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STOCHASTIC PROCESSES AND STOCHASTIC DIFFERENTIAL EQUATIONS
C. Doléans-Dade

University of Illinois, Urbana

Introduction. Since Ito has defined the stochastic integral with respect

to the Brownian motion, mathematicians have tried to generalize it. The
first step consisted of replacing the Brownian motion by a square integrable
martingale. Later H. Kunita and S. Watanabe in [10] introduced the concept
of local continuous martingale and stochastic integral with respect to
local continuous martingales which P. 4. Meyer generalized to the noa
continuous case.

But in many cases one observes a certain process X and there are
at least two laws P and Q on (Q,Ep. For the law Q, X is not a local
martingale but the sum of a local martingale and a process with finite
variation. We would like to talk about the stochastic integrals f¢;dXs
and fquxs in thc two probability spaces (Q,F,P) and (Q,i,Q).P And of
coursg we would like those two stochastic integrals to be the same.

This is why one should try to integrate with respect to semi-
martingales (sums of a local martingale and a process with finite variation),
and this is what people have been doing for awhile (see chapters 5 and 6).
Now the latest result in the theory is "one cannot integrate with respect
to anything more general than semimartingales" (see chapter 3). Sc as it
stands now the theory looks complete.

To end this introduction I wish to thank Professor J. P.Cecconi and



the C.I.M.E. for their kind invitation to this session on differential
stochastic equations in Cortona; the two weeks of which I, and my family,

found most enjoyable.



STOPPING TIMES AND STOCHASTIC PROCESSES

We shall list in this chapter some definitions and properties on
stopping times and stochastic processes. The proofs can be found in [1] or
[2].

In all that follows (Q,F,P) is a given complete probability

space and (ﬁt)t*o a family of sub-o-fields of F verifying the "usual"

following properties

a) the family (Et)t>0 is non decreasing and continuous on the
right -

b) for each t, Et contains all the P-null sets of L (a P-null
set is a set of P-measure zero).
The o-fields Et should be thought of as the o-field of the events which
occurred up to time t.

We will sonctires consider other probabilities Q on the measur-
able space (2,F). But we shall always assume that the probabilities P
and Q are equivaleat (i.e. they have the same null sets); and the family

(ﬁt) will still satlsfy the "usual" conditions relatively to the probabil-

ity Q.

STOPPING TIMES

Suppose a gaabler decides to stop Playing when a certain phenomenon

has occured in the gaze. let T be the time ar which he will stop playing.
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The event {T < t} will depend only on the observations of the gambler
up to time t. This remark leads to the natural following definitionm.

1.1. Definition. A non negative random variable T is a stopping time if

< .
for every t Z.O the event {T __t} is in E& (We allow the random

variable T to take the value +x)

1.2, Properties of stopping times:

1) 4if S and T are two stopping times so are SvT, SAT and
S+T
2) if Sn is a monotone sequence of stopping times, the limit

T = 1im S is also a stopping time.
n++ow
1.3. The o-field ET' If T is a stopping time, ET is the family of all

the events A € F =\{§t, such that for every t > 0 the event

AN{T <t} E€F.

It is easy to check that Ep 1s a o-field; it is intuitevely the

o-field of 211 the events that occurred up to time T. In particular, if

T 1is the constant stopping time t, F_ =TF ; if S and T are two

=T =t’

stopping times, and 1f S < T a.e., then ES Cc ET'
If T 1is a stopping time, and if A € ET’ the rev. TA defined

by TA =T on A, TA = +o on Ac, is also a stopping time (Ac denotes

the complement of the set. A).

Any stopping time can be approached strictly on the right by the
sequence of stopping times Tn =T+ % (knowing everything up to the near
future you know the present); the similar property on the left is false
(knowing the strict past is not enough to know the present); the stopping
times which can be thus announced are called predictable times.

1.4. Predictable times. A predictable time T is a stopping time T for

which there exists a non decreasing sequence (Tn)n>0 of stopping times

such that
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lim T =T a.e., and \/n T <T a.e. on {T > 0}.
n*+ «© n

We shall say that such a sequence (Tn) anncunces the stopping time T.
Let T be a predictable time and (Tn) a sequence announcing T;
the o-field 5&_ =\J FT is independent of the choice of the announcing
n n

sequence. It is the o-field of the events occurring strictly before the

time T. If A€ F, the stopping time T, is also a predictable time,

T, A
The o-field ET— is contained in ET, and if S 1is a stopping time and
< .e. Cc .
S <T a.e., then ES ET—

1.5. Graph of a stopping time. If T is a stopping time, its graph [T]

is the subset of ]{+X Q:

[Tl= {(t,w); t = T(w) < +=} .

1.6. Accessible time. An accessible time is a stopping time T, such that
its graph [T] is contained in a countabie union of graphs of predictable
times. So there exists a partition (An) of £ such that on each An’

the time T can be announced by a sequence (S_ )

n,m mzp. But the sequence

(Sn m) depends on the set An' The time T {is predictable if one can make
b

the (Sn,m) independent of n.

1.7. Totally inaccessible time. A totally inaccessbile time is a stopping

time T such that for every predictable time S, we have P(T = §<+w) = 0.
In other words, ome just cannot announce a totally inaccessbile time
except on sets of measure zero.

1.8. Decomposition of stopping time. Let T be a stopping time; there

exists a set A€ F, (unique in the sense that the difference of two such

sets is of measure zero) such that T, is an accessible time, T,  isa
A

totally inaccessible time and A C {T<+=},
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STOCHASTIC PROCESSES

A stochastic process X is a real valued function (t,w) - Xt(w)
defined on H&_X Q.
1.9. A stochastic process Y is a version of a process X if \dt >0
P(Yt # Xt) = 0. If one looks at the values of two such processes X and
Y at a countable number of times (which is the best one can do in reality)
6one can't tell them apart.

1.10. Two processes X and Y are indistinguishable if

P(w; 3 t such that Xt(w) # Yt(w)) = 0. This is a much stronger property
than the preceding one. 1In the following chapters we shall state theorems

", It will mean,

of the kind: '"there exists'a unique process such that. ..
two processes having this property are indistinguishable.
1.11. A process X 1s measurable if the application (t,w) - Xt(w) is
g(ﬂh} X F measurable (E(R+) is the borelian o-field on R+).

1.12. A process X 1is adapted if for every t > 0 the application

w +> Xt(m) is f&-ﬁeasurable.

1.13. A process X 1s progressively measurable if for each t > 0 the

restriction of the application (s,w) > Xs(w) to the set [0,t] X Q is
B([0,t]) x Et— measurable. Such a process is an adapted process.

Why is the notion of progressive measurability of any interest?

a) If X is a stochastic process and T is a stopping time,
de V. = i

notedby XT the r.v XT(w) XT(w)(w)’ this r.v. is defined only on
{T < +} (unless X, is defined in which case we take XT = Xoo on
{1 = +}). i ;
1 Assume that X is an adapted process; is then Xl et w} B

£T~measurab1e function? No, in general; but if X is progressively
measurable, the r.v. XTI{T<+@} is ET—measurable.

b) Let A be a progressively measurable set (i.e. IA is a

progressively measurable process); then the r.v.
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DA(w) = inf(t; (t,w) € A)

is a stopping time (here we adopt the convention dinf ¢ = +). This last
result is far from being trivial,.

1.14. Cadlag processes. A process X is cddlag if each of its trajectory

t > Xt(w) is a right continuous function with finite left limits. For
such a process we will denote by Xt_ the left limit at time t, and by
AXt =X - X_ the jump at time t. The jumpsize will be IAXtI.

Any cadlag adapted process is progressively measurable, and two

cadlag versions of the same process are indistinguishable.

Take a cadlag process X, and define the r.v.

Tl,O =0
Ty ,q = infles [ax. | > 11
T1,2 = inf(t; t > Tl,l’ ]AXtI > 1)
Tk,O =0
1 1
=i : = y < =
Tyn = A0ECE € T g I <
In other words T is the time of the nth Jump of size [AX | € [l —l—]
k,n t k> k-1""

The processes X and X _ are progressively measurable therefore the

T, , are stopping times. Each of the trajectories ¢t -+ Xt(w) is a right
’

continuous function with left limits; in a compact interval [0,s] it has

only a finite number of jumps of size bizger than a given € > 0, and the

set U= {(t,w); AX (W) # 0} 1is exactly the countable union of the graphs

U
gzl[Tk,n,'
n>1
Each stopping time can be split Into its totally inaccessible part

and its accessible part. Each graph of an accessible time can be covered by
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a countable union of graphs of predictable times. And in the end we can
find a countable number of totally inaccessible times Tn, and a countable

number of predictable times Sn such that
= {(t,w); AXt(w) # 0} C g(ﬁsn] U ﬂTn])-

Moreover we can always assume that P(Tn =T, <+°)=0 and

P(S =8 < +o) = 0 n # m. So we can cover the jump times of a cadlag
adapted process by a countable number of totally inaccessible, or predict-
able times. Note that at the totally inaccessible times Tn we have

AXT #0 on {Tn < +} , but at the predictable times S AXS can be
n n

zero on part of {Sn < +»} ., This is what comes from using predictable
times instead of accessible times,

1.15. Predictable o-field. The predictable o-field is the o-field on

I&_X Q generated by the left continuous adapted processes. This o-field
will be essential in stochastic integration (see chapters 3 and 5). A
subset of }H_X'Q is predictable if it belongs to the predictable o-field.
A process X is predictable if the function (t,w) - Xt(w) is measurable
with respect to the predictable o-field. Any predictable process is pro-
gressively measurable.

It is handy to have some other systems of generators for the pre-
dictable o-field. Here are two:

a) it is generated by the process of the form ¢*(w)I, (t)+
g 0" 7{0}

n-l
):s’(w)l < <,..< x i

]t 1](t), where O f_to tl e tn < o, wo is a bounded
rﬂ-acasutable r.v., and the r.v. wi are bounded and Et -measurable

!
b) it is also generated by the process of the form
n-1
A
5 gy(0) + 2 P11

ina ¢

IT T l(t,w), where the (T ) form a nondecreas-
i+l

inite sequence of stopping times, wa is a bounded, =0—measurab1e

r.v., the

] 1is the

vy are ﬁgi-measutable, bounded r.v. and lTi,Ti+l



.. . < <
stochastic interval {(t,w); Ti(w) t __Ti+l(m)}.

If X is a predictable process and T a predictable time, the
r.v. XTI{T<+m} is ET_—measurable (it is obvious for left continuous

processes and extend easily to predictable processes).

1.16. Predictable times and predictable o-fields. A r.v. T is a pre-

dictable time if and only if its graph [Tl is a predictable set (this is
another non trivial result).

If A is a predictable set, the r.v. DA(w) = inf(t; (t,w) € A)
is a stopping time (1.13 and 1.15). If the graph KDAH is included in the

set A, KDAH = A,\]DA + o [ is a predictable set and D

A is a predictable

time.

1.17. Cadlag predictable processes. In particular, if (Xt) is a cadlag

predictable process, the time Tk n of the nth jump of size |AXt| €
1 1 )
1 1. . . . _ . - U .
[k’ k—l] is a predictable time and U = {(t,w); AXt # 0} qzlnTn,kH
>
Furthermore the r.v. XT are F, -measurable (1.15). k>1
n,k T n, k-

1.13. Increasing processes and processes with finite variation. A process

A 1is an increasing process if
a) A is adapted and cadlag
b) AO =0
c) AS < At for s < t.
A process B is a process with finite variation if
a) B is adapted and cadlag
b) By = 0
c) for each w, the trajectory w Bt(w) has finite variation on
compact intervals.
One can show that a process is a process with finite variation if and only

if it is the difference of two increasing processes.

If B is a process with finite variation, theStieltjes integrals
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f;f(s)st(m) exist for any bounded (or non negative) borelian function
f(s). The symbol ff(s)]dBS[ will denote the intigral of f(s) with
respect to the variation of B_. In particular fOIst(w)l is the varia-
tion of Bs(w) on [0,t].

An increasing process A 1is integrable if E[f:dAt] < 4, A

process B has integrable variation if E[I:]quI] < 4+,
If B 1is a process with finite variation, the sums 2 |ABS[ <

t s<t
f0|st| are finite; and the process B is of the form

B, =B, + ] AB
s<t

[ . . s s . . .
where B is a continuous process with finite variation (if B is an in-
. . c . 2 .
creasing process, so is B7). Using 1.14 .we can write z ABS in the form
s<t

EABT I{tzin}’ where Tn is a sequence of stopping times.

1.19. Predictable processes with finite variation. Suppose now that 1. is

a predictable process with finite variation, the stopping times Tn can be

taken predictable, and the ABT are ET
n n-

predictable process with finite variation is therefore of the form

-measurable (see 1.17). Any

- nC
Be = B ¥ z"’nI{tiTn}

c . . PO . 2
where B is a continuous process with finite variation, the Tn are pre-

dictable times, the r.v. ¢~ are F, exists

T - {e>1 )

for any t. The reader can check that conversely any process of this form

~measurable, and ZI¢DII
n

is a predictable process with finite variation.
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CHAPTER II: MARTINGALES, LOCAL MARTINGALES AND SEMIMARTINGALES

We shall just give here the results necessary for Theorem 3.1 of
chapter 3 which shows why semimartingales are important. The machinery on
martingales and local martingales needed to construct the stochastic

integrals will be seen in chapter 4.

MARTINGALE, SUBMARTINGALE AND SUPERMARTINGALE

This section is just a summary of the classical results in martin-
gale theory. The reader who is not familiar with the subject should consult
[6] or [12].
2.1. Martingales. A martingale is an adapted process M such that

o E ) <+ Yeso

B EDM|F] =M ae Yeo>s.

2.2. Sub and supermartingales. A super (resp. sub) martingale is an adapt-

ed process M such that
a) B[ [l <+= ¥e>o0
< . > .e. > s.
b) E[Mtlz_Iis]_Ms (resp _Ms) a.e Vt_s
If Mt is the capital of a gambler a time ¢t the notion of martingale
(resp. sub, resp. super) corresponds to the notion of fair (resp. favorable,

resp. unfavorable game).

2.3. (Cadlidg versions of martingales. Any martingale M has a cadlag

version; therefore the term "martingale" will from now on mean "cadlag

martingale’.

2.4, If X 4is a supermartingale (non necessarily cadlag), for

almost all w, the two limits
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Xt = lim and Xt = 1lim Xs
+ s+t - st
s>t s<t
s€D s€N

exist for each t € ]{F (the limits are taken over the set X of the
rational numbers). The process (Xt+) is then indistinguishable from a
cadlag supermartingale. The supermartingale (Xt) has a right continuous
version if and only if the function t - E[Xt] is right continuous. We

shall always, except when otherwise specified, consider cadlidg svpermartin-

gales, and call them supermartingales for short.

2.5. A martingale M is said to be uniformly integrable if the

family of r.v. (Mt) is uniformly integrable. For any uniformly inte-

£>0

grable martingale M, the limit M = lim M, exists a.e.; and for any
t*+4 o
stopping time T, we then have- MT = E[M&IET]. Apply this result to a

sequence Sn announcing a predictable time S. We get Msn = E[MQIESHI =
E[Mslisn] for any n; and by taking limits on both sides, E[Mslgs_] =Mg_.

S0 if M 1is a uniformly integrable martingale and S a predictable time,
the jump at time S verifies E[Auslgs_] = 0.
2.6. let X be a non negative supermartingale, and take X = 0,

then (Xt) is a supermartingale, and for any two stopping times T

0<t<+

1
and S such that S < T we have Xs and XT € L7, and E[XTIES] f.xs.

2.7. Let M be a non negative martingale, and let

T = inf(t; Mt or M =0), then M=0 a.e. on [T, +«] . 1In particular

t

if M = 1im M_ exists and if M > 0 a.e., we have T = +® a.e. that
t oo
is P{(w; 3t such that Mt(w) or Mt_(w) =0} =0,

2.8. Jensen's inequality. If M 1s a martingale and f(x) is

a convex function, the process f(M) is a submartingale provided
E[JEM)[] < +=, Vt>o.

2.9. Doob's decomposition theorem.
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If M is a uniformly integrable martingale, and A is an inte-
grable increasing process, the process X =M - A is a supermartingale,
satisfying the strong following integrability condition: the family of
r.v. {XTI{T<+°%’ T stopping time} is a uniformly integrable family. We
shall call those supermartingales, supermartingales of class (D). Doob's
decomposition theorem is just the converse statement: any supermartingale

X of class (D) is of the form
X=M-A

where M 1is a uniformly integrable martingale, and A is a predictable,

integrable, increasing process. And this decomposition is unique. See

[12], [4] and [14] for three different proofs of this theorem.
2.10. Corollaries.

1) Let X be a supermartingale of class (D), and B be the
predictable increasing process in Doob's decomposition. The process B
jumps only at predictable times; at such a predictable time T, AB is

T

ET_—measurable (see 1.19) and we have, (2.5), if M is the uniformly

integrable martingale M =X + B
0 = E[AM}|F, ] = BIAX, + 8B, |E; ) = E[AX |E; 1 + 8B,

And the jumps of B are easy to compute.

2) If A 1is an integrable increasing process the process - A is
a supermartingale of class (D); therefore there exists a unique integrable
predictable increasing process B such that B - A is a uniformly inte-
grable martingale. The process B 1is called the compensator of A.

This generalizes to processes with integrable variation. If A 1is
such a process, there exists a unique predictable process B with inte-

grable variation such that B - A 1is a uniformly integrable martingale.
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The process B 1is again called the compensators of A. From part 1 of
this corollary we get:

a) 1if T 1is a totally inaccessible time, and ¢ an ET—measurable
function in Ll, the compensator of At = ¢I{t2i} is a continuous process
with integrable variation,

b) if T 1is a predictable time, and ¢ is an ET—measurable

. . 1 .
function in L°, the compensator of At = wI{tZF} is the process

B, = Elp|E,_]

t I{tzT}

LOCAL MARTINGALES AND PROCESSES WITH LOCALLY INTEGRABLE VARIATION

Let X be a stochastic process, and T a stopping time. The
symbol XT will denote the process X stopped at time T : XT(m) =
XtAT{w)' A process M is a martingale if and only if, for any constant
time n, the process M is a uniformly integrable martingale. And {t is
natural to let the constant times n be stopping times Tn:

2.11. Definition. A localizing sequence is_a nondecreasing sequence (Tn)

of stopping times such that I%m Tn =+» a,e.

2,12, Definition. A process M is a local martingale if

M, =0

a) o

b) there exists a localizing sequence (Tn) such that cach pro-
T

cess M " is a uniformly integrable martinzale.

Such a sequence (Tn) will be called a fundamental sequence for the local

martingale M.

{ i adlig processes as we
Remark. 1) Local martingales are necessarily ¢ 2P

-~ : n
decided that here "martingale" means "cadlag martingale’.

2) The processes defined above should really be called "lecal

martingales vanishing at time zero". We shall not usé€ here the general
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concept of local martingales. The interested reader can consult [3].

2.13. Definition. A stopping time T reduces a local martingale M if

M is a uniformly integrable martingale.

2.14. Theorem. Let M be a local martingale then

1) a stopping time S reduces M if and only if the process MS

" ] c s y S . -
is of class (D) (i.e. the family of r.v. {MTI{T<+ﬂﬂ ; T stop

ping time} is uniformly integrable;

2) if T 4is a stopping time reducing M, if S 1is a stopping

time and if S < T, then S reduces T.

3) if S and T are two stopping times reducing M, then S V T

reduces M.

Proof. Parts 1 and 2 are trivial. Part 3 comes from the fact that

N
WV < 4 -

2.15. Theorem. If a process M 1is Jocally a Jocal martingale, thcn it is

a local martingale.

So there is no way one can get more general processes by localizing
once more.

Proof. There exists a localizing sequence (Tn) such that each process

T
M™ is a local martingale. Let H = {T; T stopping time, MT is a uni-

formly integrable martingale}. And take R = es;é sup T. There exists a
sequence Sn of elements of H which converges a.%. to R. Using part 3
of 2.14 we can make this sequence non decreasing. The r.v. R has to be
bigger than or equal to any of the Tn (a.e.), so R =+, and Sn is a
fundamental sequence for the process M.

2.16. Definition. A process B has locally integrable variation if there

T
exists a localizing sequence (Tn) such that each process B ™ has

integrable variation.
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2.17. Theorem. Let B be a process with locally integrable variation,

there exists a unique predictable process A with locally integrable varia-

tion such that B - A is a local martingale. A is called the compensator

of B.

Proof. Easy consequence of the existence and uniqueness of the compensator
of a process with integrable variation.

2.18. Remark. It is important to remark the following fact. If B is a

predictable process with finite variation, then the variation of B is

locally bounded: define the stopping times T, = inf(t; f;]st] >mn) An.
The variation of B on EO,Tnﬂ is bounded by n, but we know nothing on
the jump of B at time Tn' Now each time Tn is predictable and can be

announced by a sequence (Sn,m)m o} on EO,Sn,mﬂ the variation of B is

bounded by n. Take the stopping times Rk = sup S . The sequence (Rk)
n<k oW
@Ek
is a localizing sequence and on lO,Rk] the variation of B is bounded by
k.

Let A be a process with finite variation. If there exists a
predictable process B with finite variation such that A - B is a local
martingale, then B has locally bounded variation, and A itself has
locally integrable variation. We can rewrite theorem 2.17 in a stronger

form

2.19. Theorem. A process A with finite variation has a compensator if

and only if its variation is locally {ntegrable.

Here is now an easy way to verify that the variation is locally
integrable.

2,20. Lemma. Let A be a precess with finite variation; we assume that

there exists a localizing sequence (Tn) such that for each n,

sup lAAsl = Yn € Ll. Thea the variation of A ig locally integrable.

s<T
- n
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t
Proof. Take S, =T, A inf(t; fo!dAsl.z n). The sequence (Sn) is local-

izing, the variation of A on [0,Snﬂ is bounded by n, and

I laa ] <n+oaag}<n+y erl.

EO,SnE n

We shall now state the fundamental lemma for local martingales.

2.21. Fundamental lemma. Let M be a local martingale then

1) the increasing process M: = supIMs} is locally integrable
s<t
2) the local martingale M can be written in the form M= U+ V

where U is a local martingale, the jumps of U are bounded by 1

in size, and V is both a local martingale and a process with

finite variation. (lne bound 1 for the jump size could have been

replaced by another stfictly positive constant). In particular
T
there exists a localizing sequence (Tn) such that each U n is

a bounded process.

Proof. 1) Let Rn be a fundamental sequence for M. We can always assume
that the Rn are finite (otherwise use the fundamental sequence Rn A n)3

we consider the following stopping times

S =R Ainf{t; |M | >nl.
n n -

¢l

R
The martingales M ~* are uniformly integrable, and Sn < Rn’ therefore the

r.v. M is integrable (2.5). Furthermore on HO,Snﬂ, we have [Mtl < m

As the sequence (Sn) is a localizing sequence, the increasing process
M: is locally integrable.
2) Let A_= X AMSI{IAMSI>%}. This sum is, for each w, a finite

t
s<t
sum. Take the sequence -(Sn) constructed above and consider the stopping
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times
t
T =S A inf{t; foldAs’ > n}.

The sequence (Tn) is. a localizing sequence, and
Iﬂo,Tnﬂ'dAtl <n+ IAATHI <n+ ZM;n € Ll. There exists therefore a compen-
sator B for A. Take V =A - B, V is both a local martingale and a
process with finite variationm.

The jumps of B occur only at predictable times T. Stop all the
processes at the time Sn’ and remember that Msn is a uniformly integrable
martingale. If T 1is a predictable time, we get

s
g

|aB,,

S s s
- n _ n n i
= |E[A,M|E, D = IE[AMT - oMy I{IAMTP%}ET-” <0+ 35
And the jumps of U verify
lau | < |agt - &) | + ]aB | <1

It is now easy to see that the sequence (Rn)’ Rn = inf(t;|Ut|3_nL
R
is a localizing sequence and that U ™ is bounded by n + 1.

SEMIMARTINGALES

2,22, Definition. A process X is a semimartingale if it is of the form

X = XO + M + A, where XO is an Zo—measurable r.v., M is a local martin-

gale and A is a process with finite variation (remember that by definition

both processes M and A vanish at t = 0).

This definition contains no local integrability condition. It
should not if we went the semimartingales to remain semimartingales when
the probability P is replaced by an equivalent probability Q.

Here again one cannot get more general processes by localizing the



(3]
(€%

notion of semimartingale

2.23. Theorem. Any process which is locally a semimartingale is a semi-

martingale.

Proof. We shall need the following useful lemma

2.24, Llemma. Let X be a semimartingale, assume that the size of the

jumps of X is bounded by a (a > 0). Then one can write X in a unique

way as

X = XO +M+ A

where XO is an Eo-measurable r.v., M is a local martingale, and A is

a predictable process with finite variation (in fact, locally bounded

variation by 2.18).

Proof. The semimartingale is of the form X =X + N+ B where N 1is a

0

local martingale and B a process with finite variation. The r.,v. Xo is

uniquely determined. The jumps of the process B verify
|aB_| <-|am_| + |ax_| < 2v* + a.
s! — s s! — s

The increasing process Yt = sup[ABSI is locally integrable and by 2.20, the
s<t
variation of B is locally integrable. Let A be the compensator of B,

and let M =N+ B - A; M is a local martingale, A is a predictable

process with finite variation, and X = X  + M + A,

0

If X = X+ M+ A =X, + M' + A' are two such decompositions of

the semimartingale X, A - A' is a local martingale, so A' is the compen-

4ato =
2ter of A, But 4 being predictable is its own compensator and A = At

2L of 2.23. The process X is locally a semimartingale. That is, there
<118 .
its 3 localizlng sequence of stopping times (Tn), such that each X

T .
HESIEY scmiaattingale

-

Take Yt = 2 AX T

has
5d18¢ the process Y
RN {le |>l}' As X 1is cadlag P

al s'—
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T T
n n

finite variation; for each n the process X = - Y is a semimartingale

with jump size smaller than 1. It can therefore be written in a unique
T
way as X T_y®=x +M +A , where M 1is a local martingale and A
0 n n n n

is a predictable process with finite variation. The uniqueness of the An

gives

A =A

n 1! and Mo=M on lO,Tn].

n+l
One can patch the An together, and the Mn together to get the processes

A=JAT1 M=JMI .
n® I‘Tn--l’Tnn nt IlTn--l’TnB

has finite variation, the process M 1is locally a local martingale, there-

The process A 1is predictable and

fore it 1s a martingale (2.15) and X = X0 + M+ A+ Y is a semimartingale.

The following lemma is important.

2,25. Lemma. Let X be a cadliag adapted process; we assume that there

cxists a sequence of stopping times Tn and a sequence of semimartingales

Y such that
p Such that
1) 1lim T_ =+« a.e.
o
2) X =Y on IO,Tn[:

Then X is a semimartingale.

T T

n_gn_
P;oof. X" = Yn Y“’Tnl{qun} + XTnI{tz?n}. So for each n the process
x® is a semimartingale. If the sequence Tn is non decreasing, 2.23 says

that X is a semimartingale. Otherwise, make the sequence non decreasing
by remarking that if S and T are two stopping times, and if X% and

SAT and XSV'r = XS + XT - XSAT are

XT are both semimartingales, then X
both semimartingales.

2.26. Examples of semimartingales.

1) any supermartingale (therefore any submartingale) is a semi-
martingale: let X be a supermartingale, by 2.24 we just have to show

n n _ n_ oo
that each X is a semimartingale. But X, = E[angt] + Xt E[angt]'
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and we just have to work with the non negative supermartingale
Zt = XZ - E[angt]. For any stopping time S we have E[]ZSI] < 4+ (2,6);
consider the process z* = sup]ZSI, and the stopping times Tn = inf(t;

<
]Z:l >n}lAn. On EO,THH Sﬁi have }Z:] f_n4-|ZT | € L' So the super-
martingale Z is lccally of class (D). This andnthe uniqueness in Doob's
decomposition theorem 2.9 gives that Z is of the form Z = M - A, where M
is a local martingale and A 1is a predictable process with finite variation.
Therefore Z is a semimartingale, and so is X.

2) Let X be a cadlag process with independent increments. As X
is ca3dlag the process Z_= SZCAXSI{lAXSiZ}} has finite variation, and has
independent increments; the process Y = X - Z 1is a process with indepen-
dent increments, and its jumps are all bounded in size by 1. Therefore
E[Yt] exists, and Yt - E[Yt] is a martingale. We see then that the
process X 1is a semimartingale if and only if the function ¢t = E[Yt] has
finite variation.

We get now to the interesting result on semimartingales.

2,27. Theorem. Let P and Q be two equivalent probabilities on (Q,F).

Then the semimartingales for P are the semimartingales for Q.

We know that this result is false if we replace semimartingales
by local martingales.
Proof. It is enough to show that any P-local martingale is a Q-semimartin-
gale.

Consider the Radon Nikodym derivative M_ = %%— on (Q,g), and
let M be a cadlag version of the P-martingale EP[Mwlit]‘ As
P(Mw = 0) = 0, the martingale is P (and Q) a,e. strictly positive. It
is easy to check that X 1is a P-local martingale if and only if % is a

Q-local martingale. Write X as X = % M. The process % is a Q-local

. . . 1 .
martingale, therefore a Q-semimartingale. The process % is a Q-martingale
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(as 1 is a P-martingale). All we should know now is: 1) if N is a

strictly positive Q-local martingale, then % is a Q-semimartingale
(lemma 2.28); 2) the product of two Q-semimartingales is a Q-semimartin-

gale (lemma 2.29).

2.28. Lemma., If N is a strictly positive Q-local martingale, then

Z|

is a Q-semimartingale.

Proof. If Nt > a > 0, everything is trivial: < %, so E[%~] < 4w Vt;
e ra— — —_— D
t t
as the function % is convex, Jensen's inequality (2.8) gives that %— is
N

a Q-submartingale, therefore a Q-semimartingale. Otherwise, consider the

functions fn(x) defined as follows: fn(x) is the function % on

R

[%, + ], On [0,%] the graph of fn is the tangent to the curve y =
1

at the point %. The functions fn are convex, and fn(Nt) €L Vtzz_O.

So the processes Yn = fn(N) are Q-submartingales. Consider the stopping

times Tn = inf(t; Nt f_%). The sequence (Tn) is localizing sequence;

a
1 o . 1 . P
the processes Yn and <= coincide on ﬂO,TnH, so N itself is a Q-

N

semimartingale (lemma 2.25).

2.29. Lemma. The product of two semimartingales is a semimartingale.

Proof. It is enough te show that the square of a semimartingale is a semi-
martingale (use (a + b)z = az + 2ab + bz). Let X be a semimartimgale, X
can be written in the form X = M + V where M is 12 locally bounded

: L fati oma 2.2
martingale, and V is a process with finite variation (lemma 2.21).  Let

T
(T ) be a localizing sequence such that for each 1, N is a bounded
n
T
martingale, and the variatiom of V D js bounded on {G’Tn[' We just have
T T
2

to show that each process (M %Ly ™% is a semimartingale.
The first term (M n)2 is a submartingale by Jensen's inequality
T

(2.8). The term (V n)2 is a process with finite variation as, if

0z tg < tgee<t =t is a subdivision of [0,t], we have
- n
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ZI(VTn )2 _ (VTn)ZI - Z!VTn + VTnl IVTn _ VTnI
i Y1 t AL VE L R FY I
< 2[':|c1vT“|(2'|vTn - vT“|) < ::_(ftldanl)2
— "0 s { tin £, = 0' s :

T T T
That lezves the term M "V ™. The process M T is the difference

of the two bounded non negacive martingales E[M; Igt] and E[M; lzt]; the
T n n
process V T js the difference of two increasing processes. So we just
T
have to look at the case where M " is a non negative bounded martingale,
T T
and V" is an increasing process such that VT n
n Tn . . - n
W, =V = =-Av_ I is a bounded increasing process, and M W ois a
t t T {t>T } T T

T.
submartingale. As for each n M Ty Boy M on HO,Tnﬁ, the product MV

is bounded. The process

is a semimartingale (lemma 2.25).
Now one more definition and one more theorem and we will be
finished with this long chapter.

2.30. Definitions. 1) A subdivision of [0,+«] 1is any finite secuence

= < < RS < .
T (to,tl,..,,tn) such that O_t0 t, < tn_+°°

2) Let X be a process defined on [0,+*], we shall denote by

var(X) the quantity
n

var(X) = sup E[ ) |EIX -x_ |F_ 1|1
v =0 Fie1 BT

the sup being taken over all the subdivisions of [0,+x]

3) Let X be a right continuous, adapted process defined on

[0,+«]. The process X is a quasimartingale on [0,+~] if

E[IXtI] <4w, Yt € [0,4®] and if var(X) <+

2.31. Theorem. Let (Xt) be an adapted, right continuous process. We

>0

extend X by taking X_ = 0. The process X is a quasimartingale on

[0,4] 4if and only if X is of the form X =Y - Z where Y and 2

are two cadlag nonnegative supermartingales.
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Proof. The only non trivial part is the necessary condition. For all
s 3_0 let Z(s) be the set of all the subdivisions of ([s,+*]. For any

T = (to,tl,...,tn) € Z(s) consider

n
Y =BV (elx. x. |r, DYED
s iZO &t T TP
) g, )|
z- =E[) (E[X_ -X F ) |F.]
S i=0 ti ti+1 =ti =S

It is easy to see that Y: < Y; if the subdivision T is finer than the

subdivision 0. The quantities E[Y;] are bounded by wvar(X), so Yg =

T P . .
1im YS exists in L1 (the limit is taken over the directed set Z(s) with
T
the partial ordering o < 1 if T is finer than oO.

The r.v. Yg can be computed by using only the subdivisions T

such that to =s and tn = 4o, For such a subdivision we have
v ozT=x, so Y0 -20=x.
s s s s s s

It is easy to sce that for s < t we have Yg Z~E[Yglgs] and
0 0 . 0 0 .
zs > E[Ztlfs] a.e. The processes Y and Z  are supermartingales

which might not be cidlag. But (see 2.4) for almost all ® the limits

Y = 1lim Yo and 2 = lim ZO exist for all t € R .,
t s t s

+ ot + st +
s>t s>t
s€EN s€N
The processes Yt and Zt are indistinguishable from cadldg, non nega-
+ +
tive supermartingales; and as Xt is right continuous the equality
0 0 ,
X =Y -2 becomes X =Y ~-2Z_ .
t t t t L,

2.32. Corollary. Llet X be a right continuous, adapted process defined on

[0,4]. If X is a cuasizartingale on [0,+=], then X is of the form

X=M+Y-2

where M is a martinzale ea [0,+=], and Y and Z are two non negative

supermartingales on [0,+= ],




Proof. Let M_ be a cadlig version of the martingale E[legt]. The
processes M and X - M are quasimartingales on [0,+=]. As X =

we finish using theorem 2.31.

M,
o
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CHAPTER III: WHY SEMIMARTINGALES?

Let X be a right continuous process. It is natural to define
j}O,t]dXs as IJO,t]dxs = fgllo,t]dxs = Xt' For a process

b =91, + o I +o.1I oot T , where % and
0-{o} 0 ]0,t1] 17]ty,t,] k-171t, 4.t ] 0
the p, are r.v., the integral I]O,w[¢sdxs should be «pO(Xt - XO) +...4+

1
wk(x - X ). Nowdays the most recent trend is to extend all the pro-
o k-1
cesses to TR by taking Xt =0, ¢t =0 for t < 0; the process X has

*
. - + . .
then a jump at time O and f[O,mE¢sdxs wo flo,w[¢sdxs We will not
bother about this possible jump at t = 0, and fg will always mean
- t . .
f]O,t]' Similarly fs will mean IIS,C]'

We have a filtration (Et) on (Q,F) so we will also assume that
the process X is adapted; in that case the interesting processes ¢ are
those for which ws is £D~measurab1e and the ¢i are Et -measurable. So

t i
that [ ¢_dX_ dis itself F _-measurable.
OSS =t

%
Let gt be the set of all processes ¢, ¢ = ¢OI{0} + ¢OI]O,t1]

*
+ooot 0" 1 v

+ wk_lI]tk_l,tk], such that WO is an E measurable bounded r.v., the
¢ are gt -measurable, bounded r.v. and t.lt \ii‘i k; the processes in

i

gt vanish on Jt,+% [; we put on B, the topology of the uniform conver-

gence.

We denote by L0 the vector space of the classes of r.v. with
the topology of the convergence in probability. The topological vector
space L0 is metrisable and complete; if ]If]b = E[lf] A 1], we get a

fundamental system of neighborhoods of zero by taking the sets
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7= g5 |l £l < el

If J(¢) = Ic(:¢sdxs is going to have the properties of an integral,
we should have at least: if the processes ¢n in gt converge uniformly
to a process ¢ in gt’ then J(¢n) converges in probability to J(¢).
Now, as we are going to see, this implies that X is a semimartingale.

