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Preface  

The field of physics is a vast and detailed one that has many sub-divisions that branch off in diverse directions. 
There has always been a part of the physical world that escapes our eyes and cannot really be explained through 
simple terms. The components of matter are minuscule and need especially devoted arenas of research and study to 
be understood. Atomic and molecular study is an essential part of this world of physics. Atomic physics is an area 
of study that focuses on the study of atoms in the manner of an isolated system of nucleus and electrons. Primarily 
focused on the arrangement of electrons around the nucleus, it also studies how these arrangements change. 
Molecular Physics on the other hand is a field of study that is focused on the physical properties of molecules. It 
looks at molecules as well as molecular dynamics and bonds. Both fields could be said to be closely related, but 
they also overlap with physical chemistry, chemical physics and theoretical chemistry. Both atomic and molecular 
physics are essentially concerned with the electronic structure of atoms and molecules and the dynamic processes 
through which these structures arrange themselves. The rapidly advancing research techniques bode well for the 
future of atomic and molecular physics.

This book is an attempt to compile and collate all current and proposed research and data in the field of atomic 
and molecular physics. I am thankful to all those who’s hard work and effort went into these studies. I wish to 
personally thank all the contributing authors who shared their knowledge in this book and with me throughout 
the editing process. It was an honour working with you all. I also wish to thank my family who have always been 
my support system.

Editor
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Analysis of Water and Hydrogen Bond Dynamics at the Surface of
an Antifreeze Protein

Yao Xu, Ramachandran Gnanasekaran, and David M. Leitner

Department of Chemistry and Chemical Physics Program, University of Nevada, Reno, NV 89557, USA

Correspondence should be addressed to David M. Leitner, dml@unr.edu

Academic Editor: Keli Han

We examine dynamics of water molecules and hydrogen bonds at the water-protein interface of the wild-type antifreeze protein
from spruce budworm Choristoneura fumiferana and a mutant that is not antifreeze active by all-atom molecular dynamics
simulations. Water dynamics in the hydration layer around the protein is analyzed by calculation of velocity autocorrelation
functions and their power spectra, and hydrogen bond time correlation functions are calculated for hydrogen bonds between water
molecules and the protein. Both water and hydrogen bond dynamics from subpicosecond to hundred picosecond time scales are
sensitive to location on the protein surface and appear correlated with protein function. In particular, hydrogen bond lifetimes are
longest for water molecules hydrogen bonded to the ice-binding plane of the wild type, whereas hydrogen bond lifetimes between
water and protein atoms on all three planes are similar for the mutant.

1. Introduction

While the complex dynamics of large biological molecules
and the connection to function have fascinated physical sci-
entists for some time, in more recent years researchers have
turned their attention to the interface of biomolecules with
water. Coupling of protein and water dynamics, for example,
has been examined by molecular simulations [1–10] and a
growing number of experimental probes [11–14], and a wide
variety of dynamical time scales have been found [15, 16]
due to the heterogeneity of protein-water interactions. One
class of proteins for which protein-water interactions are
critical to function is antifreeze proteins (AFPs). AFPs are
widely distributed in certain plants, vertebrates, fungi, and
bacteria to provide cells protection in cold environments
[17–20] but the mechanism for antifreeze activity is still
not well understood. In this paper we analyze by all-atom
molecular dynamics (MD) simulations the dynamics of
water molecules and hydrogen bonds at the protein-water
interface of the AFP from the spruce budworm Choristoneura
fumiferana and a mutant that has little antifreeze activity.
We calculate velocity autocorrelation functions and their
power spectra for water molecules around the protein and

we compute hydrogen bond time correlation functions for
bonds between the protein and water. We obtain distinct
spectra for the water around different regions of the protein,
which are affected by mutation. Moreover, we observe longer
hydrogen bonding between water molecules and the ice-
binding plane of this AFP compared to other parts of the
protein, a difference that nearly disappears with mutation,
indicating a correlation between hydrogen bond lifetimes
and activity of this AFP.

AFPs were first discovered in several Antarctic fish species
[21], AFPs that have since been classified as Type I. The
generally accepted mechanism for the Type I AFP is the
adsorption-inhibition mechanism [22–24], which proposes
that AFPs adsorb onto the preferred growth sites of an
ice surface, thereby preventing new ice growth [25]. It
was initially thought that ice and AFP interacted through
hydrogen bonding [22]. However, when parts of the protein
that were thought to facilitate this hydrogen bonding were
mutated, the hypothesized decrease in antifreeze activity was
not observed, and hydrophobic interactions were suggested
instead [26]. MD simulations have been carried out to
sort out the possible mechanisms [6], but there is still no
consensus on which sites of the protein interact with ice,
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Figure 1: The structure of wild-type AFP from spruce budworm
Choristoneura fumiferana, indicating the location of the four
threonine residues on the ice-binding plane (Plane 1), which in our
mutation studies we replace with leucine. Plane 2 is in the front and
Plane 3 is in the back.

or whether the protein inhibits growth of ice locally at the
protein-water interface or over a larger number of water
layers near the protein. Recent THz studies [27] indicate that,
at least for AFP in winter flounder, the effect appears to be
delocalized.

The antifreeze activity of the AFP from the spruce
budworm Choristoneura fumiferana [28], shown in Figure 1,
can apparently be attributed in part to specific residues
located on part of the surface of the protein. This protein
is not a member of the Type I family. The protein structure
contains three planes and mutation studies demonstrate that
threonine-rich Plane 1 is the ice-binding plane. Mutation
of just a few of the threonines to leucines (Figure 1) dra-
matically diminishes antifreeze activity [28]. Nutt and Smith
[29] recently carried out MD simulations to examine the
water dynamics in the hydration layer around the protein
and found distinct dynamics around each of the three
planes and noticeably slower dynamics around Plane 1. In
this study we observe, like Nutt and Smith, quite distinct
differences for the water dynamics around each of the three
planes of the protein and in the hydrogen bond lifetimes
for hydrogen bonds between the water molecules and the
protein. Moreover, we examine a mutant that is antifreeze
inactive and find that the mutation affects the hydrogen bond
dynamics; that is, hydrogen bond lifetimes around the three
planes are much closer to each other than in the wild type.

In the following section, we provide details of the com-
putational methods and analysis. We then report results of
our calculation of power spectra for water molecules near the
three distinct planes of the protein and of our investigation of
hydrogen bond lifetimes for bonds between water molecules
and the protein. Concluding remarks are given in the final
section.

2. Computational Methods

The initial coordinates of the antifreeze protein from the
spruce budworm Choristoneura fumiferana were taken from

the Protein Data Bank file 1L0S. Missing residues and
hydrogen atoms were built into the structure and the iodated
tyrosine Y26 required for the structure determination was
reverted to a standard tyrosine using Swiss PDB Viewer [30].
For the mutant, four threonine residues on Plane 1 were
mutated to leucines (Figure 1), a mutation that significantly
reduces the antifreeze properties of the protein [17], to
explore the effect of this mutation on the water dynamics and
hydrogen bond lifetimes.

Both the wild-type and mutated structure were first
minimized for 1000 steps with the steepest descent algorithm
using the AMBER03 force field [31], after its solvation in
a 70 Å cubic water box of TIP5P water model. Then the
systems, each of which contained 10539 water molecules,
were equilibrated for 400 ps. For the first 100 ps the positions
of the proteins were restrained and in the latter 300 ps
they were released. Constraints were applied to all bonds to
hydrogen with the SHAKE algorithm and periodic boundary
conditions were applied. All the classical MD simulations
were performed on the systems in canonical (NVT) ensemble
with the GROMACS software package [32]. Following
equilibration, trajectories of 2 ns were obtained at 300 K with
a Nose-Hoover thermostat [22, 23]. Nonbonded interactions
were gradually brought to zero by a shift function for the
electrostatics as well as a switch function for van der Waals
interactions between 10 and 12 Å [24, 25]. All the simulations
were performed by integrating Newton’s equations of motion
with the Verlet algorithm [26] using 1 fs time steps. The
system coordinates and velocities were stored every 5 fs, and
the velocity autocorrelation function (VACF) was averaged
over 15 ps time segments of the trajectory for the oxygen
atoms that survive in the first hydration shell of thickness
5 Å as well as for those that hydrogen bond to the proteins.
(Criteria for hydrogen bonds are specified below.) The VACF
is defined as

CV (t) = 〈vi(t) · vi(0)〉
〈vi(0) · vi(0)〉 , (1)

where vi(t) is the velocity vector of the oxygen atom at
time, t. The angular brackets denote averaging over all atoms
of the particular type present in the hydration shell and
over different reference initial times. Power spectra were
obtained by Fourier transform of CV (t). The power spectra
correspond to the vibrational density of the water. The
vibrational density of protein molecules has been discussed
elsewhere [11, 33–36].

Hydrogen bond time correlation functions, CHB(t), were
also computed for bonds between water molecules and the
protein at 300 K. CHB(t) is defined as the probability that, if a
hydrogen bond between donor, D, and acceptor, A, exists at
t = 0, then it still exists at time, t, even if the bond broke at
some intermediate time [37]. We adopt a standard criterion
for hydrogen bonds, that is, a DA distance of 3.5 Å and a D-
H-A angle greater than 150◦ [1, 38, 39].

3. Results and Discussion

3.1. VACF Power Spectra. A protein molecule perturbs the
regular water-water hydrogen bond network in bulk water

2 Comprehensive Study of Atomic and Molecular Physics
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Figure 2: Power spectra of the velocity autocorrelation function of water in hydration layers around Plane 1 (red), Plane 2 (green), and Plane
3 (blue) of the protein, as well as for bulk water (black), at 300 K. (a) Power spectrum of water in the hydration layer, taken to be 5 Å from
the surface of the wild-type AFP. (b) Power spectrum of water hydrogen bonding to wild type AFP. (c) Same as (b), but for mutant AFP.

with the formation of protein-water hydrogen bonds and
influences the water dynamics in the hydration layer around
the protein surface. We have calculated at 300 K the velocity
autocorrelation function and its power spectra for the water
molecules in the hydration layer around the protein, which
can provide insights into THz spectra of solvated proteins
[40]. We have carried out this calculation both for the water
molecules that form hydrogen bonds with the amino acid
residues of the three planes of the protein and for the larger
number of water molecules within a layer of thickness 5 Å
from the protein [41]. Power spectra are plotted in Figure 2
for the wild-type and mutant at 300 K. The results of a
separate MD simulation of pure TIP5P water under the same
conditions are also included for comparison.

We consider first the power spectra for bulk water, which
appears in each of the panels in Figure 2. We observe
two bands in the power spectra of water at about 2 and
8 THz. The lower frequency band has been interpreted [42,
43] as corresponding to the O· · ·O· · ·O bending mode
from triplets of hydrogen-bonded water molecules and the

higher frequency band as O· · ·O stretching mode between
pairs of hydrogen-bonded water molecules. Turning to the
hydration water, the results plotted in Figure 2(a) reveal a
clear blue shift in SO (ω) for the band corresponding to the
O· · ·O· · ·O bending for water. The shift is very similar for
the water molecules in the 5 Å hydration layer around each
of the three planes. A blue shift in the same spectral region
has been observed for water molecules in the hydration layer
around helices of the villin headpiece subdomain, HP-36
[44]. Figure 2(b) gives the result for the hydration layer
around the wild-type AFP, and we observe similar results for
the mutant (not shown). Overall, we find that for the water
molecules in the 5 Å hydration layer around the protein there
is little difference among the spectra obtained for the water
near Planes 1, 2, or 3.

For the water molecules hydrogen bonded to the protein
we observe distinct differences in the power spectra of the
velocity autocorrelation function for each of the planes. The
power spectra for the water hydrogen bonded to the protein
exhibit again peaks near 2 and 8 THz, but the intensity of
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Figure 3: The hydrogen-bond time correlation function plotted for
water hydrogen bonded to Plane 1 (red), Plane 2 (blue), and Plane 3
(green) of wild-type (solid) and mutant (dotted) AFP at 300 K. The
result for hydrogen bonds between water molecules in the bulk is
plotted (black) for comparison.

the 2 THz peak is smaller than for the hydration water,
and the peak corresponding to the O· · ·O· · ·O bending
appears even further broadened and blue shifted compared
to bulk water than the peak for the hydration water in the
5 Å layer around the protein. This could be related to the
more restricted dynamics of the water molecules hydrogen
bonded to the protein. Indeed, we have computed the power
spectrum for bulk water at 250 K and for water molecules in
the hydration shell and found the first peak for bulk water
at this lower temperature to have a smaller intensity, and
similar to that for the hydration water [45]. For the wild type
we observe that Plane 1 exhibits a greater intensity on the
blue edge of the lower frequency band compared to the other
planes, whereas for the mutant the intensity is also greater
but on the red side of the band. Because the power spectra
for the wild type and the mutant are distinct, we expect
that differences in the THz spectra of the wild type and the
mutant can be detected.

3.2. Hydrogen Bond Correlation Function. We plot in Figure 3
results for the hydrogen bond correlation function, CHB(t),
defined in Section 2, to times of 200 ps for hydrogen bonds
between water molecules and protein atoms on Planes
1, 2, and 3 of the wild type and mutant, as well as
between water molecules in the bulk for comparison. All the
simulations were carried out at 300 K. Overall, the observed
slow rearrangement times for hydrogen bonds between water
molecules and the protein compared to hydrogen bonds
between water molecules in the bulk are consistent with
expectations for water molecules in the hydration layer
around a protein [46, 47]. Nutt and Smith [29] computed
the hydrogen bond correlation function for bonds between

water and the three planes of the wild type, and we focus
here mainly on comparison of the wild-type results with
the results for the mutant. The hydrogen bond lifetime for
bonds between water and the protein survive longer than
hydrogen bonds between water molecules in the bulk, as seen
in numerous previous simulation studies [1, 9, 38, 48, 49].
However, we also observe differences for hydrogen bonds
between water and atoms on different planes of the protein.
Considering first the wild type, we find, as did Nutt and
Smith [29], that CHB(t) for hydrogen bonds between water
molecules and atoms of Plane 1 decays significantly slower
than CHB(t) for bonds between water molecules and the
other two planes.

Interestingly, we find the hydrogen bond correlation
functions for hydrogen bonds between water and the three
protein planes to be noticeably closer to each other for the
mutant than for the wild type out to the 100 picosecond
time scale. The antifreeze activity of the protein decreases
dramatically when replacing four of the threonines on Plane
1, indicated in Figure 1, with leucines [28] and we observe
in our MD simulations that the hydrogen bond lifetimes for
bonds between water molecules and atoms of each plane
become similar to one another with this mutation. Only four
point mutations have a sizable effect on the hydrogen bond
dynamics, indicating the effect may not simply be local, but
may influence the orientation of many water molecules. Such
a nonlocal effect on the orientation of hydration waters by
point mutation has been illustrated recently for a simple
protein-sized model system [50].

4. Concluding Remarks

In this work, we examined the power spectrum of the velocity
autocorrelation function for water molecules near the surface
of the antifreeze protein (AFP) from the spruce budworm
Choristoneura fumiferana and analyzed the hydrogen bond
lifetimes for bonds between water molecules and the protein.
We explored effects of the heterogeneity of the protein
surface, in particular the distinctive properties of the water
and protein-water interactions on the three planes of the
protein, one of which is vital to the function of this AFP, and
how the dynamics is affected by mutation.

For the power spectra of the water in the hydration layer
of the AFP and the subset of that water that hydrogen bonds
to the protein we find a blue shift of the roughly 2 THz
band compared to the same band in bulk water with a more
pronounced shift for the water molecules that are hydrogen
bonded to the protein residues. Although the power spectra
for the water molecules within 5 Å of each of the planes
of the protein appear quite similar, power spectra for the
water molecules hydrogen bonded to different planes of the
protein exhibit distinct spectra in the range 1–4 THz. The
differences among the power spectra for the water molecules
hydrogen bonding to each of the three planes are influenced
by mutation. We expect that THz measurements, which are
highly sensitive to the hydration water [48, 51–55], will reveal
differences between the wild type and mutant. Recent THz
experiments [49] on a λ-repressor fragment indicate that
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only a few point mutations can give rise to very different THz
spectra.

The hydrogen bond time correlation function was com-
puted for hydrogen bonds between water molecules and
each of the planes of the protein. For wild type AFP we
observe differences in the hydrogen bond lifetimes for bonds
between water and the three planes. The longest lifetimes
are found for hydrogen bonds between water molecules and
Plane 1, the ice-binding plane of the protein, consistent
with results of previous simulations [29]. We observe that
by introducing only four mutations to Plane 1, mutations
that have been observed to substantially diminish the AFP
activity of the protein [28], the hydrogen bond correlation
function for bonds between water molecules and each of the
three planes are similar to one another. Overall, mutation
is seen to modify hydrogen bonding over a wide range of
time scales observable both in the power spectra and analysis
of hydrogen bond lifetimes. These measures of hydrogen
bonding at the protein-water interface aid in quantifying the
complexity and heterogeneity of the interactions between
water and the antifreeze protein and reveal regions of the
protein-water interface important for antifreeze activity.
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Polarized IR spectra of 2-furanacetic acid and of 2-furanacrylic acid crystals were measured at 293 K and 77 K in the vO−H and
vO−H band frequency ranges. The corresponding spectra of the two individual systems strongly differ, one from the other, by the
corresponding band shapes as well as by the temperature effect characterizing the bands. The crystal spectral properties remain in
a close relation with the electronic structure of the two different molecular systems. We show that a vibronic coupling mechanism
involving the hydrogen bond protons and the electrons on the π-electronic systems in the molecules determines the way in
which the vibrational exciton coupling between the hydrogen bonds in the carboxylic acid dimers occurs. A strong coupling
in 2-furanacrylic acid dimers prefers a “tail-to-head-” type Davydov coupling widespread by the π-electrons. A weak through-
space coupling in 2-furanacetic acid dimers is responsible for a “side-to-side-” type coupling. The relative contribution of each
exciton coupling mechanism in the dimer spectra generation is temperature and the molecular electronic structure dependent.
This explains the observed difference in the temperature-induced evolution of the compared spectra.

1. Introduction

Infrared spectroscopy still constitutes a basic tool in the
research of the hydrogen bond dynamics. The νX−H bands
measured in the highest frequency range of the mid-infrared
attributed to the proton stretching vibrations in X–H· · ·Y
hydrogen bonds are the source of wealth data system in this
matter. Complex fine structure patterns of these bands are
considered as the result of anharmonical coupling mecha-
nisms involving the proton stretching vibrations and other
normal vibrations occurring in associated molecular sys-
tems, mainly the low-frequency X· · ·Y hydrogen bridge
stretching vibrational motions [1–5]. The band contour
shapes are extremely susceptible on the influences exerted
by diverse physical factors, such as changes of temperature,
changes in the matter state of condensation, pressure, and
solvents [1–5].

Among the contemporary theories of the IR spectra of
the hydrogen bond, formed in molecular systems, quanti-
tative theoretical models elaborated for the description of

the νX−H band generation mechanisms are of the particular
importance. There are two most advanced quantitative
theoretical models, namely, the “strong-coupling” theory [6–
8] (the elder theory) and the “relaxation” (linear response)
theory, the novel model [9, 10]. Both models are of a purely
vibrational nature. Over the last four decades, by using of
these theories, IR spectra of diverse hydrogen bond systems
have been reproduced satisfactorily. The model calculations
concerned quantitative interpretation of spectra of single,
isolated hydrogen bonds [7, 11], spectra of cyclic dimeric
hydrogen bond systems [7, 12–14], and the IR spectra of
hydrogen-bonded molecular crystals [15]. Simultaneously,
the H/D isotopic effects observed in the spectra of the
deuterium-bonded corresponding systems have been inter-
preted [7–15].

Nevertheless, despite the doubtless successes achieved in
this area, when interpreting the hydrogen bond system spec-
tra, it seems that a number of basic theoretical problems still
remain unsolved. It also seems that the main source in the
understanding of many spectral phenomena characterizing
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systems consisting with a number of mutually coupled
hydrogen bonds, in terms of the two different quantitative
approaches, is in the early history of these studies. In practice,
up to the beginning of the 90s of the 20th century, these
studies were restricted to the interpretation of spectra of
a number of very simple hydrogen bond systems, mainly
to the spectra of cyclic acetic acid dimers formed in the
gaseous phase [7, 12–14]. The extension of this research over
other, more diversified and complex hydrogen bond aggre-
gates allowed us to recognize numerous puzzling spectral
effects attributed to these systems. Interpretation of these
effects seemed to be beyond the contemporary quantitative
theoretical models of the hydrogen bond IR spectra without
assuming that some not revealed yet mechanisms codecide in
the spectra generation.

For the last decade, spectroscopy in polarized light
of hydrogen-bonded molecular crystals has provided key
experimental data in this area. By measuring of polarized IR
spectra of spatially oriented molecular crystals, characterized
by a rich diversity of hydrogen bond arrangements met in
their lattices, the most complete information has been be
obtained about the coupling mechanisms involving hydro-
gen bonds in these systems. It appeared that the investigation
of spectra of even so simple mutually interacting hydrogen
bond aggregates like cyclic dimers (e.g., carboxylic acid
dimers) allowed to reveal new H/D isotopic effects, namely,
the H/D isotopic self-organization effects. They depend on
a nonrandom distribution of protons and deuterons in the
crystal lattices of isotopically diluted hydrogen bond systems.
These spectral effects may be considered as the manifes-
tation of a new kind of cooperative interactions involving
hydrogen bonds, that is, the so-called dynamical cooperative
interactions [16–18]. This revealing has emphasized the role
of the vibronic coupling between the electronic and the
proton vibrational motions taking place in hydrogen bond
aggregates, in the generation of the very nature of the
hydrogen bond as the natural phenomenon and in the
interhydrogen bond interaction mechanisms [17, 18].

In the lattices of carboxylic acid crystals, centrosymmet-
ric hydrogen bond dimers, present in the (COOH)2 cycles,
are frequently met [19, 20]. These dimers are the bearers
of the main crystal spectral properties in the frequency
ranges of the νO−H bands attributed to the proton stretching
vibrations. One might expect that regardless of the molecular
structure of carboxylic acids in their fragments placed
outside the carboxyl groups, the νO−H band contour shapes
should be fairly similar one to the other. This presumption is
based on the considerations of the classic vibrational analysis,
which predicted that the proton stretching vibrations in these
molecules practically do not mix with vibrations of other
atomic groups [21]. The experiment learns, however, that
spectra of diverse carboxylic acid crystals considerably differ,
one from the other, with regard to their νO−H band contour
shapes as well as with regard to the temperature effects
measured in the spectra. Qualitatively similar conclusion is
valid for the νO−D bands in the spectra of the deuterium-
bonded species [22–27]. Our hitherto estimations, resulting
from the comparison of the IR crystalline spectra of diverse
carboxylic acid molecular systems, ascribe the differences

between the compared spectra in relation to the differences
in the electronic structure of carboxylic acid molecules.
For instance, π-electronic systems of aromatic rings or
other larger conjugated π-electronic systems, linked directly
to carboxyl groups, strongly change the basic spectral
properties of carboxylic acid dimers in comparison with
the analogous properties of aliphatic carboxylic acids [22–
27]. The generation mechanism of these effects still remains
unknown.

This paper deals with IR spectra of the hydrogen bond
in crystals of two different carboxylic acids, namely, of 2-
furanacetic acid and 2-furanacrylic acid. In these crystalline
systems, associated molecules form hydrogen-bonded cyclic,
centrosymmetric dimers (Complete crystallographic data for
2-furanacetic acid and (excluding structure factors) have
been deposited at the Cambridge Crystallographic Data
Centre under the number CCDC-885823. Copies can be
obtained free of charge from CCDC, 12 Union Road,
Cambridge CB2 1EZ, U.K. (Fax: Int.+1223-336-033; e-mail:
deposit@ccdc.cam.ac.uk)). The crystallographic data for 2-
furanacrylic acid can be found in [28, 29]. Molecules of these
two individual molecular systems differ, one from the other,
by their electronic structures. In the latter case, the carboxyl
groups are directly linked to the large π-electronic systems. In
the 2-furanacetic acid crystal case, methylene groups separate
the hydrogen bonds, formed by the associated carboxyl
groups, from the π-electronic system of furan rings.

The aim of the study reported in this paper was to
provide new arguments of experimental nature about the
role of the electronic structures of carboxylic acid molecules
in the generation of IR spectra of cyclic hydrogen bond
dimers. The investigation results presented constitute a part
of results obtained in the frames of a wider project, which
also assumed measuring of crystalline spectra of other
carboxylic acids, mainly of furan and thiophene derivatives.
Our choice of these model molecular systems was strongly
supported by advantageous well-developed νO−H and νO−D

band contour shapes in the IR spectra of these systems. We
expected that the quantitative analysis of the polarized IR
spectra of 2-furanacetic acid and 2-furanacrylic acid crystals
and also of the spectra of relative carboxylic acid crystals
should provide new arguments for the formulation of a new
theoretical approach for the description of the hydrogen
bond dimer spectra. The understanding of the temperature
effects and the generation mechanism of the intensity
distribution patterns in the νO−H and νO−D bands in the
spectra of diverse carboxylic acid crystals are of the particular
interest and importance in this project.

2. X-Ray Structures of 2-Furanacetic Acid
and 2-Furanacrylic Acid

Crystals of 2-furanacetic acid are monoclinic and the space-
symmetry group is P21/c, Z = 4. The lattice constants at
100 K: a = 13.0525(4) Å; b = 4.85360(10) Å; c = 9.4107(3) Å,
β = 103.832(3)◦. In a unit cell four translationally nonequiv-
alent molecules form two plain centrosymmetric cyclic
hydrogen-bonded dimers (Complete crystallographic data
for 2-furanacetic acid (excluding structure factors) have been
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a
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Figure 1: The X-ray structure of 2-furanacetic acid crystal. Projec-
tion of the lattice onto the “ac” plane.

c

a

Figure 2: The X-ray structure of 2-furanacrylic acid crystal. Projec-
tion onto the “ac” plane.

deposited at the Cambridge Crystallographic Data Centre
under the number CCDC-885823). The molecules of 2-
furanacetic acid in the lattice are linked together by the O–
H· · ·O hydrogen bonds, forming centrosymmetric dimers.
A view of the crystal lattice of 2-furanacetic acid is shown in
Figure 1.

Crystals of 2-furanacrylic acid are also monoclinic, the
space-symmetry group is C2/c and Z = 8. The unit cell
parameters are a= 18.975 Å; b = 3.843 Å; c = 20.132 Å, β =
113.9◦. The molecules of 2-furanacrylic acid in the lattice are
linked together by the O–H· · ·O hydrogen bonds, forming
cyclic approximately centrosymmetric dimers [28, 29]. The
X-ray structure of 2-furanacrylic acid crystals is shown in
Figure 2.

3. Experimental

2-Furanacetic acid (C4H3O–CH2–COOH) and 2-furanacrylic
acid (C4H3O–CH=CH–COOH) used for our studies were
the commercial substance (Sigma-Aldrich). 2-furanace-
tic acid was employed without further purification, while 2-
furanacetic acid was purified by crystallization from its
acetone solution. The d1 deuterium derivatives of the

compounds (C4H3O–CH2–COOD and C4H3O–CH=CH–
COOD) were obtained by evaporation of D2O solution of
each compound at room temperature and under reduced
pressure. It was found that the deuterium exchange rate for
the COOH groups varied from 60 to 90% and from 70 to
90% for different samples, respectively.

Crystals suitable for further spectral studies were
obtained by melting solid samples between two closely com-
pressed spaces CaF2 windows, followed by a very slow cooling
of the liquid film. By that means, reasonably thin crystals
could be received, characterized by their maximum absorb-
ance at the νO−H band frequency range near to 0.5 at room
temperature. From the crystalline mosaic, adequate mono-
crystalline fragments, having dimensions of at least 2×2 mm,
were selected and then spatially oriented with the help of a
polarization microscope. It was found that in each system
case the crystals most frequently developed the “ac” crys-
talline face. These crystals were selected to the experiment
by use of a thin, tin plate diaphragm with a 1.5 mm diameter
hole, and then IR spectra of these crystalline fragments were
measured by a transmission method. Spectral experiments
were accomplished at room temperature and also at the
temperature of liquid nitrogen, using polarized IR radiation.
In each measurement, two different, mutually perpendicular
orientations of the incident beam electric field vector “E”
were applied, with respect to the developed face of the crystal
lattice. The solid-state polarized spectra were measured with
a resolution of 2 cm−1, for the normal incidence of the IR
radiation beam with respect to the crystalline face. The IR
spectra were measured with the Nicolet Magna 560 FT-IR
spectrometer. Measurements of the spectra were repeated for
ca. 8 crystals of each isotopomer of an individual compound.
Spectra were recorded in a similar manner for the deuterium
derivatives.

The Raman spectra of polycrystalline samples of 2-
furanacetic acid and 2-furanacrylic acid were measured at
room temperature with the use of the Bio-Rad FTS-175C FT-
IR spectrometer at the 1 cm−1 resolution.

4. Results

The preliminary experimental studies of spectral proper-
ties of 2-furanacetic acid and 2-furanacrylic acid based on
the measurements in CCl4 solution in the frequency range
of the νO−H proton stretching vibration bands. The results
are shown in Figure 3.

In Figure 4 are shown the νO−H bands from the IR spectra
of the polycrystalline acid samples in KBr pellets, measured
at 298 K and 77 K, and in Figure 5 the νO−D bands spectra
of the deuterium derivatives samples in the same conditions.
The comparatively wealth spectrum of νO−H and νO−D bands
for 2-furanacrylic acid molecules may be predictable, based
on earlier results for cinnamic acid crystals [24], while the
νO−H and νO−D bands for 2-furanacetic acid crystals are
relatively poorer, similarly as in the phenylacetic acid crystal
case [25].

Polarized IR spectra of the two crystalline systems mea-
sured at the room temperature in the νO−H band frequency
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Figure 3: The νO−H band in the IR spectra of (a) 2-furanacetic acid
and (b) 2-furanacrylic acid in CCl4 solution.
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Figure 4: The νO−H bands in the IR spectra of polycrystalline sam-
ples of (a) 2-furanacetic acid and (b) 2-furanacrylic acid, dispersed
in KBr pellets. Temperature effect in the spectra. The Raman spectra
measured for polycrystalline samples of the compounds at room
temperature are also shown.

range are presented in Figure 6, whereas the corresponding
low-temperature spectra are shown in Figure 7.

The corresponding spectra of isotopically diluted crystals
recorded in the νO−D band range are shown in Figures 8 and
9.

The temperature effect in the crystalline spectra in the
most intense polarized components of the νO−H bands is
shown in Figure 10 and in the νO−D bands is given in
Figure 11.
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Figure 5: The νO−D bands in the IR spectra of polycrystalline
samples of (a) d1-2-furanacetic acid (ca. 45% H and 55% D) and
(b) d1-2-furanacrylic acid (ca. 20% H and 80% D) dispersed in KBr
pellets. Temperature effect in the spectra.

5. Isotopic Dilution Effects in
the Crystalline IR Spectra

On comparing the spectra in Figures 3 and 6–9, it can be
noticed that the replacement of the major part of the hydro-
gen bond protons by deuterons changed the dichroic prop-
erties in the “residual” νO−H band substantially. The band
shapes no longer depended on the crystal orientation inves-
tigated and resembled the spectrum measured for the CCl4
solution of the compounds. Regardless of the increase in the
rates of deuterium substitution in the samples, the “residual”
νO−H band still retained its “dimeric” character. This is due
to the fact that the hydrogen-bonded dimeric spectrum
measured in the “residual” νO−H band range is still under
the influence of the interhydrogen bond vibrational exciton
interactions occurring within each individual carboxylic acid
dimer [22–27].

The unusual properties of the “residual” νO−H bands
have proved that the distribution of protons and deuterons
between the hydrogen bonds of the isotopically diluted crys-
talline samples is nonrandom and in an individual dimer
the coexistence of two identical hydrogen isotope atoms,
proton or deuterons, is preferred. As a result, the interhy-
drogen bond exciton interactions still occur in each dimeric
system and consequently the “residual” νO−H bands retain
their “dimeric” properties. These spectral effects, that is,
the so-called H/D isotopic “self-organization” effects, are
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Figure 6: Polarized IR spectra of 2-furanacetic acid and 2-furana-
crylic acid crystals measured at room temperature in the νO−H band
frequency range for the IR radiation of the normal incidence with
respect to the “ac” crystal faces. (a) 2-furanacetic acid crystal. (I) The
electric field vector E of the incident beam of IR radiation parallel
to the a-axis (II) The E vector parallel to the c∗-axis (the c∗-symbol
denotes the vector in the reciprocal lattice). (b) 2-furanacrylic acid
crystal. (I) The electric field vector E parallel to the c-axis. (II) The
E vector parallel to the a∗-axis.

the attribute of the “dynamical cooperative interactions”
involving hydrogen bonds in the dimers [16–18].

In the case of high excess of protons in the crystals quali-
tatively similar spectral effects can be identified in the “resid-
ual” νO−D bands, located in the range of 1900–2300 cm−1, as
those observed in the “residual” νO−H bands. In the low con-
centration of deuterons, the “residual” νO−D bands still retain
the characteristic linear dichroic effects accompanying them
(see Figures 4–9). For the two compared “residual” bands,
νO−H and νO−D, not only the linear dichroic but also the
temperature effects appear to be similar to the corresponding
effects measured in the spectra of isotopically neat crystals.

This property results from the “dynamical cooperative
interactions” in the hydrogen-bonded systems which lead
to the appearance of the so-called H/D isotopic self-
organization effects in the hydrogen bond IR spectra [17, 18].
The source of these nonconventional interactions in the
hydrogen bond dimers is a vibronic coupling mechanism
involving the totally symmetric proton stretching vibrations
and the electronic motions in the systems [17, 18]. According
to the theory of the “dynamical cooperative interactions,” the
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Figure 7: Polarized IR spectra of (a) 2-furanacetic acid and (b)
2-furanacrylic acid crystals measured at 77 K in the νO−H band
frequency range. (a) 2-furanacetic acid crystal. (I) The electric field
vector E parallel to the a-axis. (II) The E vector parallel to the c∗-
axis. (b) 2-furanacrylic acid crystal. (I) The electric field vector E
parallel to the c-axis. (II) The E vector parallel to the a∗-axis.

symmetric hydrogen bond dimers of the HH or DD-type,
with identical hydrogen isotope atoms, are thermodynami-
cally more stable than the non-symmetric dimers of the HD
type. The distribution of the HH- or DD-type dimers in
the lattice sites is random. The energy difference between
the two forms of dimers, the HH and the HD types was
estimated as approximately equal to 1.5 kcal/mole of the
dimers. Therefore, the relative concentration of the HD-type
dimers is negligibly low and practically nondetectable with
the use of the IR spectroscopic methods [16–18].

From the experimental studies presented in Figures 3–11
it also results that hydrogen-bonded cyclic centrosymmetric
dimers are the bearers of the crystal spectral properties, since
the inter-dimer vibrational exciton interactions are negligibly
small.

6. Model

6.1. Carboxylic Acid Dimers the Basic Idea. The problem
of the quantitative theoretical treatment of the spectral
properties of systems composed with mutually interacting
hydrogen bonds still constitute a real challenge in the area
of the hydrogen bond research. There are still many problems
to solve in this matter, since even the most advanced theories,
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Figure 8: Polarized IR spectra of (a) d1-2-furanacetic acid and (b)
d1-2-furanacrylic acidcrystals measured at room temperature in the
νO−D band frequency range. (a) 2-furanacetic acid crystal (ca. 10% H
and 90% D). (I) The electric field vector E parallel to the a-axis, (II)
The E vector parallel to the c∗-axis (b) 2-furanacrylic acid crystal
(ca. 65% H and 35% D). (I) The electric field vector E parallel to
the c-axis, (II) The E vector parallel to the a∗-axis.

elaborated for the description of the IR spectra of hydrogen
bond systems, are unable to reliably explain a number of
effects observed in the dimeric spectra. Despite of spectacular
achievements in the quantitative description of the intensity
distribution in the νX−H bands, which are the attribute of the
proton stretching vibrations in the X–H· · ·Y bridges and in
the description of the H/D isotopic effects, the understanding
of temperature effects in the spectra seems to be totally
incomplete.

Cyclic hydrogen bond dimers, formed by associated
carboxyl groups of diverse carboxylic acid molecules, are the
most frequently studied model systems investigated in this
research area. They exhibit some unusual spectral properties
in IR connected with the highly abnormal thermal evolution
of the νO−H and νO−D band contour shapes. One could expect
that the hydrogen bond spectra of diverse carboxylic acid
dimers, measured in the νO−H and νO−D band frequency
ranges, should be fairly similar one to another due to the
identical structural units of the molecular dimers, namely,
the (COOH)2 rings, in which two hydrogen bonds exist
forming hydrogen bond dimers. However, on comparison of
the crystalline spectra of diverse carboxylic acids, a consider-
able variation degree of the analyzed band contour shapes
can be found. This fact undoubtedly remains in a close

I

II

3000 2500

A
bs

or
ba

n
ce

I

II

0

0.2

0.4

0.6

0.8

1

Wavenumbers (cm−1)

(a)

I II

3000 2000

I II

A
bs

or
ba

n
ce

0

0.2

0.4

0.6

0.8

1

Wavenumbers (cm−1)

(b)

Figure 9: Polarized IR spectra of (a) d1-2-furanacetic acid and (b)
d1-2-furanacrylic acid crystals measured at 77 K in the νO–D band
frequency range. (a) 2-Furanacetic acid crystal (ca. 10% H and 90%
D). (I) The electric field vector E parallel to the a-axis, (II) The E
vector parallel to the c∗-axis. (b) 2-Furanacrylic acid crystal (ca 65%
H and 35% D). (I) The electric field vector E parallel to the c-axis,
(II) The E vector parallel to the a∗-axis.

connection with differences in the electronic structures
of diverse carboxylic acid molecules. Simultaneously, these
spectra strongly differ, one from the other, by temperature
effects characterizing them. Also these effects undoubtedly
remain in a close relation with the electronic structures
of the associating molecules. The basic experimental facts
supporting the hypothesis given above are presented in the
following.

6.2. Electronic Structure of Carboxylic Acid Molecules versus
the Temperature Effects in Their Crystalline IR Spectra. Based
on our previous studies, at this point, let us summarize the
basic properties of the νO−H bands in the IR spectra of the
hydrogen bond cyclic dimers formed by diverse carboxylic
acid molecules, in relation to their electronic structures.

(a) In the case of carboxylic acid molecules in which the
aliphatic fragments are connected directly with car-
boxyl groups (e.g., aliphatic monocarboxylic acids
[11–13, 30, 31] and dicarboxylic acids [22]), the
νO−H bands are characterized by different inten-
sity distribution patterns, when compared with the
corresponding band properties in the IR spectra
of arylcarboxylic acids [23, 26]. In the first case,
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Figure 10: The νO−H bands in the IR spectra of monocrystalline
samples of (a) 2-furanacetic acid and (b) 2-furanacrylic acid. Tem-
perature effect in the spectra.

the higher-frequency branch of the νO−H band is
more intense in relation to the intensity of the lower-
frequency band branch.

(b) In the case of hydrogen-bonded molecular systems,
in which carboxyl groups are directly linked to π-
electronic systems (e.g., arylcarboxylic [23, 26] and
arylacrylic acids [24]), the νO−H band contours are a
“mirror reflection” of the band shapes of systems from
the point “a.” In this case, the lower-frequency branch
of the band is the most intense one. Similar property
characterizes spectra of carboxylic acids with other
large π-electronic systems in their molecules, for
example, cinnamic acid [24], 2-naphthoic acid [26],
and 1-naphthylacrylic acid [32].

(c) For other carboxylic acids, in which aromatic radicals
are separated from carboxyl groups by fragments
of aliphatic hydrocarbon chains (e.g., arylacetic acid
[25, 27] and styrylacetic acid [33]), the νO−H band
contour shapes are fairly similar to the corresponding
band characteristics from the point “a,” that is, to
the corresponding spectra of aliphatic monocarboxylic
acids [30, 31] and dicarboxylic acids [22]).

The νO−H bands in the spectra of the hydrogen bond
of carboxylic acid crystals from the “a” and “c” groups,
measured at room temperature, are characterized by rela-
tively low intensity of the lower-frequency branch of he band
in comparison with the higher-frequency band branch
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Figure 11: The νO−D bands in the IR spectra of monocrystalline
samples of (a) d1-2-furanacetic acid (ca 10% H and 90% D). and (b)
d1-2-furanacrylic acid (ca 65% H and 35% D). Temperature effect
in the spectra.

intensity. On the decrease of temperature to 77 K, only
a relatively small growth of the relative intensity of the
lower-frequency branch of each band can be observed. This
band branch still remains of the lower intensity in the low-
temperature spectra.

In the case “b,” even at room temperature spectra, the
νO−H bands exhibit relatively high intensity of their lower-
frequency branch in relation to the higher-frequency branch.
On the temperature decrease up to 77 K, a considerable
growth of the relative intensity of the lower-frequency branch
of each analyzed band can be observed. As the result of
the band contour thermal evolution, in the low-temperature
spectra of carboxylic acid crystals of this group the lower-
frequency branch is of the dominant intensity in the bands.

According to the “state-of-art” in our contemporary
knowledge about the quantitative description of the IR
spectra of the hydrogen bond in carboxylic acid dimers, the
following interpretation of the νO−H band generation mech-
anisms seemed to be valid: the lower-frequency branch of the
νO−H band is generated by the transition occurring to the
Ag-symmetry excited state of the totally symmetric proton
stretching vibrations in the dimers. This transition, forbid-
den by the symmetry rules, becomes allowed via a vibronic
mechanism, which is a kind of reverse of the familiar
Herzberg-Teller mechanism, originally responsible for the
promotion of forbidden electronic transitions in UV spectra
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of aromatic hydrocarbons [34]. Within this approach of
the reverse Herzberg-Teller vibronic coupling mechanism,
electronic properties of single hydrogen bonds themselves,
as well as electronic properties of the whole associated
molecules and the proton vibration anharmonicity, are
responsible for the magnitude of the forbidden transition
promotion effects in the dimeric spectra [35]. The promo-
tion mechanism determines a unique property of centrosym-
metric hydrogen bond dimeric system. This effect found
no counterpart in the vibrational spectroscopy of single
centrosymmetric molecules.

On the other hand, the higher-frequency spectral branch
of the band corresponds with the symmetry-allowed tran-
sition to the Au-state of the nontotally symmetric proton
vibrations in the centrosymmetric hydrogen bond dimers.
One should expect that the higher-frequency branch of the
νO−H band, attributed to the allowed transition, should be
more intense than the other band branch related with the
forbidden transition. Therefore, based on these intuitive
predictions, the spectral properties of the carboxylic acid
dimers from the “b” group seem to be highly surprising,
contradicting the interpretation of the spectra of systems
belonging to the “a” and “c” groups. The particular electronic
properties of the carboxylic acid molecules from the “c”
group can anyway explain the extremely high integral inten-
sity of the forbidden lower-frequency branch of the band and
its strong temperature dependence.

In order to propose a reliable explanation of this paradox
in our analysis, one should also recall the hydrogen bond IR
spectra of other hydrogen bond dimeric systems, including
spectra of hydrogen-bonded heterocycles. On comparison
of the IR spectra of diverse crystalline systems containing
cyclic hydrogen bond dimers as the structural units of their
lattices, the following general conclusions can be made: most
of centrosymmetric hydrogen bond dimers exhibit regular
enough spectral properties characterizing their hydrogen
bond spectra. Usually, the νX−H bands have the lower-
frequency (i.e., the “forbidden”) branch of a lower intensity,
even in their low-temperature spectra. However, in some rare
cases, for example, 3-hydroxy-4-methyl-2(3H)-thiazolethione
[36], 2-tiopyridone [37], and 2-pyridone [38], the νO−H and
νN−H bands are characterized by an abnormal, that is, by
a “reverse” intensity distribution patterns in their contours.
In the latest cases, the lower-frequency branch of each band
is more intense when compared with the higher-frequency
band intensities. It fairly resembles the properties of the
spectral properties at 77 K of carboxylic acid crystals of
the “b” group. In the case of the dimeric spectra of the
reverse intensity distribution patterns in the bands, for
example, 3-hydroxy-4-methyl-2(3H)-thiazolethione [36] and
2-tiopirydone [37], this effect was ascribed previously to
the influence of the extreme lengths of the O–H· · · S and
N–H· · · S hydrogen bonds in the dimeric systems.

The recent considerations, aiming to explain these phe-
nomena, were performed in terms of the dipole-dipole model
of the vibrational exciton interactions involving the hydrogen
bonds in the dimers. In the case of the interpretation
of the spectra of 3-hydroxy-4-methyl-2(3H)-thiazolethione
[36] and 2-tiopirydone [37], the hydrogen bond geometry
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Figure 12: The “side-to-side” (SS) exciton coupling involving the
proton stretching vibrations in a cyclic centrosymmetric hydrogen
bond dimer.

was considered to be responsible for the unusual spectral
property of these dimers. However, this approach fails in the
interpretation of the spectra of 2-pyridone cyclic dimers [38],
in which the N–H· · ·O hydrogen bonds are considerably
shorter when compared with the N–H· · · S bond lengths
in 2-thiopyridone cyclic dimers [37] and their spectra
qualitatively fairly resemble the corresponding spectra of 2-
pyridone [38]. On the other hand, even among the hydrogen
bond dimers of diverse molecular systems with the N–
H· · · S hydrogen bonds, for which the extreme spectral
properties were found, a substantial diversification in the
analyzed spectral properties has been found, despite the
extremely long hydrogen bonds in these cases. The IR spectra
of 2-mercaptobenzothiazole cyclic dimers [39] exhibit regular
properties of the intensity distribution pattern in their νN−H

band contours, similarly as the carboxylic acid dimers in the
crystals of the groups “a” an “b,” regardless of the extreme
N–H· · · S bond lengths, like these found in 2-thiopyridone
dimers [37].

6.3. Spectra of Cyclic Dimers versus Spectra of Chain Hydrogen
Bond Systems. It is surprising that spectra of cyclic hydrogen
bond dimers in 3-hydroxy-4-methyl-2(3H)-thiazolethione
[36], 2-thiopyridone [37], and 2-pyridone [38] crystals fairly
resemble by their intensity distribution patterns of the νN−H

bands the spectra of chain hydrogen bond systems in a
particular group of molecular crystals. In the hydrogen bond
spectra of pyrazole [40] and 4-thiopyridone [41] crystals, with
hydrogen-bonded molecules forming infinite chains in their
lattices, strong linear dichroic effects can be observed, which
prove a considerable influence of the exciton interactions
involving the adjacent hydrogen bonds in each chain. Figures
12 and 13 explain the source of the differences in the
hydrogen bond dimers, the cyclic and the chain ones.

The analysis of this inter-hydrogen-bond coupling, in
case of cyclic centrosymmetric dimers and in linear dimers,
requires taking into consideration two situations of the
vibrational transition moment directions for hydrogen
bonds in the dimers. For cyclic dimers, the parallel mutual
orientation of the dipole transition moments, the exciton
interaction energy EAu in the limits of the dipole-dipole model
is of the positive sign. The vibrational transition correspond-
ing to such arrangement of the vibration dipole moments is
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Figure 13: The “head-to-tail” (TH) exciton coupling involving
the proton stretching vibrations in an infinite chain of associated
hydrogen bonds.

responsible for generation of the intense, symmetry-allowed,
shorter-wave branch of the dimeric spectra. In contrast,
when the dipole transition moments are of the antiparallel
arrangement (see Figure 12), the energy exciton interaction
energy value EAg is negative, so the band generated by
this situation is placed at the lower frequency and it
corresponds to the symmetry-forbidden excitation of the
totally symmetric proton vibrations. Such sequence of the
spectral branches in the hydrogen bond stretching bands is
typical for cyclic, centrosymmetric hydrogen bond dimers.

When the vibrating transition moment dipoles in a linear
dimer, in the case of the totally symmetric proton vibrations,
are oriented axially as “tail-to-head” (Figure 5), the sign
of the exciton interaction energy value E+ is negative, so
the intense branch corresponding to the symmetry-allowed
transition is placed at the lower-frequency range. On the
contrary, the forbidden by the symmetry rules spectral
branch, situated at the higher frequency, is generated by
the antiparallel orientation of the vibrating dipoles (see
Figure 13). In this case, the exciton coupling energy E− is
of the positive sign. The sequence and the properties of the
branches in the proton stretching vibration bands in the
discussed case are reverse to those observed in the IR spectra
of hydrogen bond cyclic dimeric systems.

Therefore, the following problem demands explanation:
why do some individual cyclic hydrogen bond dimeric
systems exhibit similar spectral properties to the correspond-
ing properties of a particular group of crystals with chain
structures of hydrogen-bonded associates (formic acid [31],
pyrazole [40], and 4-thiopyridone [41] crystals). Undoubt-
edly, this property remains in a close connection with the
π-electronic properties of the associating molecules. In the
associated molecular systems, vibrational exciton couplings
are of the “tail-to-head” (TH) type. They involve the adjacent
hydrogen bonds within each individual chain in the lattice.

The electronic structure of molecules of this group is most
probably the key factor governing these interhydrogen bond
interactions.

Nevertheless, the majority of crystals with hydrogen-
bonded molecular chains in their lattices surprisingly exhibit
the spectral properties similar to the analogous properties of
cyclic hydrogen bond dimer spectra from the “a” and “c”
groups (e.g., acetic acid [30], N-methylthioacetamide [42],
or acetanilide [18] crystals). In the latest case the exciton
interactions of the “side-to-side” (SS) type involve the closely
spaced hydrogen bonds where each moiety belongs to a
different chain. In molecules of this group, large π-electronic
systems are absent. Only carbonyl or thiocarbonyl groups,
each with a small π-electronic system, are present in these
molecules.

From the above-presented data, it results that the way of
realization of the vibrational exciton interactions in various
hydrogen bond aggregates (cyclic dimers, infinite chains),
affecting the νX−H and νX−H band fine structures, does not
directly depend on the hydrogen bond system geometry.
It is rather determined by the electronic structure of the
associating molecules.

7. Theoretical Approach Proposed

The dipole-dipole interaction model, widely used for a
simplified description of the exciton interactions between
hydrogen bonds, seems to be nonadequate in the explanation
of the wide diversity of the spectra of cyclic hydrogen bond
dimers. There is some experimental data indicating that these
couplings do not always occur as “through-space” and they
are also widespread by the hydrogen bond electrons as well as
by electrons of the molecular skeletons. Therefore, in terms
of the theory of molecular vibrational excitons [43, 44],
the exciton interaction integrals in some cases may also
considerably strongly depend on the electronic coordinates.
In advantageous circumstances, resulting from a proper
electronic structure of the associating molecules, the proton
stretching vibrations can induce electric current oscillating
around a cyclic hydrogen bond dimer, or in the other case,
oscillating along a hydrogen bond chain. However, only the
totally symmetric proton vibrations are able to effectively
induce the electric current in the ring or in the chain,
while the nontotally symmetric vibrations are inactive in
this mechanism, since currents induced in each individual
hydrogen bond are annihilated in a dimer. The formalism
of the model of the electric current generated by oscillating
protons in cyclic hydrogen bond dimers was proposed by
Nafie three decades ago [45].

In the scope of the considerations given above, it seems
justified to treat formally a cyclic hydrogen bond dimer
by the following two ways, taking into account the exciton
interactions in the system.

(1) As a closed chain in which the adjacent hydrogen
bonds are strongly exciton-coupled, similarly as in
the chain associates in pyrazole [40] and 4-thio-
pyridone [41] crystals. This is the coupling of the
TH type occurring around the molecular cycle. This

15Temperature and H/D Isotopic Effects in the IR Spectra of the Hydrogen Bond in Solid-State 2-Furanacetic 
Acid and 2-Furanacrylic Acid

__________________________ WORLD TECHNOLOGIES __________________________



way the coupling occurs via the easy-polarizable
electrons on the π-orbitals. Therefore, the cyclic
dimer spectrum is fairly similar to the spectrum of
a chain system, with a low intensity of the higher-
frequency band branch.

(2) As a pair of partially independent hydrogen bonds,
which remains only “through-space” exciton coupled.
It can be considered as a coupling of the SS type,
without the generation of the ring electric current in
the dimer. This behavior characterizes the associated
molecular systems with no large π-electronic systems
in their structures, where only small π-electronic
systems are present in carbonyl and thiocarbonyl
groups. In these circumstances, the dimeric spectra
are of the standard form, with a low intensity of the
lower-frequency νX−H band branch. For the quantita-
tive description of the exciton interactions involving
hydrogen bonds, influencing the dimer spectra, the
dipole-dipole model is sufficiently adequate.

The νX−H band shapes in the two types of the dimer
spectra are related one with the other by the approximate
mirror reflection symmetry. In the case 1, the lower-intensity
spectral branch appears in the higher-frequency range and is
generated by the quasiforbidden vibrational transition in a
dimer, occurring to the excited state of the totally symmetric
proton stretching vibrations. In case 2 the lower intensity
spectral branch appears in the lower-frequency range. It
corresponds with the quasi-forbidden vibrational transition
in a dimer. The above-presented spectral properties of
diverse hydrogen bond cyclic dimers may allow explaining
the thermal evolution effects in the hydrogen bond IR spectra
of carboxylic acid crystals.

It seems that in order to explain the temperature effects in
the IR spectra of cyclic hydrogen bond dimers the following
hypothesis concerning the mechanisms of the spectra gener-
ation should be accepted: let us assume that two competing
mechanisms of vibrational exciton interactions involving
hydrogen bonds in cyclic dimers are simultaneously respon-
sible for the formation of the νX−H band contour shapes.
The contribution of each individual mechanism depends
on the electronic structure of the associating molecules, on
the electronic properties of the heavy atoms forming the
hydrogen bridges as well as on temperature.

(A) The first mechanism depends on the “side-to-side”
(SS)-type vibrational exciton coupling between the
hydrogen bonds in cyclic dimers. In this case, the
dimer hydrogen bonds interact one with the other as
through-space via the van der Waals forces.

(B) The other mechanism assumes a “tail-to-head” (TH)-
type exciton coupling involving the hydrogen bonds
in the dimers. These interactions occur around the
cycles via electrons.

The “B” mechanism seems to be privileged in the case
of the particular kind of associated molecules, in which
hydrogen bonds couple with large π-electronic systems, for
example, for aromatic carboxylic acid molecules. The “A”

mechanism seems to dominate in the case of molecular
systems with small π-electronic systems, for example, for
aliphatic carboxylic acid molecules.

It seems obvious that for an individual hydrogen-bonded
dimeric system the contribution of each mechanism is tem-
perature dependent. For molecules with large π-electronic
systems directly coupled with the hydrogen bonds, the “B”
mechanism should be privileged at very low temperatures.
Temperature growth, influencing the increase of atomic
vibration amplitudes, should annihilate the electric current
induced by the totally symmetric proton vibrations in the
cycles. In these circumstances, the role of the “A” mechanism
increases, namely, of the “through-space” vibrational exciton
coupling between the hydrogen bonds in a dimer. This
should, therefore, result in a particularly strong temperature-
induced evolution of the νX−H bands, especially in the case of
the spectra of 2-thiopyridone [37] and 2-pyridone [38] type
dimers. Even when the lower-frequency branch of the band
is less intense when compared with the higher-frequency
one, the temperature decrease till 77 K causes its considerable
intensity growth, and in these circumstances the lower-
frequency branch becomes more intense than the higher-
frequency band branch.

In the spectra of cyclic dimers, with only small π-
electronic systems in the associating molecules, the tempera-
ture decrease usually does not cause a considerable intensity
growth of the lower-frequency band branch. It still remains
less intense when compared with the higher-frequency
branch of the band. It means that, due to the molecular
electronic properties of this group of dimers, the “B” mecha-
nism cannot be activated effectively enough even at very low
temperatures.

8. Spectral Consequences of the Model for
Carboxylic Acids

From the above assumptions, it results the choice of the
proper way of the model calculations of the νX−H and νX−D

band contours in IR spectra of hydrogen bond dimers. In the
limits of the proposed approach, a theoretical spectrum of
the model system can be derived, formally treated as a super-
position of two component spectra, where each individual
spectrum corresponds with a different mechanism of the
exciton interactions, SS (A) and TH (B), involving the dimer
hydrogen bonds. In terms of the “strong-coupling” theory
[6–8], in each exciton interaction mechanism case, the νX−H

band in the dimeric spectrum is a superposition of two
component bands, “Plus” and “Minus,” each of a different
origin.

The “Plus” band is generated by the dipole allowed tran-
sition to the excited state of the nontotally symmetric proton
stretching vibrations in a centrosymmetric dimer, belonging
to the Au representation. On the other hand, the “Minus”
band is connected with the symmetry forbidden transition
to the Ag-symmetry state of the totally symmetric proton
vibrations in the dimers, activated by a vibronic mechanism
[35]. In the case when the mechanism “A” exclusively decides
about the dimer spectra generation mechanism, the “Minus”
band appears in the lower “B” mechanism frequency range in
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relation to the “Plus” band location. In the other case, when
the “B” mechanism governs the dimer spectra generation,
the two component bands appear in the reverse sequence
than in the case “A.” It means that in the case of the “B”
mechanism governing the spectra generation, the “Minus”
band representing the forbidden transition appears in the
higher-frequency range than the “Plus” band connected with
the allowed transition.

9. Model Calculations of the Band Contours

In the two cases, A and B, model calculations, aiming at
reconstituting of the “residual” νO−H and νO−D band shapes,
were performed within the limits of the “strong-coupling”
theory, for a model centrosymmetric O–H· · ·O hydrogen
bond dimeric system. [6–8, 46]. We assumed that the
main νO−H and νO−D band shaping mechanism involved
strongly anharmonically coupled the high-frequency proton
(or deuteron) stretching vibrations and the low-frequency
O· · ·O hydrogen bridge stretching vibrational motions.
Calculation of the hydrogen bond system IR spectra in
terms of the “strong-coupling” model allows to obtain results
fairly comparable with the results of the spectra calculation
performed using the “relaxation” theory [9, 10, 47–49].

According to the formalism of the “strong-coupling”
theory [6–8, 46], the νO−H band shape of a dimer depends on
the following system of dimensionless coupling parameters:
(i) on the distortion parameter, “bH”, and (ii) on the
resonance interaction parameters, “CO” and “C1”. The “bH”
parameter describes the change in the equilibrium geometry
for the low-energy hydrogen bond stretching vibrations,
accompanying the excitation of the high-frequency proton
stretching vibrations νO−H. The “CO” and “C1” parameters
are responsible for the exciton interactions between the
hydrogen bonds in a dimer. They denote the subsequent
expansion coefficients in the series on developing the
resonance interaction integral “C” with respect to the normal
coordinates of the νO···O low-frequency stretching vibrations
of the hydrogen bond. This is in accordance with the formula:

C = CO + C1Q1, (1)

whereQ1 represents the totally symmetric normal coordinate
for the low-frequency hydrogen bridge stretching vibrations
in the dimer. This parameter system is closely related to the
intensity distribution in the dimeric νN−H band. The “bH”
and “C1” parameters are directly related to the dimeric νN−H

component bandwidth. The “CO” parameter defines the
splitting of the component bands of the dimeric spectrum
corresponding to the excitation of the proton vibrational
motions of different symmetries, Ag and Au. In its simplest,
original version, the “strong-coupling” model predicts reduc-
tion of the distortion parameter value for the deuterium
bond systems according to the relation:

bH = √
2bD. (2)

For the “ CO” and “C1” resonance interaction parameters,
the theory predicts the isotopic effect expressed by the 1.0

to
√

2-fold reduction of the parameter values for D-bonded
dimeric systems.

As the consequence of the “strong-coupling” model, the
νO−H and νO−D band contour fine structures were treated as
a superposition of two component bands. They correspond
to the excitation of the two kinds of proton stretching
vibrations, each exhibiting a different symmetry. In the case
of the A exciton coupling mechanism and for the Ci point
symmetry group of the model dimer, the excitation of the
Ag vibrations in the dimer generates the lower-frequency
transition branch of the νO−H band when the Au vibrations
are responsible for the higher-frequency band branch. In the
case of the B mechanism, the component subbands appear in
reverse sequence.

Here, we consider an identical anharmonic coupling
parameter system for the two individual mechanism cases
A and B although diversification of the coupling parameter
value systems seems to be better justified. We assume the con-
tribution of each mechanism as governed by a Boltzmann-
type relation. In addition, for the statistical weight param-
eters of each individual mechanism, PA(T) and PB(T), one
must distinguish which state is dominant, that is, when the
SS (A) state is of the lower energy and the TH (B) state is
of a higher energy value and vice versa. In order to repro-
duce the temperature dependence of experimental spectra
particularly for its width and the position of its first moment,
we used for the PAB

A (T) exponential temperature dependence
according to

PAB
A (T) = 1− exp

(
− α

AB

kBT

)
, (3)

where is αAB the activation energy parameter when the SS
state is dominant and kB is the constant of Boltzmann. In
such circumstance, PAB

B (T) takes the following expression:

PAB
B (T) = exp

(
− α

AB

kBT

)
, (4)

It is interesting to note that, in the case of A, for very
low temperatures, the statistical weight PAB

A (T) parameter
is close to 1.0 and PAB

B (T) is almost equal 0.0. In these
circumstances, the SS-type interaction is the basic type of
the exciton coupling involving the dimer hydrogen bonds.
For high temperatures, the PAB

B (T) parameter values are
different from 0.0 and they are intermediate between 0.0
and 1.0 (rather closer to 0.5) and PAB

A (T) approaches 0.5.
When the temperature increases, PAB

B (T) also increases. It
means that, the TH coupling, occurring via the electric
current in the ring is activated in higher temperatures in
a magnitude depending of the energy gap between these
two states of the vibrationally excited dimer. From our
experimental estimations, the energy gap for some dimeric
system cases is relatively large and in another cases it may be
relatively low.

In the case B, where the TH state is of a lower
energy value, we assume the same formula but the energy
barrier αBA height is relatively low. In such a circumstance,
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the statistical weight parameters, PA(T) and PB(T), may be
written as follows:

PBA
A (T) = exp

(
− α

BA

kBT

)
,

PBA
B (T) = 1− exp

(
− α

BA

kBT

)
.

(5)

As we can see, for very low temperatures, PAB
A (T) may be

practically equal to 1.0. For this kind of dimeric systems, the
TH-type exciton coupling is the basic natural way in which
the inter-hydrogen bond interactions occur. The growth in
temperature annihilates this way of the coupling, due to the
vanishing of the electronic current induced in the cycles,
accompanied by large-amplitude thermal motions of atoms
in the dimers. For high temperatures, PAB

A (T) decreases and
becomes of an intermediate value between 0.0 and 1.0 (rather
closer to 0.5), while the statistical weight PAB

A (T) grows
declining from 0.0 up to 0.5. The energy gap between the
two states in some molecular cases is usually relatively large,
and in other cases it may be relatively small. It depends
of the electronic properties of the associating molecules
forming the dimers. From our experimental data, it can be
concluded that the cases A and B represent the extreme
cases of the interhydrogen bond coupling in cyclic hydrogen
bond dimers. There are also many systems exhibiting an
intermediate behavior. For a relatively small magnitude of
the absolute values of the energy barrier height, the two cases
A and B are practically nondistinguishable.

The theoretical spectra reconstituting the νO−H band
contours measured at the two different temperatures, 293 K
and 77 K, were calculated in terms of the two different
individual coupling mechanisms, SS and TH, which generate
the two component bands, “plus” and “minus” in a different
sequence. The following coupling parameter values, identical
in both molecular system cases, were used.

For the 2-furanacetic acid crystal spectra: bH = 1.6, C0 =
1.5, C1 = −0.2, F+ = 1.0, F− = 0.2, ΩO···O = 100 cm−1, and
we used the same parameter system for calculation of the 2-
furanacrylic acid crystal spectra: bH = 1.6,C0 = 1.5,C1 =−0.2,
F+ = 1.0, F− = 0.2, ΩO···O = 100 cm−1.

The F+ and F− symbols denote the statistical weight
parameters for the “plus” and “minus” theoretically derived
subspectra contributing at the band formation.

The coupling parameter values used for calculation of the
νO−D band contour shapes were as follows.

For 2-furanacetic acid crystal, spectrum bD = 0.7, C0 =
0.7, C1 = −0.1, F+ = 1.0, F− = 0.2, ΩO....O= 100 cm−1 and for
2-furanacrylic acid crystal spectrum: bH = 0.7, C0 = 0.7, C1 =
−0.1, F+ = 1.0, F− = 0.2, ΩO···O = 100 cm−1.

For the 2-furanacetic acid crystal spectra the statistical
weight parameter ratio, PA(T): PB(T), for the SS and TH
mechanisms was estimated as equal to 1.0 : 0.0 in the case of
the room temperature spectrum reconstitution. For the low-
temperature spectrum case, this parameter ratio value is very
similar and equal to 1.0 : 0.0. Among various parameter ratio
values for the SS and TH mechanisms contributing in the
band generation, this parameter ratio value allowed for the
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Figure 14: The theoretically derived νO−H band contours calculated
in terms of the “strong-coupling” theory in the limits of the two
different vibrational exciton coupling mechanisms involving the
cyclic dimer hydrogen bonds, that is, “side-to-side” (SS) and “tail-to-
head” (TH). (a) The SS coupling mechanism. (b) The TH coupling
mechanism. (I) The “minus” band. (II) The “plus” band (III)
Superposition of the I and II spectra, each taken with its appro-
priate individual statistical weight parameter, F− and F+. In both
mechanism cases, the same coupling parameter value system was
used for calculations: bH = 1.4, C0 = 1.5, C1 = −0.2, F+ = 1.0,
F− = 0.2, ΩO···O = 100 cm−1. The transition frequencies are in the
ωO···O vibrational quantum units, and the transition frequencies
are expressed with respect to the gravity center of the hypothetical
spectrum of a monomeric hydrogen bond in the cyclic hydrogen
bond dimer. Transition intensities are in arbitrary units.

most adequate reproduction of the temperature effect in the
crystal spectra.

For the 2-furanacrylic acid crystal spectra, the statistical
weight parameter ratio, PA(T) : PB(T), for the SS and TH
mechanisms were estimated as equal to 0.35 : 0.65 in the case
of the room temperature spectrum reconstitution. For the
low-temperature spectrum case, this parameter ratio value
is equal to 0.55 : 0.45.

In Figures 14 and 15, we present the theoretical νO−H and
νO−D band contours calculated in terms of the two individual
mechanisms of the vibrational exciton interactions involving
the dimer hydrogen bonds, SS and TH.

In Figures 16 and 17, the evolution of the νO−H and
νO−D band contour shapes accompanying the variation in the
relative contribution of the SS and TH coupling mechanisms
in generation of a dimeric spectra is shown. Similar band
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Figure 15: The theoretically derived νO−D band contours calculated
in terms of the “strong-coupling” theory in the limits of the two
different vibrational exciton coupling mechanisms involving the
cyclic dimer hydrogen bonds, that is, “side-to-side” (SS) and “tail-to-
head” (TH). (a) The SS coupling mechanism. (b) The TH coupling
mechanism. (I) The “minus” band. (II) The “plus” band. (III)
Superposition of the spectra I and II, each taken with its appro-
priate individual statistical weight parameter, F− and F+. In both
mechanism cases, the same coupling parameter value system was
used for calculations: bH = 0.7, C0 = 0.7, C1 = −0.2, F+ = 1.0,
F− = 0.2, ΩO···O = 100 cm−1. The transition frequencies are in the
ωO···O vibrational quantum units, and the transition frequencies
are expressed with respect to the gravity center of the hypothetical
spectrum of a monomeric hydrogen bond in the cyclic deuterium
bond dimer. Transition intensities are in arbitrary units.

shape evolution accompanies temperature changes during
the spectral experiments.

From the comparison of the corresponding calculated
and experimental spectra, it results that the intensity distri-
bution patterns and the temperature effects in the spectra
of the two different crystalline systems have been at least
semiquantitatively reproduced via the model calculations.

10. Spectra of 2-Furanacetic and 2-Furanacrylic
Acid Crystals

On comparing the IR spectra of the hydrogen bond for the
two crystalline systems, essential differences analyzed crys-
talline spectra othe νO−H and νO−D bands. In the case of 2-
furanacetic acid spectra, the fine structure pattern of each
band, νO−H and νO−D, is relatively simple. Each band consists
of a low number of well-separated spectral lines. In the
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Figure 16: Temperature-induced evolution of the νO−H band
contour shapes accompanying the variation in the contribution rate
of the two different exciton coupling mechanisms, that is, “side-
to-side” (SS) and “tail-to-head” (TH). Numerical reproduction of
the temperature effect in the spectra of hydrogen-bonded (a) 2-
furanacetic acid crystal (b) 2-furanacrylic acid crystal. The relative
contribution ratio of the SS and TH mechanisms in the νO−H band
generation is, for 2-furanacetic acid crystal: 0.95 : 0.05 at 293 K and
0.95 : 0.05 at 77 K and for 2-furanacrylic acid crystal: 0.65 : 0.35 at
293 K and 0.40 : 0.60 at 77 K. The experimental spectra are shown
in inset.

spectra of 2-furanacrylic acid, each considered band is
composed of a noticeably larger number of lines (ca. 2 times
larger). It seems to prove a more complex mechanism of
the spectra generation in the case of 2-furanacrylic acid in
relation to the mechanism governing the spectra generation
of 2-furanacetic acid.

The analyzed crystalline spectra of 2-furanacetic acid
seem to fully belong to the case A. On the other hand, the
crystalline spectra of 2-furanacrylic acid seem to satisfy the
demands of the case B. The analyzed difference in the spectral
properties of arylacetic acid dimers and the arylacrylic acid
dimers most probably results from the influences exerted on
to the hydrogen bond dimers, present in the (COOH)2 cycles,
by the aromatic rings. The direct contact between the furan
rings with carboxyl groups (arylcarboxylic, furanacrylic, and
thiopheneacrylic acids) most likely influences the electric
charge density in the (COOH)2 cycles. This in turn strength-
ens the vibronic mechanism of the electronic current gen-
eration in the hydrogen bond cycles [45]. Separation of
the carboxyl groups from aromatic rings by methylene
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Figure 17: Temperature-induced evolution of the νO−D band-
contour shapes accompanying the variation in the contribution rate
of the two different exciton coupling mechanisms, that is, “side-
to-side” (SS) and “tail-to-head” (TH). Numerical reproduction of
the temperature effect in the spectra of deuterium-bonded: (a) 2-
furanacetic acid crystal (b) 2-furanacrylic acid crystal.The relative
contribution ratio of the SS and TH mechanism in the νO−D band
generation is, for 2-furanacetic acid crystal: 0.95 : 0.05 at 293 K and
0.95 : 0.05 at 77 K and for 2-furanacrylic acid crystal: 0.65 : 0.35 at
293 K and 0.40 : 0.60 at 77 K. The experimental spectra are shown
in inset.

groups (arylacetic acids, furanacetic acids, and thiopheneacetic
acids) effectively weakens the vibronic coupling mechanism.
Therefore, these latter systems belong to the A case.

The analyzed spectral properties of the two different
crystalline systems, 2-furanacetic acid and 2-furanacrylic acid,
are in a good agreement with the described above vibrational
exciton interaction mechanisms of the spectra generation
for cyclic hydrogen bond dimer. This remains in a close
relation to the electronic properties of the two carboxylic
acid molecules. For 2-furanacetic acid dimers, the exciton
interactions involving the dimer hydrogen bonds of a SS-
type is only weakly temperature dependent. In the case of 2-
furanacrylic acid dimers, due to their electronic structure, the
interhydrogen bond exciton coupling mechanism changes its
character along with the changes in temperature. At very low
temperatures, the TH-type interactions, transferred in the
(COOH)2 cycles via electrons are dominating. When tem-
perature increases, this mechanism becomes less privileged
as being annihilated by the hydrogen-bond atom thermal
vibrational motions. It is replaced by the other mechanism
depending of the SS-type interactions. Each individual

mechanism generates its own spectrum characterized by
its unique intensity distribution pattern. Therefore, the
νO−H and νO−D bands in the spectra of 2-furanacrylic acid
crystals exhibit more complex fine structure patterns, since
they are superposition of two different spectra, where each
component spectrum is of a different origin. Each com-
ponent spectrum contributing to the νO−H and νO−D band
formation, with its statistical weight parameter depended of
temperature, corresponds with another exciton interaction
mechanism in the cyclic hydrogen bond dimers in the lattice.

Spectra of 2-thiopheneacrylic acid crystals [50] exhibit
qualitatively fairly similar properties as the spectra of 2-
furanacrylic acid crystals. Their νO−H and νO−D bands also
demonstrate complex and dense fine structure patterns. They
also show very similar temperature effects when compared
with the corresponding spectra of 2-furanacrylic acid crystals.

In turn, the spectra of 2-thiopheneacetic acid crystals [50]
exhibit qualitatively very similar properties as the spectra
of 2-furanacetic acid crystals. Their νO−H and νO−D bands
also exhibit relatively simple fine structure patterns. They
also demonstrate fairly similar temperature effects when
compared with the corresponding spectra of 2-furanacetic
acid crystals.

From the comparison of the spectra of the two different
groups of carboxylic acid crystals, it results that the electronic
structure of the associating molecules is the main factor
determining the crystal spectral properties in IR, differenti-
ating the spectral properties of the two groups of hydrogen-
bonded systems. Namely, the temperature effects registered
in IR spectra of the hydrogen bond in carboxylic acid crystals
remain in a close connection with the electronic spectra of
the associating molecules forming cyclic hydrogen-bonded
dimers in the lattices.

11. The Problem of the Vibrational Selection
Breaking in IR Spectra of Centrosymmetric
Hydrogen Bond Dimers

The mechanism proposed in this paper for understanding
the sources of temperature effects in the IR spectra of cyclic
centrosymmetric hydrogen bond dimers explains the gener-
ation of the lower-frequency νO−H and νO−D band branches
of extremely high intensities in IR spectra of carboxylic
acid crystals. However, at this stage, the relation with the
formerly published vibronic mechanism of the vibrational
rule selection breaking in the IR spectra of centrosymmetric
hydrogen bond dimers [35] ought to be discussed since both
mechanisms can generate and also explain qualitatively fairly
similar spectral effects.

The vibronic mechanism was originally elaborated in the
past for the understanding of the fine structure patterns of
the published earlier IR spectra of the cyclic, centrosym-
metric N–H· · · S bond dimers formed by 2-thiopyridone
and 2-mercaptobenzothiazole molecules as well as extremely
nonregular H/D isotopic effects in the spectra [37, 39,
51]. The isotopic effects were expressed by the unusually
narrow νN−D bands in correspondence to the very wide
νN−H bands characterized by complex fine structure pat-
terns. In terms of the vibronic model, these effects were
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explained by the disappearance of the intensity of the
lower-frequency branch of the νN−D bands attributed to the
N–D bond totally symmetric stretching vibrations in the
dimers, due to the weakening of the forbidden transition
promotion mechanism [35]. In the case of the νN−H bands,
the promotion mechanism was effective enough generating
the forbidden transition spectral branch of noticeably high
intensity. Nevertheless, this branch appeared to be less
intense when compared with the allowed transition, higher-
frequency branch of the νN−H band. The vibronic model
ascribed these effects to the difference in the proton and
deuteron vibration anharmonicity and to the extremely
high polarizability of the N–H· · · S hydrogen bonds in 2-
thiopyridone and 2-mercaptobenzothiazole dimers. These
factors were considered as responsible for the magnitude of
the vibrational selection rule breaking effects in the dimeric
IR spectra [35].

The IR spectra of carboxylic acid crystals with cyclic
dimers in their lattices considerably differ by the analogous
H/D isotopic effects from the spectra of the N–H· · · S
bonded dimers [22–27, 37, 39]. In the case of carboxylic
acid crystals practically no impact of the isotopic substitution
onto the relative intensity of the lower-frequency band
branch intensities of the νO−H and νO−D bands in relation to
the corresponding higher-frequency band branch intensities.
can be noticed. Also the incidentally observed very high
intensities of the forbidden transition bands distinguish these
IR spectra of carboxylic acid crystals. This proves that the
spectra generation mechanism for the carboxylic acid dimers
in the crystals essentially differs from the vibronic selection
rule breaking mechanism [35].

The following question arises in the scope of our latest
estimations: should the vibronic mechanism be definitively
rejected as inadequate in the description of the IR spectral
properties of centrosymmetric hydrogen bond dimers, espe-
cially carboxylic acid dimers in the solid state?

From our hitherto studies of IR spectra of hydrogen-
bonded molecular crystals, it results that the two different
mechanisms forming the band structures act parallel, each
with its individual statistical weight, depending of the
electronic properties of the molecular systems forming the
dimers. In the case of cyclic dimeric N–H· · · S bonded
molecular systems, the vibronic mechanism appeared to be
relatively very sufficient, leading to the appearance of intense
forbidden transition νN−H band branches. On the other
hand, the νN−D bands are extremely narrow as practically
devoid of the forbidden band branch [37, 39]. The vibronic
mechanism is also effective in the generation of IR spectra
of crystals with infinite open chains of hydrogen bonded
molecules, for example, N-methylthioacetamide [42] or N-
phenylacrylamide [52] crystals. Also the H/D isotopic effects
in their spectra are fairly similar to the analogous isotopic
effects in the corresponding spectra of the N–H· · · S bonded
cyclic dimers. In these chain structures, centrosymmetric
hydrogen bond dimeric systems are composed of hydrogen
bonds, where each moiety belongs to another chain of asso-
ciated molecules penetrating a unit cell. Most probably, the
chain structure of the molecular associates, which excludes
the possibility of the induction to circulating electric currents

in such dimers, as well as the polarization properties of
these hydrogen bonds, is responsible for the existence of the
vibronic mechanism [35] in the pure form, influencing the
band contour formation.

For the carboxylic acid dimer spectra, the mechanism
proposed in this work is dominant regardless of the elec-
tronic structure of the substituent atomic groups linked to
the carboxyl groups in the molecules. On the basis of the
“state-of-art” in the spectral studies of the hydrogen bond
systems in molecular crystals, the H/D isotopic effects in the
spectra seem to be the main criterion for distinguishing these
two individual mechanisms. However, this problem demands
further intensive studies in the future.

12. Conclusions

In this paper, we report experimental and theoretical study
of IR spectra of 2-furanacetic acid and of 2-furanacrylic acid
crystals measured at 293 K and 77 K in the νO−H and νO−D

band frequency ranges. The corresponding spectra of the
two individual systems strongly differ. Indeed, in the case
of 2-furanacetic acid spectra, the fine structure pattern of
each band, νO−H and νO−D, is relatively simple. Each band
consists of a low number of well-separated spectral lines. In
the spectra of 2-furanacrylic acid, each considered band is
composed of a noticeably larger number of lines. In addition,
the temperature effect characterizing the bands is not the
same for the two compounds. The results presented in this
paper for 2-furanacetic acid and 2-furanacrylic acid allow for
the following observations and conclusions.

(1) The crystal IR spectral properties remain in a close
relation with the electronic structure of the two dif-
ferent molecular systems. The vibronic coupling
mechanism involving the hydrogen bond protons
and the electrons on the π-electronic systems in the
molecules determines the way in which the vibra-
tional exciton coupling between the hydrogen bonds
in the carboxylic acid dimers occurs.

(2) The analyzed spectral properties of the two dif-
ferent crystalline systems, 2-furanacetic acid and 2-
furanacrylic acid, are in a good agreement with the
vibrational exciton interaction mechanisms of the
spectra generation for cyclic hydrogen bond dimer.

