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Preface

The research institute EURANDOM (European Institute for Statistics, Probability,
Stochastic Operations Research and its Applications) was established in 1997 on
the campus of Eindhoven University of Technology, The Netherlands. Its mission
is to foster research in the area of stochastics and its applications. It achieves this
mission by recruiting and training talented young researchers and helping them to
find their way to tenured positions in academia and industry, and by carrying out
and facilitating research through postdoctoral and graduate appointments, visitor
exchange and workshops. Its chief mission statement has been given nationwide
support in The Netherlands by a recently installed national cluster called STAR
(Stochastics—Theoretical and Applied Research), for which EURANDOM acts as
coordinating and facilitating node.

As part of its workshop programme, EURANDOM organized a series of interna-
tional workshops on image processing and analysis. The third one in this series was
the workshop on Locally Adaptive Filters in Signal and Image Processing, Novem-
ber 24–26, 2008, focusing specifically on locally adaptive methods. The ability of a
system to adapt to the local state is important in many problems in image analysis.
Many renowned young experts were invited to give overview talks on this theme
covering state-of-the-art and novel research.

Despite the high quality of contributions, no proceedings of this workshop have
been issued. Instead, the workshop initiated a collaborative effort, focusing more
generally on mathematical methods for signal and image analysis and representa-
tion. The results of this effort are described in this book.

Contributions have been carefully selected to be representative for a variety of
generic approaches as well as to illustrate formal connections among these. Roughly
speaking deterministic methods are central to the first half of the book, whereas the
second half considers mainly statistical methods. However, some chapters in the
middle of the book clearly encompass both approaches, and more than a hundred
cross-references throughout the book emphasize the many formal connections and
analogies that exist between seemingly different paradigms.

This book differs from most existing books on medical signal and image analysis
or computer vision to the extent that it does not focus on specific applications (al-
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vi Preface

though some are detailed for the sake of illustration), but on methodological frame-
works on which such applications may be built. This book should therefore be of
interest to all those in search of a suitable methodological basis for specific applica-
tions, as well as to those who are interested in fundamental methodologies per se.

Luc FlorackEindhoven, Netherlands



Acknowledgements

The institute EURANDOM of Eindhoven University of Technology has funded
and facilitated the visitor exchange programme and workshop for the international
collaboration that has resulted in this edited book. Further funding was obtained
from the Netherlands Organisation for Scientific Research (NWO) through the pro-
gramme for Incidental Financial Support, through a personal grant in the Innova-
tional Research Incentives Scheme to Luc Florack, and through a grant from the
Royal Netherlands Academy of Arts and Sciences (KNAW).

Special thanks go to Lucienne Coolen-van Will, Marèse Wolfs-van de Hurk and
Enna van Dijk for administrative support, the Department of Mathematics & Com-
puter Science, the Department of Biomedical Engineering, and the Executive Board
of Eindhoven University of Technology for supporting the cross-divisional Imaging
Science & Technology Eindhoven High Potential Research Program (IST/e).

vii



Contents

1 A Short Introduction to Diffusion-Like Methods . . . . . . . . . . . 1
Hanno Scharr and Kai Krajsek

2 Adaptive Filtering Using Channel Representations . . . . . . . . . . 31
Michael Felsberg

3 3D-Coherence-Enhancing Diffusion Filtering for Matrix Fields . . . 49
Bernhard Burgeth, Luis Pizarro, Stephan Didas, and Joachim Weickert

4 Structural Adaptive Smoothing: Principles and Applications
in Imaging . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 65
Jörg Polzehl and Karsten Tabelow

5 SPD Tensors Regularization via Iwasawa Decomposition . . . . . . . 83
Yaniv Gur, Ofer Pasternak, and Nir Sochen

6 Sparse Representation of Video Data by Adaptive
Tetrahedralizations . . . . . . . . . . . . . . . . . . . . . . . . . . . . 101
Laurent Demaret, Armin Iske, and Wahid Khachabi

7 Continuous Diffusion Wavelet Transforms and Scale Space
over Euclidean Spaces and Noncommutative Lie Groups . . . . . . . 123
Hartmut Führ

8 Left Invariant Evolution Equations on Gabor Transforms . . . . . . 137
Remco Duits, Hartmut Führ, and Bart Janssen

9 Scale Space Representations Locally Adapted to the Geometry
of Base and Target Manifold . . . . . . . . . . . . . . . . . . . . . . . 159
Luc Florack

10 An A Priori Model of Line Propagation . . . . . . . . . . . . . . . . 173
Markus van Almsick

ix



x Contents

11 Local Statistics on Shape Diffeomorphisms Using a Depth Potential
Function . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 193
Maxime Boucher and Alan Evans

12 Preserving Time Structures While Denoising a Dynamical Image . . 207
Yves Rozenholc and Markus Reiß

13 Interacting Adaptive Filters for Multiple Objects Detection . . . . . 221
Xavier Descombes

14 Visual Data Recognition and Modeling Based on Local Markovian
Models . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 241
Michal Haindl

15 Locally Specified Polygonal Markov Fields for Image
Segmentation . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 261
Michal Matuszak and Tomasz Schreiber

16 Regularization with Approximated L2 Maximum Entropy
Method . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 275
Jean-Michel Loubes and Paul Rochet

References . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 291

Index . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 313



Contributors

Maxime Boucher School of Computer Science, McGill University, Montreal,
Canada

Bernhard Burgeth Mathematical Image Analysis Group, Faculty of Mathematics
and Computer Science, Saarland University, Saarbruecken, Germany

Laurent Demaret HelmholtzZentrum München, Institut für Biomathematik und
Biometrie (IBB), Neuherberg, Germany

Xavier Descombes Laboratoire d’Informatique, Signaux et Systèmes de Sophia-
Antipolis I3S, UMR6070, UNS CNRS 2000, Sophia Antipolis Cedex, France

Stephan Didas Abteilung Bildverarbeitung, Fraunhofer-Institut für Techno- und
Wirtschaftsmathematik, Kaiserslautern, Germany

Remco Duits Department of Mathematics and Computer Science & Department
of Biomedical Engineering, Eindhoven University of Technology, Eindhoven,
The Netherlands

Alan Evans McConnell Brain Imaging Center, Montreal Neurological Institute,
McGill University, Montreal, Canada

Michael Felsberg Computer Vision Laboratory, Department of Electrical Engi-
neering, Linköping University, Linköping, Sweden

Luc Florack Department of Mathematics and Computer Science & Department
of Biomedical Engineering, Eindhoven University of Technology, Eindhoven,
The Netherlands

Hartmut Führ Lehrstuhl A für Mathematik, RWTH Aachen, Aachen, Germany

Yaniv Gur SCI Institute, University of Utah, Salt Lake City, UT, USA

Michal Haindl Institute of Information Theory and Automation of the ASCR,
Prague, Czech Republic

xi



xii Contributors

Armin Iske Department of Mathematics, University of Hamburg, Hamburg, Ger-
many

Bart Janssen Department of Biomedical Engineering, Eindhoven University of
Technology, Eindhoven, The Netherlands

Wahid Khachabi Department of Mathematics, University of Hamburg, Hamburg,
Germany

Kai Krajsek Institute for Chemistry and Dynamics of the Geosphere, ICG-3,
Forschungszentrum Jülich GmbH, Jülich, Germany

Jean-Michel Loubes Institut de Mathématiques de Toulouse, UMR 5219, Univer-
sité Toulouse 3, Toulouse cedex 9, France

Michal Matuszak Faculty of Mathematics & Computer Science, Nicolaus Coper-
nicus University, Toruń, Poland
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Chapter 1
A Short Introduction to Diffusion-Like Methods

Hanno Scharr and Kai Krajsek

Abstract This contribution aims to give a basic introduction to diffusion-like meth-
ods. There are many different methods commonly used for regularization tasks.
Some of them will be briefly introduced and their connection to diffusion shown.
In addition to this we will go into some detail for diffusion-like methods in a nar-
rower sense, i.e. methods based on PDEs similar to diffusion PDEs known from
physics. Main issues highlighted here are which PDE to use, how diffusivities in
such a PDE are constructed, and which discretization is suitable for a given task.

1.1 Introduction

There are quite a few methods for regularization tasks like noise reduction, inpaint-
ing, super-resolution, or interpolation described in literature. Many of them, if not
all, can somehow be brought into connection with diffusion. Obviously we cannot
visit all of them in this paper making this introduction incomplete. Our focus here
will be on nonlinear averaging, mainly used for noise reduction, even though cur-
rently best performing denoising algorithms on natural grey value images are not
diffusions in a narrower sense (see e.g. [346]). Nevertheless one goal beneath basic
introduction is to mention at least some of the major contributions to this field.

We will nearly completely ignore the fact that diffusion can be used to build a
scale-space. First discovered in Japan [231, 442] scale-space filtering is a topic of its
own (see e.g. [290, 450]). A linear scale space is built by applying linear diffusion
(see Sect. 1.2.1) to a signal in short time steps and recording the more and more
smoothed signal. Other scale spaces can be derived by applying other diffusion-like
schemes, cf. Chaps. 7 and 9.

Regularization schemes are represented in literature from different view-points.
Diffusion schemes typically start with the formulation of a continuous partial dif-
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2 H. Scharr and K. Krajsek

ferential equation (PDE) describing a process which changes data over time [334,
433]. This PDE is then discretized yielding an iterative update scheme. The classical
diffusion defined by the heat equation known from physics involves linear filtering
of the input data by derivatives

∂t s(x, t)= div(D∇s(x, t)), (1.1)

where s(x, t) is the evolving signal or image with s(x,0) = r(x) and the initially
observed data r(x); ∇ = (∂x1 , . . . , ∂xN ) is the vector of spatial derivatives. Diffu-
sion tensor D is a symmetric, positive definite tensor which may vary with space
and evolution time and may depend on local data. Adaptivity of a diffusion scheme
is achieved via adaptation of the diffusion tensor. This makes the scheme nonlin-
ear. In computational physics diffusion is typically simulated using e.g. finite dif-
ferences on a sampling grid. This grid is refined when the result is not accurate
enough, making discretization simple. In image processing no such refinement is
typically applied, giving more influence to discretization details. How to discretize
an anisotropic nonlinear diffusion process will be subject of Sect. 1.5.

There are different naming conventions in the literature for diffusion schemes.
Especially the term anisotropic diffusion is inconsistently used. Following [433]
we use the term isotropic diffusion, when D is proportional to the identity matrix
D = c1, i.e. when Eq. (1.1) collapses to

∂t s(x, t)= div(c∇s(x, t)). (1.2)

If diffusivity or edge stopping function c depends on the image s(x, t), we call a
diffusion scheme isotropic nonlinear diffusion. We call diffusions with general D,
not proportional to 1, anisotropic diffusion, in contrast to several publications using
this term for isotropic nonlinear diffusion (e.g. [41, 334]). This naming inconsis-
tency originates from the fact that the overall effect of isotropic nonlinear diffusion
on the evolved data is anisotropic. We call a diffusion scheme linear if D does not
depend on the evolving image. The simplest case is linear homogenous diffusion
with a constant edge stopping function c, where Eq. (1.2) simplifies to

∂t s(x, t)= cΔs(x, t), (1.3)

where Δ =∑N
i ∂2

xi
is the spatial Laplacian. A time step applying linear diffusion

to s on the unbounded domain is solved by convolution with a Gaussian kernel (see
Sect. 1.2.1).

Diffusion equations with many different edge stopping functions c and diffusion
tensors D have been proposed in literature (see e.g. [41, 364, 369, 433]). They de-
pend on gray value or color gradients, curvatures, or other image features (see [376,
440] for possible dependencies when regularizing optical flow). There is rich ongo-
ing work on diffusions for vector, matrix or tensor-valued data (see e.g. [114, 266,
337, 381, 414], and elsewhere in this volume, cf. Chaps. 3, 4, and 5, where the main
problem is to select a useful metric and discretize operators respecting it. We will
show an example in Sect. 1.5.2. Diffusion methods explicitly focusing on metrics
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induced by known group structures are shown e.g. in this volume, Chaps. 5, 7, 8, 9,
and 10, and also elsewhere [114].

A framework for diffusions in generalized image spaces has been defined
using the Beltrami operator, a natural generalization of the Laplacian on non-
flat manifolds [250]. E.g. an RGB-color image is a 2D manifold the 5D space
(x, y, I r , I g, I b) spanned by 2 spatial dimensions x and y and 3 color intensities
I r , Ig , and I b . The Beltrami framework will be introduced in Sect. 1.2.3.

Equation (1.1) can be seen as a first order Taylor approximation describing a
dynamic process as often used in physics. This is sufficient in continuous time and
space as used in physics, but in discrete time and/or space richer representations of a
process are sometimes advantageous. First order derivatives ∇ may therefore be ex-
changed by other and/or more operators [361, 366, 465]. We introduce the isotropic
nonlinear case in Sect. 1.3.2 and give an example for the anisotropic nonlinear case
in Sect. 1.6.2.

Some, but not all of these PDEs may be derived from suitable energy functions
via calculus of variations. The PDE then changes the data such that the energy is
minimized. Consequently a diffusion scheme optimizes a property our image data
is assumed to fulfill. Energy functions may be designed assuming data models mo-
tivated from physics underlying the imaging process, e.g. modeling step edges ex-
plicitely via a line process [42, 316]. Such energy functions also occur in robust
statistics and can be expressed in terms of probabilities via Gibbs distributions or
Markov Random Fields (MRFs), cf. [183] and Chaps. 13, 14 and 15. The edge
stopping function then corresponds to a robust error function and diffusion is then
related to M-estimation [41]. Probability distributions forming potential functions
in the energy can be learned from training data using this relation to image statistics
[371, 465] (cf. also Chap. 11). Robust error functions are derived from histograms
of filtered images. In the classical diffusion case filter kernels are spatial deriva-
tives, but other kernels may be used as well. The kernels may even be learned from
training data [361]. The histograms are treated as observed statistics or empirical
marginal distributions defining a probability to observe a certain image. Maximiz-
ing this probability means minimizing an energy. We will go into more detail in
Sect. 1.3.1.

There are algorithmic approaches presenting and evaluating discrete schemes
used for filtering, e.g. nonlinear Gaussian Filtering [17, 187, 445], Mean-Shift Fil-
tering [81] or Bilateral Filtering [409]. Typically they may also be formulated in
terms of minimization of a cost functional corresponding to the energy functions
formulated in continuous time and space. We show some prominent examples and
their relation to diffusion in Sect. 1.4. Here it is important to note that diffusion
in a strict sense is only defined in continuous space and time. Therefore a discrete
scheme is called a consistent diffusion scheme, if it becomes the diffusion equation
in the limit h → 0 and τ → 0 for spatial sampling step h and temporal sampling
step τ . This is the definition for consistency known from numerics. Associating
some discrete scheme with a discrete scheme for diffusion does not show that the
first scheme is a diffusion. We will elaborate this for the case of bilateral filtering in
Sect. 1.4.1.
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Fig. 1.1 Fick’s Law. Left: Number of particles crossing a given border is proportional to the num-
ber of particles s per unit volume, i.e. proportional to the density. Overall flux j depends on the
density difference (or continuously: gradient). Right: Change of particle number in a given volume
equals in-flux minus out-flux (continuously: divergence). Combining the two laws yields the heat
equation (by means of the Gauss divergence theorem) with diffusion coefficient or diffusivity c

1.2 Diffusion in a Narrow Sense

In this section, we introduce different types of diffusion. We start with the sim-
plest case well-known as Fick’s law from physics since 1855 [142], continue with
formulation of isotropic nonlinear diffusion (sometimes called Perona-Malik Diffu-
sion [334]) and anisotropic diffusion (sometimes called Coherence [433] or Edge-
Enhancing Diffusion). Finally we show the currently most general formulation, the
Beltrami framework [250].

1.2.1 Diffusion in Physics, Basic Solution and Numerics

Diffusion occurs in statistical physics and thermodynamics where random ‘Brown-
ian’ motion of particles leads e.g. to heat transport or mixing of liquids or gases.
Densities or temperature then evolve with time as described by the heat equa-
tion (1.3): ∂t s(x, t)= cΔs(x, t) (cf. Fig. 1.1), in which s(x, t) is the evolving density
and c a diffusion constant or diffusivity. The evolution of s by linear isotropic dif-
fusion, i.e. diffusion with c = const. is given by convolution of s with a Gaussian
kernel with variance σ 2 = 2ct .

The nonlinear heat equation (1.2) may be solved by finite differences. In the
simplest case we exchange the time derivative on the left hand side by a forward
difference (Euler forward), and derivatives by neighbor differences

st+τ − st

τ
=
⎛

⎝
[1,−1][

1
−1

]
⎞

⎠

T

∗
⎛

⎝c

⎛

⎝
[1,−1][

1
−1

]
⎞

⎠ ∗ st
⎞

⎠ (1.4)

and get an update scheme

st+τ =
⎡

⎢
⎣

0 τc
x,y+ h

2
0

τc
x+ h

2 ,y
1 − τ(c

x+ h
2 ,y

+ c
x− h

2 ,y
+ c

x,y+ h
2

+ c
x,y− h

2
) τc

x− h
2 ,y

0 τc
x,y− h

2
0

⎤

⎥
⎦ ∗ st

(1.5)
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or st+τ = (1 + τAx,y) ∗ st . This is called an explicit scheme. It boils down to con-
volution of the signal with a spatially (and temporally) varying kernel (1 + τAx,y).
In the case of spatially constant c this simplifies to

st+τ =
⎛

⎝
0 τc 0
τc 1 − 4τc τc

0 τc 0

⎞

⎠ ∗ st , (1.6)

where A is the so-called 5-point-star times c. This scheme has positive entries only,
i.e. is a convex regularizer and features absolute stability, if and only if τc < 0.25. It
becomes instable if τc > 0.5, as then frequencies at the Nyquist border are amplified
by a factor <−1. For small τc the convolution kernel applied to st is a reasonable
discretization of a Gaussian. The same bounds can be derived by application of the
Gershgorin circle theorem on the spectrum which is supposed to be contained within
(−1,1).

Discretizing the left hand side by a backward difference quotient (Euler back-
ward) we get an implicit scheme (st − st−τ )/τ = Ax,y ∗ st or equivalently st+τ =
(1 − τAx,y)

−1 ∗ st boiling down to a recursive filter applied to st .

1.2.2 Anisotropic Diffusion

Anisotropic diffusion typically acts along measured local image orientations (cf.
Fig. 1.2). They are described by the structure tensor Jρ [36]

Jρ =
∫

wρ(x)∇s(x)∇T s(x) dx, (1.7)

where wρ(x) are Gaussian weights with standard deviation ρ. Being symmetric Jρ
can be diagonalized, i.e. M is a diagonal matrix with eigenvalues Mii = μi and

Jρ = (e1, . . . , eN)M(e1, . . . , eN)
T . (1.8)

Anisotropic diffusion filtering evolves the initial noisy image s(x,0) via

∂t s = ∇ · (D∇s) (1.9)

(cf. Eq. (1.1)). D is the diffusion tensor, a positive definite symmetric matrix, and
s(x, t) is the evolving spatio-temporal image. Diffusion time t is sometimes used
as the scale parameter in a scale-space. It should not be confused with the time
coordinate x3 of a 2D image sequence. The diffusion tensor D usually applied in
anisotropic diffusion uses the same eigenvectors ei as the structure tensor Jρ (see
Eq. (1.7)). Thus smoothing is applied according to the spatio-temporal image struc-
ture. Smoothing strengths along these structures are given by eigenvalues λi of D.
Given a diagonal matrix L with Lii = λi , the diffusion tensor D is transformed into
the image coordinate system given by the eigenvectors ei :

D = (e1, . . . , eN)L(e1, . . . , eN)
T . (1.10)
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Fig. 1.2 Isotropic nonlinear versus anisotropic diffusion. Left: Isotropic nonlinear diffusion re-
duces diffusivity in all directions when an image structure is present. Right: Anisotropic diffusion
reduces diffusivities across edges only

Fig. 1.3 Effect of diffusion filtering. Illustrative examples exaggerating dominating smoothing
effects. From left to right: Noisy input image, smoothing result with isotropic linear, isotropic
nonlinear and anisotropic diffusion

The directional diffusivities λi, i ∈ {1, . . . ,N} determine the behavior of the diffu-
sion. For image enhancing they shall be high for low values of μi and vice versa.

Different possible choices for L include isotropic linear, isotropic nonlinear and
anisotropic processes. There are anisotropic choices with fixed smallest or fixed
largest directional diffusivities λi and choices where all diffusivities vary. Results
demonstrating the different smoothing effects are shown in Fig. 1.3.

Common choices for directional diffusivities are

Isotropic-Linear The standard linear diffusion using a Gaussian kernel corresponds
to D = α1, with α ≥ 0.

Isotropic Non-linear Perona-Malik [334] type diffusion seeks to adapt the smooth-
ing strength to the absolute value of the gray value gradient. Tensor D is given by
D = f (∇g)1. Among the choices for the diffusivity f the following is given:

f (∇g)= exp(−‖∇g‖/K). (1.11)

The considered diffusivities have in common that they decrease with increasing
gradient magnitude. Thus smoothing across edges is prevented.
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Edge Enhancing This is basically an anisotropic version of the previous. Following
[164] we extend the original 2D formulation [433, 434] to nD as follows:

λi = λ2 := f (∇g) for i �=N,

λN := 1.
(1.12)

The largest diffusivity fixed to 1 enforces strong smoothing in the direction of the
corresponding eigenvector even when there is no clear linear structure present.

Coherence Enhancing In this type of diffusion the eigenvalues of the diffusion ten-
sor are chosen as λi = α for i �=N and [435]:

λN :=
{
α if κ = 0,

α + (1 − α) exp(−C
κ
) else.

(1.13)

With a small positive parameter α and the coherence κ measured by:

κ =
N−1∑

i=1

N∑

j=i+1

(μi −μj )
2. (1.14)

This process is designed to smooth only when there is a large spread in the eigen-
values, enhancing line-like, coherent structures.

Orientation-Enhancing In order to fully exploit the information provided by the
structure tensor and to facilitate orientation estimation (= optical flow in image
sequences) the eigenvalues of the diffusion tensor can be chosen [369, 431]:

λi :=
{

1 if μi ≤ σ 2,

1 − exp(− c

(μi−σ 2)2
) else,

(1.15)

where c > 0 regulates the transition and σ is related to the noise variance of the
image derivatives. This exponential function has been used in [334, 433].

The functions f used to calculate each λi are often chosen ad hoc, e.g. selected from
robust error functions [41]. As we will see in the next section (Sect. 1.3.1) they
may in principle be learned from image statistics. However no energy functional
exists for anisotropic nonlinear diffusion, where D depends on signal s. Therefore
in this case generative learning is not possible in a strict sense (cf. [371]). An energy
function for anisotropic nonlinear diffusion can be given, if D in principle should
not depend on s, even though s is used to calculate an approximation of the true D
[366]. We derive and use this energy function in Sect. 1.6.1.

1.2.3 Beltrami Framework

The basic concept behind Beltrami flow is to consider an image as a (curved) surface
embedded into a higher dimensional space [250]. This concept is frequently used in
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Fig. 1.4 Embedding of a gray value image in a feature space

Fig. 1.5 Linear diffusion (i.e. Gaussian smoothing) compared to Beltrami smoothing. Linear dif-
fusion averages a signal respecting spatial distances only. Beltrami smoothing averages a signal
respecting distances along the curved manifold

literature, especially when working on spaces with underlying non-flat group struc-
tures, cf. Chaps. 5, 8 and 9, and elsewhere [114, 157]. Results from differential ge-
ometry are then used to process this surface. We will illustrate this concept by means
of denoising gray valued images, however this concept can be generalized to other
image types (e.g. color images or tensor valued images) in a straightforward man-
ner. Instead of considering a gray valued image as a function s(x) from the image
domain Ω ⊂ R

2 into a one dimensional feature space I ⊂ R, an image is consid-
ered as a surface M embedded in the product space (trivial fiber bundle) E =Ω × I

(cf. Figs. 1.4 and 1.5). The embedding is described by the map X(x) = (x, s(x)).
In order to be able to define energies on the image, M is considered as a Rie-
mannian manifold: at each tangent space Tx(M) on a manifold M a (positive def-
inite) inner product g(x) : TM × TM → R is given by g(x) = gij (x) dxi ⊗ dxj ,
in which ⊗ denotes tensor outer product. The metric defines the length of an “in-
finitesimal line element” via ds2 = gij (x) dxi dxj as well as the “infinitesimal vol-
ume element”

√|g|dx dy, where |g(x)| = det[gij (x)]. The geometrical framework
allows to relate the metric of the embedding space E with the metric of the im-
age surface M via the so-called pullback metric gij = huv∂iX

u∂jX
v assuring that

infinitesimal distances defined by huv in E equal infinitesimal distances in M . If
we consider the usual Euclidean metric in Ω and I , the metric in the embedding
space reads d�2 = dx2 + dy2 + ds2(x, y) leading to following pullback metric on
M : g11 = 1 + (∂xs)

2, g12 = g21 = ∂xs∂ys and g22 = 1 + (∂ys)
2. Based on this
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mathematical structure an image can now be characterized by an energy based on
distances on the image surface M . For instance, a denoised image may have minimal
surface, i.e. the denoised image minimizes the energy

S(M)=
∫ √|g|dx dy. (1.16)

The corresponding diffusion equation can then be obtained with calculus of varia-
tion, i.e. setting the negative functional derivative of the energy functional equal to
the temporal derivative of the signal (cf. Eq. (1.22))

∂t s = div

(
1√|g|∇s

)

(1.17)

which is isotropic nonlinear diffusion (or Perona Malik diffusion [334]) with the
edge stopping function φ(x) = 1/

√|g|. The geometrical framework thus allows to
relate an ad hoc chosen edge stopping function with a metric of the image surfaceM .
However the choice of a suitable edge stopping function has only been shifted to
the choice of a suitable metric (in the embedding space). A more general energy
functional has been proposed [250]:

S(Xu,gij , huv)=
∫ √|g|gijhuv∂iXu∂jX

v dnx, (1.18)

where n denotes the dimension of the image domain, huv the embedding space met-
ric and gij the metric of the image manifold. Depending on the interpretation of the
different entities, different well known diffusion schemes can be reproduced by this
energy functional. These include the reparameterization invariant linear scale-space
by Florack et al. [155], Perona Malik anisotropic diffusion [334], Mumford-Shah
segmentation models [316], Rudin-Osher-Fatemi total variation TV method for im-
age enhancement based on the L1 norm [364], and the different Blake-Zisserman
membrane models [42]. Also diffusion schemes for vector valued images or images
whose feature space constitute itself a nonlinear manifold arise in a natural way, cf.
Sect. 1.5.2 as well as Chaps. 3, 5, 8, 9, as well as [114].

1.3 Diffusion and Image Statistics

Diffusion and diffusion-like methods can be derived from image statistics, probabil-
ity distribution functions (PDFs), or energy functionals. This section introduces the
main statistical concepts needed, pathways to diffusion and extensions to diffusion.

A considerable advantage of a statistical point of view is an airtight justification
of noise reduction. In scientific applications changing measured data e.g. by denois-
ing it or by rejecting outliers is only allowed if such a change improves the data.
Obviously, improving means to optimize some criterion which needs to be given
explicitly. What is more, the criterion must be the right one for the data-set at hand.
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However, what is the right criterion and in what sense is it right? From a statisti-
cal point of view the denoised or otherwise reconstructed data should be the most
likely one given the data and prior knowledge! Consequently we formulate suitable
probabilities and show in which way optimization schemes correspond to diffusion.

1.3.1 From Probability Distributions to Diffusion

An isotropic nonlinear diffusion process can be derived from an energy function,
that itself may be derived from a probability distribution. The smooth image s is
the maximizer of the posterior probability distribution p(s|r), i.e. the probability
that s := s(·, t) : RN → R for some fixed t > 0 is the desired smooth image when
r :RN →R has been observed

ŝ = arg max
s

p(s|r) with p(s|r)∝
∏

i

(p(ri |si)p(‖∇si‖)). (1.19)

The sampling distribution (likelihood function for fixed ri ) p(ri |si) at every pixel i,
with si = s(xi ), may be defined by a measured image statistics, i.e. a normalized
histogram of observed noise. In image processing it typically is modeled to only
depend on intensity differences εi = ri − si , i.e. on measurement noise.1 The spa-
tial term p(‖∇si‖) formulates prior knowledge about the solution s. It exploits a
Markov Random Field (MRF) assumption [183], which defines the prior in terms
of local neighbor properties. For a 1D signal the assumption used here is that if we
know a signal value si at a position i, then we can give a probability to observe a
certain si+1 at neighbor position i + 1, and vice versa.

Please note that the likelihood term depends on measured data r and is there-
fore often called data term. The prior term only depends on the sought for smooth
solution s and is therefore often called smoothness term.

We may interpret p(s|r) to be a Gibbs distribution

p(s)= 1

Z
e−E(s),

where E denotes the energy corresponding to p and Z is the partition function nor-
malizing the integral of p over all s. Maximizing p(s|r) is equivalent to minimizing
its energy, i.e. its negative logarithm

ŝ = arg min
s
E(s) with E(s)= −

∑

i

(ρ0(si − ri)+ λρ1(‖∇si‖)), (1.20)

where we used the notation ρ(x)= − logp(x), added indices to stress that sampling
and prior are different distributions, and introduced weight λ which accounts for the

1Considering e.g. Poisson or shot noise and low intensities, this is not a good approximation.
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confidence one has in the different model terms. The smoothness term in (1.20) can
be interpreted as nonlinear isotropic diffusion [41, 375]. As diffusion is defined in
continuous domain, we rewrite the smoothness term as energy functional

E(s)=
∫

ρ(‖∇s‖) dx. (1.21)

We denote with δE the functional derivative of E if the differential

〈δE(u),w〉 := lim
ε→0

E(u+ εw)−E(u)

ε
, (1.22)

exists for all test functions w : RN → R. The functional derivative can be seen as
a generalization of the gradient of a multivariate function in vector calculus to a
functional defined on a function space. Consequently, δE = 0 is a necessary con-
dition for a minimizer of E, known as the Euler-Lagrange equation. If we embed
the signal into a 1-parameter family s :RN ×R

+ →R, then the stationary point
can be interpreted as the steady state solution, if it exists, of the following evolution
equation:

〈∂t s(·, t),w〉 = −〈δE(s(·, t)),w〉, (1.23)

which, in a weak sense, amounts to the following gradient flow PDE:

∂t s = div(ψ(‖∇s‖)∇s) with ψ(α)= ρ′(α)/α. (1.24)

This means that nonlinear isotropic diffusion can be interpreted in terms of classical
or Bayesian statistics. The term ρ is denoted as an error norm in the context of
classical robust statistics and potential function in a Bayesian interpretation. In a
robust statistical approach, the main data is assumed to follow a certain distribution,
e.g. a Gaussian distribution and there are a few outliers whose distribution is not
explicitly known. The challenge is to choose an error norm such that outliers do
not influence the estimate. An energy function in a robust statistical approach does
not necessarily belong to a valid probability distribution. In contrast to this in the
Bayesian approach the complete probability distribution of main data and outliers
is modeled by a probabilistic distribution, i.e. the robust error norm directly follows
from the statistical properties of the complete data. A collection of well-known error
norms and the corresponding diffusivities2 are depicted in Fig. 1.6.

1.3.2 Gibbs Reaction-Diffusion

The prior term above is based on the absolute value of the image gradient |∇s|. This
choice is ad hoc and the partial derivatives in |∇s| may be exchanged by a set of

2Diffusivities calculated by e.g. Tuckey or Cup functions may become 0 and thus a diffusion tensor
based on them is not guaranteed to be positive definite, but positive semi-definite.
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Fig. 1.6 Different (robust) error norms

linear filters. Zhu and Mumford [465] proposed to use Gibbs distributions of the
form p(s,R,F ) = 1

Z
e−E(s,R,F ), where R = ρ1, . . . , ρJ and F is the set of filters

applied, F = {F1, . . . ,FJ }, Z a normalization factor making p integrate to 1 and

E(s,R,F )=
∑

i

J∑

j=1

ρj (Fj ∗ si), (1.25)

where ∗ denotes convolution. Filters Fj on different scales are used and the respec-
tive ρj are learned from training data. Zhu and Mumford observe that ρ-functions
are well modeled by ρ(ξ) = a(1 − (1 + (|ξ − ξ0|/b)−γ )−1) for different parame-
ters a, b, ξ0, and γ . When a > 0 we get a typical potential function with minimum
at ξ0. In most cases one gets a > 0 for filters like ∇ or Δ which capture the general
smoothness of an image (cf. Fig. 1.7, left). Interestingly for filters characterizing
prominent features, e.g. Gabor filters at various orientations and scales one gets
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Fig. 1.7 Typical ρ-functions
as derived by Zhu and
Mumford for diffusion and
reaction terms

a < 0, i.e. destabilizing behavior, resulting e.g. in edge-enhancement (cf. Fig. 1.7,
right). Zhu and Mumford call these terms reaction, while the smoothing terms are
called diffusion. All these terms are generalized isotropic nonlinear diffusions in
our nomenclature. Roth and Black [361] propose a framework for also learning the
filters F .

1.3.3 Steerable Random Fields and Anisotropic Diffusion

Following [371] anisotropic diffusion with a diffusion tensor can be derived using
Zhu and Mumford’s [465] approach (see Sect. 1.3.2). With the special filter choice
F = n1∇, . . . ,nJ∇ , i.e. directional derivatives along the normalized vectors nj we
get the posterior probability (cf. Eqs. (1.19) and (1.25))

ŝ = arg max
s

p(s|r) with p(s|r)∝
∏

i

(

p(ri |si)
J∏

j=1

pj (nj∇si)
)

. (1.26)

Maximizing p(s|r) is equivalent to minimizing its negative logarithm, i.e. the en-
ergy

ŝ = arg min
s
E(s) with E(s)= −

∑

i

(

ρ0(si − ri)+ λ

J∑

j=1

ρj (nj∇si)
)

, (1.27)

where we used ρ0(si − ri) = − logp(ri |si) and ρj (nj∇si) = − logpj (nj∇si),
added indices to stress that likelihood and prior are different distributions, and intro-
duced weight λ which accounts for the confidence one has in the smoothness terms
(as before in Sect. 1.3.1). We set up a gradient descent minimization scheme using
the functional derivative of E (cf. Eq. (1.22))

∂t s = −ρ′
0(si − ri)+ λ∇T

∑

i

J∑

j=1

ψj (nj∇si)njnTj ∇si for all i (1.28)
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with ψj (α) = ρ′
j (α)/α. Comparing the second term in Eq. (1.28) with anisotropic

diffusion (Eq. (1.1)) reveals the relation between the diffusion tensor

D =
∑

i,j

ψj (nj∇si)njnTj (1.29)

and the derivatives of the potential functions ψj (nj∇si). Consequently, the diffu-
sion tensor can be learned from training data.

Unfortunately the diffusion tensor from Eq. (1.28) is not constructed from a struc-
ture tensor as commonly done (cf. Sect. 1.2.2). Defining the prior as

∏
j p(μj ),

where μj are the eigenvalues of the structure tensor sorted by size yields a scheme
similar to structure-tensor-based anisotropic diffusion [371]. However, as eigenval-
ues of the structure tensor are smoothed squared directional derivatives, the gradient
in the spatial term of the diffusion operator (rightmost ∇ in Eqs. (1.1) and (1.28))
is also smoothed. If this smoothing is taken out of the structure tensor, the resulting
scheme reduces to isotropic nonlinear diffusion [371]. This problem can be circum-
vented, when only the orientation of the diffusion is derived via the structure tensor,
but directional diffusivities depend on unsmoothed directional derivatives [362].
Again this is not structure-tensor-based anisotropic diffusion, but called steerable
random fields. An energy functional yielding structure-tensor-based anisotropic dif-
fusion can be derived in a strict sense [366], however the structure tensor then is
only used as a proxy for an orientation tensor coming from a linear model. This
tensor does not depend on the signal s. We show this approach in Sect. 1.6.1.

1.3.4 Robust Statistics and Kernel Estimation

In the last section, we discussed the relation between probabilistic and diffusion
based denoising methods. In particular we showed that the prior term in a Bayesian
approach is directly linked to the energy of a robust estimator which then leads to
classical diffusion schemes. Examining the likelihood term in (1.19) in the same
manner reveals similar relations between different denoising methods as shown
next. Let us consider several observations rj in a local neighborhood. Assuming that
all these observations belong to the same signal value3 corrupted with identical in-
dependently distributed Gaussian noise, the corresponding likelihood function reads

p({rj }|s)∝ exp

{

− 1

2σ 2

∑

j

(s − rj )
2
}

(1.30)

with the corresponding energy

E(s)=
∑

j

(s − rj )
2. (1.31)

3In the case of an image, where rj are spatially distributed on the pixel grid this is of course a
smoothness assumption on the underlying signal s.
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Fig. 1.8 Optimal spatial filter masks in a data term depending on an assumed noise level. From
left to right and top to bottom: Noise level 1, 5, 10, 20, 50, 100

The maximum likelihood estimator is thus given by the linear least squares estima-
tor, i.e. the signal is estimated by the mean of all observations. The assumption of
a constant signal model might be too restrictive and one is attempted to give pixel
values closer to a position xk of interest more weight leading to the weighted least
squares estimator

E(sk)=
∑

j

wx(xk − xj )(sk − rj )
2 ⇒ sk =

∑
j wx(xk − xj )rj
∑

j wx(xk − xj )
, (1.32)

where xj and xk denote the (pixel) position of rj and sk , respectively, and wx is a
weight function. The weighted least squares scheme here is usually implemented
by a convolution with a (normalized) smoothing kernel wx , equivalent to linear dif-
fusion if a Gaussian kernel is used (cf. Sect. 1.2.1). Optimal weights depending on
pixel position can be chosen from statistical characteristics of the model error (a con-
stant signal here) and are typically not of Gaussian shape (cf. [267] and Fig. 1.8).

If the observed signal contains outliers, i.e. either the signal model or the noise
model is severely violated, the estimator can be made robust. Such a robust estimator
is obtained by exchanging the quadratic energy function by a robust error metric, i.e.
the corresponding estimator is the minimum of the energy

E(sk)=
∑

j

ρ(sk − rj ). (1.33)

It may be minimized by iterating

st+1
k =

∑
j ws(s

t
k − rj )rj

∑
j ws(s

t
k − rj )

, (1.34)
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Likelihood (data term) Prior (smoothness term)
• May be learned from data. • May be learned from data.
• Smoothness assumption on signal only if r

spatially distributed.
• Smoothness assumption on signal.

• Term contains measured data r and solution s. • Term contains only solution s.
• Initialized with mean or r (typically). • Initialized with r , if only one term.
• Solution non-constant. • Solution (piece-wise) constant.
• Scheme iterated till convergence. • Only few iterations, then stopped.
• Variance of spatial kernel constant wrt. h⇒ 0,
τ ⇒ 0.

• Variance of spatial Gaussian decreases with
h⇒ 0, τ ⇒ 0 (σ 2 = 2cτ ).

• Consistency check: No diffusion. • Consistent diffusion.

Fig. 1.9 Summary: Likelihood versus prior. First iteration may be identical in both cases

where ws(u) = ρ′(u)/u, and the upper index t is the iteration number. Please note
that if ρ is a negative Gaussian ρ(u)= − exp(−u2)/2, then ρ′(u)= u exp(−u2) and
ws(u)= exp(−u2) is a Gaussian as well.

In a Bayesian framework, the error metric is interpreted as a potential function
that directly encodes the statistical properties of signal model and noise. As for the
weighted least squares estimator, we may introduce a further weight wx reducing
the influence of estimates being further away from the central position xk . The min-
imizer of the corresponding energy

E(sk)=
∑

j

wx(xk − xj )ρ(sk − rj ) (1.35)

is denoted as the robust M-smoother in literature (cf. e.g. [75, 449]). This energy
may be minimized by iterating

st+1
k =

∑
j wx(xk − xj )ws(s

t
k − rj )rj

∑
j wx(xk − xj )ws(s

t
k − rj )

. (1.36)

The equivalence to nonlinear diffusion becomes apparent, when we select a spatial
neighborhood consisting of nearest neighbors only for wx and start with s0

k = rk .
The first iteration step then is equivalent to a diffusion step, where ws models diffu-
sivities. This equivalence can also be shown for larger neighborhoods [20, 21].

Please note When we start with a smoothness or constancy assumption formu-
lated on the measured data r , we construct a data term. In the respective estimation
schemes r is never updated. When we start with a similar assumption on the un-
derlying signal s as in Sect. 1.3.1, we get diffusion schemes, where rj stands for
the initial value s0

j and is updated. Here, we introduced spatial weights ad hoc, in
Sect. 1.3.1 they come from an MRF assumption.

In Fig. 1.9 we summarize properties of likelihood-based data terms and prior-
based smoothness terms.
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1.4 Some Diffusion-Like Nonlinear Regularization Schemes

There are several regularization techniques using averaging kernels, usually Gaus-
sians, together with a nonlinearity (for overviews see e.g. [55, 75, 449] as well
Chap. 4 in this volume). Local M-smoothing [75, 449] and related robust statistics-
based methods have already been shown in Sect. 1.3.4. We only show two prominent
examples here: bilateral filtering [409] also called cascaded nonlinear Gaussian fil-
tering [17, 187, 445], and channel smoothing [139], cf. Chap. 2. They are closely
connected to nonlinear isotropic diffusion. A false friend in the list of diffusion-like
methods is mean shift filtering [81], a mode-seeking method. Iterations occurring in
this approach are similar to diffusion, but only the first iteration really is equivalent
to a diffusion step.

1.4.1 Bilateral Filtering and Nonlinear Gaussian Filtering

Bilateral Filtering [409] as well as nonlinear Gaussian filtering [17, 187, 445] oper-
ate on the input data given by r(x) and filter it via

ŝ(x)= k−1(x)
∑

ξ

w1(x − ξ)w2(r(x)− r(ξ ))r(x), (1.37)

x ∈ R
N , where k(x)=∑ξ w1(x − ξ)w2(r(x)− r(ξ )) is a normalization, and ŝ(x) :

R
N → R is the filtered image. The filter weights w1 and w2 may be Gaussians

as suggested in [17, 187, 409, 445] but other filter weights may also be applied.
Positions xi may be restricted to a spatial local neighborhood with size depending
on the standard deviation σ1 of w1, typically 3σ1.

Equation (1.37) is simple linear Gaussian smoothing if the second kernel w2 ≡ 1
and thus a direct solution of the heat equation (1.3) for one given time step, cf.
Sect. 1.2.1. The second kernel w2(r(x)− r(ξ)) down-weights the contribution of a
value r(ξ ) if it differs from the value r(x) at the current position x. This is equivalent
to reducing the diffusivity between the points x and ξ . Iterating Bilateral Filtering by
applying it to the filtered data is therefore similar to isotropic nonlinear diffusion in
relatively coarse time steps. An investigation based on a detailed analysis of discrete
schemes also shows this connection between diffusion and bilateral filtering [20,
21].

So-called cascaded nonlinear Gaussian filtering changes standard deviations σ1
and σ2 of w1 and w2, respectively, in every iteration step. Typically one starts with
small σ1 (space) and large σ2 (range) and doubles σ1 while halving σ2 in every
iteration step.

We will now check for numerical consistency of bilateral filtering with isotropic
non-linear diffusion. It is not sufficient to compare discrete schemes in order to de-
cide whether or not bilateral filtering is a consistent numerical scheme for isotropic
nonlinear diffusion. We need to known how it behaves in the limit of continuous
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signals s and r . It is clear that if we only go to continuous domain, without asso-
ciating r with the initial (i.e. t = 0) signal s(x, t)|t=0 this scheme cannot become
diffusion—the diffusion equation contains no r . In this case the energy associated
with the respective likelihood term reads

E(sk)=
∑

j

w(xk − xj )ρ(rk − rj )(sk − rj )
2 (1.38)

with rj = r(xj ), which can be interpreted as the energy function of a Gaussian distri-
bution with the precision matrix Λkj =w(xk − xj )ρ(rk − rj ). Rewriting Eq. (1.37)
as

ŝ(x, t + τ)= k−1(x)
∑

ξ

w1(x − ξ)w2(s(x, t)− r(ξ))s(x, t) (1.39)

we do not end up with diffusion either, but perform robust averaging of multiple
measurements r . This update scheme corresponds to a robust M-smoother.

Only if we exchange also r(ξ) by s(ξ,0), we may end up with diffusion if we do
the limiting process right

ŝ(x, t + τ)= k−1(x)
∑

ξ

w1(x − ξ)w2(s(x, t)− s(ξ ))s(x, t). (1.40)

This update scheme is proposed in [409]. If the variance of kernel w1 decreases
with selected time step τ and τ is small enough, only nearest neighbors need to be
addressed. Comparing Eq. (1.40) with the update scheme in Eq. (1.5) reveals that
w2 may be interpreted as diffusivity c in that scheme. This interpretation of bilateral
filtering is consistent with isotropic nonlinear diffusion.

1.4.2 Mean Shift Filtering

Noise reduction may be regarded as estimation of the most likely measurement value
(or other feature) at a given position. Density of features in feature space may be re-
garded as empirical probability function (PDF) of the represented parameter. The
modes of a feature space, i.e. maximal dense regions, may therefore be identified as
local maxima of the unknown PDF. Mean shift filtering locates maxima, i.e. station-
ary density points by gradient ascent without estimating the density. How does this
work?

A kernel density estimator in a flat space is given by

f̂ (x)= 1

n

n∑

i=1

K(x − xi ), (1.41)

where f̂ is the estimated density, n data points xi ∈ R
N , i ∈ {1, . . . , n}, are given

and K is some normalized smoothing kernel typically radially symmetric K(x) =
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k(‖x‖2). Standard selections for K are a sphere around the origin or a multivariate
Gaussian. The gradient of the density is then

∇f̂ (x) = 1

n

n∑

i=1

(xi − x)g(‖x − xi‖2)

= 1

n

[
n∑

i=1

g(‖x − xi‖2)

][∑n
i=1 xig(‖x − xi‖2)
∑n

i=1 g(‖x − xi‖2)
− x
]

, (1.42)

where g(x) := −k′(x), i.e. when K is a Gaussian, the kernel G(x)= g(‖x‖2) is also
a Gaussian. While the first term in Eq. (1.42) is a density estimate calculated with
kernel G, the second term is the mean shift m

m :=
∑n

i=1 xig(‖x − xi‖2)
∑n

i=1 g(‖x − xi‖2)
− x. (1.43)

This is the vector pointing from the filter center x to the position of the weighted
mean. An iteration scheme may be defined by

yj+1 =
∑n

i=1 xig(‖yj − xi‖2)
∑n

i=1 g(‖yj − xi‖2)
, (1.44)

where yj is the j th location where the kernel G is applied at. Comparing Eq. (1.44)
to Eq. (1.34) we see that mean shift filtering is equivalent to location M-estimation,
where g(u)= ρ′(u)/u, u ∈R

+.
Mean shift filtering for image denoising applies Eq. (1.44) to an image, where x,

with t > 0 fixed, is an element of the product space E =Ω × I of image domain Ω
and intensity (or feature) domain I (the same product space is used in the Beltrami
framework, cf. Sect. 1.2.3). When a stationary point (∈ E) is reached, the feature
(∈ I ) of this point is assigned to the starting pixel position (∈Ω).

Please note that mean shift filtering always operates on the unchanged input data
and therefore really reaches a mode of the PDF. Diffusions do not seek for modes,
as they end in flat images. However their first step is towards the nearest mode.

1.4.3 Channel Smoothing

Channel smoothing explicitly represents the product space E = Ω × I (cf.
Sect. 1.2.3 as well as Chap. 2 in this volume) by so-called channels. Usual inten-
sity coding represents scalar values s, i.e. intensities by a single value. In contrast
to this, channels use a concept similar to fuzzy encoding, where a set of N chan-
nels cn with weights wn, n ∈ 1, . . . ,N encode a value. Each weight wn represents
how much the encoded value belongs to the channel value cn the weight stands
for. E.g. 10 channels may represent the numbers 1 to 10, i.e. cn = n, N = 10.
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A simple encoding scheme then would represent the intensity, e.g. 3.5 by set-
ting channels weights w3 = w4 = 0.5 and all other weights to zero. A suitable
decoding step calculates intensities from channels, e.g. by weighted averaging of
channels s =∑n nwn. If more than one value is encoded in the channels, sum-
mation is performed locally, e.g. summing over a channel and its direct neighbors
sn = (n− 1)wn−1 + nwn + (n+ 1)wn+1, and selection of the value represented by
the highest sum of weights wn−1 +wn +wn+1. This selection typically is the only
nonlinear step in the scheme.

Channel smoothing consists of 3 steps: (1) encoding, (2) spatial smoothing
of channels, (3) decoding. Encoding and decoding is done as written above. For
smoothing each channel is convolved individually by a Gaussian kernel, i.e. linear
diffusion is applied to channel weights. This means input intensities contribute to a
local averaging only if their value contributes to a channel weight which is later on
included in the decoding step.

It has been shown that this is equivalent to local M-smoothing, where also input
values are excluded (or down-weighted) if they are too far away from the solution
[139]. This is different from bilateral filtering or nonlinear Gaussian filtering, where
values are not excluded based on the solution, but if they are too far away from the
initial value of a reference (central) pixel.

1.5 Discretization

Discretization schemes differ in the way spatial and temporal terms in Eq. (1.1) are
treated. The most simple and common choice is two-level explicit finite-difference
schemes. But besides this, there are e.g. three-level methods [173], semi-implicit
approaches [68, 441], multigrid methods [2], adaptive finite element techniques
[19], schemes with wavelets as trial functions [173], spectral methods [173], and
stochastic simulations [353]. Methods for anisotropic diffusion filters with a dif-
fusion tensor include finite elements with grid adaptation [350] or multigrid ac-
celeration [108], lattice Boltzmann techniques [237] and explicit finite difference
schemes [82, 83, 434]. An excellent semi-analytic 3 × 3-pixel scheme for 2D in-
put images has been presented in [443]. The core idea is to discretize derivatives in
2×2-cells and calculate D for the center of this cell. For each 2×2-cell the dynam-
ical system defined by Eq. (1.1) is solved analytically for fixed diffusion tensor D.
Resulting pixel solutions are averaged yielding a 3 × 3-pixel scheme. This locally
semi-analytic scheme features good rotation invariance and absolute stability, i.e.
minima do not drop and maxima do not raise. For higher dimensions this scheme is
not yet available.

The anisotropic diffusion process in Eq. (1.1) can be solved using finite differ-
ences when data lives in a flat space. An Euler forward approximation for ∂s

∂t
yields

sl+1
i − sli

τ
=
∑

j∈Ωi

Al
j,is

l
j ⇔ sl+1

i = sli + τ
∑

j∈Ωi

Al
j,is

l
j , (1.45)
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where Ωi is a neighborhood of voxel i, τ is a time step size and sli denotes the ap-
proximation of s(x, t) in pixel i at (diffusion) time lτ . The expression

∑
j∈Ωi

Al
j,is

l
j

is a discretization of ∇ · (D∇s). It comes down to the convolution of the image with
a spatially and temporally varying mask Al

i . Hence, we may calculate s at time level
l + 1 directly from s at level l. We present and compare different implementations
of A below. All these schemes have consistency order 2 and are therefore numeri-
cally equivalent when refining spatial discretization. As one can show [433] finite
difference schemes feature absolute stability only for diffusion tensors with small
enough condition, i.e. ratio between largest and smallest eigenvalues.

1.5.1 Rotation Invariance

Rotation invariance for a diffusion scheme means that smoothing behavior is the
same, independent of the orientation of the structure it smoothes along. For 2D
images several schemes exist providing rotation invariant behavior for tensor-based
anisotropic diffusion [369, 439, 443]. One of the most prominent applications of
orientation estimation is optical flow estimation in image sequences. We will now
focus on this application.

The standard discretization is a 3-tab finite difference scheme introduced in [434]
in 2D. A 3D version is shown in [369]. It is derived by rewriting ∇ · (D∇s) as a sum
of terms, and replacing derivatives in terms with derivatives along the same direction
by a filter [1,−1]. In mixed derivative terms one uses [0.5,0,−0.5]. Parameters
Di,j are interpolated linearly by [0.5,0.5] when needed at inter pixel positions. This
results in a spatial discretization with a support of 3 pixels in every dimension.

Rotation invariance of a scheme can be increased using separable first order
derivative filters optimized for the calculation of gradient direction (see e.g. [368]).
To use these optimized filters we rewrite the spatial differential operator in Eq. (1.1)
as

∇ · (D∇s)= (∂x1 , . . . , ∂xN )D(∂x1 , . . . , ∂xN )
T s. (1.46)

This expression is evaluated in an explicit way, i.e. using only known values from the
old time level l. The key point is to use the optimized filters as derivative operators.
They are composed of a common one dimensional derivative filter (e.g. [1,0,−1]/2,
denoted D ) and one dimensional smoothing kernels (e.g. [3,10,3]/16, denoted B)
in all other directions. The derivatives are then ∂xi = Dxi ∗Bxj ∗Bxk where {i, j, k}
is a permutation of {1,2,3}, lower indices give the direction of the kernel and ∗ is
a convolution. Optimized choices for D and B are given in Table 1.1. These filters
approximate rotation invariance significantly better than related filters like the Sobel
filters or scaled Gaussian derivatives of the same size.

The following algorithm is repeated for every time step of size τ

1. Calculate the structure tensor J from signal s (Eq. (1.7)).
2. Get the diffusion tensor D by J (Eqs. (1.10) and (1.15)).
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Table 1.1 Derivative filters, optimized for gradient direction

Name D B

2-tab [1,−1] [0.5,0.5]
3-tab [0.5,0,−0.5] [3,10,3]/16

4-tab [−1,27,−27,1]/24 [−0.0876,0.5876,0.5876,−0.0876]
5-tab [−1,8,0,−8,1]/12 [−0.0439,0.1646,0.7586,0.1646,−0.0439]

Fig. 1.10 Synthetic
sinusoidal sphere with
143 × 143 × 143 voxel. Left:
x–y-slice at z= 71. Right:
With added Gaussian noise of
standard deviation σ = 64

3. Calculate the flux ji :=∑3
m=1Di,m∂xms, ∀i ∈ {1,2,3}.

4. Calculate A ∗ s (Eq. (1.45)) by A ∗ s =∑3
m=1 ∂xmjm.

5. Update s in an explicit way (Eq. (1.45)).

In the performance tests depicted in Fig. 1.11 the filters named 3-tab of Table 1.1
are always used for step 1. This is done in order to always construct the diffusivity
tensor D identically. Only at steps 3 and 4 other filters are used. Schemes are named
according to these filters. We observe that severe blurring of fine structures occurs
when using standard discretization (STD), 2tab and 4tab-schemes. Significantly less
over-smoothing is obtained when using 3-tab and 5-tab schemes. Quantitative and
qualitative tests with similar 2D schemes in [370, 439] validate this result.

We introduce normal distributed noise of standard deviation σn = 20 to the rubic
cube sequence, Fig. 1.12 left in order to illustrate the improvement of an optical flow
field under heavy noise on a real sequence. With this amount of noise the optical
flow field (see also Eq. (1.59)) estimated with the structure tensor4 Jρ has not much
resemblance to the flow field estimated on the original sequence, Fig. 1.12 middle
left and middle right. With a stopping criterion based on confidence of optical flow
estimation presented in [369] diffusion terminates at diffusion time t = 14. The
displacement field computed at this time step appears even better than the one from
the original data, see Fig. 1.12 right. Note that by adjusting the scale ρ in the original
structure tensor Jρ one can also cope with high noise but only at the cost of locality.

4Optical flow is derived as ratio of the first and third, and second and third components of the
eigenvector e3 to the smallest eigenvalue μ3 of a structure tensor calculated from a spatio-temporal
gradient.



1 A Short Introduction to Diffusion-Like Methods 23

Fig. 1.11 Restoration of the noisy image from Fig. 1.10. The overlayed color indicates the low
signal area for ease of viewing blurring artifacts. The numbers below the images are their mean
square differences to the original noise free image Fig. 1.10

Fig. 1.12 Rubic cube sequences. From left to right: Noisy image, flow on noiseless sequence, flow
on noisy sequence and flow after diffusion

1.5.2 Anisotropic Diffusion for Tensor Valued Images

Due to the rapid technological development of diffusion tensor imaging (DTI), the
processing of tensor valued images have become more and more important in recent
years (see e.g. [252–254] for a comprehensive introduction to DTI).

The differential geometric framework introduced in [250] (Sect. 1.2.3) allows a
direct generalization to tensor valued images, i.e. instead of a gray value s(x), a ten-
sor Σ(x) (positive definite matrix) is assigned to each pixel. Tensor valued images
are considered as sections in the product space R

n × P(n), of the image domain
and the space of positive definite tensors. In principle one could work with local
coordinates and finite difference approximations of the derivatives in this space.
However, finite difference approximations do not (always) feature absolute stability
(see above for the case of scalar valued images). Thus convex filtering is not guar-
anteed using such discretizations. For tensor valued images this means that positive
definiteness of the tensors might not be preserved. In order to prevent such short-
comings, a global perspective could be used as introduced in [145] for nonlinear
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isotropic diffusion. Here we present the generalization to nonlinear anisotropic dif-
fusion (see also [266]).

The main idea is to formulate the diffusion equation on the tangent space of the
image section and obtain one step of the flow by means of the exponential map.
Except for the nonlinear anisotropic diffusion scheme, the diffusion equation can
be derived from a corresponding energy functional E(u) via calculus of variation,
i.e. the gradient descent scheme of these energy functionals can be identified with a
diffusion equation (cf. Sects. 1.3.1 and 1.6.1).

The functional derivative of an energy functional of a tensor field can be defined
in the same way as in Sect. 1.3.1, i.e. by the differential

〈δE,W 〉 :=
∫

〈δE(x),W(x)〉Σ(x) dx, (1.47)

where W :Rn → P(n) denotes a tensor valued test function and

〈· , ·〉Σ(x) : TP(n)× TP(n)→ R (1.48)

denotes the Riemannian scalar product at Σ(x). The corresponding diffusion equa-
tion (1.23) generalizes accordingly.

Let us now consider the linear anisotropic diffusion equation, i.e. Eq. (1.1) with
D not depending on the evolving signal. The corresponding energy function is

E(u)= 1

2

∫

∇uT D∇udx. (1.49)

Let ∂iΣ(x), i = 1, . . . ,N denote the partial derivative of the tensor field in direction
i, elements of the tangent space at Σ . We define the energy functional

E(Σ)= 1

2

∫ ∑

i,j

dij 〈∂iΣ, ∂jΣ〉Σ dx (1.50)

with

〈∂iΣ, ∂jΣ〉Σ = Tr((∂iΣ)Σ−1(∂jΣ)Σ−1). (1.51)

The components of the diffusion tensor dij (please do not confuse dij with the el-
ements of the tensor field) locally controls the direction of smoothing and for the
moment being does not depend on the evolving tensor field. Inserting Eqs. (1.50–
1.51) in the right hand side of Eq. (1.47) yields, after some algebraic manipulations,
the functional derivative

δE = −
∑

i,j

dij (∂i∂jΣ − (∂iΣ)Σ−1(∂jΣ))−
∑

i,j

(∂idij )(∂jΣ). (1.52)

The terms on the right side, with i = j , i.e.

ΔiΣ = ∂2
i Σ − (∂iΣ)Σ−1(∂iΣ) (1.53)
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are components of the Laplace Beltrami operator Δ =∑i Δi derived in [332]. In
addition to the work in [145, 332], we also state mixed components

ΔijΣ = ∂i∂jΣ − (∂iΣ)Σ−1(∂jΣ), i �= j (1.54)

needed for the linear anisotropic diffusion equation.
The nonlinear anisotropic diffusion equation is defined exchanging the diffusion

tensor components in Eq. (1.53) with components depending on the evolved tensor
field. So we have all components to define an anisotropic diffusion equation on
the space of positive definite matrices in an intrinsic way. To this end, only the
second order derivatives ∂2

i and ∂i∂j occurring in (1.1) need to be exchanged by
their counterparts Δi and Δij .

So far we have assumed the tensor to be defined on a continuous domain. In the
experiential setting tensor fields are defined on discrete grids. The application of
Riemanian anisotropic diffusion requires a discrete approximation for the deriva-
tives derived above. In principle, we could use matrix differences to approximate
the derivatives but this would contradict our effort to derive an intrinsic expres-
sion of the anisotropic diffusion equation. The finite differences are extrinsic since
they are based on Euclidean differences between tensors, i.e. they use the differ-
ence in the space of symmetric matrices and not the Riemannian metric of the space
P(n).

We need discrete approximations of derivatives of first and second order to ap-
proximate the functional derivative δE in Eq. (1.52) on a discrete grid. Intrinsic
approximations to first order derivatives have already proposed in [145] and are
reviewed here with the following propositions. To this end we define

−→
AB :=A

1
2 log(A− 1

2BA− 1
2 )A

1
2 , (1.55)

cf. [145] for details.

Proposition I The first order discrete approximation of the first order derivative of
Σ in direction j reads

∂jΣ(x)= 1

2ε
(
−−−−−−−−−−−→
Σ(x)Σ(x + εej )− −−−−−−−−−−−→

Σ(x)Σ(x − εej ))+O(ε). (1.56)

A second order discrete approximation scheme to the second order derivative in
direction ej has been derived in [332]. We state it here as a second preposition.

Proposition II The second order discrete approximation of the second order
derivative in direction ej is

ΔjΣ(x)= 1

ε2
(
−−−−−−−−−−−→
Σ(x)Σ(x + εej )+ −−−−−−−−−−−→

Σ(x)Σ(x − εej ))+O(ε2). (1.57)
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Fig. 1.13 Denoising experiment. Upper row (from left to right): Original tensor field, noise cor-
rupted tensor field. Lower row (from left to right): Diffusion with flat metric; diffusion with Rie-
mannian metric

For the anisotropic diffusion equation we also need mixed derivatives ΔijΣ that can
be approximated according to Proposition III derived in [266].

Proposition III The second order discrete approximation of the second order mixed
derivative in direction i and j is given by

ΔijΣ(x)+ΔjiΣ(x) = 1

ε2
(
−−−−−−−−−−−→
Σ(x)Σ(x + εen)+ −−−−−−−−−−−→

Σ(x)Σ(x − εen)

− −−−−−−−−−−−→
Σ(x)Σ(x + εep)− −−−−−−−−−−−→

Σ(x)Σ(x − εep))

+O(ε2), (1.58)

with the abbreviation en = 1√
2
(ei + ej ), ep = 1√

2
(ei − ej ).

In Fig. 1.13 we see denoising results on a synthetic tensor field with noise added.
We observe that a standard finite difference discretization based on the Euclidean
metric leads to swelled tensors, known as the eigenvalue swelling effect. The dis-
cretization scheme based on Riemannian geometry does not show this effect.
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1.6 Model-based Diffusion

1.6.1 An Energy Functional for Anisotropic Diffusion

As we have seen above, diffusion can be derived from smoothness assumptions on
the ‘true’ signal s. For some diffusions an energy functional like Eq. (1.20) can be
given, but for structure-tensor-based anisotropic diffusion as described by Weickert
[433] we have not shown such an energy so far. The problem was that no such
energy can be defined, when structure estimates depend on the signal s.

However, the well known brightness constancy constraint equation used for opti-
cal flow estimation (BCCE, defined below) leads to tensor-based anisotropic diffu-
sion, when used as a smoothness constraint in a cost function. Although our exper-
iments below are done using 2D images, we use a 3D formulation here, because in
this form the BCCE is most well known.

Let us assume that s is a densely sampled image sequence, thus x1 = x, x2 = y,
and x3 = t . In contrast to Eq. (1.20) let us further assume that s should fulfill the
BCCE

∂xs dx + ∂ys dy + ∂t s dt = 0 ⇔ (∇T s)u = 0, (1.59)

where u = (dx, dy, dt)T is a parameter vector. This is a typical linear model, where
linear means linear in u. In order to avoid the trivial solution u = 0 one usually
either defines |u| = 1 or dt = 1. Here we prefer the first assumption, because it
is more clearly related to orientation estimation. From this vector optical flow, i.e.
x- and y-displacements ux and uy , respectively, can be calculated via ux = dx/dt

and uy = dy/dt . There are many ways to estimate such a parameter vector (see
e.g. [23]). For now let us assume we know the probability distribution p(u) at each
pixel and thus could give its expectation value 〈u〉. We can then formulate the cost
function

E(s(·, t))=
∫

Ω

(s(·, t)− r)2 dx + α

∫

Ω

〈(∇T s(·, t)u)2〉dx. (1.60)

As before in Sects. 1.3.1 and 1.3.3 we set up a gradient descent minimization
scheme using the functional derivative of E (cf. Eq. (1.22)). We get

∂t s = (r − s)− α∇̄T 〈uuT 〉∇s, (1.61)

where s is treated as a volume and ∂t is the derivative with respect to the ‘iteration
time’ of the scheme (not to be confused with the time in an image sequence), and
∇̄ = −∇ is a mirrored version of ∇ (cf. also [465]). The term 〈uuT 〉 is a square,
symmetric, positive definite matrix. As shown in [366] this diffusion tensor is well
approximated by a regularized inverse of the structure tensor. Equation (1.61) de-
scribes anisotropic diffusion of s with diffusion tensor 〈uuT 〉. The data term acts
as a (grey value) source and is usually omitted. Obviously u and s are coupled via
BCCE (Eq. (1.59)). However u is not s and when varying s, u may be kept constant.
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1.6.2 Diffusion for Multiple Orientations

The single orientation model ∇T gu = 0 (cf. Eq. (1.59)) above can be rewritten as

(DT s)p = 0, (1.62)

where p is the parameter vector and D is an operator vector applied to the data s.
In Eq. (1.59) we have p = u and D = ∇ . For any linear model that can be written
in the form Eq. (1.62), we can construct a diffusion-like reconstruction scheme as
done for the single orientation model above via the cost function (cf. Eq. (1.60))

E(s)=
∫

Ω

(s − r)2 dx + α

∫

Ω

〈((DT s)p)2〉dx. (1.63)

As above we derive a gradient descent scheme

∂t s = (r − s)− αD̄T 〈ppT 〉Ds, (1.64)

where D̄ is a mirrored version of D. The expression 〈ppT 〉 again is a square, sym-
metric, positive definite matrix. Analog to the approach in Sect. 1.2.2 we can ap-
proximate it via the extended structure tensor JD

JD(x)=
∫

w(x − x′)(Ds(x′))(DT s(x′)) dx′ (1.65)

belonging to the model (DT s)p = 0 and exchange the eigenvalues μi of JD via
the edge stopping functions from Edge-Enhancing Diffusion (EED, Eq. (1.12)) or
Orientation-Enhancing Diffusion (OED, Eq. (1.15)).

1.6.3 Example: Double-Orientation-Enhancing Diffusion

In this example, we construct a diffusion-like scheme for enhancement of transpar-
ently overlayed structures resulting in two local orientations in 2d data. The linear
model describing this is (cf. [394], Eq. (11))

∂xxsp1 + ∂xysp2 + ∂yysp3 = 0 or (DT s)p = 0, (1.66)

where D = (∂xx, ∂xy, ∂yy)
T is an operator vector containing second order partial

derivative operators, s is the image data and p is a parameter vector (containing
mixed orientation parameters, that we do not need to disentangle, cf. [394]). This
operator vector D is now plugged into Eq. (1.64). Further 〈ppT 〉 in that equation is
replaced by the extended structure tensor from Eq. (1.65) with exchanged eigenval-
ues. Discretization of D is done using separable convolution filters

∂xx = Lx ∗ Sy, ∂xy = Dx ∗ Dy, ∂yy = Sx ∗ Ly, (1.67)
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where lower indices give the application direction, L is a discrete 1d second order
derivative, S is a 1d smoother and D is a 1d first order derivative filter.

For the calculation of D and D̄ in Eq. (1.64) we use the 3 × 3 scheme from [366]

L = [1,−2,1], D = [0.5,0,−0.5], S = [0.21478,0.57044,0.21478].
(1.68)

Structure tensor JD (Eq. (1.65)) needed to approximate 〈ppT 〉 in Eq. (1.64) is calcu-
lated using 5 × 5 filters optimized for accurate double orientation estimation [367]

L = [0.2068,0.1729,−0.7593,0.1729,0.2068],
D = [0.06295,0.3741,0,−0.3741,−0.06295],
S = [0.01531,0.2316,0.5062,0.2316,0.01531].

(1.69)

We use an Euler-forward update scheme (cf. Eq. (1.45))

st+τ = st − τD̄T 〈ppT 〉Dst , (1.70)

where the upper index t indicates the diffusion time and τ is a (small) time step (cf.
Eq. (1.61)). The initial data s0 has to be the noisy (or otherwise corrupted) data r
and the smoothing process has to be stopped manually or due to some criterion. In
the simple tutorial experiment shown in Fig. 1.14 we run the smoothing process as
long as the peak signal to noise ratio (PSNR, cf. [346])

PSNR = 20 log
255

‖s − s0‖2
(1.71)

rises. This is practicable because we have ground truth data s0 (not to be confused
with initial noisy image s0 from Eq. (1.70)) available. Non-surprisingly anisotropic
diffusion based on the standard single orientation model (BCCE, optical flow) ei-
ther is stopped before crossed structures in Fig. 1.14 are denoised or severely cor-
rupts these structures. Double-orientation diffusion delivers a result visually indis-
tinguishable from the original, noise free data.

1.7 Conclusion

Diffusion is a concept defined in continuous space and time originating from
physics. Consequently discrete diffusion methods have to be numerically consistent
with diffusion. If they are not consistent, they are merely nonlinear regularization
schemes. Nevertheless they can be excellent schemes. Being a diffusion is not a sign
of high or low quality. It is just an observation.

Diffusion-like methods can be derived from statistics. The usual way is to design
a prior term formulating a smoothness assumption on the underlying continuous
undisturbed signal. Very similar schemes can be derived using a likelihood term and
a constancy assumption on the underlying signal. The difference between the two
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Fig. 1.14 Transparently overlaid rings: a: original, b: with added noise (σ = 15). Reconstructed
with anisotropic diffusion, applying c: OED, d: EED. Reconstructed with double-orientation-en-
hancing diffusion, applying e: OED, f: EED

approaches is that a prior yields diffusion in a narrower sense, i.e. a regularization
scheme ending in a flat signal if no data-term counterbalances it. A likelihood term
is always based on the input data (like in mean-shift filtering) and does not yield a
flat signal in the end—it is a data-term.

The advantage of a statistical formulation of diffusion is that all parameters,
like diffusivities, can be learned from training data. In addition, originating from
statistics the scheme applied is an optimization procedure and therefore we know in
which sense the data becomes “better” if we change it by our scheme, i.e. we know
a reason why to apply our algorithm and no other.

Extensions to diffusion come from the observation that derivatives are not the
only operators making sense in an energy functional or Gibbs-distribution. Best
suited operators for regularization of a given type of data can be derived in the
isotropic nonlinear case. In the anisotropic nonlinear case filter selection can be
recast into selection of a linear model the data is assumed to fulfill locally.



Chapter 2
Adaptive Filtering Using Channel
Representations

Michael Felsberg

Abstract This review article gives an overview on adaptive filtering methods based
on channel representations. The framework of channel representations and its rela-
tion to density estimation is introduced. The fast and accurate scheme of virtual shift
decoding is introduced and applied in several variants of channel smoothing:

• channel smoothing with alpha-synthesis for improving stability of edge-
enhancing filtering

• orientation adaptive channel smoothing with applications to coherence-enhancing
filtering

• channel smoothing using graph-cuts for improving filtering results at corners
• channel-coded feature maps (CCFMs) which lead to a significant speed-up of

channel averaging
• CCFM-based smoothing based on optimal parameters derived from a novel un-

certainty relation

For each method, an algorithmic description and some examples of results are pro-
vided, together with discussions and references of the original papers. Cross con-
nections to other articles in this volume are given where appropriate.

2.1 Introduction

Adaptive filtering is an important field of image processing that has been consid-
ered by many researchers during the past three decades. Many different variants of
adaptivity have been discussed in the literature, but the most relevant instances are
probably orientation and scale.

The concept of scale was first introduced systematically in terms of the concept
of linear scale space [232, 261, 450], establishing a 3D space of spatial coordinates
and a scale coordinate. Often identified with Gaussian low-pass filtering, a rigorous
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analysis of underlying scale space axioms [442] has led to the discovery of the
Poisson scale space [138] and more general α scale spaces [116].

In practice, discrete scale spaces are mostly sub-sampled with increasing scale
parameter, leading to the concept of scale-pyramids [63, 188], multi-scale analysis
and wavelet theory [92, 298], cf. Chap. 7. While pyramids and wavelets speedup
the computation of linear operators and transforms, non-linear scale space methods
are widely used, e.g. for image enhancement. Non-linear scale space is based on a
non-stationary or anisotropic diffusivity function [334, 432], cf. also Chaps. 5 and 9.

More recently, non-linear methods have been introduced which are less directly
connected to linear scale space and diffusion, but allow for faster processing and par-
tially superior results [139, 346]. The former method is based on wavelets, whereas
the latter one is based on the channel representation [189] and is called channel
smoothing. Combining the channel representation with a systematic decimation
of spatial resolution, similar to the pyramid approach, has been applied in blob-
detection [160] and in channel-coded feature maps (CCFM) [241, 244], a density
representation in spatio-featural domain, see also [137].

Non-linear filtering based on anisotropic diffusivity is closely related to orienta-
tion adaptive filtering [134]. Orientation adaptive filtering, often referred to steerable
filters [171], goes actually back on the work [259]. In more recent work, it has been
extended to orientation selective channel smoothing [136] and orientation scores
and their processing [117].

This review paper focusses on the channel-based variants of adaptive filtering and
it is structured as follows. The framework of channel representations and its relation
to density estimation is introduced in Sect. 2.2. The fast and accurate scheme of
virtual shift decoding is introduced in Sect. 2.3. Sections 2.4–2.8 summarize several
variants of channel smoothing:

1. channel smoothing with alpha-synthesis for improving stability of edge-
enhancing filtering

2. orientation adaptive channel smoothing with applications to coherence-
enhancing filtering

3. channel smoothing using graph-cuts for improving filtering results at corners
4. channel-coded feature maps (CCFMs) which lead to a significant speed-up of

channel averaging
5. CCFM-based smoothing based on optimal parameters derived from a novel un-

certainty relation

For each method, an algorithmic description and some examples of results are pro-
vided, together with discussions of the original papers.

2.2 The Channel Representation

Channel coding, also called population coding [347, 460], is a biologically inspired
data representation, where features are represented by weights assigned to ranges of
feature values [189, 230], see Fig. 2.1. Similar feature representations can also be
found in the visual cortex of the human brain, e.g. in the cortical columns.
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Fig. 2.1 Orientation distribution is encoded into channels, resulting in a (low-pass filtered) recon-
struction using maximum entropy [242], see also Chap. 16. Figure courtesy by Erik Jonsson

The closer the current feature value f to the respective feature interval center n,
the higher the channel weight cn:

cn(f )= k(f − n), n ∈ N, (2.1)

where k(·) is a suitable kernel function and where f has been scaled such that it has a
suitable range (note that we chose to place the channel centers at integers). By intro-
ducing z as a continuous feature coordinate, kn(z)= k(z−n), and δf (z)= δ(z− f )

denoting the Dirac-delta at f , the encoding can be written as a scalar product

cn(f )= 〈δf |kn〉 =
∫

δf (z)kn(z) dz (2.2)

or as a sampled correlation in the feature-domain:

cn = (δf � k)(n)=
∫

δf (z
′)k(z′ − z) dz′

∣
∣
∣
∣
z=n

. (2.3)

From the weights of all channels the feature value can be decoded unambiguously
by finding the mode, where the decoding depends on the kernel function. In what
follows, we have been using quadratic B-splines:

B2(z)=

⎧
⎪⎪⎪⎨

⎪⎪⎪⎩

(z+ 3/2)2/2 −3/2 < z≤ −1/2,

3/4 − z2 −1/2 < z≤ 1/2,

(z− 3/2)2/2 1/2 < z < 3/2,

0 otherwise.

