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Preface

Since the 1980s, Fourier analysis methods have become of ever greater interest
in the study of linear and nonlinear partial differential equations. In partic-
ular, techniques based on Littlewood—Paley decomposition have proven to be
very efficient in the study of evolution equations. Littlewood—Paley decom-
position originates with Littlewood and Paley’s works in the early 1930s and
provides an elementary device for splitting a (possibly rough) function into a
sequence of spectrally well localized smooth functions. In particular, differen-
tiation acts almost as a multiplication on each term of the sequence. However,
its systematic use for nonlinear partial differential equations is rather recent.
In this context, the main breakthrough was achieved after J.-M. Bony intro-
duced the paradifferential calculus in his pioneering 1981 paper (see [39]) and
its avatar, the paraproduct.

Surprisingly, despite the growing number of authors who now use such
techniques, to the best of our knowledge, there is no textbook presenting
Fourier analysis tools in such a way that they may be directly used for solving
nonlinear partial differential equations.

The aim of this book is threefold. First, we want to give a detailed presen-
tation of harmonic analysis tools that are of constant use for solving nonlinear
partial differential equations. Second, we want to convince the reader that the
rough frequency splitting supplied by Littlewood—Paley decomposition (which
turns out to be much simpler than, e.g., Calderon-Zygmund decomposition
or wavelet theory) may still provide elementary and elegant proofs of some
classical inequalities (such as Sobolev embedding and Gagliardo—Nirenberg or
Hardy inequalities). Third, we give a few examples of how to use these basic
Fourier analysis tools to solve linear or nonlinear evolution partial differential
equations. We have chosen to present the most popular evolution equations,
namely, transport and heat equations, (linear or quasilinear) symmetric hy-
perbolic systems, (linear, semilinear, or quasilinear) wave equations, and the
(linear or semilinear) Schrodinger equation. We place a special emphasis on
models coming from fluid mechanics (in particular, on the incompressible
Navier—Stokes and Euler equations) for which, historically, the Littlewood-
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viii Preface

Paley decomposition was first used. It goes without saying that our methods
are also relevant for solving a variety of other equations. In fact, there has been
a plethora of recent papers dedicated to more complicated nonlinear partial
differential equations in which Littlewood—Paley decomposition proves to be
a crucial tool.

This book is almost self-contained, inasmuch as having an undergraduate
level understanding of analysis is the only prerequisite. There are rare excep-
tions where we have had to admit nontrivial mathematical results, in which
case references are given. Apart from these, we have postponed references,
historical background, and discussion of possible future developments to the
end of each chapter. The book does not contain any definitively new results.
However, we have tried to provide an exhaustivity that cannot be found in any
single paper. Also, we have provided new proofs for some well-known results.

We have also decided not to discuss the theory of wavelets, even though this
would be the natural extension of Littlewood—Paley decomposition. Indeed, it
turns out that, to the best of our knowledge, there are almost no theoretical
results for nonlinear partial differential equations in which wavelets cannot be
replaced by a simple Littlewood—Paley decomposition.

When writing this book, we tried as much as possible to make a distinction
between what may be proven by means of classical analysis tools and what
really does require Littlewood—Paley decomposition (and the paraproduct).
In fact, with only a few exceptions, all the material concerning Littlewood—
Paley decomposition is contained in Chapter 2 so that the reader who is not
accustomed to (or who is afraid of) those techniques may still read a great deal
of the book. In fact, the whole of Chapter 1, the first section of Chapter 3, the
first half of Chapter 4, Chapter 5 (except for the last section), the first section
of Chapter 6, and the first two sections of Chapter 8 may be read completely
independently of Chapter 2. In most of the other parts of the book, Chapter 2
may be used freely as a “black box” that does not need to be opened.

Roughly speaking, the book may be divided into two principal parts: Tools
are developed in the first two chapters, then applied to a variety of linear and
nonlinear partial differential equations (Chapters 3-10). A detailed plan of
the book is as follows.

Chapter 1 is devoted to a self-contained elementary presentation of clas-
sical Fourier analysis results. Even though none of the results are new, some
of the proofs that we present are not the standard ones and are likely to be
useful in other contexts. We also pay attention to the construction of explicit
examples which illustrate the optimality of some refined estimates.

In Chapter 2 we give a detailed presentation on Littlewood—Paley de-
composition and define homogeneous and nonhomogeneous Besov spaces. We
should emphasize that we have replaced the usual definition of homogeneous
spaces (which are quotient distribution spaces modulo polynomials) by some-
thing better adapted to the study of partial differential equations (indeed,
dealing with distributions modulo polynomials is not appropriate in this con-



Preface ix

text). We also establish technical results (commutator estimates and func-
tional inequalities, in particular) which will be used in the following chapters.

In Chapter 3 we give a very complete theory of strong solutions for trans-
port and transport-diffusion equations. In particular, we provide a priori es-
timates which are the key to solving nonlinear systems coming from fluid
mechanics. Chapter 4 is devoted to solving linear and quasilinear symmetric
systems with data in Sobolev spaces. Blow-up criteria and results concerning
the continuity of the flow map are also given. The case of data with critical
regularity (in a Besov space) is also investigated.

In Chapter 5 we take advantage of the tools introduced in the previous
chapters to establish most of the classical results concerning the well-posedness
of the incompressible Navier—Stokes system for data with critical regularity.
In order to emphasize the robustness of the tools that have been introduced
hitherto in this book, we present in Chapter 6 a nonlinear system of partial
differential equations with degenerate parabolicity. In fact, we show that some
of the classical results for the Navier—Stokes system may be extended to the
case where there is no vertical diffusion. Most of the results of this chapter
are based on the use of an anisotropic Littlewood—Paley decomposition.

Chapter 7 is the natural continuation of the previous chapter: The diffu-
sion term is removed, leading to the study of the Euler system for inviscid
incompressible fluids. Here, we state local (in dimension d > 3) and global
(in dimension two) well-posedness results for data in general Besov spaces.
In particular, we study the case where the data belong to Besov spaces for
which the embedding in the set of Lipschitz functions is critical. In the two-
dimensional case, we also give results concerning the inviscid limit. We stress
the case of data with (generalized) vortex patch structure.

Chapter 8 is devoted to Strichartz estimates for dispersive equations with a
focus on Schrédinger and wave equations. After proving a dispersive inequality
(i.e., decay in time of the L* norm in space) for these equations, we present,
in a self-contained way, the celebrated TT* argument based on a duality
method and on bilinear estimates. Some examples of applications to semilinear
Schréodinger and wave equations are given at the end of the chapter.

Chapter 9 is devoted to the study of a class of quasilinear wave equations
which can be seen as a toy model for the Einstein equations. First, by taking
advantage of energy methods in the spirit of those of Chapter 4, we establish
local well-posedness for “smooth” initial data (i.e., for data in Sobolev spaces
embedded in the set of Lipschitz functions). Next, we weaken our regularity
assumptions by taking advantage of the dispersive nature of the wave equa-
tion. The key to that improvement is a quasilinear Strichartz estimate and a
refinement of the paradifferential calculus. To prove the quasilinear Strichartz
estimate, we use a microlocal decomposition of the time interval (i.e., a de-
composition in some interval, the length of which depends on the size of the
frequency) and geometrical optics.

In Chapter 10 we present a more complicated system of partial differential
equations coming from fluid mechanics, the so-called barotropic compressible
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Navier—Stokes equations. Those equations are of mixed hyperbolic-parabolic
type. We show how we may take advantage of the results of Chapter 3 and the
techniques introduced in Chapter 2 so as to obtain local (or global) unique
solutions with critical regularity. The last part of this chapter is dedicated
to the study of the low Mach number limit for this system. It is shown that
under appropriate assumptions on the data, the limit solution satisfies the
incompressible Navier—Stokes system studied in Chapter 5.

In writing this book, we had help from many colleagues. We are particu-
larly indebted to F. Charve, B. Ducomet, C. Fermanian-Kammerer, F. Sueur,
B. Texier, and to the anonymous referees for pointing out numerous mistakes
and giving suggestions and advice. In addition to J.-M. Bony, our work was in-
spired by many collaborators and great mathematicians, among them B. Des-
jardins, I. Gallagher, P. Gérard, E. Grenier, T. Hmidi, D. Iftimie, H. Koch,
S. Klainerman, Y. Meyer, M. Paicu, D. Tataru, F. Vigneron, C.J. Xu, and
P. Zhang. We would like to express our gratitude to all of them.

Paris Hajer Bahouri

Jean-Yves Chemin
Raphaél Danchin
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1

Basic Analysis

This chapter is devoted to the presentation of a few basic tools which will
be used throughout this book. In the first section we state the Holder and
Minkowski inequalities. Next, we prove convolution inequalities in the general
context of locally compact groups equipped with left-invariant Haar measures.
The adoption of this rather general framework is motivated by the fact that
these inequalities may be used not only in the R? and Z? cases, but also
in other groups such as the Heisenberg group H?. Both Lebesgue and weak
Lebesgue spaces are used. In the latter case, we introduce an atomic decompo-
sition which will help us to establish a bilinear interpolation-type inequality.
Finally, we give a few properties of the Hardy—-Littlewood maximal operator.

The second section is devoted to a short presentation on the Fourier trans-
form in RY. The third section is dedicated to homogeneous Sobolev spaces
in RY. There, we state basic topological properties, consider embedding in
Lebesgue, bounded mean oscillation, and Holder spaces, and prove refined
Sobolev inequalities. The classical Sobolev inequalities are of course invariant
by translation and dilation. The refined versions of the Sobolev inequalities
which we prove are, in addition, invariant by translation in the Fourier space.
We also present some classes of examples to show that these inequalities are in
some sense optimal. In the last section of this chapter, we focus on nonhomo-
geneous Sobolev spaces, with a special emphasis on trace theorems, compact
embedding, and Moser—Trudinger and Hardy inequalities.

1.1 Basic Real Analysis

1.1.1 Ho6lder and Convolution Inequalities

We begin by recalling the classical Holder inequality.

Proposition 1.1. Let (X, u) be a measure space and (p,q,r) in [1,00]> be
such that
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1 1 1
4+ I==
p g r
If (f,g) belongs to LP(X,u) x LY(X, u), then fg belongs to L"(X, ) and
1fgllzr < IIfllzellgllza-

Proof. The cases where p = 1 or p = oo being trivial, we assume from now
on that p is a real number greater than 1. The concavity of the logarithm
function entails that for any positive real numbers a and b and any 6 in [0, 1],

floga+ (1 —6)logb <log(fa+ (1 — 6)b),
which obviously implies that
a®v' =% < fa + (1 - 0)b.

Hence, assuming that || f||z» = ||gl|z« = 1, we can write

/ \fngdu:/(\flp)%(lglq)gdu

X X

C pd C Qd

p/le\ u+q/X|g| w
.

r
<-—+-=
P q
The proposition is thus proved. a

IN

The following lemma states that Holder’s inequality is in some sense optimal.

Lemma 1.2. Let (X, p) be a measure space and p € [1,00]. Let f be a mea-
surable function. If

sup /|f 2| du(z) < oo,

lgll, <1/ X

then f belongs to LP and"

£l = sup /f ().

llgll o <1JX

Proof. Note that if f is in LP, then Holder’s inequality ensures that

llgH <1/ f (@) < | fllew

LpP —
so that only the reverse inequality has to be proven.
! Here, and throughout the book, p’ denotes the conjugate exponent of p, defined
by

- =1, with the rule that S =0.
oo

1
4+ =
p

SRR



1.1 Basic Real Analysis 3

We start with the case p = co. Let A be a positive real number such

that p(|f] > A) > 0. Writing E def (If] = A), we consider a nonnegative

function go in L', supported in E) with integral 1. If we define

f(x)
[F (@)

then ¢ is in L' so that fg is integrable by assumption, and we have

/fgdﬂ /Iflgodu >A/ go dp(z) = X

The lemma is proved in this case. We now assume that p € ]1, oo and consider
a nondecreasing sequence (E, )nen of subsets of finite measure of X, the union
of which is X. Let?

g(x) =

Fo(@)|fn(@)P~L
(@)1l 5

It is obvious that f,, belongs to L' N L> and thus to L for any p. Moreover,
we have

fn(®) =1p,Afj<n)f and  gn(x) =

. P’ - p Dyt g -1
lonll = e [ Vit (o) =

The definitions of the functions f,, and g, ensure that

/f ]-En (\f\<n)gn x) du(x /fn x)gn(x) dp(x)

B (/X | fu(@)” dﬂ(x)> e

= || fallLe-
Thus, we have

Ifulle < sup / F(@)g(x) du(z).

gl pr <1
The monotone convergence theorem immediately implies that

Ifle < sup / f(@)g(x) dps().

llgll, <1/ X

Finally, in order to treat the case where p = 1, we may consider the se-
quence (g )nen defined by

| fn(@)]

2 Throughout this book, the notation 14, where A stands for any subset of X,
denotes the characteristic function of A.

9n(7) = 1(5,20)(7)
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We obviously have ||gp||L~ =1 and

/f )9 (@) dulz /\fn )| dpz).

Using the monotone convergence theorem, we get that

| @ldute) <o and [ (f@dute) = i [ 15,0 dute).

which completes the proof of the proposition. O
We now state Minkowski’s inequality.

Proposition 1.3. Let (X1, 1) and (Xa, p2) be two measure spaces and | a
nonnegative measurable function over X1 X Xo. For all 1 < p < q < 00, we
have

< H”f(xlv ')||Lq(X27lt2)

17Co2)le 6,

La(X2,p2) LP(X1,p1)

Proof. The result is obvious if ¢ = oco. If ¢ is finite, then, using Fubini’s

theorem and r S (q/p)’, we have

Lo(Xaiz) </X2 < X, fp(zl’@)dm(fcl)) pd,u2(l'2)>

( - / fp<x1,x2>g<x2>dm(acl)dm(xz))
X1xXo

lgllLr(xg,ue)=1
920

17l

=

S

IA

( / ( sup fp(fvl»xz)g(wz)duz(x2)>dm(wl)>
X1 H9||LT'(X>26;L2):1 X2

9z

Using Holder’s inequality we may then infer that

L4(Xa,u2) < </Xl( . fUxy, z2) d/iz(xz)) Edm(m)) p,

and the desired inequality follows. a

1£C,22) 2o,

The convolution between two functions will be used in various contexts in
this book. The reader is reminded that convolution makes sense for real- or
complex-valued measurable functions defined on some locally compact topo-
logical group G equipped with a left-invariant Haar measure® y. The (formal)
definition of convolution between two such functions f and g is as follows:

3 This means that u is a Borel measure on G such that for any Borel set A and
element a of G, we have u(a - A) = p(A).
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frg(x /f “hox) du(y).

We can now state Young’s inequality for the convolution of two functions.

Lemma 1.4. Let G be a locally compact topological group endowed with a
left-invariant Haar measure p. If p satisfies

(A1) = pu(A) for any Borel set A, (1.1)

then for all (p,q,r) in [1,00]® such that
1
=+
p

and any (f,g) in LP(G, u) x LY(G, 1), we have

1
=1+- 1.2
+- (12)

| =

frgeL"(G,pu) and |f*glercpw < Ifllzr@mlglleGw-

Proof. We first note that, owing to the left invariance and (1.1), for all z € G
and any measurable function h on G, we have

/ h(y) du(y) = / Wy~ 2) duly).
G G

Therefore, the case r = co reduces to the Holder inequality which was proven
above.

We now consider the case r < co. Obviously, one can assume without loss
of generality that f and g are nonnegative and nonzero. We write

(fxg)(x /f Yoyt 2) R () g7 (e 1) dp(y).

Observing that (1.2) can be written :_
r
implies that

o < ([ 0 ylmdu(y))“ﬁ“’(/c fz(y)gq(yl-w)du(y)>m-

Applying Holder’s inequality with a = rq/p (resp., 8 = rp/q) and the mea-
sure fP(y)du(y) [resp., g?(y~* ) du(y)], and using the invariance of the mea-
sure 4 by the transform y — y~1 - 2, we get

4 (5+))
(/%9 ( | -w)du(y)> A .

Hence, raising the above inequality to the power r yields
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Gt )] = (o =t )

Since the left invariance of the measure p combined with Fubini’s theorem
obviously implies that the convolution maps L (G, ) x L' (G, ) into L' (G, p)
with norm 1, this yields the desired result in the case r < oc. O

We now state a refined version of Young’s inequality.

Theorem 1.5. Let (G, u) satisfy the same assumptions as in Lemma 1.4.
Let (p,q,7) be in]1,00[> and satisfy (1.2). A constant C exists such that, for
any f € LP(G, 1) and any measurable function g on G where

def
|mquH:=§%Awum>Aw<m
>

the function f % g belongs to L"(G, ), and

Hf*gHLT(G,u) < C”fHLP(G,,LL)||g||L%;(G,;L)'

Remark 1.6. One can define the weak LY space as the space of measurable
functions g on G such that ||g]|.4 (., is finite. We note that since

Nu(lg] > \) < /( o) < Lol (1.3)

the above theorem leads back to the standard Young inequality (up to a
multiplicative constant).

We also that the weak LY space belongs to the family of Lorentz spaces
L%" (G, ), which may be defined by means of real interpolation:

LY (G, p) = [LOO(G,M),Ll(G,,u)]l/W forall 1<g<oo and 1<7r <oo.

It turns out that the weak L7 space coincides with L9*°(G, ). From general
real interpolation theory, we can therefore deduce a plethora of Hoélder and
convolution inequalities for Lorentz spaces (including, of course, the one which
was proven above).

We also stress that the above theorem implies the well-known Hardy—Little-
wood—-Sobolev inequality on R?, given as follows.
Theorem 1.7. Let « in ]0,d[ and (p,r) in ]1,00[? satisfy
1 « 1
4T =14 = 1.4
p+d +o (1.4)

A constant C' then exists such that

- 17%* fllr ey < CllfllLowey-

Our proof of Theorem 1.5 relies on the atomic decomposition that we intro-
duce in the next subsection.
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1.1.2 The Atomic Decomposition

The atomic decomposition of an LP function is described by the following
proposition, which is valid for any measure space.

Proposition 1.8. Let (X, ) be a measure space and p be in [1,00[. Let f be
a nonnegative function in LP. A sequence of positive real numbers (ci)rez and
a sequence of nonnegative functions (fi)rez (the atoms) then exist such that

F=> ekt

keZ

where the supports of the functions fi are pairwise disjoint and

pu(Supp fi) < 28, (1.5)
Wellow <275, (6)
1
5\\f||1£p <> <215, (1.7)
kEZ

Remark 1.9. As implied by the definition given below, the sequence (ck fx)kez
is independent of p and depends only on f.

Proof of Proposition 1.8. Define

def . def & def _
e mf{)\ Ju(f > N) <2k}, o S 21;)%, and f% = ckl]‘()\k+1<f§>\k)f'

It is obvious that ||fx|L~ < 277 . Moreover, (Mk)kez is a decreasing se-
quence which, owing to the fact that f is a nonnegative function in LP, con-
verges to 0 when k tends to infinity.

By the definition of A, we have u(f > A\p) < 2F and thus p(Supp fi) <
2k+1 This gives

POEE LD

kEZ kEZ

= pZ/O 2k1]07)\k[(/\))\p71 dA.

kEZ
Using Fubini’s theorem, we get
oo
S :p/ )\p_1< > 2’“) .
kez 0 E/Ae>A

By the definition of the sequence (Ax)kez, A < A implies that u(f > ) > 2F,
We thus infer that
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Sa<p[ (¥ 2)a
kEZ 0 k/28<u(f>N)

< Qp/ NLu(f > N) d.
0

The right-hand inequality in (1.7) now follows from the fact that, by Fubini’s
theorem, we have

1712, = p / N L((f] > A)dA. (1.8)

In order to complete the proof of (1.7) it suffices to note that, because the
supports of the functions (fx)rez are pairwise disjoint, we may write

120 =D Rl fellZ

keZ
Taking advantage of inequalities (1.5) and (1.6), we find that
I fellh, <2 forall keZ.

This yields the desired inequality. O

1.1.3 Proof of Refined Young Inequality

Let f and g be nonnegative measurable functions on (G, u). Consider a non-
negative function A in L™ and define

1.0 % [ f@oly™ 2)h(e) dua) dn(y).

Arguing by homogeneity, we can assume that ||f|z» = ||g||ps, = [|h]

Stating C def {ye G, 2 <g(y) < 27T}, we can write

o= 1

I(f.g,h) < 2 27I;(f,h) with
JEL

LU = [ e, 2) du(e) duty)

Because [|g||zg, = 1, we have ||1¢;|[z: < 277% for all s € [1,00]. Thus, if we
directly apply Young’s inequality with p, ¢, and r, we find that I;(f,h) <277,
so the series > 23“*11}-(]‘7 h) has no reason to converge. In order to bypass this
difficulty, we may introduce the atomic decompositions of f and h, as given
by Proposition 1.8. We then write

Li(fh) =Y cuded;(fr, ).
k4
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Using Young’s inequality, for any (a,b) € [1,00]? such that b < a’ and for
any (f,h) € L® x L®, we get

-~ ~ ~ ) 1
LR < Iflee IRl te, e with — +

This gives
L(f ) < 2799273 | o |7 o

Applying this for fx and hy and using Proposition 1.8 now yields
29I (fr he) < 209G —2Hat3) ok (e —5) (b =)
Using the condition (1.2) on (p, ¢, r) implies that
VL (frrhe) < 9Uiat+k) (5 —3)9Uia+0 (57 ) (1.9)
Take a and b such that

1 1 1/1 1
dzef——2<€sg(jq+k) and d:ef—/—2ssg(jq+€) with adzef—<———>,
P r

1
b 4\p r

SHE

where sgn=11if n >0, and sgn = —1if n < 0.

As g > 1, the condition (1.2) implies that p < r. Thus, by the definitions
of €, a, and b, we have b < o’. With this choice of a and b, (1.9) then becomes,
using the triangle inequality,

1 —2e|jq+k|—2¢e|jq+£
2 1;(fr, he) < 2 lig+k|—2eljg+¢|
< 9—eligtkl—eljqgtt|—elk—L|

Using Young’s inequality for Z equipped with the counting measure, we may
now deduce that

I(f,g,h) < C Z crpdp2cliathl—eligttl—elk—L|
3okt

C Z
S _ de2276‘k:7a
€
k.l

C
< leller lli(de)llgor

The condition (1.2) implies that " < p’ and thus

|Q

I(f,9,h) < 5 li(ew)ller 11(de)

o'

[\

The theorem is thus proved. a
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1.1.4 A Bilinear Interpolation Theorem

The following interpolation lemma, which will be useful in Chapter 8, provides
another example of an application of atomic decomposition.

Proposition 1.10. Let (X1, p1) and (Xo, u2) be two measure spaces. Let T
be a continuous bilinear functional on L*(X1;LPi(Xs)) x L?(X1; L% (X5))
for j in {0,1}, where (pj,q;) is in [1,2]* and such that py # p1 and qo #
q1. For any 0 € [0,1], the bilinear functional T is then continuous on
L2(X1; LP (X)) x L2(X1; L9 (X)) with

11 11 11
— ) =1-0(—=)+ro(——)-
(pe (Je) ( )(po QO) <p1 Q1)
Proof. Let f € L?(X1;LP?(X5)) and g € L?(Xy;L9%(X3)). As in the proof

of the refined Young’s inequality, we will use the atomic decompositions of f
and g. For any (t,z) € X1 X X5, we have

[t z) = ch(t)fk(tvx) and g(t,z) = Zdz(t)gz(t7$)~
kEZ tez

Let us write that
T(f,9) =Y T(ckfr:dege)-

k.0

1 1\"1/1 1
Using the hypothesis on 7 and stating a def (— — —) (— — —), we get
Po D1 do q1

|7 (ck.fr> dege)| < ng{l(i)l,ll} ek frll 2 (xs 2 (xap lldegell L2 (xy 5099 (x2))
< Cllexllzexnlldellzz(x,)
y min{z’e(%’ﬁ)(’“a@, 2(170)(%7ﬁ)(k+a£)}.
Setting & def ‘i 1 x min{#, (1 — 0)}, we deduce that
Po M
T (crfrr dege)| < Clickl|zxo ldell 2 )2 F 4.

Using a weighted Cauchy—Schwarz inequality, we then get

7.0 < C (X lealaexy)* (X ldela)
k 4

<C: H||(ck)||€2(Z)HL2(X1) H||(d€)Hf2(Z)HL2(X1) .
Using the fact that py and gy are less than 2, we infer that
7 (f:9)| < Ce[[lem)lers @l 2,y 11 e)leso @) | Lo, -

The inequality (1.7) from Proposition 1.8 then implies the proposition. O
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1.1.5 A Linear Interpolation Result

We shall present here a basic result of linear complex interpolation theory
which will be useful, particularly in Chapter 8.

Lemma 1.11. Consider three measure spaces (X, fix)1<k<3 and two ele-
ments (pj,q;5,7j)jef01} of [1,00]3. Further, consider an operator A which
continuously maps LP (X1; L9 (X3)) into L™ (X3) for j in {0,1}. For any 0

in [0,1], if
1 1 1 1 1 1 1 1 1
(77) def(10)<77> +0<77>!
Po qo To Po 4o To b1 g1 71

then A continuously maps LP? (X1; L9 (X5)) into L™ (X3) and

HA”E(LPS(Xl (L0 (X2));L70 (X5)) < Ag  with

def
HAHg(Lpo(Xl ;L90 (X2));L70 X3))||A||,C(LP1(X1,L‘11 (X2));L™1(X3))"
Proof. Consider f in LP¢(Xy; L9 (X3)) and ¢ in L™ (X3).* Using Lemma 1.2,
it is enough to prove that

/X (Af)(@s)p(ws)dps(xs) < AgllfllLro ooyl g - (1.10)

Let z be a complex number in the strip S of complex numbers whose real
parts are between 0 and 1. Define

def fl(@1,22) ( \f (a1, 72)| )qe(lq—ﬁﬁ)

le el )
T ) e e \ T, M 1952, s

and

p(z3) ol ST
|¢(3||s0(x3)| ( >.

Obviously, we have fy = f and pg = ¢. It can be checked that the function
defined by

p.(w3) =

F(z) /X (Af.)(ws)ps (e3) diua ()

is holomorphic and bounded on S and continuous on the closure of S. From
the Phragmen—Lindelhof principle, we infer that

F0) < MFoM¢ with M, sup |F(j +it)]. (1.11)
teR

* Throughout this proof, we write LP?(Xi;L%(Xs)) simply as LP¢(L9)
and L"(X3) simply as L.
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We have

(1, 22)] = (W) R

Thus, we have that f;i; belongs to LPi(L%) and

Po

I fjxitllzes pasy = 1F1l oo ooy

’

26
7
J

In the same way, we get that |¢ i (23)| = |@(x3)| "7 . Thus, thanks to Holder’s

inequality, we get

M; < sup
teR

/X (Afsi0) (75) 5 50 () dpis ()

P r

S

e}

e

< N s 2 e e U e 1 2
Using (1.11), we then deduce (1.10) and the lemma is proved. O

From this lemma, taking X; = {a} and then X5 = {a}, we can infer the
following two corollaries which will be used in Chapter 8.

Corollary 1.12. Let (Xy, pr)1<k<2 be two measure spaces and (p;, q;)jeq0,1}
be two elements of [1,00]%. Consider a linear operator A which continuously
maps LPi(X1) into LY (X3) for j € {0,1}. For any 0 in [0,1], if

1 1 1 1 1 1
(D)0 ( L) (L L)
Po Qo Po 9o P q1

then A continuously maps LP¢(X7) into L9 (Xs3) and

1Al zro (xayzn (xap < Ao HA”z:(mo(xl) o () A2 Lo 6y (20

Corollary 1.13. Let (X1, p1), (Xo, u2) be two measure spaces and (po,qo),
(p1,q1) be two elements of [1,00]%. Let A be a continuous linear functional
on LPi(X1; L% (Xs)) for j in {0,1}. For any 0 in [0,1], if

11 11 11
(21Y 40 g(L1) o1 1),

Do 4qe Po 9do0 1 q1
then A is a continuous linear functional on LP?(X1; L9 (X5)) and

[All 2(zrs (x1:09 (x2)):0) < Ap - with

def
”A”/;(Lpo X1;L9 (X3)) ”A”L(Ll’l(Xl ;L91(X2));C)"
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1.1.6 The Hardy—Littlewood Maximal Function

In this subsection, we state a few elementary properties of the maximal func-
tion, which will be needed for proving Gagliardo—Nirenberg inequalities on
the Euclidean space RY.

We first recall that the maximal function may be defined on any metric
space (X, d) endowed with a Borel measure u. More precisely, if f: X — R
is in L} (X, u), then we define

loc

def 1
voe X, M) Yoo [ pwlduty). (112
r>0 /J,(B(Z‘, T)) B(xz,r)
The following well-known continuity result for the maximal function is fun-
damental in harmonic analysis.

Theorem 1.14. Assume that the measure metric space (X, d, 1) has the dou-
bling property.® There then exists a constant C, depending only on the dou-
bling constant D, such that for all 1 < p < oo and f € LP(X,u), we have
MfeLP(X,u) and
P 1
[ M fllL» < pTlC”HfHLP- (1.13)

Proof. First step: M maps L> into L. Indeed, we obviously have

1M flloe < ||fllpe forall fe L®(X,pn). (1.14)

Second step: M maps L' into L. . We claim that there exists some constant
C1, depending only on D, such that

Ml < Cullfllys forall fe LY(X,p). (1.15)

This is a mere consequence of the following Vitali covering lemma that we
temporarily assume to hold.

Lemma 1.15. Let (X,d) be a metric space endowed with a Borel measure p
with the doubling property. There then exists a constant ¢ such that for any
family (B;)1<i<n of balls, there exists a subfamily (B;,)1<;<p of pairwise dis-
joint balls such that

(5. = el ).

1=
Fix some f € L'(X, 1) and some A > 0. By definition of the function M f, for

any x in the set E) def {Mf > A}, we can find some r, > 0 such that

/ Fldu > Mi(B(z,r2)). (1.16)
B(z,rz)

5 That is, there exists a positive constant D such that u(B(x,2r)) < Du(B(z,r))
for all z € X and r > 0.
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Therefore, if K is a compact subset of F), then we can find a finite cov-
ering (B;)1<i<n of K by such balls. Denoting by (B;,)i1<j<p the subfamily
supplied by the Vitali lemma and using (1.16), we can thus write

/\|K|<)‘<LPJB)<1P)\(B)<1ZI):/ £l <1/|f|d
S M iy )] = = H i) > > — oy
C =1 C ) cj:l Bij CJx

J

which obviously leads to (1.15).

Third step: M maps LP into LP for all p € |1,00[. The proof relies on ar-
guments borrowed from real interpolation. Fix some function f in LP and

€ 10,1[. Since M|f| = M f, we can assume that f > 0. Now, for all A > 0,
we may write

. def
f=hH+ with 2 E (f =) l(ysam)-
Note that, thanks to (1.14), we have
(Mf >N C(Mfr>(1—-a)).

Hence the equality (1.8) implies that

“+o0o
A <p [ TP > (- ) an

According to the inequality (1.15), we have

pOIP > (1= 0)) £ s P

So, finally, using the definition of f* and Fubini’s theorem, we get

P Clp Hoe p—2 .
IIMfHLpél_OK/O A /(f>/\a)(f(x) Aa) dp()

f(=) f(z)

< IC—”;(/X f(x)/OTAp_Qd)\du(x)—a/X/o : )\p_ld)\du(:c)>

Ch »
< oot

Choosing o = (p — 1)/p completes the proof of the inequality (1.13). O

Proof of Lemma 1.15. Without loss of generality, we can assume that B; =
B(z;,r;) with vy > -+ > r,. We can now construct the desired subfamily
by induction. Indeed, for B;,, take the largest ball (i.e., By). Then, assuming
that B;,,..., B;, have been chosen, pick up the largest remaining ball which
does not intersect the balls which have been taken so far.
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Clearly, this process stops within a finite number of steps. In addition,
ifi ¢ {i1,...,4,}, then there exists some index 7; such that i; < i and B; N B;,
is not empty. Therefore, by virtue of the triangle inequality, B; is included
in B(x;,,3r;;). This ensures that

n p

U B; C U B(:Uij,37"ij)-

i=1 j=1

As the measure p has the doubling property, this yields the desired result. O

The following result is of importance for proving Gagliardo—Nirenberg inequal-
ities.

Proposition 1.16. Let G be a locally compact group with neutral element e,
endowed with a distance d such that d(e,y~' - ) = d(x,y) for all (x,y) € G*
and a left-invariant Haar measure p satisfying (1.1).

We assume, in addition that for allr > 0 there exists a positive measure o,

on the sphere X, {:L‘ € G /d(e,z) =r} such that for any L' function g on

G, we have
/Gg(Z) du(z) = /;OO (/2 9(2) dar(z)> dr.

T

For all measurable functions f and any L' function K on G such that
Ve e G, K(z) = k(d(e,x))
for some nonincreasing function k : RT — R, we then have
Vo € G, |K*f(m)| <Kz M f(x).

Proof. Obviously we can restrict the proof to nonnegative functions f. Arguing
by density we can also assume that k is C' and compactly supported. Owing
to our assumptions on d and K, we have

Kx f(z) = / K)o ) du(y)

/ ( / Fly @) do(y )) dr.

Therefore, integrating by parts with respect to r, we discover that

K*f(x):/o <// fly das()ds>dr
:/0 (- <r>></3(“) ) duto) ) ar
) |

<Mf@) | (K ()u(B(a,r)) dr.
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Finally, since

(B, 1) = (e, ) = | ' /. vdoyan

performing another integration by parts, we can write that

/0+°°(k’(r))u(B(m,r)) dr = /O+°° k(r) (/ ldar(y))dr = |K] L1 (6

r

and the desired inequality follows. a

Remark 1.17. All the assumptions of the above proposition are satisfied if we
take for G the group (Rd, +) endowed with the usual metric and the Lebesgue
measure, or the Heisenberg group (Hd, -) endowed with the Heisenberg dis-
tance and the Lebesgue measure of R4,

We also note the following obvious generalization of the inequality stated
in the above proposition:

Vr € G,

wes@l < ([( s RG] d )25,

d(e,y’)>d(e,y)

which holds for any measurable function K on G. In fact, in Chapter 2 we
shall use the above inequality rather than the above proposition.

1.2 The Fourier Transform

This section is devoted to a short presentation on the Fourier transform, a key
tool in this monograph. In the first subsection we define the Fourier transform
of a smooth function with fast decay at infinity. In the second subsection we
then extend the definition (by duality) to tempered distributions. We conclude
this section with the calculation of the Fourier transforms of some functions
which play important roles in the following chapters.

1.2.1 Fourier Transforms of Functions and the Schwartz Space

The Fourier transform is defined on L'(R%) by

o~

FIHQ = 1) = [ e (@), (117

where (z|¢€) denotes the inner product on R%. Tt is a continuous linear map
from L'(R?) into L°(R?) because, obviously, | f(&)| < ||f]|L:. It is also clear

that for any function ¢ € L' and automorphism L on Rd, we have

F(poL) oL . (1.18)

B | det L|
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We now introduce the Schwartz space S(R?) (also denoted by S when no
confusion is possible), which will be the basic tool for extending the Fourier
transform to a very large class of distributions over R?. Let us first introduce
the following notation. If « is a multi-index (i.e., an element of Nd), T an
element of R?, and f a smooth function of RY, then the length la of « is

defined by |o/ def o1+ -+ ag. We also define 0° f def ot --- 09 f and 2 def
. @,

Definition 1.18. The Schwartz space S(Rd) is the set of smooth functions u
on R? such that for any k € N we have

de
lullis % sup (1 + 2))¥10%u(z)] < .
|a|<k
xeRd

It is an easy exercise (left to the reader) to prove that, equipped with the
family of seminorms (|| - ||x,s)ken, the set S(R?) is a Fréchet space and that
the space D(Rd) of smooth compactly supported functions on R? is dense
in S(RY).

The way the Fourier transform F acts on the space S is described by the
following theorem.

Theorem 1.19. The Fourier transform continuously maps S into S: For any
integer k, there exist a constant C' and an integer N such that

V6 €S, |bllks < Clolln.s-

Moreover, the Fourier transform F is an automorphism of S, the inverse of
which is (2m)~4F, where F denotes the application f +—— {&— (Ff)(=€)}.

Proof. Let k € N and o € N? with length k. Using Lebesgue’s theorem and
integration by parts, we get that, for any ¢ in S,

o~

(i0)"f(£) = F(a¢)(€) and (i)“$(&) = F(9°¢)(€). (1.19)
From this, we deduce that
€°0°0()| < |F(@" = 6))(©)]
< |0%(z¢)| 1
< call(1+ |2)) 107 (2%9) | oo -

Hence, by the definition of the seminorms, we have H(EHks < C|lollk+d+1.s-

We now prove the inverse formula, namely, F~! = (27)~%F. The proof
is based on the computation of Fourier transforms of Gaussian functions.
If d = 1, we have, thanks to (1.19),
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& [Fe™) © = Fize )0
(5o
= SR,
As F (e*ﬁ) (0) = /e*””2 dz =77, we get that }_(67302)(5) = W%efé.
From this and Fubini’s theorem, we can now deduce that if d is any positive

2
integer, then F (eil‘ﬁ”ﬁ) (&) = rie Using (1.18) we then infer that for

any positive real number a,

d
) 2 2
/ o—ial) g—alal® gy _ <E> 5 (1.20)
Rd a

Let ¢ be a function in S(R?) and ¢ any positive real number. Fubini’s theo-

rem applied to the function (27r)_dei(w_y|5)e_5|5|2qb(y), together with (1.20),
implies that

@ﬂ‘{@dé““e*“ﬁ&@dfz(—L)g@fﬁé*¢xw.

4me

On the one hand, owing to Lebesgue’s dominated convergence theorem, the
left-hand side tends to (27)~%F. On the other hand, the right-hand side is
the convolution of ¢ with an approximation of the identity. Letting ¢ tend
to 0 thus completes the proof of the theorem. O

1.2.2 Tempered Distributions and the Fourier Transform

Definition 1.20. A tempered distribution on R? is any continuous linear
functional® on S(RY). The set of tempered distributions is denoted by S'(R?).
A sequence (up)nen of tempered distributions is said to converge to u
in &'(RY) if
¥ € S(RY), lim (un,d) = (u, ).

Remark 1.21. The link with distributions on R? is as follows: If 7" is a distri-
bution on R? such that for some integer k and positive real C' we have

Vo € DRY), T, 0)| < Cllelrs. (1.21)

then, as D(R?) is dense in S(R?), the linear functional 7' may be uniquely
extended to a continuous linear functional. Moreover, if T’ belongs to S'(R%),

% That is, u is a tempered distribution if there exist a constant C' and an integer k
such that |(u, ¢)| < C||¢||x,s for all ¢ € S(R?).
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then the restriction of 7' to D(R?) defines a distribution on R? because, for
any positive R and any function ¢ in D(B(0, R)),

(T, )| < Cllellk,s < C(1+ R)F e [0%@ll Lo

Thus, the set of distributions 7" on R? which satisfy (1.21) may be identified

with &’(R%).

Ezample 1.22. — Let us denote by L}Vl the space of locally integrable func-
tions f on R? such that for some integer N, the function (1 + |z|)~N f(x)

is integrable. For any f € L}M, we can then define the tempered distribu-
tion Ty by the formula

(Ty,¢) = /Rd f(z)p(x) da.

In other words, we identify the function f with 1.

— Any finite Borel measure may be seen as a tempered distribution. Indeed,
we may take k = 0 in (1.21).

— Any compactly supported distribution may be identified with an element

of §'.
Let us use L. Schwartz’s idea of duality to define operators on the space of

tempered distributions. It is based on the following proposition.

Proposition 1.23. Let A be a linear continuous map from S into S.” The
formula
def
(‘Au, ¢) = (u, Ag)
then defines a tempered distribution. Moreover, *A is linear and continuous,

in the sense that if (un)nen s a sequence of distributions which converges to u
in 8'(RY), then (*Auy)nen converges to *Au.

Proof. By the definition of a tempered distribution, an integer k£ and a con-
stant C' exist such that

VoS, |(u,0)] < Cllo.s. (1.22)

The linear map A is assumed to be continuous, hence there exist a constant C”
and an integer N such that

Vo e S, |Adllrs < C'9llns-

Applying (1.22) with # = A¢ and the above inequality, we then get that ‘Au
is a tempered distribution. By the definition of the convergence of a sequence
of tempered distributions, we then write

" That is, for any integer k, there exist a constant C' and an integer N such that
1Allk.s < Cllg|lv.s for all p € S(RT).
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("Aup, d) = (un, Ap) — (u, Ap) = ("Au, ¢).
The proposition is thus proved. a

We now list a few important examples to which Proposition 1.23 applies:

— We may take for A any operator (—9)® or % — z%u with @ € N . Indeed,
we have, for all ¢ in S,

1(=0)*¢|

ks < llktials and  [[2%@lles < |Dllktials-
— Let L be a linear automorphism of R? and define

def 1 —1
App = —— o L™,
e
It is clear that A satisfies the hypothesis of Proposition 1.23.
— If we denote by O, the space of smooth functions on R such that, for
any integer k, an integer N exists such that

sup (1 +[|*) ™" sup |9° f(x)| < oo,
zeR? la| <k

then the operator A; of multiplication by f satisfies the hypothesis of the
proposition.

— If 6 is a function of S, it is left as an exercise for the reader to check that,
for any ¢ € S,

def ~

| A90|lks < Crllfllktar1,slollrs with Agp = 0% ¢.

— Theorem 1.19 guarantees, in particular, that the Fourier transform F sat-
isfies the hypothesis of Proposition 1.23.

For all the above operators, we can apply Proposition 1.23. We now check
briefly that this is a generalization of classical operations on functions. If w is
an L}, function which is also C', then we have

Vi €S, ((=0ud) = (u.~0;0) = | ula)(=0y0)(e) e

An integration by parts ensures that *(—9;)u = d;u, in the classical sense.
Next, we claim that ‘Ay, f(y) = f(Ly) for all f € L},. Indeed, a straight-
forward change of variables ensures that for all ¢ € S we have

t _ 1 —1 _
(4150 =ty [ A@o 0 de = [ o) dy

In the particular case where Lz = Az, we denote tArf by f, and when \ =
—1, the distribution Ay f is denoted by f. In passing, let us recall that a
tempered distribution f is said to be homogeneous of degree m if
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H=A"f forall A>0.

It is obvious that the operator Af generalizes the classical multiplication of
functions by f.
Finally, for any L! function f, we have, according to Fubini’s theorem,

(‘Ao f,d) = (f.0 )
- / F@)8(y — 2)(y) dy da
R4 x R4
— (f%0,0).

Thus, the notion of convolution between a tempered distribution and a func-
tion of S coincides with the classical definition when the tempered distribution
is an L' function.

In order to extend the definition of the Fourier transform to tempered
distributions, we consider an L' function f. By Fubini’s theorem and by def-
inition of the Fourier transform on L', we have, for all ¢ € S,

(F1.0) = [ f@dte) ds

- / F(@)e O 3(¢) du de
R x R4
= (f,9).

In other words, the operator !F restricted to L! functions coincides with the
Fourier transform of functions. Thus, it will also be denoted by F in all that
follows.

Proposition 1.24. For any (u,0) in S’ xS, A € R\{0} and (a,w) € R x R?,
we have®

(i0)*0 = F(z®u), (i6)*0 = F(0*u), e “Oa = F(7.f),
rof = FECF) XA = F(f(Ax), and Fux0) =04.

Proof. The first five equalities readily follow from (1.19) or direct computation
once we observe that ‘(AB) = 'B'A. In order to prove the last identity,
it suffices to use the fact that, by definition of the Fourier transform and
convolution, we have

(Fuxb),0) = (uxb,6) = (u,0% ).
Fubini’s theorem implies that

8 Below, the notation 7, stands for the translation operator 7, : f — f(- — a).
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@+ = [oe-n) ( J dx) i
— /e*i(zlﬁ) (/ e*l’(ﬂﬂlﬁ*&)g(n _ E)dn) o(x) dz
= F(09).
We infer that (F(ux 0),$) = (u, F(0¢)) = (@,0¢) = (0, ¢). The proposition
is thus proved. O

Theorem 1.25 (Fourier—Plancherel formula). The Fourier transform is

an automorphism of S' with inverse (2m)~?F. Moreover, F is also an au-

tomorphism of L*(RY) which satisfies, for any function f in L2, ||f]lL> =
d

2m)2 [/l 22

Proof. On the space S, we have FF = FF = (2r)¢1d. Arguing by transposi-
tion, we discover that these two identities remain valid on S’. Next, using the
fact that for any function ¢ in & we have F¢ = F(¢) and taking advantage
of the inverse Fourier formula (see Theorem 1.19), we get, for any function ¢
inS,

1Flz: = (Fo. Fo) = (6. FFd) = (2m)7(|¢][ =

Combining the Riesz representation theorem with the density of S in L2
enables us to complete the proof. a

Finally, let us define a subspace of &’ (Rd) which will play an important role
in the following chapters.

Definition 1.26. We denote by Sj, (Rd) the space of tempered distributions u
such that’
Alim |0(AD)ul[p~ =0 for any 6 in D(R?).
— 00

Remark 1.27. 1t is clear that whether or not a tempered distribution u belongs
to S; depends only on low frequencies. As a matter of fact, it is not hard to
check that u belongs to S;L(Rd) if and only if one can find some smooth
compactly supported function 6 satisfying the above equality and such that

6(0) # 0.
Examples

— If a tempered distribution u is such that its Fourier transform u is locally
integrable near 0, then u belongs to S;. In particular, the space £ of
compactly supported distributions is included in Sj,.

— If u is a tempered distribution such that 6(D)u € LP for some p € [1, 00|
and some function # in D(R?) with (0) # 0, then u belongs to Sj.

9 We agree that if f is a measurable function on R? with at most polynomial growth

at infinity, then the operator f(D) is defined by f(D)a def FYfFa).
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— A nonzero polynomial P does not belong to S;, because for any 6 € D(Rd)
with value 1 at 0 and any A > 0, we may write §(A\D)P = P. However,
if 7 is in R\{0}, then I P belongs to S; because the support of its
Fourier transform is {n}. We note that this example implies that Sj, is
not a closed subspace of &’ for the topology of weak-x convergence, a fact
which must be kept in mind in the applications.

1.2.3 A Few Calculations of Fourier Transforms

This subsection is devoted to the computation of the Fourier transforms of
some functions which are definitely not in L®.

Proposition 1.28. Let z be a nonzero complex number with nonnegative real

part. Then,
d
~ ) (g) = ()7 e 5L
A= ()"
with 2~ 2 d:ef|z|_%e_i%9 if 2 = |z|e®® with 0 € [—-7/2,7/2].

Proof. Let us remark that for any ¢ in R?, the functions

da
—i —2|z|? T\ 2 _lel?
z T @Oe=2l2 g and 2z — (—) e i
R< z

are holomorphic on the domain D of complex numbers with positive real part.
Formula (1.20) states that these two functions coincide on the intersection of
the real line with D. Thus, they also coincide on the whole domain D. Now,
let (2, )nen be a sequence of elements of D which converges to it for ¢ # 0. For
any function ¢ in S, we have, by virtue of Lebesgue’s dominated convergence
theorem,

lim e*Z’”l"’”Pd)(x) dx :/ e*“mz(i)(x) dxr and
R4

n—oo [pd

im [ e imae)de= [ e g) de.

n—oo [pd R

As we have .

TNz _l&?
f(e_z"|“2> _ (_) e*4zn’
Zn
passing to the limit in S’ (Rd) when n tends to oo gives the result, thanks to
Proposition 1.23. a

Proposition 1.29. If o € ]0,d], then F(|-|7%) = cao| - |7~ for some con-
stant cq,, depending only on d and s.
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Proof. We only treat the case d > 2. The (easier) case d = 1 is left to the
reader. Defining

d
R d:ef ijaj and Zj’k d:ef {I?jak - :Ekaj s
=1

we have R(]-|77) = —o|-| 77 and Z, x(|-|~7) = 0. Then, using Proposition 1.24,
we infer that Z; ;. F|- |77 =0 and

d
RF|-|77 =Y 0i(&F|-177) —dF|- |77 = (0 — d)F|-|7°.

j=1
By restricting to R\ {0}, we then see that
R(I- 1771 177) = Zia(1-177F - 177) =0 in D/RT\{0)).

We note that for any k,
d d
2|20, = Zx?@k =R+ ijZj)k.
j=1 j=1

Therefore, V(| - [*F| - |77) is supported in R%\{0}. Because d > 2, we
deduce that there exists some constant ¢4, such that |- [279F|- |77 — g, is
also supported in R\ {0} and, owing to o > 0, so is F|-|~7 = ¢qo|-[7~% The
conclusion then follows easily from the following lemma. O

Lemma 1.30. Let T be a distribution on R supported in {0} and such
that RT = sT for some real number s.

— If s is not an integer less than or equal to —d, then T = 0.
— If s is an integer less than or equal to —d, then there exist some real
numbers a,, such that

T= > aad.
|a|=—s—d

Proof. We first observe that a distribution supported in {0} is of the form T' =

Z a0,0%0g. We thus have
la|<N

d
RT = Z Z aaxjajaado

i=1]a]<N

= _ Z (d+ |a])aa0%dp.

la|<N

As (0%00)pene is a family of linearly independent distributions, the fact
that RT = sT implies that (d+|a|)aq = —saq. The lemma is thus proved. O
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1.3 Homogeneous Sobolev Spaces

This section is concerned with homogeneous Sobolev spaces. We first establish
classical properties for these spaces, then we focus on embedding in Lebesgue,
BMO and Holder spaces.

1.3.1 Definition and Basic Properties

Definition 1.31. Let s be in R. The homogeneous Sobolev space H*(R?) (also
denoted by H?) is the space of tempered distributions u over R, the Fourier
transform of which belongs to L} (R?) and satisfies

loc
def ~
Jully. [l de < o.
Rd
We note that the spaces H* and H ' cannot be compared for the inclusion.
Nevertheless, we have the following proposition.

Proposition 1.32. Let sg < s < s1. Then, H% N H% is included in HS,
and we have

ull%., with s=(1—0)so+0si.

el 7. < Null g

Proof. Tt suffices to apply Holder’s inequality with p =1/(1 —0) and ¢ = 1/6
to the functions ¢ — |¢|2(1=)%0 ¢ s |£]2951 and the Borel measure |@(€)|? dé.
O

Using the Fourier-Plancherel formula, we observe that L2 = H° and that
if s is a positive integer, then H* is the subset of tempered distributions with
locally integrable Fourier transforms and such that 9%u belongs to L? for all o
in N? of length s.

In the case where s is a negative integer, the Sobolev space H? is described
by the following proposition.

Proposition 1.33. Let k be a positive integer. The space H‘k(Rd) consists of
distributions which are the sums of derivatives of order k of L? (Rd) functions.

Proof. Let u be in H—*(R?). Using the fact that for some integer constants
A, we have

K= Y 8 = ) Al (—ig)”, (1.23)
11,0 gk <d |a|=k
we get that

Q€)= Y (i) va(§) with va(€) def a(g—ﬁfﬂ@

|a|=k
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As u is in H~* the functions v, belong to L2. Defining uq def F 1o, we
then obtain
u= Z 0%, with u, € L2(RY).
lo|=k

This concludes the proof of the proposition. O
. d
Proposition 1.34. HS(Rd) is a Hilbert space if and only if s < 3

Proof. We first assume that s < d/2. Let (u,)nen be a Cauchy sequence
in H5(R%). Then, (T, )nen is a Cauchy sequence in the space L2(R% €] ).
Because |€]2% d¢ is a measure on R?, there exists a function f in L2(R%; |€]2% d¢)
such that (T )nen converges to f in L2(R?; |€]25 d€). Because s < d/2, we have

/B(O,l) IF(€)]de < (/Rd |§|2S|f(€)|2d§)% (/3(071) g2 dg)% -

This ensures that f’l(lB(Oyl)f) is a bounded function. Now, leg(g,1)f clearly
belongs to L2(R%; (1 + [£[2)% d¢) and thus to S'(R?), so f is a tempered dis-
tribution. Define u def FLf. It is then obvious that u belongs to H* and
that lim w, = w in the space H®.

n—oo

If s > d/2, observe that the function
N wr— (Ul L so,0) + lull g

is a norm over H%(R?) and that (H*(R%), N) is a Banach space.

Now, if H* (Rd) endowed with ||-|| ;. were also complete, then, according to
Banach’s theorem, there would exist a constant C' such that N(u) < C|lul| ..
Of course, this would imply that

@l (B0,1)) < Cllull g (1.24)

This inequality is violated by the following example. Let C be an annulus
included in the unit ball B(0,1) and such that C N 2C = (). Define

n d

24(s+3)
5, def g1 1y e
q=1 q
We have
- " 9q(s—%) " q
X0l (B0,1)) = CZ and || X, ]|%, < OZ 2 <Ch.
qg=1 q=1

As s > d/2, we deduce that ||§n||L1(B(071)) tends to infinity when n goes to
infinity. Hence, the inequality (1.24) is false. O
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Proposition 1.35. If s < d/2, then the space So(R?) of functions of.S(]Rd),
the Fourier transform of which vanishes near the origin, is dense in H®.

Proof. Consider u in H* such that
Vo € SR, (ulo) = [ IEFACIE) de =

This implies that the L}, function @ vanishes on R* \{0}. Thus, @ = 0. Thanks
to Theorem 1.25, we infer that u = 0. As we are considering the case where H*
is a Hilbert space, we deduce that So(R?) is dense in H°. O

S

The following proposition explains how the space H~ can be considered

as the dual space of H®.
Proposition 1.36. If |s| < d/2, then the bilinear functional

SQXSQ—)(C

B 0o = [ olapta) ds

can be extended to a continuous bilinear functional on H~% x H*. Moreover,
if L is a continuous linear functional on H®, then a unique tempered distri-
bution w exists in H™° such that

Vo€ H*, (L,¢) = B(u,¢) and ||L[| gy = [Jullg-..
Proof. Let ¢ and ¢ be in Sy. We can write

[ o@pta s

[ oo ds]

27r

[ tea-olerae de

< 2m) "Nl g Nl gy
As Sy is dense in H” when |o| < d/2, we can extend B to H—* x H*. Of
course, if (u,d) € H % x S, then B(u, ¢) = (u, ¢).

Let L be a linear functional on H*. Consider the linear functional L

defined by
I .{L?(R% —C
. foo—=LF )

It is obvious that

sup (Lo, f)l = sup [(L,FH(]-|7°f))]
112 =1 £l 2 =1

= sup (L, 9)]
191l zrs =1

= Ll ey
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The Riesz representation theorem implies that a function ¢ exists in L? such
that

Vhe L2, (Lo, h) = /R g(©(E) de.

We obviously have | - |°g € L2(R%;|£|72% d€). Now, as |s| < d/2, this implies

that | - |%¢ is in S’(R?) and thus we can define u def F(| - |°g). For any ¢

in S(R?), we then have

(wd) = [ a©IE(E) & = (L] D)

By the definition of Ly, we have (u,$) = (L, $) and the proposition is thus
proved. a

For s in the interval ]0, 1], the space H® can be described in terms of finite
differences.

Proposition 1.37. Let s be a real number in the interval ]0,1] and u be in
HS(Rd). Then,

_ 2
we L2 (RY)  and / fule + y21+2€u(x)| dx dy < oo.
R4 x R4 |y |2

Moreover, a constant Cy exists such that for any function u in HS(]Rd), we
have )
ulr +vy) —ulx
lull, = ¢, uz 1) — @)l g, g,
R? x R? |yl

Proof. Tn order to see that u is in L7, (R?), it suffices to write

u=F" (13(01 )+.7: (1CB01) )

The rest of the proof relies on the Fourier—Plancherel formula (see Theo-
rem 1.25), which implies that

lu(z +y) —u(@))® / 1iWIE) 12 ,
/Rd |y[d+2s dr = (27)~ we |y|arEs [a(é)|” d¢.

Therefore,

et y) —u@P .
[, e ey = e [ POROR

def le? W& — 12 dy
F(g) :e / 2s d’
R Yl |yl

It may be easily checked that F' is a radial and homogeneous function of
degree 2s. This implies that the function F(¢) is proportional to |£|** and
thus completes the proof. a

with
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1.3.2 Sobolev Embedding in Lebesgue Spaces

In this subsection, we investigate the embedding of H*(R?) spaces in L?(R?)
spaces. We begin with a classical result.

Theorem 1.38. If s is in [0,d/2[, then the space H*(R?) is continuously em-
bedded in L7 (RY).

Proof. First, let us note that the critical index p = 2d/(d — 2s) may be found
by using a scaling argument. Indeed, if v is a function on R? and vy stands

for the function vy (x) def v(Az), then we have
_d _d
loalle = A7 [lolle and [loall g = X757 o]l ..

If an inequality of the type ||v||z» < C|jv]| . is true for any smooth function v,
then it is also true for vy for any A. Hence, we must have p = 2d/(d — 2s).

Consider a function ¢ in Sy(R?). Defining ¢ (€) def €1°6(€) and using

Propositions 1.24 and 1.29, we get that

2T _dcds . -4
0= ()|TS’ *x s with H(bs”L2 = (271—) 2 H(ZS”H*

Theorem 1.7 thus implies that [|¢||r» < C||@s|z2. Now, according to Propo-
sition 1.35, the space So(Rd) is dense in H*®. The proof is therefore complete.
O

Corollary 1.39. If p belongs to |1,2], then LP(RY) embeds continuously in

. d d
H5(RY) with s = = — —
2 p

Proof. We use the duality between H* and H~* described by Proposition 1.36.
Write

lall - = sup {a, ).
lellz—s <1
1 1
Ass=d 5 o) by Theorem 1.38 we have ||¢||,,» < C||¢l|lz-- and thus
p
lallg. <C  sup  (a,¢) < CllalLr.
lell ,pr <1
The corollary is thus proved. a

According to Proposition 1.24, the Fourier transform changes dilation into
reciprocal dilation and translation into multiplication by a character e*(®«)
(and vice versa). Obviously, the inequality

lull oty < Clull oy with p = 2d/(d - 25)



30 1 Basic Analysis

provided by Theorem 1.38 is invariant under translation and dilation.

We claim, however, that it is not invariant under multiplication by a char-
acter. Indeed, consider a function ¢ in S(R?) such that ¢ belongs to D(R?).
For all positive ¢, define the function

de(z) = < (). (1.25)

By the definition of || - || ., we have

oy = [ leP]3(e - 2| ae

%1 1012 de with e, %

f(1,0,...,0).

Hence, ||¢c|| . is equivalent to e~* when € tends to 0, while ||¢.||z» does not
depend on €.

In what follows, we want to improve the estimate of Theorem 1.38 so that
it becomes also invariant if u is multiplied by any character e!(*1«). In fact, we
shall construct a family of Banach spaces Es, the norm of which is invariant
under translation, satisfying

_d
laA e, ~ A= lalle, ,  flla(A)le, < Cs,

and, for some real number § € 0, 1],

1—
lallzr < Ciallall;.”
In order to do this, we introduce the following definition.

Definition 1.40. Let § be a function in S(Rd) such that 0 is compactly sup-
ported, has value 1 near 0, and satisfies 0 < 0 < 1. For u in S'(R%) and o > 0,
we set

de, e
lull - " sup AT 04 ]
A>0

It is left to the reader to check that the space B~ of tempered distributions u
such that ||u ;- is finite is a Banach space. It is also clear that changing
the function @ gives the same space with the equivalent norm. These spaces
come up in the next chapter in a more general context. We shall see that B~
coincides with the homogeneous Besov space BZ,,

For the time being, we will compare B~ with Sobolev spaces.

Proposition 1.41. For any s less than d/2, the space H* s contmuously

embedded in B5=% and there exists a constant C, depending only on Supp )
and d, such that

C
lull .y <

Bs‘f—(%_—s)%”uHHs for all we H®.
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o~

Proof. Asislocally in L', the function §(A~1-)u is in L*. The inverse Fourier
theorem implies that

IA%0(A) x ul| e < (2m)~4|O(A™ )| 11
< (2m) / BAE) e el a(e)] de.
Rd

Using the fact that 0 is compactly supported, the Cauchy—Schwarz inequality

implies that
C

(5 5)

and the proposition is thus proved. a

1A%0(A) * ullz~ < A2 ul| s

Nl=

The difference between the H* norm the B*~% norm is emphasized by the
following proposition.

Proposition 1.42. Let ¢ € ]0,d] and let (¢p:)e=0 be defined according
to (1.25). There then exists a constant C such that ||¢c|| 53— < Ce? for all
e>0.

Proof. By Holder’s inequality, we have
AYO(A) % el <10l (S]] Lo
From this we deduce that if Ae > 1, then we have
AV O(A) * belpoe < )0 L1 ]| Lo (1.26)

If Ae < 1, then we perform integration by parts. More precisely, using the
fact that . ‘
(—icdy)%e’s = e’

and the Leibniz formula, we get

Ad(a(A) *¢5)($) = (iAg)d » 851 (H(A(l‘ _ y))¢(y)) ei? dy

Using Holder’s inequality, we get that
L

A|(= a0t o)a) = (e aira) | < lokel, ot el

Thus, we get A%||0(A-) x ¢-||~ < C(Ae)?. As we are considering the case
where Ae < 1, we get, for any o < d,

AYO(A) * ¢ellz < C(Ae).

Together with (1.26), this concludes the proof of the proposition. O
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We can now state the so-called refined Sobolev inequalities.

Theorem 1.43. Let s be in ]0,d/2[. There exists a constant C, depending
only on d and 6, such that

1—2
P

2
allullfy.  with p=
2

el 7

C
luller < ——— 71— 25
(p—2)» -8

Proof. Without loss of generality, we can assume that ||uHB

s—

4 = 1. As will
be done quite often in this book, we shall decompose the function into low
and high frequencies. More precisely, we write

u=1ups+upa with wups=F HO(A1)7), (1.27)

where 6 is the function from Definition 1.40. The triangle inequality implies
that
(|’UJ‘ > )\) C (|ug,,4| > )\/2) U (|uh7A\ > /\/2)

By the definition of ||- HBS*% we have [|ug 4]z~ < A%~*. From this we deduce

that

A ya
A= T (5)" = nllueal > A/2) =o.

From the identity (1.8) we deduce that
l[ull7, Sp/ N (lu,ay | > A/2) dA.
0
Using the fact that

N

,u(|uh7,4x| > /\/2) <4 2

we get
o0
Julfs <4p [ 2 a3 A
0
Because the Fourier transform is (up to a constant) an isometry on L?(R?)

and the function 0 has value 1 near 0, we thus get, for some ¢ > 0 depending
only on 6,

ul?, <dp@m)~t [ A3 u(€)* dg dA. 1.28
” ”Lp = p( ) f f
0 (I€]>cAx)
Now, by definition of Ay, we have
d
> ey = ) < G o (181,
€] 3 .

Fubini’s theorem thus implies that



1.3 Homogeneous Sobolev Spaces 33

lull2, < 4p (2m)~ / (/ - m) () de

<2 [ () aerae

p—2 c
1 1 .
As s = d(§ — —), the theorem is proved. a
p

Remark 1.44. Combining Proposition 1.41 and Theorem 1.43, we see that if
0 < s < d/2, then we have, for all u € H*,

lullr < Ca with p= (1.29)

p
7oz Il T2
Of course, since we have ||ul|;2 = (27)"2 |lw|| 70, we do not expect the constant
to blow up when p goes to 2. In fact, combining this latter inequality with the
inequality (1.29) (with, say, p = 4) and resorting to a complex interpolation
argument, we get

2d
d—2s

lullr < Cav/pllullg.  with p= (1.30)
By taking advantage of Proposition 1.42 and the computations that fol-
low (1.25), it is not difficult to check that the inequality stated in Theorem 1.43
is indeed invariant (up to an irrelevant constant) under multiplication by a
character. We now want to consider whether our refined inequalities are sharp.
Obviously, according to Proposition 1.42, we have

|I¢allm
o0l

B9

lim =400 forany S>1-—2/p.
=0 [|gc |

Therefore, the exponent 1 — 2/p cannot be improved. We claim that even
under a sign assumption, the above refined Sobolev inequalities are sharp.
More precisely, we shall exhibit a sequence (fy,)nen of nonnegative functions
such that

o 1£all,
e IIntIﬂ g ||fn||

s— ¢

=400 forany §>1-2/p. (1.31)

Constructing such a family may be done by means of an iterative process. At
each step of the process, we use a linear transform 7' (defined below) which
duplicates any function f into 2¢ copies of the same function, at the scale 1/4.

Definition 1.45. Define Q def [~1/2,1/2]% and let x; = 3/8J for any ele-
ment J of {—1,1}1. We then define the transform T by
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D(Q) — D(Q) def
T:8 5 oy ooy with Tif(z) = fldz - 2J)).
Je{—-1,1}d
For B C Q, we define Ty(B) W st iB, T(B) def U 7s(B) and
Je{—1,1}4

denote Ty (Q) by Q.

Using the fact that for any f € D(Q), the support of T;f is included in @
and the fact that if J # J’, then Q; N Q; = (), we immediately get

1T Fl oo = 2203 £]l o (1.32)

For the sake of simplicity we restrict our attention here to the case where s is
an integer.!? Then, observing that

O;(TH) =21 Y 49;/)(Ax — ) = 4T(9;f)(x)

Je{-1,1}4

and using (1.32), we get
d
T fll 7 = 222011l 7+ (1.33)

The estimate of 7'f in terms of the B~ norm is described by the following
proposition.

Proposition 1.46. For o € ]0,d], a constant C' exists such that
ITfll -0 <2772 fll e + ClLf Nz
Proof. Since, thanks to (1.32), we have
MO % (Th)llze < X0l | Tl < A0 Lo 1 £l 22,
we get

sup AN % (T )|l < 10l oI ]l 21- (1.34)

The case where A is large (which corresponds to high frequencies) is more
intricate. We first estimate A%(6(\-)x(Tf))(x) when z is not too close to T(Q),

namely, = € Q° def {r € Q/ d(z,T(Q)) > 1/8}. As the function 6 belongs
to S(R?), we have, for any positive integer N,

1
N0 = @)@ < X0ls [ o TSl dy

< ClOll s AN f o

10 The general case follows by interpolation.
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This gives, for sufficiently large N,

sup ATTIXON) % (Tl oo ey < ClIONINIIF Il (1.35)

We now investigate the case where =z € @ By definition, an element J,
of {—1,1}4 and a point y of Q 5, exist such that d(z,y) < 1/8. For any J' # J,,
we have

d(x,QJ’) > d(yaQJ/) - d(it,y) > -
We now write
IXON) * (T )] () <27 [XO(N) * (T, f)] ()
+ > 24 [A9(\-) % (T f)] ().

JE{-11}\ (.}

Again using the fact that the function 6 belongs to S (Rd), we have, for any
positive integer N and any J' # J,,

N« (T )@ < 0w || S T f )y

< ClO| v sA NN T £l 1
Using (1.32), we infer that, for A > 1 and N sufficiently large,

S )« (@) (@) < CloIvs Y. TSl
Jle{flxl}d\{']w} J’e{fl’l}d\{J&L_}
< CllOllwsllfllLr- (1.36)

For any J, we have, by definition of T,

A\ A
sup AN\ + (T o <sup X (Z) 0(Z.) % H < 92 -
sup X=X« (T )l < sup A || () ()« 7] <2711

Together with (1.34), (1.35), and (1.36), this gives
iinA_UIIAW()\') (Tl < 27| fll g0 + Cllf 22

This completes the proof. a

We can now construct a sequence (fy,)nen of functions satisfying (1.31). For
that purpose, we consider a smooth nonnegative function fy, supported in @,
and define f,, = T" fy. Iterating the inequality from Proposition 1.46 yields

n—1
1falle <22 foll g0 + O3 2792 o1

m=0
Taking o = d/2 — s with s €]0,d/2[, we deduce that
an”Bs—% < Cfo22ns'

Using (1.32) and (1.33), we can now conclude that (1.31) is satisfied.



36 1 Basic Analysis

1.3.3 The Limit Case H%

The space H % (R?) is not included in L>(R?). We give an explicit counterex-
ample in dimension two. Let the function u be defined by

u(z) = p(x)log(—log|z])

for some smooth function ¢ supported in B(0,1) with value 1 near 0. On the
one hand, u is not bounded. On the other hand, we have, near the origin,

C
Oju(e)] < T
’ || [ log ||
so that u belongs to H'(R?).
This motivates the following definition.

Definition 1.47. The space BMO(R?) of bounded mean oscillations is the
set of locally integrable functions f such that

e
|B|/|f fBldr < oo with fp = |B|/dex.

The above supremum is taken over the set of Fuclidean balls.

de
||f||BMo = bup

We point out that the seminorm || - |[ppmo vanishes on constant functions.
Therefore, this is not a norm. We now state the critical theorem for Sobolev
embedding.

Theorem 1.48. The space L}, (R?) N HE(RY) is included in BMO(R?).
Moreover, there exists a constant C' such that

Jullzao < Clull 4

for all functions u € L}, (R*) N H (RY).

Proof. We use the decomposition (1.27) into low and high frequencies. For
any Euclidean ball B we have

2
< — .
s < s — e sl gy + 7 o al

Let R be the radius of the ball B. We have
[ue.a = (ue.a)BllL2 (s, gy < BIVueallL=
<CR [ 1€ 48 ana©) de
< CRA|u| .4
We infer that

dx —d di~
/B‘u_u3|® < CRA|ull 4 + C(AR) (/WA iy Iu(£)|2d£>

Choosing A = R~! then completes the proof. a

1
2
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1.3.4 The Embedding Theorem in Holder Spaces

Definition 1.49. Let (k,p) be in N x]0,1]. The Holder space C**(R?) (or
Ck* if no confusion is possible) is the space of C* functions u on R? such

that
|0%u(x) — 0%u(y)|
|z —yl°

[ul|crs = sup (Haaunm + sup ) < .
al<k TH#y

| <

Proving that the sets C** are Banach spaces is left as an exercise. We point
out that C%! is the space of bounded Lipschitz functions.

Theorem 1.50. If s > % and s — g is not an integer, then the space H®(R?)
is included in the Holder space of index

ko= (o 2o~ 4~ 4])

and we have, for all u € H*(R?),

up sup 127(E) = °u(y)

la|=k z#y |.%‘ - ylp = Cd,SHu”HS.

Proof. We prove the theorem only in the case where the integer part of s—d/2
is 0. As s is greater than d/2, writing
u=1ponu+ (1 —1p@1))u,

we get that U belongs to L* (Rd), and thus u is a bounded continuous function.
We again use the decomposition (1.27) into low and high frequencies. The low-
frequency part of u is of course smooth. By Taylor’s inequality, we have

[ug,a(x) — uga(y)| < |VugallL=lz —yl.

Using the Fourier inversion formula and the Cauchy—Schwarz inequality, we
get

IVueallie <€ [ 16l fea)]de

C 2—28d S
< </£§0A|5| 6) lull i

C
< ———F A" Plull . with p=s—d/2.
(1=p)2

Reasoning along exactly the same lines, we also have that

[N
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= < [ [ana©)lde

—25d -
g(/mm 5) ol

c _
< <A |ullge-
p2

It is then obvious that

lu(z) — u(y)| < [[Vugallzesle =yl + 2llun,al| L
< Cs (lz—ylA"P + A7) |Jull ..

Choosing A = |z — y|~! then completes the proof of the theorem. O

1.4 Nonhomogeneous Sobolev Spaces on R¢

In this section, we focus on nonhomogeneous Sobolev spaces. As in the previ-
ous section, the emphasis is on embedding properties in Lebesgue and Hélder
spaces. We also establish a trace theorem and provide an elementary proof for
a Hardy inequality.

1.4.1 Definition and Basic Properties

Definition 1.51. Let s be a real number. The Sobolev space H® (Rd) consists
of tempered distributions u such that u € L2 (R?) and

loc
lull%. & / (1+ [€2)° [a()? dé < oc.
Rd

As the Fourier transform is an isometric linear operator from the space H*(R?)
onto the space L2(R%; (1 + [€]2)% d€), the space H®(R?) equipped with the
scalar product

def
(u|v)me =

[+ iepraeie ae (137
R
is a Hilbert space.

It is obvious that the family of H® spaces is decreasing with respect to s.
Moreover, we have the following proposition, the proof of which is strictly
analogous to that of Proposition 1.32.

Proposition 1.52. If sy < s < s1, then we have

lullze < llullfo lullfre  with s = (1~ 6)so +bs1.
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When s is a nonnegative integer, the Fourier—Plancherel formula ensures that
the space H® coincides with the set of L? functions u such that 0“u belongs
to L? for any « in N with |a| < s. In the case where s is a negative integer,
the space H*® is described by the following proposition, the proof of which is
analogous to that of Proposition 1.33.

Proposition 1.53. Let k be a positive integer. The space H‘k(Rd) consists of
distributions which are sums of an LQ(Rd) function and derivatives of order k
of L2(R%) functions.

Remark 1.54. The Dirac mass d§p belongs to H=%-¢ for any positive € but
" .
does not belong to H~ 2. Moreover, Jg is not in H® for any s.

It is obvious that when s is nonnegative, H?® is included in H s and that the
opposite happens when s is negative. Further, H* # H? for s # 0. In the
following proposition, we state that the two spaces coincide for compactly
supported distributions and nonnegative s.

Proposition 1.55. Let s be a nonnegative real number and K a compact
subset of R, Let Hj (R) be the space of those distributions of H®(R®) which
are supported in K. There then exists a positive constant C' such that

1
s d
Vu € Hig(RY), Sllullzs < fullg. < llulla:

Proof. We simply have to prove that ||u|| 2 < Ck||u|| ;.. Using the Fourier—
Plancherel formula and the inverse formula, we have!'l

(&) < flullpr < VK ull < (2m) 72 VK] [ 22

For any positive ¢ we then get

[allz: < @2m)~|K|lalZ. B0, e)| +/Rd\ )Ifl’QSISIQS\G(g)ng

s

_ ~ 1
< (2m)~eqe? | K[| + sl

Taking e such that (27)~%cse? |K| = 1/2, we see that

N V2 s
ul|z2 < W(QCHKD”\UHHM (1.38)

and the result follows. O

From the above proposition, we can infer the following Poincaré-type inequal-
ity, which is relevant for functions supported in small balls.

11 From now on, we agree that |K| denotes the Lebesgue measure of the set K.
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Corollary 1.56. Let 0 <t < s. A constant C exists such that for any posi-
tive d and any function u € Hs(Rd) supported in a ball of radius §, we have

lull ge < CO* Ml and ullae < CO*lullae.

Proof. Using the fact that the || - || 7= norm is invariant under translation, we
can suppose that the ball is centered at the origin. If we set v(z) = u(dx),
then v is supported in the unit ball and obviously satisfies ||v||g: < C||v| g-,
hence also ||v]| e < C||v|| ., due to the previous proposition.

Using the fact that 9(¢) = 6*dﬂ(§>, we thus get [Jul| 7. < CO*ul 4.
Using (1.38) we then get the inequality pertaining to nonhomogeneous norms.

O
We have the following density result, strictly analogous to Proposition 1.35.
Proposition 1.57. The space S is dense in H®.

The duality between H® and H~* is described by the following proposition,
the proof of which is analogous to that of Proposition 1.36.

Proposition 1.58. For any real s, the bilinear functional

SxS§—-C

B 00 = [ et da

can be extended to a continuous bilinear functional on H~° x H®. Moreover,
if L is a continuous linear functional on H®, a unique tempered distribution u
exists in H—° such that

VoS, (L,¢) =B(u,9).
In addition, we have ||L||gsy = |lul| g
The following proposition can be very easily deduced from Proposition 1.37.
Proposition 1.59. Let s = m + o with m € N and o € ]0,1[. We then have
H*(RY) = {u € L*(R?Y) / Ya e N / |a] <m, 0% € L*(R?)

|0%u(x+y) — 0%u(x)|?

and, for a/ |a|=m dzx dy < +oo},

Rd x R4 |y|dt2e
and there exists a constant C such that
0%u(z +5y) — 0%u(x)|?
s X[ ey
d x R4 |y‘

+ D 110%ullZe < CllullF..

lo|<m
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The above characterization of Sobolev spaces is suitable for establishing invari-
ance under diffeomorphism. In what follows, it is understood that a global k-
diffeomorphism on R? is any C* diffeomorphism @ from R? onto R? whose
derivatives of order less than or equal to k are bounded and which satisfies,
for some constant C',

V(z,y) e R* xR, |p(x) — o(y)| > Clz —y|.

Corollary 1.60. Let ¢ be a global k-diffeomorphism on Rd, 0<s<k, and
w e H*(RY). Then, uop e H*(R?).

Proof. By virtue of the chain rule, it is enough to consider the case where s
is in [0, 1[. The result follows easily from the identity

af [ lule(e) ~u(eW)P
R I

- /R x R |w|<uw(>x )L?ﬁlz | det(Dy(x))| ™| det(Dip(y))| " da dy

_ 2
B N VO S0
RdxRd [T —y|THE
where it is understood that 1 = ¢ ~!. This proves the corollary. a

The following density theorem will be useful.

Theorem 1.61. For any real s, the space D(R?) is dense in H*(R?).

Proof. In order to prove this theorem, we consider a distribution u in H*(R?)
such that for any test function ¢ in D(R?), we have

[ B0 +1ep) e i ~o.

Knowing that D(Rd) is dense in & (Rd) and that the Fourier transform is an
automorphism of S(R?), we have, for any function f in S(R?),

[, s+ i@ e = o.

This implies that (14 |-|?)*u = 0 as a tempered distribution. Thus, 7 = 0,
and then v = 0. a
The Sobolev spaces are not stable under multiplication by C°° functions;
nevertheless, they are local. This is a consequence of the following result.

Theorem 1.62. Multiplication by a function of S(Rd) is a continuous map
from H*(RY) into itself.
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Proof. As we know that gu = (27)~9% 4, the proof of Theorem 1.62 is
reduced to the estimate of the L?(R%) norm of the function U, defined by

U,(6) L (1 4 |2

)% [ 18t =) x [t dn.

We will temporarily assume that

(L+[EP)F <27 (1+[€—n2) ' (1+ )5, (1.39)

We then infer that
sl lsl )~ 5~
Us(&)| <2 /Rd(l 1€ —nl?) = [B(E — I+ [n[*)2 [a(n)| dn.
Using Young’s inequality, we get

Ll sl .
lpullzs <221+ )= Sl ulla,

and the desired result follows.

For the sake of completeness, we now prove the inequality (1.39). Inter-
changing £ and 7, we see that it suffices to consider the case s > 0. We have

(L+1€*)? < (42018 —n* + n*)*
<251+ E—n)E(+ )5,

This completes the proof of the theorem. a

We will now consider the problem of trace and trace lifting operators for
the Sobolev spaces. Consider the hyperplane x; = 0 in R?. Because this has
measure zero, we cannot give any reasonable sense to the trace operator
formally defined by yu(z’) = w(0,2’) if u belongs to a Lebesgue space. For
instance, there exist elements of LQ(Rd) which are continuous for x; # 0 and
tend to infinity when x; goes to 0. This obviously precludes us from defining
the trace of a general L? function.

The following theorem shows that defining yu makes sense for u € H* (Rd)
with s greater than 1/2. Extending the usual trace operator by continuity
provides us with the relevant definition.

Theorem 1.63. Let s be a real number strictly larger than 1/2. The restric-
tion map v defined by

i {S(Rd) — SR
¢ — (@) (2, .., xq) — 40, 22,...,24q)

can be continuously extended from H*(R?) onto H*~ = (R4™1).
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Proof. We first prove the existence of . Arguing by density, it suffices to find
a constant C' such that

VoeS, VDl -1 < Cliollme. (1.40)

H*"2
To achieve the above inequality, we may rewrite the trace operator in terms
of a Fourier transform:

9(0,2") = (2m)~* / 056, € dey e

R
= (27)1—d i€ (901 [ & N des ) de'
ntt [ @0 (en)t [ Blene) der) ae
‘We thus have -
€)= em [ a6 der

By multiplication and division by (1+ |¢;]?4]¢|)2 and the Cauchy—Schwarz
inequality, we have

O < e ( [ar@rierrda ) ( [aa0ra -+ as )

Having s > % ensures that the first integral is finite. In order to compute it,
we make the change of variables & = (14 |¢/|2)2zA. We obtain

/ L+ + [P de = C,(1+ €172 with C, = / (14 A%)~%d\.

We deduce that HV(QZ))HZS*% < Cs||@||%-, which completes the proof of the

first part of the theorem.

We now define the trace lifting operator. Let x be a function in D(R) such
that x(0) = 1. We define

Ru(z) % (o) i+ / I (@ (€))D(€T) dE' with (€)= /11 €.
Rd—l

It is clear that
FRu(€) = / eHE N (H(EN)D(E) dt

= "% 7©).

Taking N sufficiently large, we deduce that
S e —2] ~ - 2~
IRolly: = [ (+16P +1€7)€) 2 R1) ™) el ds

<on [ ([(+80) e s ) eprteer

<l

Of course, we have yRv = v. This completes the proof of the theorem. ad
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We infer the following corollary.
Corollary 1.64. Let s > m + % with m € N. The map
H¥(RY) — P H 2 (RI?
. @ )
(%( )o<j<m
with v;(u) = v(8%,u) is then continuous and onto.

Remark 1.65. More generally, the trace operator s may be defined for any
smooth hypersurface X' of R?. Indeed, according to Theorem 1.62 and Corol-
lary 1.60, the spaces H*(R?) are local and invariant under the action of dif-
feomorphism, so localizing and straightening X' reduces the problem to the
study of the trace operator defined in Theorem 1.63.

1.4.2 Embedding

In this subsection, we present a few properties concerning embedding in
Lebesgue spaces. First, from Theorems 1.38 and 1.50 we can easily deduce
the following result.

Theorem 1.66. The space H5(R?) embeds continuously in:

— the Lebesgue space LP(]Rd)7 if0<s<d/2and2<p<2d/(d-2s)
~ the Holder space C**(RY), if s > d/2+k+p for some k € N and p € 10, 1].

As in the homogeneous case, the space H % fails to be embedded in L.
However, the following Moser—Trudinger inequality holds.

Theorem 1.67. There exist two constants, ¢ and C, depending only on the
dimension d, such that for any function u € H? (Rd), we have

/JRd (eXp(c(”';ﬁz)g )) - 1) da < C.

Proof. As usual, arguing by density and homogeneity, it suffices to consider
the case where f is in S and satisfies Hf||H% =1

Now, the proof is based on the fact that, according to the inequality (1.30)
and the definition of nonhomogeneous Sobolev spaces, there exists some con-
stant Cy (depending only on the dimension d) such that

lflleze < Cyqy/p forall p>1. (1.41)

For all z € RY, we may write

exp(elf(@)2) - 1= 5

p>1

| @),
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Integrating over R? and using the inequality (1.41) yields
) _1)de =S 0@l

exp(c|f(z)]?) x—Zc e

R4 o1 p:

The theorem then follows from our choosing the constant ¢ sufficiently small.
O

As stated before, the space H*(R?) is included in H*(R?) whenever ¢ < s. If
the inequality is strict, then the following statement ensures that the embed-
ding is locally compact.

Theorem 1.68. Fort < s, multiplication by a function in S(Rd) is a compact
operator from H®(R?) in H'(R?).

Proof. Let ¢ be a function in S. We have to prove that for any sequence (u,,)
in H*(R?) satisfying sup,, ||un|zs < 1, we can extract a subsequence (uy, )
such that (puy,, ) converges in H*(R?).

As H S(Rd) is a Hilbert space, the weak compactness theorem ensures
that the sequence (up),en converges weakly, up to extraction, to an ele-
ment v of H*(R?) with [|ul|zs < 1. We continue to denote this subsequence
by (tn)nen and set v, = u, —u. Thanks to Theorem 1.62, sup,, ||ovn|gs < C.
Our task is thus reduced to proving that the sequence (pv,)nen tends to 0
in Ht (Rd). We now have, for any positive real number R,

/(1+ [€1%)11F (pvn) ()17 d€ S/ (1 + [€1)"1F (pvn) (€[ de

[§I<R

+ / (L€ (14 E2)° | F (o) ()] de
¢I>R

2)t 2 g o llevnllzr

< [ O F @ P + et

As (v )nen is bounded in H®(R?), for a given positive real number &, we can
choose R such that
vl < 5
(1 + R2)s—t 1¥0nllHe =5
On the other hand, as the function ¢ defined by

def

ve(n) € @m)~1F (1 + 1025~ )

belongs to S(RY), we can write
Fleoa)(©) = 2m)* [ 3~ n)ato) d

_ /(1 + [nl?) e (n)om (n) dy
= (7/15 | Un)HS'
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As (vp)nen converges weakly to 0 in H*(R?), we can thus conclude that
Ve e R, lim F(pv,)(€) = 0.
n—00
Let us temporarily assume that

sup |F(pvn)(€)] < M < oo. (1.42)

[€I<R
neN

Lebesgue’s theorem then implies that

lim (L+ €12 |F (pvn)(E)[* dé = 0,
o0 JIEI<R

which leads to the convergence of the sequence (¢v,)nen to 0 in H* (Rd).

To complete the proof of the theorem, let us prove (1.42). It is clear that

Fern)(@) < ) [ 186 =)l 5l an
< @) oalln ([ 4+ 1)l ~ )l an)
Now, as @ belongs to S(R?), a constant C' exists such that

Cn,

d
- ith Ny=— 1.
T gpie Wit No=g+lsls

D6 —n)| <
We thus obtain

/<1+|n|> B(E— 77)|2d77</||<2R1+|77|) (€ — )P di
1 2\=8| (¢ 2d
+ /|n|zzR( 1)~ 1@ — n)l? dn

<C (L+ In[*) dn
n<2R

Lo, / 1+ ) (1 + [e—n[2) ™ d.
n>2R

Finally, since || < R, we always have | — | > @ in the last integral, so we

eventually get

/(1+|nl2) BE—n)Pdy < C+ R '“*C/W'

This yields (1.42) and completes the proof of the theorem. O
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From the above theorem, we can deduce the following compactness result.

Theorem 1.69. For any compact subset K of RY and s' < s, the embedding
of Hi(RY) into Hj-(R?) is a compact linear operator-

Proof. Tt suffices to consider a function ¢ in S(R?) which is identically equal
to 1 in a neighborhood of the compact K and then to apply Theorem 1.68. O

1.4.3 A Density Theorem

In this subsection we investigate the density of the space D(R\{0}) in
Sobolev spaces. This result is useful for proving Hardy inequalities and is
related to the problem of the pointwise value of a function in H*(R?). Indeed,
having D(R?\{0}) dense in H*(R?) precludes any reasonable definition of the
“value at 07 of an element of H*(R?%). We now state the result.

Theorem 1.70. If s < d/2 (resp., < d/2), then the space D(R\{0})
is dense in H*(RY) [resp., in H*(R?)]. If s > d/2, then the closure of
the space D(RU\{0}) in H*(R?) is the set of functions u in H*(R®) such
that 9*u(0) = 0 for any o € N such that |o| < s — d/2.

Proof. As H S(Rd) is a Hilbert space it is enough to study the orthogonal
complement of D(R?\{0}) in H*(R?). For u in H® we define

us & F1(1 1 g2) ).

If u belongs to the orthogonal complement of D(R?\{0}), then we have

/R (OB dE = {ugyp) =0 forany ¢ in DRI\{0}).

This implies that the support of wug is included in {0}. We infer that a se-
quence (aq)|o|<n exists such that

us = Y aa0"%. (1.43)

la|<N

As u, belongs to H~®, Remark 1.54 implies that a, = 0 for |a] > s — d/2.
Thus, if s < d/2, then us = u = 0 and the density is proved in that case. The
proof of the density in the homogeneous case follows the same lines and is left
to the reader as an exercise.

When s is greater than d/2, the orthogonal complement of the space
D(RY\{0}) is exactly the finite-dimensional vector space Vs spanned by the
functions (uq)|a|<[s—d/2] defined by

un~lax dﬁf T —d e"(zlg) (Zf)a d
o) ) | s e
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However, thanks to the relation (1.43), if the partial derivatives of order less
than or equal to s — d/2 of a function v in H*® vanish at 0, then we have

(v|ua)us = (v,0%) = 0.

Thus, the function v belongs to the orthogonal complement of V,, which is
the closure of D(R?\{0}). O

Remark 1.71. If d = 1, then the above result means that the map u — «(0)
cannot be extended to H %(R) functions. More generally, arguing as above,

we can prove that the restriction map v on the hyperplane x; = 0 cannot be
1 .
extended to Hz(R?) functions.?

1.4.4 Hardy Inequality

This brief subsection is devoted to proving a fundamental inequality with
singular weight in Sobolev spaces: the so-called Hardy inequality. More general
Hardy inequalities will be established in the next chapter (see Theorem 2.57).

Theorem 1.72. If d > 3, then

(/ ‘f(x)|2 d.%‘)z < LHVfHLQ forany f in Hl(Rd). (1.44)
R d—2

||
Proof. Arguing by density, it suffices to prove the inequality for fe D(R? \{0}).
d
Let R be the radial vector field R = Zzz&m Because R|z|™2 = —2|z| 72,

i=1
integrating by parts yields

S@P 1 @RI, d [P
[ a1 i+l [ Ll

|[? 2 |z[? 2 |z[?

Thus, we have, by the Cauchy—Schwarz inequality,

[MOE,_ 2 [ foRfE,
R4

2T 2=d Jae [z
2 F@P NP ([ IRF@P  \?
§d2(/w a]? ‘“") </ 22 d””) ’

12 Tn fact, yu makes sense whenever u belongs to the smaller space

which implies that

HE (R 4 {u cHARY [ "t e LQ(Rd)}.

|z1]2
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(L) s sl foorora)

Remark 1.73. Let us note that using Lorentz spaces provides an elementary
proof of more general Hardy inequalities, namely,

I
jz]°

Indeed, using real interpolation we can show that H* not only embeds in the
space LP with 1/p = 1/2 — s/d, but also in the Lorentz space LP'?>. Now, it

is clear that the function x +— |-|~® belongs to the space Lf,,/ % so applying
generalized Holder inequalities in Lorentz spaces, we get

f

|z[*

d
<Clfllze for 05 <5

L2

1

|- 1°

<¢]

e < Clf e
L2 Ly *

1.5 References and Remarks

The Hoélder and Young inequalities belong to mathematical folklore. Refined Young
inequalities are special cases of convolution inequalities in Lorentz spaces. An ex-
haustive list of such inequalities can be found in [171] or the book by P.-G. Lemarié-
Rieusset [205]. More about atomic decomposition and bilinear interpolation can be
found in the book by L. Grafakos [150].

In the present chapter, we restricted ourselves to the very basic properties of the
Fourier transform. For a more complete study of the Fourier transform of harmonic
analysis methods for partial differential equations, the reader may refer to the text-
books [40] by J.-M. Bony, [122] by L.C. Evans, [275] by E.M. Stein, [167, vol. 1] by
L. Hérmander and [282, 283] by M.E. Taylor.

The Sobolev embedding in Lebesgue spaces was first stated by S. Sobolev him-
self in [270, 271]. There is now a plethora of generalizations (W*? spaces, metric
spaces, etc.) Basic references for Sobolev spaces may be found in the books [3] by
R. Adams and [146] by D. Gilbarg and N. Trudinger. Refined Sobolev inequalities
were discovered by P. Gérard, Y. Meyer, and F. Oru in [140]. The proof which
has been proposed here is borrowed from [77]. The fractal counterexample comes
from [22]. The study of embedding of Sobolev spaces in Holder spaces goes back
to C. Morrey’s work in [235]. The BMO space was first introduced by F. John and
L. Nirenberg in [174].

Most of the results concerning nonhomogeneous Sobolev spaces are classical.
Hardy inequalities go back to the pioneering work by G.H. Hardy in [153, 154]. In
the next chapter, we shall state more general Hardy inequalities in Sobolev spaces
with fractional indices of regularity.

For more details on the Moser—Trudinger inequality, see the pioneering works by
J. Moser in [236] and N.S. Trudinger in [290]. For recent developments, see [2].

Note that combining the Sobolev embedding theorem with Theorem 1.68 ensures
that the embedding of HS(Rd) in LP(R?) is locally compact whenever 2 < p < oo
and s > d/2 — d/p. In contrast, due to the scaling invariance of the critical Sobolev
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embedding,'® the fact that H*(RY) < LPs(R?) when 0 < s < d/2, and that fact that
ps = 2d/(d — 2s), no compactness properties may be expected in this case. Indeed,
if u € H*\ {0}, then for any sequence (y,) of points in R? tending to infinity
and for any sequence (h,) of positive real numbers tending to 0 or to infinity, the
sequences (7, u) and (8, u) converge weakly to 0 in H*® but are not relatively
compact in L since |7y, u|lr = ||ul|zr and ||0n, ulzr = ||u|lzr. The study of this
defect of compactness was initiated by P.-L. Lions in [212] (see also the paper by
P. Gérard [139]). In short, it has been shown that translational and scaling invariance
are the only features responsible for the defect of compactness of the embedding
of H® into LP.

13 Throughout this book, we agree that whenever X and Y are Banach spaces, the
notation X < Y means that X C Y and that the canonical injection from X to Y
is continuous.
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Littlewood—Paley Theory

In this chapter we introduce most of the Fourier analysis material which will
be needed in the next chapters. The main idea is that functions or distribu-
tions are easier to deal with if split into countable sums of smooth functions
whose Fourier transforms are compactly supported in a ball or an annulus.
Littlewood—Paley theory provides such a decomposition.

The first section is dedicated to the study of functions with compactly
supported Fourier transforms. We state Bernstein inequalities and study the
action of heat flow or of a diffeomorphism over spectrally localized functions.
The Littlewood—Paley decomposition is introduced in the second section. Sec-
tions 2.3, 2.4, and 2.5 are devoted to the definition of homogeneous Besov
spaces and the proofs of some of their properties (basic topological proper-
ties, characterizations in terms of heat flow or finite differences, embedding in
Lebesgue spaces, and Gagliardo—Nirenberg-type inequalities).

In Section 2.6 we introduce the (homogeneous) paradifferential calculus
(after J.-M. Bony in [39]) and state a few results concerning continuity of
the paraproduct. We also study the effect of left composition by a smooth
function. The next section is devoted to the definition and a few properties of
(the more classical) nonhomogeneous Besov spaces. In Section 2.8 we state a
paralinearization theorem. Compactness properties of Besov spaces are stud-
ied in Section 2.9. In Section 2.10 (which may be skipped at first reading)
we give some technical commutator estimates which will be needed in the
next chapters. In the last section, we state a few properties for the Zygmund
space Bl and provide some logarithmic-type interpolation inequalities.

00,00

2.1 Functions with Compactly Supported Fourier
Transforms

Littlewood—Paley theory is a localization procedure in frequency space. The
interesting feature of this localization is that the derivatives (or, more gen-
erally, Fourier multipliers) act almost as homotheties on distributions whose

H. Bahouri et al., Fourier Analysis and Nonlinear Partial Differential 51
FEquations, Grundlehren der mathematischen Wissenschaften 343,
DOI 10.1007/978-3-642-16830-7-2, (© Springer-Verlag Berlin Heidelberg 2011
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Fourier transforms are supported in a ball or an annulus. This nice property
leads to the so-called Bernstein inequalities and is investigated in the next
subsection.

2.1.1 Bernstein-Type Lemmas

Throughout, we shall call a ball any set {¢ € R? /|¢| < R} with R > 0 and
an annulus any set {£€ € R* /0 <7 < [€] < o} with 0 < 7y < 7.

Lemma 2.1. Let C be an annulus and B a ball. A constant C' exists such that
for any nonnegative integer k, any couple (p,q) in [1,00)? with ¢ > p > 1, and
any function u of LP, we have

~ d . 11
Supp @ C AB = || D"*ul| 1« def sup [|0%u||pe < CRHINRHIG é)||u||Lp,

|a|=k

Supp @ C A\C = C " I\F|ju||1r < ||D*ullre < CEFINE||u| 10

Proof. Using a dilation of size A, we can assume throughout the proof that
A = 1. Let ¢ be a function of D(R?) with value 1 near B. As G(€) = ¢(£)a(€)
we have

0% = 0% «u with ¢g=F lo.

Applying Young’s inequality we get

. Tdef 1 1
|0°g x s < 0% lleruller - with 2”1,

and the first assertion follows via

10%gll- < [0%gllLe + 10%g] L2
<Ol +-11)%0% L=
< O/ =2)*(()*¢) |2
< C«kJrl.

To prove the second assertion, consider a function ¢ € D(R?\{0}) with value 1
on a neighborhood of C. From the algebraic identity (1.23) page 25 and the
fact that u = 5@, we deduce that there exists a family of integers (Ay)a € N4
such that

- . def _ ceNal el —2k T
u= Y gax0%u with go = AuFH(—i€)"|E[ 72 H(8),
la|=k
and the result follows. O

The following lemma describes the action of Fourier multipliers which behave
like homogeneous functions of degree m.
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Lemma 2.2. Let C be an annulus, m € R, and" k = 2[1 + d/2]. Let o be
a k-times differentiable function on RY \{0} such that for any o € N with
|| < k, there exists a constant Cy, such that

Ve € RY, 10%0(€)] < Calé|™ 1ol

There exists a constant C, depending only on the constants Cy, such that for
any p € [1,00] and any X > 0, we have, for any function u in LP with Fourier
transform supported in \C,

lo(D)ullir < CA™ullzr  with o(D)u Y F1(0q).

Proof. Consider a smooth function @ supported in an annulus and such that
@ =1 on C. It is clear that we have

o(D)yu = ME\(A\)xu  with (2.1)
Kola) S 2m) [ 050)0(0) e
Let M = [1+ d/2]. We have
(14 P K (e) = [ (19) F(e)o(r) de
= [0 (14-20 (360 (4)) de
> ca? [ €19 05(6) 0%0(0) de

laf+]B8|<2M

for some integers ¢, 3 (whose exact values do not matter). The integration
may be restricted to Supp @. On this set we have [9%a()\¢)| < CyAm 1Al
Thus, we get

(1+[a?)M K (@)] < Car ™

As 2M > d we may conclude that || K|/, < CA™. Applying Young’s inequal-
ity to (2.1) then yields the desired result. O

2.1.2 The Smoothing Effect of Heat Flow

This subsection is devoted to the study of the action of heat flow over spec-
trally supported functions. Our main result is based on Faa di Bruno’s formula,
which we recall here for the convenience of the reader.

! Throughout this book we agree that whenever r is a real number, [r] stands for
the integer part of r.
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Lemma 2.3. Let u : R — R™ and F : R™ — R be smooth functions. For
each multi-index o of Nd, we have

*(F ou) ZOWaF I @),
1<|BI<]af
1<5<m

where the coefficients C\,,, are nonnegative integers, and the sum is taken over
those pu and v such that 1 < |u| < |af, vg, € N7,

Z vg, = py for 1<j<m, and Z Brs; = a.

1<|BI<[al 1519/ ol
sjsm

The following lemma describes the action of the semigroup of the heat equa-
tion on distributions with Fourier transforms supported in an annulus.

Lemma 2.4. Let C be an annulus. Positive constants ¢ and C' exist such that
for any p in [1,00] and any couple (t, \) of positive real numbers, we have

Supp @ C AC = ||le"3ul|L» < Ce™ " ||ul|Lr.

Proof. We again consider a function ¢ in D(R?\{0}), the value of which is
identically 1 near the annulus C. We can also assume without loss of generality
that A = 1. We then have

= 77 (o) (e )
=g(t,-)*xu with g(t, x) def (271)“1/ei(”’lf)qb(f)e_t‘f‘zdﬁ. (2.2)

The lemma is proved provided we can find positive real numbers ¢ and C' such
that
vt >0, [lg(t,-)]|rr < Ce™. (2.3)

To begin, we perform integrations by parts in (2.2). We get
glt,a) = (L [a) 0 (14 Ja) e 00(g)e 14" dg
= (o) [ (1d-20 e 10) o(g)e 14 ag
= (o) [ 9 a—ag (sg)e ! as.

Via Leibniz’s formula, we obtain
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(1d—A¢) ((¢)e ") = Z cg (9 P0(6)) (9% 14) |
\a|<2d

From Faa di Bruno’s formula (see the above lemma) and the fact that the sup-
port of ¢ is included in an annulus, we deduce that there exists a couple (¢, C)
of positive real numbers such that for any £ in the support of ¢,

’(3(&*&)(;5(5)) (3[364&\2)’ < O + t)lletler
< O(1+t)Ble=et

We have thus proven that |g(t,z))| < C(1 + |z|*)"9e~!, and the inequal-
ity (2.3) follows. O

From now on, we agree that if X is a Banach space, I is an interval of R, and p
is in [1, 00|, then L (X) stands for the set of Lebesgue measurable functions u
from I to X such that t — ||u(t)||x belongs to LP(I). If I = [0,T] (resp.,
I = R"), then we alternatively use the notation L%.(X) [resp., LP(X)]. We
shall often use, without justification, the fact that the space L¥(X) endowed
with the norm

1

def
ol ey 2 ( / o dt) if p< oo and [ull e S esssup [u(t)x

is a Banach space.

The following corollary is the key to proving a priori estimates in Besov
spaces for the heat equation (see Chapter 3).

Corollary 2.5. Let C be an annulus and X a positive real number. Let ug
[resp., f = f(t,x)] satisfy Supp oy C AC (resp., Supp f(t) C AC for all t
in [0,T]). Consider u, a solution of

Ou—vAu=0 and wup—g = uo,
and v, a solution of
0w —vAv=f and wvy—o=0.
There exist positive constants ¢ and C, depending only on C, such that for
any 1 <a<b< oo and 1 <p<q< oo, we have
J1g(i_1
lullzgzey < €A TN jug| s,
C1q(1_1 11
lolleg s < C@A)THEmDNGEDf) g 1o,
Proof. 1t suffices to use the fact that
t
u(t) = e’"Pug  and  v(t) = / e?NAf () dr
0

Combining Lemmas 2.1 and 2.4 with Young’s inequality now yields the result.
The details are left to the reader. a
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2.1.3 The Action of a Diffeomorphism

Lemma 2.6. Let x be in S(R?). There exists a constant C such that for
any CY1 (see Definition 1.26 page 22) global diffeomorphism 1 over R? with

inverse ¢, any u € S/(Rd) such that @ is supported in AC, any p in [1,00], and
any (A, p) in 10, 00[%, we have

(e D) (wo )|y < CA 1Tl 7w Nullzo (1D Tl e 1700 1D ).

where Jg(z) d:ef|det D¢(2)| and x(p='D)(uov)) d:ef]-”l(x(;fl) F(uoy))).
Proof. Using (2.1.1), we get, after rescaling,

d
=AY graxOu with  [[0%a|p < CAOL (2.4)
k=1

If h = F~'x, we write y(u 'D)(uo) = AUy, with

d
Uniu(@) = 1Y () ¢ (g 1) 0 0) (@)

k=1

d
= 'Y [ Rl = 02100 0) () o)
k=1
Integrating by parts, we get Uy ,(z) = Uy ,(x) + U3 ,(x) with
def d
o -
U, 0) it Y [ Do = 6(21) - h6(2) (g1 % (2l
k=1
d
def =
U3,0) 0t S [ Rt = 0l ar = 02000 T2)
k=1
We estimate [|Uy ,[|L». Setting 2 = ¢(z — p~'y), we see that

d
UL @) =Y [ DR (o — ™) (gr > )l — ) .
k=1 /R

Hence, by Hoélder’s inequality,

1
Iy

U@l < Dol [ | 1DRw)Idy)

(103 060~ )
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We infer that

1
7

1Ux ullze < pll Dol | DRI 7y

% </Rded |Dh(y)] |(grx > w)(Y(x — pty) P do dy)

Combining the change of variable 2/ = ¢(z — u~'y) with Fubini’s theorem,
we then get

~ 1
IUR ullze < pll DAl i | Dl oo (1611 Lo lgkx * ull o
1
< CullDe|l e[|l Loo [l o

Following the same lines, we also get

1
1UR ullee < ClID Tl oo (|51 7ol -
The lemma is thus proved. a

In the case where the diffeomorphism ¢ preserves the measure, we can get a
more accurate result, one which will prove useful for transport and transport-
diffusion equations (see Chapter 3).

Lemma 2.7. Let 6 be a smooth function supported in an annulus ofRd . There
exists a constant C' such that for any C%' measure-preserving global diffeomor-
phism 1 over R? with inverse @, any tempered distribution u with u supported
in XC, any p € [1,00], and any (A, u) € 10, 00[%, we have

_ e A
6D w0 ), < Cllullomin (5 1065 1DV ).
Proof. Since Jy = Jg = 1, the fact that

[0u™* D) (o ), < CENDS ol

is ensured by Lemma 2.6.

In order to prove the other inequality, we use the fact that, owing to the
spectral localization of 6, there exists a family of smooth functions (61, ..., 0;)
with compact support such that

d
0(&) =i &br(§) forall &eR’.
k=1

Hence,
0(u'D) =p~">_ Oubi(p' D),
k
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SO we can write
07 D)o ) = 5~ S [ F Ot~ ) k0 0) ) .
k

From the above equality and the fact that ) preserves the measure, we easily
deduce that

10(u=D) (u o) Le < Cu=t |DY[| o [|Duo Pl e
< Cp | DYl poe | D] Lo

Bernstein’s lemma yields || Du||L» < Al|lu||ze. This completes the proof. O

2.1.4 The Effects of Some Nonlinear Functions

The following lemma describes some properties of powers of functions with
Fourier transforms supported in an annulus.

Lemma 2.8. Let C be an annulus. A constant C exists such that for any
positive real number X\, positive integer p, and function u in LP whose Fourier
transform is supported in AC, we have

[u?|| 2 < CATH|V(u?)]| 2.

Remark 2.9. This lemma is somewhat surprising. Indeed, if Fu is supported
in an annulus, then F(uP) is not supported in an annulus, but rather in a
ball. Despite that, the above lemma guarantees that the L? norm of u? may
be controlled by the L? norm of its gradient.

Proof of Lemma 2.8. As usual, it suffices to consider the case A = 1. Owing
to the spectral properties of u, we can write

d
. def def ,~_ . _97
u:28juj with  u; < gi*u and g; 2 1(—z§j\§| 2<b(§)),

j=1

where ¢ stands for a smooth function supported in a (suitably large) annulus
and with value 1 in a neighborhood of the annulus C.

Using the above decomposition and performing an integration by parts,
we thus infer that

d
20 dr = uP—ld
/Rdu T JZ_;/W Oju;u T
d
= —(2p—1)2/ wju*P 20 u da
j=17”

-1
u; 0 (uP)uP~ ! da.
> [ wo
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Hence, by virtue of the Cauchy—Schwarz inequality,

/ W2 4z < OV (uP) ||L2< / 2P~ 1)dx>
Rd

We obviously have |lu;||p2r < Cllul| 20, so, by Holder’s inequality,

[ do < IR 12 el
R

and the result is proved.

2.2 Dyadic Partition of Unity

59

We now define the dyadic partition of unity that we shall use throughout the

book.

Proposition 2.10. Let C be the annulus {€ € R? /3/4 < |¢] < 8/3}.

There

exist radial functions x and ¢, valued in the interval [0,1], belonging respec-

tively to D(B(0,4/3)) and D(C), and such that

VEERY, x(§) + D p277) =1,

7>0

v ERN\{0}, D w277 =1,

JEZ
i — 4’| > 2= Supp ©(277-) N Supp (277 ) =0,
j > 1= Supp x N Supp p(277-) =0,

~d
the set C :efB(O, 2/3) + C is an annulus, and we have
lj—j'|>5=2'Cn2ic=0.

Further, we have

1
d
YR, o <XP(€) + )72
3=>0
1
d
VEERI\0}, 5 <) ¢h2

JEZ

(2.5)

(2.6)

(2.10)

(2.11)
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Proof. Take « in the interval ]1,4/3[ and denote by C’ the annulus with small
radius o~ ! and large radius 2«. Choose a radial smooth function @ with values
in [0, 1], supported in C, and with value 1 in the neighborhood of C’. The
important point is the following: for any couple of integers (4, j'), we have

j—j'|>2=2"cn2ic=0. (2.12)

Indeed, if 2/°'CN27C # 0 and j' > j, then 27" x 3/4 < 4x 2171 /3 which implies
that 5/ — j < 1. Now, let

S(€) =Y _6277¢).

JEZ

Thanks to (2.12), this sum is locally finite on the set R?\{0}. Thus, the
function S is smooth on R%\{0}. As « is greater than 1, we have

| 27¢’ = r*\{0}.
JEL
As the function 6 is nonnegative and has value 1 near C’, it follows from the

above covering property that the function S is positive.

We claim that the function ¢ def 0/S is suitable. Indeed, it is obvious

that ¢ belongs to D(C) and that the function 1 — ng(2‘j~) is smooth
Jj=0
[use (2.12)]. Further, as Supp 6 C C, we have

€25 =Y pve =1 (2.13)

J=0

Thus, setting
X&) =1- 3 p7e), (2.14)
Jj=0
we get the identities (2.5) and (2.7). The identity (2.8) is an obvious con-
sequence of (2.12) and (2.13). We now prove (2.9), which will be useful in
Section 2.8. It is clear that the annulus C has center 0, small radius 1/12, and
large radius 10/3. It then turns out that

-~ . 3 ; 10 1 -8
2k0ﬂ2]0#0:>(1><23§2kx§ or Ex2k§2jg),

and (2.9) is proved. We now prove (2.10). As y and ¢ have their values in [0, 1],
it is clear that

O+ P27 <1 (2.15)

Jj=0

We bound the sum of squares from below. We have
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1= (X(&) + X1())% with
To€) = Y @(279¢) and Zi(€) =x(&)+ D (277¢).

j even 7 odd

Obviously, 1 < 2(X2(¢) + X?(¢)). Now, owing to (2.7) and (2.8), we have

3= ) 22277 and ZPE) =x*O+ Y ¥ (2779,

j even 7 odd
This yields (2.10). Proving (2.11) proceeds similarly. O

From now on, we fix two functions y and ¢ satisfying the assertions (2.5)—
(2.11) and write h = F~lp and h = F~1x. The nonhomogeneous dyadic
blocks A; are defined by

Aju=0 if j<-2, Aju=xDu= / h(y)u(z —y) dy,
Re

and Aju=p(2'D)u= 2jd/ (27 y)u(z —y)dy if j§>0.
Rd

The nonhomogeneous low-frequency cut-off operator S; is defined by

S'ju: Z Aj/u.

J'<i—1

The homogeneous dyadic blocks Aj and the homogeneous low-frequency cut-
off operators S; are defined for all j € Z by

Aju=p277Dyu =2 [ h(2y)u(z —y)dy,
Rd

Sju = x(277D)u = 274 o ﬁ(ij)U(l’ —y)dy.

Remark 2.11. We also note that the above operators map LP into LP with
norms independent of j and p. This fact will be of constant use in this chapter.

Obviously, we can write the following (formal) Littlewood—Paley decomposi-

tions: _

Id=>"4; and Id=)» A, (2.16)

J J

In the nonhomogeneous case, the above decomposition makes sense in S’ (Rd).
Proposition 2.12. Let u be in S'(R%). Then,u = lim; ., Sju in S'(R?).
Proof. Note that (u—S;u, f) = (u, f—S; f) for all fin S(R?) and u in S'(R?),
so it suffices to prove that f = lim;_, S;f in the space S(Rd). Because the
Fourier transform is an automorphism of S (Rd), we can alternatively prove

that X(2_j-)f tends to fin S(R?). This is an easy exercise left to the reader.
O
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We now state another (somewhat related) result of convergence.

Proposition 2.13. Let (u;)jen be a sequence of bounded functions such that

the Fourier transform of u; is supported in 27C, where C is a given annulus.
Assume that, for some integer N, the sequence (279N |Ju;| 1) jen is bounded.
The series 3, u; then converges in S'.