(3) For 2-furanacetic acid dimers, the exciton interac-
tions involving the dimer hydrogen bonds of the
SS type are only weakly temperature dependent. A
weak “through-space” coupling in 2-furanacetic acid
dimers of a van der Waals type is responsible for the
SS-type coupling.

(4) In the case of 2-furanacrylic acid dimers, due to their
electronic molecular structure, the interhydrogen
bond exciton coupling mechanism strongly changes
its character along with the changes in temperature.
Strong coupling in 2-furanacrylic acid dimers prefers
a TH-type Davydov coupling widespread by the π-
electrons. At very low temperatures, the TH-type
interactions, transferred in the (COOH)2 cycles via
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electrons are dominating. This mechanism becomes
less privileged at higher temperature as annihilated
by the hydrogen-bond atom thermal vibrational
motions.

(5) Each individual mechanism, that is, the TH and
SS, generates its own spectrum characterized by its
unique individual intensity distribution pattern. As
we can see, the νO−H and νO−D bands in the spectra of
2-furanacrylic acid crystals exhibit more complex fine
structure patterns, since they are superposition of two
different spectra, where each component spectrum
is of a different origin. Each component spectrum
contributing to the νO−H and νO−D bands formation,
with its temperature-dependent statistical weight,
corresponds with the different exciton interaction
mechanism, TH or SS, acting in the cyclic hydrogen
bond dimers in the lattice. This explains the observed
difference in the temperature-induced evolution of
the compared spectra.
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This study analytically analyzes the changes in the temperature profile of a homogenous and isotropic medium having the same
thermal parameters as a muscular tissue, due to the heat released by a single magnetic nanoparticle (MNP) to its surroundings
when subject to different magnetic field profiles. Exploring the temperature behavior of a heated MNP can be very useful predicting
the temperature increment of it immediate surroundings. Therefore, selecting the most effective magnetic field profile (MFP) in
order to reach the necessary temperature for cancer therapy is crucial in hyperthermia treatments. In order to find the temperature
profile caused by the heated MNP immobilized inside a homogenous medium, the 3D diffusive-heat-flow equation (DHFE) was
solved for three different types of boundary conditions (BCs). The change in the BC is caused by the different MF profiles (MFP),
which are analyzed in this article. The analytic expressions are suitable for describing the transient temperature response of the
medium for each case. The analysis showed that the maximum temperature increment surrounding the MNP can be achieved by
radiating periodic magnetic pulses (PMPs) on it, making this MFP more effective than the conventional cosine profile.

1. Introduction

Magnetic Hyperthermia (MH) is one of many approaches
currently being tested for cancer therapy [1–3]. The goal of
this approach is to specifically heat the regions containing the
cancerous cells by means of the magnetic losses caused by the
physical properties of the magnetic nanoparticles (MNPs)
when being exposed to an external magnetic field (MF).

The MNPs that are often used in MH, are usually made
of ferromagnetic or ferrimagnetic materials which strongly
react to the externally applied MF [4]. This magnetic reaction
is converted by the two dominant relaxation mechanisms,
the Néel mechanism and Brownian mechanism, into power
dissipation or heat [1, 4].

The eddy currents losses contribution may be neglected
due to the low electrical conductivity that characterizes ferro-
or ferrimagnetic materials and due to the small particle
radius [5–9].

Fannin et al. [10] pointed out that for small enough
particles, the anisotropy energy barrier, Ea, may become
so small, that thermal energy fluctuations can overcome
it and spontaneous reverse the magnetization of a particle
from one easy direction to the other, even in the absence
of an applied field. The time it takes for a spontaneously
fluctuation to reverse the magnetization after overcoming the
energy barrier is characterized by a time constant, referred to
as the Néel relaxation time, or τN . The probability of such a
transition is proportional to exp(σ), where σ is the ratio of
anisotropy energy to thermal energy or (Ea/kBT) [11].

The other distinct mechanism, by which the magneti-
zation of MNPs may relax after an applied field has been
removed, is the physical rotational Brownian motion of the
particle immobilized inside a medium. When a magnetic
field is applied to MNPs, they rotate and progressively align
with the magnetic field due to the torque generated by the
interaction of the magnetic field with the magnetization [12].
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The time associated for an MNP to align with a small external
magnetic field is given by the Brownian relaxation time, τB
[13].

Because these relaxation mechanisms happen simultane-
ously, they both contribute to the total magnetization and
the heat losses and their total influences can be express by
an effective relaxation time, τe, which is a combination of τN
and τB [14–16].

The two relevant mechanisms to change the magnetiza-
tion of magnetic particles in an external field are given in
Figure 1.

Moreover, our interests in MNPs as heat sources derive
from the fact that they are vastly used as MRI agents [17]
and their controllable size, ranging from few nanometers to
tens of nanometers [18]. This means that the MNP size is
smaller than or as same as that of a protein (5–50 nm), a virus
(20–450 nm) or a gene (2 nm wide and 10–100 nm long)
[11], which enables them to penetrate through the leaky
pathological vasculature into the tumor interstitial easily
reaching any cell of interest in the body including cancerous
cells [19].

In addition, the MNPs can be attached to a specific
type of cancerous cells causing a controllable elevation of
temperature in them with almost no effects on healthy
cells [20, 21]. By selectively heating the cancerous cells to
a temperature ranging from 42 to 46◦C, one can damage
the tumors without causing vast harm to the healthy
surrounding tissue [17, 19, 22].

Furthermore, in order to ensure that the treatment is
biologically noninvasive and thermally tolerated for extended
period of time, an experimentally measured tolerable limit
of induced heating by an alternative MF was conducted
defining a limit to the product of the MF strength (H) and
the frequency ( f ) of the MF (e.g., H · f ≤ 4.85 · 108 A/m·s
[23] or a less rigid criterion H · f ≤ 5 · 109 A/m·s [24]).

Due to the MNPs submicron length size, the conven-
tional approach to heat conduction problems using macro-
scopic empirical laws such as Fourier’s law or Joule’s law of
heat generation requires justification and even breakdown
when the length scale of the system is comparable to the
carrier mean free path or when the time scale of the physical
process is smaller than the relaxation time of the heat carriers
[25]. In this case, transport of heat carriers must be treated
using the Boltzmann transport equation as Chen et al.
pointed out [26].

Chen [27] suggested that heat is transported by carriers
comprising of electrons, phonons, and photons. In dielectric
materials, the heat conduction is dominated by phonons,
in pure metals predominantly by electrons, and in impure
metals or alloys by both phonons and electrons [27, 28].
Therefore, the mean free path of the heat carriers, for an
MNP with a Fe core is approximately 0.8 nm [29, 30] and
for a biological tissue 0.5 nm [26, 31, 32] allowing the
conventional approach to be used for particles having a
radius bigger than 10 nm.

Consequently, the temperature gradient caused by the
release of the magnetic energy which an MNP absorbs to
its immediate surroundings can be found analytically when
applying Fourier transforms (FTs) to the DHFE [33] as

(a)

(b)

Figure 1: (a) Néel rotation of magnetization inside a fixed magnetic
particle due to the spontaneously reversing the magnetization from
one easy direction to the other (the particle does not rotate);
(b) Brownian rotation of an MNP due to the rotation of the
torque generated by the interaction of the magnetic field with the
magnetization (the particle rotates as a whole) [17].

Shih et al. [34] and Yuan et al. [35] suggested. Using this
technique, Liu and Xu [36] analyzed the influences that a
sinusoidal heat flux source placed on the skin surface have
on the temperature inside it, and Tjahjono [37] analytically
analyzed the heating temperature of a slab embedded with
gold NPs due to a constant magnetic flux.

By analytically solving the DHFE for different boundary
conditions, one can easily describe the dependence of the
solution on each parameter composing it, such as the radius
of the MNP, the frequency of the MF, and the material prop-
erties [38]. This allows us to optimize the solution for better
performances, reaching the highest temperature elevation
under specific constrains, for example the radius of the MNP.
Moreover, when exploring the solution analytically, other
parameters and their influence may be observed more clearly,
which are usually neglected, or not explored (e.g., the MFP
and its effects on the temperature gradient).

Until recently, the MFP was poorly analyzed in context of
hyperthermia treatments and how it influences the tempera-
ture distribution concerning biological materials and tissues
surrounding MNPs. Previous work focused on exploring the
influences of different magnetic profiles on biological tissues.
These studies were mostly experimental and did not focus
on the MNPs contribution to the temperature change when
exposed to different types of magnetic field profiles [39–43].

Recently, a numerical simulation model based on the
Landau-Lifshitz-Gilbert equation was created for simulating
MNPs ensembles when exposed to an incident square wave
[44], as opposed to the usual sine wave. This work showed
an increase in the normalized heat released by MNPs by
at least 50%, as well as a more constant heating efficiency
over the spectrum of particle anisotropies due to the infinite
number of harmonics contained in an ideal square wave
with the possibility of much greater improvement depending
on the magnetic anisotropies, volumes, and angles to the
incident radiation. However, Morgan and Victora [44] did
not elaborate on the temperature dependencies on space
and time near the MNP surface, but mostly focused on
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the dependencies between the angle of the incident wave rel-
ative to the anisotropy axis of the MNPs and the magnitude
of the normalized output power released from them.

Therefore, the primary aim of this paper is to explore
the transient analysis of the changes in temperature (from
the steady state temperature Tb = 310.15◦K), as a function
of the external MFP applied to a single MNP. By doing so,
one can select the most efficient MFP that may improve the
efficiency of MH treatments allowing the MF strength and
the frequency reductions in order to meet the requirement
H · f ≤ 4.85 · 108 A/m·s [23].

The aims of this paper are as follows:

(i) To construct a theoretical model of the magnetic
losses for the three different MF profiles studied in
this article as follows:

(1) Case 1—a cosine profile [18, 37],
(2) Case 2—a PMP [45, 46],
(3) Case 3—a discontinuous cosine profile.

(ii) To explore the maximal temperature elevation and
the rate of the temperature change near the MNP’s
surface and into the tissue-like surrounding it for
each of the above cases.

(iii) To investigate who the core radius influences the
maximal rate of the temperature change and the
maximal temperature value, in order to find the
optimal core radius that should be used for each of
the above cases [5, 47].

(iv) To study the effective confining heat depth (ECHD),
symbolized as δ (see Figure 2), where the tempera-
ture elevation has a significant influence for each of
the above cases.

2. Methods

In this study, we analytically model the transient temperature
field (TTF) produced by a single MNP inside a homogenous
and uniform medium having the same thermal parameters
as a cancerous muscle cell. The analysis for each of the three
MFPs mentioned in Section 1 is presented, after solving the
DHFE inside the medium surrounding the MNP with the
proper BC corresponding to its specific MFP.

In order to simplify the solution of DHFE that gave us the
TTF and the temperature rate change due to the magnetic
losses, some assumptions were made:

(a) The properties of the surrounding medium are
constant and homogeneous having the same thermal
properties as the macroscopic-scale muscular tissue
[48].

(b) The temperature on the surface of the MNP is
uniform.

(c) There is a negligible emission and evaporation.

(d) There are no “thermally significant” blood vessels
near the zone of interest therefore the perfusion is
negligible.

(e) The metabolic-heat generation is neglected.

Medium

Control
 volume

qs

δ(t)

Penetration
depth
region

ρmd, cmd

Figure 2: The control volume where the conductive analysis is
preformed. q′′s is the constant heat flux released from the MNP
after absorbing the magnetic energy and δ is the thickness of the
penetration region [37].

2.1. The Thermodynamic Analysis. The TTF originating from
the surface of a single MNP can be found after solving the 3D
DHFE in the homogenous medium surrounding it [39]. The
general DHFE can be written in spherical coordinates (due
to the problem’s symmetry) as follows:

km∇2Tm(r, t) = ρmcm
∂Tm(r, t)

∂t
, (1)

where ρm (kg m−3) is the mass density, cm (J kg−1◦C−1) the
specific heat, and km (Wm−1◦C−1) the thermal conductivity
of the phantom tissue.

This equation was also used by Keblinski et al. [38] and
Govorov et al. [49] for solving nanoscale heat problems.

The general BC for this heat problem is given as follows:

−km · ∇Tm (r, t)|r=a = q′′s (t), (2)

where a: is the radius of the MNP in meters and q′′s (t)
(Wm−2) is the heat flux.

The DHFE is valid if the mean free path of the heat carrier
phonon or electron is smaller than the characteristic feature
size as mentioned in Section 1. For amorphous solids and
liquids, due to lack of crystalline, the mean free path is very
short and of the order of atomic distances. Consequently, the
heat flow in cells can be well described by the diffusive heat
equation, even when nanoscopic length scales are involved
[31].

Based on the above considerations, we evaluate the
temperature field arising from continuous heating of a single
particle by solving the heat equation (1) in the region outside
the solid sphere surrounding the MNP where there are no
heat sources, using a constant heat-flux-boundary condition
at the particle surface, caused by the magnetic losses inside
the MNP. The constant heat flux from the MNP’s surface
becomes heat input to the medium which is then stored
within the volumetric penetration depth region as shown in
Figure 2.

After solving (1) and (2) (see the detailed formulations in
Appendix A (A.1)–(A.12)), the temperature elevation inside
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the medium surrounding the MNP can be expressed using
(A.12) as follows:

ΔTm(r, t) = θ(R, t)
kmr

√
αm = φ(R, t)∗q′′s (t)

kmr

√
αm, (3)

where ∗ symbolizes the convolution between two functions,
R = √1/αmr and αm = km/ρmcm.

In order to analytically calculate (3), the general expres-
sion of q′′s (t) must be found for each case, which depends on
H(t) (Am−1), the magnetic field, and on M(t) (Am−1), the
magnetization.

When a linear and isotropy material is assumed, the
relation between M(t) and H(t) in the frequency domain
(using FTs) may be described by the magnetic susceptibility
[5]

M̃(ω) =
∫
dt′χ(t′)e−iωt

′
∫
dtH(t)e−iωt = χ̃(ω)H̃(ω). (4)

The magnetic susceptibility χ̃(ω) in the frequency domain
can be expressed as [4]

χ̃(ω) = χ0

1 + iωτe
= φμ0Ms

2vp
3kBT

1
1 + iωτe

, (5)

where χ0 is the static susceptibility, τe = τNeel||τBrown is
the effective relaxation time given by Fannin [14], φ is the
volume fraction solid [4], vp the particle volume, μ0 the
vacuum permeability, kB is the Boltzmann constant, and Ms

is the magnetic saturation.
Moreover, in order to calculate the total heat generated

by a single MNP caused by the conversion of the absorbed
magnetic energy to heat inside a linear ferromagnetic
medium, we must introduce Poynting’s theorem for small
electric fields and neglecting ohmic losses [5, 6] as follows:

∇ · S′′out(t)

= −
∫
dω
∫
dω′H(ω) ·H(ω)ωμ0 Im

(
μ(ω)

)
ei(ω−ω

′)t

− ∂U(t)
∂t

= −PLoss(t)− ∂U(t)
∂t

,

(6)

where S′′out(t) represents the energy flowing out through the
boundary surfaces of the volume per unit time, H(ω) is the
conjugate of H(ω), μ0 = 4π10−7 (Vs/Am) is the vacuum
permeability, μ(ω) = μr(ω) − iμim(ω) = μ0(1 + χ̃(ω))
is the complex magnetic permeability [5, 6], Im( ) is the
imaginary part of μ(ω), ∂U(t)/∂t is the time rate change of
the effective electromagnetic energy density given by (7), and
PLoss(t) represents the conversion of the magnetic energy into
heat not counting conductive losses. It is worth mentioning
that only the imaginary part of the complex permeability is

causing heat losses, and ∂U(t)/∂t can be found using [5, 6]
as follows:

H · ∂B
∂t
=
∫
dω
∫
dω′H(ω) ·H(ω)ωμ0 Imμ(ω)ei(ω−ω

′)t

+
μ0∂

2∂t

∫
dω
∫
dω′H(ω) ·H(ω)

d

dω

[
ωμ(ω)

]

× ei(ω−ω′)t

= PLoss(t) +
∂U(t)
∂t

,

(7)

where μ(ω) is the conjugate of μ(ω).
Next, the explicit analytic expressions for the temper-

ature gradient profile from the equilibrium tempertaure,
ΔTm(r, t) and ∂Tm(r, t)/∂t are deduced for three different BC
derived from the three MFPs mentioned earlier in Section 1.

2.2. The Analytic Expressions of the TTF for

Three Different MFPs

Case 1 (a cosine profile). The magnetic field has a cosine
profile so

H(t) = A cos(ω0t). (8)

Taking the inverse FT of (A.19) deduced in Appendix A using
(A.13)–(A.19), one can find that θ(R, t) can be written in this
case as

θ(R, t) = aμ0A2ω0

6
ω0χ0τ

1 + (ω0τ)2

·
(

aR0ei2ω0t

2
(
R0
√
i2ω0 + 1

) exp
(
−
√
i2ω0R

)

+
aR0e−i2ω0t

2
(
R0
√−2ω0i + 1

) exp
(
−
√
−i2ω0R

)
+ 1

)
,

(9)

where θ(R, t) is a function in the complex domain, therefore
the temperature profile has a magnitude and phase as often
occurs in many problems of physics or engineering such as
theory of heat conduction, particularly when nonsteady heat
conduction is concerned [50, 51]. Moreover, (9) is related to
the TTF by (3).

Sometimes, the derivative of the temperature profile, or
the rate of the change in the temperature surrounding the
MNP is taken in consideration in order to verify that the
treatment is safe for inducing controlled MH [47, 52]. For
Case 1, this equals

∂θ(R, t)
∂t

= iω0
aμ0A2ω0

6
ω0χ0τ

1 + (ω0τ)2

·
(

aR0ei2ω0t(
R0
√
i2ω0 + 1

) exp
(
−
√
i2ω0R

)

− aR0e−i2ω0t(
R0
√−2ω0i + 1

) exp
(
−
√
−i2ω0R

))
.

(10)
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Case 2 (a PMP). The magnetic field has a rectangular pulse
shape profile with a period of Ts = 2π/ω0 and a pulse width
of Δ, so

H(t) = 2A 0 ≤ t ≤ Δ, H(t) = 0 Δ ≤ t ≤ Ts.
(11)

The amplitude of the pulse wave was chosen to be twice the
amplitude of the cosine single in order to maintain the same
peak-to-peak value, for this case and the previous one. For
this case, the temperature elevation as a function of time
can be expressed using the inverse FT of (A.25) found in
Appendix A that was deduced using (A.20)–(A.25) to receive
the following:

θ(R, t)

= a
3

4μ0A2ω0

π2

∑∑ sin(mπΔ/Ts)
m

sin
(
nπΔ

Ts

)
nω0χ0τ

1+(nω0)2τ2

·
(

aR0ei(n+m)ω0t

R0
√
i(n +m)ω0 + 1

exp
(
−
√
i(n +m)ω0R

)

+
aR0e−i(n+m)ω0t

R0
√−i(n +m)ω0 + 1

exp
(
−
√
−i(n +m)ω0R

)

+
aR0ei(m−n)ω0t

R0
√
i(m− n)ω0 + 1

exp
(
−
√
i(m− n)ω0R

)

+
aR0e−i(m−n)ω0t

R0
√−i(m− n)ω0 + 1

exp
(
−
√
−i(m− n)ω0R

))

+
a

3
4ω0μ0A

2 · Δ

πTs

∑
sin
(
nπΔ

Ts

)
nω0χ0τ

1 + (nω0)2τ2

×
(

aR0einω0t

R0
√
inω0 + 1

exp
(
−
√
inω0R

)

+
aR0e−inω0t

R0
√−inω0 + 1

exp
(
−
√
−inω0R

))
.

(12)

Again, (12) is related to the TTF by (3).

As for Case 1, we can calculate the rate of the change
in the temperature surrounding the MNP and receive the
following:

∂θ(R, t)
∂t

= iω2
0
a

3
4μ0A2

π2

∑∑ sin(mπΔ/Ts)
m

× sin
(
nπΔ

Ts

)
nω0χ0τ

1 + (nω0)2τ2

·
(

(n +m)
aR0ei(n+m)ω0t

R0
√
i(n +m)ω0 + 1

× exp
(
−
√
i(n +m)ω0R

)

− (n +m)
aR0e−i(n+m)ω0t

R0
√−i(n +m)ω0 + 1

× exp
(
−
√
−i(n +m)ω0R

)

+ (m− n)
aR0ei(m−n)ω0t

R0
√
i(m− n)ω0 + 1

× exp
(
−
√
i(m− n)ω0R

)

− (m− n)
aR0e−i(m−n)ω0t

R0
√−i(m− n)ω0 + 1

× exp
(
−
√
−i(m− n)ω0R

))

+ iω2
0
a

3
4μ0A

2 Δ

πTs

∑
sin
(
nπΔ

Ts

)

· n2ω0χ0τ

1 + (nω0)2τ2

×
(

aR0einω0t

R0
√
inω0 + 1

exp
(
−
√
inω0R

)

− aR0e−inω0t

R0
√−inω0 + 1

exp
(
−
√
−inω0R

))
.

(13)

Case 3 (a discontinuous cosine profile). The magnetic field
has a periodic discontinuous cosine profile with a time
constant of Ts = 2π/ω1 and a pulse width of Δ, so

H(t) = A cos(ω0t) 0 ≤ t ≤ Δ,

H(t) = 0 Δ ≤ t ≤ Ts ω0 /=ω1.
(14)

For this third case, the temperature elevation as a function of
time can be expressed using the inverse FT of (A.35) found in
Appendix A that was deduced using (A.30)–(A.35) to receive:

θ(R, t)

= a

3
μ0

(
A

Ts

)2

aR0

×
∑∑[( sin((Δ/2)(ω0 +mω1))

ω0 +mω1

+
sin((Δ/2)(ω0−mω1))

ω0−mω1

)

×
(

sin((Δ/2)(ω0 +nω1))
ω0 +nω1

+
sin((Δ/2)(ω0−nω1))

ω0−nω1

)
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· (nω1)2χ0τ

1 + (nω1)2τ2

×
(

ei(n+m)ω1t

R0
√
i(n +m)ω1 + 1

× exp
(
−
√
i(n +m)ω1R

)

+
e−i(n+m)ω1t

R0
√−i(n +m)ω1 + 1

× exp
(
−
√
−i(n +m)ω1R

)

+
ei(m−n)ω1t

R0
√
i(m− n)ω1 + 1

× exp
(
−
√
i(m− n)ω1R

)

+
e−i(m−n)ω1t

R0
√−i(m− n)ω1 + 1

× exp
(
−
√
−i(m− n)ω1R

))]
.

(15)

Again, (15) is related to the TTF by (3).

As for Cases 1 and 2, we can calculate the rate of the
change in the temperature surrounding the MNP to receive
the following:

∂θ(R, t)
∂t

= iω1
a

3
μ0

(
A

Ts

)2

×
∑∑[( sin((Δ/2)(ω0 +mω1))

ω0 +mω1

+
sin((Δ/2)(ω0 −mω1))

ω0 −mω1

)

×
(

sin((Δ/2)(ω0 + nω1))
ω0 + nω1

+
sin((Δ/2)(ω0 − nω1))

ω0 − nω1

)

· (nω1)2χ0τ

1 + (nω1)2τ2

×
(

(n +m)
aR0ei(n+m)ω1t

R0
√
i(n +m)ω1 + 1

× exp
(
−
√
i(n +m)ω1R

)

− (n +m)
aR0e−i(n+m)ω1t

R0
√−i(n +m)ω1 + 1

× exp
(
−
√
−i(n +m)ω1R

)

+ (m− n)
aR0ei(m−n)ω1t

R0
√
i(m− n)ω1 + 1

× exp
(
−
√
i(m− n)ω1R

)

− (m− n)
aR0e−i(m−n)ω1t

R0
√−i(m− n)ω1 + 1

× exp
(
−
√
−i(m− n)ω1R

))]
.

(16)

For Cases 2 and 3, there is a limitation regarding the MFS
and the frequency in order for the MH treatment to be safe
(see (A.30) and (A.39)). Moreover, for frequencies lower than
10 MHz, there is essentially no attenuation of the MFS within
muscle-equivalent materials, limiting the maximal harmonic
frequency to 10 MHz [16].

In conclusion, (9)–(16) can be used to predict the TTP
and the special temperature profile for a single-MNP subject
to three different magnetic field profiles and using the same
equations we can also explore the influence that the core
radius has on the temperature profile estimating the ECHD
for each case.

2.3. The Simulations Parameters. The mathematical expres-
sions of the TTP were simulated using MATLAB and
COMSOL (COMSOL results can be seen in Appendix B) for
a single MNP immobilized inside a uniform and isotropic
phantom medium having the same biological thermal prop-
erties as a muscular tissue [48] and are summarized in
Table 1. These assumptions were made in order to simplify
the theoretical calculations.

The thermal parameters are considered to be constant
with temperature and space as will be latter proven. More-
over, the magnetic parameters of the MNP were measured at
Tb = 310.15◦K based on the findings of Fannin [14] and are
summed up in Table 2.

The external magnetic field strength (MFS) for all three
cases, was chosen as 8.8 kAm−1 and the MF frequency as f0 =
400 KHz. These values are based on previous works made by
Kettering et al. [52], Hergt et al. [53], and Hilger et al. [54].

For all three profiles mentioned in this section, the
simulations were plotted for 0 ≤ r − a ≤ 10 nm and 0 ≤
t ≤ 5μs, where r is the distance from the center of the MNP
and a its radius. The upper value for distance simulation was
chosen accordantly to the thickness of the cell membrane
thatis about 5–10 nm [55–57] and damaging it can cause the
destruction of the cell [58]. The upper time value was chosen
so several cycles of the magnetic field could be simulated and
plotted.

For all the simulations the volume fraction solid was
defined as φ = 0.032. This value is been justified in Section 4.

In Section 3, as already mentioned in Section 1, the
maximal temperature elevation and the temperature change
rate near the MNP’s surface and into the tissue surrounding
it, are simulated. Moreover, the influence the core radius has
on the maximal temperature change rate and on the maximal
temperature elevation was also explored, in order to find the
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Table 1: Thermal tissue properties for the phantom muscle cell at a
temperature of 310.15 K [48].

cm (J kg−1◦C−1) ρm (kg m−3) km (W m−1◦C−1)

3500 1047 0.518

Table 2: The magnetic parameters of the MNP [14].

a (nm) Vhyd (m3) Ku (kJm−3) Ms (kAm−1) γ (kμs−1A−1m) α

10 3.34 · 10−26 9.6 300 202 0.1

optimal value that must be used for each case as suggested by
Rosensweig [4] and Kappiyoor et al. [47]. Furthermore, the
ECHD that is defined by the point the temperature reaches
e−1 of the maximal value, has also been explored for each
case, defining the confining heat region and can be compared
with the thickness of a cell membrane which varies between
3–10 nm [53–56].

3. Results

The mathematical expressions of the TTP were simulated in
this section, using MATLAB, for a single MNP immobilized
inside a uniform and isotropic phantom medium having
the same biological thermal properties as a muscular tissue
(Table 1). Moreover, the MNP’s magnetic parameters are
summarized in Table 2.

For Case 1, the mathematical expression of the temporal
and spatial temperature increment, (9), is presented in
Figure 3 for Ts = 2.5μs.

It can be seen from Figure 3 that the temperature changes
periodically with a time period of 1.25 μs that is equivalent
to a frequency oscillation of 800 kHz, which is twice the
frequency of the external applied MF, as predicted by (9).
This can be explained by the multiplication of the magnetic
field and the magnetic induction, both being a function of f0
or ω0.

Moreover, the temperature increment reached its max-
imum value after 0 μs, reaching ΔTmax = 2.1 n◦K on the
surface of the MNP. As expected, the hottest spots are on the
surface of the MNP, and as the point of view gets further from
the surface the temperature declines as (9) predicted. This
value causes only a low-temperature gradient in the thermal
properties of the surrounding medium therefore, the thermal
parameters of the phantom cell can be considered constants,
as assumed.

According to Figure 3, the temperature profile has a
“DC” level that can be found from calculating the first
term of (9) making the temperature increment to be always
higher than the initial temperature as expected, because the
magnetic losses inside the MNP irradiate heat to the medium
surrounding it, at all times [59, 60].

Furthermore, at a distance of 12 nm apart from the
MNP’s surface the temperature maximal value equals 0.8 n◦K
that is equivalent to e−1 of the absolute maximal value,
defining the ECHD or δ = 12 nm.

In order to have a unique quantity to be compared with
each case and does not depend on time, we averaged the TTP
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Figure 3: The temperature profile for a cosine MFP plotted as a
function of time and as a function of the observation point located
at a distance, r, from the surface of the MNP; r ranging from 0 nm
to 10 nm for a core radius of 10 nm.

over one cycle. In Case 1, the averaged value over one time
period equals 0.55 n◦K.

Next, we explored the maximal temperature rise rate as a
function of the core radius using (9) and (10) receiving the
data in Figure 4.

As can be seen from Figure 4, the maximal temperature
rate change equals 0.011◦Ks−1 and the maximal temperature
rise equals 4.7 n◦K, both received for a core radius of 9.3 nm.
The temperature rate rise and the maximal temperature are
considerably small, due to the relaxation time that depends
on the volume of the particle making this MFP to be safe to
use for MH treatments [47]. For radii larger or smaller than
9.3 nm, the magnetic heat dissipation start to decrease as the
magnetic relaxation time gets bigger or smaller, respectively,
reducing the denominator or numerator in (9) and (10).

Equations (9) and (10) enable us to understand that the
changes in the temperature depend on many parameters such
as, the magnetic field strength, the magnetic field frequency,
the magnetic properties of the material, and the core radius.
Consequently, in order to optimize the heat losses we must
select the most effective radius for a specific type of MNP.

For Case 2, the mathematical expression of the temporal
and spatial temperature increment are plotted in Figure 5 for
the summation of 25 indexes (not to exceed 10 MHz [16])
and Δ = 0.2Ts, where Ts = 2.5μs.

For convenience, Figure 5 describes the temperature
profile for the first two cycles as given by (12). This equation
shows that the characteristic behavior of the temperature
repeats itself every Ts = 2.5μs, that is, the cycle of the
magnetic field, therefore one can limit the study to only a
final number of cycles.

As can be seen from Figure 5, the temperature builds
up very fast due to the steep elevation of the magnetic field
caused by the Heaviside-shaped MP and reaches a maximal
value of ΔTmax = 8.8 n◦K on the MNP’s surface after 0.45 μs.
Then the temperature begins to drop after 0.1 μs from the
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Figure 4: The maximal temperature rise rate and the maximal
temperature for a cosine MFP plotted as a function of the core
radius; a ranging from 5 nm to 15 nm, where the observation points
are on the surface of the MNP.

time the MF was turned on reaching a minimal value of
6 n◦K near the surface of the MNP. From that point on,
the temperature profile temporal behavior is defined by the
summation of the total numbers of harmonics composing
the MF until the MF is turned off again as can be found from
(12). Furthermore, the temperature reaches its maximum
value close to the surface of the MNP and decreases with
distance reaching a maximal value of 3 n◦K, 12 nm apart
from the MNP’s surface.

For this case, the maximal value is 4 times higher than
the one received in Case 1, making it a preferable MFP to be
used in MH as Morgan and Victora suggested [44].

Again, the thermal parameters can be considered con-
stant and not dependent on temperature near the MNP’s
surface because the temperature rise is less than 1◦K.

From Figure 5, the ECHD can be found as δ = 12 nm,
which is the same as the value received in Case 1, meaning
that the temperature decreases as fast as the cosine case and
is confined to a specific area near the MNP’s surface.

Moreover, in order to have a unique quantity to be
compared in each case that does not depend on time, we
averaged the total temperature rise over one cycle. In this case
the averaged temperature elevation was 1.3 n◦K after been
normalized to the time period. This value is about 2.4 times
higher than the value received in Case 1, making this MFP a
better candidate for MH treatments.

Next, we explored the maximal temperature rise rate as a
function of the core radius. For Case 2, we can use (11) and
(12) receiving the data in Figure 6.

As seen from Figure 6, the absolute maximal temperature
elevation equals 0.032 μ◦K received for a core radius of
8.3 nm, and the maximal temperature derivative 1.01 ◦Ks−1

is received for a core radius of 8.2 nm. Because this MFP
produces temperature changes that are too rapid to be safe
for inducing MH [47], the radius that we chosen for a
safer treatment is in consistence with Case 1 and equals
10 nm. Consequently, the NP size plays an important role in
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Figure 5: The temperature rise for a periodic pulse-shaped MFP
having a pulse width of 0.2Ts plotted as a function of the
observation point located at a distance, r from the surface of the
MNP, r ranging from 0 nm to 10 nm for a core radius of 10 nm, and
the number of indexed summed is 25.
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Figure 6: The absolute maximal temperature rise rate and the
maximal temperature for a periodic pulse-shaped MFP having a
pulsed width of 0.2Ts plotted as a function of the core radius;
a ranging from 5 nm to 15 nm, the observation point are on the
surface of the MNP, and the number of indexed summed is 25.

determining the amount of heating that an MFH treatment
can provide as Kappiyoor et al. [47] already mentioned.

Again, the maximal temperature rate rise and the maxi-
mal temperature are considerably small due to the relaxation
time that depends on the volume of the particle. For radii
larger or smaller than 8.4 nm, the magnetic heat dissipation
starts to decrease as the magnetic relaxation time gets bigger
or smaller, respectively, due to its affect on the relaxation
time, reducing the denominator or numerator in (11) and
(12).

By comparing Case 2 to Case 1 we see that for the same
MNP radius (10 nm) having the same magnetic material
properties (given by Table 2), the maximal temperature rise
received is about 4 times higher for Case 2 than in Case 1 and
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Figure 7: The temperature profile for a periodic discontinuous
cosine MFP having a pulse width of 0.2Ts plotted as a function of
time and as a function of the observation point located at a distance,
r, from the surface of the MNP, r ranging from 0 nm to 10 nm for a
core radius of 10 nm, and the number of indexed summed is 25.

the maximal temperature derivative for this case is 40 times
higher than Case 1, making the periodic pulse-shaped MFP
a better magnetic field source for MH treatments.

For Case 3 the analytic expression for the TTP can be
plotted for Δ = 0.2Ts and Ts = 15μs and are shown in
Figure 7 for the summation of 25 indexes (not to exceed
10 MHz [16]). The cosine MF time period that multiplies
the Heaviside function equals 2.5 μs, and is equivalent to a
frequency of 400 KHz.

As Figure 7 shows, the changes in the temperature profile
result from the MNP reaction to two different MFPs, the
cosine profile and the periodic rectangular pulse profile. The
last is responsible for switching on and off the MF.

The influence that the periodic rectangular-pulse-shaped
MF has on the temperature gradient can be seen by the steep
temperature elevation at the beginning and at the end of
every cycle caused by the derivative of Heaviside function
composing the magnetic flux density, B(t), and the influence
that the cosine MFP has on the temperature gradient can be
seen as the cosine “ripple” that is added. This “ripple” has
3 peaks that are separated 1.25 μs apart, which is twice the
cosine MF frequency received in Case 1. On the MNP surface,
the maximal temperature gradient reaches ΔTmax = 2.3 n◦K
after 2 ns from the time the MF was turned on, and repeats
itself every 15 μs, which is equivalent to the time period of
the signal. This value is higher than the value received for the
cosine-shaped MF, but lower than the one received in Case
2. However, after the highest peak the maximal value of the
cosine “ripple” reaches the same one as in the cosine case or
2.1 n◦K as expected.

For this case, the ECHD equals δ = 12 nm that is the
same as for the other two cases where the temperature change
reaches a value of 0.8 n◦K. After 0.2Ts, the temperature
elevation becomes insignificant as the MF is turned off.
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Figure 8: The absolute maximal temperature rise rate and the
maximal temperature rise for a periodic discontinuous cosine MFP
having a pulse width a pulsed width of 0.2Ts plotted as a function
of the core radius, a ranging from 5 nm to 15 nm, the observation
point are on the surface of the MNP, and the number of indexed
summed is 25.

Again, in order to have a unique quantity to be compared
in each case that does not depend on time, we can average the
total temperature rise over one cycle. In this case the average
temperature elevation equals 0.235 n◦K after we normalize
it to the time period. This value is about 2.5 times lower
than the value received in Case 1, making this MFP a less
preferable candidate for MH treatments.

Next we explored the maximal temperature rise rate as a
function of the core radius. For Case 3, we used (15) and (16)
receiving the data in Figure 8.

As seen from Figure 8, the absolute maximal temperature
rate elevation equals 5.4 n◦K received for a core radius of
9.2 nm. The maximal temperature derivative 0.024◦Ks−1 is
received for a core radius of 9.1 nm. Again, the maximal
temperature rate rise and the maximal temperature are
considerably small due to the relaxation time that depends
on the volume of the particle. For radii larger or smaller than
9.2 nm, the magnetic heat dissipation starts to decrease as the
magnetic relaxation time gets bigger or smaller, respectively,
reducing the denominator or the numerator in (15) and (16).

By comparing Case 3 to Case 1 for a core radius of
10 nm and the same magnetic material properties (given by
Table 2), the maximal temperature rise received for Case 3
is about two times higher than Case 1, and the maximal
temperature derivative for this case is 2.2 times higher than
Case 1. However, due to the long period for which the MF
is turned off, and consequently the lower heat released from
the MNP over one cycle, this MFP is less preferable than the
cosine MFP, for MH treatments.

In order to make it easier to understand the differences
between the three cases analyzed in this paper, Table 3 is
added that summarizes the most significant parameters.

Moreover, a summarizing figure, Figure 9, describing the
temperature rise as a function of time is also added for a
particle with a core radius of 10 nm when the observation
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Table 3: Summary of the most significant parameters received from all the simulations.

MATLAB simulation for a single MNP

The maximal
temperature for a core
radius of 10 nm (n◦K)

ECHD
(nm)

The temperature 12 nm
apart from the surface

of the MNP (n◦K)

The most effective
radius for maximal

temp. rise (nm)

The maximal
temperature derivative
at the optimal radius

(K/s)

The average
temperature over one
cycle for a core radius

of 10 nm (n◦K)

Case 1 2.1 12 0.8 9.3 0.011 0.55

Case 2 8.8 12 3 8.3 1.1 1.36

Case 3 2.3 12 0.8 9.2 0.024 0.235
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Figure 9: The temperature rise profiles plotted as a function of
time for a core radius of 10 nm and an observation point located
on surface of the MNP, for all the cases explored in this paper Case
1 (red) the cosine MFP, Case 2 (green) the periodic pulse-shaped
MFP with a duty cycle of 0.2 and N = 25, Case 3 (blue) the periodic
discontinuous cosine MFP with a duty cycle of 0.2 and N = 25.

point is on the MNP surface, in order to easily evaluate the
differences in the three cases studied in this article.

4. Discussion

An analytical analysis of the TTP was preformed for three
MFPs. The mathematical models were received by solving the
DHFE for different BC matching each MFP, using the FTs.

Major work have been done in the past to solve the
DHFE equation for a cosine-MF source as can be found in
[36, 37, 49, 59]. Keblinski et al. [38] found that a laser source
having a constant power of 1.4·10−8 W heating a single MNP
with a radius of 65 nm can cause a temperature change of
0.06 K at the particle surface. Moreover, for a cosine-MF heat
source the local temperature was found to be even lower,
causing a maximum change in temperature of 0.1 m◦K for a
particle having a radius of 50 nm at a frequency of 2 MHZ
[48]. Both results are negligible from the point of view of
biological applications as expected.

However, Keblinski et al. [38] and others [4, 20] solved
the DHFE equation only for a constant heat flux having
the average power of a cosine-MF, without exploring the

temperature temporal behavior. In addition, until now there
has not been an explicit mathematical formulation that
solves the DHFE equation for other periodic MFPs that can
be used as radiation sources for MH treatments. Morgan and
Victora [44] showed that the use of an incident square wave,
as opposed to the usual sine wave, increases the normalized
power heat by at least 50%, however this conclusion was
based on calculating only the Poynting vector and not
based the solving the DHFE in order to find the explicit
temperature change.

In consequence to the above, we should explore the
influences that different magnetic irradiation profiles have
on the induced temperature gradients inside tumor cells,
for the same physical and thermal MNP’s parameters in
order to verify what Morgan and Victora [44] suggested.
Furthermore, optimizing the heat power is of great impor-
tance from biological point of view. A typical cell having a
diameter ranging from 2–10 μm [61] can uptake a maximal
quantity of anionic MNPs, that varies between 2.8 · 105 and
7.2 · 106 per cell, consequently limiting the total amount
of magnetic material per cell. Moreover, high concentration
of MNPs with different types of coatings can cause a
toxic reaction to the central nervous system [62] or may
cause cellular perturbations [63] therefore, it is important
to reduce the MNP’s concentration. Nevertheless, reaching
these quantities in vivo proves to be a very difficult task all
types of cancerous cells [64, 65]. Hence, one must optimize
other parameters such as, the profile of the MF in order to
use lower magnetic concentration in order to reach the same
temperature gradient values.

Consequently, this paper focuses on the influences that
three different MFPs have on the temperature surrounding a
single MNP, as mentioned in Section 1, when being exposed
to it, analytically proving to be the most effective one
in causing the highest temperature rise, using the same
magnetic and thermal parameters.

For all three cases, the MATLAB (in Section 3) and
COMSOL (in Appendix B) simulations results showed, that
the maximum temperature rise for a given core radius of
10 nm ranges between 2.1 n◦K and 8.8 n◦K depending on the
MFP.

Similar results were received by Keblinski et al. [38] and
Rabin [31] for a constant heat flux and an MNP’s having
approximately the same physical and magnetic properties.
The very low absolute change in temperature caused by a
single MNP can be explained by its low magnetic suscepti-
bility χ0, and by the effective relaxation time that changes
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drastically with the MNP’s volume [15]. Therefore, a single
MNP can release only a small amount of heat causing a very
small change in the temperature surrounding it.

However, for larger magnetic concentration occupying
a single cell such as 1 ng of Fe3O4 per human cell, that is,
equivalent to 5·107 MNPs per cell (for a particle radius 10 nm
and cell radius 5 μm), Linh et al. [66] and Balivada et al. [67]
showed that a local temperature elevation of several degrees
can be reached making MH treatments effective. In addition,
these quantities were also proposed by Vera and Bayazitoglu
[59], Chan et al. [61], Huang [64], and Melancon et al. [65]
who proved their efficiency in inducing MH. Consequently,
one can produce a significant global temperature increment
inside a cell even if the local temperature increment of each
particle is negligible as long as we heat many particles in the
same volume of interest.

For the multiparticle case, Rabin [31], and Keblin-
ski et al. [38] calculated the temperature rise inside a
spherical region with radius R (m) consisting of many
randomly dispersed heat sources using ΔTglobal(t) =
(R2ΔTnano(t)/rp2)(4π/3)rp3ρN , where ρN (m−3) is the num-
ber of MNPs per unit volume, k (Wm−1◦C−1) is the thermal
conductivity of the medium, rp (m) is the radius of MNPs,
and ΔTnano(t) is the temperature gradient caused by a single
MNP.

For ρN = 5 · 1021 (m−3) and an average tumor cell radius
of rcell = 7μm [52], the number of MNPs inside a single cell
can be calculated to equal 8 · 106 that fits the concentrations
found by Linh et al. [66] and Balivada et al. [67]. From ρN , we
calculated the distances between two neighboring particles
that is approximately 58 nm. This means that the volume
fraction of the MNPs inside the cell is about 0.02.

By choosing a solid volume fraction of φ = 0.032,
the calculated distance between two neighboring particles is
about 50 nm fitting a concentration of ρN = 8 · 1021 m−3,
that is, in the toxicity safety range, for a tumor cell having an
average radius of 7 μm [52, 66].

Due to the large distances between the particles, we
assumed that the interparticle interactions are negligible,
so the relaxation time and magnetic susceptibility can be
calculated using the same expression as (5) [68].

The total temperature increment for the three cases
analyzed in this paper can be found by substituting the
received values for the single-MNP case, (9), (12), and (15)
into ΔTglobal(t) when average tumor radius of R = 4 mm was
assumed in consistence with magnitudes of cancer tumors
[31, 38, 67].

For the cosine MFP an average value of ΔTglobal cos(t) =
2.9◦K over one cycle is received near the MNP’s surface.
This means that the MNP’s concentration is not sufficient to
give increment to a dramatic temperature gradient under the
parameters summarized in Tables 1 and 2.

In order to receive a 6◦ increment, that is needed for MH,
in the temperature near the MNP’s surface, a larger amount
than the proposed of particles is required.

For the PMP, an average value of ΔTglobal pulsed(t) =
7.2◦K over one cycle is received for the same parameters
summarized in Tables 1 and 2 that is sufficient to induce MH.

For the discontinuous pulse-shaped MF, a maximum
peak of ΔTglobal pulsed cos(t) = 1.23◦K over one cycle is
received, meaning that the MNP’s concentration in this case
as in Case 1 is not sufficient to ensure that MH can occur.

The comparison between the three temperature gradients
received for each case, shows that the preferable MFP for
MH is the PMP one, compared to Case 1 and Case 3.
For Case 2, the temperature gradient at the surface of
the MNP is sufficient to cause damage to biologic cells
[58, 69, 70]. Therefore, using a periodic pulse MFP can
reduce the necessary amount of MNPs by a factor or even
more, allowing a wider range of markers to be used for
hyperthermia treatments, and simplifying the biological
processes to conjugate them to a cell.

In addition, we also explored the influence that the
MNP’s radius has on the maximal temperature gradient
an on its rate rise. As seen from Figures 4, 6, and 8, the
NP size has a great influence on determining the amount
of heat released from the MFP’s surface effecting both the
temperature gradient as well as the temperature rise rate, as
previous works showed [50, 51, 70].

For the first Case 1 studied, the optimal core radius was
found as 9.3 nm where the maximal temperature reaches
4.7 n◦K and the temperature change rate equals 0.011◦Ks−1

(Figure 4). This optimal radius was also received by Kap-
piyoor et al. [47] for almost the same MF properties and
magnetic material properties. However, because the equation
solved by Kappiyoor et al. [47] is different than (1), the
maximal value is slightly lower that the values received by
Rosensweig [4] and Kappiyoor et al. [47]. Moreover, the
maximal value is also affected by the parameters chosen to
describe the magnetic properties of the MNP, as demon-
strated by Kappiyoor et al. [47]. Our magnetic parameters are
slightly different than the ones used by Rosensweig [4] and
Kappiyoor et al. [47], which may account for the differences
in the maximal values in this study as Kappiyoor et al. [47]
showed.

For Case 2 studied, the optimal core radius was found
as 8.3 nm where the maximal temperature gradient reaches
32 n◦K, and the temperature change rate equals 1.1◦Ks−1

for a summation of 25 indexes (Figure 6). As can be seen
by comparison, there is a benefit in using a PMP rather
than a cosine MF, due to the higher temperature gradient
received in the MNP’s surrounding and the sufficient average
temperature gradient received per cycle that is about 2.5
times higher in Case 2 than in Case 1.

Although for a total summation of 25 indexes, the
temperature change rate is approximately 1◦Ks−1, (suggested
to be less safe [47]), one can reduce the received value by
limiting the number of the summation indexes composing
the MF to a lower number such as N = 10 instead of N =
25, making the treatment safer but also maintaining higher
temperature values that in Case 1 (Figure 14). Furthermore,
when looking at the results of multiplying each coefficient’s
amplitude with its matched harmonic, the limitation for the
treatment to be biologically noninvasive remains valid as
long as Aeff f0 ≤ 5 · 109 A/m·s as mathematically justified in
(A.29) and (A.30) limiting the total summation index to a
value lower than N = 25.
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For the Case 3 studied, the optimal core radius was found
as 9 nm where the maximal temperature reaches 0.64 μ◦K
and the temperature change rate equals 27.3◦Ks−1 (Figure 8).
Although the values are higher than the ones received for the
first case, the average temperature elevation was found to be
lower after normalizing it to the time period, making this
type of MFP less preferable.

As we can see for all the three cases analyzed in this paper,
the optimal radius depends very much on the magnetic
material properties [47] and on the profile of the magnetic
field as we have proven in Section 2. Therefore, for each
case studied and for each magnetic material the equations,
developed for Cases 1–3 must be solved separately in order
to optimize the MH treatment.

Another interesting finding driven from the mathemat-
ical equations, is the confinement of the temperature to an
area having an average radius of 12 nm from the MNP’s
surface for all three cases. This means that most of the
heat dissipation occurs in the vicinity of the heat sources
confining the temperature increment in the proximity of
tumor cells alone unaffecting the healthy cells.

The importance of this paper lies in the fact that, until
now there was no explicit mathematical formulation that
solves the DHFE equation for other types of periodic MFPs
used as excitation sources for MH treatments. As we found
out, changing the profile of the MF radiation can induce
higher temperature gradients in tumor cells, for the same
physical and thermal parameters enabling reduction of the
MNPs concentration per cell. This is of great importance
because, a typical cell has a maximal quantity of MNPs
that it can uptake, and because high concentration of MNPs
with different types of coatings can cause a toxic reaction
to the central nervous system [62]. Therefore, lowering the
magnetic concentration per cell, but still receiving the same
temperature gradients may be of great use.

With the outcome of this paper, we are moving forward
to in vitro studies in order to verify the theoretical results
received in this paper experimentally.

5. Conclusions

This study investigates the effects of different heat-flux
profiles on a single MNP immobilized inside a phantom
having the same thermal properties as a muscle tissue. The
exact solution of DHFE was solved for different boundaries
conditions using FTs. According to the analytic solutions, the
PMP profile was found to be the more effective in rising the
temperature of the medium surrounding the MNP than the
cosine profile, making it a better candidate for hyperthermia
treatments rather than the conventional cosine MP.

Moreover, in order to reach a significant temperature
gradient for all cases studied (a) a cosine profile, (b) a PMP
profile, and (c) a discontinuous cosine profile, there is a
need for a larger number of MNPs to be immobilized inside
the cell medium as Rabin [31] and Keblinski et al. [38]
previously suggested. Using their techniques, a significant
temperature rise was achieved for the periodic pulse-shaped
MF in comparison to the other two cases studies.

In order to understand the influences that a denser cluster
has on the temperature gradient, other studies should be
done investigating the interparticle interactions affecting the
temperature increment and its derivative.

Appendices

A. Methods

In this appendix, we are deducing the equations for the
temperature profiles introduced in Section 2, step by step.
For simplicity, new variables are used to solve (1), where:

R =
√

1
αm

r, αm = km
ρmcm

,

θ(R, t) = km(Tm(R, t)− Tb)R, R0 =
√

1
αm

a.

(A.1)

Therefore, by substituting the new variables from (A.1) into
the left part of (1) we receive the following:

km∇2Tm(r, t) = km
r

∂2rTm(r, t)
∂2r

∣∣∣∣∣Tm(r,t)→ θ(R,t)/kmR
r→R

√
αm

= 1
αm

∂2θ(R, t)
R∂2R

.

(A.2)

And by substituting the new variables from (A.1) into the
right part of (1) we receive that:

ρmcm
∂Tm(r, t)

∂t
= ρmcm

km

∂θ(R, t)
R∂t

∣∣∣∣
αm≡km/(ρmcm)

= 1
αm

∂θ(R, t)
R∂t

.

(A.3)

So (1) can be rewritten as follows:

∂2θ(R, t)
∂2R

= ∂θ(R, t)
∂t

. (A.4)

The same procedure can be done to the BC, substituting the
new variables from (A.1) into the left part of (2) to receive
the following:

−km∇
(
Tm(r, t)

r

)∣∣∣∣
r=a
= − km ∂Tm(r, t)

∂r

∣∣∣∣Tm(r,t)→ θ(R,t)/kmR
r→R

√
αm

= − 1√
αm

∂

∂R

(
θ(R, t)
R

)

= − 1√
αm
∇R

(
θ(R, t)
R

)∣∣∣∣∣
R=R0

,

(A.5)

And (2) can be rewritten as follows:

−∇
(
θ(R, t)
R

)∣∣∣∣
R=R0

= q′′s (t)
√
αm. (A.6)

By taking the FT of (A.4) (defined as in (4)) one receives the
transformation in the frequency domain, so

0 = iωθ̃(R,ω)− ∂2θ̃(R,ω)
∂2R

. (A.7)
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The general solution of (A.7) can be found as follows:

θ̃(R,ω) = c2(ω)e−
√
iωR. (A.8)

Substituting (A.8) into the LT of (A.6), the BC can be written
as follows:

c2
a
√
iω +

√
αm

a2
= q̃′′s (ω)e

√
iωR0 . (A.9)

So

θ̃(R,ω) = a2

√
αm
((
a/
√
αm
)√
iω + 1

) q̃′′s (ω)e−
√
iω(R−R0)

= aR0

R0
√
iω + 1

q̃′′s (ω)e−
√
iω(R−R0).

(A.10)

Using technical computing software (Maple or/and Wolfram

Mathematica) the inverse FT of θ̃(R,ω)/q̃′′s (ω) = φ̃(R,ω) for
t > 0, can be found by substituting iω → s in (A.10) and
taking the inverse Laplace transform of the received equation
so that

φ(R, t)

=a
(
e−(R−R0)2/4t
√
πt

− erfc
(
(R−R0)/2

√
t+
√
t/R0

)
e(R−R0)/R0+t/R0

2

R0

)
.

(A.11)

This function converges to 0 for t → ∞ or/and for R−R0 →
∞.

So the changes in the temperature can be found using
(A.1) and (A.10) as follows.

ΔTm(r, t) = θ(R, t)
kmr

√
αm = φ(R, t)∗q′′s (t)

kmr

√
αm. (A.12)

Equation (A.12) slightly differs than the one received by
Keblinski et al. [38] due to the BC that define the heat
flux coming from the surface of the MNP defining the heat
created by the magnetic losses inside it, whereas Keblinski et
al. [38] suggested that the heat sources are inside the medium
of interest and that the heat-power density is constant in
time. In order to analytically calculate (3) or (A.12), the
general expression of q′′s (t) (Wm−2) must be found for each
case.

Case 2 (a cosine MFP). For Case 1, the magnetization, M(t),
can be found in the time domain after substituting (5) and
the MF in (4) and taking the inverse FT of it, that results in

M(t) = χ(t)∗H(t)

= Aχ0

τ

(
cos(ω0t)

τ
+ ω0 sin(ω0t)

)
1

(1/τ)2 + ω0
2
.

(A.13)

Substituting (A.13) into the magnetic induction [5] results in

B(t) = μ0H(t) + μ0M(t). (A.14)

Further substituting the received magnetic induction
described in (A.14) into (7), one can calculate the conversion
of the magnetic energy into heat losses, resulting in

H(t) · ∂B(t)
∂t

=
∫∫
dω dω′H(r,ω′)

(
iωμ0μ(ω)

) ·H(r,ω)ei(ω−ω
′)t

= μ0A
2 cos(ω0t)

·
∫
dω
(
iω
(

1 +
χ0

1 + iωτ

))

× δ(ω − ω0) + δ(ω + ω0)
2

eiωt

= μ0A
2 cos(ω0t)ω0

×
(

ω0χ0τ

1 + ω0
2τ2

cos(ω0t)− sin(ω0t)
[

1 +
χ0

1 + ω0
2τ2

])

= PLoss(t) +
∂U

∂t
.

(A.15)

Or

PLoss(t) = μ0A
2 cos(ω0t)ω0

ω0χ0τ

1 + ω0
2τ2

cos(ω0t). (A.16)

Because PLoss(t) is only a function of time between 0 < r <
a (isotropic and homogeneous material), then the outward
heat flux at r = a can be calculated as follows:

q′′s (r = a, t)4πa2 = 4πa3

3
PLoss(t). (A.17)

Or

q′′s (r = a, t) = aμ0A2ω0

6

(
ω0χ0τ

1 + (ω0τ)2 (cos(2ω0t) + 1)

)
.

(A.18)

Taking the FT of (A.18) and substituting it in (A.10) one can
calculate the FT of θ(R, t) to receive the following:

θ̃(R,ω) = aμ0A2ω0

6

×
(

ω0χ0τ

1+(ω0τ)2

(
δ(ω−2ω0)+δ(ω+2ω0)

2
+δ(ω)

))

· aR0

R0
√
iω + 1

exp
(
−
√
iωR

)
.

(A.19)

Case 3 (a PMP profile). The PMP, (11), can be decomposed
using the theory of Fourier’s series into its harmonics to
receive [71, 72] the following:

H(t) = 2A · Δ

Ts
+
∞∑
n=1

4A
πn

sin
(
nπΔ

Ts

)
cos(nω0t). (A.20)
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By substituting (A.20) into (A.14) and then using them in
(7) we can calculate the total heat dissipation for this case as
follows:

H(t) · ∂B(t)
∂t

=
∫∫
dω dω′H(r,ω′)

(
iωμ0μ(ω)

) ·H(r,ω)ei(ω−ω
′)t

= μ0

(
2A · Δ

Ts
+
∑ 4A

πm
sin
(
mπΔ

Ts

)
cos(mω0t)

)

·
∑ 4A

πn
sin
(
nπΔ

Ts

)∫
dω
(
iω
(

1 +
χ0

1 + iωτ

))

× δ(ω − nω0) + δ(ω + nω0)
2

eiωt

= μ0

(
2A · Δ

Ts
+
∑ 4A

πm
sin
(
mπΔ

Ts

)
cos(mω0t)

)

·
∑ 4A

π
sin
(
nπΔ

Ts

)
ω0

×
(

nω0χ0τ

1 + (nω0)2τ2
cos(nω0t)

− sin(nω0t)

[
1 +

χ0

1 + (nω0)2τ2

])

= PLoss(t) +
∂U

∂t
.

(A.21)

Therefore, we can find that the heat losses equal to

PLoss(t) = μ0

(
2A · Δ

Ts
+
∑ 4A

πm
sin
(
mπΔ

Ts

)
cos(mω0t)

)

·
∑ 4A

π
sin
(
nπΔ

Ts

)
ω0

(
nω0χ0τ

1 + (nω0)2τ2
cos(nω0t)

)
.

(A.22)

And for Δ < t < Ts:

H(t) · ∂B(t)
∂t

= 0. (A.23)

Using (A.17) and (A.22) we can calculate the heat flux at the
surface of the MNP.

q′′s (r = a, t)

= PLoss(t)
a

3

= a

3
μ0

(
2A · Δ

Ts
+
∑ 4A

πm
sin
(
mπΔ

Ts

)
cos(mω0t)

)

·
∑ 4A

π
sin
(
nπΔ

Ts

)
ω0

(
nω0χ0τ

1 + (nω0)2τ2
cos(nω0t)

)
.

(A.24)

By taking the FT of the resulted heat flux and substituting it
in (A.10) one can receive

θ̃(R,ω)

= a

3
8ω0μ0A

2 · Δ

πTs

∑
sin
(
nπΔ

Ts

)
nω0χ0τ

1 + (nω0)2τ2

×
(
δ(ω− nω0) + δ(ω + nω0)

2

)
aR0

R0
√
iω + 1

exp
(
−
√
iωR

)

+
a

3
8μ0A2ω0

π2

∑∑ sin(mπΔ/Ts)
m

sin
(
nπΔ

Ts

)

× nω0χ0τ

1 + (nω0)2τ2

·
(
δ(ω− (n +m)ω0) + δ(ω + (n +m)ω0)

2

+
δ(ω − (m− n)ω0) + δ(ω + (m− n)ω0)

2

)

× aR0

R0
√
iω + 1

exp
(
−
√
iωR

)
.

(A.25)

When looking at (A.25), the multiplication of each
coefficient’s amplitude with its matched harmonic must
meet the biologically noninvasive limitation Am · fm ≤ 5 ·
109 A/m·s. The mathematical justification is deduced next.

Looking at the eddy currents that evolve in the body [73]

E(ω) = −iωr
2

Bz,

J(ω) = − iωrσ
2

Bz −→ E(t) = − r
2
∂Bz(t)
∂t

= −μ0
r

2
∂H(t)
∂t

,

J(t) = − rσ
2
∂Bz(t)
∂t

= −μ0rσ

2
∂H(t)
∂t

.

(A.26)

They can be written using (A.20) as follows:

E(t) = −μ0
r

2
∂H(t)
∂t

= μ0
r

2
ω0

∑ 4A
π

sin
(
mπΔ

Ts

)
sin(mω0t),

J(t) = −μ0rσ

2
∂H(t)
∂t

= μ0rσ

2
ω0

∑ 4A
π

sin
(
nπΔ

Ts

)
sin(nω0t).

(A.27)
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So the eddy losses inside the body can be found using
Poynting theory [5] as follows:

Paverage = 1
Ts

∫
P(t)dt = 1

Ts

∫
E(t)J(t)dt

= σ

Ts

(
2rω0μ0A

π

)2 ∫ ∑
sin
(
mπΔ

Ts

)
sin(mω0t)

×
∑

sin
(
nπΔ

Ts

)
sin(nω0t)dt

= σ

Ts

(
πr f0μ0

)2
(

4A
π

)2∑
sin2

(
mπΔ

Ts

)

×
∫

sin2(mω0t)dt

= σ
(
πr f0μ0

)2
(

4A
π

)2 1
2

∑
sin2

(
mπΔ

Ts

)

= Aeff
2σ
(
πr f0μ0

)2
.

(A.28)

The last expression is the same as the one received by
Atkinson et al. [16]. Therefore the limitation on the MFS and
the frequency can be summarized as follows [11, 16, 24]:

Aeff f0 = f0

(
4A
π
√

2

)√∑
sin2

(
mπΔ

Ts

)
≤ 5 · 109 A/m · s.

(A.29)

ForN = 25 and a duty cycle of d = Δ/Ts = 0.2, the treatment
is safe as long as

Aeff f0 = f0

(
4A
π
√

2

)√∑
sin2

(
mπΔ

Ts

)

= A f03.1 ≤ 5 · 109 A/m · s.

(A.30)

Consequently, as long as (A.30) is valid the treatment
is safe. Choosing other maximal summation index values
such as N = 20 will result in a new constraint over
the frequency and the MFS that must fulfill Aeff f0 =
f0(4A/π

√
2)
√∑

sin2(mπΔ/Ts) ≈ A f02.8 ≤ 5 ·109 A/m·s and
so on.

Moreover, for frequencies lower than 10 MHz there is
essentially no attenuation of the MFS within cylinders of
muscle-equivalent material, therefore the maximal harmonic
frequency should not exceed 10 MHz [16].

Case 4 (a discontinuous cosine MFP). As for the previous
case, we decompose the MF using the theory of Fourier’s
series into its harmonics for 0 ≤ t ≤ Δ to receive [71, 72]

H(t)

=
∞∑
n=1

2A
Ts

[
sin((Δ/2)(ω0 +nω1))

ω0 +nω1
+

sin((Δ/2)(ω0−nω1))
ω0−nω1

]

× cos(nω1t).
(A.31)

For Δ ≤ t ≤ Ts, the magnetic power losses are zero,
because the MF dose not exists.

By substituting (A.31) into (A.14) and then using them
in (7) we can calculate the total heat dissipation for this case
as follows:

H(t) · ∂B(t)
∂t

=
∫∫
dω dω′H(r,ω′)

(
iωμ0μ(ω)

) ·H(r,ω)ei(ω−ω
′)t

= μ0

(
2A
Ts

)2

·
(∑[ sin((Δ/2)(ω0 +mω1))

ω0 +mω1

+
sin((Δ/2)(ω0 −mω1))

ω0 −mω1

]

× cos(mω0t)
)

·
∑[ sin((Δ/2)(ω0 + nω1))

ω0 + nω1
+

sin((Δ/2)(ω0 − nω1))
ω0 − nω1

]

×
∫
dω
(
iω
(

1 +
χ0

1 + iωτ

))

× δ(ω− nω1) + δ(ω + nω1)
2

eiωt

= μ0

((
2A
Ts

)2

×
[

sin((Δ/2)(ω0 +mω1))
ω0 +mω1

+
sin((Δ/2)(ω0 −mω1))

ω0 −mω1

]

× cos(mω1t)
)

·
∑( sin((Δ/2)(ω0 + nω1))

ω0 + nω1
+

sin((Δ/2)(ω0 − nω1))
ω0 − nω1

)

×
(

(nω1)2χ0τ

1 + (nω1)2τ2
cos(nω1t)

− sin(nω1t)

[
1 +

χ0

1 + (nω1)2τ2

])

= PLoss(t) +
∂U

∂t
.

(A.32)

Therefore, we can find that the heat losses equal to

PLoss(t)

= μ0

((
2A
Ts

)2

38 Comprehensive Study of Atomic and Molecular Physics

__________________________ WORLD TECHNOLOGIES __________________________



×
[

sin((Δ/2)(ω0 +mω1))
ω0 +mω1

+
sin((Δ/2)(ω0−mω1))

ω0−mω1

]

× cos(mω1t)
)

·
∑( sin((Δ/2)(ω0 + nω1))

ω0 + nω1
+

sin((Δ/2)(ω0 − nω1))
ω0 − nω1

)

×
(

(nω1)2χ0τ

1 + (nω1)2τ2
cos(nω1t)

)
.

(A.33)

Using (A.17) and (A.33) we can calculate the heat flux at the
surface of the MNP.

q′′s (r = a, t)

= PLoss(t)
a

3

= a

3
μ0

((
2A
Ts

)2∑[ sin((Δ/2)(ω0 +mω1))
ω0 +mω1

+
sin((Δ/2)(ω0 −mω1))

ω0 −mω1

]
cos(mω1t)

)

·
∑( sin((Δ/2)(ω0 + nω1))

ω0 + nω1
+

sin((Δ/2)(ω0 − nω1))
ω0 − nω1

)

×
(

(nω1)2χ0τ

1 + (nω1)2τ2
cos(nω1t)

)
.

(A.34)

By taking the FT of the resulted heat flux and substituting it
in (A.10) one can receive

θ̃(R,ω)

= 2a
3
μ0

(
A

Ts

)2 aR0

R0
√
iω + 1

exp
(
−
√
iωR

)

×
∑∑[( sin((Δ/2)(ω0 +mω1))

ω0 +mω1

+
sin((Δ/2)(ω0 −mω1))

ω0 −mω1

)

×
(

sin((Δ/2)(ω0 + nω1))
ω0 + nω1

+
sin((Δ/2)(ω0 − nω1))

ω0 − nω1

)

· (nω1)2χ0τ

1 + (nω1)2τ2

×
(
δ(ω− (n +m)ω1) + δ(ω + (n +m)ω1)

2

+
δ(ω−(m−n)ω1)+δ(ω+(m−n)ω1)

2

)]
.

(A.35)

When looking at (A.35) the multiplication of each coeffi-
cient’s amplitude with its matched harmonic must meet the
biologically noninvasive limitation Am · fm ≤ 5 · 109 A/m·s.
The mathematical justification is deduced next.

For f0 > f1 and Ts = 1/ f1, we find that (A.26) becomes

E(t) = − μ0
r

2
∂H(t)
∂t

= μ0
r

2
ω1

∑ n2A
Ts

[
sin((Δ/2)(ω0 + nω1))

ω0 + nω1

+
sin((Δ/2)(ω0 − nω1))

ω0 − nω1

]
sin(nω1t),

J(t) = − μ0rσ

2
∂H(t)
∂t

= μ0rσ

2
ω1

×
∑ m2A

Ts

[
sin((Δ/2)(ω0 +mω1))

ω0 +mω1

+
sin((Δ/2)(ω0 −mω1))

ω0 −mω1

]
sin(mω1t).

(A.36)

Consequently, (A.28) becomes

Pavr = 1
Ts

∫
P(t)dt = 1

Ts

∫
E(t)J(t)dt

= σ

Ts

(
2rω1μ0A

Ts

)2

·
∫ ∑

n
[

sin((Δ/2)(ω0 + nω1))
ω0 + nnω1

+
sin((Δ/2)(ω0 − nω1))

ω0 − nω1

]
sin(nω1t)

×
∑
m
[

sin((Δ/2)(ω0 + nω1))
ω0 + nω1

+
sin((Δ/2)(ω0 − nω1))

ω0 − nω1

]
sin(nω1t)dt

= σ

Ts

(
2rω1μ0A

Ts

)2

×
∑
n2
[

sin((Δ/2)(ω0 + nω1))
ω0 + nω1

+
sin((Δ/2)(ω0 − nω1))

ω0 − nω1

]2

×
∫

sin2(nω1t)dt

= σ
(
πr f1μ0

)2
(

4A
Ts

)2
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× 1
2

∑
n2
[

sin((Δ/2)(ω0 + nω1))
ω0 + nω1

+
sin((Δ/2)(ω0 − nω1))

ω0 − nω1

]2

= Aeff
2σ
(
πr f1μ0

)2
.

(A.37)

The last expression is the same as the one received by
Atkinson et al. [16]. Therefore, the limitation on the MFS
and the frequency can be summarized as follows [11, 16, 24]:

Aeff f1

= f1

(
4A
Ts
√

2

)

×
√√√√∑n2

[
sin((Δ/2)(ω0 +nω1))

ω0 +nω1
+

sin((Δ/2)(ω0−nω1))
ω0−nω1

]2

≤ 5 · 109 A/m · s.
(A.38)

For N = 25, a duty cycle of d = Δ/Ts = 0.2 and ω0 = 6ω1,
the treatment is safe as long as

Aeff f1

= f1

(
4A
Ts
√

2

)

×
√√√√∑n2

[
sin((Δ/2)(ω0 +nω1))

ω0 +nω1
+

sin((Δ/2)(ω0−nω1))
ω0−nω1

]2

= A f14.6 < A f0 ≤ 5 · 109 A/m · s.
(A.39)

Consequently, as long as (A.39), the treatment will be
safe. Moreover, for frequencies lower than 10 MHz, there is
essentially no attenuation of the MFS within cylinders of
muscle-equivalent material, therefore the maximal harmonic
frequency should not exceed 10 MHz [16].

B. COMSOL: Results

In order to validate the analytic solutions and the MATLAB
simulations, a numerical simulation was performed using
COMSOL, for the same thermal and magnetic properties
given in Tables 1 and 2. The simulation results can be seen
for each case studied in Methods and Results parts in this
Appendix.

For Case 1, the mathematical expression of the temper-
ature increment, (9), was plotted as a function of time and
space, where the results are given in Figure 10 for Ts = 2.5μs.

The maximal temperature elevation in Figure 10 reached
a value of 2.25 n◦K on the surface of the MNP which
is 0.15 n◦K higher than the one received for the analytic
simulation, Figure 3.

At 2 nm apart from the surface of the MNP surface, the
temperature elevation reached a value of 2.05 n◦K that is

r = 0 nm

Time (μs)

r = 2 nm
r = 4 nm

r = 6 nm
r = 8 nm
r = 10 nm

2

1.5

1

0.5

0
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Figure 10: The temperature profile for a cosine MFP plotted as a
function of time and as a function of the observation point located
at a distance, r, from the surface of the MNP; r ranging from 0 nm
to 10 nm for a core radius of 10 nm.

0.2 n◦K higher than the one receive in Figure 3. Again, there
is a small difference between both simulations results. As the
observation point gets further from the surface of the MNP,
the temperature differences get bigger; reaching a value of
0.4 n◦K at an observation point located 10 nm apart from the
surface.

This may be caused by the triangles constructing the
COMSOL’s numeric mesh, which are used to solve numer-
ically the heat problem, that get larger and bigger, as
the observation point gets further from the MNP surface
contributing to the error.

Comparing between Figures 3 and 10 we conclude that
the numerical simulation fits the analytic solution.

For Case 2, as in Case 1, in order to validate the analytic
solution a numerical simulation was also performed using
COMSOL for the same thermal and magnetic properties
(Tables 1 and 2). The simulation result can be seen in
Figure 11.

The maximal temperature elevation in Figure 11 reaches
a value of 8.5 n◦K on the surface of the MNP, which is 0.4 n◦K
higher than the one receive in Figure 5.

At 2 nm apart from the surface of the MNP surface,
the temperature elevation reached a value of 7.5 n◦K, that
is 0.2 n◦K higher than the one receive in Figure 5. Again,
it seems that there exists a small difference between the
simulations results. As the observation point gets further
from the surface of the MNP, the differences gets bigger
reaching a value of 0.8 n◦K at an observation point located
10 nm a part from the surface.

This may be caused by the bigger triangles in the mesh
that are formed in the COMSOL software as the observation
point gets further from the MNP surface contributing to the
error.
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Figure 11: The temperature profile for a PMP-shaped MFP plotted
as a function of time and as a function of the observation point
located at a distance, r, from the surface of the MNP; r ranging from
0 nm to 10 nm for a core radius of 10 nm for N = 25.

As can be seen from Figure 11, there are 5 peaks during
the time that the MF is tuned on that fit the number of
peaks in Figure 5, these peaks evolve due to the final number
of harmonics that form the PMP MF, as given by (11).
However, there is a slightly difference in the temperature
profiles between Figures 11 and 5; in Figure 11 the first peak
is lower than the others in comparison to Figure 5 where the
first peak is about the same high as the last peak.

Again, there are some small changes between both
software simulations as expected; however the results for
both simulations conclude that there is a benefit in using
the PMPs instead of the cosine MFP due to the higher
temperature rise values received for the same magnetic
parameters.

For Case 3, we used again the numerical simulation
COMSOL in order to validate the analytic solution for the
same thermal and magnetic properties. The simulation result
can be seen in Figure 12.

The maximal temperature elevation in Figure 12 reached
a value of 2.3 n◦K on the surface of the MNP which is the
same as the one receive in Figure 7.

At 2 nm apart from the surface of the MNP surface
the temperature elevation reached a value of 2 n◦K, that is,
0.2 n◦K higher than the one received in Figure 7. Again, there
is a small difference between the simulations results. As the
observation point get further from the surface of the MNP,
the differences gets bigger reaching a value of 0.3 n◦K at an
observation point located 10 nm a part from the surface.

As explain before, this may be caused by the bigger
triangles in the mesh that are formed in the COMSOL
software as the observation point gets further from the MNP
surface contributing to the error. Although, there are some
small changes between both simulations as expected, the
maximal temperature rise is almost the same as the cosine
MFP.
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Figure 12: The temperature profile for a discontinuous cosine MFP
plotted as a function of time and as a function of the observation
point located at a distance, r, from the surface of the MNP; r ranging
from 0 nm to 10 nm, for a core radius of 10 nm for N = 25.

C. The Effects the Maximal Number of Indexes
Has on Cases 2 and 3: Results

In Appendix C, we examined the influences that the maximal
numbers of indexes composing the MF signal have on the
temperature rise and on the temperature rate rise for Case 2
and Case 3.

The maximal index numbers for summation were chosen
as N = 100, N = 25, N = 15, N = 10, and N = 1. Above
N = 25 the MF is practically absorbed in the tissue [14], but
this fact was not taken in consideration in the simulations
results.

Case 3. The temperature rise for Case 2, as a function of the
maximal summation indexes can be seen in Figure 13.

From Figure 13, we concluded that the maximal temper-
ature rise depends on the number of harmonics composing
the MF signal. For N = 100, the maximal temperature rise
reaches a value of 50 n◦K for a core radius of 7.7 nm, that is,
1.6 times higher than the maximal value received forN = 25.
The summation of 100 indexes can be seen as the ideal PMPs
shaped MFP.

For N = 15, we receive a temperature rate of 28 n◦K for
a core radius of 8.8 nm and for N = 10 we received a value
of 26 n◦K for a core radius of 9 nm. Furthermore, we can see
that the number of indexes composing the MF changes the
optimal radius as it gets smaller as the index number gets
bigger.

Now, we examined the influences that the number of
maximal summation indexes composing the MF signal has
on the temperature rate rise. The chosen numbers were N =
100, N = 25, N = 15, N = 10, and N = 1.

From Figure 14, we concluded that the maximal tem-
perature rate rise depends on the number of harmonics
composing the MF signal. For N = 100, the maximal
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Figure 13: The absolute maximal temperature rise was plotted as a
function of the number of harmonics summed,N , and as a function
of the core radius for a periodic pulse-shaped MFP having a pulsed
width of 0.2Ts; the maximal summation valueN ranges fromN = 1
to N = 100.
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Figure 14: The absolute maximal temperature rise rate was plotted
as a function of the number of harmonics summed, N , and as a
function of the core radius for a periodic pulse-shaped MFP having
a pulsed width of 0.2Ts plotted as a function of the core radius;
a: ranging from 5 nm to 15 nm, the observation points are on the
surface of the MNP.

temperature rate reaches a value of 3.9◦Ks−1 is received for
a core radius 7.6 nm, and is 3.9 times higher than the value
received for N = 25. For N = 15 we receive a temperature
rate of 0.5◦Ks−1 for a core radius of 8.2 nm, that is, half the
value received for N = 25, and for N = 10, we received a
value of 0.3◦Ks−1 for a core radius of 8.5 nm.

Case 4. Now, we examined the influences that the maximal
number of summation indexes composing the MF signal has
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Figure 15: The absolute maximal temperature rise was plotted as a
function of the number of harmonics summed,N , and as a function
of the maximal summation value for a periodic discontinuous
cosine MFP having a pulsed width of 0.2Ts. N ranging from N = 1
to N = 100 for a core radius of 10 nm, the observation point are on
the surface of the MNP.

on the temperature rise. The chosen numbers were N = 100,
N = 25, N = 15, N = 10, and N = 1.

From Figure 15, we concluded that the maximal temper-
ature rise depends on the number of harmonics composing
the MF signal. For N = 100, the maximal temperature rise
reaches a value of 5 n◦K for a core radius of 9.3 nm, that is,
1.1 times higher than the maximal value received forN = 25.
For N = 15, we receive a temperature rate of 5.5 n◦K for a
core radius of 9.2 nm, and for N = 10, we received a value
of 6.1◦K for a core radius of 9.3 nm. As already mentioned,
there is a limitation to the highest frequency that can be used
for MH and should not exceed 10 MHz [16], in our case
this limits the summation to 25 indexes that compose the
MF signal. Moreover, we can see that the number of indexes
composing the MF changes the optimal radius; it gets smaller
as the index number gets higher. Furthermore, we can see
that the number of indexes composing the MF changes the
optimal radius by getting smaller as the index number gets
bigger.

Now, we examined the influences that the number of
indexes composing the MF signal has on the temperature rate
rise. The chosen numbers were N = 100, N = 25, N = 15,
N = 10, and N = 1.

From Figure 16, we concluded that the maximal tem-
perature rise rate depends on the number of harmonics
composing the MF signal. For N = 100, the maximal
temperature rate reaches a value of 0.09◦Ks−1, is received for
a core radius 8.4 nm, and is 4.5 times higher than the value
received for N = 25. For N = 15, we receive a temperature
rate of 0.016◦Ks−1 for a core radius of 9.3 nm, that is, half
the value received for N = 25, and for N = 10 we received a
value of 0.015◦Ks−1 for a core radius of 9.3 nm.
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Figure 16: The absolute maximal temperature rise rate was plotted
as a function of the number of harmonics summed, N , and as a
function of the core radius for a periodic discontinuous cosine MFP
having a pulsed width of 0.2Ts; a—ranging from 5 nm to 15 nm, the
observation point are on the surface of the MNP.

