p(s" Y ) = p(s'ss',y L )). (3.116)

In fact, these properties hold for any (s',y') € Qo(j) close to any given (§,¥) in
Q°(j), s" € [, T] for some number § < §, close to §.
Still, let ($,) € 0°(j) and let § € (§,5§). Choose a K such that K >

sup|[(a/a(Ya )) (t X(l‘ s 7yaQ)aﬁ(t;sllvyaq)}y:x(s”;@)?,j),q:p(s”;@jz,j)|7

where sup = sup;c(s, T] S//E[ 7] Assume, for any given §’ §, that a C'-function
/

A/

yw(s”,y") exists near (§”,9"), 3" = x(§";5,9, j), such that
P(T:s"y" (5" y") = hoe(R(T:5" Y w(s".)"))
and y(s",y") = p(s";s",y", j) for (s”,y") € 0°(j). Define
1(0/0y" ) w(8",3" ) g == a(5").

In a sense, ¥ surely exists for s = T, namely y(7T,y") = ho,(y"), except that here
5" is not varied, but kept equal to §” = T. (In the following argument, s” is also kept
fixed equal to §”.) Choose §’ € [§,§"), such that (§" —§)K (14 a(s”)) < 1/2. Then,
we shall prove that for any §' € (V’ ,§"], a C'-function ¢(s',y") exists for (s',y') near
(8,9), ¥ :=x(§;8,9,j), such that

P(T5s' Y, 0(5',y) = hoe(X(T55",y,0(5',))))

and ¢(s',y") = p(s'ss',y',j) for (s',y") € Q°(). Note first that ¥(s',y") :=
(53875, II/( / )=

y”+/ (0,5(0:8",y" w(8"Y"), p(o:5" " w(s",y")))do.

Denote the integral by Y. The derivative at §" := x(§”; §, §, j) with respect to y” of the
integral, Y, (respectively, of the integrand) has abound [§" —s|)K(1+a(s")) <1/2,
(respectively, K(1+a(§")). Then, for s" € (5',5"), aty", (9/dy")¥(s',y") =+ Yy,
with [Yyr| <1/2,50 (d/dy")¥(s',9") is invertible. By the inverse function theorem,
y" — W(s',y") has an inverse ®(s',y’) for (s',y’) near (§',§') thatis C' in (s,y’) for
(s',y)nea.r( ,9'), such that y’ *x( 18 D(s,y), l//(”',d)( ,¥'))). Define
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O(s'y) = p(s'8", @(5',y), w5, (s",))))-
Evidently, ¢(s',y') is C'. Moreover, for y’ = ®(s',y'),

s )
LB (DY) = Bles’Y, 0(sh)),

and

isy
=% t;s”’,y”,ﬁ(sw;sw,y”,W(S”Cy"))) =X(t,s Y ,W(S”’,y”)),

and so p(T;s',y,0(s',y")) = hoe(X(T;s',y, ¢( y'))). Moreover, from (3.116)
q)(s’,y’) = p(s';5',y',j) follows. When §=§" =T, we can let § be equal to
=T, in which case ¢(s',y’) is defined and C1 in some neighborhood BT
of (T,9), (T,9) € clQ°(j)). This ¢-function is denoted ¢7(s',y’). (We have
p(T,T,y,hOx( )) = p(T:T,y,j),X(T:T,y,hox(y)) = x(T:T.y, j) = y for y in some
neighborhood of §.) In particular, for § = T, for any § € (§,T], there exists
a C'-function ¢(s’,y') defined for (s',y’) in some neighborhood B of (§,7),
¥ = x(§';,9,j) (the neighborhood can be assumed to be a subset of B, and
the ¢-function can be taken to be (])T restricted to this neighborhood), such
that (T3 0(5) = hor (T35, 0(5,3). and 0(5') = pls''¥. ) for
(s',') € Qo(j) N B, the last equality followmg from the same arguments as before.
Assume that now that § < T and let § < T be the smallest s > §, such that for any

§" > 5, a C'-function y(s”,y") exists near (s,y") := (5", x(5";5,9, j)), such that

P(Ts" 5" w(s"y")) = hoe(R(T:5" Y w(s”)")))
and y(s".y") = p(s":".". ). Now. p(s":s".y"
open nelghborhood B’ of (5,y), where ¥ := x(s;

) is Lipschitz continuous in an

$ 3,7

§ € [5,5+1/4K(1 + K], § € [§ — 1/4K( +12)
) =

2]
9, j), with some rank K. Choose

A

5) §’ > s such that (”’Cy”’) =
(8",x(8":8,9,j)) belongs to B'. Now, y(s”, p(s”;s",y", j) near (§",7"), so
|(a/ayl)W(S//,y//)[s//:fll’y//:f//] =: Oc(f”) S K

As §" —§ < 1/2K(1+K), by the above results, near (§',y') = (s“ x(§:8,9,j)) a
C'-function ¢ exists such that (T;s,y,¢(s',y)) = hoe(X(T:s",y',¢(s',y))) and
o(s',y) = p(sss',y,j). If §is > §, a contradiction has arisen. So § = §. In fact, a
¢ (s',y’) with the above properties even exists near (§,7) (to see this, use the last
argument again with § = §=§'). So (x(z;s,y, j), p(t;s,y, j)) equals (X(z;s,y, ¢ (s,y)),
p(t;5,9,0(s,y))) for (s,y) close to (8, 7).

To conclude: Near any (§,9) € Q°(j) a C'-function ¢ (s,y) exists, such that
(K(135,9, 1), P(t:5,3, 1)) = (5035, 9(5.3)), 135,39 (s,7)) when (5,y) is close to
(5,9), (s,y) € Oo(j). For (s,y) near (3,¥) € QO( /), the function (X(;s,y,9(s,y)),
p(t;5,y,0(s,y))) is defined for ¢ in some open interval I larger than [§,T], it is C!
in (s,y), and it, as well as its derivatives with respect to s and y, are continuous
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in (¢,s,y). From this the C'-property of (x(t;s,y, j), p(t;s,y, j)), as well as the con-
tinuity of p(s;s,y,j), py(s:s,y, j) near (§,9) follows (the latter property needed to
conclude the induction step). O

Proof of Remark 3.49

As seen in the proof of Remark 2.10 in Chapter 2, the properties used to prove
Theorem 3.37 still hold for the conditions in Remark 3.49, so optimality of
(x*(.,.),u*(.,.)) follows in the same way. O

Proof of Theorem 3.58 and Remark 3.61
Define J(t,x,w) = J(t,x,j) if 7, <t < 7j4;. Let (x(.,w),u(.,®),T(®)) be an ar-
bitrary admissible triple and let j be any given number. Assume that there is a
countable number of exceptional points (s, x(s, @/)), at which the “HJB inequality”
does not hold. Multiplying by ¢*UtD(%=5) in the “HIB inequality” corresponding
to (3.96), with y = x(s, ®/), u = u(s, ®), gives
0 > Jy(s,x(s, ), j)erUHDE=9)

+0y(5,x(s, @), )) f (5,x(s, @) u(s, @), j)et TG

FA(G+ DI (s,x(s, 07 )+ g (s x(s,@), j+1), j+ 1)erUHDE=9)

—A(j+ DI (5, x(s, @), j)et U HDE)

= (d/ds)[J (s,x(s, ®7), j)e*UTDE=9)]
FAG 4 DI (s,x(s, 07) + g(s,x(s,07), j+ 1), j+1)rUTDE=S),

(s,
wj
a)]

Equality holds if (x(.,.),u(.,.)) = (x*(.,.),u*(.,.)). In case 7; < T(®’), integrating
between s = 7; and T (/) yields

J(1),x(1j+,0), j) > J(T(0)),x(T (') +, @), j)e* D E-T (@)

T (/) . . .
[ I, 07) - gtx(,07). 4 ).+ DA + DT
T

j
= EJ(T(0),x(T(0))+,0), )1 (1(ai) ) (Tj11)| @]
FEW (T1,2(Tj1 4+, ), j + D, 1o (Ti+1)|@7].
The same formula also holds if Tg > 1= T(a)j ), then the last term drops out, aI_ld
only then the plus-sign in x(7'(®/)+, ®’) makes a difference. (When 7; # T (@’),
x(T(0))+, ') =x(T(e), w’).)
Using the last inequality for j =0 and j = 1, J(0,x°,0) >
E(T(0°),x(T(0°)+,0%),0)1 (7(g0) ) (71)]
+E[J(71,x(11+, 0), 1)1[0]((00)](‘51 )]
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> E[J(T(a)o),x(T((DO)—l—, w())vo)](T(coO),oo)(Tl)]
+E[E[1 (o0 (1) (T(@0"),x(T(0")+,0"), D)1 (7141 w0y (72) | 0]

HE[E (22, x(T2+, ©),2) 1 7, 701 (%) Lo 1(w0)) (T1) @]
1
=Y EV(T(0"),x(T (") +,0"), i) 0115, (o)) (T 1) ] (70 0o) (Ti1)]
i=0
+HE(T2,x(Ta+, ©), 2)TL_o 1 1oty (T1)]-

Here, the product Hk_:lol[O,T(wk)](Tk_;r 1) by definition equals 1. Continuing in this
manner, we get in general J(0,x°,0) >

J . . . .
Y EU(T(0),x(T(0)+,0"), )TL 0115, 710t (%) 1 (700 o) (Tit1)]
i=0

FE[J(Tj1,x(Tj14+, @), j+ DI 11 7oty (Ter1)]- (3.117)

Letting j — oo, we get J(0,x°,0) >

i)E[J(T(a)i),x(T(a)i)+, @), VI g 70t (Tt 1) (7 (@) 00) (T 1)]
— EJ(T(0),x(T(0)+,®) > Eho(T(0),x(T(0)+, ).

To obtain this, one can use the properties of ot ) and k). It is then easily
seen that the last term in (3.117) — 0 when j — oo and that we can replace j
by oo in the first term in (3.117). As equality holds for (x(.,®),u(.,®),T(®)) =
(x* (., 0),u*(.,0), T*(®)), it follows that (x*(., ®),u*(.,®),T*(®)) is optimal. The
case of an uncountable number of exceptional points s is treated as in the proof of
Remark 2.10 in Chapter 2.

The modification needed in case of Remark 3.61 is as follows: Define T;(w) =
min{7 (), 7> — 1/k}, T} (@) = min{T*(w),7> — 1/k}. Now we can obtain
J(0,x°,0) > E[J(Ti(@),x(Ti(@)+, ®),®). When k — oo, the last expression con-
verges to EJ(T (®),x(T(®)+,)), with equality holding if x(¢, @) = x* (¢, ®). Op-
timality then follows from (3.102), (3.103). O

Proof of Remark 3.54 (sketch)

For any given T < T, extend the solution x(z;s,y, T, j) from [0, T] to a slightly larger
interval [0,7’], by using the control u = u(T—;s,y,T, ) to the right of 7. For x(.)
equal to this solution, by (3.112), for 7" near T,

J(s,y, T”,j) > hO(T//7x(T//))e)L(j+l)(szu)
T" .
+ [ J(tx(0) +g(t,x(1), j+ 1), j+ DAG+ 1) gr = (T (3.118)

s
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where equality holds if 7” = T. Hence, ae., (d/dT)J(s,y,T,j) = «'(T) =
n*(T,s,y, j)e*tD6=T) By the inequalities satisfied by the latter function, see
(3.85), J(Sayz ij) < J(Sver(svy7j)7j) = J(s,y,j).

Let (x(t,w),T(®)) be an arbitrary admissible pair. The fixed horizon results,
(with horizon T (®@/)), see (3.113), yield the second inequality in what follows:

J(Tj7x(fj+7 w)vf) > J(Tjax(1j+7w)7T(wj)aj)
> Ef[ho(T (007),x(T (") +, 07)) 17 (i) ) (Tj1) | @]
FEW (T1,2(Tj1 4, @), j + D, 10 (Ti+1)| @]

Repeated use of this result for j =0, j=1,..., j =N, yields, in close analogy to
(3.117), that J(0,x°,0) >

J . . o
Y Elho(T(0"),x(T(0)+, @ NI 70k (T )L (7 (@) o) (T 1)
i=0

+E(tj41,x(Tj51+, ), j+ DIT_o 1 7o) (Ter)]. (3.119)

Letting j — oo (in fact, putting j = N), gives J(0,x°,0) > E[ho(T (@), x(T(@)+, ®)].
Equality holds for (x*(¢,0),T*(®)), hence (x*(¢t,®),u*(t,®),T*(w)) is optimal.
(]

Proof of Remark 3.28

Let us first prove that U bounded = S = the set of admissible pairs.

(a) When U is bounded, by (3.15), (3.16), x(.;s,y, j) is bounded for (s,y) in bounded
subsets of Q°(j). For the moment call x(.;s,y,j) “restricted” when this holds.
By backwards induction, using (3.58), even z(.,s,y, j) is restricted. By the latter
property and (3.58) again, lim;—.7 sup g |2(t;s,, j) — 2(T;s,y, j)| = O for any
bounded set B. Now, £(.,.) is bounded, so

|Z(l‘;t,)€(l‘,(0j),j) _Z(T;tv-f(tawj)7j)|

is small when ¢ is close to 7. Moreover, z(T;t,%(t, @/), j) = ho(x(T;t,%(t,®7), j))
and |x(T;t,%(t, /), j) —x(t:1,%(t, ), j)| = |x(T;t,%(t, ®7), j) — 2(t, @/))| is small,
uniformly in @/, by the restrictedness of x%(.;s,y, j), (£(,.) is bounded.) Hence,
z(t;1,%(t,@7), j) is bounded and lim, 7 z(T;t,%(t,®7), j) = ho(%(T, ®7)).

(b) Let us prove that the limit conditions in the remark imply strong semiad-
missibility for semiadmissible solutions. Let € > 0, and choose T” < T so near T
that |z(T;t,£(t+, @7 1), j+ 1) —z(t;2,2(t+, @/ 1), j+1)}| < €and |ho(£(T, ®/ 1)) —
«(T;t,%(t+, /1), j+1)}| < euniformlyin@/,z,¢t € [T",T). Then, |ho(£(T, /1)) —
Z(t;t,%(t+, @7 ,1), j+1)}| < 2¢, uniformly in @/,z. Now, z(s;s,y, j) is bounded on
bounded subsets of {(s,y) € Q°(j) : s < T"}, so, E[|ho(£(T, @/ ™1)) — 2(Tj15 Tjs1,
£(Tjp1+, 07, j+ 1) 1o 7 (Tj1)] < o (£(.,.) 11,7 (2) is bounded). By the third



3.7 A Selection of Proofs 179

inequality above, [0,7"] can be replaced by [0,T]. As E[|ho(#(T,®/*1))|] < o by
semiadmissibility, then E[|z(j113Tj1,2(Tj1+, @), j+ 1|1 71(Tj31)] <

Proof of the necessity of the fixed horizon HIB equation (3.64)

We need a differential formula (infinitesimal generator) for piecewise determinis-
tic equations. In the theorem below, we let g contain a stochastic variable V as in
Remark 3.15. We allow A(j+ 1) to depend on #,x as in Remark 3.14, as well as
on @ = (79, V,...,7;,V;). Moreover the density 7(j+ 1) of V. is allowed to
depend on the time t at which the jump number j+ 1 occurs, as well as on the
state x at that time, and on @/. The system is assumed to satisfy the conditions de-
scribed in Remark 3.15. Let x(¢, @), u(¢, @) be any given nonanticipating pair. Write
A, @) = At x(t+,07), 07, j+ 1), T(vit, ) = m(vit,x(t+,07), 07, j+1). We
assume that t — (A(t,®’),m(v;t,@’)) is right-continuous, and that A(.,.) and
7(.,.,.) are bounded functions.

Theorem 3.63 (Infinitesimal generator). Let sy, ®/, T; <5, be given entities,
s €(0,T), and let x(t,®) be a given nonanticipating solution starting at (0,x°), cor-
responding with a given bounded control u(t,®). Let ¢(t,x,®) be a given function,
such that ¢ (t,x, ), ¢;(t,x, ®) and ¢.(t,x, ®), for each ®, are continuous in (t,x),t €
(Tk, Tew1 ) for each k, with a right limit at T, and a left limit at Ty, as a function of t,
is nonanticipating in (t, ®), and, for each (t,x), piecewise continuous in each T; < t,
and in each component of each V; and such that, by assumption, t — ¢ (t,x(t-+, ©/) +
g(t,x(t+, @)V, j+ 1),/ 1) is right-continuous for t > 7; for each j. We as-
sume that, for some positive constants (. ) and Ky ), |9(t,x(t, @), ®)| < ot )+
Ko |x(t,@)| for all t, @. Define n(t;s5, ) := E[¢(1,x(1+, ©), ®))]s, x(s+, ®), 0],
t > s. (The expectation is calculated by conditioning on the assumed fact that ex-

actly j jumps have occurred before s, at Ty, ...,T; < s.) Then, given that exactly j
Jumps have occurred before s, at 7, ...,T;,T; <5,
[0 n(135,07)/9t)= = Y(s, ) (3.120)

where (0 /dt) means a right derivative and where (s, @/) =

9 (s,x(s+, 07), @) + ¢u(5,x(s+, @), @) f (5, x(s+, @), u(s+, @), )
+)L(s7 wj) [¢(va(s+7 a)j) +g<s>x(s+7 COJ)7VJ'+1,J + 1)7 wjvs)l
5,x(s+, @0'), @) = A(5,07) 9 (5,x(s+, 0), @),

the conditional expectation being calculated by means of 7(v;s+, ®7). ([

Proof of Theorem 3.63 (sketch)

Write X () := x(z,®). Assume that exactly j jumps have occurred in [0,s]. For
As small, only a second-order error is made by assuming that there is at most
one jump point T;,i in (s,s + As), with a probability approximately equal to
A(s+,®)As for a jump. (Actually, the Standard System Conditions connected with
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(3.25) and the growth conditions on ¢ are needed to show that the error is so
small.) By the assumptions postulated, a first-order error is made by assuming that
¢(s+As,X(s+As),®’,7;11) has roughly the same values irrespectively of where
the jump 7j1; occurs in (s,s+ As), we use the values this expression has at s+
when calculating E[@ (s + As,X (s + As),®)|®/, a jump in (s,s + As),X(s+)] =
E[¢p(s+As,X(s+As), 0/, Tj11)|@/, a jump at Tj;; in (5,5 + As),X(s+)], and the
expectation is calculated by means of 7(.;s+,®/), an approximation of the true
distribution 7(.; 7,1, ®’) needed to calculate the expectation given that the jump
occurs at Ty 1 € (s,5+ As). Using all these approximations,

E[@(s+ As,X(s+ As), )]s, X (s+), @]
~ ¢(s+As,X (s +As),®’)Pr[no jump in (s,s+ As)|s, X (s+), @]
+E[¢(s+ As,X(s+As),®)| ajump in (5,5 + As),s,X (s+), ®’] Pr[a jump in
(5,54 As)|s, X (s+), 0]
~ (1 =A(s+,0)As) {0 (s, X (s+), 0)) + ¢,(5,X (s+), @) As
+ 0 (5, X (s4), @) f (5, X (s+),u(s+, ®'), j)As}
+A(s+, 0 ASE[¢ (5, X (s+) + g(5, X (s4),V, j+ 1), 07 ,5)[s, X (s+), &].

the errors being of the second order. Subtracting ¢ (s,X (s+), ), dividing by As,
and letting As — 0, we get (3.120). ]

(Note, by the way, that n)(¢;s, ®/) = E[¢ (¢, x(t,®), )]s, x(s+, ®), @], 1 > 5.)

Continued proof of the necessity of (3.64)

It can be proved that for ¢ > s,

J (s,x,j) = supE[J*(t,x’Z(t—l—,a)),j—i—f(t,a)))|s,x,j], (3.121)
i

where j(t,®) equals the number of jumps that have occurred in (s,], i := (., ®)
and x(., @) starts at (s,x), T; < s (exactly j jumps have occurred in [0,s)), # inde-
pendent of 7;, i < j. For the moment, assume that (3.121) has been proved. Then,

0= sup{E* (1,2 (14, @), j + (1, @))|s,x, j] = J"(s,x, j)}/ (t = 5).

Arguing heuristically, letting ¢ | s, we obtain that 0 equals the supremum over 4
of the right derivative of E[J*(t,x(t+,®;), j + j(t,®)))|s,x,®’] at t = 5. For x =
x(s+, ), the formula for such a derivative is given in connection with (3.120) in
Theorem 3.63 for ¢ (t,x,®) = J*(t,x, j+ j(t,®)) (we can drop the expectation with
respect to V). This formula is then the same as the expression on the right-hand side
of (3.64) (recall that we operate with the assumption that go = 0, fo = 0).
Define
Jo(s,x,07) = sup E[ho (x (T —, ®))]s, x, 0], (3.122)
u



3.7 A Selection of Proofs 181

the x#(.,.)’s starting at (s, x) and given j jumps before s , here i also depends on T;,
i<

A proof similar to the one that gave the equality J(¢,z—;) = J(¢,2/) in Remark
1.17 in Chapter 1 yields that J.(s,x,®/) = J*(s,y, j). Let us now give a heuristic
proof of (3.121), and let us write max instead of sup. Any control function # can be
written as (u/,u"), where & = ' in [0,7], it = " in (¢, T]. Then, for j = j+ j(t, ®),
J*(s,x,j) =

max E [ho (x*(T —, ®))|s,x, 0’
u

= maxE[ho(T,x“/’”N (T—,))|s,x, @]
u' "

! .
:nila}x{rr;%xE[ho(T,x“ Y(T—, o))s,x, 0]}

= max{max E[E[ho(T,x"* (T—, 0))|t,x" (t+, @), ', s,x, j|s,x, 0]}

u/ u//

= max{max E[E[ho(T,x* (T—, 0))|t,x" (t+, ), ®'|s,x, 0]}
ul ul/

= max{E[max E[h(T,x*"*" (T—, 0))|t,x" (t+,®), ®']|s,x, 0]}
M' u//

= maxE[/, (1,3 (t+, ®), ®')) s, x, 0]
ul

=max E[J* (.5 (t+,0), j+ J(t, ®))|s.x, ]].

The last equality follows from the fact that, for j given, J, (f,x* (14, ®), o’ )) does
not depend on /. One of the equalities above involves an interchange of a max-
imization (max,~) and an expectation and needs the following argument: Write
o = (w/, a)f). The outer expectation can be looked upon as a sum over a dis-
crete set of @;’s. The maximization of a sum equals the sum of the maximum of
each term, provided the control parameters occurring in the various terms can be
chosen independently of each other. This is the case here, for each realization of ;,
a separate u”" can be chosen. O

In the third line from the bottom of the equalities for J*(s,x, j) above, the outer
expectation is actually an integral over a nondiscrete set of @ f’s. By using a so-called
measurable selection theorem it is possible to find a function u” (a)f) (unfortunately
only known to be measurable) yielding the maximum (or nearly the supremum in
the general case) in that line a.s., so the argument used at that point carries over to
the nondiscrete case. Certain well-behavior properties of the inner expectation are
then needed that are easiest to obtain in the free end case.

In the end-constrained case, we may need to operate with values equal to minus
infinity of max, in cases where no u” exists for which the end conditions are sat-
isfied, so, whether we consider the discrete or nondiscrete case, we should, at least
by now, perhaps indicate that we actually have had the free end case in mind in this
proof!
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Theorem 3.63 can be used in the same way to prove necessity of a HIB equation
in the case of stochastic jumps (g containing V), where m(v; j + 1), the density of
Vi1, depends on (7, x, ®/), the time ¢ and state x, at which the jump number j + 1
occurs, as well as on @/ := (1, Vp, ..., 7j,V;), and where A (j+ 1) depends on (z,x),
as well as on @/. Then, in 3.122 one must condition on (s,x, o’ ), so the optimal
value function depends on (s,x, @/). Briefly, the formulation of such a HIB equation
in the case go = 0, fo = 0 and exactly j jumps have occurred in [0, s), reads:

T(s,,07) = Jy(s,y, ©7) +max{Jy(s,y, ) f(s,y,u, j) }
+)L(]+ l,S,y, wj)E[J(s7y+g(s7yan+laj+ l)awjasanJr]) —J(S,y, wj)|say7 wj]a

where the conditional expectation is taken with respect to V.1, calculated by means
of m(v;s,y,®’, j+ 1). This equation essentially covers the cases discussed in Re-
marks 3.14 and 3.15.

Further reading. The standard reference, at a more advanced level than the current
text, is as mentioned Davis (1993). The articles by Costa et al. (2000), Dempster et
al. (1995), Davis et al. (1999), and Ye (1996) develop the theory further in various
directions.

3.8 Exercises

Exercises for Sections 3.2, 3.3

3.1. (a) Does it change the optimal control in Example 3.3, if instead of a unit jump,
we assume that the jump is a stochastic variable V, with EV = 1?
(b) Add the possibility of a second jump in Example 3.3, both for scrap value ax(T)
and ax(T)? /2. Solve the problems as far as possible.

(Hint: Now x(t;s,y,1),x(t;s,y,0) becomes x(z;5,y,2), x(¢;s,,1) etc.)

3.2. Consider the problem
T
max E {/ \/ﬁdH—x(T)} , X=x—u, u €0,0),x(t+) —x(7—) = x(1—),
0

x(T) free. Two jumps can occur with intensity A. Solve the problem.

3.3. Consider the problem
max E [/()T(uz/Z)dter(T)] cx=u, x(0) =0, x(t+) —x(1—) = —(x(7—))?,

u € R, x(T) free. A single jump can occur with intensity A. Solve the problem.
(Hint: To find x(z;s,y,0) for (s,y) = (0,0), construct a second-order equation for
this function.)
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3.4. Consider the problem
1
max E {/ lnudt+x(1)} i =—u, u € (0,0),x0 =2,
0

x(1) free, where x() can jump at most N times, all the times with the same inten-
sity A. At the jump times 7, the state changes according to x(7+) —x(7—) = x(7—).
(a) Find the optimal controls u(z;s,y, j) for j=N,N—1,N —2.

(b) Try to find (a description of) the optimal controls u(¢;s,y, N — k) for general
k=1,2,....

3.5. Solve the problem
T
max E [/ —(u*/2)dt 4+ ax(T)| , subject to x = u +x1jo,7 (1),
0 ,

x(0) =0, u € R, where there are no jumps in x(.), and where the dynamics changes
at most one time, at 7, from x = u +x to X = u, T € [0,°0) occurring with intensity

A # 1 (x(T) free).

3.6. Solve the problem
1
max E [/ (1—u)dt + (x(1))?/2] ,x=u—1,uc[0,1],x(0) =1/2,
0

x(1) free, where a single upwards jump of size 2 in the state x may occur with
intensity A > 1.
Exercises for Section 3.4

3.7. Solve the problem
2
max E [/ xdt] Jd=ue[—1,1],x(0) =0,x(2) <1,
0

where x can have a single upward jump of one unit, with intensity A. Hinz: As long
as no jump has occurred, we have to operate with the constraint x(2) < 0, otherwise
x(2) <1 may be violated, as a jump can occur arbitrary close to r = 2.

3.8. Consider the problem
T
max E {/ uydt—&—ax(T)] i =kx—u,x(0) =c,0 <y < 1u€(0,0).
0
With intensity A, x may experience a single upwards jump of size b, a,b,c,k pos-

itive constants. (Interpretation: x is wealth, which gives interest earnings kx, u is
consumption, we search for, and may find, an oil field increasing our wealth by b.)
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(i) Solve the problem (x(T) free).
(ii) Drop the term ax(7) and instead require x(7') > 0, find x(¢,s,y, 1) and derive a
second-order equation for x(¢;0,¢,0).

Exercises for Section 3.5

3.9. Use Theorem 3.27 to solve

1
max E {/ u2/2dt} s.t.Xp =x2+u,u € Rx1(0) =0,x1(1) =1as.,
0
X2 =0,x2(0) = 0,x2(1) free.

where x; has a single unit upwards jump with intensity A > 0, no jumps in xj.

Hint: Show that p; (t;s,y1,y2,1) = u(t;s,y,1) = (1 —y1)/(1 — ) — y2. Then, be-
fore a jump, p; = +Ap; —A[(1—x1)/(1 —1) — (y2+ 1)],%1 =y + pi. Find a solv-
able second-order equation for w = x; /(1 —1). Further discussion is as in the closely
related Example 3.29.

3.10. Consider the problem:
T T
max E [/ —u?/2dt f/ udt} A =ucR,x(0)=0,x(T)=0as.,
0 T

where x has a single unit upwards jump at the stochastic point T being exponentially
distributed with parameter A. Find the optimal solutions among all admissible pairs
x(t,0),u(t, ).

Hint: The optimal control is nonunique after a jump, choose it constant.

Exercises for Section 3.6

3.11. Solve the optimal stopping problem
T
max E [/ (x—t)dt] i=0,x(0)=0,T >0,
0

when x can have a one unit jump upwards with intensity A, (x(7T') free).
3.12. Solve the optimal stopping problem

][ré%{(’dE {/(]T(t/2u2/2)dt+x(T)} Jx=uecR,x(0)=0,

where x(T) is free, and x can experience a jump downwards of size 1 (i.e., x(7+) =
x(t—) —1), at a jump point T exponentially distributed in (0,c0) with intensity
A <2/3.



Chapter 4
Control of Diffusions

In many problems, the system under consideration is continuously influenced by
stochastic disturbances. Often, these disturbances are modeled by means of a Brow-
nian motion. Brownian motion is a “stochastic process in continuous time,” i.e., it is
a function B, of continuous time ¢, and for each ¢, the function value B; is a stochas-
tic variable. In economics, systems that are modeled by means of Brownian motion
include the development of stock prices, oil prices, and prices of other commodities.
The development of other factors determining the demand of commodities, as well
as the supply of goods, are also sometimes described as influenced by stochastic
disturbances of the Brownian type.

Brownian motion can be described in various more or less mathematically de-
manding ways. We shall introduce Brownian motion in a nonrigorous manner by
letting it be a limit of a stochastic process in discrete time. We continue by dis-
cussing so-called stochastic integration and stochastic differential equations before
turning to optimal control problems and optimal stopping problems.

4.1 Brownian Motion

Consider a stochastic process in the form of a “symmetric, random walk™ of the
following type. Assume that at times h, 2k, 3h,... we take a step of size ¢ up or
down with probability 1/2. More precisely, suppose there are independent random
variables Y;, for which Pr[Y; = ¢] = Pr]Y; = —c] = 1/2, for t = h, 2h, 3h, ... Let
X, =Y, + -+ Y, if = nh for n a natural number, Xy = 0. Because E[Y;] =0
and Var[¥;] = E[V?] = ¢?, we get E[X;] = 0 and Var[X,] = ¢?(t/h) where t/h = n,
the number of terms in the sum defining X;. In the interval [ih, (i + 1)h), define
X; = Xjp,. For t in this interval, E[X;] = E[X;], Var[X;] = Var[X;;]. We shall now let
h and ¢ tend to 0, and when the convergence of /& and c is suitably coordinated, the
resulting limit B, := lim;_,¢X; is a “sensible,” nontrivial process defined for all ¢.
Let us try ¢ = ah%, a > 0, oo > 0, a and o fixed. Evidently, Var(X;) vanishes when
h — 0, if o > 1/2. If the convergence of c is too slow, i.e., 0 < o < 1/2, we get
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infinite variance. However, the choices e = 1/2, ¢ = h!/ 2 and (for simplicity) a =1,
make E[X;] = 0 and Var(X;) = t. Both equalities hold even in the limit, i.e., both
equalities hold for limj,_.o X; =: B;. The so-called central limit theorem in probability
theory says that a sum of many small, independent random variables of the type Y} is
approximately normally distributed, and in the limit exactly so, in fact B, is N(0,¢),
i.e., normally distributed with mean 0 and variance ¢. The limit process B, is called
Brownian motion or the standardized Wiener process. (See Karatzas and Shreve
(1988), Theorem 4.20, for a precise version of these arguments.)

Let us exhibit more properties of B;: Before taking limits, suppose (s;,t;],
J=1,...,j" are disjoint intervals, s, 7; multiples of . Then X;, — X, j=1, . L
are independent, with zero expectation and variance dependent only on #; — s;, not on
si. This property is referred to as having (weakly) stationary independent increments.
In fact, if t; = i'h, s; = ih, i’ > i, then Var[X,, — X;,| = (2 /h)(tj—s;) = (tj —s;).
These properties are preserved when taking limits. Also X;; — X, becomes nor-
mally distributed in the limit (this difference also being the sum of many small,
independent random variables Y;). To sum up, Brownian motion has the following
properties:

(a@)Byp =0

(b)The random variables B;, — By, i = 1,...,i" are independent, whenever all the
intervals (s;,7;] are disjoint.

(c)B; is N(0,¢)-distributed.

(d)B; — By is N(0,t — s)-distributed, when ¢ > s.

Note that if s is fixed, then Z; = By, — By is again a Brownian motion. Brownian
motion is a “Markov process” because it satisfies the defining property of such pro-
cesses, namely for any given positive numbers 7, i, and given any numbers a, b, the
conditional probability of the event that B, belongs to (a,b), given the the his-
tory of By up to s = ¢, is the same as the conditional probability of the event that
B, j, belongs to (a,b), given B;. (This simply follows from the fact that, given B,
the event B, — B; € (a — B,,b — B,) is independent of what has happened before.)
Note also that (b) and (d) imply that E[B;|By, ,...,By| = By, ,t > s3> ... >s1. More
generally, by the Markov property, Brownian motion satisfies the crucial defining
property of so-called “martingales,” namely that the conditional expectation of B,
given the history of B; for 7 < s equals B;.

Above we talked about B; as a limit. In which sense? As an indication of that,
note that for any a and b, Pr[a < X, < b] approximately equals Pr[a < B, < b] when
h is small and 7 is a multiple of A.

Two properties worth noting are the following ones. Define M; = supy, Bs. For
each ¢, the non-negative stochastic variable M; has a density on [0, ) proportional
to ¢'(z), z > 0, where z — @'(z) is the density of the normal distribution with mean
zero and variance 7. Also, with probability one, if b(.) is an outcome of a Brownian
motion, then for any k, the “k-level set” Ay = {t > 0: b(r) = k} is nonempty, closed,
with no isolated points, and (a.s.) [y~ 14, (¢)dr =0, the integral of the indicator func-
tion 14,(.) of Ay is zero. (This function equals 1 for r € A, and 0 for 7 ¢ Ag. An
isolated point means a point with no close neighbors.) To show the last property, see
the proof of a similar property at the end of Example 4.34 below.
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Further Discussion of Brownian Motion*

To see how a process like Brownian motion might arise in a stylized economy, imag-
ine an economy with zero interest rate charged by the banks. (A constant nonzero
interest rate would lead to geometric Brownian motion defined later on, for simplic-
ity we assume a zero interest rate.) Imagine that the stochastic price of a financial
security X; is continuously observable, where ¢ is continuous time, with Xy a fixed
number. Given X;, in a well-functioning, zero interest rate market, it seems that
it cannot be the case that, for 4 > 0, E[X;,,|X;] # X;, for in that case it is possi-
ble, in an expectational sense, to earn money by speculation: If, say, the difference
E[X, 11| X;] — X, is positive, at time 7 I would borrow an amount ¥ times X, dollars
in the bank, buy Y securities at time ¢, sell the securities and repay the amount Y X;
at time ¢ + /. The expected return of the operation would be YE[X;;|X;] — Y X; > 0.
If the difference is negative, I would choose a negative value of Y, and come out
with a positive expected gain again. (If I owned Y securities worth Y X;, I would sell
them at time 7, buy them back at time ¢ + & at expected cost YE[X;+4|X,] < YX;.)
So at least if there are risk-neutral actors in the market, is seems that we must have
E[Xt+h|Xt] =X

A similar conclusion can also be reached if we only have (finitely) risk-adverse
actors in the market, but make some stronger assumptions concerning the process.
We shall again be able to rule out the possibility that E[X;,|X;] # X;, but only if
certain assumptions are made concerning covariances of the process (as well as a
certain constancy over time). See A in the Addendum to this chapter.

Replacing i by kh, k =0,1,2,..., in the last equality, we get that, for any %,

E[Xl+kh |X1‘] - Xt7 or E[XlJrkh - Xt |Xt] == O (4.])

Using the double expectation rule (see Appendix, (5.21)), this property implies
that, for k,k' = 0,1,2,..., E[X; n — X;] = EE[X; 4n — X;|X;] = 0 and that 0 =
EXAEX i — X |Xi] — [Xf+k’h XX} =

E{E[(X1kn — Xe1n) X\ X} = E[(Xppin — Xpwn)Xe]) = 0. 4.2)

In some cases, it is natural to expect that market conditions do not change over
time, i.e., the probability distribution of X;,; — X; is independent of time t (so-called
stationary increments). If n is any natural number, X, — X; = Y7 | (Xein —
X+ (i—1)n)- Using this expression, (4.1), (4.2), and stationarity, we get that

2
n
Var(XH—nh 7Xt) = E(Xt+nh (Z Xivin— H— i— 1)]1))
i=1

(Xein — Xog (im1yn) K jn — X (1))
1

I
o
7=

Xein = Xes i-1yn)” = nVar(Xe = X;).

LL
™=

Il
=
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We get the third equality, as for i # j, terms E(X i — X,y i—1)n) Xi1jn —Xig(j—1)n)
at the left-hand side of this equality can be written as

EXiin — X+ (i-1yn) Xet jn — E Xerin — X (- 1yn) Xi (- )

in case i > j (in the opposite case interchange i and j). In both cases, (4.2) yields
that these terms vanish. So, let us write down that

Var(X; 4 — X;) = nVar(X 1, — X;). 4.3)

Denoting for the moment Var(X; | —X;) by 62, it can be shown that Var(X, s —
X;) = s62, s = k/m, k,m natural numbers. To show this, we use (4.3) for n = k,
h=1/m and for n = m,h = 1/m, the latter choices yield 6 /m = Var(X, /,, — Xi)
and then the former choices give the asserted equality. We can reasonably expect
that Var(X,.; — X;) = so? for any positive s. Similarly, (replacing k% in (4.1) by s),
we can also reasonably expect, for any s > 0, that E[X,+; — X;|X;] = 0, and hence,
for r<ts>0,0=EX.—X|X] (= EXs — X|X,] — E[X, — X,|X,]) and so
E[X;+s—X;] = 0. Using this yields, for s >0, ¢ > r,

Covar(X, 15— X, X;) = E[(Xi+5 — X1) (X, — EX})]
= EE[(Xi4s — X1)(Xr — EX;)|X,]
= EE[(Xes — X)X]|X,] — EE[(X,4, — X,)EX,)]|X,] = 0.