This result is quite recent and has been proved by Dellacherie
with the collaboration of Mokobodzki. Later, Letta gave a variant of the
proof, which uses less analysis; this is the one we shall give here. To
simplify things a little, we shall assume that the process X is cadlag,

despite the fact that Meyer remarked that right continuity of X is enough.

3.1. Theorem. Let X be a cidlag adapted process, if for any ¢t > 0, the

. . : 0 . . .
application J from Bt into L~ 1is continuous, then X is a semimartin-

gale.

Proof. It is enough to show that, on each [0,t], the process X is a
semimartingale. So we are going to transform [0,t] dinto [0,+®]: the
cadlag, adapted process X 1is defined on [0,+®], B is the set of the

= o*T )
processes of the form ¢ Yoloy * ‘pOIIO,tl] +o..t wk—lI]t k], where

k-1°F
*
0 < tl <...< tk-s +o, ‘PO is an f_‘o-measurable bounded r.v., and the ‘pi
are Ft -measurable bounded r.v. On B we con ider the topology of the
i

uniform convergence, and our assumption is "J is a continuous function
from B into 1%, To show that X is a semimartingale on {[0,+®], we
shall show that it is a quasimartingale on [0,+»] for an equivalent
probability Q and then use 2.32, 2.26 and 2.27.

As X isa c3dlag process on [0,+=], the r.v. X* = sup |X_| is

* O s<to S

finite. We can find a probability P' equivalent to the probability P
such that [|xX¥|dp’ < +=.

Let D, be the unit ball of B for the norm of the uniform con-

vergence. And let J(Dl) = A. The set A is a convex and bounded set of



34

L0 (this as J is linear and continuous). Furthermore A is in Ll(P').

We shall show (see lemma 3.4) that there exists a probability Q equivalent
to P' such that Ll(P') C Ll(Q) and such that sup ffdQ < 4o,
feA

For the probability Q we then have
VarQ(X) = sup EQ[ZIEQ[Xt:Hl - xtilgti]l]
= sup EqlJo, (X, = X, )] = sup Eg[fgedx ]

dEDl i+l i dEDl

= sup E_[f] < +=.
fea Q

The process X 1is then a Q quasimartingale, and therefore a P semimar-
tingale.
Let us show the existence of the probability Q.

3.2. Lemma. Let A be a non empty convex set of L1 and K be a non

o
empty convex set of L ; we assume that K is compact for the weak topology

O(Lm,Ll) and that for a certain number ¢ in R, and for any x € A,

the sets H_ = {y; y € K, <y,x> < c} are all non empty. Then N H_# ¢.
—— X - «<p ¥
Proof. Hx is weakly closed in K, so it is a weakly compact set, and we

just have to show that any finite intersection of the sets Hx is non
n

empty. If XysXgyeee,X  aTe in A, and if i-'_;\le = ¢, the two sets of ]Rn,
i

L= {(<y,x,>),_ s YEK} and M= ]-m,c:]n are disjoint. L 1is a
i7i=1,...,n

n n
convex, compact set of R, and M is a convex closed set of R, so

n
there exists a linear form on R, l(tl,tz,...,tn) = altl +...+ antn

such that sup 1(t) < inf 1(u). The coefficients o, have to be non

teM wEL i
negative, and they can't be all equal to zero, so we can normalize and
n n
assume that ) @, = 1. Take the point x = } o,x,, the point x is in
1=1 1 i=1 11

A and for any y € K we have

<y,x> = Zai<y,xi> > Zail(c,...,c) = c.
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For this x we have H = ¢ and this can't be.

3.3. lemma. Let A be a convex bounded set in Lo, such that A C Ll.

Then
1) Vs > 0, there exists ¢ € R such that P(f<c) >1 -¢
Yf € A.

2) for any € > 0 there exists ¢ € R and 8g e’ such that
0<gy<1l, Elg)] >1-¢ and E[fgg] <c VI€A.

Proof. 1) Let €>0 and V_-= {£; |l f“o < e}. As the set A is bound-
ed in LO there exists A > 0 such that XA C \é For such a pair (g,})
we have P(I)\fl >1) <e Vf € A; and finally, taking c¢ =—i' we get
P(f<c) <P(f] <c)>1-¢e Yfea.

2) Let € >0 and let c¢ be chosen as above. Take
K={g;g€L”, 0 <g<1, Elg] >1-€}. The set K is weakly closed in
the unit ball of Lw; therefore K is weakly compact. The set K 1is
obviously convex and for any f € A, the sct He = {g; 8 €K, <g,f> < ¢}
contains at least the function g = I{f<c)' Lemma 3.2 implies that there

exists € K such that sup <go,f> <ec.

&0
1, A 0
3.4, Lemma. If ACL (P') is a convex, bounded subset of L , there

exists a probability measure Q equivalent to P' such that

sup [£dQ < 4w,
feA )
Proof. For any integer n, there exists < € R and g, €L, 0< g, <1,

.

1
such that fgndP' >1-= and ?ég ffgndP' S c,- Choose a sequence of

strictly positive real numbers o such that Zan and Zanlcn| both

converge. Take h = Zangn. and let Q be the measure Q = hP'. The set

(h = 0) is the intersection ;‘»(gn =0); so P'(h = 0) f_%-’ Yn and the
measures P and Q are equivalent. Fyrthermore sup [£hdP' = sup [£dq <

feA
):ancn < +%, _The only thing is that the finite measure Q might not be a
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probability, but this can be easily taken care of.

We see now that there is no hope to go beyond semimartingales in
stochastic integration. Can one actually integrate with respect to semi-
martingales? Yes and we have the following theorem.

3.5. Theorem. Let X be a semimartingale and b(gt) be the set of all

bounded predictable processes vanishing on lt,+® [. Then there exists one

and only one extension J* of the function J(P) = fg¢sts to the set

%b(gt) such that

*

1) J° 1is linear

2) if (Yn) is a bounded sequence of elements of b(§t), and if

for all (s,w), Y(s,w) = lim Yn(s,w) exists, then J*(Yn) - J*(Y) in LO.
— n e —

(Note that the limit process Y is automatically in b(§t)).

Partial proof. The existence of J* will be proven in chapter 5. The
unicity is trivial, using the fact that gt generates the o-field of the
predictable sets vanishing on Jt,+l .

Remark. Note that we are working in Lo, so the extension J* is the same

if we replace the probability P by an equivalent probability Q.



CHAPTER IV: MORE ON LOCAL MARTINGALES AND SEMIMARTINGALES

SQUARE INTEGRABLE MARTINGALES
Ito's stochastic integral theory is based on the remark' that, if
Bt is the Brownian motion starting from zero, the process Bi -t is a

martingale. We are going to see what takes place of the process At =t,

when instead of the Brownian motion we have a martingale.

4.1, Definition. A martingale M is a square integrable martingale if

sup E[Mz] < 4o,
¢ t
4.2. Prorerties. If M is a square jategrable martingale, M has the

following properties

1) Mi is a submartingale

2) M_= lim M_ exists a.e. and in LZ.
thoo

3) E[,sgleil] <4 sup E[]Mtlzl = AE[Mi] (Doob's inequality).

4) E[J(M)*)<lin inf E[Jr, -4 )% = EDZ) < +o. (the lin inf being
s - tit1 ty ®
taken over the directed set of the partitions T of [0,o] with the partial

ordering T < 0 if ¢ is finer than T; the above inequality comes from

2

Z(AMS)2 < l_il_m inf E(Mt - M_ )" and Fatou's lemma).
s

t
i+l i
4.3. The process <M,M>. One can find an increasing process A such that
M2 - A 1is a martingale as follows: the process -M2 is a supermartingale
of class (D) if M is square integrable (use Doob's inequality in 4.2);

there exists therefore a unique predictable, integrable, increasing process

A such that M2 - A is a uniformly integrable martingale. This increasing
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process is usually denoted by A = <M,M>.

In the case where M is the Brownian motion, which is locally a
square integrable martingale, we get <M,M>t = t. Unfortunately the process
<M,M> is not the good one for local martingales. For some local martingales
M, there is no predictable increasing process A such that Mz - A 1is =
local martingale (see 2.19 for an intuitive explaination). This is why we
have to look more closely at square integrable martingales.

4.4. Decomposition of square integrable martingales. Let M be a square

integrable martingale, It is cidl3g, therefore we can cover the jump times
of M by a sequence of stopping times, some of which are predictable (call

them Sn)’ the others are totally inaccessible (call them Rn).

. . 2
Look at the processes t AM I{t>S } The jump AMSn is in L
n
So Ct has a compensator which is E[AMsnlgsn_ {PZSH} (2.10), but
E[AMS '£$ _] =0 (2.5) and C: is a square integrable martingale.
n n

n ;
For the process Dt = AMRnI{;an}’ things. are slightly more compli.
cated. D: has a compensator 5: which is a continuous process with inte-
grable variation, but 52 is not the zero process. Nevertheless
~n

ﬁ: = Dn - Dt is a uniformly integrable martingale which jumps only at time

Ru and AD = AMR

Can we sum XCn and Zﬁn and get the martingale M as the sum of
n
a continuous martingale and compensated jumps? The sum EIAM l might not
converge; but we know that E[zlAM [ ] < +», and we are goxng to work in

L2. First we need a few results.

4.5. Lemma. If A and B are two process with integrable variation, if

A - B is a martingale and if ¢ is a predictable, bounded process (or a

predictable non negative process), then E[f:¢sd(A - B)s] = 0.

Proof. The result is true for any process ¢ of the form ¢ = PSI{O} +
n
*
Z " , where ¢, 1is a bounded, F,-measurable r.v. and the ¢
jo1 ]ti,ti+1.] 0 =0 i
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are bounded Et -measurable r.v. Therefore it is true for any predictable
i
bounded (or non negative) process.

4,6, Lemma. Let a(t) be a right continuous, increasing function from

[0,o[ into ]{+, such that a(0) = 0. And let c(s) = inf(t; a(t) > s).

Then c(s) 1is a non decreasing, right continuous function; and for any

borelian function f bounded or non negative

f:f(s)da(s) = f:f(c(s))l{c(s)<+w}ds-

(]
[

Proof. Just check the equality for the functions of the form f£(s) 0,t]
b

(Remember that da(s) and ds have no mass at s = 0).

4.7. Lemma. If A 1is a process with integrable variation and if M is a

bounded martingaie
E[AM] = E[[¥ dA].

Proof. Apply lemma 4.6 to At and Ct = inf(s; As >t). The r.v. Ct are

stopping times and
BLfgM a8 ] = E[G”csl{cs«mf’s] - QEIMCSI{CS«QNS
= f:E[MwI{quw}lds = E(fgﬂxl{csﬂm}ds] = E[f:MmdAs] =
E[MA_].

4.8. Lemma. f Lt is a uniformly integrable process on [0,+x], if

Lo =0 and if E[Ls] = 0 for any stopping time S, then L is a martin-

gale.

Proof. Llet A€ gc. and S =t on A&, =4> on A% We have

/ AL dP + [Achd? =0

k. = e S =3
But IALmdP + jAchdp 0 (tak =) so fALtdp - IALmdP, VAE.E.;’
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and L 1is a martingale.

4.9, Lemgi. Let M be a square integrable martingale, and S be a pre-

dictable time. Then Ct = AMSI{qiS} is a square integrable martingale; and
for any square integrable martingale N, the process Lt = CtNt -
ACSANSI{FZS} is a uniformly integrable martingale.

Proof. We have already seen that Ct is a martingale. As ACS_E L2, the

martingale Ct is square integrable. The process L is uniformly inte-
1
< €
grable as SgplLtl < sgplctlsgpthl + [AcsllANS] L™ (see 4.2). Apply 4.7

to C and NT (N stopped at a stopping time T), we get

E[CN,] = E[CN,] = E[JgNodc_] = EINAAC,] =

Tho 1 o
E[ANSACS] = E[ANSACSI{SE?}]

T _ T = =
(ve used the fact that E[Ng AC(] = E[Ng_E[ACG|Fs 11 = 0). So E[L;] =0 for
any stopping time T. As L0 =0, L is a martingale (4.8).

4,10, Lemma. Let M be a square integrable martingale, and let R be a

totally inaccessible time. We consider Dt = AMRI{QER}’ its compensator

Dt and Dt = Dc - Dt’ then

~ . ~ 2
1) Dt is a square integrable martingale, and E[Di] i_SE[(AMR) ]

2) for any square integrable martingale N, the process

Lt = DtNt - ADRANRI{QZR

Proof. 1) By considering AME and AM; it is enough to study the case

} is a unjiformly integrable martingale.

. . 2 - &
where ¢ 1is a non negative -measurable r.v. in L and Dt = ¢I{tZR}.

By
If the function ¢ is bounded by the constant a we get

E[D2) = 2E([gD_dD_] = 2E[[(B_dp ] < 2E[[gB.ap_]
= 2E[¢D_] < 2aE[D_] < +w.

(we used the formula f(w)2 = Zf:f(s)df(s), true for continuous non decreas-

ing functions, and lemma &.5.)
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So if ¢ 1is non negative bounded, 5«- € LZ and E[ﬁi] < 2E[¢Sw] <
g ~2 2
2|l ¢ll Ll oIl , and E[DJ] < 4E[4°].
L L
If the non negative function ¢ is not bounded, consider the

functions ¢n = ¢an, and define the D7 corresponding to D: = ¢n1{t>R}'

t
~ntl ~n . . .
The process Dt - Dt is the compensator of the increasing process
n+1 n
- o
Dt Dt’ so we can

. . . ~n
construct the increasing, continuous processes Dt in such a way that for

~ot .
each n, D: L D: is itself an increasing process. For each n we have

ELOD?) < 4E1(¢M 7] < 4E[07) < 4.

. n R 2
The limit B_ of the non decreasing sequence D, is therefore in L, as

is each Bt = lim ﬁrtl. For each w the functions t ~ D: converge uniform-
n

. ~n+1 ~n _ xn+l  wn
ly to the function t + B (this as 0 < D" - Dt: <D, " -D_). So the
process Br is continuous. By taking limits in L1 in the equality
n n n xn .
- = - < - i
E[Dt DtIF ] Ds DS for s < t, we get that Dt Bt is a uniformly

~

integrable martingale. Therefore Bt = Dt’ and E[ﬁi] =E[B3)] < 4E[¢2] < 4o,
And the martingale D=D-D is square integrable,

2) As in (4.9) we see that L 1is a uniformly integrable process.
Let T be a stopping time and apply 4.7 to D and the martingale NT, we
get

~ _ o T _ g - T o T =~
E[(p, - DN,] = E[f(N d(D - D) ] = E[NpAD. ] - E[f(N db ]

T T .x = J
= E[NJAD] - E[f:Nc-th:] E[AN 6Dy Tyl

(we used the fact that Nt and Nt— have the same Stieltjes integral with
respect to the continuous process Dt)' Again use 4.8 to show that I 1is
a martingale.

4.11. Definition. A square integrable martingale M is purely discontinu-

ous if M, = 0, and if for anmy square integrable continuous martingale N,
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the process MN is a martingale.

4,12, Theorem. Let M be a square integrable martingale, then M can be

decomposed in a unique way into the sum of a square integrable continuous

. c
martingale M~ and a square integrable purely discontinous martingale Md.

The martingale M® is called the continuous part of M, and Md is called

the compensated sum of the jumps of M.

Proof. Let us come back to the C" and D" defined in 4.4. According to
4.9 and 4.10 the products C'D7, Cnﬁm, CnCm, 5%™ (n # m) are all martin-
Nop N,
gales. Consider the processes Y§ = ZCt + th; we then have for N' < N
1 1 -

(using 4.9 and 4.10 again)
N’ Nl N'
N' A
B, - Y?1 = ELY (P + ] D <ser] (axg |2+ |ax, |D).
N+1 N+1 N+1 n n
This and 4.2 shows that
N2 n 2 2
Efsup|Y_ - ¥ |"] < SE[ ) (laxg |* + |ax, 191,
t N+1 n n

We can assume, by taking a subsequence (which we shall still denote YN)
N+1
t

that for almost all w the functions Yz(w) converge uniformly in t to a

2
function Yt’ and that for each t the r.v. Y§ converges to Yt in L7,

that XE[sgp|Y - YEIZ] < 4o, This implies, by Borel Cantelli lemma,
N

The process Y is therefore cadldg, it has the same jumps as M, and it is

a square integrable martingale.

Let X be a continuous square integrable martingale. Each XYN

is a martingale (4.9 and 4.10). The Y? converge to Y. in L2 so Xth

converges to Xth in Ll, and XY is a martingale. So Md =Y 1is a
purely discontinuous martingale, and M=y - Md is a continuous martin-
gale.

We still have to show the uniqueness of such a decomposition; if

M=M+ Md =N+ Nd with M® and N© square integrable, continuous
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1
martingales, and Md and N°© purely discontinuous square integrable martin-

c d

gales, M® - ¢ =1 - Md is continuous and purely discontinuous. So

(Md - Nd)2 is a martingale and E[(Mg = N3)2] = E[(Mg - Ng)Z] =0V t >0,

4.13.. Remark. For each N the process

N N
N, 2 2 2
(Yt) ) nzl(AMSn) I{t-f-sn} ) nzl(AMRn) I{tZBn}

is a martingale (apply 4.9 and 4.10). When N goes to + «, each term con-
verges in Ll, and (Md)2 - Z (AM )2 = (Md)2 - 2 (AMd)2 is a uniformly
t s<t s t s<t s

integrable martingale.

4,14, The increasing process [M,M]. Let M be a square integrable martin-

gale such that M, = 0, and let M®  and Md be its continuous and purely

0

discontinuous part. We define
Do, = o>+ ] ()’
Sit
The process <M°,M°> is the one defined in 4.3.

The processes (ME)2 - <Mc,Mc>t, (M:)2 - z (AMS)2 and Mch are

s<t
all uniformly integrable martingales and so is M - [M,M]. The increasing
process <M,M> defined in 4.3 is the compensator of [M,M].

If M does not vanish at t = 0, the tendancy is to think of

M. as the jump at time O and to define

0
c c 2 2
MM] = <M - M., M -M>+M + z (AM )®, But we shall always
(§] 0 0 o<t B
assume M, = 0. If M is the Brownian motion, we have M = ¢ and

0
[M,M]t = t again.

4,15. If M and N are two square integrable martingales vanish-

ing at 0 we define:
1
MN>, = S(M+ N, M+ N> = MM - <N,N>)

[N, = (00 + N, M+ NI, - [4M] - [N,NDD).
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We have the following obvious properties
1) <M,N> is the unique predictable process B with integrable variation
such that MN - B is a uniformly integrable martingale.

2) Because of the uniqueness of <M,N> we have for any stopping time T

M8 = <MNT> = <MD, N> = Qe N>T

3) [Nl = ¢ N>+ ] aman,
s<t

4) MN - [M,N] is a uniformly integrable martingale

t

5) for any stopping time T

T T

TN = et = T = et

LOCAL MARTINGALES

4.16. Definition. A local martingale M is purely discontinuous if

MO = 0 and if for any continuous local martingale N the product MN is

a local martingale. (As any continuous local martingale is locally a

bounded martingale, it is enough to check the property for any bounded con-

tinuous martingale).

4,17. lemma. Let M be a local martingale. Suppose that M is also a

process with finite variation (M0 = 0 by definition 2.12). Then

1) Vt = X (AMS) is a process with locally integrable variation,
s<t
and M=V -V (V is the compensator of V).

2) For any bounded continuous martingale N, the product MN is a

local martingale.

Proof. 1) the process M: = supIMsl is locally integrable (2.21) so by
— s
2.20 the variation of V 4is locally integrable and V has a compensator

V. The local martingale M - (V - V) is continuous (localize so that M

is a uniformly integrable martingale and use 2.10). The variation of
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M- (V-7 is locally integrable by 2.21 and 2.20. So M - (V - V) has a
compensator which has to be M - (V - 6) as M- (V-V) is continuous,
but which has to be 0 as M- (V - V) is a local martingale. So
M=V - 6.

2) Let N be a bounded continuous martingale; by working locally
we can assume that the variations of V and Vv are integrable. For any

stopping time T, we get using successively 4.7 and 4.5.
_ T, _ T _ T
EMN,) = E[MN,] = E[[(N'aM ] = E[f(Nav,]
T~ 0 T oo T _ T T _
- E[fQN,dV_] = E[fgN.av ] - E[[N.av_] = E[fj(N, - N)av,] = 0.

So the tniformly integrable process J = MN is a martingale (lemma 4.8).

4.18. Theorem. Let M be a local martingale. M can be written in a

unique way as

M=+l

where M® is a continuous local martingale, and Md is a purely discontin-

[4

uous martingale. Moreover we have (Mc)T = (MT) for any stopping time T

such that MT is a square integrable martingale.

Proof. Use the fundamental lemma 2.21; M = N+ U where N is a locally

bounded local martingale, and U is a martingale with finite variation.

Let (Tn) be a localizing sequence of stopping times sucg that each NTn
is a bounded (therefore square integrable) martingale. N % can be decom-
posed into NTn = (NTn)c + (NTn)d. Because of the uniqueness in 4,12, we

Tn c Tn+l c
have (N ) = (N )~ on [O,Tn].

Define Nc as

© T
= Jwo “)CI]T 71 (T, = 0).

n= n-1’"n 0

.
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The process N® is a continuous local martingale, and Nd =N -N° is a
purely discontinuous local martingale (this as each (Nd) - (NTn)d is a
purely discontinuous square integrable martingale). So M = N+ (Nd + U)
where N is a continuous local martingale and Nd + U is a purely discon-
tinuous local martingale (4.17).

If this decomposition unique? If M = M+ Md =x% + Xd are two
such decompositions, the process M - x° = Xd - Md is both a continuous
and purely discontinuous martingale. Being continuous it is locally bounded,
and we see, using 4.12, that locally M- x¢ = Xd - Md = 0.

The fact that (Mc)T = (MT)c for any stopping time T such that
MT is a square integrable martingale is again due to the uniqueness in 4.12.
4.19. Lemma. Let M be a continuous martingale, there exists a unique

increasing predictable process [M,M] such that [M,M]T = [MT,MT] for any

stopping time T such that MT is square integrable.

Proof. The uniqueness and existence are both due to the existence and uni-
queness of <M,M> in 4.3; and to the fact that the continuous local martin-
gale M 1is locally square integrable.

The process [M,M].

4.20. Lemma. Let M be a local martingale, then for almost all w the

sums 2 (M )2 converge for all t.
s<t s
Proof. By the fundamental lemma 2.21, M is the sum of a locally bounded

martingale U and a process V with finite variation. As E ]AVS[ con-
s<t
verges, so does E IAVSIZ. There exists a localizing sequence (Tn) such
T s<t
that each U ™ is square integrable; we then have E[ ZT ]AUSIZ] < +w; and
8<

<'n
for almost all w X |am Iz <2} |au |2~+2 z |av |2 converges.
<t % T os<r % st

4.21. Definition. Let M be a local martingale, we define [M,M]t =

e+ T (a2,
t sgt s
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The process [M,M]t is an increasing process; we will see in

chapter 6 that Mz - [M,M] is a local martingale.

SEMIMARTINGALES

4,22. Lemma. Let X be a semimartingale; suppose X = XO +M+ A= XO + N

+ B where M and N are local martingales, and A and B are two pro-

cesses with finite variation. Then M° = N®. We shall denote x¢ = Mc,

X® is called the continuous local martingale part of the semimartingale X.

Proof. M - N is a local martingale with finite variation, so, by lemma
4,17, M - N is purely discontinuous and (M - N)c = 0.

4,23, Lemma. Let X be a semimartingale; for almost all ® the sums

z (AXS)2 converge for all t.
s<t 7
Proof. Use the definition of a semimartingale and 4.20.

4,24, Definition. Let X be a semimartingale, the increasing process

[X,X] is the process
IX,x], = [x,x°1_+ § (ax)?
>t ’ t s
s<t
As in 4.15 we shall define the processes [X,Y].
4.25. Remark. One can show (see [12]) that [X,X]t is the limit in pro-

n
bability of the ) (X - X )Z where the limit is taken on the directed
=1 il G

set of the partitions of [0,t]. So [’X,X]t is the quadratic variation of
X on [0,t], and [X,X]t does not change if P is replaced by an equiva-
lent probability. We shall never need the result here, but it is an impor-
tant one, as we have already decided that we should deal only with concepts

invariant by a change of probability.



CHAPTER V: STOCHASTIC INTEGRALS

In this chapter we will show the existence part of theorem 3.5:
if X is a semimartingale and ¢ a bounded predictable process vanishing
after a certain time t, we can define J*(¢) = ]:¢des, and J* verifies
the continuity condition of 3.5. Actually we shall look at the stochastic
integrals slightly differently and construct for any locally bounded predic-
table process ¢, the semimartingale (d)oX)t = I3¢SdXS. In the case where
X is a square integrable martingale it will be similar to the construction

of Ito's integral.

STOCBASTIC INTEGRATION WITH RESPECT TO SQUARE INTEGRABLE MARTINGALES
5.1. Let M be the set of all the square integrable martingales

M. For each ME M, the r.v. M_ = 1lim M, is in LZ(Q,F ,P). And converse-
== © ot t =00
o«

ly, to each r.v. Y€ Lz(ﬁ,gw,P) corresponds a square integrable martingale
M which is the c3dlig version of the martingale E[Ylgm]. The vector space
LZ(Q,E;,P) is a Hilbert space for the scalar product (X,Y) - E[XY], so
g is a Hilbert space for the scalar product (M,N) » E[Mwnw]. The corres-
ponding norm on M is l]M” = Jéfig;.

5.2. Let M® be a sequence of square integrable martingales con-
verging in M to a square integrable M. By Doob's inequality (4.2) we
have E[sgp]Mﬁ - Mtlzl_j 4E[IM: - Mmlz]. Therefore by Borel Cantelli lemma,

n
there exists a gubsequence M k such that for almost every w the
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trajectory t -~ M:k(w) converge uniformly to the trajectory t =+ Mt(w). In

particular, if each M" is continuous, so is M.

5.3. Definition. If M is a square integrable martingale such that MO = Q
we define

iz(M) = {H; H predictable process such that E[f:;Hid[M, M]S <+ o},

(The dot on the L is to distinguish it from a space LZ(M) not used here).

2 00
Oon L°(M) we take the norm || H”. = ¢{:[j H™d[M,M] ] .
L2(M) 0s "7 s

5.4. Let B be the set of all the predictable processes ¢ of
- n-1

the form ¢ =X, .+ ) o, I where 0 =t, < t, <...< t_ <+,
0 {o} 7 i T e ) 01 n
&pg is a bounded __F:O—measurable and the &pi are bounded, F—t -measurable r.v.

For such a process ¢ we consider, as in chapter 3, the process
1
00
(¢°M)t = fOI]O’t](s)cbdes = Z‘pi(Mt. Ap T Mt-/\t)' (As M is a square
1= i+l i
integrable martingale vanishing at 0, we could use I[O t] instead of
t]

I]O,t]’ But it is better to adopt the notation f: = f]t,s]')

5.5. Lemma. 1) If MGE, M0=0, and ¢ € B then the process oM dis

a square integrable martingale and || peM|| = || ¢”_2
L°(M

2) If M is a continuous square integrable martingale, so is

¢poM.,

3) The processes A(¢°M)S and cbsAMS are indistinguishable.
Proof. The proof of part 1 is trivial if one reméembers that MZ - [M,M]
is a uniformly integrable martingale. Parts 2 and 3 are obvious on the
explicit form of ¢oM.
5.6. Theorem. let ME M, such that Mo = 0, then

1) B is dense in iz(M)

2) We can extend the application ¢ - ¢oM defined on B into an

isometry H - HeM from iz(M) into M.

3) if M is continuous so is HeM

4) thesprocesses A(!-IOM)s and HSAMS are indistinguishable
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Proof. The processes of g generate the predictable o-field so B is dense
in iz(M); and the isometry ¢ + ¢oM from 2 into M can be extended into
an isometry from iZ(M) into M.

Convergence in __!_ implies almost everywhere uniform convergence
on the trajectories for a subsequence (5.2), so part 3 and 4 follow from
lemma 5.5.

5.7. Theorem. Let M EM such that M = 0, and HEiZ(M). The process

0
L = H°M 1is the unique element of M such that

1) Lo =0
2) [L,N] = He[M,N] YNEM
(the symbol (H°[M,N])t denotes the Stieltjes integral (HO[M,N]t) =
f]o,c]Hsd[”’N]s)‘
The proof will use Kunita and Watanabe's inequality which is just a

form of Schwarz inequality.

5.8. Lemma. Kunita and Watanabe's inequality: let M and N be two

elements of M vanishing at time zero, and H and K be two bounded

measurable processes then

[olr ik llam,nn | < (for2amm )% fodam,m )%,

Proof. Use the fact that [M + AN, M + )‘N]t - [M+ AN, M+ )\N]S is non

negative for any A € R, and s < t, to get
2 . r -
[M,N], - D8] < (D,MI - iMMI)CIN,ND - [N,N]).

This implies easily: if H and K are of the form
n m
Y H I , K= YK I
g=1 1 1Egt] j=1 3718508544
bounded __Ij‘__—measurable r.v. then

H= , where the H, and K, are

i 3

=2 I, (o2 s
™ | [oHRAMM,NT | < (fgREa1M,M] ) 2(foRCAIN, NI )2,
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And this extends to the case where H and K are bounded measurable

processes. As the borelian o-field on E&_ is separable, there exists a
ldm,N] |
d[M,N]s

Js is bounded by 1. Apply the inequality (*) to HS and JSKB to get

measurable version of the process Js = , and we can assume that

| Sk lanem || < (fulanm )% k2anm )Y,

for any H and K bounded measurable processes. Then the inequality with
|#| and |K| 1is trivial.

Proof of theorem 5.7. By lemma 5.8 and theorem 5.6 the application

o . . 22 .
H =+ E[(HoM)wNw - IOHSd[M,N]s] is continuous on L°(M). Its value, being
zero on B, is zero on all {Z(M).
Let M and N be two elements of M vanishing at t = 0, and
let H € 12(M). The process I, = (HeM) N - [EH aDM,N]_ is uniformly

integrable (use lemmas 5.8, 5.6 and Doob's inéquality 4.2). Take a stopping

time T and NT the martingale N stopped at time T; we get
= T _ Tiy 2
0 = E[(HoM) N, - (B A[M,N]_] = E[J,]

So Jt is a uniformly integrable martingale (lemma 4.8).
Let M® be the continuous part of M, and Md be its purely
discontinuous part. For any continuous martingale Nc, the process

ngsd[Mc,Nc]s is continuvous and has finite variation. As (M“Mc)tNi -

fgﬂsd[Mc,NC]S is a uniformly integrable martingale, we have (4.15)
c C c c t ¢ ,C
[HoM" ,N"] = <HoM N> = foﬂsd[M SN

d
For any continuous martingale NC, the process (HoM')N®-
d ¢
fﬂsd[Mp,Nc] is a uniformly integrable martingale; but [M ,N°] =0 by
c
definition 4.14, so HOMd is purely discontinuous. As H°M™ is continuous,

d
and as HeM = HoM® + Hon, we have (HoM)C = HoM®, and (HoM)© = HOMd.
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We have now for any square integrable martingale N

= ° C o€ o
[HoM,N] = [HoM ,N'] + sZtA(H M) AN,

c ..C o o
= (Ho[M,N°]), + ZHSAMSANS = (He[M,N])

bos<t
Suppose two square integrable martingale L and L' wverify
Ly =Ly =0 and [L,N] = He[M,N] YN E M. We then have [L -1, N] =0
¥ne E, and [L-L',L-1L'] =0. The process (L - L')2 is a martingale,
LO = Lé =0, s0 L=1L'.
5.9. Remark., Note that in the proof of 5.7 we showed that (HoM) © = HoM®
and (HoM)d = HOMd.

5.10. Corollary. Let M and N be two elements of M vanishing at O,

and H be in iz(M). Using the characterization 5.7 of the stochastic

integral we get, for any bounded predictable process K

Ke[HeM,N] = (KH)o[M,N] = [KII°M,N]
and

Ko (HeM) = (KH) oM.

In particular if T 1is.a stopping time, and K is the predictable process

K= I]O,T]’ we have

(M) = [GH.AM, = (Re(HO)), = ((KH)aM), = [(Tp0 B dM,.

5.11. Remark. Let us come back to theorem 3.5. The set b(gt) was the
set of all bounded predictable processes vanishing on Jlt,+[. For a

* -
process Y € b(gt) we shall define J"(Y) = f:IIO,t]stMs = (Y°M)t' It is
obvious that J¥ 4is linear on %b(zt); let (Yn) be a bounded sequence of

elements of b(gt), converging at each (s,w) to a process Y€ b(gt). The

process Y 1is then the limit in iz(M) of the Yn, and J*(Yn) converges in
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L2 to J*(Y). The stochastic integral we have constructed so far, is the

one we were looking for.

STOCHASTIC INTEGRATION WITH RESPECT TO LOCAL MARTINGALES
Remember that a local martingale always vanishes at t = 0.

5.12. Definition. A process H 1is locally bounded, if there exists a

localizing sequence (Tn) of stopping times such that each process
T
n

H I{Tn>0} is a bounded process.

Since we have decided that we would like to be able to replace P
by an equivalent probability Q without changing the set of processes H
for which fHSdMS is defined, we shall restrict ourselves to the processes
H which are predictable and locally bounded.

5.13. Let M be a local martingale, and H a predictable,
locally bounded process. By the fundamental lemma (2.21), we have M= U+ V
where U is a locally square integrable martingale, and V 1s a local
martingale with finite variation. Let (Tn) be a localizing sequence such
that for each n, U % s a square integrable variation, V 1is a martingale

T

with integrable variation (we can do this by 4.17), and H nI{T >0} is
n

bounded. We want to define the stochastic integral (HoM)t by
(HoM) | fﬂ dU j H dv on fo,T 1.

Lemma 5.14 will tell us that the stochastic integral HoM thus defined does

not depend on the decomposition M = U + V, and that the process HoM is a

local martingale.

5.14. Lemma. Let V be a process with integrable variation

1) if V is a martingale, and if H 1is a predictable process

such that E[[;!HSJIdVS{] < 4+, then the Stieltjes integral fBHSst is a
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cadlag uniformly integrable martingale.

2) 1f V is a square integrable martingale, and if H is a bound-

ed process the stochastic integral (H°V)t and the Stieljes integral

ngSdVS are two indistinguishable processes.
Proof. Part 1 is true if H € B. Define 'f..l(V) as the set of all predic-
table processes H such that E[G[Hslldvsll < 4+, And take on il(V)
the norm " H[le = E[rngSHst[]. 1f B8+ ¥ in il(v), we have
Elsup| [gHoav, - [oB.av [} < ECfgIR" - | lav |1 < || 0" - H"f}m +0. Ve
finish as in 5.6, except that the convergences are in I..1 instead of L2.
For part 2, the stochastic integral (HoV) = ((HI ]O,t])cv)w and
the Stieljes integral f(t)HstS = fSI ]O,t]Hsdvs coincide on Ltlb(gt); both
are linear in H and verify the continuity property of theorem 3.5, so
(Hov)t = f;ﬂsdvs a.e. As the two processes are cadldg they are indistin-
guishable.

5.15. Theorem. Let M be a local martingale, and let H be a predictable

locally bounded process. Then L = H°M 1is the unique local wartingale L

such that

[L,N] = He[M,N] ¥N 1local martingale.

Proof. Let M =7U+ V. where U is a locally square integrable martingale,
and V is a local martingale with finite variatican. The process HeV 1is
a local martingale with finite variatiom, so (H°V)C =0 (lemma 4.17).
As U is locally square integrable we have (using 4.18 and 5.9)
(#o0)¢ = Hot® and (Hom)? = movd,

Now we have

[HoM,N] = [ (2eM) €, N¢) et SZ.tHSAMSANS

= [HeUS,N%]_+ [ H_AM AN
S 8§ s

t s<t
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and

(Ho[M,N]), = (Ho[US,N]) + SZCHSAMSANS.

The continuous martingales UC,Nc and HoU® are locally square integrable,

so by Theorem 5.7,

Ho [U®,N%] = [HoUS,N®]
and He[M,N] = [HoM,N]

Let L and L' be two local martingales suchthat [L,N] = [L',N] =
He[M,N], VN 1local martingale. We have [L - L',8] =0 ¥ N local martin-
gale. Let N_ be any bounded gw—measurable r.v., and let Nt = E[leic]
(cadlag version). By localizing we can suppose that L - L' = U+ V where
U 1is a square integrable martingale and V 1is a martingale with integrable
variation (2.21 and 4.17). We then have as [U,N] and [V,N] are process-

es with integrable variation:

E[(L, - L)N_] = E[UN_] + E[V_N )
= E[j‘;d[L -1',N ] =0

for any bounded F_-measurable r.v. N_. So L ~1L! =0, and L=1L".
5.16. Remark. From 5.15 we get: if M is a local martingale and H a
predictable, locally bounded process:

1) Eem)© = HeM®

2) @m? = e

3) the processes A(HvM)s and HsAMs are indistinguishable (this
fact is trivial by 5.6 and the definition of the Stieltjes integral).