(2.4)

This results in the encoding scheme Algorithm 2.1, where N denotes the number of
channels.
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Algorithm 2.1 Channel Encoding Algorithm
Require: f ∈ [1.5;N − 0.5]

1: c ⇐ 0
2: for all samples f do
3: i ⇐ round(f )
4: g ⇐ f − i

5: ci−1 ⇐ ci−1 + (g − 1/2)2/2
6: ci ⇐ ci + 3/4 − g2

7: ci+1 ⇐ ci+1 + (g + 1/2)2/2
8: end for

The features can be scalar valued or vector valued, e.g. grey-scales, color vec-
tors, or orientations. In the case of scalar features the decoding from quadratic B-
splines has been considered in detail in [139], see next section. For the case of
non-interfering channel weights, a simplified scheme based on the quotient of linear
combinations can be used:

Mn = cn−1 + cn + cn+1, n0 = arg maxMn, f̂ = cn0+1 − cn0−1

Mn0

+ n0,

(2.5)
where f̂ is our estimate of the feature f that had been encoded in cn.

2.3 Virtual Shift Decoding

The decoding scheme (2.5) is not sufficient in all applications due to its quantization
effects, i.e., the decoding result is biased toward the channel centers. If avoiding
quantization effects in the decoding is essential, the virtual shift decoding [139]
can be applied. For its derivation the reader should refer to the original paper. The
algorithm works as follows. Let h= 2

√
2−3. In a first processing step, the channels

are forward and backward filtered according to

c+
n = cn + hc+

n−1, (n= 2, . . . ,N), (2.6)

c−
n = h(c−

n+1 − c+
n ), (n=N − 1, . . . ,1), (2.7)

c′
n = 8c−

n . (2.8)

For finite domains, the boundary conditions are given as

c+
1 = c1, (2.9)

c−
N = h

h2 − 1
c+
N. (2.10)

For periodic domains, a DFT-based method should be applied instead of (2.6–2.10)

DFTN(c′′)= 8(DFTN([6 1 0 . . . 0 1]N))−1DFTN(c), (2.11)
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where DFTN denotes the N -point DFT along the channel index. The new channel
vector c′′ must be extended at both ends according to

c′ = [c′′
N−1 c

′′
N c′′T c′′

1 c
′′
2]T

in order to process it further as if it was non-periodic. Sampling the continuous
function

p(f )=
N∑

n=1

c′
nB2(f − n) (2.12)

results in the original channel vector c again, i.e., p(f ) is a proper interpolation of
the channel vector.

In order to extract the modes fn at channels n, define βn = fn − n and solve

0 = λβ2
n +μβn + ν with (2.13)

λ = (c′
n0−2 − 2c′

n0−1 + 2c′
n0+1 − c′

n0+2)/2, (2.14)

μ = (−c′
n0−2 + 2c′

n0
− c′

n0+2)/2, (2.15)

ν = (c′
n0−2 + 6c′

n0−1 − 6c′
n0+1 − c′

n0+2)/8 (2.16)

such that the minimum of the error corresponds to

βn = −μ/2 +√μ2/4 − νλ

λ
. (2.17)

Solutions where |βn| > 1/2 must be excluded, since they are located outside the
unit interval around n. For valid solutions of βn, the decoded mode is given by
fn = n+ βn. For periodic domains, the correct values are obtained after a modulo
operation.

In order to extract the maximum likelihood estimate or to order the modes, the
robust error needs to be known. It is given at channel n as

E(n) = 23

24
+ βnν + β2

nμ/2 + β3
nλ/3

− c′
n0−2 + 24c′

n0−1 + 46c′
n0

+ 24c′
n0−1 + c′

n0−2

48
. (2.18)

The virtual shift decoding algorithm is summarized in Algorithm 2.2.
Channel representations obviously need more memory than directly storing fea-

tures, but this investment pays off in several ways which we will show in the subse-
quent sections.
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Algorithm 2.2 Virtual Shift Decoding Algorithm
Require: c is non-negative and normalized

1: if periodic domain then
2: c ⇐ IDFTN(8(DFTN([6 1 0 . . . 0 1]N))−1DFTN(c))
3: c ⇐ [cN−1 cN cT c1 c2]T
4: else
5: h⇐ 2

√
2 − 3

6: for n= 2 to N do
7: cn ⇐ cn + hcn−1
8: end for
9: cN ⇐ 8 h

h2−1
cN

10: for n=N − 1 to 1 do
11: cn ⇐ h(cn+1 − 8cn)
12: end for
13: end if
14: λ ⇐ conv(c, [− 1

2 1 0 −1 1
2 ])

15: μ ⇐ conv(c, [− 1
2 0 1 0 − 1

2 ])
16: ν ⇐ conv(c, [− 1

8 − 3
4 0 3

4
1
8 ])

17: β ⇐ (−μ/2 +√μ.2/4 − ν.λ)./λ

18: γ ⇐ conv(c, [ 1
48

1
2

23
24

1
2

1
48 ])

19: f ⇐ β + [1 2 . . . N]
20: E ⇐ 23

24 + (−1 < 2β < 1).(β.ν + β.2.μ/2 + β.3.λ/3 − γ )

2.4 Channel Smoothing

The idea of channel smoothing is based on considering the feature f in the encoding
(2.1) as a stochastic variable. It has been shown in [139] that the distribution pf is
approximated by cn in expectation sense (see also Fig. 2.2):

E{cn(f )} = (pf � k)(n) (2.19)

such that f̂ becomes a maximum-likelihood estimate of f .
If we assume that pf is locally ergodic, we can estimate f̂ from a local image

region, which corresponds to a local averaging of the channel weights within a spa-
tial neighborhood. The algorithm consisting of the three steps channel encoding,
channel averaging, and channel decoding is called channel smoothing (see Algo-
rithm 2.3 and Fig. 2.3) and has been shown to be superior to many other robust
smoothing methods [139], cf. Chap. 1. Due to its structure, Algorithm 2.3 is very
well suited for parallel implementations. A nearly identical scheme has been pro-
posed independently, but later, in [329].

Due to the point-wise decoding in Algorithm 2.3, the positioning of region
boundaries might violate the sampling theorem, resulting in unstable edge-pixels.
To avoid this effect, a modification to the channel decoding has been proposed
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Fig. 2.2 Schematic
comparison of density
estimation using a histogram
(top), a channel
representation (middle), and a
Parzen window estimator
(bottom)

Algorithm 2.3 Channel Smoothing Algorithm
Require: f ∈ [1.5;N − 0.5]

1: for all x do
2: c(x)⇐ encode(f (x))
3: end for
4: for n= 1 to N do
5: cn ⇐ conv2(cn, gσ )
6: end for
7: for all x do
8: [f(x) E(x)] ⇐ decode(c(x))
9: i(x)⇐ arg maxn En(x)

10: [f̂ (x) Ê(x)] ⇐ [fi(x)(x) Ei(x)(x)]
11: end for

in [159], called α-synthesis, which creates smooth transitions between neighbor-
hoods with different feature levels. Instead of extracting only the maximum in (2.5)
or Algorithm 2.3, line 9, all local decodings are combined, weighted by the respec-
tive robust errors

f̂ =
∑

n fn(
23
24 −En)

α

∑
n(

23
24 −En)α

. (2.20)

For the choice of α see [159]; we used α = 2 throughout this paper. This method
avoids aliasing artifacts at edges, but it does not avoid the rounding of corners, see
Fig. 2.4.
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Fig. 2.3 The simple synthetic example (top left) smoothed by channel smoothing, using a Gaus-
sian filter with σ = 10. No quantization effects are visible but note the rounding of the corner. On
the top right: Robust error E of the decoding

Fig. 2.4 From left to right: Original noisy test image, result without alpha-synthesis (note the
flip-overs at the edges), and result with alpha-synthesis
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Fig. 2.5 Channel matrix using ten grey-scale channels and six orientation channels

2.5 Orientation Adaptive Channel Smoothing

The contents of this section is based on the publication [136], but the work is also
closely related to Chaps. 3 and 10, as well as [295].

Channel smoothing as introduced in the previous section preserves edges, similar
to edge-enhancing diffusion. Close to an edge, the filter support of a comparable
linear filter is a semi-disc lying entirely on one side of the edge, thus giving a stable
response everywhere except for points lying exactly on the edge. The latter problem
has been solved by α-synthesis. For elongated, line-like structures, for instance in
images of finger prints, the ordinary channel smoothing becomes however instable,
as the majority of points are edge points. As a consequence, the resulting image
suffers from ‘flip-over’ effects and contours become fragmented or displaced.

This problem is avoided if the channel smoothing is only performed along a
1D subspace, given by the local signal orientation θf , similar to the principle of
adaptive filters [259] or coherence enhancing diffusion [439]. Hence, the channel
smoothing operation must depend on the local signal orientation, which is itself
represented using channels. The orientation information is typically of much slower
variation than the intensity information and thus ordinary channel smoothing gives
good results [139].
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Algorithm 2.4 Orientation Adaptive Channel Smoothing Algorithm
Require: f ∈ [1.5;N − 0.5]
Require: θf ∈ [1.5;M − 0.5]

1: for all x do
2: cf (x)⇐ encode(f (x))
3: cθ (x)⇐ encode(θf (x))
4: end for
5: for m= 1 to M do
6: cθ,m ⇐ conv2(cθ,m, gσ )
7: for n= 1 to N do
8: cn,m ⇐ conv2(cθ,mcf,n, gm)
9: end for

10: end for
11: for all x do
12: for n= 1 to N do
13: [cn,m(x)]m ⇐ normalize([cn,m(x)]m)
14: [f(x) E(x)] ⇐ decode([cn,m(x)]m)
15: i(x)⇐ arg maxmEm(x)
16: cf,n(x)⇐ 23

24 −Ei(x)(x)
17: end for
18: cf (x)⇐ normalize(cf (x))
19: [f(x) E(x)] ⇐ decode(cf (x))
20: i(x)⇐ arg maxn En(x)
21: [f̂ (x) Ê(x)] ⇐ [fi(x)(x) Ei(x)(x)]
22: end for

The smoothed orientation channels and the grey-scale channels are then com-
bined in an outer product, see Fig. 2.5. The channel matrix encodes explicitly which
grey-scale is present at which orientation. Hence, it is straightforward to adapt
the smoothing kernel to the local orientation: we simply use differently oriented
anisotropic smoothing kernel gm for each orientation channel.

This smoothed, extended channel representation is then decoded in three steps
using the standard decoding: Decode the orientation channel for each grey-scale, use
the obtained error estimates to build a new grey-scale channel vector, and decode
the new channel vector. The complete algorithm is summarized in Algorithm 2.4.

The ratio behind the sketched method is as follows. For oriented structures the
channel matrix has a clear 2D maximum. Generating the grey-scale channel vec-
tor in line 16 yields a vector with a maximum at the appropriate grey-scale. The
effective filter kernel is dominated by the anisotropic kernel corresponding to the
strongest orientation channel, i.e., the structure is smoothed along its orientation
and maintained perpendicular to its orientation, see Fig. 2.6.

For unoriented structures, the orientation decoding is random, but the resulting
grey-scale channel will still be correct as the grey-scales are identical for all orienta-
tions. The effective filter kernel is a combination of anisotropic kernels with random
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Fig. 2.6 Fingerprint experiment from [136]. From left to right: Original images, results from
coherence enhancing diffusion [420], and results from channel smoothing. Top: Fingerprint at
300 dpi. Bottom: Zoomed detail. For further details and parameters, refer to [136]

orientation, thus resulting in an isotropic kernel. Hence, the filter output corresponds
to isotropic smoothing.

A further aspect of adaptive filtering is the choice of the smoothing kernels, de-
pending on the noise level [132] (for related work on noise level estimation, see
also [140, 363]) and the noise distribution, e.g., multiplicative noise [372]. The se-
lection of filter kernels is however out of the scope of this review and the interested
reader is referred to the original publications.

2.6 Channel Smoothing Without Corner Rounding

The method described in this section is based on the publication [133], which pro-
poses a method to avoid rounding of corners by restricting the smoothing to a
generic domain where the respective channels are active. This means in practice:
channel values should be averaged on bounded domains. Before looking into the
issue of determining the active region of a channel, we have to modify the averag-
ing step in channel smoothing in order to apply it to a bounded domain. Filtering of
(uncertain) data f from a bounded domain is well modeled in terms of normalized
convolution [258] of 0th order (normalized averaging):

f̂ = (a ∗ (bf ))
(a ∗ b) , (2.21)

where a denotes the applicability function, i.e., a suitable averaging kernel (typi-
cally a Gaussian function), b is the certainty function, which describes the bounded
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domain Ω :

b(x)=
{

1 x ∈Ω,

0 x /∈Ω,
(2.22)

and ∗ denotes the convolution operation.
The co-domain of normalized convolution is however unbounded, and therefore,

we cannot apply it directly to the case of channels cn that are active in a bounded
region. To remain within the active region of each channel, we mask the result from
normalized convolution to the same bounded domain of each channel by means of
the certainty function bn:

ĉn = bn
(a ∗ (bncn))
(a ∗ bn) . (2.23)

What remains to be considered is the estimation of the active region, or equivalently,
the certainty function for each channel. We have to find those regions where the
image was sufficiently stationary in order to produce similar channel vectors c(x).
Similar channel vectors have the same active components, where we classify the
activity by a simple threshold θ . As stationarity does not make sense without spatial
context, we require the active region to be as connected as possible.

For each channel n we formulate the following objective function:

E(bn)=
∑

x

bn(x)(θ − cn(x))+ λ
∑

{x,y}∈N

|bn(x)− bn(y)|, (2.24)

where we use the following parameters throughout the remainder of this paper:

• N is the four-neighborhood
• λ= 0.3 is the penalty for discontinuities in bn
• θ = 1

16 is the threshold for active channels

All parameters were chosen according to [133] (as is the width of the Gaussian fil-
ter σ = 10 and the number of channels N = 10). The interested reader is referred
to [132, 161] for estimation of the channel averaging filter and the number of chan-
nels. The threshold θ can be derived from classical decision theory (see e.g. [406],
Chap. 3) and depends also on the number of channels. The meta parameter λ de-
pends on the neighborhood structure and the signal statistics. It should be at least one
third of the maximum channel value (minus θ ) to fill in one-pixel gaps in a contour
with four-neighborhood. Too large values will remove structural details from the
active region. For quadratic B-spline channels and θ = 1

16 this happens for λ≥ 11
32 .

A binary labeling problem as formulated in (2.24) (see also Chap. 14) is effi-
ciently solved by graph-cut algorithms [52]. Using graph-cut for determining the ac-
tivation of channels, we obtain the graph-cut channel smoothing algorithm as given
in Algorithm 2.5. The synthetic example from Fig. 2.3 shows that graph-cut chan-
nel smoothing does not suffer from the drawback of multi-label graph-cut (coarse
quantization), nor does it suffer from rounding of corners as pure channel smooth-
ing does, see Fig. 2.7. The computational complexity of the proposed method is
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Algorithm 2.5 Graph-Cut Channel Smoothing Algorithm
Require: f ∈ [1.5;N − 0.5]

1: for all x do
2: c(x)⇐ encode(f (x))
3: end for
4: for n= 1 to N do
5: bn ⇐ binary_graph_cut(cn,N , λ, θ)

6: cn ⇐ bnconv2(bncn, gσ )/conv2(bn, gσ )
7: end for
8: for all x do
9: [f(x) E(x)] ⇐ decode(c(x))

10: i(x)⇐ arg maxn En(x)
11: [f̂ (x) Ê(x)] ⇐ [fi(x)(x) Ei(x)(x)]
12: end for

somewhat higher than that of pure channel smoothing and it is dominated by the N
binary graph-cut computations.

2.7 Channel-Coded Feature Maps

Channel-coded feature maps have been suggested in [243] and are related to the the-
ory in Chap. 4 in the sense that spatio-featural densities are estimated using channel
representations.

One major drawback of channel smoothing is the extensive use of memory if
many feature channels are required. A high density of channels is only reasonable
if the spatial support is large, which implies that the individual feature channels
are heavily low-pass filtered along the spatial dimension. Therefore, the feature
channels have a lower band limit and can be sub-sampled in the spatial domain
without losing information. If the three steps of channel encoding, channel averag-
ing, and sub-sampling are integrated into a single step, channel-coded feature maps
(CCFMs) are generated. The advantage of CCFMs is a much higher number of
channels, e.g. by combining several features as in Fig. 2.8, without increasing the
memory requirements significantly. The CCFM encoding of a single feature point
can be written as (cf. (2.1)):

cl,m,n(f (x, y), x, y)= kf (f (x, y)− n)kx(x − l)ky(y −m), (2.25)

where kf , kx, ky are the 1D kernels in feature domain and spatial domain. Note
that x and y are scaled such that they suit the integer spatial channel centers l,m.
Similar to (2.1), the encoding (2.25) of a set of feature points can be written as a
scalar product in 3D function space or as a 3D correlation, where we use

δf (x, y, z)= δ(z− f (x, y)) (2.26)
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Fig. 2.7 Simple synthetic example from Fig. 2.3 smoothed by graph-cut channel smoothing, using
a Gaussian filter with σ = 10. Top right: Result from graph-cut channel smoothing. Below: Actual
absolute error compared to noise-free gradient image and reconstruction error. Note the absence of
rounding of the corner

and kf,n(z)= kf (z− n), kx,l(x)= kx(x − l), ky,m(y)= ky(y −m):

cl,m,n(f ) = 〈δf |kf,nkx,lky,m〉 =
∫∫∫

δf (x, y, z)kf,n(z)kx,l(x)ky,m(y) dz dy dx

= (δf � (kf kxky))(n,m, l). (2.27)

The final formulation is the starting point of the CCFM scale space, see next section.
CCFMs can be computed very efficiently using monopieces [241, 244], but here
we restrict ourselves to the more basic Algorithm 2.6, where ⊗ denotes the outer
(Kronecker) product. CCFMs and their derivatives can be used efficiently for robust
visual tracking [243].
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Fig. 2.8 Simultaneous encoding of orientation and color in a local image region. Figure taken
from [241] courtesy Erik Jonsson

Algorithm 2.6 CCFM Algorithm
Require: f ∈ [1.5;N − 0.5]
Require: x = (x, y)T ∈ [1.5;X− 0.5] × [1.5;Y − 0.5]

1: C ⇐ 0
2: for all x do
3: cf ⇐ encode(f (x))
4: cx ⇐ encode(x)
5: cy ⇐ encode(y)
6: C ⇐ C + cf ⊗ cx ⊗ cy
7: end for

2.8 CCFM Scale Space

This section summarizes some recent results [135] on the concept of CCFM scale
space and spatial-featural uncertainties.

The starting point is to embed the image f (x, y) as a 3D surface according
to (2.26). One might try to generate a 3D α scale space [116] (Gaussian as a special
case α = 1 and all α-kernels are symmetric, i.e., correlation and convolution are the
same):

Fs(x, y, z)= (k(α)s � δf )(x, y, z). (2.28)

However, the semi-group property of scale space implies that all dimensions (spatial
dimensions and the feature dimension) become increasingly blurred. Despite the
fact that this implies a rapidly growing loss of information with increasing scale and
a singular zero scale, this procedure is insensible from a statistical perspective and
does not comply with the notion of scale selection [126, 290].

Since the latter argument is not straightforward, we explain our rationale in some
more detail. From the requirement that the dimensionless derivative attains its max-
imum at a position proportional to the wavelength of the signal [290] (Sect. 13.1),
we conclude that the scale of a structure is proportional to its spatial scale (a trivial
fact) and anti-proportional to its feature scale. The latter can be shown by looking
at the Taylor expansion of a harmonic oscillation A sin(ωx) in the origin: Aωx. The



46 M. Felsberg

steepness of a sinusoid Aω in the origin grows linearly with the amplitude and the
frequency, i.e., it is anti-proportional to the wavelength λ= 2π

ω
.

Alternatively, one can consider the energy of a harmonic oscillation. The energy
is proportional to the square of the amplitude times the square of the frequency:

E ∝ A2ω2 ∝ A2

λ2 . That means, if we apply a 3D lowpass filter to the spatio-featural
domain, the energy decays with a power of four. Hence, scale selection would fa-
vor the highest possible frequencies in nearly all cases. If we scale the amplitude
anti-proportionally to the spatial domain, the change of energy is balanced and will
reflect intrinsic properties of the signal.

This relation is formalized in terms of a spatio-featural uncertainty relation,
which is derived based on the group structure of spatio-featural transformations. We
choose a methodology which is based on the isotropic model used in [264], although
restricted to the 1D case. The higher-dimensional case generalizes straightforwardly.
The group that we consider contains the shearing group and the translation group
given as

x′ = x + tx, (2.29)

f ′ = f + tan(φ)x + tf . (2.30)

The shearing transformation corresponds to the rotation of a Euclidean space and
is obtained since the f -coordinate is a null-vector [264], i.e., f · f = 0. The
parametrization is chosen such that it reflects the fact that points move along the
surface/curve with angle φ towards the ground plane. Using this definition we state
the following

Theorem 2.1 Let the spatio-featural domain be described by the isotropic model.
The uncertainty product in the spatio-featural domain has a lower bound

∃k > 0 : (Δx)(Δf )≥ k (2.31)

and the lower bound is given as

k = 1

2
σf σx, (2.32)

where σ 2
f is the variance of the feature domain marginal distribution and σ 2

x is the
variance of the spatial domain distribution.

The proof of this theorem is given in [135]. As a consequence of this theorem,
optimal parameters for CCFM computation are derived. As an experimental val-
idation, images have been reconstructed from these CCFMs showing that a good
perceptual quality is maintained for a wide range of channels, see Fig. 2.9. The
CCFM-smoothing algorithm is summarized in Algorithm 2.7, where the numbers
of channels X, Y , and N are the optimized parameters mentioned before and the
interpolation in line 3 generates a new channel vector from adjacent channel vectors
by linear interpolation.
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Fig. 2.9 Examples for CCFM-smoothing at different scales. The spatial and featural (denoted as
channels) resolutions are given according to the spatio-featural uncertainty. The feature considered
here is the greyscale

Algorithm 2.7 CCFM Smoothing Algorithm
Require: f ∈ [1.5;N − 0.5]
Require: x = (x, y)T ∈ [1.5;X− 0.5] × [1.5;Y − 0.5]

1: C ⇐ CCFM(x, y, f )

2: for all x do
3: cf ⇐ interpolate(C,x)
4: [f(x) E(x)] ⇐ decode(cf )
5: i(x)⇐ arg maxn En(x)
6: [f̂ (x) Ê(x)] ⇐ [fi(x)(x) Ei(x)(x)]
7: end for
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2.9 Conclusion

In this review paper, we have given a compact and concise overview over the field
of channel-based filtering. Research on this topic is still in progress and more results
on the efficient computation and other types of features are to be expected in the near
future. Code for most of the presented work is available at the author’s website.
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Chapter 3
3D-Coherence-Enhancing Diffusion Filtering
for Matrix Fields

Bernhard Burgeth, Luis Pizarro, Stephan Didas, and Joachim Weickert

Abstract Coherence-enhancing diffusion filtering is a striking application of the
structure tensor concept in image processing. The technique deals with the problem
of completion of interrupted lines and enhancement of flow-like features in images.
The completion of line-like structures is also a major concern in diffusion tensor
magnetic resonance imaging (DT-MRI). This medical image acquisition technique
outputs a 3D matrix field of symmetric (3 × 3)-matrices, and it helps to visualize,
for example, the nerve fibers in brain tissue. As any physical measurement DT-MRI
is subjected to errors causing faulty representations of the tissue corrupted by noise
and with visually interrupted lines or fibers.

In this paper we address that problem by proposing a coherence-enhancing dif-
fusion filtering methodology for matrix fields. The approach is based on a generic
structure tensor concept for matrix fields that relies on the operator-algebraic prop-
erties of symmetric matrices, rather than their channel-wise treatment of earlier pro-
posals.

Numerical experiments with artificial and real DT-MRI data confirm the gap-
closing and flow-enhancing qualities of the technique presented.
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3.1 Introduction

An important task in diffusion tensor magnetic resonance imaging (DT-MRI) is the
so-called fiber tracking [438]. In parts of the brain, e.g. the corpus callosum, nerve
fibers form bundles with a coherent structure. In principle the matrix field produced
by DT-MRI allows for the application of fiber tracking techniques and hence for the
accurate visualisation of the nerve fibers. There is a vast literature on various tech-
niques to achieve this goal, see for example [40, 64, 84, 146, 306, 464, 467]. How-
ever, ubiquitous measurement errors during acquisition cause gaps and interrupted
fibers in the final visualization. It would be desirable to have a method available that
enhances flow-like patterns such as bundles of nerve fibers. For scalar and vector-
valued images a method achieving this goal is already at our disposal: Coherence
enhancing diffusion filtering [436]. It is governed by the equation

∂tu− div(D · ∇u)= 0 in I ×Ω,

∂nu= 0 in I × ∂Ω,

u(x,0)= f (x) in Ω,

(3.1)

where Ω ⊂ R
d is the image domain and I = [0, T [ a potentially unbounded time

interval. To the authors’ best knowledge, no extension of this method to matrix-
valued images, matrix fields for short, has been reported in the literature.

The essential ingredient in this equation is the diffusion tensor D of the scalar
image u which steers the diffusion process: It amplifies diffusion along flow-like
structures, and hinders diffusion perpendicular to those patterns. Postponing the de-
tailed construction of D to Sect. 3.2, for now we only remark that it is a function of
the structure tensor [162], which is given by

Sρ(u(x)) :=Gρ ∗ (∇u(x) · (∇u(x))�)= (Gρ ∗ (∂xi u(x) · ∂xj u(x)
))
i,j=1,...,d .

Here Gρ∗ indicates a convolution with a Gaussian of standard deviation ρ, however,
more general averaging procedures can be used. If ∇u(x) �= 0 the matrix

(∇u(x) · (∇u(x))�)

has rank one, the eigenvector ∇u(x) belongs to the only non-zero eigenvalue
|∇u(x)|2. The eigenvalues represent the contrast in the directions of the eigenspaces.
The averaging process then creates a matrix with full rank which contains valu-
able directional information. Note that the averaging of the structure tensor avoids
cancelation of directional information. If one would average the gradients instead,
neutralization of vectors with opposite sign would occur. In many applications it is
advantageous to use a presmoothed image uσ := Gσ ∗ u instead of u in order to
reduce the influence of noise for better numerical results. The structure tensor is a
classical tool in image processing to extract directional information from an image,
for more details the reader is referred to [35] and the references therein, as well as
to Chaps. 1 and 5. It is not straightforward to generalize both the structure and the
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diffusion tensor concept to the setting of matrix-valued images. To fix notation in
this work matrix-valued images or matrix fields M(x) are considered as mappings
from R

d into the set Symn(R) of symmetric n× n-matrices

M : x �→M(x)= (mi,j (x)
)
i,j=1,...,n ∈ Symn(R),

and denoted by capital letters while indexed lower case letters indicate their com-
ponents. In [53, 437] di Zenso’s approach to a structure tensor for multi channel
images is generalized: Each channel considered as independent scalar image gives
rise to a structure tensor, then these structure tensors are summed up to give the
structure tensor of Weickert

Jρ(U(x)) :=
n∑

i,j=1

Sρ(ui,j (x)).

This construction has been refined to a customizable structure tensor in [381]. There
the resulting structure tensor is a weighted sum of tensors of scalar quantities that
are now not just the channels, but other meaningful scalar quantities derived from
the matrix field. The weights are provided by the user, and depending on the choice
of weights the emerging structure tensor has a sensitivity for certain features of the
matrix field. A special constellation of the weights turns the customizable structure
tensor into Weickert’s structure tensor. It is important to mention that in case of
a 3D matrix field of 3 × 3 symmetric matrices these concepts yield also a 3 × 3
structure tensor, the very same order as a 3D scalar image. Here we opt for a different
approach: We assume an operator-algebraic view on symmetric matrices as finite
dimensional instances of selfadjoint Hilbert space operators. The exploitation of
the algebraic properties of matrices ensures proper interaction between the different
matrix channels.

Promising proposals to generalize nonlinear regularization methods and related
diffusion filters for scalar images to matrix fields have been made in [60, 61]. These
approaches are based on a basic differential calculus for matrix fields, which will
be useful in this context as well. Other approaches to tensor field regularisation
have a more differential geometric background [71, 412] where the set of positive
definite matrices is endowed with a Riemannian metric stemming form the DT-
MRI field. A different approach to regularization of tensor fields is proposed in
Chap. 5, which is based on the Beltrami framework, a local differential geometric
approach. For a basic introduction to the Beltrami framework see also Chap. 1.
Further investigations in connection with CED based on Lie group theory can be
found in Chap. 8, as well as in [114]. Regarding the problem of completing lines
and closing gaps, a very different approach to ours is considered in Chap. 10.

In this chapter we will present a general concept for a large size structure tensor
that carries all the directional information of the matrix field. We will show how this
information can be deduced from this large tensor by a reduction process. We will
follow the presentation in [62].

The rest of this chapter is structured as follows: Sect. 3.2 is devoted to a brief
review of coherence enhancing diffusion (CED) filtering of scalar images. Notions
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necessary to construct the diffusion tensor and a basic differential calculus for ma-
trix fields necessary to construct the diffusion tensor is provided in Sect. 3.3. In
Sect. 3.4 we present the structure tensor concept for matrix fields, study some of
its properties by investigating the connection to already known structure tensors for
matrix-valued data. Employing this structure tensor concept we introduce coherence
enhancing diffusion for matrix fields in Sect. 3.5. We then describe in Sect. 3.6 how
explicit schemes for two-dimensional data can be extended by a Sobel-type method
to three-dimensional ones. The results of our experiments with matrix-valued coher-
ence enhancing diffusion applied to real DT-MRI images are discussed in Sect. 3.7.
Section 3.8 is made up by concluding remarks.

3.2 Coherence Enhancing Diffusion

The rationale behind the construction of the diffusion tensor D is as follows:
The matrix Sρ(u) as the positive average of different symmetric positive semidef-
inite matrices has the very same property. Hence Sρ(u) has a orthonormal sys-
tem {w1, . . . ,wd} of eigenvectors corresponding to the non-negative eigenvalues
μ1 ≥ μ2 ≥ · · · ≥ μd ≥ 0 indicating the contrast in each direction. In the line defined
by wd , the coherence orientation, the contrast is the least compared to other orienta-
tions, since wd belongs to the smallest eigenvalue μd . The coherence or anisotropy
of an image structure is essentially captured in the eigenvalue distribution of the
structure tensor Sρ . In [435] the quantity

κ :=
d−1∑

i=1

d∑

j=i+1

(μi −μj )
2

is proposed to measure coherence. Strongly differing eigenvalues result in a large
value of κ , while similar values produce a small κ-value indicating a structure with
isotropic character. The matrix D has the same eigenvectors as Sρ , however, its
eigenvectors λi are altered via the tensor map H according to

λi :=H(μi) := α for i = 1, . . . , d − 1

and

λd :=H(μd) :=
{
α if κ = 0,

α + (1 − α) exp(−C
κ
) else

with a threshold C > 0.
In this chapter we show how coherence enhancing diffusion filtering can be ex-

tended to matrix fields. We follow the exposition in [62] and provide basic notions
of a calculus for matrix fields in the next section.
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3.3 Basic Differential Calculus for Matrix Fields

In this section we provide briefly the basic definitions for the formulation of a dif-
ferential calculus for matrix fields. This material is instigated in [59] but for a more
detailed exposition the reader is referred to [60].

1. Functions of matrices. The standard definition of a function h on Symn(R) is
given by [229]:

h(U)= V � diag(h(λ1), . . . , h(λn))V ∈ Symn(R),

if U = V � diag(λ1, . . . , λn)V is the spectral/eigen decomposition of the sym-
metric matrix U , and if λ1, . . . , λn lie in the domain of definition of h. We en-
countered already an example of a function of a symmetric matrix; the diffusion
tensor as a function of the structure tensor Sρ with coherence κ under the tensor
map H , D =H(Sρ).

2. Partial derivatives. Let ω ∈ {x1, . . . , xd, t} ∈ R
d+1 stand for a spatial or tem-

poral variable, eω ∈ R
d+1 a unit vector along the ω-direction, and (x, t) =

(x1, . . . , xd, t). A partial derivative for a matrix field is naturally defined com-
ponentwise as the limit of a difference quotient:

∂ωU(x, t) = lim
h→0

U((x, t)+ h · eω)−U(x, t)

h

=
(

lim
h→0

uij ((x, t)+ h · eω)− uij (x, t)

h

)

i,j

= (∂ωuij (x, t))i,j .

The generalization to directional derivatives is straightforward, viz. by letting
eω refer to any arbitrary unit vector. Higher order partial differential operators,
such as the Laplacian, or other more sophisticated operators, find their natural
counterparts in the matrix-valued framework in this way as well.

3. Generalized gradient of a matrix field. The gradient of a matrix field with suffi-
ciently smooth component functions is defined via

∇U(x) := (∂x1 U(x), . . . , ∂xd U(x))
� ∈ (Symn(R))

d .

Hence, the generalised gradient ∇U(x) at a voxel x is regarded as an element
of the module (Symn(R))

d over Symn(R) in close analogy to the scalar set-
ting where ∇u(x) ∈ R

d . In the sequel we will call a mapping from R
d into

(Symn(R))
d a module field rather than a vector field.

4. For the sake of completeness we include the formal definition of the generalized
structure tensor of a matrix field here. We will discuss its derivation, properties
and application in the next section. The novel structure tensor for a matrix field
is given by

(S L(U))(x) := (Gρ ∗ (∇U(·) · (∇U(·))�))(x)
= ((Gρ ∗ (∂xiU(·) · ∂xj U(·)))(x))i,j=1,...,d . (3.2)
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Table 3.1 Extensions of elements of scalar valued calculus (middle) to the matrix-valued setting
(right)

Setting Scalar valued Matrix-valued

Function h :
{
R →R

x �→ h(x)
h :
{

Symn(R)−→ Symn(R)

U �→ V � diag(h(λ1), . . . , h(λn))V

Partial derivatives ∂ωu, ω ∈ {t, x1, . . . , xd } ∂ωU := (∂ωuij )ij , ω ∈ {t, x1, . . . , xd }
Gradient ∇u(x) := (∂x1u(x), . . . , ∂xd u(x))

�,
∇u(x) ∈ R

d
∇U(x) := (∂x1U(x), . . . , ∂xd U(x))

�,
∇U(x) ∈ (Symn(R))

d

Structure tensor (Gρ ∗ (∇u(·) · (∇u(·))�))(x) (S L(U))(x) :=
(Gρ ∗ (∇U(·) · (∇U(·))�))(x)

Product a · b A •J B := 1
2 (AB +BA)

5. Symmetric product of symmetric matrices. The product of two symmetric matri-
ces A,B ∈ Symn(R) is not symmetric unless the matrices commute. However,
it is vital to our interests to have a symmetric matrix product at our disposal.
There are numerous options to define a symmetric matrix product, however, we
concentrate on a specific one known from algebra and called Jordan product:

A •J B = 1

2
(AB +BA) for A,B ∈ Symn(R). (3.3)

For commuting A and B we have A •J B = A · B . This product is commuta-
tive and distributive but not associative. Most important, it does not preserve the
positive semi-definiteness of its arguments [62].

We summarized the definitions from above and juxtapose them with their scalar
counterparts in Table 3.1. The matrix field U(x) is assumed to be diagonalizable
with U = (uij )ij = V � diag(λ1, . . . , λn)V , where V ∈O(n), the set of all orthogo-
nal n× n-matrices, and λ1, . . . , λn ∈ R.

3.4 The Structure Tensor for Matrix Fields

In order to extract d-dimensional information we reduce S L(U) ∈ Symnd(R) to
a structure tensor S(U) ∈ Symn(R) in a generalized projection step employing the
block operator matrix

trA :=
⎛

⎜
⎝

trA · · · 0
...

. . .
...

0 · · · trA

⎞

⎟
⎠ (3.4)

containing the trace operation. We set tr := trI . This operator matrix acts on ele-
ments of the space (Symn(R))

d as well as on block matrices via formal blockwise
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matrix multiplication.

⎛

⎜
⎝

trA · · · 0
...

. . .
...

0 · · · trA

⎞

⎟
⎠

⎛

⎜
⎝

M11 · · · M1n
...

. . .
...

Mn1 · · · Mnn

⎞

⎟
⎠=

⎛

⎜
⎝

trA(M11) · · · trA(M1n)
...

. . .
...

trA(Mn1) · · · trA(Mnn)

⎞

⎟
⎠ ,

provided that the square blocks Mij are compatible with trA, that means here, have
the same size as A. The reason for choosing trA as reduction operators is their ho-
mogeneity:

trA(tM)= t trA(M) for all t ∈R.

The subsequent result stated in [62] gives a first insight into the role of this reduction
operation and its connection to other structure tensors:

Proposition (Weickert’s Tensor as an Elementary Reduction of S L) Let U(x) ∈
Symn(R) be a d-dimensional matrix-field. Then the Weickert tensor Jρ is a reduced
version of S L,

Tr SL(U)= Jρ(U) ∈ Symn(R).

The reduction operation is accompanied by an extension operation defined via
the Kronecker product:

Definition The In-extension operation is the mapping from Symd(R) to Symnd(R)

given by the Kronecker product ⊗:

⎛

⎜
⎝

v11 · · · v1d
...

. . .
...

vd1 · · · vdd

⎞

⎟
⎠ �−→

⎛

⎜
⎝

v11 · · · v1d
...

. . .
...

vd1 · · · vdd

⎞

⎟
⎠⊗

⎛

⎜
⎝

In · · · In
...

. . .
...

In · · · In

⎞

⎟
⎠

:=
⎛

⎜
⎝

v11In · · · v1dIn
...

. . .
...

vd1In · · · vddIn

⎞

⎟
⎠ .

If the d × d-matrix (vij )ij is Kronecker-multiplied with

⎛

⎜
⎝

C · · · 0
...

. . .
...

0 · · · C

⎞

⎟
⎠

⎛

⎜
⎝

In · · · In
...

. . .
...

In · · · In

⎞

⎟
⎠=

⎛

⎜
⎝

C · · · C
...

. . .
...

C · · · C

⎞

⎟
⎠

we speak of a C-extension.
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3.4.1 A Novel Diffusion Tensor D for Matrix Fields

Now it is possible to give an analog D to the diffusion tensor D in the framework
of matrix fields. We proceed in four steps:

1. The matrix field R
d � x �→ U(x) provides us with an module field of general-

ized gradients ∇U(x) from which we construct the generalized structure tensor
S LU(x) possibly with a certain integration scale ρ. This step corresponds ex-
actly to the scalar case.

2. We infer reliable d-dimensional directional information by reducing S LU(x)

with trA with the help of the block operator matrix given in (3.4) leading to a
symmetric (d × d)-matrix S, for example S = Jρ if A= In.

S :=
⎛

⎜
⎝

trA · · · 0
...

. . .
...

0 · · · trA

⎞

⎟
⎠S LU(x).

3. The symmetric (d × d)-matrix S is spectrally decomposed, and the tensor map
H is applied to S yielding the diffusion tensor D,

D :=H(S).

4. Finally we enlarge the (d × d)-matrix D to a (nd × nd)-matrix D by the exten-
sion operation:

D =D ⊗
⎛

⎜
⎝

⎛

⎜
⎝

C · · · 0
...

. . .
...

0 · · · C

⎞

⎟
⎠

⎛

⎜
⎝

In · · · In
...

. . .
...

In · · · In

⎞

⎟
⎠

⎞

⎟
⎠ .

This last step gives another possibility to steer the filter process by the choice of
the matrix C. However, this is the subject of current research. For this work we
restricted ourselves to C = In.

3.5 Coherence-Enhancing Diffusion Filtering for Matrix Fields

Now we have gathered the necessary ingredients to formulate the matrix-valued
equivalent to the scalar coherence enhancing diffusion as expressed in Eq. (3.1).

∂tU −
d∑

i=1

∂xi (D • ∇U) = 0 in I ×Ω,

U(x,0) = F(x) in Ω.
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Fig. 3.1 Construction of a 3D-stencil specific for the z-direction. Each layer represents a discrete
approximation of an essentially 2D divergence term

Note that the Jordan-multiplication in D · ∇U is understood in the blockwise sense
of partitioned matrices. Moreover, we translated the divergence differential opera-
tor acting on a vector-valued function u= (u1, . . . , ud), divu=∑d

i=1 ∂xi u, into its
matrix-valued counterpart acting on a module field W ∈ Symn(R)

d by

divW =
d∑

i=1

∂xiW.

3.6 Numerical Issues

In the scalar, two-dimensional case an explicit scheme can be found in [433]. We
used a matrix-valued version employing the calculus framework for matrix fields as
presented before. This provides us with a matrix-valued solution scheme for matrix
fields defined over a two-dimensional image domain Ω .

We derive a three-dimensional scheme by employing a Sobel-type construction
using the 2D discrete divergence approximation. The idea is based on the following
decomposition:

div

⎛

⎝

⎛

⎝
2a b c

b 2d e

c e 2f

⎞

⎠∇u
⎞

⎠

= div

⎛

⎝

⎛

⎝
a b 0
b d 0
0 0 0

⎞

⎠∇u
⎞

⎠+ div

⎛

⎝

⎛

⎝
a 0 c

0 0 0
c 0 f

⎞

⎠∇u
⎞

⎠

+ div

⎛

⎝

⎛

⎝
0 0 0
0 d e

0 e f

⎞

⎠∇u
⎞

⎠ . (3.5)

Each term on the right hand side of (3.5) can be approximated by a two dimensional
discretisation where we employ additionally a Sobel-type construction with a weight
ω ∈ [0, 1

3 ] as indicated in Fig. 3.1. For each of the three summands associated with
the z-, y- and x-directions a (3 × 3 × 3)-stencil is obtained which, when added give
the final stencil. We used the matrix-valued version of this stencil. Note that this
construction can be applied to more sophisticated two-dimensional stencils.
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Fig. 3.2 (a) Top left: Artificial data set of ellipsoids indicating a crossing. (b) Top right: Effect
of coherence-enhancing filtering (CED-filtering) if preference is given to the direction (1,−1).
(c) Bottom left: Effect of CED-filtering if preference is given to the direction (1,1). (d) Bottom
right: Effect of CED-filtering if no directional priority is established

3.7 Experiments

We use two data sets in our numerical experiments: The artificial matrix fields of
(3 × 3)-symmetric matrices exhibit various coherent structures ranging from simple
line-like to curved features, Figs. 3.2, 3.3, and 3.4. Important is the fact that these
structures are not complete but interrupted. We will use these data to demonstrate the
gap-closing and enhancing properties of our technique. The other matrix field stems
from a 2D slice extracted from a 3D DT-MRI data set of size of a 128 × 128 × 30
of a human head.

The data are represented as ellipsoids via the level sets of the quadratic form
{x�A−2x = const. : x ∈ R

3} associated with a matrix A ∈ Sym+(3). By using
A−2 the length of the semi-axes of the ellipsoid correspond directly with the three
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Fig. 3.3 (a) Top left: Original matrix field with grid-like structure. (b) Top right: Result of CED-
filtering with preference on the horizontal x-direction. (c) Bottom left: Result of CED-filtering with
preference on the horizontal x-direction. (d) Bottom right: The same but with preference on the
z-direction

Fig. 3.4 (a) Left: Artificial incomplete coherent structure. (b) Middle: After CED-filtering with
stopping time t = 0.3. (c) Right: After CED-filtering with stopping time t = 3
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Fig. 3.5 (a) Left: Synthetic 3D-data set. (b) Middle: Polluted with truncated Gaussian noise in
the eigenvalues while the orthogonal matrices result from three Euler matrices with uniformly
distributed angles. (c) Right: After CED-filtering with stopping time t = 2 and ω = 1

4

eigenvalues of the matrix. We have added random positive definite matrices to the
data to demonstrate the denoising capabilities of our coherence enhancing filtering,
CED-filtering for short. The eigenvectors of this noise were obtained by choos-
ing Gaussian-distributed numbers with standard deviation σ = 1000.0 and taking
the absolute value for positive definiteness. The high standard deviation can be ex-
plained by the fact that in real-world data the typical eigenvalues are in the order
of magnitude of 1000. The eigenvectors of the artificial noise result in choosing
three uniformly distributed angles and rotating the matrix by these angles around
the coordinate axes. The resulting data is shown in Fig. 3.5.

The artificial data set displayed in Fig. 3.2 imitates a crossing of nerve fibers.
Depending on the choice of the reduction matrixA in trA either the diagonal directed
downward,

A=
(

1 −1
−1 1

)

,

or the one directed upward,

A=
(

1 1
1 1

)

,

is given preference in the CED-filtering results. If no priority is set, A = I , a ho-
mogeneous structure is developing in the center, as it is expected due to the high
symmetry of the image, see Fig. 3.2(d). Directional preferences can be conveyed to
the diffusion process in 3D as well by selecting, for example, the x-direction via the
specification

A=
⎛

⎝
1 0 0
0 0 0
0 0 0

⎞

⎠ .

This and other examples are shown in Fig. 3.3 depicting a grid-like synthetic struc-
ture.
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Fig. 3.6 (a) Left: 2D slice of 3D DT-MRI data and corresponding FA-map below. (b) Middle:
After 2D-CED filtering with t = 2 and FA-map. (c) Right: After 3D-CED filtering with t = 2 and
FA-map

The experiment depicted in Fig. 3.4 demonstrates that even areas with no infor-
mation may constitute a coherent structure. A matrix field with a visually diverging
structure CED-filtered without directional preferences. The (almost) empty lines in
x-direction are getting filled while the two lines in y-direction remain untouched by
the filtering. The explanation is that in x-direction we have changes in the shape and
orientation of the ellipsoids in the vicinity of the empty lines, hence, the gap-closing
quality of CED-filtering is coming into effect. However, proceeding in y direction
no changes of the surrounding ellipsoids is discernable, rendering the CED-filtering
idle in this direction.

A impression of the denoising capabilities can be obtained from the results in
Fig. 3.5. The helix-shaped data is heavily polluted by random matrices/ellipsoids,
and this noisy version is then CED-filtered without directional preferences, that is,
with A= I .

We applied CED-filtering without directional preference to real DT-MRI data as
well in order to investigate its usefulness as a pre-processing step. A comparison
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Fig. 3.7 (a) Left: 2D slice of 3D DT-MRI data. (b) Middle: After 3D-CED filtering with t = 2.
(c) Right: After 3D-CED filtering with t = 5

Fig. 3.8 (a) Left: 3D-CED-filtering with t = 2 and ω = 0. (b) Middle: Filtering with t = 2 and
ω = 1

4 . (c) Right: Filtering with t = 2 and ω = 1
3

of two-dimensional and three-dimensional matrix-valued CED filtering is depicted
in Fig. 3.6. The 3D-version is slightly more detailed than the 2D-variant after a
diffusion time t = 2, as it incorporates information from adjacent layers. This higher
degree of detail of the 3D-variant is confirmed when the corresponding FA-maps
are considered. The stencil weight was set to ω = 1

4 giving the central slices in the
three-dimensional stencil a clear predominance.

In Fig. 3.7 we display the results of 3D CED-diffusion after t = 2 and t = 5. The
results confirm the regularising effect and the enhancement of coherent structures
such as the fiber bundles below the Corpus Callosum.

Finally, for the sake of completeness, we study the influence of variations in
ω ∈ [0, 1

3 ] on the CED-diffusion process. The weights ω = 0 and ω = 1
4 produce

quite similar results. However, the choice ω = 1
4 , where only the corners of the
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(3 × 3 × 3)-stencil have non-zero weights, results in a very slow diffusion process,
see Fig. 3.8.

3.8 Conclusion

Based on an operator-algebraic view on matrices we described in this chapter a
structure tensor concept for matrix fields that is inspired by the classical structure
tensor for scalar images. It allows us to develop a directionally selective coherence-
enhancing diffusion filtering of matrix fields by employing a generic differential
calculus framework for matrices. The matrix-valued CED-filtering exhibits similar
behavior as its scalar counterpart. Current work encompasses the investigation of
further opportunities to steer the filtering process, e.g. in the extension step, and
its relation to other customizable tensor concepts for matrix fields. Future research
will focus on further applications of the extended structure tensor concepts in image
processing for matrix fields.
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MRI data set and for discussing questions concerning data conversion. The original helix data is
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Chapter 4
Structural Adaptive Smoothing: Principles
and Applications in Imaging

Jörg Polzehl and Karsten Tabelow

Abstract Structural adaptive smoothing provides a new concept of edge-preserving
non-parametric smoothing methods. In imaging it employs qualitative assumption
on the underlying homogeneity structure of the image. The chapter describes the
main principles of the approach and discusses applications ranging from image de-
noising to the analysis of functional and diffusion weighted Magnetic Resonance
experiments.

4.1 Introduction

Images are often characterized by qualitative properties of their spatial structure,
e.g. spatially extended regions of homogeneity that are separated by discontinuities.
Images or image data with such a property are the target of the methods considered
in this chapter. Alternative geometric characterizations using orientation or channels
in feature space are discussed Chaps. 2, 8 and 9 in this book as well as elsewhere
[114, 139, 166], and could be combined with the approach pursued here.

The methods summarized under the term structural adaptive smoothing try to
employ a qualitative assumption on the spatial structure of the data to simultane-
ously describe the structure and efficiently estimate parameters like image intensi-
ties. Structural adaptive smoothing generalizes several concepts in non-parametric
regression.

These include kernel smoothing and local polynomials, see e.g. [130, 386, 427]
or [51], the filter proposed by Lee [279], bilateral smoothing [409] and scale space
methods, see e.g. [70, 334]. Relations probably exist to diffusion methods in the
Beltrami framework.

Our approach provides an alternative to non-linear diffusion methods, see e.g.
Chap. 1 and [433], and generalizes linear diffusion in a different way. Information
on the error distribution and qualitative assumptions on the underlying structure are
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effectively coded by the definition of statistical penalties. The methods are designed
to provide intrinsic balance between variability and bias of the reconstruction re-
sults. In contrast to diffusion methods this leads to a meaningful limit for increasing
bandwidth, or correspondingly diffusion time. An approach derived from a related
idea is described in Chap. 12.

A first attempt to use the idea of structural adaptive smoothing was proposed
in [339] under the name adaptive weights smoothing. This was generalized and
refined especially in [340] providing a theory for the case of one-parameter expo-
nential families. Several extensions have been made to cover locally smooth im-
ages [341], color images [342] and special applications like functional Magnetic
Resonance Imaging (fMRI) [343, 396] and Diffusion Tensor Imaging (DTI) [344,
397].

The next section introduces the general approach. We then illustrate how this
translates to different imaging modalities and problems like image denoising in 2D
and 3D, signal detection in fMRI and smoothing in DTI. As a summary we give
some information on implementations and numerical complexity of the algorithms.

4.2 Structural Adaptive Smoothing

Within this chapter we assume the following data structure. We denote by
x1, . . . , xn ∈ X ⊆ R

p the experimental design. In imaging xi usually will be a point
on a p dimensional grid, although this assumption is not necessary for the approach.
At each design point xi we assume to observe a scalar or vector Yi ∈ Y ⊆ R

q .
We assume that the observed values Yi follow a probability distribution Pθ(xi )

from a family P = {Pθ ; θ ∈Θ} and that we are interested in estimating θ or some
function g(θ) as a function of x. Traditional methods in non-parametric regression
allow for varying parameters but usually assume that θ(x) is a smooth function in x.
This is violated for image data characterized by strong discontinuities.

Instead we try to describe the image by its local homogeneity structure. We as-
sume that there exists a partitioning

X =
M⋃

m=1

Xm (4.1)

such that

θ(x)≈ θ(xi) ⇔ ∃m : x ∈ Xm ∧ xi ∈ Xm

i.e. that θ is approximately constant on each Xm. This assumption is very weak
in the sense that the number M of partitions may be large and that there are no
restrictions on the form of the sets Xm. Nevertheless the assumption will prove
helpful if there exists a partitioning with M � n and where the Xm have some
spatial extent. This structural assumption is used within an iterative procedure.
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We do not directly enforce the partitioning (4.1). Instead, for each design point xi ,
we describe a set U(xi) containing xi by a weighting scheme

W(xi)= (w1(xi), . . . ,wn(xi))= (wi1, . . . ,win).

A positive weight wij will be assigned if the estimates of θj and θi are not signif-
icantly different. In this case xj would be contained in U(xi). Within the iteration
process U(xi) can be imagined as being a subset or an estimate of a set Xm con-
taining xi from the assumed partition. U(xi) and U(xj ) will usually not coincide at
any stage of the process even if the structural assumption is valid exactly and xi and
xj belong to the same set Xm.

We try to determine the structure, e.g. sets of similar parameters, and estimate
the parameters in an iterative procedure. We start at each design point with an initial
estimate, if possible solely obtained from the observation at this point, and initialize
a bandwidth h such that a ball of radius h just contains some neighboring points.
We will formalize this later. We now alternate the following steps. At all design
points xi and for all design points xj within a ball of radius h we assign a positive
weight wij if θ̂ (xj ) belongs to a confidence region for θ(xi) and a zero weight for
all other points, thereby creating a new weighting scheme Wi =W(xi). This means
we employ information from the estimates to learn on the underlying structure. We
then use the generated weighting scheme to obtain a new estimate θ̂ (xi) by weighted
local likelihood or minimizing a weighted risk. Before continuing we synchronize
and increase the bandwidth h thereby allowing for more positive weights and for
a decrease in variability of the estimates. We stop iterating when a prespecified
bandwidth, corresponding to a maximal possible variance reduction, is reached.

We now more formally describe how we generate the weighting schemes. Let
xi be fixed and θ̂ (xi) be obtained employing a weighting scheme W(k−1)(xi) =
W

(k−1)
i = (w

(k−1)
i1 , . . . ,w

(k−1)
in ). We consider all xj such that ‖xi − xj‖2/h2 ≤ 1.

New weights w(k)
ij are then generated as the product of two terms

w
(k)
ij =Kloc(lij )Kst(s

(k−1)
ij ),

where

lij = ‖xi − xj‖2/h2 and s
(k−1)
ij = Ni

λ
T (θ̂(xj ), θ̂ (xi)) with Ni =

n∑

j=1

w
(k−1)
ij

are two penalties measuring the spatial distance between the two design points and
the difference between the two estimates. Both terms depend on kernel functions
Kloc and Kst respectively. The second term should reflect both the difference of the
estimated parameters and the variability of the parameter estimate at point xi . Such
a statistics T (θ̂(xj ), θ̂ (xi)) can often be derived as the Kullback-Leibler distance
K (θ̂j , θ̂i ) distance between the probability distributions P

θ̂i
and P

θ̂j
. As an alter-

native, if θ̂ (xi) is obtained by minimization of a risk R(Y,Wi; θ) we may define

T (θ̂(xj ), θ̂ (xi))= 2(R(Y,Wi; θ̂ (xj ))−R(Y,Wi; θ̂ (xi)))
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which in case of a logarithmic likelihood corresponds to using likelihood pro-
files.

Given a weighting scheme Wi we estimate parameters by either weighted (local)
likelihood

θ̂ (xi)= arg max
θ

l(Y,Wi; θ)= arg max
θ

n∑

j=1

wijp(Yj ; θ)

or weighted (local) risk minimization, e.g. least squares,

θ̂ (xi)= arg min
θ
R(Y,Wi; θ)= arg min

θ

n∑

j=1

wij‖Yj − f (θ)‖2,

where f :Θ �→ R
q is a suitable function on the parameter space. A formal descrip-

tion of the algorithm is then given as

• Initialization: Set k = 0, W(0)
i such that w(0)

ij = δij , θ̂ (0)(xi) defined as a weighted

likelihood or least squares estimate, h(0) = 1.
• Adaptation: ∀i, j define

w
(k)
ij =Kloc(l

(k)
ij )Kst(s

(k−1)
ij ).

• Estimation: ∀i define

θ̂ (k)(xi)= arg max
θ

l(Y,W
(k)
i ; θ)

(
or arg min

θ
R(Y,W

(k)
i ; θ)

)
.

• Iterate: Stop if k ≥ k∗, else select h(k+1) such that
∑

j Kloc(l
(k+1)
ij ) =

ch
∑

j Kloc(l
(k)
ij ) (ch = 1.25), set k := k + 1, and continue with adaptation.

The proposed procedure involves several parameters. The most important one is
the scale parameter λ in the statistical penalty sij . The special case λ = ∞ simply
leads to a kernel estimate with bandwidth hmax = h(k

∗). We propose to choose λ

as the smallest value satisfying a propagation condition (4.2) [340]. This condition
requires that, if the local assumption is valid globally, i.e. θ(x)≡ θ does not depend
on x, then with high probability and for all k the estimate coincides at every point
with the nonadaptive estimate. More formally we request that in this case for each
iteration k

E
n∑

i=1

|θ̂ (k)(xi)− θ̌ (k)(xi)|< αE
n∑

i=1

|θ̌ (k)(xi)− θ | (4.2)

for a specified constant α > 0. Here

θ̌ (k)(xi)=
∑

j

Kloc(l
(k)
ij )Yj

/∑

j

Kloc(l
(k)
ij )
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Table 4.1 Statistical model, corresponding statistical penalty and R-package

Model Penalty sij R-package

1D-, 2D- and 3D- regression models Ni

2λσ 2 (θ̂i − θ̂j )
2 aws/adimpro

1D-, 2D- and 3D- exponential families Ni

λ
K (θ̂j , θ̂i ) aws

1D-, 2D- local polynomial regression Ni

λ
(R(Y,Wi; θ̂j )−R(Y,Wi; θ̂i )) aws/adimpro

1D-, 2D- and 3D- Gaussian models
with parametric mean-variance model
g(x, θ, η) (η-global parameter)

Ni

2λσ̂ 2(xi )
(θ̂i − θ̂j )

2

σ(xi)= g(xi , θi , η)

aws

Color images with constant and linear
parametric mean-variance model and
spatial correlation

Ni

λC(h,g)
(θ̂i − θ̂j )

T Σ̂−1
i (θ̂i − θ̂j ) adimpro

Functional MR (smoothing of SPM’s) λ−1(Var θ̂i )−1(θ̂i − θ̂j )
2 fmri

Diffusion tensor imaging (DTI) Ni

λ
[R(Y,Wi; θ̂j )−R(Y,Wi; θ̂i )] dti

denotes the non-adaptive kernel estimate employing the bandwidth h(k) from step k.
The value λ provided by this condition usually does not depend on the unknown
model parameter θ and can therefore be found by simulation in a global parametric
situation. This enables us to select default values for λ depending on the specified
family of the probability distribution P = (Pθ , θ ∈Θ) and the chosen statistics T .
Default values for λ in the examples below are selected for a value of α = 0.2.

The second parameter of interest is the maximal bandwidth hmax which controls
both numerical complexity of the algorithm and smoothness within homogeneous
regions.

Additionally we specify a number of parameters and kernel functions that have
less influence on the resulting estimates. As a default the kernel functions are cho-
sen as Kloc(x) = (1 − x2)+ and Kst(x) = min(1,2(1 − x))+. If the design is on a
grid, e.g. for images, the initial bandwidth h(0) is chosen as the distance between
neighboring pixel.

Applications usually require an appropriate description of the statistical model,
the structural assumption and a corresponding definition of the statistical penalty
sij . Table 4.1 provides an overview of currently implemented models and the corre-
sponding software packages for the R environment for statistical computing [352].

4.3 Image Denoising

The algorithm described in the last section is essentially dimension free. It can be
easily applied to reconstruct 2D and 3D images. We illustrate this using a 3D-MR
image of a head.

We apply adaptive weights smoothing assuming a model with additive Gaussian
errors

Yi = θ(xi)+ εi,
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Fig. 4.1 Top: Original (left) and reconstruction (right) of an 3D-MR-image. Bottom: Correspond-
ing absolute values of a Laplacian edge filter

to describe the gray value in voxel xi . The statistical penalty used is sij = Ni

2λσ 2 (θ̂i −
θ̂j )

2. The error variance σ 2 is estimated from the image. We employ a maximal
bandwidth hmax = 6. The value of λ = 3.45 fulfills the propagation condition for
α = 0.1. Special interest in this example is in detection and/or enhancement of tissue
borders. We illustrate the results in Fig. 4.1. Additionally to the image we provide
the results in terms of absolute values of a Laplacian filter which illustrates the gain
in edge detection.

Within this example we essentially assumed that the image intensity is locally
constant. This assumption may be too rigid and can be replaced, at the cost of sensi-
tivity to discontinuities, by assuming the image to consist of locally smooth regions.
The Propagation-Separation approach from [340] assumes that within a homoge-
neous region containing xi = (ih, iv), i.e. for xj ∈ U(xi), the gray value or color
Yjh,jv can be modeled as

Yjh,jv = θ(xi)
�Ψ (jh − ih, jv − iv)+ εjh,jv ,



4 Structural Adaptive Smoothing: Principles and Applications in Imaging 71

Fig. 4.2 From left to right: Noisy image, local constant reconstruction and local quadratic recon-
struction (hmax = 12)

where the components of Ψ (δh, δv) contain values of basis functions

ψm1,m2(δh, δv)= (δh)
m1(δv)

m2

for integers m1,m2 ≥ 0, m1 + m2 ≤ p and some polynomial order p. For a given
local model W(xi) estimates of θ(xi) are obtained by local Least Squares as

θ̃ (xi)= B−1
i

∑

j

wijΨ (jh − ih, jv − iv)Yjh,jv ,

with

Bi =
∑

j

wijΨ (jh − ih, jv − iv)Ψ (jh − ih, jv − iv)
�.

The parameters θ(xi) are defined with respect to a system of basis functions centered
in xi . Parameter estimates θ̂ (xj , xi) employing the local model W(xj ) with basis
functions centered at xi can be obtained by a linear transformation from θ̂ (xj ). In
iteration k a statistical penalty can now be defined as

s
(k)
ij = 1

λ2σ 2

(
θ̂ (k−1)(xi)− θ̂ (k−1)(xj , xi)

)�
Bi

(
θ̂ (k−1)(xi)− θ̂ (k−1)(xj , xi)

)
.

For a more detailed description and discussion of the resulting algorithm see [341].
Figure 4.2 illustrates results obtained by local constant and a quadratic structural

adaptive smoothing for a piecewise smooth image. The local constant reconstruc-
tion gives a cartoon-like impression which is due to the use of an, for this image,
inappropriate structural assumption.

In digital color images the information in each pixel consists of a vector of three
values. Each value is a intensity in one channel of a three dimensional color space,
usually the RGB space.
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If the image was recorded under bad light conditions, employing a high sensi-
tivity of the sensor, such images can carry a substantial noise. This noise is usually
spatially correlated, i.e. colored. Additionally we observe a correlation between the
noise components in the three RGB channels.

An appropriate model to describe such a situation is given by

Yih,iv = θ(xi)+ εih,iv ,

where the components of xi = (ih, iv) are the horizontal and vertical image coordi-
nates. Yih,iv , θ(xi) and εih,iv take values in R

3. The errors follow a distribution with
Eεih,iv = 0, Var εih,iv =Σ and Eεcih,iv ε

c
ih+1,iv

= Eεcih,iv ε
c
ih,iv+1 = ρσ 2

c for each color

channel c. The covariance matrix Σ may vary with the value of θih,iv .
Structural adaptive smoothing can be applied in this situation with a statistical

penalty

s
(k)
ij = N

(k−1)
i

2λC(g,h)

(
θ̂
(k−1)
i − θ̂

(k−1)
j

)�
Σ−1(θ̂ (k−1)

i − θ̂
(k−1)
j

)
,

where C(g,h) is a correction term for spatial correlation, see [342].
Figure 4.3 illustrates the effect of structural adaptive smoothing for color im-

ages. The lower row provides details for the regions marked in the original and the
reconstructed image as well as an image of sum of weights Ni that illustrates the
adaptivity of the approach.

4.4 Signal Detection in Functional MRI

Functional Magnetic Resonance Imaging (fMRI) is nowadays a standard tool for
in-vivo examination of human brain function with plenty of applications both in re-
search as well as in clinical practice such as diagnosis and treatment of brain lesions.
Data obtained in human fMRI consists of time series of three dimensional data sets
of the brain. The interscan interval is usually in the order of seconds, while the spa-
tial resolution is commonly in the millimeter range [272, 273] with recent studies
entering the sub-millimeter domain [74, 255, 268]. An interesting fact about fMRI
is, that the blood oxygenation serves as a natural contrast making the method non-
invasive [321, 322]. This effect is known as the BOLD-effect and can be used for
example to localize cognitive functions within the brain. When performing a cogni-
tive task, the MR signal in some voxels is increased due to the higher oxygenation
level at the active site. Other voxels remain in their resting state. The increase of
the signal can be described by the hemodynamic response function, which has been
extensively studied in the past years. The BOLD-effect leads to the creation of var-
ious typical experimental designs, mainly block- or event-related. In recent years
it has also been proposed that even the resting state pattern of the brain contains
valuable information about the working brain and hence has attracted much inter-
est [300].
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Fig. 4.3 Noisy image (upper left) and reconstruction by the proposed algorithm (bandwidth
hmax = 6, upper right). The bottom row shows details from both images and the sum of weights
Ni in each voxel

Many different methods exist to analyze fMRI data depending on the experi-
ment or the focus of the scientific questions, ranging from correlation analysis,
ICA, spatiotemporal to fully Bayesian models, see [275] for an overview. Since
from the knowledge of the design of an experiment the expected BOLD response is
known, the linear model for fMRI data has perhaps become the most widely used
approach.

Any analysis method however has to consider the fact, that fMRI data suffers
from significant noise. Signal detection in fMRI data inherently involves a severe
multiple test problem. In common experiments decisions have to be made at more
than 100000 voxels, leading either to high thresholds (low sensitivity) or a high
number of false positives (low specitivity). Analysis methods in fRMI use the fact,
that activated areas have a spatial extent of several voxels. Spatial correlation, as
introduced by smoothing, significantly reduces the number of independent tests.
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Under the hypothesis of no activation and in a linear model based analysis spa-
tial smoothing of fMRI data results in statistical parametric maps (SPM) that form
random t- or F -fields. Results on excursion sets of random fields [4, 451] can be
therefore used to define suitable thresholds for signal detection, see e.g. [452, 455].
However, common non-adaptive smoothing methods involve a significant loss of
information on spatial structure and shape of activated areas. Several algorithms
based on different methodology, from noise reduction with anisotropic diffusion
processes, Bayesian approaches using spatial priors, region growing methods as es-
tablished for image segmentation, and others, have been suggested to circumvent
this.

Recently we proposed the use of structural adaptive smoothing [396], to avoid the
loss of spatial information. The algorithm was developed in the context of the linear
model for the BOLD-fMRI data [172, 453] but can easily be translated to other
contexts. Our approach for smoothing fMRI data is mainly based on the observation
that the structures of interest are defined by areas in which the parameter values
corresponding to the BOLD signal are similar and differ significantly from zero.
The common non-adaptive filtering approaches smooth the data cube at each time
step separately, without making use of the information contained in the time series.
We therefore suggested to first evaluate the linear model

Yi =Xβi + εi

for the time series Yi = (Yit )t=1...T at each voxel i. The design matrix X contains the
expected BOLD response evaluated at scan acquisition times and nuisance parame-
ters such as a slowly varying drift. After performing some appropriate prewhitening
procedure, the error vector εi = (εit )t=1...T can be assumed to have zero expectation
and to be approximately uncorrelated in time.

We obtain fields of least squares estimates β̂i for the parameter value βi and,
what is most important, its error variance Var β̂i . Equipped with these the de-
velopment of a specific structural adaptive smoothing algorithm as outlined in
previous sections is canonical. First, we define a structural assumption of spa-
tial homogeneity, which should be valid for the field of the true parameter βi .
In non-activated areas the parameter value is assumed to be zero. This serves
as the null hypothesis and allows to again use Random Field Theory [4, 451]
for signal detection, see [396]. In areas which are activated during the scan the
parameter values differ from zero and are similar, provided that the BOLD %-
changes are similar. Hence, our structural assumption is a local constant model
for the BOLD-parameter. Activated areas may consist of more than one region
with similar parameters. Based on this assumption, we use an iterative smooth-
ing algorithm for the statistical parametric map (SPM) that is based on pair-
wise tests of homogeneity. The result is a smoothed SPM where the shape and
borders of the activation structure are preserved. As a consequence, in con-
trast to other non-adaptive smoothing methods, the procedure does reduce noise
while preserving the resolution of the scan as required by many modern applica-
tions.
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The main parameter of our procedure is the maximum achievable variance re-
duction or equivalently a maximum achievable smoothness. Both can be specified
by selecting a maximum bandwidth. Oversmoothing is avoided in the algorithm by
construction as long as differences between the parameter values of two homogene-
ity regions are statistically significant. The largest homogeneous region is expected
to be the non-activation area, where parameter values do not significantly differ from
zero. Therefore we can choose the maximum bandwidth larger than in non-adaptive
smoothing and achieve a larger amount of variance reduction without blurring. This
has the effect of lowering the thresholds for signal detection, since the smoothness
in non-activation areas, which determine the threshold under the hypothesis of no
signal, is directly proportional to the bandwidth.

As statistical penalty we use

s
(k)
ij = 1

λVar β̂(k−1)
i

(β̂
(k−1)
i − β̂

(k−1)
j )2,

where β̂
(k−1)
i is the estimated BOLD-parameter from the previous iteration step.

Its variance Var β̂(k−1)
i is estimated from the spatially smoothed residuals of the

time series. From the final estimates for k = k� a random t-field β̂(k
�)

i /(Var β̂(k
�)

i )1/2

can be constructed such that again Random Field Theory can be applied for signal
detection [396].

We now consider an application of this algorithm and compare it with the sig-
nal detection using no smoothing and Gaussian filtering. Experiments were per-
formed on healthy volunteers and approved by the Institutional Review Board of
Weill Cornell Medical College. Data was acquired on a 3.0 T General Electric (Mil-
waukee, WI) Signa Excite MRI scanner, using two-dimensional gradient echo echo
planar imaging pulse sequences (GE-EPI) on an eight-channel head receive-only
coil. A somatosensory motor task was performed by one male subject. For func-
tional MRI, a GE-EPI sequence with TE/TR = 40/2000 ms was used and 20 axial
slices of 4 mm thickness were acquired. We used a field-of-view of 24 cm with
a matrix size of 128 × 128, yielding voxel dimensions of 1.88 mm, respectively.
A task was performed in three blocks of 60 s duration; each block consisted of 30 s
task and 30 s rest. The first 4 scans before these block were discarded, yielding in
total 105 scans. The task consisted of bimanual tapping of the thumb against all
fingers of the same hand, one by one and in quick succession. In Fig. 4.4 the ef-
fect of smoothing and structural adaptive smoothing in particular is demonstrated.
While without smoothing only very few active voxels can be detected, smoothing in
general leads to better detection results. However the significant and inherent blur-
ring with Gaussian filtering can be avoided using structural adaptive smoothing. It
has been recently shown, that this procedure is especially helpful in high resolu-
tion scans [399]. Structural adaptive smoothing in fMRI is capable to fully use high
resolution, to correctly locate activation at tumor borders for pre-surgical planning,
and to extract information on spatial structure and shape of the activation areas. For
successful applications see e.g. [398, 399, 426].
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Fig. 4.4 Signal detection in an fMRI experiment: without smoothing (left), with Gaussian filtering
(center) and structural adaptive smoothing (right)

4.5 Diffusion Tensor Imaging

Since the early times of nuclear magnetic resonance, it has been known that this
phenomenon is sensitive to, and thus can be used to measure, diffusion of molecules
in complex systems [67]. The basic principles of magnetic resonance diffusion
weighted imaging (DWI) were introduced in the 1980’s [276, 309, 402]. Since
then, DWI has evolved into a versatile tool for in-vivo examination of tissues in
the human brain and spinal cord, leading to a plethora of clinical and neuroscience
applications. The broad interest in this technique grows from the fact that DWI
probes microscopic structures well beyond typical image resolutions through water
molecule displacement, which can be used in particular to characterize the integrity
of neuronal tissue in the central nervous system.

Diffusion in neuronal tissue is usually not isotropic but depends on the particular
microscopic structure of the tissue. Different diffusion directions can be probed by
application of corresponding bipolar magnetic field diffusion gradients [392]. Com-
pared to the non-diffusion weighted images S0 the diffusion weighted images Sb for
gradients in direction b are exponentially attenuated

Sb = S0 exp(−bD(b)) (4.3)

with the apparent diffusion coefficient D(b) depending on the tested direction b and
the “b-value” b depending on the magnetic field gradient parameters. In DTI [26,
27] this information is reduced to a three dimensional Gaussian distribution model
for diffusion. Within this model, diffusion is completely characterized by the dif-
fusion tensor D, a symmetric positive definite 3 × 3 matrix with six independent
components. Equation (4.3) thus generalizes to

Sb = S0 exp(−b · b�Db).
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The tensor itself is not invariant against rotations of the observation frame. Hence,
only rotationally invariant quantities derived from the tensor contain physically
meaningful measures. They are mainly based on the eigenvalues μi (i = 1,2,3)
of the tensor D with μi > 0 for positive definite tensors. Mainly used are the
trace, corresponding to the mean diffusivity 〈μ〉, and the fractional (FA) or geodetic
anisotropy (GA) measuring the anisotropy of the tensor:

〈μ〉 = 1

3

3∑

i=1

μi,

FA =
√

3

2

√
√
√
√

3∑

i=1

(μi − 〈μ〉)2
/ 3∑

i=1

μ2
i ,

GA =
√
√
√
√

3∑

i=1

(

log(μi)− 1

3

3∑

i=1

log(μi)

)2

.

The diffusion tensor can be visualized as an ellipsoid with the length of main axis
corresponding to the eigenvalues and the eigenvectors to the direction in space. Fur-
thermore, the eigenvector for the largest eigenvalue directs in the main fiber direc-
tion. Evaluating the components of the vector as three components in a color space
like RGB lead to color-coded directional maps with high diagnostic value due to its
high contrast for interesting structures.

The diffusion tensor model describes diffusion completely if the microscopic dif-
fusion properties within a voxel are homogeneous. In the presence of partial volume
effects, like crossing or bifurcating fibers, the Gaussian model is only an approxi-
mation. Such effects are addressed in High Angular Resolution Diffusion Imaging
(HARDI) [165, 416] see also Chaps. 8 and 9 within this book. For HARDI more
sophisticated models exist, e.g. Q-ball [104, 415], higher order tensors [324], multi-
tensor models [417] and tensor distribution functions [238, 283]. In this chapter, we
restrict ourselves to the Gaussian diffusion tensor model for anisotropic diffusion,
as used in DTI.

The diffusion tensor can be estimated by non-linear regression minimizing the
risk:

R(S·,i , θ,D)=
∑

b

(Sb,i − θ exp(−b · b�Db))2

σ 2
b,i

(4.4)

with respect to the non-diffusion weighted parameter θ and the diffusion tensor D
with the variability σ 2

b,i of the diffusion weighted images.
DTI suffers from significant noise which may render subsequent analysis or med-

ical decisions more difficult. This is especially important in low signal-to-noise ap-
plications, such as high-resolution DTI or DTI with high b-values [78, 240, 458].
It has been shown that noise may induce a systematically biased assessment of
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features. For example, a well known phenomenon is the biased estimation of
anisotropy indices in the presence of noise [24, 198]. At high noise levels, in
addition to the common random errors, the order of the diffusion eigenvectors
is subject to a sorting bias. Noise reduction is therefore essential. Several ap-
proaches have been proposed for smoothing diffusion tensor data. They include
common methods such as Gaussian smoothing [444], anisotropic kernel estimates
[280], and methods based on non-linear diffusion [106, 330, 334, 433] or splines
[221].

Procedures proposed within this book include coherence enhancing diffusion for
matrix fields, cf. Chap. 3, and tensor regularization methods, cf. Chap. 5. Smooth-
ing of tensor data requires to choose a Riemannian [148, 332, 462, 463] or log-
Euclidian metric in the tensor space [14, 146]. We see some conceptional advan-
tages in smoothing the diffusion weighted images instead of the tensor estimates.
Estimating the tensor by Eq. (4.4) from noisy data leads, with a certain probability,
to results outside the tensor space. This requires some kind of regularization. Reduc-
ing the noise level in the diffusion weighted images allows for a reduction of this
probability in case of an underlying non-degenerate tensor. In case of high noise
level in the diffusion weighted images, both the Rician distribution and the non-
linearity of Eq. (4.3) lead to a bias in the tensor estimate. This bias can be reduced
by smoothing the diffusion weighted images, but is not addressed if smoothing is
performed in the tensor space itself. A correction for Rician bias [28, 194, 344] can
be incorporated.