Finally, let us assume that the conditional density of X;; —X; for any 7,5 > 0 given
X; is a normal one (in particular then X; — Xy has this property). The vanishing of
the above covariance gives, by general results on normal variables, that X, ; — X; is
independent of X, and more generally, independent of all differences X;, — Xj,, i =
1,...,7*, whenever all (s — i, ;] are disjoint, i.e., the above property (b) of Brownian
motion. Moreover, X; ; — X; ~ N(0,567%) so s — (X; — Xo) /0 is Brownian motion.

The Sample Space

In probability theory, if the sample space €2 contains an uncountably number of
points (e.g., 2 = R), then not all subsets can be given a probability. We always
have to imagine that a restricted family F of subsets A is specified, for which
Prlm € A] := P(A) is defined. This family is usually assumed to be a “o-field”
or a “o-algebra,” which means that the family F has the property that finite (or
countable) unions and intersections of sets from the family also belong to F and so
do also complements of sets from F. (In addition, €2 and 0, the empty set, belongs
to F.)

An outcome of the Brownian motion will be a path in the (z,B)-plane, i.e., a
function in a certain class of functions C. It can be proved that with probability 1, the
paths (outcomes) of Brownian motion are continuous. So we may assume that the
paths belong to Cy([0,0),R), the set of real-valued continuous functions on [0, o),
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with O as value at t = 0, (indicated by the subscript 0). This is our sample space.
The paths of Brownian motion are, generally, not differentiable. This is related to
the fact that it is a limit of a sequence of random walks, with steeper and steeper
steps (the height of each step is 4!/2, the width is /).

Probabilists frequently speak of the need to prove that B, “exists.” Roughly, this
means proving that there exists on the sample space Q := Cy([0,),R), a “proba-
bility measure,” i.e., probabilities P(A) attached to a suitable class (o-field) B* of
sets A, containing all sets of the form A, ; , 1= {b(.) € Q : s <b(t) < r} and with

Pvsr) = [ (120" ) exp(— 20

(Along the road to a proof, another  may at first have been introduced and conti-
nuity of paths established.)

Frequently, Brownian motion B, is introduced by using a sample space 2 differ-
ent from Cy([0, ), R). As with other random variables, one frequently writes B (@),
where @ is “drawn” from Q, resulting in a continuous function b(¢) = b(z, ®) been
drawn (at least a.s.). But then the sets A" = {® : s < b(¢,®) < r} has the property
that P'(A"*") = P(A, 5.r), where P’ is the probability measure on this new set £2. This
equality makes us indifferent as to working with Cy([0,%0),R) or this new set Q.
The specific Q introduced above (namely 2 = Cy([0,0),R)) is called the canon-
ical sample space (then @ = b(.), and B,(®) = B;(b(.)) = b(t)). We will always
work with this sample space.

Below, functions u(z) will occur that depend on “past values of B,.” Slightly more
precisely, this means that for each ¢, u(¢) depends on the values of By, s < t. Such
functions are called history dependent, or adapted to By, or simply adapted. A “sim-
ple” function that is evidently adapted to B, is u(t) = u(r,b(.)) = Zg.rai(t) 1ag,(b(.)),
where M; := {b(.) : s; < b(7;) < r;}, 7; are given time points, s;,r; are given num-
bers, and ¢;(t) are given piecewise continuous functions. (When an outcome b(.) of
Brownian motion on any given interval [0,7] has occurred, we can decide for each
set M; for which 7; < ¢ if b(.) belongs to the set or not, hence calculate the value
of u(t,b(.)).) Evidently, it is natural to call u(z,b(.)) history-dependent (dependent
on the history of the Brownian motion). The most general functions u(z,b(.)) that
we work with are (pointwise) limits of sequences of simple history-dependent func-
tions u(¢,b(.)) (or slightly more general, limits of such sequences for any #,5(.), a.e.
X a.s.). The values of the general functions also become history-dependent. Some-
times, in this text, the nonstandard symbol b(— ¢) is used as meaning the values
of b(s) for s <1, the same meaning has B_,;. Thus, when we write u(¢,B_), then,
for each ¢, this is the stochastic variable that is determined by the stochastic vari-
ables By,s < t, and u(t,b(— t)) is the outcome of the stochastic variable u(f,B_,;)
corresponding with the outcome b(.) of the Brownian motion.

We do not want to formalize these nonrigorous considerations. But let us note that
in the literature, also concerned with economic applications, adapted functions u(t)
are described as follows: For each ¢, u(r) = u(t,®) is “measurable with respect to
the o-field F; generated by B,.” Even the term “progressively measurable” is used,
it has a similar meaning. In this chapter, we shall not define more precisely these
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terms, readers wanting a better idea of the meaning of these concepts, are referred
to the Appendix. The essential point to note is that these concepts entail dependence
on past values of B; (history dependence on B;).

(For the specially interested reader: The o-fields F; generated by B(t) are defined

as follows. Given numbers rj, s;, t;, i = 1,...,n, the #;’s being distinct, #; < ¢, define
the set H = {b(.) € Q :5; < b(t;) <r;, i =1,...,n}. Here n, s;, r;, and #; can all
vary, and we may even allow n = oo or some r; = oo, 5; = —oo. Then, let F; be the

family of all such sets H, as well as complements and finite or countable unions and
intersections of such sets. A more formal definition enlarges JF; somewhat.)

4.2 Stochastic Calculus

By analogy with difference equations in discrete time involving random processes,
we would like to consider differential equations of the type

dx/dt = b(t,x;)+ o(t,x)W,, (4.4)

where W, is “white noise,” i.e, the W;’s for varying ¢ are independent, with each W,
being N(0, 1)-distributed. However, there is no suitable stochastic process whose
sample paths (evolution through time) are well behaved and reflect these properties
of W;. In fact, no process gives sample paths that can be modeled by taking an inte-
gral on the right-hand side of the equation. Yet, a solution of a differential equation
X; should preferably be the integral of its own derivative.

We are going to define a stochastic integral and replace (4.4) by an integral
equation for X; in which this stochastic integral enters. Recall that an ordinary de-
terministic integral [; f(s)ds (J an interval, f piecewise continuous) is calculated
approximately by a sum of the form Y, f(s')(s;+1 — s;), where {s;} represents a
fine subdivision of J and s’ € [s;,s;+1]. Let us apply this to an integral of the form
J; f(s)do(s), where a(s) is differentiable: It is calculated as follows. The integral
equals [, f(s)c(s)ds, which is approximated by the sum ¥; f(s') &’ (s') (si1 — 5i)-
Now, o(s5)(siv1 — 1) = @(sisr) — als), s0 [, f(s)dals) = T fls") (@x(sir) —
o (s;)). This approximate manner of calculating the last integral can also be used
even in the case where a(s) is not differentiable. The corresponding integral is called
a Stieltjes integral (not supposed known here), and « is called an integrator. So the
integral [; f(s)do(s) can be defined even for nondifferentiable c. At least, it works
fine if o(.) is a nondecreasing function, or even if o(.) has “bounded variation,”
which here is taken to mean that it is a difference between two nondecreasing func-
tions. (For our limited purpose, we shall think of the integrator ¢(.) as also being
continuous. However, in the general definition of Stieltjes integral, continuity is not
needed.)

Note that if f(s) is a piecewise constant function Y ;a;1;, where the I; are disjoint
intervals [s;,s;+1), then [; f(s)do(s) equals (exactly) Y, a;(0t(sit1) — a(s;)).
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One type of stochastic integral is obtained when « is stochastic. Whether all
outcomes of o have derivatives or not, we can calculate the integral [; f(s)dc(s) one
way or the other, as described above, as long as each outcome of « is an integrator of
acceptable type. So, if a(r) = a(t, w) (i.e., & depends on the outcome ® € Q), the
value of the integral is a stochastic number depending on the outcome ®. It is often
said that this random variable is obtained by “pathwise integration” (by carrying
out the integration for each outcome path of a(z, ®), i.e., for each w), also called
“w-wise” integration. Of course, we can also allow f to be stochastic, f = f(s, ®)
(f piecewise continuous in s) and still calculate such pathwise integrals.

We shall now define integration with respect to Brownian motion B;. One use
of this is that it allows us to tackle the white noise equation above: If W; is some-
how replaced by B, — By, for h small, we get something behaving similar to W;.
The question then becomes if o (s, X;)dBy can be integrated. Or, in general, for any
adapted function f(s,B_.), will [, f(s,B_.s)dB, be well defined? The answer is yes,
and the integral will be called the Ito integral.

If f(s) is a deterministic piecewise constant function Y ;a;1;, where the I; are
disjoint intervals [s;,s;+1) forming a partition of J, then [, f(s)dB, can be exactly
calculated as Y ;a;(Bs,+, — By;). If, however f(s) is not simple but, say continuous, or
even (say) right-continuous, then we use the approximate formula Y, f(s')(By,,, —
BS,.) to calculate the integral, where s' can be chosen anywhere in [s;, ;11 ). However,
below, we always choose s' = s;. In a moment, we let f be a stochastic variable, and
then the end result (the integral) will in general depend on where in [s;,s; 1) st s
chosen, in contrast with standard Stieltjes integration mentioned above.

Solutions of stochastic differential equations such as (4.4) must involve inte-
grands f that are stochastic variables.

Above, we indicated a particular interest in integrating expressions such as
o (s, X;)dBj. For stochastic piecewise constant function of the form f(s) = Y;a;1;,(s),
where we now allow the a;’s to be functions a;(B_) (but where the I;’s are
deterministic), the integral of f by definition equals Y;a;(B_.y,)(By,,, — By;)-

As always, one then wants to extend the definition of the integral to more general
functions. If F(s) = F (s, B_), is piecewise, and right-continuous in s, then the inte-
gral [, F(s,B_.;)dB is calculated approximately by the sum Y;F (s;, B—.,)(By;,, —
By,), for a fine subdivision {s;} of the interval J (we have here put s' = s;). Making
the subdivision finer and finer, in the limit we get the Ito integral of F.

Imagine that for each outcome b(.) of B;, the integral [, F(s,b(— s))db(s) is
calculated approximately by the sum Y;F (s;,b(— s;)(b(si+1) — b(s;)). This sum ev-
idently depends on the outcome b(.) and is (approximately) the value of the stochas-
tic integral [, F(s,B_)dB, when the outcome of B; is b(.). It is useful to think of
the stochastic integral as arising in this manner, obtained by means of a pathwise
Stieltjes integration, to use words introduced above. However, when one looks at
the fine mathematical details behind the introduction of such an integral, it will be
seen that a slightly different route is taken. In general, the outcomes b(.) are not of
bounded variation, so technically the pathwise approach must be modified.

Let us describe in more detail the family of functions that can be integrated
against Brownian motion. Let N* be the family of real functions F(s) = F(s,B_y),
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s € J =[0,T], such that, for each s, F(s) is a random variable that depends on the
values By, s' < s (so F(s) is adapted or history dependent). Furthermore, for each
outcome b(.) of By, the corresponding outcome f(s) := F(s,b_) of F(s,B_y)) is
required to be piecewise and right-continuous in s, and F'(s) = F (s, B_) is required
to satisfy E[fy F(s)?ds] < oo. This defines the family N*.

To repeat, the integral [, F(s,B_.;)dBy can be approximately calculated by sums
of the type EIZ_OIF(S,-,BHSI.)(BSI.+1 — By;), where the subdivision {s;}<;<y_1, 50 =0,
sy =T, siy1 > sj, 1s fine enough. By choosing the subdivision fine enough (i.e.,
sup;[si+1 — s;] small enough), the approximation will be very good.

Let us discuss this integral a little more, considering only the case where F
is a bounded function. It turns out that there are piecewise constant functions
¢n(s) converging to F(s) = F(s,B_) for all s < T. Indeed, simply put ¢,(s) =
Yo<kenF (Tk/m) 17k n1 (k1) /m) (5)- The value of the integral [; ¢,dB;s exactly equals
a sum of the type already presented, namely Y, F(s¢,B_s,)(Bs,,, — By,), where
sx = Tk/n. The values of this sum can be shown to converge in an appropriate
sense when n — oo. The limit of this sequence of random numbers is denoted by
J; F(s)dBy and is the Ito integral of F, as earlier indicated. Notice then that, as with
other types of integrals, also this integral can be calculated approximately by replac-
ing the original function with a simple function, the integral of which is given by a
sum that we can write down.

(Technically speaking, the convergence takes place in “L,(€)-norm,” i.e.,
E(f; ¢udBs — [, 0ndBy)> — 0 when n,m — oo, in fact, J; 0udBy is a “Cauchy-
sequence” in this norm.)

Proof of convergence of [, 9,dB; (sketch)*

To sketch a proof of the convergence of [, ¢,dB;, we begin by verifying the so-
called I7o isometry: Let ¢ be any piecewise constant function ¢ = Y o<;<iFil|
where F; depends on the history of the Brownian motions up to s;. Then

( /0 ! ¢dB,>2] :E< /0 ! ¢2dt> 4.5)

This equality is shown as follows: Let AB; = B,,,, — By,. Then, if i # j,
E[F;F;AB,AB;] =0, (say if i < j, E[F;F;AB;AB;| = ETE»FjAB,-]E[AB ;] =0), and
E|FFjAB;AB;| = E[F?](siv1 —si) if i = j. Hence, as [, ¢dB, = Y¥,; FAB,,

Sit1)?

E

T ’ 2 T,
E (/0 ¢dBf> = ZIJE(EEABlABj) = ZIE(F; )(SH-] _Si) = E/O ¢ dt'

(In fact, (4.5) holds for any bounded adapted function ¢.)

Let now F and ¢, be defined and related as above. Because ¢, — ¢, is simple,
E[(J (90— Om)dB)?] = E(fy (04 — m)?dt). Now, as ¢, converges to F for each s,
each o, then ¢,, — ¢, — 0 for each s, each w, as m,n — co. A theorem on “dominated
convergence” in integration theory (see the Appendix) then says that because F' and
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so also all ¢, — ¢, are bounded by a constant, it follows that ]OT(q)n — Op)?dt — 0
for each @. The same theorem says that then even E( [y (¢, — ¢,,)2dt) — 0. The Tto
isometry finally implies that E| fOT ¢,dB; — fOT OndB,)> — 0, when n,m — oo, This is
the convergence we wanted to establish. It means that when n and m are large, there
is “very little difference” between fOT ¢,dB; and fOT 0ndB, (at least if this differ-
ence is measured by taking the expectation of the square of it). That is, the sequence
of integrals is convergent in this sense. (The sequence is a “Cauchy sequence in
L?(2)-norm,” see the Appendix). We get the same limit for all sequences of piece-
wise constant functions ¢, converging to F for each s, each ®, the limit does not
depend on the choice of sequence. ]

Above, the functions F (s) that we integrated were history dependent on By. Let M{,
Jj=1,...,j" be a given collection of stochastic processes that includes By, and as-
sume instead that F'(s) is history dependent on the M]’s. Provided B; — B, s > t, is
independent of the history of MY, for 7 < s, the Ito integral [j F(s)dBy is defined
essentially in the same way as before (the proof of the convergence of the approxi-
mating simple integrals is the same as before). A simple example is the case where
the M]’s are j* independent Brownian motions, where for any given 7. the indepen-

dence of M/ — M, t > s, on the history of the other M{’s (T < s) follows from the
independence assumption. (Then By is assumed to be, say, M)

In the approximation formula Y, (s',B_)(By,,, — By,) for the Ito integal, we
said that we always choose s’ equal to s;. If instead we had chosen s" = (s;+si41)/2,
we had obtained another integral, called the Stratonovich integral, a least for well-
behaved integrands. There are standard formulas converting a Stratonovich integral
into an Ito integral (see Karatzas and Shreve (1988)). Whether the Ito integral or
the Stratonovich integral is used depends much on the interpretations these integrals
have in the application at hand, but also partly on mathematical convenience. The
Stratonovich integral is not a martingale, as the Ito integral is, but the Stratonovich
integral has simpler calculus rules, for example, in the formula for the Stratonovich
integral corresponding to Ito’s formula (the latter is presented below), no second-
order term appears. If the Stratonovich integral is written | ab F(t,0) o dBy, then for
F(t,0) = g(t,B;), g(t,x) being realvalued and C*,

b b b
[ steByods = [ g.B)dB+ [ (1/2):(0,B)dr.
a a a
Note that, trivially, the Ito integral [jdB; equals B,. We shall not give examples of

how to calculate integrals until after the so-called Ito’s formula has been discussed,
a formula that appears in the next section.

4.3 Stochastic Differential Equations

Consider the stochastic differential equation

dX, = f(t,X;)dt + o (t,X,)dB;, Xo =x0 € R, x¢ fixed (4.6)



194 4 Control of Diffusions

where B, is a given Brownian motion, f and ¢ are real-valued functions, piecewise
and right-continuous in ¢, and Lipschitz continuous in x, uniformly in ¢ (for, say,
f the Lipschitz continuity means that for some K, for all 7,x,y, |f(z,x) — f(t,y)] <
K|x — y|). Compared with a deterministic equation, (4.6) takes an unusual form.
Actually, the equation does not have a proper meaning as written. Instead, it is really
a shorthand for the corresponding integral equation:

X, =xo+ /Orf(s,Xs)der/Ot o (s,X;)dB; 4.7)

Dividing (4.6) by dt, it seems that we get (4.4) for W(¢) = dB, /dt. As noted before,
taken literally, this manner of stating (4.4) does not work, as (almost surely) the
derivative dB,/dt never exists (this fact is related to the fact that E|B;,, — B;| =
2(h/2m)"/2, 50 E|(By1n — B;) /| = 2/ (2mh)'/?, which — oo when h — 0).

Let us turn instead to (4.7), which is a proper (meaningful) equation. By defini-
tion, a solution to (4.7) is a function X that is continuous in s, such that X; is adapted
to the given Brownian motion, and satisfies (4.7). Both integrals can be calculated,
once X; is known. The integrand in the second integral may been seen to be adapted
(intuitively, it depends on past values of By, (t < s)), so the integral is calculable.
The first integral is an ordinary one (we can calculate it for each outcome of Xj
separately).

There are some general theorems securing existence of solutions to such equa-
tions. In the theorem to be presented below, allow f and X; to be n-dimensional
(n x 1-matrices), o (t,x) to be a n x m-matrix with elements o; ;(x,7) and rows o,
and B; to be an m-vector (m X 1-matrix) whose components are independent Brow-
nian motions. Then (4.6) and (4.7) become systems of n (simultaneous) equations,
one for each component of X;.

Theorem 4.1 (Existence of solutions, (Nualart (1995)). Assume that all fi(t,x)
and all o; j(t,x) are piecewise and right continuous in t and Lipschitz continuous
in x uniformly in t, with Y ;|0;(t,x) — o;(t,y)| + | f(t,x) — f(t,y)] < K(x—y) for
any x,y.t, and that c;(t,xo) and f(t,xo) are functions bounded by a constant K'.
Then a unique solution X; of (4.7) exists on [0,0), adapted to (history dependent
on) By = (BL,...,B™), continuous in t and satisfying

E[ sup X<r>|2] < ak*Te T [[Xo2 + ((n+ DK'TY?,
0<r<T

for some o0 > 0, independent of K, K', xg and T. OJ

Some bounds on the solutions of stochastic differential equations are discussed in
Exercise 4.5 below.

An approximate manner of solving such equations is “stepwise numeric inte-
gration”: If Xj, is already calculated, then X;, 1y, = Xi, + f(ih, Xin)h + o (ih, Xi)
(B(i1)n — Bin)-
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Partial proof of Theorem 4.1%*

Let us show, in the one-dimensional case, the existence of a solution on [0, 1 /16K 2],
assuming that K > 1. (Iterated use of such a result yields a solution on any finite
interval. When constructing the solution on [1/16K?,2/16K?], the initial value to
be used would be X/ ¢x2, known from the previous construction. A similar re-
mark pertains to later intervals. The below proof also works for stochastic initial
values.) By the Cauchy—Schwartz inequality (see the Appendix), [;[¢(s)| - 1ds <
(fo 0 (s)2ds) V2(fi 1ds) 2, o (f39(s)|ds)? <1 [y 6 (s)*ds. Lett € [0,1/16K?], and
define ¥ = X; and, by induction,

it it
Y = Xo+ / Fls, " Vds + / (s, Y )\aB,.
JO JO

Define
=y R = sup E[ -1
1€[0,1/16K2

Using both the last inequality, (a + b)> < 2a*> +2b%, and

Fs. Y = fs. YD) <K ) =¥ 2 o(s, Y ) — o(s, 72
<Ky h-y,

note that
E‘Y[n _ Ytnfl ‘2
1 ' 2
<B| [ren ) - ey st [ o) - ol 1 2)as
0 0
ot 2 " 2
<2 | [ ) - s )as| 42| [ol ) - olsx2)as]
0 0

<2E [z /0 sy — f(s,Ys"Z)}zds] Y 2E [ /0 Yo,y - G(s,Ys"z)}zds}

't 't
SZKZIEA |Y;”71)_Y;n72|2ds+2K2E‘/0 |Y;”71)—Y;n72|2ds

< 2K2l2‘|xn_l _Xn—2||* +2K2t||y'n—1 _Xn—2‘|*
< 4Ryt

(for the second inequality, the inequality (a4 b)* < 2a* + 2b? is used, and the third
one follows from the Ito isometry (4.5) and the above application of the Cauchy—
Schwartz inequality).

As4K?t < 1/4,then ||[Y" — Y™ 1|* < (1/4)||]y"~! —Y"=2||*. Thus the difference
between Y~ ! and Y"~2, measured by |[Y"~ ! —y"2|| := (||y"~ ! —y"2||*)1/2 de-
creases rapidly toward zero (the difference for n is 1/2 that one for n — 1). In fact
Y/" is convergent in some sense (in fact, uniformly in LZ(Q)-norm), to a function Y,
which can easily be seen to be a solution of the equation. Hence a solution exists on
[0,1/16K?]. (For more details, see Exercise 4.6 below.) O
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The most important reason for including this proof is that it tells us that the
above type of solutions to differential equations are history dependent on B;: Note
first that if a(s, B_y) is history dependent, then [§ a(s,B_.;)ds and [; ot(s, B—.s)dB;
are history dependent, for given 7, because the integrands o(s,B_), s <, depend
for each s on the values of By, T < s <t. By induction, the functions ¥;" become
history dependent, and thus also, at least intuitively, the limit ¥;: None of the Y/*’s
depends on any future value of B¢, so the limit must also be independent of such
values of B;.

Remark 4.2. In the above theorem, f; and o;; can be adapted functions, f; =
filt,x,w) = fi(t,x,B_;), 0;; = 0; j(t,x,®) = 0; j(t,x,B_;). (Then the inequality
involving K must hold for all @ and K’ must be a bound for all ®.) ]

In particular, in (4.6), we can allow f = f(t,x,B_;) and 6 = (¢, x,B_;).

Remark 4.3. In order to define what constitutes a solution of (4.6) on [0, 7], the most
important requirements are that, for each ¢, f and o are adapted to B; (dependent on
values By, s <t), and piecewise and right-continuous in ¢, and (say) locally Lipschitz
continuous in x, uniformly in 7. For any function X;, adapted to B;, continuous in ¢,
then f(z,X;,B_,;) and o(¢,X;,B_,;) become adapted to B, and piecewise and right-
continuous in #, which means that we should be able to calculate the integrals in
(4.7). Atleast thisis soif E[ [y |f(t,X;,B_;)|dt] < ooand E[ [, o(t,X;,B_;)?dt] < oo.
Then, let us agree that X; is a solution (sometimes called a strong solution) if it is
adapted to the given Brownian motion, continuous in ¢, the equality in (4.7) holds
for all ¢ € [0, 7], and the two just mentioned inequalities hold. O

The Ito Formula

Consider a stochastic process (sometimes called Ito process) of the form:

X, =X +/Otu(s)ds+/0t v(s)dB;, (4.8)

where u(s) and v(s) are adapted real-valued functions belonging to N*, and ¢t € J :=
[0,T]. Here Xj is a fixed number. When a process X; is given in this manner, an
informal manner of writing it is on differential form,

dX; = u(t)dt +v(s)dBs, Xo=xo given. 4.9)

Let ¥; := g(t,X;), where g(t,x) has continuous second derivatives (g : R — R).
Then Ito’s formula is

1 0.3%) = 030+ [ v) [ 252,

+ /0 l {ag(g’sx“') + u(s)@ +(1/2)v(s)? [(ﬁgg(;x)} }ds (4.10)
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A proof of this formula is sketched below. Ito’s formula is frequently informally
formulated as

dY, = (dg/dt)dt + (dg/dx)udt + (dg/dx)vdB, + (1/2)v*(9%g/dx*)dt  (4.11)
or even as
dY; = (dg/at)dr + (dg/dx)dX; + (1/2)(d%g/dx*)(dX;)>. (4.12)

Let us give an informal comment on (4.11) and (4.12): One often says that
(4.11) is derived from (4.12), as follows: dX; is replaced by udt + vdB;, and
then (dX,)*> = u?(dt)? + 2uvdtdB, +v*(dB;)? is calculated by applying the rules
dtdt =0, dtdB; =0, dB,dB; = dt, which yields (dX;)> = v*dt. This calculation
has no proper meaning, neither have (4.11) and (4.12).

There is a multidimensional analog of Ito’s formula that will only be stated on
differential form. (Again a truely meaningful formula is obtained only by first ap-
plying the calculation rules stated below and next adding integral signs.) Given
the real C? function g(t,x1,...,x,), suppose that dX;(¢) = u;(t)dt + vi(t)dB;(t),
where B;(t) are independent Brownian motions. Write X; = (X (¢),...,X,(¢)). Then
Y, =g(t,X(1),..., X,(t)) =: g(t,X;) satisfies

dY, = (9g(t,X;)/dr)dr + Y (Ig(1,X;)/Ix;)dXi(r)
+(1 /Z)Zi’j@zg(uxt) /9x;9x;)dX;(t)dX;(t) (4.13)

the products dX;(r)dX;(t) being calculated by means of the rules drdt = dB;(t)dt =0,
dB;(t)dB;(t) =01if i # j, and = dr if i = j.

To explain intuitively the content of the Ito formula, say (4.11), let us assume
that dX;,dY;,dB;, are not “infinitesimals,” but represent changes on a small interval
[f,¢ +dt]. Using that dX; =~ udt + vdB, and Taylor’s formula, including terms up to
the second order, then dY; ~

gidt + g.dX; + (1/2)[gndt* 4 2g,,dtdX; + godX?]
= gdt + goudt + g vdB, + (1/2) (g (dt)* + 2g.x (udt 4 vdB,)dt
+ g (2 (dt)? 4+ 2uvdtdB; +* (dB,)?)].

We want to drop all terms of order higher than 1. Evidently, the size of dtdB; is
(dt)3/?, (E|dB| is proportional to (dt)'/?), so the terms containing (dr)? and dtdB,
can be dropped, compare the multiplication rules mentioned above. Then, (4.11)
follows from these considerations, once we note that the term (dB;)? cannot be
dropped, but it can be replaced by dt, causing only a negligible errors. At least we
have, (by the Appendix, (5.15)), that

E((dB,)? —dt)? = E(dB,)* — (dt)* = 3(dt)* — (d)? = 2(dt)? (4.14)

In fact, all (4.14) tells us is that it is slightly better to replace dB? by dt, rather
than by 0, as E((dB,)* — dt)* = 2(dt)?, while E((dB,)?> —0)? = 3(dt)*. A better
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argument for this replacement can be found in the following proof of the integral
formula (4.10).

Sketch of proof*

We use approximation by a second-order polynomial (Taylor’s formula). Let {7; },i =
1,...,i* — 1, be a subdivision of the interval [0,7] into intervals of equal lengths A; :=
tig1 —t; = h, h small, (fo = 0,2 =1). Write X;,,, — X;, = AX; = u(t;)h; +v(t;)AB;,
where AB; = By, 15, — By Then g(1,X,) — (0,X0) = Li_g {8 (i1, sy, ) — (61, %)}
is approximately equal to the sum

A=Y {gihi+ g AXi+ guhi |2+ gixhiAXi + g (AXi)* /23, (4.15)

where the partial derivatives are evaluated at (#;,X;,). The sum has /A terms. Write
u; = u(t;), vi = v(t;). We claim that this sum is approximately equal to

B:=Y |ahi+8:AX; viguhi 4.16
T L 8ihi + 8xAX; + ) ) (4.16)
l

the standard deviation of the error being of order h'/2. Accepting this claim and
letting 7 | O give (4.10) (the last sum is an approximation of the sum of the two
integrals in (4.10)). To prove this claim, we shall show that (E(A — B)?)'/? is small,
where A-—B =1}, gnhiz/Z + ghiAX; + g [(AX;)? — vlzh,])/2} First , observe that
(E(A—B)*)'? <

Y (E(guliF [2%)!2 + Y (E (gichid X)) /2 + W, @.17)

1

where ¥ = (E(Y,; g [AX;)? —v7R;])/2})?)'/2, (we have here used the general rule
(E(X;a2))'/? < Yi(Ea?)'/?). Note that (AX;)? = u?h? + 2huv;AB; + v (AB;)?.
Hence, E(AX;)? = Eu?h? + E0V})E(AB;)?. As E(AB;)* = Iy, this implies that
(E(AX,-)z)l/2 is of order 1'/2. So the second sum in (4.17) is of order (t/h)hh'/%.
A similar remark evidently also applies to the first sum. We claim that ¥ is of order
h'/2, Using the expression for AX; above (and the above general rule),

¥ = Z‘ti(E(é"""”izhiz/z)z)l/2 +Zi(E(gxxhiuiViABi)2) 1/2
2\ 1/2
T (E (ZivzgmABiz/2 - Vizgxxhi/z) ) .

The two first sums are of order (at least) (/h)h*/, whereas the third term needs a
little more consideration. Observe that

2
(ZivizgxxAB[z - Vizgxxhi>

= Zi7jv(ti)2gxx(tiyxti)(ABiz - hl)v(t])zgxx(thxlj)(ABi - h])
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Note that v(1;)*guc(ti, X, ) (AB} — hi)v(tj)?gx(tj,X;;) and AB — h; are independent
when i < j (if i > j interchange the roles of i and j below). As E (AB?) = hj, tak-
ing the expectation of the last sum yields that all terms for which i # j vanish. So
by (4.14),

2
E (ZivizgxxABiz - Vizgxxhi> =E (Zi"? (gxx)z(ABiz - hi)z) ~ (t/h)hz,

(here ~ means proportionate to), and the square root of this entity is ~ 4'/2. Hence,
the entity ¥ defined above is of order h'/2. Thus, the whole expression in (4.17) is
of order h'/2. ]

Actually, a proof like this only works when all derivatives are bounded, when « and
v are piecewise constant, and when the #;’s include the jump points of « and v (neces-
sitating perhaps unequal /;’s) (recall that we wrote AX; ~ u(t;)h; + v(t;) AB;, without
discussing the error, which however is zero if u and v are piecewise constant!). The
general case is proved by approximating general u,v-functions by piecewise con-
stant ones, and a general g by one having bounded derivatives (perhaps even of the
third order, if using the following comment). Note also that the error made by us-
ing the approximation (4.15) above has not been estimated. When g has bounded
third-order derivatives, with bound K, the error term is of the form }; R;, where for
each i, |R;| is smaller than the sum of four terms of the form Kh{*|AB;|%, a;+b; =3,
a;=0,1,2,3. The square of the sum ¥, |R;| contains 16(¢ /h)? terms, each term being
< K*h{'|AB;|"h'|AB;|’i. The “worst” of the last type of bounds are ones for which
bj = b; =3, but E[|AB;|*|AB,|?] is proportionate to 4, by properties of the normal
distribution. In fact all bounds are proportionate to i*, k > 3, so (E(Y;R;)*)"/? is
< (K'16(1 /h)*h3)'/2 = 4K""/2th'/2, for some constant K'. Hence, the error is small
when £ is small.
Taking expectations in (4.10) gives the so-called Dynkin’s formula:

E[g(t,X:)] = g(0,Xo0)

+E[/Ol{ag(svxs)/aﬁM(S)9g(s,Xs)/3X+(1/2)v(s)292g(s7xs>/3x2}ds @.18)

The term in (4.10) containing dB, disappears when taking expectation, for the fol-
lowing reason: Recalling our definition of the integral, consider it to be a sum
of terms a;(By,, — B;;). By our assumptions, each a; depends only on values of
By, for s < t;, which are independent of B, o~ By So, therefore, is a;. Hence
Ela;(By,, — B;,)] = E|&]E[By,, — B,] = 0. Note that E[ [y g(s)dBy] = 0, when g(s)
is any function adapted to By, (g € N*). In particular, this holds if g(s) is replaced by
2(5)110,7(w)) (5), when both g(s) and 1( ¢(e) (s) are adapted to Bs. This property of
7(®) is also expressed by saying that T(®) is a stopping time. So Dynkin’s formula
also holds if 7 is replaced by a bounded stopping time 7(®).

Writing z, := E[g(t,X;)] gives the differential form of Dynkin’s formula, namely

dzy = E{dg(s,X;)/ds+u(s)[dg(s,Xs)/Ix] + (1/2)V(s)2[82g(s,Xs)/8x2]}il:.19)
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Remark 4.4 (Additional conditions needed*). Actually, for the Ito and Dynkin for-
mulas to hold, certain additional conditions may be needed. In the one-dimensional
case, the condition eo > E[f) (v(r)g.(t,X(r)))dt] is needed, we need to “Ito-
integrate” v(t)g,(¢,X(t)). However, this condition can be weakened (even essen-
tially dropped), provided the Ito integral is extended to more general functions, see
for example Yong and Zhou (1999), p. 36.

For the Dynkin formula, the last inequality is needed, together with the assump-
tion that the expected value of the integral of the absolute value of the integrand in
(4.18) is finite. |

Example 4.5. Geometric Brownian motion. Let g(t,x) = exp [(r — %2) t+ Otx} 1,0
given positive numbers, and let X; = B; (i.e., u =0, v =1 in (4.9)). We want to find
an expression for ¥; := g(¢,B,) = exp [(r— %2) t+ OcB,} by Ito’s formula. It says

e [ (e[ %)) s
o ((r ) )an

2
+(1/2/a exp((r )s—i—ocB)ds

:l—l—r/ sts—&—oc/ Y,dB;.
0 0

Hence, ¥; is a solution of the integral equation ¥; = 1+ r fé Yids + o fé Y,dBs. This
integral equation is also written dY; = rY; + aY;dB;. The solution Y; is called geo-
metric Brownian motion. We see that Ito’s formula can sometimes be used to obtain
solutions of such equations.

Can we find a formula for £Y;? This expression can be calculated by using that
B, is normally distributed. Let us wait for a moment with that, and let us instead
use Dynkin’s formula: Bvidently, x(¢) := EY; = 1 + Er [{ Yids = 1 + r [;x(s)ds
so dx/dt = rx,x(0) = 1, hence x(r) = €'". Let us now use the first method men-
tioned. Now, EY;, = exp [(r— —2> } Eexp(aB,). To calculate the integral yielding

Eexp(aB;), use the fact that ax — x?/2t = — (x> — 2tox) /2t = —(x —ta)? /2t +
(ta)?/2t. One then gets that E exp(aB,) equals e’ @)*/21 = o@*1/2 times the integral
of the normal density function of N(ra,2t), which of course is 1. Hence, again we
get EY, = exp(rt). O

Example 4.6. “Integration by parts.” Let us show that [ F(s)dB, = F(t)B; —
Jo F'(s)Bsds, where F is deterministic and C'. To verify this, apply Ito’s formula to
g(t,x) = F(t)x, with X, = B;. Hence, F (t)B; — F (0)By = [ F'(s)Bsds+ [ F (s)dB
By the way, note that jé F'(s)Byds is an “ordinary integral,” for each outcome
b(s) of By, we can integrate [§ F'(s)b(s)ds. O
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Example 4.7. Let us find an expression for [}(B;)?dB,. From ordinary integra-
tion by substitution, if / is any deterministic function, then [Jh%d(h(t)) = 6%3 ,
so we expect to obtain a term of the form (B;). Hence, it seems natural to try
Y, = g(B;) with g = %, to see how close we get to the original integral. Then,
Y, = Yo+ J(Bs)?dBs + [ Byds, so [§(By)?dBs =Y, — [ Byds = (B,)?/3 — J§ Byds.

O

Remark 4.8 (Generalizing history dependence). Let us discuss a little more the term
“adapted” used in connection with (4.8) above (u(.) and v(.) was said to be adapted).
In the one-dimensional case, according to our conventions, this means adapted to
(history dependent on) the given Brownian motion. In the multidimensional case,
adapted means adapted to the vector Brownian motions B; = (B (¢),...,Bn(t)),
{B;}; independent. More, generally, let {M}; be a finite collection of stochastic
processes, which includes the one-dimensional By, and assume instead that u(s) and
v(s) are history dependent on the M{’s, or adapted to (“the o-field F, generated
by”) the M’s. Provided B; — By, s < t, is independent of the history of the M}’s, for
T < s, the Ito and Dynkin formulas still hold, and the proofs are the same. O

The next, lengthy example is a famous result in mathematical finance that was
awarded the Nobel (memorial) prize in economics.