Proof. After rescaling, the relation (2.1.1) reads as follows for all integers j
and k:

uy =278 3" 2949, (27) % 0%uy.
|| =k
For any test function ¢ in S, we then write

(uj,8) = 277% 37 (uy, 2095,(27) % (~0)%)  with ga(z) X' gu(~a).

|| =k
We then have . ‘
(ug,8)| < C277% N~ 2N(|9%g|| 1.
la|=k

Choose k > N. Then, > (u;,$) is a convergent series, the sum of which is

less than C||¢||ar,s for some integer M. Thus, the formula

(u,6) ' Jim > (uyr,0)

J'<i
defines a tempered distribution. a

Proving the equality (2.16) for the operators A; is not so obvious, even for
smooth functions: it clearly fails for nonzero polynomials. However, it holds
true for any distribution in the set S}, defined on page 22. Indeed, if u belongs
to S}, then Sju tends uniformly to 0 when j goes to —ooc.

The homogeneous version of Proposition 2.13 reads as follows.

Proposition 2.14. Let (u;);cz be a sequence of bounded functions such that
the support of u; is included in 27C, where C is a given annulus. Assume
that, for some integer N, the sequence (279N ||lu;||L=)jen is bounded and that
the series Y. _ou; converges in L. The series )., u; then converges to
some u in S, and u belongs to Sj,.

Proof. Thanks to Proposition 2.13, the series ZjeZ u; converges to some u
in §’. We are therefore left with proving that u belongs to S;. We have, for
some integer Ny,

1ull= < |85 > w|, <] Y uy

J'<j+No J'<j+No

Lo

As the series ) ._,u; converges in L>, the proposition is proved. a

j<0
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2.3 Homogeneous Besov Spaces

To begin, we define homogeneous Besov spaces.

Definition 2.15. Let s be a real number and (p,r) be in [1,00]?. The homo-

geneous Besov space BS . consists of those distributions u in S} such that

P,
def -
€ : : "
lullsy, & (S 2 ldsultn) < .
JEL
Proposition 2.16. The space B; » endowed with || - || g is a normed space.
. s

Proof. Tt is obvious that [|-|| 5. is a seminorm. Assume that for some u in S},
p,T

we have ||ul| 5. = 0. This implies that the support of  is included in {0} and
p,T

thus that for any j € Z, we have S'ju = u. As u belongs to S, we conclude
that © = 0. O
Remark 2.17. The definition of the Besov space B;yr is independent of the
function ¢ used for defining the blocks A j, and changing ¢ yields an equivalent
norm. Indeed, if ¢ is another dyadic partition of unity, then an integer Ny
exists such that |j — j’| > Ny implies that Supp @(277-) N Supp p(277") = 0.
Thus,

2°|1 (27 D)ullL» = 2

> s,

l7—3'I<No

< C2%I N1y g (G = 5027 [ Ayl o
]‘/

Young’s inequality implies the result. )
We also note that a distribution u of S}, belongs to B, , if and only if there
exists some constant C' and some nonnegative sequence (cj) jez such that

V€L | Al <Cci277% and  |(¢;)|er = 1.
This fact will be extensively used throughout the book.

Examples.

— Thanks to (2.11), we can deduce that the (semi)norms || - || 7. and || -[[ 55 |

are equivalent. Further, it is clear that H® C 3572 and that both spaces
coincide if s < d/2. )
— If s € ]0,1], then the Besov space B3, ,, coincides with the space of dis-

tributions of S;, which are Hélder functions with exponent s (see Theorem
2.36 below).
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Homogeneous Besov spaces have nice scaling properties. Indeed, if u is a

tempered distribution, then consider the tempered distribution uy defined

by un def u(2V-). We have the following proposition.

Proposition 2.18. Consider an integer N and a distribution u of S;. Then,
llull 5o s finite if and only if uy is finite. Moreover, we have
o

s, =

Proof. By definition of Aj and by the change of variable z = 2Vy, we get
Ajun(a) =20 [ b (o = )u(2y) dy

oUi—N)d / (297N (2N — 2))u(z) dz
= (A;_nu)(2N2).
It turns out that || Ajun|z» = 27Ny | A;_nullL». We deduce from this that
2| Ajun e = 2720 A5y,
and the proposition follows immediately by summation. a

Remark 2.19. More generally, there exists a constant C, depending only on s,
such that for all positive A, we have

_ _d _4d
C 1A5 ||u||BS - S H’U,()\)HB;)T S C/\S P ||uHB;T

We emphasize that having u in some homogeneous Besov space B;’T yields
information about both low and high frequencies of u. Thus, if s; # so, then
we cannot expect any inclusion between the spaces ler and B;Z However,
we can state the following theorem, which may be compared with the classical

Sobolev embedding theorem (see Theorem 1.38, page 29).

Proposition 2.20. Let 1 < p; < py < o0 and 1 < ry < ry < oco. Then, for

Ls—d( 2 —-L
any real number s, the space Bs 1s continuously embedded in an(pl r2 ) .

p1,7T1

Proof. Lemma 2.1 yields

VAjullzes < 024G 7) | Ajuf .
As (" (Z) is continuously embedded in ¢72(Z), the proposition is proved. O

In contrast with the standard function spaces (e.g., Sobolev spaces H® or LP
spaces with p < 00), homogeneous Besov spaces contain nontrivial homoge-
neous functions. This is illustrated by the following proposition.
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Proposition 2.21. Let o be in |0,d[. For any p in [1,00], the function |-|~°

Ld_g
belongs to Bf o .

Proof. Using Proposition 2.20, it is enough to prove that p, def | |77 belongs
to Bf;g. In order to do so, we introduce a smooth compactly supported
function x which is identically equal to 1 near the unit ball and we write

def

. def . Y
pe=po+p1 with po(z) = x(z)z|7 and pi(z) = (1 - x(2))|z| 7.

It is obvious that py € L' and that p; € L? whenever q > d/o. This implies
that p, belongs to S;. The homogeneity of the function p, then gives

Ajp[,— = 2jdpa * h(2j')
— 2j(d+0)pa(2j.) * h(gj.)
= QjO(AOpU)(Qj')'

Therefore, || A;py| g1 = 277~ || Agpy |1, which reduces the problem to prov-
ing that the function Agp, is in L. As pg is in L', Agpg is also in L', thanks
to the continuity of the operator Ay on Lebesgue spaces. Using Lemma 2.1,
we get

|Aop1 s < Cxl[D* Aoprlz < CrllD*pi |-

By Leibniz’s formula, D¥p; — (1 — x)D¥p, is a smooth compactly supported
function. We then complete the proof by choosing k such that kK >d—o. O

Proposition 2.22. A constant C' exists which satisfies the following proper-
ties. If s1 and sy are real numbers such that s; < sy and 6 € ]0,1], then we
have, for any (p,r) € [1,00]* and any u € S},

ol ey vr-nes < s Nl amd

c /1 1 0
- 0s Coys, < — - s
Il oy r-0s < = (5+7=5) Il

Proof. To prove the first inequality, it suffices to write that
o p . o 0, . 1-6
PO Ayl = (27 1Ayl (201 suller)

and to apply Holder’s inequality.

To prove the second one, we shall estimate low and high frequencies of u
in a different way. More precisely, we write

[l goer + 1010, = Z Qj(esl+(179)82)||Aju||Lp + Z 2j(951+(1*9)52)\lAju||Lp-
o J<N J>N

By the definition of the Besov norms, we have



66 2 Littlewood—Paley Theory

23 (Os1+(1=0)s2) | A || 1o < 271002750 |[uy]| e,
. - s P
W [ T

We thus infer that

lall ey +a-0r0s < Nullggr D 207D o ju]| gy Y 7 279002700
” J<N J>N
2N(179)(32751) 27N0(52751)

+ull 332, T3 w0

< lull s pioe 1 — 9—0(s2—s1)

pioo 9(1—-0)(s2—s1) _ 1

Choosing N such that

oo lull 5o,

2N(52—51) < 2852781

Tllger. Tl 51,

completes the proof. m]

The following lemma provides a useful criterion for determining whether the
sum of a series belongs to a homogeneous Besov space.

Lemma 2.23. Let C' be an annulus and (u;);jez be a sequence of functions
such that ‘ ‘
Supp @; C 2°C" and H(QJSHU;'HLP)jeZH[ < 0.

If the series E uj converges in 8" to some u in Sy, then u is in B, , and
JEZ

Jullg,, < C

(@ lujlzo)sez|,,

Remark 2.24. The above convergence assumption concerns (u;);j<o. We note
that if (s,p,r) satisfies the condition

d d
s<—, or s=— and r=1, (2.17)
p p
then, owing to Lemma 2.1, we have
Jim > uy =0 in L

J'<dJ

Hence, ZjeZ u; converges to some v in §’, and Sju tends to 0 when j goes
to —oo. In particular, we have u € S

Proof of Lemma 2.23. 1t is clear that there exists some nonzero integer Ny
such that Aju; =0 for |j’ — j| > Noy. Hence,
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||Aj'UI|Lv=H > A o
li—4'1<No

<C Y gl
l5—3'1<No

Therefore, we obtain that

2 Ajulle <C >0 2%yl o
|7—3"1<No

We deduce from this that

2js||AjuHLp S ((Ck)*(dg))j with Cp = Cl[fNo,No](k) and dg = QKSHUgHLp.

Applying Young’s inequality (namely, Lemma 1.4 page 5 with G = Z) then
leads to

lullg, < Of| @ husllen)sez], -

As u € §; by assumption, this proves the lemma. O

The previous lemma will enable us to establish the following important topo-
logical properties of homogeneous Besov spaces.

Theorem 2.25. Let (s1,52) € R? and 1 < p1,p2,71,72 < 00. Assume that
(s1,p1,71) satisfies the condition (2.17). The space By! . N B2 . endowed
with the norm || - || ger 41+ lgzz ,, is then complete and satisfies the Fatou

property: If (u, )nen s a bounded sequence ofst)im ﬂB;i,m, then an element u

of B;in N B;;Tz and a subsequence ) exist such that

Jim uyn) = u in S and lull e, < Clilfg{gf||uw(n)||sgg,,.k for k=1,2.
Proof. We first prove the Fatou property. According to Lemma 2.1, for any j €

Z, the sequence (Aju,)nen is bounded in L™®(P122) 0 [ Cantor’s diagonal

process thus supplies a subsequence (wyn))nen and a sequence (Uj)jez of C=

functions with Fourier transform supported in 27C such that, for any j € Z,

peS, and k=1,2,

lim (Ajuy ), ¢) = (U5, ¢) and || pre < liminf || A;u | o

n—oo

Now, the sequence ((stk”A.jUw(n)HLPk)j) , is bounded in ¢"#(Z). Hence,
ne

there exists an element (¢¥) ez of £+ such that (up to an omitted extraction)
we have, for any sequence (d;) ez of nonnegative real numbers different from 0
for only a finite number of indices j,
. skl A ~k
nh—>Holo Z 275k HA]uw(n) ||ka dj = Z Cj dj and
JEL jez

» .
1@ lleme < Timiinf [fugo 155, -
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Passing to the limit in the sum and using Lemma 1.2 page 2 with X = Z and p
the counting measure on Z gives that (27 ||u;||»x ); belongs to £7*(Z). From
the definition of u;, we easily deduce that Fu; is supported in the annulus 2/C
(where C has been defined in Proposition 2.10). As (s1,p;1,71) satisfies (2.17),
Lemma 2.23 thus guarantees that the series >, u; converges to some u
in §;,. Given (2.7), we obviously have, for all M < N and ¢ € S,

&M A= (3 Y Ao,

J=M|j'—jl<1

Hence, by the definition of u; and, again, by (2.7), we have

N . N .
Z Aju = lim Z Ajuw(n) in Sl.
j:M n—>ooj:M

Since the condition (2.17) is satisfied by (s1,p1,71), and (wyn))nen is bounded

in B;i,m, Lemma 2.1 ensures that S MUy (r) tends uniformly to 0 when M goes

to —oo. Similarly, (Id — SN)uw(n) tend uniformly to 0 in, say, B;;‘Tzl Hence, u
is indeed the limit of (uy(y))nen in S, which completes the proof of the Fatou
property.

We will now check that B;LTI N B;;Tz is complete. Consider a Cauchy
sequence (yn)neN. This sequence is of course bounded, so there exists some u
in By, NBy2 . and asubsequence (ty(n))nen such that (uy(n))nen converges
to u in 8’. Using the fact that for any positive €, an integer n. exists such

that

nzm2ne = |[uym) = upmllgg, + ) = tsmllss ., <&

p2,72

the Fatou property for (ty(m) — Uyn))nen ensures that

Vm > ne, |Jugm) —ullgs o+ llugem) —ullgs < Ce.

P1,7T1 P2,72

Hence, (ty(n))nen tends to u in Bs1 N B2 . This completes the proof. O

p1,T1 p2,72°

Remark 2.26.1f s > d/p (or s = d/p and r > 1), then B;T is no longer a
Banach space (Proposition 1.34 may be adapted to the framework of general
homogeneous Besov spaces). This is due to a breakdown of convergence for
low frequencies, the so-called infrared divergence.

There is a way to modify the definition of homogeneous Besov spaces so
as to obtain a Banach space, regardless of the regularity index. This is called
realizing homogeneous Besov spaces. It turns out that realizations coincide
with our definition when s < d/p, or s = d/p and r = 1. In the other cases,
however, realizations are defined up to a polynomial whose degree depends on
s—d/p and r. It goes without saying that solving partial differential equations
in such spaces is quite unpleasant.
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Proposition 2.27. If p and r are finite, then the space So(R%) of func-
tions in S(Rd) whose Fourier transforms are supported away from 0 is dense
in B3 (RY).

Proof. Let u be in B;T. Because r is finite, for all ¢ > 0 we can find some
integer N such that

ps <¢€/2 with uy def Z Aju.
" ljI<N

lu —un|

Fix 6 in C(B(0,2)) with value 1 on B(0,1). For R > 0 set 0r < 9(./R).
Further, fix an integer M such that M > N. We then define

U%J\/[ d:ef (Id —S_M) (HR uN).

Because M > N, we have (Id fS_M)uN = uy and hence
uf,)M —uy = (Id —S_M) ((93 — 1)uN).
According to Lemma 2.1, we have, for all j € N and & = max(0, [s] + 2),
25 A (u ar — un)lle < 279277 A5 ((1d =S ar) (08 — Dun) |
< C279 | D*((9r — Lun)||ze-
If —-M —1<j < -1, we may write
2| Aj(uff pr — un)lle < C2°) (0 — Dun||Lr,

and if j < —M — 2, we have Aj (uﬁ,M —uy) = 0. So, finally,

-1
ks =l < c(nDk((eR ~Dun)lee+ Y. 2%(0n - 1>uN|Lp).
j=—M-1

Now, by virtue of Leibniz’s formula and Lebesgue’s dominated convergence
theorem (recall that p is finite), the right-hand side of the above inequality
tends to 0 when R goes to infinity. Therefore, a positive real number R exists
such that

R
llun,ar — UN”B;YT <e/2
As uﬁ) u 1s a function of &y, this completes the proof of the proposition. 0O

Remark 2.28. The same arguments show that when r = oo, the closure of Sy

for the Besov norm B‘;,T is the set of distributions in S;, such that

lim 2js||AjUHLP = 0.
j—+oo
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It turns out that Besov spaces have nice duality properties. Observe that
in Littlewood-Paley theory, the duality on S§; translates, for ¢ € S, into

el = 3 (Audi = ¥ [ Ao

li—3"1<1 l7—3"1<1

As for the LP space, we can estimate the norm in B;’T by duality.
Proposition 2.29. For all1 < p,r < oo and s € R,
By, xB, —R
we)  — Y (Aju,Aye)

li—3"1<1

defines a continuous bilinear functional on B;’T X B;,S,,,. Denote by Q;,‘fr, the
set of functions ¢ in SN B;s such that ||@|| -« < 1. Ifu is in Sy, then we
p/’,’,/

!
have
lulls, <C sup {u.g).
’ PEQ,,

Proof. For |j — j'| <1, we have, thanks to Holder’s inequality,
|(Aju, Aj9)| < 2127°)| Ajul| Lo 277 Aj 8
Again using Holder’s inequality, we deduce that

|(w: 8] < Cllullgy 18ll5-

In order to prove the second part, for a positive integer IV, we denote by QR,,
the unit ball of the space of sequences of e (Z) which vanish for indices j such
that |j] > N. By definition of the Besov norm, we have

lull 5, = sup || (112271 40l10) <H
p,T NEN ke

= sup sup Z | Ajull L2
NeN (aj)eQy [7I<N

Let € be any positive real number. Lemma 1.2 page 2 ensures that for any j,
a function ¢; exists in S such that

€278
(loyi[ + )X+ [4%)

| Azull s < / Agu(e)g () de +

We define the function @ in Q,°.

@N dgf Z anjSquSj.

l7l<N
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Using Lemma 2.23, we infer that ||@y||z-- < C, independently of N. We
then have, for any N, .

| (rien2ldsulles) |, < o @) +e
‘7 T

The proposition is thus proved. a

Finally, we consider the way that homogeneous Fourier multipliers act on
Besov spaces.

Proposition 2.30. Let o be a smooth function on R*\{0} which is homoge-
neous of degree m. Then, for any (sk,pk,7k) € R x[1,00]? (with k € {1,2})
such that (s1 — m,p1,r1) satisfies (2.17), the operator o(D) continuously
maps Bjt, N B2, into Bji o 0 B,

Proof. Lemma 2.2 guarantees that ||o(D)A;jur» < C27™| Ajul|Le. The fact
that (s, —m, p1,71) satisfies (2.17) implies that the series (o(D)A;u) ez con-
verges in S’ to an element of S; . Lemma 2.23 then implies the proposition. O

Remark 2.31. We note that this proof is very simple compared with the similar
result on L spaces when p belongs to |1, co[. Moreover, as we shall see in the
next section, Fourier multipliers do not map L* into L*° in general. From
this point of view Besov spaces are much easier to handle than classical LP
spaces or Sobolev spaces modeled on LP.

Corollary 2.32. Let (s1,p1,71) and (s2,p2,72) be in R x[1,00]%. Assume
that (s1 + 1,p1,71) satisfies the condition (2.17). If v is a vector field with
components in B;i_rll N B;;;j; which is curl free (i.e., d;0F = v’ for
any 1 < 4.k < d), then a unique function a exists in B;Ln N B;;TZ such
that Va = v and

-1
O all .

<ol gy 2 < Clallggy,, Jor k=1,2

with C' a positive constant independent of v.

Proof. We define the function? a def —(=A)~tdive. As the operator
(—A)~! div is homogeneous of degree —1, Proposition 2.30 implies that a
belongs to B3 .. N B2 and satisfies

p1,71 p2,72

llall g
Bpk,-,rlg

< C||’UHB;ﬁ;; for k=1,2.
As curlv = 0, the classical formula

2 From now on, if s € R, then (—A)® denotes the Fourier multiplier with sym-
bol [€]2*.
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d d
Aw' =" 05w =Y 9;(0w’ — dw) + 9 divw
j=1 j=1
ensures that Av = Vdivu, hence Va = v and ||v|| g1 < CH“HB;’;Q | for
Pk Tk Tk
k = 1,2. The uniqueness of a is obvious because S;, does not contain any

nonzero constant function. O

In the case of negative indices of regularity, homogeneous Besov spaces may
be characterized in terms of operators Sj, as follows.

Proposition 2.33. Let s < 0 and 1 < p,r < co. Let u be a distribution in Sj,.
Then, u belongs to B, .. if and only if

(27°(|Sjul|Lr ) jez € "

Moreover, for some constant C' depending only on d, we have

—|s is|| & 1
O gy, < |8yl < O (1 )l

Proof. We write
2| Ajull e < 27°(1Sj1ulle + |Sjull o)
< 2782(j+1)8||5j+1uHLp + 2j8||SjU||Lp.
The left inequality is proved. To obtain the right inequality, we write

2°|[Sulle <27° > [ AjulLe

J'<i—1

< 3 20 A
J'<j—1

As s is negative, the result follows by convolution. a

2.4 Characterizations of Homogeneous Besov Spaces

In this section we give characterizations of Besov norms which do not require
spectral localization. The first of these concerns negative indices and relies on
heat flow.

Theorem 2.34. Let s be a positive real number and (p,r) € [1,00]%. A con-
stant C' exists which satisfies

— A
O lull g < [l u||LpHLT(R+7%) < Cllullys forall ue S}
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Proof. According to Lemma 2.4,
. . 24 . .
[t5AjetAul| e < C1°227%7127 27235 A | 1.

Using the fact that w belongs to S; and the definition of the homogeneous
Besov seminorm, we have

e Sl < 3 1 Ajet2ullss
JEZ
< CHUHB;?} Zt522j86_8t2mcr7j,
JEZ

where (¢, ;) ez denotes (here and throughout this proof) a generic element of
the unit sphere of ¢"(Z). If r = oo, then the inequality readily follows from
the next lemma, the proof of which is left to the reader.

Lemma 2.35. For any positive s, we have

sup E {59208 —et2% oo
>0 17

If » < 0o, then using Hélder’s inequality with the weight 22is¢=t2 and the
above lemma, we obtain

> rs|| tA r dt < r *° 5625s _ct22i Tdt
; t HB UHLP?_CHUHBEES ; Zt? [ Crj "

JEZ
—1
<C T > t522js —ct2% " t522js —ct2% ﬂ
< HUHB;,%S ; Z e Z e i)

JEL JEZ

<C T * t322js —ct2¥ ﬁ
> Hu||]'3;$5 o Z € Cr,jt ’

JEZ
Using Fubini’s theorem, we infer that

o dt e - 25 dt

- A - - . 3 : J
/ et a2 gcuungﬁszc;’j/ propiemeists &

0 ez 0
r - def [ o1 -t
< CI(s)||ully-2s with I'(s) = T e dt.
P, 0

To prove the other inequality, we use the following identity (which may be
easily proven by taking the Fourier transform in z of both sides):

Aju:/ t5 (= ATt Audt /T (s41). (2.18)
0

t t . .
As e!?u = ez?e2u, we can write, using Lemmas 2.1 and 2.4,
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. o0 . 2j . +
1A ullr < 0/ (292D =12 | A o8 Ay gy
0
0o ] .
<O [ el e ey, ar
0
If » = oo, then we have
. o0 . 2j
1A ullLr < C(suptsHetAuHLp)/ 92i(sH1) g =et2” gy
t>0 0
< 2% (supts”emu”m).
>0

If r < 0o, we write
N T
22 205 || Ajul|r, < 0222” (/ tge_CtZZJHetAuHLp dt) .
JEL JEZ

ct2

N implies that

0o 0 T [ 0 r—1 0o iy
(/ tse_CtQJetAuHLpdt) g(/ e—ct2’dt) |t ey,
0 0 0

o0 .
< 0272J—(T71)/ trsefctQQJ”etAu”zp dt.
0

Holder’s inequality with the weight e~

Thanks to Lemma 2.35 and Fubini’s theorem, we get

22 2jST||A U”LP < 02223/ trsefctgszetAu”zp dt

JEZ

dt
< C/ (ZtQQJ —ct223>tr9” tA ||LIJ

JEZ
*° dt
<c [ et T
0 t

The theorem is thus proved. O

We will now give a characterization of Besov spaces with positive indices in
terms of finite differences. To simplify the presentation, we only consider the
case where the regularity index s is in ]0, 1[.

Theorem 2.36. Let s be in ]0,1[ and (p,r) € [1,00]2. A constant C exists

such that, for any u in Sj,

< H I7—yu — ullzr
lyl°

Lr(Re: dy) HUHBS :
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Proof. In order to prove the right-hand inequality, we shall bound the quan-
tity ||7—.Aj;u — Ajul|rr. Note that according to (2.7), we have

l3"—il<1

Hence, using the definition of A» and Taylor’s formula, we get

3 zﬂd/ W2 (ety—2)) — h(2 (@—2))) Apulz) d,

T_yAju — Aju

li'=7l<1
-y WdE:WW /'mj Lty)dt) x Ay with
3" —il<1

he (X, Y) %, n(X +27Y).

As [|he; (Y )z = [|0z,hllpr for any Y, we have
Iy Aju— Ajule < CPlyl D> Ajullre
li—3"1<1

§ Ccr,j2j(lis) |y| HUHB;T7

where (¢ j)jez is (as throughout the proof) an element of the unit sphere
of ¢"(Z). We also have

Im—yAju — Ajull e < 2| Ajul Lo
S Ccr,j B

We infer that for any integer j’,
lT—yu —ullrr < C”“HB;.T <|y| Z ep ;27079 4 Z Cmst).
' i<i’ i>J’
. 1 . 1
We now choose j' = j, such that — < 27¥ < 2-—. If r = oo, then for any y

lyl — |yl

in R?, we have
7y~ ullo < Clylllull s, -

If r < 00, we write

[7—yu —ullLe || .
N7yt — Wlize < €2, (I + L) with
H lyl* oty < CF Nl (Do) wi

lyld
def/ <ZCT i1~ q)> ly|~+" (=) gy and

i<jy

def o\ e
I — - 2 Js 7Sd A
2 /]Rd< E Cr,j ) |y‘ Y

J>Jy
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Hoélder’s inequality with the weight 27(1=%) and the definition of j, together
imply that

(Z CT,j2j(ls)>7’ < (Z 2j(1s)>7‘—1 Z C:7j2j(175)

7<dy 7<dy J<iy
< Oy~ (=01 Y ¢ 9i1-9),
J<iy

By Fubini’s theorem, we deduce that

n=ey (]

7 MB02-+1)

|y‘fd+1fs dy)Qj(lfs)C:"j <C.

Estimating I is strictly analogous.

We will now prove the reverse inequality. As the mean value of the func-
tion h is 0, we can write

A]u(x) — 9Jd /]Rd h(2jy)Tyu(x) dy
_ 9id / h(2y) (ryu() — u(z)) dy.

When r = oo, we have

2*Ayulir <20 [ 20y lryu = s dy
R L

< 2jd/ 2js|y|s‘h(2jy)|dy sup ”Tyu_:L”LP
R4 yeRd ]
< 0 sup LT~ tlss
yE]Rd |y‘s

When r < co, we write
DY Aulp, < 27(51 4+ ) with

J
def ;
El N 2J h </
2.2

J

dﬁf jsr(/
5EY 2 2

J

2jd|h(2jy)| |Tyu—ul L dy> and

Jy|<1

29 (29y)| ||y u—u| o dy) |
Jy|>1

Holder’s inequality implies that
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™ r—1
( [ 2 -l dy) < ( [ ey dy)
27]y|<1 27[y|<1

<[ -l dy
27]y|<1

< C2jd/ |7yu — ||z dy.
27]y|<1
Using Fubini’s theorem, we get that

moeo [ (3 2 nu =l dy

J/29|y|<1
o f Imuuly, dy
T JRd ly|"s |y|

Next, note that applying Holder’s inequality with the measure ly|~? dy enables
us to bound the general term X3 of Xy as follows:

. ; . - . Ty —ullre dy \"
gy ([ ey e )
27 |y|>1 |yl |yl
<o = ull dy
N 20 [y|>1 ly|” |yl
Using Fubini’s theorem and the fact that s < 1, we then infer that

Xy < C/ Z 92— jr(l1— 5)) HT?J ’U’HLPﬂ

e ylm lyl?
<o [ lmu—uly, dy
T Jre oyl yld
The theorem is thus proved. a

In the limit case s = 1, the characterization given in Theorem 2.36 fails. We
then have to use finite differences of order two.

Theorem 2.37. Let (p,7) be in [1,00]%. A constant C exists such that for
any u in Sj,

lT—yu + Tyu — 2ul|Lr
lyl

C ullpy, <

Lr (R ) = CHuHBl

Remark 2.38. Applymg the above theorem in the case where p = r = oo shows
that the space Bl coincides with the Zygmund class of functions u such
that

00,00

[u(z +y) +u(z —y) — 2u(z)| < Cly|.
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Proof of Theorem 2.37. Again using the fact that Aj = le,_j|<1 AjAj/, we
can write -

1

Ty Ajutr,Aju—2A4u = 29 Z Z 220y (/ (1-t)ha,; (27, ty) dt)*Ajfu

lal=2 || <1 0
. def ;
with ha;(X,Y) € gon(x + 27Y).
As |ha i (-, Y) || z1 = [|0%R]|| 1 for any YV, we have
||T,iju + Tiju — 2Aju|\Lp < C2%|y)? Z HAJ"UHLP

li=3"1<1

< Cery Py uls .
where (¢, ;) jez stands for an element of the unit sphere of £"(Z). We also have

HT_ij’lL —+ Tiju — QAJ'U”LP S 4||AJU||LP

< Ccr,j27j ||UHB1177~

We infer that for any integer j',
) , .
I7—yu+ 7yu = 2ull e < Cllull s | <|y| a2+ > g2 a).
J<j’ J>j’

The conclusion is strictly analogous to the case where s € |0, 1].

We will now prove the other inequality. Because h is a radial function with
mean value 0, we can write

Ajuta) = 52 [ 1@y () dy

= %de / h(27y) (ryu(z) + 7—yu(z) — u(x)) dy,

and from this point on, we can mimic the proof of Theorem 2.36.

2.5 Besov Spaces, Lebesgue Spaces, and Refined
Inequalities

In this section, we compare homogeneous Besov spaces with Lebesgue spaces.
We start with an easy (but most useful) result pertaining to Besov spaces
with third index 1.
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d

L d
Proposition 2.39. For any (p, q) in [1,00]? such that p < q, the space o1

. d
is continuously embedded in L. In addition, if p is finite, then B, is con-
tinuously embedded in the space Cy of continuous functions vanishing at in-

finity. Finally, for all ¢ € [1,00], the space LT is continuously embedded in

- d . .
the space Bg’oo, and the space M of bounded measures on R® is continuously

embedded in B?OO

d_d d_d

Proof. Let u € BJ | *. Because B;l 7 C S}, we may write
u=34u
J
Now, according to Bernstein’s lemma, we have
|Ajulla < €276 D) Azl s,
so the above series converges in L9. This yieldsd the first part of the statement.

If p is finite, then the space Sy is dense in Bp; 1- This ensures that functions

. d
of By | decay to 0 at infinity. The last part of the statement is easy to prove: It

suffices to use the fact that, by definition, Aju = 279p(27.) xu. Hence, Young’s
inequality (or Fubini’s theorem, in the case where u is a bounded measure)
gives the result. O

We now compare homogeneous Besov spaces with regularity index 0 and third
index 2 to Lebesgue spaces.

Theorem 2.40. For any p in [2,00], 32,2 is continuously included in LP
and LP" is continuously included in 32/,2.

Proof. Arguing by density, we can assume with no loss of generality that u
belongs to Sy (see Proposition 2.27). Therefore, writing Fj,(x) = |z|P, we can
rewrite ||ul|}, as a telescopic series:

lullf, = ZFp(Sj+1U) — Fp(Sju), and hence
JEZ
1
lull?, =S (Ajuymy)  with my(x) d:ef/ Fy ($ju(@) + tAu(x)) dt.
j 0
J

Using the Fourier-Plancherel formula and denoting by A~j the convolution
operator in terms of the inverse Fourier transform of ¢(277.), where @ is
in D(R*\{0}) with value 1 near the support of ¢, we can write

(Aju,mj) = (Aju, Aymy).
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By Lemma 2.1, we infer that

14ml| o < C277 sup ||Bemy]| - (2.19)
1<0<d
The chain rule and Hoélder’s inequality imply that
1
ol < [ orSu + tdnEy S, +ean)] , di
0
1
< [ 108+ Al | Sju+ tdzu)] e, dt.
0

As F)/(z) = p(p — 1)|z[P~2, we immediately get that

vt € [0,1], |F)(Sju+tAzu)ll, e, < plp—1)|S5u+tA;ullf,”.

p—2
Using Lemma 2.1, we infer that for all ¢ € [0, 1],

2, < CPp(p = D), (2.20)

|E (Syu+ A, e,

Now, by the definition of Sj, Lemma 2.1, and Young’s inequality for series,
we get

106(Sju + tAju) | o <Y |10 Agul| o
K<y

<27 2| Agul| o
k<j

< C’chjHuHBo2 with E c? =1.
P,
J

Combining (2.19) and (2.20), we deduce that

_ B .
1Ajm o < CPplp = Vejllull 327 lull g, with D ef = 1.
J

As we have |lull}, = Z(Aju, Ajm;), we infer that

J

lull2 < C7pp — Vlullgo, S eslldsuller < CPplo— Dlul, . (2:21)
j |

This concludes the proof that 32,2 < LP. In order to prove the dual result,
consider u in L?". For any ¢ € S such that H(b||5,2,2 < 1, we have, thanks
to (2.21),

[(u, )] < ull o llller < Cllull Lo

Use of Proposition 2.29 then completes the proof. a
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Theorem 2.41. For any p in [1,2], the space Bgm s continuously included

. / . . . . ~
in LP, and LP s continuously included in Bg, >

Proof. We first observe that BY 1,1 1s continuously included in L', and BY PR
equal to L?. We shall then use a complex interpolation argument to prove
that for any p € [1,2], B p is continuously included in LP. Consider f € B

and ¢ € L¥ . As in the proof of Lemma 1.11 page 11, we consider a complex
number z in the strip S of complex numbers whose real parts are between 0
and 1, and we define, for g € D(R?\{0}) with value 1 near the support of ¢,

. distZ(W’D)(m e >),

JEZ
def def
ou(e) & Lol amd /fz 2)ps(z

Note that fy = f and pg = @ if § = 2/p’. It can be checked that F is
holomorphic on S and is continuous and bounded on the closure of S. From
the Phragmén—Lindel6f principle, we infer that

FO) < MFoM? with M; sup |F(G +it)]. (2.22)
teR

We now have, for any ¢t € R,

”fthLl < Z

2(277 D) (A il | =it )>

= 1A; £ L
<CY APl
JEZ
<O 114 7I1E,
JEL
<ClfI%, - (2.23)

In addition, using the “almost orthogonality” of the terms of the series defin-
ing f,, we infer that

lriel3e < 37 114 £13 e
JEL
<AL,
JEL
< cllfI, - (2:24)

Moreover, |@;+(z)| =1 and |p14i(x)| = \go(x)|%l Thus,



82 2 Littlewood—Paley Theory

My < CIfIE, and Mi<CIfI, lolf,.
Using (2.22), we infer that
| 1@s@yts = FO) < Cll g, el
and the first result is proved. That L? embeds continuously in Bg,)p, follows

by duality (see Proposition 2.29). O

We now present a generalization of the refined Sobolev embedding stated in
Theorem 1.43 page 32.

Theorem 2.42. Let 1 < g < p < o0 and « be a positive real number. A con-
stant C' exists such that
» < 1.—0 0 y — (B — ) = g .
I < CIAE 171y, with 5=a(®~1) and 61
Proof. The proof follows along the lines of that of Theorem 1.38, which turns
out to be a particular case (take ¢ = 2 and a = d/2 — [3). As usual we may
assume without loss of generality that || f[[5-a = 1. We write

918 =p [ 0 Nu(lf] > N)dx and £ = 8;f + (14-5)1.
0
According to Proposition 2.33 we have ||S; f||p~ < CY*||fll g=o_- As

{IfI > A} c {IS;f] > A2} U {|(1d =S;) f| > A/2}
choosing j in Z such that

1/ A\~ - A=

— [ — IN < [ — .

5(5a) " <7 = (5¢0) (225)
guarantees that {|f| > A} C {|(Id —S;)f| > )\/2}. By the Bienaymé-
Chebyshev inequality, we then have

91 <o [ WPl =85,)11 > 3/2) dx
0
<p [ a8l dn
0
We now estimate ||(Id —S;, ) f||«. By the definition of || - Hijqv we have
1A =85,) flle < > 1A fllLa
JZJx
< Y 277P2P| A f]| o
J>ix

< Ollfllgg, Do 277Pe; with [l(¢;)len = 1.

JZix
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We thus get
11 < Ay, [ 307 (X 29%,) an
JZJx

Holder’s inequality with the weight 2777 and the definition (2.25) of jy to-
gether give

(Z 2—jﬁcj>q < (Z 2—jﬁ)q_1 S o

J=ix J>dx J=ix
—jxBla—1) —iB .a
< (0270 Z 2790
3>
—(¢-1E —3B .4
< CA > 2mibl,
BN

Hence, it turns out that

12 < i, [ (22 Lzt 08y

Using (2.25) and Fubini’s theorem, we end up with
202
; 5
Il < ClIfIL, > 279 / AP,
q.9 N 0
j

Because p—q¢—1—(¢—1)3/a =p/q — 1 is positive, we thus obtain

”f”ip < C’Hqung ZC‘JZ'QJ(Q(%),ﬁ).
J

AsfB = a(g—l) and ||(¢j)|les = 1, we get || fI|7, < C||f||st , and the theorem
q
is proved. a

We now state the analog of the above refined inequalities in the context of
Sobolev spaces.

Theorem 2.43. Let g be in |1,00[ and s in the interval |0,d/q[. A constant C
then exists such that

def

[uflzr < CIIUH 1(=4)2u] L4

with ||u|\Wg

L
d
Qooc
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Proof. We decompose u into low and high frequencies:
u = S;u+ (Id —S;)u.

Assume that HUHB“% = 1. Using the definition of |[ul|z_ _, we see that

|Sjul|pe < C27(da=5), (2.26)

In order to study the high-frequency part, we note that for any smooth ho-
mogeneous function a of degree m, we have

Aja(D)u = 229, (27-) % u  with B, o F~H(pa).

By Proposition 1.16 page 15 and the remark that follows, we infer that a
constant (depending, of course, on a) exists such that for any j € Z, we have

Ayu(@)] < C2™(Mu)(a), (2.27)
where Mu denotes the maximal function of u. Thus, we have, for any j in Z,

|(1d =8))ul@)] < D 1Ay (=2)"F (=) Fu(x)]

J'23

SLODERE [LHCEIEDIE

< C273(M(=A)2u)(x).
Together with (2.26), this gives, for any j € Z and = € R?, that
lu(z)] < C29(44=%) 4+ 02775 (M (—A)3u)(x).
Choosing 27 ~ (M(—A)3u(x))e then gives
fu(@)| < C(M(=A)3u) ()%

Because the maximal operator maps L? into L? continuously (see Theo-
rem 1.14 page 13), the proof is complete. O

Finally, we establish the so-called Gagliardo—Nirenberg inequalities.
Theorem 2.44. Let (q,7) be in ]1,00]% and (o,s) be in |0,00[? with o < s.
A constant C' exists such that

1-46
r

1 40 o
. < 0 1-6 . +_ Y B )
||U||Wpa < Cllullzallul W with p g + and 6=1-— "

Proof. As usual, we decompose u into low and high frequencies:

u = Sju+ (Id —S;)u.
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For the low-frequency part, using (2.27), we may write

195(=A) 2 u(z)| < Y [A;(=A) Fu(x)]
3'<j
< (X 27) (Mu)(x)
J'<j
< C27(Mu)(z). (2.28)
For the high-frequency part, again using (2.27), we get
|(Id =8;)(=A) Fu(a)| < Z |4 (=A)2 75 (=) S u(x)]

<c(Z 279620 (M (= A) b u)(x)

< 027967 (M(=A)2u)(z).
Together with (2.28), this implies that for any integer j € Z and any x in R?,
|(=4) Fu(z)| < C27(Mu)(z) + C279C7 (M (=A) 2 u) ().

Choosing j such that

we infer that

a

|(=4) 5 u(z)] < C(Mu)(2)'™ = (M (=2)2u)(2))*,

from which it follows, by virtue of Holder’s inequality, that

1—¢
[ullyyg < ClMulL, *

o
s

LT

(—A)2u

As g > 1 and r > 1, applying Theorem 1.14 page 13 completes the proof. 0O

2.6 Homogeneous Paradifferential Calculus

In this section, we study the way that the product acts on Besov spaces.

2.6.1 Homogeneous Bony Decomposition

Let w and v be tempered distributions in S}. We have

U = ZAj/u and v = ZAjv,
J’ J
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hence, at least formally,
uv = Z Aj/u Aj’l).
3"
Paradifferential calculus is a mathematical tool for splitting the above sum
into three parts:

— The first part concerns the indices (j’, j) for which the size of Supp F (A u)
is small compared to the size of Supp f(A]v) (i.e., 7/ < j — Ny for some
suitable positive integer Np).

— The second part contains the indices corresponding to those frequencies
of u which are large compared with the frequencies of v (i.e., 5 > j+ No).

— In the last part we keep the indices (4, ;') for which Supp F(Aju) and
Supp F(A;u) have comparable sizes (i.e., | — j'| < No).

The suitable choice for Ny depends on the assumptions made on the support

of the function ¢ used in the definition of the dyadic blocks.

In what follows, we shall always assume that ¢ has been chosen according
to Definition 2.10 so that taking Ny = 1 will be appropriate. This leads to the
following definition.

Definition 2.45. The homogeneous paraproduct of v by u is defined as fol-

lows:

defZS _uAjv.

The homogeneous remainder of u and v 18 defined by

Z Aku Ajv.
lk—j]<1
Remark 2.46. It can be checked that T,,v makes sense in &’ whenever v and v
are in §j, and that T (u,v) — T, v is a bilinear operator. Of course, the re-
mainder operator R : (u,v) — R(u,v), when restricted to sufficiently smooth
distributions, is also bilinear.

The main motivation for using the operators 7" and R is that, at least formally,
the following so-called Bony decomposition holds true:

ww = Tyv + Tyu + R(u,v). (2.29)

So, in order to understand how the product operates in Besov spaces, it suffices
to investigate the continuity properties of the operators T and R.

To simplify the presentation, it will be understood from now on that when-
ever the expressions T, v or R(u,v) appear in the text, the series with general
terms

Sj,l Ajv or Z A; uAj LU

lv|<1

converges to some tempered distribution which belongs to Sj,.
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We can now state our main result concerning continuity of the homogeneous
paraproduct operator T.

Theorem 2.47. There exists a constant C' such that for any real number s
and any (p,r) in [1,00)%, we have, for any (u,v) in L> x B .,

”TuU”B;J, < C’l+|s| ||uHLoo H’UHB;T
Moreover, for any (s,t) in R x |—00,0[ and any (p,r1,72) in [1, 00}
for any (u,v) € B, x B

00,71 p,r2’

, we have,

Cl+]s+t]
—1

= | =

1 1
d:efmin{l, — + —}

Remark 2.48. Thanks to Lemma 2.23 and the remark that follows it, the
hypothesis of convergence is satisfied whenever (s,p,r) or (s + ¢,p,r) sat-
isfies (2.17).

10l e < lull e lolls,  with

Proof of Theorem 2.47. According to (2.9), f(Sj_luAjv) is supported in 2iC.
Therefore, we are left with proving an appropriate estimate for HijluA.ij L.
Lemma 2.1 and Proposition 2.33 tell us that for any j € Z and t < 0,

. : c i
18j-1ullzee < Cllullze and [Sj—rulre < —¢jir,2 Jt\lullggwlv (2.30)

where (¢jr,)jez denotes an element of the unit sphere of ¢"(Z). Using
Lemma 2.23, the estimates concerning the paraproduct are proved. a

We now examine the behavior of the remainder operator R. Here, we have to
consider terms of the type Aju Ajv, the Fourier transforms of which are not
supported in annuli, but rather in balls of the type 27 B. Thus, to prove that
the remainder terms belong to certain Besov spaces, we need the following
lemma.

Lemma 2.49. Let B be a ball in R, s a positive real number, and (p,r) €
[1,00]2. A constant C exists which satisfies the following. Let (u;)jez be a
sequence of smooth functions such that

Supp @; C 2B and H(stuuj”Lp)jezHe < 00.

We assume that the series ),z u; converges to u in S,. We then have

s c js
we By, and Jullg, <@yl
Remark 2.50. Thanks to Lemma 2.49 and the remark that follows it, the hy-
pothesis of convergence is satisfied whenever (s, p, r) satisfies (2.17).
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Proof of Lemma 2.49. As C is an annulus and B is a ball, an integer Nj exists
such that if j* > j 4+ Ny, then 27°CN2'B = (. So, if j/ > j + Ny, then the
Fourier transform of Aju; (and thus Aju;) is equal to 0. Hence, we may
write

[Ajulle < > 1A e
j>j3'—N1

<C Z IIUyIILv

i>j'—

We therefore get that

2| Ajulle <C Y 27wyl

j=j'—N1
<C Y 20Dy e
jzj'—Ni

As s is positive, applying Young’s inequality for series completes the proof of
the lemma. O

Remark 2.51. The above lemma fails in the limit case s = 0. Indeed, fix a
nonzero function f € LP, spectrally supported in some ball B, and a nonneg-
ative real o such that ar > 1. Set u; = j~*f for j > 1, and u; = 0 otherwise.
It is clear that

Vj € Z, Supp u; C 2B and H(Huj”LP)jENHZ < 0.

If r > 1, then we can additionally set o < 1 so that the series > U diverges
in &'. If r = 1, then the series converges to a nonzero multiple of f. As Bg’l

is a strict subspace of LP, the function f need not be in B? ,, so the lemma

also fails in this case.

p, 1>

We can now state a result concerning continuity of the remainder operator.

Theorem 2.52. A constant C' exists which satisfies the following inequalities.
Let (s1,52) be in R* and (p1,pa,r1,72) be in [1,00]%. Assume that

1 def 1 1 def 1
bl Loy e 1YL L
P P P2 r T2
If s1 + so is positive, then we have, for any (u,v) in B;i X B;;TQ,
) Olsits2|+1
||R(U7U)||B;},jsz < WHUHBZ% - ||U||B;§ g’
When r =1 and s1 + s2 > 0, we have, for any (u,v) in B;} r Bfé ro2
|‘R(U7U)||B;};-“2 < 0\51+82\+1||UHB;)1 ;é .




2.6 Homogeneous Paradifferential Calculus 89

Remark 2.53. Thanks to Lemma 2.49 and the remark that follows it, the hy-
pothesis of convergence is satisfied whenever (s; + sa,p, ) or (s1 + s2,p,0)
satisfies (2.17)

Proof of Theorem 2.52. By definition of the homogeneous remainder operator,

v) =Y R; with R;j= > A; ,uljv.

lv|<1

Because ¢ is supported in the annulus C, the Fourier transform of R; is sup-
ported in 27 B(0, 24). So, by construction of the dyadic partition of unity, there
exists an integer Ny such that

jl > 5+ Ny = Aj/Rj =0. (2.31)
From this, we deduce that

A/Ruv Z A/R

j=j'—No

Using Holder’s inequality, we infer that

Qj/(sﬁ_sz)||Aj/R(U,U)||Lp S CQj/(Sl+82) Z |‘Aj*VuAjv||Ll’
lv|<1
j>3j'—No
écgj/(sﬁ-Sz) Z ||A’jiyu||Lp1||A‘j'UHLP2
[v|<1
j>j3'=No
<C Y 27U Al 16y 2722 | Ao | s

<1
§>3'—No

Using Holder’s and Young’s inequalities for series, we get the theorem in the
case where s + so is positive.
In the case where r = 1 and s; + ss is nonnegative, we use the fact that

2 () Ay Rlu, )l <€D 207N A yul| 1o 2772 | Ao o

lv]<1
§>j'—No

take the supremum over j’, and use Holder’s inequality for series. a

By taking advantage of Bony’s decomposition (2.29), a plethora of results
on continuity may be deduced from Theorems 2.47 and 2.52. As an initial
example, we derive the following so-called tame estimates for the product of
two functions in Besov spaces.
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Corollary 2.54. If (s,p,r) € ]0,00[x[1,00]? satisfies (2.17), then L N B .
is an algebra. Moreover, there exists a constant C, depending only on the
dimension d, such that

s+1

s, <

(lullze ol

Proof. Using Bony’s decomposition, we have

By, + g, lollie)
w = Tyv + Tyu + R(u,v).
According to Theorem 2.47, we have

1T

B;, < C M ullp<lo]

Bs, and || T, ul

By, <O ullg, lvllze.

Now, using Theorem 2.52, we get

s+1

12 (u, )]

35 S

8 lll s, _lolls,

S
Since, obviously, |[u|| g0 < C|lul|~, we obtain the desired inequality. O
Our second example deals with the product of two functions in homogeneous
Sobolev spaces.

Corollary 2.55. For any (s1,s2) € |—d/2,d/2[*, a constant C exists such
that if s1 + so is positive, then we have

Joll s g < Cllall g ol e
B2,1

Proof. We again use Bony’s decomposition. First, as H* is continuously in-
L d
cluded in B 2 and s — d/2 < 0, Theorem 2.47 implies that

IIT'qurT'UUHB < Ollull e

s1tsa—g |UHH52'

2,1

Second, as s; + s2 > 0, Theorem 2.52 guarantees that

1R, )| gerren < Cllull ey [0l 722 -
: . _d
As the space Bf}frs? is continuously included in B;711+52 2 the corollary is
proved. O

Remark 2.56. The constant in Corollary 2.55 may be bounded by

C'mi { 1 1 1 }
min ) 9
d—2s1 d—2sy 81+ 89

with C' depending only on the dimension d.
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As an application of Corollary 2.55, we get the following family of Hardy
inequalities, which contains the particular case of Theorem 1.72 page 48.

d
Theorem 2.57. For any real s in {O, 3 [, a constant C' exists such that for
any f in H*(RY),

2
[ e < i (232

Proof. The case s = 0 being obvious, we assume that 0 < s < d/2. As Sy
is dense in H*®, it suffices to prove the above inequality in the case where f
belongs to Sp. We define

Lo | @ 40— (20 g,

re ||

Using Littlewood-Paley decomposition and the fact that f? belongs to S;, we
can write

L= D (4117417,
li—3"1<2

<C Z 2] ——29 | | —2s 2 J (——29>A f2>|

[i—3"1<2

By virtue of Proposition 2.21, the function |- |~2¢ belongs to 32 . Corol-

lary 2.55 yields [|f2]| .. 4 < C[If[[%.. Thus, I(f) < C|IfII%. O
B2,1

We conclude this section with the statement of some refined Hardy inequal-

ities, in the spirit of the refined Sobolev inequalities (see Theorem 1.43

page 32).

Theorem 2.58. Let (s,p,q) be a triplet of real numbers such that

d 2d
— 2< — < 0.
0<s<2 and _q<d25<p_oo

Ls—d(i_1
There exists a constant C' such that for any function u € B:,Q (2 q), the
following inequality holds:
|u _ ) pg /1 1 s
< dz <C|| . (Li)”“”lsi(;,;) with o = —(——54—&).
Bra ) P=aia

Proof. Bony’s decomposition for u? reads

u? = 2T u + R(u,u),
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so it suffices to prove the inequality for T,u and R(u,u) instead of u?. Of
course, arguing by density, we can assume that u belongs to Sp.
The term T, u is easy to deal with: According to Theorem 2.47, we have

I Tuullg2e o < Cllull® g

0,2

|=25 belongs to BI %%, so

Proposition 2.21 now ensures that the function | - loo s SO,

according to Proposition 2.29, we have

({172, Tuw)| < Cllul®, 4.
BOO,Q

Ls—(d—d ce_d
and B;,2(2 ») are embedded in B> 2, we end up with

Qe
~—

s (4o
Since both qu(2

(- 172, Tuu)| < CllulP?_(4_a) ”uHQZ%?g_g)' (2.33)
Bq,2 2 gq Bp,Z 2 p
The estimate of (| - |~2%, R(u,u)) relies on the following interpolation lemma.

Lemma 2.59. Under the assumptions of Theorem 2.58, there exists a con-
stant C' such that for any functions f and g in LP N L9, we have

1 1 s
o |—2s < « « 11—« e’ 3 — pbq - _ ).
(11720 f9) < CIFI ol g Nl with o= P (2 =54 0)
Proof. For any positive R, we can write (| -|72%, fg) = I1(R) + I2(R) with
n(r) / T9) 4 amd () / 19@) 4,
|

o<k |T[* >R |7[*

The condition on p and ¢ implies that | - |72% is locally L72 and is La-2
outside any compact neighborhood of 0. By Hélder’s inequality, we infer that

L(R) < g <ml - 172N, 2y [ f e llgll e,

Lp—2
L(R) < |1 zr)|- 171 oy 1fLellgllo-
Because the function | - \_23 is homogeneous of order —2s, we get
— d— _2d _9,
L e Lt [
—2: d—2s—2d iy
ILqizml - 721, ey = R0 gzl - 17200 ey

Thus, for any positive R, we have

(172, 79y < CRS (R% | flleollglles + R 1 flsalglles).

Choosing the best R, namely

pq

= (Ul 757,
e lgllzr

completes the proof of the lemma. |
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We now resume the proof of Theorem 2.58. By the definition of R(u,u), we
have o
(-7, R(u, u) Z Z | 725, Ajud;_gu).
|¢|<1j€Z

Lemma 2.59 implies that

[ 172, RG] < 30 30 (2290 E D Agul ol A pulre)

<1 j€Z

d

(s (d—d)
X(QQJ( 5=q) ||A ’LLHLQHAJ @’U,”[/;)

By the definition of the Besov norms, this implies that two sequences, (¢;) ez
and (c})jez, exist in the unit sphere of (*(Z) such that

95 2(1
[ 172 Bl w)] < Cllll®s gy Iul®00) ey D0 Do (e (s
B2 B,) 2 \z|<1 JEZ

From Hélder’s inequality, it follows that

[ 1720, R )] < ClllPe_ gy el

P,2 Bq,2
Together with (2.33), this gives Theorem 2.58. O

Remark 2.60. Theorem 2.58 fails for p = g, = % since, if it were true, for
any function v with Fourier transform supported in C, we would have

/Rd ||(2)5 dz < Cllull}y . < Cllulf go- (2.34)

In particular, this inequality would be true whenever u € S(R?) satisfies
supp u C B(&,¢) C C.

As the inequality (2.34) is invariant under oscillation (i.e., under translation
in the Fourier space), we deduce that it is true for any function u € S(R?)
such that supp u C B(0,¢). The invariance under dilation implies that it is
true for any function u € S(R?) such that supp @ C B(0, R) for any R > 0.
By density, we obtain (2.34) for any function u € L2%(R?), but this implies
that the singular weight |z|~2* belongs to L%, which is false.

2.6.2 Action of Smooth Functions

In this subsection we will consider the action of smooth functions on the

space BS More precisely, if f is a smooth function vanishing at 0, and u
is a functlon of B, does f owu belong to B;,T? The answer is given by the

P
following theorem.
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Theorem 2.61. Let f be a smooth function on R which vanishes at 0.
Let (s1,52) be a couple of positive real numbers and (p1,p2,71,72) € [1,00]2.
Assume that (s1,p1,71) satisfies the condition (2.17).

For any real-valued function u in B;} . BIS,’;‘ o VL, the function fou

belongs to the same space, and we have, for k =1 and k = 2,

1 oullgsg

< O Nl o)l .

Proof. As u is bounded, we can assume without loss of generality that f is
compactly supported. The proof then uses the same basic idea as in the proof
of Theorem 2.40: We introduce the telescopic series

ij with  f; dfff( Sji1u) — f(Sju).
J

The convergence of the series is ensured by the following lemma.

Lemma 2.62. Under the hypotheses of Theorem 2.61, the series ZjeZ f; con-
verges to f(u) in S, and we have

1
fj = mjAju with m; d:ef/ f'(Sju+tAju) dt. (235)
0

Proof. The identity (2.35) readily follows from the mean value theorem, so
we will concentrate on the proof of the convergence of the series. We observe
that

ng— F(S1u) = f(S_nu).

As u belongs to ) and f(0) = 0, we have that || f(S_yu)| e~ tends to 0
when N tends to infinity. Moreover, for all positive integers M, we have

Zf] = SMU f(SlU)

By virtue of the mean value theorem, we have

£ (w) = f(Saw)||Lree < |lu— Sagul|oa || £ ]| Lo

Because so > 0, the function Sy tends to w in LP2 when M goes to infinity.
Therefore, the series » .,  f; converges to f(u) in L>+LP2.

Next, we prove that f(u) € S}. It suffices to show that ||S;f(u)|z~ — 0
when j goes to —oo. For that, we use the decomposition

w=38; Y, fi+S; Y, fi

i'<=N i'>-N
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Let € be a positive real number. As the series Zj<0 f; converges in L*°, we
can choose an integer N, such that

J5: 3t

j'<—N.

€
L — 2

As the f;’s are in LP* and ZjeN f;j is convergent in LP!, we then have, using

Lemma 2.1,
5 > 5| <o
j'z-N. ML=
Thus, ||S;f(u)||L= tends to 0 when j tends to —oo. O

The terms m; will be handled according to the following lemma.

Lemma 2.63. Let g be a smooth function from R? to R. For j € Z, define

def - .
m;(g) = g(Sju, Aju).
For any bounded function u, we then have
Va € N, Vj € Z, ||0*m;(g)||L= < Calg, [ullz=)2".
Proof. The proof relies on Lemma 2.3, which provides us with the formula
9%m;(g) = Z Cy. oo ( H (aﬁsju)l’ﬁl (aﬁAju)VB2>8f18§29(5ju, Aju),
P1,P2,V 1<IB|<] e

where the coefficients C} , ~ are nonnegative integers, and the sum is taken

other those p1, p2, and v such that 1 < p; + ps < |a/,

> wg,=p; for j=1,2, and > Bvs +vp,) = a
1<18]<] e 1<|B<] e

Note that there exists a constant C' such that
max{||A;ul|pe, | Sjullpe} < Cllul|, forall jeZ.

Since g and all its derivatives are bounded on B(0, C' ||ul|; « ), Lemma 2.1 and
the above formula thus ensure that

10%m;(g) || L= < Calg, ||ullz=)271.
This completes the proof of the lemma. o

In contrast with the situation which was encountered when proving Theo-
rems 2.47 and 2.52, here, the elements f; of the approximating series ) f;
are not compactly supported in the Fourier space. This difficulty is overcome
by the following lemma.
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Lemma 2.64. Let s be a positive real number and (p,r) be in [1,00]%. A
constant Cs exists such that if (u;);cz is a sequence of smooth functions
where Y u; converges to some u in S;, and

def j(s—|o «
Nol(u)sez) © |( sup 200D geuy )
|orl€{0,[s]+1}

e (z)

then u is in Bg » and HUHB;,T < CsNs(u).

Proof. As the series ) u; converges to u in §’, we have
Au—ZA u]/—&—ZAuj
J'<3 3>

Using the fact that || Ajuy|ze < [Juj|Le, we get

97s Z Ajuj,’ o < 9ds Z llujo || e
J'>3 Jj'>J
< 3 20D g g, (2.36)
Jj’'>J

Using Lemma 2.1, we may then write that

[Ajujr e < C2770HD sup (|0%u; || o,
lal=[s]+1

from which it follows that

Y Ajuy
i<i

94 < Z U =lslH1=5)  gup  29"(s— \al)Haau iz

lee|=[s]+1

<j
This inequality, combined with (2.36), implies that

. a; 3 1()279% + 1(j)2-lIH1-9),
298| A p < b); ith .
[AjullLe < (axb); wi b, def 25wl e+ sup 21D ]9%, 1.

| =[s]+1
This proves the lemma. O

Given the above three lemmas, it is now easy to prove Theorem 2.61. Note
that, according to Lemma 2.64, it suffices to establish that

N, ((fj)jez) < oo. (2.37)

Now, using Leibniz’s formula, Lemma 2.1, and Lemma 2.63 with the function

1
o(z,y) = /0 Fo + ty) di
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we get that
10%Fille <D CEPVICH(F, ull L) 271D Al o,
Bl
from which it follows that, for s = sq, s9,
10° filler < Calf', ull )21 | Aju| £
< ¢ Calf's [lufl )27 71D u|

Bg,, with [[(¢j)]le- = 1. (2.38)
This completes the proof of the theorem. -

In the case where f belongs to the space Cg°(R) of smooth bounded functions
with bounded derivatives of all orders and satisfies f(0) = 0, a slightly more

accurate estimate may be obtained. Indeed, we have, for |a;| > 1 and any j
in 7Z,

max ([0 Sjul| L, |07 Ajul| L) < C21H||Vul| goo - < 271k | o
Arguing as in the proof of Lemma 2.63, we thus get
Va € NY, [|0myllre < Calf llullgo )27 (2.39)

We now state the result we have just proven.

Corollary 2.65. Let f be a function in Cg°(R) such that f(0) = 0. Let (s1, s2)
be in |0, 0% and (p1,pa,7r1,72) be in [1,00]%. Assume that (si,p1,71) satisfies
the condition (2.17).

Then, for any real-valued function u in B;l N 352 N BY

1,71 2,72 00,007
y S1 S92
tion f ow belongs to Bphr1 N sz,rz,

< Ol g, )Ml gz

PhoTk

the func-
and we have

I oullgge for ke {1,2}.

Finally, by combining Corollary 2.54 and Theorem 2.61 with the equality

1
f@ﬁ*f@%ZWAWOA f(u+ 7w — w)) dr,

we readily obtain the following corollary.

Corollary 2.66. Let f be a smooth function such that f'(0) = 0. Let s be a
positive real number and (p,r) in [1,00]* be such that (s,p,r) satisfies (2.17).
For any couple (u,v) of functions in By, .NL>, the function fov— fou then
belongs to B;T N L*>® and

1F@) = F@lgy, < C (o= ullg,  sup llutro-w),-
B P relo,1]

B )
7€[0,1] P

o= ull e sup fu+ (0 — )

where C' depends on ", ||ullLe, and ||Jv|| L.
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2.6.3 Time-Space Besov Spaces

One of the fundamental ideas in this book is that nonlinear evolution par-
tial differential equations may be treated very efficiently after localization by
means of Littlewood—Paley decomposition. Indeed, it is often easier to bound
each dyadic block in L?([0,T]; L?) than to estimate directly the solution of
the whole partial differential equation in L*([0,T]; B;T).

As a final step, we must combine the estimates for each block, then per-
form a (weighted) ¢” summation. In doing so, however, we do not obtain an
estimate in a space of type L?([0, T]; B;r) since the time integration has been
performed before the summation.

This naturally leads to the following definition.

Definition 2.67. For T >0, s € R, and 1 <r,p < 00, we set

def is|| A
lllzg 55, % 1271 Al o)

e (z)

We can then define the space Z%(B;T) as the set of tempered distribu-
tions u over (0,7) x R? such that lim S;u = 0 in L?([0,T]; L>°(R%)) and
j——o0

lelzg s, <o
The spaces qu«(B;r) may be linked with the more classical spaces

LA.(Bs.,) def Lr([0,T); BS,.) via the Minkowski inequality: We have

HUHE;(B;’T) < ||U||L;(B;,T,) it r>p, ||UHZPT(B;T) > ||U||LPT(B;J,) if »<p.

The general principle is that all the properties of continuity for the product,
composition, remainder, and paraproduct remain true in those spaces. The
exponent p just has to behave according to Holder’s inequality for the time
variable. For instance, we have the time estimate

ol zg 5.y < C 0l ooy 10l 22 sy + Wollags ooy Il s )

whenever s > 07 1 Sp < 0, 1 < P P1, P25 P3, P4 < 0, and
1 1 1 1 1

P pPL P2 P3 P4

It goes without saying that this approach also works in the nonhomogeneous

Besov spaces By, which will be defined in the next section. This leads to

function spaces denoted by ZQ(B;W).
2.7 Nonhomogeneous Besov Spaces

This section is devoted to the study of nonhomogeneous Besov spaces. It turns
out that most properties which have been proven thus far for homogeneous
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spaces carry over to the nonhomogeneous framework. The results are basically
the same, and the proofs are often simpler since we do not have to worry about
the low frequencies. Therefore, we shall omit the proofs whenever a similar
statement has been proven in the homogeneous setting.

Definition 2.68. Let s € R and 1 < p,r < co. The nonhomogeneous Besov

space B, . consists of all tempered distributions u such that

[[ul

de ;
Y @1 agulees|, < oo

Bs
P,T [T‘(Z)

Examples.

— Nonhomogeneous Besov spaces contain Sobolev spaces. Indeed, by (2.10)
and the Fourier-Plancherel formula, we find that the Besov space B3,
coincides with the Sobolev space H® defined on page 38.

— In the case where s € R™ \ N, we can show that B3, « coincides with the
Holder space C!*l*1s] of bounded functions u whose derivatives of order
|a| < [s] are bounded and satisfy

|0%u(z) — 0%u(y)| < Clz — y|sf[s] for |z —y| <1

We emphasize, however, that in the case s € N, the space BS  is strictly
larger than the space C* (and than C*~ 11, if s € N*).

The first point to look at is the invariance with respect to the choice
of Littlewood—Paley decomposition. This fundamental property is based on
the following lemma, the proof of which is analogous to that of Lemma 2.23.

Lemma 2.69. Let C' be an annulus of RY, s be a real number, and (p,7) €
[1,00)%. Let (uj)jen be a sequence of smooth functions such that

< 00.

Supp 4; C 2°C"  and H(215\|uj”LP)j€N )

We then have

de .
WS e B, and Jlullsy, < C[@ % lle)sen

p,T
jEN

(N’

This immediately implies the following corollary.

Corollary 2.70. The space By, does not depend on the choice of the func-
tions x and ¢ used in Definition 2.68.

The following result is the equivalent of the Sobolev embedding (see Theo-
rem 1.38 page 29) for nonhomogeneous Besov spaces.

Proposition 2.71. Let 1 < p; < py < o0 and 1 < ry < ry < co. Then, for

sfd<i7 L
any real number s, the space B, . is continuously embedded in Bp, r, prom )
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Proof. Tt suffices to apply Lemma 2.1, which yields
ISoullLr> < C||Sou]|zer and || Ajul|zes < €295 772) || Ajull e for all j € N.

As 0™ (Z) is continuously embedded in £72(Z), the result is proved. O

Theorem 2.72. The set B, , is a Banach space and satisfies the Fatou prop-
erty, namely, if (Un)neN zs a bounded sequence of B: .., then an element u
of B, . and a subsequence wy ) evist such that

p.r

lim wyy =u i S and |

By, < Climinf luye |5
The following result will help us to prove that the set of test functions is
densely embedded in Besov spaces B, ,. with finite r.

Lemma 2.73. If r is finite, then for any u in By ., we have

lim [[Sju—ul|ps =0
j—o0 T

Proof. Let u be in BS .. Because r is finite, we have
lim 2i's7 Ajul|lr, = 0.
Tim S 277 Ayl =
,>J
This obviously implies that lim S;u=wuin B, . O
j—o0

We can now state a very useful density result.
Proposition 2.74. If p and r are finite, then D(R?) is dense in B;’T(Rd).

Proof. Assume that p and r are finite. Let € be a positive real number. Ac-
cording to Lemma 2.73, there exists an integer N such that

Hu — SNUHBE,T < 6/2.

Fix a smooth positive function § supported in B(0,2) and with value 1 on the

ball B(0,1). For R > 0, set 0g def 0(-/R). Let k = max(0, [s] +2). Arguing as
in the proof of Proposition 2.27, we deduce that for all j € N, we have

27511 A; (OrSNu — Snu)|| e < Cs279(| D¥(OpSnu — Syu)]| e
From the above inequality, we get that

B, < CS(HDk(@RSNu — SNU)HLp + ||QRSNU — SNu||Lp).

||QRSN7.L —

Because p is finite, combining Leibniz’s formula and Lebesgue’s dominated
convergence theorem ensures that there exists some R > 0 such that

||HRSN’U, — SNUHB;_T < 5/2.

As Syu is a C°° function, we have proven that D is dense in B ,. a
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Remark 2.75. When r = oo, it is obvious that the closure of D for the Besov
norm B, , is the space of tempered distributions such that

hm 2js||AjUHLP =0.
J—00

Nonhomogeneous Besov spaces have nice properties of duality: The space B
may be identified with the dual space of the completion B, . of D for the
norm B, .. In this book, we shall only use the following, much simpler, result,
the proof of which is similar to that of Proposition 2.29.

Proposition 2.76. For all 1 < p,r < oo and s € R,
B, xB, ., — R
p T

li—3'1<1

defines a continuous bilinear functional on B, . x B s .. Denote by Qp . the
set of functions ¢ in S such that ||¢||B_s <1. Ifu zs in &', then we have
P

Bs, <C sup (u,9).
€Q,” .,

We will now examine the way Fourier multipliers act on nonhomogeneous
Besov spaces. Before stating our result, we need to define the multipliers we
are going to consider.

Definition 2.77. A smooth function f : R® — R is said to be an S™-
multiplier if, for each multi-index o, there exists a constant C, such that

VE R, |07F(&)] < Ca(l+I€))™ 1.

Proposition 2.78. Let m € R and f be a S™-multiplier. Then, for all s € R
and 1 < p,r < oo, the operator f(D) is continuous from B, to By ™.

Proof. According to Lemma 2.69 it suffices to prove that
Vj > =1, 26| F(D)Ajull L, < C20 || Ajul, - (2.40)

Obviously, we can find some smooth function o satisfying the assumptions of
Lemma 2.2 and such that

Vj >0, A;f(D)u=o(D)Aju.

Hence, Lemma 2.2 guarantees that (2.40) is satisfied for j > 0.
Next, introducing 6 in D(Rd) such that § = 1 on Supp x, we see that

A_f(Dyu= (6f)(D)A_yu.

As F71(6f) is in L', convolution inequalities yield (2.40) for j = —1. This
completes the proof. a
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Proposition 2.79. Let s < 0, 1 < p,r < 0o, and u be a tempered distribution.
Then, u belongs to By .. if and only if

(27°|1SullLe)jen € €7
Moreover, a constant C exists such that
1

L SC(1+ o) lulsg -

C_‘SHlHU”B;,T < H(QJ'SHSjuHLp)j H

The proof is very close to that proof of Proposition 2.33 and is thus omitted.
We conclude this section with the statement of interpolation inequalities.

Theorem 2.80. A constant C exists which satisfies the following properties.
If s1 and s2 are real numbers such that s1 < s2, 6 € 10,1[, and (p,r) is
in [1,00], then we have

Il g rs-ms <l ull 2 amd
¢ ! ! 0 1-9
Fellpgryrooms = 5 (5 Tz 9)”“”35,100”“‘ By

2.8 Nonhomogeneous Paradifferential Calculus

In this section, we are going to study the way the product acts on nonhomo-
geneous Besov spaces. Our approach will follow the one that we used in the
homogeneous framework and most proofs will be omitted. Of course, we shall
now use the nonhomogeneous Littlewood—Paley decomposition constructed in
Section 2.2.

2.8.1 The Bony Decomposition

The basic idea of nonhomogeneous paradifferential calculus is the same as in
Section 2.6: Considering two tempered distributions u and v, we have

uv = AquAsv.
J j
3’3

We then split the sum into three parts: The first corresponds to the low
frequencies of u multiplied by the high frequencies of v, the second is the
symmetric counterpart of the first, and the third part concerns the indices j
and j’ which are comparable. This leads to the following definition.

Definition 2.81. The nonhomogeneous paraproduct of v by u is defined by

TuU d:efz Sj_lu Ajv.
J
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The nonhomogeneous remainder of u and v is defined by

R(u,v) = Z Agu Ajv.

[k—j|<1

At least formally, the operators T' and R are bilinear, and we have the following
Bony decomposition:
wv = Tyv + Tyu + R(u,v). (2.41)

We shall sometimes also use the following simplified decomposition:

w=Tw+T,u with T,u def Z Sjrav Aju. (2.42)
J

The main continuity properties of the paraproduct are described below.

Theorem 2.82. A constant C exists which satisfies the following inequali-
ties for any couple of real numbers (s,t) with t negative and any (p,r1,72)
in [1, 00]3:

| Tl zLoexBs sBs ) < clsi+t
( 5r)

Cls+tl+1 L Ldef 1

. 1
ITlecpe, ,, By, im0 S ——p— with == mm{l’a * g}'

The proof of this theorem is analogous to that of Theorem 2.47 and is thus
omitted.

Remark 2.83. In fact, due to S;ju = 0 for j < 0 and the property (2.7), we
have

Tyo =Y S 1ud;((Id—x(D))v).

Jj=1
Lemma 2.1 thus provides a slightly more accurate estimate: Under the as-
sumptions of the above theorem, we have, for all k € N,

1Tl , < Cllullz= D" | D*v|

pisr and [Tyl gere < Cllul| s

o0,

s—k.
BPJ"Q

Next, we want to study the continuity properties of the remainder operator R.
As in the homogeneous case, we have to consider terms of the type Ajud v
whose Fourier transforms are not supported in annuli but in balls 27 B. We
thus need the following nonhomogeneous version of Lemma 2.49.

Lemma 2.84. Let B be a ball in R?, s be a positive real number, and (p,r) €
[1,00]%. Let (u;)jen be a sequence of smooth functions such that

Supp 4; C 2B and H(2js||uj||Lp)j€NH£ < 0.
We then have

de X .
v e By, and ulsy, < CJ| @ oo

o
jEN
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Theorem 2.85. A constant C' exists which satisfies the following inequalities.
Let (s1,52) be in R* and (p1,pa,r1,72) be in [1,00]*. Assume that

1 1 1 1 1 1
—d:ef—Jr—Sl and —d:ef—Jr—Sl.
p b1 b2 r | T2

If s1 + s9 > 0, then we have, for any (u,v) in B3 . x B2

P1,71 p2,7127

Clsitsz|+1

vl 52

1R, )l g1 ven < lull e, 10l B3z, -

S1 + 89

Ifr =1 and s1 + s = 0, then we have, for any (u,v) in B! . x Bp2 .,

IR(uw, )y < C 2 ul oy ol

From this theorem, we infer the following tame estimate.

Corollary 2.86. For any positive real number s and any (p,r) in [1,00)2, the
space L>° N B .. is an algebra, and a constant C' exists such that

p,r
v||L&).

The proof simply involves the systematic use of Bony’s decomposition (2.41)
combined with Theorems 2.82 and 2.85.

s+1
luvlls;, < — (IIUIILMIIUIIB;,T+Hu||B;,T,

2.8.2 The Paralinearization Theorem

In this subsection we investigate the effect of left composition by smooth
functions on Besov spaces B, .. We state an initial result.

Theorem 2.87. Let f be a smooth function vanishing at 0, s be a positive
real number, and (p,r) € [1,00]2. If u belongs to By .NL>, then so does fou,
and we have '

Ifoulls;, < Cls, £ llull L) lull 5 , -

This theorem can be proven along the same lines as the proof of Theorem 2.61.
We note that it is based on the following lemma, the proof of which is left to
the reader.

Lemma 2.88. Let s be a positive real number and (p,r) be in [1,00]%. A
constant Cs exists such that if (u;)jen is a sequence of smooth functions which
satisfies

( sup 2j(s—lal>\|aauj\|m) € ("(N),
| <[s]+1 j

then we have

d L
u :efz uj € By, and |lullp;, < C; ( sup 2J(e—|a\)”6auj”m) H
JEN ’ o] <[s]+1 jller
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In the case where the function f belongs to Cp°(R), Theorem 2.87 may be
slightly improved.

Theorem 2.89. Let f be in Cp°(R) and satisfy f(0) = 0. Let s be positive
and (p,r) be in [1,00]2. If u belongs to BS . and the first derivatives of u belong

DT
to B;ol’oo, then fow belongs to B, ., and we have
[[f oul

53, < Ol £ IVullpgy lulls;,.-

d
Remark 2.90. If u belongs to the space Bj,, then the first order derivative
d

of u belongs to B!, . Thus, the space Bj, is stable under left composition
by functions of Cy° vanishing at 0. This result applies in particular to the

d
Sobolev space H? = B3 5.
Finally, we state the nonhomogeneous counterpart of Corollary 2.66.

Corollary 2.91. Let f be a smooth function such that f'(0) = 0. Let s > 0
and (p,r) € [1,00)%. For any couple (u,v) of functions in By, N L, the
function fov — fou then belongs to B, , N L> and

1£(@) = F@)is;, < (v -l

By, Sup [lu+T(v—u)| =
T€|0,

o= ull oo sup ut7(0 = u)lgy, ),

7€[0,1

where C' depends on ", ||u|lpe<, and ||v| L.

When the function u has enough regularity, we can obtain more information
on f owu. In the following theorem, we state that, up to an error term which
proves to be more regular than u, f o u may be written as a paraproduct
involving u and f o w.

Theorem 2.92. Let s and p be positive real numbers and f be a smooth func-
tion. Assume that p is not an integer. Let p, r1, and ro be in [1,00] and such
that r9 > r1. Let r € [1,00] be defined by 1/r = rnin(l7 1/r + 1/7"2). For any

) e o
function w in B, N BL, ., we then have

1 0w = Tpoutl o < O lull=)llull e, lull s, -

Proof. To prove this theorem, we again write that

def

fu) = ij with  f; = f(Sj41u) — f(Sju).

According to the second order Taylor formula, we have

1
f]‘ = f’(Sju)Aju + Mj(AjU)2 Wlth Mj d:ef/ (1 — t)f”(Sju + tAJ’U,) dt
0
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1
Applying Lemma 2.63 with g(z,y) = / (1 —t)f"(x + ty) dt gives
0

Va e N, [|0%M;| e < Co(f", |lull )27/ (2.43)
Using Leibniz’s formula, we can write

0%(M;(Aju)®) = Y CHCLO°PM; 0P AjudY Aju.

Y<BLa
Using Lemma 2.1 and the inequality (2.43), we get
107 M; 0%~ Aju " Ajul| o < Calf”, ullz=) 2| Ajull Lo || Ajul| o

Thus, according to the definition of Besov spaces, we have, for some sequence
(¢ja)j>—1 satistying [|(c;)|le- =1,

29D 0% (M (Aju)) e < Calf" ullz=)ejiallull 5

oo, T

(2.44)

We now focus on the term f'(S;u)Aju. Clearly, it is not the desired para-
product involving u. Therefore, we consider

:U/j d:ef fI(SJ’U,) - ijl(f/ o u)

Obviously, we have
fi=8j-a(f ow)Aju+ pyAju+ Mj(Aju)®.
We temporarily assume that
20710107 e < €50 Calf" lullpe) |l ps, ,, With [|(¢ja)]lera = 1. (2.45)

Using (2.44), we then have, for some sequence (¢jqo)j>—1 belonging to the
unit ball of ¢,

2/CHAD9(f; = Sja (' ow) Aju)l| e < Calf” ull ) cjiallull g

00,19

[ullB;,

Applying Lemma 2.88 then yields the desired result.

In order to complete the proof of the theorem, we have to justify the
inequality (2.45). First, we investigate the case where |a| < p. We have

deff( u) = f'(u),

f'(u) = Sj—a(f"(u)).

Using the fact that (Sju);en converges to u in L™, we get

(1 2 .
p=ny) 4 with ) def

F(u) - =3 with f € (S ) — f(Spu). (2.46)

/>j
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Applying (2.38) yields, for some sequence (¢; o);j>—1 With [|(¢jq)|e= =1,

27 DO fir | 1= < e Ca( S Ilull o) ull 52, ,,, - (2.47)
By summation, we then infer that, when |a| < p,
2061002 (V) e < cjaCalf” Ilull o)l s, With [|(cja)llera = 1.
Next, thanks to Theorem 2.87, we have

o0, T2

aaf( )E Br-lel  and ||aaf/(u)||Bgo_,\T<;| < Ca(f//’HUHL‘X’)”uHB&,W'
Thus, we can write that
] [e% o, (2 1 [e% le%
290D |92 1D | oo <2701 S 4507 f (u) |
J'z3-1
< Calf, lulz=)lullpe. ,, D ejra2077 001D

J'2j—-1

<¢aCalf, lullee)lullps. ., with [[(¢j.a)

P

This completes the proof of (2.45) when |a| < p.

The case when |a| > p is treated differently.® As 9% f’(u) belongs to Bgo‘,l‘;',
we have, using Proposition 2.79 and Theorem 2.87,

211D )9%5; 1 ' (W)l < ¢j.aCa(F", lull L) lull 52

oo, T9

with ||(¢j0) e = 1.

We now estimate 0% f/(S;u). Again using the fact that (Sju); converges to u
in L°°, we can write that

Z f] with fjf d—eff(SJ'+1U) f(Sjru).

J'<i—1
Using (2.47), we then get

21(e=1eD |92 f(Sju)[| Lo < 2707100310 f ||

§<ji—1
< Calf" Null)llull gz, ., D ejra2V=7)0071oD
§'<ji—1
< Calf", ullze)llullpe, ., ¢ with [[(cja)lles = 1.
The inequality (2.45), and thus Theorem 2.92, is proved. O

3 Recall that p is not an integer, so |a| # p.
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2.9 Besov Spaces and Compact Embeddings

This section is devoted to the statement of (locally) compact embeddings for
Besov spaces, properties which prove to be of importance for solving certain
partial differential equations in the following chapters.

The following statement is an extension of Proposition 1.55 to general
Besov spaces.

Proposition 2.93. Let K be a compact subset of R?. Denote by B;’T,(K)
[resp., BST(K)] the set of distributions u in B, , (resp., B;,r)’ the support
of which is included in K. If s > 0, then the spaces By .(K) and B, ,(K)
coincide. Moreover, a constant C exists such that for any u in B, ,.(K),

lullg;, < O+ 1K) “Ilull g,

Proof. For any j in Z, we write u = Sju + (Id —S;)u. As u belongs to B; -

the function S iu belongs to L, and (Id — S’ Ju belongs to LP. This implies
that BS is included in L? and thus that BS$ (K) is included in LP. In order

loc

to prove the inequality, we write, for any u in B;T(K) and j € Z,

lullexy < I1SjullLe ) + [1(1d =Sju)| v
1 i
< K[ [1Sjullpee + C27 |lull g, -
Using Bernstein’s inequalities and, again, the fact that Supp u C K, we get
lullzr < CIE[72ull 11 + C273%|lull 5,

< O|K[2ull s + C2 5 [ull 5, .

If j is chosen in Z such that 1/4 < |K|2/¢ < 1/2, then the first term of the
right-hand side may be absorbed by the left-hand side, and we can infer that

lullzr <

Because s is positive, we have By , = BIS),,. N LP. This completes the proof of
the proposition. a

Theorem 2.94. If ' < s, then for all ¢ in S(RY), multiplication by ¢ is a
compact operator from By . to By ;.

Proof. Let (un)nen be a bounded sequence of B . Thanks to Theorem 2.72,
a subsequence (Uzp(n))neN and a function u ex1st in B; such that (Uw(n))neN
converges to v in &’. Thus, we are reduced to proving that if (un)neN is a
bounded sequence of By ., which tends to 0 in &S’, then o tends to 0.
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By virtue of product laws in nonhomogeneous Besov spaces (see Theo-
rems 2.82 and 2.85), the sequence (¢un)nen is bounded in By . We then
write

[ $unllpy, = D22 14;(6un) |10
J

< D 2T A @)l + D 2724 (G

7<Jjo 7>7J0
< 2 2114 (Guw) | + O 207 sup g5
i<Jjo

A positive ¢ being given, we choose jg such that

Oy 277005 Bs_ <¢g/2.
We then simply have to prove that
lim ||A;(¢un)||rr =0 forall j > —1. (2.48)

Actually, it suffices to consider the case where p = 1. Indeed, first, since ¢ is
in (say) BT and (un)nen is bounded in B2, it is not difficult to check

p’,00 p,007

that (d)un)neN is bounded in Bf ., (use Theorems 2.82 and 2.85). Second,
Bernstein’s lemma guarantees that

14 (un)ll o < C2VP || Ay (Gun)l 11 -

We therefore assume from now on that p = 1. We only treat the case where
J € N, the case j = —1 being similar. By the definition of A;, we then have

Ay(fun) () = 294 / W2 (x — 9))é(y)un(y) dy
]Rd
= 2jd <un7 Tfmk(2])¢>

As u,, tends to 0 in &', the above equation ensures that the function A;(¢u,)
tends to 0 pointwise. Moreover, according to Proposition 2.76,

|45 (6un) ()| < €27 (sup llunll s .. ) I7=eh(2 )l s,

Hence, thanks to Lebesgue’s dominated convergence theorem, proving (2.48)
reduces to the following lemma.

Lemma 2.95. For any (f,g) in S* and any (o,p,r) in R x[1,00]?, the map
z— (7= )9l g,

belongs to L'(R?).
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Proof. Observe that for 5 > 0, by using a rescaled version of the rela-
tion (2.1.1) and Leibniz’s formula, we get, for any positive integer N and
some functions h, in S(RY),

Aj(rofg) =27 3" 204h,(27) x (0°P1.f 0%).
I%I;O{V

Thus, using Bernstein’s inequalities, we infer that

i _d
14 (rof 9)ller < On27N ) sup (|07, £ 89| 11
[a+BI<N

< CN27j(N7§)(fN * gn)(2)

with fv(z) 8 sup [0°7(@)] and gx(a) % supjojx [9°()|- Choosing N
(€2
greater than d + o 4+ 1, we infer that

It gllzs, < C(fx % 9n)(2):

Observing that the convolution maps L' x L! into L' completes the proof of
the lemma. O

Theorem 2.94 immediately implies the following corollary.

Corollary 2.96. For any (s',s) in R* such that s' < s and any compact set K
of R?, the space By o (K) is compactly embedded in B, 1(K).

2.10 Commutator Estimates

This section is devoted to various commutator estimates which will be used
in the next chapters. The following basic lemma will be of constant use in this
section.

Lemma 2.97. Let 0 be a C* function on R? such that (1+|-|)8 € L*. There
ezists a constant C' such that for any Lipschitz function a with gradient in LP
and any function b in L9, we have, for any positive A,

1
10(ATLD), alb||- < CATY|Val po|bllza  with 5+

r

ISHE

Proof. In order to prove this lemma, it suffices to rewrite (A~ D) as a con-
volution operator. Indeed,

([6(A™D), a]b) (x) = O(A~' D)(ab) () — a(2)(A~" D)b()

_ )\d/de()\(xfy))(a(y)*a(:c))b(y) dy with k= F10.
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Let k1 (z) def |z| |[k(2)]. From the first order Taylor formula, we deduce that
[((6(A7' D), a]b) (z)| < A1 / Mky(\2)|Va(z — 72)| |b(z — 2)| dz dr.
[0,1]x R4

Now, taking the L" norm of the above inequality, using the fact that the
norm of an integral is less than the integral of the norm, and using Holder’s
inequality, we get

|61 D), alb . < xl/o /R M AV al- — 72) o |- — 2)|| e dr d.

The translation invariance of the Lebesgue measure then ensures that
[[6OATD), alb| . < A7 k[l 22 [ Vall Lo [[b]] s,
which is the desired result. O

Remark 2.98. If we take 0 = p and XA = 27, then this lemma can be interpreted
as a gain of one derivative by commutation between the operator A; and the
multiplication by a function with gradient in LP.

Lemma 2.99. Let f be a smooth function on R?. Assume that f is homo-
geneous of degree m away from a neighborhood of 0. Let p be in ]0,1[, s be
in R, and (p,7) be in [1,00]2. There exists a constant C, depending only on s,
p, and d, such that if (p1,p2) € [1,00]? satisfies 1/p = 1/p1 + 1/p2, then the
following estimate holds true:

[T, f(D)]ull gg-mte < ClIVall g lulls; (2.49)

P’

In the limit case p = 1, we have

[T, FD)Jull gymss < C[Val o 3, (2.50)

N

Proof. We only treat the case p < 1. The limit case p = 1 stems from similar
arguments. Let © be a smooth function supported in an annulus and with
value 1 on a neighborhood of Supp ¢ 4+ Supp x(-/4). We have

[To, f(D)Ju =35, Sj-1a f(D)Aju — f(D)(Sj-104;u)

A . ~ def ~ .
= is1l8-1a, f(D)A;]Aju - with A; = 5(279 D).

Note that the general term of the above series is spectrally supported in dyadic
annuli. Hence, according to Lemma 2.69, it suffices to prove that

Owing to the homogeneity of the function f away from 0, there exists an
integer Ny such that

2= 40 1S ya, F(D)A;)Ajul| o

, <ClIVallgg s llullzy, - (251

po,r’
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7j > No. f(D)A; =2"(f3)(277 D).
Taking advantage of Lemma 2.97, we thus infer that for any j > Ny,
1S;-1a, F(D)A;]Azull e < C2" 1S5 _1al| 1o || Ajul| oz
Of course, if 1 < j < Ny, we can still write, according to Lemma 2.97,
1S-1a, F(D)A;]Aullr < C277|VS;-1al| o | Ajul| e
< C2NolmI2i(m=117 S s al| ey || Ajul| Les -
Because ||VSj_1al/zr < (723‘(1_")||V(1||Bg;1oc if p < 1, we can now conclude
that (2.51) is satisfied, completing the proof. O

The following corollary will be important in the next chapter.

Lemma 2.100. Let 0 e R, 1 < r < oo, and 1 < p < p; < o0. Let v be a
vector field over R? . Assume that

1 1 1 1
U>—dmin{—;—/} or 0>—1—dmin{—;—/} if dive=0. (2.52)
P1 P P1 P
def

Define R; = [v-V,Ajlf (or R; fdlv([v Ajlf), if dive = 0). There exists
a constant C, depending contmuously on p, p1, 0, and d, such that

|@1Bil10) [, <CIvel o flsg, i o<1 (253)

Further, if o >0 (or o > —1, if diveo =0) and p% = Il) -

| @ 1B5l10) ller < C(I90le~ 17 l1mg., + IV A o2Vl 552 ) (254)

In the limit case o = —mln(pi, —,) Joro=—-1— mln(p 17), if dive = 0,
we have
sup 27 || Rl < Clivell o Hf||Bpm (2.55)
Jj=- p

Proof. In order to show that only the gradient part of v is involved in the es-
timates, we shall split v into low and high frequencies: v = Sgv+v. Obviously,
there exists a constant C' such that

Va € [1,00], |0Vl < C Vol and [[V3]|,. < C[Voll,.. (256)

Further, as v is spectrally supported away from the origin, Lemma 2.1 ensures
that _
Va € [1,00], Vj > =1, |A; V0|, = 27 [| A7)} - (2.57)

We now have (with the summation convention over repeated indices):
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Rj =v-VA;f—Aj(v-Vf)
= [0%, 4]0k f + [Sov*, A;]0k f.

113

Hence, writing Bony’s decomposition for [0%, A;]0kf, we end up with R; =

8 i
> i—1 1), where

R} = [Tye, Aj]o f, R} = Topa, 0",

RS = —A;Ty, s, R} = 0, R(V%, A, f),
R = —R(dive, 4,f), RS = -0, A;R@E, f),
RY = A;R(div, f), R} = [Sov*, A0k f.

In the following computations, the constant C' depends continuously on o, p,
p1, and d, and we denote by (¢;);>—1 a sequence such that ||(c;)|l, < 1.

Bounds for 29 HR]1 By virtue of Proposition 2.10, we have

HLP'
Ri= Y [Sy—1" Aj]0pAs f.
li—35"1<4
Hence, according to Lemma 2.97 and the inequality (2.56),
27NB L < CUIVOle D 27 1A Sl

3/ —j1<4

< O [Vl oo 1 f Nl B,

Bounds for 29° HR? By virtue of Proposition 2.10, we have

HLP'

R = > Sy 10uA;f ApF,
Jj'2j—3
Hence, using inequalities (2.56) and (2.57) yields
27 ||

I, < Ce;lIVoll g 1 fllBg.,-

Bounds for 29° HR§||L1>' We proceed as follows:

R == 3 Ai(Syadefayet)
3" —jl<4

== > a(ap0.£4,7).
1j/—i]<4
7'<i' =2

(2.58)

(2.59)

(2.60)

(2.61)

Therefore, writing 1/p; = 1/p — 1/p; and using (2.56) and (2.57), we have
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27| R3||,, <C D 27 AjOkfll e, || AT

kHLl’l

<C > 2U=I"(e=1=51)9i"7 | A, o fllpe 2 Y 72 V01
15/ —j|<a
J<i’ =2

Hence, if 0 < 1+ d/p1, then

27||R3| . < Ocjuwu ||f|\Ba . (2.62)

Note that, starting from (2.60), we can alternatively get

27 |R,, <C > IVSi—1fllpen 2V A5Vl
7/ —71<4

from which it follows that

27 | R3|| ., < Ce IV Fll e IV 0]l g (2.63)

Bounds for 217 \;R§||Lp and 299 ||R3||,,. Defining A, " A5+ 45 +24; 41,
we have

= > (A" A4 f).

l7/—31<2

Hence, by virtue of (2.57), we get

27 ||RY||,, < Ce;[|[VollL=lfll5g, - (2.64)

A similar bound holds for R?.
Bounds for 27° ||R§’||Lp and 27° ||R;HLP. We first consider the case where

1/p+1/p1 < 1. Let p3 satisfy 1/ps def 1/p+ 1/p1. Then, under the condition

o+-L
o > —1 —d/p1, Proposition 2.85, combined with the embedding B,,,,”* —
B? ., yields

D, )
27| B3 < Ceslol e lflss, (2.65)

p1,00

HLP

Now, if 1/p 4+ 1/p; > 1, then the above argument has to be applied with p’
instead of pa, and we still get (2.65), provided that o > —1 — g. Appealing
o0 (2.56), we eventually get

9o ||R6HLv < CCJHVUH ||fHBU . (2.66)
Note that in the limit case 0 = —1 — min(pil, z%)’ Proposition 2.85 yields
sup 2’7 || RS, < CHV’UH ||fHBgm. (2.67)
j
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Similar arguments lead to

27| R, = CesliVell o Ifllsg,s i o> = minGE ), (2.68)
P1.:0©
27 HRJ7"|Lp < C”VU”Bﬁ Ifllg .. if o= —min(z%, 1%) and 7 = 0. (2.69)
P11

Finally, we stress that if ¢ > —1, then the standard continuity results for the

remainder, combined with the embedding L>*° — Bgom, yield
27 | RS|| L, < CeslI Vol fllsg,,- (2.70)

Of course, the same inequality holds true for R; if o > 0.

Boitdnds for 277 ||R§||Lp. As R} = 2oj—ji<1lds Amiv] - VA f, Lemma 2.97
yields

27 ||RE||,, <C Y VALl 277 A £

l3"=3l<1
< O [Vl pee 1f 137, (2.71)
Combining inequalities (2.58), (2.59), (2.62) or (2.63), (2.64), (2.66) or (2.67),
(2.68), (2.69) or (2.70), and (2.71) yields (2.53), (2.54), and (2.55). O

Remark 2.101. Assume that o > 1 + z%’ oroc =1+ z% and r = 1. We note
that BJ ' — LP2, so the inequality (2.54) ensures that

277 1850 - < CNVolLag, 2 1115,

Remark 2.102. There are a number of variations on the statement of Lem-
ma 2.100. For instance, the inequalities (2.53), (2.54), and (2.55) are also valid
in the homogeneous framework (i.e., with Aj instead of A; and with homoge-
neous Besov norms instead of nonhomogeneous ones), provided (2.17) is satis-
fied by (p,r, o). The proof follows along the lines of the proof of Lemma 2.100.
It is simply a matter of replacing the nonhomogeneous blocks by homogeneous
ones.

Remark 2.103. In Section 3.4 of the next chapter, we shall also make use of
the fact that the inequalities (2.53), (2.54), and (2.55) are still true for the
commutator ) ) )

Sijtnev VA f = Aj(v- V),
where Ny is any fixed integer. Indeed, it suffices to note that for all j > —1,
we have

H(SjJrNov—v) : VA'ijLP < HSJ'+NOU*U

w451
<C Z 21— HVAjIU

§'>74No )
< ClVoligy, NA;fllze-

Lp
Ajf‘

‘LQC ‘ Lr
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2.11 Around the Space B! __

The space Boo o Will play an important role in Chapter 7 when dealing with
the 1ncompr6581ble Euler equations. This section is devoted to proving various
logarithmic interpolation inequalities involving that space. We start with the
most elementary of these.

Proposition 2.104. Let e be in |0, 1[. A constant C exists such that for any f
in B

00,007

c T
T <-—nfB&0;(1+»og—————;—)~
€ ’ ||fHBgom

Proof. In order to prove this, we write the function f as the sum of the dyadic
blocks A; f. For any positive integer IV, we have

DoAY NA e+ Y 1A fll

j=-1 —1<j<N-1 j>N
92— (N-1)e
<N+ DIy, o+ 1l
As [[fll= < ij,l | Aj fll L, taking
1 11l B¢
N=1+ 1 .
52 Il
yields the result 0

Remark 2.105. In fact, the above proof gives the following, slightly more ac-

curate, estimate:
/1B, ..
< o, (14 1om ).

1£1l 5
I1fllBe,

co,1

We now define the space LL of log-Lipschitz functions.
Definition 2.106. The space LL consists of those bounded functions f such

that f f(@) — f(2)]
de ) — f(x
= Ssu < 0.
Wl = 5 =] —ogle — @)

B;om is a subspace of the space LL of log-Lipschitz functions. More precisely,
we have the following.

Proposition 2.107. A constant C exists such that for any function u in BL,
and any z,y in R such that |z —y| < 1, we have

u(z) —u(y)| < Cl|Vullpg, |z —yl(1 —log |z —yl).
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Proof. The proof is similar to the one above. We write that, for |z —y| < 1,

u(z) —uly) = Z Aju(z) — Aju(y) + Z Aju(z) — Aju(y).

J<N Jj>N

By combining the mean value inequality and Bernstein’s lemma, we get

lu(z) = u(y)l < Cle —y| Y |4;Vul = +2 Y 27| VA ul| =,
J<N j=>N

from which it follows, by the definition of the space B? that

u(z) — u(y)| < ClIVul g, (N + Dz —y[+27%).
As above, choosing N = [—log, |z — y|] + 1 completes the proof. O

We have just established a relationship between the modulus of continuity and
the growth of L> norms of dyadic blocks in the special case of log-Lipschitz
functions. A similar connection may be established for a more general class of
moduli of continuity given in the following definition.

Definition 2.108. Let a be in ]0,1]. A modulus of continuity is any nonde-
creasing nonzero continuous function p : [0,a] — Ry such that u(0) = 0. The
modulus of continuity p is admissible if, in addition, the function I' defined
fory>1/a by
def /1
Iy) = yu(—)
Yy
is nondecreasing and satisfies, for some constant C' and all x > 1/a,
I'(x)
x

w [ ST dy<C

Examples. If o € ]0,1], then the functions p(r) = r*, u(r) = r(—logr)®,
and p(r) = r(—logr)(log(—logr))® are admissible moduli of continuity.

Definition 2.109. Let u be a modulus of continuity and (X, d) a metric space.
We denote by C,,(X) the set of bounded, continuous, real-valued functions u
over X such that

i,

< 0o0.

|u(z) — u(y)]
lulle, = llullzex)+  sup )

0<d(z,y)<a /L(d(mvy)

Examples. When p(r) = r® for some « €]0, 1], the space C,(X) coincides
with the Holder space C*(X). If u(r) = r(1 —logr), then C,,(X) is the space
LL(X) of log-Lipschitz functions on X.

Definition 2.110. Let I' be a nondecreasing function on [1,00[. We denote
by Br (Rd) the set of bounded real-valued continuous functions u over R? such
that e

ull 7o
|| J ||L <

lull s, &l + su
Br = = (@)
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Example. When I'(y) = y'= [hence u(r) = r®], the space Br is equal
to B, .- This is a consequence of Proposition 2.79, which ensures that Vu

is in Bg 4, if and only if sup; ¢y 29(@=1)||8;Vu|| .~ is finite. Therefore, we see

that in this particular case, the spaces C,, and By coincide.
The following proposition states that this is still true in a much more
general framework.

Proposition 2.111. Let p be an admissible modulus of continuity and let I’
be defined as in Definition 2.109. Then, C,(R?) = Br(R%).

Proof. Assume that u belongs to Br. According to the identity (1.23) page 25,
there exists a family of functions (p)1<k<a in D(R*\{0}) such that

d
A= 2770277 D)0RA;.

k=1

This implies that . ‘
| Agullz < €279 0(2) [ull 5, (2.72)

We now write, for |z — 2’| < a,
lu(z) = u(2)| < |VSjullp=lz —2'| +2 ) | Ajull =
J'2J
< |VSjull=|z — 2’| + Cllullp, Y 279 1'(27).
3’23

Using the condition (A), the fact that I' is nondecreasing, and the definition
of || : ||BF7 we get

! J ! > 1
) = u(e")| < Nl (F@)e =l +C [ 5T dy)
< Jlull g, (F(@)|e = a/| + C277 1(27) ).

Choosing j such that 277 a |z —2/| and using the definition of I" gives u € C,,.
Now, assume that u belongs to C), and let h= F~1x. By the definition

of S; and the fact that / Axh(y) dy = 0, we may write
Rd

S u(x) = 27929 5 Oeh(2 (z — ) (u(y) — u(z)) dy.

Therefore, using the definition of ||ul|c, and splitting the integral into |y —x| <
a and |y — x| > a, we get

|01 Sju(x)| < 2727 <IIUIIC,L / Oh(2' (@ = ) |y — =) dy

—z|<a

+2ulo | |akﬁ<2j<x—y>>|dy).
ly—z|>a
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Setting z = 27 (x — y) and splitting the first integral into two parts yields

108 ju(z)] < [lullc,?? /| RGN
z|<1

—|—||u||c“/ ah(2) 210 (2 )dz+2||uHLoo/ Oki(2)] dz.
1<|2|<27a | | |z|>27a

As p and I" are nondecreasing functions, we have, for any z such that |z| <1

(resp., |2 > 1), u(277|2]) < pu(279) [resp., (| |> < I'(29)]. Thus, we get

1045,u(2)] < llullc, 2 u(29) / 104 (2)]| d=

[z[<1

+ IIUIIC,LF(?)/ |0kh(2)] |2] dz + C|lul| .

1<[2|<27a

As the last term may obviously be bounded by C'I"(27)||u| L= for some con-
stant C’ independent of j and u, we end up with

IVSjullze < Cllulle, I'(27), (2.73)
and the proposition is proved. a

Example. If we take pu(r) = r(1 — logr), then we get I'(y) = 1 + logy.
Hence, the above proposition shows that L L coincides with the set of bounded
functions u such that
s, IV S5ullz=
up ———— <
jen  J+1
Proposition 2.104 extends to general C, spaces in the following way.

Proposition 2.112. Let i be an admissible modulus of continuity. There ex-
ists a constant C' such that for any e € ]0,1], u in C*, and positive A, we

have
Jullg, + A [Vulico \ !
Vulie <o 1ot Ay p((IFulene y
Ve < ( = e, ( (e

whenever |Jullc, + A < ( ) IVulco.e.

Proof. Write
Vu = S;Vu+ (Id -S;)Vu
By definition of C%¢, for any j € N such that 2/ > 1/a, we have, using (2.73),
IVullz= < Cllulle, I'(27) + Ce™'277%||Vul co..
Choosing j such that

1 1
1( [Vulco- > <9< ( [Vul|co.e )
2\ [[ullc, +4 ullc, +4

and using the fact that I' is nondecreasing gives the result. ad
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2.12 References and Remarks

Bernstein’s inequality and the lemma that follows it belong to the mathematical folk-
lore. The statement of Lemma 2.1 is borrowed from [69]. The subsection devoted to
the action of a diffeomorphism over functions with localized Fourier transforms was
inspired by the work of M. Vishik in [296] (see also [156] and [103]). The smoothing
effect for the heat flow which is pointed out in Lemma 2.4 was first stated in [71, 72].
A proof of Faa di Bruno’s formula (Lemma 2.3) may be found in [298]. Lemma 2.8
has been stated in [90] (under slightly more restrictive assumptions over the sup-
port), then extended in [251] and [95] for any p € |1, co].

Littlewood—Paley theory first appeared in the context of one-dimensional Fourier
series (see the works by J. Littlewood and R. Paley in [218, 219]). The presentation
adopted in Section 2.2 follows that of J.-Y. Chemin in [69]. We mention in passing
that a number of more sophisticated decompositions of the phase space (z, ) have
recently been proposed. The most celebrated of these is probably the wavelet de-
composition introduced by Y. Meyer in [230-232]. In the present book, we restrict
ourselves to the cruder Littlewood—Paley decomposition, which proves to be suffi-
cient for tackling most problems related to nonlinear partial differential equations.

Besov spaces were named after O. Besov who introduced them in [37] for the
study of the embedding and trace of functions with derivatives in LP. The general
definition is due to J. Peetre in [249]. The characterizations in terms of finite dif-
ference or heat flow are standard. More properties for these spaces may be found
in [34, 204, 240, 250, 254, 288, 289]. There is no consensus surrounding the defini-
tion of homogeneous Besov spaces. In the above references, they are defined modulo
polynomials of arbitrary degree. In [41], G. Bourdaud showed that homogeneous
Besov spaces B;T may be realized, that is, embedded in some Banach space. When
s >d/p (or s > d/p, if r = 1), however, that Banach space is a function space mod-
ulo polynomials of degree less than or equal to s —d/p if » > 1 (less than s —d/p, if
r = 1). We believe that the presentation adopted in this chapter is the most suitable
one for the study of partial differential equations.

The refined Sobolev inequality was discovered by P. Gérard, Y. Meyer, and
F. Oru (see [140]). The approach presented here is taken from [77]. The embedding
property 3272 — LP for 2 < p < oo is sharp. It may actually be shown that for any
p € ]1,00[, the Lebesgue space L? coincides with the Triebel-Lizorkin space FS,Q
(see [150, 273]). The proof relies on general results for vector-valued singular integrals
which are beyond the scope of this book. Gagliardo—Nirenberg inequalities arise from
the works by E. Gagliardo in [131] and L. Nirenberg in [241].

Paradifferential calculus was invented by J.-M. Bony in [39] for proving a priori
estimates for quasilinear hyperbolic partial differential equations in nonhomoge-
neous Sobolev spaces. The discrete version of paradifferential calculus that we chose
to present here is due to P. Gérard and J. Rauch [141] (in the nonhomogeneous
framework). More results on continuity may be found in, for instance, [254] or [285].
The proof of the Hardy and refined Hardy inequalities is borrowed from [22]. More
general refined Hardy inequalities have been proved in [23, 24].

There is an extensive literature on the properties of Besov spaces with respect to
left composition (see, in particular, [42, 43], and [254]). The proof which is presented
in Section 2.6.2 is an adaptation of the so-called paralinearization Meyer method
(see [11] and [232]) to the homogeneous functional framework. The paralinearization
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theorem stated on page 105 was inspired by the work of S. Alinhac in [5] and
Y. Meyer in [232].

The compactness properties of Besov spaces presented in Section 2.9 belong to
the mathematical folklore; however, we did not find any comprehensive and self-
contained proof in the literature. Those properties are fundamental for proving the
existence for some of the nonlinear partial differential equations which will be studied
in the next chapters.

Section 2.10 provides the reader with various commutator estimates which will
be used throughout the book. Lemma 2.100 gathers different estimates which have
been proven in [69, 99], and [103] and is likely to be useful for investigating a number
of partial differential equations.

The Zygmund space (here denoted by Bl .,) was introduced by A. Zygmund
in [304]. The logarithmic interpolation inequalities were discovered by H. Brézis and
T. Gallouét in [50]. They will be used in Chapters 3, 4, and 7 for proving continuation
criteria for different types of nonlinear partial differential equations.
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Transport and Transport-Diffusion Equations

This chapter is devoted to the study of the following class of transport equa-
tions:

Of+v-Vf+A-f=g
(T) {f|t_0 :an

where the functions v : Rx R? — RY, A : R xR — My (R), fo : R — RY,
and g : R x RY — RY are given.

Transport equations arise in many mathematical problems and, in particu-
lar, in most partial differential equations related to fluid mechanics. Although
the velocity field v and the source term g may depend (nonlinearly) on f,
having a good theory for linear transport equations is an important first step
for studying such partial differential equations.

The first section is devoted to the study of ordinary differential equations.
The emphasis is on generalizations of the classical Cauchy—Lipschitz theorem.
When the vector field v is Lipschitz, there is an obvious correspondence be-
tween the ordinary differential equation associated with v and the transport
equation (T"). Moreover, this study will provide an opportunity to establish
some very simple blow-up criteria for ordinary differential equations that will
act as guidelines for proving blow-up criteria in evolution partial differential
equations (see Chapters 4, 5, 7, and 10).

In the second section we focus on the transport equation (") in the case
where the vector field v is at least Lipschitz with respect to the space variable.
As an application of the results established, we solve the Cauchy problem for
a shallow water equation. The main focus of the third section is the proof of
estimates of propagation of regularity with loss when the vector field is not
Lipschitz. The particular case of log-Lipschitz vector fields plays an important
role in the study of two-dimensional incompressible fluids (see Chapter 7).

Finally, in the last section of this chapter, we prove a few estimates for the
solution of the transport-diffusion equation. This type of equation appears,
in particular, in the study of the problem of vortex patches with vanishing
viscosity (see Chapter 7).

H. Bahouri et al., Fourier Analysis and Nonlinear Partial Differential 123
FEquations, Grundlehren der mathematischen Wissenschaften 343,
DOI 10.1007/978-3-642-16830-7_3, (© Springer-Verlag Berlin Heidelberg 2011
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3.1 Ordinary Differential Equations

This section recalls some basic facts about ordinary differential equations.

3.1.1 The Cauchy—Lipschitz Theorem Revisited

To begin, we establish a generalization of the classical Cauchy—Lipschitz the-
orem. The underlying concept is the Osgood condition, defined below.

Definition 3.1. Let a > 0 and p be a modulus of continuity defined on [0, a]
(see Definition 2.108). We say that p is an Osgood modulus of continuity if

Ezamples. The function r — 7 is an Osgood modulus of continuity, as are
the functions

1\« 1 1\«
r— r(log —) and r+—— 1 log— (1oglog —) if a<l.
r r T

The function r — r* with o < 1, however, is not an Osgood modulus of
continuity. Neither are the functions

[e3

1\« 1 1
r— r(log —) and r+——r log - (log log —) with « > 1.
T T r

The relevance of Definition 3.1 is illustrated by the following theorem.

Theorem 3.2. Let E be a Banach space, {2 an open subset of E, I an open
interval of R, and (to,zo) an element of I x £2. Let F be in L}, (I;C,(12; E)),
where p is an Osgood modulus of continuity and C,,(£2; E) is the Banach space
introduced in Definition 2.109. There then exists an open interval J C I such

that the equation

(ODE) z(t) =x0 + /t F(t’7x(t’)) dt’

to
has a unique continuous solution on J.

Proof. We first establish the uniqueness of the trajectories of the equation.
Let z; and z2 be solutions of the equation (ODE) defined on a neighbor-

hood J of to with the same initial data zo. Define &(t) def |21 (t) — z2(¢)]].
Because F' € L}, (I;C,(12; E)), we have
t
0<8(t) < / VEGE) dt with yeLL (I) and +4>0.  (3.1)
to
The key to uniqueness is the so-called Osgood lemma, a generalization of
the Gronwall lemma. For the reader’s convenience, we first recall the Gronwall
lemma.
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Lemma 3.3. Let fand g be two C° (resp., C') nonnegative functions on [to, T).
Let A be a continuous function on [to, T|. Suppose that, fort in [to,T],

1d

q g(t) < A1) g°(t) + f()g(t). (3.2)

For any time t in [to, T]| we then have
¢ ¢ ¢
gt) < glto)exp | AW)at + | f(t)yexn( [ A@yar)ar.
to to t

Proof. Define

def t

ga(t) defg(t)eXp< /t:A(t’)dt’) and () f(t)exp< A(t’)dt’).

to

1d
Obviously, we have Sq gi < faga, so for any positive ¢,
1(9,247%)% < A< fa
dt Sttt

By integration we get, for all ¢ € [tg, T,
1 1 t
(92(t) +%)2 < (g%(to) +e%)2 + [ fa(t)at'.
to

Letting € tend to 0 then gives the result. ad

We now state the Osgood lemma.