We therefore developed a structural adaptive smoothing algorithm for DWI
data in the context of the diffusion tensor model [397] with extensions to in-
clude Rician bias correction and non-linear tensor estimation. Our underlying
structural assumption is that for every voxel there is a neighborhood of this
voxel in which the diffusion tensor is nearly constant. This assumption reflects
the fact that the structures of interest are regions with a homogeneous fractional
anisotropy, a homogeneous diffusivity, and a locally constant direction field. The
shape of this neighborhood can be quite different for different voxels and can-
not be described by few simple characteristics like bandwidth or principal direc-
tions.

The algorithm involves the statistical penalty

s
(k)
ij = N

(k−1)
i

λ

[
R
(
ζ̂
(k−1)
·,i , θ̂

(k−1)
0,j , D̂(k−1)

j

)− R
(
ζ̂
(k−1)
·,i , θ̂

(k−1)
0,i , D̂(k−1)

i

)]

based on previous estimates for the diffusion tensor and its variability. The cor-
responding weighting schemes are then directly applied to the diffusion weighted
images, from which new estimates for the tensors with lower variability can be esti-
mated.

In contrast to non-linear diffusion methods [332, 462, 463], cf. also Chap. 3, or
non-adaptive smoothing [14, 146] this algorithm takes the variability of the tensor
estimates into account and effectively uses the estimated underlying local structure
to restrict the averaging process.
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Fig. 4.5 Real DWI data example: The upper row shows the estimated color-coded directional map
weighted with FA for the slices 22-24 of the CIBC-data set [76]. White square marks the extent of
the region specified for the lower row. There, the noisy (left) and smoothed (bandwidth 4, right)
tensors are shown. The structural adaptive smoothing apparently leads to a homogenization of the
regions without blurring the structural borders

In Fig. 4.5 we demonstrate the effect of this procedure on experimental data.
We use a DWI data set [76] made available by the NIH/NCRR Center for Integra-
tive Biomedical Computing, P41-RR12553. This data set contains twelve diffusion
weighted volumes and one non-diffusion-weighted (b = 0) reference volume. The
data has a spatial resolution of 1.5 mm on each axis. The front of the head is at the
top of the image. The scan goes from the top of the head down to about the middle
of the brain, below the corpus callosum, but above the eyes.

The DTI data was collected on a 3 Tesla MRI scanner in the W.M. Keck Labo-
ratory for Functional Brain Imaging and Behavior by Dr. Andrew Alexander, De-
partments of Medical Physics and Psychiatry, University of Wisconsin, Madison,
funding: NIH RO1 EB002012.
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Table 4.2 Computing time for three DWI data sets. The first column corresponds to the CIBC-
data set [76], the second to a data set kindly made available by A. Anwander, and a third data set
kindly made available by H.U. Voss

Dimensions 101 × 146 × 38 72 × 100 × 50 146 × 193 × 47

# gradients 13 201 150

# voxel in mask 211235 255257 863134

CPU-time for sdpar 41 s 27 s 126 s

CPU-time for dtiTensor 16 s 118 s 156 s

CPU-time for dti.smooth (hmax = 2) 220 s 667 s 893 s

CPU-time for dti.smooth (hmax = 4) 415 s 1256 s 2140 s

CPU-time for dtiIndices 3.1 s 3.7 s 11 s

Mean Ni (hmax = 2/4) 3.67/16.5 1.20/1.87 1.55/4.32

4.6 Implementations

The structural adaptive smoothing procedures described in this chapter have been
mainly implemented as packages for the R environment for statistical comput-
ing [352].

Basic algorithms for denoising 1D- 2D and 3D structures using one parameter
exponential family models and local polynomial models are implemented in the
package aws.

The image processing of two dimensional color images has become omnipresent
in the past years due to the availability of digital cameras. With the package adimpro
we provide basic image processing functions, from reading/writing and color space
transformations to structural adaptive smoothing.

The package fmri provides functions for reading and writing medical imaging
formats and performing an analysis of BOLD-fMRI on the basis of the linear model.
This includes the structural adaptive smoothing procedure described in the previous
sections as well as signal detection based on Random Field Theory.

The package dti implements the structural adaptive smoothing in the context of
the diffusion tensor model for diffusion weighted data. Table 4.2 compares the com-
puting times and mean sum of weights for different data sets. The package also
features extended visualization functions in two and three dimensions based on the
R-interface to OpenGL provided by the R-package rgl [5].

4.7 Conclusion

Structural adaptive smoothing as described in this chapter can be very helpful in
many contexts to remove noise without blurring interesting structures. While the
main idea of structural adaptation in the Propagation-Separation approach is com-
mon for all applications, the resulting algorithms may be quite different and depend
on the specific properties of the data and the application.
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Chapter 5
SPD Tensors Regularization via Iwasawa
Decomposition

Yaniv Gur, Ofer Pasternak, and Nir Sochen

Abstract In this chapter we propose a novel framework for regularization of sym-
metric positive-definite (SPD) tensors (e.g., diffusion tensors). This framework is
based on a local differential geometric approach where the manifold of symmet-
ric positive-definite (SPD) matrices, Pn, is parameterized via the Iwasawa coordi-
nate system. The distances on Pn are measured here in terms of a natural GL(n)-
invariant metric. Via the mathematical concept of fibre bundles, we describe the
tensor-valued image as a section where the metric over the section is induced by the
metric over Pn. Then, a functional over the sections accompanied by a suitable data
fitting term is defined. The variation of this functional with respect to the Iwasawa
coordinates leads to a set of 1

2n(n+ 1) coupled equations of motion for these coor-
dinates. Then, by means of the gradient descent method, these equations of motion
define a Beltrami flow over Pn. It turns out that the local coordinate approach via the
Iwasawa coordinate system results in very simple numerics. Regularization results
of structure tensors and diffusion tensors as well as results of fibres tractography for
DTI are presented.

5.1 Introduction

Tensors are nowadays an important tool for image analysis as well as a source
for physical information (e.g., [336, 433]). In this chapter we focus on symmetric
positive-definite tensors. We suggest a general solution for the regularization prob-
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lem of tensor-valued images of this type, and we demonstrate the proposed frame-
work on DTI datasets and structure tensors. While in Chap. 3 an algebraic approach
for tensors regularization is presented, this framework is based on Riemannian ge-
ometry which is the mathematical basis for various works on manipulating of diffu-
sion tensors [29, 149, 311]. A completely different approach of tensor regularization
for DTI smoothing is presented in Chap. 4. An alternative to the full tensor regu-
larization approach we present in this chapter, is the method described in Chap. 10.
This method applies to orientational information and hence can be used to regularize
the white-matter fiber directions extracted from the estimated diffusion tensors.

Acquisition of high-resolution DT images generally leads to noisy images. In or-
der to extract important features such as axon fibre bundles and to obtain smooth
fibre tracts, the noise has to be removed. Therefore, regularization of Diffusion Ten-
sor MRI data has been attracting much attention over the last few years (e.g., [72,
84, 131, 146, 312, 331, 332, 413, 428] and the book [438]). In DTI each image voxel
is described in terms of a 3 × 3 symmetric positive-definite (SPD) diffusion tensor.
The main challenge here is to perform a fast and efficient regularization process that
preserves the properties of the tensors (i.e., symmetry and positive-definiteness),
and respects the structure of the image.

In this chapter we tackle the tensors regularization problem by introducing a
GL(n)-invariant Riemannian framework where the manifold of SPD tensors, Pn, is
parameterized in terms of the local coordinates. Then, Pn is turned into a Rieman-
nian manifold by the definition of natural GL(n)-invariant metric in terms of these
coordinates. The local coordinate approach has two main advantages:

1. The numerics is fast and simple since it is free from matrix operations. In this
method there are only operations between scalars to calculate (e.g., finite differ-
ence).

2. It is GL(n)-invariant (i.e., invariant under the action of any real invertible matrix
of order n).

A proper choice of coordinate system to parameterize Pn is important both analyt-
ically and numerically. We show that the Iwasawa decomposition of SPD matrices
yields a natural coordinate system. The choice of this coordinate system simplifies
the analytical as well as the numerical calculations.

Based on the scale space representation discussed in Chap. 9, we define a product
space via the mathematical notion of fibre bundles. The product space is composed
of two spaces: the image domain (the base manifold), Ω , and the feature space of
n×n symmetric positive-definite (SPD) matrices, Pn (the fibre). Using this concept
a DT image may be described by the fibre bundle Ω × P3 where Ω is in princi-
pal a two- or three-dimensional Euclidean space (DT slice or volume, respectively).
A unique assignment of a feature space element (e.g., tensor) to each point of the
base manifold (the image domain) is a section in the fibre bundle. By means of the
Beltrami framework we define a functional over sections which is composed of a
regularizer term and a data fitting term (fidelity term). The variation of this func-
tional with respect to each one of the Iwasawa coordinates yields a set of 1

2n(n+ 1)
coupled equations of motion (i.e., n = 3 for DTI). These equations of motion lead
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to a Beltrami flow on Pn via the gradient-descent method. Regularization of DTI
data sets is performed by extracting the Iwasawa coordinates from the data and then
solving this set of equations for these coordinates.

This chapter is organized as follows: In Sect. 5.2 we give a short introduction to
fibre bundles and explain how a tensor-valued image is described via this concept. In
Sect. 5.3 we discuss the basics of the Riemannian geometry of Pn. In this section we
define a GL(n)-invariant metric that turns Pn into a Riemannian symmetric space.
The metric over the sections in the fibre bundle is then defined in terms of this
metric. In Sect. 5.4 we introduce a functional over sections by means of the Beltrami
framework. Using calculus of variations we derive the equations of motion with
respect to the coordinates on the section. The parametrization of Pn via the Iwasawa
coordinates is discussed in Sect. 5.5. We show that for P3 in particular we get six
coupled Beltrami equations for the six Iwasawa coordinates. Finally, in Sect. 5.6 we
present regularization of real volumetric DTI datasets as well as structure tensors.

5.2 Images as Fibred Space

Generally, an image may be described locally as the product of two spaces: The im-
age domain (two- or three-dimensional usually) and the feature space which is com-
posed of objects such as intensity, RGB values, orientation fields, etc. A product of
two-spaces may be described mathematically via the concept of a fibre bundle. A fi-
bre bundle is characterized by the total space E, the base manifold B , a structural
group G (a group of homeomorphisms of the fibre F onto itself) together with a con-
tinuous surjective map π :E �→ B which is called a projection. Since the dimension
of E is higher than the dimension of B , the projection sends many points in E to one
point in B . Locally, the total space E is described as product of the base manifold
and the fibre: E = B×F . Globally, this may not be the case since global features of
the total space are not observed locally (e.g., the Möbius strip where the twist can-
not be observed locally). When the identification of the total space with the direct
product of the base space and the fibre is possible, this is known as a trivial bundle.

In computer vision the image domain is identified with the base manifold, and
the feature space is identified with the fibre (see Fig. 5.1). The total space in this
language is the spatial-feature manifold. For example, using this concept, a gray-
level image is described locally by the product R2 ×R

+. In this case the gray-levels
are the fibre. Since an image selects just one gray-level for each pixel, we need the
mathematical notion of a section.

A section of the bundle is a mapping f : B �→E such that π(f (p))= p for any
p ∈ B . In our language, a given image is a section in a fibre bundle. For every pixel
in the image domain we have a unique assignment of a feature space object. In this
chapter we refer the section as the image manifold.

If we go back to DTI then we have a tensor-valued image where for each pixel
there is unique assignment of a three-dimensional SPD matrix. Thus, a DT image
is a section in the fibre bundle with the map f : Rm �→ R

m × P3, where R
m is

in practice the two- or three-dimensional Euclidean image domain (DTI slice or
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Fig. 5.1 Description of an image as a section of a fibre bundle. The base manifold B is the image
domain Ω , the fibre is the feature space F (e.g., intensity values, color, DT). Here the image
domain is Euclidean. Locally the bundle is described as a direct product E = B × F where E is
the total space. In DTI the fibre is taken to be the space of 3 × 3 SPD matrices, P3. A DT image is
composed of a particular selection of an SPD matrix to each point of the base manifold. Thus, it is
a section in the fibre bundle. The section is referred to here as the image manifold

volume, respectively) and P3, which is the fibre, denotes the space of 3 × 3 SPD
matrices. Thus, the spatial-feature manifold is described by the product Rm × P3.
The structural group in this case is simply GL(3,R) which is the group of real
invertible matrices of order 3. The action of GL(3,R) on P3 is given by Y [g] =
gT Yg for Y ∈ P3 and g ∈ GL(3,R). This description is extendable for any n with
the fibre-bundle R

m × Pn. In this case the structural group is GL(n,R).

5.3 The Riemannian Geometry of Pn

For regularization of volumetric DTI data sets we take the image domain to be a
three-dimensional Euclidean space. In order to write the metric over the spatial-
feature manifold, the metric over the feature space Pn has to be defined. In this
section we briefly review the important facts about the Riemannian geometry of Pn.
Detailed discussions on this topic can be found in [245, 271].

The space of SPD matrices is a symmetric space of non-compact type [405].
Also, it was given in [271] as an example of a Riemannian manifold of non-positive
curvature. It may be identified with an open cone in Rm where m = n(n + 1)/2,
i.e., for any V,W ∈ Pn and for any positive scalar c > 0 we have V + W ∈ Pn
and cV, cW ∈ Pn. Since Pn is a connected manifold, according to the Hopf-Rinow
theorem any geodesic segment can be extended indefinitely. Consequently, any two
points in this space may be joined by a minimizing geodesic where its length is the
geodesic distance between the two points. Moreover, it has been shown in [246]
that there is precisely one geodesic connecting any two points on Pn. The geodesic
distance between any two points A,B ∈ Pn is given by [271]

d(A,B)=
(

n∑

i=1

log2 λi

)1/2

, (5.1)
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where λi are the eigenvalues of the matrix A−1B . This geodesic distance is the
so-called Riemannian distance which was used in [332] as a distance measure be-
tween two SPD tensors. With respect to this distance function, Pn is a geodesically
complete Riemannian space.

Without getting into details, the tangent space at every point Y ∈ Pn may be
identified with the vector space of n× n symmetric matrices, SYMn. Thus, the Rie-
mannian metric at the point Y is defined in terms of the scalar product on SYMn as
in [271]

ds2
Pn

= tr((Y−1dY )2), (5.2)

where Y−1 = (yij )
−1
1≤i,j≤n and dY = (dyij )1≤i,j≤n. This metric is by definition pos-

itive definite [271, 405]. Also, by defining the action of g ∈ GL(n) on Y ∈ Pn as
Y [g] = gT Yg, it can be easily shown that this metric is invariant under the action of
GL(n): Let W = Y [g] where the differential is given by dW = dY [g], then, upon
plugging everything in ds2

Pn
it follows that

ds2
Pn

= tr((Y−1dY )2)= tr((gW−1gT g−T dWg−1)2)= tr((W−1dW)2). (5.3)

It can be easily verified that this metric is also invariant with respect to the inver-
sion map Y �→ Y−1. Thus, this map is an involutive isometry on Pn with respect to
this metric. Therefore, this metric turns Pn into a Riemannian symmetric space. An-
other type of Riemannian symmetric spaces, namely compact Lie groups has been
discussed by two of the authors in [196]. A bi-invariant metric of the same form as
Eq. (5.2) has been used to formulate a coordinate-free regularization framework for
Lie groups.

After the metric over Pn is introduced, the metric over the spatial-feature mani-
fold M = R

3 × Pn is simply given by ds2
M =∑3

i=1 dx
2
i + tr((Y−1dY )2). Later we

choose the coordinates to parameterize Pn.

5.4 Calculus of Variations in Fibre Bundles

Using functional analysis on sections in the fibre bundle we are able to derive a flow
on the section. This will be done via the Beltrami framework (see [251, 383] and
references therein). We now briefly review this framework’s main ideas.

5.4.1 The Beltrami Framework

Denote by (Σ,γ ) the image manifold and its metric and by (M,h) the embedding
spatial-feature manifold (the fibre bundle) and its metric, then, the section of interest
is expressed locally by the map X :Σ →M . A functional over the space of sections
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is given in local coordinates by the following expression

S(X)=
∫

Σ

dnx
√
γ γ μν

∂Xi

∂xμ

∂Xj

∂xν
hij (X). (5.4)

The case where n = 2 is known in the literature as the Polyakov action [338]. In
this chapter we treat volumetric images (e.g., DTI volume) and hence n = 3. The
integration is taken over the two- or three-dimensional image manifold where γ is
the determinant of the image metric, (γ μν) denotes the inverse of the image man-
ifold’s metric tensor and (hij ) is the embedding space metric tensor (the spatial-
feature fibre-bundle manifold). The coordinates in the spatial-feature space are de-
noted by Xi . The values of μ and ν range from 1 to dimΣ and the values of the i
and j indices range from 1 to dimM .

Using calculus of variations with respect to the embedding coordinates Xi , we
obtain the Euler-Lagrange equations for the following action:

1√
γ
∂μ(

√
γ γ μν∂νX

i)+ Γ i
jkγ

μν∂μX
j∂νX

k

= "γ X
i + Γ i

jk〈∇Xj ,∇Xk〉γ = 0, (5.5)

where "γ is the Laplace-Beltrami operator that is the generalization of the Lapla-
cian to manifolds with metric γ . The solutions to these Euler-Lagrange equations
are known as harmonic maps. By the gradient descent method we obtain a set of
PDEs (i.e., Beltrami equations) with respect to the embedding coordinates. How-
ever, since the coordinates of the image domain are fixed, the interesting equations
are for the coordinates of the fibre (Pn in our case). Hence,

Xi
t = 1√

γ
∂μ(

√
γ γ μν∂νX

i)+ Γ i
jkγ

μν∂μX
j∂νX

k, (5.6)

where i = 1, . . . , (dim(M)− dim(Σ)) and where Γ i
jk are the Christoffel symbols.

When the embedding space is Euclidean all the Christoffel symbols vanish. The
Christoffel symbols are calculated with respect to (hij ) as follows:

Γ i
jk = 1

2
hil(∂jhlk + ∂khjl − ∂lhjk). (5.7)

The Beltrami equations are solved together at each iteration using standard finite-
differences schemes. The components of the induced metric and the Christoffel sym-
bols are evaluated at each iteration. An important result of this framework is that no
constraint on the positive definiteness of the matrices is needed. Indeed the elipticity
of the Laplace-Beltrami operator that generates the flow implies the validity of the
extremum principle. This in turns mean that the positive definiteness of the initial
condition is a necessary and sufficient condition for the flow to stay on Pn.
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5.4.1.1 The Induced Metric

The metric over the image manifold (or section) is induced from the fibre bundle’s
metric. In this way the flow depends on the geometry of the data and not only on the
geometry of the image domain. Moreover, the induced metric is a dynamic variable
which changes along the flow.

We assume an isometric embedding, e.g., infinitesimal distances on the spatial-
feature manifold, M , are equal infinitesimal distances on the image manifold, Σ .
This assumption yields the pullback metric induced by X: γ =X∗h. Its components
are given by

γμν(x)= ∂Xi

∂xμ

∂Xj

∂xν
hij (X). (5.8)

Thus, the induced metric is actually calculated via the chain rule. Consequently,
for a DTI volume where M = R

3 × P3 we may write dY =∑3
i=1

∂Y
∂xi

dxi where
Y ∈ P3. Then, we plug this expression into the metric on M to get the components
of the induced metric:

γμν = δμν + β tr(Y−1∂μYY
−1∂νY ), (5.9)

where μ,ν = 1, . . . ,3 are the indices of the local coordinates on the image mani-
fold. The β parameter is introduced here in order to determine the ratio between the
feature space and the image domain distances. It also determines the nature of the
flow. In the limit β → 0 the Laplace-Beltrami operator reduces to the usual Lapla-
cian and hence we obtain a linear flow. Small β values lead to a multi-channel total
variation (TV) norm [43] while large β values lead to potential surfaces [388].

In matrix form the induced metric is given by

(γμν)=
⎛

⎝
1 + β tr((Y−1Yx1 )

2) β tr((Y−1Yx1 )(Y
−1Yx2 )) β tr((Y−1Yx1 )(Y

−1Yx3 ))

β tr((Y−1Yx1 )(Y
−1Yx2 )) 1 + β tr((Y−1Yx2 )

2) β tr((Y−1Yx2 )(Y
−1Yx3 ))

β tr((Y−1Yx1 )(Y
−1Yx3 )) β tr((Y−1Yx2 )(Y

−1Yx3 )) 1 + β tr((Y−1Yx3 )
2)

⎞

⎠.

(5.10)

5.5 Iwasawa Coordinate-Based Formalism

In Sect. 5.4.1.1 we have defined the induced metric. Now we would like to express
this metric in terms of the coordinates on P3, explicitly.

The P3 space is identified with an open cone in R6. The 6 different entries of the
symmetric matrix may be identified with the Cartesian coordinates for R6. There-
fore, it is straightforward to parameterize P3 using these coordinates. However, tak-
ing the trace of (Y−1dY )2 where Y = (yij )1≤i,j≤3 and dY = (dyij )1≤i,j≤3, one gets
long and cumbersome expressions with complicated terms involving the yi ’s in the
denominator. Hence, the metric tensor is cumbersome and there are 78 Christoffel
symbols associated with it. As a result, the numerical implementation is problem-
atic.
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An important issue in analysis on manifolds is the right choice of coordinate
system for the problem. We may try to choose a different coordinate system in order
to simplify the analytical calculations as well as the numerics.

Another candidate is the coordinate system associated with the polar decompo-
sition. However, as we have mentioned in the introduction this coordinate system
is problematic because of the non-uniqueness of the polar decomposition. Luck-
ily, there is a another set of coordinates called Iwasawa coordinates which corre-
sponds to the Iwasawa decomposition of symmetric matrices. There are partial, as
well as, full Iwasawa decompositions [245, 405]. The full Iwasawa decomposition
is unique and obtained by applying repeatedly the partial Iwasawa decomposition
to the matrices Y ∈ Pn. Surprisingly, the Iwasawa coordinates turn out to be the
natural parametrization on Pn from analytical as well as from numerical considera-
tions. Here we use the term “Iwasawa decomposition” to describe the full Iwasawa
decomposition.

5.5.1 The Iwasawa Decomposition

Iwasawa has proved that every connected semi-simple Lie group G admits a unique
representation as a product G = KAN of an orthogonal subgroup K , an Abelian
subgroup A and a nilpotent subgroup N [360]. In particular, for every invertible
real matrix of order n, G= GL(n,R), K is the orthogonal group K =O(n), A is a
positive diagonal matrix and N is a strictly upper-triangular matrix with ones on its
diagonal.

However, the space of SPD matrices, Pn, is not a Lie-group but it is identified
with the quotient space GL(n,R)/O(n). Therefore, any Y ∈ Pn may be identified
with an Iwasawa decomposition of the form Y = AN . In this case the operation
between A and N is not an ordinary matrix multiplication. The homeomorphism
GL(n,R)/O(n) → Pn is given by the operation gT g, ∀g ∈ GL(n,R). Hence, any
Y ∈ Pn may be decomposed uniquely as follows: Y =NTAN [245, 405].

Calculating the metric over Pn with respect to the Iwasawa coordinates is done
by a substitution of the Iwasawa decomposition into ds2

Pn
. This yields

ds2
Pn

= tr((Y−1dY )2)= tr((A−1dA)2)+ 2 tr(A−1A[dNN−1]), (5.11)

where the second term plays an important role here. It is the source for the coupling
between the Iwasawa coordinates.

Let us now derive the metric tensor for the spatial-feature manifolds we explore
in this chapter.

5.5.2 Structure Tensors

Structure Tensor (ST) is a source of information on image texture [131]. It is very
useful for corner detection, texture segmentation [162, 354], and motion analysis
[37].
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Generally, for a two-dimensional gray-level image the structure tensor takes the
form:

Y = ∇I∇IT =
(

I 2
x1

Ix1Ix2

Ix1Ix2 I 2
x2

)

. (5.12)

The two eigenvalues of this tensor are: λ1 = 0, λ2 = |∇I |2, hence, it is positive semi-
definite. To avoid noise effects, the image I (x) is first convolved with a Gaussian
kernel kσ : Iσ (x)= (kσ ∗ I ). Then, each tensor is convolved componentwise with a
Gaussian kernel kρ [433], and the structure tensor takes the form:

Yρ(∇Iσ )= kρ ∗ ∇Iσ (∇Iσ )T . (5.13)

This convolved tensor is symmetric and positive-definite, and its eigenvalues are:

λ1 = 1

2

(
y11 + y22 +

√
(y11 − y22)2 + 4y2

12

)
,

λ2 = 1

2

(
y11 + y22 −

√
(y11 − y22)2 + 4y2

12

)
,

(5.14)

where yij are the components of the convolved tensor.
A 2 × 2 structure tensor may be parameterized using three Iwasawa coordinates.

The Iwasawa decomposition in this case is simply given by

Y =
(

1 0
w3 1

)(
w1 0
0 w2

)(
1 w3
0 1

)

, Y ∈ P2, (5.15)

where w1, . . . ,w3 are identified with the Iwasawa coordinates.
The metric tensor of the spatial-feature manifold M = R

2 × P2 is calculated
directly using Eq. (5.8) and is given by

(hij )=

⎛

⎜
⎜
⎜
⎜
⎜
⎜
⎝

1 0 0 0 0
0 1 0 0 0
0 0 1

w2
1

0 0

0 0 0 1
w2

2
0

0 0 0 0 2w1
w2

⎞

⎟
⎟
⎟
⎟
⎟
⎟
⎠

, (5.16)

where,

ds2
M = (dx1 dx2 dw1 dw2 dw3)(hij )

⎛

⎜
⎜
⎜
⎜
⎝

dx1
dx2
dw1
dw2
dw3

⎞

⎟
⎟
⎟
⎟
⎠
. (5.17)

With respect to this metric tensor we calculate the Christoffel symbols and the
induced metric. Finally, regularization is performed by solving a system of three
coupled Beltrami equations for the Iwasawa coordinates with initial conditions
Xi(t = 0)=w0

i , i = 1, . . . ,3.
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5.5.3 Diffusion Tensors

The diffusion process of water molecules in the brain may be modeled by a diffu-
sion tensor. The diffusion tensor is a 3 × 3 SPD matrix. Let us write the Iwasawa
decomposition for a SPD matrix:

Y = A[N ] =NTAN

=
⎛

⎝
1 0 0
w4 1 0
w5 w6 1

⎞

⎠

⎛

⎝
w1 0 0
0 w2 0
0 0 w3

⎞

⎠

⎛

⎝
1 w4 w5
0 1 w6
0 0 1

⎞

⎠ , (5.18)

where in this case we identify w1, . . . ,w6 with the Iwasawa coordinates.
The metric tensor for the Iwasawa decomposition is obtained by using Eq. (5.11)

(hij )=

⎛

⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎝

1 0 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0 0
0 0 1 0 0 0 0 0 0

0 0 0 1
w2

1
0 0 0 0 0

0 0 0 0 1
w2

2
0 0 0 0

0 0 0 0 0 1
w2

3
0 0 0

0 0 0 0 0 0
2w1(w3+w2w

2
6)

w2w3
− 2w1w6

w3
0

0 0 0 0 0 0 − 2w1w6
w3

2w1
w3

0

0 0 0 0 0 0 0 0 2w2
w3

⎞

⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎠

. (5.19)

The positive-definiteness of Y implies the constraint w1,w2,w3 > 0. Hence, the
components of the metric tensor cannot be singular.

There are only 26 non-trivial Christoffel symbols associated with this metric ten-
sor. With respect to this metric tensor, the induced metric is calculated easily using
Eq. (5.8) and the following set of six coupled Beltrami equations for the Iwasawa
coordinates is constructed:

Xi
t = "γ X

i + Γ i
jk〈∇Xj ,∇Xk〉γ = 0,

Xi
t=0 =wi(t = 0), i = 1, . . . ,6.

(5.20)

5.5.4 DTI Data Fitting Term

The coupled equations in (5.6) correspond to the smoothing term. However, to keep
the regularized data fitting best to the original one we add a physical data fitting
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term to the functional in Eq. (5.4). This results in the following cost functional:

L(X) = α

2

∫

Σ

d3x

N∑

k=1

(
e−bqTk Dqk − Ê(qk)

)2

+ 1

2

∫

Σ

d3x
√
γ γ μν∂μX

i∂νX
jhij (X), (5.21)

where i = 1, . . . ,6. The term e−bqTk Dqk is the signal attenuation model [26] where
D is the diffusion tensor, qk is the k’th applied magnetic field gradient direction and
b is a parameter of the measurement. The measured (noisy) signal is denoted by
Ê(qk).

The variation of this functional with respect to the Iwasawa coordinates yields
the following equations of motion

−αb 1√
γ

N∑

k=1

(e−bqTk Dqk − Ê(qk))e
−bqTk Dqk

(

qTk
∂D

∂Xi
qk

)

+ 1√
γ
∂μ(

√
γ γ μν∂νX

i)+ Γ i
jkγ

μν∂μX
j∂νX

k = 0. (5.22)

Then, the gradient descent equations are given by

Xi
t = −αb 1√

γ

N∑

k=1

(e−bqTk Dqk − Ê(qk))e
−bqTk Dqk

(

qTk
∂D

∂Xi
qk

)

+ 1√
γ
∂μ(

√
γ γ μν∂νX

i)+ Γ i
jkγ

μν∂μX
j∂νX

k. (5.23)

The derivatives of D with respect to the Iwasawa coordinates are calculated as fol-
lows:

D =
⎛

⎝
1 0 0
w4 1 0
w5 w6 1

⎞

⎠

⎛

⎝
w1 0 0
0 w2 0
0 0 w3

⎞

⎠

⎛

⎝
1 w4 w5
0 1 w6
0 0 1

⎞

⎠

=
⎛

⎝
w1 w1w4 w1w5

w1w4 w2 +w1w
2
4 w1w4w5 +w2w6

w1w5 w1w4w5 +w2w6 w3 +w1w
2
5 +w2w

2
6

⎞

⎠ . (5.24)

Thus, for example,

∂D

∂w1
=
⎛

⎝
1 w4 w5

w4 w2
4 w4w5

w5 w4w5 w2
5

⎞

⎠ . (5.25)
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5.6 Experimental Results

5.6.1 Structure Tensor Regularization

Experimental results of the structure tensor regularization are presented in Fig. 5.2.
The structure tensor has been extracted from a given image, as well as, from its noisy
version (Gaussian noise with σ = 0.01). Then we applied our algorithm directly to
the structure tensors while working on their Iwasawa coordinates. Thus, regulariza-
tion is achieved by solving a set of three coupled Beltrami equations with respect
to these coordinates. The regularization results are shown for 150 iterations. Most
of the noise has been removed while the edges that has been extracted by taking
the trace of the tensor, have been preserved. In Fig. 5.3 we present regularization of
various Brodatz textures. In this case we compare the linear and the nonlinear case.
In the nonlinear case, the sharp edges are preserved as well as the borders between
the different textures. Some edges that are less sharp, as in the central texture, were
smoothed. As expected, in the linear case blurring occurs.

5.6.2 DTI Regularization

The regularization framework was tested on in vivo, human noisy data that was
acquired on a GE Signa 3T. A DW-EPI sequence was used with the following pa-
rameters: Δ/δ = 31/25 ms, a 22 cm FOV, matrix size of 128 × 128 and 1.7 mm
slice thickness with 72 slices covering the entire brain. The TE was 88 ms and the
gradient strength was 4 G/cm, resulting in a b value of 1000 s/mm2 measured in 33
non-collinear gradient directions. In addition, a single non-weighted b0 image was
acquired. The sequence was repeated 4 times. In order to avoid intrinsic pulsative
brain motion artifacts, the sequence was gated to the cardiac cycle with effective TR
of 30 R-R intervals. The MRI protocol was approved by the local IRB committee,
and informed consent was obtained from a healthy volunteer.

5.6.3 Data Analysis

The collected volumes were first corrected for patient motion by rigid-body spatial
transformation (using SPM2) accompanied with gradient-orientation compensation.
A noisy tensor field was then generated by applying DTI on a single repetition of
the DW-EPI sequence. Then, it was regularized by the proposed framework (50 iter-
ations with fidelity weight α = 1 and β = 1). Finally, the regularized tensors dataset
was compared with the initial noisy data set. Also, it was compared with the mean
of the four repetitions data set. In order to use the noisy tensor field as an initial
guess for the Beltrami framework minimization, the attenuation signal of any voxel
with negative eigenvalue was replaced with the mean signal of its positive neighbors
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Fig. 5.2 Regularization of structure tensor. Original image and noisy image (top row, left to right).
The trace of the structure tensor for the original image, the noisy image and the regularized image
(middle row, left to right). The structure tensors of the marked region in ellipses representation for
the three images. The axes of the ellipses are proportional to the eigenvalues of the matrix whereas
the orientations of the ellipses are determined by the eigenvectors

(if there were any, otherwise it was omitted). Visualization of the tensor fields was
generated by spectral decomposition of the three different tensor fields for the ren-
dering of fractional anisotropy (FA) maps [25], RGB color schemes [327], and three
dimensional tractography objects. The latter were acquired by brute-force stream-
line tractography [314] overlayed on SPGR anatomical images, co-registered with
a b0 diffusion image. A FA threshold of 0.2 was used for fibre initialization and
termination.

5.6.4 Comparison Between the Three Cases

The high voxel resolution yielded low-grade tensor images for the single repetition
data set (Fig. 5.4, left column): The noise is easily visible in all parts of the image,
including in deep white matter structures such as the genu of the corpus callosum,
and especially in lateral brain areas where it is difficult to recognize small fibre bun-
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Fig. 5.3 Regularization of
Brodatz textures. Original
image and the trace of the
structure tensor (top row, left
to right). Middle row:
Gaussian noise of variance
0.01 was added and the
structure tensors of the noisy
image were extracted. Bottom
row: Linear diffusion with
β = 0, 150 iterations (left)
and nonlinear diffusion with
β = 5, 150 iterations (right)

dles. This noise effect is less noticeable in the 4-repetitions data set (Fig. 5.4, right
column). In this case, finer fibres at the intersection with gray matter become vis-
ible. Therefore, we may expect that the outcome of the regularization process are
images that are more similar to the 4-repetitions images. This is indeed the case
(Fig. 5.4, middle column): The noise level of the regularized images have been im-
proved significantly comparing to the original, single repetition images. Anatomi-
cally expected homogeneous fibre areas appear smoother with much less gray level
value changes, and the images become similar to the 4-repetitions images. While
the FA maps demonstrate that the eigenvalues have been regularized, we can further
see in the color-coded schemes (Fig. 5.5) that the Beltrami regularization has also
regularized the principal orientations of the tensors. The colors better represent dif-
ferent fibre bundles, and demonstrate again that the regularized images are not only
smoother but also preserve the edges between these bundles.

Very similar structures appear in the 4-repetitions color schemes, reassuring the
assumption of piece-wise smooth organization of fibres, and supporting the regular-
ized results. The difference between the regularized and the 4-repetitions images is
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Fig. 5.4 FA images. Presented are mid-Axial (top row), mid-Sagittal (middle row) and mid-Coro-
nal (bottom row) slices. The Beltrami regularized maps (middle column) show significantly lower
noise level compared to the original noisy images (left column). The regularized images resemble
the high SNR images obtained by 4-repetitions (right column)

the noise level where the regularized image seems to have a better one. However,
the image edges of the 4-repetitions images are sharper.

Further visualization and validation of the regularized results is obtained from
tractography images. Identical ROIs were chosen for the three data sets to acquire
streamline tractography of the cingulum. The ROIs were placed on two coronal
slices, posterior and anterior to the mid-coronal slice, on anatomical landmarks iden-
tified with the cingulum. The streamlines generated had to pass through both ROIs.
The cingulum is a fibre bundle passing between parts of the limbic system and is
wrapped around the corpus callosum. It connects the anterior part of the cingulate
gyrus (aCG), which is in proximity to the genu of the corpus callosum (gcc), passing
superior to the body of the corpus callosum (bcc) and ends at the posterior part of
the cingulate gyrus (pCG) next to the splenium of the corpus callosum (scc). From
the posterior part of the cingulate gyrus it projects to the amygdala and hippocampus
complex.

In Fig. 5.6 we can see the trajectories obtained for the three data sets. The three
images were able to delineate the complete tract from the anterior to the posterior
cingulate gyrus. Interestingly, the noisy data set had also delineated the projection to
the amygdala and hippocampus, where the 4-repetitions delineation was terminated
at the posterior cingulate gyrus. As for the regularized data set, it had also obtained
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Fig. 5.5 Colorcoded images. The same slices as in Fig. 5.4 coded by the tensor’s principal orienta-
tion. Orientations were regularized as well, while important edges between different fibre bundles
were preserved

Fig. 5.6 The cingulum. In the three images (the noisy, regularized and the 4-repetitions) the cin-
gulum between the aCG to the pCG has been delineated. In the regularized image the projection to
the amygdala and hippocampus was also obtained (marked by 2). The regularized tract has much
less spurious fibres and is smoother than the noisy tract

the complete expected trajectory. Further comparing the three images reveals that
the regularized data set provided a smooth and robust shape of fibres, where the
noisy data set presents many spurious fibres that seem as noise. Observing a zoomed
perspective of the same images (Fig. 5.7), reveals much finer differences between
the images. Here it is easy to notice that the regularized data set provided much
more continuous and smooth trajectories than in the noisy data set. In the noisy data
set the effect of noise is seen as sharp turns along the fibre as well as discontinuities
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Fig. 5.7 Cingulum zoomed. Area 1 in Fig. 5.6(b) is zoomed. This reveals that the regularized fibre
orientations change smoothly along neighboring voxels, unlike sharp edges and discontinuities in
the noisy dataset

Fig. 5.8 Deviation to the corpus callosum. Since the cingulum is very close to the corpus callo-
sum, small deviations caused by noise may switch the trajectory to the corpus callosum trajectory.
Any fibre that crosses to the opposite hemisphere is false positive. The regularized image reduced
dramatically the number of false positive fibres obtained in the original data. Similar results were
obtained in the 4-repetitions data

along the tract. Comparing the regularized result with the 4-repetitions result shows
that the regularized trajectories seems smoother than the 4-repetitions ones.

Since in most of its trajectory the cingulum is very close to the corpus callo-
sum, small orientational noise is expected to cause deviations that might cross to the
neighboring bundle and follow it to the other hemisphere. The two-ROIs method
used here is supposed to eliminate most of these fibres. However, it is limited to the
area that is between these ROIs. In areas posterior and anterior to the chosen ROIs
there is still the possibility of noise causing deviation on the corpus callosum. Ob-
serving the trajectory from a different viewing angle (Fig. 5.8) demonstrates clearly
some of the false positives fibres that cross to the other hemisphere. This visualiza-
tion shows us that indeed in the noisy data set there are many fibres that deviate on
the corpus callosum tract, where both in the regularized and the 4-repetitions data
sets the number of such fibres is dramatically decreased.

As a conclusion from the tractography of the cingulum fibre bundle, the regular-
ization process provides smoother, more robust, and less false positive fibres than in
the original noisy data set. Also, it preserves the anatomical shape of the fibre and
increases its separation from other fibre bundles.
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5.7 Conclusion

In this chapter we have presented a novel geometric framework for regularization of
data in Pn, the space of SPD matrices of order n. The basis of this framework is the
description of Pn as a Riemannian manifold. We have shown that parametrization
of Pn in terms of the Iwasawa coordinates simplifies the analytical and the numer-
ical calculations. Then, regularization in this framework is achieved by solving a
set of coupled Beltrami equations for these coordinates. We have exemplified this
framework on real DTI datasets and structure tensors.
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Sparse Representation of Video Data
by Adaptive Tetrahedralizations
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Abstract Natural videos are composed of a superposition of moving objects, usu-
ally resulting from anisotropic motions into different directions. By discretization
with respect to time, a video may be regarded as a sequence of consecutive nat-
ural still images. Alternatively, when considering time as one dimension, a video
may be viewed as a 3d scalar field. In this case, customized methods are needed
for capturing both the evolution of moving contours along the time axis and the
geometrical distortions of the resulting sweep surfaces. Moreover, it is desirable to
work with sparse representations. Indeed, already for basic motions (e.g. rotations,
translations), customized methods for the construction of well-adapted sparse video
data representations are required. To this end, we propose a novel adaptive approx-
imation algorithm for video data. The utilized nonlinear approximation scheme is
based on anisotropic tetrahedralizations of the 3d video domain, whose tetrahedra
are adapted locally in space (for contour-like singularities) and locally in time (for
anisotropic motions). The key ingredients of our approximation method, 3AT, are
adaptive thinning, a recursive pixel removal scheme, and least squares approxima-
tion by linear splines over anisotropic tetrahedralizations. The approximation algo-
rithm 3AT yields a new concept for the compression of video data. We apply the
proposed approximation method first to prototypical geometrical motions, before
numerical simulations concerning one natural video are presented.
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6.1 Introduction

The production of digital video sequences is usually resulting from different tech-
nical processes involving data acquisition, projections of 3d moving objects on a
camera matrix, and spatiotemporal digitalization. Natural videos typically display a
superposition of anisotropic motions of different geometrical objects into different
spatial directions. Simultaneous and independent motions lead to rapidly develop-
ing occlusions or disocclusions of background objects by foreground objects [7].
Therefore, the efficient representation of digital video data is a very challenging
task, which in particular requires customized computational methods to cope with
the very large data complexity.

When discretizing the 3d data with respect to time, a video may be regarded as
a sequence of consecutive natural still images, frames. In the case of still images,
relevant information is given by sharp contours between neighbouring objects. Con-
sequently, in natural videos the evolution of such contours between their adjacent
objects plays an important role for the human visual perception. Therefore, it is a
crucial task in video processing to perform accurate representations for the moving
contours.

When considering time as one (spatial) dimension, a video may also be viewed
as a 3d scalar field. In this case, sweep surfaces are resulting from moving contour
lines along the time axis. Despite the intrinsic three-dimensional structure of videos,
commonly used video-codecs, including the popular standard method MPEG4-
H264 [301], work with a still image compression method (for selected intra-frames)
coupled with a block-oriented motion compensation (for the prediction of inter-
frames). This strategy, however, often leads to difficulties in the following relevant
situations with videos containing

• rigid motions which are not pure translations;
• object deformations (e.g. non-rigid motions by non-uniform scalings);
• object occlusions/disocclusions.

In such cases, much of the coding energy is spent on information corresponding
to the compensation of the prediction error. The required information is coded by us-
ing a block-based DCT (Discrete Cosine Transform) for the inter-frames as well as
for the predicted error compensation. This leads (especially at low bit rates) to strong
block artifacts, partly due to discontinuities at the block boundaries, and partly due
to typical Gibbs effects of the Fourier analysis method DCT. More recently, alterna-
tive wavelet-based methods were proposed to avoid strong block artifacts [308].

Alternative methods for video coding are using triangular meshes [7, 281] to
handle the underlying motion field. In these more flexible coding methods, an initial
triangulation is designed for the first frame. The initial triangulation is then dynam-
ically updated according to the changes between two consecutive frames. In [7],
Altunbasak and Tekalp proposed an occlusion-adaptive and content-based mesh de-
sign in combination with a forward tracking procedure. This aims at handling oc-
clusions/disocclusions by the insertion of new triangles or by the removal of old
triangles according to the motion estimation. However, coding the corresponding
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motion vectors is a non-trivial problem. Moreover, in this case additional informa-
tion is required to indicate covered areas (for occlusions) and uncovered areas (for
disocclusions).

In this contribution, we propose a novel concept for adaptive approximation and
sparse representation of video data. To this end, we regard the video as a 3d scalar
field, where time is taken as one (spatial) dimension. Therefore, we essentially re-
frain from splitting the video data into separate consecutive image frames, unlike
the above mentioned methods. We remark that our interpretation of the 3d video
data does not require any sophisticated methods for explicit motion compensation,
forward tracking or detection of occlusions. This gives us more flexibility in the
data analysis, and moreover it reduces the computational overhead required for the
maintenance of various updates between consecutive image frames.

In our approach, the video is viewed as a trivariate function, given by its discrete
(grey-scale) values taken at the 3d locations of the video pixels. We approximate the
video by a linear spline over an adaptive tetrahedralization of the video domain. To
this end, a sparse set of significant pixels is first adaptively chosen according to a
recursive point removal scheme, adaptive thinning, such that the significant pixels
capture the local motion of geometrical components of the video data. The signifi-
cant pixels define a unique Delaunay tetrahedralization of the video domain, whose
tetrahedra are well-adapted locally in space (to capture contour-like singularities)
and locally in time (to capture anisotropic and irregular motions).

The Delaunay tetrahedralization yields a unique linear spline space for approxi-
mation, containing all continuous functions which are piecewise linear over the De-
launay tetrahedralization. From this spline space, we select the unique best approxi-
mation in the sense of least squares. The approximating linear spline is a continuous
function, which can be evaluated at any point in the video domain, in particular
at the discrete set of pixels. This allows us to reconstruct the entire video data by
evaluation of the approximating linear spline at the video pixels. Note that our spe-
cific representation of the video (by a continuous function) allows us to display the
reconstructed video at any subset of the (continuous) video domain.

The outline of this article is as follows. In Sect. 6.2, we discuss video data repre-
sentations and Delaunay tetrahedralizations. Moreover, we show some selected pro-
totypical motions (generated by rotations) for videos. Then, in Sect. 6.3 our video
approximation scheme is explained in detail, before we discuss important computa-
tional aspects concerning its efficient implementation in Sect. 6.4. Numerical simu-
lations are finally presented in Sect. 6.5.

6.2 Videos, Prototypical Motions, and Tetrahedralizations

In video sequences, variations in time are due to displacements of 3d objects pro-
jected on the video spatial domain. Many displacements can be described by el-
ements of the Euclidean motion group. The action of Euclidean motions on the
object contours produces moving surfaces. Diffusion on the 3d Euclidean motion
group for the enhancement of crossing elongated structures is studied in [168].
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In this section, Delaunay tetrahedralizations are introduced. Moreover, the util-
ity of tetrahedralizations for relevant tasks of object occlusions and disocclusions,
rotations, and zoomings are explained. To this end, selected prototypical motions,
generated by rotations, of different objects are taken as model problems to demon-
strate the enhanced flexibility of tetrahedralizations in video processing.

6.2.1 Representation of Video Data

To explain the representation of video data, let us first fix some notations. A grey-
scale video is a sequence of T rectangular planar image frames, each of size W ×H

pixels, so that the total number of video pixels is N = W × H × T , where each
video pixel bears a grey-scale (luminance) value.

Therefore, a grey-scale video may be regarded as a mapping

V :X −→ {0,1, . . . ,2r − 1}
from the 3d video domain

X = [0, . . . ,W − 1] × [0, . . . ,H − 1] × [0, . . . , T − 1]
of pixel positions to the luminance values of the grey-scale video, where usually
2r = 256, i.e., r = 8. In other words, a video can be viewed as an element V ∈
{0,1, . . . ,2r − 1}X , where X is the set of pixels and r is the number of bits in the
representation of the luminance values.

We regard a video as a trivariate function over the convex hull [X] ⊂ R
3 of the

pixel positions, so that [X] constitutes the (continuous) parallelepipedic video do-
main. In this setting, each pixel in X is corresponding to a spatial grid point in [X]
with integer coordinates. In contrast to standard methods for video processing, our
proposed approximation method is based on a pure three-dimensional interpretation
of the given video data.

6.2.2 Delaunay Tetrahedralizations

This section introduces Delaunay tetrahedralizations, being one important ingre-
dient of our approximation scheme. Throughout the discussion in this section, let
Y ⊂ R

3 denote a fixed finite point set. Recall that a tetrahedralization TY of Y is a
collection of tetrahedra, whose vertex set is Y and whose union is the convex hull
[Y ]. Moreover, we assume that any pair of two distinct tetrahedra in TY intersect
at most at one common vertex or along one common edge or across one common
triangular face.

Delaunay tetrahedralizations are popular data structures for the efficient imple-
mentation of important 3d geometrical queries, such as nearest neighbour search or
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localization of closest point pairs. In this subsection, we recall some relevant prop-
erties of Delaunay tetrahedralizations.

It is convenient to introduce Delaunay tetrahedralizations through their dual
Voronoi diagrams. To explain the duality between Voronoi diagrams and Delaunay
tetrahedralizations, denote by

VY (y)=
{
z ∈R

3 : ‖y − z‖ = min
x∈Y ‖x − z‖

}
⊂ R

3 for y ∈ Y

the Voronoi tile of y ∈ Y . Note that the Voronoi tile VY (y) contains all points which
are—w.r.t. the Euclidean norm ‖ · ‖—at least as close to y as to any other point in Y .
The set {VY (y)}y∈Y of all Voronoi tiles is called the Voronoi diagram of Y , yielding
a partitioning of the Euclidean space, i.e.,

R
3 =

⋃

y∈X
VY (y).

Note that each Voronoi tile VY (y) is a non-empty, closed and convex polyhedron.
Two different Voronoi tiles VY (x) and VY (y) are either disjoint or they share a
vertex, an edge or a triangular face. In the latter case, the points x ∈ Y and y ∈ Y are
said to be Voronoi neighbours.

By connecting all possible Voronoi neighbours, we obtain a graph whose vertex
set is Y . This graph defines a tetrahedral decomposition DY of the convex hull [Y ],
provided that no 5 points in X are co-spherical. The latter means that no 5 points
in Y lie on the 2-dimensional surface of a sphere. For simplicity, we assume this
property, the Delaunay property, until further notice.

The tetrahedral decomposition DY is said to be the Delaunay tetrahedralization
of the point set Y . The Delaunay tetrahedralization DX of X is unique. For any
tetrahedron in DY , its circumsphere does not contain any point from Y in its interior,
according to the Delaunay property.

Finally, for any y ∈ Y , the Delaunay tetrahedralization d(Y \ y) can be computed
from DY by a local update. This immediately follows from the Delaunay property,
which implies that only the cell C (y) of y in DY needs to be retetrahedralized.
Recall that the cell C (y) of y is the domain consisting of all tetrahedra in DY which
contain y as a vertex. For further details on Delaunay tetrahedralizations, see the
textbook [348].

6.2.3 Sparse Representations of Prototypical Motions

This section concerns the sparse representation of prototypical motions in videos by
anisotropic tetrahedralizations. For the sake of presentational simplicity and brevity,
we decided to restrict ourselves to rotations of basic planar geometrical objects,
ellipses and triangles, with uniform grey-scale values.

We can describe the situation as follows. In the first frame, at time t = 0, the pro-
jection of the geometrical object is the characteristic function of a domain Ω0 with



106 L. Demaret et al.

Fig. 6.1 Two prototypical
motions. (a) Rotating ellipse;
(b) rotating triangle. In either
case, the rotation axis is
aligned with the vertical
(time) axis, and the origin is
the center of the square
domain

piecewise smooth boundary Γ0. In this particular setting, a (general) rigid motion
can be viewed as a continuous mapping

M : [0, T ] →E+(2)

from time interval [0, T ] to the group E+(2) of rigid motions, i.e., the group gener-
ated by translations and rotations.

Now for the special case of rotations, we assume constant angular speed, i.e., no
accelerations or decelerations for further simplicity, in which case the motion

M(t)=Mt ∈E+(2) for t ∈ [0, . . . , T ]
can be rewritten as a planar transformation M(u, θ) ≡ R(θ), where R(θ) is a
(counter-clockwise) rotation about angle θ . In this simple case, the corresponding
video sequence is fully described by the parametric surface Σ ,

Σ =
⋃

t∈[0,T ]
Γt =

⋃

t∈[0,T ]
M(t)Γ0. (6.1)

With assuming sufficiently small rotation angle θ , the surface Σ is piecewise
smooth. In this case, it is reasonable to work with triangular surface elements to
approximate Σ . Now the quality of the surface approximation heavily depends on
the alignment of the triangular surface elements. Indeed, their long triangular edges
should be aligned with directions of smaller surface curvature of Σ , whereas their
short edges should point into directions with higher curvature.

Now we consider the approximation of rotational motions of two different ge-
ometrical objects, one ellipse and one equilateral triangle, see Figs. 6.1(a), (b). In
either case, we let θ = π/6 per time unit (the time between two consecutive frames).
Figs. 6.2(a), (b) shows the resulting surfaces Σ , respectively, as defined by (6.1).

For the purpose of approximating the rotational triangle E, a suitable Delaunay
tetrahedralization may be constructed as follows. First select a time discretization
step ts = T/nt , nt ∈N, then sample the set of vertices Y ≡ Y(E) defined by

(E,R(tsθ)E,R(2tsθ)E, . . . ,R(nt tsθ)E).
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Fig. 6.2 Two prototypical motions. 3d visualization of the moving contours for the (a) rotating
ellipse; (b) rotating triangle. In either case, the rotation axis is aligned with the vertical (time) axis,
and the origin is the center of the square domain

Fig. 6.3 Rotating triangles.
Triangular surface
approximation of the moving
contour. Only 12 triangular
faces are utilized to represent
the entire video sequence,
where the surface
triangulation is obtained from
the Delaunay
tetrahedralization of 36 video
pixels. In this example, we let
θ = π/6 per time step

By their construction, the resulting 3 × (nt + 1) vertices represent the triangular
shape for each of the corresponding nt + 1 frames exactly. Therefore, if ts is suffi-
ciently small, then the corresponding Delaunay tetrahedralization of the 3d vertex
set Y recovers the triangular shape throughout all frames. Although this particular
choice of vertices is not necessarily optimal, it leads to small approximation error
of the sweep surface (moving contour).
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Fig. 6.4 Rotating triangles at time t = 0.75. (a) Projection of tetrahedralization (black) and exact
solution triangle (red); (b) the corresponding error area is filled in red

To make one special case, let [0,1] denote the time interval, ts = 0.5 and nt = 2.
The corresponding piecewise linear representation of the resulting sweep surface
is shown in Fig. 6.3. Moreover, Fig. 6.4(a) displays the projection of the tetrahe-
dralization in the frame plane at intermediate time t = 0.75, where (for this par-
ticular example) the resulting error is maximal. The resulting error is visualized in
Fig. 6.4(b).

6.3 Nonlinear Approximation of Video Data

This section explains our video approximation method, 3AT, in detail. The method
3AT combines a recursive pixel removal scheme, adaptive thinning, with least
squares approximation by trivariate linear splines. In this approximation method,
adaptive thinning is first applied to obtain a sparse set of significant video pixels.
The set of significant pixels yields a (unique) anisotropic Delaunay tetrahedraliza-
tion, where the vertices of the tetrahedralization are given by the significant pixels.
This in turn defines a linear approximation space of trivariate linear spline func-
tions over the so obtained anisotropic tetrahedralization. The approximation to the
video data is then given by the best approximating linear spline, in the sense of
least squares approximation. The overall aim of the resulting adaptive approxima-
tion algorithm is to construct a suitable linear spline space of small dimension (being
represented by a sparse set of significant pixels), such that the distance between the
best approximating linear spline and the given video data is small, thus yielding a
small reconstruction error. The construction of the spline space can be viewed as a
highly nonlinear approximation process, which generalizes the algorithm proposed
in [97, 98] from 2d image data to 3d video data.
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In the remainder of this section, we will first discuss trivariate linear splines over
tetrahedralizations, before adaptive thinning—the key ingredient of the proposed
nonlinear approximation method—is introduced. This includes a discussion on the
utilized significance measure, as this is required for the adaptive extraction of the
significant pixels.

6.3.1 Linear Splines over Tetrahedralizations

Following our previous paper [98], we work with continuous and piecewise affine
approximations over anisotropic tetrahedralizations. Let Π1 denote the linear space
of all trivariate polynomials of degree at most one, and let DY be a fixed Delaunay
tetrahedralization. For any subset Y ⊂ X, we denote by SY the linear space of all
trivariate continuous functions whose restriction to any tetrahedron θ ∈ DY is affine,
i.e.,

SY = {f ≡ f (x1, x2, x3) ∈ C 0([Y ]) : f |θ ∈Π1 for all θ ∈ DY }.
Any element in SY is referred to as a linear spline over DY . For given luminance

values at the pixels of Y , V |Y = {V (y) : y ∈ Y }, there is a unique linear spline
interpolant L(Y,V ) ∈ SY satisfying

L(Y,V )(y)= V (y) for all y ∈ Y.

The interpolant L(Y,V ) can be represented as a linear combination

L(Y,V )=
∑

y∈Y
V (y)ϕy

of the Courant elements ϕy ∈ SY , for y ∈ Y , being the unique Lagrangian basis
functions in SY satisfying

ϕy(x)=
{

1 for y = x;
0 for y �= x; for any x ∈ Y.

Now, for fixed Y ⊂ X we can take the spline space SY as an approximation space
for the video data V |X , provided that the eight vertices of X (i.e., the four corners
of the first frame and the four corners of the last frame) lie in Y .

6.3.2 Sparse Data Selection by Adaptive Thinning

We remark that the approximation quality of the video reconstruction heavily de-
pends on the selection of the (sparse) pixel set Y . A customized construction of
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the sparse video data representation essentially requires an adaptive selection of the
pixels in Y . Therefore, let us first explain how the subset Y ⊂X is constructed.

To obtain a suitable sparse set Y = Xn of n significant pixels, for some n � N ,
adaptive thinning constructs a sequence of nested subsets of pixels

Xn ⊂Xn+1 ⊂ · · · ⊂XN−1 ⊂XN =X, (6.2)

where the size |Xp| of any subset Xp in (6.2) is p, and so N = |X| is the number of
pixels in X.

The utilized adaptive thinning algorithm recursively removes pixels from X, one
after the other, where any removal of one pixel depends on the entire video data V |X ,
as given by the luminance values attached to the video pixels. The pixel removal
is done in a greedy way, where at each removal step the removed pixel is a least
significant pixel. The generic formulation of our recursive pixel removal scheme is
as follows.

Algorithm 6.1 (Adaptive Thinning)

(1) Let XN =X;
(2) For k = 1, . . . ,N − n

(2a) Find a least significant pixel x ∈XN−k+1;
(2b) Let XN−k =XN−k+1 \ x.

To describe a specific thinning strategy, it remains to determine a significance
measure in order to select a least significant pixel in step (2a). Details on this im-
portant point are discussed in the following subsection.

6.3.3 Significance Measures for Video Approximation

The quality of video compression schemes is measured in dB (decibel) by the peak
signal to noise ratio,

PSNR = 10 ∗ log10

(
2r × 2r

η2(Y,X)

)

,

where the mean square error (MSE) is given by

η2(Y,X)= 1

|X|
∑

x∈X
|L(Y,V )(x)− V (x)|2. (6.3)

Therefore, to approximate the video, we wish to construct a subset Y ⊂X, such
that the resulting mean square error η2(Y,X) is small. The construction of a suitable
subset Y ⊂X is accomplished by Algorithm 6.1, where a natural criterion for a least
significant pixel is given by the following definition, already used in our previous
papers [97, 98] for pixel removal from images.
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Definition 6.1 For Y ⊂ X, a pixel y∗ ∈ Y is said to be least significant
in Y , iff

η(y∗)= min
y∈Y η(y),

where for any y ∈ Y ,

η(y)= η(Y \ y,X)
is the significance of the pixel y in Y .

In [122] we have also considered least significant pixel pairs (in images). This
leads to a somewhat more sophisticated removal criterion that allows a simulta-
neous removal of edges (i.e., two-point removals of connected vertices). As was
shown in [98], this additional option has improved the resulting image approxi-
mation quite significantly. This observation gives rise to lift the two-point removal
criterion in [98] from 2d to 3d. We recall the definition of least significant pixel
pairs.

Definition 6.2 For Y ⊂ X, a pair {y∗
1 , y

∗
2 } ⊂ Y of two pixels in Y is said to be

least significant in Y , iff

η(y∗
1 , y

∗
2 )= min{y1,y2}⊂Y

η(y1, y2),

where for any pixel pair {y1, y2} ⊂ Y , we denote its significance in Y by

η(y1, y2)= η(Y \ {y1, y2},X).
A pixel y∗ ∈ Y is said to be least significant in Y , iff it belongs to a least
significant pixel pair in Y , {y∗, y} ⊂ Y , and satisfies η(y∗)≤ η(y).

As supported by our numerical comparisons in Sect. 6.5, the significance mea-
sure of Definition 6.2 (in comparison with that of Definition 6.1) improves the re-
sulting video reconstruction considerably. Indeed, the more sophisticated signifi-
cance measure of Definition 6.2 allows removals of edges, whose two vertices may
have high individual significances (according to Definition 6.1), although their con-
necting edge may not contribute very much to the approximation to the video data
(cf. [98] for more detailed explanations).

6.3.4 Local Optimization by Exchange

In order to further improve the quality of the significant pixels’ distribution, we
apply the post-processing local optimization procedure proposed in [96]. This local
optimization relies on an iterative exchange of pixel pairs. At each exchange step,
one current significant pixel is being swapped with one current non-significant pixel.
Let us recall the definition of exchangeable pixels.
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Definition 6.3 For any Y ⊂X, let Z =X \Y . A pixel pair (y, z) ∈ Y ×Z satisfying
η((Y ∪ z) \ y;X) < η(Y ;X) is said to be exchangeable. A subset Y ⊂X is said
to be locally optimal in X, iff there is no exchangeable pixel pair (y, z) ∈
Y ×Z.

By an exchange of any exchangeable pixel pair (y, z) ∈ Y × Z, the approxima-
tion error η(Y ;X) is strictly reduced. This leads to the following local optimization
algorithm which computes a locally optimal subset in X from any input Y ⊂X.

Algorithm 6.2 (Exchange)

INPUT: Y ⊂X;

(1) Let Z =X \ Y ;
(2) WHILE (Y not locally optimal in X)

(2a) Locate an exchangeable pair (y, z) ∈ Y ×Z;
(2b) Let Y = (Y \ y)∪ z and Z = (Z \ z)∪ y;

OUTPUT: Y ⊂X, locally optimal in X.

In our numerical experiments, we observed that the local optimization procedure
helps improve the shape of the tetrahedra, which are better adapted to the local
regularity of the function. Indeed, in areas where the underlying function is smooth
and convex, we obtain nearby equilateral tetrahedra, whereas in areas of smaller
regularity, long and thin tetrahedra are aligned with the preference directions of the
target function.

6.3.5 Minimization of the Mean Square Error

In a post-processing step, we further reduce the mean square error (6.3) by least
squares approximation [39]. More precisely, we compute from the set Y ⊂ X of
significant pixels, output by Algorithms 6.1 and 6.2, and from the luminance values
at the pixels in X the unique best approximation L∗(Y,V ) ∈ SY satisfying

∑

x∈X
|L∗(Y,V )(x)− V (x)|2 = min

s∈SY

∑

x∈X
|s(x)− V (x)|2.

Such a best approximation exists and is unique, since SY is a finite dimensional
linear space. For numerical aspects of least squares approximation we refer to the
textbook [39].

6.4 Computational Aspects

6.4.1 Data Structures for Efficient Implementation

An efficient implementation of our proposed approximation method 3AT requires
suitable data structures. In the implementation of adaptive thinning, Algorithm 6.1,
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Fig. 6.5 Removal of a vertex
from a Delaunay
tetrahedralization. The update
of the Delaunay
tetrahedralization requires
only a local
retetrahedralization of the
vertex cell

the most critical aspect concerning computational complexity is the removal of one
pixel. Moreover, for the exchange of pixel pairs, by the local optimization Algo-
rithm 6.2, also efficient insertions of pixels are needed. In either case, this requires
efficient updates of the utilized Delaunay tetrahedralization.

Several methods have been proposed to reduce the complexity for the insertion
and removal of vertices in Delaunay tetrahedralization [278, 385]. In [77], for in-
stance, an adaptive divide-and-conquer method is suggested. Unlike the popular
Guibas-Stolfi algorithm for two dimensions [195], the algorithm in [77] uses an in-
cremental method in the merging step. Our implementation is based on the robust
incremental flip algorithm of [315].

The flip algorithm in [315] performs an incremental insertion of vertices to com-
pute the (global) Delaunay tetrahedralization. In this method, each insertion of a
new vertex requires localizing a tetrahedron from the current Delaunay tetrahedral-
ization which contains the position of that vertex. Therefore, the ordering of the
points to be inserted plays an important role for the performance of the incremental
insertion algorithm.

Many tetrahedralization methods merely use a random ordering of the point set.
To accelerate the point insertion, a preprocessing sorting of the points is proposed
in [44]. The concept in [44] relies on space-filling Hilbert curves. In our imple-
mentation vertex of removals and insertions, we follow along the lines of the ideas
in [44].

Finally, we remark that any insertion or removal of a vertex from a Delaunay
tetrahedralization requires only a local update. This important property of Delaunay
tetrahedralizations reduces the computational complexity of adaptive thinning, and
exchange significantly. For the removal of a vertex y, for instance, only a (local)
tetrahedralization of the vertex cell C(y) is required (see Fig. 6.5), where C(y)

is given by the union the surrounding tetrahedra of vertex y. The computational
complexity of Algorithms 6.1, 6.2 is discussed in Sect. 6.4.3.

6.4.2 Simulation of Simplicity

When five close vertices are co-spherical, the Delaunay tetrahedralization is not
unique. Note that this is highly relevant in our particular situation, where the vertex
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positions are lying on a Cartesian grid. Moreover, uniqueness of the Delaunay tetra-
hedralization is an important property, which we wish to ensure for many reasons
concerning the computational efficiency. In order to solve this problem, we use a
generic method called Simulation of Simplicity, as proposed in [123]. This method
serves to enforce uniqueness, especially in degenerate cases and for more general
situations of co-spherical point distributions.

Unlike in other perturbation methods, the simulation of simplicity method allows
us to work with integer arithmetic rather than with floating point arithmetic. We have
adapted the ideas in [123] to Delaunay tetrahedralizations: by using an lexicograph-
ical order of vertices, we always obtain a unique Delaunay tetrahedralization for any
given set of 3d points.

6.4.3 Computational Complexity

In this section, we discuss the computational complexity of our nonlinear approx-
imation method. To this end, we show that the complexity of adaptive thinning,
Algorithm 6.1, is O(N log(N)), whereas the performance of one exchange step,
Algorithm 6.2, requires only O(log(N)) operations.

6.4.3.1 Computational Complexity of Adaptive Thinning

Let us start with the discussion on adaptive thinning. For the efficient implementa-
tion of Algorithm 6.1, we use two different priority queues, one for the significances
of pixels and one for the significances of edges in DY . Each priority queue is effi-
ciently implemented by using the data structure heap.

For the significances of pixels, we use the significance measure

eδ(y)= η2(y)− η2(Y,X) for y ∈ Y.

We remark that the significance measure eδ is equivalent to the pixel significance
measure η of Definition 6.1, i.e. minimizing η(y) among all pixels in Y is equivalent
to minimizing eδ(y) among all pixels in Y [98]. But the significance eδ(y) is local,
since it measures the anticipated error, being incurred by the removal of pixel y, on
the (local) cell C(y) of y.

As for the significance of pixel pairs, we work with the local significance mea-
sures

eδ(y1, y2)= eδ(y1)+ eδ(y2) for [y1, y2] /∈ DY

and

eδ(y1, y2)= η2(y1, y2)− η2(Y,X) for [y1, y2] ∈ DY

which are equivalent to the significance measure η(y1, y2) in Definition 6.2.
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Note that eδ(y1, y2) is a local significance measure, since its computation is re-
stricted to the union of the two cells C(y1) and C(y2). Due to the simple repre-
sentation of eδ , the maintenance of the significances {eδ(y1, y2) : {y1, y2} ⊂ Y } can
be reduced to the maintenance of the significances {eδ(y1, y2) : [y1, y2] ∈ DY } and
{eδ(y) : y ∈ Y }. To this end, we employ two separate heaps.

By using the local significance measures eδ (rather than η), each pixel removal
(according to Algorithm 6.1) costs only O(1) operations, for the retriangulation
of the cell C(y) to obtain DY\y and for the required update of the neighbouring
pixels’ and edges’ significances. The required update for each of the two heaps
costs O(log(N)). This makes up O(N log(N)) operations in total for the removal
of at most N pixels.

Theorem 6.1 The performance of the adaptive thinning algorithm, Algorithm 6.1,
costs O(N log(N)) operations.

6.4.3.2 Computational Complexity of Exchange

Now let us turn to the complexity for one pixel exchange. In the efficient implemen-
tation of exchange we work with the local swapping criterion

eδ(z;Y ∪ z) > eδ(y;Y ∪ z) for (y, z) ∈ Y ×Z, (6.4)

which, for unconnected pixels in DY∪z, further simplifies to

eδ(z;Y ∪ z) > eδ(y;Y) for [y; z] /∈ DY∪z. (6.5)

The above swapping criterion is equivalent to the criterion in Definition 6.3 for
exchangeable pixel pairs [96].

Moreover, we work with three different heaps: one heap for the pixels in Y ,
heapY, with significances eδ , one heap for the pixels in Z = X \ Y , heapZ, with
significances eδ(z;Y ∪ z), for z ∈ Z, and one heap for connected pixel pairs, with
significances eδ , heapE. For details concerning the different significances eδ (for
pixels and edges), we refer to our previous paper [96].

The local swapping criteria (6.4)–(6.5) enables us to localize an exchangeable
pixel pair in only O(1) operations. The subsequent update of the utilized data struc-
tures, i.e., for the three heaps heapY, heapZ, heapE, and the Delaunay tetrahe-
dralization DY costs O(log(N)) operations. For details, we refer to [96].

Theorem 6.2 The performance of one pixel exchange, Algorithm 6.2, costs
O(log(N)) operations.

6.5 Numerical Simulations

We have applied our video approximation method 3AT to one popular test example,
called Suzie. The test video comprises 30 frames. The original video data is shown
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Fig. 6.6 Suzie. Video comprising 30 consecutive image frames, from top left (frame 0000) to
bottom right (frame 0029)

in Fig. 6.6, whose 30 image frames are displayed in chronological order, from top
left to bottom right.

The corresponding reconstruction of the video data by our approximation method
3AT is shown in Fig. 6.7. Note that 3AT achieves to reconstruct the test data very
well, especially the geometric features of the video. This is due to a well-adapted
distribution of the significant pixels, as displayed in Fig. 6.8. Their corresponding
tetrahedra are shown in Fig. 6.9, where for each frame plane only their intersecting
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Fig. 6.7 Suzie. Reconstruction of video data by our approximation method 3AT. The recon-
struction is represented by 30 consecutive image frames, displayed from top left to down right. For
each image frame, the corresponding PSNR value is shown

tetrahedra are displayed. The tetrahedra are represented by their edges, where those
edges lying in the frame plane are displayed by bold solid lines. The other (intersect-
ing) edges are represented by their projections onto the corresponding frame plane,
and displayed by thin solid lines.

Note that the representation of the video data by the significant pixels is very
sparse. In fact, in comparison with the intermediate frames, only the first and the
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Fig. 6.8 Suzie. The significant pixels output by our approximation method 3AT, and the number
of significant pixels per frame

last frame are containing a larger number of significant pixels, see Fig. 6.10 (top).
This is because their corresponding Delaunay triangulations (in the image frame
plane) are covering the two opposite faces of the video domain, at time t = 0 (first
frame) and at t = 29 (last frame). But the well-adapted distribution of the significant
pixels in the intermediate frames is very efficient. Moreover, the different motions of
the video’s geometrical features are captured very well by the geometry of the sig-
nificant pixels. The good visual quality of the video reconstruction can be evaluated
through Fig. 6.7.
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Fig. 6.9 Suzie. Tetrahedralization of the significant pixels. For each frame, only their intersect-
ing tetrahedra are displayed. The individual tetrahedra are represented by their edges. Edges lying
in the image frame are displayed by bold solid lines; edges passing through the image frame are
represented by their projections onto the image plane, displayed by thin solid lines

Now we measure the quality of the reconstruction by the resulting PSNR value.
We obtain a sparse representation of the video data by 11,430 significant pixels, (i.e.,
381 significant pixels in average), yielding a PSNR value of the video reconstruction
by 3AT of 35.45 dB.
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Fig. 6.10 Suzie. From the
video reconstruction by 3AT,
30 image frames were
generated, each
corresponding to one image
frame of the given video data
Suzie. For each of these
image frames, as generated
by 3AT, the number of
significant pixels and the
PSNR value was recorded.
The two graphs show the
number of significant pixels
(top); the PSNR value
(bottom), each regarded as a
function of the frame indices

In addition, from the video reconstruction by 3AT, 30 image frames were gen-
erated, each corresponding to one image frame of the given video data Suzie.
For each of these image reconstructions, as generated by 3AT, the corresponding
number of significant pixels and the PSNR value was recorded. The two graphs in
Fig. 6.10 show the number of significant pixels (top) and the PSNR value (bottom),
each regarded as a function of the frame indices.

As regards the evolution of significant pixels, note that the number of pixels is
large between times t = 5 and t = 13. This is due to rapid motions in the video
sequence, which requires more energy (in terms of number of significant pixels) to
capture the relevant geometrical details.

As regards the PSNR values of the individual frames, the minimal PSNR value of
34.58 dB is attained at frame 0000, whereas the maximal PSNR value of 36.32 dB
is attained at frame 0017. The average PSNR value is 35.49 dB. The resulting
distribution of PSNR values (over the 30 frames) reflect a very well-balanced ap-
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proximation to the video data, at remarkably good reconstruction quality and small
number of significant pixels. We finally remark that our proposed approximation
method features a surface-preserving smoothing process, with surfaces being under-
stood as moving contours. This helps to avoid misaligned aliasing artifacts between
consecutive frames.

6.6 Conclusion and Final Remarks

We have proposed a novel adaptive approximation algorithm for sparse representa-
tions of video data. Our nonlinear approximation method works with linear splines
over anisotropic tetrahedralizations of the 3d video domain, whose tetrahedra are
adapted locally in space and in time. The sparse representation of the video data re-
lies on the construction of a small set of least significant pixels, which are selected
by a recursive pixel removal scheme, termed adaptive thinning. We have applied our
resulting video approximation method, 3AT, to prototypical geometrical motions
and to a natural video. The good performance of the proposed video compression
method is supported by our numerical simulations.

We finally remark that alternative approaches to multiscale representations with
local geometry adaptation can be found in Chap. 9. Future research should include
investigations concerning the usage of adaptive smoothing and denoising methods in
combination with anisotropic diffusion and adaptive filtering strategies, cf. Chaps. 1,
2, 3, 4, 7, 12, and 13 for related topics.
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Chapter 7
Continuous Diffusion Wavelet Transforms
and Scale Space over Euclidean Spaces
and Noncommutative Lie Groups

Hartmut Führ

Abstract Scale space representations over Euclidean space are closely related to
continuous wavelet transforms. E.g., taking the time derivative of a Gaussian scale
space representation yields a continuous wavelet transform with respect to the Mex-
ican Hat wavelet. Departing from this observation, we introduce a continuous diffu-
sion wavelet transform associated to any diffusion semigroup acting on an abstract
Hilbert space. Under quite general assumptions this wavelet transform is norm-
preserving, thus giving rise to wavelet-type inversion formulae. For the diffusion
associated to the heat equation on the Heisenberg group H, we recover the so-called
Mexican Hat wavelet previously obtained by Mayeli. Our approach provides an al-
ternative short proof of admissibility for the Mexican Hat wavelet on H, as well as
a new family of wavelets for H and more general homogeneous Lie groups.

7.1 Introduction

For a given image f ∈ L2(R2), let

uf (x, t)= f ∗ gt (x) (x ∈ R
2, t > 0)

denote the Gaussian scale space representation of f , with

gt (x)= exp(−‖x‖2/2t)

2πt
.

The standard interpretation of uf (·, t) is that it contains all details of f of size at
least

√
t . By contrast, given a continuous wavelet transform

Wψf (x, t)= f ∗ψt(x)

with ψt(x) = t−1ψ(t−1x), the standard interpretation of Wψf (·, t) is that of con-
taining all details of size precisely t .
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Hence, it is tempting to think of wavelet transform as a scale derivative of the
scale space transform uf . And indeed: Up to a suitable power of t and a rescaling
of the time axis, ∂tuf coincides with Wψf with respect to the Mexican Hat wavelet
ψ =Δg1, where Δ denotes the Laplacian on R

d . A discussion of this phenomenon
for α-scale spaces, which contains this as a special case, can be found in Sect. 7.2.