Example 4.9 (The Black and Scholes formula for the value of a European call).
A European call is a paper stating the right to buy a share of a stock at a fixed price
K at a fixed date T in the future. We imagine that such papers are traded (as well as
the stock). In addition, lending money at the riskless rate r is also possible. Thus a
certain “completeness’” of markets is assumed. At any time, the price Y =Y, of the
call is a function Y := C(t,S) of the price S = S; of the stock at that time. Evidently,
at time T, Yr = St — K if Sy > K,Yr = 0 otherwise (if S < K, nobody would
exercise the right). Imagine that an investor at any given point in time operates with
a portfolio of the stock and the call in relative proportions —C := —dC/dS < 0 and
1 (a moment’s reflection shows that C; > 0), such a portfolio is riskless, as we shall
see. Here, we allow for the possibility of holding negative amounts of the stock or
the call. (If, say, a negative amount of the stock is held, it means that the investor
has borrowed the stock belonging to somebody else, and returns exactly the number
of shares borrowed at the “end of time.” Because he may be trading all the time in
the stock, perhaps he may eventually have to buy some extra shares in the market to
be able to return exactly the amount he borrowed. Each year the investor pays the
owner an amount of money equal to the amount of dividends paid out according to
the original number of shares he borrowed. No further compensation is paid to the
owner of the stock.) The number of calls and shares of the stock the investor has are
denoted Q = Q, and P = P,, respectively, so all the time P/Q = —Cy, or P = —C>0.
The wealth is Z = PS4+ Y Q. The portfolio is operated in a self-financing manner,
which means that an increase in the number of calls is financed by the selling of
some of the stock and vice versa. For the moment, let us operate in discrete time,
with 4 being the unit of time, and let A indicate changes, e.g., AS = S;4, — S;. If P
and Q are the same at time ¢t and ¢ + /& then
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Zt+h = PtSerh + QthHr (4-20)

It may well be that P and Q at time ¢ + & are changed by trading in the stock and
the call, but then still Z;,j, = P, 3Si1n + Qi+ Yy+n = P Si1n + O1Y 41, the last equal-
ity reflects the fact that no new money is infused or subtracted (the portfolio is
self-financed). Moreover, with the proportions between P and Q being as proposed
above, the portfolio is riskless: If S;,, turns out to be S, + & rather than S,
(6 small), then, denoting the change in Z;,, by 8", we get, in the first order, that
Ziin+08" =Py (Sion+08)+ QO (Yiin+0'), where 8" := C(t +h,S; 4 +6) —C(t +
h,Sein) = Cat+h,Si14)6 =: C6.

As all the time P, = —C, 0,

Ziin+8" = —Co0in(Sisn+8)+ Qrin(Yipn + Co6) = Zyp,

so 8" =0.
Subtracting Z; = B.S; 4+ Q,Y; in (4.20), and letting & be small, we should reason-
ably get, using differensials, that

dZ; = PdS; + Q.dY;. 4.21)
Using the proportions proposed above for P and Q, we get
dZt = _Cz(l,St)QtdSt +Qtdet (422)

Because the portfolio is riskless, it should earn the riskless rate of return (bank rate),
r, hence, by (4.22), as Z, = —C> 0,5, + Y; Oy, Z as a function of time satisfies

Qi (—Ca(t,8;)dS; +dY,) = dZ, = rZ;dt = rQ,(—Ca(t,S;)S; + Yy )dt. (4.23)

It is assumed that the price of the stock follows a geometric Brownian motion, dS; =
oS;dt +6S;dBy, o, B given constants. From (4.23), —CodS, +dY, = r(—C,S, + Y, )dt,
whichyieldsdY, = CodS; — rC,S;dt + rY,dt = Co (S, dt + 6S,dB; ) — rCS,dt +rY,dt.
By Ito’s formula,

dY; = Cydt 4 aS,Codt + 65,C2dB, + Cx (G2S? /2)dt. (4.24)
Equalizing the two different expressions for dY; yields
Ci(t,S,)dt = rC(t,8,)dt — rS,Cy(t, S, )dt — (Cpa (1, S,)6>S? /2)dt. (4.25)

Dividing by dr and considering S to be just an independent variable (as 7), we obtain
a partial differential equation

C) = rC—rSCy — C»n628%)2. (4.26)

The boundary condition att =T is: C =S — K if § > K,C = 0 otherwise. If we can
find a solution C(¢,S) of this equation, the price process ¥; = C(z,S;) would satisfy
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(4.25). In fact, the equation, with its boundary condition, can be solved explicitly.
It has the famous solution:

C(t,5) = SN(x) — KN(x — o(T —1)'/?)exp(—r(T —1)), (4.27)

where x =6~ (T —1)~"/?[In(S/K) + (r+ 62 /2)(T —1)], and N(.) is the cumulative
standard normal distribution. It may be tested that the partial differential equation
(4.26) is satisfied by the solution in (4.27) (a lengthy calculation, so preferably see
below), as well as the boundary condition (for the latter test, let ¢ /T in the solu-
tion). Thus the price ¥; equals C(z,S;), C(z,S;) as given in (4.27).

The time development of the price of the stock will be influenced by the stock’s
dividends; we imagine this to be taken care of by the above price equation of the
stock. Now, the price of the call is as we know from the Black and Scholes formula
a function of the stock price. Hence the price development of the call will also be
influenced by these returns. But note that, say, ¥j is not explicitly dependent on the
drift coefficient &, only on the “volatility” coefficient ©.

Proof of the Black—Scholes formula*

That the formula (4.27) satisfies the boundary condition can be shown quite easily,
as mentioned by letting + — T and using I’Hopital’s rule for taking limit (the satis-
faction of the boundary condition also follows from the calculations below). Also,
by finding C;,Cs,Css, one can test that the formula satisfies (4.26). However, the
latter procedure is, as mentioned, quite tedious, so let us show the satisfaction by
reducing stepwise the equation (4.26) to a simpler one, as done in A below. Actu-
ally we do it in the opposite order, i.e., we present the simple equation first. For the
reader who wants to know what is going to happen (and perhaps does not want to
go through all details), note that the first equation brings the normal distribution into
the solution. The second and third equations have easily constructed modifications
of the solution of the first one. Next, if C(z,S) is the solution of the Black—Scholes
equation, then g(7,y) := C(T — 1,¢”) satisfies the third equation (for suitable values
of its coefficients). In the three equations, (4.28)—(4.30), a general initial condition
appears, what remains is to calculate the solution for the specific initial (or here ter-
minal) condition C(7,S) = h(S) = max{0,S — K} This is done in B below. Finally,
C contains some additional results and comment.
A. Consider the partial differential equation (called “heat equation™)

up = (A/2)uxy, u(0,x)=f(x),A>0. (4.28)

where the function f in the boundary condition is a given continuous function such
that, for some positive constants A,B,p < 2, |f| < Aexp(B|x|P). Write k(A ,7,x) :=
exp(—x2/2At)/(27At)' /2, t > 0, where x — k(A,,x) is actually the density of a
stochastic variable Z that is normally distributed Z ~ N(0, At).

Lemma. The equation (4.28) has the solution u(f,x) = [ f(2)k(A,t,x —2)
Jo f(x+2)k(A,t,—z)dz = [ f(x+2)k(A,1,2)dz, t > 0, and lim, |gu(r,x) =

A

dz =
f(x).
O
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Proof of the Lemma

First, note that the equation has the solution k(A,7,x). To see this, taking the log-
arithm of k(A,t,x) and differentiating gives k; /k = —1/2¢ 4+ x?/2At* and k,/k =
—x/At, or ky = (—x/At)k. Hence, ky, = {—1/At +x%/A%*}k. Then, evidently, k
satisfies (4.28). Next, functions k(A,7,x —y), y any given constant, satisfy (4.28),
and sums Y, %ik(A,t,x — y;) evidently also satisfy (4.28). Even infinite sums like
u(t,x) satisfy (4.5). (The growth condition on f ensures that the integral exists.)
Now, u(t,x) = Ef (x+(A1)'/2Z), Z ~N(0,1), so lim, g u(t,x) = f(x) and the lemma
is proved.

Let u(¢,x) now be the solution corresponding to A = 2, and write k(2,7,x) =
k(t,x). Defining v by u(r,x) = exp(ot + Bx)v(r,x), it is easily calculated that v
satisfies

Vi =V +2Bvi+ (B2 —a)v, (4.29)

and v(0,x) = u(0,x) exp(—Bx) = f(x)exp(—Bx), (v(t,x) = e~ ¥ P¥y(r,x)).
Now, assume given a function w(z,y) satisfying an equation of the form

W = awyy +bwy +cw, (4.30)

with boundary condition w(0,y) = f(y/m)exp(—by/2m?), a > 0, m = a'/>. If we
write v(¢,x) = w(t,mx), (y = mx), we get that v(0,x) = f(x)exp(—bx/2m) and the
equation v, = vy, + vib/m+ cv.

Comparing this equation for v with the previous one, evidently these equations
are equal if b/m = 2B,c = B> — a, ie., B = b/2m, o = b*/4a — c. Then, using
v =uexp(—ot — Bx) gives that the solution w(z,y) is

w(t,y) = exp(—t (b /4a—c) — yb/2m?) /R K(ty/m—2)f(E)dz (431

If C(¢,S) satisfies the Black—Scholes equation and the boundary condition C(T,S) =
h(S), we get the following equation for g(7,y) := C(T —,¢”) (i.e., g(T —t,InS) =
C(t,S), where T =T —t and y = InS): g; = (62/2)gyy + (r — 6%/2)g, — rg. For this
equation to be the same as the equation for w, of course a = o2 /2,b=r— o2 /2,
c=—r,(s0c=—b—a=—b—m?and m = /2'/?). To have w(1,y) = g(t,y), we
must have that f satisfies i(e*) = g(0,y) = w(0,y) = f(v/m)exp(—by/2m?). Then
f(y/m) = h(e*)exp(by/2m?), so for Z = y/m, we get f(3) = h(e"?)exp(bz/2m).
From this we get

g(T,y) = e~ T Aa=c)—yb/2m? ; (4.32)

where
J::/ k(t,y/m—2)h(e")e"/?d3 (4.33)

Substituting u = y/m — Z in the integral gives
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J = /2 {— /7wk(f,u)h(ey*m”)efb“/zmdu
ot [T _ -
_ P/ / k(, u)h(e> ™) e /2 gy, (4.34)

B. For any ¥, note that

k(t,u)e V" = (1/2(n7)"/?) exp(—u? J4t)e 1™
= e (1/2(n7) ) exp(—(u+21y")? /A1) = ™ k(T,u+21Y"). (4.35)
The second equality was obtained by completing the square.

Consider now the case i(S) = h*(S) := max{0,S — K}. Then, in (4.33), we need
only integrate over {Z: MK > 0}. Equivalently, in (4.34) we need only integrate
overD={u:y—um>InK}={u:u<0:=(y—InkK)/m}. From (4.34), for h(.) =
h*(.), we then get

J = ebv/am’ {/ k(t, u)ey_m“e_b”/zmdu—/ k(‘L’,u)Ke_b“/zmdu]
D D
= @ toy/2m* vy / k(T,u+ 27y Ymu — /2T / Kk(T,u+27y)du, (4.36)
D D

where ¥ = m+b/2m, and ¥ = b/2m. Now, note that for any y”, any 6,

5 §/(20) 24 21) 2y
/ k(T,u+ 277" ) du = / k(1,1,4)da, 4.37)

—o0

where i = u/(27)"/2 +(21)'/29", (k(1,1, @) being actually the standard normal den-
sity). Using this we get

J= ey+by/2mz+r}/2N(6/(2,r)l/2 + (21.)1/2,/)
— TP N(§ ) (21) 12 4 (27)2y). (4.38)

Using T =T —¢, and noting that ¢ = —r, d = 6 /2/2, b/2m = (r— 62/2)2"'/? /5,
b/2m+m= (r+0c%/2)2"'/2/c yield g(1,y) =

EN({y—InK +[r+0%/2)t}/07'?) —Ke ""N({y—InK +[r — 62/2]t} /ot'/?),

which gives the Black—Scholes formula (recall S = ¢”). O

C. For later use, note that for a general h(.), from (4.34), (4.35), for Y/ = b/2m,
when @ = u/(27)"/? + (27)'/2b/2m, then u = (27)"/%i — th/m, and y — mu = y —
m(27)"/2 4 tb, so, with k(t,u+2ty")du = k(1,1,i)di as before,

J= er(h/Zm)2+b}'/2m2 /°° k( 17 17Iz)h(e}'*m<2‘5>l/2ﬁ+bf)d’z. (439)
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One may prove that C(z,S) is unique in the class of C!?>-functions C(z,S) satisfying
(4.26), the boundary condition and the growth condition |C(z,S)| < Aexp(B[In(1 +
IS|)]?) for all S,z € [0, T] (A and B some positive constants). The last function grows
faster than any power of S but slower than any type of exponential growth. This
result also follows from a corresponding uniqueness result holding for the simple
heat equation (4.28), for which the growth condition is that the absolute value of
the solution shall be bounded by Cexp(Dx?), C and D some constants. (See Steele
(2001), from which also the above derivations are taken.)

Note that it can be shown that, for an arbitrary continuous function x(.), if C(,S)
satisfies (4.26) and C(T,S) = h(S), then

C(t,8) = e "TDE[R(ZE'S)), (4.40)

where Z! is the process starting at ¢, governed by dZ; = rZsds+ 6ZdBs, Z, = 1, a
geometric Brownian motion with drift coefficient r (we had drift coefficient & in the
process of S;). See below.

Let an arbitrage mean a method of “speculation” that yields positive income at
least in some situations but never a loss of money. Assuming that no arbitrage is
possible in the market at hand and that C(z,S) is the market price of the promise
of getting A(S) at time 7, then a direct “stochastic” proof of the formula (4.40)
can be given, not relying on the equation (4.26). (See Ross (1999), for an intuitive
argument, at least in the case 7 = max(0, S — K), and the other books on finance in
the References, for more formal arguments and for general A(.).)

To prove the formula C(t,S) = e ""E[h(Z}S)], T = T —t, using the calculations
above yields e """V E[h(ZL'S)] = E[h(Selr=0"/2)7+0B:) —

e [ k(1 1,2h(Selr 2o e g
R
=" [ K1 Lah(e e g
R
— et [ K112 B0 gz
R
R L e T
R
e—rT—Tb2/4a—.\’b/2m2J = g(’r,y) = g(T,lnS) = C(taS)

(where (4.39) was used).

Finally, let us add the following observation. Let R, be governed by dR, =
rR:dt,Ry = 1 and consider the portfolio (Ca(z,S;),(Y: — Ca(t,5;)S;)/R;), where
Cy(t,S;) is the number of stocks held and ¥, — C»S;, (C2 = C»(1,S;)), is the amount
of money in the bank at time ¢, (¥; — C»S;)/R; being this amount discounted back
to r = 0. The value of this portfolio at time 7 is V; = G3S, + [(V; — C2S) /R/R,. If
this portfolio is operated in a self-financing manner (as we assume), then, similar to
(4.21), the change in this portfolio will be dV; = C2dS; + [Y; — C»S;]rdt (changes in
the “proportions” (Cy, (Y; — C2S;)/R;) may be disregarded, as we saw). Comparing
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this with dY; = CodS; — rC,S,dt + rY,dt gives that dV; = dY;, i.e., the value of this
portfolio grows exactly as dY;. Moreover Vy =Yy so V; =Y;.

Hence, in the above perfect world, in a sense, the existence of the financial in-
strument European call option is superfluous. ]

Girsanov’s Theorem

Let y(z) be a density on the real line, and let f(x) be an increasing function on
the real line. Let ¥ = f(X). Can we find a density for X, such that ¥ gets the
density w(y)? Well, using integration by substitution, for any ¥, [7_w(y)dy =

S0 W) (x)dix. S0 if X has density y(£(x))f(x) on (/=" (=), £~ (=),
then Y gets the density y(y).

A similar property will be stated for Brownian motion.

Let P be the probability function (or “measure’”) on the canonical sample space
Co([0,T1]), corresponding with a given real-valued Brownian process B;. Hence, we
have P(B; € [a,b]) = N(0,1,[a,b]) = the probability that a N(0,) stochastic variable
belongs to [a,b]. Let ¥; be an Ito process of the form dY; = a(r, ®)dr+dB(t), Yo =0,
t € [0,T], where a(z, ) is a bounded adapted function. Then there exists a proba-
bility function Q on Cy([0,T]) under which ¥; is a Brownian motion, in particular,
O(Y; € [a,b]) = N(0,¢,]a,b]). (The explicit formula for Q is not given.)

This is one version of Girsanov’s theorem. Let us apply this theorem to stochas-
tic differential equations. Assume that X; is a solution to the equation dX; =
o (X;)dB;,Xp given, where o(x) is Lipschitz continuous and o(x) > a > 0 for
all . (By an existence theorem above, a solution exists.) Consider the equation
dY; = c¢(Y;)dt + 6(Y;)dB;,Yy = Xo, where ¢(.) is only continuous, or, say even
piecewise continuous, so existence theorems do not apply (at least, not the sin-
gle one we have presented). Now, from the preceding result we know that, for
uy = —c(X;)/0(X:), B, = J{ usds+ B, is a Brownian motion with respect to some
probability function Q, with dB; = u;dt + dB,. Then dB; = dB; — u,dt. Now, dX; =
o(X,)dB; = o(X,)(dB, — wdt) = c(X;)dt + o (X;)dB,. Thus the pair (X;,B;) satis-
fies the equation for Y;, and such a pair, where the Brownian motion is not given in
advance, but is “part of the construction,” is called a weak solution pair. From the
point of view of interpretations, a weak solution has the “weakness” that it is not
necessarily history dependent (only) on the history of its “pair member” B,. Some-
times, however, we want to assume that the development of the Brownian motion is
all we have to observe in order to explain — or in control problems to determine —
what happens.

4.4 Stochastic Control

Assume now that the n-dimensional process X; € R" is governed by the controlled
stochastic differential equation
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dX; = f(t, X, u(t,X;))dt + o (t, X, u(t,X;))dB;, Xo=x". (4.41)

The control u(t,X;) is a function taking values in a given set U C R” and is sub-
ject to choice. In (4.41), f, o, and X0 are given entities, ¢ is an n X m matrix with
entries 0; j(f,x,u), and B; is a vector of m given independent Brownian motions.
We assume that the entries of f and o are piecewise and right-continuous in ¢, and
(say) uniformly Lipschitz continuous in (x,u) on bounded subsets of R'*"*", For
any given (s,x) in [0,7] x R", define

T
o) =8| [ plo X X+ oT x|, @)

u=u(.,.), where the symbol E** means the expected value arising from starting the
process (4.41) in state x at time s. Here 7 > 0, and fj and g are given continuous
functions. The optimization problem we shall consider is

max J(0,x°,u) subject to (4.41) and u(z,x) € U for all (¢,x). (4.43)

w=ul.,.)

In (4.43), we seek maximum among all controls of the form u(¢,x), so-called
Markov controls, taking values in U. We might allow more general control functions
in the problem (in (4.41)—(4.43)), namely functions u, := u(t, ®) that are dependent
on past values of B, (history dependent on B, = adapted to B,) (with u(t,®) € U
for all (t,®)), with u(¢, ®) (say) piecewise and right-continuous in 7. Then, (4.41)
changes to

dX, = f(t,X,,u;)dt + o (t, X, ,u;)dB;, Xo = x°. (4.44)

Moreover, in (4.4.2) u(t,X;) is then replaced by u,, in which case J(s,x,u;) is ob-
tained. Then the maximization problem consist of maximizing J(0,x°,u,) over all
adapted controls u,. Of course, if u, = u(t,X;), where X; satisfies (4.41), then (X, u;)
satisfies (4.44). Most often it turns out that in order to achieve a maximum in the
set of adapted controls, it suffices to consider control functions of the form u(z,X;),
which evidently depends on past values of By only through X;.

Define J(s,x) = sup,J(s,x,u). Then (under certain conditions), in (0,7) x R,
J satisfies the following HJB (Hamilton—Jacobi—Bellman) equation in the one-
dimensional case (n =m = 1):

0=1J(t,x)+ I;le%({fo(t,x, u) + I (6,) f(1,,u) + (1/2) 0 (2, %) [0 (£, x,u) ]} (4.45)
In the multidimensional case (n > 1), for (¢,x) € (0,7) x R", the equation reads:
0 = Ji(t,x) +131€al§{fo(t,x,u) +J(t,x) f (2, x,u)
+Zi’j(1 /2 (1,5) [0 (t,x,u) 0" (1,x, 1)} (4.46)

Here Jy = (Jy,,...,Jx,), Jxf is a scalar product, o’ is the transpose of ¢ and | ],-,j
indicate entries. The following boundary condition is evidently satisfied
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J(T,x)=g(T,x). (4.47)

It will be needed in order to obtain a unique solution of the HIB equation. We present
more precise conditions implying (4.45), (4.46), after working out the following
heuristic argument for (4.45).

Let n =m = 1. Consider the discrete time process X;, t = 0h, 1h, 2h,...,i*h =T,
h small, governed by

Xeon=Xi+ f(t.X,u(t, X)) h+ 0 (t, X, u(t, X)) (Brn — Br)

with criterion function
f(S,)C, M) = Es,x ZT>t2sf0(t’Xt’ u(t7Xt))h + g(TaxT)

(s = i’h for some i, t = ih, i running through #/,i’ +1,...,i* — 1), the superscript
s,x indicates that the discrete process starts at (s,x). This is an approximation to
the problem above. Define the optimal value function J(s,x) = sup,J(s,x,u). Then
the discrete time dynamic programming equation of Chapter 1 implies that (for any
t =ih):
J(t,x) = max{ fo(t,x,u)h+ E™*[J(t +h, X1},
ue

where X/, = x+ f(t,x,u)h+ o (t,x,u) (B, — B;). Rearranging gives

0= m;lx{fo(t,x,u)h—l-E”x[f(t +h, X" ,) —J(t,x)]}. (4.48)

Writing J instead of J, and imagining now that X“ is the solution of the stochastic
differential equation (4.41) on [t,7 + h] starting at (z,x), when using the constant
control u on [¢,¢ + h], then Dynkin’s formula gives, in a shorthand notation,

EI’X[J(I +h, tu+h) _J(t7x)]

t+h t-+h t+h
=E'~ [ Jids + Jofds+(1/2) Jxxozds} :
t

t t

Inserting this expression, and dividing by 4, gives

t+h
0= max {fo(t,x, u)+(1/h)E"™ {/ Ji+ I f + (1/2)Jxx62ds} } ,

where the entities in the integrand depend on (s,X). Denote the integrand by
B(s,X;). When £ is small, the stochastic variable (s, X!), s € [t,7+ k], is very close
to the deterministic value f3(z,x), (recall that X — x as s — 7). So approximately,
for h small,
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t+h t+h
(1/h)E" /, B(s,X,)ds = (1/h) /, B(t,x)ds = B(t,)
= Ji(t,x) + o (1,%) £ (t,x,u) + (1/2) e (£, %) 0 (2, x, 1)

Hence, we get (4.45). Thus, a heuristic proof has been given for (a) in the theorem
that follows now.

Theorem 4.10 (Necessary and sufficient conditions). (a) (Necessary Conditions)
Let J be twice continuously differentiable with respect to all variables in (0,T) x R"
and be continuous on [0,T] x R". Then J satisfies the HIB equation (4.46) in
(0,T) x R", together with J(T,x) = g(T,x). Moreover, if u*(t,x) is an optimal con-
trol, then u*(t,x) maximizes the right-hand side of (4.46).

(b) (Sufficient Conditions) Let J be a function that is continuous in [0,T] x R", is
twice continuously differentiable in (0,T) x R", and satisfies (4.46) in (0,T) x R",
together with the boundary condition J(T,x) = g(T,x) for all x. Assume that for
every pair (t,x), u’(t,x) is the value of u € U that yields the maximum in the right
hand side of (4.46). Then u°(.,.) is optimal. O

We have given a heuristic argument for (a) for n = 1, but no formal proof. Let us
prove (b) for n = 1 using ideas that are more rigorous (or can easily be made so),
using Dynkin’s formula. (For (b) we should have added the assumption that u°(z,x)
is a Markov control for which a solution of (4.41) exists for u = u°.)

Proof. Let u(t,x) be an arbitrary Markov control, to which there corresponds a so-
lution X;, and let X correspond with u°(z,x). Let (A“J)(t,x) be the expression de-
fined by

(A“J)(t,x) = J,dt +J.f(t,x,u +Z (1/2) ;[0 (t,x,u) 0" (t,x,u)];. .
From (4.46), it follows that (A“X)/) (s, X,) < —fo(s, Xs,u(s,X;)), with equality

if u = u’. Hence, using also the multi-dimensional version of Dynkins’s formula
(4.18),

E[J(T,Xr)] = J(0,Xo) +E { /0 T(A"@Xsm (s,Xs)] ds
< J(0,Xo) — U fo(s, Xg,u(s,X;))ds } (4.49)

with equality if u = u°, X; = X?. So, using g(T,Xr) = J(T,Xr), (the boundary con-
dition), we get

T
J(0,X)) > E {g(T,XT) +/ fol(s, Xs, u(s,Xs))ds} , (4.50)
0
with equality if u = u°. Hence u° is optimal. (]

Some four pages further on, examples showing applications of Theorem 4.10 ap-
pear.
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Remark 4.11 (Solutions restricted to a subset*). Sometimes, an open set G* in R"*!
is given, such that all solutions are required to belong to G*, ((z,x(¢,®)) € G*, fort €
(0,T), a.s.). Then if in (b) in Theorem 4.10, we only require that the HIB equation
is satisfied in G*, that J is C? in G* and is continuous on clG*, that the boundary
condition (4.47) holds for (7,x) € cIG* and the solution x° (¢, ®) corresponding with
u®(t,x) belongs to G* for t € (0, T), then optimality of u°(.,.) follows again. [

Remark 4.12 (Existence of a unique solutions of the HIB equation®*). Let us men-
tion that if U is compact, f,0, fo,g are C>, G* is bounded and dG* is suitably
smooth (defined by C3-functi0ns), and, in the one-dimensional case, 0 < o < o, O
independent of ¢, «, and x, then an existence theorem (see Fleming and Soner (1993))
ensures that a unique C'?-solution of the HJB equation exists. (In the multidimen-
sional case, what is called a uniform parabolicity assumption is required, replacing
the last inequality.) A Markov control u(z,x) exists that yields maximum in the HIB
equation, and if a corresponding solution to (4.41) exists, then u(z,x) is optimal.
(Unfortunately, in the general case, u(z,x) can be quite “nonsmooth,” measurable
only.) (]

Remark 4.13 (T a first exit time*). Consider the case where the terminal time T
is not fixed, but is a “first exit time” of a given open set G in R"*! ((t,x)-space),
ie., T = TO%0u where, for (s,x) € G, T*** :=inf{t : (t,X;”"") ¢ G}, X;""" being
the solution starting at (s,x), corresponding with the control u = u(.,.). We assume
that 75", so determined, is always < T’, for some given 77 > 0 . We assume also
(0,Xp) € G.

Then the following boundary condition is needed:

J(t,x) =g(t,x) for (x,7) € dG,t>0, 4.51)

where dG is the boundary of G. Then, in (a) in Theorem 4.10, J satisfies the HIB
equation in G, provided it is C? here, and the condition (4.43) should be replaced by
condition (4.51) (though, strictly speaking only a slight modification of this condi-
tion is necessary, see @ksendal (2003)). In (b) replace (4.47) by J(z,x) = g(t,x) for
(t,x) € dG,t > 0 (J need only be C? and satisfy the HIB equation in G, but ./ need
to be continuous on clG). ([l

Remark 4.14 (Assumptions on the controls*). In Theorem 4.10, no assumptions on
the controls «*(.,.) and «°(.,.) (and on u(.,.) in the proof of (b)) were specified,
making the statements slightly imprecise. For (b) (the most important statement
for us in this context), we can remedy this weakness somewhat by assuming of
u(t,x) in the proof and u°(t,x) of the theorem that they belong to the set I/’ de-
fined as follows: The set U4’ consists of functions u(z,x) for which there exists an
adapted function X, := x(¢, @), continuous in ¢, that satisfy the differential equa-
tion (4.44) on [0, 7] for u, := u(t,x(t, ®)) (as well as E[[J |f(t,X;,u;)|dt] < o0 and
E[f) o(t,X:,u)?dt] < %), u(t,x(t,®)) being assumed to be piecewise and right-
continuous in ¢ and adapted. (Usually, one also wants to say something about “well-
behavior” conditions on u(z,x) and u°(¢,x), let us choose, say, the conditions piece-
wise continuity in # and in each component of x, separately. Then u(t,x(¢,®)) is
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automatically adapted.) Moreover, for u(.,.) to belong to U’, two additional condi-
tions are placed on u(t,x(f, ®)), namely that E fOT | fo(t,x(t, @), u(t,x(t,)))|dt < oo,
E|g(T,x(t,w))|] < o. As said above, we require u°(.,.) € U’. Then Theorem 4.10
(b) essentially gives sufficient conditions for optimality in &’. (For (a), we assume
that u*(.,.) belongs to U’.) See Remark 4.17 below for a further discussion of this
point.

The roundabout method of definition of ¢/’ is chosen in order to allow relatively
weak conditions to be placed upon u(z,x). It may for example be discontinuous in
x, but still, incidentally, allow a strong solution to exist. Be aware of the fact that
for such controls sometimes a strong solution may fail to exists. (See Karatzas and
Shreve (1988), p- 302.)

Define U” to be the subset of controls in 24’ such that E[sup, |/(z,X")|] < c. Let
us mention that a more precise version of the sufficient gonditions in (b) would
contain an additional assumption, namely that #°(.,.) € 4, and the statement that
u°(.,.) is optimal in 4.

A more precise proof would namely require 7 in (4.49) to be replaced by
Tsom) = inf{t <T—1/m: (t,X}') ¢ B(0,m)} (if the set it empty, let Tgiom) =
T — 1/m). This replacement is made to be sure that Dynkin’s formula applies, which
in this case yields, in analogy with (4.49),

A~

Tu
A (0,m)
J(0,Xp) 2E[J(T,E;‘<()7,,,),XTBMM)4r /0 O (5, Xy, u(s, X ) )ds).

Then one lets m — oo to obtain (4.50) as written, using JA(TI;.‘< ’XTé’(o )) — J(T,Xr)

0,m)
and the inequalities involved in the definitions of &/’ and &’ . For u = u°, equality in
(4.50) follows in the same way. U

Infinite Horizon

Suppose we replace T in (4.42) by 7, with g =0, and let T be an explicit argument
of J = J(7;s,x,u). Assume that we have a problem where 7' = o (infinite horizon),
in which case we are going to find max,(.,.)J(e0;0,x0,u). This may work fine if
J(e0;0,x0,u) is finite for all u, if not it may be necessary to replace the optimality
condition by another one. The control «° is said to be (regularly) catching up optimal
in the infinite horizon problem if

liminf{J(7;0,x0,u’) — J(7;0,x0,u)} > 0 for all u(.,.). (4.52)

T—00

Here, only a sufficient condition for such optimality will be stated. The following
inequality is needed: For any u(.,.), for X; corresponding with u(_,.),

liminf{E/(7, Xr) — E(/(T.X)} > 0. (4.53)
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Theorem 4.15 (Sufficient conditions, infinite horizon). Let J be a twice contin-
uously differentiable function in (0,0) x R", defined and continuous in [0,0) x
R", satisfying (4.46) for t > 0. Assume that for every pair (t,x), u®(t,x) is the
value of u € U that yields the maximum in the HJB equation (4.46), that a func-
tion X° corresponding with u®(t,x) exists, satisfying (4.44) for u; = u®(¢,X?)
(assumed to belong to U'), and such that E [y |fo(s,X0,u’(s,X))|ds < oo for
all T. Then u°(.,.) is catching up optimal in the set U" of all u in U' for which
EfOT | fo(s, X", u(s,X;'))|ds < e for all T, provided E[sup,c[ 1| |/ (t,X")]| < oo for
all T, allueld”. O

To prove this result, using (4.49) for arbitrary u and for u = u° (in which case (4.49)
is an equality), yields
E[) fo(s,X0,u0(s,X0))ds — E [ fols, X, u(s,X;))ds

1Ay

> EJ(T,Xr) — EJ(T,XY). (4.54)

It follows that if (4.53) holds, then u° is catching up optimal. (The more precise
argument for (4.49) in Remark 4.14 can be carried over to yield a more precise
proof in the present setting.)

If we use a weaker optimality criterion, obtained by replacing liminf by lim sup
in (4.52) (getting “sporadically catching up optimality”), then liminf should also be
replaced by limsup in (4.53).

To obtain (4.53), one often tries to show the stronger conditions that

(a) Jim EJ(T,X?) =0, (b) Jim EJ(T,Xr) > 0 for all admissible X;.  (4.55)
If admissibility imposes additional constraints on the controls (besides u(z,x) € U),
and assuming u¥ to be admissible, then (4.53) need only hold for such admissible u.

Autonomous Systems

Suppose now that f and o in (4.41) are independent of ¢ and that fy = e P f°(x,u),
p > 0 (formally p can even be negative). Such a system is called autonomous.
In such an infinite horizon system, it can be expected that J(z,x) is of the form
e P'h(x). The intuitive argument is the following. Let i(x) = J(0,x). Then, note
that the future looks the same whether we are at time s = 0 or s > 0, at least if we
in the criterion in both cases discount back to the start point s (in both cases, we
integrate over [s,0)), so the two optimal criterion values should then be the same.
However, when J(s,x) is calculated and s > 0, we discount back to ¢ = 0, not to
t =, so it should then be clear that J(z,x) = e P'J(0,x). If e P'h(x) is inserted in
the HIB equation (4.45), it becomes:

0=—pe P h+max{e P fO e Ph f+e P )2},
u

which gives, in this one-dimensional case, the following version of the HIB equation



214 4 Control of Diffusions
0 = —ph(x) +max{f°(x,u) + ' (x)f(x,u) + &> (x,u)h" (x)/2}. (4.56)

This is sometimes called the current value form of the HIB equation (or the HIB
equation with discounting). It is valid only if J has the above particular form.
In the multidimensional case, the term o (x,u)h”(x)/2 in (4.56) is replaced by
Y j(1/2)hyy; (0)[0(x,u) 0" (x,u)]; ;. T h satisfies (4.56), then J = ¢ P!/ satisfies
(4.45).

Note that (4.56) is an ordinary differential equation.

Remark 4.16 (Existence of solutions when the horizon is finite*). Denote the set of
controls u(z,x) that are piecewise continuous in ¢ and Lipschitz continuous in x
with a Lipschitz constant independent of ¢ by U””. If f and ¢ are continuous func-
tions, with the same Lipschitz property as u(t,x), then Theorem 4.1 (and the subse-
quent Remark) secures existence of solutions corresponding with each u(z,x) € U"'.
Surely, if u°(.,.) € U™, then Theorems 4.10 and 4.15 yield sufficient conditions for
u’(,.) to be optimal in this set. (We have U"" C ', the latter set being defined in
Remark 4.14.) However, stochastic optimization may require controls that are dis-
continuous in x. In specific examples, with specific forms of such discontinuity in
any given control u, it may be possible to show that solutions to (4.41) do exist.
And, as commented upon also in a previous refnark, the sufficient conditions above
yields optimality in &’ (or more precisely in 24/). But general theorems on existence
of (strong) solutions to (4.41) for Markov controls not in /" are hard to obtain, as
we cannot use Lipschitz continuity in x when u(z,x) is inserted, so it is difficult to
tell how much larger U’ is compared with "

Sometimes solutions in a weaker sense can be shown to exist, as mentioned in
connection with Girsanov’s theorem above, but here we cannot pursue this issue any
further. ]

Remark 4.17 (Sufficiency among adapted controls when the horizon is finite*).
We can relate the above sufficient finite horizon conditions also to the following
control problem. Let I/* be the class of controls consisting of all adapted control
functions u = u, (piecewise and right continuous in ¢), with values in U, for which
(4.44) have unique solutions X/ on [0, T satisfying E[f, | f(t,X",u)|dt] < e and
E[f) o(t,X",u;)?dt] < . Note that if f and ¢ are piecewise and right-continuous in
t, continuous in u, Lipschitz continuous in x for a constant independent of , u, and if,
for any given u, € U*, f(¢,0,u;) and o (¢,0,u,) are bounded by a deterministic con-
stant independent of 7, @, then for any u; € U*, by Remark 4.2, (4.44) has a unique
solution. If E[ fy {[fo(t,X",u;) + |g(T, X4)|] < oo, and E[sup;¢o7] (2, X)| < oo for
all u, in U*, let U = U*. If the two last inequalities do not hold, let I/ be the subset
of controls in U/*, for which the first inequality is satisfied. Furthermore, let U; to be
the subset of controls in I/ such that E[sup, |/(t,X")|] < co. The sufficient conditions
in Theorem 4.10 ensure optimality of u°(¢,X?) in U}, provided X satisfies (4.44)
for u, = u®(¢,X°) and u®(,X.) belongs to U;. Let us state this more formally:
Consider the problem:
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T
magE{/ Jo(t, Xy, u)dt +g(T,X7) |, subjectto (4.44). (4.57)
ur€ 0

Then assume that functions #°(¢,x) and x°(¢, @) exist, such that x(z, ) = x°(t,B_;)
is a unique solution — continuous in 7 — of (4.44) for u = u*(t, ) := u®(,x°(t, w)) €
U (this function being by assumption piecewise and right continuous in ¢ and
adapted in ®), and such that u°(¢,x) yields maximum in the HJB equation for J
(/ satisfying (4.46) and the boundary condition, C? in (0,7') x R”, continuous in
[0,7] x R"™). Then u* (¢, @) is optimal in U;. (In fact the sufficiency proof presented
above for Theorem 4.10 (b) also yields this optimality.)

A similar results holds in the infinite horizon case. |

Example 4.18. Consider the following problem:

u

max E [/OT —uPdt —x(T)z] , u=u(t)eR

subject to dX; = udt + 6dB;, Xo = AV, with ¢ a fixed number > 0, x° given. The
HJB equation becomes

Jox 02
0:J,+max{—u2+un+ ”2 }
u

Carrying out the maximization gives u = Jy/2. Inserting this into the HIB equation
gives

J2 Jno?
O=J+=+=
r + 1 + 5
with J(T,x) = —x2. This is a second-order nonlinear partial differential equation.