As already mentioned there is a limitation to the highest
frequency that can be used for MH and should not exceed
10 MHz [16], in our case this limits the summation to 25
indexes that compose the MF signal. Moreover, we can see
that the number of indexes composing the MF changes the
optimal radius and it gets smaller as the index number gets
higher.
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Campus Miguel Delibes Paseo Belén 15, E-47011 Valladolid, Spain

Correspondence should be addressed to J. M. Christian, j.christian@salford.ac.uk

Academic Editor: Alan Migdall

We consider arbitrary angle interactions between spatial solitons and the planar boundary between two optical materials with
a single power-law nonlinear refractive index. Extensive analysis has uncovered a wide range of new qualitative phenomena in
non-Kerr regimes. A universal Helmholtz-Snell law describing soliton refraction is derived using exact solutions to the governing
equation as a nonlinear basis. New predictions are tested through exhaustive computations, which have uncovered substantially
enhanced Goos-Hänchen shifts at some non-Kerr interfaces. Helmholtz nonlinear surface waves are analyzed theoretically, and
their stability properties are investigated numerically for the first time. Interactions between surface waves and obliquely incident
solitons are also considered. Novel solution behaviours have been uncovered, which depend upon a complex interplay between
incidence angle, medium mismatch parameters, and the power-law nonlinearity exponent.

1. Introduction

A light beam impinging on the interface between two
dissimilar dielectric materials is a fundamental optical
geometry [1–12]. After all, the single-interface configuration
is an elemental structure that facilitates more sophisticated
device designs and architectures for a diverse range of
photonic applications. The seminal work of Aceves et al.
[6, 7] some two decades ago considered perhaps the simplest
scenario, where a spatial soliton (i.e., a self-trapped and
self-stabilizing optical beam) is incident on the boundary
between two different Kerr-type materials. Their intuitive
approach reduced the full complexity of the electromag-
netic interface problem to something far more tractable,
namely, the solution a scalar equation of the inhomogeneous
nonlinear Schrödinger (NLS) type. The development of an
equivalent-particle theory [3–6] provided an enormous level
of insight into the behaviour of scalar solitons at material

boundaries. The adiabatic perturbation technique developed
by Aliev et al. [13, 14] provides another toolbox for analyzing
interface phenomena (e.g., light incident on the boundary
between a linear and a nonlinear medium). Photorefractive
[15] and quadratic [16] materials have also been considered.

A recurrent feature of the waves at interfaces literature is
the appearance of the paraxial approximation, which com-
bines the assumptions of broad (predominantly transverse-
polarized) beams and slowly varying envelopes [1–16].
The adoption of this ubiquitous mathematical device can
impose some strong physical constraints that should be
borne in mind when modelling precisely these types of
angular geometries. Indeed, the class of problem at hand
is inherently nonparaxial since impinging beams may be
arbitrarily oblique with respect to the interface. External
refraction (where the refracted beam deviates away from the
interface) provides a specific context where beam refraction
cannot be described using conventional approaches. Paraxial
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wave optics must be applied with care since, in potentially
off-axis regimes, it holds true only where angles (in the
laboratory frame) of incidence, reflection, and refraction
with respect to the reference direction are negligibly (or near-
negligibly) small.

Recently, we proposed the first scalar model of spatial
solitons at interfaces that is valid across the entire angular
range [17, 18]. By respecting the essential role played by
Helmholtz diffraction [19–24], the angular restriction was
lifted while retaining an intuitive and manageable envelope
equation. Preliminary analyses considered bright [17, 18]
and dark [25, 26] spatial solitons incident on the boundary
between dissimilar Kerr-type materials. They focused on
establishing and developing the propagation aspects of our
Helmholtz interfaces approach. By enforcing appropriate
continuity conditions at the interface, a Snell’s law for Kerr
spatial solitons was derived whose validity was tested and
confirmed by extensive numerical computations. Here, we
take the first steps in a systematic study of the materials
aspects of nonlinear beam-interface interactions. The sim-
plest non-Kerr system one might consider is a class of host
media whose refractive index nNL(E) has a generic power-
law dependence on the (complex) electric field amplitude E
[27–29]:

nNL(E) = α

2n0
|E|q, (1)

where α is a positive coefficient, n0 is the linear index (at the
optical frequency), and the exponent q lies within the range
0 < q < 4. Typically, the nonlinear response of the medium is
assumed to be weak so that αE

q
0/n0 � O(1), where E0 is the

peak field amplitude.
Power-law models have played a key role in the theory of

nonlinear waves for the past three decades [30, 31]. Indeed,
[32] provides an excellent review of the fundamental impor-
tance of model (1) in photonics contexts. Materials that fall
into this broad category include some semiconductors (e.g.,
InSb [33] and GaAs/GaAlAs [34]), doped filter glasses (e.g.,
CsSxSex−2 [35, 36]), and liquid crystals [32]. One expects
non-Kerr regimes (where q deviates from the value of 2) to
give rise to a diverse range of new quantitative and qualitative
phenomena. The physical basis for this expectation lies in the
idealized nature of the Kerr response. In a range of materials,
one can often find higher-order nonlinear effects coming into
play. Perhaps the most obvious example of the breakdown
of Kerr-type behaviour is optical saturation, where the
refractive index change becomes bleached in the presence of
sufficiently high-intensity illumination. In such cases, model
(1) with q < 1 can be used to describe generic leading-
order corrections from a saturable (dispersive) nonlinearity
[35, 36].

In this paper, a detailed account is presented of arbitrary-
angle refraction of spatial solitons at the interface between
dissimilar power-law materials. Also of intrinsic interest are
nonlinear surface waves (i.e., localized modes that travel
along the boundary). This fundamental class of excitation
has been the subject of previous power-law studies involving
a single interface [35–39] and guided waves in multilayer

structures (e.g., slab waveguides) [40–43]. Stability char-
acteristics have been inferred from inspection of power-
propagation constant solution branches. However, to the best
of our knowledge, direct verification of such predictions
[37–43] (e.g., through numerical solution of the underlying
nonlinear Helmholtz equation) has been absent from the
literature to date. Rather, computational studies of surface
waves tend to have been in the limit of slowly varying
envelopes and nonlinear Schrödinger-type models, typically
of the diffusive-Kerr [44, 45], thermal [46], or saturable
[47] type. Here, we investigate the stability of exact ana-
lytical Helmholtz surface waves through direct numerical
calculations. As a fairly stringent test of solution robustness,
we also report on some key findings concerning arbitrary-
angle interactions between surface waves and solitons. In
beam-refraction and surface-wave contexts, simulations have
uncovered strikingly distinct behaviours as the exponent
q is varied and across a range of quasi-paraxial and fully
nonparaxial angular regimes.

The layout of this paper is as follows. In Section 2, we
propose a governing equation for scalar optical fields in
two adjoining power-law materials with dissimilar medium
coefficients. Exact analytical bright solitons are presented for
both media, and these solutions are used as a nonlinear basis
to derive a generalized Helmholtz-Snell law. In Section 3,
extensive computations test predictions of the new refraction
law over a range of system parameters. We also extend
our first calculations of the Goos-Hänchen (GH) shifts
[48] in the Helmholtz angular regime [49] with power-
law nonlinearities. Nonlinear surface waves are derived in
Section 4, and simulations provide what appears to be the
first full investigation of the stability properties of this new
class of Helmholtz solution. We conclude, in Section 5, with
some comments about the impact of our results.

2. Helmholtz Model for Scalar
Soliton Refraction

The formalism of Helmholtz soliton theory [23, 24] is now
deployed to develop a framework for describing refraction
phenomena in wider classes of nonlinear optical materials.
This type of modelling approach is valid when the beam
waist w0 is much broader than its free-space carrier wave-
length λ, such that ε ≡ λ/w0 � O(1). Ultranarrow beam
corrections to the governing equation, typically obtained
from single-parameter (i.e., ε-based) order-of-magnitude
analyses of fully-nonlinear Maxwell equations [50–55], are
unnecessary in such regimes.

2.1. Governing Equation. Within the scalar approximation
[19–24], we consider an electric field of the form

E(x, z, t) = E(x, z) exp(−iωt) + E∗(x, z) exp(+iωt), (2)

which is time harmonic with angular frequency ω. The
laboratory space and time coordinates are (x, z) and t,
respectively. In medium j (where j = 1 and 2), it is well
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known that the complex spatial field E(x, z) satisfies the
Helmholtz equation

∂2E

∂z2
+
∂2E

∂x2
+
ω2

c2
n2
j (E)E = 0, (3)

where c is the vacuum speed of light. The refractive
index distribution nj(E) on either side of the boundary is
introduced through n2

j (E) ≡ n2
0 j + αj|E|q, where n0 j is

the linear index at frequency ω and αj is a nonlinearity
coefficient. To facilitate comparison with our earlier work
[17, 18, 25, 26], we look for travelling-wave solutions to
(3) of the form E(x, z) = E0u(x, z) exp(ik1z). Here, E0 is a
(real) scale factor determining electric-field units, u(x, z) is
the dimensionless envelope, and exp(ik1z) biases the solution
in the forward longitudinal direction (taken to be z), where
k1 ≡ n01ω/c is the (linear) propagation constant of the
carrier wave in medium 1. It then follows that u satisfies the
inhomogeneous equation

∂2u

∂z2
+ i2k1

∂u

∂z
+
∂2u

∂x2
+
ω2

c2
α1E

q
0|u|qu

=
[
k2

1

(
1− n2

02

n2
01

)
+
ω2

c2
α1E

q
0

(
1− α2

α1

)
|u|q

]
h(x, z)u,

(4)

where h(x, z) is a Heaviside function that is equal to zero
(unity) in the domain of medium 1 (medium 2). Equation
(4) may be normalized with respect to the parameters in
medium 1, in which case the following governing equation
may be derived without further approximation [17, 18, 56,
57]:

κ
∂2u

∂ζ2
+ i

∂u

∂ζ
+

1
2
∂2u

∂ξ2
+ |u|qu =

[
Δ

4κ
+ (1− α)|u|q

]
h(ξ, ζ)u.

(5)

The dimensionless longitudinal and transverse coordinates
are ζ = z/LD and ξ = 21/2x/w0, respectively, where LD =
k1w

2
0/2 is the diffraction length of a reference (paraxial)

Gaussian beam. The inverse beam width is quantified by
κ = 1/(k1w0)2 = ε2/4π2n2

01 � O(1), where ε ≡ λ/w0, and the

field amplitude scales with E0 = (2n2
01/α1k1LD)

1/q
. Model (5)

is supplemented by the mismatch parameters [17, 18, 25, 26]

Δ ≡ 1− n2
02

n2
01

, (6a)

α ≡ α2

α1
, (6b)

which determine how the linear and nonlinear refractive
properties of the system change as one traverses the bound-
ary.

Equation (5) allows one access to material scenarios
where Δ < 0 (i.e., configurations with n02 > n01) [17,

18, 25, 26]. By contrast, the scalings deployed in classic
paraxial theory [8, 9] restrict those models to consideration
of regimes with Δ > 0. It is also apparent that setting κ ≈ 0
in an attempt to recover the paraxial model is going to lead
to complications when handling the linear mismatch term
Δ/4κ. The physical and mathematical difficulties of interpret-
ing the paraxial approximation as the single-parameter limit
κ ≈ 0 have been discussed at length elsewhere [23, 24]; it is
particularly well illustrated by interface geometries.

2.2. Solitons as a Nonlinear Basis. When investigating the re-
fraction of nonlinear light beams at material boundaries, it
is essential to have an appropriate set of basis functions with
which to formulate the problem. Such a basis is provided by
the underlying exact analytical Helmholtz solitons [56]. In
the following analysis, we align the interface along the z axis
so that it is located at transverse position x = 0. Medium 1
(the domain of the incident beam, where h = 0) is taken to
occupy the half-plane −∞ ≤ x < 0, while medium 2 (the
domain of the refracted beam, where h = +1), occupies 0 ≤
x ≤ +∞.

In medium 1, the governing equation (5) becomes

κ
∂2u

∂ζ2
+ i

∂u

∂ζ
+

1
2
∂2u

∂ξ2
+ |u|qu = 0. (7)

Sufficiently far from the interface, (7) admits exact analytical
solitons of the form [56]

u(ξ, ζ) = η0sech2/q

⎛
⎝a ξ −Vincζ√

1 + 2κV 2
inc

⎞
⎠

× exp

[
±i

√√√ 1 + 4κβ0

1 + 2κV 2
inc

(
Vincξ +

ζ

2κ

)]

× exp
(
−i

ζ

2κ

)
,

(8a)

where η0 is the peak amplitude of the beam, a = q[η
q
0/(2 +

q)]1/2 determines the (inverse) solution width, and

β0 = 2
η
q
0

2 + q
(8b)

quantifies nonlinear phase shift through the (typically
small) quantity 4κβ0. The ± sign flags evolution in the
forward/backward longitudinal direction. The propagation
angle of the beam in the laboratory (i.e., the (x, z)) frame,
denoted by θinc and measured with respect to the z axis,
is related to the transverse velocity parameter Vinc through
tanθinc = (2κ)1/2Vinc [23, 24]. In medium 2, u satisfies

κ
∂2u

∂ζ2
+ i

∂u

∂ζ
+

1
2
∂2u

∂ξ2
− Δ

4κ
u + α|u|qu = 0, (9)
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Figure 1: Schematic diagram illustrating (a) internal (θref < θinc) and (b) external (θref > θinc) refraction in the laboratory frame. The
transparency condition (θref = θinc) is shown in part (c). External refraction regimes tend to be highly angular and cannot be adequately
described by the paraxial approximation.

and one may derive similar families of solitons,

u(ξ, ζ) = η0sech2/q

⎛
⎝a√α ξ −Vrefζ√

1 + 2κV 2
ref

⎞
⎠

× exp

[
±i

√√√1− Δ + 4κβ0α

1 + 2κV 2
ref

(
Vrefξ +

ζ

2κ

)]

× exp
(
−i

ζ

2κ

)
.

(10)

Note that the connection between transverse velocity Vref

and propagation angle θref, that is, tanθref = (2κ)1/2Vref, is
unaffected by the (additional, linear) term Δ/4κ in (9) or by
the nonlinear coefficient α. The geometry of these solitons,
and their inherent stability against perturbations to the local
beam shape, was explored in detail in [56].

2.3. Phase Continuity and Refraction. In recent analyses, we
have shown that arbitrary-angle refraction is well described
by anticipating that the phase distribution of the light be
continuous across the interface [17, 18, 25, 26]. Matching
the phases of solutions (8a) and (10) at x = 0 leads to the
requirement that

±
√√√ 1 + 4κβ0

1 + 2κV 2
inc
= ±

√√√1− Δ + 4κβ0α

1 + 2κV 2
ref

. (11)

Hence, continuity is possible if and only if the incident and
refracted solitons share a common longitudinal sense (i.e.,
both must be in either the forward or backward directions).
By rearranging (11), one can show that Vref is related to Vinc

through

V 2
ref = V 2

inc −
1

2κ

(
1 + 2κV 2

inc

1 + 4κβ0

)[
Δ + 4κβ0(1− α)

]
. (12)

Expressed in this way, (12) provides a helpful form “V 2
ref =

V 2
inc + deviation,” where the sign of the deviation can be

analysed separately. It is then instructive to define a net
mismatch parameter δ as [17, 18]

δ ≡ Δ + 4κβ0(1− α). (13)

This parameter can be interpreted as the sum of linear and
nonlinear mismatches in material parameters. Its sign fully

characterizes beam refraction. When δ > 0, one has that
V 2

ref < V 2
inc, which is equivalent to θref < θinc. This regime

is referred to as internal refraction, and it corresponds to the
situation where the beam in medium 2 is deviated toward
the interface (see Figure 1(a)). Conversely, δ < 0 implies that
V 2

ref > V
2
inc or, equivalently, θref > θinc. This external refraction

regime corresponds to the beam in medium 2 being bent
away from the interface (see Figure 1(b)). The special case
of δ = 0 is the transparency condition, where linear and
nonlinear index mismatches oppose each other exactly so
that V 2

ref = V 2
inc (or θref = θinc). The interface is thus

essentially transparent to the incident beam (see Figure 1(c)),
which experiences no net change in dielectric properties as it
crosses the boundary. It is interesting to note that the absence
of an interface provides a parameter subset (i.e., Δ = 0 and
α = 1) that satisfies the transparency condition identically.

2.4. The Helmholtz-Snell Law for Spatial Solitons. By recog-
nizing the rotational symmetry inherent to Helmholtz spatial
solitons [23, 24, 56], it becomes clear that “forward” and
“backward” designations are arbitrary. The only physical
distinction between the two families is the propagation
direction relative to the observer. By deploying trigonometric
identities to eliminate velocities Vinc and Vref, the forward
and backward solutions in each medium may be written as

u(ξ, ζ) = η0sech2/q
[
a
(
ξ cos θinc − ζ√

2κ
sin θinc

)]

× exp

⎡
⎣i

√
1 + 4κβ0

2κ

(
ξ sin θinc +

ζ√
2κ

cos θinc

)⎤⎦

× exp
(
−i

ζ

2κ

)
,

(14a)

and

u(ξ, ζ) = η0sech2/q
[
a
√
α
(
ξ cos θref − ζ√

2κ
sin θref

)]

× exp

⎡
⎣i

√
1− Δ + 4κβ0α

2κ

49Helmholtz Bright Spatial Solitons and Surface Waves at Power-Law Optical Interfaces

__________________________ WORLD TECHNOLOGIES __________________________



×
(
ξ sin θref +

ζ√
2κ

cos θref

)]

× exp
(
−i

ζ

2κ

)
.

(14b)

In this representation, the angles are bounded by
−180◦ < θinc, ref ≤ +180◦ with respect to the z-axis.
By matching the solution phase at ξ = 0, one can
obtain a compact Helmholtz-Snell refraction law involving
laboratory-frame angles:

γn01 cos θinc = n02 cos θref, (15a)

where

γ ≡
[

1 + 4κβ0

1 + 4κβ0α(1− Δ)−1

]1/2

. (15b)

It is worthwhile noting that (15a) has a form which is
almost exactly identical to that encountered when studying
the classic electromagnetic problem of plane wave refraction
at the boundary between different linear dielectrics. Thus,
the single correction factor γ captures the interplay between
finite-waist beams (through the appearance of κ) and
discontinuities in both the linear and nonlinear properties
of the adjoining media. The exponent q appears implicitly
through β0.

When a beam encounters the boundary with a rarer
medium, there is little penetration of light across that
boundary until the incidence angle exceeds a critical value,
denoted by θcrit. At criticality, where θinc = θcrit, the trajectory
of the incident beam is deviated so that, in principle, the
outgoing beam travels along the interface (i.e., θref = 0).
Applying this condition to law (15a) and (15b) leads to
an analytical prediction for θcrit in terms of the mismatch
parameters Δ and α and also the solution parameter 4κβ0:

tan θcrit =
[
Δ + 4κβ0(1− α)
1− Δ + 4κβ0α

]1/2

. (16)

In practice, one rarely finds the refracted soliton travelling
along the interface boundary since other effects tend to
appear (we will return to this point later).

2.5. Universal versus Specific Representations. There is clearly
a universal flavour about (12), (13), (15a), (15b) and (16).
For instance, there is no explicit mention of the system
nonlinearity so that refraction is fully described by the
mismatch parameters Δ and α and the beam parameter
4κβ0. These equations are, in fact, more general than they
first appear; for instance, laws of exactly the same structure
govern the refraction of plane waves in power-law materials:
a wave with real amplitude u0 has β0 ≡ u

q
0 (it is noteworthy

that the refraction analysis for plane waves does not capture
the modulational instability of such solutions in the single
power-law context [58]).

The power-law nature of the problem becomes apparent
after one substitutes for β0 from (8b). The γ factor (c.f. (15b))
then becomes

γ =
[

1 + 8κη
q
0

(
2 + q

)−1

1 + 8κη
q
0α
(
2 + q

)−1(1− Δ)−1

]1/2

, (17a)

while the relation for the critical angle (c.f. (16)) is given by

tan θcrit =
[
Δ + 8κη

q
0

(
2 + q

)−1(1− α)

1− Δ + 8κη
q
0α
(
2 + q

)−1

]1/2

, (17b)

and the net mismatch parameter (c.f. (13)) is δ = Δ +
8κη

q
0(1− α)/(2 + q).

3. Simulations of Solitons at
Power-Law Interfaces

The Helmholtz type of off-axis nonparaxiality demands that
the inequalities κ � O(1) and 4κβ0 � O(1) are always
met, which is equivalent to the simultaneous requirements
of broad beams with moderate intensities, respectively [23,
24, 56]. Here, attention is restricted to configurations where
the mismatch parameters are relatively small, typically α =
O(1) and |Δ| � O(1). We now proceed with a three-
stage analysis. The simplest case to consider first is that of
linear interfaces. We then move on to investigate nonlinear
interfaces and conclude by noting the dependence of GH
shifts [48, 49] on the nonlinearity exponent q. Stable solitons
of the homogeneous power-law Helmholtz model tend to
exist in the continuous interval 0 < q < 4 [27, 56]. For
definiteness, we consider here only three discrete values: q =
1 (sub-Kerr), 2 (Kerr), and 3 (super-Kerr).

3.1. Solitons at Linear Interfaces. From (13), linear interfaces
are defined by the inequality 4κβ0|1 − α| � |Δ|. To isolate
the effects of a linear-index change alone, we set α = 1.0
so that δ = Δ. One therefore finds the existence of a
critical angle in regimes where Δ > 0 (since n02 < n01).
The following simulations consider q = 1. Figure 2 shows
generally good agreement between theoretical predictions
and full numerical calculations when κ = 2.5×10−3; the level
of agreement is improved even further when κ = 1.0× 10−4.

The fact that smaller values of κ give rise to better theory-
numerics agreement, despite the increased magnitude of the
linear-interface perturbation term at Δ/4κ, invites comment.
We suspect that one possible explanation may lie in the
origin of the Helmholtz-Snell law, whereby one matches
solution phase (but not amplitude) at the boundary: the
matching condition thus takes no account of amplitude
curvature. In the laboratory frame, broader beams (i.e.,
those characterized by smaller κ values) tend to have lower
amplitude curvature, and the corresponding spatial solitons
(which play the role of nonlinear basis functions) thus map
much more consistently onto the inherent assumptions of
the analytical approach.

Upon crossing the interface, the refracted soliton may
suffer small oscillations (in its amplitude, width, and area)
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Figure 2: Comparison of the theoretical Snell’s law given by (15a)
and (15b) (lines) against full numerical computations (points) for
a unit-amplitude (η0 = 1.0) spatial soliton at a linear interface (α =
1.0) with q = 1 and when (a) κ = 2.5×10−3 and (b) κ = 1.0×10−4.
Curves below (above) the θref = θinc line have Δ > 0 (Δ < 0), so that
the refraction is internal (external).

reminiscent of those reported in previous studies [56], and be
accompanied by a radiation pattern. Computations [59] have
verified the effective independence of the refraction angle θref

with respect to the incident amplitude η0. Accordingly, the
curves in Figure 2 are essentially insensitive to q; they are
quantitatively very similar to those obtained for q = 2 [10]

and (when θinc is sufficiently above θcrit in internal-refraction
regimes) for q = 3.

Any interaction between a spatial soliton and an interface
generally involves three distinct components: a reflected
beam, a refracted beam (sometimes more than one), and
radiation. The way in which the incident energy is distributed
amongst these components depends on a complicated
interplay between the interface and beam parameters, and
also the incidence angle. At very small angles (e.g., θinc <
1◦), the interaction can be highly inelastic and nonadiabatic
(especially in external refraction regimes). Crucially, the
single refracted soliton (as predicted in Section 2) dominates
as θinc approaches even modest nonparaxial angles, with
reflected and radiation components hardly excited at all. The
Helmholtz-Snell law embodied by (15a) and (15b) is, of
course, most valid in such regimes.

3.2. Solitons at Nonlinear Interfaces. Nonlinear interface
effects dominate beam refraction when 4κβ0|1 − α| 

|Δ|. Without loss of generality, we isolate such effects by
setting Δ = 0 so that the net mismatch parameter is given
by δ = 4κβ0(1 − α) = 8κη

q
0(1 − α)/(2 + q). Refraction

thus becomes far more sensitive to κ in nonlinear regimes
(compare this to linear regimes, where δ = Δ is independent
of κ). Theoretical predictions are shown in Figure 3. While
there is generally good agreement with numerics for both
κ = 2.5 × 10−3 and κ = 1.0 × 10−4 when α ≈ 1.0, the
fit becomes less reliable for α = 2.0 and α = 0.3. For such
parameters, the nonlinear refractive index change across the
boundary is no longer small: one cannot expect to find such
a close match because of strong nonlinear effects (e.g., beam
splitting and radiation phenomena). While the fit is clearly
better for broader beams (κ = 1.0 × 10−4), the Helmholtz-
Snell predictions for narrower beams (κ = 2.5 × 10−3) are
still in good qualitative agreement.

Detailed attention is first paid to regimes with α > 1
(external refraction, since δ < 0), where the nonlinearity
is stronger in the second medium. Since the width of the
refracted soliton is proportional to α−1/2, it follows that the
beam must become narrower as it crosses the interface. In
this type of material regime, the incident soliton always has
sufficient energy flow to excite a self-trapped soliton-like
state in medium 2.

Simulations have shown that nonlinear external refrac-
tion tends to induce stronger oscillations in the parameters
(amplitude, width, and area = amplitude × width) of the
outgoing beam than in the linear case. Such oscillations
are not captured by the adiabatic analysis in Section 2
(which anticipates a stationary state), but one expects their
appearance intuitively. Qualitatively different effects can
appear at quasi-paraxial incidence angles as the exponent
q is varied; an illustrative example is shown in Figure 4
for θinc = 3◦ when α = 2.0. A unit-amplitude soliton
exhibits a pronounced splitting phenomenon when q = 1
(see Figure 4(b)), whereby the field distribution in the second
medium is shared between a dominant externally refracted
beam (as predicted by analysis) and a weaker internally
refracted component (there is also a low-amplitude reflected
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Figure 3: Comparison of the theoretical Snell’s law given by (15a)
and (15b) (lines) against full numerical computations (points) for a
unit-amplitude (η0 = 1.0) spatial soliton at a nonlinear interface
(Δ = 0) with q = 1 and when (a) κ = 2.5 × 10−3 and (b)
κ = 1.0× 10−4. Curves below (above) the θref = θinc line are labelled
by the right-hand (left-hand) legend and have α < 1 (α > 1)
so that refraction is internal (external). Note that the numerical
datapoints for α = 0.3 and α = 0.5 are very close together in both
panes.

component in the form of radiation modes). Since the
internally refracted beam carries away some of the momen-
tum of the incident beam, it follows that the dominant
refracted beam travels at a smaller angle than that predicted
by (15a) and (15b). This type of splitting is not present
for unit-amplitude solitons with q = 2 (see Figure 4(b)),
though it may appear for incident solitons with higher peak
intensities [60]. In such cases, the properties of the daughter
solitons may be quantified with recourse to inverse scattering
techniques. Splitting is also absent at q = 3 (see Figure 4(c)),
though one finds quite a complicated radiation ripple pattern
in the second medium.

Refraction in nonparaxial regimes tends to be a much
cleaner process, with little radiation generated by the beam-
interface interaction in comparison with quasi-paraxial
regimes. Even at modest angles (e.g., θinc = 30◦), where the
interface perturbation is distributed over a relatively short
interaction length, the quantitative characteristics of the
outgoing beam depend crucially on the power-law exponent.
Both the depth of modulation and (longitudinal spatial)
frequency of the oscillations tend to increase with q, as shown
in Figure 5(a). When q = 2, the oscillations tend to vanish in
ζ ; for q = 1 and 3, they survive in the long-term evolution
(this is also true for the oscillations shown in Figure 4(a)).
A more detailed comparison of how the q affects beam
refraction is presented in Figures 5(b)–5(d).

For material combinations with α < 1 (internal refrac-
tion, since δ > 0), the nonlinearity is weaker in the
second medium. In that case, one should expect a critical
angle to exist (in accordance with (17b)). If the incident
soliton survives the interaction with the interface, then the
refracted beam may be expected to undergo self-reshaping
oscillations in its parameters, with the overall trend being
toward an increase in solution width. Simulations have
confirmed this to be the case, with diffractive broadening
generally accompanied by a reduction in peak amplitude
(see Figure 6(a))—these oscillations are reminiscent of those
uncovered previously for perturbed initial-value problems
[56].

Computations have uncovered a range of q-dependent
effects, an illustrative sample of which is shown in Figure 6
for beams with κ = 2.5 × 10−3, a nonparaxial incidence
angle θinc = 30◦, and a nonlinear mismatch of α = 0.5. The
(longitudinal spatial) frequency of the reshaping oscillations
tends to decrease with increasing q (c.f., the increase with
q when α > 1). Also at higher q values (e.g., for q = 3),
a threshold phenomenon can appear whereby the energy-
flow [56] of the incident soliton may not be great enough
to excite a refracted beam (if the energy flows associated
with solutions (8a) and (10) are denoted by Winc and Wref,
respectively, then it can be shown that Wref ≈ Winc/α1/2).
This instability is shown in Figure 6(d): upon colliding with
the interface, the beam breaks up into radiation (this scenario
is also present at quasi-paraxial incidence angles above the
critical angle θcrit).

3.3. Snaking at Nonparaxial Angles. Equations (15a) and
(15b) show that, at nonlinear interfaces, the refraction
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Figure 4: External refraction of a unit-amplitude (η0 = 1.0) spatial soliton at a nonlinear interface with α = 2.0 and a quasi-paraxial
incidence angle θinc = 3◦ when κ = 2.5 × 10−3. (a) Evolution in ζ of the peak amplitude |u|m of the beam. (b), (c), and (d) show the full
numerical solution |u(ξ, ζ)| of (5) when the nonlinearity exponent is q = 1, 2, and 3, respectively.

angle must depend on q (a prediction supported by simple
inspection of Figures 4, 5, and 6). At this point, it also
becomes instructive to consider the trajectory of refracted
beams more carefully. Detailed numerical calculations reveal
that at quasi-paraxial incidence angles, the beam in the
second medium tends to follow a straightline path. Such a
simple notion of refraction, founded upon intuition from
plane wave theory, is illustrated in Figure 7(a) for a nonlinear
interface with α = 2.0 and a beam with θinc = 3◦

and κ = 2.5 × 10−3. However, if the incidence angle is
increased into the nonparaxial domain (e.g., θinc = 30◦), a
qualitatively different picture emerges. Now, the straightline
path ξ − Vrefζ = 0 predicted by solution (10) defines an
average trajectory about which the refracted beam “snakes.”
Figure 7(b) quantifies this snaking effect for the external
refraction simulations shown in Figures 5(b)–5(d). Snaking
is more apparent with sub-Kerr nonlinearities (i.e., where
q < 2), and it increases for narrower beams (i.e., larger
values of κ) at a fixed amplitude (see Figure 8(a), where
η0 = 1.0). Beams with larger amplitudes also exhibit snaking,

but oscillations tend to be more rapid in the longitudinal
direction (see Figure 8(b)).

The snaking phenomenon is most pronounced in
regimes with α > 1, where the nonlinearity is stronger in the
second medium. There is also an intrinsic dependence on θinc

that can be seen in Figure 7. For small angles of incidence,
the incoming soliton experiences an interface perturbation
that is distributed over a relatively long distance. The
refracting beam is able to accommodate the inhomogeneity
in the system since changes in focusing properties of the
host medium occur gradually in the longitudinal direction.
For larger-incidence angles, the effective beam-interface
interaction length may be much shorter. Solitons impinging
on the boundary then exhibit a sharp (rather than a gradual)
perturbation whose action is to induce sustained oscillations.

3.4. Goos-Hänchen Shifts at Power-Law Interfaces. Recently,
GH shifts [48] have been investigated within the context of
Helmholtz spatial solitons at Kerr-type material interfaces
[49]. These shifts describe the translation in the trajectory
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Figure 5: External refraction of a unit-amplitude (η0 = 1.0) spatial soliton at a nonlinear interface with α = 2.0 and a nonparaxial incidence
angle θinc = 30◦ when κ = 2.5 × 10−3. (a) Evolution in ζ of the peak amplitude |u|m of the beam. (b), (c), and (d) show the full numerical
solution |u(ξ, ζ)| of (5) when the nonlinearity exponent is q = 1, 2, and 3, respectively.

of a reflected beam relative to its position as predicted
by geometrical optics. Extensive numerical investigations
considered the interplay between incidence angle θinc, mate-
rial mismatches (Δ,α), and the nonparaxial parameter κ.
Radiation-induced trapping was found to play a key role
in determining the magnitude of the shift. Also uncovered
were giant external GH shifts (in regimes with δ > 0 but
where the second medium has a weaker nonlinearity (i.e.,
α < 1)). While a similar investigation of GH shifts in the
power-law context is certainly outside our current scope, a
small selection of results will now be presented to illustrate
how they depend upon the nonlinearity exponent q.

We begin by considering linear interfaces and unit-
amplitude incident solitons with κ = 2.5 × 10−3. According
to (16), interfaces with Δ = 0.0025 have a theoretical critical
angle of θcrit ≈ 2.86◦ (this value depends only very weakly on
q). Figure 9(a) gives a representative set of results. Inspection
shows that, for any θinc, the magnitude of the shift is generally
greater for systems with q = 1 than for q = 2 or q = 3.
The true critical angle (which can only be found through
full simulations) is also slightly greater than that predicted
by theory (for q = 1 and q = 2, θcrit ≈ 3.016◦ and θcrit ≈

3.030◦; both angles exceed their theoretical values of θcrit ≈
2.857◦ and θcrit ≈ 2.859◦, respectively). While the qualitative
behaviour of systems with q = 1 and q = 2 is largely very
similar, strong qualitative differences have been uncovered in
the case of q = 3. As θinc approaches the theoretical critical
angle, the incident soliton often becomes unstable against the
interface perturbation. Large amounts of radiation tend to be
generated by the interaction (c.f. Figure 9(d)), so that there
is essentially no reflected or refracted beam and a GH shift is
thus not easily quantifiable (or even meaningful). However,
when θinc is sufficiently above θcrit, the refraction angle is still
well described by theory.

GH shifts at nonlinear interfaces have also been analyzed;
results are presented in Figure 10 for α = 0.7 and where
system nonlinearity has been augmented by considering
incident solitons with η0 = 2.0. Regimes with Δ =
−0.001 and Δ = −0.0025 are associated with linear
external refraction, while (13) shows that δ > 0 (i.e.,
for these parameter sets, net refraction is internal so that
a critical angle should still exist). One general trend to
emerge is that the true critical angle is slightly less than
the theoretical value (c.f. linear interfaces of Figure 9, where
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Figure 6: Internal refraction of a unit-amplitude (η0 = 1.0) spatial soliton at a nonlinear interface with α = 0.5 and a nonparaxial incidence
angle θinc = 30◦ when κ = 2.5 × 10−3. (a) Evolution in ζ of the peak amplitude |u|m of the beam. (b), (c), and (d) show the full numerical
solution |u(ξ, ζ)| of (5) when the nonlinearity exponent is q = 1, 2, and 3, respectively.

the true critical angle slightly exceeds theory). However,
it is worth noting that the qualitative behaviour predicted
by (16), namely that θcrit increases with q, is supported
by numerics. Close to the (true) critical angle, simulations
show that there is a strong divergence in the GH shift
(which becomes highly sensitive to θinc). Two other gen-
eral trends are that (i) GH shifts are larger (sometimes
notably) for q = 1 than for q = 3; (ii) in nonlinear
regimes, the GH shifts depend more strongly on q than
for the case of linear interfaces (compare Figure 10 to
Figure 9(a)).

Figure 10(b) reveals new types of behaviour at power-
law interfaces when q /= 2. In particular, for q = 3 one
enters a regime wherein the GH shift no longer increases
monotonically with θinc; instead, there is a marked decrease
in the shift before the divergence at θinc ≈ θcrit sets in.
These results provide clear evidence that one can, quite
reasonably, expect to find new qualitative phenomena in
material regimes that deviate from the idealized Kerr-type
response.

4. Helmholtz Nonlinear Surface Waves

Surface waves are well known in nonlinear photonics,
being stationary localized light states that travel along the
interface between different media. The transverse mode
profiles are typically asymmetric due to the differences
in dielectric properties defining the interface. We now
derive the surface modes of model (5) using solitons
(8a) and (10) as a nonlinear basis. These new solu-
tions are most conveniently parameterized by β, which is
related to the propagation constant in paraxial theory [27,
56].

4.1. Exact Analytical Solutions. To proceed, one seeks solu-
tions to (5) of the form u(ξ, ζ) = F(ξ − ξj) exp(ikζζ)
exp(−iζ/2κ), where kζ is the propagation constant and F(ξ−
ξj) is the (real) envelope profile that is centred on ξj . After
substituting for u and defining κk2

ζ − 1/4κ ≡ β, it can be
shown that in medium 1
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Figure 7: External refraction of a unit-amplitude (η0 = 1.0)
spatial soliton at a nonlinear interface with α = 2.0 when the
incidence angle is (a) quasi-paraxial (θinc = 3◦) and (b) nonparaxial
(θinc = 30◦) for κ = 2.5 × 10−3. In (a), the trajectory of the
beam in the second medium is essentially a straight line. In (b),
the trajectory oscillates (“snakes”) around the straight-line path
predicted by the analysis in Section 2. Calculations of the beam
centre ξ0 were obtained by fitting the numerical solution at each
longitudinal position to a trial function of the form ufit(ξ) =
η(ζ)sech2/q{a(ζ)[ξ − ξ0(ζ)]}. Black dashed lines: best-fit trajectory.
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For a nonlinearity exponent q, the surface waves associated
with any given interface are parameterized solely by β.
The displacements ξ1 and ξ2, as yet undetermined, can be
found by considering the auxiliary equations that arise from
respecting continuity of u and its normal derivative (here
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Figure 9: Demonstration of the GH shift for a unit-amplitude (η0 = 1.0) spatial soliton at a linear interface with Δ = 0.0025 and when
κ = 2.5× 10−3. (a) Variation of the GH shift with changing nonlinearity exponent q (the q = 3 results (inset) closely follow those for q = 2
until radiation effects come into play more strongly). (b), (c), and (d) show the full numerical solution |u(ξ, ζ)| of (5) when q = 1, 2 and
3, respectively (note that, over longer propagation lengths, the solution in (d) breaks up into radiation). The incidence angle in (b), (c), and
(d) is θinc = 3.016◦, which exceeds the (almost q-independent) critical angle θcrit ≈ 2.86◦.

∂u/∂ξ or, equivalently, dF/dξ) across the interface. These
conditions lead to
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respectively. After some algebraic manipulation of (19a) and
(19b), one finds that

ξ1 =
√

2
q
β−1/2 ln

(
1±√1− δ2

δ

)
(20a)
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where the parameters δ and μ are given by δ ≡ [Δ/4κβ(α −
1)]1/2 and μ ≡ [(Δ/4κβ)(1 + Δ/4κβ)−1 (1− 1/α)−1]1/2.

4.2. Surface Wave Existence Criterion. For displacements ξ1

and ξ2 to be real, it must be that 0 < δ2 < 1 and 0 <
μ2 < 1. These two simultaneous requirements lead to a third
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Figure 10: Numerical calculation of the GH shift for incident
spatial solitons with η0 = 2.0 at a nonlinear interface with α = 0.7,
(a) Δ = −0.001, and (b) Δ = −0.0025 when κ = 2.5 × 10−3 (inset
shows the behaviour of the shift for q = 3 around the minimum).

inequality placed on the product 4κβ, namely, 4κβ > 4κβmin,
where

4κβmin = Δ

α− 1
(21)

(it is interesting to note that 4κβmin is independent of
q). Thus, existence criterion (21) for Helmholtz surface

−6 −4 −2 0 2 4
0

1

2

3

4

5

ξ

6

q = 1 (−)

q = 1 (+)

q = 3 (−)
q = 3 (+)

|u
(ξ

, 0
)|

(a)

−6 −4 −2 0 2 4
0

1

2

3

4

5

ξ

6

q = 1 (+) q = 3 (+)

q = 1 (−) q = 3 (−)

|u
(ξ

, 0
)|

(b)

Figure 11: Nonlinear surface wave profiles for κ = 2.5× 10−3 in (a)
regime 1 (with Δ = 0.005 and α = 2.0) and (b) regime 2 (with Δ =
−0.005 and α = 0.5). From (21), one has that 4κβmin = 0.005 and
hence βmin = 0.5 for the solutions in (a), while 4κβmin = 0.01 and
hence βmin = 1.0 in (b). In these profiles, β = 2.0 so that β > βmin

in each case. The + and − signs in the legends refer to the choice of
sign solution in (20a) and (20b).

waves explicitly involves the (inverse) beam size through the
appearance of κ. Since 4κβ must remain positive, it follows
that surface modes are supported in two distinct parameter
regimes: (i) regime 1: Δ > 0 and α > 1 (i.e., n2

02 < n2
01 and

α2 > α1) and (ii) regime 2: Δ < 0 and 0 < α < 1, (i.e.,
n02 > n01,α2 < α1). We mention, in passing, that (21) is
reminiscent of the existence criterion derived by Aceves et
al. [8]; it differs through the explicit appearance of κ. Typical
surface wave profiles are shown in Figure 11.
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Figure 12: Power curves as a function of the propagation constant
β, obtained from (22) with κ = 2.5 × 10−3. (a) Regime 1 with
Δ = 0.005 and α = 2.0 and (b) regime 2 with Δ = −0.005 and
α = 0.5. The + and − signs in the legends refer to the choice
of solution in (20a) and (20b). Lower (upper) solution branches
appear as red (blue) lines, and each branch generally satisfies the
VK stability criterion [61].

4.3. Solution Families and Wave Power. For both forward-
and backward-propagating surface waves, there exist two
solution families. The origin of this duality lies in solving
simultaneous equations (19a) and (19b), where one is
eventually obliged to find the roots of quadratic equations.
Figure 11 reveals that, for fixed (Δ, α, β), the profile depends
strongly on the nonlinearity exponent q. That is, the peak
amplitude, width, and area all decrease with increasing
q. The difference between the two peak amplitudes and
the distance of each solution peak from the interface also
decrease with increasing nonlinearity exponent.

Since the surface wave profiles differ, it is plausible that
the two families will not share the same stability properties.
We begin an analysis of Helmholtz solutions (18a) and (18b)
by considering the power P, where

P
(
β; q

) ≡
∫ +∞

−∞
dξ
∣∣u(ξ, ζ)

∣∣2, (22)

as a function of the free parameter β for different values
of the nonlinearity exponent q. The energy-flow invariant
W [56] is related to P through W(β) = ±(1 + 4κβ)1/2P(β),
where the ± sign here corresponds to forward- or backward-
propagating envelopes (being distinct from the sign choice
in (20a) and (20b)). A representative set of curves is shown
in Figure 12, where it can be seen that P(β) comprises two
branches. In regime 1 (where Δ > 0 and α > 1), the lower
(upper) branch corresponds to the −(+) sign in (20a) and
(20b). This situation is reversed for regime 2 (where Δ <
0, 0 < α < 1), in which the lower (upper) branch corresponds
to the +(−) sign (see Figure 11). We note that for lower-
branch solutions, the peak of the surface wave always resides
in whichever medium has the lower linear refractive index.

Global trends in the parameter dependence of the modes
profiles can be readily identified and discussed in the context
of the two solution branches. For instance, one might
fix Δ, β, and κ and consider the effect of varying α. In
regime 1, one finds that upon increasing α, the upper-
branch solutions tend to retain their shape while the lower-
branch solutions experience a decrease in amplitude, width,
and area. The separation between the pair of solutions also
becomes greater, with each localized wave moving away from
the interface. As α is increased in regime 2, the lower-branch
solutions tend to retain their shape while the upper-branch
solution exhibits decreases in amplitude, width, and area.
Also, the separation between the solutions tends to decrease
with increasing α (so that the solutions move toward the
boundary).

4.4. Surface Wave Stability. Except near the intersection
point (where β ≈ βmin), both P(β) branches satisfy the classic
Vakhitov-Kolokolov (VK) criterion for stability; namely,
dP/dβ > 0 [61]. Extensive simulations have revealed that
lower-branch solutions always tend to remain self-trapped
within the vicinity of the interface (so long as dP/dβ >
0) evolving with a stationary profile over arbitrarily long
distances.

Upper-branch solutions tend to display a spontaneous
instability in finite ζ . A set of typical results is shown
in Figure 13 for regime 1 with Δ = 0.005 and α =
2.0, where the input wave is localized predominantly in
medium 1 (compare with Figure 11(a)). The initial stages of
evolution appear to be stationary, but instability sets in after
a finite propagation length. The unstable solution deviates
spontaneously into medium 2, crossing the boundary and
shedding radiation in the process. The beam in medium
2 undergoes narrowing since α > 1. For fixed interface
and solution parameters, the instability growth rate clearly
increases with q. However, the angular deviation of the
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Figure 13: Spontaneous instability of nonlinear surface waves lying on the upper solution branch of Figure 12(a), where κ = 2.5× 10−3 and
β = 2.0 (interface mismatch parameters are Δ = 0.005 and α = 2.0). (a) Evolution in ζ of the peak amplitude |u|m of the beam. (b), (c), and
(d) show the full numerical solution |u(ξ, ζ)| of (5) when the nonlinearity exponent is q = 1, 2, and 3, respectively. Note that the profiles of
the input waves in (b) and (d) correspond to the upper-branch solutions shown in Figure 11(a).

(reshaping) daughter beam relative to the interface is largely
insensitive to q.

Qualitatively different effects appear in regime 2 with
Δ = −0.005 and α = 0.5; this time, the input wave is localized
predominantly in medium 2 (compare with Figure 11(b)).
After a finite propagation length, the surface wave bends
smoothly away from the interface and is deflected deeper
into medium 2. There is relatively little radiation shed in
this process, and the localized wave suffers only a very small
change to its shape (largely because the beam remains always
on the same side of the interface, so does not encounter
changes in refractive index). In common with regime 1, the
instability growth rate increases with q.

4.5. Interactions between Solitons and Surface Waves. The
stability of lower-branch surface waves is now investigated by
considering their resilience against interactions with spatial

solitons. Only a brief summary is presented here since the
primary motivation is to uncover qualitatively new effects
that depend upon the exponent q (detailed quantitative
analyses are reserved for future works). For definiteness,
we present simulation results for collisions between a unit-
amplitude (η0 = 1.0) soliton and surface waves in regimes
1 (Δ = 0.005,α = 2.0) and 2 (Δ = −0.005,α = 0.5) with
β = 2.0 and κ = 2.5× 10−3.

Regime 1 is considered first for a quasi-paraxial incidence
angle of θinc = 3◦ (see Figure 14). When q = 1, the two
distinct beams persist after the interaction. The path of the
outgoing soliton has been deflected relative to its ingoing
trajectory. The surface wave, on the other hand, survives as
a localized spatial structure but can no longer be interpreted
as a “surface wave” per se since it travels obliquely to (not
along) the interface. This picture is qualitatively different for
q = 2 and 3; there, the interaction results in the coalescence
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Figure 14: Quasi-paraxial interaction (θinc = 3◦) between a lower-branch nonlinear surface wave (with β = 2.0) and a unit-amplitude
(η0 = 1) soliton in regime 1 (mismatch parameters Δ = 0.005 and α = 2.0) with κ = 2.5 × 10−3. (a) Evolution in ζ of the peak amplitude
|u|m of the solution. Parts (b), (c), and (d) show the full numerical solution |u(ξ, ζ)| of (5) when the nonlinearity exponent is q = 1, 2 and
3, respectively.

of the soliton and surface wave, producing a single higher-
intensity narrow filament travelling obliquely to the interface
(narrowing is to be expected for medium combinations with
α > 1). It is noteworthy that the propagation angle of the
filament, relative to the interface, increases with q. Also,
as one might expect, nonlinear beams interacting at quasi-
paraxial angles tend to shed a large amount of radiation.

The qualitative behaviour can change dramatically at
nonparaxial angles; a representative set of simulations for
θinc = 30◦ is shown Figure 15. We have not observed
coalescence phenomena; instead of this, individual beams
retain their separate identities and can be clearly resolved.
While the soliton often survives intact (and experiences a
narrowing effect due to α > 1), the evolution of the surface
wave depends strongly on the nonlinearity exponent: (i)
for q = 1, it acquires slow modulations in its shape but

remains localized within the vicinity of the interface (i.e.,
it remains essentially a surface wave after the interaction);
(ii) for q = 2, its path is deviated by the interaction so
that it no longer travels along the interface (this obliquely-
evolving self-trapped structure is, by definition, not a surface
wave); (iii) for q = 3, the collision destroys it completely.
It is interesting to note the general trend that larger-
interaction angles generate far less radiation than their
paraxial counterparts [62].

We now turn our attention to similar interaction sce-
narios in regime 2. For a quasi-paraxial incidence angle of
3◦, the behaviour is strikingly different from that uncovered
for the same angle in regime 1 (compare Figures 16 and
14, respectively). When q = 1, the soliton survives the
interaction and the surface wave remains quasi-bound to the
interface (but exhibiting a longitudinal “skimming” effect).
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Figure 15: Nonparaxial interaction (θinc = 30◦) between a lower-branch nonlinear surface wave (with β = 2.0) and a unit-amplitude
(η0 = 1) soliton in regime 1 (mismatch parameters Δ = 0.005 and α = 2.0) with κ = 2.5 × 10−3. (a) Evolution in ζ of the peak amplitude
|u|m of the solution. (b), (c), and (d) show the full numerical solution |u(ξ, ζ)| of (5) when the nonlinearity exponent is q = 1 (surface wave
follows interface), 2 (surface wave deflected), and 3 (surface wave destroyed), respectively.

For q = 2 and 3, the interaction deflects the surface wave
away from the boundary (i.e., the surface wave becomes an
obliquely-evolving beam). However, the behaviour of the
soliton is different for q = 2 and 3: it survives intact in the
former case and breaks up into radiation in the latter (this
effect is related to the threshold phenomenon discussed in
Section 3.2 and is not a consequence of the interaction with
the surface wave).

5. Conclusion

We have presented, to the best of our knowledge, the
first investigation of the way spatial solitons behave at
the planar interface between dissimilar materials whose
refractive index has a power-law dependence on the electric
field amplitude. This analysis has thus extended arbitrary

angle refraction considerations beyond the ubiquitous Kerr-
type case [17, 18, 25, 26]. Exact analytical solitons have been
deployed as a nonlinear basis [56], permitting the derivation
of a generalized Helmholtz-Snell law. Extensive numerical
computations have tested its predictions, which are most
accurate in regimes where only the linear refractive index
changes across the boundary.

A range of new quantitative and qualitative effects that
depend strongly upon the exponent q has been identified.
For example, simulations have found that, at linear interfaces
with Δ > 0 and where q = 1 or 2, there is generally
a well-defined transition (as θinc increases) from soliton
reflection, through GH shifting, to soliton refraction. In
contrast, systems with q = 3 are often far more complex: the
reflection-to-refraction transition is generally obscured by
radiation effects over a finite band of incidence angles around
the (theoretical) critical angle: solitons interacting with
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Figure 16: Quasi-paraxial interaction (θinc = 3◦) between a lower-branch nonlinear surface wave (with β = 2.0) and a unit-amplitude
(η0 = 1) soliton in regime 2 (mismatch parameters Δ = −0.005 and α = 0.5) with κ = 2.5× 10−3. (a) Evolution in ζ of the peak amplitude
|u|m of the solution. (b), (c), and (d) show the full numerical solution |u(ξ, ζ)| of (5) when the nonlinearity exponent is q = 1 (surface wave
“skimming”), 2 (deflection of the surface wave), and 3 (deflection of the surface wave and breakup of the soliton into radiation), respectively.

the interface may collapse into low-amplitude diffracting
waves, with GH shifts becoming difficult to interpret or
quantify in the absence of a well-defined reflected beam.
However, strong supporting evidence has been obtained
to confirm the validity of our Helmholtz-Snell modelling
in arbitrary-angle non-Kerr regimes. In this way, the first
steps have been taken towards understanding how (fully
2D) diffraction/nonlinearity interplays govern spatial soliton
refraction in a much wider class of systems.

Nonlinear surface waves of model (5) have been derived,
and we have performed the first numerical analysis of these
types of solutions. Simulations have addressed the stability
properties of the new surface waves, which tend to lie on
one of two possible branches of the classic (β, P) curves.
Solutions lying on the lower branch are predicted to behave
as stable robust entities, while solutions on the upper branch
are inherently unstable. Extensive computations have lent

direct numerical support for this stability prediction in the
more general Helmholtz context, and the growth rate of the
upper-branch instability has been found to increase with q.

The stability properties of lower-branch Helmholtz sur-
face waves have been further investigated by considering
collisions with obliquely incident spatial solitons. A rich
variety of behaviours, which depend crucially on both the
nonlinearity exponent and the interaction angle, has been
discovered. Finding analytical descriptions (e.g., through
a perturbation theory [62]) of these phenomena seems a
remote possibility since much of the behaviour is clearly non-
adiabatic. Hence, computer simulations play a fundamental
role in investigating solitons, surface waves, and their
interactions in non-Kerr regimes.

The research presented in this paper provides a clear
indication that deviating from the ideal Kerr-type nonlin-
earity (q = 2) can give rise to novel, interesting, and
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potentially exploitable phenomena. Each component of this
paper (testing the Helmholtz-Snell law, calculating GH shifts,
analyzing surface wave stability, and studying soliton-surface
wave interactions) is a problem for detailed investigation in
its own right. Our findings unpin analyses of other types
of optical (and nonoptical) contexts involving solitons and
surface waves where the power-law type of nonlinearity takes
centre stage. One can expect other distinct classes of surface
wave to exist when the interface comprises combinations of
focusing/defocusing power-law nonlinearities [42, 43, 63];
the stability properties of these waves can, quite reasonably,
be expected to differ from those reported here. Furthermore,
the validity of our Helmholtz-Snell modelling in power-
law regimes suggests that it may also be applicable to other
material configurations, for example, to single- and multi-
interface problems with cubic-quintic [64–67] and saturable
[68–70] nonlinearities. Research is currently underway that
investigates the generality of our findings in these other con-
texts, and preliminary results do suggest wider applicability.
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The 46- and 69-residue BLN model proteins both exhibit frustrated folding to β-barrel structures. We study the effect of varying the
strength of nonnative interactions on the corresponding energy landscapes by introducing a parameter λ, which scales the potential
between the BLN (λ = 1) and Gō-like (λ = 0) limits. We study the effect of varying λ on the efficiency of global optimisation using
basin-hopping and genetic algorithms. We also construct disconnectivity graphs for these proteins at selected values of λ. Both
methods indicate that the potential energy surface is frustrated for the original BLN potential but rapidly becomes less frustrated
as λ decreases. For values of λ ≤ 0.9, the energy landscape is funnelled. The fastest mean first encounter time for the global
minimum does not correspond to the Gō model: instead, we observe a minimum when the favourable nonnative interactions are
still present to a small degree.

1. Introduction

Proteins are biopolymers constructed from a sequence of
amino acid residues. The potential energy landscapes of pro-
teins have many degrees of freedom and include important
contributions between pairs of residues that are distant in
sequence, but close to each other in space. Despite this
complexity, many globular proteins fold to a well-defined
the native state. According to the thermodynamic hypothesis,
this structure is the global free energy minimum for a giv-
en sequence [1]. Frustration occurs when there are low-ly-
ing structures separated by high barriers [2]. All the favour-
able interactions between pairs of residues cannot be accom-
modated at the same time, which can lead to energetic frus-
tration, where there are several low-lying structures with
different patterns of contacts. Geometric frustration occurs
when the interconversion of two low-lying structures re-
quires the breaking of several favourable contacts.

A systematic way to simplify the potential energy surface
for a protein is to include only attractive interactions bet-
ween pairs of residues that are in contact in the native state,
which constitutes a Gō model [3]. Various on- and off-lattice
Gō models have been investigated by different authors to

study a range of different proteins. In spite of the simplified
potential, these models have proved capable of reproducing
certain aspects of protein dynamics and thermodynamics
[4–11]. Using a Gō model tends to lead to funnelled ener-
gy landscapes [12], with very little frustration. For some pro-
teins, neglecting nonnative interactions can have a significant
influence on the energy landscape [13].

United atom representations introduce a further level of
coarse-graining, which can speed up simulations significant-
ly, at the cost of atomistic detail. The simplest coarse-grained
model is the HP model, in which each protein residue is re-
presented by a single hydrophobic (H) or polar (P) bead
and is constrained to lie on a regular lattice [14, 15]. The
BLN model is an off-lattice generalisation of the HP model
with three types of bead: hydrophobic (B), hydrophilic (L),
and neutral (N). The 46-residue sequence [12, 16–33]
B9N3(LB)4N3B9N3(LB)5L and the 69-residue sequence [34–
38] B9N3(LB)4N3B9N3(LB)4N3B9N3(LB)5L were designed
to exhibit frustrated folding and have several alternate β-
barrel structures that are separated by large energy barriers.
Disconnectivity graphs [39] for both of these proteins exhibit
energy landscapes comprising several folding funnels [12,
38]. Using a Gō potential for these two proteins changes
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Figure 1: Mean first encounter times (number of minimisations)
for 100 global optimisation runs initiated from random starting
points for the 46-residue scaled BLN protein. The searches were
run using a genetic algorithm (red), basin-hopping starting from
random structures confined to a sphere (green), and basin-hopping
starting from chain structures with randomised dihedral angles
(blue). The error bars are the uncertainties calculated at the 95%
level.

the nature of their energy landscapes, and they both exhibit
single funnels with very little frustration [12, 38].

Intermediate potentials can be generated using a parame-
ter, λ, which scales the strength of the nonnative interactions
between the Gō (λ = 0) and BLN (λ = 1) limits. The
folding thermodynamics of the 46-residue BLN protein have
been investigated using this scaled BLN potential [23, 32, 33],
showing that most of the frustration is only present for values
of λ ≥ 0.9. The introduction of salt bridges (gatekeepers)
to the 46-residue protein also produces energy landscapes of
intermediate character [27, 28].

In the present work, we study the effect of varying λ
on the ease of global optimisation of the 46- and 69-
residue BLN proteins using a basin-hopping algorithm and a
genetic algorithm. We also construct disconnectivity graphs
to compare the energy landscapes of the proteins for different
values of λ.

2. Computational Methods

The protein structures were modelled using the following
BLN potential [12, 21, 26, 28]:

VBLN = 1
2
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Figure 2: Energy of the minima in the Markov chain for a BH run
where trapping occurs for the 46-residue scaled BLN protein with
λ = 0.

Figure 3: The most stable misfolded structure, which acts as a trap
for global optimisation of the 46-residue BLN protein, illustrated
using the VMD program [40] with a colouring scheme for the beads
that varies from red to blue (N-terminus to C-terminus).

where Rij is the distance between two beads i and j. The
first term is a harmonic bond restraint with Kr = 231.2εσ−2

and Re = σ . The second term is a bond angle restraint with
Kθ = 20 rad−2 and θe = 1.8326 rad. The third term involves
torsional angles, φ, defined by four successive beads. If two
or more of these beads are N, then A = 0 and B = 0.2. For
all other sequences, A = B = 1.2. The final term introduces
pairwise nonbonded interactions. If one residue is L and the
other is L or B, then C = 2/3 and D = −1. If either of the
residues is N, then C = 1 and D = 0. If both residues are B,
thenC = 1, but the value ofD depends on the presence of the
contact in the native state of the protein. For native contacts,
D = 1. For nonnative contacts, D = λ, where 0 < λ < 1. The
case where λ = 1 is the original BLN potential and λ = 0 is
the Gō potential.
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Figure 4: The energies of the five most stable BLN-46 structures
relative to the global minimum as a function of λ. Also shown
(orange) is the energy of the trap structure illustrated in Figure 3.
The steep decreases mark the points at which structures cease to be
local minima and collapse into the basin of attraction [41] of the
global minimum.

Table 1: Parameters used for the two optimisation strategies.

BLN-46 BLN-69

BH

kT/ε 2.3 3.4

Step size/σ 0.65 0.70

GA

Population size 140 200

Crossover rate 0.9 0.9

Mutation rate 0.05 0.05

Native contacts are defined as all pairs of residues where
Rij is less than a fixed cut-off distance in the native state
(global minimum) of the protein. When λ /= 1, the value
of this cut-off radius will influence the energy landscape.
Here, we use 1.167σ for consistency with previous work
[12, 28, 38].

Global optimisation was performed using the basin-
hopping approach [42–44] and a Lamarckian genetic algo-
rithm [38, 45], which are both implemented in the GMIN
program [46]. Each algorithm involves local energy minimi-
sation after each structural perturbation. This minimisation
transforms the potential energy surface into the basins of
attraction of local minima [47] and removes downhill bar-
riers. The search parameters for both algorithms were opti-
mised in previous work for BLN proteins [38], and these
parameters were used without adjustment for all searches
presented here (Table 1). The GMIN input files used for these
searches are included in the supplementary data (see Sup-
plementary Material available online at doi:10.1155/2012/
192613).

The genetic algorithm represents each structure with a
genome consisting of the torsion angles in the backbone
of the protein. Offspring structures are generated by one-
point crossover from two parent structures. Mutants are

generated by making a copy of an existing structure (parent
or offspring) and replacing one of the torsion angles. To
prevent stagnation of the genetic algorithm searches, a restart
operator was used. If an entire generation of offspring con-
tains no solutions that are fitter than any of the parent struc-
tures, a new epoch is started with a new random population.
For the 69-residue protein, the fittest structure from each
epoch survives into the next epoch.

All conformational searches were run until the global
minimum structure was found. We report the mean time
taken to encounter this structure in conformational searches
from randomised starting points to compare the exploration
of the energy landscape as a a function of λ. Searches were
performed for values of λ between 0 and 1 in steps of 0.1,
with additional points at λ = 0.95 and λ = 0.99. The
initial structures for this benchmarking were generated using
two alternative methods: either random placement of the
residues inside a sphere of radius 3σ , or random assignment
of the backbone dihedral angles. Full details of all of the
global optimisation runs are available as supplementary data.

The disconnectivity graphs for the model proteins were
constructed from databases of stationary points generated
using the PATHSAMPLE program, [48] which organises inde-
pendent pathway searches using OPTIM [49]. All the tran-
sition state searches in OPTIM were conducted in Cartesian
coordinates [50] using a quasicontinuous interpolation
scheme to avoid chain crossings, with local maxima accu-
rately refined to transition states by hybrid eigenvector-fol-
lowing [51–53]. Successive pairs of local minima were select-
ed for connection attempts within OPTIM using the missing
connection algorithm [54]. Disconnectivity graphs [39] will
be illustrated for both the 46- and 69-residue scaled BLN
proteins with λ values of 0, 0.5, 0.9, and 1.

We also study the effect of λ on key structures of the BLN
proteins. These structures were reminimised using values of
λ between 0 and 1 in steps of 0.1. Pathways between pairs of
interesting minima were studied by Dijkstra analysis [55] in
PATHSAMPLE [48], with the discrete paths [56] that make the
largest contribution to the steady-state rate constant [56, 57]
presented here.

With a few exceptions, all of the stationary points of
the BLN model proteins are chiral. However, the BLN po-
tential includes no chiral terms, so each structure has an en-
antiomer with the same energy. When evaluating the opti-
misation algorithms, we accept convergence to either of the
enantiomers of the global minimum. When looking at the
pathways, it is important to use the same chirality for both
structures, otherwise much longer paths result. For some of
the trapped structures, pathways to both enantiomers of the
global minimum can be viable.

3. Results

3.1. BLN-46. Searches for λ = 0 (Gō potential) find the
global minimum much more rapidly than when λ = 1 (BLN
potential), as one would expect for a more funnelled energy
landscape [2, 58–61]. However, the number of steps required
varies nonlinearly between these two extremes and behaves
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Figure 5: Disconnectivity graphs [39] showing the most stable minima accessible by transition states lower than 7ε from the global
minimum of the 46-residue scaled BLN proteins. For λ ≥ 0.9, only the 1000 most stable minima are shown. The structures of selected
minima are illustrated close to the bottoms of the corresponding branches.

differently for each search algorithm. When optimising with
the GA, the mean first encounter time decreases rapidly from
λ = 1 to λ = 0.9 and then more slowly to a minimum
at λ = 0.5 (Figure 1). After this minimum, there is a small
increase in the required time as λ decreases to 0. This result is
consistent with previous observations that the introduction
of some nonnative interactions can assist the folding of some
proteins [62]. Below λ = 0.9, almost all searches find the
global minimum within the first epoch of the GA. For larger
values of λ, several searches require two or more epochs,
leading to much more variation in the first encounter time.
The choice of the random starting configurations for the
initial population of the GA makes little difference to the
mean first encounter time.

In basin-hopping searches, the choice of starting struc-
tures makes a large difference to the efficiency of the opti-
misation. When starting from residues randomly distributed
inside a sphere, for values of λ < 0.7, 95% of the searches

find the global minimum rapidly. The remaining searches
become trapped and require several thousand attempted
Monte Carlo moves to escape (Figure 2). In this trap, the first,
third, and fourth strands are correctly packed, but the second
is wrapped around the outside of the protein (Figure 3).
Searches with larger values of λ do not become trapped in
this basin, which suggests that the nonnative interactions
are important in stabilising the intermediates between this
structure and the global minimum.

The trap configuration lies 12.4ε above the global
minimum when λ = 0 and becomes more unfavourable for
larger values of λ (Table 2). The fastest escape route from
this trap involves unthreading of the N-terminus from the
loop made by the second strand (Table 2). The energy of
the highest transition state on this pathway relative to the
trapped state increases from λ = 0 to λ = 0.9 before levelling
off. The highest transition state on this pathway lies above
the barrier to interconversion of the two enantiomers of
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Figure 6: Mean first encounter times (number of minimisations)
for 100 global optimisation runs initiated from random starting
points for the 69-residue scaled BLN protein. The searches were
run using a genetic algorithm (red), basin-hopping starting from
random structures confined to a sphere (green), and basin-hopping
starting from chain structures with randomised dihedral angles
(blue). The error bars are the uncertainties calculated at the 95%
level.

the global minimum. For searches starting from a random
set of torsion angles, this trapping is much less frequent
and is only seen in 3 of the 700 searches performed where
0 ≤ λ ≤ 0.6. By retaining some notion of connectivity,
these initial structures cover less of the configurational space
than the entirely random starting points. However, the
complete coverage of conformational space comes at the cost
of including more unstable structures, such as the trap seen
here.

The five lowest minima in the BLN-46 protein span
an energy range of less than ε (Figure 4). The two most
stable minima are in the same basin, and both have all of
the BB contacts from the native state. Across the range of
λ, the relative energies of these minima are within 0.1ε of
each other, with the second-best minimum becoming slightly
more stable as λ decreases and moving below the former
global minimum when λ < 0.3 [12]. The next three minima
are stabilised by some nonnative contacts and become less
stable relative to the global minimum as λ decreases. In the
region around λ = 0.5, these structures cease to be minima
and fall into the basins of attraction [41] of the two lowest
energy structures.

The disconnectivity graphs within 7ε of the global
minimum for λ = 0 and λ = 0.5 are funnelled and
almost indistinguishable (Figure 5). When λ = 0.9, some
frustration appears in the low-energy regions of the energy
landscape, but it is still mostly funnelled. Almost all of the
frustration is introduced between λ = 0.9 and λ = 1,
where several alternate β-barrel structures are separated by
barriers of 4 to 5ε. This organisation is consistent with the
increase in the mean first encounter times seen for global
optimisation with λ > 0.9 and agrees with previous studies
of the thermodynamics of the 46-residue protein [32, 33],

(a) (b)

(c) (d)

Figure 7: Side and top views of the global minimum (left) and
trapped (right) structures of the 69-residue BLN protein illustrated
using the VMD program [40] with a colouring scheme for the beads
that varies from red to blue (N-terminus to C-terminus).
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Figure 8: The energies of the five most stable BLN-69 structures
relative to the global minimum as a function of λ. Also shown
(orange) is the trap structure from Figure 7. The steep decreases
in energy mark the points at which structures cease to be local
minima and collapse into the basin of attraction [41] of the global
minimum.

where λ = 0 and λ = 0.5 were found to be good folders,
λ = 0.9 an intermediate folder, and λ = 1 a poor folder.

3.2. BLN-69. The behaviour of the GA for the 69-residue
protein is similar to that for the 46-residue protein, with the
fastest search time found at λ = 0.5. When optimising with
basin-hopping on the 69-residue protein, there are several
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Figure 9: Disconnectivity graphs [39] showing the minima accessible by transition states lower than 8ε from the global minimum of the
69-residue scaled BLN proteins. For λ ≥ 0.5, only the 1000 most stable minima are shown. The structures of selected minima are illustrated
close to the bottoms of the corresponding branches.

Table 2: Energies of the trapped minimum and transition state for
escape from the principal kinetic trap in the 46-residue scaled BLN
protein. All energies are in units of ε and measured relative to the
global minimum.

λ Etrap Euntrap

0.0 12.4 22.9

0.5 14.0 27.1

0.9 15.3 32.2

1.0 15.6 32.2

slow searches between λ = 0.4 and λ = 0.8 (Figure 6).
There are multiple trap structures, and the one that is seen
most frequently, which is responsible for the slowest searches,
is formed from three strands from the left-handed barrel
and three strands from right-handed barrel (Figure 7). This

structure is a six-stranded β-barrel similar to the global
minimum, but with two sets of interstrand contacts swapped
(1–6 and 3-4 in the global minimum compared to 1–4 and
3–6 in the trap).

Conversion from the above structure to the global mini-
mum proceeds either by inversion of the three strands at
the N-terminus or of the three strands at the C-terminus.
The barriers to these two mechanisms are different and vary
with λ (Table 3). The barrier for the fastest pathway for
inversion at the C-terminus becomes larger with increasing λ.
However, the barrier for inversion of the N-terminus varies
much less with λ. In the region where 0.5 ≤ λ ≤ 0.7, the
barriers to both routes out of the trap are relatively high,
which is a possible explanation for the slow basin-hopping
optimisation for these values of λ. This is doubtless an over-
simplification when we consider that there are multiple trap
structures.
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Table 3: Energies of the trapped minimum and transition states for
escape from the principal kinetic trap by inversion of the N- and
C-termini in the 69-residue scaled BLN protein. All energies are in
units of ε and measured relative to the global minimum.

λ Etrap Euntrap-C Euntrap-N

0.0 17.6 30.2 38.2

0.5 16.7 43.8 33.2

0.7 13.8 30.2 31.1

0.9 8.4 25.7 26.9

1.0 5.1 25.8 23.9

For the 69-residue BLN protein, the energies of the five
lowest minima span less than 0.4ε (Figure 8). One structure
lies in the same funnel as the global minimum, and its relative
energy increases from 0.2ε to 1.6ε when λ decreases from 1
to 0. The other three structures occupy different funnels from
the global minimum, with several nonnative contacts, and
their stability decreases steeply with decreasing λ. Unlike the
46-residue protein, the global minimum structure remains
the same for all values of λ. The low-energy region of
disconnectivity graphs for values of λ between 0 and 0.9 are
mostly funnelled (Figure 9). Almost all of the frustration in
this region of the potential energy surface appears for λ > 0.9.

4. Conclusions

Much of the energetic frustration in the BLN proteins is
removed once the potential contains a 10% contribution
from the Gō function. When looking at geometric frustration
in higher-energy traps, the effect of λ is less predictable. The
removal of nonnative interactions can stabilise or destabilise
the transition states that must be crossed to escape from
these traps. Measures of the landscape complexity [30]
could provide a useful way to understand the influence of
nonnative interactions and will be considered in future work.
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The aim of the present paper is an analysis of the hydrogen bond properties for the acid-base systems depending on the ability to the
proton transfer in the formulation of the Brönsted approach. After definition of the proton transfer equilibrium expressed by using
the equation logKPT = ξΔpKN , various examples of different physical properties, such as dipole moments, IR spectra, and nuclear
magnetic resonances, are presented which correlate with the ΔpKN value. In such a way, a critical state of hydrogen bonding can be
defined that corresponds to the potential of the proton motion for either single minimum or double minimum with low barrier.
A particular attention in this paper found electronic spectra which have not been analysed so far and the quantitative analysis of
the vibrational polarizability which can reach very high values of the order of electronic polarizability.

1. Introduction

The subject of our interest in the present review is hydrogen
bonds which can be expressed as A–H· · ·B. It is an acid-base
system in the Brönsted formulation when the A–H group is
treated as an acid while the B atom or group of atoms as pro-
ton acceptor (base). The potential energy curves for the pro-
ton motion can reach various shapes, as shown in Figure 1.

The extreme curves (1) and (6) correspond to states
either without proton transfer (1) or to the complete ioniza-
tion when the proton is attached to B while atom A is
negatively charged (6). Among the intermediate states take
place those when the proton is located in the central position
either with two minima (3) and a low barrier or with one
single minimum (4).

There is a rich literature [1–16] with various approaches
to the hydrogen bonding corresponding to different defini-
tions, showing an increase of systems analyzed with compre-
hensive theoretical treatments, and containing different rich
chemical characteristic features of hydrogen bonds. Most
actual comprehensive review was recently published by G.
Gilli and P. Gilli [16].

From the point of view of the approach based on
the acid-base interaction, the substantial, parameter is the
proton transfer degree which evokes changes of further

physico-chemical parameters. The main quantity is the
ΔpKa value which can be expressed in the form:

ΔpKa = pKB+H − pKAH. (1)

This quantity was introduced by Huyskens and Zeegers-
Huyskens [17]. We introduced normalized parameter
defined as

ΔpKN = ΔpKa − ΔpKa (crit), (2)

where ΔpKa(crit) is related to ΔpKa region when the proton
transfer degree reaches 50% [18].

The dependence of proton transfer degree on the ΔpKN
value needs a correction connected with “softness/hardness”
of interaction by using parameter ξ < 1 [19]. The value of this
parameter is the higher, the harder is the interaction reaching
maximal value equal to unity. As will be seen, this quantity
is well correlated with the polarizability in the transition
state of hydrogen bonds. The general equation presenting the
dependence of proton transfer degree on ΔpKN possesses the
form:

logKPT = ξΔpKN. (3)

One should remember that physicochemical parameters
measured depending on ΔpKN and connected with the
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Proton motion Proton motion

Figure 1: Postulated potential energy curves for the proton motion
starting from nonproton-transfer state (1) up to fully ionized state
(6).

HB PT

PT equilibria

Q

ΔpKN

Figure 2: Three regions of physical properties depending on ΔpKN :
HB-related to nonproton-transfer states, PT-related to proton
transfer state and HB + PT proton transfer equilibrium.

softness of interaction are related not only to ΔpKN as has
been shown in Figure 2.

There exist three regions; the central one with the
equilibria of the proton transfer and side regions without
proton transfer (HB) and with full ionization (PT).

Finally, as will be shown, it is necessary to mention the
role of medium such as electric permittivity of the solvent

1

0.8

0.6

0.4

0.2
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X
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Figure 3: Proton transfer degree from NQR measurements for
complexes composed of chlorine containing proton donors plot-
ted versus ΔpKN : (1) CCl3COOH complexes (ξ = 0.12), (2)
CHCl2COOH complexes (ξ = 0.42), and (3) C6Cl5OH complexes
(ξ = 0.74) [20].

and specific interaction between the solute and solvent
molecules.

For characterization of the role of the ξ parameter we
present in Figure 3 dependencies of the proton transfer
degree deduced from the measurements of nuclear quadru-
ple resonance (NQR) for complexes of CCl3COOH (1) (ξ =
0.12), CHCl2COOH (2) (ξ = 0.42), and C6Cl5OH (3) (ξ =
0.74) [20]. It is well seen the property of the curves in the
critical region when approaching to ΔpKN = 0.

It is justified to mention in the introduction that curves
expressing dependencies of physicochemical parameters on
ΔpKN possess various shapes [18]. One can distinguish
two types of correlations between the physical quantity and
ΔpKN , namely, of the sigma and delta type. The examples of
such correlations will be presented in the next chapter.

2. Examples of Correlation between
Physicochemical Parameters and the
ΔpKN Quantity

So far a most precisely investigated phenomenon is the
dependence of the increase of dipole moment Δμ for
complexes of phenols with N-bases. In Figure 4, we present
correlation between Δμ and ΔpKN obtained for a number of
systems in nonpolar solvents, particularly in benzene [18].
The experimental points are adjusted to the equation [21]:

Δμ = ΔμHB + bHBΔpKN

1 + exp
(

2.303ξΔpKN

)

+

(
ΔμPT + bPTΔpKN

)
· exp

(
2.303ξΔpKN

)
1 + exp

(
2.303ξΔpKN

) ,

(4)
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Figure 4: The increase of dipole moment Δμ plotted versus
normalized parameter ΔpKN [18].

where ΔμHB and ΔμPT mean the increase of the dipole
moment without proton transfer (HB) and after the proton
transfer (PT). These quantities depend nearly linearly on
ΔpKN with coefficients bHB and bPT. When approaching the
critical region around ΔpKN = 0, a stepwise change of the
dipole moment connected with the increase of the proton
degree takes place. The proton transfer degree xPT defines the
equilibrium:

XPT = exp
(
2.303ξΔpKN

)
1 + exp

(
2.303ξΔpKN

) . (5)

To obtain the agreement with the experiment, it is
necessary to introduce the coefficient ξ which, as has been
formulated, characterizes softness/hardness of interactions.
It can be, on the other hand, connected with the barrier
height for the proton transfer. The value of the ξ coefficient
for the case of the situation in Figure 4 equals 0.65.

Very similar run of the dependence on ΔpKN shows
the value of the 15N resonance chemical shift with the ξ
value equal to 0.56 [22]. However, one should remember
that the results are related to markedly different experimental
conditions. Thus, the results obtained for 15N chemical
shift were obtained for complexes of carboxylic acids with
pyridine in liquefied freons.

Sigmoidal type of the relationship of physical quantity on
ΔpKN is also observed for complexes of pentachlorophenol
with amines by using the nuclear quadrupole resonance
(NQR) [23] that is presented in Figure 5. In addition to
experimental points, there are indicated values correspond-
ing to neat pentachlorophenol, H-bis-phenolate, as well
as to Na+ and tributylamine salts. One should remember
that NQR measurements are performed for solid state that
reflects observed behavior.

The similar shape of the plot with that in Figure 5 is
observed between geometrical parameters of complexes and
ΔpKN and particularly between C–O bond length and ΔpKN
[25].

An example of correlation between the measured quan-
tity and ΔpKN of the delta type relates first of all to the
proton magnetic resonance δ1H. It is presented for the

38
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Figure 5: The dependence of average NQR 35Cl frequency upon
ΔpKN for complexes of pentachlorophenol [24].
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Figure 6: The dependence of δ1H for complexes of carboxylic acids
with pyridine in liquid freon [22].

systems analogues to the δ15N resonance [18]. The experi-
mental points of δ1H presented in Figure 6 were obtained in
the same conditions as for δ15N. The value of the ξ parameter
is, however, somewhat lower (0.46) that we are not able to
explain. From already done numerous experiments it follows
that methods applied do not possess marked influence on the
ξ value.

In the analysis of the correlation plots exhibiting an
extremum in the critical region as in the case of δ1H, a
modified approach can be used. Thus, for the description
of the dependence of given physical property Q showing an
extremum, the following simple procedure can be employed.
The reference value of a given physical property Q is
its extremum; that is, maximum or minimum. In the
case of δ1H for the systems composed of carboxylic acids
and pyridine in liquid freons the maximum value equals
21.5 ppm. The delta type correlation can be transformed
to the sigmoidal one by assuming that Q(crit) = 0, while
ΔQHB < 0 and ΔQPT > 0 as has been done in Figure 7.
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Figure 7: Correlation between δ1H and ΔpKN for complexes of
carboxylic acids with pyridine in liquid freon according (6).