As I will explain shortly, there is a general principle at work here, and this chapter
is devoted to explaining this principle in detail. To this end, I introduce a rather gen-
eral definition of a diffusion wavelet transform associated to an operator semigroup
acting on a Hilbert space H . Given a suitable infinitesimal generator Q (assumed
self-adjoint and negative definite), the associated continuous diffusion wavelet trans-
form of f ∈ H is the H -valued function WQf defined as

WQf (t)= ∂s(s �→ esQf )(t)=QetQf (t > 0).

Whenever the evolution equation allows a meaningful interpretation of the scale pa-
rameter, the associated diffusion wavelet transform should resemble the usual con-
tinuous wavelet transform. Besides this rather vague parallel to continuous wavelet
transform, there is also a concrete and useful one, and that has to do with recon-
struction: Assuming that the generator Q is negative definite, with 0 not contained
in its point spectrum, it follows that WQ is norm-preserving in the sense that, for all
f ∈ H ,

‖f ‖2 = 4
∫

R+
‖WQf (t)‖2t dt; (7.1)

see Theorem 7.2 below. The formulation given here has the advantage that it pro-
vides a unified and simple view of both wavelet-like transforms and diffusion semi-
groups.

Equation (7.1) also points out an alternative means of recovering f from uf :
Instead of employing

f = lim
t→0

uf (·, t),
using that uf solves the initial value problem, we can also invert WQ by its (renor-
malized) adjoint, which yields

f = 4
∫

R+
QetQWQ(f )t dt. (7.2)

It should be stressed that the main mathematical ideas presented in the follow-
ing have been developed elsewhere: In particular, the paper by Geller and Mayeli
[182] contains our main abstract result, Theorem 7.2, though in somewhat different
formulation and with slightly different assumptions. The idea to introduce scales
and associated wavelet systems via the spectral theory of a suitable operator semi-
group also underlies the construction of Coifman and Maggioni in [80]. In fact the
continuous diffusion wavelet transform can be viewed as continuous analogue of
their approach. Nonetheless, it seems worthwhile to elucidate the connection be-
tween continuous wavelet transforms and diffusion explicitly, and specifically with
reference to recent work in signal and image processing such as [109, 111].
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This chapter is structured as follows: In Sect. 7.2 I investigate the connections
between α-scale space over Rd , as studied in [109, 170], and continuous wavelet
transform. This section is intended to provide an illustration and a review of notions
from wavelet and scale space theory. In particular, it comments on different ver-
sions of wavelet inversion. In Sect. 7.3, I prove (7.1), and show how the results of
Sect. 7.2 follow directly from this. The final Sect. 7.4 considers evolution equations
arising from left-invariant differential operators on Lie groups. For homogeneous
groups, the associated wavelet system can also be interpreted in terms of represen-
tation theory. This observation allows to explicitly relate recent developments in the
construction of scale spaces on non-commutative Lie groups such as the Heisenberg
group [111], and wavelet systems on those groups [302, 303].

7.2 Scale Space and Wavelet Transforms on Euclidean Space

In this section we focus on the family of α-scale space representations, as inves-
tigated in [109], see also Chap. 1 for background on linear diffusion. In order to
describe these representations, let us introduce some notation. We let Δ denote the

Laplacian on R
d , i.e. Δ = ∑d

i=1
d2

dx2
i

, first defined on the test function, then ex-

tended uniquely to its maximal domain as self-adjoint operator on L2(Rd). Then Δ
is a negative-definite self-adjoint (unbounded) operator, and thus spectral calculus
allows to define arbitrary powers of −Δ. By slight abuse of notation, we let ∂tu
denote the partial derivative of u : Rd × R

+ → C with respect to the last (time)
variable, and let (−Δ)α stand for the action of the power of −Δ acting on the first
d (spatial) variables.

Then, given an arbitrary function f ∈ L2(Rd), the scale space representation of
f is the solution u :Rd ×R

+ →C to the initial value problem

∂tu= −(−Δ)αu,
lim
t→0

u(·, t)= f.
(7.3)

In this chapter we focus on L2-theory, hence the limit is understood in the L2-norm.
The solutions of (7.3) are easily described in terms of Green’s calculus: One has that

u(·, t)= f ∗Kt, (7.4)

where the Kt are suitable kernel functions. Outside of exceptional values, such as
α = 1/2,1 corresponding to the Poisson and the Gaussian kernels, respectively,
these functions are not known explicitly. However, they are easy to write down on
the Fourier transform side, using the fact that the Fourier transform acts as the spec-
tral decomposition of (−Δ)α . In this chapter, the Fourier transform of a function
f ∈ L1(Rd) is defined as

f̂ (ξ)=
∫

Rd

f (x)ei〈x,ξ〉 dx.
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Then, at least formally, the equations u(·, t)= e−t (−Δ)αf as well as

((−Δ)αf )∧(ξ)= |ξ |2αf̂ (ξ)
lead to the equation

F1(u)(ξ, t)= f̂ (ξ)e−t |ξ |2α ,

where F1 denotes partial Fourier transform with respect to the first d coordinates.
Thus

K̂t (ξ)= e−t |ξ |2α . (7.5)

This allows in particular the observation that the Kt are obtained from K1 via di-
lation. We let Dt : L2(Rd)→ L2(Rd) denote the (L1-normalized) dilation operator
Dtf (x)= |t |−df (t−1x), for t �= 0. Then K̂t (ξ)= K̂1(t

1/2αξ) translates to

Kt(x)=Dt1/2αK1. (7.6)

For the following, it will also be useful to note that Δ is 2-homogeneous with
respect to dilation:

∀t �= 0 :Dt ◦Δ= |t |2Δ ◦Dt . (7.7)

We next describe the relationship to continuous wavelet transforms. For this pur-
pose, we introduce the translation operators Tx via Txf (y) = f (y − x). Now fix
a vector η ∈ L2(Rd). We associate to η a wavelet system (ηx,t )x∈Rd ,t>0 given by
ηx,t = TxDtη. Then the wavelet transform of f ∈ L2(Rd) is given by the family of
scalar products with the wavelet system, i.e. Wηf : Rd ×R

+ → C, with

Wηf (x, t)= 〈f,TxDtη〉 = f ∗Dtη
∗(x), (7.8)

where we used the notation η∗(x) = η(−x). Wηf is called the continuous wavelet
transform of f with respect to the analyzing wavelet η. The precise choice of η is
motivated by various requirements, among them the possibility of stable recovery
of f from Wηf . In the following, we consider two related, but usually different
notions:

Definition 7.1

(a) η is called admissible if Wη : L2(Rd)→ L2(Rd ×R
+, dx dt

t
) is isometric up to

a scalar, i.e., if

‖f ‖2
2 = Cη

∫

Rd

∫

R+
|Wηf (x, t)|2 dx dt

t

holds, for all f ∈ L2(Rd), with some fixed Cη > 0. In this case, f can be recov-
ered via the (weak-sense) inversion formula

f = 1

Cη

∫

Rd

∫

R+
Wηf (x, t)ηx,t dx

dt

t
. (7.9)
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(b) η is called Morlet-admissible if for all f ∈ L2(Rd)

f = lim
ε→0,A→∞

1

C̃η

∫ A

ε

Wηf (·, t) dt
t

(7.10)

holds in the weak sense, with a fixed constant C̃η �= 0.

The notion of admissibility (at least for d = 1) is at the roots of wavelet analysis
[193]. The notion of Morlet-admissibility was defined in [121], and further investi-
gated in [222, 223].

The wavelet inversion formula (7.9) can be read as an expansion of the function f
with respect to the wavelet system ηx,t . By comparison, Morlet-admissibility allows
reconstruction by integration over scale alone, and thus has been used as a means of
effective wavelet reconstruction [222, 317].

Admissible and Morlet-admissible vectors can be characterized by the Fourier
transform, as the following lemma shows.

Lemma 7.1 Let η ∈ L2(Rd) be given.

(a) η is admissible with constant Cη iff

∫

R+
|̂η(tξ)|2

|t | dt = Cη (a.e. ξ ∈R
d). (7.11)

(b) η is Morlet-admissible with constant C̃η �= 0 iff

∫

R+
η̂(tξ )

t
dt = C̃η (a.e. ξ ∈R

d), (7.12)

with absolute convergence of the integrals.

For the proof of part (a), we refer to [174, Theorem 5.8]. Part (b) is a straightfor-
ward adaptation of the argument for (a).

Remark 7.1 Continuous wavelet transforms are closely related to group theory, in
the following way: Let G be any locally compact group, and π a strongly continuous
unitary representation of G in the Hilbert space Hπ . We let L2(G) denote the L2-
space with respect to left Haar measure μG, and Cb(G) the space of bounded contin-
uous functions. Given a vector η ∈ Hπ , the coefficient operator Vη : Hπ → Cb(G)

assigns each element f ∈ H its matrix coefficient,

Vηf (x)= 〈f,π(x)η〉.
Now η is called admissible whenever Vη is an isometric embedding into L2(G). In
this case, one has the inversion formula

f =
∫

G

Vηf (x)dμG(x).
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Expansions of this type are useful since the group element x ∈ G often allows an
interpretation of the vector π(x)η as an elementary building block with special prop-
erties encoded by x. For instance, the Heisenberg group underlying the Gabor trans-
form used in Chap. 8 allows to associate time and frequency parameters with Gabor
atoms, whereas the Euclidean motion group employed in Chap. 10 produces atoms
characterized by position and orientation; see Sect. 10.2.

A systematic treatment of admissible vectors, containing characterizations of ad-
missible vectors and those representations for which they exist, can be found in
[174]. It should be pointed out that in principle the approach of [174] allows to de-
cide existence of admissible vectors for all type I groups; however, for the explicit
construction of admissible vectors these methods are rather heavy-handed. In this
respect, the techniques presented here will be seen to provide an attractive alterna-
tive.

Let us now rewrite the Euclidean wavelet transform in group theoretic terms. The
underlying group is the semidirect product group G = R

d
� R

+, which is the set
R
d ×R

+ with the group law

(x, t)(y, r)= (x + ty, tr).

The representation is provided by

π(x, t)= td/2TxDt .

π is a unitary representation of G, and the above wavelet transform as a renormal-
ized version of the group-theoretic one:

(Wηf )(x, t)= t−d/2〈f,π(x, t)η〉 = t−d/2Vηf (x, t).

Left Haar measure of G is given by dμG(x, t) = dx dt

td+1 . Hence admissibility as
defined in Definition 7.1 coincides with group-theoretic admissibility.

The chief reason for preferring Vη over Wη is its better compatibility with group
theory: It guarantees that Vη intertwines the action of π with left shifts on G. This
observation has some significance for the uses of continuous wavelet transforms in
signal and image processing, a fact pointed out and used extensively, e.g., in [109].
E.g., the use of left-invariant processing or enhancement operators on continuous
wavelet transforms guarantees covariance with respect to G of the net operator.
However, when discussing relations to scale space, Wη is more convenient, and will
thus be our preferred object.

Now we can state the precise relationship between scale space and wavelet rep-
resentations:

Theorem 7.1 Let uf denote the scale space representation of f ∈ L2(Rd), and let
Φ = ∂tuf . Then

Φ(x, t)= t−1Wηf (x, t
1/2α), (7.13)

where η = −(−Δ)αK1 is both admissible and Morlet-admissible.
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Proof We first observe that, since u solves the initial value problem

∂tu= −(−Δ)αu= −(−Δ)α(f ∗Kt)= f ∗ (−(−Δ)αKt).

Since Δ is 2-homogeneous with respect to dilations, it follows that −(−Δ)α is 2α-
homogeneous. Hence, using (7.6), we find

−(−Δ)αKt = t−1Dt1/2αη

which shows (7.13). (Note also that η = η∗, since η̂ is real-valued.) In order to check
Morlet-admissibility, we observe that

η̂(ξ)= |ξ |2αe|ξ |2α

and compute
∫

R+
|tξ |2αe−|tξ |2α dt

t
=
∫

R+
t2αe−t2α dt

t
<∞,

where we used that the measure dt/t is invariant under multiplications, and
2α − 1 >−1. Admissibility is checked by a similar computation. �

7.3 Continuous Diffusion Wavelet Transform

Throughout this section, we consider an abstract Hilbert space H and a semigroup
of operators (St )t∈R+ on H given by

St = etQ.

Here Q is self-adjoint and negative definite. Given f ∈ H , we let uf : R+ → H
be defined as

uf (t)= St (f ).

Thus, uf can be understood as the solution of the evolution equation

(∂tuf )(t)=Q(uf (t)).

We then define the associated continuous diffusion wavelet transform as

WQf (t)= (∂tuf )(t)=QetQ(f ).

Note that this is well-defined: The negative definiteness of Q guarantees that QetQ

is well-defined, self-adjoint and bounded. By definition, the diffusion wavelet trans-
form captures the rate of change in uf at scale t . An often used interpretation of
continuous wavelet transform as a succession of regularization/smoothing (corre-
sponding to etQ) followed by differentiation (corresponding to Q) can also be trans-
ferred to our construction. Alternatively, note that for f ∈ dom(Q), the inclusion
etQQ ⊂ QetQ allows the observation that WQf is the result of running the evolu-
tion with initial data Qf .
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The following theorem is essentially [182, Lemma 2.1]. We present a somewhat
different formulation, intended to emphasize the connections between diffusion and
wavelet transforms.

Theorem 7.2 Assume that 0 is not in the point spectrum of Q. Then, for all f ∈ H ,

f = − lim
ε→0,A→∞

∫ A

ε

WQf (s) ds, (7.14)

where the integral on the right hand side is understood in the weak sense, and
convergence holds in the norm. Furthermore, for all f ∈ H , the diffusion wavelet
transform WQ : H → L2(R+, t dt;H ) is isometric up to a constant:

‖f ‖2 = 4
∫ ∞

0
‖WQf (t)‖2t dt. (7.15)

The inverse transform is provided by the weak-sense integral

f = 4
∫ ∞

0
QetQ[(WQf )(t)]t dt. (7.16)

Proof Equation (7.14) is just an application of the fundamental theorem of calculus:
We find

∫ A

ε

WQf (s) ds =
∫ A

ε

∂tuf (s) ds = uf (A)− uf (ε)= eAQf − eεQf.

As Q is negative definite, eAQf → 0 as A → ∞, whereas eεQf → f as ε → 0,
since we assume that 0 is not in the point spectrum of Q.

For the isometry property, let μ denote the spectral measure of Q. Given
f ∈ H , let μf denote the induced scalar Borel measure on R, defined by μf (A)=
〈μ(A)f,f 〉. Then the spectral representations of Q and etQ allow to compute

∫ ∞

0
‖WQf (t)‖2t dt =

∫ ∞

0

∫ 0

−∞
λ2e2tλ dμf (λ)t dt

= lim
ε→0,A→∞

∫ A

ε

∫ 0

−∞
λ2te2tλ dμf (λ)dt

= lim
ε→0,A→∞

∫ 0

−∞
λ

∫ A

ε

λte2λt dt dμf (λ)

= lim
ε→0,A→∞

∫ 0

−∞

∫ λA

λε

te2t dt dμf (λ)

= lim
ε→0,A→∞

∫ 0

−∞

(
2t − 1

4
e2t
)∣
∣
∣
∣

λA

λε

dμf (λ)= 1

4
‖f ‖2,

where we used Lebesgue’s theorem as well as the assumption μ({0})= 0.
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For the proof of (7.16) note that (7.15) implies that WQ is inverted by 4W ∗
Q. For

f ∈ H and G ∈ L2(R+, t dt;H ), self-adjointness of QetQ allows to compute that

〈WQ(f ),G〉 =
∫ ∞

0
〈QetQf,G(t)〉t dt

=
∫ ∞

0
〈f,QetQG(t)〉t dt

=
〈

f,

∫ ∞

0
QetQG(t)t dt

〉

,

showing that, in the weak sense,

W ∗
QG=

∫ ∞

0
QetQG(t)t dt. �

Clearly, (7.14) and (7.16) are analogues of Morlet reconstruction and wavelet
inversion. The ease and generality with which these results could be formulated
and proved render them somewhat suspicious. However, the next remark shows that
the Morlet admissibility and admissibility statements from Theorem 7.1 are special
cases of Theorem 7.2. Further interesting examples can be found in the more general
context of left-invariant diffusion on Lie groups, as sketched below.

Remark 7.2 In the special case Q = −(−Δ)α , as considered in Theorem 7.1,
Eq. (7.13) yields

Wηf (·, t)= t2αWQf (·, t2α).
Hence,

∫ ∞

0
Wηf (·, t) dt

t
=
∫ ∞

0
t2αWQ(·, t2α) dt

t

= 1

2α

∫ ∞

0
WQf (·, s) ds

= − 1

2α
f,

where the last equation was due to (7.14). This shows Morlet admissibility. By a
similar argument, we can prove admissibility:

∫ ∞

0
‖Wηf (·, t)‖2 dt

t
=
∫ ∞

0
t4α‖WQ(·, t2α)‖2 dt

t

= 1

2α

∫ ∞

0
s2‖WQ(·, s)‖2 ds

s

= 1

2α

∫ ∞

0
‖W(·, s)‖2s ds = 1

8α
‖f ‖2.



132 H. Führ

Note also that here we need not appeal to the admissibility criteria formulated in
Lemma 7.1. In fact, we now recognize these criteria to be based on the spectral
resolution of the generator as well.

Remark 7.3 The framework of Theorem 7.2 can be extended to semigroups with a
normal generator Q, as long as the spectrum of Q lies in a suitable cone contained
in the half-space {z ∈ C : Re(z) < 0}. More precisely, by analogous calculations as
in the proof of Theorem 7.2, one obtains for the operator WQ and arbitrary f ∈ H
that

‖WQf ‖2 = 1

4

∫

C

|z|2
|Re(z)|2 dμf (z).

Hence, as long as the spectrum of Q is confined to the cone defined by |Im(z)| ≤
|Re(z)|C, for some fixed C, WQ is bounded, and W ∗

QWQ is given by h(Q), where

h(z)= |z|2
|Re(z)|2 . In particular, WQ is inverted by g(Q)W ∗

Q, with g = 1/h.

7.4 Scale Space and Continuous Wavelet Transforms
over Nilpotent Lie Groups

From now on, we let N denote a simply connected, connected nilpotent Lie group.
As a manifold, N = R

d , and the left Haar measure of N is given by Lebesgue
measure. We write L2(N) for the associated space of square-integrable functions.
Let Q be a negative self-adjoint operator on L2(N), assumed to be left-invariant.

Given f ∈ L2(N), the left-invariant scale space representation of f arising
from Q is the solution uf :N ×R

+ → C of the evolution equation

∂tu=Qu, lim
t→0

u(·, t)= f. (7.17)

Note that we abused notation in the same way as in Sect. 7.2.
The semigroup t �→ etQ consists of left-invariant operators, and under suitable

assumptions, the solutions can be obtained by convolution with Green’s functions:
Since the operator etQ is bounded on L2(N), the Schwartz kernel theorem guar-
antees a distributional kernel for etQ, and since etQ commutes with left shifts, it
follows that this kernel acts via convolution. Thus, for all t > 0 and all f ∈ L2(N),

(etQf )(x)= (f ∗Kt)(x)=
∫

G

f (y)Kt (y
−1x)dμG(y), (7.18)

with suitable kernel functions Kt , and therefore u(·, t)= f ∗Kt . For the associated
diffusion wavelet transform, we need to make the additional assumption that Kt ∈
dom(Q), which then allows to observe that

WQf (x, t)=Q(f ∗Kt)(x)= f ∗QKt(x),
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which exhibits the wavelet transform at scale t as a convolution product with the
“wavelet” QKt . To further strengthen the analogy to wavelets, observe that we can
write

f ∗QKt = 〈f,Lxψt 〉, ψt (x)= (QKt)(x),

where Lx denotes left translation. This suggests to read Lxψt as a detail of scale t
located at position x. Furthermore, the inversion formula (7.16) immediately trans-
lates to

f = 2
∫

R+

∫

N

〈f,Lxψt 〉Lxψt dxt dt,

which then becomes an expansion of f into details of varying sizes and positions.
Clearly, it remains to be verified whether the wavelets ψt actually justify this read-
ing, i.e. whether it is meaningful to regard t as scale parameter; and this will depend
on the group, as well as on the choice of the infinitesimal generator. We will now
discuss a specific example of scale space representations, introduced in [111], and
show how it is related to group-theoretic constructions considered in [302, 303].

7.4.1 The Heisenberg Group

The Heisenberg group is a non-commutative example where the continuous diffu-
sion wavelet transform can also be interpreted as a group-theoretic wavelet trans-
form. The following is entirely parallel to the discussion of Sect. 7.2 in terms of
continuous diffusion wavelet transform, as worked out in Remark 7.2.

As a set, the Heisenberg group is given as H = R
3, with group law given by

(p1, q1, s1)(p2, q2, s2)= (p1 + p2, q1 + q2, s1 + s2 + (p1q2 − p2q1)/2).

The Lebesgue measure on R
3 turns out to be the Haar measure of H, and we let

L2(H) denote the associated L2-space.
We let h denote the Lie algebra of H. Let P,Q ∈ h denote the infinitesimal

generators associated to the subgroups R × {0} × {0} and {0} × R × {0}. Then,
identified in the usual manner as left-invariant differential operators, P and Q are
given, say for f ∈ C∞

c (H), by

Pf (p,q, s) = lim
h→0

f ((p, q, s)(h,0,0))− f (p,q, s)

h
=
(

∂pf − q

2
∂sf

)

(p, q, s),

Qf (p,q, s) = lim
h→0

f ((p, q, s)(0, h,0))− f (p,q, s)

h
=
(

∂qf + p

2
∂sf

)

(p, q, s).

We let the sub-Laplacian on H be defined as

L = P 2 +Q2.



134 H. Führ

It can be shown that L has a unique operator closure (denoted by the same symbol),
which is negative definite and self-adjoint. We can therefore use spectral calculus to
define the operator Q = −(−L )α , with α > 0 fixed from now on. 0 is not in the
point spectrum of L , and therefore also not of Q.

Hence Theorem 7.2 supplies an associated isometric diffusion wavelet transform.
In order to see that this transform is in fact also a group-theoretic wavelet transform,
we need a dilation action of R+ on H. This is supplied by

r.(p, q, s)= (rp, rq, r2s).

It is easily verified that this defines a left action of R+ on H by automorphisms. The
associated L1-normalized dilation operator on L2(H) is given by

Drf (p,q, t)= r−4f (r−1p, r−1q, r−2t).

It is easily verified that the operator L is 2-homogeneous with respect to this dila-
tion action, Dt ◦ L = t2L ◦Dt , which entails that Q is 2α-homogeneous. But this
in turn implies for the Green’s kernels (Kt )t>0 that

Kt =Dt1/2αK1.

We next define the group-theoretic wavelet transform on L2(H). The dilation action
allows to introduce the semidirect product group G = H � R

+. Given a function
η ∈ L2(H), the group-theoretic wavelet transform associated to η is given as

Wηf (x, t)= 〈f,LxDtη〉 (x ∈ H, t > 0).

We note in passing that once again, Wη is a matrix coefficient up to normalization,
associated to the unitary representation

π(x, t)= t2LxDt

of the semidirect product G = H�R
+. In particular, an inversion formula for Wη

will establish admissibility (in the group-theoretic sense) of ψ = η∗.
Now a verbatim repetition of the arguments in the proof of Theorem 7.1 and in

Remark 7.2 establishes the following result:

Theorem 7.3 Let (Kt )t>0 denote the Green’s kernels for the evolution equation
associated to Q = −(−L )α . Assume that K1 ∈ dom(Q). Then η = QK1 fulfills,
for all f ∈ L2(H),

WQf (x, t)= t−1Wηf (x, t).

Moreover, Wη can be inverted by Morlet reconstruction

f = −2α lim
ε→0,A→∞

∫ A

ε

Wηf (x, t)
dt

t
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as well as by wavelet inversion

f = 8α
∫

R+

∫

H

Wηf (x, t)LxDtη dx
dt

t
.

Moreover, Wη is isometric up to a constant:

‖f ‖2 = 8α
∫

R+

∫

H

|Wηf (x, t)|2 dx dt
t
.

Remark 7.4 The Heisenberg group, as well as the Euclidean cases discussed in
Sect. 7.2 are examples of a whole class of Lie groups to which the scheme pre-
sented here can be applied, namely homogeneous Lie groups. A simply connected
Lie group N is called homogeneous if its Lie algebra n admits a one-parameter
group of Lie algebra automorphisms δt = exp(tA), with A diagonalizable with
strictly positive entries. This group is called the dilation group; for many purposes,
it plays the role of the scalars in the Abelian case. The group then acts on N via
Lie group automorphisms. Finally, one can define a sub-Laplacian on N by taking a
suitable set of generators X1, . . . ,Xd of n (identified, as usual, with the correspond-
ing left-invariant differential operators) and letting

L =
d∑

i=1

X2
i .

For a large class of homogeneous groups, called stratified Lie groups, this opera-
tor can be shown to have a self-adjoint, negative definite extension, whose point
spectrum does not contain 0. In addition, a suitable choice of the Xi makes L
2-homogeneous. Hence, all that was needed to make the Heisenberg group case
work in full analogy to the Euclidean case is present here as well, and the same rea-
soning as before provides a family of admissible wavelets associated to the powers
of −L , provided the technical condition that K1 ∈ dom(Q) is fulfilled.

I expect this condition to be fulfilled for all values of α, but current literature
(as far as I have been able to check) only allows to comment on α ∈ {1/2,1}. For
α = 1, one obtains an admissible wavelet LK1, where K1 is the heat kernel. This
wavelet was first described in [302]; it can be viewed as a direct generalization of the
so-called Mexican Hat wavelet to the homogeneous group setting. These wavelets
are Schwartz functions with vanishing moments, and thus the analogy to Euclidean
wavelets is rather apt. For α = 1/2, the kernel K1 is the Poisson kernel studied in
[158]. By the results in that paper, the condition K1 ∈ dom(Q) is fulfilled, and the
resulting wavelet is a smooth function with polynomial decay.

The construction of wavelets on homogeneous groups has recently been studied
by various authors [88, 174, 181, 233, 302]. The existence of such functions was
observed in [174]. However, the purely representation-theoretic techniques of [174]
did not allow to establish the existence of “nice” wavelet functions, with suitable
smoothness and decay properties, and similar comments apply to the arguments in
[88, 233]. The first nice wavelet to be constructed for this context was the Mexican



136 H. Führ

Hat wavelet on the Heisenberg group, introduced by Mayeli [302, 303], though by
a somewhat more intricate argument.

7.5 Conclusion

The chief purpose of this chapter was to exhibit the close connection between con-
tinuous wavelet transforms and linear diffusion, both by discussion of concrete ex-
amples and by the definition of a general wavelet transform associated to a semi-
group of operators, with rather mild conditions on the infinitesimal generator. Infor-
mally, the connection may be summarized by the statement that diffusion up to time
t retains the details of the input data of size ≥ √

t , whereas wavelet coefficients at
scale t describe the details precisely of size t (in a suitably understood sense). Thus
wavelet decomposition can be viewed as a close relative of the description provided
by the diffusion process. Since most details of size precisely t are not visible at
significantly smaller or larger scales, it may be argued that the wavelet transform
provides a sparser description of the input data than the diffusion output. Nonethe-
less, the wavelet description is complete, as witnessed by the inversion formula.



Chapter 8
Left Invariant Evolution Equations on Gabor
Transforms

Remco Duits, Hartmut Führ, and Bart Janssen

Abstract By means of the unitary Gabor transform one can relate operators on sig-
nals to operators on the space of Gabor transforms. In order to obtain a translation
and modulation invariant operator on the space of signals, the corresponding opera-
tor on the reproducing kernel space of Gabor transforms must be left invariant, i.e. it
should commute with the left regular action of the reduced Heisenberg groupHr . By
using the left invariant vector fields on Hr and the corresponding left-invariant vec-
tor fields on phase space in the generators of our transport and diffusion equations
on Gabor transforms we naturally employ the essential group structure on the do-
main of a Gabor transform. Here we mainly restrict ourselves to non-linear adaptive
left-invariant convection (reassignment), while maintaining the original signal.

8.1 Introduction

The Gabor transform of a signal f ∈ L2(R
d) is a function Gψ [f ] : Rd × R

d → C

that can be roughly understood as a musical score of f , with Gψ [f ](p, q) describing
the contribution of frequency q to the behavior of f near p [177, 224]. This interpre-
tation is necessarily of limited precision, due to the various uncertainty principles,
but it has nonetheless turned out to be a very rich source of mathematical theory as
well as practical signal processing algorithms.

The use of a window function for the Gabor transform results in a smooth, and
to some extent blurred, time-frequency representation; though keep in mind that by
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Fig. 8.1 Top row from left to right, (1) the Gabor transform of original signal f , (2) processed
Gabor transform Φt(Wψf ) where Φt denotes a phase invariant shift (for more elaborate adaptive
convection/reassignment operators see Sect. 8.6 where we operationalize the theory in [93]) using
a discrete Heisenberg group, where l represents discrete spatial shift and m denotes discrete local
frequency, (3) processed Gabor transform Φt(Wψf ) where Φt denotes a phase covariant diffusion
operator on Gabor transforms with stopping time t > 0. Bottom row, from left to right: (1) Original
complex-valued signal f , (2) output signal Υψf = W ∗

ψΦtWψf where Φt denotes a phase-invari-
ant spatial shift (due to phase invariance the output signal looks bad and clearly phase invariant
spatial shifts in the Gabor domain do not correspond to spatial shifts in the signal domain), (3) Out-
put signal Υψf = W ∗

ψΦtWψf where Φt denotes phase-covariant adaptive diffusion in the Gabor
domain with stopping time t > 0

the uncertainty principle, there is no such thing as a “true time-frequency repre-
sentation”. For purposes of signal analysis, say for the extraction of instantaneous
frequencies, various authors tried to improve the resolution of the Gabor transform,
literally in order to sharpen the time-frequency picture of the signal; this type of
procedure is often called “reassignment” in the literature. For instance, Kodera et
al. [260] studied techniques for the enhancement of the spectrogram, i.e. the squared
modulus of the short-time Fourier transform. Since the phase of the Gabor transform
is neglected, the original signal is not easily recovered from the reassigned spectro-
gram. Since then, various authors developed reassignment methods that were in-
tended to allow (approximate) signal recovery [15, 69, 93].

We claim that a proper treatment of phase may be understood as phase covari-
ance, rather than phase invariance, as advocated previously. An illustration of this
claim is contained in Fig. 8.1, where phase-covariance is preferable over phase in-
variance. For example restoration of the old phase in the phase invariant shift (the
same holds for the adaptive phase-invariant convection) creates noisy artificial pat-
terns (Fig. 8.1, middle image) in the phase of the transported strong responses in the
Gabor domain.

We adapt the group theoretical approach developed for the Euclidean motion
groups in the recent works [109, 112, 113, 115, 117, 166], thus illustrating the scope
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of the methods devised for general Lie groups in [111] in signal and image process-
ing. Regarding the 2D-Euclidean motion group case SE(2), see also Chap. 10 of this
book. Furthermore, regarding the SE(2) case where we consider invertible orienta-
tion scores in stead of Gabor transforms, we note that there exists an interesting con-
nection with orientation channel representations (that are explained in Chap. 2) and
invertible orientation scores, for details see [117]. Finally, the efficient X-junction
preserving flows in Chap. 1 of this book corresponds to crossing preserving flow via
invertible orientation scores [112, 113, 117, 167] using only the m = 0, and m= 2
angular frequencies in orientation [166, Chaps. 3, 4.3, 6]. Without this restriction
the crossing preserving flow via invertible orientation scores generically deals with
all possible crossing situations.

In this chapter we restrict ourselves to Gabor transforms defined on the Heisen-
berg group, where reassignment will be seen to be a special case of left-invariant
convection. A useful source of ideas specific to Gabor analysis and reassignment
was the paper [93]. For details on phase covariant diffusions on Gabor transforms
(see the right column in Fig. 8.1), we refer to [118, Chap. 7] and [236, Chap. 6]. For
the construction of wavelets on the Heisenberg group, see Chap. 7. For an extension
of the theory in this chapter with applications in cardiac imaging we refer to [119].

The chapter is structured as follows: Sect. 8.2 collects basic facts concerning the
Gabor transform and its relation to the Heisenberg group. Section 8.3 contains the
formulation of the convection-diffusion schemes. We explain the rationale behind
these schemes, and comment on their interpretation in differential-geometric terms.
Section 8.4 is concerned with a transfer of the schemes from the full Heisenberg
group to phase space, resulting in a dimension reduction that is beneficial for im-
plementation. The resulting scheme on phase space is described in Sect. 8.5. For
a suitable choice of Gaussian window, it is possible to exploit Cauchy-Riemann
equations for the analysis of the algorithms, and the design of more efficient alter-
natives. Section 8.6 describes a discrete implementation, and presents some experi-
ments.

8.2 Gabor Transforms and the Reduced Heisenberg Group

Throughout the paper, we fix integers d ∈ N and n ∈ Z\ {0}. The continuous Gabor-
transform Gψ [f ] : Rd ×R

d → C of a square integrable signal f : Rd → C is com-
monly defined as

Gψ [f ](p, q)=
∫

Rd

f (ξ)ψ(ξ − p)e−2πni(ξ−p)·q dξ, (8.1)

where ψ ∈ L2(R
d) is a suitable window function. For window functions centered

around zero both in space and frequency, the Gabor coefficient Gψ [f ](p, q) ex-
presses the contribution of the frequency nq to the behaviour of f near p.
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This interpretation is suggested by the Parseval formula associated to the Gabor
transform, which reads

∫

Rd

∫

Rd

|Gψ [f ](p, q)|2 dp dq = Cψ

∫

Rd

|f (p)|2 dp,

where Cψ = 1

n
‖ψ‖2

L2(R
d )

(8.2)

for all f,ψ ∈ L2(R
d). This property can be rephrased as an inversion formula:

f (ξ)= 1

Cψ

∫

Rd

∫

Rd

Gψ [f ](p, q) ei2πn(ξ−p)·qψ(ξ − p)dp dq, (8.3)

to be read in the weak sense. The inversion formula is commonly understood as the
decomposition of f into building blocks, indexed by a time and a frequency param-
eter; most applications of Gabor analysis are based on this heuristic interpretation.
For many such applications, the phase of the Gabor transform is of secondary impor-
tance (see, e.g., the characterization of function spaces via Gabor coefficient decay
[192]). However, since the Gabor transform uses highly oscillatory complex-valued
functions, its phase information is often crucial, a fact that has been specifically
acknowledged in the context of reassignment for Gabor transforms [93].

For this aspect of Gabor transform, as for many others, the group-theoretic view-
point becomes particularly beneficial. The underlying group is the reduced Heisen-
berg group Hr . As a set, Hr = R

2d ×R/Z, with the group product

(p, q, s +Z)(p′, q ′, s′ +Z)=
(

p + p′, q + q ′, s + s′ + 1

2
(q · p′ − p · q ′)+Z

)

.

This makes Hr a connected (non-Abelian) nilpotent Lie group. The Lie algebra is
spanned by vectors A1, . . . ,A2d+1 with Lie brackets [Ai,Ai+d ] = −A2d+1, and all
other brackets vanishing.

Hr acts on L2(R
d) via the Schrödinger representations U n :Hr → B(L2(R)),

U n
g=(p,q,s+Z)ψ(ξ)= e2πin(s+qξ− pq

2 )ψ(ξ − p), ψ ∈ L2(R). (8.4)

The associated matrix coefficients are defined as

W n
ψ f (p,q, s +Z)= (U n

(p,q,s+Z)ψ,f )L2(R
d ). (8.5)

This reveals that, with some change of notation, the Gabor transform is a group-
theoretical wavelet transform of the type sketched in Remark 7.1. In the following,
we will often omit the superscript n from U and Wψ , implicitly assuming that we
use the same choice of n as in the definition of Gψ . Then a simple comparison of
(8.5) with (8.1) reveals that

Gψ [f ](p, q)= Wψf

(

p,q, s = −pq

2

)

. (8.6)
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Since Wψf (p,q, s + Z) = e2πinsWψf (p,q,0 + Z), the phase variable s does not
affect the modulus, and (8.2) can be rephrased as

∫ 1

0

∫

Rd

∫

Rd

|Wψ [f ](p, q, s +Z)|2 dp dq ds = Cψ

∫

Rd

|f (p)|2 dp. (8.7)

Just as before, this induces a weak-sense inversion formula, which reads

f = 1

Cψ

∫ 1

0

∫

Rd

∫

Rd

Wψ [f ](p, q, s +Z)U n
(p,q,s+Z)ψ dp dq ds.

As a byproduct of (8.7), we note that the Schrödinger representation is irreducible.
Furthermore, the orthogonal projection Pψ of L2(Hr) onto the range R(Wψ) turns
out to be right convolution with a suitable (reproducing) kernel function,

(PψU)(h)=U ∗K(h)=
∫

Hr

U(g)K(g−1h)dg,

with dg denoting the left Haar measure (which is just the Lebesgue measure on

R
2d ×R/Z) and K(p,q, s)= 1

Cψ
Wψψ(p,q, s)= 1

Cψ
(U(p,q,s)ψ,ψ).

The chief reason for choosing the somewhat more redundant function Wψf over
Gψ [f ] is that Wψ translates time-frequency shifts acting on the signal f to shifts in
the argument. If L and R denote the left and right regular representation, i.e., for
all g,h ∈Hr and F ∈ L2(Hr),

(LgF )(h)= F(g−1h), (RgF )(h)= F(hg),

then Wψ intertwines U and L ,

Wψ ◦ U n
g = Lg ◦ Wψ. (8.8)

Thus the additional group parameter s in Hr keeps track of the phase shifts induced
by the non-commutativity of time-frequency shifts. By contrast, right shifts on the
Gabor transform corresponds to changing the window:

Rg(W
n
ψ(h))= (Uhgψ,f )= WUgψf (h). (8.9)

8.3 Left Invariant Evolutions on Gabor Transforms

We relate operators Φ : R(Wψ)→ L2(Hr) on Gabor transforms, which actually use
and change the relevant phase information of a Gabor transform, in a well-posed
manner to operators Υψ : L2(R

d)→ L2(R
d) on signals via
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(Υψf )(ξ) = (W ∗
ψ ◦Φ ◦ Wψf )(ξ)

= 1

Cψ

∫

[0,1]

∫

Rd

∫

Rd

(Φ(Wψf ))(p, q, s)

× ei2πn[(ξ,q)+(s)−(1/2)(p,q)]ψ(ξ − p)dp dq ds. (8.10)

Our aim is to design operators Υψ that address signal processing problems such as
denoising or detection.

8.3.1 Design Principles

We now formulate a few desirable properties of Υψ , and sufficient conditions for Φ
to guarantee that Υψ meets these requirements.

1. Covariance with respect to time-frequency-shifts: The operator Υψ should com-
mute with time-frequency shifts. This requires a proper treatment of the phase.

One easy way of guaranteeing covariance of Υψ is to ensure left invariance
of Φ: If Φ commutes with Lg , for all g ∈Hr , it follows from (8.8) that

Υψ ◦ U n
g = W ∗

ψ ◦Φ ◦ Wψ ◦ U n
g = W ∗

ψ ◦Φ ◦ Lg ◦ Wψ = U n
g ◦ Υψ.

Generally speaking, left invariance of Φ is not a necessary condition for in-
variance of Υψ : Note that W ∗

ψ = W ∗
ψ ◦ Pψ . Thus if Φ is left-invariant, and

A : L2(Hr) → R(W n
ψ )

⊥ an arbitrary operator, then Φ + A cannot be expected
to be left-invariant, but the resulting operator on the signal side will be the same
as for Φ , thus covariant with respect to time-frequency shifts.

The authors [93] studied reassignment procedures that leave the phase invari-
ant, whereas we shall put emphasis on phase covariance. Note however that the
two properties are not mutually exclusive; convection along equiphase lines ful-
fills both. (See also the discussion in Sect. 8.3.4.)

2. Nonlinearity: The requirement that Υψ commute with U n immediately rules out
linear operators Φ . Recall that U n is irreducible, and by Schur’s lemma [105],
any linear intertwining operator is a scalar multiple of the identity operator.

3. By contrast to left invariance, right invariance of Φ is undesirable. By a similar
argument as for left-invariance, it would provide that Υψ = ΥU n

g ψ
.

We stress that one cannot expect that the processed Gabor transform Φ(Wψf ) is
again the Gabor transform of some function constructed by the same kernel ψ , i.e.
we do not expect that Φ(R(W n

ψ ))⊂ R(W n
ψ ).

8.3.2 Invariant Differential Operators on Hr

The basic building blocks for the evolution equations are the left-invariant differ-
ential operators on Hr of degree one. These operators are conveniently obtained
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by differentiating the right regular representation, restricted to one-parameter sub-
groups through the generators {A1, . . . ,A2d+1} = {∂p1 , . . . , ∂pd , ∂q1 , . . . , ∂qd , ∂s} ⊂
Te(Hr),

dR(Ai)U(g)= lim
ε→0

U(geεAi )−U(g)

ε
, (8.11)

for all g ∈Hr and smooth U ∈ C ∞(Hr). The resulting differential operators

{dR(A1), . . . ,dR(A2d+1)} =: {A1, . . . ,A2d+1}
denote the left-invariant vector fields on Hr , and brief computation of (8.11) yields:

Ai = ∂pi + qi

2
∂s, Ad+i = ∂qi − pi

2
∂s, A2d+1 = ∂s, for i = 1, . . . , d.

The differential operators obey the same commutation relations as their Lie algebra
counterparts A1, . . . ,A2d+1

[Ai ,Ad+i] := AiAd+i − Ad+iAi = −A2d+1, (8.12)

and all other commutators are zero. I.e. dR is a Lie algebra isomorphism.

8.3.3 Setting up the Equations

For the effective operator Φ , we will choose left-invariant evolution operators
with stopping time t > 0. To stress the dependence on the stopping time we shall
write Φt rather than Φ . Typically, such operators are defined by W(p,q, s, t) =
Φt(Wψf )(p, q, s) where W is the solution of

{
∂tW(p,q, s, t)=Q(|Wψf |,A1, . . . ,A2d)W(p,q, s, t),

W(p,q, s,0)= Wψf (p,q, s),
(8.13)

where we note that the left-invariant vector fields {Ai}2d+1
i=1 on Hr are given by

Ai = ∂pi + qi

2
∂s, Ad+i = ∂qi − pi

2
∂s, A2d+1 = ∂s, for i = 1, . . . , d,

with left-invariant quadratic differential form

Q(|Wψf |,A1, . . . ,A2d)

= −
2d∑

i=1

ai(|Wψf |)(p, q)Ai +
2d∑

i=1

2d∑

j=1

AiDij (|Wψf |)(p, q)Aj . (8.14)

Here ai(|Wψf |) and Dij (|Wψf |) are functions such that (p, q) �→ ai(|Wψf |)(p, q)
∈ R and (p, q) �→ ai(|Wψf |)(p, q) ∈ R are smooth and either D = 0 (pure con-
vection) or DT = D > 0 holds pointwise (with D = [Dij ]) for all i = 1, . . . ,2d ,
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j = 1, . . . ,2d . Moreover, in order to guarantee left-invariance, the mappings ai :
Wψf �→ ai(|Wψf |) need to fulfill the covariance relation

ai(|LhWψf |)(g)= ai(|Wψf |)(p − p′, q − q ′), (8.15)

for all f ∈ L2(R), and all g = (p, q, s +Z), h= (p′, q ′, s′ +Z) ∈Hr .
For a1 = · · · = a2d+1 = 0, the equation is a diffusion equation, whereas if D = 0,

the equation describes a convection. We note that existence, uniqueness and square-
integrability of the solutions (and thus well-definedness of Υ ) are issues that will
have to be decided separately for each particular choice of ai and D. In general
existence and uniqueness are guaranteed, see Sect. 8.7.

This definition of Φt satisfies the criteria we set up above:

1. Since the evolution equation is left-invariant (and provided uniqueness of the
solutions), it follows that Φt is left-invariant. Thus the associated Υψ is invariant
under time-frequency shifts.

2. In order to ensure non-linearity, not all of the functions ai , Dij should be con-
stant, i.e. the schemes should be adaptive convection and/or adaptive diffusion,
via adaptive choices of convection vectors (a1, . . . , a2d)

T and/or conductivity
matrix D. We will use ideas similar to our previous work on adaptive diffu-
sions on invertible orientation scores [112–114, 117, 169], and to those presented
in Chap. 10, where we employed evolution equations for the Euclidean motion
group. We use the absolute value to adapt the diffusion and convection to avoid
oscillations.

3. The two-sided invariant differential operators of degree one correspond to the
center of the Lie algebra, which is precisely the span of A2d+1. Both in the
cases of diffusion and convection, we consistently removed the A2d+1 = ∂s -
direction, and we removed the s-dependence in the coefficients ai(|Wψf |)(p, q),
Dij (|Wψf |)(p, q) of the generator Q(|Wψf |,A1, . . . ,A2d) by taking the abso-
lute value |Wψf |, which is independent of s. A more complete discussion of the
role of the s-variable is contained in the following subsection.

8.3.4 Convection and Diffusion Along Horizontal Curves

So far our motivation for (8.13) has been group theoretical. There is one issue we
did not address yet, namely the omission of ∂s = A2d+1 in (8.13). Here we first mo-
tivate this omission and then consider the differential geometrical consequence that
(adaptive) convection and diffusion takes place along so-called horizontal curves.

The reason for the removal of the A2d+1 direction in our diffusions and convec-
tions is simply that this direction leads to a scalar multiplication operator mapping
the space of Gabor transform to itself, since ∂sWψf = −2πinWψf . Moreover, we
adaptively steer the convections and diffusions by the modulus of a Gabor transform
|Wψf (p,q, s)| = |Gψf (p,q)|, which is independent of s, and clearly a vector field
(p, q, s) �→ F(p,q)∂s is left-invariant iff F is constant. Consequently it does not
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make sense to include the separate ∂s in our convection-diffusion equations, as it
can only yield a scalar multiplication, as for all constant α > 0, β ∈ R we have

[∂s,Q(|Wψf |,A1, . . . ,A2d)] = 0 and ∂sWψf = −2πinWψf

⇒ et((α∂
2
s +β∂s)+Q(|Wψf |,A1,...,A2d ))

= e−tα(2πn)2−tβ2πin etQ(|Wψf |,A1,...,A2d ).

In other words ∂s is a redundant direction in each tangent space Tg(Hr), g ∈ Hr .
This however does not imply that it is a redundant direction in the group manifold
Hr itself, since clearly the s-axis represents the relevant phase and stores the non-
commutative nature between position and frequency, [118, Chap. 1].

The omission of the redundant direction ∂s in T (Hr) has an important geometri-
cal consequence. Akin to our framework of linear evolutions on orientation scores,
cf. [112, 169], this means that we enforce horizontal diffusion and convection, i.e.
transport and diffusion only takes place along so-called horizontal curves in Hr

which are curves t �→ (p(t), q(t), s(t)) ∈Hr , with s(t) ∈ (0,1), along which

s(t)= 1

2

∫ t

0

d∑

i=1

qi(τ )p
′
i (τ )− pi(τ )q

′
i (τ )dτ,

see Theorem 8.1. This gives a nice geometric interpretation to the phase variable
s(t), since by the Stokes theorem it represents the net surface area between a straight
line connection between (p(0), q(0), s(0)) and (p(t), q(t), s(t)) and the actual hor-
izontal curve connection [0, t] � τ �→ (p(τ), q(τ ), s(τ )). For details, see [118].

In order to explain why the omission of the redundant direction ∂s from the
tangent bundle T (Hr) implies a restriction to horizontal curves, we consider the
dual frame associated to our frame of reference {A1, . . . ,A2d+1}. We will de-
note this dual frame by {dA 1, . . . ,dA 2d+1} and it is uniquely determined by
〈dA i ,Aj 〉 = δij , i, j = 1,2,3 where δij denotes the Kronecker delta. A brief com-
putation yields

dA i |g=(p,q,s) = dpi, dA d+i |g=(p,q,s) = dqi, i = 1, . . . , d,

dA 2d+1|g=(p,q,s) = ds + 1

2
(p · dq − q · dp).

(8.16)

Consequently a smooth curve t �→ γ (t)= (p(t), q(t), s(t)) is horizontal iff

〈dA 2d+1|γ (s), γ ′(s)〉 = 0 ⇔ s′(t)= 1

2
(q(t) · p′(t)− p(t) · q ′(t)).

Theorem 8.1 Let f ∈ L2(R) be a signal and Wψf be its Gabor transform associ-
ated to the Schwartz function ψ . If we just consider convection and no diffusion (i.e.
D = 0) then the solution of (8.13) is given by

W(g, t)= Wψf (γ
g
f (t)), g = (p, q, s) ∈Hr,
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where the characteristic horizontal curve t �→ γ
g0
f (t) = (p(t), q(t), s(t)) for each

g0 = (p0, q0, s0) ∈Hr is given by the unique solution of the following ODE:
⎧
⎪⎨

⎪⎩

ṗ(t)= −a1(|Wψf |)(p(t), q(t)), p(0)= p0,

q̇(t)= −a2(|Wψf |)(p(t), q(t)), q(0)= q0,

ṡ(t)= q(t)
2 ṗ(t)− p(t)

2 q̇(t), s(0)= s0.

Consequently, the operator Wψf �→ W(·, t) is phase covariant (the phase moves
along with the characteristic curves of transport):

arg{W(g, t)} = arg{Wψf (γ
g
f )} for all t > 0.

Proof For proof see [118, pp. 30, 31]. �

Also for the (degenerate) diffusion case with D =DT = [Dij ]i,j=1,...,d > 0, the
omission of the (2d + 1)th direction ∂s = A2d+1 implies that diffusion takes place
along horizontal curves. Moreover, the omission does not affect the smoothness
and uniqueness of the solutions of (8.13), since the initial condition is infinitely
differentiable (if ψ is a Schwarz function) and the Hörmander condition [111, 228]
is by (8.12) still satisfied.

The removal of the ∂s direction from the tangent space does not imply that one
can entirely ignore the ∂s -axis in the domain of a (processed) Gabor transform. The
domain of a (processed) Gabor transform Φt(Wψf ) should not1 be considered as
R

2d ≡ Hr/Θ . Simply, because [∂p, ∂q ] = 0 whereas we should have (8.12). For
further differential geometrical details see the appendices of [118], analogous to the
differential geometry on orientation scores, [112], [118, Appendices D, C.1].

8.4 Towards Phase Space and Back

As pointed out in the introduction it is very important to keep track of the phase
variable s > 0. The first concern that arises here is whether this results in slower
algorithms. In this section we will show that this is not the case. As we will ex-
plain next, one can use an invertible mapping S from the space Hn of Gabor
transforms to phase space (the space of Gabor transforms restricted to the plane
s = pq

2 ). As a result by means of conjugation with S we can map our diffusions
on Hn ⊂ L2(R

2 × [0,1]) uniquely to diffusions on L2(R
2) simply by conjugation

with S . From a geometrical point of view it is better/easier to consider the diffu-
sions on Hn ⊂ L2(R

2d × [0,1]) than on L2(R
2d), even though all our numerical

PDE-Algorithms take place in phase space in order to gain speed.

1As we explain in [118, Appendices B and C] the Gabor domain is a principal fiber bundle PT =
(Hr ,T,π,R) equipped with the Cartan connection form ωg(Xg) = 〈ds + 1

2 (p dq − q dp),Xg〉,
or equivalently, it is a contact manifold, cf. [54, p. 6], [118, Appendix B, Definition B.14],
(Hr ,dA 2d+1)).
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Definition 8.1 Let Hn denote the space of all complex-valued functions F on Hr

such that F(p,q, s + Z) = e−2πinsF (p,q,1) and F(·, ·, s + Z) ∈ L2(R
2d) for all

s ∈R, then clearly Wψf ∈ Hn for all f,ψ ∈ Hn.

In fact Hn is the closure of the space {W n
ψ f |ψ,f ∈ L2(R)} in L2(Hr). The space

Hn is bi-invariant, since:

W n
ψ ◦ U n

g = Lg ◦ W n
ψ and W n

U n
g ψ

= Rg ◦ W n
ψ , (8.17)

where again R denotes the right regular representation on L2(Hr) and L denotes
the left regular representation of Hr on L2(Hr). We can identify Hn with L2(R

2d)

by means of the following operator S : Hn → L2(R
2d) given by

(S F)(p,q)= F

(

p,q,
pq

2
+Z

)

= eiπnpqF (p,q,0 +Z).

Clearly, this operator is invertible and its inverse is given by

(S −1F)(p,q, s +Z)= e−2πisne−iπnpqF (p,q).

The operator S simply corresponds to taking the section s(p, q)= −pq
2 in the left

cosets Hr/Θ where Θ = {(0,0, s + Z) | s ∈ R} of Hr . Furthermore we recall the
common Gabor transform G n

ψ given by (8.1) and its relation (8.6) to the full Gabor
transform. This relation is simply G n

ψ = S ◦ W n
ψ .

Theorem 8.2 Let the operator Φ map the closure Hn, n ∈ Z, of the space of Gabor
transforms into itself, i.e. Φ : Hn → Hn. Define the left and right-regular rep’s of
Hr on Hn by restriction

R(n)
g = Rg|Hn

and L (n)
g = Lg|Hn

for all g ∈Hr. (8.18)

Define the corresponding left and right-regular rep’s of Hr on phase space by

R̃(n)
g := S ◦ R(n)

g ◦ S −1, L̃ (n)
g := S ◦ L (n)

g ◦ S −1.

For explicit formulas see [118, p. 9]. Let Φ̃ := S ◦Φ ◦ S −1 be the corresponding
operator on L2(R

2d) and

Υψ = (W n
ψ )

∗ ◦Φ ◦ W n
ψ = (S W n

ψ )
−1 ◦ Φ̃ ◦ S W n

ψ = (G n
ψ)

∗ ◦ Φ̃ ◦ G n
ψ .

Then one has the following correspondence:

Υψ ◦ U n = U n ◦Υψ ⇐ Φ ◦ L n = L n ◦Φ ⇔ Φ̃ ◦ L̃ n = L̃ n ◦ Φ̃.
(8.19)

If moreover Φ(R(Wψ)) ⊂ R(Wψ) then the left implication may be replaced by an
equivalence. If Φ does not satisfy this property then one may replace Φ → WψW ∗

ψΦ

in (8.19) to obtain full equivalence. Note that Υψ = W ∗
ψΦWψ = W ∗

ψ (WψW ∗
ψΦ)Wψ .

Proof For details see our technical report [118, Theorem 2.2]. �
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8.5 Left-Invariant Evolutions on Phase Space

For the remainder of the paper, for the sake of simplicity, we fix d = 1.
Now we would like to apply Theorem 8.2 to our left invariant evolutions (8.13)

to obtain the left-invariant diffusions on phase space (where we reduce 1 dimension
in the domain). To this end we first compute the left-invariant vector fields { ˜Ai} :=
{S AiS −1}3

i=1 on phase space. The left-invariant vector fields on phase space are

˜A1U(p
′, q ′)= S A1S

−1U(p′, q ′)= ((∂p′ − 2nπiq ′)U)(p′, q ′),

˜A2U(p
′, q ′)= S A2S

−1U(p′, q ′)= (∂q ′U)(p′, q ′),

˜A3U(p
′, q ′)= S A3S

−1U(p′, q ′)= −2inπU(p′, q ′),

(8.20)

for all (p, q) ∈ R and all locally defined smooth functions U :Ω(p,q) ⊂ R
2 →C.

Now that we have computed the left-invariant vector fields on phase space, we
can express our left-invariant evolution equations (8.13) on phase space

{
∂t W̃ (p, q, t)= Q̃(|Gψf |, ˜A1, ˜A2)W̃ (p, q, t),

W̃ (p, q,0)= Gψf (p,q),
(8.21)

with left-invariant quadratic differential form

Q̃(|Gψf |, ˜A1, ˜A2)= −
2∑

i=1

ai(|Gψf |)(p, q) ˜Ai +
2∑

i=1

2∑

j=1

˜AiDij (|Gψf |)(p, q) ˜Aj .

(8.22)
Similar to the group case, the ai and Dij are functions such that

(p, q) �→ ai(|Gψf |)(p, q) ∈ R

and

(p, q) �→ ai(|Gψf |)(p, q) ∈ R

are smooth and either D = 0 (pure convection) or DT = D > 0 (with D = [Dij ]
i, j = 1, . . . ,2d), so Hörmander’s condition [228] (which guarantees smooth solu-
tions W̃ , provided the initial condition W̃ (·, ·,0) is smooth) is satisfied because of
(8.12).

Theorem 8.3 The unique solution W̃ of (8.21) is obtained from the unique solution
W of (8.13) by means of

W̃ (p, q, t)= (SW(·, ·, ·, t))(p, q), for all t ≥ 0 and for all (p, q) ∈R
2,

with in particular W̃ (p, q,0)= Gψ(p,q)= (S Wψ)(p, q)= (SW(·, ·, ·,0))(p, q).
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Proof This follows by the fact that the evolutions (8.13) leave the function space
Hn invariant and the fact that the evolutions (8.21) leave the space invariant L2(R

2)

invariant, so that we can apply direct conjugation with the invertible operator S to
relate the unique solutions, where we have

W̃ (p, q, t) = (etQ̃(|Gψf |, ˜A1, ˜A2)Gψf )(p, q)

= (etQ̃(|Gψf |,S A1S −1,S A2S −1)S Wψf )(p, q)

= (eS ◦tQ(|Wψf |,A1,A2)◦S −1
S Wψf )(p, q)

= (S ◦ etQ(|Wψf |,A1,A2) ◦ S −1S ◦ Wψf )(p, q)

= (SW(·, ·, ·, t))(p, q) (8.23)

for all t > 0 on densely defined domains. For every ψ ∈ L2(R) ∩ S(R),
the space of Gabor transforms is a reproducing kernel space with a bounded
and smooth reproducing kernel, so that Wψf (and thereby |Wψf | = |Gψf | =√
((Gψf )2 + ()Gψf )2) is uniformly bounded and continuous and equality (8.23)

holds for all p,q ∈R
2. �

8.5.1 The Cauchy Riemann Equations on Gabor Transforms

As previously observed in [93], the Gabor transforms associated to Gaussian win-
dows obey Cauchy-Riemann equations which are particularly useful for the analysis
of convection schemes, as well as for the design of more efficient algorithms.

More precisely, if ψ(ξ)= ψa(ξ) := e
−πn (ξ−c)2

a2 and f is some arbitrary signal in
L2(R) then we have

(a−1A2 + iaA1)Wψ(f )= 0 ⇔ (a−1 ˜A2 + ia ˜A1)Gψ(f )= 0,

(a−1A2 + iaA1) logWψ(f )= 0 ⇔ (a−1 ˜A2 + ia ˜A1) logGψ(f )= 0,
(8.24)

where we recall that Gψ(f ) = S Wψ(f ) and Ai = S −1 ˜AiS for i = 1,2,3. For
details see [118], [236, Chap. 5], where the essential observation is that we can write

Gψaf (p,q)= √
aGD 1

a
ψ(f )(p, q)= √

aGψD 1
a
f

(
p

a
,aq

)

with ψ = ψa=1 and where the unitary dilation operator Da : L2(R) → L2(R) is

given by Da(ψ)(x)= a− 1
2 f (x/a), a > 0. For the case a = 1, Eq. (8.24) was noted

in [93]. As a direct consequence of (8.24) we have

|Ũ a|∂qΩ̃a = −a2∂p|Ũa| and |Ũ a|∂pΩ̃a = a−2∂q |Ũa| + 2πq,

A2Ω
a = a2A1|Ua| and A1Ω

a = a−2A1|Ua|,
(8.25)
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where Ũa resp. Ua is short notation for Ũ a = Gψa (f ), U
a = Wψa (f ), Ω̃

a =
arg{Gψa (f )} and Ωa = arg{Wψa (f )}.

If one equips the contact-manifold (for general definition see cf. [54, p. 6] or
[118, Appendix B, Definition B.14]), given by the pair (Hr,dA 3), recall (8.16)
with the following non-degenerate2 left-invariant metric tensor

Gβ = gijdA i ⊗ dA j = β4dA 1 ⊗ dA 1 + dA 2 ⊗ dA 2, (8.26)

which is bijectively related to the linear operator G : H → H′, where H =
span{A1,A2} denotes the horizontal part of the tangent space, that maps A1 to
β4dA 1 and A2 to dA 2. The inverse operator of G is bijectively related to

G −1
β = gijAi ⊗ Aj = β−4A1 ⊗ A1 + A2 ⊗ A2.

Here the fundamental positive parameter β−1 has physical dimension length, so
that this first fundamental form is consistent with respect to physical dimensions.
Intuitively, the parameter β sets a global balance between changes in frequency
space and changes in position space. The Cauchy-Riemann relations (8.25) that hold
between local phase and local amplitude can be written in geometrical form:

G −1
β= 1

a

(d log |U |,PH∗dΩ)= 0, (8.27)

where U = Wψaf = |U |eiΩ and where the left-invariant gradient equals dΩ =
∑3

i=1 AiΩ dA i whose horizontal part equals PH∗dΩ = ∑2
i=1 AiΩ dA i . This

gives us a geometric understanding. The horizontal part PH∗dΩ|g0 of the normal co-
vector dΩ|g0 to the surface {(p, q, s) ∈Hr |Ω(p,q, s)=Ω(g0)} is Gβ -orthogonal
to the normal co-vector d|U ||g0 to the surfaces {(p, q, s) ∈ Hr | |U |(p, q, s) =
|U |(g0)}.

8.6 Phase Invariant Convection on Gabor Transforms

First we derive left-invariant and phase-invariant differential operators on Gabor
transforms U := Wψ(f ), which will serve as generators of left-invariant phase-
invariant convection (i.e. set D = 0 in (8.13) and (8.21)) equations on Gabor trans-
forms. This type of convection is also known as differential reassignment, cf. [69,
93], where the practical goal is to sharpen Gabor distributions towards lines (close
to minimal energy curves [118, Appendix D]) in Hr , while maintaining the signal
as much as possible.

On the group Hr it directly follows by the product rule for differentiation that the
following differential operators C : Hn → Hn given by

C (U)= M (|U |)(−A2ΩA1U + A1ΩA2U), where Ω = arg{U}

2The metric tensor is degenerate on Hr , but we consider a contact manifold (H3,dA 3) where
tangent vectors along horizontal curves do not have an A3-component.
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are phase invariant, where M (|U |) denotes a multiplication operator on Hn with
the modulus of U naturally associated to a bounded monotonically increasing dif-
ferentiable function μ : [0,max(U)] → [0,μ(max(U))] ⊂ R with μ(0) = 0, i.e.
(M (|U |)V )(p, q)= μ(|U |(p, q))V (p,q) for all V ∈ Hn, (p, q) ∈R

2.
The absolute value of Gabor transform is almost everywhere smooth (if ψ is a

Schwarz function) bounded and C can be considered as an unbounded operator from
Hn into Hn, as the bi-invariant space Hn is invariant under bounded multiplication
operators which do not depend on z = e2πis . Concerning phase invariance, direct
computation yields: C (eiΩ |U |) = M (|U |) eiΩ(−A2ΩA1|U | + A1ΩA2|U |). For
Gaussian kernels ψa(ξ) = e−a−2ξ2nπ we may apply the Cauchy Riemann relations
(8.24) which simplifies for the special case M (|U |)= |U | to

C (eiΩ |U |)= (a2(∂p|U |)2 + a−2(∂q |U |)2) eiΩ. (8.28)

Now consider the following phase-invariant adaptive convection equation on Hr ,
{
∂tW(g, t)= −C (W(·, t))(g),
W(g,0)=U(g)

(8.29)

with either

1. C (W(·, t))= M (|U |)(−A2Ω,A1Ω) · (A1W(·, t),A2W(·, t)) or

2. C (W(·, t))= eiΩ
(

a2 (∂p|W(·, t)|)2
|W(·, t)| + a−2 (∂q |W(·, t)|)2

|W(·, t)|
)

.
(8.30)

In the first choice we stress that arg(W(·, t)) = arg(W(·,0)) = Ω , since transport
only takes place along iso-phase surfaces. Initially, in case M (|U |)= 1 the two ap-
proaches are the same since at t = 0 the Cauchy Riemann relations (8.25) hold, but
as time increases the Cauchy-Riemann equations are violated (this directly follows
by the preservation of phase and non-preservation of amplitude), which has been
more or less overlooked in the single step convection schemes in [69, 93].

The second choice in (8.30) in (8.29) is just a phase-invariant inverse Hamilton
Jakobi equation on Hr , with a Gabor transform as initial solution. Rather than com-
puting the viscosity solution of this non-linear PDE, we may as well store the phase
and apply an inverse Hamilton Jakobi system on R

2 with the amplitude |U | as initial
condition and multiply with the stored phase factor afterwards.

With respect to the first choice in (8.30) in (8.29), which is much more cumber-
some to implement, the authors in [93] considered the equivalent equation on phase
space:

⎧
⎪⎨

⎪⎩

∂t W̃ (p, q, t)= −C̃ (W̃ (·, t))(p, q),
W̃ (p, q,0) = Gψf (p,q)=: Ũ (p, q)= eiΩ̃(p,q)|Ũ (p, q)|

= eiΩ̃(p,q)|U |(p, q)
(8.31)

with C̃(W̃ (·, t))= M (|U |)(− ˜A2Ω̃ ˜A1W̃ (·, t)+(∂qΩ̃−2πq) ˜A2W̃ (·, t)), where we
recall Gψ = S Wψ and Ai = S −1 ˜AiS for i = 1,2,3. Note that the authors in [93]
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consider the case M = 1. However the case M = 1 and the earlier mentioned case
M (|U |)= |U | are equivalent:

∂

∂t
|U | = a2 (∂p|U |)2

|U | + a−2 (∂q |U |)2
|U |

⇔ ∂

∂t
log |U | = a2(∂p log |U |)2 + a−2(∂q log |U |)2.

Although the approach in [93] is highly plausible, the authors did not provide an
explicit computational scheme like we provide in the next section.

On the other hand with the second approach in (8.30) one does not need the
technicalities of the previous section, since here the viscosity solution of the system
(8.31), [128, Chap. 10], is given by a basic inverse convolution over the (max,+)
algebra, [57], (also known as erosion operator in image analysis)

W̃ (p, q, t)= (Kt * |U |)(p, q)eiΩ(p,q,t), (8.32)

with the kernel Kt(p,q)= − a−2p2+a2q2

4t and where the erosion operator is given by

(f * g)(p, q)= inf
(p′,q ′)∈R2

[g(p′, q ′)− f (p − p′, q − q ′)].

Here the homomorphism between dilation/erosion and diffusion/inverse diffusion
is given by the Cramer transform C = F ◦ log◦L , [6, 57], which is a concate-
nation of the multi-variate Laplace transform, logarithm and Fenchel transform.
The Fenchel transform maps a convex function c : R2 → R onto x �→ [Fc](x) =
sup{y · x − c(y) | y ∈ R

2}. The isomorphic property of the Cramer transform is

C (f ∗ g)= F logL (f ∗ g)= F(logL f + logL g)= C f ⊕ C g,

with convolution on the (max,+)-algebra given by

f ⊕ g(x)= sup
y∈Rd

[f (x − y)+ g(y)].

8.7 Existence and Uniqueness of the Evolution Solutions

The convection diffusion systems (8.13) have unique solutions, since the coefficients
ai andDij depend smoothly on the modulus of the initial condition |Wψf | = |Gψf |.
So for a given initial condition Wψf the left-invariant convection diffusion genera-
tor Q(|Wψf |,A1, . . . ,A2d) is of the type

Q(|Wψf |,A1, . . . ,A2d)=
d∑

i=1

αiAi +
d∑

i,j=1

AiβijAj .



8 Left Invariant Evolution Equations on Gabor Transforms 153

Such hypo-elliptic operators with almost everywhere smooth coefficients given by
αi(p, q) = ai(|Gψf |)(p, q) and βij (p, q) = Dij (|Gψf |)(p, q) generate strongly
continuous, semigroups on L2(R

2), as long as we keep the functions αi and βij
fixed, [401], yielding unique solutions where at least formally we may write

W(p,q, s, t)=Φt(Wψf )(p, q, s)= e
t(
∑d

i=1 αiAi+∑d
i,j=1 Ai βijAj )Wψf (p,q, s)

with limt↓0W(·, t) = Wψf in L2-sense. Note that if ψ is a Gaussian kernel and
f �= 0 the Gabor transform Gψf �= 0 is real analytic on R

2d , so it can not vanish on
a set with positive measure, so that αi :R2 → R are almost everywhere smooth.

This applies in particular to the first reassignment approach in (8.30) (mapping
everything consistently into phase space using Theorem 8.3), where we have set

a1(|Gψf |) = M (|Gψf |)|Gψf |−1∂p|Gψf |,
a2(|Gψf |) = M (|Gψf |)|Gψf |−1∂q |Gψf |,

and D = 0. Now we have to be careful with the second approach in (8.30), as here
the operator Ũ �→ C̃ (Ũ) is non-linear and we are not allowed to apply the general
theory. Nevertheless the operator Ũ �→ C̃ (Ũ ) is left-invariant and maps the space
L

+
2 (R

2) = {f ∈ L2(R
2) | f ≥ 0} into itself again. In these cases the erosion solu-

tions (8.32) are the unique viscosity solutions, of (8.29), see [85].

Remark 8.1 For the diffusion case, [118, Chap. 7], [236, Chap. 6], we have D =
[Dij ]i,j=1,...,2d > 0, in which case the (horizontal) diffusion generator

Q(|Wψf |,A1, . . . ,A2d)

on the group is hypo-elliptic, whereas the corresponding generator

Q̃(|Gψf |, ˜A1, . . . , ˜A2d)

on phase space is elliptic. By the results [128, Chap. 7.1.1] and [291] we con-
clude that there exists a unique weak solution W̃ = SW ∈ L2(R

+,H1(R
2)) ∩

H1(R
+,L2(R

2)) and thereby we can apply continuous point evaluation in time and
operator L2(R

2) � Gψf �→ Φ̃t (Gψf ) := W̃ (·, ·, t) ∈ L2(R
2) is well-defined, for all

t > 0. By means of the combination of Theorems 8.2 and 8.3 we can transfer the
existence and uniqueness result for the elliptic diffusions on phase space to the ex-
istence and uniqueness result for the hypo-elliptic diffusions on the group Hr (that
is via conjugation with S ).

8.7.1 Algorithm for the PDE Approach to Differential
Reassignment

Here we provide an explicit algorithm on the discrete Gabor transform GD
ψ f of the

discrete signal f, that consistently corresponds to the theoretical PDE’s on the con-
tinuous case as proposed in [93], i.e. convection equation (8.29) where we apply the
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first choice (8.30). Although that the PDE by [93] is not as simple as the second
approach in (8.30) (which corresponds to a standard erosion step on the absolute
value |Gψf | followed by a restoration of the phase afterwards) we do provide an
explicit numerical scheme of this PDE, where we stay entirely in the discrete phase
space.

It should be stressed that taking straightforward central differences of the con-
tinuous differential operators of Sect. 8.6 does not work. For details and non-trivial
motivation of left-invariant differences on discrete Heisenberg groups see [118].

Explicit upwind scheme with left-invariant finite differences in pseudo-code for
M = 1

For l = 1, . . . ,K − 1, m= 1, . . . ,M − 1 set W̃ [l,m,0] :=GD
ψ f[l,m].

For t = 1, . . . , T .
For l = 0, . . . ,K − 1, for m= 1, . . . ,M − 1 set
ṽ1[l,m] := − aK

2 (log |W̃ |[l + 1,m, t = 0] − log |W̃ |[l − 1,m, t = 0])
ṽ2[l,m] := − aM

2 (log |W̃ |[l,m+ 1, t = 0]| − log |W̃ |[l,m− 1, t = 0])
W̃ [l,m, t] := W̃ [l,m, t − 1] + KΔt(z+(ṽ1)[l,m][ ˜A D−

1 W̃ ][l,m, t] + z−(ṽ1)×
[l,m][ ˜A D+

1 W̃ ][l,m, t])+MΔt(z+(ṽ2)[l,m][ ˜A D−
2 W̃ ][l,m, t]+ z−(ṽ2)[l,m] ×

[ ˜A D+
2 W̃ ][l,m, t]).

Subsequently, we provide a brief explanation of the involved variables:

l discrete position variable l = 0, . . . ,K − 1.
m discrete frequency variable m= 1, . . . ,M − 1.
t discrete time t = 1, . . . T , where T is the stopping time.
ψ discrete kernel ψ = ψC

a = {ψa(nN
−1)}N−1

n=−(N−1) or ψ =
{ψD

a [n]}N−1
n=−(N−1) see below.

GD
ψ f[l,m] discrete Gabor transform computed by diagonalization via Zak trans-

form [235].
W̃ [l,m, t] discrete evolving Gabor transform evaluated at position l, frequency m

and time t .
˜A D±
i forward (+), backward (−) left-invariant position (i = 1) and frequency

(i = 2) shifts.
z± z+(φ)[l,m, t] = max{φ(l,m, t),0}, z−(φ)[l,m, t] = min{φ(l,m, t),0}

for upwind.

The discrete left-invariant shifts on discrete phase space are given by

( ˜A D+
1 Φ̃)[l,m] =K(e− 2πiLm

M Φ̃[l + 1,m] − Φ̃[l,m]),
( ˜A D−

1 Φ̃)[l,m] =K(Φ̃[l,m] − e
2πiLm
M Φ̃[l,m]),

( ˜A D+
2 Φ̃)[l,m] =MN−1(Φ̃[l,m+ 1] − Φ̃[l,m]),

( ˜A D−
2 Φ̃)[l,m] =MN−1(Φ̃[l,m] − Φ̃[l,m− 1]).

(8.33)
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Fig. 8.2 Illustration of reassignment by adaptive phase-invariant convection explained in Sect. 8.6,
using the upwind scheme of Sect. 8.7.1 applied on a Gabor transform

The discrete Gabor transform equals

GD
ψ f[l,m] = 1

N

N−1∑

n=0

ψ[n− lL]f [n]e− 2πin(n−lL)
M ,

where M/L denotes the (integer) oversampling factor and N = KL. The discrete
Cauchy Riemann kernel ψD

a is derived in [118] and satisfies the system

∀l=0,...,K−1∀m=0,...,M−1∀f∈�2(I ) :
1

a
( ˜A D+

2 + ˜A D−
2 )+ i a( ˜A D+

1 + ˜A D−
1 )(GD

ψD
a

f)[l,m] = 0, (8.34)

which has a unique solution in case of extreme over-sampling K =M =N , L= 1.
For an illustration of how our left-invariant finite difference (upwind)-scheme for

differential reassignment sharpens the Gabor coefficients, see Fig. 8.2.

8.7.2 Evaluation of Reassignment

We distinguished between two approaches to apply left-invariant adaptive convec-
tion on discrete Gabor-transforms.3 Either we apply the numerical upwind PDE-
scheme described in Sect. 8.7.1 using the discrete left-invariant vector fields (8.33),
or we apply erosion (8.32) on the modulus and restore the phase afterwards. Within
each of the two approaches, we can use the discrete Cauchy-Riemann kernel ψD

a or
the sampled continuous Cauchy-Riemann kernel ψC

a .
To evaluate these 4 methods we apply the reassignment scheme to the reassign-

ment of a linear chirp that is multiplied by a modulated Gaussian and is sampled

3The induced frame operator can be efficiently diagonalized by Zak-transform, [235], boiling down
to diagonalization of inverse Fourier transform on Hr , [118, Chap. 2.3]. We used this in our algo-
rithms.