Somehow, we get the idea that perhaps a function of the form J = J = f(t)x> +
g(#) might be a solution of the equation. Because J(T,x) = —x?, then f(T) = —1
and g(T) = 0. Insert this J in the HIB equation to get 0 = (f' + f?)x* + ¢’ + fo?2,
from which we try to determine f and g. Because the equation has to be satisfied for
all x, including x = 0, g’ + fo2 = 0, and hence also '+ f? = 0 (obtained for x # 0).
Solving the last equation gives 1/f =t + C. Because f(T) = —1, it follows that
f= Hﬁ Integrating ¢’ = — fo? gives g = —o*In|t — T — 1| +C’, where C' =0,
because g(7') = 0. Note that f(¢) is negative and decreasing and that u = f(¢)x. (The
“reason” why f is decreasing is that for small 7, there is ample time left to reach a
“reasonable” value of X (T'), whereas for ¢ near T, a larger u is needed to reach
a “reasonable” value of X(7').) Note that 0 = 0 gives exactly the same feedback
control u = f(t)x (o does not occur in f). This is an example of the following
certainty equivalence principle (which generally only holds in such linear-quadratic
problems): “in the equations, replace each stochastic variable by its expectation and
then solve the control problem.” Here this means the claim that cdB, can be replaced
by its expectation (= 0), or equivalently, by letting o = 0, in the equation for dX;.
Because the optimal u = f()x does not depend on &, u = f(¢)x also holds for o = 0.
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In case 6 = 0, solving dx/dt = f(t)x gives x = C"(T —t + 1), where C” is de-
termined by xo = C"(T + 1), so C" = xo/(T + 1). So the optimal dx/dr (= f(t)x)
is actually a constant (= —C”), which we also get when applying the maximum
principle to the deterministic problem where ¢ = 0. ]

The next example stems from the theory of mathematical finance.

Example 4.19. A person’s portfolio consists of one risk-free asset and one risky as-
set. The prices of the two assets evolve according to the equations dp; = p;rdt
and dp, = p>(adt + odB,), respectively, 0 < r < &, r,a,0 given positive num-
bers. The wealth X, equals V;p;(t) + W;pa(t), where V; is the number of risk-
free assets that are held, and W, is the number of risky assets kept. A change
AV; in V; is compensated by a change AW; in W; in such a manner that pjAV; =
—p2AW,, (so-called self-financing). We now calculate the change in X; in a tenta-
tive manner as follows : AX; := X, 14, — X; equals V, (p; (t + A1) — p1(2)) + [ (Vi ar —
Vi)pi(t + A+ Wi(p2(t + At) = pa(t)) + [(Wrsar — W) p2(t + Ar)]. Imagining that
the changes from V; to V, 4, and W; to W, 4, take place at time r + Az, and to
prices pi(t + At), p2(t + At), gives, by the self-financing property just discussed,
that the sum of the terms in square brackets vanish. (Admittedly, this is a weak
spot in the exposition!) Then, defining u, to be the fraction of wealth held in
the risky asset (= W, pa(t)/X;), we get Wipa(t) = u,X;, and V,pi(r) = (1 — u,)X;.
Using the (reduced) expression for AX; above and p; (¢t + At) — pi(t) = pirAt,
pa(t+At) — pa(t) = pa(aAt + 0AB,), (AB; := By A, — B;), we get AX, = (1 —uy)
X;rAt + u X, (@At + 6AB;). The continuous time version of the last equation is
dX; = (1 —u,)X,rdt + u,X; (dt + 0dB,). If we add the fact that some of the wealth
is consumed, then the wealth X; is governed by the equation

dX; = (1 —u)X;rdt +uX;(odt + 6dB,) — Cdt, Xo = x°, x° > 0, x° given,

where C > 0 is the rate of consumption per time unit.
The control problem is to maximize

E[/OTCYdt+9(XT)7}

with7 >0,0 >0,y (0,1), 7,0, fixed, (u=u(.,.) €[0,1],C=C(.,.) >0). We
have also the constraint X; > O for all 7. The HIB equation for the optimal value
function J(¢,x) is

J 2
0=/ X [Cy"'Jx{(] —u)xr+uxa —C}+ ”(”xa)]
u,

2

with J(T,x) = 6x7. Ignore for the moment the constraints on u, C, and X . First-order
conditions for (interior) maximum give

—(a—r)Jy

— 1/(y=1)
o, € (Jx/7) :

u =
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These solutions are inserted into the HIB equation, which then becomes the nonlin-
ear second-order partial differential equation:

(o0 —r)J?

T (1/p)V =D g7/ =1,

0=1J+ (/7)Y 4 Joxr—

Let us try a solution of the form J = ¢ (¢)x”. Calculating its derivatives and inserting
these into the last equation, gives

(a—r)(9p? 1)
20%y(y—1)9x72
—(1/ )= v/ =D/ (r=1) .

0= ¢'x"+ "0 DxT 4 pyrx? —

Dividing by x? then yields:

0=9'+ (1 =977V 4 yrd —y(@—r)*9 /20> (y—1).

Put ¢ = y'7 (ie., w:= ¢/ ) and let us derive a differential equation for
. Inserting the expression for ¢’ = (1 — )y~ 7y into the above equation for ¢ ,
then using y = ¢!/ we get 0= v/ (1 — )y "+ (1 =)y Y+ yry' Y —y(a—
r)2y!'=7/262(y—1). Multiplying by w7, and writing 8 := r+ (a —r)? /2062 (1—7),
wegetO=(1—-p) v +(1—y)+yBy,ory' =8y —1,6 :=yB/(y—1). Because
J(T,x)=6x",¢(T) =0 and so y(T) = u := 6'/(1=7) the solution is y(¢) = (u —
1/8)e® =1 +1/8 , 50 ¢(t) = (u—1/8)e®*~T) 4 1/8)'~7 and, for this ¢, J =
03", C=x/y(r) andu=—(@— )yt Jotey(y— )t 2 = (@—r)/*(1-7),
Provided that this constant belongs to (0, 1), we have got a proper proposal for a
solution. Otherwise, we have a corner solution, with either u = 0 or u = 1, C still
given by C =x/y(t).

One final comment is needed. Let G* = (—o0,00) X {x € R: x > 0}. As we can
apply Remark 4.11, this takes care of the above restriction X; > 0 (x" is only defined
for x > 0). Because C is linear in x, the solution X; corresponding to the controls u
and C stays positive all the time, and so C is positive. ]

One specific example where the sufficient conditions (and necessary conditions!) in
the theorem cannot be used, is mentioned at the end of the next section, in that exam-
ple the optimal value function is C? in (0,7") x R, but not continuous on [0, 7] x R. In
such cases, sometimes it works to replace (4.47) by (4.75) below (which is allowed).

Example 4.20. Consider the infinite horizon problem
max E [—/ e Plax® +uP)dt|, a>0, p >0, a, p given,
0

subject to dX; = udt + yX;dB;, Xo = 1, ¥ given. This is an autonomous problem,
so let us write down the current value HIB equation (4.56) for this example: 0 =
—ph+max{—ax®> — u®> + uh’ + (y>x*/2)h"}. Carrying out the maximization gives
u = H'/2, so the equation becomes 0 = —ph — ax’? + h'> /4 + (y*x*/2)K". This is
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a second-order differential equation in %(x). In principle, we should now proceed
by writing down the general solution, let us call it i(x,C,C3), of this equation (it
would of course contain two integration constants). Next, we then should look for
values of the integration constants for which the limit condition (4.53) is satisfied.
Such a procedure is indicated in the solution of Exercise 4.12 below. However, in
the current example, the general formula for 4(x,C,C5) is difficult to find. Instead,
let us gamble and try a solution of the form kx? in the HJB equation. It then becomes
0 = g(k)x?, where g(k) := (y*> — p)k + k> — a. The former equality must be satisﬁed
for all x, so g(k) = O and this equation has two roots k = £{—( +[(¥* -
p)? +4a)'/2}. As g(0) = —a, one root is positive (resulting from usmg the plus
sign in front of the square root), and the other one is negative. The negative value
of k is correct because the criterion is nonpositive. (As a hint for solutions of other
problems, note that the following calculations would also reveal that we need the
negative value.) Notice that u = kx. To check (4.55), (a), we need to calculate z; :=
E(X)2. This can be done, using Dynkin’s formula. Using the differential form of
this formula, dz, = 2E[X u]dt + E(yX?)*dt = 2kE(X)?dt + Y*E(X)%dt = (2k +
¥?)z:dt. Using zO = 1, the solution is zt = k7)1 Inserting the expression for
k, we get z; = PP B = [(y* — p)* +4a]'/>. Hence limy e kE(XD)2e P! =
lim7_ekzie P! =lim7_ . ke™ B’ = 0. Because u = 1’ = kx and e P'E(X?)? = e P,
it follows that E[— [y e P'(a(X?)? +u°(t,X)?)dt] has a finite limit when T — c. It
is obvious that if limsupy_,., —E[e PTX?] < 0, i.e., if E[-e P'X?] < —a < 0 for all
large ¢ (say from 7 = T* on), then E [, —ePIX2dt equals —oo, 50 controls u giving
such X; are clearly suboptimal because we have shown that at least for one control
the criterion has a finite value. We can confine the admissible controls to be of the
type that the limsup above is > 0. But then we have limy_.. —Eke PT(X?)?

lim7_.e —ke BT = 0, and limsup;_.,, Eke_”TX% > 0, for any admissible control,
hence (4.53) holds for liminf replaced by limsup (we have sporadic catching up
optimality). Note that here the optimal value can be calculated explicitly: Using u® =
kx, it equals E[ [ {—e P (a+k2)(X0)?}dt] = — [ (a+k*)e Pldt = —(a+ k) /B.
(Note also that, above, the inequality p > 0 was not needed!) ]

Soft Terminal Restrictions®

In the finite horizon problem (4.42)—(4.44), let us now require that soft terminal
restrictions of the form
Ehi(X})=0,i=1,...,i% (4.58)

Ehi(X7) >0,i=i"+1,...,i", (4.59)
have to be satisfied. (As before, E = E%X0.) Assume that

E[lhi(X})]] <eo forall u(.). (4.60)

Then the following procedure sometimes works. Let ¢ = (g1, ...,g+) be an arbi-
trary i**-vector and assume that we solve the free end problem with g replaced by
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g+qh, h=(hy,...,hy), i.e., that we solve

maxE {/ So(t, X" up)dt + g(T,X7) + qgh(X7) |, 4.61)

subject to (4.44), u, taking values in U.
Call this problem F,. Denote the corresponding solution of the HIB equation by
J4(t,x) and the control obtained from the maximization in this equation by u?(z,x).

0
If we are able to find a value ¢° of ¢ such that X%q satisfies (4.58), (4.59) and such
that

0
@ >0,8) =0if ER(X¥ )>0,i>i", (4.62)

then u?” is optimal in the soft end constrained problem provided the conditions
in (b) i 1n Theorem 4.10 are satisfied for J = Jq u = uq the boundary condition
being Je' (T,x) = g(T,x) + q°h(x). (To see this, simply note that for g = ¢°, u’ (t,x)
is optimal in the problem F, and then, in particular, also in the original problem
as, for any admissible u the criterion value in P is no less than the criterion value

in the original problem, with equality if u = ud’ (t,x), by (4.62).)

If (4.60) is not satisfied, and in other cases where no solution to £, can be found,
one can turn instead to the stochastic maximum principle. We state a version work-
ing when o does not depend on , if not, a more complicated version is needed.

We need the following conditions: f, fo, and ¢ are C! in x, and these functions,
together with f, fox, and oy are piecewise and right-continuous in ¢ and continu-
ous in u. Moreover, f, for, and o, are bounded functions. Finally, for some k; > 0,
for all (t,x,u),u € U, |g|+ |hi| 4 | fol + | f| + |0ij| < ki (14 |x| + |u]) is satisfied. In
this section, on all controls used, we will place the requirement that £ ij |us|ds < oo
(all controls u, appearing are assumed to satisfy this requirement). So a pair (X;,u;)
is admissible if u, is adapted to the given Brownian motion, is piecewise and right-
continuous in ¢ and takes values in U, if the last inequality holds, and X; is a solution
corresponding to u, of the state equation (4.44) existing on [0, 7], such that the ter-
minal conditions (4.58), (4.59) are satisfied. Assume that (X;*,u*(z,x)) is a pair such
that u* (¢, x) is piecewise and right-continuous in 7, and in each component x;, such
that (X;*,u **) satisfies the state equation (4.44) and the terminal restrictions (4.58),
(4.58), for u;* := u*(t,X;") (u;* assumed to be piecewise and right-continuous in #),
and such that (X;,u;*) is optimal in the set of all admissible pairs (X;,u;).

We shall make use of the following entities and equations: / is the identity matrix,
h=(h,....;h=), x ER", p=(p1,...,pn) ER", A9 >0, A = (A1,..., A=), X the
k-th row of o and

H(t,x,u,p) =M fo+pf. (4.63)

In the one-dimensional case (n = m = 1), the function ®(s,#),s > ¢ is the solution
of

D(s,1) = fuls, X7 ) D(s,1)ds + 0y(5,X ) D(s,1)dBy, D(t,1)=1. (4.64)
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(dD(s,t) a differential with respect to s). In several dimensions, ®(s,z) (an n x n
matrix) is the solution of

D(s,1) = fuls, X, ul")D(s,t)ds+ Y 0F (s, X7 )D(s,1)dBS, D(t,t) =1. (4.65)
k
meaJH(t,X,*,u,p*(t)):H(I,X,*,uf*,p*(t)) as. (4.66)
p (1) = E[Aho(X7)D(T,1)|X/"]

[ { / For(s. X ) D (s, 1)ds + gX(T,X})tp(T,t)}|Xt*} (4.67)
For i >i*, 4;>0 and A; =0 if Ehi(X;) >0. (4.68)

Theorem 4.21 (Maximum principle, necessary condition). Assume that (X;,u*
(t,x)) is an optimal admissible pair. There exist numbers A;, i =0,...,i"*, Ay >0,
satisfying (4.68), (Ao, ..., Ap) # 0, such that (4.66) holds, for H, ®(.,), p*(.) as
given in (4.63), (4.64), ((4.65)), and (4.67), respectively. O

The only change needed when the optimal control is of a general adapted type
(adapted to the given Brownian motion), is that in the conditional expectation in
(4.67) one has to condition on the entire history of the Brownian motion. We then
denote the adjoint function p(r) and not p*(r), so in this case it is p(r) that appears
in the maximum condition (4.66). With this change, the necessary conditions can
also be used to find optimal adapted controls, though we shall not give examples
where optimal adapted controls come out that are not Markovian.

Variants of this result can be found for example in Kushner (1972) and Hauss-
mann (1986). For more general conditions, see Yong and Zhou (1999). The proof
is too lengthy and is omitted. When Ay = 1, the conditions are sufficient in the case
x — max, H(t,x,u,p*(t)) and x — g+ Ah are concave and ¢ is linear (or affine)
in x. For more general sufficient conditions (relaxing the condition on &), see Yong
and Zhou (1999) and a comment below.

For interpretations of what is going on, note that when working with adapted con-
trols we imagine that B, can be observed. After all, the assumption is that the person
controlling the process is able to let control values be dependent on the history of
B;. It works equally well if a process uniquely related to B;, say a corresponding
geometric Brownian motion, is observable, from which the behavior of B; can be
deducted. In an economic situation, a geometric Brownian motion may be an ob-
servable price process.

(Note that even if u;* stems from a Markov control u*(z,x), to obtain the above
theorem, we have assumed optimality among all (admissible) adapted controls.
Recall a corresponding situation in case of the stochastic maximum principle in
Chapter 1.)

Problems where only the state X; is observable, and where we have to use only
controls depending on the history of X;, are in many ways more tricky. This case is
extensively discussed in Haussmann (1986).

Sometimes, in softly end constrained problems, optimal controls in the form of
functions adapted to the Brownian motion may exist that cannot be expressed as



4.4 Stochastic Control 221

Markov controls. When the “augmented velocity set” { (fo(¢,x,u)+ 7, f(t,x,u)) :u €
U,y <0} is convex and U is compact, in free end problems optimal weak solutions
(Xt,u;) do exist, for which u; = u(z,X;) for some function u(t,x) (= Markov control).
The same result also holds in certain hard end constrained problems (end constraints
required to be satisfied a.s.), but, as said, not necessarily in softly end constrained
problems. For a precise statement, see Haussmann and Lepeltier (1990).

Let us relate the above maximum principle to the deterministic one, confining
attention to the case n =m = 1 and fy = 0: Define £’ := E[.|X," = x| and

g (1) = Ay (X7)D(T, 1) + Aogx (T, X7) (T, 1).

Then p*(r) = EYX ¢**(1), and p(r) = E'¢**(¢), E' indicating conditioning on the
entire history of the Brownian motion up to #, and ¢** () satisfies

g™ (1) = 2he(X7)q" (T) " q" () + Aogx(T,X7)q" (T) ' q* (1), (4.69)
where ¢*(7) := ®(0,¢) is an adapted solution of the following equation:
dq* (1) = —q"(t) fe(t)dt — q* (1) 0x(1)dB: +q" (1) (0x(¢)) dt, " (0) = 1. (4.70)

Here f,(t),0,(t) (and later on fy.(r), f(¢),0(t)) are fy,Oy, fox, f,O evaluated at
(£,X,u;*). In the deterministic case, where 6 = 0, also p(t) := (Ah(X}) +
Aogx(T,X*(T))g*(t)/q*(T) satisfies (4.70) (we have only adjusted ¢*(¢) by a multi-
plicative factor), and p(T') = Ahy(X7) +Aog(T,X*(T)) (i.e., satisfying the standard
deterministic transversality condition).

Let us prove (4.70). Note that €(0,0) =7 =1 and ®(0,7)P(z,0) =1 =1,
hence ®(0,7) = 1/P(¢,0), so, taking differentials with respect to 7, using Ito’s
formula and (4.64) give d®(0,1) =d(1/®(t,0)) = —(1/P(£,0)%)(f.(¢)P(¢,0)dt +
0, (1)@(t,0)dB,) + (1/@(t,0)})02(t)D(¢,0)%dt = —D(0,1)f(t) — D(0,1)0,(¢)
dB, + ®(0,1)02(t)dt. Hence, ¢*(t) = ®(0,¢) satisfies (4.70).

The maximum principle can be given another formulation, which will only be
stated in the one-dimensional case. Yong and Zhou (1999) prove a maximum prin-
ciple that covers the case of a u-dependent o(z,x)-function. In that case, it has a
more complicated form, but it reduces to the following result when o (z,x) is inde-
pendent of u. (Then we may even need the further condition on the system that the
second derivatives with respect to x of fy, f, and o exist, are piecewise and right-
continuous in #, and uniformly continuous in (x,«), uniformly in z.)

The maximum condition holds for some adapted function p(t) satisfying

dp(t) = — Ao fox(t)dt — p(t) fi(1)dt — (1) ox(t)dt +q(1)dB;, 4.71)

for some adapted function q(t), with p(T) = Aog«(T,x}) + Ah(X7), the Als as in
(4.68).

One might believe that by introducing the function ¢(.) in the above equation,
a plethora of solution pairs (p(¢),q(.)) arise. (All information on ¢(.) is what is
presented above.) This is not so. Let us show that the member p(¢) in such a pair
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(p(t),q(1)) is a function p(r) of the type occurring in the theorem above (more
precisely in the comment subsequent to the theorem). For simplicity let fy = 0, and
let w(r) = @(1,0), i.e., y(r) is the solution of dy () = y(t) fi(t) + w(t)ox(t)dB;,
y(0) = 1. Let us apply Ito’s formula to find d(y/(r)p(z)), where p(t) is as given by
(4.71). We getd(y(t)p(t)) =

(dy(0)p(t) + W) (dp(t) + [ () (dp(r))
— W) f(O)p(0)dt + w(0)ou(0)p(1)dB; — (1) £t p(o)di
—y(1)0u(0)q(t)dt + Y (1)g(1)dB, + w()ox(1)q(r)dr
— W(0)0.(1) p(t)dB, + w(t)q(r)dB:.

Letting E' involve conditioning on the entire history of By up to ¢, taking this condi-
tional expectation on both sides yields d{E'[y/(t)p(r)]} =0, so

E'W(T)p(T)]
—EWp]+ £ | [ aB 66| = Evope] = vior(),

hence E[y/(T)p(T)] = w(1)p(t) and
p(6) = w(e) " E'W(T)p(T)] = B(0,1)E'[®(T,0)p(T)] = E'®(T.1)p(T).

Thus, p(t) is of the type occurring in (the comment subsequent to) Theorem 4.21.

Associated with the necessary conditions connected to (4.71), there is a suffi-
cient condition that briefly stated says that, if Ao = 1 in the necessary conditions and
(x,u) — H(t,x,u,p(t)) +q(t)o(t,x) and x — g+ Ah are concave, then the condi-
tions are sufficient.

The discussion to follow is confined to the case where it suffices to consider
Markov controls. Let us relate the equation (4.71) to an equation arising from differ-
entiating the HJB equation (4.45) with respect to x (and using an envelope theorem):
Thus, letting w = J,, we then obtain the equation

0 = wy(t,x) + fox(t,x,8(t,0,w)) +wy f(t,x,8(¢,x,w))
Fwi(t,x,d(t,x,w)) + ox(t,x) o (,x)wx (2, x) + Gz(tax)wxx(t7x)/27 (4.72)

where (z,x,w) gives maximum in the problem max,{ fo(¢,x,u) +wf(z,x,u)}. As-
sume that w(t,x) satisfies (4.72) and let p(r) = w(z,X;"). Then dp(t) = dw(t,X;") =
Wi+ wif(t)dt + w6 (t)dB; + 6% (t)wy/2dt. From (4.72), we get w, +w,f(t) +
GZ(I)WXX/Z = —fox(t) = wfi(t) — ox(t) o (t)wy, s0 dp(t) = — fou(t)dt — wfi(t)dt —
O (1)o (t)wydt +wyo(1)dB;. Letting g = w,0, we see that p(r) satisfies (4.71) for
this ¢(r) and A9 = 1. From a preceding argument, we know that p(¢) is of the form
E'"®(T,t)p(T).

Now, if we have found a solution J of the HJB equation together with a con-
trol ii(t,x) yielding maximum in that equation, then #(t,x,/(t,x)) = ii(t,x) and
w(t,x) = Ji(t,x) satisfies (4.72). This means that to find a candidate satisfying the
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necessary condition, one can find a solution J of the HIB equation, with i(t, x) yield-
ing maximum in the HIB equation, such that if X;* is a solution of the differential
(state) equation for this control #(,x), which satisfies, (a), the terminal conditions,
and, (b), J.(T,X;) = Ah(X;) + g«(T, X;) for some A satisfying the transversality
condition (4.68), then u**(r) = ii(¢,X,") is a candidate control: It satisfies the neces-
sary conditions in Theorem 4.21. This holds both in one and several dimensions. Let
us call this procedure P Occasionally, this closely connected procedure may work
in cases where the procedure associated with the problems F, fails (the boundary

condition (b) on J(T,.) here is weaker than that on Je (T,.)).

(For completeness, if one also wants to consider abnormal candidates, i.e., A9 =
0, then carry out the procedure in the last paragraph for fj and g deleted in the HIB
equation and in (b).)

Note also that in cases where w(t,x) := E**p(t) is C' in (¢,x) and the optimal
control is of the form u*(¢,X,"), the equation for p(¢) normally implies (4.72) for
i(t,x,w) replaced by u*(r,X;") and x replaced by X,". A heuristic argument for this
is given in B. in the Addendum to this chapter.

Example 4.22. Consider the problem
T
max E [/ —uzdt} subjectto dX; =udt+ o0dB;,Xo =0,EXr = 1,u € R.
0

Consider first the use of the HIB equation, applied to problem F,, i.e., to the
above problem modified by replacing the end condition by the introduction of the
bequest function ¢x (a suitable value of g is wanted). For J = J, the HJB equation is
0 = J, + max, {—u? + Jyu -+ 62J/2}. Maximization yields u = J,/2 and then 0 =
Ji + (Jx)? /4 + 62J,, /2, with boundary condition J(7T',x) = gx. Let us try a solution
of the form ¢ (¢) 4 kx. The boundary condition gives ¢ (7)) = 0,k = g. Insertion into
the HIB equation yields 0 = ¢’ 4 ¢° 7[ 4,50 ¢(t) = ¢*(T —t) /4. The optimal control
in problem P, is u = g/2. When [, udt = [, q/2dt equals 1, i.e., ¢ = 2/T, then
Xr =140By and EX7 = 1.

Let us solve the problem using the maximum principle (4.64), (4.66), (4.67).
Maximizing the Hamiltonian gives u = p*(r) /2. Now, ®(s,t) = 1, in fact p*(t) = A4
for some A. We then seek a value of A such that EX7r = 1, the value is of course
A=2/T.

Next, change the problem by replacing Xo = 0 by Xo = xp > 0 and EX7 = 1 by
E(Xr)* = K*,k > 0, where k* — To? > x}. Let us use the HIB equation to solve
the problem, and so first problem P;. Let us try J(t,x) = a(t) + b(t)x?, with b(T) =
g >0,a(T) = 0. Now, as before, 0 = J; +J? /4 + J,,62 /2, so trying the proposal for
J(t,x), we get 0 = @’ +b'x?> +b*x* +bo?. This gives b’ = —b?, d' = —bc?. Below, C
and Y will be integration constants. Now, 1/b=r+C,b=1/(t+C),q=1/(T +C),
soC=1/q—T.Moreover, u* = J,/2 =b(t)X;", so dX;" = (1/(t+C))X;"dt + cdBs.
Starting at xo, we shall aim at a solution for which £ (X;i)2 = k?, where k? is greater
than x(z) + T 62, so we reasonably expect 1/(t+C) to be positive for all 7, i.e., C > 0.
(Whether X* is positive or negative, it seems reasonable that we shall have a positive
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“drift” in the value of |X;*|.) Letting ¥, = X,* /(t +C), we get dY, = (t +C)"'cdB,,
so Y, =Yy + [ (s+C)~'odBs. Hence, X; = xo(t +C) /C+ (t+C) [ (s+C) "' odB;.
By Dynkin’s formula,

dEY? =2E[Y,dY;] + (t +C) 2c%dt = (t +C) 2o2d,

S0 EY? =YZ + [{(s+C)20%ds and
1
QG =5+ CP/C+ (t+CP [ (5+C)20%s.
0

Integrating and putting ¢ = T yield k> = E(X;)? = —(T + C)o? + {(x0/C)* +
02/C}H(T + C)?. Rearranging gives C2at — (2Tx3 + T?062)C — Tx} = 0 where o =
k> —To? —x3 >0, or C = 2Tx} +T?0? + ((2Tx3 + T?0?%)* + 4aTx3)'/?] )2a
(using the plus-sign as we need C > 0. The optimal control is then u = X;* /(1 + C)
(optimality is provided by the comment subsequent to (4.62)). (]

Often the method P, fails to work. Even for slight changes in the next to last
problem, we run into some, but not insurmountable, troubles:

Example 4.23. Consider the problem:
T
max E / _i2dr subjectto dX, = ud +16dB,Xo = 0,EX2 = K2, u € R,
0

where k> /T? —To? > 0.

Solution. In this case, the HIB equation becomes 0 = J; + maxu{—u2 +uli}+
1>6%J/2, the maximizing u equals J,/2, and the HJB equation becomes 0 =
J; +Jf /4+ tzchm /2. Below, C,K, and A are integration constants. A solution of
the form J = b(t)x” 4 a(t) now yields the equations b’ = —b” and a’ = —bt*>c?, the
first one yielding b = 1/(t 4+ C). Let X;* be the solution corresponding to u = b(t)x.
Now, E(X;)? = K*(t + C)> + (t + C)? [y (s + C) "2s>0%ds (we have written K? in-
stead of x3/C? and replaced 62 by s°c? in a formula for E(X;")? in the previous
problem). Furthermore, 0 = EX(% = K2C?. Here, K = 0 does not seem to work, at
least for k large, because we are not able to lift E (Xfi)2 enough for the end condition
to be satisfied if K = 0. So we put C = 0. For Y; := X/ /t, dY; = d(X//t) = 6dB;,
s0Y; = K+ 0By, and X;* = Kt +t0B; (and the K introduced here also works for the
formula for E(X;*)? above). Now, E (X;)? = K>T? + T362, so equating this with k2,
gives K2 = k? / T? — T'62. Both the positive and negative root for K work equally
well, let us choose K > 0. Here, b(T) = 1/T, so ¢° = 1/T in the problem P, con-
nected with the current problem. From now on, let ¢ = ¢° = 1/, and denote the
corresponding optimal value function J9(z,x). Let us for completeness also calcu-
late a(t), which becomes a(t) = —>6% /2 + T?6? /2. One problem that arises now
is that J9(0,x) = x? /0 + T?62 /2 = oo, x # 0. Still however, we do retain some con-
fidence in our candidate because we know that necessary conditions are satisfied.
(Essentially, the candidate has been found using procedure P* A= ¢, and we know
that (4.72) is satisfied, as well as (4.66).)
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Let us now only consider “acceptable” admissible (adapted) controls u(¢) in what
follows, where acceptable means E fOTu(s)zds < oo, For t > 0, if J"(z,x) is the
value of the free end criterion (¢ = 1/T) when the process X; starts at (¢,x) and the
adapted control u is used, as always, we do have J4(r,x) > J%"(¢,x), and so also
J9(t,X") > J9"(¢,X}"), X" the solution starting in (0,0) corresponding with u. Now,
J44(0,0) = E[[§ —u(s)?ds +J9" (t,X")], so lim,_o J%" (1, X*) = J9*(0,0).

Furthermore, by Hoelder’s inequality, which implies [§ |u(s)| - 1ds <

() () o [~

and Ito’s isometry,

E(X")? =E (l/o.lu(s)ds—&- /.IsGst>2

o [[uoas) w2 [utous) ([ soan)] 5 [ soan)

cof fora] oo o) ) (o ) )
+E</(:schs>2

<tE/ 2ds+2t1/2< (/Otu(s)zds>>1/2</01s20'2ds>l/2+ Ofs202ds.

Evidently, the right-hand side divided by r goes to zero when ¢ goes to zero,
so EJ9(t,X") = Eb(t)(X")?> +a(t) — a(0) when ¢t — 0. Hence, J%"(0,0) < a(0),
(J?* < J7). Now also u*(t) := K + 0B, is acceptable, and if u = u*, then J9(¢t,X;") =
JOU (1, XF), (u* = JE(t,X)/2 where u = J9(t,x)/2 yields maximum in the HJB
equation for ¢ > 0). Thus J%* (0,0) = a(0), hence u* is optimal. O

How frequently is the method associated with the problems P, successful? We shall
not be able to answer that problem in any generality. But let us consider the follow-
ing problem on J = [0,2]:

Let dX; = ulg yj(¢)dt + 111 5(¢)dB;, Xo = 0, E[X7] = 2, u > 0. We want to max-
imize E[—X;]. Now E[-Xs| = E[-Y2| = E[-Y1], where dY; = ulg)(t)dt, Yo = 0.
Any (Markov) control u(t,x) leads to a deterministic control u(¢,X;) on [0,1] (X;
is deterministic on [0, 1]). Then E[X?] = E[Y2] + 1, so E[Y?] = Y? = 1, hence any
deterministic control #; on [0, 1], for which fol updt =1 is optimal.

However, in problem P,, where we operate with the scrap value E(—X, + qX22)
(= =Y+ gq¥? + q), the optimal value function equals infinity if g > 0, which is
seen by considering arbitrary large constant controls. If ¢ = 0, we evidently get
u =0, i.e., an inadmissible control (of course E(—X,) is minimized by u = 0). So
the method connected with problem F,; does not work in this case. By the way, in
this problem, adapted controls are strictly better than Markov controls, to see this
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intuitively, we see that it pays to have u(z, ®) and (then) ¥; large in quite improbable
circumstances (i.e., |B;| large). That has only a moderate negative influence on the
criterion, but lifts X22 quite a lot (the cost of reaching E[Xzz] = 2 should be kept
down). No optimal adapted control exists.

Example 4.24. Consider the following problem:
1
maxE[/ udt}, when dX; = (u+Y,)dt, dY,=cdB,, EX}=1, uecR
0

0>0,X0=0,Y=0.

Solution. Let us solve it, using necessary conditions. Let p*(¢) be the multiplier cor-
responding with x and let p¥(¢) correspond with y, both governed by (4.65), (4.67),
(p*(r) = (p*(z), p’(¢)). The maximization of the Hamiltonian gives no information
on the maximizing u, instead it tells us that p*(r) = —1. The four elements of the
matrix P(s,t) are obtained as follows: d Py (s,1) = d P (s,t) =0, so Doy (s,1) =0,
and P2 (s,7) = 1, hence dP;(s,t) =0, and dPi2(s,t) = 1, so Py;(s,z) =1 and
@iy (s,t) =t — 1. Then p*(r) = LE"X Y [2X]. We already know that p*(¢) is con-
stant equal to —1, and one way to arrange this is to have X| deterministic. Because
the maximization of the Hamiltonian puts no restrictions on u, if we let u* =k —Y;,
k a deterministic constant, then dX;* is deterministic, and so also X, which equals %,
and if k is chosen equal to £1, the terminal condition is satisfied. Of the two values
of k, k = 1 yields the highest value of the criterion. (Then A = —1/2.)

Is the control optimal? An ad hoc argument gives that it is: Because 1 =
E(X})* = E(X!' — EX!")? + (EX]")?, we get the largest possible value of (EX!)?,
when there is no variance in X{'. Then |EX}‘| has the highest possible value. Finally,
E jol udt = EX{' and hence u* is optimal. (Also, sufficient conditions presented ear-
lier automatically yield optimality.)

Here it is impossible to use the Pj-procedure: The maximization in the HIB equa-
tion gives J¢ = —1, but at the same time J9(1,x,y) = gx?, two properties that con-
tradict each other. (The optimal value function in the original problem actually
equals 1 —x.)

An application of the procedure P* would work here. Because J? = —1, we
would soon come up with the simple proposal J/ = a — x for the solution of the HIB
equation, and —1 = J,(T,x*(T)) = 22X; would again induce us to try the possibility
of a deterministic X;" and even dX/, in fact, try u* = k —Y;, with k determined as
above. (Here, we would not actually be interested in determining a, but of course
J(1,1,y) =0, yieldinga = 1.)

Similarly, if in this problem we delete the soft end constraint, and instead add
the scrap value _X12 /2 to the criterion, the recipe of using the HIB equation (which
again yields J, = —1), combined with the boundary condition J(1,x,y) = —x?/2
does not work. (See Exercise 4.15 below.) (Il

Let us finish by a comment on existence of optimal controls. Lack of existence
can arise for reasons similar to those in deterministic control (unbounded control
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region, lack of convexity of the set of “velocity vectors” connected with the drift
term). In the following problem, there is a “stochastic reason” for nonexistence:
Consider the problem max E [01 udt, when dX; = udt —|—dB,,EXl2 =1,Xo=0,ucRk.
Using the experience from the last example, it is evident that if we were allowed
to operate with an expression kdt — dB; instead of udt in the differential equation
(or, informally, u = k — dB, /dt), then k = 1 would be optimal. Such an expression
would represent a too crude (volatile) control and is not allowed. Presumably, we
can approximate it as closely as wanted by a smoother admissible (and “allowable”)
control, which then will be only approximately optimal. (Subsequent to Example
4.23, another example of nonexistence of an optimal control was indicated.)

Hard Terminal Restrictions

In the finite horizon problem (4.42)—(4.44), let us now introduce “hard” terminal
restrictions of the form

as. hi(X4)=0,i=1,...,i, (4.73)
as. h(X%)>0,i=i"+1,...,i" (4.74)

We assume that /; are C! and that the conditions on f, o, fo, and g are those stated
subsequent to (4.41).
To formulate sufficient conditions, we need the following condition

lim iTnf{Ef(t,X,“) —EJt,x)} >0 (4.75)
—

The following theorem holds true:

Theorem 4.25. (Sufficient conditions, hard terminal restrictions) Let Ji (t,x), t €
(0,T),x € R", be a twice continuously differentiable function satisfying the HJB
equation (4.45) ((4.46) in the multidimensional case), together with (4.75). Let
moreover, J(t,x) be defined and be continuous even in [0,T) x R". Assume that
for every pair (t,x), u’(t,x) is the value of u that yields the maximum in the HJB
equation, such that u® € U and such that the corresponding solution X,”O of (4.41)

satisfies the terminal constraints (4.73), (4.74). Then uo(., ) is optimal in U’ . 0

The proof is essentially the same as that of Theorem 4.15 (just replace T by ¢ in
(4.49) and, using (4.75), lett — T).

The conditions so far presented are formally sufficient, but often it is useful to
formulate intuitive ideas about what sort of additional properties J(¢,x) might have.
Here, we shall mention only one such idea: In case g = 0, one should frequently
expect lim, 7 J(t,x) to equal zero for all x satisfying h;(x) = 0,i = 1,...,i* h;(x) >
0,i=i*+1,...,i*, and hence, for all such x, lim, 7 J}j (¢,x) should be expected to
equal zero in the case where the component x; of x does not occur in the functions 4;.

Note that J(7,x) cannot reasonably be defined defined for all x (surely not for
x not satisfying the h;-constraints), which is one reason for the liminf condition
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in (4.75). (One might ask if not this condition could be added also in previous
problems, and it could, but, for example in the free end problem, the condition
J(T,x) = g(T,x) automatically entails (4.75) in case J is C” in [0, T] x R".)

In the above type of problems, one may need controls that are unbounded near 7,
but we must at least restrict the Markov controls u(#,x) considered to belong to the
set 4/ defined in Remark 4.14, or the adapted controls u; considered to belong to
Uj defined in Remark 4.17.

Example 4.26. Let us consider a very simple problem with two states. One state is
free at the terminal time, and that is the only state directly influenced by B; (i.e.,
having dB;, in its equation). The second state, which is fixed at the terminal time, is
influenced by B; only through the first state.

1
max E [/ —uzdt] subject to dX; = (u+Y;)dt,dY, = 0dB;,X; =1 as.,
0

uelkR, Xo=0,Y=0.

Solution. An adapted control u; is called acceptable if E[ [ u2ds| < oo. (It is ad-
missible if also Xj' = 1 a.s.) For J =J =J(t,x,y), the HIB equation is 0 =
Jr + max,{—u® + Jy(u+y)} + Jyy6% /2. The maximizing u is J;/2, and the HIB
equation becomes then 0 = J; +J2 /4 + J,y + J,,6% /2. Let us try the solution

J(t,x,y) = a(t)x+b(t)y +c(t)x* +d(t)xy +k(t)y* + h(t).
As Jy = a+2cx+dy and Jy, = 2k, we get
0=dx+by+cx®+dxy+ky* + 1 + (a+2cx+dy)? /4+ (a+2cx+dy)y+ko?,

or 0=H +a?/4+kc?+ (d +ac)x+ (b +a+ad/2)y+ (' +c*)x* 4+ (d +cd +
2¢)xy+ (K’ +d*/4+d)y>. This equation must hold for all x and y, so the coefficients
in front of x,y,x%,y?,xy,y> and the “constant term” (i.e., purely time-dependent
term) must all vanish. Hence,

(constant) : h' +a*/4+ko? =0, (x): d +ac=0, (y): b +a+ad/2=0
(FP): 4+ =0, (x9): d'+2c+cd=0 (y*): K+d+d*/4=0.