Lemma 3.4. Let p be a measurable function from [tg, T] to [0,al, v a locally
integrable function from [to,T] to R, and p a continuous and nondecreasing
function from [0,a] to RT. Assume that, for some nonnegative real number c,
the function p satisfies

t

p(t) < c+/ Yt u(pt)) dt'  for a.et t € [to, T). (3.3)
to

— If ¢ is positive, then we have, for a.e. t € [to, T],

t a d
“M(p(t)) + M(c) < / St with M(z) = / A s
to x [1,(7“)
— If ¢ =0 and p is an Osgood modulus of continuity, then p =0 a.e.

If we assume this lemma to hold, then we get § = 0 in (3.1), from which
uniqueness follows.

! From now on, the abbreviation “a.e.” means “almost every.”
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In order to prove existence in Theorem 3.2, we use the classical Picard
scheme:

t
Tpe1(t) = zo +/ F(t',xp(t)) dt’.
to

We skip the fact that for J sufficiently small, the sequence (zy)ren is well
€

defined and bounded in the space Cp(J, £2). Let pg p, (¢) def sup ||xpn(t') —
to<t/'<

xi(t)||. Tt is obvious that

0< prin®) < [ AEOn(pen))dt.

to

Because the function u is nondecreasing, we deduce that py def sup pg,n sat-
n

isfies .
ogmﬂws/vwmmw»%
to

from which it follows that

pt) imsup i (6) < [ 2 lp(e))

k—-+oco to

Lemma 3.4 implies that p(t) = 0 near to; in other words, (x)ren is a Cauchy
sequence in Cy(J; 2). This completes the proof of Theorem 3.2. g

Proof of Lemma 3.4. Arguing by density, it suffices to consider the case where
the functions v and p are continuous. Now, consider the following continuous

function:
def

R et [ 3@ mtpte ar

to

Because p is nondecreasing, we have

(t)u(Re(t)). (3.5)

First, we assume that ¢ is positive. As the function R, is also positive, we
infer from the inequality (3.5) that

d
G MUB) = s

Integrating, we thus get (3.4).

Finally, suppose that ¢ = 0 and that p is not identically 0 near ¢y. As
the function p is nondecreasing, it is possible to replace the function p by

the function p(t) def SUPy ey, P(t'). A real number ¢; greater than to exists



3.1 Ordinary Differential Equations 127

such that p(t1) is positive. As the function p satisfies (3.3) with ¢ = 0, it also
satisfies this inequality for any positive ¢’ less than p(¢;). The inequality (3.4)
thus entails that

v € 10,p(t)], M) < / )y dt + M(p(tr),

to
o ¢ dr
which implies that —— < 0. a
o K(r)
The following corollary will enable us to compute the modulus of continuity
of the flow of a vector field satisfying the Osgood condition.

Corollary 3.5. Let u be an Osgood modulus of continuity defined on [0, a]
and M the function defined by (3.4). Let p be a measurable function such that

p(t) < plto) + / () (ot

to

¢
If t is such that / ~(t) dt < M(p(to)), then we have

plt) < M7 (MGptta)) - [ ()ar)
Proof. The inequality (3.4) can be written
M(p(0) > Mp(to) = [ ().

The fact that u satisfies the Osgood condition implies that the function M is
one-to-one from |0, a] to [0, +oo[. Thus, as the function M is nonincreasing,
the corollary follows by applying M~ to both sides of the above inequality.

O

Corollary 3.6. Let v be a wvector field satisfying the hypothesis of Theo-
rem 3.2. Assume that

t
xj(t)za;j+/ o' z;(¢)dt" for j=1,2.

to

t
If/ y(t") dt' < M(||z1 — x2||), then we have
to

foa6) = a2 (0 < M~ (Ml = aal) - [ ) ).

to
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Applying this corollary with u(r) = r(1 — logr) [in which case we have a = 1
and M(z) = log(1l — logz)], we get the following result which will be useful
in the study of the incompressible Euler system (see Chapter 7).

Theorem 3.7. Let v be a time-dependent vector field® in L} (R; LL). There

loc
exists a unique continuous map v from RT x R? to RY such that

t
vltia) =a+ [ ot 0, 0) .
0
Moreover, for any positive time t, the function 1y : x — ¥(t,x) is such that

t
by —1d € VD) it v, (1) % / o(#)|[ 1. dt'.
0

1—exp Vi (t)

More precisely, if |x —y| <e , then we have

[(t,2) = (13| < o — g0V Ot (Vi)

Corollary 3.5 provides a control of p on a small time interval. In order to con-
trol p on larger time intervals, we now establish a dual version of the Osgood

lemma [involving the function I'(y) = yu(%) introduced in Definition 2.108
page 117].

Lemma 3.8. Let i in C([0,a); RT) be an Osgood modulus of continuity. Let p
be a measurable function on [to, T] with values in [a=1, 0o and v a nonnegative
locally integrable function on [to, T]. Assume that

() < plta) + [ AN (e dt' for ae. t€ o, 7).

to

. def (Y dy
The function G(y) =
) 170 Y T(Y')

then maps [a~t, +oo[ onto and one-to-one

[0, 4+00[, and we have

t

p(t) < g1<g(p(t0)) +/ *y(t')dt’) for a.e. t € [to, T).
to

Proof. The proof of this lemma is very similar to that of the previous one. The

fact that G maps [a~!, +oo[ onto and one-to-one [0, +-o0[ follows immediately

from the fact that p is an Osgood modulus of continuity. We now introduce

the function .
def
RO plt0) + [ ()06 dt.
to
Because the function I is nondecreasing, we have (assuming that p and ~ are
continuous) that

2 See page 116 for the definition of the set L L of log-Lipschitz functions.
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dR
di

()T (p(t))p(t)
< (T (R(1)R(t),

d
and thus EQ(R(t)) < 7(t). Integrating then completes the proof. O

Finally, we consider the way the flow depends on its generating vector field.

Proposition 3.9. Let i be an Osgood modulus of continuity. Let (v, )nen be a
bounded sequence of time-dependent vector fields in L*([0,T]; C,,) converging
to v in LY([0,T]; L>), and let 1, (resp., 1) denote the flow of v, (resp., v).
We then have

lim [|voy = l| e 0,732 = 0.

Proof. By the definitions of ¢ and ,,, we have, for all n € N,
t
Yn(t,x) — Y(t,x) =/ (vn(t', ¥n(t',2)) — o', (¢, 2))) dt'.
0

Hence, defining p,,(t) def [0 (t, ) — (t, )| o, we deduce that there exists
some integrable function + such that for all ¢ € [0, 7], we have

t T
pul®) < et [ Aot with e, % [ ) = w(o)] e a

According to the Osgood lemma, we thus have, for all ¢ € [0, 7],
Pn(t) d’l" t
pn(t) <&, or / — < / y(t')dt'.
En M(T) 0
Since the Osgood condition is satisfied, we can now conclude that (pp)nen

goes to zero uniformly on [0,7] when n tends to infinity. O

3.1.2 Estimates for the Flow

In this section, we recall a few estimates for the flow of a smooth vector field.
These estimates will be needed in the study of transport-diffusion equations
(see Section 3.4 below).

Proposition 3.10. Let v be a smooth time-dependent vector field with bounded
first order space derivatives. Let 1; satisfy

Vi(z) = $+/O v(t' by (x)) dt’.

Then, for all t € R, the flow 1y is a C' diffeomorphism over R%, and we
have
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| DY ||, . < expV(t), (3.6)

| Dy —1d|| .. <expV(t) -1, (3.7)
t

| D], .. < exp V(t)/ | D?*0(t)]| - exp V(¢) dt’ (3.8)
0

def [t
with, as throughout this chapter, V (t) :ef/ | Dv(t')]| - dt’.
0

Proof. Let (t,t',2) — X (t,t',2) be (uniquely) defined by
t

X(t,t',x):x—i—/ o(t", X (", ¢, x)) dt”. (3.9)

t

Uniqueness for ordinary differential equations entails that
Xt X"t x) =X (1, z).

Hence, 1; = X (t,0,-) and 9; ' = X(0,t,-). Differentiating (3.9) with respect
to x, we get, by virtue of the chain rule,

t
0, X (@) = 6, 5 + / DR (" X (¢, )9, X" ¢ x) de”. (3.10)
t/
Taking the modulus and applying the Gronwall lemma thus leads to

t
|DX(t,t',2)| gexp/ |Do(t", X (" ', x))| dt”
tl

)

t
<exp| [ 1DuE)] . a”
t/

which obviously yields (3.6).

The proof of (3.7) is similar. This is just a matter of subtracting the
identity matrix from (3.10). To prove (3.8), we differentiate (3.9) twice. This
yields (with the summation convention over repeated indices)

¢
;0L X (t,t x) = | ' (t", X(t",t,2))0;0, X (" ', x) dt”

t

t
+/ DO (", X (", 2)) 0 X ™ (¢ ¢, )0, X ("t ) dt”.
t/

Taking advantage of (3.6) and the Gronwall lemma once again, we easily get,
for all nonnegative ¢ and ¢/, and all z € Rd,

[ |Do(" X ("t )| dt”!

0;0: X (t, 1 @) < e

t
\D2v(t”7X(t”,t’,x))|e IV \Dv(t”,X(t”,s,z))|ds{ dat"|

t/

which clearly entails (3.8). O

X
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3.1.3 A Blow-up Criterion for Ordinary Differential Equations

We emphasize that Theorem 3.2 is only a local-in-time statement. This section
is devoted to blow-up statements for ordinary differential equations.

Proposition 3.11. Let F : R xE — E satisfy the hypothesis of Theorem 3.2.
Assume, further, that a locally bounded function M : RT™ — R™ and a locally
integrable function f: R — R exist such that

1E @ w)ll < BE)M([[ul])- (3.11)

Let | T, T*| be the mazimal interval of existence of an integral curve u of the
equation (ODE). If T, (resp., T*) is finite, then we have

limsup [[u(t)|| = oo (resp., limsup [ju(t)| = oo).
tST, tST*

Proof. We shall only prove the result for the upper bound T%. Consider two
times Ty < T such that ||u(¢)|| is bounded on [Ty, T[. We deduce from (3.11)
that for any time ¢ in [Ty, T'[, we have

[E(E u(®)]| < CB().

As the function f is integrable on the interval [Ty, T], we deduce that for any
positive €, there exists some 7 > 0 such that

u(t) —u(t)|| <e forany (t,t') € [Ty, T[* verifying [t —t'| <n.
As F is a Banach space, we deduce that there exists some ur in E such that

thi% u(t) = ur.

Applying Theorem 3.2, we can now construct a solution @ of (ODE) on some
interval [T'— 7,T + 7] such that @(T) = ur.

By virtue of uniqueness, u coincides with u on [T — 7,T[ and is hence a
continuation of u beyond T. We can thus conclude that T' < T*. a

Corollary 3.12. With the notation and hypothesis of Proposition 3.11, let x
be a mazimal integral curve of (ODE). If F satisfies

1F(t, w)ll < Mjul®

for some constant M, then for any ty € Ty, T, we have

to T
/ lz(t)|| dt — T\ = T*+/ lz(t)] dt = oo.
T

to
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Proof. The solution satisfies

t
o)1 < ol + | | (e
0

The Gronwall lemma implies that

(Il < llzoll exp (M

[ enar).

which completes the proof of the corollary. O

3.2 Transport Equations: The Lipschitz Case

This section is devoted to the study of the transport equation (T") in the case
where the time-dependent vector field v is at least Lipschitz with respect to
the space variable. To simplify the presentation, we focus on the evolution
for nonnegative times and assume that there is no 0-order term (i.e., A = 0).
Similar results may be obtained for negative times and for nonzero A (see
Remarks 3.17 and 3.20).

The basic idea is that the Lipschitz assumption should ensure that the
initial regularity is preserved by the flow. The importance of the Lipschitz
condition becomes obvious if we consider Holder regularity. Indeed, assume
that fo € C%¢ for some € € ]0,1] and that A = 0 and g = 0 (to simplify
matters). Since v is Lipschitz, the flow 1 of v is also Lipschitz, and we have,
for all (z,y) € RY x R? and t € [0, 7],

fty) = ft2) = fo(wy M (v) — fo(vy (@)
Therefore, by virtue of the first inequality of Proposition 3.10,

|t y) — f(t,2)] < [ follcos i (y) — vy (@)]
< [l follco.c exp(eV () |y — 2.

From this, we deduce that Holder regularity is preserved during the evolution.
In this section, we seek to generalize this basic result to general Besov spaces.

3.2.1 A Priori Estimates in General Besov Spaces

Let us first explain what a solution to (T') is.

Definition 3.13. Assume that f, € (S'(RY)N and g € L' ([0, T]; (S'(RY)N).
A function f in C([0,T]; (S’(Rd))N) is called a solution to (T) if A- f, f ®wv,
and f divv are in L* ([0, T]; (S'(Rd))N), and, for all ¢ € C*([0,TY; (S(Rd))N),
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Z(/Ot<fi7at¢i>dt/ +(f divv7¢i>dt’) + Z/Ot<fivjaaj¢i>dtl
+Z/0t<A§»fj,¢¢>dt’:Z(Uz‘(ﬂ,@(t»_<fé7¢i(0)>>.

This section is devoted to the proof of the following result pertaining to the
case where A =0 (a more general statement will be given in Remark 3.17).

Theorem 3.14. Let 1 < p < p; < o0, 1 <r < 0. Assume that
o> —dmim(i7 i,) or o>—1-— dmin(i7 i,) if dive=0 (3.12)
pL’p pi’p
with strict inequality if r < oo.
There exists a constant C, depending only on d, p, p1, r, and o, such that

for all solutions f € L>([0,T]; By ,.) of (T') with A =0, initial data fo in By,
and g in Ll([O,T];BI‘;T), we have, for a.e. t € [0,T],

I155g,0 < (1ol

+/ exp(—CVpl(t’))lg(t’)Bg,rdt’> exp(CVp, (1) (3.13)
0

with, if the inequality is strict in (3.12),

d
V()| a , ifo<l4+ —>
v v )HBff,omLoo d e ]
||vv(t)HBg*7{a if o>14+— or {a =14+— and r= 1}7
: n h

and, if equality holds in (3.12) and r = oo,
def
v Y Ivom)
p1,1
If f = v, then for allc >0 (0 > —1, if dive = 0), the estimate (3.13) holds
with
Vo, () = Vo) -

Proof. To prove this theorem, we (as quite often in this book) perform a spec-
tral localization of the equation under consideration. More precisely, applying
A; to (T) yields

(T) { (Aa;;j,oz)AAij{J:Anger with R, dZer-VAjf—Aj(v-vf)_

Since Vv € L([0,T]; L>°), we readily obtain
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t
14,5 Oll < 1858ols + [ 143000,
K / 1 : ! ! !
+ / (1B )+ Wiy o)l e 145 £ ) (3:14)

This may be proven by writing an explicit formula for A; f in terms of the flow
of v and of the data, or by multiplying both sides of (7;) by sgn(4, f)|A; f|P~1
(in the scalar case) and integrating over R?. We note that || A, f(t)
be replaced by supy o [|A;f ()|, in the left-hand side.

According to Lemma 2.100 page 112, there exists some constant C', inde-
pendent of v and f, such that

||Lp may

1R ()], < (]cj(t)2_9"’Vp’1 ONfOlBg, with lej(@)]ler =1, (3.15)

where V) is defined as in Theorem 3.14 [note that if f = v, then we can apply
the inequality (2.54) page 112 with p; = p and ps = 0.
Take the ¢” norm in (3.14). Using (3.15) and the fact that

Hf”L;’O(Bg’T) < ”fHZ;”(Bg,T) and ”g”Z%(B;’,T) < HQHL,}(Bgm)a

we get

t
Hf”Zgo(Bg, ) < ||f0HB;’,,. +/ (Hg(t/)HBgm + CV,;1 (t/)HfHEO,C(BU ,)) dt'. (3.16)
\T 0 t p,7

Applying the Gronwall lemma completes the proof of the theorem. a

Remark 3.15. Actually, the above proof yields

t
”fHE;?"(Bg,r) < ||f0||Bg,T + C./o Vél (t/)”fniff’(Bg,r) dt’ + ||g|‘z%(Bg7r)v
and we thus have a slightly more accurate estimate, namely,

Hf”ZgO(B;’r) < (”fOHBg,T + HQHZ,}(B;TD exp(CVp, (1))- (3.17)

Remark 3.16. By taking advantage of Remark 2.102, we can extend Theo-
rem 3.14 to the homogeneous framework under the additional condition that

d d
c<l4+— or o<1+— if r=1 (3.18)
p1 b1

Remark 3.17. In the general case where A is nonzero and satisfies
[(A- OB, < ADIf()|Bg, ae. for some A€ L([0, 1Y), (3.19)

an easy variation on the proof of (3.14) leads to the inequality (3.13) with V,
replaced by V, + A.

Note that the inequality (3.19) is satisfied whenever A belongs to a Besov
space with a suitably large index of regularity.
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3.2.2 Refined Estimates in Besov Spaces with Index 0

If the vector field v is divergence-free, then the flow of v is measure-preserving
so that there is no exponential term involving ||Vv|/; . in the estimates
of || f]lLe: We have

t
1Ol < [ follr + / 19w dt’ for t> 0. (3.20)
0

As a consequence, we shall see that the exponential term may be replaced
by a linear term in the inequality (3.13). This improvement will be the cor-
nerstone of the proof of global existence for two-dimensional incompressible
Euler equations with data having critical regularity (see Chapter 7).

Below, we give a statement pertaining to nonhomogeneous Besov spaces
of index 0. It goes without saying that a similar statement holds true in the
homogeneous framework.

Theorem 3.18. Assume that v is divergence-free and that f satisfies the
transport equation (T) with A = 0. There exists a constant C, depending
only on d, such that for all 1 < p,r < oo and t € [0,T], we have

HfHZgO(Bgm) < C(”fOHBgW + ||g||f,t1(32m)) (1 + V(t)) with

d t
v % / IV 0(t)]| o d.

Proof. In order to simplify the presentation, we shall only consider the case
where r = 1. First, by virtue of the uniqueness of the transport equation (see

Theorem 3.18 below), we can write f = > fi with fj satisfying
k>—1

{atfk +0- Vi = Ag (3.21)

Jrji=0 = Ak fo-

We obviously have

Ifllsy, < D0 NAifllee = D NAifullee+ D 1Aifxller, (3.22)

jk>—1 lj—kI<N li—kI>N

where N stands for some positive integer to be fixed hereafter.

Because divv = 0, using (3.20) yields

t
1@l < 1A foll o + / | Avgll o dt’.
0

Hence,
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Yo A Ml <0 Y0 k@)l

lj—k|<N lj—k|<N

<N (I8kfollr + 1 8kglLscn)
k
< N (Ifollsg, + lgllzecos,,)):

The last sum in (3.22) may be dealt with by taking advantage of the estimates
in the space B;fi (where € is chosen in ]0, 1) supplied by Theorem 3.14 for fj.
We thus have

1@l < (1ol ps + 14k9] 1y 525, ) xRV D),

from which it follows, for some nonnegative sequence (a;);>—1 such that
> j>_1a; =1, that

145 @) le < 2%y ([ A follLr + 1 AkgllLi(zry) exp(CV(2)).

From this latter inequality, we deduce that

S 1Al < 27N (I follgs, + lgllzzsn ) exp(CV ().
[7—k|>N

Choosing N such that® Nelog2 ~ 1+ CV/(t) then completes the proof. [

3.2.3 Solving the Transport Equation in Besov Spaces

We now state an existence result for the transport equation with data in Besov
spaces. To simplify the presentation, we assume here that there is no 0-order
term in (T) (see Remark 3.20 for the general case).

Theorem 3.19. Let p, p1, r, and o be as in the statement of Theorem 3.1/
with strict inequality in 3.12. Let fo € By, g € L*([0,T); BS,), and v be a
time-dependent vector field such that v € LP ([0, T7; Bgo{‘go) for some p > 1 and
M >0, and

d
Vo e LH[0,T]; Byl N L), if o <142,
Vo € LY[0,T); BS-}), if o>1+2

_ d —
- oo OF 0—1—|—p—1 and r=1.
The equation (T') with A =0 then has a unique solution [ in

3 From now on, the notation A ~ B means that C A < B < CA for some
irrelevant positive constant C.
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~ the space C([0,T]; By ,.), z'fr < 00,
- the space (nc,,@cao T)s B o) ) N Cull0,T1: By ), if 7 = 0.
Moreover, the inequalities of Theorem 3.14 hold true.

Proof. Uniqueness readily follows from Theorem 3.14, so we focus on the proof
of the existence. For the sake of conciseness, we treat only the case o < 1+ z%‘
We first smooth out the data and the velocity field v by setting

def def
f0 S fo, 9" = Pn *¢ Sng, and " < P *¢ Spv,

where p, def pn(t) stands for a sequence of mollifiers with respect to the time
variable.”
We clearly have fi' € By, g € C([0,T]; B;S,), v* € Cp([0,T] x RY),

and Dv™ in C([0,T]; ByS.) with By, def N BS Moreover, (f§)nen is

seR “'p,r*
bounded in By, (g ")neN is bounded in L*([0,77; BS,.), (v")nen is bounded

d
in L([0, T]; B3, ), and (Dv™),en is bounded in L'([0, T]; Bpl 0o N L™).
The standard Cauchy—Lipschitz theorem ensures that v" has a smooth
flow " defined on [0,7] x R%. Hence, the function f” : [0,7] x R* — RN
defined by

t
() = R (@) + / G (7 b (4 () dr
is a solution to

Qf" + " V=g iy = S

Further, as all the functions are smooth, we have, according to Theorem 3.14,

n t t/ n 1" 1"
£ )|y, < eCla V)4 <||f0||B" / eClo Vi)t IIf"(t')|Bg,rdt'>

def

with V*(8) = [[Vo" ()] o

B,f’ll,oomLoo.
Thus, the sequence (f™),en is uniformly bounded in C([0,TT; By ,.).

In order to prove the convergence of a subsequence, we appeal to compact-
ness arguments. First, because

Of" — g" = " -V, (3.23)

4 In what follows, if X is a Banach space with predual X*, then we denote by
Cw([0,T7; X) the set of measurable functions f : [0,7] — X such that for any
¢ € X*, the function ¢ — (f(t),®)xxx* is continuous over [0, 7.

> With no loss of generality, we can assume that v and g are defined on R x R,
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we can deduce that (9;f" — ¢g")nen is bounded in LP([0,T]; B, ) for some
sufficiently large m > 0: It suffices to use the bounds for v™ and f™ and to take
advantage of the results on continuity of the paraproduct and the remainder
stated in Section 2.8.

Second, introducing the functions f (t) def ) — fot g™ (t") dt’, we thus
deduce that there exists some 3 > 0 such that the sequence (T”)neN is uni-
formly bounded in C#([0,T]; B, ™) and hence uniformly equicontinuous with
values in B, 7}. Now, if m is large enough, then Theorem 2.94 guarantees that
for all ¢ € C2°, the map u — @u is compact from By, to B, &. Combining
Ascoli’s theorem and the Cantor diagonal process thus ensures that, up to
a subsequence, the sequence (7n)neN converges in S’ to some distribution f
such that ¢ f belongs to C([0,T]; B, ) for all ¢ € D.

Finally, appealing once again to the uniform bounds in L*°([0,T]; By ,.)
and the Fatou property for Besov spaces (see Theorem 2.25), we get f €
L>([0,T]; By ). By interpolating the above results on convergence with the
bounds in L*°([0,TT; By ,.)0 for (F"Ynen, we find that ©f  tends to of in
C([0,T]; By S) for all ¢ > 0 and ¢ € D so that we may pass to the limit
in the equation for f7, in the sense of Definition 3.13. That the sequences

(3 )nens (§")nen, and (v™)pen converge respectively to fo, g, and v may be

easily deduced from their definitions. We conclude that the function f def

f+ fg g(t')dt’ is a solution of (T).

We still have to prove that f € C([0,T]; By ,) in the case where 7 is fi-
nite. From the equation (7'), we deduce that d,f € L([0, T]; Bp_,é\g[/) for some
sufficiently large M’. Hence, f belongs to C([0,T]; B;oﬂgl). Therefore, A; f €
C([0,T7; LP) for any j > —1, from which it follows that S;f € C([0,T]; By ,.)
for all j € N.

We claim that the sequence of continuous By ,-valued functions (S; f);en
converges uniformly on [0, T]. Indeed, according to Proposition 2.10, we have

Ai(f=Sif)= > Ap4pf,

3" =5'1>1
j'>5
from which it follows that
If =5 fllss. SC( Y o IIAjffIITLp) . (3.24)
3'>j—1

Using the inequalities (3.14) and (3.15) to bound the right-hand side of (3.24),
we deduce that, for some sequence (c;/);>—1 such that > .-, ¢},(t) =1 for
all t € [0,T], we have B

5 In order to pass to the limit in f‘v? and f'divv, we use the fact that strict
inequality has been assumed in the condition (3.12).
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1f = Sifllegm,s,) < C(( Z (Qj/[f |Aj/f0|Lp>T) T

!
T , A\
[ @A)
0 Njr>j-1
T 1
JFHf”L%?(Bg,T)/ (Z C}(t)) Vo, (1) dt)-
0 Njrzja

The first term clearly tends to zero when j goes to infinity. The terms in the
integrals also tend to zero for almost every t. Hence, by virtue of Lebesgue’s
dominated convergence theorem, || f — ijHL‘;?(Bg,T) tends to zero when j goes
to infinity. This completes the proof that f € C([0,T]; By ) in the case r < occ.

When r = oo, we can use the embedding By  — Bg,/1 for all o/ < o
and the previous argument applied to the space Bg:l in order to show that f
belongs to C([0,T7; Bg;l) for all 0/ < 0. As a matter of fact, we can also prove
that f € C,([0,T]; By ). Indeed, for fixed ¢ € S(RY) we write

(f(t),0) = (S;f(t),d) + ((d = 5;) f, )
= (5, f(t),9) + ([, (Id = 5})¢).
Since f € C([0,T]; B5L), for all j € N, the function t — (S;f(t),¢) is con-
tinuous. Now, by duality (see Proposition 2.76), we have

(£, (14 = $7)6)] < 1 fl155,.. 16— 556l -,

hence (f, (Id — S;)¢) goes to 0 uniformly on [0, 7] when j tends to infinity. We
can thus conclude that ¢ — (f(t), ¢) is continuous. This completes the proof
of weak continuity in the case r = co. ad

Remark 3.20. Theorem 3.19 extends to the case of nonzero functions A with
sufficient regularity. Indeed, the above proof may be adapted to the case
where A may be approximated by a sequence of smooth functions A™ sat-
isfying the inequality (3.19). The obtained solution f is unique and satisfies
the regularity properties described in Theorem 3.19 and the inequality of Re-
mark 3.17.

The main point is that if A™ is smooth, then

Ofrt+0" - VA" =g" o= 10

has a unique smooth solution given by the formula
t
Fritn) = exp( = [ At @ar) - [ @)
t T
+ oo [ A @) e ) o @) ar |
0 0
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3.2.4 Application to a Shallow Water Equation

The a priori estimates stated in Theorem 3.19 are a good starting point for
the study of equations of the type

Owu+ f(u) - Vu = g(u).

As an example, we here solve a nonlinear one-dimensional shallow water equa-
tion which has recently received a lot of attention: the so-called Camassa—
Holm equation,

Opu — O, u 4 3u0pu = 20,u 02, u +ud, u. (3.25)
Above, the scalar function u = u(t,z) stands for the fluid velocity at time
t > 0 in the z direction. We assume that = belongs to R, but (as usual in this
book) similar results may be proven if z belongs to the circle.

We address the question of existence and uniqueness for the initial value
problem. For simplicity, we restrict ourselves to the evolution for positive
times. (We would get similar results for negative times: just change the initial
condition ug to —ug.)

At this point, the reader may wonder which regularity assumptions are
relevant for ug so that the initial value problem is well posed in the sense
of Hadamard [i.e., (3.25) has a unique local solution in a suitable functional
setting with continuity with respect to the initial data].

Note that applying the pseudodifferential operator (1 — 92)~1 to (3.25)
yields

Ou +udyu = P(D) (u?+ 5 (9,u)?) def

(CH) { with P(D) = —0,(1-9%)~"

Ujt=0 = U0

Hence, the Camassa—Holm equation is nothing but a generalized Burgers equa-
tion with an additional nonlocal nonlinearity of order 0. In light of Proposi-
tion 3.19, we thus expect that having data in some subset E of the space C*!
is a necessary condition for well-posedness. Moreover, as the solution u will
be in C([0,T); E) (a gain of regularity cannot be expected in a Burgers-like
equation), the application

G: ur P(D)(u®+ 3(9,u)?)

should map F to E continuously.

If we restrict our attention to nonhomogeneous Besov spaces By ., then
the condition £ C C%! is equivalent to s > 1+ 1/p (or s > 1 + 1/p, if
r = 1), and no further restrictions are needed for the continuity of the map
G (up to the endpoint r = 1, s = 1, p = oo, which has to be avoided). We
shall see, however, that for proving uniqueness, our method requires that we

additionally have s > max(1+ 1/p,3/2).
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Before stating our local existence result, we introduce the following func-
tion spaces:

s def . s . Qs— ;
B (1) e(o,7):Bs,) N e (0.7): BSSY) i < oo,

s def . Rs 0,1 . ps—1
By o(T) = Cw(0,T; By o) NC*([0,TT; By )
with T >0,s€ R, and 1 < p,r < oco.

Theorem 3.21. Let 1 < p,r < oo, s > max(3/2,1+ 1/p), and ug € B; ,.
There exists a time T > 0 such that (CH) has a unique solution u in E; ,(T).

The proof relies heavily on the following lemma.

Lemma 3.22. Let 1 < p,r < 0o and (01,03) € R? be such that
2
By — C%' g1 <o09, and oy +o0y>2+ max{O,Zf) — 1}.

Then, B : (f,g) — P(D)(fg+ 30.f 0xg9) maps BJi x B2 into BJ.

p,r

Proof. We note that P(D) is a multiplier of degree —1, in the sense of Propo-
sition 2.78. It hence suffices to prove that

H:(f,9)— fg+20.f0ug

maps BJL. x B2 into B!,
The term fg is easy to handle, so we focus on the study of 9, fd.g. By

virtue of Bony’s decomposition, we have
6xfazg = Tamfamg + Tamgarf + R(amfa azg)

Proposition 2.82 ensures that the map (f,g) — Tp, ;0,9 is continuous from
By x Bp2 to
o1+oa—2—1 |
— the space B, 7, if oy <1—i—1197
— the space Bgffl*E foralle >0,if oy =1+ % and r > 1,
— the space Bgf’fl, ifor =1+ % andr=1,or oy > 1+ %.

According to our assumptions on oy, o3, p, and 7, we thus can conclude
that (f,g) — Tb, ;0.9 maps Bg, x B2 into BJ.~'. Since Bg3~! is con-
tinuously included in L°°, Proposition 2.82 readily yields the continuity of
(f,9) = To,40:f from Byl x Bp2 to Bg}r_l. Finally, according to Proposi-

: . . oc1+oy—2—1
tion 2.85, the remainder term maps By x Bp? into Bpfr ? ? (and thus

to BgL 1), provided that

2
o1+ o9 >2—|—max{0,— —1}.
p
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Uniqueness in Theorem 3.21 is a straightforward corollary of the following
proposition.

Proposition 3.23. Let 1 < p,r < oo and s > max(l + 1/p,3/2). Suppose
that we are given

(u,0) € (L=(0,T7; B,,) nC(0,T; B;Y)?,

two solutions of (CH) with initial data ug, vy € B, .. We then have, for every
t € [0,T] and some constant C, depending only on s, p, and r,

t
) = o(0) g0 < o = w0l xp(C [ ()

By, + [lo(t)]

Bs.,) dt’).

Proof. 1t is obvious that w def v — u solves the transport equation
Orw + ud,w = —wdv + B(w, u+v).

According to Theorem 3.14, the following inequality holds true:

t
C [P 10pul o1 dt” C (4 |0gul| Ls—1 dt”
pBs-1€ Jo 192 ”Bp,rl +C e Jor 19 HBp.,rl
p,T 0

X (HwaﬂuBﬁ + ||B(w,u+v)||35;1) ' (3.26)

[w(®) gg-r < llwol

Since s > max{%, 14 %}, we have, according to Lemma 3.22 and the product
laws in Besov spaces,

1B(w, u+0)l s < Cllwll gy (s, + [olz;.).
Plugging this last inequality into (3.26) and applying the Gronwall lemma
completes the proof. a

In order to prove the existence of a solution for (C'H), we shall proceed as
follows:

— First, we construct approximate solutions of (CH) which are smooth so-
lutions of some linear transport equation.

— Second, we find a positive T' for which those approximate solutions are
uniformly bounded in E; (7).

— Third, we prove that the sequence of approximate solutions is a Cauchy
sequence in some superspace of £, (7).

— Finally, we check that the limit is indeed a solution and has the desired
regularity.
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First Step: Constructing Approximate Solutions

Starting from u® def 0 we define by induction a sequence (u™),en of smooth
functions by solving the following linear transport equation:

(T.) { (0 + "3, Ju 1 = P(D) (u")? + 3(0,u")?)

1 —
Un+ [t=0 = Ug-

Assuming that u" € E; (T') for all positive T, Lemma 3.22 guarantees that
the right-hand side of the equation (7},) is in L (RT; B, ). Hence, applying

loc N
Theorem 3.19 ensures that (7,,) has a global solution u"*! which belongs to

E; .(T) for all positive T.
Second Step: Uniform Bounds

t

We define U™ d:ef/ [u™ (') Bs., dt’. According to Theorem 3.19 and Lemma
o :

3.22, we have the following inequality for all n € N:

t
[ Oz, <O (ol +€ [ OO, ). o
s p,r 0 D,

We fix a T > 0 such that 2C||uo|

By, T <1 and suppose that

[uoll; .
vt € (0,77, [lu™(t)] 5 - (3.28)

pro T 1 — 2Ct||’LLO |B§,7‘.

Plugging (3.28) into (3.27) yields

lu™ (@)l B,

IN

(=2t ualz;, ) Huols,

t /
dt
+C||u0”2€/ 3>
i)y =2Ctlually, )

luollsy,
- 1_2CtHU0HB;,,.

Therefore, (u")nen is bounded in L>°([0,TT; B, ). This clearly entails that
u"d,u™ is bounded in L>([0,T]; By,'). As the right-hand side of (T3,) is
bounded in L*°([0,T]; B ,.), we can conclude that the sequence (u™),cn is
bounded in Ej (7).

s
p,7

Third Step: Convergence

We are going to show that (u™),ecn is a Cauchy sequence in C([0,T]; B;;l).
For that purpose, we note that for all (m,n) € N2, we have
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(0 +u" ™) (w™ ™) = (U — u ™) O u T B(u =™, u T ™).

Applying Theorem 3.19 and Lemma 3.22, and using the fact that B;;l is an
algebra yields, for any ¢ in [0, 77,

) (1) o < CCUTTO

t
X/ 67CU"+rn(t')||uer7un‘|B27}(|‘un‘B
o ,

Since (u")nen is bounded in E, ,(T'), we finally get a constant Cr, indepen-
dent of n and m, and such that for all ¢ in [0, 77, we have

s, T ”unHHBi;,T 4 ”umeHBi;,r) dt'.

78— ) Ol < Cr [ 1 ) g

Hence, arguing by induction, we get

(TCT)n-H

Al
||u ||L°°(BPT ) < (n+ 1)!

1™z 5;.,)-

As [[u™| g (B5,,) may be bounded independently of m, we can now guarantee
the existence of some new constant C/. such that
+m ! §—
| — u"\\L%C(B;;l) <Cpr27"™.
Hence, (u™),en is a Cauchy sequence in C([0, T; B;;l) and converges to some
limit function u € C([0,T]; By,').

Final Step: Conclusion

We have to check that u belongs to £ ,.(T') and satisfies (CH). Since (u™)nen
is bounded in L>°([0, T; B, ,.), the Fatou property for Besov spaces guarantees
that u also belongs to L*°([0,T]; B, ,.). Now, as (u"),en converges to u in
c([0,T]; Bf,;,l), an interpolation argument ensures that convergence actually

holds true in C([0,T; B;:r) for any s’ < s. It is then easy to pass to the limit
in (7,,) and to conclude that u is indeed a solution of (CH).
Finally, because u belongs to L>([0,T]; B, ,.), the right-hand side of the
equation
du+ udyu = P(D)(u” + 1(0,u)?)

also belongs to L>°([0,T; B, ,.). Hence, according to Theorem 3.19, the func-
tion w belongs to C([0,T]; B ) (resp., Cu([0,T];B,,)) if r < oo (resp.,
r = 00). Again using the equatlon, we see that dyu is in C([0,T]; B5 ") if
r is finite, and in L>°([0,T]; B ') otherwise, so u belongs to ES (T).



3.2 Transport Equations: The Lipschitz Case 145

Remark 3.24. If vy belongs to a small neighborhood of ug in By ,., then the
arguments above give the existence of a solution v € E, ,.(T) of (CH) with ini-
tial data vg. Proposition 3.23, combined with an obvious interpolation, ensures
continuity with respect to the initial data in C(]0, T; B;:T) Nne([o, 17 B;:;l)
for any s’ < s. In fact, continuity holds up to exponent s whenever r is finite.
This may be proven by adapting the method presented in Section 4.5.

Finally, we state a blow-up criterion for (CH). In what follows, we define the
lifespan Ty of the solution u of (CH) with initial data ug as the supremum
of positive times 7' such that (C'H) has a solution u € E; .(T) on [0,T] x R.
We have the following result.

Theorem 3.25. Let ug be as in Theorem 3.21 and u the corresponding solu-
tion. If T,; is finite, then we have

T T
/ ’ |0zu(t')]| e dt' =00 and / ’ [u(t)l By, dt’" = oo.
0 0

The proof is based on the following lemma.

Lemma 3.26. Let 1 < p,r < o0 and s > 1. Let u € L>=([0,T]; B, ,) solve
(CH) on [0,T[xR with ug € By, as initial data. There evist a constant
C, depending only on s and p, and a universal constant C' such that for all
t € 10,7, we have

"t ’ ’
e (3.29)

[[u(?)]

lu(t)|cor < [Juol|gon e o lowutll o dt” (3.30)

Proof. Applying the last part of Theorem 3.14 to (CH) and using the fact
that P(D) is a multiplier of order —1 yields

e=C Jol10null oo dt' |10 VI os < Nlun || e
By, = |[uollBy

t
+c/0 L (I

izt T 1(0nu)?]

B;;l)dt’.
As s —1 > 0, we have
2]l g + @)l s < Clullosfullz;, -
Therefore,
o—C IS losull oo () ss . < lluollss,

¢ ,
40 [ ORI g ot

Applying the Gronwall lemma completes the proof of (3.29).
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By differentiating equation (C'H) once with respect to x and applying the
L estimate for transport equations, we get

t ’
e JollP=tlleoe 4 () | o < [luglcon

t , ,
+/ e~ Jo 10:ulloe A8 p(DY (u? 4 L(8,u)2) (¢')]| o it
0

Now, by using the fact that the operator (1—02,)~" coincides with convolution
by the function = +— %e_m, it may be easily proven that for some universal
constant C’, we have

I1P(D)(u? + 5(9su)?)llcon < Cluflon [|0pul| o -
Hence, the Gronwall lemma gives the inequality (3.30). a
Proof of Theorem 3.25. Let u € (\p_p. E, ,.(T). We want to show that if

.
| 10t a <,
0

then no blow-up occurs at time 7.
T*
According to the inequality (3.30), / |u(t')||co.r dt’ is also finite. There-
0

fore, the inequality (3.29) ensures that

g < Mpe S uglpe el Iulcondt’ o (3.31)

p,r T

vt € [0,T*[, ||u(t)]

Bg .€

Let € > 0 be such that 2C2e My« < 1, where C is the constant used in the proof
of Theorem 3.19. We then have a solution u € E; .(¢) of (CH) with initial
data u(T*—¢/2). By uniqueness, we have u(t) = u(t + T* —¢/2) on [0,e/2]
so that u extends the solution u beyond 7. We conclude that T < T}y .

We can now conclude that if 77 is finite, then we must have

*

“o ’ ’
lu(t)||gr  dt’ = occ.
0 o0, 00
This simply follows from the logarithmic interpolation inequality

5:.)); (3.32)

which holds true whenever s > 1 + 1/p and which may be deduced from

s—1—1

Proposition 2.104 combined with the embedding BS 1= B, 7.
Now, plugging (3.32) into (3.31), we get

Julleos < C(1+ Jullpy, _ log

lu(®)llB;,. < lluol

t
B;MGCt exp(C/ [ull 51, log(e + [lulls; ) dt’)~
0
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Therefore, easy calculations lead to

log (e+|u(t)|

t
B;,r) < log(e+||uo||B§YT)+C’t+C’/0 lull By, log (e+||ul BZ[T) dt'.

The Gronwall lemma thus yields

C [3 lull g1 dt’
lOg(e + ||U(t>||B;T) < (log(e + ||“0||B;,,.) + Ct)e Ll HBoo,oo .
T
Therefore, / [ullr. _ dt < oo implies that u € L>([0, T]; By ,.). Arguing as

0
above completes the proof of Theorem 3.25. a

Remark 3.27. The fact that ||0,ul| - may be replaced by the weaker norm
[0zl po. _ is not particularly sensitive to the structure of the equation. In
fact, a similar criterion may be stated for the incompressible Euler equations
(see Chapter 7) and for quasilinear symmetric systems (see Chapter 4).

3.3 Losing Estimates for Transport Equations

In this section, we consider transport equations associated with vector fields
which are not Lipschitz with respect to the space variable. Since we still intend
to obtain regularity theorems, those vector fields cannot be too rough. The
minimal requirement seems to be that the vector field v is log-Lipschitz, in
the sense of Definition 2.106. We shall see that if v is not Lipschitz, then
loss of regularity may occur, going from linear loss of regularity to arbitrarily
small loss of regularity, depending on how far from Lipschitz v is. In order to
precisely measure the regularity of the vector field v, we shall introduce the
following notation, used throughout this section:

i d
L de 2 VS,

\% t) = su -
pall) 20 G+

(3.33)

We note that if py = oo, then V (t) is exactly the norm || - ||, of
Definition 2.110 page 117 in the case where I'(r) = (logr)®.
Those results have many applications in problems related to fluid mechan-

ics (see Chapter 7 and the last part of this section).

3.3.1 Linear Loss of Regularity in Besov Spaces

This section is devoted to the statement of estimates with linear loss of reg-
ularity. Recall that, according to Proposition 2.111, v is log-Lipschitz if and
only if there exists some constant C' such that

VSjull o <C(j+1) foral j>-—1.

This motivates the following statement.
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Theorem 3.28. Let 1 < p < p; < 0o and suppose that s; € R satisfies (3.12).
Let o be in ]31, 1+ pil[ and v be a vector field. There then exists a constant
C, depending only on p, p1, 0, s1, and d, such that for any A > C, T > 0, and
any nonnegative integrable function W over [0,T) such that or > $1 with

def

at:afAA(pﬂ<>+W<»

the following property holds true.
Let fo € By, and g = g1 + g2 with, for allt € [0,T], g:(t) € Byt,,, and

Vi > =1, 4920l <2777 (G + 2W OOl g

Let f € C([0,T]; B,y,) be a solution of (T') with A =0 such that f(t) € Byt
for all t € [0, T]. The following estimate then holds:

T
s W Oleg, < 52 (olsg + [ @l at)

Proof. Applying the operator A; to the equation (T'), we see that for all
j > —1, the function A;f is a solution of

! Fiji—o = 4jfo
= def
with R; = Aj(v-Vf)—Sjiv-VA;f.

We shall now temporarily assume the following result.

Lemma 3.29. Let 0 € R, « > 0, and 1 < p < p; < co. Assume that (3.12)
s satisfied and that o < 1+ il. There then exists a constant C, depending
continuously on p, p1, o, and d, such that

sup 27| Ry|| ., < CG+2)*Vy, o) 1 F @)l 5g

J>

The proof of the theorem is now easy. Indeed, as A, f is a solution of (7}), we
have

t

Ajft,x) = A; fo(o; H(t2)) + | Ayt w5 (t, @) di!

0
t~
—Afw&%wwﬁwm»w,

where we have denoted by ; the flow of the vector field S;4v.
From inequality (3.6) and the Bernstein inequality, we get

sup | det waj(t’,wj_l(t,x))rl < 9C@+3) [i) Vg, 2 () dt”
zER?
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‘We deduce that
1A £ ()|l Le < |4 fol | Lp2¢ GFDVera ()

t
+ / 1A g1 (£)]| 1» 26 D Lo Vi a () 4 gy
0

t
_|_Cr/0 (2+j)(Vp/1,1+W)( )2(2“'7 (Cft/ 1 L@ at” —Jt/)”f( )HB:%O dt’.

Next, we multiply the above inequality by 2(2t7)7¢ and take the £*° norm of
both sides. As

oy = 0oy — )\/ (Vo 1 (") + W)(t") at”,

we get

t
IFOllsge. < [lfollzg /0 lgr () gz, at’

+C/o (24 3)(Vy, 1t W) ()23 Wn DD (a1 | oy

Straightforward calculations show that the second integral in the above in-
equality is bounded by
c

m te[op £t )||B;’foo~

Therefore, changing C' if necessary, we get, for any A > C,

If Ol sge. < lfollz

o [z @+ 35 s 1Ol
t€[0,T)

which leads to the theorem. O
Proof of Lemma 3.29. 1t suffices to observe that

R; = [4;,Sj410] - Vf + A5 ((v = Sj110) - V).
Now, on the one hand, we have, according to Lemma 2.100 page 112,
jS;1P12j“ 1A, Siael- Vo < ClUIVSjavll o o S llsg

S CU+2)*Vy, o ||f||Bgoo
On the other hand, we have (with the summation convention)
Aj((v = Sj1v) - V) = AjTyi_s,,, i 0if
7}

+ az'AjR(’Ui — Sj+1vi, f) + R(Sj+1 dive — divw, f) +Ta,if(7]i — Sj+11}i) .

2 3 4
R? R3 R
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Continuity results for the paraproduct (see Proposition 2.82) ensure that
DB 1w < O v — Sjsr0l o [ Fllms . forall j> 1.

Now, observing that

lo = Sj10)l g <C Y277 VA0 e

J'>J
<Y 27 Y |VS ],
J'2J .
<OV .Y 277 (244"
3'>3 ,
< CVy, a2+ )27,

we get the desired inequality for Ejl

Next, setting 1/p2 = 1/p+ 1/p1 and A~j = A1+ A; + Ajyq1, we have,

2](‘7+”1)||R2||Lp < 02](1+O'+ ) Z 14;:(Id =S 11) 0| o ||A~j,f||Lp

/>]

< 02U 9 5| A V|, 27| A £l
J'>3
< CVZI a( ]+2 Z 2(] 5") cr+1+*) 97 a”A f”LP
/>_7
SO )T 20 Ky s

I>]

<OV o242 g

Hence, taking advantage of the Bernstein inequality, we get

IR r < C2+3)*27°Vy, WllfllBg . if o+1+2>0. (3.34)

P11,

In the case where 1/p+ 1/p; > 1, we replace p; with p’ in the above compu-
tations and we still get (3.34), provided o + 1 + ﬁ > 0.

A similar bound may be proven for R;” ifo > —d min(pil, I%) Finally, we

note that . ‘
— Y A4 A0 = Sy,
3" —7|<4
_]”<J/ 2

Therefore, writing 1/ps = 1/p — 1/p1, we have

PR e <C Y PNAOifll s [| A (0 = Sjs107)

5/ —j]<4
i"<i'=2

o -
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Because, for j > —1, the function }'(v — Sj+1’()) is supported away from 0, we
can write, thanks to Lemma 2.1,
[v =810l oy <C Y277 VA0 1,
J3'>J . .
< O S 4oy O
J'=j

S CV/ (] + 2)a2*j(1+%)_

b1,

Hence, as 0 < 1+ d/p1, we conclude that
27| Rillr < OV, (G +2)*fllg ..

This completes the proof of the lemma. ad

3.3.2 The Exponential Loss

In this section, we give an example of a global result with exponential loss of
regularity for transport equations. Before stating our main result, we have to
introduce some new function spaces.
Definition 3.30. Let p € [1,00] and s € [0, 1[. We denote by F}; the space of
functions u in LP(R?) such that for any couple (z,2') € R x RY,

u(z) — u(a’)|

|l — a'|®

< U(x) + U() (3.35)

for some function U in LP(Rd).

Endowed with the norm
ullrs = [lullze +inf{||U]|z», U satisfying (3.35)},

the space F}J is complete. In the case p > 1, it may be proven that F}; belongs
to the family of so-called Triebel-Lizorkin spaces (in fact, F,; = F; ) and
that By ; — FJ — By .

In the present section, we shall just use the following, easy, lemma.

Lemma 3.31. For all p € [1,00] and s € ]0,1], the space F}; is continuously
embedded in B, .

Proof. 1t suffices to use the characterization of B, ., in terms of finite dif-

ferences. Indeed, since By . = LP N Bs

500 Lheorem 2.36 page 74 guarantees
that

lulls; ., = llullr + sup [A]7*[|7hu — ul e
h

S
0<|h|<1

Now, if u belongs to F};, we have, for all (z,h) € RY,
lu(z — h) —u(z)] < (U(z —h) + U(x))|h|* with U e LP.

This obviously ensures that supg. <1 |h]7°||7Thu — ul| e is finite. O
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Theorem 3.32. Let s € )0, 1] and let v be a divergence-free, time-dependent
vector field with coefficients in L} (RT; LL). Let

loc

d def [*
o(s,8) 9 sexp(=ViL(t) with Vip(t) :ef/ o(¢)| 1. ',
0

with || - || as defined on page 116. Let fo be in F, and g be such that the
function t — [|g(t)[| pos.ey belongs to L} (RT).
There then exists a unique solution of (T) with A = 0 such that t —

||f(t)HF;<5,t> belongs to L2 (R™).

Proof. We consider a sequence (v,)nen of smooth, bounded, divergence-free
vector fields satisfying

lon @)z < llo(®)zr and  lim v, =v in o Ly, (R L%).

Let f,, be the solution of the equation

{atfn+vnvfn =g
fn\t:O = Jo.

Denoting by v, the flow of v,,, we may write

Fult2) = folw (1 2)) + / ot (¢ 07 (1, 2)) . (3.36)

In the light of Theorem 3.7, the problem reduces to the study of how the right
composition by a C%® measure-preserving homeomorphism operates on F;.
Let 6 be such a homeomorphism and u be in F}. For |z — 2’| < 1, we have,
with the notation of Definition 3.30,

[u(0(z)) —u(0(z")| _ |u(b(z)) - u(0(z"))] |0(x) — O(=")|"
|z — af>e T 10() -0 |z — '

101[Eo.0 (U (0(2)) + UO("))).

A

As 0 preserves the measure, we thus have

[0 bl e < (14 110]]E0.0)[|u|

Fs-

Applying the above inequality at each time to (3.36), we get, for some non-
decreasing locally bounded function A,

12l g < A0 Vol + [ Mo ggemdr). 337

Therefore, the sequence (|| f5(t)| ;.o¢s.) Jnen is bounded in L, (RT).
P

loc
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We shall now prove that (f,,)nen is a Cauchy sequence in some Besov space
with negative index. For that, we shall take advantage of Theorem 3.28. For
all (m,n) € N?, we have

{at(fn = fm) £ div((fn = fm)vn) = div(fm(vm - 'Un))
(fn - fm)|t:0 =0.

Fix T > 0 and set

sp = gexp(fVLL(t)).

For sufficiently large A, let

Ot d:ef ST — 1-— )\VLL(t).

Applying Theorem 3.28 with s = s7/2, ¢ def (Vm —vp) - Vfm, and go def 0,
we get, for any ¢t such that oy > 57 — 1,
t
I = F)Olge. < Cr [ (om =) V) g

However, owing to Theorems 2.82 and 2.85, we have

||Tugn7v;aifm||3;;rw < O7||lvm — vnllLee ”meB;,Toc’

1T, £, (V3 — U:L)||B;;rST < Crl|vm — vallLe | fm|

10:R(vy,, = v, fru)ll g1 < Crllvm = vallzs [ fin]

s
Bplo?

ST .
BP&C

Because F;7 — BpT_ and (3.37) is satisfied, we find that the sequence (fy)nen
belongs to the space L>([0,T]; B;Z%, ). Hence, for any ¢ € [0,7] such that
oy > s1 — 1, we have

1((m = vn) - V) ()| oz, < Crll(vn = vm) ()2~

Therefore, for small enough Ty, the sequence (f,)nen satisfies the Cauchy cri-
terion in the space C([0, To]; B;?;?_l). This proves the theorem on the interval
[0,To]. Note that the argument may be applied again, starting from Tp. After
a finite number of steps, we finally prove convergence on [0, T]. Since T has

been fixed arbitrarily, we end up with a global existence result. a

3.3.3 Limited Loss of Regularity

In this section, we make the assumption that there exists some o € ]0, 1 such
that the function V), , defined in (3.33) is locally integrable.

Recall that in the limit case o = 0 (treated in Theorem 3.14), there is no
loss of regularity and that if o = 1, then a linear loss of regularity may occur
(see Theorem 3.28). In the theorem below, we state that if a € ]0, 1[, then the
loss of regularity in the estimates is arbitrarily small.
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Theorem 3.33. Let (p,p1) be in [1,00])? such that 1 < p < p; and suppose
that o satisfies (3.12). Assume that o is less than 1+ pil and that V) is in

p1,&

LY([0,T)) for some o €]0,1[. Let fo be in BS . and g be in le(Bg)oo). The

p,00
equation (T') with A = 0 then has a unique solution f in C([0,T];(, <, Bg’/m),
and the following estimate holds for all small enough €:

C =
1125 5 < C(Ifollg . +llgllzy sy ) exp(gl—aa(vpl,ﬂ)) )

where C' depends only on «, p, p1, o, and d.

Remark 3.34. Theorem 3.33 applies with & = 1 — 1/r whenever Vv belongs
d

to Ly (By).r).

Proof. We focus on the proof of the a priori estimate. Existence may be ob-
tained by arguing as in Theorem 3.32.

Fix a small enough € and let n > 0 satisfy € = nV,, o(T). We define, for ¢
in [0, 7],

def
Ot = U—ﬂVpl,a(t)-

Following the lines of the proof of Theorem 3.28, we now get
9(2+5)o: ||Ajf(t)||Lp < 2(2+j)0||Ajf0HLPQ—W(HJ’)Vm.a(t)
t
b [ 2 4yg(0) 527 T Y g
0

t
+C/ (2+j)avél,a(t/)2*"7(2+])ft} Vpl’a(t )dt ||f(t/)||B"t/ dt/
0 P

On the one hand, if j is so large as to satisfy

1
245> (nlogg) , (3.39)

then we have

)

t "t 7 " "
C/ (2+])avpll a(t/)2*77(2+j) jt/ Vplya(t )dt dt/ S
0

N |

from which it follows that
2T A £ (1)l e < 2G| A; foll e

t
. 1
b [ 2B A @)t + 5 sup @) g
0 t'€[0,t] P

On the other hand, if (3.38) is not satisfied, then we can write
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2@ A f (8] Lo < 2% A foll o
‘ (2+5) 2C =
+/ 2C+NT || Aig(t) || o dit! +C< o 2) / o E)ILf( )IIB " dt'.
0 g 0

Combining these two inequalities and using the fact that o < o for ¢’ € [0, 7],
we deduce that

up 1500z < 2ol 2091z, + O / T ot

t'el0,t

from which it follows, according to the Gronwall lemma, that

Cnast dt’
51[13) ||f( )”Bgt/ < 2e n JO m a(t) t (HfOHBg)oo + HgHZ}(Ba ))
t ’ e

Taking ¢ = T and using the definition of n completes the proof. Indeed, we
obviously have o > o — ¢ for all ¢t € [0, 7. O

Remark 3.35. The estimate stated in Theorem 3.33 may be generalized to the
case where a small loss of regularity occurs in the source term. More precisely,
if g = g1+ g2 with g1 € L(Bg ) and if, for some integrable function W, we
have, for all ¢ € [0, T,

Vi > 1,90 €lo — .0l |14502(0) 1 < 2777 (4 D W11y -

then the following estimate holds:

10z ey < € (1 follg .+ lonllzy g )

« exp(gi (/OT(VP’h (6) + W)(1) dt)ﬁ)

3.3.4 A Few Applications

Theorem 3.28 will help us to prove uniqueness for the incompressible Eu-
ler system with minimal regularity assumptions. The reader is referred to
Chapter 7 for more details. It may also be used to establish the global well-
posedness of the density-dependent incompressible Navier—Stokes equations
in the two-dimensional case (see the last section of this chapter).

In this subsection, we shall use Theorem 3.28 to obtain the following
uniqueness result for linear transport equations.

Theorem 3.36. Let v be a dwergence -free vector field in L}, (RT; LL(RY)).
Consider a distribution g in L (RT: M) and a measure” fy of M. There
ezists a unique solution of

loc

™ Recall that M denotes the set of bounded measures on RY.
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{atf +div(fv) =g

) Jit=0 = fo

in the space LS (RT: M).

loc

Proof. To prove existence, it suffices to smooth out the data and the vector
field v. More precisely, let (vy,)nen be a sequence of Cg° vector fields with null
divergence, uniformly bounded in the space L} (R+; LL) and such that

loc

lim v, =v in L, (R",B ) foral e<1.

n—oo

Also, consider a bounded sequence of functions (fo.n)nen in S satisfying
lim fOJL = fo in M.
Finally, take a bounded sequence (g, )nen in Li, (RT; L) such that
lim g, =g in L} (RT;M).
Let f,, be the solution of

fn\t:o = fO,n-

Tt is clear that (f,)nen is a bounded sequence of Llojc(RJr; LY). We can then
extract a weakly convergent subsequence. The limit distribution f belongs
to LS (RT; M). It is then obvious that f,v, tends weakly to fv. Hence, the
equation (7T') is satisfied.

Finally, as ensured by Proposition 2.39 , the space ijC(R+; M) is embed-

ded in LS, (R*; BY ). Theorem 3.28 ensures uniqueness. O

3.4 Transport-Diffusion Equations

In a number of physical models, both convective and diffusive phenomena oc-
cur. This is particularly the case in most models coming from fluid mechanics.
At the mathematical level, it means that the corresponding partial differential
equations contain both a transport term of the type v-V f and a diffusion term
which, in the simplest case, reduces to vAf for some nonnegative constant v.

There is a profuse mathematical literature on the transport and heat equa-
tions. We must note, however, that most methods which suit transport equa-
tions fail to treat the heat equation efficiently, and vice versa. In the present
section, we consider equations of the type

(TD,) {6tf+v-Vf—vAf=g
fit=0 = fo,
where fj, g, and v stand for given initial data, external force, and vector field,

respectively. We aim to state a priori estimates which apply for all possible
values of v > 0 and Lipschitz vector fields v.
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3.4.1 A Priori Estimates

We focus on the study of (7'D,,) in the whole space R? (although our approach
also works in the torus Td) and, in order to simplify the presentation, we
restrict our attention to estimates in homogeneous Besov spaces.

On the one hand, if there is no convection (i.e., v = 0), then (T'D,) reduces
to the standard heat equation with constant diffusion so that applying Aj to
the equation yields

A f —vAA;f = Asg, A flmo = 4, fo.

Since Aj fo and Ajg are spectrally localized in the annulus 27C, we have, by
virtue of Lemma 2.4 and Corollary 2.5,

. o1 . o\ —14-L -1 .
145 g < C(029) F 1A fallr + 0229) A | Asgln )

for all real numbers p, p1, p, and r such that 1 < p,r < co and 1 < p; <
23 .

p < oo. Therefore, multiplying both sides by ve27 295 and performing an ¢"

summation, we get

1 1
VAL e sc*(nfongs,wl gl ) (3.39)
L%(BP,’V‘p) P Lg'l (Bp,r o1 )

for some universal constant C.

On the other hand, if there is convection but no diffusion in (7'D,,), then,
as stated in Theorem 3.14 and Remark 3.16, we have

CVpy (T) . I
191, ez, < <O (1ol + oy s, )
def [T
with V,, (T) € / IVo(t)|| o dt, subject to some restrictions on the
0 BplecNL>®

indices p, p1, r, and s.

This section aims to unify the above two estimates for (T'D,). This is
achieved in the following theorem.

Theorem 3.37. Let 1 <p<p; <0 and 1 < p1,r < oco. Let s € R satisfy

d d
s<l4+— or s<1+—, ifr=1,
b1 1 1 b1 1 1 (3_40)
s>—dmin{—,—,} or s>—1—dmin{—,—/}, if dive =0.
pr p p1 p

There ezists a constant C, depending only on d, r, s, and s —1 — il, such that
for any smooth solution f of (T'D,) with v > 0, and p € [p1, 0], we have the
following a priori estimate:
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1
BT, oz < CVMT)(nfoB;ﬁw Yol ez )

T(P7 Pl)

def/ Vo) o dt, ifs < L +1,

By eeNL>®

d
v, (T) :ef/o Vol g dt 5=

P11

with

Note that a standard energy method provides such estimates in the frame-
work of Sobolev spaces H® (at least in the case p > 2, where no tilde spaces
are needed). Also, note that by taking p = oo and p; = 1, we find a family
of estimates which are independent of v and coincide with those of Theo-
rem 3.14. If the vector field v is equal to 0, then V},, = 0, and we recover the
inequality (3.39) exactly.

The proof of Theorem 3.37 is based on a Lagrangian approach (after suit-
able localization in Fourier space) which amounts to canceling out the bad
convection term. Of course, in the Lagrangian formulation the good Laplace
operator A is no longer “flat”. It turns out, however, that it remains “al-
most” flat at small time so that it is still possible to take advantage of the
inequality (3.39).

Proof of Theorem 3.37. Let f; d—efA ;f and fj = g Applying A to (T'D,)
yields )

Oufj + Sj—1v-Vfj —vAf; =g; + R;
with R; def (Sj—1v —v) - Vf; — [A;,v- V]f.

Let 1; be the ﬂow of S;_1v and oy def w_l Define fj = fj o 1j, g

gj o j, and Rj : Rj o1);. We have

~ def

0f; —vAf; =G, + Ry +vT; with T, Af 00— Af;. (341

Applying Aj/ to (3.41) and using Lemma 2.4, we get
A7 —rut2¥' ) A
14 f;(@)l[Le < Cem™2 [ Ajs fo 4l e

t i! . . ~ .
+c/0 e (=12 (||Aj,§j||Lp+||Aj/Rj||Lp+u||Aj,Tj||Lp)dt’. (3.42)

We first focus on the term Aj/Tj. We have®
Tj = Afjot; — tx(Vih; - D*fj 0 - Dys) = Dfj ot - Ay
= tr((Id =Vyy) - D2fj 0 4, - D)
—tr(D?fj 0ty - (Id=Dipy)) — Dfj oty - Ay

8 Here, DF denotes the Jacobean matrix of F, and VF denotes the transposed

matrix of DF. If F' has d components, then we define Jr d:ef det DF.
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Therefore,

145 Till e < C(I1 DYl e + 1) 11d =D e || D? £ 0 95 1,
+ C|AY%;] oo 1D fj 0 5ll 1 -

Combining Bernstein’s inequality with an obvious change of variable when
computing the L? norm, we infer that

IDfj 0 wjll e < C2 [T, || 2oe 1fill 1o »
, 1
1D f5 0 45| o < €227 || |17 15l o -
Hence, appealing to Proposition 3.10, we get, for all ¢ in [0, T,
JA; T3 (0)e < €229 (VO 1) | f5(0)l,  with  (3.43)
t
V() d:ef/O Vo) e dt.
Next, we treat Ajlﬁj. According to Bernstein’s lemma, we have

14;:G;l|Lr 277 ||A; DG; | 1o

We also have Dg; = Dgjo1);- D). Hence, according to Bernstein’s inequality
and Proposition 3.10,

14;:3;(®)[z» < Ce“VO2T g (1), - (3.44)
From similar arguments, we get
145 By (#)| 10 < CeVODT Ry (0] -

The term || R;(t)
eventually get

|| » may be bounded according to Remark 2.103, and we

1Ay By (1)l < €2 e (0)279°Vy, (0 O (1), (3.45)

with ||c;(t)[|e- = 1 and V,) as defined in the statement of Theorem 3.37.
Plugging (3.43), (3.44), and (3.45) into (3.42), taking the L? norm over
[0,¢], and multiplying by 1/%22%, we thus get

12 .~ . RNV S ¥ i

ve2 e || A fillLewe) < C<||Aj'f0,j|m + 207702 eV D g or 1y
. 25/ . t .

+220=y s 2% (66V(t)*1>||fj||Lf(L1")+2H /0 Cﬂ*jsvélecvﬂflb;m dt'>,

where p/ stands for the conjugate exponent of p;.
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After multiplying both sides by 9595 (G —i ,)7 we obtain
Loi(s+2) | AL T < o 226-i"9is| A
ve oAy filleey < C( 20 2714y fo,jllLe
2+ ) (-5 j(s— =
R A RO O

12209599 (8) (VO 1) )

t
+o(H2) 6 >/cjvp'lecv\|f| By dt’). (3.46)
| |

Let Ny € N, to be fixed hereafter. Because
fi=Si-nfiodi+ Y. Apfjoe;
j'>3—No
we have, for all ¢ € [0,7],
lzn < O (I8-naFllizan + X VApFllszan ). 340
j'23—No

In order to bound the term ||5j_N0E||Lf(Lp), we use Lemma 2.6 page 56
with A = 27 and p = 27~No. This implies that for any ¢ in [0, 7],
155 - f5() | e < C277 [T, |l L= |1 f5 (1) o
% (DTl s, 1= + 27~ Dl < )
Thanks to Proposition 3.10, we have that ||.Jg, ||z and ||.Jy, ||z~ are bounded
by e€V(®). Moreover,

d
DJy, -h = D(det D¢;) - h = Zdet(Dqs}, . D*¢5 -k, ... D).
=1

Therefore, again using Proposition 3.10, we infer that

t
[DJg; L < ecv(t)/ 1D%S; 1 v(t)]| oSV ) at!
0

t
< (VD / V()| eV ) dr
0
< CeCV o (ecv(t) —-1).

Thus, we get

18- o fill Loy < CeCY D (27N 4 VO —1)|| £l o 10y (3.48)
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We now bound the last term in (3.47). Using the fact that A fo; = 0 for
|7/ — 4] > 1 and summing the inequality (3.46) for j' > j — Ny, we obtain

S b2 ) Al < c(zfs Vol
j'>j—No

— L (s—=2
L eCV()93No, " 3 (0 ”'l)llngLfl(LP)

1 i(er2 . t
122 (VO 1) b () £ g +23N0/0 eV, eV I fls, dt’).
Plugging this and the inequality (3.48) into (3.47), we discover that, up to a
change of C| we have

1 o2

1 ] 2 1S -7 J 7
wzﬂ(*p)nfjnmmgceCV“)(zﬂ ol +22%0 %2 g
t
—1—(2_N°—|—22N0(ecv(t)—1)>y%23(”"%)||fj||Lf(Lp)—|—23N°/ Vo Ifll g dt’).
0 pr

Choose Ny to be the unique integer such that 2C2~Ne ¢ ]%, %] and 73 to be
the largest real number such that

272N0
Ty <T and CV(T1)<e with e= min{log?, W} (3.49)

With this choice of T} and Ny, the third term of the right-hand side of the
above inequality may be absorbed by the left-hand side whenever ¢ is in [0, T7].
This yields, for some positive constant C1,

1 (o2 "
AP DI an < (2 Mgl
*fxzj(b‘*%) ] ! (VW (¢ oo dt
+v o7 Vllgillgr ey + [ @V, EONFE) g At ).
0 ,
Finally, performing an ¢" summation gives, for all ¢ € [0,T1] and p € [p;, 0],

1 1
ve a2 <C s v oA o2
L (e

p,T 1(BP,TP1)
t
+ [ VOO, at). 350
0 P,

It is now easy to complete the proof. Indeed, it is only a matter of splitting
the interval [0,7] into a finite number m of subintervals [0, T1], [T1, T»], and
so on, such that

e Tr41
< [ Il de <
27 Jn,
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By arguing as was done to prove (3.50), we get, for all ¢ € [Ty, Ti+1],

AL .s+2)<01(||f<Tk>|Bs

[Tk: t] (Bp.r
_L
1T / O, ).
Lo By '

Note that if k¥ = 1, then the first term on the right-hand side may be bounded
according to (3.50) with p = oo and t = T3. Hence, after an obvious induction,
we get

1
T ’““(fongs
LY (Bpr”)
_ 1
A / NG dt’).
L"l(B 91)

Since the number of such subintervals is m ~ CV(T)e!, we can readily
conclude that up to a change of C, we have, for all p in [p;, o0,

AL, s < OO (Iolng, +0 K gl s
P LY (Bp, 1)

/ OIF O, dt). (3.51)

Taking p = oo and using the fact that V'(t) < CV (t), the Gronwall lemma
gives

1
1z < C @ (Ifollsy, +v 7 lgl 5 ).
DT L;l
Plugging this estimate into (3.51), we get

1
A vz, <O (1ol +v ol %)

I(B ”1)

Vi 1+c/

This completes the proof for general p € [p1, o0]. O

By treating the low frequencies separately, we can state the following a priori
estimates for (T'D,) in nonhomogeneous Besov spaces.

Theorem 3.38. Let 1 < p; < p < o0, 1 < r < o0, s €R satisfy (3.12),
and V,, be defined as in Theorem 3.14.

There exists a constant C' which depends only on d, r, s, and s — 1 — pil
and is such that for any smooth solution f of (I'D,) and 1 < p; < p < o0, we

have
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1 Y 1
v, s < O T’”ﬂ““((l +vT)% || foll g,
T

p,T

1i_1 1
+ (L 4+vT) e Y|g] —ar2 )
b

Pl
(Bp,»
Remark 3.39. If r = oo, then both Theorems 3.37 and 3.38 hold true with

G [ g a wma vn® [Cve) , a

P11 p1,1

respectively, in the limit case
s =—dmin(1/p1,1/p’) or s=—dmin(1/p,1/p’)—1 if dive=0.
This is a consequence of the inequality (2.55) page 112 and Remark 2.102.

Finally, we point out that similar estimates may be proven for the nonsta-
tionary Stokes equation with convection:

ou+v-Vu—vAu+ VIl =g
(Sv) {

divu = 0, Ujg—0 = Uo-

Indeed, we shall see in Chapter 5 that the Leray projector on divergence-
free vector fields is a homogeneous Fourier multiplier of order 0. Thanks to
Lemma 2.2 page 53, such operators are continuous self-maps on L{(B; ).

3.4.2 Exponential Decay

In this final subsection, we study the effect of diffusion in (T'D,) on compactly
supported data. Our main result is the following.

Theorem 3.40. A constant C exists which satisfies the following properties.
Let v be a divergence-free vector field which belongs to LlOC(R+; COYY), fo be a
compactly supported function in L2, and v be a positive real number. Consider
a solution f of the equation (T D,) with right-hand side 0 and initial data fy.
We denote by 1 the flow of the vector field v and define

F dzefw(t,SUPp (fo)),
(F); % {x €R? / d(z,F,) > h},
(Ftc)h = {.’E S Ft/ d(x,@Ft) > h}

t
Let V(t) d:ef/ Vu(t")|| L= dt’. We then have, for all (t,h) € RT x RT,
0

} ex
1F @Ol L2 (mg) < [l follpze™ e PV, (3.52)
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Moreover, if fo is the characteristic function of a bounded domain Fy, then
we have

. vty 2 LI
Hf(t)_letHL2((Ff)h,) < ||f0HL2 mln{l,C(ﬁ) 2eQV(t) 32% exp( 4V(t))}. (353)

Proof. Proving this theorem relies on energy estimates. Using regularization
arguments, we may assume that the vector field v and the function f are
smooth. We consider a smooth function &y, denote by ¢ the flow of v, and

define

o(t,z) oo (vt ).

It is obvious that
H(Pf) +v-V(Of) —vA(Pf) = —vfAD — 2VD -V f.

Taking the L? inner product with @f and performing integrations by parts

gives
1d

2dt
We choose @(t, x) = exp(¢(t,x)) with ¢(t,z) = ¢o(vp~1(t,z)). From the above
relation, we get that

12f1I72 +vIIV(2)Z2 = V[ fVP| 7.

d
127172 < 20| VSILlI12f17-

From the Gronwall lemma, we thus infer that

@0z < 1@NO sz exp(v [ Vo] ).
We define
do(w) = amin{ R, d(z, Supp (/o)) } * x=,

where x.(x) def g%y (e71x) for some function y of D(R?) with integral 1.
Note that with this choice, the function (2f)(0) tends to the function f
a.e. when e goes to 0. Using the fact that ||Ve(t)||r~ < aexpV(t), we get,

by the Gronwall lemma, that
IBf ()|l 2 < |BF(0) et PV,

Taking the limit when € tends to 0, it turns out, by the definition of @, that
if 0 <n < R, we have

2
eaan(t)HL?(m((Fo)g)) < | follp=€"" texp(2V (1)) (3.54)

But, obviously,
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7]7/ .
s

Thus, taking n = d(¢, h) in (3.54) and assuming that §(¢,h) < R, we obtain

(F)5, € (R0 m)  with 6(t, ) (3.55)

IF D llz2rog) < Iollgeere t SPEVIOImalepVE),

As the above inequality is independent of R, it is true for any (¢, h). The best
choice for a then gives the inequality (3.52).

The proof of (3.53) follows essentially the same lines. Let w(t, z) = f(¢, z)—
1p,(z) and &(t,z) = Po(¢ (¢, z)) with ¢ in D(Fp). Then, due to

A(@t ]]'Ft) = ]]-FtA(Pt and V(bt . V:U.Ft = O7
we have
Oy +v-V—vA)(Pw) = —vwAP — 2vVP - V.
As above, by an energy estimate, we get

1d

§E||¢wllﬁz +V[IV(Pw)||1: = vwVe|L,.

Fix a constant C' such that for any positive hg, a function x exists in D(Fp)
such that y is identically 1 on (F§)p, and ||[Vx|r=~ < Chg'. Then, choos-
ing &9 = xe?, where ¢q is equal to (a regularization of) the function z
d(x, F§), we get that

1d

—1(2
5 gl ewlie < 2v ||V [ . (12w IV o0l + (w0 ) Vx|1Z2),

from which it follows, since ||w o ¢z < 2| fol| 2, that

d Ce2oho
Zlow]Ee < ve?® (402 @ullfs + =—Ifoll3- ).
0

Using (3.55) (with FY instead of F}) and the Gronwall lemma, we get, for
any ¢ and h such that he=V® > hg,

2a(ho—hexp(=V(t)))

e (e4a2texp(2V(t)) _ 1)_

e
[w(®) 122k, < Cllfoll7

Now, using the fact that e=(e? — 1) < e~ 3 and choosing

hefvu) and o h673V(t)
2 8wt

ho =

gives the result. a
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3.5 References and Remarks

Most of the material in Section 3.1 belongs to the mathematical folklore. It may
somewhat extended to non-smooth vector fields (see e.g. [12]). Here, we chose to
extend some of the results stated in Chapter 5 of [69].

The study of transport equations under minimal regularity assumptions on the
vector field is currently very active. See, in particular, the recent works by L. Am-
brosio and P. Bernard [13], F. Colombini and N. Lerner [83], and N. Depauw [111].
In this book, we chose to focus on the study of a priori estimates in the case where
the vector field is at least quasi-Lipschitz. The a priori estimates and existence re-
sults for the transport equation which were stated in Section 3.2 are well known
in the framework of Hélder spaces or Sobolev spaces with positive exponent. Their
extension to Holder spaces with negative indices of regularity (i.e., in Bl o, with
—1 < r < 0) in the case where the vector field v is divergence-free has been car-
ried out in [69, Chapter 4]. The a priori estimates and the existence statement in
general Besov spaces essentially come from works by the second and third authors
(see, in particular, [102]). That estimates for (7') improve in Besov spaces with reg-
ularity index 0 was discovered by M. Vishik in [296]. For proving Theorem 3.18,
we instead followed T. Hmidi and S. Keraani’s approach, which turns out to be
more robust. In particular, it also works (with no changes) for transport-diffusion
equations (see [158]).

The so-called Camassa—Holm equation (3.25) was derived independently by
A. Fokas and B. Fuchssteiner in [126], and by R. Camassa and D. Holm in [56].
Its systematic mathematical study was initiated in a series of papers by A. Con-
stantin and J. Escher (see, e.g., [84]). It has infinitely many conservation laws, the
most obvious ones being the conservation of the average over R and of the H' norm
for smooth solutions with sufficient decay at infinity. By taking advantage of this
latter property, Z. Xin and P. Zhang proved that (3.25) has global weak solutions
for any data in H' (see [301]). The results stated in Section 3.2.4 are borrowed
from [96]. Note that for proving uniqueness for data in By ., we are led to estimate
the difference between two solutions in Bj'. Owing to the term (9,u)?, the addi-
tional condition s > max(%,l + %) is thus required. In fact, uniqueness is also in

true in BQ%, 1; see [96]. Further improvements were recently obtained in [108].

Losing estimates for transport equations associated with a log-Lipschitz vector
field have been stated by a number of authors. The statement of Theorem 3.28
pertaining to loss of regularity in general Besov spaces comes from [102]. The phe-
nomenon of exponential loss has been pointed out by the first two authors in [17].
Theorem 3.33 has been stated in [102], and a related result in Sobolev space has
been proven by B. Desjardins in [113]. Theorem 3.36 may be seen as a borderline
case of the results of Di Perna and Lions in [117] and of B. Desjardins in [112]. More
details concerning the proof of Theorem 3.41 may be found in [100].

We give an application of Theorem 3.33 concerning the density-dependent in-
compressible Navier—Stokes equations:

op+u-Vp=0
p(Ou+u-Vu) — pAu+ VII =0 (3.56)
divu = 0.
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Theorem 3.41. Let ug € H*(R?) with divug = 0. Assume that po = 1/(1+ao) with
ap € H'7 (R2) for some 8 € ]0,1[. Further, assume that 1+ag > 0. Then, the system
(3.56), supplemented with initial data (po,uo), has a global unique solution (p,u)
which satisfies

a d:ef% _1eC®RTH™), pel®, and wueCRY;HY)NIL (R HY).

Proof. We only sketch the proof, emphasizing how Theorem 3.33 is used. A more
detailed proof is available in [100].

On the one hand, in dimension two, under the assumptions that p(fl € L™ and
uo € H', it is well established (see, e.g., [14]) that (3.56) has a global weak solution
(p,u) with p*! bounded and

2
we (LY HY) N LT (R HY))

Now, because Vu € L, .(RT; H') and, by assumption, aop € H'*? Theorem 3.33
with o = 1/2, p1 = p = 2 ensures that a belongs to C(R*; H'™%") for all 3’ < 3.

On the other hand, the local well-posedness theory for density-dependent Navier—
Stokes equations provides a unique local maximal solution (a, ) such that

aec(0, T H"™) and @eC([0,T"[; H") N Li, ([0, T*[; H?).

Since Va remains for all time in some Sobolev space with positive index, and, by
virtue of Sobolev embeddings, the vector field @ belongs to Li,.([0, T*[; C%), it is
not difficult to prove a weak-strong uniqueness statement. It is only a matter of
writing the equation satisfied by (a — @, v — @) and applying Theorem 3.14 and the
inequality (3.39). Therefore, we actually have (a,u) = (a,u) on [0,7*[. Now, if one
assumes that 7 is finite, then we have ||a(t)|| y1+s and ||u(t)|| 1 uniformly bounded
on [0, T*[ so that the local existence theory enables us to continue (a,u) beyond 7.
Hence, we must have T = oo. a

Remark 3.42. A similar statement may be proven under the weaker assumption that
uo € HY(R?) for arbitrarily small v > 0.

The proof of a priori estimates for transport-diffusion equations has a long history.
The case of Sobolev spaces H?® is classical. The extension to more general Besov
spaces was initiated in [90], then improved in [95] under the restrictions that 1 <
p < oo and that dive = 0. The proof was based on a slight generalization of
Lemma 2.8 page 58 (see [90, 251, 95]), which fails in the limit cases p = 1,00. The
extension to all p € [1,00] in the case divv = 0 is due to T. Hmidi in [156]. This
is based on the Lagrangian approach that was used in the present chapter and on
the smoothing property of the heat equation stated in (3.39) that was first observed
in [72]. Finally, the whole statement of Theorems 3.37 and 3.38 was proven in [103].
Different types of estimates have been obtained by a number of authors (see, in
particular, the work by E. Carlen and M. Loss in [59]).

The exponential decay results for transport-diffusion equations were been proven
in [90]. Some generalizations have been obtained by J. Ben Ameur and the third
author in [32], and by T. Hmidi in [156].
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Quasilinear Symmetric Systems

Quasilinear and linear symmetric systems appear in a number of physical
systems such as wave equations, systems of conservation laws, compressible
Euler equations, and so on (some examples are given in the first section below).

In this chapter, we state a few elementary and classical facts concerning
these systems. The first section is devoted to a short presentation on linear and
quasilinear symmetric systems. In the second section, we focus on the linear
case with suitably smooth coefficients. We demonstrate global well-posedness
in Sobolev spaces H? for any s > 0. We also establish that linear symmetric
systems have the finite propagation speed property. In Section 4.3 we focus
on quasilinear symmetric systems. We prove that they may be solved locally
in any Sobolev space embedded in the set of Lipschitz functions and exhibit
a blow-up criterion involving the L!(Lip) norm of the solution. Section 4.4
is dedicated to the study of the Cauchy problem for quasilinear symmetric
systems under minimal regularity assumptions, as well as to refined blow-up
criteria. In the last section, we investigate the regularity of the associated flow
map.

4.1 Definition and Examples

We shall begin by explaining what is meant by a linear symmetric system.
Let I be an interval of R and (Ag)o<k<aq be a family of smooth bounded
functions from I x R? into the space of N x N matrices with real coefficients.
Let ty € I. We want to solve the following initial boundary value problem for
any suitably smooth functions Uy : R — R™ and F : I x R? — R":

d
OU + ZAkakU + AU =F

k=1

(LS) :
U\t:to — Uo.

We will first explain what it means to solve (LS).
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Definition 4.1. A function U € C(I; (S’(Rd))N) is called a weak solution
of (LS) on I xR if:

(i) Functions ), UJ Ay .7 and > UJ(div A); j with (div A); ; def Yok O Arij
are in LY(I; S'(RY)) for alli e {1,...,N} and k € {1,...,d}.
(ii) For all t € I and ¢ € C*(I; (S(RY))N), it holds that

¢ ¢
Z/ (U, Opi) srxs dT+Z/ (F*+UY ((diV.A)i,j—Ao,i,j),%‘)S'xs dr
i 70 i 70

t

F3 [ 0 A 00 s dr = 30 (00 0x(Ohsns — (U3 01(0) s )
W4,k 70 i

Formally, in order to control the energy of a solution U of (LS, we can proceed

as follows. First, we take the L>(R%R”Y) inner product of (LS) with U. We
find that

1d : e
ST = —;(Akaszw)m — (AUU) 12 + (FIU) 2.

If we further assume that the first order space derivatives of the functions Ay
(1 <k < d) are bounded, then we can next perform an integration by parts.
This gives

- (AkakU\U)m

—Z/ Ak,iyjakUj Uid.’[
i VRY

Z/ Ak,i,jUjakUidx-i-Z/ akAkyi,jUind(E.
iy R i R

In general, due to the first term on the right-hand side, estimating the
term (Ax0U|U) ., (and thus [|U]|z2) requires a bound on |[xU]|z>. This
loss of one derivative precludes our closing the estimates and motivates the
following definition.

Definition 4.2. The above system (LS) is said to be symmetric if for any k
in {1,...,d} and any (t,z) € I x RY, the matrices Ay(t,z) are symmetric,
that is, for any i, j, and k, we have Ay ; ;(t,x) = Ay ;.:(t, ).

We now resume the above computation under the additional assumption
that (LS) is symmetric. We get

S (AdIr) | = 2((div AUID) e

k=1

This implies that



4.1 Definition and Examples 171

d
1. ..
> (400|0) | < 3l Al U]
L2 2
k=1
Thus, we get that
d
a”U(t)HQLQ < agIU (1|72 + 2(F(1)|U(t)) 2 (4.1)

with ag(t) def || div A(t)|| o +2||.Ao(¢)]| L=, SO we may now control the energy
of the solution in terms of the data by means of the Gronwall lemma.

We next define a quasilinear symmetric system. A “general” quasilinear
system is of the form

d
U + > Ap(U)okU + Ag(U) = F
k=1

(Q9) :
U|t:t0 = UOa

where A = (Ag)o<k<q is a family of d + 1 smooth functions from RY to the
space of N x N matrices with real coefficients. Motivated by the linear case,
we define symmetric quasilinear systems as follows.

Definition 4.3. The system (QS) is said to be symmetric if for any k
in {1,...,d}, the function Ay is valued in the space of symmetric N x N
matrices.

As an example, we will consider the Euler system for a perfect gas in the
whole space R?. Denoting by p the density of the particles of the gas and
by v the velocity field of the particles, the system to be considered is

Op+v-Vp+pdive =0
Ov+v-Vo+p 'Vp=0 with p=Ap".

The above system is not quasilinear symmetric. However, if we introduce the
new unknown function ¢ defined by

et 2 (@)5_(4%)% a1

ap) ’yflp

v—1

and define ¥ def (v —1)/2, then the system becomes
Oic+v-Ve+vedive =0
o +v-Vu+75cVe=0.

This system is symmetric. For instance, if d = 3 and we write U = (¢, v), it
is of the form (QS) with
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vy ¢ 0 0 ve 0 7¢ 0 v 0 0 Ac

| Jcwv1 0 0 | 0wy 00 | 0wvs 00
AU =1 0wv 0] A (U) = F¢ 0 vy 0 AsU) =1 0 vs 0
0 0 0 v 0 0 0 vy ¢ 0 0 wv3

We shall temporarily suppose that the solution U = (¢, v) is a perturbation
of order ¢ of the steady state (¢,0), where ¢ is a given positive constant. By
identification of powers of &, we get, for the first order term,

Oic+~vedive =0
6,511 +§EVC = 0

This is a symmetric linear system, called an acoustic wave system. In fact, an
immediate computation shows that ¢ satisfies the wave equation

DZc—F*FAc=0

so that ¢ has a finite speed of propagation, namely 7¢. We shall see in Sec-
tion 4.2.2 that any linear first order symmetric system has the finite propa-
gation speed property.

4.2 Linear Symmetric Systems

In this section we investigate linear symmetric systems. First, we want to solve
them and then study a few basic properties of their solutions.
In all that follows, for s in N, we define

def -
U2 = Z 105U (8|72
1<j<N
0<]|a|<s

To simplify the presentation, we shall assume throughout this chapter that I =
[0,T] and ty = 0. Due to the time-reversibility and translational invariance of
the systems that we here consider, however, similar results are true for any
interval I and tg in 1.

4.2.1 The Well-posedness of Linear Symmetric Systems

This subsection is devoted to the proof of the following well-posedness result.

Theorem 4.4. Let (LS) be a linear symmetric system with smooth, bounded,
and Lipschitz (with respect to the space variable) coefficients and let s be an
integer. Let Uy be in H® and F be in C(I; H®). Then, (LS) has a unique
solution in the space C(I; H®) N CY(I; H*~1).

Proving this theorem requires four steps:
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— First, we prove a priori estimates for sufficiently smooth solutions of the
system (LS).

— Second, we apply the Friedrichs method so as to solve a sequence of ordi-
nary differential equations which approximate (LS).

— Third, we pass to the limit in the case of sufficiently smooth initial data
and get existence in any case by smoothing out the initial data.

— Finally, we get uniqueness using existence of the adjoint system.

We begin by stating a priori estimates for smooth solutions (the symmetry
hypothesis is crucial here).

Lemma 4.5. For any nonnegative integer s, a locally bounded monnegative
function as ewists such that for any function U in C(I; H**1) N CY(I; H?)
and t in I, we have

1/t t
U@)]s < U0|Sexp(§/0 ) / |F(t exp( /t/ as(t") dt”) dt’

with 4
F=0,U+) AU+ AU
k=1

Proof. To begin, we prove this lemma for s = 0. Consider a function U in the
space C(I; H*) N C(I; L?). By the definition of F', we have

S SN0 = 0U[0)

IS9

= (F|U)o — (AU|U)o — Y _ (AdkU[U),
k=1
As the system (LS) is symmetric and U belongs to C(I; H') N CY(I; L?), the

computations carried out on page 171, leading to (4.1), are rigorous. Thus,
we have p

ZU@IG < ao®OITD + 2 ®)lo]U ()]0 (4.2)

with ao(t) % || div A(t, )|~ + 2/l Ao(t, )| 1. By the Gronwall lemma, we
get
1 [t ’ ’ t 1t 1" 1"
|mmmq%mﬁkm”“+/Wﬂwm&b%“”tw. (4.3)
0

In order to prove the lemma for any nonnegative integer, we shall proceed by
induction. Assume that Lemma 4.5 is proved for some integer s. Let U be a
function in C(I; H*T2)NC (I; H**1) and introduce the function [with N(d+1)
components] U defined by

U= (UoU,...,0.U).
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As
d

F=0U+» AdpU + A,
k=1

we obtain, for any j in {1,...,d}, by differentiation of the equation,

0, (9;U) = ZAkakaU ZaAk ) - kU — 0;(AoU) + O;F.

k=1 k=1

Let F 9 (7 o.F,...,0,F) and

d
B, T 9¢f (AOU Z AL - 0:U + 01 (AU, ,Z 0aAk) akU+ad(AOU)>.
k=1 k=1

We may write

A, 0 - 0

d .

8tﬁ+ Z By (9]€(7 + Boﬁ = ﬁ with By d:ef 0 S
k=1 . . .Ak 0
0 -~ 0 A

The induction hypothesis then allows us to complete the proof of Lemma 4.5.
O

Remark 4.6. In the case s = 0, 1, the above computations are still valid when
the matrices Ay, .. . , Aq are only continuous, bounded, and have bounded first
order space derivatives.

We should point out that proving the inequalities of Lemma 4.5 requires one
more derivative than in the statement of Theorem 4.4. Hence, existence does
not follow from basic contraction mapping arguments. This leads us to smooth
out both the system and the data. To do so, we shall use the Friedrichs method.
More precisely, we consider the system (LS,,) defined by

d

(LS,) : P

E,. U\t:O =E, UO»
where E,, is the cut-off operator defined on L? by

d f ~
E £ F~ (lB(O,n)u). (44)

In other words E,, is the L? orthogonal projector over the closed space L2
of L? functions with Fourier transforms supported in the ball with center 0 and
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radius n. Lemma 2.1 tells us, in particular, that the operator 0 is continuous
on L2. As the functions Ay, are bounded, it turns out that the linear operator

d
V=Y By (Ar0kV) + En(AgV)
k=1

is continuous on L2. Thus, the system (LS, ) is a linear system of ordinary
differential equations on L2. This implies the existence of a unique function U,
in C1(I; L2) which is a solution of (LS,,). Of course, due to the definition of L2,
the function U, is also in any space C!(I; H®) with s € N.

We claim that the functions U, still satisfy the energy estimates of
Lemma 4.5. More precisely, we have the following lemma.

Lemma 4.7. For any nonnegative integer s, a locally bounded function as
exists such that for any n € N and any t in I, we have,

t

t t
|Un(t)]s < |Ey, Upls exp/ as(t")dt' + | |E, F(t')|sexp (/ as(t”)dt”> dt'.
0 0 t

’

Proof. Taking the scalar product of (LS,,) with U,, in L? and using the facts
that the operator E,, is self-adjoint on L? and E,, U,, = U,,, we get

d

d
U 2; (AU U)o — 2(A0Un) | U)o + 2(E,, F|U,)o.

We proceed exactly as in the proof of Lemma 4.5. As the system (LS) is
symmetric and U,, belongs to C(I; H') N C'(I; L?), the computations carried
out on page 171 are rigorous. Thus, we have

d

7 1Un 6 < ao®)Un (05 + 2/ En F(®)lo]Un(#)o (4.5)

with ag(t) % || div A(t, || + 2]/ Ao(t,)]| . The Gronwall lemma implies
that

t
‘Un(t”o < |En U0|0€%f0t ao(t') dt’ +/ |En F(t/)|0 6% It ao(t'") dt” gt
0

Proving the lemma for any integer s works exactly the same as for Lemma 4.5
and is thus omitted. ad

The third step amounts to proving the following well-posedness result.

Proposition 4.8. Let s > 3. Consider the linear symmetric system (LS)
with F in C(I; H®) and Uy in H*. A unique solution U exists in

L¥(I; H)NC(I; H2)nCH(I; HS3)
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which, moreover, satisfies

t

t t
[U®)|s < |Uols exp/ as(t') dt’ +/ |F(t')], exp </ as(t”)dt”)dt’
0 0 t’

for all integers 0 < s and t € I.

Proof. Consider the sequence (U, )nen of solutions of (LS,,). We shall prove
that (U,)nen is a Cauchy sequence in L*°(I; H*72). In order to do so, we

define V,, ,, def Un+p — Up. We have

d
OVop + D By (Ak OkVip) + Engp(AoVip) = Frp

2 (4.6)
Vn,p\f,:o = (En+p —En)Uo
with
d
Frp =S Bty —En) (Ak 0:Un) = (Enip — En) (AoUn) + (Eniy — En) F.

k=1

Lemma 4.7 tells us that the sequence (Up, )nen is bounded in L (I; H®). More-
over, we have, for any real ¢ and any a in H,

c
Bty ~En)alo—1 < ~lale-

Thus, we have

C
|(Brtp = En) (A OUn(t)) g < 7 8P |(Bngp = En) (Ax OrUn(®))]sy
C
< Z U,
The same arguments give
C
|(]En+p - ]En)(-AoUn(t)) + (En+p 7EH)F(t)|S_2 < ﬁ (|Un(t)|s + |F(t)|5)

(4.7)
By using the energy estimate for (4.6) and Lemma 4.7, we get

t
Vap()s—2 < %(1 +1) exp/ as(t') dt'.
0

Thus, (Uy)nen is a Cauchy sequence in L (I; H*~2). Moreover, using (4.6)
and (4.7), we infer that (0;U,,)nen is a Cauchy sequence in L (I; H*~3). We
denote by U the limit of (U, )nen. Of course, U belongs to the space

C(I; H2)nCH(I; H*?).
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We now check that this function U is a solution of (LS). As Uy is in H® and F’
belongs to C(I; H®), we have that

lim E,Uy=U in H and lim E,F=F in L(;H®). (4.8)

n—oo n—oo

As the sequence (U, )nen is bounded in L (I; H®), we have
C
[(En —1d)AkOkUn |l oo (1;5r5-2) < o

Thus, U is a solution of (LS). To complete the proof of Proposition 4.8, we
use the fact that (U, )nen is bounded in L°°(I; H®). Hence, for all ¢ in I, the
sequence (U, (t))nen weakly converges (up to extraction) in H®. Thus, U(t)
belongs to H® and

[Tl < limin [0, (8)] -

Now, combining the uniform bounds for (Uy, ),en in L (I; H*) with the above
result on convergence in L>°(I; H*~2) and using the interpolation inequality
stated in Proposition 1.52, we get that for any s’ < s, the sequence (U, )nen
converges in C(I; H*"). Thus, U belongs to C(I; H*'). Using the fact that U
is a solution of (LS), we get that U belongs to C(I; H*') N C*(I; H¥~1). So,
finally, passing to the limit in Lemma 4.7, we find that

t t t
U, < |U0|aexp/ ag(t')dt’+/ \F ()], exp (/ ag(t”)dt”) dt’
0 0 t/

for all integers o < s. Proposition 4.8 is thus proved. a

In order to prove the existence part of Theorem 4.4, we now have to solve (LS)
for general data Uy € H® and F € C(I; H®). We therefore consider the se-

quence (U, )nen of solutions of

ou,
ot

d
+ 3 AOkUn + AUy, =E, F
k=1

Un|t=0 = En UO-

Thanks to Proposition 4.8, U, is well defined on I and belongs to C(I, H?®) for

any positive real number s. Further, the function V,, , def ﬁnﬂg — U, satisfies

d
atVn,p + Z Akakvn,p + AOVn,p = (En—i-p - ]En)F
k=1 _
Vn,plt:O = (Ener - IEn>U0-

Lemma 4.5 implies that
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t
‘Vn,p(t”s < |(En+p_En)U0|seXp/ GS(tl) dt’
0

’

+ /O (Eney — En) F ()] exp ( /t t as(t’)dt’> dt.

As the function F' is continuous from I into H*®, the sequence (E, F)nen
converges to F' in the space L>°(I; H®). This is a consequence of Dini’s theorem
applied to the nonincreasing sequence of continuous functions ¢t — |[|(F —
E, F)(t)||s on the compact interval I.

As Uy belongs to H#, the sequence (E,, Up)nen converges to Up in H®. Thus,
the sequence (Uy, )nen is Cauchy in L (I; H®) and therefore converges to some
function U in C(I; H®) which is, of course, a solution of the system (LS). The
fact that 9;U belongs to C(I; H*~!) comes immediately from the fact that U
is a solution of the system (LS).

Remark 4.9. Assume that the matrices Ay, ..., Ay are only continuous and
bounded with bounded first order space derivatives. By taking advantage of
Remark 4.6 and compactness arguments, it is possible to prove that for any
data Up in H! and F in L>(I; H'), the system (LS) has a solution U in the
space L°°(I; HY) N C%L(I; L?).

Finally, uniqueness in the case s > 1 is merely a consequence of Lemma 4.5.
This completes the proof of Theorem 4.4 when s > 1.

Uniqueness in the case s = 0 follows from the following proposition.

Proposition 4.10. Under the assumptions of Remark 4.9, let U be a solution
in the space C(I; L*) of the symmetric system (LS) with initial data Uy = 0
and external force ' =0. Then, U = 0.

Proof. In order to prove this proposition, we shall use a duality method. Let 1
be a function in D( ]0,T[ x R%) and consider the solution of the system

d
(Ls) - d 0 = D 0l Aw) + Aop = ¥
k=1
Plt=T = 0.

The system (‘LS) can be understood as the adjoint system of the system (LS).
As we have O (Arp) = ArOrp + (OpAr)p, it may be rewritten as

d

—0ip — Y Axdrip + Agip = 1
k=1

@lt=T =0

with ./Zo d:ef tA() —div A.
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This is obviously a linear symmetric system. Since ¥ belongs, in particular,

to H', Remark 4.9 provides a solution ¢ for (*LS) in L>°(I, H)NC%1(I; L?).
Thus, we have

d
(U,0) = (U~ = 3 Aydrp + Aogp)

k=1

- [ 1ow0), - Z/ )| 0(Awp) (1))
+ /1 (UE) | Ao (1)), dt.

Owing to the weak regularity of U, the integrations by parts must be justified.
Because each Ay is continuous and bounded with bounded gradient, d (Axp)
is in L°°(I; L?). Therefore, we can write that

(Ut) | 0k (Arp)(t)), = Z (U (8) | O (Ani o)1) 2

= _ Z <6kUi(t),Ak,i,j@j(t»H—lel'

Observe that A0, U is in L>(I; H=1). Indeed, for any smooth function V/,
we have

(ArdV, ) = —(V, (0" Ar) @) — (V. "ArOrp)
(1Al + 10k A=) IV 22 ol

IN

Because the matrices Ay are symmetric, we therefore have, for any ¢ in I,

—(U#) | Ok(Axp) (1)) g = (ARORU (1), 0(1)) -1, g1

from which it follows that

(U | ¥)o=—(U | 3t90 <Z AU + AU, <p>

1><H1

In order to justify the time integration by parts, we observe that 9,U belongs
to L>°(I; H~'). We now use the smoothing operator E,, defined by (4.4). The
function E,, U belongs to C!(I; H*) for any nonnegative integer s. Using this
with s greater than d/2 + 1 implies that for any «, the function

(t,z) — E, U(t,x)

is C* on I x R4, Likewise, the function E,, ¢ is C' on I x R?. This implies
that
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—/En U(t,z)0 By, o(t,x)dt = —E, U(T,2) E, (T, )
I

+E, Us(z)E, (0,2) + /@ E,U(t,z)E, o(t,x)dt.
I
Using the facts that Uy = 0 and ¢(T,-) = 0, we get that

_ / E, U(t,2)0, B (L, o) dt = / (B U)(t, ) B o(t, ) dt.
I I

Integrating with respect to the variable z and interchanging the time and
space integrations, we get that

_/I(En U(t) | 8 En (), dt = /I<at(En U)(), B @(t)) 1 g At (4.9)
As U is a function of C(I; L?) N CY(I; H1), we have
lim E,U=U in L°°(I;L2) and lim E,0,U =0,U in L>®(I;H™').

Similarly, as ¢ belongs to L>°(I; H*) N CY1(I; L?), we have
lim E,p=¢ in L®;H'") and lim E,dp =0,p in L>¥(I;L?).

Passing to the limit in (4.9) thus gives

- / (U(t) | Bup(t)), dt = / (O (1), 0(1)) -1y it

I I
and thus

d
/I () | (5), dt = /I (U + 3 ADU () + AU (D). (1)) dt.

H-1xH?!
k=1

As U is a solution of (LS) with F' = 0, we conclude that U = 0. O

4.2.2 Finite Propagation Speed

Linear symmetric systems have the finite propagation speed property. This
means that there exists some positive constant Cp (the maximal speed of
propagation) such that the value of the solution U at some point (g, to)
determines U (¢, x) only for those (¢,x) such that |z — x| < Co|t — to|.

This phenomenon is described in the following theorem.

Theorem 4.11. Let (LS) be a symmetric system. A constant Cy exists such
that for any R > 0, zo in RY, F in C(I; L?), and Uy € L? such that

F(t,z) =0 for [x—xo| < R—Cot and Up(x) =0 for |z—xzo| < R, (4.10)
the unique solution U of the system (LS) in C(I; L?) with data F and Uy

satisfies
U(t,z) =0 for |z —xzo| <R — Cot.
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Another form of this statement is given by the following corollary.

Corollary 4.12. If the data F and Uy satisfy
F(t,2) =0 for |z —x9|>R+Cot and Uyp(x)=0 for |z—x| >R,
then the solution U satisfies

U(t,z) =0 when |z — x| > R+ Cot.

Proof. Of course, it suffices to consider the case zy = 0. To begin, we smooth
out the data Uy and F, perturbing their support as little as possible. Let yx
be a function in D(B(0,1)) with integral 1. For any positive e, we define

def 1 x
Xe(z) € Sx (—)
and consider the data

UO,E d:ef Xe *UO and Fs(ta ) d:efXE *F(t7 )

Of course, we have
Supp Up,e C Supp Up+ B(0,e) and Supp F.(t,-) C Supp F(¢,-)+ B(0,¢).

Hence, the support hypothesis is satisfied for Uy . and F;, with R + ¢ instead
of R, and the associated solution U. is in C1(I; H®) for any s € N and tends
to U in C(I; L?). Tt is thus enough to prove Theorem 4.11 for those regular
solutions, namely, the following statement.

Theorem 4.13. Let (LS) be a symmetric system. A constant Cy exists such
that for any positive real number R and any data F in C(I; H') and Uy in H*
such that

F(t,z) =0 for |x|]<R—Cot and Uy(z)=0 for |z|<R, (4.11)

the unique solution U of the system (LS) in C(I; H') NC(I; L?) with data F
and Uy satisfies
U(t,z) =0 when |z| < R — Cot.

Proof. The key to the proof is a weighted energy estimate. More precisely,
for T greater than 1, we introduce

Un(t, ) © ety (s, ) with ot ) ¥ —t + ().

Above, 1 stands for a smooth real-valued function on R? which will be chosen
later. We have
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d
U+ ApohU, + B,U, = F, with
k=1

d
F,(t,) def eT‘f’(t’w)F(t, z) and By =Ag+T (Id - Z 8kw.Ak> .

k=1

Thus, a constant K > 0 exists such that for any (¢,z) € Ide, any vector W €
RN , and any positive real number 7, we have

IVY[[pee < K = (B (t, 2)W|W) = (Ao(t, 2)W[W).

Next, we write the energy estimate and use the above inequality and the
relation (4.1) to obtain

d

d
prilel kz:j (AOLULU,) 12 — 2(B-U-|U,) 12 + 2(Fy |U,) 12

< ao)|U-(8)[3 + 2(F-(4)|U (1)) 12

Using the Gronwall lemma, we get
t ’ 7 t t " "
U-(t)]o < [U-(0)]gelo 0 4[| F (1) |gele 20t 4 gy (4.12)
0

Note that the above inequality is independent of 7. We now define
def d 2 1/2 def
Co = (Yo Auli~) " and K < 1/C,
k=1

and choose a smooth function ¢ = v (|z|) such that
—2e+ K(R—|z]) <¢(2) < —e+ K(R—z]) and [[Vi|r~ < K. (4.13)
We then have, for any (¢,2) in I X R,
|z] > R — Cot = —t +9(z) < —e.

When 7 tends to +oo in the inequality (4.12), we get, for any ¢ in T,

lim 2D\ U (t, )2 dx = 0.

T—00 Jpd
Thus, U(t,x) = 0 on the open set ¢ < (). If (¢9, zo) satisfies |xg| < R—Cyto,
then it is possible to choose a function 1 satisfying (4.13) and such that tg <
(o). This proves the theorem. O
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4.2.3 Further Well-posedness Results for Linear Symmetric
Systems

In this section, we are concerned with a priori estimates and existence re-
sults for (LS) in more general spaces: Sobolev spaces with noninteger indices
or Besov spaces of type B3 ,.. These results will be needed for proving exis-

tence results in general Sobolev spaces or in B, / 1 ofor symmetric quasilinear
systems, and also for stating the continuity of the flow map.

For simplicity, we drop the 0 order term in (LS) (ie., A9 = 0 is as-
sumed). Throughout this section, r is given in [1,00] and (¢;j);>—1 denotes
a generic sequence of nonnegative locally integrable functions over I such
that ||(c;(¢))|ler =1 for any ¢ in I.

Lemma 4.14. Let s > 0, r € [1,00], and V satisfy

d
oV + ZAkakV =F.
k=1
Let V; defA V, S, def S; ifj >0, and* S; d:efA_l if pe {-2,-1}. We have
d
0V + > (Sjo1A) OV = A;F + Ry forall j> -1,
k=1

where R; satisfies, for allt € I,

U

27| Ry ()llzs < Ce; (1) 3 (IVARD) [ [V V (0)
k=1

Byt
HIVV Ol VA g2 ) (414)

If0 < s <d/2+ 1, then we also have

d

2| R (1) 12 < Co; OV W gy S IVAOI g o (@415)
’ k=1 2,00
and if s =d/2+ 1, then for alle > 0,
) d
DR (0] < CesOIVVO g S IVAWI g (@10
2 k=1 ,00

! This unusual choice for the low-frequency cut-off is motivated by the wish to have
only the gradient of A involved in the estimates of R;. This refinement turns out
to be important in the next section for functions Ay which need not tend to 0 at
infinity.
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Proof. First, we write

d
OV + A; Y AV = AF.
k=1
Recall that )
(AediV)" =" Apin0nV*.
4

To simplify the notation, we shall drop the indices ¢ and £ in the following
computations.

In order to better describe the commutation between the multiplication
operator and A;, we shall use a simplified version of the Bony decomposition
defined in Section 2.8. We write

AoV = TAkakV + Ting.Ak with
TaoV =Y Sj 1A, d;0V and Ty Ay =Y SjriadV AjAr.

Jj'z-1 J'=0

As the support of the Fourier transform of gjr,1AkAj/8kV is included in
an annulus of the type {¢& € R? /¢;27" < |¢] < 27}, and A;A; = 0 for
|7 — 4’| > 2 (see Proposition 2.10), we have, for some fixed integer Ny,

A i A AV =4 > S 1A AjoV
j/

[77=3I<N1
= le',k + R?)k +§j—lAk oLV

def —
R LT [Aj,sj,,lAk AoV
with d f|j/*j\SN1
R?,k = Z (gj’—lAk - gj—lAk)AjAjlakV.
l7"—3l<1

Finally, then, the commutation between the operator A; and the equation
can be described by the following formula:

d 3
Vi +Y S AV = AF+ Y RY with (4.17)
k=1 m=1
1 def 1
Rj - Z Rj,k7
1<k<d
2 def
R_] == Z R27k7
1<k<d

3 def =
Rj = A] Z TakvAk.

1<k<d
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Lemma 2.97 page 110 implies that

IRz <C Y IIVSy_1 Akl 450V ] -
15" —4I<Ny
1<k<d
Hence, because ||[VS;_1Ag| L= < C||VAg| L, we get that

2°|R| <O Y 207D WAl 277D A 0,V -
3" —3I<N1
1<k<d

We thus get, according to the definition of the B3, norm,
2j5||Rj1||L2 < CCj”VA”LooHVVHB;;l. (4.18)

In order to estimate R?, we observe that, due to the fact that |j/ — j| < 1,
the block A_1 Ay does not play any role. Now, Bernstein’s inequality ensures
that

|AvAkl e < C27YVAL|L> for £€N.

This implies that

2| Rl L2 < Cej| VA=V V | g2 (4.19)

Finally, as s > 0 and A_;.Ay is not involved in T:akV-Ak either, arguing as in
Remark 2.83 page 103 enables us to get

—
1T, v AkllBs, < ClIVV|| Lo || VAg|

Bs !
whenever s is positive, hence
29| R2|Le < Cej |V~ IV Al gy (4.20)

Combining the three estimates (4.18)—(4.20), we get the inequality (4.14).
Proving the other two inequalities follows along the same lines. It is only
a matter of using appropriate continuity results for the paraproduct and re-
mainder when bounding the term R? (see Propositions 2.82 and 2.85). The
details are left to the reader. O

Theorem 4.15. Let r € [1,00], s > 0, Uy be in B; ., and F be in C(I; B ,.).
Assume that the matrices Ay, are symmetric and continuous with respect to
(t,z), and that

- VA EC(I;BS;l) if s>d/2+1, ors=d/2+1andr =1,
da

- VA GC(I;BQ"”;&) for somee>0ifs=d/2+1 and r > 1,
d

= VA, €C(I;B5 ( , NL>) if0 < s <d/2+ 1.
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The system

(LSO) : atU + ZZ:l AkakU = F
Ult:() = UO

then has a unique solution U in the space C(I; B3 ,.) N Cl(I;B;—Tl) ifr>1
and in the space L>°(I; By )N C%(I; B;;l) if r = 0o. Moreover, for allt € T
and some constant C' depending only on d and s, we have

t
U()]5s, < Us B;Texp( / casath/)
' ' 0
t t
+/ |f()|Bs, exp </ Ca,(t") dt”) ar' (4.21)
0 ’ o

129%|A;Ulol|er and

with [U]p;, %
>k ||V~Ak(t)||39 1, if s>d/2+1, ors=d/24+ 1 andr =1,
as(t) d:ef Zk VAL (@)l if s=d/24+1 and r > 1,

Do IVAL@)| Lif0<s<d/2+1.

d
2
2
da
B2
2

Proof. We first prove (4.21) for smooth solutions U of (LSy). Defining U, def

A;U, we have
d

0U; + Y (S;-1Ax) 04U; = AjF + R, (4.22)
k=1
with, according to Lemma 4.14 and the embedding B3, Vs L®if s > 14d/2
(or 1f82 1+d/2 and r =1),

IR;llr2 < Cej277°

(4.23)

Now, applying the usual energy method to the equation (4.22) yields

2dt|U o< = ”diVA”LOO U515+ (IRjlo + 14, F10)|Uj]o-

Inserting the inequality (4.23), we get, for all positive «,

\/|U Z+a<|4; F|o+ ||d1vA||LoC |Ujlo + Ccj2™ Js

Integrating over [0,¢] and letting « tend to 0, we end up with

t t
Uil < U (0o + [ [4;F(#)]odt’ + 02*”/ as(t)c; (t)|U ()]s, dt'.
0 0

Next, we multiply both sides by 29° and take the ¢" norm to obtain
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U(t)

t t
55, < Uolss, + / F(7)|;, dr +C / as(7)[U ()
0 0

Bg,,. d’T.
Applying the Gronwall lemma then leads to the inequality (4.21).