156 R. Duits et al.

Fig. 8.3 Reconstructions of the reassigned Gabor transforms of the original signal that is depicted
on the top left whose absolute value of the Gabor transform is depicted on bottom left. In the right:
1st row corresponds to reassignment by the upwind scheme (M = 1) of Sect. 8.7.1, where again

left we used ψC
a and right we used ψD

a . Parameters involved are grid constants K =M =N = 128,
window scale a = 1/6, time step $t = 10−3 and time t = 0.1. 2nd row to reassignment by mor-
phological erosion where in the left we used kernel ψC

a and in the right we used ψD
a . The goal of

reassignment is achieved; all reconstructed signals are close to the original signal, whereas their
corresponding Gabor transforms depicted in Fig. 8.4 are much sharper than the absolute value of
the Gabor transform of the original depicted on the bottom left of this figure

using N = 128 samples. The input signal is an analytic signal so it suffices to show
its Gabor transform from 0 to π . A visualization of this complex valued signal
can be found Fig. 8.3 (top). The other signals in this figure are the reconstructions
from the reassigned Gabor transforms that are given in Fig. 8.4. Here the topmost
image shows the Gabor transform of the original signal. One can also find the re-
constructions and reassigned Gabor transforms respectively using the four methods
of reassignment. The parameters involved in generating these figures are N = 128,
K = 128, M = 128, L = 1. Furthermore a = 1/6 and the time step for the PDE
based method is set to $t = 10−3. All images show a snapshot of the reassignment
method stopped at t = 0.1. The signals are scaled such that their energy equals the
energy of the input signal. This is needed to correct for the numerical diffusion the
discretization scheme suffers from. Clearly the reassigned signals resemble the in-
put signal quite well. The PDE scheme that uses the sampled continuous window
shows some defects. In contrast, the PDE scheme that uses ψD

a resembles the mod-
ulus of the original signal the most. Table 8.1 shows the relative �2-errors for all 4
experiments.

Advantages of the erosion scheme (8.32) over the PDE-scheme of Sect. 8.7.1
are:

1. The erosion scheme does not produce numerical approximation-errors in the
phase, which is evident since the phase is not used in the computations.

2. The erosion scheme does not involve numerical diffusion as it does not suffer
from finite step-sizes.

3. The separable erosion scheme is much faster.
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Fig. 8.4 Absolute value of the reassigned Gabor transforms of the signals depicted in the right
two columns of Fig. 8.3

Table 8.1 The first column shows ε1 = (‖f − f̃‖�2(I ))‖f‖−1
�2

, the relative error of the complex
valued reconstructed signal compared to the input signal. In the second column ε2 = (‖|f| −
|f̃|‖�2(I ))‖f‖−1

�2
can be found which represents the relative error of the modulus of the signals. Pa-

rameters involved are K =M =N = 128, window scale a = 1
8 and convection time t = 0.1, with

times step $t = 10−3 if applicable. PDE stand for the upwind scheme presented in Sect. 8.7.1 and
erosion means the morphological erosion method given by (8.32)

ε1 ε2 t

Erosion continuous window 2.41 × 10−2 8.38 × 10−3 0.1

Erosion discrete window 8.25 × 10−2 7.89 × 10−2 0.1

PDE continuous window 2.16 × 10−2 2.21 × 10−3 0.1

PDE discrete window 1.47 × 10−2 3.32 × 10−4 0.1

PDE discrete window 2.43 × 10−2 6.43 × 10−3 0.16

The convection time in the erosion scheme is different than the convection time in
the upwind-scheme, due to violation of the Cauchy-Riemann equations. Typically,
to get similar visual sharpening of the re-assigned Gabor transforms, the convection
time of the PDE-scheme should be taken larger than the convection time of the ero-
sion scheme (due to numerical blur in the PDE-scheme). For example t = 1.6 for
the PDE-scheme roughly corresponds to t = 1 in the sense that the �2-errors nearly
coincide, see Table 8.1. The method that uses a sampled version of the continuous
window shows large errors in Fig. 8.4 the defects are clearly visible. This shows the
importance of the window selection, i.e. in the PDE-schemes it is better to use win-
dow ψD

a rather than window ψC
a . However, Fig. 8.5 and Table 8.1 clearly indicate

that in the erosion schemes it is better to choose window ψC
a than ψD

a .
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Fig. 8.5 The modulus of the
signals in the bottom row of
Fig. 8.3. For erosion (8.32)

ψC
a performs better than

erosion applied on a Gabor
transform constructed by ψD

a

8.8 Conclusion

We have presented a framework for signal processing via evolutions on Gabor trans-
forms, which are to be considered as functions on the (full) Heisenberg group. These
evolutions must be left-invariant for appropriate treatment of the phase in the Gabor
domain. Moreover, (non-linear) left-invariant operators in the Gabor domain corre-
spond to (nonlinear) operators in the signal domain that commute with translations
and modulations. We have considered (and compared) several approaches and im-
plementations for differential reassignment (the convection case). For extensions to
Gabor transform of 2D-images and for signal enhancement via left-invariant diffu-
sion we refer to [118, 119].

Acknowledgements The Netherlands Organisation for Scientific Research (NWO) is gratefully
acknowledged for financial support.



Chapter 9
Scale Space Representations Locally Adapted
to the Geometry of Base and Target Manifold

Luc Florack

Abstract We generalize the Gaussian multi-resolution image paradigm for a Eu-
clidean domain to general Riemannian base manifolds and also account for the
codomain by considering the extension into a fibre bundle structure. We elabo-
rate on aspects of parametrization and gauge, as these are important in practical
applications. We subsequently scrutinize two examples that are of interest in bio-
mathematical modeling, viz. scale space on the unit sphere, used among others for
codomain regularization in the context of high angular resolution diffusion imag-
ing (HARDI), and retino-cortical scale space, proposed as a biologically plausible
model of the human visual pathway from retina to striate cortex.

9.1 Introduction

Physical field observables (referred to as signals or images henceforth) have an in-
trinsically limited resolution. Resolution invariance can be realized (for levels be-
low measurement resolution) by generating a one-parameter family of gracefully
degraded copies of the fiducial image in a causal fashion, subject to certain invari-
ance axioms, of which scale invariance is the one most relevant in this context. The
canonical way to operationalize this is by convolution with a normalized Gaussian,
yielding a so-called Gaussian scale space [151, 261, 290, 391, 404]. Traditionally
this is done against a Euclidean background geometry, and in a homogeneous and
isotropic fashion. This also holds for certain generalizations proposed in the lit-
erature, such as the so-called α-scale spaces by Duits et al. [116], the relativistic
scale spaces by Burgeth et al. [58], etc. Moreover, scale space images are viewed as
smooth functions with a globally defined codomain, cf. the various PDE formula-
tions elsewhere in this book (Chaps. 1, 3, 5, 7, 8, 11). That is to say, image values
are expressed relative to a universal standard (unit of intensity), which implies that
they can be compared irrespective of the base point to which they are attached.

L. Florack (�)
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Local adaptation mechanisms have been proposed to control the resolution degra-
dation process locally so as to account for the differential structure of the image, e.g.
for the purpose of “edge enhancement” [154, 334, 403, 433]. Such mechanisms rely
on and make use of the specific local structure of the image function, and always
yield nonlinear filtering paradigms.

Here we consider local adaptation mechanisms of a different kind, viz. based
on the geometry of the domain and codomain of the image. We depart from the
(typically implicit) assumption that space is Euclidean, and even from the assump-
tion that the image can be modeled as a function from a spatial, temporal, or spa-
tiotemporal domain into a globally defined codomain. Instead we adapt the canon-
ical paradigm to a general (Riemannian) geometry of its domain, and regard the
codomain as a point-wise entity, leading to a so-called fibre bundle, recall Chap. 5.
Linearity is manifest throughout.

9.2 Theory

9.2.1 Preliminaries on Riemannian Geometry

Let S : Ωm → R denote a given raw signal defined on an m-dimensional Rieman-
nian surface Ωm, say. This could be a surface embedded in an n-dimensional Eu-
clidean space, in which case it inherits its (generally non-flat) Riemannian metric
from that of the embedding space. In this case we may parametrize Ωm using co-
ordinates ξμ, μ= 1, . . . ,m≤ n, and derive the components of the metric tensor of
Ωm from that of Rn as follows:

gμν = ∂xi

∂ξμ
ηij

∂xj

∂ξν
, (9.1)

in which ηij , 1 ≤ i, j ≤ n, denote the components of the Euclidean metric tensor of
the embedding space, and gμν , 1 ≤ μ,ν ≤ m the ones induced on Ωm, recall the
definition of the pullback metric in Chap. 1, Sect. 1.2.3, and Chap. 5, Sect. 5.4.1.1,
notably Eq. (5.8). For notational convenience we set g = detgμν and η = detηij .
These are relative scalars. More precisely,

√
g dξ1 · · ·dξm and

√
η dx1 · · ·dxn are

the basic volume elements on Ωm, respectively R
n. Henceforth we will concentrate

on the intrinsic properties of Ωm without reference to its embedding in R
n. In fact,

no such embedding will be required.
By Dμ we shall denote the covariant derivative with respect to xμ induced by the

metric tensor gμν . By construction the metric is “covariantly constant”: Dρgμν = 0,
whence also Dμg = 0. (Under the additional assumption that space is free of so-
called torsion, one can take this as the definition of the covariant derivative [390].)
The covariant derivative defines a connection that allows us to compare neighbour-
ing quantities despite locally varying (an)holonomic bases by “correcting” for the
rate of change of the basis vectors in any direction along the base manifold. If {eμ}
is a basis of the local tangent space at some implicit point of Ωm, then by definition

Dνeμ = Γ ρ
μνeρ. (9.2)
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The coefficients can be constructed so as to be “compatible with the metric”, i.e.
so as to respect the requirement of covariant constancy. “Metric compatibility” is
tantamount to the applicability of the product rule despite a spatially varying metric.
That is, if v,w are differentiable vector fields with components vμ,wμ relative to
the local basis {eμ}, then

∇(v,w)= (∇v,w)+ (v,∇w), (9.3)

or, in terms of components,

Dρ(gμνv
μwν)=Dρv

μgμνw
ν + vμgμνDρw

ν. (9.4)

This uniquely establishes the (symmetric part of the) so-called Christoffel symbols
in Eq. (9.2):

Γ ρ
μν = 1

2
gρλ(∂μgλν + ∂νgλμ − ∂λgμν). (9.5)

The components of ∇v are given by

Dμv
ν = ∂μv

ν + Γ ν
ρμv

ρ. (9.6)

(It can be shown that the antisymmetric part of the Christoffel symbols captures the
torsion of the underlying manifold [390], which, in our case, will be assumed to
vanish.)

Formulae for the component representation of ∇T for any type of tensor field
T are now uniquely determined by application of the product rule using covariant
constancy of the metric in a similar fashion, together with the observation that ∇f
coincides with the familiar gradient if f is a scalar function (no “Γ -corrections”
need to be carried out since function values are absolute, i.e. do not rely on a local
basis). Just fill in the (co-)vector slots of T so as to produce a scalar field, and
differentiate. In particular, if ω is a covector with components ωμ relative to a local
basis {eμ} of the dual tangent space, then the components of ∇ω are obtained by
working out the identity ∇(ω(v))= ∇ω(v)+ ω(∇v) in terms of components. As a
result one finds

Dμων = ∂μων − Γ ρ
νμωρ. (9.7)

For further details on Riemannian geometry and tensor calculus the reader is re-
ferred to the literature [390].

9.2.2 Scale Space

The above geometric elaboration allows us to extend the scale space paradigm be-
yond the usual, Euclidean context [151, 261, 290, 391, 404]. To this end, consider
the following functional, in which (the minimizer) St :Ωm → R will be seen to act
as the scale space extension of the raw signal S (cf. Sect. 5.4.1, Chap. 5):
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E(St )=
∫

Ωm

[

(S(ξ)− St (ξ))
2 +

∑

k≥1

tk

k!Dμ1 · · ·DμkSt (ξ)D
μ1 · · ·DμkSt (ξ)

]

Dξ.

(9.8)
Here, DμSt = gμνDνSt , and Dξ = √

g dξ1 · · ·dξm is a parametrization invariant
measure. Equivalently, one may write (notice the appearance of minus signs)

E(St )=
∫

Ωm

[

(S(ξ)− St (ξ))
2 +

∑

k≥1

(−t)k
k! St (ξ)Δ

k
gSt (ξ)

]

Dξ, (9.9)

in which Δg = gμνDμDν denotes the self-adjoint Laplace-Beltrami operator on
Ωm, i.e. if f :Ωm → R is a scalar function on Ωm, then we have

Δgf = 1√
g
∂μ(g

μν√g∂νf ). (9.10)

Using covariant constancy of the metric, and the fact that Δk
g is self-adjoint for any

k = Z
+
0 , it is straightforward to derive the corresponding Euler-Lagrange equations.

For Eq. (9.8) this yields an “infinite order” PDE for the family St , t ≥ 0, given the
data function S:

S =
∑

k≥0

(−t)k
k! Δk

gSt = exp(−tΔg)St . (9.11)

Inversion yields the solution1

St =
∑

k≥0

tk

k!Δ
k
gS = exp(tΔg)S. (9.12)

Notice that it satisfies the heat equation on Ωm:

∂tSt −ΔgSt = 0, (9.13)

with initial condition S0 = S. This is analogous to the standard scale space rep-
resentation in the Euclidean plane, with the Euclidean Laplace operator Δ on R

n

formally replaced by the Laplace-Beltrami operator, Δg , cf. similar constructs in
Chaps. 1 and 5. The parameter t ≥ 0 controls the (inverse) resolution.

The asymptotic cases are as follows:

lim
t→0+ St = S, (9.14)

lim
t→∞St =

∫
Ωm S(ξ) dξ
∫
Ωm dξ

. (9.15)

1The operator exp(tΔg) is bounded and defines a strongly continuous semigroup for t ∈ R
+ ∪ {0}.
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The latter expression holds for compact Ωm, but can be generalized with some care.
The physical significance of St is that it represents the raw data S resolved at finite
scale t ∈ (0,∞). For this reason St is referred to as the scale space representation
of S.

9.2.3 Parametrization Aspects

In practice one must account for parametrization aspects. For instance, the assump-
tion of linearity typically fails to hold due to nonlinear signal transfer in real phys-
ical or biological systems. Typically such systems are characterized by a com-
pact or semi-infinite range, which is obviously inconsistent with linearity. Never-
theless, linearity implies no loss of generality in cases that can be understood in
terms of codomain mappings of the type St = γ (Ut ) for some monotonic function
γ : R → R, with γ ′ > 0, say. Recall that the incorporation of a general Rieman-
nian metric instead of a Euclidean one may likewise account for a physically or
biologically relevant reparametrization of the base manifold, or, more generally,
of a Riemannian metric transform (which may or may not be induced by a do-
main reparametrization). As a result one should study a modification of the basic
paradigm, Eq. (9.13), by instead considering

∂tUt −ΔgUt −μ‖∇Ut‖2
g = 0, (9.16)

in which μ= (lnγ ′)′ and ‖∇u‖2
g = gμν ∂μu∂νu.

9.2.4 Gauge Aspects

A more subtle aspect is that of gauging signal values obtained at different locations
on the base manifold. This aspect has received virtually no attention in the im-
age processing literature, with a few notable exceptions [184, 263, 264]. Especially
in biological vision it is not self-evident that signals of equal physical magnitude
at different locations in the visual field are perceived as such, i.e. have the same
perceptual magnitude. Indeed, there are well-known illusions refuting the validity
of this ubiquitous assumption, such as the “bright sun” illusion, Fig. 9.1, and the
Craik-O’Brien-Cornsweet illusion, Fig. 9.2.

Illusions such as those of Figs. 9.1–9.2 cannot be understood if we insist on
treating the signal as a spatial function. Instead, we must somehow gauge its values
by selecting appropriate perceptual units of intensity pointwise. Georgiev argued
that this can be achieved by modeling the signal as a section of a fibred space [184].
Koenderink exploited the same idea in an image processing context [264]. Each
fibre represents the local codomain of possible intensity values at one point of the
image domain. The “vertical” projection of a fibre onto the base manifold is well-
defined, and yields the base point to which it is attached. In this view, however, one
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Fig. 9.1 Bright sun illusion.
The sun appears brighter than
the paper background. Are we
deceived because of our bias
to recognize the bright object
in the middle as the sun, or as
a light bulb?

Fig. 9.2
Craik-O’Brien-Cornsweet
illusion. The left part of the
bar seems brighter than the
right part, which is however
an illusion. This example
questions the position that the
bright sun illusion arises
(exclusively) at a semantic
level due to our predisposition
to judge sunlight as brightest.
But what could possibly be
Nature’s “purpose” to trigger
such illusions a priori?

declines from a “horizontal” projection of intensity values, i.e. from the possibility
to compare signal values at distinct locations. Instead, one furnishes the fibred space
with a so-called connection, to be defined below, which in turn induces a gauge
field that allows us to “correct” for differences of neighbouring signal values by
accounting for the spatial variation of the perceptual units of intensity.

The heuristic argument above suggests that instead of the raw, physical value
S(x) of the signal function we consider its value relative to the local unit of inten-
sity, σ(x) say, i.e. we consider perceived intensity S(x)σ (x) for some perceptual
(locally adaptive) unit σ(x). This selection of a local unit, σ(x), respectively any
local multiple of this, S(x)σ (x), for each x, is referred to as a section of the fibred
space. We introduce a connection via a covariant derivative operator D—as a gen-
uine extension of the covariant derivative used in the foregoing—which we subject
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to the usual requirement posed by the product rule:

D(S(x)σ (x))= DS(x)σ (x)+ S(x)Dσ(x).

We then identify DS(x)= ∇S(x), the usual gradient of the scalar function S eval-
uated at x. The unit σ(x) is treated as a local basis vector for the one-dimensional
fibre at x, and so the quantity Dσ(x) must itself be a section, i.e. a local multiple of
the basis vector σ(x). In this way we obtain a local gauge field A (a covector field)
with amplitude A(x) at x:

Dσ(x)=A(x)σ (x).

All in all, the components of the covariant derivative of the signal relative to a local
basis can be written as

Dμ(S(x)σ (x)) eμ(x)=DA
μS(x)σ (x) eμ(x),

with2

DA
μS(x)= (∂μ +Aμ(x))S(x).

Effectively the whole procedure thus boils down to what is known as the “principle
of minimal substitution” in physics, whereby one replaces ordinary differentiation of
the signal function (i.e. the coefficient of the local basis section σ(x)), by covariant
differentiation:3 ∂μS(x)→ (∂μ +Aμ(x))S(x).

It remains an outstanding problem how the visual system gauges itself after ex-
posure to a given signal. In any case, prolonged exposure to a stationary scene
(S(x) > 0 independent of time) and deprived from the possibility to make saccadic
eye movements “nullifies” one’s percept completely, which can be understood as an
adaptation mechanism in which the input stimulus has somehow evolved towards a
“covariantly constant” steady state, i.e. DA

μS(x)= 0, inducing a gauge field

Aμ(x)= −∂μ lnS(x). (9.17)

Intuitively it makes sense from an economic and ecological point of view to consider
a stationary background stimulus as “void”.

Our paradigmatic equation, Eq. (9.13), can now be modified so as to account
for a background gauge field through minimal substitution of the Laplace-Beltrami
operator:

∂tSt −ΔA
g St = 0, (9.18)

with self-dual gauge adapted Laplace-Beltrami operator4

ΔA
g = gμν(Dμ −Aμ)(Dν +Aν)=D

μ
AD

A
μ.

2Additional Γ -corrections will be needed for non-scalar signals, recall Sect. 9.2.1, e.g.
DA,Γ
μ vν(x)= (δνρ(∂μ +Aμ(x))+ Γ ν

ρμ(x))v
ρ(x).

3In physics, however, one typically considers Hermitean operators i∂μ, respectively i∂μ +Aμ.
4This definition differs from the one proposed by Georgiev, which fails to be self-dual [184].
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In this case ordinary partial derivatives have been replaced by ones that are covariant
in both domain as well as codomain: ∂μ → Dμ → DA

μ , ∂μ → Dμ → D
μ
A, with

D
μ
A = gμνD−A

ν . The reason for this definition is that it extends the property of the
null-gauged Laplace-Beltrami operator as the functional derivative

1

2

δ

δu

∫

gμν(ξ)Dμu(ξ)Dνu(ξ)Dξ = −Δgu

to the case involving a non-trivial gauge field Aμ:

1

2

δ

δu

∫

gμν(ξ)DA
μu(ξ)D

A
ν u(ξ)Dξ = −ΔA

g u.

Combined with reparametrization of the codomain we find the generalization of
Eq. (9.16):

∂tSt −ΔA
g St −μ‖∇ASt‖2

g = 0, (9.19)

with ‖∇Au‖2
g = gμνDA

μuD
A
ν u = D

μ
−AuDA

μu. This is our main result. The conjec-
ture is that it underlies many instances of multi-resolution systems in physics, biol-
ogy, and engineering sciences.

9.2.5 Examples

9.2.5.1 Human Vision

In the following example we take m= n= 2. (There will consequently be no need
to distinguish between Greek and Latin spatial indices, since embedded surface and
embedding space coincide.)

Elsewhere it has been argued that the retino-cortical pathway of the human visual
system can be understood from a differential geometric point of view in terms of a
certain conformal metric transform that reflects the foveal properties of the human
eye [152, 153]. The proposed metric takes the following form in polar coordinates,5

(ξ1, ξ2)= (r, θ):

gμν =
(
r0

r

)2

ημν, (9.20)

in which r0 is a biological size parameter characteristic of the central fovea, and ημν
the Euclidean metric,

ημν =
(

1 0
0 r2

)

. (9.21)

5At this level of rigor we ignore the singularity at the origin, but cf. [153].
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This conformal metric reflects the fact that, to reasonable approximation, the hu-
man visual system has a foveal bias (objects near the foveal point are magnified
inversely proportional to eccentricity), but is otherwise isotropic (angular relations
are not affected). The corresponding Laplace-Beltrami operator Δg turns out to be
proportional to the Euclidean Laplacian Δη , which should be regarded as a pecu-
liarity of a conformal metric in n= 2 dimensions (it no longer holds when n > 2):

Δg =
(
r

r0

)2

Δη. (9.22)

Consequently the generating equation, Eq. (9.19) based on metric Eq. (9.20) and
with γ = id and Aμ = 0, is given by

∂tSt −
(
r

r0

)2

ΔηSt = 0. (9.23)

A natural scale reparametrization presents itself, viz.

(
r

r0

)2

t = s, (9.24)

after which the reparametrized system appears homogeneous.6 Recall that t and
s are quadratic scales, thus one expects biological receptive field sizes to scale lin-
early with eccentricity r/r0. (Resolution limitations are not taken into account here.)
There exists ample evidence in support of this. The structure of the human retina and
its retinotopic mapping onto the striate cortex (also known as cortical area V1) re-
flects the above-sketched geometric structure remarkably well, and so does ample
psychophysical evidence [38, 359].

Let us now briefly return to the parametrization issue, recall Sect. 9.2.3. The
Weber-Fechner law is a well-known psychophysical law that applies to various per-
ceptual modalities. It states that the intensity of the percept is a logarithmic function
of the intensity of the physical stimulus. Here we consider the relation between ap-
parent brightness Ut and retinal irradiation St . The Weber-Fechner law is a direct
consequence of Eq. (9.16) if we take μ to be a positive constant. Indeed, in this
case one readily finds γ (Ut ) to be an exponential function (defined up to a pair
of integration constants). If we impose the boundary conditions γ (−∞) = 0 and
γ (∞) = ∞ (so that St is positive definite), and set γ (0) = γ0 for some constant
γ0 > 0, we obtain

Ut = 1

μ
ln
St

γ0
.

6Homegeneity in fact holds almost everywhere in the sense that space remains flat except at the
foveal centre, at which the Ricci curvature tensor degenerates. This singularity can be removed
at the expense of introducing global curvature with appreciable magnitude in the fovea centralis
[153].
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A least noticeable perceptual difference dUt then corresponds to a logarithmic in-
crement μ−1 dSt/St of photon flux. One could interpret μ−1 as a psychophysical
unit of dimension for the quantity Ut . The constant γ0 may be adaptive to ambient
light conditions.

The Weber-Fechner law holds only within an interval of physical photon fluxes
of a few orders of magnitude. In general one will need to account for threshold
and saturation phenomena. A way to achieve this is to replace the unbounded map-
ping γ above by γχ = γ ◦ χ for some suitably chosen psychophysical function χ ,
such that χ−1 is bounded and monotonic, say χ−1 : R → (0,1). This amounts to a
replacement of the nonlinearity coefficient μ→ μχ = μχ ′ + χ ′′/χ ′.

Finally, it may be worth exploring the feasibility of the general equation,
Eq. (9.19), as a generic model for “early vision”, accounting for retino-cortical map-
ping (via the stipulated conformal metric transform), nonlinear signal transduction
(via suitable codomain reparametrization), and illusionary “lightness”, or perceived
brightness, in relation to the actual physical stimulus (via adaptation mediated by
some gauge field). As far as the latter aspect is concerned we find ourselves still
largely in the dark. Most likely the gauge is fixed by some dynamic, global adapta-
tion mechanism (point entities such as they occur in Eq. (9.17) are physically void).
This supports the intriguing conjecture, raised by Koenderink [262], that the brain
can be understood as a “geometry engine”.

9.2.5.2 High Angular Resolution Diffusion Imaging

In the following example we take m = 2, n = 3, and identify Ω2 with the unit
sphere embedded in Euclidean 3-space, R3. This case is of considerable interest in
high angular resolution diffusion imaging (HARDI), a non-invasive magnetic res-
onance imaging technique for mapping local water diffusivity profiles in vivo [26,
27, 277]. It is conjectured that such profiles convey important information on the ar-
chitecture of fibrous tissues, such as brain white matter (axons) and muscles, since
water diffusion is facilitated in the direction of the underlying fibres.

A typical HARDI acquisition entails a large number of signal attenuation mea-
surements in different directions. Various representations have been proposed in the
literature to handle such multi-directional data. Typically these take the form of
(square-integrable) scalar functions on the unit sphere.

Let therefore S :Ω2 → R denote a given raw HARDI signal confined to the unit
sphere Ω2 : ‖x‖ = 1, x ∈ R

3. Ω may be parametrized using two coordinates, ξμ,
μ= 1,2, say. An obvious choice would be the polar angles ξ = (ξ1, ξ2)= (θ,φ) ∈
[0,π] × [0,2π), given in terms of 3D Cartesian coordinates xi , i = 1,2,3, by

⎧
⎪⎨

⎪⎩

x1 = sin θ cosφ,

x2 = sin θ sinφ,

x3 = cos θ.

(9.25)

The components of the Riemannian metric for the unit sphere embedded in Eu-
clidean 3-space R

3 are given by Eq. (9.1). Using polar and Cartesian coordinates
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for Ω2 and R
3, respectively, we obtain the familiar matrix representations

gμν =
(

1 0
0 sin2 θ

)

resp. ηij =
⎛

⎝
1 0 0
0 1 0
0 0 1

⎞

⎠ . (9.26)

In particular, Dξ = √
g dξ1dξ2 = sin θ dθdφ is the invariant volume element

on Ω2.
We may think of Ω2 as a “fibre” over the Euclidean space R

3 at some implicit
base point x ∈ R

3. More specifically, in the context of HARDI, Ω is the domain of
definition of the diffusive attenuation signal S or diffusion coefficient D related via
the Stejskal-Tanner formula [324, 392], recall Chap. 4, notably Sect. 4.5:

S(θ,φ)= S0 exp(−bD(θ,φ)). (9.27)

In what follows we shall consider the scale space extension of S, but this may be
equally well replaced by any other L2(Ω2)-function, notably D, or by derived prob-
abilistic quantities such Tuch’s orientation distribution function (ODF) [415], the
higher order diffusion tensor model and the diffusion orientation transform (DOT)
by Özarslan et al. [324, 325], and the diffusion tensor distribution model by Jian et
al. [238]. See also Descoteaux et al. [103, 104] and Hess et al. [226].

Consider the scale space representation St of S derived in Sect. 9.2.2. The
(dimensionless) parameter t ∈ R

+ now controls (inverse) angular resolution. Ex-
pressed in terms of spherical coordinates it is natural to decompose the functions St
and S relative to the orthonormal basis of spherical harmonics, since this diagonal-
izes the Laplace-Beltrami operator:

ΔgY
m
� = −�(�+ 1)Ym

� , (9.28)

for any � ∈ Z
+
0 and m ∈ {−�,−�+ 1, . . . , �− 1, �}. We employ the following con-

vention for spherical harmonics, in which Pm
� are the associated Legendre polyno-

mials:7

Ym
� (θ,φ) =

√
(2�+ 1)(�−m)!

4π(�+m)! eimφPm
� (cos θ), (9.29)

Pm
� (z) = (−1)m

2��! (1 − z2)
m
2
d�+m

dz�+m
(z2 − 1)�, (9.30)

with −1 ≤ z≤ 1. Setting

S(θ,φ)=
∗∑

�,m

c�m(0)Y
m
� (θ,φ), (9.31)

7Cf. functions.wolfram.com for further properties of Ym
� and Pm

� .

http://functions.wolfram.com
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in which the asterisk indicates summation over the effective indices � ∈ Z
+
0 and

m ∈ {−�,−�+ 1, . . . , �− 1, �}, yields

St (θ,φ)=
∗∑

�,m

c�m(t)Y
m
� (θ,φ), (9.32)

with

c�m(t)= e−t�(�+1)c�m(0). (9.33)

Notice the analogy with the e−t‖ω‖2
-attenuation of high frequency components of

scalar images in the Euclidean plane under Gaussian blurring.
The coefficients in Eq. (9.31) are determined as follows:

c�m(0)=
∫ 2π

0

∫ π

0
S(θ,φ)Y−m

� (θ,φ) sin θ dθ dφ, (9.34)

by virtue of Y−m
� = (Ym

� )
∗ and orthonormality:

∫ 2π

0

∫ π

0
Ym
� (θ,φ)

∗Ym′
�′ (θ,φ) sin θ dθ dφ = δmm′δ��′ . (9.35)

Equations (9.32–9.34) summarize the operational scheme for extending a raw
HARDI signal into a continuous scale space family defined implicitly via mini-
mization of Eq. (9.8). The required integrals over the sphere can be numerically ap-
proximated in the standard way, e.g. by employing a regular sampling of directions
on vertices of a tessellated icosahedron with a corresponding numerical integration
measure induced by the areas of the polygons defined by the dual tessellation.

The asymptotic cases are as expected:

lim
t→0+ St (θ,φ) = S(θ,φ), (9.36)

lim
t→∞St (θ,φ) = 1

4π

∫ 2π

0

∫ π

0
S(θ,φ) sin θ dθ dφ, (9.37)

i.e., in the hypothetical limit of infinite angular resolution Eqs. (9.32–9.34) repro-
duce the raw signal, whereas the limit of vanishing angular resolution corresponds
to a complete averaging of this raw signal over the sphere. Similar Tikhonov reg-
ularization procedures of unit sphere HARDI functions have been proposed in the
literature by Descoteaux et al. [104] and by Hess et al. [226]. Figure 9.3 illustrates
Eq. (9.32) on a test image.

9.3 Conclusion

We have adapted the linear scale space paradigm to the local geometry of the image
domain (base manifold) as well as to the potentially local nature of codomain gauge
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Fig. 9.3 A scalar function on the unit sphere, with intensity displayed as radial distince from the
origin, viewed at (exponentially) increasing values of the inverse angular resolution parameter t

(fibre bundle over the base manifold). The theory has been illustrated with two ex-
amples, viz. regularization of high angular resolution diffusion imaging (spherical
base manifold geometry), and modeling of the retino-cortical pathway in human
vision (conformal metric transform). In the latter case we have pointed at the po-
tential relevance of a fibre bundle construct, but detailed mechanisms are hitherto
unknown. Much research will be needed to understand the role of local adaptation
mechanisms in the psychophysics of human perception.

Acknowledgements The Netherlands Organisation for Scientific Research (NWO) is gratefully
acknowledged for financial support.



Chapter 10
An A Priori Model of Line Propagation

Markus van Almsick

Abstract For the robust detection of lines in 2-dimensional images, it is feasible
to have a general, a priori model reflecting the properties of lines. Based on three
simple and generally applicable assumptions we introduce a stochastic line propa-
gation model with its resulting Fokker-Planck equation and Green’s function. The
line model implies a line diffusion scheme that is not simply another anisotropic
diffusion of scalar-valued luminosity functions, but a mechanism for the anisotropic
diffusion of oriented line segments in a 3-dimensional space that encodes position
and orientation.

10.1 Introduction

Diffusion schemes are well established in image processing. They constitute a
mechanism to exchange image information between pixels. A short introduction
to diffusion and diffusion-like methods is given in Chap. 1.

The main unwanted diffusion effect is the blurring of interesting features, like
contours and lines. Anisotropic and non-linear, edge-preserving diffusion schemes
help to preserve contours. Coherence enhancing diffusion conserves line structures
to a certain degree. In most cases one applies diffusion directly to the luminos-
ity function of a gray-scaled image or to the luminosity functions of several (color)
channels. Only a few diffusion schemes, so far, deal with the diffusion of more com-
plex image features, such as matrices and tensors in the contributions in Chaps. 3
and 5.

We take a quite general approach by considering the diffusion, or rather the
stochastic propagation of anisotropic filter responses. These filter responses are usu-
ally obtained by translating and rotating a filter across an image. Each filter response
is, thus, parameterized by a translation vector and a rotation angle. Consequently,
these filter responses constitute a function on the Euclidean group manifold and we
therefore turn to stochastic processes and diffusion on the Euclidean group mani-
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Fig. 10.1 The line segments in the left image are grouped in the visual system of the observer
according to the Gestalt law of good continuations as indicated in the right image

fold. Other group manifolds (e.g. translation and scaling group as in wavelet theory)
are of course possible as well, but not considered here.

In this chapter we introduce a diffusion scheme of line and contour segments by
deriving a stochastic propagation for lines and contours. Our model does not rely
on a specific line or contour generation process that may be found in nature (e.g.
branches of trees, coast lines, outlines of clouds, etc.). Instead, we rely on generally
applicable and basic first principles that apply to almost any line independent of its
source. In this sense, we introduce an a priori model for lines and contours. A more
general, encompassing diffusion scheme without an axiomatic line modeling ap-
proach is presented by Duits et al. [112–115]. A different form of line and contour
diffusion is given by Franken et al. [169].

The motivation and original application of our line propagation scheme has been
the regularization of noisy image data with faint lines as encountered in fluoroscopy
images during an electrophysiology intervention on the heart. Another field of ap-
plication is the regularization of diffusion tensor images (DTI) and high-angular
resolution diffusion images (HARDI) prior to fiber tracking.

Our approach is inspired by the human visual system in two ways. First, the
Gestalt laws [265] that are based on psychophysical experiments imply several
heuristics to group image features. These heuristics are: proximity, similarity, conti-
nuity, closure, and common fate in time. To group the detection of line segments into
lines and contours, we utilize the laws of proximity and continuity (see Fig. 10.1).

Second, the physiology of the visual system implies an orientation space. The
visual cortex V1 exhibits a cortical map of the visual field that not only encodes the
position of every visual input, but that also encodes the orientation of the receptive
fields in the retina from where anisotropic visual stimuli are conveyed to the brain.
Furthermore, lateral neural connections in V1 are orientation specific [47]. They
prefer to connect neurons that encode the same orientation and that are spatially
grouped along their orientation axes.
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We assume in our line and contour model that these lateral neural connections
mutually enforce oriented visual stimuli, which in most cases are line or contour
segments. Hence, we try to derive from first principles the probability that two line
or contour segments mutually join to a common line or contour and we attempt to
provide the most probable connection between the two segments. To achieve this,
we proceed as follows.

We begin in Sect. 10.2 with the space, in which we construct our line and contour
model. It is the Euclidean group manifold and the function space upon it. Then, in
Sect. 10.3, we utilize three axioms and determine with these a stochastic differential
equation (SDE) that governs the probabilistic propagation of lines and contours on
the Euclidean group manifold. We solve the SDE in two different ways. First, in
Sect. 10.4, we convert the SDE into a Lagrangian density and determine the extremal
path via the corresponding Euler-Lagrange equation. This way, we obtain the most
probable line or contour between two segments. Second, in Sect. 10.5, we convert
the SDE into the corresponding Fokker-Planck (or Chapman-Kolmogorov) equation
and obtain a diffusion equation for line and contour segments. The Green’s function
of this partial differential equation is the transition probability for a line that starts
at a given point and orientation and that extends to a second point and orientation.
In analogy to the Green’s function of a diffusing scalar point, which in some cases
is referred to as the point-spread-function, we refer to our Green’s function as the
line-spread-function (LSF). With regard to high energy physics, one may also call
the Green’s function the line propagator. The LSF provides us with the probability
that two line or contour segments do connect. In order to apply the LSF to all line
segment responses in an image, one has to perform a Euclidean group convolution
of the LSF with the orientation space of an image. In the last Sect. 10.6 we bring all
the results together and show how to apply these to our initial example in Fig. 10.1.

10.2 Orientation Encoding

In image analysis one usually probes an image via a filter kernel ψ . The filter kernel
acts like a receptive field of neurons on the retina. It collects the incoming light
stimuli in an excitatory or inhibitory manner over a small region of the visual field.
These receptive fields are located everywhere in the retina, in all orientations (if
anisotropic), and also in all sizes. Hence, it is necessary to move a filter kernel ψ
to all locations in an image, to rotate it into all directions, and to resize it. If we
denote the transformations by g and the representations of g acting on the image
domain Ω by Ug , we obtain the linear filter responses Wψ by an inner product of
the filter kernel ψ with the luminosity function L over the image domain Ω .

Wψ(g) :=
∫

Ω

ψ∗(Ug−1x)L(x) dx.

Obviously, the filter response Wψ is parameterized by transformation g. This is of-
ten overlooked, if one only considers translations of the filter kernel. The parameter
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Fig. 10.2 The outline of the
letter G is lifted into the third,
angular dimension of the
Euclidean group manifold
that encodes the receptive
field parameters location and
orientation

manifold of translations is isomorphic to the image domain Ω . As a consequence,
Wψ(g) appears to be defined on the image domain and is often viewed as an image
Wψ(x) itself, which is not quite correct.

The detection of line or contour segments is achieved by anisotropic filters ψ .
Hence, we need to consider at least translations and rotations to move Wψ to all
locations and into all directions. In this article we omit rescaling, since we neglect
the thickness and, thus, the size/scale of lines or contours. The resulting group of
transformations for 2-dimensional images is the Euclidean group of two dimensions.
The above equation in this specific case is

Wψ(b, α) :=
∫

R2
ψ∗(R−1

α (x − b))L(x) d2x

with translations specified by the translation vectors b and rotations given by the
2 × 2-dimensional rotation matrices Rα . The image domain is assumed to be a sub-
set of R2 and we include the possibility of complex-valued filters by considering the
hermitian inner product with the complex-conjugate filter kernel ψ∗.

The linear response Wψ is a complex- or real-valued function on the
3-dimensional Euclidean group manifold consisting of the continuous parameters
b that denote the 2-dimensional translation vector and the rotation angle α ranging
from 0 to 2π . As an example, Fig. 10.2 depicts the idealized response Wψ to the
outline of the letter G. Of course, the linear response of a filter kernel does not render
such well-defined lines in the Euclidean manifold. Figure 10.2 is only a schematic
drawing.

To detect a line or contour segment, the filter ψ should resemble locally the
luminosity function L of a line or a contour. Hence, a good choice is a second-
order Gaussian derivative or gradient filter of appropriate scale, but other filters
are just as suitable. To obtain a measure-preserving, invertible mapping from the
luminosity function L to the linear response Wψ on the Euclidean manifold, one
can also consider, in analogy to wavelet theory, so-called admissible filters ψ that
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fulfill the admissibility constraint
∫ 2π

0 ψ̂∗(ρ,ϕ)ψ̂(ρ,ϕ)dφ = 1
4π2 where ψ̂(ρ,ϕ)

denotes the Fourier-transformed filter of ψ in polar coordinates of the frequency
space. These admissible filters lead to the inverse mapping

L(x)=
∫ 2π

0

∫

R2
ψ(R−1

α (x − b))Wψ(b, α) d2bdα. (10.1)

The linear response Wψ is only the first step in a line or contour detection scheme.
In the subsequent step, one needs to convert the linear responses Wψ into a
line/contour-probability or indicator field p(g) that reflects the probability to find a
line/contour segment at the given location (translation) and orientation (rotation) g.
The main difficulty in this processing step is the fact that a linear filter ψ renders a
response not only exactly at the location and orientation of a line/contour segment,
but also, to a lesser degree, at deviating positions and orientations. Furthermore,
other image features besides lines and contours may trigger a linear response Wψ .
Hence, it is practical to only consider the local maxima of Wψ perpendicular to the
line/contour orientation as a good line or contour indication p(g). This approach re-
sembles the well-known Canny edge detector [66] without the final hysteresis step.
Another approach via so-called logical/linear operators has been introduced by Iver-
son and Zucker [234]. Here, one combines several differential properties of lines or
contours by Boolean-like logical/linear operators. The result is a non-negative, quasi
linear response to lines or contours that one can interpret as a line or contour prob-
ability function p(g).

The line and contour detection up to this point only takes local line and contour
characteristics into account. A decisive advantage of the orientation space is the
capacity to measure and encode more than one direction in a single position. Thus, it
is possible to deal with line crossings and bifurcations. Consequently, the orientation
space, that isWψ(g) or p(g) on the Euclidean motion group manifold, constitutes an
ideal state space for a line or contour model that incorporates the non-local, spatial
properties. We address such a line/contour model in the next section.

10.3 Stochastic Line and Contour Propagation

To cope with the spatial properties of lines and contours, we model their propagation
across an image. Initially this is a process in time t , but we are going to eliminate
time t in due course. We commence with a drawing process as depicted in Fig. 10.3
that places the ink of a line or contour onto an image. This appears to be a rather
artificial ansatz, since most of the lines and contours in images have a completely
different cause. However, our ansatz can be based on three general and basic axioms
that qualify our line and contour model as an a priori model for any line or contour.

The three axioms of our line and contour model are:

• Invariance under symmetry operations, such as spatial and temporal translation
and spatial rotation.
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Fig. 10.3 The stochastic
process emulates the drawing
of a line or contour γ starting
at time t0 at location γ (t0)
and extrapolating the line or
contour until t1

• Smoothness for the sake of good continuation. We assume that the lines and con-
tours are continuous and differentiable at least up to first order, thereby ensuring
the notions of line direction.

• Extensibility, which implies that if a line or contour satises the model so do all
the parts of any line or contour partition.

The axiom of extensibility allows us to formulate the line propagation in an in-
finitesimal form. We formulate the line drawing process γ (t) = (x(t), α(t)) as a
general stochastic differentiable equation.

∂t

(
x(t)
α(t)

)

= a(x(t), α(t), t)+ B(x(t), α(t), t) · η(t). (10.2)

The term a(x(t), α(t), t) models the deterministic portion of the process and
B(x(t), α(t), t) · η(t) stands for the probabilistic portion, where the random vari-
able η(t) is coupled to the process via a coupling matrix B(x(t), α(t), t). Note,
that the functions a and B in (10.2) are so far completely undetermined. The ran-
dom variable η(t) renders white noise of unit-variance as specified in the cumulant
equations (10.3) and (10.4). Hence, all probabilistic properties of the Markov pro-
cess (10.2) depend on the coupling matrix B.

〈〈
η(t)

〉〉 = 0, (10.3)
〈〈
η(t0)η(t1)

〉〉 = δ(t1 − t0). (10.4)

In order to obtain more specific functions for a and B, we transcribe the stochas-
tic differential (10.2) into the corresponding Fokker-Planck respectively Chapman-
Kolmogorov equation. These partial differential equations determine the conditional
probabilistic distribution p(x, α, t |x0, α0, t0), that denotes the transition probability
of a line or contour starting at time t0 at location x0 and orientation α0 to end up at
time t in location x with orientation α:

∂tp(x, α, t |x0, α0, t0)

= −
∑

j={x,y,α}
∂j (aj (x(t), α(t), t)p(x, α, t |x0, α0, t0))
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+ 1

2

∑

j,k={x,y,α}
∂j ∂k(Djk(x(t), α(t), t)p(x, α, t |x0, α0, t0)),

with D(x(t), α(t), t) := B(x(t), α(t), t) · Bt (x(t), α(t), t). (10.5)

For convenience we rewrite the above equation by introducing the differential oper-
ator L that represents all the differential terms in (10.5).

∂tp(x, α, t |x0, α0, t0)= L (x(t), α(t), t)p(x, α, t |x0, α0, t0). (10.6)

It is now time to discard time t . A line or contour in an image has been drawn.
It consists of all the ink that has been deposited in the drawing process. Hence,
we need to integrate the probability p(x, α, t |x0, α0, t0) and Eq. (10.5) respectively
Eq. (10.6) over time t from t0 to infinity.

Before we do so, a few decisive considerations regarding the time-dependence
of a drawing process are due. First, the drawing process should be time-invariant,
since the shape of the resulting line or contour should not depend on the date and
time it was drawn. Hence, we can omit the explicit t-dependence of differential oper-
ator L . Second, the Fokker-Planck equation (10.5) conserves the conditional prob-
ability p(x, α, t |x0, α0, t0) over time t as if the lines and contours go on for ever.
This scenario, however, is counter productive. If one keeps drawing, one eventually
obtains a ‘black’ image densely covered with one infinite line all over. We conse-
quently must introduce a term that models the termination of lines or the closure of
contours. Obviously, the only way to do so in a temporally and spatially invariant
manner is the addition of a constant term −λI to operator L in Eq. (10.6), which
will lead to an exponential decay of the conditional probability p(x, α, t |x0, α0, t0)

in time t .
We formally solve (10.6) as follows: Any function f (t) in time t can locally be

expanded in a first order Taylor expansion (10.7).

f (t + τ)≈ f (t)+ τ ∂tf (t)= (I + τ ∂t )f (t). (10.7)

With expansion (10.7) we can extrapolate function f (t) by a time step τ into the
future. However, the larger τ gets the less accurate the linear Taylor expansion be-
comes. It is therefore better to divide the extrapolation into arbitrary small time-
steps τ/N . The concatenation of N of these arbitrary small time-steps via N linear
extrapolations renders

f (t + τ)= lim
N→∞

(

I + τ

N
∂t

)N
f (t)= eτ∂t f (t). (10.8)

Hence, replacing ∂t by L in (10.6) and the constant decay term −λI mentioned
above, we can formally write

p(x, α, t |x0, α0, t0)= e(t−t0) (L (x(t),α(t))−λI)p(x, α, t0 |x0, α0, t0). (10.9)
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With Eq. (10.9) we have a formal solution for the line/contour drawing process in
time. As mentioned above, the drawing process is just a mathematical construct to
derive our model. In the next step we integrate over time t ,

p(x, α |x0, α0) :=
∫ ∞

t0

p(x, α, t |x0, α0, t0) dt, (10.10)

to obtain the conditional probabilities p(x, α |x0, α0) of the lines and contours
themselves, which are independent of the drawing process. Placing equation (10.9)
into (10.10) we obtain

p(x, α |x0, α0) =
∫ ∞

t0

e(t−t0)(L (x(t),α(t))−λI) dt p(x, α, t0 |x0, α0, t0)

= −(L (x(t), α(t))− λI
)−1

p(x, α, t0 |x0, α0, t0). (10.11)

A fixed and well localized starting position and direction of a line or contour prop-
agation demands a Dirac δ-distribution as the initial condition.

p(x, α, t0 |x0, α0, t0)= δ(x − x0, α − α0), (10.12)

Thus, we finally obtain for the line and contour propagation the following partial
differential equation

−(L (x(t), α(t))− λI
)
p(x, α |x0, α0)= δ(x − x0, α − α0). (10.13)

To completely determine the conditional probability p(x, α |x0, α0), we also need to
specify the boundary conditions in x and α. The conditional line/contour probability
decays exponentially. Consequently, lines/contours are not arbitrarily long and will
vanish at infinity. And, of course, the direction angle α is periodic in 2π . Hence,
natural boundary conditions are

lim|x−x0|→∞p(x, α |x0, α0) = 0, (10.14)

p(x,0 |x0, α0) = p(x,2π |x0, α0). (10.15)

Equation (10.13) is still too general to render explicit and useful results. At this
point we recall the set of axioms that form the basis of our line/contour model.
We utilize the first axiom, the invariance under spatial translation and rotation, to
further constrain the differential operator L (x(t), α(t))− λI in (10.13). To do so,
we express the translations and rotations, or rather the infinitesimal generators of
these symmetry transformations as differential operators:

Tx = −∂x, Ty = −∂y, S = −x∂y + y∂x − ∂α. (10.16)

The differential generators Tx and Ty for translation in x and y-direction are well
known. The infinitesimal generator for rotation in the orientation space needs some
explanation. The differential generator for rotation in a 2-dimensional Euclidean
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space is −x∂y + y∂x . However, during a rotation one changes direction. It is there-
fore necessary to also translate an orientation space in α, which is done by adding
the translation generator −∂α . We refer to this combined generator as the shift-twist-
generator S .

To achieve invariance under translation and rotation, one simply has to ensure
that the differential operator L (x(t), α(t))−λI , the generator of line/contour prop-
agation in (10.6), commutes with the differential generators Tx , Ty and S of the
symmetry transformations. If they commute, also the corresponding rotation and
translation transformations commute with the line and contour model and, as a con-
sequence, leave the model invariant. Note, that the decay term −λI is constant and,
thus, it commutes with any other spatial or angular differential operator. So, we are
left with the commutation relations

[Tx,L ] = 0, [Ty,L ] = 0, [S , L ] = 0. (10.17)

The first two commutation relations (10.17) with the translation generators Tx and
Ty are 0, if and only if the gradient of the drift term ∇a(x(t), α(t)) and the gra-
dient ∇B(x(t), α(t)) vanish. Obviously, this is the case when a and B are constant
and, thus, independent of x. Consequently, we continue to work with a(α(t)) and
B(α(t)). The t- and x-dependence is obsolete.

The last commutation relation (10.17) with shift-twist-generator S amounts to
nine ordinary differential equations for a and B, one for each coefficient in front of
the resulting partial differentials ∂x , ∂y , ∂α , ∂2

x , ∂2
y , ∂2

α , ∂xy , ∂xα , and ∂yα .
One can explicitly solve these ODEs, but a more intuitive and more elegant ap-

proach is the use of a left-invariant tangent vector basis [113, 115]

e‖ := cosα ex − sinαey,

e⊥ := sinαex + cosαey, (10.18)

eα = eα.

With respect to this basis, the ODEs require the components of a and D to be con-
stant. As a result, we are left with nine constant parameters a‖, a⊥, aα , D‖‖, . . . .
Note that matrix D is symmetric. In addition, we have the constant λ determining
the decay in line probability.

A model with ten parameters is not desirable, but fortunately most of these pa-
rameters turn out to be fixed. We can resort to three conditions that will reduce the
number of parameters to three.

First, note that the origin of the α-axis can be chosen freely. We determine α = 0
such, that the line propagation runs parallel to direction α. This is intuitive for line
modeling and would imply a⊥ = 0. One could also chose α to point into the di-
rection of a contour gradient. This would imply a‖ = 0, but we will follow the
line convention. Furthermore, the parameterization of lines and contours by time
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variable t represents and internal degree of freedom that the line/contour model
does not need. The speed of drawing is irrelevant. Hence, we set the drawing speed
to unit speed, which renders a‖ = 1 (or a⊥ = 1 for the contour convention). Fur-
thermore, we can now replace the time-parametrization t by the line/contour path-
length-parametrization s. The last component of the drift term a(s), constant aα ,
remains a true parameter that cannot be fixed. It describes a drift in the line/contour
orientation, which we denote by κ̄ . κ̄ is not the actual curvature of a line or contour,
but the overall mean curvature. At unit speed, κ̄ stands for the average change of
orientation angle per unit length.

The axiom regarding the smoothness and, thus, differentiability of a line or con-
tour determines almost all constant components of D. Note that a line or contour
would become in-differentiable, if the random variable η(s) in SDE (10.2) would
couple directly to a spatial component x(s) or y(s). Hence, all the components of
the first two rows of matrix B have to be 0 and, consequently, only Dαα is unequal 0.
Dαα denotes the diffusion constant square σ 2 of the angular α-coordinate. Finally,
we are left with three constants: λ,σ , and κ̄ . It is now possible to give an explicit
form of Eq. (10.13).

(

cosα∂x + sinα∂y − σ 2

2
∂2
α + κ̄∂α + λ

)

p(x, y,α|x0, y0, α0)

= δ(x − x0, y − y0, α − α0). (10.19)

The corresponding, explicit SDE for line and contour propagation is

∂s

⎛

⎝
x(s)

y(s)

α(s)

⎞

⎠=
⎛

⎝
cosα(s)
sinα(s)

κ̄

⎞

⎠+
⎛

⎝
0 0 0
0 0 0
0 0 σ

⎞

⎠ · η(s). (10.20)

The above derivation of the line model given by Eqs. (10.19) and (10.20) is not
quite stringent. Besides the three axioms smoothness, invariance, and extensibil-
ity, it contains the assumption that the line model can adequately be described in
an orientation space. This assumption entered our derivation by the ansatz that a
Markov process in x(t), y(t), and α(t) is sufficient. Higher derivatives, such as cur-
vature κ(t) were not considered in the Markov process, but these more complex
line models are, in principle, possible. Nevertheless, our model is the simplest line
and contour model that satisfies the three axioms and, furthermore, it is possible to
empirically verify our ansatz as follows.

If we extract the α-component from the SDE (10.20), we obtain a Wiener process
for the direction variable α(s):

∂sα(s)= κ̄ + ση(s). (10.21)

Given the cumulants of the random variable η(s) in (10.3) and (10.4), we can
readily deduce the stochastic properties of the curvature κ(s) = ∂s α(s) and direc-
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tion α(s) . We should observe for the line or contour curvature κ(s):
〈〈
κ(s)

〉〉= κ̄,

〈〈
κ2(s)

〉〉= σ 2,

〈〈
κ(s0) κ(s1)

〉〉= σ 2δ(s1 − s0),

(10.22)

and for the line and contour direction α(s):
〈〈
α(s)

〉〉 = κ̄s,

〈〈
α2(s)

〉〉 = σ 2s, (10.23)
〈〈
α(s0)α(s1)

〉〉 = σ 2 min (s0, s1).

One can empirically verify the variances and correlations in Eqs. (10.22) and (10.23).
Most line and contours in natural images closely adhere to these equations, but it
may be prudent to verify these cumulant equations before applying the line and
contour model to a specific task.

We have derived the equations that define our line and contour model. In the next
step, we have to solve these equations. We do so in two ways. The SDE (10.20)
can be transcribed into a Lagrangian density. The extremal paths of this density
represent the optimal connecting lines or contours between two given line/contour
segments. We derive an explicit solution of the extremal path in the next section.
Furthermore, it is possible to solve (10.19). The result is the transition probabil-
ity p(x, y,α|x0, y0, α0) for a line or contour to connect two segments at (x, y,α)
and (x0, y0, α0). We sketch the derivation of this transition probability in the subse-
quent section.

10.4 Extremal Path

The Fokker-Planck equation of the Wiener process (10.21) is well-known. Here we
include the decay term −λI .

∂sp(α, s|α0, s0)=
(
σ 2

2
∂2
α − κ̄∂α − λ

)

p(α, s|α0, s0). (10.24)

The corresponding solution of the transition probability is

p(αj+1, sj +Δs |αj , sj )

= 1√
2πΔsσ

exp

(

− (αj+1 − αj − κ̄ Δs)2

2σ 2Δs
− λΔs

)

. (10.25)

We can approximate the directional trajectory α(s) of path γ (s) by arbitrarily small,
linear steps Δs. The overall probability p(α0, α1, α2, . . .) of such an approximate
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path is given by the probability product of all its segments.

p(α0, α1α2, . . . ) ∝
∏

j=0,1,...

p(αj+1, sj +Δs |αj , sj ) (10.26)

=
∏

j=0,1,...

exp

(

− (αj+1 − αj − κ̄Δs)2

2σ 2Δs
− λΔs

)

(10.27)

= exp

( ∑

j=0,1,...

− (αj+1 − αj − κ̄Δs)2

2σ 2Δs
− λΔs

)

. (10.28)

Taking the limit Δs → 0, we obtain the actual probability p(α(s)) of the path. Here
we neglect the normalization factor to avoid mathematical complications:

p(α(s)) ∝ lim
Δs→0

exp

(

−
∑

j=0,1,...

(
(
αj+1−αj

Δs
− κ̄)2

2σ 2
+ λ

)

Δs

)

= exp

(

−
∫ (

(∂sα(s)− κ̄)2

2σ 2
+ λ

)

ds

︸ ︷︷ ︸
L [κ(s)]

)

. (10.29)

Our aim is to find the extremal path γ (s) of a line or contour. Note that the path γ (s)

is uniquely determined by the directional trajectory α(s) via integration in s. As a
consequence, the probability of p(α(s)) is the same as p(γ (s)). Hence, to maxi-
mize p(γ ) we have to minimize the Lagrangian L [κ(s)] given in Eq. (10.29). The
Lagrangian is defined for the line or contour curvature κ(s):

L [κ(s)] =
∫ (

(κ(s)− κ̄)2

2σ 2
+ λ

)

ds, (10.30)

with κ(s)= ∂s α(s). (10.31)

A look at the Lagrangian L [κ(s)] reveals the effects that the parameters λ, σ , and
κ̄ have. Parameter λ determines the degree, by which the path length s is taken into
account. The larger λ, the higher the cost for a long path γ and the shorter paths tend
to be. Parameter κ̄ determines the average path curvature that is favored. Hence, for
κ̄ = 0, the line and contour does not have a bias to turn left or right. Parameter σ
determines the cost, which a curvature deviation from κ̄ will inflict. The smaller σ ,
the less κ(s) tends to deviate from κ̄ . Larger σ values make directional changes
more likely. Thus, a line or contour behaves like an elastic rod whose stiffness is
controlled by σ .

The corresponding Euler-Lagrange equation for L is

∂2
s κ(s)+ κ3(s)

2
−
(

λσ 2 + κ̄2

2

)

κ(s)= 0. (10.32)
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For κ̄ = 0 the above equation is in fact Euler’s elastica equation. The solution κ(s)

of Euler’s elastica equation is the Jacobi elliptic sin-function with arbitrary real in-
tegration constants c and sΔ:

κ(s)= 2c
√−m sn(c(s − sΔ) |m), (10.33)

with m := −1 − 1
c2 (λσ

2 + κ̄2

2 )≤ −1. Twice the integration with respect to s yields
α(s) and γ (s) and we obtain

γ (s) =
(
x0
y0

)

+ 4

c(m− 1)2

(
cosα0 − sinα0
sinα0 cosα0

)

×
(

dn2(csΔ |m)+ m−1
2 −√−m cn(csΔ |m)dn(csΔ |m)√−m cn(csΔ |m)dn(csΔ |m) dn2(csΔ |m)+ m−1

2

)

×
(
m−1

2 cs +E(am(c(s − sΔ) |m)|m)+E(am(csΔ |m) |m)
−√−m(sn(c(s − sΔ) |m)+ sn(csΔ |m))

)

. (10.34)

In the above explicit formula for the extremal path the following elliptic integrals
and functions are used. The incomplete elliptic integral of the first kind with modu-
lus m is

F(φ |m) :=
∫ φ

0

1
√

1 −m sin2(ϕ)
dϕ. (10.35)

The incomplete elliptic integral of the second kind with modulus m is

E(φ |m) :=
∫ φ

0

√

1 −m sin2(ϕ) dϕ. (10.36)

The Jacobi amplitude am(z |m) is the inverse function of the incomplete elliptic
integral F(φ |m) of the first kind. All the remaining Jacobi elliptic functions are
defined via the Jacobi amplitude am(z |m):

dn(z |m) :=
√

1 −m sin2(am(z |m))= ∂z am(z |m) (10.37)

with

sn(z |m) := sin(am(z |m)) and cn(z |m) := cos(am(z |m)). (10.38)

Integration constants c, sΔ, α0, x0 and y0 need to be adjusted according to the
initial and final side constraints of the extremal curve γ (s). Constant c affects the
scale and shape, the path length offset sΔ changes the initial curvature, α0 is the
initial direction, and (x0, y0) the initial path position. Examples with λ̃ = 0 and
λ̃= 1/σ 2 are displayed in Fig. 10.4.

Given two line or contour segments, we are now able to determine the optimal
connecting line/contour. The optimal connecting line, however, does not provide
the probability, with which such a connection may occur. It is of course possible
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Fig. 10.4 The figure to the left depicts the extremal curves with λ̃ := λσ 2 + κ̄2/2 = 0 running from
the origin (0,0) with direction α0 = 0◦ to the endpoint (1,1/2) with angles of incidence α1 at the
endpoint ranging from −90◦ to 120◦ in steps of 30◦. The figure on the right depicts the extremal

curves with λ̃= 1/σ 2 with angles of incidence α1 ranging from −150◦ to 210◦ in steps of 30◦

to take (10.29) and calculate the probability of the optimal line. But this is just
the probability of the optimal line and not the overall probability of all possible
connections between two segment. For that purpose, we need to solve Eq. (10.19).

10.5 Line Spread Function

Solving (10.19) to obtain the transition probability p(x, y,α|x0, y0, α0) is a non-
trivial task. A numerical method for cyclic spatial boundary condition has been pro-
posed by August Jonas [16]. Here, we provide an explicit solution in Fourier space,
that we have derived in collaboration with Remco Duits. It is beyond the scope of
this article to provide a detailed derivation, which you can find in [110, 419]. Here,
we only sketch the necessary steps.

The Fourier transformation in spatial coordinates of (10.19) and a subsequent
transformation into polar coordinates renders an ordinary differential equation in α

(

−iωr cos (α −ωφ)− σ 2

2
∂2
α + κ̄∂α + λ

)

p̂(ωr cosωφ,ωr sinωφ,α)

= δ(α − α0)

2π
(10.39)

with

p̂(ωr cosωφ,ωr sinωφ,α)

:= 1

2π

∫∫

p(x, y,α) |0,0, α0)e
i(ωxx+ωyy) dx dy (10.40)
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and polar coordinates

ωr :=
√
ω2
x +ω2

y and ωφ := arctan
ωy

ωx
. (10.41)

The homogeneous part of Eq. (10.39) is, with the adequate substitutions (10.43), the
Mathieu equation, Eq. (10.42):

(∂2
z + a − 2q cos (2z))G(a, q, z)= − 2

πσ 2
δ(z− z0), (10.42)

with z := 1

2
(α −ωφ), z0 := 1

2
(α0 −ωφ),

a := − 8

σ 2
λ− 4

σ 4
κ̄2 , q := −i 4

σ 2
ωr,

G(a, q, z) := e
− κ̄

σ2 (α−α0) p̂(ωr cosωφ,ωr sinωφ,α).

(10.43)

The Mathieu ODE, the homogeneous part of (10.42), defines the following Math-
ieu functions as solutions. We denote the even elliptic cosine by Ce (a, q, z) and
the odd elliptic sine by Se (a, q, z). Ce (a, q, z) and Se (a, q, z) solve the Math-
ieu equation (10.42) for z ∈ R and are determined up to a complex-valued nor-
malization constant. We can, thus, assemble the Fourier-transformed line spread
function p̂(ωx,ωy,α) piecewise for α < α0 and α > α0 by a linear combination of
Ce (a, q, z) and Se (a, q, z). This, however, only renders a solution with boundary
conditions at z→ ±∞. To obtain a solution with a 2π -periodic boundary condition
in α, we wrap the previous solution of infinite extent around a 2π circular domain,
which results in an infinite sum that can be solved like a geometric series due to the
Floquet [150] theorem. The result is

p̂(ωx,ωy,α) = e2κ̄(z−z0)/σ
2

πσ 2χ Sez (a, q,0)Ce (a, q,0)

×

⎧
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

(Ce(a,q,z0)−χ Se(a,q,z0))(Ce(a,q,z)+χ Se(a,q,z))

1−e−π(2κ̄/σ2+iν)

− (Ce(a,q,z0)+χ Se(a,q,z0))(Ce(a,q,z)−χ Se(a,q,z))

1−e−π(2κ̄/σ2−iν) if z < z0,

sinh (iνπ)(Ce2(a,q,z0)−χ2 Se2(a,q,z0))

cosh (iνπ)−cosh(2πκ̄/σ 2)
if z= z0,

(Ce(a,q,z0)+χ Se(a,q,z0))(Ce(a,q,z)−χ Se(a,q,z))

1−eπ(2κ̄/σ2−iν)

− (Ce(a,q,z0)−χ Se(a,q,z0))(Ce(a,q,z)+χ Se(a,q,z))

1−eπ(2κ̄/σ2+iν) if z > z0.

(10.44)

A more detailed derivation can be found in [419] and [110].
To obtain the transition probability p(x, y,α |0,0, α0) in position space an in-

verse Fourier transformation is needed. A typical result of the transition probability
p(x, y,α |0,0, α0) is depicted in Fig. 10.5.
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Fig. 10.5 The equi-probability contours of the transition probability p(x, y,α |0,0, α0) = 0.02
in an orientation space at different levels of α, each π/16 apart. The parameters are σ = 1/2,
λ= 1/10, α0 = 0, and κ̄ = 0

The transition probability p(x, y,α |0,0, α0) provides a measure for the affinity
of two line or contour segments to connect. It is the Green’s function or propagator
kernel of line/contour propagation. At first sight it may appear to be a disadvantage
that we only provide a closed solution of the line/contour transition probability in
Fourier space and not in position space. However, in practice one needs to apply the
line/contour propagation kernel to a dense distribution of line/contour segment mea-
surements. This is achieved via a convolution, a group convolution on the Euclidean
motion group (10.45).

(Φ ∗E2 L)(b, α) :=
∫ 2π

0

∫

R2
Φ(R−1

α′ (b − b′), α − α′)L(b′, α′) d2b′ dα′,

with Φ(x,y,α) := p(x, y,α |0,0, α0). (10.45)

We can apply the Fourier theorem to the spatial part of the above convolution and
obtain

̂(Φ ∗E2 L)(ω,α) :=
∫ 2π

0
Φ̂(R−1

α′ (ω−ω′), α − α′)L̂(ω′, α′) dα′. (10.46)

This equation can be implemented quite efficiently, utilizing the Fourier transformed
transition probability p̂(ωx,ωy,α |0,0, α0).

10.6 Application and Conclusion

Based on just three general axioms we have obtained for the orientation space an
elegant model for lines and contours. The model exhibits only three parameters
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Fig. 10.6 Applying the theory to Fig. 10.1 with different σ and λ values. Small values for σ
favor straight lines, large values allow curves with large curvatures. Large λ values lead to short
connections, small λ values permit long range connections

specifying the line/contour length via λ > 0, the stiffness with respect to turning or
bending via σ > 0, and the bias for curving left or right via κ̄ . Given two line/contour
segments, we can determine the probability, with which these two segments may
connect, and we can provide the most probable connection. How can we apply this
knowledge to image analysis?

There are two types of application scenarios: sparse or dense line/contour data.
Figure 10.1 in the introduction is an example of sparse line or contour data. At
discrete points we are given the measurements of line or contour segments. Most
images, however, lead to a continuous and, thus, dense line/contour probability dis-
tribution in the orientation space. The application of our line model in both scenarios
is basically the same, but technically slightly different.

In the case of sparse line/contour data, one can apply to each data pair Eq. (10.34)
to render the probability for a line/contour-connection and Eq. (10.44) to draw the
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Fig. 10.7 All four completion fields have the source at the origin with an initial direction of 0◦
and the sink at location (1,1/2). The parameters are set to σ = 1

2 , λ = 1
10 , and κ̄ = 0. The final

direction at the sink varies from −30◦ to 60◦. The completion field is stronger when the source and
sink are roughly aligned resulting in a stronger affinity between the source and sink line segment.
The logarithmic probability of p(x1, α1|x0, α0) for a connecting line is given in the top left corner.
The dashed line is the extremal path

ideal connecting line/contour. As an example, we provide the line grouping results
of the introductory Gestalt law sample for several model parameter λ and σ in
Fig. 10.6.

Furthermore, one can generate a so-called completion field [384, 446, 447, 468],
that represents the probability distribution for any possible connecting line/contour.
If we refer to the starting segment of a connecting line/contour as the source at
(x0, y0, α0) and if we refer to the ending segment as the sink at (x1, y1, α1), then any
intermediate segment of the connecting line at an arbitrary location and direction
(x, y,α) has to connect to both segments, to the source and the sink. The probability
of these intermediate line/contour segments is therefore proportional to the product
of p(x, y,α |x0, y0, α0) and p(x1, y1, α1 |x, y,α), the probability to connect to the
source as well as to the sink. Hence, the distribution given by

C(x, α) := p(x1, α1|x, α) p(x, α|x0, α0) (10.47)

is the completion field. Four examples of completion fields are shown in Fig. 10.7.
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Now we turn to the dense data scenario. In this case, it is futile to consider the
connections of all possible data point pairs. Instead we return to our initial consider-
ation regarding the diffusion of lines. The Green’s function p(x, y,α |x0, y0, α0) is
essentially the diffusion kernel of lines or contours. Recall that the convolution of a
Gaussian kernel and an image yields ordinary diffusion. Accordingly, the Euclidean
group convolution (10.45) of the Green’s function p(x, y,α |x0, y0, α0) with an ori-
entation space of an image yields the directed diffusion of oriented line segments in
the orientation space. Hence, almost all the image analysis techniques that rely on
diffusion can now be extended to the diffusion of lines in an orientation space. This
amounts to a lot of research and engineering opportunities that await us.



Chapter 11
Local Statistics on Shape Diffeomorphisms
Using a Depth Potential Function

Maxime Boucher and Alan Evans

Abstract Shape diffeomorphisms are used along with statistical models to local-
ize shape differences within a set of similar surfaces. Diffeomorphisms in images
are found by looking at similarities within the intensity function of the image. Sur-
faces do not enjoy the availability of such an intensity function and one therefore
needs to choose which function will give the most accurate match between similar
features. Thus, it is important to choose an intensity function that faithfully repre-
sents features of the surface as accurately as possible. In this paper, we present a
fast method which uses a curvature scale space to capture surface features over a
wide range of scales. We recall the relationship between Poisson equation and scale
space representations, and we use this relationship to formulate a potential function
which integrates curvature information over a wide range of scales. The resulting
map is a global function of bending (as measured by curvature) that is used to find
diffeomorphic maps between surfaces. The potential function showed to be more
accurate than a depth map computed on the surface.

As an application of the depth potential function, we use it to analyze diffeomor-
phic maps of the human brain through a statistical analysis of surface deformation.
We used surfaces extracted from 92 subjects affected with very mild to mild de-
mentia and 97 healthy subjects. Using T 2-statistics on the diffeomorphic map be-
tween the groups of demented and non-demented subjects, we were able to detect
the atrophy of the interior and exterior temporal lobe due to the presence of mild
dementia.
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Fig. 11.1 Ridges and valleys
on a human brain cortical
surface

11.1 Introduction

In Chaps. 1 to 9 the authors explain how diffusion processes are used to find salient
features in images and tensor fields. Using these methods, a single image can be
enhanced using a diffusion model. In this chapter, we look at the situation where
multiple images of similar objects are available to build a statistical description of
that object. For example, let us suppose that we have several images of livers. A sta-
tistical description of the liver would represent the different livers observed within
the set. Moreover, let us suppose that some images come from patients with a liver-
related disease. The purpose of statistical shape analysis is then to determine which
regions of the liver are most affected by the disease.

In this chapter, the problem of building a statistical description of the cortical
surface is studied. More specifically we estimate the impact of a disease on the lo-
cal shape of the cortical surface by an appropriate diffeomorphic shape model. In
a diffeomorphic shape model, shape differences are represented as a deformation
of a template surface. In general, the parameters of the model are unknown and
can only be determined by finding accurate mappings between the shape of sev-
eral observations of diseased and healthy organs. This is the so-called registration
problem [50, 147, 296, 407, 411, 422]. In the case of images and volumes, a gray-
level intensity function is a convenient choice to find diffeomorphic maps between
different shapes. However, for some shapes like the human cerebral cortex (e.g.
Fig. 11.1), folds make volume registration prone to getting trapped in local mis-
registration minima. A fold can be described in loose terms as the juxtaposition of
a ridge and a valley, as shown on Fig. 11.1. Thus in the case of cortical surfaces,
a surface representation better describes the geometry of the features to be matched.
Surfaces do not enjoy the availability of gray-level images for registration purposes,
one therefore has to choose which “intensity” function will give an accurate dif-
feomorphic map. This chapter proposes a scalar field that can be used to register
cortical surfaces. Mean curvature is used as a local measure of bending of a surface.
A diffusion process is then applied onto the mean curvature scalar field of a surface
to capture the shape of a surface at different scales. As was explained in [156], it
is possible to integrate the output of an isotropic diffusion process very efficiently
using a screened Poisson equation. Using this method, Boucher et al. [50] proposes
a bending measure of the surface (as measured by mean-curvature) to register sur-
faces. The bending measure obtained through an integration of a diffusion process
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allows it to capture the local bending of the surface over a large range of scales.
The resulting scalar field was named a depth potential function. For surface regis-
tration, the concern is more efficient computations and accurate registration. On this
side, the screened Poisson equation is computationally fast to solve, which makes
the depth potential function a very efficient choice to find local similarities between
surfaces. Accuracy for surface registration was evaluated using surface labels, and
we found that the depth potential function outperformed the geodesic depth map of
[358].

As an application to surface registration with the depth potential function, we
studied shape similarities and differences among a group of 97 subjects with mild
cognitive impairment against a group of healthy subjects. We use the Log-Euclidean
tensor probabilistic model proposed in [14, 284] and then used in [48] to analyze
surface deformations between the two groups of surfaces (healthy control subjects
and patients with mild cognitive impairment). The statistical shape model uses T2-
statistics on the matrix logarithm of the deformation tensor. Using this framework,
we found the presence of a significant deformation in the interior temporal lobe due
to the presence of mild dementia. These deformations are mostly due to atrophy in
the temporal lobe, as is highlighted in [49].

11.2 Local Bending of the Surface

The choice of surface image is of prime importance for registration purposes,
because it has an impact on the accuracy and the quality of the alignment of
similar geometric features across surfaces. Let us put the problem formally: let
Ii : Mi → R, i = 1, . . . ,N , be a real-valued function over surface Mi ; this is the so-
called surface image. We suppose each surface has a Riemannian metric g induced
by the imbedding in R

3. Surface registration aims at finding a correspondence map
φi between a surface Mi and a template surface M̄ such that φi is diffeomorphic
and is a global minimum of a registration energy functional:

φi = argminφ∗
i
Edistance(Ii ◦ φ∗

i , Ī )+Esmoothness(φi), (11.1)

where Ī is the surface image of the template. We observe that Eq. (11.1) leaves out
almost entirely any shape information from either Mi and M̄ to find an optimal
map. Thus it is very important to choose Ii and Ī such that features on Mi and M̄
are well represented.

Section 11.2.1 presents the proposed surface image and Sect. 11.2.2 relates the
surface image to an approximation of a locally adapted depth map for surfaces.
Finally, we provide some validation experiments in Sect. 11.2.3.

11.2.1 Curvature Scale Space

The size of folds on different subjects varies spatially and across subject and a good
surface image Ii should identify and match folds of all scales. We define a scale
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space representation of a surface shape through a curvature scale space, which we
describe shortly. Let H be the mean curvature of the surface defined as

ΔMi
Mi = 2Hn, (11.2)

whereΔMi
is the Laplace-Beltrami operator for surface Mi and n is the normal vec-

tor to the surface. A positive mean curvature indicates that the sum of the principal
curvatures of the surface is positive, and thus it is locally bent outward, while a neg-
ative H indicates that the surface is locally bent inward. However, mean curvature is
a very local shape descriptor that often fails to capture more global shape character-
istic. For example, a region of positive mean curvature may either be a small bump
at the bottom of a fold or at the top of a gyrus. Thus, scale space analysis is used to
decompose mean curvature over different scales. A scale space representation of a
function f : M →R is obtained by solving a heat-diffusion Equation of the form

∂f̂

∂t
= −ΔM f̂ (11.3)

with initial value condition f̂ (M ,0) = f (M ). For simpler notation, let Gt,i the
diffusion operator which, to each function f , associates the parametrized function
f̂ (Mi , t) by solving Eq. (11.3). In other word, Gt,i(f ) is the diffusion operator
which diffuses a function f on surface Mi for an interval of time t .