As we guess that J(1,1,y) = 0 and hence J,(1,1,y) = 0, then, presumably, k(1) =0
and b(1)+1-d(1) = 0. Below, A,C,D,K,L, and M are integration constants. From
(x?), we get ¢ = 1/(t +C). This inserted in (x) and (xy) givesa =A/(t +C), d =
D/(t+C)—2.Using u=Jy/2 = (a+2cx+dy)/2, we get

dX; = [A/2+C) + (1 + C)X; +(d(1) /2+ DY,

Close to ¢ = 1 there should be very little variability in X", in order to obtain X|" = 1
a.s. We therefore put d(1)/2+ 1 = 0, which entails D = 0, so dX*(¢) is completely
deterministic. Then X;" = —A/2+4 K(t + C), or X;* = Kt + M. For arbitrary £ and s,
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the solutions for K and M of the equations X;" = £, and X;" = 1, gives X = (1 —
) TT1 =2t —1)+1=K(t—1)+1, K= (1—5)"'(1 —%) = dX; /dt (and then
C = —1,A = -2, by comparing with the first formula for X;*). This gives

J(5,£5) = —(1=9) ' (F=1)* =2(£ = 1)y = 9*(1 —5) = 0°(1 - 5)*/2,

as b(t) =2, k(t) =t —1, h(t) = —(1 —t)~' — 62(1 —t)?/2 + L, where L is de-
termined by J(1,1,y) = 0 = L = 0. Finally, for (s,%) = (0,0), dX;" = 1dt, so the
corresponding control u; equals 1 —Y;.

To obtain (4.75), it suffices to prove that lim, .1 {E[—(1 —s)~'(X, — 1)] —
E2(X; — 1)¥;]} = 0, for any admissible triple (u;,X;,Y;) starting at (0,0) at ¢ = 0.
As E|[2(X, — 1)Y)]| < (E(X, — 1)>)V/2(E(2Y;)?)"/2, the second term evidently con-
verges to zero, because below we show that E(X; — 1)? — 0. So let us study the first
term. Note that if v(7)? is integrable on [0, 1], then by Cauchy-Schwartz’s inequality
applied to v(7) and 1 gives that (ftl 1-v(1)d7)> < (1—1) ftl v(7)%dt. Hence, as u, is
acceptable and X := X, satisfies X; = I a.s., then E(X, — 1)> = E(X, — X;)* =

e

Evidently, E[us + Y;)? is integrable on [0, 1],s0 (1 —7)"'E(X, —1)> — 0 whent — 1.
Hence (4.75) is satisfied, as also u; is acceptable. U

2

<E{(l—t)/ll(us+Ys)2ds} - (1—t)/t1E(uS+Ys)2ds.

Example 4.27. Consider next the problem
1
max E [/ —u2dt} subject to dX; = udt+ ocdB;, Xo =0,X; =1as. ,ueR.
0

In this problem, no optimal solution exists. However, let us start by trying to solve
the problem, to see that trouble arises, and let us then consider a modified problem
where a solution does exist.

Let us try a solution of the HJB equation of the form: J(¢,x) = a(t)x + b(t)x> +
c(t). Now, as the maximizing u equals J, /2, this gives 0 = J; +J2/4 +J,,6%/2, so
we get 0 = a'x+b'x? + ¢’ +a® /4 +abx+b*x*> + bo?. This gives b’ = —b*, ' = —ab,
d=—a* /4— bo?. Below, A,C, and D are integration constants. Evidently, we get
b=1/(t+D),a=A/(t+D), and c = C+ (A?/4)(t + D)~ — 6’ In|t + D|. Now,
dx; =

[A/2(t+D)+(1/(t+D))X,|dt + 0dB, = [(A/2+X;")/(t + D)|dt + cdB;.
Letting ¥; = (A/2+X;")/(¢t + D) and using the next to last equality, we get d¥; =
[—(A/2+X;)(t+D)2|dt + (1 + D) 'dX; = (t + D) 'odB,,
soY, =Yy + [y(t+D) 'odB:.

AsYy=A/2D,X; = —A/2+(t+D)A/2D+(t+D) [§(t+D) '6dB; =tA/2D+
(t+D) [5(t+ D) 'odB;. It seems that we can obtain X; =1 a.s. if A/2D = 1,
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ie, A=2D and if (1+D) =0, so we put D = —1, and A = —2. Then
X =t+(t—1)[j(t—1)"'odB; and J(t,x) =

—(x=1)2/(A =) =1/t =) +c(t) =—(x—1)*/(1—1)+C—c*In|t —1].
Now, dX; =
(1 +/0,(T_ 1)1GdBT>dt+GdB,,

souf =1+ [§(t—1)""odB;. Is uj “acceptable”? In fact not: Let us impose the
reasonable acceptability criterion E| fol u?dt] < oo. By Ito’s isometry, E| fol (folr—
1)"'odB:)2dl] = [y [fa(t —1)"20%dt)dt = |\{—0>(t +In|r — 1])}, which is infi-
nite. (A further discussion of this problem can be found in C in the Addendum to
the chapter.)

A slight modification of the problem is to replace ¢ by o(1 —1)%, o € (0,1].
Now the stochastic disturbance fades away as we approach the horizon. Then an
optimal #; can be found using the sufficient conditions above. Let us show this only
for @ = 1, in which case the differential equation is dX; = udt + (1 —t)cdB,. The
only change needed is then to replace ¢ by ¢ (1 —1) everywhere above. Let us again
place the following condition on u; for u; to be acceptable: E[ [y uds] < eo. Then
(see Example 4.26) E[(1 — 1)~ ([ |us|ds)?] < E[[' ulds).

Now, a(t) = —2/(t — 1) and b(t) = 1/(t — 1) (the same as above), ¢’ = —a* /4 —
(1—1)2b6%, c(t) =C+(t—1)"' —0?(1—1)?/2,and J(t,x) = —(x — 1)? /(1 —1) —
62(1—1)?/2+C, where C =0, as lim,_,; J(t,1) = 0. Moreover, ¥, = Yy — [; 6dB; =
Yo — oB; and X, =1+ (1 —1)0B;, which satisfies X; = 1 a.s. For any given admis-
sible pair X;, i, using Ito’s isometry, Cauchy—Schwartz’s inequality, and 1 = X; =
X+ [l uds + [ (1 —s)odBy, yield

E(X,—1)? = E(/tlusds> +2E[/t.1usds/ll(1 —s)GdBS}
+E(/tl(1—s)Gst)2§E</tlusds>2
e[ war) 1) ([ [ o) ])

1
+/ (1—s)%c2ds
13

e [fas) e[ [war) ) fla-spoa)”

1
+/ (1—s)%c?ds.
Jt

2

Then, using lim, ; E[(1 —¢)~! (ftl usds)?] = 0, we get that lim, 1 E(X; — 1)?/(1 —
t) = 0. This limit implies that (4.75) is satisfied, as u;dr = dX;* — (1 —t)odB, =
1—0B,+(1—t)odB,— (1 —t)odB, = 1 — 0B, is acceptable. Thus, u;" is optimal. [J
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4.5 Optimal Stopping

Consider the stochastic differential equation
dX, = f(t,X;)dt +o(t,X;)dB,;, Xo=x0, Xoa given vector, (4.76)

determining X; € R”, where f has n components, 6 = {0; j}i—1,...n,j1,..m and B,
has m components, the components being independent Brownian motions. So (4.1)
consists of n equations, one for each component of X;. Let g(7,X;) be a reward
obtained by stopping the process at (¢, X;) (or perhaps better: jumping off the process
at time 1), and let fj(7,x) be the reward obtained per unit of time, as long as we have
not jumped off. We shall assume that f,o,g, and fy are continuous and Lipschitz
continuous in x, uniformly in ¢, with f(¢,x9) and o (¢,xp) bounded. Furthermore,
we shall assume that an open set V C R"*! is given, containing (0,xp), such that
we have to stop at the latest when the process X; leaves V, and in particular we
stop immediately if (z,X;) € dV. For simplicity, the reader may always assume that
V = (—o0,b) x B(0,b"), where b and/or b’ may equal o (the ball B(0, ) equals R").
If b is finite, it means that, at latest we have to stop at time b.
The problem is to find when it is optimal to stop, that is, we want to maximize

E {/ng(t,X,)dtJrg(‘C,Xf) 4.77)
0

over the set of all “admissible” stopping rules 7. By convention, we do not get
any stopping reward when we do not stop, so for ¢ € [0,0], read g(¢,x) to mean
8g(t,%)1[p.0) (). A class of stopping rules it is reasonable to consider is the one con-
sisting of stopping rules that depend on the history of the process B;. Such rules
are called stopping times. For such a stopping rule, it may be that we stop early for
some outcomes of the process, and lately for other outcomes. It may often be natu-
ral to restrict the type of history dependence we consider. In fact, a natural class of
stopping times is the one consisting of Markov stopping times, which depends only
on the “present state” of the process. To be more precise, Markov stopping times
can be described as follows. A set A C V is specified, such that, intuitively, if we
start inside the set we stop the first time the state leaves A. The set A may be called a
continuation region, and formally, we define the stopping time corresponding with
AasT:=14 =min{t >0: (¢,X;) ¢ A}. If we never have (¢,X;) ¢ A, let T4 = oo (and
if A is empty, 74 = 0). Note that if (0,Xy) ¢ A, then 74 = 0. In practice, we only
consider open sets A, in which case the minimum always exists. Let 7Y be the set
of such stopping times, i.e., T¥ = {74 : A is an open subset of V}. Thus, the stop-
ping problem consists in maximizing E[ [y fo(,X;)dt + g(t,X¢)], for T € T For
any given 7, it may be that for some outcomes of history, T equals co.

Define the set 7" to be the set of all history dependent, or adapted stopping times
7(®) < 1y. (Note that 7(®) is adapted iff the indicator function 1o ;(5(.y) (1), b(.) €
Co([0,b]) is an adapted function in the sense we have defined earlier.) Sometimes,
when maximizing the criterion, we may want to maximize the criterion over this
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set, which is larger than T™. However, optimal stopping times most often turn out
to be of the Markovian type, and if the reader wants, below he may assume that 7*
equals T (the set of Markov stopping times).

The stopping times so far considered take values in [0, 0]. Below, we also need
stopping times taking values in [r,o0|. The reason is that, as an aid to the solution of
the optimal stopping problem, we need to consider the following situation: Given
that we are in state x at time ¢ (i.e., given that the process X; is at the point x for
s=t, (t,x) € V), how shall we behave from then on. Then to any open set A C V,
there corresponds a stopping time 74 ; = min{s > : (s,X;) ¢ A given that X; =x}.
(Again, T4, » = oo is allowed.) If (r,x) ¢ A, then 74, =1. Let T,’g be the set of such
Markov stopping times, and let 7% be the set of stopping times < 7y depending on
the history of B, s > 1, given that the process starts at (¢,x). (If the reader wants, he
may assumed that 7%, equals 7,/ below.)

Again an optimaly value function, denoted J (t,x), is needed. It is defined as fol-
lows: Given that we start at (¢,x), it is the maximal expected total reward that can be
obtained when going through all possible stopping times 7. When the process starts
at (,x), the corresponding conditional expectation is denoted E’* or sometimes
E[.|t,x]. So formally, J(z,x) is defined on clV by

J(t.x) = sup B { | ot X+ (2. %7)|.

ey,

Define D := {(t,x) € V,t > 0: g(t,x) < J(t,x)}. This set D is called the opti-
mal continuation region, because if (¢,x) € D, it is optimal to continue (not stop
at time t). The optimal stopping time, given that X; start in (7,x), is defined by
T = 1p, = 1inf{s > 1 : (5,Xy) ¢ D, given X, = x}. Evidently, if (¢,x) € clV \ D,
then tp, » =1, J(t,x) = g(¢,x). When 7p ¢ y, is found, we have a solution to the prob-
lem of maximizing the expected total reward (4.77). Hence, when we have found D,
we have solved the optimal stopping problem.

We have actually here assumed that we want to stop as rapidly as possible. Thus,
by convention, in cases where we are actually indifferent, namely if the reward ob-
tained by stopping at (7,x) equals the expected reward from some optimal stopping
rule that implies that we continue at (#,x), we choose to stop immediately.

Heuristic Derivation of Necessary Conditions

We shall derive some equations that will help us to solve the stopping problem. To
simplify, we put fy = 0. Note that J(7,x) = E"*[g(Tp, X Tp)], where we write Tp as
a shorthand for 7p; . As before, the expectation is a conditional one: We condition
on the fact that we start at (¢,x). In D, the function J(¢,x) has a special form as will
now be shown:

Assume that J is C2. Let G be a ball around (¢,x) in D. Note that if X crosses the
boundary of G at time 7g, then Tp := Tp; , = ™D,76. Xz, - We then have
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E[g(TDvfo)|tvx]
= E[E[g(tD, X1)) |76, Xrg, 1, X]|t,x] = E[E[g(Tp, X1y )| TG, Xeg] |2, x],

by the double expectation rule, and the fact that when (7g,X,;) is given, the future
development of X; does not depend on (#,x), so (f,x) can be dropped in the inner
expectation. (Formally, what is called the strong Markov property of X; is used here.)
Using the definition of J, this equality is the same as J(¢,x) = E[J (1, Xz;)|t,x]. By
the Dynkin formula (4.18),

E[J(16,Xz;)|t,x)] = J(t,x) + E"* {/tTGLJ(s,XS)ds} ,

where LJ := J, +J,f + (1/2)062 ]y, (or its equivalent if the dimension n > 1). Be-
cause E[J (TG, X, )|t,x] = J(t,x), it follows that E"~[ [,"¢ LJ(s,X,) ds] = 0. When the
radius of G is small, LJ (s, X;) can be replaced by LJ(z,x), the error being negligible.
If this is done, the integrand becomes deterministic, and the last equality simplifies
to LJ(t,x){E"*[tg] —t} =0, or LJ(t,x) = 0.

That the error made is negligible is shown as follows: Let Hg := sup{|LJ(s,y) —
LJ(t,x)|: (s,y) € G}, and note that E™~[| [;%¢ LJ(s,X;) — LJ(t,x)ds|] < HGE"[(tG —
t)]. Because Hg — 0 when G decreases toward its center (¢,x), the error is a small
fraction of E"*[(7¢ —1)]. Hence, the error is negligible.

To sum up, we have obtained the crucial equation LJ = 0. Hence, in D, the func-
tion J(z,x) satisfies the equation

0= Jy (1) +Jx(t.2)f (£,0) + (1/2) e (1,2) 0% (1., (4.78)
for all (¢,x) € D. The equivalent equation in several dimensions is
0=Ji+J.f+(1 /2)21.’].(00’),-,.,-1%,5/. (4.79)

(shorthand notation). Furthermore, J(¢,x) = g(t,x) for (¢,x) € clV \ D, and in par-
ticular, for (¢,x) € dD. Both properties follow from definition.

Assume that in the one-dimensional case, for some &, one has o > a > 0 every-
where. Then it normally follows that, for 7 > 0, (¢,x) € dDNV,

Je(t,x) = gx(t,x). (4.80)
In several dimensions this equation reads
T (1,%) = gy (1,%) 4.81)

for all i ¢ I, where [ is the set of indices such that the corresponding equation in
(4.76) does not contain any Brownian motion (o; ; vanishes for i € 1, all j).

The condition (4.81) can most often only be expected to hold when further condi-
tions are added. An example of such a condition is, if ¢ is simply a diagonal matrix,
that for some & >0, 6;;(t,x) > & > 0 for all (,x), j ¢ I.
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In the one-dimensional case, an informal argument for (4.80), due to A. Dixit,
is as follows. We have that J = max{f ,&}, where J supposedly solves (4.78) for
all (t,x) (C? for all (t,x)). Let Xy, = £. A kink in the graph of x — J(z,x) at this
boundary point (7p,£) of D would make the graph of x — J(¢,x) V-shaped near
such a point. Consider a time ¢t = 7p + dt a little later than the stopping time 7p.
Given (1p,Xs,) = (Tp,£), the scatter of possible points (X;) would spread out
symmetrically around (E™-X,) with a “diameter” proportional to (dr)"/? (actually
standard deviation ~ (dr)'/?). For dt small (negligible as compared with (dr)'/?),
E™~X, ~ %. Because of the V-shape, the expected value of J(t,X;), given (7p,%),
would then be greater than J(7p,£): This expectation is, roughly, the average of ordi-
nates of points in the graph of x — J(7p,x) spread out roughly equally on both sides
of the point (£,J(tp,%)). (We have then used J(z,%) ~ J(1p,%).) Because we can
obtain the expected value J(¢,X;) when having arrived at (¢,X;) (expectation given
(2,Xt)), the expected value of J(¢,X;) given (7p, %) (double expectation here) can be
obtained when having arrived at (7p,£). As we saw, with a kink at £ of x — J(7p,x),
this average is > J(7p,%£), which is a contradiction. No kink means that (4.80) is
satisfied.

If fy is nonzero, add the term fj on the right-hand sides of (4.78) and (4.79).
When we write J instead of J, we then get

0= fo(t,x) +J(t,2) +Je(1,2) £ (1,2) + (1/2)Jax(1,2) 0% (1, %).. (4.82)
The equivalent in several dimensions is (shorthand notation)
0=fo+Ji+4ef +(1/2)); (00)i ;- (4.83)

We can now describe a procedure for solving optimal stopping problems:
Find a function J and an open set D* C V N [(0,0) x R"] such that the following
properties hold: The point (0,x() belongs to c1D*,

1. J is twice continuously differentiable in V \ dD*, with bounded second deriva-
tives on bounded subsets of this set, is Lipschitz continuous on clV, and is
C'inV.

2. The equality (4.82) holds in D", (in several dimensions (4.83)). Moreover,

for (t,x) € dD*, t >0, J(t,x) = g(t,x). (4.84)

J>gin V,/>g in D*. (4.85)

In V\cID*, fot,x)+J)(t,x) + Ju(t.x) £(t,x) + (1/2)Ju(t,x) 62 (2,%) < 0.
(4.86)

In the multidimensional case, the corresponding inequality is:
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fotdi+dif + ) (1/2) i [00:; < 0. (4.87)

Observe that (4.84) and (4.85) actually imply (4.80) and (4.81) for all i, for J = J,
D = D*, and (4.80) and (4.81) are useful for the construction of a solution. Forn > 1,
the C! condition on Jin V, i.e., on VN 9D (it is C? elsewhere), may be too strong,
for i € I, for example x; — J(z,x) may have a kink, but we don’t want to pursue this
point.

Let E = E%X0_ as before.

Theorem 4.28 (Sufficient condition). Assume that V is contained in (—oo,b] x
R™,b < oo, and that some function J and some open set D* have been found, such
that the properties 1. to 4. are satisfied. Moreover, assume that the process a.s. stays
a negligible time on dD*, formally expressed as:

T
E/ Lope (5,X;)ds = 0, (4.88)
0

where X, satisfies (4.76). Then tp+ = inf{t > 0: (t,X;) ¢ D*} is an optimal stopping
rule, provided tp+ > 0 a.s. O

Remark 4.29 (Stopping at once). Assume that b < oo. Note that if some function J
satisfying property 1. has been found such that J(0,xp) = g(0,x0), (4.87) ((4.86))
holds in (V\cID*) UD*, and J > g holds in V, then we stop immediately. O

Remark 4.30 (Conditions on D*). Actually, for the theorem (and the remarks be-
low) to hold, we also need to assume that D* equals a set of the form {(s,y) € V :
max; 6;(s,y) < 0}, where {6;};, is a finite collection of C'-functions the gradients of
which at each point on the boundary of the set satisfy the standard full rank condi-
tion of nonlinear programming (or the Slater condition related to these gradients).

O

If /is C? in all V, then it is not needed to test (4.88). (Often, however, J is so
constructed that it equals g outside D*. In this case, the C?-property frequently fails
on dD*.) Concerning the condition J(t,x) = g(t,x) for (t,x) € dD*, t > 0, it is not
necessary to require this condition on any part of dD* that is never crossed. (So
what we actually need is that J(7p- , Xz, ) = g(tp+, Xg,,. ) with probability 1.)

Sketch of a proof of the theorem in the one-dimensional case

Assume that J has the properties 1. to 4. It is then easy to show that the optimal
stopping time has been found: For any stopping time 7 € T*, E[g(7,X;)] <

EW(t,X0)] = J(0,X0) + E [ /0 TLf(s,Xs)ds} <E { /0 . fo(t,X,)dt} +7(0, %)
(4.89)

where we first used J > g, then Dynkin’s formula (4.18), and for the last inequality,
LS = Ji + J.f +1/2J,.6% < —fy, which holds both in D* and in V\cID*. Further-
more, by definition of 7p+, / = g on dD* and by Dynkin’s formula and (4.82), we get
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E[g(TD*,XrD*)] = E[f(TD*7XrD*)]

— J(0,X0) + E UOTD* Lf(s,Xs)ds} —E UOTD* —fo(t,X,)dt} +7(0,X).  (4.90)

Hence, E[g(7,X:) + Ji fodt] < J(0,x0) = E[g(tp+,Xz,.) + J5°" fodt]. So, Tp+ is
“best.”

Here Dynkin’s formula was used twice. We have sketched a proof of this formula
only for C>-functions. In the first application, the function was only C! on dD*.
When points where J is only C! are passed as swiftly as stated in (4.88), it may
be seen that Dynkin’s formula still holds. See @ksendal (2003) for the details of
the arguments. (There J is approximated by functions ¢ ; being C? in all V, and,
to be sure that Dynkins formula applies, first stopping times for which (¢,X;) stays
bounded are used, which then are allowed to converge to T and 7p+, respectively.) [J

Remark 4.31 (Unbounded set D*, b = o0). When D* is not necessarily bounded and
b = oo, we allow for the case where we never stop (T = o perhaps with positive
probability). We have introduced the convention that g(e,x) = 0, more precisely
we use the convention that, for any stopping time (@) € T*, g(7(®),X(e)) =0,
for all @ for which (@) = 0. Assume that E [;° | fo(¢,X;)|dt < eo. Then Theorem
4.28 holds in three cases, (a), (b), and (c):

(a)J is bounded on D*, min{0, g(t,x)} is bounded on V, and 7p+ < o a.s.

(b)Assume n=m = 1. Both lim, ... g(t,x0) and lim; ../ f(t,x0) equals zero. For some
posmveconstantsoc ¢1,¢q,a0,b0,a,b,ar, by, forall (t,x) € D*, | [ (t,x)| < cje™*,
and for all (t,x) €V, |g.(1,x)| < cge™ ™, | fo(t,x)| < (ao+bol|x|)e™ ", |oy;(t,x)| <
a-+blx|, |f(t,x)| <ay+byslx|, a@ > by. (In this case, E [3° | fo(t,X,)|dt < oo auto-
matically holds.)

(c)For any given T € T*, there exists an increasing sequence of natural num-
bers n; such that if 7; := min{rjnj,’rnj} and 77 :=min{tp+,n;, Ty, }, Tn; ==
T(—eo o) xB(0ny)> then limj — 0 E[J(77(@), Xe+(0))] < E[g(Tp (@), Xz, ()] and

limj oo E[g(7j(0), X1 (w))] = E[g(‘L'((J)),XT@)} (replace limits by liminf in case

the limits do not exist). If g > K for some constant K and limy_.. g(7,X7) =0

a.s., the last inequality automatically holds.

Note, finally, that if E[[y"|fo(z,X;)dt] < es, and min{0,g(,x)} is bounded on V,
then Remark 4.29 still holds even when b = oo. (|

We here give a proof in the case (c) of the above Remark. Given any 7 € T™.
Then the proof above (cf. (4.89), (4.90)) yields E[g(rj,XTj) + fOT’ fodt] <J(0,Xp) =
E[f(’;;f,XT;) + forj fodt]. Taking limits on both sides as j — oo yields E[g(7,X;) +

Jo fodt] <liminf; E[g(t;,X;;)+1lim; Iy fodt) < Elg(tp+, Xz, )+ J5P" fodr]. Hence,
optimality of Tp+ follows. A proof in case (b) is given in D in the Addendum to the
chapter.
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Infinite horizon, autonomous case

Assume that V = (—o0,00) x V¥, fy = fO(x)e™*, o > 0, that g(t,x) = g°(x)e*,
(t < ), and that f and o are independent of . Then we can expect that J is of the
form J = h(x)e~*, and that D* is of the form (0,c0) x D**. In the one-dimensional
case, (4.82) and (4.86) follow if i(x) satisfies, respectively,

0=—ah+ f'+hf +(1/2)h0* in D™, (4.91)

and
—ah+f+hf+(1/2)he6® <0 in V*\cID™. (4.92)

Now the solution method in the one-dimensional case consists in finding a A-
function and an open set D**, satisfying (4.91), h > g% in V*, h > g% in D**, h = g°
for x € dD**, and even the equality i, = g¥ for x € dD** is useful for the construc-
tion of a solution. The function 4 must be C? in V*\ dD**, C' in V* and Lipschitz
continuous on clV*, and xy € clD**.

Remark 4.32 (Negligible time on dD*). Consider the case where o is a diag-
onal matrix with diagonal elements o; Then, roughly speaking, (4.88) holds
if the following property is satisfied: Given the functions 6; in Remark 4.31,
for any (r,x) such that 6;(¢,x) = 0, either (d6;(r,x)/dx;)o;;(t,x) # 0 for some
Jj» or (if these expressions are zero), d6;(r,x)/dt + ¥ ;(d6;(t,x)/dx;)fi(t,x) +
(1/2)¥,¢1(9%6i(1,x) /9x3)0(1,x)* # 0. This slightly heuristic result follows from
considering the formula 6;(r +dt) =

0 (1,%) + O (t,x) (f (1,x)dt + 0 (t,x)dBy) + (1/2) ¥ Oux 1 (1,%) 05 (1, x) *dt
J

and noting that terms 6y, (¢,x)[0 (¢,x)dB;]j such that 6y, (,x) 0 (t,x) # 0 will dom-
inate and the sum over j of such ones will then a.s. be nonvanishing. If on the other
hand 6;;(t,x;)0;;(t,x) = 0 for all j, and 6; + 6, f(¢,x) + (1/2)):6ixjxjc7jj(t,x)2 #
0, then the terms corresponding with the last expression will dominate, and for dt
small we will have 6;(z +dr) # 0. All in all, we can a.s. expect 6;(t +dr) # 0, i.e.,
we stay a negligible time on dD*. O

Remark 4.33 (Stochastic control with the horizon as a choice variable). Sometimes
X;, the process determined by (4.76), can be controlled, because u appears as a vari-
able in fo, f, and/or in ©. Assume that f, 0, g, and fj are continuous, and Lipschitz
continuous in x, %, uniformly in ¢, with | f(¢,x0,u)|,|0(t,x0,u)| < K, for some K in-
dependent of (#,u). In the current case, the method of solution is analogous to the
points 1. to 4. for the solution of optimal stopping problems, in fact the only changes
needed in these points are that J should now be constructed as a solution in D* of
the HIB equation instead of as a solution of (4.82) and that (4.86) is modified to
read

Ji+sup{fo+Jof +(1/2)J.6%} <0in V\cID*, (4.93)

u
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when n =1, i.e., in the one-dimensional case (in several dimensions use the corre-
sponding expression). Then again D* is the (optimal) continuation region and the
optimal stopping time 7+ is again determined by D*, and the optimal " is obtained
from the maximization in the HJB equation. Theorem 4.28 now holds for these
modifications of conditions 1. to 4. (still condition (4.88) is needed). The smooth-
ness conditions on J are kept.

If b = o0 and D* is unbounded, then assumptions similar to those in Remark 4.31
must also be satisfied. To present one specific such assumption, assume in (b) that
the inequalities hold for all u. This modified version of (b) is sufficient for Tp+ to be
optimal in the current case. (]

In case of Remark 4.33 a sketch of the sufficiency proof is virtually the same as
before (we put fo =0, and assume b < o): Now we write L“J instead of LJ because
now LJ depends on u. For any 7, any control function u(.,.),

E[g(t,X:)] < E[J(1,X:)] = J(0,X0) + E[ fy L"“J(s5,X;) ds] < J(0,Xy),

where the last inequality follows from the fact that (4.93) holds for all (¢,x) in (V' \
clD*)UD*, (t,x) € V. When T = 7p+ and u = u” we get equalities only.

Example 4.34. Let the price of oil B, follow a geometric (or “lognormal”) Brownian
motion, i.e., dP, = BP,dt + 6P,dB,, B and & positive numbers. Suppose that oil is
produced at a constant cost per barrel equal to C. Maximizing total expected profit
from a reserve of fixed size is then equivalent to maximizing expected profit on each
unit produced. In the latter case, the reward function is (p — C)e ™, where r > 0 is
the discount rate. The problem is to choose the right moment in time at which to
empty the field (it it is fairly obvious that it pays to empty it “in a second”). It is
assumed that B < r. We want to find the time 7 that gives the maximal expected
reward. Let us use Theorem 4.28, i.e., let us try to construct a function J (t,p) satis-
fying 1. to 4. We let V* = (0, 00), when Py > 0, P, belongs to V* for all 7. The problem
at hand is an autonomous one, so we let J(¢,x) = h(x)e~"" and the HIB equation to
consider is (4.91), which here takes the form 0 = —rh + Bph’ + c>ph" /2. Tt is
known that solutions of this equation are obtained by trying solutions of the form
p¥. Inserting this function in the differential equation, one gets 0 = 6(7y)p?, where
8(y) = (62/2)y> + (B — 62 /2)y— r. The resulting equation 8(y) = 0 has two solu-
tions for ¥, one defined by ¥ = (1/62){[—(B — 62/2) +[(B — 62/2)* + 2rc?]'/?}
and another one, denoted Y/, arising from using a minus sign in front of the square
root. The general solution for 4 is then i = kp? + k' pV, k, k' two arbitrary con-
stants. We need to show that 1 < 7y, which follows by noting that 8(1) = —r <0,
0 (c0) = o0. Moreover, Y < 0, because 6(0) = —r < 0, and 6(—oo) = oo,

Some information about the constants k and X’ should be obtained by the current
value version of the boundary conditions (4.80), (4.84). But dD*™*, what is that?
(We need it in order to use the current value version of (4.80).) The continuation
region is presumably a set of the form {(¢,p) : p < p*}, i.e., D*™* = (0, p*) for some
threshold or critical price p*. (It seems reasonable to continue waiting until the price
is high enough.) Here p* is an unknown to be determined. We have A(p*) = p* —C,
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and from (4.80), we get one additional equation. But we have three constant to
determine: k,k’, and p*. If K’ # 0, h(p) behaves in a suspicious way: |[J(0,0")| =
|h(0T)| = oo, which contradicts the fact that for a starting point (¢, p) = (0,0), the
supremum of the expected reward is bounded by —C and O (for such a starting
point, A = 0 for all ¢). By this informal argument, we obtained a third relationship
for determining the three unknowns, in fact we got k' = 0. Then the two former
equations determine k and p*: The equations become (by the current value versions
of (4.80) and (4.84)): p* —C = kp*” and 1 = kyp*?~'. The second equation gives
k= p*_(y_l) /7. Inserting this in the first equation gives p* — C = p*/y, or p* =
C/(1-1/y)>C>0.Hence S = (C/(1—1/y))" " VpTe=" /y> 0.

This is our proposal for /. We now assume Py = po < p*. We need to make sure
that the points 1. to 4. are satisfied. Now, (4.82) is satisfied in V = (—o0,00) X (0,0).
Moreover, by construction, J(t,p) = (p — C)e™" on the part of the boundary of
D* that is relevant ((—oo,00) x {0} is never crossed, see a comment subsequent to
Theorem 4.28), and as a function of p, Jis (strictly) convex (y > 1) and has the line
(p—C)e™" as tangent at p* by construction. Hence as a function of p, J lies above
this tangent. Hence, 1. to 4. hold in the required manner.

It is needed to check that one of the conditions in Remark 4.31 applies. In fact,
the conditions in (b) automatically applies. Because J in this example is C? in V,
it is not necessary to check condition (4.88). But, actually, it is satisfied, for the
following reason: For any fixed s, Pr[P; = p*] = 0. (To reach this conclusion, we
only need to know that the probability distribution of P, is given by a density, in fact
In P, is normally distributed.) Next, by Fubini’s theorem (i.e., the fact that integrals
can be interchanged) E[fg" 1(0.00)x{p+} (8, P)ds] = [o" E[1{,)(P)]ds = [g" Pr[Ps =
p*lds = 0. (The fact that the expectation of the first integral is zero means that a.s.
Jo Ly (P)ds =0.)

Let us add the following comment. By (e.g.) looking at the graph of 6, it can
be seen that ¥ decreases towards 1 when o increases to infinity (for fixed y > 1,
0 increases to infinity with ). This implies that p* increases to infinity when o
increases to infinity. O

For the case Py = pg > p* see Exercise 4.19.

4.6 Controlling Diffusions with Jumps

Assume that the n-dimensional process X; € R" is governed by the following con-
trolled stochastic differential equation with jumps:

dXt :f(t7X[,M(t,Xt>)dt+O-([,X“M(I,Xt))dB[, X():)Co, (494)
Xejs —Xe— = 8(1),Xe,, V). (4.95)

Here f,g, o, and xq are given entities, g is C*, ¢ is an n x m matrix with entries
o (t,x,u), f and o are piecewise continuous in ¢, and Lipschitz continuous in x,u
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on bounded subsets, uniformly in ¢, B; is a vector of m independent Brownian mo-
tions, and the Vj’ s are stochastic variables, identically and independently distributed.
At certain jump time-points 7;, Tj < T < ..., the state jumps according to (4.95).
The points 7; are random variables taking values in [0, ). By definition, the solution
X, is piecewise continuous, and continuous in (7;, Tj;1).

The stochastic assumptions on the jump points 7; are that they are Poisson dis-
tributed, i.e., given 7,_;, T;, i > 1, is exponentially distributed in [7;_;,°) with pa-
rameter A, hence the density of 7, =7 > 1,1 is Ae A7) Moreover, 7] 1S ex-
ponentially distributed in [0,c0) with parameter A. The entities 7;, V; and t — B, are
independent, and the V;’s are i.i.d. Moreover u(#,X;) is a function taking values in a
given set U C R" and is subject to choice.

Define 7;, =s+1; j=1,2,...,and J(s,x,u) =

T
E[ [ ot Xue X+ Y 0(tisXe o Vi) +ho(Xro) | (496)

Tjs<T

where the symbol E** means the expected value arising from starting the process
(4.94), (4.95) at state x = X at time s, X; continuous and governed by (4.94) be-
tween jump points, and jumping at jump time points 7; ; corresponding to (4.95), 7;
exponentially distributed in [s,e0), with intensity A, 7> ; exponentially distributed in
[T1.5,%0), given T} 5, with intensity A, and so on. Here fo, go, /9, and T > 0 are given
entities, fo,go, ho, being continuous functions. As before, the function f; measures
the running benefit obtained from the process, A is a scrap value (or bequest func-
tion), and gp measures the benefit obtained at jump times. The control problem
consists in maximizing J(0,xo,u), where u = u(.,.) at least runs through the set of
all Markov controls u(t,x), or even the set of all admissible adapted 1, (@) controls.
(In the latter case, in (4.94), u(z,X;) is replaced by u;(®).) That u,(®) is adapted
now means that u, (@) = u,(B_t,71,V1,T0,Va,...), where u,(®) is independent of
all 7;,V; such that 7; > ¢, (0 = (t — By, 71,V1, T2, Va,...)).

Define J(s,x) = sup,, J(s,x,u) (supremum over all Markov controls). Then (under
certain conditions), J satisfies the following HIB equation in the one-dimensional
case:

(.5) - max (ot .0+ 100050 + (1 /200,900 (1.0}
+AE[go(t,x,V)+J(t,x+g(t,x,V)) = J(t,x)] =0, (4.97)

with J(T,x) = ho(x). Here, V is distributed according to the common distribution of
the V;’s. In the multidimensional case, the equation reads:

0 = Ji(t,x) —ﬁ—meag{fo(t,x, u) +Jy(t,x) f(t,x,u)

3 1 (1/2) 0, (1,2) [0 (8,3,u) 0" (2,0,u)]i 5}
+AE[go(t,x,V)+J(t,x+g(t,x,V)) —J(t,x)]. (4.98)

Here J, = (Jn s yJdy, ), Jof is a scalar product, and ¢ is the transpose of ©.
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That the HIB equation for n = 1 takes the form (4.97) should come as no surprise.
For an equation of the form

X,—xo—i—/ ds+/ s)dBs+ Y h(t;,V;)

Ti<t

Dynkin’s formula on differential form for g(7,X;) in the case we condition on the
start point (¢,x) (X;+ = x) takes the form E'*g(t +dt, X, 4;) =

8(1,%) + 8,(t,x)dt + g (t,x)v(t)dt + (1/2) g (t,x) 0 (1)dt
+AEy{g(t,x+h(t,V)) — g(t,x) }dr,

Ey meaning expectation with respect to V. This is essentially a combination of
Dynkin’s formula for diffusions, and the result on the infinitesimal generator, or
“Dynkin’s formula,” for piecewise deterministic processes (see (3.120)). A heuris-
tic derivation of the HIB equation similar to that carried out in the case of no jumps
in the state variable, see arguments subsequent to (4.47), can again be carried out
in the one-dimensional case. In the case gy = 0, using the above Dynkin’s formula,
gives

ENJ(t 41y X o) — J (%)
= Jih+Jofh+ (1/2)6%h+ AEy{J(t,x+ h(t,V)) — J(t,x) }h,

where A(t,V) = g(,x,V). Inserting this expression for E"*J(t 4+ h, X, ) — J(t,x) in
(4.48), and dividing by h yields the HIB equation in (4.97), i.e., it brings into the
HIJB equation the new term AEy{J(¢,x+ g(¢,x,V)) —J(¢,x)}.

We state only a sufficient condition related to the HIB equation.