In order to prove the existence of a solution of (LSp) under the assump-
tion of Theorem 4.15, we can use exactly the same Friedrichs method as on
page 174: We consider the ordinary differential equation

d
U™+ En(A0pU") =E, F
k=1
U|7tL=0 = En U07

which admits a unique solution U™ in C'(I; L?), thus in C'(I; BS,.) for any
r € [1,00] and ¢ € R, owing to the spectral localization. As E? = E, and
E, U™ = U™, the above estimates remain unchanged, so (4.21) is satisfied.

Mimicking the proof of Theorem 4.4, it is now easy to complete the proof
of existence. Note, however, that in the case r = oo, the sequence (E,, Up)nen
does not converge to Up in B3, so time continuity does not hold up to
index s.

Finally, if s > 1, then uniqueness is a consequence of Lemma 4.5. In the
case where 0 < s < 1, we still have U € C(I; L?), and the functions Ay are
continuous with bounded first order space derivatives. Hence, Proposition 4.10
yields uniqueness. a

4.3 The Resolution of Quasilinear Symmetric Systems

The purpose of this section is to prove local well-posedness for the following
quasilinear symmetric system:

d
U + > A(U)U =0
k=1

(5)
U‘t:() - U().

For the sake of simplicity, we do not consider any 0-order term or source term
in the system. Further, we assume that the functions Ay are of the type

N
ApU) = ALY + 3 afut
(=1

for some constant real matrices A,(CO) and Af; (I1<k<dand1<{<N).

We aim to prove the following statement.
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Theorem 4.16. Let Uy belong to H® for some s > d/2+ 1. There then exists
a positive time T such that a unique solution U of (S) exists in

C([0,T); H¥)nC ([0, T); H*™1).

Moreover, T can be bounded from below by c||Us|| -, where ¢ depends only on
the family A = (Ax)1<k<d- Finally, the mazimal time of existence T* of such
a solution does not depend on s and satisfies

T*
T* < 00 —> / VU (%) | 1 dt = o.
0

Remark 4.17. Note that, due to Sobolev embedding (see Theorem 1.50), the
solution U is C! and therefore it is a solution of (S) in the classical sense.

Remark 4.18. The above blow-up criterion implies that the maximum time of
existence does not depend on s.

Indeed, let Uy be in H® for some s > 1+ d/2 and consider some s’
in |1 + d/2,s[. Denote by Us (resp., Uy) the corresponding maximal H*®
(resp., H*') solution given by the above theorem. Denote by T* (resp., T?%) the
lifespan of Uy (resp., Uy ). Because H® C Hsl, uniqueness entails that T; <T7,
and that Uy = Uy on [0,TF[. Now, if T < T2, then we must have U,
in C([0,T%]; H*) so that, due to Sobolev embedding, VU, € L'([0,T*]; L>).
This stands in contradiction to the above blow-up criterion. Hence, T} = T7;.

Proof of Theorem 4.16.
To prove existence, we shall use the following iterative scheme: Consider
the sequence (U™),en defined by UY = 0 and

d
QU™ Y A (U™)0 U™ =0
k=1
Upts = Sn1Uo.

Theorem 4.4 ensures that this sequence is well defined and that U™ belongs
to CY(R; H*) for any s. The proof of Theorem 4.16 proceeds in three steps:

— First, we prove that for T sufficiently small, the sequence (U")nen is
bounded in L*([0,T]; H?).

— Second, we establish that for T' sufficiently small, (U"),en is a Cauchy
sequence in L>([0,T]; H*') for any s’ < s.

— Finally, we check that the limit of this sequence is a solution of (5) and
that it belongs to C([0,T]; H®) N CL([0,T]; H*~1).

As we shall see, the proof relies on Littlewood—Paley theory and paradiffer-
ential calculus.
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4.3.1 Paralinearization and Energy Estimates

We aim to prove uniform estimates in H*® for the approximate solution U™.
We claim that some constant Cy can be found such that

CoT||Uollgs <1 ==VYn € N, [[U"||zoo(po,1p;0) < V2| Ul s (4.24)

We shall proceed by induction. The above assertion is of course true for n = 0.
We assume that it is satisfied for some n. In order to bound U™t!, we shall
perform a paralinearization of the system satisfied by U"*!, according to
Lemma 4.14. For all j > —1, we get

d
QAU 43 (8, 1 A(U™)) 0, AU = RY

k=1
for some remainder term R} satistying, for all ¢ € I,
177 (0]l > < CCj(t)Tjs(HVU”(t)IILwHVU”“(t)IIHH
HIVU (8| ||VU”(t)||Hs—1) with [|(c} ()]l < 1.
The L? energy estimate (4.2) and the fact that
V-1 A(U™)|| o < CIVU™|

together imply that

S ST 3 < CIVU™ o U7 [ + R 2 107

As s — 1 > d/2, the space H*~! is continuously embedded in L>°. Hence,
thanks to the induction hypothesis, for any ¢t € [0,T], we get

d
71U e < CllUollne

U7 e (107 e + 277U+ e )
By definition of the Sobolev norm, we thus get

d .

U7 Ze < CllTolLre 5272 U
By time integration, we obtain that

T
U7 e 12y < 14300lZ2 + ClUll = 1U™ [ oo (114927 2]3/0 c; (t) dt.

Recall that for any ¢, we have Zc? (t) = 1. Multiplying by 22¢ and taking
J
the sum over j thus gives
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D 22U e 12y < WMl + ClUol = TIU™ M e sy (4:25)
J
Now, by virtue of Minkowski’s inequality, we have
nt12 2js || 7rn+12
U™ g ey < 22 P N Tes (2
J

so that choosing Cy > 2C, where C' is the constant that appears in the above
inequality, we get that

10 2 s 112y < 2100l (4.26)
This is the conclusion of the first step of the proof.

Remark 4.19. We should point out that we have proven slightly more than
what was originally suggested. In fact, plugging (4.26) into (4.25) gives

> 2O e 1) < 20Tl (4.27)
J

This will be the key to proving the continuity of the solution with values
in H®.
4.3.2 Convergence of the Scheme

We first prove that (U™),ey is a Cauchy sequence in L>(([0,7T7]; L?). We have
d
at(Un-i-l _ Un) + ZAk(Un)ak(Un+1 _ Un)
k=1
d
_ Z(Ak(U") - Ak(U"‘l))akU".
k=1

Using the energy estimate (4.2), we then get, for any € > 0,

d
ST = UM fe +€2) S CIVU 1o U™ = U2

x (7™ = U™ g2 + U™ = U 2.

Define v, def U™ — U™ Y| pze 22y From the above inequality and the fact

that for any positive  and any positive €, we have z < (x2 + 52)%7 we deduce
that for all ¢ € [0, T7,

d n n % n
U@ =T @)7 +¢%)* < CIVU (Ol (vnsr + vn)-
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Integrating and using the estimate (4.26) together with the Sobolev embed-
ding H5~! — L™ gives

(Wn1 +€3)% < (14aU0l172 + %) + OllUo 1= T (w41 + vn).
Passing to the limit when e tends to 0 gives
Un+4+1 S HAnUOHL? -+ CHU()”HsT(’Un_A,.l —+ ’Un).

Assuming that 4CT||Up||gs < 1, we then have
4 1
Un+1 S gHAnUoHLz + gvn.

As || AUl < €275, the series Y v, converges. Hence, (U"),en is a
Cauchy sequence in L>(([0,T]; L?).
Now, using Proposition 1.52 page 38 and (4.26), we get, for any s’ in [0, s],

1-5'4q s’
[U™P = U™ e gy < CIIU™TP = UL (2100l e

and hence convergence also holds true in L°([0,T]; H*'). Therefore, as the
product continuously maps H$ xH*~'into H* ~! when ¢ is greater than d/2,
we may pass to the limit in (S). In addition, from the weak compactness prop-
erties of Sobolev spaces and the fact that the sequence (U™),en is bounded
in L*>°([0,T); H®), we deduce that U belongs to L>([0,T]; H?).

4.3.3 Completion of the Proof of Existence

To summarize, the whole existence part of Theorem 4.16 is now proved, except
for the fact that U is continuous in time with values in H®. This may be
achieved by passing to the limit in (4.27). However, we shall proceed slightly
differently. In fact, we shall instead state a new estimate for the solution which
will be most useful for proving the continuation criterion.

We therefore consider a solution U of (S) belonging to

L([0,7); H*) ne([o, T]; H') n €'([0,T]; L?).
By Lemma 4.14, A;U satisfies

d
0:A;U + Z(?j_lAk(U))akAjU = R;
k=1
AjU\t:O = A;Uy

with _
R ()22 < Ce; ()27 72 VU @)= |U(8) || 2=

By an L? energy estimate and time integration, this leads to
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t
14,072 < [14;U0ll7 +C2_2”/0 SW)VUE) L lU)1F- dt'.
After multiplication by 22/ and summation in j, we find that for all ¢ € [0, 77,

t
> 24Ul 12y < 1ol +C/0 IVUll g U dt'. - (4.28)

J

Minkowski’s inequality and the Gronwall lemma then finally imply that
t
10N ey < D27 N AU N e 2y < [Vollgeexp (€ / VU dt'). (4:29)
J

Because H*™! is continuously embedded in L> and U € L>([0,T]; H®), we
can thus conclude that

D 2 AU |0 12y < 00
J

We now consider any positive €. The above inequality implies that an integer jo
exists such that

25 2 e
Z 2% ||AjU||L%°(L2) < 7
J>Jjo
Thus, we have

U = U5 < Y 2781 4;(U () - U )1z

Jj<jo
+2 Z 22j8||AjU||2L39(L2)
J2Jjo
2
s £
<Y 2 A;U) - U))|Fe + 5
Jj<jo
. 2
< C22Po||U(t) = Ut 72 + 5

As U is in C([0,T]; L?), we can now conclude that U € C([0,T7]; H®).

4.3.4 Uniqueness and Continuation Criterion

The uniqueness is an obvious consequence of the following proposition.

Proposition 4.20. Let U and V be two solutions of (S) in the space
C([o, T} HY) N ([0, T); L7)

with continuous and bounded gradients on [0,T] X R?. We then have

I00) = VOl < 100 = Vollxexp(C [ (VU)o + [TV =) ).
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Proof. We have

d d
WU =V)+ Y AU)0(U = V) =) Ap(V = U), V-
k=1 k=1
Using (4.3), which is valid under the assumptions of the proposition, we get
the result. a

In order to prove the blow-up condition, we first observe that, according
to (4.24), the maximal time of existence T™* satisfies

C

* 2 .
1Uoll s

Let U be the solution of the Cauchy problem for () with data U(t) at time ¢.
By virtue of uniqueness, we must have U(7) = U(t+ 1) for 0 <t+7 <T* so
that the maximal time of existence for U is T* — t. Thus, we have

c
T —t> ———,
10 &=
which can be written o
U@ = > m (4.30)

This implies that |U(t)||g= does not remain bounded when ¢ tends to T*.
Now, if VU € L*([0,T*[; L*°), then the inequality (4.29) obviously implies

that U is in L*°(0,7*[; H*). Combining this with the inequality (4.30) com-

pletes the proof of the whole of Theorem 4.16. a

4.4 Data with Critical Regularity and Blow-up Criteria

In this section we give a generalization and refinements of Theorem 4.16. This
involves two directions: First, we consider more general spaces for the initial
data, and second, we give a refined blow-up criterion.

4.4.1 Critical Besov Regularity

The following theorem can be understood as a borderline case for well-
posedness.

d
Theorem 4.21. Let Uy be in Bé"jl. Then, (S) has a unique mazimal solu-

a a
tion U in C([0, T™[; B;jl) NC'([0,T*[; B3 ,). Moreover, there exists a positive

constant ¢, depending only on the functions Ay, such that

T > ©

||U0H32%j1
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Finally, if T* is finite, then
T*
[ 190t = o
0

d
Proof. The first step is to prove an a priori estimate in L ([0, T; Bifl) of
any solution given by Theorem 4.16. To achieve this, we paralinearize the
system (5). Let U be a suitably smooth solution of (S) defined on some time

interval [0, T*[ and define U; def A;U. We have
,U; +Z L ARU)) U; = Ry forall j>—1

with, according to Lemma 4.14,

IR |12 < Cey2790+9)

VU= [[VU]|

d .
2
B3y

Throughout this proof, we agree that ||(c;)|/¢r = 1.

Next, applying the usual energy method to the above paralinearized system
yields, for any time ¢ in [0, 77,

d _i(d
U1 < 0279 e | VU | e [T 22| VU |

d
B2
Let € be a positive number. From the previous inequality, we infer that

d 3 _i(d
= (103132 +¢) " < €279 ey | VU | | VU |

g -
B3

A time integration yields

(1501 +2)* < (1Al +)

t
+czv(%+1)/0 GOV~ VU] g d

2,1

Taking the limit when € tends to 0 and then summing over j, we get that

(d
101, o, < 222 E sl ooy
2,1 ]

T
< [|Uoll d+1+0/0 VU@ = VU@

21

dt.  (4.31)

d
2
B3

Using the Gronwall lemma, we get that
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t
0O g < W00 g exp(C [ IVUE e ). (@52

2,1

d
From (4.31) and the fact that the space B3, is continuously included in L,
we infer that

t
/ /
T < 100l g0 ex0(C [ IO g0,

Therefore, if

1
T < min{T*, Ty} with T, -~ |
20T
2,1

then
Ul
L9 (B

7

%+1 S 2||U0|| %+1. (433)
2,1 ) Bz,l

d
Because By ; — L, the blow-up condition of Theorem 4.16 thus implies that

1

T*">Ty=——" .
200l s
2,1

(4.34)

We now consider the sequence (U™),en of solutions to (S) with the initial

d
data S,Up for some fixed Uy in the nonhomogeneous Besov space Bf;l.
Using (4.34), we see that the lifespan of U™ is bounded from below by Tjp.
Therefore, according to Proposition 4.20, for any time t < Ty, we have

O™ =U™)(B)][> < [1SnUo0 = SmUol| 2>
t
xexp(C [ (VU (E) = + [TU™ €)= ).
0
d
By the inequality (4.33) and thanks to the fact that B, — L, we get
t
/ VT (@) |z + VU (#)l[1o) dt" < CHUol| g
0 2,1
Thus, (U™),en is a Cauchy sequence in L>([0, Tp]; L?) and, by interpolation

(see Theorem 2.80 page 102), in LOO([O,TO];ngl) for any s’ < d/2+ 1. The
limit U of (U™),en is obviously a solution of (S). Using the Fatou property

d

for the Besov space Bifl (see Theorem 2.72), we conclude that U belongs to
d ’ ’

L=([0,To); B3 ) N C([0, Tol; BS1) N CH([0,To); B3y 1) for amy ' < d/2+ 1.

d
In order to prove that U belongs to C(]0,Tp]; B;jl), we pass to the limit in
the inequality (4.31) (for U(™), thereby obtaining
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(d
> PN g 22) < 2000l g -
2,1

j=-1

We can now conclude as in the Sobolev case: consider a positive €, then, owing
to the above inequality, we can find some integer jo such that

(4
> G AU 12) <

Jj2jo

£
4

Therefore, we have

i(a
|U) - U(t’)|\3g+1 <> 27 (41| A;(U(8) — U (X)) |2
<o
+23° 21(%+1)|\AjU||L5.%(L2)
Jj=>Jo

< o) — U2 + 5

Because U is in C([0,Tp); L?), the first term on the right-hand side tends

to 0 when t' goes to t. This implies that U is continuous in time with values

d
-
2
in By, . O

4.4.2 A Refined Blow-up Condition

Here, we prove a more accurate blow-up condition than the (classical) one
given in Theorem 4.16. We are going to substitute for the Lipschitz norm
any norm associated with an admissible Osgood modulus of continuity (see
Definition 2.108 page 117 and Definition 3.1 page 124).

Theorem 4.22. Let s > d/2 + 1 and U be a mazimal solution of (S)
in C([0,T*[; H®). If T* is finite, then for any admissible Osgood modulus of
continuity, we have

T*
/ U ®)lle,, dt = oc.
0

Proof. In order to prove this theorem, we define the C! nondecreasing func-
tion Ry as follows:

t 1
def :
Ry(t) = (IIUoll?Hs +C/O IVUE) | o= 1T ()17 dt’)

Note that the inequality (4.28) guarantees that if the constant C' has been
chosen sufficiently large, then we have Rs(t) > sup ||U(t')| . Therefore,
0<t'<t

t
Rs(t) < |Uollms + C/ VU Rs(t') dt’.
0
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Let e = min(l, §— % — 1) and I be the function associated with the modulus
of continuity y : [0,a] — RT introduced in Definition 2.108 page 117. Using
Proposition 2.112 page 119 with A = ||Up|| g+, we see that for some constant
depending only on ¢ and on a, we have

IVUlleoc \*
VU~ <C([[Ullc, + |Uol s (1 +F<(
VU, (1Tlle, + 1Tolla<) IUllc, + 1Uollm-

whenever the argument of I" is greater than or equal to 1/a.

Note that if this latter condition is not satisfied, then the above inequality
is trivially satisfied (if we agree that I" is continued by the constant function
I'(1/a) on the interval [0, 1/a]). Therefore, taking advantage of the continuous
embedding of H® in C%¢ and of the fact that I" is nondecreasing (which, in
particular, enables us to drop the exponent 1/¢), we infer that

Ru(t) < |[Usll- + C’/Oty(t') (1 + F((CRS(t/))i>)RS(t’) d’

1Uoll =
. def
with v(t) = [U(#)llc, + [1Uol[ a5 -
CR,(t
Thus, defining ps(t) def & ”( ) and I.(y) def I'(y=), we get
oll&s

p0 (14 [ 2O+ L))

Let a. def at. Given that u is an Osgood modulus of continuity, it is easy
Y du’

to check that the function G (y) d:ef/ /734/ maps [a; !, +o00[ onto and
a;l Yy Fz—: (y )

one-to-one [0, +oo[. Therefore, arguing as in Lemma 3.8 page 128, we infer
that?

t
ps(t) <G <C + C/ y(t) dt’).
0
By the definition of pg, this implies that
1 t
U@l < glal6: (40 [ at)ar)

This means that if the solution U belongs to C([0,7[; H*) N L'([0,T[; C,)
for some finite T, then ||U(t)|| g+ stays bounded on [0,7T[. Thus, the inequal-
ity (4.30) ensures that Theorem 4.22 holds. O

2 Note that we can assume with no loss of generality that C' > 1/a..
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Ezample 4.23. Recall that the function r +— r(1 — logr) is an Osgood modu-
lus of continuity and that Béom is embedded in the set LL of log-Lipschitz

functions (see Proposition 2.107 page 116). Therefore, Theorem 4.22 implies
that no blow-up may occur at time T unless

T
[ 1wl . di= .
0

4.5 Continuity of the Flow Map

Let s > 1+ d/2. According to Theorem 4.16, for any data Uy in H®, the
system (S) has a unique solution U on some nontrivial time interval [0, T].
Moreover, by taking advantage of the lower bound that we have stated for
the lifespan of the solution of (S) and using the inequality (4.26), we can
find some H?®-neighborhood Vy, of Uy and some positive constant K such
that for any Vo € Vy,, the system (S) with data V5 has a solution V in
C([0,T); H*) N CL([0,T); H*~') which satisfies

IVlizse ey + 10V e (aro-1) < K. (4.35)

In the present section, we address the question of continuity of the flow map

6. ) Yo — C([0, 7], H*) nCH([0,T]; H*~)
v — W
To begin, we observe that by combining the inequality (4.35) with the stabil-
ity result stated in Proposition 4.20, we can deduce that the flow map @ is
continuous on Vy,, in the sense of the norm L>([0,T]; L?). Also, note that
by interpolating with the H® bound given by (4.35), we find that continuity
holds for the L>°([0,T]; H* ) norm whenever s’ < s.

We claim that continuity holds true up to index s. In other words, the
system (.9) is locally well posed in the sense of Hadamard.

Theorem 4.24. Let Uy be any data in H® with s > 1+ d/2. There ezists a
neighborhood Vi, of Uy and a positive time T such that the flow map © defined
above is continuous.

Remark 4.25. A similar result holds true in the critical Besov space lejd/ 2,

To simplify the presentation, however, we shall focus on the Sobolev case.

The following stability result for linear symmetric systems is the cornerstone
of the proof of Theorem 4.24.

= d
Lemma 4.26. Define N :efNU{oo}. For k in {1,...,d}, we consider a se-
quence (A}}),cr of continuous bounded functions on I x R with values in the
set of symmetric N x N matrices. Assume, in addition, that there exists a
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real number s > 1+ d/2 such that for all k in {1,...,d} andn € N, the func-
tion VAR belongs to C(I; H°~'), that there exists a monnegative integrable
function o over I such that

IVAT) || gre-1 < alt) forall tel, ke{l,....,d, neN,  (4.36)

and that
Al — AP —, 0o 0 in LY(I; HSTY). (4.37)

Let F € C(I; H*~Y) and Vo € H*™!. For n € N, denote by V" the solution of
AV +Y ALV =F
Viy = Vo,

The sequence (V™),en then converges to V° in C(I; H5™1).

Proof. We first consider the smooth case: Vp € H® and F € C(I; H?).

By virtue of Theorem 4.15 and the assumption (4.36), the sequence
(V™) ex is bounded in C(I; H®). In order to prove that V" tends to V™
in C(I; H*~1), we shall use the fact that

(VM= Vo) + D AR (VT = V) = (AR — A7) V™.
k k

Indeed, because V"(0) = V°°(0), Theorem 4.15 and the assumption (4.36)
together yield

t
V" = V) Olls < [ el (A 4ROV s
0
Because s — 1 > d/2, the Sobolev space H*~! is an algebra. Therefore,
t
[(V* = V)l < C/O eI T AR — AR 1 |06V o1

Taking advantage of (4.37), it is now easy to conclude that V™ tends to V>
in C(I; H*1).

Consider now the rough case Vo € H*" ! and F € C(I; H*~!). For alln € N
and j € N, we introduce the solution V" to

KRV + Y ALV = E; F
(Vi)t=0 = E; Vo.

Since

{ WV =V )+ X AR (V = V) = F —E; F

V\?:o = Vo —E; Vo,
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Theorem 4.15 and the assumption (4.36) guarantee that for all ¢t € I,
077 = V) Olleor < €52 (11 = B Vol

t
+/ F—EjFHHHdT). (4.38)
0

We are now ready to prove that V" tends to V> in C(I; H*~!). Indeed, fix
an arbitrary € > 0 and write
V™ =Vl peo a1y < V™ = Vil oo (13151
HIVF = Vil ey + IV = VLo (rme-n). (4:39)

On the one hand, because E; V{ tends to Vj in H* 1 and E; F tends to F' in
the space C(I; H5~1), we can, according to (4.38), find some j € N such that

(V" = V"l e (r;me-1y < €/3 forall neN.

On the other hand, since the data E; V5 and E; F' are smooth, we can, accord-
ing to the first part of the proof, find some integer ny such that the second
term in the right-hand side of (4.39) is less than /3 for all n > ng. This
completes the proof of the lemma. a

Proof of Theorem 4.24. In the introductory part of this section, we stated the
existence of some H°-neighborhood Vi, of Uy and some positive 1" such that
for all Vy € Vy,, the system (S) has a unique H*® solution @(Vp) over [0, 7]
which is bounded independently of V; and such that ®(V}) tends to ¢(Up) in

C(I; H1) with T 9 [0, 7.

We claim that convergence holds true in C(I; H®). To prove this fact,

consider a sequence of data UJ converging to US® def Uy in H®. Of course,
with no loss of generality, we can assume that all the terms of the sequence
belong to Vy,. For n € N, denote by U™ the solution of (S) with initial
data UJ'. Given that U™ — U in C(I; H*1), it suffices to prove that, in

addition, V™ def VU™ tends to V*° def VU in C(I; H*~1). This latter task

may be achieved by splitting V;, into W + Z™ with (W™, Z™) satisfying

W™+ AROW = F> OZ"+ Y ANORZ" = F" — F>
k and k
Wi_y = Ve Zn_o = Vg = Vg©

with A 4,0 and P -Svaroom,
k

Because (U™),,c is bounded in C(I; H*®), it is obvious that (V.A}), o is
bounded in C(I; H*~!). Further,
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N .
A= A =7 A - U
j=1

and therefore, owing to the fact that (U™ — U>) goes to 0 in C(I; H*™1),
the sequence (A7 — A$°),en converges to 0 in C(I; H*~!). Lemma 4.26 thus
ensures that W™ tends to W (i.e., V°) in C(I; H*~1).

Next, according to Theorem 4.15, we have, for all n € N and ¢ € [0, T],

t
127 (t)|| grar < €€l |VAk|Hs1dT<||Vo"—%°°|H“+/ R dT)
0

Using the definition of A} and the fact that H*~! is an algebra, we deduce
that

| = F s OV ot + [V o) [V Vs
<OV s + 1V a1 ) (127 sgos + (W =W o).

Denoting by K a bound in C(I; H*~!) for (VA}),en, we thus get
t
127 ()| pgo—r < K (||Vo” = Vo<l + C/O V™ lers=1 + [Vl rs-1)
X (12| gs—r + W™ = W e d7'>.

Applying the Gronwall lemma and using the facts that

— (V™),en is bounded in C([0,T]; H*™1),
— VJ* tends to V® in H571,
— W™ goes to W in C([0,T]; H5™1),

it is now easy to conclude that Z™ tends to 0 in C([0,T]; H*™1). O

4.6 References and Remarks

There are a number of references concerning the study of more general linear or
quasilinear systems. Results related to the well-posedness theory in H*® and finite
propagation speed for (LS), (QS), or more general systems may be found in the
monographs by T. Kato [177], S. Alinhac and P. Gérard [11], L. Hérmander [168],
D. Serre [262], or S. Benzoni-Gavage and D. Serre [33]. For results concerning the
particular case of the compressible Euler system introduced at the end of Section 5.1,
one may refer to e.g. [63, 261]. The concept of paralinearization was introduced by
J.-M. Bony in his pioneering paper [39]. The standard blow-up criterion involving
the L*([0, T[; Lip) norm of the solution is part of mathematical folklore.

The well-posedness for data with critical regularity was first stated by D. Iftimie
in the Appendix of [172]. We mention in passing that a slightly more accurate
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lower bound for the lifespan T™ of the solution to (S) may be proven, namely,
T > o VU|| 7, -
322,1

To the best of our knowledge, the fact that the L'([0,T[;Lip) assumption in
Theorem 4.16 may be replaced by a slightly weaker condition goes back to the
pioneering paper [31] by J. Beale, T. Kato, and A. Majda for the incompressible
Euler equations.

The continuity of the flow map up to index s belongs to the mathematical folk-
lore. In Section 4.5 the method introduced by T. Kato in [177] (in the framework of
abstract quasilinear evolution equations) has been applied. We should mention that
an alternative method combining viscous regularization of the system and regular-
ization of the data may be used (see, e.g., [38] for the KdV equation).
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The Incompressible Navier—Stokes System

This chapter is devoted to the mathematical study of the Navier—Stokes sys-
tem for incompressible fluids evolving in the whole space’ R, where d = 2 or 3.
Denoting by u € R? the velocity field, by P € R the pressure function, and
by v > 0 the kinematic viscosity, the Cauchy problem for the incompressible
Navier—Stokes system can be written as follows:

oiu+u-Vu—vAu = —VP
divu =0
Ult=0 = U0,

where
d _ d_ d
divu=28ju7, u-V:Zujﬁj, and A:Z@?.
j=1 j=1 j=1

The first section of this chapter is devoted to the presentation of a few basic
results concerning the Navier—Stokes system. There, we introduce the weak
formulation of the system, state Leray’s theorem, and prove a fixed point
theorem which will be of constant use in the sections which follow.

In the second section, we solve a generalized Navier—Stokes system locally
in time for general data in H2~!, or globally in time for small data in H %1,
In the third section, we present results which use the special structure of the
nonlinearity in the Navier—Stokes system. First, we prove the uniqueness of
finite energy solutions in dimension two. Next, in dimension three, we establish
a result concerning the asymptotics of possible large global solutions. As a
consequence, we show that the set of initial data which give rise to global
solutions in L% (R*; A') is an open subset of Hz.

In the fourth section, we prove local well-posedness for general data
in L3(R3) and global well-posedness for small data. This result is a by-product
of a more general result where Besov spaces embedded in 30_01700 arise natu-

rally. The next section is devoted to the study of the well-posedness issue in

! This means that boundary effects are neglected.
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the so-called endpoint space for the Picard scheme. There, we consider data
which are scarcely better than B

Up to this point, all results concermng the Navier—Stokes system are ob-
tained by means of elementary methods: nothing more than the classical
Sobolev embedding and Young’s and Hoélder’s inequalities. The last section,
however, is more demanding. There, we present a result concerning well-
posedness in the context of Besov spaces which uses the smoothing effect
of the heat flow described by the inequality (3.39) page 157. Next, we take
advantage of that approach in order to study the problem of the existence of
a flow for the velocity field in a scaling invariant framework.

5.1 Basic Facts Concerning the Navier—Stokes System

We begin by introducing the weak formulation of the Navier—Stokes system.
From Leibniz’s formula it is clear that when the vector field u is smooth and
divergence-free, we have

u-Vu=div(u®u), where diviu®u j def Z O (! u®) = div(ulu),

so that the Navier—Stokes system may be written as

Ou + div(u @ u) — vAu = —VP
(NS,) divu =0
U‘t:() = UugQ.

The advantage of this formulation is that it makes sense for more singular vec-
tor fields than the previous formulation, a fact which will be used extensively
in what follows.

Based on this observation, we now define a weak solution of (NS). The
following definition may be seen, in the nonlinear framework, as the analog of
Definition 3.13 page 132.

Definition 5.1. A time-dependent wvector field u with components in the
space L2, (0,T]x ]Rd) is a weak solution of (N S,) if, for any smooth, compactly
supported, time-dependent, divergence-free vector field ¥, we have

/Rdu(t,x) “U(t,x)de = //Rd(yu AV +u@u: VY +u-OW)(t, x) da dt
+ /Rd uo(x) - ¥(0,x) de. (5.1)

We now formally? derive the well-known energy estimate. First, taking
the (L2(R%))? scalar product of the system with the solution u gives

2 These computations will be made rigorous in the next sections.
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1d

2 dt

Using formal integration by parts, we may write

(u-Vulu)pz = Z /uj(ﬁjuk)ukdx
R4

1<y,k<d

1 ]
3 X [ wos(uP)ds

1<5<d

||u||%z + (u-Vulu)rz — v(Aulu)rz = —(VPu)re.

1

——/ (div u)|u|? dz
2 R4

=0.

Moreover, we obviously have
—v(Aulu) g2 = v||VaulZs.

Again, (formal) integration by parts yield

d
—(VP|u)p: = —Z/Rd w9, P dx
j=1

= / Pdivudz
Rd
=0.
It therefore turns out that
1d
g%lw(t)lliz + || Vu(t)|72 =0,

from which it follows, by time integration, that

t
lu(t)ll7> + 21//0 IVu(t)1Z2 dt’ = ||uol|Z.- (5:2)

It follows that the natural assumption for the initial data ug is that it is
square integrable and divergence-free. This leads to the following statement,
first proven by J. Leray in 1934.

Theorem 5.2 (Leray). Let ug be a divergence-free vector field in L*(R%).
Then, (NS,) has a weak solution u in the energy space

L®RY; L) N L*(RT; HY)

such that the energy inequality holds, namely,

t
lu(®)lIZ> + QV/O IVu(t)||72 dt’ < Jluoll7-- (5-3)
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Remark 5.3. The Leray solutions satisfy the Navier—Stokes system in a stronger
sense than that of Definition 5.1: For any smooth, compactly supported, time-
dependent, divergence-free vector field ¥, we have

t
/u(t,m)-!ﬂ(t,x)dw—k//(l/Vu:VLP—u@u:VW—U-@W)(IS',x)dxdt’
R4 0 JRY

_ / wo(z) - (0, z) d.
Rd

Proving Leray’s theorem relies on a compactness method analogous to that
of the first section of Chapter 6:

— First, approximate solutions with compactly supported Fourier transforms
satisfying (5.3) are built. This may be done by solving an appropriate
sequence of ordinary differential equations in L2-type spaces.

— Next, a time compactness result is derived.

— Finally, the solution is obtained by passing to the limit in the weak for-
mulation.?

In dimension two, the Leray weak solutions are unique. More precisely, we
have the following theorem, which we shall prove in Section 5.3.1.

Theorem 5.4. If d = 2, then the solutions given by the above theorem are
unique, continuous with values in LQ(IRQ)7 and satisfy the energy equality

t
lu(OI1Z + 2V/ IVu(t)Zz dt’ = ||uol|Z:-
0

Another important feature of the Navier—Stokes system in the whole space R?
is that there is an explicit formula giving the pressure in terms of the velocity
field. Indeed, in Fourier variables, the Leray projector P on divergence-free
vector fields is as follows:

d
FERIE) = F(6) - — S 66 )

d
=> Ef SR (€, (5.4)

where 0, = 1if j =k and 0 if j # k.
Therefore, applying the Leray projector to the Navier—Stokes system and
denoting by @ ng the bilinear operator defined by

Qns(v,w) def —% P(div(v ® w) + (divw ® v))

3 For the proof of Theorem 5.2, the reader is referred to the magnificent original
paper by J. Leray (see [207]). For a modern proof, see, for instance, [75] or [86].
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yields
{atu —vAu = Qus(u,u)

U|t=0 = UQ-

Note that the divergence-free condition is satisfied by u whenever divug = 0.
Hence, u satisfies the “original” system (NS,).

Throughout this chapter, we shall denote by @ any bilinear map of the
form

: def im
Q' (u,0) N gl O (uF0?),

k,4,m

where q,i’? are Fourier multipliers of the form

jm_ def : —1(€np
dipa Sy E T (SEae).

n,p

and )" are real numbers.

As pointed out above, the incompressible Navier—Stokes system is a par-
ticular case of the system

Ou —vAu = Q(u,u)

Ult=0 = U0

(GNS,) - {

with the operator @) defined as above.
Let B(u,v) [resp., Bys(u,v)] be the solution to the heat equation

{@B(u, v) — vAB(u,v) = Q(u,v) [resp., Qns(u,v)]
B(u,v)j4=o = 0.

Solving (GNS,) [resp., (NS,)] amounts to finding a fixed point for the map
u— e""Aug + B(u,u) [resp., Bys(u,u)).

Throughout this chapter, we shall solve (GNS,) or (N.S,) by means of a
contraction mapping argument in a suitable Banach space. This is based on
a classical lemma that we recall (and prove) here.

Lemma 5.5. Let E be a Banach space, B a continuous bilinear map from E X
FE to E, and a a positive real number such that

1
a<—— with B]Y swp Bl (5.5)
4Bl a0l <1

For any a in the ball B(0, &) (i.e., with center 0 and radius ) in E, a unique x
then exists in B(0,2a) such that

x=a+ Bz, z).
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Proof. The proof involves an application of the classical iterative scheme de-
fined by
zo=a and Zpt1=a+ B(x,,z,).

By induction we may prove that |z,| < 2a. Indeed, using (5.5) and the
definition of z, 1, we get

[Zns1] < (1 + 4| B]]) < 2a.
Thus, the sequence (2, )nen remains in the ball B(0, 2«). Now,

Tp+1 — Tp = B(.’En,l‘n) - B(:Enfhxnfl)
= B(xn - mnflwrn) + B(‘rnfla Tn — xn71)~
Therefore, we obtain
[#n41 — 2nll < 4af[B| [|2n — zn-al].

Hence, by virtue of (5.5), (z)nen is a Cauchy sequence in E, the limit of
which is a fixed point of  — a+ B(x,x) in the ball B(0, 2«). This fixed point
is unique because if x and y are two such fixed points, then

lz =yl < I1B(z —y,y) + Bz,z — y)|| < 4al|B| |z — yl|.
The lemma is thus proved. O

Proving the existence of global solutions for (GNS,) or (NS,) by means
of Lemma 5.5 requires a Banach space X with a norm invariant under the
transformations that preserve the set of global solutions. This set contains the
translations with respect to the space variable and, more importantly for our
purposes, the so-called scaling transformations defined by

up(t,z) =

The following spaces obviously meet these conditions:

def w32, Aa).

LOO(R"FLd) Loo(Rﬂ-Hgfl)’ L4(R+7H%),
LR H2 YN LA(RY; H?).

When d = 2, the energy space itself, L®(R™": L?) N L2(IER+;H1)7 is scaling
invariant. This is the key to the proof of Theorem 5.4. In the case where
d = 3, however, the regularity of the energy space is below that of the scaling
invariant space H 2 2. In other words, in dimension d = 2, demonstrating the
global existence of regular solutions of the Navier— Stokes system is a critical
problem, whereas in dimension d = 3, this can be interpreted as a supercritical
problem. This is the core of the difficulty. As we shall see, being able to use
the special structure of the equation in a scaling invariant framework is one
of the challenges involved in resolving the global well-posedness issue.
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5.2 Well-posedness in Sobolev Spaces

In this section, we investigate the local and global well-posedness issues for
the generalized Navier-Stokes system (GNS,).

5.2.1 A General Result

The main theorem of this subsection is the following one.

Theorem 5.6. Let ug be in H%~1(RY). There exists a positive time T such

that the system (GNS,) has a unique solution w in L4([O7T];H%) which
also belongs to
([0, T} F2 1) N L2((0, T); H #),

Let Ty, denote the mazimal time of existence of such a solution. Then:

— There exists a constant ¢ such that
[uoll ;a1 < v == Ty = 0.

- If T, ts finite, then

T’(lo 4
[ Ol e = . 5.6

Moreover, the solutions are stable in the following sense: If u and v are solu-
tions, then

t
) = o0y g+ ) = o g ' < o = vl

a1) dt’).

Remark 5.7. We note that for any small data, the corresponding solution «
belongs to L* (R+; HS ). In fact, we shall see in Theorem 5.17 that any global
solution of (GN'S,) belongs to L*(R*; H“%).

C ¢ / !/
cexp(sz [ () aps +00)

4
I

Remark 5.8. As a by-product of the proof, under the condition ”“0”15{%4 < ev,

we actually get ||u(t)|| . a_, < 2cv for any time t.

I
Proof of Theorem 5.6. We shall prove that the map

u— €% uy + B(u, )

has a unique fixed point in the space L*([0,T]; H %) for an appropriate T.
This basically relies on the following two lemmas, the first of which is simply
a variation on Sobolev embedding.
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Lemma 5.9. A constant C exists such that
Q@ 5> < Cllall o (Bl s

Proof. We focus on the cases d = 2,3, where the result may be proven by
elementary arguments. For d > 4 the result follows from Corollary 2.55 page 90
(the proof of which requires more elaborate techniques).

Beginning with the case d = 2 we can use Sobolev embedding (see Theo-
rem 1.38 page 29) to write

1Q(a, )l -1 < Cllabl|L>
< Cllal|ga[|b] 24
< Cllall ;1 16 ;1

Next, if d = 3, then we have, by the definition of @,
Q0,1 < Csup(latonl, y + 40,y )

Thanks to the dual Sobolev embedding (see Corollary 1.39 page 29) and to
the Sobolev embedding itself, we have

Qa0 3 = Csup(lakonl, s + [1/0at], 5 )

< C(|G|L6||Vb||m i ||Va||L2||b|Le)
< Clall g bl -
This proves the lemma. a

The second lemma describes an aspect of the smoothing effect of the heat flow
and may be seen as a particular case of the inequality (3.39) page 157. Here, we
provide an elementary self-contained proof which does not require Littlewood—
Paley decomposition.

Lemma 5.10. Let v be the solution in C([0,T); S'(R%)) of the Cauchy problem

{8tv—uAv:f

Ylt=0 = Vo
with f in L2([0,T]; H5~1) and vy in H*(RY). Then,
ve (27 ) Ne. 3 )
p=2

Moreover, we have the following estimates:
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t t
HM®W¢+2@AHVMfmidf=H%Ws+2é<ﬂﬂkwﬂ%ﬁﬂ

[N

2s ~(q! 2 1
([t sup 1o 901) ) < Boolle + o ey
R t

0<t'< (2v)2

1 1
10O o2, < 5 (Bolle + 51 o)
vp

Lb(H®

=

mmm@;y/wﬁaa<ma

Proof. The first estimate is just the energy estimate. The proof of the second
one is based around writing Duhamel’s formula in Fourier space, namely,

t
/ﬁ(t,f) _ efut‘f‘rzﬁo(é') +/ efu(tft')\ﬁ\zf(t/,g) dt’.
0

The Cauchy—Schwarz inequality implies that

P ~ 1 n
sup [0(t,§)| <[00 ()] + —=== /(- )l L2(0.1))-

0<t'<t V2v|E|?

Taking the L? norm with respect to |£|?* d¢ then allows us to conclude that

def a2 eps )
v & ([ (s o) e dc)

1 - s )2
ol + oy ([ WP ol )

) 1 Yy 21 ¢125—2 / 2
ol + o ([ € PRI 2acar

1
H'UOHHS + W”JCHLz([OJ];Hkl)-

IN

Since, for almost all fixed £ € R?, the map ¢ — v(t, €) is continuous over [0, T,

the Lebesgue dominated convergence theorem ensures that v € C([0,T]; H®).
Finally, the last inequality follows by interpolation. O

Combining Lemmas 5.9 and 5.10, we get the following result.

Corollary 5.11. A constant C exists such that

C
_ < — _ _
1By rezr) € gl oz Bl o

Proof of Theorem 5.6 (continued). To prove the first part of Theorem 5.6, we
shall use Lemma 5.5. We know that if
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vtA V4
e uoIIL4 Ve PTon (5.7)

with Cy > C, then there exists a unique solution of (GN Sy) in the ball with

3
center 0 and radius (47-) in the space L*([0,T]; H ).
Next, we 1nvest1gate when the condition (5.7) is satisfied. Applying the
last inequality of Lemma 5.10 with s = d/2 — 1 and p = 4 yields, for any
positive time T,

y 1
e 2uolly a5, < =l g (58)

Thus, if HUOHH%‘l < (4Cp) 1w, then the smallness condition (5.7) is satisfied
and we have a global solution.

We now consider the case of a large initial data wug in H%~!. We shall
. . . rd .
split ug into a small part in H2~! and a large part with compactly supported
Fourier transform. For that, we fix some positive real number p,,, such that

</|s|zpu0 |€‘d_2|a0(§)|2d§)% = %'

def

Using (5.8) and defining u}, = .7-'*1(13(07,,“0)%)7 we get

3

vtA vtA |7
e 20l o) < g + 200l o
We note that
v b v b
H t4 ||L4 (H 5 <pu0||e t4 ||L4 (Hffl)
< (02, 1) ol g -
Thus, if
i '
T< < ) ; (5.9)
8Cop, luol|

oy
then we have the existence of a unique solution in the ball with center 0 and
3
radius gz in the space L*([0,T]; H o).
Fmally, we observe that if u is a solution of (GNS,) in LA([0,T); H="),

then, by Lemma 5.9, Q(u, u) belongs to L2([0, T); H%Q). Hence, Lemma 5.10
implies that the solution u belongs to

é
2

([0, 7] =Y N L2(0, T); H %),
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In order to prove the stability estimate, consider the difference w between two
solutions u and v. We note that w satisfies

{atw —vAw = Q(w,u + v)

_ . def
w|t:0 = wWop = uUg — V.

Thus, by the energy estimate in H 51 (see Lemma 5.10), we have
def
Buty w0, +20 [ IV, av

< Tl g, +2 [ (@), ) +o(t), wlt))y_, de.

The nonlinear term is treated by means of the following lemma.

Lemma 5.12. A constant C exists such that

(Q(a,0),¢)a y < Cllal| a1 [|b]] L aza Vel g s

Proof. Let a = Q(a,b). By definition of the H%~1 scalar product, we have,
thanks to the Cauchy—Schwarz inequality,

(@) g = [ @l 2 g
= [1e1# -2t lg1#efate) de

< llall 4 IIVell 4 ..
which, by virtue of Lemma 5.9, leads to the result. a

Completion of the proof of Theorem 5.6. We now resume the proof of the
stability. We deduce from the above lemma that

t
Au(t) < ol 4, +C / )l a5 NI Tt ]
0

H?2

with N(t ) ||u( )H 1+ [Jo(t )H . By the interpolation inequality be-

tween H2~! and H2, we infer that
t 1 3
2 N2 / |2 /
A0 < ol g, +C [ Ty} NEITeE av.
. o . 1, 3.4
Using the convexity inequality ab < Za + Zb?’, we deduce that

C t t
A0 < ol + 35 [ 0y N+ [ el ar.
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By definition of A,,, this can be written
t
(1% 4, + V/O Vw2, 4, d
C t
<ol + 35 [ 0@l g N0 ar.

Using the Gronwall lemma, we infer that

t t
C
2 \v4 12 / 2 4041 /

The theorem is thus proved up to the blow-up criterion. Assume that we have
a solution u of (GNS,) on a time interval [0, 7] such that

T
4
[t e <o

We claim that the lifespan T, of u is greater than T'. Indeed, thanks to
Lemmas 5.9 and 5.10, we have

2
[ fae,o)) de < .
R? te[0,T]
Thus, a positive number p exists such that
eIl [ e ePds < G-
j€1>p 2

The condition (5.9) now implies that for any ¢ € [0,T], the lifespan for a
solution of (GNS,) with initial data u(t) is bounded from below by a positive
real number 7 which is independent of t. Thus, Ty, > T, and the whole of
Theorem 5.6 is now proved. a

5.2.2 The Behavior of the FI%~! Norm Near 0

In this subsection, we show that for small solutions, the H 2~1 norm behaves
as a Lyapunov function near 0.

Proposition 5.13. Let ug be in the ball with center 0 and radius cv in the

space H2~Y(RY). The function

t— [lu(@)]

. d
2t

s then monincreasing.
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Proof. We shall again use the fact that the function u is a solution of the
equation

Owu — vAu = Q(u,u) with Q(u,u) € L*(RT; H%_Q).

Thus, thanks to Lemma 5.10, we infer that
t
2 12 /
g, +20 [ 19w e

— luoll? 4, + 2/0 (QUu(t), ult))), u(')) sy dt’.

Using Lemma 5.12 and an interpolation inequality, we get, for any 0 < ¢; < to,

to
def 9 N2 /
Uftrote) E utea) g+ 20 [ IV

to

2 N2 / /

< Ju@t)IP? 4, +C / (@I aca [ V()] g dt
to

2 / N2 /

< IIU(tl)IIHgl+C/t1 [ g -2 V(I 4, dt'.

By Theorem 5.6, we know that wu(t) remains in the ball with center 0 and
radius 2cv in the space Hgfl(]Rd). Thus, if ¢ is small enough, we get that

ta
el g, +v [ TITUOIE, < ) g

This proves the proposition. O

5.3 Results Related to the Structure of the System

In this section we present results which are related to the very structure of
the Navier—Stokes system. Here, the energy estimate will play a fundamental
role.

5.3.1 The Particular Case of Dimension Two

As explained above, in dimension two the energy estimate turns out to be
scaling invariant for the Navier—Stokes system. This fact will enable us to
prove that (NS,) is globally well posed for any initial data in L?*(R?), as
follows.



216 5 The Incompressible Navier—Stokes System

Theorem 5.14. Let ug be a divergence-free vector field in L? (Rz). A unique
solution then exists in the space L*(R™; H%) which also belongs to

C(RT; L) N L®(RT; L) N L2(RT; HY)

and satisfies the energy equality

t
@)+ 20 [ I dF = ol
0

Proof. Let u be the solution given by Theorem 5.6. Thanks to Lemma 5.9, we
know that Qns(u,u) belongs to L? ([0, Ty, [; H~1). Therefore, Lemma 5.10

loc
implies that u is continuous with values in L?(R?) and satisfies

IIU(t)H%ZHV/ [Vu(t)|Z dt’ = HUOIIZLzH/ (Qus(u(t), ut)), u(t')), dt"
0 0

We temporarily assume the following lemma.

Lemma 5.15. Let u and v be time-dependent, divergence-free vector fields
over R, If u and v belong to L*([0,T]; L*) N L2([0,T); H'), then we have

| (@nstut) o). vie))gar <o

Combining interpolation and the Sobolev embedding Hz (R?) < L*(R?), we
see that u is in L*([0,T] x R?). Therefore, we deduce that for any t < T,

t
lu(®)lI2 + QV/O IVu(t) 122 dt’ = ||uol|Z--

Thanks to the above energy estimate and using an interpolation inequality
between L? and H', we obtain, for any T < T,

T T
| 1ol bt < ol [ 9o d
0 0

The blow-up condition (5.6) then implies the theorem. O

For the sake of completeness, we now prove Lemma 5.15. We know that

Qlys(wv) & —divwiu) = 3 8;(=2)"100s (o).

1<k 0<d

Note that all the terms on the right-hand side are in L([0,T]; H~'). There-
fore,
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— Z / v’ div(v/u) da
R4

1<j<d

(@ns(u,v),v)

+ Y jgd196%(43*15%5y(ukv4))dx

1<j,k.t<d

—l/ (divu)|v|? dz
2 R4
- Z /d(divu)A_lakag(ukve)dx. (5.10)
R

1<k 0<d

As divu = divv = 0, this completes the proof of the lemma. a

5.3.2 The Case of Dimension Three

The case of dimension three is much more involved. The question of whether

or not (NS,) is globally well posed for large data in Hz (R?) is still open.
The purpose of this section is first to prove the energy equality for solutions
of (NS,) given by Theorem 5.6 and then to show that any global solution is
stable.

Proposition 5.16. Consider an initial data ug in H%(RB) with divuy = 0.
If u denotes the solution given by Theorem 5.6, then u is continuous with
values in L*(R®) and satisfies the energy equality

t
lu(®)lIZ2 + 2”/0 IVu(t')||72 dt’ = |luol|7=-
Proof. As the solution u belongs to

e ([0, Ty [ H#) 1 L, ([0, T [; HY),
the interpolation inequality between Sobolev norms (see Proposition 1.32
page 25) implies that u belongs to the space L$ ([0, Ty, [; H%), which, in view
of Sobolev embedding, is a subspace of L} ([0,T,,[; L*). Therefore, we may
apply Lemma 5.15, and the energy equality is thus satisfied. Now, because
u € Lt ([0, Ty, [; L*), we have Qns(u,u) € L2 ([0, Ty, [; H~1), so applying

Lemma 5.10 yields the desired continuity result. O

Next, we shall investigate qualitative properties of global solutions. In fact,
any global solution is stable, even if associated with large initial data. More
precisely, we have the following statement.

Theorem 5.17. Let u be a global solution of (N'S,) in L}

L (RT; HY). We then
have

lim [Ju(t)l| ,, =0 and A|Mm;w<m.

t—o0
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Remark 5.18. We know that if |Jug ||H 1 satisfies the smallness condition of The-
orem 5.6, then the global solution associated with the Cauchy data ug belongs
to the space L*(R™"; H'). Hence, it suffices to prove that tlim ||u(t)HH% =0.
Remark 5.19. If ug also belongs to L?(R?), then this theorem is an immediate
consequence of Proposition 5.16. Indeed, interpolating between L? and H'
yields
1
4 4
0l bt < ool

from which the result follows since the H2 norm is a Lyapunov function
near 0.

Proof of Theorem 5.17. For fixed, given p > 0, we decompose the initial
data ug as

. def _ ~
Uy = Ug,p + Ug,e with U = F 1(13(0,;))’11,0).

Let € be any positive real number. We can choose p such that

. €
||uo,e||H% < mln{cy7 5}

Denote by u, the global solution of (NS,) given by Theorem 5.6 for the initial
data ug¢. Thanks to Proposition 5.13, we have

vt € RT, lue@®)ll 53 < 5 (5.11)

N ™

Define uy, def u — uyg. This satisfies

Orup — vAuR = Qns(u,up) + Qns(un, ur)
uh|t:0 = U()’h.

Obviously, ug s belongs to L? (with an L? norm which depends on p and
thus on ¢). Moreover, both Qns(u,up) and Qns(up,ue) belong to the
space L7 _(RT; H=1). Applying Lemma 5.10 and Lemma 5.15, we get

loc

t
lun (B)][72 + 2V/ IVun ()22 dt’ = |luonllZ
0

2 / (@ (un ('), we(t)), wn () s st

From Sobolev embedding, we infer that

(@ns(un(t), ue(t)), un()) g | < Cllun(@)ue(®)]| 2| Vun @) L2

< Cllun @)l Lo lue ()] s [ Vun t)| 2
< Cllue(®)] ;1 IV un(®)lI7-
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‘We then deduce that
t t
lun (£)]122 + 20 / V()22 dt’ < uop |22 + Ce / IV (t) 2 dt’.
0 0

Choosing ¢ small enough ensures that

t
lun (D117 + V/O IVun ()12 dt’ < uo |z

This implies that a positive time t. exists such that Huh(tE)HH% < g/2.
Thus, Hu(te)||H% < e. Theorem 5.6 and Proposition 5.13 then allow us to
complete the proof. a

Theorem 5.17 has the following interesting consequence.

Corollary 5.20. The set of initial data ug such that the solution u given by
Theorem 5.6 is global is an open subset of Hz.

Proof. Let up in H?= be such that the associated solution is global. Let wy
be in H2. Denote by v the maximal local solution associated with the initial
data vg def uo + wo. The function w def v — u is solution of

{&sw —vAw = Qns(u,w) + Qns(w,u) + Qns(w,w)
’LU‘t:Q = wq-

Lemma 5.12, together with an interpolation inequality, gives

3
2

1
< Cllull g w4 IVl

(@ns(u,w) + Qns(w, u),w) ot

<QN5(IU,’UJ),U1>H

1
b 3

< Cllull 43 Vw2,

1
2

Assume that ||w0||H% < Y and define

8C

def v
Ty S sup{t/ s (®)l < 35}

1 3
From Lemma 5.10 and the convexity inequality ab < Za‘l + Zb%’ we then infer
that for any ¢ < Ty,

t t
C
2 L \v4 \ 112 L ! < 2 L AYIES |12 ) /.

The Gronwall lemma and Theorem 5.17 together imply that for any t < T,

t t
C
()1, + V/o Vw5 dt” < llwoll? eXP(jg /0 lu(®) 3 dt’)-
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Now, according to Theorem 5.17, u is in L*(R™; H'). Hence, we can conclude
that if the smallness condition

C 2
2 o 4
ol xp( 5 [ T dt) < 1o

is satisfied, then the blow-up condition for v is never satisfied. Corollary 5.20
is thus proved. O

5.4 An Elementary LP Approach

As announced in the introduction of this chapter, we here prove local well-
posedness for initial data in L3(R3). The main result is the following theorem.

Theorem 5.21. Let ug be in L3(R3). A positive time T then exists such
that (GSN,) has a unique solution u in the space C([0,T]; L3). Moreover,
there exists a positive constant ¢ such that T can be chosen equal to infinity
if |luollps < cv.

Proving this theorem cannot be achieved by means of a fixed point argu-
ment in the space L°°([0,7T]; L3). Indeed, as discovered by F. Oru in [243],
the bilinear functional Byg does not map L*([0,7]; L?) x L*°([0,T]; L?)
into L>([0,T]; L?).

As in the preceding section, we shall use the smoothing effect of the heat
equation to define a space in which the fixed point method applies. This
motivates the introduction of the following Kato spaces.

Definition 5.22. If p is in [3,00] and T is in ]0, 0], then we define K,(T)
by

7o) @ Lue o, 10y / ullieyry @ sup (0308 u(t) 10 < o0},

t€]0,T]
If p € [1,3], then we define K,(T) by
def def 1(1_3
K1) = {ue co.T12%) ) el = sup (100 u(®)]1 < oo}
We denote by K,(0c0) the space defined as above with ]0,00[ (resp., [0,00[)
instead of 10, T] (resp., [0,T]).

Remark 5.25. Kato spaces are Banach spaces. Moreover, K,(c0) is invariant
under the scaling of the Navier—Stokes system.

Remark 5.24. Consider some uy in L2 and p > 3. As
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we have, thanks to Young’s inequality,

1 L2
UOHLP S — ||e vt
t)2

||thA
(4mv

[SCR )

1
’LLO||L3 with — ==+
r

LT

bR

This gives |[e"*?ug|r < c(ut)7%(17%)||uo||L3 and thus
HeytAU()HKp(OO) S C||U0||L3. (512)

We note that if ug belongs to L3, then, for any positive ¢, a function ¢ can
be found in § such that ||ug — ¢||rs < . This implies, in particular, that

le”* % (uo — )i (00) < Ce.

Observing that [e”*2¢||r < ||@] L+, We then get, for p > 3,

e uo| ke, () < Ce + (WT)F=3) |6 o (5.13)

vtA

We can thus conclude that [[e”*“ug|| g, () tends to 0 when T' goes to 0.

Remark 5.25. We now give an example of a sequence (¢, )nen such that the L?
norm is constant, the H? norm tends to infinity, and the K,(00) norm
of e’*2¢,, tends to 0 for any p > 3. Consider, for some w in the unit sphere,

the sequence
¢n(x) d:ef ein(z\w)¢(x)7

where ¢ is a function in § with a compactly supported Fourier transform.
On the one hand, since ¢,,(§) = ¢(§ — nw), straightforward computations
give R
lim n_1/2H¢n||Hl/2 = ”QZ)HL2

n—oo

On the other hand, we have
e”md)n(x) — (27T)—3€in(:c|u)/ ei(z|n)e—ut\n+nw‘2$(n) dn.
R3
Hence, because QAS is compactly supported, we find that for large enough n,
e Al < Ce™ ¥ |glle and " ¢ullzz < Cem 5™ )]z,

from which it follows, by Holder’s inequality, that

"2 6nlLr < Crtn?)~2073),
Thus,

C
||€Vm¢n||Kp(oo) < 5
n-r

which implies that the K,(co) norm of e*4¢,, tends to 0 when n goes to infin-
ity. Finally, as ||¢n ||z = ||¢||13, this example has the announced properties.
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Remark 5.26. We emphasize that when p > 3, He”tAUOHKp(OC) is equivalent to

the norm of the homogeneous Besov space Bp_ (1): ? (see Theorem 2.34 page 72).

In fact, Theorem 5.21 turns out to be a corollary of the following theorem.

Theorem 5.27. For any p in ]3,00[, a constant ¢ exists which satisfies the
following property. Let ug be an initial data in S’ such that for some positive T,

||thAu0|\Kp(T) < cv. (5.14)

A unique solution u of (GNS,) then exists in the ball with center 0 and
radius 2cv in the Banach space K,(T).

Remark 5.28. Thanks to the inequality (5.13), this theorem implies that for
any initial data in L? we have a local solution. Thanks to the inequality (5.12)
this solution is global if ||ugl|zs is small enough.

Proof of Theorem 5.27. The proof relies on Lemma 5.5 applied in K,(T'). It
therefore suffices to state the following result.

Lemma 5.29. Let p, q, and r be such that
1

1 1 1 1 1
0<-+-<1 and -+ -<5+-
P q p q 3 r

< <

For any positive T', the bilinear functional B maps K,(T)x K,(T') into K, (T).
Moreover, a constant C (independent of T') exists such that

C
1B (w, v)llrc.(ry < —llull sy ey ol (1) -
Proof. This will involve writing B as a convolution operator. More precisely,
we have the following lemma.

Lemma 5.30. Define the operator L, by

OyLnf — VAL f +VP =0, f
divL,f=0
me\t:O =0.

We have
t .
Lofi(t0) =Y [ [ T e— v s - ) ar.
e J0 JR3 ’

where the functions I'V elong to ,o0l; L®) for any s in |1, 00| and satisfy
h he fi ; F,iebl C(]o L?) f 1 d f

C

e (5.15)

T (8 2)] <
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Proof. In Fourier space, we have
. t 2 3 .
FLnfI(t.€) =i / e O N e FRLI(E, ) dt'.
0 k=1

Using the computation of the pressure (5.4), we get

t 3
FLnf(1,6) =i /O OIS o gjé’]fmﬁ“ (t.€)dt.
k=1

Thus, defining

EOBE z‘ozkjfl(evtf“‘fx'fk'gm
m, ) s 6

223

gives the lemma, provided that we have the pointwise estimate (5.15). Define,

for 8 € N® with length 3,

ry(t,) LhiF (e—””ﬂz é—i)

Using the fact that

oo
eVl g2 = V/ IR gt
t

we get
o0 . ’ 2
Ta(t,x) = (27T)_31/i/ P @O=VIE gy e
t

]R3
— _(27)"500° /Oo/ (il -V € gyt ge.
t R3

Using the formula (1.20) page 18 for the Fourier transform of Gaussian func-

tions, we obtain

oo 1 o2
Is(t,x) = —V@ﬁ/ S N—
¢ (dmut’)?

4ut')3 P

Vavt!

The change of variable r = (4vt')71|z|? leads to

3
T2

=2
4dvt

C xr 1
Ig(t,x)| < — ry (—ﬁ)dr.
| 5( )l |£E|4 0 B ‘IE|

This implies that

©
—i/ ( lp( ”“" )dt’ with Ws(z) & 9fe-l=”.
t
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Tp(t,2)] < eminf o (5.16)
;)| < emind ——> — .
’ wt)? fal®

and thus that
C

(vt)?~3s
In order to prove the continuity, we observe that there exists some ¢ > 0 such
that for 0 < ¢ < t; < ty, we have

1% et ) e <

2
|z

4vt

j j C 1 -
T3 o2y ) = Iy (tr, )| < g /m2 re=" dr.
Tty
This implies that
; . t2 —t2 1
j J . 2~ U0
|Fk’g(t2; x) — Fk’z(t1,$)| < Cmm{(l/tl—tg)?’ W}

The lemma is thus proved. O

Completion of the proof of Lemma 5.29. Thanks to Young’s and Holder’s
inequalities, and to the condition

1 1 1
- S -+ - S 17
r p g
. . 11 1 1
we have, according to Lemma 5.30 with s defined by 1 + - = -+ — + —»
r s p q
1

1B, 0)(#)]|zr < C/O [ut)|ze llo(t)]| o di’.

By the definition of the K,(T") norms, we thus get that

[1B(u, v)(®)llzr < Cllullk, @)llvll, )

t
1 1
X!/‘ —3(i_1_1 —3(i41 dﬂ
0 I/(t—tl)l S(T P q) /l/t/2 3(p+q)

c 1
< ;T%HUHKP(T)HUHKEI(T)-
vt
Lemma 5.29 is proved, and thus Lemma 5.5 implies Theorem 5.27. O

Completion of the proof of Theorem 5.21. According to Remark 5.24 we may
apply Theorem 5.27 with p = 6 and T suitably small. Note that if the initial
data is small in L3, then the inequality (5.12) enables us to take T = oo.
Hence, it remains only to check the following two points:
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— The solution u is continuous with values in L3.
— The solution v is unique among all continuous functions with values in L3.

These two problems are solved using a method which turns out to be impor-
tant in the study of the (generalized) Navier—Stokes system: It consists in the
consideration of the new unknown

def
w = u— e’ .

The idea is that w is smoother than u. Obviously, we have w = B(u,u).
Lemma 5.29 applied with p = ¢ = 6 and r = 3 implies that w belongs
to C(]0, T); L*(R?)). The continuity of w at the origin will follow from the fact
that, still using Lemma 5.29, we have

C
lwl| Lo 0,523y < ;HU”%(S@)-

However, the solution u given by Lemma 5.5 satisfies

VtAUOHKG(t)'

l[ull ko) < 2le
Remark 5.24 thus implies that }in(l)HUJ”Loo([O’t];LS) = 0. As the heat flow is

continuous with values in L3, we have proven that the solution u is continuous
with values in L3.

We will now prove that there is at most one solution in C([0,T]; L3). Ob-
serve that by applying Lemma 5.29 with p = ¢ = 3 and r = 2, we get

w = B(u,u) € Ko(T).

In particular, w belongs to C([0,T]; L?). Consider two solutions u; and usg
of (GNS,) in the space C([0,T]; L?) associated with the same initial data
and denote by us; the difference us — uy. Because ug; = wo — wy, it belongs
to C([0,T); L?) and satisfies

{atum —vAug = f21

with
U21 [t=0 = 0

fo1 = Q" ug, uz1) + Q(uar, € ug) + Q(w2, uz1) + Q(uaz1, wi).
Via Sobolev embeddings, we have

1Q@d)l, 4 <C sup_[a"],

1<k (<3

<C sup |a*b’| s (5.17)
1<k, 0<3 L2

< Cllal|a (bl 2z (5.18)

Thus, the external force fo; belongs to L2([0,T]; H~%). As ug is the unique
solution in the space of continuous functions with values in &', we infer
that us; belongs to
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([0, T); H=2) N L2([0, T]; H?)
and satisfies, thanks to Lemma 5.10,

t
def 2 N2 ’
U (1) % a1,y +20 [ ()12,

= 2/0 <f21(tl),’LL21(t/)>_% dt/

IN

t
2 [ 1)l ()] (5.19)
0

As the space of continuous and compactly supported functions is dense in L3,
we may decompose ug into the sum of a small function in L? norm and a
(possibly large) function of L°:

up = ub + )y with |ubllps <ev and e L°. (5.20)
Defining go1 def fa1 — Q(e’*Aub, ug1) — Q(uar, e’ ul) and applying (5.18)
gives, again via Sobolev embeddmgs7

f
Ao (t) g ()], s

c(ue”“‘ s+ ol sy + ozl ) s (8) s

IN

IN

C(HU?)HLB + llwill s ) + HwQHKB(t)> Jua1 (Bl ;3 -

If ¢ is sufficiently small, and ¢ is chosen sufficiently small in (5.20), we get

2

Ant(t) < Tz O] - (5.21)

Still using Sobolev embeddings and Hélder inequality, we can write

def v v
le(t) = HQ tAU%7U21)+Q(U2176 tAU%)“H

bk
et 2ug g

_3
2

IN

C sup
1<k <

Clle”%u b||L6||U21( )z

IN

Using the fact that the heat flow is a contraction over the LP spaces and then
. . . . 3 1 rl
the interpolation inequality between H~2 and H 2, we get

B (t) < Clluglzeluzi (@)% lluzi (1))

1
2

I el
m. =

Using (5.19) and (5.21), we then deduce that
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HU21( % / ||U21 t

t
b INTE INTE !
< 2 2 .
< Clle s / luaa (% uaa ()12 d
. . . . . 1 4 3 4
Using the classical convexity inequality ab < Za + Zb% we then get
o Oy + [ T @, < Slablte [ (@O,

The Gronwall lemma implies that us; = 0 on a sufficiently small time interval.
Basic connectivity arguments then yield uniqueness on [0, 7. This completes
the proof of Theorem 5.21. O

5.5 The Endpoint Space for Picard’s Scheme

According to Theorems 2.34 and 5.27, the generalized Navier—Stokes sys-
tem (GNS,) is globally well posed whenever the initial data wg is small with

. S—1+S .
respect to v in the homogeneous Besov space Bp o ” with 3 < p < co. In this

section, we seek to find the largest space for solving (GNS,) by means of an

1+3 .
iterative scheme. Since the spaces Bp ~ © are increasing with p, a good candi-
date would be the space BOO,OO. In fact, the following proposition guarantees
that it is pointless to go beyond that space.

Proposition 5.31. Let B be a Banach space continuously embedded in the
set S'(R®). Assume that for any (X, a) in R} x R,

IFOC=a)ls =27 f]s-

B is then continuously embedded in B

Proof. As B is continuously included in &, we have that |(f,e~*)| < C||f|| 5.
By dilation and translation, we then deduce that

1
£l gz = suptz|le2 fllL= < Clfl5.
' >0

This proves the proposition. O

It turns out, however, that BoolOO is too large a space. The main reason why
is that 1f we want to solve the problem using an iterative scheme, then we
need e'?ug to belong to L?, (R x R?) so that B(e'“ug, e!“ug) makes sense.
Taking into consideration the scaling and translation invariance thus leads to

the following definition.
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Definition 5.32. We denote by X, the space* of tempered distributions u
such that

N

d
fulso & fulszr, + sup B[, e dye)” < oo
' P(x,R)

z€R3
R>0

where PY(x, R) def[ v~'R? x B(z,R) and B(x,R) denotes the ball in R®

with center x and radius R.
We denote by XV the space of functions f on R x R? such that

de 1
Il & supG 5Ol + swp iR ([ ()P dyar) < e,
>0 :%eRO Pv(z,R)
>

We denote by YV the space of functions on R} x R such that

def _
I flly = supvt| f(t)||L~ + sup vR 3 |f(t,y)| dy dt < oo.
t>0 aneRg PY(z,R)
>

Remark 5.35. The spaces Xy and X! are related by the fact that [Jugllx, is

equal to ||le“ug|| x1. We also emphasize that any space B s P withl <p<oo
is continuously embedded in Xj. Indeed, since we can assume with no loss of
generality that p > 3, it suffices to note that for any 2 € R* and R > 0, we
have

R? , [R? 2
/ / et u|* du dt < |B(x,R)|1’5/ (/ |emu0}”dx) dt.
0 B(z,R) 0 B(z,R)

Now, according to Theorem 2.34, we have, for some constant C,

e uolEn < CE 0 fuoll? g

p,o0

which obviously entails the announced embedding.

We now show that the space Y is stable under mollifiers.
Proposition 5 34. Let 0 be in S(R*). There exists some C' > 0 such that for
all t> 0, fy & =304« £(t, ) satisfies | folly+ < CI|fllv-.

Proof. To simplify the notation, we will just consider the case v = 1. Observe
that for any z in the ball with center 0 and radius R, we have

4 In the original work by H. Koch and D. Tataru in [196], this space is denoted
by BMO™*.
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Folt, )] gf%/

R3

0(* ") [Lp2m )12 v)] dy

5 1
—i—C’t_?-/ a5l dy
RS (1+ |z—y)4RQ| (4.0

Vi

< (10065 > Looam (6)) @) + o suptl 6,

llence,
||J~||L P(0,R < 70 / |f(t )|(1t(i +CSI t“f(t )Hloc
1 — 3y y p s ° *
RS 0 ( ( ’ )) R3 P(O,R) t>0

This proves the proposition. ad

The following theorem tells us that the space X" is suitable for solving the
generalized Navier—Stokes system.

Theorem 5.35. A constant ¢ exists such that if ug is in Xo and ||uol|x, < cv,
then (GNS,) has a unique solution w in XV such that ||u||x» < 2||uglx,-

Proof. Using the change of functions
u(t,x) =vo(vt,x) and wug(x) = vvg(x),
we see that it suffices to treat the case v = 1. Indeed, we have
[ullx» = vlvllx:  and [luglxo = vllvol xo.

Therefore, we assume from now on that ¥ = 1 and define X = def XLy = def Yt

and P(z,R) = def 1 (z, R). According to Lemma 5.5, it suffices to prove that
there exists some constant C' such that

1B(u, 0)[[x < Cllullx]lv]x- (5.22)

Observing that || fglly < ||fllx|lgllx, we see that the above inequality is im-
plied by the following lemma.

Lemma 5.36. If v = 1, then the operator L; defined in Lemma 5.30 maps Y
continuously into X.
Proof. Using Lemma 5.30, we get that

3

(Ljf)k(t’ (E) = Z‘Fﬁl(t - tl’ L= y)fe(tlvy) dt’ dy

=1

with, for all positive real numbers R,

C
54 O1 = ey

with F( )(T C) 1‘<|>R|C|4 and F( )(T C) 1|C|<R(\/—+ |<|)

< (rP(r,¢) + I (r,0)
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The functions I“](%l) and Fg) may be bounded according to the following
proposition.

Proposition 5.37. There exists a constant C such that, for any R > 0,

C

175 flloe o.mz1xms) < Zlf Nl (5.23)
C

178 5 Fllioe e ol vy < v (5.24)

Proof. Splitting I’g)*f into a sum of integrals over the annuli C(0, 2P R, 2P R)
yields

0o .t
)
(I % Pit,2)] < //
r 1;) 0 JC(0,2°R,2p+1R) |?J|4

1 oo
<t o [ e yayar
= o JB(0,20+1R)

As p is nonnegative, we have, for t < R2,

[f( x—y)|dydt’

s seo) < 5y e [ £t )| dtdz
R P(2,2P+1R)
C & 1
< — 27P su —/ t,z)| dtdz.
sz(:) SUp - | f(t, 2)]

By the definition of || - ||y, the inequality (5.23) is proved.
In order to prove the second inequality, we observe that for all z € R?® and
t > R2, we have

(TP % )t )| < TPV (t2) + T8 (t,2) with

F(Zl)(t x) d:ef /rnnl(R 72)/ ; |f(t/ $_y)|dydt/
L 0 B(o,r) (Vt =1+ [y])* 7 7

t
f 1
e[ (- )l dyat.
R min(R2, L) JB(0,.R) (VI — 1"+ [y|)*

To bound 1"}(%21)@,:10)7 we use the fact that t < 2(t — t'). We get

F(21) t < CR3 ]. R2 t/ dtld
R (tz) < =\ 7 |f(t', 2 —y)|dt"dy
0o JB(O,R)

so that, for any ¢ > R? and x in R,

Q

gV () < 2l (5.25)

w
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In order to estimate FéQQ), we use the facts that ¢t < 2¢' and, for any a > 0,

/ dy < 1/ dz
Bo.R) (@t y)* ~ a Jras (1+|2[)*

This enables us to write that

t
(22) 1 / /
Iy (tx) g/ / e ||f(t', )| L~ dy dt
" min(R2,£) JB(0,R) (VE—1' +[y|)*

o1 ar t B0, R)| dt’
< Clfly oy g L Lo
o VE—t t pe t
1 1 tR3
<C — =
<Clflv (5 + 75 )
As R < +/t this completes the proof of the proposition. a

Completion of the proof of Lemma 5.36. Note that applying the above propo-
sition with R = v/t yields

L) e~ < 1y (5.20

Hence, it suffices to estimate ||L; f| r2(p(z,r)) for an arbitrary x € R3. Using
translations and dilations, we can assume that x = 0 and R = 1. We write

Ljf = Lj(1ep(o,2)f) + Li(1po,2)f)-

Observing that for any y € B(0,1) we have

1,102 £ (t9)] < CKLY x (Lepo ) (1)
and using the inequality (5.23), we get
1L;(Xep(0,2) /)= (P(0,1)) < ClIfly-
As the volume of P(0,1) is finite we infer that
1L (XeBo,2) )2 (po,1)) < ClIflly- (5.27)

The proof of Lemma 5.36 is now reduced to the proof of the following propo-
sition.

Proposition 5.38. For any function f : [0,1] x R® — R such that f(t,-) is
supported in B(0,2) for allt € [0,1], we have

(L )t e < Cliflly  forall t € [0,1].
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Proof. We decompose f into low and high frequencies, in the sense of the heat
flow:

F=f+ft with £, % F 005t 9),

where 6 denotes a function such that 6 is compactly supported and with
value 1 near the origin. We write

. 1 - 6(t5¢)”
Plagoaarny = 07 [ LEHCOL
WP oy = B e ™I

<C tf(t, )7 dt
[0,1]xR3

< Ol fllpr(o,1)xrsy supt|l f(t, )l zoe-
>0

tF(t,€)* dt de

Using the energy estimate for the heat equation, we thus end up with
IL; fHl L2 0,1 xr2) < ClIfIly- (5.28)

We now estimate ||L; f° [l £2(j0,1) xr3)- First, observe that by the definitions of L
and f”, we have

%ﬁ:@/

t

0

_ g.tA
0;e

e(t—t/)Afb (tl) dt’
t

/Fmﬁ’mh.ﬁwﬂﬁ%wﬁmmm@.

0
Note that, by the definition of 8, we have
P y=t30(— . i 0 3
Pty =t ze(ﬁ)*f(t, ) with 0 e S(R®). (5.29)
Thus,

3

def

Lr= Z”LjfbH%Q([OJ]XR?’)
j=1

1 t
:!/HVJA/’ﬁUUﬁ’
0 0
By symmetry, we have

£f:2/01/0t/0t/<Veme’(t”)

tA

2
dt.
L2

VdAﬁ@ULPﬁ”ﬁ%w

By integration by parts and because e** is self-adjoint on L2, we get

(vetAJ'ET;(t//)

vemﬁ’(t/)) = —(AHAP (W), PP(1)).

L2
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Moreover, as 2Ae?4 = §,e*'4 | we infer that
1d
(VetAfb(t//) VefAfb(t/))

12 2di
We then deduce that
/ / /t e*s dt)f (DN (t')>dt” dar'
:/0 <( 2t' A €2A) /Ot f " dt",fb(t’)>dt’

t/
< HfBHLl([O71]><R3) Su(}jl]H QtA 62A)/O fb(t//)dt//

AP, ()

oo

First, note that using (5.29) and the fact that the operator €4 maps L' (R?)
into L>°(R?), we have

Hem /0 ’ ey dt” .

Thanks to Proposition 5.34, fb belongs to Y. We write

t/
2t’A Ry "
e t", x)dt //
| P m,% |

where B,, 1+ denotes the ball with center nV# and radius v/t'. Using translation
invariance, it is enough to estimate the above integral at the point z = 0. We

write, thanks to Proposition 5.34,
w2 1
- (—3 / (", y)] dt”dy>
n| P(n,t')

‘(e%’ﬂ /0 tlfb(t”)dt”)(o)‘ <Y e
o Ll

In \ >2
< CIIfIIy.

Thanks to the inequality (5.28), this completes the proof of the proposition.
O

_ < Ol o xre)- (5.30)

B, WP (" y)| dt"dy,

~’£Z‘5

B, , W) (", y)| dt"dy
| ‘<2

As explained above, this completes the proof of Lemma 5.36 and thus the
proof of Theorem 5.35. O

5.6 The Use of the L!-smoothing Effect of the Heat Flow

According to Theorem 2.34 page 72, the smallness condition (5.14) in the

. . L1423
case where T' = oo satisfies the smallness condition for the By o ” norm. The
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purpose of this section is to provide another approach to Theorem 5.27, one
which relies on Littlewood—Paley theory and on the smoothing effect of the
heat flow described in Corollary 2.5 page 55.

5.6.1 The Cannone—Meyer—Planchon Theorem Revisited

L —1432
We assume that ug belongs to By o . We deduce from Lemma 2.4 page 54
that || A" ug||Lr < Ce—ovt2” | Ajuol|L». By time integration, we get

- C 4.3
| A" Y uo | L1 (ry < — 2 T ug | _1is (5.31)

This leads to the following definition.

Definition 5.39. For p in [1,00|, we denote by E, the space of functions u
S—1

3
in L°(R™; Bp,O:”) such that

def BN i3y
lullg, = su_pQJ( 1+p)||Aju||Loo(Lp) + sup 1923 9i( 1+P>||AjuHL1(LTJ)
j j
s finite.
We note that the estimate (5.31) implies that

lle”*“uoll, < Clluoll, 12
B P

p,o0

This motivates the following statement (which should be compared with the
global existence result stated in Theorem 5.27).

Theorem 5.40. Let p € [1,00[. There exists a constant ¢ such that the sys-
tem (GNS,) has a unique solution w in the ball with center 0 and radius 2cv
in E, whenever ||uol| s Sov.

B

p,o0
Proof. Since the proof relies on Lemma 5.5, it suffices to prove the following.

Lemma 5.41. There exists a constant C such that for any p in [1,00],
Cp
1B(u, v)lle, = —=llulls, [v]le,. (5.32)
Proof. We recall that the nonlinear term Q(u,v) can be written as

Q" (u,v) =D A(D) (o),
k.6

where the A}",(D) are homogeneous Fourier multipliers of degree 1. With the
notation of Chapter 2 page 61, we may write
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Ukvz = Z SjUkAj’UZ —|— Z Ajuk5j+1v£.
J J

As the supports of the Fourier transforms of SjukA.jvz and A'juk.S"ijl are
included in 278 for some ball B in R?, an integer Ny exists such that if j/ is
less than j — Ny, then

A;Q(Sju, Ajiv) = A;Q(Aju, Sy 11v) = 0. (5.33)
We now decompose B as
B(u,v) = Bi(u,v) + Ba(u,v) with

B (u,v) d:efZB(Sju, Ajv) and  By(u,v) Cl:efZB(Aju, Sji1v).
J J

According to (5.33) and the definition of B in Fourier space, we have

A, By (u,v) def Z A;B(Sjiu, Ajv), (5.34)
J/>J No

A;By(u,v) def > A;B(Aju, Sjav). (5.35)
J'2j—No

We shall treat only B; since Bs is similar. Using Lemma 2.1 page 52, we infer
that

14,;Q(S;u, Ajv)|| e < C27 b;lpHS uF Ao .
Hence, using Lemma 2.4 page 54, we get
14; B(Sju, Ajo)(t)]1r < C / O AL Q(ul), Ago(¢)) 1 d
<CY /Ot eev(t=t)2¥ sup 1S uk (") Aot ()| o dt!
<C / O G () e Ao (€)1

By the definitions of the operators S; and of the E, norm, we get, thanks to
Lemma 2.1,

155 u()z= < D7 I Apult)) o=

l/<]

< 3 2" At e
j//<j/

< 02" |\ul|, -
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Thus, we deduce that
i : i joJ’ ' —cv(t—t')2%7 || A / /
14; B(Sjru, Ajv)(t)|r < Cllul|lg, 272" [ e [[4;:0(E)|| e dt’.
0
Using Young’s inequality for the time integral, we obtain, by the definition of

the E, norm, that

def

Bj j (u,v) = ||AjB(5j'U7 Aj’v)||L°°(LP) + V22j||AjB(Sj’ua Aj’U)HLl(LP)

Cllullg, 2727 || Ajv)| 11 10y

IN

IN

c s
—|lullg, lvlle, 27277 .
v

Thanks to (5.34) and (5.35), we thus get

sup 2/ (72) (114 By (w,0) g (1) + v22 1 43 B (. 0) 11, 1) )
J

C _(i'_i\8
<~ llullg, llvle, >0,
Jj’'>j—No

The lemma, and thus Theorem 5.40, is proved. g

143
Remark 5.42. For any divergence-free data ug in BP,O:” (with p € [1,00[),
we can construct a local solution which belongs to the space E, restricted to
[0,T].

5.6.2 The Flow of the Solutions of the Navier—Stokes System

In this final section, we seek to determine whether the solutions constructed
in the previous sections have flows. We first consider the solutions of (GNS,)
associated with initial data in the space H 5=1 In what follows, we write
wy(r) =r(=logr)t=" for  in ]0,1[ and r in ]0, 1].

Theorem 5.43. Let u € C([0,T); H2 =) N L2([0,T); H?) satisfy (GNS,) on
the time interval [0, T]. Then, u belongs to Ll([O,T];C’wn R RY) for all n
in 10,1/2[ and there exists a unique continuous map ¥ : [0,T] x R? — R4
such that

ot ) =x+/0 w(t' Bt ) dt

Moreover, 1 belongs to L>([0,T]; C%1=¢) for any positive .
The proof of this theorem relies on the following two lemmas.
Lemma 5.44. Under the hypotheses of Theorem 5.43, the fluctuation B(u,w)

1 5+1
belongs to L*([0,T]; B3| ).
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Lemma 5.45. Let E be a Banach space, n €

10,1[, and v be a wvector field
with coefficients in the space L*([0,T]; C,,, (E; E)

. Let

t) = /Ot lo(T)]lw, dr and  wy+(r) = exp (_ ((log %)n _ UVn(t))%) .

There exists a unique continuous map 1 : [0,T] x R? — RY such that

¢
vltir) =t [ o it a) dt.
0
Moreover, v is such that for any time t € [0,T], we have ¥(t,-) € C,, , and
t— (1o, )llw, . € L7((0,T]).
In particular, ¢ € L>([0,T]; C%1=%) for any positive €.

Proof of Theorem 5.43. We first introduce some notation. For T' positive, s
in R, and p in [1, 00], we denote by L4.(H®) the set of tempered distributions
u over [0,T] x R such that

Z 22js||Aju||2L;(L2) < oo.

j=z-1

Since u = e ?uy + B(u,u), combining Corollary 2.5 and Lemma 5.44 shows
that the solution u belongs to LL(H2+'). We claim that LL.(H%*1) is em-
bedded in the space L*([0,T]; Cy,,) for all n € ]0, 3[. Indeed, if z, y are distinct

elements of R? such that |z —y| <1 and t € [0, T], we may write that

Ju(t,y) —ut,@)] < o=yl D IVAu® o +2 Y A7)l o

J<N J>N

IVA; u( M g
< (24 N1z — y| —_— b
Zoenr
Zito s 1—n 1A Vu@®)] g~
IR NP IO e e A S
el
IVA;u(t) poe

9

Choosing N = [1 —log|z — y|] — 2 and defining o, (¢ defz| D

we deduce that
1—
|u(t, y) — u(t,z)| < Con(t)|x—y|(1 = loglz—yl) "

Bernstein’s lemma now ensures that

T T
/ an(t)dt < CY (24 ) / 20+ Aju(t)] 2 d,
0 0

J
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from which it follows, according to the Cauchy—Schwarz inequality for series,
that

T
) dt < Cllul- .
| ety < cluly, e

Therefore, the solution u belongs to the space Ll([O,T];Cwn). Applying
Lemma 5.45 completes the proof of Theorem 5.43. O

d

Proof of Lemma 5.44. Since u € C([0,T]; H2=1) N L2([0,T]; H?), a straight-
forward interpolation argument ensures that u € L3([0,7]; H2~%). By taking
advantage of Holder’s inequality and the continuity results stated in Sec-
tion 2.8 page 102, we thus find that

Qu,u) € L ([0, T]; H273).

Using the smoothing properties of the heat flow (namely Proposition 2.5) and
the fact that

0¢B(u,u) — vAB(u,u) = Q(u,u), B(u,u)(0) =0,

we deduce that .,

B(u,u) € L2(H*+3) N L3 (H?5).
Of course, as ug € H%’l, Corollary 2.5 also ensures that e?”“ug belongs to
the above space.
In order to complete the proof, it suffices to note that the operator
~3 ~ a
(a,b) — ab maps (L%(H%‘*‘%) DL%(H%_%)f into L'([0,T]; B ;). This may
be easily proven by taking advantage of Bony’s decomposition for ab and
the continuity results for the paraproduct and remainder [generalized to the
spaces L (B3 ).
The above continuity result now entails that Q(w,u) belongs to the

d_

space L1([0,T7; Bs, 1), so once again applying Corollary 2.5 leads to B(u,u) €
d

LM(0.T): B3 1) 0

Proof of Lemma 5.45. The fact that for any Cauchy data, we have a unique,
global, continuous integral curve follows immediately from Theorem 3.2 and
the fact that the vector field v belongs to L'([0,T]; C.,, (E; E)).

In order to prove the regularity of the flow, consider two integral curves, v;
and -y, of the vector field v, coming, respectively, from z; and zs such

that |21 — 22| < e”'. By the definition of the space C,,,, we have

71(8) = 2O < [lz1 — 22| +/O [o(m,71(7)) = v(7,72(7)) || d7

< oy — o +/0 [0(7) [l X wn(lly2(7) = A2(T)) dr.
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We now apply Lemma 3.4 with p(t) = ||71(t) — v2(t)[], o = wy, ¢ = |21 — z2]|,
and (1) = [|[v(7)||w, - We find that

(—log [[71(t) =2 @I)" = (=log [lz1 — z2[)" — 0V, (#). (5.36)

Assume that 1+ 7V, (t) < (—log|jz1 — x2|)", which means that
o1 — w2ll < exp (—(1+ 0V, ()17). (5.37)

We deduce from the inequality (5.36) that if ||z1—z2 < exp(—(1 + 7V, (£)/"),
then we have

) =20l = e (‘(<— log [ler — 22 ))" nVn(t))l/n> |

This proves the lemma. a

To conclude, we consider whether the solutions constructed in Theorem 5.40
have flows. In the following proposition, we establish that constructing such
flows cannot be done according to Osgood’s theorem.

Proposition 5.46. Let ug be a nonzero homogeneous distribution of de-
gree —1 which is smooth outside the origin. Let p be any admissible modulus
of continuity such that e*“ug belongs to L*([0,T]; Cy) for some positive T
Then, u does not satisfy the Osgood condition.

Proof. As ug is homogeneous of degree —1, we have V.Sjug = 2% (VSyug)(27-),
hence ) ' Ny '

€AV S uo|p = 2% (|27 AV Syu || -
Let j, denote the greatest integer j such that 272 > ¢. According to Def-
inition 2.108, the function I' given by I'(y) def yu(i) is nondecreasing.

Since (e7?),0 is a semigroup of contractions over L>°, we deduce that

sup ||€tAV5ﬂ_loHL°c < 921 HetQMAVSOUOHLm < He VSOUOHLm .
ey T T@) - ar (Vi)

Note that since ug is nonzero and homogeneous of degree —1, we must
have VSoug # 0, hence also HeAVSOUOHL # 0. Thus, if e*®ug belongs
to L'([0,T7; C,,), then we have, by definition of I" and under Proposition 2.111

page 118,
VT gr 1 (T at T
L=l oy e e,
0 0 t]“(%> 0

The proposition is thus proved. a
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Even though the Osgood lemma cannot be used, the following theorem states
that small elements of E, have a flow.

Theorem 5.47. A constant C exists such that for any positive r, and any v
in L([0, T7; BOOTOO) such that for some positive integer jo,

def 1
N;,(T,v) = sup 27(|A; llps Loy < rok

Jj=jo

a unique continuous map ¢ of [0,T] X R? to R? exists such that

t
z/J(t,x)zx—i—/ o(t' (' x))dt’  and p(t,) —Id € CPNio(tv),
0

Proof. Uniqueness is an immediate consequence of the following lemma.

Lemma 5.48. Under the hypothesis of the above theorem, if y1 and 2 are
continuous functions such that

t
v (t) = x; +/ o(t', ;) dt’ for j=1,2,
0
and if, in addition, |x1 — xo| < 2790 then we have, for all ty < [0,T],

. to
|'Yl<t0) _ 72(t0)| < C|$1 _ $2‘1—CNjo(t07v) exp(zjo(r-‘rl)/ ||’U(t, .)HBgoroo dt)
0 }

Proof. Splitting the vector field v into low and high frequencies yields
(0 =201 < o1 72l + [ IS50(t (0~ Sy )

+2/ > 1Av(t) Lo dt!

'>]

t
< o1 — 3| + / 178500 |z [ () — ()] di’
0

+217y "I 323/||A/v )| Lo dt’.

/>‘7

For 0 <t <ty < T, we define p(t) def sup |1 (t") — v2(t')| and
<t

def _
Dj(t) < |21 — @2| + 2277 Ny, (o, v) / ||VSv M|y (t) —y2(t')| dt’.

By the definition of Nj,(¢,v), we have p(t) < D,(t) for any j > jo. Therefore,
for any t < tg,
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Dj(t) < |z1 — x2| + 2277 Ny (o, v / |V S0(t)|| L D;(t) dt'.
The Gronwall lemma implies that, for any t < g,
Dy(0) < (Jes = 22l + 280, ) ) exp( | 1985000 ).

Using Lemma 2.1 page 52, we deduce, for any t < tg, that

t
[ 1980 it < [ 5 2 Aot ar
0 J'<jo
+ Z/zﬂ 14 0(t)| L~ dt’

J'=Jo
<20 [ ol N t0). (53)
0 :
Thus, for any integer j > jo and any t < ty, we have
D;(t) < ({21 = @] + 277Ny, (to, v))
X eXp(ZjO(T'H) / t o(#) ]| per_ dt + NGy v)).
0 :

Choose j such that 1 < 27|x; — x| < 2. We then infer that

. to
plto) < Clzy — ma|'=Nio(t0:0) exp (2“(”1)/ lo ()| pr dt')
| :

and the lemma is proved. a

In order to prove the existence, we shall establish the convergence of the
classical Picard scheme,

t
xk+1(t) = o+ / ’U(t,,l'k(t/)) dt/
0

We define
def / ’
Pr(t) = sup [Tppn () — z(t)].
t'<t
n>0
Along the same lines as the proof of Lemma 5.48, separately treating the high
and low frequencies, we get, for any j > jo,

praa(t) < / 0t 2hpn () — ot 2 (1))

t
< 927N, (T,0) + / IVS50(t) | pi(t') "
0
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Now, setting p(t) f i sup pi(t) and

k—oo

t
D; () 4 92N, (7 0) + / IVS50(t") | 1~ (') d,

we obtain, passing to the limit,
. t .
D;(t) < 2Ny (T + [ 98500t Dy
0
The Gronwall lemma ensures that
. T .
D;(T) < C277exp (/ [VS;0(t")]| Lo dt’). (5.39)
0
Appealing to (5.38), this leads to
D;(T) < ¢2771=CN5o(T0) expy (2]0““) / o)l p=r dt’)
0 oo

for any j > jg, which completes the proof of the theorem. O

5.7 References and Remarks

For a much more detailed introduction to the incompressible Navier—Stokes
system, the reader can consult [57, 86, 214, 286, 299]. For a complete and
up-to-date bibliography, see [205].

The mathematical theory of the incompressible Navier—Stokes system orig-
inates with J. Leray’s celebrated 1934 paper (see [207] and also the work by
E. Hopf in [165]). There, the concept of weak solutions was introduced and
the existence of such solutions was proven. The regularity properties of those
weak solutions have been studied by a number of authors (see, in particu-
lar, [54]). In this seminal paper [207], J. Leray also proved that if the initial
data satisfies a smallness condition of the type

Juollz2 Vol 2 < e? or [luolf3a ] Vol e < e,

then the solution exists in a space in which the uniqueness of such a solution
holds. The smallness condition was improved by H. Fujita and T. Kato in
1964: In [129], they essentially proved Theorem 5.6 (see also [144, 145]). The
proof presented here relies mainly on Sobolev inequalities and our proof of
these classical inequalities comes from [67].

The proof of uniqueness in dimension two (Theorem 5.14) is contained in
the works by J. Leray [206, 207], J.-L. Lions and G. Prodi [211], and O. La-
dyzhenskaya [201]. It has been extended in [106] to the Boussinesq system
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with partial viscosity (a coupling between the Navier—Stokes system and some
transport equation). The global stability result Theorem 5.17 was proven by
I. Gallagher, D. Iftimie, and F. Planchon in [134], and the idea of Corol-
lary 5.20 can be found in [252]. The existence part of Theorem 5.21 is close
to T. Kato’s theorem of 1972, proven in [176]. The uniqueness of continuous
solutions with values in L? was proven by G. Furioli, P.-G. Lemarié-Rieusset,
and E. Terraneo in [130] (see also [82]). The proof of Lemma 5.30 follows the
computations carried out by, for instance, F. Vigneron in [295].

In dimension three, the question of global solvability for general large data
has remained unsolved. Let us emphasize that on the one hand it has been
proved in [239] that the self-similar solutions introduced by J. Leray in [207] as
models of blow-up solutions cannot have finite energy, and that, on the other
hand, solutions blowing-up in finite time have been constructed in [234] for a
Navier—Stokes like system that enters in the class (GNS,). For more results
concerning the lifespan of solutions to the three-dimensional Navier—Stokes
system, the reader may refer to [132, 143].

Theorem 5.40 was proven by M. Cannone, Y. Meyer, and F. Planchon
in [58], by a different method. A local version and various extensions of The-
orem 5.40 can be found in [72] and [198]. The endpoint case (Theorem 5.35)
was first studied by H. Koch and D. Tataru in [196].

The rest of this chapter comes essentially from [76] and [73]. We men-
tion in passing that in dimension three, the Leray solutions have a (possi-
bly nonunique) flow (see the work by C. Foias, C. Guillopé and R. Temam
in [127]).

For an extensive study of the Navier—Stokes equations by means of Fourier
analysis techniques, the reader may refer to the books [57] by M. Cannone
and [205] by P.-G. Lemarié-Rieusset.
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Anisotropic Viscosity

The purpose of this chapter is to study a modified version of the incompressible

Navier-Stokes system in R®, where the usual Laplace operator A is replaced

by the Laplace operator Ay, in the horizontal variables, namely Ay, dlef 02 +03.

The system we will consider is thus of the form

oiu+u-Vu—vAyu = —VP
(ANS,) divu =0
U,‘t:o = Uug-
Systems of this type appear in geophysical fluids. In fact, in order to model
turbulent diffusion, physicists often consider a diffusion term of the form
—vp Ay — 1303, where vy, and v3 are empirical constants. In most applica-
tions, it turns out that vz is much smaller than vy,.

Obviously, the system (ANS,) has the same scaling invariance as the
standard Navier—Stokes system studied in Chapter 5. That is, (u, P) satisfies
(ANS,) with data ug if and only if for all A > 0,

def 2 3 2
(ux, P\)(t, ) = (Au(N*t, Az), N> P(\t, Ax))
satisfies (AN S,) with data Aug(A-).

In contrast with the system (NS,), however, the system (ANS,) is of
mixed type: parabolic in the horizontal variables and hyperbolic in the vertical
variable so that the classical approach for the Navier—Stokes system (which
strongly relies on parabolicity) is bound to fail. Nevertheless, we shall see in
this chapter that some global well-posedness results for small data in suitable
scaling invariant spaces may be proven.

This chapter is structured as follows. In order to make the basic ideas
clear, we first prove a theorem which is not optimal (i.e., not at the scaling),
but requires only elementary tools. More precisely, in Section 6.1 we prove
an existence and uniqueness result for L? data with one vertical derivative
in L2. The rest of the chapter is devoted to the study of the well-posedness
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issue in a function space with the right scaling. Roughly speaking, we shall
consider three-dimensional data which have horizontal derivative —% in L* and
vertical derivative % in L?. The corresponding function spaces are introduced
in Section 6.2, together with some technical tools (nonisotropic paradifferential
calculus in particular). Global existence is proved in Section 6.3, and the last
section is devoted to the proof of uniqueness.

6.1 The Case of L? Data with One Vertical Derivative
in L?

In this section, we will show that the system (ANS,) is well posed for any

divergence-free data in L? with one vertical derivative in L2,

Since the horizontal variable xj def (z1,x2) does not play the same role
as the vertical variable x3, it is natural to introduce the following anisotropic
Sobolev spaces.

Deﬁnltlon 6.1. Let s and s’ be real numbers. We define the Banach space
H%'" as the set of tempered distributions u such that u belongs to LZOC(R?’)
and

i [ 1620+ ) ) d < oo

Before stating the main result of this section, we shall introduce some more no-
tation. Throughout this chapter, we write R3 = R2 X R, . The components of
the three—dlmensmnal vector field v are denoted (v ,v%), and it is understood

that Vh = (81, J2) and divy, v = 01v! + 0202 Finally, the notation X, (resp.,
X,) means that X, is a function space over R? (resp R,). A function space

over R? is snnply denoted by X. For instance, v et o (R?), L? def p (R?),
and Lp LP(R ).
We can now state the main result of this section.

Theorem 6.2. Let ug be a divergence-free vector field with coefficients in HO'.
There ezists a positive time T such that the system (ANS,) has a unique so-
lution u in the space

L>=([0,T]; H>Y) n L2([0, T); HY).

Moreover, the solution u is in C([0,T]; L?) and satisfies the energy equality
t
lu(t))22 + 2V/ V()22 d = w22 forall € 0.7 (6.1)
0
Furthermore, if we have

1 1
luoll721103uol| 72 < cv (6.2)

for some small enough constant c, then the solution is global.
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Proof. The lack of smoothing effect in the vertical variable z3 prevents us
from solving the system by a fixed point method (as in Section 5.2) and from
using compactness methods based on the L? energy estimate. The structure
of the proof is as follows:

— First, we define a family of approximate problems with global smooth
solutions.

— Second, we prove uniform bounds for this family on some fixed time inter-
val.

— Third, we show that the sequence defined by this procedure converges to
some solution of (ANS, ) with the desired properties.

— Finally, we establish a stability estimate in L? which implies uniqueness.

Step 1: The family of approximate solutions. We shall use the Friedrichs
method introduced in Chapter 4. We wish to solve
Opty, — vARUp + By (uy - Vuy) + VP, =0
(ANSl,yn) P, = E?LZj,k(_A)_lﬁjak(u%uﬁ)
Un|t=0 = En uo,
where (—A)719;0, stands for the Fourier multiplier with symbol [£]72€;&,
and E,, denotes the Fourier multiplier defined by (4.4) page 174. As in Chap-

ter 4, the system (AN, ,,) turns out to be an ordinary differential equation on
the space

L% def {v € L*(R*) / divo =0 and SuppdC B(O,n)}

endowed with the L2 norm. Indeed, we have, thanks to Lemma 2.1, for any u
and v in L27,

def _ i
Qn(u,v) = H]En(qu) +E,V Z (—=4) 16j8k(u3vk)HL2
1<5,k<3
< OnEful e o] 2.
Thus, for any n, there exists a T,, > 0 such that the system (ANS, ,) has a
maximal solution u,, in C*([0, T,,[; L27).

Step 2: A priori bounds. Arguing as on page 205 (which is rigorous since u,,
is smooth), we get, for all ¢ € [0, T,

t
lun ()]17.2 +2V/0 IVhun ()72 dt' = | Eq uol|Z> < luollf.  (6.3)

Thanks to the blow-up condition for ordinary differential equations given
by Corollary 3.12 page 131, this implies that for any n, the solution wu,
of (ANS, ) is global and belongs to C>(R; L2).
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Bounding u,, in L ([0, T]; H%)N L?([0, T]; H'!) for some T independent

of n is more involved. We differentiate the system (ANS, ,) with respect
to 03. This gives, dropping the index n in order to ease notation,

t
|05u(t) 22 + 20 / IV hsult') 2. dt’
0

t
= 0sEnuolf: —2 > /Ik,g(t')dt' (6.4)
0

1<k,(<3

with I, (1) 4 / B3u (t, )l (t, )O3l (¢, z) d.
]RS

We will start with the terms Iy , where k # 3, namely, the terms which
contain only two vertical derivatives. The following proposition will be useful.

Proposition 6.3. A constant C exists such that

2
( / a(@)b(@)e(@)dz) " < Cllal ez 1ol 2 Vncllizliel2
xmin lall < e, s22) IVabll 22, IV nal o i) 162 |-
Proof. Define

J(a,b,c) def /]R3 a(z)b(z)c(z) dx

= / dxg/ a(xp, 3)b(xh, x3)c(ah, ©3) day,.
R R2

Holder’s inequality implies that

J(a,b,¢) S/RHa('axfi)”Lﬁ||b('7x3)”L‘}L”C('anB)”L% das

< llallpee @, ;z2) 10l 2R, :L8) llell L2 Ry ;L3 )-

.1
Using the Sobolev embedding H? < Lj, the interpolation inequality be-
tween H} and L7, and the Cauchy-Schwarz inequality, we then get that

2 2
[0y < © [ I, Iy d

h
<€ [ I1bC )l )] o
< ClIVibll 22 1] 2
The proof of the other inequality is similar. a

We shall also use the following corollary of Proposition 6.3.
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Corollary 6.4. A constant C exists such that
2
([ a@po)ctw)dz)” < Closallalalzz [Vab] o W] Vel el
Ri

Proof. According to the previous proposition, we have

2
(Ag@%@d@m)SCWﬁﬂm%NWMWMMﬂWMWWMm

Noting that

2 _
”a('axB)HL;"l —/ dy3 / la(zh, ys)|? dwh) dys
=2/ /a(xh,ys)aySa(xh,ya)dxhdy:s,
—oo JRR?

the Cauchy—Schwarz inequality then implies that
Vs €R, fla(,23)[Z; < 2[0sallp2]lal e
The corollary is thus proved. O

Proof of Theorem 6.2 (continued). Applying the above corollary for a =
Oput, b= 03u”, and ¢ = dsu’ gives, for k # 3,

3 1
I (t) < ClIVaOsu(®)| L2 10su(t) ]| L2 [[Vau(®)]| L.

Bounding the terms I3 ¢ relies on the special structure of the system: We use
the fact that the nonlinear term is v - Vu and that divu = 0. Indeed, the
divergence-free condition implies that

Is o(t) = Dsu (t, ) Dz (t, ) Dsut(t, x) da
R3

—/ divy, u”(t, z) dsu’(t, z) Dsut(t, z) d.
R3

This term is strictly analogous to the preceding ones. Thus, we have, for any k
and /¢, that

I o (t) < ClIVaOsu(®)| 12 10su(t) ]| L2 [V au(t)]| .-

Plugging this into the energy estimate (6.4) gives
t
105u(t) 122 + 21// [Vrdsu(t')||72 dt’ < [|05uolZ-
0

t 3 1
+C/ IV 0su(t)]| 22 | 05u(t)]| L2 [ Viu(t)| . dt’.
0
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1 3
Using the convexity inequality ab < Za4 + Zb%’ we obtain
¢
195u(®)]Z + V/ IVhOzu(t)Z2 dt' < ||05uolZ-
0

C t
55 [ Nl Vsutt) et (65)
0
‘We now reintroduce the index n and define
def
T, < Sup{t >0/ [105unl|Zse L2y + VIVaOsunllTs 12y < 2||33u0\\%2}-

The function u, is continuous with values in H® for any s, and ||05 E,, uol| 2
is less than or equal to ||Osup||z2. Thus, the time T, is positive and, for
any t < T, we have

t
105un ()17 + V/ IV 05un ()72 dt” < ||05uolZ-
0

C t
x(1+ﬁ||aguo||iz/ IVnun(®)l3z dt'). (6.6)
0

Thanks to the energy estimate (6.3), we have, for any ¢ < T,,,
¢ C
[Otn (€)1 + v | [Vadaen (€} < ol (14 Bl ol ).
0
Thus, under the smallness condition (6.2), we have that T,, = 400 and thus
t
Vt>0, Vn €N, [05un(t)|7- + V/ IV Osun ()72 dt” < 2| 85uolZ--
0

We now investigate the case where the initial data does not satisfy the small-

ness condition. We write u,, as a perturbation of the free solution un,, r d:ef

e’t4n B, ug. Let
def

Wp = Up — UNy,F

for some integer Ny to be chosen later. The inequality (6.6) becomes

t
103t (8)]2 + v / IV Bstun (t') |2 dt’ < || 5102
0

C t t
X (1 + ﬁ”@gﬂo”%z (_/0 ||Vh’LLN01F(t/)||%2 dt/ + /0 ||Vhwn(t’)||%z dtl)).

From the definition of uy, r, we infer that
t
1051n (£)|[72 + V/ IVh8sun ()72 dt’ < | dsuoll72
0

C t
x <1+ 105072 (tN3||uoH%2 +/ IV hawn (¢)]|22 dt’)).
0



6.1 The Case of L? Data with One Vertical Derivative in L2 251

We now estimate the last integral. By the definition of w,,, we have

Owy, — vARw, + By (uy - Vwy,) + Ey(uy - Vun, ) = =V P,
divw, =0
wnh:o = (Id — EN[)) En Uup-

Using the divergence-free condition, we get, by the energy estimate, that

t t
v / IV nn ()2 dt” < [[(1d—En, Juo 2 — 2 / (tn () Vg 1 (1), wa (1) '
0 0
Note that using Lemma 2.1 page 52 and (6.3) yields

[(un(t') - Vuny, p(t"), wn (') < [Vung, 7 (1) || Lo [un ()| 2 [|wn () || 2
< Clluol| 32 Vuny,m(t)|| Lo

< CNg [luoll7-

Thus, for any n € N,
¢ 5
V/ IV hwn (#')]|72 dt" < [|(1d —En, Juol[72 + CENG [Juo|7 -
0
We infer that for all T' > 0,
T
103un(T)[172 + V/ IV nO3un (t)][72 dt” < [|Bzuol|7-
0
14 € J10suo)2s (TNZ o2 + (14— E 2, g o
X\ 14 5 l10su0llz: (TN [uollz: + —II( No)Jtollzz + TNG [|uolz2 ) ).

First choosing Ny sufficiently large and then T sufficiently small so that the
above quantity is small enough ensures that for all ¢ € [0,7] and n € N,

t
1051 (B)II72 + V/ V3 (t)]|72 dt” < 2/|05u]|7- (6.7)
0

Step 3: Convergence. To simplify the presentation, we only consider
the case where T is finite. Since (uy,)nen is bounded in L°°([0,T]; H*!) N
L2(]0,T); H*1), we also have (uy)nen bounded in L4([0,T]; H2*') by interpo-
lation.! Assume, temporarily, that

Hz' < L2(LY) N L2 (L. (6.8)

We then deduce that the convection and pressure terms of (ANS, ,) are
bounded in L%([0,T]; H~1). Therefore,

! In fact, this may be proven directly using the definition of H**" and Holder’s
inequality.
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dyu, is bounded in  L2([0,T]; H™1). (6.9)

Since the embedding of H~! in L? is locally compact (see Theorem 1.68
page 45), we can now conclude, by combining Ascoli’s theorem and the Can-
tor diagonal process, that up to extraction, (u,)nen converges to some u
in C([0,7);S"). Because (uy)nen is bounded in L*°([0,T]; H>') N L2([0, T7;
HY1), we actually have u € L>([0,T]; H%*) N L2([0, T]; H1) (use the weak
compactness properties of the Hilbert spaces H%! and H''!), and it is possible
to pass to the limit in (ANS, ,). Hence, u is a solution of (ANS,).

We now prove that u € C([0,T]; L?). Since u satisfies (ANS), it is not
difficult to show that d;u is bounded in L?([0,7]; H 1) [just proceed as in the
proof of (6.9)]. Since, in addition, u is bounded in L?([0,T]; H'), a classical
interpolation argument ensures that u belongs to C([0,T]; L?).

Finally, we note that Lemma 5.15 page 216, combined with the fact that
u € L*([0,T); L*) N L2([0,T]; H'), implies that the energy equality (6.1) is
satisfied.

For the sake of completeness, we shall justify (6.8). Note that Hz! s
embedded in L%(Hh%), and Hh% is embedded in L%. Hence, H2'' — L2(L%).
In order to prove the embedding in L°(L}), consider some function a in S.

For all z3 in R,,, we may write
x3 2
a4($h,$3) dzp, = / </ (ad3a)(zn,ys) dy3) dzp,.

gl
R ]R%L —00

Therefore, by virtue of the Cauchy—Schwarz inequality,

2
h

[ atana)dan < ally g0l oz
h

Applying the Minkowski inequality then completes the proof of (6.8).
Step 4: Uniqueness. This is obviously implied by the following lemma.
Lemma 6.5. Let uj, j € {1,2}, be solutions of (ANS,) in the space

L>([0,T); HY) nL2([0, T]; H'Y).
We then have

||U2(t)—U1(f)H%2+V/O IV (a2 =) () |72 dt” < [|(uz =) (0|72 exp Moy, (1)

, def C [*
with My, (1) :ef;/ 105V hur ()] L2 ([ Vur ()] 2 dt’.
0

Remark 6.6. As u1 belongs to L>([0,T]; H>') N L2([0, T]; HY!), we have

C 1
M (1) < STl oo (=l Ol + THOwn a0 ) < o

1
—||u
mH 1
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Remark 6.7. We note that this lemma is a stability result for initial data
in H%1. We should point out that the stability is proved in L (L?)NLZ (H?),
which corresponds to the loss of one vertical derivative with respect to the
regularity of the initial data.

Proof of Lemma 6.5. Defining uoq def ug — uy, we get, by an L? energy
estimate,

t
fusa Ol + 20 [ [Vun (@)l = ~21"() - 21°(1)
0
with

¢
I"(t) def Z //ugl(t’,x)8ku€(t’,x)ugl(t’,x)dt’dac,
1<k<2”/0 /R®
1<0<3

t
I°(t) def Z /0 /}R3 us (', ) dsul (¢, x) uby (t', x) dt’ de.