T.
4) (H°M)T = III‘O,T]Hdes = f OHdes for any finite stopping time



56

STOCHASTIC INTEGRATION WITH RESPECT TO SEMIMARTINGALES
5.17. Let X = X+ M+ A bea semimartingale, and H be a pre-

dictable, locally bounded process. We shall define
t
(HoX), = (HoM), + [(H dA_.

The integral HoM is the stochastic integral with respect to the local
martingale M; I;HsdAs is the Stieltjes integral with respect to the pro-
cess with finite variation A. According to lemma 5.14 the process HeX
does not depend of the decomposition X = Xo + M+ A. And we have

1) HeX 4is a semimartingale

2) (HoX)® = Hex®

3) the processes A(HoM)s and HSAM8 are indistinguishable

4) (HoX)T = I;I]O,T]Hsdxs = fgﬂsdxs for any finite stopping time
T.
5.18. Femark. Let H be a process vhich is adapted, left continuous, and
has right limits everywhere, then Xt is predictable and lncally bounded.
(Take the localizing sequence T, = inf(t; ]Ht] > mn)). Those are the only
processes H we will really use.
5.19. Remark. Let Bt be the Brownian motion, and Et be o-field
G(Bs,s < t) completed with all the null sets in F. The family F  is
then right continuous. In his lectures Friedman showed that one could
integrate any bounded progressively measurable process K with respect to

B. In fact for such a K there exists a bounded predictable process H

such that

P(w; Kt - Bt except for at most a countable number of t) = 1.
In that case E[I;(Ks - Hs)zds] = 0 Yt, and it 1is natural to take

[tK dB = [tH dB , and this is the same as the integral defined in Friedman's
0's s 0's s



lectures (the fact that the process H 1is not unique is trivially no

problem at all).
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CHAPTER VI: ITO'S FORMULA

If F is a continuously differentiable function from R into R,
we have F(t) = j‘gF'(s)ds + F(0). This formula is also valid if Vt is a
continuous process with finite variation, and F(Vt) = ng‘(Vs)st + F(Vo).
How does the proof go? You write

n-1

F(V) - F(V)) = 1§1F‘(Vt1+1) - F(vti)
where 0 = tO < tl... < t:n =t 1s s subdivision of [0,t], then you use
Taylor's formula and the fact that the quadratic variation of Vt is zero
to get the result. If X 1is a continuous semimartingale, the quadratic
variation of X is [X,X]; and the sums nillx ~ X |3 go to zero in

i=1 1 F

probability when the subdivision T = (to,....tn) gets finer and finer. So

if F 1is a function with continuous 2nd order derivative we should get
= t ’ 1'- t
F(X,) - F(Xg) j‘op (XdX_ + 5 joF"(xs)d{x,x]S.

If X 4s a semimartingale, non necessarily continuous, just look
at what the jumps of F(Xt) are to guess the formula in Theorem 6.1.

6.1. Theorem Ito's formula. Let Xl,xz,...,xn be n semimartingales; we

n
R -valued semimartingale ;
denote by Xt the g (xl,t,...,x ,t)' Let F be a

n
real valued function on R, which is twice continuously differentiable.

Then
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n
et i 1 iDj c ¢
FeX_ = FoX_ + ) [-D'FeX_dX, _+% ] DD FoX__d[X_,X;]
t 0 11 0 s- i,8 2 4=1,....n s i*%y’s
j=1,...,n
) ] ot
+ Y (FeX_ - FeX__ - ] D FeX_ AX. ).
s<t s s- 41 s i,s

Comments. DiF and DiDjF are the derivatives of F. The term X; is

the continuous martingale part of the semimartingale Xi‘ All the processes
DiFeXS_ are predictable and locally bounded so the stochastic integrals
exist. Let (Tn) be the localizing sequence Tn = inf(t; |Xt| >n). on
0,71, lth and lXt_| are bounded by n; let K = sup |} lDiDjF(x)l,

!xlfp i3
we have using Taylor's 2nd order formula

n
) i 1 2
(FoX_ - FoX__ = J D'FoX_ AX. )| <3KJC ] |ax, _|9)
s<T, s s 121 s- 1,8"' =2 is<r i,s
n
So for almost all w, Z |Fox_ - Fox__ - 2 DiFeX AX, | converges, and so
s<T,, is s= i=1 s- 1,s
does ] |FeX_ - FoX_ _ - 1D FoX Axi |. Therefore for almost all w, the
&&T s s- s- »S
—'n

sums ) |FoX - FoX__ - ZDiFoXs_AX converge for all t.

I
s<t i,s

Note also that there is no condition on F, except the continuity
of. the 2nd‘derivatives.
Proof. The proof will consist of simplifying the problem step by step.
First note that the jump at time s of the term on the right in Ito's
formula is (using 5.17)

§ Dlrex_AX,  + FoX - FoX__ - §olrx AX. = Fex_ - Fox

421 s- 1,8 s - 45 s- 1,s s s="
This is also the jump at times of the term on the left. We will write down

the proof for the case n = 1.

1) it is enough to proof Ito’s formula, when

a) F, F' and F' are bounded

b) X = Xo + M+ A, where xO is a bounded random variable, M 1is

a_bounded martingale and A 1S 3 process with bounded variation.
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By lemma 2.21, we can write

X= Xo + N + B, where N 1is a martingale with bounded jump size
and B a process with finite variation. Let Rn = +o if IXOI < n,
= = i . t
R =0 if |X)| >n, and let T, = inf{t; [N | >n or foldssl >n} AR

The sequence (Tn) is a localizing sequence.
T
n n n
Take Yt XOI{Tn>0} + Nt + Bt - ABTnI{tZTn}.T The r.v.

Yo = on{'r >0} is a bounded, &)—measutable r.v., M=N ™ is bounded
n T ’

martingale, and A_ =B b has bounded variation. The two processes
t Tt {eT}

Y: -and X, coincide on [0,Tn[; and [Ync,Y = [XC,XC] on I[O,Tn]I; if

Ito's formula is valid for Y[, it will be valid for X, Yt < T . As the

nc]

two terms in Ito's formula have the same jump at Tn’ Ito's formula is valid
for Xt’ Vt < Tn'

Now Y: and Y:_ are two bounded processes, taking their values
in a compact set D of R. Let G be a twice continuously differentiable
function, with compact support such tlat G = F. on D. All we have to do
is prove Ito's formula for G and Yn. So we can assume that F; F' and
F" are bounded.

2) Furthermore we can assume that M and A have at most N jumps.

The martingale M is bounded so there exists (proof of 4.12) a sequence of
. M c .
martingales M" such that =M + compensated sum of a finite number of
jumps of M, and such that 2" M: - Mw” g < F. This, by Doob's inequality
n L
4,2 implies that for almost all w the functions t - M:: converge uniform-

ly to the functions t > M and so M:_ > M:_ a.e.

For the process A, things are simpler; we can have by 1.18

c
A=A+ JMA T oy
n n =n
The process A® 1is the continuous "process with finite variation" part of

A and not. the continuous local martingale part of A which is 0. As the
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variation of A is bounded, there exists a subsequence L such that
n

k c k o "

= - < s

A AT+ Z BAL Tp .y verifies 1ELfolaca B ]] <+, Let us call
n=l n " ='n k n

this sequence AP, Again, for almost all w the trajectories t + At(w)

converge uniformly to the trajectory t = At(w). And A:_ -+ At— a.e,

Suppose that Ito's formula is valid for each X" = Xo + M 4+ An, so

n _ n toy o0 ooon 1 optoy, on nc  nc
FoXp = FeXo + [(F'oX] dx) + 5 [ (F'eXC d[X",x"1_ +

Y (FoX® - FoX_ =~ F'oX" AXD).
s<t s = s~ S

The first term Foxz converges a.e. to F°xt‘
The second term Foxg is the term FeXO.

. (SRR . BRI . D] SR .| toy ool 3,70
For the third term [ F'oX] dX_ = [(F'oX] dM_ + [(F'eX_ dA_,

we have, as M and M* are square integrable
Eoroe® au® _ (toe 12 Cooe w0 _ o n;2
E[|foF'exy am - [F'ox aM_|“1 < 2E[| [((F'eX]_ - P'eX )dM |"]
to,y no_ 2, _ fErpr oy _ o 2,0 . n
+ 2E[|[(F eX _dQ - 1) |71 = 2E[[(F'oX - F'eX_ )7d[M,M7] ]
+2 B[S ox_ )2 - m, ¥ - M) )
0 s- ’ s'’

Now the process [M,M] - [Mn,Mn] is an increasing process (by the defini-
tion of the Mn), and (F'OX:_ - F'°XS_)2 converges to zero and remains
bounded (remember that F, F', F' are bounded from now on). So

t n 2,0 .0
E[[o(F'eX]_ - F'eX_)7d[M",M"] ] > 0.

For the other term, we have
E[fE(rox_ )%an® - m, u - M) < sup|P'[EIDE -, o - 1]
< supIF'|E[(M: - %m)zl + 0.

toy o0 gD 2 toy
And fOF oXs_dMs converges in L~ to IOF oXS_dMS.

Quite similarly (in fact it is easier as we work with Stieltjes
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X t,. 0 .0 1 t,
integrals) we have that IOF oXs_dAs converges in L to fOF °Xs—dAs'
As [ch,ch] ='[XC,XC] and as F"°X2_ converges to F"°Xs_ and

n
¢ nc] converges in L1 to

remains bounded, the term ftF“ X d[X
trmox ax© ,X°1 (remember that ¢ =M is square integrable so that
0 s- :
C oCq 7
E[[X,X7] ] < +=).
That leaves z (FoX - FoX - F'°X2—AX:)' Using Taylor's formula,

s<t
and the fact that F" Ts bounded we have

|Fox® - Fox® - F'ox® AX?| < c|ax®|? < 2c(| oMy 12 + [2a%%)
8 3 8- 8' — s S

< 2c(fam |% + |aa |,

As ] IAM ‘ and Z IAA ’2 converge for almost all w, we see that the
s<t
sums ) (FnX - FoXn - F‘oX AX ) converge uniformly in n; and
s<t
lin ] (FoX] - FoX__ = F'oX] AX]) = ] FoX_ - FoX__ - F'eX_AX_ ae.
n++eo s<t s s s<t s

Each term of Ito's formula for X° converges in probability to the
corresponding term for X so Ito's formula is valid for X,
3) It is enough to prove Ito's formula when X0 is bounded, F, F' and

F" are bounded and M and A are continuous.

We are already down to the case where M and A have at most N

jumps and M 1is square integrable. Take Bt = z AMS, this is a process
s<t
with integrable variation (remember that in fact B nEIAMT I{Fiin}

that each AMT is in LZ). Let B be its compensator, we get

and

M=M +38 - §; let C=A+B-8B, C is a process with finite variation
which has almost 2N jumps and X = Xo +M4+cC. Let R RZ""’RZN be
the possible jump times of C; if Ito's formula is true for continuous M

and A we have

FoxR1_=Foxo+J']0 [F °X__dX_+ 3 IIOR[F°X d[x Xl
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and

F8X dX_ + FoxX_ d[x%,x°] .
s s S— s

1
FoX, _ = FoX, + [ 5/
"R Rer R Rl 2 IRy g oRd
Add the jumps at times Rk on both sides, and you get Ito's formula for X.

4) Proof in the continuous case. So we can assume that XO,F,F' and F"

are bounded, that M,A (and [M,M]) are continuous. And by localizing we
can also assume that M, A and [M,M] are bounded.

Taylor's formula gives
1 1 2ll
F(y) - F(x) = (y - x)F'(%) +‘§(y - x)"F'"(x) + r(x,y)

and there exists a non decreasing function €(t) such that 1lim e(t) =0
2 t>0
and Ir(x,y)| < E(Iy - xI)]y - x|

Choose a constant a > 0, and consider the stopping times

T,y = tA (T, + a) A dnfs > T ; ]MS - uril >a, [MM]_~- [M,M]le > a,

or !AS - ATiI > a}

For each w, we have Ti(m) =t except for a finjite number of {i.

F(X) - F(X)) = JF(X, ) - F(X,)
t 001 Ty Ty

= JF'oX_ (X -X.)

i 0% T Ty

1 2
+ 3 JF"eX ( - %)

S T xTi
+ (X Xy ).

i %1 1

We have for the first sum
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2
E[(fSF'ox_aM_ - JF'ex ( - My )]
0" Tsts E xTi MT1+1 1
T
= i+l o R 2 ' _ 2
- E[EfTi (F'(X) - F (xTi)) dM,M] ] < E[sx;plF (X)) - F (xTi)l (2,1, ]

and the last quantity goes to zero when a =+ 0, since sup[F'(Xs) -F'(XT )]
i

i
remains bounded and goes to zero.

Similarly we get that ZF'OXT (AT - ILI. ) converges in L1 to
¢ i i i+l i
JoF'ex dA_.
0 s s
The term ZF"pX (X - XT )2 splits into three terms. We have
T T Ty

i
(where C 1is a upper bound for |[F| |F'| and |F"|)

2 t t
[TF"ex,, (A - A )°] < C sup| - A, |f-laa_| < caf |da_|
S i PP UL 4 ATi+l T;700 st = 0TS

so this term goes to zero with a.

The double product is as easy to deal with, as

[JF"oX.. (A - A ( -M_ )| < C sup| =M |fEldA_| < caftlaa_].
i XT':L Tin ATi MT;:+1 MTi = 1MT1+1 MTi 0t — 0TS

Now for the term with Mz, we have using the fact that M2 - [M,M]

is a martingale

2 2
E[IYF (X )My = My )7 - TR (X ) ([,M) - Ml )4
E T T 4y E xTi Tia1 Ty

1

2

2 2 .
= JE[F"{X,, )“(( - )T - (IM,M] - M,M] )]
:zl \xTi_ MT1+1 MTi Tin Ty

2 4 2 2
< 2C E[(MT - M, )1 + 2CTE[([M,M] - M,M] )7
- E H15y T Iy

i+l

2 2.2 2
< 2C“E[sup]| - |“M%1 + 2¢“E[sup]| [M,M] - MY, | MM, ]
hd s F JL . AR T, t

i+l

< 2%a%e0] + 2¢%aE( (M, 4] ] > 0 when a > O,

That leaves the term Xr(lr Xp )
i i+l

2
E[Jx (X, , )1 < E[J( - X )%(] -x. D
E XTi xTi+1 = ngiﬂ XTi x"71+1 Ty
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IA

2 2
E[2e(2a) ) ( -A )+ 26(2a>Z(MT - M )%
g ATi+1 ATi i i+l i

IA

ZE(Za)E[afgldAs! + Mi] + 0 when a =+ 0.

And we have proven Ito's formula,
6.2. Corollary. If M is a local martingale, the process Mz - [M,M] is
the local martingale ZIM dM™ .

s- s

Proof. Ito's formula with F(x) = x2

6.3. Corollary. If M is a semimartingale, and MO = 0 then the process

-AM
Zt = exp(Mt - %[MC,Mc]t) I@a+ AMS)e S is the ouly semimartingale verify-
s<t
ing -
_ t
Z, =1+ fozs_dMs
Proof: Take N_ = M_ - 2[MC,C] K—]'[(1+AM)—AMS d apply Ito'
roof: Take N_ =M - [MI,M7] ., K = Je and apply Ito's

s<t
formula to the function F(Nt’Kt) = Ktexp(ﬁt). Theorem 7.1 will show that

it is the unique solution.



CHAPTER VII: STOCHASTIC DIFFERENTIAL EQUATIONS

Now that we have developed a nice theory of stochastic integration,
the next step is to look at stochastic differential equations. We are going
to state and prove the theorem with only one semimartingale, but one can

similarly study systems of stochastic differential equationms.

7.1. Theorem. Let M be a semimartingale such that M, = 0, and let H be

a cidlag adapted process. We consider a function f(w,s,x) defined on

Q x ]R+X R such that

(L

l) For w,s fixed, £(w,s,*) 1is z Lipschitz function with Lipschitz

constant K

(L For ¢,x fixed, £(+,s,x) gf_zs—measurable.

2)

(L3) For x,w fixed, f(w,*,x) is a left continuous function with right

limits.

Then the stochastic integral equation

X (@) = B (@ + [(£(w,5,X (@) (W)

has one and only one solution (Xt) which is a cadldg adapted process.

Before proving the theorem let us show that
t .
fof(w,s,xs_(w)dMs(m) exists.

4
7.8. Lemma. If X is an adapted, cidlig process, the process (s,w) +

f(w,s,xs_(w)) is adapted, left continuous and has right limits (so it is

a predictable locally bounded process).
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Proof. For t fixed, the function (w,x) + f(w,t,x) is itxg(m)—
measurable (by (Lz), and the continuity in x, (Ll)). So f(w,t,Xt_(w))
is zt—measurable.

The left continuity and the existence of right limits is easy to
show.

Proof of Theorem 7.1. Let us try the classical proof fornon stochastic

differential equations on the stochastic integral equation
X, = [Sf(s,0,X_)au
t 0" 7 s-""s

in the easy following case
(Al) M is of theform M = N + A, where N 1is a local martingale,
A is a process with finite variation such that [N,N] and B = f |dAs|
are both bounded by a constant b.
() |£w,5,0] < e Y (w,89
2

and X, = 0}

*
Let H = {c3ddlig processes X such that X = sgplxt[ €L o

On H we take the norm u || = “ X*” 9°
L

We consider for each X € H the process
= (tec.
), = [of(e,8,X )M

7.2. Lemma. The process WX is in H, and if X and Y are in H,

WX - WY|l<nh X-Y||, where h = K(2vb + b)
=z il, where

Proof. . (WO), = [((+,s,0)dN_ + [(£(+,5,00dA . Let L_= [of(+,s,0)aN_, L

t

is a local martingale and

[L,L], = [5£2(,s,00dIN,N] < c%b (5.15)

So by Doob's inequality 4.2

E[L*?) < 4ch
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Let Vt = f(t)f(',s,O)dAs, we have
00
v < folav | < [oleC,s,00]|aa | < eb

2
and E[V.’*z] < czb . So the process WO is in H.

Let X and Y be in }i, and Z = X - Y, we have
= t . - . t * - .
(W), - (W), JoIEC 8, X ) = £(+,s,Y_ )]dN_ + Jolec 28,X ) = £(+,8,XJJdA,

Take again L' = fg[f(‘,s,xs_) - f(-,s,Ys__)]dNS and V' = ](t)[f(‘,s,Xs_) -

H{E ,s,YS_)]dAs, we get

2. %2

[L',L'], = f:[f(-,s,xs_) - f(-,s,Ys_)]Zd[N,N]S <K bz*

27 < uxPpE(z*?)

E[L
and

* *

v* < OKIZSHdAS[ < KbZ
so |lwx - wy| <]l x - Y]] (b + 2/B).
As WO € H, this implies that for any X € H, WX €H

7.3. lemma. If M and f satisfy conditions (Al) and (Az), and if

h = K(b + 2/b) < 1, there exists one and only one adapted cadlag process

Xt which is solution of

X, = fgf(-,s,xs_)dns.
Proof. There is one and only one solution X in H,as h<1l., IF Z is a
cadlag adapted process, and if Z = fgf(',s,zs_)d.‘is, consider the times
T, = inf(t; IZtl >mn). The jump of Z at time. T is

T

= f(» K) (2b + /2b
Az, - £( ’Tn’zTn_)lA”'rnl < (c + nR)( )

(use (L), (Ly) and the fact that IAHSI < IANS! + IAASI = v)A{N,N]s+ !AAs]
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< (¥2Zb + 2b). The process Z is therefore locally bounded, and locally in
H, and by the uniqueness of the solution in H we have Z = X.
7.4. Lemma. If M satisfies (A;) and if h = K(b + 2/b) < 1, then

there exists one and only one adapted cadldg process X, which is solution

t
of Xt = fof( ,s,Xs_)dMs.

Proof. Let Tn(w) = inf(t; !f(w,t,O)l > n), and let fn(w,t,x) =

f(w’t’x)1{0<tfin}' The functions fn satisfy (Az) with ¢ = n. And each
stochastic integral equation Zz = fgfn(',s,zz_)dMs has a unique solution

n n n+l

Y© As fn+1(m,t,x) = fn(w,t,x) on | O,Tnﬂ, we have Y =Y on ﬁO,Tnﬂ.

An adapted cadlag process X 1is solution of X, = fgf(-,s,XS_)dMS
T

T
n_ (t... n n .
= fof( ,s,XS_)dMS . It is now

if and only if for each Tn we have Xt

easy to see that the process X defined as

X=Y" on Jo,T ]

i

1 i = t .
is the unique solution of X fof( ,s,Xs_)dMs.
7.5. Lemma. If M satisfies A, if h =K(b + 2/5) < 1, and if B is

a _c3dlig adapted process, then the stochastic integral equation

t
* 4 = .
(* X, =H_+ fof( 18, X )M

has a unique cadlag adapted solution.

Proof. X 1is solution of (*) if and only if Y = X - H is solution of
= tec.
Y - fof( b6+ B )M .
Take the function g(w,t,x) = flw,t,x + Hs_(w)), it satisfies
properties .(Ll), (Lz) and (L3) with the same Lipschitz constant K. So
just apply lemma 7.4.

7.6. Lemma. If H is a cadldg adapted process if M is a semimartingale,

if the jumps of M yverify |MM,| <2, 1f b <1 and 1f h=K(b + 2/6) <1,
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then the stochastic integral equation

= t. .
X, = H_+ fof( »8,X_)dM_

has one and only one cadladg, adapted solution.

Proof. By 2.24 we can write M as M =N + A, where N is a local
martingale, and A 1is a predictable process with locally bounded variation.
The process A jumps only at predictable times: for a predictable time T

we have

|aay| = [ElaMy|E, 1 - EOAN|E, 1] = [Elaq|F, | <2

(one here should really localize to be sure that N is a uniformly inte-
grable martingale and that the variation of A is integrable). The jumps

A[N,N]t = (ANt)2 and ]AACI and therefore bounded by %

Let D= [N,N]_+ [g|dA | and define

Tn=inf(t;t>'1' D._-D > )

n-1’ 't T -2

We now have [ d[N,N}_ <b .and [, lda_| < b for any n.
]Tn u+1] s ]’Tn’Tn+1I| s

So by lemma 7.5, we have one and only one solution on BO,Tlﬂ for the

»T

stochastic integral equation
X =H + [Sf(-,s,X_daM_. call it X
t t 0" 7 s""s" .
Now look on ]Tl,Tzl at the equation

1 _
X, =B + le + f] Tl,df(-,s,xs_)dus,

use lemma 7.5 again to get a unique solution X2, define similarly the X
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on ]Tn_l,Tnﬂ. Patch them together, it is then easy to see that the proucess

X thus defined is the unique cadldg adapted solution of

- ool o o
X = H_+ J’Of( »5,X )aM_

Proof of theorem 7.1. Let M be a semimartingale, let b as in lemma 7.6

and let

be the successive times at which M has jumps of size |AMt| > %. We con-

sider the, semimartingale

=MI + M I
t t {t<T1} T,- {c_>_'r1}
and
=HI +H, I ,
t o Ct{e<n} 7o -T{eT)
A ca3dlag adapted process Xt is solution on ﬂO,T1] of

- te,. . 1_ ..
Xt = Ht + fof( ,s,XS_)dMS if and only if the process Xt th{t<T1} +

X —I{t>T } is solution on ﬂO,Tlﬂ
1 -1

1_ 1t G laad

X, = H_ + [(f(e,8,X  )aM .

But on ﬂO,Tll the semimartingale M1 satisfies the conditions of lemma
7.6, so this last stochastic integral equation has one and only one cadlig
adapted solution Xi on lO,Tln; do the same on each ] Tn3Tn+1] and you
get theorem 7.1.

Recently Protter and Emery have studied the stability of solutions
of stochastic differential equations. The interested reader will find the

results in [7], [8], [9] and [13].



Bibliography

(1]
(2]

[31

(4]

(51

(6]

[71

(8]

{91

[10]

(11]

(12]

C. Dellacherie. Capacitéa et processus stochastiques. Springer 1972.

C. Dellacherie et P. A. Meyer. Probabilités et potentiel. 1%% volume.

Hermann 1975.

C. Dellacherie et P. A. Meyer. Probabilités et potentiel. 2°me

volume (to appear).

C. Doléans. Existence du processus croissant naturel associé 3 un
potentiel de la classe (D). 2. fur Wahrscheinlichkeitstheorie 9,
1967.

C. Doléans-Dade et P. A. Meyer. Equations différentielles st.chasti-

ques. Séminaire de Probabilités XI, Lecture Notes 581. Springer, 1977.
J. L. Doob. Stochastic processes. J. Wiley and Sons, 1953.

M. Emery. Stabilité des solutions des équations différentielles
stochastiques; application aux intégrales multiplicatives stochasti-
ques. Z. fur Wahrscheinlichkeitstheorie 41, 1978.

M. Emery. Une topologie sur 1'espace des semimartingales (to appear).
M. Emery. Equations différentielles lipschitziennes: 1la stabilité.
(to appear).

H. Kunita and S. Watanabe. On square integrable martingales. Nagoya

Math. J. 30, 1967.
P. A. Meyer. Un cours sur les intégrales stochastiques. Séminaire de
Probabilité X. Lecture Notes 51l. Springer 1976,

P. A. Meyer. Probabilités et Potentiel. Hermann, 1966.



73

[13] P. E. Protter. Hp stability of solutions of stochastic differential

equations (to appear).

[14] M. Rao. On decomposition theorems of Meyer. Math. Scand. 24 (1969).



CENTRO INTERNAZIONALE MATEMATICO ESTIVO

(CeIeMeEs)

STOCHASTIC DIFFERENTIAL EQUATIONS
AND APPLICATIONS

AVNER FRIEDMAN



§1.
§2.
¢3,
4.
§5.
§6.
§7.
$8.

Stochastic Differential Equations and Applications

by

Avner Friedman
Northwestern University
Evanston, Illinois

Brownian motion

The stochastic integral

Ito's formula

Stochastic differential equations

Probabilistic interpretation of boundary value problems
Stopping time problems and variational inequalities
Stochastic switching and nonlinear elliptic equations

Probabilistic methods in singular perturbations



78

§1. Brownian motion

A stochastic process x(t), t€l is a family of random vari-

ables x(t) defined in a measure space (2,5 ) or in a probability
space (Q,F,P); here x(t) is either real valued or n-vector
valued and I 1is an interval, usually [0,»)., Notice that x(t)
is a function x(t,w), wen.

The function t = x(t,w) is called a sample path w. If
a.e. sample path is continuous (right continuous), we say that

the process x(t) is continuous (right continuous).

A process y(t) is said to be .a version of x(t) if

P(x(t) # y(t)) = 0 Vt.
Theorem 1., (Kolmogorov). If
elx(0)-x(s) P < cle-s|M™*  (¢,seD)

for some positive constants C,B,a then there is a continuous
version of x(t).

A process x(t), t€l is called separable if there exists a
sequence {tj} dense in I and a subset N ©Q of probability 0

such that, if w¢N,

{x(t,w)eF V¥ teJ} = {x(cj,w)eF tjEJ}

for any open set J © I and any closed set F C Rl.
It is known (Doob) that any stochastic process x(t) has a

separable version.
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It is not difficuit to show that if x(t) is separable then

sup x(t), lim inf x(t), ete.
teJ t"to

are measurable.

Definition., x(t) is martingale (submartingale) if

E|x(t)| < V t, and
Elx(t)|x(s), s <7]1==x(T) (> x(T)) Vt>r,

The martingale inequality: If x(t) is a separable submartingale

then

Pl sup x(s) >X]l< % Ex+(t) (> 0).
s<t

If x(t) is a separable martingale and if Elx(t)la < (a>1)

then lx(t)la is a submartingale; consequently

a
P[sup]x(s)]OL >1] < Elx(0)|

s<t A

Let ?i be an increasing sequence of og-fields, t > 0. A
random variable T with range in [0,o] is called a stopping

time with respect to ?t if

{1 <2le F, TA>0.

If g:t = o(x(s), s < t), we say that T is a stopping time with
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respect to x(t).

Theorem 2. If x(t) is right continuous martingale and T a
stopping time with respect to x(t), then y(t) = x(t A 7) is also
right continuous martingale.

Let us fix the following model of (Q,F): w varies over the

space 0 = M[0,=) of measurable functions from [0,=) into Rl, ?tf

is the o-field generated by w(u), s <u<t, F j = U 3’:,
s

=70
Let p(s,x,t,A) be a nonnegative function defined for

0<s<t<w, xERl, A any Borel set in Rl, satisfying:

(i) x - p(s,x,t,A) is Borel measurable;
(ii) A - p(s,x,t,A) is a probability measure;
(ii1) p(s,x,t,4) = § 1p(s,%,h,dy)p(h,y,E,4) (s <A < t)
RY

(the Chapman-Kolmogorov equation).

Theorem 3. Under the foregoing assumptions (i)-(iii), there

exists a family of probabilities P such that the process x(t),
b

with x(t,w) = w(t), satisfies:

(¢ Px’s[x(s,w) =x]=1;

(2) B, [x(tHh,w)ea F5l = p(t,x(t,0),t+h,A)
a.e. (t > s,h> 0).

The collection {Q,'},'}ts:, x(t), P, s} is called a Markov
?
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process and p- is called the transition probability function.

To prove the theorem, one introduces the multi~dimensional

distribution functions

X

m
Fegtyrome ForXroe ™) = I

*1 %o
tO L s I-m I_w p(tm-l’y -1’tm’dym>

-

e P(tlsyl,tz:dyz)p(tO’yoytl’dyl)”(dYO)
where 7 (dx) is a distribution function on Rl.
Property (iii) ensures that the family Fo vt is consis~
0 m

tent in the sense that if X e then

F

t . S LR B B S FE LR

0" ti-1%itin

---tm(XO""’xi-lXi+1’""Xm)'

By the Kolmogorov construction there exists, then, a probability

PS " such that the finite dimensional distribution functions of
b

x(t) coincide with Ft t.eeep ® Eg = So The Ps,x are obtained by
01 m
choosing w7 to be the Delta measure supported at x. The veri-
fication of (1) and (2) will be omitted,

Taking the expectation in (2), we obtain (with t = s and

t + h replaced by t)

(3) Ep, of(x(8)) = ] PSR ENEM),
R



82

for £ = IA’ and hence for any bounded Borel measurable £. The

property (2) is called the Markov property; it can be recast in

the form

E, L) 371 = [ p(e,x(t),th,dy)£(y)
’ 1

(4) :
= Ex(t),tf(x(t+h)) ¥ f bounded, Borel measurable.
The more general property
(5) P, olx(t+T)ea| F.1 = p(T,x(T),t47,4) a.e.,

or, equivalently,

E, JLE(EH))[F7] = [ p(7,x(T),t47,dy)E(y)
(6)

= EX(T)’Tf(x(tH‘)) ¥ f bounded, Borel measurable

is called the strong Markov property; here T 1is any stopping

—~S

time with respect to ¥, t > s, and F. is the o-field of all

sets AE?i such that

An('rit)e}“s: Vt>s.

The strong Markov property is a very useful tool, and we
shall therefore give a general condition under which it is

satisfied.

Definition. If ¥ A > 0 and f bounded continuous,
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(t,z) = I p(t,z,t+A,dy)f(y) is continuous,
1
R

then we say that p satisfies the Feller property.

Theorem 4. A right continuous Markov process with p
satisfying the Feller property satisfies the strong Markov pro-
perty.

If p(s,x,t,A) = p(0,x,t-s,A) = p(t-s,x,A) then we speak of

time~homogeneous Markov process and write PX = Px 0° The strong
H

Markov property becomes:

B LEG(E) | 5,1 = By gy EGx(8)), Fp = F L

Problems. 1. Let x(t) be an n-dimensional continuous process.
Let T be the first time x(t) hits a given closed set A C R".
Prove that T 1is a stopping time.

2., I1f 7,0 are stopping times then T A ¢ is a stopping time.

3. Let

2
2 p(t,x,a) = [ (2ne) M 2 ()2t

A
Prove that this function satisfies the Chapman-Kolmogorov equa-
tion,
The corresponding Markov process is called a Brownian

motion (or a Wiener process). One can verify directly that, in

this case, if m(dx) is the Dirac measure then
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X X

Xo(xo) m 1
F cee (X 3X1500eyX ) = e I
totyreet 70771 m (2n)m/2(det r)1[2 e o
} A |
expl- 7 I‘ijyiyj]dyl ee dy

i,j=1
where xo(xo) =0 if X < 0, =11if Xq > 0, (P;;) is the inverse
of (Tij), and

rij = min(ti,tj).

Random variables X

l,...,Xm are said to have joint normal distri-

bution N(O,T) if

m 1 m
iz u.X. -5 r T, u.u
A eI

f(u) =EEe , I' = (Tjk).

It then follows that Ty = E Xij. If det T # 0 then the joint

distribution function p(y) of XpseeesXy is given by

S R
1 RN S RLE
(det r)l/Z

p(y) =
4 (omy™2

Using these facts we discover that for a Brownian motion

(8) x(tl)'x(to): x(tz)-(tl),...,x(tm)-x(tm_l)

are independent if t0 < tl < t2 < 00 < tm,



(9) =x(t)-x(s) is normally distributed with mean 0 and

variance t-s.
Thus, in particular,

Exox(t) =0, Exo(x(t)-x(s))2 =t - g,

One easily computes

B, (x(0)-x(s)* = c(e=9)?,  c> 0.
“0

Hence, by Theorem 1, x(t) has a continuous version; from now on
we always work with this version.

The fact that x(t,w) is continuous in t, for a.a.w, means
that the set of points w for which w(t) = x(t,w) is not con-
tinuous for all t > 0 is of PX measure 0, Thus, we may remove
this set from our space without affecting anything. From now on
we work with this slightly revised space; we continue to denote
it by Q, but now the points w of 0 are elements of c[0,»),

and the measurable sets are defined in the obvious way.

Theorem 5. Almost all sample paths of a Brownian motion
are Holder continuous with any exponent a, a < 1/2, and nowhere
Holder continuocus with any exponent o > 1/2.

We also mention the iterated logarithm laws:

Tin x(t) =1 a.s.,
£d0 2t log log(l/t)
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lim x(t) =1 a.s.

tto #/2t log log t
Problems. 4. If T is a stopping time for a Brownian motion
x(t), then y(t) = x(t+7)-x(T) 1s a Brownian motion independent
of S
5. If x(t) is a process satisfying (8), (9) then its con-

tinuous version is a Brownian motion with
Px[x(-); x(tl)EAl,...,x(tk)EAk]
= Plw; x+x(t1,w)€Al,...,x+x(tk,w)eAk]

and its transition probability function is given by (7).

6. If x(t) is a Brownian motion then
E[x(t)-x(s)]?sl =0 a.s.,
2,
EL(x(t)-x(s))“] 7, ] = t-s a.s.

(The converse is also true, namely, if x(t) is continuous mar-
tingale and if xz(t)—t is a martingale, then x(t) satisfies (8),
(9) and is thus a Brownian motion.)

An n-dimensional Brownian motion is defined analogously to
a l-dimensional Brownian motion. Thus, in (7) we take xeR" and
A to be any Borel set in R®. 1In terms of the components
(%1(t)5++>% (£)) of the process x(t), each x; (t) corresponds

to a l-dicensional Brownian motion and the processes xi(t),

t > 0 are rutually independent,
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§2. The stochastic integral

We take a l-dimensional Brownian motion and denote it by
w(t); the probability and expectation corresponding to w(0) = 0
will be denoted by P and E.

Let ?t be an increasing family of o-fields (t > 0) such

that
o(w(h+t)-w(t),h > 0) is independent of ?’t.

For example, if & 1is a 0-field independent of the Brownian
motion, we can take ?t to be the 0-field generated by
o(w(s),s < t) and ?..

Denote by ®[0,T] the Borel o-field of the interval [0,T].