Theorem 4.35 (Sufficient conditions). Assume that J is continuous in [0,T] x R”,
and is twice continuously differentiable and satisfies (4.98) in (0,T) x R", ((4.97)
in the one-dimensional case), together with the boundary condition J(T,x) = ho(x).
Assume that for every pair (t,x) € (0,T) x R", u®(t,x) is the value of u that yields
the maximum on the right-hand side of (4.98), ((4.97)). Then u°(.,.) is optimal. [

Remark 4.36 (Precision added*). Also in the current situation, certain bounded-
ness conditions are needed for the sufficient conditions to hold: The theorem
yields optimality in the set S of admissible pairs 7§X,“,u, (u = uy), for which X}
is a solution of (4.94), (4.95), and for which E[[y |fo(t,X/",u;))|dt + |ho(X})|] <
oo, EY |go(7), X7, Vj)| < oo, and Elsup, |z, X”)| < oo (u; piecewise and right-
continuous in ¢ and adapted). It must then be assumed that a solution X corre-
sponding with u°(z,x) exists, such that (X?,u?) belongs to S, and u; = u°(¢,X°(¢))
is piecewise and right-continuous in # and adapted (the last property follows essen-
tially automatically).

For any & = u, X,ﬁ is automatically known to exist, if for some numbers ag, by, K
and K', for all t,x,u,V, |g(t,x,V)| < a, flt,xu) — f(t,y,u)] < K|x—y|,
|Gl'j([7xau)76ij(t7yvu) = (t,xo,u)\ SK’7|GI‘,]‘([,X0,M)| <K' O
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Example 4.37. Consider the problem:
T
max E [/ —u?)2 —4x2dt] JueR,
0

subject to

dX; = udt + X;dB;,Xo = xo given,
X‘E,'+ = ‘/iXTi77

all 7;, V; and B, independent, V; i.i.d., with EV? =2, all |V;| < a, a a given number.
An unbounded number of jumps can occur, all with intensity A = 1.

Solution. The HIB equation is
0 =J; +max[—u?/2 — 4x* + Jou] + Joex® /2 + 1 - [EJ (t,xV) — J (1,x)],

yielding # = J, as a maximum point, which when inserted gives the maximal value,
and so
0=J;+ (J1)*/2—4x® +Jox® J2+EJ(t,xV) — J(1,x).

Let us try a solution of the form J = ¢(t)x> + y(t). Insertion of J and its
derivatives in the HJB equation gives 0 = ¢(¢)'x> + y'(t) + 20 (1)*x* — 4% +
012+ E[0 (1) (xV 2]+ w(r) — 9(1)02 — w(r) = 0/ (1% +20.(1)22 — 42+ §(1): +
02 +y (1) — 9 (1) — (1) + ' (1) = (¢ (1) +26 (1) +20 (1) — 4] + v/ (1). For
the right-hand expression to be identically zero, we must have ¢'(¢) = —2[¢(1)> +
o0(t)—2]=—2(¢ —1)(¢ +2), and (then) y'(r) = 0. Using 1/(¢ —1)(¢ +2) =
(1/3)[1/(¢ —1)—1/(¢ +2)], the first equation is a separable differential equation
that gives In[(¢p —1)/(¢ +2)] = —6t+C, or (¢ —1)/(¢p +2) =C'e % (C and C’
arbitrary, related, constants). Now, J(7,x) = 0, which implies both ¢(7) = 0 and
w(T)=0,ie., w(t)=0,and —1/2 =C"e 5T, 50 C' = —¢°7 /2, and (solving for ¢),
¢(t) = (1—eT=1)) /(14T /2) < 0. (It can be shown that u = u® = 2x¢ (¢ ), with
corresponding solution X°, make up a pair that belongs to the set S of Remark 4.36.)

O

Note that the integral version of (4.94), (4.95) (the version that has a true meaning)
is as follows:

1
X = x0+ / F(5.Xsu(s,X,))ds
0

ot
+/0 o (s, Xy, u(s,X;))dBs+ Y 8(tj,Xr,-,V))

rjgr

(replace u(s,X;) by u; if general adapted controls u, are considered).
Sometimes, more general jump processes are needed. Assume, for some con-
stants o > 0, >0, and B’ > 0, that for all (,x,V)

86,5, V)< (a+BRDIVI, [g(t,x,V) =gt V) < Blx—y[[V].  (4.99)
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Loosely speaking, we need to consider processes where we allow very frequent
jumps, provided they are very small. Such processes may be needed for example
to simulate better certain types of behavior of stock prices. Mathematically, such
processes can be obtained by taking limits of processes of the type just studied. For
simplicity, assume now that the jumps V; are bounded by a constant K. Intuitively
speaking, in the jump process now considered, small jumps as well as larger jumps
can occur, small jumps can be very frequent, larger jumps are less frequent, all types
of jumps occurring at time points being Poisson distributed. Let us fix a precise man-
ner in which this happens. For some k > 1, for each fixedk=1,2,..., Vlk, V2k, ...are
iid. stochastic variables taking values in [—K /K1, K/K YU (K/Kkk,—K /1],
and let 7§, 75, ... be stochastic time points at which V1 ,V¥,...occur. The time points
=k, 7% ... are Poisson distributed with intensity A;. The {Vlk }i’s are distributed ac-
cording to certain given densities 7¥(v). The Brownian motion and the sequences
{75}, {V}}i, k= 1,2,..., are all independent. Now the solution X; is given by:

!
Xt ZXO+/ f(t7Xt7u(t7Xl‘))dt+

/ o(t. X u(t,X;) dBH—Z Y (T X V). (4.100)
k=1 je{jitt<}

Processes of the type (4.100) are examples of what is called jump diffusions.
In the deﬁnition (4. 96) of the Value function J(s,y,u) replace the sum by
Y ka <r go(t i S,er i Vj ), where ‘L' =5+ Tf (the definition of the random vari-

ables TN correspondmg with that of 7js above). Using the name J(s,y,u) on
the entity obtained even after this replacement, then again, we want to maximize
J(0,x0,u).

Under certain conditions on the A;’s, if f(¢,x,u) and o (¢,x,u) satisfy the same
growth conditions as in Remark 4.36, then, for each admissible u = u;, a unique
adapted solution X/* of (4.100) exists a.s., being right-continuous, with left limits
(these two properties for short denoted “cadlag,” a French abbreviation).

The existence of X' must mean, in particular, that the double sum in (4.100)
exists. We do not intend to present general conditions for the double sum to exist,
or general conditions for X/ to exist. But let us describe one case where we can
have that 4y — o and that the double sum can be expected to exist, namely the
case where, for a u € (1,x), Ay < u* for all k. (We now assume that the growth
conditions on f and g in Remark 4.36 are satisfied.)

Assume first that 7 = 1, and that § =0, @ > 0 in (4.99). Let m be any given
natural number, let v € (U, k), and let the number of time points {’cj‘}, in a given

interval [0,7] be N*(z). The double sum can be shown to exist when for all k, N*(z)
belongs to the set A, := {N*(t) : N*(t) < mv¥}. The double sum converges be-
cause in this case each term in the outer sum is < ot(K/x*~")mvk = onch(v/K) ,
the last expression forming a convergent geometric series. Note that E(NX(¢))? =
E(N*(t) — th)* + (tA)* < A+ A} < 2u?k. Using Chebyshev’s inequality, for
Ak = INK(t) : N¥(t) > mvk}, Pr(AK) < E(Nk(¢))? /(mv¥)? < 2m~2(u/v)?*, so for



244 4 Control of Diffusions

An = UAK, Pr(A,) < 2m™2/(1 — u/v). Now, Pr(N,A,,) = 0, so the sum exists
with probability 1.

Consider next the case 8 > 0. It can be proved, using among other things
Theorem 4.1, that for some 6 > 0, the conditional expectation of sup, |X*(z)|, given
that the N*(T')’s equal given numbers my, is smaller than SIT; (1 + (K’ /xk)B" )"
where B = o+, K = K, I, = I;” ; here being the product symbol. Now, E(1+
(K//Kk)ﬁ//)mk < e)LkT(K//Kk)[S”’ so E[SIT,(1+ (K’/Kk)ﬁ”)mk} < 5erAkT(K//K")B” _
P TK LA/ AS Y 2 / Kk < oo (recall A4 < u¥), again the double sum must exist
a.s. (it exists even in “L;-norm”).

(In order to really be sure that solutions X/ exist, we need some convergence
arguments as m — oo, for solutions X;"" to converge, where X,""" is obtained from
summing to m instead of to infinity in (4.100).)

In E in the Addendum to the chapter, the double sum in (4.100) is rewritten in a
form that allows one to work with weaker convergence conditions.

The HJIB equation for problems of the type (4.100) reads as follows when n = 1:

Jo(,%) + max{ fot,x,u) +J(t,2) f(1,3,0) + (1/2)ex(t,0) [0 (1,,0))}

+ i ME[go(t,x, VK +J(t,x+ g(t,x,V¥)) = J (t,x)] = 0, (4.101)
k=1

again with J(T,x) = ho(x). Here, each V¥ is distributed according to the common
distribution of the Vf"s, j=1,2,... A sufficient condition (verification theorem)
related to this HIB equation could again be stated, it is essentially as before, but
we drop stating the assumptions needed for it to hold (at least, as can be seen
from what has been introduced earlier, in a shorthand notation, they would include
E[JJ |foldt] < oo, E[ho] < oo, E[sup, |/]] < e, and, to operate with “sensible” solu-
tions, E[fy | f|dt] < e and E[f] ¢2dr] < o).

Optimal stopping problems are solved by using the same tools as in the contin-
uous diffusion case. In the pure stopping case, the HIB equation (4.82) as well as
the HJB inequality (4.86) now include the term resulting from jumps, see (4.97)
and (4.101). (The modification in the case where also controls are present should
be obvious.) Now we must require J = hy outside the continuation region (i.e., in
clV'\ D*), unless the process always jumps back into clD* as long as it stays in c1D*.
(It is assumed that (v, Xy, 4 ) € clV.)

The criterion is now, (with gg = 0, hip(ce,.) = 0)

T
max E[ [ ote e e )
0

u,T<Ty

(u and u, drop out in the pure stopping case).

Further reading. For readers wanting to continue reading about the problems
discussed in this chapter, the easiest book, on a more advanced level, is per-
haps @ksendal (2003). Still more advanced is Yong and Zhou (1999). Books on
mathematical finance include the very elementary book by Ross (1999), the (also



4.7 Addendum 245

elementary) book by Benth (2003), the book by Duffie (1996), and at a more ad-
vanced level the book by Karatzas and Shreve (1998). For the control of jump dif-
fusions, see @ksendal and Sulem (2005).

4.7 Addendum

A. Assume that we have only risk-adverse actors in the market. Below the time is
discrete, t = kh, k =0,1,2,..., h given. We assume a certain “constancy” through
time of X;, more precisely that B, := E[X;_ (,11)s — X;+nn|X;] is independent of n =
0,1,2,.... (This strong assumption is commented upon below.) What we shall then
be able to rule out is that 3, # 0.

Suppose that  := f8, # 0. Imagine now that a “speculative operation” is made
at each point in time 7 +nh, n = 0,1,2,...: An amount ¥ = f3/|B]| of the se-
curity is bought at time ¢ + nh for a loan of this size in the bank, and sold
the next period. This operation gives, after paying back the loan at time 7 +
(n+ 1)h, a net income Z (44 1y := K(X;p(nr1)n — Xivnn)- Define Wi i1y, 1=
X4 (k+1)h — Xi-+xn and suppose that all Wi 1),k =0,1,2,..., have the same vari-
ance o2. Here, and below, it may be assumed that all calculations of probabili-
ties and (co)variances are actually conditional ones, conditional on X;. Assume,
for some given number p € (0, 1), that Covar(W, g, W) < o2k ~17%, for all
k,k', k' > k. Define Q" := Y| <t<nZs4in and let us calculate Var(Q™). It equals
Y Var(Zypin) + 2 Xi Lo, Covar(Zy i, Zy o) < mx?>0? +2mY k*6?/(1— ) <
Kmo?, K =1+2/(1—u). Now, Chebyshev’s inequality gives that, for any & > 0,
Pr[|Q™ — m|B|| > €] = Pr[|Q" — EQ™| > €] <Var(Q™)/e? < Kmo? /€. Hence, for
e =m|B|/2,Pr[Q™ <m|B|/2] <4Kc?/m|B| and the latter probability is small when
m is large.

So, for m large, the speculator is close to being sure to make a positive profit.
This should not be possible in a well-functioning market, so 8 must be equal to
Zero.

The assumptions made, for example the constancy of B, := E [X,+(n+1)h -
X,nn|X;], may be seen as unreasonable ones, but, for the last one, note that &
may be, relatively speaking, very small: If f3, is (roughly ) constant over weak-long
periods, and trade takes place each hour (and u is not too close to 1), our argu-
ments may have something to say in this situation. (What is actually needed is a
slow movement of f3,, if By is > ¥ > 0 for some 7, then “a weak after” it is still, say
>v/2.)

B. Proof of (4.71)= (4.72). The argument will be intuitive:

Let s > 1, s close to £, let At = s —t and AB, = B; — B,, w(t,X,") = E"X p(t). By
Ito’s formula, approximately, w(s) — w(t):= w(s, X*(s)) —w(t,X*(¢)) =

(we () +wi(0) f (1) + 02 (1) wie(t) /2) At +w(1) O (1) AB,
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and, from (4.71),

p(s) = p(t) = (Ao for(1) = p(0) /(1) — q(1)0x(2)) At + g (1) AB;.
Write EY := E[.|s,X;] and E*" := E[.|t,X*(t),s,X*(s)]. Note that
E*lw(s) —w(t)] = E’p(s) —E°E*'w(t) = E*p(s) — E*E'w(t)
= E'p(s) = E°p(t) = E*[p(s) — p(1)].

Thus, the expectation E* of the right-hand sides of the expressions for w(s) — w(t)
and p(s) — p(t) are equal: Taking these expectations yield

E* {w,(t) +wx(t) f(t) + 0> (1)wa(1) /2}A1 + E*{wi (1) 0 (1)  E*[AB/]
= ES{_)-O]COx(t)}At —E‘Y{p(l‘)fx(t)}At
—E{q(1)0n(1)} A1+ E*{q(t) }E*[AB/].
Then, presumably, the expressions in front of A¢ and in front of E*[AB,] must be

equal. The equality of the latter expressions gives E*{w.(¢)o(¢)} = E*q(t), and the
equality of the former expressions gives

ES{wi (1) +wa(t) (1)} + E*{0* (1) wial(1) /2}
= EX{ =20 fo:(t) = (p(0) fx(1)} — E*{q(t) 0x(1) }.

Letting s |  gives wy(t)o(¢) = E'g(t) and

wi () +wa(2) f(2) + Gz(t)wxx(t)/z
= —2ofor(t) — (E'p(1)) f(t) — (E'q(1)) 0x(0).

Inserting wy(¢)o () = E"q(¢) in the last equality gives

wi(t) +wa(0) f (1) + 02 () wax (1) /2
= Ao for(t, X" (t),u” (. X7")) — (E'p(1)) fx(8,X" (1), u" (£, X/"))
—wy(t)o (¢)0x(1).
For w(t) :==w(t,X/) = E'p(t), Ag = 1, the asserted form of equation (4.72) follows.
C. It might be that u* in an obvious sense could be catching up optimal if (4.75)
holds. First note that E(X,* — 1)> =

2

(t—1)2+2E[(t—1)/1(1—1)(1’—1)1GdBT] +E{/Ot(t—l)(r—l)lchr

0
2

:(z_1)2+EUOZ(t_1)(r_1)lcdgr} .

Using the Ito isometry, E[[5(t —1)(t— 1) '0dB;|* =
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/Ot(a— /(1= 1)26%dt = (1 — 12 {—(t— 1)~ +1)}a?

Hence,
hn}E( 1)? —hn}{(t—l) +(t—=1)(=1+(t—1))c?} =0,
t— r—
) essentlally X; =1 holds. Next, from these calculatlons note that E(X; — 1)?/

(1—t)~o?whent~1. LetX, =t+2(t—1) [5(t— 1) '6dB;. Then of course,
E(X,—1)?/(1—t) ~ 40> whent ~ 1. Now, J(¢,X;) — J (¢,X;") =

(X —1)2/(1—1) = (X, — 1)*/(1 —1) = 6% — 45°.

Evidently, E[(X; — 1)?] = 0, but condition (4.75) does not hold for this X;. Now, X; cor-
responds with an impermissibly volatile u,dt, namely (1+2 [5(t—1)"'odB)dt +
odB; (see the last term). But, presumably, it might be that it could be smoothened
slightly to become permissible, and so that it still satisfies the terminal condition,
and finally, still yields roughly lim, . E[(X; — 1)?]/(1 —t) = 452

D.Letn=m= 1. Define ¥, = (1 —|—Xt2)1/2 and z; = EY,, and note that E|X;| <z <
KeP! for some K, b; < a, see Exercise 4.5 below. Hence, E[e~ % |X;|] < Ke~(*~b1)t,
Moreover, let 7 be a stopping time > k, and note that then E |e“”Xf| < K*elbi—a)k,
for some constant K*. To see this, note that e 3| < e *tY:. Now, EXY [e“"%Y@] =
e oky 4 Eky[fkf e ¥Ydr + fk% eudy] < e %y 4 emokpky
i e Femali-hg dY,] =: I". Using results from Exercise 4.5, for some constant d, for r >
k,z < (zx+d/b)e? ") and dz; < [d + byzi]e”*Hdt. Letting y = Yy, then E[['] =

e %y e [P MR gy < =y 4 [P ek [z, +d) bi(t=k)]dr. Because
[ el gr = 1/(a — b,) and z; < KeP*, then Ele :|] < Ele %3] <
E[['] < K*e=®k for some K*.

Let 7, = min{7,k}, k= 1,2,.... Evidently,

T o oo
E/ |f0(t,Xr)|deE/ |f0(f,Xz)|de/ (ao +boKe"")e™"dr < oo.
0 0 0
The bound on g, yields
1
8(0.3) = g(0,%0)| < [ [ga(r, 0+ (1— 0)x0)] |+~ 10)/dB < e r— .

SO

lilgnEHg(TbXTk) _g(Tk7.X0> - (g(T7XT) _g(T7x0))|1{°°>T}}
= lmE[|g(7, Xz) — 8(T,%0) — (8(7,Xe) = 8(7.%0)) | Leos 051)

< E[Cgeiakp(k —xo|] + Elege” “F| Xz — x| Leonrsiyl-
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Because g(e,.) = 0, these inequalities hold even if e > 7 is dropped, except in
the very last term. The two last expectations go to zero when k — oo, see inequali-
ties obtained above (for I" in case of the last expectation). Because E[|(g(Tk,x0) —
8(7,%0))[1{z>1y] — O, then E[[g(Tk, Xz, ) — 8(7,X¢)[] — 0, when k — co. Similarly, if
™ = min{k, 7p+ }, then E[|/(t*, X ) — J(1p+, Xz, ) |1 (. <e0}] — 0. Now, by (4.89),
Elg(t,Xz,)] < E[fy* —fo(t,X,)dt] +J(0,Xo). Letting k — oo in the inequality, it
follows that it holds for 7, replaced by 7, by the earlier results. Next, by (4.90),
E[J(75,X )] = [fo —fo(t,X,)dt] +J(0,Xp). Note also that

A

lim E((2", X ) = J(7*,30) 15, =) < limege™ “ X —x0| =0

and E[|f(‘ck,x0)|1{TD*:w}] — 0, so limkE[|f(Tk,er)|I{TD*:OO}] = 0. Hence, letting
k — oo in the next to last equality gives E[g(Tp, Xz, )] =

E[g(TD* 7XTD* ) I{TD* <°°}]
= E[f(TD* ,XTD* )l{rD* <oo}]
= limE[f(”L'k,XTk) Lz, <oo}]

= hmE[ f(5, X )]

—E {/OTD* fo(t,X,)dt} +J(0,Xy).

This result and the next to last inequality yield optimality of 7p-.

E. (Rewriting the double sum in (4.100)) Write N'(t,v) = {(}",V!") : 7; <1,0 <
V" < v}, and, for simplicity, assume first that all V" are positive.

Then N(¢,v) (that depends on the sequence ’C}",VJ’-”) is a finite set a.s., let
N(t,v) be the number of elements in N7*(¢,v). For any given ¥ in (K /x™,K /k™ 1],
the following equality holds:

§(T) Xen_ VI / / g(5,X,_ VN (ds,dv). (4.102)
(T VIENT (1.9) 0] K/K’"av

The right-hand side is just a fancy name of the left-hand side, using essentially the
notation of Stieltjes integration (N} (ds,dv) is the same as dN''(s,v)): a.s., we can
assume that all the points in AV7"(z,7) are distinct, in which case we attach weights 1
to all points. When s and v increase, the value of N/'(s,v) increases by 1 iff a point
(77, V") in N 1'(¢,7) is passed, and that change in N'}'(s,v) should be multiplied by
g(T],XTI Vi ) Summing over all points in N*(¢,7) yields the sum in (4.102). (See
also (5.28) in the Appendix.)

Define N (t,v) to be the function that equals N'(z,v) for v in the interval
(K/x™ K/k™1]. Then
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X,_,v)N.(ds,d
/M /(K/Mg@, VN, (ds,dv)

g(s,Xs—, V)N (ds,dv). (4.103)
lgggk ~/(K/K'm,K/Km*1] +

When certain conditions on the A;’s hold, we can let k go to infinity here and get
a.s. as a limit on the left-hand side of (4.103) the expression

[ [ slsXe N (ds,av). (4.104)
[0,7] J(0,K]

Consider now the case where V" belongs to the set {v: K/k" < [v[ < K/k""~ 3
and can be both positive and negatlve Then we define N (7,v) to be the set
{(7j,vi") s 1y <1, =K /K"~ <V < —K/K", V" < v}, (N(1,v) defined as be-
fore). LetN’”(t v) be the number of elements in NV (z,v), and let N" (¢,v) = N"'(¢,v)
ifver:=[-K/k" 1, —K/k™), N"(t,v) =N"(t,v) ifve I"":= (K /", K /"]
Define also N(v,t) = N"(z,v) if v e ["UI? =: 1", m = 1,2,... Then for certain con-
ditions on the A;’s, arguments similar to the above ones would lead us to conclude
that, a.s.,

o o
) | ) g( xfk ’V‘)’/[OA,] /[_KTK]g(t,x,,,v)N(dt,dv). (4.105)

The Consequences for the HIB Equation of this Reformulation

Define V'(¢t,v) = EN'(¢,v), and note that VI'(¢,v) = tv'(v), VI(v) := vI'(L,v)
(recall the expectation A¢ for the number of jumps in [0, ] of a Poisson process with
intensity A). In fact, vI'(v) = A} f];’:lm(—w,v) II"(dv'), where A" = EN"™(1,K /k™1),
AM™ = EN™(1,—K/x™), and IT™(v) is the common cumulative distribution of the
{V/"}’s in I"". Define also v"(v) = v"(v) if v € I"", v(v) = VI'(v) if v € I'!, and let
viv)=v")ifvel", m=1.2,...

Note that, for any given function p(z,v), if V¥ is any of the V;"s, j=1,2,... then
E[p(;,vk)} = [ p(t,v)dIT*(v) and hence LE[p(t,V¥)] = [ p(t,v)dV¥(v). So, if
p(t,VK) is the term in square brackets in the HIB equation (4.101), then the sum
in that equation equals Y [ p(¢,v)dV¥(v) = Ji-k kP (t,v)dV(v). Thus, the sum in
the HJB equation (4.101) can be written as

/[_K ][go(nx,v)+J(r,x+g(t,x,v))—J(r,x)]v(dv). (4.106)

3

(Here, v(.) is not a cumulative distribution on [—K, K], but, if such one is wanted,
one can replace v(.) by v*(.) defined by v*(v) = [i_g ,; V(dv).)

Certain conditions exist, not presented here, implying that such a HIB equation
holds, in particular implying that the last integral is defined.
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Sometimes problems appear where it is necessary to work with weaker condi-
tions on the behavior of the jumps. Thus, for certain weaker convergence conditions,
it is possible to prove that the difference

Y[ sl mNdsav)
s 04 /K K]

_Z/ / 8, Xy—,v)V"(dv)ds 4.107)
m<k [OJ] [7K7K]

is convergent when k — oo, but that the two sums, considered separately, are not
convergent. (For example, limy Y.<k fjo ] Ji—k k] 8(5, Xs—, V)V (dv)ds = [io 1 Ji-k x)
g(s,X;_,v)v(dv)ds may not exist.)

Let us mention that a weaker convergence condition that frequently works in
order to obtain convergence of the difference is [|_g | min{v?, 1}v(dv) < co.

We can always rewrite the integral equation for X; as follows. (We shall assume
that all integrals appearing below exist.)

! !
X = x0+ /0 £ (5, X u(s,X,))ds + /0 o (5, X, u(s, X)) dB
1
] el XN — v}, (4.108)
0 JI-K K]
where the double integral is actually the limit of the expression in (4.107), and where
I (s,x,u) :f(s,x,u)—i—/[ ]g(s,x,v)v(dv). (4.109)
—K.K

We can choose to work with equations of the form (4.108), without assuming that
/¥ has the particular form (4.109), and that is sometimes done (see e.g., @ksendal
and Sulem (2005)), as weaker convergence conditions are then available.

In the case of equations of the form (4.108), then f*(¢,x,u) appears in the
HIB equation instead of f(f,x,u), and then the additional term —Jx(s,x) [i_g x
g(s,x,v)v(dv) has to be added in the HIB equation. The reason for this may be
indicated by noting that if (4.109) is meaningful, and if f in the previous version of
the HJB equation (see (4.106)) is replaced by f*, then that has to be compensated
for by adding the last mentioned additional term.

4.8 Exercises

Exercises for Section 4.1

4.1. Using Var[B;] =1t, prove that Var[B; — B;] =t — s whenever ¢ > s.
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Exercises for Section 4.3

4.2. Let g(t,x) = te*, and let X, = By, i.e.dX; = dB,. Find an expression for ¥, =
g(t,B;) by means of Ito’s formula.

4.3. Using Ito’s formula, show that X, = x°/(1+1)+B; /(1 +1) solves the stochastic
differential equation dX; = —1/(1 +¢)X,dt +1/(141)dB;, Xo = x°.

4.4. Let X; be given by the stochastic differential equation dX; = aX,dt + bX,dB;,
b > 0. Define Y; = (X;)?, v positive. By means of Ito’s formula, find an expression
for Y;. Define z(¢) = EY,, and find a differential equation for z(¢). What is the solu-
tion?

4.5. (A bound on the solution of stochastic differential equations.) Given the mul-
tidimensional version of the stochastic differential equation (4.6), assume that
|f| < c+d|x|, and |0; j| < ¢’ +d'|x|. Let X; be a solution of the equation and let
v =E(X,)%.

(a) Use Dynkin’s formula and (a+ b)? < 2(a? + b?) to show that

dy, < {E(c+d|X:|)2|X| +2(1/2)|E(c + d'|1X,|)*nm}dt < 2E{(c(1 + |X,|*) +
d|X,|*)}dt +2E{(c"* + d"*|X,|*)nm}dt < {2c+2nmc™? +2(c +d +nmd'?)y? }dt.

(Maybe you only want to consider the case one-dimensional case, where n = 1,
m=1.)

(b) Using (a), show that y, < (x3 + &t/B)eP’ — a /B, for some a,B. How can o
and f be chosen?

Next, let z; = E[g(X;)], where g(x) := (1+x%)"/2, and let n = m = 1.

(c) Use Dynkin’s formula, |x| < g(x) < 14 |x|, and (d?/dx?)(1 +x*)1/2 = (1+
x2)73/2 to show that dz; < E[(c+d|X:|)|1X;|(14 X [>) "2+ (1/2)(c' +d'|X,|)>(1 +
1X:[2)73/2dt]) < E[c+d|X,|+ ¢ +d? X, (1 +|X,[*)73/2dt] < c+dz +¢? +d™.

(d) Using (c), show that E|X;| < z, where z; < —cf/d—i— (zo +cf/d)ed’ < (1+
|Xo| +d/d)e™, for d = c+ (¢ +d?).

4.6. In connection with the proof of Theorem 4.1, show that ||[Y" —Y"|| <
[ ten Y —YH < Ty IV = YA < By (17208 [y Ly < 2yt
Y"|| <2(1/2)"|¥" —Y°||. Hence, ¥/ is what is called a Cauchy sequence in
|||, with a limit denoted Y;. Now, ||Y —Y"|| = |[Y. — Xo + 5 f(s,Y" Vds +
J; (s, Y2~ 1)dBy||. Replacing ¥"~! by ¥, in the sequence of inequalities in the proof
in the text, show that sup{E|[(f(s,Ys) — f(s,¥"2))ds + [5(o(s,Ys) —
o(s,Y"2))dB|*} < (1/4)||Y. — Y"72|]?, which shows that, a.s., ¥; = lim, ¥"! =
Xo+1im,{ [§ f(s,Y"72))ds+ [y o (5,Y"2)dBs} = Xo+ [y f(5,Ys)ds+ [5 0 (s,Ys)dB;.

Exercises for Section 4.4

4.7. Solve the problem

T
max E [/ —uldr — (XT)Z], u €R
0
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subject to dX; = u,dt + 6X,dB;, Xo = x°, 6 > 0, ¢ and x° fixed numbers. Hint: Try
a solution of the HJB equation of the form J := ¢(¢)x>. Note that 1/(a¢ + ¢>) =
(1/a)[1/9 —1/(¢ + a)], this is useful for the solution of an integral.

4.8. Solve the problem

T
maxE{/ [—utze_X’/Z]dt—i-eXT}, u €R

0

subject to dX; = u,e Xdt + 6dB,, Xo = x°, 6 > 0, o and x° fixed numbers. Hint:
Try a solution of the HIB equation of the form J := ¢ (¢)e* + w(¢). See also the hint
in the preceding exercise.

4.9. Solve the problem:

maxE{/Ow[/s(xt)u(c,)qe—fdt},

subject to dX; = aX,dt + 6X,dB, — c;dt, Xo = x° > 0, ¢; the control, ¢; > 0,a, o,
positive, y € (0,1), ay < 1, (X; > 0).

(a) Try an optimal value function of the form: i(x)e™, where h(x) = ax? +b then
is going to be the solution of the current value HIB equation. Equations obtained for
a and b can be solved for y = 1/2. What are the solutions?

(b) For y = 1/2, is the condition (4.53) satisfied?

4.10. Solve the problem:
maxE{ / [—B(X,)? — (u,)z]eptdt},
0
subject to dX; = aX,dt + yX;dB; + u,dt, Xy = X, u, the control, u, € R, B,v, p

positive. Try a solution of the current value HIB of the form ax® + bx +c.

4.11. Solve the problem

maxE{/ —epl[X,Z—i—u,z]dt}, w €R
0

subject to dX; = wu;dt + odB;, Xo = X%, with ¢ > 0, p > 0. Try a solution of the
current value HJB of the form ax? + bx + c.

4.12. The following problem has the solution u = 1, a glance at the problem will
give the reader a strong suspicion that this is so:

maxE{/ e’X,dt}, u; €10,1]
0

subject to dX; = (1/2)u:X;dt + /2X;dB;, Xo = x° = 1. Below, we only consider
x > 0. Write down the HIB equation, show that it has the general solution & =
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2%+ Cix'* + Cox’~, where ry = (1/4)[1+ (17)"/?] and r_ = (1/4)[1 — (17)'/2).

Find values of the integration constants such that (4.55) holds, in fact (4.55) (a)

is sufficient for determining constants. Hint: Use Dynkin’s formula to find zt(r) =

E(X")".

4.13. Solve the problem

1
maxE{/ —u,zdt}7 subject to dX; = u,dt + oxdB;,Xo = 1,E(X1)2 =k,
0

where u; € R, k > %" Hint: Try J = z(t)x,2(1) = ¢ in (4.71).
4.14. Solve the problem
1
max E {/ (u,X,)zdt] subject to dX; = u;dt + ch,dBl,EX(l)4 =k,
0
Xo=x">0,u € R, where ¢ and k are constants, k suitable large. Hint: Try J =
b(t)x*.

4.15. Using the maximum principle, solve the problem:
1
max E [/ u,dt XIZ/Z} , when dX, = (u+Y,)dt,dY, = odB;,
0

u €R,0>0,Xo=1,Y(0)=0.

Hint: The maximum condition gives p* = —1, (p* the costate corresponding with
x),s0 —1 = p*(1) = —X{, i.e., X{ is deterministic. One way to obtain that is to let
u; =k —Y;, k a deterministic constant. (To be sure that an optimal control has been
found, prove that the criterion equals 1/2 — E[(X; —1)?/2].)

Exercises for Section 4.5

4.16. Solve the stopping problem

max E[(X;)e P7], 7 subject to choice in [0,0),dX; = dB;, X, = 0.
T

Hint: J(t,x) = h(x)e™P', and the continuation region is presumably of the form
(—o0,a). To determine constants, also use that J(0,x) is non-negative, but presum-
ably is not large, when x is near —eoo (non-negativity because we know that sometime
X; becomes zero, with prob. 1).

4.17. (Dksendal). Solve the stopping problem

max E[(B;)?e P'], T subject to choice in [0, ).
T
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Hint: J(t,x) = h(x)e P, dX; = dB;, (X; = B;), and the continuation region is pre-
sumably of the form (—a,a). Find an (unsolvable) equation for a.

4.18. Solve the problem:

max E[(X*/* —1)e™ 7], 7 subject to choice in [0, o),
T

where dX; = 1dt 4+ 2dB;, Xy = 0. Hint: The continuation region is of the form
(—e0,a). J(t,x) = h(x)e™".

4.19. Consider Example 4.34, still with > 3. (a) Show that when 8 > ¢2/2, then

we stop a.s. (b) Assume that py > p*. Using V = (p*,o0) (if p, = p*, we surely stop)
and J:= p—C, show by means of Remark 4.29 that it is optimal to stop immediately.

Exercises for Section 4.6
4.20. Solve the problem:
T
max E [ / (—u?/2— th)dt} ,dX; = wdt +dBy,u; € R, Xo = x° given,
JO
where X; can have an unbounded number of jumps all of intensity 1, given by X, =

Xr;,— +V;. Here, all V; are i.i.d., E[V;] = 0, E[V}] = 1.
Hint: Try a solution J = ¢ (£)x* + y/(t).



Chapter 5
Appendix: Probability, Concepts, and Results

Certain concepts and results from probability theory are presented. The reader is
advised to look up in the Appendix definitions, results, or explanations related to
themes appearing in the chapter he is currently reading and not read the Appendix
in its entirety.

5.1 Elementary Probability

A discrete sample space is a “countable” set £ with typical element @. The set
£ is countable if it is possible to label the various elements in Q such that Q =
{wy,m,...,a,...}; it may be finite or infinite. The set Q includes all possible
outcomes that can occur, and on  we imagine that there is given a function P(®)
that tells for each @ in £2 how probable it is that @ will occur. Think of £ as a sort
of box from which draws are made and that P(®) is the probability that @ is drawn.
The probabilities P(w), ® € £, are non-negative numbers, and these probabilities

must satisfy
Y Plo):= ZP(a),») =1. (5.1)

weR

The function P(®) is often called a (probability) mass function or a probability
distribution.

In some cases, we can think of P(®) as indicating how frequently @ occurs. That
is, if we repeatedly are in the same situation (we repeatedly make draws out of €2,
which are put back again), then P(®) indicates the relative frequency of occurrences
of @. When applying the theory of probability in concrete situations, then somehow,
by (long) experience, or by careful design of the situation, we “know” the probabil-
ities. For example, in situations where 10 balls numbered 1 to 10 are thrown into an
urn, and the urn is thoroughly shaken, then if a ball is drawn from the urn, there is a
probability of 1/10 of drawing a ball with number (say) 2. Another situation occurs
if I have carefully constructed a biased die that turns up 6 with a probability (or
frequency) 1/3, shown in lengthy trials. Then I believe that the probability of getting
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6 is 1/3, which is twice what an uninformed opponent would believe, namely 1/6,
as is the case for an unbiased die.

Frequently, a subset A of 2 is called an event. (We may think of it as the event
that the outcome @ happens to belong to the set A.) We shall sometimes use the word
(sub)set and sometimes the word event. For any @, the set A = {®} is sometimes
called an elementary event. For any event A in £, by definition, the probability
of A equals Pr(A) := P(A) := Y yeca P(@;). We often write Pr(A) and not P(A),
similarly, Pr(@;) := P(;). From the definition of P(A), it follows that if the sets A,
j=1,2,... are (pairwise) disjoint, then

Pr(UjA;) =Y Pr(A)) (A; disjoint) (5.2)
J
(a property called countable additivity of P(.)). If the A;’s are disjoint and have a

union equal to €2, this family of sets (events) is called a partition of Q. Evidently
then )" Pr(A;) = 1. Note, moreover that

(a) ACB = Pr(A) <Pr(B)

(B) Pr(A) +Pr(CA) =1

(y) Pr(AUB) =Pr(A)+Pr(B) — Pr(ANB) for arbitrary events A,B C

(8) Pr(Q2) =1,Pr(0) = 0. (5.3)

All these properties follow easily from the definitions.
An example of a probability mass function is the Poisson mass function

},k

plk;y) = e_yﬁ (expectation 7, variance ) (5.4)
krunning in {0,1,2,...}, (k!=1-2----- k,0! = 1). (For the definition of expectation
and variance, see below.) Then Pr(k) = p(k;7). The number k of people calling an
office in a given time interval is sometimes assumed to be Poisson distributed, for
some given parameter (or “intensity’) 7.

Another probability distribution is the binomial distribution, which has the mass
function

b(k;n,p) = (Z) PF(1—p)"*,  (expectation np, variance np(1 —p))  (5.5)

where (}) = n!/r!(n—r)!, k running in the set {0,1,2,...n}, ((;) = 1). This mass
function gives the probability of k “successes” in the following situation: There are
n trials, each one can turn out to be a success or not, the probability of success in
any given trial being p.

The following rule is frequently useful.

Theorem 5.1 (Simple law of total probability). Let A, Ay, ... be disjoint events
such that Q = UjA; (i.e., {A;} is a partition of Q). Then for any event B in £,

Pr[B] = ) Pr[BNA. (S.S)
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Cumulative Distribution

If Q is a countable set of real numbers, and f(®) is a given mass function on 2,
then
F(o):=Pro'<o]= ) f(o)

o'<w

is the cumulative distribution for f.