1<0<3

Corollary 6.4 applied with a = dyuf, b = uk;, and ¢ = uf; implies that

t L i
") < C / 105V s ()] 2 |t ()] 2 [ s (1) | sz () e
0
1% t 9
<’ / IV hs ()2 dt
0

C t
+ ;/ 105V s (¢) ][ 22 [ Vs (8) || 22 [luza () 172 '
0

Proposition 6.3 applied with a = u3;, b = dzuf, and ¢ = ub; gives

t 1 1
I°(t) S/O U5y (E) | Lo (Ros22) 105V nus (8)[| 2 | Bsu ()| 2.

1 1
O A A
We shall temporarily assume the following result.

Lemma 6.8. Let v be a divergence-free vector field. We then have
. h
HUBH%W(RU;L%) < 2| divy, v"| 2 ||03]| 2.

‘We now have

I (1)

IN

t ) .
/ [V nuor ()| L2 w21 ()] L2 105V s ()] 72 |03ur () ]| 7 dt’
0
14 t 2
<% [ IVhum(©)] de
0

C t
+ ;/ 105V nur (8) | 2 | Osus (¢) || 2 luar (E) |7 - dt.
0
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Applying the Gronwall lemma then completes the proof. a

Proof of Lemma 6.8. Write
z3
HU?’('JCS)HQLg = 2/ (/2 637)3($h7y3)vg($hay3)dxh) dxs
N —00 R

xrs3
= —2/ ( r divy, Uh(l‘h,y3)113(l'h,y3)d$h) dxzs.
RZ

— 0o

Applying the Cauchy—Schwarz inequality then completes the proof. a

6.2 A Global Existence Result in Anisotropic Besov
Spaces

Theorem 6.2 asserts global well-posedness under the smallness condition (6.2).
On the one hand, this smallness condition is scaling invariant. On the other
hand, the H%! regularity which was needed in Theorem 6.2 is not scaling
invariant. The rest of this chapter is devoted to the proof of a global existence
statement for small data in some suitable scaling invariant function space.
Motivated by the results presented in the previous chapter, we seek a func-
tional framework in which a suitable class of highly oscillating data generates
global solutions.

6.2.1 Anisotropic Localization in Fourier Space

In order to define the spaces we shall work with, we first have to construct
an anisotropic version of the dyadic decomposition of the Fourier space intro-
duced in Proposition 2.10 page 59.
For (k,¢) in Z?, we define
Afa=F e *el)a), Afa=F (e &),
Sta = Z Ala,  and  SPa= Z Aja, (6.10)
k' <k—1 0r<e—1

where @ denotes the Fourier transform of the tempered distribution a over R?,
and ¢ denotes a function in D([3/4, 8/3}) such that, for any positive 7,

Z e(2797) = 1.

Remark 6.9. Note that if we define

(™) €1 =S p277), (6.11)
JEN
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then we have, for all a € S(R?),

F(Spa)(€) = x(27 &) Fa(§) and  F(SPa)(§) = x(27 |&s]) Fa(8).

In what follows, we shall always consider functions a for which HS?aH Lo

and ||Syal| ;. converge to 0 when k goes to —oo so that we may write Sha =
x(27¢Dy)a and S{a = x(27¢Ds)a.

The following lemma can be understood as an anisotropic version of Lemma 2.1
page 52.

Lemma 6.10. Let By, (resp., By) be a ball in Ri (resp., R, ) andCy, (resp., Cy)
be an annulus in R% (resp., R,). Let 1 <py <p; <00 and 1 < gy < g1 < o0.
We then have the following results:

— If the support of @ is included in 28By,, then
o E(laj+2( 2 -1
108, all g oy < 020742653 al s .
— If the support of @ is included in 2°B,, then
(1814 (25— a1
65 alzps zgsy < 02 W GEED o) g0
— If the support of @ is included in 28Cy,, then

lallzpag < €27 sup Wiallp e
o|l=

— If the support of @ is included in 2¢C,, then
—¢
lallzrr pay < €270 all or vy

Proof. This is analogous to the proof of Lemma 2.1. As an example, we prove
the last inequality. As usual, using dilations, we can assume without loss of

generality that £ = 0. Let ¢ be a function in D(R\{0}) with value 1 near C,.
We have

o(€3)
(i€3)NV

a(én, &s) = F(95' a). (6.12)
Defining hy def 71 ((&)(i&3)~N), we may write

a(zn,x3) = / hy (w3 — y3)a(wh,ys) dys.
R

Young’s inequality then gives the result. a
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6.2.2 The Functional Framework

This subsection is devoted to the presentation of the function spaces we shall
work with when globally solving the anisotropic Navier—Stokes equations.

In the following definition, we introduce two scaling invariant spaces in
which (ANS,) turns out to be well posed.

_11
Definition 6.11. We denote by B%2 and B, ?'? the respective completions
of S(R?) for the norms

XIS 08 Avall ooy and

el 0.4
LEL
1
def VA N ? inah
loly 13 3025 (30 A Al )+ D2 ISk Al
4 LEL k=f—1 JEL

Remark 6.12. The definition of B% 2 is “natural”. Indeed, the functions of B%z2
are L? in the horizontal variable and have vertical derivative 1/2 in L2. The
choice of an ¢! summation in the vertical variable allows us to get for free
an L? (L) control which turns out to be of paramount importance for treating
the nonlinear terms. Note, in passing, that this control would not be given if
we used the (slightly smaller) H%2 norm instead.

11

The reason for the choice of the space B, *>’? is probably less obvious.
Of course, it has the required scaling (roughly —1/2 horizontal derivative
in L* and 1/2 vertical derivative in L2), and Lemma 6.10 ensures that B%z

is continuously included in 84_%’%. Having a negative regularity index for
the horizontal variables will enable us to show global existence for highly
oscillating data in the horizontal variable. The choice of the norm is also
motivated by the following consideration: If we consider the linear equation

Ou—vApu=f on R x R3,
then the terms AP AYu satisfy
O (AR A u — v A, (ARAY)u = AL AL f.

It is now clear (from Lemma 6.10) that whenever k& > ¢ — 1, the action of
the operator 4Aj, over AZAZu is equivalent to that of the operator A [indeed,
we have [¢,|? ~ [£|? for all £ in the support of F (A} Ayu)]. Therefore, those
terms will be treated by means of parabolic techniques. On the other hand, no
smoothing effect is expected on the remaining terms S]}-L_lA}’u, which should
dealt with as solutions of a hyperbolic equation.

[N

)

=
£
@

To study the evolution of (AN'S,) with initial data in Bz (resp., B, 2'2)

also need to introduce the following subspace of the space L2([0,T]; B,
(vesp., L2([0, T1; B%2)).

Wl -
ol

)



6.2 A Global Existence Result in Anisotropic Besov Spaces 257

m\»—A
m\»—A

Definition 6.13. We denote by Bz (T) and B,

"2(T) the respective com-
pletions of the space C>([0,T], S(R?)) for the norms

def
lall o3 yn) 22 (|Aea||L°° L2(r3)) T V2|V Afallz (L2(R3)))

LEL
1
def ’
lall o3 7y = D28 (( > 2 IAk Al oy L”))
€7 k=(—1
1 > %
+V5( > 2F|ar Za”i?T(Lﬁ(L%))) )
k=(—1

i N 1 v
+) 28 (||Sf_1Aja||L%°(L2(R3)) + vz ||Vh5f_1ﬂja||L2T(L2(R3)))~
jez

Lemma 6.10 obviously implies the following result.

Corollary 6.14. For all T € ]0, 0], the space BY3 (T') is continuously embed-
R

ded in B, 22 (T) and in LY (L3 (L°)). Moreover, the norm of the embedding

1s independent of T.

We shall also make use of the fact that the space BZ%’% is embedded in the

1 1
space of distributions which are 5, 5 in the horizontal variable and B3, in
the vertical variable. More precisely, we have the following.

M\»—A

1
Corollary 6.15. There exists a constant C such that for all a € By *
we have

( )7

1
¢ _ . 2
>o2t (2 AL A0 0s) ) < ClaO)]

By
LET kEeZ

1
L - v v :
> 2 <Z (2 "l AR ATl T e 14 2y + V2k||AZA£a”2L%(L;‘L(L%))>>

LeZ keZ

< Cllall -3
B

P
4 2 2(T)

Proof. We only treat the first inequality, the proof of the second being similar.
Obviously, it suffices to show that

1
def _ v 2
St (X 2t A0 By < ClaO), -
Lez k<t—2 4
According to the second inequality of Lemma 6.10, we have

1g022%< > 1A AYa(0) |L2>

LEZ k<t—2
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Now, since (horizontal) Littlewood—Paley decomposition is almost orthogonal
in L2, we get, arguing as in the proof of (2.11),

> lArAYal3s < 2|1Sp, Afall3s,
k<e—2

from which the desired inequality follows. O

6.2.3 Statement of the Main Result

We now explain briefly how we may proceed in order to show that the sys-

tem (ANS,) is globally well posed for small data in B;%’%. We shall search
for a solution of the form u = ur + w with

Up def ey, and  upg, dlef Z AZA}?uO. (6.13)
k>0—1
Note that ugp, def ug — Upyp, Satisfies
e, = Z St Abug. (6.14)

JEL
It turns out that wgy, is smoother than ug. Indeed,

AVugy, = > Sl AU Abug,
li—3'1<1

and thus
||A1»)Ugh||[2 <C ||Sh/ 1Ay/u0||[2.
J — J

Juenl o3 < CIIUoIIBZ%‘%- (6.15)

In turn, this implies that w is also more regular than the free solution up.

We can now state the main result of this chapter.

Theorem 6.16. There exists a constant ¢ such that for all divergence-free

_11
initial data ug in B, *'? satisfying ||u0||B,;,% < cv, the system (ANS,) has

2
4
11
a unique global solution u in B, 2’2 (00). Moreover, the vector field u — up
belongs to B%z (c0).
The above theorem will be proven in the next two sections. For the time being,

_11
we will show that the B, *’? norm may be made small by fast horizontal
oscillations.



6.2 A Global Existence Result in Anisotropic Besov Spaces 259

Proposition 6.17. Let ¢ be in S(R®) and define ¢.(x) d:efeml/e¢(x). A con-

stant Cy exists such that for any positive €,
1
[6:1,,- 3.3 < Coct.

Proof. By definition of the norm || - ”67% 1 and because the || - ||,z norm is

'2

4
less than or equal to the || - |2 norm, we have
4
el -3.3 < ;QS@ with

def _ k=t v
455:1) = Z 27z ||AZAE¢EHL;§(L3)7

e2k>1
k>0-1

def _k—¢ v
PN 2T | AR A bellLs (r2)s

e2k<1
k>0—1

def : )
o L > 27||SP AV |2,

€2i>1

def z v
W =N 25|88 Age 1o

e2i<1

In order to estimate @gl), we note that

_k L v
o < (D 278) Y 28 sup | AL AY 0.y 1y
2k >1 ¢cz, €L

1 £
<e? ) 27 sup|| AR AT b L r2)-
tez

Using Lemma 6.10 and the definition of ¢., we get
sup 1AL AL bellps 12y < Clldellps (z2) < CllllLs r2)
and also
sup AR AT bell s 12y < C27 00l s (r2) < C27|056| 1 (1.2)-
Thus, taking the sum over £ < N and ¢ > N and choosing the best N gives

1 £ v 1 1 1
QSS) <e2 222 sup HAZAZQZ)EHL‘;L(%) ez H¢||2;LL(L3)||63¢Hz;1L(L12})-
LET

Estimating 459) demands the use of oscillations. Let
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;Y1

i) 22t [ (@) on - ) (- 0))e ™ 00) dy

with F§(&n) = @(|€n]) and Fh(€s) = 3(&3). Integration by parts gives

[0 = ¢,1€i+¢k , with ¢1 e def zsAhA”(ei%ﬁl(b) and ¢2 e def —ieZ’WEi’j

Using Lemma 6.10, we get

_k 4 vy iYL
27z Z 22||¢1£1§||L§(Lg) < Cfigg”AZAe(e =019 L1 (L2)

L<k+1

< Ce2% 01412

Moreover, we have

_k £y 2 k £ 72,
272 > 27 lopillo ey < €27 Y22 [ dp el z2)-

L<k+1 LeZ

Using Lemma 6.10, we get

||5i’,2HL;§(Lg) < Cl¢llzazzy and H¢i’f2||L;§(Lg) < C27") 050l 11 L2)-

Again, taking the sum over £ < N and ¢ > N and choosing the best IV, we
get
2416l a ey < Clloly o 1901
Z Prelligez) < L4 @2)193PlLa (12y
ez
Therefore,
2) < C¢E Z 22 < C¢E%

e2k<1

In order to estimate d5§3), we note that, thanks to Lemma 6.10, we have

P < C Y 2SI AYOs0c |2
€2i>1

< C)|0sgel2 Y 27

€2i>1

< O 930 2.

4)

Estimating 432 requires use of the oscillations. Integrating by parts, we get

1, gdef 25def

SI Ap. = ¢y 67" with ¢} LisSl | AY(e 019) and 977 X ~ie2 7

with ¢2°(x) ' 2
function g in S(R?).

/(319)(? (2 — yp)) (27 (25 — yg))eiy?lgzﬁ(y) dy for some
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Using Lemma 6.10, we get

S 2|¢h e < Cel|igllre D 28 < Cet |01 1o

€2i<1 €2i<1

Using Lemma 6.10 again, we get 2j||$§’€||Lz < ||03¢]| 2. Thus, we infer that

> 283 > 28 < Ce7||05) 1.

e2i<1 €2i<1

This completes the proof of Proposition 6.17. a

Combining Theorem 6.16 with the above result, we deduce that data with high
oscillations with respect to the horizontal variable generate global solutions
of the system (ANS,).

Corollary 6.18. For any ¢ in S(R?), there exists some g9 > 0 such that for
all € in ]0,eq], the system (ANS,) has a global unique solution with data

w(z) = bm( ) (0, — D3, D)) . (6.16)

6.2.4 Some Technical Lemmas

For the remainder of this chapter, it will be understood that (ck)gez [resp.,
(dj);ez] denotes a generic element of the sphere of ¢%(Z) [resp., (*(Z)]. Fur-
thermore, (ck¢)(k,0)cz2 Will denote a generic element of the sphere of 2(2?)
and (dg¢)(x,0)ez2 @ generic sequence such that

Y -1
V€7 kEZ

We shall often use the following property, the proof of which is omitted.
Lemma 6.19. Let o be in ]0,00[ and Ny be in Z. We then have

2aN0
Z 2™ dk LCE > < m dj.
(k,0)€z?
£2j—No

The following lemma will be of frequent use in this chapter. It describes some

11
estimates of dyadic parts of functions in B, 2’2 (T).

w\»—A
M\»—A

Lemma 6.20. For any a € B, 2’2 (T'), we have

1Sk AYall L (11 12)) + +v2 | VSt Afal s (ri(r2)) < Cdy, 2727 2||a||8 b3 gy
4

1 k
HSI}CLQHLgf(Lﬁ(Lg")) +v2 thSl}cLaHLZT(Li(Lgo)) < Cep2?||all

11 .
2’2(T)
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Proof. By definition of S, we have

def v
Sk,e(a) = ||SkAea||L°° Li(L2)) +VzHVhSkAea”L? Li(L2))

< > (||Ah’A£a||L°° L2))+V2thAk’AZa”L2(L (L2))>~
k' <k—1

Noting that

£ £

2227 ZSkg 22

M

k'<k—1

(HAh’ANHLw 4(12)) "‘VZHVhA’fANHL2 (L%)))’

we get, by applying the Cauchy—Schwarz inequality, that

1
25 (327 Sue(0)?) " < 28 (Z 27 (4% Aall e 4 )

kEZ k'€Z

=

1 v 2
+ 12| Vy AL A a”LQT(L‘}L(Lg))) >

By Corollary 6.15, this proves the first inequality.

In order to establish the second inequality, we shall prove that for any
sequence (cx)gez in the unit ball of ¢2(Z), we have

(a) &S 275850, < COla s Vi (6.17)
kEZ 1
def
Sp = I1Skallge (24 (£ +V2thSkGHL LA (L)) (6.18)

Again using Lemma 6.10, we have

L v 1 v
Sp<C Z 222 (HAh/AZCL”L%"(L‘}L(L%)) +vz ||A]/§'szha||L%}(Lﬁ(Lg))> :
k' <k—1 (€L
We deduce that

£ koK
Cl) SCZQQ Z 2 2 2 2C]€ (”Ak’AZG'”Lw(L 4(L2))

Lel (k,k")ez?
K <k-1

1 v
+v2 ||Ah,A4Vha||L2T(L;;L(L%))) .

From the Cauchy—Schwarz inequality with the weight 2~ 1 k' <k—1, we infer
that
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1
o 3 wa) (¥
kk)622 kK’
K <k—1 k' <k—1

1
2

v 1 v 2
< (14 Aol wgas + 414 A Vel gz )

From this, we deduce that

a)<CZ2§(

LET

(”Ak’AlaHL‘X’(L 4(L2))
(k,k')ez?
K <k—1

1
2

1 v 2
Jr1/2||A2/AthaHL§,(L§L(L3))) )

f4 K v
S DL O SE R (T P

LEZ k'€Z

1
2

. 2
+v2 ||AZ’szhaHL%(L;*L(L%))) )

< CllaHBf%,%(T)
4

)

which proves (6.17) and thus the whole Lemma 6.20. O

With Lemma 6.20 at our disposal, we will now establish a result which is very
close to Sobolev embedding and which will be of constant use in proving the
existence part of Theorem 6.16.

1

Lemma 6.21. The space B, *’ %(T) is embedded in L}(L}(LS)). More pre-
1
"2(T), we have

N\»—‘

cisely, for any function a in B,

d
|ATallLs a2y < C j2_%|| l

B 2 2(T)
C
lallzs (s (o)) < —||a\| sy
Proof. First, note that
145allZs g 2y = 10470 L3 2.10))-

Then, according to Bony’s decomposition in the horizontal variables, we may
write

(A%a)> = Sp  AVa AR AYa+ ) Sp,AYa AfAVa.
kEZ kEZ
The two terms on the right-hand side may be estimated exactly in the same
way, so we first focus on the first term. Applying Holder’s inequality, we get
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||S,}§_1A§a A’I;A;‘)QHLQT(LQ (LY))
<275 Sk 145all peera (LQ))22||AhA§a||L§(Lﬁ(L%))-

Using the first inequality of Lemma 6.20 and Corollary 6.15, we infer that

HSJQLAA;?GAZA}JGHL%(L%U <C 2 J||CLH2 %’%(T).
4

Taking the sum over k, we thus deduce that

d2
Ala 1)) < C—L277|a|? ,
A5 hip iz < O lall_yy
which is exactly the first inequality of the lemma. Now, using Lemma 6.10,
we have ‘
145 all s s ey < €22 A7 allg wg 2y

This proves the whole lemma. a

We will now use Lemma 6.10 to study the free evolution up of the high
horizontal frequency part of the initial data ug, as defined in (6.13). In order
to do this, we first recall a result, in the spirit of Corollary 2.5 page 55, which
describes the action of the semigroup of the heat equation on distributions
with Fourier transforms supported in a fixed annulus.

1

_11
Lemma 6.22. Let ug € B, 2’2, up be as in (6.13), a € N*, and p € [1,00].
Then, AP AYVup =0 if k < {—3, and

d
ST ol gy i k22 (619)

UP 4

AR AGur| Lr (2a(z2)) < C

11
Moreover, up belongs to B, 2’2 (c0) and satisfies

(6.20)

N

<C
sl 34, < Cluol -y

23
Proof. From the relations (2.2) and (2.3) page 54, we deduce that
AP Afup(t) = 2%%g(t, 25 )« Af AYug with [|g(t, )| 1 g2y < Ce™ 2. (6.21)
Here, the convolution must be understood as the convolution on R?. Thus,
AR A up(t,xn, )2 < 2%(g(t, 2%)| x | AR AFuo(zh, )| 2
Using (6.21) and Lemma 6.10, we get
| Ak Ajur )Ly 13y < Cem " | AL Afuol 1y 12)

< Ce™ evt2® dk5222 2”“0” 11,

—2'2

By time integration, the lemma then follows. a
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From Lemma 6.22, we immediately deduce the following corollary.

Corollary 6.23. For any (p,q) in [1,00] X [4, 0], we have

Wl

1 _k(2(141)—
lARurl oms a1y < O a2 CEFD N ug|)
184 4

1 1 1
If, in addition, — + — > 3’ then we have
p q

[N

1y_1
1A el o sns 22) <Cfd 277G D o]y,
4

The following lemma corresponds to the endpoint of the second estimate of
Corollary 6.23.

Lemma 6.24. Under the assumptions of Lemma 6.22, we have

v d] _3
lAjurlle@eng wa) < €752 2ol -y and

11
2’2
4
<C 1
[upllp2 @t ;o) < \ﬁHUoHB;%,;
Proof. Trivially, we have
1A ur L (e 2y = 1(ATwR) Ly wse i)
Using Bony’s decomposition in the horizontal variables, we obtain

(Abup)? = Sp  Alup ApAVup + Y AL AVup ) o Alup. (6.22)

kEZ keZ

Now, the idea is to take advantage of the smoothing effect on the high-
est possible horizontal frequencies of up. Applying Hélder’s inequality and
Lemma 6.10, we get

1Sk _1 AYur ALATup| Ly (pee (1)

< C2M|\Sp_1 A%upll e pa (12 1 A1 AYur | Ly (13 (12))-

Note that by (6.19) and the fact that St | = Z Al we have
K/ <k—2

1
2 ki
ISt ASurll e pay < C( Y @) 282 Huoll _y
K <k—2 Ba
Therefore, by using (6.19) once again, we arrive at

s AVuFA’LA"qu‘ < C—( &2, ‘)Hu0||277 L
erzz k=17 k= LL(L§2(LL)) k/zjez B
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Estimating the other term in (6.22) follows along the same lines. Therefore,

2
v 2 T 9—j 2
HAjUF“L?T(LzC(L%)) <C » 2 HuOHBZ%’%.

From Lemma 6.10 we then conclude that

11
2°2

v l v 1
1S7urllzz. =) < C Z 27 [|AYur||pz. e (n2)) < CWHUOHB’
<1 :

This completes the proof of the lemma. O

6.3 The Proof of Existence

As announced in the previous section, we seek a solution of the form
U =ur+w.
By substituting the above formula into (ANS, ), we find that w must satisfy

oiw—+w-Vw—vAyw+w-Vugp +up - Vw = —up - Vugp — VP
(ANS,) divw =0

_ def
Wli=0 = Wer, = U — Uhh.-

Recall that, according to (6.15), if up belongs to B;%’%, then wug, belongs
to B%z.

As in the proof of Theorem 6.2, we shall use the Friedrichs regularization

method to construct the approximate solutions to (/TNS‘V) Define up def

(Id — E,,)up. The approximate system (ZNE‘M) we consider is of the form

Oywn, — vA Wy, + By (wy, - Vwy) + By (wy, - Vup,) + Ey(upy, - Vo)
- - E’ﬂ(uFJl : qufﬂ) -E, V(_A)_lajak <(’U’%,n + w%)(u];',n + w’ﬁ))
divw,, =0,

def
W li=0 = B (uen) = By (uo — tnp)-

Arguing as in the first section of this chapter, we can prove that the sys-
tem (mm) is an ordinary differential equation in the space L2°. Thanks
to Theorem 3.11 page 131, this ordinary differential equation is globally well
posed because

d
Ellwn(t)lliz < Collupa®llz lwnlZe + Cullura (O Zs (L2 lwn ()] 22,

and, according to Corollary 6.23 and Lemma 6.24, the function ug, belongs
to L2(RY; L> N L} (L2)).
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The proof of Theorem 6.16 now reduces to the following three propositions,
which we shall assume for the time being.?

Proposition 6.25. Let uy be in 84_%’% and a be in B2 (T). Define
def [T
L) / (A% (up - Vup)|Ala) dt
0
Then, for any j in Z, we have

|1;(T)] < Cd?VATjHUOHQB;%,% HG‘HBO,%(T)'

Proposition 6.26. Let a and b be vector fields in BO’%(T). Define
def [T 1 ;
J](T) = (A](CLVUF”A]b) dt
0

If diva = 0, then, for any j in Z,

|[;(T)| < Cdjv=1277||a] ol ;3.3 116l

B%% (T) 5.3 1% 0.5 1y

Proposition 6.27. Let a be a divergence-free vector field in BZ%’%(T) and b
a vector field in Bz (T). Define

def T
Fy(T) / (AY(a- Vb)|AY) dt
0
Then, for any j € Z, we have

2
4

. 2, ~1g—j )
BT < v 2 all gy 02y

Completion of the proof of Theorem 6.16. Apply the operator A7 to (m,n)
and take the L? inner product of the resulting equation with Ajw,. Because
E, w, = wy,, we get

def d . ., v
Dy (t) = IIA w72 + 20| Va A w, (1) |7

= —Z(A;?(wn - Vwp )| Afwy) — 2(A7 (upn - Vwn )| Ajwy,)
— 2(A}’(wn - Vupn)|Afw,) — 2(A;-’(uF,n . Vup’n)|A;-’wn).

By integrating the above equation over [0, T], we get
2| Afwnll i 12y + 2 I VaASwnl 2 12

2 In the following three statements, we drop the index n from wr, to simplify
notation.
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4
< 27| A%w, (0)]|72 + 2> [WHT)| (6.23)

with — W)(T) < / (A ) V(1)) A ()
wir) o [ (A (t) - T (1)) 0 (1)
wi(r) <o / (AN wn(t) - Vurn (8| AL (1)
W) % o /O T(Ag(uF,n(t) Vi (£))| Aw, (1)) d.

D“
S

Applying Proposition 6.27 wit = b = w,, together with Corollary 6.14,

gives

1 —1 ;2
|WHT)| < Cvtd? H“’”HBO Loy (6.24)

Thanks to Lemma 6.22, Proposition 6.27 applied with a = up, and b = w,
implies, in particular, that

2 152
WA < Co ' Bluol g g ol (6.25)
Proposition 6.26 applied with a = b = w,, yields
3 -1 42
W) < Co ' Bluoll g g ol (6.26)
Finally, Proposition 6.25 guarantees that
(6.27)

WD) < Cv ™ dEfuoll?_y y Tl s

Plugging the estimates (6.24)—(6.27) into (6.23) gives
. 2 .
2 (185 wall e 12) + VIR AT WAl g 1)) < 27]| A7 (0) 32
C 2 2 2
# S (Il gy #1000y 1 ) Bl oy

Using (6.15), we get, by the definition of B%2 (1),

C
< Cluallp.y + 72 (Wl iy + ol g )l

ol gy <

Define

T, 4 sup {T>O/|wn| < 2C]Juo ;;}-

B%% (T)
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The fact that w, is continuous with values in H”V for any integer N ensures
that T, is positive. The above inequality then implies that, for any n and
any 1" < T,, we have

V20 (2C +1)VC 3
< Clluoll 3.5 + (ﬁ N 13
4 842 2

Thus, if 2C(1 + QC)QHUOHB*;% < v, then we get, for any n and any T < T},
4

ol o

||U)n|| < 20”’&0”62% %

B%3 (T)
Thus, T;, = 400 for any n. Existence then follows from classical compactness
methods, the details of which are omitted. Theorem 6.16 is then proved, pro-
vided, of course, that we have proven the three propositions 6.25-6.27. a

Proof of Propositions 6.25-6.27. We shall proceed differently for terms in-
volving a horizontal derivative and terms involving a vertical derivative. For
the former, the following two lemmas will be crucial.

Lemma 6.28. Let a be in BZ%’%(T) and b be in B2 (T). We have, for h =
1,2,

143 @0 | b gy Pl

]

v d] _ 7
”Aj (ab>||L?F(L2) < CI/_%Q 2 HCLHB; 5 %’%(T).

11
2’2(T)

Proof of Lemma 6.28. Using Bony’s decomposition in the vertical variable
gives

AV(adpb) = Y AV(SL_1aA%dpb) + Y AY(S) 5 (nb)AYa).

li—3'1<5 j'>j-3

Using Holder’s inequality and then Lemma 6.21, we have

| A7 (S5—1a A Onb)| tdatan < C|IS_qallpa s (£ 1A Onbll L2 (1.2
djr_i
<C-2*2 =
CV%Q 2 ”aHBZ% Q(T)H ”BO 3y
Similarly, we have
A7 (S7 12(Onb)ATa)] 4 < OS5 4200l Lz (12 (Lo 1 A5 allpapa (p2))

Lg(Lg(L2))

J
< OS2 % all .y Bl



270 6 Anisotropic Viscosity

It then turns out that

1

C
— llall sobd

22 ||AY
A5 @b)l g g < s b Pt

/>j
which implies the lemma. a

Proof of Lemma 6.29. We write

AV(ab) = Y AYSL_jadUb)+ > AY(Sh,bAYa).

17" —31<5 J'=j—3
Again using Holder’s inequality and Lemma 6.21, we get

145 (S5 10870011 (13.22)) < ClSG 10l @i 147 By s ez

=

SC%T%HGH 1y
vz B, (T)

b
PO L

We can now conclude as in the previous lemma. O

Proof of Proposition 6.25. Note that, thanks to the fact that up is divergence-
free, we have

I(T) = /OT(Ag(uF-VuF)mga) dt =I)T)+I(T)  with

T
(1) /0 (AY(uly ® up)|AYVa) dt and

def [T
I(T) :/0 (agA;f(u%uF)\A}’a) dt

Using Lemma 6.29 and the definition of B%2 (T), we get

[IM(T)] < | AY (ulfp @ urp) |22y 145 (Vha)ll Lz (L2
& 2
< 072 H’UJO”B;%'% HCLHBO,%(T)'
For the term with the vertical derivative, we write, using Lemma 6.10,

|17 (T)| < C2|| A% (upup) | £y (12) | A6 g ()

Again using Bony’s decomposition in the vertical variable, we infer that

v, 3 _ v v 3 v v v v
Al(upup) = E AL(SS _qupAfur) + E AY(AT ,uFS ) oUF).
l7'—41<5 Jj'zj—3

Using Bony’s decomposition in the horizontal variables, we get
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Si_qupAjup = Z {Sk 15’”,_1uFAkA L up + Ak 1u?}uS,?+2A;’,uF}.
k>j'—4

The two terms in the above sum are estimated along exactly the same lines.
As in the proof of Lemma 6.24, we use the smoothing effect on the highest
possible horizontal frequencies of up. Using Holder’s inequality, this gives

HSIi,‘L—ls 1uFAkA /UFHLl (L?)
<2 2||Sk—1Sj’—1uF||L°°(L4(L°° 25(|Ak A Surllya 2y

Lemma 6.22 guarantees that

C _d
25 | AL AL upllLy )y < —dk 2727 luoll _y .-
v v B,
Lemma 6.20 states, in particular, that
“E||Sp_, S 1F ||l Lseza (o)) < Cexlluol| s

Using Lemma 6.19, it then turns out that

C INANIY
185 vur Apur s < 2 (D erdiy27™ )25 uol?_
4

11
22
k>j/—2
djr 35
<L F fluol?_,
1% 64 2'2
We deduce that
27| AV (uhup) | Ly ey < —IIUOll Y dy
j'>j—5
This completes the proof of Proposition 6.25. O

Proof of Proposition 6.26. Again, we distinguish the terms with horizontal
derivatives from the terms with vertical ones, writing

T
J(T) = / (AV(a- Vup)|A) dt = JH(T) + JU(T) with
0
h def g v( h v
JHT) = (A% (a" - Viyup)|AYb) dt  and
0
v def T v(,3 v
J¥(T) :/ (AY(a®Dsur)| ATD) dt
0

Using integration by parts gives

(AY(a" - Viup)|A%) = — (AY(up divy, a")|AV) — (AY (0" @ up)| Vi ALD) .
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From Lemma 6.21 and Lemma 6.28, we have

L/ (45w divi )| A50) | de < 145w divi @) g s 1Ay g

2

2
< %27 fuy| ol

33119 0.y g 1Bl 0.4
4

Lemma 6.29 gives

T
/0 (450" @ up) Vi A3b) | dt < 1 A7(a" @ up)l g (22147 Vabll 3.2

2

dj —J h
< C="27 ol — gy lla”| 2]
1% B4 2’2

B3 (1) ""1B% 3 (1)

Therefore,

]

B3 (T

2 .
h J o— h
)| < 22 ol g o g

On the other hand, using Bony’s decomposition in the vertical variables,
we get

AV(dOsup) = Y AYSH_,a05A%up) (6.28)
[37=31<5
+ > AYALGPS) ,05up).
Jj'zj—3

To deal with the first term, we use Holder’s inequality to get
||S 2 160363 IuFHLl (L?) < CQJ ||S _10a ||Loo(L (Loo))”A /UFHLl (Loo(LZ))

Corollary 6.14 and Corollary 6.23 applied with p = 1 and ¢ = oo together
imply that

d;:
155/ _1a’83.A Jur| Lz <C Lo~ ||u0||6,%1%||a||80,%(;p)’
4

from which we infer that

dj i
3 Jo—1
> 143(S) 0t oAy ur) e < €22 Hluall_y gl oy

2
3" —4l<5
We now estimate the second term of (6.28). Holder’s inequality gives
HA;W +283UF||L1 ) < c2’ ||Avfa3||L2T(L2)|| +2UFHL (Lo°)-

From Lemma 6.10, we get
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||A b HL2 (Lz RS < 02 ‘7 HAU/aga ||L2 (L2

Using the fact that diva = 0, we have

v -3’ v 1: dj _3
||Aj/a3HL%(L2) S 02 J ”Aj’ leh ahHL%(Lz) é Cﬁ2 2 ||ah||

B%3 (T)
Together with Lemma 6.24, this implies that
. d;
D 1A%ALG*S) 505ur) | Ly 1) < C—2" : Huoll 1 HahHBo by
Jj'2j—3
This completes the proof of Proposition 6.26. a

Proof of Proposition 6.27. We decompose F;(T') into
T
Fy(T) = / (AY(a - Vb)|A%) dt = F}(T) + F}(T) with
0

T
Fir) & /0 (AV(a" - Vpb)|AU) dt  and

def T
F(T) = / (AY(a®03b)| AYD) dt

0

On the one hand, according to Holder’s inequality, we have

|FIT)| < |1 AY(a" - Vib)|| 5 s

o3 gay 1470 lcs @i

4
L3(
Li(

so combining Lemma 6.28 with Corollary 6.14 and Lemma 6.21 yields

|Fh(T)|<Cdj2’jHaH RPN [
= B i) B R ()

On the other hand, the norms B%2(T) or BZ%’%(T) do not have any gain
of vertical derivative. This difficulty may be bypassed by taking advantage
of the fact that diva = 0. More precisely, the vertical Bony decomposition,
combined with a straightforward commutator process, enables us to write

AV(a05b) = SY_1a® D3 AYb+ Y [AY, S} a®|0sAPb
|j—2|<5
+ > (Spga® = SY_a®)0sAVAGb + Y AY(AYaP0557, D).
lj—2|<1 >5-3

From this we may decompose F}/(T) into

() e def

T
v Ko K3 K3 . K3 def v : v v
) FPU+FPU+F)°+FY with F; :/0 (S¥_1a®05 AVb| AVb) dt

. - 2 4
and obvious definitions for F;"", Fj‘-n””7 and F;".
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In order to bound Fjl’” we use the fact that
3a® = — divy, a”. (6.29)

Integrating twice by parts we thus get

1 T
Fhv — _/ SY_ydiv,a”| AVb|? da dt
0 R3

J
’ h
—/0 /R SU_ja - VAT AV da dt,

Applying Lemma 6.21, together with Corollary 6.14, yields

E7 L < 1510 a0t 3o | VR APl L2 22 I A8l Lt 2 22

2o
<C=227|ja IIBﬁ SN [
()" B ()

To deal with the commutator in F; %Y we first use Taylor’s formula. Writing
h(zx3) = z3h(x3) and integrating by parts, we find that

-2 [ ([

li—21<5
x ( [ Statna s+ (1= i) ) Ao, | ) a
0

Next, using (6.29) and integration by parts, we rewrite F J»Q’U as

= 3 [ (fre -

|i—2|<5

X / S,}Llah(mh,Tyg, + (1 - T)J,'g) dr - VhAZb(a:h,yg) dy3A§b> dt
0

+ Y AT(AB<2j<x3—y3>>

li—€<5
1
X (/ Sy ja(xn, Tys + (1 — 7)a3) dT) Ajb(xp, ys3) dy3VhA§b) dt.
0
Young’s inequality, together with Corollary 6.14 and Lemma 6.21, then yields

E2Y <003 ISEaa sz my (190 A8 22 1470l 1. 4 2y
l7—21<5

+ ||A}3b||L‘;(L;1L(Lg))||Vh4§b||L2T(L2))
2o

< (02197
<02 la™]] ||bHBol "

11
22
64
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Note that
|F) < Z/ (A} aP93 A3 AYb|AYD)| dt.

lj—2'|1<1
lj—2|<1

To estimate F;” 3V we then need to gain two derivatives from AYa®. In order
to do this, we need to use (6.12) with N = 1, which implies that

Aba®(x) = /Rgv(Zzl (z3 — y3))03A%a>(xh, y3) dys, (6.30)

where g¥ € S(R) is defined via F(g")(&3) = ¢(_|€‘§3)~
i&s
Plugging (6.30) into Fj”v7 using (6.29), and then integrating by parts in the
horizontal variables, we find that, up to an irrelevant multiplicative constant,
the quantity F; 3V is less than

( / 24 (z3 —y3)) A% a" (xh,y3) dys) Vi3 AYAYD A;b) ’ di
—r|<1
|J <1
T !/
+ Z / ((/ g”(QZ (3 — yB))AE,ah(:EmyS) dy3>33A}’AZb th;gb)‘ dt
lj—¢|<1”9 R
li—€]<1

Together with Young’s inequality, Corollary 6.14, and Lemma 6.21, this im-
plies that

IFP <0 > 27 AL A" | s no IVRASB] L2, 2y Al 1 o 12

li—¢|<1
li—€1<1

d2
<C JWIIahH

34 1P I2 5
22 B2

Finally, using (6.30) once again, we can write that F ;L’U is equal to

T
Z (/ (A}J (/ 9" (2%(z5 — y3)) Ay a" (xh, y3) dys - Vh835§)+2b) ‘A})b> dt
0 R

>5-3
T
—I—/ (A}’ (/ g”(Qe(acg — yg))A}’ah(ﬂch,yg) dy3835}’+2b) ‘VhA}’b> dt).
0 R

From Young’s inequality, we deduce that

[F <oy ”AzahHL“T(L;‘L(Lg))(||vhSZ+QbHL2T(Lﬁ(Lg°))”A})b”L‘;(L;‘L(Lﬁ))
>;-3

157120l La.La (L) ||VhA§b||L2T(L2)),
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which, together with Corollary 6.14 and Lemma 6.21, implies that

2

1 oy P20 g

-

4,v
| <

4

This completes the proof of Proposition 6.27. O

6.4 The Proof of Uniqueness

11

In the previous section we showed that any small divergence-free data in B, *’?
11

generates a global solution w in B, 2’2 (c0) such that, in addition, (u —up) €

11
B2 (c0). In this section we want to prove uniqueness in the space B, 2’2 (c0).
As a first step we prove the following regularity theorem.

11

Theorem 6.30. Let u € B, 2'2(T) be a solution of (ANS,) with initial
11

data ug in B, *’?. We then have

wd—efu—uFGBO 2(T).

Proof. We have already observed (at the beginning of Section 6.3) that the
vector field w is the solution of the linear system

o oiw —vApw = —u-Vu— VP
(ANS,) divw =0
w‘t:o = Ugh,

where ugy, is defined as in (6.14). As stated in Lemma 6.22, ur belongs to the

Z11
space B, 2’2 (T') and thus so does w. Hence, it is only a matter of proving that
v 1
[(1d =S8 ) AYw| e L2y + v (1A =S) ) AYV w12 (12) < Cdj2”

In order to do so, we apply the operator (Id —S]}Ll)A}’ to the system (my)

and define

w; € (1d -8 ) A

This gives, by virtue of the L? energy estimate,
t
Jlw; ()17 + 21// IV nw; (#)Z- dt” < || Afuen |7
0

+2/ [(Ad =S ) AY(u(t') - Vu(t')),w;(t'))] dt'.

From the Fourier—Plancherel theorem, we then infer that
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t t
s @1+ [ [90,(¢) [t + 2 [ fuoy(¢) 3 de
0 0

t
< IAjualts +2 [ (04 =S} ) A7 (u(t) - Vu(t) w(¢))] dt
0

Observe that, thanks to the divergence-free condition, we have
w- Vu™ = divy, (u™u”) + O5(u™u?).
Integrating by parts, we get
K (Id Sh VAT divy (umu”), w3>’ < ’((Id —SJ}-Lfl)A;(umuh),Vhwj)’
1A% (W™ u") || 2|V aw;]| 2

IN

IN

v c u™ h
21V 3 + AT 3,
while, by using Lemma 6.10, we have

[{(1d —SP_) AYDs (u™u?), w;)| < 2f||AV(umu3)||L2ijHLz
< —QQJH wjllze + = HA”( ") 2.
Using the inequality (6.15) and Lemma 6.29, we deduce that
lwjll 2 22y + VII Vsl z, e < Cdy2™ (||uoH R (T))

This completes the proof of Theorem 6.30. O

The above theorem implies that if 41 and us are two solutions of (ANS,,) in the

11
space B, 2’2 (T') associated with the same initial data, then the difference 6 def
uy — uy belongs to B%2 (T). Moreover, it satisfies the system

06 —vARL=L6—VP
(ANS!) divé =0
5|t:O = Oa

where L is the linear operator defined as follows:

L6 % 5. Ty —uy - V.
In order to prove uniqueness, it suffices to establish that § = 0. Because ex-
istence in Theorem 6.16 is not proved by using Picard’s fixed point method,
this is not obvious. The main reason why is that the system (ANS,) is hy-
perbolic in the vertical direction. Roughly speaking, we thus expect that the
contraction argument may be realized with one less vertical derivative than
for the existence space.

Before proceeding to the heart of the proof of uniqueness, we have to

introduce more notation: Let A“ def AY, S“ =8}ifj >0, AYY def Syt =Sy,

andA;”—S;’il—Olfjg —2.
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Definition 6.31. We denote by H the space of tempered distribution such
that def
e 4 .
lall3 =" 277||AYalZ: < oc.
Jez

The corresponding inner product is denoted by (- | ).
Because the space H is nonhomogeneous, it is not true (owing to the low verti-
cal frequencies) that B%2 (T)) is embedded in L3® (H). Since § satisfies (ANS,),
however, we have the following result.

Lemma 6.32. The difference § is in LS (H) and satisfies V6 € L2(H).
Proof. Let S§d be a solution (with initial value 0) of
01500 —vARLSG6 = g1+ g2 + g3 with

def v
0= ZSOaS(a)\b)\)v
xeA

def v q: v
g = Z Sp divy (ea(Id —Sg)0),

AeA

g5 ST d\Sg divi (539),
reA

where A is a finite set of indices and ay, by, ¢y, and dy belong to BZ%’% (T).
Using Lemmas 6.10 and 6.29, we get that

15895 (axba) Lz 22y < C Y (1A (axba) L2 (z2)

j<—1
C
< —llaall —1n Mol 11 .
V2 By (1) By (T)
Defining C12(T') def fluil] 11 4 lugll _11 , we thus have
B, 22 (T) B, 22 (T)
C o
lg1llzz.(z2) < V—%C12(T)~ (6.31)

Estimating go relies on Lemma 6.21. We get

b

[l (1d _53)5||L4T(L;§(Lg)) < Cu_i||5||37
_1
leallza L ey < Cvilen|

4
B )
from which it follows that

lex(Id =58)6 1 22.z2) < lleallza s peey (I =S5)0 | s (22))
<Cv i e
B

U T )| I
L 2T By 2T
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This gives that
.~ . ~ 1
g2 = leh g2 with ”gQHL%(L?) < Cv™2 C%Q(T) (632)

The term g3 must be treated with a commutator argument based on the
following lemma.

Lemma 6.33. Let x be a function of S(R). A constant C' exists such that,
for any function a in L3 (L), we have

. 1
Ix(exs), SglallL> < Cez|lal| Lz (1)

Proof. The first order Taylor formula gives
def v
Ce(a)(zn,z3) = [x(ex3), Spla(wn, x3)
— e[ hea = )Y (&((1 - 7)o + 7)) alon, ) .
R x[0,1]

Using the Cauchy—Schwarz inequality for the measure |h(z3 — y3)| das dys dr
on R? x[0,1], we may write that

IC(a) (@, )IIF2 < e*lla(an, )L

X sup ( Ih(ws—ys)wQ(ws)dwsdy3>(HT+H§)
R2

H‘FHL2(R)§1
< Ce?|la(an, )L (HT + H),
where we define H] and HS as follows:

_ def
;e / (P2 (e((1 = 7 + 7)) (s — ys)| das dys dr,
R2 x[0,3]

e def
[ O ) s — ) d s i
R* x[35,1

Changing variables

zr =1 —=7)xs+71Ys . Tr = I3 .
in HS and in HS
{ Yr = Y3 ! Yr = 7Yz + (1 = 7)x3 2

gives

]- T Y7
HS = / (x')?(ex,) h(xl Y )’de dy; dr,
R2 x[0,1]

nl-—r7 —
2
1 T Yt
H; :/ —(x")?(eyr) h<u> ’ dz, dy, dr.
R2 X[%,l] T T

We immediately infer that ||C.(a)(wn, )|z < C’E%Ha(xh,-)HLgo and the
lemma is thus proved. a
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Completion of the proof of Lemma 6.32. Choose x € D(R) with value 1 near 0

and define Sj _a def x(g:)Sga. We get, via a classical L? energy estimate and

a convexity inequality, that
t t
1S5 881172 + V/O IVRS5.0(t)1Z2 dt' < 2/0 lgr ()1 221185, 6() || 2 dt’

1 t _ t
by [ G Bt +2 [ (g, 5550 dt
0 0

By the definition of g3, the integrand in the last term of the above equality is
a finite sum of terms of the type

Dy = (x(e')Sg (dxS(6), OnSp 6)
with € {1,2} and dy € B} *'* (T). Writing Dy = D} + D? with
1 def v v ) 2 def v v v
D <[X(€')7 SO](d/\SO 5)78h50,65> and D <SO (dASO,E(S)?ahSO,E(S%

Lemmas 6.21 and 6.33 imply that

t
/0 DLt dt' < C=tC2(0)[VhSo 28] 2 1)
v C
ZHVhS 5||2L3(L2) + ;50112@)-

Next, we write
[DX(1)] < C”dA(t)HL;‘L(L,‘;O)||S(1J}755(t)||%2thsg,aé(t)H%2
< U985 )13 + Sl Ol 1 15 O3
Using (6.31) we get, for ¢ € ]0, 1],
153 8022 + 5 /t VS5 672 dt" < Cv™" +v72)Cly(T)
w0 [ (14 5 (b + Dol o) ) 1500 e
The Gronwall lemma, together with (6.31), gives

t
v v v _ _
155 611172 + 5/0 IVhSg 0|22 dt' < C(v™t +v7%)Cla(T)

t 1
X eXp(C/O <1+ = (||u1||L4(Lm) + ||uQ||L4(Lw))>dt/)
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and thus, by Lemma 6.21,
v 2 v ! v N2 ’
180.0)z2 + 5 ; IVRSg 6(t) 22 di

< Cw ' +v72)C4(T) exp (C(l + %sz(T)))

Passing to the limit when ¢ tends to 0 then allows us to complete the proof
of Lemma 6.32. O

Proof of Theorem 6.16 (continued). Let us first point out the main diffi-
1
culty we shall encounter here. Roughly speaking, a function in 84 33 (T') must

be Bz’1 in the vertical direction, while a function in H is H~ 2 in the vertical

direction. Hence, we have to deal with products of distributions in Bi 1 XH™2

which is known to be the “bad” critical case for product laws (see, e.g., The-
orem 2.52 page 88). In order to bypass this ultimate difficulty, we introduce
the seminorms

def is v 2 def v
ol o (X 2o1a50l3:) " ana Joll, 2 AL Al i

JEZ kez

JEN
We note that as £1(Z) is included in ¢*(Z), we have
2
el o, +PIVRAIE, oy, < ClalZyy (6.3
2
1611755 (5,,) + V”VhbHL%(Bu) < CHb”B;%‘%(T) (6.34)

The key to the proof is the following lemma, which we will temporarily assume
to hold.

Lemma 6.34. Let a and b be two divergence-free vector fields such that a
and Vpa are in H%2 N H, and b is in B, N L‘}L(Lgo) with Vb € B,. We
assume, in addition, that ||a||3, < 2716. We then have

1%
|(b- Vala)y | + |(a- Vbla)y| < 5 IVrallz + Cla, b)u(llalz)

with p(r) d:efr(l —log, ) logy (1 — logy ) and

”bH%/l(Loc) C
2003 ne) (14— ) + — (1 + [l

b4
x (14 Ll
14

=) (Ieli3, IVabli3, + llal0 4 I ¥nall%,y ) -

C(a,b) % def C
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Thus, we have

16(t)13, < / FE R 3,) d with £(£) % Cus (1), 6(1)) + Clus(t), 6(2).

Lemma 6.21 and assertions (6.33) and (6.34) collectively imply that f €
L'([0,T7]). The uniqueness then follows from Lemma 3.4 page 125. O

Proof of Lemma 6.34. As both terms may be treated similarly, we focus
on (b- Vala)y. Using a nonhomogeneous Bony decomposition in the vertical
variable, we may write

A¥(b-Va) = T"Va + R"(b,Va) with

T'va S 5y b VA and RY(b,Va) S AV VSLa.
L L

As usual, we shall treat the terms involving vertical derivatives in a different
way than the terms involving horizontal derivatives. This leads to

AV (TY'Va) =T+ T with
T A ST syt v,AYa and TP AT ST sy 10, Ap

li—€1<5 |7 —€1<5

By the definition of the space H and using the anisotropic Holder inequality,
we get

T )
11,4 0y < OWllgiaz) 3 947 alus
|7—€1<5

< CCJQ%”bHLﬁ(LgC)thaHH-
We immediately infer that
(T} A% a) 2] < Cc;22 (bl s (120) [ A all 1 (2 [ Vial |-

As we have

14 all74 12y < CllAY al| 2| VaAY al 2, (6.35)
we get
. . 3 1
> 27(T) | AV a) 2] < ClIbll s ooy | VnallllallZ- (6.36)

J

Estimating (7;*|AY%a) > is more involved. We write
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O™ with

<3

I
]«
=

T = 8y b0 A,

T = N [AY, S b¥0sAYa,  and
li—21<5

D (SPb - 8P )05 AV A,

li—2I<1
In order to estimate ’]}”’1, we perform an integration by parts and obtain

; 1 ; .
(T AV a) g2 = -3 /]R 5110807 (A%a)? da.

Using the fact that 93 = — div}, b and integrating by parts in the horizontal
variables, we get

v,1
(7

AVa) e = — /R Sy VpAYa AYady.
Now, arguing as we did in proving (6.36), we end up with
>
J

In order to estimate the commutator, we use Taylor’s formula. For a function f
on R?, we define the function f on R* by

. 3 1
AV'a)ga] < Ol e IV nallfllall (6.37)

1
def
Foaus) € [ fang + 7l = a0
0
T def
Then, defining h(x3) = z3h(x3), we have

= /R{E(Qj(xs — y3))(SP7 1 03b%) (2, y3) DAY (e, y3) dys.

li—£1<5

Using the fact that b is divergence-free and the fact that Vhf: ﬁvhf, we infer
that

—_~—

ij’2 =- Z /E(Qj(fﬂs — y3)) divy, (S§,00) (2, y3)05 Ay a2, ys) dys.
lj—el<s /R

Integrating by parts with respect to the horizontal variable, we then get
that (Tj”’2|A}’ia)L2 is equal to the sum over £ € {j — 5,...,7+ 5} of
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/ (27 (x5 — yg))(S}’ilbh)(z, yg)ﬁgth}’ia(xh, yg)A}’ia(I) dx dys
]R4

+ / B2/ (23 — y3)) (S, 07) (2, y3) D3 AY aln, ys) Vi AY a(x) da dys.
R4

As we have ||E(Z‘h7 5 Y3)|

Lo < ||b(2h, )|z, we infer that

(72145 a) 12

<C2blsy Yo (105VnAall| AT all Ly ey
[6—j|<5

+ 10527 all g 1) IV AT al 2

< Clbllrsrey Y. IViAYalL2l|AYal Ls ()
[6—31<5

Using (6.35), we get that

j v v 3 3
D 27T AY a) | < ClbllLs ) | Vaal Fllal - (6.38)
J

The estimation of ’2}”’3 is based on the following observation. For any diver-
gence-free vector field u, we have, from (6.30),

Ay (z) = / 0" (2 (23 — y3)) ALOsu® (an, ys) dys
R

— _div / 0° (24(s — ys)) AVut (zn, ys) dys
R

= —27 div, A%u" (6.39)

with A~2’ def @(27*D3) for some suitable smooth function @ supported in an
annulus.

Note that if j > 2, then the term Sp* 6% — S¥*,b® which appears in ij’g
reduces to just A}’ib3 or A;?i_2b3. Thus, using (6.39) and integrating by parts
in the horizontal variable, we get

(T3 A ) = Y 2 ((A; (236"0 47 A7050) A7)
‘Bzt
+ (45 (Bpp" a3 Ap0ga) ]th;”'a)).

Now, following the lines of reasoning which led to (6.38), we get

. . 3 1
> 27T A a) 2| < Clbll s pe) | VaalZllal - (6.40)
i>2
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If 7 <1, we observe that
»3 i
[(Z;771AY a) 2| < Clbll L (nee) [ Vhallallallz.

Combining this with the inequalities (6.36)—(6.38) and (6.40), we end up with

. 3 1
((T5*Vala)n| < Clbllzs L) IVaallzllallz + 110l s ze) IV aallllall#-
From the convexity inequality
afB < 0ab + (1—0)370 (6.41)

for = 1/4 and 0 = 1/2, we infer that

(T3 Vala)y| <

1
< LVl + By (1 gl e ) Nl

To bound (RY*(b, Va)|a)s, we have to deal with the fact that the sum of the
indices of the vertical regularity is 0. Again, we separate the terms involving
vertical derivatives from the terms involving horizontal derivatives. This leads
to

Vi PUL o h v 0 .
ATRY(b,Va) = R} + R +R; with
def Vi v Vi
R-}} :e AJ E Aé bh . V}LS€+2a,

£2(j—3)*

Ry LA ST Ay, ua,
£2(3=3)*

Odef

AY(SYb - VSYa).

We first estimate R(J)». It is obvious that if j is large enough, then R? =0. We
thus have

(R145 a) 2| < ClIbllLs o) I Vaallllallz

C
< 2 IVnale+ I ool

Bounding R;L relies on the following lemma.

Lemma 6.35. A constant C' exists such that for any p € [4, 0o[, we have

v E— 1-2 .
|Abl g 2y < Cein/B2H Bl I Vnblls,” for all j 0.

Proof. By the definition of || - ||, and using Lemma 6.10, we have, for any p
in [4, oof,
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i aw _2) ik v
23| AV p 12y < © Y 207 2)2 5 | AL AV 12

k<N
_2k _j=k v
+C Y 27w 2 | ARATVbl g (12
k>N
_2 _ 2k
< Ollblls, Y 2"0-Deyy + CIVibls, S 277 ey
k<N E>N

Using the Cauchy-Schwarz inequality, we deduce that

2 13usn < O(Set) (e (3 2409
(524))

k>N

+ ([ Vb

<O(Xets) (102" + [90bls, V527
k
< O (b1, 2Y 078 + | Vabls, 52 %),

Vb
||bh|||8” then gives the lemma. O
B

Choosing 2V ~

We now derive a first estimate for R;‘ which takes care of the high vertical
regularity of a. Using Lemmas 6.10 and 6.35 we get®

h Z vih v
IR, 4 pa) < €22 Z 1455% - VnSiaal 4 )
£>(j=3)*
<020 Y AU 22yl VRSEy a2
£>(j—=3)*
j 1 1
< 025 (32 c3) 1612, IablI3, IV nall.
4

Using (6.35) we then infer that

3 1 1 1 v
(R}AT a) 2| < Clbl, IVabl, IVhalln 22 1A% all 13 (12)
1 1 1 1
< Clblis, IVadllg, Vaallwllall® o o [IVhal? oy (6.42)
We shall now estimate ’R? using only the fact that ¢ and Vja belong to H.

This may be done by taking advantage of Lemmas 6.10 and 6.35. For any p
in [4, co[ we get

3 Below, (j — 3)" means max(0, j — 3).
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IR, 2, < €24 | A50" - ViSippall 2
) e>(jz_:3)+ Pt
< C2t > 1A e 2y IV SE sal 2
£>(j—3)"
< 24 (3 c2) Vb Iblg, IVablls, "V nalln:
l

By interpolation, a constant C' exists (independent of p) such that, for any p
in [4, oo[, we have

. 1= 2 . 2
IIA}”aIIL%( ;S Cllajtall . " 147"V hall L2
h

v

Thus, we get

Vi Z % 17% Vi 17% v %
(R}|AYa) 2| < C22 /b |Ibl|5, IIVthIB thaHHHA' al 2 ”Aj Vhal|

P

S CCj 2J

”IICLIIH pIIVhaHH : (6.43)

Using the estimates (6.42) and ( 3), we infer that for any positive integer M
and any p in [4, oo,

2R AV ) 2| = Y 27|(REAYa) 2| + Y 277 [(REAYa) 1|

j 0<j<M j>M

<C(22 )

j>M

2

2

1 1
HO% tha”;{o»%

2 1—2 1—2 1+2
+ (D0 ) VBIbIE IVl lal * ¥ nally

0<j<M
Using the Cauchy—Schwarz inequality, we obtain
—j|(ph| AV —M||p3 3 3 3
ZQ (Rj1A7 @) 2| < C27Ibllg, IVablig, IVnallslall® o 4 IVaall, 4
J
1 2 1—2 1—2 142
+(@M)=[bllg, [IVhblig, " llally "IV hally, "

Using the convexity inequality (6.41) with § = = and with 6 = £ 2'; P2 we deduce
that

> 27|(RIAYa) a| <

J

i Q

_p_ =5
o (PM)7=2 bl 5 2 IV ablI, llall%,
2

C

+—27 M blls, [Vablls, [Vaal 4o 4 llal

o3 14 o5
Assume that M > 16. As p is in [4, o[, we can choose p = log, M. We infer
that for any M > 16, the sum Z 2*j|(R§L|A}’ia)Lz| is less than

J
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v s C__
2 \Vnally+ S oglall o

1+

LRI, 01
+—fe ( 22 ) IV3bll3, llal3M log, M.

If ||a|l3 < 2716, then we can choose M such that 2=™ =~ ||a||s. This gives

—J v v
> 2[R} AY )| < l_Otha”%t + C1(a, b)u(|lallF) (6.44)
J
with
def C
Ci(a,b) = > Mol IVablls, [1Vhall o llall o5

o115, b1,
+ e (14 ) | Vabll,

v

We now estimate (RY|AYa)>. First, we use (6.39). Together with integration
by parts in the horizontal variable, this gives

(RY|AYa)2 = Ry (a) + Ry (a) with

v, def — Vi AV v v
R; Y(a) € Z 27+ (Aj (ALbh - V10387, 0a)|A] a) and

L2
>(j=3)*
Rv,2(a) d_ef Z 2—6 (Am(jvbha v ) \VA AUl
j = G\ 3€+2a|hjaL2
£>(3—-3)*

Having observed that for any v € H 0.2 N'H, we have
v 3¢ v £
|05S7ullL2 < Cee22 |||l and  ||03S7ullL2 < CC@Q2||UHHOV%, (6.45)
by following exactly the lines of reasoning which led to (6.44), we find that

Y 27 IR} (a)] < 1O||vhaHH + Ci(a, b)p(llall7,)- (6.46)

We now estimate R}”Q(a) by using the fact that a and Vja are in H%2. Using
Lemma 6.10, we get
14T (AGH 0557, 50) || L2 < C22 || A6 0557 sal 12 11
< C22 | ApW"| s (12) 108 00l Lt (1)
From (6.45), we infer that

3 1 1
1055 s2all 2 (23) = Cee22 [Vaal?; yllall, -

Lemma 6.35 applied with p = 4 then leads to
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RU2(a)| < C'2 2=V 1blIZ (Vabl2 llall® . [ Vhall® . 273 AvY
IR (a)| < > 10112, IVh HBullaHHo,%H ha||H0,% ALYV hal L2
>3

1 1 1 1
< Olol, IVadlig, llall? o 3 Vrall? 4 [Vaalls. (6.47)

Finally, we estimate \R;-”Q(a)| by using the fact that a and Vj,a belong to H.
Lemma 6.35, applied for any p € [4, 00|, together with (6.45), gives

1A (APY" 055 pa) | 2 < 02%|‘A~zb||L7;‘L(L%)||83S;+2GHLP2%2(L2)
h v
2

: 2 el R [V all
< C22de/p |10l 5, VROl g, " lally " Vaall7
Thus, we deduce that

B lblE 9Bl el 2 (9 a3
(R} (@)] < Ces2 B b1, Vb, laly * [Vnall "

Using (6.47) and following exactly the same lines of reasoning which led
to (6.44), we get that

—7 v v v
> 27|(RY|AYa) 2| < TOIIVWII% + Ci(a,b)u(llallF). (6.48)
J

This proves Lemma 6.34. a

6.5 References and Remarks

For a more complete discussion of the geophysical considerations leading to
the anisotropic Navier—Stokes system, the reader is referred to the book by
J. Pedlosky [248] or the introduction of the book by J.-Y. Chemin et al. [75].

The use of anisotropic Sobolev spaces is not recent in the study of par-
tial differential equations (if we have in mind boundary value problems); see,
for example, the book by L. Hérmander [166]. An anisotropic paradifferential
calculus was constructed by M. Sablé-Tougeron in [255]. Anisotropic Sobolev
spaces were introduced in the context of the incompressible Navier—Stokes
system by D. Iftimie in [172]. The study of the anisotropic incompressible
Navier-Stokes system was initiated by J.-Y. Chemin et al. in [74] and D. If-
timie in [173]. The first sharp scaling invariant result was obtained by M. Paicu
in [244], wherein he proved local existence for any divergence-free data in B%2
and global existence for small data. Uniqueness was obtained in the class of
solutions which belong to L>([0,T]; H%z) N L2([0,T]; H>z) [which is not
comparable to our space 5’4_%’% (1))

Except for the first section, all the material in the present chapter is
borrowed from the paper by J.-Y. Chemin and P. Zhang [78]. The key
Lemma 6.34, however, was first proven by M. Paicu in [244].

Finally, we note that it is possible to prove a local version of Theorem 6.16

11
for any (divergence-free) large data in B, 2’2.
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Euler System for Perfect Incompressible Fluids

This chapter is devoted to the mathematical study of the Euler system for
incompressible inviscid fluids with constant density:

oww+wv-Vv=-VP

(E) dive =0
v\t:O = 9.
Here, v = wv(t,x) is a time-dependent divergence-free vector field on R?

(d > 2). The scalar function P = P(t,z) may be interpreted as the La-
grange multiplier associated with the divergence-free constraint. From a phys-
ical viewpoint, v is the speed of a particle of the fluid located at x at time ¢,
and P is the pressure field.

The choice of R? instead of the more physical case of a bounded domain
is for the purposes of simplicity (since we shall mainly use tools coming from
Fourier analysis). Of course, the results that we shall present here carry over
to the case of periodic boundary conditions.

The vorticity {2 def Py — Vv (where Dv stands for the Jacobian matrix of

v, and Vv stands for its transposed matrix) plays a fundamental role in incom-
pressible fluid mechanics. Indeed, on the one hand, {2 satisfies the following
linear transport-like equation:

O2+v-VQ2+ 02 -Dv+Vuv-2=0. (7.1)

On the other hand, owing to the fact that dive = 0 and Z?Zl 0; .Q;: = Av?,
the vector field v may be computed in terms of {2 by the formula

’Ui = — ZajEd * Q]Z,
J
where F, stands for the fundamental solution of —A. In other words, we have

v =Y [ 2w (72)
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I'(1+d/2 e
with ¢g def LA +d/2) and I'(s) def t*~Le~t dt for s > 0.
dmd/2 0

The above relation is sometimes called the Biot—Savart law. The coupling
between (7.1) and (7.2) is called the vorticity formulation of the Euler system
and is formally equivalent to (E).

In dimension three, the skew-symmetric matrix {2 may be identified with
the vector field w = V x v and the vorticity formulation becomes

Ow~+v-Vw=w- Vv with (7.3)
1 -y xw(y)
v(z) = g /]R3 T dy. (7.4)

In dimension two, the vorticity may be identified with the scalar function w def
O1v% — Oov! so that the vorticity formulation reduces to!

1L

Ow+v-Vo=0 with v(z)= % /]R2 Hw(y) dy. (7.5)
Due to the fact that dive = 0, this implies that all the LP norms of the
vorticity are conserved by the flow. As we shall see below, this is the main
ingredient for proving the global existence of the two-dimensional Euler sys-
tem. In dimension d > 3, however, the vorticity equation has an extra term
(the so-called stretching term) so that one cannot expect any global control
for the LP norms of the vorticity. This is one of the reasons why, until now,
no global results have been known for general data in dimension d > 3.

This chapter unfolds as follows. In the first section we prove local existence
and uniqueness for the Euler system in general nonhomogeneous Besov spaces.
Global existence in dimension two is addressed in Section 7.2. Section 7.3 is
devoted to the study of the inviscid limit for incompressible fluids. The more
specific case of vortex-patch-like structures in dimension two is postponed to
Section 7.4.

7.1 Local Well-posedness Results for Inviscid Fluids

In this section we are concerned with the initial value problem for the Euler
system in dimension d > 2. Before stating our main result, we introduce the
set L of measurable functions u over R? such that

[l oo def sup _Ju@l < oo with (x) def /1 + |z|2.
ecra 1 +log(z)
The set L endowed with the norm | - || is obviously a Banach space.

! In what follows, it is understood that z* = (=22, 2') if z = (2, 2?).
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We can now state the main result of this section.

Theorem 7.1. Let 1 < p,r < oo and s € R be such that® B;, — OO
There exists a constant c, dependmg only on s, p, r, and d, such that for all
divergence-free data vy € BP,T(R ), there exists a time T > c/||vo| s, such

that (E) has a solution (v, P) on [-T,T] x R? satisfying
v, VP € L™®([-T,T);B;,) and P e L>([-T,T);L' +Ly).

Moreover, if (0, P) also satisfies (E) with the same data and belongs to the
above class, then v =v and VP = VP.

Finally, if r < oo (resp., r = ), then v and VP are continuous (resp.,
weakly continuous) in time with values in B, ..

Remark 7.2. In Sections 7.1.5 and 7.1.6 we shall state a more accurate unique-
ness result and a blow-up criterion. Global results in the two-dimensional case
will be proven in the next section.

Remark 7.3. We should also point out that in the case 1 < p < oo, we can
define the pressure P such that P e L>([-T,T]; B3t!).

We shall first provide some guidance concerning the reading of this section.
As explained in the introduction, the vorticity and the way the velocity can
be computed from the vorticity (the Biot—Savart law) play a fundamental
role in the study of the Euler system. For that reason, the first part of this
section will be devoted to the Biot—Savart law. It is well known that dealing
with the pressure term is one of the main difficulties involved in solving the
Euler system. However, it turns out that for sufficiently smooth solutions with
reasonable growth at infinity, the pressure may be computed in terms of the
velocity field, leading to the study of a modified Euler system. Estimates for
the pressure will be given in the second part of this section, whereas the
modified Euler system will be solved in the fourth part. In the third part,
we give conditions under which the standard Euler system and the modified
Euler system are equivalent. The study of uniqueness is postponed to the fifth
part. In the final part, we give continuation criteria for the standard Euler
system.

7.1.1 The Biot—Savart Law

In dimension two, the vorticity is preserved along the trajectories so that the
way we can deduce information about the vector field from information about
the vorticity is obviously fundamental. In fact, even in dimension d > 3 the
question of global existence of the Euler system is intimately entangled with
the control of the vorticity.

2 That is, s > 1 +d/p, or s =14 d/p and r = 1.
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Throughout this section, it is assumed that the divergence-free vector
field v over R? is computed from the vorticity §2 according to the formula (7.2).
We aim to prove various estimates for the velocity in terms of the vorticity.

We begin with a straightforward estimate.

Proposition 7.4. If 1 <a < d < b < oo, then
[0l < ClIL2||ponrs-

Proof. We can split R? as {y ¢ R? /|z —y| <1} U{y € R? / |z —y| > 1} and
use convolution inequalities to bound the integral in (7.2). O

The next estimate that we shall give is much harder to prove. It relies on
the fact that the map 2 — Vv is a Calderon—Zygmund operator. As a con-
sequence, we get the following fundamental estimate that we shall assume
throughout this book.

Proposition 7.5. There exists a constant C, depending only on the dimen-
sion d, such that for any 1 < p < oo and any divergence-free vector field v
with gradient in LP, we have

p?
[Vollr < C—||92]| s
p—1

The above inequality turns out to be false in the limit cases p = 1 and p = .
In particular, even in dimension two, we cannot find a constant C' such that
the inequality

IVl[Le < Cllwllpine

is true for all divergence-free vector fields v satisfying (7.2).> However, v is
quasi-Lipschitz in the sense of Definition 2.106 page 116: For any finite a,
there exists a constant C' such that

[ollze < Cll82] Lanree. (7.6)
This is a consequence of Proposition 2.107 combined with the decomposition
Vv=A_Vv+ (Id —A_l)Vv
and the following lemma.
Lemma 7.6. For any a € [1,00[ and b € [1, 0], we have
A1 Vo[l e < CLl[R2|[La and A1 VY| < Coflv]lze

with Cy depending only on a and d, and Cy depending only on d.

3 For example, if we take for w the characteristic function of the square [0, 1]?, then v
is not Lipschitz. In fact, Vv blows up as the logarithm of the distance to the corners
of the square. See [69] for more details.
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For all s € R and 1 < p,r < oo, there exists a constant C' such that
10d =A_1) Vol s, < C|2]I, -

Proof. That |A_1Vv|  « < C||v|/1» follows from Bernstein’s lemma. Further,
in the case 1 < a < oo, Proposition 7.5 yields ||A_1Vv|;. < C||A_1£2]

Lo,
from which follows the desired bound for [|A_1Vv||;«, according to Bern-
stein’s lemma. In the case a = 1, we can still write

A1V oo S C A1Vl S Ol AL 2] . < CJI82)]
To prove the last inequality, we may write?

def

(Id—A_1)Vo' =Y B;(D)2; with B;(D)= —(Id—A_,)|D|*V0;.
J

Because the operator B;(D) is an SO-multiplier, the desired inequality is a
consequence of Proposition 2.78 page 101. a

Finally, if the vorticity has enough regularity, then v has to be Lipschitz. More
precisely, we have the following result.

Proposition 7.7. Let s € R and 1 < p,r < oo satisfy s > 1+ d/p. If, in
addition, v € L for some b € [1,00] or 2 € L* for some a € [1,00[, then
there exists a constant C' such that

9l < € (minlol 1212 + 2] e+ ”73))
2]~

Proof. We decompose Vv into low and high frequencies:
Vv=VA_jv+ (Id — A_l)Vv.

The first term may be bounded according to Lemma 7.6. For the second term,

we use Proposition 2.104 page 116. As ¢ def s—d/p—1>0, we can write

Id—A_1) Vvl g
T e )

I(Id = A1) Vol pg,

Next, by virtue of Lemma 7.6 and the embedding L — BY we may write

1(1d= A1) Vollge, < CQ0 < and [(Jd-A)Volpe _ < Cll2]pe

Since, in addition, B;;l — B¢ we get the desired estimate. a

00,007

* Here, |D|™? stands for the Fourier multiplier with symbol |£]|~2.
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7.1.2 Estimates for the Pressure

We first explain formally how the pressure may be computed from the velocity
field. First, we apply div to (E) and get, as the vector field v is divergence-free,

—AP = div(v - Vo) = tr (Dv)?.
Therefore, we must have
VP =VdivEy* (v Vv) = VEg * (tr (Dv)?).
This induces us to set VP = I1(v,v) with
(v, w) = I (v,w) + Iy(v,w) + 3(v,w) + Hy(v,w) + 5 (v,w)  (7.7)

and, denoting by 6 some function of D(B(0,2)) with value 1 on B(0,1), we
have

Hl(v,w) ZV|D| Ta vjé)-wi

Iy (v,w) = V|D| 2Ty, ;v

II3(v,w) = V|D|729;0;(1d — A 1RV, w?),

H4(v,w) = Ed * V&&A_lR(v ,w]),

II5(v,w) = V0,0 Egx A 1R(v',w?)  with E, d—ef( —0)E,.

In the above formulas, as in the rest of this chapter, the summation convention
over repeated indices is used.

This subsection is devoted to estimating the bilinear operator II in various
function spaces. We first state LP bounds.

Lemma 7.8. Let 1 < p < co. Assume that v is divergence-free. There exists
a constant C, depending only on d and p, such that

I (v, v)l|» < Cmin([[oll o 12][e, [0l VOl ).
Proof. 1t suffices to note that if dive = 0, then
M (v,v) = Vdiv|D| (v - Vv)
so that, according to the Marcinkiewicz theorem,
(v, v)[[Lr < Cllv - Vol Lo

Applying Holder’s inequality and Proposition 7.5 then completes the proof.
O

Lemma 7.9. For all s > —1 and 1 < p,r < oo, there exists a constant C
such that

1T, )5y, < C(Ivloos fwllsy, + [wlonfo]s;,)-
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Proof. We first note that the first three terms of IT(v,w) are spectrally sup-
ported away from the origin. Hence, in the definitions of ITy, II5, and I3,
the operator V|D|~2? may be replaced by an S~!-multiplier, in the sense of
Proposition 2.78. Further, by virtue of Theorems 2.82 and 2.85, if s > —1,
then we have

15,0000 g < C V0] [ Vel ot
HT37’IJ)‘87//UJ| s
IR, w)l g < Cllolla,

s—1
By,

Hence, I, II5, and I3 satisfy the desired inequality.

Next, since II4(v,w) and II5(v,w) are spectrally supported in a ball, it
suffices to bound their LP? norm. Because §E; € L', we have, by virtue of
Young’s inequalities and Bernstein’s lemma page 52,

[14(v, w)||ze < [|0Eallz [VO:0; A1 R(v", w)|| Lo
< ClOEq[| L[| A1 R(v, w)|[ v
< CI0E a2 | R (v, )| 510
< Cll0Ed| [0l sy, ., lwllsg .-

As V@iﬁjﬁd is in L', similar computations yield the desired inequality
for IT5(v,w). O

Lemma 7.10. Let 1 < p,r < oo and 0 < e <2+ d/p. We have

Proof. The proof is very similar to that of the previous lemma. First, owing
to the spectral properties of IT;(v,w) (i = 1,2,3) and the continuity results
for the paraproduct and remainder, we have, if 0 < e < 24 d/p,

||H(U7U))||Bd+1 . < C(||v||cm||UI|| gooet [wll gise V0l

d
BP
Bp,r

M (v, )l - I < ClIVollpe Vel -,
112 (v, )H - E+d < C|Vwl g IIWII

BE.
113 (v, )H rerd < Clvllpy, lel —
Bp,r Bp, P

The last terms, I14(v,w) and IT5(v,w), may be treated by arguing as in
Lemma 7.9. O

Lemma 7.11. Let 1 < p < co. There exists a constant C, depending only on
d and p, such that if dive = 0, then

HI(o, )| g < CI120 oo + vl poe ) 19211 e

1—
00,00
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Proof. Owing to the fact that the low frequencies of b are not involved in
the definition of the paraproduct T,b (see Remark 2.83 page 103) and that,
according to Lemma 7.6,

[(Id=A_1)Vol[py, , < ClI2]|
applying Proposition 2.82 yields
(v, o) —a + [H2(v,0)]] g <|[Vol g [[£2]|pw . (7.8)
Boo,é)o Boogo B.E

00,00

Because o
3(v,v) = =V|D|720;(Id — A_1)R(0;v",v7)
_d

and B}, — Biogo, we have

HTs(v,v)ll o-g < CllTs(v,0)llsy < Cllvllsy, [Vollee
Note that it is enough to bound the L™ norm of II4(v,v) and of II5(v,v).
Hence, those two terms satisfy the same inequality as II3(v,v).
Finally, Proposition 7.5 and Lemma 7.6 ensure that

IVolle < ClIR2fLe and vl < C(Ivllpe + 1920l 1= )- (7.9)
This completes the proof of the lemma. O
In the case where v is divergence-free, we expect that div IT(v,v) = —tr (Dv)?2.

This is a consequence of the following lemma.

Lemma 7.12. Let 1 < p,7 < 0o and s > 1. There exists a constant C' such
that

| div IT (v, w) 4 tr(Dv Dw)|

Byt
< c(lldivolpy _llwlls, + I divelsy _lols;, ).
In the limit case s =1 we have
(| div [T (v, w) + tr(Dv Dw)||po
<c(ldivollpy _llwlps, + I divelsy ol )-
Proof. From the definition of IT we get
— div IT(v,w) = Ty, i Ojw" + Tajwiaivj + 0;0; R(v? ,w").
Hence, after a few calculations we get
—divII(v,w) = tr (Dv Dw) + 9; R(div v, w’) + R(v", 0; div w).

The desired inequalities thus follow from continuity results for the remainder
operator (see Proposition 2.85). O
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Note that by construction, if v and w are suitably smooth, then IT (v, w) is the
gradient of some tempered distribution. Indeed, for i = 1,2, 3,4 it is obvious
that IT;(v,w) = VP;(v,w) with
Pl(UﬂU) = |D|72T8ivj6jwi, Pg(U,U)) = |D|72828J(Id — A_l)R(Ui7wj),
Py(v,w) = |D| 2T, 07, Py(v,w) = 0E4 * 0;0; A_1 R(v', w?).
If, in addition, A_; R(v,w) belongs to some LP space (which is of course the
case if, say, v € By . with s > —l and w € C%1), then IT5(v,w) is the gradient
of some smooth function Ps(v,w). Moreover, if 1 < p < oo, as the operator of
convolution by 0;0;Fq is a Calderon-Zygmund operator, we may write
IIs(v,w) = VPs(v,w) with Ps(v,w) = 3i8jEd * A R(v', w?),
and, owing to the spectral localization, we find that Ps(v,w) belongs to any
space By . with o0 € R.

Since D?E, is not an integrable function, however, in the case p = 1 or
) )
00, expressing Ps(v,w) in terms of v and w requires some care. Therefore, we

set
Z ZL 1R, wj))

1<4,j<d m=1

where the operators L”7 and L34 are defined by

Li;(u)(x d:ef/ 8»8»Ed(3§— )9(%)11( y) dy,
12, (u) def/ / ##0,0,0, Ba(tz — ) (1L~ 0) (2 Yu(y) dy i,

<t>
L3 //Rdxé)(?Ed )68{

Obviously, if w is a continuous, bounded function, then

}u ) dy dt.

2 3 =
V(Lj;(u) + L3 (w) + L3 (w)) = V;0;Eq % u.
Furthermore, the operators L} are continuous from L> to Lg°, as the follow-
ing result shows.
Lemma 7.13. There exists a constant C' such that for m in {1,2,3} and (i, )

in {1,...,d}%, we have, for any bounded function u,

Vo e RY, i (u)(x)‘ < C(l + log<x>) llu||poe

Proof. We obviously have

|LL (u)()] < Clull / 12/~ dz,

1<]2]<2(x)

hence L;;(u)(z) satisfies the desired inequality.
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Next, using Fubini’s theorem and an obvious change of variables, we get

1
z|
L) < Clule~ [ [ S
I | 0 Jito—y|>max(1,(t)) [tT —yl?T?

|z
g0||u||Loo/ / e
2121 Jeefo,1] / |#1> gty 1217

|2

min(l,m) |$|dZ
< Cllull / ( / dt)—
o | () B

< Cllul e~ (1 + log(x)).

Finally, we note that due to the support properties of E‘d and V6, the in-
tegration in the definition of L?;(u)(z) may be restricted to those (t,y) for
which
t —_
[tz —y|>1 and 1< M < 2.
(tz)

Since, for such (¢,y), we have

a%(t?my) : %

the same argument as for L};(u)(x) leads to the desired inequality. O

5

Setting P(v,w) = Z P;(v,w) and using continuity results for the paraprod-
i=1

uct, remainder, and Lemma 7.13, we end up with the following statement.

Lemma 7.14. For any o € R, 1 < p,r < 00, define

~  def .
- By, =By, if 1<p<oo,

~ d
- By, YWueBs, + Ly /Vue B,
~, def . s
B Y Bt 0 Neen B
There exists a bilinear operator P such that II(v,w) = VP(v,w), and

— ifv,w are in C% N B, . for some s > —1, then

1P (v, w)ll s < C([lvllgon ||w]

By, +llwlcorllvls;, )
— if v,w are in BQQ,DO N B, . for some s >0, then

1P, w)llg, < Cllvlsy  lwlsg, +lwlsy,  lvls;,)-
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7.1.3 Another Formulation of the Euler System

In the previous subsection, we gave conditions under which the gradient of
the pressure may be computed from the velocity. This motivates our studying
the following modified Euler system:

(E) v +v-Vo+ I(v,v) =0.

This new formulation is easier to deal with since only the vector field v has
to be determined. Since we are ultimately interested in solving the Cauchy
problem for the true Euler system (E), however, it is important to find con-
ditions under which solving (E) does provide a solution for (E). This is the
purpose of the following proposition.

Proposition 7.15. Let (v, P) satisfy (E) on [Ty, Ts] x R?. Assume that for
some s >0 and 1 < p,r < oo, we have

ve LY ([T, T); By, NBY o) and PeL'(T1,To;L' +Ly). (7.10)

Then, v satisfies (E) and VP = IT(v,v).

Conversely, assume that v € L*>([T1,Ta]; By ) satisfies (E) on [Ty, Ty
with s sufficiently large enough that By, — C%'. If, in addition, divv(to) =0

for some ty in [Th, T3], then (v, P(v,v)) satisfies (E).

Proof. We begin by proving the first statement. Applying the operator div to
the Euler system (E), we get, for all t € [Ty, T3],

—AP(t) = div(v(t) - Vo(t)) = —AP(u(t), v(t)).

Hence, P(t) — P(v(t),v(t)) is a harmonic polynomial. Note that the assump-
tion (7.10) and Lemma 7.14 guarantee that P(t) — P(v(t),v(t)) is in L' + L$°
for almost every t € [T, T3]. Hence, P(t) — P(v(t),v(t)) depends only on ¢.
This entails that VP = IT (v, v).

We now prove the second part of the proposition. Because By, is con-
tinuously included in C%!, Lemma 7.14 ensures that IT(v,v) is the gradient
of P(v,v). In order to conclude that (v, P(v,v)) satisfies (E), however, we still
have to check that the vector field v is divergence-free. This may be achieved
by applying div to (F). We get

(0 +v - V)dive = — div IT(v,v) — tr (Dv)>.

Assume for simplicity that [Th,T2] = [0,7] and tg = 0. If s > 1, we then
deduce from Theorem 3.14 that for all ¢ € [0, 7],

t t "
||leU(t)||B;—Tl S/O\ ecftl “UHB;,r dt ||leH(’U,U)+tI' (DU)QHB;—Tl dt/ (711)

Now, according to Lemma 7.12, we have
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I div 170, ) + tr (D0)2l| s+ < C div o] o]z, < Clldivoll gyt o]ls; -

Plugging this inequality into (7.11) and using Gronwall’s inequality, we con-
clude that divo(t) =0 in B! for all t € [0,T7].

In the limit case where s = 1, due to By . — C%!, we must have p =
and 7 = 1. Then, using the last 1nequahty of Lemma 7.12 and performing the
estimates for divv in the space L*([0, T7; B&Tm), we still get dive=0. O

7.1.4 Local Existence of Smooth Solutions

This section is devoted to the proof of the existence part of Theorem 7.1. We
first state the local existence for the modified Euler system.

Proposition 7.16. Let 1 < p,r < oo and s € R be such that B, — C'.
There exists a constant c, depending only on s, p, r, and d, such that for all
initial data vy in B, (RY), there exists a time T > ¢/llvoll s, such that (E)
has a solution v in LOO([—T, T1; By ). )

If r < 0o (resp., r = x0), then v is continuous (resp., weakly continuous)
in time with values in By, ,.

The proof relies mainly on estimates for the transport equation and on Lem-
mas 7.9 and 7.10. It is structured as follows:

— First, we inductively solve linear transport equations so as to get a se-
quence of approximate solutions.

Second, we prove local a priori estimates in large norm.

— Third, we prove the convergence in small norm.

Finally, we pass to the limit in the equation.

First Step: Construction of Approximate Solutions

In order to define a sequence (v™),ey of (global) approximate solutions to (E),
we use an iterative scheme. First, we set v = wg, then, assuming that v™
belongs to Lf5.(R; B ), we solve the following linear transport equation:

{at,un-i-l + 7. V’Un+1 = H(Unavn) (712)

n —
v\t:O = 0.

Since v € Lis (R; By ) and Bj . — C%!, Lemma 7.9 ensures that II(v",v")
belongs to Lfs (R; By ). Therefore, Theorem 3.19 provides a global solu-
tion v" ! to the equatlon (7.12) which belongs to Lys.(R; B ).

Second Step: A Priori Estimates

Combining Lemma 7.9 with Theorem 3.19 yields, for all n € N and ¢t € RT,
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t
o™ ()]s < eCW(uvonBs o [y dt')
N p,T O

def (7
with V,(t) = / [v" ()| s, dt'.
0 :
A similar inequality holds for negative times. Hence, arguing as in the proof
of the existence for the Camassa—Holm equation in Chapter 3, we deduce that
for all n € N,

lvollB; ,
1= 2C1t[|vol| B,

[v" (OB, < whenever  2C|t|[|lvo|[ps, < 1.  (7.13)

Third Step: Convergence of the Sequence

Let us fix some 1" such that 2CT[vo|p;, < 1. Let (m,n) € N?. By taking
the difference between the equations for v» T *! and v™*!, we find that

n+m n+m+1 _ . n+1
:
(O +v -V)(v ")
= (o™ — ™) Vot 4 [T (™™ — gn T 4 ), (7.14)

We first consider the case where s > 1. We claim that (v™),en is a Cauchy
sequence in L>([=T,T]; By ,'). Indeed, Lemma 7.10, combined with the fact
that B . — C%!, yields®

||H(Un+m _ Un’ Uner T Un)”Bf;;,l S C”Uner _ ,Un‘

gt V"™ 0" s -

By taking advantage of Bony’s decomposition and of continuity results for the
paraproduct and the remainder, it is not difficult to check that

I = w™ ) T ey < ™™ — 0 s [
Applying Theorem 3.14 to (7.14), we thus get, for all ¢ € [0, T,

t
an+m+1 _ Un+1HB§;1 < CeCVn+m(t)/ e~ CVaim(t)
' 0

n+m

< (™ ss, + 0" sy, + 0" 5y ) "™ = 0" || gg-a dt!
and a similar inequality for ¢ € [T, 0].

Using (7.13), we conclude by induction that for all (n,m) € N2,

nm n 1 OHUOHB;T " m 0
b = e sy < G\ 120wy, ) 107 70 T dermymiiny
p,T

Since (v™)men is bounded in L>°([-T,T]; B, ,.), this ensures that (v")nen is

indeed a Cauchy sequence in L> ([T, T]; B5 ).

5 Without loss of generality, we may assume that s < 2 + d/p.
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Let us now consider the limit case s = 1. Due to the fact that By, — C%1,
we must have p = co and » = 1. Now, on the one hand, since the vector fields
considered here need not be divergence-free, Theorem 3.14 does not provide
any control for the norm of v"+™*1 — ™+ in BY ;. On the other hand, that
theorem may be used to bound the norm in BY, .

According to Lemma 7.10, the operator IT maps BY, , x BL,; into BY, .,
and it is not difficult to check (by combining Bony decomposition with the
properties of continuity for the paraproduct and remainder) that

1™ =™ m) - Vo g < Cll™ ™ =" lgg, v sy -

Therefore, arguing as above, we can conclude that (v™),en is a Cauchy se-
quence in L= ([-T,T]; B, ).

Fourth Step: Passing to the Limit

Let v be the limit of the sequence (v™),en. Using the uniform bounds given
by (7.13) and the Fatou property (see Theorem 2.72 page 100), we see that v
belongs to L>([-T,T]; B; ). Next, by interpolating with the convergence
properties stated in the previous step, we discover that (v™),en tends to v in
every space L>([-T,T]; B;:r) with s’ < s, which suffices to pass to the limit
in (E).

Hence, v is a solution of the modified Euler system (E). Note that I7(v,v)
is in L*>([-T;T}; B, ), so Theorem 3.19 ensures that v satisfies the desired
properties of continuity with respect to time. This completes the proof of
Proposition 7.16. O

Taking advantage of Proposition 7.15 and Lemma 7.14, we can now con-
clude that if, in addition, the initial vector field vy is divergence-free, then
(v, P(v,v)) satisfies the true Euler system (F) and has the required regular-
ity. This completes the proof of the existence part of Theorem 7.1.

7.1.5 Uniqueness

Recall that LL stands for the set of log-Lipschitz functions defined on page 116
and that, according to Proposition 2.111 page 118, the (semi)norms

IVS; fllzee
fllcr and sup -
151 aup 12

are equivalent.

In this subsection, we establish a uniqueness result for the Euler system (E)
under the sole assumptions that v belongs to C([0,T]; BY, ) N L*([0,T]; LL)
and that the pressure is a measurable function with at most logarithmic
growth at infinity.
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We first state a uniqueness result for the modified Euler system (E).

Theorem 7.17. Let v* and v2 solve (E) on [0,T]. Assume that v' and v?
belong to
C([0,T]; Bs.o) N LH([0, T); LL).

If, in addition, v'(0) = v2(0), then v' = v on [0,T] x R?.

Proof. The proof relies on the fact that dv def v? — v! satisfies a transport
equation associated with a log-Lipschitz vector field, namely,

O +v* - Vv = I (v, v') + I (v?, &) — &v - Vol. (7.15)

We claim that the bilinear operator II satisfies the following estimate for
alle €]0,1[ and k > —1:

| AR (0,) | oo < Ck+ 22 min (o]l eIl lwll e _lolizz),
(7.16)

where we have used the notation | - |71 def Iz + 1 - llor-

According to (7.7), it suffices to establish this inequality for AgIl; (v, w)
with i € {1,...,5}.
We begin with AgIT; (v, w). As V(—=A)~! is a homogeneous operator of
degree —1 and
(Sk_lﬁivj Akajwl)

k>—1

is spectrally supported in dyadic shells, we see that it suffices to establish that
k10107 Ayl e <C U225 min ([l e _llwllz ol 1ol )
We may now write

HS;C_laivjAkajwiHLw < |[Sk=1VV| o | Ak VW] oo -
Note that we obviously have

[Sk-1V0]l oo < Cmin((k + 2)[|v]| 2z, 2502Vl gore ),
[AxVw|| oo < Cmin((k +2)[[wl|zr, 250Vl g1 <)

Therefore, || ArIT1(v,w)| L~ is bounded by the right-hand side of (7.16). As
II5(v,w) = IT1 (w,v), the same inequality holds for Ay Il (v, w).

As the roles of v and w may be exchanged, in order to bound the other
terms of (7.7), it suffices to establish that

1Ak R (v, w) | o < Ok +2)2°C Y oll g ]wl poe -

By virtue of Proposition 2.10 page 59, we may write that
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AkR(Ui, wj) = Z Ak(Ak/’Ui ANk/wj).
k' >k—3
Therefore,

RO ) £C Y 1wl | B
H L S N =X

<C Z (K 4 2)2* (571)\\U||H||w||3;foo'
k' >k—3

Ase—1 <0, we get the desired inequality for AxR(v,w). This completes the
proof of (7.16).

We now focus on the term v - Vw. We claim that
|4k (v - V)|l oo < Clk+ 2)2" Jw]lzzllv]| e - (7.17)

This is, in fact, a consequence of the following Bony decomposition (where we
have used the fact that divv = 0):

v-Vu' = ijajwi + 8jR(vj7wi) + Tajwi’l)j.
By mimicking the computations leading to (7.16), it is easy to get (7.17). The
details are left to the reader.

We can now resume the proof of uniqueness. Combining the inequali-
ties (7.16) and (7.17), we see that (7.15) is a transport equation associated
with a vector field with coefficients in L'([0,7]; LL) and a right-hand side &f
which satisfies, for all € € ]0, 1],

14k3f | oo < Clk +2)2% (0" Iz + [10* | z2) 00 e - (7.18)

¢
Let & def C/ ([[lo" 2z + v*|lzz) dt’. As (7.18) is satisfied, Theorem 3.28

0
ensures that if C' is taken sufficiently large, then, for all k£ > —1,

_ 1
2R Apdu(t) o < 3 sup (&) <,
tr€[0,4] 09,50

whenever ¢ belongs to the time interval [0, 7p] defined by

N | =

t
7o =sup{t € 0,71, € [ (o'l + 10z <
0

This yields uniqueness on [0, Tp].

Because v' and v* are in L'([0,T]; LL) N L*°([0,T]; BY, ), the argument
may be repeated a finite number of times, yielding uniqueness on the whole
interval [0, T. O
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Corollary 7.18. Let (vt, PY) and (v?, P?) satisfy the Euler system (E) with
the same initial data. Assume, in addition, that fori=1,2,

v € C([0,T); B, o) N L'([0,T); LL) and P* e L'([0,T); L' + Lg).
We then have v' = v? and VP' = VP? on [0,T] x R?.

Proof. Note that the assumptions on (v!, P') and (v?, P?) guarantee that v!
and v? both solve (E) with the same data (see Proposition 7.15). Hence, the
previous theorem implies that v! = v? and that

VP! = 1I(v' vt = T (v?,v?) = VP2
This proves the corollary. a

Remark 7.19. The logarithmic growth assumption on the pressure cannot be
omitted. Indeed, let vg be a nonzero constant vector field and set

(v!(t,z), P'(t,x)) = (v9,0) and (v*(t,z), P*(t,z)) = (vocost, (vo-z) sint).

Then, (v, P?) and (v2, P?) are two distinct smooth solutions of (E) pertaining
to the same initial vector field.

7.1.6 Continuation Criteria

In this subsection, we state various continuation criteria for smooth solutions
of the Euler system. We first explain what we mean by a smooth solution.

Definition 7.20. Let Ty} < 1. Let s € R and 1 < p,r < 0o. A divergence-
free time-dependent vector field v is called a B? . solution to the FEuler sys-
tem on Ty, T[ if it belongs to L3S, (ITh, Ta[; By, T) and satisfies (E) in the

space S'(JT1, Ta[x RY) for some P € L2 (JT1, To[; L' + LY°).

\T

loc

To simplify the presentation, we focus on continuation criteria for positive
times. Due to the time reversibility of the Euler system, however, similar
results hold for negative times. We begin with a very general statement.

Theorem 7.21. Let s € R and 1 < p,r < oo satisfy By, — COl. Assume
that (E) has a BZ . solution over [0,T[. If

p,T

T
| 1o®lcos de < . (119
0

then v may be continued beyond T' to a B, . solution of (E).
If, in addition, vy € L* or Vvy € L* for some finite a, then (7.19) may be
replaced by the weaker condition

T
/O Vo ()] e dt < oo. (7.20)
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Proof. Our definition of a Bj, solution guarantees that v satisfies (E).
Hence, according to Theorem 3.19 page 136 and the fact that, according to
Lemma 7.9,

(v, v)l| B

p,T

< Clvllgo vl .,

we get, for all ¢t € [0, T,

t

lo(®)llBg, < lv(0)lls;,, + C/O lo()llcoallo()lls; , dt'. (7.21)
Hence, Gronwall’s lemma implies that

lo(®)lBs, < [0(0)] 5y, el IMENeord for an ¢ e [0, 7. (7.22)

This ensures that v € L>([0,T[; B; ,.).

Let 7 4 ¢/llvllzg(Bs.,) (where c stands for the constant defined in Theo-
rem 7.1). The Euler system with data v(T" — 7/2) then has a B, ,. solution v
over [0, 7]. By virtue of uniqueness, we must have

v(t)=v(T —7/2+1t) for 0<t<7/2

Hence, v provides a continuation of v beyond T This yields the first statement.

We now assume that vg € L for some finite a. As, of course, vg € L™,
we can assume with no loss of generality that 1 < a < co. On the one hand,
according to Lemma 7.8,

(0, v)||za < Cllol[Le [Vl oo - (7.23)

On the other hand, because v satisfies (E), we have

t
[o(®)llze < [[voll e +/ 1T (v, v)| Lo dt”.
0

Inserting (7.23) into the above inequality and then using the Gronwall in-
equality, we thus conclude that v € L*([0,T[; L*). Now, by splitting v into
low and high frequencies and using Bernstein’s lemma, we see that

vl < Cllvllze + [Vollz).

Therefore, v € L'([0,T[; L>°). Applying the first part of Theorem 7.21 thus
shows that v may be continued beyond T.

Finally, we treat the case where Vuvy € L® for some finite a. Of course, we
can assume that a > d so that 1 — d/a > 0. Hence, by virtue of Lemma 7.11,

(0, )| e < CUI2M| oo + [0l o) [1921] o -

Plugging this into the inequality



7.1 Local Well-posedness Results for Inviscid Fluids 309

t
Jo@)le~ < looll= + [ 10,0}z a
0

and applying Gronwall’s lemma, we thus get

e CJo 12 dt’ 1y 1) || oo < [Jwo]| oo

t
+C/ e~ C IS N2l dt” | o[ Q2]| e dt'. (7.24)
0

We will temporarily assume that the following lemma holds.

Lemma 7.22. For any a € ]1,00[, there exists a constant C' such that the
vorticity satisfies

t
vt € 0T 120l < 1200 exp(C [ 120, a).

Due to the fact that Vo € LY([0,T[; L°°), we thus have 2 € L1([0,T[; L¢ N
L), so the inequality (7.24) entails that v € L*([0, T[; L°°). This completes
the proof of the theorem. a

Proof of Lemma 7.22. From equation (7.1) and Holder’s inequality, we get

t
120120 < [ Qollze +2 / 120l | Do 1 dt.

Applying Proposition 7.5 for bounding || Dv||r« and Gronwall’s lemma com-
pletes the proof. a

For sufficiently smooth solutions, the above continuation criterion may be
slightly refined, as follows.

Theorem 7.23. Let s and 1 < p,r < 0o be such that s > 1+ d/p. Assume

that (E) has a By, ,. solution v on [0, T[ for some finite T > 0. If, in addition,

there exists some admissible Osgood modulus of continuity p such that

T
/ lo(®)llc,, dt < oo,
0

then v may be continued beyond T to a B, . solution of (E).

Proof. The proof, based on Proposition 2.112 page 119, is the same as for
quasilinear systems (see Theorem 4.22 page 196). Indeed, let us set

t
def
RO ollag, +C [ lo®)le o)y, dt-
0

According to the inequality (7.21), if C' has been chosen sufficiently large, then

lo(t)|5;, < R(t) forall tel[0,T],
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Let € = min(1, s — ;—; —1) and I": [0,a] — [0, +o0[ be the function associated
with the modulus of continuity p.
Using Proposition 2.112 page 119 with A = [lvo|[; . and the embedding

B; BOO (x/>p, we get

R(t) < |lvolls;, + C/Ot () (1 + F((%) é))R(t’) dt’

. def
with () = [lv(®)llc, + llvoll sy, -
Mimicking the proof of Proposition 2.112, we then get, after a few computa-
tions,

1 t
0Ol < Gl (€40 [ awyar)

. def [Y dy’ def 1
with G = / —~= and a. = a-.
€(y) _1 /F (( ) 1 ) €
Therefore, [[v(t)[| s, stays bounded on [0, 77, and the proof may be com-
pleted by arguing as in the proof of Theorem 7.21. g

As a corollary, we get the following generalization of the celebrated Beale—
Kato—Majda continuation criterion.

Corollary 7.24. Let s > 1+d/p and v be a Bj . solution of the Euler system.
Assume that Vvg € L* for some finite a. IfT is finite and

T
A|mwhwm<m,

then v may be continued beyond T' to a B, , solution of (E).

,T

Proof. As pointed out in Example 4.23 page 198, the space B, o 18 contin-
uously embedded in the space C),, where u stands for the admissible Osgood
modulus of continuity defined by u(r) = r(1 — logr). Now, by virtue of the
second inequality in (7.9), we have

iz, . < Cllvllpe + 1920 )

Because (2 is in L*, the inequality (7.24) and Lemma 7.22 imply that v
belongs to L>°([0,T'[; L>°). Therefore, Theorem 7.23 applies. O

7.2 Global Existence Results in Dimension Two

As explained in the introduction, in dimension two, the vorticity equation
reduces to
Ow +v - Vw = 0. (7.25)

So, at least formally, all the L® norms of the vorticity are conserved by the
flow. Based on Corollary 7.24, we thus expect the solution to be global.
In this section, we justify this heuristic in various contexts.
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7.2.1 Smooth Solutions

In this subsection, we state a global result for two-dimensional data with high
regularity in Besov spaces.

Theorem 7.25. Let vy € B;T(R?) with divvg =0 and s > 1+ 2/p. Assume,
in addition, that Vvg € L* for some finite a. The Euler system (E) then has

a unique global By, . solution v satisfying Vv € L>(R; L?).

Proof. Local existence in Bp . has already been proven, so we denote by
|T, T*[ the maximal interval of existence for v. Due to Vv € LS. (]T%, T*[; L>)
and (7.25), it is clear that w € L>®°(]T,T*[; L>°). If T* is finite, then Corol-
lary 7.24 enables us to continue the solution beyond 7%, which stands in
contradiction to the definition of T%. Hence, T* = +o00. A similar argument

leads to T, = —oo0. O

7.2.2 The Borderline Case

Proving the global existence in the borderline case s = 1+ 2/p and r = 1
is more involved. This is because no continuation criterion is known which is
solely in terms of the vorticity (whether or not Corollary 7.24 is true in this
case is an open question). Nevertheless, as stated in the following theorem,
the global well-posedness in the borderline case is true.

Theorem 7.26. Let 1 < p < oo and vy € B;jwp with divvg = 0. Assume,
in addition, that Vvyg € L* for some finite a. The Euler system then has a

unique global solution v in C(R; B;f/p) with Vv € L*(R; L).

Proof. For the sake of conciseness, we treat only the case where p = oo, the
case where p < oo being easier. We therefore assume that vy € Béql and that
Vg € L* for some finite a.

Stating global estimates for the vorticity w in Bgo,l is the key to the
proof. Theorem 7.1 provides a B, ; solution v defined on some maximal time
interval |T,, T*[. Taking advantage of (7.25) and of Theorem 3.18 page 135,
we deduce that

t
vt e (0,7, Jwt)lsy, < lwollsy, (1+C / 90| ).

In order to bound ||Vl , we may combine Lemma 7.6 with the continuous
embedding BY, ; — L* to get

IVollpee < C(lwlle + @l ,)-

Because ||w(t)||re = ||wol||ra, we thus have

5 Of course, this assumption is relevant only if p = co.
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vt € [O7T*[7 ||w(t)HBO

0,1

< [lwoll 5o

oo, 1

t
(1+ Cllanllzet + € [ follon,, ).
[l

from which it follows, by virtue of Gronwall’s lemma, that

Ct
lwoll so_

Jwo(®)llp | <e
Therefore, if T* < oo, then Lemma 7.6 ensures that Vv € L ([0, T*[; L>°). So,
according to Corollary 7.24, the solution may be continued beyond T*, which

contradicts the definition of T*. Hence, T* = +oc0. Proving that T, = —c0
relies on similar arguments. O

wollpo,, (1 + Ctllwolle).

7.2.3 The Yudovich Theorem

As the vorticity is constant along the trajectories, it is natural to wonder
what happens if the initial vorticity is only bounded with no additional reg-
ularity assumption (note that in the global existence results stated thus far,
the vorticity was at least continuous).

As pointed out before, even if the vorticity is compactly supported, the
corresponding vector field need not be Lipschitz. Nevertheless, we shall prove
the following result.

Theorem 7.27. Let vy be a divergence-free vector field in Béoyoo(RQ) with
vorticity wo in L* N L for some finite a. Then, (E) has a unique solution
(v, VP) with

ve LS, (RyBL ), weL®[R;L*NL>®), and P €L, (R;(L'+L)).

loc

Moreover, v has a generalized flow 1, in the sense of Theorem 3.7 page 128,
and there exists a constant C' such that

P(t) —Id € O=P(Cltllwolliente)  for qi] t € R.

Proof. Uniqueness follows from Theorem 7.17. To prove existence, we may
smooth out the data. Let v™ be the (global) solution of the Euler system with
mollified initial velocity n?x(n-) « vy [where x is in S(R?) and has integral 1
over ]R2]. According to Theorem 7.25, v™ is global and smooth. It is not difficult
to prove uniform estimates for v™ and w™ in the desired spaces. Indeed, we
have

lw™ ()| Lanre = n?||x(n") * wo| Lerp= < ||wollzanr~ for all t € R, (7.26)
and hence, according to Lemma 7.6,

||an(t)||Bgom < C”WOHLGHLOC forall teR.

Also, note that combining the inequalities (7.24) and (7.26) provides us with

uniform bounds for v™ in L2 (R™; BL, ).
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Now, from the boundedness of the time derivatives in convenient function
spaces, we get some compactness, and it is then possible to pass to the limit
in the equation. This yields a solution (v, P) with the desired regularity.

Finally, since

ol < Cllwllzense,

we can conclude, thanks to Theorem 3.7 and Lemma 3.8, that v has a flow ¢
such that (t) — Id is in C*P(=Cltliwolleenr>=) for all real numbers . O

Remark 7.28. The regularity result for the flow given in the above theorem
is essentially optimal. Indeed, it turns out that if the initial vorticity wq is
supported in the square [—1,1]2, is odd with respect to the two axes, and
equal to 1 in [0,1]%, then the corresponding flow 1 at time ¢ > 0 does not
belong to any C¢ for a > et

Finally, if the vorticity has some positive regularity, then the following result
is available [see the definitions of F}; and o(s,) on page 151].

Theorem 7.29. Let vy be a divergence-free vector field, the vorticity of which
is in L N Fy for some s € ]0,1] and p € [1,00]. Let v be a solution of the
two-dimensional incompressible Fuler system with data vg.

Then, for any t > 0, the vorticity at time t belongs to the space Fg(s’t).

Proof. Note that this corollary is obvious if s > 2/p. Indeed, in this case,
due to the fact that Fj — B, — B ?x{p , the vector field vy has Holder
regularity greater than 1so that the standard existence theorem for smooth
solutions applies and the initial regularity is globally preserved by the flow.

Now, in the more interesting case where s < 2/p, we can apply Theo-
rem 3.32 to the vorticity equation (7.25). This yields the result. a

7.3 The Inviscid Limit

In this section, we investigate the inviscid limit for the incompressible Navier—
Stokes system. More precisely, given some initial divergence-free vector field vy,
we want to obtain as much information as possible on the convergence of the
solution v, to the Navier—Stokes equations

oy, + v, - Vv, —vAv, = -VP,
(NS,) dive, =0
(’UV)\t:O = Yo

when the viscosity v goes to 0.
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7.3.1 Regularity Results for the Navier—Stokes System

We emphasize the fact that all the existence and uniqueness results which
have been stated thus far remain true in the viscous case for positive times.
Further, all the estimates pertaining to the solutions of (N.S,) for sufficiently
small v are the same as in the case v = 0.

This may be easily proven by taking advantage of the results of Section 3.4
(in particular, Theorem 3.38) and of the following lemma.

Lemma 7.30. Let v > 0, a € [1,00], and T > 0. Assume that {2 satisfies the
following vorticity equation on [0,T] x RY:

N +v-VR+2-Dv+TDhv- 2 —vAQR =0, Q=0 = 29 € L*(RY).
For allt € [0,T], we then have:
(12 o < 190l o €2 P ITH Iz

2] e < 120 €€ 12l d" i < g < oo
| L L
= 120 pe <1120l o, if d=2.

Proof. In contrast with the case v = 0, which was treated earlier in Lemma 7.22,
we have to take care of the term —vAS2.

We first assume that 2 < a < co. Arguing by density, we can assume that
2 is smooth and decays at infinity so that, integrating by parts, we get

— [ 2|2|° % AQdr = (a — 1)/ |2|°72|VR2|* dz > 0.
R2 R2

Hence, the inequalities satisfied by ||§2| L« are exactly the same as if v = 0.
This yields the result in the case 2 < a < oco. The case a = oo follows by
passing to the limit, and the case 1 < a < 2 follows by duality. O

7.3.2 The Smooth Case

In what follows, we shall focus on the rate of convergence of v, toward v for
the L? norm. Of course, due to the uniform estimates which are available
in B, ,., interpolating provides convergence in all intermediate spaces.

In this subsection, we shall state that for smooth solutions, the rate of
convergence (in any dimension) for ||v, — v||2 is at least of order v. Our

result will be based on the following lemma.

Lemma 7.31. Let A be a measurable function defined on [0,T] and valued in
L(L?). Assume that for some positive integrable function K and almost every
t € [0,7], we have

Vw € L2, —(A(t)w | w) 2 < K(t)]|wl|7-.
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Let v be a time-dependent, divergence-free wvector field with coefficients

in L>([0,T]; C%1), f be in L'([0,T]; L?), and wq be in L?. The system

{atw+v~Vw+A(t)w—z/Aw:f

w\t:O = Wo

then has a unique solution w in C([0,T]; L?) which, moreover, satisfies

rt ’ ’ t 't/ " "
lw(®)]| 2 < elo Kt (IIwollL2 +/ e Jo KEOET (1)) 12 dt')-
0

Proof. The proof relies on the following energy estimate:

1d

5 g 1@llZe + VIVellze < [1flleellwle: + K@)llwlZs. (7.27)

Following the proof of Theorem 4.4 page 172 and taking advantage of
Lemma 3.3 page 125 then yields the result. a

Theorem 7.32. Let v (resp., v,) be a C%-solution of (E) [resp., (NS,)]

over [0, T]. Assume that Av belongs to L*([0,T]; L?) and that w, def vy —
belongs to C([0,T); L?). We then have, for all t € [0,T],

t
lw, (D)2 < " (IIwu(O)ILz + V/ e VO Av(t')]| 2 dt')
0

. def ! / /
with V(t) = / Vo) e dt’.
0

Proof. The equation satisfied by w, reads
Oyw, + vy, - Vw, + w, - Vo + I (w,,v +v,) — vAw, = vAv.
Note that since v + v, is in L>([0,T]; C*!), Lemma 7.8 ensures that
wy, — w, - Vo + IT(w,, v+ v,)
is a linear self-map on L!([0,T]; L?). In addition, we have
(Vo | W)z < V0l oy 2,
and, because IT(w,,v + v,) is a gradient and divw, = 0,
(I (wy,v+v,) | w,)p2 = 0.

Applying Lemma 7.31 thus yields the desired inequality. O
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7.3.3 The Rough Case

Owing to Lemma 7.30, Theorem 7.27 also holds for the two-dimensional
Navier—Stokes equation (NS,). More precisely, we can prove the following
statement.