A mean curvature scale space is given as Gt,i(Hi). As said previously, a good
surface image Ii allows optimally to identify and match folds of all scales. In [50], it
was proposed to obtain such a surface image by summing the curvature scale space
over a broad range of scales

Iα,i(Mi )=
∫

R+
e− α

2 tGt,i(Hi) dt (11.4)

with α a parameter that controls how much emphasis to put on finer scales, cf.
also [156]. As such, this approach is not conceptually different from the ap-
proach of [147] where they integrate a signed traveled distance throughout an Euler
characteristic-preserving flow. However, what makes Eq. (11.4) particularly com-
pelling is that it does not need to be solved by explicitly integrating curvature over
a wide range of scale. It was shown in [156] that solving Eq. (11.4) is equivalent to
solving

1

2
(αI+ΔMi

)Iα,i =Hi (11.5)

where I is the identity operator. Equation (11.5) is a screened Poisson equation,
which does not need to solve any costly Euler-characteristic preserving flows and
can be solved very efficiently using numerical methods (see suggested numerical
method in [50]). We can finally observe that Eq. (11.4) does not converge for α = 0
for closed surfaces. We correct this situation by adding a corrector term as

H ′
i =Hi −

∫
Mi

Hi ds
∫
Mi

ds
, (11.6)
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where ds is the volume form. We see that H ′
i integrates to 0 and that

limt→∞Gt,i(H
′
i )→ 0 everywhere. The resulting equation is

1

2
(αI+ΔMi

)Iα,i =H ′
i . (11.7)

11.2.2 Local Bending of the Surface and Depth Approximation

One of the advantages of Euler-characteristic preserving flows is that the signed
traveled distance corresponds to a geometric measure on the surface: how far inward
or outward has the surface to travel until it is considered flattened. This interpreta-
tion, along with other natural Euclidean interpretation of depth maps, is lost while
using Eq. (11.7). In this section, we want to present a variational approximation of
depth on surfaces, which will later allow us to show that Eq. (11.5) is an approx-
imation of depth on surfaces. To explain this claim, we first give the variational
formulation for depth on surfaces.

Let ei , i = 1,2,3, be an orthonormal basis of R3. Let up denote a unit-length
vector which is used to measure depth on a surface. The up vector is unknown
a priori. Let f : M →R be a function that describes depth on a surface. Let (u1, u2)

be a coordinate system on M for an open subset Ω ⊂ R
2. The first intuition about

what should be a depth f of a surface M is that it should allow us to write M
parametrically over a large Ω as a graph:

M (u1, u2)= u1e1 + u2e2 + f (u1, u2)e3. (11.8)

Suppose in Eq. (11.8) that up = e3. Let D be the differential operator D =
(∂/∂u1, ∂/∂u2) and let ∇M be the gradient operator on M . For a function f , which
describes depth as in Eq. (11.8), we have

DM (∇M f )= up − (upt .n)n. (11.9)

where n is the normal vector of the surface. Inspired by Eq. (11.9), we pose the
following variational problem for a function f representing depth on a surface:

f = argminf ′

∫

M (Ω)

‖Df ′ − (upt − (upt .n)nt ).DM ‖2
g ds, (11.10)

with given boundary conditions on f (M (∂Ω)) and where ds is the volume form
on M . Unless M is a particular case, it is not possible to find a function f such that
M can be parametrically written as the graph of f for all of M . Since the depth
function represents a distance to a projection plane with respect to the up direction,
an easy method to adapt the depth function is to penalize large deviations from zero:

Eregularized(fα)= argminf ′
α

∫

M
‖Df ′

α − upDM ‖2 + α‖f ′
α‖2 ds, (11.11)
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Fig. 11.2 Depth potential function without any damping (α = 0) on example surfaces. The value
of the depth potential function is shown as a color map and the scale of the color map is with
respect to the units shown on the axis. Left: A circle relief. Right: A “T” relief

where we used the orthonormality between n and DM to simplify the equation.
Equations (11.11) allows many solutions which mostly depend on our choice of up.
The solution to obtain a good depth map of the relief on a surface is to pose that up
is constant over M (Ω), in which case the solution is given by

(αI+ΔM )fα =ΔM M t .up (11.12)

with an extra term to describe the relationship to the boundary condition on
M (∂Ω). Looking at Eqs. (11.7) and (11.9), we see that if we pose

uptn = 1 − O(‖DM .∇M f ‖2) (11.13)

then Eq. (11.12) becomes equivalent to Eq. (11.5). This is a rough approximation
to a true depth map representation of the surface. For surface registration, we can
expect that an approximation to the true geometry will yield good result. Also, the
approximation given in Eq. (11.13) is mostly accurate for points of extremal depth
(minimum, maximum and saddle points: where n = up).

11.2.3 Illustration and Examples

We provide in this section some illustrations and examples of depth potential
functions computed using Eq. (11.7). The first two examples are relief shown in
Fig. 11.2. We solved Eq. (11.7) on both these surfaces while imposing as bound-
ary conditions f (∂M ) = 0 without any damping (α = 0). The results on Fig. 11.2
shows that the depth potential function correctly identifies the presence of relief as
well as their elevation. It should be noted that the maximal height of the “T” relief
is 0.5 while the depth potential function gives a maximum difference in elevation of
0.78. Thus the depth potential function overestimates differences in height, which is
expected from Sect. 11.2.2. However, for surface registration, this is not a concern
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because we are mostly interested at how the depth potential function correlates with
the shape of the relief.

11.3 Validation of the Depth Potential Function Using Cortical
Surfaces

In this section, we present validation experiments and results that were performed
using surfaces that were extracted from in vivo magnetic resonance images (MRIs).
The CIVET pipeline [249] was used to obtain surfaces from T1-weighted MRI from
the ICBM database [304] and the OASIS brain database [307]. The MRIs from the
ICBM database were taken from healthy subjects between 20 to 28 years of age.
The OASIS database consists of MRIs of subjects of 60 years old and above. Within
the OASIS database, 87 subjects are healthy and 82 are diagnosed with very mild
or mild dementia (Clinical Dementia Ratio ≤ 1). The CIVET pipeline extracts two
pairs of surfaces from any given MRI image, one pair for each hemisphere. One pair
being the interface between the gray matter and white matter (the White surface, one
surface per hemisphere), the other pair of surfaces being the interface between the
gray matter and the cerebro-spinal fluid (the Gray surface). The surface extraction
pipeline functions such that the Gray surface is constrained to be diffeomorphic to
the White surface through a constrained Laplacian technique [297]. In the end, each
vertex on the Gray surface corresponds to a vertex on the White surface. A mid
surface representation of the cortex is then obtained by averaging the coordinate of
corresponding vertices on the Gray and the White surface. The resulting surface is
called the mid surface.

Figure 11.3 shows an example of a mid surface along with the depth potential
function with α = 0.0015 and α = 0. Damping α removes coarse features from the
Iα as is expected from Eq. (11.4).

11.3.1 Correlation Between Fold Depth and the Depth Potential
Function

For surface registration, it is important to use a surface image that correlates well
with the surface pattern to be studied. Thus, we evaluated the correlation between
the depth potential function and fold depth on a set of surfaces where the depth
of the left central sulcus was artificially reduced (shown on Fig. 11.5). We first
asked a neuroanatomist to label the region corresponding to the left central sulcus
on 20 surfaces from the ICBM database. Let Li be the set of points labeled as being
part of the left central sulcus and χLi the indicator function on Mi . We created a
smooth transition between the labeled and non-labeled regions by smoothing χLi
using G12.5(χLi ). Each surfaces was also smoothed using an area-minimizing flow
given as
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Fig. 11.3 Examples of a depth potential function for a cortical surface. The spherical map shown
in the third column is obtained during the surface extraction process [249]. Coarse features such
as the global, ellipsoidal shape of the brain are mostly visible with α = 0 (a). However, if some
screening is added (α = 0.0015), the folding pattern is better represented (b)

∂M̂i

∂t
= −ΔM̂i

M̂i (11.14)

with initial value condition M̂i (Mi ,0) = Mi . With a slight abuse of notation, let
us note M̂i (Mi , t) = Gt,i(Mi ). The set of surfaces with a left central sulcus of
reduced depth is given as:

Mi,smoothed(Mi )= (1 −G12.5(χLi ))Mi +G12.5(χLi )G12.5(Mi ). (11.15)

The second group of surfaces consists of 20 surfaces extracted directly from the
ICBM data set, without any smoothing. All surfaces were registered onto the same
template surface.

We evaluated the impact of fold depth on the depth potential function by mea-
suring the local standard deviation of the depth potential function on each surface.
Local standard deviation σt is expressed as

σ 2
t =Gt((fα −Gt(fα))

2). (11.16)

For comparison purposes, we used σ70 and α = 0.0015. To illustrate the ability
of the method to localize a correlation between fold depth and the depth potential
function, we first compared two identical surfaces before and after smoothing the
left central sulcus. The results are shown in the left plot of Fig. 11.4. In this figure,
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Fig. 11.4 Correlation between fold depth and the depth potential function. Left: Difference in
local standard deviation before and after smoothing. Right: Statistical difference between the two
groups of surfaces. The left central sulcus is correctly identified as being shallower. If no smoothing
is applied to the left central sulcus, all T -values are |T |< 3

we can see that a correlation is detected around the left central sulcus, which corre-
sponds to the labeled region. We then used the following generalized linear model
[305] to detect differences in local standard deviation

σt ∼ μ+ cSi + εi (11.17)

where εi is a normally distributed random variable and Si is equal to 1 if surface
Mi is member of the smoothed set and −1 if it isn’t. The regression coefficient c
was determined through linear regression and the probability that c = 0 was eval-
uated through a standard T -test. The result of the analysis is shown in the right
plot of Fig. 11.4. This figure shows that for this example and in spite of statistical
variability, the depth potential function is well correlated with fold depth.

11.4 Surface Registration Results

If the depth potential function, given in Eq. (11.7) is a good surface image, then the
mapping that minimizes Eq. (11.1) should provide quantifiably better result than an-
other surface image. The surface registration algorithm of [358] was used to quan-
tify surface registration accuracy and validate if a depth potential function offers any
improvement over a geodesic depth map based on the painting algorithm [357, 358].

First, we determined if surface registration is consistent. Let Mi and Mj be
two surfaces and φi,j the mapping that minimizes Eq. (11.1). We define a lack of
consistency as a difference between φi,j and φ−1

j,i . To measure this lack of consis-
tency, we approximate the geodesic distance on surfaces through a spherical map-
ping Si : Mi → S

2. The distance between φi,j and φ−1
j,i is then measured as

dsphere(Si ◦ Mi , Si ◦ Mi ◦ φi,j ◦ φj,i), (11.18)

where dsphere(· , ·) is the geodesic distance on S
2.
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Fig. 11.5 Top: Accuracy (left) and consistency (right) of registration using a depth potential func-
tion with different α values. The most consistent result is obtained for α = 0.0015 and registration
of each individual fold is accurate for a wide range of α values. Bottom: Accuracy of registration
when all subjects are registered on the same target using a depth potential function (α = 0.0015)
(left) and a geodesic depth map (right). Boundary of each sulcus is better defined when using the
depth potential function

We used 40 surfaces extracted from the ICBM data set to evaluate consistency
of surface registration. Twenty pairs of surfaces were formed and registration was
performed between each pairs using a depth potential function and a depth map
based on a painting algorithm [357, 358]. Then, dsphere was measured for every pair
of surfaces. For the geodesic depth map of [358], we found that lack of consistency
dsphere was on average 0.078 over the entire surface with a standard deviation of
0.076 (this is shown as thin horizontal lines in the top right of Fig. 11.5). We tested
consistency of the depth potential function for several values of α and the results
are plotted in Fig. 11.5. This figure shows that for a wide range of α, consistency of
the depth potential function is better than the geodesic depth map of [358]. Across
different pairs of surfaces, a minimum is reached around α = 0.0015. Hence, in
this case, the depth potential function improves registration consistency over a map
produced with a painting algorithm.

Accuracy of surface registration is measured with labels of major sulci. A neu-
roanatomist labeled five major sulci of the frontal lobes, which are shown in
Fig. 11.5 (Anterior Superior Frontal Sulcus, Posterior Superior Sulcus, Inferior
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Table 11.1 Registration results for different regions of the cortical surface

Sulcus Sulcal depth map Depth potential function

Anterior sup. frontal 0.56 0.62

Inferior frontal 0.5 0.59

Central 0.73 0.8

Inferior precentral 0.59 0.67

Posterior sup. frontal 0.59 0.62

Frontal Sulcus, Inferior Precentral Sulcus, Central Sulcus). The sulci were manu-
ally labeled on 40 native MRIs and the labels were mapped onto the mid-surface
by intersecting the surface with the labeled regions. We measured accuracy as the
overlap between labels on surface Mi and Mj . Formally, let Lk be the set of points
which has label k and let V (L) be the volume of the set L. Then

accuracy(Mi ,Mj , k)= V (Mj (Lk,i)∩ Mi (Lk,i) ◦ φi,j )
V (Mj ◦Lk,j )

. (11.19)

Twenty pairs of surfaces were formed and accuracy was measured for φi,j and φj,i .
The average accuracy of registration is shown in the top left plot in Fig. 11.5. Ta-
ble 11.1 compares accuracy of surface registration using a depth potential function
(α = 0.0015) and a geodesic depth map. As we can see in this table, the DPF con-
stantly outperforms the sulcal depth map of [358]. On average, the improvement in
overlap is 11%.

The improvement in accuracy is illustrated in the bottom of Fig. 11.5 where all
surfaces were registered onto the same target using a depth potential function with
α = 0.015 and a geodesic depth map. On this figure, we can see that the boundary
of each sulcus (most notably of the central sulcus) is better defined for the depth
potential function.

11.5 Application: Detecting Shape Differences Through Local
Statistics on Shape Diffeomorphisms

As an application, we propose to use shape diffeomorphisms to find statistical dif-
ferences between two groups of surfaces. The framework we describe in this section
was first proposed in [14, 284] for volume diffeomorphism. It was implemented for
surfaces in [48] and we propose to use the expected Euler characteristic of random
fields [451, 454] to determine if locally a deformation is unlikely to have been gen-
erated from the shape model.

We used the unbiased surface template M̄ of [296] to find surface diffeomor-
phisms φi : M̄ → Mi between each surface. The deformation tensor is given by

Ai = ∇φi.DMi .(∇φi.DMi )
t , (11.20)
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where Ai is 2 × 2 symmetric positive definite matrix field. Here, we suppose that
Ai is a smooth field. Let A=∑j λj rj r

t
j be the diagonalization of A and let Log be

the matrix log operator defined as

Log(A)=
∑

log(λj )rj r
t
j . (11.21)

The matrix logarithm is a diffeomorphism between the space of symmetric positive
matrix field and the space of symmetric matrices. Let vec(A)= (A11,A22,

√
2A12)

be the operator which maps a symmetric matrix onto a column vector. The Log-
Euclidean framework of [14] uses the matrix logarithm Log to model tensor vari-
ability as

vec(Log(Ai))∼ N (μ,Σ), (11.22)

where μ is the expected value of vec(Log(Ai)) and Σ describes the variability of
the model.

In practice, the model parameters μ and Σ are unknown and need to be esti-
mated. We use a least square estimator to estimate μ as

μ̂= 1

N

∑

i

vec(Log(Ai)). (11.23)

The unbiased covariance estimator Σ̂ is given as

Σ̂ = 1

N − 1

∑

i

(vec(Log(Ai))− μ̂)⊗ (vec(Log(Ai))− μ̂). (11.24)

Let the Mahalanobis distance be given as

dMahalanobis(Log(A))2 = (vec(Log(A))− μ̂)Σ̂−1(vec(Log(A))− μ̂). (11.25)

There is a relationship between the Mahalanobis distance as expressed in Eq. (11.25)
and T 2 distributed random variables:

NdMahalanobis(Log(A))2 ∼ T 2
3,N−1. (11.26)

Equation (11.26) is a T 2 random field. The probability that Eq. (11.26) goes above
a preset bound c, dMahalanobis(Log(A)) > c is evaluated through the expected Euler
characteristic of the random field [451, 454] at that value c.

Chapter 1, Sect. 1.5.2, and Chap. 5 discussed the problem of tensor field regular-
ization. In statistical shape analysis, regularization is used to increase the detection
power of linear models. In our case, we used a simple diffusion kernel as explained
in [49] and we diffused for up to t = 50.
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Fig. 11.6 Difference between patients with mild dementia and elderly healthy subject. Color bars
show logarithmic probabilities: anything below log(0.05)= −1.3 is significant. The Sylvian fissure
and the temporal saggital lobe shows significant difference in the group with mild dementia

11.5.1 Results on a Population of Cortical Surfaces

The method described in Sect. 11.5 was applied on the OASIS database. We used
the following linear model

Yi ∼ c0 + c1Genderi + c2Agei + c3CDRi + εi, (11.27)

where Yi is the measured deformation tensor on the surface for subject i, Genderi is
the gender of the subject, Agei the age, CDRi the clinical dementia ratio and εi is a
normally distributed random variable. We tested the null hypothesis that c3 ≈ 0 us-
ing the expected Euler characteristic of the T 2 random field [451, 454]. The results
are shown in Fig. 11.6. The color bar on these figures shows logarithmic proba-
bilities to emphasize regions of low probability. On this scale, log(0.01)= −2 and
anything smaller than log(0.05) = −1.3 is significant. In Fig. 11.6, we can see the
Sylvian fissure and the temporal saggital lobe show significant difference in the
group with mild dementia. Other differences between the healthy subjects and pa-
tients with mild dementia are observed on the right hemisphere. It is known in the
literature that there is an atrophy in the temporal lobe of patients with Alzheimer’s
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disease [408]. However, in our results, we found that the atrophy is spread over
wider regions in the right hemisphere. This is in opposition to other results, which
have shown a larger atrophy of the cortical thickness in the left hemisphere. It should
be noted that our study does not look at cortical thickness but rather cortical shape
differences.

11.6 Conclusion

We presented in this chapter a surface image to register surfaces. The surface image
integrates mean curvature information over a wide range of scale, thus creating a
faithful representation of the surface. The use of our surface image showed to im-
prove surface registration (Sect. 11.4). We then presented a statistical shape model
for surface morphometry in Sect. 11.5. We used the shape model on the OASIS
database, which contains patients with Alzheimer’s Disease and elderly subjects.
We used this shape model on the OASIS database and found that the presence of
Alzheimer’s disease was correlated with several shape differences in the temporal
lobe of both hemispheres. Results look promising, and we are investigating their
exact biological meaning.



Chapter 12
Preserving Time Structures While Denoising
a Dynamical Image

Yves Rozenholc and Markus Reiß

Abstract In restoration or denoising of a movie, the classical procedures often do
not take into account the full information provided by the movie. These procedures
are either applied spatially “image per image” or locally on some neighborhood
combining both closeness in one image and closeness in time. The local informa-
tion is then combined homogeneously in order to realize the treatment. There is one
type of movie where both approaches fail to provide a relevant treatment. Such a
movie, called dynamical image, represents the same scene along the time with only
variations, not in the positions of the objects in the scene but, in their gray levels,
colors or contrasts. Hence, at each point of the image, one observes some regular
temporal dynamics. This is the typical output using Dynamic Contrast Enhanced
Computed Tomography (DCE-CT) or Dynamic Contrast Enhanced Magnetic Res-
onance Imaging (DCE-MRI) where at each spatial location (called voxel) of the
image a time series is recorded.

In such a case, in order to preserve the full temporal information in the image,
a proper denoising procedure should be based on averaging over spatial neighbor-
hoods, but using the full dynamics of all pixels (or voxels) within the neighborhood.
It is thus necessary to search homogeneous spatial neighborhoods with respect to
the full dynamical information.

We introduce a new algorithm which meets these requirements. It is based on
two main tools: a multiple hypothesis testing for the zero mean of a vector and
an adaptive construction of homogeneous neighborhoods. For both tools, results of
mathematical statistics ensure the quality of the global procedure. Illustrations from
medical image sequences show a very good practical performance.
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12.1 Introduction

Classically, the restoration or the denoising of a movie involve 2D techniques for
smoothing [56, 287], enhancing (see contributions on structure enhancement and
use of line diffusion), filtering (see contribution of Michael Felsberg and references
within), partitioning (see [339] or contributions of J. Polzehl and K. Tabelow), etc.
applied image per image. If some methods use instead of one image a small number
of images to take into account the time domain, all methods ignore the full time
structure. A natural mathematical reason, outside the computational cost, is that the
information contained in one image is considered to be less and less connected to
the next images as the time increases. In some sense, the time regular structures
existing in a movie do not have a long range effect and disappear quickly as the
time distance between two images increases. One exception to this last rule is given
by movies made from one dynamical image where at each 2D location (pixel or
voxel) one observes not only a gray level or a color, but a full dynamical process
represented by a time series or a vector. This is typically the case when the objects
in the picture do not have changes in their position, but have changes only in their
brightness, contrast or color. Medical examples of interest are sequences like DCE-
CT or DCE-MRI which register the variations of a contrast medium in the internal
tissues of the body in response to a dynamical injection.

Our aim is to develop a new technique, adapted to these dynamical images, where
each pixel presents a time series. In order to denoise by local averaging, we com-
bine two approaches: statistical multiple hypothesis testing in the spirit of the works
[22, 120] to compare the time series between two pixels, together with a spatial
growth of locally homogeneous neighborhoods closely related to [285, 287]. The
originality of our method is not only to use the full dynamics to compare pixels, but
also the way of sequentially growing the neighborhood. While usual paradigms to
grow such neighborhoods compare the estimates built on the nested neighborhoods
as in [287], our method compares, at each step, independent estimates to stop or not
the recursive growth. In the context of noise with heavy tails like Laplace noise for
example, this comparison using independent estimates and robust statistics like the
median offers a clear benefit in reducing the error.

Because the test procedure is based on the comparison to zero of the difference
between two noisy vectors, i.e. two noisy time series, no modeling assumption is
used. As we use an adaptive multiple hypothesis testing procedure, neither regular-
ization in time is needed nor made. From a theoretical point of view, we only need
the dynamics to be not too wild in the sense that the enhancement differences—
viewed as a function of time—should remain in some Hölder regularity ball.

The article is organized as follows: In Sect. 12.2, we introduce the statistical
framework of dynamical images and summarize our method. The two main statis-
tical tools used to construct this method, multiple testing and neighborhood/ring
growth, are respectively studied in Sects. 12.3 and in 12.4. In these sections, results
from mathematical statistics are provided to guarantee the behavior of our method.
Section 12.5 is devoted to the comparison of our estimation technique with esti-
mates introduced in [287] and in [339]. Finally in Sect. 12.6, we briefly describe an
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application to DCE-CT of renal metastasis in the liver, an extract from the specific
work [363].

12.2 Denoising a Dynamical Image

We consider the following model called dynamical image indexed by the two quan-
tities t and x representing time and spatial location, respectively:

I = {Ix(t), x ∈ X , t ∈ {t1, t2, . . . , tK }}.
Here Ix(·) denotes a noisy time series at location x. The notation Ix will denote the
vector

(Ix(t1), . . . , Ix(tK)),

of the discrete observation at times t1, . . . , tK of this time series. In our setting, X
denotes the finite grid of pixels.

We assume that the noisy observations Ix(tk) may be written as

Ix(tk)= ix(tk)+ σεxk , (12.1)

where ix(t) denotes an unobservable true gray level at time t , where εxk denotes a
standardized noise with fixed distribution and where σ denotes the level of noise. We
assume that the noise variables εxk are independent and identically distributed with
respect to both spatial location x and (time index) k. It is not necessary to assume
that σ and the distribution of εx are known, but we will illustrate our construction
using the simple setting σ known and εx having a Gaussian distribution.

In order to compare the full time series, we use multiple hypothesis tests to decide
whenever the vectors Ix and Iy at spatial locations x and y are statistically similar
or not. For this purpose, we ask if the expectation of difference vector Ix − Iy is the
zero vector or not at a given level α which could be considered as a natural tuning
parameter. Such a test is presented in Sect. 12.3.

Given a set V of pixels, let us define the estimated dynamics using V as the
coordinate-wise empirical mean

ÎV = 1

|V |
∑

y∈V
Iy, (12.2)

where |A| denotes the cardinality of a set A. Our aim is to construct at each spatial
location x, a spatial neighborhood Vx of x made from voxels y such that the differ-
ence Ix − Iy does not deviate significantly from the zero vector and such that the
bias of the estimated dynamics obtained by replacing V in (12.2) by Vx remains un-
der control. Controlling the statistical bias means that we aim at using a procedure
which ensures that the principal goal of nonparametric statistics, which is the trade-
off between bias and variance, is achieved. This method is introduced in Sect. 12.4
and can be summarized as follows:
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Let a geometrically increasing sequence (ni) of positive integers be given with
n1 = 1. For a fixed location x ∈ X , we consider the set Wx of all pixels y such that,
at a level α ∈ (0,1), Ix − Iy is accepted to have a zero mean by the previous test. We
set i = 0 as well as V0 = ∅ and W0 = {x}. Our method repeats the following steps
until one test, at least, rejects the null hypothesis:

• Increment i.
• Define Vi = Vi−1 ∪Wi−1 and build the set Wi of the ni closest y in Wx \ Vi .
• For j = 1, . . . , i, test the i − 1 null hypotheses E(ÎWi

− ÎVj ) = 0 for j = 1, . . . ,
i − 1 against a non-zero expectation.

The final estimate is ÎVi−1 . The algorithm realizes a pointwise adaptive selection of
homogeneous dynamics. Because the last step involves a multiple hypothesis test,
in order to ensure that its level is α, each individual test has to be calibrated with
respect to α and i by a Bonferroni correction.

12.3 Multiple Testing

Given two spatial locations x and y, we present the statistical test used to compare
to the zero vector the expectation of the difference vector Z with components

Zk := Iy(tk)− Ix(tk), k = 1 . . .K.

Such a test of comparison to the zero vector derives from the theoretical works [22,
120] which consider a more general framework where σ is unknown and/or where
ε is not necessarily assumed to be Gaussian. The theoretical study relies on large K
asymptotics, which in our case means that we observe the continuous time signal
more and more frequently. For the sake of simplicity, we write Z = f + √

2σε and
we introduce these tests in their simplified version which is the Gaussian case with
σ known. We aim to test that the mean vector f is zero or not and hence consider
the hypotheses

H0 : “f = 0” versus H1 : “f �= 0”.

To enlighten the notations, we suppose that K , the number of time indices, is of the
form K = 2d and we consider the regular dyadic decomposition of the observation
times t1 . . . t2d . For j = 0, . . . , d−1, we denote by T j

1 . . . T
j

2j
the 2j intervals of time

indexes

T
j
l = {tk : k = 2d−j (l − 1)+ (1 . . .2d−j )}.

The set T j
l contains 2d−j time indices. Given j in 0, . . . , d − 1, let us introduce the

projection of the observation Z onto the space spanned by the vectors with same
coordinates on each time index T j

l :

ΠjZ = (m
j

1, . . . ,m
j

1︸ ︷︷ ︸
2d−j times

, . . . ,m
j

2j
, . . . ,m

j

2j︸ ︷︷ ︸
2d−j times

)
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with the local mean over T j
l

m
j
l = 1

2d−j
∑

t∈T j
l

Zt .

The test is based on the size of the squared Euclidean norm ‖ΠjZ‖2
K which is:

2d−j
2j∑

l=1

(m
j
l )

2 = 1

2d−j
2j∑

l=1

(∑

t∈T j
l

Zt

)2

.

Under H0, the difference vector Z = Iy − Ix is a centered Gaussian vector with
covariance matrix 2σ 2IdK , where IdK denotes the identity matrix in R

K . Hence,
under H0,

‖ΠjZ‖2
n/2σ 2 ∼ χ2(2j )

which defines a distribution-free test statistic. Let us denote by Ψ−1
D the inverse

cumulative distribution function of a χ2 with D degrees of freedom, using a Bon-
ferroni correction, our test procedure works as follows:

Reject H0 at level α if for any j = 0, . . . , d − 1,‖ΠjZ‖2
K/2σ 2 >Ψ−1

2j
(α/d).

If σ is unknown, instead of a χ2-test based procedure, [22] proposes a Fisher like
construction and considers the following procedure:

Reject H0 at level α if for any j = 0, . . . , d − 1,

‖ΠjZ‖2
K/2j

‖Z −ΠjZ‖2
K/2K−j >F−1

2j ,2K−j (α/d),

where F−1
2j ,2K−j denotes the inverse cumulative distribution function of a Fisher dis-

tribution with 2j and 2K−j degrees of freedom. Moreover, if the distribution of the
noise variables εxk is unknown, as ε := (εx − εy)/

√
2 is by construction standard-

ized and symmetrical, under the weak condition that the common distribution of the
ε does not put mass in 0, we can follow the construction proposed in [120]:

Consider p Rademacher vectors R1, . . . ,Rp of length K . Rademacher vectors
have independent coordinates Ri with P(Ri = +1) = P(Ri = −1) = 1/2. Intro-
duce the vectors Nj = Z ⊗ Rj where ⊗ denotes the coordinate-wise product. The
previous constructions can be generalized by considering the following procedure:

Reject H0 at level α if for any j = 0, . . . , d − 1,

‖ΠjZ‖2
K >Q−1[‖ΠjZ ⊗R1‖2

K, . . . ,‖ΠjZ ⊗Rp‖2
K ](α/d),

where Q−1[X1, . . . ,XK ] denotes the inverse cumulative distribution of the empiri-
cal distribution of the Xi , i = 1, . . . ,K .
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Introducing the continuous-time signal F defined by F(t) := ix(t) − iy(t), the
difference vector Z = Ix − Iy follows the fixed-design regression model

Zk = fk + √
2εk = F(tk)+ √

2σεk.

In this framework, the introduced multiple hypothesis tests are known to have a
power which may be controlled on balls of the form ‖f ‖K ≥ ρ(K) where ρ(K) is a
radius decreasing withK , the number of components of f (= number of observation
times in the dynamical image). Moreover, these multiple hypothesis tests are adap-
tive with respect to the unknown Hölder regularity s of the unknown function F : at
a fixed level α and for a given fixed power 1 − β , this test automatically achieves
(up to logarithmic factors) the minimax rate of testing ρs(K) obtained in [180] for
all regularities s > 1/4. More precisely, we can derive following [22, Theorem 1]
and [120, Theorem 4]) the following control of the power:

Theorem 12.1 If the distribution of ε1 does not put mass on 0, assuming that:
(Bernstein’s conditions) max1≤i≤n E(ε2p

i ) ≤ γp!μp−2 holds for all integers p ≥ 1
and some positive γ and μ, then there are A1, . . . ,A4 > 0 such that the multi-test
procedure is of power 1 − β outside the ball defined by

‖f ‖2
K ≤ inf

j
Δ(Jj , f,A1, . . . ,A5)

where

Δ(Jj , f,A1, . . . ,A5)

=A1‖f −ΠJj f ‖2
K +A2

√
γ

β
2(j−1)/2

+A3

(√
γ +μ+ max

k=1..K
(f 2

k )
)[

1 + j log 2 + log(1/β)

2

]

log

(
2d

βα

)

+A4

(√
γ +μ+ max

k=1..K
(f 2

k )
)

2(j−1)/2

√[

1 + j log 2 + log(1/β)

2

]

log

(
2d

βα

)

.

Corollary 12.1 If fk = F(tk) then the test is adaptative w.r.t. the Hölder regularity
s of F and achieves the optimal minimax rate for s > 1/4.

This theorem is the exact translation of [120, Theorem 4], using our simple set-
ting with K = 2d and dyadic partitions. It ensures a good power of the test (up to
logarithmic terms) if the true unknown function to be tested is, at least for one dyadic
partition, at a squared distance from 0 large enough to ensure that a noisy version
has also its squared distance from 0 large enough. Let us recall that the squared
distance of a noisy version is of the order of the sum of the variance term given by
the number of pieces of the partition and the bias term ‖f −ΠJj f ‖2

K which mea-
sures how well f can be approximated by a piecewise constant vector on the index
partition.
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We have now at hand the tool to compare dynamics at two locations x and y with
respect to the known noise level σ . We denote “Iy ≡α

σ 2 Ix” when the enhancement
difference average vector ix − iy is accepted to be the zero vector at level α with
respect to a noise variance 2σ 2 following the above construction.

12.4 Spatial Neighborhood Growth

We now present the construction of the spatial neighborhood Vx for a fixed loca-
tion x. In all that follows, the distance between spatial locations x in X can be
measured by any metric; usually the Euclidean metric will be taken.

The main idea of the sequential neighborhood growth can be explained in terms
of testing. Suppose that neighborhoods V1 ⊂ V2 ⊂ · · · ⊂ VM of x are given. Then the
stochastic fluctuations in the mean ÎVi of the observed signal over Vi , as measured
by the variances, decrease with i. On the other hand, the bias terms usually increase
with i (we smooth with a larger bandwidth). We can assume that the bias in ÎV1

is negligible (or we just set V1 = {x}). Considering next the empirical mean ÎV2\V1

over the observations in the set difference V2 \ V1, a test is constructed to decide on
the hypothesis that E(ÎV2\V1 − ÎV1)= 0 (recall that EZ denotes the coordinate-wise
expectation of a vector Z). If the test rejects, we conclude that the bias of the new
observations is already too large and we take V1 as neighborhood, thus keeping ÎV1

as estimator. Otherwise, we accept V2 as new neighborhood and consider V3 \ V2.
If ÎV3\V2 does not deviate significantly from ÎV1 and from ÎV2 , we continue. Other-
wise, we stop and select V2 as neighborhood, ÎV2 as estimator. This way we continue
growing the neighborhoods until the first time the new observations differ statisti-
cally significantly from any of the estimators on the previously built neighborhoods
or until we reach the last index M .

This simple idea is reminiscent of Lepski’s method [286, 287] in mathematical
statistics with the important difference that at the ith step we do not test whether
the new estimator ÎVi+1 is statistically homogeneous with all previous ÎVj , j ≤ i,
but we compare only the average ÎVi+1\Vi over the new observations with the pre-
vious estimates. This has the clear advantage that the underlying test statistics are
based on independent quantities and that in practice the number of too large grown
neighborhoods is reduced because changes in the signal are detected earlier.

In order to correctly define our method, it is, of course, of great importance how
to define precisely the tests and how to preselect the potential neighborhoods (Vi).
In the static case (i.e. we only observe a scalar, not a time series at each point)
this is described in full detail in [356], here we describe the main points. Let us first
indicate how two averages ÎV and ÎV ′ over disjoint sets V and V ′ are compared. The
test statistic is always based on the size of the difference ZV,V ′ = ÎV − ÎV ′ . In the
static case and for Gaussian noise, we can standardizeZ2

V,V ′ by its expectation under

the null, which is ρ(V,V ′) = |V |−1 + |V ′|−1, and compare it with some critical
value zV,V ′ . This critical value can be specified by a Bonferroni correction of the
corresponding χ2-quantile, taking into account the multiple testing. A more refined
and powerful, but also computationally more demanding calibration of the quantiles
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in this case is proposed in [356]. Together with the prescription of geometrically
growing neighborhoods (Vi), it is proved there that this results in estimators that
optimally adapt to the local regularity of the signal (in the asymptotic minimax
sense over Hölder balls). We thus achieve an unsupervised estimation procedure
which is pointwise adaptive.

Here, the focus is on dynamic images and we need to compare the mean of time
series over different spatial locations V and V ′. For this we use exactly the adap-
tive multiple testing procedure presented in the preceding section. A second feature
is that an a priori prescription of potentially good neighborhoods (Vi) around each
pixel or voxel x is not feasible. The potential neighborhoods should rather be pres-
elected based on the data observed in order to adapt to possibly heterogeneous ge-
ometric structures like borders or bands where a priori defined balls or squares are
obviously not adequate. In a first preprocessing step we therefore exclude pixels that
carry with high probability a significantly different time series. On the pixels kept
after preprocessing we apply our neighborhood growth, which eventually results in
the following algorithm.

We consider the set

Wx = {y ∈ X s.t. y �= x and y ≡α
σ 2 x}

of the spatial locations for which the time series are statistically similar to those of x
with respect to the multi-test introduced in Sect. 12.3 above. Let us emphasize that
Wx is neither necessarily contiguous with {x} nor connected.

Our algorithm works as follows:

1. Start with i = 0 and set V0 = {x} and Î0 = Ix as the first neighborhood and its
associated denoised time series.

2. Find Wi the subset of the C02i closest points to Vi in Wx \ Vi . We call this set
the “ring” around Vi , alluding to the case Wx = X with the Euclidean distance.

3. Compute Ĵi the estimated time series using locations in the ring Wi .
4. Test if Ĵi is statistically not to be distinguished from all previously constructed

estimates Îj for j = 0, . . . , i. See hereafter for precision on this test.
5. If equality is accepted, consider

Vi+1 = Vi ∪Wi

and define the estimate Îi+1 using locations in Vi+1. Return to (2) with i = i+1.
6. Else stop, define Vx = Vi and use Îx = Îi as denoised time series in x.

To compare Ĵi with the previously constructed estimates Î0, . . . , Îi , we test the
hypothesis

H0 : “E(Ĵi − Îj )= 0, for all j = 0, . . . , i”,

against

H1 : “E(Ĵi − Îj ) �= 0, for at least one j”,
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using a generalization of our test introduced in Sect. 12.3. We accept H0 if

Ĵi ≡α/(i+1)
σ 2ρ(|Vj |,|Wi |) Îj .

The use of α/(i + 1) is a Bonferroni correction due to multiple hypothesis tests. It
would be possible to use more clever corrections as proposed in [30] for example.
The correction factor ρ in the noise level takes into account that the estimates come
from independent samples with respective size |Vj | and |Wi |, which in the Gaussian
case is just the variance ρ(|Vj |, |Wi |)= |Vj |−1 + |Wi |−1.

12.5 Static Toy Examples

Not yet exploring the full scope of the method for treating dynamical images, we
present first how the denoising is accomplished for one- and two-dimensional sig-
nals (images) without an attached time series structure.

12.5.1 1D Example

We propose a simple 1D example to compare the use of rings combined with balls
with the algorithm introduced in [287] based only on balls. Given an increasing
sequence of neighborhoods Vj , indexed by j = 1, . . . , jmax, the selected index in
[287] is defined by

ĵ = inf

{

j ≥ 0 s.t. ∃�≤ j,
‖ÎVj − ÎV�‖2

E[‖ÎVj − ÎV�‖2] > z2
�

}

∧ jmax

while for our method the index is selected as follows:

ĵ = inf

{

j ≥ 0 s.t. ∃�≤ j,
‖ÎVj \V� − ÎV�‖2

E[‖ÎVj \V� − ÎV�‖2] > z2
�

}

∧ jmax.

Both methods achieve the same rate of convergence for α-Hölder classes of signals
in R

d :

E[‖ÎV
ĵ
− i‖2] ≤ c

(
logn

n

)2α/(2α+d)
,

where n is the size of the neighborhood. This rate is known to be optimal in a mini-
max sense over classes of Hölder functions, already in the classical mean regression
model with known errors (see [286]). The logarithmic term has to be paid in order
to be adaptive. Note that the dimension d , driven by the dimension of the neigh-
borhood, is two for classical images, the length K of the time series itself does not
change the rate, but will certainly influence the finite sample performance: more
data in time increases the signal to noise ratio.
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Fig. 12.1 A simple example with a parabolic signal. Estimation point is x = 0 and noise is Laplace
distributed. Errors from 1000 Monte Carlo replications

In the left part of Fig. 12.1 the true signal is presented together with a typical sam-
ple of 200 data points obtained by adding iid Laplace distributed noise. The estima-
tion point is at x = 0 in the center. As possible balls, i.e. intervals, around x we take
Vk := [−aj ,+aj ] with aj = 4 · (5/4)j /200 with j = 1,2, . . . We compare the fol-
lowing methods: (1) balls as in Lepski [287] using the local mean; (2) balls/ring us-
ing the local mean; (3) balls as in Lepski [287] using the local median; (4) balls/ring
using the local median; all these methods are compared to the (5) oracle where
the median is taken over the (a posteriori optimal) interval [−0.39,+0.39], which
is slightly larger than V10. We have used the empirical median in addition to the
empirical mean (12.2) since for Laplace distributed noise the median is more effi-
cient and robust. The calibration of the methods follows always the same algorithm
as recommended in [356]. The boxplots present the errors computed for the same
1000 samples with each method. The boxplots in Fig. 12.1 show a comparable per-
formance for our method in the mean case with the benchmark Lepski approach
while in the median case a clear advantage for our ball/ring method can be seen. It
is remarkable that the oracle error is almost achieved.

12.5.2 2D Example

Figure 12.2 compares our method to AWS introduced in [339]. The left subfigure
shows a noisy image obtained using a pattern with two values and a Laplace noise
with noise level equal to the difference of these two values. The middle subfigure
shows the denoised version using AWS, a typical benchmark procedure for off-the-
shelf spatially adaptive denoising. We have used the R package AWS version 1.3–
3.1 developed by the authors of [339] available on the web site of the CRAN using
the default 2D settings to produce this subfigure. Finally, the right subfigure shows
the denoised image obtained by our method. While, at the used default setting, AWS
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Fig. 12.2 Left: Noisy data. Middle: AWS. Right: Balls/Rings

Fig. 12.3 Examples of neighborhood (pink crosses) found for 4 selected points of interest (red
circle)

offers a very clean picture in the right lower corner, all details are lost in the upper
left corner. Using our method, the signal is less smoothed out, but allows to recover
details even in the last part of the upper corner. Clearly more details can be found in
this last image even if one could complain about the remaining noise due the noise
level used.

In Fig. 12.3, four examples of selected neighborhoods are presented. One can re-
mark the special effect of the first selection of the set Wx in the presented examples:
the neighborhood follows the borders and can even be not connected, allowing for
rich geometrical structures in the signal.

12.6 Practical Results

A complete study, using our technique in the framework of DCE-CT, has been con-
ducted with radiologists at the European George Pompidou Hospital (HEGP), Paris,
and the complete results are reported in [363]. In order to provide a flavor of how
our method works on real data, we have extracted from this study a few illustra-
tions. The precise setting of the medical experiments as well as the way the tuning
parameters like σ and α are fixed is left to that work.

Due to the limited irradiation dose used during the sequential acquisition, the
dynamical images in this study suffer from a poor signal-to-noise ratio. Figure 12.4
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Fig. 12.4 Typical curves (time, enhancement) of individual voxels in ROI manually drawn within
the Aorta (left) and the tumor (right)

Fig. 12.5 Voxel within the aorta

Fig. 12.6 Voxel within the tumor

shows typical time series obtained from voxels in manually selected Regions of In-
terest (of size 115 voxels) within the Aorta (left curves) and a tumor (right curves).

The Figs. 12.5 and 12.6 present the result of our method applied at two different
voxels, one inside the aorta and the other inside the tumor.

Each figure is divided into 3 sub-figures. Left: the denoised slice at a specific
time, with the selected voxel x (black cross) and the voxels from its neighborhood
Vx (pink dots). Center: the original enhancement vector Ix (red thick curve) and
the associated enhancement vectors Iy for y ∈ Vx (background curves). Right: the
estimated enhancement using a generalized median as a robust center of the selected
neighborhood (see Sect. 12.4).
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12.7 Conclusion

Using a two-step procedure, each step based on multiple hypothesis testing, we have
introduced a novel algorithm to denoise dynamical images where each point of the
picture exhibits a complete time series. Based on a comparison of the time series
dynamics, this algorithm preserves the full structure of the time series by averaging
spatially over adaptively grown neighborhoods. The efficiency of our algorithm is
shown on artificial examples and on real medical images. The quality of the denoised
dynamical image is shown by the remarkable reconstruction of the details in these
spatially heterogeneous images.
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Chapter 13
Interacting Adaptive Filters for Multiple
Objects Detection

Xavier Descombes

Abstract In this chapter, we consider a marked point process framework for an-
alyzing high resolution images, which can be interpreted as an extension of the
Markov random field modelling (see Chaps. 14 and 15). The targeted applications
concern object detection. Similarly to Chap. 10, we assume that the information
embedded in the image consists of a configuration of objects rather than a set of
pixels. We focus on a collection of objects having similar shapes in the image. We
define a model applied in a configuration space consisting of an unknown number
of parametric objects. A density, composed of a prior and a data term, is described.
The prior contains information on the object shape and relative position in the im-
age. The data term is constructed from local filters matching the object shape. Two
algorithms for optimizing such a model are described. Finally, two applications,
concerning counting of a given population, are detailed. The first application con-
cerns small lesions in the brain whereas the second aims at counting individuals in
a flamingo colony.

13.1 Introduction

Statistical physics and probabilistic approaches have been brought in image anal-
ysis starting with the seminal paper by Besag in 1974 [33]. Ten years later, the
papers, based on Gibbs modeling, either in texture analysis [86] or in image restora-
tion [183], mark the beginning of a new field in image processing: the Markov Ran-
dom Field (MRF) modeling. Since then, Gibbs fields methods have been intensively
developed in the Bayesian framework. These early works generated an explosion of
applications of Gibbs fields for modeling high-dimensional inverse problems of im-
age processing such as restoration, denoising, deblurring, classification, segmenta-
tion, feature extraction, surface reconstruction, stereo matching, etc. Some examples
of advanced Markovian modeling are given in Chaps. 14 and 15.
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The basic characteristic of the Gibss distributions is their decomposition as a
product of factors depending only on few variables. Moreover, the distributions in-
volve usually only few types of factors. One of them arises from the observable im-
age (the data term) and has the form of an external field term. Other factors are due
to generic or prior knowledge on the structure of images. Prior terms in the distri-
bution function are specified by potentials associated with local interactions defined
on finite sets of neighboring variables. Thus, each variable directly depends only on
its neighborhood, although from a global point of view, all variables are mutually
dependent through the combination of successive local interactions. Therefore, the
defined prior permits to include constraints on the regularity or the smoothness of
the solution. However, the MRF machinery is not well suited for introducing geo-
metric constraints. The actual shape of objects or segments in the image are hardly
modeled by local interactions between neighboring pixels. For example, as shown
in Chap. 10, a Gestalt law promotes good continuation in linear structures based on
object interactions rather than on pixel values. This limit becomes a major drawback
when dealing with high resolution images. In such images, the geometry of objects
is well described and actually represents the most relevant information. To analyze
these images, it is therefore necessary to generalize MRFs. We present in this chap-
ter such a generalization by considering marked point processes [89, 90, 423]. The
main idea is to define a probabilistic model on a configuration space defined by
objects instead of pixels. We do not consider general shapes, such as described in
Chap. 11, but parametric objects, such as discs, ellipses, rectangles, or segments,
allowing optimization of the model within reasonable computation time. The point
process theory offers the possibility to work with an unknown number of variables,
which is particulary adapted to our context as we do not know the number of objects
in the image.

In this chapter, we focus on the different terms involved in the definition of a
marked point process. We propose a general model based on local filters to extract
the information from the data at an object level. We then describe two optimization
algorithms and present two applications.

13.2 Point Processes of Local Filters

In this section, we define a general model for detecting a configuration of objects,
geometrically specified, in an image. After having very briefly reviewed the marked
point process approach in image processing, we present a general model based on
the definition of spatially adaptative local filters.

13.2.1 Marked Point Processes in Image Processing

Marked point processes have been introduced in image processing in the early
nineties [18, 365]. These models can be interprated as a generalization of Markov
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Random Fields (MRFs), widely spread in the image processing community, cf.
Chaps. 14 and 15. The main idea is to mix information estimated on the data and
prior knowledge on the solution. MRFs hardly embed geometric information, such
as features on object shapes. One can address this problem by considering a MRF
on a graph, where the nodes represent an underlying object [418]. However, the
approach requires the specification of the graph, which means the knowledge of
the objects and their spatial relations. During last years, the increasing number of
high resolution data, especially in satellite imagery, has motivated the development
of new algorithms for analyzing images by taking into account the geometrical in-
formation. In this context, marked point processes have proven their efficiency to
solve real applications such as road detection [269, 393] or building footprint ex-
traction [270, 323]. We now give the main definitions and ingredients to define a
marked point process. For a detailed construction of point processes, the reader can
refer to [423].

Let K ⊂ R
p be a subset of Euclidean space and L⊂ Z

p ∩K the corresponding
discrete lattice. Usually p = 2 or 3 for image processing applications. The image is
denoted by I = (is)s∈L, where is ∈Λ is the grey level (or color) of pixel s. Consider
Ωn = {x = {x1, . . . , xn}, x1, . . . , xn ∈ K} the set of unordered configurations of n
points in K . We define the configuration space as Ω =⋃n∈NΩn. We consider a
reference measure π on Ω defined as follows:

dπ(x)= f (x)dν(x), (13.1)

where ν(x) is the measure of the Poisson process of intensity λ(u),u ∈K and f (x)
is a density (Radon-Nykodim derivative of π with respect to ν).

Let us consider now a space of marks M = C ×N , where C ∈ R
c and N ∈ N

m.
A mark m ∈ M is associated to each point in the configuration x. These marks
can be continous, for example the radius of a disk, or discrete, for example a label
selecting a shape (disk, rectangle, . . . ). An object is then associated to the couple
oi = (xi,mi) ∈K ×M . We consider the Lebesgue measure μc on C and the count-
ing measure ρ on N .

A marked point process is then defined by a density h(·) with respect to the
product measure π(·)μc(·)ρ(·):

∀o = {(x1,m1), . . . , (xn,mn)} ∈ (K ×M)n,

dp(o)= h(o)dπ(x)dμc(m1)dρ(m2),
(13.2)

where x = {x1, . . . , xn}, m1 = {m1
1, . . . ,m

1
n} corresponds to the continuous marks,

defined in C and m2 = {m2
1, . . . ,m

2
n} corresponds to the discrete marks, defined

in N .
The density h(.) is usually written as a product of a prior term, reflecting prior

knowledge on the solution, and a data term, reflecting the radiometric properties of
the image. By writing h as a Gibbs density, we obtain:

h(o)= 1

Z
exp−[Up(o)+Ud(o)], (13.3)
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where Ud(o) depends on the data I and Up(o) is a prior energy, Z is the partition
function which is usually unknown.

Once the model is defined, the solution is obtained by maximizing the density:

ô = argmaxh(o). (13.4)

To estimate this solution, we consider a simulated annealing scheme, which consists
in iteratively simulating:

(h(o))
1
T dπ(o), (13.5)

where T is a temperature parameter slowly decreasing to zero during iterations.

13.2.2 Prior Energy

The goal of the prior energy is to model some constraints on the object configuration.
These constraints aim at favoring or penalizing some local configurations depending
on the knowledge we have on the solution apart from the data themselves. We only
consider, in this subsection, pairwise interactions. Let us consider a set of symmetric
relations ∼i in K ×M . We consider that two objects o and o′ interact if and only
if there exists a relation such that o ∼i o

′. Two classical examples of such relations
are given by:

Proximity:

∀{o= (x,m), o′ = (x′,m′)} ∈ (K ×M)2, o∼p o
′ ⇔ d(x, x′)≤R.

(13.6)
Overlapping:

∀{o= (x,m), o′ = (x′,m′)} ∈ (K ×M)2, o∼o o
′ ⇔ o ∩ o′ �= ∅. (13.7)

The prior energy is then decomposed on the different relations as follows:

Up(o)=
∑

i

∑

{o,o′}⊂o:o∼i o
′
Vi(o, o

′). (13.8)

For example, penalizing close or overlapping objects can be obtained by:

Proximity:

∀{o, o′} ∈ (K ×M)2 : o∼p o
′, Vp(o, o

′)= C > 0. (13.9)

Overlapping:

∀{o, o′} ∈ (K ×M)2 : o∼o o
′,

Vo(o, o
′)= C

μ(o ∩ o′)
min(μ(o),μ(o′))

, C > 0.
(13.10)

where μ(x) is the surface of x.

More sophisticated interactions will be described in Sect. 13.4.
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13.2.3 Local Filters Versus Likelihood

The data term Ud(o) is classically obtained by modeling the likelihood of the data:

p(I |o)= 1

Zl

exp(−[Ud(o)]). (13.11)

This leads to the Bayesian approach which consists in modeling the posterior:

p(o|I )∝ p(o)p(I |o), (13.12)

where p(o)= 1
Zp

exp(−[Up(o)]) is the prior.
Let consider that the image is composed of a background, where the pixel grey

levels follow a Gaussian distribution N (μb,σ
2
b ) and some objects, for which the

pixel grey levels follow a Gaussian distribution N (μo,σ
2
o ). Consider a configura-

tion of objects o. The silhouette S(o) of o is defined as follows:

S(o)= {s ∈ L : ∃u ∈ o, s ∈ u}. (13.13)

In other words, the silhouette of o is the projection of the union of the objects com-
posing o on the lattice L. The likelihood of the image I given the object configura-
tion is then given by:

p(I |o) =
∏

s∈S(o)

1
√

2πσ 2
o

exp

(

−
[
(is −μo)

2

2σ 2
o

])

×
∏

s /∈S(o)

1
√

2πσ 2
b

exp

(

−
[
(is −μb)

2

2σ 2
b

])

. (13.14)

Defining such a likelihood requires a model of the pixel radiometry for both ob-
jects and background. In this chapter, we consider an object approach, specially
adapted for high resolution images. In this case, a radiometric model is usually not
available, at least at the pixel level. One can imagine to specify the radiometry of
the targeted objects, but the background is usually composed of different structures
having highly variable radiometry. For example, let us consider the problem of tree
detection. The background may be composed of roads, buildings, lakes, . . . There-
fore, a background radiometric model does not make sense. The object class is also
not always completely specified by the radiometry. Some vegetation index can be
computed allowing the definition of the likelihood term for trees. However, vegeta-
tion is not restricted to trees. Therefore, using a likelihood to define the data term in
the detection model will lead to false alarms in meadows. To overcome this draw-
back, we address an object based approach to define the data term. We consider an
energy, written as a sum on the objects in the configuration:

pI (o)= 1

Z
exp(−[Up(o)+Ud(o)]), (13.15)
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where

Ud(o)=
∑

o∈o

ud(o). (13.16)

The term ud(o) is the output of a local filter, assessing, from the data point of view,
the relevance of object o. Note that the object contains information both on its lo-
cation and on its shape. The data term can thus be interpreted as an adaptative local
filter by selecting, or more precisely favoring, a specific shape of the object depend-
ing locally on the data.

Consider an example, based on a distance between pixels inside and outside
the object. Let o be an object and S(o) ⊂ L its silhouette. We define the discrete
ρ-neighborhood of o as follows:

ρ(o)= {l ∈ L/{S(o)},∃t ∈ S(o) : d(l, t)≤ ρ}, (13.17)

where d(. , .) is the Euclidean distance. The local filter is based on a distance be-
tween the radiometries inside and outside the object as follows:

f (o)= (μin −μout )
2

4
√
σ 2
in + σ 2

out

− 1

2
log

2σ 2
inσ

2
out

σ 2
in + σ 2

out

, (13.18)

where μin and σin (resp. μout and σout ) are the mean and the standard deviation
of pixels inside S(o) (resp. in the ρ-neighborhood of o). This local filter is then
mapped to [−1,1], to get the data term, as follows:

ud(o)=
{

1 − f (o)
d0

if f (o) < d0,

exp(−[f (o)−d0
c

])− 1 if f (o)≥ d0,
(13.19)

d0 can be interpreted as a threshold, above which the filter output tends to favor the
considered object in the configuration.

Figure 13.1 shows the detection of disks on a synthetical image. Data are taken
at the object level, inducing some robustness of the solution with respect to noise.
When using the likelihood as a data term, we can notice than the band, with some
radiometric properties similar to the disks, is paved with disks. The fully object
approach, considering local filters to define the data term, avoids these false alarms.

13.2.4 Reference Measure

The considered reference measure is usually the Poisson process measure. However,
some information can also be embedded into this measure. When computing a sim-
ulated annealing scheme, the process converges to the configuration of objects that
maximizes the density (see (13.5)). The result is not affected by the reference mea-

sure. At low temperature, when simulating (h(x))
1
T dπ(x), the density h(·) brings

the main contribution on the different sampled configurations. On the contrary, at
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Fig. 13.1 Synthetical data (left), disks detection using the likelihood (middle) and the local filter
approach (right)

high temperature, (h(x))
1
T tends to an uniform density. In this case, the main charac-

teristics of the sampled configuration reflect the reference measure properties. The
reference measure does not influence the final result but can be crucial for reducing
the computation time. When modeling a given property, we then have the choice to
include it in the density or in the reference measure. To make this decision, we have
to answer to the following question: do I want to constraint the solution to match
this property or do I only expect the solution to satisfy this property? In the former
case, the property should be included in the density, but in the reference measure in
the latter. A first example is to consider a Poisson measure as reference measure but
with a non homogeneous intensity. The location of the objects in the final configu-
ration will not be affected but, during the optimization, the objects will be searched
preferably in areas with a high intensity. One such example is given in [335] for trees
detection. The application concerns tree crown extraction in order to count individ-
uals in a stand. A vegetation index is computed on the whole image. The intensity of
the reference Poisson measure is proportional to this index. During the optimization
process, new objects are then preferably proposed on pixels having a high value of
vegetation, which saves time by avoiding to search trees in areas without vegetation.
But the final result does not depend on this vegetation index, as it could introduce
false alarms in meadows for instance.

A density, embedding some interaction, can also be included in the reference
measure. Consider the example of tree crown extraction but in the case of a planta-
tion. There is a periodicity in the tree location. We would like to favor the configu-
rations which are consistent with this periodicity. This can be done by introducing
some attractive property in the density by defining pairwise interaction between ob-
jects satisfying the periodicity constraint. On the other hand, if there is a lack in
the plantation, we do not want to favor an object where the tree is missing. In this
case, the periodicity interaction should not be included in the density h(·) but in the
density of the reference measure f (·).

13.3 Optimization

Once the model is defined, the solution is obtained by optimizing the density. The
partition function, or normalization constant, of the model, is unknown and cannot
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be estimated numerically. Therefore, we have to perform the optimization by an it-
erative algorithm converging toward the solution. This is done by using a simulated
annealing scheme, which consists in sampling the model at a given temperature,
as defined in (13.5). The different algorithms are characterized by the sampling
scheme they employ. Basically, we can distinguish two main approaches. The first
one is discrete and is based on a Metropolis-Hastings dynamics. It consists in ran-
domly perturbing the current configuration. At each step, a new configuration is
proposed and is accepted or not depending on a specific acceptation rate ensuring
the convergence to the target distribution. The second class of algorithms is based
on a continuous process which consists in randomly adding and removing objects
in the current configuration. They are referred to as birth and death processes. Some
hybrid approaches, combining both aspect, are called jump and diffusion processes.
In this section, we present the classical RJMCMC scheme, belonging to the first cat-
egory, and a recently proposed birth and death process, which allows adding several
objects at the same time (after discretization).

13.3.1 Reversible Jump MCMC

One of the most common ways to simulate a point process is to define a Markov
chain allowing two types of transitions: the addition of a point to the configura-
tion (birth) and the deletion of a point from the configuration (death). The mixing
properties of the chain can be increased by means of a Metropolis-Hastings (MH)
dynamics [185]. This dynamics enables us to add moves that modify the character-
istics of an object. Moves, such as translation, rotation, dilation, are important for
speeding up the convergence in practice [190]. This class of algorithms is known
under the name “Reversible Jump Monte Carlo Markov Chains” (RJMCMC), and
has been widely applied to several image analysis problems in [269, 323, 365].

Suppose the Markov chain is in state o. We randomly choose a move of type i,
which transforms o to o′ with probability γi(o → do′). The new state o′ is then
accepted with probability:

αi(o → o′)= min

{

1,
h(o′)γi(o′ → do)dπ(o)
h(o)γi(o → do′)dπ(o′)

}

. (13.20)

Green presented in [190] the RJMCMC method for jumping between states in
spaces of different dimensions. It is necessary to match the dimension of state o
to o′. This is done by sampling a vector u of continuous random variables indepen-
dently of o. o′ is obtained by using an invertible deterministic function ϕ(o, u). The
acceptance probability is modified by the Jacobian of the transformation:

αi(o → o′)= min

{

1,
h(o′)

h(o)γ (u(i))

∣
∣
∣
∣

∂ϕ

∂(o, u)

∣
∣
∣
∣
p(proposing the reverse jump)

p(proposing the fowards jump)

}

,

(13.21)
where γ (u(i)) is the density of the random vector u.
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If the dimension of the configuration space is fixed, we obtain the classical
Metropolis-Hastings dynamics.

13.3.2 Births and Deaths

We now describe an algorithm consisting of a multiple births and deaths process.
The main point is that, at each iteration, a configuration of objects, and not only one
object, is first added randomly, and then each object in the current configuration is
killed with a given probability. Therefore, during the birth step several objects are
involved. Besides, the birth of objects depends neither on the energy nor on the tem-
perature. This algorithm has been recently proposed in [102] and appears to be an
interesting alternative to RJMCMC algorithms. This process is a discretization of a
continuous process defined by a stochastic differential equation. The convergence
of the continuous process toward the stationary measure and the convergence of
the discretization scheme toward the continuous process have been proved in [102,
349]. In this chapter, we only describe the discrete process, which provides the opti-
mization algorithm, parameter δ being the time discretization step. At each iteration,
a configuration o is transformed into a configuration o′ = o1 ∪o2, where o1 ⊆ o, and,
o2 is a configuration such that o1 ∩o2 = ∅ and is distributed following a Poisson law
of intensity z.

This transformation thus contains a birth part, given by o2 and a death part given
by o \ o1.

The transition associated with the birth of an object o= (x,m) in a small volume
Δx ⊂K is given by:

qδ(o)=
{
zΔxδ, if o → o ∪ {o},
1 − zΔxδ, if o → o (no birth),

(13.22)

where δ is the time discretization step of the corresponding stochastic differential
equation.

The death probability of an object o from configuration o is given by:

pδ(o)=
{

δa(o)
1+δa(o) , if o → o \ u,

1
1+δa(o) , if o → o (object o is not killed)

(13.23)

with a(o)= (
h(o/{o})
h(o) )β , where β is interpreted as the inverse temperature.

Moreover, all new objects are added independently, and configurations o and o2

are independent.
The algorithm simulating the process is defined as follows:

• Main program: initialize the inverse temperature parameter β = β0 and the dis-
cretization step δ = δ0 and alternate birth and death steps
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– Birth step: Select randomly a number of new objects following a Poisson law
of average δ.

– Death step: for each object o in the current configuration o, compute the death
rate as follows:

d(o)= δaβ(o)

1 + δaβ(o)
, (13.24)

where a(o)= (
h(o/{o})
h(o) )β , then the object o dies with probability d(o).

– Convergence test: if the process has not converged, decrease the temperature
and the discretization step by a given factor and go back to the birth step. In
practice, the convergence is obtained when all the objects added during the
birth step, and only these ones, have been killed during the death step.

13.4 Applications

In this section, we describe some real applications to show the relevance of marked
point processes for analyzing high resolution images. We only describe simple prior
models consisting only in local attractive or repulsive constraints between different
objects. More sophisticated priors, such as alignment or paving, can be found to
address more complex structural patterns such as road networks or building footprint
detection [269, 323].

13.4.1 Segments

In this subsection we describe a first model based on segments (see [101] for full
details), for detecting small lesions in the brain. Different types of small focal le-
sions are typically found in MRI scans of elderly subjects. Their neuropathological
substrate and their influence on cognitive abilities is still under debate [220]. The
neurobiological background of this work is to aid in discriminating healthy from
pathological aging as revealed by MRI brain data sets. Estimating the lesion count
and describing their position is tedious due to their multitude. So typically, these
lesions are evaluated visually in the acquired data sets and rated by semiquantita-
tive scales [373]. One such lesion type is called “enlarged Virchow-Robin space”
(VRS) that corresponds to a small gap around a deep penetrating artery supplying
the white matter. Such lesions appear as small tubular structures filled with cerebro-
spinal fluid (CSF) that are perpendicular to the brain surface. Typically, they are
close to the spatial resolution limit of current MRI methods (1–3 mm in diame-
ter and 3–15 mm long), and a single brain may contain hundreds of such lesions.
We define a marked point process approach for detecting these small lesions, that
are non-uniformly distributed in space, by modeling their relative position. Struc-
ture and distribution of VRS have motivated the following approach. A VRS can
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be modelled by a tube containing several voxels (Descombes et al. [101]). Thus, an
approach based on a geometrical object appears suited for this problem. Secondly,
VRS are not uniformly localized and some clustering property can be observed (De-
scombes et al. [101]). We define a prior which favors clustering of segments while
penalizing overlapping between segments.

Prior The prior model takes the geometry of a detected object and its interac-
tions into account. Each object is represented by a point with attributes (or marks)
that define its geometry. The resulting configuration is a set of marked points
o = {o1 = (x1,m1), . . . , on = (xn,mn)} where xi ∈K ⊂ R

3 and mi = (ρi, θi,ψi) ∈
[ρmin, ρmax]× [0,2π] × [−π,π] (length and orientations of a segment). We restrict
the volume K to the space of points that satisfy max(Fu(oi),Fv(oi),Fw(oi)) ≥ 0,
where Fu, Fv and Fw are the filters defining the data term (see below).

We define a density with respect to the Poisson measure of intensity λ. For a given
configuration o = {o1 = (x1,m1), . . . , on = (xn,mn)}, the density h(o) is written as
follows:

h(o)∝
∏

k∈〈1,n〉
q1(ρk)

∏

k,k′∈〈1,n〉:k∼k′
q2(ok, ok′), (13.25)

where ∼ defines a neighborhood relation. The term q1(ρk) represents a prior on the
segment length and is defined as follows:

q1(ρk)= exp

(

−
[

A

(
ρmax − ρk

ρmax − ρmin

)2])

. (13.26)

In our experiments, we have chosen ρmin = 2 and ρmax = 15, according to the
length of VRS observed in our datasets and reported in the literature [220]. The
term q2(ok, ok′) defines interactions between neighboring segments. We consider
three kinds of interactions (see Fig. 13.2): (i) an explicit term which penalizes in-
tersecting segments, (ii) a clustering term which favors neighboring segments with
similar orientation and (iii) a repulsive term which penalizes neighboring segments
with different orientations. To define the different interactions, we consider a dis-
cretization S(o) = [o(1), o(2)], of the segment o, where o(1) = (o

(1)
u , o

(1)
v , o

(1)
w ) and

o(2) = (o
(2)
u , o

(2)
v , o

(2)
w ) are the extremity voxels of S(o). We use the following ex-

plicit interaction to penalize intersecting segments:

q2(ok, ok′)= exp[−B] if S(ok)∩ S(ok′) �= ∅. (13.27)

The vessels are distributed perpendiculary to the brain surface. Therefore, we define
a local clustering interaction between segments of similar direction. Two segments
o and o′ have a similar u-direction if and only if:

{
|o(2)u − o

(1)
u |> max(|o(2)v − o

(1)
v |, |o(2)w − o

(1)
w |),

|o′(2)
u − o′(1)

u |> max(|o′(2)
v − o′(1)

v |, |o′(2)
w − o′(1)

w |). (13.28)
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Fig. 13.2 Explicit (left), clustering (middle) and repulsive (right) interactions

If o = (x,m) and o′ = (x′,m′) have a similar u-direction, we have a clustering
interaction:

qclu2 (o, o′)= exp
[+Cmin

(|o(2)u − o(1)u |, |o′(2)
u − o′(1)

u |)]

if |xu − x′
u|< c. (13.29)

This interaction is easily extended to segments having similar v- or w-directions.
Finally if two segments have no similar directions, we define a repulsive interaction
as follows:

q
rep

2 (o, o′)= exp[−D] if ‖x − x′‖< d. (13.30)

Note that qclu2 (o, o′) and qrep2 (o, o′) are mutually excluding.

Data Term We first define a local filter which can be interpreted as a VRS in-
dicator. This filter extracts the information provided by the radiometry (grey level
of voxels). In a first approach, VRS can been modeled as small tubular structures,
with a diameter close to the data resolution (typically 1–3 mm). Their length varies
with an average of 3–4 mm but can reach up to 15 mm in exceptional cases. The
data representation of these structures is discrete due to the discrete nature of the
image lattice. The induced discretization is far from being isotropic. Therefore, we
can only consider the three main directions (u, v,w) defined by the data without
loosing significant information. For these three directions we design filters that take
the diameter variability and the partial volume effect into account. A filter lies in
the plane perpendicular to the considered direction, say u. It consists of a central
voxel s, the eight surrounding neighbors t1 ∈ N 1

u (s), and the next 16 neighbors
t2 ∈ N 2

u (s) (see Fig. 13.3). A VRS is characterized by three properties: (i) VRS
contain CSF that should appear as low intensity voxels in T1-weighted datasets.
Surrounding tissue (i.e., white matter or grey matter voxels) may increase lesion in-
tensities due to the partial volume effect. Thus, neighboring voxels will have higher
intensity (ii) and are contrasted with the VRS voxels (iii). We define three filters
corresponding to these three properties Fblack(is), Fwhite(min(it , t ∈ N 2

u (s))) and
Fcontrast (

∑
t∈N 2

u (s) it /16), where is represents the grey level of voxel s in the data.

Note that these three properties are not equivalent. Considering only one of them
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Fig. 13.3 VRS indicator
filter: central voxel s in black,
first neighborhood N 1

u (s) in
white and second
neighborhood N 2

u (s) in grey

leads to false alarms in the CSF compartment for property (i), in the white matter
for property (ii) and in the thin grey matter structures for property (iii). The three
defined functions depend on the data statistics and are defined on Fig. 13.4. We
combine these three properties as follows:

fu(s)= min

(

Fblack(is),F
white(min(it , t ∈ N 2

u (s))),F
contrast

(∑
t∈N 2

u (s) it

16

))

.

(13.31)
To avoid multiple detections of the same VRS, the final filter is written as follows:

Fu(s)=
{
fu(s) if ∀t ∈ N 1

u (s), is ≤ it ,

min(0, fu(s)) otherwise.
(13.32)

We now define the data term Ud(o). Assuming that data are independent condi-
tionally to the segments we can write:

Ud(o)=
∑

k∈〈1,n〉
ud(ok). (13.33)

The data term corresponding to an object o consists of two parts. The first is pro-
portional to the filter values along the segment. In the second part, we assume that
voxels at the segment end have a high intensity as they do not belong to the VRS.
The data term is then written as follows:

ud(o)= −E
(
∑

t∈S(o)
Fu(t)+ card(S(o))

2
Fend
u (o)

)

if |o(2)u − o(1)u | ≥ max
(|o(2)v − o(1)v |, |o(2)w − o(1)w |),
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Fig. 13.4 Top and bottom left: The three filters characterizing VRS data, μCFS , μGM and μWM

represent the mean of CSF, grey matter and white matter, σx being the associated standard devi-
ations. Bottom right: The prolongating filter, μCFS , μGM and μWM represent the mean of CSF,
grey matter and white matter, σx correspond to the associated standard deviations

ud(o)= −E
(
∑

t∈S(o)
Fv(t)+ card(S(o))

2
Fend
v (o)

)

if |o(2)v − o(1)v | ≥ max
(|o(2)u − o(1)u |, |o(2)w − o(1)w |), (13.34)

ud(o)= −E
(
∑

t∈S(o)
Fw(t)+ card(S(o))

2
Fend
w (o)

)

if |o(2)w − o(1)w | ≥ max
(|o(2)v − o(1)v |, |o(2)u − o(1)u |),

where card(S(o)) is the number of voxel in S(o) and:

Fend
u (o)=

⎧
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

Fwhite
end (min(io(2)+(1,0,0), it , t ∈ N 1

u (io(2)+(1,0,0))))
+ Fwhite

end (min(io(1)+(−1,0,0), it , t ∈ N 1
u (io(1)+(−1,0,0))))

if o(2)u > o
(1)
u ,

Fwhite
end (min(io(1)+(1,0,0), it , t ∈ N 1

u (io(1)+(1,0,0))))
+ Fwhite

end (min(io(2)+(−1,0,0), it , t ∈ N 1
u (io(2)+(−1,0,0))))

if o(2)u ≤ o
(1)
u ,

(13.35)

where Fwhite
end (·) is defined on Fig. 13.4 bottom right. Similar definitions are used

for Fend
v (o) and Fend

w (o).
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Fig. 13.5 An example of VRS detection: Original axial slice (left) and detected VRS (right)

Optimization We consider an RJMCMC algorithm embedded into a simulated
annealing scheme. In this context, defining relevant moves to speed up the conver-
gence is a crucial issue. We first consider a birth and death move. This move is
essential to establish the real number of segments in the configuration. Besides, it
guaranties the irreducibility property. This move is chosen with probability p1. It
consists in adding a new segment with probability Pb or removing a segment from
the configuration with probability Pd = 1−Pb . In the case of a death move, the seg-
ment is chosen uniformly among the segments of the current configuration. For the
birth move, we propose a new segment uniformly in the parameter space. To speed
up the convergence, we also consider some moves which modify one segment in the
configuration. We choose a segment uniformly within the configuration and select
a new location and new marks uniformly within the parameter space. The move is
made with probability p2. With this move, we can change the segments having a
low probability. To allow a local improvement of the segments location with respect
to the data we consider the move of end points. This move is made with probabil-
ity p3. We choose a new location of the end point uniformly in a neighborhood of
its current position. This move may also extend segments in partially detected VRS.
A VRS can be covered by several non-overlapping segments during optimization.
Extending segments has a very low acceptance ratio in this configuration because it
may induce overlapping, which is penalized by the explicit interaction term. A death
move followed by an extension has also a low acceptance ratio because all the seg-
ments within this local configuration fit the data well. Therefore, we have introduced
a move which merges neighboring segments. The reverse move corresponds to split-
ting a segment in two parts. This move is made with probability p4. A merging is
proposed with probability Pm and a splitting with probability Ps = 1 − Pm.

Results We present results on a particular dataset. This dataset has been selected
among cases with a high prevalence of VRS. Figure 13.5 shows the result on a
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Fig. 13.6 Detected VRS in relation to the brain surface in the example dataset of Fig. 13.5, views
from top and top-frontal

sample axial slice and the detected lesions on Fig. 13.5b. A 3D vizualization of
the result is shown on Fig. 13.6. To validate the approach, we classify the datasets
into three classes depending on the number of detected VRS. This classification has
been compared with the one obtained by an expert. We obtained a correlation of
0.84 between the two classifications.

13.4.2 Ellipses

In this subsection, we consider an ellipses based on model for detecting and counting
breeding Greater Flamingos (Phoenicopterus Roseus) on aerial photographs of their
colonies [239].

The 2D model, used to extract flamingos, consists of a marked point process of
ellipses. The associated state space is:

K ×M = [0,XM ] × [0, YM ] × [am,aM ] × [bm,bM ] × [0,π[,
where XM and YM are respectively the width and the length of the image I, (am, aM)
and (bm, bM) respectively the minimum and the maximum semimajor axis and
semiminor axis, and θ ∈ [0,π[ the orientation of the objects.

Prior As we aim at detecting individuals in dense populations, we model flamin-
gos as possibly slightly overlapping ellipses oi ∼r oj . Then, the prior energy Up(o)
that introduces interactions, penalizes configurations according to the overlapping
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Fig. 13.7 Overlapping
ellipses

objects area (see Fig. 13.7), see [100] for more details:

Up(o)= γp
∑

oi∈o

max
oj∼r oi

A (oi, oj ), (13.36)

where A (oi, oj ) ∈ [0,1] is an overlapping coefficient, as defined in (13.10) and
γp is a weight which ponders the repulsion between the objects of the process.
Each object is penalized depending on the maximal overlapping it exhibits with
neighboring ellipses.

Data Term In flamingo populations, each flamingo can be modeled as a bright
ellipse surrounded by a darker background. Thus, we define the boundary of an
ellipse F (o) as the subset of K contained between the given ellipse o = (x,m),
where m = (a, b, θ) are the marks, and a concentric one o′ = (x,m′), with m′ =
(a+ρ,b+ρ, θ). This boundary will stand for the background. To evaluate the con-
trast between the ellipses and the background, we calculate the distance d(o,F (o))

given in (13.18) and consider the corresponding data term given in (13.19).

Optimization For optimizing the model, we consider a simulated annealing
based on a multiple birth and death process as described in Sect. 13.3.2. An ex-
tension of this first scheme, speeding up the convergence, is employed:

• Main program: initialize the inverse temperature parameter β = β0 = 50 and the
discretization step δ = δ0 = 20000 and alternate birth and death steps
– Birth step: for each s ∈ L, if no object is already alive, we add an object in s

with probability δB(s) where B(s) is proportional to the data term obtained
with a disk of fixed radius:

∀s ∈ I, B(s)= zb(s)
∑

t∈I b(t)
, (13.37)

where z is a parameter of the process.
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– Sorting step: once the birth step is finished, we compute the data term ud(oi)

of the current configuration objects oi . Then, we sort them, in the decreasing
order, according to their data energy.