We apply the term random variable to any function defined on Q. In particular,
the function ¥ = @ (or more formally Y := @ — ®), is a random variable. The
image set of a random variable X can be any set 2”. We can always take it to be
Q' := X(£), which is a countable subset of Q”. Most often one encounters real-
valued random variables (2" = R), or random variables taking values in R".

Function of Random Variables

Let f be a given mass function on €2, and let Y be a random variable on Q2 with val-
ues in 2. We assume that Q" = Qy := {Y(®) : ® € 2} and furnish this countable
set with the mass function fy (@) := Yoc{a:y(w)=or} f(@). This is the mass func-
tion of the random variable Y. For any subset A in Q" we have that Pr(A) = Pr{Y €
A}, where Pr(A) := Y iycq fr(@') and Pr{Y € A} means Y. ¢ (w:y(0)ca} f(@).) Be-
cause Pr(A) is calculated by means of fy, we often write Pr(A) = Pry, (A). When
working with the random variable Y, we frequently forget about the original space
Q and its mass function f, and work only with the mass function fy(®’) in Q”,
once fy(@') has been found. Note that {Y € B} = {®w € Q : Y(w) € B}, B any
subset of Q.

Joint Mass Functions

Let Q = Q; x £,, where Q; and £, are countable. Then £ is also countable. On
Q we assume that a mass function f(®, @') is defined, (@, ®') € Q. If Q C R?, the
cumulative distribution corresponding to f(®, @') is

Flo,0):=Pro;<o,.;m<o]= )  flo,wm)

0 <0,;m <o’

The so-called marginal mass functions are defined by Pr(®) = Loycq, f(0,0") =:
fi(@) and Pr(@') = Ypeq, f(@,0") =: fr(@"), respectively.

These definitions are extended to random variables in general. Let X and Y be
two random variables defined on £, with values in 2’ and Q”, respectively, where
we assume Q' = X(Q) and Q" =Y (Q). Let fyy(@',®") be the mass function of
the random variable (X,Y), i.e.,

fxy(0',0") =Pr[(X,Y) = (0, 0")] = )y fl@)
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(f being the mass function on ). Then the marginal mass function of X, fx(®’) is
defined by fx(0') :=Pr(X = @') := Zwe{w:x(a)):w’}f(w) =Yoreor fxy(o,o")
and the marginal distribution of Y, fy (") is defined by fy(@”) :=Pr(Y = 0") :=
Yoc{oy (@)=} [(@®) = Lo fxy (0, 0"). We repeat:

@)=Y fr@, o), @)=Y fro o). (5.7)

o'cQ’ o"eQ”

Combinatorics

Only a few formulas are presented here. Out of a list of n different symbols, n”
different ordered r-tuples of r symbols can be constructed, when “replacement”
is allowed (when each symbol can be repeated). A different formula holds when
replacement is not allowed, i.e., in the case where a symbol that has been used once
in the ordered r-tuple can never be used again. In this case, the number of different
ordered r-tuples is (n), :=n(n—1)-...- (n—r+1). In the last case, assume that
order is of no significance, i.e., that two r-tuples are counted as one and the same
if they contain the same symbols but in different order. Then we speak of r-subsets
instead of r-tuples. Without replacement, ('r') :=n!/r!(n—r)! different r-subsets can
be constructed, where n! = (n),.

5.2 Conditional Probability

If A and B are given subsets of €2, then, by definition, the conditional probability of
A given B equals

P(A|B) :=Pr[B|A] := P(BNA)/P(A) provided P(A) > 0. (5.8)

An example of the use of conditional probability is the following. In an urn there
are two white and two red balls. Two draws are made. If the first ball drawn is red,
what is the probability that the second one is also red? Well, in the urn three balls
remain, one red, so because a red ball was drawn at the first draw, the probability
is 1/3 for drawing a red ball at the second draw. This is the conditional probability
of drawing a red ball at the second draw, given that we drew a red ball at the first
draw. Here, the conditional probability was not determined by using (5.8), but by
considering instead the information available when the event “Drawing a red ball at
the first draw” has already happened. In such cases, and they frequently occur, we
have an intuitive feeling for what the conditional probability is. Using the formal
definition, we can argue as follows. Number the balls from 1 to 4, 1 and 2 being red.
Generally, the number of the first ball drawn is denoted 7}, the second one drawn has
the number ip, with i1, ip € {1,...4}. All together, there are 12 ordered pairs that
can be drawn. (For example, if ij = 1, there are three remaining possible values of
ip, 1.e., three pairs start with 1. Similarly, three pairs start with 2, 3, and 4. Compare
formulas with the Combinatorics section above.) All pairs are equally possible, and
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only two consist of red ones, namely (1,2) and (2, 1). So the probability of drawing
a red pair is 2/12 = 1/6 = P(ANB), where A denotes the event of drawing “red”
at the first draw, and B the event of drawing red at the second draw. Evidently,
P(A)=1/2,s0Pr(B|A)=(1/6)/(1/2) =1/3.

In this case, we were able to find the conditional probability much more quickly,
not using the formal definition. In concrete situations, the fact that an event has oc-
curred, changes the “stochastic situation” in ways that we can intuitively exploit.
We can also often deduce probabilities of “composite” events, using conditional
probabilities that we somehow feel are correct ones. In fact, we often use the def-
inition of conditional probability rather as a theorem (axiom!). Consider, e.g., the
example above: To derive the probability of a red pair, we could use the relation
P(ANB) = P(B|A)P(A) and argue as follows: It is obvious that P(BJA) = 1/3 and
that P(A) is 1/2,s0 P(ANB) =1/3-1/2=1/6.

Two formulas involving conditional probabilities are useful: From the simple law
of total probability, we get the following law of total probability:

Theorem 5.2. Let Ay,A»,... be a partition of 2, and let B be any event in 2. Then
Pr(B) =Y Pr[B|A;] - Pr(A)). (5.9)

i
|

We also have the following result (a consequence of (5.9)):

Theorem 5.3. (Bayes’ formula) Let A1,A,, ... be a partition of 2 and let B be any
event in Q. Then

Pr(A;|B) = Pr(B|A,)Pr(A;)/ {ZPr(B|Ai)Pr(Ai)} (5.10)
(= Pr(A;NB)/Pr(B).
O

Conditional Mass Functions

Given two random variables X : Q — Q' and Y : Q — Q" with joint mass function
fxy(@,0'). Then the conditional mass function fyy(®';@") equals
fxy(o,@")/fy(@"). It is the same as Pr[X = @'Y = ®”]. It is only defined for
"-s for which fy (@) > 0.

Independence

The events A and B are said to be independent if
P(ANB)=P(A)P(B). (5.11)

Another manner of expressing this is evidently P(A|B) = P(A). This equality says
that it does not change our belief in how likely the event A is when we hear that B has
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happened. Also concerning independence, we often have an intuition about it, with-
out apparently needing to test it against the definition. However, as with conditional
probabilities, if the situation is slightly complex, a test using the definition may be
needed. Sometimes it seems trivial. If balls are replaced in the urn considered above
(again the urn is thoroughly shaken), then drawing a red ball at the second draw in-
tuitively is independent of drawing a red ball at the first draw. We may test this using
the definition. Because of replacement, the number of possible pairs are now 16. (If
ball no 1 is drawn, four different balls can be drawn at the second draw, and thus we
get 4 pairs. That we also get if the first ball is number 2,3, and 4.) So the probability
P(ANB)=4/16 = 1/4 (pairs (1,1),(1,2),(2,1) and (2,2) are all red), so the equality
1/4=P(ANB)=P(A)P(B) = 1/2-1/2 holds, showing independence.

We say that two random variables X and Y defined on £, taking values in Q'
and Q", respectively, are independent if the events {X = @'} and {Y = "} are
independent for all (@', ®”) € Q' x Q". For two random variables X and Y, we
have the following result:

Theorem 5.4. X andY are independent iff we have the factorization fxy (@', ®")
fx (@) fy(@0") of the mass function fxy of (X,Y).

Another property equivalent to independence, is: fx (') = fx)y (@'; @").
A family F of events is called independent if

Ol

Pr(AjN---NA,) =Pr(Ay)----- Pr(A,)

for all finite collections of events A;, i = 1,...,n, from F.

Pairwise independence does not imply independence: A family F' consisting of
three events Ay,A>,A3 may well exhibit pairwise independence, (A;, A ; independent
for all pairs (i, j)), without being independent.

A family of random variables X1,X>,... from Q into Q' is independent if the
family of sets (events) A; o := {X; = ©'}, @' € Q, is independent.

If Q' = Q" = {red, white}, Q is the urn, and X is the outcome in the first draw,
Y in the second draw in the example above, then X and Y are independent variables
in the replacement case (not in the nonreplacement case).

Product Probability

If Q; and Q, are two sample spaces, with mass functions fj(®;) and f>(®,), then
on 2 = Q; x £, we can introduce the mass function f(®;, @) := fi(o) - fa(w).
For such a mass function f, the outcomes @; and @, are independent. Similarly,
if X is a random variable on ; with values in Q! and Y is a random vari-
able on ©, with values in Q2, then the mass function of (X,Y) on Q' x Q?
is fxy(o',0?) = fX(@") - f¥ (@), where fX(o') (respectively, f¥(®?)) is the
mass function of X (resp. Y). For the moment they are written with superscripts
instead of subscripts in order to express the following fact: We evidently have
(@) = fx(@h), fY(@0?) = fy(®?), where subscript indicate marginal distribu-
tions (relative to fx y just defined).
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5.3 Expectation

Let Y be a random variable on Q into ', with mass function fy(®’). Then the
expectation of ¥, denoted E(Y), is defined by

=Y vo)flw= Y op (5.12)

0eR o'eY (Q)

where f, as usual, is the mass function on €.

The expectation of Y is the weighted average of the values of Y, the weights
being fy(@'). Or, it is the maximum amount a gambler should be willing to pay for
getting access to a lottery with stochastic reward Y.

(The last idea is sometimes made the basis for the introduction of subjective
probability. Imagine that Y = 14, the indicator function of the set A C Q. Then
P(A) =E(14). Suppose that the gambler is able to connect “subjective probabilities”
P(A) to all events A, the number P(A) having the property that he is indifferent
between getting P(A) surely or getting 1 dollar iff A occurs. It can be shown that
if the gambler fixes the numbers P(A) in a (so-called coherent) manner in which
it is impossible for an opponent to earn money by exploiting the above-mentioned
indifference, then it can be shown that the numbers P(A) satisfy the axioms of a
probability distribution.)

The expectation E(Y) satisfied a number of relations (below a.s. =: “almost
surely” means the same as “with probability 17).

(a) E(X)=0if X=0 as.,
(B) E(a) =a, (expectation of a constant),
Y) E(aX+bY)=aE(X)+bE(Y) (aand b are constants),

(
(8) E(XY)=(E(X))-(E(Y)) when X and Y are independent.

(5.13)
All properties are easy consequences of the definition.
The variance of Y is defined by
Var(Y) := E[(Y —E(Y))?] (5.14)
We have
Var(Y) = E(Y?) — (E(Y))? (5.15)
and
Var(aY +b) = a*Var(Y) (a and b are constants) (5.16)
and
Var( Z ZVar ;) when Xj,... X, are independent. 5.17)
1<i<n

Without independence, Var(Y<j<, Xi) = Xi<i<n Li<j<n Cov(Xi, X;), where
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COV(X,Y) = E[(X —EX)(Y —EY)] = E[XY] —E(X)E(Y)

If w(@') is any function on Q’, Y is a random variable on €2, taking values in ©Q’
with mass function fy (@), then for Z = y(Y), we have

= Y vr()f)= ) @)= ) o fyy(o")
weR w'eY(Q) o"ey(Y(Q))
(5.18)

where fy,(y)(@") is the mass function of the random variable ®" = y(Y (®)).

Conditional Expectation

The conditional expectation of X given Y is defined by

EX[Y]:= ) o fyy(o:0"). (5.19)
o' eX(Q)
Similarly,
EpX)Y]= Y o) fxy(e;0"). (5.20)
o'eX(Q)

Note that E[¢(X)|Y] is a random variable on the image set Q" of Y. The following
double expectation rule is of great use:

E[E[p(X)[Y]] = E[¢(X)]. (5.21)
More generally we have
E[E[9(X)[Y,Z]|Z] = E[¢(X)|Z]. (5.22)
We also have E[w(Y)¢(X)] = E[y(Y)E[¢(X)|Y]]. Furthermore,
E[¢(X)|Y] = E[¢(X)] if X and Y are independent. (5.23)
Finally the so-called Chebyshev’s inequality holds: For a > 0,

Pr[|X| > a] < E(X?)/d*. (5.24)

5.4 Uncountable Sample Space

Frequently, the sample space is an uncountable set, say a subset of R”. Formally,
probability theory can be developed using an “abstract,” perhaps uncountable, sam-
ple space £2. That approach is sketched in the next section. Here, we shall assume
that 2 C R”, for the current purpose we can actually assume 2 = R” by simply
setting Pr(R"\ Q) =



5.4 Uncountable Sample Space 263

Consider first the case n = 1. For Q =R, for any x, a probability F(x) is assigned
to the event {® : @ < x}. F(x) is called a (cumulative) distribution function. By
definition, a cumulative distribution function is nondecreasing, F(x) < 1, F(e0) :=
limy ... F(x) = 1, and F(—oo) = 0. The probability of {® : @ > x} is 1 — F(x) and
the probability of {@ : x < @ <y} is F(y) — F(x). The probability of {® : @ < x} is
F(x—), the left limit of F at x. F is always taken to be right-continuous, so F(x) =
F(x+). (In fact, F has to be so, due to property (6) in Section 5.6 below.) Finally,
note that Pr{x < o <y} = F(y—) — F(x—).

Frequently, F(x) has further smoothness properties: F(x) may be a definite in-
tegral, F(x) = [*_ f(®)do, for all x, where f(x) piecewise continuous. Then f(x)
is called the density of F(x). F(x), as a function of the upper limit of such a def-
inite integral, gets a property named absolute continuity, which we do not define
here. (It is equivalent to being such a definite integral for a f(x) perhaps only in-
tegrable, see below.) When F(x) is such an integral, F(x) is definitely continuous
in the ordinary sense and Pr{w:x < 0 <y} =Pr{w:x < o <y} = [} f(0)d .
Moreover, E[¢p ()] := [~ ¢(o)f(w)do, so in particular, E (o) := [*. of(0)do,
and Var(0) := [~ (0 — Eo)’f(0)do.

Two frequently occurring densities are the normal or Gaussian density

f(x) =1/(2r0)"?exp(—(x—u)?/26%) (expectation u, variance 62) (5.25)
and the (negative) exponential density, for Q = [0,0),
f(x) =Ae ™™ x>0 (expectation 1/A, variance 1/A2). (5.26)

If Q =R" and x <y is the standard vector ordering (x; < y; for all i), probabil-
ities for events in 2 are obtained by specifying a cumulative distribution function
F(x), x € R" (such that Pr{® < x} = F(x). Again F(x) is nondecreasing in x (non-
decreasing in each component of x) and F(x) is right-continuous in the sense that
F(x) =lim, F(y,) if y, | X, and F(x) < 1. Furthermore, F(n1’) — 1 when n — oo,
where 1 is the vector whose components all equal 1, and F(—nl") — 0 as n — oo.
Sometimes F is generated by a bounded density f(x), which is, separately, piece-
wise continuous in each variable x; (we then call it separately piecewise continuous).
Then, by definition, F(x) equals the n-multiple integral over {z < x} of f(z) and
F(x) becomes continuous.

Marginal Densities, Conditional Densities

If f(x,y), defined on 2 = R? is a density, then fx(x) = [~ f(x,y)dy is the
marginal density of X : x — x : R — R, with fy(y) having a similar definition,
Y :y—y:R — R. Of course, on the basis of fx(x), we can calculate probabili-
ties like Pr{a < X < b} (= fab fx(x)dx.) The conditional density of X given Y is
fxy(6y) = f(x,y)/ [7. f(x,y)dx. (If the integral equals zero for some value of y,
for this value of y, any value, for example 0, can be assigned to fx|y(x; ). For the
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standard applications of such conditional densities, the values for such y’s do not
matter. A similar remark could have been made also in the discrete case, we did
not.) The conditional density of X given Y is used to calculate conditional probabil-
ities like Prja <X < blY =y] (= /. f fx|y (x;y)dx). Now, the conditional expectation
E(¢(X)[Y) is given by [7_ ¢(x)fx|y(x;y)dx and the property (5.21) holds also in
this case.

Here, in the definition of marginal and conditional densities, x and y could even
be n’-vectors and n”-vectors, respectively, with n’' +n" = n, (2 = R"), the only
change needed is that the integrals above are multiple integrals.

5.5 General Probability Distributions

So far, probability distributions have either been discrete or continuous. Often a
common notation for the calculation of expectations and probabilities is useful. Given
any cumulative distribution F(x) on R, we shall write E(¢(x)) = [~ ¢(x)dF (x),
and similarly, Pr{a <X < b} = [, ;) dF (x). So let us give a meaning to an integral
of the form [, ;) ¢(x)dF(x). If F(x) stems from a piecewise continuous density
f, we evidently let dF(x) have the meaning dF (x) = f(x)dx, so inserting this for
dF(x) in [, ;) ¢(x)dF (x) yields an ordinary integral. If F'(x) is discrete with mass
function f(x), by definition

%a‘h]¢(X)dF(x) = Z P(x)f(x) = Z O(x)(F(x)—F(x7)).

a<x<b a<x<b

The last equality stems from the fact that f(x) = F(x) — F(x™) in this case. In fact,
this formula holds for all x, with F (x) — F (x~ ) nonzero only for a discrete set of x’s
at which we have nonzero mass. (The sum needs only extend over this set. We allow
this set to be countable.)

Suppose we have a probability distribution that is a combination of a distribution
given by a piecewise continuous density and a discrete distribution. More precisely,
suppose the cumulative distribution F(x) is a sum F (x) = Fj (x) 4+ F>(x), such that F}
is discrete and F, has a piecewise continuous density, F (o) = 1, F}, F> nondecreas-
ing, and F;(—e) =0, i = 1,2, Then, for any piecewise continuous function ¢ (x), by
definition, we let

RO /M 0 (x)dF (x) + /( L PR

A more general definition of an integral of the form [; ¢ (x)dF (x) where [ is an
interval, can be given. It is useful also outside probability theory. We take F(x) to
be any real-valued nondecreasing and right-continuous function on R. Given any
interval [a,b], let F(b) — F(a—) = M. Now, F(x) — F(x—) > 1/n for only a finite
number of points in [, b], the number in fact is < nM. (Evidently, the sum of these
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“jump increases” of F cannot be larger than the total increase F(b) — F(a—).) So
F has at most a countable number of jump points in any interval [a,b]. In fact, F
has a countable number of jump points in all (—eo,0). Let F; = ¥ <, F(y) — F (y—)
(the sum in effect is over all jump points < x). Then F} has the same jumps as F.
Hence, F> = F — F| becomes continuous. Moreover, F; is nondecreasing, because
Fy is constant between jumps. Unfortunately, /> cannot always be expressed as the
integral of a density. So let us explain what we mean by an integral over [a,b] of a
piecewise continuous function ¢ with respect to the integrator F3, i, ;) ¢ (x)dF2(x).
As usual for integrals, we first state the definition for piecewise constant functions:
Let ¢ (x) =Y; 01, (x), where I; is a partition of [a, b] into intervals /; with endpoints
bi—1 < b, and where 1;,(x) is the indicator function of ;, (equal to 1 if x € I;, equal
to 0 otherwise). Then

./[a.b] 9(x)dFy(x) = Z ai(F(bi) — Fa(bi-1)).

The integral with respect to F> of a piecewise continuous function ¢ is defined as
a limit of integrals of piecewise constant functions. More precisely, it is done as
follows. Define, for each n, ¢,(x) = ¥; ¢ ((bi—1+b:)/2) 15, | p;(x), Where O < b; —
bi—1 < 1/n (we let b;_1, b; depend on n), moreover {b;} includes all discontinuity
points of ¢. Then we define [, ;¢ (x) dF>(x) = limy—co [, ) @n(x) dF>(x). It can be
proved that the limit exists. Note that for any sequence ¢, (x) of the above type,
On(x) — ¢(x—) for all x > a. In fact, we get the same limit for the integrals of all
bounded sequences of piecewise constant functions converging to ¢ (x) for all x > a,
x a continuity point of ¢ (x).)
Again, by definition, for any interval I,

JoaF@ = L ow(R@ R )+ [ o) aR).

xel

The integral with respect to F' over a one point set can be nonzero. In fact,
Jiwq @ (x)ds = ¢(a)(F(a) — F(a—)). Moreover,

/[ ; ¢(x)dF (x) = ¢(a)(F(a) = F(a—))+ ¢ (b)(F(b) - F(b—)) + ) ¢ (x)dF (x).
a, a,

In this connection, note that an integral with respect to F> over an interval does
not change when we omit one or the other (or both) endpoints from the interval.
However, the entity F; may cause changes. Note, finally that if £ is a nondecreasing
function, perhaps only defined on an interval [a,b], not on all R, then by definition,

./[;,b] P()dF (x) := / 9 (x)dF (x),

[a.b]

where F(x) = F(x+), for x € [a,b), F(x) = F(b), x > b, and F(x) = F(a), x < a.
The integral presented here is called the Stieltjes integral.
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So far we have defined the Stieltjes integral for nondecreasing “integrator” func-
tions F. We can also define it for functions F* that are differences of two nonde-
creasing functions F! and F2, F* = F! — F?, by defining

60aF W= [ 9@dF'()~ [ o()dF).

[a,b] [a,b] [a,b]

Functions F* being such differences have “bounded variation” (a property equiva-
lent to being such a difference), a term we do not define.

It is easily checked that [, dF(x) = F(d) — F(c—) and that [, ,dF(x) =
F(d) — F(a), from which it follows that limu;c [, ;) dF (x) = [, dF (x). Even
limgye [ p) @ (X)dF (x) = Ji. ;) @ (x)dF (x), (¢(x) piecewise continuous), and simi-
larly, limgyp, [ic.4) @ (x)dF (x) = [i. ;) @ (x)dF (x). (Here (a,b] and [c,d) can be re-
placed by [a,b] and [c,d], respectively.)

The definition of the integral [, ¢ (x)dF (x) could also have been carried out
in the following manner. Define [, dF(x) = F(b) — F(a) if I = (a,b]. Let ¢(x) =
ZiOC,'l(/,l.,Lhi], with b; | < b;,i=1,2,...,m, by = a,b,, = b. Then

/< y PO )= Lo /, dF (x) =} 0i(F(bi) = F (bi-1)).

Next, for any bounded function ¢ that is a pointwise limit of such piecewise constant
functions @y, define [, ;¢ (x) dF (x) = limy, [(, ;) @u(x)dF (x). In particular, piece-
wise and right-continuous functions are such pointwise limits.

The point of mentioning this alternative approach is that it generalizes more eas-
ily to the case where x € R", forn =2,3,....

So let us sketch such a generalization, confining the discussion mainly to R2.
Then (a,b] has to be understood as a generalized rectangle, denoting the set
{a < x < b} (a < x means ¢; < x; for all i). Let F(x) := F(x;,x2) be a func-
tion of X = (x,x2) € R?, nondecreasing and continuous from above (f(y) | f(x)
when y | x). Now, let (eo,b] = {x: x < b}. Write a = (a;,a2), b = (b1,b2). As
(a,b] = (o0, b] — (o0, (a1,b2)] — (oo, (a2,b1)] + (o, a] (draw a figure !), we define the
integral [, ) dF (x) over (a,b] to be equal to

F(by1,by) —F(ai,by) — F(az,by) + F(a,a). (5.27)

We make the assumption that for any a, b, a < b, the expression in (5.27) is
non-negative. We can again define integrals of simple functions, namely functions
of the form ¢ = Y,; a1y, I; = (a;,b;] C (a,b], the ;’s disjoint, by the formula
Jap) 9 (X)dF (x) = ¥, & [, dF (x). Next, any bounded function y that is a limit of
such functions ¢ = ¢, (for each x) can be “integrated” in the sense that we de-
fine [, p) Y(X)dF (X) = limy o [, p $n(x) dF (x). (The integral will not depend on
which sequence ¢, we choose.) In particular, continuous functions are pointwise
limits of such sequences, so we can integrate continuous functions. Again, we have
(for example) that [, y Y(x) dF (x) often differs from [, ;; ¥(x) dF (x), the former
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integral being defined by limy o [(5_ 11/, p) Y(X) dF (), 1"=(1,1). We can also de-
fine an integral over [a,b) by a suitable limit. Then we can integrate simple functions
defined by such intervals, and then also pointwise limits of simple functions of this
type. These extension makes it possible to integrate various types of discontinuous
functions.

If F(x) = ijgx ax;, where ax;, j=1,..., j' are given positive entities, then for
any continuous W(x),

/( oy VOIFR = T ixj)ax, (5.28)

x; € (a,b]

To see this, just let ¢,(x) = y/(b;) 17, where I} is a partition of (a, b], so fine that each
I := (a},b?] contains at most one point X, and if it does, b} = x;. Note that in this
case, |, pmdF (x) equals ay; if x; € I}', and equals zero otherwise, (this actually follows
from (5.27)). So, for fine partitions, [i, ;] a(X)dF (x) is independent of , and equals
the right hand side of (5.28). Finally, ¢,(x) — y(x) when max;(b} —a}') — 0 as
n — oo,

The above discussion can be generalized to functions F(x) defined on R”, being
separately nondecreasing in each component of x and continuous from above (same
definition as above). In fact the above discussion can be carried over word by word,
except for the formula (5.27) for the integral [, 1, dF (x), (now a,b € R"), which is
now given by a more complicated formula involving the values of F at all the various
“corners” of (a,b]. (In this connection again a crucial non-negativity assumption, a
generalization of the assumption on (5.27), is needed.)

5.6 Abstract Measures

Measures are non-negative functions (t(A) defined on subsets A of a given “universal
set” Q2. (Now, 2 may be any type of set, no “structure” of Q is assumed beforehand.
In abstract measure theory, the structure described below is simply postulated.) In
probability theory, a given probability measure ( gives probabilities attached to
subsets of Q, and u(Q) = 1. (Given A C Q, the probability that an outcome belongs
to A is (A).) In measure theory generally, we do not necessarily have that u(€Q) is
finite, we allow that u(A) takes value in [0, o]

The domain of definition of a measure is always a specified family F of subsets
of Q. F is required to be a ¢-algebra (or o-field), which, by definition, has the
following properties:

(a) The empty set and €2 belongs to F.
bAcF = LAecF.
(c)A1,A,,... all belong to F — U,A, € F.

As a consequence of these properties, note that a finite or countable intersections
N,A, also belongs to F if all A, belong to F.
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Thus, for 1 to be a measure, by definition, it is defined on a given o—field F,
and, furthermore, satisfies the following three properties:

1. u(0)=0.

2. u(A)>0forallA e F.

3. IfAy,Ay,--- € F are disjoint, then u(U,A,) =Y, L(A,) (a property called count-
able additivity).

Some further properties easily follow from (1)—(3):

4. A C BwithA,B € F imply u(A) < u(B).

5. IfAy,Ay, - - - € Fisanincreasing sequence of sets (i.e.,A; C Aj41), then u(U;A;) =
supi,u(A,-) = llm,,LL(A,)

6. If 1 (Q) <eo,and Aj,Ay,--- € F is a decreasing sequence of sets (i.e., A; D A1),
then u(M;A;) = inf; u(A;) = lim; u(A;).

We allow oo as values of sums like Y, (£ (A,) in (3). The properties (1)—(3) should be
compared with the ones listed for probabilities above.

A null set (or g-null set) A is any set A € F such that p(A) = 0. (In probability
theory, the event A has then zero probability of occurring.)

A real-valued function ¢(®) on Q is measurable (or F-measurable ) if {o :
(o) <r}e Fforall r € R. A vector valued function is measurable if all its com-
ponents are measurable. A simple measurable real-valued function is of the form
Y =Y,ails,A€F,a €R,i=1,...,m, A; disjoint. Note that a bounded mea-
surable real-valued function ¢ can always be approximated by simple measurable
functions . Indeed, simply put y(®) = y,(®) = Y.;(iM/2")15,(®), where

Bi={w:iM/2" < ¢(w) < (i+1)M/2"}, i=—2"—2"+1,...,0,...,2"

where M = sup, |¢(w)|. We then have |¢(®) — y,(w)| < M/2" for all @, and
V() < Yy (0) < y(w) for all @. (We do have B; € F, as a consequence of
the above properties of a o—field.)

The integral (or p-integral) of a simple non-negative function Y, a;la,(®)
on Q (a; given positive numbers, A; given disjoint sets from F), is defined by
Jov(w)du(w) :=Y;a;lu(A;) (perhaps the value of the sum is o). The integral of a
non-negative measurable function ¢ is defined as the limit lim,, .. [, Wy (®)du(®) =
sup,, [o Wn(®)du(w), perhaps the limit is e (y, defined above, here becoming non-
negative). The limitis unique, i.e., the limit also equals the limitlim,, [, y"(®)du (o),
where y”" is any other sequence of non-negative simple functions converging to
¢ () pointwise (i.e., for each ), with y"*(@) < y"*! < ¢(w) for all n, ®.

The integral is next extended to measurable real-valued function ¢ that are
not non-negative: [, ¢(@)du(®) := [o ¢ (0)du(w) — [o ¢—(®)du(w), where
¢, :=max(0,¢) >0 and ¢_ := —min(0,¢9) > 0. Here we agree that the integral
is only defined if both the integrals on the right-hand side in the definition are
finite. In this case ¢ is called integrable (or u-integrable). (When the term inte-
grable is used, it includes being measurable.) Non-negative function are only called
integrable if their integrals are finite. A measurable real-valued function ¢ (w) is
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integrable iff [, |¢(w)|du(m) < e. Note that, if A € F, then [, ¢(0)du(w) :=
Jo la(@)¢(0)du(w).

If f>0,and [, fdu(w) =0, then f =0 a.e. (or u-a.e.), a.e. here meaning for
all @, except possible in a y-null set.

The reason why we operate with the general concept of measurable functions, is
partly because of the next theorem. (In the results below, let it be any given measure
defined on a o-field F of subsets of a given set £2.)

Theorem 5.5. If ¢,(®) is any sequence of measurable functions converging to
0(®) for all ® € Q, except perhaps for @ in a null set (so-called convergence
a.e.), then ¢ is also measurable. (]

Piecewise continuous functions on 2 = R do not satisfy such a property: A point-
wise limit of such functions need not be piecewise continuous.
Moreover, the following theorem holds:

Theorem 5.6 (Dominated convergence). In case of the previous theorem, if there
exists a Y() such that |¢,(0)| < y(®) for all , except for @ in a null
set perhaps dependent on n, and [, y(®)du(w) < oo, (W is integrable), then
limy, [ ou(@)dp(@) = [o ¢ (@)du(w). O

Two more results can be mentioned. The monotone convergence theorem says
that if 0 < f, 1 f a.e., then [ fi, T [ f (shorthand notation). The Fatou’s lemma
says that for f,, > 0, we have [, liminf, .., f, <liminf, .. [ fn.

So far, we have only discussed real-valued functions. If ¢ () takes values in R",
then [, ¢(@)dw := ([o ¢1(w)d,..., [o ¢.(@)dw). The two theorems above also
hold for R"-valued functions. (Then |a| means norm of a € R™.)

Some inequalities are of frequent use: If f and g are measurable, and |f|? and
|g|? are integrable, where p > 1, and 1/p+1/q = 1, then |fg| is integrable and
(shorthand notation)

1/p 1/q
/ |fedu| < (/ |f|pd/.t> </ |qu/.L> (Hoelders inequality)  (5.29)
Q Q Q

(The expression ([q |f|Pdu)"/? is called the L,—norm of f (L,—p-norm.) For
p = g = 2, the inequality furnishes (a particular case of) the Cauchy—Schwartz in-
equality. If f and g are measurable, and |f|? and |g|” are integrable, where p > 1,
then

1/p 1/p 1/p
(/ |f+g|”d/.t) < (/ \f|”du> + </ |g|pdu> (Minkowski’s inequality)
Q Q Q
(5.30)

Theorem 5.7 (Interchange of integral and differentiation). Assume that f(x, ) :
R" x Q — R™ is measurable in ® and C' in x, that f(x,®) is integrable with re-
spect to @, and that | f(x,®)| < ¢ (@) for all x in some ball B(xy,0), where ¢(®) is
some integrable function. Then the derivative [(d/dx) [q f(x, ©)du(®)]—y, exists
and equals [ [(d/dx)f(x,®)]y=x,d 1L (®). O
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Proof. Letx; =xo+a/j,aany unit vector in R". Note that, for each component 7, for
each o, for y;(@) := (fi(xj, ©) = fi(x0, @), [jyj(@) = [(d/dx) fi(x, ®)]c=x,a| — 0,
when j — oo, s0by Theorem 5.2, and the bound ¢, we have that (1/~1) [ (fi(x;, @) —
filxo, ®))dp(0) = j [ yj(@)du(w) — [o[(d/dx) fi(x, ®)]=xadit(®), when j —
oo, (note that by Theorem 5.5, [(d/dx) f;(x, ®)]x—x,a is measurable.) O

Particular Examples of Measures

Consider the family Fy of intervals in R of any given type (open, half-open, closed),
including the empty set and (—oo,c0). We can enlarge this family by including all
countable unions of sets from Fy, obtaining a family 7. An even bigger family, 7>,
is obtained by including in the family all complements of sets in F;. An enlarge-
ment, F3 of F; is obtained by including all countable unions of sets in F,. And
so we can continue the enlargements by taking complements and countable unions,
constructing Fy, Fs,.... The Borel-field F* on R is, by definition, the smallest o-
field containing Fy (F* is “generated by” Fy). Evidently, it contains all the F;’s
described above. We can think of it as the union of all the F;’s (but actually it is
strictly larger). Now, in particular, 7* is generated by the family of all intervals of
the type (a,b]. Similarly, the Borel-field on R" is the smallest o-field containing all
sets of the form {x € R" : a < x < b}, a,b arbitrary vectors. A Borel measurable
function ¢ (or Borel function for short) is a real-valued function with the property
that {x: ¢(x) < r} is a Borel set (i.e., a member of F*), for all r € R. Piecewise
continuous functions on R are Borel functions. All continuous functions in R” are
Borel functions, even all functions being, separately, piecewise continuous in each
of the n variables are Borel functions.

It can easily be shown that, for a given o-field F in Q, if f(®): Q — R”
is F-measurable, and g is a Borel function from R” into R, then g(f(®)) is F-
measurable.

Let us next define the term Lebesgue null set. A set N C R is called a Lebesgue
null set if for each € > 0, a countable collection of disjoint intervals {/;} can be
found, for which N C U;1;, and for which Y ;length(Z;) < €, (length(Z;) = length of [;).

Define the Lebesgue measure y(1) of an interval I to be length(I). The (Lebesgue)
measure of a finite or countable union of disjoint intervals [; is defined as Y; ¥(I;).
For real-valued piecewise constant functions y(x) = Y;a;1;;, where the I;’s are
bounded disjoint intervals, we define the Lebesgue integral over R by [ wdx =
Y ; a;-length(Z;). It turns out that for any bounded Borel measurable function y, there
exists a sequence of piecewise constant functions ¢, such that ¢, — y for all @,
except perhaps for @ in a Lebesgue null set N, with |¢,| < |y|. For a bounded Borel
function y, we then define the Lebesgue integral [, ) y(x) dx by limy . [, ;) Pndx.
It turns out that the limit exists and is independent of which sequence ¢, we choose,
as long as all sequences we use are bounded, i.e., sup,, , |§,(x)| < oo. If ¢ >0 is an
unbounded Borel function, we define '

/[ ; ¢dx = lim min{n, ¢ (x)} dx.

n=ee Ja,b]
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For general Borel functions ¢, the integral is again defined by [, ¢ (x)dx =
f[uM O (x)dx — |, ] 9 (x) dx, the integral existing when both terms on the right-
hand side are finite, and then ¢ is called (Lebesgue) integrable.

For piecewise continuous functions the integral so defined is the same as the
elementary integral in calculus. By the method above, the elementary integral is
extended to a larger class of functions. The Lebesgue measure of a Borel set B, is
defined as A (B) := [ 1(x)dx :=limy o [_, ;i 15(x) dx.

Above we defined a Stieltjes integral, for a given (nondecreasing) distribution
function F. (We shall here assume F to be any nondecreasing right continuous real-
valued function on R.) Recall that we defined the Stieltjes integral for piecewise
constant functions, and then for piecewise continuous functions. A ur-null set N is
any set, for which, for any € > 0, there exist a countable union J = U;J; of disjoint
intervals J; = (aj,b;|, for which ZjF(bj) — F(aj) < &, and for which N C J. Now,
it may be proved that for any bounded Borel function y there exists a sequence of
piecewise constant functions ¢, converging to y for all x, except perhaps for x in
a up-null Borel set N. For any bounded Borel function y, a Lebegue-Stieltjes in-
tegral can be defined by letting [, ,j WdF (x) = limy—. [, ;) $n dF (x), where ¢, (x)
is any sequence of piecewise constant functions converging to y for all x, except
perhaps for x in a yp-null Borel set B, sup,, [¢,(x)| < c. (The limit can be seen
to be the same for all choices of such sequences for which sup,,, |§,(x)| < e.) The
extension of the integral to non-negative unbounded functions ¢, and then to un-
bounded Borel function ¢ not necessarily non-negative, is done exactly as for the
Lebesgue integral. For any Borel set B, define its Lebesgue-Stieltjes measure by
Hp(B) =limy o [, 15dF (x).

Often the Borel-field is enlarged to a larger o-field, namely to the smallest ©-
field which also includes all null sets, both in the case the measure is A (Lebesgue
measure) or Up. (This larger o-field simply equals {BUN : B a Borel set, N a null
set}, N any Lebesgue — or yp — null set, as the case may be.) In the former case
we then get the o-field of Lebesgue measurable sets, in the latter case the o-field
of “Lebesgue-Stieltjes measurable set,” in the latter case the o-field will depend on
the function F (x).