Definition. A stochastic process f£(t), 0 < t < T, is called

nonanticipative with respect to (or adapted to) F. if

(i) v tel0,T]), £(t) is separable and F_ measurable;

t
(ii) v TOE(O,T] the function (t,w) - £(t,w) from

fo,7,] xa ~ Rl is B[0,T,] x F.. measurable.
0 0 TO

If, in addition,

T T
P[foif(t)|2dt <e]=1 (E I 1£(t) |2t < =)
0

then we say that f belongs to Lé[O,T] (Mé[O,T]).
A step function is a stochastic process f(t) for which

there exists a partition {ti} of the t-interval such that
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f(t) = f(ti) if t, St <t

Lemma 1, Let feLé[O,T]. Then there exist sequences of

functions gneLi[O,T], hneLé[O,T] such ‘that

T .
(1) g, is continuous, lim j0|f(t)-gn(c)12dt =0 a.s.;
N-

T
(ii) h_is a step function, lim j |£(t)-h (t)|2dt = 0 a.s.
n 0 n

n—e
If in addition fEMé[O,T] then the above assertions are valid

2 2 T T
with L” replaced by M, and with f replaced by E I .
0 0

Definition. If f 1is a step function in 2[O,T], with
letinition P L,

f(t) = fi when ti <t< ti+l’ the sum

(1) i f(tk) (w(:k-i-l)-w(tk))

T
is denoted by f f(t)dw(t) and is called the stochastic integral
0
of f with respect to the Brownian motion w(t).
Recall that almost every sample path t - w(t,w) is not of

bounded variation. Therefore we cannot define the integral

2) § £eyawce)

pathwise, for any (say) bounded measurable £f. The definition
which we shall soon introduce is based on approximation of f
by step functions and on the particular definition (1). (If
for instance we change (1) just "slightly" by taking

z f(tk+l)(w(tk+1)-w(tk)), then the resulting definition for (2)
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will be quite different).

Lemma 2. If f is a step function in Mé[O,T],
T
(3) EL[ £(t)dw(t)] = 0,
0
T T
(%) Bl [ f(o)dw(e)|? = & [ £2(t)de.
0 0

The proof is direct.

Lemma 3. If f is a step function in Lé[O,T], then for

any ¢ > 0, N> O,

T T
(5) PLI[ £(0)aw(e)] > eI < prf £2(t)de > ] + .
0 0 €

Proof. Define o(t) = f(t) if t, <t< ST

k
z £2(t

1-tj) < N and ¢(t) = 0 otherwise., Then
3=0

AT

T
E j 0% (t) < N and
0 <
T T
p[|f £le)cw(t)] > el < P[Ifow(t)dw(t)l > e]
0
T o
+ pL[ £°(t)de > N3
0

s
since f(t) = o(t) for all 0 < t < s if j fz(t)dt < N. Estimate
0

now the first term on the right by Chebyshev's inequality.
2 . . 2
Let feLw[O,T] and choose f step functions in Lw[O,T] such

that
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T
[1g, (o)-£¢e) |Pde B> 0 if n =+ =
0
By Lemma 3,
T
jofn(c)dv:(t)
is convergent in probability. We denote the limit of

frf(t)dw(t)
0

and call it the stochastic integral (or the Ito integral) of £f(t)

with respect to the Brownian motion w(t).
The above definition is clearly independent of the approxi-

mation f .
n

Theorem 4. The assertions of Lemmas 1 and 2 are valid for
any f in Mé[O,T} and Lé[O,T], respectively.
This follows by approximation.
. 2 2,
Problems. 1. One can define LWEG,B], MwLa,B] and

jﬁf(t)dw(t) in the obvious way. Prove that if femé[a,sj,
a

B
E[jqf(c)dw(t) 15,1=0

g B
E[ ]Jraf(t)dw(t)lzl ER fQE[fz(t)l F, Jde.

2. 1f f,g belong to Lé[u,sl and if f£(t) = g(t) for all
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o s t=<P, wey, then

B B
If(t)dw(t) = Ig(t)dw(t) a.e. on Q.
a a

3. 1If fGLé[a,B], f continuous, then for any sequence of

partitions (t_ ,,...,t __ ) of [a,B] with mesh -» 0
n,l n,

B
RGN TCICNID E (I £ | £eyaw(e).
b 3 bl a

Theorem 5. Let fGLé[O,T]. Then the process

t
1(t) = [ £(s)du(s)
0

is a martingale and, further, it has a continuous version.
In the future we work only with this version and call it

the indefinite integral.

proof, First take fEMi[O,T] and approximate it by step

functions fn as in Lemma 1., Let

t
I (t) = fofn(s)dw(s).

By Problem 1, In(t) is a martingale. Hence, by the martingale

inequality,

p{ [T_(t)-I_(t)| > e}
O;ET p(E)-I (E) ] > e
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IA

T
I RCRORNOIOTE

IA

T
1 2 .
ZEEjglfn(s)-fm(s)[ ds » 0 if n,m ~

Taking € = 1/2k it follows that for some ny sufficiently large,

1
P{ sup |I_ (t)-I (t)] > )} <= if m> n..
0<t<T "k " 2k k

N

We can choose the ny in such a way that n, t if k t. Hence,

1 1
P{ sup |1, (£)-1_  (£)] > —k} <= (k=1,2,...).
O<t<T k k+1 2 k

Since Zk-z < =, the Borel-Cantelli lemma implies that

P{ sup |.1n (t:)-ln ()] > JE i.o.} = 0.
O<t<T "k k+1 2

i.e., for a.a. w

T, ()=, (£)] <= for all 0 < t < T, if k> ky(w).
k +1 2

k

But then, with probability one, {In (t)} is uniformly con-
k

vergent in t€l0,T]. The limit J(t) is therefore a continuous
function in te[0,T] for a.a. w. Since

t t 2
fofn(s)dw(s) ~ [ £(s)aw(s) in L2 (),
0

it follows that
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t
J(t) = j;f(s)dW(s) a.s.

Thus, the indefinite integral has a continuous version.
2
Consider now the general case where fGLw[O,T]. For any

N > 0, let

and introduce the function

t
£,(0) = f(t)XN(j’sz(s)ds).

It is easily checked that fN belongs to Mé[O,T]. Hence, by

what was already proved, a version of
t
Iy (t) = IOfN(s)dW(s) 0O<t<T

is a continuous process.

Let
T
oy = {j’ofz(t)dc < N3

If weR > then'fN(t) = fM(t) for 0 < t < T, M> N. By Problem 2
it follows that for a.a. wGQN

Jy(E) = 3 (6) if O <Ee<T.

Therefore
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J(t) = lim 3, ()
Mo

is continuous in te€l0,T] for a.a. W .
Since QN t, P(QN) t1if Nt e, J(t) (0<t<T)is a con-

tinuous process.

But since for each t€(0,T],
t 2 £ 2
p{[ 1£(s)-£,(s)|%ds > 0} = P{] £°(s)ds > M} = 0
0 M 0
as M~ «, we have,
t
It B> [ £(syaw(s) = (o).
0

Consequently, I(t) has the continuous version J(t).

Problems. 4. If x(t) is a separable martingale then, for

any o > 1,

E[ sup ]x(t){a] < E%T)QE|X(T)|Q.
0<t<T

Use this fact to prove that, for fEMi[O,T],

t T
E[ sup ]I f(s)dw(s)lzl < QEI fz(t)dt
O<t<T 0 0

5. 1f fEMi[O,T], T a stopping time with respect to F .,
TAL
O<7<7, then Ef £(s)dw(s) = 0.
0

¢ ¢ ¢
6. Define fc £(t)dw(e) = [ £(o)dw(e)-[ £(c)du(t), where
1 0 0
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¢, are nonnegative random variables, €1 2 ¢y Then

)
EJ‘ f(t)dw(t) = 0
S|

if fEMs[O,T] provided 156y are F, stopping time,

O_<. ngCzST‘

§3. 1Ito's formula

Suppose E(t) is a stochastic process satisfying for any

0<t;<t,<T

2
) )

§(c,)-5(t) = [ a(e)dt + [ b(r)du(t)
f1 £1

where aeLi{O,T], beLé[O,T] (Li[O,T] is defined similarly tc
T

12[0,71, with p[[ |£(t)|dt < «] = 1). Then we say that §(t) has
0

stochastic differential dg given by

dg(t) = a(t)dt + b(t)dw(t).

Lemma 1. Let {tn I j= l,2,...,mn} be a sequence of par-
3

titions of an interval a « t <« b with mesh ﬁn - 0, Then

n
Sn T s
J

{1 e =

2
1(W(tn,j )-W'(tn,j-l))

converges in L2 to the constant b-a.
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roof. Write t. =t ., m=m_ ., Then
P Writ 5 n,j’ n

n n
\ L_ -
S,~(b-a) = .5 [(w(tj, w(tj—l)) (t. cj_l)].

j=1

Since the summands are independent and of mean O,

E[sn-(b-a)]2 = E

e
=]

2 2
1[(&(tj) w(tj_l)) —(tj-tj_l)]

m 2 2
= ji:lE[(Yj-l)(tj-tj_l)]
where
w(t.)-w(t._l)
Yj = 175"

(tj'tj_l)

The Yj are identically normally distributed; hence

m 2

2
t.-t.
( J J'l)

2 2
Els ~(b-a)]” = E(¥;-1)" ¢
n 1 j=1

S.E(Y§~l)2-(b-a)ép 0 if n -~ o,

We shall use Lemmz2 1 in order to prove that

t
2
) J weraw(e) = 367 (e)=w"(£)) = F(ept)).
. 1
1
Indeed,
2
f w(e)du(e) = lim 3 w(t, ) @(E, 50wt )

£
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-w(t .)]2]

DLy siru?
= 5 lim ={lw (t, n,j+l) n,j

’j+l)-w2(tn’j)]-[w(t

- %(wz(tz)-wz(tj)) - 3 lim X[w(tn’j+l)4w(tn,j)]2

and the last limit, in probability, is ty=tyqe

We can rewrite (1) in the form
(2) dw(t) = 2w(t)dw(t) + t.

As another example we compute

2
J’t dw(t) = lim % tn’j[w(tn,j+1)—w(tn’j)].
1
Clearly
)
J;tw(t)dt = lim pw(e, (6 7t 3
1

and adding both equations,

t2 t2
t dw(t) + dt = - .
J; w(t) j; w(t)de = t,w(t,)=tw(t;)
1 1
Thus
(3) d(t w(t)) = w(t)dt + t dw(t)

Theorem 2. Let f(x,t) be a continuous function for
(x,t)eR” x [0,») with continuous derivatives fx’ft’fxx

Let dg(t) = a(t)dt + b(t)dw(t). Then £(8(t),t) has a
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stochastic differential

%)
dE(E(E),t) = [ (8(E),t) + a(E)E, (5(E),t) + Tb2(E)E,_ (5(t),t) Xt

+ £_(5(t),£)b(t)du(t).

This formula is called Ito's formula.

Proof., If dg adt + bdw, define fd& = fadt + fbdw.

If

déi(t)

a; (t)dt + b, (t)dw(t) (i = 1,2)
then
(5) d(gl(t)gz(t)) = §1(t)d§2(t) + %2(t)d€1(t) +bl(t)b2(t)dt.

Indeed, for ai’bi constants, (5) is a consequence of the rules
(2), (3). Wwhen ai,bi are step functions, (5) in its integrated
form follows from its integrated form on each step of the ai’bi'
For general ai’bi it then follows by approximation.

Applying (5) one can establish by induction that
dw(t) = me™ L(t)dw(e) + %m(m-l)wm-z(t)dt.
This can be used to show that
dQ(u(t)) = Q' (w(t))dw(t) + 50" (W(t))dt

for a polynomial Q. Next one uses this relation and (5) in
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order to establish Ito's formula for a function Q(x)g(t) where Q
is a polynomial and g(t) is in Cl. By linearily and approxima-
tion one then establishes (4) in case §(t) = w(t). Similarly one
can establish (4) when dg§(t) = adt + bdw and a,b are step func

tions and, by approximation, also for general a,b.

Problems. 1. Let fEMémEO,T], m positive integer. Use

2m

Ito's formula with £ = x°", §(t) = | £(s)dw to show that
0

T T
(6) Elfof(t)dw(t)lzm < m(zm-l)me'lE[fofzm(t)dt]_

2. Let feLé[O,T] and let o,B be positive numbers. Prove

the exponential martingale inequality

t t
7 o max [[ £)dw(n) - & [ £2(0)dnd > 8) < e °F
0 0

0<t<T

[Hint: For f bounded step function, let

t t
B(t) = fof(l)dw(x) -3 jofz(x)dx

and apply Ito's formula with e® to deduce that
£ 5
ee) = ¢(s) + [ e MEyawr)
s

where ¢(t) = eg(t). Apply the martingale inequality. Finally
approximate general f by step functions].
For n-dimensional Brownian motion w(t) = (wl(t),...,wn(t))

one defines
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=}

Jﬁb(t)dw(t) = 3 jﬁb.(t)dw.(t)
o j=1 "a J J

.2
where b = (by,...,b ), bjELw[a,B]. Ifb = (bij) then

B
EII b(t)dw(t)|2 = j z (b (t))zdt-
a

The concept of stochastic differential

dg(t)

a(t)dt + b(t)dw(t)

where a = (al,...,am), b = (bij) (l<i<m 1l<j<n)is

defined in the obvious way, and the corresponding Ito's formula

is
m
du(b(t),t) = [u (5(t),t) + Z a (t)u, (§(t),t)
l=
1 B m
(8) +5 £ b blE(t)bJE(t)ux.x‘(E(t),t)]dt
£=1 i,j=1 1]
n m
+ = 12 (), (B(E),E)dw, (6).
2=1 1—1 ‘
Here u,u ,u are assumed to be continuous.
B S A
The proof uses the special case n = 1 and the relation
9) d(w1 2) =W dw2 + wzdw1

To prove (9), simply notice that w(t) = (wl(t) + wz(t))/JE is a

Brownian motion, so that dw2 = dt + 2wdw.

Ito's formula (8) can be written in the form
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n
du(g(t),t) = u (5(£),E)dt + = u_ (5(t),t)ds;

i=1 71
(10) n
+ Z ux.x_('é(t),t)d%idgj
i,j=1 7i7j

provided we define the multiplication table:

dtv,dt = 0, dtdt = 0, dw,dw, = 0 if i # j, dw.dw, = dt.
i i ] i 1

n
Introducing the matrix (aij) where aij kflbikbjk and the
operator
2 m
I 37u du du
(1) Lu=175 Z 815 3. ox Z 3 3, tee
i,j=1 =1 i

we can also write (8) in the form
(12) du(§(t),t) = Lu(§(t),t)dc + ux(é(t),t)-b(t)dw(t).

. . 1 2
It follows that if Lu and u_-b are in Mw[O,T],Mw[O,T] re-

spectively, then, for any stopping time T, 0< T < T,

.
(13) Eu(8(7),7)~Eu(§(0)) = E stu<z<s>,s>ds

t
Problems. 3. Let g(t) = I b(t)dw(t) where b is nxn
0

. . R 2 _ .
matrix with elements bij in MW[O,T]. Suppose dgidgj =0 if
i j, dg§,dg, = dt. Prove that g(t) is an n-dimensional

Brownian motion.

[Hint: Suppose bij are step functions. Let

£(t) = expliy-§(t) + th/2]. By Ito's formula d¢ = i(ydw.
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. . 2
Deduce that E[elY'g(t)I;:s] = LY E(s)-YT(E=5)/2 and the
following fact: 1if §(t0),...,§(tn) have joint normal distribu-
tion N(O,1) with T = (rij)’ Tﬁk = min(tj,tk) then g(t) in a

Brownian motion. ]

§4, Stochastic differential equations

Let b(x,t) (bl(x’t)9---sbn(x:t))3 o(x,t) = (Gij (x,t))

If E(t) is a stochastic process satisfying

o]

where 1 < i,j <
(1) d§(t) = b(g(t),t)dt + o(&(t),t)dw(t),

2) §(0) = &

then we say that E(t) satisfies the system of stochastic dif-

ferential equations (1) and the initial condition (2).

We shall assume that

b(x,t),0(x,t) are measurable in R" x [0,T],

(3) Ib(x,t)-b(x,t)| < K|x~x|, |b(x,t)| < K(1 + [x]),

IA

lo(x,t)-0(x,t) | < Klx=%], |o(x,t)| <K@ + [x])
and that

§0 is independent of the Brownian motion w(t),
(4)

E|g)% < =.

Thus, in particular, §0 may be any constant.
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We take qit to be the o-field generated by w(s),s < t and

the o-field of §0.

Theorem 1. Let (3), (4) hold. Then there exists a unique
solution §(t) of (1), (2) in Mé[O,T].
Uniqueness means that if E(t) is another solution in

100,71, then
ple(t) # E(t))1 =0 ¥ telo,T].

Proof. Uniqueness. If 51,52 are two solutions, then

81(6)=85(6) = [ Tb(81(2),8)-,(5(s),0) s
t
+ [ To(8(s),8)-0(8,(s),5) Mdu(s).
0
Hence
2 ¢ 2
EI§; (£)-5,(6)|° < C IOE|§1(s)-§2<s>l ds
implying E| &) (t)=5,(t)|” = 0.
Existence. Define
t t
6)zmgn=§0+&w%wLQM+IJ@¢wwmww (m > 0)

and make the inductive assumption that EkeMi[O,T] and

k+1
®)  Elg @5 s Hfor 0k gm- 1,
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where M 1s a positive constant depending on X,T.
It can easily be shown that (6) holds for k = m and

§m+l€M£[0,T]. Next, using Problem 4, §2 we find that

2 )™
E sup |§ t)=g (t) < C .
QSthl m+l( m( " = m!

Hence

1 m, )"
Pl sup [§ . (£)=E (t)| > —=]< 2¢C .
OftﬁTl m+1 m * 2m - m,

The Borel-Cantelli lemma now implies

1 .
Pl sup |§_, . (t)~E (t)| > = i.0.]1 =0,
O<t<T m+1 m oM

Thus, for almost any w there is an mg = mo(w) such that

1
sup |& . (t)=E (t)]| < = if m > m,(w).
0<t<T m+1 m oM 0

It follows that the series

©

g + = (B, (E)-E (£))
m=0

is uniformly convergent in t€[0,T]. Denoting the limit by §(t)
we then have § (t) ~ §(t) uniformly in tel0,T], for almost any

w, But this implies

b(gm(t):t) - b(E(t),t)
0(§m(t)st) - c(§(t),t)



uniformly in t, for a.a.w. Taking m -+ « in (5) we find that
E(t) is a solution of (1), (2).

Finally, since by (5),
2 £ 2
EIS (B <c+c j;EIEm(s)[ dx.

we get, by induction,

2 mr2 L

El§m+l(t)125(c+c:t+---+c —(I—nﬁ)—:)(1+}3|§0l2)

so that
E[E ()% <cC
m+1 = ¥1°

The same inequality then holds for §(t), i.e., §(t)EM£[O,T].

Theorem 1 can be extended in two directions:

Uniqueness., If §i (i = 1,2) is a solution of a stochastic
differential system with bl,ol such that bl(x,t) = b2(x,t),
ol(x,t) = cz(x,t) if (x,t) is in a domain U, and if
51(0) = EZ(O)EU, then gl(t) = §2(t) a.,e, for all t < T where T

is the exit time of §l(t) (or §2(t)) from U.

Existence. The existence part remains true if the uniform
Lipschitz conditions on o, b are replaced by a Lipschitz condi=

tion in every compact set.

Theorem 2. The solution g(t) of (1), (2) satisfies
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(7) PlE(t)eal T 1 = PLE(E)€A|E(s)] = p(s,8(s),t,4) a.s.

for all t > s and any Borel set A; further, p(s,x,t,A) is a

transition probability function.

Proof. Let

t t
g (t) = v +,fsb<sk_l(x>,x)dx +‘fsc<sk_l<x>,x>dw<x>
Eo(t) = v.

If y = &(s) then §k(t) - §(t) (by the proof of Theorem 1). De-
note by gx,s(t) the solution of (1) with &(s) = x.

By induction one can show that each gk(t) is measurable
with respect to the o-field generated by Yy and
o(W(A+s)=w(s),s < A < t); more specifically, there exists a

sequence of Borel measurable functions Fn(t,xo,xl,...,x ) such

™
that
Fm(t,y,w(um’l+s)-w(s),...,w(um’pm+s)-w(s))«4 gk(t)
for a.a.w, uniformly in t, for some 0 <u_ . < t - s. There-

m,i

fore, the same holds for §(t). Thus (with another sequence Fm)

ad.S.

(8) &(t) = Lim F(£,8(s),w(uy 1 +8)-W(s),eu,W(uy | +8)=w(s)),
me ? >m

9) §x s(t)==1im Fm(t,x,w(um 1+s)-w(s),...,W(um " +s)=-w(s)),
3’ - t b m
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But
E[F(8(s),W(uy+s)=w(s), ..o, w(uy+s)=w(s))| 7]
= {E F(xo,w(u1+s)-w(s),...,W(uk+s)-w(s))}x0=g(s)

as seen by taking first F = FO(XO)Fl(xl’XZ""’Xk)' Taking
F = f(Fm), f a bounded continuous function and using (8), (9),

we get

ELE(S(0)| & 1 = ELECE(E)[E(8) ] = P(x) | oo

E(s)

where @(x) = Ef(gx’s(t)). By approximation, this relation holds
for any bounded Borel function.

It remains to prove that p 1is a transition probability
function., 7he Chapman-Kolmogorov equation is the only condition

that is not obvious. Notice that
(10) p(s,X,t,A) = P(8,, s(E)€A).
Hence

[ plsxt,a)u(n) = [ w(E,  (eXdp

for any bounded Borel function . Taking y(y) = P(tsY,T5A),

t <7, we get
f P(s,x,t,d7)p(t,y,T,4) =‘f p(t,8, ((t),T,A)dP
H]

= Ep(t,8, ((),7,4) = E plE, (TeAlg, ()]
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where (7) was used in the last equality. Since the last expres-

sion is equal to
E E[IA(gx,s(T»lgxss(t)] = E IA(gx,s(T))
= P[gx,S(T)EA] = p(8,X,T,A),

the proof is complete.

We can now identify the solution of the stochastic differen-
tial system with a Markov process. Indeed, take [ to be the
space C} of all continuous n-vector functions x(-), Wﬂi the

o-field generated by x(u), s <u < t, and

(11) PX’S[X(-)GB] Plw; €x’s(',w)€B].

We have to verify the Markov property
(12) Px,s[x(t+h)EA|7ni] = p(t,x(t),t+h,A) a.s.
Proof of (12). Since
PLE, g(t+h)eals, (M),x < €] = p(t,E,  (E),t+h,4),

for any s < t1 < t, < see < tm < t and Borel sets Al""’Am’

2
P[gx,s(t+h)€A’gx,s(tl)eAl’""gx,s(tm)EAm]
-/ p(t,E, (t),t+h,a)dp

ig&[gx,s(ti)=Ai]

= j IAlegx,s(tl)) ce IAm(gx’s(tm))p(t,gx’s(t),t+h,A)dP.
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Hence, by (11),
Py, slx(tth)ea, x())ear, . nux(e) A, ]

f T, (R(Ep) e T, Ge(E)IP(E(E), 04, 04R,

N I m P(t,x(t),t+h,A)dPx s
ety eay)

i=
This implies (12).
By the solution of the stochastic system (1) one means

the Markov process just constructed, namely,

{CT,mg,?ﬂi,x(t%Px }

»S

Notice that E f(§ (t)) = E. f(x(t)) for any bounded
X, S X, S
Borel function.
When b = b(x), 0 = o(x), the Markov process is time-homo-

geneous,

Theorem 3. The solution of (1) satisfies the Feller pro-

perty (and therefore also the strong Markov property).
Proof, It is not difficult to see that

(13) E sup |§

2 2 .
S0 15 ()8, L(0)]" < C(lxoy| + [omr])

if |x| <R, |y] <R, 0 <s< T <T, wvhere C depends on R,T.

By the Lebesgue bounded convergence theorem,
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E f(gy’T(t+T))-E f(%x’s(t+,--)) +0if y=x, T s
provided f is a bounded continuous function. Also
E f(§x,s(t+'r)) -+ E f(éx,s(t+s)) if T 4 s,
Thus
(s,X) = f p(s,x,t+s,dy)f(y)
is continuous,
Problems. 1. Show that the solution of (1), (2) satisfies
E]E(t)lzm <1+ ElgolZm)eCt
2. Assume that b(x,t), o(x,L) are continuous and set

n

aij = kflo ikojk.

Prove that

1 4 .
4 Elgx’t(t+h)-x] - 0if h= 0,
L E[E. . (t+h)-x] - b(x,t) if h » 0
h X,t ? ?
L E(§i (t+-h)-x)(§j (t+h)=x) - a,.(x,t) if h - 0
h X,t X,t ijh ‘
3. If b(x,t), 0(x,t) are continuous then for any e > 0,
t>0, x€r",

J p(t,x,t+h,dy) -~ 0 if h 4 0
| 7% <e

=21

=g I

. (9:-%,)p(t,x,t,t+h,dy) = b, (x,t) if h ¢ 0.
[§7-X§>e 1 1 1



A Markov process with p satisfying these properties is some-

times called a diffusion process.

Suppose now that

Dzb(x,t), ch(x,t) are continuous
(14)
and bounded by C(l + IXIB) (0<]al <2, B>0)

for some C > 0. One.can show that for any f such that

Dif(x) is continuouvs and bounded
(15)

by C(1 + x[B) (0 < |af <2, B> 0)

the function
o(x) = E £(8, (£))
has two continuous derivatives, and
ID%G)| <o+ 1xl") i£0<lal g2 (¢ 20, v> 0).

The proof is omitted. In this connection we mention also

the fact that

u(x,t) = E £(5_ . (T)

X,t

satisfies the Kolmogorov equation (or the backward parabolic

equation)
uizp, 0yl T 0 in R" x (0,T)
3t 0% T2 F iy Sapew ©,T7).
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problems. 4. Consider the linear stochastic differential

equation
(16) dg(t) = [a(t) + B(t)8(t) It + [y(t) + 6(t)E(t) Jdw(t)
where 0,B8,y,0 are bounded and measurable, Prove:

(a) if o =0, y =0 then the solution & = go(t) is given by
t 1.2 t
() = go(0exp([ [B(s) = 36°(s) Ms + [ o()du(e)).

(b) setting ((t) = §0(t)§(t) show that E(t) solves the

equation (16) if and only if

t t
¢(e) = ¢(0) + jo.cf;O(s)a(s)-v(s)é(s)st + J’ov<s>§0<s>dw<s).

Thus the solution of (16) is ((t)/io(t) with §(0) = Q(O)/EO(O).

§5. Probabilistic interpretation of boundary value problems

Let
wel 2% ] 2 by ) B4 e(x)
=7 . % 3, 5wk, 1 (x e(x)u
i,j=1 173 =1 *i

with coefficients defined in the closure B of a bounded domain

n
D € R, and assume that

: a;; (0885 > wlg]?  (xeD,Eer",u > 0),
i,j= =1t
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(1) aij’bi uniformly Lipschitz continuous in D,

¢ < 0, c uniformly Holder continuous in D.
Let f,¢ be functions defined on D and 8D respectively,
satisfying:

f is uniformly Holder continuous in D,

(2)

¢ 1s continuous on 3D.

Assume finally that 3D is in Cz.

Consider the Dirichlet problem

Lu = f in D,

(3)

n

u = ¢ on @D.

It is well known that there exists a unique classical solution to
this problem; u is continuous in D and its second derivatives
are continuous (in fact, Holder continuous) in D.

Since the matrix a(x) = (aij(x)) is positive definite and
uniformly Lipschitz continuous in D, there exists a square
matrix o(x) = (clj(x)) which is symmetric, positive definite and
uniformly Lipschitz continuous in D such that a(x) = oz(x). We
extend o(x) into R" so that it remains uniformly Lipschitz con-
tinuous; b(x) = (bl(x),...,bn(x)) is extended similarly into R".

Consider the system of stochastic differential equations

(4) dg§(t) = o(§(t))dw(t) + b(E(t))dt.
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Theorem 1., Denote by T the exit time of §(t) from D.

Then E T < = V x€D and the solution of (3) can be represented in

the form
.
fc(g(s))ds
u(x) = Eo(s(m)e °
t
%) [ easy)as
T 0
- Exjof(g(t))e .

Proof. Consider the function

kxl
h(x) = -Ae in D.

We can choose A 1large and then A large so that

1
7 E 350y x F T bR, <L
i3 i

By Ito's formula, for any T < =,

TAT
E_h(E(TAT))~h(x) < EXJ"O (-1)dt = E_(7AT).

Since lh(x)\ < K in D, EX(T A T) < 2K. Taking T t « we obtain
(6) E,T < 2K <e ¥ xeD.

To prove (5), denote by Ve (e > 0) the closed e-neighborhood
of 9p and let D, = D\Ve' Let v be a function in C2(Rn) which

coincides with u in Do+ BY Ito's formula and §3 (5)
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t t
a(u(D) () expl] e(8(s))ds]) = Lv(8(e) - explf e(5())de] + 4 du
0
for some A€M§[O,T]. Hence

T e/\T
EV(E(T, A T))exp[fo c(E(s))ds] - v(x)

T AT
€ t
=E, [ Lv(s(t)-expl[ c(g(s))dsdt
0 0

for any xeDe, where Te is the hitting time of Ve and T < «.
Noting that v(E(t) = u(g(t)) if 0 <t < Te A T and taking ¢ - O,

we get
TAT
u(x) = EXu(E(T A T))exp[j c(E(x))ds]
0
TAT It
-E £(E(t))expl{ c(E(s))dsldt.
X,J’o exp OC

Taking Tte and using (6), the assertion (5) follows.

Problems. 1. Consider the case of one stochastic differen-

tial equation
dg(t) = o(&(t))dw(t) + b(E(t))dt

where o(x),b(x) are uniformly Lipschitz and o(x) > 0 for all x,

The function



X z
v(x) = I exp[-f —Bigl-d Xz
0 0 o (u)

satisfies

% ozv" + bv' = 0,

prove that if v(-») = <® then P [sup E(t) = «] = 1, gsimilarly,
t>0

if v(®) = = then P_ [inf &(t) = -=]
t>0

1.
2. In the preceding problem, assume that v(e) = o,
v(=») > ==, Show that

P [sup E(t) < @] =
t>0

Px[lim E(t) = ==] = 1.

o

(Hint. To prove the last part, denote by Ty the first time
E(t) <y and let y < x, Xy > ¥, Then PX(Ty < ») = 1 and by the

strong Markov property

= Y(W=v(tw)
P [igg E(t + T )] E,P [Ezg E(t) > x,] IENETeS)

Also the left hand side is > P [lim §(t) > x2]. Take y -» -~ and

then Xy = -, ]

Consider now the operator

n 62 n
z a (X t) ‘g;{'—g'— + = b, (X t)a + c(x,t)u
i= 1t 3j i=1 *i

Lu

1]
N =

1,]
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and assume that for some cylinder QT =D X (0,T):
Pag (088 > ulgl? (e, 0t <, S, > 0),

aij’bi are uniformly Lipschitz continuous in (x,t)éaT,

¢ is uniformly Holder continuous in (x,t)eai.
(7) £ 1is uniformly Holder continuous in (x,t)eﬁi,

g 1is continuous on ST = 98D x [0,T],

¢ 1is continuous on Dy = {(x,T); xeD} and ¢ = g on 8D

T’
8D is in CZ.

Consider the initial boundary value problem

? .
Lu + 3% = f in D x [0,T),
(8) u=¢ on DT’
us=g on ST.

It is well known that tnis problem has a unique classical solu-
tion wu.

As in the elliptic case we introduce the square root o(x,t)
of a(x,t) = (aij(x,t)) and extend both ¢ and b as uniformly
Lipschitz functions in R" x (0,T]. Introducing the system of

stochastic differential equations

(9) dg(t) = o(§(t),t)dw(t) + b(E(E),t)dt
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we can now statcey

Theorem 2. The solution u of (8) can be represented in

the form

r
u(x,t) = ‘p&’tg(g('r),T)exp[ftc(g(s),s)ds:]lq_ﬂ

]
= Ex,c“’@(T),T)eXPEftc(é(s),s>dstT=T

T s
- Ex,tftf(g(s)’S)eXp[jtc(g(k)’Udk s

where T 1is the

~

Irst time relt,T) that g()) leaves D; if no

22

such A exists I%Nzsn we set T = T.

The proof is similar to the proof of Theorem l; we apply

| ~
here Ito's formuls 2o

A
u(é(X),x)exp[j c(&(s),s)dsT.
t

Consider mex< the Cauchy problem

Tu b — = f in R" x [0,T),

(8)

u(x,T) = ¥(x) in R".

We assume that

z aij(x,t}§i§<_2 u}%lz (XERn, 0<t<T, EERn, u s 0),
9 b
aij’bi are ~xumnded and uniformly Lipschitz continuous in

n ~
R X4 0.7

Y
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¢ 1is bounded and uniformly HSlder continuous in R" x [0,T],

f(x,t) is uniformly HGlder continuous in compact subsets of

R" x [0,7] and |£(x,t)| < C(1 + |x|®),
§(x) is continuous in R" and ) < e+ |x|a)

where C. > 0, o > 0.

Under these conditions there exists a unique solution u(x,t)

of (8) satisfying
(10) luGe,t)] < oL + [xIP)  (cy > 0,8 > 0)

The first derivative uy is also bounded by the right hand side of
(10) (with different constants) in every set R" x [0,T-¢].

We can now represent u(x,t) in terms of the solution E(t) of

9):
Theorem 3. The solution u(x,t) is given by
_ T
u(x,t) = B, W(E(T)expl[ c(5(s),s)ds]
’ t
(11)

T s
'Ex,t jtf(g(s)’S)eXPEftc(g(l),l)dX]ds.

The proof is left as an excercise.

Consider now the special case

(12) c(x,t) =0
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and the Cauchy problem

du
Lu+ 57 =0 in R™ x [0,T],

(13)
u(x,T) = ¥(x) in R .

The solution can be represented in terms of the fundamental solu-

tion T'(x,t; y,T) of the backward parabolic equation L + 3/3t:

(14) u(x,t) = [ T(x,t; y,T) ¥(y)dy.
n
R

We recall that as a function of (x,t),
3
(L +a—t)I‘= 0.

Also

N|D

0 < m(x,t; y,T) < C(T-t) exp[ —J—L]

for some ¢ > 0, ¢ > 0.

From (1l1) we get

u(x,t) = B, H(ED) = [ ()P, (B(Dedy).

Since ¢ 1is arbitrary, it follows that
(15) Px,t(g(T).edY) = r(x,t; y,T)dy,

that is, the transition probability function, considered as a

measure A - p(t,x,T,A), has density which is the fundamental

solution T'(x,t; y,T) of L + 3/3t.
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We shall use later on the LP elliptic estimate:

(16) [u] < cl|Lu| + |u] 1;
w2P (c) P (e) P ()

here G 1is a bounded domain with C2 boundary, the coefficients
of L are continuous in G and L is elliptic, and u is any
function in W2°P(g) N wé’p(c), 1 <p < = Recall that WwP(g) is
the class of functions whose first n derivatives belong to Lp,

u =[ = iDaufpdx]l/p,
| ‘Wm’p(G) lo|<m j;

and wé’p(c) is the completion in wl’P(G) of the set of Cm func-

tions with support in G. If c(x) < O then the term |u]| p On the
L

right hand side of (16) may be dropped out.

Let u satisfy

0 then

n

If c(x)
_
u(x) = -E, j £(g(t))dt, T exit time from G,
0
so that, by the Lp estimate,

.
£ . | e
a7 g, Io (§(t))d-]w2’p(G) < lele(G) (L<p<o).

krylov [20] has considered the much more general process
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de(t) = o(t)dw(t) + b(t)dt, £(0) = O,

with nonanticipative o(t),b(t) and proved the following estimate:

Assume that
1
103 (®)] <M, [b(®)] < M det o%(e)| M/
and let G be any open bounded domain with diameter < D. Then,

for any x€G, £eL"(G),

TX
(18) Ex% ﬂun+xﬂiutfanu%t5mﬂfm)

where Ty = exit time of &(t) + x from G and N 1is a constant

depending only on M,D.

6. Stopping time problems and variational inequalities

Consider a stochastic differential system in R"
¢Y) dg(t) = b(§(t))dt + o (8(t))dw(t)

with the usual Lipschitz condition on b(x),0(x), and let G be a
bounded domain with 02 boundary. Denote by tG the exit time from

G, and introduce the cost functional

A
TAE -aTAL

G-
3 (1) = Ex[jo e O FE(E(t))dt + e Coer A tG)IT<tG

) -aTAt

+e Sneg(r A eI, ]
2tg



123

for any stopping time T with respect to the standard o-field
?t associated with the Brownian motion. Here £(x), ¢(x), h(x)
are given functions and o 1is a given positive number (the

discount factor).

We consider the prchlem of finding

V(x) = inf JX(T)
Te(L

where Ol varies over the set of all stopping times, and finding

a stopping time T% such that
V(x) = JX(T*).

We refer to this problem as a stopping time problem; 7% will be

called an optimal stopping time.

Let a = go* and set

Lu:.l'. 2 a _a_z_l:l.._.-*_ nb ._al
7 . 3 8 (e T B by (K5 - ou.
i,j=1 i 7] i=1 i

Consider the problem: find a function u satisfying:

Lu + £> 0 a.e. in G,

(3)

(lu + f)(u - ¢) = 0 a.e. in G,
u=h on 23G.