The correlation between ΔQ and ΔpKN is presented in the
following equation [18]:

ΔQ = ΔQHB + ΔQPT exp
(
2.303ξΔpKN

)
1 + exp

(
2.303ξΔpKN

) . (6)

The parameters for best fitting are Qmax = 21.5 ppm ΔQHB =
−8.3 ppm while ΔQPT = 4.4 ppm and ξ = 0.46 as has been
already mentioned.

The properties of infra-red spectra are commonly
accepted for the hydrogen bonded systems. This relates first
of all to the absorption band ascribed to the stretching
vibrations of either AH group (HB state) or BH+ group
(PT state). The evolution of broad absorption ascribed to
the ν(AH) or ν(NH+) vibrations is illustrated in Figure 8
taking as an example complexes of pentachlorophenol with
amines [26]. In the infra-red spectra the correlated quantity
is the center of gravity of protonic vibrations (νcg) versus
the ΔpKN value. Figure 9 represents numerous data related
to νcg collected for various O–H· · ·N hydrogen bridges
[27]. The scattering of experimental points is very large
that seems to be understandable taking into account various
experimental conditions and differences in the acid-base
interaction for various components. One of the reasons of
scattering is a difficulty connected with precise assessment
of the position of broad bands. As follows from the results
collected by Albrecht and Zundel [28] for the complexes
of phenols with octylamine, the maximal absorbance in
the range of continuous absorption corresponds to 50% of
proton transfer that is shown in Figure 10.

3. Electronic Spectra and
the Proton Transfer Degree

The UV-Vis spectroscopy is a very useful method of studies
on the proton transfer degree in the Brönsted acid-base

1000 2000 3000
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In
cr
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si

n
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Δ
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Figure 8: The evolution of infra-red absorption ascribed to ν(OH)
when increasing ΔpKN for complexes of pentachlorophenol with
amines [26].
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Figure 9: The center of gravity νcg for protonic vibrations as a
function of ΔpKN for various complexes of carboxylic acids [27].

system for the diluted solutions. The majority of quantitative
data related to the proton transfer equilibria relates mainly to
the complexes between phenols and amines [24, 29–35]. In
the UV spectra, the tautomeric equilibrium is characterized
by appearance of a new band corresponding to the π → π∗

transition in the phenolate ion. After careful quantitative
separation of the HB and PT bands the proton transfer
equilibrium cPT/cHB can be evaluated. As an example of the
UV spectra with the proton transfer equilibrium, we use
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Figure 10: The proton transfer degree (a) and intensity of continuous absorption (b) for complexes of phenols with octylamine [28].

the system of 2,4,6-trichlorophenol in tributylamine (TBA)
[29] presented in Figure 11 which shows the overlapping of
HP and PT bands. From the equilibrium constant, other
thermodynamic parameters can be determined according to
equation:

lnK = ΔS◦

R
− ΔH◦

RT
, (7)

where K is calculated by using intensities of bands and molar
absorption coefficients of corresponding forms:

K =
(
IPT

IHB

)(
εHB

εPT

)
. (8)

The first quantitative studies by using the electronic
absorption spectra were performed by Baba et al. [30]
for complex of 4-nitrophenol with triethylamine in 1,2-
dichloroethane who found ΔH◦ = −13 kJ·mol−1 and ΔS◦ =
−49.8 J·mol−1·K−1. Similarly, Crooks and Robinson [31]
investigated complexes of bromophenol with methyl deriva-
tives of pyridine in chlorobenzene. The obtained data corre-
spond to −ΔH◦ in the range 12–38 kJ·mol−1 and −ΔS◦ in
the range 29–55 J·mol−1·K−1. The values of thermodynamic
parameters for the complexes of chlorophenols with TBA
[29] are comparable with those of nitrophenol.

From the studies [29, 37–44] it follows that the con-
centration of the PT form, independently of the H-bonding
type, increases with an increase of ΔpKa value of interacting
components, as well as with increase of the solvent activity
and the drop of temperature.

For the systems with negative or close to zero ΔpKa
values, it was not possible to find traces of the PT band
even in the most active solvents at temperatures as low as
below −190◦C [38]. Thus, for observation in UV spectrum
participation of the PT form even in favorable conditions
(low temperature and high polarity of solvent), some
boundary ΔpKa value is necessary.
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Figure 11: The plot of the absorbance versus wavenumber for
2,4,6-trichlorophenol in tributylamine at room temperature, c =
5 · 10−4 mol·dm−3; d = 5 mm.

Figure 12 shows the UV spectra for the series of
complexes formed by TBA with various chlorophenols of
increasing acidity. It can be seen that 2,4-dichlorophenol
and 2,4,5-trichlorophenol do not show any contributions
of PT species, only 2,6-dichlorophenol shows traces of the
ionic PT form. For 2,4,6-trichlorophenol, a considerable
amount (ca. 25%) of the PT form was estimated from
the UV spectrum. Pentachlorophenol appears entirely in
the zwitterionic state, whereas in a case of 2,6-dichloro-
and 2,4,5-trichloro derivatives, characterized by almost the
same ΔpKa values, some contribution of the PT state shows
only the former one. The ΔpKa value is not, however,
a completely satisfactory measure of the proton donor-
acceptor properties in nonaqueous media.

In several papers, for example, [45–48] one considers
the attention that one should apply another scale of proton
donor and acceptor properties for defining the proton
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Figure 12: UV spectra of chlorophenols: (a) 2,4-dichlorophenol,
(b) 2,4,5-trichlorophenol, (c) 2,6-dichlorophenol, (d) 2,4,6-tri-
chlorophenol, (e) pentachlorophenol in TBA at room temperature,
c = 5 · 10−4 mol·dm−3; d = 5 mm [29].
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Figure 13: UV spectra of 2,4-dichlorophenol in TBA as a function
of temperature: 298 K (1), 223 K (2), 203 K (3), 186 K (4), 165K
(5), 143 K (6), 128 K (7). C = 4 × 10−4 mol dm−3, d = 5 mm,
wavenumber of PT form∼= 32160 cm−1 and HB form∼= 33840 cm−1

[29].
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Figure 14: Comparison of the ΔH◦PT with ET parameters for
Mannich bases: (A) 2-(N,N-dimethylaminomethyl)-4,6-dibro- mo-
phenol, (B) 2-(N,N-diethylaminomethyl)-4-nitro-phenol, (C) 2-
(N,N-diethylaminomethyl)-3,4,6-trichlorophenol, (D) 2-(N,N-di-
ethylaminomethyl)-3,4,5,6-tetrachlorophenol, (E) 2-(N,N-dieth-
ylaminomethyl)-4-nitronaphthol-1, in 1,2-dichloroethane (1), di-
chloromethane (2), n-butylchloride (3), chloroform (4), 1,4-diox-
ane (5), isopropylbenzene (6) squalane (7), methanol (8), ethanol
(9), butan-1-ol (10), propan-1-ol (11), acetonitrile (12), and N,N-
dimethylformamide (13) [36].

position in hydrogen-bonded complexes. In the analysis, one
takes into account the proton affinity and deprotonation
enthalpy based on calculations by using DFT methods.
However, in the present article, we limited our considerations
to experimental methods leading to evaluation of the pKa
values.

A strong influence of cooling on the increase of con-
centration of the PT form indicates on negative change of
enthalpy effect on the proton transfer process. In Figure 13,
the UV spectra of 2,4-dichlorophenol in TBA are shown as
a function of temperature [29]. The 2,4-dichlorophenol—
TBA system at room temperature does not show any
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contribution of the PT state. Similar to other systems of
this type, we observe a very strong influence of cooling on
the contribution of the PT state. At the temperatures 203,
186, and 165 K, the values of KPT are 0.33, 0.82, and 5.70,
respectively. The complete proton-transfer state is reached at
about 143 K and further cooling does not affect the intensity
of the phenolate band.

By using electronic spectroscopy in the UV range, the
PT equilibrium constants have been measured as a function
of temperature in various solvents for various H-bonded
systems. They allowed to determine the thermodynamic
parameters of the PT process and correlate with various
empirical parameters of the solvent activity. The results for
Mannich bases [36, 39, 40] correlated with the Dimroth-
Reichardt ET parameter [49, 50] are presented in Figure 14.
These correlations present individual straight lines with
similar slope for particular Mannich bases. Such clear
differentiation shows that the differences in the proton
affinity of particular acid-base centers contribute essentially
to the stabilization of both forms. The observed effect of
solvent activity shows that the proton transfer process is
characterized by two factors. Simultaneously, with previous
ΔpKa effect that can be classified as inter one, an additional
factor, called an external, takes place, which correlates with
the solvent activity expressed by the ET parameter. Formally,
one can express

ΔH◦PT = ΔH◦int

(
ΔpKa

)
+ ΔH◦ext(ET), (9)

however, quantitative estimation of both components is not
an easy task.

The attempt has been undertaken to correlate the ΔH◦PT
values with other parameters characterized the solvent
activity, but the best correlation was obtained with ET .
Thus, the external factor contains two effects, that is, the
electrostatic stabilization of the ionic form and the donor-
acceptor interaction of solvent molecules with the free
electron pair of the phenolate oxygen atom. So far, no proton
transfer equilibrium was observed in the gas phase that
prooves decisive role of the solvent for observation of the
proton transfer. This is confirmed by relatively high values
of entropy effect, ΔS◦PT from −30 up to −70 J K−1 mol−1

[36, 39, 40] that confirms a considerable redistribution of
molecules and high increase of ordering of solvent molecules
under influence of intramolecular proton transfer.

The UV spectra were used to locate the position of 50%
proton transfer in chloranilic acid-amine complexes; the
similar result was deduced from IR and NMR studies [51].
Chranina et al. [52] studied the proton transfer equilibria
between hydroxyanthraquinone dyes and aliphatic amines in
low-polarity solvents by UV spectroscopy. The shift of this
equilibrium in an external electrical field has been observed
by the method of electrochromism in the visible region. Also,
the mechanism of proton transfer reactions between various
acids and amines was studied kinetically by applying UV
spectroscopy, when the order and the isotopic ratio effect
were discussed [53, 54].

4. Vibrational Polarization of
Hydrogen Bonded Systems

It has been broadly postulated by Zundel [55] that for
the characteristic dependences of the important physical
parameters on ΔpKN , with the anomalous behavior in the
critical region, the large proton polarizability of the hydrogen
bonds is responsible. The extraordinary increase in proton
polarizability with increased strength of the hydrogen bonds
in heteroconjugated systems was the aim of detailed infrared
studies conducted by Hawranek’s group. For six systems
of pentachlorophenol (PCPh) dissolved in different basis,
the molar vibrational polarization (Pvib, called also atomic
polarization as it arises from atomic motions) and molar
electronic polarization were determined according to the
procedure sketched below. Names of the basis are given in
Table 1. The PCPh-base complexes were studied in binary
solutions, that is, the proton donor (PCPh) was directly
dissolved in an excess of the proton acceptor. Such condi-
tions facilitated accurate determination of optical quantities
necessary for calculations of the Pvib values, according to the
following scheme.

Table 1 shows the Pvib
2 values along with the position

(νmax) and the half width (Δν1/2) of the νs(OH) band.
The spectral parameters were obtained only for H-bonded
systems related to the nonproton-transfer state, their values
cannot be estimated with a sufficient accuracy for systems
corresponding to other two states (see Figure 2). The plot of
the Pvib

2 values versus ΔpKa, shown in Figure 15, possess the
delta type character with a maximum.

It has to be mentioned here that the measurements
in binary system have many advantages that facilitate the
used procedure of determination of the molar vibrational
polarization. However, there is also one disadvantage: the
Pvib values are obtained for H-bonded systems differently
polarized by their environment. The PCPh-base complexes
are immersed in various media that have different macro-
scopic parameters and more or less strongly polarize the
hydrogen bonds. For each system, the ξ and ΔpKa (crit)
parameters should be determined whenever the ΔpKa values
are subjected to the normalization procedure. Due to the lack
of such data, the Pvib values on Figure 15 are plotted against
ΔpKa parameter. We can guess that the normalization
and the different influence of solvents on the vibrational
polarization should not meaningfully change the delta-type
relation between Pvib and strength of the hydrogen-bonded
systems.

According to Table 1, the molar vibrational polarization
increases from a very small value for TMPh in inert CCl4
solution, to a slightly larger for the OH group involved in
a weak OH· · ·Cl intramolecular hydrogen bond in PCPh.
Noticeable increase is observed for OH group engaged in a
weak intermolecular hydrogen bonds in the PCPh-CH3CN
and PCPh-dioxane systems. Their Pvib values compared with
that for the 2,4,6-TMPh-CCl4 indicate on the 17- and 20-fold
increase. The changes are strictly correlated with the typical
spectral features of H-bond formation, that is, the shift of
νs(OH) bands towards lower frequencies and the increase in
its bandwidth. In relation to the system with intramolecular

82 Comprehensive Study of Atomic and Molecular Physics

__________________________ WORLD TECHNOLOGIES __________________________



Table 1: Spectral parameters related to the νs(OH) band and Pvib of the H-bond complexes of PCPh.

Acceptor νmax (cm−1) Δν1/2 (cm−1) Pvib (cm3 mol−1) Reference

CCl4 3525 21.6 0.048 [56]

CH3CN 3322 275.5 0.294 [57]

Dioxane-D8 3162 316.5 0.333 [58]

3-Chloropyridine 2737 945 1.182 [59]

Pyridine — — 12.5 [60]

2,4,6-Trimethylpyridine — — 17. 8 [61]

Tri-n-octylamine — — 9.0 [62]

2,4,6-TMPh-CCl4 3622 0.017 [56]
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Figure 15: Pvib plotted versus ΔpKa of complexes formed by PCPh
with various proton acceptors.

hydrogen bonds (PCPh-CCl4), the increase is 6-fold for the
PCPh-CH3CN and 7-fold for the PCPh-dioxane complex.
It reveals that formation even rather weak intermolecular
H-bond, when the proton is located in a relatively narrow
single-minimum proton potential near the acid (Figure 1
(1)), leads to a drastic increase in Pvib of the OH group.

The PCPh-3-chloropyridine system, with still relatively
asymmetrical hydrogen bond, is close to a border between
the HB and the PT equilibrium states (see Figure 2).
However, its Pvib value, compared with that obtained for
the system with intramolecular H-bonded, shows almost
25- and 70-fold increase in comparison with the free OH-
group in the 2,4,6-TMPh-CCl4 system. Despite this, the
molar vibrational polarization of the PCPh-3-chloropyridine
system is still markedly less than its molar electronic
polarization.

The complex of PCPh with pyridine with symmetrical
O· · ·H· · ·N hydrogen bond is classified to the proton
transfer state. The molar vibrational polarization of the
OH group rises to 12.5 cm3·mol−1. This value compared
with that obtained for free (2,4,6-TMPh-CCl4) and for the
intramolecularly bonded (PCPh-CCl4) OH group shows
almost 600- and 200-fold increase, respectively.

According to [28], the complex of PCPh with 2,4,5-
trimethylpyridine is close to the border between the PT
equilibrium and the PT states. Its molar vibrational polar-
ization is more than 370 and 1000 times higher than in

the PCPh-CCl4 and 2,4,6-TMPh-CCl4 system, respectively.
For the PCPh-2,4,6-trimethylpyridine complex hydrogen
bond possess largest proton polarizability. The last complex
of PCPh with tri-n-octylamine belongs to the PT state.
According to Figure 15, its Pvib value drops almost twice
when compared with the previous system. For such large
change of Pvib, a characteristic evolution of the infrared
spectra corresponding to the PT state, shown in Figure 8, is
responsible.

Summing up, the very large Pvib values determined for
PCPh complexes with pyridine and 3-chloropyridine are
excellent confirmation of the extraordinary properties of
hydrogen bonds from the transition region with symmetrical
potential. Moreover, they confirm very well Zundel’s concept
that an extreme broadening of the OH band occurs for
hydrogen bonds showing the largest proton polarizability
[55].
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[1] D. Hadži and H. W. Thompson, Eds., Hydrogen Bonding, Per-
gamon Press, London, UK, 1959.

[2] L. Pauling, The Nature of the Chemical Bond and the Structure
of Molecules and Crystals: An Introduction to Modern Structural
Chemistry, Cornell University Press, Ithaca, NY, USA, 1960.

[3] G. C. Pimentel and A. L. McClellan, The Hydrogen Bond, W.
H. Freeman, San Francisco, Calif, USA, 1960.

[4] S. N. Vinogradov and R. H. Linnel, Hydrogen Bonding, Van
Nostrand-Reinhold, New York, NY, USA, 1971.

[5] M. D. Joesten and L. J. Schaad, Hydrogen Bonding, Marcel
Dekker, New York, NY, USA, 1974.

[6] P. Schuster, G. Zundel, and C. Sandorfy, Eds., The Hydrogen
Bond. Recent Developments in Theory and Experiments, vol. 1–
3, North Holland, Amsterdam, The Netherlands, 1976.

[7] H. Ratajczak and W. J. Orwille-Thomas, Eds., Molecular
Interactions, John Wiley & Sons, New York, NY, USA, 1980.

[8] P. L. Huyskens, W. A. P. Luck, and Th. Zeegers-Huyskens, Eds.,
Intermolecular Forces: An Introduction to Modern Methods and
Results, Springer, Heidelberg, Germany, 1991.

[9] S. Scheiner, Ed., Hydrogen Bonding. A Theoretical Perspective,
Oxford University Press, Oxford, UK, 1997.

[10] G. A. Jeffrey, Introduction to Hydrogen Bonding, Oxford Uni-
versity Press, Oxford, UK, 1997.
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Two forms of cyclic, doubly hydrogen-bonded dimers are discovered for crystalline 1H-pyrrolo[3,2-h]quinoline, a bifunctional
molecule possessing both hydrogen bond donor and acceptor groups. One of the forms is planar, the other is twisted. Analysis of
IR and Raman spectra, combined with DFT calculations, allows one to assign the observed vibrations and to single out vibrational
transitions which can serve as markers of hydrogen bond formation and dimer structure. Raman spectra measured for samples
submitted to high pressure indicate a transition from the planar towards the twisted structure. Formation of intermolecular
hydrogen bonds leads to a large increase of the Raman intensity of the NH stretching band: it can be readily observed for the
dimer, but is absent in the monomer spectrum.

1. Introduction

In studies of the intermolecular hydrogen bond (HB), an
important class of model compounds consists of molecules
which can form both H-bonded dimers and complexes
with water or alcohols [1]. Such molecules are usually
characterized by the simultaneous presence of HB donor and
acceptor groups. Whether the strength of the intermolecular
HBs is greater for dimers or complexes depends on the
relative positions of the donor and acceptor in the molecular
frame. Interestingly, different structures and stoichiometries
are often encountered for the same molecule. A well-known
example is 7-azaindole (7AI, Figure 1), which forms doubly
hydrogen bonded dimers in solution [2], while the X-ray
data reveal a tetrameric structure in the crystalline state [3].
Different stoichiometries and structures are possible for the
complexes of 7AI with methanol and water: 1 : 1, 1 : 2, and
1 : 3 species have been detected [4–9].

The crystal structure of multiply H-bonded dimers/
oligomers seems to be determined by the interplay of H-
bonding and longer range intermolecular interactions. For

instance, 1-azacarbazole (1AC), a molecule closely related
to 7AI, exists in the crystal in the form of planar, doubly
hydrogen bonded dimers [10] (Figure 2). While there is no
doubt that 1AC also forms dimers in solutions, various
possible structures have been discussed [11–14].

1H-pyrrolo[3,2-h]quinoline (PQ, Scheme 1) can be con-
sidered a counterpart to 7AI with regard to intermolecular
HB characteristics. The NH group of PQ (HB-donor) and
the pyridine nitrogen (HB-acceptor) are positioned three
bonds apart, whereas in 7AI these groups are separated
by two bonds. This change results in completely different
excited state behaviour of complexes with water or alcohols
[15–20]. Rapid photoinduced double proton transfer is
observed for PQ in complexes of 1 : 1 stoichiometry. The
process occurs on the time scale of single picoseconds and
is not stopped by lowering of temperature or by increasing
the viscosity of the medium. On the contrary, the reaction is
slower and viscosity-dependent in 7AI complexes [21], since
it requires a solvent rearrangement around an excited chro-
mophore [22–27]. These different phototautomerization
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(a)

(b)

Figure 1: Various motifs of intermolecular HB formed by 7-
azaindole. (a) Dimers and tetramers, (b) complexes with water.

N N
H

Scheme 1

characteristics reflect different intermolecular HB strengths,
imposed by molecular structure.

The HB characteristics, and, in consequence, tautomer-
ization abilities in the dimeric species are expected to become
reversed in PQ and 7AI. For the latter, a planar dimeric struc-
ture reveals two strong, linear, equivalent HBs. Therefore,
it is not quite surprising that photoinduced double proton
transfer in 7AI dimers has been observed at temperatures
as low as 4 K [28]. In contrast, PQ dimers are predicted
by theory to be nonplanar. This has been confirmed by X-
ray studies, which reported an angle of 22.6◦ between the
two monomeric units [29]. Our previous work on a similar
structure, dipyrido[2,3-a:3,2-i]carbazole [30] demonstrated
that in the crystalline phase this molecule forms cyclic,
but strongly nonplanar doubly hydrogen-bonded dimers
(Figure 3). No tautomeric fluorescence has been observed
for such a dimer, but it could be readily detected when the
crystalline sample was exposed to water vapor, prepared on
a hydrophilic support, or embedded in a polymer containing
hydroxyl groups. A general conclusion from this study was
that HB-donor-acceptor molecules which readily form flat
dimers should have a weak tendency for the formation of
cyclic complexes, and vice versa.

In this work, we analyze structure and vibrational spectra
of crystalline PQ dimers. Somewhat unexpectedly, our X-ray

Figure 2: The structure of dimers of 1-azacarbazole in the solid
phase.

Figure 3: The X-ray structure of dipyrido[2,3-a:3,2-i]carbazole.

measurements of PQ reveal the existence of planar, doubly
hydrogen-bonded dimeric species, and thus a structure very
different than the one reported previously [29] (Figure 4).
We analyze the experimental and theoretically predicted
vibrational patterns, with particular interest regarding the
vibrations involved in intermolecular hydrogen bonds.
Finally, we show the influence of high pressure upon the HB
strength, manifested by spectral shifts observed in the Raman
spectra.

2. Experimental and Theoretical Details

Synthesis and purification of PQ have been described before
[31].

The IR spectra were recorded on a Nicolet Magna
560 FTIR spectrometer, equipped with MCT/B liquid-
nitrogen-cooled detector, with 1 cm−1 resolution. For the
measurements of infrared spectra, thin polycrystalline PQ
films were prepared on KBr or ZnSe windows by quick
evaporation from a concentrated solution. The monomer IR
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Figure 4: (a) X-ray structure of PQ reported in [29]; the
geometrical positions of hydrogen atoms were inserted. (b) Our X-
ray structure and atom numbering.

spectra have been recorded for PQ isolated in argon matrices
using a closed-cycle helium cryostat (CSW-202N, Advanced
Research Systems). The compound, contained in a glass tube,
was heated to 350 K and codeposited with argon at a ratio
of about 1 : 1000 onto a cold (20 K) KBr window mounted
in a cryostat with 10−6 Torr background pressure. During
spectral measurements the matrix temperature was kept at
10 K.

Renishaw inVia microscopic system was used for the
measurements of Raman spectra. Ar+ 514.5 nm (Stellar Pro
Modu-Laser, LLC) laser line and a diode laser (HPNIR785)
emitting 785 nm line were used as the excitation sources.
With a×100 microscope objective the laser light was focused
on a sample, the laser power at the sample being 5 mW
or less. The Raman scattered light was collected by the
same objective through a cut-off filter to block out Rayleigh
scattering. Gratings of 1800 and 1200 grooves/mm were used
for 514.5 and 785 nm laser lines, respectively. The resolution
was 5 cm−1, with the wavenumber accuracy of 2 cm−1, both
calibrated with the Rayleigh line and the 520.6 cm−1 line of
silicon. The Raman scattered light was recorded by a 1024 ×
256 pixel Peltier-cooled RenCam CCD detector.

High pressure experiments have been performed in
Takemura type of diamond anvil cell [32]. The diameter of
the diamond culet was 600 μm and a gasket made of stainless
steel was used with 300 μm centrally drilled hole. Sample
powder was loaded into the gasket hole without any pressure
transmitting medium. Pressures were measured by recording
the fluorescence spectrum of a small ruby chip embedded in
the sample and converting the shift of the wavelength of the
R1 line to pressure, according to the scale proposed by Mao
[33].

The samples of different polymorphs were prepared
by quick crystallization by evaporation from concentrated
PQ solutions in dichloromethane, diethyl ether, methanol,
cyclohexane, and toluene.

For the X-ray studies, a colorless PQ crystal of approx-
imate dimensions of 0.1 × 0.2 × 0.2 mm3 was used.
Diffraction data were collected at 100 K using a Bruker Kappa
CCD diffractometer with graphite monochromated Mo Kα
radiation. Structure was solved by direct methods (SHELXS-
97) and refined on F2 by full-matrix least-squares method
(SHELXL-97) [34]. Formula is C11H8N2, monoclinic, space
group P21/c, a = 9.0104(4), b = 4.7302(1), c = 19.3117(9) Å,
β = 103.1825(17)◦, R1 = 0.0449 (I > 2σ(I)), wR2 = 0.1144
for all data.

Unit cell parameters (but not the whole data) were
also measured at room temperature, showing no significant
differences compared with 100 K data (a = 9.13, b = 4.87,
c = 19.42 Å, β = 102.54◦, parameters not refined).

The crystallographic data have been deposited with the
Cambridge Crystallographic Data Centre as a supplementary
publication no. CCDC 868707. The data can be obtained
free of charge at http://www.ccdc.cam.ac.uk or from the
Cambridge Crystallographic Data Centre, 12 Union Road,
Cambridge CB2 1EZ, UK.

Geometry optimizations were performed using density
functional theory (DFT), with B3LYP functional and cc-
PVTZ basis set, as implemented in Gaussian 09. This choice
of functional/basis set was guided by extensive calculations
for the PQ monomer which resulted in reliable assignments
of nearly all of the vibrations.

In order to simulate the structure of PQ dimers in
the crystalline environment, DFT-based quantum chemical
calculations were performed using the CASTEP (Cam-
bridge Serial Total Energy Package) computer code [35] in
the framework of the generalized gradient approximation
(GGA), as proposed by Perdew et al. [36], in combination
with Vanderbilt ultrasoft pseudopotentials [37]. The plane
wave basis set was truncated at a kinetic energy of 240 eV.
Computations were performed over a range of k-points
within the Brillouin zone as generated by the full Monkhorst-
Pack scheme [38] with a 2 × 2 × 1 mesh. A further
increase of the cutoff energy and the number of k-points
resulted in negligibly small changes in structure energies,
indicating that the energy values are well converged. Two
initial geometries of planar and twisted PQ dimers were
taken from the X-ray data. In every case a slab including
16 molecules of PQ was constructed and repeated periodi-
cally.
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3. Results

3.1. Dimer Structure. Geometry optimization performed for
the PQ dimer yields a nonplanar, doubly H-bonded struc-
ture. The calculated nonplanar geometry agrees qualitatively
with the X-ray data published in 1991 (Figure 4(a)). How-
ever, the quantitative differences are quite significant. The
calculated twisting angle between the monomeric moieties,
45.6◦, is much larger than the experimental one, 22.6◦.
For the separation of the H-bonded nitrogen atoms, the
same value, 2.98 Å, is computed for both pairs, while the
reported X-ray distances are very different, 2.92 and 2.99 Å.
The calculations yield nearly planar monomeric units in
the dimer, whereas the experiment clearly shows distortions.
For instance, the experimental NCCN angles are 3.8◦ and
5.4◦, while the calculations yield the same, smaller value of
2.5◦. These results suggest that intermolecular interactions
in the crystal may affect the dimer structure. We have
therefore repeated the X-ray measurements, performing
experiments both at 293 K and at lower temperatures.
Surprisingly, a different structure than previously reported
was obtained (Figure 4(b)), consisting of two doubly H-
bonded PQ monomeric units in a planar arrangement. In
order to obtain a theoretical model for the planar dimer,
we imposed the planarity in the optimization procedure.
This resulted in one negative frequency in the optimized
structure, the vibration corresponding to mutual twisting of
the planar moieties. Computationally, the planar geometry
shows the NN distance of 3.12 Å, whereas the experimental
value is 3.01 Å.

One can conclude that PQ forms polymorphs in the
crystal, which differ in the structure of dimers, especially
with regard to parameters usually considered important for
the strength of intermolecular hydrogen bond. Therefore
it seemed interesting to carry out vibrational spectroscopy
studies in order to (i) determine how does the formation of
a doubly H-bonded dimer affect the vibrational pattern and
(ii) probe the possible differences in the vibrational structure
between planar and nonplanar (but both doubly H-bonded)
dimers.

3.2. IR Measurements. Figure 5 presents the IR spectra
recorded for the monomeric PQ isolated in an Ar matrix
and the spectra of polycrystalline PQ, corresponding to
the planar dimeric structure, measured on a KBr window.
The experimental data are compared with the results of
calculations performed for the monomer and for the two
forms of the dimer: a fully-optimized non-planar structure
and a form with imposed planar geometry.

The spectra of monomeric PQ are very well reproduced
by calculations with regard to both band positions and
intensities. They will be treated in detail in a separate work,
in which the combination of theoretical modelling, IR,
Raman, and high resolution fluorescence spectra obtained
for supersonic jet-isolated PQ allowed reliable assignments
of nearly all of 57 vibrations of monomeric PQ. Here, we
focus on the dimer, using the monomer vibrations as a
starting point. Figure 5 shows that, while the general pattern
of the IR spectrum of dimeric PQ roughly resembles that
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Figure 5: (a) IR spectrum of the monomer in Ar matrix at
15 K; (b) simulated monomer spectrum; (c) dimeric, polycrystalline
PQ at 293 K; results of calculations performed for the planar (d)
and twisted (e) dimer. The scaling factor of 0.9682 was used in
calculations.

of the monomer, significant differences are observed in
specific regions. The largest difference is observed for the
NH stretching mode. The monomer peak observed around
3500 cm−1 (the observed triplet is due to argon site structure)
disappears in the crystalline sample, where a broad band
is detected, centered at 3210 cm−1. This red shift of almost
300 cm−1 is characteristic for the formation of fairly strong
NH· · ·N intermolecular hydrogen bonds. The calculations
predict the shifts of 320 and 220 cm−1 for the twisted and
planar forms, respectively. As expected, the larger shift is
computed for a structure with a shorter N–N distance, and
thus a stronger hydrogen bond. The better agreement with
experiment for the larger value is somewhat misleading,
since the X-ray measurements demonstrated that the sample
corresponded to a planar dimer. Further arguments are
provided by the analysis of the IR spectrum in the energy
region corresponding to out-of-plane vibrations. For the
monomeric PQ, calculations yield two modes that contain
significant NH out-of-plane contributions. They can be
readily identified in the experimental spectrum as the bands
at 491 and 527 cm−1. In the IR spectrum of a dimer these
bands are still observed, but, in addition, a broad band
appears at 743 cm−1, in nice agreement with calculations,
which predict for a planar structure a transition at 734 cm−1.
For the twisted dimer structure, there no longer exist pure
“out-of-plane” modes. The mode which still retains much of
that character is predicted to lie at 807 cm−1 and to have an
intensity twice that of the planar structure. Comparison of
the experimental and simulated IR spectra in the region of
650–950 cm−1 leaves no doubt that the observed spectrum
originates from a planar species. The value of the blue
shift of the NH out-of-plane bending mode, which exceeds
200 cm−1, again points to a strong intermolecular HB in
dimeric PQ.

There is no single particular vibration in the monomer
which could be assigned to a pure NH in-plane bending
mode. This is also true for the dimer. The IR transitions
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Figure 6: (a) Raman spectrum of the monomer in Ar matrix at
15 K; (b) simulated monomer spectrum; (c) dimeric, polycrystalline
PQ, measured at 293 K; results of calculations performed for the
planar (d) and twisted (e) dimer. The scaling factor of 0.9682 was
used in calculations.

computed for the planar dimer consist of symmetric and
antisymmetric combinations of the monomer modes. Only
the latter are IR-active. A very similar pattern of IR tran-
sitions is obtained for the nonplanar dimer. Figure 5 shows
that in the region above 1000 cm−1 the predicted IR spectra
for both planar and twisted dimer are almost identical.

The analysis of the IR spectra demonstrates that both
NH stretching and out-of-plane bending modes are efficient
markers for the HB formation. However, only the latter can
be used to indicate the planar structure of the H-bonded
dimer.

3.3. Raman Spectra. Comparison of Raman spectra sim-
ulated and measured for monomeric and dimeric PQ is
presented in Figure 6. Contrary to the case of the IR spectra,
the calculations now predict differences between monomeric
and dimeric species in the region above 1200 cm−1. Below
that value, the simulated spectra are very similar for the three
species. But even above 1200 cm−1, the Raman spectra com-
puted for planar and twisted dimers resemble each other very
strongly, excluding their use for structure determination.

The calculations predict that the Raman activity of the
NH stretching mode should be drastically increased, about
15 times, upon HB formation. This increase was confirmed
by experiment. No band corresponding to the NH stretch
was observed for monomeric PQ, but it could be readily
detected at 3200 cm−1 for the crystalline sample. Thus,
formation of the intermolecularly H-bonded dimer enhances
the polarizability to a degree that enables observation of a
vibrational feature characteristic of the hydrogen bond.

3.4. Vibrational Assignments. Based on IR and Raman spec-
tra and the results of calculations, we present in Table 1
the tentative assignments for the vibrations of dimeric PQ.
The experimental data given in the Table correspond to the

planar structure, whereas the calculations are given for both
planar and twisted forms. Since the planarity was artificially
imposed in the calculations, one might expect that the results
in this case are less reliable. Still, as can be seen from Figures
5 and 6, the calculated vibrational patterns are very similar,
both for IR and Raman spectra. The largest differences are
observed for the NH stretching and out-of-plane bending
modes, which were specifically discussed above.

3.5. Obtaining Different Polymorphic Forms. As already
mentioned, the crystalline samples of PQ which we have
examined by X-ray, IR and Raman techniques corresponded
to planar dimers, and thus to a different polymorphic form
than observed previously [29]. We have tried to obtain
both forms by crystallization from different solvents, and
then using Raman spectroscopy as a tool for structure
determination. A trial and error approach was adopted, since
no information about crystallization details was given in the
work reporting the twisted structure [29]. Figure 7 presents
the Raman spectra measured for samples crystallized from
five different solvents. The spectra are similar, but significant
differences can be detected in two regions. A peak of weak
intensity appears at 738 cm−1 for PQ crystallized from
cyclohexane, toluene, and methanol, but not from diethyl
ether and dichloromethane. The second region corresponds
to two fairly strong peaks observed at 1062 and 1074 cm−1.
Their relative intensity patterns (a more intense feature lying
at higher energy) are the same for the samples revealing
the 738 cm−1 transition. For two other samples, which lack
the 738 cm−1 peak, the intensity ratio changes: now the
lower energy peak becomes higher. Such behavior strongly
suggests that the PQ samples obtained from cyclohexane,
toluene, and methanol correspond to planar dimers, whereas
those crystallized from diethyl ether and dichloromethane,
to the nonplanar ones. This is confirmed by the results
of calculations, which predict exactly such reversal of the
relative intensity pattern for the 1062 and 1074 cm−1 peaks
upon going from a planar to a twisted dimeric form (see
Figure 6).

3.6. High-Pressure Experiments. The idea behind spectral
measurements for samples submitted to high pressures was
to observe pressure-induced changes in the strength, and
possibly also of the structure of the intermolecular hydrogen
bond. Figure 8 shows the Raman spectra recorded for PQ
dimers under normal and elevated pressures. Nearly all peaks
observed below 1700 cm−1 evolve in a similar way with
increasing pressure: the maxima shift to the blue by 5–
8 cm−1. Much larger shifts towards higher transition energies
are detected for the CH stretching bands, which shift by
30 cm−1 or more. A reversal of the relative intensities is
observed for the bands at 3114 and 3137 cm−1. All these
changes are reversible, as shown by comparison of the spectra
recorded for the same sample before and after going through
the high pressure cycle.

The effects most relevant to this work are related to
changes in the HB strength and structure. Figure 8 shows that
the NH stretching band, observed at 3200 cm−1, moves to
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Table 1: Comparison of the experimental IR and Raman spectra with the vibrational frequencies calculated for the twisted and planar forms
of the PQ dimer.

Calculateda Observed
Assignmentd

frequencye

(cm−1)
frequencyf

(cm−1)
IR intensityg

(km/mol)
Raman activityg

(A4/amu)
IRb Ramanc

3362

ν1 3218.9 3218.8 2578.38 (1802.54) 28.41 (0) 3180h s as NH str

ν2 3201.3 3211.2 48.28 (0.01) 1126.68 (1032.01) 3193h s s NH str

ν3 3151.3 3065.3 4.97 (7.27) 49.50 (53.58) as CH str

ν4 3151.3 3065.3 0.52 (1.43) 281.36 (272.92) 3137 w s CH str

ν5 3133.0 3039.3 0.75 (0.64) 164.25 (237.43) 3112 w s CH str

ν6 3133.0 3039.3 5.02 (6.87) 39.47 (22.30) as CH str

ν7 3091.4 2996.7 4.88 (0.14) 453.54 (555.04) 3067 w s CH str

ν8 3091.4 2996.6 29.73 (36.36) 95.36 (2.32) as CH str

ν9 3078.3 2983.2 1.61 (0.01) 501.64 (515.94) 3052 w s CH str

ν10 3078.2 2983.1 63.42 (60.51) 27.11 (0.05) as CH str

ν11 3062.4 2970.2 0.17 (17.58) 302.47 (121.90) 3040 w s CH str

ν12 3062.4 2969.9 19.75 (17.35) 24.36 (125.43) as CH str

ν13 3059.7 2966.6 2.18 (8.51) 2.32 (113.18) as CH str

ν14 3059.6 2966.4 0.33 (6.59) 12.54 (140.11) 3019 sh s CH str

ν15 3039.2 2964.5 4.87 (0.27) 148.24 (30.94) 3000 s CH str

ν16 3039.1 2964.5 15.73 (0.38) 28.75 (42.60) as CH str

1660 m

1632 m

ν17 1602.8 1551.4 6.25 (0) 50.40 (53.35) 1620 m NH s b, CC str cr

ν18 1598.7 1548.4 36.68 (27.79) 10.29 (0) 1615 s NH as b,CC str cr

ν19 1581.1 1534.2 27.87 (34.95) 13.16 (0.07) 1594 m (CC, CN) as str pyridine

ν20 1580.3 1533.4 4.33 (0.03) 66.13 (81.74) 1595 m (CC, CN) s str pyridine

ν21 1549.9 1499.8 0.99 (0.01) 28.48 (30.40) 1562 m NH, CH s b pyridine

ν22 1545.9 1497.7 57.03 (43.42) 6.11 (0.01) 1560 m NH, CH as b pyridine

ν23 1515.0 1468.1 4.14 (0) 21.16 (27.48) 1528 w NH, CH18,20,41,39 s b

ν24 1512.5 1466.6 90.78 (95.24) 5.73 (0) 1524 s NH, CH18,20,41,39 as b

ν25 1488.0 1441.3 40.20 (42.88) 17.42 (0) 1497 m NH as b, CC str pyr

ν26 1484.3 1436.4 4.55 (0) 111.20 (172.84) 1500 s NH s b, CC str pyr

ν27 1469.8 1423.5 1.32 (0) 243.81 (225.53) 1484 vs CH20 s b, skel def CC

ν28 1468.1 1422.0 9.96 (7.03) 56.54 (0) 1482 w CH20 as b, skel def CC

ν29 1427.9 1385.4 0.77 (0) 37.40 (32.30) 1440 w NH, CH20,21,41,42 s b, skel def pyr

ν30 1427.2 1379.4 9.25 (10.49) 6.91 (0) 1435 w NH, CH20,21,41,42 as b, skel def pyr

ν31 1414.9 1369.1 4.96 (6.27) 0.97 (0) 1428 w CH17,18,19,20,38,39,40,41 as b, CC str cr

ν32 1414.7 1366.9 0.84 (0) 9.32 (13.32) 1430 m CH17,18,19,20,38,39,40,41 s b, CC str cr

ν33 1394.6 1345.2 0.04 (0) 152.39 (137.61) 1407 m NH, CH21,42 s b, CC str pyr

ν34 1388.7 1343.6 33.68 (37.34) 17.26 (0.01) 1403 m NH, CH21,42 as b, CC str pyr,

ν35 1363.7 1318.7 124.83 (146.01) 22.36 (0) 1386 s skel def, CH as b

ν36 1361.7 1315.9 20.55 (0) 111.09 (157.34) 1386 s skel def, CH s b

ν37 1324.1 1280.6 6.01 (0) 78.48 (84.13) 1341 m skel def, CH s b

ν38 1320.2 1277.8 87.62 (85.48) 10.37 (0) 1333 m skel def, CH as b

ν39 1291.9 1249.4 3.58 (1.30) 32.85 (0.26) 1301 vw skel def, CH as b

ν40 1291.3 1248.8 0.77 (0) 119.86 (125.70) 1302 m skel def, CH s b

ν41 1263.8 1225.6 1.51 (0) 13.98 (24.15) 1275 m
CH s b, C7N11, C28N32, C8C9, C29C30
str

ν42 1263.4 1222.7 37.25 (32.35) 1.74 (0) 1268 m
CH as b, C7N11, C28N32, C8C9,
C29C30 str
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Table 1: Continued.

Calculateda Observed
Assignmentd

frequencye

(cm−1)
frequencyf

(cm−1)
IR intensityg

(km/mol)
Raman activityg

(A4/amu)
IRb Ramanc

ν43 1239.0 1199.9 1.23 (24.33) 2.28 (0.02) 1251 w NH and CH s b

ν44 1236.5 1199.8 24.70 (0.11) 0.43 (4.81) 1243 m NH and CH as b

ν45 1199.6 1160.3 1.67 (0.57) 0.25 (0) 1210 w CH as b, CC str cr

ν46 1199.5 1159.7 0.03 (0) 1.27 (1.08) 1210 w CH s b, CC str cr

ν47 1180.7 1140.7 0.58 (16.59) 2.52 (0) 1193 w CH s b, CC str

ν48 1180.6 1138.8 15.28 (0) 0.09 (2.07) 1193 m CH s b, CC str

ν49 1123.7 1089.2 8.81 (10.81) 0.66 (0.01) 1133 m CH17,18,19,20 and CH38,39,40,41 as b

ν50 1123.5 1089.1 1.71 (0.03) 2.24 (2.15) 1132 w CH17,18,19,20 and CH38,39,40,41 s b

ν51 1112.3 1074.6 0.50 (25.90) 1.01 (0)
CH15,17,18,20 and CH36,38,39,41 and
NH s b

ν52 1110.6 1074.1 22.51 (0) 0.23 (4.96) 1121 m
CH15,17,18,20 and CH36,38,39,41 and
NH as b

ν53 1075.6 1041.7 0.14 (0) 3.42 (8.06) 1090 w skel def, CH s b

ν54 1071.0 1035.3 51.41 (69.84) 0.35 (0) 1082 s skel def, CH as b

ν55 1056.8 1026.7 0.02 (0) 30.98 (69.48) 1075 s CH15,16,36,37 s b

ν56 1055.9 1024.6 4.03 (3.50) 2.00 (0) 1065 w CH15,16,36,37 s b

ν57 1047.8 1015.9 0.86 (0) 53.49 (21.34) 1062 m skel def, CH as b

ν58 1046.4 1012.3 5.31 (11.68) 2.32 (0) 1058 w skel def, CH as b

ν59 1008.9 978.5 5.64 (6.69) 3.18 (0) 1025 w skel def

ν60 1008.6 975.5 0.60 (0) 24.42 (17.84) 1019 w skel def

ν61 968.6 931.8 1.25 (1.27) 0.15 (0) 972 vw 973 vw CH19-21 and CH40-42 s “oop” twisting

ν62 968.6 931.7 0.32 (0) 0.04 (0.24) 965 vw 969 vw CH19-21 and CH40-42 as “oop” twisting

ν63 944.2 909.4 0.03 (0) 0.26 (0.60) 951 w
CH17,18,21 and CH38,39,42 as “oop”
wag

ν64 944.1 909.4 0.11 (0.38) 0.13 (0)
CH17,18,21 and CH38,39,42 as “oop”
wag

ν65 938.9 887.5 0.86 (1.71) 0.40 (0.11) 946 w
CH17-19,21 and CH38-40,42 as “oop”
twisting

ν66 938.8 887.3 0.76 (0.28) 0.41 (0.66) 942 w
CH17-19,21 and CH38-40,42 as “oop”
twisting

ν67 888.4 857.1 51.13 (44.91) 2.84 (0) 899 m as skel def pyr (N11-C12-C13)

ν68 885.0 851.4 16.47 (0) 26.78 (25.25) 890 m s skel def pyr (N11-C12-C13)

ν69 872.9 841.8 10.51 (17.27) 4.86 (0) 882 m skel def, NH s twisting

ν70 871.3 839.8 16.74 (0) 1.46 (20.52) skel def, NH as twisting

ν71 860.9 809.0 9.07 (0) 13.06 (0.03) 853 w CH15,16,36,37 and s “oop” wag

ν72 857.2 808.8 2.82 (21.39) 0.83 (0) 860 vw CH15,16,36,37 and s “oop” wag

ν73 829.1 793.1 1.31 (43.69) 0.63 (0) s skel “oop” def, NH, CH wag

ν74 823.8 789.6 5.18 (0) 0.65 (1.24) as skel “oop” def, NH, CH wag

ν75 814.6 774.0 103.69 (76.52) 2.72 (0) 823 m 826 w s NH “oop”

ν76 805.0 771.8 9.08 (0) 0.45 (0.73) as cr “oop” def, CH as wag

ν77 804.3 735.0 29.08 (0) 0.76 (0.29) 801 s s cr “oop” def, CH s wag

ν78 782.9 733.5 5.92 (33.11) 0.03 (0) as NH “oop”

ν79 764.2 728.2 5.35 (0) 0.23 (32.85) CH17-21,38-42 s “oop” wag

ν80 763.1 727.2 0.29 (2.50) 0.05 (0) CH17-21,38-42 s “oop” wag

ν81 751.2 716.8 1.01 (57.55) 36.36 (0) 763 m s “ip” skel def

ν82 750.8 699.1 1.33 (0) 3.39 (0.26) 773 m 770 sh as “ip” skel def

ν83 727.8 688.3 17.14 (1.95) 0.14 (0) 738 m 739 w CH15-18 and CH36-39 “oop” s wag

ν84 726.3 669.7 2.58 (65.15) 0.02 (0) CH15-18 and CH36-39 “oop” as wag

ν85 696.2 668.3 61.18 (0) 1.87 (0.88) s “oop” skel def, CH s wag

ν86 696.1 656.9 13.35 (0) 0.05 (0.71) as “oop” skel def, CH s wag
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Table 1: Continued.

Calculateda Observed
Assignmentd

frequencye

(cm−1)
frequencyf

(cm−1)
IR intensityg

(km/mol)
Raman activityg

(A4/amu)
IRb Ramanc

ν87 678.6 653.4 0.03 (0) 64.70 (70.42) 684 vw 686 s
s cr and pyridine ring b (sym along
N1-C4, C7-C10 axis)

ν88 675.2 651.1 15.94 (14.61) 1.87 (0) 696 m 696 sh
as cr and pyridine ring b (sym along
N1-C4, C7-C10 axis)

ν89 610.6 589.1 5.28 (4.30) 0.01 (0)
as cr and pyridine ring b (asym along
N1-C4, C7-C10 axis)

ν90 607.0 587.8 1.15 (0) 6.13 (8.11) 615 vw 614 w
s cr and pyridine ring b (asym along
N1-C4, C7-C10 axis)

ν91 605.3 575.9 0.89 (14.68) 0.58 (0) as “oop” skel def pyr

ν92 604.5 572.2 6.17 (0) 2.14 (0.68) 602 w s “oop” skel def pyr

ν93 573.7 552.4 0.75 (2.39) 0.53 (0) as “oop” skel def pyridine and cr

ν94 573.5 547.6 0.55 (0) 0.98 (2.04) 571 w s “oop” skel def pyridine and cr

ν95 516.2 502.9 5.97 (7.19) 1.51 (0) as “ip” skel def pyridine and cr

ν96 516.1 500.6 0.74 (0) 8.04 (10.89) 524 m s “ip” skel def pyridine and cr

ν97 513.7 490.9 0.53 (0) 1.51 (1.03) 513 w s “oop” skel def pyridine and cr

ν98 511.6 485.2 0.17 (0.81) 0.72 (0) as “oop” skel def pyridine and cr

ν99 472.8 455.0 8.28 (0) 1.82 (9.13) as “ip” skel def cr

ν100 471.5 453.5 0.17 (8.39) 8.11 (0) 479 m s “ip” skel def cr

ν101 430.1 414.5 0.54 (8.03) 11.61 (0) 438 m s “ip” skel def cr, CH17,19,38,40 “oop”

ν102 429.9 414.3 7.54 (0) 2.59 (15.89) 432 sh as “ip” skel def cr, CH17,19,38,40 “oop”

ν103 426.3 411.4 0.52 (0) 1.64 (2.25) as “oop” skel def cr, CH17,19,38,40 “oop”

ν104 425.1 410.3 0.58 (2.00) 4.49 (0) 424 w s “oop” skel def cr, CH17,19,38,40 “oop”

ν105 284.4 273.3 1.89 (1.93) 0.81 (0) as “oop” pyridine and cr rock

ν106 283.5 270.9 1.37 (0) 1.34 (2.06) 300 w s “oop” pyridine and cr rock

ν107 252.8 244.7 0.65 (6.73) 0.04 (0) as “oop” pyr and cr rock

ν108 249.5 238.0 6.20 (6.29) 0.17 (0) s “oop” pyr and cr rock

ν109 248.8 237.5 3.53 (0) 0.52 (6.82) 267 w as pyr and pyridine rings “ip” bend

ν110 243.3 231.8 0.07 (0) 5.18 (0.05) 251 m s pyr and pyridine rings “ip” bend

ν111 163.0 141.8 0.01 (0.04) 0.27 (0) 169 w as pyr and pyridine tor

ν112 150.4 139.1 0.03 (0) 0.43 (1.24) 154 m s pyr and pyridine tor

ν113 122.3 117.0 6.27 (0) 0.23 (2.44) as “oop” pyridine and pyr rock

ν114 121.9 112.3 3.70 (6.00) 0.91 (0) s “oop” pyridine and pyr rock

ν115 80.2 75.9 3.58 (1.02) 3.54 (0) dim rock

ν116 78.2 71.4 0.02 (0) 1.54 (1.80) dim b

ν117 67.0 59.6 0.00 (0) 1.15 (3.12) dim b

ν118 43.4 21.3 0.18 (0.12) 9.82 (0) dim rock

ν119 26.1 9.2 0.27 (0) 4.96 (15.09) dim rock

ν120 21.3 −35.3 0.04 (0) 11.69 (0) dim tor
aB3LYP/cc-pVTZ, C2 symmetry group, scaling factor = 0.9682, as recommended in the literature [39].
bPolycrystalline sample, 293 K.
cPolycrystalline sample, 293 K, 785 nm laser (633 nm was used in the NH region).
dAbbreviations. s: symmetric; as: antisymmetric; str: stretch; b: bend; ip: in-plane; oop: out-of-plane; skel def: skeletal deformation; tor: torsion; pyrid:
pyridine; pyr: pyrrole; cr: central ring.
eTwisted dimer.
fPlanar dimer.
gIn parentheses: values computed for the planar dimer.
hVery broad (∼200 cm−1).
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Figure 7: Raman spectra measured for samples crystallized from
five different solvents: cyclohexane (a), methanol (b), toluene
(c), dichloromethane (d), diethyl ether (e). Dashed vertical lines
indicate regions with structure-sensitive transitions (see text).
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Figure 8: Raman spectra of crystalline PQ as a function of pressure:
normal pressure, 1 atm (a); 2 × 103 atm (b); 22 × 103 atm (c); 35 ×
103 atm (d); 1 atm (e), at the end of pressure cycle. The low and high
frequency regions are normalized separately to their highest bands.
A region between 1300–1370 cm−1, exhibiting a strong Raman peak
from diamond culets, was removed.

the red with increasing pressure. Such behavior is opposite
to that of other modes and indicates the increase of the
HB strength, most probably due to a shorter NH· · ·N
distance. Unfortunately, the exact amount of the shift cannot
be determined, as the band becomes buried under the
transitions corresponding to CH stretches. Experiments
are planned with either N- or C-deuterated PQ, to avoid
interferences of NH/ND vibrations with other modes.

The second effect is the change in the relative intensity
pattern with increasing pressure, observed for the peaks at
1062 and 1074 cm−1. As discussed above, such behaviour can
indicate a transition from a cyclic toward a twisted structure.
For another mode diagnostic in this respect, 738 cm−1, we
observe decreasing intensity. However, it can still be detected
at the highest pressures applied. It may be that what is

Figure 9: PQ dimer surrounded by identical neighbors (taken from
X-ray data). The dimer in the middle was being distorted along the
twisting coordinate, and then the whole structure was optimized.

observed is gradual twisting, not necessarily leading to the
same angle between the monomeric units as observed for the
nonplanar polymorph under normal pressure. More detailed
investigations are planned once both planar and twisted
dimeric samples are available. The experiments described in
the previous section bode well for such studies.

3.7. Simulations of Polymorphic Structures. The existence of
both planar and twisted dimers leads to the question of
the energy barrier separating the two phases. Theoretical
simulations have been carried out, in order to check the local
minimum character of each structure and to estimate their
relative stabilities. In this procedure, a dimer, surrounded by
14 identical neighbours (Figure 9), was distorted towards the
structure of the other polymorph (twisted for the initially
planar form, and vice versa). The whole ensemble was
then optimized. Both planar and twisted structures relaxed
back to the initial form, showing that they correspond
to the minimum and providing additional independent
confirmation of the existence of two crystal polymorphic
forms of the PQ dimer. These results indicate that a collective
rather than local distortion of the crystal is required for the
phase change in PQ.

In agreement with the high pressure experiments, com-
parison of energies calculated for the slab consisting of 16
molecules for both planar and twisted dimers revealed a
lower energy for the latter.

4. Summary and Conclusions

A combination of X-ray, IR and Raman spectroscopy, high
pressure techniques, and quantum chemical calculations
resulted in the detection of two polymorphic forms of
dimeric PQ. Both types of dimer reveal a cyclic, doubly
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hydrogen-bonded structure, but differ in the planar versus
twisted arrangement of the monomeric units. The calcula-
tions predict a twisted dimer structure, whereas imposing
planarity results in one negative vibrational frequency,
corresponding to the twisting coordinate. These results show
that the isolated dimer should be nonplanar and thus the
polymorphism is due to the interplay of interactions between
the two monomeric units forming the hydrogen bond and
dimer-dimer interactions in the crystal. The experiments
indicate that upon applying pressure the planar form can be
converted into the twisted one.

The NH stretching and out-of-plane bending modes
observed in the IR spectra were shown to be clear indicators
of the HB formation. The analysis of the position of the
latter could be used to determine the structure of the H-
bonded dimer. With respect to the influence of HB formation
on the Raman spectra, a large increase of the intensity
was observed for the NH stretching band in the H-bonded
dimers, indicating increase of polarizability. The Raman
spectra were also diagnostic for structural assignments: even
though the spectra are quite similar, the intensity ratio of two
peaks observed at 1062 and 1074 cm−1 provides information
whether the PQ dimer is planar or not.

Our future plans include testing a possibility of photoin-
duced double proton transfer in both forms of crystalline
PQ. Both kinetics and thermodynamics of such a process
should be strongly structure-sensitive. Moreover, we have
selected PQ as one of the objects in the investigations of
the influence of plasmonic structures on the spectral and
photophysical characteristics of chromophores located in the
vicinity of metallic environments. The results of vibrational
and structural analysis presented in this work will provide
a starting point for experiments in which monomers and
dimers of PQ will be placed on, or close to metal surfaces.
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We consider finite-range effects when the scattering length goes to zero near a magnetically controlled Feshbach resonance.
The traditional effective-range expansion is badly behaved at this point, and we therefore introduce an effective potential that
reproduces the full T-matrix. To lowest order the effective potential goes as momentum squared times a factor that is well defined
as the scattering length goes to zero. The potential turns out to be proportional to the background scattering length squared times
the background effective range for the resonance. We proceed to estimate the applicability and relative importance of this potential
for Bose-Einstein condensates and for two-component Fermi gases where the attractive nature of the effective potential can lead
to collapse above a critical particle number or induce instability toward pairing and superfluidity. For broad Feshbach resonances
the higher order effect is completely negligible. However, for narrow resonances in tightly confined samples signatures might be
experimentally accessible. This could be relevant for suboptical wavelength microstructured traps at the interface of cold atoms
and solid-state surfaces.

1. Introduction

Cold atomic gases have enjoyed many great successes since
the first realizations of Bose-Einstein condensates in the
mid nineties [1]. Ensembles of ultracold atomic gases can
be manipulated in magnetic or optical trap geometries
and in lattice setups, effectively mimicking the structure of
real materials and teaching us about their properties. In
particular, extreme control can be exercised over the atom-
atom interactions through the use of Feshbach resonance
[2]. Tuning the system into the regime of resonant two-body
interactions provides a controlled way of studying strongly
correlated dynamics which is believed to be crucial for mate-
rial properties such as high-temperature superconductivity
or giant magnetoresistance.

Recently there has been extended interest in weakly
interacting Bose-Einstein condensates for use as an atomic
interferometer [3] and also to probe magnetic dipolar
interactions in condensates [4]. This work was based on
39K atoms where a broad Feshbach resonance exists at a
magnetic field strength of B0 = 402.4 G [5] which allows

a large tunability of the atomic interaction in experiments
[6]. Similar tunability has also been reported in a condensate
of 7Li [7]. The atomic interaction can be reduced by tuning
the scattering length, a, to zero, also known as zero crossing.
In a Gross-Pitaevskii mean-field picture we can thus neglect
the usual nonlinear term proportional to a. The question is
then what other interactions are relevant. As shown in [4],
the magnetic dipole will contribute here.

In the Gross-Pitaevskii picture we might also ask whether
higher order terms in the interaction can contribute around
zero crossing. Recently it was shown that effective-range
corrections can in fact influence the stability of condensates
around zero crossing [8–10]. The Feshbach resonances used
thus far in experiments have typically been very broad, and
as a result the effective range, re, will be small, rendering
the higher order terms negligible. However, around narrow
resonances this is not necessarily the case and finite-range
corrections are not necessarily negligible.

For the two-component Fermi gas, there has been
increased interest in producing a cold atom analog of the
celebrated Stoner model of ferromagnetism [11] which
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applies to repulsively interacting fermions. Theoretical pro-
posals indicate that this should be possible [12–19], and an
MIT experiment subsequently announced indications of the
ferromagnetic transition [20]. The results caused controversy
since the spin domains were not resolved [21–24]. A later
experiment in the same group did not find evidence of
the ferromagnetic transition [25]. However, these studies
consider broad Feshbach resonances, and the situation with
narrow resonances is less clear. One can imagine that finite-
range corrections could play a role in driving the phase
transition. In fact, a recent experiment in Innsbruck [26] has
found increased lifetimes of the repulsive gas in the strongly
imbalanced case, providing hope that decay into molecules
can be controlled and ferromagnetism can be studied.

The systematic inclusion of finite-range effects through
derivative terms in zero-range models was begun in the
study of nuclear matter decades ago [27, 28]. Later on the
intricacies of the cut-off problems that arise in this respect
were considered by many authors both for the relativistic and
nonrelativistic case (see [29] for discussion and references).
In the context of cold atoms and Feshbach resonances, we
need to use a two-channel model [30] in order to take the
lowest order finite-range term into account. Similar models
were already introduced in [31] and denoted resonance
models (see f.x. [32] for a comprehensive review of scattering
models for ultracold atoms). We note that whereas resonance
models treat the closed-channel molecular state as a point
boson the model of [30] treats the molecule more naturally
as a composite object of two atoms. In the end the parameters
of the two models turn out to be similarly related to the
physical parameters of Feshbach resonances (see for instance
the discussion of resonance models in [32]).

In Figure 1 we show calculations of scattering length and
effective range for the Feshbach resonance at B = 202.1 G
in 40K in both a coupled-channel model [33] and in the
zero-range model discussed here. We see the effective range
being roughly constant at resonance and then start to diverge
at zero crossing. The zero-range model provides a good
approximation to the full calculations and for many-body
purposes it is preferable due to its simplicity.

Whereas the earlier work of [31] considered the regime
close to the resonance, we will be exclusively concerned with
zero crossing. To our knowledge the intricacies of this region
have not been addressed in the literature in the context of
Feshbach resonances. Around zero crossing the Feshbach
model turns out to have a badly behaved effective-range
expansion. The parameters obtained from the effective-range
expansion should therefore be used with extreme caution as
the series is divergent at this point. However, as we show
in this paper, the finite-range corrections obtained from the
full T-matrix at low momenta via an effective potential turn
out to be the same as one would naively expect based on
the effective-range expansion. After introducing the effective
potential we consider its applicability and importance in the
case of Bose-Einstein condensates and for two-component
Fermi gases where the attractive nature of the effective
interaction at zero crossing could lead to collapse above
a certain critical particle number or to pairing instability
and superfluidity. In general, we find that tight external
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Figure 1: Scattering length and effective range for the s-wave
scattering of fermionic 40K atoms around the Feshbach resonance
at B0 = 202.1 G demonstrating the divergence in a coupled-channel
calculation (symbols) [33] and in a zero-range model (full lines).
The difference in the zero-range and coupled-channel models is
caused by the presence of a bound state close to threshold in the
open channel.

confinement is a necessary condition for the higher order
effects to dominate the magnetic dipole interaction and be
experimentally observable.

2. Two-Channel Model

We consider a two-channel s-wave Feshbach model with
zero-range interactions [30] for which the on-shell open-
open channel T-matrix as a function of magnetic field, B,
is

Too(B) =
(
4π�2/m

)
abg(

1 + ΔμΔB/
(
�2q2/m− Δμ(B − B0)

))−1 + iabgq
,

(1)

where Δμ is the difference between the magnetic moments in
the open and closed channel, q is the relative momentum of
the atoms of mass m, abg is the scattering length away from
the resonance at magnetic field B0, and ΔB is the width of
the resonance. We can compare this to the standard vacuum
expression for the T-matrix in terms of the phase-shift given
by

Tν =
(
4π�2/m

)
a

−qa cot δ
(
q
)

+ iaq
. (2)

Typically, one has the low-energy expression −q cot δ(q)
→ −1/a which implies that

Tν −→
(
4π�2/m

)
a

1 + iaq
−→ 0. (3)
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However, as we now discuss, for the realistic two-channel
T-matrix for Feshbach resonances, the quantity −q cot δ(q)
is not well defined, and the conclusion that the T-matrix
vanishes at zero crossing is only true for zero momentum,
q = 0, as we now discuss.

From (1) and (2) we obtain the relation for the phase-
shift:

q cot δ
(
q
) = −1

abg

(
1 +

ΔμΔB(
�2q2/m− Δμ(B − B0)

)
)−1

. (4)

We now expand the right-hand side in powers of q as is
usually done in an effective-range expansion. This yields

q cot δ
(
q
) = −1

a(B)

+
∞∑
n=1

−1
abg

[−abgre0
2

]n[ abg
a(B)

− 1
]n+1

q2n,

(5)

where a(B) = abg (1 − ΔB/(B − B0)) is the common
parametrization from single-channel models and re0 =
−2�2/(mΔBΔμabg) is the background value of the effective
range around the resonance. From (5) we can now read off
all coefficients in an effective-range expansion with their full
B-field dependence. For instance, the effective range is given
simply by re = re0[(abg/a) − 1]2, which is divergent when
a(B) → 0. We also clearly see that all the other coefficients
are divergent in that limit. This is signaled also before doing
the full expansion in q as the first term in (5) diverges at zero
crossing. However, in effective potentials derived from the
T-matrix these problems are not transparent as the lowest
order coefficient is proportional to a(B) (see (12)). Below
we will discuss what kind of constraints this introduces on
the applicability of the effective-range expansion near zero
crossing. We note that similar issues were briefly discussed in
a different context in [34] where an equivalent to (7) below
was obtained.

Let us first consider the low-q limit and compare the full
T-matrix with the effective-range expansion as zero crossing
is approached. Taking the low-q limit of (4) at zero crossing
where ΔB/(B − B0) = 1, we find

q cot δ
(
q
) −→ −1

abg
− ΔμΔB

�2q2/m
, (6)

which diverges as q−2. Therefore the coefficients of the
expansion in (5) must necessarily diverge in order to retain
any hope of describing the low-q behavior. Furthermore,
since the expansion is an alternating series and therefore
slowly converged, we also conclude that many terms must be
retained for a fair approximation at very small but nonzero
q. The same conclusion can be reached by considering the
radius of convergence of (5), which we find by locating the
pole in (4) at �2q2/m = Δμ(B−B0−ΔB). This radius indeed
goes to zero at zero crossing. We are thus forced to conclude
that the effective-range expansion breaks down near zero
crossing.

2.1. Effective Potential at Zero Crossing. Since the effective-
range expansion is insufficient we consider the full T-matrix
in the low-q limit at zero crossing. To lowest order we have

Too(B = B0 + ΔB) = −4π�2abg
m

�2q2

mΔμΔB
+O

(
q4). (7)

Using the expression for re0, this can be written

4π�2

m

a2
bgre0

2
q2. (8)

Knowing the T-matrix at low q we can now proceed to
find an effective low-q potential through the Lippmann-
Schwinger equation:

V = T − TG0V , (9)

where G0 = (E−H0 + iδ)−1 is the free space Green’s function
[35]. This equation can be solved for T(q, q′)∝ q2 + q′2 (the
symmetrized version of the full T-matrix) in an explicit cut-
off approach [29, 35] and then be expanded to order q2 for
consistence with the input T-matrix. In the long-wavelength
limit we can take the cut-off to zero [35] and for the on-shell
effective potential we then obtain the obvious answer:

V
(
q
) = 4π�2

m

a2
bgre0

2
q2 (10)

in momentum space. The effective potential in real-space is
now easily found by canonical substitution (q → −i∇) and
appropriate symmetrization [36]. We have

V(r) = −4π�2

m

a2
bgre0

2
1
2

[←∇2

rδ(r) + δ(r)�∇2
r

]
. (11)

Notice that the Lippmann-Schwinger approach is nonper-
turbative as opposed to the perturbative energy shift method
[36, 37].

2.2. Comparison to Effective-Range Expansion and Energy-
Shift Method. Away from zero crossing one can easily
relate the effective-range expansion to an effective potential
through the perturbative energy shift method [18, 25, 26]. To
second order the s-wave effective potential is

V(r) = 4π�2a

m

[
δ(r) +

g2

2

(←∇2

rδ(r) + δ(r)�∇2
r

)]
, (12)

where the first term is the effective interaction usually
employed in mean-field theories of cold atoms [35]. In terms
of a and re, we have g2 = a2/3− are/2 [36, 37] with the field-
dependent a = a(B) and re = re(B).

At zero-crossing the first term in (12) vanishes and one
might expect the second term to vanish as well. However,
in the naive effective-range expansion of the two-channel
model discussed above we saw that re diverges as a−2 and we
therefore have

lim
a→ 0

ag2 = −
a2
bgre0

2
. (13)
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In particular, if we for a moment ignore q4 terms in
the effective-range expansion, we recover exactly the same
effective potential as in (11) at zero crossing. The finite
limiting result in (13) shows that the potential in (12) is well
defined as a → 0, provided that appropriate regularization
and renormalization are performed. Equation (12) thus
applies equally well at resonance (a → ∞) where the
gradient terms are small and at zero crossing where the lowest
order delta function term is unimportant. It is thus a well-
defined effective potential over the entire range of a Feshbach
resonance.

We therefore see that even though the effective-range
expansion has divergent coefficients at zero crossing, the
lowest order does in fact give the same effective potential as
the full T-matrix if we apply it naively. The effective-range
expansion should thus be viewed as an asymptotic series.
However, we cannot use the effective-range expansion to
estimate the validity of the second-order effective potential
since the radius of convergence goes to zero at zero crossing
as discussed above.

The two-channel model in (1) compares well with a
coupled-channel calculation [33] as shown in Figure 1. It
also compares well to other scattering models [38, 39] that
include finite-range effects. In fact, the model used here
compares well with the analytical models of [38] when a(B)
and re(B) have the field-dependence introduced above. This
can be seen for instance in Figure 12 of [38], although a
difference is that our a(B) and re(B) are parametrization
and not taken from coupled-channels values as in [38] (our
Figure 1 quantifies the difference which is largest on re(B)).
However, here we are concerned with the behavior when
a(B) → 0 in the context of Feshbach resonances which
is not addressed in [38, 39]. We note that the resonance
models of [31] and the two-channel and resonance models
in [32] are very similar to the model employed here, but
again those references do not consider the specific problems
arising when a(B) → 0. In addition and in contrast to
previous discussions, here we construct appropriate zero-
range pseudo potentials that work around zero crossing.

3. Relation to Experiments

Above we only retained terms of order q2 in the fullT-matrix.
We now estimate the energy regime in which this expression
is valid. Demanding that the q4 term be smaller than the q2

term gives the criterion:

�2q2

m
� �2

m
∣∣∣abgre0∣∣∣ . (14)

We relate this condition to recent experiments with bosonic
condensates of 39K working around zero crossing [3]. The
resonance used there is very broad (ΔB = −52 G) with
abg = −29a0 and re0 = −58a0 (a0 is the Bohr radius).
The right-hand side of (14) is 2.3 · 10−7 eV, corresponding
to a temperature of about 3 mK. Since the experiments are
performed at much lower temperatures the approximation
above is certainly valid. However, as abg and particularly
re0 are small, the front factor in (11) is also small. The

relevant scale of comparison is the outer trap parameter b
[9] which is typically of order 1μm, yielding a vanishing
ratio |a2

bgre0|/b3 ∼ 10−9. For broad Feshbach resonances the
higher order interactions can thus be safely ignored. For very
narrow resonances the situation potentially changes as re0
can be very large and make the potential in (11) important.
As an example, we consider the narrow resonance in 39K at
B0 = 25.85 G with ΔB = 0.47 G, abg = −33a0, and re0 =
−5687a0 [5]. The right-hand side of (14) is now 2 · 10−9 eV,
corresponding to 24 μK. This is again much higher than
experimental temperatures. A more careful argument can
be made from the energy per particle of the noncondensed
cloud. Ignoring the trap, we have E/N = 0.770kBTc(T/Tc)

5/2

(Tc is the critical temperature) [35]. For a sample of 3 · 104

a critical temperature of 100 nK was reported in [6]. Using
this Tc we find that T � 900 nK for (14) to hold.
Again this is within the experimental regime. The effective
potential approach should therefore be applicable around
zero crossing for narrow resonances. However, even with this
narrow resonance we find |a2

bgre0|/b3 ∼ 10−7, and the effect
is still completely negligible.

In order to increase the relevance of the higher order
term, we now consider some very narrow resonances that
have been found in 87Rb. In particular, the resonance at B0 =
9.13 G [40] which was recently utilized in nonlinear atom
interferometry [41]. We have ΔB = 0.015 G, abg = 99.8a0,
and Δμ = 2.00μB [42], which gives re0 = −19.8 · 103a0

and a ratio |a2
bgre0|/b3 = 2.92 · 10−5(1μm/b)3. A trap length

of b ∼ 0.5μm as used in [41] would thus yield 10−4 and
demonstrates that higher order corrections can safely be
neglected. For a ratio of 1 we need b ∼ 0.03μm which
is unrealistically small in current traps or optical lattices.
However, a resonance of width ΔB = 0.0004 G is known in
the same system at B0 = 406.2 G [43] with abg = 100a0 and
Δμ = 2.01μB [42]. In this case we find re0 = −7.4 · 105a0 and
a much more favorable ratio of |a2

bgre0|/b3 = 0.001(1μm/b)3.
Here we see that a ratio of 1 is achieved already for b ∼
0.1μm which not far off from tight traps or optical lattice
dimensions. In terms of temperature we still have to be in
the ultralow regime of T � 30 nK according to (14) for the
latter resonance.

Consider now a fermionic two-component system where
s-wave interactions are dominant. Since we have re0 < 0 for
all Feshbach resonances [42], the effective potential in (10)
is attractive, and the system could potentially be unstable
toward a paired state or become unstable to collapse above
a critical particle number. For simplicity we will use the
semiclassical Thomas-Fermi approach to describe a gas with
equal population of the two components and estimate the
critical particle number. Assuming an isotropic trapping
potential with length scale b = √�/mω where ω is the trap
frequency, the ground-state density, ρ(x), can be found by
minimization and satisfies[

μ

�ω
− 1

2

(
x
b

)2
]
= 1

2
(kF(x)b)2 − 4

30π
α(kF(x)b)5, (15)

where ρ(x) = kF(x)/6π2 and α = a2
bg|re0|/b3. The maximum

allowed momentum and chemical potential, μ, is found by
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solving for the turning point of the right-hand side of (15)
which gives

kmaxb =
[

3π
2α

]1/3

, μmax = 3
10

�ω(kmaxb)2. (16)

We can now compare this kmax to the value obtained
from the noninteracting density within the Thomas-Fermi
approximation at the center of the trap. In terms of the
number of particles in each component, N , at the center of
the trap we have kF(0)b ≈ 1.906N1/6 [35]. By equating these
two expression we obtain an estimate for the critical number
of particles, Nmax. Inserting the relevant units, we have

Nmax = 2 · 1025

(
a0

abg

)4(
a0

re0

)2
(

b

1μm

)6

, (17)

where a0 is the Bohr radius. We note that the scaling Nmax ∝
α−2 can also be obtained by considering the point at which
the monopole mode becomes unstable.

Typical numbers for common fermionic species 6Li or
40K in the lowest hyperfine states [42] lead toNmax ∼ 1012 for
b = 1μm. This is of course a huge number and experiments
are well within this limit. Even if one reduced the trap
length by a factor of ten and made the presumably unrealistic
assumption that the particle number remains the same we
still have N � Nmax. The reason is that the s-wave Feshbach
resonances utilized in the two-component gases are generally
broad in order to study the universal regime. If we consider
the narrow resonance at B0 = 543.25 G in 6Li [44] with
ΔB = 0.1 G, abg = 60a0, and Δμ = 2.00μB [42], we have
Nmax ∼ 2 · 1013(b/1μm)6. This is somewhat better but we
still need b ∼ 0.06μm to get to an experimentally relevant
Nmax ∼ 106. We have to conclude that higher order s-wave
interactions are highly unlikely to be observable through
monopole instabilities. In light of this it seems better to
consider p-wave resonances which are much more narrow in
general. However, also here extremely small trap sizes appear
necessary [45].

The instability toward Cooper pairing around zero
crossing can also be estimated in simple terms. In general the
critical temperature is Tc ∼ TF exp(−1/N0|U|), where N0 =
mkF(0)/2π2�2 is the density of states at the Fermi energy in
the trap center and U < 0 is a measure of the attraction. For
the latter we use the effective potential in momentum space
from (10) and make the assumption that q ∼ kF(0). Using
the expression for kF(0) in terms of N above, we find

1
N0|U| =

1.5 · 1012
√
N

(
b

1μm

)3(
a0

abg

)2
a0

|re0| .
(18)

For broad resonances in 6Li or 40K this exponent is of order
103 and Tc is thus vanishingly small. However, the scaling
with trap size can help and if we imagine reducing to b =
0.1μm, we find Tc � 0.5TF for N = 106 atoms. For the
narrow resonance in 6Li discussed above, we find that Tc ∼
0.5TF with N = 106 can be achieved for b ∼ 0.5μm and
Tc ∼ 0.1TF for N = 105. Thus there may be a possibility to
reach the pairing instability near zero crossing if high particle

numbers can be cooled in tight traps and narrow resonances
are used.

While the suboptical wavelength trapping sizes needed
for the above effects to be large are not achievable with
typical optical or magnetic traps or optical lattice setups,
they could potentially be reached via hybrid setups where
atoms are trapped near a surface. Inspired by surface
plasmon subwavelength optics [46], nanoscale trapping for
neutral atoms has been studied [47, 48], and micropotential
traps with width less than 100 nanometer (<0.1 μm) are
within reach [49]. In these very tightly confined systems,
it is very likely that finite-range effects could be enhanced.
Devices that provide an interface between atoms and solid-
state systems are under intense study at the moment, and
our considerations here imply that finite-range corrections
should be considered when the scattering length is tuned
close to zero.

3.1. Dipole-Dipole Interactions. The discussion above ignores
the dipole-dipole interaction discussed in the introduction
which will compete against the higher order effective poten-
tial from the Feshbach resonance. A simple estimate can be
made along the lines of the discussion in [35]. The external
trapping potential is the characteristic scale of spatial
variations and we thus find a ratio, r, of magnetic dipole-
dipole, Umd, to higher-order s-wave zero-range interaction
strength, U2, which can be written as

r = Umd

U2
= a0b2

a2
bg|re0|

= 35.7

[
b

1μm

]2[
100a0

abg

]2
1000a0

|re0| .

(19)

For r < 1 the higher order interaction term will there-
fore dominate the magnetic dipole term. For the case of
narrow resonances in 87Rb discussed above we find r ∼
0.11(b/1μm)2 for the resonance at B0 = 9.13 G and r ∼
0.05(b/1μm)2 for the one at B0 = 406.2 G. For the narrow
resonance in 6Li at B0 = 543.25 G we find r ∼ 1.4(b/1μm)2.
These ratios clearly indicate that magnetic dipole-dipole
interactions can be suppressed relative to higher order zero-
range terms for narrow Feshbach resonances and standard
trap sizes. This dominance becomes even stronger for
the tight traps needed for the realization of the effects
discussed above, and we thus conclude that interference of
the magnetic dipole-dipole term is not a major concern.

4. Conclusions and Outlook

In this paper we have discussed the effective potential around
a Feshbach resonances as the scattering length is tuned to
zero and finite-range corrections become important. We
showed that the effective-range expansion is badly behaved
and the effective potential most be defined from the T-
matrix. We have demonstrated that the low momenta
effective potential obtained from the full T-matrix agrees
with one obtained naively from the effective-range expansion
when the scattering length goes to zero. Thus even though the
effective-range expansion has divergent coefficients at zero-
crossing the first terms of the associated effective potential
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yield consistent results. We then estimated the effects of the
terms on different condensates. Since the effective potential
at zero crossing is attractive it may induce various instabilities
which we considered for the case of a two-component Fermi
gas under harmonic confinement.

For the broad Feshbach resonances used in current exper-
iments the effective potential discussed here are negligible
and the dipole-dipole interaction dominates completely at
zero crossing. However, for narrow resonances in very tightly
confined systems some of the effects might be detectable. In
particular, future generations of microtraps with suboptical
wavelength trap sizes using surface plasmons could be
small enough to make finite-range effects important. The
competing dipole interaction is small for narrow resonances
in tight confinement. However, it is conceivable that effects of
spherically symmetric higher order terms could be separated
from dipolar effects which change with system geometry [4].