5.7 Intuition

What do mathematical artifacts as the o-algebra 7 and measurability with respect
to F, mean, intuitively speaking? Very often, the sets in F represent the information
it is possible to have: We know that an outcome @ has occurred at the time consid-
ered, but often it is the case that what we can know about w is whether @ belongs to
A for each set A in F. This information will not always be enough for knowing the
outcome @ exactly. Frequently, for example in stochastic control, the rules specify-
ing how to act, is, perhaps by necessity, based on such “limited”” knowledge. To be
specific, consider, e.g., the simple F-measurable function ¢ :=als +blp, A, B F.
If this happens to be our action rule, we “do” a+bif w € Aand w € B,if w € A
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and @ ¢ B, we do a, etc. We see that to act according to this rule, the knowledge
needed is not exactly what @ is, but only whether it belongs to A and B. A similar
remark pertains to general simple functions } ;a;14,, A; € F, all we need to calculate
its value is to know if @ € A; or not, for all i. If a general F-measurable function
¢ specifies our action rule, then, as it can be approximated arbitrarily closely by
simple functions, intuitively we can say that to act, we only need to know, for any
A € F,if o € A. We see this clearly in the following manner: For any x € R, define
Ay :={0: ¢(w)=x}, (A, does belong to F). We “go with speed x” (or do x) iff @
belongs to A,.

A slightly more sophisticated setting is the following: Think of the function ¢
instead as a measuring instrument, the readings of which depend on , in such a
way that the function ¢ becomes F-measurable. Our rule of action is based on these
readings. The readings are outcomes of the stochastic variable X = ¢(®). Let us
agree that we can always know if X satisfies a < X < b, for any a, b. Let G be the
o-field generated by the sets {® : @ < X (®) < b}. This is a sub (o-)field of F, and,
at most, it is only for members A of this subfield G that we can know if any given
o belongs to A or not. Now, by necessity, we must require that our action rule is
measurable with respect to G (more demanding than F-measurability). Then it is
nice to have the following (easily proved) theorem, in which we have n measuring
instruments Xj :

Theorem 5.8. Let ¢1,..., ¢, be real-valued measurable functions with respect to a
given o-field F of sets in Q. Let P be the smallest o-field generated by all the sets
{x: ¢;(x) < a;}, a; arbitrary real numbers. Assume that  is a real-valued function
that is measurable with respect to P C F. Then y = f(1,...,,), for some Borel
function f. ([

Thus, that our given action rule y is measurable with respect to G (quite an
abstract or perhaps incomprehensible property) means that our action rule can be
written ¥ = f(¢), where f is a Borel function, it means nothing else than that our
actions are a function of the readings of the instrument.

5.8 General Conditional Expectation and Probability

A probability measure is a measure y such that u(Q2) = 1. It is fully specified when
the triple (Q,F, i) is specified.

A random variable Q — R" is defined to be the same as a (F—) measurable
function from Q into R”. The (cumulative) distribution function of a given random
variable X(®) is defined by Fx(x) = u{® : X(w) < x}.

Note that for any real-valued continuous function (or even Borel) function y on
R, fo W(X(0))dp(®) = o y(x)dFx (x),

Let P be any probability measure defined on the o-field F of sets in £, and
let Y be any simple random variable, ie., Y =Y ;a;la,, i=1,...,m, A; € F and
disjoint. Then, note that if A is any set in F, by definition E[Y |H] = ¥, a;P[A;|H].
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where, as before, the conditional probability P(A|H) is defined as P(ANH)/P(H),
(P(A|H) having any value, e.g., 0, if P(H) = 0). Evidently, then [, E[Y |H]dP(®) =
E[Y|HIP(H) = {¥;a;P[A;|H|}P(H) = Y;a;P(AiNH) = [;YdP(®). Hence, we
have E[Y|H|P(H) =

/E [Y|H]dP(® /YdP (5.31)

For an arbitrary bounded measurable function Y, we can use E[Y|H|P(H) =
JyYdP(w) to define E[Y|H] (again only when P(H) > 0). Next, let H* := {H,}
be any finite partition of , H; € F, and let E[Y|H*](®) be the simple function
defined by E[Y |H*](w) = [Y\H |, for @ € H;. Then,

/ E[YH"|( / YdP(ow (5.32)

evidently holds for each H € H*. More generally, if H* is any given o-field con-
tained in F, it is possible to define a function E[Y|H*] being measurable relative to
‘H* such that (5.32) holds for all H € H*. In other words, the conditional expectation
of a bounded random variable Y with respect to a sub-o-field H* of F is definable.
We cannot give the precise construction, but one can think of it in the manner that
we can find say an increasing family of finite partitions H' = {Hij:j=1,....k;j}
of Q, all H! C H*, for which the functions E[Y|H'] are convergent to some H*-
measurable function, which we denote E[Y|H*], and for which we obtain “in the
limit” (5.32) for all H € H*, using that [ E[Y|H'|dP(®) = [, YdP(®) holds for
all H € H!, for each i.

Conditional probability with respect to any sub-o-field H* can be introduced in
a similar manner, or more simply, as follows: P(A|H*) := E[14|H*]. Hence, as any
conditional expectation, this is a function of @ € Q , measurable with respect to H*.

If H* is generated by a real random variable X (i.e., H* is generated by the sets
{0 : X(w) < r}, we write E[Y|X] and P(A|X) instead of E[Y|H*] and P(A|H*),
respectively.

The above abstract definitions can be compared (or applied) to the definition
of conditional densities. Let f(x,y) be a given joint bounded density on R?, for
simplicity defined on [a,b] x [c,d]. The family F is now the family of Borels set
in [a,b] X [c,d]. Let now H* be the family of sets [a,b] x B, B a Borel set in [c,d].
Let us copy the arguments above for calculating conditional probabilities in this
case (conditioning on y). Above we first considered finite subfamilies * and then
indicated a limit argument. Let us do the same here: Thus we now let the finite
family H* be a fine subdivision of [c,d] into intervals of the form [y;,y; + Ay]. Let
A be any interval (or Borel set) in [a, b]. Then, for any y;, Pr[X € A|Y € [y;,y; + Ay]]

= {/Ax[yi,yi-FAY] f(xy) dydx} ///[a,b]be,-,)r,-+Ay] f(x,y)dydx
“Ay/Af(xin)dx/AY/M f(x,yi)dx = /AfX\Y(XU’i)dx
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The next to last equality is an approximative one, the smaller Ay is the better is the
approximation. Approximately, [, fx|y (x,y:)dx is the conditional probability of A,
given y € [y;,y; + Ay;], which depends on y;. Next, if H* is generated by all sets
of the form {y : y < r}, as the subdivision gets finer and finer, we get P(A|H*) =
P(A[Y) = [, fx)y (x,y)dx, a function of y € R.

Going back to the general conditional probability P(A|H*), note that we “al-
most” have that for each given @, A — P(A|H*) is a probability measure on Q.
We do have P(O|H*) = 0, and P(Q|H*) = 1. Some problems remain: First, condi-
tional expectation and conditional probability, both functions of ®, are not uniquely
determined, but only up to a null set in H*. We hence speak of versions of, say
conditional probability, that can differ in this sense. However, for most purposes the
versions are equivalent (it doesn’t matter which version is used). Most often, it is
the property (5.32) (or properties directly following from it) that is used, and then
the nonuniqueness does not cause problems. Related to this nonuniqueness is the
fact that if A;, i = 1,2,... are disjoint, then the equality X;P(A;|H*) = P(U,A|H*)
holds unfortunately not for each and every w, but only for all @, except a null set in
H*. A version of conditional probability, for which for each w, A — P(A|H*) is a
probability measure, is called a regular conditional probability. In the general case,
such ones does not always exist. For probability measures defined on the Borel-field
in R”, regular versions of conditional probabilities exist for any given sub-o-field
‘H* of the Borel field.

Note that if P(A|H*) is a regular probability measure, we have, for any bounded
random variable Y that

E[Y|H'] :/QY(a))dP(w|H*).

A conditional distribution function of a real-valued random variable X with respect
to H* is defined by F(w;x) := P(X < x|H*). Though perhaps no regular version of
conditional probability exists, at least there exists a version of conditional probabil-
ity such that, if this version is used in the definition, F(®;x) becomes regular in the
following sense: F (®;x) is, for each , a distribution function on R. Corresponding
to F there is, of course, a conditional probability measure Q(®;B) on the Borel field
B of R, such that Q(w;B) = [ dF (w;x), and Q(;B) becomes regular.

5.9 Stochastic Processes

A stochastic process X;, t € [0,00), X; € R, is simply a collection of random vari-
ables, one for each ¢, defined on a sample space Q with o-field F, X; F-measurable.
Sometimes an increasing family (a so-called filtration) of sub-c-fields F; of F ap-
pear together with a given stochastic process X;. If then X, is F;-measurable for
each 7 € [0,00), X; is called F;-adapted. If, for any s, (1,0) — X; is simultaneously
Borel x Fy-measurable on [0, s] x £, then the process is called F;-progressively mea-
surable (sometimes the word J;-adapted is used even for this property). A stochastic
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process X; is a Markov process with respect to an increasing family of c-algebras
Fi C F if X, is adapted to F; and if E[f(X;1n)|F:] = E[f (Xi1)|X;] for any piece-
wise continuous (or even bounded Borel) function f, for any # and any /4 > 0. In
particular, for f = 14, this equality says that the conditional probability of finding
X, in A, given the history up to ¢, is the same as the conditional probability of
finding X4, in A, given X;. In other words, we can make the same predictions for
X; 1, whether we know the entire prehistory up to ¢ (know whether @ belongs to B
or not, for each B € F;), or whether we only know X;(®) (know whether @ belongs
to B or not, for each B in the o-field generated by the sets {® : X;(®) < a}, a any
real number). Solutions of stochastic differential equations are Markov processes.

A martingale is a stochastic process adapted to F; such that E[X;|F;] = X; for
all s, #, s < t. (It is also assumed that E|X;| < oo for all ¢.) For martingales for which
sup, E|15X;| is small when meas(B) is small (this is called uniform integrability),
there exists a random variable X with E|X| < e, such that X; = E[X|F;].

Given an increasing sequence of o-fields F; in F, a stopping time T(®) relative
to J; is a random variable with the additional property that {® : T(®) <t} for any
t, not only belongs to F but to F;, for each ¢.

A Brownian motion B; is both a martingale and a Markov process. It has even
the following property: A Markov process X; (adapted to some F;) has the “strong
Markov property” if E[f(X¢1n)|Fz] = E[f(Xr41)|Xc] for any piecewise continuous
(or bounded Borel) function f where 7 is now no longer any fixed time point, but is
a (stochastic) stopping time a.s. < oo, and Fr:={M € F:MN[w:t(0) <t] € F
for all ¢}.

Note that the solution of a stochastic differential equation (more precisely, the
solution appearing in Theorem 4.1) has the strong Markov property with respect to
the family F; of o—algebras generated by the Brownian motions, i.e., in the one-
dimensional case generated by the sets Hy , = {b(.) : b(s) <r},s <t,reR.

Further reading. From a vast number of books, let us mention the classic book by
Feller (1957, sec. ed.), the relatively elementary book by Grimmett and Stirzaker
(1982, first ed.). More advanced books are Billingsley (1979, first ed.), Fristedt and
Grey (1997), and Kallenberg (1997, first ed.), all making full use of measure theory.

5.10 Exercises

5.1. Let F(x) be defined by F(x) =0, x < 1, F(x) = 14+x, x € [1,2), F(x) =
547 for x € [2,00). Let ¢ = x* and calculate: [ig 3¢ (x)dF (x), [jo3 ¢ (x)dF (x),

Ji02)9(X)dF (x), [i0. 9 (x)dF (x).

5.2. A coin is tossed repeatedly, and we want to find the probability that the first
head appears after an even number of tosses. Show that a nonfinite sample space
is needed, and that it is useful to have (5.9) holding for a countable set of A;s to
calculate the probabilities.
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5.3. Show that if F is a cumulative distribution with a countable number of jumps,
then
dF (x) — dF(x) whenc1a.
(c.d] lad]

5.4. Let u be a finite measure on Q. Assume that A,, n = 1,2... is a decreasing
family of measurable subsets of Q, with N,A, = 0. Show that u(A,) | 0. (Hint:
Use countable additivity and (with Ag = Q2), Q = U,>0(A, \ Ant1), and Up>p (A \
An+1) =An.)

5.5. Prove Theorem 5.6. (Hint: Let N be the p-null set, and let Q' = Q \ N. Then the
set {we Q' :9(0) >r} =UgUp Npsm{o € Q" : ¢,(®) > r+1/k}, k,n,m natural
numbers.)
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Exercises of Chapter 1

1.2 up_1 =2/3x, ur—» = 1.

13 ar =6, o =2(at1K)"/?,u, = x— (1/2y) In(o4 1 K).

1.4 The optimal controls are C; = A, /k; and w,, where w is the solution of E[(r; —

V)(1 4V, 4+ {r, = V;}w;)~!] = 0, no explicit formula is available. Here k;, = 1 +

%, kr = k. The value function is J(¢,A,) = (1 4+ 6) 'k, InA, + b,, where for
1< T, bl = —lnk[ =+ (1 + 0)71k[+] [ln{kt+[(1 + 6)71} — ln{l +k[+] (1 =+ 9)71} +

d)+(14+0)""by1, br =0,d, = EIn[(1+r)w, + (14+V,) (1 —w,)].

1.5 J(t,x)) =k +ax;,a = a2 T ke y =k +2/as,kr =0, u, 1 =4/a?.

1.6 J(T,x) =x, J(t,x) =2"""x+ b, b 1 = 2" /A + b,ur =0, by =0, ur_,

arbitrary, u; = 1,t <T — 1.

17 J(t,x) =y o H (S +x)1, H/"" = 1 + (aaH,) /"1 Hy =K, S7 =0,S, | =

(Si+yi—1)/rer = (S +x,)H,1/<Y71>. Guess that J(¢,x) = I(t,x+ Y. ' #~y,), where
I(t,w) = o’ Hw"/y. Using (*), the optimality equation becomes o'~ 'H, | (x +
i 7Ty y = maxc{a T Tyt o Ha(x— e+ TS )T/ v

1.8 J(T,x) =2x%,fort < T :J(t,x) = max{x*,a, +2x*) },ay_1 = — 1 +a, /4,ar_| =
—1,ut:0ifa,—|—xt2§0, u =1 ifat+xt2>0.

19 u =x/(1+a?),a1=(1/2)(1 +a)"/?,ar = a/2.

L10 w,=ia=(q—p)/(q+p). G=q "% p=p /% J(t,x) = Ax' "% Ay =
Adp(1+@)' =%+ (1 —a)' =],

111 ar = by =1,a,1 = 9a>c? + (3a, /4) (4 +b,)*>c? + (9b, /4)a>c?, b, = a>d? +
(ar/4)(4 4 3b,)2d? + (3b,/4)a’d?, c; = 1/(4+3a, +b,), d; = 1/(4+ a;, + 3b,),
u—1(x, 1) = =3a,¢x, up—1(x,0) = —a,d;x.

277
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112 (a) J(x) = —ax® — ¢, = —(2a) " (1 — 20— (1 +402)1/?),¢ = aad /(1 — a).
Solution of (b): J(t,x) = —a' (a,x? +b,),b,_1 = qad +ab,, a1 = 1 +aa, /(1 +
oa), by =0,ar = 1.

1.13 J(x) =alnx+b, wherea= (2— )", b = [Bad + Baln(Ba) — (1 + Ba)In(1+
Ba)(1-B) ', andd=EInV,u=(1—oa)(1+a) 'x.

1.14 By the summation formula for geometric series, Y ;- ,/" = 1 /(1 —[) provided that
|| < 1. Now, for x =x0, X, = VipVi_1 -....-VapVipx, so EX; 7 = D' (p'~7)ix! 7.
Hence, EY” Brx! MUl = XYL —p)=rye ) for [ = BDp' Y =p <1, s0

1
I-p

Je=(1=p) T —— = (1—p) !

This is precisely J(x) in the text.

1.15 J(T,x) = x,J(T — 1,x) = 3x,J(T —2,x) = 3%x and 50 on, ur = 0, ur_1 arbi-
trary, u, = 1,6t <T — 1.

116 xy=xo+1/2—vi,xo=x1+1/2—vy,x3 =xp+ 1 /2 —v3.
1.18 See Example 1.18.

1.19 Solution by means of Remark 1.30: J(¢,x;) = k; + a;x;,ap = a2~ T k| =
ki+2/a,kr =0, u—q = 4/a,2, where now a > 0 is determined by Ex7 = 0. Now,
0=EXr =x0/2" =¥ u, /27" = x0/27 +4(1 —2") /a?, which determines a.

1.20 uf =p—qgforall¢
1.21 Solution: See solution to Exercise 1.3.

1.24 (a) Evidently, X, € {0,2}, Pr[X, = 2] = 1/4. If up = ua(x2), then EX3 =
E[Xouz(X2)] 4+ Eua(X2) = [2u2(2) + u2(2)](1/4) + u2(0)(3/4) # 1 for any combi-
nation of values up(2) = 1, up(0) = £1. If up = up(xy), then EX3 = E[Xoun (X1) +
uz(Xl)] = E[Ltz(Xl)E[Xz + 1|X1H = E[MQ(X1)(X1 + l)] = 2u2(1)(1/2) +
u(0)(1/2) =1 if up(1) =1, u2(0) = 0.

(b) Essentially repeating the above calculations, for a uy (X5, V) = up(V2), EX3 =
EVouy(Va) + ua(Va)] = E[E[Vaua(Va) + ua(Va) V1] = {(2ua(2) + ua(2))(1/2) +
2 (0)(1/2)} Pr{Vi = 1]+ (0) Pr(V; = 0] = [2us(2) +12(2))(1/4) + > (0)(3/4) # 1
for all choices of uy(va). For up = uy(Vy), EX3 = E[Vaua (Vi) +uz(V1)] = E[ua (V1)
E[E/Z)—i— 1Vi]] = Eluz (V1) (Vi + 1)] = 2ua(1)(1/2) +u2(0)(1/2) = 1, if up(1) =1,
uj 0)=0.

1.25 Absorbing problem: Stop iff y, <2t —1/2,1 < T.

1.26 For x > 0 trivially stop at once. For x < 0, J(T — k,x) = max{x,3 ¥ (x—k/2)}.
Stop iff x7_; > (—k/2)/(1—37%).

1.27 At the second day, Jane stops iff s, > 2. At the first day, Jane stops iff s; = 2.
Note that if 57 = 1 it is strictly better to continue than to stop, the criterion values
are, respectively, 25 and 24.
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1.28 Iff n > n*, John continues even if place n is vacant.
1.29 Time 2: stop iff x > 1, time 1: stop iff x > 3/2, time O: stop iff x > 7/4.

1.30 Note that x, > 0,y, > 0 for all z. B, := {(x,y) : x > E[X,11]|(x,y)],y > 0} =
{Gey) x> (1/2)[x/2 4]+ (1/2)x/2,y > 0} = {(x,y) : x>,y >0}, Br = R”.
Evidently B, is absorbing.

131 For any k € [0, 1], E[max{k,X2}] = [ kdx+ [} x2dx = k32 4 (1/3)(1 -
K32y =1/34+2k3%/3 = ¢(k). Let ar_| = Ex* = 1/3, and, generally, define a, =
¢ (a;+1). The optimality equation yields at time ¢: stop iff x> > .

1.32 Stop as soon as x > pae~? /(1 —e"). Solution by one stage look ahead gives
stop when xis in B= {x:xe ? > (1—p)xe "+ 4 p(x+a)e b0+ = xe=b+1) 4
pae "t} Evidently, B is absorbing: If x; € B, then x; ;| > x, is in B.

1.33 Stop when the maximum of job offers so far received, ¥; satisfies ¢ > fﬁlf(v —
) @(v)dvy.
1.35 The equation for k is k = k(a/2)* /(1 — o /2) + (a/2) (k+1).

1.36 When starting in ko = 2, the probability of stopping is the sum of probabilities
of stopping when reaching 1 after one step, after two steps, after three steps, after
four steps, etc., which equals (1/2)[1+1/4+(3/4)(1/16)+(3/4)(15/16)(1/64) +
L)< (12)[14+1/44(1/16)+(1/64) +...] =2/3. When starting in ko = 3,4,...,
a similar calculation yields that (at least) the same bound holds.

1.39 We have g/(0) = g/(v—,—1,0). By means of the relations y;(v¢|[v_;—1) ~
Vi1 (vi—)vei—2)8 (vei—1,01) + W1 (vi—1)[vei—2)&(v—i—1,62),  Wo(vo) ~
d(vo,01)g0(61) + ¢ (vo,01)g0(62), find the densities v, (v,|v_,_1) recursively for-
wards. Next, define v/’ (v_7_1) = —c+ foovwr(vv_r_1), and v/ (v_;_1) := —c+
E[J(t,V_:)[v_;_1], where J(t,v_;) = max{v,,v*!(v_,)}. Calculate recursively
backwards the functions v/ (v_,_1) by v "' (v, ») =

e Efmax{Vi—1,v (v_1)}Hvi2]

R
- —c+/0 max{v,_1,V' (v 1) J W1 (Vi1 [v—s—2)dv, .

Stop iff v, >V T1(v_,), where v_; is the actual history up to time 7.

1.40 At time 7 stop iff 0 > —1+10(1 — %), ¥ = [y F(q9)W(q)dq, w the update
of yy(q), according to W11(q) = F(q)w:(q)/%. To show absorption, one needs

B(s) == J3[vi(q) — F () i (g) /%]dg > 0. which follows from (0) = B(1) = 0, and
B'(q) = w:(q)(1 —F(q)/y) being first > 0 and next (for greater g), < 0.

1.41 xo = 1/2, the updating: x;4+; = 0 if a black ball is drawn at time #, otherwise
Xi+1 = 2x:/(x; +1). A one-stage look-ahead policy is: Stop iff x, =0 or x, — 0.5 >
—1/324 (20 (x +1)—0.5)(1/2+x,/2), ie.. (1/4)x, > 1/2—1/4—1/32=7/32,
orx, >17/8.
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1.50 B = {(x,7%) :xe b > E[(x+V1)e_b(T+TO)] = {(x,7%) :xe b > e_bfo(x—i-
a)A/(b+A)}. Stop at the first jump at which x has become x > aA /b. Evidently, B
is absorbing.

1.51 For some K, the criterion is < EK'[Y.7 ge” *"] < Y2, KK'e=9,

Exercises of Chapter 2

21 ¢=(T+1-1)'/?
2.2 u* =1, see Hint.
2.3 V(0,0,x°) = max{0,x°}.

2.4 (a): x(t;5,y) =5/4—C/2+Ct/2—12/4, C = a(s,y) :== (2y +5°/2—5/2)/
(s—1), p(t;s,y) = C—t. (b) C instead given by max{1, c(s,y)}, not differentiable
with respect to (s,y) at (s,y) such that p(9(1;s,y) = 0.

25 (a): p(tss,y) = pls,y) = 4y/(2s + 1), x(1;5,y) = p(s,9)t/2 + p(s,y) /4. (b)
p(t;s,y) = p(s,y) =y/(s—3/2), x(t;5,y) = p(s,y)(t —3/2), they fail to exist for
s=3/2.

2.6 (a) We use characteristic solutions to obtain a proposal for W: Whenever
a switch point ¢ € (0,1) occurs, where we switch from using u =1 to u =0,
the solutions are x(;s,y) =y+1t —s, for t < o, x(t;s,y) =y+ 0 —s for t > o,
p(t;s,y)=1—t,t>0,p(t;s,y)=1—0cfort <o,0=(1—y+s)/2. ThenW (s,y) =
(40 —5)(1-0) = (v/2—5/2+1/2)(1+y—5)/2,if 6 € (5,1), W(s,y) = y(1 —5)
(and p(t;s,y) = 1 —1) if 6 < s (we need only consider y > 0, in which case o < 1).
Then Z* := {(s,y) : 0 = s} = {(s,y) : s+y =1} is slim.

(b) Put ¢ = x— p. Then ¢+ ¢,p = 1> 0, so (2.38) holds. Now, y = p(s;s,y)
implies s +y = 1, test both for p(s;s,y) = 1—s (s > ©) and for p(s;s,y) =1 —0©
(s < 0). For (s,y) such that s +y # 1, we have continuous differentiability.

2.7 Insertion of the proposal in the current value HIB equation yields the equa-
tion —aa+2a*+1=0 for a, ie., a = a/4 + (a® — 8)'/2 /4, where the follow-
ing argument only works when using the minus sign. For this proposal of A(x),
the optimal x*(¢) = x"e?*, and then lim, .. W (¢,x*(¢)) = 0, because W (¢,x*(t)) =
a(x0)2e* o= = q(x0)2e~(@*=8)*1 30 (2.47) is satisfied (S = 0). Finally (2.46) is
trivially satisfied as a > 0.

28 T=1u=1.

Exercises of Chapter 3

3.1 (a) No change. (b) For scrap value ax(T), u(t;s,y,0) = a. For scrap value
ax(T)?/2, p(t;s,y,0) and x(t;s,y,0) are determined by p = —A[a(t) +a(x+2)/(1+
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a(t—T))]+ Ap and % = p(t), with x(s;5,y) =y and p(T) = ax(T), where o(t) =
—ae MM (1 +a(t—T)). With w(l+a(t —T)) = x+2, w = —2aw/(1 +a(r —
T))+Aw—Ao(t)/(14a(t —T)), which has the solutlon Ww(s) = y(s) —|—Ky( )t
where y(r) = (1+a(t — T)?e * and w(s) = —y(s)" [ A7(r)ec(r)/(1 +alr -
T))dr. So x(t;0,0,0) = (7 w(s) +Ky(s)'ds+H)(1+a(t—T))—2, K and H two
integration constants determined by x(¢) = 0 and X(7T') = ax(T).

3.2 4=1/4p%, all p(t,s,y, j) independent of (s,y), p(t:2) =T, p(t;1) =27~ —
e(lf/l)(Tft)’ (t;O) P e 36(1711)(T7t) +2)Le(lfl)(T7t) (t . T).

3.3 x(1;0,0,0) = 1/2+Ae™+ + Be'", ro = (1/2)[A + (A% +81)'/?], A, B deter-
mined by A+ B+1/2=0, r+Ae’+T+r Be™-T =1.

3.4 Generally, u(t,j) = 1/p(t,j). (Neither p nor u depend on the starting point
(s,¥)). Now, p(¢,N) = 1. Consider p(t,N — 1) := Ap — A2. Evidently, p(t, N— 1) =
2 — =1 (recall p(1) = 1). Next, p(t,N —2) := Ap — A2(—e*~1) +2) so
p(t,N—2) =431 1 2eA=1) (¢ —1). Writing p(t,N — k) = a +ar o'~V +
AV (=1 + ...+ el(’_l)ak,k_l(t —1)¥1, one easily calculates p(¢,N —
(k+1)), and hence the difference equations for the coefficients. In fact, az;; =
2ai,ar0 =1 —ay, and for i > 0,ax41; = —2Aag;—1/i, ap = 1.

35 u(tis,y,1) =a=pltis,y1), u(t;s,,0) = [a— Aa(A — 1)~ eP=D0=T) 4
Aa(A —1)"1 = p(t;5,y,0).

3.6 After a jump: y > 1 = u(s,y,1) =1, y < 1 = u(s,y,1) = 0. Before a jump,
for (s,y) = (0,1/2): u= 0 after r*, u = 1 before 1*, p(t) = KeM +1/2 — (t —1*) +
2—1/A, p(1) =x(1) = 1/2 — (t —t*) giving K = (1/A —2)e * for ¢ > t*, p(t) =
1/24+24HeM fort <t*, p(t*) = 1 giving H = —3e~*"" /2. 1" is the solution of
1=(1/A=2) M 41/242-1/A,ie.t* =A""In[(3/2—1/1)/(2—1/1)] +
1 € (0,1). (Existence theory says that an optimal solution exists, we have found one
candidate satisfying the necessary conditions. For sufficient conditions, one might
turn to Remark 3.45.)

3.7 If we start in (s,y), the after-a-jump-adjoint function p(¢;s,y,1) = (3+s—
y)/2—t,u=—1in (0’,2), where 6’ = (3+s—1y)/2), u =1 in (s,0’). Before a
jump, we only seek the solution x(7) = x(#;0,0,0). Now, p(t) = p(;0,0,0) satisfies
pt)=—1—-Ap(t,t,x(t) +1,1)+Ap=—1—-AB3—x(t)—1—1)/2+Ap,s0 p(t) =
he* + 1/ +eM [* de *[(3 — x(z) — 1 —z) /2]dz, where h is a constant such that

24 4 1/A =p(2) <0, (so h <0). Now, x(z) <2 —z, (x(z) cannot come above a
line through (2,0) with slope —1, given by 2 —z). Hence, (3 —x(z) — 1 —2)/2 >
(3—(2—-2)—1-2)/2=0.Now, p < —1 when p <0, when going backwards p(¢)
is first negative and then positive, with p(p) = 0 for some p. Now, u = 1 forz < p,
u=—1fort > p. Using x(0) = 0, x(2) = 0 we must have p = 1. The solution is
reasonably enough independent of A.

38 ()i = (p/1)V0 ), plt:1) = ad T, p(1;0) = aekT 1),

(i) Let = 1/(y—1). x(t35,5,1) = D(y,5)e" + B(y,s)e M, B(y,s) = y/(e " —
e HKT=kT+ks) - D(y,5) = —B(y,s)e KT ~HKT = Moreover, p(t;s,y,1) = C(y,s)e™™,
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where C(y,5) = yB(y,s)"/* (uk+k)/"e=*" For j =0, p(t;0,c,0) = —pk+ Ap —
AC(x+b,t)e ™™, sox=ki—y HFupt—p=rki—y Hup"'[—pk+Ap—Ay(B(x+
bt)(uk + k)VEHATD] = ki 4+ yHuk — A)pt — AyB(x + bi)
(uk+k)e* T where p = y(kx — )7, so & = ki + p(k— A) (kx — %) — Ay(B(x +
b,t)(uk+k)) /R ekT=1),

39 w=2w/(1—1)+Aw—A/(1—1)2+A/(1 1), w=(t—1)2{Ce* — (1 —
1/A)/(t —1)> +1/(t —1) =: ¢(C,t), for y, =0, x(;0,0,0) = (1 —1){C" +
Jo@(C,r)dr}, where C is determined by x;(0;0,0,0,0) = 0, x;(1;0,0,0,0) = 1, so
C’ = 0. Correspondingly, for arbitrary (s,y1,y2),C’' = C(s,y1,y2) andC = C(s,y1,y2)
aredetermined by x; (s;,y1,v2,0) =y1,x1(1;5,y1,y2,0) = 1. The discussion of strong
semiadmissibility is as in Example 3.29, if one want to use Theorem 3.27. Alter-
natively, “concave sufficient” conditions can be used to show optimality, in which
case admissibility of the nonanticipating candidate x*(¢,®) corresponding to the
characteristic solutions obtained can be shown as in Example 3.29.

310 u(t;s,y,1) =y/(s—T), p(t:s,y,1) = 1, x(s:1,5,y,0) = D+1 +Ce %), C =
C(s,y) = (T+y—s)/(1—e*T=9)), D=y —C —s. Note, for the question of strong
semiadmissibility, that C(s,£(s)) and so |u(t;s,%(s),0)| is bounded (before a jump)
for any admissible pair x(¢, ), u(t, ®).

3.1 T(s,y,1) = max{s,y}, 7(0,0,0) = A~ [(1+ 1) — (1 +1)2=2A2)/?] € (0,1).
3.2 Always,u=1.m(T,s,y,1)=—-T/2+1/2,T(s,y,1) =max{1,s},7(0,0,0) =
(2/A)(1/2 —[1/4—A(1/2 =54 /4)]'/?] € (0,1), as n(T,0,0,0) =1/2—-T/2+
AT?/4 -5 /4, T < 1, n(T,0,0,0) = —T/24+1/2—A for T > 1 (note that
1n(1,0,0,0) = -1, 11(0,0,0,0) = 1/2 — 54 /4 > 0).

Exercises of Chapter 4

4.1 E(B,—B,)* = E(B} —2B;B;+B;) = E(B} —2(B, — B;)B,—2B; +B}) = EB} —
EB2.

4.2 dy, = ePrdt +tePidB, + (tePr )2)dt.

4.4 ady, = y(X,)"" ' (aX;dt + bX,dB;) + (1/2)y(y — 1)(X;)"2b*(X,)*dt = yY,adt +
YbY,dB, + 27 'y(y—1)b*Y,dt, so dEY, = ayEX; +y(y— 1)b*(1/2)E(X,)" = kEY,,
k=ay+y(y—1)b*/2. Hence EY, = X[ M.

4.5 (b) a =2c+2n’m?c?, B =2(c+d +n’m*d"?).
4.7 ¢(t) = 062/(De" —1),D = (1—02)e T,
48 (1) =0, ¢(t) = 62/(Ce'* /2 —1),C = (14 62)e T0/2,

4.9 Let d = a"/(*~1)_ The optimization yields ¢ = a'/(*"Vx. a and b must satisfy the
equations: —b =0,i.e.,,b=0,and 0 = —a+ B +d(1 —y) +yoa+ay(y—1)c?/2.
For y=1/2,0= —a+ B +1/2a+ aa/2 —ac?/8, or (as a = 0 is not possi-
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ble), after multiplying by a and solving, we get a = [—f — (B2 —28)'/?]/28,
8 = (a/2—062/8—1) < 0. As the criterion is positive, - must be used. Now, the op-
timal ¢ equals a~2x, so the optimal solution X satisfies dX = aX dt —a~2X0dt +
6X?dB,. Moreover, E(X)'/? = (X)!/?eM, where k = ot/2 —a™%/2 — 62/8. As
ay=a/2 <1, surely E(X2)"/2¢~T — 0 when T — co. Hence (4.55), (a) holds.
Because X; > 0 for all admissible X;, (4.55), (b) automatically holds, (or at least
liminfy EJ(T,X7) > 0).

4.10 Fork=—p+20+7%, a=2""(—k— (K> +4B)'/?), b =0, ¢ = 0. Moreover,
u® = u = ax, and §(r) := E(X?)? satisfies § = ud, where y = 20 +2a+ y* =
p — (K> +4B)'/2, 50 Ee P'E(X?)> — 0 when 1 — oo from which (4.55) (a) follows.
(4.55) (b) needs only be tested for solutions X; for which limsup;_.., Ee™ " TX% =0.
At least sporadic catching up optimality follows.

411 a=2""p— (p>+4)"/?],b = 0,c = ac?/p. (4.53) needs only be tested for
solutions X; for which limsupT_,ooEe’pTX% = 0, compare Example 4.20. Use
Dynkin’s formula to show that n(¢) := E(X°)? satisfies = 2an + o2, hence
limy_... Ee PT(X{)? = 0. The last calculation also yields finiteness of the criterion
for the proposed candidate for the optimal control. At least sporadic catching up
optimality holds, see previous exercise.

412 HIB: 0= —h+x+ (1/2)xk +x20", 2™ = ¢ and r = (1/2)[1/2+ (1/4+
4)1/ 2, ry > 1,r_ < 0. The criterion is positive (X; never gets negative), so both
Ci; > 0 and C; > 0 (look at very large values of x and values close to zero). Finally,
Ele "h(X?)] = E[e7"2X?] +C) +Cy — C) +C> whent — oo (E(X?)™* = ¢/, EX? =
¢'/%). From (4.55) C; = C, = 0. (Actually, using sufficient conditions, once we got
the “proposal” h = 2x + Cix"+ + Cox’—, we could immediately put C; = C, =0,
because what we need is just to find one proposal for 4 that works.)

413 z(t) = 02/(De°2’ — 1), u = xz(t), defining y(t) = E(X°)?, we get y(t) =
K[(De"zt - 1)26_62’], where D > 1, D and K are so chosen that y(1) =k, y(0) = x3,
ie. D= (k12— 9/2) /(K12 —¢%°/2) K =1/(D—1)2.

4.14 b(t) 1= 602(Ce5 —4)~ 1 y(t) 1= E(X0)* = Kelo(®(5)+60%)ds — k[ =607/
C]8e6°2’, K and C determined by y(0) = xJ, y(1) = k. Now, J4(0,x9) = oo, at least
for ¢ > 1/3 for small & (check for & = 0), hopefully the value ¢ = (1) is so small
that J7 is finite, hence sufficient conditions applies.

415 k=1.
4.16 a=(2p)"'/2.

4.17 a is given by the equation a = (2/p)1/2(62(2p)1/2“ + 1)(@2(2”)1/2“ —1)"! and
h(x) = a?(e)' 2 1 e=(20)'2x) /(o(20)2a o= (20)'%a),

4.18 The second-order equation for & becomes —h + i’ +2h" = 0. The general
solution is be’+* + ce"™*, rip = (—143)/4. Because we can expect J(¢,x) > 0 for
all x, both » > 0, ¢ > 0. When x is large negative, the solution will be decreas-
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ing in x if ¢ # 0, so we must have ¢ = 0. Furthermore, a and b are determined by
smooth pasting, i.e., the use of (4.80) (with ry = 1/2): be'+@ = be®/? = ¢¥/* — 1
and be?/? /2 = ¢%/* /4, which yields a = 4In2, and b = 1/4. Evidently, (4.82) is
satisfied in (—oo,41n2) and by the fact that be*/? — ¢*/* is convex in (0,e0), we get
be*/? > % —1forx>0.Forx<0,e/4—1<0< (1/4)6"/2.

4.19 (a) Recall that M; = supy.,.,; Bs; has a density two times the density of a
N(0,t)—distributed variable. Note first that for any positive constants ¢ and d, a
number s exists such that Pr[M; < ¢] < d, (when t — oo, the graph of the distribution
of the N(0,¢)- variable is uniformly pushed down towards zero). Next, observe that
P, = poexp|(B—02/2)t+06B,],50 P, < p* < 6B, <Inp* —Inpy— (B — 6?/2)t, the
last number < Inp* —Inpg =: a. Now, B, reaches sometimes even ¢ := a/o, with
probability 1: By contradiction, if not, there is a positive probability € that B, < ¢
for all ¢, and then even more for ¢ < s, s the number above corresponding to ¢ and
d = €/2. A contradiction has arisen.
(b) In V, J satisfies (4.86).

4.20 The HIB equation becomes 0 = g’ + ¢'x> +2¢°x> — x> + ¢ + E[¢p(x +V)? +

W] —0x* —y =y +¢'x> +2¢%x> — x> +2¢, which yields y' = —2¢, ¢’ = 1 —2¢?

with solution ¢ = (Ce?”* —1)/(Ce*” + 1), where ¢(T) =0, w(T) =0, so C =
-BPT

e , (U =2¢x).
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