– Death step: for each object u in the current configuration x, taken in the previ-
ous order, compute the death rate as follows:

d(u)= δaβ(u)

1 + δaβ(u)
, (13.38)

where aβ(u)= exp(−[β(U(x/{u})−U(x))]), then the object u dies with prob-
ability d(u).

– Convergence test: if the process has not converged, decrease the temperature
and the discretization step by a given factor and go back to the birth step. The
convergence is obtained when all the objects added during the birth step, and
only these ones, have been killed during the death step.

Note that the birth consists in adding a sample of a Poisson process with an intensity
proportional to a birth map, depending on the data term. Therefore, objects are added
preferably in locations corresponding to a high response of the local filter obtained
for a predefined object. Secondly, the death step is performed after having sorted the
objects. We first propose to eliminate objects corresponding to a low response of the
associated local filter, which helps to escape from local minima of the energy. These
heuristics do not change the convergence properties but allow a smarter scanning of
the configuration space.

Results We present in Descamps et al. [100] some result on a real aerial image.
This image represents a colony in Camargue, the unique place in France, called
Fangassier island, where flamingos are grouped for reproduction. The image, taken
in 2002, is slightly blurred and flamingos are very close to each other. The obtained
result, shown in Descamps et al. [100] is nevertheless satisfactory. We estimate the
size of the colony as 10894 individuals. The computation time is 40 mn on a 2 GHz
processor (image size: 5028 × 3408, resolution: 5 cm). The expert needs 5 hours
and counts 10182 flamingos. The slight over-detections of the proposed method are
due to either heads or wings of some flamingos.

To quantify the results, we consider samples extracted from different images,
taken in different places (France, Turkey, Mauritania) and presenting different levels
of difficulty. To evaluate the difficulty the counts have been performed by one expert
and by five non specialists. Depending on the consistency between the counts of
the expert and the non specialists, we have classified the samples in three levels:
easy, middle and hard. In all cases, the automatic count obtained with the proposed
approach is closer to the expert count than those obtained by the non specialists.

The Table 13.1 summarizes the obtained results in terms of good detections and
false alarms. For studying the dynamic of the population, an error rate of 5% is
acceptable. The obtained results globally reach this goal. However, higher resolution
images should allow reducing the false alarms rate.
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Table 13.1 Good detection rate and false alarms on several samples

Image Difficulty Good detection False alarms

Fangassier 02 Hard, Middle, Easy 93%, 98%, 97% 7%, 3%, 2%

Fangassier 05 Middle, Middle, Middle 98%, 97%, 97% 9%, 8%, 16%

Kione 05 Hard, Hard, Hard 95%, 93%, 87% 12%, 12%, 15%

Tuz Lake 04 Easy, Easy, Easy 98%, 100%, 92% 4%, 0%, 0%

Tuz Lake 06 Easy, Middle, Middle 100%, 99%, 99% 1%, 2%, 0%

13.5 Conclusion

In this chapter, we have presented a general framework, based on marked point pro-
cesses, to extract a collection of objects from images. We have shown how to model
known information on the result either in a prior term or in the reference measure.
The data term is based on the output of a locally adaptive filter. Two algorithms
for optimizing the model, the RJMCMC scheme and the multiple birth and death
process, have been detailed. Finally, two applications, concerning object counting,
in MRI brain scan and in aerial images, have been detailed. This modeling, by con-
sidering an object level, appears to be well suited for high resolution images. It
overcomes the limits of random fields when addressing geometrical information.

We do believe that this framework can find numerous applications in image anal-
ysis in different fields such as medical images, biological images or remote sensing.
A last point that should be addressed concerns the parameters estimation. In the ap-
plications proposed in this chapter, the different parameters, involved in the model
or in the optimization process, have been calibrated. Estimating them, with an ac-
ceptable algorithmic complexity, is still a challenge.



Chapter 14
Visual Data Recognition and Modeling Based
on Local Markovian Models

Michal Haindl

Abstract An exceptional 3D wide-sense Markov model which can be completely
solved analytically and easily synthesized is presented. The model can be modified
to faithfully represent complex local data by adaptive numerically robust recursive
estimators of all its statistics. Illumination invariants can be derived from some of
its recursive statistics and exploited in content based image retrieval, supervised or
unsupervised image recognition. Its modeling efficiency is demonstrated on several
analytical and modeling image applications, in particular on unsupervised image or
range data segmentation, bidirectional texture function (BTF) synthesis and com-
pression, dynamic texture synthesis and adaptive multispectral and multichannel
image and video restoration.

14.1 Introduction

Recognition and processing of multi-dimensional data (or set of spatially related ob-
jects) is more accurate and efficient if we take into account all interdependencies be-
tween single objects. Objects to be processed like for example multi-spectral pixels
in a digitized image, are often mutually dependent (e.g., correlated) with a depen-
dency degree related to a distance between two objects in their corresponding data
space. These relations can be incorporated into a pattern recognition process through
appropriate multi-dimensional data model. If such a model is probabilistic we can
use consistent Bayesian framework for solving many pattern recognition tasks.

Features derived from multi-dimensional data models are information preserv-
ing in the sense that they can be used to synthesise data spaces closely resembling
original measurement data space as can be illustrated on the recent best visual rep-
resentation of real material surfaces in the form of bidirectional texture function
[206]. Virtual or augmented reality systems require object surfaces covered with re-
alistic nature-like color textures to enhance realism in virtual scenes. Similarly, re-
alistic textures are used in computer games, CAD systems and some other computer
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graphics applications. Such textures can be either digitized natural textures or tex-
tures synthesized from an appropriate mathematical model. However digitized 3D
multispectral or even 7D BTF textures are far less convenient alternatives, because
of extreme virtual system memory demands, visible discontinuities and several other
drawbacks [200].

Mathematical multi-dimensional data models, see also Chaps. 13 and 15, are use-
ful for describing many of the multi-dimensional data types provided that we can
assume some data homogeneity so some data characteristics are translation invari-
ant. While the 1D models like time series are relatively well researched and they
have rich application history in control theory, econometric, medicine and many
other recognition applications, multi-dimensional models are much less known and
their applications are still limited. The reason is not only unsolved theory difficulties
but mainly their huge computing power demands which prevented their wider use
until recently.

We introduced in [207] a fast multiresolution Markov random field (MRF) based
model and the simultaneous causal autoregressive random field model [208], re-
spectively. Although the former method avoids the time consuming Markov chain
Monte Carlo simulation so typical for applications of Markov models, cf. Chaps. 13
and 15, it requires several approximations. The latter method is very efficient for
multispectral image representation not only because it does not suffer from some
problems of alternative options (see [200, 203] for details) but it is also easy to ana-
lyze as well as to synthesise and last but not least it is still flexible enough to imitate
a large set of natural and artificial textures or other spatial data.

It is possible to divide data models applications into two broad categories: analy-
sis (Fig. 14.1) and synthesis (Figs. 14.2, 14.3, 14.4 and 14.5). Analytical applications
include data classifications or unsupervised segmentation (cf. Chaps. 13 and 15),
data space directionality analysis, motion detection and some others. Frequent syn-
thesis applications are missing data reconstruction, restoration (for deterministic al-
ternatives see also Chaps. 2, 3, 4 and 16), image compression and static or dynamic
texture synthesis.

In the application Sect. 14.4 and further we demonstrate advantages and weak
points of the studied Markovian model on several multispectral image recognition
and modeling examples.

14.2 3D Causal Simultaneous Autoregressive Model

Modeling visual data requires non-standard multi-dimensional (three-dimensional
for static color textures, 4D for videos or even 7D for static BTFs) models. However
if such a nD data space can be factorized then these data can be also approximated
using a set of lower-dimensional probabilistic models. Although full nD models al-
low unrestricted spatial-spectral-temporal-angular correlation modeling their main
drawback is large amount of parameters to be estimated, and in the case of some
models (e.g. Markov models) also the necessity to estimate all these parameters
simultaneously. The 3D causal simultaneous autoregressive model (3DCAR) is an
exceptional model which can be utilized to build much more complex nD data mod-
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els. For example, the 7D BTF models illustrated in Fig. 14.5 are composed from up
to one hundred 3DCARs.

A digitized image Y is assumed to be defined on a finite rectangular N ×M × d

lattice I , r = {r1, r2, r3} ∈ I denotes a pixel multiindex with the row, columns and
spectral indices, respectively. The notation • has the meaning of all possible values
of the corresponding index and I cr ⊂ I is a causal or unilateral neighbourhood of
pixel r , i.e.

I cr ⊂ ICr = {s : 1 ≤ s1 ≤ r1,1 ≤ s2 ≤ r2, s �= r}.
The 3D causal simultaneous autoregressive model (3DCAR) is the wide-sense
Markov model which can be written in the following regression equation form:

Ỹr =
∑

s∈I cr
AsỸr−s + er ∀r ∈ I, (14.1)

where As are matrices (14.2) and the zero mean white Gaussian noise vector er has
uncorrelated components with data indexed from I cr but noise vector components
can be mutually correlated.

As1,s2 =
⎛

⎜
⎝

a
s1,s2
1,1 . . . a

s1,s2
1,d

...
. . .

...

a
s1,s2
d,1 . . . a

s1,s2
d,d

⎞

⎟
⎠ (14.2)

are d×d parameter matrices. The model can be expressed in the matrix form (14.31)
where

Xr = [Ỹ T
r−s : ∀s ∈ I cr ], (14.3)

Xr is a dη× 1 vector, η = card(I cr ) and γ

γ = [A1, . . . ,Aη] (14.4)

is a d × dη parameter matrix. To simplify notation the multiindexes r, s, . . . have
only two components further on in this section.

An optimal support can be selected as the most probable model given past data

Y (r−1) = {Yr−1, Yr−2, . . . , Y1,Xr,Xr−1, . . . ,X1},
i.e., maxj {p(Mj |Y (r−1))}.

p(Y (r−1)|Mj)=
∫∫

p(Y (r−1)|γ,Σ−1)p(γ,Σ−1|Mj)dγ dΣ
−1 (14.5)

and for implemented uniform priors start we get a decision rule [213]:

Theorem 14.1 The most probable AR model given past data Y (r−1), the normal-
Wishart parameter prior and the uniform model prior is the model Mi for which

i = arg max
j

{Dj },
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Dj = −d

2
ln |Vx(r−1)| − β(r)− dη+ d + 1

2
ln |λ(r−1)| + d2η

2
lnπ

+
d∑

i=1

[

lnΓ

(
β(r)− dη+ d + 2 − i

2

)

− lnΓ

(
β(0)− dη+ d + 2 − i

2

)]

, (14.6)

where Vx(r−1) = Ṽx(r−1) + Vx(0) with Ṽx(r−1) defined in (14.12), Vx(0) is an appro-
priate part of V0 (14.13), β(r) is defined in (14.7), (14.8) and λ(r−1) is (14.9).

Proof [199]

β(r) = β(0)+ r − 1 = β(r − 1)+ 1, (14.7)

β(0) > η− 2, (14.8)

and

λ(r) = Vy(r) − V T
xy(r)V

−1
x(r)Vxy(r), (14.9)

Vr−1 = Ṽr−1 + V0, (14.10)

Ṽr−1 =
(
Ṽy(r−1) Ṽ T

xy(r−1)

rṼxy(r−1) Ṽx(r−1)

)

, (14.11)

Ṽy(r−1) =
r−1∑

k=1

YkY
T
k , (14.12)

Ṽxy(r−1) =
r−1∑

k=1

XkY
T
k , (14.13)

Ṽx(r−1) =
r−1∑

k=1

XkX
T
k . (14.14)

Marginal densities p(γ |Y (r−1)) and p(Σ−1|Y (r−1)) can be evaluated from (14.15),
(14.16), respectively.

p(γ |Y (r−1)) =
∫

p(γ,Σ−1|Y (r−1)) dΣ−1, (14.15)

p(Σ−1|Y (r−1)) =
∫

p(γ,Σ−1|Y (r−1)) dγ. (14.16)
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The marginal density p(Σ−1|Y (r−1)) is the Wishart distribution density [199]

p(Σ−1 |Y (r−1)) = π
d(1−d)

4 |Σ−1| β(r)−dη2

2
d(β(r)−dη+d+1)

2
∏d

i=1 Γ (
β(r)−dη+2+d−i

2 )
|λ(r−1)|

β(r)−dη+d+1
2

× exp

{

−1

2
tr{Σ−1λ(r−1)}

}

(14.17)

with

E{Σ−1 |Y (r−1)} = (β(r)− dη+ d + 1)λ−1
(r−1), (14.18)

E
{
(Σ−1 −E{Σ−1 |Y (r−1)})T (Σ−1 −E{Σ−1 |Y (r−1)}) |Y (r−1)}

= 2(β(r)− dη+ 1)

λ(r−1)λ
T
(r−1)

. (14.19)

The marginal density p(γ |Y (r−1)) is matrix t distribution density [199]:

p(γ |Y (r−1)) =
∏d

i=1 Γ (
β(r)+d+2−i

2 )
∏d

i=1 Γ (
β(r)−dη+d+2−i

2 )
π− d2η

2 |λ(r−1)|− dη
2 |Vx(r−1)| d2

× ∣∣I + λ−1
(r−1)(γ − γ̂r−1)Vx(r−1)(γ − γ̂r−1)

T
∣
∣− β(r)+d+1

2 (14.20)

with the mean value

E{γ |Y (r−1)} = γ̂r−1 (14.21)

and covariance matrix

E
{
(γ − γ̂r−1)

T (γ − γ̂r−1) |Y (r−1)}= V −1
x(r−1)λ(r−1)

β(r)− dη
. (14.22)

Similar statistics can be easily derived [199] for the alternative Jeffreys non-
informative parameter prior. �

Theorem 14.2 The one-step-ahead predictive posterior density for the normal-
Wishart parameter prior has the form of d-dimensional Student’s probability density
(14.23)

p(Yr |Y (r−1))

= Γ (
β(r)−dη+d+2

2 )

Γ (
β(r)−dη+2

2 ) π
d
2 (1 +XT

r V
−1
x(r−1)Xr)

d
2 |λ(r−1)| 1

2

×
(

1 + (Yr − γ̂r−1Xr)
T λ−1

(r−1)(Yr − γ̂r−1Xr)

1 +XT
r V

−1
x(r−1)Xr

)− β(r)−dη+d+2
2

, (14.23)
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with β(r)−dη+2 degrees of freedom, if β(r) > dη then the conditional mean value
is

E{Yr |Y (r−1)} = γ̂r−1Xr, (14.24)

and

E
{
(Yr − γ̂r−1Xr)(Yr − γ̂r−1Xr)

T |Y (r−1)}= 1 +XrV
−1
x(r−1)X

T
r

(β(r)− dη)
λ(r−1). (14.25)

Proof [199]. �

14.2.1 Adaptivity

The 3DCAR model can be made adaptive if we modify its recursive statistics using
exponential forgetting factor, i.e. a constant ϕ ≈ 0.99. This forgetting factor smaller
than 1 is used to weigh the influence of older data:

γ̂ Tr = γ̂ Tr−1 + (ϕ2 +XT
r V

−1
x(r−1)Xr)

−1V −1
x(r−1)Xr(Yr − γ̂r−1Xr)

T ,

|Vx(t)| = |Vx(t−1)|ϕ2η(1 +XT
t V

−1
x(t−1)Xt ),

λt = λt−1(1 + (Yt − γ̂ Tt−1Xt)
T λ−1

t−1(Yt − γ̂ Tt−1Xt)(ϕ
2 +XT

t V
−1
x(t−1)Xt )

−1).

14.2.2 Numerical Stability

The numerical stability of 3DCAR can be quaranteed if all its recursive statistics
use the square-root factor updating applying either the Cholesky or LDLT decom-
position [202], respectively. Let us denote a lower triangular matrix Lt and a matrix
Bt as

Bt = V −1
i,t = LtL

T
t , (14.26)

Bt = (B−1
t−1 ± dtd

T
t )

−1, (14.27)

Bt = (B̃−1
t−1ϕ

−2 ± α2d̃t d
T
t )

−1, (14.28)

where dt is an updating vector with exponential forgetting ϕ and data normaliza-
tion α. The square-root updating factor of the inversion data gathering matrix Bt

can be computed recursively:

Lt,i,j = ζ̃t,j+1

ϕζ̃t,j

[

Lt−1,i,j ∓ f̃t,j

ζ̃ 2
t,j+1

g̃
(i)
t,j+1

]

, (14.29)
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where f̃t = LT
t−1dt and

g̃
(i)
t,j+1 =

i∑

k=j+1

Lt−1,i,kf̃t,k

and

ζt,i = α

ϕ

√
√
√
√ϕ2

α2
±

n∑

j=i
f̃ 2
t,j = α

ϕ
ζ̃t,i .

14.2.3 3DCAR Model Properties

The 3DCAR (analogously also the 2DCAR model) model has advantages in ana-
lytical solutions (Bayes, ML, or LS estimates) for Ir , γ̂ , σ̂ 2, Ŷr statistics. It allows
extremely simple fast synthesis, adaptivity and building efficient recursive appli-
cation algorithms. Its major drawback in some image representation applications
might be its mostly artificial causality which can introduce a directional bias into
modelled image data.

14.3 Illumination Invariants

Textures are important clues to specify objects present in a visual scene. However,
the appearance of natural textures is highly illumination and view angle dependent.
As a consequence, most recent realistic texture based classification or segmentation
methods require multiple training images [425] captured under all possible illumi-
nation and viewing conditions for each class. Such learning is obviously clumsy,
probably expensive and very often even impossible if required measurements are
not available.

If we assume fixed positions of viewpoint and illumination sources, uniform il-
lumination sources and Lambertian surface reflectance, than two images Ỹ , Y ac-
quired with different illumination spectra can be linearly transformed to each other:

Ỹr = BYr ∀r. (14.30)

It is possible to show that assuming (14.30) the following features are illumina-
tion invariant:

1. trace: traceAm, m= 1, . . . , ηK ,
2. eigenvalues: νm,j of Am, m= 1, . . . , ηK , j = 1, . . . ,C,
3. 1 +XT

r V
−1
x Xr ,

4.
√∑

r (Yr − γ̂ Xr)T λ−1(Yr − γ̂ Xr),

5.
√∑

r (Yr −μ)T λ−1(Yr −μ), μ is the mean value of vector Yr .
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Above textural features derived from the 3DCAR model are robust to illumination
direction changes, invariant to illumination brightness and spectrum changes, and
simultaneously also robust to Gaussian noise degradation. This property was ex-
tensively verified on University of Bonn BTF texture measurements [310], where
illumination sources are spanned over 75% of possible illumination half-sphere.

14.4 Unsupervised Image Recognition

Unsupervised or supervised texture segmentation is the prerequisite for successful
content-based image retrieval, scene analysis, automatic acquisition of virtual mod-
els, quality control, security, medical applications and many others. Although more
than 1000 different methods were already published [461], this problem is still far
from being solved. This is among others due to missing reliable performance com-
parison between different techniques because very limited effort was spent [212]
to develop suitable quantitative measures of segmentation quality that can be used
to evaluate and compare segmentation algorithms. Spatial interaction models and
especially Markov random field-based models are increasingly popular for texture
representation [200, 248, 355], etc. Several researchers dealt with the difficult prob-
lem of unsupervised segmentation using these models, see for example [9, 201,
209–211, 299, 328], or Chap. 15.

Our unsupervised segmenter is illustrated on a multiscale unsupervised automatic
detection of potentially cancerous regions of interest containing fibroglandular tis-
sue in digital screening mammography. The mammogram tissue textures are locally
represented by four causal multispectral random field models recursively evaluated
for each pixel and several scales. The segmentation part of the algorithm is based
on the underlying Gaussian mixture model and starts with an over segmented initial
estimation which is adaptively modified until the optimal number of homogeneous
mammogram segments is reached.

Our method segments pseudo-color multiresolution mammograms each created
from the original grey scale mammogram and its two nonlinear gamma transforma-
tions. We assume to down-sample input image Y into M = 3 different resolutions
Y (m) =↓ιm Y with sampling factors ιm, m = 1, . . . ,M identical for both directions
and Y (1) = Y . Local texture for each pixel Y (m)

r is represented using the 3D CAR
model parameter space Θ(m)

r . The concept of decision fusion for high-performance
pattern recognition is well known and widely accepted in the area of supervised
classification where (often very diverse) classification technologies, each providing
complementary sources of information about class membership, can be integrated
to provide more accurate, robust and reliable classification decisions than the single
classifier applications. The proposed method circumvents the problem of multiple
unsupervised segmenters combination [211] by fusing multiple-processed measure-
ments into a single segmenter feature vector.

Smooth pseudo-color mammogram textures require three dimensional models
for adequate representation. We assume that single multi spectral texture can be
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Fig. 14.1 Cancerous mammograms (patients age 58 (top) and 80 (bottom)), radiologist associated
ground truth and detected regions of interest using the multiple segmenter approach, respectively

locally modelled using a 3D simultaneous causal autoregressive random field model
(3DCAR). This model can be expressed as a stationary causal uncorrelated noise
driven 3D autoregressive process [213]:

Yr = γXr + er , (14.31)

where γ = [A1, . . . ,Aη] is the 3×3η parameter matrix, er is a white Gaussian noise
vector with zero mean and a constant but unknown variance, Xr is a corresponding
vector of the contextual neighbors Yr−s and r, r − 1, . . . is a chosen direction of
movement on the image index lattice I . The optimal neighborhood (I cr ) as well
as the Bayesian parameters estimation of a 3DCAR model can be found analyti-
cally under few additional and acceptable assumptions using the Bayesian approach
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(14.6). The recursive Bayesian parameter estimation of the 3DCAR model is [213]:

γ̂ Tr−1 = γ̂ Tr−2 + V −1
x(r−2)Xr−1(Yr−1 − γ̂r−2Xr−1)

T

(1 +XT
r−1V

−1
x(r−2)Xr−1)

, (14.32)

where Vx(r−1) =∑r−1
k=1 XkX

T
k + Vx(0). Each matrix contains local estimations of

the 3DCAR model parameters. These models have identical contextual neighbor-
hood I cr but they differ in their major movement direction (top-down, bottom-up,
rightward, leftward). The local texture for each pixel and M resolutions α1, . . . , αM

is represented by four parametric matrices t, b, r, l e.g. γ̂
i,αj
r for i ∈ {t, b, r, l}, j =

1, . . . ,M which are subsequently compressed using the local PCA (for computa-

tional efficiency) into γ̃
i,αj
r . Single resolution compressed parameters are composed

into M parametric matrices:

γ̃
αj T
r = {γ̃ t,αjr , γ̃

b,αj
r , γ̃

r,αj
r , γ̃

l,αj
r }T , j = 1, . . . ,M.

The parametric space γ̃ αj is subsequently smoothed out, rearranged into a vector
and its dimensionality is reduced using the PCA feature extraction (γ̄ αj ). Finally
we add the average local spectral values ζ

αj
r to the resulting feature vector:

Θr = [γ̄ α1
r , ζ α1

r , . . . , γ̄ αMr , ζ αMr ]T . (14.33)

Rough scale pixels parameters are simply mapped to the corresponding fine scale
locations.

Multi-spectral, multiresolution texture segmentation is done by clustering in the
combined 3DCAR models parameter space Θ defined on the lattice I where Θr

is the modified parameter vector (14.33) computed for the lattice location r . We
assume that this parametric space can be represented using the Gaussian mixture
model (GM) with diagonal covariance matrices due to the previous 3DCAR para-
metric space decorrelation. The Gaussian mixture model for 3DCAR parametric
representation is as follows:

p(Θr) =
K∑

i=1

pip(Θr |νi,Σi), (14.34)

p(Θr |νi,Σi) = |Σi |− 1
2

(2π)
d
2

e− (Θr−νi )T Σ−1
i

(Θr−νi )
2 . (14.35)

The mixture model equations (14.34), (14.35) are solved using a modified EM algo-
rithm. The algorithm is initialized using νi,Σi statistics estimated from the corre-
sponding regions obtained by regular division of the input detected breast area. An
alternative initialisation can be random choice of these statistics. For each possible
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couple of regions the Kullback Leibler divergence

D(p(Θr |νi,Σi)‖p(Θr |νj ,Σj ))

=
∫

Ω

p(Θr |νi,Σi) log

(
p(Θr |νi,Σi)

p(Θr |νj ,Σj )

)

dΘr (14.36)

is evaluated and the most similar regions, i.e.,

{i, j} = arg min
k,l

D(p(Θr |νl,Σl)‖p(Θr |νk,Σk))

are merged together in each step. This initialisation results in Kini subimages and
recomputed statistics νi,Σi . Kini > K where K is the optimal number of textured
segments to be found by the algorithm. Two steps of the EM algorithm are repeating
after the initialisation. The components with smaller weights than a fixed threshold
(pj < 0.01

Kini
) are eliminated. For every pair of components we estimate their Kullback

Leibler divergence (14.36). From the most similar couple, the component with the
weight smaller than the threshold is merged to its stronger partner and all statistics
are actualized using the EM algorithm. The algorithm stops when either the likeli-
hood function has negligible increase (Lt −Lt−1 < 0.01) or the maximum iteration
number threshold is reached.

The parametric vectors representing texture mosaic pixels are assigned to the
clusters according to the highest component probabilities, i.e., Yr is assigned to the
cluster ωj∗ if

πr,j∗ = max
j

∑

s∈Ir
wsp(Θr−s |νj ,Σj ),

where ws are fixed distance-based weights, Ir is a rectangular neighbourhood and
πr,j∗ > πthre (otherwise the pixel is unclassified). The area of single cluster blobs is
evaluated in the post-processing thematic map filtration step. Regions with similar
statistics are merged. Thematic map blobs with area smaller than a given threshold
are attached to its neighbour with the highest similarity value. Finally, regions which
have grey level mean value difference from the median mean value (over the same
type of digitized mammograms) of cancerous ground truth regions larger than a
specified threshold are eliminated.

14.5 Multispectral Image Restoration

Physical imaging systems and a recording medium are imperfect and thus a recorded
image represents a degraded version of the original scene. Similarly an image is
usually further corrupted during its processing, transmission or storage. The image
restoration task is to recover an unobservable image given the observed corrupted
image with respect to some statistical criterion. Image restoration is the busy re-
search area for already several decades and many restoration algorithms have been
proposed [3, 8, 183], see also Chaps. 2, 3, 4 and 16.



252 M. Haindl

Fig. 14.2 Original, corrupted, and reconstructed Cymbidium image

The image degradation is supposed to be approximated by the linear degradation
model:

Xr =
∑

s∈Ir
fsYr−s + er , (14.37)

where f is a discrete representation of the unknown point-spread function. The
point-spread function can be non-homogeneous but we assume that it changes
slowly relative to the size of an image. Ir is some contextual support set, and the
degradation noise e is uncorrelated with the unobservable image, i.e.,

E{Ye} = 0. (14.38)

The point-spread function is unknown but such that we can assume the unobservable
image Y to be reasonably well approximated by the expectation of the corrupted
image

Ŷ =E{X} (14.39)

in regions with gradual pixel value changes. Pixels with steep step discontinuities
are left unrestored to avoid excessive blurring, i.e.,

Ŷr =
{
E{Xr} if |E{Xr} −Xr |< 1

ns

∑
s |E{Xr−s} −Xr−s |,

Xr otherwise.
(14.40)

The expectation (14.39) can be expressed as follows:

E{X} =
∫

Xp(X)dX

=
∫
⎛

⎜
⎜
⎝

X1 X2 . . . XM

XM+1 XM+2 . . . X2M
...

...
. . .

...

XNM−M+1 XNM−M+2 . . . XNM

⎞

⎟
⎟
⎠

NM∏

r=1

p(Xr |X(r−1)) dX1 · · ·dXNM,

(14.41)
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where

X(r−1) = {Xr−1, . . . ,X1} (14.42)

is a set of noisy pixels in some chosen but fixed ordering. For single matrix elements
in (14.41) it holds

E{Xj } =
∫

Xj

NM∏

r=1

p(Xr |X(r−1)) dX1 · · ·dXNM

=
∫

Xj

j∏

r=1

p(Xr |X(r−1)) dX1 · · ·dXj

=
∫

E{Xj |X(j−1)}
j−1∏

r=1

p(Xr |X(r−1)) dX1 · · ·dXj−1

= E{E{Xj |X(j−1)}}. (14.43)

Let us approximate after having observed X(j−1) the mean value Ŷj = E{Xj } by
the E{Xj |X(j−1) = x(j−1)) where x(j−1) are known past realisation for j . Thus
we suppose that all other possible realisations x(j−1) than the true past pixel val-
ues have negligible probabilities. This assumption implies conditional expectations
approximately equal to unconditional ones, i.e.,

E{Xj } ≈E{Xj |X(j−1)}, (14.44)

and

Ŷ =E{X} ≈

⎛

⎜
⎜
⎜
⎝

E{X1 |X(0)} E{X2 |X(1)}
E{XM+1 |X(M)} E{XM+2 |X(M+1)}

...
...

E{XNM−M+1 |X(NM−M)} E{XNM−M+2 |X(NM−M+1)}
. . . E{XM |X(M−1)}
. . . E{X2M |X(2M−1)}
. . .

...

. . . E{XNM |X(NM−1)}

⎞

⎟
⎟
⎟
⎠
.

Suppose also that the noisy image X can be represented by a causal simultaneous
autoregressive model (14.1), then the conditional mean (14.44) values needed for
the estimation Ŷ is (14.52) if we replace in above equations X → Y,Z → X. The
estimator (14.44) can be efficiently computed using the following recursion

γ̂ Tr = γ̂ Tr−1 + (1 +ZT
r V

−1
z(r−1)Zr)

−1V −1
z(r−1)Zr(Xr − γ̂r−1Zr)

T . (14.45)
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The selection of an appropriate model support (I cr ) is important to obtain good
restoration results. The optimal Bayesian decision rule for this selection is either
(14.6) or analogous statistics depending on the parameter prior.

14.5.1 Local Estimation of the Point-Spread Function

If we assume a non-homogeneous slowly changing point-spread function, we can
estimate its local value using the local least square estimate

ψ̂r = min
ψr

{∑

∀r∈Jr
(Xr −ψrŴr)

2
}

. (14.46)

The locally optimal estimate is

ψ̂T
r = Ṽ −1

Ŵ (r)
Ṽ
Ŵ X(r)

, (14.47)

where Ṽ
Ŵ (r)

, Ṽ
Ŵ X(r)

are corresponding local data gathering matrices analogous

to (14.14), (14.12), but using only data from local sub-lattice Jr ⊂ I, r ∈ Jr . This
estimator can be efficiently evaluated using the fast recursive square-root filter intro-
duced in Sect. 14.2.2. If the point-spread function is constant for all lattice positions
both PSF estimators (local and global) are equivalent.

14.6 Multichannel Image Restoration

The major degradation of a ground-based telescope is caused by random fluctua-
tions originating mostly in the Earth’s atmosphere (seeing) along the optical path
between the object space and the image formation device. The image degradation
by seeing is a very complicated process due to blurring, motion, and distortion.
The image degradation is described by the changing complex point-spread-function
(PSF) of the telescope, which embodies all the important behaviour of the optical
image formation system. For the restoration we assume one unknown degradation
function involving all degradation aspects.

Suppose Y represents a true but unobservable monospectral image defined on the
finite rectangular N ×M underlying lattice I . Suppose further that we have a set of
d observable images X where each X•,i ∈ X is the ith version of Y distorted by
the unknown PSF and noise independent of the signal. The notation • designates of
all possible values of the corresponding multiindex (e.g. the multiindex r = {r1, r2}
which has the row and columns indices, respectively). We assume knowledge of all
pixels from the reconstructed scene. For the treatment of the more difficult problem
when some data are missing see [214, 215]. The image degradation is supposed to
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be approximated by the linear discrete spatial domain degradation model

Xr,• =
∑

s∈Ir
HsYr−s + εr,•, (14.48)

where H is a discrete representation of the unknown point-spread function, Xr,• is
the d×1 vector of the r th pixel in different distortions and Yr−s are ideal (unobserv-
able) image pixels. The point-spread function is assumed to be either homogeneous
or it can be non-homogeneous but in this case we assume it slowly changes relative
to the size of an image. Ir is some contextual support set, and a noise vector ε is
uncorrelated with the true image, i.e., E{Yε•,i} = 0. The point-spread function is
unknown but such that we can assume the unobservable image Y to be reasonably
well approximated by the expectation of the corrupted image

Ŷ =E{X•,i} (14.49)

in regions with gradual pixel value changes, and the ith degraded image X•,i ∈ X is
the least degraded image from the set X . The index i of the least degraded image is
excluded from the following equations (14.50)–(14.52) to simplify the correspond-
ing notation. The above method (14.49) changes all pixels in the restored image and
thus blurs discontinuities present in the scene although to much less extent than the
classical restoration methods due to our restoration model (14.31) adaptivity. This
excessive blurring can be avoided if pixels with steep step discontinuities are left
unrestored, i.e.,

Ŷr =
{
E{Xr} if p(Xr |X(r−1)) > κ,

Xr otherwise,
(14.50)

where κ is a probabilistic threshold based on the prediction density. Single matrix
elements in the expectation E{X} are approximated [216] by the conditional ex-
pectation E{Xj |X(j−1) = x(j−1)} where x(j−1) are known past realisation for j .
Thus we suppose that all other possible realisation x(j−1) than the true past pixel
values have negligible probabilities. This assumption implies conditional expec-
tations approximately equal to unconditional ones, i.e., then the expectation is
E{Xj } ≈E{Xj |X(j−1)}.

Suppose further that a noisy image can be represented by an adaptive 2.5D causal
simultaneous autoregressive model

Xr,i = γZr + εr , (14.51)

where γ = [A1, . . . ,Aη], η = card(I cr ) is a 1 × dη parameter matrix, Zr is a cor-
responding vector of Xr−s , εr is a white Gaussian noise vector with zero mean,
and a constant but unknown covariance matrix Σ . The noise vector is uncorrelated
with data from a causal neighbourhood I cr . As = [as,1, . . . , as,d ] ∀s are parameter
vectors. The model adaptivity is introduced using the exponential forgetting factor
technique in parameter learning part of the algorithm. The conditional mean value
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Fig. 14.3 The measured degraded (left), reconstructed sunspot image using our method, and its
corresponding prediction probability image

can be derived under few acceptable conditions [216] in the following form:

E{Xr |X(r−1)} = V T
zx(r−1)V

−T
zz(r−1)Zr , (14.52)

where Vr−1 = Ṽr−1 + I and

Ṽr−1 =
(∑r−1

k=1 XkX
T
k

∑r−1
k=1 XkZ

T
k

∑r−1
k=1 ZkX

T
k

∑r−1
k=1 ZkZ

T
k

)

=
(
Ṽxx(r−1) Ṽ T

zx(r−1)

Ṽzx(r−1) Ṽzz(r−1)

)

.

An appropriate model support (I cr ) can be found using the Bayesian decision rule
(cf. [216]).

The proposed recursive multitemporal blur minimizing reconstruction method is
very fast (approximately five times faster than the median filter) robust and its recon-
struction results surpass some standard reconstruction methods, which we were able
to implement for the verification. Our causal model has the advantage to have the an-
alytical solution for all needed model statistics. Possible artifacts introduced by this
type of models are diminished by introducing adaptivity into the model. This novel
formulation allows us to obtain extremely fast adaptive multichannel/multitemporal
restoration and it can be easily parallellized as well as generalized for multispectral
(e.g. color, multispectral satellite images) or registered images, which is seldom the
case for alternative methods.

14.7 Video Restoration

Every movie deteriorates with usage and time irrespective of any care it gets. Movies
(on both optical and magnetic materials) suffer with blotches, dirt, sparkles and
noise, scratches, missing or heavily corrupted frames, mold, flickering, jittering,
image vibrations and some other problems. For each kind of the defect usually a
different kind of restoration algorithm is needed. The scratch notion in this sec-
tion means every coherent region with missing data (simultaneously in all spectral
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Fig. 14.4 A car frame restoration (original, scratch, quadratic interpolation method, 3D CAR,
3.5D CAR)

bands) in a color movie frame. Our method [204] reconstructs missing multispec-
tral (e.g., color) pixels from available data in neighboring frames and pixels from
the corrupted frame as well. A digitized color movie is supposed to be represented
with the 3.5D causal AR model (see Sect. 14.2):

Yr1,r2,•,r4 = γ Xr1,r2,•,r4 + er1,r2,•,r4 ∀r ∈ I. (14.53)

The missing scratch data are reconstructed from the topologically nearest known
data in the lattice I using temporal and spatial correlation in the neighbourhood.
Scratch pixels are computed from the set of one-step-ahead predictions using the
conditional mean predictor

Ỹr =E{Yr1,r2,•,r4 |Y (r−1)} = γ̂r−1Xr1,r2,•,r4 , (14.54)

where

Y (r−1) = {Yr−1, Yr−2, . . . , Y1}
is the known process history and γ̂r−1 is the estimator of unknown model parameter
matrix γ (see Sect. 14.2).

A model movement towards the scratch is assumed. When the model reaches
the scratch, the corrupted pixel prediction is evaluated. This is performed for each
line in the scratch from top and bottom edge of the scratch using two symmetrical
downwards and upwards moving models and their results are averaged. This helps to
counterbalance artificial restriction on the contextual neighbourhood which has to be
causal. Similarly another couple of models is moving in the opposite direction. Two
computed predictions for each missing pixel have to be combined. Simple averaging
is not appropriate, because each of both predictors has different distance from the
last known original data and consequently it has also a different precision. Hence
the exponential interleaving was used to weight the data influence from each side of
the scratch as a function of the horizontal position of the predicted pixel on a scratch
line to be reconstructed.
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Fig. 14.5 BTF measurements mapped on part of a car gearbox. Original BTF data (enlarged using
image tiling) (left) compared with synthesized BTF (right) for four distinct materials: wood01,
foil01, wood02, foil02 (3D model courtesy of DaimlerChrysler)

14.8 Texture Synthesis and Compression

Texture synthesis methods may be divided primarily into intelligent sampling and
model-based methods. Sampling approaches [94, 107, 124, 125, 219, 456, 459] rely
on sophisticated sampling from real texture measurements while the model-based
techniques [31, 32, 186, 200, 207, 208, 326, 466] describe texture data using mul-
tidimensional mathematical models and their synthesis is based on the estimated
model parameters only.

There are several texture modeling approaches published [207, 208, 247] and
some survey articles are also available [200, 203]. Most published texture models
are restricted only to monospectral textures for few models developed for multispec-
tral (mostly color) textures refer [31, 32, 207, 208].

The Bidirectional Texture Function (BTF) [143, 205, 206, 217] is the most ad-
vanced representation of visual properties for realistic real-world materials. BTF de-
scribes rough texture appearance for varying illumination and viewing conditions.
Such a function can be represented by thousands of measurements (images) per
material sample. The resulting BTF size excludes its direct rendering in graphical
applications and some compression of these huge BTF data spaces is obviously in-
evitable. The BTF modeling ultimate aim is to create a visual impression of the
same material without a pixel-wise correspondence to the original measurements.
The cornerstone of our BTF compression and modeling method is the replacement
of a huge number of original BTF measurements by their efficient parametric es-
timates derived from an underlying set of 2DCAR or 3DCAR spatial probabilistic
models.

The off-line part of the algorithm [206] starts with the BTF illumination/view
(θi, φi/θv,φv) space segmentation into several subspace images using the K-means
algorithm on color cumulative histograms features. Thus we trade off between an
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extreme compression ratio and the visual quality by using several probabilistic BTF
subspace dedicated models. The overall roughness of a textured surface significantly
influences the BTF texture appearance. Such a surface can be specified using its
range map, which is estimated by the photometric stereo approach. The subspace
2DCAR texture model starts with a spectral PCA-based decorrelation of subspace
image (result of BTF segmentation) into mono-spectral factors. The 3DCAR model
does not need this decorrelation step. Each of these factors is subsequently de-
composed into sub-band components using the multi-resolution Gaussian-Laplacian
pyramid. This allows to use simpler 2D/3D CAR models to model wide range of tex-
tures. Each such sub-band component is analyzed by a dedicated CAR factor model
to obtain a compact set of model parameters.

The 3DCAR model [143, 206] offers a huge BTF compression ratio unattain-
able by any alternative sampling-based BTF synthesis method. Simultaneously this
model can be used to reconstruct missing parts of the BTF measurement space. Dy-
namic textures [144] can be modelled using this model as well. The method [144]
is based on eigen-analysis of dynamic texture images and subsequent preprocessing
and modelling of temporal interpolation eigen-coefficients using a 3DCAR model.
This method compresses significantly the original data and enables extremely fast
synthesis of artificial sequences, which can be easily performed by means of con-
temporary graphics hardware.

14.9 Conclusion

The 3DCAR models are among rare exceptions in the Markovian model family that
allow to derive extremely efficient and fast data processing algorithms. All their
statistics can be evaluated recursively and they do not need any Monte Carlo sam-
pling typical for other Markovian models. The 3DCAR models have the advantage
over non causal (3DAR) ones that they can be treated analytically. It is possible to
find analytical solution of model parameters, optimal model support, model predic-
tor, etc. Similarly the 3DCAR model synthesis is very simple and a causal SAR
RF can be directly generated from model equation. The disadvantage on the other
hand is the causality which is usually rather artificially imposed on image data for
algorithmic reasons and it is seldom supported by real image data. A causal model
introduces an arbitrary directional bias, which depends on the orientation of a causal
neighbourhood used. The CAR model can represent only wide-sense stationary data
and data which have linear mutual relationships.
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Chapter 15
Locally Specified Polygonal Markov Fields
for Image Segmentation

Michal Matuszak and Tomasz Schreiber

Abstract We introduce a class of polygonal Markov fields driven by local activ-
ity functions. Whereas the local rather than global nature of the field specification
ensures substantial additional flexibility for statistical applications in comparison
to classical polygonal fields, we show that a number of simulation algorithms and
graphical constructions, as developed in our previous joint work with M.N.M. van
Lieshout and R. Kluszczynski, carry over to this more general framework. More-
over, we provide explicit formulae for the partition function of the model, which
directly implies the availability of closed form expressions for the corresponding
likelihood functions. Within the framework of this theory we develop an image
segmentation algorithm based on Markovian optimization dynamics combining the
simulated annealing ideas with those of Chen-style stochastic optimization, in which
successive segmentation updates are carried out simultaneously with adaptive opti-
mization of the local activity functions.

15.1 Introduction

The polygonal Markov fields, originally introduced by Arak and Surgailis [10–12]
and then studied by a number of authors [13, 319, 377–379, 395], arise as con-
tinuum ensembles of non-intersecting polygonal contours in the plane. One of the
sources of theoretical interest in these processes lies in that they share a number of
salient features with the two-dimensional Ising model, including the geometry of
phase transitions and phase separation phenomenon [319, 377, 378] as well as the
availability of explicit formulae for important numerical characteristics [11, 12, 379]
yielding in particular closed form expressions for the likelihood functions. The idea
that the polygonal Markov fields can carry out image processing tasks traditionally
reserved for lattice-indexed Markov fields (see [448] for a comprehensive survey, cf.
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also Chap. 14 and the references therein for new developments) has emerged quite
early and originates from Clifford, Middleton and Nicholls [79] who formulated it
in a Bayesian setting. The obvious crucial advantage of polygonal fields in this con-
text is their continuum nature which makes them completely free of lattice artifacts
in image processing applications. The significant problem which slowed down the
progress of this early work was the lack of efficient samplers and simulation algo-
rithms for polygonal fields. These were introduced a decade later in a series of our
joint papers with M.N.M. van Lieshout and R. Kluszczynski [256, 257, 377, 380,
424] where a polygonal field optimization approach for image segmentation was ad-
vocated. Although these methods were quite succesful in global shape recognition,
the problem we faced in that work was related to the lack of local parametrization
tools designed to deal with intermediate scale image characteristics—even though
the applied simulated annealing algorithm would eventually converge to the target
polygonal segmentation, we were looking for a more efficient explicit mechanism
to drive the local search. Introducing such mechanisms and applying them to image
segmentation is the principal purpose of the present paper. We construct a class of
polygonal Markov fields with local activity functions (Sect. 15.2) and discuss their
properties and graphical representations (Sect. 15.3). Next, in Sects. 15.4 and 15.5
we develop a Markovian optimization dynamics for image segmentation, under
which both the polygonal configuration and the underlying local activity function
are subject to optimization—whereas the polygonal configuration evolves accord-
ing to a simulated annealing scheme in the spirit of [256, 257], the local activity
function is initially chosen to reflect the image gradient information, whereupon it
undergoes adaptive updates in the spirit of the celebrated Chen algorithm, see [73]
and 10.2.4.c. in [333], with the activity profile reinforced along polygonal paths
contributing to the improvement of the overall segmentation quality and faded along
paths which deteriorate the segmentation quality. The sample results of our software
are presented in the final Sect. 15.6.

15.2 Locally Specified Polygonal Markov Fields

Fix an open bounded convex set D in the plane R2, referred to as the field domain in
the sequel, and define the family ΓD of admissible polygonal configurations in D,
by taking all the finite planar graphs γ in D ∪ ∂D, with straight-line segments as
edges, such that

• The edges of γ do not intersect,
• All the interior vertices of γ (lying in D) are of degree 2,
• All the boundary vertices of γ (lying in ∂D) are of degree 1,
• No two edges of γ are colinear.

In other words, γ consists of a finite number of disjoint polygons, possibly nested
and chopped off by the boundary. We shall write ΓD[k] ⊂ ΓD for the set of all
admissible polygonal configurations in D with precisely k edges.
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For a Borel subset of A ⊆ R
2 by �A� we shall denote the family of all straight

lines hitting A so that in particular �R2 � stands for the collection of all straight lines
in R

2. Further, we let μ be the standard isometry-invariant Haar-Lebesgue measure
on the space �R2 � of straight lines in R

2. Recall that one possible construction of
μ goes by identifying a straight line l with the pair (φ,ρ) ∈ [0,π) × R, where
(ρ sin(φ), ρ cos(φ)) is the vector orthogonal to l, and joining it to the origin, and
then by endowing the parameter space [0,π)×R with the usual Lebesgue measure.
Note that the above parametrisation of �R2 � with [0,π) × R endows �R2 � with a
natural metric, topology and Borel σ -field which will be used in this paper.

On �D� ×D we consider a non-negative bounded local activity function M (· ; ·)
which will determine the local activity structure of the polygonal field. Define the
formal Hamiltonian LM : ΓD → R+ given by

LM (γ ) :=
∑

e∈Edges(γ )

∫

l∈�e�
M (l; l ∩ e)μ(dl), γ ∈ ΓD. (15.1)

We note that the energy function LM should be regarded as an anisotropic environ-
ment-specific version of the length functional. Indeed, for a line l hitting a graph
edge e ∈ Edges(γ ) at their intersection point x = l∩ e, the local activity M (l; l∩ e)

shall be interpreted as the likelihood of a new edge being created along l inter-
secting and hence fracturing at x the edge e in γ . Under this interpretation we see
that, roughly speaking, the value of

∫
l∈�e� M (l; l ∩ e)μ(dl) determines how likely

the edge e is to be fractured by another edge present in the environment. In other
words, LM (γ ) determines how difficult it is to maintain the whole graph γ ∈ ΓD
without fractures in the environment whose local activity profile is characterised by
M (· ; ·)—note that due to the anisotropy of the environment there may be graphs of
a higher (lower) total edge length than γ and yet of lower (higher) energy and thus
easier (more difficult) to maintain and to keep unfractured due to the lack (presence)
of high local activity lines likely to fracture their edges. In the particular case where
M is constant, LM is readily verified to be a multiple of the usual length functional,
see e.g. p. 554 in [11].

We assume that a measurable anchor mapping A : �D� →D is given on the set
of lines crossing D, assigning to each of them its anchor point, also interpreted as
the initial point of the line. This allows us to define for each bounded linear seg-
ment/graph edge e in D its initial point ι[e] which is the point of e closest to the an-
chor A(l[e]), where l[e] is the straight line extending e. In particular, if A(l[e]) ∈ e

then ι[e] = A(l[e]), otherwise ι[e] is the endpoint of e closest to A(l[e]).
The polygonal Markov field A M

D with local activity function M in D is defined
by

P(A M
D ∈ dγ )

∝ exp(−LM (γ ))
∏

e∈Edges(γ )

[M (l[e]; ι[e])μ(dl[e])], γ ∈ ΓD. (15.2)

In other words, the probability of having A M
D ∈ dγ is proportional to the Boltz-

mann factor exp(−LM (γ )) times the product of local edge activities M (l[e];
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ι[e])μ(dl[e]), e ∈ Edges(γ ). Observe that this construction should be regarded as
a specific version of the general polygonal model given by Arak and Surgailis
[11, 2.11] and an extension of the non-homogeneous polygonal fields considered
in Schreiber [379] at their consistent regime (inverse temperature parameter fixed
to 1). It should be also noted at this point that if the typical edge length for A M

D

is much smaller than the characteristic scale for oscillations of M , which is of-
ten the case in our applications below, then M (l[e]; ·) is usually approximately
constant along the corresponding edge e and the formal dependency of the factor
M (l[e]; ι[e])μ(dl[e]) on the choice of initial segment for e becomes negligible in
large systems. The finiteness of the partition function

Z M
D :=

∞∑

k=0

1

k!
∫

ΓD[k]
exp(−LM (γ ))

∏

e∈Edges(γ )

[M (l[e]; ι[e])μ(dl[e])] (15.3)

is not difficult to verify, see [379], and in fact it will be explicitly calculated in the
sequel.

The so-defined locally specified polygonal fields enjoy a number of striking fea-
tures inherited from the previously developed polygonal models, see [11, 379]. One
of these is the two-dimensional germ-Markov property stating that the conditional
behaviour of the field A M

D inside a smooth closed curve θ depends on the outside
field configuration only through the trace it leaves on θ , consisting of intersection
points and the respective line directions, see [11] for details. This is where the term
polygonal Markov field comes from. Further properties of the locally defined polyg-
onal fields are going to be discussed in the next section, where their algorithmic
construction is provided.

15.3 Dynamic Representation for Locally Specified Polygonal
Fields

The present section is meant to extend the so-called generalised dynamic repre-
sentation for consistent polygonal fields as developed in Schreiber [379] to cover
the more general class of locally specified polygonal fields defined in Sect. 15.2
above. The name generalised representation comes from the fact that it generalises
the original construction of homogeneous polygonal fields introduced by Arak and
Surgailis [11]. In the sequel we will often omit the qualifier generalised for the sake
of terminological brevity. To describe the generalised representation, fix the convex
field domain D and let (Dt )t∈[0,1] be a time-indexed increasing family of compact
convex subsets of D̄, eventually covering the entire D̄ and interpreted as a growing
window gradually revealing increasing portions of the polygonal field under con-
struction in the course of the time flow. In other words, under this interpretation, the
portion of a polygonal field in a bounded open convex domain D uncovered by time
t is precisely its intersection with Dt . To put it in formal terms, consider (Dt )t∈[0,1]
satisfying
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(D1) (Dt )t∈[0,1] is a strictly increasing family of compact convex subsets of D̄ =
D ∪ ∂D.

(D2) D0 is a single point x in D̄ =D ∪ ∂D.
(D3) D1 coincides with D̄.
(D4) Dt is continuous in the usual Hausdorff metric on compacts.

Clearly, under these conditions, for μ-almost each l ∈ �D� the intersection l ∩Dτl

consists of precisely one point A(l), where τl = inf{t ∈ [0,1], Dt ∩ l �= ∅}. The
point A(l) is chosen to be the anchor point for l, which induces the anchor mapping
A : �D� → D as required for our construction in Sect. 15.2. Note that this choice
of the anchor mapping implies that at each point of a line l the direction away
from its anchor point A(l) coincides with the outwards direction with respect to
the growing window (Dt ). Consider now the following dynamics in time t ∈ [0,1],
with all updates, given by the rules below, performed independently of each other,
see Fig. 15.1.

(GE:Initialise) Begin with empty field at the time 0.
(GE:Unfold) Between critical moments listed below, during the time interval
[t, t + dt] the unfolding field edges in Dt reaching ∂Dt extend straight to
Dt+dt \Dt .

(GE:BoundaryHit) When a field edge hits the boundary ∂D, it stops growing in
this direction (note that μ-almost everywhere the intersection of a line with ∂D

consists of at most two points).
(GE:Collision) When two unfolding field edges intersect in Dt+dt \Dt , they are not

extended any further beyond the intersection point (stop growing in the direction
marked by the intersection point).

(GE:DirectionalUpdate) A field edge extending along l ∈ �Dt � updates its di-
rection during [t, t + dt] and starts unfolding along l′ ∈ �l[t,t+dt]�, extending
away from the anchor point A(l′), with probability M (l′; l ∩ l′)μ(dl′), where
l[t,t+dt] := l ∩ (Dt+dt \ Dt). Directional updates of this type are all performed
independently.

(GE:LineBirth) Whenever the anchor point A(l) of a line l falls into Dt+dt \ Dt ,
the line l is born at the time t at its anchor point with probability M (l;A(l))μ(dl),
whereupon it begins extending in both directions with the growth of Dt (recall that
l is μ-almost always tangential to ∂Dt here).

(GE:VertexBirth) For each intersection point of lines l1 and l2 falling into Dt+dt \
Dt , the pair of field lines l1 and l2 is born at l1 ∩ l2 with probability M (l1;
l1 ∩ l2)M (l2; l1 ∩ l2)μ(dl1)μ(dl2), whereupon both lines begin unfolding in the
directions away from their respective anchor points A(l1) and A(l2).

Observe that the evolution rule (GE:VertexBirth) means that pairs of lines are born
at birth sites distributed according to a Poisson point process in D with intensity
measure given by the intersection measure 〈〈M 〉〉 of M :

〈〈M 〉〉(A) := 1

2

∫

{(l1,l2), l1∩l2⊂A}
M (l1; l1 ∩ l2)M (l2; l1 ∩ l2)μ(dl1)μ(dl2). (15.4)
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Fig. 15.1 Dynamic representation

Likewise, the evolution rule (GE:LineBirth) implies that individual lines are born
at their anchor points according to a Poisson point process in �D� with intensity
measure given by the anchor measure 〈M 〉 of M :

〈M 〉(B) :=
∫

{l,A(l)∈B}
M (l,A(l))μ(dl). (15.5)

The main theorem of this section is the following extension of Theorem 3 in [379].

Theorem 15.1 The random contour ensemble resulting from the above construction
(GE) coincides in law with A M

D . Moreover, we have

logZ M
D = 〈〈M 〉〉(D)+ 〈M 〉(�D�). (15.6)

Proof We pick some γ ∈ ΓD and calculate the probability that the outcome of the
above dynamic construction falls into dγ . To this end, we note that:

• Each edge e ∈ Edges(γ ) containing the anchor point A(l[e]) and hence resulting
from a line birth event due to the rule (GE:LineBirth), contributes to the con-
sidered probability the factor M (l[e];A(l[e]))μ(dl[e]) (line birth probability for
l[e]) times exp[− ∫�e� M (l; l ∩ e)μ(dl)] (no directional updates along e).

• Each of the two edges e1, e2 ∈ Edges(γ ) stemming from a common interior birth
vertex l[e1] ∩ l[e2] = ι[e1] = ι[e2] yields the factor M (l[ei]; ι[ei])μ(dl[ei]), i =
1,2, (coming from the vertex birth probability due to the rule (GE:VertexBirth))
times exp[− ∫�ei� M (l; l ∩ ei)μ(dl)] (no directional updates along ei ).
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• Each of the edges e ∈ Edges(γ ) arising in (GE:DirectionalUpdate) yields
the factor M (l[e]; ι[e]) (directional update probability) times exp[− ∫�e� M (l;
l ∩ e)μ(dl)] (no directional updates along e).

• The absence of interior birth sites in D \ γ yields the factor exp[−〈〈M 〉〉(D)].
• Finally, the absence of line birth events for all lines in �D� except for the fi-

nite collection {l[e], e ∈ Edges(γ ), A(l[e]) ∈ e} yields the additional factor
exp[〈−M 〉(�D�)].

Putting these observations together we conclude that the probability element of γ
resulting from the generalized construction above is

exp(−LM (γ ))
∏

e∈Edges(γ )[M (l[e]; ι[e])μ(dl[e])]
exp[〈〈M 〉〉(D)] exp[〈M 〉(�D�)]

and thus, upon comparing with (15.2) and (15.3), the field obtained by this con-
struction coincides in law with A M

D as required and (15.6) follows as well. This
completes the proof of the theorem. �

15.4 Disagreement Loop Dynamics

In this section we discuss a random dynamics on the space ΓD of admissible polyg-
onal configurations which leaves the law of the field A M

D invariant and reversible.
This dynamics will be used in the sequel as a mechanism for update proposal gen-
eration in stochastic optimization schemes for image segmentation. We build upon
[377, 379] in our presentation of the dynamics based on an important concept of a
disagreement loop.

To proceed we place ourselves within the context of the dynamic representation
discussed in Sect. 15.3 above and suppose that we observe a particular realisation
γ ∈ ΓD of the polygonal field A M

D and that we modify the configuration by adding
an extra (GE:VertexBirth) vertex birth site at x0 ∈ D to the existing collection of
vertex births for γ , while keeping unchanged the remaining evolution rules (GE)
for all the edges, including the two newly added ones. Denote the resulting new
(random) polygonal configuration by γ ⊕ x0. A simple yet crucial observation is
that for x0 ∈D the symmetric difference γ"[γ ⊕ x0] is almost surely a single loop
(a closed polygonal curve), possibly self-intersecting and possibly chopped off by
the boundary (becoming a path then). Indeed, this is seen as follows. Each point in
x ∈D can be attributed its time coordinate which is just the time moment at which
x is first hit by ∂Dt . Then the chronologically initial point of the loop γ"[γ ⊕ x0]
is of course x0. Each of the two new polygonal curves p1,p2 initiated by edges
e1, e2 emitted from x0 unfold independently, according to (GE), each giving rise to
a disagreement path. The initial segments of such a disagreement path correspond
to the growth of the curve, say p1, before its annihilation in the first collision. If
this is a collision with the boundary, the disagreement path gets chopped off and
terminates there. If this is a collision with a segment of the original configuration γ
corresponding to a certain old polygonal curve p3 emitted from a prior vertex birth
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site, the new curve p1 dies but the disagreement path continues along the part of
the trajectory of p3 which is contained in γ but not in γ ⊕ x0. At some further mo-
ment p3 dies itself in γ , touching the boundary or killing another polygonal curve
p4 in γ . In the second case, however, this collision only happens for γ and not for
γ ⊕ x0 so the polygonal curve p4 survives (for some time) in γ ⊕ x0 yielding a fur-
ther connected portion of the disagreement path initiated by p1, which is contained
in γ ⊕ x0 but not in γ etc. A recursive continuation of this construction shows that
the disagreement path initiated by p1 at x0 consists alternately of connected polyg-
onal sub-paths contained in [γ ⊕x0] \γ (call these creation phase sub-paths) and in
γ \ [γ ⊕ x0] (call these annihilation phase sub-paths). Note that this disagreement
path is self-avoiding and, in fact, it can be represented as the graph of some piece-
wise linear function t �→ x(t) ∈ ∂Dt . Clearly, the same applies for the disagreement
path initiated by p2 at x0. An important observation is that whenever two creation
phase or two annihilation phase sub-paths of the two disagreement paths hit each
other, both disagreement paths die at this point and the disagreement loop closes
(as opposed to intersections of segments of different phases which do not have this
effect). Obviously, if the disagreement loop does not close in the above way, it gets
eventually chopped off by the boundary. We shall write Δ⊕[x0;γ ] = γ"[γ ⊕ x0]
to denote the (random) disagreement loop constructed above. A similar argument
shows that an extra (GE:LineBirth) line birth event added for l ∈ �D� at its an-
chor point A(l), while keeping the remaining evolution rules unchanged, also gives
rise to a disagreement loop Δ⊕[l;γ ] which coincides with the symmetric difference
γ"[γ ⊕ l], where γ ⊕ l is the polygonal configuration resulting from γ upon adding
the line birth site at A(l).

Likewise, a disagreement loop arises if we remove one vertex birth site x0 ∈ D

from the collection of vertex birth sites of an admissible polygonal configuration
γ ∈ ΓD , while keeping the remaining evolution rules. We write γ * x0 for the
configuration obtained from γ by removing x0 from the list of vertex birth sites,
while the resulting random disagreement loop is denoted by Δ*[x0;γ ] so that
Δ*[x0;γ ] = γ"[γ * x0]. In full analogy, we define γ * l and Δ*[l;γ ] where
l = l[e] is the field line extending an edge e ∈ Edges(γ ) with A(l) ∈ e and γ * l is
the configuration obtained from γ upon killing the line l at its anchor A(l) whereas
Δ*[x0;γ ] is the resulting disagreement loop. We refer the reader to Sect. 2.1
in [377] for further discussion.

With the above terminology we are in a position to describe a random dynam-
ics on the configuration space ΓD , which leaves invariant the law of the polygonal
process A M

D . Particular care is needed, however, to distinguish between the notion
of time considered in the dynamic representation of the field as well as throughout
the construction of the disagreement loops above, and the notion of time to be intro-
duced for the random dynamics on ΓD constructed below. To make this distinction
clear we shall refer to the former as to the representation time (r-time for short) and
shall reserve for it the notation t , while the latter will be called the simulation time
(s-time for short) and will be consequently denoted by s in the sequel.

Consider the following pure jump birth and death type Markovian dynamics
on ΓD , with γs = γDs standing for the current configuration
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(DL:Birth) With intensity 〈〈M 〉〉(dx)ds for x ∈ D and with intensity 〈M 〉(dl)ds
for l ∈ �D� set γs+ds := γs ⊕ x and γs+ds := γs ⊕ l respectively.

(DL:Death) For each vertex birth site x in γs with intensity ds set γs+ds := γs * x.
For each line birth site A(l[e]) ∈ e, e ∈ Edges(γ ) with intensity ds set γs+ds :=
γs * l[e].

If none of the above updates occurs we keep γs+ds = γs . It is convenient to perceive
the above dynamics in terms of generating random disagreement loops λ and set-
ting γs+ds := γs"λ, with the loops of the type Δ⊕[· , ·] corresponding to the rule
(DL:Birth) and Δ*[· , ·] to the rule (DL:Death).

As a direct consequence of the dynamic representation of the field A M
D as de-

veloped in Sect. 15.3, we obtain

Theorem 15.2 The distribution of the polygonal field A M
D is the unique invariant

law of the dynamics given by (DL:Birth) and (DL:Death). The resulting s-time sta-
tionary process is reversible. Moreover, for any initial distribution of γ0 the laws
of the polygonal fields γs converge in variational distance to the law of A M

D as
s → ∞.

The uniqueness and convergence statements in the above theorem require a short
justification. They both follow by the observation that, in finite volume, regardless
of the initial state, the process γs spends a non-null fraction of time in the empty
state (no polygonal contours). Indeed, this observation allows us to conclude the
required uniqueness and convergence by a standard coupling argument, e.g. along
the lines of the proof of Theorem 1.2 in [289].

15.5 Adaptive Optimization Scheme for Image Processing

To provide a formal description of our image segmentation procedure we repre-
sent the image processed by a continuously differentiable function φ :D → [−1,1]
defined on an open bounded convex image domain D. By segmentations of φ we
shall understand admissible polygonal configurations γ ∈ ΓD . Interpreting the con-
tours of γ as curves separating regions of different signs in D we associate with
γ two natural sign-functions s+γ : D → {−1,+1} and s−γ = −s+γ . The quality of a

segmentation is quantified in terms of an energy function H [γ ] := H [γ |φ] which
in our case is a positive linear combination of a L1-type distance (multiple of pixel
misclassification ratio), the length element and the number of edges, that is to say

H [γ ] := α2 min

(∫

D

|φ(x)− s+γ (x)|dx,
∫

D

|φ(s)− s−γ (x)|dx
)

+ α1 length(γ )+ α0 card(Edges(γ )), αi > 0, i = 0,1,2, (15.7)

although clearly many other natural options are also possible, such as Lp-type met-
rics or various weighed versions thereof. Our optimization scheme (OPT) presented
below is based on the (DL) evolution as described in Sect. 15.4 above, combined
with the following ideas.
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• The initial local activity function encodes the gradient information for φ.
• In the course of the dynamics, the local activity function undergoes adaptive up-

dates in the spirit of the celebrated Chen algorithm, see [73] and 10.2.4.c in [333].
• The segmentation update proposals are accepted or rejected depending on the

energy changes they induce, conforming to the simulated annealing scheme, see
[1] for a general reference.

At each time moment s ≥ 0 in the course of the (OPT) dynamics the local activity
function M (· ; ·) is given by

Ms(l;x) := |e[l] × Gs(x)|, (15.8)

where e[l] is a unit vector along l and × stands for the usual vector cross product.
The vector field Gs evolves in (OPT) time together with the polygonal configuration
γs as specified below, with the initial condition

G0(x) := ∇φ(x), (15.9)

for practical reasons possibly modified by convolving φ with a small variance Gaus-
sian kernel at the pre-processing stage. When combined, the relations (15.8) and
(15.9) mean that we promote edges in directions perpendicular to local gradients
and proportionally to the gradient lengths. In precise terms, our algorithm admits
a description in terms of the following (non-homogeneous) pure-jump Markovian
dynamics (OPT) unfolding in time s ≥ 0.

(OPT:Initialise) At time 0 set the initial activity function M0(· ; ·) as specified by
(15.8) and (15.9) and generate γ0 according to A M0

D .
(OPT:Birth) For Ms given as in (15.8), with intensity 〈〈Ms〉〉(dx)ds for x ∈D and

with intensity 〈Ms〉(dl) for l ∈ �D� do

[GenerateDisagreementLoop] Set δ := γs ⊕ x and δ := γs ⊕ l respectively, with λ
standing for the respective disagreement loop Δ⊕[x;γ ] or Δ⊕[l;γ ] and with λ+
and λ− denoting its respective creation and annihilation phase sub-paths. Note
that the disagreement loop is generated according to the current activity mea-
sure Ms . Let Δ := H (δ)− H (γs) be the energy difference between the current
configuration γs and its update proposal δ.

[ActivityUpdate] Put

Gs+ds(x) := Gs(x)

+ exp(−KsΔ)− 1

2πσ 2
s

∫

λ+
n[y]〈n[y],Gs(x)〉 exp

(

−dist2(x, y)

2σ 2
s

)

dy

+ exp(KsΔ)− 1

2πσ 2
s

∫

λ−
n[y]〈n[y],Gs(x)〉 exp

(

−dist2(x, y)

2σ 2
s

)

dy,

where n[y] stands for the unit normal to λ at y ∈ λ, defined almost everywhere;
whereas Ks and σs are positive deterministic parameter functions discussed in
more detail below.
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[ConfigurationUpdate] If Δ < 0 then set γs+ds := δ. Otherwise set γs+ds := δ

with probability exp(−βsΔ) (accept update) and keep γs+ds = γs with the com-
plementary probability (reject update). The parameter function βs , referred to
as the inverse temperature according to the usual terminology, increases in time
following the cooling protocol of our simulated annealing.

(OPT:Death) With Ms as given by (15.8), for each vertex birth site x in γs with
activity ds, and for each line birth site A(l[e]) ∈ e, e ∈ Edges(γ ) with intensity
ds, do

[GenerateDisagreementLoop] Set δ := γs *x and δ := γs * l[e] respectively, with
λ standing for the respective disagreement loop Δ*[x;γ ] or Δ*[l[e];γ ] and
with λ+ and λ− denoting its respective creation and annihilation phase sub-paths.
Note that the disagreement loop is generated according to the current activity
measure Ms . Let Δ := H (δ) − H (γs) be the energy difference between the
current configuration γs and its update proposal δ.

[ActivityUpdate] Put

Gs+ds(x) := Gs(x)

+ exp(−KsΔ)− 1

2πσ 2
s

∫

λ−
n[y]〈n[y],Gs(x)〉 exp

(

−dist2(x, y)

2σ 2
s

)

dy

+ exp(KsΔ)− 1

2πσ 2
s

∫

λ+
n[y]〈n[y],Gs(x)〉 exp

(

−dist2(x, y)

2σ 2
s

)

dy.

[ConfigurationUpdate] If Δ < 0 then set γs+ds := δ. Otherwise set γs+ds := δ

with probability exp(−βsΔ) (accept update) and keep γs+ds = γs with the com-
plementary probability (reject update).

Roughly speaking, our optimization dynamics (OPT) generates successive updates
according to the disagreement loop dynamics (DL) driven by the current local ac-
tivity function Ms , whereupon it updates the activity function in the spirit of the
Chen algorithm in [ActivityUpdate] phase, and then accepts or rejects the config-
uration update proposal for γs in [ConfigurationUpdate] conforming to the simu-
lated annealing paradigm. Note that the activity update is carried out regardless of
whether the configuration update proposal has been accepted or not. This is natural
because in the activity update step the original and new configuration are compared
for quality and then, along the disagreement segments present in the better of the two
configurations, the normal component of the local gradient field is reinforced and,
likewise, the normal component is subject to fading along the disagreement seg-
ments present in the worse configuration. The strength of this reinforcement/fading
depends exponentially on the energy difference between the original configuration
and its update, with rate controlled by time-dependent parameter Ks , which should
increase over time starting from a low level to avoid erratic reinforcements induced
by the initially chaotic nature of the early stage polygonal configurations γs . To
keep the local activity function smooth we smear the activity updates over the do-
main by convolving them with a Gaussian kernel of time-dependent standard de-
viation parameter σs , as made precise in the [ActivityUpdate] formulae above. The
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Fig. 15.2 Segmented
handwritten A (30000
updates)

parameter σs should decrease over time to pass from global shape approximation to
fine detail tuning at the later stages of the (OPT) dynamics. The update proposals
for the polygonal configurations are accepted or rejected according to the standard
simulated annealing scheme with time-dependent inverse temperature parameter βs
which increases over time—to be precise, our software employs a linear cooling
schedule βs = βs for some constant β > 0.

15.6 Results and Discussion

In this final section we present applications of our algorithm on sample images. The
software, implemented in D programming language, is in a rather early stage of
development and will be further optimised. The segmentations shown in Figs. 15.2,
15.3 and 15.4 have been obtained after about 30000 (accepted) updates under a
linear cooling schedule, with mean execution time 0.05 sec per single update on
Intel Pentium M 2 GHz CPU and 2 GB RAM memory.

A large number of segmentation techniques are available in the literature. But,
there does not exist a general algorithm that can perform the segmentation task
for all images. Classification of image segmentation methods can be divided into
several categories. Starting with the simplest one, the thresholding method, that uses
a global property of the image, usually intensity, to classify individual pixels from
the image as object pixels, if the value of the pixels property exceeds threshold value,
or as background pixels otherwise. The main disadvantage of the method is a narrow
range of application, because it works only for a subclass of images in which objects
are distinct from background in intensity. The adjustment of the threshold parameter
is also a nontrivial task and often requires human interaction. Another well known
method is the K-means algorithm [293]. It is an unsupervised clustering algorithm
that classifies the pixels from the image into multiple classes based on their inherent
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Fig. 15.3 Segmented
handwritten B (30000
updates)

Fig. 15.4 Segmented
gingerbread-man (30000
updates)

distance from each other. For small values of k the algorithm gives good results, but
for larger values of k, the segmentation is very coarse, many clusters appear in the
images at discrete places. Selection of parameter k is crucial in that algorithm and
inappropriate choice may yield wrong results.

One of the most popular methods in segmentation uses morphological approach:
the watershed transformation. That approach was introduced in [34] and consists of
placing a spring of water in each selected region, the water will relief from sources,
and construct barriers when water from different sources meet. The resulting bar-
riers are the segmentation of the image. The main disadvantage of the algorithm is
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the need of human interaction to locate points where flooding should start. Another
group of algorithms: the Markov random fields (MRF)-based methods are of great
importance, for their ability to model a prior belief about the continuity of image
features such as textures, edges or region labels [457], but obtain unsatisfied results
when the prior knowledge is taken seriously.

The approach described here uses models that operate on the pixel level. Alter-
native intermediate level methods focus on the partition of the image that is the out-
come of a segmentation. Green [190] and Møller and Skare [313] propose Voronoi-
based models, and [318] suggests triangulations. One of the main advantage of our
method is a higher conceptual level than most of listed algorithms i.e. the real world
is not a collection of pixels and as we do not know what is in the image we cannot
model the objects. The algorithm achieves reasonable global behaviour. Another
benefit from our algorithm is easy and fast implementation. The drawbacks of our
method can be seen around the edges, which will require more finetuning in the
future.

Acknowledgements We gratefully acknowledge the support from the Polish Minister of Science
and Higher Education grant N N201 385234 (2008–2010).



Chapter 16
Regularization with Approximated L2

Maximum Entropy Method

Jean-Michel Loubes and Paul Rochet

Abstract We tackle the inverse problem of reconstructing an unknown finite mea-
sureμ from a noisy observation of a generalized moment ofμ defined as the integral
of a continuous and bounded operator Φ with respect to μ. When only a quadratic
approximation Φm of the operator is known, we introduce the L2 approximate max-
imum entropy solution as a minimizer of a convex functional subject to a sequence
of convex constraints. Under several assumptions on the convex functional, the con-
vergence of the approximate solution is established and rates of convergence are
provided.

16.1 Introduction

A number of inverse problems may be stated in the form of reconstructing an un-
known measure μ from observations of generalized moments of μ, i.e., moments y
of the form

y =
∫

X
Φ(x)dμ(x),

where Φ : X →R
k is a given map. Such problems are encountered in various fields

of sciences, time-series analysis, speech processing, spectroscopy, geophysical sci-
ences, image reconstruction, crystallography, see for example [95, 197, 225, 387].
This approach also enables to deal with image denoising issues, which are treated
in Chaps. 1 and 4, as well as tomography problems discussed in Chaps. 5 and 11.
Recovering the unknown measure μ is generally an ill-posed problem, which turns
out to be difficult to solve in the presence of noise, i.e., one observes yobs given by

yobs =
∫

X
Φ(x)dμ(x)+ ε. (16.1)
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For inverse problems with known operator Φ , regularization techniques allow the
solution to be stabilized by giving favor to those solutions which minimize a regu-
larizing functional J , i.e., one minimizes J (μ) over μ subject to the constraint that∫
X Φ(x)dμ(x)= y when y is observed, or

∫
X Φ(x)dμ(x) ∈KY in the presence of

noise, for some convex set KY containing yobs . Several types of regularizing func-
tionals have been introduced in the literature. In this general setting, the inversion
procedure is deterministic, i.e., the noise distribution is not used in the definition
of the regularized solution. Bayesian approaches to inverse problems allow one to
handle the noise distribution, provided it is known, yet in general, a distribution
like the normal distribution is postulated (see [129] for a survey). However in many
real-world inverse problems, the noise distribution is unknown, and only the output
y is easily observable, contrary to the input to the operator. Consequently very few
paired data is available to reliably estimate the noise distribution, thereby causing
robustness deficiencies on the retrieved parameters. Nonetheless, even if the noise
distribution is unavailable to the practitioner, she often knows the noise level, i.e.,
the maximal magnitude of the disturbance term, say ρ > 0, and this information
may be reflected by taking a constraint set KY of diameter 2ρ.

As an alternative to standard regularizations such as Tikhonov or Galerkin, see
for instance [127], we focus on a regularization functional with grounding in in-
formation theory, generally expressed as a negative entropy, leading to maximum
entropy solutions to the inverse problem. In a deterministic framework, maximum
entropy solutions have been studied in [45] and [46], while some others studies ex-
ist in a Bayesian setting [178, 179], in seismic tomography [141], in image analysis
[197, 387]. Regularization with maximum entropy also provides one with a very
simple and natural manner to incorporate constraints on the support and the range
of the solution (see e.g. the discussion in [179]).

In many actual situations, however, the map Φ is unknown and only an approxi-
mation to it is available, say Φm, which converges in quadratic norm to Φ as m goes
to infinity. In this paper, following lines devised in [178, 179, 294], we introduce an
approximate maximum entropy on the mean (AMEM) estimate μ̂m,n of the measure
μX to be reconstructed. This estimate is expressed in the form of a discrete measure
concentrated on n points of X . In our main result, we prove that μ̂m,n converges
to the solution of the initial inverse problem as m→ ∞ and n→ ∞ and provide a
rate of convergence for this estimate.