Small trapped Fermi systems have recently become an
experimental reality with particle numbers ranging from
two to ten [50]. For two atomic fermions with different
internal states, the system turns out to be well described
by the analytic zero-range model of Busch et al. [51–56],
and similarly for three fermions [57, 58]. Effective-range
corrections to these results have also been studied [59–62].
Mesoscopic Fermi systems (less than about 50 particles)
have been studied in harmonic traps using a number of
numerical methods, [63–79] with particular emphasis on the
unitary regime where the scattering length diverges. It would
be interesting to investigate the situation also around zero-
crossing of a narrow resonance where the effective range is
sizable. A preliminary study along this line for three bosons
is discussed in [80].

Another interesting direction of future work is the study
of the contact introduced by Tan [81–90] to describe the
universal behavior of strongly interacting quantum gases at a
broad resonance where the range corrections are negligible,
for instance through the tail of the momentum distribution
which is predicted to behave as C/k4, where C is the contact
and k the momentum of a single particle. The relations
found by Tan [81, 82] have subsequently been confirmed
experimentally in three dimensions [91–93]. While the
contact originally pertains to two-body correlations, sig-
natures of three-body physics in momentum distributions
have also been studied both theoretically [86, 94–98] and
experimentally [99]. While a few studies have considered
the universal behavior when including the effective range
term [100, 101], it would be very interesting to consider the
regime around zero crossing for a narrow resonance where
the background effective range parameter.
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The transition parameters such as the wavelengths, weighted oscillator strengths, and transition probabilities (or rates) for the nd
(n = 5−9)−nf (n = 4−8), nd (n = 5−9)−np (n = 6−9), np (n = 6−9)−ns (n = 6−10), and ng (n = 5−8)−nf (n = 4−8) electric
dipole (E1) transitions of doubly ionized lanthanum (La III,Z = 57) have been calculated using the relativistic Hartree-Fock (HFR)
method. In this method, configuration interaction and relativistic effects have been included in the computations combined with
a least squares fitting of the Hamiltonian eigenvalues to the observed energy levels. We have compared the results obtained from
this work with the previously available calculations and experiments in literature. We have also reported new transitions with the
weighted transition probabilities greater than or equal to 105.

1. Introduction

The radiative properties of the lanthanides and their ions
have been rather little considered. This can be explained by
the fact that these atoms or ions are characterized by com-
plex electronic structures with an unfilled 4f subshell, which
makes the calculations very difficult, and that the laboratory
analyses are still extremely fragmentary or even missing for
many ions. Owing to the importance of rare earth elements
in astrophysics, especially in relation to nucleosynthesis
and star formation (notably the lanthanides in chemically
peculiar (CP) stars) [7], there is a growing need for accurate
spectroscopic data, that is, wavelengths, radiative transition
rates, oscillator strengths, branching fractions, radiative life-
times, hyperfine structure, and isotope shift data for lan-
thanide atoms and ions.

The lanthanum atom is the first member of the rare earth
elements. Doubly ionized lanthanum (La III) is characterized
by a simple atomic structure with core [Xe] and only one
outer electron. There is substantial spectroscopic literature
concerning La III, though less than the neutral or singly
ionized species. The available theoretical and experimental
works on energy levels, radiative lifetimes, and transition
parameters for La III can be found in the literature [1–3, 5,
6, 8–13]. These works were reported in our previous work
in detail [14].

Up till now the wavelengths, oscillator strengths, and
transition probabilities available for La III were obtained by
experimental, semiempirical, or pure theoretical approaches.
Sixty-five spectral lines of La III in the 2000–12000 Å interval
were reported by Odabasi [2]. Sugar and Kaufman [13]
observed forty-five La III spectral lines in the interval from
700 to 2000 Å. Johansson and Litzén [5] recorded wave-
lengths of 5d–4f lines of La III. Relativistic single-configu-
ration Hartree-Fock oscillator strengths for 6s–6p transitions
in La III were reported by Migdalek and Baylis [4]. Migdalek
and Wyrozumska [3] have calculated oscillator strengths
obtained using the relativistic model-potential approach in
there different versions: a model-potential without valence-
core electron exchange but with core-polarization included
(RMP + CP), with semiclassical exchange and core-polari-
zation (RMP + SCE + CP), and with empirically adjusted
exchange and core-polarization (RMP + EX + CP) for the 6s–
6p, 5d–6p, 5d–4f, 5d–5f, 5d–6f, 6p–6d, and 6p–7d transition
arrays. The single-configuration relativistic Hartree-Fock
ionization potentials of La III were computed by Migdalek
and Bojara [9]. Biémont et al. [1] have performed oscillator
strengths and transition probabilities in La III by relativistic
Hartree-Fock method with core-polarization.

Our aim here is to determine the transition parameters,
such as the wavelengths, oscillator strengths, and transition
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Table 1: Wavelengths λ(Å), weighted oscillator strengths gf, and weighted transition probabilities gAki (s−1) for electric dipole (E1) transi-
tions in La III.

Transition λ g f gAki

Lower level Upper level This work Other works This work Other works This work Other works

6p 2Po
1/2 7s 2S1/2 2479.41A,B 2478.66a 0.489A 0.475a 5.31 × 108 A 5.16 × 108 a

2478.652c 0.463B 5.03 × 108 B

6p 2Po
3/2 7s 2S1/2 2685.55A,B 2684.75a 0.904A 0.878a 8.36 × 108 A 8.12 × 108 a

2684.757c 0.855B 7.91 × 108 B

6p 2Po
1/2 6d 2D3/2 2477.36A 2476.60a 2.474A 2.365a 2.69 × 109 A 2.57 × 109 a

2477.35B 2476.599c 2.651B 2.142d 2.88 × 109 B 2.27 × 109 b

6p 2Po
3/2 6d 2D5/2 2652.29A 2651.50a 4.168A 3.976a 3.95 × 109 A 3.77 × 109 a

2652.28B 2651.501c 4.457B 3.972d 4.23 × 109 B 3.66 × 109 b

6p 2Po
3/2 6d 2D3/2 2683.14A 2682.34a 0.458A 0.437a 4.24 × 108 A 4.05 × 108 a

2683.13B 2682.345c 0.489B 0.444d 4.54 × 108 B 4.01 × 108 b

6p 2Po
1/2 8s 2S1/2 1466.39A,B 1466.39a 0.071A 0.069a 2.20 × 108 A 2.15 × 108 a

0.064B 2.00 × 108 B

6p 2Po
3/2 8s 2S1/2 1536.13A,B 1536.13a 0.136A 0.132a 3.83 × 108 A 3.73 × 108 a

0.123B 3.48 × 108 B

6p 2Po
1/2 7d 2D3/2 1459.45A,B 1459.45a 0.158A 0.156a 4.96 × 108 A 4.88 × 108 a

0.216B 0.137d 6.76 × 108 B 4.26 × 108 b

6p 2Po
3/2 7d 2D5/2 1523.75A,B 1523.75a 0.277A 0.269a 7.95 × 108 A 7.71 × 108 a

0.372B 0.211d 10.70 × 108 B 6.02 × 108 b

6p 2Po
3/2 7d 2D3/2 1528.51A,B 1528.51a 0.031A 0.030a 8.71 × 107 A 8.49 × 107 a

0.041B 0.022d 11.80 × 107 B 6.23 × 107 b

6p 2Po
1/2 9s 2S1/2 1212.28A,B 1212.28a 0.026A 0.026a 1.19 × 108 A 1.16 × 108 a

0.023B 1.06 × 108 B

6p 2Po
3/2 9s 2S1/2 1259.55A,B 1259.55a 0.051A 0.049a 2.13 × 108 A 2.07 × 108 a

0.045B 1.89 × 108 B

6p 2Po
1/2 8d 2D3/2 1208.79A,B 1208.79a 0.040A 0.041a 1.80 × 108 A 1.86 × 108 a

0.065B 2.95 × 108 B

6p 2Po
3/2 8d 2D5/2 1254.00A,B 1254.00a 0.070A 0.071a 2.98 × 108 A 3.00 × 108 a

0.112B 4.76 × 108 B

6p 2Po
3/2 8d 2D3/2 1255.79A,B 1255.79a 0.008A 0.008a 3.27 × 107 A 3.32 × 107 a

0.012B 5.27 × 107 B

6p 2Po
1/2 10s 2S1/2 1101.01A,B 1101.01a 0.013A 0.013a 7.26 × 107 A 7.07 × 107 a

0.012B 6.39 × 107 B

6p 2Po
3/2 10s 2S1/2 1139.87A,B 1139.87a 0.026A 0.025a 1.31 × 108 A 1.27 × 108 a

0.022B 1.15 × 108 B

6p 2Po
1/2 9d 2D3/2 1099.00A,B 1099.00a 0.015A 0.017a 8.54 × 107 A 9.21 × 107 a

0.029B 16.10 × 107 B

6p 2Po
3/2 9d 2D5/2 1136.80A,B 1136.80a 0.028A 0.029a 1.44 × 108 A 1.50 × 108 a

0.050B 2.61 × 108 B

6p 2Po
3/2 9d 2D3/2 1137.71A,B 1137.71a 0.003A 0.003a 1.58 × 107 A 1.66 × 107 a

0.006B 2.89 × 107 B

6d 2D3/2 5f 2Fo
5/2 9926.70A 9924.04a 2.549A 2.370a 1.73 × 108 A 1.60 × 108 a

9926.74B 9923.989c 2.574B 1.74 × 108 B

6d 2D5/2 5f 2Fo
7/2 10287.59A,B 10284.790c 3.515A — 2.21 × 108 A —

3.548B 2.24 × 108 B

6d 2D5/2 5f 2Fo
5/2 10373.15A 10370.335c 0.174A — 1.08 × 107 A —

10373.12B 0.176B 1.09 × 107 B

6d 2D3/2 7p 2Po
3/2 8277.67A,B 8275.41a 0.243A 0.240a 2.37 × 107 A 2.34 × 107 a

8275.388c 0.250B 2.43 × 107 B

6d 2D5/2 7p 2Po
3/2 8585.81A 8583.42a 2.115A 2.081a 1.91 × 108 A 1.88 × 108 a

8585.76B 8583.453c 2.165B 1.96 × 108 B
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Table 1: Continued.

Transition λ g f gAki

Lower level Upper level This work Other works This work Other works This work Other works

6d 2D3/2 7p 2P o
1/2 9215.20A 9212.68a 1.094A 1.077a 8.59 × 107 A 8.46 × 107 a

9215.23B 9212.628c 1.121B 8.80 × 107 B

6d 2D3/2 6f 2Fo
5/2 3076.05A 3075.17a 0.733A 0.822a 5.17 × 108 A 5.80 × 108 a

3076.06B 3075.173c 0.790B 5.57 × 108 B

6d 2D5/2 6f 2Fo
7/2 3112.88A,B 3111.97a 1.037A 1.161a 7.14 × 108 A 7.99 × 108 a

3111.969c 1.116B 7.68 × 108 B

6d 2D5/2 6f 2Fo
5/2 3117.63A,B 3116.74a 0.052A 0.058a 3.55 × 107 A 3.98 × 107 a

3116.738c 0.056B 3.82 × 107 B

6d 2D3/2 8p 2Po
3/2 2954.63A 2953.77a 0.009A 0.008a 6.82 × 106 A 5.87 × 106 a

2954.64B 0.008B 6.18 × 106 B

6d 2D5/2 8p 2Po
3/2 2992.97A,B 2992.10a 0.079A 0.068a 5.89 × 107 A 5.08 × 107 a

2992.098c 0.072B 5.35 × 107 B

6d 2D3/2 8p 2Po
1/2 3010.10A 3009.22a 0.044A 0.038a 3.23 × 107 A 2.77 × 107 a

3010.11B 3009.223c 0.040B 2.92 × 107 B

6d 2D3/2 7f 2Fo
5/2 2239.04A 2238.35a 0.339A 0.358a 4.51 × 108 A 4.76 × 108 a

2239.05B 0.356B 4.74 × 108 B

6d 2D5/2 7f 2Fo
7/2 2259.31A,B 2258.61a 0.480A 0.507a 6.28 × 108 A 6.62 × 108 a

2258.609c 0.504B 6.59 × 108 B

6d 2D5/2 7f 2Fo
5/2 2261.00A,B 2260.30a 0.024A 0.025a 3.13 × 107 A 3.30 × 107 a

2260.295c 0.025B 3.29 × 107 B

6d 2D3/2 9p 2Po
3/2 2195.18A 2194.50a 0.003A,B 0.002a 4.15 × 106 A 3.28 × 106 a

2195.19B 3.58 × 106B

6d 2D3/2 9p 2Po
1/2 2213.95A,B 2213.26a 0.015A 0.012a 2.02 × 107 A 1.60 × 107 a

0.013B 1.75 × 107 B

6d 2D5/2 9p 2Po
3/2 2216.28A,B 2215.58a 0.027A 0.021a 3.62 × 107 A 2.87 × 107 a

0.023B 3.13 × 107 B

6d 2D3/2 8f 2Fo
5/2 1923.33A 1923.33a 0.178A 0.185a 3.22 × 108 A 3.33 × 108 a

1923.34B 0.188B 3.39 × 108 B

6d 2D5/2 8f 2Fo
7/2 1938.53A,B 1938.53a 0.253A 0.262a 4.49 × 108 A 4.65 × 108 a

0.267B 4.73 × 108 B

6d 2D5/2 8f 2Fo
5/2 1939.51A,B 1939.51a 0.013A,B 0.013a 2.24 × 107 A 2.32 × 107 a

2.36 × 107 B

6f 2Fo
5/2 6g 2G7/2 8290.18A 8287.76a 8.903A 8.527a 8.64 × 108 A,B 8.28 × 108 a

8290.16B 8287.752c 8.904B

6f 2Fo
7/2 6g 2G9/2 8323.43A 8321.16a 11.495A 11.009a 1.11 × 109 A,B 1.06 × 109 a

8323.34B 8321.107c 11.496B

6f 2Fo
7/2 6g 2G7/2 8323.98A 8321.63a 0.328A,B 0.315a 3.16 × 107 A,B 3.03 × 107 a

8323.97B

6f 2Fo
5/2 7g 2G7/2 5147.17A,B 5145.72a 1.282A 1.239a 3.23 × 108 A,B 3.12 × 108 a

5145.729c 1.283B

6f 2Fo
7/2 7g 2G9/2 5159.84A 5158.39a 1.658A 1.602a 4.15 × 108 A 4.01 × 108 a

5159.82B 5158.410c 1.659B 4.16 × 108 B

6f 2Fo
7/2 7g 2G7/2 5160.18A 5158.76a 0.047A,B 0.046a 1.19 × 107 A,B 1.15 × 107 a

5160.19B

6f 2Fo
5/2 8g 2G7/2 4130.43A,B 4129.24a 0.411A,B 0.394a 1.61 × 108 A,B 1.54 × 108 a

6f 2Fo
7/2 8g 2G9/2 4138.59A 4137.43a 0.531A 0.509a 2.07 × 108 A,B 1.98 × 108 a

4138.58B 4137.428c 0.532B

6f 2Fo
7/2 8g 2G7/2 4138.80A 4137.64a 0.015A,B 0.015a 5.91 × 106 A,B 5.67 × 106 a

4138.81B

6f 2Fo
5/2 9d 2D3/2 5519.77A 5518.19a 0.132A 0.130a 2.89 × 107 A 2.85 × 107 a

5519.75B 5518.187c 0.128B 2.79 × 107 B
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Table 1: Continued.

Transition λ g f gAki

Lower level Upper level This work Other works This work Other works This work Other works

6f 2F◦5/2 9d 2D5/2 5498.45A 5496.88a 0.009A,B 0.009a 2.08 × 106 A 2.06 × 106 a

5498.43B 2.02 × 106B

6f 2Fo
7/2 9d 2D5/2 5513.29A,B 5511.76a 0.188A 0.186a 4.14 × 107 A 4.09 × 107 a

5511.721c 0.182B 4.01 × 107 B

6s 2S1/2 6p 2Po
3/2 3172.60A,B 3171.69a 1.673A 1.527a 1.11 × 109 A 1.01 × 109 a

3171.735c 1.935B 1.418d 1.28 × 109 B 9.40 × 108 b

1.868e

6s 2S1/2 6p 2Po
1/2 3518.16A 3517.16a 0.754A 0.689a 4.06 × 108 A 3.71 × 108 a

3518.15B 3517.217c 0.872B 0.640d 4.70 × 108 B 3.45 × 108 b

0.850e

6s 2S1/2 7p 2Po
3/2 1236.55A,B 1236.55a 0.002A 0.006a 0.70 × 107 A 2.39 × 107 a

0.001B 0.27 × 107 B

6s 2S1/2 7p 2Po
1/2 1255.63A,B 1255.63a 0.001A 0.003a 0.33 × 107 A 1.14 × 107 a

0.0003B 0.13 × 107 B

7s 2S1/2 7p 2Po
3/2 8254.85A 8252.53a 2.418A 2.279a 2.37 × 108 A,B 2.23 × 108 a

8254.77B 8252.603c 2.424B

7s 2S1/2 7p 2Po
1/2 9186.87A 9184.34a 1.086A 1.024a 8.59 × 107 A 8.09 × 107 a

9186.92B 9184.380c 1.089B 8.61 × 107 B

7s 2S1/2 8p 2Po
3/2 2951.72A,B 2950.843c 0.002A,B — 1.81 × 106 A —

1.54 × 106B

7s 2S1/2 8p 2Po
1/2 3007.07A 3006.186c 0.001A,B — 8.57 × 105 A —

3007.08B 7.27 × 105 B

7p 2Po
1/2 8s 2S1/2 5890.23A 5888.63a 0.716A 0.718a 1.38 × 108 A 1.38 × 108 a

5890.25B 5888.620c 0.714B 1.37 × 108 B

7p 2Po
3/2 8s 2S1/2 6349.93A 6348.21a 1.329A 1.331a 2.20 × 108 A 2.20 × 108 a

6349.97B 6348.213c 1.324B 2.19 × 108 B

7p 2Po
1/2 7d 2D3/2 5779.74A 5778.14a 3.095A 2.967a 6.18 × 108 A 5.92 × 108 a

5779.71B 5778.138c 3.045B 6.08 × 108 B

7p 2Po
3/2 7d 2D5/2 6143.64A 6141.99a 5.238A 5.024a 9.26 × 108 A 8.88 × 108 a

6143.71B 6141.987c 5.157B 9.11 × 108 B

7p 2Po
3/2 7d 2D3/2 6221.70A 6219.99a 0.575A 0.551a 9.91 × 107 A 9.50 × 107 a

6221.69B 6219.999c 0.566B 9.75 × 107 B

7p 2Po
1/2 9s 2S1/2 3197.77A 3196.85a 0.089A,B 0.092a 5.77 × 107 A,B 5.98 × 107 a

3197.78B 3196.844c

7p 2Po
3/2 9s 2S1/2 3328.60A 3327.64a 0.170A,B 0.176a 1.02 × 108 A,B 1.06 × 108 a

3328.61B 3327.655c

7p 2Po
1/2 8d 2D3/2 3173.60A 3172.69a 0.274A 0.260a 1.81 × 108 A 1.72 × 108 a

3173.61B 3172.689c 0.284B 1.89 × 108 B

7p 2Po
3/2 8d 2D5/2 3290.05A 3289.11a 0.476A 0.452a 2.94 × 108 A 2.79 × 108 a

3290.07B 3289.110c 0.494B 3.05 × 108 B

7p 2Po
3/2 8d 2D3/2 3302.41A 3301.47a 0.053A 0.050a 3.22 × 107 A 3.06 × 107 a

3302.43B 3301.481c 0.055B 3.35 × 107 B

7p 2Po
1/2 10s 2S1/2 2524.74A,B 2523.98a 0.031A,B 0.033a 3.25 × 107 A 3.44 × 107 a

3.27 × 107 B

7p 2Po
3/2 10s 2S1/2 2605.59A 2604.82a 0.060A,B 0.064a 5.91 × 107 A 6.25 × 107 a

2605.60B 2604.827c 5.94 × 107 B

7p 2Po
1/2 9d 2D3/2 2514.19A,B 2513.43a 0.083A 0.077a 8.72 × 107 A 8.10 × 107 a

2513.432c 0.088B 9.27 × 107 B

7p 2Po
3/2 9d 2D5/2 2589.64A,B 2588.86a 0.145A 0.134a 1.44 × 108 A 1.33 × 108 a

2588.867c 0.153B 1.53 × 108 B

7p 2Po
3/2 9d 2D3/2 2594.36A,B 2593.58a 0.016A 0.015a 1.59 × 107 A 1.47 × 107 a

0.017B 1.69 × 107 B
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Table 1: Continued.

Transition λ g f gAki

Lower level Upper level This work Other works This work Other works This work Other works

7d 2D3/2 7f 2Fo
5/2 6057.51A 6055.85a 0.518A 0.604a 0.94 × 108 A 1.10 × 108 a

6057.56B 6055.838c 0.578B 1.05 × 108 B

7d 2D5/2 7f 2Fo
7/2 6121.04A 6119.27a 0.735A 0.854a 1.31 × 108 A 1.52 × 108 a

6121.00B 6119.254c 0.818B 1.46 × 108 B

7d 2D5/2 7f 2Fo
5/2 6133.39A 6131.67a 0.037A 0.043a 6.51 × 106 A 7.55 × 106 a

6133.35B 0.041B 7.24 × 106B

7d 2D3/2 8f 2Fo
5/2 4194.71A 4193.51a 0.260A 0.292a 0.99 × 108 A 1.11 × 108 a

4194.72B 0.283B 1.07 × 108 B

7d 2D5/2 8f 2Fo
7/2 4226.33A 4225.12a 0.370A 0.414a 1.38 × 108 A 1.54 × 108 a

4226.29B 0.402B 1.50 × 108 B

7d 2D5/2 8f 2Fo
5/2 4230.95A 4229.73a 0.018A 0.021a 6.89 × 106 A 7.70 × 106 a

4230.92B 0.020B 7.47 × 106B

7d 2D3/2 9p 2Po
3/2 5746.85A 5745.26a 0.008A 0.007a 1.67 × 106 A 1.49 × 106 a

5746.90B 0.007B 1.48 × 106B

7d 2D5/2 9p 2Po
3/2 5815.10A 5813.45a 0.073A 0.066a 1.45 × 107 A 1.30 × 107 a

5815.07B 5813.447c 0.065B 1.29 × 107 B

7d 2D3/2 9p 2Po
1/2 5877.26A 5875.63a 0.040A 0.036a 7.83 × 106 A 6.98 × 106 a

5877.31B 5875.632c 0.036B 6.92 × 106B

7f 2Fo
5/2 8g 2G7/2 8293.36A 8291.04a 1.513A,B 1.485a 1.47 × 108 A,B 1.44 × 108 a

8293.35B

7f 2Fo
7/2 8g 2G9/2 8315.16A 8312.96a 1.956A,B 1.919a 1.89 × 108 A,B 1.85 × 108 a

8315.11B

7f 2Fo
7/2 8g 2G7/2 8316.03A 8313.81a 0.056A,B 0.055a 5.39 × 106 A,B 5.29 × 106 a

8316.04B

5f 2Fo
5/2 7d 2D5/2 5469.30A 5467.81a 0.037A 0.035a 8.26 × 106 A 7.89 × 106 a

5469.35B 5467.812c 0.035B 7.77 × 106B

5f 2Fo
5/2 7d 2D3/2 5531.09A 5529.54a 0.514A 0.490a 1.12 × 108 A 1.07 × 108 a

5531.07B 5529.542c 0.482B 1.05 × 108 B

5f 2Fo
7/2 7d 2D5/2 5493.40A 5491.90a 0.738A 0.704a 1.63 × 108 A 1.56 × 108 a

5493.43B 5491.902c 0.693B 1.53 × 108 B

5f 2Fo
5/2 5g 2G7/2 4484.21A 4482.98a 8.886A 8.277a 2.95 × 109 A,B 2.75 × 109 a

4484.25B 4482.967c 8.889B

5f 2Fo
7/2 5g 2G9/2 4500.32A 4499.06a 11.478A 10.692a 3.78 × 109 A,B 3.52 × 109 a

4500.34B 4499.050c 11.482B

5f 2Fo
7/2 5g 2G7/2 4500.39A 4499.15a 0.328A,B 0.306a 1.08 × 108 A,B 1.01 × 108 a

4500.43B

5f 2Fo
5/2 8d 2D5/2 3086.28A 3085.38a 0.004A,B 0.005a 2.98 × 106 A 3.13 × 106 a

3086.29B 3085.379c 2.80 × 106B

5f 2Fo
5/2 8d 2D3/2 3097.15A 3096.26a 0.059A 0.062a 4.13 × 107 A 4.33 × 107 a

3097.16B 3096.255c 0.056B 3.88 × 107 B

5f 2Fo
7/2 8d 2D5/2 3093.93A 3093.03a 0.085A 0.089a 5.91 × 107 A 6.21 × 107 a

3093.94B 3093.028c 0.080B 5.56 × 107 B

5f 2Fo
5/2 6g 2G7/2 2898.73A 2897.88a 0.866A,B 0.786a 6.87 × 108 A,B 6.24 × 108 a

2898.74B 2897.875c

5f 2Fo
7/2 6g 2G9/2 2905.42A 2904.57a 1.120A,B 1.016a 8.85 × 108 A,B 8.03 × 108 a

2905.41B 2904.576c

5f 2Fo
7/2 6g 2G7/2 2905.49A,B 2904.63a 0.032A,B 0.029a 2.53 × 107 A,B 2.29 × 107 a

5f 2Fo
5/2 9d 2D5/2 2461.70A,B 2460.95a 0.001A,B 0.002a 1.51 × 106 A 1.67 × 106 a

1.41 × 106B

5f 2F o
5/2 9d 2D3/2 2465.97A,B 2465.22a 0.019A 0.021a 2.11 × 107 A 2.33 × 107 a

0.018B 1.96 × 107 B
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Table 1: Continued.

Transition λ g f gAki

Lower level Upper level This work Other works This work Other works This work Other works

5f 2F o
7/2 9d 2D5/2 2466.59A 2465.82a 0.027A 0.030a 3.01 × 107 A 3.33 × 107 a

2535.57B 0.025B 2.80 × 107 B

5f 2Fo
5/2 7g 2G7/2 2388.71A 2387.99a 0.226A,B 0.196a 2.64 × 108 A,B 2.29 × 108 a

2388.72B 2387.988c

5f 2Fo
7/2 7g 2G9/2 2393.23A 2392.49a 0.292A,B 0.254a 3.41 × 108 A,B 2.96 × 108 a

2393.22B 2392.492c

5f 2Fo
7/2 7g 2G7/2 2393.30A,B 2392.57a 0.008A,B 0.007a 9.73 × 106 A,B 8.45 × 106 a

5f 2Fo
5/2 8g 2G7/2 2143.81A,B 2143.13a 0.089A,B 0.074a 1.29 × 108 A,B 1.08 × 108 a

5f 2F o
7/2 8g 2G9/2 2147.44A,B 2146.77a 0.115A,B 0.096a 1.67 × 108 A,B 1.39 × 108 a

5f 2Fo
7/2 8g 2G7/2 2147.50A,B 2146.83a 0.003A,B 0.003a 4.77 × 106 A,B 3.98 × 106 a

5g 2G9/2 7f 2Fo
7/2 8116.78A 8114.48a 0.018A,B 0.021a 1.79 × 106 A,B 2.11 × 106 a

8116.75B 8114.415c

5g 2G7/2 7f 2Fo
5/2 8138.27A 8136.00a 0.014A,B 0.016a 1.37 × 106 A,B 1.62 × 106 a

8138.19B 8135.964c

5g 2G9/2 8f 2Fo
7/2 5090.54A 5089.12a 0.003A,B 0.003a 6.83 × 105 A 7.82 × 105 a

5090.51B 6.86 × 105B

5g 2G7/2 8f 2Fo
5/2 5097.17A 5095.70a 0.002A,B 0.002a 5.25 × 105 A 6.01 × 105 a

5097.11B 5.27 × 105B

5d 2D3/2 4f 2Fo
5/2 13898.50A 13894.47f 0.072A 0.031d 2.51 × 106 A —

13898.06B 0.074B 2.54 × 106B

5d 2D5/2 4f 2Fo
7/2 14099.97A 14096.18f 0.102A 0.046d 3.44 × 106 A —

14100.19B 0.104B 3.48 × 106B

5d 2D5/2 4f 2Fo
5/2 17882.04A 17878.09f 0.004A,B 0.002d 8.41 × 104 A —

17883.69B 8.52 × 104 B

5d 2D5/2 6p 2Po
3/2 2298.44A,B 2297.74a 1.172A 1.120a 1.48 × 109 A 1.41 × 109 a

2297.737c 1.315B 1.050d 1.66 × 109 B 1.33 × 109 b

2298.44g

5d 2D3/2 6p 2Po
3/2 2216.76A 2216.07a 0.135A 0.129a 1.83 × 108 A 1.75 × 108 a

2216.75B 2216.067c 0.151B 0.115d 2.06 × 108 B 1.56 × 108 b

5d 2D3/2 6p 2Po
1/2 2380.10A 2379.37a 0.629A 0.601a 7.41 × 108 A 7.07 × 108 a

2380.09B 2379.374c 0.705B 0.576d 8.31 × 108 B 6.78 × 108 b

2380.10g

5d 2D3/2 5f 2Fo
5/2 1081.61A,B 1081.61a 1.649A 1.377a 9.40 × 109 A 7.85 × 109 a

1.640B 1.604d 9.35 × 109 B 9.06 × 109 b

5d 2D5/2 5f 2Fo
7/2 1099.73A,B 1099.73a 2.317A 1.935a 1.28 × 1010A 1.07 × 1010 a

2.304B 2.325d 1.27 × 1010B 1.28 × 1010 b

5d 2D5/2 5f 2Fo
5/2 1100.70A,B 1100.70a 0.115A,B 0.097a 6.37 × 108 A 5.32 × 108 a

0.119d 6.34 × 108 B 6.49 × 108 b

5d 2D3/2 7p 2Po
3/2 1058.63A,B 1058.63a 0.013A,B 0.010a 7.84 × 107 A 5.72 × 107 a

8.02 × 107 B

5d 2D3/2 7p 2Po
1/2 1072.59A,B 1072.59a 0.067A,B 0.048a 3.77 × 108 A 2.75 × 108 a

3.86 × 108 B

5d 2D5/2 7p 2Po
3/2 1076.91A,B 1076.91a 0.116A 0.085a 6.70 × 108 A 4.89 × 108 a

0.119B 6.86 × 108 B

5d 2D3/2 6f 2Fo
5/2 870.40A,B 870.40a 0.614A,B 0.446a 5.41 × 109 A 3.93 × 109 a

0.480d 5.40 × 109 B 4.21 × 109 b

5d 2D5/2 6f 2Fo
7/2 882.34A,B 882.34a 0.865A,B 0.629a 7.42 × 109 A 5.39 × 109 a

0.696d 7.41 × 109 B 5.95 × 109 b

5d 2D5/2 6f 2Fo
5/2 882.72A,B 882.72a 0.043A,B 0.031a 3.71 × 108 A 2.69 × 108 a

0.035d 3.70 × 108 B 2.99 × 108 b

5d 2D3/2 8p 2Po
3/2 860.39A,B 860.39a 0.005A,B 0.003a 4.24 × 107 A 2.76 × 107 a

4.36 × 107 B
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Table 1: Continued.

Transition λ g f gAki

Lower level Upper level This work Other works This work Other works This work Other works

5d 2D3/2 8p 2Po
1/2 865.04A,B 865.04a 0.024A,B 0.015a 2.08 × 108 A 1.36 × 108 a

2.15 × 108 B

5d 2D5/2 8p 2Po
3/2 872.43A,B 872.43a 0.043A,B 0.027a 3.65 × 108 A 2.38 × 108 a

3.77 × 108 B

5d 2D3/2 7f 2Fo
5/2 787.14A,B 787.14a 0.303A 0.203a 3.24 × 109 A 2.18 × 109 a

0.305B 3.28 × 109 B

5d 2D5/2 7f 2Fo
7/2 796.99A,B 796.99a 0.430A,B 0.286a 4.51 × 109 A,B 3.00 × 109 a

5d 2D5/2 7f 2F o
5/2 797.20A,B 797.20a 0.021A,B 0.014a 2.26 × 108 A,B 1.50 × 108 a

5d 2D3/2 9p 2Po
3/2 781.65A,B 781.65a 0.002A,B 0.001a 2.52 × 107 A 1.54 × 107 a

2.62 × 107 B

5d 2D3/2 9p 2Po
1/2 784.01A,B 784.01a 0.012A,B 0.007a 12.50 × 107 A 7.61 × 107 a

13.01 × 107 B

5d 2D5/2 9p 2Po
3/2 791.57A,B 791.57a 0.021A,B 0.013a 2.19 × 108 A 1.33 × 108 a

2.27 × 108 B

5d 2D3/2 8f 2Fo
5/2 744.19A,B 744.19a 0.176A,B 0.110a 2.12 × 109 A,B 1.33 × 109 a

5d 2D5/2 8f 2Fo
7/2 753.03A,B 753.03a 0.249A 0.155a 2.92 × 109 A,B 1.83 × 109 a

0.248B

5d 2D5/2 8f 2Fo
5/2 753.18A,B 753.18a 0.012A,B 0.008a 1.46 × 108 A,B 9.14 × 107 a

4f 2Fo
5/2 6d 2D5/2 1322.42A,B 1322.42a 0.000A,B 0.002a 0.12 × 106 A 7.00 × 106 a

0.17 × 106B

4f 2Fo
5/2 6d 2D3/2 1330.04A,B 1330.04a 0.001A,B 0.026a 0.22 × 107 A 9.64 × 107 a

0.23 × 107 B

4f 2Fo
7/2 6d 2D5/2 1349.18A,B 1349.18a 0.001A,B 0.036a 3.07 × 106 A 1.32 × 108 a

3.16 × 106B

4f 2Fo
5/2 5g 2G7/2 929.72A,B 929.72a 0.058A 0.040a 4.49 × 108 A 3.06 × 108 a

0.060B 4.63 × 108 B

4f 2Fo
7/2 5g 2G9/2 942.86A,B 942.86a 0.074A 0.051a 5.58 × 108 A 3.81 × 108 a

0.077B 5.76 × 108 B

4f 2Fo
7/2 5g 2G7/2 942.87A,B 942.87a 0.002A,B 0.001a 1.60 × 107 A 1.09 × 107 a

1.65 × 107 B

4f 2Fo
5/2 6g 2G7/2 835.02A,B 835.02a 0.046A 0.030a 4.44 × 108 A 2.87 × 108 a

0.048B 4.58 × 108 B

4f 2Fo
7/2 6g 2G9/2 845.61A,B 845.61a 0.059A 0.038a 5.54 × 108 A 3.58 × 108 a

0.061B 5.72 × 108 B

4f 2Fo
7/2 6g 2G7/2 845.62A,B 845.62a 0.002A,B 0.001a 1.59 × 107 A 1.02 × 107 a

1.63 × 107 B

4f 2Fo
5/2 7g 2G7/2 786.64A,B 786.64a 0.033A 0.021a 3.56 × 108 A 2.23 × 108 a

0.034B 3.68 × 108 B

4f 2Fo
7/2 7g 2G9/2 796.03A,B 796.03a 0.042A 0.026a 4.44 × 108 A 2.78 × 108 a

0.044B 4.60 × 108 B

4f 2Fo
5/2 8g 2G7/2 758.12A,B 758.12a 0.023A 0.014a 2.73 × 108 A 1.67 × 108 a

0.024B 2.82 × 108 B

4f 2Fo
7/2 8g 2G9/2 766.83A,B 766.83a 0.030A 0.018a 3.41 × 108 A 2.09 × 108 a

0.031B 3.54 × 108 B

8s 2S1/2 9p 2Po
3/2 5641.62A,B 5640.03a 0.005A 0.003a 10.20 × 105 A 5.58 × 105 a

0.004B 9.34 × 105B

8s 2S1/2 9p 2Po
1/2 5767.24A 5765.63a 0.002A,B 0.001a 4.76 × 105 A 2.61 × 105 a

5767.25B 4.37 × 105B

8p 2Po
1/2 8d 2D3/2 10940.83A 10937.898c 3.508A — 1.95 × 108 A —

10940.86B 3.439B 1.92 × 108 B

8p 2Po
1/2 9d 2D3/2 5745.68A 5744.08a 0.337A 0.334a 6.81 × 107 A 6.75 × 107 a

5745.66B 5744.088c 0.347B 7.01 × 107 B
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Table 1: Continued.

Transition λ g f gAki

Lower level Upper level This work Other works This work Other works This work Other works

8p 2Po
3/2 9d 2D5/2 5934.37A,B 5932.73a 0.588A 0.582a 1.12 × 108 A 1.10 × 108 a

5932.706c 0.604B 1.14 × 108 B

8p 2Po
3/2 9d 2D3/2 5959.22A 5957.57a 0.065A 0.064a 1.22 × 107 A 1.21 × 107 a

5959.21B 0.067B 1.26 × 107 B

8p 2Po
1/2 10s 2S1/2 5801.06A 5799.48a 0.112A 0.115a 2.23 × 107 A 2.27 × 107 a

5801.07B 0.113B 2.24 × 107 B

8p 2Po
3/2 10s 2S1/2 6018.81A 6017.18a 0.217A 0.221a 3.99 × 107 A 4.06 × 107 a

6018.84B 6017.114c 0.218B 4.01 × 107 B

a
Reference [1], breference (in [1]), creference [2], dreference [3, RMP + EX + CP ], ereference [4, RHF + CP (a)], freference [5], greference [6].

probabilities, for electric dipole transitions (E1) in La III
(Z = 57). These calculations have been performed by using
code [15] developed Cowan for relativistic Hartree-Fock
(HFR) [16] calculations. This code considers the correlation
effects and relativistic corrections. These effects contribute
importantly to the physical and chemical properties of atoms
or ions, especially lanthanides. The ground-state level of
doubly ionized lanthanum is [Xe] 5d 2D3/2. We have taken
into account 5p6nd, 5p6ng (n = 5–10), 5p6ns (n = 6–10),
5p56s6p, 5p56s4f, 5p55d6p, 5p6nf (n = 4–10), 5p6np (n = 6–
10), 5p54f2, and 5p56p2 configurations outside the core [Cd],
and nd, ng (n = 5–25), ns (n = 6–24), nf (n = 4–22), and
np (n = 6–25) configurations outside the core [Xe] in La III.
The configuration sets that we used have been denoted by
A and B, respectively, and are given in tables and text. We
presented the energies, the Landé g-factors, and the lifetimes
for nd, ng (n = 5–25), ns (n = 6–24), nf (n = 4–22), and np
(n = 6–25) excited levels of La III [14]. In addition, we have
reported various atomic structure calculations such as energy
levels, transition energies, hyperfine structure, lifetimes, and
electric dipole transitions for some lanthanides (La I−III, Lu
I−III, and Yb I−III) [17–27].

2. Calculation Method

An electromagnetic transition between two states is charac-
terized by the angular momentum and the parity of the cor-
responding photon. If the emitted or absorbed photon has
angular momentum k and parity π = (−1)k then, the tran-
sition is an electric multipole transition (Ek). However, if the
photon has parity π = (−1)k+1 the transition is a magnetic
multipole transition (Mk).

According to HFR method [16], the total transition
probability from a state γ′J ′M′ to all states M levels of γJ
is given by

A = 64π4e2a2
0σ

3

3h
S
∑
Mq

(
J 1 J ′

−M q M′

)2

= 64π4e2a2
0σ

3

3h(2J ′ + 1)
S,

(1)

and absorption oscillator strength is given by

fi j = 8π2mca2
0σ

3h(2J + 1)
S =

(
Ej − Ei

)
3(2J + 1)

S, (2)

where, σ = [(Ej−Ei)/hc] has units of kaysers (cm−1) and S =
|〈γJ‖P(1)‖γ′J ′〉|2 is the electric dipole line strength in atomic
units of e2a2

0. The strongest transition rate (or probability)
is electric dipole (E1) radiation. For this reason, the E1
transitions are understood as being “allowed”, whereas high-
order transitions are understood as being “forbidden”.

In HFR method, for anN electron atom of nuclear charge
Z0, the Hamiltonian is expanded as

H = −
∑
i

∇2
i −

∑
i

2Z0

ri
+
∑
i > j

2
ri j

+
∑
i

ζi(ri)li · si, (3)

in atomic units, with ri the distance of the ith electron from
the nucleus and ri j = |ri − r j|. ζi(R) = (α2/2)(1/r)(∂V/∂r) is
the spin-orbit term, with α being the fine structure constant
and V the mean potential field due to the nucleus and other
electrons.

In this method, one calculates single-configuration radial
functions for a spherically symmetrised atom (center-of-
gravity energy of the configuration) based on Hartree-Fock
method. The radial wave functions are also used to obtain the
atom’s total energy (Eav) including approximate relativistic
and correlation energy corrections. Relativistic terms in the
potential function give approximate relativistic corrections
to the radial functions, as well as improved relativistic energy
corrections in heavy atoms. In addition, a correlation term
is included to make the potential function more negative,
thereby helping to bind negative ions. These radial functions
are also used to calculate Coulomb integrals Fk and Gk

and spin-orbit integrals ζnl. After radial functions have been
obtained based on Hartree-Fock model, the wave function
|γJM〉 of the M sublevel of a level labeled γJ is expressed in
terms of LS basis states |αLSJM〉 by the formula∣∣γJM〉 =∑

αLS

|αLSJM〉〈αLSJ | γJ〉. (4)

If determinant wave functions are used for the atom, the
total binding energy is given by

E =
∑
i

⎛
⎝Eik + Ein +

∑
j < i

Ei j

⎞
⎠, (5)

where Eik is the kinetic energy, Ein is the electron-nuclear
Coulomb energy, and Ei j is the Coulomb interaction energy
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Table 2: New λ(Å), g f , and gAki(s−1) for electric dipole (E1) transitions in La III.

Transition
λ gf gAki

Lower level Upper level

5d 2D3/2 12f 2Fo
5/2 682.99B 0.039B 5.62 × 108 B

5d 2D5/2 12f 2Fo
7/2 690.53B 0.056B 7.77 × 108 B

5d 2D5/2 12f 2Fo
5/2 690.55B 0.003B 3.89 × 107 B

5d 2D3/2 11f 2Fo
5/2 690.98B 0.053B 7.46 × 108 B

5d 2D5/2 11f 2Fo
7/2 698.69B 0.075B 1.03 × 109 B

5d 2D5/2 11f 2Fo
5/2 698.72B 0.004B 5.15 × 107 B

5d 2D3/2 12p 2Po
3/2 701.16B 0.001B 8.21 × 106 B

5d 2D3/2 12p 2Po
1/2 701.60B 0.003B 4.10 × 107 B

5d 2D3/2 10f 2Fo
5/2 702.10A,B 0.074A 1.00 × 109 A

0.075B 1.02 × 109 B

5d 2D5/2 12p 2Po
3/2 709.13B 0.005B 7.14 × 107 B

5d 2D5/2 10f 2Fo
7/2 710.05A,B 0.104A 1.38 × 109 A

0.106B 1.41 × 109 B

5d 2D5/2 10f 2Fo
5/2 710.09A,B 0.005A,B 6.92 × 107 A

7.03 × 107 B

5d 2D3/2 11p 2Po
3/2 716.83B 0.001B 1.15 × 107 B

5d 2D3/2 11p 2Po
1/2 717.49B 0.004B 5.76 × 107 B

5d 2D5/2 11p 2Po
3/2 725.17B 0.008B 1.00 × 108 B

4f 2Fo
5/2 10g 2G7/2 729.02A 0.013A,B 1.57 × 108 A

727.97B 1.67 × 108 B

4f 2Fo
7/2 10g 2G7/2 737.09A 0.001A,B 5.70 × 106A

736.01B 5.97 × 106 B

4f 2Fo
7/2 10g 2G9/2 737.09A 0.016A 1.97 × 108 A

736.01B 0.017B 2.09 × 108 B

4f 2Fo
5/2 9g 2G7/2 742.58A 0.017A 2.06 × 108 A

740.62B 0.018B 2.15 × 108 B

5d 2D3/2 10p 2Po
3/2 740.94A 0.001A,B 1.60 × 107 A

740.93B 1.70 × 107 B

5d 2D3/2 10p 2Po
1/2 742.00A 0.007A,B 7.99 × 107 A

741.97B 8.44 × 107 B

4f 2Fo
7/2 9g 2G7/2 750.95A 0.001A,B 7.44 × 106 A

748.94B 7.72 × 106 B

4f 2Fo
7/2 9g 2G9/2 750.95A 0.022A 2.58 × 108 A

748.94B 0.023B 2.70 × 108 B

5d 2D5/2 10p 2Po
3/2 749.86A 0.012A,B 1.39 × 108 A

749.84B 1.47 × 108 B

6p 2Po
1/2 12d 2D3/2 978.38B 0.006B 4.54 × 107 B

6p 2Po
1/2 11d 2D3/2 1002.77B 0.010B 6.50 × 107 B

6p 2Po
3/2 12d 2D5/2 1008.75B 0.011B 7.46 × 107 B

6p 2Po
3/2 12d 2D3/2 1008.94B 0.001B 8.29 × 106 B

6p 2Po
3/2 11d 2D5/2 1034.62B 0.017B 1.06 × 108 B

6p 2Po
3/2 11d 2D3/2 1034.89B 0.002B 1.18 × 107 B

6p 2Po
1/2 10d 2D3/2 1061.80A 0.008A 4.59 × 107 A

1039.29B 0.016B 9.83 × 107 B

6p 2Po
3/2 10d 2D5/2 1097.43A 0.014A 7.83 × 107 A

1073.42B 0.028B 1.61 × 108 B

6p 2Po
3/2 10d 2D3/2 1097.89A 0.002A 8.55 × 106A

1073.84B 0.003B 1.78 × 107 B

6d 2D3/2 12f 2Fo
5/2 1561.65B 0.036B 9.96 × 107 B

6d 2D5/2 12f 2Fo
7/2 1572.18B 0.052B 1.39 × 108 B

6d 2D5/2 12f 2Fo
5/2 1572.29B 0.002B 6.97 × 106B
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Table 2: Continued.

Transition
λ gf gAki

Lower level Upper level

6d 2D3/2 11f 2Fo
5/2 1604.09B 0.050B 1.31 × 108 B

6d 2D5/2 11f 2Fo
7/2 1615.16B 0.072B 1.83 × 108 B

6d 2D5/2 11f 2Fo
5/2 1615.32B 0.004B 9.15 × 106 B

6d 2D3/2 12p 2Po
1/2 1662.51B 0.002B 5.62 × 106 B

6d 2D3/2 10f 2Fo
5/2 1665.31A 0.080A 1.93 × 108 A

1665.37B 0.073B 1.76 × 108 B

6d 2D5/2 12p 2Po
3/2 1672.06B 0.004B 9.94 × 106B

6d 2D5/2 10f 2Fo
7/2 1677.17A,B 0.114A 2.70 × 108 A

0.104B 2.46 × 108 B

6d 2D5/2 10f 2Fo
5/2 1677.42A,B 0.006A 1.35 × 107 A

0.005B 1.23 × 107 B

6d 2D3/2 11p 2Po
1/2 1754.58B 0.004B 7.85 × 106 B

6d 2D5/2 11p 2Po
3/2 1764.04B 0.006B 1.39 × 107 B

6d 2D3/2 10p 2Po
3/2 1901.87A 0.002A 2.94 × 106A

1901.69B 0.001B 2.31 × 106 B

6d 2D3/2 10p 2Po
1/2 1908.76A 0.008A 1.45 × 107 A

1908.57B 0.006B 1.14 × 107 B

6d 2D5/2 10p 2Po
3/2 1917.68A 0.014A 2.57 × 107 A

1917.49B 0.011B 2.03 × 107 B

5f 2Fo
5/2 10g 2G7/2 1926.41A 0.025A,B 4.50 × 107 A

1919.09B 4.53 × 107 B

5f 2Fo
7/2 10g 2G7/2 1929.39A 0.001A,B 1.66 × 106 A

1922.05B 1.67 × 106 B

5f 2Fo
7/2 10g 2G9/2 1922.05A 0.032A,B 5.85 × 107 A

1929.39B 5.80 × 107 B

5f 2Fo
5/2 12d 2D3/2 1931.60B 0.003B 5.03 × 106 B

5f 2Fo
7/2 12d 2D5/2 1933.92B 0.004B 7.16 × 106 B

7p 2Po
1/2 12d 2D3/2 1961.07B 0.014B 2.38 × 107 B

7p 2Po
3/2 12d 2D5/2 2008.77B 0.024B 3.99 × 107 B

7p 2Po
3/2 12d 2D3/2 2009.50B 0.003B 4.43 × 106 B

5f 2Fo
5/2 9g 2G7/2 2024.06A 0.044A,B 7.09 × 107 A

2009.57B 7.26 × 107 B

5f 2Fo
7/2 9g 2G7/2 2027.35A 0.002A,B 2.61 × 106 A

2012.81B 2.67 × 106 B

5f 2Fo
7/2 9g 2G9/2 2027.34A 0.056A 9.15 × 107 A

2012.81B 0.057B 9.36 × 107 B

5f 2Fo
5/2 11d 2D3/2 2029.02B 0.004B 7.36 × 106 B

5f 2Fo
7/2 11d 2D5/2 2031.29B 0.006B 1.05 × 107 B

7p 2Po
1/2 11d 2D3/2 2061.56B 0.022B 3.47 × 107 B

7p 2Po
3/2 11d 2D5/2 2114.03B 0.039B 5.80 × 107 B

7p 2Po
3/2 11d 2D3/2 2115.16B 0.004B 6.43 × 106 B

5f 2Fo
5/2 10d 2D5/2 2284.24A 0.001A,B 7.40 × 105 A

2182.60B 8.22 × 105 B

5f 2Fo
5/2 10d 2D3/2 2286.23A 0.008A,B 1.03 × 107 A

2184.34B 1.15 × 107 B

5f 2Fo
7/2 10d 2D5/2 2288.43A 0.012A,B 1.47 × 107 A

2186.43B 1.63 × 107 B

7p 2Po
1/2 10d 2D3/2 2327.62A 0.034A 4.21 × 107 A

2222.09B 0.040B 5.41 × 107 B

7p 2Po
3/2 10d 2D5/2 2393.98A 0.060A 7.01 × 107 A

2282.58B 0.070B 8.98 × 107 B

7p 2Po
3/2 10d 2D3/2 2396.17A 0.007A 7.73 × 106 A
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Table 2: Continued.

Transition
λ gf gAki

Lower level Upper level

2284.49B 0.008B 9.95 × 106 B

7d 2D3/2 12f 2Fo
5/2 2786.97B 0.045B 3.86 × 107 B

7d 2D5/2 12f 2Fo
7/2 2802.54B 0.064B 5.42 × 107 B

7d 2D5/2 12f 2Fo
5/2 2802.90B 0.003B 2.71 × 106 B

7d 2D3/2 11f 2Fo
5/2 2925.08B 0.064B 4.98 × 107 B

7d 2D5/2 11f 2Fo
7/2 2942.09B 0.091B 7.00 × 107 B

7d 2D5/2 11f 2Fo
5/2 2942.64B 0.004B 3.50 × 106 B

7d 2D3/2 12p 2Po
3/2 3116.57B 0.001B 4.10 × 105 B

7d 2D3/2 12p 2Po
1/2 3125.35B 0.003B 2.03 × 106 B

7d 2D3/2 10f 2Fo
5/2 3135.24A,B 0.103A 6.99 × 107 A

0.096B 6.53 × 107 B

7d 2D5/2 12p 2Po
3/2 3136.51B 0.005B 3.62 × 106B

7d 2D5/2 10f 2Fo
7/2 3154.57A 0.146A 9.78 × 107 A

3154.55B 0.137B 9.16 × 107 B

7d 2D5/2 10f 2Fo
5/2 3155.45A 0.007A,B 4.89 × 106 A

3155.42B 4.58 × 106 B

6f 2Fo
5/2 10g 2G7/2 3392.75A 0.098A 5.70 × 107 A

3370.11B 0.099B 5.82 × 107 B

6f 2Fo
7/2 10g 2G7/2 3398.40A 0.004A,B 2.10 × 106 A

3375.69B 2.14 × 106 B

6f 2Fo
7/2 10g 2G9/2 3398.41A 0.127A 7.35 × 107 A

3375.69B 0.128B 7.50 × 107 B

6f 2Fo
5/2 12d 2D5/2 3406.76B 0.001B 4.58 × 105 B

6f 2Fo
5/2 12d 2D3/2 3408.88B 0.011B 6.40 × 106 B

6f 2Fo
7/2 12d 2D5/2 3412.46B 0.016B 9.11 × 106 B

7d 2D3/2 11p 2Po
3/2 3452.08B 0.001B 5.78 × 105 B

7d 2D3/2 11p 2Po
1/2 3467.38B 0.005B 2.85 × 106 B

7d 2D5/2 11p 2Po
3/2 3476.57B 0.009B 5.09 × 106 B

8p 2Po
1/2 12d 2D3/2 3493.71B 0.028B 1.54 × 107 B

8p 2Po
3/2 12d 2D5/2 3569.21B 0.050B 2.60 × 107 B

8p 2Po
3/2 12d 2D3/2 3571.54B 0.005B 2.88 × 106 B

6f 2Fo
5/2 9g 2G7/2 3707.80A 0.181A 8.76 × 107 A

3659.44B 0.183B 9.13 × 107 B

6f 2Fo
7/2 9g 2G7/2 3714.55A 0.007A,B 3.23 × 106 A

3666.01B 3.36 × 106 B

6f 2Fo
7/2 9g 2G9/2 3714.49A 0.234A 1.13 × 108 A

3666.01B 0.237B 1.18 × 108 B

6f 2Fo
5/2 11d 2D5/2 3720.97B 0.001B 6.83 × 105 B

6f 2Fo
5/2 11d 2D3/2 3724.47B 0.020B 9.54 × 106 B

6f 2Fo
7/2 11d 2D5/2 3727.77B 0.028B 1.36 × 107 B

8p 2Po
1/2 11d 2D3/2 3825.97B 0.050B 2.30 × 107 B

8p 2Po
3/2 11d 2D5/2 3915.63B 0.089B 3.86 × 107 B

8p 2Po
3/2 11d 2D3/2 3919.50B 0.010B 4.28 × 106 B

7d 2D3/2 10p 2Po
3/2 4093.95A 0.003A 1.05 × 106 A

4093.09B 0.002B 8.64 × 105 B

7d 2D3/2 10p 2Po
1/2 4126.00A 0.013A 5.11 × 106 A

4125.12B 0.011B 4.22 × 106 B

7d 2D5/2 10p 2Po
3/2 4128.47A 0.023A 9.13 × 106 A

4127.55B 0.019B 7.59 × 106 B

6f 2Fo
5/2 10d 2D5/2 4685.40A 0.003A,B 8.22 × 105 A

4276.87B 1.10 × 106 B

6f 2Fo
5/2 10d 2D3/2 4693.78A 0.038A 1.14 × 107 A
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Table 2: Continued.

Transition
λ gf gAki

Lower level Upper level

4283.55B 0.042B 1.54 × 107 B

6f 2Fo
7/2 10d 2D5/2 4696.17A 0.054A 1.63 × 107 A

4285.85B 0.060B 2.19 × 107 B

8p 2Po
1/2 10d 2D3/2 4856.14A 0.091A 2.57 × 107 A

4418.37B 0.110B 3.74 × 107 B

8p 2Po
3/2 10d 2D5/2 4998.26A 0.160A 4.26 × 107 A

4536.05B 0.192B 6.22 × 107 B

8p 2Po
3/2 10d 2D3/2 5007.81A 0.018A 4.69 × 106 A

4543.57B 0.021B 6.88 × 106 B

8d 2D3/2 12f 2Fo
5/2 4613.96B 0.058B 1.82 × 107 B

8d 2D5/2 12f 2Fo
7/2 4637.33B 0.083B 2.57 × 107 B

8d 2D5/2 12f 2Fo
5/2 4638.30B 0.004B 1.28 × 106 B

8d 2D3/2 11f 2Fo
5/2 5005.22B 0.086B 2.30 × 107 B

8d 2D5/2 11f 2Fo
7/2 5032.28B 0.123B 3.23 × 107 B

8d 2D5/2 11f 2Fo
5/2 5033.88B 0.006B 1.61 × 106 B

6g 2G9/2 12f 2Fo
7/2 5136.94B 0.001B 1.75 × 105 B

6g 2G7/2 12f 2Fo
5/2 5137.90B 0.001B 1.35 × 105 B

8d 2D3/2 12p 2Po
3/2 5593.28B 0.001B 1.96 × 105 B

8d 2D3/2 12p 2Po
1/2 5621.62B 0.005B 9.65 × 105 B

6g 2G9/2 11f 2Fo
7/2 5626.07B 0.001B 2.71 × 105 B

6g 2G7/2 11f 2Fo
5/2 5627.78B 0.001B 2.09 × 105 B

8d 2D5/2 12p 2Po
3/2 5629.09B 0.008B 1.73 × 106 B

8d 2D3/2 10f 2Fo
5/2 5653.76A 0.144A 3.02 × 107 A

5653.69B 0.138B 2.87 × 107 B

8d 2D5/2 10f 2Fo
7/2 5687.53A 0.203A 4.23 × 107 A

5687.46B 0.196B 4.03 × 107 B

8d 2D5/2 10f 2Fo
5/2 5690.36A 0.010A,B 2.11 × 106 A

5690.29B 2.01 × 106 B

7f 2Fo
5/2 10g 2G7/2 5773.05A 0.247A 4.95 × 107 A

5707.79B 0.250B 5.13 × 107 B

7f 2Fo
7/2 10g 2G7/2 5784.03A 0.009A,B 1.82 × 106 A

5718.53B 1.89 × 106 B

7f 2Fo
7/2 10g 2G9/2 5784.05A 0.320A 6.38 × 107 A

5718.53B 0.324B 6.61 × 107 B

7f 2Fo
5/2 12d 2D5/2 5813.72B 0.002B 4.69 × 105 B

7f 2Fo
5/2 12d 2D3/2 5819.89B 0.033B 6.55 × 106 B

7f 2Fo
7/2 12d 2D5/2 5824.86B 0.047B 9.33 × 106 B

9p 2Po
1/2 12d 2D3/2 5996.59B 0.061B 1.12 × 107 B

9p 2Po
3/2 12d 2D5/2 6131.85B 0.107B 1.89 × 107 B

9p 2Po
3/2 12d 2D3/2 6138.72B 0.012B 2.10 × 106 B

6g 2G9/2 10f 2Fo
7/2 6457.77A 0.003A,B 4.51 × 105 A

6457.76B 4.59 × 105 B

6g 2G7/2 10f 2Fo
5/2 6461.09A 0.002A,B 3.48 × 105 A

6461.03B 3.53 × 105 B

7f 2Fo
5/2 9g 2G7/2 6748.79A 0.512A 7.50 × 107 A

6590.26B 0.525B 8.07 × 107 B

7f 2Fo
7/2 9g 2G7/2 6763.80A 0.019A,B 2.76 × 106 A

6604.58B 2.97 × 106 B

7f 2Fo
7/2 9g 2G9/2 6763.63A 0.663A 9.66 × 107 A

6604.58B 0.679B 1.04 × 108 B
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Table 2: Continued.

Transition
λ gf gAki

Lower level Upper level

8d 2D3/2 11p 2Po
3/2 6775.04B 0.002B 2.86 × 105 B

7f 2Fo
5/2 11d 2D5/2 6792.55B 0.005B 7.23 × 105 B

7f 2Fo
5/2 11d 2D3/2 6804.23B 0.070B 1.01 × 107 B

7f 2Fo
7/2 11d 2D5/2 6807.77B 0.100B 1.44 × 107 B

8d 2D5/2 11p 2Po
3/2 6827.66B 0.017B 2.52 × 106 B

8d 2D3/2 11p 2Po
1/2 6834.22B 0.010B 1.39 × 106 B

9p 2Po
1/2 11d 2D3/2 7046.99B 0.130B 1.75 × 107 B

9p 2Po
3/2 11d 2D5/2 7230.87B 0.228B 2.91 × 107 B

9p 2Po
3/2 11d 2D3/2 7244.09B 0.025B 3.21 × 106 B

9d 2D3/2 12f 2Fo
5/2 7457.70B 0.079B 9.47 × 106 B

9d 2D5/2 12f 2Fo
7/2 7494.42B 0.112B 1.33 × 107 B

9d 2D5/2 12f 2Fo
5/2 7496.98B 0.006B 6.66 × 105 B

7g 2G9/2 12f 2Fo
7/2 8263.95B 0.003B 2.86 × 105 B

7g 2G7/2 12f 2Fo
5/2 8266.14B 0.002B 2.21 × 105 B

9d 2D3/2 11f 2Fo
5/2 8536.25B 0.124B 1.14 × 107 B

9d 2D5/2 11f 2Fo
7/2 8583.10B 0.176B 1.60 × 107 B

9d 2D5/2 11f 2Fo
5/2 8587.74B 0.009B 7.97 × 105 B

between electrons i and j averaged over all possible magnetic
quantum numbers.

In this method, relativistic corrections have been limited
to calculations to the mass-velocity and the Darwin cor-
rections by using the relativistic correction to total binding
energy. The total binding energy can be given in by formulas
(7.57), (7.58), and (7.59) in [16].

3. Results and Discussion

We calculated the radiative parameters (wavelengths, oscilla-
tor strengths, and transition probabilities) for electric dipole
(E1) transitions in La III (Z = 57) using HFR code [15]. We
have taken into account 5p6nd, 5p6ng (n = 5–10), 5p6ns (n =
6–10), 5p56s6p, 5p56s4f, 5p55d6p, 5p6nf (n = 4–10), 5p6np
(n = 6–10), 5p54f2, and 5p56p2 configurations outside the
core [Cd] for calculation A, and nd, ng (n = 5–25), ns (n =
6–24), nf (n = 4–22), and np (n = 6–25) configurations
outside the core [Xe] for calculation B. Table 1 shows the
wavelengths, λ (in Å); the weighted oscillator strengths, gf ;
the weighted transition rates (or probabilities), gAki (in s−1),
for nd (n = 5–9)–nf (n = 4–8), nd (n = 5–9)–np (n = 6–9),
np (n = 6–9)–ns (n = 6–10), and ng (n = 5–8)–nf (n = 4–
8) electric dipole (E1) transitions. The data obtained are too
much. For this reason, we have here presented just a part of
the results. The comparing values for these exist in literature.
Therefore, it is also made a comparison with other calcu-
lations and experiments in Table 1. We have also reported
the wavelengths, the weighted oscillator strengths, and the
weighted transition probabilities that are greater than or
equal to 105 for some new transitions (680 Å ≤ λ ≤ 8600 Å)
in Table 2. References for other comparison values are

indicated below the tables with a lowercase superscript; odd-
parity states are indicated by the superscript “ o”.

Electron correlation effects and relativistic effects play an
important role in the spectra of heavy elements. To accurately
predict the radiative atomic properties for heavy atoms such
as La III, complex configuration interactions and relativis-
tic effects must be considered simultaneously. Although
Cowan’s approach is based on Schrödinger’s equation, it
includes the most important relativistic effects like mass-
velocity corrections and Darwin contributions. Also, for
complex atoms, it is important to allow for spin-orbit inter-
action, which represents the magnetic interaction energy
between electron’s spin magnetic moment and the magnetic
field that the electron sees due to its orbital motion through
the electric field of the nucleus. These contributions are
considered as perturbations. Thus, to solve the Schrödinger
equation with this Hamiltonian, we define a new angular
momentum operator in an intermediate coupling scheme.

In calculations, the eigenvalues of Hamiltonian were
optimized to the observed energy levels via a least-squares
fitting procedure using experimentally determined energy
levels, specifically all of the levels from the NIST compilation
[28]. The scaling factors of the Slater parameters (Fk and Gk)
and of configuration interaction integrals (Rk), not opti-
mized in the least-squares fitting, were chosen equal to 0.85,
while the spin-orbit parameters were left at their initial val-
ues. This low value of the scaling factors has been suggested
by Cowan for neutral heavy elements [15, 16].

We obtained 7785 and 4278 possible E1 transitions
between odd- and even-parity levels in the calculations A
and B, respectively. The results obtained are in excellent
agreement with those of other works except some transi-
tions. For some transitions, although the agreement is less in
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the weighted oscillator strengths and the weighted transition
probabilities, it is very good in the wavelengths. Most of
results related to low-lying levels obtained from this work are
in agreement with literature [1–6]. The differences between
our HFR results and other works for gf and gAki have been
found in the 0–10% range for the transitions np (n = 6–8)–ns
(n = 6–10), nd (n = 6–9), in the 0.5–9% range for the tran-
sitions nd (n = 6, 7)–nf (n = 5–8), np (n = 7–9), and in the
1.5–20% range for the transitions nf (n = 5–8)–nd (n = 7–9),
ng (n = 5–8). But the agreement is less in the weighted
oscillator strengths and the weighted transition probabilities
for 5d and 4f transitions. In fact, except the transitions 6p
2Po

3/2–9d 2D3/2, 5d 2D3/2–9p 2Po
1/2, 4f 2Fo

7/2–5g 2G7/2, 4f 2Fo
7/2–

6g 2G7/2, and 4f 2Fo
5/2–8g 2G7/2,9/2, we found the values 1.064

(in calculation A) and 1.078 (in calculation B) for the mean
ratio gf (this work)/gf [1]. Except the transitions 5d–9p, 4f–
7g, 8g, 8s–9p, and 4f–6d, we found also the values 1.084 (in
calculation A) and 1.126 (in calculation B) for the mean ratio
gAki (this work)/gAki [1]. The transition results obtained
from the calculation A agree with other works. This calcula-
tion includes core correlation (including excitation from 5p
shell in core). These results obtained from HFR calculations
may be better in case that the increasing number of
configurations including the excitations from core. It is noted
that there are no exist the works, especially experimental, on
La III recently in available literature. A detailed comparison
needs new experimental works. Most of our results are
excellent in agreement, expect the transition results to 4f and
5d levels (for gf and gAki results), generally. It is well known
that these levels interact strongly with core.

In conclusion, the main purpose of this paper was to
perform HFR calculations for obtaining the description of La
III spectrum. Accurate atomic structure data is an essential
ingredient for a wide range of research fields. Areas from
plasma research applications in nuclear fusion to lighting
research, as well as astrophysics and cosmology, depend
on such data. In spectrum synthesis works, particularly for
CP stars, accurate data for transition probabilities (rates)
and oscillator strengths for lanthanide atoms are needed to
establish reliable abundances for these species. The agree-
ment is excellent, especially for wavelengths, when our HFR
results are compared with other available works in literature
for the radiative transitions for La III. So, we may men-
tion that new results presented in Table 2 for the transitions
between some highly levels in this work are also reliable.
There are a few experimental or theoretical radiative transi-
tion data for La III in literature. Consequently, we hope that
our results, especially the new results in Table 2, which are
obtained using the HFR method will be useful for research
fields, technological applications, and other works in the
future for La III spectra.
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[20] B. Karaçoban and L. Özdemir, “Transition energies of neutral
and singly ionized lanthanum,” Indian Journal of Physics, vol.
84, no. 3, pp. 223–230, 2010.
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I present a time-dependent density functional study of the 20 low-lying excited states as well the ground states of the zinc dimer Zn2,
analyze its spectrum obtained from all electrons calculations performed using time-depended density functional with a relativistic
4-component and relativistic spin-free Hamiltonian as implemented in Dirac-Package, and show a comparison of the results
obtained from different well-known and newly developed density functional approximations, a comparison with the literature
and experimental values as far as available. The results are very encouraging, especially for the lowest excited states of this dimer.
However, the results show that long-range corrected functionals such as CAMB3LYP gives the correct asymptotic behavior for
the higher states, and for which the best result is obtained. A comparable result is obtained from PBE0 functional. Spin-free
Hamiltonian is shown to be very efficient for relativistic systems such as Zn2.

1. Introduction

Zinc dimer Zn2 is the first member of the group 12 (IIB)
(Zn2, Cd2, Hg2, and Cn2) and has a representative character
of these dimers. The interest in the dimers of the group IIB
(12) is in part due to the possibility of laser applications
in analogy with the rare gas dimers. A second point is
the importance of the metallic complexes similar to the
transition metal complexes [1–4] and some important
application like the solar cell and renewable energy [5, 6] as
well as electric battery for new cars technology [7, 8]. Zn2,
Cd2, and Hg2 are exciter with a shallow, predominantly Van
der Waals ground state and low-lying covalent bound excited
states. They are also interesting from a theoretical point
of view due to the different character of the ground and
excited states and consequently the different methodological
demands for an accurate theoretical description of the
spectrum. The dimer of group 12 has been studied both
experimentally and theoretically. Relevant reviews have
been provided by Morse [9] and more recently by Koperski
[10, 11]. The covalent contributions to the ground state
bonding in the group 12 dimers have been investigated in
[12], it was concluded that the bond is a mixture of 3/4 Van

der Waals and 1/4 covalent interactions. Bucinisky et al. [13]
provides spectroscopic constants using the coupled cluster
method (CCSD(T)) and different level of the theory 4-
component relativistic Hamiltonian, using Dirac-Coulomb
Hamiltonian, relativistic spin-free Hamiltonian and nonrel-
ativistic (NR) Hamiltonian. Furthermore, they investigated
the relativistic effects and found to be about 5, 8, 19% of
the binding energies for Zn2, Cd2, and Hg2, respectively.
Finally the last member of the group Cn2, copernicium, has
an academic interest [14–16] due the chemical character of
the bonding in comparison to Hg2 (and the lighter dimers of
the group), and the influence of the relativistic effects on the
atomic orbitals providing a change of the boding character
in the dimer to more covalent or Van der Waals type.

The paper presents all-electron calculations on the
lowest-lying excited states as well as the ground state. The
first 8 lowest exited states are discussed with a comparison to
experimental and literature values, and several other higher
excited states are presented and discussed. Earlier works
investigated the lowest 8 excited states using different wave
function methods. Ellingsen et al. [17] showed ab initio
results for the ground and lowest 8 excited states of Zn2, they
performed all electron calculations and present NR as well as
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relativistic spin-free Douglas-Kroll result, the spin-orbit cou-
pling was accounted perturbatively. The ground state is stud-
ied at ACPTF (averaged coupled pair functional, CCSD(T)
and CASPT2 (complete active space second-order perturba-
tion theory) level, and the excited states are studied at MR-
ACPF (multireference ACPF) and CASPT2 level. Czuchaj et
al. [18–20] performed their computations for Zn2 (later for
Cd2 and Hg2) using (NR) pseudopotential approach and
MRCI (multireference configuration interaction), and the
spin-orbit coupling was taken only approximately.

In this work, we use a relativistic spin-free Hamiltonian
(SFH), without spin-orbit coupling, with a comparison
to a relativistic 4-component Dirac-Coulomb Hamiltonian
(DCH), spin-orbit coupling included, in the framework of
time-dependent density functional theory (TDDFT) and
its linear-response approximation (LRA). The calculations
are performed using Dirac-Package (program for atomic
and molecular direct iterative relativistic all-electron calcula-
tions) [21]. The relativistic effects for Zn2 (and even for Cd2)
are small but visible and in some respects not negligible. To
my experience, generally around zinc (Z = 30) the relativistic
effects started to become important for chemical properties.
For Hg2, they are large enough (for Cn2 expected to be very
large) to make it necessary to incorporate them into any
properties that are sensitive to the potential [13]. This is
predominantly due to the contraction of 6s orbital, a well-
known and important relativistic effects in heavy atoms [22–
25]. We will follow this issue in future works on the group 12
(IIB).

The paper is organized as follows. Section 2 is devoted to
the theory and method. We briefly introduce in Section 2.1
the key concepts of the static density functional (DFT) and
discuss its extension to the relativistic domain. In Section 2.2,
we introduce the key concepts of time-dependent density
functional (TDDFT) and the linear response approximation.
Section 3 is devoted to the computational details and
Section 4 to the result and discussion, and finally we give a
conclusion in Section 5. Some useful (well-known) notations
used in this paper are collected in Table 1.

2. Theory and Methods

Time-dependent density functional theory (TDDFT) cur-
rently has a growing impact and intensive use in physics and
chemistry of atoms, small and large molecules, biomolecules,
finite systems, and solidstate. For excited states resulting
from a single excitation that present a single jump from the
ground state to an excited state, I used in this work the LRA
as implemented in Dirac-Package [26–28] and well-known
approximations of density functionals like LDA (SVWN5
correlation) [29, 30], PBE [31], PB86 [32–34], BPW91
(Becke exchange [32] and Perdew-Wang correlation [35]),
long-range corrected PBE0 [36] and its gradient corrected
functional GRAC-PBE0 [37, 38], BLYB and B3LYP [32, 39–
41], or newly developed range-separated functionals such as
CAMB3LYP [42]. Today’s available DFT cannot describe the
ground state of the group IIB dimers accurately due to a large
contribution of dispersion in the bonding [12], despite this

Table 1: Some of the acronyms used in this work.

HF Hartree Fock method

NR Nonrelativistic

DHF Dirac or relativistic HF

DCH Dirac-Coulomb Hamiltonian

MP2 Møller-Plesst 2nd-order perturbation theory

CCSD(T) Coupled cluster singles-doubles (triples)

SFH Relativistic spin-free Hamiltonian

(TD)DFT (Time-depended) density functional theory

xc Exchange-correlation

LR(A) Linearresponse (approximation)

ALR Adiabatic LR

srLDAMP2 Short-range LDA, long-range MP2

when calculating the covalently well-bound excited states the
error is reduced considerably, quite possible accompanied
with error cancellations.

The ground state of the group 12 dimer has a (closed-
shell) valence orbitals configuration: (ns2 + ns2) : σ2

g , σ2
u ,n =

4, 5, 6 for Zn2-Hg2. This configuration essentially arising
from the interaction of atomic (ns) orbitals. It is weakly cova-
lent and preponderantly dispersion interaction, well known
especially in the rare gas dimers [43]. The potential curve
displays a shallow van der Waals type of minimum. Exciting
electrons from σ2

g or σ2
u to the lowest set of molecular orbitals

spanned by the atomic orbitals Atom(ns2) + Atom(nsnp) or
Atom(ns2) + Atom(ns(n+ 1)s), or Atom(ns2) + Atom(ns(n+
1)p) gives rise to a manifold of states (see Table 2) among
them states which strongly have covalent contributions as
we will see in Section 4 Results and Discussion. This makes
TDDFT using LRA and well-known functional approxima-
tions, adequate to describe these states [26].

We will discuss the lowest 20 excited states dissociating
to the atomic asymptotes (NR notation) given in Table 2,
resulting from exciting one electron from the ground state
(4s2 1S+ 4s2 1S)1Σ+

g . The concern will be in the first place on
the 8 lowest excited states corresponding to the asymptote
Atom(ns2) + Atom(nsnp). States corresponding to the higher
asymptotes Atom(ns2) + Atom(ns(n + 1)s) and Atom(ns2) +
Atom(ns(n + 1)p) are computed and some of them are well-
bound states, we will discuss their quality in view of the limit
of the validity of the known DFT approximations yielding
inaccurate potential curves and causing a disturbance near
the avoiding crossing with states of the same symmetry (see
Section 4). To my best knowledge, there is no experimental
or theoretical values from DFT or wave function methods
available for the higher states to compare with, this makes
it difficult to judge the result of the present work. It is
expected that the result of the lowest states will show an
excellent agreement with the experimental data [10, 11]
(and the references therein), whereas for the higher states a
satisfactory result is expected showing the important features
of these states. The comparison between spin-free and 4-
component results shows clearly the capability of SFH to deal
with the computation of the properties of the Zn2 dimer
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Table 2: Lowest excited states and the corresponding asymptotes.

Equation (1) ((ns2) 1S + (nsnp) 3P) : 3Πg ,3Πu,3Σ+
g ,3Σ+

u

Equation (2) ((ns2) 1S + (nsnp) 1P) : 1Πg ,1Πu,1Σ+
g ,1Σ+

u

Equation (3) ((ns2) 1S + (ns(n + 1)s) 3S) : 3Σ+
g ,3Σ+

u

Equation (4) ((ns2) 1S + (ns(n + 1)s) 1S) : 1Σ+
g ,1Σ+

u

Equation (5) ((ns2) 1S + (ns(n + 1)p) 3P) : 3Πg ,3Πu,3Σ+
g ,3Σ+

u

Equation (6) ((ns2) 1S + (ns(n + 1)p) 1P) : 1Πg ,1Πu,1Σ+
g ,1Σ+

u

or similar systems. We also emphasize its importance for
heavier relativistic systems [13], although spin-orbit effect is
expected to be larger for Cd2, Hg2, and Cn2. Pyper et al. [22]
pointed out that the relativistic ground-state potential well
depth of Hg2 is 45% of the NR one and clearly it is stronger
for Cn2.

2.1. Density Functional Theory. Density functional theory
[44–46] has become recently a very large popularity as
a good compromise between accuracy and computational
expediency. The Hohenberg-Kohn theorem [44] proves the
existence of an unique (up to an additive constant) external
potential vext(r) for a given nondegenerate density n(r) of
interacting Fermions. The key point behind this scheme is
the very useful simplification, namely, the transformation of
the many-body quantum problem to a set of equations of
one-particle Schrödinger (or Dirac) type of a noninteracting
reference system with the density as a central ingredient
quantity to carry all the relevant information of the system
under consideration, instead of the many-body quantum
wave function in which all the information of the system is
stored:

Ĥφi(r) = E[n(r)]φi(r), (1)

Ĥ = T̂ +Veff[n(r)] =
∑
i

t̂(ri) + veff(ri)[n(r)], (2)

veff(ri) = vext(ri) + vH(ri) + vxc(ri) + vnn, (3)

n(r) =
N∑
i=1

∥∥φi(r)
∥∥2, (4)

where n(r) is the total density of the system and the sum is
over N , that is, all occupied orbitals φi(r). t̂(ri) is the one-
particle kinetic energy operator, veff(ri) is the one-particle
effective potential (also called Kohn-Sham potential veff(ri) ≡
vKS(ri)), with vext(ri) is the Coulombic interaction of the
electron i with all the nuclei, called the external potential.
vH(ri) is the Hartree and vxc(ri) exchange-correlation poten-
tial. And vnn is the classical Coulombic repulsion of the nuclei
in the system. vH(ri) is given by the usual expression, but the
crucial part vxc(ri) in this scheme is the explicitly unknown
vxc(ri):

vH(ri) =
∫
d3r

n(r)
|ri − r| ,

vxc(ri) = ∂Exc[n(r)]
∂n(ri)

,

(5)

for which an appropriate good approximation must be
found. Experiences in DFT (and TDDFT) over the past
decades shows that the density of atoms, molecules, finite
systems, and solids have very complicated structures [47].
To find a good mathematical functionality form between
the density (and its gradients) and an exchange-correlation
potential with widely physical applications success is one
of the most challenging problems in quantum physics and
chemistry. Moreover, most of the problems arise when
evaluating the results of the calculating systems can be
tracked back to the limits of the validity of the today’s
known and employed approximations specially the long-
range behavior leaving quite a room for improvements.
One should note that that in many applications the usual
approximations are quite reliable and give good results and
acceptable accuracies. The present work is not an exception
as we will see when analyzing the results of the ground state
and excited states of the Zn2 dimer.