Theorem 7.33. Let vy be a divergence-free vector field in B}X%OO(]RQ) with
vorticity wo in L?> N L. Then, for all v > 0, the system (NS,) with data vy
has a unique solution (v, VP,) with (uniformly with respect to v)

v, €L, (RY;BL ), wy € L¥(RY;L*NL™), and P, € LS, (R™; (L'+L3))

loc

In this subsection, we investigate the rate of convergence of (NS,) toward
(E) for (not necessarily two-dimensional) solutions having the above regu-
larity. We shall see that the rate strongly depends on the regularity of the
inviscid solution. We first establish that the rate is v2 if the inviscid solution
is Lipschitz.

Theorem 7.34. Let v (resp., v,) be a BL, . solution of (E) [resp., (NS,)]

00,00

over [0,T], and let w, d:efvl, —wv. If, in addition,
Vo e L'([0,T]; L) n L*([0,T]; L?)

and w, is in C([0,T]; L?), then we have, for any t in [0,T],

t

t
s+ [ 1901 < 2O (O +v [ O Taar).
0 0

Proof. The starting point of the proof is the inequality (7.27) with K(t) =
V(t) and f = —vAv. Now, integrating by parts and using Young’s inequality,
we note that

14

1// w, - Avde = —v [ Vw, - Vvdr < - HVUHQLZ + ||Vw,,||iQ.
R R 2 2
Plugging this into the equality (7.27) and integrating, we thus obtain
t
[ (81122 + V/O Vw22 dt" < [Jw, (0)]|7

t t
2 / V0l ey |22 dt + v / Vo2, dt'

Using Gronwall’s lemma then leads to the desired inequality. a

In the case where, in addition, the limit vorticity 2 belongs to the homoge-
neous Besov space B3, for some a € 10, 1[, we get a better rate of convergence,

+a

1
namely, v™ 2 .
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Theorem 7.35. Under the assumptions of Theorem 7.34, assume, in addi-
tion, that £2 is in LH%([O,T]; BQQOO) for some o €10,1[. We then have

2 2
o

2 2 t , 2
Ju OIET < e (Ju OIF + v [ V@2 ar).
Proof. The duality result stated in Proposition 2.29 page 70 ensures that

u/ w, - Avdr = —v Vw, - Vvdx
R2 R?
S N2 s

IN

Using real interpolation (see Proposition 2.22 page 65) and the fact that the
map {2 — Vv is homogeneous of degree 0, we thus get

1//2 w, - Avdr < CZ/||Q||Bgoo||wl,||%2||le,Hi§°‘
R L 2a
<OV Qll g Nlwollzz™ + 51V [
Plugging this latter inequality into the inequality (7.27) and then applying
Gronwall’s lemma completes the proof of the theorem. O

Remark 7.36. Appealing to the characterization of Besov spaces in terms of
finite differences, it is not difficult to prove that the characteristic function of

any bounded domain 29 belongs to BQ% oo In the next section, we shall state
(in the two-dimensional case) that if the initial vorticity is the characteristic
function of a C'" domain, then the corresponding solution v is Lipschitz.
Hence, the above theorem states that the rate of convergence for the L? norm
is of order v1. This rate proves to be optimal in the case of a circular domain.

If the limit vector field is no longer Lipschitz, then the v rate of convergence
is likely to coarsen, as we see in the following result.

Theorem 7.37. Let vy be a two-dimensional divergence-free wvector field
in Bl with vorticity wo in L?> N L. Denote by v (resp., v,) the corre-

00,00

sponding global solution of (E) [resp., (NS,)] and define w, d:efvl, —.
Then, w, is in C(RT; L?) and satisfies, for some universal constant C,

Lexp(=Clle®ll p2npec T 1—exp(—Cllwoll p2 100 T)

lwy |l Lge (z2y < (VT) NlwollL2nr~e
whenever (VT)} #P(=C1ell200T) gl=exp(=Cllwnll 20z T) < 1.

Proof. Let us bound the right-hand side of (7.27) as in the proof of Theo-
rem 7.32. Because, in dimension two,

IVollZs = wllZe < lwollZ2,
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we get
d 2 2 2
EHU}V”LQ +v[|[Vw, |72 < vljwoll72 + (wy, - V) - w, dz|. (7.28)
R2

By combining Holder’s inequality and Proposition 7.5, we get, for all a €
2, 00],

2 22
< Cafjwl|e [lwyl| oo lwllz2 "

/ (wy . Vv) - w,, dx
R2

Recall that ||w|re < ||wo||pe. Further, using the fact that w, = A_jw, +
(Id—A,)w, and Lemma 7.6, we easily get that

lwull e < C(llwyllze + llwoll o).

So, finally, for all a € [2, 00|,
1+2 2-2
Tlwnlzz < vlwolliz + CallwollLanr~llw, 17z + Callwoll o 0w [z *

Fix some small positive § and define”

def [Jw, (t)]|22

= + 0.
lewoll7 2o

oy (t)
Assuming that 6, < 1 on [0, T, the previous inequality yields

8,(t) < v+ 2Cal|woll L2nz= (3, (1)) 5.

So, choosing a = 2 — 21log d,(t), after performing a time integration (up to a
change of C), we get

t
5, (t) < l/t—l—cs—l—CHonLszoo/ 5, (') (2 —logd, (")) dt'.
0

We note that wu(r) def r(2 —logr) is an Osgood modulus of continuity. Hence,
applying Lemma 3.4 page 125 and having ¢ tend to 0 completes the proof. 0O

7.4 Viscous Vortex Patches

The original vortex patch problem has been addressed for the two-dimensional
incompressible Euler system. Assuming that the initial vorticity wg is a vor-
tex patch (that is the characteristic function of some bounded domain Dy)
Yudovich’s theorem ensures that (F) has a global solution with bounded vor-
ticity. Since, in addition, that solution has a flow 1, and w satisfies (7.5), we

7 We rule out the trivial case where wgy = 0.
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may deduce that w(t) is the characteristic function of the domain transported
by the flow:

Note that having w bounded does not imply that v is Lipschitz, so ¥ need
not be Lipschitz either. Hence, the above relation does not guarantee that the
initial smoothness of the patch is preserved by the flow. Nevertheless, we shall
see that if 9Dy is a simple C*" curve for some 7 € ]0, 1[, then dD; remains so
for all time.

The purpose of the present section is twofold. First, we shall study to what
extent the global persistence of vortex patches remains true for viscous flu-
ids, that is, when v solves the two-dimensional incompressible Navier—Stokes
equation (NS,). Second, we shall study the inviscid limit for vortex-patch-
like structures or, more generally, for data having striated reqularity in a sense
that we shall explain below.

7.4.1 Results Related to Striated Regularity

Note that if w = 1p, where D is a C'" simply connected bounded domain
of R?, then w is “more regular” in the direction which is tangent to &D.
Indeed, for any smooth vector field X which is tangent to 0D, we have

Oxw dZElealw + X200 = 0.

Since
div(Xw) — Oxw = wdiv X,

we can deduce that if X is sufficiently smooth and has bounded divergence,
then div(Xw) is in L* (instead of being a linear combination of derivatives
of L* functions if w is just bounded). This motivates the following definition.

Definition 7.38. A family (Xx)aca of vector fields over R? is said to be
nondegenerate whenever

d
I(X) L, sup | Xz (z)| > 0.
z€R? \c A
Let v € ]0,1] and (Xx)rea be a nondegenerate family of BY, ., vector fields
over R?. A bounded function w is said to be in the function space Cy if it
satisfies

def [wllzee | XAl Bz, + [ div(Xaw) || g1,
[wlcy = sup %) = ) < 0.

Proving that C% is a Banach space is left to the reader as an exercise.
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Assuming that the initial vorticity wp is in some space C' , it seems reason-
able (at least in the inviscid case, where w is constant along the trajectories)
that w(t) remains in C% ), where X(t) is the family transported by the flow

of v, that is, X (t) = (Xx(t)) ., with

Xa(t) = 0x,9(t) forall Xe A

The following theorem states that this is indeed the case (even in the viscous
case), and that properties of striated regularity are conserved in the inviscid
limit.

Theorem 7.39. Let r be in |0, 1[ and (Xo,x)1<x<m be a nondegenerate family
of BL, « vector fields over R?. Let vy be a C%' divergence-free vector field
with vorticity wo in C'y, NL2. Then, for all positive v, the system (NS,) [resp.,
the system (E)] has a unique global solution v, (resp., v) in LS (RT; COL)
with vorticity in L>(R™; L?), and there exists a constant K depending only

on the data and a universal constant C such that for all t > 0 we have

[Vo(t)|| oo < KeCleolliioet  and ||V, (t)] o < K(1 + vt)eCllwollioet,

Moreover, the family (X, x)1<x<m [resp., (Xa)1<a<m/ of time-dependent vec-
tor fields transported by the flow v, (resp., ) of v, (resp., v) remains B,
and nondegenerate for all t € RT, and w,(t) [resp., w(t)] belongs to Cx,
(resp., C’g((t)). In addition, for any bounded subsets I and J of [0,00] and
10, 00|, there exists a constant C' such that

stlel]? lw®)ller,,, + stlelg itelp; lwy(®lles, ., < C,

and the following convergence results hold true:

e v, —v and ¥, — ¢ — 0 in L (RJF;Bé;gO) for all e > 0.

loc

o Xy, — Xy and Ox, ¥, — Ox, ¥ in Lf;, (Rt Bg;)oo) for all v’ <.

loc

o Ox,, w, — Ox,w in L}fc(R"';Bg;foé) for all v < r.

7.4.2 A Stationary Estimate for the Velocity Field

One of the keys to the proof of Theorem 7.39 is the following estimate, which
states that any velocity field with striated vorticity is Lipschitz and may be
bounded in terms of [|wl|;~ and of the logarithm of ||w||cs, -

Theorem 7.40. Let r be in ]0,1[ and (Xx)1<r<m be a nondegenerate family
of B, o vector fields over R?. Let v be a divergence-free vector field over R>
with vorticity w in C%. Assume, in addition, that v € LY for some q € [1,x]
or that Vv € LP for some finite p. There then exists a constant C, depending

only on m, p, and r, and such that

: wllog
IVl e < C(Hlln(llvlqu Nwllz) + llwll oo 10g<e+ =)

||w||L°<>



7.4 Viscous Vortex Patches 321

Proof. We will first give a sketch of a proof in the flat case. We thus assume

that the family X reduces to the unique vector field 9;. Having w € C% then

means that w € L>® and djw € B, L. This obviously entails that all the

second order derivatives of w except 82w are in B[ % . From the relation
Vo= (-A)"1vViy,

we thus discover that all the components of Vv except dov' are in Bl
Now, dv! = 9102 —w, so, owing to the fact that w € L, this last component
is bounded.

We now turn to the proof of the theorem in the general case. According
to the Biot—Savart law, we have
Vo =A_Vo—A2VV+w with 472 % pI-21d—a_)).
Bounding the first term according to Lemma 7.6, we thus get
[90ll < € (minllel o Illzs) + 3 100542, )-
4,J
We will temporarily assume that the following lemma holds.

Lemma 7.41. There exist some functions a;; and bfj)‘ (1 <i,5,k <2 and

1 <X <m) in By, ., and a universal constant C' such that

V(z,€) € R xR? &&= ay(x |§|2+Zb“ )&e(Xa(z)-€),  (7.29)

2 (sup, HX)\HBT‘ 8
BN, m o0,00 7.30
16N < I(X) 764 : (7.30)
|6 XA ], - < and  |ai;ll . < 1. (7.31)

We then have, for all (z,&) € R? xR? and 1 <i,j < 2,

W@@) = a;;(x)(1 — x(£))@(€)

+ 3 S X o xf(mjae),

2
v e

Evaluating the Fourier transform (with respect to z) of the above equality
in £ and then applying the inverse Fourier transform, we thus get

0:0;A%w = (Id—A_1)(ag;w) + Y A720:0, (b X{w).
ANkl

On the one hand, according to the inequality (7.31), the first term on the
right-hand side may be bounded by C'[|w||;« . On the other hand, the terms
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in the sum may be estimated by using the logarithmic interpolation inequality
stated in Proposition 2.104 page 116:
| A20,0, (b X5w) || oo < CIAT20,00 (5 X5w) | 5o,
||A 2ak8g (bff‘Xﬁw) ||Bg01m )
1A=2000 (b7 XSw)lBo, . /-

[P

x log (e +
Because the operator A720,0, is an S%-multiplier in the sense of Proposi-
tion 2.78, we have, by virtue of (7.31),
1A720k00 (b3 X3w) |l g, . < C |07 X{w]| o < Cllwll e -

As the operator 4720y is an S~!-multiplier and for any a > 0, the function
t — tlog(e + a/t) is increasing, we thus get

0 bff\Xew —
Haiaj/li%"jHLoo < C”WHLoo Z 10g<e+ || Z( ]”wH)\ )”Booéo>
k0 Lee

We can now write that [see the definition of 7" in (2.42) page 103]

Op (b} X{w) = O, T e O +T3[(sz)b” + Ty, bl

so applying Theorems 2.82 and 2.85 gives
100 (05 X50) o1, < (1Kol e 105N 1B, HI div(Xaw) g, 5] )-

As the functions bfj)‘ satisfy the inequality (7.30), we get the desired inequality.

O

Proof of Lemma 7.41. We first state a local version of the lemma pertaining
to only one of the vector fields, X . For that purpose, we introduce the open
set
Uy ={z e R?, |Xi(z)| > I(X)/2}.
We claim that for any A € {1,...,m} and (i,5) € {1,2}?, there exist some
bR

functions 77" which are homogeneous of degree 3 with respect to the compo-

nents of X and such that for all x € Uy and & € R?, we have

66 = p(( e+ Z| Xa()€) with v, € xt (7.32)

To prove this identity, we may set, for z € Uy,

aij(x) = [Xa(z)| g (Va(z)) with  g;(8) = &&;-

Of course, we have ¢;;(Yx(z)) — a;;(z)| Xa(x)|*> = 0, so if we introduce the
matrix ;; associated with the quadratic form ¢;; and
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def 1 Xi(z) —X3(@)
Alz) = EROIE (Xi(fﬂ) X3 (@) >’

then we discover that, owing to TA(z)A(z) = I /| X (x)|?, we have

TA@)Qij Alw) = @iy (@) TA(2) Alw) = m (ZES mlz(x)> .

The coefficients m11(z), miz(x), and mo;(x) are homogeneous of degree 2
with respect to the components of X . So, applying the above equality to the
vector n = A7 (z)&, we find that for all x € Uy, we have

(Y (
&i&j — "|;( Mz T Vg2 = Z| |4 (& (Xa(2) - )

with gfj)‘ homogeneous of degree 3 with respect to the components of X,. This
yields (7.32).

In order to complete the proof of Lemma 7.41, it suffices to construct a
family of smooth functions (¢x)1<r<m satisfying:

Z (ZS/\E].

1<A<m
(i) Supp ¢ C U,.
sup, || Xx|

(m) HQSA”BQOM < Cm(TB;m}o)

Indeed, we can set

o (@)
b (z) = T~ g Pa () = TX@) -

We therefore construct the family (¢x)1<r<m. First, we introduce a fam-
ily (xe)e>o of mollifiers; the sets

lof e e R2, X (2) = I(X)} and FY ¥ {2 e R?, d(z, F)) < e,

and the functions

. def ) ;
o5 = Lpes2 x Xepa and  ox = ¢ H(1—¢j)~

J<A

Because R? = Ui<a<m £ and

d>ooon= ][ -9,

1<A<m 1<A<m
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it is not difficult to check that the family (¢x)1<x<m satisfies (7).
Now, if we take ¢ = (2(1(X)) !sup, ”X)\HBSQ,OO)_%v then the property
(ii1) is also satisfied. In addition, for all = € Fs, we have
[ Xol(2) > I(X) = €| Xill By, . > 1(X)/2.

Hence, Supp ¢» C F5 C Uy and (i) is verified. O

7.4.3 Uniform Estimates for Striated Regularity

The basic idea is that the conormal regularity of the vorticity also provides
conormal regularity for the velocity. We shall make this more precise with the
following lemma.

Lemma 7.42. For any r € ]0,1] there exists a constant C such that the fol-
lowing estimates hold true:

[div(Xw) = Txs 00l s, < ClIXlBr L wllpe s (7:33)

10xvlsy, . < C(IVVllpe 1 XlBy . + I div(Xw)l g1 ). (7-34)

Proof. To prove the inequality (7.33) it suffices to use the fact that
div(Xw) — Tx;0jw = div(T,, X) + [0, Txsw

and to take advantage of continuity results stated in Chapter 2 for the para-
product and the remainder, and of Lemma 2.99 page 111.
We now turn to the proof of (7.34). The Biot—Savart law states that

Y(i,5) € {1,2}% 90" = —(=A)710;f0;w with 9 =0y and 0y = —0.
Therefore, using Bony decomposition, we get

Ixv' =Th i X7 — (=A) 710} Txs 0w + [(=A) 7107, Txs]0jw.
Since the multiplier (—A)~'9;" is homogeneous of degree —1, combining

Propositions 2.82 and 2.85, the inequality (7.33), and Lemma 2.99 yields the
inequality (7.34). O

Proposition 7.43. Let r € |0,1[. There exists a constant C such that for
all v > 0, any smooth vector field v satisfying (NS,) on [0,T], and any time-
dependent vector field X transported by the flow of v, we have, for allt in [0, T,

| div(Xw)(t)[| grs < CeCrt®llwoll oo (CV (1)
x (14 v8) Jwoll = 1ol s, + 1l div(Xowo)ll gy ), (7.35)

1X(@)ll3s, . < VO (I Xollg, .+ Cte ool (|div(Xowo)l pz-,
+ (14 vt) Jwoll = [ Xollz, ) (7:36)

def [*
with V() = / Vot ;e dt’.
0
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Proof. We first consider the evolution equation for X. We have

DX =dxv with D, €0, +0v.v.

Hence, according to Proposition 3.14 page 133, we have, for some constant C

depending only on 7,

t
IXOle . <O (ol + [ e Oloxula, _at). (137

The right-hand side may be bounded by taking advantage of the inequal-
ity (7.34). Applying Gronwall’s lemma, we conclude that

t
IX(®)]5s, ., < eV (HXOB; e / e~V div(Xw)]| o dt')-
| e -

(7.38)
In order to bound [|div(Xw)||gr—1 , we may write an evolution equation
for div(Xw). Since div(Xw) = dxw + wdiv X, we have

D, div(Xw) = DiOxw + Dywdiv X + wD; div X.

Given that

— the vector fields D; and dx commute,
— due to divv = 0, we have D; div X = 0,
— the vorticity satisfies Dyw = vAw,

we discover, after a few computations, that
Dy div(Xw) — vAdiv(Xw) = vdiv(X Aw — A(Xw)).
We write X Aw — A(Xw) = F + G with

P T Ao+ Ta,X — ATX and G R(x, A0).

On the one hand, applying Theorem 3.38 page 162 yields, for all ¢ € [0, T],
| div(Xw)|| poo (pr 1y < CeCVO (|| div(Xowo) o1
+ VDIl oy + VG gy oy ) (739)

for some constant C' depending only on r. On the other hand, Propositions 2.82
and 2.85, together with Lemma 2.99 page 111, ensure that

IF | oo pr=zy < Cllwllige ooy X 3o (1 )
”GHE%(B;C,OO) < CHWHE%(BEQ’OO)||XHL,?°(BQO)OC)

for some constant depending only on .
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As Dw = vAw, we have ||w(t)] ;e < |lwoll; =, according to Lemma 7.30.
Furthermore, Theorem 3.38 implies that

Vwllzs sy < Ce?V O+ w1) ol e -

Therefore, plugging the above inequalities into (7.39), we end up with
Il div(Xw)ll pge prony < CeV

x (Ildiv(Xowo) | g, + (1 + 1) lwoll o 1 Xl (52 )-

In order to complete the proof, it suffices to insert the inequality (7.38) into
the above inequality. We readily get

67CV(t) H diV(Xw)”L,?C(B&;éO) < C<|| div(XOwO)”Bé;éo

t
# o) ol (IXollns .+ [ €O vty @),
0

and hence Gronwall’s lemma yields
e—CV(t)H diV(Xw)HL?O(ng}m) < CeC’t(l-‘rut)HonLoo
x (||diV(X0w0)||B;;}oo + (1 +vt) [|lwoll ||X0\|Bgo,x)~

As t|lwollpeo < V (1), we get (7.35).
Finally, plugging the last inequality into (7.38), we get (7.36). This com-
pletes the proof. a

7.4.4 A Global Convergence Result for Striated Regularity

This subsection is devoted to the proof of Theorem 7.39. Note that since the
initial vorticity is in L? N L°°, Yudovich’s theorem page 312 provides a global
solution with vorticity in L? N L*. However, as explained before, this does
not imply that v is in C%!. Hence, we shall proceed as follows:

— First, we smooth out the data. From the global existence theory of Sec-
tion 7.2, we thus get a global smooth solution.

— Second, we prove uniform estimates for striated norms of those smooth
solutions.

— Third, we prove convergence to a solution of (NS,) or (E) with initial
data vg.

— Finally, we let v tend to 0.

For notational convenience, we shall drop the index v in the first three steps
of the proof and at the same time shall solve indistinctly (NS,) or (E).
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First Step: Construction of Smooth Solutions

For all n € N, the vector field S,,v° has vorticity w? in L? and belongs to the
set Cp° of smooth bounded functions with bounded derivatives of all orders.
Hence, Theorem 7.25 implies that (E) and (N S,) have a unique global smooth
solution v™ with vorticity in L2.

Second Step: Uniform Estimates for Striated Regularity

By definition, the time-dependent vector field X} transported by the flow 9™
of v™ satisfies

X3(t) o™ (t) = Ox, \¥" (1)-
Now, it is clear that
8,58}(0’)\1&”(15, Jf) = aXo,A’Un(t? wn(ta Z‘)) = vvn(t’ wn(tv l‘))axo»\’lﬁn(t, x)a
so Gronwall’s lemma ensures that

X266 (8,2))[*! < [Xoal@)]e?" O

Therefore,
t
I(XP(1) > e V" O1(Xy) with v7(r) L / Vo™ (#)|| e dt'.  (7.40)
0

Let Yy be one of the vector fields of the family (Xo x)i<i<m. Since v™ is
smooth, we have
atY" + " VY™ = aYnUn.

Hence, according to Proposition 7.43,

[ div(Y™w™)(#)]

g1 < C(l + l/lf)ec”tzH“’gHLoc LCV()

x (HwS‘IILw Yollsy, . + [ div(Yowy)

B&T,&)’

Y™ ()] Br, < Cc(1+ yt)@C"t2||WgHLoo OV (1)

< (%ol

B, .+ Ct(Idiv(Yowd) g, + I [Yollzz, ) )-
We claim that the right-hand side of the above two inequalities may be
bounded independently of n. First, it is clear that |[Spwol| ;e < C |lwoll e -
Next, we have

Idiv (Yo Snwo)ll pecs, < € (Ildiv(Vowo)ll oy, + ol [Yollms ). (7.41)

oo

Indeed, according to the inequality (7.33),
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|| le()/o Snu.)o) - TYgﬁanwOHBg;éo S C||Y0|

Bz, . [1Snwoll poe -
We can now write that
TYdi aanwO = SVLTYOJ 8jw0 + [TYOj,Sn]ajUJO.

Again using the inequality (7.33) and the fact that the operator S,, maps
BI; L to itself with norm independent of n, we see that the first term satisfies

180Ty Dyl 1. < (1l div(Yowo) | e, + ol o (Yol ).

Next, according to Proposition 2.10 page 59, we have, for some fixed inte-
ger Ny,

[Tys,Suldjwo = Y [Sk-1Yg, Sn] Ardjuwo.
k<n+Np

Resorting to Lemma 2.97 page 110, we discover that
[18e178, Su)Avdjwo||| < €27 [ VSkoaYoll e | AeBill
< C2k—n 2k(177“)HY0|

Br, . llwoll < »

which completes the proof of (7.41).
So, finally, we find that for any vector X} and time ¢ > 0, we have

H diV(X;\lwn)(t)HB;—:l)c < C(l + l/t)eCytsz&HLoc eCVﬂ(t)

x (Iwoll g 1 X018z, .+ Il div(Xopwo)llpz 1 ), (742)

2 n n
IR Ol . < (L w0)e 18 e VO (X 5
+ Ct(|ldiv(Xoawo)ll g, + lwoll e [ Xonllpz ) (7:43)

In order to complete the proof of our claim, we have to bound V™ (or,
rather, |[Vv"||; ) independently of n. We have already proven that for any
nonnegative ¢, the family (X3 (¢))1<x<m is Bl o and nondegenerate. There-
fore, Theorem 7.40 yields

o (@)l
IV ()] < 0(|wo||L2 T ol o log<e + ”))

||W0||Loo

Taking advantage of the definition of the norm || - |

Chny and of the inequal-

ities (7.42) and (7.43), we get, after a few calculations,

n lwolles,
Vo @l < Ol + ol Tog (e + (14 w2) me
LOC

+ C([lwoll e V(t) + vt [|wo] )
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so applying Gronwall’s lemma leads to

[lwolleg
VO™ (t)]| e < C(140t) (|w0||L2ﬁL°° log (6 + W))eclwolwﬁg (7.44)
wWo oo
Together with the inequalities (7.42) and (7.43), this completes the proof of
the global uniform estimates for striated regularity and for | Vo™ ||« . Finally,
using the fact that

[w" @)l 2 < Cllwoll:  and [l (@)L < Cllwoll o 5

together with the inequality (7.24) (which also holds true in the viscous case),
we deduce that (v"),ey is bounded in L2 (RT; L>). Therefore, the sequence

(v")nen is bounded in L§2 (RY; C01).

loc

Third Step: Convergence of Smooth Solutions

We claim that (v™),en is a Cauchy sequence (and thus converges) in any
space L (RY; B35..) with e € ]0,1[. To prove this, we write the evolution

c 00,00

equation for v™ — v™. For any (n,m) € N? we find that
(O +0" -V —vA) (V" —0™) = T (0" =™ 0" +0™) + (V™ —0") - Vo™

So, according to Theorem 3.14 page 133,
|(v™ — Um)(t)HB;:,oo < VI <||(Sn _ Sm)UOHBg;x
t
+/ e VT (I (0" = 0™ 0" 0™ e H (0™ = 0™) - VO g ) dt’).
0 . ,

Now, according to Lemma 7.10 we have
HI(v" = o™, 0" +0™)| e < Cllo" =0 g [[0" + v [|lcor,
and using the (simplified) Bony decomposition and div(v™ —v™) = 0, we get

(V™ = ") - VU = Tgym (V™ — ™) + div Tm _ynv™.

)

We also find that
[(™ = v™) - Vo™ || g < O™ = 0™ gze [lv™ ]| co

Using Gronwall’s lemma and the uniform bounds of the previous step, it is
now easy to conclude that (v™),en converges to some vector field v in the
space C(R1; BZ°_ ). The details are left to the reader.

As usual, the uniform bounds of the previous step enable us to state that v
satisfies (E) or (NS,), belongs to L{S (RT;C%'), and satisfies (7.44). We

can also deduce that the family X (t) remains B, ., and nondegenerate for
all ¢ > 0, and that w(t) is in Cx -
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Final Step: The Inviscid Limit

On the one hand, since Vo € LS (RT; L), applying Theorem 7.34 yields

loc
v, —v—0 in L, (RT;L?).

Because L?(R?) is continuously included in B(;ol,oo(R2)7 and v, and v both
belong to the space LS, (R™; BX!), we thus have

loc
; 00 +. p—-1
v, = v in L7 (R 7Boo’oo).

On the other hand, all the bounds which have been stated in the previous
steps are independent of v for v going to 0. Hence, we may interpolate with
those bounds and complete the proof of Theorem 7.39. g

7.4.5 Application to Smooth Vortex Patches

We want to apply Theorem 7.39 to the particular case of smooth vortex
patches. We therefore consider a bounded simply connected domain Dy such
that dDy is a CL" simple curve. We aim to solve (E) or (NS,) in the case

where the initial velocity vg has vorticity wg de 1p,.
Let fo be a C1" compactly supported function over R? such that, for some
neighborhood V' of dDg, we have

f'({0}) NV =0Dy and Vfy does not vanish on V.

Because V*f; is C" and has modulus bounded away from 0 on 9Dy, given
any xo in 0Dy, solving the ordinary differential equation

{3070(0) =V fo(v0(0))
70(0) = zo

provides a Cb" parameterization of the curve Dj.

Let W be a neighborhood of 9Dg such that W CC V. Introduce a smooth
function « supported in V' and with value 1 on W. We set

X071 = VJ'f(), XO,Z = (]. - Ck)al, and Xo’g = (]. - Ck)ag.

It is obvious that (X, 1, Xo,2, Xo0,3) is a nondegenerate family of Bgom vector
fields and that wo belongs to C' . Therefore, Theorem 7.39 provides global
Lipschitz solutions v and v, for (E) and (N.S,) with initial data vy, and
uniform bounds in terms of striated vorticity with respect to the family X (¢)
[resp., X, ()] transported by the flow ¢ of v [resp., ¥, of v,].

Defining Dy def Y(t, Do) and Dy, def ¥, (t, Do), we discover that ~(¢) def
oo [resp., Yo (t) def ¥1,,070] is a parameterization for 9Dy (resp., D, ). Be-
cause Opy(t) = X1(t,7(¢)) and 9,7, (t) = X1, (¢, 7, (t)), we can thus conclude
that 0D, and 0D, are C'1" simple curves and that 9,7, is in LS (RT; CO7),
uniformly with respect to v. So, we eventually get the following statement.
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Theorem 7.44. Let Dy be a CY" simply connected bounded open set of R? .

d
Let wy :ef]1D0 and vy be given by the Biot-Savart law (7.2).
For all v > 0, the system (NS,) (resp., E) with data vy then has a unique
solution v, (resp.,v)in L (RT; C%Y) and there exists a constant C depending

only on Dy and such that for all t € RT,
[V, ()] e <CA+vt)eCt and || Vo(t)| o < Cet

Further, for all time, the domain Dy, (resp., D) transported by the flow 1, (t)
[resp., (t)] of v, (resp., v) remains CY", and we can find CY" parameteri-
zations y(t) for 0D, and v, (t) for Dy, such that

vy — Opy in L (RT:CO)  for all +' < r.

Remark 7.45. By taking advantage of Theorem 3.40 and of the uniform esti-
mate for Vu,, we deduce that at time ¢, the vorticity is equal to the charac-
teristic function of the domain 1, (t, Dy), up to an error term which decays

as e~°"*/(") at distance h from the boundary. More precisely, we have

_ 12 e (—d(eCt—
e (B)l] 22 (a0, 5m) < llwol| 2™ a0 PEAET=)

and

|wy (t) = 1p,,|I2(a(2,0D,..)>h)

t 3 t 2 t
< Jlwo| 2 min{l,C(%) 2 27" 1) gy exp(—4(e© 71>>}.

7.5 References and Remarks

Most of the results which are presented here are generalizations to the viscous case
(or to more general function spaces) of some results which may be found in a mono-
graph by the second author (see [69]). Many other results on the incompressible
Euler system are presented in the books by Bertozzi and Majda [36] and Marchioro
and Pulvirenti [222]. For geometrical aspects of the Euler equation, the reader is re-
ferred to the works by V. Arnold in [16], Y. Brenier in [45], E. Ebin and J. Marsden
in [121], and A. Shnirelman in [266].

The existence of C* local-in-time solutions for the incompressible Euler system
goes back to a series of papers by L. Lichtenstein in the 1920s (see [208]). Analytic
data have been considered by C. Bardos and S. Benachour in 28, 30]. The existence
theorem in the WP spaces was developed by T. Kato and G. Ponce in [178]. The
local existence theorem in Besov spaces (namely Theorem 7.1) is a straightforward
generalization of the work by J.-Y. Chemin in [69] devoted to Holder spaces and
has been extended by the third author to nonhomogeneous incompressible fluids
in [106]. The endpoint case of data in Bl ;(R?) has been studied in [245].

Similar regularity results have been obtained by A. Dutrifoy in smooth bounded
domains (see [119]). The case of rough convex domains has been treated in [285].
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The estimate for the Biot—Savart law given in Proposition 7.5 is a consequence of
the well-known Marcinkiewicz theorem, the proof of which may be found in any
book on harmonic analysis (see, e.g., [287, 273], or [150]).

The fact that having the vorticity in L® implies uniqueness was first noted by
V. Yudovich in [302]. Some recent improvements have been obtained by V. Yudovich,
again in [303], and by M. Vishik in [297]. Theorem 7.17 and its corollary are a slight
improvement of a result by the third author in [105].

The so-called Beale-Kato—Majda continuation criterion given in Corollary 7.24
was first proven in [31] in the three-dimensional case for H® solutions with s
greater than 5/2. The extension to Holder spaces was achieved by H. Bahouri and
B. Dehman in [25]. Some recent improvements have been obtained by a number of
authors (see, e.g., [197]). To the best of our knowledge, Theorem 7.23 is new.

As explained above, the conservation of the L*° norm is the key to proving global
existence in the two-dimensional case. Based on that insight, in 1933, W. Wolibner
proved the global existence of smooth solutions (see [300]). Global well-posedness for

2
data in the critical Besov space B:gE (Rz) has been proven by M. Vishik if p < oco.
The endpoint index p = co was treated by T. Hmidi and S. Keraani in [157].

In 1963, V. Yudovich proved the global existence and uniqueness of two-
dimensional flows with bounded vorticity. Theorem 7.27 is in the same spirit as
Yudovich’s result. The proof of Remark 7.28 may be found in [69].

We mention in passing that there exist classes of definitely three-dimensional
data for which global well-posedness is known. This is the case for axisymmetric
data without swirl, that is, vo := vo,»(r, z)er + vo,-(r, z)e. in cylindrical coordinates
(see the pioneering paper by [292] and also [256, 265, 105]). It was observed by
A. Dutrifoy in [118] that data with helicoidal symmetry generate global solutions.
The question of global solvability for general three-dimensional data is open. For
related numerical or theoretical results, the reader may consult [151] and [260].

Even in the whole space (where no boundary layer is expected), the study of
the inviscid limit for the Navier—Stokes equations has a long history. The fact that
the rate of convergence in L? is of order v for smooth solutions may be found in
the works by T. Kato (see, e.g., [176]). The statement of Theorem 7.34 is essentially
contained in a paper by P. Constantin and J. Wu [88], whereas Theorem 7.37 was
proven by the second author in [70]. The fact that for a smooth vortex patch, the rate

of convergence is of order at least v1 was observed by H. Abidi and the third author
in [1]. There, it was shown that the rate is optimal in the case of a circular patch.
In this present chapter, to prove Theorem 7.35, we used the method introduced by
N. Masmoudi in [224].

The study of the vortex patch problem for the two-dimensional Euler equations
also has a long history. In a celebrated survey paper by A. Majda [221], it was con-
jectured that a singularity may appear in finite time in the boundary of an initially
smooth vortex patch. Some theoretical results (see the work by S. Alinhac in [6],
P. Constantin in [85] and Constantin and Titi in [87]) and numerical experiments
corroborated the possible appearance of a singularity (see, in particular, the papers
by T. Buttke [52, 53] and Hughes, Roberts and Zabusky in [170]). Nevertheless tak-
ing advantage of techniques from [62], it was shown by the second author in [68]
(see also [64-66, 69, 136, 138]) that striated regularity is transported for all time by
Eulerian flows. As a consequence, an initially C'*" vortex patch remains so for all
time. We mention that other proofs have since been provided by A. Bertozzi and
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P. Constantin in [35] and by P. Serfati in [258]. The case where the initial patch has
a singularity has been studied both theoretically in [89, 92] and numerically in [81].
Generalizations to the three-dimensional case have been given by different people
(see, in particular, [137, 259], and [169]). Vortex patches in bounded domains have
been studied by N. Depauw in [110] (dimension two) and by A. Dutrifoy in [120]
(dimension three). More singular solutions as the so-called vortez sheet have been
sudied by e.g. J.-M. Delort in [109].

The study of the inviscid limit in the framework of two-dimensional striated
regularity (thus for vortex patches in particular) was initiated by the third author
in [90]. A simpler proof—the one presented in this chapter—was later proposed by
T. Hmidi in [156]. We should mention that a local-in-time version of Theorem 7.39
may be proven in the d-dimensional case (see [91]) and that a global result may be
proven for three-dimensional axisymmetric data with striated regularity (see [32]).
Some very significant results on the localization properties of viscous patches have
been obtained recently by F. Sueur in [277].
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Strichartz Estimates and Applications
to Semilinear Dispersive Equations

Dispersive phenomena often play a crucial role in the study of evolution partial
differential equations. Mathematically, exhibiting dispersion often amounts to
proving a decay estimate for the L°° norm of the solution at time ¢ in terms
of some (negative) power of ¢t and of the L' norm of the data.

In many cases, proving these estimates relies on the stationary phase the-
orem and on a (possibly approximate) explicit representation of the solution.
The basic idea is that fast oscillations induce a small average, as may be seen
by performing suitable integrations by parts. As an example, in the case of
the wave equation with constant coefficients, the geometric optics allow the
solutions to be written in terms of oscillating functions, the frequencies of
which grow linearly in time. As a consequence, a polynomial time decay may
be exhibited for suitable norms.

It is now well established that these decay estimates, combined with an
abstract functional analysis argument—the TT* argument—yield a number
of inequalities involving space-time Lebesgue norms. In the last two decades,
these inequalities—the so-called Strichartz estimates—have proven to be of
paramount importance in the study of semilinear or quasilinear Schrédinger
and wave equations.

The purpose of this chapter is to give dispersive estimates for some linear
partial differential equations and to provide a few examples of applications to
solving semilinear problems. Although we shall focus mostly on Schrédinger
and wave equations, the basic dispersive estimates that we derive apply to
a much more general framework, whenever waves propagate in a physical
medium.

The first section of this chapter is devoted to a few basic examples. First,
we study the case of the free transport equation and the Schrédinger equation
where decay inequalities may be proven by means of elementary tools. Next,
we come to the study of oscillatory integrals and (a class of) Fourier integral
operators. Oscillatory integrals arise naturally when proving dispersive esti-
mates for the wave equation, while the L? boundedness of Fourier integral
operators will be needed in the next chapter.

H. Bahouri et al., Fourier Analysis and Nonlinear Partial Differential 335
FEquations, Grundlehren der mathematischen Wissenschaften 343,
DOI 10.1007/978-3-642-16830-7_8, (© Springer-Verlag Berlin Heidelberg 2011
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Section 8.2 is devoted to proving Strichartz inequalities for groups of oper-
ators satisfying a suitable decay inequality called a dispersive inequality. As an
application, we prove a global well-posedness result for the cubic Schrédinger
equation in R?. In the next section, we establish Strichartz estimates for the
wave equation with data in Sobolev spaces. In the following two sections, we
apply those Strichartz estimates to the investigation of some semilinear wave
equations, namely, the quintic and cubic wave equations in R®. In the last
section of this chapter, we establish local well-posedness in a suitable Besov
space for a class of semilinear wave equations with quadratic nonlinearity with
respect to the first order space derivatives of the solution. This result will help
us to investigate some quasilinear wave equations in the next chapter.

8.1 Examples of Dispersive Estimates

In this section, we provide a few examples of linear equations, the solutions
of which satisfy a dispersive estimate. We shall study three examples: the
free transport equation, the Schrodinger equation, and the wave equation.
In passing, we will establish decay estimates for oscillatory integrals and the
boundedness in L? of a class of Fourier integral operators.

8.1.1 The Dispersive Estimate for the Free Transport Equation

In this subsection, we prove basic dispersive estimates for the free transport

equation,
Oef +v-Vof=0

T

( ) { f\tZO = f07

which describes the evolution of the microscopic density f(t,z,v) € RT of free
particles which, at time ¢ € R, are located at x € R? and have speed v € RZ.

The dispersive estimates for (T") follow from the explicit formula for the
solution, as the solution may be easily computed in terms of the Cauchy
data fo. It is only a matter of integrating along the characteristics.

Proposition 8.1. The solution of the free transport equation (T) is given by

f(t,ll},’l)) = fo(l’ - ’Ut,’l}).

In fact, even though the total mass is preserved, the dispersive effect occurs
for the macroscopic density

ot ) [ f(t,,0) do,
Rd

as stated in the following proposition.
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Proposition 8.2. If f is a solution of the transport equation (T), then we
have

1
lo(t, )l < i Isup fo(-,v") 1

Proof. For any x, we have, thanks to Proposition 8.1,

f,x,v)dv = / fo(z —vt,v) dv.
R4 R

Now, the change of variable y = z — vt leads to the inequalities

fo(z —vt,v)dv < / sup fo(z — vt,v") dv

R4 RE v/

1

< —d/ sup fo(y, v') dy,
|t| Re o'

which means that the macroscopic density p decays in L°°, completing the

proof of the proposition. a

8.1.2 The Dispersive Estimates for the Schréodinger Equation

The linear Schrodinger equation was introduced in the context of quantum
mechanics and takes the form

(5) {i@tu—%AuzO

U|t=0 = U0,

where the unknown complex-valued function u depends on (t,z) € R x RY.

As we consider initial data (and thus solutions) which are not regular
functions, solutions have to be understood in the weak sense, as introduced in
Chapter 5. More precisely, a distribution u € C(R;S’(R%)) is a weak solution
of (S) if it satisfies, for all ¢ in C°(R; S(R?)),

(a5 800 + 0ottt = (u(®)i(®) ~ o, i9(0)).

0

By using the Fourier transform, the solution may be expressed in terms of the
Cauchy data. More precisely, we have the following result.

Proposition 8.3. For anyug € S, the Schrédinger equation (S) has a unique
solution u in S(R; S"). For t # 0, that solution is of the form

id-t- ™
itlel” def €“TT4

U(t) = f_l <€ 2 iL\()) = St * UQ with St(x) = W@

m\2

e (8.1)
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Remark 8.4. The identity Fu(t,§&) = eitgﬂo(f) implies the conservation of
the H*® norm. Also, under this identity, it is easy to see that (U(t))tcr, where
U(t) : ug — U(t)up and U(t)ug is the solution of (S) at time ¢, is a one-
parameter group of unitary operators.

Remark 8.5. On the one hand, in the case where the Cauchy data wug is the
Dirac mass dg, we get, thanks to (8.1), for any time ¢ # 0,

U(t) = St,

and therefore for each fixed time ¢ # 0, u(t) is analytic.

On the other hand, if the Cauchy data is ug(z) def

1 T\ %
ul— ) =(—) do-
(Za) (ia) 0
Hence, the support of the solution at time 1/(2a) collapses to a single point,
even though its support is equal to the whole space R? at time 0. This phe-
nomenon is due to the infinite speed of the propagation for the Schrodinger

equation. Also, note that the regularity of the solution depends on the behav-
ior of the Cauchy data at infinity.

etalel”  then we get

Cer2
Proof of Proposition 8.5. Let u(t) = F~1 (e”%ﬁo(f)). For ¢ € C*(R;S),
define

t
1
1,(t) 4 / <u(t’),§A<p(t’)+i8tcp(t/)>dt’.
0
By the definition of u, we have
t ., 9 1
r = [ (7 (e Fa0) jaelt) + iiplt) ) a
0
L2 1
= [ ane, 7 (3ane) + o)) ) ar
0
! —d [ ~ it/ 1612 1 2 (4t N, ’
= [ @m) 7 Uo(€), e = | —5 [Pt =€) +idp(t', =€) | ) dt’.
0
Because the distribution 7y may be interchanged with the integral, we get
t
— ~ i'ﬁ 1 ~/ 41 A~
Io(t) = ) (f, [ % (=316 -9) + 0. ~9)) ).
As we have
o 1e? ale2 1 o PR
O ( g, —5)) = 5 (S IEPR, ~) +i0u Bt ),

we get that
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2
i1 L€]

t 2
/0 o5 (<SP, ~€) + i0u (', ~0)) dt’ = ie"F B(t, ~€) — B0, &)

Thus,
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= i(u(t), p(t)) — i({ug, ©(0)).

This proves that u is a weak solution of the Schriodinger equation. Unique-
ness in C(R;S’) may be proven by taking advantage of the duality method
introduced in Chapter 4. Since its adaptation to the Schrédinger equation is
straightforward, we leave the details to the reader.

To complete the proof, it remains to observe that, according to Proposi-
tion 1.28 page 23, we have

g2 1 |2
F et (@) = ——ei'% ,
( )( ) (72i7rt)%
from which follows the desired formula for S;. a

From the above proposition and convolution inequalities, we readily get the
following proposition.

Proposition 8.6. If u is a solution of the linear Schridinger equation (S),
then we have, fort # 0,

[u(®)[ L <

Lo
—|uol| 1.
(rlt)s

Remark 8.7. Proposition 8.3, together with the conservation of the L2 norm
and the interpolation between LP spaces (see Corollary 1.13 page 12), implies
that

1
vt e R\{0}, Vp € [2,00], [lu(t)|lrr < WHUOHLP’-
T P

8.1.3 Integral of Oscillating Functions

Proving dispersive estimates for the wave equation requires more elaborate
techniques that we will now introduce. As we will see in the next subsection,
we shall have to estimate integrals of the form

Io(n) = [ e de,

where 7 must be understood as a large parameter.
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Notation. Throughout this section, 9 will denote a function in D(R?) and & a
real-valued smooth function on a neighborhood of the support of v). Moreover,
the constants which will appear will be generically denoted by C and will
depend on a finite number of derivatives of ¥ and on a finite number of
derivatives of order greater than or equal to 2 of the phase function @.

We shall distinguish the case where V& does not vanish (the nonstationary
phase case) from the case where it may vanish (the stationary phase case).

Theorem 8.8. Consider a compact set K of R? and assume that a con-
stant co € 10, 1] exists such that

VEe K, [VO(§)] = co.

Then, for any integer N and any function v in the set D of smooth functions
supported in K, a constant C exists such that

Cn
(coT)

[1y(7)| <

Proof. Note that changing @ to /¢y and 7 to ¢o7 reduces the proof to the
case ¢g = 1 (we leave the reader to check that after this change of function,
the dependence with respect to ¢ is harmless since ¢y < 1). Assume, then,
that ¢g = 1. It is then simply a matter of using the oscillations to produce
decay. This will be achieved by means of suitable integrations by parts. In-
deed, consider the following first order differential operator, defined for any

function a in Dg:
def
- Z |v¢|2

This operator obviously satisfies

iTd iTd
Le™F =177,

hence, by repeated integrations by parts, we get that

e A (oRDIGES

We now compute L for a € Dg. We have

S 0,0 D 0;0x D

t _
La=—-La+i—— Vo

AP
2@
V| 1<j,k<d

Thus, it is obvious that
("LY)(&) = f1.1(§, VP(E)) + f12(&, VO(€)),

where the function f; ;(&,6) belongs to D(K x R*\{0}), is homogeneous of
degree —j with respect to 6, and satisfies
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Y(a,B) € (N))?,  sup

(€,0)€ K xS 029, f1.;(£,0)| < Cjap.
,0)eE K XS4

As the coefficients of the differential operator £ and all their derivatives are
bounded on K, an obvious (and omitted) induction implies that

N
CONY(E) = fn (6 VP(©)),

§=0
where the function fy (&, 6) belongs to D(K x R%\{0}), is homogeneous of
degree —N — j in 0, and satisfies

V(e, B) € (N9)?,  sup
(£,0)EK xS4—1

5?5§fN,j(§, 0)| < Cnja,s-

This proves the theorem. a

We will now consider the case where the gradient of the phase function may
vanish.

Theorem 8.9. Consider a compact K of R? and assume that a constant ¢y €
10,1] exists such that
Ve e K, |VP(E)| < co.

Then, for any integer N and any function ¢ in D, there exists a constant Cn
such that
dg

[1s(7)] < CN/K (1 + cor[VE(E) )N

Proof. As in the preceding theorem, it suffices to consider the case ¢y = 1,
and we may perform suitable integrations by parts to pinpoint the decay with
respect to 7. Consider the first order differential operator

d
(Id—iVP-0) with V& 0= 0,00;. (8.2)

j=1

def 1
L = ————
T 1+ 7|VP|?
This operator obviously satisfies
L eiT‘I’ _ eiT45
- = .

Now, by integration by parts, we get that

1) = [ L) ue) de

Hence, to complete the proof of the theorem, it suffices to demonstrate that
for any integer NV, a constant C' exists such that

C .
(1+ 7|V )™

In order to do this, we define the following class of functions.

Lo < (3)
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Definition 8.10. Given an integer N, we denote by S the set of smooth
functions on K x R such that

N—|B]

V(e B) € N*x N, 30/ V(€,0) € K xR?, 929, f(£,0)] < C(1+|0*) =

It is obvious that the space S¥ is increasing with N and that the product of
a function in SN by a function in S™V2 is a function in SN1+N2, Moreover, we
have 5‘5(51\[) c SN-18l

It is clear that the following lemma implies the inequality (8.3).

Lemma 8.11. For any N in N, a function fy exists in S™2N such that
(LV(©) = fv (& 7EV(E))  forall K.

Proof. By noting that SY contains the space Dx and by an immediate induc-
tion, it is enough to prove that if f belongs to S™ then

" (fE VD)) = gle, TIVA(E) with geSME (3.4)
For any a € D, we have

_ . Vo(E) - Va(§)

"Leal®) = i1 g o6 T VR(O) ald) (8.5)
, iAD(E)+ 1 D*®(6,0)
with o(£,0) = T+ 102 _22(1+\0|2)2’

where, from now on, we agree that
25(0, .0 def ejak 2
D*®(6:,0,) = Y 6]0503,.
gk
It is obvious that o € S~2. By using the chain rule, we get

Vo VI(E,TIVE(E)) = (VO - Vef + D*6(0, Vof) ) (€ 7HV(E)).

Thus, we have the relation (8.4) with
1

9(§,0) = TH 0P

(V0(&) - Vef(6,6)+ D*B(0, Vo f (€,0))) + (7£)(€.6). (8.6)

The lemma is proved and thus so is Theorem 8.9. O

Combining the above two theorems, we get the following statement.

Theorem 8.12. Let ¢ be in ’D(Rd) and ® be a real-valued smooth function
defined on a neighborhood of the support of 1. Fix some positive real num-
ber ¢y € 10,1]. Then, for any couple (N, N') of positive real numbers, there
exist two constants, Cn and Cy+, such that
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1 d

{6€R?, |[V(E) | <co)
Iu( c d
[u(r |— Nt N/(1+cor|v¢|) 3

Further, the constants Cy and Cn+ depend only on N, N', a finite number of
derivatives of 1, and a finite number of derivatives of order greater than or
equal to 2 of ®.

Proof. Let x be a smooth function supported in the unit ball and with value 1
for || < 1/2. We may write

I(r) = / /7 (1 - x(ﬂ’f)))w(o dg

€o

i) = [y (YHD) (e ae.

Applying Theorem 8.8 to I; and Theorem 8.9 to I3 gives the result. a

Iy(1) = Ii(7) + Ix(1) with

In the one-dimensional case, we can prove more accurate estimates. More
precisely, we have the following theorem.

Theorem 8.13. Let a be a function in the closure of a smooth compactly
supported function of one real variable with respect to the norm ||a’(| 1 (r)
Let @ be a C? function on R such that a positive constant cy exists, where

Vz € Supp a, 9"(z) > co.

1(t) i / @ g (1) da
R

Co defl w/1
1) < 2o’ ith Coy % - f(f )
1)< Flalllp with G = 5+ 5(+3

The integral defined by

then satisfies

Proof. Using integration by parts with respect to the first order differential
operator

(L)) © e () — P @ @),
we get
I(t) = Li(t)+ I,(t) with
= tP(x) el ) r)dr an
_/ ! 1+ t(9'(2))? @'(z)d d

IIm

(it (@) ; (D' (2))?9" (2)
/1+tg25’ ( +¢()_2lm)a(@dw.
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iP'(x) 1
< —5 we get

As 1+¢(P(x))? 1~ 2tz

1
L(t) < —xlld|| - (8.7)
2tz
We now bound I5. As ¢"(x) > ¢p, we have
1 1 @(2)
14+ 8P ()% ~ o 1+ t(P'(x))?

L01< (5 +3) [ i@l

Thus,

For any positive ¢, we have |a(z)| < (a(z)® +£°) . We infer that
1 P (x) 1
IL(t)| < (— 3) —_— 2 )2 dg.
|I2(t)| < CoJr /Rl—l—t(sﬁ’(x))?(a(x) +€) x
By integration by parts, we deduce that
1 1 1 a(z)
L) < (—+3 —1/arctan t2d'(z))a' () —————dzx
(0] < (5 +3) 57 [ mctan(te @) (@) 2oy
Co—1
2 [ @lda
t2 R
<Gl
t2

Together with (8.7), this completes the proof of the theorem.

IN

||a/||L1(R)~

8.1.4 Dispersive Estimates for the Wave Equation

The wave equation is a simplified model for the propagation of waves in a
physical medium. In this subsection, we shall only consider the case of an
isotropic medium so that the corresponding system reduces (after suitable
normalization) to

Ou=0
W) {

(u, Opu) jp=o = (uo, u1).

Here, O denotes the wave operator 87 — A. The unknown function u = u(t, z)
is real-valued and depends only on (¢,z) € R x RY.

In the one-dimensional case d = 1, it may be easily shown that the solution
of (W) is given (in the smooth case) by d’Alembert’s formula,

x4+t

u(t,z) = %(uo(ert)Jruo(xt)Jr/z ul(y)dy),

—t

s0 we cannot expect the wave operator to have any (global) dispersive property
or smoothing effect.
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In the case of dimension d > 2 that we are going to study in the rest of this
section, the situation is rather different. Easy computations in Fourier vari-
ables (similar to those which were carried out in the proof of Proposition 8.3)
show that we have the following result.

Proposition 8.14. If ug and uy are tempered distributions, then the unique
solution of the linear wave equation (W) in C(R;S’) is of the form

ut) =UT(t)ys + U™ (t)y-  with
def Liplel = o defly 1
FOH00)© L T and 7329 =2 5 (@000 % 550 (©).
Combining the above formula with Theorem 8.12 will enable us to prove the
following dispersive estimate.

Proposition 8.15. Assume that d > 2. Let C def {€eR? r < |¢| <R} for
some positive v and R such that r < R. A constant C then exists such that
if U and uy are supported in the annulus C, then u, the associate solution of
the wave equation (W), satisfies

C
)]z~ < rEa (luollLr + llwal[Lr)  for all & # 0.

Remark 8.16. As the support of the Fourier transform is preserved by the flow
of the constant coefficients wave equation (a property which is no longer true
in the case of variable coefficients), the Fourier transform of the solution w is,
at each time ¢, supported in the annulus C.

Proof of Proposition 8.15. Due to the time reversibility of the wave equa-
tion, it suffices to prove the result for positive times. Let ¢ be a function
in D(R?\{0}) with value 1 near C. According to Proposition 8.14, we then
have

ult) = K* () <75+ K~ (6,) %5 with
—x def R def i(x %
FE < r l(gafyi) and Ki(t,x) = /de( 1) e* tm‘P(f)d@
R

We will temporarily assume the inequality

IKE (e < -2 for >0, (8.8)

= Ta-1
t
We then immediately get

C
[u()llze < =
t =2

<IW+IIL1 + |W||L1).

Now, because
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T = S(wo Fihxw),
where the L! function h stands for the inverse Fourier transform of | - |1y,
we get the desired inequality for ||u(t)||pe.

In order to complete the proof, we establish the inequality (8.8). As the L™
norm is invariant under dilation, it suffices to estimate ||K(¢,t-)|/p~. Now,
Theorem 8.12 implies that

oy —d
|KE(t, tx)| < tdiJrC’/c (1+t’x:|:|g ) d¢, where

e ecesfex |5

If C, is not empty, then = # 0. Hence, we can write the following orthogonal
decomposition for any & € C,:

E=C 4+ ¢ with ¢ = @i)i and (' = ¢ — (g‘i)i.
||/ || ||/ ||
Knowing that ¢’ is orthogonal to the vector x, we infer that
S 1<
T2
’ €| = Tel
Therefore, using the fact that » < || < R for any £ € C, we get

|KE(t, tz)| < %JFC/ %dc’dgl.
£ Je (L¢P

The change of variables ( = t2¢’ gives (8.8). This completes the proof of the
proposition. O

8.1.5 The L? Boundedness of Some Fourier Integral Operators

In this subsection, we prove the L? boundedness of a particular case of Fourier
integral operators. The proof relies on the techniques of Section 8.1.3 and will
be useful in Chapter 9.

Consider a real-valued smooth function & over a neighborhood of R% x A4,
where A is a compact subset of R? such that for any ¢ in A,

x — 0eP(z,§)

is a global 1-diffeomorphism of RY, in the sense given on page 41 (with a
constant C' independent of £), and is such that for any £ > 2

Ny(®) = sup  |0gD(x,&)| < oo.
(z,£)eR? x A
[af <2
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Theorem 8.17. Let ¢ be a phase function satisfying the above hypotheses.
Let o be a smooth function supported in R? x A. Consider the operator T
defined on S(R?) by

7(9)(x) % /A PO (2, €)(E) d.

Then, T extends to a bounded linear operator on L2, and there exists a con-
stant C, depending only on N¢(P) and the supremum of a certain number of
derivatives of o, such that

IZ@W)llz2 < Cllllz= for all ¢ € L. (8.9)

Proof. Arguing by density, it suffices to prove that (8.9) holds true for all v
in §. In that case we may write that

1)) = [ K@iy with Koy)© [ @000, ¢) de
Rd A
We now define the first order differential operator £ by

def a — i(0eP(x, &) —y) - O¢a

La
1+ [0¢®(x,§) — y|?

As Le!(P@8=Wl8) = i P(.6)=(l8) we have, for any integer M,
K(ay)] = | [ 00010 (L¥o) 0,y )
< [lee¥a) 0.0 de.

We will temporarily assume the following inequality:

1
(14 |0e®(x,6) — y|*) %

(‘LM o) (2,y,8)| < Cu(®,0) (8.10)

. def o
with Cy(®,0) = C’MNM(@)ls‘up 108 0|l oo (e x 4)-
al<M

Take M = d + 1 and define Cyp def Cay1(®,0). For any ¢ in L2(RY) we
then have

(@Wle@)| < [ 1K@l 0] le)] dedy

1
S CtP,o'/
RixRIxA (14 [0:P(x, &) — y|?)

1 (0)] (@) do dy de.

Applying the Cauchy—-Schwarz inequality for the measure
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(1 + |9eb(w, §) — y[*)~F ) da dy de

gives

‘(I(¢)I¢(w))‘2 <G (/ (1+ Iagsﬁ'(is(,?)li y) i dg)

g </ 1+ |85¢|<1i(,ys)>2— PR dg)'

Integrating with respect to (y, &) (recall that integration with respect to ¢ is
performed over the compact set A) and then in z in the first integral gives

(1+10¢P(x,€) —yl?) =

@@le@)[ < el ( [

Making the change of variable 2’ = 5(;5, €) def 0:P(z,§) and integrating first

in 2/, we conclude that the last integral may be bounded by C|4||3., which
completes the proof of the theorem.

In order to prove the inequality (8.10), we may argue by induction. We
claim that

(LM o) (2,y,€) = fu(x, & 0,P(x,& —y)) with

A (0% (63
V) 19008 Far(2,€,0)] < Nar-ja) (B) SuD o<t 1 0 1020 ezt xn)-

We begin by proving (A;). We have

a+i(0:P(x,€) —y) - Oca

La =
1+ |0:®(z, &) — y?

—adiv L. (8.11)

This implies that

("Lo)(x,y,€) = fi(z,§,0:P(x,§) —y) with
def 1+ 40 - (950’

fl(xaé-ve) - 1+|0|2__0'd[j and
def . Acd  _ D*®(0,0)

d[, =1 — 217 .
L1072 (1 +10]%)?

Now, assume (Apr). Observing that div L(x,y,&) = dg(z, €, 0:P(2, &) —y) and
using (8.11), we get

1+ [0:9(x, &) — y|?
+ (fMdg)($,§7a§¢(1',f) - y)

(LM o (2,y,8) =

Leibniz’s formula then implies that
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M+1 _ 1 +0(0:P(x,§) —y) - (Oefumr) (@, & OcP(x,§) — y)
(LMo, y,€) = L+ |0c(,€) — y?

+ Z 1+ Z(afjé(xag) - y])aﬁyafké(akaM)(xa’f,am@(xvg) - y)
1+10¢P(2,€) — y|?

+ (fMd,C)(xv 53 agds(l', 5) - y)
Thus, (Aps) is satisfied with

Jik

1+140 - Ocfm 3 0¢; 06,900, fus
fM-i-l(x;f? ) 1+‘9‘2 jk 1+|9|2 [,fM
This completes the proof of the theorem. a

8.2 Bilinear Methods

This section describes the so-called TT* argument, which is the standard
method for converting the dispersive estimates (presented in the previous
section) into inequalities involving suitable space-time Lebesgue norms of the
solution. At the end of this section, those inequalities—the so-called Strichartz
estimates—will be used to solve the cubic semilinear Schréodinger equation in
dimension two. More applications will be given at the end of the chapter and
in Chapter 10.

Throughout this section, we agree that the notation || - |[za(zr) stands for
the norm in L9(R; L"(R?)). We now state the “abstract” Strichartz estimates.

Theorem 8.18. Let (U(t))icr be a bounded family of continuous operators
on L? (Rd) such that for some positive real numbers o and Cy, we have

IUOU*#) fllL < 7 t,|gl|f”L (8.12)

Then, for any (q,7) € [2,00]? such that
%4‘ 2=7 and (qr0)#(2001), (8.13)

we have, for some positive constant C,
1U()uollzarry < Clluollze, (8.14)
| [vwsoa],, <l (815)

Moreover, for any (q1,7m1) and (q2,72) satisfying (8.13), we have

H/ f)Har

/tl t Uu*#f')dt

(8.16)

La(Lm1) — C”f”Lqé(Ué)’

piorny S Ol (817)
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8.2.1 The Duality Method and the TT* Argument

The proof of Theorem 8.18 is based on a duality argument and on the Hardy—
Littlewood—Sobolev inequality stated in Theorem 1.7 page 6.
We first note that

IWWWMm@:Sw‘/ U (t)u(2)p(t, ) dt do
R x R4

LPqu,T

= sup
pEBg,r

Awmwmmmﬂ,

where dof
€
Byr = {p€ D(RHd;C)/H@Hm’(LW) <1}.

By the definition of the adjoint operator, we have

(uo‘ /R U*(t)(t) dt)L2 .

By virtue of the Cauchy—Schwarz inequality, we deduce that

U (#)uollLa(zry = sup
PpEBy,r»

V@Ol < luolle swp | [0 @evya] . (s19)
wEBg, "' JR L

Therefore, the inequality (8.15) implies the inequality (8.14). In order to
prove (8.15), we write that

H/RU*(t)ga(t) |

L2 = /R2 (U*(t’)‘?(t’)’U*(ﬁ)(p(t))L2 dt’ dt

_ / UOUE)p(), p(0)) de dt.  (8.19)
R2
Observe that if we denote by T' the solution operator
T :uy — [t — U(t)uo},

then
T :p—> /U*(t)@(t) dt.

Moreover, T'T* coincides with the operator
pr— [t — / U)U*(t)p(t) dt/} .
R

The so-called T'T* argument is the observation that the inequality (8.15) [and
thus (8.14)] is a consequence of the inequality (8.16): This is just a matter of

taking (q1,71) = (q2,72) = (¢, 7).
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In fact, in order to prove both inequalities (8.16) and (8.17), it will be
convenient to introduce the bilinear operator

10 [ xeOwOU e s a6

where y is a measurable function on R? with values in the unit disc of C.
In effect, taking appropriate functions y and arguing by duality, we see
that those two inequalities are consequences of the bilinear estimate

T (s D < CUF ot 1ty 191 g 75 (8.21)

for all couples (g;,r;) in [2, 00]? satisfying the relation (8.13). The rest of the
this section is devoted to the proof of the inequality (8.21).

8.2.2 Strichartz Estimates: The Case q > 2

We first consider the case where (q1,71) = (g2,72) and g1 > 2. As (U(¢))ter
is a bounded family of operators on L?, we get, thanks to the dispersive
estimate (8.12) and the linear interpolation result of Corollary 1.13 page 12,

v € 2 oc], IUOU* )z < Mf(l_z)nfm. (5.22)

Therefore, taking p = r;, using relation (8.13), and applying the Hélder in-
equality gives

Ty (fog |<c/ — L O g dt d.

‘ a1
Because ¢; > 2, the Hardy—Littlewood—Sobolev inequality page 6 gives
T < Ot gy 91t ot (8.23)

which is the inequality (8.21) in the case where (q1,71) = (g2,72) and g1 > 2.
As pointed out above, this is enough to conclude that (8.15) holds in the case
q>2.

Next, writing that

Ty (f,9) = /R?X(t,t/) U (@) fENU*(B)g(t)) 2 dt’ dt

/R(/RU*(t’)ft(t’)dt’
def

where fi(t') = x(t,t')f(t'), we get, according to the Cauchy—Schwarz in-
equality and the fact that U*(t) is uniformly bounded on L?,

<t>g<t>) L
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(ol < (swl [ @iserae] ) [l 20

From (8.15), we infer that for any admissible couple (g1, 1) with ¢; > 2,

T\ (f,9)] < C||f||Lq’1(Lr'1)||9HL1(L2)~

Interpolating between the above inequality and the inequality (8.23) [i.e.,
applying Corollary 1.13 page 12 with (¢j,r}) and (1,2)], we get the inequal-
ity (8.21) for any pair of admissible couples (g;,r;) such that 2 < ¢1 < ¢o.
Now, in the above computations, it is clear that the roles of f and g may
be exchanged. Hence, by the same token, we get the inequality in the case
2<q < q1.

8.2.3 Strichartz Estimates: The Endpoint Case q = 2

It suffices to prove that if ¢ > 1, then we have

20
o—1

2
H/RU*(t)gp(t) dth < CllglPagy with r= (8.25)

Indeed, the above inequality clearly implies the inequality (8.15) [and
thus (8.14)]. Next, again using the inequality (8.24) and arguing exactly as in
the case ¢ > 2, it is easy to get the inequalities (8.16) and (8.17).

To prove the inequality (8.25), we shall show that the operator T} in-

troduced in (8.20) is continuous on (L*(R; L"/(Rd)))Q. This result may be
achieved by proceeding along the lines of the method that we used to prove
the Hardy—Littlewood—Sobolev inequality. Indeed, let us decompose the bilin-
ear functional T} into

) = > T(f,9) with

JEZ

7(5.0) < [ GO COU 10,30 e

def
and Xj(t t') = Loi<i— t’|<24+1(t)X(tat/)-
The key to the proof is the following lemma.

Lemma 8.19. There exists a neighborhood V' of (r,r) such that for any (a,b)
iV and any integer j € Z, we have

_iB(a . o
IT5(£,9)1 < C2D |l o gory Mgl oy with Bla,b) =0 =1 == =+

Proof. Using a dilation of size 2/ reduces the proof to the case j = 0. It thus
suffices to show that
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To(f:9)l < CllFll 2oy 9l 2y (8.26)

First, using (8.22), for any a > 2, we get
TUDISC [ OU IOl
1<|t—t|<2
<c [ O eloOl dt
1<|t—t/|<2

which implies, thanks to Young’s inequality (in time), that for any a > 2,

ITo(f,9)] < C||f||L2(La’)||9||L2(La’)~ (8.27)

We now prove that for any a € [2, r[, the following estimate holds:

To(f,9)| < Cllfll pzpanyllgllL2z2)- (8.28)

Let fi(t') def Ti<ji—p<2(t')x(t,t") f(t'). By the definition of Tp, we have

TO(f’g):/R(/R Ut fo(t') dt’

From the Cauchy—Schwarz inequality, we then infer that

U*(t)g(t)) dt.

L2

ITo(f,9)| < C/RH/RU*(t’)ft(t’)dt’

lg(®)lz» dt.
L2

Applying the estimate (8.15) with ¢(a) and a € [2, r[ satisfying (8.13)" leads
to

To(f.9)l < C / 1full ot oyl (81 2 .

We define F,(t) def | £ ()|l ar- Because x < 1, we get, by the definition of fi,

, q(}l)'
To(f, ) < C / ( / Fo ()7 dt') lg(0)] e
RA\J1<[t—t/|<2

1
< [ (sasiorea  FE) ™ @lo(0)12 .
R
Thus, by the Cauchy—Schwarz inequality, we get

LQ(i)' g/l L2(L2)-
t

|T0(f,g)| <C H1{1S|7—‘<2} *F;I/(a)

! Note that this implies that g(a) is greater than 2, which is the case proved in
Section 8.2.2.
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As q(a) <2 and 1{<|r <2} € L', Young’s inequality implies that

H1{13\r|<2}*F H 2, SCFu| 5.

Thus, the inequality (8.28) is proved. Of course, as f and g play a symmetric
role, similar arguments lead to

To(f:9)l < Cllfll2@w2)llgllpz(rery  for any b [2,7]. (8.29)

Taking advantage of the bilinear interpolation result stated in Proposition 1.10
page 10, we conclude that

To(f:9)l < Cllfllzzpary gl 2 vy

whenever (1/a’,1/b') is in the convex hull of

(=l DU r DUt e 3]}

which is obviously a neighborhood of (1/7/,1/7"). Lemma 8.19 is thus proved.
O

Completion of the proof of Theorem 8.18. We shall use the atomic decompo-
sition of f(t) and g(t) defined in Section 1.1.2 page 7. Writing

x)zzck(t)fk(tax) and  g(t',x) Zdz )ge(t', x)
kez tez.

and knowing that

2
0'*1:—0—7
r

we infer that for any (a,b) in V,
T (ck fi, dege)| < Cllickll 2y lldell L2 y2 77 P27
< Cllew g e 2270~

Choosing a and b such that
1 1

for some suitably small €, we then get

T3 (fis 90| < Cllerllpalldell 2 )2~ 2~ 2elio =

< Cllekll 2y l1dell 2 ry 27197~ Fl2m eIk =4,
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This gives

IT(f,9)] < C Y llenll 2y ldell L2y 2o M2k~
7.kl

< CY lerllz ldell L2 @21,
ke

Using Young’s inequality for series, we deduce that
: :
T(f.9) < c(z ||ck|\iz(m) (Z Idell3e s )
< o( [ estopuli ) ([ Iautolear)

The fact that 7 < 2 implies that ||(ck(t))xllez < ||(ck(t))k
properties of the atomic decomposition, we thus get

s < ([ Metneli ) ([ 1otz ar)’
< CHf”LQ(LT’)HgHLz(Lr')' (8.30)

o - Owing to the

Taking f = g = ¢, we get the inequality (8.25), from which follows Theo-
rem 8.18 in the endpoint case.

8.2.4 Application to the Cubic Semilinear Schrodinger Equation

As an application of the results of the previous section, we here solve the
initial boundary value problem for the cubic semilinear Schridinger equation

in R%: i

(NLSs) {z@tu - §Au = P;(u, @)

Ult=0 = U0,

where Pj is some given homogeneous polynomial of degree 3.
Theorem 8.20. There exists a constant ¢ such that for any initial data ug
in L*(R?) satisfying |juo| > < ¢, the system (NLSs) has a unique solution u
in the space L°°(R; L?(R?)) N L3(R; L(R?)).
Remark 8.21. We will first look at the scaling properties of the equation

(NLS3). If w is a solution of (NLS3), then wuy(¢,x) def Au(A?t, \z) is also
a solution of the same equation. In the family of Sobolev spaces, L?(R?) is
the only invariant space.

Proof of Theorem 8.20. Let @ be the nonlinear functional defined by



356 8 Strichartz Estimates and Applications to Semilinear Dispersive Equations

{zatQ(w - 54Q(w) = Py(um)
Q(u))i=0 = 0.

According to Theorem 8.18 and Proposition 8.6, this functional continuously
maps L3(R; LS(R?)) into L>®(R; L*(R?)) N L*(R; LS(R?)). Indeed, using the
fact that the group (U(¢)):er defined in Remark 8.4 is unitary, together with
Duhamel’s formula, we may write

QUu)(t) = / Ut — ) Py(u(t)), u(t')) d’.

0

The inequality (8.17) leads to
Q) L3 m;e r2)) < Ol P3(u, @) || 1 (r; 12 (R2))
< Cllull7s @ zo@m2))-

As Q(u) — Q(v) satisfies

(#90 + 54) (@(w) — Q) = Py, ) — Puv,7),
we get, again using the inequality (8.17),
[Q(u) — Q)| oo (r;L2R2Y)nL3 R Lo ®2)) < Cllu — vl 3 (R;16 (R2))
% (3o zoey + I0l3s@poey ) - (8:31)

It is now obvious that u is a solution of (NLSs) if and only if it is a fixed

point of the map
Fw) ¥ U)o + Q).

Applying Theorem 8.18 and the estimate (8.31) with v = 0, we get that
I ()| 3oy < Clluollzz + Cllullza;o)-

Thus, if 8C?||ugl|2. < 1, then the ball B(0,2C||ugl|r2) with center 0 and
radius 2C||ug|| > in the Banach space L3(R; L(R?)) is invariant with respect

to the map F. Again using the inequality (8.31), we get, for any u and v
in B(0,2C|uo||z2),

[F(u) = F(v)|lLsizey < 8C3(|uolZ2llu — vl s ;o).
Thus, if, in addition,
1
8CSHUOH%Z S 5’

then Picard’s fixed point theorem implies that a unique solution u exists in
some neighborhood of 0 in L3(R; L%). Clearly, the inequality (8.31) (local-
ized on a sufficiently small time interval) implies that uniqueness holds true
in L3(R; L®) without any smallness condition.
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Finally, the energy estimate entails that this solution belongs to L>°(R; L?).
Indeed, multiplying the equation (N LS3) by @, integrating over R?, and then
taking the real part, we discover that

1d
2dt
from which it follows, for all ¢ € R, that

ull2. = Tm /apg(u,a) dz,

t
[u(®)]|z2 < [luollL +C’/ ullZe d7
0

This completes the proof of the theorem. a

We end this subsection with a contraction mapping lemma, a generalization
of the one stated on page 207.

Lemma 8.22. Let X andY be two Banach spaces such that'Y is continuously
included in X, and let L be a continuous linear map from X to X which also
continuously maps Y into Y and satisfies

ILllzxy <1 and ||L|zyy < 1.

Consider a finite, increasing family of integers (m;)1<;<n such that my > 2
and a family (Bj)i<j<n of operators from X™i into X which also map Y™
intoY and are such that for all £ € {1,...,m;},

X — X
T Bj(w1,. .., 20 1,2, T4 1,0, T;)

is linear or antilinear. Assume, in addition, that for any j € {1,...,N},
™m;
I1Bj (@1, xm,)lx < ¢ [] lemlx  and

m=1

1B (1, s ymy)ly < ¢ \uin lymlly T Nl llx

m’'#m

If zo belongs to Y and satisfies ||zolly < ap with

1
def . (1 —max{[|L|lzcx) 1Ll cevy}\ ™"
ap = min and
1<j<N 4(N + 1)mjAmi~le;
def N+1
A = s
1 —max{||L| z(x), | Ll vy}

then the equation
N

m:xo+Lm+ZBj(x,...,x)
j=1
has a unique solution in the ball with center 0 and radius 2cg in X, which
also belongs to Y.
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Proof. Consider the classical iterative scheme
N
Tnt1 = o + Lz,) + ZBj(IEn, cey X))
j=1

We have

N
|zn+1llx < llwollx + 1Ll 2o lnllx + ) ejllznlly
j=1

Assume that for any n’ < n, we have ||z, || x < Al|lzo||x. Then,

N
mi— m;—1
Jonsillx < lwollx (1+ ALl + A A™ esllao 7))
j=1

Thus, if ||zo]|x < « with

N [Lllecx)) \™ T
1<G<N\ ¢ (N +1)Ami—1

then ||zn11llx < Allzollx. We will now prove that if ||zo||x is sufficiently
small, then (z,)nren is a Cauchy sequence in both X and Y. We have

N
Tng1 — T = L(xpn) — L(xp-1) + ZBj(a:n, o @n) — Bj(zpo1, . Tas1).
j=1

For each j, the difference Bj(zn,...,2n) — Bj(@n—1,...,Zn—1) is the sum
of m; terms of the form Bj(zp,...,&n,Tn — Tp-1,...,Tn-1,...,%n—1). This
gives

N
L c—1
[Znt1 — Tullx < |0 — 2n-allx <||L||£(x) + D emy AT ||| )
j=1

Thus, if

lzollx < o %

1
: (= lLlleex))  \™?
min ,
1<GEN (N + 1)m; A™i—te,
then (2, )nen is a Cauchy sequence in X. Now, using the estimate involving
the space Y, we get that if

1
(1 —max{[|Llz(x)), |L|£(Y)})> i

lzolly < ao def min
- (N + 1)mj2mfflcj

1<j<N

then (2, )nen is also a Cauchy sequence in Y. The uniqueness is then obvious
and the lemma is proved. a
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8.3 Strichartz Estimates for the Wave Equation

We now come to some applications and refinements of the Strichartz estimates
for the linear wave equation. Those estimates turn out to be of particular im-
portance for the study of semilinear wave equations (see Sections 8.4 and 8.5).
For simplicity, we shall focus on inequalities pertaining to the interval [0, T
for some given T in ]0, oo]. It goes without saying that similar results may be
proven for any time interval since the generic constant C that we shall use
below does not depend on T.
In the rest of this chapter and in Chapter 9, we adopt the notation

d:ef def

g (811’”"81‘1)’ V= (at78$17"'ﬂazd)u and 0y d:efata

which is commonly used for semilinear and quasilinear wave equations (and,
in particular, for the Einstein equations in relativity theory). Note that, here,
the meaning of the operator V is different from in the other parts of this book
as it also involves the first order time derivative.

8.3.1 The Basic Strichartz Estimate

We first introduce the following definition.

Definition 8.23. We will say that a pair (q,r) in [2,00]? is wave admissible

if there exists some T in [2,r] such that
2 d—-1 d-1
+ =

. = 5 with  (¢,7,d) # (2,00, 3). (8.32)

The main result of this subsection is the following.

Theorem 8.24. Assume that the space dimension d is greater than or equal
to 2. For any wave admissible pairs (q1,71) and (q2,72), a constant C exists
such that for any j in Z,

IV Ajull yar ey < C29 | A;Vu(0)]| 2 + czj”f“llAjDulquTg by (8:33)
with
d 1 1 1 1 1 1 1
(R
2 n 1 Ty T2 @ g

Proof. The solution u of the linear Cauchy problem (W) can be written as u =
v + w, where v is the solution of the homogeneous wave equation

02v— Av =0
(’U7atv)|t:0 = (u07u1)7

and w is the solution of the nonhomogeneous wave equation
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{8t2w—Aw=fd=efDu

(w, Oyw)|¢=0 = (0,0).

Using the notation introduced in Proposition 8.14 and Duhamel’s principle,
we can write, for all ¢ € [0, T,

o(t) = U (t)ys + U ()7,
w(t) :/O (U+(t ) () + U (¢ —t’)f_(t’)) dt’

with Fi(t.6) = 45 7(0.9).

From Bernstein’s inequality, Proposition 8.15, and Theorem 8.18, we infer
that for any couple (g;,7;) satisfying (8.32), we have

1407l 571 < (1 40TuO) 1 + 1307 g1, )
Since r1 > 71 and ) < 7%, we deduce, using Bernstein’s inequality, that

40Pl g0y < C 1AVl + Vo, )
This gives the result for j = 0. The result for all j € Z follows by means of an
obvious rescaling. a

The two simple corollaries that we state next will prove to be very useful in
the next sections.

Corollary 8.25. For any wave admissible pairs (q;,r;) and any real o, a
constant C' exists such that, using the notation of Theorem 8.24,

IVl 1 5o ) < C<||VU(0)||HG+M + [Bull <B:/+;w>)' (8.35)

5.

Proof. Thanks to Theorem 8.24, we have, for any j in Z,
27| 4;Vulgp 10y < CF T4, Vu(O)]| 2 + OV ATl gy

Taking the ¢?(Z) norm of both sides, we get

1
. . 2
(214, Vull ) )< C(IT0O) e
JEZ
1
2

2j(otu12) || A . 2
" (Zz ”AJDu'L“#(Hé)) )

JEL

As g1 > 2 and ¢ < 2, the Minkowski inequality implies the theorem. O
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Remark 8.26. Note that the “natural” norms which appear are the ones which
were introduced in Definition 2.67 page 98. For instance, as a by-product of
the proof of Corollary 8.25, we have the (slightly more accurate) inequality

||Vu||qu1(B"T’172) S C<||vu(0)||H”+M1 + ||Du||Z;é(B:;r;12)) (836)

whenever (q1,7r1) and (ga,72) are wave admissible pairs.
The following corollary is particularly useful.

Corollary 8.27. For any wave admissible pair (q,r), a constant C' exists such
that

. 1 1 1
lullzgzry < € (IVsO s + 100l i) with p=d(5 =)~
Proof. Applying Corollary 8.25 with (ga,72) = (00,2) and o = —1, we get

g a0, < C(IF0O) s + 100l g gy )
Theorem 2.40 page 79 implies the result. a

Remark 8.28. The term 1/q in the definition of the index p may be interpreted
as a gain of 1/¢ derivative compared with the Sobolev embedding.

Corollary 8.29. For any wave admissible pairs (q1,71) and (g2,72), and
any p such that

1 1 1 1 1 1 1
T S T R VI (EF S IR i

2 n Q1 L T2 QG Q2
a constant C' exists such that
lellzgy iy < C(IVuO) s + 100l 5, )- (8:37)
Proof. Applying Corollary 8.25 with o0 = —1, we get that
lolage oo, < C(IV0O) s + 100l g )
5,
Theorem 2.40 page 79 implies the result. a

In dimension three, the endpoint estimate [i.e., the control of the L?*(L>)
norm] for solutions of the Cauchy problem (W) turns out to be false. However,
the following logarithmic estimate is available.

Theorem 8.30. Assume that the dimension d is equal to 3. Let C be an an-
nulus. There exists a constant C such that for any positive real numbers A and
T, and any function u such that for any t, the support of Fu(t,-) is included
in AC, we have

el (1) < € (logle + AT (IVu(O)llgz + [Dullpy z)). - (8:38)
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Proof. The proof relies on the TT* argument in a rather simple way, starting
as in the proof of Theorem 8.18. Defining U (t)~y def FH(eEh7(€), we have

T
0 ez mye=) < Ileesu| [ U)ete) i

r2’

where the supremum is taken over the functions ¢ with |l¢l|lz2 L1y < 1 and
such that for each ¢, the support of F(t, -) is included in AC. Using a dilation
of size A, we then observe that it is enough to prove the inequality in the
case where A = 1. As previously, we write, using the fact that U is a unitary
operator,

H/OT U(t)e(t) dt‘

2 (/o Ut )p(t') at’ /0 U(t)e(t) dt)L2
= /[‘0 - (U(t — tl)SD(t/)’SD(t))Lz dt' dt.

Thanks to Proposition 8.15 and because Supp @(t,-) C C, we have

C
U = #)p(t)[ L~ < mll@(t)l\u,

U=t~ < ClUE=t")p()llL2 = Clle@)|ze < Clle@)] L
Therefore,

1
o T
< Clog(e + T)lloll72(0,77.0)-

2
<C
L2 =

H/OT U(t)e(t) dt’ le@llz o)l e dt’ dt

Thus, Theorem 8.30 is proved. O

8.3.2 The Refined Strichartz Estimate

In some situations (which we shall encounter later in the study of nonlin-
ear dispersive equations), the standard Strichartz estimates are not accurate
enough to control the nonlinearity. In this subsection, we will give some refined
Strichartz inequalities.

Theorem 8.31. Let u be a function on R X R such that for any t, the support
of the Fourier transform of u(t,-) is included in some ball B(&;, h) with ;| €
[2772,29%2] and h < |&;|/2. Then, for any wave admissible couple (q,r), we
have

1

o1 . 1 1
Vel zagery < C2* 03 (IVu(0) 2 + Ol o)) with p=d(5— ) =
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Proof. By virtue of Theorem 8.18 page 349, dilation arguments, and Duhamel’s
principle, the theorem reduces to the following proposition. a

Proposition 8.32. Let & in R? be such that |&| € [1/4,4]. A constant C
exists such that for any h € ]0,|&]/2] and any v € L', the Fourier transform
of which is supported in the ball with center & and radius h, we have

_ i€~ . h
Yt >0, |F l(ei t\f\»y)”Lx < C’mln{tdf1 7hd}||fy\|L1.

2

Proof. We shall follow the idea of the proof of Proposition 8.15. It is obvious
that under the hypothesis of Proposition 8.32, we can write

u(t) = Y KE(t,h,-)x7*  with
+

7+ L F L p(eF*() and
K*(t, b, z) 9 /]Rd ei(m|£)it\£\¢(%) i,

where ¢ € D(R?\{0}) has value 1 near the annulus {€ € R? /1/4 < |¢] < 4},
and ¥ is a function in D(R?) with value 1 near the unit ball.
First, we note that we obviously have

I, hy )| < CRT. (8.39)

Therefore, along the same lines as the proof of Proposition 8.15, it is enough
to prove that the kernel K+ satisfies

Ch

1K= 0 Yl < (8.40)
Note that the inequality (8.39) implies that
h
|KE(t, h, )| < ?71 for th? < 1. (8.41)
t 5

In the case where th? > 1, we shall proceed as in the proof of Theorem 8.12,
except that we will have to control the dependency with respect to h. In order
to do so, we introduce the following definition.

Definition 8.33. Let 2 be an open subset of R x R* such that

def

Vhe]0,1], |2, <1 with 2, = {£€R?/ (& h) € 2}

Let 5(9) be the set of functions ¢ from 2 to C such that for any h € IIg«(£2),
where IIg« denotes the projection of £2 on R*, the map

§— (&, h)
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belongs to D(£21,) and satisfies, for all k € N,

def |sup 1(hde) (&, 1) poe 2) < 00
hel0,1]

We first consider the nonstationary part of the integral which is described by
the following lemma.

Lemma 8.34. Assume that

V(& h) € 2, |VP(E)| > coh  with ¢y > 0.

Then, for any integer N, an integer k and a constant C exist such that

, C
itP () < -
‘/]Rde ¢(§>h)d§ = (\t|h2)N”w“k’D(”)|Qh|

for any t # 0 and positive h.

Proof. Exactly as in the proof of Theorem 8.8 page 340, we shall consider the
first order differential operator

def
—1 Z |vq§|2 9,

which obviously satisfies

(") = t L.

From repeated integration by parts, we then infer that

1(t,n) 4 / " Op(¢, h) dg
Rd
_ tiN/]Rdeit@(f)((tﬁ)Nw)(fvh)dg'

‘We now observe that

A D*®(VD, VD)
tra = —La — (di h def —i % ? .
La La— (divL)a with divLl |V€Zi|2 +2i R

For any 1) € D(£2), we write

d p-19. ) 2 -1 -1
oL Zh ajqﬁhajwiw AD  2D*@(h'V,hT'Ve)\ )
h? = |h=1VP|? |h=1VP|? |h=1V P[4

Recall that on the support of ¢, we have |h=*V®| > c¢y. Hence, for any
integer k', there exist an integer k and a constant C' such that
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C”@[’Hkﬁ(m
hr

An obvious (and omitted) induction then implies that

||t£1/)||z,ﬁ(rz) <

C
1L Yl <
This proves the lemma. a

In the case where |V®| < ¢oh, we use the method of the proof of Theorem 8.9
page 341.

Lemma 8.35. Assume that
V(& h) € 2, [VP(E)| < coh.
Then, for any integer N, a constant C and an integer k exist such that

1
(1 +t[Ve )N

W e B, ’/Rd PO (¢, h) df‘ < C||1/JH1€,15(Q) /Q “

Proof. We use the differential operator £; introduced in (8.2) page 341:

9,800

a
Lra— — 0 ;5 _%%%0
T T v i 11tV

j=1

It is clear that L;(e*?) = e/?. Using repeated integration by parts, we get

/ eit@(f)w(&-’ h) dé- — / eit‘f‘(f) (tﬁt)Nw(f’ h) df
R? Re

We now state the equivalent of Definition 8.10 page 342 in the present context.

Definition 8.36. Let 2 be a domain of RYxR* and N a real number.
We denote by SN the set of smooth functions f on £2 x R? such that for
any (o, ) € N¢ x N%, a constant C exists such that
o N8|
sup |(hde)* 0y f(&,h.0) < CL+10]) "=
(&,h)en

We shall now prove that if f is in S, then

‘L(F(Eh VD)) = gle h I VB(E) with geSMTE (3.42)
In order to do this, we recall the formula (8.5) page 342:
VO(S) - Va(§)
t _
b= e

IAD(E) +1  2iD*Pe(0,0)
14162 (1+10]2)?

+0(€,t2VP)a(f) with

o(§,0) =
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The main point to check here is that if f € S™, then

O, P()0, (€1, 0)  np s
txpe <%

(8.43)

Leibniz’s formula implies that

15|02

= Y CYCF (hde)™ O, b()
o' <a

B'<p

o ’ _ ]_
x (hdg)* =" D, 0y £(€,h,0)dy " <T9|2>

(hag)aag(

Because we have |V@()| < ¢oh for any (&, h) € £2, we get

, a1
’agjqﬁ(s)(hag)“azﬁ? 7(&.0)05" (WM

’ ' 1
gc*h‘(hag)aagjag (& h0)0)~° <1+|9|2)"
Thus,

1
14102

M—2—|3]
2

0, 0(6)00)°06,55 161,005 (10 )| < ca+ o)

If o # 0, then

, , , _ ’ 1
‘(hc’k)a 0, B(€) (hOe)*~ ¢,y f(¢.h.0)9) " <1+|e)‘

1" ’ ’ / 1
< Ch su 0% D|| oo ) |(hO)* ¥ B¢ 02 F(€,h,0)0°P ( )‘
- (2§\a"|§p|a\+1 1€ 2l )’( ) €0 S8 0. 0)3% 1+ 102

This completes the proof of the assertion (8.42) and thus of Lemma 8.35. O

We can now give an analog of Theorem 8.12.

Lemma 8.37. Let ¢ € D(£2) and

I(t,h) = / ey, h) de.

Then, for any couple (N, N') of positive real numbers, there exist two positive
constants, C'y and Cy-, such that
CN C’N’
I(t,h g—ﬂh+/ 7 dg,
IS G|l |, T ave@ry

where (2, ¢ denotes the set of points & € 2y, such that [VP(§)| < coh.
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Proof. Tt is only a matter of decomposing I(t, h) into

) = [0 0 (T )pe mag+ [y (YD) e, ae,

where ¥ is a function in D(R?) with value 1 near the unit ball, and applying
Lemmas 8.34 and 8.35. ad

Completion of the proof of Theorem 8.31. Applying Lemma 8.37 with

€l

we get

C "
K*(t, h,tx gi_lh%r/ N de -
B hto)l < o ar B | T ave Ry ©

As in the proof of Proposition 8.15, we decompose £ into

£=¢+¢ with 41:(5‘%)%' and C’zf—(g‘%) z

]

As 2, ¢ C B(&o, h), (1 varies in an interval Ij, of length 2h. Thus,

1 dc’
/QM, (1 +t|Vo(&)2)N *= I (/Rdl 1 +1t|<’|2)dCl
Ch

— d—1

t =2

This amounts to proving Theorem 8.31. a

This refined Strichartz estimate leads to the following endpoint logarithmic
Strichartz estimate in dimension d > 3.

Theorem 8.38. A constant C exists such that for any T, any h < 1, and any
function u such that for any time t, the support of u(t,-) is included in a ball
with radius h and in the annulus C, we have

1
lull g2y < C (2 og(e +T))* (IVu(O)llze + [Dull g i) - (8.44)

Proof. The proof is very close to that of Theorem 8.30. Indeed, if we de-
fine U(t)y & F-1(e€1)7(¢), then

T
0O eomyz=) = Inlleesup] [ Uteote) ae]
0
where the supremum is taken over the functions ¢ with [l¢[|z2 L1y < 1 and
such that for each ¢, the support of Fp(t,-) is included in a ball of radius h
and in the annulus C. As U is unitary, we have
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; - (/OT Ut)p(t) dt’ /OT Ut dt’)L2

B /[0 T]2 (U(t - t/)QD(t)hp(t/))Lz dt’ dt.

|| vwewa

From Proposition 8.32, we can easily prove that

hd—2

Ut =B~ < Cr—pp

Therefore,

T 2 1
< d—2 ) / L dt
| voreal, <ont= | gl @l le @l a

< Ch*?log(e+ )@l 72 (0,10:11)-

Thus, Theorem 8.38 is proved. o

8.4 The Quintic Wave Equation in R®

In this section, we investigate the quintic wave equation in R?:

( +

Ou+u® =0
W5

(u, atu)|t:0 = (ug,u1).

We shall prove that the equation (W5i) is locally well posed in the scaling
invariant space C([0, T]; L?) N L>([0, T]; L19).

d
Theorem 8.39. If v :ef Vui—o belongs to L?, then a positive time T exists
such that the Cauchy problem (W5) has a unique solution u in

Br d:ef{u € 15((0,7); L'%) / Vu € C(f0,7); 12)}.

In addition, u satisfies the following continuation criterion. If T* denotes the
mazimal time of existence of u in Er, then:

— There exists a constant ¢ such that if |v||L2 < ¢, then T* = 400 and the
solution belongs to

LR HY) N L(RT; L),
— If T* is finite, then
-
[ et de =+
0
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Proof. Denote by B(uy,...,us) the solution of the wave equation

DB(Ul,- H 7u5) = 71_[?:1 Uj
B(Ul, .. .,U5)|t:0 = atB(ul, e ,U5)|t:0 = 0,

and by up, the solution of the free wave equation Ou = 0 satisfying upr(0) = ug
and dyup(0) = ug. A solution of (W5s) is a fixed point of the map

ur— up + B(u,...,u).
The energy equality, Corollary 8.29, and Hoélder’s inequality together imply
that for any T,

5

IVB(ui, .. us)llLge 2y + 1Bua, - us)ll g zioy < C T Nusllg zro)-
j=1

Provided that [[ur|| g p10y is sufficiently small, Lemma 8.22 page 357 ensures
the existence of a solution with the desired properties on the interval [0, T7].

More precisely, in the case where |7y]z2 is small, we readily get global
existence because, owing to Corollary 8.27,

lurllLs Loy < CllyllLe-

Now, if ||y]/z2 is not small, we may decompose 7 (as we often do in this book)
into its high-frequency part and its low-frequency part, as follows:

v =857+ (Id =S;)7y.

Denote by u? y and u}} ; the respective solutions of the free wave equa-
tion Ou = 0 associated with Sy and (Id —S)7y. As we know that

lim [|(1d )] 2 =0,
j—o0

according to Corollary 8.27, for all positive € there exists some J € Z such
that

”u}}*‘,JHLC’(LlO) <e. (8.45)
For the low-frequency part we use Holder’s and Bernstein’s inequalities, which
imply that

‘L%O(Llo)

1 _J
< CT525 |[uf sl 5o 1o)-

1
HUZF,JHLST(LIO) < T |uf,y

Using Sobolev’s inequality and the energy equality thus yields that
g1
Hu%,JHL%(LlU) < C25T5 1y e
Together with (8.45), this gives that
},@0 lurllLg. L0y =0,

which leads to local well-posedness for any data in L2.
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Finally, we prove the blow-up criterion. Consider a solution u of (W5i) on
the interval [0, 7' such that

T
/ ()30 dt < 0.
0

Using the energy estimate between ¢’ and ¢ (with ¢’ < t) gives
g gy g
t
IVu(®) = Vu)lze < [ (") G0 dr".
t/

Thus, a function up exists in H' such that

lim u(t) = up in H.
t—T

The local well-posedness part of the theorem then implies that u can be con-
tinued beyond T'. This completes the proof of Theorem 8.39. O

8.5 The Cubic Wave Equation in R3

The cubic wave equation was introduced in the context of field theory and is

of the form
( n Out+u®=0
’ (u, Byt) =g = (tg, u1),

where the unknown function u has real values and depends on (¢, z) in R x R?.

8.5.1 Solutions in H?

First, we shall prove that the equation (ng) is locally well posed for initial
data (ug,u1) in H' x L2

Proposition 8.40. Assume that ~y d:ef Vu(0) belongs to L?. There exists
a positive time T such that (W?)i) has a unigque solution u, where Vu be-
longs to C([-T,T];L?). Moreover, if |T*,T%[ denotes the mazimal inter-
val of existence of the solution, then there exists some constant ¢ such that
Tt > cllyllz3.

Proof. Define the trilinear operator By (a1, az,as) as the solution of

{DB:I:(alv as,az) = Faiazas

By(ay,az,a3)4—0 = 0tB+(a1,az,a3)—o = 0.

Thanks to the energy estimate and the Sobolev embeddings (see Theorem 1.38
page 29), we get
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|VBx(ay,az,a3)| Lo (—7,13;02) < llarazas||pr(—1,1);02)
3

<T H llael oo (= 7,77 29)
=1

3
< TH laell oo (177550
=1

Now, the solution up of the free wave equation with data (ug, u1) satisfies
IVup| Lo (—rry:02) < [17llL2
Hence, Lemma 8.22 yields the desired result. ad

In the defocusing case [namely, the case (W3], the equation is globally well
posed, as stated by the following result.

Theorem 8.41. If the initial data ug is in L* and such that v belongs to L2,
then there exists a unique global solution u of (W;) such that Vu belongs
to C(R; L?). Moreover, this solution belongs to L°°(R; L*), and satisfies

1 1 1 1
SITu@I: + ZIu®)lLe < Sl + 71uOlE: for all te R

Proof. Formally, this follows easily from the energy estimate. However, we
have to justify that u(t) belongs to L*. Therefore, we consider a solution
of (W5") such that Vu belongs to C([-T,T];L?) and u(0) belongs to L*,
and a sequence (uy)nen of functions which are C! in time, and smooth and
compactly supported in the space variable, such that

lim Vu, =Vu in C([-T,T);L?).

n—oo

We can write that

1 1 !
—/ up (t, ) de = —/ ur (0, ) dx—l—/ / ud (t', 2)Opun (t', ) dt’ da.
4 R3 4 R3 0 R3

Thanks to Sobolev embeddings, we have

t t
lim / / ui(t’,x)@tun(t’,m)dt’dx:// w (', 2)0pu(t’ ) dt’ da.
0 R3 0 R3

n—oo

This gives that u(t) is in L* for any ¢ and that

1 1 !
Z||u(t)||‘i4 < Z/ up(z) d +/ / ud(t', x)opu(t’, x) dt’ da.
R3 o Jrs

As u? = —Ou, we have
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1 t
—lu(@®)||7s < —/ ug () dx—/ / Ou(t', z)0pu(t', z) dt’ d.
4 4 R3 0 R3

Using an omitted density argument, we can write that

t
1 1
/ / Ou(t', 2)0pu(t’, x) de dt’ = — - |[Vu(t, )72 + 5 ]
0 R3 2 2

This gives

1 4 1 4 1 2 L 2
Tt < 5 [ uble) do = SIVaOI: + 5113
Proposition 8.40 implies, in particular, that if, say, 17y is finite, then the
norm ||[Vu(t)||z2 goes to infinity when ¢ tends to 77. From the above in-
equality, we can thus deduce that the solution is global. O

8.5.2 Local and Global Well-posedness for Rough Data

We first show that both equations (W5") and (W;) are locally well posed for
data in the scaling invariant space H 3 x H 2.

Theorem 8.42. If v belongs to H_%, then a positive time T exists such that
a unique solution u exists in L*([-T,T] x R3) which is, in addition, such
that Vu is in C([-T,T]; H_%). Moreover, there exist two positive constants, ¢
and C, such that if HV”H‘% < ¢, then the solution u is global and satisfies

Vul + llullpagisy < Clll -3 - (8.46)

Lw(R;H*%)
Proof. By Holder’s inequality and a Strichartz estimate (Corollary 8.29), we
get

| B(a1, a2, a3)|La(-1,1)xr3) < Cllaiazas]|

3

<C H llaell (=71 xr3) (8.47)
=1

L3 (=T, T)xR3)

and
sl pagasy < Clll, s
Decomposing ~ into
. def —1 ~
Y=7.rR+Yr With vy r = F (Ior)7):
we then get, by virtue of the Sobolev embedding H AR L4,
11
lurllzs(rzixms) < CTERE L, 3 + Iausll, s

As Rlim ”W*R”H*% = 0, the whole theorem is proved using Lemma 8.22. O
— 00
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It turns out that the equation (W3°) is also well posed in H® x H*~! for
any s € ]1/2,1]. Note that this result is not an obvious consequence of the

previous local well-posedness statement since H z and H* are not included in
one another.

Proposition 8.43. Let s be in |1/2,1] and consider an initial data in H* x
H*™L. Define the wave admissible couple (qi,71) by

(1 1) d_ef(l—s 2—5)
q1 }7"1 B 2 ’ 6
A positive time T then exists such that a unique solution u of (ng) erists in

the space L4 ([T, T1; L™ (R*)) which is, in addition, such that Vu belongs to
the space C([—T,T); H*~'). Moreover, if |T*,T| denotes the mazimal time
2

T 2s—1

interval of existence, then |T%| is greater than cl|ly[ ,2°}" .

Proof. We introduce the wave admissible couple

(1 1>d_ef<1—s s)
QQ,’I’Q o 2 72

From Corollary 8.29, we infer that

wrl Lo (R;L™1 (R?)) < Clivllgrs-1,

||B(a’1’ az, a’3)||qu ([=T,T);L71 (R3)) < Ha1a2a3”Lq’2([7T,T];Lr§ (R3))"

Noting that
1 3
T—lzré and — — —=2s5—1,
3 4z q1

we get

3
”B(a’lv az, a3)||L‘11 ([-T,T);L™1 (R3)) <C H Haf||L3rJ§ ([~T,T];L™1 (R3))
(=1
3
< T T laell por (ormpsnm zoy) -
=1

Applying Lemma 8.22 then allows us to complete the proof. a

We now give a technical statement which will be useful in the next subsection.

Lemma 8.44. Let s be in ]1/2,1[ and consider an initial data such that
belongs to H*~' N H~z. Let u be the solution given by Theorem 8.42. There
exists a constant C such that for any couple (q,7) # (2,00) satisfying (8.32),
we have

[l - < Clllgo-r- (8.48)
La

2
(-T.T):B, " (R%))
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Proof. Observe that, according to Corollary 8.25 and Theorem 2.40 page 79,

||VB(G,1,G,2,G,3)|| 2 < C||a1a2a3|\

s—1-2

Li([-T,T);B,., ) S+ ([— TT]L2 )
2
< 041_11 ||a€||L4 ([-T,T] ><R3)||a3|| 2 7ty (8.49)

We first take (¢,7) = (2/5,2/(1 — s)). Also using (8.47), Lemma 8.22 implies
that u belongs to L= ([-T,T]; L%) N LY([~T,T); L*) and satisfies

Applying (8.49) and Corollary 8.29, we then get (8.48), and the lemma is
proved. a

< Clhllga-s-

LT )L TR ) =

8.5.3 The Nonlinear Interpolation Method

In this subsection, we want to prove that in the defocusing case, the cubic wave

equation is globally well posed for (ug,u1) € H i x H1, that is, at a level

of regularity which is less than 1. For this, the very structure of the equation

(namely, the defocusing assumption) has to be used, combined with an inter-

polation method between H' and H 2 (i.e., between spaces for which global

well-posedness and local well-posedness, respectively, has been established).
We now state the main result of this subsection.

Theorem 8.45. Assume that v € H™ 3. A unique global solution of (W5h)

then exists in L} (R; L®) which is, in addition, such that Vu is in C(R; H3).

Proof. The proof relies on a nonlinear interpolation method: For any integer j,
we decompose the initial data as

g def h def

(8S Uuop, S Ul) and ’)/] (3(1(1 —Sj)uo, (Id —Sj)ul)
On the one hand, as (ug,u;) belongs to Hi x H‘i the high-frequency part
will be small in H2 x H *%, giving rise to a global solution, according to
Theorem 8.42. On the other hand, the low-frequency part satisfies a modified
cubic wave equation for which the basic H' energy estimate makes sense. For
arbitrarily large time T, it will then be possible to choose j so that the solution
exists on [T, T].

We will now be more specific. Denote by v; the (global) solution of (W;")
associated with the Cauchy data 7;? given by Theorem 8.42, which exists
provided we choose j such that

_i
I,y <273, s < (8.50)

As 'yjh obviously belongs to H*%, applying Lemma 8.44 with s = 2/3 implies
that v; € L3(R; L°).
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Next, we decompose the desired solution u into u; + v;, where u; is the
solution of the modified cubic equation

Ow + w3 4 3w?v + 3wv? =0
(W3 v) { v _
( w)|t:0 =7
with v = 7% and v = v;. Note that ¢ obviously belongs to L? N H-1.

The properties of the equation (Ws,) are described by the following
lemma.

Lemma 8.46. Let v € L3(R; L8) and v € L?> N H~i. There exists a pos-
itive time T such that (Ws,) has a unique solution w, where Vw belongs
to C([=T,T); L?). Moreover, T can be chosen greater than

—2
c(Ivllze + llvllzs@sce))
and Vw belongs to C([-T,T); H*i),

Proof. Combining the Holder inequality, the embedding H* < LS, and the
energy estimate yields

3
IV B(ax, a2, as)l| L (—r7:e2) < T [ [ IIVaell Lo (—r.13:2),
=1
) 2
IVB(v, a2, as)l| L (-r.13:2) < T3 [[0lls@see [ [ IVaell L -r.rye2),
=1

1
IVB(v,v,a)|| Lo (—1,13:L2) < T3 0] 23R 16 IV all Lo (=111 L2)-

Lemma 8.22 then implies the first part of the lemma. In order to prove that Vw
belongs to C([—T,T); H~ %), we can use the fact that, owing to the Sobolev
embedding L7 (R%) < H~3(R?) (see Corollary 1.39 page 29), we have

|Vl 1) < IV -g + Ol + 3w + 3w,

Lo ([T, T~ (=T, T:L %)

Now, using Holder’s inequality and the Sobolev embeddings H %(R?’) —
LA(R?) and H'(R?) — L5(R?) (see Theorem 1.38), we can write

[ [FPRPES —T”V“’”2°°[ 1) IVl e ity

||UU’2||L1 Al Lﬁ)<T3||V’W|| sl }r4)||vw||L°°( 12Vl L -7,

||z?w||L1([,T,T];L¥)STs |Vl

Loo([—T,T; H*Z)HUHL3 ([-T,T}L%)"
The lemma is thus proved. a

Proof of Theorem 8.45 (continued). 1f we now denote by 7 the maximum
time of existence of (W3 ,,), the matter is reduced to proving that
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. *
I;Illilif T} = +o0. (8.51)
The last part of this section is devoted to the proof of (8.51). Because of Lem-
ma 8.46, it suffices to prove an a priori bound on the energy of the solution u;.
This will be achieved via the energy inequality, provided that we can control
the nonhomogeneous terms by the energy of u;.
We introduce the notation

def 1 1
H; 23 + s Ol

It will be useful to note that if j is nonnegative, then
N .
H? < Cyej2i, (8.52)
where, from now on, (c;);en denotes a generic element of the unit sphere

of /2(N) and C,, = f(H'YHH*i) for some locally bounded function f on RT. In
fact, the quantity ||u;(0)]|74 is negligible compared to the energy of the initial
data [|1]12..

We now define T; by
Tj d:ef sup{t < T;/ %”VUJH%?C(LZ) < 2HJ}
and fix some T' > 0 and jo € N*.

We seek to prove that there exists some integer j > jo such that T} is
greater than T'. As pointed out earlier, the key point is the control of the
energy of u;. Multiplying the equation by O,u; and integrating over x and ¢,
we get, for any 7' less than or equal to T7,

T T
/ / vf»ujatuj dx dt + / / vjugatuj dx dt‘.
0 JR3 0 JR3

From now on, we denote by a; a sequence such that

1
§||Vuj||%gs(m) <H;+3

liminfa; = 0.
Jj—o0

Here, we easily see that the whole theorem is proved, provided that we can
find some positive real number « such that

T T
/0 /]R3 vjz-ujatuj dxdt—i—/o /]R3 vjuiatuj dx dt‘ < TaajHVujH%%o(Lz). (8.53)

By Holder’s inequality and Sobolev embedding, we have

T T
[ useagdsar < [ oIl 0l 1000122 d

T
< CIVus e 12, / oy (1) 12 dt.
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Finally, using Lemma 8.44, we can write, for all k£ > —2,
l0il1Z5 (2o < CT3 osl3s 2oy
< CTHIIZ - yay-

‘We deduce that

;

\»—‘

» v Opu; da:dt’ <CTs ||Vuj||Loo(Lz)H’y] H2 .

< C’T§27g ||7Hir% ||V“j||2L%°(L2)-

Hence, the first term of (8.53) satisfies the desired inequality.

To handle the second term, we write (with obvious notation)

vj = vj,r + B(vj,v5,0).
Using Holder’s inequality and Corollary 8.29 with (¢1,71) = (3,6) and
(qQa TQ) = (673)7 we get
1B 05 00) ey < O3 oy 105 20y

Using Lemma 8.44, we then get
[

h
||B(vj,vj,v])||L3 Loy < C”'V; ||’7j ”H*%Jr%'

We will focus on the term

T
/ / B(vj,vj,v;) ujOpu; da dt,
0 Jr3

which turns out to be the easiest one.
Again, thanks to Holder’s inequality and Sobolev embedding, we get

2 b
B(vj, vj,v;) u30pu; d dt’ <CTs ||Vuj\|igs(L2)H7§LH2

R3 7%HFYJ}‘LHH—%+%

2,25
< CT27 3 Iy 1%y IVl e (1)

Hence, this term is also bounded by the right-hand side of (8.53).

The term involving v; ¢ is more demanding and requires paradifferential
calculus. Using Bony’s decomposition, we can write
v, Fu =T W2+T w2 Vj.F with T' def

UFJ

Z Sktoa Arb.

k>—2

As the support of the Fourier transform is preserved by the flow of the constant
coefficients wave equation, the function v; r has no low frequencies, and we
can restrict the summation to those k such that £ > j — 2.
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Now, for any k > j — 2, we can write that
. C [ C
[ Sk+2(vs, ) Ak (u) L1 (22) < CTZ |Sk42(vj,r )l L2, (£oo) | Ak (W) L5e (L2).-
Note that, according to Bernstein’s inequality, we may write

| Ak (u?)]| 22 < C2_k||Ak5( Il
<027 ||Aku1||L4H8AkuJ||L4
< Cc2- 2 ||8Aku] ||L2

Therefore,
) . L .
H5k+2(0j,F)Ak(U?)HLlT(L2) < OT2||Sk+2(vj,p)ll 2. (p=)2" 2 ”VU‘J'HzL;S’(L?)'

According to logarithmic Strichartz estimates (8.38), we have

HSk+2(Uj,F)HL%‘F(Loo)S Z \|A€(UJ,F)|\L2T(L<>°)
L<k+1

1
<C Y (logle+2)) " 14 | 2
0<k+1

We deduce that for any o < 1,
2 e(1-o
Ity lzzem < 3 (log (e+2T)) 20 |9 o s

<k+
< 0 (1oge +2°7)) 2=y .
Finally, for any % <o <1,

1
||Téj,FU?HL1T(L2) <CT> ||VJ}‘L||HPI||VUJH2L§9(L2)

1
x S 2k (log(e—l—QkT)) ’
k>j—2
Note that we can assume with no loss of generality that T < 27. Hence,

175, o3 lszey < CTE | go-s IV 51126 (22

X Z ok(3-o) (log(e + 22’“))%

k>j—2

1 L 1d
< CT2||’Y;'l||HU—1HVUjH2L%o(L2) Z ok(3=0) L3
k>j-2

Observing that, since j > 2,
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1
I 2k —piti=)jh 3 at-a(-e) (E) 2
k>j—2 k>j—2 J

<2679 3 oGk — 1)z,
k>j—2

=

we deduce that

L1

1 i(Ll_ 1
1Ty, cud oy ey < CT2 9] | roa IV 0 12y 27752

Finally, taking o = %, we get, thanks to the inequality (8.52),

T
1 h .1
| [ s o, da dt\ < CTHA 4331V -

Note that (c;) € ¢2 implies that liminf; .o, jZ¢; = 0. Hence, this term also
satisfies (8.53).