This problem is called a variational inequality, If L is
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formally selfadjoint, then u is the function v which minimizes

1
E(LV:V) 2 + (£,v) 2
L7 (G) L7 (G)
over the functions v which vary in the convex set: v < ¢,
v = h on 8G.

We shall now assume:

(4) ¢ is in CZ(E),
(5) f is in c(G),
6) h is in Cz(aG) and h < o.

Theorem 1. Under the foregoing assumptions, there exists a

unique solution u of the variational inequality (3) such that
2,p
7 uew (G) for any 1 < p < =,

Proof. Let Be(t) be Cw function in t, for any € > 0, such

that
B(t) =0 if £ <0,
Be(t) - o if t >0, ¢~ 0,
1
Be(t) >0if t > 0,
and consider the Dirichlet problem

(®) -Lu + B _(u-¢) = £ in G,
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u = h on 9G.

By the standard theory, a unique solution exists. We now esti-
mate the maximum of Be(u-w) in G by noting that if the maximum
is attained at a point XOEBG then Be(u-@) = 0, whereas if it is
attained at a point xOGG then u-¢ also attains its maximum at xO

so that -L(u-¢) > 0 at xo. We thus find that
0< Be(u-w) < C.
We can now use the LP estimates to deduce that

< C.

u
I |w2’p(c)

Taking a subsequence of U which is weakly convergent tec some u

1P 6y, we easily find that

in w2,p(G) and strongly convergent in W
u solves the variational inequality.
The uniqueness follows from the following theorem which con-

nects the variational inequality problem to the stopping time

problem.

Theorem 2. Any solution u of (3) which satisfies (7) is

given by

u(x) = inf J_(T1).
et X

Further,

(10) u(x) = J (T%)
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where ™% = T A te and T is the hitting time of the set

s = {x€G; u(x) = o(x)1.
The set S 1is called the stopping set and the set
¢ = {x€G; u(x) < ©(x)} is called the continuation set. The rela-

tion (10) means that the optimal stopping procedure is to con-

tinue while §(t) is in C and to stop as soon as g(t) hits &S.

proof. By Ito's formula (cf. the proof of Theorem 1, §5).
-of y -at
(11) Ea(E(1)e™™ - u) = E_ [ e Lu(s(e))de
0
where T = T A T , 7 = exit time from G = G\V , and V is an
e’ e € € €

e-neighborhood of 3G. Actually, for Ito's formula (11) to hold
one usually requires that uECZ(Ge)- However this formula holds
also if u 1is just assumed to belong to wz’p(Ge) with
p>1+n/2; see [7] [15]. . Using the inequalities Lu > -f,u < @
and then taking e¢ - 0, we obtain u(x) < JX(T). Taking in the

preceding proof T = T% and noting that

Lu(8(t)) = £(8(t) if t < T,
u(g(T%)) = e(8(1%)) if T <t
u(g(T*)) = h(g('l’*)) if TR = tG’

we obtain (10).
It is actually not surprising that the optimal stopping
problem leads to the variational inequality. Indeed, arguing

formally we have two choices at each initial position (x,0) with
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X€G:

(1) either stop, which implies that V(x) < ¢(x);
(ii) or continue for a time o¢ and then proceed optimally,

which implies
9 -at -ao )
V(x) < E L eTTE(E(E))dE + e V(B0
0

the second summand on the right is obtained after applying the
strong Markov property. Using Ito's formula and then dividing
by o¢ and taking o - 0, we obtain LV + £ > 0.

Finally, since either (i) or (ii) is optimal, we must have
(V=) (LV + £) = 0.

The above procedure of deriving formally differential in-
equalities for the optimum can be applied to a large variety of
Markov optimization problems.

The system (8) is called the penalized problem. Consider

the case where Be(t) = t+/e, so that the penalized problem

becomes
-Lu + %(u-go)* = f in G,
u = h on &G.
Even though this Be(t) is only Lipschitz in t, the previous
proof still applies, so that u = 0 if ¢ » 0. The solution u,

can be given a probabilistic interpretation, namely:

Denote by V the class of all nonanticipative functions
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v(t) with 0 < v(t) < 1. For any veV, define the cost functional
t -ft YD gy
— G 1 o ¢ y
(13) T (v) = Exffo [E(5(E) + Zo(B(E))v(E)) Je L~9E ),
e
ST,
0 € -c,tG
+ h(ﬁ(tG))e e 1.
Then
(14) u_(x) = inf EX(v).
VeV

Problems. 1. Prove (l4), by applying Ito's formula. Prove
also that u_(x) = 3%(7) where v(t) = 1 if u (8(t)) > ¢(5(t)) and

v(t) = 0 otherwise.
2. Frove that
u(x) < ue(x) < u(x) + Ce.

Consider now a functional which depends on two stopping

times:
oATAtG
I (0,7 = EXEJO e “CE(g(t))de
(15) + e o (BENT + e o, (BT,
0<tG TstG
-O.tG
+ e h(§(tG))ItG50AT].

We call JX(U,T) a payoff and we consider two players, the first
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one controls o and tries to minimize the payoff, and the second
one controls T and tries to maximize the payoff. This model is

called a zero sum stochastic differential game.

A pair (o*,T%) of stopping times is called a saddle point if
JX(O%,T) < Jx(o*,'r*) < Jx(o"r*)
for all o,T. The number
V(x) = J (o%,T)

is called the value of the game.

The definition (15) is not symmetric in o0,T, since when
g=1T< tG the function ¢2 (and not ¢l) is relevant; this however
will not affect the results below (which will be symmetric in
0,T) provided Py <Py (Notice that V(x) ivwz(x) and if the re-
sults should be symmetric then V(x) < ¢1(x), thus leading to the
necessary condition ¢, < @1).

We introduce the variational inequality with two con-

straints:

Lu + £ > 0 a,e. where u > ?y5
Lu + £ <0 a.e., where u < ¢
(16) = v

¢, <u<9o in G,

u = h on 3G.

We assume the same regularity conditions on L,f,h as before and,
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in addition,
2 —
?159, belong to C“(G),

(17)
Py <9 in G, ®y 2 h < ¢, on 3G.

Theorem 3. There exists a solution u of (lo) which be-
longs to wZ,p(G) for any 1 < p < ». The solution is unique and

coincides with V(x). Further, the pair (0%,T*) where

o

]
it

hitting time of the set {u wl},

]

hitting time of the set {u

3
P
[

©,3
is a saddle point.

Problems. 3. Prove Theorem 3 by the method of proof of

Theorems 1,2, introducing the penalized problem
-Lu + Be(u-wl) + Ye(u~¢2) = f in G,

where Ye(t) =0 if t > 0,.—-Ye(t) o if t < 0, ¢ = 0,
Ye(t) >0 if t < 0.

Theorems 1-3 can be generalized to unbounded domains G and
to time-dependent coefficients and data (the differential
inequalities form a parabolic variational inequality). Also,
instead of just controlling the stopping time, one may introduce
nonanticipative controls into the stochastic differential equa-
tions [15]. There is also some work on non-zero sum stochastic

differential games (see [2] [15]).
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If in a variational inequality the constraint depends on the

unknown solution, then we call this problem a quasi variational

inequality. Such problems arise in non-zero stochastic differen-
tial games. Another model which gives rise to such a problem is
when the control variable is a sequence of stopping times

T = (Tl,Tz,...). We refer to [5] [6] for a model of this kind,
where T1sTogsee. are the time for ordering stock from the ware-

house. Another model arising in quality control is studied in

[1l.

§7. Stochastic switching and nonlinear elliptic equations

For any ¢ > 0, we denote by wm,p,p(Rn) the class of func-

tions u such that

2.1/2
R HEIT) T q?oP g1y
Let
k _1 % ok 2% Dok 3
Lu=g = 8.5+ Eb®g - -0 (@>0 k=1,2,.)
i,j=1 i3 i=1 i

be elliptic operators satisfying:
k 2 n n
b aij(x) §i§j > v|Eg]| (x€R, &R, v> 0),

@
pPag ol s ¢, P50l s¢ (05 1Bl < 2, xe”, ¢ > 0)

and introduce the corresponding systems of stochastic
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differential equations
k
(2) ag® ey = of R e))aw(e) + bN(E%(r))ae

. A . k
where o 1is the positive square root of the matrix (aij).
Let v(t) be any function with values in

{1,2,3,...}. We call v a control function and denote by V

the set of all controls. To each veV we define the trajectory

g'(t) by
(3) de¥ () = oV (8 8V (e)yaw(e) + b7 (B (¥ (e))yde

with initial condition EV(O) = x, Thus §V(t) coincides with
§k(t) ""as long as'" v(t) = k. The construction of a continuous
process §v(t) and its uniqueness can se proved by the successive
approximation method of §4,

We now introduce a cost functional which depends on a

sequence of given functions fk(x), for which
(4) P <c (18] <2, xe&®, ¢ » 0),
and on a discount factor a > 0:

(5) g .(v) =k, [ e eV (E) eV by yde,
0

Consider the problem of finding

(6) V(x) = inf J_(v).
vev

This is a problem of optimizing the running cost f = {fk} when
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one is allowed to switch freely from one stochastic system to
another.
Krylov [21] studied this problem. His main result is the
following.
Theorem 1. If o« 1is sufficiently large then
2

(7 vew ’P*H (™) for some y > 0 and all p < =,

(8) inf{LkV(x) + fk(x)} =0 a.e. in R",
k

and V 1is uniquely determined by (7), (8).

Equation (8) is called the Bellman equation. Krylov's

proof is probabilistic and does not extend to the corresponding
problem in a domain G, G # R" (which will be defined in detail
below); his proof uses, among other things, the inequality (18),
§5.

Now let G be a bounded domain with C2 boundary 3G, and

define a cost functional
T -t v, v
(9) J (V) = Exjoe £7 (8% (t))at

where T 1is the exit time from G; let V(x) be again defined by
(6). cConsider the problem of characterizing V(x) as the solu-

tion of the Dirichlet problem for the Bellman equation:

inf{Lku(x) + fk(x)} =0 a.e. in G,
(10) k
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The following result is due to Evans and Friedman [12].

Theorem 2. Assume that the coefficients aij are constants.
Then, for any a > 0, there exists a unique solution u of (10)

such that

L,

© 2,
5@ W,

uew

and u = V.

Before outlining the proof we introduce, as a motivation,
another stochastic control problem corresponding to a finite
number m of the elliptic operators, say Ll,...,Lm. The pre-
vious control variable v(t) is now restricted to a countable num-
ber of switchings,and, furthermore, the switchings are cyclic,
i.e., fiom state i to state i + 1 (where state m + 1 is identi-
fied with state 1). Equivalently, we take the control variable
to be a sequence of stopping times g = (el,qz,...) with ej t o,

To write down the cost Ji(e), we fix positive numbers
kl,...,km and then define
-ag;

61
Ji(e) = Extjo e'“tfl(gl(c))dt + ke

o
2 _ -af

+[ e ate2e2(tyyde + ke 2, ...

5

1

9
m -QB
+ [ T E N (e))de + ke
5

m

m-1

8
m+1 - -af
[ e e gt e)ae + ke Foeee ]
6
m



Thus the switching from gl to §l+l incurs cost ki' Set

vl(x) = inf Ji(e).
)

Similarly we can define a cost J;(e) starting with §l in-

stead of 51, i.e.,

61 -
i, mat el do oy T%0
J(9) = Extjo e (85 (£))de + ke
%2 -t i+l i+l "8,
[T ETET ) + ke 2 s
0
1

set
vi(x) = inf J-(e).
9 X

Proceeding formally we arrive at the following system of

variational inequalities for ut = Vl(x):

Llul + £ > 0, ut < u1+l + ki’

(Llul + fl)(ul—ul+l-ki) =0 in G,
u =0 on 3G.

This system was studied in [3] [4) in case m = 2.
It is clear from the above model that if ki -0 (l<i<m
then each ul(x) should converge to the same function V(x), where

V(x) is defined in (6). Thus one is motivated to first solve



136

(11) and then take ki - 0.
In oxder to solve (1ll), we introduce a penalty term
B (ui-ui+l-ki) where B _ is defined as in §6 and then take e ~0.
€
k
In this way one can show (even when the aij are not constants)

2

that there is a unique solution of (11) such that uew ’p(G) for

any p < ». (One can also prove this result by more probabilistic
methods based upon approximating the costs Ji(e) by costs func-
tionals in which a finite number of times el < 62 < e & eN is
used, and then let N = =; see [12].)

Since we are mainly interested in solving (10), or first

inf {Lku(x) + fk(x)} =0 a.e. in G,
(12) L<ksm

u=0 on G,

it is technically simpler to work directly with the penalized
problem

1

1+l) - fi =0 in G,

-L;u + Be(ui—u
(13)

u =0 on G (L<is<m

and take e¢ = 0, hoping to get the solution of (12) as lim ul(x).
0

The existence of a unique classical solution of (13) is
rather standard. The next step, which is crucial, is to derive a
priori estimates

(14) ipul| _ <c,
()



(15) lDzul - < C (EO < G)
L (GO)
where C 1is independent of . (Details are omitted.) Using

these estimates one proceeds to show that, as ¢ - 0,
i .
u (x) = Vm(x) (L <i<m, x€G)

and Vm(x) is a solution of (12). Next we take m -» » and show

that Vm(x) - V(x) where V(x) is the asserted solution of (10).

Uniqueness follows by the method of Krylov [21] (see also [7]).
As an immediate application of Theorem 2, consider the

Dirichlet problem for a highly nonlinear elliptic equation

(16) A - F(u ) = £(x) in G,

X.X,

(17) u=0 on W

where ) > 0. Assume:

2
F: R" - R is convex and Cz,

£F. E.6 > v|g?, y> 0 (ellipticity)
[F(x) - = Fx..(x)xijl < C.
1]
Then we can write (16) as a Bellman equation with

Su =2 b 2%y
“Lhu = Au - Fx.X.(g)ax.ax.’
1] 1]
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g = (Eij) with rational coordinates., Thus there exists a unique
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1

solution of (16), (17) in W'’7(G) N w>>~

loc

(G).

§8. Probabilistic methods in singular perturbations

Consider the uniformly elliptic operator

Lu=2% . 2% + . b (x)>%  (es 0
M =7 T At Ehi(Re (6> 0)
i,j=1 i3 i=1 i

with Lipschitz continuous coefficients in a bounded domain D
with C2 boundary, -and set Lu = Llu. We shall be interested in

the following problems.

Problem. 1. Denote by u, the solution of the Dirichlet

problem

Leu =0 in D,
1)

ue = ¢ on .

Find the behavior of ue(x) as ¢ -~ 0.

Problem 2. Denote by le, ® the principal eigenvalue and
eigenfunction of
Lew = -\w in D,
(2)

w=0 on 3.

Find the behavior of Xe’ ¢, as e - 0; here ?. is normalized by
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2 .
I odx=1, ¢ >0 in D.
€ e
D
The solution of (1) can be written in the form
Y = €, €
3) u (=) = E@(E5(T®)
where
def(t) = el/zc(ge(t))dw(t) + b(g¥(t))dt,

5 1is the positive square root of (aij)’ and 7% is the exit time
of E®(t) from D. The behavior of € as ¢ » 0 depends in a cru-
cial way on the behavior of the solutions of the ordinary differ-

ential equations

(4) g% = b(x), x(0)eD.

Suppose all solutions of (4) leave D in finite time Tg
(depending on the initial point x(0) = x). It is easily shown
that, for any 7 < o,

(5) e 0 P
sup | (t)-8_(t)] —> 0 as e~ 0
X X
O<t<T

2€

where 5,(t) (e > 0) is the solution ge(t) with §;(0) = x. It

follows that

4 G) = up(x) = 0(EN(T)) as ¢ - O

Lansi
der now the extreme case where
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(7) b(x).vw(x) <0 (x€dD)

where Vv 1is the outward normal. This condition implies the
solutions of (4) cannot reach 3D in any time t > 0. Thus
T. &= .

We shall assume:

(A) There is a point erD such that every solution of (4)
enters a given neignborhood of x0 in finite time. Further, xo is
a stable equilibrium point for (4) in the sense that b(xo) =0

1

and the Jacobian matrix of a b at xo has all negative eigen=-

values.,
(B) There exists a function {(x) in D such that

1
b= ‘EaVVl'.

We shall consider the Dirichlet problem

n
1 du 0

Leu + ¢ b, —~= in D,

i ox,
i=1 i
(8)
u=0 on 9D
vhere
da. n .',1
b% =1 5 k1 T a. 2% for some vl;
32,0 w2 oy ik ey
. 1 1
Notice that if a, = const. then we can take ¥ =0, bj =0 so

jk
that (8) reduces to L.

Set
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1
j e¢/€e¢ (b-v)e ds
aD

9) C = lim T
e=0 f e‘l’/ee‘JI (b+v)ds
oD

il this limit exists.

Theorem 1. ©Let (7), (A),(B) hold. If. C exists then the
solution u, of (8) satisfies: ue(x) - C uniformly in bounded
subsets of D.

For the Dirichlet problem

(10)

we can establish a similar result (if (A),(B) hold) with

f ewe(b'V)co ds

(11) C = lim =2 7
0 f eV e(b-\;)dS
3D

These formulas were discovered heuristically by Matkowsky
and Schuss [23] and proved under various restrictions by Kamin
(19]. The proof in the general case is due to Devinatz and
Friedman [9] and exploits both probabilistic considerations and
elliptic estimates.

Theorem 1 requires self-adjointness of the elliptic operator
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(with respect to the measure ew/e, E = { + ewl). Consider now
the problem (1), without the condition (B), but assuming (7) and

(A). Introduce the functional

T
1.¢) = [ (IEEL - beeeenll y2dt
7 fo( dt ( 1 o

if ¢(t) is absolutely continuous (IT(Q) = o if (¢ 1is not abso-

lutely continuous) and

”XHa_1 = (z a;}(x)xixj)l/z, (a;}(x)) = inverse of (aij(x)).

(x)

Let ¢(t) (0 < t < T) vary over all continuous curves such that

]

£(0) = xo, ¢(T) y, ¢(t)eD if 0 < t < T, where y 1is a fixed

point on 3D. Let

V(y) = inf 1.(¢)

over all such ¢, for all T < o,

V(y) is called a quasi potential, It measures in some

sense the amount of work required to move a particle from xO to
y against the dynamical system (4). It is easy to verify that
V(y) is Lipschitz continuous. It can also be shown that, under
the conditions of Theorem 1, V(y) = 4{(y) at the points where V

takes its maximum. Denote this set of points by =,

Theorem 2. If ¢ = const. = C on £, then (under the assump-

tions (7),(A))ue(x) - C uniformly on compact subsets of D.



This result is due to Ventcel and Freidlin [25]. Their
proof is based on the following asymptotic estimates for any

open set G and any closed set H 1is the space CT:

(12) 1im{2e log PS(G)] > - inf I (w),
—_— X - T
e~0 WEG
X
(13) Tim(2¢ log PS(H)] < - inf I, (w),
bid - T
e~0 wEHX

where P; is PX induced by ge(t) and
G, = {wee; w(0) = x}, H = {weH; w(0) = x].

For proofs see also [15].
It remains an open problem to determine whether lim u
exists when the only assumptions are (7) and (A).

We now consider Problem 2.
Lemma 3. Define

A
A= sup{i > 0, sup E e T < @)
x€D
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where T = exit time from D. Then A = XO where Ao is the prin-

cipal eigenvalue of L.

For proof, see [15].

Theorem 4, Let (7) and (A) hold. Then the principal eigen-

value le satisfies

(14) -2¢ log le -~ V¥ (V¥ = min V(y))
y€aD
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Theorem 5. If in addition to (7), (A), aij = oij and

b = vy{, then the principal eigenfunction 0, satisfies

(15) ¢e(x) - const. = C (f Czdx = 1)
D

uniformly in compact subsets of D and boundedly in D.

The proof of Theorem 4 (which was originally asserted by
Ventcel [24]) is proved in Friedman [15]. The proof of Theorem 5
is due to Devinatz and Friedman [8]. The proofs use the Ventcel-
Freidlin estimates (12), (13) and (in the case of Theorem 5) some
elliptic estimates.

Theorem 5 holds for general aij provided a-lb = 9y in a
neighborhood of xo. It remains an open question to prove the
theorem without this restriction.

Other results are known on the behavior of xe,we under dif-
ferent type of conditions on b(x). For instance, if b(x) has
0

zero of order v at xO and all solutions of (4) with x(0) # x

leave D in finite time then

le = 0(6(\)-1)/(%1)),

ui -~ Dirac delta function supported at xo.

For proof see [8] and the references given there.
We finally mention that the Ventcel-Freidlin estimates have
been used to obtain the precise asymptotic behavior of other

quantities; for instance, the Green function qe(t,x,y) of



Le-a/at; see [15].

*

Problems. 1. Let D < D* and denote by lo,ko the principal
eigenvalues corresponding to L in D and D* respectively.
Prove that AO > AO'

2. If Tg = o for some x¢D then ke - 0 if ¢ - 0.

3. Use the Ventcel-Freidlin estimates to show that for any

C
P sup [£°(6)-€2(t)| > 6] <e °©
O<t<T

for all e small, where c¢, is a positive constant.

4., Let u, satisfy

u -~ —===0 in D x (0,T),
ue(x,O) =0 if xe€D,
ue(x,t) =1 if xe€da, 0 < t < T.
Use the Ventcel-Freidlin estimates to prove that

lim{2¢ log u (x,t)] = -I(t,x,3D)
) ¢

where I(t,x,d3D) = inf It(¢), ¢ varying over all functions in

T satisfying: ¢(0) = x, min dist.(p(s),3) = 0.
O<s<t
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Theory of ‘Diffusion Processes

D. Stroock -and- S.R.S, Varadhan
University of Colorado and C.I,M.S., N.Y.U,

Section I

let x(t) be a Markov process and assume that
(1.1) Efp(t + h) - Q(x(t)),x(s) for s<t] = th¢(x(t)) + o(h)

for ¢ € Cz(Rd). It is not difficult to check that Lt must be a linear
operator which is quasi-local (i.e., for each x € Rd and € > 0 there is
. o —
a constant CE < o such that ‘Lt¢(x)l < CEHQH for all ¢ € CO(Rd\B(x,e)).
Here and throughout H-H denotes the uniform norm.) Moreover, L, must

satisfy the weak maximum principle in that if ¢(x) = max dcp(y) then cer-

yER
tainly Lt¢(x) < 0 . From these observations one can conclude that Lt
ought to be of the form
d 2 d
= iy 09 i 239
Ltcp(x) 1/2 Z a v (t,x 3% B (x) + Z b (t,x) 3
i,j=1 3 i=1

[ o Gplxty) - px) - izzywﬁ)M(t x3dy)
R \{ } 1+|y|

where ((aiJ(t,x))) is an element of the class Jh of symmetric non-

negative definite matrices and M(t,x;-) 1is a g - finite non-negative measure

on Rd\{O} such that ~—*de'—— M(t,x;dy) < o . The assertion that

Rd\(O} 1+ |y]?



152

Lt must have this form is the analytic statement of the renowned Lévy -
Khinchine decomposition theorem. 1In particular, it says that the process

x(t + h) - x(t) , for small h , behaves like the independent increment
process whose Gaussian part has covariance a(t,x(t)) and drift b(t,x(t))
and whose Poisson jump part has Lévy mecasure M(t,x(t);:) . Since our atten-
tion in these lectures will be devoted to processes which are continuous
with respect to t , we can and will assume from now on that the jump part
of Lt is absent so that

d 2 d

(1.2) L, = V2 T at (tx)a 5 + b(tx)——-—-
i,j=1 i=1 g

The central theme of these lectures will be the investigation of what
can be said when one tries to pursue the preceding line of rcasoning in the
opposite dircction. That is, suppose that an Lt of the form in (1.2) is
given. Then there are two key questions which we wish to answer: i) is there
a continuous process x(+) for which (1.1) obtains, and ii) is there at most
one such process if one also specifies the initial data? Before these
questions can be studied it is essential to give a precise formulation of
what we mean by a stochastic process satisfying (1.1).

Since we are going to be restricting our attention to continuous pro-
cesses, our basic sample space will be 0 = C([O,w),Rd) endowed with the
topology of uniform convergence on compact intervals. As such 3 is a
complete separable metric space and we will denote by 7 the Borel field
over 1 . Given w €] and t =2 0, we use x(t,w) to denote the position
of w at time t . In this way =x(t) becomes an Rd-valued random varia-
ble on 3 for each t 2 0 . Next define mt =o(x(s): 0 £ s < t) for
t2 0. Clearly Wzt is a sub ¢ - algebra of 7 for each t 2 0 . Moreover,

one can easily check that 7 = c( LJ m ). From now on a stochastic process
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satisfying (1.1) will be for us a probability measure P on (Q,7) such

that

‘ . 1 P
(1.1 lim = E [o(x(t+h))) = x(E))[R] = Lpv(t))

hio

for all t2 0 and ¢ € C;(Rd) . Observe that in this formulation the
paramount role is played by the measure P whereas the paths x(-) are
relegated to the position of artifacts. We next want to manipulate (1.1%)
into a more. convenient form. Let O < tl < t be given. Then

1im % EP[¢(x(t-¥h)) - cp(x(t))l'llzt 1
hi o0 1

tim ET[E B loGe(E+h)) = @Ge(e))[m] |7, )
hio 1

1

EFIL FGe(e))[m, 1
1

Hence for O < t1 < t2

P P 52
E To(x(ty)) - oGe(e) . 1 = ([ Ltcp(X(t))dtlmcll

1 t

1

or equivalently:
(1.6)  Elex(t,)) - j:Z Ltcp(x(t))dt|7/‘zt1] = Gx(e))) - jzl Ly Ge(e))de
That is, the quantity
t
(1.5) X (6) = g(x(t) - J‘OLscp(x(s))ds

is conditionally constant under P . This version of (1.17) 1is quite

pleasing on both intuitive as well as technical grounds. Indeed, 1f the

d
i [N
sccond order part of Lt is absent and Lt = 23 b (t,x) 3x. en we should
i=1

expict the process associated with Lt to be concentrated on fntegzral



curve of z: bi(t,x) S%_ , in which case X¢(t) would be actually (mot
i
i=1

just conditionally) constant.

Processes which are conditionally constant play such an important role
in probability theory that they have been given a special name: they are
called martingales. With this terminology we can now formulate our problem
in its final form., Given Lt as in (1.2), we will say the probability

measure P on (2,7 solves the martingale problem for L_ starting

from (s,x) if:

a) P(x(t) =x , 0stss)=1
(1.6)
b) X‘P(tv s) is a P-martingale for all <pEC°5(Rd)

where XW' is defined by (1.5). We propose to study the following questions:

i) LExistence: for each (s,x) is there a solution P to the mar-
tingale problem for Lt starting from (s,x) ?

ii) Uniqueness: for each (s,x) is there at most one such P ?

In addition, we will be interested in finding out what conclusions can be
drawn from affirmative answers to i) and ii).

In order to carry out this program, we are going t» require various
preliminaries of a more or less standard nature. These fall quite naturally
into two categories: the general theory of probability measures on

@ ,M), and the theory of martingales. The rest of this lecture will be
devoted to the first of these topics.

Let M(@Q) stand for the set of all probability measures on @Q ,7) .
The topology on M@Q) with which we will be concerned is the so called

weak topology: the smallest topology with respect to which P - EP[F] is



continuous for all F € Cb«1). It is possible to find a metric on M)

so that M) with the weak topology becomes a complete separable metric
space. More important for our purposes is that we can characterize compact
subsets of M(Q) . In fact, by Prokharov's theorem, I' < M@QY) 1is pre-
compact if and only if for each & > 0 there is a compact Ke <€ Q such
that ;ifrP(KE) 2 1~-¢g . Since the compact subsets of Q are characterized

by the Azela-Ascoli theorem, we now can say the I' € M(Q) is pre-compact

if and only if

lim  inf P(|x(0}] <4) =1

(1.7) Ate PeT
lim inf P( sup lx(t) - x(s)l <sp)=1 , T20andp >0
610 PEl O0<s<tsT

t-s5<§

Since the second part of the condition (1.7) is in practice difficult to
check, it is well to have more easily verified sufficient conditions. One

such criterion is that of Kolmogorov: let TI' € M(Q) satisfy
P
(1.8) sup E [|X(0)|] <
PET

and suppose that for each T > 0 there is a CT < ® such that

(1.9) sup EP[lx(tz) -x(tl)[4 < Cp(t, - tl‘)2 » 0StE, <t, =T .

PEr 1
Then I' satisfies (1.7) and is therefore pre-compact. As an example of
how Kolmogorov's criterion can be applied, let Xl,...,Xn,... be independent
Rq - valued standard normal random variables (i.e., P(Xn €A) =

2
1 .= |x|7/2

e dx) and define
pcrcll

(2m) [nt]
1 2 l |
Sal®) =773 L %t SECE DX ey 0 E2 0
1
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where [x] 1is the largest integer in x . Check that

E[ s (t,) - s“(tl)lé] s C(t, - tl)z , 05t <ty

where C < o is independent of n2 1 ., Now let Pn on (73,7) denote
the distribution of Sn(-) (clearly t = Sn(t:) is continuous). Then

P
- n _ 4 - 2
P (x(0) = 0) =1 and rsluzplE [fx(ey) = x(e)|"] s Cley -7, 05 €) <ty

Hence {Pn: n 2 1} is pre-compact. Let P denote any limit point of
{Pn: n 2 1} and check foran N2 1, 0< £ < e <y and Ppoee sy

d
€ Cb(R ):
EToGe(t)) +. v g (x(E))]

= --3f 91 (7)8(E Y0, (75)8(Ey =t ¥,=Y1 )+ v (V) 8(E =t 15 V=Y 1)
dyl_.. . dyN

-y1%/2
e This shows that all limit points of

_ 1
vhere g(t,y) = (zﬂt)d 3

{Pn: n 2 1} coincide and therefore that 1lim P_ exists. It also proves
n-ao

the existence of a P on @ ,7) satisfying (1.10). The measure satis-
fying (1.10) is the famous onme constructed by Wiener and will be denoted by
¥ . We will later see that Iy is the one and only solution to the martin-
zale problem for ]/2A starting from (0,0).

Another important fact about probability measures on {3 is the

folloving, rLet M’ be a countably generated sub g - algebra of % and
ket Penq) .
,{’

Then conditional expectations with respect to P given
are glven by integration. To be precise, there is a family

") - omen

7ot T M) such that o - Pw(A) is M’ - measurable for all A €7,

Y A% = .
2SN 2) forall weq and A€M , and EP[P (A),B] = P(A N B)

LS
o

“11 AEm s0d B €M’ . 1In particular, EP[F[W(’] =EP [F] (a.s.,P)
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G
~

for all bounded 7] -measure F: (3 = C . In the future we will call such

a family {P } a regular conditional probability distribution of P given
W

m' and we will abbreviate this statement by r.c.p.d. of le' . Of parti-
cular importdnce to us will be the case when 7%’ has a special form.
Namely, let. 7:0Q = [0,0) U {®} be a stopping time (i.e., {T s t} € mt
for all t = 0) and set m, = {Aem: AN {7=t) €m, for all t = 0}.
One can show that mT =o(x(t A T): t 2 0) and therefore that mT is
countably generated and that the atom in MT containing W, is the

{w €0 x(t,w) = x(t,wo) for 0<ts T(wo)}. Hence if {Pw} is a
r.c.p.d. of P,%T , then Pw(x(t) =x(t,w) , 0st<T(@) =1,

One final property of probability measures on Q is that they can be
"glued together' at stopping times. That is, let P be a probability meas-
ure on GE.MT) and let {Qw} € M(P) be a family such that for all s 2 0
and A € ms =og(x(t): t 2 s) the map w - Qw(A) is ms-mcasurable on
{T25s} and Qw(X(T(w)) = x(TW),w)) =1 . Define éw ek(w)Qw on (Q,7)
to be the measure such that 6w Gk(w)Qw(A nse) = XA(w)Qw(B) for A€ %T(w)
and Bem’r(w) - Finally, define P® Q. by P@T(_)Q,(A)=
Ep[ﬁ. 8}(.)Q.(A)] for A€M . Then P ®T(-)Q' is the unique probability

easure R on (O_,??:,\ such that R coincides with P on 7)11_ and

{6w ST(w)Qw} is a r.c.p.d. of RIMT

Section II

Let a: [0,0) x Rd -» S, and b: [0,0) X Rd - Rd be bounded measurable

d
functions and define Lt accordingly by (1.2). In this lecture we are going

to derive

various equivalent formulations of this martingale problem. Each

o
™~
I

nese formulations has its own special virtues and the ability to go froa

ane

to another wiily facilitate our understanding of the questions raised

in Lercture 1. The basic tool used in proving their equivalence is the



following elementary lemma.

Lemma (2.1): Let X: [0,0) X Q= C be.a continuous P -martingale and
let Y: [0,°) X Q - C be a continuous function which is adapted to
{mt: t 20} (i.e., Y(t) is mt-measurablc) and has the additional pro-
perty that for all T> 0 and w € Q the total variation of Y(.,w) on
[0,T] 1is bounded by some constant CT < ® which doesn't depend on w .

t
Then X(t)Y(t) - r X(s)Y(ds) is again a P -martingale.
"0

Proof: Iet 0= t. <t

1 9 and A e?)gt be given. Then

1

ET[X(6))¥(e,) = X(€£)¥(e)),A]

= ETL(X(£) - X(e)¥(E)),A] + EF[X(e,) (¥ (E)) = ¥(E;)),A]

n

B [X(t,) (¥(t,) = ¥(£))),A]

Next, let {tl =s5y< ... <s = t2} be partition points of the interval

[tl,tzl . Then

n-1
BTIX(6,) (¥(ty) = YCE)Al = T BFIX(E) (¥(sy,p) = ¥(s,)),A]
n-1 k=0
P
= D E X5y (s 0) = (s )),A]
k=0

t
-+ EFLJ 2 X(s)¥(ds) 4]
1

as max s, ., - s|=0. Q.E.D.
O0<ks<n ktl k

Theorem (2.2): let P € X(Q1) satisfy P(x(t) = x ,0sts<s)=1.
Then the following statements are equivalent:
a) P solves the martingale problea for L, starting from (s,x) ,

d ..
b) for all 8 € R , ke(t"s) is a P-martingale where



t t

(2.3) X (£) = exp[(8,x(t)-x(s) - [ b(s,x(s))ds) -% [ (8,a(s,x(s))e)as)
s 0

c) for all 6 € rd s Xie (tVs) is a P-martingale.

Moreover, if P satisfies a), then for all R> 0

1/2

t 2
(2.4) P( sup Ix(t) - x(s) -I b(s,x(s))dsf 2 R) < 2(1(3“1)‘/2TAd
0

0<stsT
where A = sup sup (6,a(s,x)®) . Finally, if P satisfies a) and
. o (s,%) le[ =1
2
fe Cb’ ([0,0) X Rd) has the property that for cach T > 0 ,
. S
sup (!f(t,x)] + !(’é-j-: + L f)(t,x)l) is dominated by C, e T for somae
Ost<T ot £ T

CT < o and )\T > 0 , then Xf(tv s) is a P-martingale vhore

t
(2.5) X () = £(8,%(0)) - js(-a-a; + Tu)£(u,x(u))du .

Proof: Assume that (s,x) = (0,05). Let P satisfiy a}. By an casy
limiting procedure, we can conclude that X (t) {3 a4 P-rartinzale for
2 4 2,.d . s e s pat
all ¢ € Cb(R ). Now let ¢ € Cb(R ) be uniformly positive and take

= 2.p-,:(_.~<(u))

X(t) and Y(t) in Lemma (2.1) equal to X(p(t:) and  expf- ':Wdu],
TR S

respectively. Then, by Lemma (2.1):

t Luc,_o .
¢ (x(t))exp( - J‘O - ()l

RIS
is a P-martingale. In particular, if R >0 and g(x} =« on 8(3,R)

then, by Doob's stopping time theorem, Xe(t A 7g) lra Femccinzale,

where TR = inf{t 2 0: [x(c)[ 2 R}. Note that

t
2 P (s c(uYpiode
X (8) = Xy o (£)expl 0(:‘,3(“-1(-}’4' !

2
Alg]"e
< X28(t)e
2 L2
9 . " \!’.‘v [ &
and so sup EP[Xz(t/\'r )] = eAlgl £ sup £ 5‘-:.;.(: A ’._:}§ ¢ e .
R>0 e R R>0



This shows that {Xe(t A ‘TR): R > 0} 1is uniformly P-integrable. Since
Xe(t A TR) - Xe(t) as Rt ® , we have now proved that a) = b).