2.1.1. Density Functional Theory in the Relativistic Domain.
In the relativistic Dirac theory in absence of electromagnetic
field, the DCH has the same generic form as the NR
Hamiltonian (for molecules) [26, 48]:

ĤDC =
N∑
i

hD(i) +
1
2

N∑
i /= j

ĝCoul(i, j) +
M∑

K /=K ′
Vnn
K ,K ′ ,

hD(i) =
(
c2β̂ + c α̂ · p̂(i)− c2 · I4

)
+ I4 ·

M∑
K=1

V ext
K (i),

α̂ j =
(

0 σj
σj 0

)
, j = x, y, z; β̂ =

(
I2 0
0 −I2

)
,

(6)

where hD(i) is the one-particle DCH, and c is the speed of
light in atomic units (atomic units are used throughout this
work unless otherwise noted). Vnn is the classical nucleus-
nucleus repulsion and V ext

K (i) = −ZK/riK is the external
Coulombic interaction of the electron i with the nucleus K ,
and the sum is over all nuclei M. I2 and I4 are the 2× 2- and
4 × 4-unity matrix and the term c2 · I4 is a shift to align the

relativistic and NR energy scales. β̂ and α̂ = (αx,αy ,αz) are
the Dirac matrices, with the well-known Pauli matrices σ ′s.
The generic term

ĝCoul(i, j) = I4 × I4

ri j
(7)

is the Coulombic instantaneous two-electron i, j interaction
operator, it contains in the relativistic theory the spin-
own orbit interaction. The DCH approximation reduces the
density functional theory in the relativistic domain to the
usual density functional theory with the density as the central
ingredient, and there is no need to introduce the current
density [48]. A density functional theory in the relativistic
domain can be constructed on the the basis of (1)–(4) with
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the density is constructed from the relativistic 4-component
wave function. The total energy of the system is given by

E[n] =
N∑
i

εi − EJ[n] + Exc[n]−
∫
d3r vxc(r,n)n(r) + Enn,

(8)

where εi are the electronic eigenvalues of the system and
are calculated iteratively in a self-consistent manner (SCF
iterations) in an effective many-body potential veff given in
(3). Enn is the nuclear-nuclear repulsion energy, EJ[n] is the
Hartree energy equation (9), and Exc[n] is the exchange-
correlation energy, it can be further divided into exchange
and correlation parts Exc[n] = Ex[n] + Ec[n]. At the
(single, determinant) Hartree-Fock (HF) level, which in the
relativistic calculations is usually called Dirac-Hartree-Fock
(DHF), the two-particle interaction, the Hartree and exact
exchange are given by (9) and (10) as follows:

EJ[n] = 1
2

∫ ∫
d3r1d

3r2
n(r1)n(r2)
|r1 − r2| , (9)

Ex = −1
4

N∑
i, j

∫ ∫
d3r1d

3r2

φ†i (r1)φ†j (r2)φj(r1)φi(r2)

|r1 − r2| , (10)

where r1 and r2 denote the coordinates of the electron
one and two, respectively. EJ[n] is a classical interaction
between two one-particle densities n(r1) and n(r2), whereas
Ex is a quantum mechanical nonlocal part of many-particle
interaction. The φ(r)s are the electronic one-particle HF-
orbitals and the sum is over all the occupied orbitals N . A
well-known approximation for the Hartree-Fock exchange
energy is the (α-)Slater approximation [29] with remarkable
performance for covalent bonding in covalently bound
molecules with heavy atoms [49, 50]

Eαx [n] = −3
2
αCx

∫
d3rn4/3(r), (11)

where Cx = (3/4)(3/π)1/3 is a constant, in the Slater
approximation the parameter α = 0.7 is chosen. The
missing of the correlation made the Slater approximation
unpopular for chemical calculations. In the DFT, the exact
Exc[n] is unknown as a functional of the density (and
its gradients). Many approximations exist with different
performance and accuracy depending on their application
area. In LDA one assumes a slowly varying local density
dependence; hence, the Dirac-formula [51] of the exchange
energy for an uniform electronic gas equation (11) with
α = 2/3 is applied and the Vosko-Wilk-Nusair correlation
formula [29, 30] for the correlation energy (we use SVWN5).
LDA depends only on the density, whereas in the generalized
gradient approximation (GGA) the density and its gradient
are involved, meta GGAs [52] include higher gradients, this
systematic improvements is known in the DFT community
under the term “Jacob’s ladder.” In hybrid functional, for
example, BLYP and B3LYP [32, 39–41], one add a (fixed)
suitable fraction of exact (Hartree-Fock) exchange (10)
to the approximate x-energy part, which often improves

the performance of the DFT approximation, whereas in
the range-separated density functional [53] a parametric
fraction of exchange (and possibly correlation) from wave
function methods are added to the DFT exchange energy,
with the parameter dictate the amount of exchange to be
added, like CAMB3LYP [42], or of exchange-correlation like
srLDAMP2 (see [43, 54–56] and the references therein), this
improves the results considerably, unfortunately it is found
that the optimum parameter value depends on the specific
property of the system.

2.1.2. The Relativistic 4-Component and SFH. The Dirac
equation with the Dirac-Coulomb Hamiltonian (DCH)
describes the important relativistic effects for chemical
calculation, which become large for systems with large Z. It
is a firs-order differential equation(s), hence nonvariational
“variational collapse” in contrast to the second-order differ-
ential Schrödinger equation in the NR case. The solutions
to the Dirac equation describe both positrons (the “negative
energy” states) and electrons (the “positive energy” states) as
well as both spin orientations and a four-component wave
function is involved called Dirac spinors:

∣∣ψ〉 =
(
ΨL

ΨS

)
, ΨL =

(
φ1

φ2

)
, ΨS =

(
φ3

φ4

)
, (12)

where ΨL is called the large and ΨS the small component.
This notation originally comes from the well-known kinetic
balance approximation and is justified by the relation
∼ 1/c between them, from which it follows the NR limit
limc→∞ΨS = 0 and one identify ΨL with the 2-component
vector (spin up; down) of the Schrödinger equation. The full
relativistic 4-component DCH is computationally demand-
ing; therefore, it is desirable to reduce the computational
effort in relativistic calculations by reducing the dimen-
sion of the involved quantities, normally by reducing or
transforming the Hamiltonian to a new from, so that the
calculations involving operators acting only on the large
components and requiring a moderate computational effort
by keeping the main physical features of the results. The
relativistic SFH implemented in Dirac-Package uses the
Dyall’s formulation [57] to obtain results without spin-orbit
coupling for the four-component Hamiltonian in the default
restricted kinetic balance scheme. In Section 4, we show that
the results obtained for the excited states of Zn2 based on
(relativistic) SFH are accurate similar and well comparable
to those obtained from the 4-component DCH. For the
deriving of this Hamiltonian, we kindly refer the reader to
[57], see also [58] with advanced description in framework of
second quantization formalism. The relativistic SFH permits
factorization of the spin as in NR calculations so that
standard NR post-SCF methods can be used for inclusion
of electron correlation. The extension and implementation
of relativistic SFH for many-body system or molecular
calculation is straightforward see [21].

2.2. TDDFT and Linear Response. In this section, we briefly
introduce TDDFT formulation with a special emphasis on
the linear density-response function and its connection
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to the electronic excitation spectrum, a more extensive
derivations and wide discussions can be found in refs [47,
59–78] and the references therein. TDDFT was pioneered
by a work of Zangwill and Soven [78], but the fundamental
step was done later by Runge and Gross [60, 61], the Runge-
Gross theorem is a rigorous foundation for the formally
extension of the Hohenberg-Kohn theorem [44] to the time-
dependent phenomena. It results in a time-dependent Kohn-
Sham equation:

[
T̂ + vext,σ[n](rt) + vH[n](rt) + vxc,σ[n](rt)

]
ψjσ(rt)

= i
∂

∂t
ψjσ(rt),

(13)

where T̂ is the kinetic energy, vext,σ(rt), vH(rt), are vxc,σ(rt)
are the time-dependent external, Hartree, and exchange-
correlation potential respectively, and we adopt the notation
(rt) ≡ (r, t). ψjσ(rt) is the wave function of a particle j with
a spin σ . The external potential is unique determined via the
total density:

n(rt) =
∑
σ

nσ(rt) =
∑
σ

Nσ∑
j

∥∥∥ψjσ(rt)
∥∥∥ (14)

of the interacting system, where the sum is taken over all
occupied spin-orbitals Nσ of a spin possibility σ .

2.2.1. Linear Response. In the special case of the response of
the ground-state density to a weak external field, that is, the
case in the most optical applications, the slightly perturbed
system, which can be written in a series expansion vext =
v0

ext + v1
ext + · · · ≈ v0

ext + δvext, see [72], starts its evolution
slowly from its ground-state density n0 corresponding to
the ground-state external potential v0

ext. The xc can be
expressed in terms of the states of (unperturbed) system,
and thus as a functional of the ground-state density. The
interacting real system and the Kohn-Sham fictitious system
are connected via the same infinitesimal density change
δn(rt). The infinitesimal change in the Hartree-xc-potential
δvHxc = δvH + δvxc due to the infinitesimal change in the
density can be expressed in its functional derivative:

δvHxc(rt) =
∫
d3r′dt′ fHxc(rr′, t − t′)δn(r′t′), (15)

where fHxc is called the Hartree-xc-kernel and is given in LR
regime by

fHxc[n0](rr′; t − t′) = δ(t − t′)
|r− r′| +

δvxc[n](rt)
δn(r′t′)

∣∣∣∣
n=n0(r)

,

(16)

where δ(t − t′) is the Dirac-delta function. The first term
in (16) is the Hartree contribution, it is instantaneous, or
local in time. The second term in (16), fxc[n0], called the xc-
kernel, is much simpler than vxc[n](rt) since it is a functional
of the ground-state density n0, it is nonlocal in space and
time [70].

In the adiabatic approximation which is the most com-
mon in TDDFT, one ignores all time-dependencies in the
past and takes only the instantaneous density n(t) being local
in time. The adiabatic approach is a drastic simplification
and a priori only justified for systems with a weak time-
dependence, which are always locally close to equilibrium
[72]. In practice, one takes a known ground-state functional
approximation and insert n0(t) into it; thus, any ground-
state approximation (LDA, GGA, . . .) provides an adiabatic
approximation for the TDDFT xc-functional. The most
common one is the ALDA.

3. Computational Details

The reported results in this paper have been performed
using a development version of the Dirac10-Package [21]
based on the 4-component relativistic DCH and SFH. We
would like to stress, though, that the present implementation
allows the use of all Hamiltonians implemented in the
Dirac-Package such as the eXact 2-component relativistic
Hamiltonian (X2C) [79] and the 4-component NR Lévy-
Leblond Hamiltonian [80]. The nuclear charge distribution
was described by a Gaussian model using the recommended
values of [81].

The values of the spectroscopic constants Re, ωe, and
De were extracted from a Morse potential fit based on at
least ten equidistant points of step length 0.05 a.u. around
the equilibrium distance a second fit using polynomial fit
procedure available in Dirac-Package is used too, the com-
parison between the two fits show that 5-order polynomial
fit is rather equivalent to a Morse potential fit, provided
that Morse potential fit is performed for small region
around the minimum which is done throughout this work,
the agreement between the two fits gives us an additional
criterion for the safety and correctness of the calculated
spectroscopic constants reported in the present result.

We employed the aug-cc-pVTZ (likewise aug-cc-pVQZ)
Gaussian basis sets of Dunning and coworkers [82–84]. This
basis set is widely used in the literature, thus simplifying the
comparison between different works. The small components
basis set for the 4-component relativistic calculations has
been generated using restricted kinetic balance imposed in
the canonical orthogonalization step [80]. All basis sets are
used in uncontracted form. Test calculations with aug-cc-
pVQZ basis sets indicate that the reported structures can be
considered converged with respect to the chosen basis sets,
see Section 4. The potential curves are generated with a bout
175 point densely chosen equidistant with of step length of
0.05 a.u. in the significant part of the potential curves 4.00–
10.00 a.u. The asymptotic point is taken at 400 a.u., the value
of this point is used to get the values (De(Ri)) at the point i.

4. Results and Discussion

In this section, we discuss our computational result based on
our calculations with the linear response adiabatic TDDFT
module in Dirac-Package. Our main concern will be (beside
the correctness of our computational result) to compare the
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behavior of different density functional approximations (and
in comparison to other methods) to draw conclusions on
the performance, the quality, and the validity of the different
functional approximations, also in regard to applications to
similar systems and possibly enlighten improvements of the
DFT approximations in future works. The comparison with
the literature values is accompanying our discussion, where
works with different computational methods are available
and with experimental values as far as available to judge the
quality of our result.

4.1. Ground State. As already mentioned, the ground-state
bond of Zn2 dimer is a mixture of 3/4 Van der Waals and
1/4 covalent interactions [85] and the DFT can hardly deal
with it as seen in Table 3, where the spectroscopic constants
of the ground state are given for different density functional
approximations. We note that the effect of the basis set
size, typically by DFT, is very small clearly seen in Table
3 from PBE values calculated with aug-cc-pVTZ and aug-
cc-pVQZ basis set. In Table 3, one sees that a comparable
result is obtained by MP2 and srLDAMP2 as expected [43].
Similar to the rare-gas dimers [43], the range-separated DFT
improves the DFT result (here LDA) for Zn2 and suitably
cure the lack of correct long-range behavior known by pure
DFT approximations because the long-range part of the
exchange (and the long-range correlation in srLDAMP2)
is treated by a wave function method (MP2). However, a
crucial point is to determine a suitable value of the rage-
separation parameter. Generally, a suitable range for this
parameter is 0.2–0.5 a.u., for details and indepth discussion
see [43] and the references therein. DFT approximations
and CAMB3LYP, as well as srLDAMP2, do not yield a
satisfactory result. Looking at the LDA, we see that the
correction of the LDA by srLDA-MP2 is large; however,
the improvement gives no advantage over the MP2 as they
have similar computational coast. Dramatically behave the
long-range corrected PBE0 and the hybrid functionals BLYP
and B3LYP (contain a fixed fraction of exact HF-exchange
only), they yield a dissociative ground state. BP86 is the only
functional with accurate dissociation energy value, but its Re
and ωe are not helpful. Although CAMB3LYP gives the best
Re value comparison to experiment, this is not sufficient as
the bond energy and vibrational frequency are not helpful. It
is worthwhile to mention at this point that CAMB3LYP gives
the correct asymptotic behavior for the excited states, see
Figure 2, in contrast to pure (LDA, PBE, BPW91, BP86, . . .),
long-range corrected (PBE0,GARC-PBE0) or hybrid (BLYP,
B3LYP) DFTs, as seen in Figures 2 and 3. Whether this means
that CAMB3LYP potential curves has a correct shape (in all
regions) is difficult to say at the moment. The shape of the
potential curve is an important feature for the DFT accuracy
as noted by Grüning et al. [38].

4.2. Excited States. The excited states shown in the pw are
given in Table 2, where n = 4 for Zn atom. The results are
given in the Tables 5–8. We first discuss the lowest 8 states
given in the Tables 5–8, then we proceed to discuss the higher
states given in Table 8.

Table 3: Ground-state 1Σ+
g of Zn2 dimer.

Re (Å) ωe (cm−1) De (eV)

exp1 25.7 0.034

exp2 4.19 25.9 0.035

HF-MP2Q 3.611 29 0.049

srLDAMP2Q 3.445 31 0.0459

PBEQ 3.157 48 0.678

PBE 3.156 49 0.683

PBE0 diss diss diss

BPW91 3.225 41 0.0154

BP86 3.181 46 0.036

BLYP diss diss diss

B3LYP diss diss diss

GRAC-PBE0 3.338 40.0 0.045

CAMB3LYP 4.219 11 0.001

LDA 2.846 85 0.225
a 3.959 22 0.024
b 3.96 22.5 0.030
c1 4.03 20.4 0.0205
c2 4.03 20.4 0.0205

pw using aug-cc-pVTZ basis set and SFH. Qaug-cc-pVQZ basis set, for PBE,
HF-MP2 and srLDAMP2 (NR with parameter μ = 0.5), see text: 1[86];
2[85]. a[12] using CCSD(T) in pseudopotential. b[17] using NR-CCSD(T).
c1[13] CCSD(T) with 4-comp. DCH. c2[13] CCSD(T) with SFH.

Table 4: Comparison between SFH (NR state assignment) and
4-component DCH of the spectroscopic constant. Above Re (Å),
middle ωe (cm−1), and below De (cm−1), calculated with PBE
functional and aug-cc-pVTZ basis set. For 4-component states
assignment gerade, ungerade follow the symmetry of state in the
first line.

3Πg
3Σ+

u
3Πu

3Σ+
g

SFH 2.347 2.534 4.795 4.79

4-c. 0−g , 0−u 2.345 — 4.874 —

4-c. 0+
g , 0+

u 2.345 — 4.480 —

4-c. 0u, 0g — 2.534 — 4.553

4-c. 1g(1u) 2.347 2.534 4.625 4.574

4-c. 2g , 2u 2.349 — 4.945 —

SFH 219 172 7 27

4-c. 0−g , 0−u 220 — 6 —

4-c. 0+
g , 0+

u 220 — 13 —

4-c. 0u, 0g — 172 — 33

4-c. 1g(1u) 219 172 13 34

4-c. 2g , 2u 219 — 8 —

SFH 13097 10870 52 405

4-c. 0−g , 0−u 12934 — 52 —

4-c. 0+
g , 0+

u 13130 — 417 —

4-c. 0u, 0g — 10486 — 533

4-c. 1g(1u) 12906 10680 235 550

4-c. 2g , 2u 13068 — 53 —

At first we compare for PBE functional a 4-component
and spin-free result for the four lowest states calculated in
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Table 5: Bond lengths Re (Å) of the lowest states corresponding to the lowest two asymptotes.

Method 3Πg
3Σ+

u
3Πu

3Σ+
g

1Πg
1Σ+

u
1Πu

1Σ+
g

PQ 2.345 2.532 4.254 4.765 2.350 2.596 4.735 2.573

PT 2.347 2.534 4.795 4.79 2.351 2.602 4.744 2.592

W91T 2.343 2.517 diss 4.546 2.347 2.621 dis 5.158

P0T 2.358 2.517 5.046 4.517 2.351 2.631 2.715 2.594

GP0T 2.356 2.522 diss 5.806 2.345 2.780 2.929 4.755

CB3LT 2.343 2.489 diss diss 2.327 2.613 2.637 2.572

B3LT 2.371 2.566 diss 5.525 2.366 2.655 2.807 2.624

BLT 2.371 2.587 diss 4.882 2.376 2.648 diss 2.639

B86T 2.337 2.534 diss 4.583 2.341 2.611 4.647 5.370

LDAT 2.265 2.454 2.764 4.364 2.267 2.485 2.702 5.414

[17]a 2.33 2.48 3.99 diss 2.30 2.64 2.40 2.74

[17]b 2.35 2.50 4.11 diss 2.33 2.69 2.42 2.92

[87]c 2.41 2.70 diss diss 2.33 3.22 2.40 3.05

[19]d 2.38 2.59 4.36 diss 2.38 2.64 2.65f 2.65f

[88]d 2.53 2.74 diss — 2.51 2.97 2.64 3.07

[89]d 2.56 2.70 diss diss 2.48 2.92 2.64 —

[90]e 2.372 2.53

exp — — 4.49g — — 3.0g — —
T

Present work calculated with aug-cc-pVTZ and Qwith aug-cc-pVQZ basis set. P, W91, P0, GP0, B86, BL, B3L, and CB3L denote PBE, BPW91, PBE0, GRAC-
PBE0, BP86, BLYP, B3LYP, and CAMB3LYP, respectively. aWith DK-CASPT2. bWith DK-MRACPF. cWith CI. dWith MRCI. eWith CCSD(T). f Value are ca.
gFrom [85], for 3Πu [91] gives the value 3.30.

Table 6: Vibrational frequencies ωe (cm−1) of the lowest states corresponding to the lowest two asymptotes.

Method 3Πg
3Σ+

u
3Πu

3Σ+
g

1Πg
1Σ+

u
1Πu

1Σ+
g

PQ 220 173 9 28 219 136 12 142

PT 219 172 7 27 219 135 13 135

W91T 218 177 diss 33 220 129 diss 21

P0T 215 182 9 11 223 135 116 146

GP0T 216 181 diss 11 226 106 78 38

CB3LT 220 189 diss diss 232 139 137 150

B3LT 211 167 diss 13 215 126 90 139

BLT 210 157 diss 27 207 122 diss 115

B86T 222 172 diss 37 222 131 14 29

LDAT 247 189 85 45 247 160 89 26

[17]a 231 200 23 diss 250 131 211 58

[17]b 220 208 32 diss 244 121 205 104

[87]c 211 169 diss diss 212 77 175 112

[88]d 192 175 — diss 210 134 178 —

[89]d 175 150 diss diss 202 107 166 104

exp 223± 5e 161± 5f 20.3± 0.2g — — 122± 10h 148± 6i —

For the acronyms, see Table 5. T,Qas in Table 5. aWith DK-CASPT2. bWith DK-MRACPF. cWith CI. dWith MRCI. eFrom [92]. f From [93]. gFrom [85]. hFrom
[94]. iFrom [95].

aug-cc-pVTZ basis set and demonstrate that SFH describes
accurately the main relevant contributions of the relativistic
effects. As seen in Table 4, the difference between SFH and
4-components DCH is rather small. To see the difference
and the splitting in the 4 component precisely De is given
in cm−1. The splitting is very small or negligible clearly seen
in Figure 1, where we compare visually the 8 lowest states of
PBE functional using SFH and the corresponding 16 lowest

excited states using 4-component DCH. We note that the
CCSD(T) result of [13] for the ground state (see Table 3)
using SFH and 4-components DCH confirms our result.

In Figure 2, we show the 20 lowest excited states cor-
responding to the 6 asymptotes given in Table 2, for the
CAMB3LYP and B3LYP functionals. The overall behavior
in Figure 2 for CAMB3LYP is satisfactory, it shows a better
behavior for all states, and the states follow (at least)
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Table 7: Dissociation energies (eV) of the lowest states corresponding to the lowest two asymptotes.

Method 3Πg
3Σ+

u
3Πu

3Σ+
g

1Πg
1Σ+

u
1Πu

1Σ+
g

PQ 1.626 1.347 0.0065 0.050 1.703 0.579 0.0180 0.112∗

PT 1.624 1.348 0.0065 0.050 1.698 0.572 0.0175 0.08∗

W91T 1.423 1.23 diss 0.031 1.654 0.541 diss 0.027

P0T 1.481 1.332 0.0034 0.0031 2.387 1.247 0.413 0.10

GP0T 1.43 1.316 diss 0.0148 2.385 1.111 0.270 0.279

CB3LT 1.436 1.281 diss diss 2.298 1.126 0.099 0.292∗

B3LT 1.45 1.189 diss 0.0033 2.226 1.125 0.393 0.148∗

BLT 1.514 1.181 diss 0.468 1.426 0.361 diss 0.542

B86T 1.593 1.312 diss 0.0673 1.688 0.546 0.008 0.058

LDAT 2.119 1.704 1.456 1.902 2.089 0.798 0.145 0.788

[17]a 1.502 1.225 0.026 diss 2.713 1.189 0.734 0.60

[17]b 1.457 1.204 0.110 diss 2.694 1.292 0.718 0.204

[87]c 0.91 0.90 diss diss 2.35 0.71 — —

[19]d 1.21 0.95 0.016 diss 2.26 1.12 0.63 0.32

[88]d 1.10 0.98 — diss 2.43 1.13 0.66 —

[89]d 1.05 0.87 diss diss 2.42 1.06 0.83 0.44

[90]e 1.41 1.21 — — — — — —

exp — — 0.027f — — 1.117g — —

For the acronyms, see Table 5. T,QAs in Table 5. ∗See text. aWith DK-CASPT2. bWith DK-MRACPF. cWith CI. d With MRCI. eWith CCSD(T). f From [96].
gFrom [94] (1.117± 0.025), whereas [91] gives the value 1.30.

Table 8: Higher states corresponding to higher asymptotes see Table 2 and text.

State
Re (Å) ωe (cm−1) De (eV)

CB3L P0 GP0 B3L W91 B86 CB3L P0 GP0 B3L W91 B86 CB3L P0 GP0 B3L W91 B86
3Σ+

u 2.527 2.546 2.711 2.578 2.531 2.532 168 164 115 150 163 160 0.914 0.938 0.174 0.636∗ 0.555 0.644∗

3Σ+
g 2.737 2.769 5.772 2.802 2.71 2.714 185 196 23 168 193 186 0.533 0.728 0.596 0.421 0.118 0.094

1Σ+
u 2.60 2.630 2.787 2.679 2.622 2.605 149 142 92 120 134 140 0.839 0.677 0.231 0.583 0.513 0.539

1Σ+
g 3.444 3.388 8.434 3.449 3.256 3.21 174 146 19 118 131 139 0.339 0.333 0.383 0.097 0.152 0.153

3Πu 2.919 3.080 3.162 3.352 3.323 3.451 99 82 72 59 51 45 1.416 0.95 0.90 0.646∗ 0.039 0.040∗

3Πg 2.487 2.504 4.748 2.524 2.491 2.485 178 174 41 163 171 172 1.140 0.434 0.635 0.213∗ 0.143 0.20
3Σ+

u 2.519 2.532 diss 2.551 2.546 2.506 172 171 diss 158 166 164 0.905 0.270 diss 0.515 0.482 0.480
3Σ+

g 2.569 2.583 diss 2.603 2.513 2.563 153 150 diss 145 140 150 0.247 0.158∗ diss 0.163∗ 0.150 0.157
1Πu 3.650 5.750 6.209 9.026 diss diss 123 14 22 12 diss diss 1.50 0.483 0.486 0.274 diss diss
1Πg 2.459 2.482 6.317 2.495 2.472 2.465 190 184 26 174 180 182 1.417 0.344 0.482 0.46∗ 0.43 0.393
1Σ+

u 2.534 2.555 diss 2.585 2.537 2.533 169 167 diss 155 162 159 1.125 0.302∗ diss 0.50∗ 0.561 0.560
1Σ+

g 2.704 2.682 diss 4.237 2.616 2.583 281 288 diss 296 244 210 0.517∗ 0.298 diss 0.218∗ 0.146 0.165

All values with SFH and aug-cc-pVTZ basis set. For the acronyms, see Table 5. ∗See text.

qualitatively to the correct asymptotes. In contrast to the
B3LYP as seen in Figure 2(b), where similar result is obtained
for all other functionals used in this work. These functionals
show an incorrect asymptotic limit and only for the lowest
8 states give the correct (two) asymptotes, whereas most of
the higher states follow to a wrong asymptotic limit. This is
somehow unexpected since B3LYP includes a (fixed) fraction
of exact exchange.

In Figure 3, a second example is presented for PBE0 and
GARC-PBE0. GARC-PBE0 is supposed to give a better result
than PBE0, but for Zn2 dimer it does not show a correct
description for the higher excited states. Indeed it is well
known that pure DFT has incorrect long-range behavior

which is the key point behind the range-separated DFT. It
is clearly from this result that the separation of the two-
electron interaction in short- and long-range parts as done
in range-separated DFT like CAMB3LYP offers an advantage
by treating the long-range part with a wave function
method incorporating a suitable parametric amount of exact
exchange. That only CAMB3LYP shows a better or a correct
long-range behavior does not mean generally that a range-
separated functional describes the excited states better in the
short-range (or mid-range) region; however, its accuracy is
satisfactory even it fails for the ground state (see Table 3)
rather due to the lack of long-range correlation (in HF cor-
relation is not present) important for dispersion interaction.
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Figure 1: (a) Zn2 PBE functional, with SFH (left) ground state (lowest curve) and 8 lowest excited state (corresponding to the two asymptotes
(4s2S1 + 4s4pP1) lower ones, and (4s2S1 + 4s4pPv) upper ones. And (b) accordingly the 16 excited states with the same asymptotes using
4-component DCH. Numbering in brackets shows the correspondence between states of (a) and (b).
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Figure 2: Zn2, CAMB3LYP (a) and B3LYP (b) the 20 lowest states with SFH, corresponding to the asymptotes (from below) 4s2 1S + 4s4p 3P,
4s2 1S + 4s4p 1P, 4s2 1S + 4s5s 3S, 4s2 1S + 4s5s 1S, 4s2 1S + 4s5p 3P, and 4s2 1S + 4s5p 1P, respectively. Note some of the upper curves of B3LYP
show incorrect asymptotes.
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GRAC-PBE0, lowest 20 excited states
spin-free Hamiltonian
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Figure 3: Zn2, PBE0 (a) and GRAC-PBE0 (b) the 20 lowest states with SFH, corresponding to the same asymptotes as in Figure 2. Note that
some of the upper curves show an incorrect asymptotes, compare CAMB3LYP Figure 2 and see text.

Obviously, a crucial point in calculating the excited states
in TDDFT is that the most of the DFT approximations are
semilocal, the long-range interaction is incorrectly described,
consequently a disturbed potential curves is obtained, espe-
cially near the avoiding crossing point where the disturbed
curves show enhanced effects. This can be clearly seen for
the 1Σ+

g , 3Σ+
g , and 1Π+

u in Figure 4. For CAMB3LYP, we see
every two states of the same symmetry push each other away
and later both follow to the correct limit. For PBE0, as an
example, the avoiding crossing is clear for 1Σ+

g and 3Σ+
g

states but not for 1Π+
u , most likely because it is disturbed

by the incorrect long-range behavior. Similar behavior to
PBE0 was found in all other DFT approximations used in
this work, that is, an incorrect long-range behavior, with (or
leading to) an incorrect asymptotic limit (and a disturbed
avoiding crossing) is responsible for incorrect description of
the higher excited states. We will discuss the accuracies in
detail in the next sections.

4.2.1. Lowest 8 Excited States. In Tables 5–7, we give the
evaluated spectroscopic constants for the lowest 8 excited
states of Zn2 using TDDFT, SFH, and aug-cc-pVTZ basis
set. The lowest 8 excited states 3Πg ; 3Πu; 3Σ+

g ; 3Σ+
u and

1Πg ; 1Πu; 1Σ+
g ; 1Σ+

u are corresponding to the Atom((4s2) 1S)
+ Atom((4s4p) 3P) and Atom((4s2) 1S) + Atom((4s4p) 1P),
respectively.

First, we look at the PBE values using aug-cc-pVTZ basis
set and aug-cc-pVQZ basis set. As we see from Tables 3–5, the
basis effect is small and only about 2 ∗ 10−3 Å for Re, about
1 unit for ωe and between 2–6 meV in De. Following this

we conclude that the SFH (see Table 4) with aug-cc-pVTZ
basis set enable us to calculate the excited states of zinc dimer
accurately. Our result is sufficiently accurate to compare with
experimental values, wave function methods and compare
the behavior of different functional approximations with
each other for this dimer.

(a) The Lowest States 3Πg , 3Πu, 3Σ+
g , 3Σ+

u . Looking at
the Tables 5–7, we see immediately that the best result is
obtained for these states. For the lowest two state 3Πg ,
3Σ+

u , all functionals give excellent agreement with wave
function results giving in the literature, for example, [17]
or the experimental value of ωe, although the agreement for
the first excited state, 3Πg , is more pronounced. Recently,
Determan et al. [90] have published accurate result for
these two states using CCSD(T) and some density functional
approximations, the excellent agreement with our values
confirms our result. This is not surprising since these states
are well bound and largely covalent in contrast to the ground
state; moreover, the most known DFT approximations are
more or less capable to describe (strong) covalent bonding
due to its largely localized character in the bond region. It
is also noticeable that all DFTs show for the eight lowest
states asymptotically a correct behavior and the correct (two)
asymptote, see Figures 2 and 3. For the lowest two states
3Πg , 3Σ+

u , only LDA strongly underestimates the dissociation
energy and gives short bond lengths and large ωe’s. PBE
gives larger bond energy for both states, likewise BP86 for
the first one. BLYP and PBE0 give smaller values for ωe.
For Re all these approximations give a similar result. For the
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Figure 4: Zn2, spinfree Hamiltonian avoiding crossing, CAMB3LYP (a) and PBE0 (b) between the two 1Σ+
g corresponding to the asymptotes

(4s2S1 + 4s4p 1P) and (4s2 1S + 4s5s 1S), the two 1πu corresponding to the asymptotes (4s2S1 + 4s4p 1P) and (4s2 S1 + 4s5p 1P); the two 3Σ+
g

states corresponding to the asymptotes (4s2 S1 + 4s4p 3P) and (4s2 S1 + 4s5s 3S). The highest 1Σ+
g is corresponding to the asymptotes (4s2 S1 +

4s5p 1P), see text.

next lowest two states, 3Πu, 3Σ+
g , the situation is somehow

complicated. For 3Πu the experimental value shows a weak
bound state, whereas wave function methods show different
results, likewise in the DFT. PBE and PBE0 describe it as a
weak bound state, but apart from LDA all other DFTs give
a dissociative state. Whereas for the 3Σ+

u only CAMB3LYP
shows a dissociative state in an agreement with the wave
function methods. This is a first hint that CAMB3LYP gives
a better long-range behavior and correct asymptotic limit
for higher states than the other DFTs shown in the present
work. This can be attributed to the fact that for high-
quality response properties it is of primary importance for
the potential curve to be accurate in the shape, rather than
the condition to be met of being a functional derivative of a
given density functional for the exchange-correlation energy
[38]. For higher states, both the long-range behavior and
the asymptotic limit in pure DFTs are incorrect and thus
the shape of potential curves. BLYP gives De ≈ 0.47eV for
3Σ+

g which somehow large comparing to other functional.
The state 3Σ+

g (Atom(4s+ 4s) 1S + Atom(4s+ 4p1) 3P) shows

a hump around 2.5 Å clearly seen in Figure 4 due to an
avoiding crossing with the higher state 3Σ+

g (Atom(4s+4s) 1S

+ Atom(4s + 5p1) 3P), the later is well bound (see Table 8)
and shows a small hump around 2.2 Å (hardly seen in
Figure 4) presumably due to an avoiding crossing with a
more higher state of the same symmetry.

(b) The States 1Πg , 1Πu, 1Σ+
g , 1Σ+

u . From Tables 5–7, we again
see a good agreement, especially for 1Πg and 1Σ+

u , between

our result and the results of the wave function methods,
where the agreement is less pronounced than the lowest two
states. For 1Πg and 1Σ+

u bond lengths, apart from LDA,
all functionals give comparable results. For the vibrational
frequencies, BLYP and B3LYP give smaller values, for 1Σ+

u

this is in excellent agreement with the experimental value of
[94] or the value of [17]. CAMB3LYP gives the largest value
of ωe. For the dissociation energy De, B3LYP, CAMB3LYP,
PBE0, and GRAC-PBE0 give reasonable values with a good
agreement with the experiment for 1Σ+

u . This remarkable
result could be a hint that these three functionals have a
correct mid-range behavior. From the agreement with the
experiment and the wave function values, one concludes that
the values of 1Πg of B3LYP, CAMB3LYP, PBE0, and GRAC-
PBE0 should be close to the experiment. Next, we look at
the two states 1Πu, 1Σ+

g , as mentioned above in Figure 4,
these two states have avoided crossing with higher lying states
of the same symmetry. From the tables, we now see a less
agreement with the wave function method, and the lack
of experimental values makes it more difficult to judge the
result. If we take the values of [17], as a reference we see that
reasonable DFTs values show larger bond lengths, smaller
vibrational frequencies for 1Πu and for 1Σ+

g vice versa
for the most of the functionals. For 1Πu, the dissociation
energies are smaller than the reference value. For 1Σ+

g , the
obtained bond energy values for some functionals denoting
the depth of the minimum (marked with “∗”) relating to the
shallowest point after the minimum, otherwise the incorrect
asymptotic point will show a dissociative state, which of
course an artifact of the (quantitatively) incorrect tail of the
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potential curve. We have seen in Figure 2 that CAMB3LYP
has asymptotically a correct behavior specially for the higher
states; however, it is quantitatively questionable and for some
states seems to be inaccurate. In such cases, the spectroscopic
constants are calculated relative to the shallowest point after
the minimum, and not to the asymptotic point. This yields
approximately the same Re and ωe, but the obtained value
De will be definitely shallower than, or approximately equal
to a value De relating to the “correct” asymptotic point. We
note that all values marked with an “∗” in Tables 7-8 are
obtained this way. For the 1Σ+

g state, we see from Table 7
that CAMB3LYP has a good agreement with [19], likewise
B3LYP with [17], whereas BLYP shows an agreement with
DK-CASPT2 value of [17], but to conclude we see that the
result(s) of 1Σ+

g are widely distributed; furthermore, the lack
of any experimental value makes the situation more difficult.

4.2.2. Higher Excited States. To deal with more higher excited
states is difficult because of the above-mentioned reasons.
Available approximations do not describe the long-range
behavior correctly and/or fail to offer the correct asymptotic
limit or predict it accurately [97]. We will discuss the
higher molecular states given in Table 6 corresponding to
the last four asymptotes (3–6) in Table 2. The result is
given for the functionals BPW91 and BP86 (pure), B3LYP
(hybrid), CAMB3LYP (range-separated), PBE0 (long-range
corrected), and its gradient corrected one GRAC-PBE0.
GRAC is an interpolation scheme, it is an asymptotic
correction and supposed to be able to deal with higher
excited states [37, 38]. The pw shows that the best result is
obtained for CAMB3LYP and a comparable result is obtained
for PBE0. Indeed strictly only CAMB3LYP was able to deal
with higher excited states, it shows (at least qualitatively) the
correct asymptotic as can be clearly seen in Figure 2. Other
functionals do not show a correct asymptotic behavior as
expected [37], including the ones for which no data shown
in Table 8. B3LYP is given in Figure 2 as an example, it
mixes the asymptotic for higher states with lower states. Our
conclusion based on analyzing the data of all functionals
and comparing them with each other. It is clear that lacking
to the correct long-range behavior is primarily the origin
of the problem, CAMB3LYP is able to cure this although
not accurately, the question is why other corrections like
GRAC does not have the expected improvement? At one
side important is the nonlocal part of exact exchange which
improves the situation considerably when the two-electron
interaction is separated in short- and long-range part such
as in CAMB3LYP, and we notice that there is no long-
range correlation present in CAMB3LYP because HF offers
only (nonlocal) exchange. Another point is the wrong long-
range behavior of the response function [72, 77] caused by
the incorrect long-range behavior of the density functional
approximation is more crucial than it might be believed. This
is supported by the fact that the spatial nonlocality of fxc

is strongly frequency-dependent [98], in [98] Tokatly and
Pankratov argued that not only any static approximation but
also any LDA-based dynamic approximation (including any
gradient corrections) for fxc cannot provide consistent result.

To my best knowledge, there is no calculated or experimental
result reported for any of the higher states given in Table
8, this makes the situation more difficult to analyze and
be clarified. In Table 8 surprisingly we see that PBE0 gives
a better result for higher excited states than its asymptotic
corrected one GRAC-PBE0 and better than B3LYP, BP86,
or BPW91. Furthermore, it gives for all states a comparable
result to CAMB3LYP for Re and ωe. This supports our view
and stress the importance of the long-range correction. It is
a clear evident that PBE0 has a correct shape in inner part
of the potential curve, and only its asymptotic part (tail of
the potential curve) is incorrect, unfortunately the applied
correction of GRAC is not good. As seen in Table 8 our
next four states, 3Σ+

u , 3Σ+
g , and 1Σ+

u , 1Σ+
g corresponding

to Atom((4s2) 1S + Atom((4s5s) 3S), and Atom((4s2) 1S +
Atom((4s5s) 1S), have more or less a similar result for all
functionals, only GRAC-PBE0 shows unexplainable result,
since it is supposed to show asymptotically a better behavior.
We think that the CAMB3LYP result is the most correct
one although it might be not satisfactory accurate. It is
worthwhile to mention that states with avoiding crossing get
a second shallow minimum after the avoiding crossing at
large internuclear distances, this is not reported and only
the first minimum is presented. Next, we look to the states
3πu, 3πg , 3Σ+

u , 3Σ+
g corresponding to the Atom((4s2) 1S +

Atom((4s5p) 3P). Here, we see that the result is distributed,
BPW91, BP86, and B3LYP show similar results, whereas
GRAC-PBE0 differs considerably from all approximations
given in Table 8. PBE0 result is close to CAMB3LYP when
looking to Re and ωe, but its De values are different clearly
due to its incorrect asymptotic limit. The last states treated
in this work 1πu, 1πg , 1Σ+

u , 1Σ+
g are corresponding to the

Atom((4s2) 1S + Atom((4s5p) 1P). The results of 1πu are
puzzling and presumably only the values of CAMB3LYP are
reasonable, whereas for 1πg all functional apart from GRAC-
PBE0 give comparable values for ωe and Re, which could be a
hint that these values are reasonable. 1Σ+

u , and 1Σ+
g follow

the general trend that PBE0 result is close to CAMB3LYP.
BPW91, BP86, and B3LYP show a similar result, GRAC-PBE0
shows unexplainable result.

The general conclusion of this section is that CAMB3LYP
gives the best result due to its better treatment of the
long-range part of the two-electron interaction and its
asymptotically better behavior (tail of the potential curve)
apparently due to including a suitable amount of exact
exchange, PBE0 gives a comparable result, the main problem
here is the tail of the potential curve. BPW91, BP86, and
B3LYP are less satisfactory but still show acceptable result,
whereas (most likely) the result of GRAC-PBE0 is not useful.

5. Conclusion

In the present work, we have studied the ground as well the
20 lowest exited states of the zinc dimer in the framework
of DFT and TDDFT using well-known and newly developed
functional approximations. We performed the calculations
with Dirac-Package using relativistic 4-component DCH and
SFH. First, we showed that SFH is capable to achieve the same
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accuracy as 4-components DCH and can describe quanti-
tatively the main relevant contributions of the relativistic
effects. In analyzing the results obtained from different
functional approximations, comparing them with each other,
with literature and experimental values as far as available,
we drew some conclusions. The results show that the linear
response in the adiabatic approximation with the known
DFT approximations give good performance for the 8 lowest
excited states of Zn2. For higher excited states, we found,
somehow as expected, that most of DFT approximations
used in the pw did not show a correct long-range behavior
and the correct asymptotic limit to perform a fair accuracy
for these states, where we have to stress that the lack of
experimental or other theoretical results makes a judgment
difficult. Nevertheless, we can say that the best result is
obtained with the range-separated CAMB3LYP functional,
which was the only one able (at least qualitatively) to show
the correct asymptotic behavior. This can be led back to the
separation of the two-electron interaction in a suitable man-
ner, short- and long-range part, where the former is handled
by the DFT and the later by HF. Showing that including a
suitable (parametric) amount of the exact exchange improves
the result considerably. Moreover, the (long-range corrected)
PBE0 was able to give a comparable result to CAMB3LYP
for the higher states although it fails to give the correct
asymptotes. The comparison between CAMB3LY and other
functionals allows us to conclude that for higher states
the lack of a correct long-range and a suitable amount of
exact exchange is responsible for incorrect result rather than
the linear response approximation and the adiabatic limit.
In addition, it causes a wrong long-range behavior of the
response function a crucial point for the long-range behavior
in TDDFT. In future works, we will be concerned with the
heavier members of the group 12, Cd2, and Hg2, where
relativistic effects are expected to be more important than in
zinc dimer. Furthermore, the superheavy dimer Cn2 is under
consideration, where the bonding character of its ground and
excited states of academic interest due to the large relativistic
effects and its influence on the atomic levels and hence on the
molecular ground and excited states of the dimer.
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Millimeter-wave rotational spectrum of trans-acrolein (propenal) (CH2CHCOH) produced by applying a DC glow discharge
through a low-pressure (∼10–20 mTorr) flow of allyl alcohol (CH2CHCH2OH) vapor has been observed in the ground and several
excited torsional states in the frequency region: 60.0–99.0 GHz. A least-square analysis of the measured and previously reported
rotational transition frequencies has produced a set of rotational and centrifugal distortion constants for the ground as well as
excited torsional states. Detailed DFT calculations were also carried out with various functional and basis sets to evaluate the
spectroscopic constants, dipole moment, and various structural parameters of the trans conformer of propenal for the ground
state and compared with their corresponding experimental values. A linear variation of the inertia defect values with torsional
quantum number (v = 0, 1, 2, 3) demonstrates that the equilibrium configuration of trans-propenal is planar.

1. Introduction

The trans form of propenal (CH2CHCOH) also known
as trans-acrolein has been detected largely in absorption
toward the star-forming region Sagittarius B2(N) by Hollis
et al. [2] through the observation of rotational transitions
using 100 m Green Bank Telescope (GBT) operating in the
frequency range from 18.0 GHz to 26.0 GHz. Spectroscopic
measurements in the microwave [1, 3], infrared [4], and
near ultraviolet region [5, 6] have confirmed that the trans-
form is the most abundant and stable conformer of acrolein.
The first microwave study of trans-acrolein in the J = 2←1,
3←2, and 4←3 a-type R-branch transitions was reported by
Wagner et al. [3]. Later on, Cherniak and Costain [1] have
measured both a- and b-type transitions for J = 2←1 and
J = 3←2. First spectroscopic evidence of the existence of

the less abundant cis-conformer of acrolein in the gas phase
was found from studies of the near ultraviolet spectrum
[7, 8]. Later on, cis-acrolein were detected in argon matrices
[9, 10] and in the gas-phase Raman spectrum [11]. The
first microwave detection of the cis form of acrolein in the
gas phase was reported by Blom and Bauder [12]. They
have reported the ground state rotational, quartic centrifugal
distortion constants as well as dipole moment values. Blom
et al. [13] also reported the complete substitution structures
of both trans and cis conformers. The dipole moment values
of the trans and cis-form of acrolein have been found to be
μ = 3.117 ± 0.004 D [13] and μ = 2.552 ± 0, 003 D [12]
respectively. Winnewisser [14] have extended the analysis
of the ground state of the trans-form of acrolein to the
millimeter-wave region up to 180.0 GHz which has yielded
a set of ground state rotational and centrifugal distortion
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Table 1: Microwave and millimeter wave rotational transition frequencies of trans-propenal (CH2CHCOH) in the ground and excited
torsional states (in MHz.).

Transitions Torsional levels

J ′ K ′−1 K ′+1 J ′′ K ′′−1 K ′′+1
v = 0 v = 1 v = 2 v = 3

Obs. Freq. Obs. − cal. Obs. Freq. Obs. − cal. Obs. Freq. Obs. − cal. Obs. Freq. Obs. − cal.

1 0 1 0 0 0 8902.19 −.01

2 0 2 1 0 1 17801.28 −.06

2 1 1 1 1 0 18221.12 −.07 18258.18 −.12 18289.86 −.01

3 0 3 2 0 2 26694.35 −.01 26824.88 .01 26895.18 .05

3 0 3 2 1 2 26765.43 −.09 27487.70 .06

3 1 2 2 1 1 27329.73 −.07 27385.58 .08 27432.89 .02 26322.50 −.07

3 1 3 2 1 2 26079.50 −.01 26165.84 −.05 26237.28 −.12

3 2 1 2 2 0 26718.70 −.16

3 2 2 2 2 1 26706.76 .04

4 0 4 3 0 3 35673.16 −.09 35752.72 .17 35846.64 .15

4 1 4 3 1 3 34768.96 −.11

7 0 7 6 0 6 62144.50a .01 62312.22a .01 62452.30a −.11

7 1 7 6 1 6 60816.60a .04 61018.40a .02

7 2 6 6 2 5 62290.80a −.06 62456.80a −.03 62597.20a .05 62760.10a −.02

7 2 5 6 2 4 62460.30a −.05 62624.20a −.08 62762.20a −.07 62922.30a .03

7 3 4 6 3 3 62341.20a −.01 62506.50a −.08 62648.90a .00

7 3 5 6 3 4 62339.40a −.07 62504.80a −.04 62647.20a .03

7 4 3 6 4 2 62331.10a .02 62496.50a −.06

7 5 3 6 5 2 62493.40a .03

8 0 8 7 0 7 70961.80a .00 71154.30a .10 71315.20a .04 71506.60a −.01

8 1 7 7 1 6 72820.00a −.01 72969.40a .03 73096.20a .09 73243.30a −.06

8 1 8 7 1 7 69489.80a .06 69720.40a −.12 69911.60a .01 70139.80a −.08

8 2 7 7 2 6 71179.00a .07 71529.20a .07

8 2 6 7 2 5 71432.70a .12 71619.40a .08 71776.20a −.03 71958.30a .04

8 3 6 7 3 5 71251.50a .06 71440.40a .05

8 3 5 7 3 4 71255.00a .08 71443.90a .07 71606.10a −.17

8 4 4 7 4 3 71239.10a .05 71428.20a .09

8 5 4 7 5 3 71423.10a .12

8 6 3 7 6 2 71421.10a −.06

9 0 9 8 0 8 80371.70a −.01

9 1 8 8 1 7 81901.20 .01 82069.50a −.01 82212.30a .06

9 2 8 8 2 7 80062.80a .04 80276.30a −.11 80457.00a .08 80667.10a .09

9 2 7 8 2 6 80424.00a .07 80633.30a .06 80808.70a −.05 81012.40a −.08

9 3 6 8 3 5 80172.10a .05 80384.50a .04

9 3 7 8 3 6 80165.70a .03 80378.20a .12

9 4 5 8 4 4 80148.40a −.04 80361.10a .04

9 5 5 8 5 4 80140.70a .08 80353.40a .06

9 6 4 8 6 3 80137.50a −.01 80350.40a .06

10 0 10 9 0 9 88523.30a −.01 88765.90a −.05 89211.90a −.12

10 1 9 9 1 8 90974.40a −.05

10 1 10 9 1 9 86818.50a −.02

10 2 8 9 2 7 89436.20a −.01 89667.83a .03 89861.60a −.02

10 2 9 9 2 8 88941.80a −.01 89179.48a .10 89380.10a .07 89613.80a −.02

10 3 7 9 3 6 89093.20a −.01 89329.07a −.01

10 3 8 9 3 7 89082.20a −.08

10 4 6 9 4 5 89059.35a −.09 89295.47a −.09

10 5 5 9 5 4 89048.30a −.01
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Table 1: Continued.

Transitions Torsional levels

J ′ K ′−1 K ′+1 J ′′ K ′′−1 K ′′+1
v = 0 v = 1 v = 2 v = 3

Obs. Freq. Obs. − cal. Obs. Freq. Obs. − cal. Obs. Freq. Obs. − cal. Obs. Freq. Obs. − cal.

10 6 4 9 6 3 89043.55a −.04

10 7 3 9 7 2 89041.90a −.02

10 9 1 9 9 0 89043.17a −.02

11 0 11 10 0 10 97263.13a −.01 97531.40a −.03 97756.50a −.12 98025.70a .05

11 1 11 10 1 10 95473.05a −.03 95791.10a .01 96054.40a .14 96369.80a .04

11 2 9 10 2 8 98470.83a −.01 98724.30a −.11 98936.00a .02

11 2 10 10 2 9 97815.59a .03 98077.10a .00 98555.60a .08

11 3 8 10 3 7 98019.04a −.02 98278.40a .05 98500.60a .03 98752.70a −.03

11 3 9 10 3 8 98001.32a .00 98260.60a .01 98482.90a −.06 98735.30a −.01

11 4 8 10 4 7 98231.70a −.08

11 5 7 10 5 6 97957.00a .00 98216.90a −.05 98453.50a .04

11 6 5 10 6 4 97950.28a .00 98456.20a −.01

11 7 4 10 7 3 97947.54a .01

11 8 3 10 8 2 97947.05a .04

1 1 1 2 0 2 24892.58 .01

2 1 2 3 0 3 15585.86 .01

6 0 6 5 1 5 13444.27 .02

7 0 7 6 1 6 23450.46 .01

8 0 8 7 1 7 33595.68 −.01
a
This work, rest are from [1].

constants. Analysis of the far-infrared spectrum of trans
acrolein in the ν18 fundamental and (ν17 + ν18) − ν18 hot
bands were reported by McKellar et al. [15]. Very recently,
10 μm high-resolution rotational spectral analysis of the ν11,
ν16, ν14 and ν16 + ν18 − ν18 bands of trans-acrolein were
reported by Xu et al. [16]. In all the previous works trans-
acrolein (propenal) was either procured commercially or
prepared chemically.

Production, identification, and spectroscopic character-
ization of new stable and transient molecules by applying
a DC glow discharge through a low-pressure flow of gas
or a mixture of gases inside an absorption cell have
become a well-established area of research in the field of
molecular spectroscopy [21]. Recently, Jaman et. al have
reported analysis of the millimeter-wave rotational spectra
of propyne (CH3CCH) [22] and propynal (HCCCOH) [23]
produced by DC glow discharge technique and carried out
detailed DFT calculations for both the molecules to evaluate
the spectroscopic constants and molecular parameters and
compared them with their respective experimental values.
In the present communication, we report the analysis
of the ground state (v = 0) as well as several torsional
excited states (v = 1, 2, 3) rotational spectra of trans-pro-
penal produced by a DC glow discharge through a low-
pressure flow of allyl alcohol (CH2CHCH2OH) vapor in the
frequency region 60.0–99.0 GHz. Asymmetric-top K−1 K+1-
structures of different J+1←J transitions which falls under
this frequency range have been observed and measured.
The measured rotational transition frequencies along with
the previously reported frequencies were fitted to standard

Table 2: Ground state rotational and centrifugal distortion con-
stants of trans-propenal (CH2CHCOH).

Constants
Global fit using microwave and

millimeter wave data
DFT calculation

A (MHz.) 47353.729± 0.009 47532.149

B (MHz.) 4659.4894± 0.0004 4635.391

C (MHz.) 4242.7034± 0.0004 4223.524

DJ (kHz) 1.031± 0.001 0.983

DJK (kHz) −8.684± 0.006 −9.099

DK (kHz) 361.949± 0.963 346.316

d1 (kHz) −0.1197± 0.0002 −0.119

d2 (kHz) −0.0069± 0.0001 −0.006

HJK (Hz) 0.014± 0.012

HKJ (Hz) −0.490± 0.021

σb 0.041

κc −0.9806

Δd −0.018

N e 224
b
Standard deviation of the overall fit.

cAsymmetry parameter.
dInertia defect Δ = Ic − Ib − Ia.
eNumber of transitions used in the fit.

asymmetric-top Hamiltonian to determine the rotational
and centrifugal distortion (CD) constants for the ground as
well as excited torsional states. A detailed quantum chemical
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Table 3: Excited-state spectroscopic constants of trans-propenal (CH2CHCOH).

Constants
v = 1 v = 2 v = 3

This work Ref. [3] This work Ref. [3] This work Ref. [3]

A (MHz.) 45782.822± 3.231 44727.881± 3.873 43420.393± 5.888

B (MHz.) 4666.210± 0.004 4666.19± 02 4672.056± 0.005 4672.10± 0.02 4678.661± 0.006 4678.69± 0.02

C (MHz.) 4259.668± 0.005 4259.66± 0.02 4273.558± 0.006 4273.56± 0.02 4290.297± 0.007 4290.29± 0.02

DJ (kHz) 1.078± 0.012 1.280± 0.017 1.168± 0.026

DJK (kHz) −8.735± 0.075 −46.831± 0.112 −28.714± 0.631

σ f 0.077 0.085 0.075

κg −0.9804 −0.9803 −0.9802

Δh −0.702 −1.212 −1.861

Ni 43 28 20
f
Standard deviation of the overall fit.

gAsymmetry parameter.
hInertia defect Δ = Ic − Ib − Ia.
iNumber of transitions used in the fit.

Table 4: Comparison of the observed inertia defect (Δ/uÅ
2
) values

for the ground and excited torsional state (v) of trans-propenal with
some other molecules.

Molecules
Inertia defect (Δ/uÅ

2
) values

v = 0 v = 1 v = 2 v = 3

Trans-propenalj

−0.018 −0.702 −1.212 −1.861
(CH2CHCHO)

o-cis 3-fluorobenzaldehydek

−0.078 −0.988 −1.876 −2.726
(C6H5FCOH)

Nitrobenzenel

−0.481 −1.863 −3.186 −4.470
(C6H5NO2)

Benzoyl fluoridem

−0.325 −1.528 −2.765 −3.963
(C6H5COF)

2-Fluorpstyrenen

−1.215 −2.689 −3.341 −4.380
(C6H4FC2H3)

j
This work, k[17], l[18], m[19], n[20].

calculation was also carried out to evaluate the spectroscopic
constants, dipole moment, and the structural parameters of
the trans conformer of propenal. Finally, the experimentally
determined rotational and CD constants were compared
with the best set of values obtained after a series of DFT
calculations.

2. Experimental Details

The spectrometer used in the present work is basically a
50 kHz source-modulated system combined with a free space
glass discharge cell of 1.5 m in length and 10 cm in diameter.
The cell is fitted with two Teflon lenses at each end. A
high voltage DC regulated power supply (6 kV, 1300 mA)
procured from Glassman, Japan was used to apply a DC
voltage through a flow of low pressure precursor gases. The
cell is connected with a high vacuum pump at one end and to
the sample holder section through a glass port on the other.

Klystrons and Gunn diodes followed by frequency
doubler (Millitech model MUD-15-H23F0 and MUD-10-
LF000) have been used as radiation sources. Millimeter wave
radiation was fed into the cell by a waveguide horn and
Teflon lens. A similar horn and lens arrangement was used
to focus the millimeter-wave power onto the detector after
propagating through the cell. The output frequency of the
millimeter wave radiation was frequency modulated by a
bidirectional square-wave of 50 kHz [24] and the signal from
the detector (Millitech model DBT-15-RP000 and DXP-10-
RPFW0) was amplified by a 100 kHz tuned preamplifier
and detected by a phase-sensitive lock in amplifier in the 2f
mode. The output of the lock in amplifier was connected
to an oscilloscope or a chart recorder for signal display.
The spectrometer was calibrated by measuring standard OCS
signals in the entire frequency range. After calibration, the
uncertainty in frequency measurement has been estimated
to be ±0.10 MHz. A block diagram of the spectrometer is
shown in Figure 1. Details of the spectrometer used have
been described elsewhere [25, 26].

Propenal (CH2CHCOH) was produced inside the
absorption cell by applying a DC glow discharge through
a low pressure (∼5–10 mTorr) flow of allyl alcohol
(CH2CHCH2OH) vapor. The discharge current was main-
tained at around 5 mA with an applied voltage of 1.0 kV. A
mechanical on/off type discharge was found to be suitable to
observe good signals of propenal. Signals could be observed
at room temperature. However, a controlled flow of liquid
nitrogen vapor through the cell helps in improving the signal
intensity. The observed signals of propenal appeared as sharp
lines immediately after the DC discharge was applied but
started losing intensity with time.

3. Computational Method

Quantum chemical computations were performed using
GAUSSIAN 09W package [27]. Density functional methods
with various functionals were used to calculate the structural
parameters, dipole moment, total energy (sum of electronic
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Figure 1: Block diagram of source-modulated millimeter wave spectrometer with DC discharge facility.

and zero point energy) as well as the rotational and cen-
trifugal distortion constants of trans-propenal. The geometry
optimization was carried out using different functionals like
Becke 3-term correlation functional(B3LYP) with basis sets
6-31+g(d, p) to 6-311++g(d, 2p), Becke three-Parameter
hybrid functional and Perdew/Wang 91 nonlocal correlation
functional (B3PW91) method with different basis sets from
6-31 g to 6-311++g(d, 2p), modified Perdew-Wang one-
parameter hybrid model taking basis sets from 6–31 g to 6-
311++g(d, 2p) and Perdew, Burke, and Ernzerhof functional
(PBEPBE) with the basis sets 6-311 g to 6-311++g(d, 2p).
The frequency calculation along with its anharmonicity was
done on optimized geometry. The objective of this DFT
calculation is to compare the structural parameters and rota-
tional constants of trans-propenal with the experimentally
observed values in its ground state. The molecular drawing
is done by using GAUSSVIEW5.0 [28].

4. Rotational Spectrum and Analysis

4.1. Ground State. The ground state rotational spectrum
of the trans conformer of propenal was predicted in the
frequency range 60.0-99.0 GHz using the rotational and cen-
trifugal distortion constants reported earlier [14]. J = 7←6
to J = 11←10 series of transitions along with their
different K−1 K+1 components falls within this frequency
range. Different components in each J+1←J series were
measured. The observed lines were found very close to
their predicted values. Finally, 224 a- and b-type R- and
Q-branch transitions consisting of all previous microwave
[1, 3], millimeter-wave [14], and present data were used
to perform a kind of global fit to the semirigid rotor
Watson’s S-reduction Hamiltonian (Ir-representation) [29]
to determine a set of three rotational, five quartic, and

two sextic centrifugal distortion constants. The shifts in
frequency of the absorption lines from their rigid rotor
positions due to centrifugal distortion effect were found to be
less than that of propynal [23]. The observed and measured
transition frequencies by us corresponding to J = 7←6
to 11←10 series are listed in Table 1. The ground state
spectroscopic constants obtained for trans-propenal using
the global fit are listed in Table 2. The small negative value
of the inertia defect (Δ = −0.018 uÅ2) demonstrates that the
equilibrium configuration of trans-propenal is planar. The
agreement between the derived set of spectroscopic constants
and those obtained earlier [1, 3, 14] with commercial samples
indicates that the newly assigned transition frequencies of
Table 1 definitely belong to trans-acrolein (trans-propenal),
a discharge product of allyl alcohol vapor. Figure 2 shows the
observed trace of the K−1 = 3 doublet of J = 9←8 transition
immediately after the DC discharge was applied. The trace
remained visible for a couple of minutes on the oscilloscope
screen with gradually diminishing intensity.

4.2. Excited Torsional States. From an analysis of the ultravi-
olet [5] and far infrared spectrum [4] of acrolein vapor the
first four excited torsional levels were found to lie around
157 cm−1 (v = 1), 312 cm−1 (v = 2), 468 cm−1 (v = 3)
and 623 cm−1 (v = 4), respectively. Wagner et al. [3] have
reported a few low J transitions of trans- acrolein in the 18.0–
36.0 GHz for the first three (v = 1, v = 2 and v = 3) excited
torsional states and determined only the rotational constants
B and C for each of these excited states. In this work, we have
extended the analysis of rotational transitions in each of the
above three excited states up to 99.0 GHz which has resulted
in the determination of three rotational and two quartic
centrifugal distortion constants for all the three torsional
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Table 5: Calculated ground state rotational constants of trans-propenal (CH2CHCOH) with various models and basis sets.

Model Basis set A0 (MHz) B0 (MHz) C0 (MHz)

DFT

B3LYP 6-31+g(d, p) 47421.368 4599.276 4189.265

B3LYP 6-31++g(d, 2p) 47462.833 4596.304 4190.461

B3LYP 6-311++g(d, 2p) 47713.427 4621.512 4213.560

B3PW91 6-31g 47562.896 4564.835 4164.742

B3PW91 6-31++g(d, 2p) 47445.030 4617.117 4207.640

B3PW91 6-311++g(d, 2p) 47640.454 4642.978 4230.737

MPW1PW91 6-31g 47680.556 4583.545 4181.241

MPW1PW91 6-31++g(d, 2p) 47532.149 4635.391 4223.524

MPW1PW91 6-311++g(d, 2p) 47719.894 4660.612 4246.017

PBEPBE 6-311g 46829.581 4528.525 4119.901

PBEPBE 6-311++g(d, 2p) 46855.368 4594.974 4175.330

PBEPBE 6-31++g(d, 2p) 46605.708 4567.810 4150.825

Expt.o 47353.729 4659.4894 4242.7034
o
This work.

Table 6: Comparison of the molecular bond lengths, dipole moment, and total energy of trans-propenal calculated by various methods and
basis sets with the experimental values.

Models Basis sets
Bond lengths between

Dipole Moment (D) Energy (eV)
1C–2H 1C–3H 1C–4C 4C–5H 4C–6C 6C–7H 6C–8O

6-31+g(d, p) 1.088 1.085 1.340 1.087 1.474 1.112 1.218 3.515 −5220.511

B3LYP 6-31++g(d, 2p) 1.087 1.084 1.340 1.086 1.474 1.111 1.218 3.502 −5220.755

6-311++g(d, 2p) 1.084 1.081 1.335 1.083 1.474 1.109 1.211 3.464 −5221.979

6-31g 1.088 1.084 1.341 1.086 1.465 1.106 1.239 3.542 −5216.647

B3PW91 6-31++g(d, 2p) 1.085 1.082 1.334 1.084 1.471 1.111 1.208 3.491 −5218.334

6-311+g(d, 2p) 1.085 1.082 1.334 1.084 1.417 1.111 1.208 3.434 −5219.694

6-31g 1.086 1.083 1.339 1.085 1.463 1.104 1.236 3.564 −5217.218

MPW1PW91 6-31++g(d, 2p) 1.086 1.083 1.336 1.085 1.470 1.110 1.213 3.481 −5219.204

6-311++g(d, 2p) 1.084 1.081 1.332 1.083 1.469 1.109 1.205 3.443 −5220.238

6-311g 1.093 1.090 1.348 1.092 1.467 1.115 1.250 3.392 −5213.844

PBEPBE 6-31++g(d, 2p) 1.096 1.092 1.349 1.095 1.475 1.123 1.228 3.394 −5214.252

6-311++g(d, 2p) 1.093 1.089 1.344 1.092 1.474 1.121 1.221 3.367 −5215.531

Expt.p 1.089 1.081 1.341 1.084 1.468 1.113 1.215 3.117
p
Ref. [13].

excited states. The new assigned transitions along with those
reported earlier [3] are also shown in Table 1 along with
the ground state transitions. The excited state data were also
used to fit to the same semirigid rotor Watson’s S-reduction
Hamiltonian (Ir-representation) [29]. Three rotational and
two quartic (DJ and DJK ) CD constants were used to fit the
data. The contribution of other CD parameters was found
to be negligible while fitting the excited state data. The
derived spectroscopic constants and inertia defect values for
the three torsional excited states are shown in Table 3. The
more negative inertia defect values for successive torsional
excited states indicate that the excited state lines arise from
an out-of-plane vibration, in this case, COH group torsion
about C–C single bond. The observed inertia defect values
for the ground and torsional excited states of trans-propenal
and some other related molecules are compared in Table 4.
The plots of inertia defect values with torsional quantum

numbers for trans-propenal along with other molecules are
shown in Figure 3 for comparison.

4.3. Computational Results. Propenal is a slightly asymmetric
prolate top molecule (κ = −0.9806). The optimization of
geometry for the trans conformer of propenal was tested
by employing various levels of theory and basis sets.
However, the computed rotational and centrifugal distortion
constants and the structural parameters obtained with model
MPW1PW91 model with 6-31++g(d, 2p) basis set were
found to be in good agreement with the observed values.
Calculated values of ground state rotational constants of
trans-propenal obtained with various models and basis
sets are shown in Table 5. Results obtained with DFT
MPW1PW91/6-31++g(d, 2p) have been compared with
the corresponding experimental values in Table 2. For
optimized geometry of trans-propenal the calculated energy

142 Comprehensive Study of Atomic and Molecular Physics

__________________________ WORLD TECHNOLOGIES __________________________



Table 7: Comparison of the molecular bond angles of trans-propenal calculated by various methods and basis sets with the experimental
values.

Models Basis sets
Bond angles between

H2–C1–H3 H2–C1–C4 H3–C1–C4 C1–C4–H5 C1–C4–H6 H5–C4–C6 C4–C6–H7 C4–C6–O8 H7–C6–O8

6-31+g(d,p) 116.799 121.067 122.133 122.342 121.089 116.569 115.154 124.162 120.684

B3LYP 6-31++g(d,2p) 116.834 121.043 122.123 122.314 121.153 116.533 115.123 124.165 120.712

6-311++g(d,2p) 116.849 120.973 122.177 122.347 121.069 116.583 114.830 124.348 120.822

6-31g 116.488 121.219 122.22 122.091 121.314 116.596 115.381 123.994 120.626

B3PW91 6-31++g(d,2p) 116.699 121.104 122.196 122.363 120.926 116.711 115.126 124.248 120.625

6-311+g(d,2p) 116.922 120.852 122.226 122.414 120.821 116.766 114.689 124.414 120.897

6-31g 116.516 121.201 122.284 122.146 121.259 116.594 115.443 123.945 120.612

MPW1PW91 6-31++g(d,2p) 116.938 120.930 122.131 122.419 120.864 116.717 115.023 124.176 120.800

6-311++g(d,2p) 116.964 120.807 122.227 122.491 120.714 116.794 114.691 124.394 120.914

6-311g 116.573 121.132 122.295 122.136 121.724 116.139 115.404 123.451 120.604

PBEPBE 6-31++g(d,2p) 116.976 120.764 122.260 122.329 120.985 116.685 114.796 124.334 120.870

6-311++g(d,2p) 116.998 120.664 122.337 122.394 120.846 116.762 114.486 124.549 120.964

Expt.q 118.0 119.8 122.2 122.4 120.3 117.3 114.7 123.9 121.3
q
Ref. [13].
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Figure 2: Observed trace of the K−1 = 3 doublet of J = 9←8 transi-
tion of trans-propenal produced by DC discharge.

is −5219.204 eV and the dipole moment is 3.481 D. The
number and labeling of atoms in propenal molecule as
shown in Figure 4. Bond lengths and angles have been
computed using different models and basis sets and are
shown in Tables 6 and 7, respectively.

5. Conclusion

An efficient method of generating trans-propenal (trans-
acrolein) in the gas phase by applying a DC glow discharge
through a low pressure vapor of allyl alcohol inside the
absorption cell has been presented. The gas phase rotational
spectra of the trans conformer of propenal produced in
this way has been recorded and analyzed in the frequency
range 60.0–99.0 GHz for the ground as well as three torsional
excited states (v = 1, 2 and 3). The asymmetric top K−1 K+1-
components of different transitions having J values 6 to 10
have been measured. The observed transition frequencies
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Figure 3: Plot of the variation of inertia defect values with tor-
sional state quantum number for trans-propenal and some other
molecules.

along with the previously reported data [1, 3, 14] were
fitted to a standard asymmetric-top Watson’s S-reduction
Hamiltonian (Ir-representation) to determine ground state
rotational and centrifugal distortion constants. Analysis of
the rotational transitions for the three excited torsional states
has been extended up to 99.0 GHz which has enabled us to
determine the three rotational and two centrifugal distortion
constants. The small negative value of the inertia defect

(Δ = −0.018uÅ
2
) in the ground vibrational state (v = 0)

and the linear variation of the inertia defect values with
torsional quantum number (v = 1, 2, 3) demonstrate that
the equilibrium configuration of trans-propenal is planar as
noticed in case of 3-fluorobenzaldehyde, benzoyl fluoride,
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Figure 4: Optimized geometry of trans-propenal molecule and the
numbering of atoms

and nitrobenzene (Figure 4). The existence of a slightly
bent or twisted–COH group would have resulted in a zig-
zag behavior in the variation of inertia defect values with
torsional quantum number as observed in the case of
2-fluorostyrene (Figure 4). To compare the experimental
results with theory, DFT calculations were performed using
various models and basis sets. However, it was found that
MPW1PW91 model with 6-31++g (d, 2p) basis set produced
the best values of rotational and quartric centrifugal distor-
tion constants which are close to the experimental values.
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Nanoparticle-based contrast agents are expected to play a major role in the future of molecular imaging due to their many
advantages over the conventional contrast agents. These advantages include prolonged blood circulation time, controlled biological
clearance pathways, and specific molecular targeting capabilities. Recent studies have provided strong evidence that molecularly
targeted nanoparticles can home selectively onto tumors and thereby increase the local accumulation of nanoparticles in tumor
sites. However, there are almost no reports regarding the number of nanoparticles that bind per cell, which is a key factor that
determines the diagnostic efficiency and sensitivity of the overall molecular imaging techniques. Hence, in this research we have
quantitatively investigated the effect of the size of the nanoparticle on its binding probability and on the total amount of material
that can selectively target tumors, at a single cell level. We found that 90 nm GNPs is the optimal size for cell targeting in terms
of maximal Au mass and surface area per single cancer cell. This finding should accelerate the development of general design
principles for the optimal nanoparticle to be used as a targeted imaging contrast agent.

1. Introduction

Imaging plays a critical role in overall cancer management;
in diagnostics, staging, radiation planning, and evaluation
of treatment efficiency. Conventional imaging technologies
for cancer detection such as CT, MRI, and ultrasound can
be categorized as structural imaging modalities. They are
able to identify anatomical patterns and to provide basic
information regarding tumor location, size, and spread based
on endogenous contrast. However, these imaging modalities
are not efficient in detecting tumors and metastases that
are smaller than 0.5 cm [1], and they can barely distinguish
between benign and cancerous tumors. Molecular imaging is
an emerging field that integrates molecular biology, chem-
istry, physics, and medicine in order to gain understanding
regarding biological processes and to identify diseases based
on molecular markers, which appear before the clinical
presentation of the disease.

Recently, much research has focused on the develop-
ment of targeted nanoparticles for use as contrast agents
for molecular imaging. These include superparamagnetic
nanoparticles for MRI [2–6], quantum dots for optical

imaging [7–9], and gold nanoparticles (GNPs) for optical
imaging [10, 11] and CT [12–14].

GNPs are a class of contrast agents with unique optical
properties. They are well known for their strong interactions
with visible light through the resonant excitations of the
collective oscillations of the conduction electrons within the
particles [15]. As a result, local electromagnetic fields near
the particle can be many orders of magnitude higher than the
incident fields, and the incident light around the resonant-
peak wavelength is scattered very strongly. The resonance
condition is determined from absorption and scattering
spectroscopy and is found to depend on the shape, size, and
dielectric constants of both the metal and the surrounding
material. This localized surface plasmon resonance (LSPR)
has led to the development of a wide range of biochemical
detection assays [16] and various nanoprobes for optical
imaging of cancer [17, 18].

In order to study whether incubation of the cancer cells
with different sizes of GNPs can improve the coverage of the
cells’ surface, 15, 70, and 150 nm GNPs were incubated with
head and neck cancer cells (A431) in different incubation
orders, as illustrated in Table 2. We hypothesized that small
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GNPs, when introduced to the cells in a second cycle (after
larger GNPs were incubated), will fill the gaps between the
larger GNPs on the cells’ surfaces.

GNPs are also an ideal CT contrast agents. The ability
of CT to distinguish between different tissues is based
on the fact that different tissues provide different degrees
of X-ray attenuation, where the attenuation coefficient is
determined by the atomic number and electron density
of the tissue; the higher the atomic number and electron
density, the higher the attenuation coefficient. The atomic
number and electron density of gold (79 and 19.32 g/cm3,
resp.) are much higher than those of the currently used
iodine (53 and 4.9 g/cm3) and, therefore, gold induces a
strong X-ray attenuation. When the gold particles are linked
to specific-targeting ligands, such as monoclonal antibodies
or peptides, these nanoparticles can selectively tag a wide
range of medically important targets, for example, specific
cancer cells, with high affinity and specificity. In addition,
gold nanoparticles proved to be nontoxic and biocompatible
in vivo [19, 20].

Recently, Hainfeld et al. [21] showed that GNPs can
enhance the visibility of millimeter-sized human breast
tumors in mice, and that active tumor targeting (with anti-
Her2 antibodies) is more efficient than passive targeting.
They also showed that the specific uptake of the targeted
GNPs in the tumor’s periphery was 22-fold higher than
in surrounding muscle. Another recent study demonstrated
enhanced CT attenuation of bombesin-functionalized GNPs
that selectively targeted cancer receptor sites that are over-
expressed in prostate, breast, and small-cell lung carcinoma
[22]. In our own research, [23], we recently demonstrated
that a small tumor, which is currently undetectable through
anatomical CT, is enhanced and becomes clearly visible by
the molecularly-targeted GNPs. We further showed that the
CT number of molecularly targeted head and neck tumor is
over five times higher than the corresponding CT number
of an identical but untargeted tumor, and that active tumor
targeting is more efficient and specific than passive targeting.

These studies have provided strong evidence that
nanoparticles accumulate in vivo on the tumor. However,
there are almost no reports regarding the number of
nanoparticles that bind per cell, which is a key factor
that determines the diagnostic efficiency and sensitivity of
the overall molecular imaging techniques. Hence, in this
research, we have quantitatively investigated the effect of the
size of the nanoparticle on its binding probability and on the
total amount of material that can selectively target tumors,
on a single cell level. We have further investigated the ability
to increase the amount of contrast material that binds per cell
by simultaneously targeting nanoparticles in different sizes or
in consequent cycles.

2. Methods

2.1. Gold Nanospheres Synthesis, Conjugation, and Char-
acterization. Gold nanospheres (10, 15, and 30 nm) were
synthesized by citrate reduction according to the method
described by Turkevitch et al. [24]. Larger GNPs (70, 90, and
150 nm) were synthesized using the seed mediated growth

method [25]. Briefly, gold seeds were synthesized using an
aqueous HAuCl4 solution (0.25 mL of 0.05 M solution) and
adding it to 50 mL H2O and boiling. After boiling, 1.75 mL
of 1% citrate (1.75 mL of a solution that was 114 mg in
10 mL H2O) were added to the solution and stirring was
continued for 20 min. The solution was cooled to room
temperature and used directly for further experiments. This
method produced gold nanospheres with a diameter of
15 nm [26]. In order to enlarge the nanoparticles, 170 mL
DD water along with 0.44 mL of 1.4 M HAuCl4 and 26 mL
seed solution to make 90 nm GNPs or 31 mL seed solution to
make 70 nm GNPs was added to a 400 mL Erlenmeyer flask.
Then, 3.72 mL of 0.1 M 2-mercaptosuccinic acid (MSA) was
added as the reducing agent. The solution was stirred for
1 min and left overnight. According to this method 70 and
90 nm gold nanospheres were synthesized.

In order to prevent aggregation and to stabilize the
particles in physiological solutions, a layer of polyethylene
glycol (mPEG-H) was absorbed onto the GNPs. This layer
also provides the chemical groups that are required for
antibody conjugation (SH-PEG-COOH). The SH-PEG layer
consisted of a mixture of 15% SH-PEG-COOH (Mw. 3400)
and 85% SH-PEG-methyl (Mw. 5000), both obtained from
Creative PEGWorks, Winston Salem, NC. The PEG solution
was added to the GNPs solution and stirred for 3 hours.
It was then centrifuged in order to get rid of excess PEG
citrate and MSA. The ratio of PEG molecules to GNPs was
calculated based on a footprint area of 0.35 nm2 [27].

2.1.1. Conjugation of Antibodies to GNPs. In order to specif-
ically bind to the SCC cancer cells, anti-EGFR (epidermal
growth factor receptor, Erbitux, Merck KGaA), antibodies,
which bind exclusively to the EGF receptor, were conjugated
to the outer coating of the nanoparticles. The interaction
between the GNP and the antibody are based on electrostatic
attraction between the negatively charged heterofunction
PEG (SH-PEG-COOH) and the positive segment of the
antibody in pH 7.4.

EGFR conjugation to 70 nm GNPs: 1.31 mg of SH-PEG-
COOH and 11 mg of SH-PEG were dissolved in 2 mL DD
water and added to the GNPs solution with stirring for 3
hours. The solution was centrifuged and 15 mL of 5 mg/mL
of anti-EGFR were added to the solution with stirring for 1
hour in order to get rid of excess anti-EGFR. The solution
was kept at 4◦C. The conjugation of anti-EGFR to all
other GNPs sizes was achieved using the same method with
different quantities.

2.2. In Vitro Cell Targeting Study Using GNPs. In order
to study the effect of nanoparticle size on its binding
probability, 15, 70, and 150 nm GNPs were incubated with
head and neck cancer cells (A431); (Group A with 15 nm
GNPs, group B with 70 nm GNPs, and group C with 150 nm
GNPs.) A431 cells (1.5 × 106) in 5 mL DMEM medium
containing 5% FCS, 0.5% penicillin, and 0.5% glutamine
were incubated for a quantitative cell binding study (each
experimental group was run in triplicate). Each group was
incubated 3 times with access amount of anti-EGFR-coated
GNPs for 30 minutes at 37◦C. After incubation, the medium
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Table 1: The effect of each additional incubation cycle on the amount of contrast material that binds per cell. Each cell sample contained
1.5 × 106 cells. The cells were incubated with the different sized GNPs in consequent cycles for 30 min at 37◦C each cycle. Each experimental
group was run in triplicate. The GNPs were added in excess.