The last term, Tu?’UjA’F, is the most delicate to treat. We write that?

T T
/ / T2v; pOpuj dx dt = Z / / Sk_l(u?)Ak (vj,r)Ar(Opu;) da dt
o Jrs 7 o JRrs

k>j—2
T .
> ¥ [ A
k>j2 t<k2”0 JR?
x Ag(Ax(v.p) Ar(Byuy)) da dt,

Ay being the convolution operator by the inverse Fourier transform of ¢(27-),
where @ is a function in D(R?\{0}) with value 1 near the support of ¢
[see (2.5)].

According to the standard Strichartz estimates, the function v; p fails to
be controlled in L%(Bgog), whereas dyu; belongs to L (L?). Therefore, the
series with general term Akvj’ ijatuj does not converge in any reasonable
sense. In order to overcome this difficulty, we may use the logarithmic refined
Strichartz estimate given by Theorem 8.38. For that purpose, we introduce
a covering of 2¥C by a family of balls of radius 2¢ centered at (ff’z)yeAM.
Let x € D(B(0,1)) be such that for all £ € 2*C,

_ ¢kt 1 ek
Z X(’f 25” ):1 and T X2(5 Qf” >§CO. (8.54)
0 VGAk,e

VGAk,[

‘We write that

2 As before, owing to the spectral properties of v; r, the summation may be re-
stricted to those k € Z such that k > j — 2.
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def +~ /& ~
Ti0(Oruy) = Ap(Ar(v),r) Ar(Opuy))

- AN@ Z AZ,Z(Uj,F)ANk(atUj) with
vEAL

v 0 S F (e R ex (e — €)) ale))

As the support of the Fourier transform of a product is included in the sum
of the support of each Fourier transform, we obtain

T
// T2vj, pOyu; d dt
o Jr3

T
=3 X [ ]S A AAL 01) B (O
k>j2 t<k2”0 JR® o,
T Y S _
with A} ,a = F! (@(2 kf)ﬂB(_£5,£7027g)a(£)).
We deduce that

T
// Tu21}j7patu_jd$dt§Bj”V’U,jH%oc(Lz), where
0 JR® T

T
—£ v AV
Bi= > / > 272 (DAY (v, () | oo 1A 4 (B (1)) | 2 dt,
1551172 0 vEAL .
<k—2

and (cg,;j(t))ecz denotes, as in all that follows, a generic element of the unit
sphere of ¢2(Z) such that ¢, ;(t) = 0 for £ < —2.

For fixed k and ¢, applying the Cauchy—Schwarz inequality with respect
to v and dt gives

By ri(f Y 1A e )

k>j—2 vEAL .
¢<h—2

x / 2,0 S 1A 00 )

vEAL .

Applying the logarithmic refined Strichartz estimate (8.44), and using the
quasi-orthogonality property stated in (8.54) and the fact that 7' < 2F+2
for kK > j — 2, we get

T
/0 S 1AL () Edt < C Y Tog(e + 225K AL 2,

VeAk',l VEAIC,Z
S CR2F YT AY I
vEAL .
< CR2H| Axn) 172
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Therefore,

1

1o k. 4 r ~ 2
<oy K ijantle ¥ ([ @0 13000k )

k>j—2 L<k—2 vEAL,e

Using the Cauchy—Schwarz inequality with respect to ¢, the quasi-orthogona-
lity properties, and the fact that the sequence (¢; ;(t))eez is an element of the
unit sphere of £2(Z), we obtain

T2 AV 2 % T2 %
S ([ s X1 d e de)” < OV wlazan ([ )

1<k2 VEAk,Z <k
< CT*k* | Vuy | g (z2)-
This yields, for some sequence (c},)ken such that ||(c})|lez < 1,
1 _k
B; <OTz Y k27 2| A 22l Vgl e (2)
k>j—2

1 ko h(o—
< CT? | Vgl o)Vl gor D, ¢k 2275 D,
k> —2

Choosing o = 3/4 and taking advantage of (8.52), we conclude that

B; < CTHe;2b|y)l -y > cpk2h
E>j—2
1 . —
< CT2jcllyll -1 Y clk—j+1)2
k>j—2

1,
< CszciH'}/”H—% :

(k—3)
1

Hence, the inequality (8.53) is satisfied, which completes the proof of the
theorem. a

8.6 Application to a Class of Semilinear Wave Equations

This section is devoted to the study of a class of semilinear wave equations
with quadratic nonlinearity with respect to Vu. This type of nonlinearity
arises naturally in different fields of mathematics and mathematical physics,
and, in particular, for the so-called wave maps equations.

Here, we consider the semilinear wave equation

Ou = Q(t, u)(Vu, Vu)
(u, 8tu)|t:0 = (ug,u1),

(sw) {

where @ stands for a smooth function from R? to the space of symmetric
matrices on R+, which is bounded, as are all of its derivatives.
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To simplify the presentation, we focus on the evolution for positive times
and on the case d > 4. We now give the main statement of this section.

d s d_
Theorem 8.47. Assume thatd > 4 and that~y def (Qug, u1) belongs to B3 'n

.d_1
B3, *. There then exists a mazimal positive time T* such that (SW) has a
unique solution u on [0, T*[ satisfying

Ld_ Ld_1
Vue C([0,T*; BZ; N B3 ?).
Moreover, there exists a nonincreasing positive function ¢ on R such that

T > C(II’YIIB,gfl)HvII’_2 : (8.55)
2,1 B

1
2
,1

Nola

If T* is finite, then
T
limsup(”u(T)HLoc +/ ||Vu(t)|\Loodt> = 0.
TST* 0

Proof. For a sufficiently regular function u, we introduce the solution F'(u) of
the following linear wave equation:

OF(u) = Q(t,u)(Vu, Vu) with (F(u))y=o =0 and (0;F(u))p=o = 0.

Observe that, by virtue of Duhamel’s formula, u is a solution of (SW) if and
only if u = up + F(u) with

Oup =0, Upj—o = uo, and Oyup—g = u1.

Therefore, the first part of Theorem 8.47 is a consequence of the following
proposition and the Picard fixed point theorem.

Proposition 8.48. For any positive T, define the norms
def 1 .
lalle = WIVall 4 +Tallir  with
L%O(B2,1 )

la

de
vr % |val
L (Bs,

)+ [Vallzz. (L)

d_ 1
272
2,

Given a couple of positive real numbers (M, r), define the set Xé\f’r of func-
tions a such that

IVall e, <M and Ja|ir<r
L¥ (B3 )

N

There exists a positive constant Cy, depending only on d, and a nondecreasing
continuous function C : Rt — R™ such that if
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M =2l g-rs 7=Calyll gy, and rT2C(M) < 1,

a 4_1
2 2 2
2,1 2,1

My . M oM
then u —— up + F(u) maps X" into X73.°", and for any v and v in X3.°",
we have

|F() ~ F@)lr < 5llu—vlr. (5.56)

Proof. We first establish (8.56). For u and v in XA"", we may write?

Q(u)(Vu, Vu) — Q(v)(Vu, Vv) = Q1(u,v) + Q2(u,v) with

Q1 (u,0) ¥ Q) — Q) (Vu, V) and

Q2(u,v) = Qv)(Vu+ Vv, Vu — Vo).

[N

Q.
—n

Hence, F(u) — F(v) satisfies

{ O(F(u) — F(v)) = Q1(u,v) + Q2(u, v)
(F(u) = F(v))p=0 =0 and (0¢(F(u) — F(v)))t=0 = 0.

On the one hand, applying the localization operator Aj to the above equation
and then using the basic energy estimate to bound each block A;(F(u)—F(v)),
we get, for o € {1/2,1},

IV(F(u) = F(v))]| go < 1Q1(u,v) + Q2(u, )| | g-a.  (8:57)

L%C(B.zz,l T ( 21 )

On the other hand, according to the Strichartz estimate stated in Corol-
lary 8.27, we may write

IV(F(u) = F0)llpz() < 1Qu(w,v) + Qa(w,0)|| | gy . (8.58)
L3 (B3 )
So, in order to prove (8.56), it is only a matter of exhibiting suitable bounds
L Ld_1
for Q1(u,v) and Qa(u,v) in L (B3, 1) and in Ly(Bg, ?).
We first establish bounds in the space L%(Bzg n 1). Taking advantage of the

product laws in Besov spaces (use Corollary 2.54 page 90) and Corollary 2.66
. M,r
page 97, we get, for all v and v in X",

d < d — d
Q100+ < V0@ Tul g 11Q0) — QU g

< OVl L=lIVull g [IVu=Voll g,
2,1 2,1

where C' is a nondecreasing continuous function of M.

3 For expository purposes, we omit the time dependency of the function Q.
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Along the same lines, we get

1Q2(u, v)[| g1 < (IQO)[+[Q(v)=Q(O)]] 84, N(VutVo) @ (Vu-Vo)|

d
4_q
2

B3,

. d
2
BQ

< COM)|Vu+Vol| gy HW - vl

2,1

_ 1.
2

MN\R

Plugging these inequalities into the inequality (8.57) with o = 1, we thus get

VF(u)—VF <o) (Tz|V kv

IVEG) = E@_ e < COD(THIVulg 0oVl e

||V — V| ATIVu =l gy [Vut Vo g,l),(8.59)
L%o( 21) T 2212) L%‘O(B22,12)

from which it follows, as u and v are in Xéw " that

L < CM)T2r|ju—|r. (8.60)

. d_
L%O(B22,1 )

IVF(u) = VF(v)]]

Next, again using the product laws in Besov spaces and Corollary 2.66, we
may write

1Q1(u, )l a1y < 1Q(u) = Q)] 4 HVU®VUH
B2,1 B 2 1

<o )IIV(U—U)II IHVUHLOOHVUH 41

2

(8.61)

Along the same lines, we have

1Q2(uw V)l g3 < (IQOI+IQ)=QUO)II 4 )I(VutVe)@(Vu=Vo)| 4y

322,1 2 1 322,1
< CM)([IV(u = )| L= [ V(u+ )],

N

1

d_
B2, 2
21

V@ =)l gy 9+ o) ).
3,1

Putting those inequalities together with the energy estimate (8.57) with o =
1/2 and the Strichartz estimate (8.58), we thus get

170) = F@)lhr < CON(THV 0~ 0y [T+ gy
T3 _
STHT@ =0l g

7 (

3 I g
1

FTH|V(u—v 0 VUl e e [V ,_,) 8.62
V=)l gt 9l 9l gy ). (562)

from which it follows that

[1F(u) = F(v) (M)r(147T2)||u = vl

Combining this inequality with (8.60), we conclude that



8.6 Application to a Class of Semilinear Wave Equations 385
|F(u) = F)llr < C(M)rT (1 +rT3)|u - vllz. (8.63)

Of course, we may assume with no loss of generality that 4C (M) > 1. So,
choosing T such that )
4C(M)rT= <1,

we see that rT'2 < 1. Hence, the inequality (8.63) implies that

|F() ~ F@)lr < 5llu—vlr.

We now establish that for an appropriate choice of r, M, and T, if u belongs
to X" then so does up + F(u).

First, we note that, thanks to the energy and Strichartz estimates, there
exists some constant Cy, depending only on d, such that for all j € Z and
t € R, we have

. . . o
1A;Vur®)ll: = 1441l and | A;Vur| g2y < Ca22(E7 )| Ajr| 2.
By summation over j, we thus get

IVupll 4

=l g and Juplir < Callvll
L%O(Bz,l B3, B

4 1.
) 202

Second, applying the inequalities (8.59) and (8.62) with v = 0, we get, for all
u € X:]FW’T [up to a harmless change of C(M)],

IVE (u)| L <CM)T3>r and  ||F(u)|1r < C(M)T?r2.

d_
LF(BZy )
Taking M = 2[|v|[ ,a_, and r = 2Cq||7|[ ,a_3, we thus see that the above

B34 B34

inequalities imply that up + F(u) is in X;/[ " whenever T has been chosen
sufficiently small so as to satisfy

20(M)rTz < 1.

This completes the proof of the proposition and thus of the existence of a
solution of (SW). O

The uniqueness is an easy consequence of the above computations. Indeed,
if we consider two solutions, u and v, of (SW), then v — u = F(v) — F(u).
Hence, the inequality (8.63) reads

lw—v|l7 < C(M)rT?(1+rT?)|ju—vl|r

1)

with r = max(||u||1,7, ||v]1,7) and M = max(||Vu 4, ||Vv d_
(el o) (193l g0 1700

This implies uniqueness on a sufficiently small time interval [0,7p]. Re-
peating the argument then yields uniqueness on [Ty, 27p] and [2Ty, 3Tp], and

so on, until the whole interval [0, T] is exhausted.
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To prove the blow-up criterion, the starting point is the following energy
estimate for o € {1/2,1}:

(8.64)

Ld_o -
T (B3 )

IVull  a-a < IVl g-0 + Q) (Vu, Va)|
2,1

F(B3 )
The term Q(u)(Vu, Vu) is a linear combination of terms of the type
Qij(w)0;udju, 0<1i,j<d.
Now, according to the (simplified) Bony decomposition, we have
Qij(W)Oudju =T, (4)0,u05t + To,;uQij(w)Ou.

Since, for some smooth function Q;; we have Q;;(u)0;u = 0;(Q;j(u)), the
composition lemma, together with the paraproduct estimates, enables us to
conclude that

1Q()(Vu, Va)l ¢ o < CllullLe)[Vulze [Vl ,

2
2,1

d .
g
2,1

Plugging this inequality into (8.64), we end up with

T
Vu a o < |Vl .a_. + C(|w||pee (e / Vullp=||Vul| . a_, dt.
IV, oy € 000+ Ol om)) [ 190l 9l g

1

Now, if u is in L ([0, T*[; L>°) and Vu is in L'([0, T*[; L>°), then the Gronwall

lemma ensures that Vu is in L ([0, 7*[; Bzgl_% N Bzgl_l) From this, it is easy
to conclude that the solution may be continued beyond T™*. This is simply a
matter of following the method that was used in the proof of Theorem 7.21
page 307. O

8.7 References and Remarks

The study of the dispersive properties of linear equations has a long history. However,
the idea of using them to achieve some gain of regularity (compared with Sobolev
embedding) is rather recent. More general stationary or nonstationary phase ar-
guments than the ones we used to prove the basic dispersive inequality for the
wave equation (Proposition 8.15) may be found in, for example, the book [167] by
L. Hérmander. The one-dimensional estimate may be found in [150] and [274].
The first global LI(L") estimate was stated in 1977 by R. Strichartz in [276] for
the wave equation (see also the works by P. Brenner in [46, 47], and by H. Pecher
in [246, 247]). The extension to the whole set of admissible indices was achieved by
J. Ginibre and G. Velo in [147] for the Schrédinger equation, and in [149] for the wave
equation, except for the endpoint case ¢ = 2, r = 20/(o — 1) with o > 1, which was
established later by M. Keel and T. Tao in [180]. Let us emphasize that global LI(L")
estimates are often the key to proving well-posedness results for semilinear wave of
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Schrodinger equations (see for instance [26, 27, 60, 263, 264]). Such estimates are
also available for other types of partial differential equations (see e.g. the works [48]
and [148] concerning the Klein-Gordon equation).

The set of indices for which we proved the Strichartz inequality (8.14) is sharp.
The so-called Knapp wave provides counterexamples away from the endpoint (see,
e.g., [128]). On the one hand, it is also known that (8.14) fails for (¢q,r,0) = (2,00, 1)
(see, e.g., [233] for the case of the wave or Schrodinger equations). On the other hand,
it holds true for radial functions (see [278]).

Refined Strichartz inequalities were introduced by S. Klainerman and D. Tataru
in [194] in order to prove a sharp result concerning the Yang—Mills equations. There is
a huge literature concerning applications of Strichartz-type inequalities to nonlinear
equations (see, e.g., [60] for the case of the Schrodinger equation and [253] for the
semilinear wave equation).

Finally, that the defocusing cubic wave equation is globally well posed in the
space (H* N L*)(R?) x H*"Y(R®) for s € |3/4,1] was first proven by C. Kenig,
G. Ponce, and L. Vega in [181], then by I. Gallagher and F. Planchon in [135] (see
also [21]). The former proof follows the method introduced by J. Bourgain in [44],
which amounts to first solving the equation for the low-frequency part of the data,
then a modified cubic wave equation, while the latter work is based on a strategy
introduced in the context of the Navier—Stokes equations by C. Calderén in [55]:
The authors first solve the equation for the high-frequency part of the data. In this
chapter, we adopted the latter approach. To the best our knowledge, our global
well-posedness result in H i (R%) is new. We should point out that since H i (R3) is
continuously embedded in L*(R?), we do not have any supplementary condition on
the Cauchy data, in contrast with [181] and [135]. We also note out that in [209,
210], H. Lindblad and C. Sogge proved that the Cauchy problem for (Wif) in H* is
ill posed below s = %

The local well-posedness result for the class of semilinear wave equations with
quadratic nonlinearity considered in Section 8.6 is essentially contained in the work
by G. Ponce and T. Sideris [253] (see also [267]). Here, we strived for a scaling
invariant functional framework in which to apply the Picard fixed point theorem.
Finally, we emphasize that if the nonlinearity satisfies the so-called null condition,
then the best index of regularity for which local well-posedness holds true falls to

d

s = 5 (see, in particular, the works by S. Klainerman and S. Selberg in [193], and

by D. Tataru in [279], dedicated to the wave maps equations).
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Smoothing Effect in Quasilinear Wave
Equations

This chapter is devoted to the local well-posedness issue for a class of quasi-
linear wave equations. The equations which we consider here may be seen as
toy models for the Einstein equations in relativity theory. We shall see that
the energy method presented in Chapter 4 allows to establish a local-in-time
existence theorem for data in any H® space embedded in the set of Lipschitz

functions, or in the Besov space Bi 1“. In this chapter, we aim to go beyond
such classical results.

To be more specific, we now present the model that we are going to study
here. As in the preceding chapter, we define

%o, 0% 0, 0,), and vE (9,0, . . .0.,).

Throughout the chapter, G will denote a smooth function, bounded on R?
(along with all of its derivatives) and valued in a compact subset K of the space
of symmetric d-dimensional matrices. We assume, in addition, that Id + K is
included in the cone of positive definite matrices, a condition which ensures
the ellipticity of the operator

A+0-(Glu)d) with 9-(Glu)-00) % ST 0,(GIF(, u)ap).
1<j,k<d
Let @ be a smooth function from R? to the set of quadratic forms on R4,
which is bounded as are all of its derivatives.
The quasilinear wave equations that we are going to consider in this chap-
ter are of the form

{ O2u — Au— 39 (G(t,u) - Ou) = Q(t,u)(Vu, Vu)

(@W) V=

We point out that if G = 0, then the equation (QW) reduces to the equa-
tion (SW) studied in Section 8.6. More generally, if G and @ are time-
independent, then it still has the following scaling invariance property: u is

H. Bahouri et al., Fourier Analysis and Nonlinear Partial Differential 389
FEquations, Grundlehren der mathematischen Wissenschaften 343,
DOI 10.1007/978-3-642-16830-7_-9, (© Springer-Verlag Berlin Heidelberg 2011
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a solution of (QW) on [—T,T] x R? if and only if uy (¢, x) def u(At, Ax) is a
solution of (QW) on [-A~'T, A=1T] x R? [provided the second line of (QW)
has been modified accordingly, of course]. Obviously, the Besov space Bil has
the required invariance property if and only if s = d/2 or, in other words, if

L
and only if v belongs to B3, ' Therefore, we expect the quantity ||v|| .a_, to
, B

da
2
2,
play a decisive role in the study of (QW).

This chapter is structured as follows. The first section is devoted to the
proof of the classical well-posedness result for initial data such that

.d_ . d
yeB ¥ it aps (9.1)

We stress that this assumption is the weakest one (in the framework of Besov
spaces related to L?) for which (Qug,u1) is bounded. Therefore, this space
is somewhat critical, inasmuch as it is the largest one for which local well-
posedness may be achieved by means of a basic energy method (which works in
any dimension d > 1 as it is not related to any dispersive properties of the wave
equation). In this section, we pay special attention to the scaling invariance
of all the estimates as this will be important in the following sections.

The rest of the chapter is devoted to going weakening assumption (9.1).
More precisely, in the second section of this chapter, we give our main state-
ment, Theorem 9.5, and explain the strategy of its proof. As this will be based
on geometrical optics, we need to regularize the metric G(-,u) both in time
and space. As regards the time regularization, it turns out to be convenient to
introduce a time cut-off so as to transform the initial quasilinear wave equa-
tion (QW) into a “truncated” linear wave equation (QWr) with constant
coefficients away from the time interval [T, T]. If T is chosen suitably small,
this will enable us to manipulate globally defined solutions only.

Still motivated by geometrical optics, in the third section, we introduce a
refined paralinearization of the system (QWr). This means that after localiza-
tion about frequencies of size A\; = 27, we regularize (in space-time variables)
the metric Gr(-,u) by spectral truncation at frequency )‘?' with & less than 1
(instead of the A; used in the classical paralinearization procedure, such as
in, e.g., Lemma 4.14 page 183). This refined procedure makes the method of
geometrical optics more efficient. The price to be paid is that the remainder
term is less regular (i.e., larger after frequency localization).

In the fourth section, we explain how to derive Theorem 9.5 from suitable
microlocal Strichartz estimates (i.e., Strichartz estimates on small intervals,
the lengths of which depend on the size of the frequency we are looking at).
The key idea is to split the interval [0, T'] into sufficiently small intervals so that
we may apply these microlocal estimates. Combining all these estimates leads
to a Strichartz estimate with a loss, compared to the linear wave equation
with constant coefficients.

The final section is devoted to the proof of rather general microlocal
Strichartz estimates for a class of variable coefficients linear wave equations.
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After suitable rescaling, we shall see that the general statement yields the esti-
mates we are interested in for solving (QWr). Our proof relies on the use of a
geometrical optics method so as to build a sufficiently accurate approximation
of the solution to the linear wave equation, and on the T7T* method.

9.1 A Well-posedness Result Based on an Energy
Method

This section is devoted to the proof of a general local existence result for the
quasilinear wave equation in R? (d > 1) with suitably smooth initial data.
To begin, we recall some very basic facts about the variable coefficients wave
equation. We fix some time-dependent metric g = (¢7*)1<;jp<a on R?, that
is, a function from I x R? (where I is a time interval) to the set ST (R) of

symmetric positive definite matrices on R?. Assume, in addition, that there
exists some positive real number Ag such that

o Hm? < Zgj’k(t,x) ot < Agln|? for all (t,z,n) € I x R xR, (9.2)
3k
Define dof
d-(g-0u) = Zaj (g7 Oxu).
3.k
We have the following lemma.

Lemma 9.1. Consider a continuous function ¢ such that

o(t) = AollOeg(t, )| Lo
lef

d
For any function u such that Vu is Ct in time with values in L?, and f =

O2u— 0 - (g-0u) is L' in time with values in L?, we then have

1 st
exp(— [ o)) [Vu(0)]12 < Aol Tu(O)] 1
0
.t 1 t
+AZ / exp(ﬂ/ o(1") dt”)Hf(t’)HLz dt'.
0 2 Jo
Proof. Taking the L? inner product of 9?u — 8 - (g - Ou) with dyu, we get

S Lol = (71ow) w3 | 0 vu)duu .

We now integrate by parts in the last term. As g7F = g*J for all 1 < j, k < d,
we get
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Z/ gk Gku atudw——%/ g” gt(a u@ku)d
]Rd

Hence, we may conclude that
1 .
3 VU0l = FOB©): + 5 [ ot odsu(t,o)drutt,x) da
g9 j’k; ]Rd
with
def ;
IV, W0t + X [ a0t datr.z) de
gk

As ||Owul| L2 < HVUHL?M) and
AgHIVu®lze < IVu®)lize,, < Aol Vu(t)llZ:, (9-3)

this gives

1
S LIV, < IOl 10z + 3 Aolhg (D)o [ Vu)3s

1
< WOl Tult) oz, + 5 Aoldg@lo= IVu(d)s

As ¢(t) > Ao||Og(t, )| L, Gronwall’s lemma (see Lemma 3.3 page 125) thus
gives

exp __/ ot dt HVU( Nz, < Vu(0 )HLﬁ(m

g(t) —

- /O ()]l exp(—% /0 ' qﬁ(t”)dt”) dt’. (9.4)

In order to conclude, we simply use the condition (9.2). O

Before stating the basic existence result for the quasilinear wave equa-
tion (QW), we introduce an item of notation that will be used throughout
this chapter.

Notation. We denote by C., a generic expression of the type f(||v| . ai ),
where f:RT — R" is a nondecreasing continuous function. o

Theorem 9.2. Assume that the metric Id + G satisfies the condition (9.2).
If the initial data (ug,u1) is such that v def (Oug,u1) belongs to BY dzefBil N

Ld
B3, 1, then there exist two maximal positive times, T, and T*, satisfying

Cy min{T, T}

d
B2
21

and such that (QW) has a unique solution u in the space C(]—T,, T*[; BY).
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Moreover, if Ty (resp., T*) is finite, then

t
limsup(”u(t)”Loo +/ [Vu(t')] L dt’) =00
t—T 0

with T = =T (resp., T =T%).

Finally, if the initial data is such that y belongs to B;;l for some positive s
and 1 € [1,00], then Vu is continuous (or weakly continuous, if r = oo) with
values in the space BS;I,

Proof. As the equation (QW) is time-reversible, we shall focus (as in the
whole of this chapter) on the proof for positive times. The proof has much
in common with those of Theorems 4.16 page 188 and 4.21 page 193. Indeed,
Section 4.2.1 can be effectively reproduced in the framework of linear wave
equations with variable coefficients. Here, we define the sequence (uy,)nen of
approximate solutions by means of the following induction:

— The function ug is the solution of
8t2u0 - AUO =0 with VUO(O) = So’}/
— Once u, has been defined, u, 41 is the solution of!

Pupyy — Aupiy — 0 (Gt upn) - Ouns1) = Qt, un) (Vug, Vuy,)
Vn41(0) = Spt17.

In order to prove that the iterative scheme converges in B¢, the following
commutator lemma (in the spirit of Lemma 2.100 page 112) will be useful.

Lemma 9.3. Let L be a compact subset of |0,4+o00[. A constant C exists such
that for any s in L and any Lipschitz functions a and v which, in addition,
belong to B3 ,. for some r € [1,00], we have, for all k € {1,...,d},

216V A; (v0ka) — v Ajal| 1 < ¢;C(|l0]

5 [0allL= + llallg; llov] L),
and also

26V 4;(v8ka) — vk Ajall g < ¢;C([[vll ggrllallze + llall g 10v]=),

where (cj)jez denotes an element of the unit sphere of £"(Z) which depends
onv and a.

Proof. We have to prove that for all k € {1,...,d},

R;(v,a) def Aj(vOga) — vdLAja

! Recall that S,, is the low-frequency truncation operator defined on page 61.
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satisfies the above estimate. We write that
vora = Z Aj/v 6k5j/+2a + Z S'/_ﬂ) 3kAj/a
J’ J’

and then, by virtue of the localization properties of the Littlewood—Paley
decomposition, that

3
Ri(v,a) = ZRy)(v,a) with

(=1
R (v,0) = A;j(Ajv OSjr2a)

i'>i-3

R§2)(v,a) def Z [4;, 8 _1v]0rAja,  and
3/ —jl<4

R(?’) def . .

0,0) S Y (S —1d)wdkA A .
l3"=3l<1

We now estimate each term. As |05 1 0a| L=~ < C|dal| L=, we have
IRY @)l < C2 R (0,a) 2
<C2 " |0al =]l Ajv| e

Jj'2j—3
Using Young’s inequality for series, we get, for any positive s,
i(s— 1 i 1
2V |R (0,0) |0 < C2° R (v,0)] 12
< Clldallp~ Y 27020 Ay e

Jj'2j=3

< Cejlldallp= vl p; - (9.5)
As [0k Sjr 201 < C27'||al| Lo, We also have

PR (v, a)llg < Ollallw Y 2707992 CHD | A e
J'>j—3
< Cejllall ol gy (9:6)

We now estimate ||R§-2) (v,a)|| 1. Using Lemma 2.97 page 110, we can write
i(s— 2 is 2
PEVRP (v,0) 4 < CP°IIR (v, )|z
< C2%0v)|e Y 2| Ayl

l7—3"1<4
< C|dw]| L Z 2(j*j/)(871)2j/s”A'j/a”Lz.

li—g'1<4
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Using the definition of the norm in B;m, we thus get, for any s,
(o 9
PR (v, a)l| g < Cejllvllr<lal g5 - (9.7)

Finally, we estimate ||R§»3) (v,a)|| 1. We use the fact that, according to Leib-
niz’s formula, we have

IR (v, a)| g2 < IRV (v,00)| 2 + IR (v, a)| 2.

From Lemma 2.1 page 52, we infer that a constant C exists such that for any
integer j', we have

1(Sj—1 =Tyl <€ Y7 277 |0w]| 1~ < C277||00]| .

j//Zj/_l

Thus, we deduce that for any s,
2V RP (v,00) | 12 < Cel|ov] o lall - (98)

Next, because ||.Sj/—10v||p < C||0v]| 100, we have

2D |RP (90, a)l|2 < Cel|dv]| < lal gy - (9:9)
Combining (9.8) and (9.9) gives
(o 3
2GR (v,a) 51 < Cey| vl e . (9.10)

Combining the three estimates (9.5) [resp., (9.6)], (9.7), and (9.10) gives the
first (resp., second) inequality. O

Corollary 9.4. Let s be a positive real number. There exists a continuous
nondecreasing function Cy : Rt — RY which vanishes at 0 and satisfies the
following properties. Consider a couple of functions (u,v), the space deriva-
tives of which are locally integrable in time, with values in L°° and such
that v(t) is also locally integrable in time with values in L. Assume, in
addition, that u and v are locally integrable in time with values in B;T If

O*u— Au— 0 - (G(t,v) - Ou) = f
with f in L}OC(B;El), then we have, for any integer j,

0P Aju— AAju— 0 - (G(t,v) - d0A;u) = Aj f + R;(u,v),

where the operator R; is such that, for any t, there exists a sequence (c;(t));ez
in the unit sphere of £"(Z) such that

216D Ry (u,0) (#) |2 < e;()C(|[o(#)]] =)
< (Ilu®)l gy Nlov@)] L= + [[o(t)]

Bs,, s, 10u®)]lr=) (9-11)
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and

26V R; (u,v) (1) 22 < ¢;()C(Jo(t)]| =)
< (lu®) g NlOv@)]L + [[o(t)]

5 g lu(®)lze). (9.12)
Proof. Note that

R;(u,v) 0 (A;(G(t,v) - 0u) — G(t,v) - A;0u)

satisfies
IR (u,v) |2 < [ A;(G(t,0) - Ou) — G(t,v) - A;Oul| 1.

The result is therefore a straightforward consequence of the previous lemma
combined with Theorem 2.61 page 94. a

We now resume the proof of Theorem 9.2.

First Step: Uniform Bounds in Large Norm

We want to prove by induction that a positive constant By and a positive
time T exist such that for any n,

+ 1.

d
(Pn.7) ||VUnHL%o(B;‘j11) < BO”’YHB;;1 for s = bR

N

Choosing By > 1 makes the property (PO,T) obvious for all T > 0.
Assume that (P, 7) is satisfied. Corollary 9.4 with u = up11, 7 =1, and s

in {d/2,d/2+ 1}, hypothesis (P, 7), and the embedding 32%1 — L together
give
BfAjun+1 - AAjun+1 -0 (G(t, un) . 8Aj’u,n+1)
= A;(Qt, un)(Vin, Vuun)) + Rj(tng1, un)
with, for s in {d/2,d/2 + 1},

2OV R; (w1, un) (1) 12 < ¢ () BoCylvl g l|0un+1(2)]

d Hs—1.
3 B3
2,1

More precisely, the case s = d/2+1 follows from the inequality (9.11), whereas
the case s = d/2 is a consequence of the inequality (9.12).

Assume that
T
Bo = 240 exp(AoAr)  with / 10:G (Yo dt < A (9.13)
0

Under the condition (P, 7), we then have, owing to the chain rule and the

. d
embedding By, — L,
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T T
Ao/ 190 (Gt (1)) = dt < Ao (A + ||6UG||L00(R2)/ [t ()] )
0 0

< Ao(Ar+CBol0Gll iz Tl g )-
Assume that
= -1
T < A (CBol0uGll bl g ) (9.14)
We then get
T
AO/ 100Gt un(t, )| e dt < 240 As. (9.15)
0

From Lemma 9.1 and the above inequalities, we infer that for any ¢t < T and j
in Z, we have

P T aa) < 4 (402D

1 t
AT BC g [ 10w )5 )
B3 Jo 21

Hence, by summation over j, we get

ApA 3
IVl g 351y < €70 (A0||“/||B;31 + 43 BOCW||7||BQ%1”vunJrl”L%(B;:l))'
Choosing T such that

<

DN | =

1 —
A3 e TC ]|

d
2
3,1
implies that

||V’U,n+1HZ%O(B;711) < 2A06A0A1||’Y||B§31 for s € {d/2,d/2 + 1}

Together with (9.13), this gives (P, 7).

Second Step: Convergence of the Approximate Sequence

We claim that if T is sufficiently small, then (Vuy,)nen is a Cauchy sequence

in L (32%1_1) Indeed, the difference u,, def Upt1 — Up satisfies
(QW,,) 02ty — Aty — 0 - (G(t, uy) - 0ty) = fn

with
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fn d:EEf Q(taun) - Q(taun—l))(VUTM vun)

(
+Q(t, tp—1)(Vip—1, Vp, + Vn_1) + 0 ((G(t,un) — G(t,ttp—1)) - Ouy).
Applying Corollary 9.4 with s =d/2, r =1, u = 4, and v = u,, gives
OF Ay — Adju— 0 (Gt up) - 04;1in) = A fr + Rj(tin, ).

To bound f,, we may take advantage of the product laws (Corollary 2.54
page 90) and the composition estimates (Corollary 2.66 page 97). We deduce
that for any ¢t < T,

1-

YDA fu(b)llze < il g Vi1 ()]
2,1

.4
2
B3,

Observe that Vi, (0) = A,~. Hence, using Lemma 9.1, multiplying by 2j(%’1),
and summing over j, we get, for any T < T,

IIVﬁnIIL?(Bﬁfl) < Bo(2*”II7IIB§1+TCWHVIIB§1 IIVﬂn_lllL%o(Bﬁl_l))-
Choosing T' < T such that
BaTC,lhll 4 <3
we then infer that
IVl s, < Bo2 Iy + 519l g

Ld_
This readily implies that (Vuy,)nen is a Cauchy sequence in C([0,T]; B3, 1).
Hence, there exists some function u such that (Vu,),en converges to Vu

od_ ~ .4
in C([0,T7; B3, 1). Moreover, (Vuy,)nen is a bounded sequence in L3 (Bg ;)
and hence, by virtue of the Fatou property for Besov spaces (see Theorem 2.25
page 67), we have

L ~ o .d
Vu e (0, T) By ') N IF (Bs,)
and may check that v is indeed a solution of (QW) on the time interval [0, T'.
Third Step: Time Continuity of the Solution
. d
We must now check that Vu belongs to C([0,T]; B ;). The argument of Sec-

tion 4.3.2 page 190 can be repeated here. Indeed, if € is a positive real number,
then we have, for any integer j and (¢,t') € [0,T)?,
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IVu(t) = Va®)] 4 :ZQJgIIA-f( u(t) = Vu(t))l| >

2,1
<27 Y 2G| Ay (Tult) — V()] 12
/<,j
+23 2754 V| e (r2)
>3
< 29||Vu(t) — vu(t’)n i +2 > 23| A, V| (z2)-

J'>3

As (272 ||AjVu||L%o(L2))jeZ is in £*(Z), an integer j. exists such that

> 275 A Vul| g 1) <

J'>7e

£
4
Thus, for all (¢,¢') € [0,7)?,

[Vu(t) = V)l 4 < 2[[Vu(t) - Vu(t)],

d
2 2
B3y B3

1t

N ™

d_
As Vu is continuous from [0, 7] to B3, 1, the solution u is such that Vu is

. d
also continuous from [0, 7] to By ;.

Fourth Step: Uniqueness

This is a simple variation on the proof of the convergence of (uy,)nen. As in the
d

previous step, it follows from stability estimates in the space C([0, T; Bf 1 1).

Fifth Step: The Blow-up Criterion
We argue by contraposition. Let u be a solution of (QW) on [0, T such that Vu
belongs to C[0,T[; BY). Assume, in addition, that

sup (Ol + /||Vu e~ dt') < oo (9.16)

tel0,T

We want to show that u may be continued beyond T to a solution of (QW).
We temporarily fix some s > 0. Applying Corollary 9.4 with r = 1 and u =
v then gives

R Aju— AAju—9-(G(t,u)-0Au) = A, (Q(t,u)(Vu, Vu)) + R;(u, v)
with

26V R; (u,u) () 22 < ¢5()Cs([[ut) | o) 0u(t)]| Lo | du(t)]

Hs—1.
B?,l
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Thanks to the product laws in Besov spaces, we have
29| 4, (Q(t,w)(Vu, V)2 < 5 ()C(lu(t) | <) [Tt D) 31
We now define
o(t) € |0(G(t,u(®) |1~ and
v,(r) Zsup exp(~ / B(t') di') 270~V | A, Tu(t) | 2

t<T

Using Lemma (9.1), we get, after multiplying by 2/(*=1),

exp(~ /¢dt)2“ D457l < Aoll Ayl

.t 1 t
43 [ e =) ITulm exp(~5 [ o) |Vul gy o ar
0 0 ’

Noting that for any ¢’ < t,

exp(—5 | o) ae") 7o)

we deduce, after summation over j, that

iy S Us(t),

1 t
Us(t)SAo||7||B;31+A§/O Cllu(@) o) IVut) | L Us(t') dt’.

Gronwall’s lemma then implies that

Us(t) < Aflv|

t
i e (Ao [ Ol Va(t) o~ ')
’ 0
Hence, by the definition of Uy, we have
IVullgee 51y < Aol

B3t
<exp( [ (106wt )i + AFCE) =) Tt 1) ). (017)

Under the hypothesis (9.16), this ensures that HV“”Z%C(B;T) is finite. Taking

s=d/2, s=d/2+ 1 and using the lower bounds that were previously estab-
lished for the lifespan, we can conclude that the solution may be continued
beyond T'.

Final Step: Additional Regularity

We have to establish that if, in addition, v belongs to Bg;l for some o > 0,

then the solution w is such that Vu belongs to C([0,T]; Bg;l) This follows
from the fact that Corollary 9.4 holds for any positive index of regularity. As
we may proceed exactly as in the first step, the details are left to the reader.

O
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9.2 The Main Statement and the Strategy of its Proof

In this section, we state the main result of this chapter—local well-posedness
of (QW) with initial data which are not Lipschitz functions—and give an
insight into the construction of its proof.

For expository purposes, we introduce the following notation:

def def
lalle =" llall g, and [Ibllz,e = [Ibll e (5 ,)- (9.18)

Theorem 9.5. Assume that the metric Id + G satisfies the condition (9.2)
and that the initial data (ug,u1) are such that

v €BEINBET, ifd>4,

vy € Bg?a N Bzija, for some positive ¢ if d = 3,

v €B§ NByf, ifd=2
There then exist two mazimal positive times, Ty and T*, such that (QW) has
a unique solution u with Vu € L, (]-T,; T*[; L*°) and

loc
VueC(-T, T BE, T N B2 1), if d> 4,
Vu e C(|-T, T Bi° 0 BiT9), ifd =3,
VueC(-T., T*[ Bf, N By §), if d = 2.
Moreover, we have (using the notation of page 392),

Cymin{T, T} || gy > 1, ifd>4,
B2 1

4

Cyemin{T,, T+

5
1
2,

>1, ifd=2.

+5217 Zfd:37

C’Y min{T*, T*}% ||VHB

z
8
2,1

If T, or T™ is finite, then

t
limsup(||u(t)||Loo +/ IVt poe dt’) = o0
t—T 0

with T = =T, or T = T*. Moreover, if the initial data is such that -~y be-
longs to B‘;_rl for some positive s, then Vu is continuous with values in the
space B;‘Tl

As pointed out in the introduction, we shall instead solve a truncated quasilin-
ear wave equation. More precisely, we fix some smooth function 6, compactly
supported in [—1,1] and with value 1 near [—1/2,1/2]. For any fixed positive

time T', we then introduce the following equation:
QW) { Ofu—Au—0- (@rt,)- 00 = Qr(tu)(Vu, V)
Ult=0 =7

with Gr(t, u) d:efﬁ(%)G(t,u) and Qr(t,u) d:efe(%)Q(t,u).
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A quick glance at the definitions of Ag and A4; [see (9.2) and (9.13)] shows
that the energy estimates of the preceding section may be made uniform with
respect to the truncation parameter T, and that the value of the constant
C., appearing in the forthcoming Theorem 9.12 may be made independent
of T. As a consequence, the lifespan of (QW7) may be bounded from below
independently of T'. Thus, if T is sufficiently small that the support of the
function §(-7~!) is included in the interval of existence, then the solution
is global. Indeed, (QWr) reduces to the free linear wave equation with con-
stant coefficients away from [T, T]. Moreover, as the function 6 has value 1
near [—1/2,1/2], the original problem (QW) is solved on [—-T/2,T/2].

Having global solutions greatly facilitates the implementation of the geo-
metrical optics method which will be proposed in Section 9.5.2. In fact, this
method requires the metric to be smooth with respect to both the space and
time variables. Smoothness in the space variable can be achieved classically
by spectral truncation. A similar method would work for the time variable;
however, as it is nonlocal, this becomes quite unpleasant when solving an evo-
lution equation. Now, if we deal only with functions with compact support in
time (namely, G and Qr), then using a cut-off function in the Fourier space
for the time variable is quite harmless.

To simplify the presentation, we shall focus on the proof of the above
theorem in dimension d > 4 and simply indicate what has to be changed for
the case of dimension d = 2, 3. The proof of the theorem relies on an iterative
method which is very much analogous to that of the first section. We define
the sequence (uy)nen as follows. Start with the solution ug of

at’u,o — AUO =0 with VU()(O) = So’y.
Once u,, has been constructed, we then define u,,11 as the solution of

Opttnt1 — Atpyr — 0 - (Gr(t, up) - Oupt1) = Qr(t, un)(Vuy, Vuy,)
Vi 11(0) = Sny1y-

Let L 9! [d/2—1/4,d/2+3/4]. We first want to prove that if T is sufficiently

small, then we have the property

Ar) [Vun|
n,T’ 1
IVunllg ey < Collall_s T

T,s—1 < BOH’YHS*I forall se L

Once this has been proven, the rest of the proof will be more classical.

The property (A, r) will be established by induction. As a first step, we
show that our problem reduces to the proof of the L2.(L>°) estimate for high
frequencies, namely, for frequencies which are large with respect to 7~'. This
reduction is the purpose of the next section.
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9.3 Refined Paralinearization of the Wave Equation

In order to prove Strichartz estimates, we shall use geometrical optics. This
method requires the smoothing out of the metric Gy. This may be achieved
by means of a paralinearization procedure with respect to both the time and
space variables. Here, we need a refinement of this procedure so as to get
even better regularity of the coefficients involved in the paralinearization.
Consequently, the remainders will be worse, as usual.

We now introduce the following definition.

Definition 9.6. For ¢ in the interval [0,1], j in Z, Ny in N, and T > 0, we
set

gs s - (1= ) log, T — N and 57 % g0+,

where S,(CHd) denotes the Littlewood—Paley low-frequency cut-off in R which
was defined in Chapter 2.

The key result of this section is the following lemma.

Lemma 9.7. Let L be a compact subinterval of 10,00[. Let u and v be two
functions with space-time gradient in

LA (L) N L%O(Bg_ll) for some s € L.

If
02u — Au— 0 - (Gr(t,v) - 0u) = f,

then
07 Aju— AAju— 0+ (S2(Gr(t,v) - 04 u) = Aj f + RS (u,v)
with, if 22T is greater than 1,
POV R )1y 1) < O e oy (@T) 2V (9.19)
X (\\5’U|\L1T(Loo)||3U||T,s—1 + (1 + ||VU||L1T(L°°))||3U||T,s—1)
and
276V R (u, )| .12y < ¢ CUI0l oo (o,17xmey) (27T) 702N (9.20)
x (l[ullps. Loy [0v]l7,s + (1 + Vol (poe)) 10Ul T,5-1),

where C' denotes a nondecreasing function from R to RY, dependent on L.
Proof. A straightforward modification of Corollary 9.4 implies that
RAju— AAju—d- (Gr(t,v) - 0Au) = A;f + R;(u,v),

where the operator R; is such that, for any ¢, there exists a sequence (¢;) ez
in the unit sphere of ¢}(Z), where
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2j(571)“Rj(uav)||L1T(L2) < ¢ C([|v]| oo (0,71 xR7Y)
< ([ullrsllovl Ly ey + lvllzsllOull Ly ey) — (921)
and
2j(8_1)||Rj(U»”)||L1T(L2) < ¢;C([|vll e 0,11 xR %))
< (llullzsl0vllLy ey + ol zsallull o). (9:22)
Noting that
R?(u, v) = Rj(u,v) +0- (((Id —S?)GT(t,v)) . 8Aju),

we see that we have to bound ||(Id fS?)GT(, )||L1.(z~)- Now, the identity on
page 52 (after an obvious rescaling) guarantees that there exist d+1 functions
gr in L'(R'™?) such that for any ;' € Z,

Aﬁ*% = zd: 279'27" g, (27") % Ba.
k=0
From the anisotropic Young inequality, we thus infer that
|‘A§"1+d)a”L1(lR;L°°) < €277 | Va| g1 gy =)
Thus, by summation over j > js, we get
1(1d =S5 all 11 rspoey < C277(27T)' 02| Va | 1 gy <) (9.23)

We want to apply the above inequality with a« = G (-, v). By definition of G,
we have

0,Gr(tv) = %9’ (%) G(t, o(t)) + 0(%) (0.0t v(e) B () + 0.t v() ).

As the time cut-off commutes with the space derivative, we thus get

IVGr(t,0)|| 1 e L)
< C(IVollzy o) l0uGllL + 1011 Gl + 106Gl Ly (2))-

Taking advantage of (9.23), we can then deduce that
(I =S9) G (t, v) || L sy < C277(21T) 020
X (IVoll Ly ) l10uGllLoe + 1022 |Gl Loe + 10:G I Ly (Lov))-
Therefore,
267N RS ()| g, 1) < CjC(||UHL°°([O,T]><Rd))<(||u|
Hlvllrsl9ull . zo)) + 2770 @) 028 |0ullg s 1 (IV0] g (20 0w G v
021Gl e + 110G 1. ) )

T,s||8v||L1T(Loc)

The proof of the second inequality in Proposition 9.7 is similar. ad
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Proposition 9.8. If (A, 1) is satisfied and C,Y||7||%_%T% is sufficiently small,
then for any s € L, we have

B() 1
[Vtntirs—1 < 7|I7H571(1 + Oy T2 | Vgl 2. 1)) -

Proof. We apply the inequality (9.11) of Corollary 9.4 and Lemma 9.7 under
assumption (A, r). By virtue of Lemma 9.1, this gives

|A; V1]l e 2y < 2796 VECHT)eX ) with (9.24)
def
7(r) L Ao/ 10 (G (¢, un(t, )| = dt  and
def

T
Ki(T) = Ao D[ A7) 2 + Oy l1yls- 1/0 ¢ (D) Oun41(t)| Lo dt

+¢Cy a1 T3 Vtnga |1
By definition of Gp, we have, thanks to (A 1),

(1) < A | 0BT )Gt t,)) =
< Ao (10| 211Gl Lo + 110Gl Loe 10ptunll Ly, ooy + 106Gl L1, ())
< A0(||9/||L1||G||L°° +10:Gl Ly (<) + ||5uG||L°°Cv||7||g7%T%>'
Assume that
10112 |Gl L + [10:Gll Ly, (ry + [10uGllL=Cy Iyl 4
and define

T Ti < A,
BO d:ef 4A0 exp(AoAl).

By summation over j in (9.24), we get

3
IVniallrs—1 < Cylvlle 1 TH [ Vunyallz,s—1
By
+ Z”’YHS—l(l + CW||VUH+1||L1T(L°°))-

Taking Cy||'y||% 1 T3 sufficiently small gives the result. O

Remark 9.9. Taking s = d/243/4 and using Bernstein’s and Hélder’s inequal-

ities, we immediately deduce from Proposition 9.8 that for any integer j,
195Vt all . poey < @IT)TC [l —a T3 (1 +T7 | Vatnall 1 (1))

From Proposition 9.8 and Lemma 9.7, we easily deduce the following corollary,
which will be needed in the next section.

Corollary 9.10. Under the hypothesis (An ), if Cy ||| ¢ a
small, then we have, for any s € L,

8t2Ajun+1 - AAjun+1 - 8 . (S;;GT(t, un) . aAjun+1) == R?(TL) with
PEINRI )y < 5Oy IV ls—1 (PT) 702V (14 T2 | Vit | 2. ) ) -

T is sufficiently

—1
1
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9.4 Reduction to a Microlocal Strichartz Estimate

In this section, we complete the proof of Theorem 9.5. In view of what was
proven in the preceding section, we first have to establish the second inequal-
ity of (A,+1,7). This will be based on the following quasilinear Strichartz
estimates that we will temporarily assume to hold.

Theorem 9.11. Let u; be the solution of
8,5211,]' — AU]‘ — 6 . (SjGT(,’U) . 8u3) = fj

on the time interval [0,T]. We suppose that for any t, the support of the

Fourier transform of u;(t,-) is supported in an annulus 29C. If 29T is suffi-
ciently large, then it follows that:

- Ifd >4, then
V2523 (1) < C(|Grl|)27(373)
1 ) 1 _9
X ((QJT)ZHVUJ‘||L%°(L2) +(2°T) 2”fj||L1T(L2))-
- If d = 3, then for all sufficiently small ¢ > 0,
IVl 1z (poey < Ce([|Grllr=)2? (2T)%
; s ; _9
X ((ZT)2IVuillLgs 2y + (22T) 72| fill Ly 12y) -

- Ifd =2, then
B 0o s 8
IVuills ooy < CUIGTIL=)27 ((2°T)2 [ Vuyllge o) + (2 T) "2 I fillrze))-

Proof of the second inequality of (An+1,7). For expository purposes, we restrict
ourselves to the case d > 4. Applying Theorem 9.11 with u; = Aju,41 and
fi= R?(n) then gives

IV Ajuniall gz ooy < Co2(E72)
x ()} VA unillzz e + @T) R |y 0)).

Combining the assumption (A, r), Corollary 9.10, and Proposition 9.8 with
s=d/2+ 3/4, we get, for 2/T sufficiently large,

IV Agtin g [l 12,1y < Cjc’yzj(%_%)((2]7’)%2—1'(%_%)”7”%_%

+(2jT)_%2_j(%_i)||w||%, (29T 92N (1 4 T3 ||vun+1||L2T(Lm)))'

1
1

Therefore,
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A 1 i _1 i [
IV A unsillig o) < THe, Oy @ T)F g (@D

4

H _3 1
T (L4 T Va3 0)) )-

The “best” choice for § here corresponds to 6/2 =1 —35/2, namely, § = 1/2.
By summation over j, this gives, if 27T is sufficiently large,

. 1 1
1(Id =85) Vil 2. (pe) < Cyllvlla_2T% (1 + T ||vun+1||L?r(L°°))'
Remark 9.9 now ensures that for all j € Z, we have
. . 1 1 1
195 Vunsillpz. ey < (2T)2C, Iyl a1 T (1 + 1 ||Vun+1\|L2T(Loo))~

Combining these two inequalities and taking 27T sufficiently large, we end up
with ) )
IVtng1llpz ey < Cyllylla 2 T (1+ T2 (| Vunia |l 1z (1))

1
1

So, finally, choosing T such that
Cy |1l %7%T% is sufficiently small (9.25)

ensures that the assertion (A,41,7) is fulfilled.

We can now proceed to the proof of existence in Theorem 9.5. We assume
from now on that the condition (9.25) is satisfied. From the above estimates,

.d_
we deduce that if, in addition, the data are such that v belongs to Bj'; 'n

.d
B3 1, then the sequence (Vuy,)nen is bounded in L2,(L*°). Therefore, we may
proceed as in the first section of this chapter to prove the following result.

Theorem 9.12. Under the hypothesis of Theorem 9.2, the mazimal time of
existence T* satisfies

> 1.

3
740, s

1
4
We will now prove that (u,)nen is a Cauchy sequence in a suitable space. As
already encountered in Chapters 4 and 7, and in the preceding section (and
also in Chapter 6 for a more subtle case), owing to hyperbolicity, we lose one
space derivative in the stability estimates. Here, we shall prove that (u,)nen
is a Cauchy sequence for the norm

def 1
lvllr = 1Vl a_sT% + ||vll 2 (pe).-

~ d . .
Proposition 9.13. Let u, fef Upt1 — Up. If C’,y||'y|\%_ T3 is sufficiently

small, then we have

1
1

1 ~ — 1 3 ~ ~
T3 [Vaiallr g5 < C2 " Illa_a T3 + Gyl g s T3 ([l + aalio).

1
4 4
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Proof. As in Section 9.1, we write that w,, and w,,_; satisfy
QW) 021t — Al — O(Gr(-, un) - Oiin) = fr & Z Fiom

Fo W (Qr(n) — Qr (s tn—1)) (Vi V)

with 9 £y © Qr (1) (Vi Yty + V)
def
fan = 0 (G- un) — Gr(un1)) - Qun).
Taking advantage of the law of products, we obtain that
Ifrally g < 1Qr(w) = Qrluwa gy |(Vatn, V)l
Corollary 2.66 page 97 thus implies that

1
Tl frnlla—s < CyTH Tnrlla_ 1 [IVan] o[ Van]la

4

< Cylltn—ll7[Vun|| Lo [[Vun]l 2 ;-
By virtue of (A, r), the above inequality may be rewritten as
1 5i(d_5
TG4 frallig e < GOl s T [Eaoallr. (9.26)
We shall now estimate f5,,. From the usual product laws, we deduce that

IV (Vun + Vupa)|a_s <C<(||Vun||L°o F IVunallze) [Vl s -

d_5 5
1

ol (IVunll gy + 1Venmally ).

As Qr(t,un(t)) — Qr(t,0) is bounded in BQ%J, we thus have

1 ~
T4 fonll a5 < Oy (IVutnllzo + 1Vttnoill=) lin-1llr
~ 1
+ ol s -l =T

Hence, according to (A, 1),
TP E D4 fanllyn) < 6Ol TH Al (9:27)
Finally, the laws of product and composition lead to
s (®lla—s < NGt un(t)) = Grlt un-s(t))) - dun(t) 4

< Cllun—1 (8l Lo |Oun ()] 2 -
+C»y||3un(f)HLwHVun (Bl

5.
4

Therefore,
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T2 D)4 sy 00) < Ol gy T
g I3mllnt(£2) = GOrlTlid -1 Up—1]|T-

Together with (9.26) and (9.27), this gives

1 d_5 H 3~
TG4, fullzy o) < ¢ Cy vl a2 T fiin s |17 (9.28)

1
1
Now, according to the second part of Corollary 9.4, we have

0} Ajii, — AAji, — 0 (Gr(yun) - 0A0n) = Aj f + Ry (i, up)
with

25 DR (@, un) ()] 12 < &5 (1)C(Jtn (8| 1<)
% (107 ()] 4 _ 5 10 ()] o= + |9 (D) 3 [ (8) | ).

Thus, taking the L' norm in time of the above inequality and multiplying
1
by T'%, we deduce that

1 _:(d_5 ~ 3~
74270 | Ry (i, wn) 2y (22) < G5 Ivla 2 TH fiinllr. (9:29)

Taking advantage of the energy estimate stated in Lemma 9.1, it is now easy
to complete the proof of the proposition. a0

Remark 9.14. From Bernstein’s and Holder’s inequalities, we may deduce that
for any integer j,

1 inl 2. 1oy < CE@IT)E " TH|Ap V| e 12927 G,
§'<i

Therefore, Proposition 9.13 yields

Y~ imn L (o—n 1 3~ ~
1S5inll i (1) < CEITY (27 Il gy TH + Collll gy T (fiin 1 + i) )

1
4

This will be used to complete the proof of the theorem.

We now resume the proof of convergence of the sequence (u,)nen. Applying
the second inequality of Lemma 9.7 with 6 = 1/2 and s = d/2 — 1/4, we get

. . 1 . . 1
8t2Ajﬂn — AAﬁZn —-0- (Sj2 (GT(,un) . 6A]’17n) = A]fn + R; (TL)
with, if 277 is greater than or equal to 1,
i(d_5 i i
PEDRF (1) 11y (1) < Il o o,11xme) (T T) 327
x (U4 1Vl 24 (2) 1Vl g g + Bl g o [ Vetnllr g )

Thanks to Proposition 9.13, we obtain
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742D RE (n) | 1. (1) < €0, (IT) 22Vl 4 s

x(CTH27" + 7% (finllr + [n-1]l7)).  (9.30)

Bernstein’s inequality and Theorem 9.11 give, for sufficiently large 27T,
\\AjavL||L2T(Loo) < 2_j\|AjV17nHL2T(Loo)
< 208 ()} |1V Ajiin | e )

+ @) (14 fully o) + 1B Moy o) )

From (9.28) and (9.30), we infer that, for sufficiently large 27T,

1451l 3 ey < 3 (2 lgy T+ T4Vl g

5
4

+ gy TNl + 1) ).

Note that the second term on the right-hand side may be bounded according
to Proposition 9.13. Hence, if 27T is large enough, then

i~ _ 1 3, ~
1457l 25 2y < &5 (27 llg -y 75+ Collllg -y TR ([Tl + i) ).
By summation, we thus infer that there exists some M > 0 such that if
h 3 . .
29T > M, and C"/H'VHg—iTZ is sufficiently small, then

1

114 =85)tnll L. poey < 27" IVla1 T+ Cyllylla -

1
1 1

TA(|fdn | + [ l7).
Using Proposition 9.13 and Remark 9.14, we deduce that

[Tnllr < T3 Viinllz,a s + 1S5Tnll 2.2y + | (1d =S5)in | 23, (1)

5
2
<C(1+(2T)1)(2 "HVHgﬁTI
3

+ Gyl 2 T ([ |7 + -1 17))-

4

We now choose T such that (1 + Mi)07||7||g_iT% is sufficiently small,
then j € N such that M < 2/T < 2M. The above inequality then ensures

Ld_1
that (un)nen is a Cauchy sequence in L§° (B3, *) N L3(L>°). This completes
the proof of the existence part of Theorem 9.5.

To conclude, we shall say a few words about the proof of uniqueness.
Unsurprisingly, we proceed as for the proof that (u,)nen is a Cauchy sequence.
So, consider two solutions, u and v, of (QW') with the same initial data v and
defined on some interval [0,7*]. The difference w = v — u between these two
solutions satisfies
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Pw — Aw — 9 - (G(-,v) - dw) = Q(-,v)(Vw, Vu + Vo)
—(Q(,u) = Q(,v)(Vu, Vu) = 0 - (G(-,u) = G(-,v))0u).

We now introduce a cut-off function 6 supported in [0,1] and with value 1
near [0,1/2[. Let T be a positive time less than 7. If

Con(t,v) % 5(%)@(15,@),

then w satisfies

OPw — Aw — O(Gr(-,v) - Ow) = Q(-,v)(Vw, Vu + Vv)
—(Q(u) = Q(,v))(Vu, Vu) = 8- (G(-;u) = G(+,v)) - Ou)

on the interval [0,7/2].

Mimicking the proof of the convergence of (uy,)nen then shows that w =0
on [0,7/2] if T is sufficiently small. The usual connectivity argument yields
uniqueness on the whole interval [0, 7*]. The continuation criterion is based
on the inequality (9.17), as in the smooth case.

So, up to Theorem 9.11 (which we assumed), this completes the proof
of Theorem 9.5. The proof of Theorem 9.11 rests on the following microlocal
Strichartz estimates that will be established in the next section of this chapter.
This theorem is “microlocal”; inasmuch as it holds true on a time interval,
the length of which depends on the size of the frequency we are working with.

Theorem 9.15. Let u; satisfy
Ofuj — Auj — 9+ (SSGr(-v) - 0uj) = f; on [0,T] x R?.

Assume that for any t in [0,T)], the support of the Fourier transform of u;(t, )

is supported in the annulus 2IC. Let I = [I~, 1] be a subinterval of [0,T) such
that for some sufficiently small €,

1| < eoT(29T)7°. (9.31)
We then have, for sufficiently large 27T (and all sufficiently small positive &,
i(d_1 _ .
192 ramy < C2ED (V) 2+ Wllrrasy). i d >4,
IVusllzzpey < Ce22(@T)(IVu; (1) lz2 + I fjllzriesy),  if d=3,
IVus Loy < CP (I (1) e + £l ries)), if d=2.

Proof of Theorem 9.11. This consists in splitting the original interval [0, T
into subintervals I; j, on which the microlocal Strichartz estimates apply. Com-
puting the total number of these subintervals is the key to the proof. In order
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to do this, we introduce a small parameter A, the value of which will be chosen
later. We want that, for each interval I; x,

Lkl < eoT@T)7° and | fjlleier, ez < MSjlloy e (9.32)

This is satisfied whenever

) 1 1

(2]T)5—/ dt + 4/ £ ()|l dt < 1. (9.33)
eol Ji,, MFilly ey i,

We shall prove by induction that such a finite decomposition exists and then

control the number of intervals. Assume that we have constructed an increas-

ing family (t¢)o<e<i of times in [0,7] such that ¢, = 0, ¢, < T, and, for

any £ < k —1,

@1y ( ) Y TR
2T—t51—tg+7/ (D)2 dt = 1.
eoT " A fillza ey Ji, 7IE
Define
def ojms 1 1 ! / /
Fot) & i —(t—tk)+7/ £ 2 dt'.
Q o7 M Toncae Jo 150l

This function is increasing and continuous. As Fy(tx) = 0, either a unique ¢4
exists in |tg, T such that Fy(tx1+1) = 1, or else the interval [ty, T] satisfies the
condition (9.33), in which case we set tx4+1 = T, and the procedure stops.
This defines a sequence (t¢)o<e<k. As long as tj is less than T', we have, by
summation,

k= (Tt 4~ /tk“ 1 (0] dt < (29T = 4 L
= k1 e i(t)]|L2 at < —+ <
eoT )\||fj||L1T(L2) 0 ! g0 A
Thus, the number NV; of intervals is finite and
29T) 1
N < @TF 1

>

€0
Taking A = (2T)~? and applying Theorem 9.15 in the case d > 4 gives, for
any interval I g,

(d_1

IVl 2ty sizey < C2 G2 (19l e 22y + 15122 1y 22))
(d_1 o
< 0P8 (| Vsl 20y + @)l oy ioy)-

We now write that

Vel 35 ey = D IVUs 12201, )
=0

< CYUIN; (Ve 12y + @ T) N 51131, (12))-

As N; < C(2/T)°, we get the desired inequality for d > 4.
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The case d = 2,3 follows from similar arguments. It is only a matter of
multiplying the above right-hand side by (2/T)¢ if d = 3 and of changing
2i(d=1) 5 217 if d = 2. In the latter case, we must also replace the L2 time
integration by an L* time integration. a

9.5 Microlocal Strichartz Estimates

This section is dedicated to the proof of the microlocal Strichartz estimates
in Theorem 9.15. These will arise as a consequence of a much more general
statement pertaining to a class of smooth variable coefficients linear wave
equations (see Theorem 9.16 below) which are of independent interest.

9.5.1 A Rather General Statement

In order to define the class of linear wave equations that we shall consider,
we first introduce a family (G4)a>4a, of smooth functions from R to the
space of symmetric matrices on R? such that for some positive constant co,
we have Id +G 4 > ¢ for all A > Ay, and

Wk €N, Gy & sup AF|VEGA| Lo isay < 00, (9.34)

A>4Aq
Note that in the particular case where the support of the space-time Fourier

transform of G4 is included in A~'B, where B stands for some fixed ball
of RHd, we have

G, < CFHG,. (9.35)

Theorem 9.16. Consider an external force f and initial data (ug,u1) such

~ ~ . d
that f(t,-), Uo, and uy are supported in some annulus C. Define y :ef (uq, dug),
and let (ua)a>a, denote the family of solutions to

DAU = f
Vuji—o =7

with Ogu @ 20— Au— 3 04 o0m).

1<k <d

(LWa) {

Let I def [0,e04]. If d > 4, then we have, for all A > Ag,

uallzs, @) < Oz + £y, o)
If d = 3, then we have, for all A > Ay,
1
HUAHL%A(Loo) < C(log A)2(|[v]|z2 + ||f||L}A(L2))-
If d = 2, then we have, for all A > Ay,

luallLs ey < CUILz + 11y (22))-
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In order to show that the above theorem implies Theorem 9.15, we have to
perform a convenient rescaling in the family (S?GT). We consider

def

(SSGT)res(T,y) = S5Gr (277,27 7y).

Obviously, we have
Hvﬁ,y(S;'sGT)T‘esHLoo (R1+dy = 2_]k||vf,1SjGTHL°C (R1+4)5

and, hence, according to the localization properties of the operator S;-S and
Bernstein’s inequality, there exists some positive constant C' such that for all
keN,

| AFTH(S2G ) esl| o ivay < CF with 4% ()12,

Hence, the inequality (9.34) holds true for this family.

Now, defining u; s def w;(279-,279-) and fj res def f;(279.,2739.), we note

that
azuj,res - Ayuj,res - ay : ((S?GT)TES : ayuj,res) = 2_2jfj7res-

So, applying Theorem 9.16 to the family (u;res) (With j sufficiently large)
and performing suitable changes of variable in the integrals involved in the
inequalities, we readily get Theorem 9.15. O

The rest of this chapter is devoted to proving Theorem 9.16. Compared to the
case of the constant coefficients wave equation investigated in the previous
chapter, the main difficulty is that here, we do not have any explicit represen-
tation of the solution. The naive idea consists in writing out an approximate
representation by means of the geometrical optics method which is presented
in the next subsection.

9.5.2 Geometrical Optics

In this section, we explain how geometrical optics may be used to approximate
a solution of the variable coefficients linear wave equation

Uyu =20

1 d_ef 2 k¢
(u, Opu) jp—o = (w0, u1) with  Ugu = 0; Z Ok (g™ Opu),

1<k.(<d

o) |

in the case where g is a smooth function of the variables ¢ and x with values
in SJ (R).

For g = Id, we saw in Chapter 8 that the solution can be computed
explicitly, namely,
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(2m) n
o def 1 /.. 1
== §(U0(f)imul(f)>

In the variable coefficients case, we look for an approximation of the solution
of the form

1
u(t,x) = ZZZ(@i,ai’e,w) with
(=0 =+

def

I(®,0,a) = / PG ot g £)a(€) de. (9.36)

Of course, initially, the phase functions ®* have to satisfy &+ (0,z, &) = (z¢),
while the modulus functions c=* have to be chosen so that

1
H00,2,6) = 5(2m) and o 0,2,€) +o(0,2,6) = 0
The action of [, on such quantities is described by the following lemma,

which is an obvious consequence of the chain rule.

Lemma 9.17. We have
e 0y(e?0) = (—(0,9)* + g(0:D,0,P)) 0 + 2iLpo — o0y® + R(P, o)
with
oovo,— Y 000, and R@,0) Y00 (9.37)
1<k, 0<d

Taking for granted that the remainder R(®, o) is of lower order (in some sense
that will be specified later), we are left with solving the eikonal equation

{ (0;9)? = g(0,P, 0, P)

and the cascade of transport equations

2iLpog —oo0yP =0 and 2iLeopy1 — o109 + R(P,0,) = 0. (9.38)

(EE)

9.5.3 The Solution of the Eikonal Equation

In all that follows, we fix two annuli, C and C, with C C C and d(ac, 85) > 0,
and consider the following family of eikonal equations:

{ 0% (t,2,€) = Fi (t,2,0,9% (L, 2,€))
5(0,2,€) = (2),
where the family (Ff) A> 4, satisfies

1A*VE 2Oy Fall oo gia ) < Chot: (9.39)

tx™p

(HT3)
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Proposition 9.18. There exists a constant €y such that for any & € C there

—F
exists a unique smooth solution &= (-,-,€) of the equation (HJ ) on the in-
terval I4.

Moreover, 830@% s valued in 5, and for any integer k there exists a
nondecreasing function Cy, from R into itself such that the family of so-
lutions (451[)/12/10 satisfies

. d
SUp [ VAV Lo (14 w0y < O with Vs Y (AV1000). (9.40)
=410

Proof. From the classical theory of Hamilton—Jacobi equations (see, e.g., [15]),

—+
we infer that the equation (H.J ,) has a unique maximal smooth solution on
some nontrivial time interval [O,Tf’*[. In addition, if Tj’* is finite, then we
have

lim sup [|0207 (£, )| oo (et ) = +00- (9.41)

t—>T/:1t”‘

To simplify notation, we omit the index * in the rest of the proof. Let Ty
denote the supremum of times T < min(7T%, £9A) such that

102P All o< (fo 17 xRt ey < A1 and 8,84([0,T] x R xC) € C.

We note that differentiating the equation with respect to the variable z and

setting Z/ def —0pFp - Oy gives

010,PA+ Zp - 0,Dp = 3IFA(t7£C, 893(25/1) (9 42)
8z¢/1(0?$7£) = 5 '
Hence, using (9.39) and integration, we get that for any ¢t < T}y,
|81E¢A(t7 €, 5) - £| S C’150- (943)

As { is in C, taking ¢¢ sufficiently small obviously ensures that 9,9, is valued
in C.

Differentiating the equation once more with respect to the variable z and
multiplying by A gives

(9.44)

8 A2y + Zy - NO2D, = Ry
A9204(0,2,6) =0

with By S A02F) + 20,0, Fa020 4 + AO2F (020 4,020 ).
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By the estimate (9.39) and the definition of Ty, for any T' < Ty we get
1Rl o< (jo,7)xRe xc) < C2A™h
By integration, this gives
AO2P 4| oo (0,11 xre ) < Ca for all T < Ty.

The blow-up criterion (9.41) implies that T'f > eoA. Moreover, from the equa-
tion (9.42) we readily get

||6taI¢A||Loo([AXRd XC) S CQAil. (945)

We now differentiate (9.42) with respect to the variable £. This gives
(9,583335@/1 + 74 - 810545/1 = EA
020¢P2(0,2,8) =1d
with R % 0254 (020 4, 0,06 1) + 0,0, F - 0,0¢D 1.
Now, by virtue of (9.39) we have
[RA(t, Wzt xey < Cod 020Dt ) || Lo (e xc)-

Therefore,

020 Pa(t, )| oo (1, xR x0) < Ca- (9.46)

Combining (9.44), (9.45), and (9.46), we may thus conclude that (9.40) is
satisfied for k = 1.

In order to prove the estimate (9.40) for all k, we proceed by induction.
For the sake of simplicity we do not consider time derivatives as they may be
recovered from the equation (9.42). We define

DA % (48,,0).

Note that as the function F,; does not depend on &, the inequalities (9.39)
can be written as

ID5EOFAll e (1, xz4 xc) < Che- (9.47)
We shall now prove by induction that for any k € N,

def
o = Sl/llpHD]fxaz@AHLoo(IAde x¢) < Chg1 (9.48)

We know that the inequality (9.48) holds true for & = 1. Assume that the
property holds for 1 < j < k. Now, applying the operator D’f{"l to (9.42)
gives
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3
;D198 + Zy -0, DDy = ZRﬁ (9.49)
£=0

with, for some suitable nonnegative integers Aﬁhm) k, and B’k“l,m’ ks
RY, def ARHight2p,

RV ST ap DR R R or (DR 0, s, ., DY 0,,),

keyte ki, <k
i1
o def k
Ry = > Bl
ko+ki+-+k-<k
k;>1, ko<k

x Dtk b gt R (DR 020 4, D0, P, ..., Dy 0,8,4),

Ry Y 0,0, 4 DN 10,8, + D a0y Fa - DYO2B 5 + 02F4(020 4, D51 0,8 1),

The inequality (9.39) readily implies that

||R[/)1HL°°(IA><]Rd wey < Cppa A7}
Using the induction hypothesis and (9.39), we have
| DA M 0,00 Fp (DR 0, @ a, - .., DYy 0284) || Lo (14 xme ey < Crr A
| DE gt Py (DY 020 4, DY 0,B 4, . .., Dy 0:P4) || Lo (1, x4 x0)
< Cpp A1
Thus,
IR Al Loe (14 xR xc) + ”R%”L“(IAX]RUZ wey < Cra A7}
From the property (9.40) with rank k¥ = 1 and the inequality (9.39), we also
infer that
HR?lHLO"(IA xR4 xC) < Ck-‘rlA_l||DI/€1+16$¢AHL°°(IA><R‘1 xC)*

Gronwall’s lemma allows us to complete the proof of the inequality (9.48) with
rank k + 1. This completes the proof of the proposition. a

In order to prove Theorem 9.16, we shall consider the following Hamilton—
Jacobi equations:
1
i =+ X 04+ 00,05 0,.07)
lgj,kigd
P4 (0,y,m) = (yln).-

(EEY)

Observe that if we consider some family (G4) 4> 4, such that (9.34) holds true,
then these equations become part of the class of eikonal equations that have
been considered in this subsection: It is only a matter of setting



9.5 Microlocal Strichartz Estimates 419

1
Fi(tep) © £(pl + Calt,2)(p.p)* for (t,2,p) € RxRIxR?. (9.50)
Indeed, as we only have to consider those £’s which belong to some annu-
lus C, we can substitute for the square root in the above formula a convenient
smooth function defined everywhere. Hence, the inequality (9.34) implies the
inequality (9.39) and Proposition 9.18 applies.

9.5.4 The Transport Equation

Proving suitable a priori estimates for the transport equations considered in
the geometrical optics method is the next step. More precisely, setting

£ 0% 0, - S0 + G50, 8% 0, and (9.51)
k,l

A= g gt (9.52)

we wish to consider the following transport equations:

(T%) 4 ©)

Ei . Vo/il +Afa/i1 = pa
O'Alt:o =0, -

Before going into further detail, we need to define a class of symbols.

Definition 9.19. For any real number m, we denote by S™ the set of fam-
ilies 0 = (04)a>a, of smooth functions from I, x R xC to C such that for
any integer k,

def

de _ .
llollk,sm :fAsBE A mHvl/c‘O-AHLoo(IAX]Rd xc)y < 00 with Vo = (AVy 4, 0f).
>Ao

Remark 9.20. The inequality (9.40) implies that (Vméj) belongs to S°.

Remark 9.21. The above quantities define seminorms which endow S™ with
the structure of a Fréchet space. Moreover, it is obvious that the operator V’jl
continuously maps S™ into S™. This implies that V; , maps S™ into S™~1.
We also emphasize that the (numerical) product continuously maps St x .S™2
into §™1%™2 and that if ¢ is a function of the Schwartz class S, then ¢(D)
continuously maps S into S°. Finally, if f is a function of D and o € S°,

then foo def (f(4))a>4, € S°. More precisely, for any integer k there exists
a locally bounded function C such that C'(0) = 0 and

[(f o 0)|ks0 <C(k,sup|lof;.s0)-
i<k

Remark 9.22. The families E%’j (0 < j < d) of coefficients of the vector field
L£E defined in (9.51) are in S°. We also emphasize that (A,) belongs to S~
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From now on, we denote by C} a generic increasing function depending
on sup; < G;. The following lemma pertaining to the class of transport equa-
tions considered in (9.38) will help us to construct approximate solutions of
the variable coefficients wave equation.

Lemma 9.23. Let m be a real number. Consider (p4), a family in S™~1. If
the initial family (0510))/12/10 satisfies

sup A~ m||DA0'/1 | oo ra xcy < 00,

A>Ag

then the corresponding family (05) 4> 4, of solutions of (TT) belongs to S™,
and the map (o © )) > (0F) is continuous.

Proof. Recall that the family of symbols (Ej’o) belongs to SY. In addition,
applying the inequality (9.40) with k& = 1 to the Hamilton—Jacobi equa-
tion (EET), we discover that there exists some positive real number ¢ such
that

ol

> |50 >

Hence, Remark 9.21 entails that the family (Li 0) ! belongs to S° and the
equation (T) can be rewritten as

~ 6ta/i1 + Eﬁ -aaf + .Zfa/il = P4
(Th) ot ()
Alt=0 = %4
+.,j +
oy e def £ ~ def A} —t def pa
with L3 = =0 Ax = £E0 and py = £E0
A A A

According to Remarks 9.20-9.22, we have
(ij) €S, (.Zi) eS™! and (ﬁf) c gm—1
Thus, Gronwall’s lemma implies that
075 1w (1, xRt ey < CA™

Now, to estimate V¥ Aa ~1 we proceed as in the preceding subsection. We do not
have to Worry about time derivatives since they may be computed from the
equation (T3 £). Assume that for any j < k

def _ j . .
qa; = Sl/llp/l m”D.J/lU/ﬂl:”L&(IAX]Rd xc) 18 finite.

Applying the operator D’XH to the equation (f/jf) then gives

atDk+l i+£A aDk+l :E+A:tDk+l + Dk+1‘”:|:+ZRZ
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with, for some suitable integer values A% and B
> k1,k2 k1,k2?

Ry A ST ab L DR R0, D0

ki+ko=k
ko<k

2 def
Ry = E Bkl,kzp AA DA JA?
k1+ko=k+1
ka<k

3 def

R3 = A7'D,LEAD, DY ot

The induction hypothesis implies that for £ € {1,2} we have

A™||RY|| oo (TaxRe xc) < O(Sggq JATh
§<

Moreover, we have

IR (8, )l Lo e xe) < CrA™HIDE 07 (E )| oo et xc)-

Gronwall’s lemma then allows us to complete the proof. a

9.5.5 The Approximation Theorem

We can now return to the initial problem of approximating the solutions of a
family of variable coefficients wave equations. We consider the family of wave
equations

DAU =0
LW
( a) { (u, 8tu)h::o = (ug,u1),
where ug and u, are L? functions with Fourier transforms supported in C.

The following statement ensures the existence of an arbitrarily accurate
approximate solution. We shall see in the next subsection that keeping only
the main order term suffices to prove the microlocal Strichartz estimates we
are interested in.

Theorem 9.24. There exist four families of sequences of symbols (oi’f;)neN

(with ¢ in {0,1}) such that O’i’f; belongs to S~™ and that, for any (k, N) € N?,
a constant C' exists such that

|‘a§(u/1 - UGPP’N,A>HL?Z(L2) < CA_N_IH(U(Lul)HL2 with
def —
Uapp,N,A = ZZIQSi rjf/l;>u€)
¢, n=0

where the function T is defined by the formula (9.36), and @f is the solution
of (EEY).
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Proof. Note that the equation (EET) implies that

I\Jh-‘

def

at@/”t o = El€[a with [¢]a €] + G4(0,2)(&,6))

Bearing in mind that we want the true solution uy of (LW,) to satisfy the
o .- +,6
initial conditions ua;—o = up and dyua|—o = u1, we define the sequence TniA

by means of the following induction:

— The function aoi’ /f is the solution of

2L% Vo +ioy  0a0% =0 with

O':t’/? = 1 and o2} = 71
0.A1t=0 ~ 2(2r)d 0:41t=0 2i[€] 4(2m)@

— Once the function ori: ', has been defined, we set ot
of

n+1 4 to be the solution

2L% Vol oy AD/@A—ZDAU 4 with

O_:tf 80_:|:,[
n+1 A\t 0 22|€|A t n’A|t:0‘

Using Lemma 9.23 and performing an omitted induction, we observe that the
family (o;5*) belongs to S~". Further, as we have

VI(P5,04,a) = I(P%,ioVPE + Vo, a) (9.53)

for any family of symbols (c,4), we discover that

+ 4
Uapp,N,A|t=p = U0 and 8tuapP,N7/1|t:o =u1+ (E I(QSA’O'N-H,/U“Z)) :
0,4+ [t=0

Using Lemma 9.17, we then infer from the definition of the symbols o;5* that

def .
DA(uA—uapp7N,A) fNA _e ZI @i,DAUN)\,ug) Wlth
0, +

def +.0
V(ua — tapp,N,4)jt=0 = IN,A = ((ZZ(QP% UN+1,A’W)> ,O> :
0,+ [t=0

Using Proposition 8.17 and the relation (9.53), we get, for any k in N, that
A0 fallng 2y + 105 8. allLz < OnA™N 7 ]2 (9.54)

Performing an H” energy estimate for the wave operator [J, (in the spirit of,
e.g., the one used to prove Lemma 4.5 page 173) then allows us complete the
proof of the theorem. The details are left to the reader. a
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9.5.6 The Proof of Theorem 9.16

This final subsection is devoted to the proof of the general microlocal Strichartz
estimates stated in Theorem 9.16. Recall that we consider the solution u4
of (LW,) in the case where the external force f and the initial data (ug,u1)

are such that f ( -), Up, and Uy are supported in some annulus C.

For the time being, we will assume that f = 0. Applying Theorem 9.24
with N = 0 ensures that four families of symbols o = (O’j:’e) exist in S° such
that for any integer k, there exists a constant C} such that for any A > Ay,
the solution w4 satisfies

+ -1
| (uA—;MmA ) oz < O I,

where &% is the solution of (FE7). As

wr = (wa = Y T@F, 05" w)) + Zzgﬁi,% g),
+,¢

taking the L7 (L) norm of both sides and using Sobolev embedding and the
fact that the length of the interval I, is less than 9/ implies that

luallzz () < Clivllee + D IZ( @5, 04" we) iz, 1) (9.55)
+0

For notational simplicity, we omit the exponent + in what follows. We first
use the “T'T™* duality argument” presented in Section 8.2. We write that

(@000, 1) = s / L(B, 00, u0)(t ) (1, 7) dt da,
€ba

where B, denotes the set of functions ¢ such that [|¢[|g2 11y < 1. By the
A
definition of Z(P 4,04, ue), we have

f
Ta0) [ Z@.00,u)(t,5) it ) e d
= /ae(g) (/ AT gy (2, €)ih(t, x) dtdm) de.
Using the Cauchy—Schwarz inequality, we get

Ta() < [Allre

/ei¢A(t,x,~)UA(t’ z, ) (t, x) dt dx

L2(R%;d8)

By the definition of the L? norm, we have
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2

H/ et g (4, V(L o) di da

L2 (R%;d¢)
- / Kalt, 2, )t )t y) di di’ da dy
with

Kalt,t'z,y) < /c AT =P W) o (1 3 VT A(E sy, €) dE.

If we prove that

V(@) € 13 x R KAt Y2, 5)] < |C| (9.56)
t—t |2
then Theorems 8.18 and 8.30 imply that for £ = 0,1,
||I(¢A7UA’UK)HL§A(L°°) < C||'7||L2’ if d=>4, (9'57)
IZ@a.0nu)lss =) < Cllog )i lyle, it d=3,  (9.58)
||Z(¢A,UAaUZ)||L‘}A(LOO) < C|vllgz, if d=2. (9.59)

Now, according to the mean value formula, we have

¢A(tvx7£) - 45/1(75/79,5) = (iC - y|9A(t7tI7xuy7§)) + (t - t/)w/l(tatlaxvy7€)

with
def [
Oa(t, ' 2, y,&) =< / O PA(t + st —t),y+s(x—y),&)ds and
0
def [
!p/l(tatlum>y7£) = / 8t¢A(t/+8(t—t/)7y+8(l’—y),§)d8.
0

As 0,Ppji—o = £, we can write that 04(t,t',z,y,§) =+ gA(t,t',x,y,g) with

~ def 1 /!
Ot ', z,y,6) = / / (' +s(t—1t"))
0o Jo
X 00, P4 (vt + sv(t —t'),y + s(x — y), &) ds dv.
Thanks to the inequality (9.40), we have, for all A > A,

~ 1
1067l e 130y < Co AL < O, (9.60)

OFOAN e (12 xm2e xcy < < Crarcody ™™ if k> 2. (9.61)

Assuming ¢g to be sufficiently small, this implies that (up to an omitted finite
decomposition of C) the map
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e %yt 2y, )

is a smooth diffeomorphism from C onto its range, denoted by Cx(t,t', x,y).
We denote by Hgl the inverse diffeomorphism. Note that C4(¢, ¢, z,y) is in-

cluded in some fixed annulus C. Performing the above change of variable, we
eventually get

Ka(t,t 2,y) = / =GR Tatt 20D)G 1 ¢ 1y E) dE
Ca(t,t',z,y)

with 2 defzfy7
t—
- ~ def
Ut a,y, &) T Ua(t,t 2y, 0, (81, 2,9,))
N ~ def _
UA(t7t/7$71Ua§) :e O-A(t7xu9/11(t7tl7x7y 6))0—A(t y>9 (t t y Ly Y, 5))

x Ja(t,t, z,y, 04" (¢, :cyé))

Above, J, stands for the Jacobian of the diffeomorphism 0Z1
Now, the inequalities (9.40), (9.60), and (9.61) imply that for all (k, £) € N?,

sup sup |6§5A(t,t',x,y,§)| < oo and (9.62)
A2Ao ENECA(t,t',Ly)
(.t z,y) €15 xR?¢
sup A¥ sup  [OEVEL L WAt 2,y,€)] < Cre. (9.63)
A24o EeCa(t,t! 2,y)
(t,t,x,y) 1% xR

Theorem 8.12 page 342 and the estimates (9.40) imply that a constant C
exists such that for all (t,#,z,y) in I3 x R*%,

i
|KA(t, 2, y)| < —+/~ fw ~——J
=t Jear ) (L+ [t = ]2+ 9Palt, t',2,y,6)[?)

i

where C~A(t, t',x,y) denotes the set of {e Ca(t,t',2,y) such that

‘|t7t’ + 0g0al(t, t'z,vy, 5)‘

Hence, the inequality (9.56) reduces to proving that the Hessian of @A is at
least of rank d — 1, uniformly in (¢,¢,z,y), and in £ € Cx(t, ', x,y). The
equation (HJ,) and Proposition 9.18 now imply that

sup sup |8£~§A(t,t’,x,y,§~)| = (Cp < 0.
AZzAo geca(tt z,y)
(t,t' z,y) €13 xR
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We thus have, for any (¢,t',z,y,£) such that fe 5A(t,t’,x,y),

r—Y xr—Yy ~ ~
||t—t’|| — |t_t/| +a§w/1(t7t/7x7ya§) +CO SCO+1

In particular, we have |x — y| < (Co + 1)|14|. Therefore, the estimate (9.63)
and Taylor’s inequality give

Ut t' z,y,&) = 0 Pa(0,y,€) + Ra(t, ', x,y,£) with

sup sup |8§«RA(t, t' x,y)| < Cpeo forall £eN. (9.64)
Az geCa(tt )
(.t z,y) €15 xR?¢

Using (I’{T] 4), we have (dropping the tilde in what follows)

0P a(0,,€) = (G4(0,y)(€.€))%.

For any positive quadratic form ¢, we have

1 ( (h1|€)q(h2|§)q>
(q(€.€))? q(&,&) )

where (-|-)4 stands for the bilinear form associated with g.

This implies that DZ(q(¢, €))2 restricted to the orthogonal set V of & (in
the sense of ¢) is a positive quadratic form. More precisely,

DE(g(€:€))* (ha, ha) = (hlha), —

D?(q(f,ﬁ))wxv = m(ﬂ\/xv

As there exists a constant ¢y such that, on the orthogonal set V, of &
for GA (Oa y)7

(SIS

. . 2
ot inf (14+Ga(0,1))(€.8) > ol

we have, for any h € V,,,
Dg0i®4(0,y,)(h, h) = eol |
If we take e to be sufficiently small, the estimate (9.64) thus implies that

DX0r(0,y.€)(h,h) = T|h? for any h eV,

Thus, the inequality (9.56) is proved: It is only a matter of reproducing the
end of the proof of Proposition 8.15.

In order to conclude, we denote by A(t') the operator defined by

Oa(Aa(t")va) =0,
(A/l(t/)v/la 8tAA(t/)UA)\t=t/ = (0, UA).
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The solution of
DA”UA = fA and V'UA\t:O =0

is of the form .
oalt) = [ (AnE)Fa@) ) at

Therefore, for all t € I4, we have
¢
foattlem < [ NANE) A e
< [ IO 4@t 1
Ip
Taking the L? norm on I, and using (9.55) and (9.57), we end up with
ol o) < [ IANE) ANz, )
< [ 1at®)lz2 .
Ip

The cases d = 2 and d = 3 can be treated along the same lines. The details
are left to the reader. This completes the proof of Theorem 9.16. a

9.6 References and Remarks

Motivated by the study of the Einstein equations in relativity theory, there are a
number of works dedicated to the local well-posedness issue for the quasilinear wave
equation. The first papers on this equation were mainly devoted to the study of
the lifespan for solutions generated by smooth, compactly supported, small initial
data (see, in particular, the pioneering work by S. Klainerman in [182], the book
by L. Hérmander [168], and the more recent papers by S. Alinhac in [7-10] and by
Klainerman and Rodnianski [185, 188]).

In this chapter we focused on the question of the lowest regularity for which
local well-posedness holds true. One of the motivations for this study is that in the
low-dimensional case, we may hope to achieve the level of regularity corresponding
to a conserved quantity (such as, e.g., the energy) and thus get global existence.

The results of the first section belong to the mathematical folklore (at least in
the framework of Sobolev spaces). The main novelty here is that we strive to find
scaling invariant estimates. The other sections rely on ideas introduced by the first
two authors in [18, 19], where Theorem 9.5 is proved. The lowest index for which
local well-posedness holds true in dimension d > 4 was improved to d/2+1/2+1/6
by D. Tataru in [281] (compared with d/2+41/2+1/4 in this chapter). We emphasize
that in the simpler case of the semilinear wave equation (i.e., G = 0) with quadratic
nonlinearity @, the best index of regularity for which local well-posedness holds true
isd/2+1/2if d > 3 and 7/4 if d = 2 (see the work by G. Ponce and T. Sideris
in [253]). Actually, even in the semilinear case there is no hope of going below d/2+



428 9 Smoothing Effect in Quasilinear Wave Equations

1/2 for general quadratic nonlinearities @ (see the counterexample by H. Lindblad
in [209]).

We should also mention that combining the method presented in this chapter
with the refined Strichartz estimate proved by S. Klainerman and D. Tataru in [194]
is relevant to the study of the quasilinear wave equation in the case where the metric
G (u) satisfies the equation AG(u) = Q(Vu, Vu) for some quadratic form Q. In this
framework, it was shown in [20] by the first two authors that the level of regularity
of = for which the equation may be solved locally falls to d/2 — 1+ 1/6.

Proving Strichartz estimates for the wave equation with variable coefficients is
one of the main ingredients of Theorem 9.5. This question has been addressed by
L. Kapitanski [175] in the smooth case and by H. Smith in [268] for coefficients
in C*'. Alternatively, Strichartz estimates for the wave equation may be obtained
by the method of commuting vector fields which was introduced by S. Klainer-
man in [182] for proving global existence results for small smooth initial data. This
method was also used in [183, 184] by S. Klainerman for the smooth variable coef-
ficients wave equation. This idea is the basis of the major work by S. Klainerman
and I. Rodnianski, who proved in [189-192] that the Einstein equations are well
posed for initial data in the Sobolev space H>"¢(R?) for some arbitrarily small ¢.
Other methods have proven to be efficient for solving (QW): For an approach based
on the Fourier—Bros—Iagolnitzer transform, see the work [280] by D. Tataru; for an
approach based on wave packets, see the work [269] by H. Smith and D. Tataru.

The idea of performing a refined paralinearization to study (QW) is borrowed
from the work by G. Lebeau in [203]. Finally, we mention that cutting the time
interval into small intervals, the lengths of which depend on the frequency, has been
used recently by N. Burqg, P. Gérard, and N. Tzvetkov to prove Strichartz estimates
in the context of the Schrodinger equation on compact manifolds (see [51]).

The use of high-frequency approximation of solutions of hyperbolic partial differ-
ential equations has a long history, beginning with the construction of the so-called
Laz parametriz (see [202]). The reader may refer to the book by M. Taylor [284] for
an exposition on this method in the (more general) framework of pseudodifferential
operators.
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The Compressible Navier—Stokes System

In this chapter, we show the benefits that may be gained from Fourier analysis
methods when investigating fluid mechanics models more complex than those
which have been hitherto considered in this book. We will present the so-called
isentropic compressible Navier—Stokes system, which contains more physics
than the incompressible models we have seen thus far but is still not too
cumbersome.

The content of this chapter is twofold. First, we present a few results con-
cerning local or global solvability in the spirit of the theorem of Fujita and
Kato which was presented in Chapter 5. It turns out that scaling invariance
still allows the appropriate functional framework to be found. Next, we show
that when the Mach number (i.e., the ratio of the sound speed to the char-
acteristic speed of the velocity) is sufficiently small, the solution of the com-
pressible model tends to that of the incompressible Navier—Stokes equations.
In all the results that we obtain, the use of Besov spaces and Littlewood—Paley
decomposition turns out to be fundamental.

The chapter unfolds as follows. The first section is devoted to a short
presentation of the model of viscous compressible flows that we shall consider.
In the next section we prove a local well-posedness statement for data with
critical regularity in the case where the density is a small perturbation of a
positive constant. In Section 10.3, we consider slightly more regular data in
order to remove the small perturbation assumption. Section 10.4 is dedicated
to the proof of global well-posedness for small perturbations of an initial stable
state (p,0) with constant density. In the final section, we study the extent to
which the incompressible Navier—Stokes equations are a good approximation
for slightly compressible fluids.

10.1 About the Model

In this introductory section we briefly explain how the system of equations
for the flow of a compressible fluid may be derived from basic physics. More
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430 10 The Compressible Navier—Stokes System

details may be found in physics books such as, for example, [29], or in the
introduction of [213].

10.1.1 General Overview

We assume that the fluid fills the whole space (i.e., boundary effects are ne-
glected), and that it may be described at every material point x in R? and
time ¢ € R by:

its wvelocity field u def u(t, x),

— its density p def p(t, ),

— its internal energy e def e(t, ),

— its entropy by unit mass s def s(t,x).

To any subdomain {2 of Rd, we may associate:
— the mass M(£2) d:ef/ pdzx,
9

— the momentum P(2) d:ef/ pudx,
7}

1
the energy E(£2) d:ef/ (§p|u|2 + pe) dz,
I7)

the entropy S(£2) d:ef/ psdx.
7}

Let 1); be the flow of u (see Chapter 3) and (2 def ¢(£2). Assuming that there
is neither production nor loss of mass, the mass conservation translates as

d d
—M(02) = = =0. 10.1
GV =5 [ pdr=0 (10.1)
For the momentum, we have

d d
—P() = — pudxr = pf dx + (0-n)dX, (10.2)
dt dt 2 Q: 982

where the first term on the right-hand side represents external body forces
with density f (such as, e.g., gravity), and the second term represents surface
forces. In the absence of mass couples, the angular momentum

/ x A (pu)(t, z) dx
2,

is also conserved. This can be shown to entail that ¢ is a symmetric tensor
(see, e.g., [29]).
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Next, the energy conservation can be written as

d d |u|?
YRy =2 ful”
a1 dt/gtp(eJr 3 ) i

:/ pf-udx—i—/ (0-n)-ndX — qg-ndX, (10.3)
2 89, 892,

where the last integral represents the amount of heat lost across the boundary,
and ¢ is the so-called heat flux vector.

Finally, introducing the temperature T, the entropy balance can be written

d d q-n
_ = — >7 R . .
dtS(Qt) o /Qt ps dx > /{Mt( ) ax (10.4)

We assume from now on that the fluid is Newtonian, that is:

— The tensor ¢ is a linear function of Du, invariant under rigid transforms.
— The fluid is isotropic [in other words, the physical quantities depend only
on (t,z)].

As a consequence, it may be shown (see, e.g., [29]) that o can be written as

c=7—pld with 7 def ) divu 1d +2uD(u).

The scalar function p = p(t, x) is called the pressure and 7 = 7(¢,x) is called
the viscous stress tensor. The real numbers A and p are the wiscosity coeffi-

cients and D(u) def 1(Du + 'Du) is the deformation tensor.

From the global conservation laws (10.1)—(10.4), we may obtain a system
of partial differential equations involving p, u, e, and s. This is a consequence
of the following classical (formal) lemma.

d
Lemma 10.1. Let {2 be an open subdomain of D, ¢ the flow of u, and (2 :ef
P (£2). Let b be a scalar function. We then have

da bdr = / (Oub + div(bu)) do = Obdzx +/ (bu-n)dX.
dt Jo, 2 o3 o5

If we assume for simplicity that the Fourier law ¢ = —kVT is satisfied and
that the coefficients k, A\, and p are constant real numbers, then Lemma 10.1
implies that

Orp + div(pu) = 0,
s (pu) + div(pu @ u) — pAu — (A + p)Vdivu + Vp = pf,
O (p(e + %)) + div(p(e + g)u) + divpu — kAT
=pf -u+div(r-u) —divg,
dy(ps) + div(psu) > kdiv (%)
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If we assume, in addition, that the so-called Gibbs relation
1
Tds = de +pd(—)
p
is satisfied, then combining the mass, momentum, and energy equations, we
get

VT) LT D(u) (10.5)

T 2
O(ps) + div(psu) = kdiv(T T +k |VTQ| .

Hence, according to the entropy inequality, we must have

T2
D(u) Jrk% > 0.

As, obviously,
7: D(u) = Mdivu)? + 2uTr (D(u))?

and, owing to the Cauchy—Schwarz inequality,
(Tr D(u))® < d'Tr (D(u))?,
this yields the following constraints on A, u, and k:
k>0, >0, and 2u+dx>0.

We give a few examples:

— Monoatomic gases in dimension d = 3 satisfy 2u + 3A = 0.
— Inviscid fluids are such that = A= 0.
— Nonconducting fluids satisfy k = 0.

In order to solve the system, another two state equations involving p, p, e, s,
and T are needed. We can assume that p = P(p,T) and e = ¢(p, T') for some
given functions P and € depending on the nature of the fluid.

10.1.2 The Barotropic Navier—Stokes Equations

In what follows, we focus on a simplified model for compressible fluids, the
so-called barotropic Navier—Stokes equations,

Op + div(pu) =0
¢ (pu) + div(pu @ u) — pAu — (A + p)Vdivu + Vp = pf,

where it is assumed that p def P(p) for some given smooth function P.

The above system may be derived from the general model under the as-
sumptions that s is a constant and k = 0. Note that in the viscous case (which
we will consider in the next sections), the assumption of constant entropy is
somewhat inconsistent with (10.5) for the term 7: D(u) may be positive. From
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a mathematical viewpoint, however, the barotropic (or isentropic) model re-
tains many features of the full model.

In this chapter, we restrict our study to fluids with positive density tending
to some positive constant at infinity (say 1, to simplify the notation). Letting
a = p — 1, the barotropic system for sufficiently smooth solutions reduces to

(NSC) {@a—&—zrVaz—(l—l—a)divu

Ou— (1+a) "t Au+u-Vu+ Vg = f,

where A def pA+ (A+p)V div is the viscosity operator, and g def G(a) stands

for the chemical potential expressed in terms of a. The function G is assumed

to be conveniently smooth and, with no loss of generality, to vanish at 0.
The modified viscosity coefficients

ud:ef)\+2,u, yd:efmin(,u,)\—i—lu), and ﬁd:ef,u—&—\)\—i—,u|

will also play an important role.
Throughout this chapter, we consider only wviscous fluids, those for which
u >0 and v > 0. This implies that the coefficients v and 7 are also positive.

10.2 Local Theory for Data with Critical Regularity

In Chapter 5 we proved global well-posedness for the incompressible Navier—
Stokes equations with small initial data and local well-posedness for large
initial data (see Theorem 5.6 page 209, Theorem 5.27 page 222, Theorem 5.35
page 229, and Theorem 5.40 page 234). In this section and the two which
follow, we seek to establish similar results for compressible flows.

10.2.1 Scaling Invariance and Statement of the Main Result

As in Chapter 5, scaling invariance is the main thread for finding an appropri-
ate functional framework. More precisely, we note that for all £ > 0, (NSC)
is invariant with respect to the rescaling (a,u) — (as,ue) defined by

ar(t,r) = a(l*t, bx) and w(t,z) = lu(l*t, (), (10.6)

provided that the chemical potential g has been changed to ¢%g.

Hence, it may be appropriate to solve the system (NSC) in a function
space whose norm is invariant for all ¢ (up to an irrelevant constant) with

respect to the transform (10.6). Therefore, if we consider homogeneous Besov
.4 .4 _1\d

spaces, the data (ag,up) have to be taken in By}, x (Bpzr, ) for some

p1,P2,71,72 > 1. In order to guarantee that the density is positive, however,

an L control on a is needed. Hence, we have to assume that ;1 = 1 so that
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. d
B!, — L (see Proposition 2.39 page 79). Next, owing to the smoothing
d

properties of the heat flow, we expect Vu to be in flT(B;,fm) [see the inequal-
ity (3.39) page 157]. Now, as a satisfies a transport equation, preserving its
Besov regularity requires that Vu € LL(L>) (see Theorem 3.14 page 133).
Hence, we must also take ro = 1. Finally, owing to the coupling between the
equations for a and for u, it is also natural to assume that p; = ps.

For simplicity, we shall only consider the case p; = ps = 2. We thus wish
to solve (NSC) in the function space

d f ~ . % ~ . %_1 . %+1 d
Er = {(a,u) € Or(B3 ;) x (CT(B271 )QL%(BM )) }»
def s Too( s
= C([0,T]; B 1) VLT (B3 1)-

For the time being, we focus on small perturbations of a constant density
state. For such data, our main local well-posedness result reads as follows.

where we agree that from now on, éT(BQ"'l)

Theorem 10.2. If d > 2, then there exists a positive constant n such that for
Sd_ cd_ . d
all ug in By, 1, fin L} (RT; B3, 1), and ag € B3 | with

loc

HaollBi1 <nu/7, (10.7)

there exists a positive time T such that (NSC) has a solution (a,u) on [0,T] X
R? which belongs to Erp.
Moreover, uniqueness holds true in Er whenever

IIGIIL%O(BEN <n/v, if d=3, and |lallze gy ) <nv/v, if d=2.
(10.8)

The rest of this section is devoted to proving Theorem 10.2. Before explaining
how we shall proceed, we should point out that, in contrast with the incom-
pressible Navier—Stokes equations, owing to the hyperbolic nature of the mass
conservation equation, the system (NSC) cannot be solved by means of the
Picard fixed point theorem. In fact, although a priori estimates for (NSC)
may be proven directly in the space Er, the term w-Va in the mass equation
induces a loss of one derivative in the stability estimates. For that reason,
we shall instead use a Friedrichs method similar to that of Chapter 4 for
hyperbolic quasilinear systems. Indeed, if T" is taken to be sufficiently small,
then it turns out to be possible to prove uniform estimates in Er for the
corresponding sequence (a™, u™),en of approximate solutions.

At this point, it would be natural to prove that (a”,u™),en is a Cauchy
sequence for a weaker norm than that of E7. This method would work in di-
mension d > 3, but is bound to fail in dimension 2, owing to the low regularity
of the functions we work with. Therefore, we shall instead use compactness
arguments (based on compact embeddings in Besov spaces and Ascoli’s theo-
rem) to show the convergence of (a™, u™),en up to extraction. This will enable
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us to prove the existence part of the above statement. Uniqueness will be ob-
tained later by independent arguments (here, again, the case d = 2 turns out
to be more tricky). In the last part of this section, we shall state a continuation
criterion which will be useful for proving global existence in Section 10.4.

10.2.2 A Priori Estimates

For the time being, as we focus on local results, the gradient of the pressure
may be considered as a lower order term. Therefore, the coupling between the
mass and momentum equations is not so important, and the two equations
may be treated (almost) separately. More precisely, in order to get a priori es-
timates for (NSC'), it suffices to combine estimates for the transport equation
(as stated in Theorem 3.14) and for the following heat system with convection
terms:!

u+v-Vu+u-Vw — Au = f. (10.9)
For this latter system, we have the following result.
Proposition 10.3. Let s € ]—5, 5] There exists a universal constant K, and

a constant C depending only on d and s, such that

lallze g ) + s2llull gz < (lollsg , + 11 g )

t
xexp( /(||w\| 19l )d )

If v and w depend linearly on u, then the following inequality is true for all
positive S:

t
ll o iyl g sgiey < (ol 5 +|f||L1(B;,1>>exp(c / |VuLwdt,>_

Proof. As usual, the desired estimate will be obtained after localizing the
equation (10.9) by means of the homogeneous Littlewood-Paley decomposi-
tion. More precisely, applying A; to (10.9) yields

8t’u]‘—|-’U'VUj —.AUj ij —AJ(’UJV’w)—FRJ

with u; d—efA iu, fj def 4, ;f, and R; Zk[ , A}0ku.

! In fact, if we are only interested in proving well-posedness for (NSC), the con-
vection terms may be included in the source term f. The main interest in keeping
them on the left is that we get a more accurate estimate (note that the right-hand
side in the Proposition 10.3 does not depend on the viscosity) which will be used to
state a continuation criterion at the end of this section.
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Taking the L? inner product of the above equation with u;, we easily get

1d 1 . ,
5 uillze - §/|uj|2dlvvdx—|—/(,u|Vuj|2+(A+u)|dlvuj|2) d
< sl o (102 + 145 T} + [R5 ]2 )-

Note that we have
/(,u|Vuj|2 + (A4 p)l divuj|2) dz > g/ |Vu;|? da.

Indeed, the above inequality is obvious if A4+ p > 0. Otherwise, it follows from
the following chain of inequalities based on integration by parts:

/(divuj)2 dx = Z/&uz Gkuf = Z/akuz &‘U? < /|Vuj\2dx.
ik ik

Hence, according to Bernstein’s inequality, we get, for some universal con-
stant s,

1 d 2 24 2
2 N 3 \lays

5 2 sl + 2602% a7,

. 1., ..
< g o (5l + 1145 Pl + 1By o+ G v ol g2 )-

According to Theorems 2.82 and 2.85 page 104, and to Lemma 2.100 page 112,
we have the following estimates for A;(u - Vw) and R;:

[4;(u-Vw)| . < ccjszs”w”g?% lull gy, if —d/2 < s <d/2, (10.10)

,1

IR, < chg—js||vv||32%1 lull gy, i —d/2<s<d/2+1, (10.11)

where (c;)jez denotes a positive sequence such that . c; = 1.

Formally? dividing both sides of the inequality by ||u;|/z2 and integrating
over [0,t] thus yields

t t
s (O] 2 + 262,2% / sl 2 dt” < luy (O] 2 + / 1Fill e e’

t
c27 | (v Yl g Yllulg, dt'

4027 [ (190lyg -+ 190l g Yl

Now, multiplying both sides by 27° and summing over j, we end up with
el zoe s,y + Fullelly sy < llwollsg, + 11l ss )

t
+0 [ (190l +1vuil )

2 Here, we may proceed exactly as in the proof of (4.31) page 194.

|u B3, at’
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for some constant C' depending only on d and s. Applying Gronwall’s lemma
then completes the proof.

If, in addition, we assume that v and w depend linearly on u, then we may
take w = 0 (with no loss of generality) and use the inequality (2.54) page 112
to bound R;. We then easily get the last part of the statement. O

Combining the above estimates with Theorem 3.14 page 133 will enable us to
prove the following result for smooth solutions of (NSC).

Corollary 10.4. Let (a,u) satisfy (NSC) on [0,T] x R?. Suppose that a €
. a .d_ . d
CH([0,T); B,) and we C*([0,T]; B3, 1ﬂB22I1)d. Assume, in addition, that

sd_q .
there exists a function ur, € C*([0,T]; B, 'n B;jl)d such that
at’LLL - .AUL = f, Uth:O = Up. (1012)
=, d d d
Let T Yiml.  a +uEl e withd Y-y and U1)
Ly (B3 Li(B3y )
ool g4+ 161, 0

There exist two constants, n and G, depending only on d and G, respec-
tively, such that if

_ _ vUy(T)
. < dc( 7) v +T) <v, (1013
lanllyy <o and (7 + oDl g +T) v (1013
then we have, for all t € [0,T],
“a”igo(Bﬁl §2||a0||32%1+ﬁ£/77 llall oo (fo,4 xr2) < 3/4, ot
T < (o) +wn)llucll | yor +ntr/7). |
IFN0: A

Proof. Defining I(a) def a/(1+ a), we see that (a,u) satisfies

a+u-Va+ (1+a)divu=0
u+u-Vu+a-Vuy, — Au = —ur, - Vur, — I(a)Au — V(G(a))

Ajg=0 = Ao, Uj=0 = 0.

Theorem 3.14 and Remark 3.16 page 134 enable us to bound a: We get
t
all. .4 Sexp(C/ ull 4 dt’)
” ||L§°(B2%1) 0 H ”322;1

t t’
x<||a03§1+/0 eXp(—C’/O Jull dt”)\|(1+a)divu||32%1 dt’).

. d
Now, since By ; is an algebra (see Corollary 2.54 page 90), we may write
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d
2
2

G +adival g <O fal g )ldivu,

so that, combining the previous inequality with Gronwall’s lemma yields (for
some larger constant C)

t
o,y < ool g exo(0 [l g ) +esp(C [ hul g ) -1
. d
Let Co be the norm of the embedding B3 ; < L. From the previous inequal-

ity, we see that if we assume that
laoll L4 < 77~ (10.15)

and if we have

T
— nv
|0 e g.) e < 2 (10.16)
2,1 2,1

for some sufficiently small 7, then (10.14), is satisfied.
In order to bound u, we may apply Proposition 10.3. We get

T(t) < C’exp(C’/Ot(|uL||Bd+1 + Il g )dt)

t
[ (sl M)A+ 1G] )

The right-hand side may be bounded by resorting to the product and compo-
sition estimates proved in Chapter 2. We get

l[u - VULHBg 1 < Cllug]] .g_1||VULH
(@) Aull g < Clla]l dHAull iy
IV(G@)ll ,4-1 < Clla] 4 54,

d
"f,
2

5
21

Therefore, under the hypothesis (10.16) we have, by virtue of (10.14),

Ut <C( ,
(t) < HULIIL?O(B;A)H LIILl(BQgrl)

— _177 —
A7aoll g +m/P) (T + el ) + (ool g +me/Pt).

2,1

Now, from Proposition 10.3 we have

1 < UO(t)v (1017)

ur . d_
| IIL?O(B% :

so if we assume
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laoll .4 <un (10.18)

Mo

1

on ag with n = min(1/(2C),1/(4Cy
tion (10.15)], then we get

~

[note that this implies the condi-

T@) < C((Uo®) +wn)llucll | yor +mot/7

LiB2) )

Completing the proof of the corollary follows from a standard bootstrap ar-
gument: Let

1% (€ 0,77/ (10.16) is satisfied on [0, 1]}

By using the time continuity of the solution, we see that I is a nonempty
closed subset of [0,T]. Now, if T* € I and we assume that T has been chosen

such that Uo(T)
40((1 + %)nuLu

then the inequality (10.16) is strict at time 7. Again using the time continuity
of the solution, we see that this entails that I is also an open subset of [0, T.
Hence, T* =T. a

nT _
L%(Bzgfrl + ?) < 772/’/’

Finally, we prove an a priori estimate for the nonstationary Stokes equation
with convection terms,3

Ou+P(v - Vu) +P(u - Vw) — plAu = f. (10.19)

That estimate will be needed in the last section of this chapter, where we
investigate the incompressible limit.