Next assume that P satisfies b). Then, by an easy analytic con-
tinuation arguement, P must satisfy <c¢). Finally, if P satisfies c),
take X(t) and Y(t) in Lemma (2 1) equal to X (L) and
exp[-i < 8 , ‘r: b(u,x(u))du) - —-f {0,a(u, x(u))e)du] , respectively. Then,

i(0,%)

by Lemma (2.1), ch(t) is a P—martlngale with ¢(x) =e . Since every

(e, x>y(a)de for some { € J(Rd), it

@ € C‘;(Rd) can be expcessed as f e
is easy to see that X{p(t) is a P-martingale for all ¢ € C:(Rd).
The proof of (2.4) runs as follows. Let |e| =1 be fixed. For

A >0 we have by b) and Doob's inequality:

P( sup {8,x(t) - ‘r b(u,x(u))du) =R)

0stsT
= P(sup X, (t):expOiR- LJ‘ (8,a(u,x(u))o)du})
0st<T 0
<o AR T A /2 AT
Setting A = R we arrive at
AT °
t 2
P( sup {6,x(t) -f b(u,x(u))du)zR)Se-R /2AT ;
0sts<T 0

and (2.4) follows quickly from this.

The final part of the theorem can now be proved in two easy steps.
First, one shows that Xf(t) is a P-martingale for all f ¢ C ([0 ) XR ).
This is easily dome by initially assuming that f € C:([O,oo) X R ) and
applying a) to £ as a function of x and the fundamental theorem of
calculus to f as a function of t . After this has been done, it is easy
to pass to all £ ¢ C ([0 ®) X R ). The second step is to use an approxi-

mation procedure and apply (2.4) to justify the passage to the limit. Q.E.D.

As a preliminary application of Theorem (2.2), we point out that
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uniqueness of solutions to the martingale for Lt can be easily proved

whenever one has a strong enough existence theorem for the P.D.E.:

Sz + Ltu =-p, 0st<T

(2.6)

lim u(t,+) = 0
ttT

Indeed, suppose that (2.6) admits a smooth solution u for every T > 0
and ¢ € CZ(Rd). Then, for any solution P to the martingale for Lt
starting from (s,x):

tvs
w(tVs,x(tvs)) + [ g(x(u))du
s

is a P-martingale for t < T . Thus
P T
2.7) u(s,x) = E {f ¢ (x(u))du]
s

d
for all T >s and ¢ € CB(R ). This means that the one dimensional time
marginals of P are unique determined. To complete the proof that P

itself is unique, we require the next theorem.

Theorem (2.8): Let P solve the martingale problem for Lt starting
from (s,x) and let T 2 s be a stopping time. 1If [Pw} is a r.c.p.d.
of P]mT , then there is a P-null set N € mT sucii thet whenever ¢ £ N
the measure 6x(T(w),w) ®T(w) Pw solves the martingale problem for L,

starting from (7(w),x(7(w),w)) (here § stands for the point

x(7 (w) ,w)
mass on the path which is constantly equal to x(t(w),w)).

The proof of Theorm (2.8) is not difficult, but it is somewhat tedious.
The idea is to show that for each ¢ € dz(Rd) s X¢(t‘/T(w)) is a Pw -
martingale for P -almost all w . Since C;(Rd) is separable, one can

isolate one P-null set N ¢ mT such that X@(t V 1)) is a Pw-martingale

for all w £ ¥ and ¢ € C‘S(Rd) .
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Given Theorem (2.8), we can now easily complete argument begun above.

Indeed, by Theorem (2.8) plus (2.7), we have that
Pl
(2.9) ET[ ¢G)dulm] = u(e,x(t)) (a.s.,P)
t

for s < t< T, since EP{fT ¢(x(u))dukwt] = EP'[IT;(x(u))du} (a.s.,P)
where P. is the r.c.p.d. oz P]mt . But from (2.;), it is immediate
that all finite dimensional time marginals of P are uniquely determined,
and therefore P itself is unique.

The preceding line of reasoning applies to many choices of Lt .
For instance, if ((aij(f,x))) and (bi(t,x)) are bounded and HdOlder
continuous and if ((aij(t,x))) is uniformly positive definite or if
((aij(t,x))) and (bi(t,x)) are sufficiently smooth, then (2.6) admits
good solutions. 1In particular, if Lt = 1/2A , then the corresponding

martingale problem has at most one solution for each (s,x) and in Jjact
5 ) = (t. - -
(2.10) P(x(t,) € rlwzt1> fpg\tz £,y - x(t))dy (a.s.,P)

for all s < t1 < t2 .
Conversely, if P on (Q,7M) satisfies Px(t)=x , 0st<s)=1
and (2.10), then P solves the martingale problem for L/ZA starting

from (s,x). To see this, note that from (2.10) one gets

2
1{e,x(t,)). 1(0,x(t,)) —M(t -ty
P 2 _ 1 2 27 hH
E'[e M 1 = e
1
2
and therefore that exp[i({g,x(t)) + l%}“ t is a P-martingale for

all o ¢ Rd . By Theorem (2.2), this means that P solves the martingale
problem for 1/2A . We are now in a position to identify Wiener measure
with solutions to the martingale problem for L/ZA . Starting from (1.10),
it is an easy matter to see that p(x(0)=0)=1 and that (2.10) is

satisfied with P replaced by v . Thus v is the unique solution to the
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martingale problem for L/ZA starting from (0 , ®). To get the solution
starting from a general (s,x) , we take advantage of the translation
invariance of 1/2p . That is, define Qs,x: Q-0 so that
x(t,§s,x(w))v= x+ x((t-s)Vv O,w) , t=20. Clearly QS’XG») is

1

jointly continuous in (s,x) and w . Let ms x = W oé;'x . An
3 3

elementary computation identifies ws x 28 the unique solution to the
3

martingale problem for y/2A starting from (s,x).

Section III

We begin in this lecture to prepare the machinery for our attack on
the question of uniqueuness. Crucial to this enterprise is the relationship
between the martingale problem and I1to stochastic integral equations.
Throughout this lecture we will be assuming that ((aij)) is uniformly
positive definite. Under this assumption we will show that P solves the
martingale problem for Lt starting from (s,x) if and only if

t As 1/2 tAs
(3.1) () =x+ [ a’T(ux@)dB) + [ blu,x(u))du,t20,
s s

(a.s.,P)

where P(+) 1is a P-Brownian motion after time s (i.e., f(t) is

mt -measurable for all t=2 s , B(- ,w) is continuous on [s,») for

P-almost all w , PB¢s) =0 (a.s.,P) , and
(3.2) P(B(t,) € Tn, ) = frg(tz' t>y - B(£))dy  (a.s.,P)
1

for s <t <.t2). The first integral on the right hand side of (3.1)

1
is to be interpreted in the sense of Ito and is well-defined since B(Ce)
is a Brownian motion B(:) relative to the family {mt: t 2 s}. It must

be emphasized that just because (3.1) holds, there is no implication here

that x(-) is P(-) - measurable. That is, o(B(u): s < u < t) may be
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strictly smaller than o(x(u): s S u < t).
To see that (3.1) implies that P solves the martingale problem
for Lt starting from (s,x) , we need only invoke Ito's formula and

thereby conclude that if (3.1) holds:
t t
oGx(6)) - [ LoG)du = o(x) + [ (0(x() , dp(w)) , t=s .
s S

Since the right hand side of the preceding is a P-martingale, there can
be no doubt that P solves the martingale problem for Lt starting from
(s,%x).

The converse statement is not quite so easily proved. To facilitate
the presentation, we will assume that s =0, x =0 , and that b= 0 .
Given a solution P to the martingale problem for Lt starting from
(03), we proceed to develop the theory of Ito - type stochastic integrals
for the process x(-.). This is done, w :d for word, inthe same way as in
the case of Brownian motion. That is, we start with bounded -aeasurable
functions 6: [0,@) X Q = Rd such that 6(t) is W(t - measurable for all
t20 and 6(t) = B(-[Bngl) ,t=20, for some n= 1. The definition

t
of f {8(u) ,dx(u)) is then given by the Riemann sum:
[nt]
el xdy - xdSly + od2) ey - xd2Ely)
k=1

We then observe that for such 8's:

t t
(3.2) X (©) = exp[[ (0(u),dx(w) - 1 [ (o(w),atu,x()e) dul
0 0
[ntl] +1

is a P-martingale. To see this, assume that 0 < t:1 < t2 < o

and let {Pw} be a r.c.p.d. of Pl?)(t . Then, by b) of Theorem (2.2):
1
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[nt,]

),x(t)-x(t»

[nt,]
f ( , ),a(u x(u))e( ))du]]

Xe 1’ EF [exp[<e(

= Xe(tl) .

Clearly this proves that Xe(t) is a P-martingale. Now replace 6 by
A6 where )\ € Rl . Differentiating once and then twice with respect to

A , after setting ) = 0 we see that:

t
(3.3) J <o), ax(u))
0
and
t 2 t
(3.4) ( Cow) , dx(w))” - [ (8(u),a(u,x(u))o(u)>du
0 0

are P-martingale. From here it is an easy task to complete the definition

t
of J‘ {(8(u) , dx(u)) for general bounded measurable 6: [0,0) X O = Gd
0

which are adapted to {mt: t 2 0} . The procedure is identical to the one

used in the Brownian case. In this way, we arrive at a definition of

t t
f (6(u) ,dx(u)) for such 6's ; and the integral J' (6 (u) , dx(u)) enjoys
0 J

the following properties:

t
a) _r (8 (u) , dx(u)) 1is an a.s. continuous P-martingale,
0

t t
b) (ﬁo {(8(u) , dx(u)))2 - fo {8 (u),a(u,x(u))6(u))du is a P-martingale,

c) Xe(t) is a P-martingale, where X, 1is given by (3.2).

]

Next suppose that ¢g: [0,0) X 1 = Rd ® Rd is a bourded measurable function

t
vhich is adapted to {mt: t 2 0}. We then define I o (u)dx(u) so that
0
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t t
for all 8 ¢ Rd: {8 ,I o (u)dx(u)) = f {(o*(u)8,dx(u)) . Im particular,
0 0

t
if o(u) = a¥/2(u,x(u)) and B(t) = I o (u)dx(u) , then for each 8 ¢ Rd:
0
2
expl1¢8,8()) + 8¢
t , 1 .t
= explif (0(2)8,ax(v)) + 3 [ {o(u)6,a(u,x(u))o (u)6)du]
0 0

is a P-martingale. But this means that g(-) is a P-Brownian motion.
Moreover, it is not hard to show that for any bounded measurable

6: [0,0) X Q = cd which is adapted to &Wt: t=0},
t t
[ o@e),ax@) =[ (o), w) .
0 0
. d
In particular, for 6 € R :

t
(8,x(t)) = [ (8,dx(u))
0
t /2
= [ o@a? " (u,x(u))6,dx(w))
0

t t
- fo<a1/2<u,x<u)>e,de-<u>> = (s, joal/ 2 (w,%(u))dB (w))

We have therefore demonstrated how to go from a solution to the martingale

problem to the equation
t
2 = a¥/%(ux@)@E@ .
0

The equivalence between solutions to the martingale problem and
stochastic integral equations opens up the possibility of studying. the mar-
tingale problem with I1to's methods. First consider the question of
existence. If there is somewhere a probability space (E,%,Q) on which

there is a Brownian motion B(:) relative to an increasing family
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{%t: t 2 0} of sub g -algebras and if there is a measurable function
£: [0,0) X E = Rd adapted to {%t: t 2 0} such that

\

svt 1/2 s ‘t
§(t) = x+[ a’/ (uEW)BW +[  buE)du ,
s s

then the distribution on @ ,”) of E(:) under Q solves the martingale
problem for Lt starting from (s,x) . 1Indeed, this assertion is proved
in exactly the same way as we proved (3.1) is a sufficient condition for

P to solve the martingale problem. Thus we now see that existence for the
martingale problem can be proved whenever on some space there is existence
for the stochastic integral equation associated with the coefficients of
Lt .

Next we investigate whether uniqueness for the martingale problem can
be deduced from uniqueness for the associated stochastic differential
equation. To be specific, let ¢ = al'/2 and assume that
(3.5) sup (o (t,x) ~o (e, )| + [b(E,x) - b(E,7)]) = C|x-y]

O0stsT
for all T> 0 . If P solves the martingale problem for Lt starting
for (s,x) and B(:) 1is a P-Brownian motion for which (3.1) obtains,
define 50(-) = x and
sVt sVt

g (8) = x + fs o (u,§ 5 (u))dB(u) + j‘s b(u,§ _;(u))du,nz1.
Clearly each §n(-) is a functional of B(-) and therefore its distri-
bution under. P 1is the same as that of the analogous quantity under any
other solution to the same martingale problem. Furthermore, §n(-) = E()

where

\2

tVs tvs
g(t) =x+[  o@EMWIB@+[  b(u,g(u))du .
s 8
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Clearly E£(-)'s distribution again is the same for all solutions to the
same martingale problem. Finally, by pathwise uniqueness, g() = x(+)
(a.s.,P). Thus the condicion in (3.5) is enough to guarantee uniqueness
for the martingale problem via uniqueness for the corresponding stochastic
differential equation. Actually a more refined technique shows that after
the notion of uniqueness for stochastic differential equations has been
properly formulated, then uniqueness for the martingale problem is always
a consequence of uniqueness for the corresponding stochastic differcntial
equation. This more refined technique is intimately connected with the
determination of the circumstances under which =x(-) is a functional of

the B(-) in (3.1). Ww will take this subject up again in Section V.

Section IV
We opan this sectieon with a quite general existence theorem for solu-
tions to the martingalec problem.

, . d
Given A ¢ Sd » B RT, and  (s,x) € [0,2) x Rd , define §{(l:’i§:
(A1) 1/2 ’
Q>0 by X(EJ[E.)J,;) = x+ A/ x((t~s)VO0,p) + ((t-s)V0)B and

e

(A.B) _ . (A,8),-1
let u;s'x e ({E.x ) - It is clear that ((A,B), (5,%x)) »wéA;{B)

- g & o é 2 . . .
is a continuius mdp. MNareover, a simple computation suffices in order

(2,2}
to check that rg.x ¢ the unique solution to the martingale problem for
d by ¢
R R i S S
o : 3*!5" ‘_,! ax, Starting from (s,x). Now suppose that
"j‘ -

’
a: [0,2) & 27w S5, and b {0,2) x g9 ., rY

”, ln)
Given £ 2 1, define B inductively on n by

are bounded continuous functions.

o

?{® . .a(0,6),5(0,6))
&0 ,G
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P(m) = P(m"l) (a(m/n,x(m/n ) '))sb(m/nax(m/n:'))'

n n ®m/n u’m/n , x(m/n, -) m=l

(m+1)

n

(m)

n

Since it is clear that P restricted to mm/n coincides with P

restricted to mn/n , standard extention theorems tell us that there is

(m)

a unique Pn on (Q,7) suich that Pn on mm/n coincides with Pn

on mm/n . Furthermore, it is not hard to check by induction that for
2
any "¢ € C (Rd) which, together with its first and second or derivatives,

grows no faster than an exponential:

d
t . 2
XV © =0t - [ Y a”(h’ﬁl,x(ii‘ﬂl)) ?a‘ij Ge(u))du

L5 n axl
¢ d
i o)
._J"O E bl(-[l‘;]‘;‘l,x(uﬁl{l))axi(x(u))du
i=1

is a Pn-martingale. In particular, one can see from this that for each

T > 0 there is a constant CT which is independent of n 2 1 such that

P
2
B "U[x(ey) - x(e )| < opte, - )7, 0se <ty ST

Since Pn(x(O) =0) =1 for all n 21, we now see that {Pn: n = 1}
is pre-compact in M@Q) . Let {Pn,] be a convergent subsequence with

linit P . Then P(x(0) =G) = 1. Moreover, if ¢ € Co(R?) , then

a(.[ nnt]. , X(Lﬂnt] ,w)) > a(t,x(t,w)) and b(-[n—:]- , x(-[n—:]- , u))) - b(t,x(t,0))

uniformly as (t,w) ranges over compact subsets of [0,») X O . Hence

if 0= £, <t and F is a bounded 77zt -measurable function, then
1

B (n)
lim E [ch (tz)F]

P
E [X F
[x,(¢,)F) = Lin

Pn (n) P

‘1‘21;;3 [x{p (t))F] = E [X(P(tl)F] s
t

where ch(t) = ¢(x(t)) - f ‘Lu(p(x(u))du . From here it is an easy step to
0
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conclude that P solves the martingale problem for Lt starting from
(0,3) . By a trivial change in notation, we could have carried out the
same line of reasoning to produce a solution starting from any (s,x).

Thus we have proved the next theorem.

Theorem (4.1): Let a: [0,@) X Rd - Sd and b: [0,») X Rd -> Rd

be bounded continuous functions and define Lt accordingly. Then for each
(s,x) there is a solution to the martingale problem for Lt starting
from (s,x).

The rest of this section is devoted to the development of the Cameron-
Martin-Girsonov formula. This formula will enable us to reduce both the
question of existence as well as uniqueness when a 1is positive definite

to the case in which b= 0 .

Let a be uniformly positive definite. Given a solution P to the

d
2
) 0_1 1§, .~ _2 .
martingale problem for Lt =3 z: a v (t,x) Bxiaxj starting from (s,x) ,
1,31

define

v

tvs 1,EVs
(%.2) R(®)=expl[ (" b(u,x(),dx(w) -3  (blu,x@) ,
s s

a-l(u,x(u))b(u,x(u)))du] .

Then R(t) is a P-naurtingale. Thus there is a unique Q on (Q,7)

such that Q(A) = EP[R(t),A] for all t =0 and A € Mt . We claim that
d
. 0 i d .
Q solves the martingale problem for Lt = Lt + 2: b (t,x) Ox. starting
i
i=1

from (s,x) . To see this, let 90 € Rd be given and define -

o(t) = 90 + a-lb(t,x(t)). Then for s < t1 <t and A € mt :

1
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Q _ P
E {Xeo(tz),A] =E [Xeo(tz)R(tz),A]

P _ P
E [Xe(tZ)’A] E [Xe(tl),A]
= EP[X (t,)R(t,),A] = EQ[X (t,),Al
eo 1 17’ 90 17? ’
1 tvs
where Xeo(t) = exp[ (eo,x(tv s) - x) - 7 j‘s (90,a(u,x(u))90>du] and

tvs 1 tVvs
X (6) = expl[  (o(u),dx(w)) - 5 [ (8u),a(u,x(u))6(u) > du]. This
s s

justifies our claim. Conversely, suppose that Q 1is a solution for Lt
starting from (s,x) and define S(t) = l/R(t) . Then, by extending the
considerations of Section 3 to cover b ;4. 0 , one can show that S(t) is
Q - martingale and therefore that there is a P on (Q,7) such that

P@A) = EQ[s(t),A] ,t2 0 and A € mt . Reasoning as we did above, one
can now check that P solves for Lg starting from (s,x). With these

remarks, we have the following important theorem.

Theorem (4.3): Let a: [0,0) X Rd—> Sd and b: [0,®) X Rd-> Rd be

bounded measurable functions and assume that a is uniformly positive

definite. Then Q solves the martingale problem for Lt =

d
1 ij i : .
7 Z a).J(:;,x) 3 ] + Z b (t,x) S—i—l- starting from (s,x) if and

only if there is a solution P to the martingale problem for
d
- ij
L = 3 Z a v (t,x)

i,j=1
Q@) = EP[R(t),A] where R(t) is defined in (4.2). 1In particular,

a2

axiaxj

(=]
-y

such that for all t=2 0 and A € 97(t

existence (uniqueness) for the martingale corresponding to Lt follows

) 0
from existence (uniqueness) for the martingale problem associated with Lt'
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Section 5

We saw in the preceding section that the problem of proving
uniqueness for solutions to the martingale problem for the case
of general coefficients {a(+,¢),b(,*)} can be reduced to the
case b(*,*) = 0, when o(+,+*) is uniformly elliptic. There are
other procedures which will be useful in proving the uniqueness
of solutions to the martingale problem.

Localization. Suppose {Ga} is an open covering of [0,») x Rd

and for each o we have coefficients {aa(-,-),ba(-,~)} such that
(i) {aa(.'.)'ba(.")} E{a('r')lb('/’)} on G(l and

(ii) For each a we have a unique measurable family

d

{Pg X}(s,x) € [0,») x R° of solutions to the martingale problem
X

corresponding to {aa(-,-),ba(-,-)} indexed by the starting points

(s,x) € 10,») x RY.

Then the solution to the martingale problem corresponding to
{a(*,*),b(+,*)}, if it exists, is unique for every starting point

(s,x) € [0,») x rd,

Outline of the proof: Let Pl and P2 be two solutions of the

martingale problem corresponding to {a(+,+),b(+,+)} starting from
the same point (SO'XO)' Let BR be the open ball of radius R in

[0,°) x rRY  around (so,xo). Let fﬁ = inf {t: (t,x(t)) & BR} be

the exit time from the ball. Clearly T is a stopping time and

R
?R(w) + o as R+ o for each w € Q. It is therefore sufficient
to show that P, and P2 agree on M?R for-each R< «, Let us fix
a value of R < =,

It follows from standard compactness arguments that we can find

a number § = GR > 0 such that for any (s,x) in the closed ball

ER around ?so,xo) we can find a value of a such that
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SG(SO’XO) C Ga where Ss(so,xo) is the sphere around (so,xo) of

radius §. We now define stopping times TyrToreee by 1, = Sy and

0

T, = inf {t: v > T ., [ (e, x(t)) - (Tn_l,x(rn_l)] > 6} for n > 1.
By the continuity of paths T, > @ asn->e. If we define

g =1_ A1

n n R it is clearly sufficient to prove that P, and P

1 2
agree on Mc for every n. We will prove it by induction on n.
n

Let us take the case n = 1. Since (SO’XO) € B, we can find ay -

R

such that {aao(-,-),bao(~,-;} = {a(+,*),b(*,*)} on Sﬁ(solxo) and

we have unique solutions {PSOX} corresponding to
!

{aa(°,'),ba(',')}. Let us construct solutions 51 and §2 by the

relations

hav]
i

P, on M for i = 1,2
i i T

~ 0‘0 Tl(w)
r.c.p.d. of PilM =P on M for i =1,2.
.

Tl(m) ,x(Tl(w) ;W)
1
Then by the propertics of martingales Pi are solutions to the

martingale problem corresponding to {aa (»,.),ba (+,+)} and by
0

~ ~ 0
uniqueness P, = P_. Therefore P, = P_ on M and a fortiori
1 2 1 2 Ty
on Mcl.
Assume that we have the result for n = £. Then pl = pz on Mo

L

.

- (W]
and the r.c.p.d.’'s Py and P, of P, and P, given M0 are again

solutions tc the martingale problem corresponding to

{a{e,+),b(+, )} starting from (OQ'X(Ol)), at least for .almost

all w with respect to 7y or'P,. Now the argument for n = 1

applies to the conditicnal distributions PT and Pg. The role of

(sqexg) is plaved by {7,,x(5,)) and the new o, is the same as

1 o, ()
rRErsfare Govay © w 2
G,4p- One thereiore citains that P and PY agree on M for
’ . 1 2 02’+1
almost all .. Consejuently P, = P, on M and the induction

2+1
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is complete.
The impact of the above argument is that uniqueness is a local

property of the coefficients.

Oneé Dimensional Marginals

Suppose we have a measurable family p(s,x,t,*) of probability

measures indexed by s < t and x € Rd

such that for any solution
P to the martingale problem starting from any point (SO’XO)

corresponding to {a(+,+),b(+,*)}

d

P[x(t) € A] = p(so,xo,t,A) for t > s_and A € B(R ).

0

Then the solution to the martingale problem corresponding to

{a(+,*),b(*,*)} is unique for any starting point (s ,xo), and is

0
the Markov process with transition probabilities p(s,x,t,*).
In particular p(s,x,t,*) satisfies the Chapman-Kolmogorov equa-

tions.

Proof: Let us consider the r.c.p.d. Qw of any solution P
starting from (s,,x,) given the o-field M for some t, > s,.
0’70 t0 0 0
The solution Qw is again a solution to the martingale problem

starting from (to,x(to)). By Qur assumption we have
Qu[x(t) € Al = p(ty,x(t)),t,A) a.e. P

for t > t and A € B(Rd). P is therefore the Markov process

0
with transition probabilities p(s,x,t,*) starting from (so,xo).
P is therefore unique and moreover p(*,*,+*,*) must satisfy the
Chapman-Kolmogorov equations.

Remark. It now follows by conditioning with respect to any MT

where 1 is a stopping time that the r.c.p.d. of P given MT is

the solution starting from (1, x(1)) for almost all w. In other
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words the family of unique solutions {Ps x} has the strong Markov
’
property.

Section 6

We will continue our discussion of various circumstances under
which either a reduction or a complete solution of the problem of

uniqueness is possible.

Random Time Change

Let ¢(x) be a measurable function of x in Rd and satisfy the

d

the bounds 0 < cy < 9(x) < Cp < for all x € R°. We introduce

a map T, of Q@ -~ Q@ as follows:

¢

(T, w) (t) = w(T¢(t))

)
where T¢(t) is a solution of

T, (t)
o(x(s,w)) s = t
0
Since ¢ is bounded above and below, we have a unique solution

I¢(t) of the above equation, which is a stopping time (as a

function of w) for each t > 0. Moreover T, (t) is nondecreasing

¢

in t and tends to » as t + » for each w. In fact

t o,

t
(1) < &
CL— ¢ 7 = ¢

for all ® and t.
If ¢,y are two functions of the above type then the maps T

¢

and Tw have the property

The above property is easily verified by computing the derivative
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qu) (t) - 1 = 1
dt ¢(x[r¢(t),w)) ¢[x(t,T¢w)J

In particular T¢ and Tl/¢ are inverses of each other. One can

also verify that

T M CM

¢t T, ()

¢
Suppose now that we have coefficients which are independent of

time and we denote by L the operator
L = 1 z aij (%) ___3_3___ + 2 bj (x) 9
) Sxing ij

and P is a solution corresponding to L , starting from the point

% at time 0. Then
t
£(x(t)) - j (Lf) (x(s)) ds
0
is a (Q’Mt’P) martingale for all f € C:(Rd). By Doob's stopping
theorem,

1,4t

JAt)
f(x(r¢(t))) - “J (Lf) (x(s)) as
0

is a martingale reiative to (Q,’MT (t)'P)' We can rewrite this as
¢

t
( 1
£(y(t)) - J ST L) i) as
0
¥ (

is a martingale where y(t) = x(r¢(t)) = (T¢w)(t). Since the
field generated by y(s) for 0 < s < t is contained in MT (t) we
¢

can say that

t

( 1

£(x(t)) - } STREIT (Lf)(x(s)) ds

0

is a martingale relative tc (G.Mt.Q) where Q = PT_l In other
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words, the transformation T¢ maps solutions of L into solutions
of % L. Since the mappint T¢ has the inverse Tl/¢ we conclude
that the solutions corresponding to L and the solutions corres-
ponding to %—L for the same starting point (note that
(T¢w)(0) = w(0)) are in one to one correspondence. In particu-
lar existence or uniqueness for L ensures the existence or
uniqueness for %»L provided ¢ is bounded above and below.

Remark. Let us consider the case of a diffusion in Rl corres-

ponding to

1 : 3
L=3 a(x) — + b (x) 5%

where a(x) and b(x) are bounded and measurable and a(x) in addi-
tion has the lower bound a(x) > ¢ > 0. Then by the Cameron-

Martin-Girsanov formula, the existence and uniqueness for L is

2
the same as that for L0 = %-a(x) -éz- and by the random time
9 x 2
change discussed above it is *he same as that for AO = % Jif
3 x

Since the only solution for A  is the Brownian motion we

0
conclude that we have existence and uniqueness for any starting

point. for the given operator L.

Connection with Ita's Theory

Let a(t,x) be such that a(t,x) = O(t,x)c*(t,x) for all t,x.
Suppose we try to solve Ito's equation (in the more general
sense) i.e. we look for a solution x(t), on some (E,Ft,P), where
there is also a Brownian motion B(+) which is given, of the equa-

tion

t t
x(t) = x + I o(s,x(s))ds(s)+J b(s,x(s)) ds .
0 0
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More precisely we are looking for a measure P on C[[O,w);R2d

]

starting from (x,0) at time 0, which solves the martingale

problem corresponding to

a(t,x,y) = =====-= e

and

b(t,x,y) = {b(t,X).O}

This means that the first component is a solution to the
martingale problem corresponding to {a(t,x),b(t,x)},
the second component is Brownian motion and the two are related
by It8's equations. One knows that any solution to the
martingale problem corresponding to {a(t,x),b(t,x)} car be
exhibited as the first component of a sclution P corresponding
to {a,b} with any choice of ¢ such that ¢ ¢* = a.

Pathwise uniqueness can be phrased in terms of a solution to

the martingale problem for an even bigger system. Consider

for instance

a(t,x) ! a(t,x)o" (t,x") Ioo(t,x)
| T - o
alt,x,x'.y) = { o(t,x')o* (t,x) E alt,x') i o(t,x")
_______________ S R
] ]
o™ (t,x) E o*(t,x") ! I

and

b(t'x’x"y) = {b(tlx)l b(t,x"), 0}

A solution P to the Martingale problem corresponding to {a,b}
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starting from (x,x,0) on C[[0,»); R3d] is just the distribution
of x(t), x'(t) and B8(t) where B is a Browniah motion and

x(*), x'(*) are two solutions of Itd's equation in terms of the
Brownian motion starting from the same point x. Pathwise
uniqueness is therefore the same as every such P living on the
diagonal x(t) = x'(t) for all t.

To see that pathwise uniqueness implies that the solution to
the martingale problem is unique, we need a construction which
starts with two solutions Pl ’ P2 to the martingale problem
starting from the same point x and ends up with a solution B
starting from (x,%,0) corresponding to {4,b} which has Pl,P2
for the marginals for the first and second components respect-

ively. Since P lives on the diagonal we will conclude that

This construction carried out by Yamada and Watanabe is as

follows: We can start from Pl andIP2 and construct two solu-

tions P, and P starting from (x,0) corresponding to {a,b}.

1 2
The second component is Brownian motion under both El and 52.
Let us denote by Rl and R2 the r.c.p.d. of the first component
given the second component. Let us denote by W the Wiener
measure. We denote points in C[[0,«); R3d] by three components

wl r Wy wgy and write

P(dwl,dwz,de) = W(dw3) Rl(w3; dml) R2(m3; dmz)

In other words we make the first two components independent
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under B given the third component which is Brownic:n motion.
This clearly works.

We also deduce from this that Rl(w3,dwl) and Rz(w3,dw2)
must be degenerate distributions for almost all W3 In other
words the solution x(-) to Itd's equation is really a measurable
functional of the Brownian path even though we did not know it

to begin with.
Section 7

We saw in a preceding section that if the eguation

Ju
* ou =
(*) 5E T Ltu £
with u(T,x) = 0 can be solved for 0 < t < T and for every

T < o for sufficiently many functions f then we can
conclude uniqueness. Let us pursue the point a little further.
Suppose Pl and Pz, are two solutions starting from (so,xo).
Let us define

p. T
Aj(£) = E 1y I £(s,x(s)) ds]
S

0

Our aim is to conclude that Al = Az. For each f for which we
can solve the equation (*) with a smooth solution we can get

A lE) = A,(f). Sometimes one can prove that the set of
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functions £ for which (*) is solvable is a dense class in some
Lp space. Then one has to go back and show that Al and A2 belong
to the appropriate dual space so that one -can still conclude that
Al = A2.

We are now going to prove the uniqueness for coefficients
{a,b} such that a is uniformly elliptic, a is bounded and con-
tinuous in t and x, and b is bounded and measurable. Because of
the Cameron-Martin-Ginsanov formula we can assume that b is
identically zero. By the localization procedure we can assuﬁe
that a is uniformly close to a constant matrix ag o« which
after a linear transformation of Rd can be assumed to be I.

The problem of uniqueness therefore can be reduced to the follow-

ing two propositions.

]

Propositior 1. Let us consider alj(t,x) éij + elj(t,x)
where ]elj(t,x)l i_so for some € > 0. For a suitable choice
of €0 and a suitable choice of Py for every T, the equation (*)

has a smooth solution for a class of functions f which is dense

in L_ [[o0,T] X Rd]-
Po

Proposition 2. For any solution P to the martingale problem

corresponding to {a*J(t,x),0} starting from any point (SO’XO)

with 0 < s, < T,where T < « is arbitrary but given,
T
A(E) = EF [ f f(s,x(s)) ds}
o

is a bounded linear functional on LPO{[Q,T] x R4}, [Here p, is
the same as in Proposition 1 and the coefficients also satisfy

the same bounds [alJ(t;X) - 6ij’ S €y as in Proposition 1.]

Outline of Proof: Let us fix an interval [0,T] ang consider the
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function

p(s,x,t,y) = '——'—l———— e 2(t-s) for 0

A
10}
A
o+
I~
L=

(27 (t-s) 1972

We define an operator G acting on functions f defined on [O,TJXRd

by

(Gf) (s,x) = I f(t,y) p(s,x,t,y) dt dy
d

R

0 ——3

T

Since G is a convolution and J I a p(s,x,t,y) dt dy < = we
R

0 “r

conclude that G is a bounded operator from Lp[[O,T]XRd] into
T

itself. Moreover f I a Ip(s,x,t,y)]a dy dt is finite for
0 'R

o < (d+2)/d. This in turn implies that

IGfl, < C  UEl

if a* > d/2 +1. If Gf = u for some nice f then
(1) u(s,x) » 0 as s > T for all x

(ii) u is smooth and

We have the following important bound from the theory of singular
integrals.

For any a in the range 1 < a { © there is a constant M, such
that

2
37u
l____I < Mal £l

99X, 0X. q
L, [10,T]xR"] L, [10,T]xR"]

1]
We shall choose and fix a value of o larger than d4/2 +1. Let

us call it a The corresponding bound Ma will be denoted by MO’

0% 0
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Now consider the coefficients aij(t,x) such that

atd(t,x) = 84 et (e, x)

where Ielj(t,x)] < e, and €, is to be chosen presently. We

0 0

want to solve

du . 1y _ij 2%u

s t2 [ a-(s/x) xoon, -~ &

i ]

i.e

du . 1 1o ij 5%u

-a—s' + -2— Au + —2-2 € (S,x) ‘—'-“—‘axiaxj = - f

if we try for a u of the form u = Gg then we have to solve

. 2
i3
Denoting
82Gg

pg =31 e (s e
1]

we want to solve

Il
1
h

-9+ Eg
or

1
Fh

(I - E)g

The problem formally is to invert (I - E). However

d2
1Egl < 5> g M. lgl .
ay — 2 00 %

If e, is chosen so that dzmoeo < 1, we shall have

0

This in turn implies that (I - E)—l exists as a bounded operator
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in Ly [[0,T] x rR4] and

0
-1
(1 -E) £l < 2080
0 0
Formally
u=G(I - E) 1t
The set of f's for which u is nice are those for which (I—E)-lf

is nice. We do not know what they are except that they are

dense in Ly - This proves Proposition 1.
0

We now turn to Proposition 2. Let P be some solution to the

martingale problem corresponding to {a(-,*),0} of the sort
discussed above.

We can find a Brownian motion on our space such that
t
x(t) = x5 + I o(s,x(s)) dp(s)
0

We can assume without loss of generality that the starting time
is 0 and that the starting point is some Xq € Rd_ Let us define

j+1

' 3y, gg 3
oplse0) = olgmr xl5)) Af fes<

and

t
xn(t) =X, + I on(s,w) dg(s) .
0

We define the linear functionals

T
P
An(f) = E [ I f(s,xn(s)) ds])
0

Since, by the properties of stochastic integrals xn(t) + x(t)
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uniformly in probability as n + . We conclude that for each

smooth £

lim An(f) = A(f) .

n-+>co

Moreover each xn(-) as a stochastic process 1is piecewise
Brownian motion. Thexefore there is clearly a constant Cn such

that
]An(f)l < Cnllflld0

Our problem in completing the proof of Proposition 2 is to
obtain a uniform bound on Cn independent of n. Let us pick a

function u = Gg for some g. Then

t

2
ou 1 ij 37 u
u(t,x (t)) - f [55 +51 a ” (s,w) 5;:75;J (s,xn(s)) ds
0 3
is a martingale, where a;J(s,w) = Sij + e;j(s,w) for some

e'd(+,+) with [e;J(',')l < €, uniformly. Therefore

ult,x (£) +

O —ct

t
1 i3 3%cq
g(s,x (s)) ds - 5 J Ie(s,w) o (Sex,(s)) ds
0 3

is a (Q,Mt,P) martingale. Equatihg expectations at + = 0 and

t = T and using the bounds on E;J(',‘)

T T
2
lato,xy) | > |E Jg(s,xn(S))dSH— 3 soE[[ I ;a—gig%j| (s, (s))ds]
0 0

In other words

€ 2
(@1 < Juox)| + 52 ] An(la_a_Gs.;l]
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Let us denote ang/axiaxj by Hij(s,x). Then

€0
[A (@) < Ju(o,x)| + —— ] A
i,j

[)

n(lHy

Taking the supremum over all g with “g“a < 1 we obtain for
o 0
0

the norm ﬂAn" in the dual space of L,

[+ o
0 ' 01 2
A e A LT

a
Since lAnH 0 < C, is finite we have

%o ' 2
ﬂAnﬂ < ano (using eod Mao <1

This completes the proof of Proposition 2.
Section 8

Here we are interested in proving the convergence of the diffu-
sion process corresponding to {an,bn} to the one correspond-
ing to {a,b}. We shall illustrate the methods in the simplest
situation. Let us suppose that {an} and {bn} are bounded
uniformly in s,x and n. We shall further suppose that ay and b,
are converging to a,b uniformly on compact subsets of [O,w)xgd
and that ans bn' a, b are all continuous functions of s and x.
Finally each a and a is assumed to be uniformly elliptic. Let
(sn,xn) be starting points converging to (s,x). We denote by Pn
the solution for {a ,b } starting from (s ,x ) and by P the

solution for {a,b} starting from (s.x).