The effect of each additional incubation cycle Cell type GNPs size (nm) Comment

A A431 90

The cells were incubated with the GNPs in consequent cycles
B A431 90, 90

C A431 90, 30

D A431 90, 30, 10

Table 2: The effect of incubation of different sized GNPs in consequent cycles experiment. Each cell sample contained 1.5 × 106 cells. The
cells were incubated with the different sized GNPs in consequent cycles for 30 min at 37◦C each cycle. Each experimental group was run in
triplicate. The GNPs were added in excess amount.

The effect of combination of different sized
GNPs in consequent cycles

Cell type GNPs size (nm) Comment

A A431 15, 70, 150 The cells were incubated with the
different size of GNPs in
consequent cycles

B A431 150, 70, 15

C A431 150, 150, 150

was washed twice with PBS followed by addition of 1 mL of
aqua-regia. After evaporation of the acid, the sediment was
dissolved in 5 mL of 0.05 M HCl. The gold concentrations
of the samples were quantified by Flame Atomic Absorption
Spectroscopy (SpectrAA 140, Agilent Technologies).

We have further investigated whether we are able to
increase the amount of contrast material that binds per cell
by subsequent cycles of binding, and how many GNPs can
bind to a single cancer cell after each cycle of incubation.
Therefore, 90, 30, and 10 nm GNPs were incubated in
consequent cycles with the A431 cells (each cycle for 30 min
at 37◦C) as illustrated in Table 1. After each incubation cycle,
the amount of gold (Au mass/cell) was measured using FAAS.
Then, the number of GNPs that were bound in each cycle
could be calculated.

3. Results and Discussion

3.1. Gold Nanospheres Synthesis, Conjugation and Character-
ization. We have successfully synthesized GNPs in various
sizes, ranging from 10 nm up to 150 nm. Figure 1 shows
TEM images of 10, 30, 70, and 150 nm GNPs. As can be
seen, the small GNPs (∼10 nm) have a relatively large size
distribution (25%, Figure 1(a)), while particles that are larger
than 30 nm are more homogeneous with a very narrow
size distribution (Figures 1(b), 1(c), and 1(d)). The surface
plasmon resonances of the various size GNPs are illustrated
in Figure 2. It can be seen that when the nanospheres are
enlarged there is a red shift in the surface plasmon resonance
of the particles (from 525 nm to 580 nm).

GNPs were successfully coated with PEG and anti-EGFR
antibody. The antibody conjugated GNPs were stable for up
to three months, confirmed by their maintenance of the same
plasmon resonance.

3.2. Quantitative Investigation of the Size Effect of the
Nanoparticle on Its Binding Probability. Before studying the

effect of nanoparticle size on its binding probability, we
have evaluated the specificity of the interaction between
the antibody-coated GNPs and the A431 SCC cancer cells
(which highly express the EGF receptor). Two types of GNPs
(50 µL of 25 mg/mL) were introduced to the SCC head and
neck cancer cells (2.5 × 106 cells). The first was specifically
coated with anti-EGFR antibody, while the second, which
was used as a negative control, was coated with a nonspecific
antibody (anti-Rabbit IgG). Atomic absorption spectroscopy
measurements quantitatively demonstrated that the active
tumor targeting (anti-EGFR coated GNPs) was significantly
more specific than the control experiment (anti-Rabbit IgG
coated GNPs). The A431 cells took up 26.3 ± 2.3µg of
targeted GNPs (3.9 × 104 GNPs per A431 cell); while
parallel cells in the negative control experiment absorbed
only 0.2 ± 0.01µg of GNPs (3.4 × 103 GNPs per cell).
Our results correlate well with previously published studies,
which report that head and neck SCC express from 2 × 104

to 2 × 106 EGFRs/cell [28, 29].
In order to quantitatively investigate the effect of

nanoparticle size on its binding probability (on a single
cell level), head and neck cancer cells were incubated with
different size GNPs (15, 70, and 150 nm) for 30 min. For
maximal binding, the particles were incubated three times
with the cancer cells. Figure 3 shows the total amount of
gold (Au mass/cell) that binds per cell for nanoparticles
of different sizes (15, 70, and 150 nm). The results clearly
demonstrate that larger particles produce larger amounts of
gold per cancer cell. For the 15 nm GNPs, only 0.0018 ng of
gold was bound to a single cancer cell (A431) while for the
largest particles, 150 nm, 0.145 ng of gold was bound to a
single cancer cell.

Once we have quantitatively measured (using FAAS) the
total amount of gold that was bound to a single cancer cell,
the exact number of nanoparticles and the GNPs’ surface
area per cancer cell could then be calculated. Table 3 shows
the total Au mass, the number of GNPs of different sizes,
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Figure 1: TEM images of different sized GNPs (a) 10 nm, (b) 30 nm, (c) 70 nm, and (d) 150 nm.

Table 3: Quantitative analysis: number of GNPs of different sizes
that are bound to a single cancer cell, total Au mass and the GNPs’
surface area per single cell.

GNP size
(nm)

Number of
GNP per cell

Au/cell
(ng)

Total surface area
(m2)

15 54000 0.00186 3.8× 10−11

30 39000 0.01 1.1× 10−10

90 12000 0.124 3.05× 10−10

150 4200 0.145 2.9× 10−10

and the surface area of the GNPs that are bound to a single
cancer cell.

These results clearly demonstrate that smaller particles
have a higher probability to bind to cancer cells (via antibody-
antigen interaction) than larger particles (Figure 4(a)). The
probability of 15 nm GNPs to bind to cancer cells is about 13

times more than the probability of 150 nm GNPs. However,
larger particles produce larger amounts of Au mass per cell,
as well as larger surface area, as illustrated in Figures 4(b)
and 4(c). Nevertheless, particles larger than 90 nm only
slightly increased the Au mass/cell and the surface area/cell.

We have further investigated whether incubation of the
cancer cells with different sizes of GNPs can improve the
coverage of the cells’ surface. We have hypothesized that
small GNPs, when introduced to the cells in a second cycle
(after larger GNPs were incubated), will fill the gaps between
the larger GNPs on the cells’ surface. However, as can be seen
in Figure 5, maximum coverage (or max. Au mass/cell) was
obtained for the largest GNPs (column C, 0.14 ngr Au/cell). It
has also been demonstrated that the order of the incubation
(between the cells and the GNPs) is critical. When 15 nm
GNPs were introduced first to the cells, overall, a much
smaller amount of gold was bound (column A).
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Figure 2: UV-Vis spectroscopy of 10, 30, 70, and 150 nm gold
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Figure 3: Quantitative measurements using FAAS of Au mass/cell
for different sizes of GNPs. Each cell sample contained 1.5 ×
106 cells and was incubated 3 times with the GNPs. The GNPs were
added in excess. The error bars represent the standard deviation of
three samples.

We have further investigated whether we are able to
increase the amount of contrast material that binds per cell
by consequent cycles of binding, and how many GNPs were
bound to a single cancer cell after each cycle of incubation.
As seen in Figure 6, the first incubation is the most critical.
After one incubation with 90 nm GNPs, 0.1048 ngr of gold
(=14258 GNPs) was bound to a single cancer cell. In the
second cycle of incubation with 90 nm GNPs (Figure 6,
column B), only a relatively small number of GNPs were
bound (2742 90 nm GNPs (20%)). Adding smaller GNPs (30
and 15 nm, Figure 6 columns C and D) barely influenced the
amount of gold per cell (0.0015 ngr (5772 30 nm GNPs (1%)
for 30 nm GNPs, and 0 ngr for the 15 nm GNPs). It has been
also demonstrated that the first antibody antigen interaction
(first incubation between the cells and the GNPs) is the most
effective (Figure 6, column A).

4. Summery and Conclusions

In order to develop general design principles for nanopar-
ticles to be used as in vivo imaging contrast agents, we
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Figure 4: correlation between GNPs’ sizes, number, mass and
surface area for a single cancer cell: (a) number of GNP per cell,
(b) Au mass/cell, (c) surface area/cell.
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Figure 5: Atomic absorption measurement of gold per cell. Each
column shows 3 incubations differing in GNP size and order of
application.
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Figure 6: Atomic absorption measurement of gold concentration
per cell for various cycles and different sizes of GNPs.

have quantitatively investigated the effect of the size of the
nanoparticle on its binding probability and on the total
amount of material that can selectively target tumors, on a
single cell level. We found that 90 nm GNPs are the optimal
size for cell targeting both in terms of maximal Au mass and
surface area per single cell. For in vivo applications, 90 nm is
in the right size range since the particles should be larger than
∼15 nm to avoid rapid clearance by the kidneys or uptake in
the liver, and smaller than ∼150 nm to avoid filtration in the
spleen [30]. It has been demonstrated that smaller particles,
despite having higher binding probability, produce a smaller
amount of Au mass per cell as well as a smaller surface area.
Particles that are larger than 90 nm only slightly increased
the Au mass/cell and decreased the surface area/cell. It has
been also demonstrated that the first incubation is the most
critical. However, subsequent incubation can increase the
amount of contrast material by about 20%. The results
of this study should accelerate the development of general
design principles for the optimal nanoparticle to be used as a
targeted imaging contrast agent.
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We use sets of de Broglie-Bohm trajectories to describe the quantum correlation effects which take place between the electrons
in helium atom due to exchange and Coulomb interactions. A short-range screening of the Coulomb potential is used to modify
the repulsion between the same spin electrons in physical space in order to comply with Pauli’s exclusion principle. By calculating
the electron-pair density for orthohelium, we found that the shape of the exchange hole can be controlled uniquely by a simple
screening parameter. For parahelium the interelectronic distance, hence the Coulomb hole, results from the combined action of
the Coulomb repulsion and the nonlocal quantum correlations. In this way, a robust and self-interaction-free approach is presented
to find both the ground state and the time evolution of nonrelativistic quantum systems.

1. Introduction

The electronic many-body problem is of key importance
for the theoretical treatments of physics and chemistry. A
typical manifestation of the quantum many-body effects is
the electron correlation which results from the Coulomb
and exchange interactions between the electrons combined
with the underlying quantum nonlocality. Since in general
the electron correlation reshapes the probability density in
configuration space, it is difficult to elucidate this effect for
higher dimensions.Therefore, to better understand the effects
of electron correlation in atoms and molecules, one needs,
besides one-particle quantities such as the electron density
function, to consider also extensions which explicitly incor-
porate many-body effects. Such an appropriate quantity is
the electronic pair-density function which represents the
probability density of finding two electrons at distance u from
each other [1, 2]:

𝐼 (u, 𝑡) = ⟨Ψ (R, 𝑡)
󵄨󵄨󵄨󵄨󵄨󵄨󵄨󵄨󵄨󵄨󵄨

∑

𝑖<𝑗

𝛿 [(r
𝑖
− r
𝑗
) − u]

󵄨󵄨󵄨󵄨󵄨󵄨󵄨󵄨󵄨󵄨󵄨

Ψ (R, 𝑡)⟩ ,

(1)

where r
𝑖
is the position of the 𝑖th electron and the many-

body wave function Ψ(R, 𝑡) resides in configuration space

with arguments being the instantaneous coordinates of all
electrons R = (r

1
, r
2
, . . . , r

𝑁
).

The importance of the electron-pair density, also known
as electron position intracule, comes from the fact that it
can be associated with experimental data obtained from
X-ray scattering, and it can also be used to visualize the
notion of exchange and correlation holes which surround
the quantum particles. However, the calculation of the many-
body wave function in (1) is hampered by the computational
cost which scales exponentially with system dimensionality.
Therefore, different approximations have been employed in
order to calculate the electronic pair densities. These include
Hartree-Fock (HF) approximation as well as Hylleraas type
explicitly correlated wave functions represented as product
of HF function and pair-correlation factors [3–6]. Other
(e.g., quantum Monte Carlo [7]) approaches use appropriate
Slater-Jastrow-typemany-bodywave functionswhich involve
number of parameters, which after optimization can be used
to calculate the average in (1).

Here we calculate the electron-pair densities for helium
atom in 2 1S and 2 3S states using the recently proposed time-
dependent quantum Monte Carlo (TDQMC) method which
employs sets of particles and quantum waves to describe the
ground state and the time evolution ofmany-electron systems
[8–13]. In TDQMC each electron is described statistically
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 as an ensemble of walkers which represent different replicas
of that electron in position space, where each walker is
guided by a separate time-dependent de Broglie-Bohm pilot
wave. The correlated guiding waves obey a set of coupled
time-dependent Schrödinger equations (TDSE), where the
electron-electron interactions are accounted for using explicit
nonlocal Coulomb potentials. In the TDQMC algorithm
the preparation of the ground state of the quantum system
involves a few steps which include initialization of the Monte
Carlo (MC) ensembles of walkers and guide waves, followed
by their concurrent propagation in complex time toward
steady state in the presence of random component in walker’s
motion to account for the processes of quantum drift and
diffusion. Once the ground state is established, the real-
time quantum dynamics can be studied, for example, the
interaction of atoms andmolecules with external electromag-
netic fields. The large speedup of the calculations when using
TDQMCcomes from the fact thatwalker’s distribution repro-
duces the amplitude (or modulus square) of the many-body
wave function, while its phase is being disregarded as it is not
needed for most applications. Also, the TDQMCmethod can
be implemented very efficiently on parallel computers where
tens of thousands of coupled Schrödinger equations can be
solved concurrently for affordable time.

2. General Theory

The TDQMC is an ab initio method with respect to the
electron correlation in that it does not involve explicit pair-
correlation factors which may become too complex when
used for larger systems. For a system of 𝑁 electrons, the
many-body wave function obeys the Schrödinger equation:

𝑖ℎ
𝜕

𝜕𝑡
Ψ (R, 𝑡) = − ℎ

2

2𝑚
∇
2
Ψ (R, 𝑡) + 𝑉 (R) Ψ (R, 𝑡) , (2)

where ∇= (∇
1
,∇
2
, . . . ,∇

𝑁
). The potential 𝑉(R) in (2) is a sum

of electron-nuclear, electron-electron, and external poten-
tials:

𝑉 (r
1
, . . . , r

𝑁
) = 𝑉
𝑒−𝑛
(r
1
, . . . , r

𝑁
) + 𝑉
𝑒−𝑒
(r
1
, . . . , r

𝑁
)

+ 𝑉ext (r1, . . . , r𝑁, 𝑡) =
𝑁

∑

𝑘=1

𝑉
𝑒−𝑛
(r
𝑘
)

+

𝑁

∑

𝑘>𝑙

𝑉
𝑒−𝑒
(r
𝑘
− r
𝑙
) + 𝑉ext (r1, . . . , r𝑁, 𝑡) .

(3)

For Hamiltonians with no explicit spin variables the
exchange effects can be accounted for efficiently using
screened Coulomb potentials as described in [10].The simple
idea behind this approach is that the short-range screened
Coulomb potential ensures full-scale Coulomb interaction
between only electron replicas (MC walkers) which are not
too close to each other, in accordance with Pauli’s exclusion
principle. The use of screened Coulomb potentials is benefi-
cial in that it eliminates the need of using antisymmetrized
products of guiding waves in the Broglie-Bohm guiding

equation for the velocity of the walkers. Instead, the many-
body wave function is replaced by a simple product:

Ψ
𝑘
(r
1
, r
2
, . . . , r

𝑁
, 𝑡) =

𝑁

∏

𝑖=1

𝜑
𝑘

𝑖
(r
𝑖
, 𝑡) , (4)

where 𝜑𝑘
𝑖
(r
𝑖
, 𝑡) denote the individual time-dependent guide

waves with indexes 𝑖 and 𝑘 for the electrons and the walkers,
respectively.Then, the guiding equations for theMonte Carlo
walkers read

k (r𝑘
𝑖
) =

ℎ

𝑚
Im[ 1

𝜑
𝑘

𝑖
(r
𝑖
, 𝑡)
∇
𝑖
𝜑
𝑘

𝑖
(r
𝑖
, 𝑡)]

r𝑖=r𝑘𝑖 (𝑡)
. (5)

On the other side, the guide waves obey a set of coupled
TDSE:

𝑖ℎ
𝜕

𝜕𝑡
𝜑
𝑘

𝑖
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𝑖
, 𝑡) =[−

ℎ
2
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𝑒−𝑛
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𝑖
)

+

𝑁

∑
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eff
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𝑖
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(𝑡)]

+𝑉ext (r𝑖, 𝑡)] 𝜑
𝑘
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(r
𝑖
, 𝑡) ,

(6)

where the effective electron-electron potential𝑉eff
𝑒−𝑒
[r
𝑖
− r𝑘
𝑗
(𝑡)]

is expressed as a Monte Carlo sum over the smoothed walker
distribution [9]:

𝑉
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(7)

where

𝑍
𝑘

𝑗
=

𝑀
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) , (8)

where𝐾 is a smoothing kernel and𝑍𝑘
𝑗
is the weighting factor.

The width 𝜎𝑘
𝑗
(r𝑘
𝑗
, 𝑡) of the kernel in (7) is a measure for the

characteristic length of nonlocal quantum correlationswithin
the ensemble of walkers which represent the 𝑗th electron.
In practice, the parameter 𝜎𝑘

𝑗
(r𝑘
𝑗
, 𝑡) is determined by varia-

tionally minimizing the ground state energy of the quantum
system [13].

In our calculation a Coulomb potential screened by an
error function is used [10]:

𝑉
scr
𝑒−𝑒
[r
𝑖
− r𝑙
𝑗
(𝑡)] = 𝑉𝑒−𝑒 [r𝑖 − r

𝑙

𝑗
(𝑡)] erf [

[

󵄨󵄨󵄨󵄨󵄨
r
𝑖
− r𝑙
𝑗
(𝑡)
󵄨󵄨󵄨󵄨󵄨

𝑟
𝑠

𝑗
𝛿
𝑠𝑖,𝑠𝑗

]

]

,

(9)

where the Kronecker symbol 𝛿
𝑠𝑖,𝑠𝑗

restricts the screening
effect to the repulsion between only the same-spin walkers,
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while the value of screening parameter 𝑟𝑠
𝑖
is estimated from

the Hartree-Fock approximation.
In the approach outlined previously, a self-interaction-

free dynamics in physical space is achieved, where the sep-
arate walkers do not share guiding waves which represent
different distributions. In order to calculate the many-body
probability distribution in configuration space, a separate
auxiliary set of walkers with primed coordinates r󸀠𝑘

𝑖
is intro-

duced which is guided by an antisymmetric wave function:

k󸀠 (r󸀠𝑘
𝑖
)

=
ℎ

𝑚
Im[ 1

Ψ󸀠𝑘 (r󸀠
1
, . . . , r󸀠

𝑁
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∇
𝑖
Ψ
󸀠𝑘
(r󸀠
1
, . . . , r󸀠

𝑁
, 𝑡)]

r󸀠
𝑗
=r󸀠𝑘j (𝑡)

,

(10)

whereΨ󸀠𝑘(r󸀠
1
, . . . , r󸀠

𝑁
, 𝑡) is an antisymmetrized product (Slater

determinant or a sum of Slater determinants) of the time-
dependent guide waves 𝜑𝑘

𝑖
(r
𝑖
, 𝑡) of (6):

Ψ
󸀠𝑘
(r󸀠
1
, r󸀠
2
, . . . , r󸀠

𝑁
, 𝑡) = 𝐴

𝑁

∏

𝑖=1

𝜑
𝑘

𝑖
(r󸀠
𝑖
, 𝑡) . (11)

From (10) and (11) one can see that each walker with
primed coordinates samples the many-body wave function,
and thus it belongs to all guide waves (i.e., it represents an
indistinguishable electron). The distribution of these walkers
can be used to directly estimate the average in (1) by reducing
it to (for states with spherical symmetry)

𝐼 (𝑢, 𝑡) ∝ ∑

𝑖

𝐾
𝑖
[

󵄨󵄨󵄨󵄨󵄨
𝑟
󸀠𝑖

12
(𝑡) − 𝑢

󵄨󵄨󵄨󵄨󵄨

𝜎
𝑖

12

] , (12)

where 𝑟󸀠𝑖
12
(𝑡) = |r󸀠𝑖

1
(𝑡)− r󸀠𝑖

2
(𝑡)|. In other words, the pair-density

function can be simplified to a smoothed histogram (or a
kernel density estimation with kernel 𝐾

𝑖
and bandwidth 𝜎𝑖

12

[14]) over the ensemble of the distances between the primed
walkers.

3. Exchange and Coulomb
Correlations in Helium

The two major sources of electron-electron correlation are
due to the symmetry of the quantum state and due to the
Coulomb repulsion. Here we consider first the effect of the
exchange correlation on the pair-density function of helium
atom. Although the electron-pair densities for helium have
been analyzed by different techniques, they have never, to
the author’s knowledge, been studied using time-dependent
methods.

In order to examine the electron correlation which is
due to the exchange interaction, we consider the spin-triplet
ground state of helium (orthohelium).The preparation of the
ground state is described elsewhere [11, 12]. In the calculation
here we use up to 100 000 Monte Carlo walkers and the same
number of guiding waves, which are propagated over 2000
complex time steps (see (5) through (10)) in the presence
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Figure 1: Radial electron density for the ground state of orthohe-
lium, forMCwalkers guided in physical space (blue and green lines),
and for MC walkers guided in configuration space (red line). The
inset shows the projection of the coordinates of the MC walkers in
the x-y plane.

of random component in walker’s motion such that each
walker samples the distribution given by its own guiding
wave. In order to determine the screening parameter 𝑟𝑠

𝑖
of

(9), we invoke the Hartree-Fock approximation, where for
𝜎
𝑘

𝑗
(r𝑘
𝑗
, 𝑡) → ∞ the Coulomb potential in (7) reduces to a

simple (unweighted) sum of the Coulomb potentials due to
all walkers. Because of the spherical symmetry of the 2 3S
state 𝑟𝑠

𝑖
is being varied until minimizing the mean integrated

squared error of the walker’s distribution against the prob-
ability distribution obtained from an independent Hartree-
Fock solution (e.g., in [15]). Figure 1 shows the probability
distributions obtained from TDQMC for the optimizing
value of 𝑟𝑠

𝑖
= 𝑟
𝑠
= 1.13 a.u. in (9). The blue and the green

lines show the densities of the walkers guided in physical
space (see (5) through (9)), respectively, while the red line
represents the radial distribution of the walkers guided in
configuration space (see (10)). In these calculations a new
accurate algorithm for kernel density estimation was used
[16]. Notice that all probability distributions throughout this
paper are normalized to unity.

The electron-pair density for the ground state was cal-
culated very efficiently by simply performing kernel density
estimation over the ensemble of distances between the
primed walkers. The result is shown in Figure 2(a) where the
blue and the red lines present the cases with and without
exchange interaction, respectively. The lack of exchange
(𝑟𝑠
𝑖
→ 0 in (9)) leads to a full (unscreened) Coulomb

repulsion, which in the limit of infinite nonlocal correlation
length (𝜎𝑘

𝑗
(r𝑘
𝑗
, 𝑡) → ∞) becomes equivalent to the Hartree

approximation. Figure 2(b) shows the difference between the
two curves in Figure 2(a), which in fact depicts the shape
of the exchange hole for the 2 3S state of helium (see also
e.g., [5]). Note that the exchange hole in our calculation
may differ from other results because the distribution of the
Monte Carlo walkers varies in radial direction as 𝑟2𝑅2(𝑟)
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Figure 2: Electron-pair density as function of the interelectronic distance, for the ground state of orthohelium. (a) Red line—no screening
(no exchange), blue line—short-range screened Coulomb potentials. Exchange hole (b) for screened Coulomb potentials (black) and for
Hartree-Fock exchange (green).
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Figure 3: Radial electron density for the ground state of parahelium,
for MC walkers guided in physical space (red line), and from
the Hartree-Fock approximation (blue line). The inset shows the
projection of the coordinates of the MC walkers in the x-y plane.

instead of as 𝑅2(𝑟), where 𝑅(𝑟) is the radial wave function.
The green line in Figure 2(b) shows the exchange hole
obtained from an independentHartree-Fock calculationwith
no potential screening. It is seen that the two curves are
close where the deviations for larger interelectronic distances
are mainly due to the fast decrease of the walker’s density
away from the core. As the screening parameter 𝑟𝑠

𝑖
tends

to zero both the height and the width of the exchange hole
decrease until the two curves in Figure 2(b) become very
close, with the only remaining difference being a result of
purely Coulomb correlations.

For the ground state of the 2 1S (para)helium, the
quantity of interest is the Coulomb hole which occurs due to
the repulsion of the closely spaced walkers. Figure 3 shows
the probability distribution of the ground state walkers as
compared to the Hartree-Fock calculation, while Figure 4(a)
depicts the corresponding interelectronic distances for the

two cases. The Coulomb hole calculated as the difference
between the two curves is presented in Figure 4(b) which is
close to previous results by othermethods [3]. As the nonlocal
correlation length 𝜎𝑘

𝑗
(r𝑘
𝑗
, 𝑡) tends to infinity, both the height

and the width of the Coulomb hole decrease until the two
curves in Figure 4(b) coincide. Thus, in our approach where
the exchange and the Coulomb correlations are accounted
for by solely modifying the potential of electron-electron
interaction in physical space, the two parameters 𝑟𝑠

𝑖
and

𝜎
𝑘

𝑗
(r𝑘
𝑗
, 𝑡)may ensure a smooth transition between theHartree,

the Hartree-Fock, and the fully correlated approximations to
the electron-electron interaction. It is important to point out
that in the ℎ/𝑚 → 0 limit the quantum drift in (6) vanishes
and so does the width of the quantumwave packet.Therefore,
for an isolated atom the quantum correlation length 𝜎𝑘

𝑗
(r𝑘
𝑗
, 𝑡)

tends to zero in this limit, and if there are no exchange effects
(𝑟𝑠
𝑖
→ 0), the ensemble of quantum particles governed by (5)

and (6) transforms to an ensemble of classical particles with
the only force being due to the standard Coulomb repulsion
between these particles.

4. Conclusions

In this paper, it has been shown that for charged particles, the
quantum correlation effects which occur due to the exchange
and Coulomb correlations can adequately be described by
sets of de Broglie-Bohm walkers within the time-dependent
quantum Monte Carlo framework. A short-range screening
of the Coulomb potential ensures that each replica of a
given electron interacts with only those replicas of the rest
of the same spin electrons which are sufficiently apart to
respect Pauli’s exclusion principle in space. On the other
hand, the electron-electron interaction is modified by the
quantum nonlocality which demands that each replica of
a given electron interacts with the replicas of the other
electrons which are within the range of the nonlocal quantum
correlation length. This concept allows one to build a robust,
self-consistent, and self-interaction-free approach to find
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Figure 4: Electron-pair density as function of the interelectronic distance for the ground state of parahelium. (a) Red line—correlated result,
blue line—Hartree-Fock approximation. The Coulomb hole (b).

both the ground state and the time evolution of quantum
systems. It is demonstrated here that the otherwise awkward
procedure for calculating the pair distribution functions of
para- and orthohelium atom can be simplified to the level
of finding the ground state probability distributions of the
corresponding Monte Carlo walkers.

Besides the relative ease of its implementation, another
advantage of using TDQMC is the affordable time scaling
it offers which is almost linear with the system dimension-
ality. This is especially valid when using multicore parallel
computers where little communication overhead between the
different processes can be achieved, thus utilizing the inher-
ent parallelism of the Monte Carlo methods. This nears the
TDQMC to other efficient procedures for treating many-
body quantum dynamics such as the time-dependent density
functional approximation which, however, suffers systematic
self-interaction problems due to the semiempirical character
of the exchange-correlation potentials.
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Multispark discharge excited in water is described, and its useful physical and chemical properties are discussed in the light of
some environmental issues. Discharge of such a type generates hot and dense plasmoids producing intense biologically active
UV radiation and chemically active radicals, atoms, and molecules. Simultaneously, discharge creates strong hydrodynamic
perturbations and cavitation bubbles. Particular attention is given to factors influencing on water purity with special reference to
discharge application for effective sterilization of water and its cleaning of harmful chemicals. The gas discharges of this type show
considerable promise as a means for solving some actual plasma-chemical problems. The above-mentioned discharge properties
have been demonstrated in a series of laboratory experiments, which proved the efficiency of disinfection of potable and waste
water, water cleaning of pesticide (herbicide) contaminations, and conversion (recovery) of natural methane.

1. Introduction

High voltage electric discharge inwater [1, 2] has been consid-
ered as a potential method of water treatment to kill microor-
ganisms and to clean it of harmful contaminations negating
the use of chemicals that leads to by-products which may
additionally compromise human health [3–5]. Factors favor-
ing their use include the generation of UV radiation, acous-
tic, shock waves, chemically active substances, cavitation
processes, pyrolysis, and hydrolysis. There are also possible
synergetic effects following physical and chemical reactions.

Among the differentmeans of in-liquid electric discharge,
a novel method involvesmultielectrode (multispark) slipping
(gliding) discharges (SSDs) [6] which may have some advan-
tages over the two-electrode systems generally used at present
[1, 7].

The present work describes the construction of a multi-
spark discharger and discusses results of experimental inves-
tigation of SSD-basedmethods ofwater disinfection and their
application in plasma-chemical technology for solving some

of environmental problems, such as conversion (recovery) of
methane (as well as other natural hydrocarbons), and water
cleaning of pesticide (herbicide) contamination.

2. Treatment System

The apparatus used to treat liquids is shown schematically in
Figures 1 and 2. The basic components were a chamber filled
with water, a multielectrode system for exciting of slipping
surface discharge, and high voltage power supply (Figure 1).
The multielectrode discharge system (Figure 2) was similar
in design to that previously described in [6, 8, 9]. The
discharger consisted of a set of annular electrodes mounted
on a dielectric tube surrounding a back-current conductor.
A gas (air, argon, oxygen, etc.) was injected through a set of
holes into water between the electrodes, producing fine gas
bubbles. Discharge in each interelectrode gap was produced
throughout the system, including the metal electrodes, a
dielectric substrate, a gas bubble, and water.
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Figure 1: Scheme of multispark discharge disinfection of water. (1) Chamber; (2)multispark discharger; (3) generator of high voltage pulses;
(4) cleaning water; (5) plasma of gliding discharge.
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Figure 2: Multielectrode gliding surface discharge facility. (1) Electrodes; (2, 3) dielectric tube; (4) back-current rod; (5) discharge plasma;
(6) gas bubbles.

The initial plasma channel may be thought as originating
in ordinary gas discharge in a gas bubble if the electric field
therein is higher than the gas breakdown threshold [10, 11].
But in actual fact, a large (sometimes dominant) part in the
interelectrode plasma formation could be played by a gliding
discharge along the dielectric surface with the subsequent
interaction of discharge plasma with electrodes and explosive
microplasma production on their surface [12] (see Figure 3).
There are just these processes that have been considered to
be operative in the case when multispark discharger works in
the gas medium [13].

When the high voltage pulse is applied to the immersed
in the aqueous medium discharger (shown in Figure 2),
plasma bunches (plasmoids) appear almost simultaneously
between electrodes. Reasoning from their characteristics
these plasmoids can be classified (in accordance with the

recently adopted terminology) as “microplasma” formations,
involved in various applications [14]. According to the results
of previously performed experiments, the electron density in
plasmoids attains 1017 cm−3, and the gas temperature 4000–
5000K [15]. According to [16], explosive metallic plasma is a
source of intensive hard UV radiation.

A typical photograph of the operating system is shown in
Figure 4.

The principal advantage of the multispark system lies in
the following peculiarities of their construction.

(i) The area of the surface of all electrodes contacting
water in the multielectrode version can be minimized
by introducing insulating dielectric screens ensuring
the SSD operation in high-conducting water (up
to conductivities of 104 𝜇S cm−1) without substantial
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Figure 3: Two consecutive phases of plasma production in each interelectrode gap. (1) Electrodes; (2) dielectric tube; (3) back-current rod;
(4) gliding surface discharge; (5)metallic plasma; (6) unipolar arc.

Figure 4: Typical photograph of multispark discharger operating in
water.

reduction of the efficiency of energy supply to the
discharge region.

(ii) Thedischarger has no pointed electrodes; theworking
surface of the electrodes (unprotected by dielectric
screens) is developed and is either a part of cylindrical
surface of tubular electrodes or the plane surface
at the exit sections of the tube. Thus, the principal
advantage of SSD system lies in the decrease in the
discharge load of each electrode (thereby enhancing
the erosion resistance on the system as a whole),
which ultimately substantially increases the lifetime
of the system.

(iii) The dischargers can affect the aqueous (liquid)
medium through several simultaneously acting
mechanisms, among them the direct influence
of discharge plasma, the action of UV radiation
generated by microscopic discharges, the chemical
action of chemically active radicals, atoms, and
molecules produced in discharges, and the hydro-
dynamic action through microscopic cavitation
bubbles.

(iv) Cleansing action and bactericidal effect of a multi-
spark discharge in the water medium unessentially
depend on electrode material. Nevertheless among

the tested metals (Fe, Mo, Cu, Ti, etc.), just stainless
steel and titanium have been selected as materials
exhibiting the most promise for working as a detail
of multispark discharger. Just these two metals have
been used in electrodischarge systems applied in the
General Physics Institute (GPI RAS) for solution of
water purification problems.

(v) The discharge gaps could be distributed in such a way
as to increase the efficiency of the discharge action on
liquids, in particular, by focusing the shock waves and
UV radiation flux [17].

The experiments were conducted using the high volt-
age multichannel (5 channels) generator with the following
parameters: high voltage amplitude, 𝑈 ≤ 20 kV; pulse
repetition frequency,𝑓 ≤ 100Hz; capacitive storage energy of
one channel,𝑊 ≤ 2 J, andpulse duration, 𝜏 ≈ 5 𝜇s.The circuit
of the output stage of each channel is shown in Figure 5. Each
multispark discharger was powered from one channel of a
multichannel generator. The discharge current and voltage
were measured with the aid of a Rogowski coil and voltage
divider.The signals shownon the Figure 6were recordedwith
an oscilloscope (TDS 3012). These measurements allowed
the determination of the energy density (J cm−3) released in
liquid.

3. Multispark Electric Discharge in Water
as a Source of UV Radiation, Ozone, and
Hydrogen Peroxide

Figure 7 shows a schematic of the experiment intended to
investigate a multispark SSD in water as a source of UV
radiation, ozone, and hydrogen peroxide. Multielectrode
discharger (2) is positioned in a cell (1) with water. A
high voltage pulse produces a plasma channel between the
electrodes. The gas leaving the reactor (as a working gas
air or oxygen has been applied) flows into a quartz cell (3)
intended for determining the ozone content by the method
of absorption spectroscopy. In the course of the experiments,
the production ofH

2
O
2
was alsomeasured. UV radiationwas

measured in the presence and absence of water in the reactor
chamber.
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Figure 6: Typical oscillograph trace of SSD current and voltage.

The discharge emission spectrum in the region 230 <

𝜆
𝑑
< 300 nm was measured with the help of an MUM-1

monochromator ((8), Figure 7) and with an FEU-142 photo-
multiplier. Typical spectra of UV emission from the discharge
are shown in Figure 8.

Chemical (actinometric) measurements have been used
as well. In this case, the UV intensity was deduced from
photolysis of an irradiated K

3
Fe(C
2
O
4
)
3
solution with a

phenanthroline admixture.
This techniquewas described in [18] and successfully used

in [13] to study the multispark discharge in gaseous (Ar)
medium.

To measure the O
3
content in the gas flowing from the

reactor, we used both spectroscopic and chemical methods.
The scheme of measurements of the O

3
content in O

2
is

shown in Figure 7. From attenuation of the UV radiation
passing through the cell, the O

3
density in the gas was

determined by the absorption method. The spectral interval
used to determine the ozone content corresponded to the
Hartley absorption band with the maximum near 𝜆

𝑑
≅

255.5 nm.

Air, O2 + O3

Air, O2 + O3
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Figure 7: Experimental layout. (1) Vessel filled with water; (2)
multispark discharger; (3) diagnostic quartz cell; (4) deuterium
lamp; (5) discharge plasma; (6) MDR-3 monochromator; (7) gas
bubbles; (8)MUM-1 monochromator; and (9) quartz window.
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Figure 8: Spectrum of soft UV radiation frommultispark discharge
in the water.

In the case of application of air as working gas, the
O
3
content was determined by the chemical method from

the reaction between O
3
and potassium iodide in the water

solution [19].
Figure 9 shows the ozone density in the diagnostic cell as

a function of the repetition frequency of high voltage pulses
(𝑓) for a discharge in water (for various oxygen flow rates).
Restriction of 𝑓 values by amounts of the order of 100Hz
is not critical and appears explicable only on the basis of
improper technical equipment of laboratory.

In the experiments when the oxygen flow rate through
the interelectrode gaps and the water-filled reactor was 𝑤 ≅

15 L/min, the ozone density in the oxygen flow was equal to
𝑛O3 ≅ (1-2) 1015 cm−3.

The H
2
O
2

content in water treated by the electric
discharge was measured by the iodide-molybdate method
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described in [20] andused in [13] to determine the intensity of
hard UV radiation of the gliding surface discharge in argon.

Themeasurements of hydrogen peroxide production that
were carried out in a discharge in water with injected argon
showed that a series of discharges for 6-7 minutes in 250 cm3
of water produced H

2
O
2
with a mean density of 𝑛H2O2 ≅ 2 ⋅

10
−3mol L−1 ≅ 1.2 ⋅ 1018 cm−3. The energy cost of production

of one H
2
O
2
molecule in this case is ℎH2O2 ≤ 1.5 ⋅ 10

2 eV/mol.
The performed experiments demonstrated that for the

SSD in the water-gas mixture, at least two factors are real-
ized among the factors that are usually invoked to explain
the sterilization effect of electric discharges. These are the
generation ofUV radiation and the production of biologically
active ozone and hydrogen peroxide.

It is possible to estimate, using the results of measure-
ments, the effectiveness of these two factors in the degra-
dation of microorganisms during operation of the electric-
discharge systems under study.

Examining the UV radiation from the discharge, we
have to take into consideration that according to [21] the
strongest bactericidal effect is produced by ultraviolet rays
with wavelengths from 295 to 220 nm (the “bactericidal”
spectral region).

Measurements performed in our work (see [9]) showed
that the radiation spectrum of the multispark discharge in
water contains the biologically active component, and the
intensity of this component increases substantially as the
pulse energy increases.

Based on the results of absolute measurements of UV
radiation by the actinometric method, we estimate the inten-
sity of the flux of bactericidal rays per pulse discharge as
𝑃UV(𝑖) ≈ 3 ⋅ 10

6
𝜇W/cm2 [9].

Given this intensity, in turn, the effectiveness of the action
of radiation on E. coli bacteria can be estimated from the
known relation [21]

𝑛
𝑏
≅ 𝑛
𝑏0
exp(

−𝑃UV𝑡𝑎
𝑘
𝑏

) , (1)

where 𝑛
𝑏
is the number of bacteria in a unit volume that

remain living after bactericidal irradiation (cm−3), 𝑛
𝑏0
is the

initial number of bacteria in a unit volume (cm−3), 𝑃UV is
the mean intensity of the flux of bactericidal rays (𝜇Wcm−2),
𝑡
𝑎
is the irradiation time (s), and 𝑘

𝑏
= 2500 is the bacterial

tolerance factor.
For the case of repetitive discharge, expression (1) can be

rewritten in the form

𝑛
𝑏
≅ 𝑛
𝑏0
exp(

−𝑃UV(𝑖)𝜏𝑓𝑡𝑎

𝑘
𝑏

) , (2)

where 𝜏 is pulse duration (s) and𝑓 is the repetition frequency
of high voltage pulses (Hz).

It is easy to see that for 𝑃UV(𝑖) ∼ 3 ⋅ 10
6
𝜇Wcm−2, 𝜏 = 5 𝜇s

and 𝑓 = 100Hz, the exposure time equal to a few seconds
is sufficient to decrease the number of bacteria in water by
a factor of ten. This means that the energy cost of treating
water by bactericidal UV rays is of the order of 𝜉UV ≈ (1-
2) 10−4 kWhL−1.

Under the experimental arrangement shown in Figure 7,
ozone generated in the discharge has no time to dissolve in
water and is almost completely removed by the air (oxygen)
flow into the space over the water reactor. In principle, it is
possible to construct a reactor such that the produced ozone
will be completely “entrapped” in the water being treated. Let
us estimate how effective the role of ozone in the sterilization
action of discharge may be in this case.

As follows from the data presented in [19], the effect of
ozone dissolved in water on microorganisms becomes signif-
icantly stronger when the O

3
content reaches the threshold

level [𝑛O3]th ≅ 8 ⋅ 10
16 cm−3. Over [𝑛O3]th, the E. coli bacteria

content decreases by more than four orders of magnitude.
It is easy to see that the bactericidal treatment capacity of

ozone can be as high as

𝑤O3 ≅
𝑛O3𝑤𝑏

[𝑛O3]th

≅ 25 L h−1, (3)

where 𝑤O3 is the water-treatment rate (L h−1) and 𝑤
𝑏
is the

air flow rate through the discharge facility (L h−1). Then, the
energy cost of water treatment by ozone generated in the
discharge (assuming that it is completely dissolved in water)
can reach 𝜉O3 ≅ 3 ⋅ 10

−4 kWhL−1 which is comparable with
the energy cost of sterilization by UV radiation.

Finally, we estimate the effectiveness of a possible bac-
tericidal action of the multispark discharge in water due to
the production of hydrogen peroxide. Specialmicrobiological
studies carried out by us showed that an addition of hydrogen
peroxide as a level of 𝑛H2O2 ∼ 10

17 cm−3 to tap water allows
the number of E. coli bacteria to be reduced by one order of
magnitude.Thismeans that the experimentallymeasured rate
ofH
2
O
2
production ensures the energy cost of water steriliza-

tion at the level 𝜉H2O2 ∼ 10
−4 kWhL−1, which is close to the

energy cost of sterilization by ozone production in discharge.
Hence, the performed direct measurements of UV radia-

tion and chemically active products evidence that described
below multispark slipping surface discharge (SSD) in water
with air as an working gas is promising for water sterilization
since two effects only, examined in our work, can ensure the
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energy cost as low as 𝜉 ≅ 10−4 kWhL−1 for reducing the E.
coli bacteria content by one order of magnitude (i.e., with a
generator with a mean power of 1 kW, it is possible to reach a
water treatment rate of the order of 10m3 h−1).

It should be pointed out that possibility to apply for
multispark discharger excitation of practically every gas or
gaseous mixtures offers great opportunities for action on a
microbiological component through the different chemically
active atoms and radicals. However, in this work authors have
restricted for water sterilization by the application only of air
or oxygen taking into account that based on application of
these gases discharger will be simplex and cheapest.

4. Multispark Electric Discharge Disinfection
of Microbially Contaminated Liquids

As a step of our activity experimental investigation of effec-
tiveness of disinfection action of multispark discharge on the
water containing Escherichia coli and its viruses (coliphages)
has been carried out [22].

The apparatus used to treat liquids is the same as
shown schematically in Figure 1. The discharge device—
multispark discharger—was situated in the treatment cham-
ber through which water contaminated withmicroorganisms
was pumped. Water contaminated with E. coli or viruses
(somatic coliphages) can be used to test the killing efficiencies
of the discharge system. Samples of water for microbiological
analyses were taken via a sampling port; triplicate samples in
10 mL sterile bottles being removed for analysis.

Escherichia coli (NCIMB 86; ATCC 4157) was grown
overnight in nutrient broth (oxoid) at 37∘C.The cultures were
diluted to population densities of approximately 106 cfumL−1
with tap water and placed in treatment chamber containing
the multispark discharger.

Water samples treated by the electric discharges were
removed from the system at varying time intervals and bacte-
rial killing assessed using spread plate countingmethodology.
Escherichia coli was determined by spreading 100 𝜇L aliquots
of diluted samples onto nutrient agar plates. Occasionally,
MacConcey agar (HMSO 1994) and a spiral platter were
utilized. Replicate plates were incubated at 37∘C for 24 h.
Coliphages were estimated by a plaque assay utilizing E. coli
C (ATCC 13706) as the host bacterium. Dilutions of treated
samples were spread onto lawns of E. coli C, sensitive to a
broad spectrum of coliphages, and the number of plaques
formed after 24 h incubation counted.

Figure 10 shows the effect of multispark discharges on
microorganisms in the water. The fraction of surviving bac-
teria and viruses (𝑁/𝑁

0
) is plotted versus the energy density

(J cm−3) released in water. Each point in the plot presents
the mean of three measurements. Deviation from the mean
did not exceed 15%. Numerous experiments were carried out
using E. coli, and all showed a similar killing efficiency of
the multispark discharge system. Data of microbial killing
in liquids containing tap water-microbe combinations and a
conductivity of 100𝜇S cm−1 are presented. It is evident from
Figure 10 that the viruses were killed using a lower energy
input to the liquid. Escherichia coli required an energy input
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Figure 10: Changes in populations of Escherichia coli and viruses
(𝑁) in treated water relative to the initial populations (𝑁

0
) as a

function of specific energy release (J cm−3) during the treatment.
Potable water with a conductivity 𝜎 = 100 𝜇S cm−1 was used. 𝑓 =

10Hz. The initial (𝑁
0
) concentration of E. coli was ≈106 colony-

forming units mL−1 and that of coliphages ≈107 plaque-forming
units mL−1. (1) E. coli; (2) coliphages.

of 0.3 J cm−3 (approx. 10−4 kWhL−1) to reduce the population
by a factor 10 (1 log reduction) while coliphages required an
energy input of 0.15 J cm−3 for the same result.

The usedmultispark discharger regimes are identical with
the regimes previously investigated [9] where an examina-
tion was made of the generation of biologically active UV
radiation, ozone, hydrogen peroxide, and other active species
(see preceding section of this paper). Measurements carried
out during the present study allowed calculation of energy
costs of the disinfection action using multispark electric dis-
chargers, and these were as low as 10−4 kWhL−1 for bacteria.
These values verified the bacterial action of discharges in the
water predicted in the preceding section and confirmed that
the main factors affecting microbial destruction in the water
were UV radiation and the production of biologically active
chemicals. The latter are not involved in treatment systems
utilizing UV lamps which would be unable to generate
highly reactive chemical species. Acoustic and shock waves
generated by multispark discharge also played a part in
microbial disinfection but, in addition, they facilitated the
mixing of treated water, delivering reactive chemical species
to all parts of the treatment system.

The possibility that disinfection using electric discharges
might lead to the production of toxic by-products was tested
by the input of energy as high as ∼1 J cm−3 into water. Water
samples were analyzed for a range of substances and physical
appearance by the Certification Control-Analytical Center
(Moscow State University, Russia). The water was tested for
color, turbidity, pH, ammonium, Fe, Pb, Cr, fluorite, chlorite,
nitrate, and sulphate.The quality of the treated water fulfilled
the necessary standards of the European Union (Council
Directives on the quality of water intended for human con-
sumption 80/778/EEC and the new drinking water Directive
98/83/EC adopted by the Council on 3 November 1998). The
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results for Fe were particularly important as the electrodes
used in the study were manufactured from stainless steel.
Erosion of multispark discharger is small and does not affect
overall concentrations in water. In addition, incubations
of multispark discharge treated water with microorganisms
were carried out to test whether the killing action con-
tinued. This could be due to the persistence of oxidizing
species produced by the discharge but these were rapidly
quenched within the system following treatment. There were
no increased effects on E. coli added to system containing
plasma treated compared with nonplasma-treated tap water.
This is contrary to results obtained with two-electrode dis-
charges [1] and could be explained by quite low level of
operated multispark discharger electrodes sputtering and as
a result extremely low level (in comparison with the two-
electrode system) of content of metallic clusters responsible
(according to [1]) for prolonged action of discharge on a
microbial population. It is of interest to note that amultispark
discharge treatment of short duration could sterilize tapwater
containing E. coli and coliphage. The duration was short
enough for the cost-effective treatment of water supplies
(<5min); contact time being in the region of minutes rather
than the 30mins used in chlorination.

This study concentrated on verifying the predictions of
microbial killing made originally in [9] and utilized E. coli
and coliphage as representative organisms. No attempt has
been made at this stage to examine the effect of multispark
discharge plasma on the other bacteria (Gram-positive or
-negative types), viruses, or spores (bacterial or fungal).
Preliminary experiments have been performed to determine
only the effect of multispark plasma on the oocysts of Cryp-
tosporidium (a protozoan parasite causing gastrointestinal
disorders), which are resistant to chlorination. The micro-
scopic examination of cysts after treatment showed cell wall
degradation and an inability to induce excystation in the
organism.

It is of interest to investigate the possibility of using the
multispark system described to treat industrial and domestic
wastewater. The first attempt at such an application has been
taken in [8, 23]. Water treatment was carried out using
wastewater directly abstracted from final effluent stream at
the Livingston Wastewater Treatment Plant in West Lothian,
Scotland,UK.The scheme of system forwastewater treatment
is shown in Figure 11. Results of SSD action on a final
effluent stream are presented in Figure 12. It was shown
that a specific energy of 1.25–1.5 J cm−3 was required to
achieve 1 log reduction in bacterial (faecal coliforms/total
aerobic heterotrophs) content. This study has demonstrated
the effectiveness of the multispark dischargers in microbial
disinfection of wastewater. The system can be engineered
to eradicate microbial populations to levels governed by
legislation by increasing treatment time or energy input.

5. Plasma-Chemical Converter of Methane on
the Basis of Multielectrode Discharger

One from the currently important ecological problem con-
sists in utilization of gases accompanying oil recovery. Yearly

more than billion cubic meters of associated gases are
burning down worldwide. Russian oil producing companies
for compensation of an ecological harm are paying near 500
rubles for each 1000m3 of burning petroleum gas.

Presented work objective is the investigation of possi-
bility of natural hydrocarbons (namely, CH

4
) recovery in

plasma-chemical reactor based on the SSD. Traditional for
GPI research multispark dischargers have been used with
only one key distinctive feature of their construction: as a
discharge formative gas methane (or any other utilizable
natural hydrocarbons) has been applied.

The diagram of the experiment is shown schematically in
Figure 13. A multielectrode discharger is introduced into the
reaction chamber in the form of an organic glass vessel filled
with water (volume 𝑉 ∼ 0.25 L). When a high-voltage pulse
is applied to the discharger, a system of plasma formations
(plasmoids) in which the decomposition of hydrocarbons
takes place is formed in bubbles of methane or methane-
oxygen mixture in the gaps between the electrodes. The
source of high voltage pulseswas a generator producing single
pulses or operating in the pulse-periodic regime. The pulse-
repetition rate was 𝑓 ≤ 50Hz, the pulse duration was 𝜏

𝑝
≈

1 𝜇s, and the pulse amplitude was 𝑈
𝑝
≈ 40 kV.

We analyzed samples of the gas taken at the outlet of
the reaction volume. Analysis of the gas passing through the
discharger was carried out using the following techniques:

(i) special ITT IK/VP test tubes (OOO Impul’s) used for
determining the contents of acetylene (C

2
H
2
), carbon

dioxide (CO
2
), and carbon monoxide (CO);

(ii) SPECORD IR spectrograph used for determining the
acetylene content;

(iii) gas chromatograph used for determining the concen-
tration of methane (CH

4
) and hydrogen (H

2
).

Figure 14 shows the characteristic spectrograms obtained
on the SPECORD IR spectrograph.Themain absorption lines
of CH

4
, C
2
H
2
, and CO can be distinguished (in subsequent

analysis of the experimental results, CO was disregarded).
The lines of the nearest unsaturated hydrocarbon ethylene
C
2
H
4
are also very weak (at the noise level). In analysis of

the efficiency of the plasma-chemical conversion of methane,
it is expedient (see [24]) to use such parameters as the
degree of conversion𝛼 expressed in fractions (in other words,
the fraction of methane fed to the reactor and converted
into a certain product at the output) and the energy value
𝜀 of conversion (i.e., the energy value of transformation
of methane molecules in eV/molecule). If we disregard for
simplicity the small amounts of ethylene formed as a result of
methane treatment, we can assume that mainly two reactions
occur in the plasma-chemical reactor: pyrolysis reaction,

CH
4
󳨀→ C + 2H

2 (4)

and the reaction of transformation ofmethane into acetylene,

2CH
4
󳨀→ C

2
H
2
+ 3H
2 (5)

It can be seen from simplified reaction formulas (4) and
(5) that the volume of the reaction products exceeds the
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Figure 11: Diagrammatic representation of continuous wastewater treatment using system of multispark dischargers.
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volume of the primary mixture. For this reason, the mea-
surements of concentration of methane and decomposition
products at the reactor outlet cannot be directly used for
estimating the degree of conversion.

It can easily be shown [24, 25] that the degree of con-
version 𝛼

1
of methane into carbon and hydrogen according

to reaction (4) and the degree of conversion 𝛼
2
of methane

into acetylene according to reaction (5) are connected with
experimentally determined concentrations 𝐶CH4 , 𝐶C2H2 , and
𝐶H2 by the relations

𝛼
1
=

4𝐶H2 − 3 (1 − 𝐶CH4)

1 + 𝐶CH4
,

𝛼
2
=

4 (1 − 𝐶H2 − 𝐶CH4)

1 + 𝐶CH4
,

𝛼
0
=

1 − 𝐶CH4
1 + 𝐶CH4

,

(6)

Sampling

4
1
2
3
5
6

CH4

Figure 13: Schematic of the experiment. (1) Dielectric tube; (2)
annular electrodes; (3) working gas (CH

4
) bubbles; (4) water; (5)

plasma in the interelectrode gaps; (6) reaction chamber.

where 𝛼
0
= 𝛼
1
+ 𝛼
2
is the total degree of conversion of

methane over channels (4) and (5), which is determined in
the given experiment.

The energy value of the reaction of decomposition of a
methane molecule (in other words, the value of formation of
products) is defined by the relation

𝜀
𝑛
=

𝑃

𝛼
𝑛
𝑞CH4

, (7)
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Figure 14: Characteristic adsorption IR spectrum of a working gas
sample taken at the reactor outlet.

where 𝑛 = 0, 1, 2 is the power supplied to the reactor, 𝑞CH4 is
the methane flow rate, and 𝑃 is the average microwave power.

The dependences of flow rate 𝑞CH4 of methane and of
the energy value on its decomposition and the formation of
products on the degree of conversion of methane are shown
in Figures 15 and 16.

The dependence of the degree of conversion of methane
on its flow rate shown in Figure 15 closely fits to the inverse
proportionality function

𝛼
0
=

𝐴

𝑞CH4
. (8)

Using iterations, we find that 𝐴 = 0.02809 L/min. The fact
that experimental points fit well to functional dependence
(8) suggests that this dependence is preserved in a certain
interval of 𝑞CH4 beyond the range of the values studied
experimentally. This in turn raises hopes that if we could
implement a regime with the methane flow rate on the order
of 0.1 L/min, the degree of conversion would increase to ∼

28%. The same results could be obtained by increasing the
repetition rate of discharge pulses to 1 kHz for a methane
flow rate of 1 L/min. By increasing the pulse repetition rate to
3 kHz for the samemethane flow rate, we could reach a degree
of conversion as high as 84%.The implementation of basically
attainable degrees of conversion involves modernization of
the generator of high voltage pulses and the design of
the discharger, which will form the basis of subsequent
experimental investigation. It is evident that without special
justification these increased degrees of conversion are looking
rather as a wishful thinking.

It can be seen from Figure 16 that the energy value
of the conversion is almost independent of the methane
flow rate and amounts to approximately 5 eV/molecule. Such
energy value is close to record-low values for the atmospheric
pressure (see, e.g., [25]).

The fact that the energy value of conversion is almost
independent of the methane flow rate in the entire range of
its variation in the experiment is an additional argument in
favor of the possibility of a substantial increase in the degree
of conversion due to passage to small values of 𝑞CH4 .
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Figure 15: Dependence of the total degree of conversion of methane
on its flow rate.
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Figure 16: Dependence of the energy value of conversion of
methane on its flow rate.

Analysis made in [26] shows that a high efficiency of
methane conversion processes characteristic of the described
technology is due to peculiarities contained just in discharges
localized in an interelectrode gaps. Fast heating (up to
4000–5000K) of the gas propagating between the electrodes
through the area occupied by microplasma leads to the
effective decomposition of hydrocarbon. At the same time,
fast cooling of the gas penetrating into the surrounding water
is followed by quenching phenomena, and the level of the
parent-gas decomposition does not change.

The low energy value of methane decomposition and
the possibility of elevating the degree of conversion justify
the application of the method of plasma-chemical action for
solving the topical problem of recovery of natural blowouts of
hydrocarbons. In this connection, the role of pyrolysis in the
methane decomposition is of interest in its own right. If the
contribution from reaction (4) is significant, it is expedient
to determine the form and efficiency of the production of
carbon accompanying the decomposition of methane.
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The experiments performed in accordance with the dia-
gram in Figure 13 have shown that if themultispark discharge
is initiated in water using CH

4
as the bubble-forming gas,

most carbon particles appearing in water as a result of
plasma-chemical decomposition of methane precipitate.

Analysis of the precipitate shows that its main part
is nanosize carbon. Figure 17 shows the characteristic size
distribution of carbon particles as a function of the time
of electric-discharge treatment of water, which was deter-
mined using Fotokor dynamic scattering spectrometer. The
typical photograph of nanocarbon produced in the course
of methane recovery by multispark discharge in the water is
shown on the Figure 18.

The rate of production of nanosized particles in the
discharge, which was determined by evaporation of the SSD-
processed liquid and weighing the precipitate, was about
35mg/h. This means that the energy value of production
of nanocarbon upon decomposition of methane in the SSD
is 0.3 kWh/g. The measured value is close to that obtained
for arc discharges with carbon electrodes in water, in which
carbon is formed in the liquid as a result of destruction of the
electrodes [27, 28].

The structure of the precipitate was determined using a
LAB RAM HR 800 Raman spectrometer from the Raman
shift. Fractions of disordered graphite and carbon were
detected.

6. Water Cleaning of
2,4-Dichlorophenoxyacetic Additive

Polychlorinated biphenyls (PCBs), among man-made pollu-
tions, deserve particular attention. These compounds were
synthesized in 1920 s, and with their advent new materials
with unique thermophysical and electrical insulating prop-
erties became available.

However, in spite of the presence of a number of unique
properties, these compoundswerewithdrawn from industrial
processes already in 1970 s. This is due to the fact that PCBs
were implicated in a number of incidents in different coun-
tries by causing mass intoxication and exerting a detrimental
effect on the health of humans on a large scale.

The PCBs are no longer manufactured but remain in the
environment, so that the search for ways of their destruction
is one of the urgent problems of the day. At the General
Physics Institute of RAS, experiments were carried out to
examine possibility of electric discharge (SSD) in water
as an efficient and inexpensive method for cleaning the
manufacturing water of PCBs. Instead of a toxic PCB in
our experiments, we used a 2,4-D dichlorophenoxyacetic
acid (2,4-D). This material was chosen for plasmachemi-
cal decomposition, because the configuration of the 2,4-
D molecule somewhat resembles PCB. More exactly, the
2,4-D molecule, like the PCB congeners, contains a doubly
chlorine-substituted benzene ring with attached acetic acid.

The experimental procedure was as follows. Two solid
particles of 2,4-D (97%) of weight 40mg were preliminarily
dissolved in 10mL of alcohol. The solution was poured into
a polyethylene container with 5 L of distilled water. The acid
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Figure 17: Dependence of the average size of carbon particles
produced in the reactor on the time of electric discharge processing
of methane.

Figure 18: The typical photograph of nanocarbon produced in the
course of methane recovery by multispark discharge in the water.

concentration in the container was estimated at ∼8𝜇g cm−3,
that is, about 300 times larger than the maximum allowable
(“permissible”) concentration.

Decomposition of the acidic additive was accomplished
using amultispark dischargermounted in a plexiglass reactor
chamber of volume 𝑉 = 15 × 6 × 4.5 cm3. The multispark
discharger, which was placed on inside of the reactor cover,
produced a discharge in water. The working gas passed
through the discharger was oxygen.

Analysis of the SSD-processed solutionswas conducted in
the Laboratory of Analytic Environmental Toxicology at the
Severtsov Institute of Ecology and Evolution of the Russian
Academy of Sciences.

GC/MS (Gas chromatography/Mass spectrometry) anal-
ysis of solutions was performed by using a Finnigan TRACE
GCUltra gas chromatograph coupled with a Finnigan Polaris
Qmass spectrometer (ion trap).This GC/MS system possess-
ing ultra-high sensitivity allows detection of 2,4-D compound
and its possible organic products of fragmentation with
sensitivity ∼10−9 g cm−3.

All our experiments were conducted at fixed values of
the initial 2,4-D concentration 𝑁 = 8𝜇g cm−3 and solution
volume𝑉 = 250 cm3. In all experiments, a sample of solution

167Multispark Discharge in Water as a Method of Environmental Sustainability Problems Solution

__________________________ WORLD TECHNOLOGIES __________________________



    

was taken from the reactor before processing in order that the
initial 2,4-D concentration will be accurately known.

Data of GC/MS measurements ensure complete decom-
position of 2,4-D (at the level of sensitivity 10−9 g cm−3) in all
of the experiments when the processing time was longer than
150 s and the mean power of the high-voltage generator was
∼20W.These experiments give a conservative estimate of the
efficiency of plasmachemical decomposition of the organic
2,4-D compound by the use of a multielectrode system
excited electric discharge (SSD) in water. A characteristic
dependence of the 2,4-D concentration on the duration of
SSD processing is presented in Figure 19.

Almost complete (∼100%) decomposition of 2,4-D a
high-concentrated solution shows that the SSD processing
will outperform the traditional reactors. From the experi-
ments, itmight be inferred that SSDworking in thewater con-
taining about 300 maximum allowable concentration of 2,4-
D provides almost complete decomposition of liquid solution
with expenditure of energy as low as ∼ 2 ⋅ 10

−3 kWh/L.
Accordingly, with a power source ∼1 kW it is possible to clean
more than 0.5m3 of water per hour.

We do not have a clear notion of what mechanism is
dominant in the technological process ofwater cleaning of the
2,4-D additive. Special experiments have yet to be performed
to construct a physicochemical model for electric-discharge
destruction of the acid (and its decomposition fragments).
However, we have good reason to believe that a leading part in
destruction is played by plasma-chemical reactions occurring
in SSD with the resulting formation of chemically active
radicals and molecules.

7. Conclusion

A new electric-discharge system, which has been developed
and tested at the GPI RAS, has a multitude of potential
uses. Examples can be found in the present paper. A plasma-
chemical reactor of simple design using a multielectrode
(multispark) discharger operating in aqueous medium may
serve for efficient disinfection of microbially contaminated
potable and waste water, conversion (recovery) of methane,
destruction of acidic 2,4-D pollutant.

The SSD-based electrode system is capable of produc-
ing multiple microplasma formations in liquid medium
at relatively low electrode voltages. Physical and chemical
properties peculiar to this type of discharges have been
studied experimentally. It is shown that these properties are
controlled by the following four factors simultaneously acting
upon the liquid (aqueous) medium:

(i) direct influence of electric-discharge plasma pos-
sessing a high electron density and relatively high
temperatures of the gas and electron component,

(ii) exposure to intense UV radiation emitted by
microplasma formations,

(iii) chemical action of chemically active radicals, atoms,
andmolecules produced in discharges and penetrated
the water,

(iv) hydrodynamic action through cavitation bubbles.
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Figure 19: 2,4-D content as a function of time of water treatment by
means of multispark discharge.

For each concrete application, the electric-discharge sys-
tem may be modified in design so as to increase one or the
other of these factors.

The experiments demonstrated high efficiency of multi-
spark discharge inwater for solving diversified environmental
problems listed above. Note that the dominant mechanism in
sterilization of potable and waste water was the biologically
active UV radiation and generation of chemically active
molecules (ozone, hydrogen peroxide). The achievement of
encouraging results in conversion of natural hydrocarbons is
credited to the immediate action of microplasma formation
on the gas being treated. The success in the accomplishment
of water cleaning of 2,4-D is attributed to plasmochemical
mechanism of generating chemically active substances.

In conclusion, the multispark discharge in water is being
used more and more. Thus, the action of SSD on the organic
pollutions has been investigated in [29]. Decomposition of
dissolved pentachlorophenol and parachlorophenol under
multispark discharge action has been measured. Efficiency of
reforming these phenols was as good as 1-2 kJ/mg.
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The recent paper entitled by K. C. Lee et al. (2011) establishes nonlocal macroscopic quantum correlations, which they term
“entanglement”, under ambient conditions. Photon(s)-phonon entanglements are established within each interferometer arm.
However, our analysis demonstrates, the phonon fields between arms become correlated as a result of single-photon wavepacket
path indistinguishability, not true nonlocal entanglement. We also note that a coherence expansion (as opposed to decoherence)
resulted from local entanglement which was not recognized. It occurred from nearly identical Raman scattering in each arm
(importantly not meeting the Born and Markovian approximations). The ability to establish nonlocal macroscopic quantum
correlations through path indistinguishability rather than entanglement offers the opportunity to greatly expand quantum
macroscopic theory and application, even though it was not true nonlocal entanglement.

1. Introduction

The ability to observe and control nonlocal macroscopic
quantum coherence/correlations, under ambient conditions,
would likely have a powerful influence across a wide range
of fields. This was achieved recently by Lee et al., in Science,
establishing phonon field quantum correlations in two
spatially separated diamonds [1, 2]. The paper was entitled
entitled “Entangling Macroscopic Diamonds at Room Tem-
perature.” Two other studies nonlocally correlating reflectors
(by our group) and a cesium gas respectfully support the
results [3, 4]. However, we will demonstrate on several
grounds that while quantum correlations are established
between the diamonds, they are not true entanglement.

The work in the Lee et al. paper is essentially a two-
arm extension of the DLCZ (Duan, Lukin, Cirac, and Zoller)
experiments [5–9]. Figure 1 is a schematic of the key compo-
nents of the Lee experiment, but a more detailed schematic
can be found in Figure 1 of the original paper. An ultrashort

pulsed source is used whose outputs can be represented by
a collection of single photon wavepackets (each wave packet
can only interfere with itself), as they are neither entangled
photons nor significant biphoton wavepackets. An MZI
interferometer is used where diamonds are present in each
arm which contain nearly identical Raman scatterers. The
diamonds are 15 cm apart making any interaction between
them macroscopic. The optical phonon modes of the dia-
mond allow relatively low decoherence at room temperature
because they have very high oscillatory frequencies (40 THz)
so are not readily disturbed by thermal energies. A pump
pulse is sent through the interferometer of sufficient intensity
to entangle with and stimulate the Raman scatterers. A Stokes
photon is then emitted, with the diamond and Stokes photon
entangled until detection. The extra energy remaining in
the diamond (lost from the photon) is in the form of
increased phonon field energy levels. If the detector registers
one Stokes photon, it could have come from either of the
diamond crystals in which one phonon was excited. This
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will be discussed in more detail below, but because the paths
are indistinguishable, the system behaves as if the photon
at the beam splitter came from both arms. Paraphrasing
Dirac, a single photon wavepacket can only interfere with
itself. Therefore, prior to the pump photon being detected,
both phonon fields are stimulated. To confirm these results,
a probe photon is introduced into the interferometer that
interacts with the diamonds producing the anti-Stokes
photons. The probe photon must interact with the diamond
prior to the Stokes photon being detected. The nature of
the detection scheme for the anti-Stokes photon allows
determination if one or both phonon fields are stimulated.
If we were only looking at one arm, prior to the Stokes
photon detection, there is an entanglement between the
Stokes photon, phonon field, and anti-Stokes photon. This
is somewhat analogous to the nonlocal entanglements in
the well-known studies performed by Brune et al. described
below which we will use to support our conclusions about the
Lee paper [10–12]. The key point of the Lee et al. paper made
below is that the two phonon fields are quantum correlated,
but not truly entangled as stated in the original paper.

Our analysis is that Lee’s explanation, in the Science
paper, for the quantum correlations generated between
diamonds (resulting from the pump photons) is unlikely
representative of the actual situation. They postulated a
nonlocal entanglement between the diamonds. While we
agree that quantum correlations are established, we do not
believe that the data or analysis of the experimental design
supports true entanglement. The essential points will be
made here but the remainder of the paper will expand on
these points. First, our examination supports that these
nonlocal quantum correlations occur from a combination of
paths indistinguishability (for a single photon wavepacket)
plus nearly identical local entanglements (Raman scatterers)
in each path [13–19]. The source is coherent so building the
pulses up from single photon wavepackets (a photon can
only interfere with itself) is a useful approach for illustrating
the physics. The correlations between diamond phonons do
not fit definitions of entanglement laid out, for example, by
von Neumann, EPR-B, or GHZ [20–23].

Second, the pump photon/diamond interactions do
not (and must not) meet the Born (system-environment
coupling weak) or Markovian (memory effects of the
environment are negligible) approximations of decoherence
theory [15, 17]. This occurs largely from the high frequency
of the optical phonons and the strong coupling associated
with the Raman scatterers. The results then of the pump
photon/diamond interactions are more analogous to single
photon wavepacket decoherence theory than nonlocal entan-
glement (point 1). Environmental interactions are occurring
with indistinguishable paths, but in the case of the Science
paper, coherence is expanded rather than lost (point 2) [15–
17]. This demonstrates perhaps the most important point
of the paper, that the diamonds can lead to either deco-
herence (distinct local entanglements and meeting Born-
Markov approximations) or coherence expansion (nearly
identical local entanglements and not meeting Born-Markov
approximations) depending on the setup.

In the next several paragraphs, the topics addressed will
be as follows. First, nonlocal correlations will be examined,
which can be represented by entangled states or states
generated by indistinguishable paths. Second, we review the
general definition of entanglement demonstrating why the
nonlocal phonon field correlations in the Lee study are not
accurately described as being entangled. Third, we discuss
that path indistinguishability and the quantum correlations
that can be generated. This and the previous paragraphs
draw heavily from the work by pioneers that include von
Neumman, Mandel, and Shih, as well as insights from recent
decoherence theory by Zurcek and Zeh [15–17]. Decoher-
ence theory is particularly useful in illustrating the point of
this paper as indistinguishable paths lead to coherence while
typical environmental entanglements generally lead to deco-
herence (with this paper representing an exception). Finally,
we will also discuss how the authors represented visibility,
concurrence, density operators, and statistical significance
(particularly the correlation coefficient), and how these are
completely consistent with nonlocal correlations from either
indistinguishable paths or entanglement. We do not believe
there is a basis to employ a two-mode squeeze state as
discussed by Julsgaard et al., for the nonlocal correlations [4].
The appendix will speculate on the role misunderstanding
type II SPDC sources and Dirac notation play in the misuse
of the term “entanglement.”

2. Nonseparable States (Unfactorizable)
and Quantum Correlations

In order to discuss quantum correlations, including entan-
gled states and those from path indistinguishability, density
operators and their nonseparability will be discussed. The
density operator is a Hermitian operator acting on Hilbert
space with nonnegative eigenvalues whose sum is 1 (it
is not a classical statistical operator). It should not be
confused with a classical statistical matrix and it has its
greatest value in calculating expectation values of physical
properties [24]. A density operator does not specify a
unique microscopic configuration, which is not surprising
based on its definition and contains the information about
superpositions between subsystems. Quantum correlations
imply unfactorizable density operators between multiple
entities, with quantum entanglement being one type. They
demonstrate correlations that exceed those describable by
classical mechanics. They can be local or nonlocal, with the
latter used extensively in decoherence theory. For simplicity,
in this paper, we will approximately describe the coherent
portion of the system as the principal and everything else
as the environment. We describe the principal as being
represented by a pure state density operator, a single vector
in Hilbert space (there is no loss of generality as a mixed state
can be modeled using purification) [15]. In the Lee system,
for clarity, the phonon fields are part of the principal and can
be viewed as pure. But as the phonon fields are part of the
diamond, the diamond itself is of low purity as the principal
only makes up a small portion of the diamond.

Described more formally below, a state describing a
pair of nonlocal quantum correlated entities (photons or
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Figure 1: This diagram is a simplified version of the interferometer used in the Lee et al. experiments. Components have been removed
which are needed for practical application but not for understanding the physical principles.

phonons) has an unfactorizable density operator for the
pair that progresses forward in time via linear unitary
operators. But in performing the trace operation to obtain
the subsystems (e.g., a given diamond phonon field), these
subsystems are represented by reduced density operators
that move forward in time, unlike the true principal, via
nonlinear unitary operators (i.e., the trace gives information
on the subsystem statistical averages but is not the complete
description of the subsystems) [15, 25]. So for the Lee
system, the principal contains both phonon fields that have
inseparable density operators.

3. Entanglement

Entanglement, a type of quantum correlation, is a function
of superposition and the linearity of Schrödinger’s equation,
but not generally path indistinguishability (which will be
dealt with in a subsequent section) [22]. Here we will
limit the discussion to complete entanglement and partial
entanglement can be extrapolated from the discussion.
Demonstrating interference with entangled photons though
does require path indistinguishable (see the Appendix). The
entanglement process is described by (as per von Neumman)
[26] as follows:

∣∣ψ〉|ar〉 =
⎛
⎝∑

i

ci|si〉
⎞
⎠|ar〉 −→ |Ψ〉 =∑

i

ci|si〉|ai〉. (1)

This is a form which would be used to describe deco-
herence (or a one-arm Lee experiment) where the principal
is given by the wavefunction (ψ) [15, 16]. For two-particle
entanglement, the wavefunction is simply replaced by a
particle symbol. The arrow describes the unitary transform.
The principal is represented in terms of the basis si while
the basis for the environment is given by ar . Entanglement
represents pairing of the eigenstates. It can be stated in an
equivalent form that their conjugate pairs (e.g., position
momentum) are completely correlated. So we have two

points: (1) with two entangled particles, the two base
states si and ai develop a constant relationship; this is the
core to entanglement. Measuring one of an entanglement
pairs establishes the eigenvalue of both exactly from the
superposition. (2) This point will be more clear from the
path indistinguishability discussion, but without further
interactions, entangled particles continue to have inseparable
density operators. This is not true for quantum correlations
from path indistinguishability where the inseparability is
dependent on such factors as detector time and wavepacket
width. We will use the phrase “conditionally inseparable.”
(3) The initial entanglement generally requires local inter-
action between atomic/subatomic particles, but can become
nonlocal with entanglement swapping, for which we use for
illustration the well-known-Brune studies described below
[10, 12]. This local-to-nonlocal entanglement can be found
both in the Lee and Brune papers.

Equation (1) in the Lee paper (which is a DCLZ equation
or one arm of the Lee interferometer) presents the initial
local type of entanglement, in the annihilation operator
form. This form was introduced by Dirac and expanded
upon by Glauber for the quantum theory of light [27, 28].
The equation is

|ΨS〉 ≈ [1 + εSs
+(lS)b+(lS)]|vac〉. (2)

The equation is described in detail in the Lee paper.
The essential point is that, for the potential, annihilation
operators for the Stokes and phonon modes are in an
inseparable product form. It will be seen that this is in
contrast to (2) from that paper which is a superposition
(below).

As noted, in addition to the Lee study being an extension
of the DLCZ experiments, it is analogous to the pioneering
experiments by Brune, entangling atoms with fields (and
then a second atom) [10–12]. These studies are more useful
than the Lee study for understanding the physics of entan-
glement and entanglement swapping because of the complex
design of the Lee study. Its analogy is to a single arm of the
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Lee experiment. Rubidium atoms in a Rydberg state were
passed through an EM field in the large Q cavity. The atom
and field become and remained entangled even after the
Rubidium atom exited the system (i.e., until a measurement
is made at the output of the device). One can then only
speak of the combined Rubidium atom-Q cavity field system
as a pure state, which is non-local (this is analogous to
the pump-phonon entanglement in the Lee experiment).
The nonlocality can be extended even further by sending a
second atom after the first (analogous to the probe photon in
the Lee study). Here, the second atom becomes non-locally
entangled with the first atom (which had already passed
through) with perfect correlation (inseparable biparticle
wave packet). The second atom non-local entanglement
represents entanglement swapping with the field, which
is no longer entangled. This demonstrates true nonlocal
entanglement of the two atoms as the eigenstates of each,
even though passing through the cavity at different times,
exactly correlate. The two atoms of course are analogous to
the Stokes and anti-Stokes photons in the Lee study and the
EM field to the phonon field, except only one arm is used.

For a more formal description of entanglement and its
subsystems, we will provide the mathematical framework for
one EPR-B particle state. There are two observers of these
particles, A and B, separated by a large distance. One of these
two entangled qubits is directed at each observer. The specific
paths of each are inconsequential as long as no measurement
has occurred. Neither does the order of detection nor the
times between detection (as opposed to correlations from
indistinguishable paths) for these entangled states. The Bell
state used here is given by (let them be spin 1/2 particles, with
two states, 0 and 1)

∣∣Φ+〉 = |Ψ〉 = 1√
2

(|0〉A ⊗ |0〉B + |1〉A ⊗ |1〉B) (3)

(Analogous Bell states with entangled energy and spin
generated by a SPDC source type II, and the limitations, are
discussed in the appendix.) Equation (3) is a true entangled
state (spin superposition) in that the result of one observer
exactly correlates with the results obtained with the second
observer (irrespective of what spin axis is measured); the
information of the system is complete. The density operator
is given by

ρ̂T = |Ψ〉〈Ψ| = ρ̂A ⊗ ρ̂B

= |00〉〈00| + |11〉〈00| + |00〉〈11| + |11〉〈11|
2

.
(4)

The density operator product is nonfactorizable. If we
examine a subsystem, it is an inseparable state as the trace

operation of each observer (here, observer B) yields less
information than the whole

ρA = Tr
(
ρ
)

= TrB(|00〉〈00|) + TrB(|11〉〈00|)
2

+
TrB(|00〉〈11|) + TrB(|11〉〈11|)

2

= |0〉〈0|〈0 | 0〉 + |1〉〈0|〈1 | 0〉
2

+
|0〉〈1|〈0 | 1〉 + |1〉〈1|〈1 | 1〉

2

= |0〉〈0| + |1〉〈1|
2

= I

2
.

(5)

A reduced density operator is generated by the trace
operation representing an improper mixed state, losing
information about coherences. It is an expectation value.
To paraphrase Schrödinger, the best possible knowledge of
a whole does not include the best possible knowledge of
its parts (if that knowledge is even available) [22]. In other
words, the principal is inseparable as any description of
the subsystem is incomplete as demonstrated by (5). We
will contrast this true entanglement with correlations from
indistinguishable paths where they are inseparable within
certain experimental limits (e.g., path lengths and detector
integration time).

4. Path Distinguishability and First-Order
Correlations

Path indistinguishability can lead to nonlocal macroscopic
correlations but generally not entanglement. A more com-
plete discussion of coherence and indistinguishability can be
found in the pioneering work of Mandel [20], reviewed by
Shih (for both single- and two-photon (boson) correlations)
[13, 19]. The topic will be addressed here briefly. It should
also be noted that our group in a previous paper also
established nonlocal macroscopic correlations. Correlations
were produced between two reflector arms with path
indistinguishability using a thermal source under ambient
conditions [3].