Proposition 10.5. Let s € |—2,4] and let u be a solution of (10.19) with

divergence-free data ug in B§1 and f € Ll([O,T];BS’l). There exists a uni-
versal constant k, and a constant C depending only on d and s, such that

lull oo 5 ,) + Fpllull Ly pgrey < (luollpg, + 12 )
t
xexp(c/ (Vo] a + [V .4 )dt’).
0 B22,1 322,1

If v and w are multiples of u, then for all positive s, the argument of the

t
exponential term may be replaced with C/ |Vl L dt’.
0

3 Recall that P stands for the Leray projector over divergence-free vector fields
defined in (5.4) page 206.
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Proof. The proof works in almost the same way as that of Proposition 10.3.

The evolution equation for u; def Aju now reads
druj + P(v - Vuy) — pAu; = fj — A;P(u- Vw) + PR;.

Taking the L? inner product with wu; is the next step. Since divu; = 0
and P? = P, the operator P may be “omitted” in the computations so that by
proceeding along the lines of the proof of Proposition 10.3, we get the desired
inequality. a

10.2.3 Existence of a Local Solution

In order to prove the existence part of Theorem 10.2, we proceed as follows:

— First, we approximate (INSC) by a sequence of ordinary differential equa-
tions, by means of the Friedrichs method.

— Second, we prove uniform a priori estimates in Ep (for suitably small T')
for those solutions.

— Third, we establish further boundedness properties involving Holder reg-
ularity with respect to time for the approximate solutions.

— Fourth, we use the previous steps to show compactness, hence convergence
up to extraction.

— Finally, we show that the limit is indeed a solution of (NSC'), and that it
belongs to Fr.

First Step: Friedrichs Approximation

Let LEL be the set of L? functions spectrally supported in the annulus C, def

{¢e R /n~1 < ¢ < n} and let §2,, be the set of functions (a, u) of (L2)d+1
such that inf,cgsa > —1. The linear space L2 is endowed with the standard

L? topology. Note that, owing to the Bernstein inequality, the L™ topology
on L% is weaker than the L? topology, so £2,, is an open set of (Lfl)d—H.

Let B, : L? — L?L be the Friedrichs projector, defined by

FE,UE) €10 (9)FUE) foral ¢ eRY

We aim to solve the system of ordinary differential equations

wor G- () (5)

in (L2)%*! with

— def

Fo(a,7) = —E, div((1 + a)u),
def

Gn(a,1) = E, Au— E,(u- Vu)— E,(I(a) Au)— E, V(G(a)).
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Above, we agree that u =% + ur, where uy, is the solution of (10.12).*
Note that if Ha0|| a is small, then 1+ E,, ap > 0 for large n. Hence, the
1

initial data of (NSC,, ) are in {2,. Therefore, to solve the system it suffices to
check that the map
(a,u) — (Fn(a,ﬂ),Gn(a,ﬂ))

is in C(R™ x2,,; (L2)%*1) and is locally Lipschitz with respect to the variable
(a,u). The proof of that is left to the reader. The main two points are that

def E, uz, is in C>®(R™; H*), so the time dependency is smooth, and that,
owing to the low-frequency cut-off E,, all the Sobolev norms are equivalent.
Hence, if we restrict ourselves to nonnegative times, then the above system
has a unique maximal solution (a™,u™) in the space C*([0, T:[; £2,,).

Second Step: Uniform Estimates

We claim that Ty may be bounded from below by the supremum T of all the
times satisfying (10.13), and that (a™, u"),>1 is bounded in Erp.

The key point is that since E, isan L2 orthogonal projector, it has no effect
on the energy estimates which were used in the proof of Corollary 10.4. Hence,
the corollary applies to our approximate solution (a™, u™). Note, also, that the
dependence on n in the condition (10.13) and in the inequalities (10.14) may be
omitted. Now, as (a™,@") is spectrally supported in C,,, the inequalities (10.14)
ensure that it is bounded in L>°([0,T]; L2). So, finally, the standard contin-
uation criterion for ordinary differential equations implies that T} is greater
than any time 7" satisfying (10.13) and that we have, for all n > 1,

a nHZ a4 S 3ne/v, la”[ Lo jo,myxrey < 3/4,

T (B31)
0 g, + 2T, e < Ot/ (10.20)
ol g+ 171, g+l o )
T( 21 ) 2,1 )

Of course, because u} = = E, uz, the sequence (u} )nen is uniformly bounded
~ . d
in Cr(B3, ) N LT(B2+1) We further note that, using interpolation, the
~ .d_qy2
inequality (10.20) implies that (u"),en is bounded in L7.(Bg, 1+T) for all

€ [1,00], a property which will be used several times in the next steps. The
same holds for uf.

4 Proving the existence of ur involves the same arguments as for the ordinary heat
equation.
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Third Step: Time Derivatives

The following lemma will supply the compactness property needed to pass to
the limit in (NSC),).

def

Lemma 10.6. Let a" = a™ — E,, ao. Then, the sequence (@")n>1 is bounded

m

1

C([0,T]; By ) NC([0,T); B3 1),

and the sequence (T")p>1 is bounded in
Sd_q 1 -4 43
c([0,T7; 322,1 )NCa([0,T7; 322,1 + B22,1 ?).
Proof. The result for (@"),>1 follows from the fact that @"(0) = 0 and
8@" = — En dlv(u”(l + a”))

Indeed, as By, is an algebra, and as u" and a" are bounded in L%(Bf}l)
. d Sd_
and L3 (Bg,), respectively, the right-hand side is bounded in L% (B3 | 1).
As regards (u")n>1, it suffices to prove that (9;u")n>1 is bounded in

3
2

L3 ([0, T); Bzgl_l + 32%1_ ). This follows from the fact that
o = — &, (u" VU I(a™)Au" — AT+ V(G(a”))).

4 .dy1

Indeed, by using the fact that (v"),,>1 and (@"),,>1 are bounded in L%(BQZIr 2N
Ld_ . d

LF (B3, 1), and that (a"),>1 is bounded in L3 (B3 ), we easily deduce that

d
2

4 . 3
the first three terms on the right-hand side are in L#(Bg3 ; *), and that the last

cd_

one is in Li’?(Bil 1), uniformly. This is a simple consequence of the product

and composition laws for homogeneous Besov spaces, as stated in Chapter 2.
O

Remark 10.7.1f d > 3, we can also prove that (9;u")nen is bounded in
Ld_ Cd_

L2(0.T: By + B3y ).

Fourth Step: Compactness and Convergence

We introduce a sequence (¢, )pen of smooth functions with values in [0, 1], sup-
ported in the ball B(0,p+1) and equal to 1 on B(0,p). Recall that, according
to the previous lemma and step 2,

(@")n>1 is bounded in cz ([0, T); 32%1_1) NC(o,TY; Bzgl)



10.2 Local Theory for Data with Critical Regularity 443

Therefore, by virtue of Proposition 2.93 page 108,
d_ d
(¢pa@")n>1 is bounded in CZ([0,T]; Bf; ') NC([0,T]; B,) forall peN.

d

Now, according to Theorem 2.94, the map 2z —— ¢,z is compact from By,
d_

to By ' Therefore, Ascoli’s theorem ensures that there exists some function

d_
a, such that, up to extraction, (¢,@"),>1 converges to @, in C([0,77]; B3, 1).
Using the Cantor diagonal process, we can then find a subsequence of (@"),,>1
[still denoted by (@"),>1] such that for all p € N, ¢,a" converges to @, in

C([0,T); B31"). As $pbpi1 = Gy, we have, in addition, @, = ¢,y 1. From
that, we can easily deduce that there exists some function @ such that for all
¢ € D, ¢a"™ tends to ¢a in C([O,T];Bél_l).

A similar argument, based on the bounds stated in step 2 for the velocity
and on the second part of Lemma 10.6, allows us to show that there exists
a vector field @ such that, up to extraction, for any function ¢ € D, we have

gu" — ¢ in C([0,T]; B, ?).

Final Step: Completion of the Proof
Combining the uniform bounds that we proved in the second step and the
Fatou property for Besov spaces (see Theorem 2.25), we readily get

_ oo/ T % ot %71 d

(@w) e LB, x (LE(Bi ) -

. d
Proving that @ also belongs to LlT(BQQ’;rl) requires some attention. Indeed,
. d

having (@"),en bounded in LlT(BQ‘Z’Irl) only ensures that @ belongs to the set

. d d
MT(ij—l) of bounded measures on [0, T] with values in the space B;jl, and
that

T
d||u(t <C
| o g < cx,

where Cr stands for the right-hand side of (10.20).
It is now clear that the same inequality holds for E,w, for all n > 1. In

Ld_ . . d
addition, as u € L¥ (B3, 1), we obviously have E, u € L}(B;jl). Finally,
then, we may write

T
/ [Enal . 440 dt <Crp foral n=>1.
0 B3,

. d
Using the definition of the norm in Bé"jl, the above inequality implies that

5 In the case d = 2, as d/2 — 1 = 0, we also use the fact that BS,I — Bg,l.
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lim Yy 270 +1>/ | Al g2 dt < Cr.

N—o0
l71<N

— 5441
Therefore, @ € Lip(B3 ) ).

Let (a,u) def (ao + @, uy, + ). By interpolating between the convergence
results that we have obtained so far and the uniform bounds of step 2, we
get better convergence results for (@™, u™) so that we may pass to the limit in
(NSC,,). As an example, we explain how the nonlinear term E, (I(a™)Au™)
may be handled. Fix some ¢ € D(R?) and some p > 1 sufficiently large so as
to satisfy ¢, = 1 in a neighborhood of Supp ¢. Using the symmetry of E,
and the support properties of ¢ and ¢,, we may write

(E,(I(a™)Au™) - I(a)Au, ¢) = (I(a™)Au"™, (E, —1d)¢)
< (¢pa' ) ((bpu )_I(¢pa)-/4(¢pu)a¢>~

Combining the bounds of step 2 and product laws in Besov spaces, we see that
cd_
(I(a™)Au™)p>1 is bounded in Li (B3 1). Hence, we can deduce from duality
properties (see Proposition 2.29) and the smoothness of ¢ that the first term
of the above equality tends to 0.
For the second term, it suffices to use the fact that for any € > 0,

d_
— ¢pa™ — ¢pa in L%O(Bzz,1 6)7

. dy1—
- A(‘j)pan) - A(¢pu) m L%“(Bzz,l 8),
which, in view of the product properties in Besov spaces, suffices to show the
convergence. Treating the other terms in (NSC,,) is left to the reader.

Finally, then, we have constructed a solution (a,u) of (NSC) with data
(ag,ug), which satisfies

d

(.)€ T (B < (TrBET nLh i)

and the bounds of step 2 are satisfied.
In order to establish the properties of continuity with respect to time, it
suffices to observe that

-9

L d Ld_
O +u-V)ae LL(Bg,) and due Lh(Bs ).
Sd_
The second property obviously ensures that u € C([0, T; B3 1), while accord-
. d
ing to Theorem 3.19, the first one guarantees that a € C([0,77; By ).

Remark 10.8. Combining (10.13) with Lemma 2.4 page 54, we may deduce a

lower bound for the lifespan T* of the solution. Defining wu;(T) def
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2i(g=1) <||Aju0||L2 + ||Ajf||L1T(L2)), we find that there exists some constant 7,
depending only on d and on G, such that

T Zsup{Te]O,ng] / jezz(l_e—uT22j)uj(T) < %}

10.2.4 Uniqueness

Assume that we are given (a',u') and (a?,u?), two solutions of (NSC) (with
the same data) satisfying the regularity assumptions of Theorem 10.2. In

order to show that these two solutions coincide, we shall give estimates for

(da, du) def (a?—a',u?—ul). These estimates will be based on Proposition 10.3

and Theorem 3.14 applied to the following system satisfied by (da, du):

Dyfa +u? - Voo + Y7, 0F; =0 (10.21)
Bpdu + u? - Véu + du- Vu — Adu= Y2 &G, '
with o ©a.va!,  omSadive?, o Y11 ot diva,

i (1)~ 1(a%) Au, G2 ' ~I(a") Adu, G € -9(G(a?)-G(a")).

Note that, owing to the hyperbolic nature of the mass equation, we could
not avoid a loss of one derivative in the stability estimates (because the term

OF; in the first equation of (10.21) cannot be better than L*°([0,T]; Bfl_l),

for we only know that Va' € L>([0,T); BQ%;l)) In addition, because of the
coupling between the equations for da and du, this loss of one derivative also
induces a loss of one derivative when bounding du. Hence, we expect to prove
uniqueness in the function space

def 541 o4 -2 NN
Fr = C([OaT]3BQ,1 ) X (C([OaT]5B2,1 )QL%“(BQJ)) .

We first consider the case d > 3, which is easier to deal with. We have to
check that (da,du) belongs to Fr, a fact which is not entirely obvious since
homogeneous Besov spaces are involved. We note that both d;a' and 9;a? are

in L%(Bzgl_l) (just follow the proof of Lemma 10.6). As a'(0) = a?(0), we
Ld_
thus have da € C([0,7T7]; By, 1), as desired.

d_ ) )
In order to show that du € C([0,T]; Bg, 2), we introduce @' def ut — g,
where uy, is the solution of

o, — Aug, = f —V(G(ao)),  Trj—o = uo. (10.22)

We obviously have ‘(0) = 0 and
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o' = Au' — I(a") Au' —u' - Vu' — V(G(a') — G(ap)).

Since @ € L%O(BQ%I_I) and (a’,u’) € Er, the right-hand side belongs

Ld_ , Ld_
to L7(B3, 2) (use Section 2.6). Hence, u' belongs to C([0,7]; B3, 2), and
we can now conclude that (&, du) € Fr.

In order to get an estimate for da, we apply Theorem 3.14 to the first
equation of (10.21). For T < T we get

Clu?l 4., 3
Joall _ aa Se ERCROSTNSR] g
L°°(B2 ) p LL(B2, )

Easy computations based on Theorems 2.47 and 2.52 page 88 yield

||5F1||.g71<CH&L|| IIValll 4y
le 21
[0F2 ][ . a— 1<0Hdwu2|l 4 HéaII
B21 le
JF. <C(1 1 S )
I6F4] 5+ < C(1+ o ||B;1)|| 4,

Hence, using Gronwall’s lemma and interpolation, we discover that there exists
some constant Cr, independent of T, such that

Il _ g, < OBl o+ N0l

. 10.23
sead ) (10.23)

d d_
B221) 221 )
Next, applying Proposition 10.3 to the second equation of (10.21) yields
oull g +l0ull g
LE(Bsy ) L:(B3y)
C Il g, +le?l dyq)dt 3
< Ce By PR NG e,
Ly(BEy )

=1

Because Bil(Rd) —C(R?), we have a’ € C(]0, T]xR?). Hence, for sufficiently
small T,

i 1 .
lla* | oo (o, 71 xRy < B for ©=1,2. (10.24)
Therefore, applying Theorems 2.47, 2.52, 2.61 and Corollary 2.66 yields
||5G1||B%—2 < Co(1+|la']| sh T ||a2||B§1)||5a|| 1”7“‘1”32%;“
1

”5G2”B§1 < Cvlla’]l 4 II&LIIBZgl,

iy 2
||5G3||B§1 . < C(1+||a HBE la ||B§1)II5GIIB§;1-

If 1 has been chosen to be sufficiently small in the condition (10.8), then éGa
may be absorbed by the left-hand side of the inequality for du. Therefore, we
can conclude that there exists a constant Cp, independent of T, such that
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u < op(T+lu! ) .
I3 18 g < Co (Tl o VIl
Note that the factor T + HulHL1 B4 ) decays to 0 when T goes to zero.
2,1

Hence, plugging the inequality (1() 23) into the above inequality, we conclude
that (da, du) = 0 on a nontrivial time interval [0, 7. In order to show that we
may take T' = T, we introduce the set

def{te 0,77/ (a®,u*) = (a*,u") on [0,4]}.

Obviously, I is a nonempty closed subset of [0,7]. In addition, the above
arguments may be carried over to any ¢ € I N[0, 7], which ensures that I is
an open subset of [0,7]. Therefore, I = [0,T], and the proof is complete in
the case d > 3.

In the two-dimensional case, the above proof fails because, when estimating
some terms on the right-hand side of the equation for du (such as, e.g., dG3),
the sum of the indices of regularity is zero. Hence, we must use the endpoint
inequalities of Proposition 2.52 [adapted to L’}(BQT) spaces|, but we then
obtain a bound in the larger space Z%(B;éo), instead of L}(B;%) At this
point, we may be tempted to estimate (da, du) in

def oo 7 ?
Fr € LF (B ) < (LF(By5) 0 Lh(Bl))

but we then have to face the lack of control on du in L%(L*) (because, in
contrast to Bj ;, the space B3 . is not embedded in L>) so that we run into
trouble when estimating &6F;. In order to bypass this difficulty, we shall use
the logarithmic interpolation inequality

g Hllwlz

52
r Bm)), (10.25)

w7,
||’U)||L1 (Bl )y S C”’LU”Ll Bl )log(e-l- T
e Paee lwllzy a3 )

the proof of which is similar to that of (2.104), except that we now have to
split w into three parts,

Z Aw—i— ZAw—i—ZAw

j<—M j>N

and choose the “best” nonnegative integers M and N. At this stage, it will be
possible to conclude that we have uniqueness by taking advantage of Osgood’s
lemma.

We now give some more details. We omit the proof that (&, du) is indeed
in F7 as it is only a matter of repeating the arguments that were used for d >
3. Next, bounding & may be achieved by combining Theorem 3.14 page 133
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with Propositions 2.47 page 87 and 2.52 page 88, and by using the embedding
B, — le,oo N L. After a few computations, we get

t
ol gy < Cexn(C [l o)

t
x / (|6a||Bgm||divu2||B;1+||6uB;,I(Hllalll%,l))dt’»

from which it follows, according to Gronwall’s inequality, that

t
ol gy < Cexn(C [ Iullgg, ') (14 oty Dl

Making use of the inequality (10.25) with w = du, we end up with

||éu||Z1(BO )+||5UHE1(32 )
16al] o0 (7 < Cpl|du||31, - 1og<e+ +(BS o 1B o )
L(BY ) LY(BL ) o HE%(B;,}O)

for some constant C'1 depending only on the bounds of the solutions in Er.
Note that since L (Bgl) — L} (Bgl) for finite ¢, we have

def
V€ [0,T], Ndullzy gy Hllullzy ey ) < VIO S Vilt) + Va(t) < oo

with dof
Vi) S (0l gy, + (0 g5, € L (0,T1).

Therefore, V' is in L>([0,7]) and
V(t)
10l ;o £ < Crlldulz1 g log<e + 7> (10.26)
Ly (BS ) L}(B3,00) “&L”f%(%m)
We now bound du. Making use of (an obvious generalization of) the inequal-

ity (3.39) page 157, we get

||5u||L%°(B£;O) + Z||5u||z1T(Bg,oo)

3
< C(IIU2 Vaullgy gy + e Vg o) + 21 5Gi||z;<32,;o>>~
In order to bound the terms on the right-hand side,we may exploit Proposi-
tions 2.47, 2.52 and Corollary 2.66 page 97 [recall that (10.24) is satisfied],
adapted to the spaces L} (B;,.)- Since L} (B3 1) — z%(BQ_éo), we get, for all
t<T,
[u? - Voullgy gy < Cllu?liza gy ) IVl gz 551 )

t
- Dl gy < C [ IVl ol

10Galzy 552y < CPlat |z iy ) IV20ull gy 51y
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In order to bound the terms &G; and dG2, we need to generalize Corollary 2.66
to the case of regularity index 0. For this, it suffices to note that for any
sufficiently smooth function H, we have

H(a?) — H(a') = (H’(O) + /Ol(H’(al + 78a) — H'(0)) dT) &.

Hence, combining the product laws in Besov spaces and Theorem 2.61, we
have

|H () = H(a)lgg _ < Cldall gy (H'O)]+ 10l gy, + 0%l 5,.)-

So, finally, we get
t
— 1 2 2 2
196 535500 < CF [ (4 1llgy, + oty Vo0 ol g _ '
t
L P AL P P P
and can conclude that
ol e 1) T2l 2y sy ) < Ol lzz ey 10l 2 s
t
10l 3yt ey, + / [
(140 gy, +0 gy, ) (14702 g5, ) 130l g ] at”

Now, if we take a sufficiently small constant n in the inequality (10.8), then
the second term on the right-hand side may be absorbed by the left-hand side.
Next, we note that by virtue of the Lebesgue dominated convergence theorem,
”“2”2%(3211) tends to 0 when t goes to 0, and hence there exists a positive T

such that the first term on the right-hand side may also be absorbed® for all
t € [0,T]. We end up with the following inequality:

ol e 572, + 2Ol iy )
t
< [ (g, Wl g + (420l Nl ) .
0 : , : :
We plug (10.26) into this inequality. Defining X (1) % [ldull .1 ) +
”&uHZg(B; ), we get, for any ¢ in [0,7] and some constant Cr depending
only on v, 7, and the norms of the solutions (a!,u') and (a?,u?) in Er,

1
|0ul| 2

1
6 By interpolation, we easily get H&L”Z?(%O.oo) < ||éul| oLy’

LR
LB )
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X0 < Cr [ (v E)X(o(er Tt ar.

As
dr
v(r
rlog (e + L)
r
Osgood’s lemma entails that X = 0 on [0, T]. This means that (a',u!) and

(a?,u?) coincide on [0, T]. Appealing to the connectivity argument used in the
case d > 3 then completes the proof. a

= 00,

/ 1 an !
V' e LN0,T]) d/o

Remark 10.9. Having a tilde in the condition (10.8) in the critical case d = 2
is necessary for conveniently bounding the term &G,.

10.2.5 A Continuation Criterion

This section is devoted to the proof of the following continuation criterion.

Proposition 10.10. Under the hypotheses of Theorem 10.2, assume that the
system (NSC) has a solution (a,u) on [0, T[x R? which belongs to Er: for all
T' < T and satisfies

T lall .4 <nv/7, if d=3,
/ IVul| ;0 dt <00 and LF(B31) o
0 lallzee sy, < /v, if d=2.

There exists some T* > T such that (a,u) may be continued on [0,T*] x R?
to a solution of (NSC') which belongs to Ers.

Proof. Note that u satisfies
ou+u-Vu—Au= f—V(G(a)) — I(a)Au, Ujt=0 = Uo-

Hence, applying Proposition 10.3 and taking advantage of the smallness of a
to absorb the term I(a)Au, we get, for some constant C, depending only on
d, and for all t < T,

||’U,||~ .d_q < C@Cfot HVUHLOO dt’
LE(Bs, )

X t )
(ol s + 171, g, 2l

Hence, u belongs to E%O(Bzgl_l) Now, replacing || Ajug|| 2 by ||Aju\|L%c(Lz)
and ||Ajf||L1T(L2) by ||Ajf|\L1+T(L2) in Remark 10.8, we get some ¢ > 0 such
that for any 77 € [0,T], the system (NSC) with data a(T"), u(T”), and
f(+ +T') has a solution on [0,¢e]. Taking 77 = T — £/2 and using the fact
that the solution (a,w) is unique on [0, T'[, we thus get a continuation of (a, u)
beyond T. a
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10.3 Local Theory for Data Bounded Away
from the Vacuum

We next consider initial data (pg,up) which do not satisfy the smallness con-
dition (10.7), that is, the density need not be almost a constant function.
Since having strict parabolicity in the momentum equation is fundamental,
however, we shall always assume that pg is bounded away from 0, an assump-
tion which will be shown to be conserved for sufficiently small times. In order
to simplify the presentation, we assume that the data are more regular than
needed according to our scaling considerations.
We now state the main result of this section.

Theorem 10.11. Assume that the space dimension is d > 2 and that the data
(ag, uo, f) satisfy, for some a € ]0,1],

T and fe LL(RT B NBETTY).

. d . nga .d_q . d_
ap € B31NB3,, wu € By; NBy,
If, in addition, inf, ag(x) > —1, then there exists a positive time T such that
(NSC) has a unique solution (a,u) on [0,T] x R? which belongs to

def d41 2+1+a))d

Cr(B2,NBE ) x (Cr(B2, 'nBS ) NLY (0, 1], B2 ' nB

and satisfies itnf a(t,z) > —1.
T

10.3.1 A Priori Estimates for the Linearized Momentum Equation

As in the previous section, since we are only interested in local results, at
the linear level, the mass and momentum equations may be treated sepa-
rately. For the mass equation, using Theorem 3.14 page 133 turns out to be
still appropriate. As for the momentum equation, we now have to consider a
linearization which allows for nonconstant coeflicients, namely,

O ~+v-Vu+u-Vw —bAu = f, (10.27)

where b is a given positive function depending on (¢, z) and tending to (say) 1
when z goes to infinity.
In this subsection, we shall prove that the estimates of Proposition 10.3

may be adapted to this new framework, provided that b — 1 is in L (BQ+a)
for some positive c.

Proposition 10.12. Let o € ]0,1] and s € |—%, 2]. Assume that b =1+ c
- dy g
with c € LY (]9221+ ) and that

by = inf b(t,z) > 0. (10.28)
(t,x)€[0,T]xR?

There exists a universal constant Kk, and a constant C depending only on d,
a, and s, such that for all t € [0,T],
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By, t ||f\|Lg(Bg,1)>

v

t 2 2
o o /
x exp(o / (10l 00+l g + b0 27) ||c||32gl+a) dt).

If v and w depend linearly on u, then the above inequality is true for all
s €10, g + al, and the argument of the exponential term may be replaced with

t 7.2 2 ,
0/0 (||Vu||Loo +b*z(@) e B;%j“> dt'.

Proof. We first consider the case A + p > 0. Applying the spectral cut-off
operator A; to (10.27) then yields

ez e 5, + b 2l gy < (1ol

Ay +v-Vu; — pdiv(bVu;) — A+ p)V(bdivu,) = f; + Aj(u-Vw) + R; + R,

with U, d:ef Aju, fj d:ef Ajf, Rj d:ef [Ui, Aj]alm and

Ej d:efu(Aj(cAu) - div(cVAju)) + A+ (Aj(cv divu) — V(cdiv Aju))

Taking the L? inner product of the above equation with u;, we get, after a
few calculations and integrations by parts,

%% 1% — %/|uj|2divvdx + /b(u|Vuj|2 + Ot ) divay ?) de
< gl (1l 2 + 1400 T + [R5 o + 1B ).
Under the assumption that A + p > 0, the term (X + p)|divu;|* may be

omitted. Therefore, by virtue of Bernstein’s inequality and (10.28), the above
inequality entails that

t t
[ (£)]| 2 + 205b 2% /0 sl o dt" < [l (0)]] > + /0 15l - @
t . ~ 1 )
+/O (HAj(u-w)llm+||Rj||L2+||RjI|L2+5 v ol llusllz=) de (10.29)

for some universal constant k.

We will temporarily assume that ﬁj satisfies

|R;llz2 < Cij2_jSHC“BZ%1+‘*”vu”BSﬁl_” for —d/2<s<d/2+ a, (10.30)

where (¢;);jez denotes a positive sequence such that ) ;¢ =1 Then, using
the inequalities (10.10) and (10.11), multiplying both sides of (10.29) by 27,
and summing over j, we end up with
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HUHzgo(B;,I)JFQ’fb* M||U||L}(ng2) < ||U0HB;1 + ||fHLg(B;1)
t
A
<o (ol g+ gl 5,
t
+Cv/0 el 5o oo (10.31)

for a constant C' depending only on «, d, and s.

Next, by combining interpolation and Young’s inequality, we easily get

— 2_2 _2 2
el g o lullgga-e < mbe allullpgrs + C=7 (cbe ) == lell Nl
2,1

Plugging this into (10.31) and making use of Gronwall’s inequality completes
the proof of the first inequality of Proposition 10.12 in the case where A+ > 0.
The case where v and w depend linearly on u follows from a slight modification
of (10.11) [see the inequality (2.54) page 112].

The case A + p < 0 works in almost the same way. We just have to write
the equation for u; in a slightly different way, namely, for all ¢ € {1,...,d}
(with the summation convention),

[“)tué» +ov- Vuj— — udiv(qu?) —(A+ u)(’*)k(baiu;‘f) = f; + Aj(u V') 4 R; + R;
with
R (A (eAu) — div(eV Aju')) + (A + ) (4 (0 divu) — i (cdidjul)).

Taking the L? inner product of the above equation with uj, we get, after a
few calculations and integrations by parts,

1d 1 .
% ||uj||2L2 —5 / |uj|? div v de + /b(,u|Vuj|2 + (A + w)Vu; : Vu;) do

< gl o (1l o + 1145 Pl + s+ 1Ry

2).

Note that, according to the Cauchy—-Schwarz inequality,
Vu; : Vu; < [V,

As we have A+ ¢ < 0 and A+ 2u > 0, we thus get
t t
s (O) 2 + 26D, 2% / sl dt’ < iy (O o + / 1l e

. 1 .
Byl o+ 5 Ieiv ol o sl dt'

t
+ [ (14 Vol o+ 152 +

Now, by virtue of Lemma 10.13 below, the new commutator I:Zj also satis-
fies (10.30). Hence, the proof may be completed exactly as in the case A4+ > 0.
O
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For the sake of completeness, we now prove the inequality (10.30). This readily
follows from the following lemma.

Lemma 10.13. Let a € ]1-2,1] and 0 € |- %, ¢ + a[. Define

RE = Aj(cOpw) =0y (cAjw)  for ke {l,...,d}.
There exists some C = C(a,d, o) such that

> 27| RE |2 < Cllel g V0] 55 (10.32)
i 2,1 ’

Proof. The proof is based on Bony’s decomposition: We split Rf as

Rf = W[4, TJw — ATy, cw + ATy, e+ A; R(Opw, ¢) — wT) c-
—_— —— —— 3

ko1 k.2 k,3 k4
R; R; R; R; R;cf)

Using the fact that, owing to Proposition 2.10 page 59, we have
J+4 . . .
R?l = Z 8k[Aj, ijflc]Aj/’LU,
jr=j—4

Bernstein’s inequality and Lemma 2.97 page 110 entail (under the hypothesis
that o < 1) that

Yol k,l
22] IR 2 < C”VCHB;?HVW”B;;“' (10.33)

J

Continuity results for the paraproduct (see Proposition 2.82) ensure that R?’Q
satisfies (10.33) if o < 1, and that

if o—a—=-<0. (10.34)

N

j k,3
> 2R e < ClVa] o-agllel

: 00,1

d
PR
B22]
J ’

Next, Proposition 2.85 guarantees that under the hypothesis ¢ > —%, we have

1o k,
D 2R e < ClIVwllggollel g o (10.35)
j 2,1

To bound Rf’s’, we use the decomposition

R?’SZ Z 3k(S’j/+2Aijj,c),

J'2j=3

which leads (after a suitable use of Bernstein and Holder inequalities) to
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9o

k, Y (ot d— oo . ia .
REP|| <0 3T U et ) A, s 2 | Ay o

i'>j-3

Hence, since a + % — 1> 0, we have
j k.5
>_27IR;
J

Combining the last 1nequahty with (10.33), (10.34), and (10.35) and using

the embedding 82 1 B 2 for r = —+a 1 and o —« completes the proof
of (10.32). O

Corollary 10.14. Let (a,u) satisfy (NSC) on [0, T] x R, Assume that there
exist two positive constants, by and b*, such that

ol oo IV

b, <1+ag <b*, (10.36)

and that a € Cl([O,T};BE1 N Bffa) and u € Cl([O,T];BQ%I N B;;FHQ) .

.d_ . d
Also, suppose that (10.12) has a solution ur, in C*([0,T]; B3, 'n Bf’fl—m)d.

We introduce the following notation:

def
Ag A(t
||(L0|| B‘21+aa () L°°(321ﬁ32+a ’

d
ve( %

HUOH 1 . d-1ta + ”f” - doitas

mBQ,l LI(BQI mBZl )

“M\n.
|%‘ =

Uf(t) = ||u
L() ” L‘lL}(BQ21+1ﬂBZ+a+1)7

def

(1) =

. _ def
|| ||L°°(B2 1 B2§1*1+0<)+b V||u||L1(Bz+1ﬂB§1+1+a) wzth U = u—-ur.

There exist two constants, n and C, depending only on d, «, and G, such that

if

2

(%) T (A5 + 1) < (10.37)
US(T)U(T) + (A§ + 1)(T +7U(T)) < nbs v,

then we have

b./2 <1+a(t,x) <20° forall (t,z)e[0,T]xRY, (10.38)
A(T) <248+, U(T) < C’((A8+1)(T+EU2‘(T))+U5‘(T)Uf(T)). (10.39)
Proof. We may write the system satisfied by (a,u) as follows:

Oa+u-Va+ (1+a)divu=0
ou+u-Vu+u-Vug, — Hl_a.Au = —ur, - Vur, — I(a)Aur, — V(G(a))
(aaﬂ)ltzo = (a070)'
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We first bound a. Applying the product laws in Besov spaces (see Corol-
lary 2.86 page 104), we get

{1+ a) divu||B% HBETW < C(1+||al

Idivul . ¢ | a,.-
o Il e

B21032 3,

Hence, Theorem 3.14 (adapted to the homogeneous framework, see page 134)
combined with Gronwall’s lemma yields, for all ¢ € [0,T],

e dt’)

2,1

t
() < Agesp(C [ 1vul g

't
/
+exp(C'/O ||V’UJ||BQ%10B%+Q dt ) —1. (10.40)

21

In order to ensure that the condition (10.38) is satisfied, we may use the fact
that
(O +u-V)(1+a)* £(1+a) divu=0.

Hence, taking advantage of Gronwall’s lemma, we get

t
101+ @)= @) e < 11+ a0) o eXp(/O ldiv ] dt').

Therefore, the condition (10.38) is satisfied on [0, t] whenever
¢
/ [|div ul|; - dt’" <log2. (10.41)
0

In order to bound %, we use Proposition 10.12 with ¢ = —I(a). As, according
to Theorems 2.47, 2.52, and 2.61 page 94, we have, for all § € [0, o],

luz - Vur] g 4100 < Cl[Vur] . WWJHULH

IVG(@) 4105 < Clal, dw»

21

11(@) Aus] g 1. < P (a >||Bg+ﬁmo||v2uL||ng,
M@l g < Clall g

2,1 2,1
32 NL>° L°o

da
2
2

we get
2 2
CIE (il gp+luel gy +bev(5%) “llall®,, ) @t
—a 32
U (T) < Ce Pz Pza By

X
(N .

ol it e (TP g )):

L (BZ,NBZ, )
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Note that Proposition 10.3 implies that

ur, d_y dio < C(/ 1 .
|| HZOO(B% 132’ ) ()( )
SO7 la“y, defilllllg

def def
UX(T) = ||u , and A%(T) = |la , ,
B E sl g g @l e

we conclude that

AY(T) < AS exp<c<Ug(T) + @» +exp<c<Ug(T) + UQ(T))) ~1,

biv

U(T) < C(US (T)UE(T) + AX(T)(T + vUZ(T)))

exp (C (U 2(T)+

Now, if T is sufficiently small so as to satisfy exp(CU(T)) < V2,

(1)

oV

exp(C’ > <V2, and exp<Cb*g( v )5T(AQ(T))§> <,

b.v

then we have (10.39) and (10.41).

So, if we choose T such that (10.37) is satisfied for some sufficiently small
constant 7, then both (10.39) and the above conditions are satisfied with a
strict inequality. It is now easy to complete the proof by means of a bootstrap
argument similar to that of Corollary 10.4.

10.3.2 Existence of a Local Solution

The main steps of the proof of the existence are exactly the same as in the
critical case.

First Step: Friedrichs Approximation

Using the notation introduced on page 440, we aim to solve the following
system of ordinary differential equations:

w06 0.

with Fy,(a, @) def _ E, div((1+a)u), u

d:efﬂ—i— ur, and

G(a,u) %t En(u +a)*1,4a) — By (u-Vu) — &, (I(a) Aug) — B, V(G(a)).
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Note that if 1 + a¢ is bounded away from zero, then so is 1 + E, ag for
sufficiently large n, hence the data are in §2,,, and it is not difficult to check
that the map

(a,w) — (Fn(a,ﬂ), Gn(a, ﬂ))
is in C(RT x2,; (L2)%1) and is locally Lipschitz with respect to the variable

(a,w). Hence, the system (Wn) has a unique maximal solution (a™,@") in
the space C*([0, T} [; £2,,)-

Second Step: Uniform Estimates
We note that (a™,u") satisfies

da™ + B, (v - Va") + E,((1 + a™) divu™) =0
o™ — B, ((1+a™) ' AT") + B, (u" - Vu) + VE, (G(a") =0

with initial data ajj_, = E, ap and Uf;—o = 0, and where u" def uy +u".

For the reasons already mentioned when treating the critical case on
page 441, the results of Corollary 10.14 remain true for the approximate solu-
tion (a™,u™). Therefore, T,' may be bounded from below by any time T sat-
isfying (10.37), and the inequalities (10.38), (10.39) are satisfied by (a™,u™).
In particular, (a”, u™)pen is bounded in E.

Third Step: Time Derivatives

The following lemma will supply the compactness needed to pass to the limit
in (NSC,).

_p, def : _ ‘
Lemma 10.15. Leta” = a™ — E,, ag. The sequence (@™),>1 is then bounded
m

d Ld g sd_ cd_ 4o
C([0.T); Bs N Bz ™) ncz([0.T); By, ' n Bz, ™),

)

and the sequence (T")n>1 is bounded in

d71+a

41 4 1 541 5% —24a
C([OvT]vB;,l mBZZ,l )mcz([O7T]7B22,1 +B22,1 )

Proof. To get the result for (a™),>1, it suffices to check whether (9,a"),>1 is
Ld_ Jd 10 a
bounded in L*([0, T]; B3, 'n Bs, Y As

9" = —E, div(u"(1 +a")),

this is a mere consequence of the bounds from step 2 and of the product laws
in Besov spaces stated in Section 2.6.
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As regards (a" )n>1, it suffices to prove that (0;u"),>1 is bounded in
L3([0,T7; 32 1 RS 32 1 2—H;) for 8 € {0,a}. This follows from the fact that

"= —E, (u"Vu") + E, ((1+a") "' AT") - VE, (G(a")) — E, (I(a™)Au}).

Indeed, as (u"),>1 and (@"),>1 are bounded in L2,(B2 lﬁBz+a)ﬁL$(B§;1ﬂ

32 1 1—M) and (@"),>1 is bounded in L‘X’(B2 1N Bz—m)7 we deduce that the
first three terms on the rlght hand 51de belong to L2 (3221 N B;l 2+O‘) and
that the last one is in LY (B22,1 N 322,1 T, uniformly. O

Fourth Step: Compactness and Convergence

According to the previous lemma, the sequence (@"),>1 is bounded in the
cd_ cd_

space C'%([O,T];Bz"’,l1 N B22)11+a). By combining Proposition 2.93 and Theo-

rem 2.94 page 108 it is easy to check that for all ¢ € D, the map u — ¢u is
compact from B 2 +a 032 1 T 32 1 “. Therefore, arguing as in the proof

of existence for Theorem 10.2, we deduce that there exists some function @

such that for all ¢ € D, the sequence (¢a"),>1 converges (up to a subsequence

a’
independent of ¢) to ¢a in C2 ([0, T7]; B3, 1—M).

. . . . \ % -1
Likewise, since the map u — ¢u is compact from B221 N 32 1 T o

d_
B3, 2+ there exists a vector field @ such that (up to extractlon) for all

¢ € D, the sequence (¢u"),,>1 converges to ¢t in C= ([0, T); 3221 2+a)

Next, the uniform bounds supplied by the second step and the Fatou
property together ensure that, in addition, 1 + a is positive and

~ . d . d ~
(a.0) € TF(BE, 0 I < (TR (BT nBi ) nnh(B T nBi )

The proof is similar to that of the critical case and is thus left to the
reader. Interpolating with the above convergence results, we may get bet-

ter convergence results for (@”,u") and pass to the limit in (NSC,,). Defin-
ing (a,u) def (ao + @,ur, + @), we thus get a solution (a,u) of (NSC) with
data (ag,up). Using the equation and the product laws, we also have

1 . d . i_;’_a 1 —1+O¢
(Or+u-V)a€ Lp(B;;NBg, ) and Qu € LT(B "n B2 1)

~ .d . d

Theorem 3. 19 therefore guarantees that a € Cr (B3 ; N B;Ira) and, obviously,
~ . d

weCp(BE nBET,

Remark 10.16. Combining (10.13) with the properties of the heat semigroup

described in Lemma 2.4 yields a rather explicit lower bound on the lifespan
* of the solution. Indeed, using the fact that
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1— e v < (uT)F 20,

we may find some constant ¢, depending only on d, b,, b*, a, A, and u, and
such that

T* Zsup{TE]O, {/ wT)3US(T) < ¢ }

C
(Ag)a +1 1+ (Ag)a 4+ Ug(T)

10.3.3 Uniqueness

Let (a',u') and (a? u?) be two solutions in E¢ of (NSC) with the same
data. We can assume, without loss of generality, that (a?,u?) is the solution
constructed in the previous subsection so that

1+ inf a®(t,z) > 0.
(t,x)€[0,T]xR?

We want to prove that (a2,u2) = (a',u!) on [0,7] x R?. For this, we shall

estimate (&a, du) def (a®—a',u?—u') with respect to a suitable norm, having

noted that

O¢éa +u? - Véa + 6F =0
(10.42)

8t6u+u2-V(5u+&u-Vu1—(1+a2)_1A5u:5G1+6G2

with oF L 5. va! + da diveu? + (1 + a*) div u,

iy (1) — 1) At 6 VGl - Gla).

For the same reasons as in the critical case, the uniqueness is going to be
proven in a larger function space, namely,

d_ef —1+a d72+a

o . % . 4 . g a d
g e(o, 1) B3 ) x (C([0,T]; By, ) n LBz )"

Of course, we first have to establish that (da, du) belongs to F%. For da, this is
. Ld_11q
casy because, arguing as in Lemma 10.15, we get a’—aq € C2 ([0, T]; B3, T ).
To deal with du, we again introduce ' def u' —7y, where Ty, is the solution
of (10.22). We obviously have %4‘(0) = 0 and

o' = Au' — I(a") Au' —u' - Vu' — V(G(a') — G(ap)).
-1+«

Since @' € L%"(BQ%1 ) and (a’,u’) € E%, the right-hand side belongs

2 (35— 2ta i . pi—2ta
to L7(Bs, " ). Hence, @' belongs to C([0,7];B5; ), and we can now

conclude that (da, du) € Fg.
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Next, applying Theorem 3.14 to the first equation of (10.42), we get

& < (C 2 )5F for all T € [0,7).
Il g -veey € 0(CUE, e YO, v forall T € (0.7)

Easy computations based on Theorems 2.47 and 2.52 yield
||5F|| grea S CII&LH g IIValll gt

+|Idlvu ||. ||5aH P + (14 llat] g )lldull . ara
B3, B3,

Hence, using Gronwall’s lemma and {nterpolation, we discover that there exists
some constant Cr, independent of T', such that

LI < or(l], ol g ) (1043

4+
Bz1 ) LE( 21

Next, applying Proposition 10.12 to the second equation of (10.42) yields, for
some constant C' depending only on d, A, i, and «,

du Su
” HL%C(Bz%,;M) + H ”Ll (B%ﬂ

OIIUM T g 7 g, +la?1 %, Yar 2

= Ce e o P S GH e

RS0 S

.d

Because B2271(Rd)<—>C(Rd), we have a' € C([0, T]xR?). Hence, for sufficiently
small T, a! also satisfies (10.38). Therefore, applying Theorems 2.47, 2.52 and
Corollary 2.66 page 97 yields

e <C(1+ 1 2
|| 1” 2+a ( ||a || (32 ) ||a’ ||L7(B2%1))
x || da d_ 114 ! o )
| H (211+ [[u HL (3221+ 1
5G2 d_oin <CT(1+ 1 . d + 2 o L d g4 -
[ HLl( 212+ )= [(1+|a' | L= (BE) |a HL (B21))H ”L:f' (B e

Hence, for some constant Cp independent of T', we have

6l _ g + 18, e < Cr(T+ M,
L ( 21 ) 2,1 )

>||5a|| do1ta -

1(21 TBZZ,I )

Note that the factor T + ||u1 || Y g decays to 0 when T goes to zero. Hence,
B2 1

plugging the inequality (10.43) into the above inequality, we conclude that
(da, du) = 0 on a small time interval [0, T']. The same connectivity arguments as
those used in the proof of uniqueness in the critical case then yield uniqueness
on the whole interval [0, T]. This completes the proof of Theorem 10.11. O
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10.3.4 A Continuation Criterion
Proposition 10.17. Under the hypotheses of Theorem 10.11, assume that the

system (NSC) has a solution (a,u) on [0,T[ x R® which belongs to E$, for
all T" < T and satisfies

T
€ L7 (B3, NB3,), 1+ f t,x) >0, / Vul|; o dt < oco.
a € LF(B;1"NB3,) o dnt alt) IVl dt <00

There then exists some T* > T such that (a,u) may be continued on [0, T*] x
R? to a solution of (NSC) which belongs to ES..

Proof. Note that u satisfies
Owu+u-Vu—(14+a) ' Au= f — V(G(a)), Ujp—o = Uo-
Hence, applying Proposition 10.12, we get, for all 5 € [0,a] and T < T,

2
o

et
[ (Ivullzse+lal =, ) de

[NsH

W
©

[l 4 1p T Uull 4414 <Ce !

L%o/(B22,1 ) L;/(Bz.l )

T/
X ||uwoll . ais + a_ + d dt)
(Wl 150, e+ [ Nl

3,1

for some constant C' depending only on d, «, and the viscosity coefficients.
~ .d_ .d_ a . .

Hence, u is bounded in LF(Bg, "N B3, H )- Replacing ||A;ug||z2 by
[Ajull g 22y, and [|A; fll Ly 2y by (say) A fl|L1, ,(z2) in Remark 10.16, we
get some € > 0 such that for any 77 € [0, T, the system (NSC) with data
a(T"), u(T"), and f(- + T’) has a solution on [0,¢]. Taking TV = T — ¢/2
and using the fact that the solution (a,u) is unique on [0, 7], we thus get a
continuation of (a,u) beyond 7. O

10.4 Global Existence for Small Data

Thus far, the gradient of the pressure has been considered as a lower order
source term in the a priori estimates. This rough analysis entails a linear
growth in time in the bounds for the solution, thus hindering the global closure
of the estimates and any attempt to get a global existence result.

In this section, we shall see that including the main order part of the
pressure term in the linearized equations (under the physically relevant as-
sumption that the pressure law is an increasing function of the density) leads
to a global existence statement in the same spirit as the theorem of Fujita
and Kato (see Theorem 5.6 page 209).
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10.4.1 Statement of the Results

For reasons which will become clear after our analysis of the linearized com-
pressible Navier—-Stokes equation (see Section 10.4.2), we introduce the fol-
lowing family of hybrid Besov spaces with different indices of regularity for
low and high frequencies.

Definition 10.18. For a > 0, r € [1,0], and s € R, define

def * Cay1=2/r
lull 5o =3 27 max{ o, 277} Ajul 2
JEZL

Remark 10.19. We point out that here, the index r has nothing to do with
the third index of classical Besov spaces. Hybrid Besov spaces carry differ-
ent information for low and high frequencies, and the index r controls this

Ls142
difference: The low frequencies have the B;JHT regularity, while the high
frequencies belong to B§1 In particular,

Sl g + el gy, ) < ull g < Nl g+l g,

1 . . 1
Smin(L,)lJull g g < Jullgpr < min( —full g ullpger )

Of course, we have BS? = BS ;.
) :

We now define the space in which the solution is going to be constructed.
From now on, we agree that if I is an interval of R, and X is a Banach
space, then the notation Cp(I; X') designates the set of bounded and continuous
functions on I with values in X.

Definition 10.20. The space EZ is the set of functions (b,v) in
~ ~ . . d
(L'®R*5 B nGy(RT; Be)) x (LMY B35 N C(RT: B3 )

endowed with the norm”

def
16, )| g; = ||b||Loo(§gv°°) + ||UHL<>c(B§f11) + V”bHLl(E;gvl) +ZHU”L1(B§#)'

We denote by E7. , the space Ej, restricted to functions over [0,T] x R? .

We can now state our main global well-posedness result for small data with
critical regularity.

" For notational simplicity, we omit the dependence on the viscosity coefficients.
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Theorem 10.21. Assume that v > 0 and P'(1) > 0. There exist two positive
constants, n and M dependmg only on d and on the function G, such that if

ag belongs to B2 1 'n B2 1, o belongs to B2 1 s ', f belongs to LY(RY; 3221 ),
and

laoll g+ +llaoll g +lluoll Lg—s ANl | La-s <mv/7:

a da
21 221 221 L1(32 )

d
then the system (NSC) has a unique global solution (a,w) in E} which sat-
isfies

, < M( )
||(a,U)||EVg < Hao||Ble—1 + vljaoll . B3, +fluoll 4 BE + ||fHL1(B§f1)

10.4.2 A Spectral Analysis of the Linearized Equation

In what follows, we shall assume (with no loss of generality) that P’'(1) = 1.
Let P (resp., P1) be the L? projector over divergence-free (resp., poten-
tial) vector fields. Applying P and P to the momentum equation, the sys-
tem (NSC) can be rewritten as

Ora + divPru = —div(ua)
0Py — v APy + Va = P+ (f —u-Vu—I(a)Au + K(a)Va) (10.44)
OPu — pAPu = IP(f —u-Vu— I(a)Au).

The function K is smooth, vanishes at 0, and may be explicitly computed in
terms of the function G.

On the one hand, up to nonlinear terms, the last equation reduces to the
standard heat equation, which is well understood. On the other hand, there
is a linear hyperbolic/parabolic coupling between the first two equations that
we have to investigate further.

Introducing the function v def |D|~! div u, the linear part of the first two
equations reduces to the 2 x 2 system

{8ta—|—|D|U:F (10.45)

O —vAv — |Dlja =G

According to Duhamel’s formula, the solution of (10.45) is of the form

<38) _ JAD) <zg) + /Ot SAD) (1) (g%) n (10.46)

where A(D) stands for the matrix-valued pseudodifferential operator

0 —[D|
|D| —v|DJ? )
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In the low-frequency regime v|¢| < 2, the eigenvalues of A(§) are

v . 4
() = —§|f|2 (13&1\/1/2—&2 - 1) ;

so a parabolic damping for low frequencies of a and v is expected.

For high frequencies (i.e., v|£| > 2), the eigenvalues are of the form

v 4
NE(E) = 5 IeP (u J1- W) ,

so a parabolic mode and a damped mode coexist. More precisely, performing
the change of functions

o (g) = (1 - V%Q) a(e) - (6.

ey VIS 4\
UJF(&)*T <1+ 1- V2§|2>U(€)a(€)a

we get .
0E(t,€) = M O1DE(0,€).

In the asymptotics |£| going to infinity, v~ (resp., v1) tends to be collinear
with a (resp., u), and we have

AT(€) ~=1/v and XT(€) ~ —vI¢f.

Hence, the mode v~ is damped, whereas v has parabolic behavior.

In short, according to the above analysis, we may expect a parabolic
smoothing for the velocity u to (NSC), whereas a should be damped for
high frequencies and exhibit a parabolic behavior for low frequencies.

In fact, solving (10.45) explicitly yields the following estimates [which have
to be compared to those for the heat equation stated in (3.39) page 157].

Proposition 10.22. Let (a,v) be a solution of (10.45) on [0,T] x R%. There
exists a constant C, depending only on d, such that for all v in [1,00] and s
i R, we have

lall s () + IIUIILHB;H%)

< O(llaoll gz + llvol

b5t + 1Py ey + 1G L gy )
According to Remark 10.19, we have

|- lggm =l g+l sy, emd [|-llgga =1l (1047)
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L4 L4l Sd Y

so that if ag € B, N Bf, vy € By, ', F € L'([0,T);Bf, N By '), and
cal

G e L'([0,T]; B3, "), then the above proposition provides us with estimates

for a in L*°([0, T; BflﬂBffl) and also in L2([0, T7; 32%1) The latter estimate
is the key to getting a global control on the term K (a)Va.

At the nonlinear level, however, the above estimates cannot be used for
the compressible Navier—Stokes equation because no matter how smooth w is,
the convection term u - Va is one derivative less regular than a. Hence, we
first have to adapt the statement of Proposition 10.22 to the following, more
general, linear system:

Oia+wv-Va+divu =F
(10.48)

o+ v-Vu—Au+ Va = G.

10.4.3 A Priori Estimates for the Linearized Equation

For technical reasons, we shall instead consider a paralinearized version of
the system (10.48) and introduce a (small) parameter €, the so-called Mach
number that will play an important role in the last section of this chapter.
Finally, then, the system we want to study in this section is of the form
divu _F
¢ Va (LPH*®)
atu+TvoVquu+? =G

Ora + div(Tva) +

with div(T,a) % 0,(7,:a) and T, - Vu % 70,0,

Proposition 10.23. Let e >0, s e R, 1 < p,r < oo, and (a,u) be a solution
of (LPHF®). There then exists a constant C, depending only on d, p, r, and s,
and such that the following estimate holds:

Bey Ul g ) d < CeCVTO
Bg;l) dt') ,

t
[ el L+ vl dt i o>,
B

00,00

t
/ (170l + (20 Vel ) dt if p=1.
0

t
e+ Ol + [ (vl
’ 0

t
_ P, ’
(Mol gz + g + [ €7 (1Pl + 1

la(®)]

where VP (t) def

Remark 10.24. Only the case where ¢ = 1 and p = r = 1 is of interest for
proving Theorem 10.21. The other cases will be needed in the last section of
this chapter when investigating the low Mach number limit for large data.
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Proof. Setting

alt,z) ©eae?t,e),  alt,z) € eu(e?t, ex),

Flt,o) 3FEen),  Gt,e) ¥ 262 ex)

reduces the study to the case € = 1. It is left to the reader to demonstrate
that the change of variables has the desired effect on the norms involved in
the inequality we want to establish (this may be argued as in Proposition 2.18
page 64).

So, we assume that e = 1. To avoid a tedious distinction between the cases
p > 1and p = 1, it will be intended throughout that ||Vu||B%,2 stands for

|[Vul||  if p=1. We shall also denote by p’ the conjugate exponent of p. We
now find that (a;, u;) def (Aja, Aju) satisfies
Oraj + div(v; a;) + divPru; = f;
O P+uj + v; - VPu; — vAPtu; + Va, = g5 (LPH;)
ﬁtIP’uj +"Uj . VPUJ — /LAPU] = gja

where v; def Sj_lv,

fi di}fF +le(’U] aj — AlT a) with  Fj dEfA F,

g- Gty VAP —PEAT, Ve with GF Y RAc,

g G b0 VAPu-PAT, -vu  with &; ¥ PAG.

First Step: The Incompressible Part

We first consider the equation for Pu;, which is easier to handle. Taking the
L? inner product of the last equation of (LPH;) with Pu; and integrating by
parts, we get

1d

o HIP’UJ]HL2 —&-MHVIP’uJHLQ = /dlvvj ‘Pu]’ dx—l—/gj Pu;dx.

The commutator in g; may be bounded according to Lemma 10.25 below. We
find that

1d

5 o P2 + |9 P2,

< [P, (nG it C 5 Iy ||L2)

l7/—71<4

Now, using the Young inequality
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2 4 1 Kl p=1 vV -/
207 ||V <-(— Vollf _, + 2%
iy <5 () I+

and integrating in time, we get, for some universal constant x > 0 and all
K1 >0,

t t
[Py (8)] o + a2 / [P e dt’ < [Puj(0)]] 2 + / 1G5,z dt

t ) o
+C Y / (KTP'QQJ +3(%) ”W”p.z,) o]l dt’. (10.49)
Bootoo

l7'—il<4

Second Step: The Compressible Part

We now want to establish a similar inequality for the “compressible” mode
(a,P+u). According to the analysis in the previous section, we must bound
the quantity 27(3_1)kj with

B lajll > + HPLUJ‘HLQ, if v27 <1,
T v ||V6LjHL2 + ’|Pluj"L2’ if v29 > 1.

Owing to the fact that the linear operator associated with (LPH) may not
be diagonalized in a basis independent of £, however, bounding k; cannot be
achieved by means of basic energy arguments. We could introduce a convenient
symmetrizer, whose definition depends on |£|. Here, though, we shall instead
consider the following quantity (for some suitable o > 0, to be chosen later):

2 2 . .
L af VlaglBe + 1B2 w2 + av(Vagluy) . for j<jo—1,

VIV 2. + 2By 2, + 20Vasluy) . for > o,
where jg is the unique integer such that
2 < w2 < 4, (10.50)
and ¢ stands for a constant (e.g., c = 2) such that
A2z < VA2l < 27 V) Ayl (1051)

We point out that if a < ¢, then this choice ensures that k; ~ Y.

We first derive an a priori estimate for the low frequencies of (a,Ptu).
Take the L? inner product of the first equation of (LPH;) with a; and of the
second one with u;, integrate by parts, and add the two equalities together.
Using the fact that the contributions of the skew-symmetric first order terms
cancel out, we obtain
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1 d 2 n 2 1 2
§E(Haj||L2+ [is UjHLz) + v [|VPu
1
= /(fjaj + gj' -]P’J‘uj + §(|IF’J‘uj|2 - a?) div vj> dz. (10.52)

In order to determine the low-frequency parabolic behavior of a, we now write
an equality involving the quantity (Va;|u;). We have

d 2
o (Vailug) = VP . + I Vaslf5 2 — V(AP ;| Vay)
= (Vfjluy) + (gj‘\Vaj) + /aj Vv;:Vu;dx. (10.53)

Now, if we assume that j < jo, then the term v(AP+u;|Va;) is of lower order
because, due to (10.50), (10.51), and Young’s inequality, we have

V2 1 8
1 2
V(AP |Vay) < IIVaJIILa S AP |7 < SIVailize + gI\VPlujH%z.

Hence, adding the equality (10.53) times a/2 to the equality (10.52) and using
Lemma 10.25, we find that if a < ¢, then

d
SV2 4+ 2 9asli3 v (1- 3 - 1) 9Bt 3

< ov; (Il + 651+ 35 2090l X5

1
2

p()C
l77—1<4

2 def

with C' depending only on d and p, and X7 1P w; ||L2 + Y7

Take a = ¢*/(c*+8). From the previous inequality, Bernstein’s lemma, and
the fact that k; ~ Y}, we then deduce that there exists a universal constant
k such that

1d
E@Yf + 161/22JY2 < CYj (|Fj|L2 + HGj_HLQ

+ ) 27"y ||Vv|| 3 X ) (10.54)

l'—i|<4 Beoloo

We now aim to bound Y; for j > jo. For this, we may combine the three
equalities

1d

5o Va3, + (A Vay)

1
= (ij|Vaj)+/ajD2aj : Vojda — §/|Vaj|2divvj dz,
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1
2dt HIP JHL2 (Va,lu,) —I-VHVIP’ JH; = (gjL\IP’Luj)—&—E/HPJ‘qudivvj dx,

& (Vaslug) ~ [IVP a3 + 1902, — v(AP*u5|Vay)

= (gﬂVaj) + (Vfjlu;) — /avaj : Vu,j dx

and get

d
——Y2 + v |[Vas |2 + v || VPR |2, + 2(Vagluy)

2 dt
=1* (V[ |Va;) + 2(Prujlg;) + v(g; |Vag) + v(V filuy)
2
+/ajD2aj : Vo dm+/(|PLuj|2—%\Vaj|2> divv; dm—/avaj : Vu; da.
As (Vaj|Puj) = 0, we get, according to the definition of jo and Bernstein’s
inequality, for all j > jg,
v o9 _ 2
2|(Vaslug)| < 5 [Vaylz2 + 26722720072 (v || VP4 uy [ )
14 2 1% 2
< LIl + % (9P .
Next, we note that for j > jg, we also have
2 _ 2
v ([P g | 2 [P
Therefore, for all 7 > jg, by virtue of Lemma 10.25, we get

1d
iayﬁ Y2 <, (y||VF]-||L2+||Gjiy|L2+||W||Lw 3 Xj,). (10.55)
|77—1<4

Finally, inserting the following Young’s inequalities (with K5 > 0 and K3 > 0)

/ KQ Pl 14 ;
3’ ||Vv|| 2 <= (—) ||VU||p__% + i 2%
Booloo p v B, Phe
1 1

[0l < 5 o) [Tl + e

into (10.54), (10.55) and performing a time integration, we get, for some uni-
versal positive constant x and all positive K5 and K,

<

t t
Y;(t) + m/min(22j,ufg)/ Y, dt' <Y;(0) + C(max(l,QjI/)/ | El . dt’

/HGJ‘HL2 dt’ +Vmax<li ;3>m1n(22j v /X at’

l7—j1<4

y [ [([@)’H IVoll” s, + ()™ ||vU||gm] Xy at).

l7—il<4 Boclie
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Third Step: Global A Priori Estimates

Bounding [[a(t)]] g5~ + [u(t)]

low frequencies of u is our next task. To achieve this, we may add (10.49) to
the above inequality. We get

B! and exhibiting a time decay for a and the

t
X5(0) 4 & [ (rmin(2,v )Y, + 02 [Pus] ) ' < X,(0)
0

t
+C/ (max(1,2jl/)||AjFHL2 + ||AJGHL2) dt
0

1 1 .
+Cv max min (2%, 72 /X dt’
Ky Ks
—jl<4
Z [ 1w
Llir—jl<a

t K p-1 K p-1 r
+C/ ((—1> + <_2) IVolP ., + (vKs) [ Vollw | X dt.
0 v v 4

Let u’ def > <o Aju. Multiply both sides of the above inequality by 27(s—1)
and sum over Z. Using the fact that X; ~ [ju;||,, + max(1,27) ||| ,. and
choosing K, Ko, and K3 to be sufficiently large, we infer that there exists
some constant C, depending only on s, p, r, and d, such that

t t
@)l +Hlu(Oll gy +v | Nl dt o [ 1
’ 0 0

t
< O (llaoll gy + ol s + | (IF N goe +11Gll g1 ) @’
2,1 0 2,1

+ [y (jo

Thanks to Gronwall’s inequality, we conclude that

bst1 dt!
B3t!

o lulagy ) dt ).

la(®)]

t t
goee T @l gz + ’// all 551 dt’ +z/ || g2 i’ < OV ®)

<a'0||B€ w~ + Juo] B3 +/0 e=CVI( (" (HF”Bs o + HG”BS 1) dt) (10.56)

Fourth Step: The Parabolic Behavior of u

To complete the proof of Proposition 10.23, we still have to determine the
parabolic gain of regularity for the high-frequency part of w. This is the aim
of the present step.
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Applying Aj to the second equation of (LPH?") yields
6tu]— +7)j . V’LLJ' — .A'LLj + Vaj = Gj + (’Uj . VUj — Aj (Tv . Vu))

Taking the L? inner product with u;, we easily get

2 1 . 2 . 2
S g2 = 2 g divey do + 9y 2+ O ) v g

= /(Gj — Va;) - u; dx+/(vj-Vuj - Aj(Tv Vu)) -~y dx.

The last integral may be bounded, thanks to Lemma 10.25. After a few cal-
culations, we get, for all positive K,

t
()] o + 2 / sl dt’ < u; (0)]] 2

t
o) Cv
# [ 06+ 2 sl + SE S 2 [ g

|7/ —jl<4
LL(EY
p\Cv

Z A IVl o
—jl<4

We may now multiply both sides of the above inequality by 27¢*=1) and sum

over j > jo. Choosing K to be suitably large, we eventually get

t
o Ollgge +2 T ggye @t < Cl )l
t t N N
1
[ ieup sl i+ [ (1o, +16 )

with u” = > i Aju, ah = > isio Aja, and G" = > s A;G.
Finally, using the fact that ||ah||Bg < Cvlla||gs1 and plugging (10.56)

into the above inequality completes the proof of the proposition. O

Lemma 10.25. Let m € R and o > 0. Let A(D) be a smooth homogeneous
multiplier of degree m, in the sense of Proposition 2.30. There exists a constant
C, depending only on a, m, A, and d, such that for all p € [1, 00] the following
inequality holds true:

“A(D)AjTab—S'j_laAjA(D)b‘ ;

. . IVall e, if a=0,
< 021(m+oe—1)( Ab ) %
- Z 14:blle IVallg_o_, if a>0.

l5'—il<4
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Proof. This is based on the following relation, the proof of which is similar to
that of the equality (4.17):

A(D)AjTab - Sj_laAjA(D)b
= Z (A(D)AJ ((Sj/,l — ijl)a Aj/b) + [AJA(D), ijla} Ayb)
[/ —71<4

By taking advantage of Bernstein’s inequality and Lemma 2.97 page 110 to
bound the last commutator, we get, from the above formula, that

| AD)ATT.b ~ 85 1ad; A(D)Y) )

<cm N (IVAgalie +1IVSjral ) 1458l s,
J—4<j",3""<j+4

which obviously entails the desired inequality. a

10.4.4 Proof of Global Existence
We first note that if n has been chosen to be sufficiently small in the statement
of Theorem 10.21, then Theorem 10.2 supplies a local solution (a,u) with
. i—‘rl
aeCr(B 21) and wu e Cp(BZ )ﬂLT<B2271 ).
.d_
As we have assumed, in addition, that ap € Bg, 1, we easily deduce that a is

.d_ ]
also in C([0,77]; By, 1) (use Theorem 3.19). So, finally, we have (a,u) € E7,
for some positive T.
Let T be the lifespan of the solution (a,w). We want to show that T* = oo.
For this, we shall use Proposition 10.23 and the fact that (a,u) verifies
{ Oa + divT,a+ divu = —divTiu

Ou+T, - Vu—Au+Va=K(a)Va— 3, T) v — I(a)Au+ f

for some smooth function K vanishing at 0.

‘We now introduce the notation

t
def
X() E Na®)l g + Il g1 + / (vlall g+l .. )
t
Xo(t) © laoll s + uoll 4 1+/ T2
B2 B#, 0 BZ,

Applying Proposition 10.23 with e =1 and p = r = 1 yields
t
X(t) < CeC IlIVullpoo dt’ <X0(t) +/ (||div T;uHé%m
0 v

ARG Taly -+ ST+ e ) dul g ) ') (1057
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Remark 10.19, combined with the standard product laws for the remainder
and the paraproduct (see Chapter 2), now yields

v Tyl g o < Cllal gl g (10.58)

Next, assuming that

all. a4 <nu/v, 10.59
lall_ s, <7/ (10.59)

where 7 stands for the constant appearing in Proposition 10.10, we get the
following inequalities:

)

IK(a)Vall .4, <C |lal®
Bsq B

d
2
2,

T80 -0 < C gl g

d_
2
2,1 2,1

11(a) Aul| ¢, < Cv™'7]la]

g llull gia
590 5o+
3,1 By Bsq

By making use of interpolation, we see that

t
2 /
dt’ < .
S ey <l ool

Hence, inserting the above inequalities into (10.57), we get

X@)SC(XMU+G%X%ﬂ>pr?AtVuW)Lmdﬂ)

Now, if we assume, in addition, that
T
C/memmﬁgbﬁ, (10.60)
0

then we get

X(t) <4CXo(t) whenever 4CTX(t) < vv.

. d
Because we have By, — L, a standard bootstrap argument ensures that
the conditions (10.59), (10.60), and X (T*) < 4C X (T™*) are satisfied, provided
that

Xo(o0) < evv /v

for some sufficiently small constant c.
Applying the continuation criterion stated in Proposition 10.10 completes
the proof of global existence. O
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10.5 The Incompressible Limit

It is common sense that slightly compressible flows should not differ much from
incompressible flows. In fact, the incompressible Navier—Stokes equations

Ov+v-Vv—puAv+ VIl =g
(NST) dive =0

Vjt=0 = Vo

are often considered to be relevant for describing compressible barotropic flu-
ids in the low Mach number regime.

This may be justified formally by rescaling the time variable by t* = &t
(where € denotes the Mach number) and performing the change of unknown
(p,u)(t,x) = (p°,eu®)(t%, z). The system for (p®,u®) is of the form

Op® + div pfu® =0,
. . VvV P*
Oe(p*uf) + div(p*u® @ u®) — pAu® — (A+p)Vdivu® + —— = f°,
€

where P°¢ def P(p®) stands for the pressure.

At the formal level, it is clear that if (p°, u®) tends to some function (p,v),
then we must have VP® — 0 when ¢ goes to 0. Hence, if P’ does not vanish,
the limit density has to be a constant. Now, passing to the limit in the mass
equation, we discover that v is divergence-free. Returning to the momentum
equation, we can now conclude that v must satisfy (NSI) for some suitable
data vg and g.

We aim to rigorously justify the above heuristic. If we assume that the data
are well prepared (i.e., “almost incompressible” ), then performing appropriate
asymptotic expansions yields the result. In this section, we focus on the case of
ill prepared data so that acoustic waves have to be considered. More precisely,

we assume that the data (p§ def 1+eb®,u§, f¢) are bounded and that (u§, P f)
tends to some (v, g) in a sense which will be made clear later.

10.5.1 Main Results
Writing p® = 1+ €b®, it can be seen that (b°, u®) satisfies

div u®

D,bF + = — div(bu®)

€

€ P/ 1 £ £

(NSC.) D+t - Ve — Au (1+¢b®) Vb
1+ ebf 1+ b €

(0%, u)je=0 = (b5, u5)-

The main difficulty that is encountered when studying the asymptotics
for € going to 0 is that we have to face the propagation of acoustic waves

= f¢
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with the speed 7!, a phenomenon that does not occur in the case of “well
prepared” data. Nevertheless, in this section we prove that satisfactory results
may be obtained for quite general data. More precisely, we shall get two types
of results concerning the low Mach number limit:

— A global-in-time result for small data with critical regularity.
— A local-in-time result for large data with some extra regularity.

Before stating our first result, we introduce the following function space:
e, (R*; B3 ) n LY (RY; Bs). (10.61)

We denote by Fj the set of functions of F*® restricted to [0, T].

Theorem 10.26. There exist two positive constants, 1 and M (depending
only on the dimension d and the function G ), such that if

ool .+ ol g+ 171, g So2/7 (1062

then the system (NSC.) with data (bo,uo, f) and the system (NSI) with
data (Puo,Pf) have respective unique global solutions (b%,u®) and v in the

spaces E 2, and F2, respectively, and
1% u)ll g < M(llboll~g,m +lluoll g + AN,

EE2V
ol g < M(1Puoll g0 + IIIP’fIILl i .

S1 )

)

‘“ w\s.

Moreover, there exists a Banach space E C S'(R) and an exponent p € [2, oo
(both depending on the dimension d) such that Puc tends to v, and (b°, P uc)
tends to 0 in LP(RT; E).

A more accurate statement for slightly more general data will be given in the
forthcoming Theorem 10.29. There, a rate of convergence involving explicit
norms will be obtained.

We now give a (simplified) statement concerning the case of large data
with more regularity.

1+«

cd_q - dy .d_q .d_
Theorem 10.27. Assume thatby € By, NB3| ,u € By, NB3, ", and

Ld_ Ld_
fe LlOC(R+; B3, ! NB3, 1+a) for some sufficiently small positive .. Suppose
that the incompressible system (NSI) with initial datum Pug and external
d d

force Pf has a solution v € Frp N Fﬁja on the time interval [0, To[ for some
finite or infinite Tj.

Then, for all suﬁiciently small € > 0, the system (NSC.) has a unique
solution (b%,uf) in E: AE:T (with bounds independent of €). In addition,

au ,To ev, Ty
Pu. tends to v in Fﬂgo N Ff;r , and there exist an exponent p € [2,00[ and a
Banach space E such that (b°,Pu.) tends to 0 in LP(RT; E).
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Remark 10.28. Here, the exponents p and function space F may also be de-
termined explicitly. In addition, an upper bound may be given for the rate of
convergence. For more details, the reader is referred to Theorem 10.31.

We also point out that in the case d = 2, the above statement implies
that the solution of (NSC.) is globally defined for all sufficiently small e.
This is a simple consequence of the fact that the corresponding solution of
the two-dimensional Navier—Stokes equations is global.

10.5.2 The Case of Small Data with Critical Regularity

We now explain the basic ideas of the proof of Theorem 10.26. First, an
appropriate change of variables enables us to apply Theorem 10.21. Under the
smallness assumption (10.62), we get a global solution (b, u®) with uniform

bounds in Eggl,. The existence of a global solution for the limit system (NST)
follows from classical arguments, similar to those in Chapter 5, and will thus
be omitted.

While, up to this point, our method also works in the periodic setting, our
proof of strong convergence is specific to R, In effect, it relies on the dispersive
properties of the acoustic wave operator in the whole space. To make our
discussion more accurate, we resume the spectral analysis of Section 10.4.2.
The linear system we now have to deal with is

divu

&gb + = f
v (10.63)

b

As in the case € = 1, the incompressible part of the velocity satisfies an ordi-
nary heat equation with constant diffusion u. As for (b,v def |D|~1 div Phu),

we have

£0)- @) am() 0¥ (5 )

The low-frequency regime corresponds to those &’s which satisfy vel¢] < 2.
The corresponding eigenvalues are

so that in the limit where ve|€| goes to 0, we expect the system to behave like

the linear operator
d v i
— —-A+-|D|.
dt 2 5| |

In other words, the low frequencies of (b,v) behave as if they were solutions

to a heat equation plus a half-wave equation with propagation speed ¢~ !.
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In the high-frequency regime ve|€| > 2, we have

+ _ V|§|2 4
As(g)——T<1i 1—m>7

which means that a parabolic mode and a damped mode coexist.

In the analysis which has been presented thus far for the case ¢ = 1, we
have made extensive use of the parabolic properties of the system but have
not taken advantage of its dispersive properties in low frequencies. In effect,
using an L? approach precludes us from using the skew-symmetry of the first
order terms. It turns out that in the “whole space” case we are interested
in, the proof of convergence for ¢ going to 0 is intimately entangled with the
dispersive properties of the system (10.63) (see Proposition 10.30 below).

We now give the full statement of our convergence result for small data.

Theorem 10.29. There exist two positive constants, n and M, depending only
on d and G, such that if

def _

6" = 08Il g +evllvgll ¢ +llull, g +IFEl ey < mvv/7,
J f B3 Bj B34 Ll(Bz,l ) (1064)
e . . .

Co ™ ol g1l ) < e with diveg = divg =0

then the following results hold:

(i) _Existence:

(a) The system (NSC¢) has a unique global solution (b%,u®) in EE%,, such
that

0wy < MC5

N

(b) The incompressible Navier—Stokes equations (N.ST) with data vy and g
have a unique solution v in F% such that

e, < MCy.

v v
o, o 00

(i1) Convergence: For any « € 10,1/2] if d > 4, o € 10,1/2[ if d = 3, and
a €]0,1/6] if d =2, Pu® tends to v in C(RJF;B;O{I_O‘) when & goes to 0.
Moreover:

(a) Case d > 4 : For all p € [pg, 00] with pg d:ef2(d—1)/(d—3), we have

IPY )l ay + 61 ay < M+7/0)Csved,
L2(Br,* L2Br.%)

[P u =] X
L (B2:%)

a1 +||Pu®—v
(i | HLOO

ev % £ __ € __
<M(OFed PGl gy + IS =gl ey )

p,1
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(b) Case d = 3: For all p € [2,00[, we have

2
P
Bp,l

1P ufl] 2y 2
L2 (

s 8 < M(1+7/v)C"e 7,
BF,?) LP2(

1
2
)
|Pu®—v| a1 +|Pu® —’UH a3

LY(B),* L=(BJ,?)

< M(CFe4 +IPug—voll gy + 1P/ gl

4
P

LY(BJ, %)

(¢) Case d = 2: For all p € [2,6], we have

- uE =2 - = ev _1—L
I Hzr“fzw,?,’i 3t Il st S M(1+7/v)C5 e 2,
| Pu® —U” 548 +||Put—v R
LB L=(BA )
ev e
< (C 377 + ||Puj— UOHBI%%JFH]P’JC il @k i))'

Proof. We shall proceed as follows:

— First, we prove that the system (NV.SC.) has a unique global solution which
satisfies uniform estimates.

— Second, we combine those estimates with the dispersive properties of (10.63)
to prove that (b°, Ptus ) converges to zero in some suitable function space.

— Third, we use the fact that Pu® — v satisfies a heat equation with source
terms which are small because they depend, at least linearly, on (b°, P* u%).
This yields Pu® — v in some function space.

Step 1. Proof of Global Existence with Uniform Estimates

Making the changes of function

() € epe (224, ex), oo (1, 0) W eus (2, ex), and b (1, 2) W 372 (24, ea),

we note that (b°,u°) solves (NSC,) if and only if (¢, v¢) solves (NSC) with

rescaled data ebf(e-), euf(e-), and he. Hence, Theorem 10.21 ensures global

existence: There exist two positive constants, n and M, depending only on d
d

and G, and such that (NSC) has a solution (c®,v¢) in F; whenever

1ebb (e g0 + llewg el g0 + A7 < nvu/v.
By Bz 1 2,1 )
Furthermore,
g g £ g g
1609 g < M (BBE g+ I g+ 1T, )

Now, arguing as in Proposition 2.18 page 64, we may check that
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e € ~ g €
I v g 10 u) ] g and that
£ € €
O R L [ L
Sl g e g 1,

which yields the first part of Theorem 10.29.

Step 2. Convergence to Zero of the Compressible Modes

The proof relies on dispersive inequalities for the following (reduced) system
of acoustics:

8tb+5_1\D\v =F
(W.) dv—elIDb=G
(b,’U)|t:0 = (bo, vo).

Proposition 10.30. Let (b,v) be a solution of (W.). Then, for any s € R
and positive T (possibly infinite), the following estimate holds:

1 1 1
e LR R (G ey
2
with p>2, — <min(L,(p)), (r.p,d)#(2,00,3),
T
_ 2 _ -
p > 27 ; < mln(l ’Y(p))a (Tapv d) 7& (270073)1
def 11 1 1 11
where'y(q)(dl)<2q>, 5+5:1, and %+%:1
def def t .
Proof. Define & =" *(c,v) and H (F, Q). Setting ¥(t,x) = P(et, x)

and H(t,x) = EH(Et,:L‘), we easily check that ¥ solves (W;) with the ex-
ternal force H. Hence, the general case € > 0 follows from the particular case
e = 1. Let U(t) be the group associated with the system (W7). We have, in
Fourier variables,

somq- (g1 245) o

Exactly as for the wave equation (see Proposition 8.15), we deduce that for
any function @ € Ll(Rd; R2) with F& supported in the annulus C,

U@ 2
1U(s)U* ()]

Applying Theorem 8.18 page 349 yields Proposition 10.30 in the special case
where the spectrum of the data is supported in the annulus C.

2]l 2,

<
<C(A+t—s)~ = |||
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More generally, for all j € Z, we have

93(d(5-2)+7)

*i\“

wwo) < Aol + 2G5 Ah

This may be deduced from the case j = 0 (where the spectrum is supported
in the annulus C) after implementing a suitable change of variable. So, finally,
multiplying both sides of the above inequality by 27¢ and performing a sum-
mation over Z completes the proof. a

In order to prove the convergence to 0 for (b°, P+u®), we may use the fact that

(10.65)

b + e~ tdivPtus = F¢
O PLuf + 71V = G*

with 7= % _ div(tru®) and

Ed_ef 1 q: 5 5
Gf = —P-div <u -Vu +1+5b€

Auf + 4}((55)5)% + f€> .

Obviously, the dispersive estimates stated in Proposition 10.30 are also true
for the system (10.65) since b° and v° def |D|~1 divPLus satisfy (W) with
source terms F*¢ and |D|~! div G¢, and |D|~! div is a homogeneous multiplier
of degree 0. Hence, taking p = 2, r = oo, and

— s=d/2—-1andr=2,ifd >4,

- 2<p<ooandr=2p/(p—2),if d =3,

- 2<p<ooandr=4p/(p—2),if d =2,

we see that it is enough to prove that
=GO, g, = CAFP/0)CE
2 1 )
This inequality follows from the uniform estimates of step one. Indeed, com-

bining Holder’s inequality with the usual product and composition laws in
Besov spaces yields

Pl <CIFl 4 et 4 < CCE
LY(B$, ) L2(B3,) L2(B3,)
lof -Vl g <Ol 4 IV g < CCF
LY(B3, ) Lz(Bz) L2(B3, )
Iy Al g <O (el g )] .
1+ eb® LY(B3, ) X 21> LY(B2, )
— £ £
<o+ el ||L1(Bz+1
SCVZ—ICEV
VKETH g < Cellbl] g IV g, < 0GR
LY(B2Z, ") LZ(B2) (Bs, )
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Step 3. Convergence of the Incompressible Part

Let w® e def Pu® — v. Applying Leray’s projector to the second equation of

(NSC.) and subtracting (NSI) from it yields the following equation for w®:

{atwg — pAw® = H® + h¢

o = 0§ (10.66)

with wg d—efJP’uO — g, he = IP’fE — g, and

e et —P(wVv) —P(usVw) —P(PHuf - Vo) —P(uf - VP u®) =P (I(eb®) Auf) .

We will just treat the case d > 4, which is easier to handle. Let

def
P ey
1) Lee(By 1 7)
We claim that for all p € [pg, oc], we have
Y, < c(cgve% Fllwsll as A s ) (10.67)
BP, 2 LY (BE, ?)

Indeed, by virtue of the inequality (3.39) page 157, we have
Y, < C(llwll g +IA°) L e ). (10.68)
B, *® LY(Bp, * LY(Bp, ?)

From Proposition 2.54, the previous step, and (10.64), we deduce that

[P(w®- Vo)l ag <CIVoll gy will - ay
LlB:lz 22 ) 2( ;)12)
<Collws| - aiy
LQ(Brp,l )
P(us - Vwi)l| gy <Ol | g Vo] 4 g
LY(By, ?) ) L3(BF, %)
<Cn||w5H a1,
L2(BF, %)
IP(PLus - Vo)l 4y <C Vol 41 IPtu W, p5-
LI(BPPJ 2) LZ(BQ (B;f,l 2)
< C e,
IP(u - VP )| 4y <C IVPhu LSS
LY(BE, ?) L2(B2 ) LBy, 2
< C nlex.

Note that all the above product estimates are justified since d/2 + d/p — 3/2
is always posmve for any p < oo when d > 4. Thanks to the embedding

B221 LI B p - and the definition of hybrid Besov norms, we also have
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IP(F(eb7) Au) || gy < C[[T(b)Aw| |, gy
LY( ;1 2) 2 )
< Cllebll , IIAuEII i3
1 2,1 )
1 .
<Crwe 2||b || y4)Hu ”L%ae;ﬁ)
< C nles.

Plugging all the above estimates into (10.68), we end up with

Y, < C(nPeh + il gy +IR 4y +u¥y),
By, *? LB, ?)
so that we can conclude that (10.67) holds, provided that the constant 7 has
been chosen to be sufficiently small.

In dimension d = 2, 3, the dispersive properties given in Proposition 10.30
are not as good as in dimension d > 4. Hence, we cannot get uniform esti-

mates for =2 PYus in L*(RT; B‘" _) However, we can interpolate the uni-

form estimates for u® in L*(R™; 32271 ), given by step one, with the dispersive
inequalities proved in the second step. This still gives some decay in €. The
reader is referred to [97] for more details. O

10.5.3 The Case of Large Data with More Regularity

In the case of large data, the problem of global existence in dimension d > 3
for the incompressible Navier—Stokes system (N ST) [which is expected to be
the limit system for (NSC.)] is open. Therefore, there are few chances to get
a global result for the system (NSC.), which is more complicated.

In this subsection, we want to establish that the system (NSC.) with
suitably small € has a strong solution on the time interval I (possibly infinite)
whenever the limit system (NST) has a strong solution on I. This result is
of particular interest in dimension d = 2 since the limit system is globally
well-posed for any divergence-free data in L2.

14+«

Ld_ Ld_ g Ld_ Sd_
Theorem 10. 31 Letbo € B, ' NBf " wo € By ' NB; ™, and f €
L (RTBET A BETT) with a €10,1/2) if d > 4, @ €10,1/2] if d = 3,

loc

and o € 10,1/6] if d = 2. Let Ty € ]0,00]. Suppose that the incompressible
system (NST) with initial datum Pug and external force Pf has a solution

d
ve FEnFE et v Yl 4 .. and
FTOOFIgO
def 1
b +||Ptu d_y.., +||P Ay dogyn -
ol HB 0] e H P e

There exist two positive constants, €y and C, depending only on d, o, A\, u, P,
V, and Xy, and such that the following results hold true:
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(i) For all 0 < € < g9, the system (NSC.) has a unique solution (b, u®) in
Ef NnE 82V+T0 such that

EV To

105wl g ge0 SC.

cv, 1o e, T,

d diqg
(ii) The vector field Pu. tends to v in Ff N Fﬁj and

2a
|Pu® — U”FﬁoijgOM < CezFatza,

(#ii) The couple (ba,]P’Lug) tends to 0, in the following sense:

iR 1 .
(6%, “E)HLW;‘Q;%) <Cez, if d=>4,
H(bsvpluE)H cac1pl S 05%7 if d=3 and p>2,
7(Bo1 7)
165, BYuf)| | . < Cet, if d=2.

a_3
L3 (B 1)

Remark 10.32. For simplicity, we have assumed that the data do not depend
on €. It goes without saying that more general data may be considered.

Proof. Unsurprisingly, owing to the fact that less dispersive inequalities are
available, the proof in dimension two or three is more technical. Here, to
simplify the presentation, we shall prove the theorem only in the case d > 4.
The reader is referred to [97] for the cases d = 2, 3.

The existence of a solution of (NSC¢) on a small time interval (which
may depend on ¢) is ensured by Theorem 10.11, regardless of the size of the
data: The only assumptlon that we need is that 1+ ¢ebg is bounded away from

zero. Since by € 32 , and 32 1 — L, this is certainly true for sufficiently
small e. We therefore assume that we are given two times, T and Ty (possibly
infinite), such that O < T < T, and a solution (b°,u®) of (NSC;) belonging

to Ep def g% 27N anT for some a € ]0,1/2] and satisfying [|eb®||, . < 3/4.

We shall likewise assume that the corresponding incompressible solution v
is defined on [0,Ty] if Ty < co (on RT if T = o0o) and that it belongs to
P2 NEPE™.

In the first step of the proof, we take advantage of Proposition 10.30 to
bound a suitable norm of (b%,P*u¢) by the norm of (b°,uf) in Ep times
some positive power of €. In the second step, we derive a priori bounds
for e A (Puf —v) (for a suitable 8 > 0) in terms of ||(b%,u)||g, and ||v| ry-
These bounds may be obtained by combining estimates for the nonstation-
ary Stokes equation with first order terms (see Proposition 10.5) and using
paradifferential calculus. The third step is devoted to proving uniform bounds
for ||(b%,u®)||gy in terms of v and the initial data. The key to this step is
Proposition 10.23.
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At this stage, we may use a bootstrap argument (fourth step) to close
the estimates of the first three steps, and a continuity argument (last step)
completes the proof.

Throughout, we shall use the following notation:

def

Xp(T) = | E||L1(§§+ﬁ1 + [[Ptu 6” (BQ%IHM)
be 1L,€
y el saer) TP s
V() el s + 0 gen
Wo(T) E o, nnn + 0 ||LM(B;1_1+,, R
V(D) N, ooy + B oy
We shall also use the notation Pg(T) = Va(T') + W(T') and
X% Mol g NP0l g s + P, s

The argument T will sometimes be omitted, and § will always stand for 0
or a.

First Step: Dispersive Estimates for (b°,P-u®)

Applying Proposition 10.30 to the system (10.65), we get, for d > 4,

Ya<Caé( b,IP’lu Ld_q140 T P~ f A
||( 0 0)” b5 + H || V(B2 + )
+|| div(b°u’® Ld_ 144 T d_ 1.4 ) 10.69
|| ( )”Ll B2 1+ ) || HL%(BZ : 1+ ) ( )

From Corollary 2.54, Theorem 2.61, and (10.19), we easily deduce that

div(b*u® ( b u®
|| IV( (% )HLl (B;;1+a) = ” ”L2 (32 1)” ||L2 (B2+a)
£ bE
el 90, o)
< O(XO(XOL+POL)+XOL(XO+PO))7
P (uf - Vue diia S € ca ||[Vu® d_qia
I ( ) Li(Bj Ty <l 2(322,1)” HLQT(BzQJ )
S O(XO+PO)(Xa +Pa)a
P (1(b°)Aus a4, < Ce|p* a || AuE drin
[P~ (L(6%) )”LlT(B;l by | ||L%o(3231)|| I, T

< CXo(Xo + Pn),
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——1+o¢
L% (B3

||K(€bE)VbE|| S C IIde 5 )||Vb‘€|| :

< C EXO
Plugging the above inequalities into (10.69), we conclude that

Yo < Ce? (X0 4 Xo + (Xo + Po)(Xa + Pa)). (10.70)

Second Step: Estimates for w*
From the momentum equation of (NSC;) and (NSI), we get
Opw® + P (A% - Vu®) + P (w® - VA®) — pAw® = PF*°

def

with A = PLu® + v and

Fe def —(]P’J‘us Vo +v - VP +wf - Vs + I(eb®)Au®).
Applying Proposition 10.5 with s = d/2 — 1 4 ( yields

W5 < Ce€VotXo)| pe . 10.71
5 < Ce | IILIT(BZ%EW) ( )

We now bound F¢. We readily have

c.-Vw® < C|lw® Vuw® < CWoW, 10.72
VU, o S CIIL g IV07I g  OWOWs. (10,72

Next, by interpolation and according to (10.19), we have

£ e e a—1|1.e
b ”32% < b HBnga A7 ,2d1+a < (ev)* b ||§i+wo- (10.73)
From this we deduce that

I(eb® < C e||b® &

HEN, it vony € C N, g AU, v
st Bhro [l | . d4as

( eV B21 )

< Ce*X, (Vg +Ws+ Xg) (10.74)

According to step one, PLu® is small in L?([0,7]; BY, ;). Indeed, using inter-
polation and embeddings, we have

1, e . < 1, |2 1 us 1— 2a
P g,y < PSR oy Pl
2a
< Ce® (5_5||IP’Lu5| el ) [Phus |2 4y
L3 (Boo 1*) L2.(B2,

< Ce®(Xo +e72Y,). (10.75)
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A judicious use of paradifferential calculus will enable us to guarantee some
smallness for Puf- Vo and v- VP+uf. For PLuf - Vo, we may use the following
modified Bony decomposition for n € 10, 1]:

Prus Vo =" AP S 1 fiog, g VU F Y Sjtaftog, P u - 4, V.
JEZ JEZ

Ty T
Recall that for any k € Z, we have

15k V0| e < C2F|[ V0]l 32 .
Therefore,

47t Vo, = €[S 0ms V], A5

L2
< P2 |V 4 (2j<%+ﬁ+1> HAijus

0,1

o)

As the functions A'j]P’J-us . Sj_lHIng n Vv are spectrally supported in dyadic
annuli 2/C(0, Ry, Ry) with R; and Ry independent of i, Lemma 2.23 yields

Tl g-100 < OFIVO g o] (10.76)

d_
2

2.1
Next, according to Proposition 2.10, we have, for all k € Z,

AkTQ = Z Ak (Sj+2_[10g2 n) ]P’J'us . AJV’U)
j=k—2+[log, ]

Therefore,

PEOD| AT <COPrue . D 20PED JEED 4,90 1o
. Jj=>k—2Hlog, 1)
<O A4 |Phe | [Vl g s

from which it follows that

_p_d
\|T2||B2%+5,1 <Cnptr 2\|U||B§1+6 [PHu]| .. - (10.77)
From (10.76), (10.77), and Hoélder’s inequality, we thus get
]PJ_ €, V < C( 2 1 PJ_ £ ,
B ol v < OO g TP, v
1-g-4¢ L, e
AR s P )
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Since Bgo’l — L°°, by choosing n = £77d1% and using (10.75), we can now
conclude that

IPrus Vol a4, < Cemem (W)XBJFVB(XQH—%YQ)). (10.78)
L%‘(BZ%I )

The term v - VPLuf may be treated similarly. Indeed, we have

v VP = S 1 g, 0 - A VP4 T Ajv - S i0g, ) VP T
JEL JEZ

Ty T>

Now, following the proof of (10.76) and (10.77), we readily get that

T <C VPLus

[ 1IIL%(B§;1+B) < nl\vllL%o(Bzg;l)ll u HLIT(BQ%B :

-~ —2_p3 1 .
ITel,, pgoree) SO0, g VBTl a2

Choosing n = 52+3i2ﬁ, we conclude that

il
[o- VP uEIILlT 41,

< Cemiiio (VOX[; + V(Xa + 5-%Ya)) . (10.79)
Plugging the inequalities (10.72), (10.74), (10.78), and (10.79) into (10.71),
we eventually get

Ws < OGC(VO+XO)(WoWng&?aXa(V@ﬁLXngWg)
ezt (Vo X g+ Va(Xate 2Y,))). (10.80)

44

ev,T

Third Step: Estimates for (b%,u*) in E

We use the fact that (b°,u®) satisfies

3 g
Db + div Tyl + VW _ e
\Y .
Opuf + Tye - VU — Auf + 5 =f+G
with
e d f : £ € def S Vb* € € e\J
Fe < —div(Tj-v®) and G = K (eb°) . — I(eb) Au® — T e (u®).

According to Proposition 10.23, we have, for any p,r > 1,

Xo() < OO Ipol g e + ol g 1

EV 2,1
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HIFIL, gt e, HIF oo + I, ) (10.81)
21 ) T( & (B2,1 )
with
def [*
UP"(t) < / <K1P||Vu5||fi22+(a2u)” ||Vu€||;w) dt’. (10.82)
0 BP

oo, 1

We first bound F*€. According to (10.19), we have

1P, gy, < C(||F5||L1 i) +5V||FE||L1T(B2+B)> (10.83)
From Theorems 2.47 and 2.52, we have
1Pl ey < O ITE g
<C ||b€||L2T(BgO,1)||u€||L2 2 (B
However, replacing P-u® by b° in the proof of (10.75), we also get
1611 2 0,y < Ce™(Xa +e72Ya) (10.84)
so that
|Fe L heee, S Ce®(Xp + Pg)(Xo +£72Y,). (10.85)

We now bound G¢. First, by virtue of Theorems 2.47, 2.52, 2.61 and the
inequality (10.84), we may write

K (eb®)V© <C||eb® || Vb*
IRV, oo C(I g IVH L, e

IV 5 o et BM))
<CeltX3(Xo +e2Y,).

Next, we decompose Téjus (uf)7 as
Th, e (U5 =T prye (W) + T, poye (Pu) +T) e (Pus).
According to the inequality (10.84), we have

| a]pJ-us( )JH s <C HVPLU HL2 (B;{1)||USH

-d4p
1( 21 ) L%"(B22,1 )

<Ceo (Xa + 8_§Ya) (X5 + P3).

For the next term, we simply write
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ITo, pus BuYNl | gore SCIPUE g (P, L gsn < CROPs.

Ly(B2y ) (322) L3(B3y ")

Arguing as for the bounding of T} in step 2 (with v replaced by Pu®), we get

(
[Th,oue (BPHV N, o) < O (PoX - Pa(Xa 7 3Y0)).
So, finally, we have
G710, < O(POPg X5 (X + 1Y)
et (POXg + Py(Xa + s—%ya))). (10.86)

Now, we take p = 1/a and r = 2/(2 — «) in (10.81). Using interpolation and
embeddings, we have

Vu© <O VP |2 VPuE |2+ VPu .
| ”ngggf) d| ||L2T .m)H IILOCB oty | IILT( e,
SC(EQ(XQ+5‘5YQ)+P0)
and
Va2 <Ol L2 ay,
L2 (L) L7~ (B#,
<C (Py+Xa).

According to (10.82), we thus have
12 1
U < C(Poi Fe(Xa+ e BY)% + (e%(Pa + Xa))ﬁ). (10.87)
Plugging this inequality, (10.85), and (10.86) into (10.81), we eventually get

1 _2
C( PP +e(Xate 2Ya) o +(e%(PatXa)) T o

X5 < Ce ( ) (X5 + PoPs

e (POXg + (X5 + Ps)(Xa + s’%Ya)) ) (10.88)
with ag ¥ 20/(2 + d + 20).

Fourth Step: Bootstrap
Let X €0 x0+ X0, v v v, w w4 w, and x0 % x0 4 x0.
Combining estimates (10.70), (10.80), and (10.88) yields

W < OV (00 (X24V (Xo+ X+ X24V?)) + W2(1424V) ), (10.89)
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X < Ol (XX 1(en X) 2 ) O (VW) & +e(XOHVIW)2) & +e 3% (V) 275 )
X (XO+(VAW) (VAW +e(X°+VZ+W?))
+e X (X '+V4+W+X+X?)).  (10.90)

A bootstrap argument will enable us to get a bound for (b°,u¢) from the two
estimates above. More precisely, we have the following lemma.

d d

Lemma 10.33. Suppose that v € Ff N Ffja for some finite or infinite Tj.
There then exists an g9 > 0, depending only on «, d, V(Ty), and the norm of
(bo,PLquP’Lf) /

B N B X (B BT K AR (BET 0 B2

and such that ife < eg, (b°,u°) € E miEguT7 and e|b°| < 3/4 for some T <
Ty, then the following estimates hold with the constant C' = C(d, p, \, P, )
appearing in (10.89) and (10.90):

1
X(1) < Xar @ 16077 (X0 4 VA1),
e W(T) < Wy & 40eCV T X0
X (X3 + V(To) (X" + Xos + X3, + VE(ID)) -

Proof. Let 1% {#<T | X(t) < Xar and W(t) < e®4Wy |. Obviously, X

and W are continuous nondecreasing functions so that if, say, C' > 1, then I
is a closed interval of RT with lower bound 0.

Let T* def sup I. Choose ¢ sufficiently small so that the following condi-
tions are fulfilled:

CeCV T +Xa) caalyyy (1 4 ¥V (Ty)) < 1/2,

1 2
C(E(X}ijrX%/I)Eﬁ»(EQX]u) 2_”‘)

(& S27

C((V(TO)—l—ead War) & +(XO+(V (To)+e%d Wy )2) & 4 55 (V(Tp)+ed W) %>
e

< 2ecvé(T0),
XO+(V(To)+e“Way ) (V (To) +e% Wy +£% (X0 +V2(To) +e24 W)
<2(X°+V*(Ty)),
CeCV * (To) o (XU +V(Ty) + e Wy + Xpp + X3y) < 1/12.
From the inequalities (10.89) and (10.90), we get
X(T*) < 12CeCV§<T0>(X° VT ))
W(T*) < 2eaCeCV I+ (X2 4+ V/(Tp) (X0 + X + X3, + V3(Ty))) -

In other words, at time T the desired inequalities are strict. Hence, we must
have T* =1T. a
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Last Step: Continuation Argument

il 4
First, we have to establish the existence of a local solution in EZ, - N E;VTTQ .
Making the change of function a®* = €b°, we see that it suffices to apply
Theorem 10.11. We readily get a local solution (b%,u%) on [0,T] x R? which

belongs to
. d . d g Ld_ Ld_ . d . d d
c(lo, T)s B3, nB3 )% (€0, 7): B3 0BT nLY (0, 7): B3 B )

and satisfies 1 4 einf; , b°(¢, ) > 0.
d_ d_
Since, in addition, by belongs to B22,11 and 9;b°+u-Vb© isin L1 ([0, T7; Bill),
Ld_ P dig
we deduce that b° € C([0,77; B3, 1). Therefore, (b°,u®) € EZ, 1N E;:T .
d N

Now, suppose that we have v € F7 N F:,30+ for some T € ]0,+o0]. We

will show that the lifespan T, defined as the supremum of the set

d
2

d d
{T e RY /(b uf) € B2 ,NELS and V(t,2) € [0, T|xR%, [eb°(t,)| < 3/4},
satisfies T, > Ty if ¢ is sufficiently small.

We assume (with the aim of arriving at a contradiction) that 7. is finite
and satisfies T, < Ty. According to Lemma 10.33, we have, for any T < T,

and € < €g,
X(T)< Xy and W(T) < e¥Wyy.

From the first inequality and (10.73), we deduce that

6”1)6” a < {-:al/ailXM.
L% (B3 1)

Obviously, changing €y once more if necessary, this entails that

1+¢ inf |b°(t, )| > 0.
(t,z)€([0,T]c xR%)

Asb® € L>([0,T.[; 32%,1 OBQ%_IF&) and Vu® € LY([0, T:[; L), the continuation
criterion stated in Proposition 10.17 ensures that (b%,u°) may be continued
beyond T.. This stands in contradiction to the definition of T.. Therefore,
T. > 1Ty for e < gg. a

10.6 References and Remarks

There is a huge literature devoted to the one-dimensional compressible Navier—
Stokes equations. Since the usual methods are quite far from our own, we will not
elaborate on what is known in this case. However, we should mention the pioneering
work by A. Kazhikhov and V. Shelukhin in [179] and the recent paper by A. Mellet
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and A. Vasseur [227] wherein the existence of global strong solutions is established
for a large class of initial data bounded away from the vacuum.

In the multidimensional case, to the best of our knowledge, the first mathematical
work devoted to the Cauchy problem for the full compressible Navier—Stokes system
is the paper by J. Nash [238] in 1962. There, the existence of local-in-time classical
solutions is proved. By using an L? approach based on parabolic maximal regularity,
in [272], V. Solonnikov has stated local well-posedness results in the case of a smooth
bounded domain. An extensive study of the compressible Navier—Stokes equations
in two-dimensional domains with corners has been undertaken by J.R. Kweon (see,
e.g., [200]).

Global existence for small smooth perturbations of a stable equilibrium was
stated in 1980 by A. Matsumura and T. Nishida in [225] in the R? framework and
extended to the half-space, exterior, or bounded smooth domains with Dirichlet
conditions in [226] (see also [125, 293] and the more recent work by P. Mucha and
W. Zajaczkowski [237] for another approach). More general boundary conditions
have been considered in, for example, [294].

The work by P.-L. Lions concerning weak solutions of the isentropic compress-
ible Navier—Stokes system had a great impact on the subject and may be seen as
the natural continuation of the seminal work by J. Leray in [207] (see Chapter 5)
for incompressible viscous fluids. The construction of weak solutions relies on the
following formal energy identity (here, we take f = 0 in order to simplify matters):

IO + [ at.ayde+2 [ (uITula + Ot [divulfs) de

— |[Vayuol3s + [ molx)do. (107

where 7 stands for the free energy per unit volume.® This suggests proving the
existence of global solutions for data (po,uo) such that the right-hand side of (10.91)
is finite. However, both constructing approximate solutions satisfying the energy
inequality and passing to the limit is much more involved than in the incompressible
case (see the original work by P.-L. Lions in [215] for more details). More regular
weak solutions have been constructed by B. Desjardins in [114]. For the presentation
of a few recent improvements, the reader is referred to the review paper by E. Feireisl
in [123] and the book by A. Novotny and I. Straskraba [242]. We should also mention
that, following some ideas from Lions’ book, E. Feireisl has developed a complete
theory of so-called variational weak solutions for the full Navier—Stokes equations
(see [124]).

The results presented in this chapter concerning local and global well-posedness
are borrowed from recent works by the third author (see [93, 95], and [101]). We
point out that for critical data, the smallness condition (10.7) is not needed (i.e. the
statement of Theorem 10.11 is true for o = 0). This was proven recently in [104]
by the third author (see also [79] for another approach). We should also stress that
local existence results in the spirit of Theorems 10.2 and 10.11 may be established
for polytropic heat-conductive fluids and extended to the L framework (see [95, 79,
155]). In this case, the scaling invariant space for (ag,uo,60) (where 6y stands for
the discrepancy from a reference temperature) is

Y1 — —1
® Recall that if P(p) = ap”, then we have 7 = “(pv(v—j({;))
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Bl x (B, )" x B}, "

In addition, still in the critical framework, for polytropic fluids, a global well-
posedness result in the spirit of Theorem 10.21 for small perturbations of a stable
equilibrium has been proven in [94]. Theorem 10.21 has recently been extended to
the L? framework by F. Charve and the third author in [61]. In particular, as for the
incompressible Navier—Stokes equations, the smallness condition for global existence
involves Besov norms with a negative index of regularity. Hence, highly oscillating
initial velocities with possibly large moduli give rise to global solutions. Finally, we
point out that a similar approach works for fluids endowed with internal capillarity
(see [107]).

Until now, even in the barotropic case, the question of weak-strong uniqueness
for the compressible Navier—Stokes equations has remained open. More precisely, for
sufficiently smooth data (po, uo) bounded away from the vacuum, we can construct
both a (unique) local smooth solution and, according to Lions’ results, a global
weak solution with finite energy. However, in contrast to what is known in the
incompressible case, there is no evidence that the weak and strong solutions coincide,
even for small time. One of the main difficulties that has to be faced is that Lions’
theorem does not give any information on the possible appearance of vacuum, and
such a control seems crucial to get uniqueness. We should mention here that in [80],
Y. Cho, H.J. Choe, and H. Kim have obtained a result involving the existence and
uniqueness of a special class of initial data where vacuum is not excluded (see also
a promising recent result by P. Germain in [142] and the work [220] by T.-P. Liu
and T. Yang concerning the inviscid case). For a particular class of barotropic fluids,
D. Bresch and B. Desjardins have constructed “stronger” weak solutions with an
additional H" control on the density (see [49]). Knowing that in dimension two,
Theorem 10.2 provides strong solutions for data having almost the same regularity
[i.e., uo € Bg,l and (po — 1) € B%,l], it may be tempting to study whether we can
bridge the gap between weak and strong solutions. Other types of weak solutions
with possibly discontinuous data (including jumps across a hypersurface for the
density) have been constructed by D. Hoff in [159, 162, 163].

It turns out that for smooth perturbations of a stable constant state, very accu-
rate information may be obtained concerning the asymptotics of the global solution.
Roughly, the time decay properties of the solution are the same as for the linearized
system about the constant reference state. There is an important literature devoted
to this subject (see, in particular, [164] and [195]).

A number of papers have been devoted to the study of the incompressible limit
for the compressible Navier—Stokes equations. The earliest mathematical works are
concerned with the case where p° —1 = O(&?) and divu® = O(¢). In that case, 9;p°
and O:;u® are uniformly bounded so that time oscillations cannwcur. Starting
from this simple consideration, different authors have studied (NSC.) with data
of the type pg = 1+ 52;)871 and uj = uo + eug, with divue = 0 and (p5,1,u5,1)
uniformly bounded in a suitable function space (here, we take f = 0 in order to
simplify matters). In the usual partial differential equations terminology, such data
are referred to as well prepared. Indeed, they are well prepared in the sense that they
belong (up to lower order terms) to the kernel of the singular operator appearing in

(17558) Hence, they are unlikely to produce highly oscillating terms.
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For such data, it is possible to calculate an asymptotic expansion for (p°,u®)
in terms of powers of . This approach has been adopted by a number of authors:
S. Klainerman and A. Majda in [186, 187], H.-O. Kreiss, J. Lorenz, and M. Naughton
in [199], and D. Hoff in [160, 161], among others.

As explained at the beginning of Section 10.5, in this chapter we considered ill
prepared data (i.e., p§ = 1 + ebg and with no particular assumption on u§) so that
strong time oscillations have to be considered. Solving the problem of the low Mach
number limit in this framework is rather recent. The first result is due to P.-L. Lions
in his book [215] and deals with global weak solutions. The basic idea is that the
energy equality associated with (NSC.) is of the form

¢
[WFOO + [ 7)o +2 [ (w90 e + Ot v o 2) e
¢
= ||\/ﬁgu8||2LQ +/7r8(m) dm+2/0 /pef‘5 -u®(1,z) dz dr,

(P) 1= = 1)
e2y(y—1)

Taking advantage of the uniform estimates provided by the above equality, it is
possible to pass to the limit when e goes to 0. However, the mathematical justifica-
tion strongly depends on the boundary conditions. The reader may refer to [216] for
the case of periodic boundary conditions, to [115] for the whole space, and to [116]
for the case of bounded domain with homogeneous Dirichlet conditions. In a more
general context, P.-L. Lions and N. Masmoudi have also proven local weak conver-
gence results in [217]. We emphasize that, to the best of our knowledge, [115] is the
first paper devoted to the incompressible limit where Strichartz estimates have been
used.

where 7° =a if P(p) =ap”.

As regards the study of the incompressible limit in the framework of strong
solutions, we mention the works by S. Ukai [291], S. Schochet [257], G. Métivier and
S. Schochet [228, 229] in the inviscid case, and the papers by I. Gallagher [133] and
T. Hagstrom and J. Lorenz [152] in the viscous case. The two results on convergence
presented here (namely, Theorems 10.29 and 10.31) are borrowed from [97].

We conclude this section with a few words on the case of periodic boundary
conditions, which turns out to be quite different (the reader is referred to [98] for
more details). Indeed, there is no dispersion whatsoever, so acoustic waves may
interact. It turns out, however, that resonances are not so frequent, so it is possible
to pass to the limit anyway. The mathematical study of the incompressible limit may
be undertaken by means of the filtering method introduced by S. Schochet in [257].
More precisely, if P'(1) = 1, then the system (NSC:) can be rewritten as

d (b° +£ b°\ [ —div(bu®) N
dt \ u® e \u® )\ f—u® Vu® —bVb — K(eb)b°Vb® — I(eb®) Au® )’

where the function K vanishes at 0 and the skew-symmetric operator L is defined

by
b\ def [divu
c(o) (W)

The operator L generates a unitary group e”” such that e™* (]P?u> = ( 0 )
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. e def tp b®
Defining V* =" e= plys | Ve deduce from the above system that
Ve + QI (Pu,V°)+05(Ve,VE) —vA5(D)V® (10.92)

ol

=€

. 0
(]P’L(f —Pu® - VPuf)> ot

where A5(D)B is a linear operator, and Qf and Q5 are bilinear operators which may
be computed explicitly in terms of Fourier series. It may be shown that A5(D)B
tends formally to —AB/2 and that the operators Qf and Q3 tend to some first order
bilinear operators Q1 and Qa, respectively.

If Pu® tends to some limit v, then the stationary phase theorem ensures that the
right-hand side of (10.92) tends to 0 in the sense of distributions. We can thus expect
(Pu®,V®) to tend to some limit (v, V'), where v is a solution of the incompressible
Navier—Stokes equation

(NSI) { O+ P(v - Vo) — pAv =Pf

U\t:O = ]PU’O7
and V satisfies

(LS) oV +_Q1 (’U7 ‘i) + QQ(‘/, V) — %AV =0
Vit=o = (bo, P~uo).

Up to the term Qi (v, V) (which is linear with respect to v), the system (LS) has
the same structure as (NSI). However, it was observed by N. Masmoudi in [223]
that the term Q2(V,V) is so sparse that the diffusion —5AV dominates in any
dimension. Hence, V exists as long as v is defined.

In [98], it was shown that for any data by € HEH with zero average, ug €
H%J”"*l, and f € Ll(RﬂH%*HD‘) with div f = 0, the solution of (LS) is defined
as long as the solution v of (NSI) is defined. Moreover, if v is defined on [0,77] or
on RT, then the same holds for (b%,u¢) for sufficiently small €, and

(%, u%) = (0,v) + e <5V +o(1) in LFH2T)YNLAHET ) forall o < a.

Owing to the appearance of small divisors when proving the convergence of V¢,
the exact meaning of o(1) strongly depends on the quotients of the lengths of the
periodic box T2 in which (NSC:) is solved. For special values of (a1,...,an), the
convergence may be slower than any power of €.

For polytropic fluids, the study of the low Mach number limit turns out to be
even richer. For more details, the reader may refer to the recent work by T. Alazard
in [4].
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