Proposition: P converges weakly to P as n » o,
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Outline of Proof: From the fact that the coefficients {an,bn}
are uniformly bounded and that (sn,xn) varies over a bounded set
we conclude that Pn is weakly conditionally compact. Let Q be
any limit point. Without loss of generality we can assume that
Pn = Q as n > «, If we prove that Q is a solution to the
martingale problem for {a,b} starting from (s,x) then by the
uniqueness Q must equal P and we have proved the proposition.

We note that for f € Cg(Rd)

t
f(x(t)) - J b (s,x(s)) as
Sn
is a (Q,Mt,Pn) martingale. Here
82

. £ . N E
ll)n(s,x) = %Z aij(s,x) ﬁ:ﬁ; (x) + ¥ b%(s;-\l) :‘;)- {(x)

Clearly wn(s,x) + Y (s,x) uniformly on compact s¢ts where

£

iy 2 . .
Y(s,x) = %_ 7 ald(s,x) ﬁ__-_afx_. (x) + J bl(s,x) o (%)
1)

)

Just as in the proof of existence we condlue that
t
f(x(t)) - I Y(s,x(s)) ds
s

is a martingale relative to (Q,Mt,Q)- This completes the proof.

We note of course that

Qlw: x(s) = x] =1
because

Pn[m: x(sn) = xnl =1 for each n.
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One can prove by these techniques that under very general con-
ditions certain Markov chains converge to diffusions. Let us for
simplicity treat the time homogeneous case. Suppose for each
h > 0 we have a transition probability-ﬂh(x,dy) on Rd satisfying
for each f € Cg(Rd)

lim %f E(y)-£(x)] T, (x,dy) = (Lf) (x)
h-+0

uniformly on compact subsets of Rd, where

‘e 2 .
9 3
Lf = %‘ Z a*d (x) '3?1%% (x) + Z b](x) 55; (x)

We assume here that the coefficients are continuous and bounded
on Rd and that {a(x)} is uniformly elliptic. Let us fix a start-
ing point Xq at time 0 and construct a Markov chain which at
times jh, j = 1,2,... Jjump according to Hh(x,dy). We can
interpclate linearly in between so that we have a measure Ph on
“-he space § for each h > 0. We want to show that

lim P, = P
hso P
where P solves the martingale problem for L starting from X

at time 0.

Sketch of proof: Let us pick a function ¢(x) with ¢(x) = 1 for

x| < 1 and ¢(x) = 0 for [x| > 2 which is smooth and satisfies

0 < ¢(x) < 1. We define ¢R(x) = ¢(x/R) and consider
IR (x,R) = 6p(x) T (x,8) + [1-6,(x)] Xp ()

We define PE just as Ph was defined relative to Hh and LR is

the operator

(LRE) (x) = o (x) (L) (x) .
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Clearly

TRE-£
lim " = LRf uniformly
h~+0

for each f € C;(Rd). One can now show that {Pg} is relatively
compact as h - 0 on © and any limit point is a solution corres-
ponding to LR’
The compactness 1is established by the techniques that we have

already seen. To identify the limit we note that

n-1 R

f(x(nh)) - _Z (th—f)(x(jh))

3=0

is a martingale relative to (Q,Mnh,Ph). If we let h » 0 along a

subsequence so that Ph = Q we conclude that

t
£{x(t)) - f (LgE) (x(s)) as
0
is a martingale relative to (Q,Mt,Q). Q must therefore necessar-

ily agree with P on MT where TR is the exit time from the
R
sphere of radius R. In particular

lim sup P [ sup |x(s)|>2] < Q[ sup |x(s)|>2] = P[ sup |x(s)]|>2]
h=>0 0<s<T 0<s<T 0<s<T

Therefore
lim sup lim sup lim sup Pﬁ[ sup |x(s)|>2] =0
L > R > h~+0 0<s<T
The last inequality implies that for large R the difference
between PR

h
interval. Consequently one can interchange the limits as R + «

and Ph'is uniformly small as h - 0 on any finite time

and h » 0 and conclude that P itself converges to P as h + 0.

h
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Section 9

We will be concerned here with the situation in which we
cannot assert uniqueness. To fix ideas let us suppose that
{a,b} is bounded and continuous. We have existence but no
uniqueness. For each x let CX be the set of solutions starting
from x at time 0. Cx perhaps consists of more than one element.
We want to pick a PX from each Cx such that {PX} is a strong
Markov family. The crucial property is that for any stopping
time T the r.c.p.d. of P given MT is in the class CX(T)
provided we reset the time 1 as 0. The idea is to pick a bounded
continuous function fl(x) on Rd, A > 0, and consider for each x

the set Ci defined by

1 P At [ "Mt
C_. =4{pP: PEC_, E[ | e f.(x(t)) dat] = sup [|e £, (x(t))dt]
X x 1 1
0 PECx
By ideas very similar to that of dynamic programming one can show
that Ci inherits from Cx the property of being closed under
conditioning.

We now pick 1}, and f2 and define

o
=A,t T -t
ci = {p: PGCi; EV Ie z £, (x(t))dt] = sup EF | Ie 2 f2(x(t))dt]}
Y Peci 0

n .
and so on. Such C, will have the property of being closed
under conditioning. If we go through (Aj,fj) which is dense

among all pairs (%,f) then denoting by D, the intersection N Cz

. . n
we see that D, is closed under conditioning and furthermore if

Pl and pz mare in Dx ’

4

P RO ) i
E 1 I,e oE(x(t)) atl = E 2[ I e At f(x(t)) at ]
0 0
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for all and f. This means that
P [x(t) € A] = P, [x(t) € A] for all t > 0 and A € B(RY).

By the method through which we proved uniqueness this in turn
implies that each DX consists only of a single element Px and
they of course automatically form a strong Markov family.

There is also a natural converse in the sense that starting
from all strong Markov families (PX} and mixing them up one
can recover the collection CX.

In other words any nonunidueness of solutions to the
martingale problem arises from nonuniqueness of the Markov semi-
groups whose infinitesimal generators are extensions of L from

smooth functions.
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INTRODUCTION

We shall give a fairly selfcontained account of some results on waves in
random media and related problems that we have considered in the past few
years [1]1-[6]. These results reiy upon propertieés of solutions of differential
equations with random coefficients, i.e., stochastic equations. We restrict
attention to one-dimensional problems so that we are dealing with stochastic
orainary differential equations. There are a few results, at present, dealing

with multidimensional problems at [cf. 12} but we shall not discuss these here.

1. FORMULATION OF THE PROBLEMS

We consider a one-dimensional mediun occupying the interval [0,L] with a
wave of unit amplitufie incident from x< O. Let u(x) exp { -iwt} denote the
complex-valued wave field at location x at time t. The time factor will be
omitted as is customary. The field u(x} satisfies the one-dimensional reduced

wave equation

2
22
1.1 9_‘_-’.;314,;(:; (x} ulx) = o, 0< x< L

dx

Here n(x) is the index cf refraction, k = /¢ is the wave number and ¢ is the

The index of

. L3 3 e
free space propagation speed. ¥esraction n(x) is a random process

with known statistical progerties to te discribed below.
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A wave of unit amplitude is incident from the left which is free space.

Therefore,

(1.2) u(x) = eJ'kx + R e'-lkx , x< 0
’

where R = R(L,k) is the reflection coefficient. It is a complex-valued random
variable with |R| <I. Thc region to the right of [0,L] is also free space so

that the transmitted wave is
(1.3) ulx) = 1 KX
where T = T(L,k) is the transmission coefficient.
Equation (1.1) for u(x) in 0< x< L is supplemented by requiring that u(x)
and du(x)/dx be continuous at x = 0 and x = L. This yields the two point

boundary conditions

1 1 du(x) _
(1.4) 3 [u(x) + * ax ]x-_-o =1

1 1 du(x) _
(1.5) 3 [u(x) - Ik Tax ]X=L =0 .

Equations (1.1), (1.4) and (1.5) determine u(x) completely. Then R and T

are given by
_ 1 _ 1 du(x)
(1.6) R(L,k) = 5 [u(x) % ax ]x=0

) _ 1 -ikx _1 du(x)
(1.7) ™L,k) = 3 e [u(x)+ Ik ax .
x=L

where u(x) = 'u(x;L,k) but we suppress dependence on L and k. Note that we have

the conservation relation
(1.8) I)? + |r]® =1

which says that the wave energy per unit time transmitted through [0,L] _plus

the wave energy per unit time reflected equals the incident energy per unit
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time which is normalized to one.
We shall now describe the class of random indices of refraction n(x) which

we will consider. We assume that
2
(1.9) n“(x) =1+ g(y(x)

where y(x), x > 0, is a Markov process on a state space S which is a compact
metric space and g(y) is a continuous function from S to [-1/2,1/2], i.e.
[g(y(x))]| < 1/2 for all x > 0. The Markov process y(x) is assumed to be
ergodic (more'technical assumptions are introduced later) with the initial
value y(0) distributed according to the invariant distribution so that
{y(x), x > 0} is also a stationary process. We shall denote by E{*} expecta-

tion relative to this stationary Markov process and we shall assume that

S (1.10) E{g[y(x))} =C, E{gz(y(x))} =a® >0

and ©
(1.11) szz{g(ym)) g(y(O)]} ax = & > 0.
[+
(o]

'The dimensionless variable o is a measure of the size of the fluctuations in
the refractive index while the parameter £ with the dimensions of length is
a measure of the amoﬁnt of correlation in the fluctuations at different
points.

The prcblem at hand has three natural dimensionless parameters: o, kL and kL.
The quantity of principal interest to us, the transmission coefficient T, is

thus a functional of process y(-) and a function of the parameters L, k, £ and

(1.12) T = T(L,k,%,0) ,

with a, kL and kf dimensionless parameters.

One can study the statistical properties of the transmission coefficient T
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in at least four interesting asymptotic limits which we now enumerate.

(i) Rapid fluctuation limit (law of large numbers). This means that £ is

small while all other parameters are fixed. Thus, we replace & by 822 with

€ > 0. It is easily seen that T(L,k,ezl,a) + 1 with probability one and this
is not difficult to prove as will be explained in the next section. If the
index of refraction has the form nzkx) = Cz(x)(l + g(y(x))), instead of (1.9),
with (x) a deterministic refractive index then T(L,k,ezl,a) -+ Deterministic
transmission coefficient corresponding to Z(x). Returning to the case T + 1
one may now analyze the limiting distribution of eal[T(L,k,szﬂ,a) - 1] as

€ > 0 and show that it is a complex-valued Gaussian distribution. This is
also easy to show and it is discussed further in the next section.

(ii) White noise limit. This means that we replace o by 0/€ and & by 822

and let € * 0. We shall see later that T(L,k,Ezl,a/e) converges weakly as

€ >0 to a random variable whose distribution can be obtained explici.ly, in

principle. However, it is very difficult to extract physically useful informa-

tion from the limit since the necessary calculations are prohibitively complex.
Physically, the white noise limit is just what the words mean: if g% (x) denotes

the scaled random process g(y(x)) then its correlation E{ge(x + x') ge(x')}

tends to 2 a?y §(x) as € + 0 where 8(x) is the Dirac delta function.

(iii) Weak fluctuations -- large scattering region. Here we replace o by

ae and L by L/ez.‘ It is easy to see that T(L/sz,k,l,ea) = T(L,k/ez,gzz,ea)

= T(L/c,k/€,€%,€0) and hence the limit could have been called the weak fluctu-
ations =-- high frequency -- short correlation limit. The important thing to
notice here is that the dirensionless parameter k% is independent of €. This
‘means that the wave leagth of the incident wave A = 2m/k is comparable to the
correlation length and both are small compared to the size of the scattering
region (and the fluctuaticas are also small). This is the asymptotic limit of
basic physical interest f£or waves in random media. It turns out, fortunately

that practically everythlag one wants about T can be computed explicitly in
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this asymptotic limit [1]-[2].

(iv) Large scattering region - Large wave lengths. Here we replace L by

L/e? and k by €k and note that T(L/e2,ek,%,0) = T(L,k/c,e22,0) = T(L/e,k,eR,0)
which means that this limit could have been called the small wave length --
small correlation length liumit with the correlation length much smaller than
the wave length. Note that we do not assume weak fluctuations here (just as we
did not assume wezk fluctuations in case (i)). The present scaling is of

interest in the heat conduction problem [4], [7] which is introduced below.

Having enumerated several intersting asymptotic limits we now pose the

following problems:

"
Problem I: Show that T(L/g ,k,%,€a) has a limiting distribution as € + 0

and compute this distribution explicitly as a function of L, k, £ and a.
Problem II: Same as Problem I, for T(L/€2,€k,2,a).

It turns out, not so surprisingly, that the limiting distributions in I and
II are in fact the same but their parametric dependence on k and % is different.
We return to Problems I and II in Sections 3 and 4 respectively.

We shall introduce the heat conduction problem next. One can also give a
less phenomenological derivation than the one below for the quantity of inter-
est [14].

Suppose that the incident wave from the left is not monochromatic but a

general time dependent pulse so that for x< 0

0

(1.13) ult,x) = f e—lwt[elkx +R e—ikx] Glaw) .

-0
Here G(dw) is a complex-valued measure on Rl such that G*(—dm) = G(dw), star

\..'.,' i 3 : 2 : : .
+=ing complex conjugation. We assume that G is statistically independent of

=3¢ fluctuation process y(x), that <G(dw)> = 0, and that
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(1.14) <G(dw). G*(-dw")> = 8(w) S(w + w') daw aw' .

We use angular brackets < > to denote expectation involving G which is distinct
from E{ *}. Thus we assume that the wave incident from the left is a stationary
random function of time, statistically independent of the scattering medium
and with power spectral density 0(w).

By (1.3) and linearity, the transmitted wave is

o
(1.15) ult,x) = je'”"t @, x) ctaw x>L.
-0
Since k = w/c this is the same as
o«
-iw({t-
(1.16) ult,x) = Ie Wl nw, 9 ctaw | x> L
-0

and this is a real-valued process. From (1.14), (1.16) and the identity

7*(L,k) = T(L,-k), it follows that
o0
(1.17) <u(t+s,x) ult,x)> = j g lus

-0

2
(L, %)l 6(w) do, s>0.

The quantity on the 1left is the time correlation function of the transmitted
wave with time lag s. We see that it is independent of t >0 and x > L. Of

particular interest is the variance of average transmitted wave defined by

(1.18) JglL) = IE{IT(L. ‘-;—')Iz} 8{w) aw .

-l

‘ 2.
Since both [T(L,w/c)|” and 8(w) are even functions of w, we have

«©
(1.19) gL = 2¢ I z{l'ru..k){z} f(kc) dk .
o

To simulate a heat 5ath at tecperature equal to 90 on the left (x <0) we

shall take 6(kc) = €, > 0 in [0,1] "and zero for ke > 1. Only the behavior of

® near k = O matters as ¥¢ shall see. Since no waves impinge from the right,

the medium on tis@ right is At terperature zero. Thus we define the average

tate of heat conductisa by
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1
{
(1.20) 3(0) = 2¢0, IE-UT(L,k)]z} & .
0

Problem III: Determine the asymptotic behavior of J(L) as L =+ =,

We return to this problem in Section 4 ‘and show [4] that J(L) v 12 5

L > o,

There are many other interesting problems one can pose about the behavior of
T(L,k,%,0) or even the wave amplitude u(x;L,k,&,(x) at interior points 0 < x<L.
Some -0of them are discussed in the references (and the many more references to
be found therein).

One can show [8], [9] by continuous-time analogs of Furssenberg's theorems
[10] that |T(L,k,2,0)|° + 0 as L + @ with probability one. In fact,
E{]T(L‘,k,l,u) |2} decays exponentially to zero as L > «, as is shown in [8].

The ‘exact constant of exponential decay is not known, however. We return to

this guestion in Section 6.
2. LIMIT THEOREMS FOR STOCHASTIC EQUATIONS

The approach to Problems I, II, III of the previous section that we shall
follow. is this. Consider the wave field u(x;L,k) satisfying (1.1) subject
to (1.4) and (1.5). Define the forward and backward traveling wave amplitudes

A and' B by (cf. [1])

_ 1 -ikx _ i du(x)
(2.1) Alx,k) = 3e futx) - &=—3=1
: _ 1 ikx i du(x)
B(x,k) = 5e [u(x) + % an ]l .

Then (1.1), (1.4) and (1.5) yield the following equations for A and B.

-2ik
A(x,k) . 1 e A(x,k)
(2.2) = ikg(y(x)) , 0< x<0L,

-1 B (x,k)

gl

B (x,X) _e21kx
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with

(2.3) A(0,k) =1, B(L,k) =0 .

Furthermore, (1.6) and (1.7) become

(2.4) B(O,k) = R(L'k)l A(er) = T(le) .
Now let
1 e—2ikx
oy - ikg(y(x)
(2.5) m(x;k) = > _ezikX' o

and let Y(x;k) be the 2 X 2 fundamental solution matrix of (2.2) i.e.

(2.6) L v(xik) = m(xik) Y(xK) Y(0;k) = I.

From the structure of m in (2.5) we see that Y has the form

a b
(2.7) Y

"
-~

2 2
o la]“~|p]"= 1,
b a
i.e., ¥(x;k), x > 0 is a random process with values in the group SU(1,1) and
k is a parameter. It also follows.from (2.3), (2.4) and (2.7) that
T(L;k) (= T(L,k,%,0)) is & function of a(L;k), b(L;k) and in particular

1
lawix) |2

(2.8) |y |2 =

Therefore 'the problems of the previous section reduce to the determination
of the asymptotic distribution of Y(L;k) (= ¥(L;k,%2,0)), under various scalings
But Y is the solution of the stochastic initial value problem (2.6). So we
need some theorems regarding the asymptotic behavior of stochastic ODE's
depending on a small parameter.

Following [5] we shall describe next some results concerning asymptotics for

stochastic ODE's. In Section 6 we shall prove in some detail one particular
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result; the others follow in much the same way.

First we consider initial value problems scaled as in Case (i) in Section 1.
We shall denote by t > O the independent variable, by ye(t) the scaled
fluctuating coefficients and by xe(t) the scaled random process which is the

solution of

axt(e) _

- Flx(0),y5 (1) ,€) <) = x.

(2.9)

Here F(x,y,€) is a given function from R* xs x (0,1] to R® so that xe(t) is
R -valued. Recall that the fluctuation process ye(t) takes values in some
compact metric space S (the space of coefficients). The discussion here will
be informal to avoid detailed listing of regularity and other hypotheses
necessary for a complete treatment.

Suppose that {y(t), t 2_0} is a given ergodic Markov process on S (more
details in Section 6) and that yE(t) = y(t/ez). Suppose also that F = F(x,y)

and with x fixed put
(2.10) Fx) = E{F(x,y())} .

Here and in the sequel E{ *} refers to expectation relative to the probability
measure of the ergodic Markov process {yt), t 3_0} regarded as a stationary

process, i.e. with y(0) distributed according to the invariant measure of the

process.

Let xX(t) be the solution of

2.11) &) - B %0) = x .

It is reasonable to expect that as € > 0, xe(t) + x(t) in probability. In fact

it is not hard to show that [2,13,15] for each § > 0 and T< =,

(2.12) P{ sup ]xs(t) - x(t)]| > 6} +0 as €>0.
& KT
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The reader can verify easily that this result covers Case (i) of the previous
section.

One can now consider the behavior of the fluctuation process s-l[xs(t)—i(t)).
Again one can show [2,13,15] ;hat»this process converges weakly as € > 0 to a
Gaussian Markov process whose infinitesimal parameters are easily identified.
Since we shall not use this result, we shall not discuss it further (cf. also
[171).

Next we consider scaling corresponding to Case (ii). Now ys(t) = y(t/e?) as

above, but

(2.13) F(x,y,E) = e-lF(l)(x,y) + F‘z)(x,y) + 0O(€)
in (2.9) and

(2.14) HKrY xyent=zo.

The asymptotic behavior of xs(t) in this case was treated first by
Khasmingkii [16]. It is also treated in [5] and in several other places
referred to in [1] and [2]. The result is that xe(t) converges weakly to the
diffusion Markov process x(t) as € + 0 and the infinitesimal generator of

this process is given by

(2.15) L £00) = I E{ﬁ‘” iy ) & @M xyen- %"—)} as
0 -
+ E{F(z) (%, (0)) - 3’-;—,“"—)}
Case (iii) corresponds to-ye(t) = y(t/ez) as above but now F(x,y,€) in (2.9)
depends also explicitly on t/e2 i.e.

(2)

(2.16) F=ctr® x,y,t/6%) + F? (x,9,t/6%) + 0te) ,

and again

(2.17) e{r P xy, 1} =0.
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The asymptotic behavior of x*(t) in this case was also cbtained in [16] and
the result is that xe(t) converges weakly to the diffusion process x(t) as

€ > 0 whose infinitesimal generator is given by

T ®
(2.18) L £(x) = lim %j at j ds E{F(l) iy ©@,0 & My, t+s)af(x))}
T !
T
* lin & f at E{ @ (v, af(x’} .
THe

This result is also proven in [5] and formula (2.18) for the limit generator
is the basic tool for the computations carried out in [1]-[3].

Case (iv) differs from Case (iii) only insofar as instead of (2.16) we have

S W @

(2.19) F /Y t/E) + F (x,y,t/€) + O(g).

The generator of the limiting diffusion process is given now by

T ©
(2.20) LEGx) = lim if at f ds E{F(l) =y 0,8 & FY (x,ys),t)- 95‘—’9—)}
o T ! ! 9x 9x

This is the formula used in the heat conduction procblem [4]. 1In Section 5 we
shall give a'brief proof of this result following [5].

In addition to the above 1limit theorems in which € + 0 and t stays fixed in
some finite interval 0< t < T< = , one may also consider what happens to
xe(t) as 't > © while € > 0 is fixed but small. Some results regarding this
question are given in [6].

Another type of question that can be asked is this: In case (i) where (2.12)
holds, suppose U is a set of trajectories that does not contain the trajectory
x(t), 0 <t <T. What is the probability that xe(-) € U, for € small? This
probability is exponentially small and the exponential constant can be

computed explicitly [18].
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3. APPLICATICN TO THE TRANSMISSION COEFFICIENT

€
Formula (2.18) can be applied to the matrix-valued process Y (x;k) which is
the scaled version (Case (iii)) of (2.6)
. 2
1 e-21kx/€

ikg (y (x/€2)) £
2

ay €
_e2ikx/€2 . Y, Y (0,k) = I.

=1
(3.1) ax " &

€
x
We find that Ye(x:k) converges weakly as € * 0 to a diffusion Markov process
with values in SU(1,1) and it ‘'remains to find its generator explicitly [1].
The calculations for this are straightforward and in addition (cf. [1]) one
can compute the limiting distribution function of the transmission coefficient

explicitly. One also finds that

©o
2 .

(3.2) lim E{]T(L/Ez,k,l,e) lz} = 21 f e YL (E+1/4) Lol It ge

€¥0 cosh”™ Tt
where Y = y(k) is given by

]
k2

(3.3) Yk) = TI E{g(y(s)) g(y(O))}cos 2ks ds

and should be thought of as the proper form of £ here since % does not appear
in the result (3.2). In [1] and [2] we also give references to other papers
where formula (3.2) is derived.

Formula (2.19) can be applied to the matrix valued process Ye(x;k) which is

now taken to be the scaled version of (2.6) under case (iv):

e—21kx/€

. 2 1l
Ys - 1 ikg yéx/e ) YE' Ye(o,k) = 1.

(3.4) .
€ _e-21kx/€ 1

g™

Now the generator of the limiting process has thé same form as that of (3.1)
(cf. (4.11) in [1), Part I) but the coefficients change (as explained in [4]

also). Formula (3.2) is valid again except that now Y = Y(k) is given by
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«©
2
k .
(3.5) Yk) = TIE{g(y(s)) g(_y(O)]} ds
0
which is in fact k22/2.
4, APPLICATION TO THE HEAT CONDUCTION PROBLEM
We rewrite the average rate oi heat conduction (1.20) in the form
VL

2
(4.1) A g = 208, IE{IT(L, Ry } a
o VL

If we set L = 8-2 and use the results of the previous section we see that

=]

2 .
(4.2) lim E{[T(e’z,ek,z,l)lz} = o1 f e Y(EH/4) £ ednh TE 4
e¥o 0 cosh™ Tt

where Y(k) is given by (3.5) i.e. Yy = k2£/2. Now we take the limit L =+ © in

(4.1) and use (4.2) assuming that we can take the limit inside the integral.

Wé obtain
(4.3) Lim /L 3w = 206, (2m) f f K AL/ /2 t—Slﬂ;—E at ak
Lo 00 cosh™ Tt
3/2 @
B, (2m) _ ,
_ % I(t2+%) l/2tsln2'rrtdt.
/% o cosh“mt

This settles problem III of Section 1.
It remains to verify that one can take the limit L -+ ® inside the integral
sign in (4.1). This requires special considerations that are due largely to

Pastur and Feldman [8] -and are considered in Section 6.
5. PROOF OF A LIMIT THEOREM

We shall now give a brief argument that shows how the result 1leading to
(2.19) is obtained.

The process xe(t) under consideration is assumed to satisfy
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ax® (t)

(5.1) 3t

= 2 () %0 eve), $£(0) = x

where F(x,y,T) is a function on R x s x [0,®) with values in R and
ye(t) = y(t/ez) where {y(t), t 2_0} is an ergodic Markov process with values
in S which is a compact metric space. We shall assume that F is a differenti-
able function of x and T and continuous in y. Regarding y(t), t > 0, we assume
that it is a right continuous Markov process whose infinitesimal generator
(5.2) Qf(y) = limf];— [-E {f(y'(h))} - f(:{)]

hto =4
is a bounded operator on C(S). Here Ey{i} is expectation with respect to the
probability Py on trajectories in S that start from the point y.

We have assumed that {y(t), t > 0} is ergodic. Actually we néed that this
be so with an exponential approach rate so that the operator *Q_l is well
defined and bounded on functions which average to zero with respect to the
invariant mcasure. In other words we ascume that the null space of Q is
one~dimensional, spanned by the onstant functions, and that the Fredholm
alternative is valid.

The process (xe(t),ye(t)) is a Markov process with values in R® x 5. Let L:

denote the infinitesimal generator of this process. It is easily seen that
€ 1 9
(5.3) L f(x,y) = -EE-Qf(x,y) + E-F(x,y,t/e)- .f%g;!i .
€

Note that the infinitesimal generator depends on t so that the process is not
time homogeneous. The pobbability measures Pi,y on trajectories in R' xs

starting from. (x,y) can be characterized by the martingale approach of Stroock
and Varadhan: it is that probability measure D([0,%), RFXS) (Skorohod space)

for which

t
(5.4) £(x(t),y () ,t) -f (Lz + g—s—) £(x(s),y(s).s) ds
0
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is a martingale for each f£(x,y,t) which is bounded and has bounded x and s
derivatives.

For the asymptotic analysis we require that

(5.5) I F(x,y,T) P(dy) £ 0
S

where ﬁ(dy)‘is the invariant measure of {y(t), t 2_0}. This is hypothesis

(2.17). Let Y(y,dz) be the kernel of —Q_l so that

(5.6) - ¢7hw = [ v ne
S

where 'h is bounded and
(5.7 fh(y) P(ay) =0 .

Let f(x) be a fixed function with bounded and continuous second derivatives.

Define the operator.

‘ - - : of
(5.8) L fx) = f [ P(dy) V(y,dz) F(x,y,T)* —S; (Flx,2z,0 - ——%—)

S S
We shall assume that for each f fixed
T

(5.9) L £(x) = lim f ds EHS £(x)
The o

exists uniformly in x and T and is independent of T as shown. It can be
verified easily that (5.9) and (2.19) are identical.
. o
Now for the limit theorem we proceed as follows. Fix f(x) smooth (say C

with compact support) and let for € > 0, A > 0,

~ 2,1)
5.10) £ N ey,m = 20 + ¢ Y ry,w + BN G+ A0 iy
where

(5.11) q;él) (x,¥,T) = j Y(y,dz) Plx,z,T)* E"gj’
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(5.12) ﬁél’l)

“As =
(x,T) = [ e [LT+sf(x) - Lf(x)] ds
0

and
3‘1’;” (x,2,T)

.13 v N gy, = f (y,dz) [F(x,z,r)-

ox
(1)
oY 7(1,4)
. e N
- LTf(x) T + F(x,z,T) ————fgg—————]
Then,
(5.14) (543 My, 5 = Leeo + A@él’x)(x, 5 4o .

In fact, the point of the above constructions is precisely to obtain (5.14)

which is a formalized perturbation theory.

(e, 2

We return to (5.4) and put for £ the function f (x,y,t/€).  We see then

from (5.10) and (5.14) that
t

(5.15) f£(x°(t)) - J LexE(s)) as = - A N (Ew, g) + O(€) + Martingale.
(o]

Assuming that we have shown weak compactness for the process xs(-) (which is
not difficult to show [5]) then we .can pass to the limit in (5.15) along a

cbﬁvergent sﬁbsequence. Because of (5.9), .

lim sup A &(l,k)

AV0 x,T

(x,T) =0

. . €
and hence we conclude that for any limit of the process x (*) the expression
t
£(x(v) - f LE(x(s)) as
0

is a martingale. Since L is a diffusion operator with smooth coefficients
s . . . €
this martingale problem has a unique solution. Then x (+) converges weakly

to the diffusion process generated by L.



6. THE INSTABILITY OF THE HARMONIC OSCILLATOR

For the result (4.3) to hold we need the folldwing estimate [8] which allows
interchange of limit and integration.
There is a constant C independent of k and a positive function z(k) for
k > 0, such that
-z(k)L

iy 2
(6.1) E{IT(L, /—_)[ }<__yc e ., L >o.
@

Moreover, z(k) » 0 as k + 0 but there is a constant zO > 0 such that

(6.2) lim —1—2z(k) =z, .
k¥0 k

As is easily seen from [8] and elsewhere, the estimate (6.1) quickly reduces
to the following problem. Consider the initial value problem for (1.1) and

introduce polar coordinates

1 = oFf du _ . _x_.
(6.3) u=-ewcos 0, &= ke sin 6 .

Then (r(x),06(x) ) are solutions of the system

(6.4) % = ]—;- a{y(x)) sin 26(x)
i—-?“ = k(l+9(y(x))cosze(x))

and we shall take r(0) = O in the sequel. It is easily seen that

k.12 4
6.5 ™L, —)[“< —2 .
(6.5) | y= | T Em

where of course r(L) = r(L;k). Thus, (6.1) is implied by

4 ~ o~2(k)L
(6.6) E{m}<_-Ce L L>o0,

which is what we shall prove.

For the proof that follows we must strengthen our hypotheses on {y(t), tZ,O}

as follows. Recall that we have assumed it is a right continuous Markov
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process on S with bounded infinitesimal generator Q which satisfies the

Fredholm alternative. We shall now assume that

(6.7) oh(y) = qly) j m(y,dy') h(y') - q(y)h(y)
S

where q is continuous on S and strictly positive and the probability measures
w(y,A) have a continuous density relative to a reference i.rasure ¢ on S and
this density is strictly positive. This hypothesis implies, as is well known

[19], the Fredholm alternative for Q. We also assume that

0fE{@I(y(S) g y(O))} ds
0

jﬁ(dy) ]\P(y,dy') gly") gly) (cf. Section 5)

(6.8) %

is a positive number (it is always nonnegative since it is equal to 1/2 the
power spectral density of the stationary process g(y(s)) at zero frequency).
The proof of (6.6) is in two parts. One deals with the case k > 0 fixed and

the other with the case k + 0.

Part I k >0 (see [8]).
The process (y(x),e(x)] (c£. (6.4)) is a Markov process on S X T (T = the

unit circle) with infinitesimal generator

(6.9) L=g+k(l+gly) cos6) g—e .

Let V(y,0:k) be defined by

(6.10)

N[w

g(y) sin 20
and note that

L
(6.11) r(L) = f v(v(s),0(s)) as .
0
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LEMMA 1. For each real B the operator L+BV generates a positivity preserv-
ing semigroup Rv(t) on the bounded measurable functions on S X T, This semi-
group has an isolated maximal eigenvalue A = A(B,k) and strictly positive

corresponding right and left eigenvectors i.e.

6.12) Rty =ty (v = viy,0:8,%))
vRie) =M, t>0.

Moreover. ‘A, v.and v are differentiable functions of B.

This lemma is proved by noting that by the Feynman-Kac formula we have

explicitly
: B[ v(v(s),6(e))as
(6.13) RU(t) £(y,0) = 5, ol 0 f(y(t),e(t))}

where Ey,,-G{ *} is ewpectation relative to the measure of the process

{ (Y(t{‘,é(t)], t> 0}. The positivity pres~rving property is seen from (5.13).
For: the existencé of an isolated maximal eigenvalue with positive right and

left null vectors it suffices to show [11] tha‘; there is a t. < © and a

0
constant Y > 0 such that for all AC T X §

. \'4
(£.14) R (t,) X, (v,0) > v ¢(a)

fince V is bounded and continuous, |g| < 1 and Q has the form (6.7) this is

t25ily obtained. Finally the differentiability in B is a consequence of the

t¥3lated nature of A and is not hard to show.

MM¥A 2. We have that A(0,k) = 0,
415
} Q—A(B,k) =I(k) >0, k>0
ag B=0 :
Gl i3

+%} is a convex function of B.

Fioazés

Tre g . tps s s .
fuct that I(k) is positive is a continuous-time analog of



Fursterberg's result [10] and it is proved in [8] and [9]. It is a
nontrivial fact which we shall not, however, consider in detail. The

convexity follows from the formula

(6.16) AB,k) = lim = log IRV (1) ,
theo ©

the Feynman-Kac formula and Holder's inequality.

Following [8] we now have

4 4 r (L) ;
(6.17) E{ - } = E{ , < I - 6}
2+e2r(L) 2+e21?(12,) L

4 r (L) }
+E{ o >1 -8
2+le(L) L -

< 29{———”1(‘” <1- 5} + 4720

where § > 0 is chosen below. To estimate the probability on the right, we

note that for 8 > 0

I's
(6.18) PJ\I(L) < (I-G)L} = P{-Sr(L) > *B(I—G)L}
f,eB(I—(S)L E{e-sr(L)}

But from (6.11), (6.16) and the subadditive nature of log 1\ (t)! we conclude

that there is a constant C independent of k and L suct that

(6.19) E{I(L) < (x-a)L} <c SIS TA-B)L

- ¢ o LIFAEBI-B(I-6))

te ¢

* 0 is small enough so that I-§ > 0, then we have B = 8% > o ¢hat

X g * *
faXINIZES the exponent on the right in (6.19) and B* = B*(X). mus, from

.87 and (6.19) we get
{637} z2(k) = min {2(1-6), -A(-8%) - 5*(1"‘5)} >0

ML R Cumg.leves part I.
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Part II. k + 0.

LEMMA 3. For k > 0, small we have

2
(6.21) 1) = "4-—’3 + olk?)

k%2 (1 .2 2
(6.22) A(B,k) = —3-(5-8 + B] + o(k%)

where £ is given by (6.8).

Proof: Let )\0(8) = % (-;‘- 82 + B). We shull show that there are constants

C1 and C2 such that

2D (B +o (1)1t
e

_f|FY(t)|_j

1 2
which along with (6.16) give: the result (6.22). The result (6.21) is

k20 (B)-0(1) ]t
e

2>
2>

(6.23)

0>
0>

obtained by a similar argument.

Let Y(y,dz) be the kernel of -Q-l (cf. Section 5) and define

-g—sin 26 f Y(y,dy') oly")

|

(6.24) fl(y,e)

1]

2

™

(6.25) h_ (6) sin’0 + 8% cos’0 cos 20 - &= (& % e)] a8

g

(6.26) fz(y,e) = I Y(y,dy') E% g(y') sin 26 fl(y',O) + % g(y')hl(e) sin 20
S
of (Y',e) Jf ‘Y'le) oh (9)
1 1 2
g * 9ly") —5g—— cos 6+ gly") aé cosze] .