We begin looking at path indistinguishability for a
single photon entering a beam splitter with the two arms
as exit ports (essentially equivalent to the pump photon
in the Lee paper). All first-order interference is a single-
photon wavepacket interference (as per Dirac), no matter
what the intensity, along indistinguishable paths. Second-
order correlations are generally the interference of biphoton
wavepackets and are reviewed elsewhere [3, 13, 19]. First-
order coherence (single-photon wavepacket interference) has
a wavefunction given by∣∣ψ〉 = α|1〉1|0〉2 + β|0〉1|1〉2. (6)

Here the subscripts 1 and 2 are the two paths and the
value in the ket represents occupation number. The alpha
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and beta terms take into account beam splitter ratios. Note
that this is the form of (2) of the Lee paper and is not an
entangled state. Equation (2) in the Lee paper was

E|ΨS〉 =
[
b+
L (lS) + e−iϕxb+

R(lS)
]
|vacvib〉. (7)

Again, the specifics can be found in the original paper but
unlike (7), the annihilation operators of the potential are now
in a summation form rather than a product form.

Returning to (6), the density operator (in its expanded
form) is given by

ρ̂ = |α|2|1〉1|0〉22〈0|1〈1| +
∣∣β∣∣2|0〉1|1〉22〈1|1〈0|

+
[
αβ ∗ |1〉1|0〉22〈1|1〈0| + h.c.

]
.

(8)

The first two terms, the diagonal terms, are the DC
terms that reduce fringe visibility to a maximum of 50%
unless they can be removed (for true entanglement, there
are no DC terms and maximum visibility is 100%). When
paths are distinguishable, these are the only nonzero terms.
The third and fourth terms represent indistinguishable paths
and generate interference (h.c. is the Hermitian conjugate
or adjoint) (see Figure 3 in the Lee paper, as off-diagonal
elements are not exclusive to entanglement as suggested).
These off-diagonal elements are complex. It is important
to note that the density operator is inseparable only within
the constraints of path indistinguishable (e.g., wavepacket
width, detector time, path lengths, etc.). Coherence time is
an example. For an optical pulse, delay times must be within
the coherence time. In contrast, for most entangled states,
coherence time is not an issue except when demonstrating
interference.

Young’s interferometer is useful for illustrating the
concepts of path indistinguishability. We will use diamonds
similar to the Lee experiment before each slit in the
Young’s interferometer. Examining the Young’s interferom-
eter (Figure 2), if one or the other slit is blocked, the photons
are registered on the screen with no interference pattern
(NI). If both slits are open, classically it is easy to appreciate
when waves pass through the apparatus, and an interference
pattern will develop on the screen (I). The sinusoidal peaks
in the Young’s design are position-dependent interference
on the screen (I) due to varying phase relationships. The
Young’s experiment results hold for a high intensity photon
beam, but the interference is still single-photon wavepacket
interference. Even when only one photon (or other particle)
is coming from the source at a time, a first order interference
pattern develops on the detection screen, which is predicted
naturally from quantum mechanics but is unexplainable by
classical mechanics (which would predict the NI pattern)
[13, 14]. This is because quantum mechanics is predicting
the interference of potentials (along indistinguishable paths),
and not intensities, as long as no measurement is made prior
to the screen. There is no measurement of the pump photons
in the Science paper until after the second beam splitter, so
paths are still indistinguishable (in spite of the frequency
shifts from the Raman scattering). So two-pump “beams”
do not actually interfere as in the classical description of

E1

E2

I NI

Figure 2: Illustration path indistinguishability and the influence
environmental entanglements (diamonds) with Young’s interfer-
ometer. The I is an interference pattern and the NI is no interference
pattern. E1 and E2 are the diamonds.

interference after the second beam splitter; it is a single-
photon interference. Interference of indistinguishable paths
potentials (of single-photon wave packets) leads to the inter-
ference. Interference is possible when these single photon
potential paths are identical with respect to the diamond
interactions, as is more formally described in the next
paragraph. Quantum correlations are established between
the diamonds because they are part of each indistinguishable
path that led to the single photon interference.

Now we extend (8) beyond one photon (increase inten-
sity) and include interactions with the environment, E (dia-
monds) in the form of an inner product. This is a relatively
common procedure for describing basic decoherence [15,
17], where the relevance to the diamond experiment will
become apparent (though coherence is expanded rather than
reduced). The interference pattern at the screen (of the
Young’s interferometer) is described by the cross terms (off-
diagonal) in the density operator (it is in the expanded
matrix form) as

ρ̂ = 1
2

{∣∣ψ1
〉〈
ψ1
∣∣ +

∣∣ψ〉2

〈
ψ
∣∣

2

+
∣∣ψ1

〉〈
ψ2
∣∣〈E2 | E1〉 +

∣∣ψ2
〉〈
ψ1
∣∣〈E2 | E1〉

}
,

(9)

where ∣∣ψ1
〉〈
ψ1
∣∣ = ρ11,

∣∣ψ2
〉〈
ψ2
∣∣ = ρ22,∣∣ψ〉1

〈
ψ
∣∣

2 = ρ12,
∣∣ψ〉2

〈
ψ
∣∣

1 = ρ21.
(10)

The first two terms are again DC terms and the second
two represent interference terms. The wavefunction (in
the bras-kets) incorporates all properties of the photons
(polarization, bandwidth, photon numbers, etc.) now and
not just occupation number. As can be seen from the density
operator, the interference pattern is independent of whether
the photons come individually or at high intensity (if one of
the wavefunctions was zero, interference would still occur).
In the density operator equation, 1 and 2 correspond to
the two potential paths the photon can take. The density
operator contains an inner product (E) in the last two terms
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that represents the diamonds which can be identical or
distinct. The event that occurs at the screen is analogous to
detection at D3 in the Science paper.

To illustrate the counter-intuitive interaction of the
photons and phonons leading to indistinguishable paths and
coherence, Young’s experiment will be examined by varying
the Raman scattering. As a basic rule of quantum mechanics,
which can be found in any introductory quantum mechanics
textbook, until a measurement is made potentials are added
then squared but once a measurement occurs, intensities
(squared potentials) are added. If we initially ignore the
E terms (environmental entanglements/diamonds), the pat-
tern on the screen demonstrates interference that comes from
the last two terms (off-diagonal) of the density operator
(again, even if one photon is coming through at a time).
Now, if E1 and E2 are substantially different terms (inner
product near zero), such as when the Stokes photons are of
different frequencies, the third and fourth terms disappear
as the paths become distinguishable. Interference is lost in
this simple example of environmentally induced decoherence
by Raman scattering [15–17]. The similarity of the Raman
scattering in each arm affects the degree to which coherence
(and interference) is lost (fringe visibility). If E1 and E2

are similar (inner product 1) such that Stokes photons
are identical from the prospective of detection, the paths
are indistinguishable even though the interaction with the
diamonds occurred (and changed the frequency), and the
interference pattern is maintained. The key point is that
indistinguishablity is needed at the time of measurement (the
detector).

But another critical point is that the Born and Markovian
approximations are not met hence decoherence will result.
The Born approximation is that the diamond-principal
interaction is sufficiently weak and environment (diamond)
large such that the principal does not significantly change
the diamond. Obviously the coupling is strong (Raman
scattering) and the diamond changes significantly (change in
phonon frequency). The Markovian approximation, having
no memory effects, means that self-correlations within
the diamond/environment decay for all practical purposes
instantly into the environment. If these two are not met
(along with the diamond interactions being identical), then
the diamonds become part of the coherent system rather
than a source of decoherence. Together, the indistinguishable
paths of single-photon coherence, near identical nature of
Raman scattering, and not meeting the Born/Markovian
approximations resulted in expansion of the coherence (the
two diamonds become part of the principal, resulting in
quantum correlations). This describes why the two phonon
fields become correlated and why it does not require (or
include) an explanation of true non-local entanglement
between arms.

We suggest that confusion over the distinction between
quantum correlations due to entanglement versus path
indistinguishability has arisen, at least in part, over a mis-
understanding of the type II spontaneous parametric down-
conversion (SPDC) source and overextending interpretations
of Dirac notation, which is presented in the Appendix. This
speculative topic is addressed in the Appendix.

5. General Results of the Lee et al. Paper

So to summarize, in the Lee paper the state, when using a
single arm/diamond, is initially a Stokes-phonon(s) entan-
glement then Stokes-phonon(s)-anti-Stokes entanglement,
arising from and remaining consistent with (1). It is an
entanglement in the von Neumann sense as measurement
of one subsystem exactly determines the state of the other
subsystems. When two paths are used, the photon(s) and
phonons are then entangled within a given path, but not
entanglement of phonons between paths. However, the two
diamonds are quantum correlated through path indistin-
guishability. The use of a coherent pulsed source allows the
argument to be built up from single photon wavepacket
interference.

As pointed out, the coherence expansion that results
requires very specific conditions with respect to the dia-
monds. First, the high phonon frequency minimizes thermal
decoherence. Second, the generated Stokes photons must
be essentially identical with respect to detection. Third,
the Born and Markovian approximations must not be met.
Together, along with the path indistinguishability, this results
in quantum correlations between the diamond phonons.

6. Notes on the Probe Photons

Just briefly discussing the probe photons, what is being
measured is second-order correlation between detectors
Da+ and Da−, generated from phonon fields in the two
arms, in a superposition. In general, we agree with the
author’s interpretations of the physical principles of the
probe photons, which will not be reviewed here because
of space limitations [13, 18, 25]. A quantitative description
of these second-order correlations from both entangled
photons and indistinguishable paths is best described in
terms of the correlation functions, electric field operators,
and annihilation operators. These are discussed elsewhere in
detail for those interested [13, 19, 27].

7. Notes on the Quantitative Results

The four-quantitative/qualitative results for discussion from
the Science paper are the density operators presented,
concurrence, confidence intervals, and visibility. (1) The
density operators in Figures 3 and 4 of the Lee paper
describe a coherent state as demonstrated by the off-
diagonal coherences, which is not unique to entanglement.
(2) There was some confusion in editorials/commentaries
on the article that there was 98% concurrence. There was
actually a 98% confidence interval that the concordance
was positive (which as the reader is aware could mean it
was 98% confidence the concurrence was extremely small
but positive). The concurrence was positive and somewhere
below 35%, values consistent with quantum correlations that
are not exclusive to an entangled state [29]. (3) The visibility
graph (Figure 2 of the Science paper) demonstrates two main
points. (A) The second order correlations are phase sensitive
with opposite signs due to the beam splitter, which is known
for second-order correlations. (B) The correlations between
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the pump and probe can exceed coincidence rates of classical
correlations. These results demonstrate quantum correla-
tions, but are not sufficient for specifically demonstrating
quantum entanglement. This statement is also consistent
with the experimental design analysis described above.

True entanglement between the phonon fields neither
needs to be elicited as an explanation for the results
nor leads to be proven in the paper. Though the phrase
“entanglement of diamonds” attracts considerable attention,
we believe that the establishment of quantum correla-
tions/coherence between two macroscopic objects using path
indistinguishability without nonlocal entanglements is far
more important to the field. We point out that we have
also achieved this with two macroscopic distant reflectors
[3]. Path indistinguishability, under the local entanglement
conditions described above, leads to quantum correlations.
This approach required that no quantum source could be
done under ambient conditions and potentially opens the
door to a much larger number of applications than straight
entanglement.

8. Conclusion

The recent paper in Science entitled “Entangling Macroscopic
Diamonds at Room Temperature” by C. Lee et al. establishes
nonlocal macroscopic quantum correlations between two
diamonds. However, while the authors claim the correlations
between diamonds represent entanglement, we present why
a different underlying mechanism exists which explain the
results. The quantum correlations are generated by path
indistinguishability of first order correlations (single-photon
wavepackets) in combination with essentially identical local
entanglement in each arm. Irrespective, the results are of
considerable importance. They offer a mechanism for gen-
erating macroscopic nonlocal quantum correlations under
ambient conditions, which could represent a substantial
advance to a wide range of applications.

Appendix

Unfortunately, many examples exist in the literature that
treat quantum correlations from path indistinguishability
and entanglement as essentially identical, an obstruction to
the field and in part likely due to misunderstanding of the
widely used SPDC II source (spontaneous parametric down-
conversion) and misuse of Dirac’s notation. Two prominent
examples are a 2008 Nature review on entanglement and the
recent study claiming entanglement between two diamonds
in Science [1, 30]. A brief review of the SPDC may illustrate
the point.

SPDC sources generally use a CW pumped nonlinear
crystal to produce two energy entangled photon pairs
(including entanglement of uncertainty) [31]. They were
initially pursed to test EPR-B. Due to energy conservation,
photon pairs’ angular frequency and wave number are

entangled. According to the standard theory of parametric
downconversion, the two-photon state can be written as

|Ψ〉 =
∫
dωPA(ωP)

×
∫
dω1dω2δ(ω1 + ω2 − ωP)a+(ω1)a+(ω2)|0〉,

(A.1)

where ω represents the angular frequency of the signal (1),
idler (2), and pump (p) of the downconversion. The a+

represents the respective annihilation operators. The delta
function represents perfect frequency phase matching of the
downconversion (i.e., entanglement). A(ω) is related to the
wavepacket extent and is not critical to the discussion here
(but it is when interfering entangled photons). This is a
type I SPDC source (no fixed polarization relationship); note
that the equation does not require path indistinguishability.
With a type II SPDC source, the signal and the idler have
orthogonal polarization states (i.e. the energy entangled
photons are associated with perpendicular polarizations).
The state is given by [32]

|Ψ〉 =
∫
dωPA(ωP)

×
∫
dω1dω2δ(ω1 + ω2 − ωP)a+

o (ω1)a+
e (ω2)|0〉.

(A.2)

The subscripts on the signal and idler represent different
polarization states associated with the entangled energy
states (o and e). Again, the energy states are entangled
(and thereby the polarization states) without any use of
indistinguishable paths.

Now, using a SPDC II source with an interferometer
(Figure 3) illustrates both entanglement and path indistin-
guishability. In this setup, prior to the beam splitter, the
photons are both entangled by energy and polarization.
After the beam splitter, indistinguishable paths are used
to generate interference. Under the correct setup of the
polarizers (P1 and P2) in each arm, Bell states can be
generated which can be used to test, for example, EPR-B.
The path indistinguishability after the beam splitter does not
cause the entanglement, but rather it is used to generate
Bell states from the already entangled states. Authors often
abbreviate the wave function for these Bell states, (entangled
photons grouped by indistinguishable paths) for example,
as (1/2)(|HV〉+ |VH〉). This representation, as seen in the
Nature review, can be misleading, because it drops the
energy/polarization entanglement that exists without the
beam splitter, as well as the wavepacket for the biphoton
(basically just using the e and o from (A.2) and giving
the impression that they are being entangled by the beam
splitter) [37]. Interfering light from the SPDC II source
in the Nature paper, a common yet incorrect statement in
Figure 2 of that paper is made, “However, in the regions
where the two cones overlap, the state of the photons will
be |HV〉+ |VH〉. It is around these points that entangled
photons are generated.” This abbreviated representation of
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Figure 3: An SPDC type II source using a beam splitter used to
generate Bell states.

the state ignores the already entangled energy/polarization
in areas outside the overlap (9), as well as the space-time
probability density. This leads to a misunderstanding of the
physics. Entanglement exists in the areas outside the overlap,
not just Bell states. Similarly, path indistinguishability did
not lead to entanglement of diamonds in the Lee experiment.

The example also illustrates the misuse of Dirac notation,
which seems particularly common in the quantum commu-
nication and computer fields. Dirac notation is a powerful
shorthand technique for describing quantum information
flow. But it is frequently treated as representing the state of
a system, which it generally does not do. If we represent a
vacuum and photon by |01〉+ |10〉, this neither tells us, for
example, about the state of the vacuum nor the bandwidth of
the photon. But this is how it is often interpreted leading to
erroneous conclusions.
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Energies and wave functions of the 1s22snp 3
P (n = 2–4) states for the beryllium atom are calculated with the full-core plus

correlation wave functions. Fine structures and hyperfine structures are calculated with the first-order perturbation theory. For
the 1s22s2p 3P state, the calculated energies, fine structure, and hyperfine structure parameters are in good agreement with the
latest theoretical and experimental data in the literature; it is shown that atomic parameters of the low-lying excited states for
the beryllium atom can be calculated accurately using this theoretical method. For the 1s22snp 3P (n = 3, 4) states, the present
calculations may provide valuable reference data for future theoretical calculations and experimental measurements.

1. Introduction

In recent years, studies of energies, fine structures, and
hyperfine structures of the low-lying excited states for the
beryllium atom [1–10] have been of great interest to spectro-
scopists because there are many strong optical transitions
suitable for spectral and hyperfine structure measurements.
On the other hand, studies of the low-lying excited states
for the beryllium atom play an important role in developing
the excited state theory of multielectron atoms and better
understanding the complicated correlation effects between
electrons. The fine structure comes from the spin-orbit,
spin-other-orbit, and spin-spin interactions. The hyperfine
structure of atomic energy levels is caused by the interaction
between the electrons and the electromagnetic multipole
moments of the nucleus. The leading terms of this inter-
action are the magnetic dipole and electric-quadrupole
moments. The fine and hyperfine structure is sensitive to the
correlation effects among electrons. Experimentally, some
properties of the atomic nucleus can be obtained by investi-
gating the hyperfine structure of the atomic energy levels.
The nuclear electric-quadrupole moment, which is difficult
to measure directly with nuclear physics techniques, can be
determined using the measured hyperfine structure and the
accurate theoretical results.

The 1s22s2p 3
P state of the beryllium atom is of interest

since it is the lowest excited state in which hyperfine effects

can occur, and the ground state has no hyperfine splitting
because it is J = 0. It is generally a very demanding task to
calculate hyperfine structure accurately. Polarization of the
closed shells in the 1s2 core, due to the Coulomb interaction
with open shells, can have a large effect on the hyperfine
structure. Up till now, the most sophisticated theoretical
calculations of the hyperfine structure parameters for the
1s22s2p 3

P state of the Be atom have been carried out using
linked-cluster many-body perturbation (LC MBPT) theory
[5, 6], Hartree-Fock and CI allowing all SD excitations to
correlation orbitals of Slater type by Beck and Nicolaides [7],
as well as multiconfiguration Hartree-Fock (MCHF) method
[8, 9]. Experimentally, the magnetic dipole and electric-
quadrupole hyperfine constants have been determined very
accurately with the atomic-beam magnetic-resonance tech-
nique [10] for the 1s22s2p 3

P state in beryllium. To the best
of our knowledge, few results on energies, fine structures,
and hyperfine structures have been investigated for the
1s22snp 3

P (n ≥ 3) states of the beryllium atom due to the
restriction of resolution from experiments and the numerical
unsteadiness in theoretical calculations.

An elegant and complete variation approach, namely,
the full core plus correlation (FCPC) method, has been
developed by Chung [11, 12]. This method has been suc-
cessfully applied to three- and four-electron systems, with
the 1s2 core. Many elaborate calculations, especially for
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the dipole polarizabilities [13], quadrupole and octupole
polarizabilities [14], and total atomic scattering factors [15],
show that FCPC wave functions have a reasonable behav-
ior over the whole configuration space for three-electron
systems. This method has also been used to calculate the
hyperfine structure of the 1s2ns 2S and 1s2np

2
P states (n =

2–5) for the lithium isoelectronic sequence; the results are
in good agreement with the Hylleraas calculations and with
the experiment data [16]. As is well known, theoretical
calculations of the hyperfine structure parameters depend
sensitively on the behavior of the wave function in the prox-
imity of the nucleus. In addition, core polarization effects
for the low l states need to be included in the nonrelativistic
wave function. It would be interesting to find out whether
the FCPC wave function can also be successful for calcu-
lating hyperfine structure parameters of low-lying excited
states for the beryllium atom. In this work, the FCPC wave
functions are carried out on the 1s22snp 3

P (n = 2–4) states
of the beryllium atom. The energies, fine structures, and
hyperfine structures are calculated and compared with the
data available in the literature. The purpose of this work is to
explore the capacity of the FCPC wave function to calculate
the atomic parameters of the low-lying excited states for the
beryllium atom and provide more reliable theoretical data to
stimulate further experimental measurements.

2. Theory

According to the FCPC method [11, 12], the wave function
for the four-electron 1s22snp 3P state can be written as

Ψ(1, 2, 3, 4)

= A

⎡
⎣Φ1s1s(1, 2)Φ2snp(3, 4)

+
∑
i

CiΦn(i),l(i)(1, 2, 3, 4)

⎤
⎦,

(1)

where A is an antisymmetrization operator. Φ1s1s is a
predetermined 1s2-core wave function which is represented
by a CI basis set,

Φ1s1s(1, 2) = A
∑
k,n,l

Cknlr
k
1 r

n
2 exp

(−βlr1 − ρlr2
)
Yl(1, 2)χ(1, 2),

(2)

the angular part is

Yl(1, 2) =
∑
m

〈l,m, l,−m | 0, 0〉Ylm
(
θ1,ϕ1

)
Yl−m

(
θ2,ϕ2

)
.

(3)

χ (1,2) is a two-electron singlet spin function. The linear and
nonlinear parameters in (2) are determined by optimizing
the energy of the two-electron core. The factor Φ2snp(3, 4)

represents the wave function of the two outer electrons which
is given by

Φ2snp(3, 4) = A
∑
k,n,l

dknlr
k
3 r

n
4 exp

(−λlr3 − ηlr4
)
Yl(3, 4)χ(3, 4),

(4)

the angular part is

Yl(3, 4) =
∑
m

〈l,m, l + 1,−m | 0, 0〉Ylm
(
θ3,ϕ3

)
Yl+1−m

(
θ4,ϕ4

)
.

(5)

The latter wave function of (1) describes the core relaxation
and the intrashell electron correlation in the four-electron
system. It is given by

Φn(i),l(i)(1, 2, 3, 4) = ϕn(i),l(i)(R)YLM
l(i) (Ω)χSSZ , (6)

where

ϕn(i),l(i)(R) =
4∏
j=1

r
nj

j exp
(
−αjr j

)
. (7)

A different set of αj is used for each l(i). The angular part is

YLM
l(i)

(
R̂
)
=
∑
mj

〈l1l2m1m2 | l12m12〉

× 〈l12l3m12m3 | l123m123〉

× 〈l123l4m123m4 | LM〉
4∏
j=1

Yljmj

(
Ω j

)
.

(8)

To simplify notation, this angular function is simply
denoted as

l(i) = [(l1, l2)l12, l3]l123, l4, (9)

with the understanding that l123 and l4 couple into L, the
total orbital angular momentum. There are three possible
spin functions for the 1s22snp 3

P state, namely,

χ1 = [(s1, s2)0, s3]
1
2

, s4,

χ2 = [(s1, s2)1, s3]
1
2

, s4,

χ3 = [(s1, s2)1, s3]
3
2

, s4.

(10)

For the radial basis functions of each angular-spin com-
ponent, a set of linear and nonlinear parameters is chosen.
These parameters are determined in the energy optimiza-
tion process. For each set of l1, l2, l3, and l4, we try all possible
l(i) and χ and keep the ones which make significant contri-
bution to the energy in (1).

The fine structure perturbation operators [1, 2] are given
by

ĤFS = Ĥso + Ĥsoo + Ĥss, (11)
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where the spin-orbit, spin-other-orbit, and spin-spin opera-
tors are

ĤSO = Z

2c2

4∑
i=1

⇀
l i · ⇀si
r3
i

,

ĤSOO = − 1
2c2

4∑
i, j=1
i /= j

[
1
r3
i j

(⇀
ri − ⇀

rj
)
×
⇀
pi

]
·
[⇀
si + 2

⇀
sj
]

,

ĤSS = 1
c2

4∑
i, j=1
i< j

1
r3
i j

⎡
⎢⎣⇀si · ⇀sj − 3

(⇀
si · ⇀ri j

)(⇀
sj · ⇀ri j

)
r2
i j

⎤
⎥⎦.

(12)

To calculate the fine structure splitting, the LSJ coupling
scheme is used:

ΨLSJJZ =
∑
M,SZ

〈LSMSZ | JJZ〉ΦLSMSZ . (13)

The fine structure energy levels are calculated by first-
order perturbation theory

(ΔEFS)J =
〈
ΦLSJJZ

∣∣∣Ĥso + Ĥsoo + Ĥss

∣∣∣ΦLSJJZ

〉
. (14)

For an N-electron system, the hyperfine interaction
Hamiltonian can be represented as follows [17, 18]:

Ĥh f s =
∑
k=1

T(k) ·M(k), (15)

where T(k) and M(k) are spherical tensor operators of rank
k in the electronic and nuclear spaces, respectively. The k =
1 term represents the magnetic-dipole interaction between
the magnetic field generated by the electrons and nuclear
magnetic dipole moments, and the k = 2 term the electric
quadrupole interaction between the electric-field gradient
from the electrons and the nonspherical charge distribution
of the nucleus. The contributions from higher-order terms
are much smaller and can often be neglected.

In the nonrelativistic framework, the electronic tensor
operators, in atomic units, can be written as

T(1) = α2

2

4∑
i=1

[
2glr−3

i l(1)
i −

√
10gs

{
s(1)
i C(2)

i

}(1)
r−3
i

+
8π
3
gss

(1)
i δ(ri)

]
,

T(2) = −
4∑
i=1

r−3
i C(2)

i ,

(16)

where gl = (1 − me/M) is the orbital electron g factor, and
gs = 2.0023193 is the electron spin g factor. M is the nuclear

mass. The tensorC(2)
i is connected to the spherical harmonics

Ylm(i) by

C(l)
m =

√
4π
2l

+ 1Ylm. (17)

The hyperfine interaction couples the electronic angular
momenta J and the nuclear angular momenta I to a total
angular momentum F = I + J. The uncoupling and coupling
hyperfine constants are defined in atomic units as [17, 18]:

aC =
〈
γLSMLMS

∣∣∣∣∣∣
N∑
i=1

8πδ3(ri)s0(i)

∣∣∣∣∣∣γLSMLMS

〉

(Fermi contact),

aSD =
〈
γLSMLMS

∣∣∣∣∣∣
N∑
i=1

2C(2)
0 (i)s0(i)r−3

i

∣∣∣∣∣∣γLSMLMS

〉

(
Spin dipolar

)
,

al =
〈
γLSMLMS

∣∣∣∣∣∣
N∑
i=1

l0(i)r−3
i

∣∣∣∣∣∣γLSMLMS

〉

(orbital),

bq =
〈
γLSMLMS

∣∣∣∣∣∣
N∑
i=1

2C(2)
0 (i)r−3

i

∣∣∣∣∣∣γLSMLMS

〉

(
electric quadrupole

)
,

AJ = μI
I

1

[J(J + 1)(2J + 1)]1/2

〈
γJ
∥∥∥T(1)

∥∥∥γJ〉,

AJ−1,J = μI
I

1

[J(2J − 1)(2J + 1)]1/2

〈
γJ − 1

∥∥∥T(1)
∥∥∥γJ〉,

BJ = 2Q
[

2J(2J − 1)
(2J + 1)(2J + 2)(2J + 3)

]1/2〈
γJ
∥∥∥T(2)

∥∥∥γJ〉,

(18)

where ML = L and MS = S. In these expressions, μI is
the nuclear magnetic moment and Q is the nuclear electric
quadrupole moment. I is the nuclear spin, and J is the atomic
electronic angular moment.

3. Results and Discussions

In order to achieve accurate calculation results for various
properties of the low-lying excited states for the beryllium
atom, the choice of basis function with sufficiently high
quality is critical and it is our major concern. The seven
l components (0,0), (1,1), (2,2), (3,3), (4,4), (5,5), (6,6)
altogether 159 terms are used for the 1s2 core. The Φ2snp

in (1) has four angular components, l is summed from 0
to 3 with the angular components (0,1), (1,2), (2,3), and
(3,4), and the number of terms in Φ2snp ranges from 36 to
15. Most of the other correlation effects are included in (6),
which accounts for the intershell as well as the intrashell
correlations. Many relevant angular and spin couplings are
important for the energy, these basis functions are tried
to include in Φn(i),l(i) (1, 2, 3, 4) with significant energy
contribution. For each set of orbital angular momenta l1, l2,
l3, and l4, there could be several ways to couple this set into
the desired total orbital angular momentum. In this work,
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Table 1: Nonrelativistic energies of the 1s22snp 3P (n = 2–4) states for the beryllium atom (in a.u.).

This work Hibberta Weissb

1s22s2p 3P −14.56637 −14.5184 −14.51844

1s22s3p 3P −14.39839 −14.3510 −14.35106

1s22s4p 3P −14.36248 −14.31530
a
Reference [1].

bReference [2].

Table 2: Fine structure splittings νJ–J of the 1s22snp 3PJ (n = 2–4) states for the beryllium atom (in cm−1).

1s22s2p 3PJ 1s22s3p 3PJ 1s22s4p 3PJ

ν2–1 2.36 0.35 0.13

Experimenta 2.35 (.2)

Other theoryb 2.53

ν1–0 0.64 0.092 0.034

Experimenta 0.64 (.1)

Other theoryb 0.71
a
Reference [3].

bReference [4].

for 1s22snp 3P states, the important angular series (l1, l2, l3,
l4) are (0, 0, l, (l+1)), (0, 1, l, l), (l, l, 0, 1), and so forth. In both
cases, the value of l is from 0 to 6, as the energy contribution
from set with l > 6 is small and negligible. In order to get
the high-quality wave function, the number of angular-spin
components in the Φn(i),l(i) wave functions ranges from 15 to
66, and the number of terms in the Φn(i),l(i) of (6) is about
790. The linear and nonlinear parameters are individually
optimized in the energy minimization process. Using the
Rayleigh-Ritz variational method, the basic wave function Ψ
and the corresponding eigenvalue E are determined.

Nonrelativistic energies of the 1s22snp 3
P (n = 2–4)

states for the beryllium atom are given in Table 1. As Table 1
shows, for the 1s22snp (n = 2, 3) 3P states, the nonrelativistic
energies in this work are lower and better than those of
Hibbert and Weiss [1, 2], the improvement ranging from
0.0479 a.u. to 0.0473 a.u. Hibbert and Weiss reported a set
of large-scale configuration interaction (CI) calculations for
the 1s22snp (n = 2, 3) 3P states, which can give an accurate
approximation for each state, but it may tend to obscure the
global picture of the spectrum which is so transparent in
the other approach. The work of Hibbert and of Weiss did
not include any intrashell correlation in the 1s shell, as the
calculations were of transitions in the outer subshells. The
correlation energy of the 1s shell is almost independent of the
nuclear charge and also of the number of additional electrons
outside the 1s shell. For Be, it is about 0.0457 a.u. and this
accounts for the main difference between earlier work and
the present; more accurate results are presented in Table 1. Of
course, for the calculation of hyperfine parameters, correla-
tion within the 1s shell is crucial in obtaining accurate hyper-
fine parameters, and this has been achieved in the present
work. For the 1s22s4p 3

P state, the present calculation from
the FCPC method is also lower than the result of Weiss [2].

If including the effects of the spin-orbit, spin-other-orbit,
and spin-spin interactions, the energies of the fine structure

resolved J levels are obtained. In this work, the fine structure
splittings of the triplet states are calculated with theHso,Hsoo,
and Hss operators using the first-order perturbation theory.
Table 2 gives the fine-structure splittings of the 1s22snp 3PJ
(n = 2–4) states for the beryllium atom. The experimental
Be 2s2p 3PJ splittings are 2.35 (J = 2 → 1) and 0.64
(J = 1 → 0) cm−1 [3]. They agree with our prediction
2.36 and 0.64 cm−1. Although many theoretical studies have
been done on the BeI excited systems, the published theore-
tical fine structure results are scarce. One exception is Laugh-
lin, Constantinides, and Victor [4]. They use a model poten-
tial calculation and predict the splittings to be 2.53 and
0.71 cm−1 for the 1s22s2p 3

PJ state, which should be con-
sidered as quite good in view of the simplicity in their
computation and fall in experimental uncertainties. Pre-
sent calculations for this state are more accurate due to cor-
relation effect well described in this method. For the experi-
ment, the splitting of 1s22s3p 3

PJ (J = 1, 0) is not resolved.
But the splitting from the J = 2 state to the J = 1, 0 is deter-
mined to be 0.37 cm−1. In this work, the calculated splittings
are 0.35 (J = 2 → 1) and 0.092 (J = 1 → 0) cm−1. This
implies that the predicted splitting from J = 2 to the center
of gravity of J = 1 and 0 should be 0.373 cm−1. It agrees with
the experiment. The good agreement with experiment could
be used as the indication of the accuracy of the wave function
constructed here. For the 1s22s4p 3PJ state, our calculated
splittings are hoped to offer reference for further experi-
mental measurements.

The hyperfine structure parameters of the 1s22snp
3P(n = 2–4) states for the beryllium atom are calculated in
this work: Fermi contact ac, the spin dipolar aSD, the orbital
al, and the electric quadrupole bq. In the present calculation,
Q = 0.0530b, μI = −1.177492 nm, I = 1.5 for Be are taken
from [19]. The hyperfine interaction in the 1s22s2p 3

P state
for the beryllium atom is of interest since it is the lowest
excited state in which hyperfine effects can occur, which has
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Table 3: The hyperfine structure parameters (in a.u.) and coupling constants (in MHz) of the 1s22s2p 3P state for the beryllium atom.

Method ac asd al bq A2 A1 Reference

LC MBPTa 9.2319 −0.06490 0.30478 −0.1156 −124.21 [5, 6]

HF + SDCIb 9.2738 −0.06656 0.30014 −0.1097 −124.76 −139.77 [7]

FE MCHFc 9.2349 −0.06564 0.30261 −0.1150 [8]

MCHF 9.2416 −0.06587 0.30329 −0.11570 −124.50 −139.35 [9]

This work 9.2436 −0.06523 0.30201 −0.11588 −124.51 −139.36

Experiment −124.5368 −139.373 [10]
a
Linked-cluster many-body perturbation theory.

bHartree-Fock and CI allowing all SD excitations to correlation orbitals of Slater type.
cFinite-element multiconfiguration Hartree-Fock.

Table 4: The hyperfine structure parameters (in a.u.) and coupling constants (in MHz) of the 1s22snp 3P (n = 3, 4) states for the beryllium
atom.

ac asd al bq A2 A1

1s22s3p 3P 12.029 −0.00898 0.04276 −0.01788 −151.59 −153.61

1s22s4p 3P 12.118 −0.00338 0.01610 −0.00686 −151.92 −152.68

been studied over the past four decades [5–10]. Table 3 gives
the hyperfine structure parameters of the 1s22s2p 3

P state
for the beryllium atom through the FCPC wave function to
compare with data in the literature. As can be seen from
Table 3, the present results for hyperfine structure para-
meters are better than the earlier theoretical results [5–7] in
whole. The present calculations also agree with the results by
FE MCHF (finite-element multiconfiguration Hartree-Fock)
method [8] to two significant figures. The calculated Fermi
contact term ac in this work differs from the results from the
latest calculation through MCHF method [9] by only 0.07%,
and the differences for the other terms are on the order of a
few parts in a thousand. This means that the wave function
used in the present work is reasonable and accurate in the
full configuration space. The hyperfine coupling constants
AJ are also listed in Table 3 to compare with results from
other calculations and experiments. Our calculated hyperfine
coupling constants agree perfectly with the experimental
value [10] to four significant figures. That is also true for the
MCHF calculation of [9]. It is shown that hyperfine structure
parameters of the low-lying excited states for the beryllium
atom can be calculated accurately using the present FCPC
wave function. For the 1s22snp 3

P (n = 3, 4) states, to the best
of our knowledge, there is no report on hyperfine structure
parameters in the literature. The present predictions for the
hyperfine structure parameters and coupling constants are
listed in Table 4, which may provide valuable reference data
for other theoretical calculations and experimental measure-
ments in future.

4. Summary

In this work, energies, fine-structure splittings, and hyperfine
structure parameters of the 1s22snp 3

P (n = 2–4) states
for the beryllium atom are calculated with the FCPC wave
functions. The obtained nonrelativistic energies are much
lower than the previous published theoretical values. The cal-
culated fine structure splittings are in good agreement with

experiment. For the 1s22s2p 3
P state, the calculated hyperfine

structure parameters are in good agreement with the latest
theoretical and experimental data in the literature; it is shown
that hyperfine constants of the low-lying excited states for
the beryllium atom can be calculated accurately using this
kind of wave function. For other states, the present predicted
hyperfine structure parameters may provide valuable refer-
ence data for future theoretical calculations and experimental
measurements.
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We suggest a new method for the analysis of experimental time series that can distinguish high-dimensional dynamics from
stochastic motion. It is based on the idea of statistical complexity, that is, the Shannon entropy of the so-called ε-machine
(a Markov-type model of the observed time series). This approach has been recently demonstrated to be efficient for making
a distinction between a molecular trajectory in water and noise. In this paper, we analyse the difference between chaos and
noise using the Chirikov-Taylor standard map as an example in order to elucidate the basic mechanism that makes the value
of complexity in deterministic systems high. In particular, we show that the value of statistical complexity is high for the case of
chaos and attains zero value for the case of stochastic noise. We further study the Markov property of the data generated by the
standard map to clarify the role of long-time memory in differentiating the cases of deterministic systems and stochastic motion.

1. Introduction

Statistical complexity is a measure that had been introduced
by Crutchfield and Young in 1989 [1]. It has been proven
useful for describing various complex systems, including
those with hundreds of degrees of freedom [2]. According
to our earlier paper [3], the statistical complexity of high-
dimensional trajectories generated by the dynamics of an
ensemble of water molecules grows up to the time scale
of 1 microsecond, that is, an extremely long-time interval
for a typical molecular dynamics simulation. Moreover, this
property is much less pronounced for so-called surrogate
time series that have exactly the same power spectrum and,
hence, autocorrelation function as the original time series.

For example, in Figure 1 we plot the dependence of
statistical complexity on the length of the time series for
the symbolic data obtained from a Poincaré the section of
3D velocities describing the motion of a hydrogen atom
in an ensemble of 392 water molecules [3]. The details of
computing the atomic trajectories as well as the method used
for partitioning the phase space and obtaining a symbolic
string from the initially floating point data can be found in
[4]. In the same figure, we draw the curves calculated for

so-called phase-shuffled surrogate time series [5], the data
having identical autocorrelation function, and hence power
spectrum as the original velocity trajectories. One can notice
significant differences between the statistical complexity of
the physical and the artificially generated data.

We then put forward a hypothesis that this property,
that is a high value of statistical complexity, can be used for
distinguishing between deterministic and stochastic systems
(see also [6]). The phenomenon of the complexity growth
with the length of time series that ensures the difference
between the cases of deterministic and stochastic behaviour
remains still unexplored. In order to elucidate the mecha-
nism that makes the value of complexity high, we performed
numerical experiments with the standard map (known also
as the Chirikov-Taylor map) [7], one of the most studied
paradigmatic models in nonlinear dynamics. We observed
that statistical complexity was high indeed in the case of the
standard map, and it had much lower value for the surrogate
time series, being close to zero for the case of noncorrelated
noise from a random number generator.

For the purpose of estimating statistical complexity for a
symbolic time series, we utilize the CSSR algorithm [8] that
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Figure 1: Statistical complexity versus the (log of) length of the
analysis interval for the hydrogen velocity time series (top curve)
and four surrogate time series (bottom curves): three independent
realisations of the phase-shuffling algorithm (red, green, and blue),
and single time series of a white noise passed through a low-pass
linear filter (black) (from [3]). Note that the value of statistical
complexity for the data obtained from simple random number
generator is close to zero and does not depend on the length of time
series for large enough value of the latter (not shown).

had been reported as an efficient, reliable, and easy to use
software. The algorithm constructs an ε-machine, a Markov-
chain with l-step memory, which constitutes a probabilistic
model for the analysed data series. Statistical complexity
measures an information content of the ε-machine via
its Shannon entropy. Our analysis shows, however, that
although the CSSR algorithm always converges well and
produces a finite value of complexity, in some cases the
approximation of data with a Markov-chain-type model
is inadequate, making the complexity value dependent on
the length of the analysed data. Finally, we came to the
conclusion that, at least in the case of standard map, the
main reason for the growth of complexity is the property
of stickiness of periodic islands in the chaotic sea, a generic
phenomenon in Hamiltonian systems [9]. It has been noted
in [10] that due to the sticking property of the regular
component in a subcritical domain (K < 0.9716), the
dynamics of the standard map is subdiffusive that can be
well approximated with a continuous time random walk
model. Anomalous properties of the temporal behaviour
of nonextensive entropy, a generalization of the usual
Boltzmann-Gibbs entropy, have been also analysed in [11].

In the present work, we mainly study the domain of
K � 1 where the area occupied by periodic islands is small,
and the chaotic motion can be expected to be strongly mixing
and ergodic. Nevertheless, as our results show, the presence
of stickiness is still an important factor defining the long-
term statistical measures. In terms of the CSSR algorithm,
the property of stickiness breaks the independence of the data
points separated by a history long-time interval, thus making
the Markov-chain approximation invalid.

Finally, we discuss a conjecture that the property of
the non-Markovianity of the ε-machine and growth of

statistical complexity can be used in a constructive way
for distinguishing deterministic and stochastic behaviours.
The problem of detecting determinism in a noise looking
chaotic time series is a long standing one. An extensive review
of the issues related to the difference between chaos and
noise and to inherent difficulties encountered in the high-
dimensional cases can be found in [12]. We suggest that there
is a significant difference between the statistical complexities
of Hamiltonian chaos and coloured noise with identical
power spectrum, the main reason for which consists in the
presence of the long-time memory in time series obtained
from Hamiltonian systems. This property originates from the
stickiness of periodic islands that are abundant in the chaotic
sea due to multiple resonances that occur in the phase space.

We would also like to note that since the phase space of
Hamiltonian systems has a complicated structure of chaotic
areas intermingled with periodic islands, this leads in some
cases to the necessity of distinguishing between chaos and
complex quasiperiodic motion. A measure called orbital
complexity had been introduced for this purpose in the
context of analysing the orbital motions of planets [13–15].
This measure, although being based on the calculation of
the Shannon entropy (but in the spectral domain), has
quite different meaning, purpose, and scope of applicability
compared to statistical complexity.

2. Systems and Method of Analysis

The standard map is defined as

pn+1 = pn + K sin θn mod 2π,

θn+1 = θn + pn+1 mod 2π,
(1)

where K is a single parameter defining the dynamics of
this system. In all the calculations below, the value of the
parameter K has been chosen at K = 6.908745.

First, at the step called “symbolization,” the original real-
valued time series is transformed to a symbolic sequence
by introducing a suitable partitioning of the phase space
(Figure 2(a)).

At the next stage, the sequence of symbols is transformed
to the sequence of histories, the l-symbol strings representing
a refinement of the partitioning in the phase space [3].
ε-machine reconstruction requires a grouping of histories
to “causal states,” based on the analysis of the predictive
properties of each history by one step forward in time.
Finally, the statistical complexity is calculated from the ε-
machine as Shannon entropy of the probability distribution
of the causal states:

Cμ = −
Nc∑
i=1

pi log pi, (2)

here pi are probabilities of the causal states in the ε-machine,
and Nc is the total number of the causal states.

3. Numerical Experiments

We have calculated the statistical complexity using the
algorithm called CSSR [8] for the standard map and plotted
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Figure 2: The standard map. Symbolization with a three-symbol
alphabet (a). Two periodic islands are embedded into the chaotic
sea. One of them zoomed is shown in (b).

the graphs of complexity versus the amount of data (the
length of symbolic sequence). We have also studied how the
calculated values depend on the method of partitioning the
map, initial conditions, and the parameter K of the system.

A typical plot of statistical complexity Cμ and the number
of causal states for the history length l = 2 · · · 9 are shown
in Figure 3.

The results for the surrogate data generated using the
same trajectory of the standard map are shown in Figure 4.
Changing the initial conditions, the type of partitioning the
phase space at the stage of symbolization, and/or value of
the parameter K brings qualitatively the same results, that is,
there is a significant difference between the complexity values
calculated for the data obtained from the map and those for
the surrogate time series. It should be noted though that the
complexity value moderately increases with parameter K as
shown in Figure 5. This behaviour is similar to that of other
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Figure 3: The values of Cμ and the number of causal states for
various history lengths (from bottom to top l = 2 · · · 9) for the
standard map trajectory as a function of the data length.
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Figure 4: Same as in Figure 3 but for the random surrogate.
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1

0.8

0.6

0.4

0.2

0
0 0.2 0.4 0.6 0.8 1

p(
2)

p(0)

Figure 6: Conditional distributions of the next symbol for all
histories at history length l = 8. Every point represents a history.
The total number of points (histories) is 38.

characteristics used in nonlinear dynamics, like Lyapunov
exponents or measure of the chaotic area reported in [16].

4. A Hypothesis on Markov Property

In this section, we would like to demonstrate that the large
complexity values observed in the case of the standard map
are caused by the presence of certain segments in the chaotic
trajectory (which become histories after symbolization) that
do not possess a property necessary for building a Markov-
chain from the data. Consider the stage when the symbolic
string has been converted to the sequence of histories, that is,
symbolic words of length l. The Markov-chain (ε-machine)
can be built from such a sequence, if the conditional
probability distribution of the next symbol in the symbolic
sequence depends only on the l-symbol string preceding the
symbol, and it is independent on the previous symbol, that

0.4

0.3

0.2

0.3 0.4

P
(1
|←− s

)

P(0|←−s )

Figure 7: Conditional probability distribution for the history with
the largest deviation from the Markov property (black triangle).
Adding a symbol to the history changes drastically the position of
the point in the diagram. Three circles correspond to adding “0,”
“1,” or “2” to the history l = 8 (crosses). The red triangle represents
a randomly chosen history with clear Markov property, that is, the
distribution of probabilities does not depend on the added symbol.

is, the symbol that occurred l + 1 time steps before. In other
words, if we consider the conditional probability distribution
for a given history, it should not change (in statistical sense),
if we increase the length of a history by one symbol to the
past.

In Figure 6, we present a scatter diagram that demon-
strates the distribution of the conditional probabilities for
each history at the history length l = 8. Every point in the
diagram corresponds to a single history. The large spread
around the point with coordinates (1/3, 1/3) evidences
significant difference compared to the case of uniform
distribution. The change from l = 8 to l = 9 does not change
the overall pattern of point distribution shown in Figure 6.
However, the analysis of the conditional probabilities for
individual histories reveals huge changes in the position of
points depending on the extra symbol added at the beginning
of the history. In Figure 7, we depict the conditional distri-
bution for the next symbol for two histories: one that shows
strong deviation from Markov property and a “normal” one,
that is, a randomly chosen history. The large deviation in the
distribution of conditional probabilities can be concluded
from a big distance between the vertexes of the upper triangle
(distribution of the conditional probabilities at l = 9) and the
cross corresponding to the conditional probability at l = 8.
The probabilities at l = 9 are computed by adding one of the
three symbols (012) at the beginning of the history of l = 8.

Finally, we would like to show that the segments of
chaotic trajectories that correspond to the history with large
deviation from the Markov property are located in the areas
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Figure 8: Parts of chaotic trajectory corresponding to the history
with large deviation from the Markov-chain property. Only points
corresponding to the central three symbols in the history are shown.
Apparently, the history includes one of the two periodic islands
shown in Figure 2.

of the phase space close to periodic islands. For this purpose,
we plotted in Figure 8 only the points that correspond to
the history with large deviation from the Markov-chain
property. A comparison to Figure 2 suggests that the history
with large deviation in the distributions is located close to
the periodic islands. Therefore, we suppose that the breaking
of Markovianity can be interpreted as a manifestation of the
well-known phenomenon of “stickiness” [9] of trajectories
in the areas close to periodic islands. Prolonged wandering
of a trajectory around the island is equivalent to existing
of long-time memory in the corresponding segments of
the chaotic time series. Figure 8 should be also compared
to Figure 9, which presents the segments of the chaotic
trajectory corresponding to a history possessing the Markov
property. Apparently, it has no relation to periodic islands.
Such histories represent a vast majority in the ensemble of
3l histories, the non-Markovian histories constituting only a
fraction of percent.
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Figure 9: Parts of chaotic trajectory corresponding to the history
with no deviation from the Markov-chain property. Only points
corresponding to the central three symbols in the history are shown.
Apparently, the history does not include any of the two periodic
islands shown in Figure 2.

5. Discussion

It has been demonstrated in this paper that statistical
complexity appears to be a useful measure for distinguishing
Hamiltonian chaos in low- and high-dimensional systems
from correlated noise with identical autocorrelation func-
tion. Its value for the symbolic time series calculated from
the dynamics of Hamiltonian systems is substantially larger
than that for a white noise time series or the time series
obtained from the phase shuffling surrogate algorithm. Our
explanation of the origin of this phenomenon in terms
of Markov-chain theory consists in breaking down the
Markov property by the symbolic sequences obtained from
Hamiltonian systems.

We believe that the large value of complexity observed
in our numerical experiments is defined by the presence
of periodic islands with sticky borders in the phase space
of Hamiltonian systems. The stickiness of certain areas in
the phase space leads to long-time memory effects that are
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responsible for breaking down the statistical independence
of the future states from the past ones. This, in turn, makes
the procedure of grouping the histories into causal states
constituting the core of CSSR algorithm unstable. As a result,
the algorithm finds more and more causal states necessary
for building the ε-machine as a Markov chain, and the value
of complexity grows with the number of causal states.
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We present a set of Gupta potentials fitted against highest-level ab initio data for interactions of the alkaline earth metals: beryllium,
magnesium, and calcium. Reference potential energy curves have been computed for both pure and mixed dimers with the
coupled cluster method including corrections for basic set incompleteness and relativistic effects. To demonstrate their usability
for the efficient description of high-dimensional complex energy landscapes, the obtained potentials have been used for the global
optimization of 38- and 42-atom clusters. Both pure and mixed compositions (binary and ternary clusters) were investigated.
Distinctive trends in the structure of the latter are discussed.

1. Introduction

Metallic clusters have become over the years a subject of
intense study, both theoretical as well as experimental [1].
Interest stems from the distinct properties they reveal when
compared to the bulk phase and how these may change
as a function of the cluster size. Different compositions
(in binary, ternary, and higher mixtures) can also lead to
new chemical and physical phenomena. Nanoalloys are a
prime example of how both factors can be combined for
material design and application in catalysis [2, 3]. The
computational study of their structures is a challenging task
for two interlacing reasons. On the one hand, the number
of local minima is considered to scale exponentially with
the cluster size, making the search for the global minimum
NP-hard [4]. This property reflects back on all algorithms
designed to explore the energy landscape of such systems.
On the other hand, a suitable theoretical description of
the interactions in play is required. It needs to be accurate
enough to properly describe the energy landscape for a
wide range of bonding patterns. It should also be amenable
to computation, meaning that the computation of several
hundred many-body interactions can be carried out in a
sensible time frame. This is even more important since
multiple thousands of these computations are required for
a proper sampling of the energy landscape.

One of the most successful approaches to the study of
metallic clusters has been the combination of fitted potentials
with global optimization algorithms [5–8]. The former are
usually obtained by fitting experimental data or electronic
structure results to an analytic expression. The brute force
use of quantum mechanical methods is impractical due to
the computational cost, particularly linked to its scaling
relative to the system size. Even semiempirical methods may
be too costly as the prefactors are high enough to hinder a
proper sampling of conformational space.

In this work, we have made use of correlated wave
function methods to calculate the two-body interaction
potential of alkaline earth metals (Be, Mg, and Ca). Emphasis
has been placed on obtaining converged energy profiles
relative to basic set, relativistic, and electronic correlation
effects. The high-level reference data thus obtained was
mapped to a two-body Gupta-type potential, [9] which in
turn could be used to explore the structure of pure, binary,
and ternary clusters. A few comments should be made about
this choice of approach. First of all, it follows a bottom-to-top
rationale that no information about nano- or macroscopic
materials is used in the fit. It is purely based on first principles
results that no empirical information (aside from the form of
the chosen potential) has been included. This can certainly
be seen as an advantage, since it allows us to improve the
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description in a systematic way. However, since the reference
data has been computed with computationally demanding
methods, it is not possible to benchmark the fit by repeating
calculations for a selected test set of clusters. In fact, some
of the terms included in the energy expression would be
hard to obtain even for a 3-atom system. The advantages and
disadvantages of our choice are later discussed in the text.

2. Methods and Techniques

Both for the cluster structure optimization as well as the
potential fit, the OGOLEM framework for global opti-
mization was used. Its features have been introduced in a
series of publications [10–12]. Therefore, we will restrict
ourselves to a brief discussion of the relevant features. The
OGOLEM framework is loosely based on genetic algorithms
as described in [13] replacing the generation-based scheme
with the more efficient genetic pool scheme. While standard
generation-based schemes feature serial bottlenecks at the
end of every generation, a pool-based scheme removes this
constraint through constant updates of a genetic popula-
tion, allowing for a more efficient parallelization of the
algorithm. As a side effect, elitism is a built-in feature
of any genetic pool scheme, therefore removing the need
to define additional criteria for it. Since the genetic pool
contains all current solution candidates, parent individuals
are chosen from it (father based on ranked fitness, mother
randomly) and subject to the usual genetic operations:
crossover and mutation. The crossover operator used for
the global potential fit is a one-point genotype operator
accompanied by a genotype mutation (probability 5%). For
the cluster structure optimization, our implementation of
a phenotype operator [11] is used, again accompanied by
a genotype mutation (probability 5%). It should be noted
here that no explicit exchange mutation (as, e.g., proposed
in [6] and applied in [11]) was used. The phenotype
implementation already includes some internal exchange
which proved effective enough for lightly mixed clusters as
targeted in this study.

In the case of cluster structure optimization, the solution
candidates are then subject to a graph-based collision and
dissociation detection. Should a candidate structure show
either, it will be rejected and does not enter the subsequent
local optimization. In the case of the potential fits, no
such restriction is applied. Finally, it is attempted to add
the fitter of the two locally optimized individuals to the
genetic pool. This operation is only successful if it does not
violate the fitness-based diversity criterion. After a defined
number of these iterations, a converged solution pool is
obtained, containing the global minimum candidate. In the
case of cluster structure optimizations, such candidate is only
accepted if four independent runs yield the same individual.

3. Global Fit of Potentials

All two-body interactions of beryllium, magnesium, and
calcium have been fitted against highest-level ab initio data.
The numerical data will be published elsewhere [27]. To

obtain the highest possible accuracy at a still affordable
computational footprint, different levels of theory based on
wave function methods are combined as follows:

Einter = E∞HF + ΔE∞CCSD(T) + ΔErel + ΔEQ, (1)

where E∞HF is the CBS[3, 4, 5]-extrapolated HF/aug-cc-
pCVXZ [14–16] energy as proposed by Feller [17], ΔE∞CCSD(T)
is the CBS[4, 5]-extrapolated correlation energy using
the CCSD(T)/aug-cc-pCVXZ (X = Q, 5) level of theory
with the X − 3 formula, ΔErel is a relativistic correction
using a Douglas-Kroll Hamiltonian at the CCSD(T)/aug-cc-
pCVTZ-DK [15] level of theory, and ΔEQ is the quadru-
ples contribution to the correlation energy obtained with
CCSDT(Q)/aug-cc-pVTZ with the frozen core approxima-
tion in place. All calculations were performed with the
Molpro2010.1 program package [18]. The CCSDT(Q) runs
were carried out by the MRCC program [19, 20] interfaced
to the latter.

The quality of this data set is high enough to reproduce
the experimental dissociation energy of 11.1 kJ mol −1 and
equilibrium distance of 2.45 Å for the beryllium dimer [21]
and can be expected to be of similar quality for the other
interactions. Additionally, it provides a consistent data set
for all pairs. For the latter property, the inclusion of all
electrons in the ΔE∞CCSD(T) term calculation and the inclusion
of relativistic effects are of particular importance.

The Gupta potential [9] used is of the regular form

E(a, b) = A(a, b) · exp
[
−p(a, b)

(
rab

r0(a, b)
− 1
)]

−
√
χ(a, b)2 · exp

[
−2 · q(a, b)

(
rab

r0(a, b)
− 1
)]

,

(2)

where rab is the distance between atoms a and b, and A(a, b),
p(a, b), r0(a, b), χ(a, b), and q(a, b) are the parameters to be
fitted against the reference.

Due to the rigid nature of the Gupta potential, a
weighting of data points was necessary to guarantee a good
fit. This weighting followed the rationale that an exact
reproduction of the depth and position of the minimum is
most important. A good reproduction of the attractive part
of the potential was the second target, and less focus was
placed on reproducing the repulsive part. We consider these
to be reasonable design principles, reflecting the standard
demands on potentials. Used weighting factors are tabulated
in the supplementary information (see Supplementary Table
in the Supplementary Material available online at doi:
10.1155/2012/648386).

The derived potentials are depicted in Figures 1 and 2
with the numerical values of the parameters to four digits
precision available in Table 2. Perhaps one of the most strik-
ing features, upon inspection of the figures, is the difficulty in
describing the weak-bonding regime. Some of the potential
curves show a close to linear profile on approaching the
minimum. This is the case for the Be-Be interaction and, less
drastically, for the Be-Mg interactions. In the former case, a
clear platteau is visible. Under the constraints of the potential
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Figure 1: Derived Gupta potentials for Be-Be, Be-Mg, and Be-Ca interactions.

Table 1: Quality of the fit for all alkaline earth interactions.
Distance regime rAB in Å and absolute and average deviation in
kJ/mol. Absolute deviation includes weights; average deviation is
weight-free.

Pair rAB Nref Abs. dev. Avg. dev.

Be-Be 2.0→ 10.0 81 47.43 0.59

Be-Mg 2.5→ 15.0 126 25.71 0.20

Be-Ca 2.7→ 15.0 124 25.80 0.21

Mg-Mg 3.0→ 15.0 121 13.79 0.11

Mg-Ca 3.2→ 15.0 119 11.42 0.10

Ca-Ca 3.5→ 15.0 116 16.60 0.14

form chosen, it is not possible to correctly reproduce this
behavior without significantly affecting the description of
the minimum. Nevertheless, all fitted potentials accurately
describe the position and depths of the minimum correctly
and are in overall good agreement with the reference. The
Mg-Ca and Ca-Ca fits reproduce extremely well the reference
data. Numerical information on the fitting quality can be
obtained from Table 1. It should be noted though that the
depth of the potential needs to be taken into account. The
average deviation of 0.14 kJ·mol −1 for the Ca-Ca interaction
(minimum depth approximately 11 kJ·mol−1) is less severe

Table 2: Numerical values to four digits precision for the fitted
Gupta potentials. All values in atomic units.

Parameter Be-Be Be-Mg Be-Ca Mg-Mg Mg-Ca Ca-Ca

A 1.7943 2.1964 1.3955 2.7232 2.5646 0.8815

p 4.2656 2.0473 3.5205 2.8024 2.0231 3.3835

r0 2.0323 1.4388 2.3759 1.8582 1.7852 3.9567

χ −0.4088 0.2066 0.0913 −0.0221 −0.1453 −0.5749

q 2.7536 1.1548 1.6065 0.7203 0.9789 2.8282

than the average deviation of 0.11 kJ·mol −1 for the Mg-Mg
interaction (minimum depth approximately 5 kJ·mol −1).
Further enhancements in the description would ultimately
require another potential type, either another rigid potential
more suitable for these interactions or a more flexible
potential form. Both Morse potentials and LJ-type potentials
were found to be unsuitable to overcome this principle
problem. In a recent study by Li et al. [22], the Tang-
Toennies potential model was used to fit experimental data
of homogeneous alkaline earth dimers. The attractive part of
the Be-Be interaction could not be perfectly described in this
case either.

Further enhancement to the potential would also be
possible through parametrization of three-body terms. These
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Figure 2: Derived Gupta potentials for Mg-Mg, Mg-Ca and Ca-Ca
interactions.

would have to be computed at a lower level of theory due
to the large number of points needed and the size increase
in the system. The computation of quadruple excitations is
particularly costly and would be hard to perform in systems
other than dimers. A possible approach would be to add
an effective 3-body term in agreement with experimental
structural data or by using simulation results at a lower
level. Caution should be taken in computing such a term
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Figure 3: Mg-Mg interaction energy curves obtained at the
CCSD(T)/CBS and CCSD(T)/AVTZ levels of theory.

from three-atom systems for two reasons. First of all, it is
expected that basic set superposition effects (BSSE/BSIE) can
contaminate the potential. Most importantly, we note that
many-body stabilization is overestimated when considering
only 3-body interactions [25]. To illustrate the BSSE/BSIE
problem, we compare in Figure 3 the energy profile for the
Mg dimer computed at the CCSD(T)/aug-cc-pCVTZ level
(CCSD(T)/AVTZ) and the energy obtained from the first
two terms in (1) (CCSD(T)/CBS). The difference between
the two sets of data is exclusively due to differences in the
basic set. The use of a triple-zeta quality basic set leads to a
clear overestimation of the well depth. The CCSD(T)/AVTZ
level of theory predicts the equilibrium distance at 7.4 a0

with a dissociation energy of 5.1 kJ·mol −1 in contrast to
the CCSD(T)/CBS prediction of 7.6 a0 and 4.0 kJ·mol −1,
respectively. This amounts to an error of approximately 20%
in the dissociation energy. If one were to estimate three-body
terms with the triple-zeta basis, an overestimation will be
expected. The basic functions of a third atom can contribute
to the basic space of the neighboring dimer, resulting in a
biased potential. Only close-to-CBS values could be used for
correctly estimating 3-body contributions.

In general, we expect that the inclusion of 3-body terms
should amount to an overall compression of the structure
which would, in turn, induce local structural changes [25].
This could, however, be balanced by even higher-order terms
in the many-body expansion. Work in this direction is
underway.

4. Cluster Structure Optimization

To demonstrate the real-world applicability of the derived
potentials, they have been used in the global optimization of
medium-sized alkaline earth clusters. We focused on clusters
of 38 alkaline earth atoms since this size typically exhibits
the most interesting structural behaviour in the medium size
regime [8]. To check whether the observed structural trends
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(a) 38/0/0 (b) 42/0/0 (c) 0/38/0 (d) 0/42/0

(e) 0/0/38 (f) 0/0/42 (g) 19/19/0 (h) 21/21/0

(i) 19/0/19 (j) 21/0/21 (k) 0/19/19 (l) 0/21/21

(m) 29/9/0 (n) 9/29/0 (o) 29/0/9 (p) 9/0/29

(q) 0/29/9 (r) 0/9/29

Figure 4: Global minimum candidate structures of homogenous and binary clusters of the alkaline earth metals beryllium (indigo),
magnesium (yellow), and calcium (red). The caption X/Y/Z denotes the number of beryllium atoms X, of magnesium atoms Y, and calcium
atoms Z. All graphics are obtained with Jmol [23] and POV-ray [24].

are specific to this cluster size, similar compositions in 42
atom clusters have been optimized. The structural data will
be available from the Cambridge Cluster Database [26] after
publication. All global minimum candidate structures are
depicted in Figures 4 and 5.

The homogeneous clusters show icosahedral structural
motifs. Depending on the atom in play, the structure varies
slightly. While Be38, Ca38, and Ca42 possess mirror plane
symmetry and seem to be magic numbers, Be42, Mg38, and
Mg42 lack a number of atoms in defined positions, which is
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(a) 13/13/12 (b) 13/12/13 (c) 12/13/13 (d) 14/14/14

(e) 13/15/10 (f) 13/6/19 (g) 13/9/16 (h) 16/6/16

(i) 6/16/16 (j) 20/20/2 (k) 20/2/20 (l) 2/20/20

(m) 19/18/1 (n) 18/19/1 (o) 19/1/18 (p) 18/1/19

(q) 1/19/18 (r) 1/18/19

Figure 5: Global minimum candidate structures of ternary clusters of the alkaline earth metals: beryllium (indigo), magnesium (yellow),
and calcium (red). The caption X/Y/Z denotes the number of beryllium atoms X, of magnesium atoms Y, and calcium atoms Z. All graphics
are obtained with Jmol [23] and POV-ray [24].

clear through visual inspection. It should be noted that no
stable fcc structure could be located for any of the alkaline
earth metals.

The same principle motifs hold true for the
binary compositions. Common features are icosahedral
substructures and real or pseudo mirror plane symmetry.

Additional structural motifs can be observed for all binary
clusters. First of all, a segregation of atom types can be
observed in the form of the well-known core-shell structures
[8] for all clusters containing beryllium. Beryllium forms
an icosahedral core which can be easily explained with the
potential profiles. The Be-Be interaction exhibits a deep
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and narrow minimum at a short distance. In contrary,
the Mg-Mg and Ca-Ca interactions are both either not
as deep (magnesium) or not as narrow (both magnesium
and calcium). The formation of core-shell structures is also
supported by the shape of the Be-Mg and Be-Ca potentials.
In both cases, the minimum is located at longer distances
than the Be-Be equilibrium distance and is not as deep as
the Be-Be one. Obviously, the system must maximize the
number of Be-Be contacts for an energetically low structure,
which is only the case for a small icosahedral beryllium core.

A segregation of atom types can also be observed for
the Mg/Ca binary compositions albeit not in the form of
core-shell structures. Again, the potentials provide evidence
for this behaviour. The Ca-Ca interactions possess a deeper
minimum than the Mg-Ca interaction which in turn is
slightly deeper than the Mg-Mg interaction. The system must
therefore maximize the number of Ca-Ca contacts, followed
by the number of Mg-Ca contacts. Since the equilibrium
distance of the Ca-Ca is longer than the Mg-Ca and Mg-
Mg one, a core-shell structure would require a very high
Mg/Ca ratio. As can be seen from Figure 4(q), even a 29 : 9
ratio is not sufficiently high for such behaviour. In any
other ratio, calcium forms the icosahedral backbone of the
structure, with the magnesium atoms literally melting on
that backbone, as can be seen, for example, in Figures 4(l)
and 4(r). The resulting structures may probably be best
described as Janus particles [8], possessing both magnesium
and calcium character on the surface. Closely related is the
ball-and-cup structure found, for example, in Figure 4(l).

The same design principles hold true when moving
to ternary compositions. In the most simple case, when
substituting single atoms, the binary cluster structure is
slightly distorted but remains overall unchanged. This can
be, for example, clearly seen in the transformation from the
binary Be21 Mg21 (Figure 4(h)) to the ternary Be20 Mg20 Ca2

(Figure 5(j)) cluster. Once the composition contains more
atoms of the third species, the cluster structure is again
subject to the principle rules that have been formulated
earlier. Beryllium forms a small icosahedral core, with mag-
nesium and calcium segregating around it. This behaviour
is most pronounced in the Be13 Mg15 Ca10 (Figure 5(e)) and
Be6 Mg16 Ca16 (Figure 5(i)) cluster structures. In the earlier
cluster, the beryllium core is large enough in comparison
to the number of magnesium and calcium atoms to allow
forming two half-shells around the core. In the latter, the
core is small enough so that the calcium atoms form the shell
and magnesium atoms remain at the surface. This ordering is
due to the dissociation energy of the Be-Ca interaction being
higher than the one of the Be-Mg interaction.

It is possible to conclude that alkaline earth clusters in the
studied size regime seem to obey well-defined and rational
building rules when using the Gupta model. A possible
fault, and one which will be addressed in later work [27],
is the problematic description of the beryllium atom. It is
unclear how the deviations in the fit can influence the cluster
structures. This, however, requires a more flexible functional
form than the Gupta potential.

5. Conclusions

Gupta potentials for all bimetallic interactions involving
beryllium, magnesium, and calcium are derived from
highest-level ab initio data using global optimization tech-
niques. All potentials reproduce the position and depths of
the minimum correctly. The potentials have been subse-
quently used for the global optimization of medium-sized
cluster structures, namely, up to ternary 42 atom clusters.

The structures obtained reveal several systematic trends.
Clusters containing beryllium will form beryllium cores
surrounded by a shell of the other atoms in play. Magnesium
and calcium segregate, forming a calcium backbone with
magnesium on the surface.
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The goal of this paper is to immobilize gold nanoparticles uniformly on a glass substrate. In order to attach gold-nanorods (GNRs)
to an area of a few squared microns surface of glass substrate without preliminary coating of the GNR, 3-(Mercaptopro-
pyl)trimethoxysilane molecules were used as linker while using different methods. These methods included placing the glass slide
and the GNR (1) inside a tube without any motion; (2) inside a shaker; (3) in a fan setup. The fan setup included a tube containing
the GNR solution and the glass slide at a vertical position, when the fan blows above the tube, producing turbulations in the
liquid. Each method was evaluated according to the density and the homogeneousness of the GNR monolayer on the surface.
The uniformity of the monolayer was demonstrated using AFM images of different areas on the slides, and the effectiveness of
the protocol was demonstrated by calculating the average density of the GNR on the surface using image processing and analysis
software. It was found that while both the shaker and the fan setups improved the monolayer density, the fan setup improved the
density by a factor of more than two than the density found using the shaker.

1. Introduction

Nanoparticles play a significant role in an increasing number
of researches and variety of applications. Recently, gold
nanoparticles (GNPs) have gained popularity, and they serve
as promising agents due to their favorable optical properties,
such as an enhanced absorption cross-section [1] and scatter-
ing properties [2], biocompatibility [3], and well-developed
bioconjugation protocols [4]. The increment in the number
of applications using GNP has led to an ongoing demand
for developing new techniques for immobilization of GNP to
the substrate surface. Immobilization of GNP to substrates is
required due to their applicability in various fields, among
them: optical sensing using effects like surface plasmon
resonance (SPR) and surface-enhanced Raman scattering
(SERS), using nanoparticles as immobilizers for biomole-
cules, electron transfer enhancement, and labeling of bio-
molecules [5, 6].

Immobilization of the particles on the surface can be
achieved by using various methods, which may be divided
into two groups: physical attachment [7, 8] which is mainly
used to obtain a multilayer of particles or a thin film, and

chemical attachment [9, 10], which demands plating the
substrate with linker molecules and is used to obtain a high-
quality monolayer or structure of organized layers. While
some of the chemical attachment methods take advantage of
the ionic nature of the gold as well as its affinity toward thiol,
others require the use of linker molecules [5].

Most of the common methods for chemical attachment
between GNP and a substrate use self-assembled monolayers
that contain organic groups, especially amine and thiol, while
the use of charged polymer as a linker medium serves as an
alternative [11].

The principle of using linker molecules is based on the
ability of these molecules to self-arrange to what is called a
self-assembled monolayer. The linker molecules are in fact
bifunctional molecules where one end binds to the substrate,
and the other is ready to bind to gold nanoparticles.

Previous studies [12–15] have shown that gold colloids
can be self-assembled from solution onto a functionalized
glass surface. The self-assembled monolayer is stabilized
by attractive electrostatic interactions. Aminopropyltrime-
thoxy silane (APTMS or APS) has been commonly used to
obtain amine-functionalised nonmetal substrate surface for
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Figure 1: Chemical attachment between S–H and gold (Au): on the left the original thiol moleculse and on the right the gold particles
chemicaly bounded to the thiol molecules.

Au
AuAu

Silane

Thiol

Glass

Figure 2: Scheme of the attachment between the GNR and the glass substrate by silane head and thiol tail.

the attachment of gold colloidal nanoparticles [10, 12, 14,
15]. This utilization has been used for a variance of purposes,
mainly for application using SPR [12, 14, 15] and SERS
effects [10, 13].

Usually, utilization of this method would be successful
with gold nanospheres (GNSs) rather than gold nanorods
(GNRs) because GNSs are usually produced in a negatively
charged citrate medium, while GNR are usually produced
using a positively charged CTAB medium [16].

The positive charge of the top amine group of APTMS is a
more suitable instrument in attracting the negatively charged
GNS. Although one could stripe the solvent and achieve
natural GNP [17], other options like negatively charged
coupling agents are preferable due to the difficulty in the total
removal of all the remnants of the medium. Among these
agents, we can state negatively charged polymer [11] or thiol
groups.

Using thiol molecules to link GNP to substrates has been
extensively studied not only because of their unique physical
and chemical properties but also because of their easy prepa-
ration and good performance.

S–H head groups are used on noble metal substrates due
to the strong affinity of sulfur in these metals (Figure 1).

The sulfur gold interaction is semicovalent and has a
strength of approximately 45 kcal/mol. In addition, gold is
an inert and biocompatible material that can withstand harsh
chemical cleaning treatments. These traits make thiol molec-
ules attractive candidates for a wide range of applications
[18–20]. Among these applications are technologies for the
biosensor industry [21] and building of nanostructures for
fabrication of nanodevices [9].

In most cases, thiol molecules are used as linkers for
metal-metal binding, by using dithiol [22–25], or as a GNP

coating in order to prevent self-aggregation [24]. However,
thiol molecules could be useful for binding metal to other
substrates such as glass. Glass-metal binding is accomplished
by using molecules with thiol tail groups and head groups,
which are substrate-specific. In case of a glass substrate, an
optional functional group is silane [26].

Upon working with GNR, a common problem of aggre-
gation arise as GNR tend to self-aggregate in the solution or
on the surface causing a disorder in the layer on the surface.
The prevalent solution is an additional step of preliminary
coating the GNR by dithiols.

To our knowledge, there are no simple routine methods
for coating uniformly a relatively wide area with high-quality,
densely packed monolayer of GNR without preliminary coat-
ing the GNR. In this work, we used thiosilanes as bifunctional
molecules in order to attach the GNR to a glass substrate
when silane head groups are attached to the glass substrate
and the GNR are chemically bound to the thiol tail groups as
shown in Figure 2.

In order to simplify the process and avoid preliminary
coating of the GNR, we used a shaker or a central processing
unit (CPU) fan to prevent self aggregation in the solution and
on the substrate and to increase the probability of a single
GNR to chemically bound to linker molecules on the glass,
what improves the quality of the monolayer.

2. Materials and Methods

GNRs were synthesized using the seed-mediated growth
method [21]. Their size, shape, and uniformity were charac-
terized using transmission electron microscopy (TEM) and
the resultant shape was 25 nm × 65 nm, with a narrow size
distribution (10%) [27] (Figure 3).
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Figure 3: TEM image of gold nanorods and corresponding absorption spectrum.

Figure 4: Digital image of the custom-made tube.
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Figure 5: The setup of the system including a CPU fan of top of the
tube contains the glass slide inside the GNR solution.

Figure 6: Scheme of dispersion of the GNR in the fan setup.

3-(Mercaptopropyl)trimethoxysilane was purchased from
Sigma-Aldrich (St. Louis, MO, USA).

Cover glass slides (2.2 cm × 1.2 cm) with a diameter of
0.13–0.17 mm were cleaned in a piranha solution (3 : 1 (v/v)
H2SO4/H2O2) that causes vigorous oxidation for 90 min.

A special glass tube was custom produced by us (Figure 4).
The tube was composed of a flat part that enables vertical
positioning of the slide and a cylindrical part for possible
future use of a magnetic stirrer. Vertical positioning of the
glass slide is important for obtaining homogeneous binding
of the GNR to the slide.
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(a) (b) (c)

(d) (e) (f)

Figure 7: AFM images of the GNR on the glass slides. (a)–(c) are images of different areas of a slide that was coated using a shaker; (d)–(f)
are images of different areas of a slide that was coated using a CPU fan.

After cleaning, the piranha was removed, and the slides
were rinsed repeatedly a few times with water. Subsequently,
the slides were rinsed repeatedly with ethanol and then incu-
bated in thiosilane solution—an MPTMS 1% ethanol solu-
tion for 2.5 hours. The slides were double-rinsed with
ethanol and sonicated for 10 min after each rinse. Prior to
further modification, the slides were dried at 70◦C for 5
minutes. AFM measurements and imaging were carried out
using a ICON scanning probe microscope (Bruker AXS,
Santa Barbara, CA, USA). All images were obtained using the
tapping mode with a single TESP silicon probe (force con-
stant of 20–80 N/m, Bruker, Camarillo, CA, USA). The res-
onance frequency of this cantilever was approximately 307–
375 kHz. The scan angle was maintained at 0 degrees, and
the images were captured in the retrace direction with a scan
rate of 1.5 Hz (resp. for the scan size was 3000 × 3000 nm).
The aspect ratio was 1 : 1, and image resolution was 1024
samples/line. Analysis of the image was done using the Nano-
Scope software.

The data was processed using ImageJ software. ImageJ
(image processing and analysis) is a public domain, Java-
based image processing program developed at the National
Institutes of Health [28].

3. Results and Discussion

Our first goal was to create a monolayer of the GNR.
When rinsing the glass vertically in the GNR solution

without any intervention produced no attachment to the
glass was seen. In order to improve the results, different
manipulations were tried. First, the slides were induced in the
GNR colloid for 2 hours in a shaker in order to have maximal
contact of the GNR with the surface and try to avoid self-
aggregation. Afterwards, the slides were rinsed in ethanol,
sonicated for 5 min, and dried at 70◦C for 5 minutes. The
results can be seen in Figures 7(a)–7(c).

Placing the tube in a shaker improved the attachment of
the GNR to the glass, but further improvement was required.

Next, we sought to improve the density, uniformity, and
homogeneousness of the monolayer without adding steps of
preliminary process such us prior coating of the GNR.

In order to improve the quality of the monolayer, the
shaker was replaced by a CPU fan. The fan was placed on top
of the tube that contained the slides in the GNR solution. The
intensity of the blow was controlled by the power supplier as
shown in Figure 5.

Both methods, shaker and fan, despite their difference,
are based on the assumption that the motion of the GNR
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solution increases the probability of a single GNR to chemi-
cally bound to linker molecules on the glass. A scheme of
movement of the GNR in the fan setup is shown in Figure 6.

In order to compare the density of the monolayer
obtained by using the different methods, AFM images were
taken. To confirm the uniformity of the monolayer, images
from different areas of the slide were taken for every sample.

While the use of a shaker produced a relatively uniform
monolayer (see Figures 7(a)–7(c)), the introduction of the
fan to the protocol resulted in a denser layers can be seen in
Figures 7(d)–7(f).

In order to quantify the improvement in density between
the methods we used a Java image processing program called
ImageJ. A particle analysis facility was used on the images,
which occupied an area of 2 µm × 2 µm on the glass slide.
We converted the images into 8-bit images and adjusted the
lower threshold to 90, while the upper threshold was kept at
255. This choice of threshold ensured the exclusion of the
surface and the binding layer from the count.

The improvement in the quality of the monolayer is
clearly demonstrated where the use of the fan increased the
particle density significantly to 180.16 ± 39 particles per
frame (2 µm × 2 µm) in comparison to 80.2 ± 32 particles
per frame for the shaker.

4. Conclusions

The results reported in this work indicate that using thiosi-
lane molecules combined with utilization of a fan in the setup
applies a uniform high-quality monolayer of GNR on a few
micron squared area of glass substrate, which is a relatively
wide field.

In order to improve the density and the homogeneous-
ness of GNR monolayer and yet avoid preliminary coating
of the GNR, two methods were tested. In the first method,
the slides were rinsed in the GNR solution and deposited in
a shaker. In the second method, the slides were placed in the
setup blown with a fan from above. Both methods improved
the attachment of the GNR to the glass, but the latter
produced significantly better results by increasing the quality
of the monolayer. The AFM images clearly demonstrate that
the density of the monolayer using the fan is higher than
using a shaker. In addition, the monolayer that was obtained
was denser than the one that was achieved by Niidome
et al. [11] using a negatively charged polymer. Comparison
between AFM images of random different areas of the slide
indicates the uniformity of the monolayer rather than one
image of smaller area.

As was demonstrated, using the fan setup improved the
quality of the GNR monolayer on the glass. This suggested
that the method enables simplifying the process of attaching
GNR to glass substrate. Such a process may serve as a first
step towards the development of a novel super resolution
method based on GNR attached to an observed object.
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