The paper is organized as follows. Section 16.2 introduces some notation and
the definition of the AMEM estimate. In Sect. 16.3, we state our main result (Theo-
rem 16.2). Section 16.4 is devoted to the proofs of our results.

16.2 Notation and Definitions

16.2.1 Problem Position

Let Φ be a continuous and bounded map defined on a subset X of Rd and taking
values in R

k . The set of finite measures on (X ,B(X )) will be denoted by M (X ),
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where B(X ) denotes the Borel σ -field of X . Let μX ∈ M (X ) be an unknown
finite measure on X and consider the following equation:

y =
∫

X
Φ(x)dμX(x). (16.2)

Suppose that we observe a perturbed version yobs of the response y:

yobs =
∫

X
Φ(x)dμX(x)+ ε,

where ε is an error term supposed bounded in norm from above by some positive
constant η, representing the maximal noise level. Based on the data yobs , we aim at
reconstructing the measure μX with a maximum entropy procedure. As explained
in the introduction, the true map Φ is unknown and we assume knowledge of an
approximating sequence Φm to the map Φ , such that

‖Φm −Φ‖L2(PX)
=
√

E(‖Φm(X)−Φ(X)‖2)→ 0,

at a rate ϕm.
Let us first introduce some notation. For all probability measures ν on R

n, we
shall denote by Lν , Λν , and Λ∗

ν the Laplace, log-Laplace, and Cramer transforms
of ν, respectively defined for all s ∈R

n by:

Lν(s) =
∫

Rn

exp〈s, x〉dν(x),
Λν(s) = logLν(s),

Λ∗
ν(s) = sup

u∈Rn

{〈s, u〉 −Λν(u)}.

Define the set

KY = {y ∈R
k : ‖y − yobs‖ ≤ η},

i.e., KY is the closed ball centered at the observation yobs and of radius η.
Let X be a set, and let P(X ) be the set of probability measures on X . For

ν,μ ∈ P(X ), the relative entropy of ν with respect to μ is defined by

H(ν|μ)=
{∫

X log( dν
dμ
)dν if ν � μ,

+∞ otherwise.

Given a set C ∈ P(X ) and a probability measure μ ∈ P(X ), an element μ� of
C is called an I-projection of μ on C if

H(μ�|μ)= inf
ν∈C

H(ν|μ).

Now we let X be a locally convex topological vector space of finite dimension.
The dual of X will be denoted by X ′. The following two Theorems, due to [87],
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characterize the entropic projection of a given probability measure on a convex set.
For their proofs, see Theorem 3 and Lemma 3.3 in [87], respectively.

Theorem 16.1 Let μ be a probability measure on X . Let C be a convex subset of
X whose interior has a non-empty intersection with the convex hull of the support
of μ. Let

Π(X )=
{

P ∈ P(X ) :
∫

X
xdP (x) ∈ C

}

.

Then the I-projection μ� of μ on Π(C ) is given by the relation

dμ�(x)= expλ�(x)
∫
X expλ�(u)dμ(u)

dμ(x),

where λ� ∈ X ′ is given by

λ� = arg max
λ∈X ′

[

inf
x∈C

λ(x)− log
∫

X
expλ(x)dμ(x)

]

.

Now let νZ be a probability measure on R+. Let PX be a probability measure on
X having full support, and define the convex functional IνZ (μ|PX) by:

IνZ (μ|PX)=
{∫

X Λ∗
νZ
(
dμ
dPX

)dPX if μ� PX,

+∞ otherwise.

Within this framework, we consider as a solution of the inverse problem (16.2) a
minimizer of the functional IνZ (μ|PX) subject to the constraint

μ ∈ S(KY )=
{

μ ∈ M (X ) :
∫

X
Φ(x)dμ(x) ∈KY

}

.

16.2.1.1 The AMEM Estimate

We introduce the approximate maximum entropy on the mean (AMEM) estimate as
a sequence μ̂m,n of discrete measures on X . In all of the following, the integer m
indexes the approximating sequence Φm to Φ , while the integer n indexes a random
discretization of the space X . For the construction of the AMEM estimate, we
proceed as follows.

Let (X1, . . . ,Xn) be an i.i.d sample drawn from PX . Thus the empirical measure
1
n

∑n
i=1 δXi

converges weakly to PX .
Let Ln be the discrete measure with random weights defined by

Ln = 1

n

n∑

i=1

ZiδXi
,

where (Zi)i is a sequence of i.i.d. random variables on R.
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For S a set we denote by coS its convex hull. Let Ωm,n be the probability event
defined by

Ωm,n = [KY ∩ co SuppF∗ν⊗n
Z �= ∅], (16.3)

where F : Rn → R
k is the linear operator associated with the matrix Am,n =

1
n
(Φi

m(Xj ))(i,j)∈[1,k]×[1,n] and where F∗ν⊗n
Z denotes the image measure of ν⊗n

Z

by F . For ease of notation, the dependence of F on m and n will not be explic-
itly written throughout.

Denote by P(Rn) the set of probability measures on R
n. For any map

Ψ : X →R
k define the set

Πn(Ψ,KY )=
{

ν ∈ P(Rn) : Eν

[∫

X
Ψ (x)dLn(x)

]

∈KY

}

.

Let ν�m,n be the I-projection of ν⊗n
Z on Πn(Φm,KY ).

Then, on the event Ωm,n, we define the AMEM estimate μ̂m,n by

μ̂m,n = Eν�m,n
[Ln], (16.4)

and we extend the definition of μ̂m,n to the whole probability space by setting
it to the null measure on the complement Ωc

m,n of Ωm,n. In other words, letting
(z1, . . . , zn) be the expectation of the measure ν�m,n, the AMEM estimate may be
rewritten more conveniently as

μ̂m,n = 1

n

n∑

i=1

ziδXi
(16.5)

with zi = Eν�m,n
(Zi) on Ωm,n, and as μ̂m,n ≡ 0 on Ωc

m,n. It is shown in [294] that
P(Ωm,n)→ 1 as m→ ∞ and n→ ∞. Hence for m and n large enough, the AMEM
estimate μ̂m,n may be expressed as in (16.5) with high probability, and asymptoti-
cally with probability 1.

Remark 16.1 The construction of the AMEM estimate relies on a discretization of
the space X according to the probability PX . Therefore by varying the support
of PX , the practitioner may easily incorporate some a-priori knowledge concern-
ing the support of the solution. Similarly, the AMEM estimate also depends on the
measure νZ , which determines the domain of Λ∗

νZ
, and so the range of the solution.
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16.3 Convergence of the AMEM Estimate

16.3.1 Main Result

Assumption 16.1 The minimization problem admits at least one solution, i.e., there
exists a continuous function g0 : X → co SuppνZ such that

∫

X
Φ(x)g0(x)dPX(x) ∈KY .

Assumption 16.2

(i) domΛνZ := {s : |ΛνZ(s)|<∞} = R;
(ii) Λ′

νZ
is bounded.

Assumption 16.3 The approximating sequence Φm converges to Φ in L2(X ,PX).
Its rate of convergence is given by

‖Φm −Φ‖L2 =O(ϕ−1
m ).

Assumption 16.4 ΛνZ is a convex function.

Assumption 16.5 For all m, the components of Φm are linearly independent.

Assumption 16.6 Λ′
νZ

and Λ′′
νZ

are continuous functions.
We define Cb = {g : X →R, g continuous and bounded}.
We are now in a position to state our main result.

Theorem 16.2 (Convergence of the AMEM estimate) Suppose that Assump-
tions 16.1 and 16.2 hold. Let μ∗ be the minimizer of the functional

IνZ (μ|PX)=
∫

X
Λ∗
νZ

(
dμ

dPX

)

dPX

subject to the constraint μ ∈ S(KY )= {μ ∈ M (X ) : ∫X Φ(x)dμ(x) ∈KY }.
• Then the AMEM estimate μ̂m,n is given by

μ̂m,n = 1

n

n∑

i=1

Λ′
νZ
(〈v̂m,n,Φm(Xi)〉)δXi

,

where v̂m,n minimizes on R
k

Hn(Φm,v)= 1

n

n∑

i=1

ΛνZ(〈v,Φm(Xi)〉)− inf
y∈KY

〈v, y〉.
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• Moreover, under Assumptions 16.4, 16.2, and 16.3, it converges weakly to μ∗ as
m→ ∞ and n→ ∞. Its rate of convergence is given by

∀g ∈ Cb,

∣
∣
∣
∣

∫

X
g(dμ̂m,n − dμ∗)

∣
∣
∣
∣= κm,n +OP

(
1√
n

)

,

where κm,n =OP (ϕ
−1
m ), uniformly for all n ∈N.

Remark 16.2 Assumption 16.2(i) ensures that the function H(Φ,v) in Theo-
rem 16.2 attains its minimum at a unique point v� belonging to the interior of its
domain. If this assumption is not met, [45, 179] have shown that the minimizers of
IνZ (μ|PX) over S(KY ) may have a singular part with respect to PX .

Proof The first part of the theorem is proved in Theorem 3.1 in [294] using Theo-
rem 16.1. We here focus on the proof of the second part. The rate of convergence
of the AMEM estimate depends both on the discretization n and the convergence of
the approximated operator m. Hence we consider

v̂m,∞ = argmin
v∈Rk

H(Φm,v)= argmin
v∈Rk

{∫

X
ΛνZ(〈Φm(x), v〉)dPX − inf

y∈KY

〈v, y〉
}

,

μ̂m,n = Λ′
νZ
(〈v̂m,n,Φm(·)〉)Pn,

μ̂m,∞ = Λ′
νZ
(〈Φm(·), v̂m,∞〉)PX.

For a given g ∈ Cb , we have the following upper bound

∣
∣
∣
∣

∫

X
g(dμ̂m,n − dμ∗)

∣
∣
∣
∣≤
∣
∣
∣
∣

∫

X
g(dμ̂m,n − dμ̂m,∞)

∣
∣
∣
∣+
∣
∣
∣
∣

∫

X
g(dμ̂m,∞ − dμ∗)

∣
∣
∣
∣,

where each term must be tackled separately.
First, let us consider |∫X g(dμ̂m,n − dμ̂m,∞)|.

∣
∣
∣
∣

∫

X
g(dμ̂m,n − dμ̂m,∞)

∣
∣
∣
∣

=
∣
∣
∣
∣

∫

X
g(Λ′

νZ
(〈Φm, v̂m,n〉)dPn −Λ′

νZ
(〈Φm, v̂m,∞〉)dPX)

∣
∣
∣
∣

≤
∣
∣
∣
∣

∫

X
g(Λ′

νZ
(〈Φm, v̂m,n〉)−Λ′

νZ
(〈Φm, v̂m,∞〉))dPn

∣
∣
∣
∣

+
∣
∣
∣
∣

∫

X
g(Λ′

νZ
(〈Φm, v̂m,∞〉)dPn −Λ′

νZ
(〈Φm, v̂m,∞〉)dPX)

∣
∣
∣
∣.

To bound the first term |∫X g(Λ′
νZ
(〈Φm, v̂m,n〉)−Λ′

νZ
(〈Φm, v̂m,∞〉))dPn|, write
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∣
∣
∣
∣

∫

X
g(Λ′

νZ
(〈Φm, v̂m,n〉)−Λ′

νZ
(〈Φm, v̂m,∞〉))dPn

∣
∣
∣
∣

≤ ‖g‖∞‖Λ′′
νZ

‖∞
1

n

n∑

i=1

〈Φm(Xi), v̂m,n − v̂m,∞〉

≤ ‖g‖∞‖Λ′′
νZ

‖∞‖v̂m,n − v̂m,∞‖ 1

n

n∑

i=1

‖Φm(Xi)‖,

where we have used Cauchy-Schwarz inequality. Since (Φm)m converges in
L

2(PX), it is bounded in L
2(PX)-norm, yielding that 1

n

∑n
i=1 ‖Φm(Xi)‖ converges

almost surely to E‖Φm(X)‖<∞. Hence, there exists K1 > 0 such that

∣
∣
∣
∣

∫

X
g(Λ′

νZ
(〈Φm, v̂m,n〉)−Λ′

νZ
(〈Φm, v̂m,∞〉))dPn

∣
∣
∣
∣≤K1‖v̂m,n − v̂m,∞‖.

For the second term, we obtain by Assumption 16.2

∣
∣
∣
∣

∫

X
g(dμ̂m,n − dμ̂m,∞)

∣
∣
∣
∣=OP

(
1√
n

)

,

uniformly for all n ∈ N. Hence we get

∣
∣
∣
∣

∫

X
g(dμ̂m,n − dμ∗)

∣
∣
∣
∣≤K1‖v̂m,n − v̂m,∞‖ +OP

(
1√
n

)

.

The second step is to consider |∫X g(dμ̂m,∞ −dμ∗)| and to follow the same guide-
lines. So, we get

∣
∣
∣
∣

∫

X
g(dμ̂m,∞ − dμ∗)

∣
∣
∣
∣ =

∣
∣
∣
∣

∫

X
g(Λ′

νZ
(〈Φm, v̂m,∞〉)−Λ′

νZ
(〈Φ,v∗〉))dPX

∣
∣
∣
∣

≤
∣
∣
∣
∣

∫

X
g(Λ′

νZ
(〈Φm, v̂m,∞〉)−Λ′

νZ
(〈Φm,v

∗〉))dPX
∣
∣
∣
∣

+
∣
∣
∣
∣

∫

X
g(Λ′

νZ
(〈Φm,v

∗〉)−Λ′
νZ
(〈Φ,v∗〉))dPX

∣
∣
∣
∣.

We can write still using Cauchy-Schwarz inequality that

∫

X
g(x)(Λ′

νZ
(〈Φm(x), v̂m,∞〉)−Λ′

νZ
(〈Φm(x), v

∗〉))dPX(x)

≤
∫

X
g(x)Λ′′

νZ
(ξ)〈Φm(x), v̂m,∞ − v∗〉dPX(x)

≤ ‖Λ′′
νZ

‖∞
√

E(g(X))2
√

E(‖Φm(X)‖2) ‖v̂m,∞ − v∗‖.
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Hence there exists K2 > 0 such that

∣
∣
∣
∣

∫

X
g(Λ′

νZ
(〈Φm, v̂m,∞〉)−Λ′

νZ
(〈Φm,v

∗〉))dPX
∣
∣
∣
∣≤K2‖v̂m,∞ − v∗‖.

Finally, the last term |∫X g(Λ′
νZ
(〈Φm,v

∗〉)−Λ′
νZ
(〈Φ,v∗〉))dPX| can be bounded.

Indeed,

∣
∣
∣
∣

∫

X
g(x)(Λ′

νZ
(〈Φm(x), v

∗〉)−Λ′
νZ
(〈Φ(x), v∗〉))dPX(x)

∣
∣
∣
∣

=
∣
∣
∣
∣

∫

X
g(x)Λ′′

νZ
(ξx)〈Φm(x)−Φ(x), v∗〉dPX(x)

∣
∣
∣
∣

≤
∣
∣
∣
∣

∫

X
g(x)Λ′′

νZ
(ξx)‖Φm(x)−Φ(x)‖‖v∗‖dPX(x)

∣
∣
∣
∣

≤ ‖v∗‖‖Λ′′
νZ

‖∞
√

E(g(X))2
√

E(‖Φm(X)−Φ(X)‖2).

Hence there exists K3 > 0 such that

∣
∣
∣
∣

∫

X
g(Λ′

νZ
(〈Φm,v

∗〉)−Λ′
νZ
(〈Φ,v∗〉))dPX

∣
∣
∣
∣≤K3‖Φm −Φ‖L2 .

We finally obtain the following bound

∣
∣
∣
∣

∫

X
g(dμ̂m,n − dμ∗)

∣
∣
∣
∣ ≤ K1‖v̂m,n − v̂m,∞‖ +K2‖v̂m,∞ − v∗‖ +K3‖Φm −Φ‖L2

+OP

(
1√
n

)

.

Using Lemmas 16.1 and 16.2, we obtain that

‖v̂m,n − v̂m,∞‖ = OP

(
1√
n

)

,

‖v̂m,∞ − v∗‖ = OP (ϕ
−1
m ),

uniformly for all n ∈ N. Finally, we get

∣
∣
∣
∣

∫

X
g(dμ̂m,n − dμ∗)

∣
∣
∣
∣= κm,n +OP

(
1√
n

)

,

where κm,n =OP (ϕ
−1
m ) uniformly for all n ∈N, which proves the result. �
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16.3.2 Application to Remote Sensing

In remote sensing of aerosol vertical profiles, one wishes to recover the concentra-
tion of aerosol particles from noisy observations of the radiance field (i.e., a radio-
metric quantity), in several spectral bands (see e.g. [175, 176]). More specifically,
at a given level of modeling, the noisy observation yobs may be expressed as

yobs =
∫

X
Φ(x; tobs)dμX(x)+ ε, (16.6)

where Φ : X × T → R
k is a given operator, and where tobs is a vector of angu-

lar parameters observed simultaneously with yobs . The aerosol vertical profile is a
function of the altitude x and is associated with the measure μX to be recovered,
i.e., the aerosol vertical profile is the Radon-Nikodym derivative of μX with respect
to a given reference measure (e.g., the Lebesgue measure on R). The analytical ex-
pression of Φ is fairly complex as it sums up several models at the microphysical
scale, so that basically Φ is available in the form of a computer code. So this prob-
lem motivates the introduction of an efficient numerical procedure for recovering
the unknown μX from yobs and arbitrary tobs .

More generally, the remote sensing of the aerosol vertical profile is in the form
of an inverse problem where some of the inputs (namely tobs ) are observed simulta-
neously with the noisy output yobs . Suppose that random points X1, . . . ,Xn of X
have been generated. Then, applying the maximum entropy approach would require
the evaluations of Φ(Xi, t

obs) each time tobs is observed. If one wishes to pro-
cess a large number of observations, say (yobsi , tobsi ), for different values tobsi , the
computational cost may become prohibitive. So we propose to replace Φ by an ap-
proximation Φm, the evaluation of which is faster in execution. To this aim, suppose
first that T is a subset of Rp . Let T1, . . . , Tm be random points of T , independent
of X1, . . . ,Xn, and drawn from some probability measure μT on T admitting a
density fT with respect to the Lebesgue measure on R

p such that fT (t) > 0 for all
t ∈ T . Next, consider the operator

Φm(x, t)= 1

fT (t)

1

m

m∑

i=1

Khm(t − Ti)Φ(x,Ti),

where Khm(·) is a symmetric kernel on T of smoothing sequence hn. It is a classical
result to prove that Φm converges to Φ in quadratic norm provided hm tends to 0
at a suitable rate, which ensures that Assumption 16.3 of Theorem 16.2 is satisfied.
Since the Ti ’s are independent from the Xi , one may see that Theorem 16.2 applies,
and so the solution to the approximate inverse problem

yobs =
∫

X
Φm(x; tobs)dμX(x)+ ε,

will converge to the solution to the original inverse problem in Eq. (16.6). In terms of
computational complexity, the advantage of this approach is that the construction of
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the AMEM estimate requires, for each new observation (yobs, tobs), the evaluation
of the m kernels at tobs , i.e., Khm(t

obs − Ti), the m× n outputs Φ(Xi,Tj ) for i =
1, . . . , n and j = 1, . . . ,m having evaluated once and for all.

16.3.3 Application to Deconvolution Type Problems in Optical
Nanoscopy

The Maximum Entropy provides also a natural frame for image denoising for in-
verse problems, when little is known about the operator. For instance, in optical
nanoscopy, the number of photons counted can be expressed using a convolution of
p(x − y, y) the probability of recording a photon emission at point y when illumi-
nating point x, with dμ(y)= f (y)dy the measure of the fluorescent markers.

g(x)=
∫

p(x − y, x)f (y)dy.

Here p(x − y, y) = p(x, y,φ(x)). Reconstruction of μ can be achieved using L2-
AMEM technics.

16.4 Technical Lemmas

Recall the following definitions

v̂m,∞ = argmin
v∈Rk

H(Φm,v)= argmin
v∈Rk

{∫

X
ΛνZ(〈Φm(x), v〉)dPX − inf

y∈KY

〈v, y〉
}

,

v̂m,n = argmin
v∈Rk

Hn(Φm,v)= argmin
v∈Rk

{
1

n

n∑

i=1

ΛνZ(〈v,Φm(Xi)〉)− inf
y∈KY

〈v, y〉
}

,

v∗ = argmin
v∈Rk

H(Φ,v)= argmin
v∈Rk

{∫

X
ΛνZ(〈Φ(x), v〉)dPX(x)− inf

y∈KY

〈v, y〉
}

.

Lemma 16.1 (Uniform Convergence at a Given Approximation Level m) For all m,
we get

‖v̂m,n − v̂m,∞‖ =OP

(
1√
n

)

.

Proof v̂m,n is defined as the minimizer of an empirical contrast function Hn(Φm, .).
Indeed, set

hm(v, x)=ΛνZ(〈Φm(x), v〉)− inf
y∈KY

〈v, y〉,
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hence

H(Φm,v)= PXhm(v, ·).
Using a classical theorem from the theory of M-estimation, we get the convergence
in probability of v̂m,n towards v̂m,∞ provided that the contrast converges uniformly
over every compact set of R

k towards H(Φm, ·) when n → ∞. More precisely
Corollary 5.53 in [421] states that if we consider x �→ hm(v, x) a measurable func-
tion and

.

hm a function in L2(P ), such that for all v1 and v2 in a neighbourhood
of v∗

|hm(v1, x)− hm(v2, x)| ≤ ḣm(x)‖v1 − v2‖.
Moreover if v �→ Phm(v, ·) has a Taylor expansion of order at least 2 around its
unique minimum v∗ and if the Hessian matrix at this point is positive, hence pro-
vided Pnhm(v̂n, ·)≤ Pnhm(v

∗, ·)+OP (n
−1) then

√
n(v̂n − v∗)=OP (1).

We want to apply this result to our problem. Let η be an un upper bound for ‖ε‖,
we set hm(v, x) = ΛνZ(〈Φm(x), v〉)− 〈v, yobs〉 − inf‖y−yobs‖≤η〈v, y − yobs〉. Now
note that z �→ 〈v, z〉 reaches its minimum on B(0, η) at the point −η v

‖v‖ , so

hm(v, x)=ΛνZ(〈Φm(x), v〉)− 〈v, yobs〉 + η‖v‖.
For all v1, v2 ∈ R

k , we have

|hm(v1, x)− hm(v2, x)|
=
∣
∣
∣ΛνZ(〈Φm(x), v1〉)− inf

y∈KY

〈v1, y〉 −ΛνZ(〈Φm(x), v2〉)+ inf
y∈KY

〈v2, y〉
∣
∣
∣

≤ |ΛνZ(〈Φm(x), v1〉)−ΛνZ(〈Φm(x), v2〉)| +
∣
∣
∣ inf
y∈KY

〈v2, y〉 − inf
y∈KY

〈v1, y〉
∣
∣
∣

≤ |ΛνZ(〈Φm(x), v1〉)−ΛνZ(〈Φm(x), v2〉)|
+ |〈v2 − v1, y

obs〉 − η(‖v2‖ − ‖v1‖)|
≤ (‖Λ′

νZ
‖∞‖Φm(x)‖ + ‖yobs‖ + η

)‖v1 − v2‖.

Define ḣm : x �→ ‖Λ′
νZ

‖∞‖Φm(x)‖ + ‖yobs‖ + η. Since (Φm)m is bounded in
L

2(PX), (ḣm)m is in L2(PX) uniformly with respect to m, which entails that

∃K,∀m,
∫

X
ḣ2
mdPX <K. (16.7)

Hence the function ḣm satisfies the first condition

|hm(v1, x)− hm(v2, x)| ≤ ḣm(x)‖v1 − v2‖.
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Now, consider H(Φm, ·) Let Vm,v be the Hessian matrix of H(Φm, ·) at point v. We
need to prove that Vm,v̂m,∞ is non negative. Let ∂i be the derivative with respect to
the ith component. Set v �= 0, we have

Vm,v
ij (v) = ∂i∂jH(Φm,v)=

∫

X
∂i∂jhm(v, x)dPX

=
∫

X
Φi
m(x)Φ

j
m(x)Λ

′′
νZ
(〈Φm(x), v〉)dPX + η ∂i∂jN(v),

where let N be N : v �→ ‖v‖.
Hence the Hessian matrix Vm,v̂m,∞ of H(Φm, ·) at point v̂m,∞ can be split into

the sum of the following matrices

(M1)ij =
∫

X
Φi
m(x)Φ

j
m(x)Λ

′′
νZ
(〈Φm(x), v̂m,∞〉)dPX,

(M2)ij = ∂i∂jN(v̂m,∞).

Under Assumptions (A3) and (A5), Λ′′
νZ

is positive and belongs to L1(PX) since

it is bounded. So we can define
∫
X Φi

m(x)Φ
j
m(x)Λ

′′
νZ
(〈Φm(x), v̂m,∞〉)dPX as the

scalar product of Φi
m and Φj

m in the space L
2(Λ′′

νZ
(〈Φm(·), v̂m,∞〉PX).

M1 is a Gram matrix, hence using (A6) it is a non negative matrix.
M2 can be computed as follows. For all v ∈R

k/{0}, we have

N(v) =
√
√
√
√

k∑

i=1

v2
i ,

∂iN(v) = vi

‖v‖ ,

∂i∂jN(v) =
⎧
⎨

⎩

− vivj

‖v‖3 if i �= j,

‖v‖2−v2
i

‖v‖3 if i = j.

Hence for all a ∈R
k , we can write

aTM2a =
∑

1≤i,j≤k
∂i∂jN(v̂m,∞)aiaj

=
k∑

i=1

‖v̂m,∞‖2 − v̂2
m,∞,i

‖v̂m,∞‖3
a2
i −

∑

i �=j

v̂m,∞,i v̂m,∞,j

‖v̂m,∞‖3
aiaj

= 1

‖v̂m,∞‖3

(

‖v̂m,∞‖2
k∑

i=1

a2
i −

k∑

i=1

a2
i v̂

2
m,∞,i
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−
∑

1≤i,j≤k
ai v̂m,∞,iaj v̂m,∞,j +

k∑

i=1

a2
i v̂

2
m,∞,i

)

= 1

‖v̂m,∞‖3

(

‖v̂m,∞‖2‖a‖2 −
∑

1≤i,j≤k
ai v̂m,∞,iaj v̂m,∞,j

)

= 1

‖v̂m,∞‖3
(‖v̂m,∞‖2‖a‖2 − 〈a, v̂m,∞〉2)

≥ 0 using Cauchy-Schwarz’s inequality.

So M2 is clearly non negative, hence Vm,v̂m,∞ = M1 + ηM2 is also non negative.
Finally we conclude that H(Φm, ·) undergoes the assumptions of Corollary 5.53 in
[421]. �

Lemma 16.2

‖v̂m,∞ − v∗‖ =OP (ϕ
−1
m ).

Proof First write,

|H(Φm,v)−H(Φ,v)| =
∣
∣
∣
∣

∫

X
ΛνZ(〈Φm(x), v〉)−ΛνZ(〈Φ(x), v〉)dPX(x)

∣
∣
∣
∣

≤ ‖Λ′
νZ

‖∞‖v‖‖Φm −Φ‖L2,

which implies uniform convergence over every compact set of H(Φm, ·) towards
H(Φ, ·) when m→ ∞, yielding that v̂m,∞ → v∗ in probability. To compute the rate
of convergence, we use Lemma 16.3. As previously we can show that the Hessian
matrix of H(φ, ·) at point v∗ is positive. We need to prove uniform convergence of
∇H(φm, ·) towards ∇H(φ, ·). For this, write

∂i[H(φm, ·)−H(φ, ·)](v)
=
∫

X
Φi
m(x)Λ

′
νZ
(〈Φm(x), v〉)−Φi(x)Λ′

νZ
(〈Φ(x), v〉)dPX(x)

=
∫

X
(Φi

m −Φi)(x)Λ′
νZ
(〈Φm(x), v〉)

−Φi(x)Λ′′
νZ
(ξ)〈(Φ −Φm)(x), v〉dPX(x)

≤ ‖Φi −Φi
m‖L2‖Λ′

νZ
‖∞ + ‖Φi‖L2‖Λ′′

νZ
‖∞‖Φ −Φm‖L2‖v‖

using again Cauchy-Schwarz’s inequality. Finally we obtain

‖∇(H(φm, ·)−H(Φ, ·))(v)‖ ≤ (C1 +C2‖v‖) ‖Φ −Φm‖L2

for positive constants C1 and C2. For any compact neighbourhood of v∗, S , the
function v �→ ‖∇(H(φm, ·) − H(Φ, ·))(v)‖ converges uniformly to 0. But for m
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large enough, v̂m,∞ ∈ S almost surely. Using 2. in Lemma 16.3 with the function
v �→ ‖∇(H(φm, ·)−H(Φ, ·))(v)‖1S (v) converging uniformly to 0, implies that

‖v̂m,∞ − v∗‖ =OP (ϕ
−1
m ). �

Lemma 16.3 Let f be defined on S ⊂ R
d → R, which reaches a unique mini-

mum at point θ0. Let (fn)n be a sequence of continuous functions which converges
uniformly towards f . Let θ̂n = argminfn. If f is twice differentiable on a neigh-
bourhood of θ0 and provided its Hessian matrix Vθ0 is non negative, we get

1. There exists a positive constant C such that

‖θ̂n − θ0‖ ≤ C
√‖f − fn‖∞.

2. Moreover if θ �→ Vθ is continuous in a neighbourhood of θ0 and ‖∇fn(·)‖ uni-
formly converges towards ‖∇f (·)‖, there exists a constant C′ such that

‖θ̂n − θ0‖ ≤ C′‖∇(f − fn)‖∞

with ‖g‖∞ = sup
x∈S

‖g(x)‖.

Proof The proof of this classical result in optimization relies on easy convex analy-
sis tricks. For sake of completeness, we recall here the main guidelines.

1. There are non negative constants C1 and δ0 such that

∀0 < δ ≤ δ0, inf
d(θ,θ0)>δ

f (θ)− f (θ0) > C1δ
2.

Set ‖fn − f ‖∞ = εn. For 0 < δ1 < δ0, let n be chosen such that 2εn ≤ C1δ
2
1 .

Hence

inf
d(θ,θ0)>δ1

fn(θ)≥ inf
d(θ,θ0)>δ1

f (θ)− εn > f (θ0)+ εn ≥ fn(θ0).

Finally fn(θ0) < infd(θ,θ0)>δ1 fn(θ) =⇒ θ̂n ∈ {θ : d(θ, θ0) ≤ δ1}, which enables

to conclude setting C =
√

2
C1

.

2. We prove the result for d = 1, which can be easily extended for all d . Using
Taylor-Lagrange expansion, there exists θ̃n ∈ ]θ̂n, θ0[ such that

f ′(θ0)= 0 = f ′(θ̂n)+ (θ0 − θ̂n)f
′′(θ̃n).

Remind that f ′′(θ̃n) −→
n→∞ f ′′(θ0) > 0. So, for n large enough there exits C′ > 0

such that

|θ0 − θ̂n| = |f ′(θ̂n)− f ′(θ0)|
|f ′′(θ̃n)|

≤ C′‖f ′ − f ′
n‖∞,

which ends the proof. �
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16.5 Conclusion

Statistical models involving moment conditions are of fundamental importance in
inverse problems. While the literature in this domain has focused on inverse prob-
lems with complete knowledge of the operator, it appears that many actual situations
do not allow the operator to be exactly known by the statistician, whether because
of noise in the observations or for computational feasibility reasons. By consider-
ing a situation with approximate operator, we extend moment condition models to a
more general framework that provides a more realistic formulation of actual prob-
lems. This approach enables to have a better idea of the accuracy of regularization
methods developed for such problems, and provides an insight on regularity condi-
tions that are necessary for asymptotic efficiency when dealing with an approximate
operator.
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5. Adler, D., Nenadić, O., Zucchini, W.: RGL: a R-library for 3D visualization with OpenGL.
In: Braverman, A. (ed.) Proceedings of the 35th Symposium on the Interface: Computing
Science and Statistics 2003 Security and Infrastructure Protection, Interface 2003, Salt Lake
City, USA, March 12–15, 2003. Computing Science and Statistics, vol. 35. Curran Asso-
ciates, Rostrevor (2003)

6. Akian, M., Quadrat, J., Viot, M.: Bellman Processes. Lecture Notes in Control and Informa-
tion Science, vol. 199, pp. 302–311. Springer, Berlin (1994)

7. Altunbasak, Y., Tekalp, M.: Occlusion-adaptive content-based mesh design and forward
tracking. IEEE Trans. Image Process. 6(9), 1270–1280 (1997)

8. Andrews, H.C., Hunt, B.R.: Digital Image Restoration. Prentice-Hall, Englewood Cliffs
(1977)

9. Andrey, P., Tarroux, P.: Unsupervised segmentation of Markov random field modeled tex-
tured images using selectionist relaxation. IEEE Trans. Pattern Anal. Mach. Intell. 20(3),
252–262 (1998)

10. Arak, T.: On Markovian random fields with finite number of values. In: Abstracts of Com-
munications of the 4th USSR-Japan Symposium on Probability Theory and Mathematical
Statistics, Tbilisi, p. 1 (1982)

11. Arak, T., Surgailis, D.: Markov fields with polygonal realizations. Probab. Theory Relat.
Fields 80(4), 543–579 (1989)

12. Arak, T., Surgailis, D.: Consistent polygonal fields. Probab. Theory Relat. Fields 89(3), 319–
346 (1991)

13. Arak, T., Clifford, P., Surgailis, D.: Point-based polygonal models for random graphs. Adv.
Appl. Probab. 25(2), 348–372 (1993)

14. Arsigny, V., Fillard, P., Pennec, X., Ayache, N.: Log-Euclidean metrics for fast and simple
calculus on diffusion tensors. Magn. Reson. Med. 56(2), 411–421 (2006)

15. Auger, F., Flandrin, P.: Improving the readability of time-frequency and time-scale represen-
tations by the reassignment method. IEEE Trans. Signal Process. 43(5), 1068–1089 (1995)

16. August, J.: The curve indicator random field. PhD thesis, Yale (2001)
17. Aurich, V., Weule, J.: Non-linear Gaussian filters performing edge preserving diffusion.

In: Sagerer, G., Posch, S., Kummert, F. (eds.) Mustererkennung 1995. Proceedings of the

L. Florack et al. (eds.), Mathematical Methods for Signal and Image Analysis
and Representation, Computational Imaging and Vision 41,
DOI 10.1007/978-1-4471-2353-8, © Springer-Verlag London Limited 2012

291

http://dx.doi.org/10.1007/978-1-4471-2353-8


292 References

17th DAGM-Symposium, Bielefeld, Germany, September 13–15, 1995. Informatik Aktuell,
pp. 538–545. Springer, Berlin (1995)

18. Baddeley, A., van Lieshout, M.N.M.: Stochastic geometry models in high-level vision. Stat.
Images 1, 231–254 (1993)

19. Bänsch, E., Mikula, K.: A coarsening finite element strategy in image selective smoothing.
Comput. Vis. Sci. 1(1), 53–61 (1997)

20. Barash, D.: A fundamental relationship between bilateral filtering, adaptive smoothing and
the nonlinear diffusion equation. IEEE Trans. Pattern Anal. Mach. Intell. 24(6), 844–847
(2002)

21. Barash, D., Comaniciu, D.: A common framework for nonlinear diffusion, adaptive smooth-
ing, bilateral filtering and mean shift. Image Vis. Comput. 22(1), 73–81 (2004)

22. Baraud, Y., Huet, S., Laurent, B.: Adaptive tests of linear hypotheses by model selection.
Ann. Stat. 31(1), 225–251 (2003)

23. Barron, J.L., Fleet, D.J., Beauchemin, S.S.: Performance of optical flow techniques. Int. J.
Comput. Vis. 12(1), 43–77 (1994)

24. Basser, P.J., Pajevic, S.: Statistical artefacts in diffusion tensor MRI (DT-MRI) caused by
background noise. Magn. Reson. Med. 44(1), 41–50 (2000)

25. Basser, P.J., Pierpaoli, C.: Microstructural and physiological features of tissues elucidated by
quantitative-diffusion-tensor MRI. J. Magn. Reson. 111(3), 209–219 (1996)

26. Basser, P.J., Mattiello, J., Le Bihan, D.: MR diffusion tensor spectroscopy and imaging. Bio-
phys. J. 66(1), 259–267 (1994)

27. Basser, P.J., Mattiello, J., Le Bihan, D.: Estimation of the effective self-diffusion tensor from
the NMR spin echo. J. Magn. Reson. 103, 247–254 (1994)

28. Basu, S., Fletcher, T., Whitaker, R.: Rician noise removal in diffusion tensor MRI. In: Larsen,
R., Nielsen, M., Sporring, J. (eds.) Proceedings of the 9th International Conference on Med-
ical Image Computing and Computer-Assisted Intervention—MICCAI 2006, Copenhagen,
Denmark, October 1–6, 2006. Lecture Notes in Computer Science, vol. 4190–4191, pp. 117–
125. Springer, Berlin (2006)

29. Batchelor, P.G., Moakher, M., Atkinson, D., Calamante, F., Connelly, A.: A rigorous frame-
work for diffusion tensor calculus. Magn. Reson. Med. 53(1), 221–225 (2005)

30. Benjamini, Y., Hochberg, Y.: Controlling the false discovery rate: a practical and powerful
approach to multiple testing. J. R. Stat. Soc., Ser. B, Stat. Methodol. 57(1), 289–300 (1995)

31. Bennett, J., Khotanzad, A.: Multispectral random field models for synthesis and analysis of
color images. IEEE Trans. Pattern Anal. Mach. Intell. 20(3), 327–332 (1998)

32. Bennett, J., Khotanzad, A.: Maximum likelihood estimation methods for multispectral ran-
dom field image models. IEEE Trans. Pattern Anal. Mach. Intell. 21(6), 537–543 (1999)

33. Besag, J.: Spatial interaction and the statistical analysis of lattice systems (with discussion).
J. R. Stat. Soc. B 36(2), 192–236 (1974)

34. Beucher, S., Lantuéjoul, C.: Use of watersheds in contour detection. In: Proceedings of the
International Workshop on Image Processing, Real-Time Edge and Motion Detection (1979)

35. Bigun, J.: Vision with Direction. Springer, Berlin (2006)
36. Bigün, J., Granlund, G.H.: Optimal orientation detection of linear symmetry. In: Proceedings

of the 1st International Conference on Computer Vision, London, UK, June 8–11, 1987,
pp. 433–438. IEEE Computer Society, Los Alamitos (1987)

37. Bigun, J., Granlund, G.H., Wiklund, J.: Multidimensional orientation estimation with appli-
cations to texture analysis and optical flow. IEEE Trans. Pattern Anal. Mach. Intell. 13(8),
775–790 (1991)

38. Bijl, P.: Aspects of visual contrast detection. PhD thesis, Utrecht University, Department of
Physics, Utrecht, The Netherlands (May 8, 1991)

39. Björck, Å.: Numerical Methods for Least Squares Problems. Society for Industrial and Ap-
plied Mathematics, Philadelphia (1996)

40. Bjornemo, M., Brun, A.: White matter fiber tracking diffusion tensor MRI. Master’s thesis,
Linkøping University, Linkøping (2002)

41. Black, M.J., Sapiro, G., Marimont, D.H., Heeger, D.: Robust anisotropic diffusion. IEEE
Trans. Image Process. 7(3), 421–432 (1998)



References 293

42. Blake, A., Zisserman, A.: Visual Reconstruction. The MIT Press Series in Artificial Intelli-
gence. MIT Press, Cambridge (1987)

43. Blomgren, P., Chan, T.F.: Color TV: total variation methods for restoration of vector valued
images. IEEE Trans. Image Process. 7(3), 304–309 (1998)

44. Boissonnat, J.-D., Devillers, O., Pion, S., Teillaud, M., Yvinec, M.: Triangulations in CGAL.
Comput. Geom., Theory Appl. 22(1–3), 5–19 (2002)

45. Borwein, J.M., Lewis, A.S.: Partially-finite programming in L1 and the existence of maxi-
mum entropy estimates. SIAM J. Optim. 3(2), 248–267 (1993)

46. Borwein, J.M., Lewis, A.S., Noll, D.: Maximum entropy reconstruction using derivative in-
formation. I. Fisher information and convex duality. Math. Oper. Res. 21(2), 442–468 (1996)

47. Bosking, W.H., Zhang, Y., Schofield, B., Fitzpatrick, D.: Orientation selectivity and the ar-
rangement of horizontal connections in tree shrew striate cortex. J. Neurosci. 17(6), 2112–
2127 (1997)

48. Boucher, M., Evans, A.: Dealing with uncertainty in the principal directions of tensors. In:
Proceedings of the 2008 Conference on Computer Vision and Pattern Recognition Workshop,
CVPRW’08, pp. 1–8. IEEE Computer Society, Los Alamitos (2008)

49. Boucher, M., Evans, A., Siddiqi, K.: Oriented morphometry of folds on surfaces. In: Proceed-
ings of the 21st Conference on Information Processing in Medical Imaging. Lecture Notes
in Computer Science, vol. 5636, pp. 614–625. Springer, Berlin (2009)

50. Boucher, M., Whitesides, S., Evans, A.: Depth potential function for folding pattern repre-
sentation, registration and analysis. Med. Image Anal. 13(2), 203–214 (2009)

51. Bowman, A.W., Azzalini, A.: Applied Smoothing Techniques for Data Analysis: The Kernel
Approach with S-Plus Illustrations. Oxford University Press, Oxford (1997)

52. Boykov, Y., Kolmogorov, V.: An experimental comparison of min-cut/max-flow algorithms
for energy minimization in vision. IEEE Trans. Pattern Anal. Mach. Intell. 26(9), 1124–1137
(2004)

53. Brox, T., Weickert, J., Burgeth, B., Mrázek, P.: Nonlinear structure tensors. Technical report
113, Department of Mathematics, Saarland University, Saarbrücken, Germany (2004)

54. Bryant, R.L., Chern, S.S., Gardner, R.B., Goldschmidt, H.L., Griffiths, P.A.: Exterior Dif-
ferential Systems. Mathematical Sciences Research Institute Publications, vol. 18. Springer,
New York (1991)

55. Buades, A., Coll, B., Morel, J.M.: A review of image denoising algorithms, with a new one.
Multiscale Model. Simul. 4(2), 490–530 (2005)

56. Buades, A., Coll, B., Morel, J.-M.: Nonlocal image and movie denoising. Int. J. Comput. Vis.
76(2), 123–139 (2008)

57. Burgeth, B., Weickert, J.: An explanation for the logarithmic connection between linear and
morphological systems. In: Griffin, L.D., Lillholm, M. (eds.) Scale-Space Methods in Com-
puter Vision: Proceedings of the Fourth International Conference, Scale-Space 2003, Isle of
Skye, UK, June 2003. Lecture Notes in Computer Science, vol. 2695, pp. 325–339. Springer,
Berlin (2003)

58. Burgeth, B., Didas, S., Weickert, J.: Relativistic scale-spaces. In: Kimmel, R., Sochen, N.,
Weickert, J. (eds.) Scale Space and PDE Methods in Computer Vision: Proceedings of the
5th International Conference, Scale-Space 2005, Hofgeismar, Germany, April 2005. Lecture
Notes in Computer Science, vol. 3459, pp. 1–12. Springer, Berlin (2005)

59. Burgeth, B., Bruhn, A., Didas, S., Weickert, J., Welk, M.: Morphology for matrix-data: or-
dering versus PDE-based approach. Image Vis. Comput. 25(4), 496–511 (2007)

60. Burgeth, B., Didas, S., Florack, L., Weickert, J.: A generic approach for singular PDEs for
the processing of matrix fields. In: Sgallari, F., Murli, A., Paragios, N. (eds.) Scale Space and
Variational Methods in Computer Vision: Proceedings of the 1st International Conference,
SSVM 2007, Ischia, Italy, May–June 2007. Lecture Notes in Computer Science, vol. 4485,
pp. 556–567. Springer, Berlin (2007)

61. Burgeth, B., Didas, S., Florack, L., Weickert, J.: A generic approach to diffusion filtering of
matrix-fields. Computing 81(2–3), 179–197 (2007)



294 References

62. Burgeth, B., Didas, S., Weickert, J.: A general structure tensor concept and coherence-
enhancing diffusion filtering for matrix fields. In: Laidlaw, D.H., Weickert, J. (eds.) Vi-
sualization and Processing of Tensor Fields. Mathematics and Visualization, pp. 305–323.
Springer, Berlin (2009)

63. Burt, P.J., Adelson, E.H.: The Laplacian pyramid as a compact image code. IEEE Trans.
Commun. 31(4), 532–540 (1983)

64. Campbell, J.S.W., Siddiqi, K., Vemuri, B.C., Pike, G.B.: A geometric flow for white matter
fiber tract reconstruction. In: Proceedings IEEE International Symposium on Biomedical
Imaging: Macro to Nano, pp. 505–508. IEEE Computer Society Press, Los Alamitos (2002)

65. Campilho, A., Kamel, M. (eds.): ICIAR 2004: Proceedings of the 2nd International Confer-
ence on Image Analysis and Recognition, Porto, Portugal, September 29–October 1, 2004.
Lecture Notes in Computer Science, vols. 3211–3212. Springer, Berlin (2004)

66. Canny, J.: A computational approach to edge detection. IEEE Trans. Pattern Anal. Mach.
Intell. 8, 679–714 (1986)

67. Carr, H.Y., Purcell, E.M.: Effects of diffusion on free precession in nuclear magnetic reso-
nance experiments. Phys. Rev. 94(3), 630–638 (1954)

68. Catté, F., Lions, P.L., Morel, J.M., Coll, T.: Image selective smoothing and edge detection by
nonlinear diffusion. SIAM J. Numer. Anal. 29(3) (1992)

69. Chassande-Mottin, E., Daubechies, I., Auger, F., Flandrin, P.: Differential reassignment.
IEEE Signal Process. Lett. 4(10), 293–294 (1997)

70. Chaudhuri, P., Marron, J.S.: Scale space view of curve estimation. Ann. Stat. 28(2), 408–428
(2000)

71. Chefd’Hotel, C., Tschumperlé, D., Deriche, R., Faugeras, O.: Constrained flows on matrix-
valued functions: application to diffusion tensor regularization. In: Heyden, A., Sparr, G.,
Nielsen, M., Johansen, P. (eds.) Proceedings of the 7th European Conference on Com-
puter Vision, Copenhagen, Denmark, May–June 2002. Lecture Notes in Computer Science,
vol. 2350–2353, pp. 251–265. Springer, Berlin (2002)

72. Chefd’hotel, C., Tschumperlé, D., Deriche, R., Faugeras, O.: Regularizing flows for con-
strained matrix-valued images. J. Math. Imaging Vis. 20(1–2), 147–162 (2004)

73. Chen, K.: Simple learning algorithm for the traveling salesman problem. Phys. Rev. E 55,
7809–7812 (1997)

74. Cheng, K., Waggoner, R.A., Tanaka, K.: Human ocular dominance columns as revealed by
high-field functional magnetic resonance imaging. Neuron 32(2), 359–374 (2001)

75. Chu, C.K., Glad, I.K., Godtliebsen, F., Marron, J.S.: Edge-preserving smoother for image
processing. J. Am. Stat. Assoc. 93(442), 526–541 (1998)

76. CIBC: Data sets: NCRR Center for Integrative Biomedical Computing (CIBC) data set
archive. http://www.sci.utah.edu/cibc/software/login_datasets.html (2008)

77. Cignoni, P., Montani, C., Scopigno, R.: DeWall: a fast divide and conquer Delaunay triangu-
lation algorithm. Comput. Aided Des. 30(5), 333–341 (1998)

78. Clark, C.A., Le Bihan, D.: Water diffusion compartmentation and anisotropy at high b values
in the human brain. Magn. Reson. Med. 44(6), 852–859 (2000)

79. Clifford, P., Middleton, R.D.: Reconstruction of polygonal images. J. Appl. Stat. 16, 409–422
(1989)

80. Coifman, R.R., Maggioni, M.: Diffusion wavelets. Appl. Comput. Harmon. Anal. 21(1), 53–
94 (2006)

81. Comaniciu, D., Meer, P.: Mean shift: a robust approach toward feature space analysis. IEEE
Trans. Pattern Anal. Mach. Intell. 24(5), 603–619 (2002)

82. Cottet, G.H., El Ayyadi, M.: A Volterra type model for image processing. IEEE Trans. Image
Process. 7(3), 292–303 (1998)

83. Cottet, G.H., Germain, L.: Image processing through reaction combined with non-linear dif-
fusion. Math. Comput. 61(204), 659–673 (1993)

84. Coulon, O., Alexander, D.C., Arridge, S.R.: A regularization scheme for diffusion tensor
magnetic resonance images. In: Insana, M.F., Leahy, R.M. (eds.) Proceedings of the 17th
International Conference on Information Processing in Medical Imaging, IPMI 2001, Davis,

http://www.sci.utah.edu/cibc/software/login_datasets.html


References 295

USA, 2001. Lecture Notes in Computer Science, vol. 2082, pp. 92–105. Springer, Berlin
(2001)

85. Crandall, M.G., Lions, P.-L.: Viscosity solutions of Hamilton-Jacobi equations. Trans. Am.
Math. Soc. 277(1), 1–42 (1983)

86. Cross, A., Jain, K.: Markov random field texture models. IEEE Trans. Pattern Anal. Mach.
Intell. 5(1), 25–39 (1983)

87. Csiszár, I.: Sanov property, generalized I -projection and a conditional limit theorem. Ann.
Probab. 12(3), 768–793 (1984)

88. Currey, B.N.: Admissibility for a class of quasiregular representations. Can. J. Math. 59(5),
917–942 (2007)

89. Daley, D.J., Vere-Jones, D.: An Introduction to the Theory of Point Processes: Elementary
Theory and Methods. Probability and Its Applications, vol. I. Springer, Berlin (2003)

90. Daley, D.J., Vere-Jones, D.: An Introduction to the Theory of Point Processes: General The-
ory and Structure. Probability and Its Applications, vol. II. Springer, Berlin (2008)

91. Dana, K.J., Nayar, S.K.: Correlation model for 3D textures. In: Proceedings of the 7th In-
ternational Conference on Computer Vision, ICCV2007, Corfu, Greece, September 20–27,
1999, pp. 1061–1066. IEEE Computer Society Press, Los Alamitos (1999)

92. Daubechies, I.: Orthonormal bases of compactly supported wavelets. Commun. Pure Appl.
Math. 41(7), 909–996 (1988)

93. Daudet, L., Morvidone, M., Torrésani, B.: Time-frequency and time-scale vector fields for
deforming time-frequency and time-scale representations. In: Proceedings of the SPIE Con-
ference on Wavelet Applications in Signal and Image Processing, pp. 2–15. SPIE, Belling-
ham (1999)

94. De Bonet, J.S.: Multiresolution sampling procedure for analysis and synthesis of textured
images. In: ACM SIGGRAPH 97, pp. 361–368. ACM, New York (1997)

95. Decarreau, A., Hilhorst, D., Lemaréchal, C., Navaza, J.: Dual methods in entropy maxi-
mization. Application to some problems in crystallography. SIAM J. Optim. 2(2), 173–197
(1992)

96. Demaret, L., Iske, A.: Adaptive image approximation by linear splines over locally optimal
Delaunay triangulations. IEEE Signal Process. Lett. 13(5), 281–284 (2006)

97. Demaret, L., Dyn, N., Floater, M.S., Iske, A.: Adaptive thinning for terrain modelling and im-
age compression. In: Dodgson, N.A., Floater, M.S., Sabin, M.A. (eds.) Advances in Multires-
olution for Geometric Modelling. Mathematics and Visualization, pp. 321–340. Springer,
Heidelberg (2005)

98. Demaret, L., Dyn, N., Iske, A.: Image compression by linear splines over adaptive triangula-
tions. Signal Process. 86(7), 1604–1616 (2006)

99. Dempster, A.P., Laird, N.M., Rubin, D.B.: Maximum likelihood from incomplete data via
the EM algorithm. J. R. Stat. Soc. B 39(1), 1–38 (1977)

100. Descamps, S., Descombes, X., Béchet, A., Zerubia, J.: Automatic flamingo detection using
a multiple birth and death process. In: Proceedings of the IEEE International Conference on
Acoustics, Speech and Signal Processing, ICASSP, pp. 1113–1116 (2008)

101. Descombes, X., Kruggel, F., Wollny, G., Gertz, H.J.: An object based approach for detecting
small brain lesions: application to Virchow-Robin spaces. IEEE Trans. Med. Imaging 23(2),
246–255 (2004)

102. Descombes, X., Minlos, R., Zhizhina, E.: Object extraction using a stochastic birth-and-death
dynamics in continuum. J. Math. Imaging Vis. 33(3), 347–359 (2009)

103. Descoteaux, M., Angelino, E., Fitzgibbons, S., Deriche, R.: Apparent diffusion coefficients
from high angular resolution diffusion imaging: estimation and applications. Magn. Reson.
Med. 56(2), 395–410 (2006)

104. Descoteaux, M., Angelino, E., Fitzgibbons, S., Deriche, R.: Regularized, fast, and robust
analytical Q-ball imaging. Magn. Reson. Med. 58(3), 497–510 (2007)

105. Dieudonné, J.: Treatise on Analysis, vol. 5. Academic Press, New York (1977). Translated
by I.G. Macdonald, Pure and Applied Mathematics, vol. 10-V

106. Ding, Z., Gore, J.C., Anderson, A.W.: Reduction of noise in diffusion tensor images using
anisotropic smoothing. Magn. Reson. Med. 53(2), 485–490 (2005)



296 References

107. Dong, J., Chantler, M.: Capture and synthesis of 3D surface texture. In: Texture 2002, vol. 1,
pp. 41–45. Heriot-Watt University, Edinburgh (2002)

108. Dressel, A.: Die nichtlineare Diffusion in der Bildverarbeitung. Master’s thesis, Faculty of
Mathematics, University of Heidelberg, Germany (1999)

109. Duits, R.: Perceptual organization in image analysis. PhD thesis, Eindhoven University of
Technology, Department of Biomedical Engineering, The Netherlands (2005)

110. Duits, R., Almsick, M.A.: The explicit solutions of linear left-invariant second order stochas-
tic evolution equations on the 2d-Euclidean motion group. Q. Appl. Math. AMS 66(1), 27–67
(2008)

111. Duits, R., Burgeth, B.: Scale spaces on Lie groups. In: Sgallari, F., Murli, A., Paragios, N.
(eds.) Scale Space and Variational Methods in Computer Vision: Proceedings of the 1st Inter-
national Conference, SSVM 2007, Ischia, Italy, May–June 2007. Lecture Notes in Computer
Science, vol. 4485, pp. 300–312. Springer, Berlin (2007)

112. Duits, R., Franken, E.M.: Left invariant parabolic evolution equations on SE(2) and con-
tour enhancement via invertible orientation scores, part II: Nonlinear left-invariant diffusion
equations on invertible orientation scores. Q. Appl. Math. 68, 293–331 (2010)

113. Duits, R., Franken, E.M.: Left invariant parabolic evolution equations on SE(2) and contour
enhancement via invertible orientation scores, part I: Linear left-invariant diffusion equations
on SE(2). Q. Appl. Math. 68, 255–292 (2010)

114. Duits, R., Franken, E.M.: Left-invariant diffusions on the space of positions and orientations
and their application to crossing-preserving smoothing of HARDI images. Int. J. Comput.
Vis. 92(3), 231–264 (2011)

115. Duits, R., van Almsick, M.: The explicit solutions of linear left-invariant second order
stochastic evolution equations on the 2D-Euclidean motion group. Q. Appl. Math. 66, 27–67
(2008)

116. Duits, R., Florack, L., de Graaf, J., ter Haar Romeny, B.: On the axioms of scale space theory.
J. Math. Imaging Vis. 20(3), 267–298 (2004)

117. Duits, R., Felsberg, M., Granlund, G., ter Haar Romeny, B.M.: Image analysis and recon-
struction using a wavelet transform constructed from a reducible representation of the Eu-
clidean motion group. Int. J. Comput. Vis. 72(1), 79–102 (2007)

118. Duits, R., Führ, H., Janssen, B.J.: Left invariant evolution equations on Gabor transforms.
Technical report CASA-report nr. 9, 2009, Department of Mathematics and Computer Sci-
ence, Eindhoven University of Technology (2009)

119. Duits, R., Führ, H., Janssen, B.J., Bruurmijn, L.C.M.: Left invariant reassignment and diffu-
sion on Gabor transforms. ACHA (2011, submitted)

120. Durot, C., Rozenholc, Y.: An adaptive test for zero mean. Math. Methods Stat. 15(1), 26–60
(2006)

121. Duval-Destin, M., Muschietti, M., Torrésani, B.: Continuous wavelet decompositions, mul-
tiresolution, and contrast analysis. SIAM J. Math. Anal. 24(3), 739–755 (1993)

122. Dyn, N., Floater, M.S., Iske, A.: Adaptive thinning for bivariate scattered data. J. Comput.
Appl. Math. 145(2), 505–517 (2002)

123. Edelsbrunner, H., Mücke, E.: Simulation of simplicity: a technique to cope with degenerate
cases in geometric algorithms. ACM Trans. Graph. 9(1), 66–104 (1990)

124. Efros, A.A., Freeman, W.T.: Image quilting for texture synthesis and transfer. In: Fiume, E.
(ed.) ACM SIGGRAPH 2001, pp. 341–346. ACM, New York (2001)

125. Efros, A.A., Leung, T.K.: Texture synthesis by non-parametric sampling. In: Proceedings of
the 7th International Conference on Computer Vision, ICCV2007, Corfu, Greece, September
20–27, 1999, pp. 1033–1038. IEEE Computer Society, Los Alamitos (1999)

126. Elder, J.H., Zucker, S.W.: Local scale control for edge detection and blur estimation. IEEE
Trans. Pattern Anal. Mach. Intell. 20(7), 699–716 (1998)

127. Engl, H.W., Hanke, M., Neubauer, A.: Regularization of Inverse Problems. Mathematics and
its Applications, vol. 375. Kluwer Academic, Dordrecht (1996)

128. Evans, L.C.: Partial Differential Equations. Graduate Studies in Mathematics, vol. 19. Amer-
ican Mathematical Society, Providence (2002)

129. Evans, S.N., Stark, P.B.: Inverse problems as statistics. Inverse Probl. 18(4), 55–97 (2002)



References 297

130. Fan, J., Gijbels, I.: Local Polynomial Modelling and Its Applications. Chapman & Hall,
London (1996)

131. Feddern, C., Weickert, J., Burgeth, B., Welk, M.: Curvature-driven PDE methods for matrix-
valued images. Int. J. Comput. Vis. 69(1), 91–103 (2006)

132. Felsberg, M.: Wiener channel smoothing: Robust Wiener filtering of images. In: DAGM
2005. Lecture Notes in Computer Science, vol. 3663, pp. 468–475. Springer, Berlin (2005)

133. Felsberg, M.: Extending graph-cut to continuous value domain minimization. In: Proceed-
ings of the 4th Canadian Conference on Computer and Robot Vision, pp. 274–281 (2007)

134. Felsberg, M.: On the relation between anisotropic diffusion and iterated adaptive filtering. In:
30th DAGM Symposium Mustererkennung. Lecture Notes in Computer Science, vol. 5096,
pp. 436–445. Springer, Berlin (2008)

135. Felsberg, M.: Spatio-featural scale-space. In: Tai, X.-C., Mørken, K., Lysaker, M., Lie, K.-
A. (eds.) Scale Space and Variational Methods in Computer Vision: Proceedings of the 2nd
International Conference, SSVM 2009, Voss, Norway, June 1–5, 2009. Lecture Notes in
Computer Science, vol. 5567, pp. 808–819. Springer, Berlin (2009)

136. Felsberg, M., Granlund, G.: Anisotropic channel filtering. In: Proceedings of the 13th Scan-
dinavian Conference on Image Analysis. Lecture Notes in Computer Science, vol. 2749,
pp. 755–762 (2003)

137. Felsberg, M., Granlund, G.: P-channels: robust multivariate M-estimation of large datasets.
In: Proceedings of the 18th International Conference on Pattern Recognition, ICPR’06, Hong
Kong, August 20–24, 2006, pp. 262–267 (2006)

138. Felsberg, M., Sommer, G.: The monogenic scale-space: a unifying approach to phase-based
image processing in scale-space. J. Math. Imaging Vis. 21, 5–26 (2004)

139. Felsberg, M., Forssén, P.-E., Scharr, H.: Channel smoothing: efficient robust smoothing of
low-level signal features. IEEE Trans. Pattern Anal. Mach. Intell. 28(2), 209–222 (2006)

140. Felsberg, M., Kalkan, S., Krüger, N.: Continuous dimensionality characterization of image
structures. Image Vis. Comput. 27(6), 628–636 (2009)

141. Fermin, A.K., Loubes, J.M., Ludeña, C.: Bayesian methods in seismic tomography. Int. J.
Tomogr. Stat. 4(6), 1–19 (2006)

142. Fick, A.: Ueber diffusion. Ann. Phys. 170(1), 59 (1855)
143. Filip, J., Haindl, M.: BTF modelling using BRDF texels. Int. J. Comput. Math. 84(9), 1267–

1283 (2007)
144. Filip, J., Haindl, M., Chetverikov, D.: Fast synthesis of dynamic colour textures. In: Tang, Y.,

Wang, S., Yeung, D., Yan, H., Lorette, G. (eds.) Proceedings of the 18th International Con-
ference on Pattern Recognition, ICPR 2006, vol. IV, pp. 25–28. IEEE Computer Society, Los
Alamitos (2006). http://doi.ieeecomputersociety.org/10.1109/ICPR.2006.550

145. Fillard, P., Arsigny, V., Ayache, N., Pennec, X.: A Riemannian framework for the process-
ing of tensor-valued images. In: Fogh Olsen, O., Florack, L.M.J., Kuijper, A. (eds.) Deep
Structure Singularities and Computer Vision. Lecture Notes in Computer Science, vol. 3753,
pp. 112–123. Springer, Berlin (2005)

146. Fillard, P., Pennec, X., Arsigny, V., Ayache, N.: Clinical DT-MRI estimation, smoothing, and
fiber tracking with log-Euclidean metrics. IEEE Trans. Med. Imaging 26(11) (2007)

147. Fischl, B., Sereno, M.I., Dale, A.M.: Cortical surface-based analysis. II: Inflation, flattening,
and a surface-based coordinate system. Neuroimage 9(2), 195–207 (1999)

148. Fletcher, P.T.: Statistical variability in nonlinear spaces: application to shape analysis and
DT-MRI. PhD thesis, University of North Carolina at Chapel Hill (2004)

149. Fletcher, P.T., Joshi, S.: Riemannian geometry for the statistical analysis of diffusion tensor
data. Signal Process. 87(2), 250–262 (2007)

150. Floquet, G.: Sur les équations différentielles linéaires à coefficients périodiques. Ann. Éc.
Norm. Super. 12, 47–88 (1883)

151. Florack, L.M.J.: Image Structure. Computational Imaging and Vision Series, vol. 10. Kluwer
Academic, Dordrecht (1997)

152. Florack, L.M.J.: A geometric model for cortical magnification. In: Lee, S.-W., Bülthoff, H.H.,
Poggio, T. (eds.) Biologically Motivated Computer Vision: Proceedings of the 1st IEEE In-

http://doi.ieeecomputersociety.org/10.1109/ICPR.2006.550


298 References

ternational Workshop, BMCV 2000, Seoul, Korea, May 2000. Lecture Notes in Computer
Science, vol. 1811, pp. 574–583. Springer, Berlin (2000)

153. Florack, L.M.J.: Modeling foveal vision. In: Sgallari, F., Murli, A., Paragios, N. (eds.) Scale
Space and Variational Methods in Computer Vision: Proceedings of the 1st International
Conference, SSVM 2007, Ischia, Italy, May–June 2007. Lecture Notes in Computer Science,
vol. 4485, pp. 919–928. Springer, Berlin (2007)

154. Florack, L.M.J., Salden, A.H., ter Haar Romeny, B.M., Koenderink, J.J., Viergever, M.A.:
Nonlinear scale-space. In: ter Haar Romeny, B.M. (ed.) Geometry-Driven Diffusion in Com-
puter Vision. Computational Imaging and Vision Series, vol. 1, pp. 339–370. Kluwer Aca-
demic, Dordrecht (1994)

155. Florack, L.M.J., Salden, A.H., ter Haar Romeny, B.M., Koenderink, J.J., Viergever, M.A.:
Nonlinear scale-space. Image Vis. Comput. 13(4), 279–294 (1995). Published in the Promis-
ing Research Direction Track

156. Florack, L., Duits, R., Bierkens, J.: Tikhonov regularization versus scale space: a new re-
sult. In: Proceedings of the 11th International Conference on Image Processing, Singapore,
October 24–27, 2004, pp. 271–274. IEEE Press, New York (2004)

157. Florack, L., Balmashnova, E., Astola, L., Brunenberg, E.: A new tensorial framework for
single-shell high angular resolution diffusion imaging. J. Math. Imaging Vis. 3(38), 171–181
(2010). Published online: doi:10.1007/s10851-010-0217-3

158. Folland, G.B.: Lipschitz classes and Poisson integrals on stratified groups. Stud. Math. 66(1),
37–55 (1979)

159. Forssén, P.-E.: Low and medium level vision using channel representations. PhD thesis,
Linköping University, Sweden (2004)

160. Forssén, P.-E., Granlund, G.: Robust multi-scale extraction of blob features. In: Proceed-
ings of the 13th Scandinavian Conference on Image Analysis. Lecture Notes in Computer
Science, vol. 2749, pp. 11–18 (2003)

161. Förstner, W.: Image preprocessing for feature extraction in digital intensity, color and range
images. In: Dermanis, A., Grün, A., Sansò, F. (eds.) Proceedings of the International Summer
School on Data Analysis and the Statistical Foundation of Geomatics, Chania, Crete, Greece,
May 25–30, 1998. Lecture Notes on Earth Sciences, pp. 165–189. Springer, Berlin (1998)

162. Förstner, W., Gülch, E.: A fast operator for detection and precise location of distinct points,
corners and centres of circular features. In: Proceedings of the ISPRS Intercomission Con-
ference on Fast Processing of Photogrammetric Data, pp. 281–305 (1987)

163. Forsyth, D., Torr, P., Zisserman, A. (eds.): Proceedings of the 10th European Conference
on Computer Vision, Marseille, France, October 12–18, 2008. Lecture Notes in Computer
Science, vols. 5302–5305. Springer, Berlin (2008)

164. Frangakis, A.S., Hegerl, R.: Nonlinear anisotropic diffusion in three-dimensional electron
microscopy. In: Nielsen, M., Johansen, P., Olsen, O.F., Weickert, J. (eds.) Scale-Space The-
ories in Computer Vision: Proceedings of the 2nd International Conference, Scale-Space’99,
Corfu, Greece, September 1999. Lecture Notes in Computer Science, vol. 1682, pp. 386–397.
Springer, Berlin (1999)

165. Frank, L.R.: Anisotropy in high angular resolution diffusion-weighted MRI. Magn. Reson.
Med. 45(6), 935–939 (2001)

166. Franken, E.M.: Enhancement of crossing elongated structures in images. PhD thesis, Eind-
hoven University of Technology, Department of Biomedical Engineering, Eindhoven, The
Netherlands (2008). http://bmia.bmt.tue.nl/people/efranken/PhDThesisErikFranken.pdf

167. Franken, E.M., Duits, R.: Crossing preserving coherence-enhancing diffusion on invertible
orientation scores. Int. J. Comput. Vis. 85(3), 253–278 (2009)

168. Franken, E., Duits, R.: Crossing-preserving coherence-enhancing diffusion on invertible ori-
entation scores. Int. J. Comput. Vis. 85(3), 253–278 (2009)

169. Franken, E., Duits, R.: Crossing-preserving coherence-enhancing diffusion on invertible ori-
entation scores. Int. J. Comput. Vis. 85(3), 253–278 (2009)

170. Franken, E., Duits, R., ter Haar Romeny, B.: Nonlinear diffusion on the 2D Euclidean motion
group. In: Sgallari, F., Murli, A., Paragios, N. (eds.) Scale Space and Variational Methods
in Computer Vision: Proceedings of the 1st International Conference, SSVM 2007, Ischia,

http://dx.doi.org/10.1007/s10851-010-0217-3
http://bmia.bmt.tue.nl/people/efranken/PhDThesisErikFranken.pdf


References 299

Italy, May–June 2007. Lecture Notes in Computer Science, vol. 4485, pp. 461–472. Springer,
Berlin (2007)

171. Freeman, W.T., Adelson, E.H.: The design and use of steerable filters. IEEE Trans. Pattern
Anal. Mach. Intell. 13(9), 891–906 (1991)

172. Friston, K.J., Holmes, A.P., Worsley, K.J., Poline, J.-B., Frith, C.D., Frackowiak, R.S.J.:
Statistical parametric maps in functional imaging: a general linear approach. Hum. Brain
Mapp. 2, 189–210 (1995)

173. Fröhlich, J., Weickert, J.: Image processing using a wavelet algorithm for nonlinear diffusion.
Technical report 104, Laboratory of Technomathematics, University of Kaiserslautern, P.O.
Box 3049, 67653 Kaiserslautern, Germany (1994)

174. Führ, H.: Abstract Harmonic Analysis of Continuous Wavelet Transforms. Lecture Notes in
Mathematics, vol. 1863. Springer, Heidelberg (2005)

175. Gabella, M., Guzzi, R., Kisselev, V., Perona, G.: Retrieval of aerosol profile variations in the
visible and near infrared: theory and application of the single-scattering approach. Appl. Opt.
36(6), 1328–1336 (1997)

176. Gabella, M., Kisselev, V., Perona, G.: Retrieval of aerosol profile variations from reflected
radiation in the oxygen absorption A band. Appl. Opt. 38(15), 3190–3195 (1999)

177. Gabor, D.: Theory of communication. J. Inst. Electr. Eng. 93, 429–457 (1946)
178. Gamboa, F.: New Bayesian methods for ill-posed problems. Stat. Decis. 17(4), 315–337

(1999)
179. Gamboa, F., Gassiat, E.: Bayesian methods and maximum entropy for ill-posed inverse prob-

lems. Ann. Stat. 25(1), 328–350 (1997)
180. Gayraud, G., Pouet, C.: Adaptive minimax testing in the discrete regression scheme. Probab.

Theory Relat. Fields 133(4), 531–558 (2005)
181. Geller, D., Mayeli, A.: Continuous wavelets and frames on stratified Lie groups. I. J. Fourier

Anal. Appl. 12(5), 543–579 (2006)
182. Geller, D., Mayeli, A.: Nearly tight frames and space-frequency analysis on compact mani-

folds. Math. Z. 263(2), 235–264 (2009)
183. Geman, S., Geman, D.: Stochastic relaxation, Gibbs distribution, and the Bayesian restora-

tion of images. IEEE Trans. Pattern Anal. Mach. Intell. 6(6), 711–741 (1984)
184. Georgiev, T.: Covariant derivatives and vision. In: Leonardis, A., Bischof, H., Prinz, A. (eds.)

Proceedings of the 9th European Conference on Computer Vision, Graz, Austria, May 2006.
Lecture Notes in Computer Science, vol. 3951–3954, pp. 56–69. Springer, Berlin (2006)

185. Geyer, C.J., Møller, J.: Simulation and likelihood inference for spatial point processes.
Scand. J. Stat. 21(4), 359–373 (1994)

186. Gimel’farb, G.L.: Image Textures and Gibbs Random Fields. Kluwer Academic, Norwell
(1999)

187. Godtliebsen, F., Spjøtvoll, E., Marron, J.S.: A nonlinear Gaussian filter applied to images
with discontinuities. J. Nonparametr. Stat. 8(1), 21–43 (1997)

188. Granlund, G.H.: In search of a general picture processing operator. Comput. Graph. Image
Process. 8, 155–173 (1978)

189. Granlund, G.H.: An associative perception-action structure using a localized space vari-
ant information representation. In: Proceedings of the International Workshop on Algebraic
Frames for the Perception-Action Cycle. Lecture Notes in Computer Science, vol. 1888,
pp. 48–68. Springer, Heidelberg (2000)

190. Green, P.: Reversible jump MCMC computation and Bayesian model determination.
Biometrika 82(4), 711–732 (1995)

191. Grim, J.: On numerical evaluation of maximum likelihood estimates for finite mixtures of
distributions. Kybernetika 18, 173–190 (1982)

192. Gröchenig, K.: Foundations of Time-Frequency Analysis. Applied and Numerical Harmonic
Analysis. Birkhäuser Boston, Boston (2001)

193. Grossmann, A., Morlet, J., Paul, T.: Transforms associated to square integrable representa-
tions. J. Math. Phys. 26(10), 2473–2479 (1985)

194. Gudbjartsson, H., Patz, S.: The Rician distribution of noisy MRI data. Magn. Reson. Med.
34(6), 910–914 (1995)



300 References

195. Guibas, L., Stolfi, J.: Primitives for the manipulation of general subdivisions and the compu-
tation of Voronoi diagrams. ACM Trans. Graph. 4(2), 74–123 (1985)

196. Gur, Y., Sochen, N.: Coordinate-free diffusion over compact Lie groups. In: Sgallari, F.,
Murli, A., Paragios, N. (eds.) Scale Space and Variational Methods in Computer Vision:
Proceedings of the 1st International Conference, SSVM 2007, Ischia, Italy, May–June 2007.
Lecture Notes in Computer Science, vol. 4485, pp. 580–591. Springer, Berlin (2007)

197. Gzyl, H., Zeev, N.: Probabilistic approach to an image reconstruction problem. Methodol.
Comput. Appl. Probab. 4(3), 279–290 (2003)

198. Hahn, K., Prigarin, S., Heim, S., Hasan, K.: Random noise in diffusion tensor imaging, its
destructive impact and some corrections. In: Weickert, J., Hagen, H. (eds.) Visualization
and Image Processing of Tensor Fields. Mathematics and Visualization, pp. 1–13. Springer,
Berlin (2006)

199. Haindl, M.: Identification of the stochastic differential equation of the type ARMA. PhD
thesis, ÚTIA Czechoslovak Academy of Sciences, Prague, Czech Republic (1983)

200. Haindl, M.: Texture synthesis. CWI Q. 4(4), 305–331 (1991)
201. Haindl, M.: Texture segmentation using recursive Markov random field parameter estima-

tion. In: Bjarne, K.E., Peter, J. (eds.) Proceedings of the 11th Scandinavian Conference on
Image Analysis, Kangerlussuaq, Greenland, June 7–11, 1999, pp. 771–776 (1999). Lyngby,
Denmark

202. Haindl, M.: Recursive square-root filters. In: Sanfeliu, A., Villanueva, J.J., Vanrell, M.,
Alquezar, R., Jain, A.K., Kittler, J. (eds.) Proceedings of the 15th IAPR International Con-
ference on Pattern Recognition, September 2000, vol. II, pp. 1018–1021. IEEE Press, Los
Alamitos (2000)

203. Haindl, M.: Texture modelling. In: Sanchez, B., Pineda, J.M., Wolfmann, J., Bellahse, Z.,
Ferri, F. (eds.) Proceedings of the World Multiconference on Systemics, Cybernetics and
Informatics, July 2000, vol. VII, pp. 634–639. International Institute of Informatics and Sys-
temics, Orlando (2000)

204. Haindl, M., Filip, J.: Fast restoration of colour movie scratches. In: Kasturi, R., Laurendeau,
D., Suen, C. (eds.) Proceedings of the 16th International Conference on Pattern Recognition,
August 2002, pp. 269–272. IEEE Computer Society, Los Alamitos (2002)

205. Haindl, M., Filip, J.: A fast probabilistic bidirectional texture function model. In: Campilho,
A., Kamel, M. (eds.) ICIAR 2004: Proceedings of the 1st International Conference on Image
Analysis and Recognition, Porto, Portugal, September 29–October 1, 2004. Lecture Notes in
Computer Science, vols. 3211–3212, pp. 298–305. Springer, Berlin (2004)

206. Haindl, M., Filip, J.: Extreme compression and modeling of bidirectional texture function.
IEEE Trans. Pattern Anal. Mach. Intell. 29(10), 1859–1865 (2007)
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