By direct calculation as in Section 5 we find that

~ 2 2

(6.27) (L+B8v) 1+ KE| + X £) = Ay (B) + £,

where El =f +h andf, = 0(>) uniformly in (y,8) € S x T.
Let

(6.28) e®) _ 1 4 xE o+ k3% .

1 2
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For k sufficiently small there exist constants 61 and 62 such that

(6.29) 0< ¢, <™ w,0 <8 <w.

If 1 denotes the function identically equal to one then the Feynman-Kac

formula gives

(6.30) (R (8)1) (v,8) <=3 sup B {esr‘t’ £® (Y(t),e(t))}
- y.0
c, y.0

R (£)1) (y,8) > == inf E e{eB"” £®) (y(t),em)}
cl y.0 *’

Now choose § > 0 small so that

(6.31) meBv-k> (0, @) + 601 £*) = KPF ok + 0001

Ialv

for all k small. From Dynkin's identity (integrated semigroup identity) we

have

k%0 Br18/) ¢ Br (t)
(6.32) e Ey e{e

t
_ k)
= f (y.0) + Ey,e{ f e
0

L+ 8v - K20y + 61 £% (vie),000) ds}

£%) (g ,e(t))}

2 (1, (8)+/k8) s

From (6.31) and (6.32) we obtain the inequalitics

K2 (g B)ro(1)) t

(6.33) Ee'y{esr(t) £ (y (&) ,e(t))} <Ce

2

k“ (A (B)-o())t
t (k ~ 0

Ee'y{esr( ) £ )(y(t),e(t))} _>_02 e

Combining this with (6.30) yields (6.23) and the lemma is proved.
Now to find z, in (6.2) we repeat the argument (6.17)-(6.19) and use Lemma 3.

By picking the § > O appropriately we actually obtain 2= % (3 - v8) >o.

This completes the proof of (6.1) and (6.2).
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Introduction:

The world is global and stochastic and physical laws are local and determi-
nistic., Thus the problems discussed at this Summer School are the very fabwic
of physics. But physics asks some questions which go beyond the territory
which has been explqredAhere. I shall present one of them, show how far phy-
sicists have gone toward its solution and mention an important problem of

current interest.

Probability theory begins with a probability space (Q,ﬁﬁ?): The careful
definition of the o-field 7 of subsets of Q and of tue probability measure P
has given us many powerful theorems. It is also possible, and often preferable
in physics, to define P as a promeasure,l namely as a projective family of
bounded measures defined on the system of finite dimensional spaces (§ known as
the projective system of Q. We thus start from (Q,§,P) rather than (Q;B%P).
This 1s excellent for statistical mechanics. Unfortunately, in quantum mech-
anics, we have to deal with families of unbounded measures on the projective

system Cg of 9, And this is the'key issue in the study of Feynman path

1 Also called Cylfadrical measure. See for instance [Bourbaki],
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integrals,

When Feynman was-a graduate student in the early forties, he felt uncomfort-
able with quantum mechanics and, rather than let femiliarity become a substi-~
tute for understanding, he analyzedl a basic quantum phenomenon in his own
terms: He considered a.source of electrons S; a plane detector D and,.in be-
tween, a screen with 2 slits which could be closed or open.

The detector measures the number of electr:ins arriving

1 on the plane D as a function of position, It is turned

S on for an amount of time which can be considered as

* 2 infinite, If one does these experiments:

' 1. siit 1 open, slit 2 closed
ii, slit 1 closed, slit 2 open

]) iii., both slits open,

one. finds that the probability P3 measured by the detector in the third ex-

periment is not the sum Pl + P2 of the probabilities measured in the first

twve experiments. But one finds that there is an additive qﬁantity, called prob-

ability amplitude, whose absolute value squared is the probability P(b,tb;a,ta)

that the electron known to be at a at time ta be found at b at time tb:
.- = . 2

P byt se,t) = -[Ki(b,tb,a,ta)] i=1,2,3

Ky = K +K,
This result can be generalized to an infinite numbex of slits and the probabil-

ity amplitude for a transition from (a,t) to (b?tb) is the sum over all
possible paths

X: T > R3 such that x(ta) = a and x(tb) = b,

The requirement that, in the limit & = 0, quantum physics goes over to
classical physics implies that

Kb, ty3a,6) = "I" exp(is(x)/6)
2

)
Read the first chapter of [Feynman and Hibbs] for a beautiful account of this
analysis,
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where S is the action defined by the Lagrangian L.

S(x) = [ L(x(t),x(t))dt
T

The system need not be a particle in R3. For instance consider a system
viose configuration space is M. One can write the pProbability amplitude for a
rransitiod from (a € M, ta) to (b€ M, tb) by a similar path integral.

The space of paths x € Q@ is then the space of continuous paths x: T -+ M,
such that x(ta) = a and x(tb) =b.

I ‘have now set up all the necessary physical concepts to show why (1) phy~
sicists need "P" to be more general than a probability measure. (2) They need
"' to be endowed with a variety of structures. Indeed;

1. The fact that we have to work with unbounded measures comes from the

fact that we sum probability amplitudes rather than probabilities. Where a

probabiliét has

dy(u) = (2ni) 42 (petr p7Hy1/2 exp(—rkj‘l w¥ud/2) aul. | ae®
(1)3)
we have
dy(u) = (2n1) Y2 (per p~H1/2 exp(ar ™ wKads2 il et
(2,a)

1t is .clear that we cannot use the probabilists' estimates and we have been
forced to investigate different approaches,

i. Feynman did not know the Wiener integral and invented his own calcu-
lus. He replaced a path x by n of its values x(tl)..-x(tn), and computed
the limit n = » of the discretized problem. He discovered "experimentally"
that what is now known as the Stratonovitch integral gives the "right'" result
if the problem is simple enough--for instance, if the configuration space
M = Rd. With his admittedly crude tool, Feynman was able to construct a fan-
tastically good computational procedure known as the Feynman diagrams. The
Feynman diagrams are used widely in nearly all branches of physics. The dia-
gram rules can be applied and even refined without knowing anything about
path inteégration. They have been justified by several methods and have often
eclipsed path integration.

ii, Another approach pioneefed in particular by Montroll and Nelson is
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based on analytic continuation; either the time or the mass is complexified.
The main activity in this domain is euclidean field theory.

iii., I shall speak today of a method which proceeds neither by discret-
ization nor by analytical continuation. It has given versatile tools which
can a fortiori be used in probability theory. It defines an object on Q
called prodistribution. Because prodistributions are defined directly on @,
one can investigate what happers when Q is endowed with a variety of other
structures.

2, The space 2, in physics, is often the space of paths mapping the time
T c R into the configuration space M, or into the phase space T*M of a sys—
tem. Too often the global properties of the configuration space of a system
are ignored, and one thinks of the configuration space of a system with d de-
grees of freedom as Rd. But even the simplest systems, a pendulum, a system
of indistinguishable particles, a rigid body rotator, etc,, have configuration
spaces which are"multiply connected riemannian spaces, A path integral formu-
lation of quantum physics is an integral over Q. It reflects the global prop-
erties of @ and the various structures put 6n Q.

I shall now introduce prodistributions and explain briefly1 how they can be
used to compute path integrals explicitly, Let us go back to P considered as
a promeasure. We could have defined a promeésure by its Fourier transforu.,
i.e. by a family of functions on the dual of the projective system. For in-
stance, instead of defining a gaussian promeasure by a projective family of
gaussians on finite dimensional spaces of the type (l,a) we can define it by

their Fourier transforms ??Y on the. dual spaces

A

<KX

¥(&) = exp(-r'g g /2) (1,

5
At this point we can remove the condition that the measures y be bcunded,
Indeed whereas y 1is a set function, y(U) = f dy(u), its Fourier transform
Ty 1is defined pointwise. Whereas "i" playsuhavoc in equation (2,a) it is

Guite manageable in its Fourier transform

F©) = exp(-artIg g /2) 2,b)

1 .
i 3e;ailed account will appear in [DeWitt-Morette, Mahéshwari, B. Nelson,
979}.
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In other words, instead of considering a projective family of bounded mea-
sures, we can consider a projective family of tempered distributions. Dieu-
donné has proposed to call a projective family of tempered distributions a
vprodistribution.”

Since time is limited I shall work with an example, The Feynman-Kac for-
rula suggests itself since you are working with the Kac formula and I work
vith the Feynman formula. Given

h2

th22 = (-2 a4y , A= gl

-1/2 By 11/2
?t 2m aaga Igl / 9

8

#(t,8) = o(a)

write down the path integral representation of the solution and compute it,
The problem is sufficiently complicated to display the power of prodistribu-
tions,

Answer:
t
. . b
. _ W i
w(tb,b) = J dw+(y) exp( uzm J V(Dev, (uy,t)dt ¢(Dev, (uy,t.))
t

(
Q, a (3)

iu particular the propagator K(tb,b;ta,a) is obtained by choosing the initial

wave function to be

¢(Devy (by,t)) = 8(Dev, (uy,t) - a) (4)

The following notation has been used.

L= /)l

i1, Devb is the development mapping frem the space of Lz’l pathsl on
the tangent space T, M (tangent space to M at b) to the space of L2’1 paths

e d b
of M. If M =R , then

Dev, (ux,t) = b + ux(t)

Space of square integrable functions whose first weak derivatives are square
integrable,
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In general, Devb(ux,-) is a path X on M such that X(t) is equal to *he
parallel transport of x(t) from b to X(t) along X. Thus equation (3) is
defined for paths X on M, but the variable of integration x is a path on Ty M.
Elwort'ny1 has shown that the development mapping defines a measureable mapping

from the space of continuous paths on TbM inte the space of continuous paths

on M.
1ii. §, 4is the space of continuous paths on TbM such that x(tb).= 0.
iv. WE is the prodistribution on Q+ defined by jits Fourier trans-
1]
form on the dual Q+ of Q+.
oy 0O
let xe€ @ and pe Q , <upx> = f du (B)x(t) a=1,.,.d

A gaussian prodistribution w on a space of continuous paths defined on T is a

prodistribution whose Fourier transform is of the form
-~ .1
Jw(p) = exp{~ E-W(u,u))

Wi,v) = [ dua(t) J de(S)GaB(t,S)
T T

The Wiener prodistribution wf on Q+ is the gaussian prodistrbution whose

c¢ovarlance is
Guﬁ(t s) = inf (t, -t ~s)
d b Y

Equation (3) in the flat case is the Feynman-Kac formula. Note that we inte-
‘grate over Q+ (paths vanishing at tb) and not on €_ (paths vanishing at ts
where the ‘covariance ,GaB(t,s) = inf(t-t_,s-t )). This is conceptually simp-
ler (sum over all paths ending at b) and computationally easier. This is the
forn one obtains readily by working with product integrals.

FEquation (3) has been derived by Elworthy for the probalistic case (solu-
tion of the heat diffusion equation). The theory of prodistributions makes it
possible to use Elworthy's construction for the Schr&dinger equation,

Computation of equation (3).

Consider a linear continuous mapping P from Q+ eitner into itself or into

1
[Elworthy 1978]
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another space, Say

P: Q+ +U by x >u; let P be the transposed mapping between the

respective duals - U' and Q;
P: U' > Q; by & u . If F: f, *R 1s such that F = £ o U, then

J F(x)dw(x) = f f(u)dw?(u)
Q2

L U

vhere GFWP = G;W 0P,

This simple relation is the clue for many explicit caleculations and we car—
ry out. one calculation in the appendix.

The explicit cdlculation of (3) proceeds via several linear mappings, I
shall mention only a couple of them:

1. Map y b x such that b + py(t) = q(t) + ux(t) where q ia the path
whose development is a solution of the Euler-Lagrange equation of the problem
such that. q(tb) = b. The boundary value q(ta) is related to the initial
wave. function. For instance if one computes the propagator (eq. 4) one
chooses q(ta) = a,

Set Dev(q + ux,t) = Y(t,x,n) and expand the integrand in equation (3)
in powers of y,
Set §Y(*,x) LB% Dev(q + ux, ) - Dev'(q)x
u=0
Dev.'(q) 1s a linear mapping from the set of vector fields along q into the
set of vector fields along Dev(q).

2. It is easy to comstruct the linear mapping which "absorbs'" terms of the
form (VQVBV)GYaéYB + The image under this mapping of the Wiener gaussian wz
is a gaussian whose covariance is an elementary kernel of the Jacobi equation
of the system (alias the small disturbance equation, alias the variational
equation of the action S)., The problem of solving a partial differential
equation (Schrodinger equation) is then reduced to solving an ordinary differ-
ential equation (Jacobi equation) and much is known about this second order

1
linear homogeneous ordinary equation.”

cf Jacobi, Poincaré, Sturm Liouville, etc,, etc, ..,
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Finally one obtains

1+ = ﬁkA

= g )
WKBT e K

where

b (£ = exp(E (b, 30, £) M) (2nif) ™2 |aeea® §/ap%af |/

and where S is the action along the classical path from (a,ta) to (b’tb)

dnd where the terms Ak are given by integrals over finite dimensional spaces.
Ak is a "moment integral' very easy to compute in the flat case, in principle
for any k, It is very difficult to compute in the Riemannian case.

Prodistributions have been used in a variety of problems: scattering
states, bound states, quantum properties of systems whose classical solutions
have caustics, etc., A versatile technology has been developed to obtain ex-
plicit answers,

Problems on curved spaces have been solved. The next problem we plan to
investigate 1s path integration on curved spacetimes, THis is not a simple
generalization of path integration on curved spéces:' if one replaces thc
Laplacian by a d'Alembertian, one loses ellipticity. On the other hand we do
not want to touch field theory until ve understand what happens on curved

spacetimes,
Appendix

Example, Let w be the Wiener measure on the space  of continuous paths
x: T > R such that x(ta) = 0,

S:W(u) = exp(-W(u,u)/2) for pe Q'

Wh,n) = J du(t) f du(s) G(t,s)
T T

G(t,s) inf(t—ta,s-?a)
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Compute I [ F(x)dw(x) where

Q
FG) = £(x(t)), x(t)) = x(t), x(t) - x(tn_l))

t =t,. <t

a 0 1 res< tn = tb.
Answer,
F=f oP where P:xhus= {u1 e un+l}
uk =x(t, ) - x(t, .) = <8 § x >
- ) = - ,
k k-1 tk tk—l

Tt follows 'that I = f f(u)de(u) where fFﬁ? = {¥; 0P .

Rn

The transposed P of P is defined by
P: R° =+ @' by & - u such that

<§€,x>

Q = <£:PX>RP

where < ,>Q is the duality in Q, <u,x>Q = I du(t)x(t)
T

and < ,>Rn is the duality in Rn, <§.u>Rn = EEiui .

One can read off immediately

g
vy
]
FEREe

Hence

Fu
P

exp(-W(PE,PE)/2)
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A quick calculation gives
-~ 2
W(Pg,PE) = L Ei(ti - ti-l) .
It follows that

1= J £ty . whay, @ . dy @Y

Rﬂ

with  dy (u5) = (2my~H/2 exp(- () 2/2(t e, Na®

This example, possibly the best known result of probability theory, was chosen
to display on familiar grounds, methods uséd in computing explicitly the WKB

approximation of che wave function on curved spaces (eq. 3).
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é;l. Statement of the embedding problem.

An nXn matrix P = (piij , with non-negative entries,
is said to be stochastic if the entries along any row sum
to one. In 1938, G. Elfving [2] formulated the embedding

problem for stochastic matrices, essentially as follows.

For what matrices P can there be found a value t°>-0

and a continuous family of stochastic matrices P(s,t) on

04s&t é:'to that satisfies the functional equation

(1.1.) P(s,t)
hasg
(1.2.) P(s,s)

P(s,u)P(u,t) whenever (seuskt)

L[}
HH

for all O4s&t

and is such that

(1.3.) P(O,to) = P?

Here 1 denotes, as usual, the identity matrix. .

In probability theory, the entries pij (s,t)y 1,5 = 15..yn,
of P(s,t) are regarded as transition probabilities of an
n-state, non -homogeneous Markov process in continuous time,
i.e., pij(s,t) is the conditional probability that the pro-
cess will be found in state j at time t, given that it was
in state i at time s, and equation (1.1.) is knowm as the
Chapman - Kolmogorov equation. The continuity of P(s,t) re-
flects certein hypotheses concerning the nature of the sample
paths., Thus the embedding problem is concerned with determi-
ning exactly which stochastic matrices P can serve as tran-

sition matrices of an n-state Markov process.

For Z X2 matrices, the problem had been solved in 1932
by Fréchet [3] , and the solution was rediscovered by Elfving.
The necessary and sufficient condition for embeddability in

this case is that
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tr P -~ 1 = det P>O.
When n» 2, the problem is still open. It is known that det P >0
is necegsary, but is not sufficient, as a result cited in§5

below 2bundantly shows.

§2. The Kolmogorov Eguations

In CS] s I showed thet if such an embedding family P(s,t)
exists, thenthe simple change of time scale, replacing s and
t by
(2.1) - log det ¥P(0,s) and - log det P(0,t)
converts the family into one which is lipschitzian in each wvar
iable and can be identified with the general solution of the

Kolmogorov forward and backward differential equations

ap ‘
- Lot )
X1 it = (t) a.e. (o..a_t.qto)_,
ap
K2 is = " Q(s)P a.e. (0%s é;to),

resp. (undersvood in the Carathéodory semse). Here, for fixed

velues of ¢ and t, the Q's denote intensity moirices i.e.,

2(t) is given by

(2.2) Qt) = 11 Plu,v) -1,

m»
Wy Vst v -w

and a similar formula holds for Q(s). The main work in [5]

(v &t dv, v-usz 0),

was to show that these limits exist a.e. when the above time
scale 1s used.
It follows from (2.3)" that the iatensity matrices Q =[qi_}]

i, =1,..., n, satisfy the conditions

f
-léqii'é;o for all i, l:‘:.qij-?_o whenever i £ j,

~1n

-

while (2.1) implies that

- Z?:lqii=—l
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They thus form aqn(n—q)dimensional dnykx, Moroever, the condi
tions (R@.3) characterise the intensity matrices, for, given

any one-parameter of such matrices with measurable entries,

we can integrate the Kolmogorov differentiai'equations, sub-
Ject to the initial values (1.2), and generate a unique fami

1y P(s,t) of stochastic matrices that satisfies (1.1) and yields
(2.2). It is only the proof that the elements of P(s,t) are
non-negative that is not routine: a simple waylgut is to use

product integration, cf. [8]

I£ follows that either one of tac Kplmogorov equations

(k1) or (%R2), together with the comstraints (2.3), can be re—

garded as a control systsm that generates stochastic matrices,

with the intensity matrices, varying measurably, playing the

réle of controls,

3+ Control-theoretic formulatiorr of the embedding oroblem.

In. tSJ, I pointed out that by replacing the functional
equation (1.1) by the control egation (K1), subject to the con
straints (2.3), the embedding problea is converted into an

@auivalent reachability problem, viz.,

What matrices P can be reached at to from the identity

matrix I at t = 0 by solutions P(t) = P (0,t) of(K1l)?
Of course, if ~e want, we can use  (K2) and ask

What matrices P at s = O can be steered to the identity
matriz I at s= to alongz solutions P(s) = P(s,to) of (R2)?

in both cases, to plays the role of a parametr. The two problems
are equivalent, and the second can be put into the same .form
as the first by replacing s by to-s, thereby changing the -~
sign in (K2) to +.
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The investigation of the embedding problem by control-theoretic
means became one of the main tasks of a research project, spon-
gsored by the Scientific Affairs Division of Nato, inwhich the

principal investigators were Sfren Joliansen from Copenhagen and

myself.

4. Some properties of the reachable set.

FProm general considerations concerning semigroups of posi-
tive matrices [1], it follows that the reachable set is contrac
table to certain of its boundary points (which correspond to va-
lues to =@ ), In fg], Johansen provec. from the differential
quations that the contractions can be done along rays, so that

the reachable set is actually starlike with respect to these points.

The basic existence theorem of Filippov, in the form given
by Lee and Markus [12], Roxin [lé] and myself Cl], implies that
the set of matrices that can be reached in time to is compact,

and the set of all reachable matrices is compact relative to GL (n).

The fact that the sections #o=const. of the reachable set

is arc~wise connected is almost immediate. For if P. and P2 ars

1
two embeddable matrices, associated with the embedding families

Pl(s,t) and Pz(s,t), resp., each reachable in time to,then
—p 1 ) £,
P(u) = Pl(O,u) P2(u,to) (0 &£u to)

represents an absolutely continuous curve wich joins P1 and P2.
For each fixed u, P(u) is reachable in time to, its control law
being that of P1

me argument shows that the sections t°=cOnst. of the cet reacha-

from O to u and that of P2 from u to to. The sa-

ble by bang-bang controls is also arcwise connected.

The reachable set has certain symnetries, which go back to
the fact that the order in which the states are labeled in a Mar-

kov process is irrelevant. Thus, the reachable set is carried



237

onto itself by orthogonal transformations induced by permuta-
tion matrices. One could try to
normalize the reachable matrices by requiring that the elements
along the main di.gonal be arranged in an increasing, or de-

creasing, order, but this is not always convenient.

§5. The bang-bang conjecture

The theory of sliding regimes or chattering controls [15)
asserts that any embeddable mctrix can be approximgted (along

its whole trajectory) by finite products of elementary matrices,

i,e., matrices that are generated when the controls are fixed

at the extfeme_ppints of the control region. These elementary

matrices turn out to be precisely those stochastic matrices
which differ from the identity by the presence of precisely one
noén-zero, off-dizgonal element. Johansen [9] has observed that

their trajectories are rasctilinear,

Some years ago, I conjcctured that the bang-bang principle
B g0,

holds and that every embeddable matrix is a finite product of
elementary matrices. The cornjecture was sugcested by resul ts

of Loewner [14] on tofally_positive ani on doubly-stochastic
matrices. It is easy to see that i% holds, trivially, when n=2,
for then any stochastic matrix P can be written as the product

of two elementary matrices, so long as it satisfies the embeddaing
condition trP -12>0 . In general, one might expect that the
number of terms would depend on det P as well as upon n, but

T suspect that it depends upon n alone end equals n(n-1)

When n22 , Johansen proved f93 that every matrix in th:
interior of the reachable set can be reached by bang-bang
controls with a finite number of switches. Oring o the work
of Krener [11] , this is now seen to be a general property of

certain control systems. Since there is no bound on the number
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of -switches, it is not possible to conclude that the bang-bang
principle holds for matrices on the boundary of the reachable

sete.

A considerable amount of effort has gone
into the study of the bang-bang conjecture. Recent results in
the case n=3 are reported below in §ll.

556 The determinantal inequality.

While the result of section 4 give a certain amount of
qualitative information about the set of all embeddable matri-
ces, they fail to yield any criterion for deciding whether =

given stochastic matrix P is embeddable or not.

To remedy this, we may appeal to a result proved in LB].
There it was noted that the differential equation (K1), toge-
ther with the constraints (2.3), yield a differential inequeli-~

ty for the product of the diagonal elements in P(t), just by
omitting the terms in the equation whiclh are non-negative. -
Integrating'this inequality‘and uging the Jacobi-Liouville
formula for the determinant (or(2.1)directly) gives then the
following inequality. which must be satisfield by the elements
of any embeddable matrix P:

(6.1) TIE_, b, > det P>o0.

The same inequality occurs in the theories of positive-definite

and  totally positive matricas.

The inequality (5.1) is a strong necessary condition for
embeddability, and it can be used to show that there are sto-
chastic matrices arbitrarily close to the identity which are

not embeddable (cf. §7 below).

The set of stochastic matrices which satisfies (6.1) is
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a semigroup, and in EB] I conjectur=d that it is precisely the
semigroup of embeddable matrices, i.e., that the condition (6.1)
is not only necessary, but also sufficient for embeddability.
Shortly thereafter, David Williams pointed out to me that equa
lity can hold in (6.1) for an embeddable matrix P only if so-
me off-diagonal element vanishes. His proof was based upon ths
functional eqﬁation (1.1), but it is equally apparent when

one checks the differential inequality described above.

Williams' remark shows, for example, that the 3 X3 ma-
trix whose entries on the main diagonai are each 1/4, while
the remaining elements are each 3/8, is not embeddable, even
though (6.1) is satisfied. Ir1§£i, we shall see how his remark
can be used to establish that the set of embeddable matrices
is not convex when n22. (In fact, its convex hull is not

known).

§7 Geometrical reoresentation of stochastic matrices.

One of the most captivating features of the embedding pro-
blem.is that it is completely equivalent to a problem of geome-
try, or, at least, of kinematics. In this and the next few sec—
tions, I shall explain how this coles about. A more complete

account will appear in [7].

For simplicity, let us restrict ourselves to J X3 matri-
ces. Considerirg the rows of a stochastic m:atrix P as vectors
in threcspace. relative to a fixed coordinate system, we see
that they specify the vertices of an oriented triangle < P>
iying in the plane through.the three unit vectors. The identi-
ty matrix I corresponds to the unit trianglc<il>- and fixes
the orientation. A1l the other stochastic matrices describle
subtriangles of T, and the inclusion is strict except for per

dsuwbalion matrices.
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then to conclude from (1.1) --(1.3) that every embeddable ma-
trix P belongs to this semigroup. (The same can be said for
(6;1), which, of course, implies (7.1), but (7.1) has been de-

rived without use of the differential equations.)

8 A pre-order for stochastic matrices,

Now let us return to.our main theme. Having associated
to each 3¥X3 stochastic matrix P a triangle £Pp>», we can in-
troduce a pre-order in the class of stochastic matrices by de-
fining
(8.1) PR if and only if co 4PP? <co<LR?>

Phus, the inclusion refers to the points of the simplex spanned
by the vertices of P . The pre-order .fails to be a partisl
order because it is not anti-symmetric: the ordering of the ver-
tices has got lost in the set inclusion. Indeed, -P—<R and R=<P
mean that P and R are congruent, so that P and R are congru~

ent under the artion of a permutation matrix (cf.$4).

The pre-order just introduced can be put into an analyti-
cal form that shows that it agrees with the pre-—order natural

to any transformation semigroup (cf. [*4], p. 14) viz.,

(8.2) P<R if and only if SR = P for some stochastic matrix S.

A proof will bs given in [73 . Since 2, considered as an opera-
tor on contravariant vectors, represuils the unique affine trans_
formation that carries <I> ont6<P> , whereupon co £I> goes onto
co<Pp and the some holds for R in place of P, we recognize in
(8+2) the analog of a well-known property of projection operators
Specialization to elementary matrices,(§4 ) reveals further ana-
logies still,

It should be noted that (8.2) continues to hold if P, R and
S are restricted to iie in the subsemigroup of stochastic netrices

with positive determinant.
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‘g

roposition {8.2) allows us to0 charszcterize the 3X3 st
chastic matrices which ere indecomposable, i.e., they cannct
be factored, except trivially,in the semigroup of stochastic
metrices. ‘ndeed, if £ P> is such that each of its vertices
lies on a different side of «I> , then P=R implies that

R = I or P, unless the vertices of<£P > coincide with the
vertices of QI 4 in wﬁich cese B is a permutation matrix,
end the factorization might again be considered trivial.
Cagversely, if P doee not have the configuration stated, it
is easy 10 see that a non-brivizl R can be found such that
coLP> < co<LR>™, whence P has R as a Tfactor. Note thai,
in the firet case, it is possible for {7.1) to be satisfied,
but not (6.1), and such Pig can lie arbitrarily close 1o the
identity I, without being embeddable. They are, in faci, con-
vex combinaticens of I and permutation matrices; consequently,
there are rays emanating from I in the sznigroup of stochastic
matrices that do not meet the set of embeddable matrices except

at I.

The embeddable matrices are far from being indecomposable, for
they are precisely the stochastic matrices which are infinite-
ly factorizable, in a sense that can be made precise [bj.

This characterization of the embeddeble matrices dates from

my early work in the field, in 1969, and is linked to cognate
ideas in the theory of schlicht functions, It embraces the in~
tuitive idea that embeudable matrices can be decomposed into
infinitesimal matrices ahd then reassembled from them, which
underlies the results of 52. The same ideas were taken up ig=—
ter by Johansen, who improved them and gave an elegant deriva-

tion of Kolmogorov gifferential equations based upon them,,

in [53.
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§9. A geometric formulation of the embedding problem.

Looking back at the preceding development, we see that
the embedding problem of §1 can now be put into a simple
geometrical form.

For, suppose we fix to and set

P(s) = P(s,to) (0&s £t ).
Then (1.1) becomes
(9.1) +(e) = P(s,u) P(u) (0éscust ),
and (1.2) and(1.3) become
(9.2) P(0) =P and P(t)) =1,
resp. By (8.2), (9.1) tells us that

P(s)=< P(u) whenever s&u
(0&s, ukt ),
i.e., P (8) is a monotone increasing function of s. Consequent-
1y, by (8.1),

co LP(s)» < co < P(u)> whenever s<£u
(0 £s, uéto),

so that, by (9.2), the (ordered!) triangle P (s) expands

continuousiy‘from‘ P until it reaches I and the correspon-

ding vertices coincide.

This, then, is the geometry that was lurking in the for

mulas of

§1. The Chaoman- ‘olmogorov equation (1.1), which represents
the Markov property in the probzhilistic interpretation, turns

out to be just a kinematic constraini. Moreover, the passage

from the analytical formulation of the embedding problem to
its geometrical interpretation can be révers:=d. %e can start
with the geometrical problem, defining continuity in an obvious

wey, and use. the results of §7 and§8 to arrive at the ana-



lytical formulation given in§l.

The embedding problem for 3¥3 stochastic metrices is

thus completely equivalent to the following

Eocus Problem. What is the locus of the ordered tripie

of points (37 ,}32 ,33) such that the ordered triangle<£ P>

with these points as its vertices can be espanded contin=—

ously until it coincides with a given ordered triangie

ZLIB?

B

Obviously, the problem can be reformulated to ask for the ul-

. S et
timate position of contracting trianglaes tha't}\ start off 'a§<l.‘:~_

When we trace trough the developments of §2 and §3, we
see that the locus problem is equivalent to the reachability
problem for the control system (R2), when the ™uatural para-

meter" o
- s
~log farea of < 3\5)2

is used as a time scale. “emarkably, this time scale also has
g probabilistic interpretation in terms of the expectation of
certain ancillary random variables connected with the Markov

o,
process associated with the embedding family ..Qgs,t).

The geometrical formulation of th: embedding problem, and
its connection with probability and cosairol, I presented in
a seminar in the ﬁept. of Computing ani Control, at Imperial
College, Yondon, in April, 1972. Thé formulation is so simple
that Sgren Johansen was later able to present 1t on Danish te-
levision in a program intended to iiluetrats what type of pro-

blems- come up in. pure mathematics.

§10.Bang-bang controls in the restrict:d embedding problem.

The formulation of the embedding problem just given hy-
passes tha differential equations and attaches itself directly

$0 the formulation in terms of the functional equation (1.1)
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given in § 1 . Nevertheless, it is interesting to see what

the notion of bang-bang control means in, ‘the geomstrical problem.

4g we have already observed, bang-bamg controls give risé&*
to responses which are finite products of elementary matri
ces, i.e., stochastic matrices which have only a single non—~
zero off-diagonal element. The effect of an elementary matrix
on a f.{gure <A P> is easily seen to be that it moves Jjust one
vertex of P along a side jbining it to one or the other of
remaining vertices. A bang-bang contrel therefore consist of

a succession of such. simple moves, one at a time.
We now formulate a restricted embedding problem.

Restricted Problem. Given two polats pland P, in 41>,

what is the locus of points p3 such that the ordered

triangle P> with these points as its vertices can be

expended continuously until it coincides with <I>?

It is immediate from the foregoing that the locus of admissi-
ble points p
ty.

3 is starlike about pl and p2, and it may be emp-
Clearly, if we knew the solution of the restricted em-

bedding problem for all different positions of Py and Dys. We

would know the solution of the original embedding problem.

The use of bang-bang controls in the restricted problem
leads to an interesting construction. Suppose that Pys Py and
4I»= 1,2,3 have the configuration given in the diagram.
The line through. Py and P, meets the side 12 at a point leb~
led 4, Let 0O %be any point on the segment 24 and draw a ray
from O thr;ugh Pys it will meet the side 13 at a point
Py Now draw 8 ray from P, through Pys it will intcrseet the
line through 3 and O at a point p.
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I claim that p is an admissible value of p, and the resulting

3
triangle €P» can b: expanded to<I» by a bang-bang control in

five moves. The proof is simple. Start with the triangle <I>
and move 2.t0 O, 1 o Pys 3 to p, O to p2 and po to
Pys in that order, always 2long line segments. in this way,
the triangle % I»ends up ccincident with: <P? . Reversing
+the steps 'then. expands <P2 to LI, as required.

As O varies from 4 to 2, D sweeps out a coptinuous
curve thzt reaches from 4 to a certain point p4on 23. The curv¥e
. ig well-known: it is an arc ¢f a hyperbola, and the cons-

truction is due to Braiken-ridge -and Maclmurin, around 1733.
The construction places the pencil of lines through 3 in pro-
jeetive relationship with the pencil thfough py5 the points
of intersection of corresponding lines realize Steiner's de-

finition of a conic, 1832.

It can be verified that the segment 4p4 is precisely the
locus of points in which
Py1PyoPyy = det B,
in an obvious notation. (Since 2 and p2, the first two rows
of P, are fixed, this is a linear equation for 93.) The dis-
cussion: of the determinal inequelity in §6 tells us that
eguality can hold for azn embesddable matrix only at the endpoints.

If p. = 4, the triangle P is degenerate, but there are points

3
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p3 arbitrarily near to 4 which are admissible., It follows that
the set of embeddable matrices is not convex, for the section
in which pl and p2 are constant is not convex (if it were, its
closure would be convex).

" Every point p3 in<I> that lies inside the connected do-
main bounded by the line through pl and p2 and the are
through 4 and p4 gives rise to a triangle< P> that can be ex-
panded to £LI®» in six moves. To see this, just draw the point
p3 away from p, on a rectilinear path until it reaches the boun-
dary : the resulting triangle can then be expanded to<I>» in
five moves, as the reader can check. Actually, the domain in-
dicated is starlike with respect to 12K The crux of the proof
is to realize that o line through pl can meet the arc from
4 to p4 in more than one point. But that is clear, since pl
already belongs to the other branch of the coniec.
It can likewise be shown that bang-bang controls will work when

p3 is located on the line segment joining P, to '94 or on the seg-
ment that joins 4 to the intersectian of the line through lpl with 23.
The results of the section date from the Spring of 1972.

Apart from the discussion of the determinal equality and the
identification of the conic, they were rediscovered by Johan-
sen and Ramsey fl(ﬂ who employed them in an attack on the
bang-bang conjectu:;'e of §4.



S11. A characterization of the reachable set.

In§4 we pointed out that set of all reachable matrices is
bounded and closed relative to GL(n) and in§ 5 we remarked that
finite products of elementary matrices are dense in the reachable
set.

These properties can be used to characterize the reachable set,
as follows.,

Suppose that we can find a set R with these properties:

1) I belongs to R

2) ERe R for any non-singular elementary matrix K

3) R is closed relative to GL(n)

4) every matrix in R is reachable from I 3

then R is the reschable set from I.

To see this, it is enough to observe that 1) and 2) imply that
finite products of elementary matrices belong to R , hence R 1is
dense in the reachable set, while by 3), R is closed, so that it
containg the rsachable set. But the latter set also contains R,
because of 4) nence they coincide.

The adventage of this scheme is that it allows us to test whe—
ther an explicitly given set R is the reachable set or not.

12, Recent work an the bang~-bang conjecture

Recently, Johansen has exploited a variant of the abows proce-
dure to characierize the set of 3X3 matrices reachable in to
for to in the interval O, logg 2 . For R he takes a closed set
which he can describe explicitly and which has the property that
every matrix in it can be expressed as the product of at most six
elementary matrices. Then, using results on the restricted imbed~
ding problem, he establishes that the remaining properties 1) and
2 cited above are valid, provided that det K is sufficiently large,
This allows him to conclude that the described set coincides with
the-get reachable in + oﬁ»loge 2 , and at the same time it establi -
shes the bang-bang conjecture, first for matrices corresponding
%o to in this interval, but then for the whole reacheble set Just
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by iteration, where now the number of factors is proportional
to to'

It is of some interest to observe that in adopting this appro-
ach, Johansen did not have to establish a priori that his set R
contained sll metrices reachable in té % loge 2 that are the
product of six elementary matrices. That is a conseguence of
his final result.

It may very well be that a modification of this procedure
woned lead to a proof of the "stromg bang-bang conjeviture” that
any reachable matrix at sll can be expressed as the product of
at most six elementary matrices®™

Then an algebraic decomposiition theorem will have been esta-

blished by geometric means.,

*Nete zdded Augaust 10, 1978
I believe that I can now establish geometrically this conjec~

ture by going back to the eriterion ofél‘.!_.
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